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Abstract

In this thesis we introduce nuclear dimension and compare it with a stronger form of the
completely positive approximation property. We show that the approximations forming
this stronger characterisation of the completely positive approximation property witness
finite nuclear dimension if and only if the underlying C*-algebra is approximately finite
dimensional. We also extend this result to nuclear dimension at most omega.

We review interactions between separably acting injective von Neumann algebras and
separable nuclear C*-algebras. In particular, we discuss aspects of Connes’ work and how
some of his strategies have been used by C*-algebraist to estimate the nuclear dimension
of certain classes of C*-algebras.

We introduce a notion of coloured isomorphisms between separable unital C*-algebras.
Under these coloured isomorphisms ideal lattices, trace spaces, commutativity, nuclearity,
finite nuclear dimension and weakly pure infiniteness are preserved. We show that these
coloured isomorphisms induce isomorphisms on the classes of finite dimensional and com-
mutative C*-algebras. We prove that any pair of Kirchberg algebras are 2-coloured iso-
morphic and any pair of separable, simple, unital, finite, nuclear and Z-stable C*-algebras

with unique trace which satisfy the UCT are also 2-coloured isomorphic.
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Introduction

Operator algebras arise as *-subalgebras of the algebra of bounded operators on a Hilbert
space which are closed with respect to certain topologies. If they are closed with respect
to the norm, they are called C*-algebras, and if they are closed with respect to the weak
operator topology, they are called von Neumann algebras.

A C*-algebra A is nuclear if there is a unique way to complete its algebraic tensor
product with any other C*-algebra. Kirchberg and Choi-Effros obtained a useful charac-
terisation of nuclearity in terms of completely positive finite rank approzimations [21, 53].
In this context, an approximation is a triple (F,,¢) consisting of a finite dimensional
algebra F' and completely positive contractions ¥ : A — F, ¢ : FF — A such that ¢ o ¢
is equal to id4 on a finite set up to some positive €. This characterisation is known as
the completely positive approximation property. It turns out that nuclear C*-algebras have
strong connections with injective von Neumann algebras: A is nuclear if and only if A**
is injective (Theorem 4.6.5). In particular, the weak closure of every GNS representation
of A is injective and it has a separable predual if A is separable. Since injective von Neu-
mann algebras with separable predual were classified by Connes and Haagerup [22, 46], it
seems reasonable to ask if we can also classify nuclear and separable C* -algebras. Many
endeavours towards this classification have been made in the last 30 years.

This classification programme initiated by Elliott seeks to classify nuclear separable and
infinite dimensional C*-algebras by means of K-theoretical invariants. Glimm provided
a starting point. He gave a complete classification of UHF-algebras using supernatural
numbers [42, Theorem 1.12]. During the 70’s, Elliott classified all AF-algebras by their
ordered Ky-group [31, Theorem 4.3] and in the 90’s he extended this classification to simple
AT-algebras of real rank zero using their graded K-theory [33, Theorem 7.3]. Based on
this, Elliott conjectured that an invariant constructed from K-theory and traces might

be useful to classify a larger class of nuclear C*-algebras [32]. This invariant has been



called the FElliott invariant, denoted by Ell(A), and it has undergone some modifications
over time. This programme has been particularly focused on the classification of simple
separable nuclear C* algebras (see [84] for a more comprehensive overview).

The Elliott conjecture asserts that isomorphisms between the Elliott invariants can be
lifted to actual isomorphisms between the corresponding C*-algebras. This programme
has had a lot of success: Elliot, Gong and Li showed the conjecture is true for simple AH-
algebras with very slow dimension growth [35, Theorem 4.9], Lin proved that C*-algebras
of tracial rank zero in the UCT class satisfy the Elliott conjecture [61, Theorem 5.2], and
Kirchberg and Phillips proved that the conjecture is valid for Kirchberg algebras in the
UCT class [75, Theorem 4.2.1].

Unfortunately the conjecture, as it stands, is not true. At the end of the last century,
Jiang and Su introduced a C*-algebra, denoted by Z, which is simple, separable, nuclear,
infinite dimensional, and projectionless with the same Elliott invariant as C [51, Theorem
1]. This algebra has become highly important in the classification programme. Gong, Jiang
and Su proved that for simple unital C*-algebras with weakly unperforated Ky-groups, the
Elliott invariant remains the same after tensoring with Z; precisely, Ell(A) 2 Ell(A ® Z)
[43, Theorem 1]. This immediately shows that a success in the Elliott conjecture for this
particular class of C*-algebras would imply Z-stability. However, remarkable examples of
C*-algebras with weakly unperforated Ky-groups which are not Z-stable were constructed
by Rordam and Toms ([82, Theorem 6.10], [97, Theorem 1.1] and [98, Theorem 1.1]).

In order to fix the Elliott conjecture, we must reduce the scope of it. Some regularity
conditions have materialised as the solution for this problem. These conditions, now
known as the regularity properties, are of very different flavours: topological, analytical
and algebraic (c.f. [38]). Naturally, one of them, the analytical one originates from our
previous discussion: Z-stability. The algebraic one corresponds to strict comparison [74,
Definition 2.3]. Roughly speaking, strict comparison allows us to determine the order of
positive elements using traces. Finally, the topological property is nuclear dimension which
is a non commutative analogue of covering dimension for topological spaces. Toms and
Winter conjectured that all these three conditions are equivalent for simple, separable,
unital, infinite dimensional nuclear C*-algebras [111, Conjecture 9.3]. There has been
many progress in the resolution of the Toms-Winter conjecture in the recent years. In
particular, it has been proved that finite nuclear dimension implies Z-stability and that

Z-stability implies strict comparison for separable and simple C*-algebras [83, 107, 109].



The reverse implications have been verified only under certain hypotheses [8, 57, 63, 89,
90, 99]. In particular, the conjecture holds if the trace simplex T(A) is Bauer and its
extreme boundary 9.T(A) has finite covering dimension. Very recently, after the work
of many people during many years, the classification of simple, separable, unital, infinite
dimensional nuclear C*-algebras with finite nuclear dimension which satisfy the UCT has
been completed [36, 44, 96].

Nuclear dimension theory has been a very active area of research and it is an important
topic for this thesis. Originally, precursor concepts were introduced by Winter in [104,
106] and years later, Winter and Kirchberg introduced a refinement called decomposition
rank [58]. It turns out that algebras with finite decomposition rank are stably finite
and quasidiagonal. Since finite decomposition rank imposes such strong restrictions on
the algebras enjoying this property, a further refinement known as nuclear dimension
was introduced by Winter and Zacharias in [111] which circumvents these obstructions.
Roughly speaking, a C*-algebra A has nuclear dimension at most n if there exist completely
positive finite rank approximations (F,1,o0), where ¢ is the sum of n + 1 maps which
preserve orthogonality (these maps are known as order zero maps). Observe that we only
know that the norm of ¢ is bounded by n 4 1. If the norm of ¢ is at most one, then the
algebra has decomposition rank at most n.

In [49], a refined form of the completely positive approximation property was proved.
The algebra A is nuclear if and only if there exist completely positive finite rank approx-
imations (F, 1, ) such that ¢ is a finite convex combination of order zero maps. Notice
that the number of summands is not assumed to be uniformly bounded (in contrast with
the definition of nuclear dimension). The similarities between this strengthened version
of the completely positive approximation property and the definition of nuclear dimension
immediately trigger questions about their relations (if there is any). In this thesis, we will
show that in general the approximations coming from this form of the completely posi-
tive approximation property are not useful to determine nuclear dimension of the algebra
unless it is approximately finite dimensional (Theorem 3.1.5).

A breakthrough in the classification programme was achieved by Matui and Sato in
[64]. They showed that separable, simple, unital, quasidiagonal, Z-stable and nuclear C*-
algebras with unique trace have decomposition rank at most three. The importance of
their work lies in the way they used Connes’ and Haagerup’s proof of injectivity implies

hyperfiniteness for II;-factors with separable predual [22, 45]. Connes showed that an



injective II;-factor M with separable predual absorbs tensorially the hyperfinite II;-factor
R (factors satisfying this condition are known as McDuff), M embeds into R¥ (the von
Neumann ultrapower of R), and the flip of M is strongly approximately inner. These
three deep facts are the main ingredients in Connes’ proof. Matui and Sato observed that
Connes’ proof provides a natural framework to prove, under certain conditions, that Z-
stable C*-algebras have finite decomposition rank. Indeed, the Jiang-Su algebra Z arises
as the C*-analogue of the hyperfinite II;-factor R and so following this analogy we might
think of simple Z-stable algebras as the C*-analogue of McDuff factors. In the same
way, we can view finite nuclear dimension and finite decomposition rank as C*-forms of
hyperfiniteness. Therefore, Connes’s proof supplies a strategy to show that Z-stability
implies finite nuclear dimension or decomposition rank.

In the work of Matui and Sato, the embedding of M into R“ is replaced with qua-
sidiagonality of A since this provides an embedding of A into the C*-ultrapower of the
universal UHF algebra Q. Sato, White and Winter were able to remove quasidiagonality
of A by instead constructing a c.p.c. order zero map A — Q,, [90].

The other ingredient is of high relevance for this work. The flip of A is an automorphism
on A® A given by a®b — b®a (since we are working with nuclear C*-algebras there is no
need to specify which tensor product we are using). As mentioned before, Connes proved
that the flip of injective IIj-factors with separable predual are strongly approximately
inner. Effros and Rosenberg, motivated by the work of Connes, investigated approximately
inner flips for C*-algebras [30]. It turns out that having an approximately inner flip is a
strong condition for a C*-algebra, since it forces the algebra to be simple, nuclear and with
at most one trace. Even more, there are some topological obstructions. They observed
this by proving, using K-theory, that approximately finite dimensional algebras with an
approximately inner flip are forced to be UHF. Matui and Sato circumvented the use of
approximately inner flips by using techniques developed by Haagerup in [45]. Instead they
used what now is called an “approximately 2-coloured flip”.

These coloured flips avoid topological obstructions since we are breaking the flip in a
sum of two order zero maps and this type of maps do not carry topological data. However,
these type flips still force the underlying C*-algebra to be simple, nuclear and with at most
one trace. Thus, in order to extend this result outside from the realm of the unique trace,
a replacement for the flip needs to be found. This was carried out in [8] by Bosa, Brown,

Sato, Tikuisis, White and Winter. The authors of [8] were able to show that separable,



simple, unital, Z-stable and nuclear C*-algebras whose trace simplices are Bauer (i.e.
the extreme boundary of T'(A) is closed) have nuclear dimension at most 1. They also
introduced a notion that they called “coloured equivalent maps”.

Based on these notions of coloured flips and coloured maps, we develop a notion of
coloured isomorphism between separable unital C*-algebras in this thesis. This is a joint
work with A. Tikuisis and S. White that will be published in [17]. Loosely speaking, two
algebras A and B are n-coloured isomorphic if there are c.p.c. order zero maps between
these two algebras in such a way that using both compositions we can express ida4 and
idp as sum of n order zero maps. This notion allows us to transfer some information
between equivalent algebras such as ideal lattices and tracial information, while at the same
time, circumvents topological obstructions. We show that for the case n = 1, coloured
isomorphic algebras are in fact isomorphic. The main theorems are the following: any two
Kirchberg algebras are 2-coloured isomorphic and any two separable, simple, unital, finite,
Z-stable and nuclear C*-algebras with unique trace that satisfy the UCT are 2-coloured
isomorphic. The proofs of these theorems are in spirit the same but the technicalities are
rather different; in the finite case we rely in the tracial behaviour of the maps inducing
the coloured isomorphisms yet in the Kirchberg case there are no traces. The key idea is
to split the identity map of A as the sum of two order zero maps using Z-stability and a
positive element h € Z with spectrum [0, 1]. Precisely, idg®1z =idg®h+idg®(1z — h).

Let us finish this introduction with an outline of this thesis. In Chapter 1 we will
review some preliminaries that will be needed throughout this thesis. We review important
properties of completely positive order zero maps and nuclearity, and introduce the Jiang-
Su algebra Z. The last section presents basic facts about Cuntz comparison and Cuntz
semigroups. We also compute important examples needed in the last chapter of this thesis.

In Chapter 2, we review the covering dimension of topological spaces and present the
definitions of decomposition rank and nuclear dimension. We explain the main differences
between these two notions and provide some examples. We also present a detailed analysis
of the commutative case and the zero dimensional objects for these dimension theories.

Chapter 3 is based on [16] which was published by the author. This chapter is devoted
to the study of decomposable approximations and nuclear dimension. It is shown that
approximations coming from the refined form of the completely positive approximation
property proved in [49] witness nuclear dimension if and only if A is approximately finite

dimensional. In the last two sections of this chapter, we discuss the notion of nuclear



dimension at most omega and we extend the previous result to this case.

In Chapter 4, we present some important interactions between von Neumann algebras
and C*-algebras. In the first section we state some basic facts about von Neumann alge-
bras and we review the relations between nuclearity, semidiscreteness and injectivity. We
discuss aspects of Connes’ proof of his celebrated theorem stating that injectivity implies
hyperfiniteness and we also explain how these ideas were implemented by Matui and Sato,
and Sato, White and Winter. We study the analogies between the Jiang-Su algebra Z and
the hyperfinite II;-factor R and, after introducing the idea of “colourings”, we explained
why we view nuclear dimension as a “coloured” form of hyperfiniteness. We finish this
chapter by reviewing part of the work carried out in [8]. We study the notion of coloured
equivalent maps and we state some important theorems that will be used in the final
chapter.

Finally in Chapter 5, we discuss the ideas that lead to the definition of a coloured
isomorphism of separable unital C*-algebras. After this, we present the definition and its
basic properties. It is showed that any two Kirchberg algebras are 2-coloured isomorphic
and the last section is devoted to proving that any two separable, simple, unital, Z-stable
and nuclear C*-algebras with unique trace that satisfies the UCT are 2-coloured isomor-

phic. An appendix dedicated to the basic properties of ultraproducts is also included.
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Chapter 1

Preliminaries

In this chapter we will introduce some of the basic concepts we will use throughout this
thesis. We also present some technical statements that will be used later. This introduction
is not self-contained and some knowledge of operator algebras is assumed. This chapter is

mostly based on [13, 84].

1.1 Notation

We will denote the unitisation of a C*-algebra A by A. The unit ball of A will be denoted
by A! and the set of positive elements of A will be denoted by A,. Similarly, the set of
unitaries will be denoted by U(A).

In this thesis, a functional 7 : A — C is tracial if 7(ab) = 7(ba) for all a,b € A and
a trace on A is a tracial state 7 : A — C. The set of traces will be denoted by T'(A).
Actually, the space of traces T'(A) is a Choquet simplex [88, Theorem 3.1.18].

For a € A and X C A, we will denote mlg)f( la — z|| by dist(a, X). In this thesis, zero is
not considered to be a natural number. We will write Ny to denote the set N U {0}.

Normally, H will denote a Hilbert space and B(H) denotes the algebra of bounded
operators on H. We will write K to denote the compact operators on a separable Hilbert

space. The symbol A®" will denote the tensor product of A with itself n times.

1.2 Multipliers

The multiplier algebra is the C*-analogue of the Stone-Cech compactification. This anal-

ogy is justified by the fact that the multiplier algebra of Cyp(X) is C(8X), where X is

12



CHAPTER 1. PRELIMINARIES 13

the Stone-Cech compactification of X. For our purposes, we use the original construction

using multipliers, due to Busby.

Definition 1.2.1 ([14, Definition 2.1]). Let A be a C*-algebra. A multiplier is a pair
(L,R) of maps L, R: A — A such that aL(b) = R(a)b for all a,b € A. M(A) will denote

the set of multipliers of A.

Multipliers are also called double centralisers. Observe that continuity of the maps is
not assumed since the definition already implies that the maps L and R are bounded. In
fact, ||L|| = ||R|| [14, Proposition 2.5, Lemma 2.6]. We can define operations and a norm
on M(A) in order to equip it with the structure of a unital C*-algebra [14, Definition 2.10,

Theorem 2.11]. Precisely, for a bounded map L : A — A, let L* be the map given by

Since
aR*(b) = a (R(0"))" = (R(b*)a")" = (b"L(a")) = (L(a"))" b= L*(a)b (1.1)

for all a,b € A, we have that (R*, L*) is a multiplier if (L, R) is a multiplier. Then, the

operations and norm on M(A) are given by
o(Li,R1)+ (L2, R2) = (L1 + Lo, R1 + Ry),
oA(L,R) = (\L,\R), \eC,
o(Li,Ry) (L2, Ry) = (L1L2, RoRy),
b (L’ R)* = (R*v L*) )

o [[(L, R)[| = LI = [[R]]- (1.2)

With these operations and norm, M(A) is a unital C*-algebra where the unit is the
multiplier (id4,id4) [14, Theorem 2.11]. The algebra M(A) is called the multiplier algebra
of A. Observe there is a canonical embedding 9 : A — M(A) given by

Mo = (La; Ra), (1.3)
where L, and R, are defined as left and right multiplication by a respectively,
Lq(b) = ab, R, (b) = ba, a,be A.
Via this canonical embedding, A is an ideal of M(A). Indeed, let a,b,c € A. Thus

cL(ab) = R(c)ab = (R(c)a)b = ¢(L(a)b). (1.4)
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After doing the same computation for R, we obtain
L(ab) = L(a)b, R(ab) = aR(b), a,be A. (1.5)

With these identities in hand, it is easy to verify that A is an ideal of M(A). Consider
(L',R") € M(A) and a € A, then by definition (L', R') (L4, Ry) = (L'Ly, RyR'). After

observing the following identities,
L'Ly(b) = L'(ab) = L'(a)b, R, R (b) = R'(b)a = bL/(a), be A, (1.6)
we obtain

(L', R') (Las Ra) = (L) Riva)) - (1.7)

Similarly, we have

(LaaRa) (L/,R,) = (LR/(a),RR/(a)) . (18)

This shows A is an ideal of M(A).

We have mentioned before that M (Co(X)) = C(BX), where X is the Stone-Cech
compactification of the locally compact space X. Another important example is the fol-
lowing: M(K) = B(H) where H is a Hilbert space with countable basis.

Before stating a technical lemma, let us recall a basic fact about extreme points of the

unit ball of a C*-algebra.

Theorem 1.2.2 ([4, Theorem 11.3.2.17]). Let A be a C*-algebra. If A is non unital, then
there are no extreme points in the closed unit ball of A. If A is unital, then the extreme

points of the closed unit ball of A are precisely the elements x such that
(1a—z2")A(la —x*z) =0.
In particular, every unitary is an extreme point of the unit ball of A.

The reason why we introduced multipliers is the following lemma which will be used

in Chapter 3.

Lemma 1.2.3 ([16, Lemma 4]). Let A be a C*-algebra and a1,as € AL. Let B be a C*-
subalgebra of A and let \y and \o be strictly positive real numbers satisfying A1 + Ao = 1.
If a1b € B and (A1a1 + Aaaz) b =b for all b € B, then aib = asb =b for all b € B.
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Proof. By hypothesis, we have that Ly, (b) = a1b € B and R, (b) = ba; € B for all b € B.

Then the maps Lg, ‘ g and Ry, | p are maps from B to B and they satisfy

bLal‘B(b/) = Ral’ (b)b/, b, bl € B. (19)

B

Thus Mo, = (Lay | 5 Ray| ) € M(B).
Similarly if a = A\jaj + A\gag then M, € M(B). In fact, M, = 1 p(B) since a is positive
and ab = b for all b € B. We have

Aoash = b — Ajab, beB. (1.10)

By the hypothesis, the right side of the previous equation is in B, therefore asb € B for
all b € B and this yields 9,, € M(B). It is also straightforward to see that

L) = Mo = MMy, + XMy, (1.11)

By Theorem 1.2.2, 1,4(p) is an extreme point of the unit ball of M(B). Since M,, and

M, also lie in the unit ball, we have
L)y = May = My, (1.12)

This finishes the proof. O

1.3 Approximately finite dimensional algebras

It is well known that finite dimensional C*-algebras are nothing more than finite direct
sums of matrix algebras. One can build more complicated C*-algebras from these finite
dimensional blocks. This was done by Bratteli, who introduced the approximately finite
dimensional C*-algebras (]9, Definition 1.1]).

A separable C*-algebra A is approzimately finite dimensional (AF) if it contains an
increasing sequence of finite dimensional C*-algebras {4y}, oy such that (J A, is dense
in A. It is also well known that, alternatively, we can define AF-algebras ;LSEI‘:Ihe inductive
limit of finite dimensional C*-algebras. One important class of AF-algebras are the UHF
algebras, which are inductive limits of matrix algebras with unital connecting maps [42,

Theorem 1.13]. Bratteli proved the following theorem, known as the local characterisation

of AF-algebras.
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Theorem 1.3.1 (|9, Theorem 2.2]). A separable C*-algebra A is AF if and only if for
every finite subset § C A and € > 0 there exists a finite dimensional C*-algebra B C A
such that

dist(a,B) < ¢
foralla € 5.

There are two possible definitions of non separable AF-algebras, either as algebras
containing a directed family of finite dimensional C*-subalgebras with dense union (equiv-
alently as the direct limit of finite dimensional C*-algebras over general directed sets) or
via the local characterisation. These are not the same ([40, Theorem 1.5]) and in this
thesis we choose to work with the local characterisation as the definition of AF since it is

better suited to our purposes.

Definition 1.3.2. A C*-algebra is AF if for every finite subset § C A and ¢ > 0 there

exists a finite dimensional C*-algebra B C A such that
dist (a, B) < ¢

for all a € §.

1.4 Completely positive maps

One important class of maps for C*-algebras are the so-called completely positive maps.
These maps are fundamental for the approximation theory of C*-algebras. Remember
that a positive map between C*-algebras is a bounded linear map which sends positive
elements to positive elements.

Let A and B be C*-algebras. A map ¢ : A — B is completely positive if for every
n € N the map ¢, : M,,(A) — M, (B), given by

en(laig]) = [p(aiz)l,

is positive. For brevity, we will refer to completely positive maps as c.p. maps and, in
the same way, u.c.p. and c.p.c. map will stand for unital and completely positive map and
completely positive and contractive map respectively.

As examples of ¢.p. maps we have *-homomorphisms and compression of *-homomorphisms,
i.e. maps of the form ¢(a) = V*r(a)V where 7 is a *-homomorphism and V' is an opera-
tor. It turns out that any c.p. map looks like this. We present this result only for unital

C*-algebras.
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Theorem 1.4.1 (Stinespring). Let A be a unital C*-algebra and let ¢ : A — B(H)

be a c.p.c. map where H is a Hilbert space. Then there exists a Hilbert space f[, a *-

representation w: A —» B(ﬁ) and an operator V : H —s H such that
pla) = Vin(a)V
for all a € A. In particular ||¢|| = [|[V*V] = ||lp(1a)]-

The following proposition summarises some basic facts about c.p. maps which are

straightforward consequences of Stinespring’s theorem.

Proposition 1.4.2 ([13, Proposition 1.5.6]). Let A and B be C*-algebras and ¢ : A — B

a c.p. map.
(i) The inequality p(a*)p(a) < p(a*a) holds for every a € A.

(ii) If a € A satisfies p(a*a) = p(a)*p(a) and p(aa*) = p(a)p(a)*, then
w(ba) = p(b)p(a) and p(ab) = (a)p(b) for every b € A.

(iii) The subspace
Ay ={ac Al p(a”a) = p(a)*p(a) and p(aa®) = p(a)p(a)"}
is a C*-subalgebra of A.
Let us introduce an important class of c.p.c. maps.

Definition 1.4.3. Consider two C*-algebras A and B with B C A. A conditional expec-

tation is a c.p.c. map E : A — B such that E‘B =idp and
E (bat') = bE(a)lt/
for all a € A and b,V € B.

We finish our collection of results about c.p.c. maps by stating the following useful

inequality. Its proof is a consequence of Stinespring’s theorem and the C*-identity.

Lemma 1.4.4 ([104, Lemma 3.1]). Let ¢ : A — B be a c.p.c. map between C*-algebras
and let a,b € A. Then

lp(ab) = p(@)p®)]| < llp(aa®) = pla)p(a®)|/?[b]. (1.13)
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1.4.1 Order zero maps

An important class of c.p.c. maps are the ones which preserve orthogonality. Originally
these maps were introduced by Winter when the domain is a finite dimensional algebra
[104, Definition 2.1] and they were examined in full generality by Winter and Zacharias in
[110].

Definition 1.4.5 ([110, Definition 2.3]). Let A and B be C*-algebras. A c.p. map ¢ :

A — B is of order zero if it preserves orthogonality, i.e. if a,b € Ay satisfy ab = 0 then
p(a)p(b) = 0.

Easy examples of c.p. order zero maps are *-homomorphisms. Let us provide another
example. Let 7 : A — B be a *-homomorphisms between C*-algebras and consider h € B
which commutes with 7(a) for all @ € A. Then the map given by ¢(a) := hn(a) is c.p. of
order zero. Like in the c.p. case, order zero maps essentially look like this. The following
theorem is an order zero version of Stinespring’s theorem and it was proved by Winter

and Zacharias ([110, Theorem 3.3]) based on previous work by Wolff [112, Theorem 2.3].

Theorem 1.4.6. Let ¢ : A — B be a c.p. map of order zero between C*-algebras and
set C := C* (¢ (A)). Then there exist a positive h € M (C)NC" with ||h|| = ||¢| and a
*-homomorphism

mpt A—s M(C)N{h}

such that
o(a) = hry(a) (1.14)

foralla € A. If A is unital, then one may take h = p(14).

The *-homomorphism 7, is called the support *-homomorphism of the order zero map
¢. Let us give an explicit description of m,. Consider H as the universal Hilbert space
of C* (p(A)) and we can assume that C* (p(A)) acts nondegenerately on H. The support
*-homomorphism 7, of ¢ is given by

-1
mo(a) =s.o. lim (gp(lA) + 71L1H> o(a), ac€ A, (1.15)

n—oo

where s.0. lim stands for the limit in the strong operator topology. Throughout this thesis,
we will denote the support *-homomorphism of ¢ by 7, unless otherwise stated. As a
straightforward consequence of the previous theorem we have that if A is unital and ¢(14)

is a projection, the order zero map ¢ is in fact a *-homomorphism.
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Let ¢ : A — B be a c.p.c. order zero map. Then it induces a *-homomorphism
py : Cp(0,1] ® A — B by
pe (i ® a) = p(a).

This indeed defines a *-homomorphism because C(0, 1] is isomorphic to the universal C*-
algebra generated by a positive contraction, identifying this generator with id¢( [62].
Similarly, every *-homomorphism p : Cy(0,1] ® A — B induces a c.p.c. order zero map
0y A— B by

wpla) =p (id(m] ® a) .
These two assignations are in fact the inverse of each other. These facts lead to the

following corollary.

Corollary 1.4.7 ([110, Corollary 4.1]). Let A and B be C*-algebras. There is a canonical
bijection between the space of c.p.c. order zero maps A — B and *-homomorphisms

Co(0,1] ® A — B.

Another useful application of the structure of order zero maps is the positive functional

calculus for c.p.c. order zero maps.

Corollary 1.4.8 ([110, Corollary 4.2]). Let ¢ : A — B be a c.p.c. order zero map between
C*-algebras and let f € Co(0,1] be a positive function. Let h and 7, be as in Theorem
1.4.6, then the map f(v): A — B given by

flp)a) = f(h)mp(a),  acA,

is a well defined order zero map. If the norm of f is at most one, then f(p) is also

contractive.

Another form of writing functional calculus is using the corresponding map Cp(0,1] ®
A — B. Precisely, if ¢ : A — B is a c.p.c. order zero map and p, : Cp(0,1] ® A — B

is the *-homomorphism induced by ¢, we have

flp)(a) = py(f ®a)

for every positive f € Cy(0,1].
Order zero maps are well behaved with respect to the minimal and maximal tensor

product (see Section 1.5).
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Corollary 1.4.9 ([110, Corollary 4.3]). Let A, B,C and D be C*-algebras and let ¢ :

A— B and 1 : C —> D be c.p.c. order zero maps. Then the induced map
PYRY: AR, C — B®y D
has order zero, where Q. denotes the minimal or mazximal tensor product.

An important feature of order zero maps is that the composition of an order zero map

with a positive tracial functional is also tracial.

Corollary 1.4.10 ([110, Corollary 4.4]). Let A and B be C*-algebras, ¢ : A — B a
c.p.c. order zero map and T a positive tracial functional. Then the composition T o © is a

positive tracial functional.

Support *~-homomorphisms of order zero maps are useful tools while working with order
zero maps. The downside of this map is that its image is contained in some multiplier
algebra and sometimes this might be inconvenient. Let us introduce now another useful
tool for order zero maps. This is another map which has the feature that its image is
contained in the ultraproduct of the codomain C*-algebra but the price to pay is that this
map is no longer a *-homomorphism. The proper definition of ultrapowers can be found

in the Appendix A.

Proposition 1.4.11 ([90, Lemma 2.2], [8, Lemma 1.14]). Let A and B be unital C*-
algebras such that A is separable. Suppose S C B, is separable and self-adjoint and let
0:A— B,NS bea c.p.c order zero map. Then there exists a c.p.c. order zero map

$:A— B,NS" such that

p(ab) = p(a)p(b) = p(a)p(b),  a,be A
The c.p.c. order zero map @ is called a support order zero map of .

A proof of this proposition can be found in A.1.8. The map ¢ is not unique, however
in many applications this downside will not be relevant. We can recover the positive

functional calculus for order zero maps using these support order zero maps. Precisely

f (@) (a) = f(p(1a)) @(a)

for every positive f € C'(0,1] [8, Lemma 1.14].
Now let us present some basic results which are part of the folklore. We include their

proofs since we were unable to find a reference.
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Lemma 1.4.12. Let A and B be unital C*-algebras and let ¢ : A — B be a c.p.c. order
zero map. If I is a closed two sided ideal of B, then o~ 1(I) is a closed two sided ideal of
A.

Proof. Tt is immediate that ¢~!(I) is closed in A. Let a,z € A with a € ¢~ !(I). Then
plax) = hry(ax) = hry(a)my(x) = @(a)my(x). Since INC*(p(A)) is an ideal of C*(p(A))
which is an ideal of M (C*(p(A))), we have that INC*(p(A)) is an ideal of M (C*(p(A))).
We consider a € ¢ (1), thus ¢(a) € I N C*(p(A)) and therefore we have p(ar) =
¢(a)my(z) € 1. Similarly za € ¢~1(I). This shows ¢~1(I) is an ideal of A. O

Lemma 1.4.13. There are no non zero order zero maps from My, (C) to any commutative

C*-algebra for k > 2.

Proof. Let A be a commutative C*-algebra and let ¢ : My (C) — A be a non zero c.p.
order zero map for some k € N. By Lemma 1.4.12, the kernel of ¢ is an ideal of My, (C).

Since My, (C) is simple, ¢ is injective. For any z,y € My (C), we have

p(zy) = 92 ()02 () 2 3 ()9t () = p(ya) (1.16)

where the equality (x) is given by the commutativity of A. Since ¢ is injective, we obtain
xy = yx for any x,y € My, (C). As a consequence, My, (C) is commutative and this forces

k to be equal to 1. O

An alternative proof for the previous lemma can be obtained in the following way. The
existence of a non zero c.p.c. order zero map ¢ : My (C) — A yields the existence of an in-
jective *-homomorphism 7, : My, (C) — M (C*(¢(A))). Since C*(p(A)) is commutative,
its multiplier algebra is also commutative. This immediately implies My(C) is commuta-

tive (so k = 1) since it is isomorphic to a commutative subalgebra of M (C*(p(A))).

Corollary 1.4.14. Let A, B and C be unital C*-algebras and let ¢ : A — B and v :

B — C be c.p. order zero maps. Then the following identity holds
Ty (@)t = mymp(a).

for all x € C*(Yp(A)).

Proof. By Theorem 1.4.6, we have

pla) = p(la)mp(a),  P(b) = ¢(1p)my(b)
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for all a € A and b € B. In particular, we have

bip(a) = p(1p)my(p(a)) = (1) my(p(1a))myme(a)

for all a € A. Let D = C* (¢»¢o(A)) and consider H as the universal Hilbert space of D
and, in fact, D acts nondegenerately on H. The support order zero map my, of ¥ is
given by X .

oola) = so0. lim (wp(La) 4 11)  vila)

This leads to the following

-1
Typ(a)r =s.0. lim (1/14,0(1,4) + rlle) vo(a)x

n—oo

n—oo

50 lim <¢(1B)7rw(¢(1,4)) + rlle)_ B(1Lg)mu(p(La))myma(a)a

= myTe(a)z. (1.17)
The last identity holds since

1 —1
s.0. lim <¢(1B)7Tw(<,0(1,4)) +n1H> Y(1p)my(p(la)) = 1h.

n—oo

This finishes the proof. O

1.5 Nuclearity

We will denote the algebraic tensor product of the C*-algebras A and B as A ® B. A

C*-norm || - ||« on A ® B is a norm which satisfies
lzylla < lzllallgllas e la = lzlla;  lle*zlla =23, 2,y A B.

The completion of A ® B with respect to this norm will be denoted as A ®, B. There are
two important C*-norms: the maximal C*-norm || - ||max and the spatial C*-norm || - ||min
(which is also called the minimal C*-norm). As the names are indicating, these two norms

are the largest and the smallest C*-norms on A ® B, i.e.
[2[lmin < |lZ]la < |2max, 7€ A® B,

for every C*-norm || - || on A ® B [13, Corollary 3.8, Theorem 4.8].
Another important fact is that every C*-norm || - || on A ® B is a cross norm, i.e.

lla ® b|lo = ||al|al|b]| 5 for all elementary tensors a @ b € A ® B [13, Lemma 3.4.10].
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Definition 1.5.1. A C*-algebra A is nuclear if for every other C*-algebra B, there is a

unique C*-norm on A ® B.

The tensor product of a nuclear C*-algebra A with any other C*-algebra B will be
simply denoted as A ® B. Examples of nuclear C*-algebras are matrix algebras, AF-
algebras, commutative algebras and group C*-algebras of amenable groups [13, Proposition
4.1, Proposition 4.2, Theorem 6.8]. The majority of the C*-algebras in this thesis are
nuclear.

We will now provide a characterisation of nuclearity through finite rank completely

positive approximations.

Definition 1.5.2. A C*-algebra A has the completely positive approximation property
(CPAP) if for all finite subsets § C A and € > 0 there exist a finite dimensional algebra F

and c.p.c. maps ¢ : A — F,p: F — A such that

la —ey(a)] <e (1.18)

A da A
X /
r

The triple (F, %, ¢) is called a c.p.c. approximation for § within . A system of c.p.c.

for all a € A,

approzimations for A will be a net of c.p.c. approximations {(F(T),w(’“),go(”)}re[ con-
verging to id4 in the point-norm topology, i.e. M) (a) — a for all a € A. If A is
separable, it is enough to consider a sequence of c.p.c. approximations. It follows from the
definition that A has the completely positive approximation property if and only if there
exists a system of c.p.c. approximations for A.

An striking theorem due to Choi and Effros [21], and Kirchberg [53] states that the

completely positive approximation property and nuclearity are (surprisingly!) equivalent

conditions.

Theorem 1.5.3 ([21, Theorem 3.1], [53, Corollary 1]). A C*-algebra A is nuclear if and

only if A has the completely positive approximation property.

The proof of the following folklore proposition is very similar to the proof of [13,

Proposition 2.2.6]. We include it for completeness.
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Proposition 1.5.4. Let A be a unital nuclear C*-algebra and let M € R be a positive con-
stant. Suppose that for every finite subset § C A and e > 0 there exist a finite dimensional

algebra F' and c.p. maps ¢ : A — F, o : F — A such that

la —gp(a)ll <&
for alla € A and ||¢||, ||¢|| < M. Then A is nuclear.

Proof. We will show A has the completely positive approximation property. In particular,
if M <1, the algebra already has it. So let us assume M > 1. Let § be a finite subset of A
and € > 0. Without loss of generality we can suppose € < 1, the elements of § are postitive
contractions and 14 € §. Observe that the approximations given by the hypothesis do not
entail the nuclearity because such maps are not necessarily contractions.

The idea of the proof is the following. We will replace the c.p. maps given by the
hypothesis with different u.c.p. maps which also approximate id4. The replacement of
the map ¢ is immediately given by [13, Lemma 2.2.5] and the replacement of the other
map needs more technical details but essentially it boils down to finding approximations
(F, 1, ) such that p(14) is almost 14.

Using the continuity of the real valued function ¢ — 72 at 1, we can find § > 0 such

that if |1 —¢| < 0 then

’1 3 (1.19)

< —.
4M
By hypothesis, there exist a matrix algebra F' and c.p. maps ¢ : A — F,o : FF — A

such that

la —p(a)]| < min {57} (1.20)

for all @ € §. In particular, |14 — ¥¢(14)] < §. We can assume § is sufficiently small in

such a way that ©¥p(14) is a positive invertible element. By continuous functional calculus

we have
H1 (14) 3] < -5 (1.21)
. 2 -
A—Ye(la <ar :
By [13, Lemma 2.2.5], there exists a u.c.p. map ¥ : A — F' such that
bla) = 9(10)20(@)d(1a)2,  a€ A (1.22)
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Let us define a u.c.p. ( : F — A that will replace the c.p. map ¢ : FF — A. Set
b= wgo(lA)_% and define

(@) = bo (W(1a)Pwv(1a)2)b,  weF (1.23)
Observe that this map is unital. Indeed,

C(1r) = by (¢(1A)%1F¢(1A)%> b

= Pp(1a) " 2pu(1a)dp(1a)
=14. (1.24)

(NI

In order to finish, let us prove these u.c.p. maps approximate the finite subset §. By

construction we have
¢oa) = b (v(1a)30(a)e(1a) ) b
bep(a)b. (1.25)
Observe
lev(a) — co(@)] "= ou(a) — bpw(a)p
< llpwla) — bo(a)]| + o) — bpw(a)

< ta =0l e (@)l + [1a = ol g (a)ll [bl

(121) ¢ € €
— M+ —M(1+—
< oM T (+4M>
e €
-+ - (1
< 4+4( +e)
3e
—. 1.2
< 2 (1.26)
Finally we have
la=Ci@)l < lla—ed(a)] + llep(a) — ¢V (a)l
(1.20)<(1.26) € N %
4 4
= ¢ (1.27)

for all @ € §. Since ¥ and ( are unital, these maps are contractive. Then, by Theorem

1.5.3, A is nuclear. O

A refinement of the completely positive approximation was proved in [49]. The ap-

proximations can be taken to be convex combinations of order zero maps. Very recently,



CHAPTER 1. PRELIMINARIES 26

it was proved in [12] that the first map v can be taken to be approximately order zero.
This theorem is one of the key motivations for this thesis. We will discuss its connections

with nuclear dimension in Chapter 3 and we will sketch its proof in Section 4.3.

