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Abstract

In this thesis we will attempt to classify a particular class of KM codes (named after
H. Krishna and S.D. Morgera). The construction of these codes is based mainly on the
multiplicative complexity problem of multiplying two polynomials together, as this relates
directly to a particular type of bilinear form and the main theorem linking codes and bilinear
forms (Theorem 3.11) can then be invoked.

We review work done by Winograd, Hopcroft and Musinski and Fiduccia on the general
multiplicative complexity problem and work done by Lempel, Seroussi and Winograd on
the topic of using the Chinese Remainder Theorem on this problem. We introduce a new
method of looking for algorithms for polynomial multiplication, by way of diagrams. This
will then enable us to produce many more related algorithms. We also develop two new
bounds for the minimum number of multiplications needed to multiply two polynomials
modulo u” over Fy (which we denote by Ma(n— 1,u")), namely one lower bound of 3(n— 1)
and an attainable upper bound of 3743 +n+ 1 for n even and % +n - % for n odd. This
attainable bound is used in the construction of the KM codes with wraparound later in the
thesis. We also develop an attainable upper bound for the number of multiplications needed
to multiply two polynomials modulo P(u) over Fo (which we denote by Ma(n — 1, P(u)));
again this turns out to be of the order n?, but the algorithms are easily generalised for any
7.

We fully classify KM codes for the parameter N(= k + d — 1) < 4 using these results
on complexity and algorithm formation, and attempt the case of N = 5. This enables us to
find that the optimal weight enumerator is obtainable by KM codes for N < 5.

Next we introduce constant degree codes and obtain tables of the weight enumerators

il




for the shunted (the idea of reducing/increasing & while increasing/decreasing d) families
for w (the degree of the coprime polynomials used in the CRT) equals 2 and give the reader
the proof of the generalising nature of our work. This last section is done in two separate
ways, firstly we obtain results via the dual code weight enumerator and then dualise back
to the primary code using the MacWilliams identities, and then we further develop the
idea. of using the dual code and look at the sets of the relations found and obtain results
that use some complex linear algebra and operations on the vectors to express the weight
distribution of the codes. The results obtained should serve as a basis for anybody using

KM codes.
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Chapter 1

Introduction

In this thesis we look further at KM codes in a more mathematical sense than the way they
were first investigated by Krishna in his doctoral thesis and further in Krishna and Morgera
(1987), Krishna (1987) and Krishna (1993).

In Chapter 2, we give a thorough background on where the KM codes are useful, in par-
ticular in a GH-ARQ scheme of coding. We explain some relevant coding theory, concerning
mainly the weight enumerators and the relation between the dual codes and the primary
codes. Some finite field theory is explained that will be used mostly when dealing with
multiplying polynomials modulo another polynomial over a particular field. For the most
part of the thesis we are concerned only with the finite field Fo, but any results that are
applicable for a larger field will be stated as so. Next we introduce the polynomial form of
the Chinese Remainder Theorem and further an improved procedure for using the Chinese
Remainder Theorem to multiply two polynomials together.

In Chapter 3 we introduce KM codes. Initially we look at systems of bilinear forms and
what are known as computations and concern ourselves with the multiplicative compleaity of
these computations. This work was done by Hopcroft and Musinski (1973), Winograd (1977)
and Fiduccia (1971). An important link by Krishna (1987) exposing the multiplicative
complexity and bilinear forms is then explained. Further to the ideas in Krishna (1987), we
look at polynomial multiplication and produce a bilinear form relating to this so that all

the results of this chapter can be applied. So we have that from a computation G(Axz x By)




of a system of bilinear forms 8 = Xy, G generates a linear code. The parameters of the
code are explained in the chapter.

In Chapter 4 we move away slightly from coding theory and investigate complexity
theory, specifically that concerned with multiplying two polynomials together, both directly
and modulo another polynomial. We use specifically the theory developed in Chapter 3 to
mmvestigate the problem of finding m from the coefficients of polynomial multiplication,
& = ATm = AT(Gz x By). In Section 3 we give some already known bounds, on the
degrees of the two polynomials, for the number of multiplications needed. In Section 4
we develop a new lower bound for Ma(n — 1,u"), the number of multiplications needed
to multiply two degree #n — 1 polynomials modulo u". The proof is based on the work in
Winograd (1977), but the result is new. In Section 5 we develop a totally new way of looking
at the idea of polynomials multiplication, that of a diagrammatic representation. This idea
is developed so that we can develop new algorithms from old ones so as to eventually (in our
case anyway) find the maximum number of KM codes for a given set of parameters. Indeed
in Section 6 we develop a new infinite algorithm, known as the square, P(u) algorithm that
is used to multiply two degree n — 1 polynomials. A quadratic bound is found for this
attainable algorithm. We next look in Section 7 at some previously known algorithms and
obtain the upper bounds from them. The LSW upper bound is directly from the paper
of Lempel, Seroussi and Winograd (1983), but we extend this using techniques from the
improved Chinese Remainder Theorem of Chapter 2, and also some known facts about
the minimum number of multiplications needed for particular values of n. This gives a
good upper bound over the values we choose but a closed form of the upper bound cannot
be found. The Knuth algorithm and upper bound that we find is obtained by converting
the multiplication of two numbers to that of multiplying two polynomials, giving another
quadratic bound. A graphical comparison is then given to visually let the reader perceive
the advantages and disadvantages of the algorithms explained. Finally we develop a new
upper bound My(n — 1,u") and associated algorithm which we will use later in the thesis
for the wraparound part of the KM codes (that associated with the improved procedure of

the Chinese Remainder Theorem).



In Chapter 5 we start to use all the techniques developed to classify KM codes for par-
ticular values of the parameter N (= k4 d — 1). First of all we explain a little about the
structure of KM codes and some of the powerful attributes associated with them, in partic-
ular their ability to shunt (the idea of increasing/decreasing k in order to decrease/increase
d). We then look at all the KM codes for N < 4 and tabulate all the possible cases. We
concern ourselves mainly with the optimal codes in the way of having weight enumerator
with least A, ;. , but also consider other obtainable weight enumerators. Next we look at
the N = 5 problem and bring in the usage of the diagrammatic representation as developed
in Chapter 4. This way enables us to find KM codes with optimal weight enumerator and
some (but not all) of the non-optimal weight enumerators. We state a conjecture that says
that we can never get all the possible weight enumerators from KM codes.

In Chapter 6 we are concerned with finding the weight enumerators of shunted families
of constant degree KM codes (with w = 2). We first investigate the periodicity exhibited by
the blocks associated with the coprime factors of P(u) of the generator matrices. Next we
develop some important results about where we are to find the n — k required independent
relations that we will use to form the dual code and then dualise back to the primary code
using the MacWilliams transform. On the way we explain how instead of using the Chinese
Remainder Theorem to obtain the relations it can be done directly from the generator
matrix G, by removing certain colurmns. For the constant degree codes we take P(u) =
u?(u? + 1)(u? + u + 1) with s = 0,1,2 and construct tables of the weight enumerators.
The intention is both to construct tables and also to relate the weight enumerators for
various values of k. This we do as best possible by finding important results on the sets
of relations that we are to use. Finally we consider the larger case of w = 3, taking
P(u) = w?(u® + 1)(u3 + u + 1)(u® + u? + 1). The resulting codes are much bigger and so
this is only given a brief overview, but the ideas developed previously are still applicable.

In Chapter 7 we work closely with the ideas of Hoggar (1997), but keeping our ideas
of increasing s using the algorithm developed in Chapter 4. We introduce new vectors and
their shifts and related operations and use these to further develop the theory needed to

find the weight enumerators of shunted families of KM codes. Using the extra knowledge




we are easily able to contain the s = 3 case and obtain a table of the weight distribution.
It is useful to note that often in Chapters 6 and 7 results obtained for one part that
appear to be overkill are essential for making a future problem much easier and so overall
all results are necessary.
Finally in the thesis we look to the future and indicate where the work can move onto.

It is hoped that all fields will be pursued further as the topic sheds light for many areas of

mathematics.




Chapter 2

Background

2.1 Digital Communication Systems

In this section we very briefly describe the two fundamental methods for error control in
digital communication systems, those of FEC (forward error correction) and ARQ (au-
tomatic repeat request), and their hybrid combinations, see McFarlane (1992), Lin and
Costello (1983), Krishna and Morgera (1987). A generalised version of one of the hybrid

combinations is given at the end of the section, see Krishna (1987).

2.1.1 FEC Systems

Using this scheme the receiver will make use of an error-correcting code. The transmitter
will send a codeword over the channel and the receiver will, if an error has been detected,
attempt to correct it. The problem with this scheme is that in some cases the receiver may
not be able to correct the errors. In this case the erroneous word is sent to the user and it
is assumed to be error free. This scheme uses one way traffic only along the channel. If we

introduce some feedback we can get the following,.

2.1.2 ARQ Systems

These schemes utilise a system that requires two-directional channels, to enable the trans-

mitter to keep a record of what the receiver is doing. There are essentially two types of



ARQ: stop-and-wait ARQ, and contimuous ARQ. No error correction is employed by these

systems, only error-detection.

Stop-and-Wait ARQ

Here the transmitter sends a codeword to the receiver, then waits for a reply from the
receiver in the form of ACK (acknowledge that the codeword has no detectable errors) or
NACK (the receiver has detected errors). If ACK is received the transmitter then sends the
next codeword. If NACK is received the transmitter resends the preceding codeword. This

will go on until the codeword is received with no detectable errors.

Continuous ARQ

In this scheme the transmitter sends codewords continuously to the receiver, and the re-
ceiver ACKs/NACKSs continuously (after the initial round trip delay, where N —1 codewords
have been sent). Two methods exist for the retransmission of codewords that have resulted

in NACK, as follows:

Go-back-N ARQ For this when a NACK is received for a particular codeword, the trans-
mitter resends that codeword plus all the codewords that follow. So in all a further N
codewords are sent regardless of whether the following NV — 1 were erroneous. The main
advantage of this method is that the codewords are kept in order all the time, obviously the
time spent sending the extra codewords is a waste and we may wish to use the following

method.

Selective Repeat ARQ In this the transmitter only resends those codewords that result
in a NACK. This method obviously will result in the ordering of the codewords being upset
and so the receiver must have adequate buffering facilities.

Many drawbacks exist for each of the FEC and ARQs, and there exist schemes that

incorporate parts of each of FEC and ARQ.



2.1.3 Hybrid ARQ Systems

By combining both FEC and ARQ we are able to build schemes that offer higher throughput
than can be achieved by ARQ alone and a higher reliability than with FEC alone.

Type I Hybrid ARQ

In this system, when a received codeword is found to contain errors, the receiver first
attempts to correct them. If this is possible (i.e. the number of errors is within the error-
correcting capability of the code) they will be corrected, the decoded word then delivered
to the user and ACK sent to the transmitter. The transmitter will then send the next
codeword. If errors are not correctable, the receiver will send a NACK to the transmitter
thus requesting the sending of the codeword again. The transmitter will then send the

codeword, the receiver attempts to correct any errors and so on.

Type 11 Hybrid ARQ

This scheme is based on the parity check bits for error-correction being sent to the receiver
only when required. Two linear codes are used for this scheme; one is a high rate (n,k)
error-detecting code Cp, the other is a half-rate invertible! (2k, k) code Cy.

First of all the message to be sent is encoded using Cp then sent across the channel.
At the receiver the codeword is checked for ervors, if none are detected then the receiver
assumes that none have occurred, ACK is sent to the transmitter and the receiver decodes
the codeword for the user. If errors have been detected, but can’t be corrected by Cj, the
receiver sends NACK to the transmitter and stores the erroneous codeword in a buffer. This
indicates to the transmitter that the receiver requires more information. The transmitter
then encodes the original message using C; and sends only the parity check bits. Then
combining the previous erroneous codeword and the new parity check bits a new codeword
is formed and then checked for errors using C;. If the number of errors is not within the

error correcting capabilities of Cp, then a NACK is sent to the transmitter and a second

! An invertible code is one such that the original information word can be obtained from just the parity

check bits of a codeword, see Krishna (1987).




|

retransmission occurs. This retransmission can be either the original codeword or again
the parity check bits depending on the setup of the system. If the errors are within the

capability of Cy, then the codeword is decoded for the user.

2.1.4 Generalised Type II Hybrid ARQ (GH-ARQ)

In Type II Hybrid ARQ schemes the second retransmission is either the same as the original
codeword or the parity check bits following this. If it was possible to introduce more parity
blocks then the performance of the system could be improved. For example, if instead of
an invertible (2k, k) code we had a (3k, k) code then there would be the possibility of two
extra parity blocks to assist in error-correction. If the (3k, k) code was invertible this would
enable an extra chance to decode the parity check bits if the previous codeword or parity
checks had been totally destroyed by for example a burst of errors. This scheme can be
generalised to any number of extra parity check blocks before repetition starts, and we can
get GH-ARQ as follows. We again use two codes; one a high rate (n, k) error-detecting code,
Co, and a (maybe invertible) (mk, k) code Cy, which is used adaptively for error-correction.
The quantity m here, is known as the depth of the code.

What we require is that the generator matrix of C; should be of the form
G =[G1]| G| ...| Gl
with at least GG invertible. Also that if
¥ =[] Gyl ...| Gi]

has minimum distance d; then d; < d; for all 1 <7 < j < m. The exact method of imple-

mentation is simply an extension of Type IT Hybrid ARQ, and can be found in McFarlane

(1992), Krishna and Morgera (1987), Krishna (1987).




2.2 Coding Theory

In this section we give a brief explanation of the types of codes we will be looking at and
some aspects of the codes that will prove to be useful and interesting. For a more complete
look at the sections see among others MacWilliams and Sloane (1977), Hill (1986), van Lint
(1982) or Lin and Costello (1983).

2.2.1 Linear Codes
Primary and dual codes

Definition 2.1 (i) Let V;; denote the set of all all ordered 7 - tuples over F,. The value n
will be obvious in the context.

(ii) By a linear (n, k) code, C, we shall mean a k - dimensional subspace of V.

(i) By a generator matriz G of C' we shall mean a (k X n) matrix such that the set of all
linear combinations of the rows of G over ¥, form the code C.

(iv) By the dual code Ct of C' we shall mean the set of all vectors in V, orthogonal to each
vector in C. It is also linear and so has a generator matrix, which we shall usually denote
as H. This matrix & is known as the parity check matriz of the code C, because for any ¢

nV,cecCeH ¢’ =0, i.e. we get parity check equations of the form
hipco + -+ + hin-1cp-1 =0 (2.1)

from (row ¢ of H )cT. These parity check equations are sometimes known as the defining
equations for the codewords of C, as they define every codeword in C' completely. H has
rank n — k, the dimension of C* so we can get n — k linearly independent parity check

equations.
Minimum Distance
From now on we will refer to the n - vectors in a code C as codewords in C.

Definition 2.2 (i) The (Hamming) distance between two codewords c¢g = cgo - . . €o.n—1 and

€1 = cjp .- ¢ p—1 is the number of places where they differ, denoted by dist (cg, c1).



(ii) The (Hamming) weight of a codeword ¢ = ¢g ... ¢p—1 18 the number of non-zero compo-
nents, and is denoted by wt (¢). Obviously dist (cg,c1) = wt (cp — €1)
(iii) The minimum distance of a linear (n, k) code C' is the minimum (Hamming) distance
between distinct codewords of C:

d = min {dist (g, 1)}

= min {wt (cog —c1)}
with eg,e1 € C, e # 1.

From now on a linear (n, %) code with minimum distance d will be called an (n, k&, d)
code. Finding d seems a daunting task for large codes but if some structure is known about

the parity check matrix the the following two theorems may help.

Theorem 2.3 The minimum distance of a linear code is the minimum weight of any non-

zero codeword.

Theorem 2.4 If H is the parity check matriz of an (n,k,d) code C then every d—1 columns

of H are linearly independent, but some d columns are linearly dependent.

2.2.2 Weight Enumerators

In this section we introduce a well known way of classifying codes in a polynomial form (see

MacWilliams and Sloane (1977), MacWilliams (1963)).

Definition 2.5 Let A; denote the number of codewords of weight ¢ in C. Then the poly-

nomial
n
A(z) = Z A7,
=0

is called the weight enumerator of C. Note that this can also be written

A(z) = Z PAC)

ceC

10




Similarly let B; denote the number of codewords of weight i in C-+. The weight enumerator
of O+ is
7
B(z) = Z B;2'.

=0
The following theorem due to MacWilliams (1963) is a remarkable one relating the
weight enumerator B(z) of the dual code to the weight enumerator A(z) of the primary
code . The proof can be found in many texts, obviously in MacWilliams and Sloane (1977}
and MacWilliams (1963), but a rather nice version for the binary case (which we are mainly

interested in here) can be found in Hill (1986).
Theorem 2.6 (MacWilliams (1963)) IfC is a (n,k,d) code over Fy with dual C+, then
1 1—=2
B(z) = =1 - 12)"A| ————+ ] .
0 =2+ @- D4 (2 )
The MacWilliams Identities are symmetric in the sense that we can find the weight
enumerator of the primary code uniquely from the weight enumerator of the dual code from
1 1—=z
Alz) = ——(1 -1)2)"B| ——+— . 2.2
0 = 1+ - 025 () (2.2
The usefulness of these identities is obvious when we have to calculate the weight enumerator
of a primary (n, k,d) code where k is large. To enumerate all ¢* codewords may require vast
computation time. However n — k may be small compared with %k, then the dual code is

smaller and so if we find the weight enumerator of the dual code, then use (2.2), the weight

enumerator of the primary code can be found with less computation.

11
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2.3 The Finite Fields F,

Here we give a brief look at some ideas we will be using throughout the thesis, concerning
finite fields. The theory in this section holds for any field although generally we will be
looking at the fields Fs.

2.3.1 Polynomials over I,

Unless otherwise stated let f(z), g(z) and h(z) be polynomials over F,. We give a few

definitions just to make this section fully understandable.

Definition 2.7 (i) A polynomial f(z) is irreducible if f(z) has positive degree and f(z) =
g(z)h(z) implies that either g(z) or h(z) is a constant polynomial.

(ii} Let f(z) be a non-constant polynomial. If f(0) # 0, then the least positive integer e
for which f(z) divides z¢ — 1 is called the order of f, denoted ord(f). If f(0) = 0, then
f(z) = zg(x), where i is a positive integer and g(0) # 0. Here ¢ and g(z) are uniquely
determined and we define ord (f) = ord (g).

(iii) Define the reciprocal polynomial, f(z) of f(z) as
- o [Fl 1
F(w) = sdeg U@l § (;) |

2.3.2 Reduction of Polynomials Modulo Another Polynomial

In the next chapter we must have a thorough understanding of the residue class ring
F,[z]/(f), where f is an arbitrary non-zero, non-constant polynomial so we give some

theory here (see Lidl and Niederreiter (1993)).
Theorem 2.8 The residue class ring Fylz]/(f) is a field iff f is irreducible over Fy.
The residue class ring Fy[z]/(f) consists of residue classes

lg] = g + (f)-

Two residue classes [g1] and [go] ave identical if g = ¢go (mod f), i.e. if g3 — g9 is divisible

by f. This is equivalent to requiring that g; and g2 leave the same remainder after division

12
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by f. Each residue class [g] has a unique representative r € Fy[z] with deg(r) < deg(f),
where r is the remainder on dividing g by f. The process of passing from g to r is known
as reduction modulo f. So we can now see that the residue classes are distinct and are
r+ (f) where r runs through all the polynomials in Fy[z] with deg(r) < deg(f).

Once we look at the residue class ring Fy[z]/(f), which may be a field, a natural question
to ask is whenever we have g(z) and f(z), when do we have an inverse of g(z) in Fgy[z]/(f)

i.e. does there exist h(z) such that
g(z)h(z) =1 (mod f(z)).

This exists iff ged(g(z), h(z)) =1 as Fy[z] is a Euclidean domain.
The residue class ring Fg[z]/(f), f irreducible, can easily be seen to represent a field
in a vector form by taking the coefficients of the powers of z of the polynomials reduced

modulo f(z) as the elements of the vectors.

Example 2.9 We look at 2? + 1z + 1 over IFy[z]. This polynomial is irreducible over Fa[z],
so Fy[z]/(2? + 2 + 1) is a field. Let « be a root of the polynomial f(z) (so o € Fy2), then
each element of the field Fg2 can be represented by a polynomial of degree less than 2 (the
degree of f(z)) in . Here we have o?

{0,1,c,0 + 1}.

=« + 1, so we can write the elements of the field as

Definition 2.10 Let 8 = apa’+- - -+am,—1¢™ ! be an element of a finite ring Fy[z]/(f(z)),

with m = deg (f(z)), and a a root of f(z). Then the vector form of the element 3 is
(ao M. am_l).

So we see that the field in Example 2.9 may be equivalently written as {00,01,10,11}.

Definition 2.11 By the matriz form of (a reduction polynomial) f(x), we shall mean the
matrix R in the following. If we have Y (z) of degree h — 1 and we reduce it modulo f(z)

of degree D, say, to give a(z), then there are constants r;;, such that

D—-1

5 (mod f(a)) = Y riga. (23)

i=1
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Hence

h—1 D-1 .
a(z) = z s Z T’ijatj. (2.4)
=0 =0

We may write this in terms of the A x D matrix R = [r;;], where obviously the first D rows

(if A > 0) form the identity matrix,

Ip
a=yR=y|  |. (2.5)
Example 2.12 Let f(z) = 23 +2? + 2+ 1 be over Fa. As f() is not irreducible, the finite
ring Fy[z]/(f(z)) is not a field. If we let o be a root of f(z) then o® +a? +a+1 =0, and
as we are working over Fy we get o® = o? + @+ 1, and all the powers of o (reduced modulo

a® +a? +a+1) are @, @?, ¢ + « + 1. In the matrix form as Definition 2.11 we get:

10 0|
010
00 1
111

Now the matrix R can easily be seen (when f(z) is irreducible) to contain each non-zero
element of the finite field Fy[z]/(f(z)) in vector form. We now give an example to show

how this matrix K can be used in practice.

Example 2.13 Taking the general degree 5 polynomial g(z) = go + g1z + gaz® + g3z +

g4z 4 gsz® modulo 22 + z + 1 we could work this out via

10
0

—

[go g 92 93 G 95] (2.6)

P =T =
=

giving the result [ got+ga+gs+gs g1+ge+g4a+0s ] as expected.
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2.4 The Chinese Remainder Theorem

The main results in this section can be applied to any finite field Fy, (¢ a prime power), but

all the examples will be done over [Fon.

2.4.1 Setting the Scene

We are trying to find a way to find an algorithm for multiplying two polynomials, Z(u) of
degree k£ — 1 and Y (u) of degree d — 1, together. If we take a polynomial P(u) of degree
N =k +d — 1 then (multiplying Z(u) and Y (u) to give ®(u),) reducing ®(u) mod P(u)
will have no effect on ®(u). This forms the basis of our reason for using the CRT. Define
formally

D(u) = Z(u)Y (u) (2.7)

so ®(u) of degree N — 1 is unchanged if it is reduced modulo P(u).

Now suppose
L
Pu) =[] Pi(w), deg [Pi(u)] = a (2.8)
=1
and ged (Py(u), Pj(u)) =1, 1 <i<j<L.

Let Z;(u) be the unique reduction of Z(u) modulo P;(u), to a polynomial of degree less

than that of P;(u). We can now form the 2 congruences

Zi(u) = Z(u) (mod Pi(u))

i=1,...,L, (2.9)
Yi(w) = Y(u) (mod F;(u))
and hence the L congruences
®;(u) = Z;(w)Yi(u) (mod Fi(u)), i=1,...,L. (2.10)

From these L congruences we can find a unique solution ®(u) mod P(u) using the
Chinese Remainder Theorem.
2.4.2 The Chinese Remainder Theorem for Polynomials

Here we state and prove the version of the Chinese Remainder Theorem we will be using

throughout this thesis. For a very general proof of the CRT see Lang (1993).
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Theorem 2.14 (The CRT for polynomials) Let P(u) = Pj(u)Py(u)... Pr(u) be pair-
wise relatively prime polynomials. Then the system of congruences
®(u) =P1(u) (mod Pi{u))
O(u) =Po(u) (mod Pr(u))

(2.11)
O(u) =&r(u) (mod Pr(u))
has a unique solution, modulo P(u),
®(u) = 1(w)Q1(u)Ry(u) + -+ + Cp(w)Qu(u) RL(u) (2.12)

where Qr(u) = P(u)/Py(u), and Ry(u) is an inverse of Qx(u) mod Py(u), i.e.
Qk(u)Rk(u) =1 (mod Pk('u.))
Proof. Let Q(u) = P(u)/Pr(u). We know that ged [Qr(u),Pr{u)] = 1, since
ged [Pi(u), Pj(u)] = 1 whenever ¢ # j. Hence we can find an inverse Ry(u) of Qx(u)
modulo Pg(u), so that
Qr(u)Ri(u) =1 (mod Py(u)).
We now form the sum

B(u) = @1 (w)Qu(w)Ry(u) + - + (W)@ (w) R (u). (2.13)

The polynomial (2.13) is a simultaneous solution of the L congruences. To demonstrate

this we must show that
O(u) = Cp(u) (mod Py(w), k=1,...,L.
Since Pj(u)|Qr(u) whenever j # k, we have
Qj(u) =0 (mod Py(u)).

Therefore, in the sum (2.13), all the terms except the kth term are congruent to zero modulo
Py (u). Hence
P (u) = Pr(u)Qr(u) Ry (u) = Pp(u) (mod Prlu)),

since Qp(u)Rk(u) =1 (mod Py(u)). O
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Definition 2.15 When using the CRT with L pairwise relatively prime polynomials

Pi(u),...,Pr(u), we say that we are using the CRT with L blocks. This then enables

us, when using the CRT to section the work into blocks

Example 2.16 Let deg [Z(u)] = 3 and deg [Y(u)] = 1. Therefore k =4,d =2 and N = 5.

We need, in order for the product Z(u)Y (u) to be unaffected by taking it modulo P(u), to

have deg [P(u)] = 5. For this example let P(u) = u?(u + 1)(u? + u + 1), so we have L = 3

and hence three blocks.

Now

Z(u) = 20+ zu+ znud + zu’

Y(u) = yo+yu
and Pj(u) = u?, Py(u) = u+ 1 and P3(u) = v +u+ 1.
We reduce Z(u) and Y (u) modulo F;(u), i = 1,2, 3.

i) modulo u?

Zi(u) = Z(u) (modw?)|Yi(u) =
= 2zp+z1u =
Then
Oi(u) = Zi(u)¥i(u) (mod u?)

Y(u) (mod u?)

Yo + y1u.

= (20 +21u)(yo +y1u) (mod u?)

= zyo + (2oy1 + z1yo)u + zn1y1u?  (mod u?)

ii) modulo v + 1

Zo(u) = Z(u) (modu+1)|Ye(u) =

= z0+ 2z +2+23

Then
Py (u)

Zo(u)Y2(u) (mod u+ 1)

zoyo + (zoy1 + z1yo)u  (mod u?).

Y(u) (modu+1)

Yo -+ Y1

= (20+2+22-+23)(yo+1y1) (modwu+1).

iii) modulo u? +u + 1

Zs(w) = Z(u) (modu?+u+1) |Yy(u) =
= (20 + 22+ 2z3) + (21 + z2)u =

17

Y(u) (mod u?+u+1)

Yo -+ yiu.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)




Then
P3(u)

i

Z3(u)Y3(u) (mod u? +wu+ 1)

= (z0+ 22+ 23)¥0

+((20 + 22 + 23)y0 + (21 + 22)y

+(20 + 21 + 23) (Yo + y1))u + (21 + 22)y1u?

(2.20)
(mod u? +u + 1)
= (z0y0 + 2290 + 23y0 + 211 + 2201)
+(2290 + 2oy1 + 2190 + Z1y1 + 23Y1)u
(mod u? + u + 1).
Now we must find R;(u), 2 =1,2,3.
i) modulo 1?2
Ri(u)Py(u)P3(u) = 1 (mod Py(u)) (2.21)
Ri(u)(@®+1) = 1 (mod u?).
Therefore Ry(u) = 1.
ii) modulo u + 1
Ro(uw)Pr(u)Ps{u) = 1 (mod Py(u)) (2.22)
Ro(w)(wt +ud+4?) = 1 (modu+1).
Therefore Ra(u) = 1.
iii) modulo w? 4+ u + 1
R3(u)Pi(u)Py(u) = 1 (mod Ps(u)) (2.23)
Ry(w)(u®+w?) = 1 (modw?+u+1).
Therefore R3(u) = u + 1.
Now we can form the sum, ®(u), as follows
O(u) = @1(u)Ri(u)Q1(u) + P2(u)Ra(u)Q2(u)
+®3(u) B3 (u)Qs(w)
(2.24)

= zyo + (20y1 + 2190)u -+ (z191 + 22y0)u?
+(zoy1 + z3yo)u® + zgyrud.
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What we are interested in is looking at the algorithms for finding the multiplication of
two polynomials, so in order to do this we must introduce the notion of the multiplications
needed to construct the algorithm. The reason we only need concern ourselves with the
multiplications and not the additions will become clear later, but originates from the fact
that the time for a computer to execute an addition is far less than the time for a mul-
tiplication. More on the multiplications needed to compute an algorithm can be found in
the next chapter but here we will give a brief flavour so that the rest of this section can be

understood to be useful.
Example 2.17 Let Z(u) = zp + z1u and Y (u) = yo + y1u, then the polynomial product
Z(u)Y (u) is

Z(w)Y (u) = zoy0 + (2041 + 2150)u + z1y10°. (2.25)

Written like this it takes four multiplications, but if we define:

my = Z my = (20+ 21)(yo + vy1).
0 o%o | M2 (20 + z1)(yo + v1) (2.26)
my = 21
then we can write
Z{u)Y (u) = mg + (mg + mq +mg)u + myu? (2.27)

which on a computer would take less time than the above method. This method can be
implemented directly into the CRT, which as we will see converts the problem of multiplying
two large degree polynomials into the problem of multiplication of many smaller degree

polynomials.

