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SUMMARY

The main aim of the thesis is to develop and apply
statistical and computational technigues for the system identification
of the complex interactions that occur between the components of
neuronal networks within the central nervous system. An analysis of
these interactions will provide a basis for understading the
operations that the central nervous system uses to carry out
particular tasks.

In order to work effectively, it is necessary for a
statistician to become familiar with the background for understanding
the physiological problems. In Chapter 1, a brief description of the
neuromuscular control system followed by a more detailed discussion of
the muscle spindle, a particular component of the neuromuscular
control system we are interested in, is given. The next section
describes the problems we will be studying in this thesis. The final
part of this chapter presents the basic data sets mainly obtained on
the muscle spindle under different experimental conditions, and which
will form the experimental material for our studies.

Chapter 2 presents a review of the general theory of
point processes. A formal definition of point process is given. Some
standard assumptions, e.g., stationarity, orderliness, and strong
mixing, are described on the basis of which the theory is developed,
and finally certain point process parameters in both time and
frequency domains are defined.

In Chapter 3 we introduce a univariate point process.
Certain parameters are defined in both the time and frequency domain.

The estimates and their asymptotic properties are discussed.
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Construction of asymptotic confidence intervals.for certain parameters
in both time and frequency domains is carried out and illustrated by
using the data sets described in Chapter 1. The main object of this
chapter is, firstly, to emphasize the importance of the estimation of
the power spectrum as it is a fundamental parameter in multivariate
point process analysis, and secondly, to compare the methods available
in both domains. A variety of procedures for estimating the power
spectrum are discussed. In a comparison of the methods in both
domains, it is shown by a number of illustrations that the frequency
domain procedures are more informative and effective than the time
domain ones.

In Chapter 4, introducing a bivariate stationary point
process, we define certain parameters useful for measuring the
association and timing relation between two processes in both
domains. The main aim of this chapter is again to compare the
procedures in both domains. Estimation of these parameters is
discussed by extending the procedures given in Chapter 3. Examining
the asymptotic properties of the estimates, approximate asymptotic
confidence intervals for c¢ertain parameters are constructed and
illustrated by using simulated data followed by the spindle data. The
problem of identification of a point process system is introduced and,
considering each input to and output from the spindle as realisations
of a bivariate point process, a linear model relating the output to
the input is developed. This model is a special case of the Volterra
expansion for point processes introduced by Brillinger. Parameters
related to this model e.g., coherence and phase provide a powerful
tool for measuring the strength of association and timing relation
between two processes. A comparison of these parameters with the
corresponding time domain parameters e.g. the cross-intensity

function, again shows that the frequency domain methods reveal some
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extra features of the processes. The results obtained in both domains
suggest that the output discharges from the spindle are independent in
the absence of any input. The activation of any of the static gamma
inputs is seen to impose a coupling bhetween the two discharges over
roughly the same range of frequencies. The effect of each input,
however, is seen to differ in that each input imposes a different time
delay between the output discharges. The phase parameter provides
useful information for such a comparison.

The usefulness of the frequency domain procedures is
further extended to the situation when the system is assumed to
receive many inputs and give rise to sevaral outputs. Chapter 5 mainly
deals with such situations. This chapter presents an extensive
development of the wide range of applicability of a PFourier-based
approach to measures of association and related problems. In order to
answer the question 1if the association between two processes is
because of a direct connection or if it is a consequence of a common
input, and the extended question how the association and timing
relation between a pair of outputs is altered by the presence of a
number of inputs, the idea of partial parameters is introduced.
Certain partial parameters in the frequency domain are defined and
derived, and their estimation is considered. A point process linear
model relating a single output to two inputs is developed, and the
identification of the muscle spindle (assumed to be acted upon by two
static gamma inputs)} is carried out. The model suggests that the two
inputs jointly increase the 1linear predictability of the sensory
discharges from the same muscle spindle. The model is further extended
to a more general one in order te include a number of inputs. This may
be an ideal model in the identification of the muscle spindle in a
more realistic situation when it is acted upon by several inputs.

Parameters related to this model are defined, their estimation
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procedures are discussed. Certain tests of significance are also
developed and demonstrated by using the spindle data.

The final part of this chapter considers a further
complicated situation when the system receives a multiple-input and
gives rise to a multiple-output. The idea is to study the picture of
the spindle under normal and real conditions. For this purpose, a
linear regression-type multivariate point process model 1s introduced
and developed. Various measures of inter-relationships between the
inputs and the outputs are defined. The partial parameters of higher
order are also discussed. The estimates and their asymptotic
properties are examined, and finally these procedures are demonstrated
by a large number of examples using simulated as well as real data on
the spindle. The model, in our case, seems to work effectively. Some
examples, however, give a possible indication of non-linear structure
present in the processes.

In Chapter 6 we extend the linear point process system
identification techniques to the systems which are assumed to be
non-linear. The simplest non-linear case is quadratic. Certain third
order (quadratic) time domain parameters, e.g., the third order
product density, conditional density, and cumulant density, are
defined and their estimates are considered. It is shown by a simulated
study that all the three parameters give different informations about
the non-linearities. The application of these parameters is
demonstrated by using the real data on muscle spindle. The third order
parameters are further extended to order-4. The aim is to have more
insight into the processes under investigation. Estimates of the
fourth order product density are considered. Asymptotic confidence
intervals are constructed and illustrated. In the frequency domain,
the third order spectrum is defined and illustrated. A quadratic model

relating a single output to a single input is introduced and developed
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which leads to the quadratic coherence, a measure of quadratic effects
that the input has on the output. The estimation and application of
the quadratic coherence is demonstrated. The final section of this
chapter extends the quadratic model in order to include a second
input. The model is solved under the assumption that the inputs are
two independent Poisson processes, and which leads to a simple
solution for the identification of a non-linear system with two inputs
(independent Poisson processes). The results obtained in both domains
reveal significant non-linear features of the muscle spindle.

Chapter 7, considering the situations and problems for
future work, gives a list of possible ways in which the work of this

thesis may be extended.




CHAPTER 1

NEUROPHYSIOLOGY : A BRIEF DESCRIPTION




1.1 INTRODUCTION

Many biological systems have the important feature that
under normal conditions +they are acted upon by several inputs
simultaneously, and in response may give rise to several outputs.
This feature of biological systems plays a crucial role in its
function. The muscle spindle, for example, is one particularly
important component of the neuromuscular contrel system which is
thought to provide information to the other parts of the nervous
system that is important in the control of movement and maintenance
of posture. The spindle, under normal conditions, is acted upon by a
continuous change in the length of the muscle which occurs as a
consequence of movement. In addition to the length change, the output
activity from the spindle is further modified by several other input
processes which are initiated from within the central nervous system.

The pattern of the activity of the components of the
central nervous system reveals a certain degree of randomness
associated with the signals transmitted by these components. In fact,
it has been recognised by many statisticians that the field of
neurophysiology provides a rich source of problems and data relating
to stochastic processes (Brillinger, 1975c; Brillinger et al, 1976;
Feinberg, 1974; Sampath and Srinivasan, 1977).

To give the necessary background for an understanding of
the physiological problems, we first present a brief description of
the neuromuscular control system followed by a more detailed
discussion of one of its components, the muscle spindle, which is the
one we are mainly interested in, and is also the source of data fér
our studies.

The final part of this Chapter provides a brief summary
of the basic data sets which will be used as experimental material

for the analysis in the subsequent Chapters.




1.2 NEUROMUSCULAR CONTROL SYSTEM

The neuromuscular control system may be considered as
all those parts of the nervous and muscular systems which initiate and
control movements and maintain posture. Anatomically and functionally
this system has further been divided into two parts,

a. Central nervous system
b. Peripheral nervous system,

a. CENTRAL NERVOUS SYSTEM (BRAIN)

The central nervous system consists of the brain and the
spinal cord. The human brain contains a complicated network of perhaps
ten billion highly specialised cells called neurones or nerve cells.
Like other cells, the neurone is bounded by a thin membrane and has a
cell body called a soma. A number of extensions of the cell, projected
from the soma, are called the dendrites and the axon. Normally, a cell
gives rise to a single axon but this axon may give off side branches
and characteristically divides up into a number of smaller branches
just before terminating. A cell body is about 30 micra across and the
dendrites perhaps 200 to 300 um long. The length of axon from oOne
nerve cell to the next varies from 50 um to several meters long. The
nerve cells are not isolated but rather interconnected in a very
characteristic way. The points of connections, called synapses, are of
particular importance, for it is at this point where the information
flows from one cell to another. So the neurones form neuronal
networks, and it is the characteristics of these networks that
determine the behaviour of the nervous system. Fig.1.2.1 illustrates a
schematic diagram of a small network of three neurones.

Cell bodies are clustered in certain areas in the brain
while other regions consist of axons running from one group of

neurones to another. In these regions large numbers of closely packed

axons run parallel to form structures called fibre tracks. Similar
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tracks run outside of brain to muscles where they are referred to as

nerves.