Theorem 1.5.5 ([49, Theorem 1.4], [12, Theorem 3.1]). Let A be a nuclear C*-algebra.
Then for any finite subset § C A and € > 0 there exist a finite dimensional C*-algebra F'

and c.p.c. maps Y : A — F,p: FF —> A such that

(i) |la —o(a)|| < e forall a € F,
(ii) the c.p.c. map ¢ is a convex combination of finitely many order zero maps,

(ii3) ||y (a)y(b)|| < € if a,b € §F are orthogonal positive elements.

1.6 Finite algebras

In this section we will recall some basic facts about finite algebras. A more detailed study
can be found in [84, Section 1.1].
Two projections p and ¢ in a C*-algebra A are Murray-von Neumann equivalent if

there exists v € A such that

Definition 1.6.1. Let A be a C*-algebra and let p € A be a projection.

(i) If p is Murray-von Neumann equivalent to a proper sub-projection of itself, p € A is

called infinite. A C*-algebra is infinite if it contains an infinite projection.

(ii) The projection p is finite if it is not infinite. A C*-algebra is finite if it admits an

approximate unit of projections and all projections are finite.

A unital C*-algebra A is stably finite if its stabilisation A ® K is finite and a non unital
C*-algebra is stably finite if its unitisation is. Similarly, A is stably projectionless if A @K
is projectionless.

A quasitrace is a continuous function 7 : Ay — R4 that satisfies 7(z*z) = 7(za*) for
all z € A, 7(Aa) = At(a) forall A\ >0 and a € Ay, and 7(a+b) = 7(a) + 7(b) if a,b € Ay
commute, and such that 7 extends to a map My(A);+ — R4 with the same properties.
It was proved by Blackadar and Handelman that every unital stably finite C*-algebra
admits a quasitrace [5]. Morever, Haagerup proved that in exact C*-algebras quasitraces

are actually traces [47, Theorem 5.11]. These two results add up to the following theorem.
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Theorem 1.6.2 (Blackadar-Handelman-Haagerup, [84, Theorem 1.1.10]). Every unital,
stably finite, exact C*-algebra admits a trace, and every unital stably finite C*-algebra

admits a quasitrace.

Quasitraces and traces might be unbounded if the C*-algebra is not unital. Instead,
they are defined only on a dense subset of A, or A. However, densely defined traces are
not important for this thesis since we will be working with unital C*-algebras most of the

time.

1.7 Purely infiniteness and Kirchberg algebras

In this section we will introduce an important class of C*-algebras. Historically, pure
infiniteness was introduced as a property for simple C*-algebras by Cuntz [25]. This

definition has been extended by Kirchberg and Rgrdam to non simple algebras [55].

Definition 1.7.1 ([55, Definition 4.1]). A C*-algebra A is purely infinite if it has no non
zero abelian quotients and for every pair of non zero positive elements a,b € A, where b
belongs to the closed two sided ideal generated by a, there exists a sequence (x,)nen of

elements of A such that z}azx, — b.

Purely infinite and simple C*-algebras have been studied extensively in the past. We

present some properties of this particular class.

Proposition 1.7.2 ([84, Proposition 4.1]). Let A be a simple C*-algebra. Then the fol-

lowing conditions are equivalent:
(i) A is purely infinite,

(ii) for every pair of non zero positive elements a,b € A there exists x € A such that

a=z"bx,

(iii) for every pair of non zero positive elements a,b € A there exist x,y € A such that

a = xby,
(iv) the real rank of A is zero and every non zero projection in A is properly infinite,
(v) every non zero hereditary subalgebra of A contains an infinite projection.

The Cuntz algebras are examples of simple and purely infinite algebras. We have the

following dichotomy result for purely infinite and simple C*-algebras.
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Proposition 1.7.3 ([113, Theorem 1.2]). Every separable, purely infinite, simple C*-

algebra is either unital or stable.

Kirchberg obtained spectacular results concerning simple and purely infinite C*-algebras.
Let us recall some of them. A C*-algebra is elementary if it is isomorphic either to M, (C)
for some n € N or K. A simple C*-algebra A is called tensorially non-prime if it is not
isomorphic to the minimal tensor product of two non-elementary algebras, otherwise A is

called tensorially prime.
Theorem 1.7.4 (Kirchberg, [84, Theorem 4.1.10]). Let A and B be simple C*-algebras.

(i) Suppose that A is not stably finite and that B is not elementary. Then the minimal
tensor product A ® B is simple and purely infinite.

(ii) Suppose that D is a simple, exact C*-algebra that is tensorially non-prime. Then D
1s either stably finite or purely infinite.

Theorem 1.7.5 (Kirchberg’s Absorption Theorems). The following statements are true.

(i) [84, Theorem 7.1.2] A is a simple, separable, unital, and nuclear C*-algebra if and
only if Oz 2 A® Osy.

(i) [84, Theorem 7.2.2] Let A be a simple, separable, and nuclear C*-algebra. Then
A2 AR Oy if and only if A is purely infinite.

The class of C*-algebras described in part (ii) of the previous theorem have been named

after Kirchberg.

Definition 1.7.6. A Kirchberg algebra is a purely infinite, simple, nuclear and separable

C*-algebra.
Now let us focus on a weaker form of pure infiniteness that was introduced in [56].

Definition 1.7.7 ([7, Definition 1.2]). Let n be a natural number. A C*-algebra A is

n-purely infinite if the following conditions hold.

(i) For every pair of non zero positive elements a,b € A such that b lies in the closed
two-sided ideal of A generated by a, and for every € > 0, there exist di,...,d, € A
such that

b— zn: dady,

k=1

<e.
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(ii) There is no non zero quotient algebra of /*°(A) of dimension less or equal to n?.
The algebra A is called weakly purely infinite if A is n-purely infinite for some n € N.

Remark 1.7.8. Another definition of n-pure infiniteness was introduced by Kirchberg and
Rgrdam in [56, Definition 4.1]. It was proved in [7, Proposition 4.12] by Blanchard and
Kirchberg that the definition introduced here is weaker than the former definition from [56].
However, both definitions induce the same notion of weakly purely infinite C*-algebras [7,

Proposition 4.12].

It immediately follows from the definition that 1-pure infiniteness is just pure infinite-
ness. It turns out that if a C*-algebra is weakly purely infinite then its ultrapower is

traceless.

Definition 1.7.9. A C*-algebra A is traceless if no algebraic ideal of A admits a non-zero

quasitrace.
Theorem 1.7.10 ([56, Theorem 4.8]). Let A be a C*-algebra.
(i) For each free filter w on N the following three conditions are equivalent.

(a) A, is traceless.
(b) A, is weakly purely infinite.
(c) A is weakly purely infinite.

(ii) If A is weakly purely infinite, then A is traceless.

In the simple case, the notion of weakly pure infiniteness is equivalent to pure infinite-

ness.

Theorem 1.7.11 ([56, Corollary 4.6]). Any weakly purely infinite C*-algebra which is
simple is purely infinite.
1.8 Quasidiagonality

In this section we will review the notion of quasidiagonality. For a more complete discussion

see [13, Chapter 7).
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Definition 1.8.1. Let H be a Hilbert space and let 2 C B(H) be an arbitrary collection
of operators. Then € is called a quasidiagonal set if for each finite set § C €2, each finite

set x C H and each € > 0 there exists a finite-rank projection P € B(H) such that
|IPT —TP|<e, TE€GF,

and

|Pv — vl < e, v E X.

A separable C*-algebra A is quasidiagonal if it has a faithful representation as a set
of quasidiagonal operators on some Hilbert space. The C*-algebra A is called strongly

quasidiagonal if m(A) is a quasidiagonal set of operators for every representation 7 of A.

It is immediate from the definition that matrix algebras are quasidiagonal. Other
more interesting examples are AF-algebras. Like with nuclearity, we can characterise

quasidiagonality using c.p.c. maps.

Theorem 1.8.2 (Voiculescu [103]). A C*-algebra A is quasidiagonal if and only if there

exists a net of c.p.c maps p; : A — My, (C) such that
(i) llpi(ab) — pi(a)pi(b)|| — 0
(i) llpi(a)]| — [lal

for all a,b e A.

If the C*-algebra is unital, we can assume the c.p.c. maps ¢, are unital. As a straight-
forward application of this theorem, we obtain that commutative C*-algebras are quasidi-
agonal. In this case it is rather simple to construct *-homomorphisms from a commutative
C*-algebra to finitely many copies of C just by evaluating at some points of its spec-
trum. If we select the appropriate points, we obtain a net of *~homomorphisms satisfying
conditions (i) and (ii) of Theorem 1.8.2.

Another consequence of this theorem is that a separable C*-algebra A is quasidiagonal
if and only if it embeds in the ultrapower of the universal UHF algebra, Q,, and this
embedding has a c.p. lift A — ¢°°(Q),
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If the algebra is nuclear we do not need to ask for a c.p. lift since the Choi-Effros lifting

theorem automatically provides it [90, Proposition 1.4.(i)].

Definition 1.8.3. A C*-algebra A homotopically dominates another C*-algebra B if there
are *-homomorphisms 7 : A — B,0 : B — A such that 7 o ¢ is homotopic to idg. The
algebras A and B are homotopy equivalent if there are *~-homomorphisms 7: A — B,o :

B — A such that o o 7 is homotopic to idg and 7 o o is homotopic to id4.

Voiculescu proved that quasidiagonality is a homotopy invariant. This fact will produce

many examples of quasidiagonal C*-algebras.

Theorem 1.8.4 (Voiculescu [103]). Let A and B be C*-algebras. If A homotopically

dominates B and A is quasidiagonal, then B is also quasidiagonal.

It is immediate that the 0 algebra is quasidiagonal. Let oy : Cy(0,1] — Cy(0,1] be
given by o¢(f)(s) = f(ts). This defines a homotopy between the zero map and idg(g,1)-
After tensoring this homotopy with id4, we obtain that Cy(0,1] is homotopic to zero.
By Voiculescu’s theorem, the cone over A, Cy(0,1] ® A is quasidiagonal. Finally, since

quasidiagonality passes to subalgebras, the suspension C'(0,1) ® A is also quasidiagonal.

Corollary 1.8.5. For any C*-algebra, both the cone over A, Cy(0,1] ® A, and the sus-

pension of A, C(0,1) ® A, are quasidiagonal.

There exist two known obstructions to quasidiagonality. One is stable finiteness, which
was introduced in Section 1.6. The other obstruction relates to the existence of an amenable

trace.

Definition 1.8.6. Let A be a C*-algebra represented in B(H). A state 7 is called an

amenable trace if there exists a state ¢ on B(H) such that
1. pla=r,
2. p(uTu*) = ¢(T) for every unitary v € A and T € B(H).

The definition of amenable trace does not depend on the representation [13, Proposition

6.2.2).

Proposition 1.8.7 ([13, Proposition 7.1.15, Proposition 7.1.16]). Let A be a quasidiagonal
C*-algebra. Then A is stably finite. If additionally A is unital, then A has an amenable

trace.
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This immediately implies that C*-algebras which are not stably finite cannot be qua-
sidiagonal, for example the Toeplitz algebra, B(H) and Cuntz algebras. An important
example is the reduced group C*-algebra C5(F2), it is stably finite but it does not have
an amenable trace and hence it is not quasidiagonal.

In the appendix of [48], Rosenberg showed that if the reduced group C*-algebra of a
discrete group I' is quasidiagonal then I' is amenable and he conjectured the converse was
true. This question remained unsolved for many year. A partial solution was found by
Ozawa, Rgrdam and Sato who verified this conjecture for elementary amenable groups
[72, Theorem 3.8]. Very recently, Tikuisis, White and Winter proved that this conjecture

is true for any amenable group [96, Corollary C].

Corollary 1.8.8 (Rosenberg [48, Appendix], [90, Corollary C]). LetT' be a discrete group.

Then the reduced group C*-algebra is quasidiagonal if and only if I' is amenable.
We finish this section by giving one last family of examples of quasidiagonal algebras.

Theorem 1.8.9 ([19, Theorem 7]). For n =o00,1,2,... the full group C*-algebra C* (F,,)

s quasidiagonal.

In fact, Choi proved this theorem for n = 2. But the result is true for n = 00,1,3,...

since C* (F,,) sits as a subalgebra of C* (Fy) and quasidiagonality passes to subalgebras.

1.9 The Jiang-Su algebra Z

In this section we will recall an important C*-algebra that was introduced by Jiang and Su
n [51]. As explained in the introduction, this algebras has become extremely important
for the classification program. The Jiang-Su algebra Z is highly relevant for this thesis
and more properties of this algebra will be discussed in the forthcoming chapters. This
section is mostly based on Sections 2 and 3 of [85].

Let p,q € N. The dimension drop algebra Z,, is given by
Zpq = {f € C((0,1], Mp(C) ® My(C)) | f(0) € My(C) ® Lz, (), F(1) € Lagy(c) ® My(C)} -

If ¢ and ¢ are relatively prime numbers, the dimension drop algebra Z, , is called prime.
It turns out that in this case, Z,, has no non trivial projections [51, Lemma 2.2|, and

Ko (Zpg) =7 and K, (Z,,) =0 [51, Lemma 2.3].
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Theorem 1.9.1 ([51, Theorem 1]). There ezists a separable, simple, nuclear, infinite
dimensional C*-algebra Z with unique trace and with no non trivial projections such that

The algebra Z is called the Jiang-Su algebra. 1t was constructed by Jiang and Su as
an inductive limit of prime dimension drop algebras. However this construction is not
canonical and infinitely many choices are made when choosing the connecting maps. Let

us recall some important properties of the Jiang-Su algebra.

Theorem 1.9.2 ([51, Theorem 3, Theorem 4]). Let Z be the Jiang-Su algebra.
(i) Any unital endomorphism on Z is approximately inner.
(ii) For anyn € N, Z = Z®",

We will finish this section by providing an intrinsic description of the Jiang-Su algebra
Z. Let p be a supernatural number and let us denote by M, the UHF algebra associated
to p. If p = p, M, and p are called of infinite type.

Consider supernatural numbers p and g. The generalised dimension drop algebra Z, 4

is given by
Zpe =1 €C([0,1], My ® My) | f(0) € My @ 1n,, f(1) € 1ag, ® My} . (1.28)

Like in the case of the dimension drop algebras, if p and q are relatively prime supernatural
numbers, the generalised dimension drop algebra Z,, is called prime. It was proved by
Rgrdam and Winter that we can also characterise the Jiang-Su algebra Z using generalised

dimension drop algebras which are prime.

Theorem 1.9.3 ([85, Corollary 3.2, Proposition 3.3]). Let p and q be infinite supernatural

numbers of infinite type.

(i) The generalised dimension drop algebra Z, 4 tensorially absorbs the Jiang-Su algebra

Z,ie ZpgRZ=2Z,,.
(1t) If p and q are relatively prime, then Z, , embeds unitally into Z.

Remark 1.9.4. Let p, q be natural numbers and consider the dimension drop algebra Z, .

A unital *-homomorphism v : Z, , — Z is called standard if

1
vz (W(f)) = / w(f(O)dt, [ € Zpy,
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where 7z is the unique trace on the Jiang-Su algebra Z and tr is the normalized trace on

M,,. Observe that standard homomorphisms induce the Lebesgue trace on its image; i.e.

1
2 (0 (F oo 1) = [ o fecpal

By the previous theorem, the generalised dimension drop algebra Z,~ 4o embeds unitally
in the Jiang-Su algebra Z if p and ¢ are relatively prime. Furthermore, this embedding
can be taken to be an inductive limit of standard unital embeddings. This shows that this
embedding can be taken in such a way that the trace on Z induces the Lebesgue trace on
Zpeo g0 [83, Proposition 2.2].

A unital endomorphism ¢ on a unital C*-algebra is trace collapsing if 7o o = 70 ¢

for every pair of traces 7 and 7/ on A.

Theorem 1.9.5 ([85, Theorem 3.4]). Let p and q be infinite supernatural numbers that

are relatively prime.
(i) There exists a trace collapsing unital endomorphism on Zp 4.
(ii) Let ¢ be any trace collapsing unital endomorphism on Z,,. Then Z is isomorphic

to the indictive limit of the sequence

)

%)
Zp7q Zp7q Zpaq

The (canonical) trace collapsing endomorphism on Z,, is given by Theorem 1.9.3;
precisely, since p and ¢ are relatively prime there exist an embedding Z,, < Z and we
also have an embedding Z < Z,, given by the second factor embedding 1z, ® idz
followed by an isomorphism between Z, , ® Z and Z, 4. A trace collapsing endomorphism

on Z,, is obtained by the composition
Zpyq Z szq'
It turns out that the Jiang-Su algebra Z can be characterised as the unique C*-algebra

satisfying Theorem 1.9.2 such that there exist relatively prime infinite supernatural num-

bers p and ¢ and embeddings Z, ; — Z — Z,, [85, Proposition 3.5].

1.10 Cuntz comparison

We will present a quick overview of Cuntz comparison and the Cuntz semigroup. We
will also compute the Cuntz semigroup of some examples we will use later. A more

comprehensive review of this topic can be found in [2].
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Consider a C*-algebra A. Let My (A) denote the algebraic limit of the sequence
A— My(A) =225 Ms(A) s 2 ML (A) 2

where ¢, : My, (A) — M, 11(A) is given by

For positive elements a,b € My (A), let us denote

a

0 b

a®b:=

It is immediate that a ® b is also positive.

Definition 1.10.1 ([24]). Let A be a C*-algebra and let z,y € M (A) be positive el-

ements. The element x is Cuntz subequivalent to y, denoted by =z =< y, if there exists

a sequence (zp), in My (A) such that z = lim z}yz,. The element x is called Cuntz
n—o0

equivalent to y, denoted by = ~ y, if x < y and y < x.

For a € Ay and € > 0, the element (a — ¢); will denote g.(a) € A given by functional
calculus where g. : R — R is given by g¢.(t) = max {0,¢ — e}. The next proposition is a

useful statement whilst working with <.

Proposition 1.10.2 ([81, Proposition 2.4]). Let A be a C*-algebra and x,y € Mo (A)+.

The following conditions are equivalent.
(i) © 2y
(ii) For every e > 0 there exists § > 0 such that (x —e)+ < (y — 0) 4.
(iii) For every e > 0 there exists § > 0 and r € A such that (x — )4 =71y — 6)47*.

The Cuntz equivalence is in fact an equivalence relation ([4, Definition I1.3.4.3]) and

we will denote the class of a by (a).

Definition 1.10.3 ([24, Section 4],[23, Appendix|). Let A be a C*-algebra. The Cuntz

semigroup of A, denoted as W(A), is the quotient
W(A) = Mx(A)/ ~ .
The completed Cuntz semigroup of A is defined as

Cu(A) = W(A 2 K).
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We can equip the Cuntz semigroup W (A) with the structure of a positively ordered

abelian monoid; i.e. (0) < z for any x € W(A). The sum is given by
(a) ® (b) = {a ®b)
and the partial order is defined by
(a) < (b) if a=x0d.

The Murray-von Neumann semigroup V' (A) is defined as the set of Murray-von Neumann
equivalence classes of projections of My (A). There is a natural map V(A) — W(A),
given by sending the Murray-von Neumann equivalence class of each projection to its
Cuntz-equivalence class. This map is in fact injective if the C*-algebra is stably finite [2,

Lemma 2.20].

Example 1.10.4. (i) [2, Proposition 2.38] W (M, (C)) = Ny and Cu(M,(C)) = Ny U

{oo}. The class of each positive element is determined by its rank.

(ii) [2, Proposition 2.41] If A is a Kirchberg algebra, then W(A) = Cu(A) = {0,00}.
This follows from the fact that any two non zero elements in a Kirchberg algebra are
Cuntz-equivalent (Proposition 1.7.2) and because A ® K is a Kirchberg algebra by
Proposition 1.7.3.

(iii) [2, Theorem 2.45] W (K) = Cu(K) = Ng U {oo}. The class of each positive element is

determined by its rank.

From these examples, we can observe that W is not continuous with respect to inductive
limits. In [23], Cu was introduced in order to amend this inconvenience.
Let m : A — B be a *-homomorphism between two C*-algebras, m induces a map

Cu(m) : Cu(A) — Cu(B) in the following way:

In this way, Cu is a functor from the category of C*-algebras to a category which is
called Cu. Very roughly speaking, the objects of Cu are ordered abelian semigroups which
satisfy that the order is compatible with the sum, every countable upward directed set
has a supremum and some other technical axioms (see [2, Definition 4.2] for a proper
description of the category Cu). The maps in Cu are semigroup homomorphisms which

preserve the zero element, order, suprema of countable upward directed sets and the “way
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below” order relation <. This relation is defined in the following way: Let (S, <) be an
ordered abelian semigroup and z,y € S. The element x is way below y, denoted as x < y
if whenever (y,)nen is an increasing sequence with supy, > y, then there exists n such
that = < y,.

Let A be a unital C*-algebra. An state on Cu(A) is an order preserving morphism

s: Cu(A) — R such that s ((14)) = 1.

Definition 1.10.5. Every quasi trace 7 on A determines a dimension function d, : Ay —

[0, 0] in the following way,

d: (a) = lim 7 (a%> , a€ Ay

n—o0

Similarly, a quasitrace 7 on A ® K determines a dimension function d, : Cu(A4) — [0, oo]

dr ({(a)) = lim 7 <a%> , (a) € Cu(A).

n—o0

It turns out that every state on Cu(A) arises in this way [37, Theorem 4.4]. Let (W, <)
be an ordered semigroup. An element x € W is compact if x < x and an element y € W
is soft if 3’ < y then there exists k € N such that (k + 1)y’ < ky. With these definitions
in hand, let us present the following theorem which will allow us to compute Cu of some

C*-algebras. The symbol LI denotes disjoint union.

Theorem 1.10.6 ([37, Corollary 6.8, Remark 6.9]). Let A be separable, unital, simple,

stably finite, Z-stable and exact C*-algebra with unique trace 4. Then
Cu(A4) 2V (A)U(0,00]. (1.29)

The order < of V(A) U (0,00] restricted to V(A) or (0,00] agrees with their usual
orders. Let [p] € V(A) and ¢t € (0,00], then [p] < t if 74(p) < t. In the same way, t < [p]
if t < 74(p).

Remark 1.10.7. The elements in V' (A) correspond to the compact elements of Cu(A) and
the elements in (0, co] correspond to the soft elements. Let us describe this identification
in more detail. We will describe the compact part of Cu(A) first. Since A is stably finite,
there is a canonical map from V(A) to Cu(A) which is injective, this map just takes the
Murray-von Neumann class of a projection p and sends it to its Cuntz-equivalence class
[p]. If (a) € Cu(A) is compact, then there exists a projection p € My (A) such that a ~p
and (a) is identified with the Murray-von Neumann class of p. On the other hand, if
(a) € Cu(A) is soft, it is identified with d,,({a)).



CHAPTER 1. PRELIMINARIES 38

Let us present an important example.

Example 1.10.8. By Theorem 1.9.1, the Jiang-Su algebra Z has the same K-theoretical
data of C. This yields V(A4) = Ny. Then

Cu(2) 2= Ny U (0, 0] (1.30)

Let X be a topological space and S an object of Cu. A function f: X — S is lower
semicontinuous if for all s € S the set f~! (s) = {r € X | s < f(z)} is open in X. The
set of lower semicontinuous functions from X to S will be denoted as Lsc(X,S). The

following theorem gives us a precise description of Cu for cones of AF-algebras.

Theorem 1.10.9 ([1, Theorem 3.4]). Let X be a locally compact Hausdorff space which

is second countable and one dimensional. Let A be a simple AF-algebra. Then
Cu (Cy(X) ® A) 2 Lsc (X,Cu(A)). (1.31)

It is important to note that Theorem 1.10.6 and 1.10.9 apply to a broader class of
C*-algebras. They are presented here only in the form we will need them in Chapter 5.

Let us briefly recall the constructions of pullbacks of C*-algebras and pullbacks of
semigroups in Cu. A more complete description can be found in [1, Section 3|. Let A, B
and C' be C*-algebras. Let m : A — C and ¢ : B — C be *-homomorphisms. The
pullback A ®¢ B is the C*-algebra given by

A®c B={(a,b) ¢ A® B | m(a) =¢(b)}. (1.32)
Normally pullbacks are represented with the following diagram,

A®cB---->B

!
\

!

\

¥
A C.

™

We can also construct pullbacks in the category of Cu. Let R, S and T be elements of
Cu and consider Cu-morphisms p: R — T and o : S — T. The pullback R &7 S is the

semigroup given by

Rer S={(r,s) e R®S|p(r)=o0(s)}, (1.33)
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Theorem 1.10.10 ([1, Corollary 3.5]). Let X be a compact Hausdorff space that is second
countable and one dimensional. Let A be a separable C*-algebra with stable rank one such
that K1(I) = 0 for every closed two sided ideal I of A. Let B be any C*-algebra and
suppose ¢ : B — C(Y, A) is a *-homomorphism, where Y C X is a closed subset of X.
Then

Cu (C (X, A) ®c(v,a) B) = Lsc ([0,1], Cu(A)) Brse(v,cu(ay Cu(B) (1.34)
in the category of Cu, where

Lsc ([Oa 1]7 CU(A)) EBLsc(Y,Cu(A)) CU(B) - - CU(B)
|
\LCU(P)

‘]( Lsc (Y, Cu(A)).

Lsc (]0, 1], Cu(A))

f=fly

With this theorem in hand, let us compute an important example.

Example 1.10.11. Let A be a separable, simple, unital AF-algebra with unique trace.
The unitisation of Cy(0,1] ® A is given by

(Co(0,1] @ A)™ = {f € C([0,1], A) | f(0) € Cla}. (1.35)

We can write (Cp(0,1] ® A)™ as a pullback given by the diagram

C([0,1), A) ®c(go3,4) C- = = = = - ~C
| ;
\
C([0,1], 4) C ({0}, A),

where 7 : C([0,1], A) — C({0}, A) is given by n(f) = fl{0y and ¢ : C — C({0}, A) is
given by ¢(A)(0) = Al4. It is immediate that

(Co(0,1] ® A)™ = C([0,1], 4) ®c(f0y,4) C. (1.36)
Then, by Theorem 1.10.10, we have

Cu((Cp(0,1]® A)™) =2 Cu(C[0,1]® A) Dcu(a) Cu(C). (1.37)
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By Theorem 1.10.9, we obtain
Cu(C([0,1],A)) = Lsc ([0, 1],Cu(A)), Cu(C ({0}, A4)) = Cu(A). (1.38)
We have the following diagram
Lsc ([0, 1], Cu(A)) ®cu(a) Cu(C) - - - = =No U {oo}

Cu(ep)

v
)

Lsc ([0, 1], Cu(A)) Cu(A),

Cu(m)
which shows that

Lsc ([0, 1], Cu(A)) @ou(a) No U {00} = {f € Lsc ([0, 1], Cu(A)) | £(0) € n(14),n € No U {oo}}.

Before moving forward, let us prove the following lemma that will be needed in Chapter

5. Remember that the support of a Borel measure v on R is given by

suppv = {z € R |v((x — e,z +¢)) > 0 for all e > 0}.
In particular, if U is an open set such that U Nsupp v # 0, then v(U) > 0.

Proposition 1.10.12. Let A be a separable, simple AF-algebra with unique trace T and let
v be a Borel measure on [0, 1] with support [0,1]. Then the map o : Lsc ([0, 1], Cu(4)) —
No U (0, 00] = Cu(Z) given by

1
a(f) :/o dr (f(t))dv(t) € (0,00],  f € Lsc([0,1], Cu(4)), (1.39)
is a Cu-map (i.e. a morphism in the category Cu).

We remark that the element o(f) is regarded as an element of the soft part of Cu(Z2),

i.e. (0, 00].

Proof. We have that d, is additive, order preserving and preserve suprema of increasing
sequences [37, Section 4.1]. Then it is immediate that o preserves the order and the

semigroup structure. Indeed, let f, g € Lsc ([0,1], Cu(A)). Since d, is additive we have
1
o(f+9)= [ (7 +9)®) ol
0
1 1
~ [(a.Goya + [ i o)t
0 0

— o(f) + (). (1.40)
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Similarly, if f < g then f(t) < g(¢) for all ¢t € (0,1]. Thus d-(f(t)) < d,(g(t)) and we

obtain

1 1
U(f)Z/O dr (f(t)) dv(t) S/O dr (f(t)) dv(t) = o(g)- (1.41)

In order to finish we have to show o preserves suprema of increasing sequences and the
way below order relation.
Let f,, € Lsc([0,1],Cu(A)) be an increasing sequence with supremum f. This means
) = sup fult), e 0,1]. (1.42)
neN
Then, since d, preserves suprema of increasing sequences, we have
d- (f(t)) =supd; (fn(t)) = limd, (fu(t)), t € [0,1]. (1.43)
neN neN

By the monotone convergence theorem we have
1 1 1
/ dr (f(t))dv(t) = lim [ d-(fa(t))dv(t) :Sup/ dr (fu(t)) dv(t). (1.44)
0 n—o Jo neN.Jo
This proves o preserves suprema of increasing sequences.

Now let us show o preserves the way below order relation <. Let us note that
the relation < is just the strict order < in (0,00]. It is enough to check that if f €
Lsc ([0,1],Cu(A)) is non zero then o(f) > 0. Indeed, if g < h then 0 < h — g and if
o(h — g) > 0, we will obtain that o(g) < o(h).

Let us suppose f € Lsc([0,1],Cu(A)) is non zero. Then there exists typ € [0, 1] such
that f(to) # 0 and hence d, (f(tp)) > 0. In particular, f(t9) = (a) for some a € A ® K
and for every € > 0 we have ((a —¢)+) < (a). We can choose a sufficiently small € > 0

such that d; ((a —€)1) > 0.

Since the function f is lower semicontinuous, we have that

U=f"({(a=e)4)%) ={t€[0,1] | {(a—e)+) < f(t)}

is a non empty open set in [0, 1]. Notice that for every ¢t € U we have

dr ((a - €)+) < dT(f(t))
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Using that the measure has support [0, 1] we have v(U) > 0. Hence we obtain the following,
0<d:((a—e)4)v(U)

:/lu«aamdww
U

< [ autrwya

g[mﬁ@Wﬁ)

= a(f). (1.45)
This finishes the proof. 0

We will finish this section by presenting an important classification result due to
Robert. This theorem uses another construction which is related to Cu and its construction
is very similar to the definiton of Kj.

Let A be a unital C*-algebra. We will denote by Cu™ the ordered semigroup of formal
differences (a) — n(l4), with (a) € Cu(A) and n € Ny. Precisely, ((a),n) ~ ((b),m) if
(a) + m(14) + k(14) = (b) + n(14) + k(14) for some k € Ny and

Cu™(A) = (Cu(A) x Ng) / ~ . (1.46)

The class of ((a),n) will be denoted as (a) — n(l4). The order is given in the following
way: (a) —n(la) < (b) —m(la) if for some k € Ny the inequality (a) + m(1a) + k(1a) <
(a) + m(14) + k(14) holds in Cu(A).

Let us define Cu(A)™ for a non unital C*-algebra A. Let 7 : A — C be the quotient

map from the unitization of A to C. This map produces morphisms

Cu(m) : Cu (;1) — Cu(C) & Ng U {oo},

Cu™(r) : Cu™ (21) 5 Cu™(C) 2 ZU {00} (1.47)
Then Cu™(A) is defined as the subsemigroup of Cu™ (A) consisting of the elements (a) —

n(la), with (a) € Cu (fl) such that Cu(m)({(a)) =n < co.

We will explicitly state the Cu™ semigroups of some C*-algebras we will need later.

Example 1.10.13. (i) We will compute Cu™ of the Jiang-Su algebra Z. Since it is

unital, it is enough to know Cu(Z) = Ny U (0, co]. Hence

Cu™(Z2)={z—n- -1y |2z e NoU(0,00], n € N}

= 7 1 (00, 00]. (1.48)
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(ii) Let us compute Cu™ of the cone of a simple, separable, unital AF-algebra A with
unique trace. Since C(0, 1]® A is not unital, we need to compute Cu of the unitisation

of the cone, (C(0,1] ® A)~. By Example 1.10.11, we have
Cu((C(0,1]® A)™) = {f € Lsc(]0,1],Cu(A)) | f(0) € n(la),n € NgU {oo}}.
Moreover, by Theorem 1.10.6, we have
Cu(A) =V (A) U (0, 00]. (1.49)

Consider 1 € Lsc ([0,1], V(A) U (0,00]) as the constant function (14). In this case,
the quotient map 7 : (C(0,1] ® A)~ — C is given by the evaluation at 0. Hence,
Cu(m)(f) = f(0) for f € Lsc (]0,1],V(A) U (0,00]). Putting all together yields

Cu™(Co(0,1]®@ A) ={f —n-1| f €Lsc([0,1],V(A) LU (0,00]), f(0) =n(la),n € Ny}

>~ {f € Lsc([0,1], Ko(A) Ll (=00, 00]) | f(0) =n(la),n € Z}.

We have introduced all the previous machinery in order to state the following remark-
able theorem. Using the same approach as before, we will state this theorem in some
particular case. In general, this theorem classifies maps from C*-algebras which are induc-
tive limits of 1-dimensional non commutative CW complexes with trivial K; to C*-algebras
with stable rank one. As you can imagine, we will enunciate this theorem in the particular
case when the domain is a cone of a simple AF-algebra and the codomain is the Jiang-Su

algebra Z.

Theorem 1.10.14 ([80, Theorem 1.0.1]). Let A be a unital AF-algebra. Then for every
morphism « : Cu™ (Cy(0,1] ® A) — Cu™(Z) in the category Cu such that o ({(s4)) < (sp),
where sa € (Co(0,1]® A), and sp € By are strictly positive elements, there evists a *-
homomorphism m : A — Z such that Cu™(mw) = a. Moreover, this map is unique up to

approrimate unitary equivalence.



Chapter 2

Nuclear dimension

The purpose of this chapter is to review nuclear dimension and decomposition rank. The
first section is devoted to the covering dimension of topological spaces. In the second
one, we will present the definition of nuclear dimension and decomposition rank. We will
also explain the differences between these two notions. After this, we will focus on the
commutative case and we will finish this chapter with the study of the zero dimensional

objects.

2.1 Covering dimension

In this section we will present a brief introduction to the covering dimension of topological
spaces. A more comprehensive explanation can be found in [73].

It is natural to ask how we can define dimension for general topological spaces, and
during time, there have been several notions of dimension. Historically, probably the
first notions were the small inductive dimension, the large inductive dimension and the
covering dimension. It is well known that all these dimension theories agree on separable
metrizable spaces [73, Proposition 4.5.9].1 However, in general, we cannot say much about
the relation between these dimensions. For our purposes, we will focus on the covering
dimension.

Lebesgue observed that the n-dimensional cube can be covered with finitely many
arbitrarily small closed sets such that the intersection of any n + 2 sets of this cover
is always empty. Lebesgue’s discovery suggested one way to define the dimension for

euclidean spaces. Following this idea, Cech introduced the notion of covering dimension

IThis can be strengthened to strongly pseudo-metrizable spaces.

44
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(also called Lebesgue covering dimension) for normal spaces in [18].

Definition 2.1.1 ([18, Definition 3]). Let X be a set. The order of a family U = {U;},c;
of subsets of X is defined to be the largest integer n for which there exist elements
n
Uiy, Uiy, .., Ui, € U such that () U;, # 0. If this integer does not exist, the order of
k=0
U is infinite.
Observe that if the order of U is n, then the intersection of any n + 2 elements of U is

empty. In other words, if the order of i is n, then every point is in at most n + 1 elements

of U.

Definition 2.1.2 ([73, Definition 3.1.1]). The covering dimension of a topological space
X, denoted as dim X, is the least integer n such that every finite open cover of X has an

open refinement of order at most n.
Example 2.1.3. The covering dimension of [0, 1] is 1.

Proof. Let U be a finite open cover of [0,1]. Let ¢t € [0,1], so there is U € U containing
t. In particular, there exists an open interval I; such that ¢ € I; C U. Then, the family
{I; | t € [0,1]} is an open cover of [0,1] refining &. By compactness, there exists a finite
subcover {I;,,...,I;,}. Consider the set {s1,...,s2,} of the end points of the intervals
Iiy,... Iy, We can assume 0 =51 <59 < ... < 59 = 1.

Observe that the family of intervals
W1 = {(si,si_H) ’ 1= 1,...,2n— 1}
are pairwise disjoint. Consider now the family of intervals

$1 Son—1 Si+ Si—1 Si t+ Si+1 )
— {fo,2L), 1}} , —92. .. 2m—1%.
W, {[0 2) ( 2 U{( 2 2 )'Z " }

Like before, the elements in W, are pairwise disjoint. Hence, the set W = W; U W» has

order 1. By construction, W is a finite open cover of [0, 1] with order 1 which refines U.
This shows that dim[0,1] < 1. Since [0,1] is not totally disconnected then dim[0,1] > 1
by Proposition 2.1.5. Therefore dim[0,1] = 1.

A family of sets is discrete if each point in X has a neighbourhood which meets at
most one member of the family. The following proposition gives a useful characterisation

of the covering dimension in terms of discrete families of open sets.
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Proposition 2.1.4 ([70, Theorem 2]). A metrizable topological space X has covering
dimension at most n if and only if for each open cover U of X and each integer k > n+1,
there exist k discrete families of open sets Vi,..., Vi such that the union of any n+ 1 of

these families is a cover of X which refines U.

Observe that the previous proposition is very strong. It caracterises covering dimension
using any open cover rather than only finite ones. However, if we start with a finite open
cover U, the families V; given by Proposition 2.1.4 are also finite (this is not immediate
from Proposition 2.1.4, however it follows from its proof).

Hence Proposition 2.1.4 allows us to think in covering dimension as colouring open
covers if X is metrizable. Precisely, the covering dimension of X is at most n if for any
finite open cover there exists a finite refinement such that we can colour this refinement
using n 4 1 colours, assigning one colour to each element of this refinement, in such a way
that any two open sets with the same colour do not intersect each other. Now, we briefly

summarize some of the most important properties about covering dimension.
Proposition 2.1.5. Let X and Y be normal topological spaces.

(a) [73, Proposition 3.1.3] If dim X = 0 then X is totally disconnected.> If X is compact

and Hausdorff, then the converse is also true.
(b) If A is a closed subset of X then

i) [73, Proposition 3.1.5] dim A < dim X;
it) [73, Corollary 3.5.8] dim X < max{dim A, dim(X \ A)}. In particular, dim a X =

dim X where aX denotes the one point compactification of X.

