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Abstract

Today it is possible to express a wide range of images as attractors of Iterated
Function Systems in the plane. An Iterated Function System, or IFS for short, is a
finite collection of contractive affine transformations w1, wa, ..., wN, while the
attractor 4 is the limit under repeated application of the associated collage map
W(E) = w;w;(E) for any compact set E - that is, WR(E) — 4 [2, 12, 25, 26]. Since
only 6N real numbers, known as the IES code, are required to store the image, IFS's
are now being widely used as a method of image compression [3, 4, 9] - leading to
the need for algorithms which produce the attractor 4 quickly on a computer

screen.

In this thesis, we study one such algorithm - the Graphical Algorithm, or GA [5] -
whése main characteristic is that maps are applied to points only after their
coordinates have been rounded to integers. By introducing the concept of jigsaws
of maps - where the jigsaw piece of an integer point (u, v) is the set of all integer
points (x, ) such that w(x, y) rounds to (u, v) - and studying the properties of such
sets, we reduce the time taken to produce an approximation to the attractor by up
to a factor of N, making the GA as accurate as the Adaptive Cut Method (ACM) [11,
25, 26], and a frequently faster option than the popular Random Iteration Algorithm
(RIA) [1, 2].




Chapter 1

Introduction

There are many different ways of obtaining fractal images on computer screen; in
this thesis, we concentrate on one such method - the Graphical Algorithm [5] - and
look at ways of improving its performance. We will consider fifty distinct images,

obtained from references [2, 5, 12, 19, 26, 28]. These are shown in Figure 1.1.

In Chapter 2 we give a brief introduction to Iterated Function Systems (IFS's),
beginning with a number of definitions relating to metric spaces and a
classification of affine maps. We define the code and attractor of an IFS, and
consider three ways of screening the attractor, namely the Collage Algorithm,
Random Iteration Algorithm (RIA) and Adaptive Cut Method (ACM). During the
chapter, we will show that each of these methods has limitations - and conclude
that, ideally, we would like to have an algorithm which combines the speed of the

RIA with the accuracy of the ACM.

We describe an algorithm in Chapter 3 - the aforementioned Graphical Algorithm
(GA) - which, as presently defined, is comparable with the ACM, in that it is
slower but more accurate than the RIA. From a particular starting point zg, the GA
produces the attractor by applying each of the N maps of the IFS to zj and plotting
the nearest integer point. These resultant integer points are placed in a store - from
which the next point zj41 is chosen - with the process terminating when the store is
empty. Examples 3.4 and 3.5 show that the ratio of calculated points to unique
points is always N : 1 for this algorithm. Investigating why this is the case leads us
to define jigsaws of IFS maps, where two points are in the same map i jigsaw piece

if and only if they are sent to the same point under map i. It is these jigsaws which
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Chapter 1

enable us to develop methods to improve the speed of the GA so that it compares

favourably with that of the RIA.

Chapter 4 is concerned with the various properties which the pieces of these
jigsaws exhibit. We show that the jigsaw pieces cannot contain holes and that, for
the majority of the maps of our fifty IFS's, a given jigsaw piece cannot contain two
pixels which are either not joined, or are joined only at a vertex. We also show
that, in many cases, all of the jigsaw pieces are rectangular. For each of the
properties discussed, we give conditions on the IES code entries which allow us to

infer that the property holds.

In Chapter 5 we consider simple IFS maps, whose jigsaw pieces are all rectangular
and all the same size. We show that in such cases it is an easy process to determine
from a given starting pixel which other pixels are in the same jigsaw piece,
enabling us to ensure that the map is only applied to one pixel of the jigsaw piece.
Doing this means that duplication of attractor points can be reduced (indeed, in
some cases, completely removed) and the time taken to produce the attractor can
also be reduced. We then move on to show that further improvements are possible
both by using what we shall call reduced jigsaws, and by using less than N jigsaws

(the same jigsaw acting for several maps).

Chapter 6 continues work begun in the previous chapter, but looks at more
complicated maps, where the pieces are not all of the same size and shape. We
consider cases where the jigsaws are built from small sub-jigsaws (building blocks)
and note that, provided these blocks are small enough, we can use them to help us
to improve the GA for such maps. In Section 6.2 we give a general scheme for
finding the reduced jigsaw in cases where the building block contains only whole

jigsaw pieces, while in Section 6.3 we give a method for finding the dimensions of

the smallest possible building block.
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Chapter 7 is concerned with the problems which we encounter when we try to
make use of jigsaws for which the building blocks are too large - which we call
irregular jigsaws. We consider several methods for finding the pieces of such
jigsaws, using a number of the Theorems of Chapter 4 in order to optimise their
performance. In Section 7.2 we define a procedure which enables us to improve
the performance of the GA for a specific class of IFS - where the majority of jigsaw
pieces contain a relatively large number of attractor points. By considering a
number of examples we show that, in addition to the irregular cases, this method
enables us to achieve even better results for several of the IFS's already considered
in earlier chapters. We end the chapter by noting that, since this procedure cannot
be applied to the majority of IFS's, we must search for another method - and
conclude that in order to improve the GA for such maps, we must alter the maps

slightly.

Such alterations are the subject of Chapter 8, where we consider approximating
the code entries by 'small' rational numbers, so that we may find small building
blocks for the jigsaws. We consider performing this approximation by inspection,
but note that this does not always lead to the best choice, leading us to use rational
approximation, which we define in Section 8.2. We notice that, in many cases, using
approximation by small rational makes very little difference to the appearance of
the attractor, and explain why this is the case. In Section 8.3 we consider IFS maps
which contain a rotation, and show that unless the angle of rotation is a multiple
of ®/4, approximation easily causes fundamental changes in the appearance of the
attractor. We conclude that, while approximation is not feasible in some cases, it
may be used, together with the methods of Chapters 5 and 6, to make at least

partial improvements to the GA for every one of our fifty IES's.

Chapter 9 contains a summary of the results of this thesis, together with

comments about the methods used and a look to the future.




Chapter 2

An Introduction to Iferated Function Systems

In this chapter, we give a number of definitions which provide the necessary
background to Iterated Function Systems. We then move on to describe several
previously established methods of producing fractal pictures, and discuss their

advantages and failings.

2.1 Background

One of the most important ideas in the study of Iterated Function Systems is the
concept of 'distance between sets' or, more specifically, 'distance between
pictures', where we may think of a picture as a set of pixels in the plane. In this
section, we will define the axioms which any distance function must satisfy, and
then define the Hausdorff distance between sets together with the space in which
such distance calculations will be carried out. As we shall see in Section 2.3, the
Hausdorff distance can also be used to show sets, and therefore pictures, tending
towards a limit - and in fact it is this idea which is the key to producing fractal
pictures by way of Iterated Function Systems. References which are relevant both

to this section, and Section 2.2, include [2, 7, 8, 12, 25, 26].

Definition 2.1 A metric space is a pair (X, d), where X is a nonempty set and d is a
real function on pairs of points, called distance, or a metric, which satisfies the

following axioms:

(i) Positivity: d(z1, z2) 2 0V z1, z2 € X, with equality if and only if z; = zp.
(ii) Symmetry: d(z1, z2) = d(z2, z1) V 21, 22 € X.

(iii) Triangle Inequality: d(z1, z3) < d(z1, z2) + d(z2, 23) V 21, 22, Z3 € X.
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Definition 2.2 A sequence {z,} in (X, d) is Cauchy if V € > 0, 3 k € N such that
p, q > k = d(zp, zg) < &. Then (X, d) is complete if every Cauchy sequence in X is
convergent. Further, a subset Y < X is compact if every sequence in Y has a
convergent subsequence. Note that in the plane, Y is compact if and only if Y is

bounded and closed.

At this junction, it is important to note that while compactness is a stronger
condition, and much of our work will be carried out in compact spaces, the Fixed
Point Theorem (Theorem 2.10) - which is the key result of this chapter - requires

only completeness, and therefore the idea of Cauchy sequences is important.