The neurone is the basic unit of the animal involved in
the transmission of information. One way the information is traé;itted
through the dendrites and axon is via changes in electrical activity.
An abrupt pulse-like change in the membrane potential is usually
called a nerve impulse or action potential, This can be elicited in
the nerve fibre by almost any factor that suddenly increases the
permeability to certain ions, for example, electrical stimulation,
mechanical compression, application of chemicals to the membrane, etc.
The nerve impulse is approximately 100 mv in amplitude and 1 msec in
duration. Because of this relatively short duration impulses are often
referred to as spikes. Spikes are propagated along the axon with a
velocity which depends in part on the diameter of the axon. A neurone
cell can generate propagated impulses repetitively to produce a train
of spikes with mean frequency which may vary from pulse every few
seconds to several hundred pulses per second. When a pulse reaches- the
synapse it provokes the release of a transmitter substance which
alters the permeability of the dendrites of the next cell’ to certain
ions. The resulting flow of ions generates a small electric current
which moves down the dendrites to the soma. If the synapse is
excitatory the spike activity of the second cell is increased, if
inhibitory it is decreased.

b. PERIPHERAL NERVOUS SYSTEM

The peripheral nervous system, at the level of spinal
cord, has a sequence of organisationally identical repeating units
called "segmental levels" of the spinal cord. Fig.1.2.2 illustrates
the components of the peripheral neuromuscular system at one segmental
level. A large number of classes of nerve cells lie within the spinal

cord in groups or nuclei, which may have as many as 2000 cells. One of
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these groups 1is known as "x-motoneurone" . Diameters of the
cell-bodies and the axons of these neurones range from 25 to 100 um
and from 8 to 20 um, respectively. The axons of these neurones leave
the spinal cord to innervate the load-bearing or "extrafusal" muscle
fibres forming the main mass of the muscles responsible for generating
forces or changes of length. These axons normally conduct impulses
from their cell-bodies to the extrafusal muscle fibres at a velocity
ranging from 50 t0 120 m/sec. Once the axon of an «-motoneurone
reaches a muscle, it divides into a number of fine branches. These
terminal branches end on specialised areas of the extrafusal fibres
called the "motor endplate". When an impulse reaches the junction
between the axon and the muscle fibre, a sequence of electro-chemical
events occurs which leads to the contraction of the muscle fibres.
Each terminal branch of the «-motoneurone innervates a single
extrafusal fibre of one muscle. All of the extrafusal fibres that are
innervated by one «-motoneurone lie within the same muscle. The
«-motoneurone and all the extrafusal fibres that it innervates -are
jointly called a "motor unit", the size of which and the number of
motor units within a muscle vary from muscle to muscle depending on
the function of that muscle.

Lying in parallel with the extrafusal fibres and the
tendons, are a number of physiological transducers, also called
"muscle receptors", which are very sensitive to imposed length changes
or forces acting on the muscle. The nerves attached to these
receptors, called "sensory nerves", normally transmit pulse-coded
information in the form of spike trains to the groups of nerve cells
lying within the spinal cord. After entering the spinal cord each
sensory axon divides up into a number of branches which make
synaptic-contact with a large number of cells over several segmental

levels of the spinal cord. Each cell within the spinal cord receives




input information from a large number of sensory axons coming from
different receptors in the same muscle as well as from the receptors
attached to different muscles. The electro-chemical events, which
occur at the synapses as a consequence of all incoming spike trains
from the receptors, then modify the on-going activity of these
inter-related cells,

A further detail of the organisation of the spinal cord may be found
in Shepherd (1974).

1.3 THE MUSCLE SPINDLE

One particularly important class of muscle receptors is
known as the "muscle spindle". The muscle spindle is believed to have
a critical role in the initiation of movement and the maintenance of
posture. Most skeletal muscles, which are concerned with posture or
movements, contain a number of muscle spindles lving parallel with the
extrafusal fibres. They are composed of a number of highly specialised
muscle fibres, called "intrafusal fibres", which lie parallel to each
other and  are contained partially within a fluid-filled capsule of
connective tissue (Boyd,1962), These intrafusal fibres are mach
shorter than the extrafusal muscle fibres. They have been divided into
three different categories,

1. The Dynamic Nuclear-Bag Fibres (Dbq),
2. The Static Nuclear-Bag Fibres (Sba),
3. The Nuclear-Chain Fibres (C).

The mechanical properties of these intrafusal fibres
differ, and hence respond distinctly to length changes imposed on the
parent muscle {(Bessou and Pages, 1975, Boyd, 1980).

The information regarding the imposed length changes on
the intrafusal fibres from the spindle to the spinal cord is
transmitted by the two types of the sensory axons closely attached

with the muscle spindle. These are the primary or group Ia , and the




secondary or the group II sensory axons. The organisation of both
sensory axons within the muscle spindle differs in that the terminal
branches of the Ia sensory axon form spirals around the central region
of each of the three types, Dby, Dsp, and C whereas the the terminal
branches of the II sensory axons, lying to either side of the Ia
ending, are associated with the nuclear-chain fibre (C), some of
them, however, may lie on the static-bag fibre. Both the Ia and II
sensory axons conduct impulses at a different conduction velocity. In
the case of the Ia sensory axon, it ranges from 72 to 120 m/sec,
whereas in the II sensory axons it is in the range 24-72 m/sec. When a
muscle is held at a fixed length, the sensory axons from the muscle
spindle generate impulses at a constant rate depending on the length
at which the muscle is held (Matthews, and Stein, 1969). The rate,
however, is increasea with an increase in the muscle length.

..-Each muscle spindle is innervated by a single Ia sensory axon, but
may have several II1 axons. The changes in activity in the Ia sensory
axon in part reflect the responses to imposed length changes in-all
the three types of intrafusal fibres, whereas the activity in the II
sensory axons reflect, mainly, changes in the nuclear-chain fibres.
Both the sensory axons are found to project largely to different
groups of cells within the spinal cord (Johansson,1981}.

In addition, the intrafusal fibres are activated by
another group of axons, called "gamma motoneurones" or “"fusimotor
axons" , which lie within the spinal cord in the neighbourhood of the
«-motoneurones. The cell-bodies of these neurones are considerably
smaller than those of the «-motoneurones. These motoneurones generate
impulses at a velocity ranging from 10 to 50 m/sec, and innervate
only the intrafusal fibres. Each gamma-motoneurone may innervate
intrafusal fibres lying in different muscle spindles within the same

muscle. These motoneurones have been divided into two types, the




gamma—dynamic and gamma-static axons (Matthews, 1962, Emonet-Denand et
al, 1977). The gamma-dynamic axons innervate the dynamic nuclear-bag
fibres, whereas the gamma-static axons innervate either the
nuclear-chain fibres or the static nuclear-bag fibres, or both (Bovd,
1980). A single muscle spindle may be innervated by as many as six
gamma-motoneurones. Fig.1.3.1 summarises the main features of the
muscle spindle. Fig.1.8.la is a schematic diagram of the sensory and
motor innervation of the muscle spindle. The spirals of the primary
sensory ending are clearly seen wrapped round all the intrafusal
fibres, whereas the terminals of the secondary sensory ending are
largely restricted to the chain fibres. Fig.1.3.1b is a simplified
diagram of the normal innervation of the muscle spindle. The Ia and I1I
sensory axons and a single gamma-motoneurone of a muscle spindle is

illustrated in Fig.1.2.2.
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1.4 THE PROBLEMS

The study of the behaviour of the small networks of
neurones frequently requires the determination of the measure of
strength of association between component neurones, an assessment of
the timing relation between them, and the identification of which of
the neurones may interact directly or, are influenced by the common
inputs.

Most of the identification techniques which have been
recently applied to the muscle spindle data are based on the models
involving length input, £, and primary sensory neurone responses (e.g,
Maclain et al, 1977; Rigas,1983) or involving fusimotor activity and
primary sensory axons (Rigas,1983). Although  the inherently
multi-variable nature of the spindle is of considerable importance in
terms of the role that it plays within the neuromuscular control
system, only a few of the published studies have attempted to
consider more than one input process (e.g., Matthews, 1981).

In order to answer to a wide range of questions relating
to the identification of the muscle spindle in its more real
situation, i.e., with multiple-input and multiple-output, one needs a
framework of mathematical, statistical, and computational procedures
related to multivariate analysis.

The object of this section of the Chapter is to outline
the problems and guestions to be answered in a further study of the
neuromuscular control system.

The short duration with almost the same amplitude of the
action potentials or spikes, compared with the intervals (random)
between the times of occurance of these spikes and the variety of the
observable patterns, provides the basis for considering a spike train
as a realization of a stochastic point process along a line. Such a

process 1is described fully by an ordered sequence of the realised
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of occurance of the spikes (Cox and Lewis, 1966). Therefore the muscle
spindle may be considered as a hybrid stochastic system involving
continuous time series (random changes in the length of the muscle)
and point processes (fusimotor inputs to and sensory outputs from the

spindle). The problems we will consider include

A. Quantify the behaviour of the spindle by studying the Ia and
IT sensory responses from the same muscle spindle when it is
assumed to be acted upon by different combinations of the

fusimotor inputs and the length change.

B. Extend the linear point process model with single-input and
single-output to the case when the spindle is assumed to receive
two point process inputs. The aim is to study the characteristics
of the sensory responses to the simultaneous activation of two

fusimotor inputs, and to investigate the input-output relations.

C. Extend the Ilinear model +to a general one for the case when
the muscle spindle is assumed to be acted upon by several, "r",

point process inputs.

D. Develop a general multivariate regression-type point process
linear model and measure the association and timing relation
between any two of the sensory outputs, the Ia and the II's
discharges, from the same spindle in the presence of ‘'r!'

fusimotor inputs in order to answer the question whether the
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association between these outputs is bhecause of a direct
connection between them or if it is a consequence of common inputs,
and how the timing relation between these outputs are influenced by

the presence of a number of inputs.

