





the error variance o can be constructed in this case from successive differences of the
residual plot.

The strength of the evidence of nonlinearity from the plot of raw residuals, even
with the nonparametric regression curve superimposed, is unclear. However, the
addition of the reference band confirms that the curvature in the second half of the
plot does indeed indicate the linear regression model to be an inadequate description
of the data.

An advantage of the method of residual smoothing is that it can be applied when
there is more than one explanatory. The residuals can be plotted against a single
explanatory of interest, or against the fitted values, as a general check on the model
chosen. As a second example, and one with several covariates, the Stack Loss data
set of Chapter 2 is considered again. In Chapter 2, it was commented that Daniel
& Wood (1980), in their analysis of these data, concluded that while a linear term
in water temperature was sufficient, a quadratic term in air flow might be required.
In this example, this is investigated further, and the residuals from a Normal linear
regression are smoothed against the explanatory of interest (air flow). Figure 3.4.9
shows a reference band superimposed on a plot of the residuals against air flow. The
paucity of data at the upper end of the covariate scale is reflected in the very large
variance over that area. It is clear from the figure that the pattern in the residuals
indicates that a simple linear regression in air flow is inappropriate. It would appear

that a polynomial of higher degree, or a smooth function, is required, thus confirming
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Figure 3.4.9: A reference band for the stack loss data
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the observations made by Daniel & Wood. This is investigated more formally in
Chapter 6, where a modified version of the test proposed by Azzalini & Bowman

(1993) is applied to these data.

3.5 Discussion

The use of reference bands has been explored in a wide variety of simple but common
problems where nonparametric curves arise. These bands express a hypothesis, of
equality, parallelism, or parametric shape, and allow a helpful graphical assessment
of whether the data support the hypothesis. The bands should not be used as an
inferential tool on their own. They are intended to support the results of more formal
tests, such as those proposed in Chapter 4, by indicating the features of the curves
which are likely to be the cause of a small p-value, or by indicating why apparent
features do not contribute strongly to statistical significance.

In those cases where nonparametric smoothing techniques have been employed,
there is a remarkable stability of the results over a wide range of smoothing parame-
ters. Where use of a single smoothing parameter is preferred, the ”plug-in” methods,
briefly introduced in Section 1.2.3 of Chapter 1, offer very effective choices. The diffi-
culties of bias in the construction of the estimates have also been avoided here, since
the focus of interest is on the contrast of two curves. These issues demonstrate the
important difference between estimation and inference in this context.

Several examples of reference bands have been illustrated but the principle can
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be applied to a variety of other contexts. In particular, all the examples discussed in
this chapter dealt with the comparison of two groups. If more groups were present, it
would be reasonable to compare each pair of groups in turn. In this case, a Bonferroni-
type adjustment could be made to the width of each reference band, to compensate
for the multiple comparisons.

Bowman & Young (1996) extend the ideas of this chapter further by demon-
strating how a reference band for Normality can be produced, and compared with a

(nonparametric) density estimate.
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Chapter 4

Nonparametric analysis of

covariance

4.1 Introduction

As already demonstrated in Chapter 3, analysis of covariance is a very useful and
common technique for comparing the values of a response variable y across several
groups in the presence of a covariate effect. We can write this model in the following

general notation
Yij = my(z;;) +e5; where i=1,...,p; j=1,...,n;: (4.1.1)

In the simple linear case, m;(z) = o; + f;z. In some situations there is a parametric,
but nonlinear, candidate for m;. For example, Figure 4.1.1 displays again the White
Spanish Onions data from Chapter 3. As before, Yield is on the log scale, in order to
stabilise the variance.

For these data, Ratkowsky (1983) proposes fitting a Holliday (1960) yield-density
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Figure 4.1.1: White Spanish Onions data
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model, which has deterministic components

log(y) = —log(a + Bz + vz?),

and these are displayed in Figure 4.1.1 with the (dotted) nonparametric estimates.
Ratkowsky’s approach leads to a nonlinear analysis of covariance in order to identify
differences between the groups. This involves nonlinear regression and the resulting
inferences are necessarily approximate.

An extension of the general model in (4.1.1) is available through the semipara-

metric approach of Speckman (1988). Here specific shape assumptions are relaxed
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and m;(z) = o; + g(z), where g(z) is assumed only to be a smooth function, esti-
mated nonparametrically. Speckman discusses a variety of issues of estimation and
describes approximate F-tests which can be applied in the present context to identify
differences among groups. These tests are based on asymptotic Normality.

Hall & Hart (1990) use a bootstrap approach to test the equality of two smooth
curves when the design points of the two groups are identical. This assumption
enables bias to be eliminated. The test statistic is essentially a scale-adjusted version
of 33(§1 — §2)?, where gy and g are the true regression curves. A later generalisation
drops the assumption of identical designs, by pairing off ”similar” design points.
Some loss of accuracy is observed, due to errors arising from the mismatch of the two
designs. The test also generalises to the comparison of more than two groups. As will
be seen, the tests presented in this chapter take a slightly different approach in the
construction of a test statistic, and do not require common design densities. In all
the tests here, Normal errors are assumed, allowing the calculation of a chi-squared
null distribution, as opposed to using the bootstrap method.

King, Hart & Wehrly (1991) also propose a test of equality for two nonparametric
regression curves. Design points are identical, in order to eliminate bias. Normal
errors are assumed, although the error variances are not constrained to be equal across
groups. The type of smoother is not stated explicitly, although the Gasser-Miiller
(1979) estimator is recommended as its properties make the test asymptotically valid

when the Normality assumption fails. The test statistic is of a similar form to Hall
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& Hart (1990), based on the sum of squared differences between the two estimates.
In deriving an expression for a p-value, King et al (1991) follow a similar argument
to that presented in this chapter, but use Monte Carlo methods to approximate the
null distribution.

An alternative method of inference is the heuristic F-test approach of Hastie &
Tibshirani (1990). By analogy with parametric modelling, this involves contrasting
residual sums of squares under competing models, and comparing the resulting test
statistic against an appropriate [’ distribution. Degrees of freedom for the tests
are derived in a similar manner to that discussed in Section 1.2.4 of Chapter 1.
The authors note that although exact distributional results are not available, the
approximate F'-test approach provides at least a simple rough guide.

The aim of this chapter is to explore the use of a general nonparametric model
in the ANCOVA setting, in particular allowing the assumption of additivity to be
tested within the more general model of a different covariate effect for each group.
The approach taken is analogous to that used by Azzalini & Bowman (1991) in the
context of repeated measurements, although different problems of estimation and
testing arise in the present context. Highly accurate moment-based approximations
to the null distributions of test statistics will be used as in Azzalini & Bowman (1993).
The test statistics are described in Section 4.2 along with issues of estimation of g and
a;. In particular, as in Chapter 3, the Gasser-Miiller (1979) or local linear estimators

can be employed to reduce problems of bias in estimation of g. The Spanish Onion
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data sets are used as examples in Section 4.3.
The power of the proposed tests is estimated through a simulation study and
contrasted with a linear parametric approach in Section 4.4. Some final conclusions

are drawn in Section 4.5.

4.2 Tests of equality and parallelism

4.2.1 A test statistic for equality

We consider first the simple case of testing the equality of two or more smooth curves.
The hypotheses in this case are most clearly formulated as

HO: i = g(z45) + €4

HI1: yi; = gi(wi;) + €45,  g:'s not all equal
where the &;; are independent N(0,0%) random errors. By analogy with one-way
analysis of variance, a natural test statistic is

ij i {fh(wzg) - g(xij)}z
TS = =U= (4.2.2)

~

&2

where individual estimates of each curve are contrasted with a common estimate
under the assumption of equality. This comparison is made at all points z;; in the
design space. In order to remove the effects of scale, an estimate of the error vari-
ance o2 appears in the denominator. This is of exactly the same form as the test
statistic proposed by Azzalini & Bowman (1991) in a repeated measurements model

where several groups are compared and the time effect is assumed to vary smoothly.
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However, different issues arise in the present context where covariate values can be
irregularly spaced.

A simple nonparametric curve estimator §; is provided by the kernel method. As
in Chapter 3, the Nadaraya-Watson (1964) estimator is unsuitable because the bias
depends on the underlying design density. The Gasser-Miiller (1979) and local linear
methods of smoothing, introduced in Section 1.2 of Chapter 1, share the attractive
property that the bias is asymptotically independent of the design density, and this
is exploited again in this chapter. The form of the bias is also given in Chapter 1.

Under the null hypothesis that the curves g; are identical, the asymptotic biases
in estimation of the unconstrained curves and the common curve are identical. The
bias terms in the numerator of the test statistic (4.2.2) therefore cancel. This would
not be the case with Nadaraya-Watson (1964) smoothing unless the underlying design
densities were the same, or there was a fixed design which was the same for all groups.