We have good algorithms for smaller polynomials (see the next chapter) so the recur-
sive method proves very good. Let us do the example above (Example (2.16)) again to

demonstrate this idea.

Example 2.18 We reduce Z(u) and Y (u) modulo P;(u), ¢ = 1,2, 3.

i) modulo u?

Zi(w) = Z(u) (modw?) |Yi(u) = Y(u) (modu?) (2.28)

2y -+ z1u = Yo+ 1iu.
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Let

myg = 2ZoYo |™me = (z¢+21)Yo+1y1)-
0 0Yo | e (20 + 21)(yo + 1) (2.20)
mr = 21
Then
O1(u) = Zy(u)Yi(u) (mod u?)
= myg + (mg +my +mg)u+mu? (mod u?) (2.30)
= mg+ (mg+my +mo)u  (mod u?).
ii) modulo u+ 1
Zo(w) = Z(u) (modu+1)|Ye(u) = Y(u) (modu+1) (2.31)
= zZtzt+ztz = yo-t+¥y1. .
Let
ms = (20 + 21+ 22+ 23)(y0 + 1) (2.32)
Then
Go(u) = Zo(u)Yo(u mod u + 1
) = Zw¥) ) 59
= m3 (modwu+1).
iii) modulo u? +u + 1
Z3(u) = Z(u) (modw?+wu+1) |Yaw) = Y(u) (modw?+u-+1) (2.34)
= (20 + 22+ 23) + (21 + 22)u = Yo+ Y1 '
Let
my = (2+z2+23)yo |ms = (20+ 21+ 23) (Yo +y1). (2.35)
my = (Zl -+ 22);{/1
Then
D3(u) = Zs3(uw)Ys(u) (mod u?+u+1)
= my + (mg +ms +mg)u +msu?  (mod u? +u+1) (2.36)

= (m4-+ms) + (myg +mglu  (mod u? +u + 1).

Now the R;(w), ¢ = 1,2,3 are the same as before and we can form the sum, ®(u), as
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follows

Pu) = @1(w)Ra(u)Qi(u) -+ P2(u)Ra(u)Q2(u) + @3(u}Rs(u)Qs(u)
= @1 (u) Ry (u) Po(u) Ps(u) + Do (w)Ro(u) P (u) P3(u)
+@3(u) B3 (u) Py (u) Po(u)
(2.37)
= mg + (mp +my + ma)u + (mz +ms + mg)u?
+(mo + m3 + maq + me)u®

+(mg +my +mg +ma +mq +ms)ut  (mod P(u)).

This sum can be seen to use 7 multiplications, which is not known to be optimal, and
indeed we can do better (i.e. less multiplications used) using an improved version of the

CRT which can be found in the next section.

Definition 2.19 Further to the previous two examples, if we can find a set of multiplica-
tions my, .. ., my—1 (either by the CRT or any other method), so that each coefficient of ®(u}
is a linear combination of the m;,2 =0,...,n — 1, then we say that the m;,1=10,...,n—1
reconstruct the polynomial ®(u) or the polynomial ®(u) can be reconstructed (using the

m;, 1 =0,...,n—1).

Note here that for each block in the CRT a new set of multiplications is introduced.
For Example 2.18, the multiplications mg, m1, m2 are introduced for the first block, ms is

introduced for the second block and my, ms, mg are introduced for the third block.

Definition 2.20 When a multiplication is introduced for a particular block, we say that

the multiplication is associated with that particular block.

So for Example 2.18, ms is associated with block three.
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2.5 An Improved Procedure

The above procedure can generally be improved if we permit intentional wraparound, that
is if we obtain the top coefficients of the polynomial product Z(u)Y (1) and then use the
CRT to find the others. One way is to find the first coefficients of the polynomial product
Z(u)Y (u) modulo u®, where s is called the number of wraparound points. The idea is as
follows: it may require less multiplications if we take P(u) of degree N — 1 and allow
a wraparound multiplication (found from Z(u)Y (u) modulo u) 2zx_1y¢—i. This can be
generalised to taking P(u) of degree N — s and finding the other multiplications from
Z(u)Y (u) modulo u®. Using this idea we can always do at least as good as the basic
procedure by taking s > 0 (where s = 0 is just the basic procedure with no wraparound).

Formally put we have the following.

Definition 2.21 Let Z(u) be of degree k—1 and Y (u) of degree d—1. If deg|P(u)] < k+d—2
then ®(u) = Z(u)Y (u) is altered by taking it modulo P{u), and we denote ®(u) modulo
P(u) by &(u). Of course if deg[P(u)] > k +d — 1 then ®(u) = &(u) as in this case it is
unaffected by taking it modulo P(u).

Theorem 2.22 If we have Z(u) of degree k — 1 and Y (u) of degree d — 1 and P(u) =
Pi(u)...Pr(u), deg [P(u)] = k+d—1—s, then if we use the CRT to find the multiplications
corresponding to ®(u) = Z(u)Y(u) (mod P(u)), the other multiplications necessary to
Jform Z(uw)Y (u) can be found from

Z(w)Y (u) (mod u®).

Proof. Let the degree of P(u) be D. Let ®(u) = Z(u)Y (u) = 324571 ¢uf. The reciprocal
of ®(u) is ®(u) = Z?:Jros_l D1 s-1-sut with a reduction mod u* of Zf;é ¢prs—1—iut. Thus
dD, .-, Pp4s—1 are determined by the wraparound multiplications. Moreover by definition

of &(u), there are coefficients b; such that

D(u) = B(u) + (bg + bru + - - + by_1u° ) P(u). (2.38)
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Now let the (s x s) matrix

Pp Pp-1 --- po 0O ... O
M = 0 PD oo P1 PO ... 0 . (239)

So equating coefficients of the top s powers of u from (2.38) gives
[#D+s—1--- dD116D] = [bs—1 ... bo] M; (2.40)

but M is invertible, as pp = 1, so the b; can be determined by (2.40), as the ¢;,1 =

0,...,D + s —1 are known, and as we can obtain ®(u) we can obtain all coeficients. I

Note when we use the wraparound in the CRT we are increasing the number of blocks

by one (i.e. there is another set of multiplications associated with the wraparound part of

the CRT).

Example 2.23 We attempt the same problem as Example 2.18 but using wraparound to
show that it can be more efficient. Again let deg [Z(u)] = 3 and deg [Y (u)] = 1. Therefore
k=4,d=2and N =5. Here we will have deg [P(u)] = 4 and s = 1. For this example let
P(u) = u(u + 1) (u? + u + 1).

Now
Z(u) = z0+2u+5u’+ 20’ (2.41)
Y(u) = yo+wyu
and Py (u) = u, Py(u) = u+ 1 and P3(u) = v® +u +1.
We reduce Z(u) and Y (u) modulo F(u), 7 = 1,2,3.
i) modulo u
Zy(u) = Z(u) (modw)|Yi(u) = Y(u) (modu) (2.42)
= 2z = Yo
Let mo = zoyo, then
P1(u) = Z1(wM(u) (mod u) (2.43)

= mg (mod u).
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ii) modulo v + 1

Zo(uy = Z(u) (modwu+1)|Ye(u) = Y(u) (modu+1)

(2.44)
= 2pt 2z +2ze+ 23 = Yo+ y-
Let my = (20 + 21 + 22 + 23)(yo + v1), then
Oo(u) = Zol(u}Ya(u) (mod u+1
W) =BG ) .
= m; (modu+1).
iii) modulo u? +u -+ 1
Z3(u) = Z(u) (moduw?+u+1) |Yaz(u) = Y(u) (modu?+u+1) (2.46)
= (Z() + 29 + 23) + (21 + 29)u = yo+y1u- '
Let mg = (20 + 22 + 23)v0, ms = (21 + 22)y1 and my = (29 + 21 + 23)(yo + y1), then
B3(u) = Zs(u)Ys(u) (mod u?+u+1)
= mg + (77’2,2 +ms + m4)u -+ 77’!;3’1152
(mod u? + u + 1) (2.47)
= (ma+mg) + (mg + myg)u
(mod u? +u + 1).
Now we must find R;(u), i = 1,2,3.
i} modulo
Ri(w)Po(w)Ps(u) = 1 (mod Pi(u
1(u) Po () Py (u) ( 1(u)) (2.48)
Ri(w)(@?+1) = 1 (mod u).
Therefore Ry (u) = 1.
ii) modulo v + 1
Ro(u) Py (u)P: =1 od P
2(w) P1(u) Py (u) (mod P (u)) (2.49)
Ro(u)(u® +u?+u) = 1 (modu+1).
Therefore Ro(u) = 1.
iii) modulo u? + u + 1
R3(u)Pi(u)Py(u) = 1 (mod Ps(u)) (2.50)

R3(w)(w?+uw) = 1 (modu?+wu+1).
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Therefore R3(u) = 1.

Now we can form the sum, ®(u), as follows

b(u) = &1(u)Ri(w)Qu(w) + Do(u) Ro(u)Qa(u) + Da(u) Ra(u)Qs(u)
= O(u)Ri(u)Pa(u)Ps(u) + Po(u)Ra(u) Py (u)Ps(u)
+®3(w) R (w) Py (u) Pa(u) (2.51)
= mg+ (M1 +mg +m3)u + (mq +ms + mag)u?

+(mo + my + ma + my)ud.

We now need to use the wraparound, with s = 1. We have

Z(u) = 23+ zu+ zu? + zud
Y(u) = yi+you,
SO
ﬁ(u) = & (medy) (2.53)
Y(u) = vy (mod u).

Let my = z3y;, then we have according to the theorem

S(u) = @(u) +msP(u)
= mg + (m1 +ma +mgz + ms)u + (M1 + mg + my)u?

+(mg + my + mg + my)ud +m5u4
( ) (2.54)

= zoy0 + (201 + 21%0)u + (2191 + 22y0)u?
+(zay1 + z3yo)u® + z3y1u?

using only six multiplications.

This example shows that the improved version of the CRT may be more efficient in

calculating the number of multiplications necessary to multiply two polynomials.
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Chapter 3

KM Codes

3.1 Introduction

This section will introduce KM Codes. These are expressed as codes formed from noting
some linkages between bilinear forms and linear coding theory. See Krishna (1987), Krishna
(1993), Krishna and Morgera (1987) and McFarlane (1992).

For the following, unless otherwise stated let the field, F', we shall be working over be
Fy, (¢ a prime power). The work in the section is based on many papers, stated when
necessary although in Section 3.4 we have tried to approach the theory from a different
angle than previous. The resulting notion is then hopefully clearer enabling the other areas

to be considered.
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3.2 Bilinear Forms

Consider a vector 8 = (6, ...,0;_1)T of k bilinear forms over F. The most general form of

the bilinear forms §; is (by looking at the coefficients of y;)

0; = (aooiwo + apyz1 ++ + Qo p—1,iTr—1)Y0 + - - (3.1)
(ad—l,o,i$0 +ag-1,1,5T1 + 00+ ad—l,r—l,i$7'—])yd—1a
and we may then express 8 as
Xo,0 Xoi o Xod—1
Yo
X1,0 Xy oo Xida )
0=Xy= . ‘ _ : (3.2)
. Yd—1
| Xk-1,0 Xg-11 - Xp—1,4-1 |
where
r—1
Xij =Y GjmiZm,i=0,1,...,k—1,j=0,1,...,d—1. (3.3)

m=0
Definition 3.1 Define a computation of 8 (with n multiplications) to be an expression of
the form

6 = G(Az x By) (3.4)

where A, B and G are matrices of dimension (n xr), (n xd) and (k x n) respectively over F,
@ = (%0, T1, -, Tr—1)T s ¥ = (Yo,¥1,--.,Yd~1)" and X represents component-by-component

multiplication of vectors.

It is easy to see that a computation is simply deciding on how the terms of the linear
forms shall be grouped and on the order of the operations required to compute the bilinear

forms. Hence it is not unique. Let us illustrate this with an example.

Example 3.2 Let the field we shall be working over be Fa. Let us consider

ZoYo -+ z1y1
0= | zoy1 +z190 | - (3.5)

L1Y1
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This can be written on the one hand as

1 0] 10
1 100 01 .
o) 0 Yo
=100 11 X (3.6)
1 0 Ty 01 m
01 00
1 01 | 1 0
involving four component-by-component multiplications, but if we write it as
ToYo + T1Y1
O =1 (o +z1) (Yo +y1) + Toyo + 211 (3.7)
1Y
then it can be written as
110 10 10
Ty Yo
0=1]111 01 x |0 1 (3.8)
T1 n
010 11 11

involving only three component-by-component multiplications. This example illustrates
that n, the number of component-by-component multiplications, is not fixed for the com-

putation and we get the following.

Definition 3.3 The smallest n, denoted nmin, such that a computation exists is known as

the (minimum) multiplicative complezity of the computation.

Definition 3.4 (Hopcroft and Musinski (1973)) Let z = (20,21,...,25_1)7 and let
G(Az x By) be a computation of 8, a system of k bilinear forms. The P-dual of the

computation of 8 is the computation AT(GTz x By).

Do not confuse the P-dual of a computation with the dual code C+ of C' as defined in

Definition 2.1 (iv).

Remark 3.5 The word ’dual’ in the above definition is valid in that the dual of the dual

is the original. If we take the three tuple (G, 4, B) as the computation G(Az x By) then
(@G, A, B) 1WA o7 3y Pid%l o A B)
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as expected. The prefix P is used as other types of dual computations do exist although

they will not be used in this thesis,

The following theorem links the multiplicative complexity of the original computation

and its P-dual.

Theorem 3.6 (Hopcroft and Musinski (1973)) There is a computation for the system
of expressions represented by G(Ax x By) having n multiplications iff there is a computation

having n multiplications for its P-dual AT (GTz x By).

Theorem 3.7 (Winograd (1970)) Let Xy be a system of bilinear forms over F', where
X is an (kx d) matriz whose elements are linear forms in the indeterminants {zo, ..., T,—1}
over F and y = (yo,...,Yq—1) - If the column rank of X is o, then any algorithm computing

Xy requires ot least o multiplications.

Theorem 3.8 (Fiduccia (1971)) Let Xy be a system of bilinear forms over F. If X has

an (o x B) submatriz S such that

ulSveF iff u=0 or v=0

(3.9)
Vue F® and veFB.

Then, the multiplicative complezity of Xy is at least « + 0 — 1.

Finally in this section we give the details about another way of writing the computation,

as defined in Definitions 3.1 and 3.4. If we have
0 = G(Az x By) (3.10)
then we can expand the right hand side to give
0=Gm (3.11)
where m = (Az x By) and consists of elements of bilinear forms of the form

m; = My, ()ms, (y) (3.12)
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and mg, () is a linear form in o, ..., 2,_1, and similarly for m;, .
This form is introduced as it will be used quite extensively throughout the thesis to

prove some interesting and useful results.

Example 3.9 Looking again at Example 3.2 we can write & in the form Gm as follows.

For (3.6) we have

ZoYo
1100
Z1Y:
=100 11 (3.13)
Loy
0100
| T1%0 |
and for (3.8) we have
1 10 ZoYo
6=|111 11 (3.14)

010 {zo + 21) (Yo + y1)
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3.3 The Relationship Between Bilinear Forms and Linear

Codes

Definition 3.10 Denote the following
(1) the multiplicative complexity of the system (or expression) € by M (8), and
(ii) the row rank of X by p(X).

Theorem 3.11 (Krishna (1987)) Let 6 = Xy be a linearly independent set of bilinear
forms. The (k x n) matriz G in the computation (3.4) is the generator matriz of a linear

(n,k,d') code over F where
d' > d=min{p(uTX): uec F* u#0}. (3.15)

Proof. We know that for any integer n > M(6), § may be computed as (3.4).

If p(X) = k then by Theorem 3.7, any computation of 8 will require at least k& multipli-
cations, i.e. n > M(0) > k.

Further, (Az x By) involves n component-by-component multiplications. So the com-
putation (3.4) has n multiplications provided all k rows of G are linearly independent. If G
had any dependent rows, this computation would require fewer multiplications, hence the
rank of G, p(@) must be k.

So here we have shown that G is a (k x n) matrix where n > %k and all & rows of G
are linearly independent. Thus G’ may be considered the generator matrix of a linear (n, k)
code over F.

Now a typical codeword is e¥' = (cg,c1,. .., Cn1) Where

c'=ulG and u® = (up,ui,...,up_1).

We have

0 = Xy = G(Az x By)

which implies

ul' Xy = uTG(Az x By) (3.16)
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ie.
u' Xy = T (Az x By). (3.17)

Consider any entry ¢; of a non-zero codeword ¢ (1 =0,1,...,n — 1). Observe if
i) ¢; # 0 then i component-by-component multiplication of (Az x By) is necessary, while
if
ii) ¢; = 0 then ** multiplication need not be done as it will disappear when multiplied by
ci

It follows that the weight of any non-zero codeword ¢, cannot be less than the multi-

plicative complexity of ¢”' (Az x By). i.e.
w(c) > M(c! (Ax x By)). (3.18)
Further, by (3.17) the multiplicative complexity of ¢! (Ax x By) is equal to the multiplicative

complexity of u* Xw, i.e.

M(c''(Az x By)) = M(uT Xy). (3.19)

Now by Theorem 3.7, the number of multiplications necessary to compute u? Xy is greater

than or equal to the row rank of uTX. i.e.
M(u"Xy) > p(u” X) (3.20)

Hence we have

w(e) > M(cT(Azx x By)) = M(u” Xy) > p(u’ X). (3.21)
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3.4 A Form Directly Related to Polynomial Multiplication

Counsider the multiplication ®(u) of two polynomials, Z(u) of degree k — 1 and Y (u) of
degree d — 1, i.e.

d(uy = Z(wY(u
W = Z@Y@ 0
= 2090 + (210 + 2oy1)u + -+ + Zpo1yg_uFrEE
If we look at the coeflicients of ®(u) as the vector:
® = [pod1 ... Prra—z]’ (3.23)
then
b0 = ZoYo
= =2yt 2y
(3.24)
bi = Dk %k
¢/c+d-2 = 2Zp-1Yd-1
and we can write this is the matrix form
i 20 0 0 i
2z1 2p [ O
$o k1 Zg—2 Zg—3 - Yo
1 0 2p—1 e N 7
s—| " |ogy=| 0 oA L (3m)
| Prpd—2 | e e Zg 0 | Va1 |
20
L 0 0 0 ZR—1 i

The following, based on Lempel and Winograd (1987), will expose the link between

polynomial multiplication and bilinear forms, and further to linear codes.
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We have here a system of bilinear forms ® = Zy = ATm, say, where AT isa ((k+d —
1) x n) matrix with elements in F', and m is an n-vector, (n here is the same multiplicative
complexity as we introduced in Definition 3.3) with elements of the form m; = m;0;, such
that m; is a linear form in the entries of z = (zp,...,2x_1)7 and o; is a linear form in the

entries of ¥ = (yg,...,y4-1)7. We can thus write

m = Pz, PiEFk

(3.26)
oi = Sy, SZ'EFd.

Now, let A(2) denote the (n xn) diagonal matrix with (A(z));; = P;z, and let S denote

the (n x d) matrix whose ith row is §;. Then the algorithm ATm can be written as
ATm = ATA(2)8y, (3.27)
and since this holds for every y it follows that we have the following decomposition for Z
7 = ATA(2)S. (3.28)

Now let ¢o,...,¢r_1 denote the k& bilinear forms of the system ® = Zy, let ©x =
(zo,...,%k—1), and form the trilinear form (also known as the defining polynomial)

k-1

T Zy=> mi (3.29)

=0
From this form we can extract a dual system @ = Xy of k bilinear forms in the entries of

x and y which satisfy
k-1

aT Zy = Z z0; = 2T Xy (3.30)
=0

and where X is a (k x d) matrix whose entries are linear forms of the elements of z.

We can form a similar decomposition to the Z in (3.28) for the X as follows. From

(3.30) we see that
el Z =21X% (3.31)

l.e.

T ATA(2)S = 27X (3.32)
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Looking at the full version of A(z) we see that

Pz 0 - 0
0 Pz oo 0 ,
Ul T | s=2"x, (3.33)
| 0 0 ... Puaz

ie. if AT =[Ag... A, 1] then

| @7 A)(Poz) @TA)(P12) ... (@ Ags)(Pos2) ] §=2z"X, (3.34)
ie. ) )
zTAy 0 ... 0
0 xT AL ... 0
TP b s =2TX, (3.35)
L 0 0 L :BTAn_]_ i
i.e.
X = PD(z)S, (3.36)

where P; is the ith column of P, and (D(z)); = =7 A;.
As X is uniquely defined, we can see that the multiplicative complexity of 8 = Xy is
the same as the multiplicative complexity of ® = Zy. Looking again at the matrix Z in

(3.25) we would like to obtain the decomposition of Z in the form (3.28), i.e.
7 = ATA(2)S. (3.37)

to obtain the decomposition of X and hence X. We can alternatively find X itself from the

defining function as follows. We know

]
¢%:szy1“.7, Z:O,...,k+d—2 (3'38)
=0
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80
k+d—2
wTZ'y = z@io iy
k4d—2 i
Doido i) ZiYi-j
k+d—2 k4-d—2
Doty % Zj:o Lit5U5,

where z; =0,¢ >k —1and y; =0, § > d — 1. This can be written as

k1
S ATED P
=0

where
d—1
0= iy
=0

and we write @ = Xy where X is the following matrix,

g T ...  Tg-1
A Ty ... Td
X =
| Tk—1 Tk -+ Thtd-2 |

So we have (using the decomposition of Z as in (3.28))

®=TZy=ATm = AT(A(2)Sy)
= AT(PTz x Sy)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

and the ’dual’ we have just worked out as (using the decomposition of X as in (3.36))

0 = Xy = P(D(z)Sy) = P(Az x Sy)

(3.44)

and so by Definition 3.4 on comparing (3.43) and (3.44) we see that & is the P-dual of 0.

The following theorem together with Theorem 3.11 will prove to be foundational in

linking bilinear forms and coding theory.

Theorem 3.12 For the above form of X, Va € F*,a # 0 and Yb € F4,b # 0, we have

alXb +# 0. Moreover p(a”X) =d for all a € F¥, a # 0.
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Proof. Look at af Xb. This can be written

d—1 /k—1 ktd—2
aTXb = Z (Z aixiﬂ;) bj - Zaibjfci—l-j - Z Z aibj Ty (3.45)
7=0 \1=0 4,9 r=0 i+j=r
Now consider the polynomial product
4 A k+d—2
(Z aiyz) (Z bjyf) = Z Z ab; | y" . (3.46)
r=0 i+i=r

Notice the coefficient of z; in (3.45) is the same as the coefficient of ¢ in (3.46), for
1=0,...,k+d—2.

Now if @ # 0 and b # 0, then we have from (3.46) the polynomial product of two non-
zero polynomials which equals a non-zero polynomial, and so at least one of its coeflicient
is non-zero and aTXb £ 0.

But a” Xb is an arbitrary linear combination of the columns of a” X with not all coef-

ficients zero, so a’ X has independent columns, hence the rank is d. [

Hence, if G(Az x By) is a computation of a system of bilinear forms, § = Xy then G
generates a (n,k,d) linear code over F' with d > d, n the multiplicative complexity of the

computation, which by Theorem 3.8 is at least & -+ d — 1.
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Chapter 4

Algorithms for Polynomial
Multiplication

4.1 Introduction

In this chapter we will introduce and expand on the idea of general algorithms for the mul-
tiplication of two polynomials Z(u) and Y (u). Usually the degrees of the two polynomials
will be the same (taken as 7 — 1), but occasionally (when stated) they will be different, in
which case deg [Z(u)] =k — 1 and deg [Y (u)] =d — 1.

Of course algorithms that are developed for deg[Z(u)] = deg[Y (u)] can easily be amended
to algorithms for which deg[Z(u)] # deg[Y (u)], by setting the relevant coefficients to zero.

Example 4.1 If we have an algorithm for ®(u) = Z(u)Y (u) where deg[Z(u)] = deg[Y {u)],
then to obtain the algorithm for deg[Z(u)] = k& — 1 and deg[Y (u)] = d — 1 (where k > d)

we simply set
Yd=Yd+1 =" =Yp—1 =10
and as such some of the multiplications from the original algorithm may get set to zero

and are therefore not needed. This method is similar when d > k, in this case we set the

relevant z;’s to zero.

Note: When we say that an algorithm X is betfer than an algorithm Y, we shall mean that
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using algorithm X requires less multiplications to achieve the required reconstruction than

it would using algorithm Y.
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4.2 General Background

The most general case that we can consider is when we are trying to find the multiplications

to form a valid algorithm for the product
D(u) = Z(u)Y (u) (4.1)

where deg [Z(u)] = k—1 and deg [Y (u)] = d—1. We have seen in the previous chapter that

since we are trying to find the coefficients of ®(u) the problem can equivalently written as

® = Zy
— ATm (4.2)
= AT(GTz x By)

where the coefficients of ®(u) are the elements of ®. It is the matrix GT we are interested
in, as by Theorem 3.11, G is the generator matrix of a KM (n,k,d) code, where n is
the multiplicative complexity, k is 1+-deg [Z(u)], and d is 14+deg [Y(u)]. While for most
purposes we would like n to be as small as possible, it is sometimes necessary to give n
a particular value. For example, the length may need to be a multiple of the dimension.
For this reason optimal algorithms are not always required. We therefore seek a method of
obtaining m and then @, since m uniquely defines G* and B (and vice versa) in (4.2), or
alternatively obtaining GT directly. In the following we are concerned with the problem of
finding m, as this subject is of interest to many authors.

First of all we introduce some lower bounds on n, the minimum number of multiplications

necessary for certain polynomial multiplication.
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4.3 Lower Bounds on n

There are essentially two types of lower bounds:

1. finite lower bounds — these are true for all finite values of the variable, e.g.

M > 3n means M is greater than or equal to 37 for all finite 7).

2. asymptotic lower bounds — these are true only as the variable tends to infinity,
e.g. M > 3n, n — oo means M is greater than or equal to 37 only for sufficiently

large n, it does not say anything about M for small values of 7.

Our interest in this thesis lies with finite lower bounds only as we would like to be able
to construct algorithms of a practical use.
We now give some known lower bounds over F,, and some over Fy only. First we must

introduce some definitions.

Definition 4.2 (i) Let M,(n— 1) denote the number of multiplications needed to multiply
two degree 1 — 1 polynomials, over F,.

(ii) Let My(m — 1,72 — 1) denote the number of multiplications needed to multiply a degree
m — 1 polynomial by a degree 2 — 1 polynomial, over F,.

(iii) Let My(n—1, P(u)) denote the number of multiplications needed to multiply two degree
n — 1 polynomials and reduce the the product modulo P(u), over F,.

(iv) The function f(z) = o(g(z)) as z tends to infinity, means % —0asz — oo.

Of course My(n — 1) > My(n — 1, P(u)), so the lower bounds for My(n — 1, P{u)) are
extremely useful. Winograd (1977) and then more explicitly Averbuch, Galil and Winograd
(1986) proved that

My(n—=1)>2—1 if g<2p—2 (4.3)

so over [y this provides a relatively weak, but still useful bound. Lempel, Seroussi and

Winograd (1983) prove that

My(n— 1, P(u)) > (2 + 5{—1) n— qlogq (%ﬂ + logqe) (4.4)
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and so over Fy we have

In 2nln 2 1
My(n — 1, P(u)) > 3n — [Miw -

—_ 4,
In 2 In2 (4.5)

for multiplication of two degree n — 1 polynomials modulo an irreducible polynomial P(u)

of degree 1. Bshouty (1992) proves that a similar result

M, (n -1, P(w) > (2 + q_%) n—o(n) asz— oo (4.6)

applies for any polynomial P(u) of degree n. Chudnovsky and Chudnovsky (1988) prove

that
— 1) (g1 = 1)g—n+it+2
M-z =N ST (7)
for i =0,...,n, which provides for the field Fy
My(n —1) > (n — 1)@ — )27+, (4.8)

fore=0,...,n.
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4.4 A New Lower Bound for My(n — 1, u")

We provide here a new lower bound for My(n—1, "), that proves useful when assessing how
good some of the algorithms are in the next sections. The reason that we are concerned with
modulo u” stems from study into the wraparound part of the Improved CRT (see Chapter

2, Section 5). The proof is based on Winograd (1977), but amended for the problem.

Let
0 ="(x)y (4.9)

be the system of bilinear forms of coefficients of the polynomial product
O(u) = X(uw)Y(u) {mod u"), (4.10)
where X (u) = o+ - + zp_1u", and Y(u) = yo + -+ + yp_1u" L.

Definition 4.3 Define the companion matriz of a polynomial P(u) = pg +pru+--- +

pn—1u"! 4+ u" to be the matrix

[0 0 0 —po |
10 0 —m
Cp=|1 1 " : (4.11)
00 - 0 —py
U U

Lemma 4.4 If the elements of the vector Y(xz)y of bilinear forms are the coefficients of

—1 -1
(T’Z mz“) HZ yju! | (mod P(u)) (4.12)
=0

§=0

where the degree of P(u) is 7, then

T(m)=[m’cpw{...|0§m|...lc}g,‘lm]. (4.13)
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Proof. We prove by induction, first the intial case, let & = 0, C%z = x. Now the case
k=1,
Co = ="+ (L= pa™) o) b @ ™)
= l+z+-+2"2~(py+p1 + e ppo1)a ).