Notation 2.3 Let (X, d) be a complete metric space. Then we denote by #(X) the

collection of all non-empty compact subsets of X.

Definition 2.4 Letz € X and A, B € #(X). The distance from the point z to the set
B, d(z, B), is given by d(z, B) = min{d(z, b) : b € B}, while the distance d(A, B) from
the set A to the set B is given by d(A, B) = max{d(z, B) : z € A}. From these, we
define the Hausdor(f distance between A and B by

h(A, B) = max{d(A, B), d(B, A)}. 2.1)

It is easy to verify that this function satisfies the axioms of Definition 2.1 and is
therefore a metric. Note, in particular, that the Hausdorff distance, h(A, B), is zero

if and only if A and B are identical.

We will see shortly how the Hausdorff distance is used in practice to find the
distance between a 'perfect’ image and various approximations to it, but it is clear

from (2.1) that the actual calculation, and indeed the specific value, of h(A, B)
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depends on the metric d. It is therefore appropriate at this stage to briefly discuss

the choice of metrics.

2.2 Metrics and The Fixed Point Theorem

In this section we discuss the choice of metric over one particular space -
Euclidean 2-space, or R2. We will shortly introduce contractive transformations, f(z) -
where, for any two points P and Q, the distance between £(P) and f(Q) is strictly
less than the distance between P and Q - and we will show in Examples 2.7 and 2.8
that a transformation being non-contractive with respect to one metric does not
mean that it will be non-contractive with respect to every metric. If, however, we
can find some metric d which makes a transformation contractive, then the
famous Fixed Point Theorem of Banach (Theorem 2.10) tells us that the sequence of
points {f{(zg)} tends to a limit in (R2, d). The importance of this will be highlighted
in Section 2.3, where we will see that it can be applied to pictures tending to limits,

when we consider a picture to be a point in H(X).

Over RZ there are many metrics which can be chosen to measure distance. Let
P = (x, y) and Q = (1, v) be two points of the plane. Below, we describe the best
known metrics on R?, and Figure 2.1 shows the unit discs {z € R2: d(0, z) < 1} for

each.

(i) The lattice metric: dy(P,Q)=x - u|+]y - 1.

(ii) The Euclidean metric: do(P,Q) = \/ (x- u)2 +(y - v)? .

(iii) The maximum metric: do,(P,Q) = max{x - )|y - o]}
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Chapter 2

do(W(P), w(Q)

= 0.65y((x - y)- (- )2 + (x4 )~ (1 + 0)?
= 0.65((x - ) - (y - )2 + ((x - ) + (y - 0))?
= 0.6542((x - ) + (y -v)?)
=0.65v2d,(P,Q)

Thus w is a contraction with respect to the Euclidean metric, with contraction ratio
0.65V2 =~ 0.92. Note that replacing 0.65 by any o in the range (0.5, 1/+2) will also
give a map which is not contractive with respect to dy or d.., but is contractive

with respect to da, since the contraction ratio will be oy2.

From this example, it may appear that the Euclidean metric is always the best
choice of metric as it highlights the contractivity of transformations. However, this

is not the case, as the example below illustrates.

Example 2.8 Consider the transformation which scales the vertical coordinate by
0.6 and then rotates the result by 270°.

w(x, y) = (0.6y, -x)
Let P = (0, 0), Q = (1, 0) so w(P) = (0, 0), w(Q) = (0, -1). Then for any of the three
given metrics, d(w(P), w(Q)) = d(P, Q) and therefore w is not contractive with
respect to any of these metrics. It is possible, however, to find metrics which make

w contractive. Let P = (x,y) and Q = (4, v). Then one such metric is

d(P, Q) = max{1.2}x -],

Y- Ul}. For since w(P} = (0.6y, -x) and w(Q) = (0.6v, -u), we

have

d(w(P), w(Q)) =max{1.2[0.6y-0.6v

e -}

=max{0.72]y - v|, |x - u}
<5/emax{1.2jx -1, [y -}

- 5/6d(P, Q)
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Thus w is contractive with respect to this new metric.

Many pictures can be described by a set of plane transformations {wy, ...wn}, with
the whole picture being covered by the union of the images of the picture. If each
of the wi's are contractive, then it can be shown that the transformation
W = w1 U ... U wny is also contractive. Then, by the famous Fixed Point Theorem
of Banach, which we state and prove below, the sequence W?(Ay) - defined below
- tends towards the fixed point of W - which is the picture itself. In practice this
means that, if we can find the wjy's for a picture, and each of the wj's is contractive
with respect to some metric d, then we can reproduce the picture. We will shortly
define each of these ideas formally, but in the meantime we note that it is this
concept which makes the ability to find suitable d of such great importance. For

our purposes, d will be the Euclidean metric, unless otherwise stated.

Definition 2.9 Let f: X — X be a transformation on (X, d). Then f: X — X, for

n = 0, is defined by {0(z) = z, fi(z) = f(z), ..., fO+1)(z) = f("(z)).

Theorem 2.10 (Banach's Fixed Point Theorem) Let f: X — X be a contraction
mapping on the complete metric space (X, d) with ratio s, 0 <s < 1. Then

(i) f has unique fixed point c, i.e. there exists exactly one point c € X such that f(c) = c.

(ii) For any zp € X, the sequence {f*(zp)} converges to the fixed point.

(iii) After n iterations, we have the following estimates for the distance from the fixed

point.

d(zn,c)Sid(zn_I,zn) (n=1) (2.2)
n

d(z,,c)< lid(za, 21) (n20) (2.3)
-5
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Proof Letzge X, and let z, = fY(z(). Then for integers m >n > 0 we have

d(zn, Zm) = d(f"(z0), ™(20))

= d(f(zp), f(E0m 1 (z0)))

< s0d(zg, fM1(zq)) (definition of ratios)

= sid(zg, Zm-n)

<sd(zp, z1) + d(z1, 22) + ... + A(Zm-n-1, Zm-n)}
(triangle inequality)

<std(zg, Z {1 + 5 + 82 + ... + stn-l}

<sd(zg, zi)1 +5 +52+ ...} (infinite series)

= sd(zg, z1)/(1 - s) (sum of geometric series)

This final expression can be made arbitrarily small by taking m, n sufficiently
large. Hence the sequence {z,} is Cauchy and, since X is complete, it has a limit
¢ € X (that is z, — cas n — ). Since f is contractive, and therefore continuous, we
have

f(c) = f(lim n—eef(20)) = UM nsea 0 1)(z0)) = ¢
showing that c is a fixed point. To show that this point is unique, suppose that
there were two fixed points ¢ and ¢'. Then ¢ = f(c) and ¢' = f(c") so

d(c, ¢') = d(f(c), f(c")) < sd(c, ')

From this, (1 - s)d(c, ¢') = 0, with (1 - s) # 0, and so d(c, ¢') = 0 implying c = ¢'.

Hence c is the unique fixed point of f.

To prove (2.2) we use similar arguments to the above, withm >n > 1.
d(zn, Zm) € d(zn, Zn+1) + - + A(Zm-1, Zm)
<d(zp-1, Zn)(s + 82 + ... + s

< d(zn-1, 2n) 8/(1 - 8)

11
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Now let m — co so that z;; — c. Then, since d is continuous in each variable,
d(zn, zZm) — d{zn, ¢). Since the right hand side of the inequality remains constant,
we have proved (2.2), and by noting that

d(zn-1, Zn) < 5d(zn-2, Zn-1) < ... <s0-1d(zg, z1)

we obtain (2.3) from (2.2). This completes the proof.

2.3 Iterated Function Systems

We now move on to define Iterated Function Systems and their associated
attractors. Definitions 2.11 and 2.13 are key definitions, which will be referred to

throughout.

Definition 2.11 An iterated function system, or IFS for short, is a collection of a
complete metric space (X, d), together with a finite set of contractive mappings
wi: X = X with respective contractivity factors s; (1 <1 < N). Such an IFS is often
denoted {X: w1, wp, ..., wN}, or simply {X: wi.n}. If all si are equal then the IFS is

said to be uniform.