To complete the test statistic an estimator of ¢? is required. As in Chapter 3,
the first-order difference approach of Rice (1984) is used and a pooled estimator is

constructed as

1 p P
6% = > (ni—1)87, where n=> n;

n—p;5 i=1

under the assumption that error variance is constant across groups.
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4.2.2 Distribution of the test statistic

Azzalini & Bowman (1991, 1993) examined test statistics of a similar form to (4.2.2)
and made use of the fact that both the numerator and denominator are quadratic
forms in the data. Here, the vector of fitted values for {g;(z;;)}7; can be written in
vector-matrix notation as g; = S;y;, where S; is an n; X n; matrix of known weights.

The entire collection of these fitted values can be represented as

g = Say

where Sq is an n X n matrix. The vector of fitted values derived from the assumption
of a single curve for all the data may be represented as Sgy, where Sg is a different
1 X n matrix of weights.

The numerator of test statistic (4.2.2) can then be written as
y'18a = Ss["[Sa - SeJy-

For simplicity, the matrix [Sq — Ss]” [Sq — Ss] shall be represented by Q. When y is
replaced by g+ ¢, several terms in the expansion of this numerator disappear, at least
asymptotically, as a result of the bias properties of the Gasser-Miiller (or local linear)

estimator and it simplifies to

eTQe.

The formula for 62 can be expressed as




with expectation
E(6%) = E(¢"Be) + g"Bg

where B is an n X n symmetric matrix. The last term is the sum of successive squared
differences of the true function g. This term is small relative to the first term in & and
it is easy to show that ignoring this term has the effect of making the test conservative.

Putting these two results together gives the following approximate expression for

a p-value for the test:

eTQe -
p= P{eTBE > Obs} = P{"(Q - B x Obs)e > 0} (4.2.3)
where Obs is the observed value of the test statistic. This is now a quadratic form in
Normal variables (not necessarily positive) of the type 27 Az where E(z) = 0 and A
is an n X n symmetric matrix.

Johnson & Kotz (1970b) show that the s-th cumulant of the distribution of such

a quadratic form is given by
K, =2079(s — 1)1tr{(VA)*}, where V = Cou(z). (4.2.4)

In this case, the equation in (4.2.3) is scale invariant, and so Cov(z) = Cov(e) can
be set to the identity matrix, without loss of generality. Result (4.2.4) is used to
calculate an accurate approximation to the null distribution. The approach taken is
to match the first three moments of the test statistic with those of a suitable chi-
squared distribution. Pearson (1963) and Solomon & Stephens (1978) provide some

evidence of the suitability of this technique.
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From Johnson & Kotz (1970a), the s-th cumulant of a x?(b) distribution is given
by

K, =206"U(s —1)b. (4.2.5)

For this test, an ax?(b) + ¢ distribution is used as the approximate null distribution.
Formula (4.2.5) gives the mean of an ax2(b) + ¢ distribution as ab+ c, the variance as
2a%b, and the skewness as \/% Now, formula (4.2.4) gives cumulants K3, K, and K3
for the quadratic form in formula (4.2.3), and hence the mean, variance and skewness
can be found (u = K, 0* = K, and a3 = %%1 respectively).

Thus, in order to match the mean, variance and skewness of the quadratic form

with that of an ax?(b) + ¢ distribution, it is necessary to take

K;
a = —
4K,
, _ 8K
2K?
cC = Kl—_]%f

In other words, given the mean, variance and skewness of the distribution of the
test statistic (using formula (4.2.4)), a, b and c are calculated such that an ax?(b) +c
distribution has the same mean, variance and skewness. This ax2(b) + ¢ distribution
is then used as an accurate approximation to the null distribution, to calculate a

p-value in the usual manner.

4.2.3 Estimation and inference in the parallel model

The hypotheses of interest in this case are
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HO: gy = o + g(z45) + €55, a1 =0
H1: yi; = gi(wi;) + €45, 9’ not all equal or parallel
where the g;; are independent N(0,0%) errors. The proposed test statistic is

53 {6 + 3lawg) — (o)}
TS = == (4.2.6)

~

52

Again, the properties of the Gasser-Miiller (1979), or local linear, estimator ensure
that any bias terms in the numerator disappear. The common smooth function ¢ is
obtained by subtracting o; from each y;;, giving a sample (24, y;;) from a single pop-
ulation. These adjusted responses are used to estimate g (in practice, the estimated

«; are used). This is the partial residual method described by Speckman (1988) and

this approach gives

g =5S:(y — Da)

where D is a design matrix for the parametric part of the model, and S; is as described

in Section 4.2.2. The model can therefore be expressed as

y = Da + Si(y — Da) + error terms

which can be rearranged as
(I, —Ss)y = [(I, — Ss)D]ax + error terms. (4.2.7)

Applying the familiar least-squares formula to (4.2.7) leads to the following estimator

for o
&= [D” (I, - S)"(I, - S.)D] D7 (I, - $,)(T, - S.)y

85



Thus the o term is estimated parametrically, via a least-squares argument which
is commonly applied to semiparametric models, of which the present situation is
an example. Speckman (1988) notes that this estimator is asymptotically Normally
distributed, with negligible bias.

Since & involves the smoother S, it therefore depends on the choice of smoothing
parameter. Although the tests themselves are carried out over a range of smoothing
parameters, as described in Section 4.3, simulations indicated that the best approach
was to use the same é& throughout, regardless of the smoothing parameter used when
estimating the actual curves. A satisfactory choice of smoothing parameter for esti-
mating « was found to be —27—15, where R is the range of the design points.

As in the case of the test of equality, the test statistic can be expressed as a
quadratic form, of the appropriate type. The numerator of (4.2.6) reduces to the

quadratic form shown below

T

{ (L, ~S)D i (Ss—Sa) ] ......

where the square brackets and dotted lines denote partitioned matrices. The deriva-
tion of this expression can be found in the Appendix. Since the expectation of (& — )

is asymptotically negligible, the quadratic form results can again be applied.
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4.3 A practical example
4.3.1 Introduction

In this section these methods are applied to the agricultural yield-density data intro-
duced in Chapter 3. Comparisons are also made with the nonlinear models suggested
for the data. Figure 4.1.1 showed a plot of the White Spanish Onions data. As a
reminder, the data consist of the Yield (g/plant) and Density (plants/m?) of White
Spanish Onions from two South Australian localities, namely Purnong Landing and
Virginia, and the interest is in regressing yield on density. Yield is on the log scale,
as a variance stabiliser. The second data set refers to Brown Spanish Onions, from
a further two locations, namely Mount Gambier and Uraidla, as illustrated in Fig-
ure 4.3.2. As indicated earlier, Ratkowsky (1983) proposes fitting a Holliday (1960)
yield-density model to these data. These are displayed in Figure 4.1.1 along with
an alternative method of modelling the relationship, namely the nonparametric esti-
mates. Natural questions which arise in this context are (i} whether the yield-density
relationship is the same for the two localities, and (ii) whether the yield-density rela-
tionships are different but parallel for the different localities. These questions can be

answered in a nonparametric way through the tests outlined in Section 4.2.

4.3.2 White Spanish Onions

Once again, it is of interest to avoid the contentious issue of choice of smoothing

parameter. In this case, the tests are carried out over a wide range of smoothing
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Figure 4.3.2: Brown Spanish Onions data
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values, and a p-value calculated for each. The results are then presented in the form
of a significance trace, first introduced by Azzalini & Bowman (1991), which plots
these p-values as a function of smoothing parameter. It is often the case that the
corresponding curve is consistent across a wide range of possible smoothing param-
eters, either always below, or always above, the 5% significance level. This leads
to the same conclusion about the data regardless of choice of smoothing parameter.
In cases where the results are not so consistent, the shape of the plot is still highly

informative.

88




If a more precisely defined procedure is preferred then a specific method of smooth-
ing parameter selection can be used to identify a single smoothing parameter at which
significance can be evaluated. Such a procedure would, however, ignore the effect of
the variability in smoothing parameter selection on the p-value obtained. For this
reason, the full picture provided by the significance trace is very helpful. In particu-
lar, it can be useful to know whether the test is significant at any value of smoothing
parameter.

For the test of equality on the White Spanish Onions data the p-values lie below
0.001 for all choices of smoothing parameter, leading to the clear conclusion that the
two curves are different. If an approximate F-test is carried out on the residual-
sums-of-squares resulting from the non-linear parametric Holliday models fitted to
the data, a p-value of around 1079 is obtained, leading to the same conclusion.

