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SUMMARY

This thesis discusses some of the problems which arise in the
statistical analysis of neurcoimages. In particular, we develop
and evaluate statistical methods which, we hope, will provide
greater and more reliable insight into the biological processes
which are illustrated in images generated by positron emission
tomography (PET), single photon emission computerized tomography

(SPECT) and quantitative autoradiography.

In chapter one, a mathematical model is developed to characterise
the kinetics of the drug MK - 801 in normal and ischaemic tissue
and to explore the use of radiolabelled MK - 801 as an in vivo
ligand for studying glutamenergic mechanisms. Using a three
compartment model and assuming negligible dissociation from the
specific receptor site, kinetic constants are found to be
numerically identifiable in four of the nine brain regions in
ishaemic tissue (frontal parietal cortex, frontal cortex,
occipital cortex and striatum). Convergence to a unique set of
parameters is not obtained for normal central nervous system
tissue using this model. However, in all ischaemic and normal
tissue a two compartment model can be fitted to the data. Thus,
in pathological states in which extracellular concentrations of
glutamate are elevated and levels of cerebral blood flow are
reduced (e.g. ishaemia) during the period of measurement, it
would appear that MK-801 has some potential as an in wvivo ligand

for imaging glutamate release.

In chapter two, we address the problems of ranking the response

to a drug over a set of brain regions and comparing the patterns




ii.
of response between drugs or treatments. In the first instance
a theoretical approach is taken for the case of ranking three
brain regions. Wé aim to identify the covariance structure for
maximising and minimising the probability of a correct ranking,
assuming multivariate normality. For higher dimensions, the
probability of correctly ranking the observation vector is
investigated using the Bonferroni ineguality. Due to the complex
nature of the response vector, these theoretical approaches are

seen to have severe limitations,

As an alternative approach, we have investigated, empirically,
the performance of a simple measure to characterise the response
to drug treatment over a large number of brain regions. In a
simulation study, we establish that, within the set of covariance
matrices studied, fairly reliable measures of association can be
computed. Moreover, doubling the between animal wvariance
component or increasing the within animal variability appeared

to have little effect on the reliability of the derived rankings.

In chapter three, four univariate repeated measures ANOVA
technigues (the traditional F-test, the Huynh-Feldt and
Greenhouse-Geisser adjusted tests, and a conservative test based
on the lower bound of Box’s correction factor) are studied. This
form of analysis is important in studying, for instance, the
relationship between local cerebral blood flow and local cerebral
glucose utilisation. A common feature of the data from these
experiments is the high dimensionality of the observation vector
on a, relatively speaking, small number of experimental units.

Ten multiple comparison procedures are also studied within the
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same framework. Four of these methods (the Tukey, Scheffe,
Bonferroni and Sidak procedures) are constructed under the
assumption that the covariance matrix displayed sphericity. Of
the remaining procedures, two Scheffe-type pairwise intervals,
based on the Greenhouse-Geisser and Huynh-Feldt correction
factors, take account of departures from sphericity by adjusting
the degrees of freedom of the ANOVA F distribution. Four other
methods (Bonferroni, 8idak, Greenhouse-Geisser and Hunyh-Feldt
adjusted intervals) are based on the specific estimated variance
for each contrast rather than on a pooled estimate based on the

assumption of sphericity.

In the hypothesis testing situation, the test based on the Huynh-
Feldt correction factor has a significance level c¢lose to the
nominal 5% level over a wide range of covariance matrices.
However, if a conservative test is necessary, the Greenhouse-
Geisser approach is preferable. Of the multiple comparison
procedures, the Bonferroni and Sidak approaches, based on a
specific¢ error term for each contrast perform consistently well,

giving joint confidence levels close to the nominal 95% level.

In chapter four, we examine the spatial patterns in ‘control -
minus - control‘ subtractions in the case of six phantom images
using a NOVOSPECT scanner. The results indicate that the
clusters of ‘high noise’ which are present in the differenced
images may lead to difficulties in the interpretation of any
apparent effects observed in images obtained in activation type

studies.

In chapter five further work in the area of neuroimaging is




iv.
discussed. In particular, we emphasise the need for interval
estimation in non-linear regression and the determination of the
signal to noise ratio, in activation-type studies, which is
required to have some assurance that any apparent effects in the

difference image are not artefacts of the measurement process.



INTRODUCTION

Quantitative autoradiography has found widespread use in
neuroscience research most notably for localising
radioisotopically labelled tracers in histological sections of
the central nervous system. The sections are opposed to X-ray
film for days to months, depending on the tracer employed, to
vield images of a variety of neurobiological processes.
Densitometric analysis of the images with reference to
precalibrated standards can then be used to generate rigorous
measurements of the dynamic biochemical parameter of interest
within specified brain regions via an appropriate mathematical

model.

There are two broad strategies for isotopic labelling of cerebral
tissue for autoradiography; in vitro labelling (where the brain
is removed after death and histological sections of the central
nervous system incubated with the radioisotopic material) and in
vivo labelling (where the tracer is introduced intravenously in
life and taken up by the central nervous system in life; the
animal is then sacrificed and histological sections prepared).
Autoradiography with in vitro labelling has been widely employed
to characterise the sites of chemical transmission between brain
cells in normal and disease states in man and animals
(Whitehouse, 1985), whilst autoradiography with in vivo labelling
has been used for mapping dynamic events such as glucose
ﬁtilisation (Sokoloff et al., 1977), cerebral blood flow
(Sakurada et al., 1978), protein synthesis (Smith et al., 1984),

blood brain barrier permeability (Blasberg et al., 1983) and



tissue pH (Kobatake et al., 1984).

The counterparts in man of in vivo autoradiography are positron
emission tomography (PET) and single photon emission computerised
tomography (SPECT). Briefly, with these technologies, subjects
are injected with positron or photon emitting substances and
placed in a scanner. The number of emissions, recorded by a ring
of detectors surrounding the head, are then converted to yield
an image of the dynamic process of interest, in a planar section

of the brain, via a reconstruction algorithm.

One consequence of the development of PET, SPECT and quantitative
auntoradiography is that it has become increasingly easy for
experimenters to observe complex data structures on each
experimental unit. Due to the basic cost of experiments, a
common feature of all these data structures is the high
dimensionality of the observation vector measured on a relatively
speaking, small number of experimental wunits. In these
circumstances, the sample correlation matrix will be singular.
This special nature of the data presents challenging problems in
many aspects of multivariate analyses, particularly in the areas
of selecting and ordering populations. The principle aim of this
thesis is to develop and evaluate statistical methods which will
provide greater and more reliable insight into the biological

process which are illustrated in neuroimages.




CHAPTER 1 TRACER KINETIC MODELLING OF MK-801

1.0 BACKGROUND

MK-801 is a noncompetitive glutamate N-methyl-D-aspartate (NMDA)
receptor antagonist (Wong et al, 1986) with potent anti-ischaemic
effects (Oyzurt et al, 1989). Prior to its development, a
reduction in ischaemic damage had only been achieved with
intracerebral administration of NMDA antagonists, due to the low
blood-brain barrier (BBB) penetration of these agents. However,
MK-801 is highly lipophilic and unlike competitive antagonists
of the NMDA receptors, which act at the transmitter recognition
site, MK-801 is a use dependent blockader which acts at a site
solely related to the ion channel (at higher concentrations of
MK-801 the ion channels will be open for a longer period of
time) . Furthermore, the onset of NMDA receptor blockade is more
rapid in the presence of glutamate (a major excitatory
neurotransmitter whose extracelluar concentrations are markedly

elevated in cerebral ischaemia).

