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The object of this thesis is the study of the Boolean algebras of
projections on Banach spaces and their properties,

Chapter one is devoted to the study of the integration theory
needed in the other chapters. The main characteristic features of the
theory of normed K&the spaces are introcduced first. Next, we
investigate the conditions on p which ensure that every function ¢ ¢
L*(u4) can be factorized as ¢ = f.g, with f € Lp and g « Lp'.

In chapter two, which is the main part of the thesis, we introduce
the concept of Boolean algebras of projections. We prove that a
Boolean algebra of projections is c-complete if and only if it is the
range of a countably additive regular spectral measure. We show that
a bounded Boolean algebra of projections on a weakly complete Banhach
space X can be embedded in a o—complete Boolean algebra of projections
on X. Next,ithe main structure theorem for a cyclic Banach space X is
proved. It is shown that the weakly closed algebra generated by a
o—complete Boolean algebra of projections on a Banach space X is
reflexive, A representation theorem for a complete Boolean algehra of
projections is included.

In chapter three, we consider the necessary and sufficient
conditions for the restrictions of normal operators on Hilbert space
to be normal operators, and the restrictions of scalar—-type spectral
operators on Banach spaces to be of scalar-type.

The results of chapter one are due to T.A. Gillespie [13] and
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[14]. The majority of the results in chapter two are due to W.G, Bade
(1] and ([9), but we show how Gillespie's results can be used to
obtain stronger results and give more satisfactory proofs of these
results. The results of Chapter three are due to Wermer (18] anad

Dowson [&].
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LIST OF SYMBOLS

C : The complex plane

E : The co-algebra of Borel subsets of €

B(X) : Banach algebra of bounded linear operators on X

C(K) If K is a compact get, C(K) denotes the continuous complex
valued functions on K under the supremum norm

<X,¥?: Inner product of X and y

spana; The linear span of A

SpanA: The closure of SpanA

/Y Denotes the restriction of T to Y

X 3 Denotes the Characteristic function of the set T

<« : Means: is absolutely continuous with reuspect to

= : Means : identically equal to

o(T) : Denotes the spectrum of the linear operator T

o(T) Denotes the resolvent set of the linear operator T

L H This symbol means: is orthogonal to

{a} Denotes the set consisting of a aleone

c,2> Denote the strict inclusion

nu Denote the intersection and union respectively

Iff Means if and only if

LatA : Denotes all the closed A-invariant subsgpaces of X

Alg LatA : Denotes the subalgebra of B(X) of all operators that

leave invariant every subspace in LatA.

SpA, SpPA : sSpanA, SpanA respectively

fh R fl/z
N : €0, 1, 2, 3, vieues}
N* 1 N ~ {0}




x* The dual of X
@2 The empty set
a.e.: Means : almost everywhere

Ref, ImFf : Real and imaginary parts of f respectively




Chapter 1 KORMED KOTHE SPACES AND FRCIORIZATION

THEOREM

1.1 NORMED KOTHE SPACES

1.1.1 Intreduction: In this chapter, we investigate the properties of

certain normed linear spaces, the elements of which are complex valued
measurable functions. Several characteristic features of the theory
are discussed: Riesz-Fischer property and Fatou property of the norm,
the associate spaces and, the subspaces of all functions of abgolutely
continuous norm. Several of the notions and results which follow can
be traced back to the work of G.Kbthe and O.Toeplitz in the thirties,
and for that reason the normed function spaces which will be
introduced in the present chapter are sometimes called Normed KSthe
Spaces. Next, we investigate conditions on p which ensure that every
function ¢ in Ll(u) can be factorized as ¢ = fg, with f € Ly ang

g € Lp'+ We also consider the extent to which the size of the product
p(F).p (g) for such factorizatigns can be controlled. The condition
that p be a saturated norm 1is not in itself sufficient for
factorization always to be possible, but it is a necessary condition
For a factorization of this type to exist for every function in Licwy.

Iet (,T,4) be a measure space.

1l.1.2 Definition: A function seminorm on (Q,Z,u) is a function p

p 1 MY_, [o,m]
such that
1) p(f+g) < p(F) + p(g) ¥ 7, g € Mt

1i) ple ) = « p(F) VFeM, e [o,m]



ii1) p(f) € p(g) 4if Ff<g a.e., Y £, gent
iv) p(f) = o Aif fF =0 a.e, _eru‘f-

The function seminorm p is called a Ffunction norm if it has the

additional property:

A(f) = o 1ff f = o a.e. (f « M)

1.1.3 Theorem: if p is a function norm, and u eMt satisfies p(u) £ w,

then u(x) = o holds only on a set of a null measure,

Proof: Writing E = (X! u(x) = w}, we have xg € w/n for n = 1,2,3,...,
and so p(Xg) € p(u)/n ,n = 1,2,3,..., it follows that p(xg) = o, BQ Xg
= o, a&.e. Q.E.D.

One can extend the domain of any function seminorm to the whole of
M. Then,given the function norm p we extend its domain to the whole
of M by setting p(Ff) = p(ifl) for any f M.
given such a norm, let

by = {F € M1 p(If]) £ w},
and define
N={ fFeM:if=o0oV¥ Ff=o0,a.e. 1},
let
Lp = 8 / N
Then p induces a norm , aleo denoted by p, on Lp defined by
A(FIN) = p(Ifl) V f € ip.

Theorem i.l.a guarantees that any function f e Lp is finite u-a.e.
on 1, and hence that Lp is a linear subspace 0f the linear space of
all p—-a.e. finite functions in M. The resulting normed space is
called a normed Kbthe sgpace. This space L, is not necessarily norm

complete,

1.1.4 Example: Let p be the discrete measure in X = { 1,2,3,...} and

fFor every u = { u(l), w(2),...} € mt let the function norm p(u) be

defined by

oo
P(U) = L 270 yny + 1im sup u(n).
n=1 n




To prove that Lp is not norm complete, let v,= (l,0,0,...), V, =
(1,1,0,0,...), and 8o on . For k M p we have p(Vk-Vp) =n§)f'~n __) o
as k, p _, w 80 Vi ia a Cauchy sequence. Assume the existence of a
function f ¢ L, such that P(F-Vk) _3 0 a8 k _, w, Let Xgn Pe the
characteristic function of Ep = {n}; then p{{f-Vk)Xgn} -3 0 as kK _ym,
Hence, since p(Xgn) = 271, we have vk — f(n) as k _, @ for every n.
This implies that f(n) = 1 for every n. But p(f-vk) i:f;i;n F1_,1
as X __, w. This contradicts p(f-vk) _, ¢ as X _, @ a’nd hence Lp is

not norm complete.,

1.1.5 Definition: The function norm p is said to have the Riesz-

Fiascher property if, for any sequence (up) ¢ Lp+ (= Mt n Ls) such that

o0 oo (=]
n=g LB n={

1l.1.6 Theorem: The normed linear sgpace Lp, derived from the function

norm p is a Banach space iff p has the Rieaz-Fischer property.
For a proof of this result the reader is referred to theorem 2 of
{19, 445).

1.1.7 Definition: The function seminorm p is said to have the Fatou

property, whenever it follows from o £ u; € U, €,...:.. 3 U, with all
up € MY, that p(up) __ p(u)

1.1.8 Theorem: If p is a function norm with the Fatou property, then p

has the Riesz-Fiascher property.

Proof: Assume that p is a function norm with the Fatou property, and

let up € Mt for n = 1,2,3,....., ana ?Iap(un) (L ., We want to prove
e n-i
- [~ =]
that>u, € Lp, i.e. p (L up) £ @. The functions Sp = utu,tuyt...+ug,
“,""‘ n-t
n
(n=1,2,....) gatisfy o € 5y % S € ...., and p(Sp) « [ p(ug), 80O
k=

lim p(Sp) £ w. Hence, since p has the Fatou property, 11"1}1 e(8Sp) =
n

p(S) =p(T up) L. Q.E.D.

1.1.9 Definition: Given the function seminorm p, let p{®) = p, and for

any u € MY, let p{Plu) = sup{ § uv du: p{(""1)(v) £ 1, v em*} For n =

1,2,...., where the integral denotes integration over the whole set




0. 1Instead of p(1), p(2), we swall write p', p"*

1.1.10 Theorem; por n = 1,2, p{M) i a function seminorm having the

Fatou property.
Proof: It will be sufficient to present the proof for p', the proof
For p" follows by induction. For a fixed v € Mt satisfying p(v) « 1,

it is evident that py = fp uv du ig a function seminorm. We show that

py has the Fatou property. Let u, ¢ MY (n =1, 2, ...) be such that o
UL gy, ® ..ees U, a0 let Ve Mt be such that p(v) € 1. Then Vv
is finite a.e., and o * WV € u,v € ,.... _3 uv, a.,e. Using the

dominated convergence theorem,

13;111 pylup) = 13’.1!! Jupv du = J uv dv = py(u).
Then py has the Fatou property. We now show that p'(u) = sup {pyg{u):
ov) € 1, v € M’"} has the Fatou property. It 18 evident that p is a
function seminorm. Let o £ u, € u, € ... _y u with all up ¢ M", and
let p'(un) — We have to show that p'(u) = o. Since o =
l}‘m p'{up) € p*(u), it is sufficient to show that « = p'(u),1i.e.
a A B for all B £ p'(u). YLet B £ p'(u)., Then there exists v ¢ Mt
with p(v) £ 1 and such that py(u) N B. Since py has the Fatou
property, then py(u,) £ py(uz) £ .... 5 py(u) for this particular v.
Then there exist n, € N such that py(up) 3 B for n > n,. It follows
that p'(up) M B for all n » n, and so

« = 1lim p'(up) ) B.
Hence w = p'(u). Q.E.D,

1.1,.11 Definition: The function seminorm p is said to be gaturated if

for any set E of positive measure there exists a subset F © E such
that pu(F) N\ o and p(Xp) £ «.

1.1.12 pefinition: Let p be a function seminorm . A set E € 0 such

that u(E) )\ o is called a p-purely infinite set if p(Xg) = ® and

o{Xg) = @ for all F € E with positive measure.

1.1.13 Theorem: Iet p be a function seminorm.




a) (HOlder's inequality) If p(u) and p'(v) are finite,
then
fq uv du € p(u).p'(V)
b) We have p"< p.

Proof: a) For o £ p(u) £ w . By defintion p'(v) = sup { [ uv du:
PR <« 1,u € MY} 2 m, Put w = u/p(u)., Then p'(V) » J wv du =
J viau / p(u) dap = 1/p(u) . uv du, Then J uv du < p'(Vv).p(u), Now
let p(u) = o. if u =0 a.e,, it is clear that the inequality holds.
Agsume, therefore, that E = { x + w(x) ¥ o } is of positifemeasure, and
let Ep = (X + w(x) A o} } for n = 1,2,...., Since Ep _y E, there
exists an index n, such that pu(Ep) M o for all n = n,. We will show
that En is p'-purely infinite for all n A ng. Let n = n,, and let F ©
Epno With u(F) )\ o. Since u(x) M nl on F, we have n,u(x) > Xg,s0
p(Xp) € n p{u(x)}, then p(Xp) = o. It follows that p(k Xp) = o for
all k =1,2,..., and

P'(Xp) =8up { JpWdu 1 p(wW) €1, weM}

2 gup K [p du = 8up kK u(F) = w
kot -

This shows that Ep is p'-purely infinite for n = n,. But then E =
{ x ¢+ u(x) x o } =ﬂ§5.En is also p'—purely infinite. Hence sBince p'(v)
L @w, we have p'lL w, and v = o a.e., on E, For, if E is p'—purely
infinite and v*'Xg M ¢ on a sget of positive measure, there existe a
number € \ o such—that V.Xg M £ on a set of pogitive measure, i.e. v 1
e'Xp for some F C E satisfying u(F) )N o. But then p'(Xxp) £ p'(V)/e,
and that contradicts the fact that E is p'-purely infinite. It
follows that S uv du = p{u).p'(v).

b) It will be shaown that p"(u) £ p(u) for every u < MY, Assume

that p(u) £ w. Then

sup {(J uv du 1 p'(v) £1, v e Mt 3},

il

pﬂ

< gup { p(u).p'(v) t p'(v) €1, v e MY }

p(u) ( by Holder's inequality )




It follows that
p(u) « p(u) £ w,

If p(u) = @ , then u = @ a,e. Hence,

p'(u) = sup{J uv du 1 p'(v) < 1, v « Mt}
=
Hence

pPrE p. Q.E.D.

1.,1.14.Theoremi The following statements are equivalent

a) p is saturated, i.e., for any set E of positive measure there
ig a subset F € FE of positive measure such that p(xF) is finite.

b) For any sequence of measurable sets Y, 7 R thére exisgts a
sequence of measurable sets Xp A 0 such that X € Y, and p(X¥ph) £ @
for all n.

Proof: a) # b) By hypothesis, p is saturated. Iet ¥ (1,2,...) be a
sequence of measurable subsets such that ¥Yp 7 0 and w(Yp) £ ® for all
n. Since Y is of positive measure, then there exists a subset E C Yp
of positive measure guch that p(XE) L o and u(E) £ u(¥p) £ w. Let I
be the collection of all subsets:\’E such that their characteristic
functions are in Lp., We set a« = sup { W(F) :+ F e I' }. There exists a
sequence of sets Fp ¢ I' such that p(Fp) _y «, and by 1) in—the
wﬁmk 95 ¢ ‘cu\u’mﬁ’\k

- i exmy we may assume that Fp is
increasing, The set Em:=3§fh satisfies d(Fm) = o, If o« £ u(E), the
set E ~ Fyp is of positive ﬁéasure, and so, since p is saturated, there
exists a subset F, € E — Fy, Fy & I, (Fy) Y o, It follows that Fp +
Fo e ' for all n, and pu(Fph + Fg) ) “(qw) + p{Fy;) M x for all n. This
contradicts the definition of «. Hence

sup {(F) : Perl } = WE) = «,

it follows that there exists a sequence of sets Xp (n = 1,2,...) such

X
that X, € ¥, and pﬁ?n) £ w©, and F&Yn—xn) L 1/n for all n. It may be

assumed that X, is increasing by i) in the definition of a function




seminorm. The set Q' =~E;xn satisfies Yo ~ Q' € Yy — ¥p, 80 pu(¥p— ﬁ)
Z 1/n for all n, But Yo - Q' /0 - 0', so—u (O-Q') = lim w(Yp—N') =
o. Thus the sequence Xp has the required properties. Conversely, it
is evident that the existence of at least one sequence Xp 7' 0 such
that p(¥xn) £ » implies that p is saturated. Q.E.D.

1.1.15— Theorem: The following statements are equivalent

i) p is saturated
ii) p' is a norm
iii) p" is saturated.

Proof: Since p" = p, it follows that, 1if p is saturated, p" is

gaturated as well. Conversely, assume that p" is saturated; then, if
E is any set of positif measure, there exists a set F € E of positif
measure such that p"(Xp) £ m, Assume that p 1is not saturated, then
there exists a set E of positive measure which is p-purely — infinite,
80 U = o on E for any function u « Mt such that p{u) £ o, then

gk Xg) = sup { Jg Ku du: p(u) £ 1,u € M} = o, k=
1,2,..., then

P {w.Xg) = o,

it follows that, if F € E with u(F) \ o, then

P"(Xp) = sup { Jp Vv du 1 p'(V) €1, v e M} 2 fp k du
(k=1,2,..)
Hence

Pxp) =sup { Jp Vv du p(V) £1,veM} > fpodi=m
Therefore
P (Xp) = w.

Hence p" is not saturated. Now, if p 1is saturated, suppose that
p'(u) = o. We want to prove that u = o a.e. Then

p'(uy =sup { Fuv dut p(v) <1, v & Mty = o.
It follows that | uv du = o for every v € Lp such that p(v) = 1.

Choose v such that p(v) = 1. Since p is saturated, there exists a set




E of positive measure such that p(xg) = 1. Then
o= Jfuxp du= Jéu du = o,
it follows that u = o on E, Hence u = ¢ on any setfof positive
measure such that p(xp) 4 . Since p is saturated, there exists a
sequence X 7/ 0 with p(Xp) N o and such that p(xxn) £ « for all n.
Then u = o on Xy for all n. Since Xp 72 0O, u = o a.e. Hence p' is a
norm. Conversely, assume that p' is a norm, but p is not saturated.
Then there exists a p-purely infinite set. Hence u = o a.e. on E for
any u € M' such that p(u) £ », and so
R'(XE) = Bup {Jou du 1p(u) € 1, u e M} = o

8ince u(E) N o, this contradicts the fact that p' is a norm. Q.E.D.

1-2-The 13, space

1.2.1- Definition: Iet p be a saturated function norm. The function

F € Lp is said to be of absolutely continuous norm whenever p(fn) ¥ o

for every sequence fn(n =1,2,..) in Lp such that [f| = f,> Ff>. ... ¥ o
pointwise a.e.on fi.

1.2.2- Definition: Let p be a saturated function norm. An order

ideal Y in Lp is a linear subspace of Lp with the property that if F
e Y, g(x) is measurable and |g(x){ = |f(x)] on Q, then g Y.

1.2.3- ILet % dencte the set of bounded functicons in M and, for each
¢ ¢ B®, let My be a bounded linear operator on Lp defined by Mgp«f = &f
(F € Lp)., For the boundedness of My; since ¢ is bounded, there exists
a constant X ) o such that |¢| € kX, ¢f € M and |dFfl <€ kKIFi, then p(df)

< kp(f). Hence, My is bounded.

1.2.4-Theorem: A lipnpear subspace Y of Lp is an ideal 1iff it is
Mg-invariant for every ¢ < 2%,

Proof: assume that Y is an ideal of Ip., Let ¢ ¢ I*® and let F ¢ Y,




Mg fl = | &fl € KIFfl ¢ Y since ¥ is a linear subspace. Then My f =
$f € Y. Conversely, assume that Y is a linear subspace Mg-invariant
for every ¢ € §®, Then for every f « Y,_for every & ¢ I%, &f € Y.
Iet g € Lp be such that gl € [(FfI a.e. There exists a measurable

function © with |@] £ 1 and such that g = 6f., But 6f « Y for Mg F =

Lot
1.2.5~Theorem: The set Lap of all absolutely continuous norﬁkis a norm

8. Hence g € Y. It follows that Y is an ideal. Q.E.D. ud%

cloged order ideal in Lp.

Proofy We first prove that L%, is an ideal. Let f & Lap and, let g
€ Lp be such that Ig] < |Ffl a.e. We want to prove that g is of
absolutely continuous norm. Then, let fp (n = 1,2,...) be a sequence
in Lp such that (gl = f1 > fo &,...y o pointwise a.e. But [fI > ig| >
fi ® fp ®=...% o pointwise a.e., and f is of absolutely continuous
norm. Hence, p(fp) ___, o a8 n __, w, and then g € 18,. It Follows
that 12, is an ideal in Lp. It remains to prove that Lap i8 norm
closed, Let fp ¢ L3, for n = 1,2,..., and o(f-£, ) 3 0 as n__, o,
Then given eio, there exists an index N such that p(f~gv) L (1/2) e.
Now, let Eh (n = 1,2,.,.) be a decreasing sequence of sets with empty
intersection., Since

P(FfiXgn) € P(F~Fy) XEn + P(FN-XER) <€ (1/2)-& + p(f.XEn)

ana since p(fNy Xgp) V o as n __, o, we have p(fiyXgn) £ € for all n
sufficiently large. Next we prove that f is of absolutely continuous
norm. ILet Ifl » Ff1 = fz »,,,.N0 on Q, and let € N\ o. Since p is
saturated, there exists a sequence of measurable sets X 8,uX)L ©
and o £ p{xyn) £ w for all n. Since N-X, decreases to the empty set,
there exists an index N such that P(fxﬂ_xu) Z (1/2). & and 8o
p(fn.xQﬁxN\ £ (172). ¢ for all n, Furthermore, since po(f.Xgn) Vv ¢ for
every sequence Ep (n = 1,2,...) of measurable subsets of i decreasing
to a set of measure zero, then for every edo, there exists a pogitive
&Lfysé e b o N

number 8§ such that U(Ep) £ 6 implies that p(f.Xgn) £ /4 .&. Let o =

A :
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e(4 p(Xxn)) "L and set Ep = (Xt fp(x) N a } N Xy for n = 1,2,.... The
sets Ep decrease to a set of measure zero, since fn MV o. Hence
U(Ep) £ 6 for n » ng. We have fp(x) = a on Xy—Epo for n = ng, and so
P(Ffn.Xxn) € P(Fn-XEno?} + P(Ffn:XXn-En)
€ p(f.XEno) + & P(Xxn-En) £ (1/4) e+ (1/4) e.

This $hows that p(fn) < p(Ffn.Xxn) + P(Ffn.Xa—xy) £ & for n = ng, and so
P(fn) —» 0 as n _y w. Hence f is of absolutely continiuous norm and
so L8, is norm closed. Q.E.D.

We conclude, from this theorem, that if p has the Fatou property,
Lp is E:omplete, and hence L%, is norm complete (p saturated).
1.2.6~ Since L3, is an order ideal, it follows that, if f ¢ L%,, then
the positive and the negative parts of Re Ff and Im F also belong to
L3,.

Let 1 denote the function with constant value 1 a.e., and let O’
be the set where it takes on the value 1 everywhere. Then, if p(l)Z w
it follows that p(xp') £ w. Hence p is saturated.

Let L™ denote £® / N and let 1 be the coset in L® containing the
congatant function with value 1.
1.2.7-Lemmas Let 1 ¢ L?,. Then L® is a dense subspace of L2,.
Proof: Since L%, is an ideal containing the constant €function, L3,
also contains L®  pix § ¢ L% With F = o a.e. There exists a
sequence fFfp of simple measurable functions such that o £ fn A F
pointwise a.e. We have

Fef~-Ff12Ff— f2=..90.

pointwise a.e.on O, and s0 p(f-fpn) —_y o, since f is of absolutely
continuous norm. Since fn = F for all n, this shows that every
non—negative element of Lap belongs to the closure of L™, By
congidering the positive and negative parts of the real and imaginary
parts of an arbitrary element of L%,, which all belong to the closure

of L™, and since L™ is a vector space, then the finite Ilinear
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combinations of these parts also belong to the closure of L™, It

follows immediately that L® is a dense subspace aof L3,. Q.E.D.