Now let X (u)u® = tg+tiu+-+t,—1u” ! (mod P(w)) with [to t1 ...t,—1]% = CEa, then
n 7 P

CEl = CpCha

= Cp[t(] 1 ... tn~1]T

_potn—l
to — pity—1 (4.15)

= i1 — patp-1

| tn—2 = Pp-1tn-1 |
and
X(uurt! = (X (u)uFu
= (to+tiu+-+ty_1u" Nu
= fou+tiu? + -+ tygu”

= —poly—1 + (fo — prly—1)u + - + (by—2 — Py—1ty—1)u"t  (mod P(u))
(4.16)

as expected. [

Lemma 4.5 (Column Rank Lemma) Let Y(z) be as in (4.9) and v be any non-zero

vector then v (x) has column rank maz{i: v; # 0} over Fy.

Proof. By Lemma 4.4, vY(z) has columns vC%z, where C is the companion matrix of u”,
ie.
T(w)=[mlOmlOzml---‘C”“lm]-
Now let A be a non-zero 5 - vector. Then
n—1 R n—1 .
AoCle = (Z )\i'vC”) T
=0 =0

(4.17)

n—1 .
= 0 = Z AvCt = 0.

=0
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If we look at the matrix with rows vC* then we get

v Ug v .. Up—2 Up—1
vC _ V1 L R | 0 (4 18)
| wC ey 0 ... 0 0

and the rank of this matrix is what we require.

Lemma 4.6 (Weight Lemma) Let v, v be k - vectors over Fy. If wt (u) > k —r then
wt (u+v) <k+r— wt(v).

Proof. Without loss of generality let w =1[1 --- 10 -+ 0], with the number of 1’s being
k—r+e¢andv=[0---01--- 1] be the worst case (i.e. the overlap of 1’s is the biggest,

and no zeros overlap), then overlap is wt(v) — (r —¢€), so

wh(u+v) < k—wb(©) +(r—e) (4.19)
< k+r—wi(v)

ase> 0. 0

Let 8 = T(x)y be the system of bilinear forms as in (4.9). In the same way as explained

in Section 3.2 we may put this in the form of a computation and further in the form
0= ATm. (4.20)

Let m be of length n, and be the least n such that an AT exists. Now AT is (g x n). As
the 7 bilinear forms # are linearly independent then the matrix A7 is of rank 7, therefore
by rearrangement, if necessary, of the columns of A” and the clements of m, we may have
the first 7 columns of A7 being linearly independent. Thus there exists a matrix W, say,

such that

WY(z)y = WATm = [I|(4)T] m. (4.21)

Definition 4.7 Let (i) a} =row i of (A")7,

(ii) V = Vs =span {eq,...,e5-1}, € = (0,...,0,1,0,...,0) € Fon, with the 1 in position i,
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(iii) CR = column rank,
(iv) n=n+k,
(v) s =2k —2n+4.

Theorem 4.8 Let v =row i of W. (a) if vy =1 then wt(a}) >n—1,
(b) if vy =0 then wt (a) < s—1 and v € V.

Proof. (a) We have

ai ] m.
Therefore
L+wt(a)) = MC (wY(z)y)
> CR(vY(z))

U

by Column Rank Lemma (Lemma 4.5).

(b) W is non-singular so some row j (say w) has w, = 1. Now as v, = 0, we have
(v+w)y,=1
and
(v +w)T(x)y = [ 0 ... 1 .. 1 .. Oia,%-}—a,} ]m.

But, by part (a) and (4.24)
wt (a +a%) >n -2

(4.22)

(4.23)

(4.24)

(4.25)

By (a) we have wt(aj;) > n — 1 as w, = L. Now putting this in the form of Lemma 4.6, i.e.

I.

;) = length — r, we have

wt(a
wt(ai) >k —(k—n+1)
Now using Lemma 4.6 we have

wt(a; +af) <k+(k—n+1) - wt(ay).
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Therefore substituting (4.25) into (4.26) and rearranging we get
wt(al) <2k —2n+3=s—1.

Now

st o

) ] ™m,
80, by Theorem 3.7
s > CR (vY(z)).

Therefore, the biggest ¢ such that v; = 1 is s. So, by Lemma 4.5 v € V. O

Theorem 4.9 If rows v, w € W end in 1, then
v+weV;.
Proof. First of all we write
(v +w)T@)y = e +¢; | al+a |m. (4.27)
Now by Theorem 4.8, wt(a;),wt(a}) > n — 1. Hence as
wi(a) > q—1=k— (k—q+1)

then
wt (a; + aj)

IA

k+(k—n+1)—wt (a3)
< k+(b—n+1)—(n—1) (4.28)
= 2k—-2n+42

= s—12.

Therefore s > CR ((v + w)Y(x)), and as in Theorem 4.8 we have

v+weV,.
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Theorem 4.10 The value n, the mintmum number of multiplications for the polynomaial
product 0(u) = X(w)Y (u) (mod u"), where X(u) = zo + -+ + Tp—1u" %, and Y(u) =

Yo+ +yp—1u’, and 8 = Y(z)y = ATm, m being a n-vector is bounded as follows
5
> —(n—1).
n=>g(n—1)

Proof. Let the rows of W ending in 0 be uy,...,u,, and let the rows of W ending in 1 be
V0, V1,...,Vq. SOPp+qg+1=n.

Now u1,...,up € Vs, by Theorem 4.8. Similarly vg + v1,...,v0 + v4 € V; by Theorem
4.9. Now because the rows of W are linearly independent, these p + ¢ vectors are distinct

and linearly independent, thus using Definition 4.7 (v)
p+g<dimV, =s=2k—2n+4.

Combining this with p+¢=n—1 gives n — 1 < 2k — 21 + 4. Substituting n = n + &k from
Definition 4.7 (iv) we get n — 1 < 2n — 49 + 4 and the result follows by rearrangement. O
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4.5 A New Diagrammatic Representation
We have seen in the previous chapter that one way of describing an algorithm is of the form:
& = ATm, (4.29)

in other words we have a set of multiplications mg, . .., My—1 and each row ¢ of AT will pick
out the necessary multiplications to form the ith coefficient of ®(u).

‘We now introduce a slightly different way of displaying the vector m in a diagrammatic
form. We are interested less in the matrix AT (as long as one exists of course) as it is the
m directly that enables us to obtain the generator matrix G as explained in Section 4.2, so
for the rest of this section we will refer to an algorithm as the vector m, whether it is in
vector form or the diagrammatic form to be explained.

If we plot a (z,y) grid where the z values range from 0 to the degree of Z{u) and similarly

for the y values, and mark each integer point we get Figure 4.1.

» » L
L a » -
¥—

Figure 4.1: The (z,y) grid for algorithm representation

Now if we label the bottom left point zgyo, the next point right zpy1 and generally label
point (z,7) as zy;, it is easy to see that the coefficients of ®{u) = Z(u)Y (u) are simply the

left-right-down diagonals, as in Figure 4.2.
Multiplications can then be represented by circling the appropriate points. For example

to represent (2p-+21)yo we would circle zpyg and z1yo and join them together, as in Figure 4.3.
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Figure 4.2: The ¢; as represented on the (z,%) grid

From now on we will omit the z and y labels on the axes, as they are not needed. For
more complex multiplications {(and algorithms) we can simply join two multiplications by a
line as in Figure 4.4.

This method of displaying can be easily extended to any multiplication and indeed any
algorithm, however  complex, for  example consider the  multiplication
m = (29 + 22 + 23)(yo -+ y2), then this can be represented as in Figure 4.5.

We now give an example to show the diagrammatic representation of an algorithm.

Example 4.11 Let Z(u) = 2 + z1u + zu? and Y (u) = yo + y1u, with ®(u) = Z(u)Y (u).

Then we can have the following multiplications

mo = ZoYo m3 = (21 + 22)y1
mi = ziy my = (20 + 22)Y0 (4.30)
mg = (20 + 21)(yo +y1)

to reconstruct the ®(u) as follows:
®(u) = my + (mg + my + ma)u + (mg + my + my)u? + (my +ma)u’. (4.31)

So the algorithm can be represented in diagrammatic form as in Figure 4.6. Note here
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Figure 4.3: The multiplication (Z0+ z\)yo represented in diagrammatic form

¢ ¢ 0H 0

............ isequivalentto

Figure 4.4: The multiplication zo{yo + yi) as the join of zoyo and zoyi represented in

diagrammatic form

for example that the multiplication z\y| appears in three multiplications above and three

circles below, as expected.

One of the main reasons for introducing this new way of displaying algorithms is that
it gives us a handle on finding new algorithms from old ones. Basically if, for example, we

had the two multiplications mo = zoyo and mi = (Z0+ )yo, then we can form all the

combinations of these two using m2 = zlyo and m3 = (20 + zi)yo, or indeed = zoyo and
wid = ziy0, i.e.
Z0yo = mo = m2+m3 = m4
z\yo = mO0+mi = m2 = mS5 (4.32)
[zo + z\)yo = mi = m3 = m4+mb5.

Definition 4.12 Consider two sets of multiplications
{mai,ma2,..., man} and {mé6l,m®2,..., mbn}.
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is equivalent to

Figure 4.5: The multiplication (zp + 22 + 23)(yo + y2) represented in diagrammatic form

Figure 4.6: The algorithm of Example 4.11 represented in diagrammatic form

We will call these sets eguivalent if all combinations of the elements of the first set can be
made from particular combinations of the elements of the second set. In the description
above we are concerned only with pairs of multiplications. We will call the operation of

moving from one set of multiplications to an equivalent set swapping.

When we say that a set {mq,, May, ..., Mg, } s equivalent to a set {my, , My, .-, M,

we mean there exists an invertible matrix W = [w;;] such that

Ma, My
Ma, my,
—w . (4.33)
L man R L 7nbn _

Obviously when the number of multiplications in each set becomes large, finding whether
another set is equivalent becomes quite hard. For this reason we are concerning ourselves
only with sets of pairs of multiplications. Being concerned with sets of pairs of multiplica-
tions, if we label the sets {myq, ,mq, } and {my,,my, } then if they are equivalent the following

must hold.

May Woo W10 Ty
= . (4.34)
May Wo1 Wit My
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Now if we are working over Fy then there are only two possibilities for the matrix W
such that the sets are distinct. So from one set of multiplications {mg,,mq,} we get two
equivalent sets {mg,, Mg, + Mq,} and {mq, + Moy, Ma, }-

This technique of finding equivalent multiplications is not very easy when they are not in
the diagrammatic form and indeed as the multiplications get more complex so does this idea.
From the diagrams however it is much more easy to see when this multiplication swapping
can take place. In Iigure 4.7 we have the multiplications my = zoyo and my = 2z9y¢ and

the equivalent multiplications that will enable the algorithm to reconstruct the original

polynomial.

(D@ —— [ @\e ]
N

Figure 4.7: Diagrammatic representation of operation one on the multiplications

Of course the idea of multiplication swapping can be generalised and we give two gen-

eralisations in Figures 4.8 and 4.9.

Figure 4.8: Diagrammatic representation of operation two on the multiplications
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Figure 4.9: Diagrammatic representation of operation three on the multiplications

Further to the above operations we introduce the reciprocal operation. This is so because
if ZY is an algorithm for then ZY is an algorithm for <€: This is represented in Figure

4.10.

I®. ¢

Figure 4.10: Diagrammatic representation of the reciprocal operation

With these swapping operations we can make many other algorithms from a given
algorithm and this idea will be used in the next chapter to find all the KM codes (up to
our technique of multiplication swapping) for a given value of k£ and d There are other

ways of swapping multiplications but they get very hard to generalise and so for now we

will consider only the above four.
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4.6 A New General Algorithm

In this section we develop a new algorithm, known as the square, P{u) algorithm, the
construction based on the diagrammatic approach introduced in the last section, and the
resulting upper bound, known as the square, P(u) (upper) bound.

Here we select n = 1 + deg[Z(u)] = 1 + deg[Y (u)], so that if we were reducing some
polynomials to Z(u) and Y (u) modulo P(u), then P(u) would have degree 5. So for the
simplest case, 7 = 1, we get Z(u) = 2y and Y (u) = yo, both of degree 0. The algorithm is
obvious {we simply multiply zy by yo) and given in Figure 4.11.

@
Figure 4.11: Qur algorithm for n =1

Now for the case 7 = 2, we get the 2 x 2 grid. If we place the 7 = 1 case in the bottom
left and top right corner we can get ¢y and ¢o, and ¢ can be obtainable by simply including

the multiplication (zp -+ z1)(yo + y1) and we get Figure 4.12.

Figure 4.12: Our algorithm for n = 2

Now looking at the case n = 3, the 3 x 3 grid is therefore used. Placing the n = 2
case in the bottom left and top right corners we get an overlap occurring at z1y;. Now
we can get ¢o, @1, ¢s and ¢4 and to obtain ¢y we can simply include the multiplication
(20 + 21 + 22)(yo + ¥1 + y2) and we get the algorithm as in Figure 4.13.

For the cases n = 4 onwards we can generalise the construction of these algorithms. If
we place the  — 2 algorithm in the bottom left and top right corners of the n x n grid,

then we need three extra multiplications (zg + zy—2)(yo + yn—2), (#1 + 2y-1)(y1 + yy—1) and
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Figure 4.13: Our algorithm for n = 3

(20 + 21+ + 2z—1){wo + 1 + -+ + yy—1) to make up the algorithm. We therefore have
the case 7 = 4 in Figure 4.14.

Figure 4.14: Our algorithm for n =4

Now for the case n = 5 we get an overlap between the two n = 3 algorithms. This
overlap is at the centre and is equivalent to the n = 1 algorithm. The construction is shown
in Figure 4.15, giving the algorithm as in Figure 4.16.

Using this method we can easily construct the n = 6 case as shown in Figure 4.17.
The enclosed part in each doted box is the algorithm for the n = 4 case. Note the overlap
between the two n = 4 algorithms is the 5 = 2 algorithm. The full algorithm for the n = 6
case can be seen in Figure 4.18.

This construction is easily generalised for any > 5 by taking the three multiplications
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Figure 4.15: Constructing the n = 5 algorithm

(270 + 317—2) (y() + 3/17—2)) (21 + zn—l)('yl +yn—1) and (ZO +2 4+ ZT;—I)('QD ‘it + yn—-l)
and then placing on the diagram the 7 — 2 cases in the same way as we did with Figure 4.17
to get Figure 4.18. We can therefore get the number of multiplications needed to multiply

two degree n polynomials using our algorithm, which we shall denote by SQa(n), as follows:
5Qa(n) =25Q2(n—2) ~ SQ2(n—4) +3, n=5 (4.35)

and if we set SQ2(0) = 0 then this holds for n > 4.
We can solve these recurrences to get a closed form for the number of multiplications as

follows:

S +n—-3,  nodd

SQa(n) = (4.36)

%7}2 + %77, 7 even.
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* LA

Figure 4.16: The ij = 5 algorithm
We are going to prove this by induction. We have that

S02('n) = 25024 - 2)- SQ2(] - 4+ 3 .1/ >4 (4.37)

with the initial values as:

deg[P(w)]- 1 1 2 3

(4.38)
no. mults 1 3 6

Now (4.36) is true for 0 < 77< 4, so assume true for 7 < k, k > 4, and we will look at

7= k.

So for k even we have

SQ2{k) = 2802(k- 2)- SO2(k —4) + 3
2.§(fc-2)2+ 2 f§A-2) (439)
(- 42- (fe-4)+ 3

8 r 3k
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Figure 4.17: The making of the 7/ = 6 algorithm

and for £ odd we have

S02(k) 2502{k-2)-2502{k-4) + 3

= 2.§(fc —2)2 + 2,|(fc —2) —2.]
(4.40)
- (&—4)2-f(fc-4) + | + 3

I k-3

as expected. So by induction the result (4.36) is true for all £ > 4, and hence as it is true

for 0 < 5 < 4 it is true for all £ > 0.
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Figure 4.18: The 7= 6 algorithm
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4.7 Some Other Upper Bounds via Algorithms

In this section we state some existing upper bounds (algorithms) and where they originated.
We first introduce what we shall call the LSW algorithm and bound (named after the paper
Lempel, Seroussi and Winograd {1983)), and then provide two improvements to the basic
procedure, namely the LSW?* and the LSW* with wraparound. We will also introduce the
algorithm and bound that is based on the numerical approach used in Knuth (1981). In the

next section we will display some graphs comparing all the upper bounds we have discussed.

4.7.1 The LSW Bounds

Lempel, Seroussi and Winograd (1983) develop an algorithm using the Chinese Remainder
Theorem using ideas similar to those we were use to develop KM codes in Chapter 3. The
closed bound they arrive at is not very close to the actual obtainable values so we will only
consider the algorithm for small values of 7. The theory can be found in the paper cited

but here we give an example to demonstrate the idea fully.

Example 4.13 Suppose we want to find the number of multiplications needed to multiply

two degree 3 polynomials. Using the construction of Lempel, Seroussi and Winograd (1983)

we have
Z(u) = 2o+ z1u+ z9u® + zzud (4.41)
Y(u) = yo+yu+yu? +ysu’
and select P(u) = u(u+ 1)(u? +u+1)(u® + v+ 1). Let ®(u) = Z(u)Y (u). Then using the
CRT (in the same way as Example 2.23) we get the following

i) modulo u

Zi(u) = Z(u) (modu)|Yi(u) = Y(u) (mod u) (4.42)
= Z = ¥Yo-
Let my = 2090, then ®1(u) =mo (mod u).
ii) modulo u + 1
Zo(w) = Z() (modu+1)|Ya(w) = Y(u) (modu+1) (4.43)

= Zy+z+z+z = Yo+y1+y2t+uys.
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Let m1 = (20 + 21 + 22 + 23) (Yo + y1 + y2 + y3), then ®3(u) =my  (mod u +1).
iii) modulo u? 4+ u + 1
Zy(u) = Z(u) (modu?+u+1) |Ys3(u) = Y(u) (modu?+u-t1)
= (20 + 22+ 23) + (21 + 22)u = (yo+y2 +y3) + (y1 + y2)u.

(4.44)

Let mg = (20+22+23) (Yo+y2+vys), m3 = (z1+22) (y1+y2) and my = (20+21+23) (Yo+y1+y3)

then
®3(u) = mo+ (mg +m3+my)u+mau? (mod u?+u+1) (4.45)
= (mg +m3) + (ma+my)u  (mod u? +u+1).
iv) modulo w® +u+1
Zy(uw) = Z(u) (mod u®+wu+1) Yi(u) = Y(u) (modu?-+u-1)
= (20 +23) + (21 + 23)u + 200° = (Yo +ys) + (y1 +y3)u + yau®.
(4.46)
Let
ms = (20 +2z3)(yo-+ys)| ms = (20 +21)(¥o+u1)
msg = (21+2z)}(1+ys) | mo = (21+22+2)(y1 +y2+ys) (4.47)
my =z mi = (20 + 22+ z3)(yo + y2 -+ y3)
then
Dy(u) = ms+ (ms+me + mg)u + (ms + me + mq + myou’
+(mg + my + mo)u® +mru  (mod w® + u -+ 1) (4.48)
= (ms +me +mr +mg) + (s + mg + mo)u + (ms + mg + mag)u?
(mod u® +u + 1).
Now we must find R;(u),i =1,...,4.
i) modulo u
Ri@)Po(wPs(w)P(u) = 1 (mod Pi(w) s
Ri(w)(wl +ut+u+1) = 1 (mod u).
Therefore Rij{u} = 1.
i) modulo u + 1
Ro(u)Py(u)Ps(u)Ps(u) = 1 (mod Pa(u)) (4.50)

Ro(w)(wl +u®+u) = 1 (modu+1).
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Therefore Ry(u) = 1.

iii) modulo w2 +u + 1

Ra(uw)Pr(u)Pe(u)Ps(u) = 1 (mod Pi(u)) (4.51)
Ry(u)(ud +ut +ud +u) = 1 (modw?+u+1). '
Therefore Rg(u) = u?.
iv) modulo »3 +u +1
Riy(u)P(u) Pp(u)Ps(u) = 1 (mod Py(u)) (4.52)

Ry(u)(u* +vw) = 1 (modu? 4w+ 1).
Therefore Rs(u) = u®.
Now we can form the sum ®(u), as follows
O(u) = Dy(u)Ri(uw)Qi(u) + Po(u)Ra(w)Q2(u) + P3(uw)Rs(w)Qs(u) + Py(u)Ra(u)Qa(u)
(mod P(u))
= @y (u) Ry (u)Po(u) Ps(u) Py(u) + Po(u) Ry (u) Pr(u) Ps(u) Py(u)
+®3(u) Ry (u) Py ()} Po () Py (u) + @4(u)Ra(u) P (u) Po(u) Ps(u)
(mod P(u))
= mg+ (mo +m1 +ms +ma + ms + mr + mg + mio)u
+(msg + m3 + ms + mg + my + mg)u®
+(ms + mq + mg + m7 + mg)u’
+(mg + mg + m4 + ms + mg + mg -+ mag)u’
+(my + ma + my + my + mg + my + mg)u®

+(mg +my + mg + m3 + mg + my + mg)u®

(mod P(w))
(4.53)
and as expected this gives
®(u) = zoyo + (2oy1 + z1y0)u + (2092 + 2191 + 22y0)u?
+(z0ys + 2192 + zoy1 + z3y0)ud + (213 + 22y2 + Z3y1 )ut (4.54)

+(z2y3 + zay2)u® + z3ysul.
Thus to multiply two degree three polynomials using the LSW algorithm takes eleven mul-

tiplications.
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Note this method is recursive in that we use the algorithms for smaller degree polynomial
multiplication to obtain algorithms for larger degree polynomial multiplication. We can
get the following table of number of multiplications needed to multiply two degree 1 — 1

polynomials.

n—1 012 3 4 5 6 7 8 9 10 11
no.mults |1 3 6 11 16 22 27 33 38 44 49 55
(LSW)

With the above paragraph in mind if we can find better algorithms for small degree
polynomial multiplication then this will result in the large degree polynomial multiplication
taking less multiplications. We can improve on this algorithm by noting firstly (as proved
in Kaminski (1985)) that My (4, P(u)) = 9, and secondly (via our square, P(u) bound)
that M2(5, P(u)) < 14. So we can get better algorithms for smaller degree polynomial
multiplication and this will then enable us to construct better algorithms for larger degree
polynomial multiplication. Further, if we choose the P(u) and its factorisation (obviously
ensuring that the factors are pairwise coprime) we can get a better algorithm, which we

denote by LSW¥* Let us demonstrate this with an example.

Example 4.14 If we wish to multiply two degree 13 polynomials using the LSW algorithm
then we need P(u) = u(u+1)(u?+u+1)(e®+u+1)(u® +u2+ D +u+1) (w+ud+ 1) w +
ud +u? +u+1)(uS +u3 +1) and thus this takes 1+ 1-+3+ 646411411411 4 16 = 66
multiplications. Now if we use the LSW* with the same FP(u) the algorithm will take
14+14+34+6+6+94+94+94 14 = 58. For this particular example the P(u) is the best

possible to reduce the number of multiplications needed.

We therefore get the following table for the number of multiplications needed when using

the LSW* algorithm.

n—1 0123 4 5 6 7 8 9 10 11
no. mults [1 3 6 9 14 18 25 29 34 38 43 49
(LSW*)
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Now, further to the standard version of the CRT we may use the Improved version as
found in Section 2.5 and apply the wraparound method to try to reduce the number of
multiplications needed to multiply two polynomials. We denote the algorithm designed this
way as the LSW* with wraparound. We give here an example and point the reader for

reference to Example 2.23 for the full construction method.

Example 4.15 We want to multiply two degree 6 polynomials using the least possible
number of multiplications. Using the LSW algorithm we could choose P(u) = u(u? +u +
1) (w3 +u+1) (u®+u?+1) (ut+u+1). Thus the reconstruction would take 1+3+646+11 = 27
multiplications. Now using the LSW*, firstly using the same P(u) would result in the
number of multiplications being 1 + 3 + 6 4+ 6 + 9 = 25. Secondly, we could choose a new
P(u) as u?(u? + u+ 1)(u® +u+ 1) (u® +w? + 1)(u® + u? +u + 1) and this would result in
an algorithm taking only 3 + 3 4 6 + 6 + 6 = 24 multiplications.

Now we wish to apply the wraparound technique. If we take P(u) = (u + 1)u?(u? +
w4+ 1)(u® +w+ 1)(u® +uw? + 1) and s = 2 then this would result in an algorithm taking
14+343-+6+6- 3 =22 multiplications.

So we can get a table of the best possible number of multiplications for polynomial

multiplication using the LSW* with wraparound method as follows.

n—1 0123 4 5 6 7 8 9 10 11
no. mults 1 3 6 9 14 18 25 29 34 38 43 49
(LSW* with wrap.)

It must be noted here that the LSW* with wraparound algorithm is not always better than

the LSW* algorithm but always at least as good (obviously as we can take the wraparound

to be zero).



4.7.2 The Knuth bound

In the book Knuth (1981) Page 178, there is a numerical approach to multiplying two

numbers. We can get a polynommial equivalent of this as follows. For n = 2s, if

z(u) = 2o+ ziu-t -+ zge_qu?T! (4.55)
y(u) = yo+u+-- +yas—1u L,
write
z = w2M 420 o 2O = 4 gud e+ ozge Ut
(0) —_ e s—1
z = Zzop+z1u+ + 21U
0 1 s—1 (4.56)
y = wyW+y®@ 5 g = g tyut e yggut!
,y(O) = yo+mu+---+ ys_l,u’sfl.
Then

2(uy(w) = (0 +u)2Wy + (20 —20) (g —yO) + (w* + 1)z,

This reduces the problem of multiplying a pair of degree n — 1 (1 even) polynomials to that
of multiplying three pairs of degree I — 1 polynomials.
This method can also be used (with slight modification) for n = 2s + 1, and we can get

the following.

2(u) = zo+zut -+ 29u
( ) 0 1 23 ) (457)
y(u) = yo+yu+ .-+ yosu®,
write
z = sz 40 . 20 = zo 4 zepiu o+ 25
0 — s—1
z = zp+2zu- + 21U
0 1 s—1 (458)
y = wy@+y@ oy = gty e
¥ = yo+yiut e+ ys-uth
Then

2wy(u) = (@ +u)zWy® 4w (21— 2O) O - y®) + (u* + 1)z O,

This reduces the problem of multiplying two degree  — 1 (1 odd) polynomials to that of

multiplying two pairs of degree ﬂg—l polynomials and one pair of degree ZELl —1 polynomials.
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If we let K(n) be the number of multiplications needed to multiply two degree n — 1
polynomials using above method then we get that the Knuth bound can be written as the

recursive formula

Kn) 3K (1), N even (4.59)
n) = : .
2k (L2) + K (532),  7nodd
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4.8 A Comparison of Some of the Upper Bounds

In this section we give graphical comparisons for some of the upper bounds for M2(r/), that
we found in the previous sections. As we are only really interested in the values for smallish
71, we plot the graphs up to 7= 14 (7 even), and 7 = 15 (77 odd).

First of all we give the graphs of the bounds for 7 odd in Figure 4.19, and the graphs

of the bounds for 77 even in Figure 4.20.

Figure 4.19: The graph of the five upper bounds for 77 odd.
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The graphs are labelled as follows:

] Square, P(u)
Upper + Knuth
Lower + LSW
O LSW*
& LSW* with wraparound

Figure 4.20: The graph of the five upper bounds for n even.

These graphs show that LSW* with wraparound algorithm is the best over the range
indicated. However, as stated in Section 4.7, the LSW* algorithm is sometimes as good as

the LSW* with wraparound.
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4.9 A Generalised Upper Bound for My(n — 1,u")

The algorithm we develop here will be known as the square, ©" algorithm.

Starting from a base code and extending the length of the codewords we may be able to
increase the minimum distance while keeping % the same. Using this idea we may consider
a family of KM codes to be those having constant & and increasing d, by taking a constant
P(u) and letting s, the number of wraparound points, increase from 0. We therefore need
a general algorithm for obtaining ®(u) = Z(u)Y (u) modulo u° for varying s. Below we will
develop such an algorithm.

Of course for s = 0 there is nothing to do so the first case we need to look at is s = 1.