In this chapter we aim to develop a mathematical model describing
the uptake and retention of MK-801 in the rat brain to:

1) characterise the kinetics of the drug in normal and ischaemic
tissue and to gain insight into the anti-ischaemic effect of the
compound and

2) to explore the use of radiolabelled MK-801 as an in vivo

ligand for studying glutamenergic mechanisms.
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However before developing a kinetic model to describe the uptake
and retention of MK-801 in the central nervous system certain
biochemical properties of the drug should be known. In
particular, knowledge of the metabolic degradation of the
compound in blood plasma and brain tissue is essential. At 2
hours after the administration of [PH]JMK-801 in the rat, Hucker
et al (1983) reported that relatively high concentrations of
labelled metabolites are present in the blood; however it would
appear that these metabolites do not cross the BBB, and moreover
that there is minimal metabolism of [*H]JMK~801 by the brain
itself, implying that virtually all radiocactivity in the brain
can be attributed to MK-801. Other concerns are that the tracer
should act specifically with the receptor of interest and must
either be structurally related to the natural substance or have

similar transport properties.

1.1  INTRODUCTION

Recently many radioclabelled ligands have been synthesised which
allow for in wvivo studies of neurotransmitter systems using
Positron Emission Tomography (PET), Single Photon Emission
Computerised Tomography (SPECT) and Autoradiography. These
studies involve imaging living human or baboon brains, as well
as tissue dissection of animal brains at specific times after a

bolus injection of radioligand.

To obtain a quantitative interpretation of the radioligand-
neurotransmitter interactions, a variety of models have been
proposed, including models for the dopaminergic (Mintun et al

1984; Wong et al, 1986a,b; Perlmutter et al, 1986; Farde et al,
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1986; Logan et al, 1987), muscarinic cholinergic (Gibson et al,
1984; Frey et al, 1985) and opiate (Frost and Wagner, 1984)
systems. The purpose of all these models is to determine the
first order rate constants which are expected to reflect the
binding characteristics of the radioligand. In addition,
several technigques also estimate neuroreceptor densities and
binding affinities which are more indicative of the regional
amount of specific neuroreceptors and the rate of association of

free ligand with the receptor.

All models fall into one of two categories (dynamic and
equilibrium) and are based on an appropriate mathematical model
{Figure 1.1) similar to the four rate constant model {Phelps et
al, 1979; Huang et al, 1980) developed as an extension to the
["C]-2-deoxyglucose model for the measurement of local cerebral

glucose utilisation (Sokoloff et al, 1977).




Figqure 1.1. Compartmental model used in kinetic analysis oP‘

ligand distribution in brain.

FC, BBB

—~

In the model, C, represents the systematic arterial
concentration of radioligand, C, the —capillary plasma
concentration of ligand, LE, SE and NSE are tissue
concentrations of tracer in the free, specifically bound and
nonspecifically bound compartments, F represents the rate of
local cerebral blood flow and k,, k,, ki, ki k; and k, are

transfer coefficients between compartments.
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In this basic comprehensive model for analysing kinetic data for
in vivo receptor ligand studies, the free ligand is delivered via
the arterial blood and transported into an extravascular

compartment by passive diffusion. Once extracted, the ligand

can either be nonspecifically bound in the extracelluar

compartment or specifically bound to the receptor of interest or
back-diffuse into the blood. In most models the nonspecific
binding sites and the free ligand in tissue are considered to be
in a common compartment, if it is assumed that nonspecific
binding is rapidly reversible. Furthermore, the transfer
coefficients between compartments are assumed to be first-order
constants; first order input and elimination implies that the
input and elimination rates are proportional respectively, to the
amount of drug at the absorption site and the amount of drug in
the compartment through which the drug is eliminated. Notice
that k,, the transfer coefficient describing the movement of free
ligand into the specifically bound compartment (defined as the
product of the rate constant for association of free ligand with
the receptor, k,, and the concentration of free receptors, R)
will only become a pseudo first-order rate constant under
conditions where the tracer only occupies a negligible fraction

of the available receptors.

The advantages of both the dynamic and equilibrium approaches
have been discussed by Huang, Barrio and Phelps (1986).
Briefly, the dynamic approach requires measurement of the time
course of the radicactivity in both brain tissue and blood.
Using an appropriate model these measurements can then be used
to derive estimates of the rate constants for transport, binding

and release of ligand using the normalised graphical method
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(Patlak et al, 1983; Gjedde et al, 1985) or nonlinear regression
techniques. The former method involves a transformation of the
tissue~activity c¢urve to estimate a number of the model
parameters in Figure 1.1. With the dynamic approach, it is
assumed that the radioligand is injected in tracer amounts and
that the 1ligand occupies only a negligible fraction of the
available receptors for k; to approximate a first order rate
constant. One drawback from this approach is that k, and R

cannot be estimated separately.

With the equilibrium approach, multiple determinations of the
radicactivity present in the tissue at different specific
activities of the ligand are obtained to measure the fraction
of bound ligand under wvarious levels of wunbound ligand
concentrations. A main assumption for this particular method
is that the binding and release of ligand at specific binding
sites are in equilibrium during the time of measurement and the
concentration of unbound ligand can be estimated. Consequently,
this approach is suitable for ligands with fast release rates
from the receptor of interest. Its main advantage over the
dynamic approach is that estimates of the individual wvalues of
“he association and dissociation constants of the receptor and
receptor density can be established using such techniques as
Scatchard and Hills plots. In this chapter we will only

consider dynamic approaches.

Any model taking into account all the compartments in Figure 1.1
will certainly result in parameters which are not numerically
identifiable from the analysis of typical "receptor binding"

data. Therefore, to extract useful physiological information
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from such data a number of simplifying assumptions must be made
to arrive at a workable model. Consequently, a variety of
models of differing complexity have been proposed for tomographic
and dissection type studies. However, no matter how simple the
model, it is worth noting that any estimated physiological
parameters should not be interpreted without careful
consideration to the many assumptions/approximations which have

been made.

Mintun et al (1984) developed a three compartment model for use
with PET that results in the quantification of physiological
parameters using ['°F] spiperone. The model involves a total of
nine parameters; reduced to eight by assuming that the specific
activity of the radioligand is sufficiently high that the
injected ligand is present only in tracer quantities. Of the
eight or nine model parameters, four are assigned values prior
to data analysis. The remaining parameters are estimated in a
two step analysis: two parameters being estimated from cerebellum
tissue data, using the assumption that the cerebellum is an area
of the brain devoid of specific spipercone binding sites; the
others being estimated from the tissue data in the area of

interest.

Wong, Gjedde and Wagner (1986a) presented an alternative dynamic
model to describe the binding of ''C-labelled N-methylspiperone
(NMSP) to the D, dopamine receptor in the caudate nucleus.