1.3- Factorization theorem

1.3.1t The elementary observation that every Ll-function can be
expressed as the product of two Lé-functions has important
consequences in the study of self-adjoint spectral measures on Hilbert
space, In this sgection, a generalization of this factorization
theorem to certain normed Kdthe spaces will be proved, See [14]) and
{13]

Preliminary lemmas are required,

1.3.2-Temmas Let (Q,C,u) be a o-finite measure space and let {fh)} be a

sequence in M'Y, with each fn finite and strictly positive a.e., such
that either
1) I Log{{1/2)( futfm)fn /2. f*/2} du __y 0

or 1) S {fn fuw * + fufnt -2 du 4 0
as n,m ..y o. Then {fn} has a subsequence which is convergent a.e.
Proof: We have t +t™* 2 2 for all t )\ o, The convexity of the
function tP (1 £ p £ w ) for o £ t £ o shows that

1/2 (t2 4+ tT2) = {(t + t71) /7 2)2
and the monotonicity of the function Log shows that

Log (1/2) (t2 + t™42) = Log {(t + t~1)/ 2)%
Since t + t7* =2 2, then (t + t7*+)/2 = 1 and therefore

Iog {(t +t71)/2}2 = (1/2) Log (t +2Jt*_1) = o,
It follows that the above integrands are non-negative a.e., and so,
the integrals are well defined in {[o,w]. We show that each of the

hypothesis i) and ii) implies that the subsequence {Ilog f,} is Cauchy
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in measure and hence has a subsequence convergent a.e. Then suppose
that i) holds and let e )\ o. Since the funetions
t ___, ILogtl and t __, Tog (1/2)Xt2 + t7%)
are strictly decreasing when o £ t £ 1, take the value o when t = 1,
and are strictly increasing for t )\ 1, there exists n A o such that,
for £t N o,
Iogt| » ¢ then Log (1/2) (t% + t72) » n

Hence

p{1Tog (fn/fm)! > e} £ p{Log((1/2)(fn + fM)(FR? F 2] > n )

£ 1/n §{TLog [(1/2)(fn + fm) fa° fm 213K 5 ©
as n,m —s @
and so, {Iog fiy} is Cauchy in measure. The required result follows by
taking expenentials. Next, suppose that ii) holds, and let & M o.
Since
t __ llogt] > e thent + t71 -2 >1
we have
u{ 1Log (fﬂfm“}l 2 e} & u{fpfm '+ fpfnt - 22 1)
€1/ § {fofp 4 Ffofn - 2 ¥U _y0as LM _y

and so, both i) and ii) imply that (Logfp} is Cauchy in measure.
Q.E.D.

suppose throughout the rest of the section that p is a saturated
function norm based on the probability measure space (2,Z,U)
1.3.3-Temma: Let 0 € © and let ¢ ¢ M satisfy

Jo Tog(l + hé)dp = p(o).p(h)
for all h in LY,., Then p'(¢.X;) = p(o)
Proof: Fix h in Lt,. Since
Jo Log (1 + ho)dp < u(o)-p(h) £ o,

the function hd is finite a.e. on o. Hence, there exists an
increasing sequence {on} in & such that

on = { i(ho)(t) € n} {n eN)
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Then o € © and U op = ¢. Iet Xop denote the characteristic function
of on. Since
Log(l + t£t) » £t - (1/2) t2 (t > o)
then t £ Log(l +t) + (1/2) t2 (t > a)
it follows that, for o £ 8 £ w and n «N,
Je h ¢.Xop dt = 8 J hd.Xgn a1 € § Log(l + 8 h d.Xgn)du +
+ (8%/2) J hZ ¢ au
£ Jg Ing(l + 8 h ¢) du + (8%/2) nZp(ap)
£ g pu(s).p(h) + (1/2) 8% n2,
Then
f hd.Xop au € u(o).p(h) + (1/2)n?s,
Letting 8 _, 0F, with n fixed, it follows that
S . Xop du € u(e)e(h) (n e N)
Since h¢.Xan 2 ¢ Xo, Lebesgue's monotone convergence theorem gives
lim J ho.Xop du = & hd. Xo du < u(o)p(h)
n -3 00
since, by HYlder's inequality
S hd.Xg du € p(h).p'(Xg ),
it followe that
P'(&.Xo) € p(o)

as required. Q.E.D.

l1.3.4 Lemra: Suppose that p has the Fatou property and let o € £ with
Xo € Lp N Lp'. Then there exist Ff & Lp and g ¢ Lp' such that

fg =X, f=g=00ff0
and p(f)e'(g) = wo).
Proof: Assume that p(c) \ 0, the result being trivial when u(c) = O.
Given f « Lpt with p(f) € 1, we have

Jolog fdu € Jo Fdu=17J5 X du < p(F).p'(Xg) £ ®

Hence [y Tog Ff du is well-defined in the range

- @& g Log f du € p' (%)

for each Ff in Lp+ with p(f) « 1. Alsc by considering an appropriate




14

multiple of Xo, it is seen that there exists f € Lot with p(Ff) = 1
such that
Jo I0g F AL N — ®

Defining

« =8up { fg Iog f ap : F e Ipt, p(F) & 1},
we thus have

-—w s a £ p(Xo) £ .
For each integer n, let fn € Lpt with p(f,) € 1 and

Jg Iog fp dp > « — 270
since  p{(1/2)(fn+fm)} £ 1, we have

o > fg LOG{(1/2)(Fntfm)} au > Jg Log (fn? fu) du
The last inequality follows from the convexity of the function t _qtp
(0Lt4m) which implies that

Fo® fm? €(1/2)(fn + fm)
Therefore
o 2[5 LOg(fpe. fm2)dr = (1/2) f5 {Log fp + LOg fpldu
g - 27 N1 _pm-1

for all n, m € N.
Since g fp is integrable over g, each fp is strictly positive and

finite a.e. on o. Thus for all n, m = N,

0 € Jg { 10g(1/2)(fn + fm)(fn % fu 2)}du =

o (L0g(1/2)(fm + Fn)}dp - I {IOGFm=.fn? }dp

£ 27h-1 4 o2-m-1
therefore, by lemma 1.3.2 {with the restiction of (Z,u) to ¢ as the
underlying measure space), there is a subsequence {fpk} which

converges a.e. on o, Let f e Mt be defineda by putting

f=1lm fpx on o

0 off o

Then 0 € f £ 11? inf fnx and so p(f) £ lim inf p(Ffpx) £ 1, by theorem

3 of (19, 447) since p has the Fatou property. Fix h e Lpt. Since
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u(o) N\ 0 and fp is non-zero a.e. on o, P(Ffn) N O for all n., Hence
o(Ffpth) N 0 for all n. The definition of «. implies that

—{
« » fg Loglp™(ry + n)(fn + N)dn

Jo 10g fn du + fg Tog(l+ hp~Liydu - p(o)Logp( fp+h)
>a-2D+ fgTog( 1 +h ) dp - p(o) Log p(fp + )
for all n. Hence
Jo Tog (Lhfp ly)dp < p(o)Log p(fpth) + 270 < p(o)p(h) + 270
the second inequality following from the fact that
Log(p( fpth)du € Loglp(fn) + p(N)] = Log[l + p(h)]
< p(h)
Since each function Log (1 + hfn“l) is non—-negative a.e. on ¢, Fatou's
Jemma implies that
Jo I0g (1 + hf 1)du = Jy lim Log (1 +hfpk 1)du
< 1im inf g Log(1l+ hfpkx 1)du € p(o).p(h).
Since h is an arbitrary element of ﬁ;, lemma 1,3.3 implies that
g = Xo 1 satisfies p'(g) € u(o). Hence
p(f).p'(g) & u(o).
Since p(f) £ w, f is finite a.e. Also, taking h = Xo in the above
inequality it is seen that Log(l+g) is integrable over o and 80 g is
finite a.e. on 0. Hence Ff and g are both finite, and therefore hoth
are strictly poaitive a.e. on ¢, and so fg = Xo
Mo) = § Xo du = J fg du € p(f).p'(g)
Thus p(f).p'(g) = p(o) a8 required., Finelly, it is clear that both Ff
and g vanish off ¢. Q.E.D.

1.3.5 — Lemma: Iet 0 € T, then, given e\0, there exist F in Lpt, g in

L*p' and 8 in £ such that
i) 8 € o and u(o\8) < ¢,
ii) f.g = 1 on 8§,
iii) p(fle'(g) = (1+e)u(a),

iv) Ff and g vanish off 8.
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Proof: Since p is a saturated function norm, by theorem 1.1,15, both p
and p" are saturated. By theorem 1.l.14, there exists an increasing
sequence {op} in © such that U op = 01 and Xgpn € Le N Lp' for all n.
By taking n large enough and considering ¢ n op in place of o, it
clearly suffices to prave the present result in the case when Xg e
Lp 0 Lp'.
Accordingly, suppose that Xy € Lpfilp' and let g0, Agsume that
(o) N 0, the required result being trivial when ¢ is p—null. Since
¢ has the Fatou property, p = p" and p"(Xg) £ = (8ee theorem 2 bh) of
(19, 457)). The preceding theorem gives the existence of f, in Lifp"
and gy in Ltp' such that

fo:Ga = X0, P"(Fo).p'(go) = W)
with each function vanishing off o. By the arguments in (19, 451-
471), there exists a sequence {hp} in Mt such that

hn 2 for P(hp) 7 P"(fo).
Noting that f, is non-zero a.e, on ¢, it is seen that hp fo"l Al on o
and therefore, by Egoroff's theorem there exists a measurable subset
§ of ¢ and a positive integer X such that

W(a\8) £ &, hx fo ™t > (1+e)™1 on 8.
let f = hx X8 and put g = hx™! on 8, g = O on O\8, Then F and g
vanish off 8 and f.g = Xg. Also, since p(hp) = p"(fo) for all n, then
P(F) € p"(fg)

and since g = f, go hx™! on & and g vanishes off § we have

P'(g) = p'(Fodo M) € p'{goll+e)) = (14£)p' (o)
Hence

P(FY.p'(g) € (Lte) u(o).

Q.E.D.
1.3.6-Theorem: Iet p» bhe a saturated Function norm based on the
probability measure space (Q,T,1).

1) If p has the Fatou property, then there exigt f in L+p and
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g in Ltp' such that
fg =1, o(F) p'{(g) = 1
ii) If p has the Riesz-Fischer property then, given ei0, there
exist f in Ltp and g in Ltp' such that
f.g = Xsg, PP (g) €1 + ¢,
ii1) In general, given M0, there exist f in L*,, g in Lt
and 8 in E with u(n/8) = e such that F.g = xg, p{(Ff) p'(g) €1 + ¢
Proof: iii) Since p and p" are saturated, then 1 € Lp" n Lp. Take
g = 1 in lemma 1.3.5 and the proof follows immediately.
ii) Assume now that p has the Riesz-Fischer property and let
0Lell., By repeated application of lemma 1.3.5, we can define
sequences {8p)} in E, {fn)} in Ltp and {gp} in L*p' inductively such

that, for n =1,2,...

-1 n~-1
1) 8, € 0\ U 84 11) u(8 \,U 84) = e2B
J=0 J=0 X
111) fnan = Xénh iv) p(fndP'(gn) < WD \ U 84)(1 + e2P),

J=0o
v) fp and gp vanish off &,

where 8§, is the empty set. By ii) and iv),

o fn) p'(gn) € e2(0-1)(1 4 ¢20),  (n € N).
Hence, by multiplying fp by suitable positive constant and gn by its
inverse, we can arrange that

p(fn) € e 1, prign) < e™I(1 + €20 ) (n & N).

Properties i) and ii) imply that the sets 8, 6&2,..., are mutually
disjoint and that

L6,=]

KB\ U 8n) = 0.

We can therefore define f and g in mt by putting f = fp and g = gp on

6n for n =1,2,.... Then fg = 1 and
w 4

f ==L fn, g = Ins
n=-l nz=|

The Riesz-Fischer property for p gives

p(f) < T p(fn) & (1-e)7L

and, since p' has the Riesz-Fischer property we also have
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P (@) £ T p'(gn) T eM"1(1 + e20)
hz | LES
£ (1 +¢)r el
= (1 +e)1~e)yl
Thus
AFIP'(g) £ (1 + e)(1-e)2.
Since ¢ is arbitrary in the range 0Ze/l1, it follows that
p(FIp'(g) = (1+e).
i) suppose that p has the Fatou property. Then it has the
Riesaz-Fischer property and so, by what has been proved ,there are
sequences {fp}in Ltp and}gn}ih L*p' such that
fngn = 1, p(fn) p'(gn) < 14270,
By appropriate scaling, we may assume that
p(fn) = 1, p'(gn) = 14270,
Note that Ffn is strictly positive a.e.(since fg = 1) and is finite

a.e. since p(fn) £ @ and p is a norm. Furthermore,

0 € f{ fn fm * + fofn * - 2 }au

i

I {fp9m + fmon — 2} du
< p(fpP'(gm) 1 A(Ffm)e'(gn) — 2u(Q)
€14 2041 4270 -2 =204 270,
for all n,m = 1, Therefore by lemma 1.3.2 there is a subsequence
{fnx} converging a.e. on 1, to f say, and the Fatou property implies
that
p(F) € lim inf p(fpk) = 1.
See theorem 3 of (19 , 447,448). Interpreting 0"} as @ and O0.w as ©
in the usual way, we have
gnk g a.e.
where g = F1, and the product fg equals the characteristic fﬁhction
of the set
{wel ! F(W)NX0}Y={ weQ: g(w) £ w}).

Now, since p' has the Fatou property,
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p'(g) = 11'13 inf p'(gnk) < 1.
This implies that g is finite a.e. since p' is a norm. Hence fg = 1.
Finally
1= §gf au < p(Flp'(g) € 1.
Hence
p(flp'(g) = 1. Q.E.D.

1.3.7— Theorem: et p be a saturated function norm based on the o-

finite measure space (f,%,u) and let ¢ e LY(u)
i) If p has the Fatou property, there exist F in Ltp ana
g in Ltp' such that
& = fg, p(£).p'(g) = lidhr.
ii) If p has the Riesz-Fischer property then, given e)O,
there exist F in Lp and g in Lp' such that
&= Fg , p(fle'(g) s (1 + e)ldl.
iii) In general, given e)\0, there exist F in Ip and g in
Lp' and & in & such that

¢ X§ = fa, P(F).p'(g) € (L+e)idlly.

fans 1¢ldu < ¢.

Proof: Assume that ¢ is non-zero, the required result being trivial
when ¢ = 0 a.e. By homoge/g’neity, we may take jjdlly = 1. )
Firgt, suppose that ¢ > 0 a,e. and define the probability measure v by
dv = &dee on (Q,E) and let

O = {w e 01 ¢(w) 0o}
Note that o ¢ £ is v—null iff o0 n 05 is p-null. Let

T(Ff) = p(Xoo F)  (Ff € MY)
It is easily verified that T has the Riesz-Fischer property or the
Fatou property if p has the corresponding property, and the associate

norm 7' is calculated as follows. ILet g € MY, if F ¢ Mt with (Ff) =

P(Xgo f) =1, then
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Jaogf av = J & fg au € p'(dg).
Thus T'(g) <€ p'(d¢g). Also if F e Mt with p(Ff) <€ 1, then p(f) =
A(Xoof), and so

Fo fgae=7¢gf dav € T(f).T'(g) = 7'(Q).
Thus o'(¢g) < T'(g), and hence p'(dg) = T'(g) (g eMb)

1) Suppose that p has the Fatou property. Then so has T, Alao, T
is a saturated function norm based on (3,L,v). By theorem 1.3.6 1)
there exist f, in Ltr and g, in L*r' such that

FoBo = 1, T(Fo)T'(do) & 1.
If we take f to be a representative of f, such that f = 0 a.e. on
O\oy,, and ¢g, = g we have
fg = o, p(Ffle'(g) = 1 = |idlly.

ii) Assume that p has the Riesz-Fischer property, then so has T.
Given £\0, by theorem 1.3.6 ii) there exist g, in Ltp ana gq in Ltr',
such that

Fobo = 1, T(fQ).T'(go) <1 + ¢
By taking f to be a representative of f, which vanishes on the v-null
gset 1\ 05 and ¢g, = g , we get
fg =&, p(fl.p'(g) €1+ e,

The third part of this theorem is obtained in a gimilar way.

Now,for ¢ € LY(u), ¢ # 0 a.e. Then the theorem is proved for (¢l = ¢
= 0 a.e. Let 6 be a unimodular function with |@] = 1. Then é = &y,
Since p and p' are invariant under multiplication by unimodular

functions the required results are easily deduced. Q.E.D.

1.3.8 Definition: The ideal Lap is said to have carrier i if, given
o € E, with u{(o) N 0, there exists T € £L with 7 € ¢ and i(7) A 0 such
that Xr ¢ 12,.

1.3.9 Theorem: Let p be a function norm based on the o-finite measure

gspace (0,L,u). Suppose that p has the Riesz-Fischer property and that

o
the ﬁfrier of Lap is 1. Then, given ¢ ¢« Ll(p) and M0, there exist f
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in 12, and g in Lp’' such that
& = fg, p(FIp'(g) < (L+e) |Idlly.

Proofi Given f ¢ MY, let

]

T(f) = p(f) 1f f €13,

= ™ otherwlse
Then T is a function norm. Since Lap has carrier G, p is saturated
and hence T is saturated. Let {up} be a sequence in LY, such that
oy &0
T T(un) £ @, Then T p(up) £ w and {up} is a sequence in I2,. Put
=y EEY
[ 4]
Sp = L ug. Then Sp € L2, and hence T(Sp) = p(Sp). It follows that
=1
1im 7(Sp) = lim p(Sp).
n )
Since L3, is closed in Lp, there exists u e L2, such that lim p(Sp) =
p(u)
Hence
K
T(u) = (L un) = p(u) £ w.
Then T has the Riesz-Fischer property.

Furthermore, let §f « MY

sup {(Jf fg au t g € MY, 1(g) £ 1)

T'(F)

sup ([ fg du 1+ g € MY, p(g) £ 1} = p"(F)

The result now follows from theorem 1.3.7 ii) Q.E.D.
1.3.10 —-Example: In general, it is not possgible to take ¢ = 0 in
theorem 1,3.7 ii), For instance, let p be the counting measure on ‘N

and let

]

P(F) Il if f(n) —3 0O as n —y @

© otherwise.

H

for £ in M., TIet E be a non-empty subset of N, and let kX be an
element of E. Put F = {k}. Then

AxXF) = lIIXell = 1
8ince lim xg(k) = 0. Then p is saturated. Let {fn} be a sequence in

[ +] [/ =}
Ltp such that L p(fn) £ @. Then L fifpllo £ ®. It follows that
) =} n=}
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n " 23] ®
IL Ml = ?"fk"m < g"fkum:: F plix)

- n n m
Then lim o(L fx) = lim || £ fkllp < E 15kl £ o

n 1 h-—>oo i )
Then p(za?n) £ o, and hence E,fn e Lp,

\
Theé%ore p has the Riesz-Fischer property.,
o
p(F) = g IF(n)l = lFflly.
Iet ¢ be a function in Ll(u) with infinite support. By the definition
of the elements of Lp, clearly & cannot be factorized as a product of
an element of Lp and one of Lp'. Also, in general, it is not possible
to take ¢ = 0 in theorem 1.3.7 ii). If ¢ is the same as above and if &
is the get discribed in theorem 1.3.7 iii), then
¢ x§ = fg.

with F € Lp, and g € Lp'. Then 8§ is finite. But since [ 1¢] du =
L idn)l = 0. Then N \ 8§ is finite as well, and this gives a

~/E
contradiction. Q.E.D,

1.4 Uniqueness of factorization

Let p be a function seminorm based on the o-finite measure space
(9,£,1), ana let ¢ ¢ LI(p). Define the support of ¢, supp ¢, by
supp ¢ = { w e O $(w) = 0}
This set being well defined up to a p—null set.
1.4.1- Definition: A factorization ¢ = fg is called an_ exact

p—factorization of ¢ if Ff ¢ Lp, g € Lp' and

ey = p(F).p'(g).

1.4.2 Remarks If ¢ = fg is an exact p-factorization anad if f, and g,

are defined to be

fo = f on supp ¢ i} Go =4 on supp ¢

0 off supp ¢ =0 off supp ¢

1
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Then an exact p-factorization is still obtained.
Holly = § 1ol du = Sfguppe ¢ dih = Sguppsy [Ffgldn = § Ifgidu

= [ |¢l du = p(FI)P'(g) = [ |fogoldy = & 1Ffxep!l.lgXplidu

< p(Ffalp'(go)
where X¢ is the charactiristic function of supp ¢. But p(Ff) = p(fg)
and p'(g) = p'(go). Then p(f).p'(g) = p(Fq).P'(dg) = lidli1.
Also, given an exact factorization ¢ = fg, others can be obtained by
writing

¢ = (x 0 f)(aleTlg)

where o« is any positive congstant and & any unimodular measurable
function. Subject to the proviso that the factors vanish off supp <.
any two p-factorizations are related in the following way.

1.4.3- Theorem: Let & = fg = hk be two p-factorizations of ¢ with

Ff.g.h and k vanishing off supp ¢. Then there exists a unimodular
measurable function & and a positive contant « such that
h=aof, k=uol@glg.
Proof:; Assume ||¢ll3 N 0, the result being trivial when ¢ = 0. Let
a = p(h) / p(Ff) and define 6 by

e=aolhn/ Ff onsupp ¢

i

b off supp ¢.

§l

Then
h=afe,; k=leglg,

Also

1l

F1e elau = & 1o I(n/fF)1dp = o 1f te(h/F)lde = oL Ighidu
< oL p(R).p'(g) = p<F).p'(g) = § ldlde = lidlly

and, s¢milarly

[

fo6~Lidu = 5 1dx (f/R)ldp = T |hk(f/h).aldu

af | kfldu € « p(f).p'(k) = p(h).p'(k)

1

i$lly.

Hence




24

Foislglel + 1817 ian < 2joliy.
since t + t™1 » 2 for t \ 0, with equality only when t = 1, it follows

that |6 = 1 on supp ¢ as required. Q.E.D.
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Chapter 2 Boolean algebras of projections and reflexive

algebras of operators

2.1.0- Introduction: In the first section of this chapter, an attempt

will be made to characterize the strong closure of the operator
algebra generated by a Boolean algebra of projections B, It will next
be proved that a bounded Boolean algebra of projections on a weakly
complete Banach space X can be embedded in a o—-complete Boolean
algebra of projections on X. Then, it will be shown that, given a
cyclic Banach space X, there exists a normed Kdthe space Lp, the norm
of which has the Fatou property such that X is linearly homeomorphic
to the subspace Lap and such that, under this homeomorphism the
projections in B correspond to operators consisting of multiplication
by characteristic functions. In section 4 , it will be proved that,
given a o—complete Boolean algebra of projections on a complete Banach
space X, the weakly closed subalgebra A of B(X) is reflexive; As a
generalization of this result, it will be shown that, in fact, every
weakly closed subalgebra A containing the identity operator is
reflexive, As an immediate corollary of the reflexivity result, it
will follow that every scalar—type spectral operator is reflexive,
Finaly, the chapter is concluded by a representation theorem for a

complete Boolean algebra of projections.

2.1.1- Definition: A Boolean algebra of projections in X, where X is a

complex Banach space, is a set of projections in X which is a Boclean
algebra under the operations A U B and A N B which has for its zero
and unit elements the operators 0 and I in X. A Boolean algebra B of

projections in a Banach space X is sald to be complete (o—complete) if
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each subset (sequence) of B has a greatest lower bound and a least
upper bound in B and if for every set (sequence) B, in B
(UE)X=8p {EX:t EeBg}, (NEXS=

nNEZX
£€bo Eep, =~ £ebo
where the supremum A U B and the infimum A N B of two commuting

.

projections are defined as follows

AUB A+RB-AB

ANB

i}

AB
The Boolean algebra B is said to be bounded if there is a constant M
with
IE] € M (E € B)
Let B(X) be the Banach algebra of bounded linear operators in X.

