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Abstract

A theoretical and experimental investigation of the buckling and

postbuckling response of laminated composite plates under uniform, inplane 

shear load is presented.

The laminate under consideration is generally layered, thin, flat, of 

rectangular planform and it is clamped along all four edges. It may consist

of layers of different materials, that are assumed to be homogeneous and

orthotropic and to behave in a linearly elastic manner.

The nonlinear Von-Karman type governing differential equations are

formulated in terms of two unknowns; namely an Airy stress function, $>, and

the lateral deflection, w.

No exact, closed form solution of the above problem exists, so the

governing system is solved by the Galerkin method, assuming that the two

unknown functions can be adequately described by generalised double Fourier 

series, involving beam characteristic functions.

An extensive parametric study, including the effect of fibre

orientation, lay-up, aspect ratio, number of layers, different materials, 

combinations of inplane loading and initial geometric imperfections on the 

response of laminates is presented.

In the experimental part of the project, eight quasi-isotropic 

(90,-45,+45,0)g , 913C-XAS, square laminates and three L72 aluminium alloy 

plates were tested under shear load, in a "picture frame" loading fixture.

Four of the laminates had a centrally located circular hole, of 

different diameter in each case, so that an experimental assessment of the 

effect of such a stress raisor on the response of the laminate could be
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made. The hole diameter to width ratio varied from 0.0375 to 0.15.

The experimental results showed that the shear direction affects 

greatly the buckling load of the laminates, but its effect on the ultimate 

load is rather limited.

It was also found that the buckling load of the, admittedly, thin 

laminates tested was very sensitive to initial geometric imperfections.

All the laminates displayed considerable postbuckling stiffness and 

strength. Repeated loading to several times the buckling load did not 

affect their postbuckling stiffness.

The presence of the centrally located hole appeared to cause a 

reduction in the shear buckling loads and, for all but the smallest 

diameter hole, it altered the failure mode from compression to tension and 

significantly reduced the strength of the laminates.

Although the response of the aluminium alloy plates was overall more 

consistent, on an equal weight basis the laminates compare very favourably 

to their isotropic counterparts.



Nomenclature

plate extensional stiffnesses

plate reduced extensional stiffnesses

plate nondimensional reduced extensional stiffnesses

plate length in x direction

plate bending-stretching coupling stiffnesses

plate reduced coupling stiffnesses

plate nondimensional reduced coupling stiffnesses

plate width in y direction

lamina transformed reduced stiffnesses

circular hole diameter

plate bending stiffnesses

plate reduced bending stiffnesses

plate nondimensional reduced bending stiffnesses

modulus of elasticity

modulus of elasticity along the fibres

modulus of elasticity normal to the fibres

nondimensional stress function

Fourier coefficients of stress function

inplane shear modulus

plate thickness

bending curvatures

nondimensional bending curvatures

general, compression & shear buckling coefficients



ratios between inplane loads

resultant external moments per unit area about 

the middle surface

bending and twisting moments per unit length 

nondimensional bending and twisting moments 

per unit length

constants obtained by integration 

constants obtained by integration 

number of layers in the laminate 

membrane forces per unit length

nondimensional membrane forces per unit length 

e8 • Ncn = Nxy b 2/ A 22 h 2

nondimensional^2  ̂ membrane forces per unit length 

eg. Nxy = Nxy b 2/ E 2 h 3

nondimensional applied loads per unit length 

nondimensional loading parameter per unit length 

applied loads per unit length 

general loading parameter per unit length 

applied load

transverse load per unit area 

resultant external forces per unit area, 

tangential to the plate

transverse shear forces per unit length 

nondimensional transverse shear forces per 

unit length

lamina reduced stiffnesses



ratios of buckling load under combined loading to 

buckling load under simple compressive & shear 

loading, respectively 

ultimate shear strain

displacements in the x, y, z directions 

displacements at the midplane 

initial deflection (imperfection) 

nondimensional lateral deflection 

nondimensional initial deflection (imperfection) 

slopes of the deflected surface of the plate 

nondimensional slopes

Fourier coefficients of lateral deflection 

Fourier coefficients of initial imperfection 

plate Cartesian coordinates 

beam eigenfunctions

ultimate tensile strain along the fibres 

ultimate compressive strain along the fibres 

ultimate tensile strain normal to the fibres 

ultimate compressive strain normal to the fibres



Greek letters

Pi , constants in beam eigenfunctions

6 lateral deflection

6® constant, relating to the imperfection amplitude

ex , Gy, 7Xy normal & shear strains in the plate

e°x , e°y, 7°Xy normal & shear strains at the midplane 

€ z» yxz» yyz transverse normal & transverse shear strains 

C, n or Z, H nondimensional coordinates

0 fibre orientation (degrees)

X or AR aspect ratio, a/b

v, v 12, v21 Poisson's ratios

ox , Oy, TXy normal & shear stresses in the plate

oz transverse normal stress

$ stress function

Subscripts

cr critical or buckling condition

k layer identification

s lay-up symmetric with respect to midplane

t total lay-up

imp of plate with initial geometric imperfections

perf of perfectly flat plate
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Chapter 1: Introduction

1.1 Introductory Comments.

Over the last two decades, advanced composite materials have been 

employed in an ever increasing wide variety of structural applications. 

High stiffness to weight ratios as well as high strength to weight ratios 

have made composite materials very attractive alternatives to more 

traditional structural materials, such as aluminium alloys etc., 

particularly for weight sensitive structures.

The considerable cost involved in manufacturing fibres/laminates, as 

well as handling the finished product also means that advanced composites 

are more cost effective and hence mostly employed, in expensive structural 

applications, most particularly in aerospace.

One of the most popular structural forms to which composite materials 

have been applied, is plates.

Laminated composite plates are made up of 'prepregs', ie. layers of 

unidirectional fibres held together by a matrix material. These layers are 

oriented and stacked in a certain sequence so that the plate can most 

efficiently support the applied load, in a particular application. And this 

is another great advantage possessed by composite materials. That is, they 

allow the designer to tailor the structure to the particular application, 

so that the best use of the material can be made.

Laminated composite plates, due to the directional nature of their
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stiffness and strength, are far more complicated to analyse that are 

isotropic plates. The properties of a laminate as a whole depend on the 

properties and orientation of its constitutive layers, as well as the 

stacking sequence. Laminates that are symmetrically layered with respect to 

their geometric midplane, can be analysed either as homogeneous orthotropic 

or as homogeneous anisotropic. Unsymmetrically layered laminates, however, 

display coupling between the inplane stretching and out of plane bending 

and thus require a far more complicated theory.

To effectively utilise the full potential of laminated composite 

plates, a clear understanding of their behaviour is necessary. Of 

particular interest is their response under inplane compressive and shear 

loading. The ability to predict buckling loads, postbuckling stiffness and, 

finally, strength is essential for optimum and safe design and hence a fair 

amount of research work has been and is being performed in that general 

direction.

Although the stability of laminated plates under compression has 

received a great deal of attention, shear buckling and postbuckling, as 

well as the response of laminates with centrally located holes have 

received much less attention and, hence, it is these topics that the 

current work is attempting to investigate.



3

1.2 Literature Review*

1.2.1 Buckling.

The stability analysis of isotropic plates is a very complex subject 

that has been developed, somewhat disorderly 1,z, over the last century. 

During that time, great advances have been achieved and a vast amount of 

literature has been published.

The behaviour of orthotropic plates was considered as far back as 1922, 

by Huber 3 . Since then, a considerable amount of research work has been 

done, mainly for the purpose of analysing plywood plates, although 

stiffened isotropic and/or corrugated plates, have also been analysed as 

orthotropic plates.

Seydel 4 , developed an exact analysis for the shear buckling of 

orthotropic, infinitely long plates, with edges elastically restrained 

against rotation. He adopted a formulation similar to that employed by 

Southwell and Scan 5 for the analysis of the shear buckling of infinitely 

long isotropic plates.

Smith 6 used the Rayleigh-Ritz method to analyse the shear buckling of 

orthotropic, clamped plates. Finite plates, as well as infinite strips were 

considered. By comparing his results for isotropic plates to those of 

Iguchi 7, who had used a series method, Smith conluded that the 

Rayleigh-Ritz method is superior.

Thielemann 8 considered the shear and compression buckling of 

infinetely long anisotropic plates with simply supported and clamped long 

edges. An exact and an approximate method of solution were developed.
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Significant developments in the theory of elasticity of an anisotropic 

body were made in the USSR and one of the leading pioneers was Lekhnitskii 

9»10j who since the 1930s and for many years developed the basic theory and 

solved a large variety of problems.

Further references on the shear buckling of orthotropic, as well as 

isotropic, plates can be found in the review paper of Johns 11.

The foundations for the analysis of arbitrarily layered laminated 

plates were laid in 1961, when Reissner and Stavsky 12 identified the 

existence of bending-stretching coupling in an antisymmetric angle ply 

plate and proposed a theory that could account for the effects of such 

coupling. Further work by Stavsky 13,14 established the theory for 

generally unsymmetric laminates.

Ashton and Waddoups 15 presented an energy formulation for the 

vibration, bending and buckling analysis of plates, including those under 

inplane shear load. The plates considered were flat, anisotropic and 

rectangular with various boundary conditions. Solutions were obtained by 

the Rayleigh-Ritz method, employing generalised series, involving beam 

eigenfunctions, for the lateral deflection. They pointed out that 

anisotropic plates have a preferred direction with respect to shear 

buckling.

That was verified by a series of shear buckling experiments on flat, 

rectangular, boron epoxy plates with clamped edges that was performed by 

Ashton and Love 16. Good agreement between theory 15 and experiment was 

observed (see section 3.4). Ashton and Love also investigated the stability 

of laminates under compression 17.

Whitney and Leissa 18 presented closed form, exact solutions for two 

special cases of unsymmetric laminates with simply supported edges under
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uniform biaxial compression; namely cross ply plates with S2 edges and 

angle ply plates with S3 edges. (Definition of these boundary conditions 

can be found in Appendix 1).

A few years later, Jones, Morgan and Whitney 19, published similar but 

more accurate solutions for antisymmetric angle ply, graphite epoxy plates 

with simply supported (S3) edges.

Whitney 20 also examined the shear buckling of unsymmetric cross ply 

plates with simply supported (S2) edges, employing the Galerkin method. He 

reported that, in that case, the buckling load does not depend on the shear 

direction and that although bending-stretching coupling significantly 

reduces the buckling load for a 2 layer laminate, particularly for very 

anisotropic materials, its influence dissappears quickly as the number of 

alternate layers increases.

Chamis 21 considered the stability of rectangular, anisotropic plates 

with simply supported edges. The plates were under compression and shear 

load, as well as combinations of inplane loading. The governing equation 

was developed from energy considerations and it was solved by the Galerkin 

method. For anisotropic plates (D16^0, D 26?*0) the assumed deflection

function did not satisfy the zero moment requirement at the simply 

supported edges. The above requirement was satisfied in the mean by 

including, in the governing equilibrium equation, two line integrals that 

represented the effect of the unbalanced edge moments.

Some errors 22 in Chamis’ formulation were pointed out by Hsu 23.

In the meantime Wang 24 had showed that no mathematical separable 

functions can be found to represent deflection shapes of simply supported, 

homogeneous anisotropic plates if the Kirchhoff hypothesis of non- 

deformability in the normal direction is adopted, thus raising questions on
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the applicability of separable functions to the buckling problem of simply 

supported anisotropic plates.

Chamis 25 used the theoretical formulation he had proposed in reference 

21 to examine the buckling response of unidirectional, off-axis, simply 

supported boron aluminium and graphite epoxy laminates under single and 

combined inplane loads. The boron aluminium laminates were found to resist 

buckling more efficiently.

Whitney and Leissa 26 used a Fourier series method and a procedure 

employed by Green 27 for isotropic plates, to analyse the bending, 

vibration and compression buckling of rectangular, unsymmetric cross ply 

and angle ply plates with simply supported (S2) boundaries. The method is 

general and can be applied to other boundary conditions.

Whitney 28, in fact, also used it to analyse the response of the above 

laminates under various clamped boundary conditions. The accuracy of his 

results, however, for unsymmetric angle ply plates is questionable, as the 

rigidly clamped condition (Cl) appeared to reduce the stiffness of the 

laminates as compared to the less rigid clamp (C3).

Further examples of the application of the method, also by Whitney, can 

be found in 29 for the analysis of clamped anisotropic plates and in 30 

where it was shown that the Fourier method is superior to the Ritz energy 

method for the analysis of simply supported anisotropic plates.

Frazer and Miller 31 used the generalised Ritz method, using Fourier 

series with the Lagrange multiplier technique of minimization, to obtain 

upper and lower bounds for the buckling load of anisotropic plates with 

various different boundary conditions. They found the approach was rather 

limited and only directly applicable to clamped boundary conditions. 

Results for clamped plates under shear load and compression were presented.
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Housner and Stein 32 examined the stability of flat, rectangular, 

orthotropic plates with general boundary conditions, including elastic 

rotational restraints using an energy formulation and employing a 

trigonometric finite difference procedure for the solution. They presented 

shear buckling results for the complete range of orthotropic parameters for 

plates with simply supported and clamped edges.

The stability of symmetric sandwich panels, with graphite epoxy angle 

ply skins was analysed ignoring the bending-twisting stiffnesses (D1G=D26= 

0) and assuming that the core carried no load and suffered no shear 

deformation. Results, in the form of buckling loads, interaction curves and 

optimum filament orientations, were presented for a wide range of aspect 

ratios, boundary conditions and inplane loads.

The effect of the rotational restraint at the boundaries on the 

buckling load was assessed and it was found that a rather small increase in 

the stiffness from zero, ie. the simply supported case, woul4 cause the 

buckling loads to attain 80-90% of the fully clamped value.

The shear buckling of simply supported orthotropic sandwich panels with 

uniform cylindrical curvature was analysed by Davenport and Bert 33.

Zhang and Matthews 34, presented an energy formulation for the buckling 

analysis of generally layered cylindrically curved panels under inplane 

loading. The governing equations, in terms of lateral deflection and a 

stress function, were solved by the use of Fourier series for clamped, 

simple supported as well as combinations of these two boundary conditions 

(see also section 2.6). Results for an extensive range of parameters, 

namely, different curvatures, materials, fibre orientation, lay-up, aspect 

ratio, under single and combined inplane loads were presented.

Zhang and Matthews 35 also examined the buckling of flat, rectangular,
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arbitrarily layered laminates with restrained in plane simply supported 

edges, under combined shear load and compression.

In both studies 34»35> it was found that, for combined shear load and 

compression, application of the shear load in a certain direction, would 

stabilise symmetric anisotropic laminates against compression. For

antisymmetric laminates and isotropic and orthotropic plates the shear

direction makes no difference and combined loading always has a 

destabilising effect (see section 3.6.4).

Hui 36 examined the stability of simply supported, unsymmetric cross

ply, rectangular laminates under uniform shear load. Solutions were 

obtained by the Galerkin method. His findings regarding the effects of 

bending-stretching coupling are similar to those reported by Whitney 20.

Hui also examined the initial postbuckling response of the laminates, 

employing Koiter's theory 37 and found it to be imperfection sensitive, in 

an asymptotic sense, for non square plates.

1.2.2 Postbuckling..

Turvey and Wittrick 38 used Dynamic Relaxation, a finite difference

method, to analyse the bending and postbuckling of symmetric and 

unsymmetric laminates. They found that, for simply supported, antisymmetric 

angle ply plates under compression, although a significant reduction in 

buckling load is caused by the terms, the postbuckling stiffness is not

affected. For fully clamped, unidirectional off-axis laminates under shear 

load, bending twisting coupling caused a significant drop in the buckling 

load and the postbuckling stiffness of the laminates.
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Kaminski and Ashton 39 made an experimental study of the postbuckling 

response of thin, flat, rectangular, boron epoxy laminates with clamped 

edges under shear load. They found that the direction of the applied shear 

load influenced greatly the buckling load but not so much the ultimate 

load. All the laminates tested showed considerable postbuckling strength. 

The failure was mainly induced by stress concentrations at the corners of 

the laminates and interlaminar strength was not a limiting factor.

Shear buckling and postbuckling tests, carried out by the U.S. Air 

Force as part of a theoretical and experimental program for the evaluation 

of graphite epoxy laminates, are discussed by Hayes et al 40.

Harris examined the buckling and initial postbuckling stiffness of 

simply supported, antisymmetric, angle ply laminates under uniaxial 41 and 

biaxial compression 42 employing a modification of Koiter's theory. The 

coupling terms were found to affect the stiffness at buckling mainly by 

changing the buckling mode.

Prabhakara and Chia analysed the postbuckling behaviour of simply 

supported, rectangular orthotropic laminates, employing nonlinear Von 

Karman type governing equations and assuming as solutions double Fourier 

series for the lateral deflection and double series, involving beam 

functions, for the stress function. Uniaxial and biaxial compressive 

loading 43, as well as combined uniform transvere pressure and compressive 

loading 44 were examined.

Chia and Prabhakara 45 also considered the postbuckling behaviour of 

rectangular, unsymmetric laminates under uniaxial and biaxial compression. 

Solutions were obtained for antisymmetric cross ply and angle ply laminates 

with clamped edges and antisymmetric angle ply laminates with simply 

supported edges, employing a multiple Fourier series approach and using
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beam characteristic functions.

The approach proposed in 45 was used by Chia and Prabhakara 46 to

analyse rectangular orthotropic plates with simply supported and clamped 

edges under various types of transverse loading, ie. central patch load, 

eccentric patch load and hydrostatic pressure, combined with inplane 

compression.

Prabhakara 47 also examined the postbuckling response of simply 

supported, unsymmetric cross ply rectangular laminates under biaxial 

compression. The Von Karman type nonlinear equations were solved by a 

Fourier series method. It was pointed out that because of the B^j coupling

there was bending in the laminate right from the start of the loading. This

bending quickly disappeared as the number of layers in the laminate

increased.

A variant of the Rayleigh-Ritz method was used by Banks 4 0 , to examine 

the postbuckling behaviour of orthotropic plates, with simply supported 

loaded edges and elastically restrained unloaded edges, under compression. 

Banks et al 49 later on extended the method to include initial 

imperfections. Rectangular, orthotropic, E-glass polyester laminates were 

tested by Banks 50 and satisfactory agreement between theory and experiment 

was observed.

Prabhakara and Kennedy 51 examined the postbuckling behaviour of simply 

supported, unsymmetric angle ply laminates under shear load. Some results 

for clamped boundary conditions were also presented. A method of solution 

similar to that used by Prabhakara in 47 was adopted and the zero moment 

condition at the boundary was again satisfied by the procedure suggested by 

Green 27. The effect of different materials, number of layers, orientation 

and aspect ratio on the response of the laminates was examined.
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Kobayashi, Sumihara and Koyama 52 analysed theoretically and 

experimentally the buckling, postbuckling and failure of thin, flat, 

square, symmetrically layered, graphite epoxy laminates with clamped edges 

under shear load. A hybrid finite element method was used for the analysis. 

Failure estimates were obtained from three different criteria. The overall 

agreement between theory and experiment was reasonable, although the 

theoretical model appeared to be rather overstiff in the postbuckling 

range. All laminates tested showed significant postbuckling strength and 

only a small decrease in shear stiffness in the postbuckling range.

Agarwal 53 examined theoretically and experimentally, the postbuckling 

of three bay, composite graphite epoxy, shear webs. Theoretical analysis of 

the square, essentially simply supported, middle bay was performed by the 

MSC/NASTRAN code. Very good agreement between theory and experiment was 

observed.

Bhattacharya 5* considered the postbuckling of symmetric cross ply 

laminates with elastically restrained edges under compression. Perfectly 

flat as well as laminates with small initial geometric imperfections were 

examined. Solutions were obtained by the Galerkin method. The effects of 

initial imperfections were found to be very pronounced only near the 

critical load.

Zhang and Matthews 55 presented an analysis of the postbuckling 

response of thin, generally layered, cylindrically curved panels with 

simply supported edges, under compression. The governing equations were 

obtained by the stationary potential energy principal, in terms of the 

lateral deflection and a stress function. The assumed deflection function 

did not satisfy the zero moment requirement at the edges. To satisfy the 

requirement in the mean, terms that accounted for the effect of the
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unbalanced edge moments were included in the equilibrium equation. An 

extensive parametric study was presented.

The same theoretical formulation was also employed by Zhang and 

Matthews 56 for the analysis of the postbuckling response of symmetric, 

anisotropic, flat laminates with simply supported edges under shear load 

and combinations of shear and compressive loading.

Stein 57 analysed the postbuckling of isotropic and orthotropic long 

plates under combined compression and shear load. The long edges were 

simply supported and held straight. He pointed out that the inplane 

boundary conditions are very important for plates loaded in shear.

Craig and Matthews 58 considered the postbuckling of thin cylindrically 

curved laminates under shear load and compression. Earlier work 55»56 was 

extended to include clamped and combinations of simply supported and 

clamped boundary conditions. The effect of initial geometric imperfections 

was also examined.

Leissa closely monitored the developments in the stability analysis of 

laminated plates and presented a comprehensive review 59 in 1985, as well 

as several review papers, eg. 2»60»61.

1.2.3 Cutouts and other Complicating Features.

The stability analysis of laminated plates is greatly complicated by 

the presense of cutouts. The stress distribution in the laminate, even 

under uniform inplane load(s), is rather complex and needs to be evaluated 

before the stability problem can be solved.

The subject of shear stability of laminated plates with holes is
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virtually nonexistent in the literature to date. Even for isotropic plates, 

rather few references can be found.

Wang 62 developed theoretical solutions for the stress distribution in 

rectangular plates with circular holes under shear load.

The shear stability of square plates with a circular hole was examined 

by Rockey 63 with a finite element method and Uenoya and Redwood 64 who 

used a finite element method for the inplane stress distribution and a 

Rayleigh-Ritz method for the bifurcation analysis. Although their findings 

do not entirely agree, a drop in shear buckling load with increasing hole 

diameter to plate width ratio was observed.