Based on a four compartment model a system of differential
equations were derived employing the simplifying assumption that
nonspecific binding is rapidly reversible in comparison with the

rates of other processes in the model. Further requirements for
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derivations of the operational equation were that the
unimolecular dissociation rate was negligibly small and that the
tracer was only present in tracer quantities throughout the
period of study. Except for specific binding, an additional
assumption was that the kinetic behaviour in the caudate nucleus
and cerebellum were identical. After correcting the plasma for
metabolites the parameters of interest were estimated using

Patlak plots.

Logan et al (1987) derived a further set of ordinary differential
equations to describe a kinetic model for neurocleptic tracers for
applications with PET, assuming the quantity of radiocligand is
only present in trace amounts, nonspecific binding is rapidly
reversible and the ratio of free ligand to nonspecifically bound
ligand remains constant for the duration of the experiment.

Estimates of the model parameters were obtained using nonlinear
regression with the plasma tracer activities being described by

a sum of four exponentials.

Frey et al (1985), to our knowledge, have provided the only
kinetic model which has been successfully applied to data from
the dissection of rat brains at different times after the
injection of a radiotracer. Assuming nonspecific binding to
brain is nonsaturable and occurs instantaneously compared to the
rates of BBB transport and receptor binding, kinetic rate
constants were obtained from six brain regions using a nonlinear
least squares curve fitting procedure; estimates of the
parameters were obtained after the rate of dissociation of the

tracer from the specific binding site was assumed negligible.
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Other authors have investigated a number of the simplifying
assumptions which have been made to derive kinetic models of
receptor-ligand binding. In a simulation study, based on exact
analytical solutions of the relevant system of differential
equations, Zeeberg and Wagner (1987) indicate that numerical
errors can arise if the assumption of rapidly reversible binding
to nonspecific receptors is invalid. Bahn et al (1989) have
considered the suitability of different model configurations to
describe the kinetics in caudate and cerebellum using linear and
nonlinear models. These authors also assessed the effect of
assuming a negligible dissociation rate from the specific binding
sites: the parameters from the linear and nonlinear models were

in better agreement if reversible binding is assumed.

1.2 THEORY

A general compartmental model defining tracer movement among
compartments of the central nervous system is described in Figure
1.1, Tracer is considered to be present in three compartments
in brain tissue corresponding to free, nonspecifically bound and
specifically bound 1ligand. Denoting the concentrations of
tracer in these compartments by LE, NSE and SE respectively, the
total tissue concentration of tracer, CT, is related to its

constituents by the equation

CT = LE + NSE + SE 1.1

Before defining the system of differential equations relating

MK-801 movement between compartments in Figure 1.1 it is first

necessary to derive an equation relating the capillary blood
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concentration or venous outflow, CV, to the systematic arterial
concentration, CA. According to the Fick principle (Fick, 1870)
the rate of accumulation of an inert diffusible tracer in tissue
over a defined time interval of length T can be expressed

mathematically as

where Ci is the concentration of the diffusible tracer in tissue

and F represents blood flow.

Furthermore, Kety (1951) defined the relationship between the
concentration of tracer in a homogeneous tissue and its venous

outflow by the eguation
CA - CV = m{CA-Ci/A) 1.3

where A is the tissue:blood partition coefficient for the tracer
and m is a constant between 0 and 1 and represents the extent to
which diffusion equilibrium between blood and tissue is achieved
during passage from the arterial to the wvenous end of the

capillary.

By combining equations 1.2 and 1.3, the rate of accumulation of

tracer can be rewritten as

dCi = K(ACA - Ci) 1.4
dt

where K = mF/A.
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Since MK-801 is highly lipophilic it seems reasonable that the

ratio of permeability-surface area product to flow is high enough

to assume m approaches 1. Equation 1.3 therefore implies that
the concentration of tracer in venous outflow is proportional to
the tracer in the tissue in the absence of any binding to

receptors.

If tracer binds to receptors in the tissue and it is subsequently
trapped, at any instant in time the concentration of tracer in
the tissue free to partition is equal to LE. Equation 1.4 can
thus be rewritten for unmetabolised freely diffusible tracers in

the presence of binding to be

dCi = K(ACA - LE) 1.5
dt
Assuming that passive diffusion across the blood-brain barrier
is bidirectionally symmetrical (i.e. k, = k, = K), the kinetics
describing tracer movement between the compartments can be

defined by the following system of differential equations:

i

dLE

KACA + K,SE + kNSE - (K + k; + k;)LE 1.6

dSE = Kk,LE - k,SE 1.7
dt

&

SE = Lk, LE - k/NSE 1.8
dt

where K, k;, ki, k; and k, are transfer coefficients between

compartments in the model.

Assuming rapid equilibrium between the concentration of

nonspecifically bound and free tracer, equation 1.8 can be
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approximated by
dNSE = Xk, LE - KNSE = adLE 1.9
dt dt

where a = k,/ks.

Substitution of the above relationship into egquation 1.6 implies

that
(1+a)dLE =~ KACA - KLE - k,LE + k,SE 1.10
dt
and
CT = (1+a)LE + SE 1.11

The resulting system of equations 1.7, 1.10 and 1.11 can be
solved for CT using Laplace transform techniques (Godfrey,1983).
Assuming there is no initial concentration of tracer in the
brain, the Laplace transforms of these equations after a unit

impulse function are given by:

SE(s) = k,LE(s)/(s + k,) 1.12
LE(s) = [KA + kSE(s)]/({1 + a)s + k; + K) 1.13
and CT(s) = (1 + a)LE(s) + SE(s) 1.14

After a little algebra, the elimination of LE(s) and SE(s) in

equation 1.14 yields

CT(s)=[(s+k,) +ky/ (1+a) JKA/ [s*+s ((K+K,) / (1+a) +k ) +Kk,/ (1+a)] 1.15

Taking the inverse Laplace transform of equation 1.15 and

expanding by partial fractions, the time course of tracer after
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a unit impulse in arterial plasma is given by

-x,t -x,t
CT = KA[(k,+k,/ (1+a@)-x,)e '+ (X-kok,/ (1+a))e 1/ (x-%,) 1.16
where t represents time and

%X, = {[(K+k;)/ (1+a) +k, I+ [ ((K+k,) /7 (1+a) +k,)2-4Kk,/ (1+a) 1'*} /2

x, = {[(K+k,)/ (1+a) +k, - [ ((K+k;) / (1+a) +k,) 4Kk, / (1+a) 1'%} /2

Now under a general input function the tissue response at time

T is defined by

= K o+ Booxye Xt 4 o(x, -k, - X ye®t jaca 1.17

{(x,—-x,) (1+a) (1+a)

where * denotes the operation of convolution.