Definition 2.12 The collage map W: 7(X) — #(X) associated with an IFS {X: wiN}

is given by

WI(E) = wi(E) U wy((BE) U ... U wN(E)

for some set E € #H(X). Then W is a contractive mapping with contractivity factor
s = max{sy, ..., sN}. The map W is called the collage map since it is formed as a
union, or collage, of transformed copies of E. However, it is often referred to as the
Hutchison operator, after J. E. Hutchison, who proved that W is contractive with

respect to the Hausdorff distance [17].

12
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Definition 2.13 The attractor of an IFS is the unique set 4, given by the Fixed Point
Theorem (Theorem 2.10), for which WR(E) — 4 for every starting set E € #{X). The
term attractor is chosen to suggest the movement of E towards A under successive
applications of W. By Theorem 2.10, 4 is also the unique set in #(X) which is left
unchanged by W, W(4) = 4, and is therefore often referred to as the invariant set of

the IFS.

Throughout this thesis, X will be either the plane R? or some compact subset of R2

and we will often refer to an IFS simply as {w1-N}.

Definition 2.14 An affine transformation w: RZ — R? is a composition of a linear
map and a translation. It may be represented as

w(z)=Az+t

w(2) =[2 ﬂBHﬂ

where a, b, ¢, d, e, f € R. The 6-tuple (a, b, ¢, d, ¢, f) is known as the code of w, while

or

the code of an IFS is a table whose rows are the respective codes of wy, ..., wN.
Note The affine transformation w with code (a, b, ¢, d, e, f) has unique fixed point
(x, v) given by

v -e(d - 1) + bf Y= -fla-1)+ce
“a-0)@d-1)-be’ T @-1d-1)-be’

(2.4)

and ratio s (with respect to the Euclidean metric) given by

2
\p-4
s=BIVP %4 T I;_ 9 where p=a2+b2+c2+d2and q=(ad - bc)2. (2.5)

13




Chapter 2

Note that (2.5) is the 2-dimensional case of the general eigenvalue formula for s,

5= \/max{|/li| : A; eigenvalue of ATA}.

For more information, see [25, 26].
2.3.1 Classification of Affine Maps

Before considering methods for producing the attractors of iterated function
systems, it is important to consider what a map specified by a row of the IFS code

table can do to a point (x, y) (or, indeed, to a set of points).

Recall from basic geometry that every distance preserving map (or isometry) may

be written as a composition of one or more of the following three basic types:

(i) Translation Ta:z — 2z +a
(ii) Rotation Rg(8) about the origin, through signed angle 8, with anticlockwise as
positive direction, and

(iii) Reflection Ry, in a line m which is either of the coordinate axes.

The matrices for rotation about the origin by angle 0, and reflection in the x-axis

are given below.

cos -sinf 1 0
Ro(0) = sin® cosd Ryx-axis = 0 -1

Now, although our definitions are of rotation about the origin, and of reflection in
one of the coordinate axes, we may also need to consider rotation about some

point P, or reflection in some general line. Informally speaking, to find the

14
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matrices for such isometries, we map everything to the standard axes and origin,
perform the rotation or reflection, and then map the transformed object back to the
required axes and origin. For example, if we want to perform rotation about the

point (3, 4) by angle 0, the transformation is given by

cosh -sin@| x-3 3
To. 9R0OT-0 @ =| 0 oo | y—a||4]

In general, however, we will only need to consider rotation about the origin and

reflection in one of the coordinate axes.

Now, as we stated in Definition 2.11, the maps of an Iterated Function System
must be contractive - and therefore no isometry g can be an IFS map on its own.
However if, before applying g, we first scale x and y by values r1 and 1
respectively, with 0 < rq, r2 < 1, then the composition of this scaling with g will
indeed be a contractive map. Such a scaling - which we call a coordinate scaling -

has matrix

Note that if r1 = rp then the scaling is said to be uniform. We will see shortly that it
is possible to give a general form for the matrix of an IFS map, but first we define

one final affine transformation, which is not an isometry.

Definition 2.16 A shear along the x-axis with parameter o is the transformation
(x, y) = (x + oy, v), in which points are moved parallel to the x-axis in proportion
to their signed distance above it, o being the constant of proportionality. Note
that, as with isometries, a shear must be combined with scaling before it may be

considered as an IFS map as it is not in itself contractive. Figure 2.2 shows the
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effect that uniform scaling with scale factor 0.5 followed by shear with parameter

1 along the x-axis has on a simple rectangle.

A
6

0 4 0 2 5

Figure 2.2 The effect of uniform scaling by 0.5 followed by shear with parameter 1.

Note As with the isometries, we may need to consider a shear with respect to
some other axis. We can find the matrix of such a map in much the same way as
we did for the rotation through a point other than the origin. Suppose, for
example, that we wish to perform a shear along a line which makes angle 6 with

the x-axis. Then the matrix is given by

[ cos® sinB1 olffcos® —sin®
R_gSqRp =

_—sin@ cosB [0 1[sin® cos6
_‘1+ocsin9cose acos> 0
—a,sin® @ 1-—osinB®cos6

Figure 2.3 gives an example of a shear along a line which makes angle 30° with the
x-axis, with the bicycle on the left being the original. Further details may be found

in [12].

16




> S 6>
% %$! & % $ +%3 & % &$ 6>a ' 52%5
% I’ % ! ! I & " % & % $ % + % 1)
+% , % & " ) V1 # & %% #! + '# )( +%
I+ 1*-# $.# 8N. 0 >-
F ?2 1 7 L
8 6l ;3
F 1 1C
o> " MN2 % ") -
% 9 % ! I
% 9 - " % "

%

91~*/:
% s G



Chapter 2

Note that 81 = 82 in (2.6) implies that A is scaling followed by rotation (about the
origin), while 61 = 62 + 7 implies that A is scaling followed by reflection (in a line

through the origin). We shall refer to (2.6) and (2.7) throughout this thesis.

2.3.2 Finding the IFS Code

In Section 2.2 we mentioned that if we can find the wj's for a given picture then we
can reproduce the picture. We will shortly consider several algorithms which
produce the attractors of iterated function systems on screen, but in the meantime

we give an example which illustrates how to find the maps for a picture.

Theorem 2.18 An affine transformation w(z) = Az + t is uniquely determined by its
effect on the vertices of any triangle. Conversely, for any two triangles BCD, EFG, there is
a unigue affine transformation sending B, C, D to E, F, G respectively. Let b be the

position vector of B with respect to fixed perpendicular axes, and similarly for c, d, e, f and

g. Then this transformation is given by

A =lyr yallxy xzld, with t = e - Ab, (2.8)

wherexy=b-d, xp=c-d,y1=e-gandyy)=f-g.

Example 2.19 Consider the face shown in Figure 2.4(a).

18




%

%

%

%

%

9%: 9 : 9 (:
& % L% %( ! )& $ % !5 +% % & "
)& $ ) %
9 : 1) $ | # #% ( +% ) 1# [ % & $ %
9 %( # % ) % (%$ (! '# 1S #%( %
& %' & % $ # %+ 1) 'S #%( ,
(% $ F) (&% %( I# -+ % ( 1
# %+ 2 | % , I+ 1*-8, ## (! %
(1 (%$()$% 91*8:* | 5%+ $ , ) | o
%+ % % 9>, >, 9;>, >, 9>, 8>: % 9;>, 8> % %
2, ( $* ) 1 #) % +% - 2 1 9;
' 9->, [>:* 5 S 9>, ?8>:, 51 S 9;>, ?8>:, S 9
91+*8:, S 9>, 7>:* %$S , % ! 91*8:,
K?-9-54> :>K . K?-2->8?8> 72;>K>*K4K
?6> ?262&> ?8> 78>®6>76> 8> > > >*6/4c
% (! 9>, >*-14, >, >*6/4, >, 7>:* (% (%$()$%
% #! +% | 5% ( $ %+ ‘% , ! & % #!
# % + o+ % %$P $'& %+* 18 & ('$3%&



Chapter 2

while the IFS code is given in Table 2.1. Figure 2.4(c) shows the approximation to
the attractor obtained using the Graphical Algorithm [5], which we shall introduce
in Chapter 3. Notice that, in (b) and (c), the features are not simply parallelograms
since the original face outline is not - which makes the face 'more human' - and
also that mapping the whole face to each of the features results in the features
being 'filled in' - which is appropriate for the eyes in particular. We will return to

this IFS in Chapter 8.

a b C d e f

w1 o s o 38 o 40
w2 o 38 o s 10 70
w3 o Y4 o B/ 4 80
w4 o g o /2 e 50
W5 o Y4 o g 50 10
w6 o 4 o /g 30 0
wy o Ys o 3/ 10 10
wsg | Yeo /8 /15 3/s0 14 48
wo | 1/e0 %/80 /15 3/s0 39 51

wio | 1/12 3780 /ep 3/20 28 31

wil | /s /40 /30 3/s0 20 20
Table 2.1 The IFS code for the face of Figure 2.4.