We get for this value

Z(u) = 2z (modu
W) = 2 (modw) w0
Y(u) = yo (modw)
and by letting mo = zoyo we get &(u) = Z(u)Y (u) (mod u) = myp.
For the case s = 2 we get that
Z(u) = 2+znu (mod u?
() = m+au (modu?) wo
Y(@) = ptpu (mode?)
and by letting mo = 20y0, M1 = 2191 and ma = (20 + 21)(yo + y1) we get
d(u) = Z(w)Y(u) (mod u?) = mg + (mg +mq + ma)u. (4.62)

The case s = 3 is the first case to need less multiplications than the square, P(u)

algorithm for n = 3. We get that

Z(u) = zp+ zu+ 2u?  (mod ud
(@) = ztautme? (modw) W
Y(u) = yo+yiu+yeu® (mod v?)

and by letting mg = zoy0, m1 = z1y1 and ma = 22y2, m3 = (2 + 21)(yo + y1) and

mqg = (20 + 22)(yo + y2) then

B(u) = Z(w)Y (1) (mod u®) = mg + (mg + my +ma)u + (mg + my +ma +mg)u®. (4.64)
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This can be easily generalised for a given even value of s, to use the following multipli-

cations

mo

M52

mMos—1

m3s—3

mzs—2

200 Mag—s = (22 + #5—3)(Y2 + Ys—3)
2191 Mas—s = (23 + 24)(ys + ya)

Zs—1Ys—1 mss—11 = (23 -+ 25—4)(y3 + Ys—a)
(20 + 21) (Yo +y1) Mss—10 = (24 + 25—5)(Ya + Ys—5)

(zo + 22) (Yo + ¥2)

Mgy = (B2 taga)zga+25.1)  (465)
(20 + 25—1)(yo + Ys—1) My = (z§_2 + Z%)(z%_z -+ z%)
(21 + z2)(y1 + y2) M g1 = (251 +25)(ys—1 +ys)

(z1 + 2z5—2)(y1 + ys—2)
(22 + 23)(y2 + y3)

With the coeflicients ¢;, 1 =0,...,s — 1 given as follows.

Po
b1
b2
b3
¢4
¢s
®6

¢s——2

‘?ss—l

mo

ms — Mg — My

M1 + Myl — My — My

Mos_1 — M — M3z + Mgya — My — M3

Mg + Mgs — M1 — M3 + Mgy3 — Mo — 1My

M3s—2 — My — Mg + Mast1 — M1 — M4 + Mgyd — 70 — M5

(4.66)
Mg + Mas+2 — M1 — M + M3gg—1 — Mg — M4 + Mgi5 — MY — Mg

M2 + mgs—g — Mo —Mg—2 + M3s—q4 — M1 — Mis_3

g7 — N2 — Mgg + -+ M2

-— —ms
5 ?TL%_Q 'mi

+5—2
Mgs—2 — My — Ms—1 + M3s—3 — M1 — Ms—2 + Mdis—6

—Mo — Ms—3 +* + M2

—Ms_1 — M=
T-I—S—l 2 1 2
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and similarly for s, odd, we use the following multiplications

my = ZoYo Mas—¢ = (22 + 25-3)(¥2 + ys—3)
mi = 21y Mas—s = (23 + 24)(ys +ya)
Mg—1 = Zs—1Ys—1 Mmys—11 = (23 + 23_41) (y3 + ys—4)
ms = (zo+21)(yo+y1) Mmss—10 = (24 + 25—5) (Y4 + Ys—s
Mmer1 = (20 + 22) (Yo +v2)
Metysety = (FagiogF2ep )y Tysg )
mas—2 = (20+ze—1) Yo+ ¥s—1) | Mgz, o = (Zeziy+2zec1}(yeci ;) +ysa)

1 5 2 2 P2 z
mos—1 = (21 + 29)(y1 + y2) m%ﬂ_% = (Z%_l + Z%H)(U%_] +y§_;_1+1)
Mm3s—3 = (21 + 25-2)(y1 + ys—2)

Mmgs—g = (22 + 23} (y2 +¥3)
(4.67)
With the coefficients ¢;, 2 =0,...,s — 1 given as follows.
do = mg
$¢1 = ms—mg—mmy
2 = mi+mgyl — My — Mg
d3 = Mog—1 — M1 — My +Mepn — Mg — M3
he = Mg+ mgg— M) — M3+ Mer3 — Mg — My
5 = Mm3zs—2 — Mz — M3+ Mogy1 — M1 — My + Mgpq — Mg — M5 (168)
¢ = M3+ m3s_1 — M2 — My +Mogyg — ML — M5+ Msy5 — Mg — Mg '
hs—2 = Maos—3 — Mg — Mg—g + M3s—g — M1 — Ms—3 + Mag_7
—mg — Mg—yg ++++ m%ﬁ_% - ms_—2—_1_1 — ms;l
bs—1 = Maz1 +Mogop = My = M1 +Mas—3 — M1 — M3

5 ’J‘TLs—l_l — Ms—1

Hgs—g — M2 — Ma—g + ot M2 o g = s
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Using the square,u” algorithm we may construct an infinite family of KM codes where

the wraparound part of the matrix is increased to increase the minimum distance of the code.

Obviously if the P(u) part of the matrix remains the same then the decoding procedure

stays essentially the same (see Krishna (1987)), in that a circuit that was used to decode a

codeword from the code with say s = 0 can be easily extended to the cases s =1,2,....

Example 4.16 Take P(u) = u?(u? + 1) and s = 0. For this example take £ = 3 and d = 2

then

Z{u) = 20+ 21U+ zu’

Y(u) = yo+uyw
Now using the process of the CRT we have P(u) = P;(u)P2(u) so
(i) modulo P;(u) = u?

Zi(u) = Z(u) (modw?)|Yi(u) = Y(u) (mod uQ)-

= zy+ 21U = yo+yu
Let mg = 2oy, m1 = 2191 and mg = (20 + 21)(yo + y1). Then
O1(u) = Z1(u)Yi(u) (mod u?)
= mp+ (mg +m1 +mo)u+mou? (mod u?)
= mg+ (mg+mi+me)u (mod u?)

(ii) modulo P (u) = u? + 1

Zo(u) = Z(u) (modwu?+1)|Ya(u) = Y(u) (modu?+1)

= (204 29) + z1u = yo+y1u
Let m3 = (20 + 22)y0, ma = z1y1 and mgs = (20 + 21 + 22)(yo + y1). Then

Po(u) = Zo(uw)Yo(u) (mod w®+1)
= ma+ (m3 + my + ms)u +mqu®  (mod u® + 1)
= (m3+mq) + (m3 +mg+ms)u  (mod u? + 1)
Now we must find the R;(u),? = 1,2 as follows.
(i) modulo u?
Ri(u)P(u) = 1 (mod Pi(u))
Ri(w)(w?+1) = 1 (mod u?)

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)



Therefore Ry(u) = 1.
(i) modulo u? +1
Ro(u)Py(u) = (mod Pa(u))

! (4.75)
Ro(w)(w?) = 1 (modw?+1)

Therefore Ry(u) = 1.

Now we can form the sum, ®{u) as follows.

I

O (u) Ry (u)Py(u) + Po(u)Ra(u)Pi(u)  (mod P(u))

= (mg + (mo +my +ma)u)(w? + 1) + ((m3 + my) + (m3z + mq + ms)u)u?
(mod (P(u))

= mg + (mg +m1 +ma)u+ (Mg + 3 + ma)u’

+(mg +mq + mg + mg + my + my)ud
(4.76)

Now considering the ideas of Sections 3.2 and 3.4 we would like to put the above recon-

struction of ®(u) into a computation of the form
® = AT(GTz x By) (4.77)

with 2 = (20, .., 2k=1)7, ¥ = (Y0, .- ., ¥a—1)" and ® = (20Yo, 20Y1 + 21Y0; - - - » Zk—1Yd—1)" aS
(3.23).

Now as explained at the end of Section 3.2 (G?'z x By) is simply a way of writing
the multiplications my,...,my—1 as a column vector and the AT is simply picking out the
relevent multiplications to form the coefficients of ®(u).

Take my as a start. This is equal to zgyg, so in vector form this would be

mo=[1 0 O]zX[l o]y. (4.78)

So the zero'th row of G7 is [1 0 0] and the zero’th row of B is [L 0]. Considering all the
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multiplications we get

100 1 0]
010 01
1 % 1
1 0 1 1
GTz x By = a | % v (4.79)
1 01 10 Y1
22
010 01
111 |1 1]
where, for example ms is expressed by row 5 of GT and B, i.e.
ms=[1 1 1]zx[1 1]w (4.80)

Now to form ® we must pick out the relevent multiplications. This is done by refering to

(4.76). We see that
$o = ma,

50 in matrix form this is

do=1100000] (4.81)

and so row 0 of AT is [ 10000 0 ] We refer similarly to (4.76) to form the rest
of AT and get

(10000 0]

_ 111000 w52
100110
11111 1]

Now the whole expression can be written as
$ = AT(GTz x By)
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as we wanted.

Now by Theorem 3.11 and Section 3.4, G is the generator matrix of KM(6,3,2) code.

1 01101
G=|0o11011]. (4.83)
000101

We extend the ideas of blocks as in Definition 2.15 and further in Section 2.5 to partition
the matrix G into blocks. A particular block of the matrix is now associated with a particular

block in the CRT. For Example 4.16 this will result in us writing G as

101101
G=|011/011]|. (4.84)
00 0[101

A powerful feature of these codes is the ability by increasing NV then keeping & the same
automatically guarantees d to increase {(as N =k +d — 1 — s). One way to implement this

is to start with s = 0 and increase s.

Example 4.17 (i) So let us redo Example 4.16 with P(u) the same and let s = 1. Keeping

k the same will result in us increasing d by 1. We thus have k =3 and d = 3 and so

Z(u) = 2+ 21u -+ zou’

(4.85)
Y(u) = yo+yiu-+you’.

Now from block one (i.e. P {u) = u?) we get the same multiplications i.e. my = 2oy,
my = 2191 and mg = (20 + 21)(yo + 1) and from block two (i.e. Py{u) =u? + 1) we get as
ma3 = (20 + 22) (Yo + y2), M4 = 2191 and ms = (20 + 21 + 22) (Yo + Y1 + y2).

Now ®1(u), ®2(u), Ri(u) and Ro(u) are the same as Example 4.16 so we get (using

Section 2.5 and noting that as we are using s > 0 then we get ®(u))
@(u) = m0+(mo+m1+m2)u+(mg+m3-§—m4)u2-{-(mo+m1+m2+m3+m4+m5)u3. (4.86)

Now consider the wraparound block of the CRT. We have
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Z(u) = 29+ zu+ zu?

N (4.87)
Y(u) = y2+y1u+you?
and as s = 1 we get
Zw) = =z mod u
_( ) 2 ( ) (4.88)
Y(u) = y2 {(mod u).
Let mg = z0y9, then according the Theorem 2.22 we have
du) = Bu)+meP(u)
= &u + mg(ut + v?
() + ms(u + u?) 059)

= mg+ (mo +m1 +ma)u+ (my + m3 + mg + mg)u?
+(mg + mq + ma + mg + mq + ms)ud + meut,
which can be checked to be correct.
Now writing this in the form of a computation as (4.77) we see that (now partitioned

into three blocks corresponding to Py(u), Pe(u) and s = 1)

1 0 111 0 140
Gi=|01 1]l0o 1 10 (4.90)
00 01 0 1|1
and the first two blocks are the same as Example 4.16. Here G is the generator matrix of
a KM(7,3,3) code as expected.
(ii) Now let us redo Example 4.16 with P(u) the same and let s = 2. Keeping % the same

will result in us increasing d by two. We thus have £ = 3 and d = 4 and so

Z(u) = zg+4 z1u+ zou?

(4.91)
Y(u) = yo+mu+yau®+ ysud
Now from block one (i.e. P(u) = u?) we get the same multiplications i.e. mqg = 2oy,
my = z1y1 and ma = (20 + z1)(yo + y1) and from block two (i.e. Po(u) = u? + 1) we get as
mg = (20 + 22)(yo + ¥2), M4 = z1(y1 +y3) and ms = (20 + 21 + 22)(yo + y1 + y2 + y3).
Now ®1(u), Po(u), Ri(u) and Rp(u) are the same as Example 4.16 so we get (using

Section 2.5 and noting that as we are using s > 0 then we get &(u))

(i)(u) = mg+(mo+my+ma)u+(mo+ma+my)u’+(mo+my +ma+msz+mytms)ud. (4.92)
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Now consider the wraparound block of the CRT. We have

Z(u) = 29+ zu+ zou?
_() 2+ 21 0 (4.93)
Y(u) = y3-+you-+yu? 4y
and as s = 2 we get
Z(u) = zm+znu (modu?
W) = ztmu (modvd) Lot

Y(u) = ya+wyou (modu?).
Let mg = 29y3, m7 = z1y2 and mg = (21 + 29)(y2 + y3). We could now use Section 2.5 to
reconstrucé the polynomial in the same way as part (i) of this example, but it is sufficient

to form G directly from ® = AT(GL z x By) giving
2

10 1/101(0 0 0
Ge=1|0 1 1|0 1 1|0 1 1]- (4.95)
0 00|10 1[1 01

Now as can be seen here the matrix Gg is just the matrix G7 with two extra columns
corresponding to the increase in s. Note here that if we are using the square, w7 algorithm

then G is contained in G; for 0 <4 < j.

So as k remains the same, this procedure can be used for any s, and we can thus get an
infinite family of KM codes.

We will see in the following three chapters some general methods introduced to obtain

the weight enumerators of this type of code (i.e. with increasing s).
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Chapter 5

The Weight Enumerators of KM
Codes

5.1 Introduction

We have seen in the previous chapters how KM codes were developed and constructed.
In this chapter we take this a step further and move away from the direct construction
of the polynomial approach. We would like, given simply the P(u) and the number of
wraparound coeflicients s, to be able to construct the weight enumerator of the KM codes
for any k& and d. Obviously along the way it will be necessary to have knowledge of the way
the algorithms for polynomial multiplication are used but in the end the families (defined
by k + d = constant, for a given P(u) and s) will be dependent only on & (or alternatively
d).
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5.2 Shunting of the KM codes

Looking at the construction of KM codes, we may intuitively hope that as a decrease in k&
results in an increase in d we may simply reduce the number of rows of the generator matrix
of a KM(n, k,d) code to get a KM(n,k —1,d + 1) code.

Thinking more carefully we would hope to remove the bottom row of the generator
matrix of a KM(n,k,d) code corresponding to the non-wrapround blocks and the top row
corresponding to the wraparound block, as reducing k& by one implies reducing the powers
of u in Z(u) by one. Then using the CRT we firstly will not have use for the coefficient
of u*~1 in Z(u), and secondly Z(u) will now equal zz_o + zx—3u + -+ + zuF~? implying a

shift up one for the wraparound part of the matrix. We define this action.

Definition 5.1 Consider the generator matrix, G, of a KM(n,k,d) code formed by the
CRT. Let G be partitioned into blocks corresponding to the factors Py(u),..., Pr(u) and
s, the wraparound. If we remove the bottom row of the blocks corresponding to the factors
Py(u),. .., Pr(u) and remove the top row of the block corresponding to the wraparound and
move this block up one we get a {(k — 1) x n) matrix. We say that we have shunted the
generator matrix of the KM(n, k, d) code. If we have formed the generator matrix without

using any wraparound then to shunt it we simply remove the bottom row.

We now show an example of shunting taking place and prove that (in this case at least)

it does indeed form a KM code.

Example 5.2 Let N = 7 and take P(u) = v?(u® + 1)(u® +u-+1),s =1, k=6 and d = 2.

We thus have
Z(u) = 29+ 210+ 290 + 23u3 + zqut + 2z5u® (5.1)
Y(u) = yo+yiu.
Now using the Improved version of the CRT (in the same way as Example 4.17) we will
form the generator matrix of a KM(n,6,2) code. Let us now form the code.
(i) modulo u?
Zi(u) = zp+zu (mod u?)

(5.2)
Yi(u) = yo+mu (mod u?),
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Let mg = zoy0, m1 = z1y1 and me = (29 + 21)(yo + y1) then
By (u) = mg + (mg +my +me)u  (mod u?)

(i) modulo u? + 1

Zg(’u,) = (z() + z9 + 24) —+ (Z] + 23 + z5)u (mod u? + 1)

Yolu) = wo+wu (mod u? +1).

(5.3)

(5.4)

Let m3 = (20+ 22+ 24)y0, ma = (21 +23-+25)y1 and ms = (zp+ 21+ 22+ 23+ 24 +25) (Yo +v1)

then

Py(u) = (m3 +my) + (mg +mg +ms)u  (mod u? +1)

(i) modulo u? +u + 1

Zs(u) = (zp+2o+23+2)+ (21 +22+21+25)u (mod u? +wu+1)

Ya{u) = yo+wyiu (mod w?+wu+1).

(5.5)

(5.6)

Let mg = (20+22+23+25)y0, m7 = (21 + 22+ 24+ 25)y1 and mg = (20+ 21+ 23+ 24) (o +11)

then

P3(u) = (me +mr) + (me +mg)u  (mod u? +u +1)

We must now find R;(u),i =1,2,3.

(i) modulo u?

Ri(u)Pe(u)Ps(u) = 1 (mod Pi(u))
Ri(w)(u* +ud+u+1) = 1 (modu?)
Therefore Ry{u) = (u+1).
(ii) modulo u? + 1
Ro(u)Py(u)Ps(u) = 1 (mod Py(u))
Ro(u)(u* +ud +u?) = 1 (modw?+1)

Therefore Ry(u) = u.

(iii) modulo u? 4+ u + 1

R (u) P1(u) P2 (u) (mod Pj(u))
Ry(w)(u*+u?) = 1 (modw?+u+1)

I
—
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Therefore Ry(u) = 1.

Now we form ®(u) as

Q(u) = D1(u)Ra(u)Q1(u) + Po(u)Ra(u)Q2(u) + 3(u)Rs(u)Qs(u)
= (mo + (mo + m1 + ma)u)(u+ 1)(u +u® +u+1)
+((m3z +ma) + (mg + my +ms)u)u(ut + ud + u?)
+((mg -+ m7) + (mg + mg)u)(u® + u?)
= mp+ {mp +m1 +ma)u+ (mg +me + me)u?
+(my + mg + m3 + my + mg + my)u’
+(mo + m1 + ma + ms + me + my)ut (5.11)
+(mg -+ mg + me + mg)u’
(

+(rmg + mq + mg + ma + myg + ms)ub

il

mg + (mo +mi +ma)u + (my + ma +ma +mq +ms + mg + my)u?
+(mg + ms + mg + mg)u®

+{mg +my + mg + ms + mg + my)ut

+{(my + mg + ms + my +me +mg)u®  (mod P(u)).

Now looking at the wraparound we have

%(u) = 725+ 2u + z3u® + zut + z1ud + 2ub (5.12)
Y(u) = y1+yu.
Then
%(u) = z5 (mod u) (5.13)
Y(u) = y1 (mod u).
Let mg = z5y1, so we have
P(u) = ?(u} + mg P (u) (5.14)
= O(u) +mo(ub +ud + ud +u?).
So we have
B(u) = mg+ (mg +m1 +me)u+ (m1 +mg + ma +my + msg -+ mg + my 4+ mg)u?
+(mg + ms + mg + mg + mg)u®
+(mg + m1 + ma + ms + mg + my)ut
+(my + mg +m3 + mg + mg + mg + mg)ud + moub.
(5.15)
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From the multiplications m;,7 = 0,...,9 and using the computation form of & =

AT(GTz x B1y) we get

10 1|10 1|1 0 1/0
01 1{01 1|0 1 1[0
00010 1{1 100

Gi = : (5.16)
000(011|to0 1|0
00 0[1L 01|01 1{0
00001 11 101

the generator matrix of a KM(10, 6,2) code.
Now we wish to shunt this, so according to Definition 5.1 we remove the bottom row

from blocks one, two and three, and remove the top row from block four (the last column).

This will result in the matrix

(10 1|1 0 110 1]|0]
01 10 1 1[0 1 1]0

Gy={00 0|10 1|1 10/{0]- (5.17)
00001 1[1 0 1]0
00010 101 1|1

We must now decide if this is a KM(10,5,3) code, or indeed any linear code with the
parameters (10,5,3). To prove this is a KM(10,5,3) code we will do the example again

with all the parameters the same except we will now take £ =5 and d = 3.

Example 5.3 We have now

Z(u) = zp+ ziu+ zu® + z3ud + zut (5.18)
V() = yo+yiu+yw?
go the problem becomes
(i) modulo u%. We get mgy = zgyp, m1 = 21y1 and mg = (2o + 21)(yo + y1), with ®(u) (in
terms of the m;) the same as the previous example.

(ii) modulo w2 + 1. We get m3 = (20 + 22 + z4)(yo + ¥2), ma = (21 + 23)y1 and m5 =
(z0 + 21 + 29 + 23 + z4) (yo + y1 + y2), with ®(u) the same as the previous example.
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(iii} modulo u? 4+ u + 1. We get mg = (20 + 22 + 23) (Yo + y2), m1 = (21 + 22 + 24) (1 + ¥2)
and mg = (20 + 21 + 23 + 24)(yo + y1), with @(u) the same as the previous example.

Further R;(u),i = 1,2,3 are the same as before and so we get ®(u) the same as before(in

terms of the m;,72 =0,...,8). Now the wraparound will give
Z(u) = 24+ 23u+ 2u® + 2108 + zout
4( ) 4+ 23 2 1 0 (5.19)
Y(u) = v2-+yiu+you’
Then
Z(u) = 2z (modu
Z) = a (modu) 520)
Y(u) = y2 (mod u).
Let mg = 24ys, so we have
d(u) = (u)+meP(u
(W = bw)+mePlu) 51

= &(w) + mg(ub + ud + ud + u?),
giving the same (in terms of the m;) as the previous example. We therefore get from
& = AT(GTz x Boy) (note here that A is the same as before),
- . .

1 0

0 1
Ga=1]0 0 (5.22)

0 1

0

0
1
0
0
0

o o o =

o = T e s
c = o= O

- = = O
[ = R
- o o © o

0
1
0
i 10 |
the generator matrix of a KM(10, 5, 3) code. Therefore as G5 = G| we have shown that G}

shunts.

Unfortunately though, shunting does not always guarantee the formation of a generator
matrix of a KM(n,k — 1,d + 1) code from the generator matrix of a KM(n, k, d) code, nor
indeed does it guarantee the formation of a non KM(n,k — 1,d — 1) code as the following

example will show.

Example 5.4 Let N =5 and take P(u) = w?(u? + 1), k = 4 and d = 2. We thus have

Zw) = zp+ z1u + 29u® + z3u®
() 0 1 2 3 (5.23)

Y(u) = yo+yu+yau?
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Now using the CRT we will form the generator matrix of a KM(n, 4,2) code.

(i) modulo u?

Ziw) = z+zmu (mod u?
1{u) 0 +zu (m ) (5.24)
Yi(u) = yo+wyu (mod u?).
Let mg = zoyo, m1 = z1y1 and mg = (zo +z1)(y0 -+ yl) then
@y (u) = mg + (mg +my +ma)u  (mod u?) (5.25)
(ii) modulo u® + 1
Zo(w) = (20+23) +2zu+2u” (modu® +1
2(u) (70 +23) + 21 2u’ ( ) (5.26)
Yo(u) = wo+wyiu (mod ud +1).

Let mg = (z0 + 23)y0, M4 = 2191, M5 = (20 + 21 + 23) (Yo + y1), me = (20 + 22 + 23)yo and

m7 = (21 + 29)y1, then
®o(u) = (m3 +ma +mr) + (mg + mg +mg)u + (ma +mg +meg)u®  (mod 63 +1) (5.27)

We must now find R;(u},i =1, 2.
(i) modulo u?
Bi(u)Py(u) = 1 (mod Pi(u)) (5.28)
Ri(w)(u3+1) = 1 (mod u?)
Therefore Ry(u) = 1.
(ii) modulo u® + 1
Ry(u)Pi(u) = 1 (mod Py(u)) (5.29)
Ro(w)u? = 1 (mod u®+ 1)
Therefore Ra(u) = u.

Now we have
P(u) = O1(u)Ra(u)Q1(u) + Pa(u)Ra(u)Q2(u)
= (mo+ {mo+my +ma)u)(u® + 1)

+((m3 + my +my) + (mg + mg + ms)u + (m3 + mg + me)u?)u(u?)
2

mo + (o + my + mo)u + (g + ma + me)u

+(mg -+ m3 + my + me)ud -+ (mo + my +mg +ms +mg +ms)u? (mod P(u)).
(5.30)
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Therefore we get from the computation ® = AT(GT z x Byy)

(10 1|1 011 0]
01 1lo01 101

Gy = , (5.31)
0000000171
(000101 10]|

the generator matrix of a KM(8,4,2) code. Now if we shunt this matrix we get (since no

wraparound was used we simply remove the bottom row) we get

1 0 1{1 0110
Gi=|l01 10110 1}. (5.32)
00 0[/00O0T1 1

It is obvious that this is not the generator matrix of a KM(8, 3, 3) code (or indeed any linear

(8,3,3) code) as there is at least one codeword of weight two. Therefore G; does not shunt.

So we would like to know when shunting does indeed produce a KM(n,k—~1,d+1) code
from a KM(n, k,d). Due to the complexity of the problem of when shunting does give a
KM code we have to restrict ourselves to certain cases.

In Example 5.2, note that we have shunted in a blockwise fashion, in that the blocks
are all remaining the same size, and the algorithm used (i.e. the ®(u) in terms of the
m;) remains the same. We further define the ith block to be independent if for block
i, ®;(u) requires only those multiplications that are associated with block 7. Note that in
Example 5.2 all the blocks are independent. However, shunting is not restricted to generator
matrices only having independent blocks, and we will consider shunting for other cases later
in this chapter. For now we are considering only when shunting occurs where the blocks
are independent and the algorithm remains the same for the shunted and the original code.

We are now in a position to give the standard version of the shunting theorem, first of

all proving a necessary lemma.

86




Lemma 5.5 Let k > 2 and d > D (=deg[P(u)]). Suppose that for certain constants k;j,

k-vectors A; and d-vectors p;, the multiplications m; = (z)\f)(y pf) yield the identity:

D-1 {n-1
Z(uw)Y (u) = Z Zkijmj uw' (mod P(u)). (5.33)
=0 \j=0

Then there are d + 1-vectors o; such that the following identity holds:
D-1 fn-1

Z(w) (Y (u) + yqu® EZ kam;, u'  (mod P(u)), (5.34)

i=

where m; (z)\T) (ylyda )-

Proof. First assume (5.33) holds. Let @ = (ag...ap-1) be a vector of indeterminants. Set
y equal to a extended by 0's up to length d, and let ; be the truncation of p; down to
length D. Crucially, the latter two operations are well defined because d > D. We now

have yp? = a;,aff, and so

Z(u)(ag + agu + - + ap_qu” Z Ei;( z)\ a.y?)ui. (5.35)

Having dropped the ¢’s, start again with yg,...,yq and let E 0 ! ajut be the reduction
modulo P(u) of yo + y1u + - - + yqu®. Then @ = (yo...yq)R for the d 4+ 1 by D matrix R
given in Definition 2.11, and substituting for a in (5.35) gives (5.34). O

We will now give an example to show this lemma in action.

Example 5.6 Let P(u) = u?+1, Z(u) = zp+z1u+2z2u? and Y (u) = yo+y1u+you? +yzus.

Now let
me = ZoYo ms = (20 + 22)(yo + y2)
my = 2 mg = 20Y3
my = 2 my = Z1Y3 (5.36)
ms = (20+z1)(yo+y1) | ms = 23
my = (21 +2) (1 +u1)
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then

do = mo ¢3 = my+me+my -+ mg
¢ = mgy-+my+ms ¢g = mg-t+mg (5.37)
2 = mot+mit+matms|ds = ms.

Now we have

Z(w)Y (u) (mod P(u)) = (¢o+ ¢+ da) + (b1 + b3 + ¢5)u

= (my+ms+ my) +(mo+m2-{-m3+m4+m6+m3)u
(5.38)

so in the same way as Lemma 5.5 we let

010001010
kij = . (5.39)
101 110101
Let a = (ag a1), and set y = (ag a1 0 0) and let p; be the truncation of p; down to length

2, (where we obtain p; in the same way as Lemma 5.5). So we have

po = (1000)|pm = (10)
pr = (0100)|pu = (01)
p = (0010) py, = (00)
ps = (1100)|pg = (11)
py o= (0110)|py = (01) (5.40)
ps = (1010)[p; = (10)
ps = (0001) |pg = (00)
pr = (0001)|pu; = (00)
pg = (0001)|png = (00)

We now have yp! = apl, as Lemma 5.5 requires . Further we have
Yo; 1 q

Z(u)(ap + aqu) = Zk” z)\ au?)ui (mod P(u)) (5.41)

by letting Y (u) = ap + aju and m; = (z/\T)(au] ), as done in Lemma 5.5.

So we have effectively set yo = ag, 1 = a1,¥y2 = 0,y3 = 0 in both sides, which is possible

as the y’s are indeterminates.
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Now extend the Y (u) we originally stated to Y (u) = yo + y1u + you? + ysu® + yau?,
and let Y (u) modulo P(u) equal Z;:O a;ul, then @ = (yq .. .yq)R, where R is the reduction
matrix of P(u) (see Definition 2.11), i.e.

R=|10 (5.42)

for P(u) = u* + 1. Now substituting a into (5.41) gives

Z(w)((yo +y2 +ya) + (1 +ya)u) = D _(2A7)([yo +y2 +ya y1 +ya]pj)u’ (mod (P(u))
i
(5.43)

and as we are working modulo P(u) = u? + 1 this gives the expected result, as shown by

Lemma 5.5.