Finally, approximating the time course of plasma after a bolus
injection of MK-801 by a sum of n decaying exponentials, the
parameters of interest are identifiable from the fitted response

curve of the form:

2
-{A) ¢ ~(B,)t
CT = 2 (Azn-l)e = * E (BZH-I)e
m=1 n
e 2 - (Au(t-u) + Byu)
- f 2 2 (A,,) (Bu,)e du
® m=1 n
2
(Az‘q) (an-t) - (an) t - (Az.) t
= > le - e ] 1.18
m=1 n ( (Az) -~ (B,.))
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where A, = KA (k, + K,/ (1 + &) - x)/(x; - x,),

A, = %, ,
A, = KA (%, - kg - K/ + a))/(x; - x;) ,
A, = X,

and A,, A,;, A; and A, are constrained to be greater than or equal

1.3 EXPERIMENTAL METHODS AND CONSIDERATIONS

1.3.1 BLOOD:BRAIN PARTITION COEFFICIENT

To permit the deterministic identifiability of the kinetic constants
in the above model knowledge of the blood:brain partition

coefficient (A) of MK-801 in the rat is essential. For the purpose

of this investigation, A was estimated experimentally in the rat
using in vitro techniques and was considered to be constant over all

brain regions.

In the experiments to determine the blood:brain partition
coefficient for MK-801, 4ml of blood was withdrawn from a Sprague-
Dawley rat and mixed with heparin, 10 uCi of [*H]MK-801 and 0.2ml
of unlabelled MK-801 (nonradioactive MK-801). After vortexing the
sample every 15 minutes for 1 hour, samples of whole blood and
plasma (removed after centrifugation) were counted in a liquid
scintillation counter to assess the amount of radioactivity present.
To assess radiocactivity in the tissue, sections of the cerebellum
(a brain region assumed to contain no NMDA receptors) were incubated

with plasma at 4°C for 24 hours. After washing in distilled water
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and drying in a stream of cold air, the sections were opposed to
Amersham 3H Hyperfilm and left for 14 days. The developed film was
then analyzed on a Quantimet 970 image analyser:optical densities
being converted to nCi/g using a reference set of prepared

standards.
An estimate of the partition coefficient of 4.0 was then derived by

dividing the quantified concentration of radicactivity in the

cerebellum by the concentration of radicactivity in the whole bloocd.

1.3.2 FREELY DIFFUSIBLE PROPERTY OF MK-801

To derive equation 1.5 in section 1.2 we have assumed that [*HIMK-
801 is a freely diffusible tracer. To investigate this property,
"local cerebral blood flow (LCBF) values" were assessed for [’H)MK-
801 and compared to these elicited in the same rat by ['C]
iodoantipyrine (a known freely diffusible compound). For each
tracer, LCBF values were determined using a previously published
blood flow model (Sakurada et al, 1978) based on the uptake of a
freely diffusible tracer and relating the concentration of the
radiotracer in tissue to the time course history of the tracer in
plasma (blocd:brain partition coefficients of 0.79 and 4.0 were used
in the operational equations for ["“C] iodoantipyrine and [*H]MK-801

respectively).

In this particular study, each of 6 anaesthetised Sprague-Dawley
rats was infused intravenously with 40uCi of [*H}MK-801 and 20uCi

of ['*C] iodoantipyrine and over the succeeding 30 seconds 14 timed

samples of arterial blood were collected in preweighed filter discs.
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On collection of the last sample, the discs were immediately
reweighed and the concentration of both [*HIMK-801 and [''C)

iodoantipyrine determined by liquid scintillation counting.

At 30 seconds after the start of the infusion, the animal was
decapitated and the brain rapidly removed. Samples of tissue
corresponding to the cerebellum (left and right), medulla, pons,
cortex (left and right) and spinal cord were then dissected from the
brain, weighed and then left to dissolve overnight in ecosint.

Tissue concentrations of both [*HIMK-801 and ['C] iodoantipyrine

were determined the following day by liguid scintillation counting.

The results of the investigation are displayed in Table 1.1. Logged
LCBF values have been used since the variance of the LCBF value
tends to increase with its expectation (McCulloch et al, 1982).

Although mean values of LCBF generated using the MK-801 data tended
to be lower than those of iodoantipyrine (IAP), in all regions
investigated the difference was not statistically significant using
a one sample t-test with a nominal significance level of 0.05,
implying that MKX-801 enters the central nervous system with no or

negligible diffusion limitations.

To determine whether the blood flow model was robust with respect
to the blood:brain partition coefficient (A), several values of A
were selected for use with the MK-801 data. With values of A

greater than 1, in no circumstance were there any appreciable

increases in the observed rate of LCBF.
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Table 1.1 Comparison of blood flow values

raw data logged data
Region n MK-801 IAP difference (s.e.) p value
mean mean
cerebellum left 6 79.2 86.0 -0.126 (0.093) 0.23
cerebellum right 6 79.5 86.3 -0.133 (0.095) 0.22
medulla 6 81.0 91.3 -0.144 (0.102) 0.22
pons 6 86.5 96.3 -0.139 (0.092) 0.19
cortex left 6 129.7 136.7 -0.075 (0.088) 0.43
cortex right 6 127.7 140.2 -0.088 (0.068) 0.25
spinal cord 6 76.3 68.8 0.040 (0.132) 0.78

1.3.3 DETERMINATION OF [’H]MR-801 IN TISSUE AND PLASMA

To assess the uptake and retention of MK-801 in the normal and
ischaemic rat brain Sprague-Dawley rats were anaesthetised with
halothane/nitrousoxide anaesthesia and mechanically ventilated via
a tracheostomy. All animals were monitored for temperature,
arterial blood gases and mean arterial pressure. Fifteen animals
further underwent left middle arterial artery occlusion te induce
ischaemia. Following an intravenous bolus injection of [*H]MK-801
(20uCi. per rat) timed arterial blood samples were obtained 0.25,
0.5,0.75,1,2,3,5,7,5,10,15,30,45,60,75,90,105 and 120 minutes after
injection, centrifuged immediately and samples of plasma removed.
The ligand concentration in each of the plasma samples was then

assessed by liquid scintillation counting.

To generate time-activity curves for individual brain regions, 3

normal and ischaemic rats were decpaitated at 5,15,30,60 and 120
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minutes after [*HIMK-801 injection. Brains were removed rapidly

and dissected into subdivisions corresponding to the frontal
parietal cortex, frontal cortex, hippocampus, naccumbens, occipital
cortex, olfactory bulb, parietal cortex, striatum and cerebellum.
wWith the exception of the cerebellum, duplicate samples of tissue
were removed from normal animals. Only tissue in the left hand
side of the brain was removed from ischaemic animals. After
dissection, the tissue samples were weighed and then left to
solubilise overnight. Samples were analysed the following day for

3H content by liquid scintillation counting.

1.3.4 CORRECTION OF PLASMA SAMPLES FOR METABOLITES

As mentioned previously, Hucker et al (1983) reported that
relatively high concentrations of labelled metabolites of ([*HIMK-
801 will be present in the blood after 2 hours. Arnett et al
{1985) have suggested that the percentage of activity due to
unmetabolised drug can be adegquately explained by a sum of two
exponentials. Although Hucker et al (1983) do not provide enough
data to apply this procedure for [*H]MK-801, in the first six hours
after administration of the tracer the authors estimated that the
half-life of unmetabolised drug in plasma was approximately 86

minutes.