E. Extend the linear model to a non-linear (quadratic) one in order
to include the non-linearities that have an important influence on

the behaviour of the muscle spindles within the neuromuscular

control systenm,

1.5 TYPICAL DATA SETS OBTAINED FROM MAMMALIAN MUSCLE SPINDLE

The data sets in this study were mainly obtained from a
muscle spindle lying within the tenuissimus muscle in the hindlimb of
deeply anaesthetized cats. This was done by isolating a muscle spindle
within the parent muscle and dissecting the selected nerves, the
fusimotor axons from the spinal cord and the primary and sensory
nerves to the spinal cord. The parent muscle was clamped in a muscle
puller to allow muscle length to be experimentally controlled, Fine
silver wire electrodes insulated except for the tip were attached to
the dissected nerve endings. The fusimotor axons were stimulated with
voltage pulses, and the resulting primary and secondary responses in
the form of sequences of pulses from the spindle were recorded. During
the whole experiment the spindle and its blood supply were Kkept
intact.

Under different experimental conditions the following
data sets were obtained to form the experimental material for our

studies. Some of the basic statistical characteristics of these data

are also presented.
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. The Ia and II spontaneous discharges recorded from the same muscle

spindle

In the absence of the fusimotor activity and the length
change the Ia and II sensory axons generate nerve impulses at
relatively constant rates (Matthews and Stein, 1969) depending on
the length at which the parent muscle is held. The discharge
from the sensory axons under these conditions is referred to as
the spontaneous discharge of the spindle.

Fig.1.5.1a represents some simple graphical measures
corresponding to the Ia spontaneous discharge. Fig.1.5.1a is the
interval histogram (h=2msec) between the spikes shown in
Fig.1.5.1c. Some of the basic statistics of the Ia discharge are
also indicated in the figure. Fig.1.5.1b represents the scatter
diagram of the adjacent intervals between the spikes, and reveals

a small dispersion confirming the regularity of the Ia spontaneous

discharge.

The Ia and the 11 discharges when a length change ¢ is imposed on
the parent muscle.

Fig.1.5.2 gives some basic statistical characteristics
of the Ia discharge when the length of the parent muscle is varied
(illustrated in Fig.1.5.2e) through a servo-controlled muscle
puller. Figs. 1.5.4a,b are the inter-spike-interval histogram and
scatter plot of the Ia discharge, respectively, whereas Fig.1.5.Qc
is the logyg of the empirical survivor function (Cox and Lewis,

1968), and is given by

logig Ry(x)=logqig{Proportion of the spike-intervals longer than x}

and gives evidence of a non-Poisson behaviour of the Ia
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discharge. A comparison between Fig.1.5.1c¢c and Fig.1.5.2d also

suggests a loss of regularity in the Ia discharge.

. The Ia and I1 discharges recorded from the same muscle spindle in

the presence of a static gamma input, yrg, alone

This data set consists of the Ia and II responses when
one of the static fusimotor axons (17g) to the same muscle spindle
is stimulated from the output of a Geiger counter placed close
to a radioactive source. Fig.1.5.3c is the interval histogram
of the static gamma input, and suggests an exponential

distribution (i.e., a Poisson process). The insert in this

'figure gives a sequence of the spikes of the gamma input.

Fig.1.5.3a is the histogram of the inter-spike intervals of
the Ia discharge in the presence of 1rg, and clearly reveals
that the fusimotor activity completely destroys the regularity

of the Ia discharge as compared with Fig.1.5.1.

. The Ia and II discharges from the same muscle spindle when it is

activated by a second static gamma, prg, input.

. The Ia and II1 discharges from the same muscle spindle in the

presence of a concurrent and independent random stimulation of

both static gamma inputs, y»g and 57g.

The Ia and II discharges from the same muscle spindle when both
the static gamma inputs, j»g and g»g are applied concurrently and
independently in the presence of a length change t.

Fig.1.5.3b gives the interval histogram of the Ia
discharge (the insert gives a sequence of the Ia spikes) in the

presence of a random length change and a static gamma input, y7»g.
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This figure, as compared with Fig.1.5.3.a, suggests that the

mechanism of the spindle responds differently to the fusimotor

axon applied alone and along with a length input.

7. Single unit EMG recorded from the soleus muscle, an extension
of the ankle, in the presence of a random stimulation of synergist

medial gastronemius nerve at group I threshold.

In addition to the above data, a number of simulated
studies will also be carried out which form the basis for
understanding and interpreting the results obtained from the real

data.




CHAPTER 2

STOCHASTIC POINT PROCESSES
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2.1 INTRODUCTION

The analysis of the data and the related problems
described in Chapter 1 require a formal framework of mathemetical,
statistical and computational procedures involving both the time
series and point processes. These subjects are a particular case of
what 1is known as stochastic processes, and have been discussed by
Doob(1953), Bartlett(1966), and Cramer and Leadbetter(1967).

The literatures concerning these two subjects are large
and rapidly growing, and have developed comparatively independently
of each other with the exception of Bartlett(1966) and
Brillinger(1972). The main theory and applications in the case of time
series are given in Jenkins and Watts(1968), Box and Jenkins(1970),
Koopmans (1974), Bloomfield(1976), and Brillinger(1981) whereas, that
in the case of point processes can be found in Cox and Lewis(1966),
Lewis(1972), Brillinger(1975a), Cox and Isham(1980), Daley and
Vere-Jones(1988).

Although there are many similarities between the ' two
subjects, and in certain cases the parameters of one subject have
direct analogues in the study of the other, there are situations when
unique methods are only applicable to one but not to the other. An
extensive discussion and a vast comparison of both the time series
and point processes can be seen in Brillinger(1978).

In this chapter we present the general theory of point
processes in order to form the basis for the statistical analysis of
the data described in chapter 1.

We start with a brief description of the history of the

point processes.
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2.2 HISTORICAL NOTES ON POINT PROCESSES

A stochatic point process may be defined as a randonm,
non-negative integer-valued measure, and often refers to isolated
events occurring in time or space. Subject areas leading to the
collection of point process data include queues, neuronal electrical
activity, heartbeats, radioactivity, accident or failure processes,
seismology and many others. A wide variety of examples are given in
Lewis(1972).

The early history (1620-1742) of the study of point
processes is known to begin with construction of life tables in the
analysis of populations. Such a table corresponds to the superposition
of many independent point processes, each with a single point at the
time of death of an individual. This early history is discussed in
more detail in Westgaard(1968).

The next era of point processes is related to the most
important processes known as Poisson processes, and starts with the
discovery of the Poisson distributuion credited to de Moivre - and
Poisson around 18th century. The poisson process was introduced over a
long period. In 1868 Boltzman introduced the expression exp{-uh} for a
probability of no events in an interval of duration h, and in 1910
Bateman determined the counting distributions by solving a set of
differential equations (Height,1967). In 1909 Erlang applied the
theory of Point processes to traffic problems, and then to
communication problems to build better telephone systems by
determining the optimal number of circuits. He is also known to have
initiated the study of queuing systems involving input and output
point processes which correspond to times of arrival and departure of
customers. The queueing theory was further developed by Khinchine,
Palm and many others (ref: Bhat, 1969).

Another class of point processes with a long history of
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study is known as Renewal processes in which the successive intervals
between the events are independent and non-negative variables. The
credit for the first serious investigation of these processes has been
given to Herbelot (e.g., Lotka, 1957).

The late 1930's saw the beginning of substantial
developments in the modelling of point processes by physicists to
study radicactive decay and particle bombardment experiments.

A class of point correlation functions was introduced by
Yvon in 1935 to study the dependency properties of certain point
processes., Later, Ramakrishnan(1950) introduced multidimensional
product densities to study the higher order dependencies of point
processes.

Another form of point processes called the branching
processes is described in Kendall(1975). Recent developments of point
processes with applications to physiological and seismology problems
may be found in Brillinger(1975b, 1986, 1988).

2.3 DEFINITION OF POINT PROCESS

Let N(t)={Ny(t), -+--,} teR, be an r-vector random
variable.

We say that N(t) is an r-vector valued stochastic point
process if the individual components, Nq(t), Na(t), --+, Np(t) are

random non-negative integer-valued measures (Brillinger, 1875b).

More generally, suppose that N(I,s), leBg, seS, where Bg
is theé o-algebra of Borel sets of the real line and (S,Bg,P) is the
basic probabilit§ space, and let N (a=1,2,...r) be the ath component
of N, then Nz(I,s) gives the number of events of the process N that
fall in the interval I for the realisation s. Since we refer to one
realisation s, we suppress the dependence of N, on s.

It is convenient for the development of the theory of
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point processes if we consider the following differential notation

dN(t)=#{N event in (t, t+dt]} —wltdw

where #(') denotes the number of events of process N in a small
interval of length dt.
2.4 ASSUMPTIONS

In the development of the theory of point processes we
further set down some assumptions as follows:-
2.4.1 STATIONARITY

A point process is assumed to be stationary if its
probabilistic structure does not change with time.

We say that the point process N (a=1,2,...,r) is
"simple stationary" if the probability distribution of the number of
events N(t, t+h] is the same as that of the number of events
N(t+h, t+h+r] ¥ t,7,hx0.