(c) [73, Theorem 3.2.5] If X is normal and X = |J A;, where each A; is closed and
1€N
dim A; <n for alli € N, then dim X < n.

(d) [73, Proposition 3.2.6] dim X x Y < dim X + dimY.
(e) [73, Proposition 3.5.11] If X = AU B then dim X < dim A + dim B + 1.

(f) [73, Proposition 6.4.3] If additionally X is Hausdorff, dim X = dim X where X
denotes the Stone-Cech compactification of X.

2This implication does not need normality of the space.



CHAPTER 2. NUCLEAR DIMENSION 47

In practice, computing the covering dimension can be a very challenging task mostly
because of the combinatorial flavour of the definition. For example, we can guess (and
expect) that the covering dimension of R™ is n. Even though this seems completely natural,
the proof of this fact is far from trivial when n > 1. Showing that the covering dimension
of R™ is bounded above by n is straightforward using Proposition 2.1.5 (d). The difficulties

arise in trying to show that the covering dimension of R" is exactly n.
Theorem 2.1.6 ([73, Theorem 3.2.7]). The covering dimension of R"™ is equal to n.

Now we recall a remarkable theorem proved independently by Lefschetz, Nobeling, and

Pontrjagyn and Tolstowa.

Theorem 2.1.7 ([60, Theorem 14], [68, Theorem 1] and [76, Theorem 11]). Let X be a
second countable normal Hausdorf space with dim X =n. Then X can be embedded in the

cube [0, 1]>F1

We have seen that covering dimension passes to closed subsets and, since covering
dimension is preserved under countable unions, it also passes to F, subsets. However if

the subset is not of this kind, this is not true in general.

Example 2.1.8. [73, Example 3.6.1] Consider X = [0, 1]JU{2} equipped with the following
topology: A subset U of X is open if U = X or if U is a usual open set of [0,1]. This
topology is not the relative topology induced by the usual topology of R. Observe that, by
construction, any open cover of X must contain X itself. Thus { X} is always a refinement
of any open cover and we can conclude that dim X = 0. Therefore X contains a subset,

namely [0, 1], of covering dimension equal to 1.

The previous example is not very interesting because it is not even Hausdorff nor
normal. However, there are examples of normal spaces containing subsets of higher di-
mension. In fact, totally disconnected compact Hausdorff spaces may contain subspaces

of arbitrarily large covering dimension (c.f. [73, Remark 5.4.6]).

2.2 Nuclear dimension and decomposition rank

Wilhelm Winter initiated the study of a notion of covering dimension for C*-algebras in
[104]. This notion has been refined in the last fifteen years in several papers ([58, 106, 111]),

leading to the concepts of nuclear dimension and decomposition rank. This theory was a
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breakthrough in the classification programme for C*-algebras and has been a driving force

for the research in this area during the last years.

Definition 2.2.1. ([58, Definition 3.1], [111, Definition 2.1]) Let A be C*-algebra and let n
be a natural number. The nuclear dimension of A is at most n, denoted as dimy,c A < n,
if for any finite subset § C A and € > 0, there exist finite dimensional C*-algebras
FO_  F™ and maps ¢ : A — ;jé F®) and ¢ : Sna F®) — A such that:

=0 =0

(a) The map 1) is a c.p.c. map.
(b) The restriction ¢y := ¢|pwk is a c.p.c. order zero map for £k =0,...,n.

(c) |la—vopla)| <eforallacf.

The decomposition rank of A is at most n, denoted as dr A < n, if additionally the map ¢

is contractive.

Remark 2.2.2. We can rephrase nuclear dimension and decomposition rank in terms of
decomposable approzimations. An approximation (F,,¢) is n-decomposable if ¢ is the

sum of n + 1 order zero maps.

(i) A C*-algebra A has nuclear dimension at most n if for every finite subset § C A and

e > 0 there exists an n-decomposable approximation (F, 1, ) for § within e.

(ii) A C*-algebra A has decomposition rank at most n if for every finite subset § C A
and € > 0 there exists an n-decomposable approximation (F,v, ) for § within

such that ¢ is contractive.

Hence, the difference between nuclear dimension and decomposition rank appears in the
size of the norm of the second map ¢. Decomposition rank always asks for [|¢| < 1

meanwhile nuclear dimension at most n requires ||| < n+ 1.

Remark 2.2.3 ([111, Remark 2.2 (iv)]). In general we can not choose the second map
© to be contractive in the definition of nuclear dimension; however, we can arrange the
composition ¢y to be contractive.

Let A be a C*-algebra. Consider a finite subset § and € > 0. By the continuity of
t + t~1 around 1, there exists § > 0 such that if |t — 1| < § then ‘t‘l — 1‘ < 5. Using an

approximate unit, find a positive contraction A such that

Al =1 < 6/2 (2.1)
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Figure 2.1: The nuclear dimension of a C*-algebra.

and

for all @ € §. Then find an n-decomposable approximation (F,zﬁ, <,2>> for § N {h} within

hiahs — aH < % (2.2)

min {e/3,9/2}. In particular, this entails |||y (h)|| — 1| < d, and hence

@@(h)H_l - 1‘ <

:
Set
ola) = o)~ o) (23)
and
W(a) =P (h%ah%> (2.4)

for z € F and a € A. Then, for any positive contraction a € A, we have

lew@ll = ||ed (n3ans)|

IA
€
§\>
=

po)| = 1. (2.5)

This shows the composition ¢t is a c.p.c. map. Finally, notice that (F,,¢) is a good



CHAPTER 2. NUCLEAR DIMENSION 50

approximation since

la —pp(a)] =

o[ ¢dm)| " ¢d (niant) H

oo ko) oo k)|
<sH+zHz=c 20

for all a € §.

It is clear from Theorem 1.5.4 that a C*-algebra is nuclear if its nuclear dimension is
finite. However the converse is not true; there are nuclear C*-algebras with infinite nuclear
dimension, for example C (RN). It also follows from the definition that dim,,. A < dr A.
We would like to point out, even though decomposition rank and nuclear dimension might
look quite similar, they in general do not coincide. This will be explained in more detail
in Subsection 2.2.1.

The following theorem is helpful in the non separable case as it allows us to reduce

many proofs to the separable case.

Theorem 2.2.4 ([111, Proposition 2.6]). Let A be a C*-algebra. For any countable subset

S there exists a separable C*-subalgebra B of A containing S such that
dimpue B < dimpye A.

Now, we briefly summarize some of the main properties of nuclear dimension and

decomposition rank. In order to simplify the notation, we will write dim*l A instead of

dimpyu. A + 1.
Proposition 2.2.5. Let A, B and C be C*-algebras. Then
(i) [111, Remark 2.2] A is an AF-algebra if and only if dimp,. A = 0.
(i) [111, Proposition 2.3 (i)] dimpyye A ® B < max{dimpy,c 4, dimy,c B}.
(i4i) [111, Proposition 2.3 (ii)] dim{L A ® B < dimf L. A-dim}}L B.3

(iv) [111, Proposition 2.3 (iii)] If A = lim A, then dimpye A < liminf (dimpye Ar).

3Since this expression can only be finite only for nuclear C*-algebras, there is no need to specify the

tensor product.
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(v) [111, Proposition 2.3 (iiii)|If B is a quotient of A then dimp,e B < dimpyc A.

(vi) [111, Proposition 2.4] dimpye Co(X) = dim X for every locally compact Hausdorff

space X.

(vii) [111, Proposition 2.5] If B is a hereditary subalgebra of A then dimp,c B < dimpyyc A.

Moreover, if B is a full hereditary subalgebra then dimp,. B = dimp,c A.
(viii) [111, Remark 2.11] dimpyc A = dimpyc g, where A is the unitization of A.
(iz) [111, Proposition 2.9] Let 0 - A — B — C — 0 be a exact sequence. Then

max {dimpyc 4, dimyye C} < dimpye B < dimpye A 4+ dimyye C + 1.

Properties (i)-(ziii) are also true for decomposition rank [58, Before Proposition 3.3, Corol-

lary 3.10, Proposition 3.11, Example 4.1].

Observe that these properties of nuclear dimension correspond to analogous properties
of covering dimension. In particular, the countable union theorem corresponds to induc-
tive limits, product of spaces corresponds to tensor products and Proposition 2.1.5 (b)
corresponds to short exact sequences. In subsequent sections, we will explore the commu-
tative and zero dimensional case in more detail. In the same way, in the next subsection

we will explain why Property 2.2.5 (ix) is not true for decomposition rank in general.

2.2.1 Nuclear dimension vs Decomposition rank

As we mentioned before, nuclear dimension and decomposition rank look quite similar
but there are deep differences between them. Probably, the most dramatic difference
between these two notions is quasidiagonality. The approximations (F, 1, p) witnessing
decomposition rank and finite nuclear dimension can be chosen with different behaviours
in the limit: the map 1 is approximately multiplicative for finite decomposition rank
and approximately order zero for finite nuclear dimension. This shows that algebras with
finite decomposition rank have to be quasidiagonal (plus the well known obstructions to
quasidiagonality) meanwhile there are algebras with finite nuclear dimension which are
not quasidiagonal. Finally, we will see that decomposition rank does not behave well with

respect to extensions in contrast with nuclear dimension.

Proposition 2.2.6. Let A be a C*-algebra.
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(i) [58, Proposition 5.1]Suppose dr A < n. Then for all finite subsets § and ¢ > 0 there
exists an n-decomposable approzimation (F, 1, ) for § within €, with ¢ contractive,

such that

[4(ab) — ¢ (a)p ()| < e (2.7)
for all a,b € 3.

(ii) [111, Proposition 3.2]Suppose dimpy. A < n. Then for all finite subsets §F and € > 0

there exists an n-decomposable approzimation (F,v, @) for § within € such that

[P(a)p(0)] < e (2.8)

whenever a,b € § satisfy ||ab|| < e.
Remark 2.2.7. We can restate the previous proposition in the language of ultraproducts:

(i) Ifdr A < n then there exists a system of n-decomposable approximations {(F3, i, ©:) }ic 1
with each ¢; contractive for all ¢ € I, such that the induced map ¥ : A — [[,, Fi is

multiplicative, where U is a free ultrafilter on I.

(i) If dimpye A < n then there exists a system of n-decomposable approximations {(F3, i, i) }icr
such that the induced map ¥ : A — [],, F; is order zero, where U is a free ultrafilter

on [.

If A is separable, using the previous proposition and [6, Theorem 5.2.2], we can see
that if dr A < oo then A is quasidiagonal (see Definition 1.8.1). Thus in particular, A is
stably finite and has an amenable trace. Moreover, since decomposition rank passes to

quotients, we can obtain a stronger obstruction for finite decomposition rank.

Theorem 2.2.8 ([58, Theorem 5.3]). Let A be a separable C*-algebra with dr A < oo.

Then A is strongly quasidiagonal.

As we will see in Section 2.4, there are C*-algebras with finite nuclear dimension which
are not quasidiagonal. Furthermore, there are examples of group C*-algebras with finite
nuclear dimension which are quasidiagonal but not strongly quasidiagonal [15, Corollary
3.5]. This immediately shows that decomposition rank and nuclear dimension do not
coincide in general.

In Proposition 2.2.5, properties (i)-(xiii) are true for nuclear dimension and decom-

position rank. However this is not true for extensions. Precisely, Proposition 2.2.5 (ix)
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states nuclear dimension is well behaved under extensions but this is not the case for de-
composition rank. Of course, the first inequality is true for decomposition rank, since it is
preserved for ideals and quotients. The problem arises in the second inequality. We will
illustrate this with one example.

The Toeplitz algebra T is defined as the C*-algebra generated by the (simple) unilateral
shift. It is well known that 7 is an extension of the continuous functions on the circle by

the compact operators [4, Example 11.8.3.2 (v)].

0—>K—>7T—>C(T) 0.

Of course, drC(T) = 1 and, by Theorem 2.5.4, drK = 0. However, since 7 is not
quasidiagonal, dr7 = oco. Thus the decomposition rank of the Toeplitz algebra 7T is not
bounded in terms of decomposition rank of C'(T) and K.

Once we have spent some time talking about the Toeplitz algebra, we can also compute

its nuclear dimension. Using Proposition 2.2.5 (ix):
dimpyye 7 < dimpye C(T) 4 dimp,c K+ 1 = 2.

The question about the exact value of the nuclear dimension of the Toeplitz algebra has
been open for several years. Recently, Wilhelm Winter has announced that dimp,. 7 = 1.
Nevertheless, there are some particular kind of extensions which are well behaved under

decomposition rank. These extensions are called quasidiagonal extensions.

Proposition 2.2.9 ([58, Proposition 6.1]). Let A be a C*-algebra and let J be an ideal of

A containing a quasicentral approximate unit consisting of projections. Then

dr A = max{dr A, dr A/ J}.

2.3 The commutative case

The following proposition establishes that in the commutative case nuclear dimension and
decomposition rank agree with the covering dimension of the spectrum. Because of this,
we regard nuclear dimension as a non commutative version of the covering dimension.
This is not a surprise since, from the beginning, the definition of nuclear dimension was

constructed having the covering dimension as a model in the commutative case.
Theorem 2.3.1 ([111, Proposition 2.4]). Let X be a locally compact Hausdorff space.

Then
dimpye Cp(X) = dr Cp(X) = dim X.
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Originally, Winter proved that the covering dimension of a locally compact Hausdorff
space X agrees with the completely positive rank of Cy(X), a precursor concept of de-
composition rank and nuclear dimension. Later on, when decomposition rank and nuclear
dimension were introduced, a direct proof of Proposition 2.3.1 was not given; instead,
its proof was based on the original proof concerning completely positive rank and some
connections between the new concepts and the previous ones. It is important to notice
that the inequality dimyy. Co(X) < dr Cp(X) < dim X is relatively straightforward and its
proof is essentially Winter’s original proof. The reverse inequality is the one which while
known to experts has not precisely appeared in the literature, at least to the author’s
knowledge. Because of this, we include a proof here. We will split the proof of Theorem

2.3.1 in two parts, one for each inequality.

Proposition 2.3.2. Let X be a locally compact Hausdorff space. Then
dr Cp(X) < dim X.

Proof. We will prove it for the metrizable compact case only. Suppose dim X = n and let
X be compact and metrizable. Let § C C(X) be a finite subset and € > 0. Then we can
find

i) A finite open cover i = {Uy, ..., U, } of order at most n and disjoint subsets U, . . . , Uy,
n
U such that U = |J Uy, and U; NU; = 0 if U;, U; € Uy, for some k and @ # j.
k=0
ii) Elements x; € U; such that |f(z;) — f(z)| < e for all x € U; and f € §.
Let (h;)™; be a partition of unity subordinated to the open cover U, i.e. h; € C(X)
m
such that Y~ h; = le(x) and the support of h; is contained in U;.

i=1
Set ¢ : C(X) — C™ by

O(f) = (f(@1), - f@m).
Similarly, set ¢ : C™ — C(X) by
Oty .. ytm) = zm: tih;.
i=1
Let x € X. By construction, we have

(@) = @) = | 3 f@hi(z) = f()
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for all f € §. This yields
lew(f) = fll <e

for all f € §. It immediately follows from the definitions that 1 is c.p.c. and ¢ is a c.p.

map. Let us check that ¢ is in fact contractive. Consider (¢1,...,t,) € C™ and observe

=1

Now, using the colouring of the open cover U, we can express ¢ as the sum of n + 1

o ((t, .- tm)) (2)] =

< st oo -

order zero maps. We will define an order zero map using the subset Uy, of U. Precisely, let

o : C™ — C(X) be given by

Or(t1, .. tm) = Z tih,;.

1| U; €Uy,

n

It is immediate that ¢ = > ¢, so it only remains to check that ¢y is order zero for
k=0

k=0,1,...,n. Consider (t1,...,tm),(S1,...,5m) € C™ such that

(tl, N ,tm)(sl, . .,Sm> = (tlsl,. . ,tmsm) = (O, . ,0) (29)

By construction, the support of h; is contained in U;. Thus, if U; and U; are in Uy, the

intersection U; N Uj is empty. Hence the supports of h; and h; are disjoint, so
hz(.%‘)h](.%) =0 (2.10)

for all x € X. After this observation, we obtain

or (1 tm)) or (51, 8m)) = D tihi(x) D sihi(x)

i|UiEuk ilUjEuk
= Z tisihi(a:)Q + ths]hz(x)h](:c)
i| U Uy, i#]
(292100, (2.11)
This shows ¢y, is order zero and ultimately, dr C(X) < dim X. O

Proposition 2.3.3. Let X be a locally compact Hausdorff space. Then
dim X < dimyye Co(X)

Proof. Let us sketch the proof first. We consider any finite open cover U of X and a
partition of unity (h,),-, subordinated to . For a sufficiently small €, we find an n-

n
decomposable approximation (F, v, ¢) for {h1,..., hy,} within . Let us write o = > ¢
k=0
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where each ¢y, is order zero. We will show that in fact F' = C” for some r» € N. Consider
fi = (0,...,0,1,0,...,0) € C" where 1 is in the ith position. Then the family Wy =
{gok (fi)_1 <<m —5,00)) li=1,...,r k= 0,...,n} is a cover of X of order at most
n. We will finish by showing that a subcover of Wy will refine the cover U.

Suppose dimpy. C(X) =n. Let U = {Uy,...,Up} be a finite open cover of X and let
(hy)™ , be a partition of unity subordinated to ¢. Consider £ > 0 such that

< (nl+ 3 (212)

and let § = {1C(X), hi,..., hm}. Find an n-decomposable approximation <€B F&) 4, g0>
k=0

for § within m The choice of ¢ yields the following inequality:
2e < ! (2.13)
e —— —¢. .
m(n+1)
So, we have
5e 1 1 €
— <2< ————¢< - . 2.14
3 y m(n+1) €= m(n+1) m(n+1)2 (2.14)

The first observation is that F(*) 2 C™ for some m; € N. This follows from the
commutativity of C(X) and Lemma 1.4.13. Since F¥) is finite dimensional, it is a finite
direct sum of matrix algebras. Thus we may restrict ¢y to each summand, say My (C),
and, by Lemma 1.4.13, we obtain d = 1. This implies F®) is in fact a finite direct sum of
copies of C, i.e. F(¥) = C™ for some my, € N.

Let us denote 1%) as the unit of C™* and egk) =(0,...,0,1,0,...,0) € C"™ where the

mg
1 is in the ith position. Hence 1¥) = > el(.k). In particular, for each r < m,
i=1

W(hy) = (A$,0>,...,A§“)) c écmk
k=0

where

AR = ()\(0) A ) € M,

1,r mi,r

This allows us to express the image of h, under 1 in the following form:

n

k=0 i=1
Similarly, since 1o(xy = > hy,
r=1
m n mp
ot (o) = Agﬁ)wk (eE’“’) : (2.15)
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It is important to notice, that due to i being order zero, the functions ¢y (egk)) have
disjoint supports. In other words, if (ék)) () > 0 then ¢ (eg-k)) (r) = 0 for j # 4.
Hence, pointwise, the sum in (2.15) is, in fact, at most the sum of m(n + 1) strictly

positive summands. For each egk), define

w® = g <6Ek)>_1 (<7n(nl+1) o OO))

= {x € X | gk (ék)) (x) > m(nl—i—l) - 5} : (2.16)

Set Wy = {Wi(k) |0<k<n;1<i< mk} Observe that the order of Wy is at most n
because ¢ is the sum of n 4+ 1 order zero maps. Precisely, for each k = 0,1,...,n let
W(k) = {W(k) li=1,. mk} and since the functions gy, ( (k)) have disjoint supports,

we have that W(k) N W = () for 1 # j. It is immediate that Wy = U (k).
k=0
5)

for some j and s. We will show that if it is not contained

(s)

in some element U, of the original cover U, then the coefficient )\jr is “small”. More

Consider some open set Wj(

precisely, suppose there exists U, € U such that Wj(s) N (X \U,) # 0, we will show that
)\(S < 5¢/3. Consider x € I/V(S N (X \ U,). Since the support of h, is contained in U,, we
have h,(z) = 0. Since

3

— r _, 2.1
we obtain
€
ZAMS% ( ) () = py(hr)(z) < 1)’ (2.18)
k=0 i=1
Since all summands are positive, we obtain
(s) (s) €
Ao () (@) < T (2.19)
Now using z € Wj(s), (2.19) and
2.12
€ ( < : L 2 (2.20)

< )
3m(n+1)  dm(n+1)

we find

Al
oW (2 =l (2.21)
m(n+1) bdm(n+1) 5m(n +1)
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Thus

(s) _ O
Air < 3 (2.22)

The last key point is the following: Since for any x € X there exists some function of
(s)
]7"“

“large enough”, i.e. )\EST) > 5e/3. Let x € X and h, such that hy(z) > L. Then, by (2.17),

the partition of unity h, such that h,(z) > %, then there are coefficients A}, which are

we have
I () (@) = ) @) >~ — —= (2.23)
— o : " “m mn+1) '
Then, there exists s such that
> 1 €
A, (el — .)(h)(z) > - . 2.24
> Xen (47) @) = erblhn)e) = Sy~ fep (2.24)
Since the functions (62(5)) have disjoint supports, there exists j such that
i (69 (@) = S A () (@) > L __E 2.2
Ajir s (67 ) (z) ;A” s (61 ) (z) = m(n+1) m(n+1)2 (2:25)
Since )\582 and @, (e§5)> () are positive numbers less than 1, we obtain
1 €
)\(5) > _ 2.2
T mn+1)  m(n+1)2 (2:26)
and
Ng)>—> ¢ > L 2.27
(’08(63 >(:U)*m(n—|—1) m(n+1)2 = m(n+1) < (2:27)

This immediately shows o € W, By (2.14), (2.22) and (2.26), we have W' (X \ U,) =
(. Thus Wj(s) c U,.

Summarising, we have shown that for any z € X, there exists some U, and Wj(s) such
that x € Wj(s) Cc U,. Set
W = {Wi(k) €Wp ‘ I/Vi(k) C U, for some r =1,... ,m}. (2.28)

Our previous arguments show that W is a cover of X. Since it is contained in Wy, its

order is at most n and, by construction, W refines . Therefore

dim X < dimp,c A. ]
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Proof of Theorem 2.3.1. By Propositions 2.3.2 and 2.3.3, we have

drC(X) < dim X < dimpyc C(X).
Since dimpye C(X) < drC(X), we obtain

drC(X) = dim X = dimpy. C(X).

This finishes the proof. O

2.4 Examples

So far, we know that the nuclear dimension and decomposition rank of commutative C*-
algebras agree with the covering dimension of the spectrum. In this section we collect

other examples.

Example 2.4.1 ([58, Example 4.2]). A C*-algebra A is homogeneous if there is N € N
such that every irreducible representation of A is of dimension N. It is a well known fact
that homogeneous algebras are continuous trace [4, Proposition IV.1.4.14]. Hence, by [111,
Corollary 2.10]

dimpyye A = dr A = dim A

for every homogeneous algebra A.

A C*-algebra A is approximately homogeneous (AH) if it is isomorphic to a inductive
limit of homogeneous algebras A; with supdim A; < co. Therefore, by Proposition 2.2.5
(iv),

dimpye A < dr A < liminf (dimpyye 4;) = lim inf (dim AZ> .

Example 2.4.2. Consider 6 in [0, 1]. The rotation algebra Ay is the universal C*-algebra

generated by two unitaries u and v satisfying

vu = 2 .

The rotation algebra Ay is called rational or irrational depending if # is rational or irra-
tional respectively.
The rational rotational algebra Ay is a homogeneous C*-algebra over the two-torus T?

with constant fibre a matrix algebra (c.f. [10]). Hence

dimpye Ag = dr Ay = 2
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if 8 is rational.

On the other hand, it was shown in [34, Theorem 4] that irrational rotation algebras
are AH-algebras where each base space A; is equal to T (these algebras are usually called
AT-algebras). Therefore

dimpyc g =drdg =1

if @ is irrational.

Example 2.4.3. Let X be the Cantor set and let ¢ be a homeomorphism of X. The
homeomorphism ¢ naturally induces an action of Z on C(X). The homeomorphism ¢ is
called minimal if ) and X are the only closed invariants sets under ¢. It was shown in
[78, Corollary 2.2] that if ¢ is minimal, then the crossed product C(X) x, Z is a simple
AT-algebra. As before, we obtain

dimpye C(X) 3, Z = dr C(X) », Z = 1.

Alternatively, Example 2.4.7 provides a different approach to compute the nuclear dimen-

sion of this crossed product.

Example 2.4.4 ([105, Theorem 1.6]). A C*-algebra A is subhomogeneous if there is

N € N such that every irreducible representation of A is of dimension at most N. Then

dimp,c A = dr A = max dim (PrimgA)
keN

where Primy A is the space of kernels of k-dimensional irreducible representations.

Example 2.4.5 ([58, Example 4.5]). Consider natural numbers p and ¢g. The dimension
drop algebra Z,, ; is defined as

Zpg ={f € C([0,1], Mp(C) © My(C)) | f(0) € Mp(C) @ C, f(1) € C@ M,(C)}.

If p and ¢ are relative prime, Z,, is called prime. It is immediate that dimension drop

algebras are subhomogeneous and
dimpyye Zpg =drZ, 4 = 1.

The Jiang-Su algebra Z can be defined as an inductive limit of prime dimension drop

algebras (Theorem 1.9.1). Therefore

dimpue Z2 =dr Z2 = 1.
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Of course, Proposition 2.2.5 (iv) only shows that nuclear dimension is bounded by 1.
However, the nuclear dimension of Z is exactly equal to 1 since the Jiang-Su algebra Z is

projectionless and, hence, it is not AF (c.f. Theorem 2.5.4).

Example 2.4.6. Remember that a C*-algebra A is Kirchberg if it is nuclear, purely
infinite, simple and separable. Research concerning the nuclear dimension of Kirchberg
algebras has been very active in the last years.

Winter and Zacharias showed that the nuclear dimension of Kircherg algebras satisfying
the Universal Coefficient theorem (UCT) is at most 5 ([111, Therem 7.5]). After this,
Enders proved that the nuclear dimension is exactly 1 for Kirchberg algebras in the UCT
class with torsion free K-groups ([39, Theorem 4.1]). Ruiz, Sims and Sgrensen settled the
question in the UCT case: Any Kirchberg algebra in the UCT class has nuclear dimension
equal to 1 ([86, Theorem 6.7]).

Matui and Sato proved that nuclear dimension of Kirchberg algebras is at most 3
without the UCT hypothesis ([64, Theorem 4.1]). Another proof of this was given in
[3, Corollary 3.4] using Os-absorption. Finally, Bosa, Brown, Sato, Tikuisis, White and
Winter obtained the exact value in the general case using a 2-coloured technique: Any
Kirchberg algebra has nuclear dimension 1 [8, Corollary 9.9].

On the other hand, since Kirchberg algebras are not quasidiagonal, their decomposition

rank is infinite.

Example 2.4.7 ([50, Theorem 5.1]). Let X be a locally compact metrizable space with

finite covering dimension and let o be an automorphism of Cy(X). Then
dimyue Co(X) ¥ Z < 2 (dim X)? + 6 dim X + 4. (2.29)

If the homeomorphism is minimal or free, we can improve the upper bound ([102, Theorem

C] and [92, Corollary 5.2]). Precisely,
dimpye Co(X) Xq Z <2 (dim X) + 1

if o is minimal or free.

In particular, the inequality (2.29) shows that the nuclear dimension of the group C*-
algebra generated by the lamplighter group (Z/2Z)Z is finite. This follows from the fact
that this group C*-algebra can be viewed as a crossed product of the form C(X) x Z with

X as the Cantor set. Therefore

dimye C* (Z/2Z)1 Z) < 4.
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However, it is known that the lamplighter group (Z/2Z)Z is not strongly quasidiagonal
([15, Corollary 3.5]) and hence

drC* ((Z/2Z) Z) = cc.

This last example also shows that a general estimate of the form (2.29) is false for decom-

position rank.

Example 2.4.8 ([28, Theorem 4.4]). Let I' be a discrete finitely generated nilpotent group.
Then
dimp,e C*(T) < 10MD 1R (1)

where h(I") is the Hirsch number of I' (see [91, Section 1.C]).

2.5 The zero dimensional case

It follows immediately from the definition that finite dimensional C*-algebras have nu-
clear dimension zero. Thus, by Proposition 2.2.5 (iv), separable AF-algebras have nuclear
dimension zero as these algebras can be expressed as inductive limit of finite dimensional
algebras. The natural question to ask is if there are other type of C'*-algebras with nuclear
dimension zero. This was done by Winter in [104] using the concept of completely positive
rank. In this section, we will rewrite Winter’s proof using the structure of order zero maps
which was proved by himself and Zacharias several years later.

The idea of the proof is simple. We would like to use the local characterisation of
AF-algebras and, to this end, we will produce finite dimensional subalgebras using the
approximations given by nuclear dimension. This basically boils down to replacing the
corresponding order zero maps in the approximations with *-homomorphisms. We would
like to point out that the proof in the unital case is rather simple.

Let A be a unital C*-algebra with dimp,c A = 0. Let § C A be a finite subset and
e > 0. Then there exists a 0-decomposable approximation (F,,¢) for FU {14} within
e/4, i.e. the map ¢ : F — A is c.p.c. order zero and ||a — pi(a)|| < ¢/4 for all a € F. We
can assume ¢ < 1/2 and since p9(14) < (1) < 14, we obtain |[¢(1r) — 14| <e/2 < 1

so ¢(1p) is invertible. We can consider now the map 7 : FF — A given by

(z) = o(1r) " o(x). (2.30)

From the structure of order zero maps, we obtain that 7 is in fact the support *~homomorphism

of ¢ and its image is contained in A. In this way, we obtain a finite dimensional subalgebra



CHAPTER 2. NUCLEAR DIMENSION 63

of A, namely 7(F'). In order to finish we have to show it is “close” to §. But this follows

from the following inequality

la = mp(a)ll < lla = pp(a)ll + llp(a) — m(a)|]

< 5+ lle(1e) = Lalllme(a)]
13
1
<. (2.31)

<S4
>

Hence A is an AF-algebra.
In the non-unital case, we need to do some extra work in order to find a good replace-

ment for the order zero map .

Proposition 2.5.1 ([104, Proposition 2.17]). Let A be a C*-algebra and let a € A4 be a
contraction satisfying

|a —a?| <5<%.

Then there ezists a projection p € C*(a) C A such that
lp —al| < 2e.

The proof of the following lemma is essentially the proof of [104, Proposition 3.2 (c)].

Lemma 2.5.2. For every § > 0 there exists v > 0 such that for any c.p.c. order zero map

¢ : A — B between C*-algebras, with A unital, satisfying
Jo 1) -0 @] <o
there exists a *-homomorphism m : A — B such that
lo -l <&

Proof. Consider v < min{d/2,1/4}. Then by Proposition 2.5.1 there exists a projec-
tion p € C*(p(14)) such that ||[p — ¢ (14)|| < 6. By Theorem 1.4.6, there exists a
*-homomorphism p : A — M (C* (¢ (A))) N {e (14)} such that ¢ (a) = ¢ (14) p(a) for
allac A. Set m: A — Basm(a)=p(a)p. Asp € C*(p(14)) C p(A), this defines an

order zero map with 7 (14) = p and

le =7l < llp (1a) — pll <6 (2.32)

Finally, by Corollary 1.4.14, « is a *-homomorphism. O
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A more general version of the following lemma was proved in the case of finite decompo-
sition rank in [58, Lemma 3.7]. That lemma, for the particular case of dr A = dimy,c A = 0,
will be a key step in the proof of the main theorem of this section, and for completeness,

we include its proof in this particular case.

Lemma 2.5.3. Let A be a separable nuclear C*-algebra with dimp,. A = 0 and let € > 0.
Let § C A4 be a finite subset of contractions and suppose there is a positive contraction
h € A such that ha = a for all a € §. Then there exist a 0-decomposable approximation
(F,1, @) for §N{h} within ¢ and a projection p € F such that

I (p(a)p) —all <e (2.33)
for all a € FN{h}, and

le(p)” = o) <. (2.34)

Proof. By hypothesis, there exists a sequence of approximations (F () 4p(n) (p(”)), with
©(™ order zero, such that lim (™" (a) = a for all a € A. Consider a free ultrafilter w
on N. Let ¢« : A, — [[, F™ and ¢ : [, F™ — A, be the c.p.c. maps induced

by (7,/}(")) and (go(”)), respectively. In particular, we obtain
@@ (a) = a (2.35)

for all a € A. Hence, Proposition 1.4.2 yields the following

=a"a (2.36)

for a € A. This implies that ¢ is multiplicative on C* (Qp(“’)(A)) by Proposition 1.4.2.

Similarly, by Lemma 1.4.4
o) (29 (@) = ¢ (@) (@) = ¢ (@)a (2.37)
for all a € A and z € [[, F™. In particular,

¢ (111 pon ) a = 6“9 (a) = a. (2.38)
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Let x be the characteristic function of [1 — £, 00). Set
a" = x (v™n) € £ (2.39)
and, by construction,
q(n)f1—g,1 <¢(n)(h)) = fl—g,l <¢(n)(h)) (2'40)

where fl,%J is identical 0 in (—o0,1 — §], identically 1 in [1,00) and linear elsewhere.
Let g € [],, F(™ be the projection induced by the sequence (q(”)). Since fl_%,l(l) =1

and ha = a for all a € §, by functional calculus we have
fiza(h)a=a (2.41)
for each a € §. Moreover, by (2.40), we have
Qf1—§,1 (w(“’)(h)> = f1—§,1 (W’(M) . (2-42)
Notice that, since ¢ is multiplicative on C* (¢(w) (A)), we have
9 (#“10 (@) =) (g (v)(a))) (2.43)

for all a € A and g € C(o(a)). Now, we are ready to show that p(“)(¢) behaves like a unit
on §,

2V g (2.44)

for all a € §.
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Combining the last identity with (2.37) we obtain

< @y (q) = a. (2.45)
This yields
o= ¢ () (a)q) (2.46)

for all a € §.

Now we are going to show that & is almost a unit for ¢(“)(g). By construction,

@) (1) — £
qu (h) qH <7
Thus
e @h = @) "= 16 (qu) () - ¢ a)] < 7. (2.47)
By Proposition A.1.7, cp(‘*’) is order zero, and hence,
e (@)@ (y) = oW (1r)p®@ (zy) a2y e [[F™. (2.48)
In particular, ) (g)? = ¢« (11—[ F<n)) ©“)(q). Then
1902 = e @l < [ (1) (@) = ¢ @] + 1) @)k = o) (@)
2.38) w w w w
"2 16 (100 (@) — 0 ()™ (1)
+ 119" (g)h — ) (q)]|
(2.47) € e e
< 4 ==- :
< Tti=5 (2.49)

By equations (2.35), (2.46) and (2.49), there exists n € N such that

(i) fla— ™M (a)] <e,
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(ii) [la =™ (¢My™M(a)g™) || <,
(i) o™ (q™)? — ™ (g™ <,

for all @ € § N {h}. Therefore the approximation (F("),w("),gp(”)) and the projection

¢ e F) satisfy the required properties. ]

Now we have all the tools we need to prove the main theorem of this section. Observe

this theorem does not assume separability.

Theorem 2.5.4 ([58, Example 4.1],[111, Remark 2.2 (iii)]). Let A be a C*-algebra. Then
dimyy. A = 0 if and only if A is an AF-algebra.

Proof. Let us suppose A is an AF-algebra. We will show the nuclear dimension of A is
bounded by zero and hence it has to be equal to zero. Consider a finite set § C A and

g > 0. By hypothesis there is a finite dimensional C*-subalgebra F' of A such that
dist(a, F') < e/2

for all @ € §. By Arveson’s Extension theorem, we can extend the identity of F', idp, to
a c.p.c. map ¢ : A — F such that ¢p|p = idp. Set ¢ : FF — A as the inclusion map.
Hence ¢ is a *~homomorphism and, in particular, it is an order zero map.

For each a € § let b, € F' be such that ||a — byl < §. Then

la— eu(@)ll < lla—ball+ llev (ba) = (@] < 5+ =&

for all @ € §. Therefore dim,,c A = 0.

Conversely, suppose dimyy. A = 0. Let § = {a1,...,a,} be a finite subset of A, and
g€ > 0. We can assume there exists a separable subalgebra of A containing § with nuclear
dimension zero (Proposition 2.2.4). Hence we can assume A is separable. Then, using a
strictly positive element of B, we can construct an approximate unit (h,),cy such that

hphm = hy if m < n. Find k sufficiently large such that

Hhkai — azH < (2.50)

= ™

foralli=1,...,7r. Set b; = hga; for i =1,...,r and h = hg1. By construction hb; = b;
and consider §’ = {h,b1,...,b.}.
Let « be given by Lemma 2.5.2 using § = §. Set = min{%, v}. By Lemma 2.5.3, there

exist a 0-decomposable approximation (F,, ) for § within  and a projection p € F
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such that
€
llp (o (bi)p) = bill < < (2.51)
for all b; € § and
lep)* = o)l <n <7 (2.52)
By Lemma 2.5.2 there exists a *-homomorphism 7 : pF'p — A such that
€
| — ‘P’prH <7 (2.53)

4

We finish the proof by showing that the distance between the finite dimensional C*-

subalgebra 7(pFp) and § is at most €. Let a; € §, then

la; = w(PY(a)p)ll < [lai = bill + [[bi — @(py(bi)p) || + | (P (bi)p) — @(p¥(ai)p)ll
+ le(pyp(ai)p) — w(p(ai)p)|l

(251,253) ¢ ¢ e ¢
— 4+ -+ -+-=c 2.54
< 4—1—4—|—4+4 € (2.54)

Therefore A is an AF-algebra. O



Chapter 3

Nuclear dimension and

decomposable approximations

As shown by Kirchberg [53] and Choi-Effros [21], nuclearity can be defined using the
completely positive approximation property (CPAP). A C*-algebra has the CPAP if there
is a system of completely positive approximations (F, 1, ¢) (Theorem 1.5.3). In particular,
for commutative C*-algebras the CPAP is established from partitions of unity subordinate
to suitable open covers of the spectrum of the algebra. A stronger version of the CPAP
was established in 2012 in [49, Theorem 1.4]. This shows that the maps ¢ can always
be taken to be decomposable, though the size of the decomposition may vary with the
tolerances in the approximation. Moreover, this theorem shows that the map ¢ can be
taken as a convex combination of contractive order zero maps, which is a crucial ingredient
in obtaining a near inclusion type perturbation result for separable nuclear C*-algebras
[49, Section 2].