To correct the plasma samples in the experiments at the Wellcome
Surgical Institute, we have assumed that the percentage of activity

due to the unmetabolised drug at time t (%Ca(t))} can be represented
by a function of the form %Ca(t)=0' where @ is a parameter which has

to be estimated from the data.
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By plotting the logged mean plasma activity against time and

assuming that the half-life of unmetabolised tracer was 86 minutes,
it was estimated, using only the time points after 10 minutes, that
50% of the radiocactivity detected in plasma was due to metabolites
at 90 minutes, implying a value of 0 of 0.9923. All plasma samples
were then corrected by taking the product of the plasma tracer
activity and the percentage of this activity due to unmetabolised

drug.

7.3.5 NORMALISATION OF PLASMA SAMPLES

Although great care is taken to administer the same dose of
radiotracer to each animal, inevitably slight differences in dosage
will occur. Depending on the specific activity of the radiotracer,
these differences could have a great effect on the noise in the data
and subsequently on the number of exponentials which can
realistically be fitted to the data. To reduce the amount of noise
in the system, due to slight differences in dosage, the activity in
the tissue and plasma - measured in degenerations per minute
{(dpm) /mg and dpm/ml respectively - were normalised by dividing the
number of counts in each tissue/plasma sample by the area under the
first two minutes of the time-plasma activity curve (two minute
integral). The two minute integral was chosen since data was

avallable for all animals up to this time point.

1.3.6 FITTING EXPONENTIALS

Fitting multiexponential models to experimental data has been used

often enough in biomedical research that a number of practical
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problems are well recognised. One such problem which often arises
is the determination of the number of exponentials which can
realistically be fitted to the experimental data. Consider the
case where the arterial input function at time t,, C(t,), can be

represented by the relationship

ca(tx) - Z A,e'

where A, (j=1,...,n) are positive, A, > A,,, > 0 and g ~ N (0, o°) and
denotes the noise in the system. Godfrey (1983) suggests that some
guidance on the order of the model can be obtained by using a

statistical test based on the F-ratio, which is given by

F = (SSQ.., - S8Q,)/(df, - df,.,) (1.19)

$s8Q,/4f,

where 8SQ, and SSQ,; are the residual sum of squares of the models
of order n and n-1; and df, and df, ., are the corresponding numbers
of degrees of freedom. If the error variance is not constant for
all t,, ie var (g,) = o0, = v,0°, then weights proportional to 1/v, are
calculated and the weighted sum of squared differences between the
observed Ca(t,) and the model predictions is used to replace SSQ in
(1.19) above. If multiple observations are available at each t,,
then typically data points will be weighted according to the

reciprocal of the variance at that time point.

However, there are statistical problems with the use of the F-ratio,
a special case of the likelihood ratio test, in such situations.
Suppose, for example, we want to test H,:A,=0 against H,:A,#0. The

difficulty of using the F-ratio arises since the regularity
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conditions used to obtain the asymptotic properties of the least

squares estimator and test statistic are violated (Gallant, 1987).
An additional problem arises, at least in this application, since

the A’s will be constrained to be positive.

Glass and Garreta (1967, 1971) have used simulation techniques to
assess the ability of the Marquart (1964) and the Newton-Raphson
(Jennrich and Sampson, 1968) techniques to fit exponentials to
biological data. Factors which were found to affect the accuracy
with which amplitudes and exponents could be estimated included the
measurement accuracy, the magnitude of the noise in the system, the
sampling frequency and the time range over which samples are taken
(measurement should begin early enough and at short intervals for
a fast transient and should continue long enough to identify a slow

transient).

Other methods for fitting data to multiexponentials include the
Prony and mcodified Prony algorithms (Osborne, 1975). However,
these methods are appropriate only for data equally spaced in time
and are thus seldom used for physiological data.

1.4 RESULTS

1.4.1 PLASMA CLEARANCE CURVE

The estimated plasma decay curve obtained after a bolus intravenous
injection of [’H]MK-801 is given by the equation
Ca(t) = 5410e™% + 1090 + 17670000 (1.20)

Data were corrected for metabolites and normalised using the two
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minute integral. The six parameters were identified using a
standard BMDP (1987) nonlinear, weighted least squares, curve
fitting algorithm (weights were set to the reciprocal of the
estimated variance at each time point). A plot of the data with

the ’best fit’ curve is given in Figure 1.2.

The inclusion of a fourth component in the plasma decay curve did
not produce a significant improvement in the fit to the data (the
parameter estimate of the fourth exponential was very small and
would require experimental data over a longer time period to be
determined accurately). Also the slowest component in (1.20)
represents a half-life of approximately 86 minutes. This is in
good agreement with the estimate of 85 minutes from the analysis of

data by Hucker et al (1983).

To determine the effect of weighting and normalisation on the
limitations and the quality of the fit to the data, plasma clearance
curves were estimated wusing unnormalised data and/or equal,
weighting in the least squares curve-fitting procedure. The
estimates of the parameters B,, B,, ...,B; in equation (1.18) and the
corresponding coefficients of variation are given in Table 1.2a for
the unnormalised data and Table 1.2b for the normalised data. In
Table 1.2b the estimates of the parameters B,, B, and B, are far less
than those in Table 1.2a since the data have been normalised.
However, it would be expected that they will be rougly proportional
to the corresponding parameter estimates using the unnormalised

data.
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Plasma clearance curve for MK-801
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Table 1.2a Estimates of the arterial plasma curve (unnormalised

data)
unweighted LS weighted LS

Parameter Estimate Coefficient Estimate Coefficient

of variation of variation
B, 333000 0.074 347000 0.176
B, 2.96 0.200 3.78 0.210
B, 439600 0.611 77900 0.249
B, 0.450 D.684 0.642 0.150
B, 11000 0.443 12000 0.038
B, 0.00651 1.913 0.00826 0.106

Table 1.2b Estimates of the arterial plasma curve (normalised data)

unweighted LS weighted LS
Parameter Estimate Coefficient Estimate Coefficient
of variation of variation
B, 5060 0.036 5410 0.095
B, 3.20 0.092 4.04 0.099
B, 709 0.285 1090 0.118
B, 0.484 0.326 0.670 0.087
B, 164 0.193 176 0.036
B 0.00608 0.896 0.00818  0.108

Tables 1.2a,b suggest that normalising the data by dividing through
by the two minute integral tends to produce more reliable estimates
of the parameters of interest. Secondly, although there is a
slight increase in the magnitude of the coefficient of variation of
B, when using weighted least squares estimation, this is more than
compensated for by the increase in precision of B,, B,, B; and B,.

Furthermore, it is also worth noting that the decay constants B,,
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B, and B are increased by weighting the data, whilst the amplitudes

B,, B, and B; decrease. This may be expected since more weight is
being given to the later time points. It must be stressed, however,
that these results have been based on only one data set. Estimates
of the standard errors of the parameters can really only be assessed

in a simulation study.

1.4.2 REGIONAL ESTIMATION OF MODEL PARAMETERS

Although, by using a dynamic approach to the guantification of
neuroreceptors, the receptor density, R, in tissue, cannot be
separated from the associated constant of receptor binding, X,,
relative receptor densities can be assessed in different parts of
the brain as the ratio of total binding (specific and nonspecific)
to nonspecific binding. In the case of NMDA receptors, the
radicactivity in the region of interest can be compared with the
activity in the cerebellum, a region assumed to have no NMDA
receptors. Figures 1.3(i)-1.10(ii) show the ratio of
radiocactivities in each of the regions with respect to the
cerebellum as a function of time, Data from normal and ischaemic
animals have been plotted separately. The solid line in each plot
is the estimated tissue: cerebellum ratio one would expect if the
dynamic process can be explained by a two compartment blood flow

model.