Theorem 5.7 (Shunting Theorem) A KM (n,k,d) code with independent blocks may be
shunted to a KM (n,k —1,d+ 1) code if k > 2 and d > maz(deg(P;(u)], s).

our multiplications required
Proof. First consider the case s = 0. By the block structure of the KM(n, &, d) code we
firstly have from P(u) = Pi(u)... Pp(u), for each block ¢, 1 <t < L,

®y(u) = (20 + -+ zp_1t® Do+ +yau® ) (mod Py(u)) (5.44)

is reconstructible using a unique set (as the blocks are independent) of multiplications,

{mig,...,my, }, say. Further by the CRT
O(w) = (20 + - + 2p10" Y(yo + -+ + ya—1u’™")  (mod P(u)) (5.45)

is reconstructible using all the multiplications, m;,¢ =0,...,n — 1.
For the following part of the proof we will denote the application of Lemma 5.5 on ®;(u)

(= Zy(u)Yy(u)) by @}(u) (and similarly for ®(u) and ®(u)).
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Now since d > deg[Pi(u)],1 <t < L we have by Lemma 5.5, for each block ¢, 1 <t < L
that

Oy(w) = (20 + - + 21" o + - +yau?)  (mod Py(u)) (5.46)

is reconstructible using a new set of multiplications {mj,...,m, }. Further by the CRT

(Theorem 2.14)

®'(u) = (20 + + zp1w® (o + - Fyqu?d)  (mod P(u)) (5.47)

is reconstructible using all the multiplications, m;},i =0,...,n — L.
Since d > s is also given, a slight modification of Lemma 5.5 shows that if there is a set

of multiplications {m( Lt1)gs > THL+1) } that reconstruct
YL+

B(u) = (zp—1+ - + 200" N ya—1 +-- +you’™t)  (mod u?) (5.48)

then there are multiplications {m/ N (1Y that reconstruct
(L+1) (L+1)
-0 L A

D' (u) = (21 + - + 200" Dya+ - +you?) (mod u?) (5.49)

and by using the Improved Version of the CRT (Theorem 2.22), (5.47) can be reconstructed
using all the multiplications, mf,i =0,...,n — 1, even if 5 # 0.

Therefore we can reconstruct ®'(u) itself provided deg{®'(u)] < D + s (see Theorem
2.22). But this inequality is achieved subject to the required & + d = D + s + 1, provided
we set z,_1 = 0, which is precisely what we do in shunting. Applying Theorem 3.11 with &

replaced with k — 1 and d replaced by d + 1 completes the proof. O

This proof gives sufficient parameters for shunting although in some other cases these
parameters can be amended slightly. This proof is extremely general in its approach in
that the only real condition is that the blocks of the generator are independent. If we look
more carefully at some algorithms we can see that as long as the shunted generator matrix
represents a genuine algorithm, then it is a valid KM code. Let’s look at an example where

we shunt a KM code and the independent block structure is lost, but the shunted matrix is

still a KM code.
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Example 5.8 If we let P(u) = (u? 4+ u + L)u?, s = 1. Then we get for k = 5 (and hence
d = 3) the generator matrix of the KM (12,5, 3) code as

10110011 10f0
01 1/01 0100 1}0
G=|110/001010 1|0 (5.50)
10 1(0 0000 10|0
(01 1|0 00000 0|1
If we shunt this once then we get
101/t 001110/0]
G=01101010010, (5.51)
1 10{00107101[0
|10 1|0 0000 1 01|

which is a KM (12,4,4) code. This is no surprise given the next theorem.

Theorem 5.9 If P(u) = Pi{u}Pa(u)... Py(u), with one of the Pi{u) = u™, m =k — 1,
and the rest having deg[P;j(u)]< d, j # 14, and s > 0, then starting from k = d + 2 the code

will shunt at least once.

Proof. By Theoren 5.7 all the blocks Pj(u), j # % will shunt. The block P;(u) = u™ is the
problem. We have

Zu) = zp+--+ Zkuluk_l

, (5.52)
Y(u) = yo+-- - +yp_guf?
which reduce modulo ©™ to give
Z(u) = 2o+ + zp_qub?
(u) 0 =2 (5.53)

Y(u) = yo+- +yp—gub™
So there is no multiplication zr_syg_g9, but this is needed when shunting takes place. If

however we look at the wraparound block for k =d, ie. k—1=d — 1 we see

Z(uw) = Zg_g+---+zoub2
_( ) ko - (5.54)
Y(u) = ypo+ - +your?
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Then reducing these modulo »®, s > 0 will always result in a multiplication z;_syr—2 as

required in the reconstruction. O

We now give the polynomial explanation of why in Example 5.8 the generator matrix

does indeed shunt.

Example 5.10 We have P(u) = (u? + u + 1)u?, s = 1. Taking k = 5 and d = 3 we have

Z(u) = 29+ zu+ zou? + z3ud + zqut (5.55)
Y(u) = yo+yiu+yu
we get the required multiplications can be
mo = (20 + 22+ 23)(yo +y2) me = (20 +21){yo +v1)
my = (21 +2 +24)(1 +¥y2) mr = (20 + 22)(yo + y2)
my = (z0+2z1+z+z)(yo+y)| ms = (20+23)y0 (5.56)
m3 = ZoYo myg = (21 +2)(y1 +y2)
my = 214 mi = Y2
ms = 222
and the CRT gives the reconstructed polynomial as
O(u) = ma+ (mg +mqg +me)u + (Mg + ma +ms + mg)u+
(m3 + myq + ms + mg + mo)u+
(my 4+ mg + ma + ms + me + mg +mg + mp)ul+ (5.57)
(mg +ma + m3 + mq + mg + Mg + mig)u’+
mygu®.
If we now wish to shunt this code then we will get:
Z(u) = 20+ z1u+ zu? + zzud (5.58)
Y(u) = yo+yiu+you® + ysu?

and the multiplications directly turn out to be fine apart from in the block where we reduce
the Z(u) and Y (u) modulo u* where there is no multiplication z3ys, but this multiplication

is actually the wraparound so the polynomial can be reconstructed, and hence by Theorem

3.11 results in a KM code.
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5.3 Minimum Length Codes for N <4

5.3.1 Preliminaries

One way of finding all the possible weight enumerators of KM codes for a particular N is

to vary the following:

1. k and d subject to the obvious that & and d are positive and they satisfy k+d—1 =
N.

2. P(u), its factors and their number L.
3. The wraparound value s.

4. The choice of the multiplications for each algorithm.

Also if we are looking at minimum length codes then it will not always be possible to

have independent blocks.

Definition 5.11 Let the number of blocks (and hence the number of coprime factors of
P(u) in the CRT) be L if no wraparound was used or L+1 if a wraparound was incorporated.
We say that a generator matrix of a KM Code has semi-independent blocks if ®;(u),i =
1,... L, can be reconstructed using only those multiplications from the blocks less than or
equal to i. Obviously if a wraparound was incorporated then ®(u) and hence ®(u) and

®(u) modulo u® can be constructed using all the blocks.

Before moving on we need to clarify our idea of obtaining minimum length KM codes.

5.3.2 Reducing the length of KM Codes

Due to the construction of KM codes being directly from the multiplications needed to
multiply two polynomials, any reduction in the length of the generator matrix can only be
achieved if multiplications can be removed from the reconstruction of the polynomial - for
the new matrix to still be a generator matrix the reconstruction must still possible. Let us

demonstrate this with a simple example.
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Example 5.12 Let N = 3 and take P(u) = v®, k = 2 and d = 2, then

Z(u) = =20+ z1u
(u) 0 + 21 (5.59)
Y(u) = yo+nu
Now
Z(u) = z+znu (modud
() = z+au (modu) 5:50)
Y(u) = yg+yu (modu?).
Let mg = zpyo, m1 = z1y1 and mg = (zg + 21)(yo + 1) then by the CRT we can get
<I>(u.) =my + (m() +my + mg)u + m1u2 (5.61)
and we get the generator matrix of a KM(3,2,2) code as
1 01
G= . (5.62)
0 1 1

Now looking at the matrix we may initially say that we can remove column two as it is
the sum of columns zero and one. However removing column two means that mgy has
been removed from the reconstruction (5.61). Now using only mg and m; the polynomial
will not reconstruct, hence the reduced G is not guaranteed to be the generator matrix of a
KM(2,2,2) code. It is easy to see that the minimum distance would in fact be one, violating

our expectation that the minimum distance would be two.

5.3.3 Standard Form of the Generator Matrix

It is well known that the generator matrix of any (n,k,d) code may be converted to a
standard form with the same weight enumerator as the original, so we can obtain all the
possible weight enumerators if we look at all the standard forms. The valid operations for

converting a generator matrix, G, to its standard form are

¢ reduce G to its unique reduced echelon form by elementary row operations, i.e. switch-

ing distinct rows 4,j (R; ¢+ R;) or adding a row to another, (R; — R; + R;).

e perform column interchanges C; <+ Cj.
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We get
ou[1v]
where the k x (n— k) matrix U is determined up to the order of its columns, and = denotes

equivalent up to the two operations above.

5.3.4 Extremal Cases

For the extremal cases of £ = 1, and & = N we can easily find the weight enumerators as

the following theorem shows:

Theorem 5.13 For any value of N, in extremal cases we have n = N and the weight
enumerator of the codes is as follows:

(a) k=1, G=[1V] and A(z) =1+ 3V,

(b)) k=N, G =[Iy] and A(z) = (1 +z)V,

where 1V represents a N-vector of 1's, and Iy represents the (N X N) identity matriz.

Proof. For (a) we have d = N and & = 1, so from a KM point of view we have Z(u)Y (u) =
2o(yo + -+ + yn—1uN 1), so the number of multiplications is exactly N. Thus G = [1N ]
For (b) we have d =1 and k = N, so Z(u)Y (u) = (20 + - + zn—1u" ~1)yo, again using N
multiplications. This time however £k = N and we get G = [I]. The number of codewords

of weight 7 then equals the coefficient of ™ in (1 + z)V. O

5.3.5 The Cases N =1,2,3

We first investigate the cases N = 1,2,3 as these are the easiest, in fact they can be simply

stated and proved in the following theorem.

Theorem 5.14 The following are the only possible weight enumerators for KM codes for
N =123

(o) N=1k=1d=1, G=[l], A(z) =1,

(b)) N=2k=1d=2 G=[ll], Alz) =1+2*, N=2,k=2,d=1, G = [[),
Az) = (1+=2)?,
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1 01
(c) N=3,k=1,d=3, G=[l11], A(z) = 1+23, N=3,k=2,d=2, G =~ ,

0 1|1
Alz)=1+322, N=3,k=3,d=1, G=[I3], Alz) = (1 + )3
Proof. All follow from Theorem 5.13 except (¢) N = 3, k = 2, d = 2. We have in this case
Z(w)Y (u) = {20+ z1u) (yo+y1u), and we know that the minimum number of multiplications
T
for this is 3, hence G ~ [Io|U], with U = [ — ] ,but d = 2 implies that ug = u; = 1.
O

5.3.6 The Case N =4

As the length of the codes for the extremal cases is 4, for the other cases, i.e. £ =2,d=3
and k = 3, d = 2, we must have the length greater than or equal to 4. We will show now

that for both of these cases the minimum number of multiplications is actually 5.

Lemma 5.15 For the case N = 4, with k =3, d = 2 and k = 2, d = 3 we have that

o
Nmin = 9.

Proof. We will do the case k = 3, d = 2. The other case follows similarly from this. We

can write the problem as the following;:

- - - —

Z0Y0 zo 0
2oy + Z1Yo _ 2 2 Yo
amtaw | |2 oa Y1 (5.63)
| zy | 0 2 |
= E(2)y.

We know the problem can be done in five multiplications, so it remains to show that
four multiplications are not sufficient. Suppose my,...ms suffice, then the right hand side

of (5.63) equals

where U is a 4 x 4 matrix over Fy. Since the 4 forms of (5.63) are linearly independent, so

are the 4 rows of U, which therefore has an inverse W, say. Now denoting the ith row of
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AW Wy w1 | we w3
110 0 0 | 0 | arbitrary
01| arbitrary | 0 | O 0
111 wi wy | w3 | arbitrary

Table 5.1: Table of all admissible values for A and pu.

W by w = [wg ... ws] we have

wh(z)y =m;

of complexity 1, and hence the inequalities
1= M(wE(z)y) > col. rank of wE(z).
So for some scalars A, p not both zero
Mwgzo + wi21 + weze) = p(wyzo + wezy + wsz2),
which implies by equating the coefficients of zg, 21, 29 that
Awg = pwy, AWy = pws,  Aws = Qws.

Using all admissible values of A and p we get Table 5.1.

(5.64)

(5.65)

(5.66)

(5.67)

Therefore there does not exist a valid 4 x 4 matrix W, hence 4 multiplications are not

sufficient. O

Now we are in a position to look at all the weight enumerators of (5,3,2) and (5,2, 3)

codes. The case (5,2, 3) is easily shown in the next theorem.

Theorem 5.16 The only weight enumerator for a (5,2,3) code is A(z) = 1+ 223 + z*.

Proof. The standard form of the generator matrix will be of the form

(5.68)

where the rows of U are 3-vectors ug,u1, say. Since the minimum weight is three we must

have that ug # u1, and up and u1 have weight at least two. Thus ug, u; € {101,110,011, 111}.
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It is now easy to see that the four vectors formed from the linear combinations of the rows

have weights 3, 3,4 in some order, and so the weight enumerator is as stated. [J

Obviously therefore any KM code that is formed with the parameters (5,2, 3) will have

a weight enumerator as above.

The case for the (5, 3,2) code is more interesting as more weight enumerators are possible

as we shall now see.

Theorem 5.17 The following are the only possible weight enumerators for a (5,3,2) code.

Awmin A(IE)
2 14222 +42° + z*
3 14322 4+ 323 + 2

4 1+ 4z% + 324

Proof. Fivst of all we know that the standard form of the generator matrix is of the type
G~ [I]U], (5.69)

where the rows of U are 2-vectors ug, w1, us. Note here that these vectors may be permuted
amongst themselves, or the two columns of U may be swapped without affecting the weight
enumerator. Now we have that the minimum distance possible is 2 so the wu;,7 = 0,1,2
are all non-zero. They need not be distinct but obviously a column of zeros is forbidden,
so if identical they must be 11. By a case by case analysis we can see in Table 5.2 that
five distinct cases are possible (up to the permutation and column swapping as explained
above).

It is now easy to obtain the weight enumerators as stated above, (1) and (2) having

=2, (3) and (4) having A =3 and (5) having A

Wmin

Aw'min Wmin — 4.0

When designing codes we often ask for the largest possible d for a given n and &. In this
thesis we would further like the number of codewords of weight d to be as low as possible,
thus to have the maximum number of codewords with weight larger than d, leading to

error correction in practice better than that guaranteed by the value of d. We thus get the

following definition.
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Case | ug,u1,us
(1) | 10,01,11
(2) |10,11,11
(3) !10,10,11
4) |11,11,11
(5) | 10,10,01

Table 5.2: Table of all possible vectors (up to the equivalence explained above) of u; for

(5,3,2) codes in standard form.

Definition 5.18 We say that the weight enumerator of a (n, k, d) code is optimal if A

Wmin

is the minimum for all codes with the parameters n,k, d.

Also to be complete we would like to know when for all the possible choices 2-4 in
Section 5.3.1 what weight enumerators are formed and when is it possible to convert a non-
optimal weight enumerator code to an optimal weight enumerator code. For the current
value of N (i.e. N = 4) we can easily see that there are only a few choices of P(u), s

and the multiplications when using the CRT such that the number of multiplications is the

minimum (i.e. 5).

5.3.7 Using the CRT to form KM (5, 3,2) codes

In Table 5.3 we give the weight enumerators of all the KM codes that are directly formed
(without any amendment of the multiplications) from the CRT for the parameters N =
4,k = 3,d = 2. Note Table 5.3 is complete as no other factorisation of P(u) together with
s = 0,1 or 2 will, using the CRT, result in a KM code of length 5, using the parameters
k=3 and d=2.

We can see from Table 5.3 that all the possibilities of P(u) and s result in KM code
with the optimal weight enumerator for the parameters used. We can however choose P(u)
and s and try to find linearly dependent multiplications to remove. The next example will

illustrate this.
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P(u) s | Weight Enumerator, A(x)

wu+ 1) +u+1) |0 14 222 4 428 4 2
w(u? +u+1) 1 1+ 222 + 42® + o*
u(u? + 1) 1 1+ 222 + 423 + o*

(w4 1)u? 1 1+ 202 4 493 4 z*
(u+D2+u+1) |1 1+ 222 + 423 + 24
u(u + 1) 2 1+ 222 + 4% + 2*

Table 5.3: The Weight Enumerators for KM codes where N = 4 formed by the CRT

Example 5.19 With N =4,k = 3,d = 2, take P(u) = »® and s = 1. This initially appears

to need the following 6 multiplications

me = ZoYo mg = (20 + 22)y0
my = 2z my = (21+22)0 (5.70)
mg = (20+21)(yo+uy1) | ms = 2y,

and in order to keep a separate block for each P(u),7 = 1,2 we could choose mg, my, ma, m3
and mg as these ave sufficient to reconstruct (see Definition 2.19) ®(u)(= mgo -+ (mo +m1 +

ma)u+ (mo +my +ms)u? +msu®) giving (using the same construction as in Example 4.16)

101 1]0
G=|0110]0]|, (5.71)
000 1|1

a different generator matrix than can be formed by Table 5.3 but still giving the optimal
weight enumerator. This technique has removed the guarantee of independent blocks but

still results in a valid KM code as the polynomial ®(u) = Z(u)Y (u) can be reconstructed.

Of course it is not necessary to start by selecting a P(u) and s then use the CRT, we
may in fact be able to see a minimal algorithm straight away. The method of using the
CRT to find algorithms (and hence generator matrices) is a very powerful one in that the

selection of the multiplications is a recursive one, but we may use any of the algorithms

100



found in Chapter 4 (with maybe some amendments as explained in Section 4.1). For now

we will concentrate on using the CRT.

Example 5.20 Let N = 4,k = 3,d = 2, P(u) = u? + 1 and s = 2. We thus get by the
CRT

mo = (204 22)y0 m3 = Zoyl
my = 2y my = 210 (5.72)
my = (20421 +2)(yo+wn) | ms = (=1 +22)(yo+y1),

and
O (u) = (mp+my+mg+ma+ms)+(mo+my+mot+mg)u+(mg+ma +ms)u? +mau® (5.73)

But this takes six multiplications and they are all linearly independent. We can however
get the reconstruction to work using the first three multiplications and another two if we
choose carefully. Take mf = (2 + 21)(yo +y1) and mj = (21 + z2)y1, then with mg, mq, ma

as (5.72) we get

®(u) = (mg+my+mg+mfs—+mly)+ (mo+mg + mhu (5.74)
5.
+(ma + mf + ml)u? + (my + mh)ud.

The blocks are semi-independent (see Definition 5.11) as we can always get ®(u) (mod u°)

if we have ®(u). We thus get the following generator matrix

1 01|10
G=]01 111 (5.75)
10101

with weight enumerator A(z) = 1+ 2z? + 42® + 2%,

‘We extend this idea further to have a suitable set of multiplications such that the blocks

are at least semi-independent and all the codes have optimal weight enumerator.

5.3.8 Multiplications for Optimal A(z)

As proved before in Lemma 5.15 we can actually achieve the product ®(u) = (20 + z1u +

zou?)(yo + y1u) in 5 multiplications directly, but it is not casy to tabulate. In this section
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we consider a set of multiplications such that the algorithms can be built up. Also we are
insisting that the blocks are semi-independent for the given P(u). First of all let us define
some notation relating the multiplications and columns of the generator matrices formed

from them.

Definition 5.21 Define the following
(i) If we have a set of multiplications mg,, m;,,...,m;,, then we abbreviate the sum m;, +
My + 0+ My, 85 Migiqiy.in,

(ii) The columns of G are denoted g7 and can be defined by

m; = (2g7 )(yhi) (5.76)

where

z = (Zo e Zk:—l) and Yy = (’yo - yd_l). (5.77)

(iii) Similarly to item (i), the generator matrix [G;,G;, ... Gi,] is written as [Gigs,..i,)-

Table 5.4 contains a set of multiplications which give the optimal weight enumerator,
A(z), together with a set of alternatives m} and m}™* such that if exactly one m; is replaced
by an m] or m!* the optimality of the weight enumerator remains. For example if we
use Mg, mi1, Mg, m3 and my then we get the optimal weight enumerator, similarly we may
use mf, mi,ma, m3 and my to obtain the optimal weight enumerator. However, if we use
mo, mi, Mg, mg and mj then we cannot even reconstruct the polynomial ®(u). The * and

ok

carry over to the abbreviating notation given in Definition 5.21.

Note: i) as we stated before once ®(u) is found we automatically obtain ®(u) (mod u®)
for any s. For example, if ®(u) = mq + (mg +my1 +mg)u -+ (mg +my1 +ma)u? + (m1 +ma)u?
then ®(u) = (m1 +ma) + (mo +my +mz)u + (mg +my + ma)u? + meu® and this can be
reduced to the required s.

ii) caleulating ®(u) = Z(u)Y (v) (mod u2+a1u+ap) requires three multiplications except

in the case when a; = 1,ag = 0 as u? + u = u(u + 1) and by the CRT this requires only
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Optimality Set Alternative 1 Alternative 2

™Mo = 20%0 mg = (20 + 21 + 22) (Yo + 1)
m1 = Z21Y1 mi = (20 + 21 + 22) (Yo +y1)
ma = (20 -+ 21) (Yo + y1)
mg = (z0 + 22)10 ™3 = 2340 m3" = z2(yo + 11)

myg = (21 + z2)1 my =zt my* = z2(yo + 1)

Table 5.4: Set of multiplications that can be used to form KM (5, 3,2) codes that have

optimal weight enumerator. Note that mi = m{ and m}* = m}*.
g 1 0 4 3

two, l.e. mgy = zoyo and m§ = (20 + 21 + 22)(vo + v1)- To generalise this idea slightly
Z(w)Y (u) (mod u? + ayu+ ag) = mf + (mfy + m{ +mp)u + mi(a1u + ag) where
my = (20 +aoz)yo | my = {20+ 21+ agz2)(yo +u1).

(5.78)
mi = (21 +agz)n

We are now in a position to give all the generator matrices for KM (5, 3,2) codes for
all admissible choices of P(u) = Py(u)... Pr(u) and s. They can be found in Table 5.5. A
little explanation of the table is necessary before we display and prove its contents.

The multiplications are chosen to satisfy that the blocks of the generator matrix are
semi-independent, and that A(z) is optimal. @; stands for an arbitrary monic polynomial
of degree 7. Note however that as ZY modulo Q3, where Q3 # u® takes more multiplications

than ZY modulo u® we consider this case separately and hence Q3 # u®.
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Option | L | s | Pi... Generator Matrix Ind. Blocks | kpin
1 1 10| Qs [Go123Gl Yes 1
2a 2 10| uQs [Go| G134l No 2
2b (u+1)Qs (G5 G1234] No 2
2c (u+ Du? [G§lGoi23] Yes 1
2d u?(u? + 1) [Go12| G5 G3) No 1
2¢ (w? + D) (u? +u+1) | [G13G|Gad No 2
2f u?(u? +u+1) [Go12|Gs4] No 2
2g (u? +u)(u? +u+1) | [GoG}|Gasd] Yes 1
3 300 u(u+ ) +u+1) | [GolGF|Gasd] Yes 1
da 111]@s [G4|Go12s] (wrap first) | No 1
4b ud [Go1231G] Yes 1
5a 2 [ 1| uQq [Go| G120 G Yes 1
5b (u+1)Q2 [G§|Go12lGE Yes 1
6a 112]|w? [Go12|G34) No 2
6b u? + 1 [G13G§|Gad] No 2
6c w4 u+1 [G234|Go G No 3
6d u?+u [GoG§lG14G3) Yes 1
7 2 12 |u(u+1) [Go|G§|1G14GS) Yes 1
8a 113 |u [GolG134GY] Yes 1
8b u+1 [GHlG 134G Yes 1

Table 5.5: Generator Matrices G for KM (5,3,2) codes for all admissible choices of P(u) =

Pi(u)...Pr(u) and s
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5.3.9 Multiplications for Non-Optimal A(z)

A natural question to further the study of the weight enumerator is to ask whether all the
other weight enumerators for the given n,%,d can be found as KM codes. For the case
k = 3,d = 2 here it is easy to see that the other weight enumerators are possible. See the

next example for proof of this.

Example 5.22 (i) P(u) = Q4, then the algorithm can be

mo = ZoYo

mp = A1y

my = (20 +21)(yo +y1) G = [Gn2GEGY) (5.79)
m3 = 2o

My = 2oyl Afz) = 1 + 4% + 324,

(ii) or the algorithm could be

my = Ay

mi = (20 +21)(yo + 1)

mg = (20 + 22)y0 G = [Gh23G5G3] (5.80)
m3 = 22Y0

my = Zz2oY1 A(z) = 1+ 322 + 323 + 25.
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5.4 Shunting of the KM(5, 3,2) codes

Theorem 5.7 says that each KM(5,3,2) code will shunt to a KM(5,2,3) and a KM(5,1,4)
code if the blocks are independent and d > max (deg[P;(u)],s). This happens for Options
2¢, 2g, 3, 4b, ba, 5b, 6d, 7, 8a and 8b of Table 5.5. Theorem 5.9 doesn’t hold in the case
k = 3,d = 2. Notice that in Option 1 of Table 5.5 even though we have an independent
block Theorems 5.7 and 5.9 do not hold so it is fortuitous(over our theorems) that this
generator matrix shunts to & = 1. Another algorithm that can be used for P(u) = Q4 is
my = 2oYo, M1 = Z1y1, M2 = (20 + 21) (Yo + Y1), m3 = (20 + 22)y0,ma = (21 + 22)y1. These
multiplications will form a valid algorithm, the block is independent (obviously!) but it

only shunts to k = 2.
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5.5 Minimum Length Codes for N =5

We now move onto the harder case and try to construct all the minimum length codes for
N = 5. As will be found in this chapter this problem is much harder than the N < 5 cases.

We continue with the knowledge of Section 5.3.1 — 4.

5.5.1 Standard Form of the Generator Matrix

In order to find all the weight enumerators that may be possible via KM construction we
must find all the weight enumerators for any kind of linear binary code. We do this in the
same way Section 5.3.3 by looking at the standard form of the generator matrix.

For N — 5 we can have the following possibilities for & and d.

k=4 ,d = 2
E =3 ,d = 3 (5.81)
k=2 ,d = 4

We must first find out the minimum length that these codes can have and for this we return

to the polynomial approach of KM.

Theorem 5.23 The minimum number of multiplications needed to multiply two polynomi-
als Z(u) = zg+++ +zp_1u* L and Y(uw) = yo+- - +yq_1u?"? for the values given in (5.81)

ts G for each of the three cases.
Proof. This is done in a similar way to Lemma 5.15. O

Now the cases for ¥ = 3,d = 3 and k = 2,d = 4 are the simplest and so shall be dealt
with first.

Theorem 5.24 The only possible weight enumerators for (6,3,3) linear codes and (6,2,4)
linear codes are
A(z) = 14423+ 324

(5.82)
A(z)

1+ 324,

respectively.
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Proof. First consider the case for the (6,3,3) linear code. Looking at the standard form
of the generator matrix we get
A (5.83)
Ug U1 U
withU = | oy w7 we {.Now by similar arguments to those given in Theorem 5.17, we

Wo w1 W2
can see that the only possibilities for u, v, w are

Case u, v, W
(1) | 111,110,011
(2) | 110,011,101

all giving the weight enumerator of A(z) = 1 + 423 + 3z*. For the (6,2,4) linear code we

have the standard form of the generator matrix as

G = [LIU] (5.84)

. Up Up Uy U3 . . . .
with UV = , easily giving that the only possible vectors u,v are u,v =
Vg V1 V2 U3

1110,0111, and so the only possible weight enumerator is A(z) = 1 4 3z*. O

From Theorem 5.23 we know that KM codes exist for k = 3,d =3 and k = 2,d =4 of
length six and so by Theorem 5.24 must have the weight enumerators as stated.
Now the case for the weight enumerators of a (6,4, 2) linear code is far more interesting

as the following theorem will show.

Theorem 5.25 The only possible weight enumerators of o (6,4,2) linear code are

A(z)
3 14 322 + 823 + 3z + 2

4 14+ 422 + 623 + 32* + 22°
6 14 622 + 423 + 2% + 42°
1+ 622 + 924

7 1+ 722 + 724 + =8
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Proof. For the values of n, k, d we have the standard form of the generator matrix is
G = [14|U] (5.85)

with U = [u(o)u(l)u(z)u(?’)]T, and u® = (u(()i),ugi)),i =0,1,2,3. Now, as in Theorem 5.17,

we get the following table for the 1 and the corresponding weight enumerator:

Case | u©@ | w(V) | u@ | u® | A(z)

(1) | 11 | 11 | 11 | 11 | 14622 +4a® + z* + 4o’
(2) | 11 | 11 | 11 | 01 | 14 422 + 623 + 3zt + 225
(3) | 10 | 10 | 10 | 11 | 1+ 62% +4a® + 2t + 425
4) | 10 | 10 | 10 | 01 | 1+ 72? + 7z* + 25

5) | 11 | 11 } 01 | 10 | 1+ 32?4823 + 3z* + 2°
6) | 10 | 10 | 01 | 11 |1+ 422+ 62 + 32 + 22°
7y | 11 | 11 | 01 | 01 |1+ 4a®+ 623+ 3z +22°
(8) | 10 | 10 | o1 | o1 |1+ 622+ 9z*

giving all the possible weight enumerators as stated. O

As in Section 5.3-4, we would like to be able to to show that firstly the optimal weight
enumerator can be found for a KM code and secondly what other weight enumerators can

be found from KM codes.

5.5.2 Direct use of the CRT to form KM (6,4,2) Codes

Below we display as examples, the only two KM codes that are formed directly from the
CRT (i.e. without any amendments to the multiplications) such that the code length, n, is

six. For each we have N =5,k =4,d = 2.