Solutions for the stress distribution around cut outs in orthotropic 

and anisotropic plates have been obtained by Savin 65 and Lekhnitskii 10. 

More recently Greszczuk 66 extended Green's and Zerna’s 67 early work and 

developed theoretical solutions for the stress concentrations and the 

failure stresses in orthotropic and anisotropic laminates.

Nemeth 68 developed an approximate solution for the compression 

buckling of a rectangular orthotropic plate with a centrally located 

cutout.

Marshall et al 69 analysed the compression buckling of rectangular 

orthotropic plates with a centrally located circular hole, employing an 

approximate energy method. Good agreement between theory and experiment was 

observed for hole diameters to width ratios <0.4. An extension of the above 

method was also used to analyse the effects of eccentrically located 

holes 7°.

Knauss et al 71 made an experimental study of the compression buckling 

and postbuckling behaviour of graphite epoxy laminates with circular holes. 

They found that the major factors determining whether or not a panel
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buckled before failing were the far-field strain level and the strain 

concentration factor around the hole.

Further relevant work can be found in references 72»73»7A»75.

Very recently Lin and Ko 76 suggested an analytical method for the 

determination of stress concentrations and failure stresses in rectangular 

anisotropic laminates with elliptical holes.

The stability analysis of laminated plates is further complicated by 

nonlinear stress-strain relationships, transverse shear deformation, 

hygrothermal effects as well as localised defects like delaminations, 

debonds etc.

The nonlinearity in the stress-strain relations of fibre reinforced 

composites is mainly due to the nonlinear behaviour of the matrix 

materials. The fibres usually display linear elastic behaviour to failure.

Methods for predicting the material nonlinear response of composites 

have, among others, been proposed by Petit and Waddoups 77, Hahn and Tsai 

78, Jones and Nelson 79. A brief review of macromechanic approaches, as 

well as an alternative approach is given by Nahas 80.

The buckling of laminates with nonlinear stress-strain response has 

been considered by Hahn 81, Morgan and Jones 82, while Arnold and Mayers 83 

examined the postbuckling and failure behaviour too.

It is by now well established that the transverse shear effects are 

much more pronounced in anisotropic laminated plates than in isotropic 

plates, due to the high ratios of inplane modulus of elasticity to shear 

modulus that can exist in the former.

A fair amount of researh work has been done in analysing the transverse
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shear effects on the stability of laminated plates, eg. 84»85. Further 

relevant references can be found in Bert 86 and Leissa 59.

Transverse shear deformation essentially reduces the bending stiffness 

of a laminate, thus reducing the buckling load and increasing the 

deflections. However, as many studies have shown, even for highly 

anisotropic laminates, its effects are negligible for laminates of width to 

thickness ratios greater than 40.

1.2.4 Strength - Failure.

The strength analysis of laminated plates is also a very complex 

subject as failures may occur in many, often interacting, modes and involve 

fibre failure, matrix failure, interfacial failure, delamination and 

buckling.

Inspite of considerable research effort, as a fairly recent survey 87 

has shown, there is little agreement on what constitutes failure, let alone 

how to predict it.

Strength can be determined from failure criteria that are based on the 

assumption that the material is homogeneous and its strength can be 

measured experimentally.

Based on the Von Mises distortional energy theory for failure in 

isotropic materials, Hill 88 proposed a failure criterion for anisotropic 

materials. The main disadvantage of Hill's criterion is that it does not 

differentiate between tension and compression strength.

To account for that, Marin 89 proposed an extension to Hill's 

criterion, which is, unfortunately, difficult to apply, as strengths must
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be known in other directions than the main directions of the material. A 

simplified version of Hill's criterion was suggested by Azzi and Tsai 90.

Hoffman 91, based on the same principles too, proposed a criterion for 

brittle orthotropic materials, that avoids the above mentioned drawbacks.

Based on a purely mathematical description of the failure criterion, 

Tsai and Wu 92 suggested a tensor polynomial criterion. Although fairly 

general and consistent mathematically, this criterion is difficult to 

apply, mainly due to problems in evaluating a stress interaction term, 

usually denoted by F 12.

Among the most popular failure criteria 87, despite the fact that they 

allow no interaction between the various modes of failure, are the maximum 

strain and maximum stress criteria.

Further relevant information can be found in references 93»94»95.

Finally, it should be noted that all these failure criteria are mainly 

regarded as design criteria rather than criteria giving precise predictions 

of the actual failure stresses.
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1.3 Project Guidelines.

The literature survey confirmed that shear buckling and postbuckling of 

flat, generally layered composite plates has attracted only limited 

attention. It also became obvious that, in general, far fewer experimental 

results than numerical/analytical results are available.

It was decided that a theoretical model would have to be developed, so 

that a parametric study of the shear stability of laminated composite 

plates could be carried out.

Also, it was decided that a series of experiments should be undertaken 

to examine the validity of the theoretical approach. Admittedly, given the 

limited resources of the department in that respect, only a rather small 

series of experiments could be performed.

Discussions with Westland Helicopters, who supplied the laminates, 

highlighted the practical significance of quasi-isotropic lay-ups, so it 

was decided that testing should concentrate on such laminates.

Also, given the scarcity of relevant published results, the shear 

stability of quasi-isotropic laminates with centrally located circular 

holes would be studied experimentally.
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Chapter 2: Theory

2.1 Introduction.

A general nonlinear theoretical model is developed, to analyse the 

response of laminates with clamped edges, under uniform inplane load(s). 

The main concern of the current work is inplane shear load, but the 

response of the laminates under compression, as well as combinations of

inplane loads is also considered.

The laminate under consideration is thin, flat, of general lay-up and 

is supposed to be in a state of plane stress. Transverse shear effects are 

negligible, and the Kirchhoff’s hypotheses apply. Hence the strain

variation, through the thickness of the laminate, is linear.

The strain-displacement relations, as suggested by Von-Karman, are 

employed and the general form of lamina constitutive relations is utilised, 

assuming the material is homogeneous and behaves in a linearly elastic 

manner. Hence only geometric and not material nonlinearities are accounted 

for. Note that the elastic moduli are assumed to be the same in tension and 

compression.

Laminates of perfect geometry, as well as with initial imperfection

from flatness can be analysed.

The governing equations are obtained by considering the three 

dimensional equilibrium of an element of the laminate, adopting the 

Lagrangian coordinate description. By the introduction of a stress 

function, the governing system is expressed as two coupled, nonlinear,
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partial differential equations, in terms of the stress function and the 

lateral deflection.

The solution of the eighth order governing system is obtained by using 

generalised Fourier series, employing beam characteristic functions that 

satisfy exactly the boundary conditions and by applying the Galerkin 

method.

2.2 Development of the Governing Equations.

To analyse the buckling and postbuckling response of thin, flat, 

generally layered anisotropic plates the following nonlinear theory is 

utilised.

At first the laminate will be assumed to be of perfect geometry. The 

effects of initial geometric imperfections from perfect flatness will be 

incorporated in the formulation, later on.

The laminate (figure 2.1) is of rectangular planform and of length, a, 

in the x direction and of width, b, in the y direction and of thickness, h, 

in the z direction. It is made up of n layers of homogeneous anisotropic 

sheets, perfectly bonded together. The bonds are assumed to be 

infinitesimally thin as well as non shear-deformable. Each layer can have 

arbitrary thickness, elastic properties and orientation of the principal 

material axes with respect to the plate axes.

The laminate is assumed to be homogeneous and to behave in a linearly 

elastic manner.

The laminate is supposed to undergo lateral deflections that are of the 

same order of magnitude as its thickness, ie.|w|=0(h), but much smaller
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than a characteristic laminate dimension, ie.|w|-Ca,b. To describe the large 

deflections of the laminate, in its deformed configuration, the Lagrangian 

approach is used.

The xyz Cartesian coordinate reference system employed is for 

convenience located at the midplane of the undeformed laminate, which is 

assumed to be of uniform thickness.

Furthermore, it is assumed that the slope of the deflected surface is 

everywhere small, ie. |w,x |<l and |w,y |<l.

As already mentioned, the laminate is thin, ie. h«a,b and hence the 

Kirchhoff hypothesis is assumed to apply. This states that a line 

originally straight and normal to the middle surface of the laminate will 

remain straight, normal to the middle surface and inextensional when the 

laminate is deformed under load, so that the transverse normal and shearing 

strains are negligible, ie. ez=7xz=?,yz=^ *

Following from Kirchhoff's hypothesis, it can be shown 96>97 that the 

inplane displacements u, v and the deflection w, in the x, y and z 

directions respectively, at any point of the laminate are given by:

u(x,y,z) = u°(x,y) - z. w°,x

v(x,y,z) = v°(x,y) - z. w°,y (2.1)

w(x,y,z) = w°(x,y)

where u 0,v°,w° are the values of u,v,w at the reference plane, ie. at the 

midplane (z=0); and w° ,x and w c ,y are the slopes of the laminate midplane 

in the x and y directions. Since w is independent of z, for simplicity the 

superscipt (°) will henceforth be omitted.

Now assuming that the tangential displacements u, v are infinitesimal,
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only those nonlinear terms that depend on w,„ and w, are retained in thex y
strain-displacement relations (Green's strain tensor). So we have:

€x = u »x

ey v * y

^xy = U,y

Substituting (2.1) into

ex = u °* x + 1/2 (w

ey = v °* y + 1/2 (w

yxy = u °*y + V , x +

= u,x + 1/2 (w,x )2

y)Z

»xx

I y ) 2 W, yy

’X "»y ** ” *xy

where the strains at the midplane (z=0) are:

(2 . 2)

(2.3)

e X = u °»x + 1/2 (w,x ) 2

e#y = V® *y + 1/2 ( W , y ) 2 (2.4)

y xy = u °•y + v °»x +  w , x w , y

and the curvatures are:

kx - ~w >xx ^y “ “w »yy ^xy “ _^w »xy (2.5)

So far we have derived expressions that relate the deformations of the 

laminate to strain. Now, in order to introduce stresses in the solution, 

expressions that describe the stiffness of the laminate are required.

The laminate is essentially composed of layers of unidirectional
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composite and it is assumed to be in an approximate state of plane stress, 

following a second Kirchhoff hypothesis, which states that the transverse 

normal stress, o z , is very small compared to other normal stress components 

and may be neglected in the stress-strain relations 98.

When the principal material axes of a unidirectional layer coincide 

with the plate axes then the layer is orthotropic. And its stress-strain 

relations under plane stress are:

where , the reduced stiffnesses are:

^11 “ t*! /( 1 V x ZV 2 j)

Q 12 = V 12 ^2 /(I “ V 12V 2l) = V 2i /(I ” V 12V 2l)

Q 2 2 = E 2 / O  ~ V l2V 2l) (2.7)

^66 = ^12

in which E x, E 2 are the Young's moduli along and normal to the fibre 

direction, respectively; v 1 2 » v 2 i are Poisson’s ratios and G 12 is the 

inplane shear modulus.

However, more often than not, the material axes of a layer, do not 

coincide with the plate axes and then the layer is called 'generally 

orthotropic' and behaves exactly as if it was anisotropic 97. For this 

general case, the stress-strain relations, under plane stress, can be shown 

to b e :

r c n c 12 ^ 16 f 6x 1= Cl2 C 2 2 ^26 s (2.8)
(k) L C 16 ^26 ^66- (k) L 7xyJ (k)
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where the subscript (k) indicates that we are dealing with the kt 1̂ layer of 

the laminate and are the transformed reduced stiffnesses. These can be

obtained from the reduced stiffnesses, ^ij» v*a standard transformation 

relations 100»126.

The stress resultants and moments are defined in the usual manner as:

[ N x , N y , Nxy ] =

[ M x , M y , Mxy ] = 

[ Q x » Qy 1 =

r h /2

-h/2
r h /2

-h/2 
' h/2

-h/2

[ °x» °y» Txy 1(k)

[ °x» °y» Txy i(k) z ^z

I Txz» Tyz J(k) dz

(2.9)

(2.10)

(2 .11)

where Nx , Ny , NXy are the membrane forces, Qx , Qy are the transverse shear 

forces and Mx , My , MXy are bending and twisting moments, all per unit 

length. The positive sense of the above forces and moments can be seen in 

figure 2.1.

Now substituting the stress-strain relations (2.8) into equations (2.9) 

and (2.10) and performing the required mathematical operations, taking into 

account equations (2.3), (2.4), (2.5), the laminate constitutive equations 

are obtained:

(2 .1 2)

where N =
Nx
Ny
Nxy

M  =
xy

k  =
xyJ •xy J
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and

H< A t 2 A 16
A = A x 2 A 2 2 A 26 are the extensional stiffnesses

. A 16 A 26 A 66.

‘ ® 1 1 ® 1 2 ® 1 6
B = ®12 B2 2 ®26 are the coupling stiffnesses

- ®16 ®26 ^66-

' D u D 12 D ig’
D = d 12 D2 2 D26 are the bending stiffnesses

L ° 16 D 2 6 D g 6-
where the elements of the above matrices, are defined as:

h/ 2
(Aij, B^j, D^j ) =

-h/2
:ij(k) t1* z » zZ> dz

(2.13)

(2.14)

where i,j=l,2,6

Note that evaluation of the various stiffnesses is carried out in steps 

through the laminate, as the transformed reduced stiffnesses are different 

from layer to layer. Hence integration is possible only through the 

thickness of each layer and the stiffnesses of the laminate as a whole are 

obtained by summation.

Also, note that the B^j stiffnesses display coupling between transverse 

bending and inplane stretching. The coupling will disappear when C^j (^) is 

an even function of z.
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Following from Kirchhoff's hypothesis and the assumed strain 

displacement relations, it can be shown 96,101 that the equations of 

equilibrium, in Lagrangian coordinates, can be written as:

°x»x + Txy >y + T zx» z + f x = 0 (2.15a)

Txy»x + °y •y + T zy» z +  f y  = 0 (2.15b)

( ox w,x + 1 xy w »y + TXZ^ » X

+ ( Txy w »x + °y + Tyz^ »y

+ < T zx w »x + T zy W »y + °z >»z + fz = 0 (2.15c)

where fx , fy, fz are body forces per unit volume.

Now, if we apply equations (2.15a),(2.15b),(2.15c) to the layer,

multiply by dz and integrate through all the layers from -h/2 to h/2 we 

obtain:

NiNx»x + N + x y »y A X ll 0 CM .16)

N1Nx y »x + Ny.y + llO' 0 (2..17)

Nx w, X X + 2 N ^ w > xy + Ny w »yy + Qx»x + Qy»y +

w »x (Nx»x + Nxy»y) + w »y ^Nxy»x + N y»y) + q = 0 (2.18)

Further, if we apply equations (2.15a) and (2.15b) to the k*1*1 layer, 

multiply by zdz and again integrate through all the layers from -h/2 to 

h/2, we obtain:

^x»x + ^xy»y + m x ^x “ ® 

^xy»x + ^ y »y + m y “ Qy = ®

(2.19)

(2.20)
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where <lx = T zx

%  = T z v

z=h / 2

- T,
z=h/ 2

Z = - h / 2 

Z = - h / 2

z = h /  2

h / 2  

- h /  2

r h/z

- h / 2

fx(k) dz

fv(k) dz

q - (oz + T zx W,x + T Zy w,v )
z=-h/2

h/2

- h / 2
z(k) dz

h
rax = 2 Tzx + Tzx

z=h/ 2 z=-h/2

h
" “

my = 2 Tzy + Tzv
z=h/ 2 z=-h/2

' h / 2  

- h / 2  

h /  2 

- h / 2

z fx(k) dz

2 fy (k) dz

where q is the lateral load per unit area; qx , qy are the resultant 

external forces, tangential to the laminate, per unit area and mx , mv are 

resultant external moments per unit area about the middle surface.

Solving equations (2.19) and (2.20) for Qx and Qv respectively and 

substituting the resulting expressions into equation (2.18), we obtain:

^ x sxx + ^ ^xysxy _r ^ y syy + ^x w »xx "r ^ ^xy Wjxy + ^y w *yy
- «,x qx “ w,y qy + m x ,x + m ySy + q = 0 (2.21)

So the equilibrium of the plate in the x, y, z directions is described 

by equations (2.16), (2.17), (2.21) respectively.

These equations are further simplified by the fact that the body forces

will be ignored and the bounding surfaces of the plate, ie. z=h/2 and

z=-h/2, are assumed to be free from shearing stresses.

So the transverse shear forces become:
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(2.22)
Qy M.lx v »x + M.v »v «/ *

(2.23)

and the equilibrium equations become:

0 (2.24)

N.x y »x + N.y ’y o (2.25)

So now if we substitute the plate constitutive equations (2.12) as well 

as equations (2.4) and (2.5) into the equilibrium equations (2.24) to 

(2.26), an eighth order system of three governing equations in terms of the 

three displacements u°, v° , w can be obtained.

On the other hand, the governing equations can be set up in terms of a 

stress function and the lateral deflection. For this work, the latter 

approach was chosen.

A stress function is defined as:

and it can be easily shown that it satisfies equations (2.24) and (2.25).

Furthermore the plate constitutive equations (2.12), need to be 

modified in such a manner that the midplane strains and moments are given 

as functions of the membrane forces and the curvatures 12.

After partial inversion, the constitutive equations become:
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{ M  ] = [ -<B*>T D* ] { I  } (2'28)

where A* = A-1 » B* = -A_1B , D* = D - BA“ 1B (2.29)

The above stiffnesses are usually referred to as reduced laminate
A A *stiffnesses and in general A and D are symmetric matrices, but B is not 

a symmetric matrix.

From equation (2.28) the bending and twisting moments can be written

^ ^ & 
Mx = ll ^»yy 2 1 ^>xx + ® 61 xy

® 11 w »xx 12 w »yy “ 2 D ig w, xy

My - 12 *^»yy ® 2 2 ^»xx + ® 62 ^»xy

—D 12 w »xx —® 2 2 w » yy “ 2 D  26 w,Xy (2.30)

MXy = -B 16 ^jyy 2 6 ^>XX + ® 66 ^ »Xy

—D 16 w,xx —D 26 w » yy " ^ ^ 66 w »xy

Substituting equations (2.27) and (2.30) into (2.26) and assuming that 

no transverse load is acting onto the plate, the equation of equilibrium of 

the laminate in the z direction, in terms of $ and w is obtained:
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® 11 W >XXXX + ^ ^ 16 w »xxxy + ^ ( D  12 +  2 D  G 6 ) W » X X y y

is is is

+  A D  2 s w  * xyyy ^ 22 ^ * y y y y  ^ 21

+  ( 2  B  26 — B  G j) ^ » x x x y  11 ®  22 “ ^ ®  6 6 ^  ^ » x x y y

"*" ^  ® 16 “ ® 62^ ^»xyyy + ® 12 ^*yyyy

= w »xx ^*yy + w *yy ^*xx “ ^ w *xy ^»xy (2.31)

The second equation comes from the requirement of compatibility of 

deformation. From equations (2.A), eliminating u° and v°, the compatibility 

condition is:

0 0 0  26 x»yy + e y*xx “ y xy»xy “ w »xy ~ w »xx w *yy

Again substituting leads to:

is it is is isA 22 ^>xxxx “ ^ ^ 26 ^»xxxy + ( 2  A 12 + A 66) $»Xxyy “ ^ ^ 16 ^**xyyy

* * /'on* c* 'N+ A ^ » y y y y  " ® 21 W »XXXX “ (2 B 2s ” ® 61^ W »XXXy

. * * * .“ 11 + B  22 - 2 B 66) w »xxyy ~ ' 16 “ “ 62' w *xyyy

■k
- B 12 w >yyyy w »xy “ W »XX W,yy (2.32)
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2.3 Nondimensionalisation of the Governing Equations.

Before proceeding with the solution, the governing equations 

nondimensionalised.

Let us define the following nondimensional parameters:

W = w/h , F = <£/A22 h z , c = x/a , n = y/b, X = a/b

(2.33)

a ij “ ^22 A ij , ^ij = ® i » ^ij — ® ij/^22 ^

Introducing equations (2.33) into the governing equations (2.32) and (2

we obtain, respectively:

Compatibility Equation

a 22 ^»cccc ” ^ a 26 ^ + ^  a i2 + aG6^ ^ c c n n

2 a 16 X 3 F,cnnn + a lt X4 F,nrmn - b 21 W,cc<;<.

“ ^26 ” ̂gi) ^ w »cccn ” ^11 + ^22 ”2 b6G) *"2 ^»ccnn

“ (2 b 16 - b 62) X 3 W,<;nnn - b 12 X4 W,nnnn

= X 2 (W,cn2 - W,cc W,nn) (2.34)

are

.31)
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Equilibrium Equation

^11 ^»CCCC ^ ^16 X ^»CCCT\ "** ^ ^ 1 2  + ^ ^66^ ^ ^»C<T\n

+ 4 d 26 X 3 W i<;nnn + d 22 X4 W,nnnn + b 21

+ (2 b 26 — b6 j) X F»r£rn + (bjj + b 2 2 2 b66) X F, ccnn

+ (2 b 16 t>62) x F »<nnn + ,^i2 ^ F »nnnn

= X F *nn **" ^*nn F *4< (2.35)

Nondimensionalising the rest of the parameters involved we have

Nt = F »nn Nn = F > «  !/x2 Ncn = "F >cn (2.36)

k t -W,c< 1/X2 kr\ ~ “^»nn k tT\ = ^/x (2.37)

N ,

.NcnJ
A 2 2 h^ N,

-xy
(2.38)

Q < ' b3 Qx'

-Qn ■
A 22 h 3 lOy.

(2.38a)

b
TT2"

L xyJ
(2.39)

CTY ^2 2 k3 xy
(2.40)
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And the nondimensional applied loads are:

where Px , Py, PXy are applied loads per unit length and their positive 

sense can be seen in figure 2.2 .

For general inplane combined loading, assuming that there are given 

ratios among the inplane forces, it is useful to introduce a nondimensional 

loading parameter:

(2.42)

where PQ is related to the applied loads by the following relations:

(2.43)

So by selecting the ratio between 1>X  ̂ iy, J?Xy any required combination of 

inplane loading can be considered.
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2.4 Laminates with Initial Imperfection from Flatness.