After the rejection of equality, it is natural to investigate parallelism, and Figure
4.3.3 shows the significance trace resulting from the test of the null hypothesis of
parallel curves within the alternative of unrestrained curves. Here it can be seen
that, for all but the lowest values of smoothing parameter (and these values are
unrealistic in practice), the curve lies below the 5% line, leading to rejection of the
hypothesis of parallelism. The approximate F-test on the Holliday models however,
produces a p-value of 0.1521, too large to reject parallelism at the 5% level. This
suggests that the nonparametric approach is picking up a feature of the data which

the more rigid parametric model is unable to detect. Another look at Figure 4.1.1

89




Figure 4.3.3: Significance trace for the test of parallelism on White Onions data
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suggests that there may be two outlying Virginia observations, at the lowest values of
density and with the highest yield. The significance trace obtained when these points
are removed is displayed in Figure 4.3.4. Here the conclusion is quite different, as the
trace remains above the 5% level, indicating that parallel curves describe the data
well. When the Holliday models are fitted to this reduced data set, a p-value of 0.2523
is obtained for the test of the parallel model. The nonparametric and parametric tests

are therefore in agreement when these two observations are removed.
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Figure 4.3.4: Significance trace for the
outliers removed

test of parallelism on White Onions data with

Test of parallelism is based on 82 data points

p-value

Smoothing parameter

4.3.3 Brown Spanish Onions

We now carry out the test of equality on the Brown Spanish Onions dataset displayed

in Figure 4.3.2, and the resulting significance trace is shown in Figure 4.3.5. Here the

p-values are clearly above 0.05, leading to the conclusion that there is no difference

between the yield-density relationships of Brown Spanish Onion obtained in Mount

Gambier and Uraidla. The approximate F-test based on the parametric model re-

turns a p-value of 0.0551, and is therefore in agreement with the semiparametric test,

although the p-value in the parametric case is much closer to the 5% mark.
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Figure 4.3.5: Significance trace for the test of equality on Brown Onions data
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4.4 A simulation study

4.4.1 Introduction

In this section the power of the nonparametric approach is studied through simulation.

Three tests are considered, namely

N1: the nonparametric approach of Section 4.2.
N2: the nonparametric approach of Section 4.2, but with ¢ assumed to be known.
L: a linear analysis of covariance model.

The inclusion of N2 allows us to examine the effect of estimating o2, and L allows
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comparison with the common parametric analysis of covariance approach, based on
straight lines, which might be used if a nonlinear covariate effect is not marked.

Three sets of design points were used, namely:

(i) both groups equally spaced on the interval (0, 1).

(ii) both groups identical, as determined by a single random sample from a Un(0,1)
distribution.

(iii) each group determined by a different sample from a Un(0,1) distribution.
Each group was of size 30. Three different regression relationships were used, as

defined below.

Group 1 Group 2
(a) y==zx y = PBx; 6=1.0,0.9,0.8
(b) y=20 y = Psin(2rz); 4 =10.0,0.1,0.2
(c) y =0 y=f(z® -z +0.15); f=0.0,051.0

In all cases, random error was added, drawn from a N(0, o%) distribution. Two values
of ¢ were used, namely 0.05 and 0.1. »The tests were carried out with a smoothing
value of %i—%, R being the range of the design points, and using the Gasser-Miiller
(1979) smoother.

Figure 4.4.6 shows one set of sample simulation plots for each of the three functions
used, for the case of the equally-spaced design. For each combination, 500 simulations

were carried out.
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Figure 4.4.6: A set of sample simulation plots
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Table 4.4.1: Powers for the test of equality for the underlying linear function, based
on 500 simulations and with n; = 30, at the 5% level.

B =10 B =09 F=028
NI N2 L |NI N2 L |NI N2 T,

Equally-spaced design
c=0056|.02 06 .06[.76 .95 99| 1 1 1
c=01 [.03 04 .08|.23 .32 46| .86 .94 .98

| Un(0,1) design (same for both groups)
r oc=005].01 06 .056|.45 .81 .92} 1 1 1
i c=01 |.04 05 06|.15 .24 35|.68 .78 .93

Un(0,1) design (different for each group)
oc=005|.01 04 05|44 75 92| 1 1 1
c=01 {.02 .07 .05,.17 .20 40| .64 .74 .94

4.4.2 'Test of equality

Table 4.4.1! shows the powers obtained from simulations with the linear function.
Since the linear regression model is the correct one in this case, it would be expected
to have superior efficiency. Predictably, the results are better when the known value
' of o2 is employed, but the difference is not large, except when the error variance
is small and the curves differ by a small amount. This reflects the inaccuracy of a
first-order difference approach to estimating %, when the underlying relationship is

linear.

The powers obtained for the sine function are given in Table 4.4.2. Here, although

Within each group, the column labelled N1 represents the semiparametric test, the column
labelled N2 represents the semiparametric test with known o2, and the column labelled L represents
the results of a simple linear regression.
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Table 4.4.2: Powers for the test of equality for the underlying sine function, based on
500 simulations and with n; = 30, at the 5% level.

B=0 B=0.1 B=02
NI N2 L |NI N2 L |[NI N2 L

Equally-spaced design
c=005|.04 04 06|.96 .99 84| 1 1 1
c=01 |.05 .04 .03|.46 .46 .34|.97 .98 .82

Un(0,1) design (same for both groups)
oc=005].04 06 .04|.93 98 88| 1 1 1
c=01 [.06 .04 .04].37 41 36|.95 .98 .89

Un(0,1) design (different for each group)
c=00>|.04 .04 05]|.92 97 94| 1 1 1
oc=01 |.04 03 .05|.32 .37 .42|.91 .95 .95

the linear regression model is clearly not the correct one, it still picks up the differences
on most occasions, but is generally out-performed by the nonparametric test.

The results for the quadratic function are shown in Table 4.4.3. In this case the
linear regression model is hopelessly inadequate, and is dramatically outperformed
by the nonparametric test.

In Tables 4.4.1 to 4.4.3 the slightly conservative nature of the nonparametric test,
due to the estimation of o2, is illustrated in those cases where the null hypothesis
is correct and the probability of rejection should be 0.05. The properties of the test
also depend of course on the suitability of the chi-squared null distribution, and this

appears to be satisfactory.
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Table 4.4.3: Powers for the test of equality for the underlying quadratic function,
based on 500 simulations and with n; = 30, at the 5% level.

B=0 8=05 B=1
NI N2 L |NIL N2 L N1 N2 L

Equally-spaced design
c=0056].04 04 06].49 .61 .02]| 1 1 .00
oc=01 |.06 .03 .05(.14 .16 .04 | .46 .61 .04

Un(0,1) design (same for both groups)
o=0.05|.04 .06 .05|.48 b5 .20 1 1 .76
oc=01 .06 .04 03|.15 .16 .10| .49 .61 .28

Un(0,1) design (different for each group)
c=005]|.04 04 05|46 .52 .08|.98 1 .13
c=01 |.06 .03 .05|.13 .13 .06 | .43 .52 .09

4.4.3 Test of parallelism

In this case, another parameter , describing the shift between the curves for each
group, must be chosen. In all simulations @ = 0.5 has been added to the responses
for the second group. For example, the linear function now becomes a comparison
between y = z and y = o+ fz (ignoring the stochastic terms) for § = 0.8, 0.9 and 1.

Powers are given for the semiparametric test, and for a simple linear analysis of
covariance. If the parameters (this time ¢? and o) are known, then the test reduces
to a test of equality with known o2, and the results are as for N2 in Tables 4.4.1
to 4.4.3. Hence, there is no N2 in our tables in this section. However, the effect of

estimating « can be assessed by comparing the N1 results from Section 4.4.2 with the
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Table 4.4.4: Powers for the test of parallelism for the underlying linear function, based
on 500 simulations and with n; = 30, at the 5% level.

B=10 | f=00 | B=08
NI L |NI T |NI L

Equally-spaced design
c=005} .02 .05|.16 .65|.85 1
g=0.1 02 .05].09 .21|.29 .66

Un(0,1) design
(same for both groups)
c=005| .01 .06|.11 .56 .73 .99
o=0.1 03 .04|.07 19| .24 .56

Un(0,1) design
(different for each group)
oc=0.05|.004 .04|.13 .58 |.61 .99
c=01 03 .04}.05 .17|.20 .58

N1 results here, as will be seen.

Table 4.4.4% shows the results for the linear function. As before, the linear re-
gression model performs well when the true model is linear. The non-parametric test
performs reasonably for 8 = 0.8 and o = 0.05, but exhibits a drop in power elsewhere,
when compared with the N1 results in Table 4.4.1. Since the essential difference be-
tween these power studies is the requirement to estimate c, it is there that power
is being lost. Indeed, additional simulations suggest that ¢& is sometimes subject to
bias when the underlying model is linear. However, the nonparametric approach may

hold less attractions anyway when the data are very close to linearity.

?Within each group, the column labelled N1 represents the semiparametric test and the column
labelled L represents the results of a simple linear regression.
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Table 4.4.5: Powers for the test of parallelism for the underlying sine function, based
on 500 simulations and with n; = 30, at the 5% level.