Example 5.26 Let P(u) = (u+ 1)u® and s == 1. Then using Appendix 1 we get the

multiplications as follows:

mog = (2042 +2+a)(vo+y)|ms = (20+21)(yo+uy1)
mi = ZoYo my = (ZO + 22)y0 (5~86)
my 2191 ms = 23Y1,
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where myg is from u+1, my, ..., mq are from u® and ms is from the wraparound. This gives

the generator matrix as

(11011 0]
101100 .
G= JA(z) = 1 4 42% + 62° + 32t + 225, (5.87)
100010
10000 1]

Example 5.27 Let P{u) = u(u -+ 1) and s = 3. Then using Appendix 1 we get the

multiplications as follows:

mg = ZYo m3 = 22Y0
mi = (z20+z1+z+23)(yot+uy) | ma = (z2+2)(vo+u1) (5.88)
my = 23Y1 ms = (21 + 23)y1,

where my is from wu, ™y is from u + 1 and me, ..., ms are from the wraparound. This gives

the generator matrix as

(11000 0]
010001 s a4 .
G = , A(z) =1+ 42" + 62 + 32" + 22°. (5.89)
01 0110
(01101 1]

This, in the first instance does not look too good as the optimal weight enumerator does
not occur using this method. However, as we shall see soon the optimal weight enumerator
can be found by using the diagrammatic techniques introduced in Chapter 4. Before we use
this method let us show what other weight enumerators are possible by certain amendments

of the CRT in order to reduce the number of multiplications necessary.

Rules for multiplication amending

1. If the multiplication occurs in any other part of the algorithm then one of them

can be omitted.

2. If three multiplications are linearly dependent then one of them can be omitted.
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3. If two multiplications mg, my, say, always occur together in the reconstruction
of ®(u), then we might be able to invent a new multiplication, my, 1, say, such
that my41 together with ¢, say, of the other multiplications, not including m,
and my, gives the sum of the original two, i.e.

Mg + My = Z Mi; + Mnt1. (5.90)
1<5<c,ij#a,b

4. If when we look at the reconstruction of ®(u) a multiplication is not needed, it

may be left out.

Using these rules we are able to use the CRT to construct algorithms where the number
of multiplications needed is greater than six and then possibly reduce the number needed to
six (while still being able to reconstruct ®(u)). Obviously this may not always be possible.
We give a comprehensive example to explain the intricacies of some of these rules, then
using the algorithms of Appendix 1, we shall show all the options for P(u) and s such that

the number of multiplications can be reduced to six.

Example 5.28 We have N = 5,k = 4,d = 2. Let P(u) = (u? + 1)(u® + u? + u), so using

Appendix 2 we have, firstly from reducing modulo »? + 1 the multiplications

my = (z0+2z2)y0 |me = (20+ 21 +22+23)(yo+ 1) (5.91)
m1 = (21 +23)u

and secondly from reducing modulo u® + 42 4 u the multiplications
ms = 2oYo meg = (21+22)y1
my = (21 23)y1 my = (20 + 22 + 23)50. (5.92)
ms = (20 + 21 + 23)(yo + y1)

But finding ®2(u) does not need my so it can be omitted at this stage. Now the rest of the
multiplications are linearly independent so Rules (1) and (2) do not apply. We need to look

at the reconstruction if we want to try and apply Rules (3) and (4). We have

$o = mg $s = ma+ms+ms+mg
¢ = mog+mi+ms+ms+my | Py = my+mq+ me+ms+ms+ mg. (5.93)
¢2 = ma+ms+mg
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All the multiplications are used at least once and so Rule (4) cannot be used, but we see
that mg and my always occur together, so we might be able to use Rule (3). Indeed, if we
define mg = 2311, then mg + mq = mg + mo + mgs + ms 4+ mg and the reconstruction can be

achieved using mg, mg, ms, mg, 7, Mg, giving the generator matrix as

,  A(z) =1+ 42+ 623 + 3z* + 225, (5.94)

e e
o o O
el e B
o = D
== O
= o O O

Further to the above example we are able to use the coprime factorisation of all poly-
nomials of the required degree from Appendix 2, and the algorithms of Appendix 1 to form
Table 5.6.

We have thus shown by our standard algorithms of Appendix 1 that only two of the
possible weight enumerators for any (6,4, 2) linear codes are possible as KM codes. We now

move on to using the diagrammatic representation of Chapter 4.

5.5.3 Using the Diagrammatic Representation for NV =15

We will first show the diagrams for the examples in the previous sub-section. Firstly the
algorithm of Example 5.26 is displayed in Figure 5.1, then in Figure 5.2 can be found the
diagrammatic representation of the algorithm of Example 5.27. Figure 5.3 contains the

diagrammatic representation of Example 5.28.

Figure 5.1: Diagram of the algorithm for Example 5.26

Also we can reduce our square, P(u) algorithm of Section 4.6 to the present problem.
Indeed if we take the k = 4,d = 4 case of Figure 4.14 and reduce it to k = 4,d = 2 we get
Figure 5.4.
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Table 5.6: Weight Enumerators of all the KM codes formed by the CRT with amending

rules as above

P{u) s | Alz)

(u? 4+ 1)(ud +u?+u) | 0| 1+42? + 623 + 32 4 225
w(ud+u?+u+1) | 0| 14622+ 9zt
wu+ )W +u+1) | 1| 1+42°+ 623 4 32% 4 22°
(w? +u)(u?4+u+1) | 1|1+4a?+62° + 32* + 22°
w(ud + 1) 1| 1+ 4a? + 62° + 321 4 22°
(u+ )(wd +u?+u) | 1| 1+42% 4623 4 324 4 225
u?(u? + 1) 1| 14 42% + 62 + 32 + 22°
(u+ 1)u® 1| 1+ 422 + 62° + 3z* + 225
w(u® +u? 4+ u+ 1) 1| 1+42®+ 62% + 3z + 225
ud 2 | 1+ 622+ 924

w(u? + 1)ud 2 | 1+422 + 623 + 3z + 225
v +u 2 | 14 42% + 6% + 3z* + 22°
u?(u+ 1) 2 | 1+422 + 623 + 3z* + 22°
(u? +u?) 2| 1+ 42? + 633 + 32 + 22°
wtultutl 2 | 1+42? + 623 + 32! + 225
u? 311+ 622+ 92!

u? 41 3| 1+6z2+9z!

u(u + 1) 3| 1+4a?+ 623 + 3zt + 225
(u? + u) 3| 1+4x?+ 623 + 324 + 22°

Figure 5.2: Diagram of the algorithm for Example 5.27
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Figure 5.3: Diagram of the algorithm for Example 5.28

Figure 5.4: Reduced version of our square, P(u) algorithm

The algorithm of Figure 5.4 has a weight enumerator associated with it as A(z) =
1+ 622 + 9z

Now we use the operations described in Figures 4.7-10 to obtain other algorithms. This
may enable us to find some other weight enumerators for KM codes. It is noted here
that operation four (as described in Figure 4.10) will not change the weight enumerator
as it is the same as rotating the generator matrix by 180 degrees. It turns out that up
to the four allowed operations there are two equivalence classes of algorithms with typical

representatives as in Figure 5.5.

. @ [ @ ¢ Y ®

@ | ® = ® o @w

and

Figure 5.5: The two typical representatives of the equivalence classes

Looking at the weight enumerators associated with each algorithm of the two classes
we see for example, that the algorithm in Figure 5.6 gives the optimal weight enumerator,
A(z) = 1+ 322 + 82% + 3z* + 2%, for the given values k = 4,d = 2.

Note here that this is not the only algorithm (obviously since one of the operations is

operation four) with the optimal weight enumerator associated with it. The results obtained
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Figure 5.6: Algorithm with the optimal weight enumerator

here lead us to state the following.

Theorem 5.29 Using the algorithms of Appendix 1, the CRT construction and the opera-

tions described in Figures 4.7-10, the only weight enumerators of KM codes for k = 4,d = 2

are
A(a;) = 1+ 3a2+ Sx3+ 3a:4+ a6
A(x)
A(x) = 1+ 6a:2+ 9a4.

1+ 4x2+ 6a:3 + 3a:4 +2a:5

We also pose the following.

Conjecture 5.30 For k = 4,d = 2, the only weight enumerators that KM codes can have

are those given in Theorem 5.29.

So we have shown that for N < 5 there exist KM codes of minimum length possible for

the given k and d having optimal weight enumerator.

5.6 KM codes for N > 6

The techniques used in the previous sections results in data that requires more time than

available, and will be attempted at a later stage.
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Chapter 6

The Weight Enumerators of
Shunted Families of KM Codes, 1

6.1 Introduction and Dual Codes

If we wish to find the weight enumerator of a KM(n, k,d) code and if &k is large but n — k
is small, it is computationally more efficient to calculate the weight enumerator of the dual
KM code (an (n,n — k,d') linear code) and then use the MacWilliams Identities (equations
(2.2)) to dualise back to the weight enumerator of the primary (original) KM code.

As stated in Definition 2.1 we need to find n — &k independent relations on the codeword
entries ¢y . .. c,—1, say, as this will then enable us to find the dual KM code and hence the
weight enumerator of the dual KM code.

We will develop a method of finding the weight enumerators of families of KM codes. In
this chapter we will consider families to mean codes with the same P(u) but with a range
of values of s, starting with s = 0. We will study the effect on the weight enumerator as s

increases.
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6.2 Further Ideas on Reduction

We extend here the ideas of Section 2.3.2 in order to apply them directly to the present
material. In the same style as Definition 2.11, if we have X (u) of degree A —1 and we reduce
it modulo P(u) of degree D, (D < h—1), to a{u) then obviously a(u) will have degree D —1

and there are constants r;; such that

D—1
uw!  (mod P(u)) = Z rijul. (6.1)
=0
Hence we have that hel Dot
— _
a(u) (mod P(u)) = Z:Bj Z riju’, (6.2)
7=0 =0
giving
h—1
a; = Z.’Ej’l"ij. (63)
=0

Again we may write this in the matrix form @ = xR, where R = [ry;] is h x D. We will

explain a little further after noting the shift in the rows of R, i.e.

1'0W'i+10fR:[0 Ti0 - ri,D_z]‘FTi,D—l[po Pr .- PD—l]

where the p; are the coefficients of P(u). Now if we have an algorithm for the product
modulo P(u) of two polynomials a(u) and b(u) of degree D — 1 we have the multiplications
m; = (aAT)(bp]), where Al and p! are d - vectors. We can form a vector aS, with
S = [AFAT...] for the a part of the multiplication.

Note here that the first D columns of S commonly form the identity matrix Ip. Now if

Z(u) reduces modulo P;{u) to a(u) then from Definition 2.11 we have

a=zR, (6.4)
where R is defined as above, and so a8 = zRS, and finally we see that

Gi = RS (6.5)

where z R represents reduction modulo P(u).

We are now in a position to use these techniques to assist our goal of finding the weight

enumerators.
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The Periodicity of R and G

We look a little further at the structure of R and G and note some periodicity properties
that are exhibited by them. For the following we shall consider I = 1 only, although for
the case L > 1 we simply apply the L = 1 case to each block. First a definition concerning

period is needed.

Definition 6.1 The following are equivalent definitions of e, the order of u modulo P(u)}
e ¢ is the least positive integer, such that 4* =1 (mod P(u)),
e ¢ is the least positive integer such that P(u)](u® — 1).
Now, row 4 of R is the vector [ Tio ... TiD—1 ], so we have from 6.1
row i =row j <= u'=u’ (mod P(u)) <= e|(j —1). (6.6)

In particular the rows (if they are present) of R repeat with period e, and hence so do

the rows of G; = RS.
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6.3 Obtaining the n — k Independent Relations

If we encode the information word z = zp ... z;_1 to the codeword ¢ = ¢g ... cp—1 then the

equation relating these two can of course be written
zG =c. (6.7)

We would like to find the z; in terms of the ¢; as this will then give at least some of the

required relations. Returning to the polynomial approach we have

Theorem 6.2 (a) The coefficients in Z(u) (= Z(u) (mod P(u))) are linear combinations
of 2@,
(b) The rank of Gy equals the degree Dy of Py(u)

Proof. (a) First all by the definition of a computation we know that the multiplications,

my, giving block G, say a < i < b, satisfy

D1
Zy(uw)Y; Z (kam,,) v (mod Pi(u)) (6.8)

j=0 i=a

for certain constants k;;, where as we know from (5.76) m; = (zg; Ty(yhT), g being the
ith column of G and h;r being a d-vector. In particular, we may set yg =1 and y; = 0,7 =

., d, so that Yi(u) =1 and

Dy—1
Zy{u) =) (Z lij(zg; ) (6.9)

i=0 \i=a

where /;; equals k;; multiplied by the Oth entry of H;. Since equality holds for each ¢, the
CRT shows that the coefficients in Z(u) are linear combinations of the zg}, (0 <4 <n—1).
(b) There are Dy coeflicients of powers of u in (6.9), hence D; <column rank of G;. But
the latter cannot exceed D, since each zg} is a linear combination of the D; columns of

the matrix zR, with R as in (6.4). This proves (b). O

We will separate the relations we can find into three distinct categories for ease of

understanding.
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Definition 6.3 (i) A linear relation between entries ¢; is of inner type if it corresponds to
a relation between columns of the same block.

(ii) If s = O then the expressions for z,...,2zp—1 must all equal zero, giving D —~ k =
k+d—1—k=d—1 relations known as outer relations. If s > 0 then the outer relations
refer to 2; and Theorem 6.4 is used to convert these back to the z;’s.

(iii) If s > 0 then we can get inner relations from the wraparound block. These are known

as wraparound relations and are converted to relations among the ¢;’s by equating columns

in (6.7)

Theorem 6.4 Let P(u) have reciprocal Q(u) = qo + quu + - -- + qgu®, of degree E. Define
Qi(z) = qo + @z + -+ +¢jal, 0< § < E. Then
(a) with coefficients d; independent of k,

=2, if 0<i<D-F case D> FE (6.10)
tp_j=zp—j+ Y dizpyi (D+i<k), if 1<j<BE, (6.11)
>0

where dp, = q1dp—1 + qadn—2 + - + qedp—g with initiel values d—s = 55, (1 < s < E).

(b) Let Gj(z) = 3 spdr—ja” = d—j +d_jpz + . Then G;(z) = g%()m)

Proof. (a) By definition Z(u) satisfies Z(u) = Z(u) + a{u)P(u) for some polynomial

a(u) = Zf;(}"D a;u’. Writing this in matrix form we get
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g 0 0 0 e 0]
gp-1 4D 0 0 ... ... ... .. 0
dqp—2 4p-1 dgp 0 0
v — 30 T . .
ag
q 2 ¢ --- gp O 0
ay
Zp_1 — ZD-1 = qo q1 @2 q -.- gp O 0
zZp
. am
0 - gp-2 ¢p-1 4D )
| ZmiD ] 0 . gp-2 4p—1
0 qo Q1
|0 0 Qo |
= Ma

(6.12)
but the definition of Q(z) implies that the first D — E rows of M are zero so z; — 2 = 0 for
i=0,...D—E.

(b) Let M; denote the polynomial equivalent of row 7 of M. We thus have

Mp_j=z(Q@)—q——q¢aa’"), 1<j<D (6.13)
and as each of the first D — 1 rows is a linear combination of the last m rows we get

Mp ;=) di#'Q(z), 1<j<D. (6.14)
>0
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Equating equations (6.13) and (6.14)

#7(Q@) — = g™ = 3 die’Qa)
—z I (go+ -+ C]j—la?j_l) = —z79Q(z) + g(] diz*Q(z)
. _ B (6.15)
t71Qj-1(z) = z}:{) diz* + 37_3) Q(z)

= | X dzﬂf) Q=)

i>—D
where d_p...d—1 =0...010...0, the 1 being in position —j.

Now equating coefficients of "1 (n > 0) in the last equation of (6.15) we have

sQi(z) = | D diz* | Q(x). (6.16)
i>—D
Expanding this we get
qom'—j_i_qlx‘j"l'l _.l_ +qjgg_1 = (dem_D+d_D+1$_D+l + -

---+d_jx‘f+---+d_1w_1+---)
(0 + qz + - + qga?)

= qod-pz~ P + (qud—ps1 + qd-p)z~ P14+
(qod-p42 + qd—py1 + q2d_p)z~PH2 4+ -

oA (qodn + qudn—1+ - + qEdp-g)z" + -

(6.17)
as ¢E41,. .. are zero. Now equating coefficients of 2™/ (n > 0) we get
0 =qodn +qdn—1+ -+ qEdn-& (6.18)
and as qp = 1 we get
dp = qudp_1 + -+ qrds—E (6-19)
as required.
For (b) look again at (6.15). We have
Qj—1(z) = ( > dintt | Qa). (6.20)
i>-D
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Now as d_p...d_j_1 =0...0 this can be written

Qi-1(z) = (Z dz—]m) Q(), (6.21)

>0
1.e.

Gj(z) =

(6.22)

and that completes the proof. O

We now give some more results on the G;(z) and the Q;(z).

Theorem 6.5 (a) Gg(z) = 1 — zPGy(x), hence G1(z) and Gr(z) have period ord[Q{z)]
and satisfy dg = 1,

(b) If g; = 0 then Gjp1(z) = Gj(ib)
&€ €T —CL‘E 4,
Proof. (a) Gp(z) = W58 = HO — 1 — 2P s = 1- 0PG4 (a).

(b) Let ¢; = 0, then Q;(z) = Q;_1(z), so —-7((—7'% —5(53:(‘%), ie. Gjpi{z) = Gi(z). O

Theorem 6.6 Let Gj(z) have period e, fized j, then
(a) e| ord[Q(z}],
(b) e > mam([%] .5 — 1,E—j).

Proof. {a) Let ¢’ = ord[Q(z)], so ﬁ has a period e'. Therefore,

& mlt—)(l +2¢) is a polynomial

= QL—&;(;()““) (1+2¢) is a polynomial (6.23)
= Q’Q_(—;()ﬂ has period ¢’

and as period G;(z) = e, it follows that e| ord[Q{z)].
(b) We know G (z) = —-Ll%:ﬂ Now the maximum degree of G;j(z) is E—j and ord[Gj(z)] =
period [G(z)] > deg[G;(z)], s0 e > E —j.

There cannot be § zeros otherwise no recurrence would occur, so e > j — 1.

Amongst initial values d_p,...,d_; there exists a run of at least [%], but no run of e

zeros occurs, else all d; = 0, therefore e > [%] O
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6.3.1 The Matrix Method

If s =0, then if we let 2 = (2...2zp_1) we are able to obtain the z by matrix inversion.
We know by the CRT, Theorem 2.14, the equation 2zG = ¢ has a unique solution for z
in terms of the ¢. We shall reduce G to an invertible matrix. Now, the columns of Gy = RS
are linear combinations of those of R. Since by Theorem 6.2 the rank of Gy is D; we may,
by rearranging if necessary, take the first D; columns as independent. Indeed, for simplicity

we shall assume that, as is usually the case, these first D; columns are R itself, and write
G =[RiR2...Ry], (6.24)

where R; corresponds to reduction Pj(u). Now the equation zG = ¢ is obtained from
z( = ¢ by deleting certain columns of G and their counterparts in ¢, and so has a unique
solution for z in terms of ¢. But since G is a D x D matrix, uniqueness implies that G is

invertible, and z = ¢G~!. Thus with the same entry deletions indicated by underlining,

[¢r...¢h ] =g, (6.25)

where 7 = ¢;¢7,(0<i< D —1).

The method of matrix inversion is most useful and applicable when finding G is easier
than the CRT calculation. A type of code fairly easily handled by this type of calculation
is given in the following definition of which the idea was first introduced in Hoggar and

Pickavance (1995), and formally defined in Hoggar (1997).

Definition 6.7 If the degree of P;(u) is a constant w for each 1 < ¢ < L we say the resulting
KM code has constant degree or it is a constant degree KM code. We apply this definition

for all values of s.

Since the P;(u) must all be coprime, one way when considering constant degree KM
codes, is to let Pi(u) = u*, Py(u) = (u* + 1) and take P;(u) as an irreducible of degree w
for ¢ > 2. Note here that the definition allows a wider choice than this, but for our purposes
this shall be kept rigid.

We will pursue the rest of this chapter concerning ourselves with the constant degree

KM codes with w = 2, the work can be relatively easily generalised.
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Example 6.8 Looking at the constant degree KM code with w = 2 and L = 3 (the

maximum for the given w) we must have P(u) = v?(u? + 1)(u? +u +1). So

(10 11 0 1)1 0 1]

01101 1[0 11
G = : (6.26)
0001011 10

and so the reduced matrix G is

G= . (6.27)

If G has six rows then it is square and as explained before, by the CRT, it has an inverse

G~ !. This can easily be obtained as

(6.28)

o O o o o =
o O O o = O
[ B =
_ O = = O
O = = = OO
—_ O O s e

Then z = ¢G~! or alternatively going back from the underlined matrix to the original,
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z = ¢G1, where

G-~

oS O o o o o O O =

o o O o o o O = O

[ R N = T e B o T S

[en BN =T <= T ol o e B e B
= O = O

o O = OO

o B O © O = O = o

= [¢f ... ¢T].

So the outer relations (see Definition 6.3 (ii)) can be obtained.

126

(6.29)




6.4 The KM(9,%k,7— k) Codes

As in Example 6.8 we will use P{u) = u?(u? +1)(u? + u+1). We have three inner relations

(see Definition 6.3 (i))

E; = 111000000
Ey = 000111000 , (6.30)
By = 000000111

and the outer relations (see Definition 6.3 (ii)) y,. .., p_, obtained from (6.29).

Before continuing with the study we will give some general notation from vector space

theory, that will help in the explanation of the work in this section and subsequent ones.

Definition 6.9 Let U be the space of n-vectors over Fa, viewed as sequences of m triples

(from the number of blocks) v = ujugy. .. uy followed by n — 3m single digits. As will be

shown in subsequent sections the number of single digits can conveniently be kept below

three. Now if V is any subset of U, then define the following

E

u+V
Sk

Cirig...in

t(u)

t:(V)
R(V)

The span of the set {F1, Fa,..., En}, where E; is the generalised version
of (6.30).

The translate of V by u, i.e. the set {u +v:v €V}

The span of the set {{;,{x41,--+>¢p_1}. Note this is considered a subset
of U and is extended by zeros up to length n. Here 0 <k <D —1, and
ifk>D—1or k<0 then Sy = {0}.

The sum of the vectors ¢; ,¢;,,--+,Cs, -

The number of nonzero triples of u, i.e. #{u; #000::=1,2,...,m}.
Thus £(0) = 0.

The number of vectors u € V, with t{u) =1, i.e. #{u € V : ¢t(u) = i}.

The weight enumerator of V.

Now back to the present problem, we have m = 3 and D = 6. As we need 9 — &

independent relations to form the dual code, and as we are only concerned with the weight

enumerator, it does not matter which relations we use. We thus can say that the dual code
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is generated by En, Ea, E3,(g,.-.,¢5, OF
Dual KM(9, k,7 — k) code = | J (u + E) (6.31)
UESE
Now we could simply obtain the dual code by obtaining the whole set from (6.31) and
looking at each vector, but we would like a more systematic approach. The next few lemmas

prove vital in taking the problem away from looking at every single vector in the dual code.
Lemma 6.10 For vectors of length 3m, we have R(u + E) = (z + 2?)H#)(1 + g3)m—Hw)

Proof. Split each vector of w + E into m triples, i.e. ui + By, us+ By, ..., um + Eyp. Then
letting V; = w; + E; we have

u+E=VixVox- .- xV, (6.32)

and
R(u + E) = RWV1)R(V2) ... R(Vp). (6.33)
Now by the construction of the ¢; the third digit of each triple is 0, so w; is one of

000,100,010,110. Hence R(V;) = 1 + z® if w; = 000 or = + z? otherwise, and R(u + E)
is as stated. []

Note here that R(E) = (1 + z%)3 since the only vector u such that u + E = E consists
of three triple zeros.

We have in Lemma 6.10 the ability to find the weight enumerator, B(z), of the dual
code if we obtain the extra relevant relations. These extra relations can arise via Definition
6.3 (ii), so for kK = 5 we have z5 = 0 leading to {5 being a relation and we have thus

Dual KM(9,5,2) code = | (u+E)

uESs (6.34)
= BU({(s+ E).

For k = 4 we have z4 = 0 and z5 = 0 leading to ¢y, {4 and their sum, (45, being the

required generators so

Dual KM(9,4,3) code = |J (u+ E)
u€Sy (635)
= EU((s+ E)U((y + E)U(Cys + E).
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Now using Lemma 6.10 we can find the weight enumerators using this method, for

example for the KM(9,5,2) code
B(z) = R(E) + R(¢s + £),
and as ¢y = 110100010, ¢(¢5) = 3 and

B(z) = (L+2°)°+ (z+2?)3

(6.36)
= 1+42%+ 32t +4ab + 325 + 2°.
Now if we let B; = (z + 22)*(1 + 23)3~* then for the dual KM(9, k,7 — k) code
B(z) =) By (6.37)

uESE
and using the MacWilliams identities (see Theorem 2.6 and the subsequent paragraph) we
can obtain the weight enumerator of the KM(9,%&,7 — k) code as
Alz) = 3% 2 o)

weESy, (638)
= 5% (a0ao + arau + agaz + azaz) , say,

where o = (1 — 22)*(1 + 32%)3~¢, the MacWilliams transform of f;.
The following lemma will enable us to produce a table of weight enumerators of the

KM(9,k,7 — k) codes.
Lemma 6.11 With t(u) defined as in Definition 6.9 we have for 2 <k <5

3 foru=2z;2<7<5and 23,2
1) = [ i J <5, 23, Z45 (6.39)
2 otherwise

Proof. By inspection of the vectors z;,2 < ¢ < 5 we see that all the sums except zy, z93

and z45 result in only one 000 appearing. (1

In Table 6.1 we can see the weight enumerators of the primary and dual KM(9, &k, 7 — k)
codes, together with the a;, the coefficients of ; in A(z), as in (6.38). Note we also include
the case k = 1,d = 6 as the results from this will be used for a more complex problem later
on in this chapter. The results for this particular case are shown in Lemma 6.12, they are

either obtained by direct methods or using the results of Chapter 7.
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Lemma 6.12 For k = 1 we must use ¢; which will introduce vectors with t(u) = 1, and

we get for this value of k

ap = 1,a1 = 3,ay = 15,a3 = 13. (6.40)
Eld|ap|allaz | as | Alz) B(z)
50211 |0 [0 |1 |1432%+152%4+132% | 1+ 4% + 32 + 32° + 4a% + 2
41310 [0 |3 |1+49z%+6a° 1+ 623 + 924
31411 {0 |3 |4 |1+32%+4a° 1+ 322 4+ 132° + 1524
215|1 [0 |9 [6 |1+3aS 1+ 922 4 2723 4 2724
1(6|1 |3 |15]13 ]| 142 1+ 3z + 1822 + 462° + 602 + 602°

+462° + 1827 + 328 + 2

Table 6.1: Weight enumerators of KM(9, k,7 — &) codes

6.4.1 Explicit Formulae for the A;

We need a systematic way of obtaining a;(d). As a first step we deduce a compact expression

for the A; from (6.38). We have

(1 9 27 o1 ]
oy = i bz where [bir] = ! > 39 (6.41)
=0 1 1 -5 3
1 -3 3 -1
and
Alz) =257° Z Qylu) = 21 (apeeg + aro + aga + asas) . (6.42)

uESg
Now we know ag = 1 and ag + a1 + ag +a3 =241, ie. a1 +as + a3 = 24-1 _ 1, So for

d > 2 we have Ag = 1, 41 = 0 and equating the constant coeffients of (6.42) gives
1= 2k_6(1 + a1 + az + (13), (6.43)
the same as we found above.
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Lemma 6.13 With t(u) defined as in Definition 6.9, (a) t(u) # 1 foru € Sy and k > 2,
(b) t(u) # 2 for u € Sy, and k > 4.

Proof. {(a) Let u = ujusug be in Sz, with ¢{(u) = 1. Then w is a linear combination of

) . 110 1 00
€a,- -+, C5, with not all coefficients zero. So with A = and I' = ,
100 010

for some 2-vector A and u not both zero

[ul Uy U3]=[A u][Ai[’ A;I’ :;:} (6.44)

Now, t(u«) = 1 means that exactly two of the u; are zero. But w1 = us = 0 implies
AMAp(A+T)=0=XA+1I") + pA,

which implies A = @ = 0. Similarly for us = ug = 0 and u; = uz = 0. Hence t(u) # 1 for
w e Syand k> 2.