It has been well established over the years, that initial imperfections 

from flatness can have quite a detrimental effect on the buckling response 

of flat isotropic plates.

Laminated plates, too, given their very nature -different thermal 

expansion coefficients between fibres and matrix, dependence on symmetric 

stacking sequence to avoid warping after curing, etc.- , as well as their 

complex manufacturing process, are very likely to possess initial geometric 

imperfections.

So it was decided to study the effect of these imperfections on the 

overall response of the laminate.

Denoting by w 0 the initial deflection (imperfection from flatness), it 

can be shown 102>101 that the midplane strains can be written as:

x u°,x + 1/2 (w,x )2 + w,x w 0 ,x

V 0 , y +  1/2 ( W ,y ) 2 +  W , y  W Q ,y (2.44)

Then proceeding as for the perfectly flat laminate and introducing 

W 0=w0/h, the nondimensional governing equations are obtained as:



34

Compatibility Equation

a 22 ^ ‘CCCC ~  ̂a 26 ̂ ^>CCCT\ ^  a 1 2 + a6 6 ̂ ^

- 2 a 16 X F >i;ŷ r̂n + a lx X F , ^ ^  - b 21 ^sciCtC

- (2 b 26 - b6 j) X ^ - (b1;l + b22 -2 b66) X2

- (2 b 16 - bG2) X 3 W ><;nnn - b 12 X4 W srinrir̂

= X (w}(!-n - W , ^  w,w

"** ^ ^><n ^ o >c p ~ Wjnn ^o»cc _ ^*cc ^o>r\n^ (2.45)

Equilibrium Equation

^11 ^*cccc +  ̂ ^i6 ^ ^»cccn + 2(d12 + 2 d66) x

-r 4 d 26 X 4- d 22 X 4- b 21 F , ^ ^

+ (2 b 26 - b6 j) X + ^ 1 1  + ^22 *̂<;cnr\.

+ b 16 — b 62) X F , ^ ^  + b 12 X F , ^ ^

= x (w,^ F,nri 4- w,nn ^>cc ^»<r\

+ ^o>cc ^»nn + ̂ o>nn ^ o j<n ^ 5cn  ̂ (2.46)

NB. The underlined terms on the right hand sides of equations (2.45) and 

(2.46) are due to the initial imperfections. Otherwise the equations are 

identical to equations (2.34) and (2.3>5) for a perfectly flat laminate.
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2.5 General Solution of the Governing Equations,

In the previous section the nondimens ional form of the laminate 

governing equations, including initial imperfections from flatness, was 

derived, ie. equations (2.45) and (2.46). These nonlinear partial 

differential equations are coupled through the b^j terms, ie. the 

nondimensional form of the reduced coupling stiffnesses, as well as through 

the nonlinear terms on their right hand sides, hence they have to be. solved 

simultaneously.

The governing equations form an eighth order system, with unknowns the 

stress function, F, and the lateral displacement, W. Hence, to define the 

problem mathematically, four boundary conditions need to be specified on 

each side of the plate.

In this work, only one type of boundary condition will be considered.

Namely, all four edges of the laminate are clamped. So for general inplane

loading (see figure 2.2), the boundary conditions may be expressed as:

W = W,c = 0, F,nn = -Nj , F,cn = -X S

W = W,n = 0, F,cc = -X2 N 2, F,cn = -X S

There is no classical, closed form solution to the above problem, so an 

approximate method will have to be employed.

at <=0,1

(2.47)

at n=0,1



36

The stress function, F, and lateral deflection, W, as well as the 

initial deflection, W Q , of the laminate will be assumed to be adequately 

described by the following generalised double Fourier series:

00 00

F = -£x N 0 - $ y  N 0 X 2 ~-®xy No X < n ^mn Yn(h)
(2.48a)

W p=l q=l W Pq X P ^  Yq^n ^ (2.48b)

W 0 »r2i sh  X r («> Y s ^ >  (2.48c)

Note that the initial imperfection of the laminate is assumed known and the 

W 0rs coefficients are given. The X ^ c ) ,  YR (n), Xp (t), Yq (n), Xr (<)» Ys^n  ̂

are characteristic eigenfunctions for the ifĉ  mode of vibration 

(i=m,n,p,q,r,s) of a uniform clamped-clamped isotropic beam:

Xi(c) = coshPic - cosPic - 7± (sinhpit - sinP-^c)

(2.49)

Y^(n) = coshp^n - cosp^n - y^ (sinhp^n - sinp^n) 

and y^ = (coshp^ - cosP^)/(sinhp^ - sinP^) (2.50)

The constants P^ & y^ take the following values
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i

Table 2.1

Pi

1 A .73004074A86270 0.98250221A576238

2 7.85320A62A0958A 1.000777311907269

3 10.9956078380016 0.999966A50125A09

A 1A.137165A912575 1.000001AA9897656

5 17.2787596573995 0.9999999373AA383

6 20.A203522A56260 1.000000002707595

7 23.5619AA9020A0A 0.99999999988299A

8 26.7035375555082 1.000000000005056

9 29.8A51302091033 0.999999999999781

The above values of Pj[ and have been adopted from reference 10't> and 

with these values the eigenfunctions and their derivatives satisfy certain 

important mathematical relations:

and

X ±(0) = X ^ l )  = X ^ C O )  = X ' j d )  = 0 

(0) = Y±(1) = Y'iCO) = Y 1^ (1) = 0 

X""i = P >  Xi , Y,,,,i = Pi4 Y ±

(2.51)

also
Xi(c) X j C O  dc =

Y ^ n )  Yj(n) dn =

0

.1

'0

.1

i=j

3

i=j

(2.52)
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Thus the eigenfunctions are said to be orthogonal. This particular 

property greatly assists the procedure for solving the governing equations.

It can be shown that the assumed series for the stress function, F, and 

the lateral deflection, W, satisfy all the boundary conditions.

Then to solve the governing equations, the Galerkin method is employed. 

The derivatives of W and F and W Q are substituted into the governing 

equations and both equations are multiplied by Xi (c)-Yj(n) and integrated 

over the whole plate area, ie. from 0 to 1 with respect to t and n.

After a rather involved mathematical manipulation, the governing system 

becomes :

Compatibility Equation

Fij 0i‘ + a n  Pj4 >̂ 4>
CO CO

m n

-2 a 16 X 3 M 3im N 2^n )

w ij <b 2i ^i4 + b i2 0j4 ^4>
CO CO

p q

+(2 b 16 - bs2) X 3 Mg1? N zJq) =

CO CO CO CO

X
r s k 1

CO CO CO 00

+ 1 1 1 1  W ors Wkl (2 M 4irk N 4j®1 - M sirk N sJls - M sikr N sJsl ]
r s k 1

(2.53)
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Equilibrium Equation

Fij <b 2> Pi4 + b .a ^4 >
CO CO+ I 1 Fmn ((2 b 26-b61) X M 2im N 33n + (btl + b22 - 2 b66) X2 M ^ 1" N,jn
m n

+(2 b 16 - b62) X 3 M 3im N 2Jn )

+ Wij (dtl Pi4 + d 22 X4)

+ 1 1  Wpq (4 d 16 X M 2iP Ngj9 + 2 (d12 + 2 d66) X2 M ^ P  Nj 39 
p q

+ 4 d 26 X 3 Mgip N 239)

X 2 [-*x N 0 I W pj M ^ P  -5y N 0 X 2 I W iq N 139 + 2*xv N 0 X H  W pq M g 1? Ng39
p q p q

CO 00 CO CO

+ I I I I  Fm n Wpq (M5iPm N 5 3n9 + M 5imP N 539n _ 2 M 4imP N 43n9)] 
m n p q

+ X2 [-*x N 0I W 0pj M aiP -iy N 0 X2I W oiq N ^ q  + 2*xy N 0 X H  W 0pq Mg1? N 339
p q p q

00 CO CO CO

+ 1 1 1 1  Fmn W opq (M52Pm N s2n(5 + M simP N sJ<ln - 2 M ^ P  N 4Jn<l)]
m n p q

(2.54)

where the constants (i = 1,2,3,4,5) are

M,ls = Jr1 11 l0 Xi x s ' dc

M 2is = jf1 11 l0 X ± xs 1 ' dc

M 3is = jV0 Xi x s ' dc

j^ims _ Vo X ± Xm ’I f
*s dc

ims _5 J0 Xi xm 1 9 '
Xs dc

(2.55)
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in which the ( ) indicates differentiation with respect to c. The constants

are obtained in the same way by replacing M,i,m,s,c in the above 

expressions by N,j,n,t,r\.

Thus the governing system of nonlinear partial differential equations 

has now become a system of infinite simultaneous algebraic equations with 

unknowns F^j and

In practice, only a finite number of terms is retained in the series 

(2.48). An evaluation of the convergence (see section 3.3), suggested that 

only a limited number of terms need to be employed. Certainly results 

obtained with m=n=9 (81 terms) can be treated as exact, however in most 

cases even m=n=3 (9 terms) could provide a fairly accurate prediction.

In order to calculate the minimum buckling load and the corresponding 

buckling mode, of a laminate that displays the bifurcation type of 

buckling, the nonlinear terms in the governing equations are set to zero 

and an eigenvalue problem is set up. The eigenvalue problem is solved by a 

standard NAG routine (F02BJF) using the QZ algorithm.

The postbuckling analysis starts from the buckling load and the full 

nonlinear governing equations are used. The applied load is prescribed to 

increase by a certain steplength and the initial approximation to the true 

solution comes from the eigenvector.

The solution proceeds in the following fashion. Given the initial 

approximation W^j, the compatibility equation is solved for Then

and F^j are substituted into the equilibrium equation and the convergence 

is tested.

The solution is assumed to have converged if the sum of the squares of 

the 'residuals' of the equilibrium equations is less or equal to 0.000001. 

If the convergence criterion is not satisfied then the Jacobian is
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calculated and a Newton-Raphson method is used to find a new estimate of 

the true solution. The partial derivatives -Jacobian- are calculated using 

the following formula :

f'(x0) = (l/2h).[f(xQ+h)-f(xQ-h)] - (h2/6).f''' ( O  (2.56)

Convergence is tested for every new estimate and once the convergence 

criterion is satisfied the iteration ends. Then the applied load is 

increased and the solution of the last step becomes the initial guess for 

the next step. After three postbuckling points are obtained, a Lagrangian 

extrapolation scheme is introduced to give an initial guess for the 

solution at the next step using the true solution in the last three steps. 

Convergence is very quick, usually 4 iterations per step.

For laminates that do not display the bifurcation type of buckling, but 

deflect laterally as soon as the inplane load is applied, the general 

nonlinear form of the governing equations is used, right from the start of 

the loading. The solution proceeds in a fashion similar to that described 

above for the calculation of the postbuckling path of a laminate that 

displays bifurcation buckling behaviour.
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2.6 General Comments on Beam Eigenfunctions♦

Beam characteristic functions have been used bv many researchers to 

analyse the buckling and postbuckling behaviour of isotropic 103, as well 

as composite plates 15j 101»51.

The success of the beam eigenfunctions in providing an accurate 

solution to the above problems, depends greatly on the conditions of

orthogonality being satisfied.

Most formulations have employed the constants {3̂ , y^ with 6 significant 

figures accuracy. Zhang 104 however, evaluated the orthogonality conditions 

and found that, as the number of terms in the series increased, the 

accuracy by which the orthogonality conditions were being satisfied was 

falling off. He then proposed that constants j3^, y^ with 15 significant

figures accuracy should be used and showed that certain improvement in the 

accuracy of the predictions could thus be achieved.

However popular and effective the approach is, it must be pointed out

that great care should be exercised when using beam eigenfunctions. 

Regardless of the accuracy of the constants /3̂  and y^ and due to the very 

nature of the functions, involving, as they do, positive exponentials that 

can assume really large values, numerical instabilities are likely to occur 

as more terms in the series are used, unless proper numerical safeguards 

are employed.
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2.7 Importance of Shear Direction on Composites.

As it has been pointed out by Pagano et al 106t although for isotropic 

materials the direction of the applied shear load is not important, forsj
laminated composites, given the variation in stiffness and strength with 

orientation, it is very important.

Given that the effect of shear direction on the response of quasi

isotropic laminates was investigated in the experimental part of this work, 

it was felt appropriate to elaborate a little on the particular topic.

Consider the cases of an off-axis (45) unidirectional laminate under 

positive shear load (fig. 2.3a) and negative shear load (fig. 2.3b). When 

the applied shear load is resolved into tension and compression components, 

it can be easily observed that the response of the laminate in the two 

cases would be vastly different.

For positive shear the compressive component of the applied shear load 

is acting in a direction normal to the fibres, while for negative shear 

load the reverse occurs. That is, the compressive component of the applied 

shear is acting along the fibres, ie. it is along the direction of highest 

stiffness in the laminate. So, assuming that the laminate is large enough 

to buckle, it would be expected that, in absolute terms, the buckling load 

would be considerably higher under negative shear than under positive 

shear.

On the other hand, as far as strength is concerned, after buckling has 

occurred and as the applied load is further increased the laminate operates 

under diagonal tension. For positive shear, the tension is acting along the 

direction of the strong fibres, while, for negative shear, it is acting
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normal to the fibres and it is thus reacted mainly by the weak matrix. So, 

it would seem that the laminate would fail at a much higher load under 

positive shear than under negative shear.

Although the situation can be complicated by several factors, for 

example, the strength of the above laminate may be controlled mainly by the 

properties of the matrix rather than the fibre, it becomes obvious from the 

above reasoning that the effect of the shear direction on the response of 

laminated plates is significant and warrants investigation.
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Chapter 3: Buckling

3.1 Introduction.

Thin-walled structures under compressive inplane loads fail through 

buckling and although the ultimate load may be several times greater than 

the buckling load, as indeed is the case for thin isotropic plates, 

-provided the buckling deformation is constrained in some way, for example, 

by edge constraints- the determination of the minimum buckling load is 

very important, as at this particular load, the stable and flat form of 

equilibrium ceases to exist and now the plate starts to experience lateral 

deflections. This of cource has a profound -if not critical- influence on 

the overall behaviour of the plate and it is naturally the starting point 

for any further analysis, attempting to establish its postbuckling 

characteristics.

Isotropic plates, provided they are of perfect geometry and that they 

are loaded without any eccentricities, display a bifurcation type of 

buckling behaviour.

For laminated plates though, the situation is not as straight forward. 

Symmetric laminates, for conditions similar to those mentioned above for 

isotropic plates, display bifurcation buckling, but until recently there 

seemed to be certain ambiguity as to whether unsymmetric laminates too 

display the bifurcation type of buckling at all, as, through the non-zero
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bending-stretching coupling stiffnesses, it was apparent that there was 

bending in the laminate as soon as the inplane load was applied.

The question was eventually resolved by Leissa 107, who proved that 

provided certain conditions are satisfied, unsymmetric plates do display 

bifurcation type of buckling.

Of relevance to this work, in which only clamped boundary conditions 

are considered, it can be shown that provided the inplane loads are 

uniform, laminates with unsymmetric lay-up and clamped edges will display 

the bifurcation type of buckling. This is because the clamped edges can 

provide the necessary restraint to resist the internal bending and twisting 

moments, arising from the bending-stretching coupling, and thus keep the 

laminate flat until the buckling load is reached.

So, in this chapter, buckling loads are obtained for symmetric and 

unsymmetric laminates, with clamped edges, mainly under shear load, but 

compressive as well as combined inplane loads, are also considered.

The effect of fibre orientation, stacking sequence, aspect ratio and 

number of layers on the buckling load is examined. Also several different 

material properties are considered. These include typical material data 

pertaining to thermosets like, boron epoxy (BOE), carbon epoxy (GRE), glass 

epoxy (GLE), as used by several other workers 45>51>S5) as well as data for 

APC2, a thermoplastic composite. Also, since the laminates tested in the 

experimental part of the project were made of 913C-XAS, most of the 

calculations are performed for that data.
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3.2 General Form of Laminate Buckling Equations.

In order to locate the minimum buckling load of a generally layered 

laminate, of perfect geometry, an eigenvalue problem is set-up.

The nondimensional nonlinear governing equations (2.34) and (2.35), 

that describe all bend and flat equilibrium configurations of the laminate 

are linearised, that is the nonlinear terms on the right hand side of 

equation (2.34) are set to zero and the second derivatives of the stress 

function on the right hand side of equation (2.35) are replaced by the 

applied loads acting on the laminate just prior to buckling, and they can 

be written in the following form:

Compatibility Equation

»ccnn

2 a 1 6 X 3 F 1 cnnn 4- a l l X4 F

(2 b 26 j) X i "*■ ^22 ~^ ^ss^ ^ ^*ccnn

(2 b 1G - b62) X 3 W scnnn ^iz ^ w >nnnn

0 (3.1)
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Equilibrium Equation

^ 1 1  ^ * C C C C  "r  ^  ^ 1 6  ^  w > < c c r \  +  ^ ^ 1 2  +  ^  ^ 6 6 ^ ^ * C C r \ n  

+ 4 d 26 X + d 22 X + b 21 F , ^ ^

+ (2 b 26 - b6 j) X F , ^ ^  4- (btl + b 22 -2 bGG) X2 F , ^ ^

+ b 16 — b6 2) X F , + ^12 ^ ,̂*t\t\t\t\

= X 2 (-Nx W scc - N 2 X2 W,m  + 2 S X W S(;n) (3.2)

As buckling occurs, inplane stress components proportional to the

lateral deflections develop, but they are initially very much smaller than

the stresses due to the applied load and are therefore not included in the 

equations.

To obtain the minimum buckling load, equations (3.1) and (3.2) as well 

as the boundary conditions have to be satisfied.

For clamped edges, the boundary conditions can be expressed as:

W = 0 , W,c = 0 , F,nri = 0 , F,cn = 0 at c=0,l

(3.3)

W = 0 , W,n = 0 , F,cc = 0 , F,cn = 0 at n=0,1
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To proceed with the solution, the unknowns F and W are expressed in 

terms of generalised Fourier series as:

CO 00

^ m-1 n-1 ^mn ^ n ^ ^  (3.4)

CO 03

W = p^l q— 1 W pq XP(°  Yq<n) (3‘5)

Where Xm (c), Yn (n), Xp(c), Yq(r\) are characteristic eigenfunctions for 

the ifĉ  mode of vibration (i=m,n,p,q) of a uniform clamped-clamped 

isotropic beam:

X ^ c )  = coshp^c - c o s ^ c  - y i (sinhp.^ - sin^c)

(3.6)

Y-^(n) = coshp^n - cosp^n - y^ (sinhp^n - sinp^rO

and = (coshp^ - cosp^)/(sinhp^ - sinp.^) (3.7)

The constants P^ & y  ̂ take the values shown in table 2.1 and it can be 

easily shown that the assumed solutions, (3.4) and (3.5), satisfy exactly 

all the boundary conditions.

Then, substituting the partial derivatives of the stress function, F, 

and of the lateral deflection, W, into the buckling equations and by 

applying the Galerkin method (see also at section 2.5), the governing 

system becomes:
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Compatibility Equation

F”ij (a 2 2 ^i + a i i P X4-)
CO 00

+ 1 1  Fmn (-2 a 2G X M zim N 3Jn + (2 a 12 + a6G) X2 
m n

-2 a 1G X 3 M 3im N 2Jn )

~ W i:j (b21 Pj;4 + b 12 Pj4 X4)

- 1 I ±-rxl

+(2 b 16 - bG2) X 3 M 3xP N 2j9) = 0 (3.8)

Wpq ((2b26 - b61) X M 2iP -N3j<l + (blx + b 22 -2 bGG) X2 M ^ P  N ^  
p q

Equilibrium Equation

Fij <b2i + b 12 Pj* X-1)
00 00

+ I 1 Fm n ((2 b 26-bG1) X M 2im N 3 Jn + (blt + b22 - 2 bGG) X2 M tim Nj 0n 
m n

+(2 b 16 - b62) X 3 M 3im N 2Jn )

+ ( d „  p ^  + d 22 p >  X4)

CO CO

I I wpq (4 d 1G X M 2ip Ngjq + 2 (d12 + 2 dGG) X2 M ^ P

+ 4 d 2G X 3 M 3iP N 2Jc1)

+  L L W 
p q

CO CO

= X2 [-J!x N 0 I W pj M , 1? - S y N 0 X 2 I w lq Njjq + 2*xy N 0X I I U pq MjiP N 3M  ] 
P q p q

(3.9)
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Note that equations (3.8) and (3.9) can be obtained from equations (2.53) 

and (2.54) respectively, by a) deleting all terms relating to the initial 

imperfection of the laminate and b) deleting all the remaining nonlinear 

terms on the right hand side of the equations.

The constants , N^ (i=l,2,3) are defined by equations (2.55).

By appropriately selecting £x , £y, i?Xy any type of inplane loading or

combinations of inplane loading can be examined. For example, by letting 

fx=£y=0 and ^Xv= l t^e laminate in under shear load only; while for fx=l and 

fy=l?xy=0 laminate is under uniaxial compression in the x direction.

Equations (3.8) and (3.9) form an infinite system of linear algebraic 

equations to be solved simultaneously for the determination of the minimum 

buckling load. In practice, only a finite number of terms in the series

(3.4) and (3.5) and hence a finite number of equations needs to be 

employed. An evalution of the convergence of the solution, for increasing 

number of terms, is presented in section 3.3.

The above system of algebraic equations forms a standard eigenvalue 

problem and the solution is obtained by a standard NAG routine (F02BJF). 

This routine can locate all the eigenvalues and the corresponding 

eigenvectors using the QZ algorithm. The minimum buckling load is then 

obtained as the minimum eigenvalue and the buckling mode as the 

corresponding eigenvector. For shear load, the minimum eigenvalues occur in 

'pairs', for positive and negative shear. Depending on the lay-up of the 

laminate these can be equal and opposite or quite different, in absolute 

value. F02BJF can cope very well with that situation.