We say that the point process N, is " second-order
stationary" {weakly stationary), if the joint probability
distribution of the number of events N(t, t+h;] and N(t+hy, t+hg] is
the same as that of the number of events N(t+r, t+hq+7] and
N{t+hg+7, t+hg+1].

We say that the point process N, is “completely
stationary"” (strong stationary) if the joint probability distribution
of the number of events in any arbitrary number of intervals is
invariant under translation. The verification of complete stationarity
is quite impracticable, expect for small number of intervals.

The above definition can easily be extended to the case
of an r-vector valued point process for which it is required that the
joint probability distribution of the variate {Nal(Il)' teey, Naﬂ(I,)}

is invariant under translation, for ay,--:,ag=1,'*-,r ; #=1,2,-
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2.4.2 ORDERLINESS

A point process Ny is said to be orderly if

Pr{N(t, t+h]s1} = o(h)

i.e., the probability of two or more events occurring in the interval
(t, t+h] tends to zero as h»0. This condition, in practice , prevents
the occurrence of multiple events in small intervals.

Extending the definition of the orderliiness, an r
vector-valued point process N(t) is said to be orderly if the
superposition of the component (marginal) point processes results in
an orderly process. The process N(t) is called marginally orderly if
the marginal processes are orderly. Thus orderliness implies
marginally orderly; however a marginally orderly process need not be

orderly (Cox and Lewis, 1972, Srinivasan, 1974).

2.4.3 STRONG MIXING

We also assume that the process Ny is strong mixing with

(e.g., Brillinger, 1975b)

g(u) = sup{|Pr{AB}-Pr{A}Pr{B}| : AeBy(_o, t] , BeBN(t+u,m)}

tending to zero as u9e.

This condition <can also be applied to the r
vector-valued case by which the events of one component process, Ng,
well-separated in time from the the events of the other component, N,

of the process N are independent, for a,b=1,':-,r.
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2.5 POINT PROCESS PARAMETERS

In this section we define certain parameters related to
an r vector-valued stationary point process which provide useful tools
in the analysis of a multivariate point process.

2.5.1 THE PRODUCT DENSITY FUNCTION OF ORDER-#

Let N(t)={Nj(t), +'-, Np(t)} be an r vector-valued
stationary point process satisfying the conditions of orderliness and

(strong) mixing. The product density of order-¢ may be defined as

Pay...ap(ug, *+,up_q)=Lim hy,...,hg0 Pr{Nalevent in (t+uy, t+uy+hq1],

Na,event in (t+uy, t+ug+hzl, - , and

Nagevent in (t, t+h£]}/h1h2"'hg (2.5.1)

for uy, -+, up.y, O distinct ; aq, *+*, ag =1, *-* ,r ; £ =1,2,"*"
Under the condition of orderliness, expression (2.5.1) may be written
as

Pag...aplur. " ug_q)duy - ~dup jdt

= E{dNg, (t+ug) " dNa, . (t+ug 1)dNg,(t)} (2.5.2)

where dNg(t) is defined in Section 2.3.

Particular cases of above definition are

"

Padt = E{dN,(t)}

Pab(u)dudt

i

E{dN, (t+u)dNp(t)}
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Pabc(u,v)dudvdt = E{dNg(t+u)dNp(t+v)dNg(t))}

for u,v,0 distinct; a,b,c=1,2, - ,r,
The product density of order-1, P, is called the mean intensity of
the process a.

The above definition may be extended to include a number
of singularities which occur within a process if the restriction on
uq,***°ug_1,0 of being distinct is not imposed. It follows from the

general definition I.3 of Appendix I, for example, that

E{dNg (t+u)dNg (t)}

{Pga(u)+6(u)Py}dudt

E{dNg (t+u)dN, (t+v)dN,(t)} = {Pgaa(u,v)+8(u-v)Pga(v)+8(u)Py,(V)

+6(V)Pga(u-v)+6(u}d(v)P,}dudvdt

where &(*) denotes the Dirac delta function.

2.5.2 THE CUMULANT DENSITY FUNCTION OF ORDER-1?

In addition to the product densities of order £, we
define the cumulant density function of order-£# of the stationary

point process N as

Jap...ag(Ug, " Ug_q)duy - dup qdt
= Cum{dNal(t+u1)."',dNag_l(t+up_1),dNa£(t)} (2.5.3)
for all uy, " +,up_41,0 distinct; ay, - +,ap=1,"**,r; #=1,2,""

The singularities in the cumulants which occur within a process may
also be accounted for in the same manner as that in the case of

product densities (see definition I.3 of Appendix I).

\
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The cumulant densities are connected directly with the

product densities through the relations such as

da = Py

Qah(u) = Pap(u)-P4Py

il

Qabe (W, V) = Pape(u,v)-Pap(u-v)Po-Pgae (W) Py—Pp (V)Pa+2P5 PP,
for a,b,c=1,2,''-,r; u,v,0 distinct.

The cumulant density functions provide useful measures
of joint statistical dependences, and together with the product
density functions are discussed in Ramakrishnan(1950). The cumulants
and their properties in the case of ordinary random variables are
presented in Definition I.2 of Appendix I.

2.5.3 THE SPECTRUM OF ORDER-#

Let N(t) be an r vector-valued stationary point proecess
satisfying the conditions of orderliness and (strong) mixing. Further,
suppose that the #th order cumulant function given by expression
(2.5.3) exists and satisfies the assumption 1.2 of Appendix I. We

define the spectrum of order 2 as

fag...apg(™1: " xp-1)
£21
= (27)"%%1 ©++lexp —%} N juj qal...ag(“lv"'-“9—1)d“1"'d“2—1
J=1
for -wdxjie ,j=1,'--,2-1jaq,'**,apg=1,"**,r; Vv aj distinct; £=2,8,'--,

where i denotes [-1]%
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CHAPTER 3

UNIVARIATE POINT PROCESSES
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3.1 INTRODUCTION

Univariate point processes have been diccussed by many

authors, see, for example, Cox and Lewis(1966), Brillinger(1975a).
The field of neurophysiology provides a rich source of data which can
be analysed within the framework of point process theory. The theory
provides two parallel approaches to work with, i.e., the time domain
approach and the frequency domain approach. Both domains, though
mathematically equivalent, have certain advantages as well as
disadvantages over each other. Methods in both domains taken together,
however, provide a powerful collection of analysis techniques.

In this chapter certain parameters of a univariate point
process in both domains are defined. Their estimation procedures and
the properties of these estimates are discussed. Asymptotic confidence
intervals of the parameters of interest are constructed, and finally,
applications of these procedures to the data sets obtained on the
muscle spindle are demonstrated.

The main aim of this chapter is to compare . the
procedures available in the both domains as well as, by the
application of these procedures, to investigate the characteristics of
the outputs from the muscle spindle, the Ia and the II discharges,
when it is acted upon by various stimuli.

3.2 ANALYSIS IN THE TIME DOMAIN

This section deals with the definition, estimation, and
application of certain parameters of a univariate point process in the
time domain.

As defined in Chapter 2, a stochastic point process is a
random, non-negative integer-valued measure with realisation as a
sequence -of events occuring in time or space. Let {N(t)} be a
univariate point process defined in time. A convenient way to develop

the theory is to consider the differential process {dN(t))} defined as




~29-

dN(t) = #{events in (t,t+dt])

where #{A} denotes the number of events in set A. With this
differential notation, certain parameters useful in analysing

univariate point processes in the time domain are defined in the

following section.

3.2.1 TIME DOMAIN PARAMETERS

Time domain point process parameters directly analogous
to the product moment functions of ordinary time series are
provided by the product densities. In this section the product
densities up to order-2 and some important functions derived from them
which are useful in analysing a point process are discussed.

THE MEAN INTENSITY

A principal descriptor of a point process provided by
its mean rate is called the product density of order-1 or the mean
intensity. This parameter provides a measure of the intensity with
which events occur. In general, it is a function of time but if the

process is stationary it is a constant quantity and is defined as

Py = Lim y,o Prob{ Event of process N in (t,t+h]}/h (3.2.1)

Further, if the process is orderly (Khintchine, 1960), we have

Py = E{dN(t)}/dt (3.2.2)

THE SECOND ORDER PRODUCT DENSITY FUNCTION

The product density of order-2 of a stationary point
process provides a measure of the intensity with which events

separated by 'u' time units occur, and is given by
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Pyy(u)= Lim hy,hg0 Prob{N event in (t,t+hy] and

N event in (t+u,t+u+hgl}/hihs  u=0 (3.2.3)

Under the condition of orderliness,

Pyn(u) = E{dN(t+u)dN(t)}/dudt us0 (3.2.4)

Clearly, Pyy(u) is an even function of u.

Under the (strong) mixing condition i.e increments of

the processes well separated in time are independent, it follows that

Lim e Pyy(u) = Py2 (3.2.5)

THE _AUTO-INTENSITY FUNCTION (AIF)

Another important function which describes the second
order properties of a‘stationary point process is the autointengity

function, and is defined as

myn(u) = Lim p,o0 Prob{N event in (t+u,t+u+h]|N event at t}/h
(3.2.6)
myy(u) = E{dN(t+u)|dN(t)=1}/du u#0 (3.2.7)

This function gives the measure of intemsity with which
the events occur at time u given that there is an event at the origin.
From the definition of conditional probability, it follows that

expression (3.2.6) can be written as

mNN(U) = PNN(U)/pN u#0 (3.2.8)




_31_

and under the (strohg) mixing condition, it reduces to

Lim e mNN(u) = Py (3.2.9)

Expression (8.2.9) suggests that the function myy(u)
contains information about the mean intensity of the process. 1In
practice myy(u) should fluctuate around the mean rate of the process
for large values of u.