Very recently, Carrion, Brown and White proved that the map 1 can be taken to be
asymptotically order zero [12, Theorem 3.1]. Precisely, every nuclear C*-algebra has a
system of completely positive approximations (F,, ) where 1 is approximately order
zero and ¢ is a convex combination of order zero maps, i.e. ¢ = Y Mgy for some finite
number of positive scalars A\, adding up to 1 and each ¢y being order zero.

At first glance, these approximations for nuclear C*-algebras look very similar to the
approximations witnessing finite nuclear dimension introduced in Chapter 2. Remember
that the approximations witnessing nuclear dimension at most n are of the form (F, 1, ¢)

n n
where ' = @ Fj, and ¢ = > ¢ with the restrictions ¢, = ¢|p, being order zero.
k=0 k=0

69
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It is important to notice that decomposition rank was introduced before Theorem 1.5.5
was published. As explained in Chapter 2, the approximations witnessing finite nuclear
dimension were constructed as a non-commutative analogue of covering dimension rather
than from this stronger form of CPAP.

Despite these approximations having different origins, one might expect that approxi-
mations coming from the CPAP are useful to witness finite nuclear dimension if we impose
an upper bound in the number of summands appearing in the convex combinations. We
could think that nuclear dimension, ultimately, is only asking for the existence of an upper
bound in the number of summands appearing in the convex combinations.

Thus, as suggested by Winter in the NSF/CBMS conference in Louisiana 2012, it is
natural to investigate the situation when the completely positive and contractive approx-
imations are decomposable as a convex combination with a uniformly bounded number
of summands. In this chapter, we show that such approximations force the underlying
C*-algebra to be approximately finite dimensional (Theorem 3.1.5), and hence, the ap-
proximations coming from the stronger CPAP are not useful to witness nuclear dimension
in general. The results from Section 3.1 were published by the author in [16].

In the last part of this chapter, we review the notion of nuclear dimension at most
omega introduced by Robert [79, Definition 3.1]. Roughly speaking, nuclear dimension
at most omega asks for approximations (F,,¢) where 1 is approximately order zero
and ¢ is the sum of countable many approximately order zero maps. Like in the finite
nuclear dimension case, we can ask if the approximations coming from the CPAP can be
useful to witness nuclear dimension at most omega (with no upper bound in the number
of summands of the convex combinations). As an application of the techniques developed
in this chapter, we obtain a similar result concerning nuclear dimension at most omega:
the approximations coming from the CPAP witness nuclear dimension at most omega if
and only if the C*-algebra is approximately finite dimensional. The main result in Section

3.3 is original.

3.1 Decomposable approximations vs Nuclear dimension

This section is an extended version of the results in published in [16]. As explained before,

we want to study the approximations for nuclear C*-algebras given by Theorem 1.5.5.
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These approximations are of the form displayed in the following diagram:

1/1\* /AO:Z Ak Pk
F

where ¢ is a convex combination of contractive order zero maps @i, ¥ is c.p.c. and the

A

diagram commutes on a finite subset § C A up to € > 0. It is important to note that
the number of summands in the convex combinations depends on § and €, and in general
this number is unbounded. Precisely, we want to study these approximations when the
number of summands in the convex combination is uniformly bounded, i.e. there exists
n € N such that ¢ = i Appg for all § and € > 0.

If a C*-algebra ff:ﬁas the approximations described above, it is almost immediate
that its decomposition rank is at most n — 1. However, we would like to determine the
dimension of this algebra exactly. The reason why we want to do this is because we want
to compare the nuclear dimension of the algebra with the upper bound of the number of
summands in the convex combinations.

First of all, let us show that the approximations described above can be slightly mod-
ified in order to witness decomposition rank at most n — 1. The reason why the original
approximations (F), 1), ) are not necessarily witnessing decomposition rank is because we
do not have a decomposition kéé F}, of F such that each restriction ¢|p, is order zero. Re-

=1

member that a c.p.c. approximation (F,, ) for § within ¢ means that ||a — py(a)| < e

for all a € §.

Proposition 3.1.1. Let A be a C*-algebra and let n be a natural number. Suppose that
for every finite subset § C A and € > 0 there exists a c.p.c. approzimation (F,v, @) for §

within € such that ¢ is a conver combination of at most n order zero maps, i.e.
n
0= Mr
k=1

where each i, : F — A is an order zero map and the coefficients (A\g)p_, are positive
scalars adding up to 1. Then
drA<n-—1.

Proof. Using the approximations provided by the hypothesis, we will construct new ap-

n ~
proximations (@ Fi, 1, cﬁ) such that the restrictions @ ‘ F, are order zero maps.
k=1
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Let § C A be a finite subset and € > 0. Suppose there exists a c.p.c. approximation
(F, 1, ) for § within e as described in the proposition. Set Fj, = F' for k = 1,--- ,n and

o~ n
define c.p.c. maps p: A — @ Fi, p: P Fr, — A as
k=1 k=1

n

and

(1@ Dxy) = ZAM% (k) -
k=1

Since pip(a) = @@E(a) for all a € A, (@ Fy, v, @) is a c.p.c. approximation for § within
k=1

e, and for each k, the restriction @|p, is ¢ so is order zero. Therefore
drA<n-—1. O

Our aim is to reduce this estimate and show that in fact the decomposition rank of
algebras with this type of approximation is zero, so they have to be AF.
The next technical lemma will be used in the proof of the main theorem and it will

allow us to work with one map instead of a convex combination.

Lemma 3.1.2. Let A be a C*-algebra, e > 0, n € N and consider A, ..., A\, € (0,1) such

n
that > A\ = 1. If p € A is a projection and contractions ay, € A1, k=1,...,n, satisfy

k=1
P—Zn:%ak <e. (3.1)
k=1
Then
o= acll < 3t (Ve 1) (32)
fork=1,... n.

Proof. We may suppose A C B(H) for some Hilbert space H. For fixed k consider

1

b=
1— A

> Xa; € Al (3.3)
ik

With this construction we can treat the sum as the convex combination of only two sum-

mands, precisely

Z Xia; = Agag + (1 — Ag) b. (3.4)
i=1

By (3.1), we get
p— ()\kak + (1 - )\k) b) < 5lB(H)~ (3.5)
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Thus
Ak (p = parp) + (1= Ae) (p — pbp) < ep. (3.6)
Since p — paip and p — pbp are positive, the previous inequality leads to
0 <p—pagp < Ay tep— (AT = 1) (p — pbp) < A tep. (3.7)

Thus

Ip — parp| < A 'e (3.8)
and similarly we obtain
(g — p)ar(Lpar — p)I| < A 'e (3.9)

We can write any h € H as hy + hg where hy = p(h) and hy = (1pg) — p)(h). Since

ay is positive, we have

0< <akh, h>
= (pagp(h1), h1) + 2Re(par (1) — p) (h2) , h1)
+ (I — p)ax(1p()y — p)(h2), ha). (3.10)

Let us suppose that ||pay(15(a)—p)|| > \/ A, 'e. Then there exists ho € (g —p) (H)
with ||h2|| = 1 such that ||pak(1B(H) —p)(ha)|| > \/)\;16. Set hy = pak(lB(H) —p)(hg) and
considering h = —hy + ho in (3.10) we obtain

0 < (pagp(—h1), —h1) + 2Re{par(1pm) — p)(h2), —h1)
+ (s — p)ar(1p) — p)(h2), h2)
(3.9) .
< (p(h1),h1) —2(h1,h1) + A\ €
= —|h])® + /\,:15
< =Ale+ A le=0 (3.11)

which is clearly a contradiction. Therefore

(s — P)arpll = llpar(Lpamy — p)Il < \/A; e (3.12)

Finally we obtain

lp — akll <max {|lp — parpll, [|(Lpcm) — P)ar(Lpa — )}

+ max {||par(1pm) — I, |(Lpr) — p)arpll} (3.13)

S/\,;15+\//\,;715:\/>\,;715<\//\,;715+1). O
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We will need a lemma from [58]. We will rewrite it here in the form in which we need
it. This lemma was enunciated in Lemma 2.5.3 in the particular case of n = 0. With
it, we will be able slightly perturb the approximations by cutting down with projections.
This will allow us to show that the image of some of these projections under the order

zero maps are almost projections.

Lemma 3.1.3 ([58, Lemma 3.7]). Let A be a separable nuclear C*-algebra and suppose
drA <nandlet0 < e < 1. Let § C Ay be a finite subset of contractions and suppose
there is a positive contraction h € A such that ha = a for all a € §. Then there exists an
n-decomposable approzimation (F,,p), with ¢ a contraction, for §U{h} within ¢ and a

projection p € F' such that

(1) llp (pg(a)p) —all < for all a € FU{h},

n
(ii) if F = @ Fy is a decomposition of F such that ¢|p, is order zero, then
k=1

o (k) — ¢ (pe) ¢ (1F)|| < e (3.14)
fork=1,...,n where p, = plF,.

A slightly more general version of this lemma will be proved in Section 3.3. Because
of this, we delay the proof of this lemma until the proof of Lemma 3.3.2.

We will now proceed to prove the main theorem. We will split the proof in two steps.
Firstly, we show that the order zero maps appearing in the convex combinations can be
replaced by *-homomorphisms. Secondly, by approximating twice in a suitable way, we
will be able to produce finite dimensional subalgebras contained in the original C*-algebra.
Lemma 3.1.4. Let A be a separable C*-algebra and n € N. Consider A1, ..., A, € (0,1)

n

such that Y A\ = 1 and let {a;};c be a dense countable subset of A. Suppose A has a
k=1

system of c.p.c. approrimations {(F(T),wm, (p(r))} satisfying the following conditions:

reN

n
a) For everyr € N there exist a decomposition F(") = F; (r), as an internal direct sum,
(a) Y k
k=1

and order zero maps gp,(;) cF0) 5 A with k=1,...,n, satisfying
o =3 N, (3.15)
k=1

Moreover, @ Fi(T) C ker py,.
ik
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(b) HQO(T)IZJ(T)(CL,') —a;|| <r~! for everyr €N and i <r.

(c) For every r € N there exist projections p,(:) € Fk(f) satisfying

(1) Hcp(’”) (p(r)w(” (ai)p(T)) — aiH <7t fori <r with p") = i pl(:).
k=1

(11) H‘P(T) (p,(;)) _CP(T) <p;(:)> QO(T) (1F<r>)H < =1 where 1oy denotes the unit of
F),

Then for every finite subset § C A and every € > 0 there exists a c.p.c. approximation
n o __ n n

<@ Fk,l/),ﬂ'> for § within ¢ such that m = Y, \gmp with each my :
k=1 k=1 k=

ﬁk—>Aa
1

*-homomorphism satisfying € ﬁ’z C ker 7.
ik

Proof. Let § C A and € > 0. Without loss of generality we can assume the elements of §
are in the dense subset {a,} and are positive contractions. Consider 7 given by Lemma
2.5.2 using 6 = ¢/2.

Let w be a free ultrafilter on N. We will show below that gp,(iw) (pk) is a projection for

k=1,...,n, where py € [[F (") is represented by (p,(:)) N and gp,(:}) is the induced map
w re
at the level of ultrapowers (see Appendix A for the proper definitions). Once this is done,

for k =1,...,n, there exists Uy € w such that
2
‘ o (o) = el (»1)

for all r € U. Similarly, since ILm oM7) (p(’")az-p(r)) = q; for all ¢ € N, there exists

<7 (3.16)

V € w such that
H“ G <p<r>¢(r) (a) po«)) H < % (3.17)

for all r € V and for all a € §.
Fixr e UiN---NU,NV and set ﬁk = pg)F(”)pl(:). Hence, by the choice of the constant

~ and (3.16), there exist *~homomorphisms m : Fj, — A such that
£
H(pg)’ﬁk - 7TkH < 5 (3.18)

~ n
for k =1,...,n. Extend 7 to F := @ F}, = p" F"p(") linearly by defining 7y, (2, ® - - - @
i=1
Tp1 POD xRy D Day) =0 for z; € F; with i # k.

Define ¢ : A — F as (a) = pMy(a)p™ and set 7 : F — Aas 7= > \yTp.
k=1

n

Then (ﬁ, P, 7r> is a completely positive and contractive approximation with the required
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properties since, using (3.17) and (3.18), we obtain

la = @) < o - (p6O(@p") | + ZAk (e ) (p () ‘
£ €
<SS+ N (5) —c (3.19)
k=1
for all a € 5.
To finish the proof, we will show gp,(:’) (pr) is a projection for k = 1,...,n. Due to

the hypotheses, we have o) = 3 /\kcpéw) and @@ (a) = a for all a € A. Recall
k=1
pr €[] F() is represented by (p,(:)) and consider p € [] F() represented by (p(”))r with
=> p,(:). Then by hypothesis (cI) we have
“(pyp©(a)p) = a (3.20)
for all a € A and by hypothesis (cII),
¥

“(pr) = o) ()™ (1 pn) (3.21)

where 17 p(y denotes the unit of [ F"). Taking adjoints in (3.21) we get
w w

o () = o (re)e ) (g pn) = 0 (g pen ol (or). (3.22)

Fix k and consider B := cp,(cw) (pk)Awgol(:J) (pr). Then we have

o (1 )b =b (3.23)

for all b € B. By Proposition A.1.7, the map gpk, HF — A, is order zero and, by

the structure of order zero maps given in Theorem 1. 4 6, we can write

o () = so;)um(r))() p@)ol (A pe),  xe [[FY, (3.24)

for a *-homomorphism

. l:[F(”) M (0* (ﬁ;) (HF(T)») N {@2 >(1HF(T))}"

Thus

(w)<

o (A pm)e (or) = w;(gw)(ln r)20(0r) = p(pr) el (g pe)?

= oV )(pk)</?§g )(1HF(T)) (3.25)
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Using this, we obtain

o (L pen) el r)eel (k) = o (o) el (A peo )2l (k) € B (3.26)

for any x € A,. Thus

(P](gw)(ln F(r))b B (3.27)
for all b € B. Set
1 w
h= oy S nel gy o). (3.28)
J#k «

By construction h is a positive contraction and
P pre) = Mol (A pe) + (1= Aph. (3.29)
By Lemma 1.2.3, (3.27) and (3.23) we have

o (g e )b = b (3.30)

for all b € B. By [4, Proposition 11.3.4.2 (ii)] gol(f)(pk) is in B, so in particular we obtain

(w) 1 (w) — (w) 3.31
P ( HF(T'))(PI@ (pk) P (pk) (3.31)
Using the last identity and the fact that np,(f) is order zero, we obtain

0= (pk)%(gw)(ln F(r) — Pk)

= o ey (g re) — 217 (or)?

= o1 (o) — 01 (o), (3.32)
which means that cp,(:j) (pk) is a projection as required. ]

The following theorem is the main result of this section.

Theorem 3.1.5 ([16, Theorem 14]). Let A be a C*-algebra. Suppose there exists n € N
such that for every finite subset § C A and every € > 0 there exist c.p.c. maps ¢ : A —
F, ¢ : F — A where I is a finite dimensional C*-algebra and ¢ is a convexr combination

of n contractive order zero maps such that

la —ey(a)] <e (3.33)

foralla € §. Then A is AF.
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Proof. If n = 1, the result follows from Theorem 2.5.4. Thus, we can suppose n > 2.
By the proof of Proposition 2.2.4, any countable subset of A is contained in a separable
subalgebra satisfying the hypotheses of the theorem. Therefore, without loss of generality
we may assume A is separable.

From the hypotheses, for any finite subset § and any € > 0 there exist a c.p.c. approx-

(8.2)

imation (F, (&) go(&’f)) for § within €, order zero maps ¢, : I' — A and coefficients

AS9 >0 for k = 1,---,n, such that kZlA(@’E) 1 and &9 = Z A9 EE) - gy
compactness of [0,1]"”, we may assume there are constants Ap, - - - )\ 6 [0, 1] satisfying

n
> Ak = 1 such that )\l(f’s) = )\ for any finite subset § and € > 0. Indeed, consider the net
k=1

{(Agg’s), el )\9’5)) }g C [0,1]™. By compactness of [0,1]" and after passing to a subnet
€

if necessary, there exists an element (A1,...,\,) € [0,1]™ such that
(A?f),...,A;&@) s Maee s ). (3.34)
In particular, )\é&a) — A\ for K =1,...,n. Moreover, by continuity of the sum, we have

n
> Ar = 1. Observing that
k=1

n

_ Z/\](f’s)@(&e)'@b(&s)(a) _ Z )\kcpl(fﬁ)w(&e)(a)
k=1

k=1

e T (@) = 37 Mg a)

<3 a o0 o s

for all @ € A, we obtain that we can replace the coefficients ()\53’5),...,)\,(?’5)) with

(A1, ..., An) and these new approximations still converge to id4 in the point-norm topology.

(8.2)

This entails that we can assume A\;”"’ = Ay for any finite subset § and ¢ > 0.
Additionally we can suppose (renaming n if necessary) that each Ay is strictly positive.

Thus, by Proposition 3.1.1, for any finite subset § C A and & > 0 there exists a c.p.c.

approximation (@ F,, p(82) g’E)> for § within e with &) = Z )\kgp (5:2) where each

(5.) (5.) B

op "+ F — Ais an order zero map and @ F; C ker ¢
itk
By Lemma 3.1.3, there exist projections p,(f’g) € Fy, for 1 < k < n such that:

(@) || (pBypEe) (a)pBe)) —af| < ¢ for all a € §F with p&<) = - pl(f’s),
k=1

(I1) (8 (p,(f’g)) — p&e) (p,(f’g)) ©®9)(1p)| < & where 1 denotes the unit of F.

Then we can produce, using a countable dense subset of A, a sequence of completely
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positive and contractive approximations

PR A

satisfying the hypothesis of Lemma 3.1.4.

We will apply Lemma 3.1.4 to replace the convex combination of order zero maps
with convex combination of *-homomorphisms. After this, we will proceed to replace the
convex combination of *-homomorphisms with exactly one of them. The choice of such
*-homomorphism is not important by Lemma 3.1.2 and, in order to simplify the notation,
we will choose the first one.

Fix § and £ > 0 such that )\1_15 < 1. We can assume that any element in § is positive

with norm at most 1. By Lemma 3.1.4, there exists a completely positive and contractive

approximation <@ Fk,i/J,ﬂ') such that
k=1
la —mip(a)l < 3 (3.36)

n
for all @ € § and m = Y, _; A\p7, where each 7y, : kEB F, — A is a *-homomorphism
=1
satisfying @i#k F; C ker 7.
Since the set of all minimal projections of Fy, P(F}), is compact, we can find minimal

projections pi,...,pr € P(F) such that for all p € P(Fy) and all k there exists some
j€{l,---,r} such that

A162
—pill < 3.37
Ip =2l < 35377 (3.87)
for some j € {1,...,r}, where M = dim F'. Assume p; € P (Fk]) and set
F =FU{m,(pj):1<j<r} (3.38)

By Lemma 3.1.4 again, we find c.p.c. maps ¢/ : A — @, _, F] and 0 : @;_, F, — A
with 0 = >, M\iOy, F} finite dimensional C*-algebras and each ) a *-homomorphism

satisfying @@ F; C ker 6y, such that
itk
A162
a—0Y(a)|| < —— 3.39

for all a € §'. In particular for p € P(F}), let p; satisfy (3.37) so that

Imi(p) = 04" (me DIl < mi(p) = ma(p) | + [l (py) — 0% (i (py)

+ 109 (7 (p5)) — 04 (me(p))
A1€2
(6M)%

(3.40)
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Using that /\1_15 < 1, we obtain
— < 1. (3.41)

Then, by Lemma 3.1.2, we have

Ime(p) — 61 ()| < \/ g <\/ et 1)

_L(LH)
- 6M \6M

< &

3M

(3.42)
for all k. For any a € §, by the spectral theorem for Hermitian matrices, we can write
d
v(a) =D tig; (3.43)
i=1

with 0 < t; < 1, where {g; € F : 1 < i < d} is some set of minimal projections, and

d < M. Using the last identity and (3.42) we have

[7(a) = Or'mp(a)|] = ||D tiema(a) — > tiAeb19'mi(q:)
n d
< > <Z e (qi) — 911//7%(%‘)\\)
k=1 =1
< Tn (3]@) < (3.44)
k=1

for all a € §.

Finally, using the last inequality and (3.36) we obtain

la = 610" (@) < lla—m¥(a)| + [Im(a) — 619" (7 (a)) |
+|019' (1) (a) — a)|

e € €
— 4+ -4 - =c. 3.45
< 3+3+3 € ( )

Thus dist(a, 01 (F})) < € for all a € §. Since 6, : F{ — A is a *~homomorphism and F is
a finite dimensional C*-algebra, 6, (F]) is also a finite dimensional algebra. Therefore A

is an AF-algebra. O

By the previous theorem, the decomposable approximations of a nuclear C*-algebra A
given by Theorem 1.5.5 can witness finite nuclear dimension (in fact, finite decomposition
rank since ¢ is forced to be contractive) if and only if A is an approximately finite dimen-
sional C*-algebra. Thus, in general, the approximations given by Theorem 1.5.5 are not

useful to compute nuclear dimension.
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3.2 Nuclear dimension at most omega

In [79], Robert generalised the notion of nuclear dimension by allowing arbitrarily almost
decomposable approximations which persist at the level of the sequence algebras. This is
a relatively mild regularity property, but does impose structural requirements: a o-unital
stable C*-algebra A with nuclear dimension at most omega has the corona factorisation
property, i.e. every full projection in M(A) is Murray-von Neumann equivalent to 1 M(A)
[79, Corollary 3.5]. In this section we extend Theorem 3.1.5 to show that the maps
constructed in [49, Theorem 1.4] can only witness the weaker property of nuclear dimension
at most omega for approximately finite dimensional C*-algebras. For reasons of simplicity,
in this section we restrict to separable C*-algebras.

Consider a C*-algebra with nuclear dimension equal to n. Then there is a system of n-
decomposable approximations {(F () (), (p(”))} By hypothesis, F' (r) = kéé F, lgr) and

=0

the restrictions cp,(:) = (") ‘F“) are order zero for allr € Nand k = 0,...,n. Let us denote
k

the kth-component of (") by 1/1,(:) A — F,gr); in other words 1/1,(:) (a) = 1F(7»)1/J(T) (@)1
k k

where 1F<T> is the unit of FIET).
k

reN’

We have seen in Proposition 2.2.6 that we can choose
these approximations in such a way that the maps 1(") are almost order zero; hence, the
induced map at the level of sequence algebras is order zero. By [111, Proposition 3.1], the
components of this last map are also order zero. Robert observed that we have the same

conclusion for the order zero maps cp,(:).

Proposition 3.2.1 ([79, Proposition 2.2]). Let A be a C*-algebra such that dimpye A = n.

Then, for k=0,...,n there exist order zero maps
WA@Y wa [ BF — A
r=1 r=1 r=1 r=1
with FéT) finite dimensional C*-algebras for all r € N, such that
0= ertla) (3.46)
k=0

for all a € A.

It was proved that nuclear dimension is connected to some properties of the Cuntz
semigroup (see Section 1.10). Before going further, let us say something about these
properties. Let (W, <) be an ordered semigroup in the category Cu and consider x,y € W.

The element x is stably dominated by y, denoted by x <, y, if there exists £ € N such
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that (k + 1)z < ky. The ordered semigroup W is almost unperforated if x <g y implies
x < y. In particular, if A is a Z-stable C*-algebra then Cu(A) is almost unperforated [83,
Theorem 4.5].

Weaker forms of almost unperforation were introduced in [69] by Ortega, Perera and
Reordam. Let (W, <) be an ordered semigroup in Cu. The ordered semigroup W has
n-comparison if whenever z,yg,...,y, € W such that x <; yi, for £k = 0,...,n, then
xz < i yr- Robert showed that if a C*-algebra A has nuclear dimension equal to n, then
its Ckljr(l)tz semigroup has n-comparison [79, Theorem 1.3]. Ortega, Perera and Rgrdam
also introduced a weaker form of n-comparison called omega comparison [69, Definition
2.11]. The ordered semigroup W in the category Cu has omega comparison if whenever
x,yr € W with k € N such that = <, y, for every k € N, then z < > .

As mentioned before, these comparison properties are Weakellfe%\(])rms of the almost
unperforation of semigroups and the salient feature of these comparison properties for
Cu(A) is that they imply the corona factorisation property of A [69, Proposition 2.17,

Theorem 5.11]. Robert used Proposition 3.2.1 and omega comparison as models for his

definition of nuclear dimension at most omega.

Definition 3.2.2 ([79, Definition 3.3]). A C*-algebra A has nuclear dimension at most
omega if for k = 0,1,2,... there are sequences of c.p.c. maps w,(:) A — F,gr) and

<p](:) - F ér) — A, with Fk(f) finite dimensional C*-algebras and r € N, such that:

(i) for each k € N the induced maps, at the level of sequence algebras,

WA [[E ) B ad o [ £ ) DFD — A
r=1 r=1 r=1 r=1

are c.p.c. of order zero;

(i) a= > go,(goo)lb,goo) (a) for all a € A, where the series on the right hand side is under-
k=0

stood to be convergent in the norm topology.

We will denote a system of approximations witnessing the nuclear dimension at most
e ) 6),0)
omega as F . Let us present some easy examples.
& {<( k' Jken’ Vi keN \"F Jpen/ S ren P Y P

Example 3.2.3. Any C*-algebra with finite nuclear dimension has nuclear dimension at

most omega by Proposition 3.2.1.

Example 3.2.4. Any countable direct sum of C*-algebras with finite nuclear dimension

has nuclear dimension at most omega.
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As one could expect, we have the following theorem.

Theorem 3.2.5 ([79, Theorem 3.4]). Let A be a C*-algebra with nuclear dimension at

most omega. Then Cu(A) has the omega comparison property.

With this theorem in hand, we can obtain examples of C*-algebras without nuclear

dimension at most omega.

Example 3.2.6. Let X be a countable infinite cartesian product of spheres. It was proved
in [59, Proposition 5.3] that C'(X) ® K does not have the omega comparison property.

Therefore, C(X) ® K does not have nuclear dimension at most omega.

3.3 Decomposable approximations vs Nuclear dimension at

most omega

Previously we have investigated the relation between the c.p.c. approximations (F,, ¢)
given by the stronger form of CPAP (Theorem 1.5.5) and nuclear dimension if we impose
an upper bound on the number of summands in the convex combinations ¢ = >~ Appr. We
have proved that approximations of this type force the nuclear dimension of the algebra to
be equal to zero (or equivalently force the algebra to be approximately finite dimensional).

In this section we will investigate the relationship between the c.p.c. approximations
provided by Theorem 1.5.5 and nuclear dimension at most omega. Of course, if there is
an upper bound in the number of summands in the convex combinations we already know
that the nuclear dimension is zero; hence, the C*-algebra has nuclear dimension at most
omega. So instead of asking for an upper bound in the number of summands, we will ask
for these approximations to witness nuclear dimension at most omega.

Similarly to the previous situation, we will obtain that if the approximations coming
from the stronger form of the CPAP witness nuclear dimension at most omega, then the
underlying algebra has to be approximately finite dimensional. The proof is very similar
to the finite case. However, some technical lemmas need certain modifications to handle
this more general situation. We will rewrite and prove these lemmas in the form we will
need them here.

Before proceeding, let us explain this problem in more detail. Let A be a nuclear C*-
algebra. By Theorem 1.5.5, there exists a system of approximations {(F () (1) w(r))}

such that ¢(") is a convex combination of order zero maps, i.e. for each r € N there exists
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n(") € N such that for k = 1,...,n(") there are c.p.c. order zero maps go,(f) Y
n(r)
scalars )\,(C) € [0,1] satisfying )\( ") =1 and
k=1
(™
k=1
Moreover,
n(r)
(r _ (7‘)
lim. oM = lim Z)\ (a) =a (3.48)
for all a € A.

For each » € N set )\I(CT) =0 if ¥ > n(". Now define F(T) = FCr wk = (") and
2 = Ao for k€ N. Note that 3\ = 0 if k > n("). One is tempted to think that the

system we have constructed, { << Fr ) ( ) , (A(T)) ) } , witnesses nuclear
Y keN’ % ke ' \PE ) jen) S ren

dimension at most omega because we have equation (3.48) and the maps w,(f) and 4,0;;) are
approximately order zero and order zero respectively. However this is false in general. For

example suppose the sequence (n(r)) diverges and suppose )\(T) = ﬁ for £ < n("). Then

the induced maps at the level of sequence algebras, gok N ) _, Ao, are the zero
r—00

map since )\,(:) — 0. Hence condition 3.2.2 (ii) is not fulfilled. Observe that individually,
each map {5,200) becomes zero while the sum of those maps does persists at the level of the
sequence algebras.
. . . ~(r

We are going to investigate when the system { << Fr >keN (wk )kEN , (gp,(f )) kEN) }TEN
actually witnesses nuclear dimension at most omega. In particular, this implies that at
least one sequence of coefficients, say ()\,(:)>k€N, does not converge to zero. Notice that
this new system is essentially the original one, we are only presenting it in a different form.

As in Section 3.1, the next technical lemma will allow us to work with one order zero

map instead of a convex combination. The proof is essentially the proof of Lemma 3.1.2.

We briefly explain why this is the case.

Lemma 3.3.1. Let A be a C*-algebra, € > 0 and let (\i),cy be a sequence contained in

o0
(0,1) such that kzl M = 1. If p € A is a projection and ay, € A%, k € N, satisfy

(3.49)

— Z ALQ
k

lp — axll < \/E <\/A,Te+ 1) (3.50)

Then

for k such that \i, # 0.
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Proof. We may suppose A C B(H) for some Hilbert space H. For fixed k consider

1
= ja; € AL 51
b 1_/\ki#zk)\a€ ! (3.51)

With this construction we can treat the sum as the convex combination of only two sum-

mands, precisely

Z i = Apag + (1 - Ak> b. (3.52)
i
From here, the exact same arguments from the proof of Lemma 3.1.2 finish the proof. [

The following lemma is one of the key steps. This lemma gives us sufficiently close
approximations that remain close after being cut down with a projection. Its proof is

contained in the proof of Lemma 3.1.3. We now present a proof.

Lemma 3.3.2. Let A be a separable nuclear C*-algebra. Let {(F(T),w(r),go(r))}reN be
a system of decomposable c.p.c. approzimations for A with F(") finite dimensional. Let
§ C Ay be a finite subset and 0 < & < 1. Suppose there is a positive contraction h € A
such that ha = a for all a € §. Then there ezists r € N and a projection p € F") such
that

(1) H(p(r)w(’")(a) —al| <e foralla e FU{h},
(ii) H(p(” (pw(T)(a)p) — aH < e for alla € FU{h},

n
(iii) if F") = @ Fk(f) is a decomposition of F\") such that g0|F<T> is order zero, then
k

[ 1) = 6 (1) 6 (1) | < & (3.53)
fork=1,...,n where p, = plp,.

Proof. Consider the induced maps at the level of the sequence algebra,
04— [[FO/@F and & J[FO/PFD — an. (359
r=1 k=1 r=1 k=1

From the hypothesis ¢(°)() (a) = a for all a € A. Moreover, we have that (> is

multiplicative on C* (¢ (A)) as in the proof of Lemma 2.5.3. By Lemma 1.4.4 we obtain

o (29 (a)) = 9™ (2) ¢ (a) = 6 (2)a (3.55)
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for all z € J[[F" and a € A. Set p{") = Xp_2 o) (w(r) (h)). Let p(
o] 4
represented by (p(T)). As in the proof of Lemma 2.5.3, we have
a=p>) (p(oo)> a (3.56)
and
a = o) (p)p() (@)p>) (3.57)
for all a € §. Observe that by construction
&2
[ (1) = )| < (3.58)
and by (3.55),
P (pp) (h)) = ) () . (3.59)
Hence
2
(0) (=)} _ (o) (o) H £
o () o =)o < o
Therefore we can choose r € N such that
i) Hgo(r) (p(r)w(”)(a)p(r)) — aH < % for all a € §,
(i) [ (p)) = ™) (p(’")) Wl <%,
(iii) H(p () hH <&
This proves the first two parts of the lemma if we choose p = p(").
n(m)
Suppose now that F(" @ Fy, for some n(") € N such that cp\F(r) is order zero. Set
= k
pr = plp,, then
2
Hﬁ/?(r) (pr) — ) (pr) @7 (1F<r>)H = ||(15— " (1F(r>)) " (pr)? (14— (1F<r>)) H

Therefore Hgo(’") (pr) — o) (pr) ™ (1))

IN
RS A/~ —
[

h )
|
AS)
=
—
5|
2
N
AS)
=
S

o)

(3.61)

O
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The next lemma is an infinite version of Lemma 3.1.4.

Lemma 3.3.3. Let A be a separable C*-algebra and let (A\i),cy be a sequence contained

in (0,1) such that Y A\ = 1 and let {an}, o be a dense countable subset of A. Suppose
k=1

A has a system of c.p.c. approximations {(F(’"),w(T),go(r))}reR satisfying the following

conditions:
(™)

(a) For every r € N there exist n") € N, a decomposition F") = @ F,gr), as internal
k=1

direct sum, and a family {gog) P 5 A ke N} of contractive order zero maps
such that gp,(:) =0 if k > n") satisfying

()

P =" Nl (3.62)
k=1

Moreover, @ Fi(r) C ker ¢y
ik

(b) HSD(TWJ(T)(%) - an” <7t for everyr e N and n <r.

(c) For every r € N there exist projections p,(:) € F]gT) satisfying

n(r)
(1) Hcp(r) (p(r)¢(T) (an)p(r)) — anH <77 for n < r with p) = > p,(:).
k=1
(1) H‘P(T) (pff)) —<P(r) <p§;)> w(r) (1F(r))H < =Y where 1zt denotes the unit of
F,

Then for every finite subset § C A and every € > 0 there exist N € N and a
N N

c.p.c. approximation <@ Fk,w,ﬂ> for § within € such that m = Y Ay, with each
k=1 k=1

N ~
i : P Fr, — A a *-homomorphism satisfying @ F; C ker 7.
k=1 ik

Proof. Let § C A and € > 0. Without loss of generality we can assume the elements of §
are in the dense subset {a,} and are positive contractions. Consider v given by Lemma
o0
2.5.2 using 6 = ¢/3. Since > A\; =1 there exists N € N such that
k=1

3 < % (3.63)

In the proof of Lemma 3.1.4 we worked with ultrafilters, but since we did not use any

special feature of ultraproducts the same proof is still valid for the cofinite filter, i.e. for

sequence algebras. By the proof of Lemma 3.1.4, go,(foo) (pk) is a projection for every k,
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r (r) .
where py, € H F( / EB F() ig represented by (pk ) N if A\x # 0. Hence, for all k € N
re

there exists mk eN such that

o ) - 60

for all » > my. Similarly, since 1i>m (M7 (p(r)anp(r)) = ay, for all n € N, there exists
M € N such that

<7 (3.64)

o= (500 (@) p") || < e/3 (3.65)
for all r > M and for all a € §.
Fix r > max{mj, ma,...,my, M} and set Fj, = pl(:)F(T)p,(:). Hence, by the choice of

the constant v and (3.64), there exists a *-homomorphism my, : ﬁk — A such that

, €
ng Iz - wkH <z (3.66)
n)
for k < N. Extend 7 to F := =6 Fk = pMF®p(™) linearly by defining my(x1 @ --- @
=1

xk_l@O@xk+1@~--@xn(r>):OforxiEFi with 7 # k.

- ~ N
Define ¢ : A — F as 9(a) = p¢(a)p") and set 7 : F — Aas 7w = > \pmy,
k=1

then (ﬁ’ 0, 7r> is a completely positive and contractive approximation with the required

properties since, using (3.65), (3.66) and (3.63), we obtain

o = 7@ <o - ¢ (9 (@) + ZAk (o =) (P00 (@)p) ‘
3 Ay (p(’“’w(’")(a)p(”)
k>N
§+2Ak( )+ <e (3.67)
for all a € §. O

We can reformulate Theorem 3.1.5 in terms of finite nuclear dimension as follows: If
a C*-algebra A has nuclear dimension equal to n such that the system of contractible ap-
proximations witnessing the nuclear dimension are decomposable as convex combinations
of n summands, then the nuclear dimension of the algebra A is in fact 0. We now extend

this to the case of nuclear dimension at most omega.

Theorem 3.3.4. Let A be a separable nuclear C*-algebra. If A has a system of approzi-

mations {((F(T ) (Lb ) , (gz;”) )} witnessing nuclear dimension at most
keN’ keN keN/ J reN

omega satisfying the following property:
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i) For all k,r € N there exist Al > 0 such that A — for allr € N, and a c.p.c.
k k

keN
order zero map gp,(:) : Flgr) — A such that
g = A, (3.68)

Then A is AF.

Proof. By the weak*-compactness of the unit ball of ¢!, we can assume (probably after
passing to a subsequence) that ()\,(:))k — (M), in the weak*-topology when r — oo for

some (Ag), € ¢! in the unit ball. In particular we have that /\g)

— A when r — oo for all
k € N (which also implies Ay, > 0). Consider the induced maps at the level of the sequence

algebra,

oA ﬁpm/éF(m and o> /@F L (3.69)
r=1 k=1

(o0) (

) A when r — oo for all £ € N, we obtain ¢, ' = /\kcpkoo) and, by the

Since Aj

hypotheses, we have

a= Z &,(fo)q/)k Z Akcp k a) (3.70)
k=1

for all @ € A. Then we can slightly modify the system of approximations by replacing each

)\](:) with A, for all » € N. Precisely, replace QZI(:O) with 95,(:0) where gb,(:) = )\kgol(:) and this

new system also witnesses the nuclear dimension at most omega because it induces the
(00)

same maps at the level of the sequence algebra, i.e. ¢, = )\kgolg o) QESCOO).
We know that (Aj)cy is an element of the unit ball of ¢!, hence Z A < 1. Let us
k=1

show the value of the series is exactly 1. Consider a nonzero a € A, then

Z Akt (a

o0

<> Mellall - (3.71)

k=0

lall =

o0
This yields 1 < > Ag. Hence
k=1

> =1 (3.72)
k=1

If there is only a finite number of coefficients A; different from zero, by Theorem 3.1.5,
A is an AF-algebra. So let us assume there exists an infinite number of coefficients A\g
different from 0. Deleting terms if necessary, we can also assume Ay > 0 for all £ € N.

(o.)
For each r € N, there exists n(” € N such that oo < % Let us perturb
k=n(r) 41

once again the system of approximations. Set @(f) = )\kcp,(:) if £ < n and @(:) =0 if
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k > n{") Since for every k € N there is a sufficiently large R such that @,(:) = )\kcpl(:) if

r > R, this new system induces the same maps at the level of the sequence algebra, i.e.