Note We can use (2.6) and (2.7) to investigate how each map is made up. For

example, map 1 has

ricosb; -—rpsinbp | |0 0.125
risind;  rpcosby | |0 0.375

20
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and so (2.7) says thatr1 =0, 2 = \/0.1252 +0.375% = 0.395 and 0o = -18.43°. Thus
map 1 consists of scaling by 0 horizontally and 0.395 vertically, followed by

rotation by -18.43°.

Once we have the IFS code, we require a method to reproduce the picture - and
we now introduce several algorithms which do just that. Each of these algorithms
is well documented elsewhere - general references include [2, 12, 25, 26]. For the
remainder of this thesis we will simply state the codes of IFS's - but note that any

of them can be calculated using (2.8).

2.4 The Collage Algorithm

The collage algorithm is a deterministic algorithm for producing the attractor of
an IFS which follows from the definition of the collage map (Definition 2.12). If

{w1.n} is an IFS of the plane, with ratio s, then the collage algorithm is given by

(i) Choose any set Ag € R?

(ii) Generate a sequence of collages {Ag, Ay, ...} where
Ani1=W(Ap),

or equivalently

Ap= Wn(AO)'

By the Fixed Point Theorem 2.10, since W is contractive, this process generates a
converging sequence of sets which tend toward the fixed point 4 of W. In
particular, (2.3) enables us to find a value of n which results in A, being within a
prescribed distance of 4, since

n

d(An, ) < =—d(Ag,Aq). (2.9)




5 < (!
#% ( % %
$$)+ % & |
' 2('$$ %
% &$ *

! %SH#H" %
b " ( %9 %
M % &

% 1
%

) 9 : +%
9 : & % +%
(r! & % !'$ 1)
3 % 3

$! , $

% % (! I %

%
% &
%
11 9%
& " 1,
! !
+
C S
% 6
#

& % %
$3$ %
TR

%
% $&!

%(! 3! % 3 3 - I #
' (% ) ? % (! C) (
'S |, % # $% % &$ *
%.,% )% %S (! % &
69, ', 1 6BS @19 N %F: +% %
$ & + # o1+ I % )
! I # % 9F % &) 1*4
, % # TSN & %
9 : 19 :
% 15 +% | ! 3 % 3 *
% K !$ K* D "#)
&$ % !$ * ) % % &
% &% % ") % &
&) 1*:*
3 % 3 %( ! o*
+ $$8 " )%$s & " N %
% (() %( , ($ % $ % 5 + $

11



Chapter 2

so. If we calculate N to be the minimum value of n which will give the desired
accuracy, then in order to produce the approximation to the attractor, the

computer must calculate, and then draw,
3N +1 _ 1

2

1+3+32+...+3N=

triangles. Even for a relatively small value of N this number is very large
(approximately 5.2 x 109 for N = 20) and consequently this algorithm is very slow.
Since the aim is to produce the attractor quickly as well as accurately, the Collage
Algorithm has very little practical use, but fortunately there are several algorithms
which are faster. Shortly, we will introduce the algorithm which is the basis for
this thesis - the Graphical Algorithm [5] - but first we describe two others which

contrast.
2.5 The Random Iteration Algorithm (RIA)

In contrast to the collage algorithm, where at stage n we needed to calculate the |
collage of images w1(Ap) U ... U wN(Ap), in the random iteration algorithm we
calculate just one point zn41, from its predecessor zn, by zn+1 = Wi(zn) with i
chosen at random from 1, 2, ..., N. The algorithm which is used to make this
choice will be called the driver of the RIA. Traditionally, each map wj occurs with
preassigned probability p; - determined by a method such as the one described
below - and a random number generator is used to drive the RIA. Formally, the

random iteration algorithm is given by

(i) Choose zg € A (typically zp is the fixed point of wj for some i, 1 <i<N)

(ii) Plot points zg, z1, ..., where zn41 = wi(zi) and i is chosen at random from

1...IN, subject to preassigned probabilities p;.
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In order to set the probabilities we use the following method, popularised by
Barnsley [1, 2]. As usual, let 4 denote the attractor of the IFS {wi.N}. Then the N
sets w1(4), ..., wn(A) form a covering of 4, that is, every point of 4 is in at least
one of the sets wi(4), called attractorlets. To achieve uniform distribution, assuming
no significant overlap between attractorlets, the number of points in each
attractorlet should be proportional to the area of that attractorlet. Thus since an

affine map, Az + t, scales all areas by factor | detA |, we set

B ldetAi!

= m where wi(z) = Ajz + ;. (2.10)

Pi

Thus the transformations which cover the largest areas are allowed the most
points, and therefore this formula usually gives a good estimate of probabilities.
There are, however, two situations where this formula is less effective, namely
when there are large areas of overlap between attractorlets, or when wj maps
everything onto a line. In this second case, |detA;l =0 so p; = 0, meaning that wj
would never be chosen by the random number generator. To counter this, we set

pi to some small value, such as p; = 0.01, ensuring that w; will be chosen.
Note A better method for defining probabilities is given at the end of Section 2.6.

Example 2.21 Once again we consider the Sierpinski Gasket. Applying (2.10) to
each wj gives p; = 1/3 for each i, 1 £i < 3. The images produced at various stages
of the RIA are shown in Figure 2.7. Note that even after only 500 iterations, the
structure of the Sierpinski Gasket is clearly visible, although the approximation is

clearly not particularly close to the attractor of Figure 2.6.

As discussed in Section 2.1, we can measure the 'closeness' of the approximations

to the attractor using the Hausdorff distance and the results of doing this are given
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Number of Hausdorff
Iterations Distance
1 200

100 13
500 6
1000 6
5000 3
10000 3
20000 2
50000 2

Table 2.2 Hausdozff distances between the 'perfect’

Sierpinski Gasket and various RIA approximations.

We have already hinted that the Random Iteration Algorithm has limitations, but
before discussing what these limitations are, we must first introduce the idea of

addressing for IFS's.

2.5.1 An Addressing Scheme

An addressing scheme is a way of identifying any given point of an IFS attractor
by a sequence of symbols chosen from some alphabet. Below, we describe a

general scheme for an IFS {wy}, but first we give a simple example.

Example 2.22 Recall from Example 2.20 that stage n of the Collage Algorithm
construction of the Sierpinski Gasket attractor involves dividing each triangle of
the stage (n - 1) approximation into four equal parts and then deleting the middle
one. Suppose that each time this division is performed we identify the lower left
triangle by 1, the lower right by 2, and the upper triangle by 3. Then after one
stage it is easy to see, in Figure 2.8 below, that the point z lies in the subtriangle
with label 3 - which we will call Az. At the second stage of the subdivision we see

that z lies in subtriangle 1 of A3, or Azj, while a third subdivision reveals that z lies
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in Azyp - and thus the address of z begins 312. Finally, to determine the address of

z to greater accuracy, we simply continue to divide and identify subtriangles.