THE AUTO-COVARIANCE FUNCTION (ACF)

The autocovariance function at lag u which describes the
covariance structure between the increments separated by 'u' time

units is defined as

cov{dN(t+u),dN(t)} E{dN(t+u)dN(t) }-E{dN(t+u) }JE{dN(t)}

[PNé(u)+qNN(u)]dudt ~dldw (3.2.10)

Where 6(.) is the Dirac delta function being added in order to take
into accountA of the singularity at u=0 because of the fact that
var[dN(t)]=Pydt (Lewis, 1970). The function qyy(u)=Pyy(u)-Py® is the
second order cumulant function and is assumed to be continuous at u=0,

Further, under the (strong) mixing condition,

Lim U qNN(u) =0 (3.2.11)

3.2.2 ESTIMATION OF THE PARAMETERS

We now turn to the problem of estimating the parameters
described in the previcus section. Under the <condition of
stationarity, the product density and the cumulant density functions

depend on one less parameter than in the general case. This reduction




has the important implication that plausible estimates of the
parameters can be based on a single realization of the process.
Suppose that the process N is observed throughout the
time (0,T]. Let 7y , 79 , 179 , . . ., TN(T) be the observed times
of the total number of N(T) events which occurred in (0,T]. Consider

the interval (0,T] divided into T/h intervals of length h. The number

of times the event

Point of process N in a small interval of length h"

occurred is N(T). A natural estimate of the mean intensity Py is
Py = N(T)/T (3.2.12)

The value of this estimate is the reciprocal of the obvious estimate
of the mean interval between events of the process.

The obvious estimates of the product density and

autointensity functions are given by

Ban(w) = Jgn (™) (u)/nT (3.2.13)
myy (u) = Ign ‘T (u) /bN(T) (3.2.14)
[Briliinger(1976a)]
where
Jun (T (w)=#{(k,j) such that u-(h/2)erg-7ycu+(h/2)} (3.2.15)
for j,k=1,2,3, ..., where h is a binwidth parameter, to be taken as

small. The symbol #{A} denotes the number of counts in set A.

The variate Jyy(T)(u) counts the number of the events

which fall in a bin of width h and midpoint u (Cox & Lewis,1966).

This variate may also be explained by considering the record length T
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divided into small intervals [(2hg-h)/2, (2hg2+h)/21 2=1,2,...,L
where L is the integral part of (2T-h)/2h and then computing the

number of differences Ty-7j which fall in each of these intervals.

Now as

I (T () = I (T (-u)

we need only the computation of (8.2.15) for kij.

Finally, an estimate of qyy(u) can simply be obtained by
inserting the respective estimates in expression (3.2.11) i.e

ann(u) = Byy(u)-By2 u%0 - (8.2.16)
In the next section we discuss the asymptotic properties

of these estimates.

3.2.3 PROPERTIES OF THE ESTIMATES

Suppose that the process N is given for 0 £ t £ T. Then
as Ts=, the variates JNN(T)(UR) ;ug=h#, #=1,2,..., are asymptotically
i independent Poisson random variables with mean hTPyn(up)

(Brillinger,1976a,b). which implies that

Pyny(u) ~ (hT) 1Po[hTPyy(u) 3

where Po[x] denotes a Poisson random variable with mean «.

Similarly,
myn(u) ~ (hTPy) 1PolhTPyy(w) 1.

Furthermore, if h»0 but hTo= as Tow,
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Inn(T) () ~ NLhTPyy(n) , hTPyy(u)] (3.2.17)
where N[«,B} denotes a normal random variable with mean « and variance
B, Since under the above conditions a Poisson distribution may be well

approximated by a normal distribution. It follows from (3.2.17) that

as h»0, hTos, approximately

Pyn(u) ~ N[Pyy(u) , Pyy{(u)/hT] (3.2.18)
With similar arguments it can be shown that
myy(u) ~ NCmyy(u) , myy(u)/hTPy] (3.2.19)

3.2.4 CONFIDENCE INTERVALS FOR THE AUTO-INTENSITY FUNCTION

The parameter mNN(u) may be used to assess the
correlation structure between the increments of the process N. . The
limiting distribution of myy(u) [expression 3.2.9] suggests that a
confidence interval for myy(u), wunder the null hypothesis that the
increments are independent (Poisson process), can easily be
constructed which may provide a useful tool for such an assessment.

A variety of procedures for the construction of an
appreximate 95% confidence interval for myy(u), under the null
hypothesis of independent increments, are considered as follows

Method 1

Under the (strong) mixing condition,
Lim y5e myy{(u) = Py

suggests that if the increments of the process are independent the
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asymptotic distribution of myy(u) becomes

myy(u) ~ N[Py , 1/hT] (3.2.20)

and which implies that an approximate 95% confidence interval under

the hypothesis of independence, can simply be set up as
Py » 1.96 [1/hT]¥ (3.2.21)
Method 2

Applying a variance stablizing transformation for a

Poisson variate, i.e., if X is a Poisson variate with mean « then

(X)% ~ NC(x)% » 1747 (Kendall & Stuart,1966)

implies that the variate [mNN(u)]’é will approximately be normal with

mean [myy(u)]¥ and variance 1/4hTPy  Hence an approximate 95%

confidence interval for [myy(u)J¥%, under the hypothesis- of

independent increments of the process, becomes

(PN)*% & 1.96[(4hTPy) 11%

or for convenience, simply

(Py)# « [hN(T)] % (3.2.22)

Then we obtain a confidence interval for myy(u) by squaring the end

points of the confidence interval for [myy(u)J¥-
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Method 3

A third method of constructing the cbnfidence interval
may be achieved by using a modified estimate of myy(u) which is based
on a smoothed wversion of JNN(T)(u). Following Cox(1968) and

Brillinger(1976a), the modified estimate of myy(u) is given by

myy(u) = 1/hN(T)LEw; TN (T (u-ih) ] (3.2.23)
where wj are the smoothing weights which satisfy the condition rwj=1,
The distribution of this new estimate can be seen as asymptotically
normal with mean myy(u) and variance (hTPy) lmyy(u)tw;j2. Hence
applying again a square root transformation, we can construct an

improved asymptotic 95% confidence interval for [mNN(u)]1/2 under the

hypothesis of independence as

(Py)% & {([hN(T) I lrwy2)% (3.2.24)

For example, with a "Hanning window" (Tukey, 1977) as a smoothing

scheme, the estimate (3.2.23) is seen to have the form

myn(u) = 1/hN(T)L0. 25Ty (T) (u-h) + 0.5Iy5(T) (u) + 0.250yy(T) (uth)]

(3.2.25)

whereas the confidence interval (3.2.24) becomes as

(Py)*# = { 0.375[hN(T)]1"1 )% (3.2.26)
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3.2.5 APPLICATIONS

We now apply the above-mentioned procedures for
estimating the autointensity function (AIF) and the asymptotic
confidence interval for it to our spindle data sets in order to
investigate the characteristics of the sensory axons when the muscle
spindle is acted upon by various inputs.

Fig.3.2.1 and Fig.3.2.2 are the various estimates of the
AIF of the Ia and II spontaneous discharges whereas Fig.3.2.3 and
Fig.3.2.4 allow a comparison of AIF's of the Ia and II discharges when
different stimuli are applied to the spindle. The record duration of
each sample is T=60,000 msec. The lag value 'u' in each figure ranges
from 0 to 512 msec.

Fig.3.2.1a and Fig.3.2.2a give the estimate JNN(T)(u)
of the Ia and II discharge respectively, computed with a binwidth
h=1 msec. This histogram-like estimate, usually called the
autocorrelation histogram (ACH), is commonly used by
neurophysiologists (Bryant et al,1973). Both figures (Fig.3.2.la-and
Fig.3.2.2a) suggest a periodic behaviour of the discharge of Ia and II
sensory axons when no input stimulus is applied to the spindle. The
periodicity of the II discharge, however, is seen to be more
pronounced than that of the Ia. The endings for this typical data
recorded with the muscle at a fixed length are firing pulses at the
rate of about 10.5 and 26.3 pulses per second, respectively.

Fig.3.2.2b and Fig.8.2.3b are estimates oﬁ the AIF of
the Ia & II spontaneous discharges which are calculated by using
expression (3.2.14). The dotted line in each figure corresponds to the
mean rate of the Ia and the 11 discharges while the horizontal solid
lines below and above this line are approximate 95% asymptotic
confidence intervals based on expression (3.2.21) of Method 1. Again,

a periodicity in both discharges is clear. In the case of Ia discharge
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(Fig.3.2.1b), however, there appears to be a greater variability in
the estimate than in the case of the II discharge (Fig.3.2.2b). The
values outside the confidence interval give evidence of significant
autocorrelation between the increments of the process.

Figs3.2.1c and Fig.3.2.2c give the square root of the
estimates of the AIF of both discharges (estimated by Method 2).
Clearly this transformation improves the properties of the estimate as
well as the symmetry of the function. The confidence intervals,
constructed by using expression (3.2.22), again reveal the same
autocorrelation structure between the increments of the process.