In their general form, the buckling governing equations (3.8) & (3.9) 

are coupled through the nondimensional reduced coupling stiffnesses,

For symmetric laminates however, all the coupling stiffnesses are zero and
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so the equations uncouple. Hence for the determination of the minimum 

buckling load only the equilibrium equation (3.9) will be used.

Note that in this case the problem is greatly simplified, as instead of 

the eighth order system that has to be tackled in the general unsymmetric 

case, only a fourth order equation needs to be solved. Accordingly, to 

define the problem only two (transverse) boundary conditions can be 

specified along each clamped edge and these are that the lateral deflection 

and the normal slopes are zero everywhere.
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3.3 Assessment of the Theoretical Model.

Before proceeding with the parametric studies, regarding the shear 

buckling behaviour of laminated plates, it is necessary to assess the 

accuracy of the current formulation against known 'classical' solutions.

The buckling stress for isotropic plates, under inplane loading is 

given by ocr= K D (l/h)(rr/b)2 , where D=Eh3/12(1-v2) is the bending

stiffness of the plate and K is the buckling coefficient.

Budiansky and Connor 108 have analysed the shear buckling of isotropic, 

flat plates, with clamped edges and they have proposed the following 

approximate formula:

K s=8 .98+5.6/X2 for X>1 and K s=14.71 for \=1.

For uniaxial compression of an isotropic plate with clamped edges, the 

following buckling coefficients were used:

K x=10.12,8.39,7.89 for X=1.0,1.5,2.0 respectively.

These were obtained from Bulson 109s and they are due to Levy 11£). Bulson 

points out that Levy's is one of the most accurate solutions available.

For the comparison, typical aluminium alloy (L72) material data was 

employed (see also section 5.1.4). The Young's modulus was E=72.4 GPa, the 

Poisson's ratio v=0.316 and the plate was of width b=0.254 m and of 

thickness h=0.8636 mm. The effect of the number of terms retained in the 

series for the lateral deflection on the accuracy of the solution, for 

several aspect ratios, X, was examined.

The results are presented in table 3.1. It can be seen that for both 

loading cases, the predictions obtained from the current formulation are in 

excellent agreement with the classical solutions.
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Note that convergence is very good and for square plates (\=1.0) in 

particular , even m=n=3 provides a very accurate prediction. However as the 

aspect ratio increases more terms in the series are required to describe 

accurately the more complex buckling modes.

Table 3.1

Current Classical
X m=n=3 m=n=5 m=n=7 m=n=9

Shear Load , Tcr (MPa)
%err %err %err

1.0 11.30 o.9 11.22 0.2 11.20 o.o 11.20 11.25
1.5 8.89 1.5 8.77 o.i 8.76 o.o 8.76 8.77
2.0 8 .49 8 . 3 7.87 o . 4 7.84 o.o 7.84 7.94
Uniaxial Compression in the x direction, ox cr (MPa)

%err %err %err
1.0 7.73 0.4 7.71 o.i 7.70 o.o 7.70 7.74
1.5 6.61 3 . 4 6.40 0.2 6.39 o.o 6.39 6.42
2.0 6.14 2.0 6.03 0.2 6.02 o.o 6.02 6.03

Note: The % error shown above, as well as in the remaining tables in this 

section, has been calculated with respect to the m=n=9 solution.

The shear buckling stress of orthotropic plates was also compared to 

available solutions. The following laminates were considered (90,0)g ,

(0,0)s , (90,90)g .

Following from the work of Smith 6 , the shear buckling stress of

orthotropic plates can be expressed as -rcr = Kg (7r2/ab2)(D1 D ^ ) 1/4 ,

where D t, D z are the bending stiffnesses of the laminate in the x, y

directions respectively (D1=E1h 3/12(1-Vj2v zx) ,D2=E2h 3/12(l-vx2v 2x) ).
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The following shear buckling coefficients were used:

Shear Buckling Coefficients, K?__

x (90,0)5 (0,0)s (90,90)g
1.0 8.20 7.53 7.53
1.5 7.20 8.63 6.93
2.0 6.80 10.30 6.70

Note that the above Kg were actually obtained from Johns 11 (fig.8).

For the comparison, the material data was that of 913C-XAS (see section 

3.5), while b=0.254 m and h=0.55 mm. Again the convergence of the solution 

for different number of terms in the series was examined.

The results are presented in table 3.2.

Table 3.2

Current Classical
X m=n=3 m=n= 5 m=n=7 m=n=9

Shear Load, 
%err

T cr (MPa)
%err %err

Lay-up: (90,0)s

1.0 2.94 4.3 2.83 0 . 4 2.82 0.0 2.82 2.83
1.5 2.92 i9.z 2.46 0.4 2.45 0.0 2.45 2.48
2.0 3.44 47.6 2.39 2 .6 2.34 0.4 2.33 2.35

Shear Load, 
%err

T cr (MPa)
%err %err

Lay-up: (0,0)s

1.0 2.44 13.5 2.16 o.s 2.15 0.0 2.15 2.19
1.5 1.14 1.8 1.12 0.0 1.12 0.0 1.12 1.12

0CM 0.765 1.2 0.756 0.0 0.756 0.0 0.756 0.755
Shear Load, 

%err
T cr (MPa)

%err %err
Lay-up: (90,90)s

1.0 2.44 13.5 2.16 o.s 2.15 0.0 2.15 2.19
1.5 2.95 46.8 2.06 2.5 in•0CMOCM 2.01 2.02

ro O 3.73 90.3 2.23 13.8 1.96 0.0 1.96 1.95
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Again, the convergence of the solution is very good and so is the 

agreement between the current solution and Smith's.

From the isotropic results, it became obvious that increasing aspect 

ratio affects the convergence of the series adversely. Careful examination 

of the orthotropic results suggests that the directional nature of the 

stiffness is even more significant as far as convergence is concerned. For 

example, for the (90,90)s it can be seen that m=n=3 produces a sizeable 

error for \=1.0, while for larger aspect ratios the predictions are very 

poor.

Again, the problem is the complexity of the buckling mode. Consider for 

example the laminates (0,0)s and (90,90)s , both of aspect ratio, \=2.0

under uniform shear load. From the m=n=7 solution it can be seen (fig. 

3.1a) that (0,0)s buckles in 3 halfwaves along the compression diagonal and 

in 1 halfwave along the tension diagonal. But (90,90)g (fig. 3.1b) buckles 

in 5 halfwaves along both the compression and the tension diagonal. This is 

to be expected given that (0,0)s is much stiffer in bending along the 

longer side (ie.along the x direction) than is the (90,90)g . Now if we 

compare the buckling modes obtained from m=n=3 (figs. 3.1c & 3.Id) with

those obtained from m=n=7, it can be seen that for (0,0)g the buckling 

modes are almost identical, while for (90,90)g they are completely 

different. So the more complex the buckling mode, the more terms are 

required to produce an accurate prediction.

To conclude this section the nondimensional shear buckling loads of 

four laminates are presented, for increasing number of terms in the series. 

The first two, (+45,-45)g and (+45,+45)g , presented in table 3.3, are

symmetric but anisotropic laminates, so they have different, in absolute 

magnitude, buckling loads under positive and negative shear load. The
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Table 3.3

^xy cr ^ f E 2 h 3

Lay-up: 1(+45,- *5>s +ve shear

X m=n=3
%err

m=n=5
%err

m=n=7
%err

m=n=9

1.0
1.5
2.0

40.3924 
31.5141 
31.1535

6 . 5 

8 . 4  

2 0 . 3

38.4267
29.3619
26.1577

1 . 3

1 . 0

1. 0

38.0531 0 . 3  

29.1263 0 . 2  

25.9489 0 . 2

37.9376
29.0608
25.8868

Lay-up: (+45,- 45 ) s —ve shear

X m=n=3
%err

m=n=5
%err

m=n=7
%err

m=n=9

1.0
1.5
2.0

127.0595
93.9347
84.4700

2 . 9 

2 . 0  

1.3

124.3793
92.6303
83.6194

0 . 7 

0 . 6

O . 3

123.7064 0 . 2  

92.2567 0 . 1  

83.4708 0 . 1

123.5034
92.1189
83.4087

Lay-up: (+45,+45)g +ve shear

X m=n=3
%err

m=n=5
%err

m=n=7
%err

tn=n=9

1.0
1.5
2.0

24.5977
20.2016
21.5676

3 1. 6

3 9 . 1

6 6 . 1

19.2301
14.8769
13.3944

2 . 9 

2 . 4  

3. 2

18.8062 0 . 6  

14.6073 0 . 6  

13.0552 0 . 6

18.6914
14.5234
12.9831

Lay-up : (+45' »+ 45) g -ve shear

X m=n=3 m=n=5 m=n=7 m=n=9

1.0 140.1537 3.2 136.8021 o.s 136.0120 0.2 135.7804
1.5 103.4292 2.3 101.7873 0.6 101.3209 0.2 101.1500
2.0 92.6563 1 . 3  91.7724 0 . 3  91.5914 0 . 1  91.5057
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remaining two. (90,0)z and (+45,-45)z , presented in table 3.4, are

unsymmetric laminates and their shear buckling loads are independent of the 

shear direction.

Table 3.4

P b 2 / rxy cr u ' E 2 h 3

Lay-up: (90,0) 2

X m=n=3 m=n=5 m=n=7 m=n=9
%err %err %err

1.0 60.2018 l.a 59.4886 0.1 59.4345 0.0 59.4271
1.5 50.2625 5.2 47.9046 0 . 3 47.7796 0.0 47.7630
2.0 48.5097 14.2 42.5560 0 . 2 42.4849 0 . 0 42.4730

Lay-up: (+45,- 45)z

X m=n=3 m-n= 5 m=n=7 m=n=9
%err %err %err

1.0 73.0614 1.3 72.0455 0 . 5 71.7729 0 . 1 71.6826
1.5 54.6427 1.5 54.0516 0.4 53.9105 0.1 53.8589
2.0 50.2371 3.0 49.0722 0.6 48.8505 0 . 1 48.7858

From both sets of results, tables 3.3 & 3.4, it can be seen that the

solution converges quickly. For the (+45,+45)s , the more anisotropic of

the two symmetric laminates, it can be seen that m=n=3 results in

predictions with large errors. However, as more terms are employed the

accuracy of the solution appears to be very good.

Possibly a brief comment is appropriate here, in order to justify 

describing (+45,+45)zg as a more anisotropic laminate than (+45,-45)Zg.

As can be seen from table 3.3, the shear buckling response of 

(+45,+45)Zg is more sensitive to shear direction - hence more anisotropic -
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than the response of (+45,-45)2g. This is due to the different bending 

stiffnesses of the two laminates.

Rough comparisons between laminates are possible by keeping in mind the 

comments in section 2.7, as well as that the higher bending stiffness along 

a given direction is obtained when the outside layers of the laminate are 

oriented in that direction, and that the more directional the bendiixg 

stiffness the more anisotropic the response of a laminate is likely to be.

Consider now the unsymmetric lay-ups and note that the unsymmetry does 

not appear, to inhibit the convergence of the solution. In fact, if we 

compare (90,0)s (from table 3.2) to (90,0)2 , it can be seen that the

convergence of the solution for the unsymmetric laminate is quicker than 

that of the symmetric one.

Overall, solutions obtained with m=n=9 (ie. 9x9=81) terms in the series 

should be treated as exact. Also, as the above data indicate, m=n=7 results 

in predictions that are virtually identical to those obtained by m=n=9. 

With m=n=5, reasonably accurate predictions can be obtained. Although in 

the vast majority of cases, the improvement in accuracy by using larger 

series is minimal, the above results have highlighted some 'extreme1 cases, 

where certain improvement can be attained (eg. for \=2.0, (90,90)s under

shear load). Employing m=n=3 can result in reasonably accurate predictions, 

in particular if X=1.0. However as aspect ratio increases or for highly 

anisotropic laminates, the accuracy of the predictions falls off 

dramatically.

To summarise, following from the above results, it was decided that for 

the buckling studies, m=n=7 terms in the series would be employed, as they 

offer virtually the same accuracy as m=n=9, but at the same time require

2.5 times less CPU time. In the ICL3980 mainframe used, for m=n=7 it takes
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=13 seconds of CPU time for the buckling load to be obtained.

For the postbuckling studies however, m=n=3 terms were mostly used, as 

the computer time for any more terms in the series was rather large (for 

more details see p.79).

3.A Comparison with Available Experimental Data.

As a further check on the formulation's effectiveness in dealing with 

the buckling of laminated plates, it was decided to compare the current 

predictions against experimental results available in the open literature.

Ashton and Love 16 have presented an analytical and experimental study 

of the shear buckling of symmetric laminates with clamped edges. They used 

an energy approach to develop the governing equations which were solved 

using the Ritz method and employing generalised Fourier series, 

incorporating beam eigenfunctions to describe the lateral deflection. In 

other words, the same series as in the current formulation was employed for 

the lateral deflection.

They tested two aluminium and fourteen boron epoxy plates. The plates 

were of a=0.4572 m and b=0.1524 m and the elastic moduli were, foi* the 

boron epoxy : E t=213.74 GPa, E 2=18.616 GPa, G 12=5.1711 GPa, v 12=0.28 and 

for the aluminium plates : E=72.395 GPa, v=0.33. Note that for both

analytical formulations, m=n=7 terms in the series for the lateral 

deflection were used.

The results of the comparison can be seen in table 3.5.

Overall it can be seen that very good agreement is observed between the 

current formulation and Ashton & Love's results, both theoretical and
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experimental. There is hardly any difference between the two sets of 

theoretical predictions. Only for the most anisotropic of the laminates 

tested, ie. nos. 13 & 14, does the current formulation offer a small

improvement (s=4%) in accuracy, although the agreement with the experimental 

results is still not that good. This small improvement could well be due to 

the improved accuracy (to 15 significant figures) of the constants used in 

the beam eigenfunctions.

Table 3.5
Shear Buckling Load, Pxy cr

Lay-up Thickness
mm

Ashton & 
Theory 

KN/m %err

Love
Experiment

KN/m

Current
Theory
KN/m %err

AL01 3.0734 805.6 4 . 5 770.9 795.3 3 . 2

AL02 2.2352 309.9 7 . G 288.1 305.9 6 . 2

1 (0,90,0,90)2 s 2.2352 295.1 2 . 2 288.6 295.3 2 . 3

2 (0,0,0,0)2S 2.2098 111.6 0 . 0 112.5 110.6 - 1 . 7

3 (0,0,0,0)2S 2.2352 115.5 - 3 . 0 119.0 114.4 - 3 . 9

4 (0,90,0,90)2S 2.1590 265.9 10 . 1 241.4 266.2 1 0 . 3

5 (90,45,-45,0)2s 2.1336 313.0 0 . 0 313.0 312.7 0 . 0

6 (90,45,-45,0)2s 2.1336 313.0 - 3 . 7 324.0 312.7 - 3 . 7

7 (45,-45,45,-45)2s 2.1844 293.7 8 . 2 271.4 292.9 7 . 9

8 (-45,45,-45,45)2s 2.2352 396.5 1 3 . 2 350.3 395.4 1 2 . 9

9 (0,-45,45,90)2s 2.2860 337.1 3.6 325.2 337.5 3 . 8

10 (0,-45,45,90)2s 2.2606 326.0 -G  . 7 349.4 326.4 - 6 . 6

11 (45,-45,45,-45)2s 2.2352 314.7 6 . 5 295.3 313.8 6 . 3

12 (45,-45,45,-45)2s 2.2352 314.7 - 5 . 6 333.3 313.8 - 5 . 9

13 (45,45,45,45)2g 2.2860 105.1 - 2 4 . 2 138.6 110.9 -■20.0
14 (45,45,45,45)2S 2.1590 88.5 - 2 6 . 9 121.1 93.4 -■22.9
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Unsymmetric laminates were also considered. However no relevant data on 

shear buckling of unsymmetric laminates with clamped edges was known to the 

author at the time, so the comparison was made for compressive loading.

Lagace et al 111 have presented an analytical and experimental study of 

the buckling response of unsymmetric graphite epoxy laminates under 

uniaxial compression, for various different boundary conditions. The 

governing equations were obtained from energy considerations and the 

solution was achieved by employing the Rayleigh-Ritz method.

To avoid postcuring warping, the unsymmetric laminates were 

manufactured by bonding symmetric sublaminates together at room 

temperature. Adopting the same notation as Lagace et a l , the * // * in the 

lay-up sequence indicates the room temperature bondline.

The laminates were square, with a=b=0.254 m. The average bondline 

thickness was 0.03 mm, while the nominal ply thickness was 0.134 mm. The 

bondline was modelled as a spacer incapable of carrying any load, while the 

elastic moduli of the graphite epoxy were: E 1=130 GPa, E 2=10.5 GPa,

G 12=6.0 GPa, v J2=0.28 .

From table 3.6, it can be seen that the agreement of the current 

theoretical predictions with the experimental results, is very much better 

than that of the predictions of Lagace et a l . Certainly, the overall 

agreement is not as good as for the previous experimental results 

considered, but of cource, the testing of unsymmetric laminates, is far 

more difficult than the testing of symmetric laminates, so part of the 

disagreement could well be due to experimental error.
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Table 3.6
Buckling Load, Px cr

Lagace & Jensen & Finch Current
Lay-up Theory Experiment Theory

KN/m %err KN/m KN/m %err
(03/903)s 31.78 5 1.1 20.89 31.68 5 1 . 7

<03//906//03)t 33.63 2 3 . 0 27.34 34.56 2 6 . 4

(03//903//03//903)t 31.92 2 7 . 9 24.95 30.61 2 2 . 7

(02//452//02//452//02)t 20.73 - 1 9 . 0 25.60 22.09 - 1 3 . 7

(02//452//02//-452//02)t 19.72 - 1 7 . 1 23.78 20.34 - 1 4 . 5

<06//156)t 30.78 1 8 . 7 25.94 27.99 7. 9

(06//306)t 26.48 1 7 . 2 22.66 20.60 - 8 . 9

(o 6/ / ^ 6)t 22.66 4 5 . 0 15.63 16.84 7 . 8

(06//606)t 22.97 8 4 . 9 12.42 15.55 2 5 . 2

(0G//756)t 23.44 7 9 . 6 13.05 15.36 1 7 . 7

<06//906)t 24.38 13 8 . 3 10.23 15.40 5 0 . 5
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3.5 Elastic Constants and Laminate Geometry.

As has already been mentioned, the parametric studies were mainly 

performed with elastic constants pertaining to 913C-XAS, since the 

laminates tested in this work were made up of that material. However 

several other materials were also considered and their elastic constants 

can be seen in table 3.7.

Table 3.7

E x (GPa) E z (GPa) G 12 (GPa) V 12

913C-XAS 150.0 9.5 1.07 0.263

Boron Epoxy 206.9 20.7 5.2 0.3

Carbon Epoxy 206.9 5.2 2.6 0.25

Glass Epoxy 53.8 17.9 8.9 0.25

APC2 139.0 10.43 4.55 0.326

The laminates were of rectangular planform and of length, a, in the x 

direction and of width, b, in the y direction (see fig. 2.1). For square 

laminates a=b=0.254 m, while, to consider aspect ratios greater than \=1.0, 

b was kept constant while a was increased. For all the cases considered, 

including those where the number of layers in the laminate was variable, 

the total thickness, h, of the laminate was kept constant at h=l.l mm, 

resulting in a width to thickness ratio of 231.
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3.6 Buckling Parametric Studies.

3.6.1 Introduction.

In this section the effects of the various parameters, such as fibre 

orientation, lay-up, aspect ratio, number of layers and material 

properties, on the buckling load are examined.

All the results are presented in nondimensional form and pertain to 

perfectly flat laminates with all four edges clamped. Unless otherwise 

stated the results are for square laminates (ie. X or AR=1.0).

Initially, the buckling response of the laminates under shear load will 

be considered and then briefly under uniaxial compression. Finally, 

combinations of inplane loading will be examined.

3.6.2 Laminates under Shear Load.

To start with, let's consider the dependence of the shear buckling load 

on the fibre orientation, 9. Data is presented for three different general 

lay-ups, namely (+0,+0)2s , (+0,-0)2s » in figures 3.2, 3.3, 3.4

respectively. For each lay-up, data highlighting the effect of increasing 

aspect ratio on the shear buckling load is also presented. For lay-ups 

(+0,+0)2S and (+0,-0)2S , it can be seen that the direction of the applied 

shear load is very significant. For example for (+45,+45)2s and \=1.0, the 

magnitude of the buckling load under negative shear is more than 7 times 

greater than under positive shear. For (+0,-0)4 the shear direction is 

immaterial.
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In all three cases, note that for 9>60, the shear buckling load does 

not appear to be so very sensitive to aspect ratio.

The same data that appeared in figures 3.2, 3.3, 3.4 are now plotted in 

a different format to enable comparison of the three different general 

lay-ups, for a given aspect ratio. So, in figure 3.5, the shear buckling 

load against fibre orientation for X=1.0 is presented. Similar plots for 

\=1.5 and \=2.0 are given in figures 3.6 and 3.7 respectively.

Overall, it can be seen that the unidirectional off-axis lay-up, ie. 

(+9,+9)2g for 0<9<90, results in the most anisotropic response. The 

symmetric angle ply lay-up (+9,-9)2g, in comparison, although it displays a 

much lower buckling load under negative shear, has a far better response 

under positive shear. The buckling loads of the antisymmetric lay-up

(+9,-9)4 are independent of the shear direction and of a magnitude which is 

just under the mean of the absolute magnitudes of the buckling loads for 

positive and negative shear of (+9,-9)2g.

Next, the effect of the aspect ratio on the shear buckling load is 

considered in more detail. The variation of the buckling load with aspect 

ratio for (+9,+9)2g under positive and negative shear, can be seen in 

figures 3.8, 3.9 respectively. Similarly, for (+9,-9)2g under positive and 

negative shear in figures 3.10, 3.11 respectively, while similar results

pertafning to (+9,-9)4 are presented in figure 3.12.