F=0 |B=01]pF=02
NI L |N L[N ©

Equally-spaced design
oc=0.05]|.06 .05|.97 94| 1 1
c=01 |.06 .07|.42 .49|.97 .93

Un(0,1) design

| (same for both groups)

| c=005].06 .06|.95 96| 1 1
o=01 [.02 .05|.40 48| .96 .96

Un(0,1) design
(different for each group)
c=005].00 05[.93 98| 1 1
c=01 .06 .03}.32 .55|.93 .98

The powers for the sine function are given in Table 4.4.5. Here the semiparametric
test performs satisfactorily, and the estimates of « are better than in the case of the

linear function. The powers are consequently comparable with those for N1 in Table

4.4.2.
Table 4.4.6 has the powers for the quadratic function. As with the test of equality,
the parametric test is generally inadequate, and is outperformed by the semiparamet-

ric test. Again, good estimates of « lead to N1 results comparable to Table 4.4.3.
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Table 4.4.6: Powers for the test of parallelism for the underlying quadratic function,
based on 500 simulations and with n; = 30, at the 5% level.

B=0 | p=05]| =1
N1 L [Nl L [Nl L

Equally-spaced design
c=005].06 .05[.52 .03| 1 .00
c=01 [.06 .07|.14 .04|.50 .02

Un(0,1) design
(same for both groups)
o=005|.05 .06|.51 40| 1 .83
o=01 |.02 .05|.15 .14 | .61 .41

Un(0,1) design
(different for each group)
oc=0.05|.056 .05|.47 .06 .98 .08
c=01 .06 .03|.14 .06 .48 .06
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4.5 Discussion

The examples and simulation study show that the nonparametric approach offers a
very useful alternative to parametric methods of analysis of covariance. Parametric
methods will clearly be preferable where there is confidence that the adopted model
provides an accurate description of the data. The flexibility of the nonparametric
approach is particularly effective when a parametric model is clearly inappropriate,
or of doubtful validity.

Much of the work in this chapter can be found in the paper by Young & Bowman

(1995).
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Chapter 5

Analysis of covariance with binary

response data

5.1 Introduction

This chapter extends the ideas presented in Chapter 4 by considering binary response
data, where typically the interest is in modelling the probability that an event occurs.
Such models are often used in biostatistics, for example, to model the probability of
suffering from a disease.

This situation has already been considered in Section 3.2.2, where the idea of a
reference band for equality was applied to binary response data. For the continuous-

response regression model, Chapter 4 proposed a formal method of inference, to

support the graphical techniques presented in Chapter 3. In the same way, in this
chapter a formal test is derived to accompany the reference bands for binary response

data.
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A traditional parametric approach to such data is to fit a linear logistic regression,
which is an example of a generalized linear model. McCullagh and Nelder (1989)
give a good introduction to this class of model. Let (X1,Y1),. .., (X, Y,) be a set of
independent observed pairs where, for each ¢, ¥; is a random binary response variable,
and X; is a covariate value. Let (X,Y) denote a generic member of the sample. In
generalized linear modelling it is usual to model as linear a transformation of the

regression function p(z) = E(Y|X = z) = P(Y = 1|X = ) = p,, say, giving
9(pe) = o+ Pz

g is the fink function, and in linear logistic regression, is taken to be the logit function

g(px)=109e( = )

1—p,

In other words, with Y taking the value 0 or 1, the model is

ea—l—ﬂm

Other common link functions are the probit function, and the complementary log-log
function.

This chapter, as in Section 3.2.2, and in an analogous manner to Chapter 4,
addresses the case where the data consist of a binary response, and two covariates,
one of which is continuous, and the other discrete. The discrete covariate is therefore
a grouping factor, and interest centres on comparing the groups. A nonparametric

approach to the logistic regression is adopted, and a formal test of equality of groups
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derived. The non-Normality of the errors in this situation means that the quadratic
form theory of Chapter 4 cannot be applied here. Instead the first two moments
of the proposed test statistic are derived exactly, and these are used to provide an
approximate null distribution for the test. In Section 5.3 the test is applied to the
Pregnancy data introduced in Chapter 3. The power of the proposed test is assessed
through some simulation studies, and contrasted with a parametric approach, in

Section 5.4. Lastly, some final conclusions are drawn in Section 5.5.

5.2 A nonparametric test statistic

The motivation for the proposed test statistic is the same as in Section 4.2.1, even
though, as will be shown, the quadratic form theory cannot be applied here.
Before the test statistic is introduced, the model and smoothing method employed

are clarified. From Section 5.1, the linear logistic model is

ea+ﬁm
PY =11X =2) = 7—— = pa

for a binary response variable Y, and continuous covariate X. This gives

log. (1 fmp:) = a + fr. (5.2.1)

Copas (1983) showed that the parametric assumption in (5.2.1) can be relaxed, and
instead the binary responses can be smoothed, and p, modelled nonparametrically.

In that case, the model can be expressed as
n

Py = Z Wil
i=1
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where the w; are kernel weights. Copas used the Nadaraya-Watson (1964) estimator,
as defined in Chapter 1, but, as in earlier chapters, bias considerations dictate that the
methods of local line fitting, or Gasser-Miiller (1979) estimation, are more suitable.

Fan, Heckman and Wand (1995) use local line fitting in this context, and the
method employed here, where p,, is estimated directly, is equivalent to applying their
techniques with the link equal to the identity.

This chapter considers the case where there are p groups, and for each group 4,

a set of observations of the form (z1,11),..., (%, ¥n,) is available. In addition, let
D

n = Z n;, and y be the n-vector of responses. The proposed test statistic, in matrix
i=1

notation, is

TS =yT(Sa — 8:)T(Sa — Ss)y (5.2.2)

where Sy and Sq are smoother matrices corresponding to the hypotheses of equality
and unconstrained curves, respectively. Hence, equation (5.2.2) consists of the sum
of squared differences between a single, common logistic curve, and an unconstrained
curve for each group. This comparison is made at all points in the design space. In
this respect, the test statistic is similar in nature to those introduced in Chapter 4.

Large values of this test statistic would lead to a rejection of the null hypothesis
of equality.

Fan, Heckman and Wand (1995) show that, if local line fitting is adopted, the bias

in smoothing, for a single curve, is, asymptotically,

% { / tzk-(t)dt} ' (x)
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where 7 = g(u(x)). Here g, the link function, is the identity, and so the asymptotic
bias is

h2

0} { / tzk(t)dt} w ()

or alternatively,
h; { / tzk(t)dt} "
in the earlier notation.
This is the same form as the bias in previous cases, where the response was
continuous, so the result is the same; namely, that the bias does not depend on the
density of the design points, but on the shape of the true curve. This result ensures

that in equation 5.2.2, under the null hypothesis of equal curves, any bias terms

cancel, at least asymptotically.

5.2.1 Obtaining a null distribution

In Chapter 4, quadratic form theory was used to match the first three moments of the
distribution of the proposed test statistic to a suitable chi-squared distribution. This
chi-squared distribution was then used as a null distribution to calculate a p-value for
the test.

The quadratic form theory applies to terms of the form
z' Az

where E(z) = 0, A is an n X n symmetric matrix, and z consists of independent

Normal random variables. The assumption of Normal errors in the models of Chapter
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4 allowed the quadratic form results to be applied. With a binary response variable
however, Normality of errors does not hold, and so another approach must be adopted.

Le Cessie and van Houwelingen (1991) proposed a goodness-of-fit test for binary
response models, based on nonparametric kernel smoothing. In order to obtain a null
distribution, a two-moment approximation was used, and matched to a chi-squared
distribution. A similar strategy is employed here, in the absence of the quadratic
form results.

The procedure therefore involves deriving the mean and variance of the distribu-
tion of the proposed test statistic, then finding a and b such that an ax?(b) distribution
has the same first two moments. This chi-squared distribution is then used as a null

distribution to provide a p-value for the test.

5.2.2 Expectation of the test statistic

Consider first, the test statistic defined by equation (5.2.2) and reproduced below:
TS = yT(Sd -— SS)T(Sd — Ss)y,

This can be simplified to a’a, where a = (Sa — Ss)y. Remember that Sg and Sq are
smoother matrices corresponding to the hypotheses of equality and unconstrained
curves, respectively.

To find the expectation of the test statistic, T'S, it is necessary to evaluate F(a’a)

in the notation above. Applying the bias results of Section 5.2 gives E(a) = 0,
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asymptotically at least, and so
E(TS) = E(a’a) =Y V(a).
Now, suppose Cov(a) = X, then
E(TS)=tr(%)

and

3 = (Sq — Ss)TCov(y)(Sq — Ss).

At this point it is necessary to introduce some further notation. Let Sy = [sj],...,

and Sq = [dy],,,.,, and so
Z (dij — si5)y
where each y; is a realisation of an independent Bi(1, p;;) random variable. Hence

Cov(y) - d’i(lg (pﬂ:l (1 - pﬂil) yrre 7pa:n(1 - pazn))

and so the expectation of the test statistic can be expressed as

E(TS) :ii — 847)*De; (1 — Da;)- (5.2.3)

i=1 j=1

The true p,; are unknown, and are replaced by their estimates ;.