2.1.2- Theorem: A linear functional on B(X) is continuous with

respect to the weak operator topology iff it is continuous with
regpect to the strong operator topology.

Proof: Since the strong op(-:rator topology is stronger than the weak
operator topology, a functicnal continuous in the weak operator
topology is continuous in the strong operator topology. Conversely,
let F be a functional on B(X) which is continuous in the strong
topology, then, for N0, there exist a finite subset
{X,,%3,X3,....,Xn} Of X and a 8X0 such that

ITxy| £8, T € B{(X), 1 =1,2,....,n implies that |F(T)| £ ¢

Consider the Banach space Xp = X+ X+ X + ... + X of all n—tuples

N = (¥ysXz,+0.,Xp) With x4 ¢ X, 1 = 1,2,...n. The norm in X, is [In|l =
max |xjl. Define H : B(X) >xn by H(T) = (TX{,T%X,,....,TXp) and put
1€18n "

f(n) = F(T) if n € H(B(X)) and n = H(T). Since |[H(T)II =

W(TX,, TXz, ., T¥p)|| = max | TXj| £ & implies that |F(T)| £ e, f is well
1&¢sn

defined and continuous on H(B(X)). By definition H is continuous in

the strong operator taopology. Then H(B(X)) is cleosed in the strong

operator topology . Hence, by the Hahn-Banach theorem, f has a

continuous linear extention f, defined on all of X,. Clearly f, has
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the form

L4
Fi(Xy, Xar 000 s%n) = L Xi%(X4),
i=i

where xi* € X,i = 1,2,..,n. Conversely, F(T) = f,(H(T)) has the form

[4}
F(T) = fl(Txl,sz'...,TKn) =.£xi* Txi’
[l }
and obviously F is continucus in the weak operator topology. Q.E.D.

2.1.3—~ Corollary: A convex set has the same closure in the strong

operator topology as it does in the weak operator topology.
Proof: This follows from the preceding theorem, since the closure of a
convex set of B(X) in the strong operator topology is the same as its
closure in the weak operator topology induced by the set of all
gstrongly closed continuous linear functiogg'%n B(X). Q.E.D.

2.1.4- Propogition: If a Boolean algebra of projections is o-complete,

it is bounded,

Proof: Suppose the Boolean algebra of projection is not bounded. A
projection E is said to have property (o) iffggEIFl = w. Clearly, for
any E in B, either E or I-E has the propertf‘(q), for if both E and
I-E do not have the property («) , then. since

EF + (I-E)F = F

IFill = IEF + (I-E)F|| « |IEF}|{ + |{(I-E)FIl .
Tl tanflies s fw oy
1€ s Mg+ I < o,

H¢E h¢' I-E
which gives a contradiction. If E has the property (o) and F < E,
then either F or E-F has the property («). Tet E; have the property
(x). THen there is an F3 € E; such that [F3l > 2 + 2|E;|. Let Ep be
a member of the pair Fq,E;-F; with the property («). The equality

IEy~Fpl = IFy] — IE3l = 2 + [Ep}.

shows that [Ez| = 2 +|Ejl. An Fp is now selected in E; such that |Fpl

Q
= 3 + 2|Ezl, and so on. The constrgction proceeds by induction.

Now, for each n, let G, = Ej — Ep4y. The projections G, are disjoint
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and lim (Gul = w. By selecting subsequences from the sequence {Gpn}, a

collection of mutually disjoint sequences of projections {Hyxj},» 3.k =

1,2,...., is obtained such that
lim lij|=W; j-_-l,z,.....
Ko
) o« @ Ll
Define Py = U Hyx, then pp.Pp = U Hyx VU Hpk = V Hpk.Hpk = O form#n
K=t K=1 K=t K=l
The relation
[+ #)
|HmnX! _ 1fmn Ppx| _ 1Hgn M, Hok X|
x| ixi x|
- 1Ppx| lHgyn Pm XI _ IPpl |HpnPy XI Px # 0
Ppx] 1x] 1Ppx| L
ghows that
IPml |Bpnlpmx = |Hpnl
Then
IHpnlpmx > lgmﬁlﬂ. ,
1Pyl

where the left side is the norm of Hp, as an operator in PgrX.
Consequently

lim = m=1,2,...

Py w”-“mn'me © , '

Select a subsequence {nji} and unit vectors xj in PjX such that

o0
IHini Xil 1 , 1 = 1,2,.... The projection Q =.U'Hini cannot be
&=
bounded since
@ b
194l = 1Q P§ Xil = IQ.Ufinj Xy = lﬁir}j xi L
J:

Then B contains a sequence which has not a least upper bound. This
contradicts the c-completeness of the Boolean algebra B. Q.E.D.

2.1.5- Lemma: Let B be a complete (o-complete) Boolean algebra of

projections in the Banach space X and let {Eg} be a monotone
generalized sequence (a monotone sequence ) in B. Then if {Ey} is
increasing,

lim Exqx = (U Eg)X, X € X.

X-p 0o %

while if (E4} is decreasing, then

1im EqX = (N EQX, X € X.
“_chx po [ 4 ’
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Conversely, if every monotone increasing dgeneralized sequence
(monotone increasing sequence) of elements of a Boolean algebra of
projections converges strongly to an element of B, then B is complete
(c—complete).
Proof: ILet E, = U Eyg be the supremum of the increasing generalized
sequence {Ex} and let &M and X € X be arbitrary. Since E X =
SpanEqX there is a vector y = ?:zi and indices «j Such that Egj 2z = 2i
and jEgx~-yl € e, If x = &3, 1 = 1,2,...,n, then Eyxiy =y= E(x‘):: 24 =)?
ExZj = ?: Zy =Y. Thus , since ExE, = Ex it follows that, for a = «j,
=!
we have
|EgX — EgXl £ |EqX — ¥l + |EgX — ¥l = [Eg(Epx — ¥)I +
|Egx — ¥l £ (M + 1)g,
where M = sup{ ||[Ell : E « B }. This proves that lim ExX = Egx .
Now assume that {Eyx}y is a decreasing generalized sequence . Since
OQEO:“(I ";-(’( I - Ex))

Then {(I-Eg)} is increasing. If we put E; = U (I ~ Eg) we obtain

[(I ~ Eg)X — EgXl & (M + 1)x
Clearly I — E5 = N Eg. It follows from the above inequality that

I(I — Eq)X — EgX| = (I _ Eg)X — EgX| € (M + L)e,
The proof in the o-complete case is quite s;’milar. To prove the
converse, let {E} be a subset of B and let {Fy} be the gener.?.lized
sequence of finite unions of elements of {(E} oxtfred in the natural
order of projections, A projection F is an upper bound for {E} if and
only if it is an upper bound for {Fg}, and since

{E, U....U Ep)X = span( t"} E4X}
for any finite set of projections, to construct a least upper bound
for {E} in B, it suffices to make the corresponding construction for
{Fg}. Let Fyp = 13‘.111 Fy in the strong operator topology. Since

FoFa = F if B » «,

we have
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FoFo = LimMPaFg = F.

ot .B-rac(x 8 44
Then Fyp = Fg and thus Fy is an upper bound for {Fg}. If F is another
upper bound, then

FFp = lim FFy = limFy = Fy.
o3

Then F 2 Fgp. It follows that Fy is the least upper bound U Fy of
{Fyg}, since

FoK = 1im FoX & span{ U FoX }.

A

It follows that FgX € span{ U FoX }. On the other hand, since Fy 1ls
an upper bound for {Fy}, then FoX € FpX , for all «, which shows that

FooX = 8pan { U FoX }
If every increasing generalized sequence {Fg} ©f projections in B
converges strongly, then {(I-Fyg)} is a monotone decreasing generalized
sequence o©of projections in B which converges in B strongly. aA
greatest lower bound for {E} in B may be constructed in a fashion
analogous to that used for constructing the least upper bound. The
proof for the o-complete cage follows semilar lines. Q.E.D.

2.1.6— Definition: A spectral measure in X is a horq;e(omrphic map of a

Boolean algebra of sets into a Boolean algebra of projection operators
in X which has the additional property that it maps the unit in its
domain into the unit in its range. A spectral measure is said to be
bounded if the norms of the projections in its range are bounded,

The structure space of a commutative %mch algebra is the set A of
all maximal ideals in X with the topology determined by all the
neighbourhoods of the form 1)6(\3 -x O\O)I

N(Ay,€,A) = {A, A € A, l/x(_){) L E, X € A}
where A i8 an arbitrary finite set of elements in X and €XNO,

Furthermore, A is a compact Hausdorff space in this topology.

2.1.7- Temma: The uniformly closed algebra of operators generated by a

bounded Boolean algebra of projection operators is equivalent to the

algebra of continuous functions on ita own space of maximal ideals.
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FProof: Let B be a Boolean algebra of projections, and U,(B) the set of
all operators U of the form
12
i) U= y‘: aj Ei,

where

2]

ii) 0?"EiEB'EEi=Ip‘EiEj=O’ i#j' i,j—_—l,z,...,n.

[}
Then Uy(B) is clearly an algebra of operators containing 8. Hence,
if U(B) = Uyx(B), then U(B), is the uniformly closed algebra of
operators generated by B.
Now let ¢ be the canonical mapping of U(B) into the ring of continuous
functions on its own space A of maximal ideals. To show that ¢
establishes an equivalence of U(B) with all of C(A), it is sufficient
to show that W“l = 8 is bounded, and that Ww(U(B)) is dense in C(A).

To show that ¢! = 8 is bounded, the existence of a finite constant M

such that
Ul € 4 M sup [U(A)!
Ae
will De established. Since Dboth sides of this inequality are

continuous functions of U, it 1is sufficient to establish the
inequality in Ug(B). Thus, let U have the form given in equality i)
with the auxiliary condition ii) satisfied. For 1 €« X < n it is
possible, since Fx is not quasi—nilpotent, to find a maximal ideal A
in A such that Ex(A) # 0. Since EkEj = 0 for j # k, we have Ej(h) = 0
for 3 # k and since Ekz = Ex(A) we have Ep(A) = 1. It follows that
U(A) = ox. On the other hand, it is clear that every maximal ideal A
in A has the property that E4(A) = 1 for one and only one integer i =
n and that for other integers 3j < n we have Ej(A) = 0, Thus

sup |{U(A)l = sup loyl

Ae Leixn
et M be an upper bound for the norms |[E|] of the projection E in B.
It will be shown that

n
1) T IX* BE4X| £ 4M|X|IX*], X € X, X* € X",
[

To see this, note that
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L IRe(X*EjX)| = CIRe(X*Eix)| — L Re(X*E;ix)

il

il

Re(x* rt EyX) - Re(x* £~ Eix)
< 2 M [x]ix*}|,

Where £+ (£7) represents the sum over those i for which Re(X*EiX) = 0
( £ 0). By treating the imaginary part in the same way and adding, it
is seen that |

L IXx*EiX| < 4 M|x]||x*|,
po that i) is proved., It follows immediately that

Ul = IF a4Ejl = sup | L oyX*EiX|

! IX4,IX) s
< 4 M sup lagl < sup JU(A)][M

Proving that ¢~1 is boundea.
To show that Y(U(B))is dense in C(A), it suffices to show, in view of
the Weierstrass theorem, that Y(Uy(B)) distinguishes between points
of A (i.e. for every A, Yy € A, there exists f in Y(Uy(B)) with f(A) #
Ff(y)) and contains the complex conjugate of each of its elements.
Since Y(Uy(B)) is dense in Y(UW(B)) and A is the space of maximal
ideals of U(B), it follows immediately that W(U,(B)) distinguishes
between elements of A. If A ig in A and E ig in B, then EZ(A) = E(A),

so that E(A) is 0 or 1, and hence real. Thus.

S n .

% aj Ej (A) = § oiE1(A)
Proving that ¢ (Ug(B)), and hence Y(U(B)), contains the conjugate of
each of its elements. Q.E.D.
The following result can be found in [10, 2204].

2.1.8-Temmar A Boolean algebra of projections in a Banach space X is

g~-complete iff it is the range of a countably additive regular
spegfal measure defined on a o-field of subsgets of a compact space.

Proof: Let B be a o—complete Boolean algebra of projections, Then B
is bounded by proposition 2.1.4 and, by lemma 2,1,7 U(B) is equivalent
to the algebra of continucus functions on its own structure space A.

For each x in X and x* in X', the nuwber x*(s(f)X) depends lihearly
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and continuously on X and upon the function Ff in C(A) and hence, by
the Riesz representation theorem x*(8(f)X) determines a unique
reqular countably additive measure defined on the Borel sets in A for
which
1) x*(8(F)X) = fa F(A) u(dr, x,x*), f € C(A)

the left hand side of this equality is bilinear in x and x* and since
the measure u(.,X,%*) is uniquely determined by this eqguation, the
number u(s5,x,x*) is consequently bilinear in X and x*. Furthermore,
since

IR(B, X, x*)| = |D(Apu(., X X*)| = ﬁ?ﬁ{f*(ﬁ(f)ml < Mix||x*].
Clearly u(8,x,x*) is continuous in x and x*.‘ Thug for each Borel set
8§ in A and each x* in X*, by the Riesz representation theorem for
bounded bilinear functionals on C(A), there is a vector A(8)x* in x*
with

H(E,X,X*) = <X,A(8)X*>», (X € X).
It follows from the bilinearity and the boundedness of pu that A(8)x*
is linear and continuous in x*; that is, A(§) exists as a bounded
linear operator in x*. Since evéry function F in C(A) is bounded and
Borel measurable, the integral Jan F(A) A(dA) exists and it is seen
from i) that

ii) s*(f) = Ia F(N) A(dN), F € C(A).
It will now e shown that A is a spectral measure in x*. By placing F
= 1 in ii), we see that I* = A(A) and since A(S) is additive in &,
that

A(8)Y =1~

- A(B8) = A(A) - A(8) = A(8').
To prove that A is a spectral measure, it will therefore suffice to
show that A(8 N o) = A(S8)A(c) for every pair &§,c of Borel subsgsets of

A, Now, for every pair f,g of functions in C(A)

A FON) S g(p) B(du N dh) = Sp F(N) g(A) A(dN) =s*(fg)

s*(Ff)s*(g)
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=fAf(N) B8%(g@) A(dN) = Jp F(N) fa g(K) A(dp) A(dN)

Thus for X in X and x* in X"

1id) S FOA) A g(u)XRA(du N AN )x*

= fp F(A) Ja o(i) x A(dU) A(AA)X*,

Since the measures xA(.,)X* are all regular, the integral{(as a
functional on C(A)) uniquely determines the regular measure, It
follows from iii) that

fa g(p) x a(du N &)x* = Jp g(H)X A(dUL)A(8)x*,
where g €« C(A)
This uniqueness argument may be repeated to conclude that

A(8 N o) = A(8)A(0)

for every 8,0 of Borel subsets of A, Then A is spectral measure, It
will now be shown that, Dbecause of the o-completeness of B, the
operator A(e) is, for every Borel set e, the adjoint of a projection
in B, Let £ be the family of those Borel gets e in A for which A(e) =
E(e)* for some proljection E(e) in B. Since B 18 a Boolean algebra,
the family £ is a field. To see that £ is a o-field, let (epn} be an
increasing sequence of sets in L. Since

E(en+1) E(en)” = A(ent1 en) = Alen) = A(ep) = E(en)”.
The sequencgﬁ' {E(en)} 1is increasing, and since B is c¢-—complete it
follows from proposition 2.1.4 that the strong limit E = 1}? E(eqn)
exists and is a projection in B. Thus

<x,A(§:Fn)x*> =”1i)maéx,:~\(en)x*>
= 1lim <x,EB(ep)*x*» = <x,E¥x*>, (X ¢ X, x* ¢ X*),

Ny O
o
which shows that the union Uep is in £ and proves that £ is a o-field.

Hence, to see that L contains all Borel sets it suffices to show that
L contains every open set, Let e be an open subset of A, let X and x*
be elements of X, X* regpectively, and let eM0. Then, because of the
regularity of (X,A(.)x*) there is a closed subset & of e such that

1) [(x,A(8.)x*) — (x,A(e)x*)|< ¢,
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for every Borel set &) with &8 € 6; € e. To each E in B corresponds a
continuous function fr which is determined by the equation E = B(fg).
Since E# = E we have f%g = fg. t:hat is, fg 1is the characteristic
function of a set o(E). Since fg is continuous, the set o(E) is both
open and closed. The structure space A of U(B8) iz homeomorphic to a
clogsed subset of the Cartesian product Po(E) where E varies over B,
The mapping E ¢  o(E) is an isomorphism between B and the Boolean
algebra of all open and closed subsets of A, Sets of the form
(A /187 AY M) £ « } with A in U(B) form, by definition a subbasis
for the topology of A. Since G(EF) = o(E)a(F), the sets o(E) actually
form a basis for the topology of A. Consider now a closed set §; with
6§ € 6 € e. Each point A in 8; is interior to some set ¢(E) € e.
Since &3 is compact, a finite number of sets o(Ej;), o(Ej1)s...,0(Ep)
cover &3, and thus if E, 1is the union of the projections
E,;Ez,..+.,Ep, then

8 €8, S p'o(Ei) = o(Eg) & e.

=

Thus if E is a projection in B with o(Ey) € o(E) € e, it follows from
i) that

1i) A o(E) = Jq(E) A(dAA) = Jp Xg(E) A(AN)
gince

ACI(E)) = Jo(E) AAN) = Jp Xg(g) A(dA) = 8(Xg(E)) = E.

It follows from ii) that

O, AMe(@)a®)
111) 1B, — (X, A(e)x*)| £ e,

for every projection E in B with o(Ey) € o(E) € e, Thus if (Eh} is
the generalized sequence of projections E in B with o(E) ¢ e, directed
in the increasing order of projections, it is seen from iii) that
(x, A(e)x*) = lg.m X*(EpX).
On the other hand, it follows from lemma 2.1.5 that
Fpo = J Bf = 13‘;‘111 Eh,

in the strong operator topology. Thus Xx*({EyXx) = (x, Afe)x*), which
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proves that e i8 in £ and shows that £ consists of all Borel sets in
A. This means that for every Borel set e in A there is a projection
E(e) in B with A(e) = E(e)*. cConversely, assume that B is the range
of a countably additive spectral measure E which is defined on a
o-field £ of subsets of a set A, Iet Ep be an increasing sequence of

elements of B. If Ep

E(ep) then

E(en — ent1) = E(en) ~ E(ent18n) = En™ Ent1Ep = Ep—En = 0,
and so, except for a set of E-measure Zero, we have ep € ep4y. Since
En is countably additive, we have the limit
0
lim En = 1lim E(ep) = E ( Vep)

n n nzi
existing in the strong operator topology and therefore, it is in B.
Then B is o—complete. Q.E.D.

2.1.9—- Corollary: The restriction to an invariant subspace of a

o~comnplete Boolean algebra of projections is o—complete.
Proof: This follows immediately from the criterion for o-completeness
as given in lemma 2.1.8. Q.E.D.

2.1.10- Yemma: A strongly closed bounded Boolean algebra of

projections in a weakly complete Banach space x is complete.

Proof: Aassume that the strongly closed bounded Boolean algebra of
projections is not complete. Then by lemma 2.1.5, there is a vector x
and an increasing generalized sequence {Ey} of projections in B such
that the limit liam Egx does not exist. It follows that {Egx} is not a
generalized Cauchy sequence. Consequently there is an e€M0, and, for
each «, a B{«a) = « such that

‘EB(O()X — EgX!| i &,

et «, be arbitrary and, for n = 1, let apnyy = B(ap) and En = Egn.
Then {Ep} is an increasing sequence of elementg in B for which the
limit lim Epx does not exist. A contradiction of this statement will
now be obtained by considering the uniformly closed operator algebra

U(B). From the preceding lemma, U(B) is equivalent, under the
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isomorphism s8(f) ., f, to C(A), the algebra of continucus functions on
the structure space A of U(B). The projection E; is the image under s
of a continuous function fn, and since Ep? = E, we have fn? = fp which
shows that fn assumes only the values zero and one and is therefore
the characteristic function of a set epn. Since fp is continuous, then
en is both open and cloged. Furthermore, since Ep4+1Enp = Ep we have
fn+ifn = fn and epgjen = €n.  Then the sequence {en} is increasing.
Thus, since

Ep = 8(fn) = Ja fn(A) E(dN) = fen E(dN) = E(epn),
then

lim Enx = lim E(en)x
because of the countably additivity of the spectral measure E, this
limit exists. This contradicts the fact that {EpXx} does not converge.
Q.E.D.

2.1.11- Temma: A complete Boolean algebra of projections containsg

every projection in the weakly closed operator algebra it generates.

Proof: sSince the strongly closed and the weakly closed operator
algebras generated by the complete Boolean algebra B of projections in
X are the same, to prove the thecorem it will suffice to show that
every projection F in the strong closure of B is in B, The proof that
F is in B will be made by showing that to each pair (y,2) where y € M
= FX and z ¢ N = (I-F)X, there can be associated a projection Eyz in B
such that Eypy = ¥y = Fy, and Eyzz = 0 = Fz. For if this is granted,

the projection

E = NyeN UyeM Eyz

is in B. If X, = Yo + 25, Yo € M, 25 ¢ N, then (UyeM Eyz)¥o = Yo foOr
each z &N, and (UyeMm Eyng)Zo = 0. Thus Ey, = Yo, EZg = 0 and E = F.
The projection Eyz will now be constructed. et y and 2 be fixed
elements of M and N, respectively, and let ¢ be a given positive

number. Since F is in the strongly closed operator algebra generated
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by B, there is an operator A having the form A = [ «jEj, where
0 #Ej € B, 5 Ey =I, B4 =0, 1L €1 # jsn
ly - Ayil £ e, lAz] £ &,

Since B is o-complete, it is bounded. ILet kx be a bound for the norms
of the projectiong in B; thus if

ES
it follows that

IEz] = I(L E{)zl = |£Elu;}ﬂi)3z| £ 4xe.

1K1, >l
In the same way it is seen that

ly - Eyl = IL By¥l = | (L (1 - ay)™! Egd(y - E¥)| < eke.
lats y, At
By choosing ¢ so that 8ke 2 271, we see that there is a sequence, {Enl}
in B with
i) ty — Epyl £ 2™, |Epz| £ 21

Let the projection Ep,n be defined by the equation

n+m

En,m = yl)J Ex.

Then En,;pm ® En + (I — Ep,p) € I — En ,and thus

(I - En,m)Y = (I = En,m)(I — En)y
from which it follows that

ii) |y =~ Ep,myl € k 270,
Since En,m+1 = En,m (X - Ep, m)Enymt,
it follows indqctively from i) that

111) {{Ep,mzll € 270 + k. 27(0HL) 4 4 k27 (0HR) £ g 2=(n+l),

Now the sequence {Ep,m} 18 increasing in m and the sequence

il

w® @
UE U E
{m:on'm} {K:nk}

is decreasing. Thus, the limit
oo X im
=N UE =1 lim E
Eyz n-o ng,m n e Lm
exists in the strong operator topology. It follows from ii) and iii)
that this 1limit has the desired properties as exXpressed by the
equation

Eyzy =Y } Eyz = 0, Q.E.D.
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2.1.12— Corollary: A complete Boolean algebra of projections is

strongly closed.