In figures 3.8 to 3.12, it can be seen that, as the aspect ratio

increases from \=0.5 to \=2.0, all the curves level off, ie. further

increase of the aspect ratio would affect very little the shear buckling 

loads. It can also be seen that, with the exception of (+9,+9)2g under 

positive shear, for all the remaining lay-ups and shear loading 

combinations, as the aspect ratio increases, 9=60 appears to be the
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optimum orientation, followed closely by 9=45, which is in fact better for 

X=1.0. Note, however, that the buckling load of (+45,+45)2s under positive 

shear is one of the lowest for the aspect ratios considered.

It is also worth pointing out that for (90,90)2s, the shear buckling 

load is not at all sensitive to aspect ratio and under positive shear, 9=90 

is a rather efficient orientation, as the remaining off-axis orientations, 

result in very anisotropic inplane laminates, which display rather low 

buckling loads when the shear direction is such that the compression 

component of the applied shear load is acting along the weaker-in-bending 

stiffness diagonal of the laminate, ie. as is the case under positive 

shear.

In order to compare the different lay-ups, the shear buckling loads for 

(+9,+9)2s, (+9,-9)2s and (+9,-9)4 against aspect ratio are presented in

figures 3.13 to 3.17 for 9=15,30,45,60,75 respectively.

Again it is obvious that as 9 increases the dependence of the shear 

buckling load on the aspect ratio, for all the lay-ups considered, 

diminishes.

For 9=15 (fig.3.13), it can be seen that, as the aspect ratio 

increases, the response of all three lay-ups, under positive and negative 

shear, becomes very similar. However as 9 increases, this effect gradually 

disappears completely.

Next, the effect of the number of layers in the laminate on the shear 

buckling load is examined. In figure 3.18, the shear buckling load against 

fibre orientation, for lay-ups with increasing number of layers, is 

presented. It can be seen that the single layer laminate is the most 

anisotropic. As the number of layers increases to four in (+9,-9)s and then 

to eight in (+9,-9)2s the solution approaches the orthotropic case, which
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would be obtained by employing an infinite number of layers, ie. (+9,-0),^ .

From the above results, attention is being concentrated on 0=45 which 

results in the most anisotropic response. Symmetric and antisymmetric 

lay-ups are considered in figure 3.19, where it can be seen that as the 

number of layers increases the orthotropic solution is approached. For 

symmetric angle ply however, even for 20 layers, ie. (+45,-45)5s, the 

presence of the bending-twisting coupling stiffnesses (D16, D 2G) causes the 

shear buckling loads to be =10% off the orthotropic solution. For the 

antisymmetric lay-up, for which D 16= D 26=0 and, also, because the clamped 

edges can provide the necessary twisting moments to keep the laminate flat 

(note: B 1G=B2G=BG1=Be2^0), it can be observed that the shear buckling load 

approaches the orthotropic solution much more rapidly. For example the 

shear buckling load of (+45,-45)10 is only =1% off the orthotropic 

solution.

Next, the effect of material properties on the shear buckling load is 

examined. For clarity, the results are presented in two figures, ie. 3.20

and 3.21 and correspond to laminates of the same dimensions. Only one type

of lay-up was considered, namely (+0,-0)2s.

In figure 3.20 it can be seen that the more anisotropic the material, 

the more significant is the shear direction. So, for graphite epoxy, with 

E 1/E2=40, the buckling load under positive and negative shear is

considerably different, while for glass epoxy, the least anisotropic 

material with E 1/ E z= 3 , the effect of the shear direction on the buckling 

load is minimal.

In figure 3.21 APC2 is compared to 913C-XAS and it can be seen that the 

thermoplastic's (APC2) shear buckling response is very similar to that of 

913C-XAS and, overall, compares very favourably with the rest of the
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materials too.

Note that, for the lay-up considered, and for every possible

orientation, all composites display a higher shear buckling load than a 

typical aluminium plate of the same dimensions.

3.6.3 Laminates under Uniaxial Compression.

Next, uniaxial compression is considered. Just as before for shear 

load, the dependence of the x direction compression buckling load on the 

fibre orientation, 0, is examined. Data is presented for three different

general lay-ups, namely (+0,+0)2s , (+0,-0)2g , (+0,-0)4 in figures 3.22,

3.23, 3.24 respectively. Again, data for increasing aspect ratio X=1.0,

1.5, 2.0 is presented in each figure.

For (+0,+0)2s it can be seen (fig.3.22) that for \=1.0 the optimum

orientation is 0=0. But the buckling load drops rapidly as 0 increases. For 

X=1.5, 2.0 again 0=0 is the optimum orientation, but the buckling load is 

significantly lower than that for X=1.0. This time however, the buckling 

load drops very little with increasing orientation.

For (+0,-0)2s (fig.3.23), note that for \=1.0 again 0=0 is the optimum 

orientation and as 0 increases to =45-50 very little change in the buckling 

load is observed, while a rapid drop in the magnitude of the buckling load 

can be seen for any further increase in 0. For X=1.5, 2.0 the response is 

considerably different, with the optimum orientation shifting towards 0=45 

as the aspect ratio increases.

The response of the antisymmetric laminates (+0,-0)4 (fig.3.24), is 

very similar to that of the symmetric angle ply laminates (+0,-0)2g.
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Rearranging the above data so that the different lay-ups can be 

compared, we obtain figures 3.25, 3.26, 3.27 that show the variation of

compression buckling load against orientation for \=1.0, 1.5, 2.0

respectively.

In figures 3.25, 3.26, 3.27 it can be clearly seen that (+9,-9)2g is by 

far a better arrangement than (+9,+9)2s for resisting compressive loads.

In figure 3.28 the variation of compression buckling load with 

increasing aspect ratio can be seen. Results are presented only for 

(+9,-9)2s, although orientations 9=0 & 90 are also considered. Again, it

can be seen that as the aspect ratio increases, all the curves level off, 

therefore the buckling load would be little affected by any further 

increase in aspect ratio. Orientations 9>60 appear to be fairly insensitive 

to aspect ratio in general.

Next the effect of the number of layers on the compressive buckling 

load was examined. Only one orientation was considered, 9=45, for symmetric 

and antisymmetric lay-ups. The results are presented in figure 3.29, where 

it can be seen that the solution approaches that for the orthotropic case 

much quicker than under shear load as, in this case, the bending-twisting 

coupling stiffnesses (D1G, D 26) do not enter the problem.
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3.6.4 Laminates under Combined Inplane Loading.

Now consider the effect of combined inplane loading on the laminate's 

buckling response. It is well known, that for isotropic 11 » 109 as well as 

orthotropic plates 32 , the simultaneous application of inplane shear load 

and uniaxial or biaxial compression, always has a destabilising effect on 

the plate. In other words, under combined inplane loading the plate would 

buckle at a compression or shear load that is less than its .buckling load 

under compression only or shear load only.

It was Zhang 1°4-> who first discovered that for certain cases of 

anisotropic laminates, the application of shear load, of appropriate sign, 

can stabilise the laminate. It was observed that, when the shear direction 

was such that the tension component of the applied shear load was acting 

along the weaker-in-bending stiffness diagonal of the laminate, the 

laminate was stiffened and its compression buckling load was then higher 

than under compression only. Zhang mainly examined the response of curved 

laminates with clamped edges and flat laminates with simply supported 

edges. In the current work, flat laminates with clamped edges are 

considered.

The results are presented in figures 3.30 to 3.43, as plots of R x

against R s , where RX=(PX Cr/px cr^ anc* ^s= (pxy cr/pxy cr^ are t r̂ie rati°s °f 

the buckling loads for combined loading to the buckling loads for simple 

compressive and shear loading.

For completeness, an orthotropic laminate (0,90)g is also examined. It 

can be seen (fig.3.30) that in this case the application of shear load has 

a destabilising effect on the laminate.
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For a quasi-isotropic lay-up (90,-45,+45,0)s it can be seen (fig.3.31) 

that under positive shear load, some stiffening of the laminate occurs.

In figure 3.32, for unidirectional off-axis laminates it can be seen 

that a remarkable stiffening of the laminates occurs under negative shear 

load. For example, for (+45) under negative shear, the compression buckling 

load can be more than double its value under compression only. For 

symmetric angle plies (fig.3.33) under negative shear, stiffening is also 

observed but on a considerably smaller scale than for the off-axis

laminates.

In figure 3.34, it can be seen that for symmetric angle ply laminates, 

the stiffening effect quickly disappears as the number of layers in the 

laminate increases.

Then, in figure 3.35, for (+45,-45) g , it can be seen that a small

increase in stiffening is observed as aspect ratio increases from X=1.0 to 

X=1.5. Further increase in aspect ratio does not appear to have much of an 

effect on the stiffening observed.

In figures 3.36 and 3.37, the effect of the material properties is

examined. Note that for GRE, 913C-XAS, APC2, BOE, GLE the ratios of the

elastic moduli along and normal to the fibres are Ej/E2=40,16,13,10,3 

respectively. Hence, it can be seen that the more anisotropic the material 

the greater is the stiffening of the laminate.

For an antisymmetric laminate (+45,-45) in figure 3.38, it can be seen 

that no stiffening occurs. The same is true for an unsymmetric quasi

isotropic laminate (+60,0,-60) in figure 3.39. However for unsymmetric 

anisotropic laminates, such as (+45,+30,+60,+45) and (-45,+30,+60,+45) , in 

figure 3.40, stiffening can be observed to occur. Just as for the symmetric 

laminates, the effect of the stiffening is more pronounced for the most
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anisotropic of the two unsymmetric lay-ups considered, ie. for 

(+45,+30,+60,+45).

Next, the general case of biaxial compression and shear load was 

considered. Results are presented only for (+45,-45)g . In figure 3.41, the 

ordinate axis is labelled as Rx+ R y , which denotes that equal compressive 

loads in the x and y directions were applied simultaneously, while in 

figures 3.42 and 3.43, Rx against R s is plotted for several different Ry, 

under positive and negative shear respectively. Again, stiffening of the 

laminate under negative shear load is observed. The stiffening is falling 

off considerably as the magnitude of the compressive load in the y 

direction increases.
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3.7 Conclusions.

From the parametric study of the buckling response of generally layered 

laminates with clamped edges, under shear load or compression load, as well 

as combined inplane loading, the following conclusions can be made:

1) The direction of the applied shear load is very important, as reversal 

of the direction results in very different magnitudes of buckling load for 

unidirectional off-axis laminates and symmetric angle ply laminates as well 

as for unsymmetric laminates. The more the inplane anisotropy of the 

laminate, either due to lay-up or because of the material properties, the 

more significant is the shear direction.

2) The shear buckling load of the largest magnitude is obtained when the 

compression component of the applied shear is acting along the diagonal 

with the highest bending stiffness.

3) The shear buckling response of orthotropic and antisymmetric laminates 

is independent of the shear direction.

4) For the lay-ups considered, ie. (+0,+0)2s, (+9,-0)2s, (+9,-9)4 and for

orientations 0>6O, both shear and compression buckling loads vary little 

with increasing aspect ratio. Also, it is observed that for small 9 (apprx. 

0^0^30), as the aspect ratio increases the shear buckling response of all 

the above general lay-ups examined, becomes rather similar.

5) For shear load, as well as compression, the results overall suggest 

that as the aspect ratio increases to \>2.0, its effect on the buckling 

load is diminishing.

6) The buckling response of a symmetric, angle ply laminate approaches the 

orthotropic solution, as the number of alternate layers (±9) in the
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laminate increases, while keeping the total thickness constant. This occurs 

much quicker under compression than under shear load. So unless a large 

number of layers is employed, the orthotropic solution can not yield an 

accurate prediction for the shear buckling load of the laminate.

7) The antisymmetric angle ply lay-up examined, (+45,-45), approaches the 

orthotropic solution much quicker than does its symmetric counterpart as 

the number of layers increases, under both shear loading and compressive 

loading.

8 ) For combined shear and compressive loading of unidirectional off-axis 

laminates, symmetric angle plies and unsymmetric laminates, it is found 

that when the shear load is applied so that its tension component is acting 

along the weaker-in-bending stiffness diagonal of the laminate, it will 

stabilise the laminate. Hence the laminate's compression buckling load will 

be higher then, than for pure compression only.

9) The stabilising/stiffening effect refered to in 8) is more obvious for 

the more anisotropic, due either to lay-up or material properties, of the 

laminates considered, eg. (+45).

10) For orthotropic and antisymmetric lay-ups, combined shear load and 

compression, always have a destabilising effect on the laminate.

11) For symmetric angle ply laminates the stiffening disappears quickly as 

the number of layers in the laminate is increased.

12) For biaxial compression too, application of shear load of the 

appropriate sign, can stabilise the laminate.
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Chapter 4: Postbuckling

4.1 Introduction.

In chapter 3, the buckling response of laminated plates under shear 

load* uniaxial compression* as well as combinations of inplane loading was 

examined.

Thin plates usually possess considerable postbuckling strength and with 

the development of lateral deflections, they can sustain loads several 

times greater than their buckling loads.

Although composites offer much superior stiffness/weight ratios than 

those of more traditional structural materials and, hence, offer 

considerable weight savings, the possibility of utilising laminated plates 

in the postbuckling range offers an incentive for further weight saving. 

This is of particular significance to weight sensitive structures, eg. the 

aircraft structure. Hence, postbuckling of laminated plates has received 

considerable attention. However* by far the most of the research effort has 

been devoted to compressive loading, while shear load has attracted much 

less attention.

In this chapter, the postbuckling response of generally layered 

laminates, mainly under shear load, is examined. Results for combined 

inplane loading, as well as for a few examples of laminates under uniaxial 

compression are also presented.

A similar range of parameters to those examined in chapter 3, ie. 

lamination sequence, fibre orientation, aspect ratio, number of layers,
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and different material properties, are considered.

Initially, laminates of perfect geometry, that display bifurcation type 

of buckling, are examined, but the effects of initial geometric 

imperfections on the overall response of laminates are also investigated.

4.2 Governing System.

The system of governing equations that describes the overall response 

of generally layered laminates, of perfect geometry, under inplane loading 

is given in section 2.3, equations (2.34) and (2.35). Similarly, for 

laminates with initial imperfections from flatness, the governing system is 

given in section 2.4, equations (2.45) and (2.46). Furthermore, details of 

the solution of the governing equations, in their general form, including 

initial imperfections, are given in section 2.5 and need not be repeated 

here.

It is sufficient to say that employing the Galerkin method the 

governing system of nonlinear partial differential equations is reduced to 

an infinite system of nonlinear, simultaneous algebraic equations 

-equations (2.53) and (2.54)- with unknowns F^j and ie. the

coefficients of the double Fourier series that are assumed to describe the 

stress function F (eqn. (2.48a)) and the lateral deflection W (eqn. 

(2.48b)), respectively.

For a laminate of perfect geometry, all terms relating to the initial 

imperfection, W 0 , are zero and the general governing equations (2.53) and 

(2.54) simplify to:
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In practice only a finite number of the nonlinear, simultaneous 

algebraic equations are considered and the solution is obtained by the 

Newton-Raphson method.

Once F^j and W^j are obtained, for a given load, the lateral deflection 

and the forces and moments in the laminate can be found.

Most of the calculations in the postbuckling range are performed for 

m=n=3 terms in the series for the stress function, F, and the lateral 

deflection, W, as for more terms the computer time required, on the ICL3980 

maiframe computer, is rather large (see table 4.1). However for certain 

cases, where the m=n=3 solution is not of sufficient accuracy, m=n=4 terms 

are employed.

Table 4.1

Approximate CPU time per postbuckling point 

m=n Time (secs)

2 1 . 2

3 5.0

4 33.0

By suitable choice of steplength, only relatively few postbuckling 

points need to be considered (say 10).

Steplengths can vary considerably, depending on the laminate's 

stiffness, geometry etc., but usually 2% of the critical load is a good 

starting guess.
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4.3 Evaluation of the Accuracy of the Postbuckling Solution.

In this section the convergence of the solution in the postbuckling 

range is briefly examined and a comparison is presented of the current 

formulation against a few solutions that have appeared in the open 

literature.

Three different lay-ups are considered, namely (±15)2s, (±45)2S and

(90,-45,+45,0)g in figures 4.1, 4.2 and 4.3 respectively.

The shear buckling modes of (±15)2g and (±45)2S are given in figures

4.4 and 4.5 respectively. Note that (±15) 2S buckles into an antisymmetric 

mode, while (±45)2g buckles into a symmetric mode. The quasi-isotropic 

laminate, buckles into a symmetric mode too (not shown).

In figure 4.1, for (±15)2g it can be seen that a certain improvement in 

accuracy, particularly for large deflections, can be obtained by increasing 

the terms in the series from m=n=3 to 5.

For the remaining two laminates, in figures 4.2 and 4.3, it can be seen 

that the solution converges more rapidly and the difference in accuracy 

between m=n=3 and 4 is minimal.

The antisymmetric mode in (fig. 4.4) is more complex than the symmetric 

mode (fig. 4.5) and hence more terms in the series are required, in the 

former case, in order to accurately describe the deflected surface of the 

laminate.

However, overall it can be seen that m=n=3 results in a fairly accurate 

postbuckling solution.

Now compare the current formulation against results published in the 

literature.
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In reference 51, Prabhakara and Kennedy have considered, among other 

cases, the postbuckling response of antisymmetric graphite epoxy laminates 

(±45)2, of aspect ratio X=1.0,1.5,2.0 under shear load. The laminates were 

clamped along all four edges and the elastic constants employed were those 

pertaining to carbon epoxy in table 3.7 (section 3.5).

The governing equations were solved by the Galerkin method, employing 

double Fourier series and incorporating beam eigenfunctions, for the stress 

function F and the lateral deflection W. The solution was obtained for 

m=n=3 terms in the series.

A comparison of the lateral deflection at the centre of the laminates 

between 51 and the current formulation can be seen in figure 4.7.

Overall, good agreement between the two sets of results is observed. 

Next in 11Z, Sheinman and Frostig have presented a general formulation 

for dealing with the buckling and postbuckling of stiffened laminates. A 

mixed approach is proposed that employs beam eigenfunctions in the 

longitudinal direction, ie. along the stiffeners and a finite difference 

scheme in the transverse direction.

In one of the numerical examples presented in 112, the postbuckling 

response of an unstiffened, ( + 4 5 boron epoxy laminate under +ve and -ve 

shear was examined. The laminate was clamped along its edges and of square 

planform and its initial imperfection from flatness was assumed to be 

w° (y)=6sin(7ry/b) where 6=0.00025 m amplitude. The following dimensions and 

elastic constants were employed:

E x = 206.9 GPa side length, a=b=0.25 m,

E 2 = 20.7 GPa total thickness, h=0.0025 m,

G 12= 5.2 GPa

v 12= 0.38
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Under -ve shear, when the compression component of the applied shear 

load was acting along the fibres, buckling occurs at a much higher load 

than under +ve shear, when the compression component is reacted mainly by 

the weak matrix material. In 112 it was found that in the former case, ie. 

-ve shear, convergence occurred quite rapidly and even the m=n=2 solution 

was fairly accurate. For +ve shear however a large number of terms (m=n=6) 

was required for an accurate solution (see fig.4.8).

For comparison, a laminate, identical in all other aspects but 

perfectly flat, is considered. The central deflection in the laminate for 

+ve and -ve shear load, as predicted by the current formulation, using 

m=n=2,3,4 terms in the series, is compared to the solution from 112 for 

m=n=4 and m=n=6 respectively, in figure 4.9.

Very good agreement between the two solutions is observed for -ve 

shear. For +ve shear, again good agreement is observed for lateral 

deflections w/h<2.0. Beyond that, the current solution appears to be less 

stiff.

Increasing the number of terms to m=n=5, in the current formulation, 

did not improve the agreement at all. The m=n=5 solution (not shown) is 

virtually identical to the m=n=4 solution. No firm explanation can be given 

for this difference, neither by the author nor Sheinman 113, but overall 

the results are encouraging and indicate that the current formulation works 

fairly well in the postbuckling range too.
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4.4 Postbuckling Parametric Studies for Perfectly Flat Laminates.

4.4.1 Introductory Comments.

In this section the effect of the various parameters, ie. fibre 

orientation, lay-up, number of layers, aspect ratio and material properties 

on the postbuckling response of laminated plates, mainly under shear load, 

is examined.

The laminates are assumed to be thin, flat, of perfect geometry, with 

all four edges clamped and, unless otherwise stated, they are of square 

planform.

The results obtained are presented in nondimensional form, mainly as 

load-deflection plots, where the maximum lateral deflection in the laminate 

is plotted against the applied load. In most cases the buckling mode was 

symmetric and hence the maximum deflection occurred at the centre of the 

laminate (eg. see fig. 4.5). This was not, however, always the case, as 

certain laminates buckled into an antisymmetric mode (eg. see fig. 4.4).

\

4.4.2 Symmetric Laminates under Uniform Shear Load.

To start with, the postbuckling response of unidirectional off-axis 

laminates (+©,+©)2S under shear load was compared to that of symmetric 

angle ply laminates (+9,-9)2g. Data pertaining to an orthotropic laminate 

(0,0)2s is also presented and it provides a common reference for comparing 

the different orientations considered. The results can be seen in figures
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4.10 to 4.12 for orientations 0=15,30,45 respectively. Note that, since the 

laminates are square, there is no need to consider orientations 45<9<90, 

as, due to the symmetry of the loading, they would result in the same 

response as the "complementary" orientation in the range O<0<45 (eg. 0=15 

or 75 would result in identical response).

The importance of the shear direction is immediately evident. The 

off-axis laminates exhibit a very anisotropic response and, when the 

compression component of the applied shear load is acting along the

diagonal of the laminate having the lower bending stiffness, that is, in 

this case, for +ve shear load, their postbuckling stiffness is well below 

that of the orthotropic laminate. However, in general, angle ply laminates 

display a stiffer postbuckling response than the orthotropic laminate for 

both shear directions.