8]

1 2

Figure 2.8 An addressing scheme for the Sierpinski Gasket.

Note The addressing scheme is closely related to the applications of the maps wyj,
1 £1i <3, since Aj = wi(A) and therefore Ajx = wiwjwi(A), where the maps are

applied from left to right (1 <14,j, k<3).

We now extend the notation of the above example to the more general IFS {win}

with attractor 4.

Notation 2.23 The subset of 4 with address beginning ¢ = 5102...0k, where k is
finite, is given by

As = Ag,0,..0, = Wo,Wa,Wa, (A).
Then 2 = uﬁlgl%.__o-k , 1< 05<N, and further, any point z € 4is contained in some

subset A4 5,...0, and therefore has address beginning 6167...0k.

Theorem 2.24 [26] The ratio of the composite map W, Wo, does not exceed the product

of the ratios of w, and Wo,- If we denote the ratio of the map weg by p(o), then we have

p(oioj) < ploy)p(cy)

27




Chapter 2

Definition 2.25 The diameter of the attractor 4 of an IFS is defined to be the
maximum distance between any two points of 4. Thus
diam(4) = max{d(z1, z2) : z1, z2 € 4}.

For further details and calculations see, for example, [6].

Definition 2.26 Let A be the attractor of the IFS {wi-N} and let € > 0. Then the
associated list of addresses consists of all sequences ¢ = 6102...0 over {1, ..., N}

with p(c102...0K) < € and p(0102...0k-1) > €. Thus the addresses divide 4 into

subsets Ag = W W, ... W, (), each of diameter not exceeding & x diam(4}.

Example 2.27 We return to our previous example, and take € = 1/g. Then since the
ratio of the Sierpinski Gasket is 0.5, we require the addresses to have length 3.
Thus the complete list of addresses is {c10203:0i€ {1, 2, 3}, 1 £1 < 3}, and the
subsets associated with these addresses partition the attractor as shown in Figure

2.9 below.

333

331 332

313 323

311 312 321 322

133 233
131 132 231 232
113 123 213 223

111 112 121 122 211 212 221 222

Figure 2.9 The subsets Ag for the Sierpinski Gasket, where ¢ = G16203 is an address.
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Thus we have seen that in order to produce the attractor of an IFS {wi.n} to a
guaranteed accuracy by our chosen method, we need to plot at least one point in

each subset Ay - and it is here that the limitations of the RIA are exposed.

2.5.2 Limitations of the RIA

As we saw in the previous section, in order to produce the attractor of an IFS to a
P P
given accuracy, we shall plot at least one point in each subset Ay, where ¢ is an

address. For a particular address ¢ = 0102...0k, this means that we must plot

W Wg, ... W, (2), for some z € A. But what does this mean in terms of the

sequence of maps produced by the RIA driver? Recall that once the driver - in our
case a random number generator - generates a number i, w; is immediately
applied to the last point found, and therefore, in order to plot w o Wo, - Wa, (z)
we need to generate the maps in the order 6kok-1...01. Thus the sequence of maps
produced by the random number generator (or more generally the RIA driver)
must ultimately contain the reverse of every address given by Definition 2.26 -

which is not true of every RNG (for further discussion see [10, 11, 18]).

If, however, the random number generator is capable of producing a sequence of
numbers which ultimately includes the reverse of every address, then the RIA will
eventually produce the attractor to the desired accuracy - but even in these
circumstances, the RIA still has limitations. Before elaborating, we require two

Theorems - their proofs are given in [12].

Theorem 2.28 Consider the IFS {wq_N} with ratio s = max(s1, ..., sN) and attractor A
Suppose the finite sequence © = 0102...0y contains all k-digit combinations over

{1, 2, ..., N} and is used as the driver in the RIA to produce a sequence of points {zy}

where zg € Aand zy41 = Wg (2,). Then for every point z € A, there is a point z, within

distance &, where s given by

29
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€ < skdiam(4). (2.11)

Theorem 2.29 If a sequence of digits from {1, 2, ... N} contains every sequence of length

k, then it has size at least Nk + k- 1.

With the help of Theorems 2.28 and 2.29, we can now show that, even if our
chosen random number generator is capable of producing a sequence of numbers
which includes all length k sequences, or addresses, the RIA still has limitations.

This is best shown by an example.

Example 2.30 Consider the Sierpinski Gasket once more, and let the attractor lie
within a square of 100 x 100 pixels on a computer screen. Then if we take one pixel
as one unit of length, we have diam(4) < 100V2, say 142. Suppose that we want to
ensure that every point of 4 has a sequence point within one pixel. Then by (2.11)
we require (1/2)k142 < 1 and so k > 7, although in practice k = 7 will probably
suffice. Now, by Theorem 2.29, the RIA sequence must have length at least
37 + 7 - 1 = 2193. However, it is highly unlikely that any sequence of random
numbers of this minimum length would be constructed in such a way that it
would include all 7-digit sequences over {1, 2, 3} - and therefore the RIA is likely
to require many more iterations than the optimal 2,193. In fact, running the RIA
shows that even after 15,000 iterations there are still two 7-digit sequences which
have not been produced, and it takes 15,887 iterations to produce all 7-digit

sequences.

Thus we have shown that the RIA driven by a random number generator has
severe limitations, even when all addresses are produced. It is clear from Example
2.30 that sequences produced by a random number generator are far from

optimal. However, for a restricted type of case, it is possible to improve the RIA
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by using Optimal Sequences - sequences which contain all addresses given by

Definition 2.26 - to drive the RIA. For more details, see references [13, 14, 21, 22].

We now introduce another method [25, 26] which takes a slightly different

approach, terminating only when the required accuracy has been reached.

2.6 The Adaptive Cut Method (ACM)

In Sections 2.4 and 2.5 we saw two methods for producing approximations to the
attractor 4 of an Iterated Function System {wi-n} - the Collage Algorithm and the
Random Iteration Algorithm. Whilst both approaches can produce reasonable
approximations we noted that they both have limitations. In particular, we noted
that the performance of the RIA depends strongly on the choice of probabilities,
and also that in order to reach the desired accuracy the RIA may require many
more than the optimal number of iterations. We now briefly describe another
method - the Adaptive Cut Method - which does not require probabilities, but is
guaranteed to plot one point in each subset A for a given € > 0. This means that
for every point, z, of the attractor, there is a point z' in some Ag such that

d(z, z') <& x diam(A). Letzge A

At the first step, subdivide the attractor 4 according to 4 = w1(A) U ... U WwN(A).
Thus, after this step, the addresses we have are just 1, 2, ..., N. Then step s is

performed according to the following

(i) Each subset of 4 with address 01...05-1 where p(571...05.1) > € is further
subdivided into those with addresses 61...65.11, 61...65-12, ..., 01...Cs-1N.

(ii) For each subset of 4 with address 67...05-1 where p(G1...05.1) < g, plot the point

W Wa, .. W (20)-
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We can implement the ACM by a simple recursive procedure, such as that

described by the following pseudocode, reproduced from [20].

procedure AdCut (w : affine map)

if p(w) < € then plot w(zg)

else fori =1 to N do AdCut(w.wj)

Then calling AdCut(identity) will eventually result in one point being plotted in
each attractorlet which is less than € x diam(4) in diameter - and thus we will have

an approximation to 4 which is of the desired accuracy, as discussed above.

Note The ACM can be used to give a better way of assigning probabilities for the
RIA. We subdivide the points plotted by the ACM into N subsets, each one
containing the points plotted in wy (). Then the relative number of points in each
subset determines the corresponding probability. When used as probabilities in
the RIA, these values give an approximation which has more evenly distributed
points than the one obtained using (2.10) to assign probabilities. An example is

given in [25, 26].