) = Nl = )

n(r) n( n(
Set ¥ = Y 4" and o) = 3 Mgl Notice that (@ F,y>,¢<r>,¢<r>> is n(r)-
k=1 k=1 k=1
decomposable since 1)) ‘F(T) = A% and hence order zero for k = 1,...,n("). By Lemma
k

3.3.2, possible after passing to a subsequence, there exist projections p,(;) e F ér) for all
n(m)
k,r € N such that the system of approximations { (@ F, ér),w(r), go(’")> } satisfies the
k=1
reN

hypotheses of Lemma 3.3.3. From this point the proof follows the same steps as the proof
of Theorem 3.1.5. The reason for this is because the number of coefficients different from
zero is not relevant, the key fact is the existence of at least one coefficient different from
zero. We include the details for completeness.

Let § C A be a finite subset of A and € > 0 such that /\1_15 < 1. We can assume that
any element in § is positive of norm at most 1. By Lemma 3.3.3, there exists a completely
positive and contractive approximation (ET} Fy, v, 7r> such that

k=1

3

la - mp(a)] < 5

(3.73)

F, — A is a *~homomorphism
1

for all a € § and © = > }_; Ay where each 7y, :
k

n
satisfying @i#k F; C ker 7. -

Since the set of all minimal projections of Fy, P(F}), is compact, we can find minimal
projections pi,...,pr € P(F) such that for all p € P(Fy) and all k there exists some

j€{l,---,r} such that

)\162
—pjll < 3.74
Ip =2l < 3537 (3.74)
for some j € {1,...,r} where M = dim F'. Assume p; € P (Fk]) and set
F =FU{m,(pj):1<j<r} (3.75)

By Lemma 3.3.3 again, we find c.p.c. maps ¢/ : A — @) _, F] and 0 : @}_, F, — A
with 0 = Y| Ak, F}, finite dimensional C*-algebras and each 6, is a *-homomorphism

satisfying @ F] C ker 0, such that
itk
)\162
3(6M)?

|la—0v'(a)|| < (3.76)
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for all @ € §. In particular for p € P(F}), let p; satisfy (3.74) so that

Ime(p) = 0% (me()Il - < llmk(p) — me(p) | + 1wk (ps) — 0% (i (ps)

+ 1109 (7 (ps)) — 04" (m1(p)) |
)\162
(6M)*

(3.77)

Using that /\1_15 < 1, we obtain

<. (3.78)

Then, by Lemma 3.3.1, we have

Ime(p) = 01 (ma0))]| < \/ T <\/ et 1)

- 6M \6M
<« &
3M

(3.79)

for all k. This last step is a key point because it is allowing us to work with exactly one
*-homomorphisms instead of a convex combination of *~-homomorphisms. For any a € §,

by the spectral theorem for Hermitian matrices, we can write

d
Wla) =) tig; (3.80)
i=1

with 0 < t; <1 where {¢; € F : 1 <1i < d} is some set of minimal projections and d < M.

Using the last identity and (3.79) we have

[7p(a) — Or'mp(a)|| = |D tideme(as) — Yttt me(as)
i

ik

IN

n d
Z A\ <Z |7 (q:i) — 91?#'%(%’)”)
k=1 i=1
" ed €
;)\k (3]\4) < 3 (3.81)

for all a € §. Finally, using the last inequality and (3.73) we obtain

IN

la =61 (@)l < la—7(a)ll + [mip(a) — 19" (wi(a)) |
+H61¢' (i (a) — a)|

e & €
B T .82
< 3+3+3 € (3.82)
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Thus dist(a, 01 (F})) < € for all a € §. Since 6, : F{ — A is a *~homomorphism and F is
a finite dimensional C*-algebra, 6, (F]) is also a finite dimensional algebra. Therefore A

is an AF-algebra. O

As a straightforward corollary, we get that the approximations given by [49, Theorem

1.4] can only witness nuclear dimension at most omega for AF-algebras.

Corollary 3.3.5. Let A be a nuclear C*-algebra with nuclear dimension at most omega
witnessed with a system of approrimations {(F(T), (), cp(r)) }reN such that o) is a convex

combination of order zero maps. Then A is an AF-algebra.



Chapter 4

Interactions between von
Neumann algebras and nuclear

(C'*-algebras

In this chapter we will review some well known relations between von Neumann algebras
and C*-algebras. These examples are motivation for the coloured theory we will introduce
later in this chapter and Chapter 5. Our goal is to explain some aspects of Connes’ proof
of injectivity implies hyperfiniteness and how these provide a strategy to estimate nuclear

dimension for certain classes of C*-algebras.

4.1 Von Neumann algebras

We will recall some facts about von Neumann algebras. So far we have been working
with separable C*-algebras and, in the same spirit, we will be working with von Neumann
algebras acting in a separable Hilbert space, i.e. M can be represented faithfully on a
separable Hilbert space. First of all, we should observe that separability in norm is not a

useful property for von Neumann algebras.

Proposition 4.1.1. Let M be an infinite dimensional von Neumann algebra. Then M is

not separable in norm.

This can be proved by showing that infinite dimensional von Neumann algebras contain
an infinite family of non zero pairwise orthogonal projections. From this family we can

construct an uncountable set of elements such that the distance between any two is at

93
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least 1.

Since we cannot ask for separability in norm, one reasonable condition is to ask for
separability of M in one of the following locally convex topologies: weak, strong, strong*,
ultraweak, ultrastrong or ultrastrong™ (we refer to [93, Section II.2] for the definitions).
It turns out that separability in any of these locally convex topologies implies separability
in all of them.

To begin with let us observe these locally convex topologies behave similarly on convex

subsets. Let B,(0) denote the ball of radius r centered at 0.

Theorem 4.1.2 (|93, Theorem 2.6.(iv)]). Let M be a von Neumann algebra. For a convex

subset K of M, the following statements are equivalent.
(i) K is ultraweakly closed.

(ii) K is ultrastrongly closed

(iii) K is closed in the ultrastrong™ topology.

(iv) K N B,(0) is weakly closed for every r > 0.
(v) K N B,(0) is strongly closed for every r > 0.

(vi) K N B,(0) is strongly* closed for every r > 0.

It is well known that we can give an axiomatic characterisation of C*-algebras. This
was done by Gelfand and Naimark in [41]. In a similar fashion, Sakai characterised von

Neumann algebras axiomatically using their predual.

Definition 4.1.3 ([93, Definition II1.2.13]). The predual of a von Neumann algebra M
is the space of all ultraweakly continuous linear functionals on M (also called normal

functionals). We will denote it as M,.

By definition, M, is contained in the dual M* and, in fact, it is a norm closed subset.
Thus M, is a Banach space. In particular, the canonical bilinear map on M x M*, (a, ) —
¢(a), induces a bilinear map on M x M,. This bilinear map produces an isomorphism

between M and the dual of M,.

Theorem 4.1.4 ([26, Theorem 1]). Let M be a von Neumann algebra. Then M = (M,)*,

as Banach spaces.
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We can characterise von Neumann algebras as C*-algebras which are isometrically
isomorphic to the dual of some Banach space. This space is also called a predual and it
turns out that von Neumann algebras have a unique predual [26, 87]. Observe that general
Banach spaces can have more than one predual; for example ¢* = (¢g)* = 1.

At this point it is important to notice that the ultraweak topology is nothing more than
the weak™ topology o (M, M,). This immediately shows, with the help of Banach-Alaoglu
theorem, that the closed unit ball of M is ultraweakly compact. This is one of the key
features of von Neumann algebras.

Now let us introduce another relevant concept for this discussion.

Definition 4.1.5 ([52, Definition 5.5.14]). A projection p in a von Neumann algebra
is countably decomposable if every orthogonal family of non zero subprojections of p is
countable. A von Neumann algebra is countably decomposable if the identity is countably

decomposable.

It follows from the definition that any separably acting von Neumann algebra is count-
ably decomposable but the converse is false [4, II1.3.1.5]. Now we are ready to state the

following theorem.

Theorem 4.1.6. Let M be a von Neumann algebra. The following statements are equiv-

alent.

(i) M can be represented faithfully as a von Neumann algebra on a separable Hilbert

space.
(i) M, is separable in norm.
(iii) M is countably generated and countably decomposable.

(iv) M is countably decomposable and separable in one of the following locally convex

topologies: weak, strong, strong*, ultraweak, ultrastrong and ultrastrong*.

(v) M is countably decomposable and separable in all of the following locally convex

topologies: weak, strong, strong*, ultraweak, ultrastrong and ultrastrong*.

The proof of this theorem is a combination of [88, Proposition 2.1.9, Proposition 2.1.10],
[27, Proposition 1.6, Proposition 3.1], the double commutant theorem and Theorem 4.1.2.
We finish this part by pointing out a very useful property of finite von Neumann

algebras. Remember that a von Neumann algebra is finite if 1;; is finite. Let M be a
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finite von Neumann algebra with faithful trace 7. We can introduce a new norm in M,
|lalle = /7 (a*a), a € M.

The following lemma states important equivalences between ||-||2-norm and the ultrastrong

topology.

Lemma 4.1.7 ([87, Lemma 7.1]). Let M be a von Neumann algebra with faithful finite

*

trace T and let N be a *-subalgebra of M containing lp;. For a € M, the following

conditions are equivalent:
(i) a is limit, in || - ||2-norm, of elements of N;
(ii) a is limit, in || - ||2-norm, of a bounded sequence (in || - ||-norm) of elements of N;

(iii) a is limit, in the ultrastrong topology, of elements of N.

4.1.1 Type decomposition and factors

Needless to say, projections are very important in the study of von Neumann algebras,
in contrast with C*-algebras where projections might not exist. In particular, for a von
Neumann algebra M projections form a lattice, P(M), and the Murray-von Neumann
equivalence, 3, defines a partial order on P(M). We can give a rough classification into

’ A~

types based on structural behaviour of (P(M), =) [88, Proposition 1.10.2]. This was
originally done by Murray and von Neumann in their seminal paper [66]. They classified
von Neumann algebras into different types: I, 11,1l and III.

Let M be a von Neumann algebra. Remember that two projections p and ¢ in M are
Murray-von Neumann equivalent if there exists v € M such that p = v*v and ¢ = vv*.
A projection p € M is finite if it is not Murray-von Neumann equivalent to any of its
subprojections. Otherwise p is called infinite. A projection p € M is called purely infinite
if there is no non zero finite projection ¢ € M such that ¢ < p. If gp is infinite for every
central projection ¢ € M with gp # 0, then p is properly infinite. If pMp is a commutative
von Neumann algebra, then p is called abelian. A von Neumann algebra M is called finite,

infinite, purely infinite or properly infinite accordingly to the property of the identity 1,;.
Definition 4.1.8. Let M be a von Neumann algebra.

(i) M is of type I if every non zero central projection majorizes a non zero abelian

projection in M.
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(ii) If M has no non zero abelian projections and if every non central projection in M

majorizes a non zero finite projection of M, then it is said to be of type II.
(iii) If M is finite and of type II, then M is of type I1;.
(iv) If M is type II and has no non zero central finite projections, then M is of type I1.
(v) A von Neumann algebra M is of type III if it is purely infinite.

Theorem 4.1.9 ([93, Theorem V.1.19]). Every von Neumann algebra M has a unique
decomposition

M = My & M, ® M, ® Mm
as a direct sum of von Neumann algebras of type 1,111, 11, and III.

Before introducing factors, let us describe ideals in von Neumann algebras. In contrast

with C*-algebras, strongly closed ideals can be easily be described.

Theorem 4.1.10 ([87, Proposition 1.10.5]). Let M be a von Neumann algebra and let I
be a strongly closed ideal in M. Then there is a unique central projection p in I such that

I = Mp.

In light of the previous theorem, we can describe “simple” von Neumann algebras using

central projections.

Definition 4.1.11. A von Neumann algebra M is a factor if its center is trivial, i.e.

Z(M)=M'NM =Cly,.

It can be proved from Theorem 4.1.9 that each factor is of exactly one type. Von Neu-
mann showed that, to some extent, the study of separably acting von Neumann algebras
can be reduced to the study of factors (any von Neumann algebra on a separable Hilbert
space is a direct integral of factors [93, Theorem IV.8.21]). For the purpose of this thesis,
we will focus on IIj-factors. We view simple C*-algebras as the C*-analogue of factors.

Following this analogy, we also view stably finite and unital C*-algebras as C*-analogues
of von Neumann algebras of type II;. The following theorem provides a very useful way

to detect II;-factors.

Theorem 4.1.12 ([93, Theorem V.2.15]). A factor M is of type 11y if and only if it is

infinite dimensional and admits a faithful normal (i.e. ultraweakly continuous) trace.
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Since any two non zero projections in a separably acting type III factor are Murray-von
Neumann equivalent ([88, Proposition 2.2.14]) similarly to the situation of purely infinite
C*-algebras where any two non zero positive elements are Cuntz equivalent, we also regard

simple and purely infinite C*-algebras as analogues of type III factors.

4.1.2 The double dual of a C*-algebra

The universal representation my; of a C*-algebra A is the direct sum of all GNS-representations
and the enveloping von Neumann algebra of A is the double commutant 7 (A)”. It is im-
portant to notice that even when A is separable, the double dual A** is generally not a

separably acting von Neumann algebra.

Theorem 4.1.13 (|93, Proposition I11.2.4]). Let A be a C*-algebra. The enveloping von
Neumann algebra of A is isometrically isomorphic to the double dual A**. In particular,

the ultraweak topology on my(A)” restricts to the weak topology o (A, A*) on A.

This theorem is very useful when we are working in the double dual A** and we want
to go back to A. By the Hahn-Banach theorem we know that the weak closure and the
norm closure of any convex set are the same. Thus, by Theorem 4.1.13 the ultraweak
closure and norm closure of any convex subset of A agree. An example of this application
is given in the proof of Theorem 4.3.2. Another useful tool which allows us to return to A

from A** is Kaplansky’s density theorem.

4.2 Hyperfiniteness and injectivity

The notion of hyperfiniteness was introduced by Murray and von Neumann in one of their

seminal papers about von Neumann algebras [67, Definition 4.1.1].

Definition 4.2.1. A von Neumann algebra M is hyperfinite if for all finite subsets § C M

and all ultrastrong™ open neighborhoods U of 0 there exists a finite dimensional subalgebra

FC Msuchthat § C F+U.

Remark 4.2.2. If the von Neumann algebra M is finite with faithful trace 7, then M is
hyperfinite if and only if for every finite subset § C M and € > 0 there exists a finite
dimensional algebra F' C M such that § C F 4+ B., where B. denotes the open ball of
radius € centered at 0 with respect to the || - ||2-norm. This follows from Theorem 4.1.6

and Lemma 4.1.7.
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Example 4.2.3 (The hyperfinite II;-factor). Let A = My (C) be the CAR-algebra. This
algebra has a unique faithful trace 7. Let m; be the GNS-representation associated to 7
and define

R =, (A)".

This algebra is a factor with a faithful trace, thus R is a II;-factor. Furthermore, by

construction, R is hyperfinite.

Murray and von Neumann carried out a detailed study of hyperfinite von Neumann

algebras in [67] and they showed that there is exactly one hyperfinite II;-factor.

Theorem 4.2.4 ([67, Theorem XIV]). Let M be a separably acting hyperfinite 111 -factor.

Then M 1is isomorphic to R.

Approximately finite dimensional C*-algebras are the C*-analogue of hyperfinite alge-
bras; however, in contrast with the von Neumann case, there are uncountably many simple
separable unital approximately finite dimensional algebras (this follows from Glimm’s clas-
sification of UHF algebras [42, Theorem 1.12] or Elliott’s classification of AF-algebras [31,
Theorem 4.3]).

We now state a theorem about type III hyperfinite von Neumann algebras.

Theorem 4.2.5 ([94, Theorem XVI.1.4]). Let M be separably acting von Neumann algebra

of type II1. The following conditions are equivalent.
(i) M is hyperfinite.

(ii) There exists an increasing sequence {N,} of finite dimensional *-subalgebras of M

00 "
such that M = (U Nn> .
n=1

00 "
(iii) There exists an increasing sequence { Nok,, } of subfactors such that M = ( Nzkn> )
=1

n—
As a consequence of Theorem 4.2.5 and Theorem 4.2.4, we have that any hyperfinite
separably acting factor contains a dense separable approximately finite dimensional C*-
algebra.
We proceed now to introduce the notion of injectivity. This concept was introduced

by Effros and Lance in [29].

Definition 4.2.6. A von Neumann algebra M is injective if for some faithful representa-

tion m: M — B(H) there is a conditional expectation from B(H) onto M.
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It turns out that this definition does not depend on the representation. The hyperfinite
II;-factor R is an example of an injective von Neumann algebra. In fact, Effros and Lance
showed that any hyperfinite factor is injective [29, Corollary 5.8].

We finish this section by enunciating a celebrated theorem due to Connes. This theorem

states that the hyperfinite II;-factor R is the unique separably acting injective II;-factor.

Theorem 4.2.7 ([22, Theorem 6]). Let M be an injective 111 -factor acting on a separable
Hilbert space. Then M is isomorphic to the hyperfinite 111 -factor R.

As a consequence of this theorem, we can think of injectivity as an abstract characteri-
sation of hyperfiniteness. Aspects of the proof of this theorem will be discussed throughout

this chapter and in Section 4.6 we will sketch the last part of Connes’ proof.

4.3 Semidiscreteness and nuclearity

We can define nuclearity of a C*-algebra A using the completely positive approximation
property (Definition 1.5.2). This means there exist a system of c.p.c. maps ¢; : A —
Fi,p; : F; — A, where F; is a finite dimensional algebra, such that ;1); converges to
id4 in the point-norm topology, i.e. @;1;(a) — a in norm for all a € A. The completely

positive approximation property is normally represented with the following diagram

idg A
N
F;

which commutes on a finite subset of A up to some positive ¢ in norm.

A

The natural analogue of this definition for von Neumann algebras is called semidiscrete-
ness and is obtained by asking these maps to converge to the identity in the point-ultraweak

topology. This definition is due to Effros and Lance [29].

Definition 4.3.1 ([29, Section 3]). A von Neumann algebra M is semidiscrete if for every
finite subsets § C M and & C M,, and € > 0 there exist a finite dimensional von Neumann

algebra F' and c.p.c. maps ¢ : M — F,p : F' — M such that

1 (p(a)) —nla)| <e (4.1)
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for all @ € § and n € &. We also represent semidiscreteness with diagrams
idas M

A
F

which commutes on a finite subset of M up to some positive ¢ in the ultraweak topology.

M

The following theorem is an important connection between nuclearity and semidis-
creteness. The proof of this theorem is very beautiful and it is an excellent example of

how we can pass from the von Neumann world to the C*-level.

Theorem 4.3.2 ([11, Proposition 1.3.3]). Let A be a C*-algebra. Then A is nuclear if

and only if A™ is semidiscrete.

We sketch the proof of the “easy” direction in the unital case. Suppose A™* is semidis-
crete. Then there exists a net of c.p.c. maps ¢, : M — F,, 0, : F,, — M such that
©n, © 1y, converges to id4«+ in the point-ultraweak topology, i.e. p,¥,(x) — x in the ul-
traweak topology for all x € A*. We can assume that each Fj, is in fact a matrix algebra
My, (C). Since there is a bijection between c.p. maps My, (C) — A** and elements of
My, (A*), we have [y, (€;5)]
of My, (C) [13, Proposition 1.5.12]. Moreover, using that My, (A) is ultraweakly dense

ij € My, (A™)4 where {e;;} is a system of matrix units
in My, (A**)4, we can replace each map ¢, with a new c.p. map ¢, : M, (C) — A*™
such that ¢, (My, (C)) C A in such a way that ¢), o 1, still converges to ids«+ in the
point-ultraweak topology.

Remember that by Theorem 4.1.13, the ultraweak topology restricts to the weak topol-
ogy o(A,A*) in A. Consider now a finite subset § = {ai1,...,ax} of A and ¢ > 0. In
particular we have that (@, (a1) ® ... ® puty, (ag)) € AP™ converges ultraweakly to
(a1 ®...®ag) € A®". Hence (a1 @ ...® ag) belongs to the ultraweak closure of the
convex hull of {¢,¢y (a1) @ ... ® ppty, (ar)},,, and by the Hahn-Banach theorem, it also
belongs to the norm closure of this convex hull.

Therefore for § C A and € > 0 there exist c.p. maps 0 : A — F,p: F — A such

that |[po(a) — a|| < ¢ for all a € § where 0 = @) Vn,, and p = ;| Ay}, for some
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finite set of indices n1,...,n, and positives constants A1,..., A\, adding up to 1,

ids

A.

This shows A is nuclear. The other direction uses deep results about von Neumann
algebras. It relies on the fact that injectivity implies hyperfiniteness (Theorem 4.2.7).
As an application of the last theorem, we obtain the next corollary which follows from

the fact that A** = J** @ (A/J)"" for any ideal J of A.

Corollary 4.3.3 ([11, Corollary 3.2.3]). Let A be a C*-algebra and let I be an ideal of A.

Then A is nuclear if and only if I and A/I are nuclear.

We finish this section with the following characterisation of nuclearity. In the proof
of Theorem 4.3.2, we saw that if we assume semidiscreteness of the double dual we can
construct c.p.c. approximations at the C*-level which are convex combinations of another
c.p.c. maps. The following theorem characterises nuclearity via approximations arising as

convex combinations of order zero maps.

Theorem 4.3.4 ([49, Theorem 1.4]). Let A be a nuclear C*-algebra. Then for any finite
subset § C A and € > 0 there exist a finite dimensional C*-algebra F and c.p.c. maps
v:A— F,o: F — A such that

la —p(a)] <e
for alla € § and ¢ is a convexr combination of finitely many order zero maps.

We also provide an sketch of its proof which shows how it fits in the same framework
of Theorem 4.3.2. Let A be a nuclear C*-algebra and we can assume A is separable. By
Theorem 4.3.2, A** is semidiscrete and, as a consequence of Theorem 4.2.7, we obtain that
A** is hyperfinite as well [94, Chapter XVI]. Using local reflexivity! of nuclear C*-algebras
[13, Corollary 9.4.1] and Arveson’s extension theorem one can show that there exists a net

of finite dimensional C*-subalgebras {F\} of A** and a net of c.p.c. maps ¢y : A™ — F)

'Definition. A C*-algebra A is locally reflexive if for any finite dimensional operator system E C A**

there exists a net of c.p.c. maps ¥ : E — A such that 1 (a) — a ultraweakly for all a € A.
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such that ¢y (z) — x ultraweakly for all x € A* [49, Lemma 1.2]. Let ¢ : F — A™ be
the inclusion map. Then the net (¢)1)) converges to id 4++ in the point-ultraweak topology

[49, Lemma 1.3],

Using Kaplansky’s density theorem and the fact that cones on finite dimensional C*-
algebras are projective? [62, Proposition 10.2.1], it follows that c.p.c. order zero maps
F — A*, with F finite dimensional, can be approximated with c.p.c. order zero maps
F — A in the strong*-topology [49, Lemma 1.1]. Hence, we can replace each ¢, with a
c.p.c. order zero map @) : F\ — A in such a way that @ ¥y(a) — a in the ultraweak

topology for all a € A,

A da A

Again, by Theorem 4.1.13, the composition ¢)1)|4 converges to id4 in the weak topology
(A, A*). Thus, using Hahn-Banach theorem as in the proof of Theorem 4.3.2, for each
finite subset § C A and € > 0 there exists a finite dimensional C*-algebra F' and c.p.c.

maps ¢ : A — F,p: F — A such that

la —ey(a)ll <e

for all ¢ € § and ¢ is a convex combination of finitely many order zero maps.

4.4 The hyperfinite factor, flips and strongly self-absorbing

algebras

In this section we will review one particular automorphism of C*-algebras called the flip.

This map plays an important role in Connes’ classification of injective factors. Motivated

?Definition. A C*-algebra P is projective if for every pair of C*-algebras B, C such that 7 : B — C
is a surjective *-homomorphism, and for each *-homomorphism ¢ : P — C, there is a *-homomorphism

1 : P — B such that m o = ¢.
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by Connes’ work, Effros and Rosenberg studied flips in C*-algebras and, many years later,
flips have also become extremely useful in the computation of the nuclear dimension for

an important class of C*-algebras.

Definition 4.4.1. Let A be a C*-algebra. The flip on A is the automorphism o4 :
A Qmin A— A S min A given by

oala®b) =b®a, a,b e A.

Let M be a von Neumann algebra. The flip on M is the automorphism oy : M @ M —
M ® M given by
ov(a®b) =b®a, a,be M.

4.4.1 Flips and II;-factors

One of the main steps in Connes’ proof of Theorem 4.2.7 is that the flip of an injective
IT;-factor M is (strongly) approximately inner. This means that there exists a sequence

of unitaries (u,) C M ® M such that
up (a ®@b)uy, — b® a, a,be M,

in the strong operator topology when n — oco. In fact, as a consequence of his work,
Connes obtained that (strongly) approximately inner flips are equivalent to hyperfiniteness

for factors.

Theorem 4.4.2 ([22, Theorem 5.1]). Let M be a separable acting 11;-factor. Then M is
isomorphic to the hyperfinite 111 -factor R if and only if the flip onr is (strongly) approxi-

mately inner.

4.4.2 Flips and C*-algebras

Subsequently, Effros and Rosenberg studied C*-algebras A with an approximately inner

flip. This means there exists a sequence of unitaries (u,) C M(A ®mnin A) such that
up (a®@b)uy, — b® a, a,be A,

in the norm topology when n — oo. In the separable setting, one can rephrase ap-
proximately inner flips in the language of ultraproducts by asking for a unitary u €
M (A @pmin A) such that

b®a=u(a®b)u”.
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Effros and Rosenberg showed that having an approximately inner flip is a strong require-

ment for C*-algebras.

Proposition 4.4.3 ([30, Propositions 2.7, 2.8, 2.10]). Let A be a C*-algebra with an
approximately inner flip. Then A is simple, nuclear and admits at most one normalized

trace.

Moreover, Effros and Rosenberg proved that separable AF-algebras with an inner flip
have to be inductive limits of matrix algebras by means of K-theory (if the algebra is
additionally unital then it is UHF). In particular, this shows that approximately inner
flips impose restrictions at the level of K-theory. Recently, Tikuisis determined exactly
which classifiable C*-algebras have an approximately inner flip in [95] by K-theoretical

means.

Theorem 4.4.4 ([30, Theorem 3.9]). Let A be a separable AF-algebra. Then the flip o4

is approximately inner if and only if A is an inductive limit of matriz algebras.

Following Connes’ strategy in the proof of Theorem 4.2.7, Effros and Rosenberg ob-

tained an analogous result for C*-algebras. The main ingredients in Connes’ proof are:
(i) M embeds in R¥.
(ii) M tensorially absorbs the hyperfinite II-factor R, i.e M = M @ R.

(ili) M has (strongly) approximately inner flip.

Connes’ theorem will be discussed in detail in Section 4.6. After stating the main ingre-
dients we now state Effros and Rosenberg’s theorem in which they replace the hyperfinite

I1;-factor with the most natural candidate: the universal UHF algebra Q.

Theorem 4.4.5 ([30, Theorem 5.1]). Let A be a separable unital C*-algebra. Then A is

isomorphic to the universal UHF algebra Q if and only if

(i) A embeds in Q,,

(i) A tensorially absorbs the universal UHF algebra Q, i.e. A= A® Q,
(iii) the flip of A is approximately inner.

As a consequence of the previous theorem, Effros and Rosenberg proved that if A is a
separable unital C*-algebra with approximately inner flip which can be embedded in Q,,

then A ® Q = Q [30, Corollary 5.2].
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4.4.3 Strongly self-absorbing algebras

We have seen that the hyperfinite II;-factor R has some striking properties. These prop-
erties were essential in Connes work. An important task for C*-algebraist was to find the
right replacement for R in the C*-context. Probably, the most natural candidate among
the strongly self-absorbing algebras to replace R is the universal UHF algebra Q. This
was explored by Effros and Rosenberg in [30] but this has disadvantages: for example
O-stability is very difficult to achieve, not even the CAR-algebra is O-stable.

Before proceeding, let us recall and state some of the most important properties of the

hyperfinite I1;-factor.

Theorem 4.4.6 ([22, Corollary 3.2, Theorem 5.1]). Let R be the hyperfinite II;-factor.
Then

(i) R is isomorphic to RRR.
(ii) The flip or is (strongly) approzimately inner.
(iii) Any automorphism of R is approzimately inner.

It follows, after the work of Murray, von Neumann and Connes, that the hyperfinite
II;-factor is the unique infinite dimensional factor that can be embedded in all infinite
dimensional factors.

Toms and Winter initiated the study of strongly self-absorbing C*-algebras motivated
by properties of the following examples: UHF algebras of infinite type, the Cuntz algebras
07 and O and the Jiang-Su algebra Z. These algebras have properties that resemble
those of the hyperfinite II;-factor R.

Definition 4.4.7 ([100, Definition 1.3.(iv)]). Let D be a separable unital C*-algebra. D
is strongly self-absorbing if D 2 C and there is an isomorphism ¢ : D — D ®,y;;; D which

is approximately unitarily equivalent to idp ® 1p.

By Theorem 1.7.4, it follows that strongly self-absorbing C*-algebras are stably finite
or purely infinite. In the stably finite case, by Theorem 1.6.2, there exists one trace and

the proof of Theorem 4.4.3 shows this trace is unique.

Theorem 4.4.8 ([100, Theorem 1.7]). A separable unital strongly self-absorbing C*-

algebra D is either purely infinite or stably finite with a unique trace.



CHAPTER 4. INTERACTIONS VON NEUMANN AND C*-ALGEBRAS 107

Let A be a separable unital C*-algebra and let A®>° denote the inductive limit of the

sequence

ida®1 4 idA®2®1A A®3 idA®3®1A

A A®2

Corollary 4.4.9 ([100, Corollary 1.11]). If D is separable, unital and strongly self-absorbing,
then
D = D¥F = PO

for any k € N and D has approximately inner flip.

This corollary, in light of Theorem 4.4.3, implies that strongly self-absorbing C*-

algebras are simple and nuclear.

Corollary 4.4.10 ([100, Corollary 1.12]). Let A and D be separable unital C*-algebras,
with D strongly self-absorbing. Then, any two unital *-homomorphisms o, 3 : D — ARD
are approximately unitarily equivalent. In particular, any two unital endomorphisms of D

are approrimately unitarily equivalent.

With the insight provided by all the information given abode, we can see that strongly
self-absorbing C*-algebras are suitable candidates to replace the hyperfinite I1;-factor at
the C*-level. But, before choosing the right option, we should know which C*-algebras
are strongly self-absorbing. Examples of strongly self-absorbing C*-algebras are the UHF
algebras of infinite type, the Cuntz algebras Oy and O, tensor products products of Oy
with UHF algebras of infinite type and the Jiang-Su algebra Z [100, Examples 1.14]. In
fact, these are the only known examples and among the algebras satisfying the UCT these

are the only ones [96, Corollary 6.7].

Theorem 4.4.11 ([100, Corollary 5.2],[96, Corollary 6.7]). The class of strongly self-
absorbing C*-algebras in the UCT class consists of Oz, O, tensor products of O with
UHF-algebras of infinite type, UHF algebras of infinite type and the Jiang-Su algebra Z.

From the previous theorem and Theorem 1.7.5, it follows that in the category of
strongly self-absorbing C*-algebras (with unital *~homomorphisms) the final object is the
Cuntz algebra Oy. The following theorem together with [100, Proposition 5.12] establishes
that the initial object in this category is the Jiang-Su algebra Z.

Theorem 4.4.12 ([108, Theorem 3.1]). Any strongly self-absorbing C*-algebra absorbs

the Jiang-Su algebra Z tensorially.
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The list of known strongly self-absorbing C*-algebras is represented in the following
diagram (the arrows represent unital embeddings). It is still unknown if this list contains

all the strongly self-absorbing C*-algebras,

@

O ® Q

4.5 McDuff factors and Z-stability

At the beginning of the 70’s, McDuff studied central sequence algebras of II;-factors. She
gave a characterisation of II;-factors which tensorially absorb the hyperfinite II;-factor
R. In Appendix A, we explain the construction of ultraproducts of II;-factors (Definition

A.1.2). We present a modern reformulation of McDuff’s results.

Theorem 4.5.1 ([65]). Let M be a separably acting 111 -factor. Then the relative commu-
tant MYNM' is either of type I1y or an abelian algebra. Moreover, the following statements

are equivalent:
(i) The relative commutant M“ N M’ is not abelian.
(i1) There exists an embedding R < M¥ N M'.
(iii) The factor M absorbs R tensorially, i.e. M = M QR.
(iv) For all k € N there exists an embedding My(C) — M“ N M'.

Factors satisfying one of these properties (and hence all of them) have been named

after McDuff.

Definition 4.5.2. A separably acting II;-factor M is McDuff if it tensorially absorbs the
hyperfinite II;-factor R, i.e. M = M @ R.
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McDuff factors played an important role in Connes’ proof of Theorem 4.2.7. Following

the strategy of [84, Section 7.2], one can prove the following property of McDuff factors.

Proposition 4.5.3. Let M be a separably acting McDuff factor. Then for every free

ultrafilter on N there exist a sequence of *-homomorphisms o, : M @ R — M such that
lim o (z ®@1z) — 2y = 0

forallx € M.

4.5.1 Z-stability

We have seen that strongly self-absorbing C'*-algebras share many similarities with the
hyperfinite I1j-factor R, for example any unital endomorphisms and the flip are approxi-
mately inner. McDuff factors give more information about which properties the substitute
of R should have: if it embeds in the central sequence algebra of C*-algebra A then A
must tensorially absorb it.

Before going further, let us state en equivalent characterisation for strongly self-

absorbing algebras.

Theorem 4.5.4 ([100, Theorem 2.3]). Let A and D be separable C*-algebras. Suppose
that D is unital and strongly self-absorbing and let w be a free ultrafilter on N. Then there

is an isomorphism ¢ : A — A ® D if and only if there is a *-homomorphism
c:A®D — A, NA

satisfying
ocla®1p)=a

for all a € A, and in this case the maps ¢ and idg ® 1p are approximately unitarily

equivalent.

We remark that the original result has the extra hypothesis that the canonical map
U(D)/Uy(D) — Ki(D) is injective. However, by [108, Remark 3.3] this condition turns
to be unnecessary. The alternative use of ultraproducts instead of sequence algebras is
found in [54].

It should now be evident that the right candidate to replace R is in the category
of strongly self-absorbing C*-algebras and the most reasonable candidate is the minimal

object in this category: the Jiang-Su algebra Z.
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The following theorem adds even more evidence to this choice. Before enunciating this
theorem, we have to introduce a particular class of order zero maps. Let A be a unital
C*-algebra. A contractive order zero map ¢ : My(C) — A is large, if for some v € A, the

following conditions are satisfied:

U*vzlA—go(le((c)), w(e1n)v=mo.

The important feature of this type of maps is that if ¢ : Mp(C) — A is large, then
Zi k1 = C* (¢ (My(C))) where Zj, 41 is a dimension drop algebra ([85, Proposition 5.1]).

Theorem 4.5.5 ([85, Proposition 5.1],[100, Theorem 2.2]). Let A be a unital separable

C*-algebra. The following statements are equivalent:
(i) The algebra A tensorially absorbs the Jiang-Su algebra Z, i.e. A= AR Z.
(i) The Jiang-Su algebra Z embeds unitally in the relative commutant A, N A’.
(iii) For all k € N, there exists a large order zero map My (C) — A, N A’

Toms and Winter showed (i) is equivalent to (i) [100, Theorem 2.2]. As explained
before, Rordam and Winter showed (iii) is true if and only if for all k¥ € N there is a unital
*-homomorphisms from the dimension drop algebra Zj ;11 to A, N A’ [85, Proposition
5.1]. Hence, (iii) implies (i) (via a result of Toms and Winter [101, Proposition 2.2] and
the uniqueness of Z) and (ii) implies (iii).

Regarding the Jiang-Su algebra Z as the substitute of the hyperfinite II;-factor R
in the C*-context, we view simple Z-stable C*-algebras as the C*-analogue of McDuff

factors.

4.6 Connes’ proof and nuclear dimension

Throughout this chapter, we have been discussing aspects of the proof of Theorem 4.2.7.
In this section we will sketch the last part of Connes’ proof. As mentioned earlier, this
proof relies on three fundamental facts which are deep and difficult to proof. We will omit
their proofs but instead we will explain how using these facts it can be showed that an

injective factor is hyperfinite.
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4.6.1 Injectivity implies hyperfiniteness

In [22], Connes obtained a classification of injective factors except for the type III;.
Haagerup completed this classification in [46]. In particular we are interested in the
following implication, which is probably the main and most challenging part of Connes’

work.

Theorem 4.6.1 ([22, Theorem 6]). Let M be an injective factor acting on a separable
Hilbert space. Then M is hyperfinite.

Alternative proofs were obtained by Haagerup and Popa years later [45, 77], but we
will focus on Connes’ proof in this thesis. Connes reduced the proof of this theorem to the
case when M is a II;-factor. In this situation, he proved the following fundamental and

deep facts:
(i) There exists a unital embedding 6 : M — R“.
(ii) M is a McDulff factor.

(iii) M has (strongly) approximately inner flip.

We will show how we can use these facts to produce *-homomorphisms ¢, : M @ R —
M satisfying that ¢, (a ® 1r) is close to a and with these homomorphisms we can “move”
finite dimensional algebras from R to M in order to show the hyperfiniteness of M. We
briefly sketch this last part of Connes’ proof.

Sketch. Let § C M be a finite subset and € > 0. First of all, since M is finite, by Remark
4.2.2, in order to demonstrate hyperfiniteness we need to exhibit a finite dimensional
subalgebra which is e-close to § in || - [|2-norm. By Theorem 4.1.6 and Lemma 4.1.7,
we can work in || - ||o-norm instead of any other locally convex topology appearing in

Theorem 4.1.6. Since the flip of M is (strongly) approximately inner, there exist a sequence

(un) CU (M & M) such that

liﬁm |uy (a@b)up, —b®all, =0 (4.2)

n

for all a,b € M. For any a € M, using the diagram below, we can represent 1y, ® 0(a) €
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M @ RY¥ with a sequence <1M ® y,({l)) N Cl*(MRR),
ne

(> (MBR)

—

M®M

o T MORY——— (MER)".