Finally, following Method 3, the improved and better
estimates of the AIF of Ia & II spontaneous discharges are presented
in Fig.3.2.1d and Fig.3.2.2d. These figures are the square roots of
the estimates given in expression (3.2.25) with a "Hanning window" as
a smoothing scheme, and reveal the same features as before.

Figs.3.2.3a-f give a comparison of the AIF's of the Ia
discharge when the muscle spindle is acted upon by various prescribed
stimuli. Fi1g.3.2.3a is the square root of the smoothed AIF of the Ia
spontaneous discharge which reveals a periodicity with a period of
about 90 msec. Fig.3.2.8b-d correspond to the Ia response to a single
input length change '#', a random fusimotor input 'y»g' and a second
fusimotor input ',7g' respectively, whereas Fig.3.2.3e is the AIF of
the JIa discharge in the presence of both fusimotor inputs ‘i17g' and
'a7g' which are applied simultaneously but independently. Figure
3.2.3f is the AIF of the Ia discharge when all the three inputs are
being applied concurrently and independently.

One striking feature of the Figs.3.2.8b-f is the loss of
periodicity and an increase in the mean rate of the Ia discharge.
Further, the Ia pulses occurring more than about 50 msec apart now

become independent of each other i.e. the process then behaves as a
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Poisson process. Fig.3.2.8e¢ clearly reveals a combined effect of both
fusimotor inputs. Similarly Fig.3.2.3f can also be seen as a weighted
combination of the three inputs but we can also see a possible
periodicity with a higher rate and which we expect to see more clearly
in the frequency domain.

The effect of these stimuli on the discharge of the
secondary sensory axon, II, is presented in Figs.3.2.4a-f which give
the square roots of the smoothed estimates of the AIF's of the II
discharge in the presence of the same input stimuli as discussed for
the Ia discharge.

Figs.3.2.4a-c give clear evidence of a strong periodic
behaviour of the II discharge revealing that the presence of the
length change or 'y»g', alone does not affect this periodicity.

Figs.3.2.4(d~e) give the square root of the smoothed
estimates of the AIF's of the II response to the second static gamma,
27g, alone, and to both static gammas activated concurrently and
independently, respectively. Again a periodicity in the II discharge
is clear. However, the pulses occuring about 250 msec apart seem to
become independent, and after that the process starts behaving like a
Poisson process with the same mean rate of II discharge. Thus a7g
alone or in the presence of the other gamma stimulus affects the
regularity of the II sensory response by shortening the span of the
dependence between the pulses.

Fig.3.2.4f corresponds to the square root of the
estimate of the smoothed AIF of the II discharge when the spindle is
acted upon by all the three stimuli, an imposed length change '2', a
static gamma 14¥g' and a second static gamma ',7g', applied
concurrently and independently. The figure describes how the presence
of these inputs alters the II response., The regularity of the response

has disappeared and the rate of the discharge has been increased. A
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peak at about u=20 msec suggests an excitation and after that at about
u=38 msec, a possible inhibition after which the estimate simply
behaves as the mean intensity of a Poisson process,

Finally, from the above, we may conclude that in the
absence of any stimulus the discharges of the both Ia and II sensory
axons are periodic at a rate which depends on the length of the parent
muscle at which it is held. The presence of any one of the input
stimuli destroys the periodicity of the Ia discharge, whereas the
periodicity of the II discharge is not affected at all. Further, a
combination of the imposed lenth change '£' and both static gamma

stimuli alters the II response and produces a higher discharge rate.
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3.3 ANALYSIS IN THE FREQUENCY DOMAIN

In the theory of stationary time series, parallel with
the time domain analysis, it is valuable to consider frequency domain
analysis. Methods available in the frequency domain can easily be
extended to the stationary point process case. Many of these methods
are seen to be a direct analogue of time series.

It is sometimes assumed that time and frequency domain
methods give equivalent representations of a data set, because they
are mathematically equivalent and contain the same information about
the process, and consequently it is sufficient to use only one of
these representations (Tukey,1978 ; Koopmans,1983). But because of the
finite amount of data mathematical equivalence does not imply
equivalent representation (Tukey,1978). The need for both methods,
however, depends on the complexity of the system under investigation.

We emphasize the frequency domain analysis not only
because these methods often reveal more features about the process and
give better understanding to physiologists but also because we find
them to be more sensitive.

3.3.1 FREQUENCY DOMAIN PARAMETERS

The fundamental parameter of a stationary point process
is the power spectrum (PS) which, by the analogy with time series, is
defined as the Fourier transform of the autocovariance function. A
detailed discussion on the Fourier transform and its properties can
be found in Brigham(1974) or Bracewell(1986).

Suppose N(t) is a stationary point process satisfying
the conditions of orderliness and mixing. Let Py and qyy(u) be the

mean rate and the cumulant function of N. Further, qyy(u) satifies the

following condition

+00

quNN(U)Idu L ® (3.3.1)

—00
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Then the power spectrum of the point process N is defined as

(e.g. Bartlett, 1963 ; Brillinger and Tukey, 1984),

fyn(x) = (2n)“1Jexp(—ixu)cov{dN(t+u),dN(t)}]/dt (3.3.2)
—wL AL
fyn(r) = Py/2m + (2m)-1 Jexp(—iku)qNN(u)du —WLNL®D (8.3.3)

The parameter % is the frequency in radians. The power spectrum is
proportional to the variance of the component of frequency » of the
process N, and may be interpreted as reflecting the power in each
frequency component of the process (Brillinger et al, 1976).

One important manner in which the power spectrum of a
point process satisfying condition (3.3.1) differs from that of an
ordinary time series follows from the Riemann-Lebesque Lemma

(Katznelson,1968 ; Papoulis,1962) i.e
Lim Ao fNN(X) = pN/gﬂ #0

This constant value corresponds to the power spectrum of the Poisson

process since in the case of the Poisson process

ayn(u) =0

However, the power spectrum is similar to that of an ordinary time
series in that it is a symmetric and non-negative function of .
The inverse relation to the definition (3.3.3) may be

provided by

QNN(U) = Iexp(+iku)[fNN(x} - PN/Zv]dx (3.3.4)
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3.3.2 ESTIMATION OF THE POWER_ SPECTRUM

By the analogy with stationary time series, the estimate
of the power spectrum may be based on any of the methods described by,
for example, Tukey(1959), Parzen(1961), Bloomfield(1976),
Brillinger(1981) and Priestley{(1987) in the case of time series and
Bartlett(1963), Cox and Lewis(1966), @ Brillinger(1975a) and
Rigas(1983) in the case of point processes.

Following the 'direct' method (Brillinger, 1875a; and
Rigas, 1983), the periodogram-based estimate of the power spectrum of
a point process may be obtained in two alternative ways.

{(a) An estimate based on the periodogram of the entire
record length.

(b) An estimate based on the periodograms of disjoint
sections of the record length.

3.3.3 THE PERIODOGRAM OF A POINT PROCESS

Suppose that the process N is observed in (0,T] with T1,
Ta, +++ » TN(T) the observed times of occurrence, then by analogy with
time series, the periocdogram of the point process N is defined by

Bartlett(1963) and Brillinger and Tukey(1984) as
Ing{TV(0) = (20T) "1y (T) (2) 12 —wlNLw (3.3.5)

where dy{T)(\) is the finite Fourier-Stieltjes transform of the

counting process N{t) and is given by

T T :

dy(T)(x) = {exp(-ixt)dN(t) (3.3.6)
0

The spectral representation may be used to relate the

point process to the associated time series (Brillinger, 1975a ;

Rigas, 1983), and which implies that the spectrum of the series
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X(t) = {N(t+h)-N(t)}/h

is closely related to the spectrum of the point process N when h=1 and
|x]<m. This suggests that (3.3.6) can be approximated by
T

dy (T (n) =t

1

exp(-ixt) {N{t+1)-N(t)} (3.83.7)
0

11

The difference {N(t+1)-N(t}} takes on values 0 when no events have
occurred and the value 1 when there is an event in (t,t+1]. Hence, in
practice, considering the point process a 0-1 time series, sampled at

equally spaced intervals of one unit of time, the expression (3.3.7)

becones

N(T)
dy{TI (%) = ) exp(-ixty) (3.3.8)
=

The power spectrum may now, alternatively, be defined as

EaN(N) = Lt gy, (20T)71 ave. [dy(T)(x) 12 ww0

Brillinger and Tukey(1984)

where "ave." denotes the average value.

3.3.4 PERIODOGRAM AS AN ESTIMATE OF THE SPECTRUM

The périodogram given by
(T () = (2em) " ay(T) () (2
has the same symmetry and non-negativity as the power spectrum of a

point process given by (3.3.3). Further,for the variate dN(T)(x), b

of the form 27s/T, s an integer, and for 0&\jdhpx<...<4Nk, the variates
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dn(T (ny),  dn{T)(x2), ... , dy{T)(ng) are asymptotically independent

and distributed as

ay{T)(x) ~ NC[O , 2rTENN(N) ] Brillinger(1975a, 1983)

where NC¢[«,B] denotes a complex normal random variable with mean «
and variance B, which suggests that the periodogram, INN(T)(X), is an
obvious estimate of the power spectrum.