Proofs Since every operator in the strong closure of a bounded
Boolean algebra of projections is itself a projection, and , since B
is bounded, by lemma 2.1,10, this projection is in B. Hence B is

stongly closed., Q.E.D.

2.2.complete Boolean algebras of projections

2.2.1- Definition: A topological space O is said to be extremally

disconnected if the closure of every open set is open.

2.2.2- ‘The Stone representation theorem: Every complete Boolean

algebra B of projections in a Banach space X is isomorphic to the
Boolean algebra of all open and closed sets of an extremally
disconnected compact Hausdorff space.

Proof: If the Boolean algebra of projections in B contains only one
element so that I = 0, the theorem is trivial. Consider the Boolean
algebra ¢, = {0,1} and let O be the set of all non-zero algebra
hogd'omorphisms of B into the Boolean algebra ¢,. For each E € B, let
QEY={h\hed N(E)=1}, IfE e€ B, E' =1 - E, and then (}(E') =
{h\hen, NI-E) = h(I) - H(E) = 1} = {h € 8, N(E) = 0} = HE)',

where the prime denotes the complement of Q(E) in 1. The relations

ENPF) = EF) ={h \ he 2 h(EF) = (E).I(F) = 1} = n(E)ﬂn(F).
f(E U P) = Q(E+F-EF) MMIERMENNDY = Q(E) n Q(F)Y'V Q(E)'n Q(F)
and

QME') = Q(I-E) = (1) - (E) = Q- Q(E) = QE)"'
show that the‘ mapping E __3 R(E) is a horgéomrphism of B into a

collection of subsets of Q.
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Iet B, € B have the following properties

a) if E, F & B,, then EF ¢ B,

b) if E ¢« B,, then E # 0.
We will show that there is a homeomorpfism hy : B _j ¢, such that
h1(E) = 1 for E ¢ B;. Let I be the set of all elements of the form
AE’ wifh A € B, E ¢ B;. To see that I; is an ideal, observe that:

(AE' + BF' }(EF)'= (AE' + BF' )} I — EF)

(AE' + BF') — (AE' + BF')(EF).

|

AE' + BF' — (A — AE + B ~ BF)EF

= (AE' 4 BF') -~ (AEF — AEF + BEF - BEF)

li

(AE' + BF')

80 that the sum of two elements in I; is also in I;. Since it is
clear that I is invariant under multiplications by elements in B, I
is an ideal. Further, I; is a proper ideal, for if AE' = I, then

I =AE' = AE'E' = IE' = E'

Ffrom which it follows that E = 0 contradicting p)., Since B has a unit
element, Ij is contained in some maximal ideal M. Let hy; be the
nomebmorphism hy : B _y B \ M;. Since M; is a maximal ideal, it
follows that B \ M = ¢,. Now if E € B,, E' = I — E € I &€ M;, and

hence

#l

hy(E') = hy(I — E) = hy(I) —~ hy(E) = 0,

showing that hy(I) = h3(E) = 1. This proves the statement made above.
The mapping E _, (E} is a hogébmorphism. To show that it is an

isomorphism, let E, # Fo. We will prove that there exists an hy, < Q

with hg(E;) # he(Fg). If Ep # Fy, then either Ey # EjFg or Fg # EgFg;

we suppose that the former is valid. Let B, = E; — EyF, 80 that By #

0. If By = {By}. then by the preceding paragraph there is an h, € &

Wm&
With ho(Bg) = 1. Now BgFg = EqFg - BgFg = 0,) 80 HBi) = No(BoFo)

bo
No(Bo Mo(Fe) = hogﬂ)‘ Also, Ng(Bg) = No(Eq — EgFg) = 1 = Ng(Ep)

No(Eg)Ny(Fg) = ho(Eg) = 1 # hy(F,) = 0. This proves that B is
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isomorphic to a Boolean algebra of subsets of Q. It remains to prove
that 0 may be topologized in such a way that it becomes a totally
disconnected compact Hausdorff space (totally disconnected 1if its
topology has a base consgisting of sets which are both open and closed)
in which the sets Q(E), E ¢ B, are precigely the collection of subsets
of 0 which are both open and cloged. Then, the completeness of the
Boolean algebra B guarantees that the representation space is
extremally disconnected. We have seen that Q(EF) = Q(E)AQ(F) and Q(I)
=8 ={h\hef ! Nh(I) =1}, Then the collection {A(E) :+ E & B} is
a base for a topology. Since (n(E) )/= (I — E), each set in the base
is both open and closed. So 1 is totally disconnected. To prove that
2 is compact in this topology, observe that since each closed set in

is the intersection of sets in {Q(E) : E € B}, it is suffigient to

@Mgg:mmdi

prove that if A; is a2 subset of B such that ;r?‘ E) # ¢j Otherwise
gtated, the compactness of a topological space is equivalent to the
fact that every family of closed sgets with the finite intersection
property has a non—void intersection. If By is the set of all finite
products of elements in A;, then By evidently satisfies condition a).
For condition b), if E € By, it is clear that E # 0, for if E = 0O,
(E) = Q(0) = ¢ which contradicts the hypothesis of the finite
intesection property. Hence there exists h, € O with hj(E) = 1 with
h; € Aj; 8o that hy is in each Q(E), E € A;. Theﬁ@fore Q is compact.
Next, if G is any set in {0 which is both open and closed in Q1 then,

since G is open we have G = Uy ((Ey), since G is closed and hence is

compact in f1, then a Ffinite covering G =

"wes

U (Es) = (0 oagEyt)) =

Q(E;1'E2"...En')' = QE1'Ez'...Enq')') can be extracted. Thus every

open and closed set in N has the form NR(E) for some E € B.
Finally, if G is an open set in Q, then G = U Q(Ey), where B, is in
=
o

B. From the completeness of B follows the existence of a least upper

bound for B, in B, E say. therefore (E) is the smallest closed set

d.
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containing U Q(Ey). Hence Q(E) = U (Ey) = G. From the preceding,
E.eB,

O(E) is open. It follows that the closurg of any open sget is open.

Hence O is extremally disconnected. Q.E.D.

2.2.3- Propesition: Let B be a bounded Boolean algebra of projections

on X and let 4 be the closed subalgebra of B(X) generated by B. Then,
if Q@ is the Stone representation space of B, there is a bicontinuous
algebra isomorphism ¢ from C(Q) onto A,
Proof: ILet E(T) be the projection corresponding to the open and closed
subset T of 0 under the isomorphism of the Stone representation
theorem. Suppose that M satisfies:
HE(TM] =M £ (T open and closed in Q )

Let T3,Ta,ss.,Tn be a finite pairwise disjoint non-empty open and
closed subsets of §. Define

" n

V(L ¢ Xqr) = £ &¢ E(Tr).

r=1 r=

From the proof of lemma 2.1.7 it follows that
sup { lagl, 1< 1€ n ) < IE aqB(Ty)l
€ aMsup { laxyl, 1 € i € n}

Since N is totally disconnected, by the Stone Weierstrass theorem, the
set of all finite sums of all characteristic functions of open and
closed sets is dense in C(f1). Hence ¢ can be extended to all of C(Q)
by continuity and the proof is complete., Q.E.D.

2.2.4- Theorem: A bounded Boolean algebra B of projections on a weakly

complete Banach space X can be embedded in a o-—complete Boolean
algebra of preojections on X.
Proof: Let O be the sStone representation space of B. By the preceding
propogition, there exists an algebra isomorphism ¢ from C(Q) onto A,
the closed subalgebra of B(X) generated by B. From the proof of lemma
2.1.8, this isomorphism has the form

W(H* = Jq F(A) E(dr), f & C(0).

where E is a spectral measure in x*, the dual space of X, defined on
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the Borel sets in 1. Let £ be the algebra of all Borel sets in 0 and
let £y be the class of gets in L such that there is a spectral measure
F defined by F(e)* = E(e) for every e in £,. Now we show that £, is a

field. Let e;, €, € Ly

E(e, U e,) E(e;) + E(e;) — E(e,)E(e;)

I

F(e)* + F(e,)* — F(e;)* F(e,)”"

= Ple, U e,)”

and E(e, ney;) = E(e,) E(e,) = F(e, ) 'Fe,)* = P(e, n ;)
then e; ne,, €, U e,, ¢(the empty set) € L,.
et e, € I, F(e,') =I - E(e,;) =1 - F(e,)" = F(e,")"
then e;,' « E5 and hence 1 € L. It follows that I, is a field. To
see that I, is a o-field,. let {ep)} be a sequence of sets in I, then,
for x e X, Yy € X*

<x, B g e;)y> = <X, F( ? ey )'y» = <F( g ei)x, y»
Since E is a countably additive spectral measure in X', it Ffollows
that <x, E( ? €i)y> converges when n ___, w, “fence {<X, E( ? e{)y>} is
a Cauchy sequence, It follows that <F(k;len)x, y> is a Cauchy
sequence, Since X is weakly complete, F( gqen)x is weakly convergent.
We now show that it converges strongly. Assume that the sequence
{F( §,en)} converges weakly to a projection F in B, but for scme X,,
the sequence F( ¥1e1)xo does not converge. Hence F( _'l?en)xD iz not a
Cauchy sequence. Consequently, there is an e\0 and m,n € N*, m > n
such that

m m

IF( ? ej )Xo — FY( ? €)%, N e,
then F( p ey) is an increasing sequence of elements of B for which the
Limit 1%m F( ?ei)xo doesg not exist. A c?ntradiction of this statement
can now be obtained by following the qéﬁilar lines in the proof of
lemma 2.1.10. Then the sequence {F( gei)} ig convergent in the strong

[vs)
operator topology, which shows that Uey is in I; and proves that I, is
]

a o-fielq, Hence {F(e), e er,} is a o-complete Roolean algebra of
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projections in B(X) and B is embedded in it. Q.E.D.

See [15].

2.3 Cyclic Banach spaces

2.3.1- Definition: Let A, u be countably additive set functions

defined on a o-field £, and let A be finite. Then A is said to be
u—~continuous if and only if v(ui,E) = 0 implies A(E) = 0.
The function A is said to be u-singular if there existe a set E; of T
such that
v(i,Eg) =0, ME) = M(ENEy) , E e E.
By the Lebesgue decomposition theorem ( see theorem 14 of (8, 132])
every finite countably additive measure A defined on I is uniquely
representable as a sum A = « + B, where « is u—continuous and B8 is
u—singular.
Iet g be an integrable function with reapectAto u; then for E € £

define

G(E) = Jg g(8) p(as).
then G is additive on L and has a total variation

v(G, E) = Jg lg(8)l v(u,a8), E & L.
For a proof of this result, the reader is referred to theorem 20 of
[8, 114].

2.3.2- Propogition: It B8 be a o-complete Boolean algebra of

projections in a Banach space X. Then for each Xy, in X, there exists
a linear functional xp* in x* with the properties

i) Xo* E X, 20 , E € B.

ii) if x,* E X, = 0 for some E in B, then also Exy = 0.

Proofs By lemma 2.1.8 , B is the range of a countably additive
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gpectral measure E defined on a o-field E, Flret, asgume that X =
8paN{EX, / E € B}. For every functional y* in-X", let the measure uyx
be defined on £ by the equation

Ao
pyx(e) = y* E(e), e € L,

and call a set & in £ a y*—carrier if uy*(a) = y*E(g);\C; 0 and if every
measurable subset e of § upon which the total variation wv( Hyx,e) = 0
has E(e) = 0. With this definition, a y*-carrier may have proper
gubsets which are y*—-carriers., An application of Zorn's lemma yields
a maximal family {6y} ¢of disjoint sets each of which is a yg*—carrier
for some yg* in X¥. It will f:l.rét be observed that {8} is at most
denumerable. For, since the spectral measure E is strongly countably
additive on E, every series Ly E(&8y)¥X; Oof a countable number of terms
converges and hence containse at most a finite number of terms whose
normg exceed a given positive number., Since
0 # pyx (B6x) = ¥* E(84x)Xy
for all «, it follows that the i&quence {8y} is at most countable and
it will therefore be written as (&6p} in what follows, ©Iet A = U By,
80 that the complementary set A' contains no carrier. It will next be
shown that E(A') = 0, If E(A') # 0, it follows readily from the fact
that { B(e)X, / e < B} spans X,that E(A')x, # 0 and hence, for some
functional yo*, that y,*E(A')X, # 0. Let E(A'ﬁrn* = y* go that My
vanisr{a on subsets of A, and thus the total variation v(uy*,A) = 0,
From the measure theory follows the existence of a finite positive
measure v such that
v(e) = supl ?, xiE(ei)l, e ¢ E,
where the supremum is taken over all finite collections of scalars
with [uyl = 4 and all partitions of e into a finite family of disjoint
sets in L. Then the vector measure E(.)X, is wv—continuous, The
measure v cannot be pyx-singular, for if it were there would be a set

e in £ with v(u.Y*,e) = 0 and v(e') = 0, in which case E(e')x, = 0,
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v(py*,e') = 0, It would follow that v(uy*,n) = v(uy*,e) + v(uy*,e') =
0 which contradicts the fact that yx # 0. It follows from the
Lebesgue decomposition theorem that there is a set e; with pyx(e,) # [o)
and such that v, and hence E vanishes on any subset & of e; upon which
the variation v(uy*,S) =0, If&=e;, NA we have Hyx(8) = uy*(el) %z
0 and at the same time &, € & and V(uyx,8,) = 0 imply E{(§;) = 0, Thus
§ is a y*-carrier contained in A" which contradicts the fact that A’
containg no carrier. Hence E(A') = 0.
Let yn* be a functional such that &, is a yp*-carrier, Consider now
any measure of the form
we) =T cn viugrie), eet, (1)
where cp A 0, n = 1,2,.... If p(e) = 0, then ﬂ(uy:,e) = 0, for all n
and thus E(e n 8p) = 0 = E(e n A ). 8Since E(A') = 0 we have
E(e) = E(e n AY + E(e n A") = 0.
Since the +total wvariation v(uxf, <) is My:—continuous, the
Radon—-Nikodym theorem yields a function fp for which
V(byx,e) = Je fn(A) pyx(dr) , (e € L, n > 13,
and since, by what has been cbserved after definition 2.3.1, we have
v(p¥:,e) = Je 1fn(A)lv(ux:,dA), e € £
it follows that [fp(A)l = 1 for ux:—almoat all A, It may thus be
assumed that |fp(A)! = 1 for all n in Q. Iet Zp" = Th'yp" where the
operators Tp are defined by the formula
Tp = fp fn(A) E(4A), n = 1,
since the functions fp are bounded, so are the operators Tp.

Then

(Tn"¥n* E(@)X, = ¥n* E(e)TpX,

H]

Mznx(e)

I

¥n* fe fn(A) E(dN)X5 = Je Fn(A) ¥n* E(dAM)X,

T fa(Miyx.(dN) = Vky, x. ), UHAFILI0

il

Thug the functional

Xo* = > Zn"
= PUTETY T RIE
° Tpazg 2HERT) R
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satigfies

p‘x * = E 1 “Zn*
°% "n=o "2NM(1+1Zn"| ’
Hence

1 W 1
on*(e) "'"nzo mm U-Zn*(e) - E.__D 2ﬂ(1+lzn7‘l V(“’Y(‘\\'re)l

which is the form expressed in equation («) and xX,* has the required
properties,

Now, assume that X is not spanned by {Ex, / E € B}. Since

span {EX, / E ¢ B} is B-invariant, by corollary 2.1.9, the restriction
of B to Span {Ex,/ E € B } is o-complete. It follows that this
restriction is the range of the spectral measure

E / §E§ﬁ {Ex,/E«B}. From what has been proveqd, there is a functional
also denoted by X,* with the required properties. By the Hahn-Banach
theorem, this functional can be extended to X. Q.E.D.

(See lemma 12 of [10, 2205]).

2.3.3— Remarksg:

Let E be a bounded spectral measure defined on the o-field E of
subsets of a set 1. The integral [fg ¢(A)E(dA) denoted by T3 may bhe
defined for every bounded L—measurable scalar function ¢ on Q. This
integral is a bounded homdomorphism of the Banach al%%ra B(,L) of
t-measurable functions on {1 into the Banach algbra B(X) of bounded
linear coperators in X.

Let B be the o—complete Boolean algbra of projections and let e be
an element of X. Define X by

X = span {Ee / E € B}
Thus X is a cyclic Banach space. By the preceding proposition, there
exists a continuous linear functional e* in X*. This functional e* is
normalized so that (e,e*) = 1.

Set

(o) = ( E(o)e,e*), o e L,
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i is a probability measure Gefined on the measure space (4,L).
Given f ¢ MY, aefine
p(F) = sup {lITgell + & 2%, 141 = F).

2.3.4- Lemma: p is a function norm on (f1,L,K).

]

Proof: For « M 0, ii) p(af) = sup {lITgellr ¢ ¢ 2%, ¢! < of}

o
sup { IT, gl + o & 2%, «lal £ f}

a sup {liTgell + & € 2%, 18] € F} = o p(f).

i

For 1) in the definition of a function norm, let Ff, g & Mt ana let o
BP with o] « F + g. Let © € M be a unimodilar function with eld| =
¢, and put

¢, = 8 ¢l Xg + (1 —- Xg))
where ¢ = { t € Q 1 [¢{t)l = f(t). If t e “gk¢1(t) = §(t); thea—¢p=e-
*h—and-if t € Q / o, then Ff(t) £ [&(t)], andssanse &,(t) = Gf(t)faL

()< Us ’

SISl d(E); thew &y « Eg. Also the Aifference of two elements of
% ig in %, that is ¢, ~ ¢ ¢ %, Clearly

byl = F, 1d =~ @l <g.
Hence
ITgell € liTg ell + UTy-gprell € o(F) + p(g).
from which it follows that

P(Ff + g) € p(F) + p(g).
Now, suppose that po(f) = 0 = sup {|lITgell 1+ ¢ € ™, 14l £ F} = 0. Iet
{$n} be an increasing sequence of simple functions 1in mt converging
pointwise to f. Then ||Tgpell € p(f) = 0, for all n, and hence
§ opdu = < Type,e*> = 0.

Therefore each ¢p = 0 p-a.e., and so f = 0 p—a.e. cConversely, suppose

that f « M" with f = 0 p-a.e., and let ¢ « 2% with |¢| € f. Then ¢ =

]

n
0 p-a.e., and hence ¢ is of the form oy Xgi with u(og) = 0 for i
i=1
i,2,...,n, and each «3 €« C. Then, for i = 1,2,...,n,
<E(oi)e,e*> = u{oy) = 0,

and so E(gy)e = 0, Thus
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iToell = 1l E ay E(ay)e Il = o,
which shows that p(Ff) = 0. Consequently . .
P(F) = 0 1ff Ff = 0.
Now, for « = O in condition {i) in the definition of a function norm,

let F ¢ MY, then «f

]

‘0, and so p{uaf) = 0 = op(Ff), then
p(af) = ap(f), « = 0.
Finally, let f, g € M+, if £ A g a.e,, then it follows from 1) that
p(f) 2 p(f-g) + p(g)
that is
sup{liTgell 1 & € &%, &1 € F} < sup(liTyeli: ¥ € ™, 1Yl € f-g} +
+ sup{||Teeil: © € 29, lal = g},
For i¢l =« Ff, |yl « f — g and je| =« g we have
ITgell = [ITyell + |ITeell)
then, in particular for ¥ = 0 a.e., we have [[Tgejl = |iTgell. Hence
o(f) = p(g).
Now, if f = g,a.e,, then f — g = 0 and hence p(f — g) = 0 which is a
consequence of the condition iv). Then
P(f) = p(f-g+d) < p(Ff-g) + p(g)
hence
p(F) € p(g)
and then p(f) = sup {jiTgellr ¢ & %, |} < f} is a function norm.

QsE;D‘

2.3.5~ Lewma: The function norm p has the Fatou properﬁy.

Proof: Let {fp) be a sequence in M' such that fp 7 f & MY pointwise
a.e. on fi. The monoteonocity of p implies that « = lim p(fp) exists
and that a € p(f). Hence, if a = w, then p(fp) — e{Ff), as required.
Suppose now that o £ w and put 74 = { £t € @t f(t) = w}., We first
show that u{rg) = 0. i.e., f(t) = «w holds only on a u—null set. Since
fn 7 f pointwise a.e. on Q, then fn _, » pointwise a.e. on Ty and

hence, by Egoroff's theorem , fj_ 5 o almost uniformly on 74,. Put
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[o )
Tx =¢} { te Ty IFfp(t)l 3 m)}, V m.
=n
Clearly Tx € Tty » and fp___y © uniformly on Ty for each kK and
&r \‘8 ) =0
H{Ta K:;‘_rk '
then
[>2]
E(Te \ U 2= 0
(T K=1Tk) ’
and 80 E(Tk)e _j E(Tgp)e as kK _y w. Thus, if E(Typ)e # 0, then there
exilsts an integer k such that E(7k)e # 0. This implies that p(xqx) =
ﬂE(Tk)eH¢ 0 and hence, by the uniform divergence of fp on T, that
P(fn) —y =, contradicting the fact that « £ w. Therefore E(Tgh)e = 0,
and so pu(Ty) = 0.
"
Since Ty is u—null, Egoroff's theorem now/dhplies that there exists an
increasing sequence {ox: k = 1,2,...} of measurable subsets of 0 with
o
wQ N v ax) = 0,
k21 K
such that, for each k, F is finite on oy and fn .y f uniformly on ox.
As above, it follows that E(ok)e —3 E(R)e = e as kK ___ym
Now let ¢ & % with (¢l € Ff, and let eN0. There exists a positive
integer k(e) such that
[le — ECox(e el £ e,
and, since fp . f uniformly on oyx(¢), there exists a positive integer
n{e) such that
IXok(e) ¢l = Ffn(e) + €
pointwise on 1. Hence
NECox(e))Tgell € pCfn(e) + €) < o + ep(l).
Also,
(X — E(og(e))Tgell = ITe{I — E(ok(e)dlell =
£ ITgll.lNle — ECox(eyell £ iiTgll ¢,
and so
l'rgell < I'Te{I — ECog(e)dell + IToEC(ok(e))ell
(*) ITgell < o« + e ¢ p(1) + [iTgl),

since
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lex Ee| < 4kle*|.|lell,
where k is the bound of the projections in .B. It followa that p(l) =
qkliell £ o, Thus p(Ff) < o. Q.E.D.

2.3.6— Temma: The constant function 1 belongs to Lap v

Proof: Clearly 1 ¢ Lp. et {fh} be a seguence in ﬂp with

1>Ff »Ff, > .....¥v 0.
pointwise on Q. Then, there exists ¢ « L such that fn _5 0 uniformly
on ¢ and jje - E(g)e|l £ e. Then Xgfp — 0 uniformly on Q and hence

Tyofn = E(¢)Tyn 3 0 in norm.
Choose m such that |Tygsmll £ €, and let ¢ < P with &l £ fip. Then ¢
= @ fip for some measurable function & with |e| = 1, and so

HTgell = UToll. iTym ell € [ITelillTXofm ell + HTym(e — E(c)e)li]
< 4k[ellelf + €]

gince Ty = Jq fmBE(dA) € fRE(dAA) = E(R) = 1, It follows that

P(fm) = 4k(lell + L)e.
Hence p(fn) — O since {p(fp)} is decreasing. Q.E.D.