(b) Simply inspect €4, (s and {45. O
Now Lemma, 6.13 says that a; = 0 for d < 5 so, replacing k — 6 by d— 1, (6.43) becomes
ag +az =241 -1, (6.45)
Now if we let d > 3 then Ay = 0 and 0 = 2'=%(9ag + 5a; + az — 3a3), i.e.
as = 3az — 9. (6.46)

Now solving (6.45) and (6.46) we get a = 3(2¢7% — 1) and a3 = 2973 + 2. So for d > 3, we
have Ay = 3(25~% — 1) and Ag = 257¢ + 2. Thus we have the more general version of Table

6.1 as Table 6.2.

k d A(z)

k=5 d= 14 322 + 15z* + 1325
2<k<4|3<k<h | 14+3(25¢ 1)t + (2579 4 2)28

Table 6.2: Weight enumerators of KM(9, %, 7 — k) codes in terms of d

131




6.5 Extending the KM(9,k,7 — k) Codes to KM(10,%,8 — k)
Codes

We now extend the method of Section 6.4 to incorporate wraparound, s = 1. The gener-
ator matrices of the KM(10,%,8 — k) codes will be those of (6.26) with the extra column
[00...01]7, corresponding to the multiplication zx_1yq_; required for Z(u)Y (u) modulo u°.
As we discussed in Section 5.2 the 1 in the last column is always in the last row of this
column, whatever the value of k. This being so we are able to get the equation z;_; = cg

from

[Z(] zk_l] O :[CO Cg]- (647)

1

Implicitly we can extend the ¢; by one zero, to have length 10. This will also leave their
values of ¢ unchanged. In the same way as Section 6.4 we can now give the necegsary 10—k

independent generators for the dual code, and further

Dual KM(10, k,8 — k) code = U (u+ E). (6.48)
u€Sy U(Ch_1+5k)

Concerning the weight enumevrator of this code we see that

:Bt(u) if u € Si

R(u+ E) = (6.49)

mﬁt(u) if U c C;c—l + Sk

Now as the code length has increased to 10 the MacWilliams transform of 8y, is changed
t0 ey = (L+2)(1 — )} (14 322)3-4®) | and the MacWilliams transform of By Which
we shall denote by ag(u) is equal to 8;3 (1 —22)4®) (1 4 322)34%), So we have the weight

enumerator, B(z), of the dual KM(10,%,8 — k) code as

B(@) =Y Bwy+ >, B (6.50)

ueS) el +5k)

132




S

and for the primary KM(10,%,8 — k) code as

Alz) = 27%&(2 Qy(ay) + > )a;(v))

UES), VE(Ch_1+Sk (6.51)
= QTl_r (agap + a1y + agas + agas + al o + ahol + ajah) .
Now using Lemma 6.11 we can produce a table of the weight enumerators of the

KM(10, k,8 — k) codes. These are given in Table 6.3.

k|d|ag|dy|as|ay| Alz)

62|10 [0 |0 |1 |1+432%+62%+ 152% + 122° + 132° + 1427
53[0 10 [1 {2 |1+32%+9z+62° 4625+ 727

41410 |3 |3 |1 |1+43z*+6254a% + 227

315(83 |6 |4 [2 |1+325+3z0+47

21619 [12(6 |4 |1425%+227

Table 6.3: Weight enumerators of KM(10, k,8 — k) codes

6.5.1 Explicit Formulae for the A;

Once again it would be nice to find a systematic way to obtain a formula for the A;. This
can be obtained by finding formulae for the a; and a}, expressing them all in terms of d.

First we must look at the ¢y and « and note that

ay = Ei:o (bt’,_mz"' + bt57'$27‘+1)

(6.52)
o = Tig (Bee® = bypa® ),
where )
1 9 27 97|
1 5 3 -9
[bir] = (6.53)
1 1 -5 3
i 1 -3 3 —1 |
Also we have that
Alz) = 287 Z Qi) + Z a;(v) . (6.54)
UESy vEC)_1+5k




Now from (6.52) and (6.54), replacing k — 7 by 1 — d we obtain for d > 2

29 Ay, = by +bip(ar +a)) +bar(ag + ab) + by, (az + ab) (6.55)
20  Agen = boy +bip(ar —a)) +bor(ag — ab) + ba(ag — ab)

Looking at the construction and size of Sy and {,_; + S we can see that as the dashed

values for d become undashed for d + 1, for 2 < d < 6,

a(d+1) = ai(d)+ai(d)
az(d+1) = ag(d) + ab{d) (6.56)
as (d -+ 1) = Q3 (d) + ag(d)

and
a1 +aztag = 20721 (6.57)
a) +ay+ay = 2972
Now the a; and afi are trivial to determine for d = 2, so we can use them for initial values
in (6.56). For d = 2 we have ap = 1,41 = @} = ag = ay, = a3 = 0,a5 = 1. Note for d = 2 we

also have A9 = 1 and A; = 0 (obvious) giving from (6.55) for 2 < d < 6,

2071 = 1+ (a; +d}) + (az + ab) + (as + af) (6.59)
0 = 1+ (a1+aj)+ (a2 —ap) + (a3 — a3),
We will obtain the formulae for this in two ways. Firstly we will use the known fact from
Lemma 6.13 that for 5, ..., ¢, there are no vectors with two zero triples (i.e. a1 = a} = 0)
and consider the case where we need to use ¢; separately. Secondly we will keep it (initially)
more general (at least in the sense of we will not assume that a1 = &} = 0 and involve them
in the calculation.)

We know from Lemma 6.11 that a; = a} = 0 for 2 < d < 5 so we restrict ourselves
to that for the moment. As both of the equations in (6.58) can actually be obtained from
(6.57) we must find another. If we set d > 3 then we have that A; = 0 and can obtain from
(6.55) for 3<d <5

0 =9+ (as + ay) — 3(ag + ay). (6.59)

Now solving the first equation of (6.58) and (6.59) we get for 3 <d <5
as + ab = 3(247% —1),a3 +a =243 4 2. (6.60)
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Using these we can obtain Ay, directly from (6.53) and (6.55), but to find A,y we must
find ag, a}, a3 and af individually. For this we use (6.60) and (6.56) and obtain for4 <d <5

ag =324 —1),a}, = 3.2 a3 = 2974 4+ 2,0 = 2471 (6.61)

Note that the formulae for Ay, apply for d > 3 as (6.56) is not used. We therefore get Table
6.4. Note in the table that the weight enumerators for k = 1,2 are determined trivially in

the usual way.

k|d A(z)

6121 +322 +62° +152? +123° +1328 +1427
5131 +3z%  +3(25¢ - 1)zt +62° +(2579 4+ 2)2®  +727
441 +3(25-¢ — 1)zt +3.25 g5 (2574 4 2)20 4257457
3151 +3(25-¢ — 1)g? 43257955 (2574 4 2)2® 425-dgT7
2161 +18 +227
171 +z7

Table 6.4: Weight enumerators of KM(10, k,8 — k) codes

Now we will consider the more general form of starting with a; and al,7 = 1,2,3 un-
known. We will however see that this leads to a less general result.

Here if we set d > 3 then we get the equation
0=9-5(a; +al) + (ag + ay) — 3(as + af). (6.62)

But unlike before there are too many unknowns to solve the first equality of (6.58) and
(6.62) so we must find another equation. Setting d > 4 will not result in a new equation

from (6.55) so we must try d > 5. Therefore we can set A4 = 0 and obtain
0 =27+ 3(0‘,1 -+ CL{[) - 5(&2 + a'2) + 3(0.3 -+ ag). (663)
We can now solve part one of (6.58), (6.62) and (6.63) to give

ap +ay = 3(2¢° —1)
ag+ah = 3(291+1), (6.64)
a3 +ah = T(2¢° 1)
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Giving for 5 < d < 7, that Ag = 27¢ — 1. Now to find A7 we must use (6.56) and so obtain
A7 = 27" for d > 6 only. This provides only a limited amount of information, but is still

useful in our study.
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6.6 Extending to KM(12,k,9 — k) Codes

Here we incorporate the wraparound s = 2 to the existing model of Section 6.4. The
generator matrices for the KM(12,%,9 — k) codes will be those of (6.26) with the extra

column shown below in the scheme for general k.

000

Ere 0 6 6 =l oo en |- (6.65)
01 1
I 101

The extra multiplications come from the calculation Z(u)Y (u) modulo u?, and are mg =
Zj—1Yd—1,MM10 = Zk—2Yd—2, 11 = (Zk—2 + 2k—1){(Ya—2 + Ya—1). The last three columns of the
generator matrices sum to zero, giving the relation cg + ¢1g +¢11 = 0, which if we express as
EycT = 0 then we can take m = 4 in Definition 6.9. This implies extending the vectors ¢;
by three zeros to be of length 12 also. In a similar way to the s = 1 case, we can consider

columns 9 and 10 of both sides of (6.65) and get
Zp—1 = C9, Zk—2 = C10- (6.66)

Now using Theorem 6.4 we have z = 2; = ;¢! for 0 < i < 5 if k < 6 with corresponding

dual code generators of

Cho1 = Cr—1 + €9, Chog = Cp—s + €10- (6.67)

However, when k& = 7 we have quite an individual case to consider. This is due to the fact
that at first sight we need {4 as k —1 = 6, and yet we do not have a (4. If we revert back to
the construction of the polynomial Z ()Y (u) modulo P(u), then we can only reconstruct
Z(u) uniquely using the CRT, because deg[Z(u)] < deg[P(u)]. This is not the case here

and in fact we have

Z(u) = Z(u) + AP(u), (6.68)
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and equating coefficients of u? gives

W= A (6.69)
25 = Z5+A
$0 we have zsg = 2.

Note here that this is a special case of the generalised theory given by Theorem 6.4,
which we will show in action now. We have P(u) = u5 + % + u3 + u?2, hence the reciprocal
polynomial Q(u) = u* +ud+u+1,s0 D =6 and E = 4. Now we have k =7 and d = 2
and we want (from (6.11}) D — § =5, so j = 1. This gives

k-D—1

= 25+ d; 2614
5 E] 2 -H, (6.70)

= 25+ doZG

>

(=33
|

where dg = q1d—1 + gad—2 + qsd—3 + qud—4 and d_4 ... d—; = 0001. So with Q(u) as stated
above we get dyp = 1, and hence 25 = z53.

Now from the matrix (6.65) we see that zss = c¢11. Note this is not unique. So the
generator we can use is s + ey1. The dual KM(12,7,2) code is thus obtained as the span
of B934 and (5 + €11-

We now have a formula for the dual KM(12,k,9 — k) code as follows:

Dual KM(12, k,9 — k) code = U (u + E) 1<k<6
uESpa.n{Ci_z.C;c_pCm-'-aC.'s}
= Span {¢; + E} =T
(6.71)

Now we have vectors of length 12, i.e. 4 x 3, so we use Lemma 6.10 with m = 4. We
can easily find the weight enumerator of the dual code and hence the primary code in the

same way as Section 6.4. The results are given in Table 6.5.
6.6.1 Explicit Formulae for the A;
We have

Alz) = 2+-8 > Qg(u)
weSpan{¢_;,¢k_ Sk} (6.72)

= 9l-d (aoao + ar10 4 azcee 4 CL30{3) ,
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bl
=9

A(z)

1+ 422 + 302 + 5228 4 4128
14+ 17z + 242° + 2128
1+ 6z* + 1625 + 928

[=r B

[o4]

141225 + 328
1+ 425 + 328

=] O Ot &~ W o

4
3
2

1+ 328

Table 6.5: Weight enumerators of KM(12,k,9 — k) codes

where .
Ay = ) _ biu),r” (6.73)
r=0
and ~ }
1 12 54 108 81
1 8§ 18 0 =27
bol=11 4 —2 —12 9 |. (6.74)
1 0 —6 8 -3
|1 -4 6 -4 1

Now we know ag = 1 and so
a1 +as +az+ag = 2¢-1 1, (6.75)

Also if d > 2 then Ay = 1,4; = 0 and equating the constant coefficients in (6.72) gives
1 =241 + ay + ag + a3 + a4), which is the same as (6.75).

The following lemma will help with the solving of the problem.
Lemma 6.14 For d <7 we have a1 = 0.

Proof. From Lemma 6.12 the only time for n = 9 that a; # 0 is when ¢, is used, but in the
present problem these are always dashed if used, and hence the fourth triple is non-zero,

adding one to the value of #. Hence ¢ =0for d < 7. O
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Now from Lemma 6.14, a; = 0 for d < 7 so (6.75) becomes
21 _ 1 = gy + ag + aa. (6.76)
Now if we let d > 3 then A = 0 and 0 = 217%(12a¢ + 8a; + 4ay — 4ay4), ie.
12 = day — 4as. (6.77)
We need the following lemma to proceed further.
Lemma 6.15 For 3 <d <5 we have ay = 0.

Proof. This can be seen by looking at the vectors s,...,¢{ from Section 6.4. The only
way to obtain t(u) = 2 is g4, €04y €234, Cozs and {oy5, but for the given values of d these
will always be dashed and so ¢ will increase by one. Also we could obtain #{u) == 1 and the

dashed vectors will increase ¢ to two, but ¢(u) = 1 cannot occur. Therefore t(u) # 2. O
Back to the problem. Solving (6.76) and (6.77) we get for 3 <d <5,
4 =3,a3 =241 _4 . (6.78)

So we have d = 2 and 3 < d < 5, but can we find a relation for d > 5. If we set
d > 4 then we do not get a new relation from (6.72) so set d > 5, i.e. A4 = 0 and get
0 = 274 (54 — 20y — 6ag + 6ay), ie.

54 = 2ag -+ 6as — 6a4. (6.79)
Now solving (6.76),(6.77) and (6.79) we get
ag =6(24% —1),a3 = 8(247% 4+ 1), a4 = 3(2%1 - 1), (6.80)

and Table 6.6 can be formed.

6.6.2 Another Look at the Dual Code Construction
We finish off this section by noting that
Span {C;c-—la C.I’c—27 Sk} = Sk U(C;\:—-l + S’C) U(C-"C—Q + Sk.) U(C;:,—?,k—l -+ Sk): (681)
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k d A(z)

7 2 14422 4 302* + 5220 + 4128
4<k<6|3<d<5|1+6(25%—1)z" +8(24 %+ 1)a® 4 3(26-¢ —1)z®
<k<4|5<d<T|1+42%~1)z°+ 328

Table 6.6: Weight enumerators of KM(12, %,8 — k) codes

but note that the 4th triple of ¢},_1, (g and {5 ;1 will never equal 000 and so the value
of ¢ for these vectors will be one plus the value of ¢ for the undashed versions.

So if we write (6.72) as

A(z) = 2t~ (Z Q)+ Y at(u)-{-l) (6.82)

uESy UESL_2\Sk

and further as

4
Alz) =27 " a0 (6.83)
=0
then
a;i = t;(Sg) +ti-1(Sk—2 \ Sk)
= 4;(Sk) + ti-1(Sk—2) — t:—1(Sk),

and we can use the results of Section 6.4 (in particular Table 6.1) to solve the problem

(6.84)

dirvectly. (Note that a similar idea is also used in Hoggar (1997), and will be investigated
further in the next chapter.) We present one of the cases as an example to illustrate this

method.

Example 6.16 From Table 6.1 we see for the KM(9, 3,4) code ap123 = 1.0.3.4 and for the
KM(9,1,6) code apias = 1.3.15.13. So for the present problem if we require the weight
enumerator for the KM(12, 3,6) code, then we use (6.84) and the above values.

For the KM(12,3,6) code

a = toSh) +1-1(81) ~t-1(S) (6.85)
= 140-0

and similarly a; =0+1—-1=0,a0=3+3-0=06,03 =4+ 15 -3 =16,a4 =0+ 13 — 4,
and A(z) can be found from (6.83) as 1 + 4% + 328, as expected.
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Now using this method we can obtain the same results as Table 6.5 apart from the
k= 2,d = T case as this needs the & = 0,d = 7 case from Table 6.1. However this is not
much of a loss since the case &k = 2,d = 7 is easy to work out independently. We will obtain

a method to get round this in Section 7.4.

6.6.3 Future Work

Using the ideas developed here and the infinite scheme for the wraparound introduced in
Section 4.9 we can develop theory and obtain results for any value of s. Time, however, did

not permit this.
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6.7 Constant Degree Codes with w =3

We can with P(u) = v®(u® + 1)(u® + u 4+ 1)(w® + w? + 1) get a base code, @, of length 24,

as follows

1

—_ O = = O
o

—_ D = O O
= O
or—tr—-x;—-al

. (6.86)

T — T = T - S

—_ O

[ = S = - T = =)
[ o S v

= O = = RO
= =R o S e T N o Y e
ot pst

[ury
[y

[ B s B = R R e B e B == e N
—

o O o o o O O o o o O -

o O O O O O o o © = O

o o o O O o o o o o ==

o O O O O o o o o = o o

O O o O O o O o =k O

O O O o o o o o o ==

o o= O O = O O =B O O = O

—_ o o R, OO0 R O O = O O

= O

e et e et = N o o T

(=2 S = =

[ e == B e e B o B e S

= O O = = = O = oo =

[l e B e A e S

[ B B == = e B e B Y S

[ = S s SR e T S e B = © O o B o R

= o O = O = = = O O

S = O = == O O = O = e

el =l e == B e B R R o = B o
=

[ ==

—

From this we can invert the reduced matrix G to give G~ and therefore to get the
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twelve available relations ¢;,¢ =0...11 as

(1 00000{000000(0000OO|0000GOCO]

01 0000|0000 0/0000O0O0|00O0O0O0 0
000 100[00000O0[00O0O0OCO0/000O00O0 0
100100[100000[110000|1L 10100
010100[/110000[000°7100[100000

C_O |00 0000[1 101000100001 00T100
" l000000({110100/000100[110000
‘u 100000|/110100[100000(1L1010°0
010000[110100[110000[010°100
000100[/110100[110100[000100
100100[010100[100100(010T100
0101 00/000100{100000|[1T10000,]
(6.87)

Here instead of having the vectors divided as triples, we divide them into six-tuples.
This of course may increase the complexity quite considerably but still the same method is
used. We get the inner relations for each block as 111000, 001110 and 010101 and so if we
set S = Span{111000,001110,010101} then the contribution to the weight enumerator for
each of the eight possible possible six-tuples are given in Table 6.7. Note that we do not
need to look at the sixty-four possible six-tuples as there can never be a one in the third,

fifth or sixth position. This eases our problem quite considerably.

Weight Enumerator Vector Associated ¢
1+ 42% + 324 000000 to
322 4+ 42% + 28 100100 1

z+ 22% 4 225 4+ 224 - 2% | 100000, 010000, 110000, 000100, | 2o = (4 —#; —t2)
010100, 110100

Table 6.7: Table of the contributions to the weight enumerator
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Definition 6.17 Define the following
Eiq The vector 111000 in the ¢th six-tuple of a 24-vector.

E;» The vector 001110 in the ith six-tuple of a 24-vector.
E;3  The vector 010101 in the ¢th six-tuple of a 24-vector.

E The span of the set {E11, E19, F13, Eo1,..., Fas}.

Sk The span of the set {Cg,... (1}

to(u) The number of times the six-tuple 000000 appears in u.

t1(u) The number of times the six-tuple 100100 appears in u (see Table 6.7).

Lemma 6.18 The weight enumerator of w + E is
(14423 + 324)‘50(“)(3z2 +42° + zs)“(”) (z +22° + 223 + 224 + z5)4"t°(“)"tl(”)
Proof. This is proved in the same way as Lemma 6.10. O

Now knowing the ¢;,7 = 0,...,11, we can easily form the family of KM(24, &, 13 — k)

codes by setting the relevant ¢; to zero, and using the general formula as

Dual KM(24,%,13 — k) code = | | (u+ E). (6.88)
uESy

So if we take B;; = (1 +42% + 32%)%(2 -+ 222 + 22% + 22 + 25)7(322 + 42% + 28)47"J then

we have

B(z)= Y Biou)ti(w) - (6.89)

’ll.ESk

We could now try and develop the theory in the same way as in the w = 2 case by forming
the §; ; for all the possible values of ¢ and j, but as can easily be seen there are fifteen.
Forming a matrix of the MacWilliams transforms of these was seen as too out of the scope
of this chapter, but the problem, although being harder could be approached in the same
way as the w = 2 case. We therefore opt at the present to obtain the weight enumerators by
looking at all the necessary vectors. For example if we want to know the weight enumerator
of the KM (24, 11, 2) codes then we need 13 generators. We have 12 given by S and the other
one can be found as {;; = 0. Now ¢;; = [010100000100100000110000] and so t5(¢;;) = 0,




t1(¢11) = 0 and #2(¢;;) = 4. So the weight enumerator of the dual KM(24, 11,2) code is

B(z) (14425 + 320z + 222 + 225 + 224 + 25)4(32% 4 42° + 25)0 + (1 + 42° + 32%)*
= 141623 + 132% 4 82° + 12825 + 23227 4 24228 + 5842° + 105629 + 1032211

101022 4 1368213 + 13442 + 760215 + 269216 4+ 88217 4 32218 4 8219 4 220
(6.90)

Then we can use the MacWilliams identities to find the weight enumerator of the primary

code. We thus get Table 6.8.

I

We could now develop, in association with the theory of Sections 6.4-6.6, the weight
enumerators of the KM(25, k,14 — k) codes (s = 1) and further. Instead we just give a brief

view of the s = 1 case to show the generalising nature of this theory.

6.7.1 'The KM(25,k,14 — k) Codes

With the inclusion of the s = 1 part of the matrix the dual code can be formed as (using

the same ideas as Section 6.3)

Dual KM(25,k,14 — k) code= | J (u+E)+ |J (v+E) (6.91)
UES), veC)_1+Sk

and therefore the weight enumerator of the dual code is
B(z)= > Bowtw + D, TBiw)im) - (6.92)
wES), ‘UGCk_l—i-Sk

Again the theory could be further developed here but we feel that it has been explained and
proven that the theory developed for the w = 2 case can be naturally extended to larger
cases. Finally, by looking at the necessary vectors we are able to form the dual code weight

enumerator and then dualise back to the primary code, the results of which are shown in

Table 6.9.
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12

11

10

[o)}

w B~ W

Ao

12

11

10

(o)}

W W

A

432
216
115
56
28
18

12

A3

A2
364
180

As

A
768
384
192
96
48
24

12

AG A?
9% 144
48 72
28 37
14 20
5 10
2 3
A4 Al5
864 432
432 216
220 103
110 52
53 26
26 11
12 4
4 2
4 0
0 0
0 0

As
54
30
13

Ale
81
41

22

W W W WA

Ju—

256
128
64
32
16

A10
576
288
136
68
38
20

12

Table 6.8: Weight Distribution of KM(24, k, 13 —k) codes
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k| Ay A, Ay As Ay As As A7 As Ay Ap
121 1 8 12 8 48 120 102 152 416
11 ] 1 1 10 1 28 57 48 81 200
10| 1 1 3 14 34 25 37 100
9 1 5 19 13 21 54
8 1 2 6 8 10 28
711 2 3 ) 16
6 1 2 6
5 1 6
4 1
3 1
2 1

k| Aun Az Az A Ais A Air

12 | 504 396 568 816 648 257 40

11| 267 190 283 412 315 135 19

10 | 124 103 141 206 162 62 11

9 58 50 70 101 83 32 5

8 136 20 36 50 38 19 2

71 20 106 18 24 18 10 1

6 | 14 10 6 10 10 5 0

5 0 10 0 10 0 5 0

4 4 4 0 0 4 3 0

3 0 2 2 0 0 1 2

2 0 1 1 0 0 0 1

Table 6.9: Weight Distribution of KM(25,%,14 — k) codes
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Chapter 7

Weight Enumerators of Shunted
Families of KM codes, 11

7.1 Introduction

In this chapter we will introduce and develop some theory concerning the relationship
between sets of vectors and KM Codes. The work has strong links with that of Hoggar
(1997) but here we give a more thorough explanation of it. Also we try to consistently keep
the idea of our general families of KM Codes at the forefront. The results obtained from

Hoggar (1997) will be indicated as such.
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7.2 Shifts and Related Topics

We start this section off with a definition.

Definition 7.1 Let a = [ ag ... Gp_1 ], of length n and define a_; = a;, = 0. Then

(1) The operator ¢ acts on a as

§ _ —
a ~5(G)—[a0~a_1 a1 —ag .- an——an_l],

to form a vector of length n 4 1.

(ii) The operator A acts on a as

A —
a —A(a)—[ag—al ay—ag ... anml—an],

to form a vector of length n.

(iii) The operator o, known as the shift of a, acts on a as

a"za(a)z[o ag ... anﬁl],

to form a vector of length n + 1.

(iv) The operator 7 acts on a as

to form a vector of length n + 1.

We now introduce a few new vectors to investigate and demonstrate the usefulness and
power of these shifts
(v) a(m) = [ g @ ... O ] yor = (1 —a?)H(1 + 3z%)™ "

This way of representing the a;’s (as defined in the previous chapter) is to investigate

the using of the vectors and relating the weight enumerator to the weight distribution.

) bm) =1 —n (3) ... (11 Thusb(©) =1,6() =1 -1].

Remark 7.2 For a vector a of length n we interpret a.a(m) as [ a QM ] .a(m) if

n < m and not defined if n > m.

150




Lemma 7.3 b(n)? =b(n + 1).

Proof.
(b)) = (01 = (07 (i)
= ("1)1((?)+(£1>) (7.1)
= (V' (")
= (b(n+1);
O

Lemma 7.4 a =[ag,-..,ay). IfD>,a; =0 then a = b® for some b= (by,...,bn_1).

Proof. The (n + 1) - vectors e; — e;41, {0 <7 < n — 1) are linearly independent and lie in
the vector space {z € R*"! : 5" z; = 0}, and so form a basis of that space. Hence a is a
n—1
unique linear combination ). b;(e; — e;+1) = >, b;d(e;) = 6(b). O
i=0
We now give a few Lemmas that demonstrate the power of the shifts when applying to

a(m), especially the ability to reduce the length of a.

Theorem 7.5 We can link & to the length of a by the following,
(0) a’.a(m) = d4z?a.a(m — 1).

(b) b(n).a(m) = (4z2)".(1 + 3z2)™".

Proof. A proof of (a) can be found in Hoggar (1997), but is a consequence of the following

two lemmas. To prove (b) we also use Lemma 7.3. O
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Lemma 7.6 Let a = [ag,...,0n-1],b=

Proof. We have
al.b

Lemma 7.7 A (a(m)) = 42?2a(m — 1).
Proof. For 0 < i <m — 1, we have

(A (a(m)));

Qg — Q1,

(1 — 22)%(1 + 3z2)™t —
(1 —2?)%(1 + 322)™ (1 + 322 — (1 — z?))
4z (a(m — 1)); .

[60s- -, bnl, then ad.b = a.b®.

(7.2)

n
3 (@i~ ai-1)bs
n—1
E aibi
n—1
> (agh; — a;biy1)
=0
2} a;(b; — biy1)

1=0
T
— > ai-1b;
=20 =0
n—1
a.b® .

(1 _ m2)z'+1(1 + 3$2)mu1-i (7.3)

For interest we show that the operator o has a similarly powerful effect on the vector

a(m).

Theorem 7.8 (Hoggar (1997))

a’.a(m) = (1 — z¥)a.c(m — 1). (7.4)

Proof. ,
a’.a(m) = a;i(1 — 2?) (1 + 32)m il
=0
= (1—22?) mZ_:l ai(1 — z2)i(1 + 3g2)m—1 (7.5)
1=0

= (1-zHa.a(m-1).

a
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7.3 Back to KM Codes

We start this section with a definition.

Definition 7.9 (i) If we have the set of vectors Si, then let abc = abcy = ay_; + by +
cCg—3 + Sk, with the shorter writing of ab = ab0 = ay_| + bp_o + Sk.

(i) Let a(Sy) denote vector [ag ... anp), such that m is the number of triples in each vector
of Sy and a; = t;(Sg).

(iii) When confusion may arise, we will explicitly write B(m) for the matrix B used in the
construction of the weight enumerators where the vectors have number of triples equal to

m. This should save any confusion between the B’s.

Example 7.10 There are various ways of using the short notation in Definition 7.9, part

(i), and here we show a few useful examples, which can be proved easily.

1. 10 = (Sg—1\ Sk),
2. 01, , = {001,101},
3. a(S;;_l \ Sk:) = CL(Sk_l) - a(Sk).

These will be used later on in this section.

We now state the link between all the previous results in this chapter (i.e. those of
Lemma, 7.3 - Theorem 7.8) and the possible use of the matrices B in the previous chapter,
which will prove excellent when trying to standardise our methods for finding the weight
enumerators. We extend this from the version found in Hoggar (1997) (where Lemma 7.3
- Theorem 7.8 are used) to include the & = 7 which can be proved directly, with S7 = {0}
and S_; = 285p.

Lemma 7.11 The following relate & and o  for our present problem,
(a) a(Sp) B(4) = 25"a(S5-4)", (0 <k <T),
(b) a(S)’B(4) = 2°"Fa(Ss-4)7, (0 <k <T7).

Now in a similar manner to Hoggar (1997), we will develop new ways using these shifting

techniques to find the weight enumerators of the shunted families of KM codes.
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7.3.1 The KM(9,%,7 — k) Codes

For ease of reading let us repeat the matrix B from (6.41) that we shall need during this

section. ) )
19 27 27
1 5 3 -9
B = (7.6)
1 1 -5 3
1 -3 3 -1
Now we know that we can write the general formula for the weight enumerator as
[ l Ag A4 AG :l = Zk_s [ 1 aq as as ] B, (77)

but by Lemma 6.13, the fact that 4; = 0, for 1 <7 < d and by noting that «; only have

even powers of  we can divide (7.7) as

[L00As)] = 2¢%[laiaza3)B, 0<k<2
[10A44 4] = 2F%[10ayas3]B, 2<k<4. (7.8)
[1 A2 Ay Ag) = 2F5[1000a3)]B, 4<k<6

Now we state and prove in a slightly different way the following lemma which can be found

in Hoggar (1997).

Lemma 7.12 (Hoggar (1997)) With matriz B as in (7.6) and any scalars p, v and A
we have (a) if (1 00 1] = p[l a b c]B then [abd] = [3(& — 1) 3(& +1) 7($) — 1] and
r= F — 1,

(b) if[L0qr]=v[10bc|B then [be)=[3(% —1) v+2] and [gr] =3 (2 —1) L47]

v

(c)if[Lpgr]=A100c|B thenc=A—1land[pgr]=[3($-1) 3(3+1) 2 -1].