3.3.5 PROPERTIES OF THE PERIODOGRAM

Let N(t) be a stationary point process defined on (0,T].
Suppose the second order cumulant exists and satisfies the following

condition,

]inN(U)|du L

Then we have,

2 2

1 ([sin{(»-«)T/2 PN“Tsinat/2

; (T) O [ Dtk ek R Rl

(i) E{Inyn (n)} ZﬂTI[ a)/2 }fNN(a)da + [ ] (3.3.9)

sin(k+u)T/2]i[sin(x—u)T/2]2}fNN2(k)

- Iang (T) (D) = {[
(ii) cov{InN'T) (x), Iny'T) ()} TOwn) /2 T(n-ut)/2

+ o(T™1) P} (3.3.10)
(iii) var{Igy(T) ()} = fged (0 + o(T71) (3.3.11)

Proof:- The proof is given in Theorem I.2 and 1.8 of Appendix I.
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Now,for x#0, the final term in (3.3.9) is small and we
see that E[INN(T)(X)] is a weighted average of fyy(X) with weights

concentrated in the neighbourhood of X.

Further, the function

1 [sin(x-a)T/z 2
EEE (A\-x)/2 ]

in expression (3.3.9) becomes a delta function as To» (Populis,1962)

which implies that

Lim 1y, E{INN(T)} = fyg(0) (3.3.12)

i i.e., the periodogram, INN(T)(X), is an asymptotically wunbiased
estimate of the spectrunm.

Under the condition of +the above theorem and with
z=2nr/T, p=2ws/T for r,s integers such that r, s, r+s =0 (mod T), we

have (Rigas, 1983),

cov{ Igg{T) (%), gy (TV ()} = o(171)
(3.3.13)

var{Igy(T)(N)} = f2(x) + o(171)

This suggests that the periodogram is not a consistent estimate of the
spectrum in that no matter how large the record length,T, is taken,
the variance of this estimate tends to remain at a constant level
fNNa(x). From expression (83.3.18), it is also clear that adjacent
periodogram ordinates are uncorrelated for large value of T. Finally,

the variates INN(T)(xj), xj=2ﬂj/T , Jj=1,2,... are seen to be
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asymptotically independent fNN(xj)xzz/a random variables from the fact
that dN(T)(xj)' xj=2vj/T, j=1,2,... are asymptotically independent
normal variates.

The above result leads to the consideration of the
construction of a consistent estimate of the spectrum of a stationary
point process by smoothing the periodogram.

8.3.6 CONSISTENT ESTIMATES OF THE SPECTRUM

In this section we consider a variety of methods for a
consistent estimate of the power spectrum of a stationary point

process.

Method 1 Smoothed periodogram : a consistent estimate of the spectrum

From the previous section we have that (2m+1) adjacent
ordinates of the periodogram INN(T)(X+ZWJ/T), j=0,21,22,...,&mn are
approximately independent fNN(x)xzz/z variates, which suggests an

estimate of the power spectrum having the following form

m

+ Iy
e ) = ) wyney (™ [ 27 x#0
j=-m
(3.3.14)
m -1 M
= [}wj] } ijNN(T)[—T—aﬂ] A=0
j=1 j=1
where wj, j=0,%1,22,...,+m are the weights which satisfy the following
condition
Iwy = 1 for j = -m, .., +m

and where m/T-0 as Toe

It can easily be shown that this estimate is

asymptotically unbiased with variance
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+m
var{fyy(T) (1)} ana(k;E w2 + 0(171)

Z-m

]
—

and the covariance structure given by

cov{fyy (T (N), fyn{T) ()} = o(T1)

-2 m
W fan2 () wi2 + o(171)
s ] e

A0

(3.3.15)

(Rigas, 1983)

Therefore, for X#0 and T large the variance of the

estimate (3.3.14) is seen to be proportional to zwjz. Now :wj2 can be

minimised subject to the constraint :wj=1 with the choice of

wy = 1/(2m+1)

i.e., a choice of equal weights leading to an estimate of the

following form

ey (T) 1 1 (T) (4273
NNTTT (R = 2m+1.§ NN (vr=p=)
j%-m

i

m
1 .
= — ) 1yn{T) (27j/T)
m j21 NN

having variance

var{ fyy(T) (x))

fan2(2)/(2m+1) + o(T™ 1)

= fyN2(n)/m + 0(T™1)

Az0

A=0

A0

A

1l
(=]

(3.3.15)

{3.3.16)




~53~

and

COV{fNNT(X) .fNN(T) ()} = O(T—l)

The asymptotic distribution of fyn{T)(X\) is clearly a
weighted combination of independent Chi-Squared variates. In practice,
this may be approximated by a multiple exzv of a Chi-Squared
distribution (Box,1954) whose mean and degrees of freedom are

determined by equating first and second order moments. i.e.,

]
o
<

i
™~
=]

]
-

mean 6=1/v

1

Variance 02,2y = Esz = 1/(2m+1), hence v=2(2m+1)

Therefore fNN(T)(k) is seen to be distributed approximately as,

fan{T) (%) = xB3(apse1)/2(2me2)

The estimate (8.3.15) is a simple average of the
periodogram ordinates in the neighbourhood of A. The bias of this
estimate is generally greater than that of INN(T)(X) which may
increase as m gets larger. However, the variance of this estimate is
1/(2m+1) times that of the unsmoothed periodogram, so a compromise
value of m will have to be found in order to get an acceptable level

of stability with minimum bias (e.g. Brillinger, 1981).
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METHOD 2
Following the definition of the power spectrum of a
stationary point process (expression 3.3.3), an estimate of the

spectrum may be given by

Py

(T (0 = S JkT(u)&NN(u)exp(—iku)du (3.3.17)
w
ﬁN b} kT(UJ)aNNEUj)exp(—ikuJ‘)
= — bz kp(uj)ayy(ujlexp(-izuj)
27
for uy = bj : j =0, 1, %2, ... . The parameter b is a binwidth. The

function k¢(u)=k(byu) is called a convergence factor, taper or data
window which improves the convergence properties of the Pourier
transform (Harris,1978 ; Brillinger,1981). The function kf{(u) is
assumed to be even, of bounded variation, which vanishes for |u|x1 and
takes value 1 at u=0 (Parzen,1957). The scale parameter by is called
the bandwidth of the estimate and is assumed to tend to 0 as T»« in
such a way that byTs« (Brillinger, 1981).

Further, the Fourier transform of k(u) given by

K(x) = (2ﬂ)"1Jk(u)exp(~i«u)du

is assumed to be real valued, even, of bounded variation satisfying

the following conditions

JK(«)da =1 and JIK{«)|d« P

The expression (3.3.17) may be written as (Parzen,1957)
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Py (T .
fNN(T)(x) = + Jk(bTu)qNN(u)eXp(-iku)du
-T

or in terms of spectral estimates,

(T () = (bT)"lixth—l(x_«)]INN(T)(«)da (3.3.18)

2 - 2 2
e Yo B |
S

We now discuss the properties of the proposed estimate.

PROPERTIES OF fyy(T) ()

From Theorem I.4 of Appendix I, it follows that
i) Lim 7, E{fNN(T)(X)} = fNN()L)
ii)  Lim que bpT covify (T (x), £y (T) (1))

= Zﬁ[a{x—u)+6{k+u}]fNN2(x)JKz(m)da

where
6{n}=1 if x=0 (mod 27) and is zero otherwise
and
1ii)  Lim gy, byT var{fgy(T)(N)) = 2n fNNa(k)JKz(«)d« (3.3.19)

This implies that fNN(T)(x) is an asymptotically
unbiased estimate of fyy(X) as well as is a consistent one since
var[fNN(T)(x)]eo as brT>=. Further, it follows that fNN(T)(x) and
fNN(T)(u) for x,u,hzpx0 are asympfotically independent normal

variates.
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METHOD 3 A consistent estimate of the PS based on disjoint segments

A further way of obtaining a consistent estimate of the
power spectrum of a point process is obtained by splitting up the
whole record length, T, into disjoint sections and averaging the
spectral estimates over these sections (Brillinger and Tukey, 1984).

One computational advantage of this procedure is that it
does not require large storage space for large data sets particularly
when analysing multivariate point process data. We, in practice, also
found this method fastest. Emphasizing these advantages, we base our
multivariate point process analysis on this procedure.

Suppose that N(t) is observed on (0,T] and the entire
record is divided into L disjoint sections each of which has duration
of length R so that T=LR.

We define the periodogram of the jth section at

frequency » by

Iny (R (%, 3) = (20R)"1]dy(R) (n,5) 2 (3.3.194)
where
(j+1)R
dy(R)(n,j) = } exp(-ixt)[w(t+1)—N(t)] i J=0,1,...,L-1
t=jR

An estimate fNN(LR)(*) of the power spectrum may be

obtained by simply averaging these periodograms over L sectiomns, i.e.,

L-1
R () = 4§ o ® () A#O (3.3.20)
j=0
The asymptotic 1st and 2nd order properties of the

estimate fNN(LR)(k) are examined as follows,
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PROPERTIES OF fyy(LR)(x)

Let N(t) be a stationary bivariate point process defined
on (0,T]. Suppose that the 2nd order cumulant function gyn(u) exists

and satisfies the condition

Jiulqun(u)Id“ A

then

i) Lt 70 E(En(PRI (M)} = fyn(n) A20

ii) Lt 1o var{fyyERI(N)} = (L)1 (N)  as0 (3.3.21)
Proof:-

The proof follows from the previous result that the
periodogram ordinates are asymptotically independent variétes
distributed with variance fNNz(k) {Expressions (8.3.11) and (3.3.13))
and the fact that La~, L/T20 as Tow.