2.3.7- Lemmma: The consant function 1 satisfies pﬁl) L .

Proof: Let f € MY with p(f) € 1 and let {4p} be a sequence of simple
measurable functiones in M such that 0 £ ¢p 2 f pointwise on Q. Then
S éndu 5 T F an.
From the definition of the mapping ¢ __,'n$,
§ on du = § dp(E(dr)e,e*) = (Tyne,e*)
gince ||Tgnell £ p(Ff) < 1, it follows thatlI f du(é le*}{ and hence that
p'(1) = sup{f fdu ¢ f e MY, p(F) € 1)
= lle*|] £ w
as required. Q.E.D.
The main structure theorem for the cyclic Banach space X can now be
proved. See {12, 231].
Iet Mg De the bounded linear operator on Lp defined DYy Mypf = ¢F, ¢ ¢

%, Ff & Lp
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2.3.8— Theoxrem: There is a bicontinuous linear isomorphism U of 1,
onto X such that
(*) UMgpf) = Ty UF
for all ¢ ¢ 2™ and all F € L%.
Proof: Define Ugt R° __, X by setting
Uof = Tye (Ff € 89,
Clearly U, is linear and satisfies |[Uofll = p(Ff) (f e &%), In
particular if f ¢ 2% is pu-null, Upf = Tye = § F E(dA)e = 0. Hence U,
induces a linear mapping U, ¢ L% —» X defined by
U, (f + N) =Usf (Ff € &)
and satisfying
Uy Fil € p(F), £ e L,
By lemmas 2.3.6 anq 1.2.7, I° 18 a dense subspace of L%, and so U,
extends by continuity to give a continuous linear mapping U of Lap
into X. Since
Up(¢F) = Tgye = TgTye = Tep(Uof)
for ¢, f ¢ g™,
U (Mp5) = Te(UF)
for ¢ €f®, f € L*, pHence (*) holds by continuity and by extension for
¢ e £° anad F e 13,
Finally, let f ¢ 2% and let ¢ € 2% with [®] =€ |fl. Then there exists

a measurable function € with |&] £ 1 such that & = €Ff and hence

liITgell = lITosell = lToll.lITrell € 4K||Tysell.
Thus
P(F) = aklTgell = 4KIULSI.
It will follow that
p(g) < 4kijugll (g ¢ I8p).

On the other hand

Nughh < p(g) (g & 185);

that is
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p(g) = luglt < 4kp(g).
By lemma 2.3.6 and theorem 1l.2.7, Lap is a Banach space. Therefore, U
is a bicontinuocus isomorphism with closed range. Since
UuXg = E(o)e (o € L),
the range of U, contains the dense subgpace
span{ E(o)e, ¢ € £}
of X, the range of U equals X. Q.E.D.

2.3,9- Example: L%, is a cyclic Banach space.

Proof: For ¢ ¢ 9, let My be the bounded linear operator on Lp defined
by

Mpf = &f (F € Lp).
For each ¢ € E, let E{(v) denote the restriction of Myy to I3,. Let ¢
s I, ¢ ® 0) then there exists a sequence of simple functions fp such

that fn __y ¢ pointwise a.e. on Q. Every fp is of the form

Ezaangi 3?%%%%@ gi?"imxail = E aniE(al)l, gi € E,(1 =1,2,...,) oy
€ cﬂﬂﬂ@b(} =1, 2,....) By consldeggng the negative and pasitive parts
of the real and the imaginary parts of an arbitrary element of L®, we
conclude that
12, = span{ E(0)l, ¢ € £).
Define
= {E(g) 1+ 0 & L}.
Hence, to obtain the required result, it remains to show that on Lap .
B acts as a g¢-complete Boolean algebra of projections. (B has a
cyclic vector 1), Then if we show that E(.) is a countably additive
spectral measure on L2,, the required result follows immediately. Let
F e I&,, and let &, ¢ be two disjoint sets of E.
E(0 U 8)F = MXous f = (Mxg + Mxg)f = [E(o) + E(8)]f.
Then

E(o U 8) = E(cg) + E(&).

E(Q)F = Mxq f =
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Hence E(Q) = I
let 0 € £, f € L3, -

E(0')f = E(O\G)F = MXmq\g Ff = Mxn — MXg F = (I — E(a))f.
The boundedness of E{(c¢) follows from that of Mxs; , ¢ € E. Now, let
{on) be a sequence of mutually disjoint elements of I, let ¢ = iU dn
and let f € L8, with f = 0 a.e. Then

2 EO)f ~ECJo1) £ N0

pointwise a.e. on Q, and since p has the Fatou property

¥ n
L E(o1)f = E( U 05)f __3 E(o)f
1:1 -1 )
in norm as n — ™. By considering the positive and negative parts of
the real and imaginary parts of an arbitrary element of L2,. It
follows that
L 2]

E(iuiai)f —> E(o)f.

Hence E(.) is a countably additive sgpectral measure on Lap.Q.E.D.
et A be a non—empty subset of B(X), let A' denotes the commutant

Of A, ioEa ri

A' = { S eB(X) : ST=TS for all T « A }.

2.3.10- Theorems Let B be the o-complete Boolean algebra of

projections on a Banhach space X and let e € X be such that X =
span{ Be : B & B}. ILet A denote the uniformly closed subalgebra of
B(X) generated by BT&%

iI)R=A" ={ Ty t ¢ € 1%},

ii) A is a strongly closed subalgebra of B(X) containing I.
Proof: i) It is clear that every element in the uniformly closed
operator algebra generated by B commutes with every element of B and
so to prove that A = A', it suffices to show that every operator F in
A' is in the uniformly closed operator algebra A. Since B is
g—complete, then B is the range of a countably additive spectral
measure E on a o-field £ of subsets of a set 1. Iet e* be the Bade

functional associated with e € X. Then (FE(c)e, e*), where F is an
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operator which commutes with every element in B, is a finite msasure.
By the Radon-Nikodym theorem, there is a measurable function ¢ with

{FE(0o)e, e*) = [fs ®(A)e*E(dA)e, o & L.

on = { A/ 1&(A)! € n}, Bp = Jogn ®(AIE(AAN),
g0 that

CE(B)IECo)F E(o) ~ E(SIBpE(a))e, ex)=

Jonsnon [H(A) — &(A)]Je*E(dr)e = 0, ¢, & € L.
Thus since the set {E(o)e / ¢ ¢ £} is fundamental in X, we have

CE(op)FX, E(0)"ex) = <ApX, E(o)*e*>, xe X.

One can easily prove that the manifold in x* spanned by vectors of the
form FE(o)*e* with ¢ in T is X-dense in X*. It follows that E(op) F =
Ap and thus, since F is bounded, the sequence {|Apl} is bounded. By
the countable additivity of E and the boundedness of the sequence
{1An1}, there follows the existence of an integer n, such that :

inf sup [d(A)l = sup [&(A)] £ @,
E(on)=1,Aeop Aeong

consgquently it may be assumed that ¢ is bounded and therefore, that

HE(qﬁm=/%’for large n. This means that

F = BAq = fq ®(A)E(dAN).
Now, since

B

{ E(o) 1 0 ¢ £} = {TXy = fq XocE(d\X), 0 € T};
and the simple measurable functions are uniformly dense in £%, the
continuity of the mapping ¢ —— T¢ implies that
{ Tyt & € £°} € A S A’

from which it follows that A is the uniformly closed algebra generated
by B and that A = A' = { Ty 1 ¢ ¢ £%} since every operator F € A' has
the form Ty = fg ®(AYE(IA).

ii) It is clear that every operator in the weakly closed operator

algebra generated by B commutes with every element of B. Hence the

unifornly closed alygsbra generated by B contains the weakly closed
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operator algebra. Oon the other hand, since the uniform operator
topology is stronger than the weak operator topology, it follows that
the uniformly closed algebra generated by B is contained in the weakly

closed algebra generated by B. Q.E.D.
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2.4 Reflexive operator algebras

et X be a complex Banach space and let B be a o-complete Boolean
algebra of projections on X. Given e € X, let

M(e) = span{ Ke, E € B },
Then M(e) is B-invariant and by the proof of proposition 2.3.2 the
regtiction of B to M(e) is a o-complete Boolean algebra of projections
on M(e).
The main results of this section dan be found in [13].
Iet E(.) be the countably additive spectral measure defined on (Q,L)

2.4.1- Theorem: Let e € X and let v be a complex measure on (Q,E) such

that v « E(.)e. Then there exist x € M(e) and x* ¢ X~ such that
X X
V(') = <E()E, e,
Proof: Assume without any real loss of generality that e # 0. Let pu
be the probability measure on (,L) defined by
B(*) = < E(*)e, ex>
vhere e* ig a normalized Bade functional for e. Let p be the function
norm
p(Ff) = sup {IITqell, & € 8%, 16l < 57} , Ff e Mt
anda let U: 18, __; M(e) be the linear horybmrphism satisfying
U(oF) = TeUFf (¢ € %, f e L3,)
U(l) = Tqe = Jn E(dAr)e = E(R)e = e,
It is clear that v « u and hence, by the Radon-Nikodym theorem, there
exists ¢ ¢ LY(u) Buch that dv = ¢du. By theorem 1.3.9, there exist fF
€ L8, and g ¢ Lp' such that ¢ = fg a.e. Let x = UFf and define Xp* ¢
M(e)*by
(Z.%0*) = J (U lz)gan (2 ¢ M(e))
Let x* ¢ X* be an extension of Xy* . Then for ¢ € £

v(ag) = fg & dp = [ (XgF)g du
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= J(UE(0) Uf)gdu
=(E(0)UFf, X*> = <E(0)X, ®»*>
uging the relation

U(Xgf) = TXg UFf = E(a) UFf ( Ff « L?,, ¢ € L),

Hence
v(o) = <E(o)x, X*», ¢ € L.
Q.E.D.
2.4.2— Corollary: Let X,,X;,...,Xp € X and X,*, X,*,...,Xp* € X* Dbe

given. Then there exist X € X and x* € X such that
<E(0 )X, x*> =&'£:I< E(o)xj, X3*» , 0 ¢ L.

Proofs Let Y = span { EXy 1t E € B, 1 « 1 « n}, Then Y is B-invariant
and the restriction B, of B to Y is a o—complete Boolean algebra of
projections, We first show that B, is complete. Let {Ey} be a family
of disjoint elements of B,. It follows from lemma 2.1.5 that every
series E:E;_ai' with oy # oy if 1 # j, converges strongly. Hence , for
every integer 1 € i1 < n and €M0, only a finite number of the vectors
ExX; have norms greater than e. This shows that, for all but a
countable number of «, E(,}gx(',: 0, for every integer 1 < i < n. Thus
with the exception of a countable number of «, EgqEXy = O for every E €
B and 1 £ i £ n, Since the set {Exyj + E € B, 1 £ i £ n} is
fundamental in Y, it follows that Ey = 0 for all but a countable
number of «. Thus {Ey} is a countable set. Since B, is c¢—complete,
the family {Ey)} has a least upper bound, To establish that B, is
complete, it suffices to show that every set in B, has a least upper
bound which is the least upper bound of a countable gubset. ILet A be
a subget of By which has an upper bound, and let A; be the collection
of least upper bounds of all countable subsets of A. Consider the
Family W of subsets of A; which are well ordered under the ordering of
B,. We sghall order W by defining the relation F € G between elements

F , G in W to mean that F € 6 and that each element x such that x € G
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but x # F is an upper bound for F. We first show that W satisfies the
hypothesis of Zorn's lemma. ILet wc‘be the totally ordered subset of W
and let CSUW,={ XxeF : FegW}), Then for some F € Wo, CN F # ¢.
Iet X be the smallest element of C N F and let y be any other element
of C. If y € G € Wy, we have either F<« Gor G« F, If G < F, then,
since vy € G, we have olgo y € Fand thus y e C N F and thus y < x, If
FeGanlye Ftheny ¢« CNF and ¥y » X, Finally, if F « G and
Y ¢ F, then y is an upper bound for F, hence, y = X, Thus X is the
smallest element of C., This shows that U W, is well-ordered and thus
is an upper boﬁnd for W, in W, By Zorn's lemma, there exists a
maximal element G, in W. Then G, is a countable subset of A and hence
Yo = BUp G eXists and is in Ay. If, for some Yy, € Ay, we have yg; =
Y1, then sup{¥,,¥:} N Yoi but y. = sup{ ¥,,Y:.} € By, G, £ Gy U {v;)
and 80 G, is not maximal, which is a contradiction., Therfore, ¥ <€ ¥Ygq.
¥y € Ay, and since yo ¢ F, we conclude that y, = sup A3 = sup F. In a
sémilar way, one can prove that the infimum of a set with a lower
bound exists. Then B, is complete. Let E ¢ B,, a complete Boolean
algebra of projections, be a projection on Y; E is called a carrier
projection of a vector e ¢ Y if E=N{ E / E € By, Ee = e}; we claim
that the identity operator I on Y is a carrier projection relative to
B, of an element e € Y. For, if G € B, with Ge = e, then GIe = ik
e =/Ge and hence G = I, Iet F € B with Fe = 0, then, (I-F)e = e, it
feollows that (I-F)E 2 E and then F <« I, From the egqualities
(I -MI=1I
FI = F.
we conclude that F / ¥ = 0. Therefore, if E(og)e = 0 for gome ¢ € L,
it folfas that
A
E(o)Xx, = E(0)X; = .... = E(0)Xpn = 0.
Thus the complex measure

n
v() = ‘}:1(]3( )X XED
A=
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gatisfies v(*') € E{ *)e and therefore, theorem 2.4.1 gives the requireqd
result. Q.E.D.

2.4,3~ Corollary: If X is geparable and v is a complex measure on

(Q,2) satisfying v(.) « E(.). there exist x ¢ X and x* € X* such
that
V(.) = <E(.)X, X*>,

Proof; Since X is separable , then it contains a dense denumerable
get F. Iet ¥ = span {Ex : E ¢ B, x € F}, The required result is
established by following the s,;ﬁ\ilar lineg in the procf of corollary
2.4.2, Q.E.D.

Given a subalgebra A of B(X), let Lat A denote the lattice of all
closed A-invariant subspaces of X and let

Alg Lat A= { T € B(X) +t TM € M for every M € Lat 4 }.

The algebra A is said to be reflexive if Alg Lat A = A,
Note that Alg Lat A is closed in the weak operator topology on B(X).
Also , a single coperator T € B(X) is reflexive if the weakly closed
subalgebra of B(X) geherated by T and I is reflexive.

2.4.4 ILemma: Let C be a subalgebra of B(X) containing the identity

operator and let T ¢ B(X). Then
i) T ¢« Alg Lat C if and only if the following condition is satisfieqd:
<TX, X*» =0 )

whenever X € X, x* € X*, and <AX,x*> = 0 for all A & C;
ii) T belongs to the weakly closed subalgebra C if and only if the
following condition is satisfied:

L <TXy, X*> =0
whenever X,, Xy, ..., Xp € X, X;*, X,%,...,Xp* € X*, and ;g_imxi, X{*>
= Q for all A € C, .
Proof: i) Iet T € Alg Lat C and let, for x € X and x* ¢ X*, CA¥, X% =
0 for all A € C, ThénifY:gﬁé—n{Ax:AeC}wehavex*s!‘LandTY

S ¥, Hence <TX,x*> = 0, Conversely, Let Y be a closed subspace of X
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C~invariant. Tet X ¢ X and x* ¢ X*, Then <Ax, x*> = 0 for all A & C.
and so <Tx, x*» = 0. Therefore TY € Y,

ii) Let T belong to the weakly closed subalgebra C, and let {Tp) be a
sequence in C converging to T in the weak operator topology. Let X,,

Xz, +v0r ¥Xp € X, X,%, X%, ...,Xp* ¢ X* such that

4]
L ;Axi, X4*> = 0 for all A € C
L=
[ 4] n
and 80 L <TXi,%Xi*> = 0 for X = 1. Since [ <TxXj, Xji*> _y L <TXi,Xj*>
(=4 221 L

tq
then £ <Txj, Xj*> = 0. Conversely, let X,, X,, ..., ¥pn € X, ¥X*, X%,
+Ltz1

» n
e X € x* andJP <BXi,Xi*> = 0 and so0 £ <Txi,Xj*> = 0, and suppose
=1 L=

that T does not belong to the weakly closed subalgebra C. By the
Hahn—-Banach separation theorem, there exists a functional F such that
F(T) # F(A) for all A € C. This functional has the form, for X;, X,
vies Xp € X, X, %, Xu%, ..., Xp* € X¥

n "
F(T) = [ <TXj, Xi*> # [ <AXj, Xi*»> for all A e C
Az a=1

which is a contradiction, since whenever X,, X,, ...Xp € X, X%,
n

X%, ..., Xp* € X© and [ <Axy, X{*> = O for all A & C, we have
4=1

n

E.;Txi, Xi*> = 0. Q.E.D,

1=

2.4.5— Theorem: ILet B be a c—complete Boolean algebra of projections

on X and let A be the weakly closed subalgebra of B(X) generated by B
Then A is reflexive.
Proof: Let T ¢ Alg Lat A. Since each GeB is A-reducing and hence
T-reducing, TG = GT (G € B)., Given X ¢ X, the cyclic subspace M(x) is
T—-invariant and T / M(x) commites with every restriction of each G ¢ B
to M(x). Hence, by theorem 2.3.10 i), there exigts for each x ¢ X a
functionpd ¢x € 2% such that

T / M(x) = Tgx / M(X).
FiX Xy, Xz ..., Xpn € X, X%, Xz*, ..., ¥Xp* € X* such that

E <FXj, X4*> = 0 (F € A).

Azq

Then, we must show that E'?Txi,xi*> = 0. Yhe proof of corollary z.ﬂdz
i=1
shows that there exists e € X such that
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E(o)¢; = B(0)%; = ... = E(0)4pn = 0O
= 0, Iet e* be the normalized Bade

whenever ¢ € L[ and E(o0)e

functional for e and let U be the measure <E(.)e, e*>. Let ¢ be the

function in 2% such that

T / Me) =Ty / Me).
It will be shown that

Txi = TexXi
Since Ty ¢ A, this will iqply that

" v
L <TXj, Xj*> = £1<T¢xi, Xi%> = 0.
1= L=

for i = 1,2,3,...., N,

1,2,3,...., N} and let ¢ , 6 & IV satisfy

Pix 1 € {
T/ M(xi) =Ty / M(Xi), T / M(Xj+e) = Tg / M(xjte)
Then
Toxi + Tee = T(Xy + @) = Tyxj + Tge
and so

To-yXi = Tp-e€ = Z
say, and z belongs to M(Xj) N M(e). Thus
TeZ = Ty = Ty(2)
and hence
0=To—yz Hif = T ¢-y(Te-0)e = T(¢-y)(¢-0)e = 0.
Let k be a unimodular function in I® such that
k(e - U)(d - 6) = I(d ~ W)¢ - ).

Then
J (o — )b — e)idu =

]

FR(o — ) (¢ - &)au
=0

i

TRT(-W)($-0)8r &F?

which shows that (¢ — ¢} b —- 6) = 0 p-a.e.

gets o, T and s with Q = T uog u & such that vy = ¢ on 1,

and u(o) = 0. 8Since e* is the normalized Bade functional for e,

E(o)e = 0. fTherefore, E{o)Xy = 0. Now

TE(T)Xy = TYTXT Xi = Tyyr Xi = Tayr ¥ = TeB(T) X4i.

Similarly, TgE(5)X;y = TGTXS Xy = T6X8 X5

Thus there exist disjoint

$ = 6 on &,

= T¢X3 Xy = Tq,E(G)Xi and
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TE(8)e = TgE(8)e = TeTyse = Toyge = TgE( 8)e. Hence

T E(8)Xxi = T E(8)(xi + e) — T E(8)e

ToE(8 )Xy + €) — TgE(8)e

If

THE( 5Ky,

Since E(6)xj = 0, it follows that

]
]

TX4 T E(Q)%y T{E(T) + E(8)]x4

1t

T E(T)Xy + T E(8)X4

it

THE(TIX] + TBE(8)x5
ToXy HiFa

as required. Since Ty ¢ A, it follows that

n "
F. <TX4, Xy*> =L <T¢Ki, X3%>» = 0.

i-1 =1

Then T € A. Hence A is reflexive, for A = Alg Lat A,

Il
i1

TeE(0)x4

2.4.6— meoremx et A Dbe thé weakly closed subalgebra of B(X)

generated by the oc-complete Boolean algebra B of projections on X.
Then every weakly closed subalgebra of A containing the identity
operator is reflexive.

Proof: Iet C be the weakly closed subalgbra of A containing the
identity operator and let T ¢ Alg Lat C. We shall use lemma 2.4.4,

ii) to show that T € w—cl € = C and hence that C is reflexive.

Accordingly, £iX X,, Xz,...., Xp € X and X, *, X,*, ..., Xp* € X* with
(43
)_: ini, X4*» = 0, for all F « C.
J_: -

We must show that

OI

i

(2]
n}: <TXj, Xi*?
A=l
since B is o—-complete, then it is the range of the spectral measure
E(.). By corollary 2.A.2, there exist X ¢ X and x* & X" such that
no
<EX, X*> = ;:{Exi, X3*» , (E ¢ B)
A=
Since A is the weakly closed linear span of B, it follows that
n
<Fx, x*> = L <FXj, X{*>, (F e A).
4=1

Now

T ¢ Alg Lat C € Alg Lat A.
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By theorem 2.4.5, T € A, Hence

[¢]
<TX, X*> = [ <TXi, Xi*>.
c=1

14

But since <AX, X*> = L <kxi,xi*> = 0 for all A ¢ C. Hence
i=1

<Tx, X*> = 0 by lemma 2.4.4, i), and therefore

n
<Tx, X*> = L <TXj, xj*» = 0,

<
b
ag required., Q.E.D.

2.4.7- Corollary: Let S be a scalar type spectral operator on X. Then

S is reflexive.

Proofs et E(.) be the resolution of the identity of §. ILet B =

{BE(c) 1+ ¢ & U} ahd let A be the weakly closed subalgebra of B(X)
generated by B which is a o-complete Boolean algebra of projections.
We take C to be the weakly closed subalgebra generated by S and the
identity operator. Since S € A and hence ¢ € A, by theorem 2,4.6, it

follows that S is Reflexive. Q.E.D.
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2.5 A representation theorem for a complete Boolean

algebra of projections

Given a Boolean algebra of projections on X, a Banach sgpace, Let
U(B) denote the norm closed subalgebra of B(X) generated by B.
The results of this section can be found in [6].

2.5.1- Theorem: Let 8 be a complete Boolean algebra of projections on

a complex Banach space X. Then there exist a complex Hilbert space H,
a complete Boolean algebra B, of self-adjoint projections on H, and an
algebraic isomorphism € of U(B) onto U(B,) such that
i) &B) = B,, so that the restriction of & to B is a Boolean
algebra isomorphism of B onto Bg;
ii) @ ig bicontinuous when U(B) and U(B;) are endowed with
a) the norm topologies
b) the weak operator topologies
c¢) the ultraweak operator topologies;
iii) e is bicontinuous on bounded sets when U(B) and U(B,) are

endowed with the strong operator topologies.