Within the time course of the experiments, the results indicate
that in the normal central nervous system, isotope distribution can
be adequately explained by a two compartment model. In all

regions, the tissue:cerebellum ratio remained constant throughout
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the duration of the experiment. In contrast with normal tissue,
the ratio of tissue: cerebellum activity in ischaemic animals
increased progressively over the first 30-60 minutes after isotope
administration and then 1levelled out for the remainder of the
experiment. Although the two compartment model predicts an
increase in the tissue: cerebellum activity ratio in ischaemic
animals similar to that observed over the first 30-60 minutes, in
six of the regions of interest (frontal parietal cortex, frontal
cortex, hippocampus, occipital cortex, parietal cortex, striatum),

the ratio for the later time points is underestimated.

Thus by directly comparing the relative receptor densities it would
appear that the uptake of MK-801 into a number of ischaemic areas
cannot be attributed solely to the reduced level of cerebral blood

flow.

Using the arterial input function in equation (1.20), regional
estimates of the model parameters describing the kinetics of MK-
801 distribution in normal and ischaemic tissue were derived by
analysing the time course of tracer in each brain region. The
adequacy of a two and three compartment model was examined after
fitting the kinetic data to the convolution of the input with the
sum of one or two exponential functions, using a BMDP (1987)
nonlinear least-square curve fitting procedure. A model was
defined as being adequate if the parameters converged to a
nonnegative set of parameters. Figures 1.11(i)-1.19(ii) show the
time-activity curves for the regions of interest with the

corresponding ‘best fit’ curve.
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Figure 1.18 Time-activity curve for the parietal cortex
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On no occasion did a fit of the full model in equation (1.18)
converge using regional data. However, recalculation of the
parameters with A, in egquation (1.18) set to zero (equivalent to the
condition where dissociation from the receptor is negligible)
resulted in the identification of a unique set of estimates in four
of the nine regions in ischaemic tissue. No convergence to a
unigque nonnegative set of parameters was obtained using this model
for the normal central nervous system tissue data, implying that the
model was overparameterised. In all ischaemic and normal tissue
data, the fitting converged with both A; and 4, set to zero. The
regional model parameter values derived from the twe and three
compartment fits are given in Table 1.3, Based on the F-test, the
fit of the three compartment model in the frontal parietal cortex,
frontal cortex, occipital cortex and striatum was not significantly

better than the two compartment model.

The parameter estimates of a and the capillary permeability-surface
area product, k, in normal central nervous system tissue are rather
heterogeneous. Both parameters are markedly higher in cortical

regions; areas corresponding to high levels of cerebral bloed flow.

In general, the regional parameter estimates of k and a using the
two compartment model tended to be lower in ischaemic tissue (only
the naccumbens showed an increase in both parameters).

Furthermore, with the exception of the cerebellum and the frontal
parietal cortex, regional estimates of k appear to be homogenous;
the estimate of k in the cerebellum exceeded all others whilst the

estimated k in the frontal parietal cortex appeared to be lower.

Indeed, with respect to the cerebellum, the estimates of k and a
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are only slightly reduced in ischaemic tissue suggesting that this

region is largely unaffected after left middle artery occlusion.
The estimates of the parameter k, using the three compartment fit
were all small, emphasising that specific binding represents only
a small contribution to the total activity in these regions.

However, by including an extra parameter in the model estimates of

k increased whilst those of a decreased.

Table 1.3a Estimates of kinetic constants from the two compartment

model normal tissue

Region k a

Cerebellum 0.483 3.57
Frontal parietal cortex 0.628 5.76
Frontal cortex 0.762 5.54
Hippocampus 0.536 4.81
Naccumbens 0.237 2.04
Occipital cortex 0.652 5.11
Olfactory bulb 0.389 2.63
Parietal cortex 0.776 5.42
Striatum 0.521 3.66

Table 1.3b Estimates at kinetic constants from the two and three

compartment model (ischaemic tissue)

2 compartments 3 compartments

Region k o k k, a
Cerebellum 0.454 2.88 - - -
Frontal parietal cortex 0.190 2.63 0.207 0.0079 2.18
Frontal cortex 0.324 3,62 0.324 0.0001 3.65
Hippocampus 0.385 3.68 - - -
Naccumbens 0.261 2.28 - - -
Occipital cortex 0.279 3.1 0.283 0.0021 3.01
Olfactory bulb 0.321 2.47 - - -
Parietal cortex 0.371 3.48 - - -

Striatum 0.308 1.65 0.343 0.0072 1.37
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1.5 Discussion

In this section we have introduced a mathematical model to describe
the uptake and retention of MK-801 in the rat brain. In addition,
we have focused our investigation on the model configurations that
are identifiable from modelling MK-801 in normal and ischaemic
central nervous tissue. In the nine regions of interest studied,
our results indicate that the kinetic data, pooled in a series of
rats from dissection experiments, support only two distinguishable
compartments in the model for normal and ischaemic tissue. In four
of the nine regions in ischaemic tissue (frontal parietal cortex,
frontal cortex, occipital cortex and striatum) a three compartment
model could be fitted to the data although the F-test, which is
possibly unreliable, indicated that the fit, with the inclusion of
the extra parameter, was not significantly better. However, the
modelling of the tissue: cerebellum ratio indicated that the
kinetics of MK-801 uptake into these ischaemic areas at the later
time points could not be attributed solely to the rate of cerebral

blcod flow.

The inability to fit a three compartment model to the data in
circumstances under which the release of glutamate is not enhanced
can be explained by the diffusibility and lipophilic properties of
MK-801 coupled with the high level of cerebral blood flow. These
properties dominate the kinetic model and greatly outweigh any
binding of the drug té specific binding sites. However, in
conditions with low cerebral blood flow and enhanced glutamate
release (e.g. ischaemia) the possibility of fitting a three

compartment model assuming no dissociation from the specific binding
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site is increased. Possible explanations as to why the three
compartment model does not improve significantly the fit or cannot
be fitted at all could be measurement noise in the blood
radioactivity concentration, difficulty in estimating accurately the
variance of data values (leading to suboptimal weighting in the
nonlinear least squares curve fitting algorithm), the limited time
range of data (especially the 1lack of data at very early

experimental times) and small sample size.

A further explanation for the apparent lack of fit could be the
result of tissue dissection errors. Speculation regarding this
cause could be removed by conducting an autoradiographic study.

Moreover, greater anatomical resolution would be obtainable allowing
the investigator to study in vivo MK-801 binding in more brain
structures. Although such studies would reduce the tissue
dissection variability in the kinetic data, this source of variation
is likely to be small compared with the variation in the data caused
by pooling data from different animals. Bearing in mind that PET
and SPECT studies would permit the investigator to observe data in
the form of time versus regional activities for each individual, the
results of the present study are of significance with respect to the
eventual feasibility of studying MK-801 receptor binding in
experiments with enhanced glutamate release, employing these
technologies. Not only would the signal have reduced noise over
a wide range of time, in addition the investigator has the advantage

of obtaining a pictorial display of regional parameter values.