Then, in fig. 4.13, the postbuckling response of all those angle ply 

orientations being considered are presented, along with the orthotropic

solution. It can be seen that, although for 0=45 the laminate buckles at a

higher load, its postbuckling stiffness is less than that of the remaining

orientations, and, once well into the postbuckling range and approximately 

for w/h>2.5 for -ve shear and for w/h>1.3 for +ve shear, 0=15 displays a 

stiffer response than 9=45. Note that (+15,-15)2g buckles in an 

antisymmetric mode (fig. 4.4), while (+45,-45)2g buckles in a symmetric 

mode (fig. 4.5).

No change in buckling mode was predicted for those orientations and the 

range of lateral deflections being considered. By employing m=n=7 terms, 

the initial buckling modes were checked and good agreement with the m=n=3 

solution was observed. For (+8»-9)2s» it was discovered (with m=m=7) that 

the change from antisymmetric to symmetric shear buckling mode occurs
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between orientations 0=23 and 0=24.

In fig. 4.14* the postbuckling response of several unidirectional, 

off-axis laminates, (+Q»+6)2s» are given» along with the orthotropic 

solution. Again the shear buckling mode is antisymmetric for 0=0,15 (fig. 

4.15, 0=0) and symmetric for 0=30,45 (fig.4.16, 0=45). It can be pointed

out that the shear buckling mode for (0,0) 2s is in good agreement with 

similar results in 114 (page 66).

Then, in fig. 4.17, the response of a quasi-isotropic laminate 

(0,45,-45,90)g is compared with (±45)2s and (±15)2S laminates. The quasi

isotropic laminate displays higher postbuckling stiffness than the rest and 

although for -ve shear the (±45)2s laminate buckles at a much higher load, 

once well into the postbuckling range, that is for w/h>1.7 approximately, 

the quasi-isotropic laminate displays the stiffer response.

Next, the effect of increasing the number of layers, while maintaining 

a constant total thickness, on the postbuckling response of a (±45)s 

laminate is investigated. The results can be seen in fig. 4.18. As the 

number of layers increases, the magnitude of D 16, D 26, the so called

bending-twisting stiffnesses, is diminishing and hence the laminate's 

response approaches the orthotropic solution, as obtained for an infinite 

number of layers. The postbuckling deflections of a laminate with 20 layers 

are approximately ±10% off the orthotropic solution, for -ve and +ve shear 

respectively. Note that this difference was calculated at the bifurcation 

point, but, as can be seen in fig.4.18, it remains fairly constant over the 

loading range considered.

Then the effect of different material properties on the postbuckling 

response of a (±45)2S laminate is examined.
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The elastic constants of the various materials considered are given in 

section 3.5, table 3.7. The results are presented in two figures. In figure 

4.19, results pertaining to carbon epoxy (GRE), boron epoxy (BOE), glass 

epoxy (GLE) and APC2 can be seen, while in figure 4.20, a comparison

between 913C-XAS and APC2 is presented. For the above materials ie. 

GRE, 913C-XAS, APC2, BOE, GLE the Ej/E2 = 40, 16, 13, 10, 3 respectively. 

Again, it is obvious that the higher the E j/E2 ratio, the more anisotropic

and stiffer is the response of the laminate. Consider, for example, the

response of GRE and GLE laminates. The GRE laminate (E1/E2=40) displays

considerably different response under +ve / -ve shear load, while, for the 

GLE laminate (E1/E2=3), shear direction has only a limited effect on the 

response of the laminate.

It is interesting to note, however, in fig. 4.20, that although the 

buckling loads of the 913C-XAS laminate are greater than those of the APC2 

laminate, later, well into the postbuckling range, the APC2 laminate 

recovers and displays a stiffer response.

E 4 (GPa) E 2 (GPa) G 12 (GPa) v 12

913C-XAS 150 9.5 1.07 0.263

APC2 139 10.43 4.55 0.326

By comparing the elastic constants of the two materials, it appears 

that the reason for this behaviour is that the shear modulus of APC2 is

more than four times greater than that of 913C-XAS.

Indeed, that was verified by considering the response of two (±45)2S

laminates having the same elastic constants as 913C-XAS, but with inplane

shear modulus, G 12 increased to 4*1.07 GPa for the first one and to 8*1.07 

GPa for the second one. The predicted lateral deflections are compared to 

that of a (±45)2s, 913C-XAS laminate in figure 4.6. There it can be seen
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that the effect of the shear modulus on the buckling load is very limited, 

however it can affect the postbuckling response of the laminate quite 

significantly. This behaviour is expected, given that the shear stiffness 

of the material becomes more important as the lateral deflections in the 

laminate increase.

Then the effect of the aspect ratio is examined. Several different 

lay-ups are considered. An orthotropic lay-up (0,0)2S; symmetric angle 

plies (+8,-8)2s, where 8=15,30,45,60,75; a symmetric cross ply (90,0)2S; a 

unidirectional off-axis lay-up (+45,+45)2s and a quasi-isotropic lay-up 

(0,-45,+45,90)s . The results obtained caii be seen in figures 4.21 to 4.29, 

respectively.

For (0,0)2g, in fig. 4.21, it can be seen that increasing aspect ratio 

(X) reduces the postbuckling stiffness of the laminate. Thus, for a given 

lateral deflection a much higher applied load is required for \=1.0 than 

for \=2.0.

The same applies to symmetric angle plies (+8,-8)2S (see figs. 4.22 to 

4.26). Note, however, that different orientations display different 

sensitivity to aspect ratio. For example, increasing aspect ratio from 

\=1.0 to \= 2.0, has a more significant effect on the postbuckling response 

of (±15)2s than on that of (±45)2s.

Figure 4.26, for (±75)2S, appears not to agree completely with earlier 

results, as the buckling load of the \=2.0 laminate appears to he greater 

than that of the \=1.5 laminate. Note, however, that employing m=n=7 terms 

in the series, the following shear buckling loads are obtained:
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^xy cr k / E 2 h

Lay-up: (±75)2S +ve shear -ve shear

X=1.5 45.01 (-) 65.58

\=2.0 43.68 (-) 64.00

Therefore a small drop in the buckling load actually occurs as the

aspect ratio increases. However, even with m=n=4 terms in the series, the 

buckling load of the \=2.0 laminate, for +ve and -ve shear load, appears to 

be somewhat higher than that of the \=1.5 laminate, which is not right.

In fig.4.27, it can be seen that increasing aspect ratio does not 

greatly affect the response of the symmetric cross ply laminate (90,0)2s.

The effect of aspect ratio, on the response of (+45,+45)2g (fig. 4.28),

is quite considerable for -ve shear and rather limited for +ve shear.

Again, increasing aspect ratio causes a reduction in the postbuckling 

stiffness of the laminate.

Finally, in figure 4.29, the effect of aspect ratio on the response of 

the quasi-isotropic laminate (0,-45,+45,90)g is presented.

4.4.3 Unsymmetric Laminates under Uniform Shear Load.

Next, the postbuckling response of unsymmetric laminates under shear 

load is considered.

To start with, an antisymmetric (±45)4 laminate is examined. Its 

lateral deflection is compared to that of (+45)8 , (±45)zg and (±45)ro in

figure 4.30. Only one curve is given since its response is independent of 

the shear direction and, although somewhat less stiff, is very similar to 

that of the orthotropic laminate (±45)^.
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For an antisymmetric (±0) angle ply laminate, A 1G=A2G= D 1G=D2G=0. 

However, the coupling stiffnesses B 16=B26^0, while the remaining B ^  terms 

are zero. To assess the effect of the nonzero coupling stiffnesses on the 

solution, several (±45) laminates are examined. In each case the number of 

alternate layers in the laminate is increased. This causes the B^j terms to 

decrease in magnitude. Solutioi^s for n=2,4,8,<» number of layers are 

presented in figure 4.30a.

It can be seen that the effect of the bending-stretching coupling is 

significant if only 2 layers are used, but as the number of layers 

increases its effect disappears and the orthotropic solution (n=<») is 

rapidly approached.

Figure 4.30 also suggests that the influence of the bending-stretching 

coupling stiffnesses, B ie»B26» not as significant as that of the

bending-twisting stiffnesses D 16,D2G.

Then, a generally unsymmetric laminate, (45,30,60,45) is considered. 

This laminate possesses general anisotropy, as all coupling stiffnesses B^j 

are nonzero and also the extensional stiffnesses A 1G=A2G?£0 (extension- 

shear coupling) and the bending stiffnesses D 1G=D2G*0 (bending-twisting 

coupling). In figure 4.31, its postbuckling response is compared to an 

"orthotropic" solution obtained by setting all the coupling stiffnesses 

B^j=0 and also A 1G=A2G=D1G=D2G=0. Note that the response of the laminate is 

greatly affected by the shear direction.

Then in figures 4.32 to 4.34 the response of some more, generally 

unsymmetric laminates (O**©*)^ where 0=15,30,45, is compared to 

corresponding symmetric laminates (O2 ,02)g . It can be seen that the shear 

direction is significant and that the symmetric laminates are considerably 

stiffer for both shear directions.
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4.4.4 Laminates under Combined Inplane Loading,

Next the postbuckling response of square laminates under general 

inplane loading is examined.

In the previous chapter the effect of combined inplane loading on the 

buckling response of the laminates was considered. It was then shown that, 

unlike isotropic or even orthotropic plates, where simultaneous application 

of shear load and compression always has a destabilising effect on the 

plate, anisotropic plates can, under certain circumstances, be stabilised. 

That is, when shear load is applied so that its tension component is acting 

along the diagonal of the laminate having the lower bending stiffness, then 

the laminate can be stiffened against compression.

It was found that the observed stiffening is more evident for laminates 

with a small number of layers. So it was decided to consider (+45,+45)s and 

(+45,-45)g . Also, given its practical significance, a quasi-isotropic 

laminate (0,-45,+45,90)s was examined.

The following loading conditions are considered:

Table 4.2
Case Px py Pxy

1. oo oo 1.0
2. 1.0 oo 1.0
3. 1.0 1.0 1.0
4. 1.0 oo 0.4
5. 1.0 oo oo

In case 4, Pv =0.4 was chosen, as from the data presented in chapter*.y
3, it can be seen that this resulted in considerable stiffening against 

compression.
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For each laminate, the results obtained are given in two pairs of 

figures (a & b) for 4-ve and -ve shear load, respectively. The numbering of 

the curves corresponds to the numbering in table 4.2, of the various 

combinations of inplane loading.

The results obtained for (+45,+45)g are given in figs. 4.35a and 4.35b. 

It can be seen that, in general, combination of shear and uniaxial 

compression greatly reduces the postbuckling stiffness of the laminate, as 

compared to that under pure shear load. Further postbuckling stiffness 

drop is observed for shear and biaxial compression.

Note, however, that for -ve shear load, a stiffer response is displayed 

by the laminate under combinations of shear and uniaxial compression (fig 

4.35b, curves 2 & 4) than under compression only (curve 5). Hence in that 

case, shear has a stabilising effect on the laminate.

The results obtained for (+45,-45)g are given in figs. 4.36a and 4.36b. 

The overall response is rather similar to that of the previous laminate, 

although the stiffening of the laminate against compression by -ve shear, 

is not as great as before.

Finally, consider (0,-45,+45,90)g. Note that, for this quasi-isotropic 

lay-up, it is +ve shear that results in the tension component of the 

applied shear load acting along the diagonal of the laminate having the 

lower bending stiffness. Hence, if any stiffening occurs, it will be under 

+ve shear. The results obtained are given in figs.4.37a and 4.37b.

In figure 4.37a, it can be observed that the stiffening of the laminate 

against compression by the applied shear load, although limited, is still 

identifiable. Note that the response of the laminate under PX=PQ and 

PXy=0.4Po (curve 4) is very similar to that under compression only PX=P0 

(curve 5).
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4.4.5 Predicted Stress Distribution in a Quasi-Isotropic Laminate.

As an example of the theoretically predicted distribution of forces and 

moments in a laminate under uniform shear load, nondimensional results for 

a square, clamped, quasi-isotropic (90,-45 ,4-45 ,0)g laminate are presented.

The nondimensional positive shear buckling load is N<;ncr=13.2885.

Contour plots for the lateral deflection W, the inplane forces , Nn , 

N ^ , moments , M^, and transverse shear forces Q̂ . , , for an applied

load of P/Pcr=2.475 can be seen in figures 4.38 to 4.46.

In fig.4.40, it can be seen that N^-y^x occurs at the r\=0,l edges of the

laminate and it is compressive. The distribution of (fig.4.41) is very 

similar. The Ncninax (fig.4.39) occurs near the corners, in the tension 

diagonal of the laminate.

The distribution of the bending moments is similar (figs.4.42 &

4.43), although is considerably larger than . This is to be expected 

given that the bending stiffness of the laminate in the r\ direction is much 

greater than that in the c direction. Again Mnmax occurs at the n=0,l 

edges, although the bending moments at the centre of the plate are not much

smaller. The twisting moments, M ^ ,  (fig.4.46) are a good deal smaller than

Mc , V

The distribution of the transverse shear forces Q̂ ., (figs.4.44 &

4.45) is very similar, although is greater than Qc . Note, however, that 

the transverse shear forces are approximately three orders smaller than the 

inplane forces.

Having identified where the various forces and moments aquire their 

maximum values, plots are presented highlighting their development as the
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applied shear load is increased.

The development of the lateral deflections and of the inplane shear 

force along the diagonals of the laminate can be seen in figs.A.48 arid 

A. 49, respectively. Note that N^n is constant along the edges of the 

laminate, so the applied shear load can be easily identified in fig.A.49.

The development of along r\=0, where they all assume their

maximum values, and n=0.5 is presented in figures 4.47, 4.50 and 4.51 

respectively.
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4.5 Effects of Initial Geometric Imperfection on the Response of Laminates.

4.5.1 General Comments.

For the type of loading and boundary conditions considered in the 

current investigation, it has been shown in section 3.1, that an 

arbitrarily layered laminate will display the bifurcation type of buckling, 

provided it is perfectly flat and that the inplane load is applied without 

any eccentricity.

A real laminate, however, has usually some imperfections from flatness 

and it will deflect laterally as soon as the load is applied. The smaller 

the initial imperfection, the more closely the actual load deflection curve 

will approach the theoretical perfect case and the nearer the critical load 

will be to the bifurcation load.

Although the response of imperfect laminates, particularly with large 

imperfection amplitudes, is better described as bending rather than 

buckling, a critical load can often be determined from the load deflection 

curve, being the load at which the lateral deflections start to increase 

rapidly 109. Such behaviour is also displayed by unsymmetric laminates 42 , 

when under certain conditions 107» because of the bending-stretching 

coupling, they begin to deflect as soon as the load is applied.

In order to assess the effect of the imperfection on the buckling load 

of perfectly flat laminates, as well as possibly explaining the large 

scatter in buckling loads observed during the experimental part of the 

project (see chapter 5), it was required to have a fairly accurate estimate
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of the critical load of the imperfect laminates. As it is quite difficult 

to pinpoint on the load deflection curves of imperfect laminates just where 

the deflections actually start to increase rapidly, it was decided that the 

criterion used in the experiments to determine the onset of buckling (see 

section 5.1.5), should also be employed here.

So the surface strains at the centre of the laminates are monitored and 

the critical load is taken as the applied load at which the extreme fibre 

(compressive) strain on the convex side of the buckle crest stops 

increasing and starts to decrease.

The imperfection is assumed to be described by equation (2.48c), in 

section 2.5. By appropriately defining w oij (i»3= l»2,3), different 

imperfection patterns and amplitudes can be obtained. All the results 

presented pertain to imperfect laminates under inplane shear load and they 

are obtained by employing m=n=3 terms in the series.

4.5.2 Imperfect Laminated Plates.

To start with, the effect of initial imperfection on the response of a 

quasi-isotropic laminate (0,-45,+45,90)g , is examined.

The first type of imperfection to be considered is simple positive out 

of plane bowing (see figure 4.52). To realise such an imperfection pattern, 

W Q11 is given a certain positive value while the remaining are set to

zero. The effect of increasing imperfection amplitude is also examined. 

Details of the different imperfection amplitudes considered can be seen in 

table 4.3. The critical loads of the imperfect laminates, as obtained from 

the criterion described above (section 4.5.1), as well as the ratios of the
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critical loads of the imperfect laminates to that of the perfectly flat 

laminates can also be seen in table 4.3.

Lay-up: (0,-45,+45,90),

Table 4.3

+ve shear
U U  N  N, wQ max iNXy cr ^Xy cr imp

No. (w/h) /N,xy cr perf

1 0.016 0.0404 77 0.90
2 0.04 0.101 70 0.82
3 0.08 0.202 64 0.75
4 0.16 0.404 53 0.62
5 0.32 0.808 40 0.47

-ve shear
p e p  \J XjJ M  M  «woii wo max 1Nxy cr INxy cr imp
No. (w/h) /Nxy cr perf

1 0 016 0.0404 55.5 0.88
2 0.04 0.101 49.5 0.79
3 0.08 0.202 45 0.72
4 0.16 0.404 37 0.59
5 0.32 0.808 27 0.43

NB. For a perfectly flat (0,-45,+45,90)s laminate, using m=n=3 terms in the 

series, the nondimensional critical loads, under +ve and -ve shear 

respectively, are:

Nxy cr = Px y .b2/E2.h3 = 85.64, (-)62.81
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A typical plot of the strain distribution at the centre of the 

laminate, from which the critical load is located, is given in figure 4.53.

The load deflection curves of the imperfect laminates are compared to 

those of the perfectly flat laminate in figures 4.54a and 4.54b, for +ve 

and -ve shear load respectively.

From table 4.3, as well as figures 4.54a and 4.54b, it can be seen that 

the effect of initial imperfection on the response of the quasi-isotropic 

laminate can be quite significant. The buckling load can be greatly reduced 

even by very small imperfections, however, once well into the postbuckling 

range the effect of the imperfections is limited. The total deflection of 

the above, imperfect, laminates is always greater than that of the perfect 

laminate. Similar findings have been reported in 115 for isotropic plates 

and in 54»104 for composite plates, under compression.

Next, the effect of different imperfection patterns on the response of 

the quasi-isotropic laminate is examined. Three more cases are considered: 

Case No.

8 W 0 11= W 0 12= W 0 2i= _ 0 *°4

7 W O U B W 012B - ° * 0 4 . W 021= ° * 04

8 W 011=W022= 0.04

While the remaining W 0^j in each case, are set to zero.

The imperfection patterns obtained can be seen in figures 4.55 to 4.57 

respectively. Cases 6 and 7 somewhat resemble the measured imperfection 

pattern of composite plates 1 and 3 (figures 5.5 and 5.6). Also note that 

the two imperfection patterns are identical in all but orientation with 

respect to the plate axes. Case 8 depicts an imperfection pattern that is 

very similar to the prevailing buckling mode (figure 4.58). For all three
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patterns, the imperfection amplitude at the centre of the laminate is 

|Wo(0.5,0.5)|=0.101 w/h, however, for imperfection patterns 6 and 7, 

W 0 max=-0.202 w/h, while, for imperfection pattern 8, W 0 max=0.125 w/h.

The results obtained can be seen in table 4.4.

Table 4.4

Case Shear NXy cr NXy cr
Lay-up: (0,-45,+45,90),
3ase Sheai
No. Load

cr perf

6 +ve 70 0.82
6 -ve 53 0.84
7 +ve 74 0.86
7 -ve 49 0.78
8 +ve 49 0.58
8 -ve 37 0.59

For the moment, concentrate on imperfection patterns 6 and 7. Their

load deflection curves, for the centre of the laminate, are compared to the 

solution for a perfectly flat laminate in figure 4.59. Note that in this 

particular figure, the total deflection rather than the net one is 

presented and that the actual central deflection is negative.

The results are very interesting as they suggest that the 'same' 

imperfection pattern can either enhance or reduce the inherent anisotropy 

of the laminate. This depends on the way the pattern is disposed with 

respect to the laminate axes and, therefore, to the stiffnesses of the

laminate in the various directions.

For a perfectly flat (0,-45,+45,90)s laminate, for m=n=3 terms in the

series, the ratio of the two shear critical loads is I 85.64/62.81| = 1.36.
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Now for case 6, the ratio of the shear critical loads is |70/53J=1.32, 

while for case 7 the same ratio is 174/491 =1.51. Hence in the former case 

the imperfection has caused the laminate to appear somewhat less 

anisotropic, while in the latter case the opposite occurred. This behaviour 

is also well depicted in figure 4.59. Note that curves 1 and 2 are for

imperfection pattern 6 and curves 3 and 4 for imperfection pattern 7. The 

effect of the imperfection can be clearly seen, particularly for small 

deflections. Well into the postbuckling range, again the effect of the 

imperfections on the response of the laminate is limited.

It should be mentioned here, that similar observations were made during 

the experimental part of this project (see section 5.2.4).

The load deflection curves, for the centre of the laminate, for

imperfection pattern 8 are compared to the perfect solution in figure 4.60. 

From table 4.4, as well as figure 4.60, it can be seen that although the 

maximum imperfection amplitudes for cases 6, 7 are greater than for case 8, 

the drop in buckling loads is much more severe for case 8. A comparison 

with the results obtained for laminates with a simple, positive, out of 

plane bowing type of imperfection, also shows that the shape of the 

imperfection is just as important, if not more so, as the imperfection 

amplitude. For example, it can be seen that case 4, with W Q max twice that 

of case 8, results in a more or less similar drop in buckling load for +ve 

and -ve shear load.

It appears that in cases where the imperfection pattern is very similar

to the prevailing (perfect) buckling mode a significant drop in buckling

load occurs (eg. as for case 8). On the other hand, if the imperfection 

pattern is quite different from the prevailing buckling mode then the 

imperfection can stiffen the laminate (eg. as for case 7, +ve shear).
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For a perfectly flat laminate, the buckling mode initially consists of 

three halfwaves in the compression direction and one halfwave in the 

tension direction of the applied shear load (figure 4.58). If the buckling 

modes for case 7 and case 8 are examined, it can be seen that for case 7, 

the imperfection has caused the laminate to buckle into an unsymmetric mode 

with four halfwaves in the compression direction and one halfwave in the 

tension direction (figure 4.61), while for case 8 (figure 4.62) the 

laminate has assumed a mode very similar to that of a perfectly flat 

laminate. In figure 4.63, it can be seen that, when well into the 

postbuckling range, the unsymmetric mode of case 7, approaches the 

'perfect' buckling mode.