5.2.3 Variance of the test statistic

The next step is to derive the variance of the test statistic, and use this, together with

the mean calculated in Section 5.2.2, to calculate an approximate null distribution.
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Retaining the notation of the previous section, the test statistic is of the form

aTa, where a = (Sq — S,)y. It is required to calculate
Vv (aTa) =V (Z a?)
i=1

where E(a) =0 and Cov(a) = X.. Also, from before, a; = > (diy — i)Yo

=1

It is required to find

v (2a) =X 30 (d.a2).

i=1 j=1

Cov (a2 a2) E (a‘?ag) -F (a,?) E (az) .

ORI ) '

n
To simplify matters, let ¢;, = d;, — 84, so that a; = Z CivlYy- Hence
=1

omta)=o{(Fen) (o)} #{(E ) }o{(E0))

Each Y; is an independent Bi(1, p;, ) random variable, giving E(Y,?) = p,,. Using this

result, and after some algebraic work, the covariance can be re-expressed as

n n
2 2\ _ 2 2
Cou (@z , a]) = E cwcjrpz,, + 2 E E (ci7.cjrcjs + CirCist,.) Dz, Pa,

r=1s=1
~——
r#§
+ 2 Z Z CirCisCirCisDa,Puy + 4 Z ZZ CirCis CjrCjt D, Py Dt
r=1s= r=1 s=1i=1
W—’ LR ——
r#S r#8,ts#
- Z czrcﬁpa: —2 Z Z (C“ CjrCis + C”-C,,SC )pw’pzs
r=1s=
r#s
n
- 2 Z Z CirCisCyr cjspwrpa,s -4 Z ZZ czrczscgrcjtpm,.pmspzz
r=1s= r=1s=1t=1
H—J —_————
T#S r#£s, b sFEt
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This simplifies to

n
Cov (az,aj) = Z MCJ.erT — Pu.)

r=

C
i n
+ 2 Z Z (c’%'l‘cj"cjs _I_ c?:rcisc‘?r) pmr (1 - pm‘l) pms
r=1s=1
TFS

n n
+ 2 Z Z Circiscjv'cjspmrpa:s (1 - pmrpms)
=1 s=1

r;és

+ 4 Z ZZ Cip Czscjv'c_ytp:lh (1 - pw,«) Pz P (524)

r=1 s=1t=1
S —
#8187t

Returning to the test statistic, 7°S = aTa, it follows that

i }n‘_,cov (a7, a?) (5.2.5)

i=1j=1
where Cov (af, a,?) is as given in equation (5.2.4). As was the case with the expecta-
tion of the test statistic, the true p,, are unknown, and so these are replaced by their

estimates py,.

5.2.4 Using the two-moment approximation

Now that the mean, {5.2.3), and variance, (5.2.5), of the test statistic have been
derived, the only remaining step is to match these with an appropriate chi-squared
distribution.

An ax?(b) distribution has mean ab and variance 2a?h. Given the mean E, and

variance V, of the test statistic, this gives

g _E_V
TTVOYT Y TaE
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Hence, a p-value for the test of equality, in the binary response case, can be

obtained as follows:

p= P(TS > Obs) = P(ax*(b) rv.>Obs)=1—P (xz(b) v, < ?)

where Obs is the observed value of the test statistic.

5.3 A practical example

In Section 3.2.2, a birthweight example was introduced. This dataset consists of
observations on 189 mothers, collected in Massachussetts. The response consists of a,
low birthweight indicator (0 represents > 2500gms, 1 represents < 2500gms), with
the mother’s weight at her last menstrual period as a covariate. The mothers are
grouped according to whether they did, or did not, smoke during pregnancy. It is of
obvious interest to establish whether there is evidence that smoking during pregnancy
affects the probability of having a low birthweight baby. In Section 3.2.2, a reference
band was produced for these data, and it suggested there was some evidence of a
slight difference between the two groups, over a limited range of the covariate space.
In this section, that claim is investigated formally, using the test derived earlier.
As in Chapter 4, the test results are presented in the form of a significance trace,
which reports the p-value obtained for each of a range of smoothing parameters.
The significance trace for this example is given in Figure 5.3.1. In the figure, all
of the p-values are just over (.05, indicating a non-significant result at the 5% level.
The closeness of the p-values to 0.05 reflects the marginal nature of the difference
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Figure 5.3.1: Significance trace for equality of nonparametric regression with binary
data

Low Birthweight data: Logistic test of equality is based on 189 data points
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suggested by the reference band in Figure 3.2.4 of Chapter 3.

An approximate likelihood ratio test, based on a parametric logistic model with
logit(p,;) = -+ Pz, returns a p-value of 0.042. Plots of the smoothed data on the
logistic scale suggest a quadratic relationship, i.e. logit(p,) = o + Bz + yz?, or even
a cubic, may be more appropriate. If a quadratic model is assumed, the p-value is
0.069, and a cubic function returns a p-value of 0.113. This would suggest that the
nonparametric approach is giving useful results, without the need to choose a rigid

parametric model.

5.4 Some simulation studies

In this section the power, and size, of the proposed test of equality are assessed
by simulation. In each case, the results of the nonparametric test are compared to
those of a parametric approach, based on a Generalised Likelihood Ratio Test. This
approximate test is based on fitting linear logistic models to the simulated data.

In these studies, a Normal null distribution was also tested, as an alternative to
the chi-squared distribution. Again, the two-moment approximation was used, and
a Normal with mean and variance matching the test statistic was taken as the null

distribution.
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5.4.1 Power

To assess the power first of all, data were generated from the following two models

Group One : logit(py) = —3 + 3z + 22

Group Two : logit(p,) = =3+ 7z

Figure 5.4.2 illustrates these two models, on the logistic scale. Notice that over the
covariate space used, 0 to 1, the quadratic function (Group One) appears reasonably
linear.

Overall, 1000 simulations were carried out, using two sets of covariates. In one
set, there were 25 observations in each group, and in the other, there were 50 in each
group. In both cases, the covariate values were equally-spaced over the range (0, 1).

To give an indication of the effect of the choice of smoothing parameter, four values
of h were used, namely 0.05, 0.1, 0.15 and 0.2. Figure 5.4.3 shows one set of sample
simulation data for each combination. Superimposed are the smooth estimates of the
curves, for each choice of smoothing parameter.

Finally, the tests were carried out at four significance levels, namely 10%, 5%,
2.5% and 1%.

The results for the case with 25 observations in each group are shown in Table
5.4.1. As can be seen from the table, the parametric test very slightly outperforms
the nonparametric one in general, although that might be expected from the almost

linear nature of the model for Group One. Nevertheless, the nonparametric test
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Figure 5.4.2: Plot of logistic models for the simulation study

<t —

o —
§ ——  Group One
& | e Group Two
i=)
2

Qo —

ol

)

0.0 0.2 0.4 0.6 0.8 1.0

115



02 04 06 08 1.0

0.0

02 04 06 08 1.0

0.0

Figure 5.4.3: A set of sample simulation plots
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Table 5.4.1: Powers for the test of equality based on 1000 simulations with n; = 25

Significance Level

0% 5% 25% 1%

x? null h=0.05 | 0.745 0.627 0.506 0.361
h=0.1 | 0.742 0.625 0.521 0.385
h=0.15 | 0.764 0.649 0.536 0.404
h=0.2 |[0.773 0.655 0.536 0.412
Normal null h=0.05| 0.761 0.681 0.611 0.518
h=0.1 |0.752 0.677 0.620 0.557
h=0.15 [ 0.771 0.700 0.649 0.592
h=0.2 |[0.778 0.712 0.655 0.589
Parametric Test 0.789 0.692 0.593 0.459

performs well in comparison, particularly with the Normal null. It exhibits reason-
able power over the range of smoothing parameters chosen, and indeed outperforms
the parametric test on occasion. With regard to the choice of null distribution for
the nonparametric test, the Normal and chi-squared distributions perform similarly,
although the former does better at the lower significance levels.

Table 5.4.2 shows the results for the case where there are 50 observations in each
group. Predictably, the powers are much higher here, since there are twice the number
of observations in each group. The nonparametric approach performs very creditably,
even doing better than the parametric test in a number of cases. In addition, a similar
pattern to Table 5.4.1 is observed for the chi-squared and Normal null distributions.