Example 2.31 Recall that the ratio of the Sierpinski Gasket is 0.5. Taking & = 0.5
and running the ACM for various values of n gives the results shown in Figure

2.10. Note that the number of iterations is given by 3.

It is clear from Figure 2.10 that the ACM is more accurate than the RIA since even
after only 81 iterations (n = 4) the structure of the Sierpinski Gasket is clearly
visible. However, it has been noted [20] that the performance of the ACM appears
sometimes to depend on the choice of starting point zg. As Figure 2.11 illustrates,
this choice can affect the way the approximation to the attractor looks, and indeed

can give misleading information about what the attractor looks like.
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Chapter 3

The Graphical Algorithm

In Chapter 2 we described a number of algorithms which can be used to produce
on-screen approximations to the attractor A of an IFS {w1.N}, and we noted that
each has limitations, leading us to seek a more efficient algorithm. In this chapter,
we describe another algorithm which not only appears to be quicker in many
cases, but also to give a better approximation to 4. However, as we shall see
shortly, it is not these initial observations alone which make the Graphical
Algorithm of such great interest - rather it is the potential for improvement which
we discuss in Section 3.2, and the subsequent improvements which we shall make
in Chapters 5 to 8, which make this algorithm far better than any other discussed

thus far, at least for a wide range of attractors.

3.1 Definition of the Algorithm

As with the other algorithms which we have discussed, we expect that the GA will
give a series of approximations which tend towards the attractor of the IFS. We
will show in Theorem 3.2 that this is indeed the case, but in order to be able to
prove this theorem, we must begin by giving the formal definition of the
Graphical Algorithm (GA), which is reproduced from [5]. However, whilst it is
important to understand the algorithm in general, it can be stated much more

simply as we shall see in Figure 3.1.

Definition 3.1 Let X be a metric space and § be a positive real number. A mesh
M(9) is a subset of X such that
(i) for any z € X, d(z, M(9)) < §, and

(ii) any ball of X contains only a finite number of points of M(3).
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Now let X = R?, and consider an IFS {w1.n}. We recursively define two sequences
of subsets of R2, B, and Cp, for n 20, until an empty set Cy41 is produced. Let z* be
the fixed point of some wj, 1 £i <N, and let zg € M(J) be such that d(zp, z*) < 6.
Let Bg = {zg} and Cg = Bg. If By and C,, have been computed, and C,, is non-empty,

then Bpy1 and Cpq are found by the following rules

(1) Choose zy € Cp.

(2) Let T = & where T is a temporary set. For each map wj of the IFS with
d(wi(zn), Ban T) 2 8, choose z' € M(8) with d(wi(zn), z') < 8, noting that
such an z' exists by (1) of Definition 3.1. Then T := T u {z'}.
B)Bni1:=BpuUT, Chu1:=ChuT-{zn}

Note Whenever B, N T = & at step (2) above, we give d(wi(zpn), By 1 T) any value
greater than 6 and continue with the algorithm as before. This decision will be

justified shortly.

The choice of z, at step (1) will depend on zp-1. In order to specify this choice we
consider the following ordering of Cy:

IfP=(band Q= (cd)thenP<Q o b>dor(b=dand a <c) (3.1)
Then, in choosing zy € Cp, we choose the smallest point of Cy, which is strictly
greater than z;.1 € Cpn-1. If no such point exists, we choose z; to be the smallest

point of Cp,.

Note In practice, we set 6 = 1 pixel so that the mesh consists of all integer points.
Then, at step (2), the point added to T is simply the nearest integer point to the
calculated point. Refining the mesh corresponds to scaling up the translation parts

of the IFS maps.
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by this process. As we will see shortly, the GA does indeed result in many points
being duplicated, and while we cannot avoid this within the framework of the
algorithm, we will see that the duplication can be considerably reduced, and
indeed removed completely in many cases, by an improved implementation of the
GA which uses jigsaws. In the meantime, however, we will concentrate on

showing why the Graphical Algorithm works.

As noted earlier, we expect that the GA will give a series of approximations which
tend towards 4. Theorem 3.2 shows that this is indeed the case, as Example 3.4
will illustrate. The theorem, and the lemma that follows, are stated in slightly
different form in [5], but the proofs given are expanded considerably here. Note
that, while we use § = 1 in practice, both the theorem and the lemma hold for any

value of 0.

Theorem 3.2 If X is compact then for every positive J there is an integral value of N for
which CN is empty, and in that case the Hausdorff distance between By and A is smaller
than 8/(1 - 5) where s is the ratio of the IFS.

In order to prove Theorem 3.2, we require the following Lemma.

Lemma 3.3 If 4is the attractor of an IFS {wi.N} then, for every n,
d(Bn, .ﬂ) < 5/(1 - S).

Proof Recall that d(B, A) = max{d(b, A) : b € B}. Then d(Bgp, 2) = d(z, 4) since

Bo = {zo}, and since zp is at distance at most § from a mesh point we have

d(Bg, A) < 8. Thus d(Bg, 4) < 8/ (1-s) and the hypothesis is true forn = 0.
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Suppose that it holds for n so that d(Bp, 4) < 8/(1 - 5). Then d(z, 2) <8/(1 - g
V z € Bp. Now suppose that z' € Bpyq - Bp. Then by definition of the algorithm,

Jze Byand somei, 1 £i £N, such that d(wi(z), z') < 8. Then

d(z', A) <d(z', wi(z)) + d(wi(z), 4)
<d(z', wi(z)) + d(wi(z), wi(4)) since wi(a) < 4
< 8 + d(wj(z), wi(4)) by above statement
< 0+ sd(z, 4) by definition of s
< 8 + 59/ (1.5) by the inductive hypothesis

=8/(1.5)

Thus d(z, 4) < 5/(1_5) ¥V z € Bny1 - Bp, and d(z, 4) < 5/(1-5) V z € By, so that
d(z, 2) <8/ (1-s) V 2z € Bpy1. But then d(4, Buy1) < 3/ (1-s), and we have proved the

Lemma.

We are now in a position to prove Theorem 3.2, and thus to prove that the

approximations obtained by the GA do indeed tend towards A.

Proof The sequence By is non decreasing, bounded and contained in M(3). It
follows that the cardinality of By, is a bounded monotone sequence and so there is
an integer N for which By, is a constant set for n > Ng. The sequence Cj, is strictly
decreasing for n > Ng - and consequently there is an integer N for which Cy is
empty. Since Cn is empty, h(W(Bn), Bn) < 8, where h is the Hausdorff distance. If
z & By then d(wi(z), Bn) < dso that

d(W(Bn), Bn) = max{d(b, Bny) : be W(BN)} <.
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Now
d(2, Bn) <d(4, W(Bn)) + d(W(Bn), BN)
<d(W(A), W(BN)) + d(W(Bn), Bn)
< d(W(4), WBN)) + &
< sd(4, By) + 8
and therefore d(4, Bn) < 8/(1 - ). Finally, we have h(s, By) = max{d(Bn, ),

d(4, BN)} and so by the above and Lemma 3.3, h(4, BN) < 8/(1 - s) as required.

Thus the approximations By do indeed tend towards 4, and therefore the
Graphical Algorithm will lead to a good approximation to the attractor. We now

give an example of an attractor being produced by the GA.

Note By Theorem 3.2, we know that the final approximation to the attractor
produced by the Graphical Algorithm will be very close to the true attractor. Thus,

throughout this thesis, we shall refer to this approximation simply as the attractor.

Example 3.4 The Dragon Curve consists of two transformations, given at scale 64
by
wi(x, y) = (0.5x + 0.5y, -0.5x + 0.5y)
wa(x, ) = (-0.5x + 0.5y + 64, -0.5x - 0.5y)

We apply the GA, starting with Bg = Cg = {(0, 0)}. Figure 3.2 shows the sets Bp and
Cn for n divisible by 1000, and for n = 6346, for which Cp is empty and the

algorithm terminates.
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Chapter 3
3.2 The N : 1 Property

Table 1 of [5] exhibits the property that the ratio of calculated points to plotted
points is always N : 1 for the GA (Algorithm E of [5]). This property is a simple
consequence of the construction of the algorithm, since for each new point zp
found, we calculate wi(zn) for 1 £i<N. Example 3.5 illustrates this property for an
IFS with two maps - the Takagi Function - while Example 3.6 shows that the N : 1

ratio is a global property which need not apply to every point individually.