Next, the effect of imperfection on (±45)2g laminates, made of 

different materials, is examined. The elastic constants of the materials 

considered can be seen in section 3.5. The laminates are assumed to possess 

positive out of plane bowing (WQ max=0*l w/h). The load deflection curves 

obtained, compared to the solution for a perfectly flat laminate, can be 

seen in figures 4.64 to 4.68, for graphite epoxy (GRE), 913C-XAS, APC2,

boron epoxy (BOE) and glass epoxy (GLE), respectively. For all cases, it 

can be seen that the effect of the imperfections on the response of the 

laminates is quite significant for applied loads 'near' the bifurcation 

load, but, well into the postbuckling range their effect is limited.

In table 4.5, a comparison of the drop in critical load for each 

laminate, caused by the imperfection, as determined from the criterion 

described in section 4.5.1 is presented.



101

Table A.5

Lay-up: (+45,-45)2s
NiNxy cr imp f ^xy cr perf

Material E i/E2 +ve shear -ve shear
GRE 40 0.64 0.78

913C-XAS 16 0.68 0.77
APC2 13 0.66 0.78
BOE 10 0.66 0.78
GLE 3 0.75 0.76

Overall, the above results suggest that, the higher the E j/E2 ratio, 

the more sensitive is the shear buckling response of the laminate to 

imperfection. Admittedly, the results are somewhat approximate, however it 

is believed that they indicate the true underlying trends.

Finally, positive out of plane bowing type of imperfection (WQ m a x ^ . l  

w/h) is again employed in order to examine how imperfection affects the 

response of laminates of aspect ratio greater than one, as well as the 

response of square laminates with different lay-ups.

Two rectangular (±45)2g laminates are considered, with aspect ratios 

\=1.5 and X=2.0. The load deflection curves obtained can be seen in figures 

4.69 and 4.70, respectively.

The different lay-ups considered are as follows; a symmetric cross ply 

(90,0)2s, a unidirectional off-axis (+45,+45)2s, an antisymmetric 

(+45,-45)^ and a generally unsymmetric (45,30,60,45).

Their load deflection curves are presented in figures 4.71 to 4.74, 

respectively.

Overall, it can be seen (figures 4.69 to 4.74) that, initially, 

imperfection affects quite considerably the response of the laminates, but 

when well into the postbuckling range its effect is limited.
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4.5.3 Imperfect Isotropic Plates.

In this section, the effect of initial imperfections on the response of 

isotropic plates, under inplane shear load, is examined.

The elastic constants employed in this study pertain to alclad L72

aluminium alloy (see section 5.1.4). The plates are assumed to posses

positive out of plane bowing. The range of imperfection amplitudes 

considered is the same as those in in section 4.5.2 for the quasi-isotropic 

laminates.

The load deflection curves of the imperfect plates are compared to that 

of a perfectly flat plate in figure 4.75 and the critical loads, as

determined from the criterion described in section 4.5.1, are given in

table 4.6.

Table 4.6

L72 alclad aluminium alloy plates
'ase W 0 n  w o max
No. (w/h)

C a s e  W  W  N  Nw0ii wo max tNxy cr 1Nxy cr imp
/Nxy cr perf

1 0.016 0 *°4°4 12‘2 °*90
2 0.04 0.101 11.8 0.87
3 0.08 0.202 11.0 0.82
4 0.16 0.404 10.2 0.76
5 0.32 0.808 9.0 0.67

NB. For a perfectly flat L72 plate, using m=n=3 terms in the series, the 

nondimensional shear critical load, is:

NXy cr = Px y .b2/E2 .h3 = 13.50
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A comparison of the results for L72 aluminium alloy plates with the 

results of the quasi-isotropic 913C-XAS laminates, given in table 4.3, 

suggests that composite plates are more sensitive than isotropic plates to 

a given imperfection.

These results agree with earlier findings, in section 4.5.2, suggesting 

that, the higher the E 1/ E z ratio, the more sensitive the laminate's shear 

buckling response is to imperfection.

As before, well into the postbuckling range the effect of the 

imperfections is limited and the total deflection of the imperfect plates 

is greater than that of a perfectly flat plate.
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4.6 Conclusions.

In this chapter, a parametric study of the postbuckling response of 

generally layered, clamped laminates, loaded in their own plane, mainly 

under shear, is presented. Perfectly flat laminates, as well as those with 

initial geometric imperfections are considered.

From the results obtained, the following conclusions can be made:

1) The shear direction is very important in the postbuckling range too, 

resulting in two very different postbuckling paths for any other than 

orthotropic and antisymmetric lay-ups. The more anisotropic the laminate, 

either due to lay-up or because of the material properties (ie. high E x/E2 

ratio), the more significant is the shear direction.

2) For all the lay-ups considered, increasing aspect ratio reduces the 

postbuckling stiffness of the laminate. Different lay-ups, however, display 

different sensitivity to aspect ratio.

3) Symmetric laminates display stiffer postbuckling response than laminates 

identical in all respects but unsymmetrically layered.

4) The effect of the bending-twisting stiffnesses D 1G, D 26 is very 

significant and they should not be neglected unless a large number of 

symmetrically stacked ±8 layers are employed.

5) The postbuckling stiffness of a laminate is greatly influenced by the
V

shear modulus of the material.

6) For combined inplane loading, it is found that the shear load can 

stiffen an anisotropic laminate against compression, right through the 

range of postbuckling deflections considered, if the tension component of 

the applied shear load is acting along the diagonal of the laminate having
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the lower bending stiffness. This effect is more prominent the more 

anisotropic is the laminate and diminishes quickly as the number of layers 

increases.

7) Initial geometric imperfections can greatly reduce the buckling load of 

a laminate. It appears that the higher the E ±/ E z ratio, the more sensitive 

the laminate is to imperfection.

8) The amplitude as well as the pattern of the initial imperfection is 

significant. Imperfection patterns that resemble the prevailing buckling 

mode can greatly reduce the buckling performance of the laminate, while 

certain imperfection patterns can in fact 'stiffen' the laminate, resulting 

in total deflections of the imperfect laminate being less than those of the 

perfect laminate.

9) Although initial imperfections affect greatly the response of a laminate 

for applied loads in the vicinity of the bifurcation load, once well into 

the postbuckling range their effect is limited.
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Chapter 5: Experiments

5.1 Experimental Set-up.

For the experimental part of the work, eight laminated (913C-XAS) and 

three aluminium plates were tested under edge shear load. Four of the 

laminated plates had a centrally located circular hole, of different 

diameter in each case. Critical buckling loads were located and the 

postbuckling stiffness and strength of the plates was investigated. The 

strain distribution in the plates was monitored by several back-to-back 

pairs of, strain gauges and the lateral deflection at the centre of the 

plate was monitored with a displacement transducer.

5.1.1 General Comments.

To start with, there were two major considerations about the 

experimental set-up and both were related to the "picture frame" used for 

the shear testing.

The first one was, how it would be best to attach the plate inside the 

frame? The option of bonding the plate rather than bolting it in the frame
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was considered. At the time it was felt that the possible advantages of 

bonding did not outweigh the fact that this approach would have been far 

more elaborate and time consuming to implement. So for ease of assembly, 

bolting was chosen. It was then considered whether it would be advantageous 

to make the surface of the edge members, the fittings that formed the 

picture frame, serrated in order to eliminate any likelihood of the plate 

slipping inside the frame. It was decided not to implement this 

modification as it would increase the chance of the fittings digging into 

the very thin laminate and possibly inflicting considerable damage.

The second consideration was whether to use the picture frame with pins 

in all four corners or to opt for the two pin arrangement used for example 

in 16»39>52, jn v/hat follows the pins at the two 'unloaded1 corners of the 

frame, ie. pins B and D in figure 5.1, will be referred to as "side pins", 

while pins A and C as "loading pins".

Before buckling, the plate is experiencing almost uniform shear stress 

and the strain distribution is accordingly uniform, with equal tension and 

compression strain components along the two principal loadind directions, 

ie. along the two diagonals of the plate. Before the critical load is 

reached, it should not make any difference whether there are side pins in 

the frame or not, but, after buckling and as the load is further increased, 

the sti“ain distribution in the plate changes significantly. With the plate 

effectively incapable of carrying any further compression, the load is 

carried in some form of diagonal tension. Thus the plate is experiencing 

large tensile strains and rather small compressive strains. This asymmetry 

means that the forces on the heavy members that form the picture frame are 

no longer tangential, ie. they are not acting along the edge of the plate, 

but at an angle, and tend to rotate the fittings about the loading pins,
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thereby inducing additional shearing onto the plate. If side pins are 

employed, this can be prevented. The diagonal tension developing in the 

plate after buckling would now tend to bend the fittings in their own 

plane. Given that the fittings are very heavy and stiff, this bending will 

be minimal, very nearly nonexistent.

So it was felt that using all four pins in the shear frame would result 

in a more realistic and uniform strain distribution. However, several tests 

were carried out without the side pins in the frame in order to study their 

effect in the overall behaviour of the plates.

5.1.2 The Test Rig.

Overall, the test rig was of conventional construction. Following from 

the above reasoning, each plate was bolted into a "picture frame", formed 

by two heavy members (fittings) along each edge of the plate and having 

pins in all four corners. The fittings were made of mild steel and each had 

two staggered rows of attachment holes. The diameter of the attachment 

holes was 9.525 mm (3/8 in) and the pitch was 38.1 mm (1.5 in). That 

resulted in six holes for the outside row and seven holes for the inside 

row. Further details of the whole set up are shown in figure 5.3.

The plate was suspended in the rig from one of the corners, and a 

tensile load was applied along the vertical diagonal onto the frame, by a 

hydraulic jack controlled by two hand operated pumps, one having a small 

delivery enabling a fine adjustment of the applied load. The tensile load 

was transmitted through the frame onto the plate as uniform shear load. The 

maximum load capacity of the rig was 100 KN (10 tons). An approximate
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estimate of the applied load could be read directly from a pressure gauge, 

connected to the hydraulic jack. Meanwhile the output from the loadcell 

provided an accurate figure.

It should be mentioned that the plate carried some 'dead* weight before 

any load was applied. The picture frame weighed 26 Kg, while the weight of 

the connecting rod and the loadcell (see fig. 5.3) was 11 Kg. Although not 

included in the calculation of the critical load, it was estimated that the 

plate carried approximately half the weight of the picture frame and the 

whole of the weight of the connecting rod and the loadcell,

ie. (26/2 + 11)Kg * 9.81 m/sec2 = 235.4 N .

5.1.3 The Plates.

The laminated plates were made of Fibredux 913C-XAS and were 

manufactured by Westland Helicopters Ltd. They had eight layers arranged 

in a quasi-isotropic lay-up, ie. (90 ,-45 ,+45,0) s and they were of square 

planform. The length of each side was 0.381 m (15 in). To accomodate 

installation of the plate in the picture frame, each plate had two

staggered rows of attachment holes drilled along each edge. Also ss44.5 mm 

(=sl3/4 in) nearly square notches were cut at each corner of the plate. The 

dimension of the plate inside the frame was 0.254 m (10 in) square. For

more details see figure 5.2. A diamond tipped drill and cutter were used 

for the preparation of the plates.

As it has already been mentioned, four of the plates were tested with a 

centrally located circular hole, of different diameter in each case. The 

diameters considered were :
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d = 9.525 mm, 19.05 mm, 25.4 mm, 38.1 mm,

resulting to the following diameter-to-width ratios :

d/b = 0.0375 , 0.075 , 0.1, 0.15 respectively.

To drill these holes, diamond coated holeshaws were used. In order to avoid 

any splindering of the fibres around the edge of the hole, the drilling was 

done in two stages. The hole was partly drilled on the one face and then 

completed with the drill being driven from the other face of the plate. 

Test drilling showed that this particular approach was marginally better 

than taking the holeshaw straight through. However, for the largest 

diameter hole considered, ie. d=38.1 mm, problems with alignment of the 

holeshaw resulted in a hole with slightly damaged edges.

The thickness of the plates was measured in several locations and 

proved to be fairly uniform. The typical variation in measured thickness 

was approximately ±1.8% of the mean value of each plate. On average the 

laminate thickness was h=1.06 mm. Therefore the width-to-thickness ratio 

was =240. Note, however, that for the theoretical analysis of the laminates 

a nominal thickness, h=l.l mm, was employed.

The alclad L72 aluminium plates tested were of similar dimensions, with 

the only exception that they were thinner. Their average thickness was 

0.8636 mm resulting in a width-to-thickness ratio of =:295.

Details about the lay-up, thickness and central hole diameter of each 

plate, are given in Table 5.1 and the positive fibre orientation with 

respect to the coordinate axes can be seen in fig. 5.4 .
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Table 5.1

913C-XAS 
Plate No. 

1 
2
3
4
5
6
7
8

<90,
(90,
(90,
(90,
(90,
(90,
(90,
(90,

Lay-up 
-45,+45,0)s 
-45,+45,0)s 
-45,+45,0)s 
-45,+45,0)g 
-45,+45,0)g 
-45,+45,0)g 
-45,+45,0)g 
-45,+45,0)

Thickness (mm) 
1.065 
1.064 
1.058 
1.053 
1.056 
1.060 
1.062 
1.055

Central Hole 
Diameter (mm)

9.525
25.4
38.1
19.05

Aluminium Alloy 
Plate No.
AL1
AL2
AL3

0.8636
0.8636
0.8636

Visual inspection of the laminates, before the start of the testing, 

revealed that all of them possessed some initial curvature. The two edges 

normal to the direction of the fibres of the outside layers were bowing in 

the same manner. The other two edges were almost straight. This pattern was 

common for all the plates. It was noticed that one face of the plate was 

more resin rich than the other one. So given that resin's thermal expansion 

coefficient is greater than that of the carbon fibres, it is not surprising 

that the resin rich face expands more and particularly in the direction 

normal to the fibres in the outside layer. Along the direction of the 

outside fibres the bending stiffness of the laminate appears to be 

sufficient to prevent any significant bending, so these edges remained 

almost straight.
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No nondestuctive evalution was performed, in order to check for any 

variation in the quality of the eight laminates, before the start of the 

experiments.

However after testing was completed, the plates were C-scanned by 

Westland Helicopters Ltd. The results of the scans were inconclusive, 

largely as a result of problems in calibrating the equipment resulting from 

the extensive damage already sustained by most of the specimens.

A micro section from an area of one of the laminates (plate 8), that

was outside the test section, was prepared in order to give some idea of

the quality of the original plate. This revealed that the plate was of good

quality, with good consolidation and a low level of voiding (less than 

0.5%). Given that all the plates were cut from one original laminate and 

that the visual inspection did not reveal any abnormalities, it was deduced 

that the remaining plates must have been of similar quality.

5.1.4 Material Properties.

Fibredux 913C-XAS is an advanced thermosetting composite, manufactured 

by Ciba-Geigy. It is made up of unidirectional, continuous, high tensile 

strength, surface treated, Graphil carbon fibres in a low cure (120°C) 

epoxy resin matrix.

The following physical properties and elastic moduli and strength 

data, at room temperature, are reproduced from a manufacturer's information 

sheet.
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Typical prepreg physical properties: 

Density 1630 Kg/m3

Carbon fibre volume 60 %

Epoxy resin by weight 34 %

Coefficient of thermal expansion:

Fibre orientation, 0° -0.1*10“6/°C

Fibre orientation, 90* 30.0*10“6/°C

Through-the-thickness 25.0*10“6/°C

Tensile modulus 0 *, E it = 150 GPa

Compressive modulus 0 *, E ic = 126 GPa

Tensile modulus 90*, E 2 t = 9.5 GPa

Compressive modulus 90*, E  2 C = 9.8 GPa

Shear modulus G 12 = 1.07 GPa

Poisson's ratio » V 12 = 0.263

Tensile strength 0 *, X = 1990 MPa

Compressive strength 0 *, X 1 = 1200 MPa

Tensile strength 90*, Y = 57 MPa

Compressive strength 90*, Y' = 155 MPa

Rail Shear strength 0 *, Sf = 49 MPa

Rail Shear strength 90*, Sf' = 47 MPa

Interlaminar Shear strength ,ILSS = 100 MPa
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Strains to failure: 

Tensile strain 0 °, xet = 13500 tie

Compressive strain 0 °, xec = 8500 jue

Tensile strain oO' Yet = 5700 lLie

Compressive strain 90 * , Yec = 18000 fie

Shear strain » =

The properties pertaining to the alclad L72 aluminium alloy plates 

were as follows :

Density 2700 Kg/m’

Tensile modulus 

Shear modulus 

Poisson's ratio

E = 72.4 GPa

G = 27.5 GPa

v = 0.316

0 .1% proof strength 

Ultimate tensile strength 

Elongation to failure

220 MPa 

370 MPa 

15 % or 150000 fie

Finally for the APCl piece that was used for attaching the dummy gauges 

Coefficient of thermal expansion:

Fibre orientation, 0° 0.6*10”6/°C

Fibre orientation, 90° 29.0*10-6/ °C
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5.1.5 Method of Determining the Critical Load.

Several back-to-back pairs of strain gauges were employed to monitor

the strain distribution in the plate, as well as to detect the onset of

buckling.

For the particular method of determination of the critical load 

employed, it was the output from the strain gauge pairs that measured the 

compression component of the applied shear load, that was the most useful.

In general, what happens is that at the start of the loading, both 

gauges give more or less the same compression strain reading. But, as the 

applied load is increased and the critical load is approached, the readings

from the two gauges start to diverge.

At the onset of instability and with the development of the buckling 

mode, the portion of the plate on the convex side of the buckle crest 

starts going into tension, while the concave side starts carrying 

additional compressive loading. And this behaviour is clearly depicted by 

the output of the back-to-back strain gauges.

So the onset of buckling can be identified by monitoring the strain 

distribution in the plate and the critical load is defined as the load at 

which the output from the gauge on the convex side of the buckle crest 

stops increasing and starts to decrease.

As an extra check, on the accuracy of the critical loads as determined 

by the afore mentioned criterion, some of the critical loads were also 

calculated using the Southwell Plot.

In 1931 Southwell 116 proposed a method that utilised test data, ie.
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the applied load and the corresponding lateral deflection, from the 

compression test of an elastic strut with initial curvature, to determine 

the critical load the strut would have if it were perfectly straight.

He showed that near the critical buckling load, the following 

relationship is valid :

6 = — ------- (5.1)
rcr   - 1

where & = lateral deflection

6 ° = constant, relating to the imperfection amplitude

P = applied load

Pcr = critical load

From the above we obtain:

6 = Pcr - 6- (5.2)

So by plotting 6/P against 6 a straight line will be obtained whose 

slope will be equal to Pc r . However care must be taken when applying the 

method to general instability problems, like buckling of plates, as it is 

only applicable as long as the lateral deflection and the imperfection are 

small compared to the thickness.

In general the data points formed gentle curves rather than straight 

lines. But this was expected as the postbuckling behaviour of the 

structure under consideration affects the linearity of the Southwell line 

and strictly speaking postbuckling behaviour other than neutral, would give 

rise to a curved Southwell line 117.
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A variation of the method has been suggested by Donnell 118 where

starting from ean.(5.1) again and solving for Pcr we obtain:

P = - J L  a* + Pcr (5.3)

So by plotting P/6 against P a straight line is again obtained and the

critical load is its intercept on the P axis. This particular variation 

will be referred to as "Modified Southwell Plot" and was mainly used in 

this work.

Furthers the method has been extended and it can also be used with

strain data 119»120.

5.1.6 Strain Gauges.

As it has already been mentioned, for the determination of the critical 

load, the back-to-back pairs of strain gauges should be positioned along 

the direction of the compression component of the applied shear load. 

Furthermore, since the laminated plates were to be tested under positive 

and negative shear load, in order to locate the two different critical

loads, strain gauges would have to placed on both diagonals of the plate, 

because, as the shear direction reverses the tension diagonal becomes the 

compression diagonal and vice-versa. Also, it is the centre of the plate 

that suffers the largest deflections and it is there that buckling would be 

more easily detected.

Following from the above considerations, the strain gauges were mainly 

positioned along the two principal loading directions, ie. along the two
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diagonals of the plate, with a bias towards the centre of the plate. 

Similar reasoning was adopted for the plates with the centrally located 

hole. Although, in this case, more gauges were utilised, in general, in 

order to examine the effect of the hole in the strain distribution in the 

plate. The exact location of the strain gauges for each plate is given in 

figures 5.5 to 5.8.

Two types of SHOWA foil strain gauges were used on the laminates. 

Single element gauges (N1l-FA-8-120-11) and two-element stacked rosettes 

(N22-FA-8-120-11). The foil material was Cu-Ni alloy and the base material 

was polyester. Further details about the gauge specification are given in 

Table 5.2 .

Table 5.2

Type N1l-FA-8-120-11 N22-FA-8-120-11 N 1 1-FA-5-120-23
Gauge Length mm 8 8 5
Resistance 0 119.9 120.0 120.0
Gauge Factor 2.08±1% 2.07±1% 2.10±1%
Thermal Output ye/*C ±2 ±2 ±2
Temp.Comp.For STEEL STEEL ALUMINIUM
Thermal Exp. PPM/°C 11 11 23

The surfaces of all the laminates were fairly even and smooth. So to 

prepare the composite surface for attaching the strain gauges was not too 

difficult at all. The surface was lightly abraded with a silicon-carbide 

paper of 320 grit. Then, for degreasing the surface, acetone was used. 

Finally, for attaching the gauges, a cyanoacrylate adhesive was used 

(Loctite 496).
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Dummy gauges, on a quasi-isotropic piece of APC1, were used to form the 

other arm of the half-bridge arrangement that was used for the measurement 

of the strains.

For the aluminium plates, only two back-to-back pairs of strain gauges 

were used and their arrangement, identical for all the plates, can be seen 

in figure 5.9. The specification of these strain gauges is given in table 

5.2.