It was noted in Chapter 4 that the parametric approach was outperformed by
the nonparametric tests when the linear model was inadequate. A second simulation

study, which follows, indicates that this is also clearly the case in this setting.
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Table 5.4.2: Powers for the test of equality based on 1000 simulations with n; = 50

Significance Level

10% 5% 25% 1%

x? null h=0.0510.930 0.875 0.811 0.721
h=0.1 | 0.958 0.916 0.860 0.789
h=0.15 1 0.975 0.945 0.898 0.827
h=0.2 ]0.971L 0.933 0.889 0.818
Normal null h=0.05 | 0.934 0.903 0.868 0.823
h=0.1 | 0960 0.934 0.914 0.885
h=0.15|0.975 0.966 0.944 0.914
h=0.2 | 0.973 0.952 0.935 0.910
Parametric Test 0.967 0.942 0.897 0.838

In this second simulation, the models are

Group One : logit(p,) = —1.5 + 16(z — 0.5)?

Group Two : logit(p,) = 0

In all other respects, the simulation study is the same as before. The results for
the case with 25 observations in each group are given in Table 5.4.3. Here the linear
logistic model is totally inadequate, and the parametric test is clearly outperformed by
the nonparametric approach. It is noticeable that the choice of smoothing parameter
is more important in this example, with h=0.2 (a rather large choice, in any case)
performing poorly in comparison to the other values.

Table 5.4.4 displays the results for the simulations with 50 observations in each
group. Again, the increased sample size results in increased power in general, although

the parametric test still performs very poorly. As in Table 5.4.3, the highest value of
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Table 5.4.3: A second simulation study for the test of equality based on 1000 simu-
lations with n; = 25

Significance Level

10% 5% 25% 1%

x? null h=0.05 | 0.500 0.365 0.254 0.155
h=0.1 | 0.495 0.347 0.223 0.118
h=0.15 { 0.423 0.266 0.180 0.101
h=0.2 |0.364 0.191 0.107 0.042
Normal null h=0.05 | 0.517 0.419 0.341 0.258
h=0.1 | 0.508 0.416 0.333 0.252
h=0.15 | 0.438 0.337 0.261 0.207
h=0.2 |0.372 0.269 0.190 0.140
Parametric Test 0.083 0.038 0.018 0.006

Table 5.4.4: A second simulation study for the test of equality based on 1000 simu-
lations with n; = 50

Significance Level

0% 5% 25% 1%

¥2 null h=0.05 | 0.691 0.585 0.477 0.336
h=0.1 | 0.684 0.571 0.450 0.303
h=0.15 | 0.665 0.501 0.376 0.252
h=0.2 |[0.572 0.424 0.271 0.148
Normal null h=0.05 | 0.702 0.630 0.562 0.485
h=0.1 | 0.695 0.630 0.560 0.482
h=0.15 | 0.677 0.581 0.496 0.432
h=0.2 | 0.587 0.496 0.423 0.323
Parametric Test 0.092 0.043 0.01¢ 0.006
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h returns relatively disappointing results.

In the second simulation study, as with the first, the Normal null distribution gives
better results than the chi-squared null. The next section however, which looks at the
size of the proposed test, suggests that the chi-squared approach may be preferable

in practice.

5.4.2 Size

In this section, the size of the proposed test is assessed through simulations in which

both groups are generated from the same model, namely

logit(py) = —3 + 6.

As in the previous section, this was done for both 25 and 50 observations in each
group.

Looking at 25 observations first of all, the results of those simulations are given
in Table 5.4.5. In these examples, the values should of course mirror the significance
level. The nonparametric test with a chi-squared null produces very satisfactory
results, and seems to be giving a good approximation to the true null distribution.
The Normal null on the other hand, has significance levels higher than the nominal
ones, particularly at the smaller values. This would indicate that a Normal null
distribution is not fitting adequately at the tails. Also, it is noticeable that the
parametric test also produces higher values than expected; often higher indeed than

the nonparametric test with a Normal null. This reflects the approximate nature of
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Table 5.4.5: Assessing the size of the test of equality based on 1000 simulations with
n; = 25

Significance Level

10% 5% 25% 1%

x? null h=0.05 | 0.137 0.064 0.025 0.009
h=0.1 |[0.092 0.059 0.033 0.017
h=0.15 | 0.086 0.046 0.023 0.009
h=0.2 |0.106 0.048 0.015 0.006
Normal null h=0.05 | 0.148 0.085 0.056 0.030
h=0.1 {0.104 0.071 0.059 0.038
h=0.15| 0.091 0.057 0.046 0.030
h=0.2 | 0.108 0.079 0.051 0.027
Parametric Test 0.130 0.079 0.049 0.025

the Generalised Likelihood Ratio Test.

Lastly, the figures for the simulations with 50 observations in each group are given
in Table 5.4.6. The pattern here is similar to before, although the parametric test
performs much more satisfactorily. For the nonparametric test, the chi-squared null is
again the better of the two. The use of different significance levels allows assessment
of the fit of the null distribution at the tails, and Tables 5.4.5 and 5.4.6 would suggest
that the chosen chi-squared null distribution models the true distribution of the test
statistic reasonably well. The Normal null does not fit as well, and gives too many
"false positive” results. Ior that reason, despite the slight superiority of the Nor-
mal null in the power studies of Section 5.4.1, it would appear that the chi-squared

distribution is the better option.
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Table 5.4.6: Assessing the size of the test of equality based on 1000 simulations with

Significance Level

10% 5% 25% 1%

¥? null h=0.05 | 0.109 0.061 0.023 0.008
h=0.1 {0.100 0.055 0.027 0.012
h=0.15 | 0.089 0.035 0.025 0.011
h=0.2 | 0.088 0.039 0.023 0.009
Normal null h=0.05 | 0.117 0.080 0.052 0.027
h=0.1 | 0.108 0.074 0.054 0.035
h=0.15| 0.094 0.062 0.037 0.029
h=0.2 | 0.090 0.058 0.039 0.028
Parametric Test 0.107 0.053 0.026 0.012

5.5 Discussion

The examples and simulation studies show that the nonparametric approach offers a
flexible alternative to parametric analysis of covariance, when the response is binary.
This extends the work of Chapter 4, which dealt with the standard regression model.
As was illustrated in that chapter, the nonparametric approach is particularly use-
ful if the chosen parametric model is clearly inappropriate, as demonstrated by the
simulation studies of Section 5.4.

The work presented in this Chapter can be extended to more than one covariate.
Fan, Heckman and Wand (1995) report that the bias results hold for several covari-
ates, and so the methods here could be extended, for example, to compare surfaces.
Smoothing with more covariates is covered in Chapter 6, focussing on the standard

regression models.
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Chapter 6

Introducing more covariates

6.1 Introduction

This chapter looks at extending the previous results to situations where there are
several continuous covariates. The nonparametric models considered so far are all
examples of the class known as Generalised Additive Models. A thorough introduction
to this class of models is given by Hastie & Tibshirani (1990). The Generalised

Additive Model takes the form

v
Yy = a+ ) 0:(xy) + &
=1

for j = 1,...,n sets of observations, each of which consists of a single continuous
response variable, y, and v continuous explanatories, zi,...,2,. The errors are dis-
tributed with mean 0 and variance 0. The traditional parametric approach would be
to model each g; as g; = f;x;; (or a polynomial of higher order). The Generalised Ad-

ditive Model approach allows for any number of the g;’s to be smooth, nonparametric
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functions. Thus a semiparametric modelling structure is created, where models con-
taining both parametric and smooth components can be fitted. In order to fit these
models, Hastie & Tibshirani (1990) use a technique called backfitting.

When more covariates are introduced into the model, the topic of inference be-
comes less straightforward. As indicated in Chapter 4, Hastie & Tibshirani (1990)
advocate an heuristic F-test approach, mimicking that of the parametric ANOVA-
ANCOVA test. It is possible however, to apply some of the methods already intro-
duced in this thesis, to more complicated models involving several covariates.

This chapter begins by considering existing literature on the subject, and using
the Stack Loss data, introduced earlier, to illustrate one possible test, applicable to
multiple regression models with a single nonparametric component.

Moving on from smoothing in a single covariate, the topic of bivariate smoothing
is considered. A particular application in image analysis is discussed, and a nonpara-
metric test of equality derived. This work is then extended, in Section 6.4, to the
more general bivariate analysis of covariance, and a test of equality is derived, using
the same quadratic form theory as in Chapter 4.

Some final comments about this chapter, and the thesis in general, are given in

Section 6.5.
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6.2 Testing a model with a single nonparametric

component

Previous chapters dealing with nonparametric regression have concentrated on the
case where there is a single continuous covariate. In many practical applications
however, it is common to want to identify how a response variable y is related to a
number of continuous explanatory variables. If there are n sets of observations, and
v explanatory variables, then the data for the j-th case (j = 1,...,n) are of the form
(@15, Tajy + v+ s Tugs Ys)-

The Normal linear model for such regression data would take the form

[
yi =a+ Y By + &,

=1

where the ;s are independent N(0,0?) random variables. Suppose it was required
to test the parametric assumption in one of the covariates. That is, the question of
interest is whether the term f;x; is sufficient to model the relationship of the response
to the covariate z;, or whether an unspecified smooth function g(z;) is required. This
involves testing a parametric model within a Generalised Additive Model with a single
nonparametric component.