Let w, = (idys ® 0) (up,) € (M @R)* and define ¥,, : (M @R)“ — (M @R)" by
U, (z) = wyxwnp, re(MaR)". (4.3)
Notice

U, (1y ®a) =w, (1y ® 0(a))w,
= (idp ® 0) (un)*(1n ® 0(a)) (idryr ® 0) (un)

= (idp ® 0) (uy, (1 ® @) uy) (4.4)

for all a € M. Since li_r>n luy, (1 ® a) up — a ® 1p]], = 0 and 6 is unital (and hence trace
n—w

preserving), we have
lim |V, (1y ®a) — (idyr ® 0) (a @ 1)l = lim [P, (1 ®a) —a®@1g|, =0  (4.5)
n—w n—w

for all @ € M. In particular there exists U € w such that

e

19 (1 ©2) =2 Lully <

(4.6)

forallne U and x € §.
Since M is McDuff, by Proposition 4.5.3, there exist *~homomorphisms ¢, : M @ R —
M such that

lim [[gn(a ® Lg) — afl, = 0 (4.7)

for all @ € M. Then, there exists V € w such that

3

- (4.8)

len (@ 1r) —zlly <

forneV and all x € F.
For z € §, let <1M ® yfzx)) N C 0> (M ®R) represent 1y ® 6(x). Similarly, suppose
ne
each wy, is represented by the sequence <1 M® v,(cn)) . C £ (M ® R) where each v,gn) eR
€

is a unitary element. Define w,&n) MR — M®R by

w,(cn)(a®b):(1M®v,(€n)> (a®b) (1M®v,(€n)>, a®be MRR.
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It follows from the definitions that the sequence of maps (@b,gn))k N induces the map W,,.
€

Hence, for each n € V', there exists W), € w such that if £ € W,, then

n T g
[t (o) —zeg||, < 5 (4.9)

for all z € §.
Let us fix N € UNV and K € Wy. Since R is hyperfinite, there exists a finite
dimensional von Neumann algebra F' C R such that dist (1 M® yg), ly®F ) < g/4 for

all z € §Fin || - ||2-norm. In other words, for every x € §, there exists f, € F' such that
(z) €
H1M®yK — 1w ® fif, < 7 (4.10)

Hence, by (4.9) and (4.10), we have

o - o 1], < e - o8 (008,

+ ng) (1M ® yﬁﬁ)) - ¢%V) 1y ® fz)

2

€ € €
-+ - == 4.11
<4+4 2 ( )

for all z € §.
Then, by (4.8) and (4.11), we obtain

Hx - SOMZ)](\?) 1y ® fz) on(z®1R) — Qpnw](gn) (1v @ fz)

Sz = pn (@@ 1Rl + |

2

<%+ ’ ©n (x@ln—w,(j‘) (1M®fm))H2
<%—|—g:€ (4.12)

for all x € §. Since the image of 1); ® F' under the *-homomorphisms Lpnzp,in) is a finite

dimensional von Neumann algebra, we conclude that M is hyperfinite. O

As explained before, Murray and von Neumann showed that there is a unique hyper-

finite II;-factor (up to isomorphism). Therefore we have the following theorem.

Theorem 4.6.2 ([22, Theorem 7.1]). The hyperfinite 11;-factor R is the unique separably

acting injective 111 -factor up to isomorphism.

Let M be a factor. A subfactor of M is a factor which is contained in M. Due to the
uniqueness of R as hyperfinite II;-factor, we obtain that any hyperfinite subfactor of R is
isomorphic to R. The question about the existence of non finite dimensional subfactors of

R which are isomorphic to R remained open until Connes’ work in [22].
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Corollary 4.6.3 ([22, Corollary 2]). All subfactors of the hyperfinite 11;-factor R are

isomorphic to R or finite dimensional.

Effros and Lance showed that any semidiscrete von Neumann algebra is injective [29,

Corollary 5.10]. Another consequence of Connes’ work is the following remarkable theorem.

Theorem 4.6.4 ([13, Theorem 9.3.3]). Let M be a separably acting factor. The following

properties are equivalent.
(i) M is hyperfinite.
(ii) M is injective.

(iii) M is semidiscrete.

Now we are ready to state the following important theorem which was originally con-
jectured and partially proved by Effros and Lance in [29, Theorem 6.4]. This theorem
contains the work of many people, particularly Connes, Choi, Effros, Kirchberg and Lance

(120, 21, 22, 29, 53)).

Theorem 4.6.5 ([11, Theorem 3.2.2]). Let A be a nuclear C*-algebra. The following

statements are equivalent.

(i) A is nuclear.

(ii) A has the completely positive approzimation property.
(iii) A** is semidiscrete.

(iv) A** is injective.

4.6.2 Z-stability implies finite nuclear dimension

In the introduction, we mentioned the Toms-Winter conjecture and its relationship with
the classification programme. This conjecture predicts that all regularity properties (finite
nuclear dimension, Z-stability and strict comparison) are equivalent for some class of C*-
algebras. In this section we will explore in more detail the equivalence between finite
nuclear dimension and Z-stability. Winter proved that finite decomposition rank implies

Z-stability in [107], and some years later, he extended his result to finite nuclear dimension

[109].
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The converse has striking connections with Connes’ proof of Theorem 4.2.7 for II;-
factors. Remember nuclearity can be viewed as injectivity of von Neumann algebras and
Z-stable C*-algebras as the analogue of McDuff factors. Similarly, it follows from the
definiton of nuclear dimension or decomposition rank (see Definition 2.2.1) that we can
view them as C*-analogues of hyperfiniteness (this will explore in more depth in Section
4.7). Following these analogies, Connes’ proof provides a strategy to show that Z-stable
C*-algebras have finite nuclear dimension. Roughly speaking, Connes’ proof is explained

in the following diagram,

.

M

1%

1y @M M®TR
“approx. embe@ %}pz
M®R

A breakthrough was achieved by Matui and Sato in [64]. Using Connes’ approach,
Matui and Sato showed that the decomposition rank of separable unital simple nuclear
quasidiagonal Z-stable C*-algebras with unique trace is at most three. But of course, not
everything works exactly the same. The approximately inner flip is an essential tool in
Connes’ proof but, as we saw in Section 4.4.2, asking a C*-algebra to have approximately
inner flip is a very strong requirement. Using Haagerup’s techniques from his proof of
Connes’ theorem [45, Theorem 4.2, Matui and Sato circumvented the use of approximately
inner flips. Instead, they implicitly used what we now call “2-coloured approximately inner
flip” which is essentially the sum of two order zero maps (we will explain these coloured
ideas in the Section 4.7.2).

Let us briefly explain Matui and Sato’s proof. Initially they proved that separable
unital simple nuclear quasidiagonal C*-algebras with unique trace which are Q-stable
have decomposition rank at most one. Matui and Sato’s proof is based on Connes’ after
replacing R by Q with the very new ingredient of the “2-coloured approximately inner
flip”. Let A be a C*-algebra satisfying the previous hypothesis. Quasidiagonality of A

yields an embedding A — Q,, and the 2-coloured flip allows to “move” a finite dimensional

C*-subalgebra of Q to A via a c.p.c. map which is the sum of two order zero maps. The
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following diagram explains how this proof is similar to Connes’ proof,

A\\\ A.
14a® A A®Q
“approx. embem Ap”
A®Q

As explained before, from the “2-coloured approximately flip”, they obtained two order
zero maps which entails that decomposition rank of A is at most one.

In order to pass from Q-stability to Z-stability, Matui and Sato also produced two
order zero maps Aj,As : Q@ — Z such that A; (1g) + A2 (1g) is almost 1z. They
basically finished their proof by composing the coloured flip, idg ® (A1 + A1) and ¢. In
the end, with this composition they obtained four order zero maps which entails that
decomposition rank of A is at most three. The following diagram summarizes their proof

in this case,

If A
142 A ~ AR Z
TidA®A1+idA®A2
A®Q A® Q.

“2-flip”

Sato, White and Winter extended Matui and Sato’s result in [90] following again
Connes’ proof as a model. They showed that the nuclear dimension of separable unital
simple nuclear Z-stable C*-algebras with unique trace is at most 3.

They consider two UHF-algebras of infinite type U and V and they proved A ® V
has 2-coloured approximately inner flip. They were able to remove quasidiagonality by
constructing an order zero embedding A — U, and, as in Matui and Sato’s proof, they
produced two order zero maps A, Ag : U®V — Z such that A (1 @ 1)+ A2 (1 @ 1y)

is almost 1z. The following diagram summarizes their proof,

A A
| -
1A AR 1y ~ A® Z

TidA®A1 +id A ®A2

ARAQRV —— = AQU®V.

AR A
DAY T ida@yeidy
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4.7 Colouring C*-algebras

Motivated by the deep connections between von Neumann algebras and C*-algebras, we
will try to obtain C*-analogues of von Neumann algebras results by adding “colours”.
Following the analogy introduced in nuclear dimension, we will refer to order zero maps
as “colours”.

We aim to replace von Neumann algebras statements involving projections and *-
homomorphisms with statements using finite sums of positive elements and finite sum of
order zero maps whose sum is unital.

The reasons behind this idea are the following: In contrast with von Neumann algebras,
there exist projectionless C*-algebras. Hence, the natural framework are positive elements
rather than projections. By using *-homomorphisms, we have topological obstructions
since these maps carry K-theoretical data. One example of this is Theorem 4.4.4. By
Corollary 1.4.7, order zero maps A — B correspond to *-homomorphisms C (0, 1]® A —
B. Since the cone Cy(0,1] ® A is contractive, the K-theory of Cy(0,1] ® A is 0. Hence,
order zero maps A — B do not contain K-theoretical data and this justifies our choice.

This strategy is motivated by the work carried out in [8, 90]. Before proceeding, we

provide some examples of this colouring.

4.7.1 Hyperfiniteness and nuclear dimension

Let M be a separable acting hyperfinite von Neumann algebra. Thus, there exists an
increasing family of finite dimensional algebras {F} },en such that M = WSOT. Using
Arveson’s extension theorem, we can obtain c.p.c. maps ¥, : M — F,. sf?h that i, |p. =
idp,. Set ¢ : F, — M as the inclusion map. By construction, we have the following

approximately commuting diagram, which is an equivalent formulation of hyperfiniteness,

M id M .

N A

Fy

We are going to “colour” this diagram. We will replace the von Neumann algebra M

with a C*-algebra A, the *-homomorphism ¢, with the sum (") = > cp,(:), where each

k=1
(p,(:) : F, — A is an order zero map. The n-coloured form of the previous diagram is the
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following

A id

A.
¢\\F/“0::i@’(:)

This diagram corresponds to nuclear dimension at most n — 1 (Definition 2.2.1). Hence,

nuclear dimension is a coloured form of hyperfiniteness.

4.7.2 Coloured flips

As mentioned before, the existence of approximately inner flips in C*-algebras is restrictive
since it implies nuclearity, simplicity and at most one trace. Moreover, they have K-
theoretical obstructions (c.f. Theorem 4.4.4). In order to avoid such obstructions, we
might consider coloured flips. This was done explicitly by Sato, White and Winter in [90].
They extracted this idea from [64, Theorem 4.2].

Definition 4.7.1 ([90]). Let A be a separable unital C*-algebra. The flip of A is n-coloured

approximately inner if there exist contractions uy,...,u, € (A® A), such that

(i) b@a= > ur(a®b)uj for a,b € A.
k=1

n
(i) > ujur = laga-
k=1
(iii) the elements ujuy € (A® A), commute with A® A for k=1,...,n.

Observe that the flip is expressed as sum of n order zero maps and such maps are
given in a very precise form: a ® b — ug(a ® b)uy. These maps are order zero since ujuy
is in the relative commutant of A® A (see [8, Remark 6.3]). Although coloured flips avoid
topological obstructions, they also impose strong conditions in algebras with this type of

flips.

Proposition 4.7.2 ([90, Proposition 4.3]). Let A be a separable unital C*-algebra with

n-coloured approximately inner flip. Then A is simple, nuclear and has at most one trace.

Using the approach used in [64], Sato, White and Winter demonstrated the existence

of 2-coloured approximately inner flips in some particular classes of C*-algebras.

Lemma 4.7.3 ([90, Lemma 4.2]). Let A be simple, separable, unital and nuclear C*-
algebra with a unique trace which absorbs a UHF-algebra of infinite type. Then the flip of

A is 2-coloured approximately inner.
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4.8 Coloured maps

In [90], with the help of coloured flips, the authors showed Z-stability implies finite nuclear
dimension in the simple, separable, unital, nuclear setting. This implication forms part of

the Toms-Winter conjecture.

Theorem 4.8.1 ([90, Theorem B|). Let A be a simple, separable, unital, nuclear and
Z-stable C*-algebra with unique trace. Then

dimpu A < 3.

However, if we want to extend this result outside the monotracial case a replacement
for the coloured flip is needed (since it implies the algebra has at most one trace). The task
of finding a replacement was carried out in [8]. The authors of [8] generalised the previous
theorem to the case where the trace simplex T'(A) is Bauer, i.e. the extreme boundary

0.T(A) is closed.

Theorem 4.8.2 ([8, Theorem 7.5]). Let A be a simple, separable, unital, nuclear and
Z-stable C*-algebra such that T(A) is a Bauer simplex. Then

dimpy,c A4 < 1.
Moreover, if all traces are quasidiagonal then
drA <1.

While proving this theorem, the authors of [8] generalised coloured flips to coloured

equivalence of unital maps in the following way.

Definition 4.8.3 ([8, Definition 6.1]). Let A and B be unital C*-algebras, and let o1, ¢ :

A — B be unital *~-homomorphisms, and n € N. The maps 1 and @2 are approrimately

n-coloured equivalent if there exist uq,...,u, € B, such that
n
p1(a) =Y uppa(a)uy, (4.13)
k=1
n
pa(a) = ZUZ%(G)%, (4.14)
k=1

for all a € A and the element uju; € B, commutes with ¢2(A4) and uiu; € B, commutes

with ¢1(A) forall k=1,...,n.
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Remark 4.8.4. As a consequence of the definition, we have
n n n
Zuku’,; = Zukgag(lA)u?; =pi1(la) =1 =pa(la) = Zu,tuk (4.15)
k=1 k=1 k=1
It follows from the definition and the previous identity that approximately n-coloured
equivalent unital *-homomorphisms agree on traces. Indeed, suppose 1 and @y are ap-

proximately n-coloured equivalent and let 7 be a trace on B. Then

Topi(a) =71 (Z ukgOQ(a)u’,;)
k=1

(o)

=T ops(a). (4.16)

for all a € Ay

Notice that 1-coloured equivalence of maps is nothing more than unitary equivalence
of maps. Thus coloured equivalence is nothing more than a coloured form of unitary
equivalence in the sense of Section 4.7.

In [8], apart from their nuclear dimension estimates, the authors obtained a coloured
classification of certain classes of C*-algebras. One of the key lemmas is a generalization
of Connes’ 2 x 2 trick, which we will need in Section 5.6.

Let A and B be C*-algebras, an *-homomorphisms 7 : A — B is totally full if if for
every non zero element a € A, 7(a) is full (i.e. w(a) generates B as a closed two-sided
ideal). Likewise, a positive element b € B is totally full if b # 0 and the *~homomorphism
Co((0,[[b]|]) — B given by idq | = b is totally full.

Lemma 4.8.5 ([8, Lemma 2.3]). Let A and B be separable C*-algebras with A unital and
let p1,p2 : A —> B, be order zero maps and p1,ps : A — B, be a supporting order zero

maps (see Proposition 1.4.11). Suppose that either:
(i) B has stable rank one; or
(ii) B is a Kirchberg algebra, and v;(14) is totally full in By, fori=1,2.

Let m: A — My (B,,) be given by

m(a) = . (4.17)
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If

1 0 0 0
e1(14) and (4.18)

0 0 0 ¢2(la)
are unitarily equivalent in the unitisation of C := Ma(B) Nw(A) N {1lypp,) — 7 (lA)}l,

then 1 and po are unitarily equivalent.

Now we will state some theorems about coloured equivalent maps. We will work
separately two different settings: the finite case and the purely infinite case. The results
are similar but the process of achieving them are different (even though similar in spirit).
In the finite case, traces will play a prominent role while in the purely infinite setting there

are no traces.

4.8.1 Finite case

The following theorem is a key step in the nuclear dimension estimate of Theorem 4.8.2

and the coloured classification of finite algebras by traces (Theorem 4.8.7).

Theorem 4.8.6 ([8, Theorem 5.5]). Let A be a separable, unital and nuclear C*-algebra,
and let B be a simple, separable, unital, finite and exact C*-algebra such that B is Z-stable
and T(B) is a Bauer simplex. Let o1 : A — By, be a totally full *-homomorphism and

let oo : A — B, be a c.p.c. order zero map such that
TOoQ) =TOpy (4.19)

for all T € T(By) and all m € N, where order zero functional calculus is used to interpret

m

P2 -
A— (B® Z), fori=1,2. Then 11 is unitarily equivalent to 19 in (B ® Z),,.

Let k € Z, be a positive contraction with spectrum [0,1] and set ¥; := p;(:) @ k :

The following theorem states that two unital *-homomorphisms are n-coloured equiv-
alent if and only if these maps carry the same tracial data. Moreover, we can always take

n = 2.

Theorem 4.8.7 ([8, Corollary 6.5]). Let A be a separable, unital and nuclear C*-algebra,
and let B be a simple, separable, unital, finite and exact C*-algebra such that B is Z-
stable and T(B) is a Bauer simplex and nonempty. Let p1,02 : A — B, be unital

*-homomorphisms such that o1 is injective. The following statements are equivalent.

(i) Top1 =Towy forall T € T(B).
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(i) ¢1 and o are approximately n-coloured equivalent for some n € N.
(iii) p1 and 2 are approximately 2-coloured equivalent.

We briefly explain the idea of the proof. It is clear that (iii) and (ii) imply (i). Similarly,
(iii) implies (ii). To complete the proof, it is enough to prove (i) implies (iii).

After some reductions, we can identity ; with ¢; ® 1z for ¢ = 1,2. Using a positive
element k € Z with spectrum [0, 1], we can split ¢;(a) ® 1z as the sum of two order zero

maps. Precisely
pir(a) @1z =pi(a) @k + pi1(a) ® (1 — k), a € A

Now, we can use Theorem 4.8.6 to obtain a unitary w; implementing the unitary equiva-
lence between ¢1(-) ®k and p2(-) ® k. We can repeat the process to obtain another unitary

wy if we replace k with 1 — k. Then we have the following

p1(a) @1z = ¢1(a) @k +p1(a) @ (1 — k)
= w1 (p2(a) ® k) wi + w2 (p2(a) ® (1 — k)) w3
= w; (1,4 ® k1/2> (p2(a) ® 12) (1,4 ® k1/2) wi

+ws (1A ®(1— k)1/2> (p2(a) ® 1) (1A ®(1— k)l/Q) w) (4.20)
for all a € A. Setting uy := wy (1,4 ® k1/2) and wg := wo (lA ®(1- k)1/2), we obtain

p1(a) ® 1z = uy (p2(a) ® 1z) uj + uz (p2(a) @ 1z) us,

pa(a) ® 1z = uj (p1(a) @ 1z)u1 +uj (p1(a) @ 1z) ug, (4.21)

for all a € A.

Finally, notice ufui = wjuj = 14 ® k and udus = uguy = 14 ® (1 — k). This establishes
the approximately 2-coloured equivalence between ¢; and @s.

We can also work with one order zero map in the previous theorem. However the
decomposition is not symmetric and more technical conditions are required on the maps.
This will be highly relevant for the coloured isomorphisms that will be introduced in

Chapter 5.

Theorem 4.8.8 ([8, Theorem 6.6]). Let A be a separable, unital and nuclear C*-algebra,
and let B be a simple, separable, unital, finite, exact Z-stable C*-algebra such that the
extreme boundary 0.T(B) is closed and non empty. Let @1 : A — B, be a totally full
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*-homomorphism and @3 : A — By, a c.p.c. order zero map with T o w1 = T o @y" for all

T € T(B,) and all m € N. Then, there exist contractions ui,ug,v1,vs € By, satisfying
p1(a) = urpa(a)uy + uzp2(a)us, (4.22)
p2(a) = vigi(a)v] +vapi(a)vs, (4.23)

foralla € A, with ujuy, ubus € B, commuting with p2(A) and vivy,vive € B, commuting

with v1(A), and

ujul + ujug = vivy + vy = lp . (4.24)

4.8.2 Kirchberg case

The previous results about finite C*-algebras remain true for Kirchberg algebras. In this
setting, we do not have traces but the following uniqueness theorem for order zero maps

into the ultraproducts of Kirchberg algebras will play the role of Theorem 4.8.6.

Theorem 4.8.9 ([8, Theorem 9.1]). Let A be a separable, unital, nuclear C*-algebra, and
let B be a unital Kirchberg algebra. Let p1,p9 : A — By, be c.p.c. order zero maps such
that f (p;) is injective for every non zero f € Cy(0,1]4 fori =1,2. Then p1 and py are

unitarily equivalent.

Similarly, the following theorem is a purely infinite version of Theorem 4.8.7. It is
important to notice that this theorem does not require the use of the UCT and it applies

to any pair of injective *-homomorphisms.

Theorem 4.8.10 ([8, Corollary 9.11]). Let A be a separable, unital, nuclear C*-algebra,
and let B be a Kirchberg algebra. Let o1,p9: A —> B, be a pair of c.p.c. order zero maps
such that (¢; —t), (a) is non zero for all 0 <t < 1, non zero a € A and i = 1,2. Then

there exist contractions uy,us € By, such that
p1(a) = urpa(a)ul + uzpz(a)us (4.25)
foralla € A and
ujuy + ujug = lpg,, (4.26)

and uiuy, ujug € By, commute with pa(A).
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If moreover both p1 and @2 are *-homomorphisms, then there exist wi,ws € By, such

that
p1(a) = wipz(a)wi + waps(a)ws, (4.27)
p2(a) = wier(a)wr + wier(a)ws, (4.28)
and such that wiw; commutes with pa(A) and wyw; commutes with v1(A). In the case that

w1 and py are unital *-homomorphisms, this says that 1 and @2 are 2-coloured equivalent

in the sense of Definition 4.8.3, and in this case, w; can be chosen to be normal.



Chapter 5

Coloured isomorphism between

C*-algebras

The aim of this chapter is to introduce a notion of coloured isomorphism for separable uni-
tal C*-algebras. This concept is motivated by the coloured equivalence of maps introduced
in [8]. Our goal is to design a sequence of relations (Ry)nen for separable C*-algebras,
which we will call n-coloured isomorphisms, in such a way that coloured isomorphic al-
gebras must share structural properties but at the same time these relations must be
sufficiently mild so that we can avoid topological obstructions. In particular, 1-coloured
isomorphic algebras must be isomorphic.

We also expect the family of relations (Rj,)nen to satisfy the following coloured tran-

sitive identity, for at least some class of separable unital C*-algebras,
TRy and yRyz = 2R mz, =,y,2 € X, myn €N (5.1)

for some transition function f : N x N — N. The most natural (and expected) candidate
for such transition function is f(n,m) = nm. All the results from this section are part of

a joint work with A. Tikuisis and S. White that will be published in [17].

5.1 Idea

In this section we will explain the ideas that will lead to the definition of coloured isomor-
phisms. Consider two separable unital C*-algebras. One way to show that A is isomorphic
to B is by constructing *-homomorphisms ¢ : A — B and ¢ : B — A such that @ o ¢

is approximately unitarily equivalent to id4 and v o ¢ is approximately unitarily equiva-

125
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lent to idg. This is essentially one particular case of the so-called Elliott’s approximate
intertwinings [33]. In the following diagram, the triangles approximately commute up to

unitary equivalence

A ida A ida A
P P
B - B - B
ldB ldB

Theorem 5.1.1 ([84, Corollary 2.3.4]). Let A and B be separable C*-algebras, and suppose

that there are *-homomorphisms ¢ : A — B and i : B — A such that Yy is approx-
imately unitarily equivalent to id4 and Y is approximately unitarily equivalent to idp.
Then A is isomorphic to B and there are *-isomorphisms p: A — B and 0 : B — A

1

with o = p~~ satisfying that p and o are approximately unitarily equivalent to ¢ and ¥

respectively.

We aim to develop a coloured form of this fact in the sense of Section 4.7 by making use
of coloured equivalent maps. This in particular explains why this concept mostly applies
to separable C*-algebras since Elliott’s intertwinings only apply to this class.

Roughly speaking, the idea is to construct two maps, ¢ : A — B and ¢y : B — A,
such that 1) o ¢ is approximately n-coloured equivalent to id 4 and ¢ o v is approximately

n-coloured equivalent to idpg,

A—* . B A.

However, this clean approach has some flaws. Let us illustrate them with one example.
Consider the CAR~algebra Ms~ and the Jiang-Su algebra Z. First of all, notice Mae
has many projections whereas Z is projectionless. Hence, there are no non trivial *-
homomorphisms between Mo~ and Z. However, there do exist order zero maps between
My~ and Z (see Example 5.6.3). This suggests we might consider order zero maps in-
stead of *~homomorphisms in our definition of coloured isomorphisms as we do in other
definitions of coloured properties. In the same way, we could try to use order zero maps
instead of *-homomorphisms in Definition 4.8.3 to define coloured equivalent order zero
maps. It is important to observe that, like with *-homomorphisms, coloured equivalent
order zero maps (in the sense of Definition 4.8.3) must agree on traces. Another important
reason why we would like to use order zero maps is that, since they are implemented by

*-homomorphisms from the cone of the domain to the codomain algebra and cones are con-
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tractible, they do not transfer any K-theoretical data. This helps us to avoid topological
obstructions.
Let ¢ : Masc — Z be a c.p.c. order zero map. Since there is a unique trace 7ps,o in

My and Tz o ¢ is a positive tracial functional on Ma (by Corollary 1.4.10), we have
TZ 0P = ATMyoo (5.2)

for some scalar 0 < A < 1. Observe ¢(14) # 1z (otherwise ¢ would be a *-homomorphism

by Theorem 1.4.6), hence
A=T1z0p(ly) <1 (5.3)
This shows any c.p.c. order zero map ¢ : My — Z reduces the trace, i.e.
Tz 0 p(a) = My (@) < Tagyeo (@) (5.4)

for all @ € A. In particular, it is not possible to find c.p.c. order zero maps ¥ : Z — Moo

and ¢ : Moo —> Z,

such that the identity map idz and ¢ o ¢ agree on the trace 7z; therefore, idz and ¢ o ¢
cannot be approximately coloured equivalent. Hence, the CAR algebra Mse and the
Jiang-Su algebra Z would not be coloured isomorphic if we require coloured equivalent
maps. This suggests we could try to slightly modify the notion of coloured equivalence of
maps in order to avoid trace preserving maps in such a way that we still have some control
on the traces.

Summarising, in order to avoid these flaws, we might define n-coloured isomorphism
between A and B by asking for c.p.c. order zero maps ¢ : A — B and v : B — A which
are close to being n-coloured equivalent but do not necessarily preserve traces. We will
provide precise definitions in Section 5.3 which remove these difficulties.

In particular, since this notion is a coloured form of [84, Corollary 2.3.4], this definition
should satisfy that 1-coloured isomorphic C*-algebras are isomorphic. In general, we are
trying to design mild relations which allow to transfer some structural properties while

avoiding K-theoretic obstructions.
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5.2 Coloured maps revisited

Suppose we have two coloured approximately equivalent unital *~-homomorphisms p1, ps :

A — B. Then there exist wq,...w, € B, such that
n n
pi(a) =Y wpa(a)wi,  pala) =Y wipa(a)wy (5.5)
k=1 k=1

for all a € A, wiwy € By, N p2(A) and wpwy € B, Npi(A) for k=1,...,n.
As discussed before, coloured equivalent unital *~homomorphisms agree on traces (see

Remark 4.8.4). This is true because we have the following identity

n n
Zw,’;wk = Zwsz =1p. (5.6)
k=1 k=1

Observe this identity is obtained from (5.5) and the fact that p; and p2 are unital.
This suggests one simple way to extend the definition of coloured equivalence of maps
to non unital *~homomorphisms: by asking for wy’s which satisfy equation (5.6). Precisely,

the *-homomorphisms p1,p2 : A — B are n-coloured approximately equivalent if there

exist wy,...,w, € B, such that
n n
pr(a) = wipa(a)wf,  pa(a) =Y wipa(a)wy (5.7)
k=1 k=1
for all a € A,

n n
Z wiwg = Z wrwy, = 1B, (5.8)
k=1 k=1

and the elements uj uj, commute with po(A) and vjv, commutes with ¢ (A) fork =1,...n.
Like in the unital case, coloured equivalent maps agree on traces. We aim to slightly

weaken this condition and we can do this by adding a constant A in (5.8) such that
n n
Zw,ﬁwk = Alp, Zwsz =\"11p. (5.9)
k=1 k=1

This condition allows us to have coloured equivalent maps which do not necessarily agree

on traces but we can still control their tracial data. Notice this last condition implies
T o p1(a) = A1 o pa(a) (5.10)

for all a € A and 7 € T'(A).
Our last goal in this section is to extend the definition of coloured equivalence to order

zero maps between unital C*-algebras. In this situation, Theorems 4.8.8 and 4.8.10 are
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indicating a viable option with the downside that the decomposition is not symmetric any
more. Additionally, if we want to avoid agreement of coloured equivalent maps on traces
we might add some constants A\; and A2 in the same way we did in (5.9). Precisely, one

possible definition is the following;:

Definition 5.2.1 (Alternative definition of coloured equivalence of maps). Let A and B be

unital separable C*-algebras. The c.p.c. order zero maps @1, s : A — B are n-coloured

equivalent if there exist uq,...,un,v1,...,v, € B, and a constant A > 1 such that
n n
pr(a) =Y wpa(a)uy,  @2(a) =D vppr(a)y, (5.11)
k=1 k=1
n n
> ujup = Mg, > vfvp = A", (5.12)
k=1 k=1

the elements uju), commute with ¢2(A) and vjv, commutes with ¢1(A) for k=1,...n.

With this definition, Theorems 4.8.8 and 4.8.10 provide conditions to obtain 2-coloured
equivalent maps in the sense of Definition 5.2.1 when the codomain is a Kirchberg algebra

or a finite algebra satisfying the hypotheses of Theorem 4.8.8.

5.3 Coloured isomorphisms

We have discussed some disadvantages of the original form of coloured equivalence of
unital *~homomorphisms when used to define coloured isomorphisms of C*-algebras and
we have also discussed some ways to amend them. Now, the next natural step is to define
coloured isomorphisms between unital separable C*-algebras. After all of our previous
discussion, we might expect to use the alternative definition of coloured equivalence of
maps (Definition 5.2.1).

As explained before, our original goal was to define coloured isomorphisms between A
and B by asking c.p.c. order zero maps ¢ : A — B and ¥ : B — A such that ¢ o ¢ and
@ o are close to be approximately n-coloured equivalent to id4 and idg. This basically
means we can express id4 as the sum of n order zero maps of the form wu;1 o ¢(-)u’ and
Yo as the sum of n order zero maps of the form v;id4(-)v;. After studying this potential
definition, we realised it is enough to express id4 as the sum of n order zero maps rather

than id4 and v o .
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Definition 5.3.1. Let A and B be unital C*-algebras. We say A is n-coloured isomorphic
to B, denoted as A =(,,) B, if there exist c.p.c. order zero maps ¢ : A — B, ¢y : B — A

and unitaries uq,...,u, € 4y, v1,...,0, € B, such that

n
(i) a= Y upp(a)uy for all a € A,
k=1

(ii) b= D> vrpy(b)vy for all b € B.
k=1

Remark 5.3.2. It immediately follows from the definition that the c.p.c. order zero maps

¢ and v are injective. Indeed, for example suppose ¢(a) = 0. Then
n
> wplayui = 0 (513)
k=1

and we obtain a = 0.

We have also omitted the condition of the sum of uj u; and v v, being scalar multiples
of 14 and 1p, respectively. Instead, we ask the wi’s and vi’s to be unitaries. As a
consequence of this, the commutation relations are automatically satisfied and this is why
they are not included in the definition any more. We point out that the choice of unitaries

in the definition is motivated by our examples and, in particular, it implies

n

n
ZUZUkZTLlA, Zvak:nlB.
k=1 k=1

Hence, in the presence of traces, we have
Toop(a)=nt(a), T/O@Ow(b) :n7'/(b)

foralla € A,be B,7 € T(A) and 7" € T(B).
We point out that Definition 5.3.1 was formulated for any unital C*-algebra but, by
design, we will use it mostly for separable C*-algebras. However, we will be able to obtain

some simple facts for ultrapowers of separable C*-algebras.

Alternative definition

Of course, another viable alternative to Definition 5.3.1 is asking for the sums of ujuy and

v;vi, to be scalar multiples of 14 and 1p, respectively.

Definition 5.3.3 (Alternative definition). Let A and B be unital separable C*-algebras.
We say A is n-coloured equivalent to B if there exist c.p.c. order zero maps ¢ : A —
B, v : B — A, constants A4, Ap > 1 and unitaries uq,...,u, € Ay, v1,...,0, € B, such

that
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n

(i) a= > upp(a)u; for all a € A,
k=1

(i) b= > vipy(b)vy for all b € B,
k=1

n n
(ili) > wjur = Aala and ) vivg = Aplp,
k=1 k=1

(iv) wjuy commutes with ¢(B), and vjv;, commutes with ¢(A) for k =1,...,n.

The theory of coloured isomorphisms works essentially the same with this alternative
definition (some proofs have to be slightly modified) but probably the main difference
is the coloured transitivity identity (5.1). We will see that with the Definition 5.3.1 the
coloured transitive identity holds for the class of separable stable rank one unital C*-
algebras with transition function (n,m) — nm meanwhile for the alternative Definition
5.3.3 the coloured transitive identity holds for the larger class of separable unital C*-

algebras with transitive function (n,m) — nm + 1.

5.4 Properties

In this section we will prove some basic properties of coloured isomorphisms. We will show
it satisfies the coloured tramnsitive relation for the class of unital separable C*-algebras of
stable rank one. Other properties as commutativity, nuclearity and pure infiniteness are
preserved. Probably two of the key features of these type of isomorphisms is that the
trace simplices are homeomorphic and ideal lattices of coloured isomorphic C*-algebras

are ordered isomorphic.

Proposition 5.4.1. (i) The relation =, is reflezive and symmetric for all n € N.

ii) If A, B and C' are unital separable and stable rank one, A =,y B and B =,y C then
(n) (m)

Proof. It is immediate from the definition that the relations =, are reflexive and sym-
metric for all n € N. Let us prove the coloured transitive identity. By hypothesis there
exist c.p.c. order zero maps ¢1 : A — B,y : B — A and unitaries uy,...u, €

Ay, v1,...,0, € B, such that

a= Z w11 (a)us, a€ A, (5.14)
i=1
b=> wviprr(b)v;, beB. (5.15)

i=1
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Similarly, there exist c.p.c. order zero maps @2 : B — C,19 : C' — B and unitaries

Ty, Tm € By, y1,...,yn € C, such that

b= zjhapa(b)z,  bDEDB, (5.16)
j=1

c= Z Yyjip2v2(c)y;, ceC. (5.17)
j=1

The maps v¢; and ¢; induce each a map at the level of the ultrapowers, which we

continue to denote by ¢; and ¢;. By Lemma A.1.7, these induced maps
gol:Aw—>Bw, g02:Bw—>Cw,¢1:Bw—>Aw,1/}220w—>Bw

are order zero. Let D C B, be the separable unital C*-subalgebra generated by B and
T1,...,Tm € By,. By Corollary A.1.9, applied to the c.p.c. order zero map wl‘D D —

A, there exist unitaries r1,...,r;, € A, such that
’(/11 (l‘jbﬂj‘;) = rﬂbl(b)r; (5.18)
forallbe Band j=1,...,m. Then

5.14) w— .
o 2V > uihipr(a)u]
=1

5.16 - % * *
( = ) Z w1 Z T a2 (¢1(a)) L | U
i=1 Jj=1

= Z Uiy ($j¢2802801 (a)x;‘) u;

2%
5.18
(°.19) Zuirjq/zlegogcpl(a)r;uf (5.19)
i?j
for all @ € A. In the same way, using Corollary A.1.9, there exist unitaries s1,...,s, € C,
such that
w2(v;bv}) = s;pa(b)s; (5.20)

forallbe Bandi=1,...,n. Then

m
5.17 .
= > yipatna(c)y;

=1
(5.15) > i (Z vip11 (Y2(c)) ”:) vj
=1 =1
— Z Y2 (viprib1e(c)v;) yj
i,J

: > yisipaprra(c)siy] (5.21)

1,

(5.20
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for all ¢ € C. This shows the c.p.c. order zero maps @13 : A — C 1 : C — A
and the unitaries w;r; € Ay, yjs; € B, withi=1,...,n and j =1,...,m, implement an

nm-coloured isomorphism between A and B. O

Remark 5.4.2. The coloured transitivity identity also holds for the alternative definition of
coloured equivalence of C*-algebras (Definition 5.3.3). Precisely, if A, B and C' are unital
separable C'*-algebras such that A is m-coloured equivalent to B and B is m-coloured

equivalent to C, then A is (nm + 1)-coloured equivalent to C.

Proof. The proof is essentially the same as the proof of Proposition 5.4.1. By hypothesis

there exist c.p.c. order zero maps ¢1 : A — B, : B — A, positive constants A, Ap
n n

and elements wq,...u, € Ay, v1,...,v, € B, satisfying > wfu; = Aala and ) vfv; =
i=1 i=1

Aglp such that

a= Zuiwlcpl(a)uf, a€ A, (5.22)
i=1
b= wviprr(b)v;  bE B, (5.23)
i=1
and uju; commutes with ¢1(B), and vjv, commutes with ¢q(A) fori=1,...,n.

Similarly, there exist c.p.c. order zero maps @2 : B — C 1y : C — B, positive

m
constants pp,uc and elements xi,...,Tm € By, y1,...,yn € C, satisfying ac;f:rj =
j=1

m
pplp and ) yiy; = pcle such that
j=1

b= zjhapa(b)a,  bEB, (5.24)
j=1
c= Z Yyipaa(c)y;, ceC, (5.25)
j=1
and 2}z commutes with ¥2(C), and yjy; commutes with po(B) for j =1,...,n.

Let D C B, be the separable unital C*-subalgebra generated by B and z1,...,xmy €

B,,. By Lemma A.1.8 there exists a c.p.c. order zero map 1&1 : D — A, such that

U1 (dida) = 1 (di)r (d2) = 1 (di)dn (da). (5.26)
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for all di,dy € D. Then

a 2 Zuiwlgol(a)uf
i=1

(5.24) - - * *
=0 Twn | ) winaps (ea(a) ) | v
i=1 Jj=1

= Zuiwl (w%mw(@@) u;

1,

20 S it (b apaien (@) () uf (5.27)

1,J
for all a € A.
Let us compute the following sum

> (UﬂZh (l’j))* wih (z5) = > i (@) uiugh ()

.J t,J

= At (1p, )i | Y @)

j=1

= Aappin(1p,)?, (5.28)

where the equality in (x) follows from the structure of order zero maps (Theorem 1.4.6).