It will be convgnient to make some preliminary definitions before
proceeding with the proof of the theorem.

2.5.2— Definition: It H be a Hilbert space,

The ultraweak operator topology is the topology generated by the

seminorms

&8
T 1121':'1‘1{1, vi*l ,» (T € B{H))
where {Xi} and {yi} range over the pairs of sequences in H for which

994 o0
L Ixill® £ @ and £ |I¥ili* £ =
=1 4z}

The ultrastrong operator topology is the topology generated by the
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geminorms
oe \/
T {L:yTxiHZ}E, T ¢ B(H)
L Red
= 0]
where {Xi} ranges over the sequences in H For which ? &31"2 £ w.
L=
This topology is natural in the sense that it is associated with the
strong operator topology corresponding to the Hilbert space direct sum
of countably many copies of H.

Proof of the theorem:

*) construction of H and By,
et {Xx : « € A} be a subset of X which is maximal with respect to the
properties; C(xy) # 0 (x ¢ &), C(Xx)C(xg) = 0 (x = 8)
where the carrier projection C(X) of a wvector x in X, is the element
of B given by

C(x) =N{E € B 1+ EX = X}.
We may and shall assume without loss of generality that |ixglf = 1
(x € A), Iet Ey = U {C(xXy) ¢ « € A}, We show that I = E,. Suppose
not. Then there exists a unit vector y such that (I - Ep)y = Y.

Observe that

#

(I~ Eg)C{Xy) 0 (x € A)

and
(I - Eg)C(yY) = &(Y).

Thus

il

(I = Eg)C(Y)C(Xy) = CYIC(Ky) = (I — Eg)C(¥x)C(Y) = 0,
for all « € A; and this contradicts the maximality of {xo : « € A},
Thus
Eg = U { C(Xg): « € A} = I,
Since, for E € B,EX = 0 ¢ (I —~ E)X = X
e (I — E)C(X) = C(X)
+=> EC(X) = O,

it follows that, E = 0 if and only if Exy = 0 for all « € A,

For each o € A, Let X,* be a Bade functional for x, such that |Ix,*|| =
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1 and let py = <E(.)Xyx, Xg** be the measure on (2, £) (x € A). Let H
be the direct sum of the complex Hilbert spaces LZ(uy) (& € A). Then,
an element ¢ = {{g}, ¢q € L®(Hy), i in H if and only if EeF"\cq"Z 2 w,
o

It is elementary that ||{gll = 0 for all but countably many « € A.
Clearly H is a vector space relative to the coordinatewise linear
operations (+n =g+ ngdr AN = (M.
From the relation

AW LooNx) = i + Nall® — W — Nall® + il + ingll® — 1l — ingll®,
it follows that.‘fég(cq, N | £ w; the formula

<C:l m =dzéa(cq.nq)

defines a sesquilinear form on H such that

<L, ¢ =L &adl®.
ACA
In particular, <¢, ¢> N O when ¢ # 0. Thus H is an inner product

gpace; the norm derived from the inner product is given by
T2 =
el = <z, o = LF Sy, fgoye,

To show that H is norm complete, let {, be a Cauchy sequence in

H, say {p = ({ng) forn=1, 2, ... For each a € A:

Hmx — Cnall® € Wm — <nll? for all m and n.
Thus the sequence { 4, Cagqe ++++ Lnge ., 18 Cauchy in L%(uy). We
define g = lim {pg (x € A),

we show that {n . (L) € H. ILet & X 0 and c¢hoose an index N such
that |Idm — ¢pll < € whenever m, n = N, If m, n > N and B is a finite
subset of A, then L dma ~ <nall® 2 2.
Ach
Keeping n and B fixed and letting m __y o, we have
L It = ¢nodl® = €2,
Acg
Keeping n fixed and varying B, we see that the family ({x,¢ng) i8 in
H and has norm = g, Therefore, the family ({yg ~ ¢na) ¥ ({na) = ({a)
is also in H and setting { = ({y)., we have

¢ — ¢nliZ < e2; vn > N,

Hence ¢{n .y ¢ as n __, w. Therefore H is complete.
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For each T € £, define
F(T)(¢lx) = (Xrla) { (Lg) € H},
where X, denotes the characteristic function of r. We show that F(.)
is a countably additive spectral measure on £ whose values are
self-adjoint projections on H.
Let ({g) € H
F(2)({x) = (Xala) = I(Lq)-
Hence
F(a) =
et o, § € E,

F(o v 8)(Lx)

H

(Xaus o) = (Xo L) T (Xséax) — (Xons L)

il

{F(o) + F(B) — F(on8) N Lx)-
and 4
FR(F)L) =(F () F(9) e
F(o n 8 {g) = (Xo- X5 o) = XetloXs—to)—=A{Xo—bor) -t (X5—Lar)
=B Lo HFEBHbox )
P(8")({a) = (X8'¢ax) = (UL — X1 ¢a) = I (L) — F(BXM L)

et ¢y, 03, +44s Opns...., De a countable family of disjoint sets in L.

I

<{xdbi tar &> = i <{Xoi fux}s &2

_E E <XO‘].‘:QUCG> = I E SXgifarbo?
2 x ael =1

<F(if i) & O

1

Since I is a uv-field, there exists o € L such that o = SD )
=1

Therefore

fa) o

E < Xoi € € ? eor L € Xoi Cor bx > = < Xo Soxr So®

=4 =1
then

(2]

EL < Xoi oy fox > —5 L < Xg bovr x> = < F(O)L, L7,

Aegp izl A&l
Hence

F(L&Gi) — F(u gi) = £ F(oy).

=1
Clearly |IF(o)lf €< 1, ¢ ¢ £, and since F(.) is indempotent and F(.) # O
it follows that ||[F(o)ll = 1. Hence F(.) is a countably additive

spectral measure whose values are self-adjoint projections on H, let

= { F(o) : 5§« £},
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We show that B, is a complete Boolean algebra of projections on H
which is naturally isomorphic to B. Define
0, 1 E(T) —_— F(T) ( T € £);
then
O(E(T)Y + E(8)) = 6(B(T U BN TN B)) =F(Tw s \NTnNnSH)
= F(T) + F(8) = 0(E(T)) + €5(E(T)).
Iet 7' € T be the complement of r in Q.
Qo(B(1")) =PF(r'") =1 -~F(1)Y =1 - 0(B(T)) = Qo(E(T))'.
Noting that, for each v € T
E(T) = 0= E(T)Xyq = 0 (x € A)
= ug(T) = 0 (x € A)
&= F(T) = 0,
it follows that @, is a one-to—one Boolean algebra homeomorphism.
Hence 6, is a Boolean algebra isomorphism of B onto Bg. in
particular, since B is complete as an abstract Boolean algebra, then
) ' ® kw’ VoS B
sa is By. To show that B, is a complete Boolean alge red, let
{F(T1g), 8 € A} be a subset of B,. Cheoose T in £ such that

E(t) = U {E(Tg5) ¢t § € A}.

Then
E(7)X = gpan{E(Tg)X : 8 & A},
and
(I - B(TX =n (I — BE(TgNX.
geh
First we show that PF(7T)H = gpan{F(Tg)H : 5 e A}. Since E(Tg)X €

E(T)X, 8 € A, and 65 is an isomorphism, then
Oo(E(Tg) € €,(E(T)) (8 & A) «» F(T1g)H € F(T)H (8 € A).
Hence
F(T)H 2 span {F(Tg)H : 8 & A}.
To obtain the reverse inclusion, let ¢ be in the orthogonal complement
of span{ F(Tg)lit & & A} in H. We mMust show that F(T) = 0. Let { =

({x)+ We show that X;{y = 0 (i, a.e., « € A), from which it follows
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that F(T){ = 0. To do this, fixX ain A and consider {y as a function,.
Define

og={ten: ¢yt) # 0).
Since F(1g), = 0, Xrgla = O, Hy @.e., and hence

H(Tg N o) = 0 (& « A).
Thus

E(Tg)E(0)Xy = O { @« € A)
and hence

E(T)E(c)Xy = 0
by the completeness of B on X. Therefore

Ba(Tg N o) =0, (a e€B)
giving F(7){ = 0 as required,
Since the value of F(.) are self-adjoint projections, it follows that
F(T)H and (I -~ F(T))H are orthogonal subspaces. Therefore, (I-F(T))H
=60 ,(T — F(Tg))H, since F(T)H = span { F(Tg)d 1 6§ € A}, Hence B, is
complete.,

The isomorphism ©
Define the mapping, from C(Q) into U(B,), by

Kt & _5 F&(A) F(arn).
It is clear that K is an algebraic isomorphism of C(21) into U(Bg).
Since F(.) is a self-adjoint spectral measure, it follows that K is an
algebraic *-isomorphism. Moreover,

IK(I = lIdllw. (€ C(Q).
Then K is a continuous algebraic *_isomorphism of C(f1) into U(By).
Notice that E(T) # 0 for every open and closed subset T of 2, since Q
is the Stone representation gpace of B. It follows that F(.) has the
same property. From the proof of lemma 2.1.7 and the fact that
IXK(xrl £ lixfllg, wWhere T is open and closed and hence X is

continuous, it follows that |X(X, )l = lX,llp,. Therefore K is isometric
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on the linear span of
{X;- : T open and closed in Q}.
By the Stone..Weierstrass theorem and the continuity of K, KX is
isometric on C(Q1). Now
By ={ F(7) : T open and cloged in Q}
since the corresponding result holds for B and E(.). Since F(T1) =
K(x7r) for T open and closed, it follows that the range of K contains
B,. By the continuity of K, it follows that K maps C(Q) onto U(By).
Composing K with the inverse of the map
d 5 JH(ANE(AN) , & € C(Q),
we thus obtain an algebraic isomorphism
© : J G(ANE(AAN) 5 F ®(AIF(dA), & e C(1)
of U(B8) onto U(By) which is bicontinuous when each operator algebra is
given the norm topology. Let E(7T) be an element of B, T open and
closed; then
8 I Xy B(dA) = B(T) 5 F X F(dA) = F(T) = 6(E(T)).
Hence © extends the map 6, of B onto B,. We shall write Sy for
J $(MF(dA) and Ty for § ¢(A)E(dA) when convenient. Note that with
these notations we have
O(Ty) = Sy (& € C(A)).
The following lemma establishes Dboth the weak and the ultraweak
bicontinuity of e.
2.5.3- Lemma: i) Given x in X and x* in X', there exist { and n in H
with |iZJl.lInll = 4klix||.|Ix*|| such that
AT, X*> = <@TL, 1 (T € UWB))
ii) Given ¢ and n in H and e A 0, there exist x in X and x* in X~
with IX||. [Ix*]| < 4k(1 + €)|I<]l.]lInll such that
TX,X*> = <6Tn, n» (T € U(B)).
Proof: Iet X « X and x* & X*. The identity operator I can be expressed

as I = U { C(Xy) : « e A} where C(%y) C(Xg) = 0 if « # 5. By the
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completeness of B, it follows that himd:édc(xa)x = X, where ¢ runs over
the finite subsets of A, ordered by inclusion, Por each & N 0 there
exists ¢ such that ||x - % C(x)xIl £ ek}, so if 8 ¢ ¢ , then |C(Xp)X|
= 1C(Xp)(x - QIC(xq)x)l Z &, It follows that at most countably many
of the vectors C(xx)X, & € A are not zZero. Since C(Xy)X # 0 &=
C{xx)C(X) # 0, it follows that C(X)C(xyx) # 0 for at most countably
many « € A, Denote this countable family by { a(n) : n = 1,2,....3}.
Define an element B = {Byx} as follows

Bx = [271] if @« = a(n) for some n.

=0 otherwise

where [27 1] is the eguivalence class in La(ﬂq(n)) of the function on Q
with constant value 270
The measure v(.) = <BE(.)X, x*> is absolutely continhuous with respect
to <F(.)B, B* and the total variation |v| of v satigfies

vi(a) =‘$g€ <B(T)X, x*> < 4KIIX|l.)lx*|].
We next show that the cyclic subspace Z(B) = span { F(T)8 : T & L} is

isomorphic to LZ(u), where u(.) = <F(.)3, B>. We write Uy

0

F(T)A
for every T € L. If the definition of U is extended from
characteristic functions by the requirement of linearity, then in view
of the definition of Z(f#), U becomes a linear transformation from a
dense subset of LZ(u) onto a dense subset of Z(B). The additivity of
F(.) guarantees that U is well defined. Since the eguations

UxThZ = W(T) = <F(T)IB, B> = |IF(TIBIZ = [Ux+IIZ.
show that U is norm—preserving, U may be extended to an isomorphism.
If 1, v € £, then

U(Xr:Xo) = W Xene) = M(T n 0)B = F(TF(0)B = F(T) Uxg,

This means that U(x,f) = F(T) UFf whenever f = Xy. Since the simple
functions are norm dense in L*(K) the desired conclusion follows.
Then, Dby the Radon-Nikodym theorem, there exists a non—-negative

function g in L*(u) such that
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v(T) = §+ g(A) u(dan) (T € L),
If F is the non-negative square root of g, then f € LZ(u)* If we put

{ = Uf, then

v(T) = Jp RN 2du = [ IXF 1 2u(dr)

Il

UxrFil® = [IF(TIUFI?

HE(T)CIZ = <P(T)¢, n?,

1

where 1 = F(T1)¢{, and
lvi(R) = sup IF(TXI.Nnll = lI<H.Aintl.
T €L
Then
<Ex, X*> = <(OE),,
and so, by linearity and norm continuity,
<TX, X*> = <(eT), m (T € U(B)).

ii) Let € M O and let £ = ({y) and n belong to H. Then {(yx # 0 for
at most countably many « in A, say for «(n) (n = 1,2,.....). Write xp
for Xy(n) and up for pyg(n). Define

o
e =r 20 %, ,
n-1
and let ¥(.) = <F(.),, n>. We have
Y(.) € <F(.), &2 Q:Eilz-" <E(.)Xpn, Xp*? € E(.)e
the final relationship following from the fact that
C(¥p)E(o)e = 27 DE(g)x, (0 € £, n=1,2,...).
Also, the total variation of y(.) satisfies [¥{(Q) =< |I£ll.linll. sSince
v(.) € E(.)e, put u(.) = <E(.)e, e*>, where e* is the Bade functional
such that <e.e*> = 1, Let p be the function norm given by
p(f) = sup {liTgell ¢+ & « 29, |IB}l = F}
and let U be the hom#omorphism in lemma 2.3.8, where it is assumed
that X = M(e). Clearly ¥ € u and hence, by the Radon-Nikodym theorem,
there exists & ¢ LY (u) such that y(7) = J¢+ &(A)u(dr), then by theorem
1.3.7 il) there exist f ¢ L%, and g € Lp' such that ¢ = fg u-a.e. Let
X = Uf and define Xz* € M(e*) by

<z, X *» = J U tzg du  (Z & M(e))
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1<z, Xo*>| = |f U lzgdul = p(U1z) p'(@)
By the proof of lemma 2.3.8 |Ix}i = WUFIl £ p(FH)
and p(Ulz) p'(g) < 4klizl p'(g)

it follows that

Nzl ixp*1l < 4Klizll.p'(g).

Hence, by theorem 1.3.,7 ii)
l Il H&o*Il € 4Kp'(g).p(F) < 4K(1 + £).p(F).
[ But p(Ff) < J ddu < |vi(Q), and if x* is the extension of Xg*, by the
; Hahn-Banach theorem {|xX*|] = [|Xy*||. Hence
XN . fx*fl = 4k(1 + e)|vi(n) = 4k(1 + )<l Unll.
Therefore Y(1T) = <B(T)X, X¥*> (T € L).
As in the proof of i), it follows that
<TX, X*> = <(6T), 1 (T € U(B)).
This completes the proof of ii)
It only remains to prove the strong bicontinuity of © on bounded sets.
To see thisg, First fix ¢ in H and let x in X and x* in x* satisfy
<Tx, X*>» = <(6T), &> (T € U(B)).
et ¢ € C(Q) and let Y e a unimodular Borel function on I such that

¢l = Wb, Then

NCOTHILNZ = ISpLlZ = <Sgi, Set> = <& G(AF(ANL, § G(AIF(AN)L>

§ 'Q’(A)IZ(F(G)\)‘:: £ = <Si¢\|a L, L2

i

Mgz X, X¥> = [ [h12<E(dA )X, X*?

N

ol 1<Typ) X» X*>1 = {Idllg <Tygp; X, X*>

Holw<TypX, X*> < [l Tyll T I x* |}

iN

Akl bl x* N I TgxI
the last inequality following from the unimodularity of . Since
Hdllw < Tyl (& & C(Q))
we thus have
HCOTIZUZ = 4KITH . UXK*INTRI , (T & WB)).

The strong continuity of © on bounded subsets of U(B) is immediate.
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To obtain the corresponding result for 0%, fix e # 0 in X and let e A
0. Let e* be the Bade functional for e € X, u = <E(.)e, e*>, p =
sup (liTgell + & ¢ 2%, [@] < f} and U the linear isomorphism of 12, onto
M(e). Since the constant functon 1 ¢ L?,, there exists & with

0 £ 8 £ e such that p(xr) £ e whenever T € £ and u(r) £ 8. Also,
since u is positive, the proof of part i) of the obove lemma gives the
existence of { in H such that

<Te, ex>» = (0T, {» (T € U(B)).

Let 5 € U(Bg) with sgp < s / {u(n)}‘Z. It is readily seen that
<E(QR)e,e*> £ 0 if e # 0, Then

3

]

8Ty = Sy for some ¢ e C(Q)
and setting
Z
T={t eq: &L &8},

we have

1

Su(T) & Jr <E(dA)e, e*> = [fr8u(dA)

£ 1 0(A)1du < {F [(A)IZaAY2(p(a))®

I

Tipiz €, %', {u(a))?

Sjprz &, u(n)Y?

IISpcl (u(n)}2 < 82,

il

Thus u(T) < & and hence p(x7T) < ¢ . Therefore

e~ tself = ITgell = ITHULIl = U
£ p(d) = p(1el) = p(IdiXy + 1dIXTe)
£ (X )Pl + pCIdiXre)
£ |ldlle & + 8p(1) £ {lIdllg + P(1)} &
= {lIsil + p(1)} e.
The last equality follows from the fact that ||dlig = HS¢H = |isli, and
HSgll = IS = | & & F(ar)l = idlig.

We have thus proved that
nee™syell = (s + p(1)} €

whenever 5 & U(B,) and ||S¢|| = 8%/ {,u.(n)}"’-' Thig establishes the
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strong continuity of € * on bounded sets and completes the proof of
the theorem. Q.E.D.

2.5.4- Remark: A representation theorem for o-complete Boolean algebra
of projections can be obtained from the main result above. Let C be
a o—complete Boolean algebra of projections on X and let B be the
strong closure of C in B(X). We first show that B is complete. Since
C is bounded, then B is also a bounded Boolean algebra of-projections
in X, Suppose that B is not complete. By lemma 2.1.5, there is a
monotone increasing generalized sequence {Eg} in B and x in X such
that the limit lim{r::ux} does not exist. Iet X(x) and X,;(xX) be the
closed linear manifolds generated by the sets {ExX/E eC}, {Ex /E &B},
regpectively. Since B is the strong closure of C, each element EX
with E in B is contained in X(x) and thus X,(x) € X(x). Evidently
X(x) & X;(x) and so X(X) = X,(x), from which it follows that EX(x) <
X(x) for each E in B, For each E in B, let E denote the restriction
of E to X(x). It is clear that the set {f‘. / E € B } is contained in
the strong closure of C(x) = (E / E € C }. Since the limit lim EqX
does not exist, the limit lim Eqx Fails to exist in the strong
topology. It follows from lemma 2.1.5 that the strong closure of C(X)
is not complete, Thus, by corollary 2.,1,12, C(x) is not complete, On
the other hand, sgince the restriction to an invariant subspace of a
o-~complete Boolean algebra of projections is o—-complete, it follows
that C(x) is o-complete., Thus, by the proof of corollary 2.4.2, C(X)
is complete, which contradicts the first statement and proves the
completeness of B. Now, let B, and © be as in the main theorem above
and let C, = e(C). Since every monotone increasing sequence of
elements of C of projections converges strongly to an element in C
that is bounded and, since © is strongly continuous on bounded sets.
it follows that C, is o-complete. By restricting & to U(C), we thus

obtain a representation of U(C) as the c*—algebra generated by a
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c—complete Boolean algebra of self-adjoint projections. This

representation has the appropriate continuity properties. Q.E.D.

U
2.5.5—- Definition: A von—quhan algebra is a *-—-algebra of operators on

H which is closed in the weak operator topology of B(H).
Since the weak and the strong closures of a complete Boolean algebra

U
of projections are the same, it follows that U(Bg) is a von—Newman

algebra.
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Chapter 3 Restrictions of normal operators and

scalar type-spectral operators

3.1- Resgtrictions of Normal operators

3.1.1- Introduction: The purpose of this chapter is to investigate

Fixman's problem in more detail. Fixman has shown that the
restriction of a spectral operator to an arbitrary closed invariant
subspace is spectral 1if and only if the resolution of the identity of
the spectral operator leaves the subspace invariant.

Wermer and Halmos have obtained some conditions which are necessgary
and sufficient for a restriction of a normal operator to be normal.
It is shown that this problem is a particular case of Dowson's problem
on the restrictions of scalar—-type spectral operators. Finally, we
give a generalization of the necessary and sufficiency of the
condition for a property (P) to fail to the case of a scalar-type
spectral operator on a separable Banach space.

3.1.2- Definition: Let X be a complex Banach space. An operator T in

B(X) is called a spectral operator if and only if the following two
conditions «) and @) are satisfied:

o) There existes a spectral measure E with values in B(X) such
that

TE(8) = E(8§)T, & ¢ %,

B8) o(T / E(8)X) & 8, 8 & L.
A spectr;'al operator S is said to be of scalar—type if and only if it
is of the form:

S = fg(s) AE(dA)
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3.1.3— Definition: Let H be a complex Hilbert space and let T be in

B(H). Then T is called a normal operator if TT" = T*T,
Consider a polynomial p(z,2) in the two complex variables z and 2.
In view of the Weierstrass polynomial theorem, the map
vt P(Z,2) __y P(T,T")

can be extended to an isometric algebra isomorphism of C(o(T)) into a
subalgeXpra of B{(H) consisting of normal operators such that

W(F) = WA, (f & Sa(T)) ).
3.1.4- Theorem: Let T be a normal operator on H. Then T is a
scalar—type spectral operator. The values of the resolution of the
identity of T are self-adoint projections.
Proof: Let ¢ be the isometric algebra isomorphism discribed above.
et X, v € H, The map f 3 WA, y? is a Dbounded linear
functional on C(¢o(T)) and so, by the $gysz representation theorem,
there is a uniquely determined regular Borel measure u(.,X,y) such
that, for all j in C(a(T)) A

SWFIX, ¥> = Sg(r) F(AUAN, X, ¥, *)

Let £, denote the c-algebra of Borel subsets of o(T). Since WT,X,y?
is uniquely determined by x, y and 7 it is, for each T in £y, bilinear
in x and y. Also, since

WK Y) = <X, WFY? = «WFIY, % (f € C(a(T)) )
MT,X,¥) is syﬁ?tric. Since (u(T,x, ¥} < UIxl.llyll, these Dbilinear
functionals are bounded. It follows that, for each T in £, there is a
unique self-adjoint operator E(cg) on H such that

wur,x,y) = <E(r)x,y>. (X,¥ € H)
It will be shown that E(.) is a spectral measure, By putting 7 = 1 in
(*) we see that I = E(c(T)) and, since E ig additive, that

I-E(8)= E((T)) - E(8) = E(a(T) / &), (&8 € Ep).
To prove that E(.) is a spectral measure, it will therefore suffice to

show that E{(oc n T) = E(T7).E(c) for every pair o,7 of Borel subsets of
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o(T) . For fixed x, ¥ in H and g in C(o(T)) define

v(T) = I+ g(A) (AN, X,¥), (T € Lg).