Note From now on, we will refer to plotted points as unique points since no point

is plotted more than once.

Example 3.5 The Takagi Function consists of two maps, given at scale 100 by
wi(x, y) =1/20, x + )
wolx, ) = 1/2(x + 100, y - x + 100).
Applying the GA to this IFS results in 574 points being calculated, and 287 unique

points being plotted, as predicted above. The final approximation to the attractor

/f

(‘

Figure 3.3 The Takagi Function attractor produced by the Graphical Algorithm.

is shown in Figure 3.3 below.

We have seen that when we run the GA, we calculate N times as many points as
we actually need in order to produce the attractor, and consequently producing
the attractor takes much longer than it ideally should. Thus, if we can cut down on

the duplication of points - or even remove the duplication altogether - by a
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method which is quicker than simply applying all N maps to every unique point,
then we would expect that the time taken to produce the attractor would be
improved. We will shortly introduce a method which does just this, and we will
see that it can dramatically improve the run times of the GA. However, before
considering how to improve the GA, we must focus on what causes a particular
point to be hit more than once - for while it is the case that the number of points
calculated is N times the number of unique points, it is not true that each unique
point is hit N times. The following example illustrates a point being hit more than

N times by the GA.

Example 3.6 When we apply the GA to the Takagi Function, we find that the four
points (47, 61), (47, 60), (48, 60) and (48, 59) are all in the attractor. By definition,
each of these points will be added to the store at some stage, and consequently
each will also be chosen as zp for some n, and the two maps of the IES will be
applied to each point. Now

wi1(47,61) =1/9(47, 47 + 61) = (23.5, 54),

w1(47, 60) = 1/9(47, 47 + 60) = (23.5, 53.5),

w1(48, 60) =1/,(48, 48 + 60) = (24, 54),

w1(48, 59) = 1/7(48, 48 + 59) = (24, 53.5).
Clearly, each of these values has closest integral point (24, 54), and thus (24, 54) is
hit 4 times by the algorithm. Figure 3.4 illustrates this, where the shaded pixel is

(48, 60) and the pixel on the right hand side of the diagram is (24, 54).

Figure 3.4 The four points (x, y) with w1 (x, ¥) = (24, 54) as a set of grid pixels.

Thus it is possible for individual points to be hit more than N times, and since the

number of points calculated is N times the number of unique points, it must also
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be possible for points to be hit less than N times. We will shortly illustrate how

this can happen, but first we must introduce the concept of jigsaws.

3.3 Introduction to Jigsaws

Example 3.6 gives a simple illustration of a concept which we will shortly describe
in detail. As we will see in Chapter 5, every point in the attractor of the Takagi
Function is the image of four distinct points under either w1 or w, although up to
three of these points may lie outside the attractor (see Figure 3.6). Further, if the
point is the image of points under map 1 then, when shown as a set of grid pixels,
the four points will always lie in the formation shown in Figure 3.4. These ideas
will be defined formally in Chapter 4, but for now we give a basic description of

jigsaws.

A jigsaw piece for an IFS map i is the set of pixels S = {(x, )} such that when wi(x, y)
is rounded to the nearest integer point, the result is the same for all (x, y) € S. In
other words S is the set of pixels which are sent to the same integer point under
wi. The set of all such jigsaw pieces for map i will be referred to as the jigsaw

covering, or simply the jigsaw for the map.

Note In fact, when we use the term jigsaw, or jigsaw covering, we normally restrict
our attention to all jigsaw pieces which lie within a rectangular set of points, given
by {(x, ¥) : ¥min <X £ ¥max, Ymin <Y < Ymax}, where xmin= min{x : (x, y) € A4}, and
similarly for Xmax, ¥min and y max. We will often refer to this set as the grid, with

the points of the set being referred to as grid poinis.

As noted above, the jigsaw pieces for map 1 of the Takagi Function all look like

the piece of Figure 3.4. A small section of the jigsaw covering for this map is

shown in Figure 3.5.
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=N W R U N
|

1 2 3 45 6 7 8

Figure 3.5 A section of the jigsaw covering for map 1 of the Takagi Function.

The jigsaw shown in Figure 3.5 is relatively simple since all of the pieces are the
same shape and fit together in a regular pattern. The same properties hold for a
large number of jigsaws arising from IFS maps, and indeed, as we shall see in
Chapter 5, many maps have jigsaws which are even simpler than that of the
Takagi Function. However, not all jigsaw coverings satisfy these properties, and in
later chapters we will look at a number of IFS maps whose coverings are much
more complicated. In the meantime, however, it is necessary to explain how
jigsaws can be useful - and to note that their use is the same whether the jigsaws

are simple or not.

In Example 3.6, we saw a situation where the GA results in four distinct attractor
points being mapped to the same integral point under a particular transformation.
In the example - the Takagi Function - the resultant point, (24, 54), was hit four
times, when in fact once would suffice. Since we have already noted that the
number of points calculated is N times the number of unique points, it is clear that
(24, 54) is not the only point which is hit more than once. In fact, running the GA
for the Takagi Function and keeping a check on how many times each unique

point is hit reveals the results of Table 3.1.
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removed and the number of points calculated will equal the number of unique

points.

Note As we will see later, the attractors of most Iterated Function Systems contain
points which can be hit by more than one map. In these cases, it is not possible to
remove duplication completely simply by considering the jigsaws. However, in
the Takagi Function, and also in several other IFS's which we will consider, each
attractor point can only be hit by one map and therefore duplication can be

completely removed.

In the chapters that follow, we will see that in many cases it is possible to identify
all points of a jigsaw piece given a particular one. In these cases, we will describe
how we maintain a record of which jigsaw pieces have had a map applied to them
once - and how this enables us to ensure that the remaining points within the
piece will not have that map applied to them. Note, however, that since our aim is
to improve the time taken to produce the attractor, it is extremely important that it
does not take longer to check whether applying a map to a particular point would
result in duplication or not, than it would simply to apply the map. As we will
see, the method that we employ to check for duplication does not violate this
condition - and as a consequence we are able to improve considerably the run time
of the Graphical Algorithm for a large number of Iterated Function Systems. We

begin, in Chapter 4, by investigating the properties of jigsaw pieces.
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Properties of Jigsaw Pieces

In the last chapter, we introduced the concept of jigsaws, and explained in general
terms how we can make use of them to improve the performance of the Graphical
Algorithm. In Chapter 5, we will describe the improvement process in much
greater detail, and see many examples which highlight how well the
improvements work. In this chapter, however, we will concern ourselves with the
various properties which jigsaw pieces have, exploring both those which hold for
any IFS map, and those which depend on the map itself - details are also given in
[16]. Before we consider the first property, we must formalise the ideas which we

outlined in Section 3.3 - we do so0 in Definition 4.2.

Notation 4.1 We use the symbol ~> to denote 'rounds to', while the symbol ~/>
denotes 'does not round to'. Either symbol may be preceded by a list of expressions
to which it applies. Denoting the horizontal coordinate of w(x, ¥) by wi(x, v), and

the vertical by wy(x, y), we may write

ociwh(x,y)<0‘+1} (4.1)

w(x, y) ~> (u, v) ¢>{ﬁ51/\7‘/(9c,y)<ﬁ+1

where oo =u -1/ and B = v - 1 /5. From the definition of an affine map (Definition
2.14), we have wp(x, y) = ax + by + e and wy(x, y) = cx + dy + f, yielding the

following useful relations

Wh(x +1, ¥ +7) = wh(x, y) + al + bj (4.2a)

wy(x+ 1,y +]) =wy(x,y) +ci+d (4.2b)
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Finally, we use the expression w(x, y) to denote the result of rounding w(x, y) to
the nearest integer point. Thus wi(x, ¥) = u if and only if & < wp(x, y) <o+ 1, and

similarly for wy(x, y) = v.