Since /\Aumﬂl(l B)? is in general different from Aqpupla, we have to add an extra

colour. Set
. 1
h = (1A - ¢1(13)2) ’ (5.29)
and define
1 .
ro = (Aaps)? h, rig = uithr () (5.30)
fori=1,...,nand j = 1,...,m. First of all, since 1&1(13) acts as a unit for ¢ (B), we

have hi1(b) = 0 for all b € B. In particular

ro1apapr(a)rg = 0. (5.31)
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This leads to the following

527

Zuﬂ/}l ;) b1apar (@) () u]

7]

5.3 n * %
2 7“0¢1¢2<P2901 a)rg + Y uith (x5) 10001 (@) () u]
?J
(5.30)
= Towlwwwl a)rg + Z rij1aprer(a)ry, (5.32)

7]

for all a € A. Similarly, we obtain

. . 5.30 X
roTo + Y iy 20 AAB <1A U1 (1g) ) + Z <uz¢1 T ) uith1 ()
1,5
5.28
(529 AAlB <1A —1(1p)? + 1 (1p) )
— Aappla (5.33)

Let us prove the commutation relations. It is immediate that rjrg commutes with
1112 since h annihilates 1. Remember that u;u; commutes with the image of ¢ and

x;:cj commutes with the image ¥y fori =1,...,nand j=1,...,m. Hence, for all c € C,

we have

(5.30)

Ty Tige(c) T = (uz’”@l(ﬂfj))*uﬂ/;l () ¥1e2(c)
() wfuithy () ipn(c)
(@) ujuipr (z22(c))

= 4 (2}) W1 (wj02()) ufui
(
(

= wjuihy (vo(c)z)z;)
(5.26) 7
=" wiuahy (Y2(c)x}) ¢ ()
= 11 (Pa(e)z]) uf uihr ()
(5.26) R
D1 (42(0)) D ()" wfuidhy ()
wlwg(C)rZ‘,jn,j. (5.34)
Similarly, let E be the separable C*-subalgebra of B, generated by B and vy, ...,v, €
B,,. By Lemma A.1.8 there exists a c.p.c. order zero map ¢9 : E — C,, such that

pa(erea) = Paler)pa(e2) (5.35)
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for all e;,es € E. Set

1 R 1 .
so = (Appo)? (La—¢a(1B)%)2 . sij =y (P2(w)), (5.36)
fori=1,...,nand j =1,...,m. Then, as above, we can verify
¢ = s0pap1¥1ta(c)so + Y _ i spap1itba(c)si (5.37)
i,J

for all ¢ € C, each s7;s; ; commutes with @a¢q and
spso+ s, jsi; = Appcle,.- (5.38)
i,J
Therefore the c.p.c. order zero maps w21 : A — C, 1109 : C — A, the positive
constants Aaup, Appc and the elements ro,7;; € Ay, s0,5,; € C, induce a (nm + 1)-

coloured equivalence between A and C (in the alternative sense of Definition 5.3.3). [

Observe that in the previous proof, we added a colour because (5.28) is in general
different from a multiple of 14 but, by (5.31), this extra colour is essentially zero and this
is not satisfactory. This is the reason why we prefer Definition 5.3.1.

As explained before, the definition of coloured isomorphism was constructed as a
coloured version of some particular form of the intertwining argument (see Section 5.1),

so that 1-coloured isomorphism induces an isomorphism. We now confirm this here.

Proposition 5.4.3. Let A and B be unital separable C*-algebras. Suppose A = (1) B, then
A= B.

Proof. By hypothesis there exist c.p.c. order zero maps ¢ : A — B,y : B — A and

unitaries u € Ay, v € B, such that
Yp(a) = uau®, o (b) = vbv* (5.39)
for all @ € A and b € B. In particular
Yo(la) =14,  ¢¥(lp) = 1p. (5.40)
Since ¢(14) < 1p, we obtain
1a=ve(la) <Y(1p) < 14. (5.41)

This shows 1 is unital and, by the structure of order zero maps (Definition 1.4.6), 1) is

a "-homomorphism. In the same way we can show ¢ is a unital *~-homomorphism. By
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(5.39), we have the following diagram where each triangle is approximately commuting up

to unitary equivalence

A id 4 A id 4 A
® ®
B - B - B
idp idp

Therefore, by Theorem 5.1.1, A is isomorphic to B. O

Observe that the key point of the previous proof is the unitality of ¢ and . In fact,
this proposition remains valid for Definition 5.3.3 because we also obtain that the maps
have to be unital in the one colour case. This is the reason why, in Definition 5.3.3, we

n
have to ask for elements uy,...,u, such that ) ujuy is a multiple of 14.
i=1
We now proceed to prove the following permanence properties.

Proposition 5.4.4. Let A, B,C and D be separable unital C*-algebras such that A =,y B
and C =y D. Then

(i) A® C =) B® D with k = lem{n, m},
(ii) €°(A) Z() £°(B),
(iii) A®q C = (nm) B ®q D, where ®,, denotes the minimal or mazimal tensor product.

Proof. By hypothesis there exist c.p.c. order zero maps @1 : A — B,¢; : B — A and

unitaries uq,...,u, € Ay, v1,...,v, € B, such that
n n
a= Z w11 (a)u;, b= Z vip11(b)vy (5.42)
=1 =1
for all a € A,b € B. Similarly, there exist c.p.c. order zero maps @9 : C — D 19 : D —>
C' and unitaries x1,...,Zm € Cu, Y1, .-, Ym € D, such that
m m
c=Y wpbapa(c)z, b= yipatha(b)y] (5.43)
j=1 J=1

forall c€ C,d € D.

(i) Consider k = lem{n, m} and define c.p.c. order zero maps p: A®C — B @ D,
0:B®D — A® C in the following way.

pla®c) = %pl(a) ) %gpg(c), abce A C, (5.44)

o(b®d) = %/}1(1)) ® %%(d), bede BaD. (5.45)
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Fori=n+1,...,k set

U; 1= Uy, V; 1= (5.46)
if i = jmodn for some j € {1,...,n}. Similarly, for i =m+1,...,k set
T =, Yi ==Y (5.47)
if i = jmodm for some j € {1,...,m}. Now, we can define the following unitaries
ri=udr € (A®C),, si=uvdy € (BaD),, (5.48)
fori=1,...,k. Observe that by construction we have
op(a® c) 64 5 (%@1 (a) ® %802(0))
(2 L) 0 (- )
= T3 (4101(a) © vapa(0)) (5.49)

foralla® ce A® C. By (5.42) and (5.43) we have

k k
k k

Z, _k, i = f 5.50

;U Yip1(a)u; a ;x Papa(c)z s (5.50)
for all a € A,c € C. Then we obtain
r (5.49) NI

> riopla®c)ri = e > i (rei(a) @ dapa(e) 1y
i=1 =1
(5.48) NN
= =3 (ui @ x;) (Yr1(a) ® hapa(c)) (u; © x;)"

1=1

k
nm N .
= ﬁ Z Uz‘¢1<ﬁ1(a)ui D .I‘iwggpg(c)xi

- (o) )

= adec. (5.51)

Similarly we can prove

k
bdd=>sipo(be d)s] (5.52)
=1
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(iii)

forallbpde Bad D.

Therefore the c.p.c. order zero maps p: A C — B® D,o: B&D — A C
and the unitaries 1,...,r, € (A®C),,s1,...,5; € (B® D), induce a k-coloured
isomorphism between A ® C and B & D.

By Proposition A.1.4, we have a canonical inclusion ¢> (A,) < £*°(A),. Then it
is immediate that the induced maps ¢ : (*°(A) — (>°(B), ¥ : £*°(B) — (*(A)
and the constant sequences (u1),...,(un) € £ (A),,(v1),...,(vn) € £ (B), im-

w

plement an n-coloured isomorphism between ¢>°(A) and ¢>°(B).

By Corollary 1.4.9, the tensor product of c.p.c. order zero maps is order zero. Thus
the c.p.c. maps 1 ® 2 : ARLC — B®y D and ¥ @19 : BRy D — AR, C are

order zero. Then

a®c= (Zuz¢1@1 ) Z$g¢2@2

= Z Z uiprp1(a)u; @ xhapa(c)a]
i=1 j=1
n m

Z Z u; @ 25) (1 @ Y2) o (p1 @ p2)(a ® ) (u; ® )" (5.53)

=1 j=1
for any elementary tensor a ® ¢ € A ®, C. Similarly
bod=Y > (vi®y;)((p1® )0 (1 @ )b d)) (v ®y;)" (5.54)
i=1 j=1
for any elementary tensor b®d € B®, D. Observe (5.53) and (5.54) extend to A®C

and B ® C' by linearity and density of the span of elementary tensors.

Therefore the c.p.c. order zero maps 1 ® 2 : A R, C — B ®q D, 1 ® g :
B ®y D — A ®, C and the unitaries u; ® 5 € (A®yC),,,v @y; € (B®qy D)

w’?

with ¢ = 1,...,n and 5 = 1,...,m, induce a nm-coloured isomorphism between

A®y,C and B®, D. O

As a straightforward corollary of the coloured transitive identity (Proposition 5.4.1)

and the previous proposition, we obtain the following.

Corollary 5.4.5. Let A, B and D be unital separable C*-algebras. Suppose A and B are

stable rank one. If A satisifes A= A®q D and A=,y B, then B =2y BQ@q D where Qg

denotes the minimal or mazimal tensor product.
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Proof. By hypothesis A ®, D = A. Moreover, by Proposition 5.4.4, A®y D =) B®q D.
Hence A ®q D =(,) B and A ®, D =(,) B® D. By the coloured transitive identity
(Proposition 5.4.1), B =(,2) B ®q D. O

We will prove now that nuclearity is also preserved under coloured isomorphisms. The
same proof can be extended without too much effort to show that finite nuclear dimension is

also preserved with multiplicative estimates. Remember dimjulC A stands for dimp,c A+ 1.

Proposition 5.4.6. Let A and B be separable unital C*-algebras. Suppose A is nuclear

and A =) B, then B is nuclear. Moreover, if dimny A is finite then

dim’! B <n-dimfl A.

nuc nuc

Proof. By hypothesis there exist c.p.c. order zero maps ¢ : A — B, : B — A and

unitaries uq, ..., uy € Ay, v1,...,0, € By, such that

n

a=> wppla)uf, b= vipp(b); (5.55)
=1

i=1
for all a € A,b € B. The idea proof of this proposition is basically contained in the

following diagram,
idp

B B
P ¢
A o A
p o
F

where p and o are c.p.c. maps coming from the nuclearity of A and ( : A — B is given
by ¢(a) = Y i, bip(a)bf for some unitaries by, ..., b, € B.
Let § C B be a finite subset and ¢ > 0. By Proposition A.1.3, we can lift each v; to a

sequence (v(k))k N where each v® is a unitary in B. By (5.55), there exists k € N such
€

) [
that

n

b= vy (b))

i=1

3
<3 (5.56)

for all b € §. Using the completely positive approximation property for A, applied to
the finite subset ¢ (F) = {¥(b) | b€ §} C A and ¢/2, there exist a finite dimensional
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C*-algebra F' and c.p.c. maps p: A — F,0 : F — A such that

e

14 (6) = op(w (0Dl < o~ (5.57)

for all b € §. Then

b~ Zn: Uz(k)SDUPw(b)vi(k)* <||b— Zn: vgk)gow(b)vi(k)*
i=1 i=1
+ Zn: Uz‘(k)SOT/)(b)UZ(k)* — z”: vgk)cpamb(b)vgk)*
=1 i=1

" g - g“gk)sp (1) — opp (b)) v

< 203 [o] e o08) — mpviol o
=1

= S nle®) - opw®)]

20 g + g —c (5.58)

for all b € §. Notice that the map a — vfk)gp(a)vgk)

(k)

v, is a unitary, this map is contractive as well. Set (: A — B as

* is c.p. and, since ¢ is contractive and

¢(a) = Z o o(ay . (5.59)

i=1
Since ( is the sum of n c.p.c. maps, ¢ is ¢.p. and ||{|| < n. Summarising, for § and € > 0,

the c.p.c. maps po : B — F,(o : F — B satisfy

16— Copy(b)]| <e (5.60)

for all b € § and ||Co|| < n,

idp

N

F
Therefore, by Proposition 1.5.4, B is nuclear.

B B.

Let us prove the second part of the proposition, so suppose dimy,,. A = d. The outline
of the proof is the following: By the first part, we can produce an approximation for §
within €. We will finish the proof if, using the extra properties of the approximations for
A, we show that the map no going back to B is the sum of n(d + 1) order zero maps.

Let § C B and € > 0 and let us keep the same notation as before. From the first part

of the proof, we know that there is an approximation (F, po, no) for § within . Using that
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dimy,c A = d, we can further assume that, for the chosen § and ¢, there is decomposition

d
F = D Fj and the c.p.c. map o : F' — A satisfies that the restrictions o; := o|F, are
§=0
d
order zero for j =1,...,d. Thus o is the sum of d+1 order zero maps; precisely o = ) o;.
j=0
Expressing ¢ in this form, we obtain
- k k
no(@) = Y oo (@)l
i=1
GRS (k
— Zvi © Zaj(:n) v; )«
i=1 j=0
n d
k k
=33 oMo ()0l (5.61)

i=1 j=0

(k)

i

(%)

woj(z)v; "*. Since

K
> is a *-homomorphism, the map vlgk)goaj (x)fugk)* is

for all z € F'. This shows no is the sum of n(d+ 1) maps of the form v
(k)

¢ and o; are order zero and Ad (fui

order zero. Therefore no is the sum of n(d + 1) order zero maps. This shows

dim’! B <n-dimfl A. O

nuc nuc

The ideal lattice of a C*-algebra A is just the set of ideals of A. We will denote it
by Z(A). As the name suggests, this set is in fact an ordered lattice where the order is
given by inclusion. Our next goal is to show that ideal lattices of coloured isomorphic
C*-algebras are ordered isomorphic. We need some preparation lemmas first. Observe

that in these lemmas we do not need to assume separability.

Lemma 5.4.7. Let A and B be unital C*-algebras such that the c.p.c. order zero maps
w:A— B, v : B — A and the unitaries ui,...,up € Ay, v1,...,0, € B, induce an
n-coloured isomorphism between A and B. Then ¢~ (v ~YI)) =1 and v~ (o 1(J)) = J
for any ideal I QA and J < B.

Proof. Since this property is symmetric, it is enough to prove it for ideals of A only. By
n

hypothesis a = Y ugpp(a)uf for all a € A. Let I be an ideal of A, if a € ¢~ (= 1(I))
k=1

then ¢p(a) € I. Hence a = ) uptpp(a)uy, € I. This shows
k=1

pH(WTHI)) C L.

Conversely, let a € I and without loss of generality we can assume a is a positive contrac-
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n
tion. Since a = ) uppp(a)u; and each summand uip(a)uy, is positive, we have

k=1
n
wipp(a)u; <Y upp(a)uf, = a (5.62)
k=1
fori=1,...,n. Hence
Yo(a) <ujau; € 1. (5.63)

Since ufau; € I and I is hereditary, ¢p(a) € I and therefore a € p~1(1»~1(I)). This shows
Icet(yH(I)).
This finishes the proof. O

Lemma 5.4.8. Let A, B,C and D be unital C*-algebras. Suppose the c.p.c. order zero
maps ¢ : A — B,vy : B — A induce an n-coloured isomorphism between A and
B. If there exist surjective *-homomorphisms q : A — C and r : B — D such that

¢ (ker q) = kerr and ¢ (kerr) = kerq. Then C =) D.

Proof. By hypothesis, there exist unitaries uq,...,u, € Ay, v1,...,v, € B, such that
n n
a= Z urpp(a)ug, b= Z vpp(a)vy, (5.64)
k=1 k=1

for all a € A and b € B. Let us define c.p.c. order zeromaps p: C — Dand o : D — C

in the following way:
p(c) =roplac),  o(d)=qov(ba) (5.65)

where a. € ¢~! ({c}) and by € r~1({d}),

A B
P

q r
)

Cz=-—=-—=Z==D

First of all, let us show these maps are well defined. Consider ¢ € C and let a1,a9 €
gt ({c}). Hence q(a; — az) = 0. Since ¢ (ker q) = kerr, we have ¢ (a3 — az) € kerr. This
yields r o p(a1) = r o p(az) and the map p is well defined.



CHAPTER 5. COLOURED ISOMORPHISM BETWEEN C*-ALGEBRAS 144

Now let us show p is order zero. Suppose c1,co € C satisfy cico = 0. Let a1,a0 € A

such that ¢(a1) = ¢1 and ¢(a2) = c2. Then
q(araz) = q(a1)q(az) = cicz = 0. (5.66)
Thus ajas € ker g. Since p(ker ¢) = ker r we have that
ro(ajaz) = 0. (5.67)
Since ¢ is order zero, we have p(a1)p(az2) = ¢(1a)p(aiaz). This yields

plci)plc2) = roplar)-rop(az)
= 71 (p(a1)p(az))
= 7r(p(la)p(araz))

= 7(p(1a)) - r(¢(ara2))
G50 ¢, (5.68)
This shows p is order zero. In the same way, we can show o is a well defined injective
order zero map.
Suppose ug € A, and v, € B, are represented by the sequences of unitaries (u?)ieN C
A and (v,(f)>ieN C B respectively. Let z € C,, and yi € D,, be the elements represented
by the sequences (q (u,(:)))ieN and (r (v,(j)>>i€N. Observe x; and y are unitaries as well.

Since

for every a € A, we have

lim ( ¢ (u’) govpla)g <u§;'>*)) = q(a). (5.69)
k=1
This entails
> ai - qovp(a) - 7 = q(a) (5.70)
k=1

for every a € A. Observe that, since ¢(a) € r=! (r o p(a)), we have

o (rop(a) ®2” gopp(a) (5.71)
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for any a € A. Then, the following identity holds

- . (5.65) x
E zrop(c)xy, (59 E zro (1o p(ac)) Ty,
k=1

k=1
OIS 2ig o dplac)a
k=1
5.70
10 q(ac)
= c (5.72)
for every ¢ € C. Similarly we have
d=>Yyipo(d)y; (5.73)
k=1
for all d € D. Therefore C' =,y D. O

Now we are ready to prove that the ideal lattices of coloured isomorphic C*-algebras
are order isomorphic. We will also show that this induces coloured isomorphisms between

quotients of the coloured isomorphic C*-algebras.

Theorem 5.4.9. Let A and B be unital C*-algebras and suppose A =,y B. Then there

exists an order preserving isomorphism ¥ : Z(A) — Z(B) satisfying
A/l =,y B/Y(I) (5.74)
for every I < A.

Proof. Suppose the c.p.c. order zero maps ¢ : A — B, ¢ : B — A and the unitaries
UL, ..., Uy € Ay, v1,. .., € B, induce an n-coloured isomorphism between A and B. Let
Z(A) and Z(B) be the ideal lattices of A and B and remember that their orders are given
by inclusion. By Lemma 1.4.12, the maps ¥ : Z(A) — Z(B) and ® : Z(B) — Z(A)
given by

V() =y7HID), () =¢ ()

are well defined, with I € Z(A),J € Z(B). By Lemma 5.4.7, the maps ¥ and & are
mutual inverses. This shows ¥ and ® are bijections. It is immediate that if I; C I, then
V(I;) C ¥(Iz). This shows in particular that ¥ is an order isomorphism.

Finally, we would like to finish the proof using Lemma 5.4.8 with C' = A/I,D =



CHAPTER 5. COLOURED ISOMORPHISM BETWEEN C*-ALGEBRAS 146

B/¢~1(I), and ¢ and r as the corresponding quotient maps,

©
A B

P
q T
A/l z====B/y~YI).

In order to do this, we need to show ¢(I) = 9 ~!(I). Observe that the other condi-
tion, ker ¢ = 1 (kerr), is automatically satisfied since I = 1 (1/1_1(I)). By Lemma 5.4.7,
@ Y (yp~1(I)) = I. Thus

p(l) =@ (¢ (W7HI)) = v (). (5.75)
Therefore, by Lemma 5.4.8, A/I is n-coloured isomorphic to B/¢~1(I). O
In Proposition 5.4.4, we established that ¢>°(A) and ¢*°(B) are coloured isomorphic if

A and B are. As a corollary of the previous theorem, we will show that the ultrapowers

are coloured isomorphic as well.

Corollary 5.4.10. Let A and B be separable unital C*-algebras and let w be a free ultra-
filter on N. If A=,y B, then A, =) Bu.

Proof. Suppose the c.p.c. order zero maps ¢ : A — B, ¢ : B — A and the unitaries
ULy ..., Uy € Ay, v1,...,V, € B, induce an n-coloured isomorphism between A and B. By
Proposition 5.4.4, (>°(A) =,y £>°(B). Let us denote by 1) and ¢ the induced maps at level
of £°(A) and ¢>°(B). Set

I= {(an) € 1=(A) |&E}an:0}, J = {(bn) € 1=(B) |7ygibn:o}.

Since A, = {*°(A)/I and B,, = {*°(A)/J, in order to prove this corollary it is enough to
show that y~1(I) = J,

)
>°(A) ; (>°(B)
A, =t*(A))JIz====B,=(>°(B)/J

NI = p(I) C J. (5.76)
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For the same reasons we have
e 1 (J)=(J) C L (5.77)

Remember that by Lemma 5.4.7 we have

J=v" (7)) (5.78)

Hence
7 O2 1 (o1 8wy = o) 8 (5.79)
Therefore ¢~1(I) = J and the result follows from Theorem 5.4.9. O

Remark 5.4.11. Essentially the same proofs remain valid for general ultraproducts instead
of ultrapowers (see Appendix A). Precisely, let {An},,cy and {By,},,cn be families of
separable unital C*-algebras such that A, =) By, for all m € N. Then

e ({Bm}mEN) g(n) > ({Am}meN)

and

II Bn=w I 4m

m—w m—w

It is an straightforward consequence of the definition that if two matrix algebras are
coloured isomorphic then they have to be isomorphic (this follows from the fact that order
zero maps inducing the coloured isomorphism are injective). Using that the ideal lattices
of coloured isomorphic algebras are isomorphic, this can be extended to general finite

dimensional algebras.

Proposition 5.4.12. Let A and B be unital separable C*-algebras. Suppose A =,y B. If
A is finite dimensional then A = B.

Proof. By hypothesis there exist c.p.c. order zero maps ¢ : A — B,v : B — A and

unitaries uq,...,u, € Ay, v1,...,v, € B, such that
n n
a=>Y usppla)ui, b= vipp(b)] (5.80)
i=1 i=1

for all @ € A,b € B. This immediately shows that if A is finite dimensional then B is also
finite dimensional. If fact, we have dim B < ndim A. Since ¢ and @ are injective maps,

we conclude dim A = dim B and that ¢ and 1 are surjective maps.
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This implies A and B are direct sums of matrix algebras, say A = é}l M, (C) and
j=
B = é M, (C). By Theorem 5.4.9, the ideal lattices are isomorphic and this proves
r= S.J?ife will prove this proposition by induction over r.

Let r = 1. Then A and B are matrix algebras and we have shown that dim A = dim B.
Hence A = B. Suppose we have proved that this is true if » = p. Let »r = p 4+ 1 and set
I = él M;;,(C) and Iy = My, (C). By Lemma 5.4.7 we have o(I3) = 1)~ (I2). Hence,
j=

using that ¢ is surjective and A = I; @ Is, we have ©(I1) ® ©(Iy) = B. Then, by Theorem
g 2 J ¥ ¥ y

5.4.9, we obtain
L= A/ =) B/Y~ (I2) = o(h). (5.81)
By inductive hypothesis we obtain I} = ¢(1I;). Similarly, I = ¢(I3). Therefore A= B. [

We will show now that coloured isomorphisms are rigid for the class of commutative C*-
algebras. This will follow from the fact that commutativity is preserved under coloured
isomorphisms and this will give a colour reduction: n-coloured isomorphisms between

separable unital C*-algebras induce isomorphisms.

Proposition 5.4.13. Let A and B be unital separable C*-algebras. Suppose A =,y B. If

A is commutative, then A =2 B.

Proof. Let us show B is commutative. After this, the proof will be similar to the proof of

Proposition 5.4.3. By hypothesis there exist c.p.c. order zero maps ¢ : A — B,y : B —

A and unitaries uq, ..., u, € Ay, v1,...,0, € By, such that
n n
o= wvp@ur, b= vpu(b) (5.82)
i=1 i=1

for all a € A,b € B. From the commutativity of A and positive functional calculus for

order zero maps, (Corollary 1.4.8), we have

D(bibs) = 93 (b1)32 (b2)
= 3 (b2)1)3 (by)
= Y (b2b1) (5.83)

for all by, by € B. Since 1 is injective (Remark 5.3.2), we obtain b1by = baby. This shows

B is commutative.
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Notice that from commutativity, we can simplify the previous identities. Precisely
(5.82) — "
a =0 wip(a)u; = wiup(a) = nipp(a) (5.84)
i=1 i=1
for all a € A and, similarly, we obtain

b = ne(b) (5.85)

for all b € B. We will denote the support *-homomorphisms of ¢, 9,1 and @i as
T, T, Thp aNd Ty respectively. Remember that the support homomorphism 7, maps A
to M (C* (p(A))). Since npy(1p) = 15, we have that 15 is an element of the C*-algebra
generated by ¢(A). Hence M (C* (¢(A))) = C* (¢(A)) C B. This shows 7, is a map from
A to B. Similarly my is a map from B to A.

By equations (5.84) and (5.85), we have

1, I
P = —idg, v = —idp. (5.86)
n n

Hence the support *-homomorphism of 1 and i are the identity maps. Precisely

Ty = 1da, Ty = idp. (5.87)

By Corollary 1.4.14, we have
TyTp = Ty = id 4, Ty = Ty = idp. (5.88)
Therefore A = B. O

Let us prove now that the trace simplices are homeomorphic. Recall that we endow

the trace simplex T'(A) of a C*-algebra A with the relative weak*-topology o (A*, A)|7(4).-

Proposition 5.4.14. Let A and B be separable unital C*-algebras. Suppose A =,y B.

Then the trace spaces of A and B are homeomorphic.

Proof. By hypothesis there exist c.p.c. order zero maps ¢ : A — B,v : B — A and

unitaries uq,...,u, € Ay, v1,...,v, € B, such that

a=>Y usppla)ui, b= vipp(b)v; (5.89)
=1 =1

for all a € A,b € B. Let us denote the trace simplices of A and B as T(A) and T'(B)

respectively.
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Let us define maps ® : T'(B) — T'(A) and ¥ : T(A) — T'(B) by

1 1
77O U(p) = Povlin)

(1) = ——
M= e(1a
for all 7 € T(B) and p € T(A). First of all, let us show these maps are well defined; this

po, (5.90)

basically will follow from Corollary 1.4.10 but we include these details for completeness.

Let 7 € T(B) and a1, a2 € A be positive contractions, then

®(7)(ara2) R )" p(araz)

Top(la
1

- Togp(lA)T(gp
1

- Togp(lA)T(SD

o p(aa)
= T O asa
TO(,D(lA) pl\aza1

(5.90) P

N|=
[NIES

(a2)>
(a))

(a1)p

N|=
[NIES

(a2)p

(7)(azan). (5.91)

It is immediate that ®(7) is a positive linear functional and ®(7)(14) = 1 for all 7 € T'(B).
Hence, ®(7) is a trace on A. Similarly ¥ is well defined.

We will show that U is the right inverse of ®. Let p € T'(A) and observe

(5.90) 1 a
2U(p)(a) 2 Gy ) (p(0)
(5.90) 1 1 “
- (ﬁﬁﬁ)(wumww”>
1
N pww(lA)pW(a) 592
for all a € A. By hypothesis we have
pla) =p (Z uihp(a)u; ) = np (Yp(a)) (5.93)
i=1
for all a € A. In particular
p(p(la)) = %P(lA) = % (5.94)
Then
(5.92) 1 a
OU(p)(a) = o)’ (Ye(a))
2 np (vp(a))
(5.93)

pla) (5.95)
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for all a € A. This shows V¥ is the right inverse of ®. In the same way we can prove
Ud(r) =171 (5.96)

for all 7 € T(B). Therefore ¥ is the inverse of ® (not only the right inverse).
To finish the proof, we have to show the maps ® and ¥ are continuous with respect to
the weak*-topologies. Let us prove ® is continuous. In order to do this we to show that

for every a € A there exists a positive constant M and b € B such that
|[@(7)(a)| < M[7(b)]. (5.97)
Since 7 (p¥(1p)) < 7(p(14)) and 7 (pyp(1p)) = 1/n, we obtain

< n|re(a)] (5.98)

A

for all a € A and 7 € T(B). This entails the continuity of ® in the weak*-topology and,

similarly, ¥ is weak*-continuous. Therefore T'(A) and T'(B) are homeomorphic. O

Remark 5.4.15. The homeomorphism ® between T'(A) and T'(B) is not affine. Of course,
if one of the trace simplices is finite then the homeomorphism ® induces an affine iso-
morphism between T(A) and T(B). However, it is unknown to the author if the trace

simplices are in general affinely isomorphic.

5.5 Kirchberg algebras and coloured isomorphisms

In this section we will prove that any two Kirchberg algebras are 2-coloured isomorphic.
We will rely on the machinery developed in [8]. In particular, Theorem 4.8.9 will be
fundamental for this Chapter.

Firstly, we will show coloured isomorphisms preserve weak pure infiniteness (see Section
1.7). This, in conjunction with Theorem 5.4.9, will show that pure infiniteness is preserved

if the algebra is simple.

Proposition 5.5.1. Let A and B be separable unital C*-algebras such that A =,y B. If

A is weakly purely infinite then B is weakly purely infinite.

Proof. Since A is weakly purely infinite then A, is traceless by Theorem 1.7.10. By
Corollary 5.4.10, Ay, =(,) By. Since the trace spaces of A, and B, are homeomorphic
by Proposition 5.4.12, B,, is also traceless. Finally, again by Theorem 1.7.10, B is weakly
purely infinite. O
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Corollary 5.5.2. Let A and B be separable unital C*-algebras such that A =,y B. If
A is simple and purely infinite then B is simple and purely infinite. Moreover, if A is a

Kirchberg algebra then B is a Kirchberg algebra as well.

Proof. If A issimple then B is simple as well by Proposition 5.4.9. Since A is purely infinite,
in particular, A is weakly purely infinite. By Proposition 5.5.1, B is weakly purely infinite.
By Theorem 1.7.11, simplicity and weak pure infiniteness imply pure infiniteness. Hence
B is purely infinite. If additionally A is nuclear (so A is a Kirchberg algebra), then B is
nuclear as well by Proposition 5.4.6. Therefore B is a Kirchberg algebra. 0

In light of Corollary 5.5.2, we already know that if a Kirchberg algebra A is coloured
isomorphic to some other C*-algebra B then B has to be a Kirchberg algebra as well. We
will proceed to prove the converse.

As mentioned earlier, Theorem 4.8.9 will be highly important for this section. In order
to have access to this theorem, we must be able to verify when a c.p.c. order zero map ¢
satisfies that, for any non zero f € (Co(0,1]),, f(¢) is injective. The following lemma,
which is an straightforward application of [8, Lemma 9.8], will indicate us when certain

type of c.p.c. order zero maps satisfy this technical condition.

Lemma 5.5.3 ([8, Lemma 9.8]). Let A be a unital Kirchberg algebra and let h € AL with
spectrum [0,1]. Suppose ¥ : A — A is a c.p.c. order zero map such that ||9(a)|| = |lal|
for alla € A and define p: A — AR Z by

¢(a) = V(a) ® h, a € A.
Then ¢ is a c.p.c. order zero map with the property that, for any non zero f € (Co(0,1]),
() is injective.

Proof. Let t € [0,1). Since ¢ is isometric, we have
[((1a) =) [ =11t (5.99)

This shows that the order zero map (¢ —¢)_ . has norm equal to 1 — ¢ by Corollary 1.4.8.
Since B is simple, by Lemma 1.4.12, (¥ —t)_ is injective. Then, by [8, Lemma 9.8], the
map ¢ : A — C(0,1] ® A given by

P(a) = id,1) ® V(a), acA, (5.100)
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is a c.p.c. order zero map with the property that, for any non zero f € (Co(0,1]),, f(9)
is injective. By [62, Lemma 3.3.2], Cy(0,1] is canonically isomorphic to the universal
C*-algebra generated by a positive contraction and we identify id(g ;) with the universal
generator. Hence, by functional calculus, we have that the C*-algebra generated by h is
isomorphic to Cp(0,1]. After identifying id( ;) with h, we obtain that ¢ is a c.p.c. order
zero map with the property that, for any non zero f € (Co(0,1]),, f(¢) is injective. [

The proof of the the following theorem is based on the work carried out in [8]. It is
well known that by Kirchberg’s embedding theorems, we can always embed any Kirchberg
algebra into another Kirchberg algebra. Then, using a positive element h of Z with
spectrum [0, 1], we consider the maps given by the tensor product of the composition of the
embeddings with this positive element. By Theorem 4.8.9, these maps are approximately
unitarily equivalent to the corresponding identity map tensorised with h. We will finish
by repeating this process with 1z — h instead of h. It is important to notice that this

theorem does not require the UCT.

Theorem 5.5.4. Let A be a Kirchberg algebra and let B be a separable unital C*-algebra.
Then A =9y B if and only if B is a Kirchberg algebra.

Proof. Firstly, if A is a Kirchberg algebra and A =(3) B, by Proposition 5.5.2, B is a
Kirchberg algebra as well.

Conversely, let A and B be Kirchberg algebras. By Kirchberg’s embedding theorems
(Theorem 1.7.5), there are embeddings A < O3 and B < Os. Let p € P(A) and g € P(B)
be properly infinite projections of Ky-class 0. By [84, Proposition 4.2.3.(ii)], there exist
embeddings Oy — pAp C A and Oy — q¢Bq C B. Let ¢ : A — B and ¢y : B — A given

by composing the previous embeddings,

® ¥

Notice that A and B are Z-stable because, by Kirchberg embedding theorems (Theorem
1.7.5), Kirchberg algebras are O -stable and, by Theorem 4.4.8, O tensorially absorbs
the Jiang-Su algebra Z. Then by Theorem 4.5.4 there exist isomorphisms o : AQZ — A

and p: B® Z — B, and unitaries x € A,y € B, such that

a=z2"0(la®lz)z, (5.101)

b=y p(b®1lz)y (5.102)
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for all a € A and b € B. Let h € Z be a positive element with spectrum [0, 1] and let us

define c.p.c. order zero maps §# : A — B and (: B — A by

0(a) = p(p(a) @ h), a€ A, (5.103)
¢(b) =o((b) ® h), be B. (5.104)

In particular we have
¢O(a) = a(¥(6(a)) @ h), a€ A (5.105)

We would like to show, using Theorem 4.8.9, that ¢(6(-)) ® h and id4 ® h are approxi-
mately unitarily equivalent. In order to do this, we have to verify that f ()(6(-)) ® h) and
f (id4 ® h) are injective for all f € (Co(0,1]),..

By Lemma 5.5.3, this boils down to checking that 10 and id 4 are isometric. Since it is
obvious that id 4 is isometric, we only have to show 0 is isometric but this immediately
follows from the fact that the minimal norm is a cross norm, ||h|| = 1 and ¥, p and

*

@ are isometric. We include these details for completeness. Since 1, ¢ and p are *-

homomorphisms, they are isometric. Hence

lo @@l = [6(a)]
CE @@ n) |
= Jp(a)®hl
= Je(@IllAl
= e
= |a (5.106)

for all a € A. This shows we can apply Theorem 4.8.9 to the pair (0(-)) ® h and idg ® h.
Therefore there exists a unitary w, € (A ® Z),, such that

a®h=w (Y(b(a)) ®h)wi, a€ A (5.107)

Observe that 1z — h also has spectrum [0, 1] and, because of this, we can repeat the
previous arguments after replacing idgq ® h with idq ® (1z — h). Hence, by Theorem
4.8.9 applied now to the maps ¥(6(-)) ® h and idg ® (1z — h), there exists a unitary
wy € (A® Z),, such that

a® (1z —h) =ws (Y(0(a)) ® h)ws, a € A. (5.108)
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Then, by identities (5.107) and (5.108), we have

a®lz=a®h+a® (lz —h)

= wy (¥(0(a)) ® h)wy + w2 (Y(0(a)) @ h) wy (5.109)

for all a € A. Thus

o OV z¥o(la® 1z)z

= 2'c(a®h+a®(lz—h))zx

GL9 1 (w1 ($(8(a)) © k) w} +ws ($(8(a)) @ h) wh) 2

= z7o(w)o ((¥(0(a)) © h)) o(wr)"®

+ z*o(wa)o (Y(0(a)) @ h) o(w)*x (5.110)

for all a € A. Notice that implicitly we are extending o to (A® Z),. After setting

u; = x*o (w;), we obtain

a = u1¢0(a)u] + u2(h(a)uy (5.111)
for all a € A. Similarly there exist unitaries v1, vy € B, such that

b = v10¢(b)v] + v20((b)v3 (5.112)

for all b € B. Therefore the c.p.c order zero maps § : A — B,( : B — A and the

unitaries uq, us € Ay, v1,v2 € B, induce a 2-coloured isomorphism between A and B. [

5.6 Finite algebras and coloured isomorphisms

In this section we will show an anologue result for separable, simple, unital, finite, nuclear
and Z-stable C*-algebras with unique trace which satisfy the UCT. In general, the idea of
the proofs of this section is the same idea we used for Kirchberg algebras. Unfortunately,
there are more technical details we have to deal in this case. In this setting, the tracial
behavior of maps will play a prominent role. Firstly, we will establish an analogue to
Theorem 4.8.9 in this setting, which is built from Theorem 4.8.8 but with additional
hypothesis (this will simplify its proof). With this theorem in hand, we will show UHF
algebras are 2-coloured equivalent to the Jiang-Su algebra Z. The proof we provide is
constructive and illustrate in a nutshell the key ideas behind the more general results to

follow.
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In order to prove our first technical lemma, we will make use of the heavy machinery
developed in [8]. Let us recall the definition of totally full *-homomorphisms and totally

full elements first.

Definition 5.6.1 ([8, Definition 1.1]). Let A and B be C*-algebras, a *-homomorphism
m: A — B is totally full if if for every non zero element a € A, w(a) is full (i.e. w(a)
generates B as a closed two-sided ideal). Likewise, a positive element b € B is totally full

if b # 0 and the *-homomorphism Cy((0, ||b][]) — B given by id g s + b is totally full.