It also follows that fyy(IRY(xy), ... , fyn(ER)(ns) are
asymptotically normal variates.

The smoothness of the estimate may further be improved

by applying a "Hanning window" of the form
Ban (FR) () = 0,258y (ER) (3 1)+0. 58y (ER) () +0. 258y (BR) (x4 q)

This estimate can easily be seen to be asymptotically unbiased and

normally distributed with variance

var{fyy (LR) (N)} = 0.375(L) Ligy2(n)
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A comparison of expression (3.3.18), (3.8.19) and
(3.3.21) shows that the limiting distribution of fyy{T)(x) given by
Method 2 is consistent with that of Method 1 and 3 for large m and L,

if we make the identification (Brillinger, 1981)

(em+1)~1 = B JKZ(«)G« = (L)1 (3.3.22)
byT

We, so far, have proposed a variety of procedures for
the estimation of the PS of a stationary point process. All are based
on the periodogram of the point process and give an estimate which is
asymtotically unbiased as well as consistent. A direct use of the
expression (3.3.17) has the disadvantage that it may give negative
value of the estimate even if K(e)20 (Brillinger, 1975a).

In the next section we consider the problem of

constructing confidence intervals for fyy(X).
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3.3.7 CONFIDENCE INTERVALS FOR THE SPECTRUM

The power spectrum {(PS) of a point process provides a
useful tool in the frequency domain to detect any periodicities
present in the process as well as to assess the correlation structure
between the increments of the process. An asymptotic confidence
interval (marginal) for fyy(X) at a given frequency X plays an
important role for such an assessment. In this section we discuss a
variety of ways of constructing asymptotic confidence intervals. These
intervals are to be interpreted at each frequency i.e., in the sense
of marginal inference rather than a simultaneous one.

From the previous section, we find that each procedure
for the estimation of the spectrum of a point process gives an
estimate whose limiting distribution approaches a normal distribution,

e.g, fNN(T)(x) given by Method 2 is such that,

tan (T (x) ~ N[fNN(x),fNNz(k)2ﬂ(bTT)"1JK2(«)da]

Now applying the result of Rao(1984,P/385) for variance stabilizing

transformations, we find that

loggLfan (T (X)1 ~ N[logefyn(M), 2n(bTT)'1JK2(«)d«]

Therefore, an approximate 95% confidence interval for logglfyyn(X)] at

a given frequency \ can easily be constructed as

i
logeLfxn(TI(X) T = 1.96[2ﬂ(bTT)-1JK2(a)d«3‘

Under the hypothesis that the process is Poisson with the same mean

rate, this interval becomes
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\

loge (Py/27) = 1.96[2w(bTT)*1JK2(a)d«]'” (3.3.23)

With large degrees of freedom, the confidence interval for method 1 is

seen to be
loge(By/2m) + 1.96[2m+1371/2 (3.3.24)

and for method 3,

loge (Py/2m) 2 1.96[L]71/2 (3.3.25)

We now turn to the applications of the methods
demonstrated above to the same data sets obtained on the muscle
spindle.

3.3.8 APPLICATIONS

Fig. 3.3.1a illustrates the periodogram of the 1II
spontaneous discharge. This estimate is based on expression (3.8.1).
The evaluation of expression (3.8.3) is carried out by using the fast
Fourier {ransform (FFT) algorithm (Gentleman and Sande, 1966) at
discrete frequencies of the form A,=2#n/T radians/msec or 1000n/T Hz.
with n=0,1,2,...,(T-1)/2 and T=21% msec.

From the Nyquist criterion (Nyquist, 1928), a sampling
interval of 1 msec gives the Nyquist frequency of 500 Hz. This also
ensures that in our case there is no problem of aliasing over the
range of frequencies of interest. Aliasing is a kind of phenomenon by
which all the "power" at frequencies higher than the Nyquist frequency

is superimposed on the section of the spectral density function lying
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between zero and the Nyquist frequency ({(Blackman and Tukey, 1959;
Ramirez, 1974).

The fipure (Fig.3.3.1a) has been plotted at frequencies
from O to 200 Hz. The first peak which is very sharp and fairly large
in magnitude occurs, as expected from the time domain analysis, at a
frequency of about 26.25 Hz., which suggests a strong periodic
component at that frequency. Other relatively smaller peaks occur at
the frequencies which are multiples of the fundamental frequency.
Further, a lack of smoothness and erratic behaviour of the estimate at
larger frequencies can also be seen which is an obvious consequence of
the asymptotic properties of the periodogram ordinates.

Fig. 3.3.1b represents the logarithm to base e of the
estimate of the spectrum of the II discharge and is obtained by
smoothing the periodogram illustrated in fig. 3.3.l1a with m=31 i.e.,
using expression (3.3.15) of method 1. The dotted line corresponds to
loge of the estimated asymptotic value of the spectrum i.e., the
spectrum of a Poisson process with the same mean rate. The solid
lines are an approximate 95% confidence interval for the asymptotic
value of the estimate, and are obtained by using expression (3.3.24).
Again the sharp peaks give the evidence of the presence of a strong
periodic component in the process at frequency of 26.25 Hz. These
peaks seem to die off near the frequncy 200 Hz. and after this
frequency the estimate starts staying within the confidence interval
revealing the behaviour of a poisson process with the same mean rate.

Figures 3.3.2 and 3.3.3 illustrate the application of
Method 3 and correspond to the log to the base e of the estimated auto
spectra of the Ia and 11 discharges under different conditions of the
input stimuli. The dotted lines are logg(Py/27) where Py is the
estimate of the mean intensity. The solid 1lines correspond to

approximate 95% confidence intervals under the hypothesis of being a
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Poisson process and are based on expression (3.3.25)

Applying this Method, the whole record of length T=60000
msec is divided into L=58 disjoint sections each with length of R=1024
msec. The periodogram ordinates at frequencies of the form Xg=2mk/R ,
k=1,2,... for each section are obtained by using expression (3.3.]9AD
and then are averaged over these sections to get an estimate of the
auto spectrum fyy(2) at frequency 2r7k/R radians/msec or 1000k/R Hertz.

Each set of plots in both figures 3.3.2 and 3.3.3 gives
a comparison between the estimates of the autospectra of the Ia and II
discharges, respectively when the spindle is acted upon by different
stimuli. It can be seen how the discharge of both sensory axons is
influenced by an activation of these stimuli.

Fig. 3.3.2a corresponds to the estimate of
logelf1a74(*)] when no input is present. A depression at low
frequencies can clearly be seen which lasts until a significant peak
at frequency 10 Hz occurs suggesting a possible periodic component at
that freguency, and after this frequency the process seems to behave
like a Poisson process with the same mean rate. Figs. 3.3.2b-d
correspond to the estimate of logelfrg74(2) ] when a single input '¢'
(length change), 1”s, and p»g is applied to the spindle, respectively.
A common feature of these figures is the loss of any periodicity and
an increase in the mean rate of the Ia discharge. However, a
comparison between these figures also reveals how each input alone
affects the Ia discharge in a different way over a different range of
frequencies e.g the effect of ,»g (fig. 3.3.2d) is seen to be at low
frequencies in the range 0-10 Hz. whereas the effect of length change
'2' (fig. 3.3.2b) is in the range 10-55 Hz. In contrast, the effect of
17g (fig. 3.3.2c) is different from that of '#' and 27s. The estimate
in this figure behaves like a Poisson process at almost all

frequencies except at a very few at the beginning suggesting that the
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activation of j1»g alone not only destroys the regularity of the Ia

discharge but also breaks down the dependence between the pulses of
the discharge. These additional features about the Ia discharge which
were not reflected in the time domain analysis (Fig.3.2.3) demonstrate
the effectiveness and usefulness of the frequency domain analysis.
Fig. 3.3.2e, which gives the estimate logefigya!T’(2) when both static
gamma inputs are activated concurrently and independently, can be seen
as a weighted combination of Figs. 3.8.2c and 3.3.2d revealing the
joint effect of both gamma static motoneurons. Finally, Fig.3.3.2f
which is the estimate of logglfyay;(*)] when all the inputs i.e., '2',
i1»g and g¥g are applied to the spindle has quite different features in
it. A combined effect of all these inputs can clearly be seen at low
frequencies in the range of 0-30 Hz. The effect of the length change,
is, however, seen to be stronger at frequencies 40-50 Hz. resulting in
a periodicity at about 50 Hz., and which. is consistent with the
corresponding time domain figure3.2.3f.

Figure 3.3.3 gives a similar comparison between -the
estimated spectra of the II discharge under the same input conditioas.
Based on procedure 3, these figures have been plotted over the same
range of frequencies with the same periodogram length of the segments
as in Fig. 8.8.2.

Fig. 3.8.3a is the estimate of logglfyy 11(2)1 in the
absense of any input. which reveals exactly the same features as the
Fig. 3.3.1b based on procedure 1. However, a slight difference between
these two estimates is an obvious consequence of a different approach
and can be attributed to the fact that they are based on different
periodogram lengths and smoothing schemes. A extensive discussion on
this point can be seen in Rigas (1983, Chapter 3).
Priestley(1987,chap.8) discusses a variety of window functions in the

context of continuous time series.


























































































































































































































































































































































































































































































































































































































































































































