The validity of the simplifying assumptions which were necessary to

derive the working model is another important issue which has to be
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raised. Although tracer kinetic studies have shown consistency
between the specified model and the data, biochemical measurements
are required to verify the approximating assumptions and to confirm
model predictions of compartmental concentrations of tracer at
several time points. Moreover, the approximating assumptions
should always be examined under a wide range of physi;logical
conditions (e.g. receptor densities, rate of blood flows, specific
activities, partition coefficients). To illustrate this point, due
to the similarities of the experimental procedure we attempted to
fit the data in this study to the model by Frey et al (1985). The
parameters A,, A, and A; in equation (1.18) can be derived from the
data in a similar fashion. However these did not satisfy the
constraints necessary for the transformation of these parameters
into the kinetic parameters of interest (X,, X; and a). The
inability to identify the set of parameters can be explained by the
freely diffusibility property and the high brain:blood partition
coefficient of MK-801. Thus, the selection of a particular
approach should depend wvery much on the characteristics of the
radiolabelled ligand and the appropriateness of the simplifying

assumptions.

In conclusion, by introducing a mathematical model which
incorporates the freely diffusibility property of MK-801 we have
been able to derive parameters which characterise the kinetics
behaviour of MK-801. Furthermore, in conditions with low cerebral
blood flow and enhanced glutamate release, there is enough evidence
to suggest that in vivo MK-801 binding can be employed to examine
glutamenergic mechanisms which cannot be assessed in vitro, if the

variability in the experimental data can be controlled.
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CHAPTER 2 RANKING REGIONAL RESPONSES

2.0 INTRODUCTION

Neuropharmacologists are often interested in investigating the
hierarchy or the pattern of response of some dynamic biochemical
process of interest in a large number of brain regions after drug
administration or other treatment, and possibly in comparing and
contrasting the observed response with different treatments or
drugs. Consider, as an illustration, the investigation of the
level of local cerebral glucose utilisation (LCGU) in discrete
regions of interest (ROI’s), as measured by the [YC]-2-
deoxyglucose guantitative autoradiographic technique. Typical
applications in this area would involve measuring LCGU in up to
100 ROI’s at each of 3 to 5 doses of a drug (including a control
group), with experimental animals nested within individual doses

of the drug.

In the literature, a variety of methods to deal with the
quantification of the regional response to drug treatment have
evolﬁed. For example, in situations where a treatment or a
single dose group is to be compared with a control group,
regional mean differences or percentage changes relative to the
control group, are calculated and interpreted (Eckardt et al,
1986; Sokoloff et al, 1977), whereas in multidose situations a
one~way analysis of variance between treatment groups may be
carried out within regions and either the resulting F statistics

or p values used to rank responses (Dunn et al, 1980).




52.

The main feature of all these methods is that no attempt is made
to assess the reliability of the rankings derived. Furthermore
the use of F statistics to measure the response is potentially
misleading since the F statistic Jjust measures a general
variability in the group means and does not necessarily rank the
response to drug treatment sensibly. For instance, a region
affected only at the highest dose, at which maximal response is
reached, would be equally ranked with a region in which the
maximal response is reached at the lowest dose. Another problem
with the F statistic is that division by the regional residual
mean square error may introduce spurious variability to the

ranking problem.

In this chapter we investigate the reliability of methods of
ranking regions with respect to the strength of response. In
section 2,1 we address, mathematically, some of the problems
associated with ranking the components of a multivariate normal
mean vector and identify extreme forms of the covariance
structure which lead to the least and most favourable forms of
analysis. In section 2.2 we investigate, empirically, the
performance of methods to characterise the response to drug
treatment over the whole brain, or at least the set of regions
selected for study. The perfomance of these methods are assessed
over a variety of covariance structures using simulation and we
identify extreme forms of the covariance structure which should

lead to conservative forms of analysis.




53.
2.1 RANKING THE COMPONENTS OF A MULTIVARTATE MEAN VECTOR

In this section we are concerned with the multiple-decision
problem of evaluating the probability associated with the
complete ranking of the components of a multivariate mean vector.
The results, of course, can be extended in an obvious manner to
the case where we are interested in the differences between two

multivariate normal wvectors.

The indifference-zone philosophy of multiple decision procedures
was first formulated by Bechhofer in a pioneering paper in 1954,
in which the author addressed several possible ranking and
selection goals as alternatives to conventional tests of
homogeneity. Gupta (1956) introduced the related subset
selection approach. The mathematical problems associated with
both these approaches are equivalent in the present case of
interest, and so0 as a matter of convenience only the
indifference-zone philosophy will be considered. Although many
authors have investigated various goals using these approaches
(see Gibbons, Olkin and Sobel (1977) and Gupta and Panchapakesan
(1979) for a review of the general statistical problems) very
little work in this area has focused on selection and ranking
procedures relating to a single k-variate normal distribution.
Frischtak (1973), in a doctoral dissertation, considered the
problems of selecting the sample size which, for a guaranteed
probability will (a) select the component with the largest
population mean (b) select the component with the smallest
variance and (c¢) select a subclass of components with the

smallest population generalised variance.
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2.1.1 FORMULATION OF THE PROBLEM

Suppose the random vector X' = (X,,...,X) has a multivariate

normal distribution with mean vector p and covariance matrix X.

Assume ' = (M s..., W) is unknown and X = ¢’R, where o¢° is known

and R={py} denotes the correlation matrix.

Let py £pps --.-- < Uy be the ranked values of the vector u. It
is assumed that it is not known beforehand which population is
paired with p,, (i=1,...,k). Our goal, in this problem, will be

to find the correct (but unknown) ordering

by Shp £ ----- =< Mw.

To formulate the probability associated with this goal, when
using the indifference zone approach, we introduce a '"distance"

measure between each successive pair of ordered p, values,

& =My — Ko
8 = py ~ My
Si = Mg — Moy

The problem, as defined by Bechhofer (1954), is then to construct
a decision rule such that the probability of a complete ordering
of the vector p is at least some probability P’ whenever each of
the & is greater than a specified real constant §°, that is,

whenever
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To simplify matters, we will only consider the special case where
8§ =8 =...=8,, =98, That is, we want the probability of a correct
ordering to be at least ° whenever

52>8,8298,..,8,20%. 2.1
The region of the parameter space satisfying (2.1) is referred
to as the preference zcone, and all points not in this parameter
space are said to lie in the indifference zone. In other words,
for all points lying inside the indifference zone, we are
indifferent as to which decision is made. Furthermore, a
configuration in the preference zone for which the probability
of a correct ordering is at an infimum, is called the least

favourable condition.

The best procedure (Eaton, 1966; Savage, 1957), based on a random
sample of n observations from the population, is to rank the
components of the multivariate mean vector and to assert that
the population with the i‘th largest sample mean is the one with
the i‘th largest pu value. The probability of a correct ranking

({PCR) can then be defined as

Pr{X,Xn<- -« - XX} = Pri{X X120, X5 -X20, ..., Xp=Xp120}

where iu, is the sample mean associated with the i‘th largest

mean (i.e. pg,).