Azzalini & Bowman (1993) proposed a pseudo-likelihood ratio test, which can be
applied in this case. This test is based on the residuals from the parametric linear
regression, which are smoothed against the covariate of interest, z;. If the parametric

model holds for that covariate, there ought to be no pattern in the residuals, and this
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would be reflected in the smoothed curve lying close to zero. A discernible pattern in
the residuals would suggest that the parametric assumption is invalid, and a smooth
term, g(z;), is perhaps required. Note that under the null hypothesis, F(e) = 0, and
so the bias in smoothing is zero.

Azzalini & Bowman’s test is based on a contrast between the residual sum of
squares from the regression (R, = eTe) and R;,. R, is given by the sum of the
squared differences between the residuals and the smoothed residuals. If there is no
pattern in the residuals, R; and Ry should be similar in value, and the value of the
test statistic small. Larger values of the test statistic would lead to rejection of the
null hypothesis.

Formally, let S;, be a smoother matrix for the residuals e, for a given smoothing

parameter . The method of local-line fitting is used here. Then
Ry = (e—Sue)’(e - Sue) = (I, — Sp)T(I, — Si)e = e'M;e

where My = (I, — Sp)¥ (I, — Sp)-
The pseudo-likelihood ratio test statistic takes the form

_Ry—R; efe—e"Mje e'(I,—M)e
- R, eTM;e B el'M;e

Ts
which leads to the following expression for a p-value for the test:
p=P{TS > Obs} = P{e" (I, — (1+Obs)M1)e > 0}.

This is a quadratic form in Normal variates, of the same form as those met in Chapter

4. Azzalini & Bowman fitted the Johnson family of curves to this quadratic form,
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matching the first four moments, to give a null distribution. Here, the familiar three-

moment chi-squared approximation is again used.

6.2.1 Illustrating the method of residual smoothing by ex-

ample

To illustrate the technique of residual smoothing, the Stack Loss data are again
considered. In Chapter 2, the three-dimensional Figure 2.3.6 suggested that a linear
term in the covariate air flow was inadequate, and this agreed with comments made
by Daniel & Wood (1980). Section 3.4.2 of Chapter 3 investigated this further by
means of a reference band superimposed on a plot of the smoothed residuals. This
too suggested the linear model was inappropriate. In this section, the formal test of
Section 6.2 is applied to these data.

As with the other nonparametric tests already encountered, the result is reported
in the form of a significance trace. Figure 6.2.1 displays the significance trace for the
test based on a linear term in air flow. The figure shows that, for a wide range of
smoothing parameters, the test returns a p-value close to 0.06. While not significant
at the 5% level, this is clearly small enough to cause concern, and confirms the impres-
sions gained earlier, that a linear term is inappropriate. The next step would be to
either adopt a smooth function in air flow, or determine an appropriate higher-order
polynomial. Often, the flexibility of a smooth function, leading to a generalised ad-
ditive model, would suffice, as a suitable parametric formulation may not be obvious.

In this case however, Daniel & Wood (1980) suggested that a quadratic term might
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Test is based on 17 cases

Figure 6.2.1: Significance trace for test of a linear term in air flow
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suffice, so that is tested here also.
Figure 6.2.2 shows the Significance Trace obtained when the test is applied to the
residuals from a regression where a quadratic term in air flow is fitted. The second

covariate, water temperature, remains as a linear term in the model. Here the p-values

Figure 6.2.2: Significance trace for test of a quadratic term in air flow
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are much higher, around the 0.5 mark, indicating that the quadratic term is much
more acceptable. For comparison, an F-test of the linear model within the quadratic

one returns a p-value of 0.051, which is broadly in agreement with Figure 6.2.1.

This data set has been used to illustrate several techniques, because it is a familiar

one which has been analysed many times before. However, the nature of the data is
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such that, as Daniel & Wood (1980) comment, even the quadratic model is "not a
very nice fit”. Nevertheless, a number of features are apparent in the data, and they

have been brought out in the methods of Chapters 2 and 3, and again here.

6.3 Multivariate smoothing

This section considers the topic of multivariate smoothing, and as with previous
sections, addresses the important area of inference. A particular application in image
analysis is used in Section 6.3.1 to motivate a test which is an extension of the work
in Section 6.2, but involves bivariate smoothing. In Section 6.4, a test is proposed
for a more general analysis of covariance, with two continuous explanatories, which
extends the work of Chapter 4.

Section 6.2 looked at the case where there are v explanatory variables, and it is
required to test the suitability of a parametric model against a semiparametric model
with a smooth term in a single covariate. This section considers another aspect of the
multivariate case, where it is required to carry out a multiple regression, and produce
a smooth, regression surface.

The method of local line fitting extends naturally to the multivariate setting.
When there are v explanatory variables (let X = [z1,...,2,]"), the method involves
fitting a locally-weighted hyperplane with v + 1 parameters. In the simplest case,
with two explanatories, this is local plane fitting.

Ruppert & Wand (1994) show that, if g(x) = E(Y|X = x), the multivariate
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regression analogue of the local line fitting estimator is
90 H) = ef (X WiXy) "X TW, Y

where
1 (X]_ — X)T
1 (X,—x)7
Wy = d'[;a’g{kH(Xl - X): SRR kH(Xn - X)}7

Y = [v,..., Y],

and e; is the (v + 1) x 1 vector with 1 in the first entry and 0 elsewhere. In addition,
k is a v-variate kernel function (in the two-dimensional case, this is taken to be a
bivariate Normal), and H is a bandwidth matrix, which for simplicity is taken to be
diag(h?,...,h2). The question of bias in the multivariate case is addressed later, in
Section 6.4.1.

Another estimator for g(x) is the multivariate version of the Nadaraya-Watson
(1964) estimator. The basic estimator extends quite intuitively to more than one
explanatory, and, as in the method above, a multivariate Normal kernel is used,
with a diagonal bandwidth matrix. Although the ”local hyperplane” method shares
with its univariate counterpart several advantages over the Nadaraya-Watson (1964)
estimator, the latter approach is quicker to calculate, and it is for this reason that it

is mentioned here, and indeed adopted for the test in Section 6.3.1.
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6.3.1 An application in image analysis

Figure 6.3.3 shows two sample images which have been generated. Both images are
of the same object, but with different random error, or ”white noise”, added. It is
of interest to be able to test whether, allowing for the noise, the underlying images

are the same. This section proposes a technique, based on the same principle as

Figure 6.3.3: Plots of the two sample images

=

that of Section 6.2, to test for equality. The data for the images are in the form
of two covariates, specifying a point on the image, and a response, which indicates
the ”brightness”, or intensity, at that point. The first step is to calculate the vector
of differences, d, between the two images as observed. If the underlying images are
the same, then this vector d would consist of random observations with mean zero,
displaying no discernible pattern. Any indication of a trend in the differences would
suggest that the underlying images differ. Figure 6.3.4 shows perspective plots of the
observed differences between the two images, and of the smoothed differences, both on

the same scale. For the smooth plot, the bandwidth matrix is H = diag(1.5,1.5). It
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Figure 6.3.4: Plots of the observed and smoothed differences
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appears from these plots, that there is no obvious pattern in the differences, indicating
that the underlying images appear to be the same.

Note that this approach assumes that the differences, and therefore any errors in
the model, are uncorrelated and Normally distributed, under the null hypothesis of

equality. Also, the zero expectation of the differences eliminates any bias, even if the

Nadaraya-Watson (1964) estimator is used.

Thus, in a manner similar to Section 6.2, the following test statistic is proposed:

_R-R
TS = R

where Ry = d7d, R, = d”(I, — Su)"(I, — Su)d, and Sy is an n x n bivariate

smoother matrix, for bandwidth matrix H = diag(h;, hy), and n equal to the total
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number of observed data points.

Now, if M = (I, — Sgr)7(In — Sqr), then

a7 (1, — M)d

TS =
5 dT"™Md

(6.3.1)

This gives the following expression for a p-value

P(TS > Obs) = P{d*(L, — M)d > d"Md x Obs}

= P{d"(I, - (1+ Obs)M)d > 0}.

As before, this is a quadratic form in Normal variates, of the type z7 Az where
E(z) =0 and A is an n X n symmetric matrix, and so the three-moment approxima-
tion to a chi-squared distribution can again be used. Note also that the expression
in Formula 6.3.1 is scale invariant, and so Cov(«i) can be set equal to the identity

matrix, without loss of generality.