Definition 4.2 The jigsaw piece Py, of w consists of all integer points (x, y) such
that w(x, y) = (4, v). In all diagrams of jigsaw pieces, a pixel shaded & will denote
one which is in the jigsaw piece, while one shaded LI will denote a pixel which may
or may not be in the jigsaw piece. Finally, a sequence ... (n) ... between two pixels of

the same type will indicate a line of n such pixels.

We begin our discussion of the properties of jigsaw pieces by stating and proving

a simple Theorem, which explains why we use the term jigsaw.

Theorem 4.3 The jigsaw pieces of an IFS map tile the plane; that is they have the
following properties

(1) they cover the whole plane, and

(2) they do not overlap.

Proof (1) The covering property holds because any point (x, y) is sent by w; to
another point (4, v) which, after rounding, not only has integer coordinates, but
lies in the plane - and therefore (x, y) lies in a jigsaw piece, namely w1(u, v).
(2) For two jigsaw pieces to overlap requires one point being sent, by the same

map, to two others - which is impossible by definition of transformation.
We now move on to consider properties of the pieces of the jigsaw, beginning

with a property which applies to every IFS map, regardless of the values of its

code entries.
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Remark 4.10 Theorem 4.6 applies to the horizontal and vertical components
separately, as we saw in the proof. Thus, for example, if wp(x, y) and
wh(x + Mp, ¥y + Mq) ~> u, then wi(x + kp, ¥ + kq) ~> u for all 0 <k < M.
Equivalently, this means that there can be no break in a line of pixels (x, y)

satisfying wh(x, y) = u, for given u.

The importance of knowing that jigsaw pieces cannot contain holes will be
highlighted in later chapters, as we consider particular IFS maps and the jigsaws
arising from them. In the meantime, however, it suffices to say that the main
consequence of Theorem 4.6 is that, once we know what the boundary of a jigsaw
piece is like, we know what the whole piece is like. Further, we can rule out
certain configurations of pixels within jigsaw pieces - which will be especially

useful when we come to look at maps with complicated jigsaws.

We now consider a property which many jigsaws arising from IFS maps have, but,
unlike the property discussed in this section, our second property depends on the

entries of the IFS code.

4.2 Rectangular Jigsaw Pieces

In the course of this thesis we will see a large number of examples of jigsaws
arising from IFS maps, ranging from simple (or regular) jigsaws where every piece
is the same size and shape (Chapter 5) to irregular jigsaws made up from a wide
range of sizes and shapes of piece (Chapters 7 and 8). Often, it is impossible to tell
what the pieces will look like, or even whether they will all be the same, simply by
looking at the code of the IFS map - which can make using the jigsaws
complicated. Fortunately, however, there are many cases where we can use the
IFS code to predict the size and shape of the pieces. In this section, we will

describe conditions on a, b, c and d which enable us to state that the jigsaw pieces
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will all be rectangular. We begin with a general Theorem stating a condition
which must hold if two pixels (x, y) and (x + i, y + j) are to be in the same jigsaw

piece.

Theorem 4.11 Suppose (x, y) and (x + i, y + j) are in the same jigsaw piece, for some
integers i, j. Then
tai + bj| <land lci+djl <1. (4.3)

Proof Let w(x,y) and w(x +1i, ¥ + j) round to (u, v), and consider first the
horizontal components. By (4.1) and (4.2a), we have that wnp(x, y) and
Wh(x, y) + ai + bj both lie in the interval a <z < & + 1, and therefore the absolute
value of their difference, ai + bj, cannot exceed the interval width. Indeed, because
we must have z < « + 1, it follows that lai + bjl < 1. Similarly, we find that

tci+djl <1, and the result is proven.

The simplest type of rectangular piece which we could encounter would clearly be
one which is simply a line of pixels either horizontally or vertically i.e. one for
which (x, y) and (x + i, y +j) are in the same piece if and only if eitheri =0 orj=0.
Such pieces do not occur very often, but Corollary 4.13 gives two conditions
which, if they occur together, lead to exactly this scenario. First, we must give
some new definitions which we will use throughout the remainder of this chapter,

and beyond.

Definition 4.12 (i) A sequence of pixels, each to the right of its predecessor, is said

to be rising (descending) if each is above (below) its predecessor. (ii) Two pixels P

and Q) are said to be adjacent if they have a common vertex.
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Corollary 4.13 For the jigsaw pieces of an IFS map, diagonally adjacent pixels are ruled
out as follows:

(i) la+bl 2Tor lc+dl 21 rules out = .. (rising diagonal), while

(i) la-bl 2Tor lc-dl 21 rules out (descendmg diagonal).

If either condition holds, then no piece can contain a 2 x 2 square of pixels, while if

both hold, then each piece is flat, that is, a horizontal or vertical line of pixels.

Proof (i) Any two pixels forming a rising diagonal may be written as (x, y) and
(x +1,y + 1). But (x,y) and (x + 1, ¥ + 1) can only be in the same piece if
la+Dbl <land lc+dl <1, by (4.3) with (i, j) = (1, 1). Thus if la+ bl =21 or
lc+dl 21, (x,y) and (x + 1, ¥y + 1) cannot be in the same jigsaw piece, and

therefore no rising diagonal can occur. (ii) is similar.

As we noted above, flat jigsaw pieces do not occur very often, since the code
entries of most IFS maps violate at least one of the conditions of Corollary 4.13.
However, as the following example illustrates, it is possible to find maps with flat

jigsaw pieces.

Example 4.14 Map 1 of the Takagi Function satisfies only condition (i) of Corollary
4.13, and therefore the pieces have no rising diagonal, but can have descending
diagonals (cf. Figure 3.4). However, both conditions of Corollary 4.13 are satisfied
by map 2 of the Dragon Curve,
(1) -0.5 0.5 |x
w(x,y) = ,
=105 -05]y

and thus the pieces are flat. In fact, we find that the pieces have the form EL

Both conditions are also satisfied by map 1 of the Dragon Curve, and in this case

the pieces are those for map 2 rotated through 90°.
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Note Although the pieces of the Dragon Curve jigsaws are flat, and consist of just
two pixels, the way in which they fit together to form the jigsaw makes them as
complicated to deal with as many larger pieces. We will return to this in Chapter

6.

We now consider what conditions imply that the jigsaw pieces are all rectangular -
these conditions are given in the statement of Corollary 4.18. Essentially, proving
that a piece is rectangular requires us to show that if two corners of a rectangle are
in the piece, then so is the whole piece. We begin by stating and proving this in a
theorem, and then show that certain conditions on a, b, ¢ and d ensure that both

conditions of this theorem hold, and so the pieces are rectangular.

Definition 4.15 (i) We say that A, B € R have the same sign if A, B=0or A, B<0.
This is equivalent to AB 20, and holds in particular if either A or B is itself zero.
(ii) If P and Q are two pixels, then Rect(P, Q) denotes the rectangle which has P

and Q as opposite corners and sides parallel to the axes.

Theorem 4.16 (Rectangle fill-in) Let P = (x, y) and Q = (x + i, y + ) be in the same
jigsaw piece Py, 3. Then

if (i) abij 2 0, then wy(, s) ~> u for all (v, 8) in Rect(P, Q), while

if (ii) cdij 2 0, then wy(7, s) ~> v for all (v, s) in Rect(P, Q).
Thus if both (i) and (ii) hold, the whole of Rect(P, Q) is in Py .

Proof (i) Since wn(x, ¥), wn(x + 1, ¥ +j) ~> u, (41) and (4.2) tell us that both
wh(x, 1) and wi(x, y) + ai + bj lie in the interval [a, o + 1) = {z e <z < o + 1}. An
arbitrary pixel of Rect(P, Q) may be written as (x + p, ¥ + q) where p, q have the
same sign as i, j respectively, and Ipl < lil, Iql < Ijl. Since ai and bj have the
same sign, ap + bq must share this sign and, further, lap +bql < lai + bjl so that

wh(x, y) + ap + bq lies in the interval [o, o + 1). Thus wp(x + p, ¥ + q) ~>u and so
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