Before considering the solution to this problem we first consider
some preliminary results which will be used throughout this

chapter.
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LEMMA 2.1 — —
- Xo- (py - opy)
Let Y} = oA C (1 # 3)
0‘(2/1'1)”2 (1—Q£j)”l .

Then, for i’ = i+1, the {Y¥*, 1 = 1,...,k~-1} have a multivariate

normal distribution with

corr {Y,*,¥.t} = y, = Qi t Queer = Quoe ~ Quev 2.1.1
2(1-0,)'"? (1=-0u)'?

Further, if i7 = t then 2.1.1 reduces to

corr {Y,Y,.%"} =y, = Qi + Qs 7 Quyy = 1
2(1=,) " (1"91'(1')')”2

PROOF Using the above definition, the result follows since

corr (Y, ,Y.*) =  cov (-}E;. - X, -JE‘ - i)
¢’ (2/n) (1'Q11')”2(1'Qu' )

w Qe T Qup T Quer T Qo
2 (1_011')1/2 (1_9'-“)1/2

For simplicity let Y, = ¥, and corr {Y',Y,“"} =4y,.

LEMMA 2.2

Let the {¥Y, , i =1, ..., k-1} be as in Lemma 2.1. Then
PCR > Pr (Y, > - a(n) (1-0,.)™"* , i=1 , ...., k-1)

where a(n) = (870) (n/2)'?
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PROOF Using Lemma 2.1 we notice that
PCR = Pr(Xu., - Xg 2 0, i=1, ..., k-1)

= Pr (Y, > = Byey = Pu))(nlz);n , =1, ... , k=1)
0.(1 _Qu,)lﬂ

* 1/2
> Pr (Y, > -8 /2" oy, L, k1) 2.1.2
o “"Qu')”z

Our task is to determine the least favourable and most favourable

‘ configuration for the right hand side of (2.1.2).

; 2.1.2 CASE OF EQUAL, CORRELATIONS

When the off diagonal elements of the correlation matrix, R, are

known to be equal to a common unknown @ (-1/(k-1) < @ <1),

-1/2 for t = 41,
Te = { 0 otherwise T<2i<t <kt

and the minimisation and maximisation of (2.1.2) occurs when o

| = -1/(k-1) and 1 respectively. Notice that in both these cases
the multivariate distribution of X is degenerate. Explicitly

we may write

inf PCR = Pr (Y, > - a(n) ((k-1)/k)'?, i=1, ..., k-1)

and sup PCR = Pr (Y, > -~ o, i =1,.,.,.., k=-1) = 1
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2.1.3 CASE k=2

Although a particular case of the preceding section, since X has a
bivariate normal distribution, 2.1.2 reduces to a univariate normal

integral, the minimum and maximum of which clearly occurs when
e=-1 and ' respectively. Therefore
inf PCR = Pr(Y, > -~a(n) 2°"?) and 2.1.3
sup PCR = Pr (Y, > - o) = 1,

where Y, is a standard univariate normal random variable.

2.1.4 CASE k=3

In this particular instance, for all permissible values of 9., @i
and @,;, we are interested in identifying the forms of the covariance
matrix for which the probability of a correct ranking will be
maximised and minimised. Thus, for k=3, we would like to identify

the covariance matrix associated with the maximisation and

minimisation of

PCR = Pr (Y, > -a(n) (1-9,)7'%, Y, > -a(n) (1-0,3) '3 2.1.4

where {Y,,Y,} have a standard bivariate normal distribution with

Quten-0n-1

2(1 - " (1 - o

corr {Y,, Y} =y =

2.1.5

Since R is positive semi-definite, the region in 3 dimensional

Euclidean space where R is defined is given by the ellipsoid

det R>0. That is, Q. @ 05 are constrained by the equation

1+20,050s 02— 0y —Qs 20 2.1.6
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subject to @4 < 1 (i#)).

LEMMA 2.3

dPCR <0 for g¢,# 1 and @, # L
90y,

PROOF Let {,(y,, Y.) be the probability density function of {Y,,Y,},
i.e.
v ¥2) = 7A=Y exp (-17201-97 (v +¥:' - 2wyl) ).

Then using the result given by Plackett (1954) that

S &
£ .ff (vys ¥Y3) 3y, 3y, f,(Yu Y:) . we have
Ll
9PCR = J. J ..__.32_ fy (yy» ¥2) dy, dy, isd
90, “a, Yo, 3y, 9y, 90y,
= f, (-8, — &) (-1/2) (1-g,)™ (1- n)-m <0
where g, =a(n) (1 - o) and &, =a(n) (1 - gz,)"‘2 QED

For the case of equal correlation it was noted in section 2.1.2 that
PCR is maximised when @, =¢@x=@p=1. To solve 2.1.3 for the more
general case, it will be assumed, in the remaining part of this

section, that neither ¢, nor g, equals unity.

Now suppose @y, and @, are fixed, then by the previous Lemma, PCR is
at a maximum when @,, takes its minimal possible value and at a

minimum when @,, takes its maximal possible value, these being the

smaller and larger roots respectively of the quadratic equation

det R = 0.
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As an example, consider the special case where @, =@y =T The

region in which det R > 0 is illustrated in Figure 2.1,

FIGURE 2.1

¢ Py

-Le

Notice that as t =1 the smaller root of the quadratic equation, det
R=0, tends to 1. In such regions of the parameter space, the

configuration of the covariance matrix will be very close to the

most favourable condition.

In the case for given ¢,, and @5 not equal to 1

inf PCR occurs when @5 = @u 04 + (1-g,)" (1-0,)" and

]

sup PCR occurs when @, = @, 0z — (I-0,)"” (1—0%)"

To proceed with the minimisation and maximisation of PCR we define

the Lagrangean function

F = PCR + A det R.

Now the correlation matrix R, subject to the constraint det R = 0,

must satisfy the following four equations:
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g!@iu =§,68,-3) 12 1-0)" (-0 +22 g, e~0Q)=0 217
a.
oF_ _ (1 + @y - 0 0 a(n)
= f, -a,, -a) B + (-a, , Yy dy
A 1w (s S - » koA :
+ 200, 08 — Q) =0 2.1.8

’
gF =f¢8,-a)+Qu-0-Q%) 4+ an) f fly, - 8) dy,
41 — )" (1 - o) 21 - @)™ -a,

+22Q200-0)=0 2.19
where a, =aln) (1 -¢,)™ and a,=a() (1 - g™
oF
_=det R =20 2.1.10
oA

By the symmetry of equations (2.1.8) and (2.1.9) with respect to ¢,;

and @y, one identifies a solution of the form

Qz = Pa=7T

Using (2.1.10) in conjunction with Lemma 2.3, implies that for such
solutions and fixed

{a) PCR is minimised when @ = 1 and

(b) PCR is maximised when @, = 21*-1

Furthermore, by substituting these values into (2.1.5) we can obtain
the corresponding value of y for the cases above

(a) vy = -1 and
(b) ¥y = =

Consider case (a) first. In this instance PCR is given by






























































































































































































































































































































































