If f € C(o(T)), then

fa(r) F(MV(AN) = Sgr) F(NG(AMU(AA, X, ¥) = W FI(GIX. y?
= Jg(r) FONR(ANW(GIX, ¥,
Vgl
Since v(.) and u(.,X,Y) are regular measures

v(T)

Jo(T) g(AIX(T,A) p(dA,X,Y)

il

<E(TIW(g)X,y>

L]

fo(r) g(MM(AN E(T)X,Y) (T & Eg)
since g is an arbitrary element of C(o(T)),

<E(T n 8)X,¥y>

1

So(T)nsnT M(dN,X,¥)

<E(8).E(T)X,y>,
it follows that, for all pairs of Borel sets 8§, T of o(T)

E(T).B(8) = B(8).E(T) = E(T n 8).
Hence, E(.) is a spectral measure,
Let {Th) be a sequence of pairwise disjoint sets in £, with union 7.
Then

SE(Tr)KB(TRIXK> = <B(TIB(TLIX,X> =0 (K # )
and so, for every x in H, {BE(7T)x} is an orthogonal sequence of
vectors, Since

Lo oo

n%lIIE(‘rn)xli2 =nE SE(Tp )X, X2 = <E(T)X,X> = NECTYXIZ,
it follows that E(.) 1is countably additive on E, in the strong
operator topology. Define

E(T) = B(T n ¢(T)) (T € £, the o-algebra of Borel

subsets of the complex plane)

It follows from (*) and the definition of the integral with respect to
a spectral measure that

T = Jo(r) ME(AN).

Qlearly T commutes with all values of E(.). Let 7 « £ and suppose
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that A € € / T. Define

U = fo(T) (Ao — AYL X(T,NE(AN).
Observe that this operator satisfies the equations

(AgI — THYU = WAL — T) = E(T).

Thig shows that

o(T / E(T)H) € T, (T & E)
Q.E.D.
We state the following result, valid for a general bounded linear
operator on a Banach space. See lemma 1.28 of [3, 20].

3.1.5—- Temma: Let X be a complex Banach space and let T be a bounded

operator on X. Suppose that T7! exists as a bounded linear operator
on X. Let Y be a closed subspace of X with TY € ¥, fThen (T / ¥Y) ¢
exists as a bounded linear operator on Y if and only if T7Y ¢ Y.
Procf: If TY < ¥, then clearly T™!/Y is a bounded linear operator
and inverse to T / ¥, Conversely, suppose that (T/Y)™* « B(Y) and let
Yo € Y, Then there is a unique element y in Y such that Ty = y,.
However, T(T 'yy) = Yo. Hence Ty, =y ¢ Y and go T"1Y € ¥, Q.E.D.
The next result was proved by Fixman for a spectral operator

[11]:; a much shorter procof was given by Dowson (Theorem 2 of

[4, 2441]). We state here the case where T is of scalar-type.
3.1.6- Theorem: Iet X be a Banach space, and let T, in B(X) be a
scalar—-type spectral operator with resolution of the identity E(.).
Iet Y be a closed subspace of X invariant under T.

a) IET / Y is a scalar-type spectral operator with resolution of
the identity F(.) then E(T)Y € Y and F(r) = E(T)/Y, for each T in E.
b)Y I£f E(T)Y € Y and F(T) = EB{(T)/Y, then T/Y is a scalar-type spectral
operator,
Proof: Before proving this theorem we need the follawing definition
and remarks.[1l0].

3.1.7- Dafinition: Tat T ¢ B(X). An X-valuaed funotion f defined ’and
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analytic on an open set D(Ff) € € is called an analytic extension of

(L) = (¢ - T)“lx,c € p(T) if
(L - TY(L)X =X, ¢ € D(F),

F(¢) = T(Z) on D(F) N p(T).feorotherwige {{L— PR )=T)IFE KK
U

-0-would-giply—¢—e—o(T).
The resolvent set of X, which is a maximal open set and may serve as a
domain of definition of an analytic extension of T({)X, is denoted by
p(x) or pp(x). Its complement o(x) is called the spectrum of x.

et T be a bounded spectral operator on X with resolution of the
identity E(.) and let ¢ € € be closed, then

E(o)X ={ x : o(x) € ¢o}.

For a proof of this result the reader is referred to [10, 1934].

Proof of theorem 3.1.6:

a) et v € Y. The function YT/Y(C) is an analytic extension of T(()Y
with domain pp/y(y). Thus pp,y(y) € ep(Y), or

1) oY) € apsy(y).
Let F denote the resclution of the identity for T/Y. If ¢ is a closed
subget of the complex plane, we have by the remark following
definition 3.1.7

op/y(F(a)Y) € @

and by 1)

op(F(C)Y) € 0O
and again by the same remark

2) E(o)F(a)y = F(a)y.
If 7 is a closed set disjoint from o, we get, operating with E(c¢) on
E(o)F(a)y = F(o)y

3) EBE(O)E(TIF(T)Y = 0 = E(0)F(T)Y.
3) and the og—additivity of F in the strong‘operator topology show that
E(c)F(c') = 0. (o' denotes the complement of ¢ with respect to € )

This together with 2) gives



E(o)y = F(o)y, o closed,
The properties of E and F now yield the same properties for every
Borel set. ([11].
b) It is easily verified that T/Y satisfies the axiom «) of
definition 3.,1.,2. In the case Y = E(o)X we have
SCT/E(GIE(T)X) = o(T/E(E N T)S B8 NTEGC T,
Hence T/E(§)X is spectral. Now obgerve that, since T is of
scalar-type, T = Ja(r) AE(dAN), (A -~ TY * = J (Ag — A)‘l E(dA), and
since E(T)Y € ¥, it follows that (I - T, ¢ & p(T) leaves Y
invariant. Hence o(T/Y) € o(T), by lemma 3.1.5. This argument may be
applied to the spectral operator T/E(T)X and its restriction to the
closed invariant subspace E(T)Y. Therefore
o(T/E(T)Y) € o(/E(T)X) &€ T, T € E.
Since
T = Jg(T) AE(A),
then
/Y ={I0(T) AEB(dAN)}/Y = Ia(T) A E(AAY/Y = Iq(T) AF(dA)
where F(.) = E(.)/Y.
Hence T/Y is of scalar—-type. Q.E.D.

3.1.8—- Theorems ILet H be a Hilbgrt space, and let T, in B(H) be a

normal operator, Let Y be a closed subspace of H invariant under T.
Then the following are equivalent

a) T/Y is normal

b) T/Y is spectral

c) T"/Y € ¥, i.e. Y is reducing.

Proof: ¢) = a) Suppose Y is reducing. t R = T/Y and T

Since Y is 1nvar1ang/nﬁ6;;rhoth T apd T, the operat

-
both defined ow'Y. Also, we havé for all X, ¥ «

R*x, v» = «<x, = <x, Ty> =
Sincé R and S are operators on Y we obtain R = S.
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Moreaver—IE-y e Y ,  — RSy-=TT 'y =7 Ty ="SRy

and-so- T/Y is a normal operator) S vttt T*‘o \l/ .C’. \/

a) <« b) Since T/Y is normal then, it is a spectral operator of
scalar—type.

D) = c) Since T" = Jg(r) AE(dA) 1f T = Jg(p) AE(dA),it follows that,
by theorem 3.1.6 R), Y is reducing. Q.E.D.

3.1.9- Theorem: Let X be a Banach space, and let T in B(X) be a

spectral operator. Iet Y be a closed subspace of X invariant under T
and such that T/Y is spectral. Then o(T/Y) € o(T).

Proof: Y is invariant under the resolution of the identity of T, by
theorem 3.1.6 a)., The argument in the proof of theorem 3.1.6 b) shows
that o(T/Y) € o(T).

3.1.10- Corollary: Let H be a Hilbert space, and let T in B(H) be

normal. ILet Y be a closed subspace of H invariant under T. If T/Y is
normal then o(T/Y) € o(T).
Proof: Follows at once EFrom theorems 2.1.8 and 3.1.9.
3.1.11- Lemma: Let T be a normal operator on H with resolution of the
identity E(.). Let x € H and let
M(x) = span{E(T)X : T € £}.

Then M(X) is separable,
Proof: By the proof of Lemma 2.4.3, M(x) is isomorphic to LZ(u), where
u(.) = <E(.)x, x>. Therefore M(x) is separable.
3.1.12— Temma: Iet S be a scalar-type spectral cperator on X, a Banach
gpace, with resolution of the identity E(.). Iet X € X and let

M(x) = span{E(T)X, T € I}.
Then M(X) is separable,(Lemma 1 of [5,305])
Proof: Define Wr) = «rcr(S) FONYE(AN) (f € C(a(S)) ).
Then ¥ ~— Y(F) is a bicontinuous algebra isomorphic of C(g(S)) into a
subalgebra of B(X). ILet {(Phpb : n = 1,2,3,....} be an enumeration of

all polynomials in z and Z with rational coefficients and defined on
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’q

o(S). The set {Pp} is dense in C(a(S)) by the Stone-Weierstrass
theorem. Define

Y = span{ W(Pp)x: n = 1,2,....}.
Then Y is separable and Y € M(x). Let z ¢ YL. Observe that

WF)x, 2> =0 (f & C(a(S)).
Define u(.) = <E(.)x,2>. Then

Jo(sy F(Mu(dr) = 0 (F € C(o(5)) ).
By the Riesz representation theorem, yu is identically zero and so
CE(T)X, 2> =0 (2 e¥Y ', T el

since the support of E(.) is o(§). Thus Y = M(X) is separable,

3.1.13- Iemma: Let S be a scalar-type spectral operator on X, a Bahach

space, with resolution of the identity E(.). Then there is a closed
separable subspace ¥ of X invariant under S such that S/Y is spectral
and o(S/Y) = o(S).
Proof: Let {Ay ,r = 1,2,3,...} be a countable dense subset of C
containing a dense subset of o(S). Let A¢ be a particular element of
the sequence. With Ax as centre” construct a sequence of open discs,
say {sj}ﬁil, 8o that, if ry is the radius of S5 then lim ry = 0. For
J...-)oo
each disc, choose a vector Xk4 1in E(S4)X. If 54 n a(S) = 0, then xyy
= 0; otherwise we may and shall choose xxj # 0. In this way we obtain
an infinite sequence of vectors {xkj}?il asgociated with Ayg.
Repeating this process for each A (X = 1,2,...) we obtain a doubly
indexed sequence of vectors {xij};?jzl‘ By lemma 3,1,12, M(xj) is a
separable subspace of X. Hence
Y = span{ UM(Xij), L, 3 = 1,2,....}
is separable. Since each of the subspaces M(Xj4) 1s invariant under
E(T) (T € L), it follows, from the linearity and continuity of S that
Y is invariant under E(T) (T € ). Hence S5/Y € Y. Since
5% = Jo(s) AE(dM)

it follows that s*Y € Y. By theorem 3.1.8 b), S/Y is spectral.
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Finally, we show that o(S/Y) = o(S). By theorem 3.1.9 o(S/Y) € o(S),
then it is enough to show that o(S) € o(S/Y). Suppose that Ax € ¢(S).
Then, given any neighbourhood N({Ax) o0f MAg, some Sj(?\k) has the
following properties
1) S4(Ak) € N(Ak);  2) S3(Ag) n a(S) # &.

By construction there is an Xgj # 0 such that E(S;)Xgj = Xkji. This
means that Sy(Ag) and hence N(Agx) contains a point of o(S/Y). If this
point is not A, then this shows that M is a limit point of o(S/Y),
and hence A € d(S/Y), since this set is closed. Thus o(S) € o(S/Y)
since o(S) has a dense subset consisting of points Ax. Q.E.D.

3.1.14-Corollary: Let T be a normal operator on a Hilbert space H with

a resclution of the identity E(.). Then there is a closed separable
subspace Y of H invariant under T such that T/Y is normal and o(T/Y) =
a(T).

Proof: Follows from theorem 3,1l.8., and corcllary 3.1.10.

3.1.15—- Iemma: et Y be a separable Banach space and let S be a

scalar—type Bspectral operator oh Y with resolution of the identity
E(.). There is a vector y in Y such that whenever r ¢« £ and E(T)y = 0O
then also E(T) = 0,

Proof: {E(t) : T e £} forms a o-complete Boolean algebra of
projections. By the proof of corollary 2.4.2, B, the closure in the
strong operator topology of this Boolean algebra of projections is
comnplete, Thus corresponding to each x in Y, there is a carrier
projection C(x) of X given by

C(x) =N{EeB: ExX=%X1).

Iet { C(Xy) : o € A} be a maximal family of carrier projections with
the properties C(Xy) # 0 (o &€ A) and C(Xx)C(Xp) = 0 if o # 6. We
claim that {C(xXy)} is countable. Obgerve that B is a bounded Boolean
algebra of projections because {E(T) : T € L} is bounded. We can

aggume without loss of generality that ||x“|| =1 (x € A).If C(Xy)C(XE)




= 01 then
Xy ~ Xpll = 1/M IC(Xe)(Xx — Xa)Il = UXell / M = 1 / M,

where M is a positive bound for the norms of the projections in B, It
follows from the separability of Y that {C(xy)} is countable and so we
may take the set of positive integers as an index set A, Define

o

y =L 27T xp.

r=}

Let T & © and suppose that E(T)y = 0. Then C(Xy)E(T)Y = 27IE(T)Xy = O

and so E(T)Xy = 0. Because C(Xy) is the carrier projection of Xy

(I - E(T)C(Xr) = C(Xr)

E(T)C(xy) = 0 (r =1,2,....).
If E(T) # 0 there is a vector x in E(T)Y with |jx|| = 1. From the last
equation

C(X)C(Xr) = 0 (r=1,2,...)
contradicting the maximality of the family {C(Xr) : r = 1,2,....}, We

deduce that E(t) =0 . Q.E.D.

3.1.16— Corollary: Let H be a separable Hilbert space and let T be a

normal operator on # with resolution of the identity E(.). Then there
is a vector y in H such that whenever T ¢ £ and E(T)y = 0 then also
E(T) = 0.
Proof: By theorem 3.1.4, T 1is a scalar-type spectral operator. The
conclusion follows at once from theorem 3.1.15%, since M(x), x € H is
separable by lemma 3.1.11. Q.E.D.
3.1.17- Definition: Given a sequence of simple closed rectifiable
curves {C, , n =1, 2, 3,..., } in €, we say that the sequence
increases monotonically, if each Cp lies inside Cp4i.
We recall that a measure p is finite if |[p(C)! is finite.

Throughout the work that follows we write L(u) for the support of
u. [16, 54-64] and {17].
3.1.18- Temma: Tet [}, Fp and C be non-intersecting simple closed

rectifiable Jordan curves such that C is the interior of I, and 'y is
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in the interior of C. Let .f(A) be a function which vanighes at
infinity and is holomorphic for A outside or on ;. Suppose that u is
a compact measure such that C is contained in E(u). Then given & A O,
arbitrary, there exists a complex measure v with v « p such that for A
on or exterior to I's,
1IF(A) = 7 (L — A)Y " Yav(t)] 2 e,
Proof: Since fFf(A) is holomorphic for A outside [;, and vanishes at
infinity, then by the Cauchy integral formula, for A exterior to C
FN) =1 /(2mi) & (v ~ 272 f(h) at,
where the integral is taken around C in a positive direction with
respect to the exterior of C. Let I, be the leé%h of C and let M A
maxif(A)l for A on or exterior to C. For t on C and A on Oor exterior
to Iy, (X - A)‘l F(t) is a uniform_;e’ly continuous function of t
independent of A, i.e., given ¢ A\ 0 there is a 6§ N 0 such that
Wty = AL F(R )y — (g, = M)TER(E) 2 6 / 2L
for A on or exterior to I and for It, - t,I 4 8. Since C is a
rectifiable Jordan curve, there its a partition of C such that the norm
of the partition is less than §. Let C3, Cz, C3,..., Ch be the
partition points on C, where the subcripts of Ci°'s increasqﬁ as we
pProceed around C in a positive direction with respect to the exterior

of C. et
ay = — J€CiI(Ci41 — C3)
1 27 i ’

i=l, 2, S t

where we take Cp4y = Cj;. Note that, from the definition of the aj,
L lajl £ ML,

n
Define gi(A) = f(A) - L (A - Cj)"l ay

Then gi(n) is holomorphic on or exterior to I',.[ In fact, g,(A) is

holomorphic exterior to C]. Furthermore for A on or exterior to I';,

- 1 f(£) gt -1 aj
lg (M) l Zni ft Y vy
_ 1 n 41 [ _F(E) f(Ci)
- Izni 5 Jzi [ t - A  Ci- A]dt I
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1 b i+l | Ff(t) F(Ci)
< 2 151 Jgi t-AN Ci-—-A ac L e/2

About each C4 we can construct a closed disc of radius §3 such that
for It - C4] < 84, we have

1(cy = ML - (e - A7 < e(emn)L
for any A on or exterior to rz. Call this disc F4y. Wo assume that 84
are cho#sen B0 that Py N Fy = ¢ (the empty set) for 1 # 3.

Define v on F4q by

= - Ay
v(E) IE u(Fj) di for E < Fj .

[a)

This defines v for any subset of the set P =Jp Pj. pPefine v(E) = 0
=1

iIfFENPF =¢., Then v € u. Consider

av(t) |

fin) = 5y = | £

For A on or exterior to Iz,
n a5 avit)
IF1(A) ] € 1ga(A)l + I e - ——————I
1(A) g1(A) 121(A—-c1) T —a
The first term on the right has already been shown to be less than

e/2. Consider

N ay av(t) nr. oaq 1
- = av(t
|j£1 A -6 I t-a l '321[ X~ Cy' L}t =\ ¢ )]I
J

371 JF§J IA-C4y A -t Ku(Fy)

e N lay | e

AZ!‘“—IjEIFJ:“(Fj) S A
J
Therefore, |[fi1(A)!l £ ¢ on or exterior to rj. According to the
1

“
definition of v, it follows that € is measurable and [v(C)I G‘Ellajl L

-

ML, Thus v is finite. Q.E.D.

The following well-known lemma is stated without proof.
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3.1.19- ILesma: The function fy(A) = F(A) — J (t - A)_lav(t), defineqd
in the preceding lemma, is holomorphic for A on or exterior to 'z, and
Ffi(A) vanishes at infinity.

3.1.20- Temma: ILet 4 be a compact measure and suppose that L(u)

includes a monotonically increasing sequence of c¢losed rectifiable
Jordan curves {Cn}gio. Then there is a finite complex measure v with
v &« uesuch that [ ARldv = 0 for n =0, but v g 0.

Proof: ILet Ff(A) be a function which is holomorphic for A on or
exterior to C; and such that f(A) vanishes at infinity. Assume also
that F(A) # 0. Since u is compact, there is a positive number r such
that |Al = r for A in £(u). The Runge method of approximation is used
to give a representation of f(A) as a Borel series for (Al N\ r. We
use essentially the same method of approximation to show that there is

a complex measure v and a set S, with v € i, such that

= {1 awt), for IAl AT
O = [ ‘

c <o
Let L, pe the 1eﬁ%n of Cp. Choose a sequense (eplp=) such that ep ) O

forn=1, 2, .... and lglfn Lp £ 0.
We proceed Dby applying Lemma 3.1.18 to each of the curves with an odd
subscript. et C=Cy, My = Cy, I'pg =Cp and € = €3,
Then, by lemma 3.1.18 there exists a complex measure v; « i such that
IF(A) — & (£ - A1 au(t)l £ ey. for A on or exterior to Cz. To
indicate the curves of the sequence to which they belong, we add a
superscript to the coefficients in the rational approximation and the
symbol for the closed sets. Thus for some real M

i’\l n
Llatyl £ MLy, and FL = U P4y .

J=1 dJ
Consider the function

F1(A) = f(A) - 5 (t - M7 av ()
by lemma 3.1.19, Ff1(A) is holomorphic for A on or exterior to Cp;. Let

C =Cg, '} =Cz, 'y =C4, and & = e,. Then by applying lemma 3.1.18,




a1

again, we obtain a function
F2(N) = F(A) - T (&t - Ay lavy(e)
vhere v, is a complex measure with v, « p and with [Ffz(A)l £ g for A
on or exterior to Cja. By lemma 3.1.19, fa(A) is a holomorphic
function for A on or outside C4 and it vanishes at infinity. We note
that
N3

Eiaajl VA £3L3a

J-1
Now, E£(v;) is in the annulus bounded by C, and Cp while [(v,) is in
the annulus bounded by Cp and C4. Furthermore, from the definition of

L(v,) it follows that Cp does not intersect L[(V.). Hence [(wv,) N

I{v,) = ¢. Thus without ambiguity, we define a measure v such that

I

v(E) vy(E) for E in £(v,)
and

v(E)

1

vz(E) for E in L£(v;) .
Then we have

fa(A)yf= F(A) = Jpan FR (b7 - M7 ldu(t).
Proceeding by induction, suppose® fp-1(A) has been defined and v has

m-1l _ .

been defined on.U F2id/ . wWe apply lemma 3.1.18 to the function
Ffm-1(A) with C = Cop-1, 1 = Com-2, M2 = Com, AN € = Epm4y. wWe
obtain a function

fm(A) = Ffp-1(A) = F (£ = AM)7L avp(t)

with [fp(A)] £ eypis £Or A on or exterior to Cop,

[ T
Z 1azm—lj' Z exm—yLom-1
3=1
and I(vp) is contained in F2M-1, By lemma 3.1.19, Ffp(A) is

holomorphic for A on or exterior to Cppy and vanishes at infinity.
Defining v(E) = vp(E} for E in L(vy), we have

st Y
FolA) = F(A) — Jx (£ — A lav(t), where k =.U1F?-J"1.
1=
Since lim Epn = 0, it follows that lim fp(A) = 0, if {A | N r. Hence
N =P = D o

FN) = f5 (£t — AL au(t)

oc
for |Al A r, where § =.U
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We now repeat the approximation process. This time we use the curves
with even subscripts and approximate — F(A). The function - f(A) is
holomorphic for A on or exterior to Cy and - F(A) vanishes at
infinity. We apply lemmas 3.1.18 and 3.,1.19. Iet C =Cqo, I'1t = Cy, T2
=Cg and ¢ = g,. Then there is a function
g1(A) = = F(A) = & (& = ML ayi(t)

with g3(A) holomorphic for A outside or on C3, g3(A) vanishes at
‘Vflli lazjl Z

J=t
MLz. We choose the FZ3 so that F2 n § = ¢. Then we define v on F? by

infinity, and igi(A)l £ e, F£for A outgide or on C3. Also

v(E) = ¥,(E) for E € F2, After applying the preceding lemma m times,

we have
gm(A) = — F(A) — Mq (t - AL av(e)

M
where M = U F2J ana M n S = &, For A on or outside Comtlr gm(A) is
J=1
holomorphic and Igm(A)! £ €yptz. Since lim g = 0, it follows that
[ .__j.,(’
lim gp(A) = 0 for |A|l A r. Thus

Y —3 0O

~ f(A) = Ja (£ - A" lav(e)

[3'e]
where A = U F2J, pefine v(E) = Cif EN (A U S) = ¢&. Then we have
J=1

*)y It - M) lav(t)

il

Is (t — M lav(e) + fa (£~ A) " kav(t)

i

f(AY — f(A)y =0
for (Al M x,
From the definition of v, it follows that v « w and v # 0. Also

oA

v(e)l = ¢ £lalyl.

i’-’.l_‘_]:l
It was pointed out above that
"y ng e
1 2 boai Tk
L lalyl € MLy, £ 1a%41 £ MLg, ana £ |alyl < ej3l4
J=1 iz dzi
for i =3, 4, ..... Hence, from the c¢hoice of the gp,

e
fv(C)l = My + My + L eplp £ o,
n=3

Therefore v is finite. Then, v is of compact support , and if t e

E(v), then |t|] = r, Thus for |[Al A r and t € E(v), we have

oo
*x) (£ = A1 = ~[ gn Ol
_ n=o
Since this geries is uniform?ly convergent in t for Al A r and t €
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[

L
E(v), where v is finite, integration term by term i=s jusggfied.