6.3.2 Applying the test to the example data

In the same manner as in previous chapters, the results can be displayed via a signif-
icance trace. This example differs slightly from the previous ones, in that there are
now two smoothing parameters to choose (when the bandwidth matrix is diagonal).
However, the symmetry of this application means that it is reasonable to assume the
two parameters to be equal, thus allowing the familiar signifance trace to be plotted.
The results for the image data in Section 6.3.1 are shown in Figure 6.3.5. It is clear

from the plot that, over the range of bandwidth matrices chosen, the p-values for the
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Figure 6.3.5: Significance trace for the test of equality of images
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test are all much larger that 0.05, indicating that there is no evidence to reject the

null hypothesis that the underlying images are the same.

6.4 Multivariate analysis of covariance

The previous section dealt with a specific situation where two surfaces were being
compared, and where the design spaces were identical. This section extends that
to the general case where there are several surfaces to be compared, and where the
design densities are not constrained to be the same.

The method is similar to that employed in Chapter 4, and uses the same quadratic

form theory, and an extension of the univariate bias results.

6.4.1 Bias in the multivariate case

In this section, the method of local plane fitting is adopted. Predictably, this is
because of its superior bias properties, which can be utilised here in much the same
way as in the univariate case.

Ruppert & Wand (1994) show that in the multivariate case, the asymptotic bias
of the local plane smoother, with standard bivariate Normal kernel and bandwidth
matrix H, is given by

*r (HH(2)), (6.4.2)

where H is the Hessian matrix of the true surface. This is a natural extension of

the univariate result given in Chapter 1, and again has the property that the bias is
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independent of the design density.

Although, for simplicity, only the bivariate case is considered here, the bias result
in equation (6.4.2) holds for more than two covariates, and so the test which follows
can be extended to compare hyperplanes in more than two dimensions. However, as

explained in Section 6.4.3, care should be taken when smoothing in higher dimensions.

6.4.2 A test of bivariate equality

In this section, the test of equality from Section 4.2.1 of Chapter 4 is extended to the
bivariate case, and instead of comparing two (or more) smooth curves, the problem
involves comparing smooth surfaces. In this case the data are (yi,x1s;,22;) for
i=1,...,p;7=1,...,n4 corresponding to observations on a response y and each of
two continuous explanatory variables, £1 and z2, for each subject in p groups. The
hypotheses of interest are:

HO: yi; = g (215, 3245) + &35

H1: yi; = gi (2145, %245) + €45,  gi’s not all equal
where the ¢;; are independent N(0,0?) random errors.

The test statistic takes the same form as in Section 4.2.1, namely:

y'(Ss — Sa)”(Ss — Sa)y

TS = 5

where S; and Sq are smoother matrices under HO and H1 respectively. By a similar
argument to before, utilising the bias property of the smoother, the numerator can

be expressed, at least asymptotically, as €' Qe, where Q = (S5 — Sa)? (Ss — Sa)-

137




To complete the test statistic, an estimate of the error variance is required. The
method used in the univariate case, that of first-order differencing, does not readily
extend to two or more covariates. Hastie & Tibshirani (1990) propose an estimator

motivated by a residual-sums-of-squares argument, which in this notation is expressed

by

52— vy (I — Sa)' (I, — Sa)y
dfeTT

P
where n = > n;, and
=1

Aferr = 1 — 17(28q — SaSa” ).

Now, let B = df,! x (I, — Sa)T (I, — S4), an n X n symmetric matrix. Thus,
the expectation of 02 is F(eTBe) + g?Bg. The term g7Bg is the sum of squared
differences between the true surface and the smoothed true surface, which is small
relative to the first term in €. As in Chapter 4, this term is ignored, making the test

conservative, and the following expression for a p-value emerges:

T
p=P{§—f§-Z—>Obs}=P{eT(Q-BxObs)s>0}.

Once again, this is a quadratic form in Normal variates, with all the required
properties. The same theory as before can be applied to fit an approximate chi-

squared null distribution, and from there it is a simple matter to obtain the p-value

for the test.

In the bivariate case, the question of how to display the test results is not as

clear as in Chapter 4. Here there are two smoothing parameters to consider, one for
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each covariate. Let these be h; and hg. Perhaps the simplest solution would be to
produce a table of p-values corresponding to various combinations of h; and hs, or
alternatively, to plot a three-dimensional surface representing the p-values.

The requirement to calculate, and operate on, the smoother matrices Sy and
Sq mean that this procedure is extremely computationally intensive. With current
computer processing capabilities the process is slow, even for small datasets. For that

reason, merely the theory is presented here, without example.

6.4.3 The curse of dimensionality

It should be noted that smoothing in higher dimensions can be problematic. Unless
there are a large number of observations, sparsity of data can make higher-dimensional
smoothing difficult. In addition, there is an increase in the number of bandwidth
parameters, which often leads to simplifying assumptions.

This complication in multidimensional modelling is often called the curse of di-
mensionality. While bivariate smoothing with practical sample sizes is reasonable, it
can be difficult when further covariates are introduced. A number of measures have
been proposed to overcome this, and indeed, the Generalized Additive Model is one
such measure. By modelling the overall regression as a sum of univariate smooths,

one for each covariate, the requirement to smooth multivariately is avoided.
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6.5 Discussion and final comments

This final chapter has attempted to extend previous results to models with more
covariates. When a single smooth term is required, the method of residual smooth-
ing appears to offer an appealing inferential tool. The univariate result of previous
chapters extends naturally to multivariate smoothing, leading to a multivariate non-
parametric analysis of covariance. The drawback with such an approach is that the
computational requirements can be prohibitive, particularly when the ”curse of di-
mensionality” demands large data sets.

It appears that simpler models may be more appealing, one class being Gener-
alised Additive Models, where the overall regression is defined as a sum of univariate
smooths {(or a combination of smooth and parametric terms). Such models are an
intuitive progression from the familiar parametric approach. It is natural therefore,
to mimic the parametric methods of inference, and apply an F-test to this new non-
parametric (or semiparametric) class of model, as exemplified by Hastie & Tibshirani
(1990). Formal distributional results, however, would be welcome, in order to estab-
lish methods of inference with a strong theoretical background.

This thesis has attempted to address the topic of inference in nonparametric re-
gression. There can be no question that nonparametric smoothing offers a simple and
flexible graphical tool for examining relationships in data. What is often lacking is
a set of inferential tools to accompany the models, and this thesis has attempted to

introduce techniques applicable in many common situations.
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The tests proposed have focussed on comparing models, and have used this to elim-
inate bias, so often a problem in the nonparametric field. The appealing properties
of local line fitting and the Gasser-Miiller (1979) estimator are also significant in the
results presented here. In most cases these bias results enabled intuitive test statistics
to be expressed as quadratic forms, whose distributional properties are well-known.

An area in nonparametric modelling which attracts a lot of attention is choice
of smoothing parameter. This thesis has attempted to demonstrate that this topic
can assume less importance where inference is concerned. It is often the case that
the result of a test (or even the impression gained from a graphical comparison) is
unaffected by choice of smoothing parameter.

The growth of nonparametric modelling can perhaps be attributed to its graphical
appeal, and this aspect has certainly not been ignored in this thesis. Many graphical
methods have been introduced, again focussing on the comparison of models, and
often to be used to complement the corresponding nonparametric tests.

The ongoing developments in computing capabilities would suggest that nonpara-
metric modelling will continue to be a popular topic for research. It offers many
opportunities for flexible modelling, and the tools, and software packages, are now
readily available to make this attractive technique a standard addition to the statisti-
cian’s inventory. The obvious graphical appeal of nonparametric modelling, and lack

of straightforward distributional properties, have meant that the topic of inference
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was often neglected. This situation seems to be changing, as the importance of infer-

ence in nonparametrics is recognised, and this thesis has attempted to contribute to

the body of work now emerging.
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Appendix

This Appendix explains the derivation of the matrix form of the numerator of (4.2.6)

in the test of parallelism in Chapter 4. The numerator is defined as

5% {6+ 9(aig) — i)Y

i=1 j=1

In the vector-matrix notation of Chapter 4, this becomes
{Dé& + Ss(y — D&)} — Say]” {Dé& + Ss(y — D&)} — Say] (A1)
Considering the left-hand side of (A1) only for now, this can be expressed as

(T, — Ss)Dé& + (Ss — Sa)y]"
= [(I, — S.)D&+ (S — Sq) Da+g +¢)]"  under HO
= [(I, —Ss)Dé& + (Ss — Sq) (Do + a)]T using the bias property
= [D&—SqDa — 8;Dé& + S Dev + (S; — Sa)e)”
= [D(& - ) —S.D(& — @)+ (S; — Sq)e]”  since SyDa = D

= [(I, — S;)D(& — @) + (Ss — Sq)e]” (A2)

143




|

Using dotted lines to denote partitioned matrices, (A2) becomes the transpose of

(In - SS)D E (SS — Sd) ......

Employing a similar argument for the right-hand side of (Al) gives the required

expression for the entire numerator of the test statistic:

T
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