The following lemma is a slight variation of [8, Theorem 5.2]. Notice that the algebra
B has a unique trace instead of T'(B) being a Bauer simplex. This will simplify its proof
but the idea is the same. This lemma will play the role of Theorem 4.8.9 in the previous

section.

Lemma 5.6.2. Let A be a separable, unital, nuclear C*-algebra and let B be a simple,
separable, unital, finite, Z-stable, exact C*-algebra with unique trace Tp. Let @1,p2 :

A — B, be c.p.c. order zero maps such that p1(a) is full for every non zero a € A, and

7o l(a) =70 ph(a) £ 0 (5.113)

for all a € A and all n € N, where ¢} is understood as order zero functional calculus.

Then there exists a unitary w € B, such that
v1(a) = wpz(a)w* (5.114)
for all a € A.

Proof. Let us sketch the proof first. Using support order zero maps of (1 and o we will
define a new c.p.c. order zero map m: A — Ms(B,,). We will use the 2 x 2 trick (Lemma
4.8.5) with this map to show ¢; and @9 are unitarily equivalent. In order to do this, we

have to see

01(1a) 0O 0 0
and

0 0 0 wala)

are unitarily equivalent in some relative commutant C' and, by the machinery of [8], this
boils down to checking that h; and ho are totally full in C' and that all powers of these
elements agree on all traces on C.

First of all, by Ozawa’s density theorem [71, Theorem 8], B, has a unique trace 7p,

given by

TB., (@211) = lim 7p(zn), (5.115)
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where (xn)zozl denotes the class of (z,,)72, in B,,. Let Jp, < B, be the trace kernel ideal
of B, i.e.

Jp, = {@alnis € Bu | lim 7p(whwn) =0}

By [8, Lemma 1.14], there are support order zero maps ¢1, 92 : A — By, of 1 and ¢y
such that the induced maps ¢y, $y : A — B, /Jp, are *-homomorphisms. Observe that
[8, Lemma 1.14] requires the maps 7 — d, (p1(14)) and 7 — d; (¢2(14)), from T(B,)
to [0, 1], to be continuous but since B, has a unique trace this condition is automatically
satisfied.

Let us define a c.p.c. map 7 : A — Ms(B,,) by
m(a) = , a€ A, (5.116)

and set C' := Ma(By,) N7(A) N {1y, — 7T(1A)}L. Let us denote the unique trace of
Ms(B,,) as T (observe that T = 7,(c) ® 75,,). By hypothesis, ¢1(a) is full for all non zero

a € Ay, then 7(a) is also full since
0< < < = m(a). (5.117)

Hence, by [8, Theorem 4.1], C has strict comparison (of positive elements with respect to

traces) and the set of traces
Ty = {7 (n(a)(-)) | a € As, F(n(a) = 1} (5.118)

has weak*-closed convex hull equal to T(C). Recall that strict comparison means that
if d,(c1) < dy(c) for all p € T(C), then ¢; = ¢ for k € N and c1,¢c2 € M(C)4 (see
Definition 1.10.5).

Set

1 0 0 0
hy e1(1a) | hy

U 0 2(1a)

(5.119)
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Let us verify hy and hy are elements of C. Observe

h17r(a) =

Similarly

0 0
eila) 0 ) (5.120)
0 0
$1(a) 0 e1(la) O
0 ¢(a) 0 0
$1(a)p1(la) O
0 0
e1(a) 0) (5.121)
0 0

This shows hym(a) = w(a)hy for all a € A. Now, let us check (1pp,) —7(14)) h1 =0,

(Lany(B,) — 7(1a)) I

1a—¢1(1a) 0 ¢1(1a) O
0 1a—@a(la) 0 0

(1a —$1(1a)) p1(1a) O
0 0

e1(1a) —p1(la) O
0 0

(5.122)

This proves hy € C. The same computations with ho instead of hy show hy € C. By
hypothesis, ¢1(14) is full in B, so hy is full in Ms(B,,) and hence C is full in Ms(B,,). Let

us verify now that p (h}) = p (k%) for all p € T(C) and n € N. Consider p = 7(7(a)-) € To
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where a € Ay is such that 7(7(a)) = 1. Hence

p(hi) =7 (x(a)hy)

Il Il
ol S|
> >
- o =
s &

o €

= p
— s}

=3

z SN—
\/

o

\_// N
N— ‘§
o =
=
3
o o
\_/
\_/

_ m8.(#1(a) (5.123)

Similarly we obtain

p(hy) = B P20) (“f(a)). (5.124)

By hypothesis 7, (¢} (a)) = 75, (¢4 (a)) for all a € A. Hence

p(hi) = p(hz) (5.125)
for all n € N and p € Tp. Since the convex hull of T is weak™-dense in T'(C) we have

p (k1) = p(h3) (5.126)
for all n € N and p € T(C). Since 7 (¢} (a)) # 0 for all non zero a € A and n € N, then

B, (f(p1(a))) = 7B, (f(p2(a))) # 0 (5.127)

for all a € A and f € C((0,1])+. Hence

p(f(h1)) = p(f(h2)) # 0 (5.128)

for all p € T(By,) and f € Cp((0,1])+. Let us prove now that hy and hg are totally full
elements in C. In order to do this, by Definition 5.6.1, we need to show that f(h;) and
f(ho) are full in C for f € Cy((0,1])+. Consider a non zero positive contraction ¢ € C.

Since p(f(h1)) # 0 and T'(C) is compact, we have
inf p(f(h > 0. 5.129
pelT(C) ( ( 1)) ( )

Thus, there exists n € N such that

nd, (£(h1) = np(f (k1)) > 1> dy(c) (5.130)
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for all p € T(C). By strict comparison ¢ is Cuntz below f(h1)®" in C. This immediately

shows that for every € > 0 there exist elements y1,...,y, € C such that

<e. (5.131)

c= > yif(h)uk
k=1

Therefore ¢ is in the closed two sided ideal generated by f(h;) in C. Since ¢ was arbitrary,
this shows f(h1) is full. This shows h; is totally full. Analogously, we can show hg is
totally full.

By [8, Theorem 5.1], hy and hg are unitarily equivalent in the unitisation of C. Rgrdam
showed that simple, separable, unital, finite Z-stable C*-algebras have stable rank one [83,
Theorem 6.7]. Then, by Lemma A.1.6, B, has stable rank one. Finally, by the 2 x 2 trick

(Lemma 4.8.5), 1 and 2 are unitarily equivalent. O
Now we are ready to establish the following example.

Example 5.6.3. The CAR algebra M is 2-coloured equivalent to the Jiang-Su algebra
Z.

Proof. Let Zye 3 be the generalized dimension drop algebra. Recall
Zgooygoo = {f eC ([0, 1],M2<>o X® MgoO) | f(O) € Myo ® (ClMgoo, f(l) € (ClMQOQ X Mgoo} .

By [85, Proposition 3.3], Z~ 3 embeds unitally into Z. We can regard Zs~ 3~ as a
C*-subalgebra of C[0,1] ® Mo ® Msee and consider h : [0,1] — R as h(t) = 1 —t. Define

a c.p.c. order zero map ¢ : Moo — Zooo 300 by
Pla) =h®a® e, a € Mooo. (5.132)

Observe that since h(1) = 0, ¢(a) is an element of Zje 300. By Remark 1.9.4, there is
a unital standard embedding ¢ : Zs 300 — Z, i.e. the trace of Z induces the Lebesgue
trace on Zooo 300.

Let ¢ : Moo —> Z be the order zero map given by the composition of ¢ and the

standard embedding ¢ of Zsx 3 into Z,

)
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In particular

Tzo0@"(a) =71z(t(M" ®a® 1))

1
— Tty (@) - Tatge (Tate) - /0 B ()t

TMyco (a)
= 22 5.133
n+1"’ ( )

where ™ is understood as order zero functional calculus. Recall that the CAR algebra
Mo is Z-stable. Then, by Proposition 4.5.4, there exists an isomorphism ¢ : Moo ® Z —

M~ and a unitary x € (Ma),, such that
a=z"0(a®lz)x (5.134)

for all @ € Mao. Let ¢ : Z — Mo be the composition of the second factor embedding

of Z into Mas~ ® Z and the isomorphism o. Notice that v is a *~homomorphism,

1Myoo ®idz o

(4

Observe that since ¥ is a *~homomorphism, its support *~homomorphisms is ¢ itself.
Recall that the support *-homomorphism of the composition is the composition of the

support *-homomomorphisms (Corollary 1.4.14). Then we have

(V)" (a) = (¥p(1a))" Ymy(a)
=¥ (p(1a)") Ymy(a)
=¥ (p(1a)" 7 (a)) = P¢"(a) (5.135)

for all a € A.

Now, since v is unital, it is trace preserving. Hence

(5.135)

Moo © (¥90)" (@) =" Tatyee © Yp"(a)
= T1z0¢"(a)
(5.183) Thiyee (@) (5.136)
n+1
Set c.p.c. order zero maps p1, p2 : Mace —> Moso by
pi(a) =0(a®t(h® 1y @ L)), a € My, (5.137)

p2(a) =0(a®@e((1 —h) @ 1ne @ Lare)), a € Mas. (5.138)
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Observe that

p1(a) + p2(a) =0 (a®¢ (10[0’1} @ 1o @ 1pgyee)) = 0(a®1z) (5.139)
for all a € My~. We also have

TMayoo © p{b(a) = TMyee © 0 (CL Q¢ (hn ® ]-M200 ® ]-M3oo ))
= Thyoo @ Tz(a @ 1 (" @ 1nfy00 @ 1ngye))
= TMyoo (CL) Tz ol (hn ® ]‘M200 ® ]-Mgoo)
*) !

) (@) / W (t)dt
0

_ TMso0 (a)

= (5.140)

for all @ € My~. Notice that (x) is given because the trace of the Jiang-Su algebra induces

the Lebesgue trace. Similarly

1
g © PE(0) = Thtpo (0) - /0 (1 - hy"(t)dt

TMyoo (a)
= —" .141
n+1 (5 )

for all @ € M. This shows p; and po tracially agree with ¥ on each power. Precisely,

TMyoo © PT(0) = Thipoo © (V)" (@),  Thgyeo © P () = Tasyeo © (V)" () (5.142)

for all @ € M~ and n € N. By Lemma 5.6.2, there exist unitaries w;, ws € (Ma),, such
that

pi(a) = wigp(a)wr,  p2(a) = wap(a)wy (5.143)

for all a € Msy. Set unitaries u; = z*w; and ug = x*wy. Then

wp(a)] +uvpau; = crwpla)wie + e wabp(a)wie
= o (wivp(a)w +wrp(a))

= % (p1(a) + pa(a) @

= z0(a®1z)x

= (5.144)

for all a € Ms~.
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Now notice that

(5.133)

1
20 (o) (5) CEY rap o ((B) - /0 B (t)dt
TMyoo (U(lMgoo @ b))
n-+1
Tz(b)

= =3 (5.145)

for all b € Z. In order to finish we have to repeat the same constructions for py. We
include those details for completeness. Since Z is strongly self-absorbing, by Theorem
4.5.4, there exists an *-isomorphism 6 : Z2 ® Z — Z and a unitary y € Z, such that
b=y"0(b® 1z)y for all b € Z. Define c.p.c. order zero maps (1,2 : Z — Z by

G(b) =00 @t (h®1ape @ 1o ) s be Z, (5.146)

GO =0b® (12 —h) @ Ly @ Lag)) be 2. (5.147)

By construction, we have

Tzo(l (D) =Tz o (p)" (b),  Tz0((b) =Tz o0 (p¥)" () (5.148)

for all b € Z and n € N. Then, by Lemma 5.6.2, there exist unitaries w,,ws € Z, such
that

G(b) = wpp(d)u]  G(b) = wapyp(b)ws (5.149)
for all b € Z. After setting unitaries v = y*w; and vo = y*wWsy, we obtain
b= w1 (b)f + vt (b)vs (5.150)

for all b € Z. Therefore, the c.p.c. order zero maps ¢ : Moo —> Z, 1) : Z — Mo and

unitaries ui, us € (Ma),, ,v1,v2 € Z,, implement a 2-coloured isomorphism between Maeo

and Z. O

From the previous proof, we can see that one way of obtaining 2-coloured isomorphisms
between separable, simple, unital, finite, nuclear and Z-stable C*-algebras with unique

trace boils down to finding c.p.c. order zero maps ¢ : A — B, : B — A such that

=M e (e ) = 20

a0 (U¢)" (a) -z

forall a € A;b € B and n € N. Then Lemma 5.6.2 will give us that ¢ is approximately

unitarily equivalent to id4 ® h and ¢t is approximately unitarily equivalent to idp ® h
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for any positive element of Z with spectrum [0, 1] and we can finish as in the previous
example. The following lemmas will help us to construct these c.p.c. order zero maps in a

much more generality.

Lemma 5.6.4. There exists a Borel measure j1 on [0, 1] with support [0,1] such that

1 " - 1
/Otdu(t)—\/m (5.151)

for allm € N.

Proof. Let us prove the following well known identity

/ et = VT (5.152)
A NG

We have

(5.153)

Observe that in (I) we changed to polar coordinates and in (II) we made the substitution

uw = nr2. Then we have showed

/ ety = VT (5.154)
; 2/

for all n € N.

With this identity in hand, let us define a measure on [0, c0) in the following way,

- 2 42
= —- '1
a(l) NG /Ue dt (5.155)
for every Borel set U C [0,00). Hence
2 2
fda(t) = —= f(t)e ¥ dt. 5.156
/[O,oo) ( ) ( ) ﬁ [0,00) ( ) ( )

Using the homeomorphism h : [0,00) — (0,1], given by h(t) = e™!, we can define a

measure 4 on (0,1] by

w(U) = i () (5.157)
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with U a Borel set of [0,1]. Hence we obtain

FOdu(t) = [ (£ o hie) dice). (5.15%)
(0,1] [0,00)
We can extend this measure to [0, 1] by considering i1(U) = p(U N (0,1]). Let us rename

this extension fi as p to simplify the notation. By construction, the support of p is [0, 1]

1
/t”d 5158)/ ot g
0

(5.156) 2 / o2 g2
e ce " d(t)
V7 Jo

and we have

2 o 2
- _Z —(n+1)t dt
e
ol
(5.152) 2 < VT >
T VT \2vn+1
1
= NEST (5.159)
for all n € N as wanted. O

Lemma 5.6.5. Let A be a simple AF-algebra with unique trace T4. Then there exists a
c.p.c. order zero map ¢ : A — Z such that

72 0 ¢"(a) = al@) a € A, (5.160)

vn+1’
for alln € N.

Let us sketch the proof first. By Lemma 5.6.4, there exists a Borel measure u on [0, 1]
with support [0, 1] such that

L o
/0 t"du(t) = e

With this measure in hand we will define a Cu™-map ¢ between Cu™ (Cy(0,1] ® A) and
Cu™ (Z). With the help of Theorem 1.10.14, we will be able to lift this map to a *-
homomorphism 7 : Cy(0,1] ® A — Z such that Cu™(7) = ¢. This *~homomorphism will
induce an order zero map ¢ : A — B. Using that A has real rank zero, we will be able

to show
Ta(a)

Tz o¢"(a) = Ve
Proof. Recall that, by Theorems 1.10.6 and 1.10.9, we have

Cu(A) = V(A) U (0, 0], (5.161)
Cu(Z2) = Ny U (0, o0, (5.162)

Cu(C[0,1] ® A) = Lsc ((0, 1], V(A) U (0, d]) . (5.163)
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By Lemma 5.6.4 there exists a Borel measure p on [0, 1] with support [0,1]. Then by
Lemma 1.10.12 the map ¢ : Cu(C|0,1] ® A) — Cu(Z) given by

1
50 = [ ey (F©) autt (5.164)

is a Cu-map where we regard the image of & contained in the soft part of Z, i.e. (0, 00].
Consider the unit 1 of Cu(CI0,1] ® A), precisely 1 € Lsc([0,1], V(A) U (0,00]) is the

constant function (14) € V(A). Notice

5(1) = /01 du(t) = 57? /01 eVt = \/27? (*f) = 1g, . (5.165)

We will use this Cu-map to define a map at the level of Cu™. By Example 1.10.13, we

have

Cu™(Co(0,1]@ A)={f —n-1]| f € Lsc([0,1], V(A) U (0,00]), f(0) < o0},

= {f € Lsc([0,1], Ko(A) U (—o0,0]) | f(0) =n(la),n € Z} (5.166)
and

Cu™(Z2)={z—n-1y|2z e NyU(0,0¢], n € N}

= 7 U (00, 00]. (5.167)
Then the Cu-map & extends to a Cu-map o : Cu™(Cp(0,1] ® A) — Cu™(Z). Precisely,
o(f—-n-1)=06(f) —n-1gr,. (5.168)

By Theorem 1.10.14, there exists a *-homomorphism 7 : Cy(0,1] ® A — Z such that
Cu™(m) = 0. Observe that equation (5.165) guarantees we can apply Theorem 1.10.14.
Via the duality between c.p.c order zero maps and cones over *-homomorphisms, we obtain

a c.p.c. order zero map ¢ : A — Z by
pla) =7 (idoy®a), acA (5.169)

In order to finish the proof, we need to show this map satisfies the trace condition of
equation (5.160). Let us analyse the map 7w at the level of Cu. To this end, consider
f®a € (Co(0,1] @ A)_, by [1, Corollary 2.7] its Cu-class, which will be denoted as [f ®a],

is

[f ®a] = [a] - xsupps € Lsc ((0,1], V(A4) L (0,00]), (5.170)
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where [a] - Xsupps : (0,1] — V(A) L (0, 00] is given by

[a] t e suppf

[a] - Xsuppf (t) = (5.171)

0  otherwise
Recall Cu(Z) = Ny U (0,1]. In Remark 1.10.7, we explain that if (a) € Cu(Z2) is a soft
element, we identify it with d., ((a)). Remember the image of & is contained in the soft

part of Cu(Z) and since Cu(r) = o, we obtain
by (r(f@a)) = Cu@)([f @al)
— o(f®d)
" 6 (a] - Xeupps)
1
! /O e, ([a]) - Xeupp s ()it
= @y @) [ X @)
— 4, (a) - 1 (suppf) (5.172)
For each a € A, set 1 : Co(0,1] — Z by

na(f) =7(f ®a). (5.173)

Since the composition 7z o7, defines a linear functional on Cy(0, 1], there exists a measure

v, on (0, 1] such that

Tz on.(f) = f(t)dua(t) (5.174)
(0,1]

for all f € Cy(0,1]. Moreover, for a contraction f € Cy(0, 1]+ we have
. 1
drgon, (f) = lim 7z 01, (f n)

= lim F(t)dva(t)

n—o0 (071}

= vy (suppf). (5.175)

For a projection p € A, observe d., (p) = 7(p). Then we have
. 1
drgon, (f) = lim 7501, (fn)
= lim 72077(]"% ®p)
n—oo

)

3=

= lim 75 (W (f®p)

= drz (n(f@p))

G2 ) - u(suppf). (5.176)
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This entails

5.175 5.176
op(suppf) "E drzon, (1) T2 Tap) - pu(supps) (5.177)
for each positive f € Cy(0,1] ® A. This shows
vp = TA(p) - (5.178)

m
Let us now consider the case when a € Ay is spanned by projections, say a = Y A;p;
i=1

with {p1,...,pm} a family of pairwise orthogonal projections and each A; positive. Then
. 1
drgon,(f) = lim 7z on, (fn)

= lim TZOT('(f%@CL)
n—oo

et ($0)

. = 1
T A dreer (5 @ xm)

(5. 176
Z Aia(pi) - p(suppf)

= ™ (ZM%) p(supp )

= 7a(a) - p(suppf). (5.179)

This shows

(5.175) (5.176)

va(supps) ) drson, (1) "E" 7a(a) - plsuppf) (5.180)

for any f € Cy(0,1]+. This entails v, = 7(a)u if a is spanned by projections; i.e.
a = f: Aipi where {p1,...,pm} is a family of pairwise orthogonal projections in A. By
contilnzulity, we can extend this to any positive element a € A which can be approximated
by linear combinations of projections. We include those details for completeness.

Let a € A, ¢ > 0 and suppose it can be approximated by linear combinations of
projections. Then there exists b = i Aipi, where {p1,...,pm} is a family of pairwise

i=1
orthogonal projections in A, such that

la— bl < % (5.181)
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Let f € Cy(0, 1] be a function of norm at most 1, then

/01 fdua—/o1 fdv,

CIY | on(f@a)—rzom (f@b)

= |rzom(f®(a—b))

< % (5.182)

This yields that for any open interval I we have

vall) = vp(D)] < 5. (5.183)
Since b is a linear combination of projections, we know v, = 7(b)u. Then
[va(1) = 7(a)u(1)] < [va(l) — vp(1)| + [7(b) (1) — 7(a) u(1)]
e €
—+-=c. 184
<3 + 5 =¢ (5.184)
Since € was arbitrary, we conclude v, = 7(a)u.
Finally, A is real rank zero by [84, Proposition 1.2.4]. Thus
Ve = TaA(a)p (5.185)
for every a € Agq. Therefore
tzo¢"(a) = 7z(7(t"®a))
5.173
OV o ma(t?)
1
G174 / " dvg(t)
0
1
5.185
L) (a) / " dp(t)
0
(5.159) TA(a)
=7 47 5.186
vn+1 ( )
for all @ € A. This finishes the proof. O

As an easy application of the previous lemma let us prove the next example.
Example 5.6.6. Any two UHF-algebras are 2-coloured equivalent.

Proof. Let A and B two UHF algebras. We will denote the unique traces of A and B
by 74 and 7. By Theorem 4.5.4, there exist *-isomorphisms ¢ : A ® Z — A and

f: B® Z — B, and unitaries x € A,y € B, such that

a=z"0(a®lz)z, b=y"0b®1z)y (5.187)
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for all @ € A and b € B. By Lemma 5.6.5, there exist order zero maps ¢ : A — Z and
¢ : B —» Z such that

~\n _ TA(G) T\n _ TB(b)
Tz 0 (¢)"(a) = Vo U ()" (b) = eS| (5.188)

for all a € A and b € B. Define order zero maps ¢ : A — B and ¢ : B — A where ¢ is

given by the following compositions,

1p®idz 0

©
and 1) is given similarly by the following compositions.
¥

Observe that since 13 ® idz,14 ® idz, 0 and 6 are unital *-homomorphisms, the maps ¢

and v satisfy the following trace conditions.

wiy _ Tala) 0
TBOoY (CL) - \/m) TA 1/} (b) - \/m (5189)
for all a € A and b € B. Hence
Ta0 ()" (a) = Ta 0P (¢"(a))
_ 1o¢"(a)
vn—+1
__ 7a(a)
vn—+1lyn+1
_ 7ala)
=il (5.190)
Similarly
B0 ()" (b) = ZBJ(rnl) (5.191)

We will finish exactly as in Example 5.6.3. Let h € Z be a positive element of spectrum
[0, 1] such that

1
n+1"

Tz(h") = (5.192)
Define c.p.c. order zero maps p1,p2 : A — A by

p1(a) =o(a®h), a€A (5.193)

p2(a) =o(a® (1z — h)), a € A. (5.194)
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Similarly, define c.p.c. order zero maps (;,(2 : B — B by

Ci(b) = 6(b @ h), b€ B, (5.195)

C(b) =0(b® (1z — h)), beB. (5.196)
By construction, we have

Ta 0 pi(a) =Tao (Pp)" (a) =740 p3(a) (5.197)

for all a € A and n € N. Similarly

3o (1'(b) = 7B 0 (p))" (b) = 7B 0 (3 (b) (5.198)

for all b € B and n € N. By Lemma 5.6.2, there exist unitaries wy,ws € A, and

w1, W € B, such that

pi(a) = wipp(a)wy,  pa(a) = wap(a)ws, (5.199)

G (b) = wipy(b)uwy,  Ga(b) = wapip(b)ws. (5.200)
After setting u; = x*wi,us = x*ws € A, and vy = y*wWy, v2 = y*Wwy € B, we obtain

a = urtpp(a)uy + ugp(a)us, (5.201)

b= v1py(b)vy + vapip(b)vy (5.202)

for all @ € A and b € B. Therefore the c.p.c. order zero maps ¢ : A — B,%p: B — A
and the unitaries ui,us € Ay, v1,v2 € B, implement a 2-coloured isomorphism between

A and B. O

The following result from [96] will allow us to extend the previous proof much more

generally.

Theorem 5.6.7 ([96, Corollary 6.5]). Let A be a separable, simple, unital and nuclear
C*-algebra with unique trace which satisfy the UCT. Then A embeds unitally into a simple

AF algebra with unique trace.

The following theorem is the main result of this section. It is an equivalent version of
Theorem 5.5.4 for separable, simple, unital, finite, nuclear and Z-stable C*-algebras with

unique trace which satisfy the UCT algebras.

Theorem 5.6.8. Let A and B be separable, simple, unital, finite, nuclear and Z-stable
C*-algebras with unique trace which satisfy the UCT. Then A =) B.
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Proof. By Corollary 5.6.7, there exist simple monotracial AF algebras C' and D, and unital
embeddings A — C and B < D. Let us denote the unique traces of C' and D by 7¢ and

7p. By Lemma 5.6.5, there exist c.p.c. order zero maps ¢ : C — Z and ¢ : D — Z

such that
2o @0 = S8k, o (9) @=L (5.209)

forall c€ C' and d € D.
By Theorem 4.5.4, there exist *-isomorphisms 6 : A® Z — Aand 0: BR Z — B,

and unitaries x € A,y € B, such that
a=z"c(a® lz)z, b=y"0b®1z)y (5.204)

foralla € A and b € B.
Let us define order zero maps ¢ : A — B and ¢ : B — A where ¢ is given by the
following compositions,

1p®idz

AC c—*% .z Bgz_—? B

)

and 1) is given similarly by the following compositions.

1A®idz o

B¢ D Z A®Z A

P

From this point the proof is identical to the proof of Example 5.6.6. We include the
proof for completeness. Observe that since A and B embeds unitally in C' and D, and
1p®idz,14 ® idz,0 and 6 are unital *-homomorphisms, the maps ¢ and 1 satisfy the

following conditions,

b
B © Qﬁn(a) = \;2(%7 TA O 1/}”([)) = \;5(7—’_)1 (5205)
for alla € A and b € B. Hence
Ta0 (Yp)" (a) = Ta 0" (9"(a))
_ 1o ¢"(a)
B n+1
_ 7a(a)
=il (5.206)
In the same way we can show
75 0 (o¥)" (b) = 73(n) (5.207)
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for all b € B. Consider a positive contraction h € Z with spectrum [0, 1] such that

1
ny — X 2
r2(h") = — (5.208)
Let us define c.p.c. order zero maps p1,p2 : A — A by
p1(a) =c(a® h), a€ A, (5.209)
p2(a) =c(a® (1z — h)), acA. (5.210)
Similarly, define c.p.c. order zero maps (1,(» : B — B by
¢G(b) =0(b®h), be B, (5.211)
CGb) =0b® (1z — h)), beB. (5.212)
By construction, we have
Taopi(a) =Ta0 ()" (a) = Ta0 p3(a), (5.213)
T o (1 (b) = 7B 0 (9))" (b) = T © (5 () (5.214)

for all a € A,b € B and n € N. By Lemma 5.6.2, there exist unitaries wy,ws € A, and

w1, W € B, such that

pi(a) = wigp(a)wr,  pa(a) = wrpp(a)w; (5.215)

C(b) = wipy(b)wy,  Ca(b) = wapy(b)w;. (5.216)

Set w1 = x*w1, us = x*wy € Ay, and vy = y* Wi, ve = y*wo € B,,. This yields

a = u1p(a)u] + uztp(a)us (5.217)

b= v1pY(b)v] + vat (b)vy (5.218)

for all a € A and b € B. Therefore the c.p.c. order zero maps ¢ : A — B,y : B — A

and the unitaries ui,us € Ay, v1,v9 € B, implement a 2-coloured isomorphism between

A and B. O

5.7 Questions
We will finish this chapter by stating some questions about coloured isomorphisms.

e What is the right notion of coloured isomorphisms for non unital C*-algebras?
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e Coloured isomorphisms are very rigid for finite dimensional and commutative C*-
algebras. In a work in progress with D. McConell we have observed that this is also
true for C*-algebras of the form Cy(X) ® M,(C). Is this true for a more general

class of C*-algebras, for example type 17

e We have seen that if A and B are stable rank one separable unital C*-algebras such
that A =,y B and A is D-stable then B =, B® D. If A and B are simple separable
and nuclear such that A =5 B and A is Z-stable. Does B tensorially absorb Z as

well?

e Is the UCT preserved under coloured isomorphisms? If this is true, then we will
obtain that any nuclear C*-algebra satisfy the UCT so we expect this question to be

extremely difficult.
e Can we remove the UCT assumption from the hypothesis of Theorem 5.6.87

e We explained that the trace simplices of coloured isomorphic C*-algebras are home-
omorphic (as topological spaces). Are the trace simplices of coloured isomorphic
C*-algebras affinely isomorphic? If this is true, can we extend Theorem 5.6.8 to the

case where T'(A) and T'(B) are affinely isomorphic?

e Which properties of Cu are preserved under coloured isomorphisms? For example,

if A=, B and Cu(A) has m-comparison, does Cu(B) have nm-comparison?



Appendix A

Ultraproducts

In this appendix we will recall the constructions of ultraproducts and ultrapowers. We
will also state some properties of them.

A filter w on N is a subset of 2V such that
(i) 0 ¢ w,
(i) if U,V € w, then UNV € w,
(iii) f U ewand U C V, then V € w.

A filter is free if the intersection of all of its elements is empty. A maximal filter is called
ultrafilter. Let (x,) be a sequence of real numbers. The sequence (z,,), converges to x
along w, denoted as lim,_,, x, = x, if for every ¢ > 0 there exists U € w such that

|z, —x| <ecifnel.

A.1 Ultraproducts of ("*-algebras

Given a sequence of C*-algebras (Ay), <y, set

£ () = { (@)

Definition A.1.1. Let (A,)

an € Ay, sup |lay| < oo} . (A1)
neN

nen be a sequence of C*-algebras and w a filter on N. We

define the sequence algebra of (A,),y as

HAn/@An = ((An)er)) / {(an)neN € 0 ((An),er)) ‘ Tim [|a, | = o}. (A.2)
We also define [[ A, as

n—w

IT A = ((An)er) / {(an)neN € 0 ((An), ) ’ lim [la, | = 0}. (A.3)

n—w

175
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We will omit the n when there is no risk of confusion. If A is a C*-algebra and A, = A

for all n € N, we denote them as Ay, and A,. When w is an ultrafilter, [ 4,, is called an
w

ultraproduct and A, an ultrapower.

We will denote the class of the sequence (ay),, in [[ A, as (a,),,. Precisely,
w
a— (a,a,a,...) € A,.

We will focus on ultraproducts of C*-algebras but let us introduce the ultraproduct of
II;-factors first. Let M be a IIj-factor with trace 7. The trace 7 induces a norm called

the 2-norm on M in the following way,
lz|l2 = /7T (x*z), x e M.

Definition A.1.2. Let M be a II;-factor with trace 7 and let w be an ultrafilter on N.

The ultrapower MY is given by

M= = 025(M) [ {(@a)a | Tim [zl =0} (A.4)

An important fact of ultrapowers is that projections and unitaries can be lifted to a

sequence formed by projections and unitaries respectively.

Proposition A.1.3 ([84, Lemma 6.2.4]). Let (Ap), oy be a sequence of C*-algebras and let

p € [[ An be a projection. Then p can be represented by a sequence formed by projections.
w

Moreover, if each Ay, is unital and u € [[ Ay, is a unitary, then u can be represented by a

w
sequence formed by unitaries.

Proposition A.1.4. Let A and B be separable C*-algebras and w a free ultrafilter on .
Then

(i) (A®B),= A, ® B,.
(ii) There is a canonical embedding (*° (A,) — (>°(A)y.

While working with sequences, one of the most standard tools is the diagonal argument.
The following lemma is the analogue technique for ultraproducts. This lemma is commonly

referred as Kirchberg’s e-test or the reindexing argument.

Lemma A.1.5 (Kirchberg’s e-test, [54, Lemma A.1]). Let X1, Xo,... be a sequence of

nonempty sets, and for each k,n € N, let f,sk) : X, — [0,00) be a function. Define
oo

5 11 X — [0,00] by

n=1

£ ((sn)oy) = lim 7 (s,)

n—w
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o0 oo
for (sp) € T[] Xn. Suppose that for all m € N and € > 0, there exists (sp)oeq € [[ Xn
n=1

n=1

with fbgk)((sk)) < e for k = 1,...,m. Then there exists (t,)7>, € ][] X, such that

n=1

S ((8)) = 0 for all k € N,
One important fact about ultrapowers is that they preserved stable rank one.

Lemma A.1.6 ([62, Lemma 1.21]). Let A be unital C*-algebra with stable rank one. Then
A, has stable rank one and for any element x € A, there exists a unitary u € A, such

that
x = ulal. (A.5)

Let ¢ : A — B be map between C*-algebras. This map induces a map @) : 4, —»
B, at the level of ultrapowers in the following way. Let a € A, be represented by the

sequence (ay),,, then

¢ (a) = (p(an))- (A.6)
The proof of the following lemma is contained in the proof of [80, Proposition 2.2].

Proposition A.1.7 (Robert). Let (Ay), ey and (Bp),cy be a sequence of C*-algebras and

let n : A — By, be c.p.c. order zero maps. Then the induced c.p.c. map

"D:HA”—)HB”

n—U n—U

is also order zero.

A.1.1 Support order zero maps

In this part we will present some technical lemmas we need in Chapter 5. In order to
simplify the notation, for any map ¢ : A — B we will also call ¢ to the induced map at

the level of ultraproducts; i.e. ¢ : A, — B,,. We include its proof for completeness.

Lemma A.1.8 ([8, Lemma 1.14]). Let A and B be separable unital C*-algebras and let w
be a free ultrafilter on N. Suppose C is a separable C*-subalgebra of A, S is a separable
and selfadjoint subset of B, and ¢ : C — B, NS’ is a c.p.c. order zero map. Then there

exists a c.p.c. order zero map ¢ : C — B, NS’ such that

p(ry) = o(x)e(y) = ¢(x)H(y) (A7)

for all x,y € C.
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Proof. Fix a countable dense Q[i]-*-subalgebra Cy of C' and let (sy), oy be a dense subset
of S. Lift each s, to a bounded sequence <S§n))ieN C B and set X, as the set of *-linear
maps from Cj to B.

y [8, Lemma 1.12], there exist functions g,(f) : X, — [0,00) indexed by n € N and
k € I, with I a countable index set, such that the sequence (o,,) € lo_o[ X, induces a c.p.c.

n=1
order zero map C — B, if and only if

lim g% (0,) = 0 (A.8)

n—w

for all k£ € I. Hence, we can represent ¢ with a sequence of linear *-maps ¢, : Cy — B

such that

lim ¢g%® (p,) = 0. (A.9)

n—w

Let (a;);en be a dense subset of the unit ball of C. For 4,j € N set

[99(@) = llen (aiag) = o (a:) n(as)l| + llen (aiag) = ealai)o (a)|,  (A.10)
FiLad) (6) = Ha(ai)sg) — sWo(a;) (A.11)

n

for o € X,,.

Fix € > 0 and, using functional calculus for order zero maps, we define ¢ = f.(p) :
C — B, NS where f.: (0,00) — R is identically 0 in (0,£/2], 1 in [e,00) and linear
elsewhere. By Corollary 1.4.7, there exists an *~homomorphism 7 : Cy(0,1]@ C — B,NS’
such that 7(id(,1) ® a) = ¢(a) for all @ € C. Observe that by construction

P(c) =7(f: ®a), aceC. (A.12)

Thus

P(a)p(b) =7 (

=7 (fs -id(p1) ® ab)
(id(o,1] - f- ® ab)
(idy ®a) 7 (f: @ a)
= w(a)zﬁ(b) (A.13)

fg & CL) (ld(o 1] ® b)

|
3

|
3

for all a,b € C. Observing that || f. -id(,1) — id (oIl < &, we obtain

HT[' (f€ ® a) — T (id(ﬂ,l] &® CL) H § Hfs . id(O,l] — id(O,l] H <€ (A14)
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for any contraction a € A and x € A,. Putting all these together shows

lo(ab) — p(a)p®)] 2 [lp(ab) — pla)w®)]
= |7 (i, ® ab) — m (id(o @ a) 7 (f- @ b)||
= Hﬂ'( (01]®ab)—77(f€ 1d01]®ab H
(A.14)
< e (A.15)

o0
Hence any sequence (¢,) € [[ X, representing 1 satisfies

n=1

lim f{049) (y,) < e (A.16)

n—w

for all 7,7 € N. Moreover, since the image of v is contained in S’, we have

lim f9) (4,) = 0 (A.17)

n—w

for all 4,5 € N.
o0
Then, for each € > 0 there exists (1,,) € [[ X, such that

n=1

lim f{007) (y,) <, lim f57) () =0, lim g®) () =0, (A.18)

n—w n—w

o
foralli,7 € Nand k € I. By Kirchberg’s e-test (Lemma A.1.5), there exists (¢,) € [[ Xn

n=1
such that
(0,3,7) (1,5,5) (2 _ (k) _
lim fi25(pn) =0, lim o257 (@n) =0, lim g7 (¢n) =0 (A.19)

for all 4, j € N and k € I. By Lemma [8, Lemma 1.12], the sequence (¢,,) induces a c.p.c.

order zero map ¢ : C — B, and, by construction, this map satisfies

p(zy) = ¢(x)o(y) = v(x)o(y), (A.20)
and p(z) € §' for all z,y € C. O

Corollary A.1.9. Let A and B be separable unital C*-algebras and let w be a free ultrafilter
on N. Suppose C' is a separable unital C*-subalgebra of A, B is stable rank one and
p: C — By, is a c.p.c. order zero map. Then for any unitary v € C there exists a

unitary w € B, such that

o(uz) = we(z) (A.21)

for any x € C.
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Proof. By Lemma A.1.8, there exists a c.p.c. order zero map ¢ : C' — B,, such that

p(ab) = ¢(a)p(b) = p(a)p(b)

(A.22)

for all a,b € C. In particular, $(1¢) acts like a unit for ¢(C). By Lemma A.1.6, B, is

stable rank one and we have polar decomposition in B,,.

u € A, there exists a unitary w € B,, such that

P(u) = w|p(u)]
Since
B ()| = (p(u)*@(u))?
— (¢(10)p(u*u))?
= (p(10)?)"
=¢(1¢)
This shows

This finishes the proof.

In particular, for any unitary

(A.23)

(A.24)

(A.25)

(A.26)
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