Therefore
xxx) (- AL aw(t) = -:Ejg A-(ntL)en ap(t)
(g s
for t € IZ(v) and |A|l AN r. By equation *), the left side of the
equation **r) ijis identically zerc for IA! N r. However, the right
hand side of the equation ***) cannot be identically zero for [Al A r
unless the coefficient of each power of A is Zero. Hence, we have
Jtla(ty =0 ( forn =0, 1, 2, ....).
Q.E.D.
3.1.21—- Iemma: Let T be a normal operator on H, a Hilbert space, with
resolution of the identity E(.). Suppose that o(T) contains an
infinite sequence of simple closed rectifiable curves which increases
monotonically. Then there is a closed subspace H, of H éuch that TH,
S Hy, but T / H, is not a normal operator.

Before proving this lemma we need the following definition

3.1.22- Definition: According to the apectral theorem for normal

operators
<TX, y> = § N duxy

where T is a normal operator on H , X, ¥y € H and My is a complex
measure defined for Borel sets in the plane. Also, for any Borel set
M of the complex plane, there is defined a projection E(M) on H such
that |

<E(M)X, y> = uxy(M).
The set function kxy is a finite measure with compact support. We say
that Uxy has property (P) if and only if the statement "v is a complex
measure with v Ky and f \Pav=0(n=0, 1, 2,...) implies v = 0,
The next result is a generalization of lemma 3.1.20 .
3.1.23— Lemma; Let K be the subspace of H spanned by vectors of the
form E(M)x for each Borel set M. If uyy does not have property (P),

then there are y, 2 « K such that
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FANM duyz =0 (n=20, 1, 2, ...)
but the complex measure pyz # 0,

3.1.24- Theorem: let T be a normal operator on the Hilbert space H.

Then a necesgary and sufficient condition that property (P) fails for
T is that there is an X € H such that property (P) fails for Hgx -
[17., 96].
Proof: Suppose that property (P) fails for T. There is a subspace K ©
H such that for each ¥y = K, Ty £ K hut for some X e K, T™*x ¢ K. Thus
there is z ¢ K+ such that <T™x, z>» = 0, (n = 1,2,..,), but <T*x, z> =
0. Hence [ My, = 0 (n = 0,1,2,...) but J A diyz # 0, Since uyy «
iy it follows, from the definition 3.1.22, that uyy does not have
bProperty (P), Conversely, if there is X in H such that p,y does not
have property (P), then by lemma 3.1.23 there are y and Zz in H such
that

I Adpy, = 0 (n =0,1,2,...)
but <E(M)Y, z?> = uyz(M) # 0 for some Borel set M. Now since <TVy, z>
= J A duyz =0(n=0,1,2,,.), we see that z is orthogonal to the
smallest invariant subspace containing 3. Now the set of all vectors
of the form E(M)y belong to the smallest reducing subspace containing
y. Then, since <E(M)y, Z> # 0 for some Borel set M, it follows that =
is not orthogonal to the smallest subspace of H which reduces T and
containe y. Hence the smallest invariant subspace containing y is not
reducing. Therefore property (P) fails for T. Q.E.D.
Froof of lemma 3.1,21: By corollary 3.1.14 there is a subspace Y of H
such that o(T/Y) = o(T). Also by theorem 3.1.16 we may choose a
vector, x say, in Y, such that E(.) / Y « gy, where E(.) is the
spectral measure for T. Now, o(T/M(x)) is the support of the spectral
measure E(.)/ M(X) and this is the same as the support of the spectral
measure E(.)/ Y, which is equal to o(T/Y). Hence o(T/M(X)) = o(T).

Also the support of p., is precisely o(T). By lemma 23.1.20, it
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follows that Ly does not have property (P). The desired result then
follows from theorem 3.1.24. Q.E.D,

3.1.25~- corollary: Iet T be a normal operator on a Hilbert space H.
If the interior of o(T) is non—empty, then property (P) fails for T.
Proof: If the interior of o(T) is non-empty, then o(T) containg an
increasing sequence (Cn)gil of simple closed rectifiable Jordan
curves. Hence by theorem 3.1.21 property (P) fails for T. Q.E.D.
Next we prove the following result of Wermer (theorem 9 of [18, 2761)
under the additional assumption that the underlying Hilbert space is
separable.[7].

3.1.26— Theorem: et H be a separable complex Hilbert space, and let

U, in B(H), be a unitary operator. Iet E{.) be the resolution of the
identity for ©. Let m(.) denote Lebesgue lineal measure on T =
{ 2: |zl =1}. Then property (P) fails for U if and only if

m.) K E(.).

Proof: Suppose the property (P) fails for U, Then by theorem 3.1.24
we can find X in H such that x # 0 and <UXx, x> = 0 (kX # 0). ILet u(.)
= <E(.)X, Xx». Then

Jp Kau(e) 0 (k # 0).

Il

Observe that

]

Sp K am(z) = §¥eik® go = 0 (x # 0).
The set of Finite linear combinations of functions of the form (¢X : k
=0, £1, 2, ...} is, by the Stone-Weierstrass theorem, dense in C(T).
Hence, there is A A\ 0 such that
Jp A F(L) du(L) = Jp £(&) du(L), (f € ©(T))

and so by the Riesz representation theorem, u{(.) = ¢Zm(.). Hence,
since pu(.) € E(.) , we have also m(.) € E(.). conversely, suppose
that m(.) K E(.). Then, by the proof of Lemma 2.5.3, there is an x in
H with m(.) = <E(.)X, x*. Hence

ﬁé
o

WKz, x> = fip ¢K am(e) = ik g = 0 (k # 0)
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and <x x> = 21. Therefore x # 0, and property (P) fails for U by
theorem 3.1.2L4. Q.E.D.

Note that the proof of the preceding theorem shows that, in a general
complex Hilbert space, If the property (P) fails for U then m(.) «
E(.).

A conterexample will be given to show that, in general the converse is
falge.

3.1.27—- Theorem: Let [ be a simple closed rectifiable curve in € and

let m(.) denote lineal measure on (. Let ¢ be a function with the
following properties:

i) ¢ is an injective mapping of {z : |z] < 1} onto ' U I(r'), where
I(r') is the inside of I', such that & and ¢ ! are continuous.

ii) ¢ is holomorphic on { z ¢ |z} £ 1}.
Let 2(.) denote lineal measure on I'p = { z : |z = 1}. If § is a
Borel subset of I'; then ¢(8) is a Borel subset of)u and m(d(8)) = 0 if
and only if 2(8) = 0.

outline of proof: Let I' be parametrized by I = E{d(elt): 0 <t < 27},

Introduce the family of curves I'yr = 2{&(relt) : 0 « t < 2r }, where
0 LZr £1. Iet puy be Iebesgue lineal measure on I'y. We show that for

every Borel subset & of I'; we have

. lim pp((rs) = m(H(8)) (1)
L r— 4

Devide [o, 2m] into 20 equal subintervals {tp-1, tgl (m= 1,2, ...,20)

L]

2 : X
In(r) = ¢ im(rnltm) - ¢(reltm—1) I
moo

Obhgerve that

Rr(Cyr) = limIp(r)
i 09

and

m(r) = 1iim I.l.r(rr).
r—1
It follows from the E.H.Mcore theorem on interchange of double limits

that

ML) = lim Lim I(r) = lim lim Iy(r) = lim pp(Cy)
N—>00y_4q r-l nsw r—1
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A s/e(milar argument proves the corresponding results for open arcs of
the curves ' and [y ( corresponding to the same subintervals of
fo,2m]) and the extension to open gets follows, since an open set is a
countable union of disjoint open arcs. Note also that if § is a Borel
set such that

lim pp(d(rs)) = m(Pp(8)) (*)

r-1
Then

limuy (P( Cr\E8) = M(P(L\E)).

r—]
The clags of sets & for which (*) holds forms, by the preceding
argument a o¢-algebra containing all Borel sets and hence (1) is
proved. It follows that m(4d(.)) is absolutely continuous with
respect to 2(.). To see this, obsrve that

2(8) =0 = fgrie'(reity) at =0

#®  ur(er(s)) = o (0Zr 1)

2> m(P(8)) = 0
using (*)
flence there is an absolutely coiitinuous function ¢ on {o, 27] such
that

m(d(8)) = fg ¢'(t) at,
where c'exists a.e. on [o, 2] and £°(t) = 0, since both m(H(.)) and
2(.) are positive measures. Since the inverse function ¢"1 is
continuous, it follows that
£'(EY A0 a.e. on [ o, 2r)

Iet o be the subset of [o, 2m] on which ¢'(t) exists and is positive.
If 2(8) M 0, then m(d(8)) = fg &' (L)AL = fgnyr &'(L)At X 0 . Q.E.D.
The follwing result is due to J.Wermer. (Theorem 9 of (18, 276]).

3.1.28— Theorem: It T be a normal operator on a separable Hilbert

space H. Iet the resolution of the identity of T be E(.). Suppose
that the spectrum of T is a simple closed rectifiable curve I'. Then

there is a closed subspace Y of H such that TY € Y but T \ Y is not
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normal if and only if Lebesgue lineal measure u(.) on ' is absolutely
continuous with respect to the spectral measure E(.).

Before proving the theorem we need the following lemma (see lemma 8 of
[10, 21881]).

3.1.29- Temma: Let E be a gpectral measure in the complex Banach space

X which is defined and countably additive on a o-field £ of a set Q,
and let g be a bounded Borel function defined on the complex plane.
Then
Ja g(f(ANE(AN) = Jgcn) g(MECF(au)),

for every E-essentially bounded I_measurable function on Q2. (Notea
EB(Q,E)).
Proof: ILet f be in EB(Q,Z), and for every Borel set 5 in the complex
plane let F(8) = E(f_l(s)). If g is the characteristic function of
such a set &, then, since F vanishes outside F(Q),

frea) g(MF(AA) = F(8) = E(F (8 = fq g(f(A)) E(dr).
Now the set of bounded Borel functions g for which

fr(a) 9(MF(AN). = g g(F(A)E(AN)
is clearly linear and closed in the set of all bounded Borel
functions. Since this set contains every characteristic function of
Borel set, it contains every Borel function, Q.E.D.

Proof of theorem 3.1.28: Let D be the inside of  and let & map D

conformally onto {z : }z! 2 1}, Then & maps [ U D homeomorphically
onto { 2z : |zl = 1}, and a Borel subset &§ of " has u(85) = 0 if and
only if m(d(86)) = 0 by theorem 3.1.27, where m(.) denotes Lebeague
lineal measure on the unit circle. Let ¢ he the function inverse to ¢
80 that ¢y mapsg {2z : |z} < 1} homeomorphically onto " U D, Define
U = Jo(r) ®(A) E(dr)

gince {¢(A)l = 1 if A € [, U 1is unitary, By lemma 3.1.29, the
resolution of the identity F(.) for U is given by

F(o(T)) = E(T)
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for any Borel subset T of [. et 8 be a Borel subset of the unit
Tlonn
circle, Xrf F(8) = 0 1if and only if E(Y(8)) = 0.
1) Property (P) fails for T if and only if (P) fails for U.

An application of lemma 3.1.29 gives us

U = fy=1 AF(dA).
Now let property (P) fails for T. Then there exist x, y with

¢Mx, y> = 1 NGE(dA)X, ¥> = 0, n 2 0
and <E{.)x, y> 1is not identically zero. Therefore <F(.)X, y> is not
identically zero and

<Ulx, v> = =1 <F(d\)x, ¥* = Q, n=0

by lemma 3.1.23 and theorem 3.1.24 property (P) fails for U. A dual
argument shows the converse.

2) (P) fails for U if and only if Lebesgue lineal measure m(.) on
the unit circle is absolutely csntinuous with respect to the spectral
measure of U follows from theorem 3.1.26

3) Lebesgue lineal measure m(.) is absolutely continuous with
respect to F(.) if and only if m(.) « E(.). Let &8 be a Borel subset
of the unit circle.

If now F(8) = 0 then E(Y(8)) = 0 and so u(d86)) = 0, by agsumption.
By theorem 3.1.29, this implies that m(5) = 0. Thus m € F{(.). The
converse follows §§hilarly.

1),2) and 3) together now give: the assertion.

3.2 A counterexample

26

The purpose of this section is to show that theorems 3.1.3}9 ana
3.1.23 may both fail if the hypothesis of separability on the Hilbert

space is omitted. See [7, 163].
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3.2,1- Example: Let T = { 2 : Iz = 1 }. Consider the set H
congisting of all complex functions fFf, defined on T, vanishing off
some countable set G(Ff) &€ T, and such that : T [f(t)12 £ @

LeT
with the usual vector space operations, defined by setting

(&3 fy + QaFf0(t) = o, F (L) + «F (L) (L e T, F;,f; € H).
Inner product and norm defined respectively by

<f, g» = L f(t) g(t), HFIE = CE IFCE)I3): (f, g € H)
teT teT
One can prove that H is a Hilbert space. Define a unitary operator U
on H by
(Ur(t) = tf(t) (teT, feH),.
The resolution of the identity E(.) for U is given by
(E(T)FI(L) = X (L)F(L) (teT feH, Te¢€in

Next we show that if T € Ep and 7 # ¢ then E(T) # 0. Suppose that A
€ T. Then E(T)X(A) = Xx(A). It follows immediately that if m(.)
denotes Lebesgue lineal measure on T, then m(.) € E(.). Also if x &
H, then <E(.)X, x> vanishes off some countable subset of T.
Therefore, for all x in H, m(.) # <E(.)x, x>. This shows that lemma
3.1.%% and hence theorems 3.15?% and 3.1.2§ may fail if the hypothesis
of separability 1s omitted. Suppoif now that property (P) fails for
U. The arguments of theorems 3.1ji§ and 3.1.23 show that there is a
vector y in H such that m(.) = <E(.)y, y>. As explained above, this
is impeossible. Hence although we gzve m(.) € E(.), property (P) holds

in this case, and so theorem 3.1>}§ and 3.1.28 may also fail if the

hypothesis of separability is dropped.
3.3 Restrictions of scalar-type spectral operators.

3.3.1-Theorem: ILet 3 be a scalar-type spectral operator on X, a

Banach space, with resolution of the identity E(.). Suppose that o(S)

contaings an infinite sequence of simple closed rectifiable curves
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which increases monotonically. Then there is a closed subspace X, of
X such that SX, € X, but § \ X; ig not spectral operator.
Procf: By lemma 3.1,13, there is a closed separable subspace Y of X
invariant under S, such that 8 \ Y is a scalar—type spectral operator
and o(S) = G(S\Y). By theorem 3.1.6 a), the resolution of the
identity of S \ Y is given by F(.) = E(.) \ ¥. By lemma 3.1.15, there
is a vector y in Y such that if 7 € £ and F(T)y = 0 , then F(T) = 0,
By proposition 2.3.2, there is a functional z in Y* such that

i) <®(7)y, 2> =2 0O (T € L);

ii)y IE <F(T)Y, 2» = 0 for some T in &, then P(T)y = 0,
Thus the support of the measure <P(T)y, 2» is o(S). By lemma 3,1.20
there is a complex measure v(.) « <F(.)y, => such that v is not
identically Zero but

Ja(s) A av(A) = 0 (n=20,1 2, ...).
By corollary 2.4.3, there are X in Y and u in ¥* such that

v(T) = <F(7T)X, > (T € )

Thus <s™x, w» = 0, (n =0, 1, 2, ...) but for some T in £ we have
<F(T)X, u> # 0. Hence, if X, = span { S : n = 0,1,2,....}, then SX,
€ X5 but F(1T)X # Xy 80 F(T) does not leave X, invariant. By theorem
3.1.6 a), S \ X, is not of scalar-type. Q.E.D.

3.3.2- Corollary: Iet S be a scalar—-type spectral operator on X,

Suppose that o(S) has non-empty interior. Then there is a closed
subspace X, of X invariant under S and such that s \ X; is not a
gpectral operator.

3.3.3— Theorem: et S be a scalar-type spectral operator on X with
resolution of the identity E(.). Suppose that the apectrum of S is a
simple closed rectifiable curve [, If there is a closed subspace Y of
X such that SY € Y but S \ ¥ is not spectral, then Lebesgue lineal
measure on ' is absolutely continuous with respect to the spectral

measure E(.).
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Proof: By corollary 3.3.2 and the proof of theorem 3,3.1, there exists
a closed subspace Xp Of X and an X € X such that X, = span { S™x : n =0
1, 2,...}) is invariant under S and such that S \ X, is not spectral.
Let M(X) = EEEH { B(T)X, T ¢ £}, where E(.) is the resolution of the
identity of S. By theorem 3.1.6 b)Y, S \ M(Xx) is a scalar-type
spectral operator. gsince o(S\M(Xx)) c ag(s) by theorem 3.1.9, it
follows that, by corollary 3.3.2, property (P) fails for S \ M(x).
Let S = 5 \ M(X) and by theorem 3.1.6, Eg(.) = E(.) \ M(x), where
Eqo(.) 1is the resolution of the identity of S,. Let Y = M(x). By
proposition 2.,3.2 there exists x* in Y* such that
1) <Bo(T)Xx, X*> 20, T €L

ii) if, for some T in I, <Ep(T)X, X*> = 0, then also E,(T) = 0.

Mo(T) = <Eg(T)X, X*> , T € L.
It is easily verified that
Eo(.) € Eg(.)X € kg € Eg(.).
Therefore the support of u, is edqual to o(Sg) = . Also, by corollary
3.3.2 and lemma 3.1.20, there is a measure u, with p, <« gy such that
Se N p(dAy =0 , (n=0, 1, 2, ....)
but i, is not identically zero.
by corollary 2.4.3, there are X, in Y and y in Y* such that
Ha(TY = <Eg(T)Xy, Y2,
Thus <S"x,, y>» = 0 (n = 0, 1, 2, ...) but for some T in £ we have
{Eq(T)X,, ¥?» # 0. Now consider the Hilbert space H = L#*(1y), and let
A, in B(H), be the normal operator defined by
(AFfY(t) = tf(t), t e, F € H.
Now, o(A) = I', by theorem 3.1.21, property (P) fails for A. For let

{F(r) : T € £} be the resolution of the identity of A, where

i

(F{TYFX(t) = x(t)F(t), t e, f e H.

1. terT

X ()
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Xr(t) =0, t ¢ T.
Then po(T) = <F(T)X» Xr>, T € £, and SO

F(.) € Mg € F(.).
o(A) = ', Now, by theorem 3.1.21, there is a closed subspace H, of H
such that AaH, € H, but S \ H, is not normal. By theorem 3.1.28
Lebesgue lineal measure on [, i say, is absolutely continuous with
respect to F(.). Therefore

mE«FP(.) € U €Bg(.) € E(.),
Q.E.D.

3.3.4- Theorem: Let S be a scalar-type spectral operator on a

separable Banach space X. Iet the resolution of the identity of S be
E(.). Suppose that the spectrum of S is a simple closed rectifiable
curve ', Then there is a closed subspace Y of X such that SY € Y but
S \ Y is not spectral if and only if Lebesque lineal measure u(.) on [
is absolutely continuous with respect to the spectral measure E(.).
(Theorem 3 of [5, 3081).
Proof: The necessity of the condition u(.) « E(.) follows from theorem
3.3.3. Now, suppose that u(.) €« E(.). Let D be the inside of [ and
let ¢ map D conformally ento { z : {z] £ 1}. Then ¢ maps [ U D
homeomorphically onto {Z: |z] € 1}, and a Borel subget 6§ of [ has u(s)
= 0 if and only if m(4(8)) = O by theorem 3,1.27, where m(.) denotes
Lebesgue lineal measure on the unit circle. Let ¥ be the function
inverse to ¢ so that y maps { 2 : 12} < 1} homeomorpﬁically onto
ruUuD, Define

U = fa(s) #(N) E(ar)
U is a scalar-type spectral operator on X, Alao o{(U) € {2z :+ |2] = 1}.
The resolution of the identity F(.) of U is given by

F(&(T)) = E(T)

for any Borel subset v of . ILet & be a Borel subset of the unit

circle., If F(8) = 0, then E(W(5)) = 0, Hence m(8) = 0, and so
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m(.) K F(.).
Observe that
.rﬁ?:aiﬂe @ =0 (n=1, 2, ...).
By corollary 2.4.3, there are u in X and v in X© such that m(.) =
<F({.)u, v»>. Prom above
<0y, v> = fr ARF(dA)u, v» = .fineinﬁ‘ e =0, n=1, 2,...
ILet Uu = X. Then
<k, v» =0 (n= 0, 1, 2, ...)
But for some Borel set T of the unit circle <F(T)X, V> # 0. OQbserve
that
<8, v> = g1 cue))™F(de)x, v> =0, n=0, 1, 2,...
This follows since ¥ is continuous on {z : |z] < 1} and analytic in
{z :+ lzl £ 1} and so it can be approximated uniformaly on the unit
circle by a sequence of polynomials. Thus
Sk, v> = fr MMKE(dA\)x, v» =0 (n=0, L, 2, ...)
But <E(T)X, v> # O for some Borel subsets T of [, it follows that the
subspace Y = span { " : n = 0; 1, 2, ...} is closed and invariant
under S but not under { E(T) : T € £}. By theorem 3.1716, S\ Y is

not a scalar—type spectral operator. Q.E.D.
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