Proof. This is generally the same as the proof in Hoggar (1997), but here we are keeping

the factors out of the A and so we get three different scalars. O

We now use this fact and examine the first and third cases from (7.8). Comparing (7.8)

and Lemma 7.12 (a) we have that 2 = 257 and then part one of (7.8) becomes

[1 8@zk-1) s@k—1) 721 |B=2"F[1 0 0 2%-1], O0<ks2
(7.9)
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Similarly comparing (7.8) and Lemma 7.12 (c) we have that A = 25~% and then part three

of (7.8) becomes

[1 00 2F—1]|B=25"[1 341 3@3-1) 7204 1], 4<k<

With these results we can state the following theorem.
Theorem 7.13 Ag;(k) = a;(Ss_r) and a(Sg)B = 25"%a(Ss_x) for 0 < k < 6.

Proof. The case 2 < k& < 4 can be seen in Hoggar (1997). The other two cases

0 <k<2and4<k<6 can be seen in the explanation above. OJ

So we can get a complete table of the weight enumerators of the KM(9,%,7 — k) codes

as Table 7.1.

ok Alz)
0<k<2|1 +(2F — 1)25
<k<4]1 +3(282 —1)z*  +(2F2 4 2)28
4<k<6 |1 #3281 — 12?2 43288 — 1)zt +(7.2F1— 1)z

Table 7.1: Complete table of weight enumerators of KM(9, k,7 — k) codes

We can also obtain a complete table of the a; for each k& which can then be used for the
construction of the larger family in the way of Section 6.6.2. These are shown in Table 7.2,

and can also be found in Hoggar (1997).

k ag aq as as

0<k<2|1 3(2>k—1) 3(2%*4+1) 7.227F-1
<k<4|1 0 324k —1) 2%k 12
4<k<6| 1 0 0 26—k 1

Table 7.2: Complete table of the a; for KM(9,k,7 — k) codes
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7.3.2 The KM(10,k,8 — k) Codes

We have a new generator which gives (the dash automatically being taken care of by the =

in the second sum)

B(z)= Y B+ >, lyu)

wESy, UECL_1+Sh

(7.11)

Now we know the MacWilliams Transform of 8; is (1+z)a; and similarly 26, gives (1 —2)a.

Also as S]{;_l = S]; U(Clc—l + S}c), ie. Ck-—l -+ S]‘; = Sk_l \S[\h then

ti(Sk—1) = £i(SkU(Cr—1 + Sk))
= ti(Sk) — ti(Cr—1 + Sk)
= ti(Sk) — (:(Sk—1) — £:(Sk))
= 2t;(Sk) — t:i(Sg-1) -

So
Az) = 27 ( 2 I+ 2oy + 22 (- m)Olt(u))
wESy wEC_1+Sk
= 2k7 ( E () +x ( Z () — E at(’u.)))
UES) -1 uUEeS), wEC _1+Sk

and we can write as is seen in Hoggar (1997),

[ 1 Ay Ay A ] =27 [ to(Sk—1) t1(Sk—1) t2(Sk-1) t3(Sk-1) ]B
and
[D Az As A?] = 27 [ 2t0(Sk) — to(Sk—1)  2t1(Sk) — t1(Sk-1)
25(S) — ta(Si1) 2a(Sk) — ts(Se1) | B
Using Theorem 7.13 we can simplify these to
[ 1 Ay Ay A ] = a(S7r-x)
and

I: Ay Ag Ay Ay :l = G(Sﬁ—k) - a(S'?—k:)'

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

Now we can get Table 7.3, the even weights of the KM(10, k,7 — k), Table 7.4, the vectors

a(Sg_g), and Table 7.5 which contains the largest possible ranges for k. Note here that we

are again taking the unusual step of finding a(S_1), which we are taking as 2a(Sp) as we

are just adding the zero vector ¢_;.
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k,‘ AO A2 A4 AG

0 1 0 0 0
,2,3| 1 0 0 2F —1
3,4,5 | 1 0 3(2k3 —1) 2k% 42

5,6,7 | 1 3(2k5—1) 3(2k—t41) 72851

Table 7.3: The even weights of the KM(10, k,8 — k) codes

k ag a1 a9 as
0,1,2 | 1 0 0 2k 1
2,3,4 | 1 0 3(2k—2 — 1) 2k=2 4 9

4,5,6 | 1 3(2k4—1) 3(2F341) r2k4—1
7 2 6(2F5 —1) 6(2Ft41) 2(7.285 —1)

Table 7.4: Table of the vectors a(Ss—_)

| k| A Ap A3 Ay As Ag Az
110 0 0 0 0 28 —1 k-1
210 0 0 0 0 2k —1 k-1
310 0 0 3(2F3 — 1) 3.2k=3 2k=3 1.2 k-3
410 0 0 3(263 — 1) 3.2k—3 283 42 2k—3
5010 0 3.96—5 3(2F3 — 1) 3.2k 2k=3 2 7.28-5
6 0 3(2k5-1) 3.2k—5 3(281 1) 3.2k—4 7.2675 1 7.2k
711 32k —1) 320 —1) 3(2Ft41) 3(2Ft—1) 72RO 1 7.2kb

Table 7.5: The weight distribution of the KM(10, k,8 — k) codes
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7.3.3 The KM(12,%,9 — k) Codes

Further to Section 6.6.2 we present here some more ideas for using the a to obtain the
weight enumerators. This technique is the same as the one used in Hoggar (1997).

As we see from Section 6.6.1, the a’s used (see (6.73)) contain only even powers of z
and so the weight enumerators of the KM(12,k,9 — k) contain only even powers of z. We

can thus write (6.83), using (6.84), as
[ Ag Ay Ay Ag Ag ] = 2F8 [a(S;c)'s + a(Sk_z)a} B. (7.18)
Theorem 7.14 (Hoggar (1997)) For the KM(12,%,8 — k) codes, (0 <k < 7),

[Ag Ay A Ag AS]:a(SG_k)”+a(Ss_k)“ (7.19)

Proof. Apply the results of Lemma 7.11 to (7.18). O

We need to obtain the general results of a(Sy)?” and a(S;)® so we use Table 7.2 and the
definitions of ¢ and § to obtain Tables 7.6 and 7.7. Note that an equivalent to Table 7.7
appears in Hoggar (1997).

B[ (a(Sk)%)o (a(Sk)7)r  (a(Sk)%)2 (a(Sk)%)s  (a(Sk)7)a

-1 0 2 23217k —1) 2302%F4+1) 721F 42
0,1,2 0 1 32%F—1)  3(2%k41) T2k
2,3,4 0 1 0 3(2¢4k-1) 2tk
4,5,6 0 1 0 0 26—k

Table 7.6: The elements of a(Sk)”

We can now get a complete table of the weight enumerators of the KM(12,k,9 — &)
codes, as found in Table 7.8.

7.3.4 The KM(14,k,10 — k) Codes

In this section we give a thorough explanation of the techniques developed in Hoggar (1997),

but we keep our mind on our families of KM codes in the sense of increasing s as in Section
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k| (@(S)D0 (alS))1 (alSk)?)2 (a(Sk)%)s  (a(Sk)’)a
0,1,2 1 3227k _4 3(22k42) 227k 4 1-72%F
2,3,4 1 -1 3(24k—1) 525"k o otk
4,5,6 1 -1 0 20—k 1 196k

Table 7.7: The elements of a(S)°

k Ag Az Ay Ag Ag
0,1,2 | 1 0 0 0 ok 1
2,3,4 | 1 0 0 b _ 4 5
4,56 1 0 6264 —1) 2248 3(2hP 1)

7 | 1 32k6_2 3p52k6 92526649 37ok0_7

Table 7.8: The weight distribution of the KM(12,%,9 — k) codes

4.9 (see specifically Examples 4.14 and 4.15 for this idea). Now we are concerned with s = 3

which results in the multiplications

mg = Zp-1Yd-1 mi2 = 2g-3Yd-3
mig = Zg—2Yd-2 miz = (Zr-3 +25-1) (W43 +ya_1) - (7.20)
mit = (zp—2 + 2p—1)(Yd—2 + Ya—1)

This is slightly different from what is found in Hoggar (1997), but as we shall see (obviously,
as the weight enumerator is unchanged by column manipulation, see Section 5.3.3) the
weight enumerator is the same, although the method of getting to it has to be amended.

So we have the general shunted families as represented by

00 010 0

[Zo ce zlc—l] 0 0 Of1 1 = [C() AN 613] . (721)
01 110 0
I 10 1[0 1

From (7.21) we see that we have the relation cg + ¢1p + ¢11 = 0, which we include as

the generator, E4, as in the previous case for s = 2. We also have another similar relation
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as ¢y -+ ¢12 + c13 = 0, and the usual ones by equating the coefficients each side of (7.21),

1.e. Zp—1 = €9, 2p_o = c19 and 2x_3 = ¢19. These last four relations can be converted to the

generators
e = eyteptes
Chor = Cr-1teo
Choz = Cr_aten
Ches = Cr_sten

For k = 2 the generator (}_s is just eo, but in the cases & = 7 and k = 8 we must use

Theorem 6.4. We therefore get for (1 < k < 6)

Dual KM(14, k,10 — k) code = U (u + E). (7.22)
’U-ESpa-n {e':clkgpclk_z@'}gusysk}
For k = 7, just the same as in Section 6.6 we get that 25 = 256 which from the matrix

7.21) will give the relation {§ = {5 + eg + e1q, giving the dual code as
g 5 5

Dual KM(14,7,3) code = U (u + B). (7.23)
ueSpan {e' (5.4}
The & = 8 case is similar to the k = 7 case so from Theorem 6.4 we get 25 = zsg7, which

from the matrix (7.21) can form the generator {§ = (5 + eg + €10 + €12. The dual code can

therefore be defined as

Dual KM(14, 8,2) code = U (u+E). (7.24)
ueSpan {e' ¢4}

Similarly for completeness we give the dual code of the KM(14,9,1) as

Dual KM(14,9,1) code= | (u+E). (7.25)
ueSpan {e’}

We now attempt to give the most general form of the weight enumerator construction,
but noting the difference between the work of Hoggar (1997) and the work here being that
we are using a slightly different form of the wraparound part of the matrix. As we shall see
from Theorem 7.16 we restrict ourselves to the range (3 < k& < 6) for the even weights but

are able to obtain a result for the odd weights for the range 2 < k < 6. In fact the range
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can be made bigger but the extremes are obtained directly. The cases k = 1,2,7,8,9 can
be worked out individually (of course the cases k = 1,2,9 are easy and the remaining are
explained fully above).

Now adding €' and {},_5 has a more complicated affect on B(z) and therefore A(z) so
we partition the dual code into four sets V4, with ¢,d € Fy, where

Vo = | (aChor +0Ch g + cChg + de’ + S). (7.26)
a,belis

Now any element of V4 can be written v = aCj,_q +bC_q + cCy_g + de’ +u for u € Si.
The vectors of Sj_3 have fourth triple 000, but the extra digits coming from the dashed
convert the fourth triple to [a + d,b,0] so we see that #(al,_1 + bCp_g + cp_3 + u) is

incremented by one when v4 # 000, i.e. when
abd # 000 or 101. (7.27)

Further, if v is the number of ones among the last two digits of v, i.e. ¢+ d and d, then
R(v + E) = 2" fy(,). We can now derive Table 7.9, as follows.

First of all the case ¢d = 00 is directly from (7.18). For the case cd = 01, by (7.26)
we have that the fourth triple of a vector V4 contributes 1 to t(v),v € V4, except when

ab = 10. Hence

I

(a(‘/cd))z t (l_Q) +ti (@a ﬂ) E.)
= ti—l(ma ﬂa m, l.l_) + t%(.].-.Q) - tz_l(m)
= t;-1(Sk—2) +;(10) — £;—1(10)

= a ((Sk—Z)U 'I'.l,D..J)Z :

(7.28)

For the case cd = 10, by (7.26) we have that the fourth triple of a vector V4 contributes 1

to t(v),v € Vo4, except when ab = 00. Hence

(a(Vea)); = t:(001) +¢;-1(011,101,111)
= +¢;-1(001,011,101,111) + £;(001) — ¢;—1(001) (7.29)
= @ ((Sk-3\ Sk—2)? +001°%). .
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For the case e¢d = 11, by (7.26) we have that the fourth triple of a vector V¢4 contributes 1

to t(v),v € Vg, except when ab = 10. Hence

(@(Vea)): = t:(101) +2;-1(00L,011, 111)
= #;-1(001,011,101,111) - £;(101) — #;—1(101) (7.30)
= @ ((Sk—3\ Sk—2)? +101%). .

For the case k = 7 we have Vog = |J (b¢}_q + cC}_5 + de’) and we look at each case
by
separately. For example cd = 10 gives Vg = {C%, ¢4 + ¢} and so a(V,4) = 00011.
For the case k = 8 the set Vg = (¢{},_5+de'), and again we look at each case separately.

For example c¢d = 01 gives V4 = {€'}, and so a(V,q) = 01000.

cd a(Veq) a(Vea), k=7 | a(Vea), b =8 | 7 | 2197 F(A(z), part of)
00 a(Sk_2)” + a(S;)° 10001 10000 0| a(l+z?+27)c
01 a(Sk—2)° + a(10)° 01001 01000 2| a(l+2%-27)a
10 | a(Sg_3 \ Sk_2)” + a(001)° 00011 00001 1 a.(1—z%)a

11 | a(Sk—3 \ Sk—2)° + a(101)° 00002 00001 1 a.(l-zda

Table 7.9: Contribution to A(z) for all the values of cd

Theorem 7.15 The odd weight distribution of the KM(14,k,10 — k) codes are

a(Ss_r)? —a(S_i)7, 1<kE<T
[A1 Ae A A; A9]= (S6—k) (S7—k) < (7.31)
[0 218 54 54 ], k=8

Proof. The k = 1 case is obvious. For 2 < k < 6 in the same way as Hoggar (1997), we

see from Table 7.9 that the only contribution to odd powers in A(z) is
2(a(Sk—2)" + a(Sk)’).ex = 22(a(Sk—2)" + a(10)’).cx. (7.32)
Converting this to matrix form we get

[Agip1] = 267192(a(S)-2)" + a(Sk)? — a(Sk_2)® — a(10)%).B(4)

oo s ; (7.33)
= 269(2a(S))’ — a(Si_1)").B() .
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Now using Lemma 7.11 we get

Agil = 26-9(2.98 kq(S5_ 1) + 27 *a(S_)7

[A2i41] ( (S6—k) (S7—£)7) (7.34)
= a(8-k) — a(Sr—x)7 .

The cases k = 7 and k = 8 are obtained by direct calculation, the case k = 7 can be included

by noting that it is equal to a(S-1)? — a(Sp)” for our definition of S_;. O

Theorem 7.16 The even weight distribution of the KM(14,k,10 — k) codes are (where
Ty, = 257 "(a(01;_1)-B(3)))

([100000], k=1
[100100], k=2

[Ao Ay Ay As Ag AIO]:T 06c1(15'g_k)+<52a(59_k) (7.35)
+27 o (ra(Sr—) + 6T%), 3<k<6
[101521 2 7], k=17
[ [ 13284043 13 ], k=8.

Proof. The cases k =1 and k = 2 are easy to work out individually. The case 3 <k <6
is obtained by the results of Table 7.9 as each of the values of ¢d contribute to the even
weights, as in Hoggar (1997), and using the results in Example 7.10. The reason that
this way does not provide results for the k = 2 case is due to the fact that the range in
Lemma 7.11 would be violated. Also k = 7 is not included here because of the fact that
a(Sk—2)" +a(10)° #[ 0 1 0 0 1], or alternatively noting that we have not defined (7.32)
for k > 6. The cases kK = 7 and k = 8 are obtained by direct calculation using the results of
Table 7.9. O

We can now form the table of the weight distribution of the KM(14,k,10 — k) codes
which is given in Table 7.10.

7.3.5 Future Work

The methods introduced in this chapter are theoretically easily extended to any value of

s as we have an infinite scheme for the wraparound as introduced in Section 4.9. There
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k{Ay Ay Ay As Ay As Ag A7 Ag Ay Ay
1] 1 1
211 1 2

311 3 2 1 1
41 3 6 3 2 1
511 3 9 6 5 7 1
6| 1 4 6 16 12 7 14 4
7)1 1 15 9 21 27 20 27 7
811 3 2 28 18 40 54 43 54 13

Table 7.10: The Weight Distribution of the KM(14, &k, 10 — k) codes

was not enough time, however, for the work to be completed. The groundwork has been

thoroughly set and future work will be completed in due course.
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Chapter 8

Future Work

As explained briefly in the two previous chapters there is still much that can be done on the
work of KM codes. We believe that they still hold an important part in the mathematical
world and the more known about all sides of them the better.

Indeed classifying them will enable them to be used in more specific situations. As the
development of GH-ARQ and related schemes increases, so codes with similar parameters
to those of KM are needed and this may hold the future of them. The linear algebra used
in the previous two chapters will hopefully give insight into other areas of mathematics and
it is hoped that other areas can be directly related to this area to further the study.

The results of the previous two chapters highlight the relation between the shunted
codes and this may be used for many purposes when the code characteristics need to be
altered.

Of course the work done in chapter 4 is still of the upmost importance not only to KM
codes, but also to complexity theory, and it is hoped that the new diagrammatic method
will help others to find useful and important algorithms which can, of course, then be used
to construct better KM codes. Also, other new areas of complexity theory can be directly
used to further the study of KM codes and it is hoped that the two areas can move ahead

together.
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Appendix 1

Below we give a set of standard algorithms for multiplication of the polynomials Z(u) =
20 + 21U + 29u? + zzu® and Y (u) = yp + y1u, modulo a polynomial P(u), before and after

multiplication (for use in the CRT formation of KM codes among other uses).

Modulo, P(u) | Multiplications Algorithm modulo P(u)

U m = 2ZolYo m

u+1 m = (z9 + 21 + 22 + 23)(yo + y1) m
mo = 20%0

u? mi = zY1 mg -+ (mo + my + ma)u
me = (2z0+2){yo+uy1)
mo = (20 + 22)y0

u? +1 m1 = (z1+ 23)u01 (o + ma) + (mo + ma)u
my = (z0+ 21 + 2+ 23)(Y0 + 1)
mo =  ZoYo

v? +u my = (21+2+2z3)n (mo + ma) + (mo + ma)u
my = (20+21+ 22+ 23) (%0 + y1)
mo = (z0+ 22+ 23)y0

u? +ut1 m1 = (z1+22)n (mo +ma) + (mo + m1)u
mg = (20421 +23)(yo +y1)

Algorithms, T
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Modulo, P(u) | Multiplications Algorithm modulo P(u)
Mg 20Y0
3 my 2191 mg + (mo +m1 + mg)u—l-
U
ma (20 + 21) (o +y1) (mo + m1 + mg)u?
ms (ZU + zg)yo
my (Z[) + Z3)y0
mi 2141
3 mo + (mo + my + 'ITI,Q)‘U,-F
u” +1 ma (20 + 21 + 23)(yo + 91) .
(m() + mq - 'm4)u
ms (21 + 22)y1
my (ZO + 29 + Z3)'y0
my Z0Y0
my (21 + 2z3)m1
3 mo + (mo -+ mg + mg)u—l—
Ut + u my (z0 + 21 + 23} (yo + ¥1) 5
(o + ™1 + ma)u
m3 (21 + 22 + 23)11
my (z0 + 22)y0

Algorithms, IT
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Modulo, P(u) | Multiplications Algorithm modulo P(u)
! mo (ZO + 273)'!/[]
my (21 + 23)11
; mg + (mg + ma + ma)u+
u® +u+1 mo (=0 + 21) (0 + y1) 2
(mo +mg + m4)u
ms (21 + 29 + z3)ys
my (20 + 22 + 23)y0
Mo ZoYo
mi &1Y1
- mo + (mo + my + mao)u+
u® 4+ u msa (70 + 21) (Yo +y1) 2
(mo +m3 + mq)u
ms (21 + 22 + 23)11
my (20 + 22 + 23)Y0
my (20 + 23)y0
my 21y (mo +mi + m3)+
ud +u? 4+ 1 Mo (z0 + 21 + 23) (o +91) (mo + m1 + ma)u+
ms3 (21 + 22 + z3)y1 (mo -+ mg + ma)u®
M4 (ZO + zZ)yD

Algorithms, IIT
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Modulo, P(u) | Multiplications Algorithm module P(u)
my = 2040
m1 = (=1 +23)0

mo + (mo + ma + ma)ut

uwtu+u mo = {20+ 21+ 23)(yo+ 1) 9
(mo + m3 + m4)u
m3 = (z1+22)0
mg = (20422 +23)00
mo = (204 23)%
my = (21 +23)U1 (mo +m1 +mg)+
wWruwtu+l| my = (z0+21 +23)(wo+y1) (mo + mg + ms3)u-+
mz = (21 +22)n (o -+ m3 + ma)u?
my = (20 + 22+ 23)0
Algorithms, TV
Wraparound, s | Multiplications Algorithm modulo *
1 m = Z3i1 m
my = Z23Y1
ma = (zo+ 23)(yo + Y1),
mg = 23Y1
m1 = 2%
mo + (g + m1 + ma)ut
3 my = (22 +23)(yo+y1) )
('m,o +mi + m3)'U:
ms = (21 +23)y1
mg = (z1+ 22)%0,

Algorithms, V
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Appendix 2

In this appendix we give tables of all polynomials of degree less than or equal to five over
o, together with their factorisations. The complete factorisation is in bold, the others are

coprime factorisations, i.e. in the form Pj(u) ... P;(u) such that (P;(w), Pj(u)) = 1,4 # J.

Polynomial | Factorization Polynomial Factorization

U U u3 u®

u+1 u+1 ud + 1 (u+1)(u?+u+1)

u? u? ud +u u(u + 1)2

u? +1 (u+1)? w(u? + 1)

u? +u u{u + 1) wtu+l wd+u+1

wdut+l lu?+u+t1 u? +u? u?(u + 1)
ud+u?+1 ud +u? 1
ud+u?+u w(u? + u + 1)
wd+utu+1 | (u1)3

Degree 1, 2 and 3 Factorisations
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Polynomial Factorization
ut u?
ut +1 (u+ 1)4
ut +u u(u 4+ 1) (u? +u +1)
(u? +u)(u? +u+1)
u(ud + 1)
(w+ 1) {(u? +u? +u)
wttu+1 w4+ u+1
ut -+ u? u?(u + 1)2
u?(u? + 1)
wt+u? 41 (u2+u+1)2
wttuitu w(u® + uw + 1)
ut +u? +u+1 (v + 1)(u® + u? 4 1)
ut 4+ ud ud(u + 1)
ut +ud + 1 ut +ud+1
wt +ud +u w(ud 4 u? + 1)

wtuddutl

ut 4 ud - u?
wt +ud a4 1

wFudt 4wl +u

wrtud+ultu+l

(u+1)*(u? +u+1)
(u? 4+ D) (u? +u+1)
u?(u? +u+1)

(v +1)(u® +u+1)
u(u + 1)3

w(ud + u? +u+ 1)
wttud+uitu+t1

Degree 4 Factorisations
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Polynomial Factorization
ud u’
ud 1 (v +D(uw* +u®+u? +u+1)
uwd +u w(u + 1)4
u(ut + 1)
ub+u+1 (u? +u+ 1) (ud+u?+1
ud + u? u?(u+ 1)(uv? +u + 1)
w?(ud +1)
(ud +u)(u? +u+1)
(u+ 1) (u? + u® + u?)
w’ +u?+1 ud +u? + 1
ud +u?+u u(u? +u + 1)

u’ +u? +u+1

wdrud+1

w4 ud +u
w+ud tu+tl
u® +ud 4+ u?

u +ud+u?+1

wS+ud +u? +u

w+ud+uttutl

(1 + 12 +u + 1)
(w? + 1) (ud +u+1)
ud(u + 1)?

ud(u? +1)

wWtud+1

u(u2 + u + 1)2

uf{u? + u? + 1)

(u+ 1) (u* 4+ u? + 1)
u?(ud +u +1)

(u+ 152 + u + 1)
(w® 4+ u? +u+D)(w? +u+1)
u(u + 1) (u® + u? 4+ 1)
ufu? +u? +u+1)

(u+ 1)(u? +u® +u)

(u? -+ u)(ud +u? +1)

w +ud +uttudtl

Degree 5 Factorisations Part 1
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Polynomial Factorization

ub + ul ut(u + 1)

ud +ut +1 (u® 4+ v 4 1) (u? +u+1)
wd+ut +u u(u* + ud + 1)

w4+ ut w1 (u+1)8

ub 42 w?(ud +u? + 1)

wd +ut +u? 41 (u+ 1) (ut +u + 1)
wt+ut+ul+u u(u + 1)2(u? +u+1)

w(u? +1)(u? +u+ 1)
w(u? +ud Fu+1)
(u? + 1) (u® + u? 4+ u)
(wd +u)(u* +u+1)

wWruttuitu+l wWtutt+uit+ut1
w® + ut + vl ud(u? +u + 1)
b+t +ud+1 (u+1)%(u® + u? 4+ 1)

(u? + 1) (ud +u? +1)
wtut+ud4u u(u + 1) (u® +u 1)
w(u® +ud 4+ u? + 1)

(w4 1) (ut +u? +u)

(w? + u)(ud +u+1)
wrut et el wtutt+udtutl
u® +ut +ud 4 u? w?(u + 1)3
w?(u + u? +u+ 1)
wtut+udFu 41 wtut4+ud+u2 41
w® +ut +ud +u?tu w(ut +u® +u? +u+1)
wtut a1l | (u+ D)+ w4 1)2
(u+1)(u! +u? +1)

Degree b Factorisations Part 2

173




References

AVERBUCH, A., WINOGRAD, S. & GALIL, Z.,Classification of all the Minimal Bilinear
Algorithms for Computing the Coefficients of the Products of Two Polynomials Modulo a

Polynomial, Lecture Notes In Computer Science 226 31-39 (1986)

BsuouTy, N.H., A Lower Bound for the Multiplication of Polynomials Modulo a Polyno-

mial, Information Processing Leiters 41 321-326 (1992)

CHUDNOVSKY, D.V. & CHUDNOVSKY, G.V., Algebraic Complexities and Algebraic Curves

over Finite Fields, Journal of Complezity 4 285-316 (1988)

Fibuccia, C.M., Fast Matrix Multiplication, Proc. of the 3rd Annual ACM Symposium
on the Theory of Computing, Shaker Heights, Ohio, 45-49 (1971)

HirL, R., A First Course in Coding Theory Oxford University Press, Oxford (1986)

HoGoAR, S.G. & PICKAVANCE, K., The Weight Distribution of KM Codes, IMA Confer-
ence on the Applications of Combinatorial Mathematics Oxford University Press (1997)

HoGGAR, S.G., Weight Enumerators of KM Codes with Wraparound, To Appear in Dis-
crete Mathematics (1997)

HorcrorT, J. & MUsINsKI, J., Duality Applied to the Complexity of Matrix Multiplica-
tion and other Bilinear Forms, STAM Journal Computing 2 159-173 (1973)

Kawminski, M., A Lower Bound for Polynomial Multiplication Theoretical Computer Sci-
ence 40 319-322 (1985)

174




KnutH, D.E., The Art of Computer Programming, Vol. 2, Addison-Wesley, Reading, MA
(1981)

KrisaNA, H., On a signal Processing Algorithm Based Class of Linear Codes, Applicable

Algebra in Engineering, Communication and Computing 4, 41-57 (1993)

KRisHNA, H., Computational Complexity of Bilinear Forms, Lecture Notes in Control and

Information Sciences 94, Springer-Verlag (1987)

KrisaNA, H. & MORGERA, S.D., A New Error Control Scheme for Hybrid ARQ Systems,
IEEE Trans. Communications, 35 981-989 (1987)

LaANG, S., Algebra, Addison-Wesley; Reading, Mass. (1993)

LEMPEL, A., SEROUSSI, G. & WINOGRAD, S., On the Complexity of Multiplication in
Finite Fields, Theoretical Computer Science 22 285-296 (1983)

LEMPEL, A. & WINOGRAD, S., A New Approach to Error-Correcting Codes, IEEE Trans.
Information Theory, 28 503-508 (1977)

LipL, R. & NIEDERREITER, H., Finite Fields, Encyclopedia of Math. and its Applications,
20 Addison-Wesley; Reading, Mass. (1983)

LN, S. & CosTELLO JR., D.J., Error-Control Coding: Fundamentals and Applications,

Prentice Hall, Inc. Englewood Cliffs (1983)
LiNnT, J.H. VAN, Introduction to Coding Theory, Springer, New York (1982)

MCFARLANE, 1., Generalised Type-II Hybrid Automalic Repeat Requesl Schemes and KM
Codes, MSc Thesis, University of Glasgow Mathematics Department (1991)

MAcCWILLIAMS, F.J., A Theorem on the Distribulion of Weights in a Systematic Code,
Bell System Tech. J., 42 79-94 (1963)

MACWILLIAMS, F.J. & Sr1oang, N.J.A., The Theory of Error-Correcting Codes, North
Holland, Amsterdam (1977)

175




WINOGRAD, S., On the Number of Multiplications Necessary to Compute Certain Func-

tions, Comms. on Pure and Applied Maths. XXIII 165-179 (1970)

WINOGRAD, S., Some Bilinear Forms Whose Multiplicative Complexity Depends on the
Field of Constants, Mathematical Systems Theory 10 162-180 (1977)

176