5.1.7 Data Aquisition System.

The strain gauges and the loadcell were connected onto a data 

aquisition system, Intercole Systems Ltd Spectra-ms, that enabled rapid 

sampling and recording of the output from all the channels.

Spectra-ms is a microprocessor based precision measurement and control 

system, that employs a master instrumentation amplifier and analogue to 

digital converter, operating in conduction with reed-relay selectors. With 

features such as autocalibration, autoranging and programmable integration, 

the measuring system was able to provide accurate readings with good noise 

rejection.

For the strain measurement a half-bridge arrangement was used. The 

connections for the strain gauges and the loadcell can be seen in figure 

5.10. The system provided full conditioning, twin constant current 

energising and initial bridge balance as standard. And with the use of user 

defined constants the actual data was recorded as Newtons and microstrain.

It is worth pointing out some of the advantages the constant current, 

half-bridge arrangement used, has over more traditional constant voltage
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arrangement s .

To start with, as the strain gauge was only energised for a short 

period of time, during which a reading was taken, there was extremely low 

gauge heating. So no inaccuracies were introduced due to gauge self

heating. Note that gauge self-heating is more of a problem with composites, 

as they are poor heat conductors, unlike more traditional structural 

materials. Also by the very nature of constant current, long connecting 

leads induce negligible errors and do not decrease measurement sensitivity.

An outline of the system is given in figure 5.11. As it can be seen 

there, the system was operated in conjuction with a BBC model B micro

computer with a 6502 second processor. The experimental data was stored in 

floppy discs and then it was transferred to the University's ICL 3980 

mainframe computer for analysis.

5.1.8 Lateral Deflection Measurements.

In order to form a better idea of how the plates responded, it was 

decided that the lateral deflection, near the centre of the plate, would 

also be monitored. To do that a Linear Variable Differential Transducer 

(LVDT) was used.

The displacement transducer could measure lateral deflections of up to 

7 mm. Unfortunately this transducer could not be connected to the data 

aquisition system, so, instead, it was connected to a PEEKEL unit and the 

deflection readings were recorded manually.

The calibration chart for the displacement transducer is shown in 

figure 5.12.
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The transducer was mounted on a bracket that was bolted onto one of 

the edges of the picture frame (see figures 5.45, 5.3). It was felt that in 

this way any rigid body movement of the picture frame would not affect the 

accuracy of the reading. The rod of the transducer was kept in contact with 

the plate by a light compression spring.

The displacement transducer was usually positioned near the centre of 

the plate. For the plates without a hole, there was a strain gauge at the 

centre of the plate (see figures 5.5 & 5.6), so the transducer was

positioned roughly 12.7 mm off the centre. A similar arrangement was used 

for the plates with the centrally located hole, except for plate 7 with the

38.1 mm diameter hole, where the transducer was positioned at the edge of 

the hole. When comparing the results, it should be kept in mind, that the 

actual locations somewhat varied from plate to plate and also the readings 

are net values of deflection.

5.1.9 Imperfection Measurements.

Since the plates were rather slender, it was felt right from the start, 

that the imperfections would affect their response quite significantly. So 

it was decided that once the plates were positioned in the picture frame, 

readings of the imperfection pattern should be made. That data would then 

be used as part of the input data for an imperfect plate analysis.

Two methods were tried out in order to obtain the necessary 

information.

In both, the plate was divided in a 11*11 grid. Each grid was 25.4 mm 

(1 inch) square. Readings were then taken at all the inside grid points
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(9*9), as well as at grid points along two opposite edges of the plate. 

Then imaginary lines were drawn connecting the two corresponding edge 

readings, at the opposite edges of the plate. The difference of the actual 

measurements, of the inside grid points of the plate, from the imaginary 

line, was taken as the imperfection amplitude at that grid point.

Initially the picture frame was positioned on a surface table and the 

imperfection readings were taken using a dial gauge that was moved about 

the surface table on a stand.

It was felt that this was a rather inaccurate method and after some not 

too encouraging test runs of the measured imperfections for composite 

plate 1, it was decided that another approach of measuring the imperfection 

should be tried.

A square aluminium frame was built, that could be clamped onto the 

picture frame. It had 9 holes, of 6.35 mm diameter, drilled in 25.4 mm 

pitch, along two of its opposite sides. Two ground steel rods were then 

used to form a rail, along which a square block that housed a displacement 

transducer could slide, so that imperfection readings could be taken along 

a grid line. Once readings along a line were taken, the steel rods would be 

moved to the next two holes, so that another set of readings could be 

obtained. And so on until the whole of the plate was mapped.

It was not possible for the holes in the frame to be of very close 

tolerance, as that would have made re-positioning the steel rods to the 

next holes very difficult. For the tolerance selected it was observed that 

rotating the steel rods, in the holes, could considerably affect the value 

of the readings taken.

In spite .of that it was felt that although the measured imperfections 

were probably not as accurate as one would wish, they gave a fair



123

qualitative idea of the imperfection of each plate.

Contour plots of the measured imperfection for all the plates are also 

given in figures 5.5 to 5.9. In these figures, the two diagrams pertaining 

to each plate, ie. the measured imperfection pattern (top) and the strain 

gauge location (bottom) are directly comparable. The lay-ups, as presented 

in table 5.1, can be identified from the coordinate axes marked in the 

diagram with the strain gauge locations. Note that negative imperfection is 

always inwards from the plane of the page and positive imperfection 

outwards.

The contours as shown are not the exact imperfection measurements at 

the various grid points in the plate joined together, but the result of a 

back-calculation described in Appendix 2, using the actual imperfection 

data and assuming that the pattern can be described by the series (2.48c), 

that satisfied the boundary conditions.

Note also that for the plates with the centrally located hole, the 

presence of the hole was not accounted while ’back-calculating' the 

imperfection pattern and the hole was added to the figure at the end.

Further computer work revealed that the latter method of measuring the 

imperfection of the plates was a considerable improvement over the former 

one, however still the agreement between theoretical and experimental 

results was not very good.
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5.2 Experimental Results.

5.2.1 Introduction.

It is well known, that due to the directional nature of the stiffness 

of laminated plates, when such plates are loaded under inplane shear, they 

have two different buckling loads, depending on the direction (+ve or -ve) 

of the applied shear load (see also section 2.7). Quasi-isotropic plates 

are no exception to that, as although they have essentially isotropic 

extensional stiffnesses, their bending stiffnesses are anisotropic. Hence 

they also have a preferred shear direction.

Both shear critical loads were located experimentally for all the 

composite plates. In the presentation of the results that follows, the two 

critical loads depending on their absolute magnitude, will be referred to 

as ’high* and ’low* and the corresponding direction of the applied shear as 

’stiff’ shear direction and ’weak’ shear direction respectively. Also note 

that for the lay-up considered in this work, ie. (90,-45,+45,0)s , positive 

shear loading gave the ’high’ critical load of the plate, while negative 

shear gave the 'low' critical load. (Theoretical buckling loads can be seen 

in table 5.27, p.181).

The effect of the direction of the applied shear load on the strength 

of the plates was also examined by testing two of the four unholed 

laminates to failure under positive shear load ('stiff' shear direction), 

and the other two under negative shear load ('weak' shear direction). The 

direction of the applied shear load proved to be far less important with 

respect to the strength than with respect to the buckling response of the
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laminates.

All the laminates with the centrally located hole were tested to

failure along the 'stiff' shear direction, since this particular loading 

resulted in sligthly reduced strengths for the unholed laminates.

The arrangement of the back-to-back strain gauge pairs, as well as the 

measured imperfection pattern can be seen in figures 5.5 to 5.9.

The critical load was usually determined by the strain gauge pair at or

nearest the centre of the plate. The other strain gauges usually indicated 

a slightly higher critical load.

The experimental results of each plate are presented in separate 

paragraphs. It has been attempted to suggest a likely explanation for the 

results from each plate as they occurred and this has resulted in some

repetition. However it was felt that this was the best way to present the 

data as the experimental procedure was not the same for all the plates and 

several of the comments did not apply to all of them.

In the tables the following notation was adopted:

NXy cr = the nondimensional shear critical load per unit length 

Pcr = the critical tensile load that would have to be applied onto 

the frame for the plate to buckle 

Pmax = maximum tensile load applied at each test

And the relation between P and Nv„ was :xy
P = Nxy. ((E2.h3)/(b.cos45 *)) N

So a) for 913C-XAS plates : P = Nxy . ( 70.4) N

and b) for aluminium plates : P = NXy . (259.6) N

In general the shear critical buckling loads show considerable scatter.

It became obvious at the end, that the main reason for the, at times large,

scatter was that the clamping of the plate, inside the picture frame, was
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not the same for all the plates tested. That resulted in the plate slipping 

slightly inside the picture frame, while being tested, and therefore 

aquiring some additional deflection that caused a drop in the critical load 

for the following test.

In the paragraphs that follow, the terms ’residual’ strains and 

’residual' (central) deflection will often be encountered. These 

expressions refer respectively to strains and lateral deflection recorded 

in the plate after the load had been removed.

In general, the presence of 'residual' strains and deflections after a 

test indicated that the plate had, for some reason(s), failed to return to 

its original position. Admittedly the deductions based on ’residual' 

strains and deflections are only to be used as a rough guide, basically for 

the following reasons.

So far as 'residual' strains are concerned, questions about the 

accuracy of readings of the order of only a few microstrain arise. But 

having said that, on occassions the 'residual' strains were of sufficient 

size to accept them as a reasonable indication of the condition of the 

plate.

With respect to the lateral deflection readings at the centre of the 

plate, it is conceivable that even when the reading there was zero, the 

plate had settled in such a way that the deflection elsewhere was finite.
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5.2.2 Test Results of Composite Plate 1.

To start with, negative shear load was applied, so that the plate's 

'low' shear critical load could be located. It was decided that a series of 

tests should be performed in order to examine how repeatable the results

were. Thirty-one tests in total were carried out and a summary of the

results obtained is given in table 5.3, while the complete set can be seen 

in table 5.6.

Table 5.3

Composite Plate 1 - 'Low' Shear Critical Loads

Per Pmax No.of tests Mean (N) Std.Dev.(N)

1800-4500 5800 31 3208 730

or

3000-4500 5800 20 3648 441

1800-3000 5800 11 2407 370

For the first six tests the mean critical load was 4153 N with a 

standard deviation of 284 N, while the predicted critical load was Pcr=4299 

N. Therefore initially the agreement was excellent. However, for the tests 

that followed considerable scatter was observed. As it can be seen in table

5.6, the scatter was not monotonic and although some very low critical

loads were recorded, most of the results were near the 3650 N mark.

No large residual strains were recorded after any test, so it appeared 

that the plate was behaving in an elastic manner and had returned to its 

original position after each test. Also it did not seem as if the plate had
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sustained any damage, as that would have resulted in a reduction in 

stiffness and therefore a monotonic reduction in critical load.

At this time the accuracy of the data aquisition system was questioned, 

even though standard tests, before the start of the experiments, did not 

reveal any major problems. The manufacturer was contacted and certain 

further tests were suggested to check the accuracy. These tests, later on, 

indicated that there was nothing wrong with the data aquisition system.

Testing continued with the plate now loaded under positive shear, so 

that its 'high* critical load could be located. This time twenty-five tests 

were carried out in total and a summary of the results obtained is given in 

table 5.A, while the complete set is presented in table 5.7.

Table 5.4

Composite Plate 1 - 'High' Shear Critical Loads

Pcr (N) Pmax No.of tests Mean (N) Std.Dev.(N)

6100-7900 10200 25 6979 591

The predicted critical load was now Pcr=5986 N, so this time the 

experimental critical loads were higher than predicted.

Two typical plots of the strain distribution at the centre of the plate 

from each shear loading case are presented in figures 5.13 to 5.16. The 

critical loads are also marked on the figures.

Overall the scatter was slightly less than for the negative shear

direction; however it was still rather on the high side. In order to form a

more complete picture of what was happening, it was then decided to monitor 

the lateral deflection at the centre of the plate.

Also, at the time, it was thought that one reason for the scatter could
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be that the strain gauges were not temperature compensated for 913C-XAS, 

but for steel. Also the dummy gauges were located on an APC1 piece that was 

of the same lay-up but of slightly different thermal expansion coefficients 

than the 913C-XAS plates (see section 5.1.4).

This small mismatch of thermal expansion coefficients would affect the 

strain readings more when the plate was subjected to rapid temperature 

changes; eg. when either draughts and/or direct sunlight were hitting the 

surface of the plate.

So it was decided to "insulate” the plate and the dummy gauges from the 

surroundings. This was effected by enclosing the whole rig with cardboard 

which itself was covered by a layer of thick gauge aluminium foil. With the 

insulation in place the zero load drift of the strain gauges appeared to be 

less.

Another eight tests were then performed under positive shear, this time 

taking the plate well into the postbuckling range in order to investigate 

its postbuckling behaviour. The results obtained can be seen in table 5.5.

Table 5.5
Composite Plate 1 - 'High' Shear Critical Loads

Test Pcr (N) N1 xy cr P (1 max v
CP1S1 6500 92.33 19000
CP1S2 6380 90.62 19000
CPI S3 6630 94.17 19000
CP1S4 6600 93.75 19000
CP1S5 6750 95.88 19000
CP1S6 6350 90.20 19000
CP1S7 6630 94.17 19000
CP1S8 6700 95.17 19000

CPI SF 7300 103.69

Mean Pcr = 6649 N Standard Deviation = 279 N
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It became obvious, by monitoring the central lateral deflection (figure 

5.17), as well as from the recorded strain distribution (figure 5.18),that 

the plate initially deflected negatively but as the applied load was 

increased well beyond the critical load, there was a changeover and the 

buckling mode was reversed. That indicated the presence of a complex 

imperfection pattern.

Some typical examples of the load-deflection curves obtained, including 

the ones for CP1S6 and CP1SF (ie. the test to failure), that displayed the 

lowest and highest critical loads respectively, can be seen in figure 5.19. 

Notice that although the curves are of the same nature, they are slightly 

different in the vicinity of the critical load.

It appeared that the critical load was very much influenced by the 

imperfections in the plate. Possibly at the end of each test, when the load 

was removed, the plate settled in a slightly different position than its 

original one. And hence during the next test the response and, therefore, 

the critical load was somewhat different.

The strain gauge data also agrees with the above (see figures 5.21, 

5.22), with the strain distribution in the plate being somewhat different 

from test to test around the critical load, but otherwise the curves are 

very similar.

Also the Modified Southwell Plot method was applied to the load- 

def lection data from the last nine tests. The critical loads obtained were 

in good agreement with the values shown in table 5.5, although they were in 

general a few percent higher (^10%). A typical plot is given in fig. 5.20.

An important point to note from the above tests is that, although the 

plate was loaded to more than 3 times its critical load, with corresponding 

central deflection w/h=1.5, it did not appear to have suffered any damage.
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That would have appeared as a reduction in stiffness.

Finally the plate was loaded to failure under positive shear, ie. with 

the compressive component of the applied shear load acting along the 

diagonal of the plate with the greatest bending stiffness. The 

load-deflection curve and the strain distribution to failure at the centre 

of the plate are shown in figures 5.23 and 5.24 respectively. Failure 

occurred at an applied load of 89800 N and it was not catastrophic. 

Afterwards the plate was still capable of carrying considerable load. 

Notice that the plate displayed remarkable postbuckling strength. The 

failure load was approximately 12 times the critical load.

The damage revealed by visual inspection of the plate, was a surface 

crack 60-70mm long, very near the lower loading corner and along the 

direction of and just off the tension diagonal (see figure 5.25). The crack 

did not go right through the laminate, but was only visible on the negative 

(concave) face of it. Also at that corner there was some damage caused by 

the picture frame digging into the plate. There was no visual evidence of 

similar damage at any of the other corners. Between the damage at the 

corner and the surface crack a delamination was identified running also 

along the tension diagonal.

The observed damage was consistent with compressive failure that had 

most likely initiated at the -45 layer. Note that as the lay-up was 

(90,-45,+45,0)s , the compressive component of the applied shear load was 

acting along the direction of the fibres in the -45 layer (see section

5.3.4 for more details).

Finally some bearing damage was observed in some of the inside row of 

attachment holes, near the loading corners.

To summarise, obviously critical loads for such a thin laminate are
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rather low, and as this series of tests has shown, they are greatly 

affected by the imperfection pattern. No firm explanation can be given for 

the very large scatter in critical loads observed initially. However 

following certain modifications described above, the last nine tests on 

plate 1 were performed under strictly controlled conditions, and resulted 

in a scatter of critical loads of 7300/6350*1.15, which is acceptable.
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Table 5.6

Composite Plate 1 - 'Low' Shear Critical

Test Pcr (N) NiNxy cr ^max
CP1W1A 3840 54.54 4500
CP1W1B 3780 53.69 4700
CP1W1C 4500 63.92 5400
CP1W1D 4200 59.66 4600
CP1W1E 4280 60.79 5400
CP1W1F 4320 61.36 5800
CP1W1G 2530 35.93 5800
CP1W1H 2790 39.63 5200
CP1W1I 2850 40.48 3600
CP1W1J 1890 26.84 5000
CP1W1K 1960 27.84 4700
CP1W1L 2500 35.51 4500
CP1W1M 2680 38.07 4800
CP1W1N 3100 44.03 4400
CP1W10 3130 44.46 4600
CP1W1P 3120 44.32 4500
CP1W1Q 2550 36.22 4900
CP1W1R 2660 37.78 4500
CP1W1S 1810 25.71 4600
CP1W1T 2260 32.10 4400
CP1W1U 3510 49.85 5000
CP1W1V 3580 50.85 5000
CP1W1W 3590 50.99 4900
CP1W1X 3440 48.86 4600
CP1W1Y 3270 46.45 4600
CP1W1Z 3210 45.60 4600
CP1W11 3190 45.31 4800
CP1W12 3380 48.01 4700
CP1W13 3580 50.85 4800
CP1W14 3870 54.97 4700
CP1W15 4070 57.81 4800

Mean Pcr = 3208 N 

Standard Deviation = 730 N
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Table 5.7

Composite Plate 1 - 'High' Shear Critical Loads

Test Pcr (N) N̂xy cr ^max ^*
CP1S1A 7420 105.40 10100
CPISIB 7330 104.12 10100
CP1S1C 7390 104.97 10100
CPISID 7320 103.97 10100
CPISIE 7390 104.97 10100
CP1S1F 7420 105.40 10100
CP1S1G 7440 105.68 10100
CP1S1H 7550 107.24 10200
CP1S1I 6450 91.62 10000
CP1S1J 6530 92.75 10000
CP1S1K 6470 91.90 10100
CP1S1L 6300 89.49 10000
CP1S1M 6300 89.49 10000
CPISIN 6150 87.36 10100
CP1S10 6070 86.22 10100
CP1S1P 6880 97.72 10200
CP1S1Q 6850 97.30 10100
CP1S1R 7970 113.21 10100
CP1S1S 7560 107.38 10100
CP1S1T 7270 103.26 10000
CP1S1U 7950 112.92 10100
CP1S1V 7390 104.97 10100
CP1S1W 6440 91.48 10100
CP1S1X 6340 90.05 10000
CPIS1Y 6300 89.49 9900

Mean Pcr = 6979 N

Standard Deviation = 591 N
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5.2.3 Test Results of Composite Plate 2.

As before, the plate’s 'low' critical load was first located. This 

time, for all the tests, the plate was loaded well into the postbuckling 

range and the maximum applied load was several times (=4.4) the predicted 

critical load. The following results were obtained:

Examination of the load-deflection curves (figure 5.26) shows that the 

plate deflected almost as soon as the load was applied. Although there was 

no clearly defined buckling behaviour, the above critical loads were 

suggested from the strain gauges 4,10 (see fig. 5.5). The pair of gauges at 

the centre of the plate did not detect any buckling behaviour at all, for 

most of the tests.

The measured imperfection pattern (figure 5.5) suggested that plate 2 

was very imperfect.

After the first test, CP2WT1, large 'residual' strains (eg. gauges 1,7: 

141,85 jug & gauges 2,8: 6,-142 jue), as well as a central 'residual'

deflection of =0.1 w/h were recorded, indicating that the plate had not

Table 5.8
Composite Plate 2 - 'Low' Shear Critical Loads

Test N.xy cr
CP2WT1
CP2W1
CP2W2
CP2W3
CP2W4

+CP2W5

2250
1250
1400
1350
1350
1300

31.96
17.76
19.89
19.18
19.18 
18.47

19000
19000
19000
19000
19000
19000

Mean Pcr 1483 N Standard Deviation = 379 N

+ Note that the side pins were removed during that test
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returned to its original position after the end of the test. The readings 

overall suggested that the plate had assumed a deflected shape that was 

similar to the buckling mode; ie. 3 halfwaves in the compression direction 

and 1 halfwave in the tension direction of the applied shear load. This 

additional deflection affected greatly the buckling response of the plate, 

as it can be seen in table 5.8.

In general, much smaller 'residual' strains and 'residual' deflections 

were recorded after the remaining tests too, but the critical load did not 

appear to be affected. It is worth noting that after test CP2W3 the 

'residual' strains and the 'residual' central deflection(=0.06 w/h) were 

monitored and it was found that after one hour, all the readings had return 

to zero.

In figure 5.26 again, it can be seen that the response of the plate 

during CP2W5 was quite different from the rest of the tests. This is not 

really surprising, given that CP2W5 was performed without the side pins in 

the picture frame. This resulted in some reduction in the postbuckling 

stiffness of the plate.

When the applied shear direction was reversed, so that the 'high' shear 

critical load of the plate could be located, the plate displayed a more 

clearly identifiable buckling behaviour. The critical loads obtained can 

be seen in table 5.9.

Some representative load deflection curves can be seen in figure 5.27. 

As it can be seen in table 5.9, the critical loads fall into two groups. 

Overall for the above tests , the central 'residual' deflection and the 

'residual' strains were smaller than before, ie. than after test CP2WT1, 

but, certainly, additional deflection, aquired by the plate during testing, 

is the most likely explanation for the drop in critical load observed after
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Table 5.9

Composite Plate 2 High' Shear Critical Loads

Test P c r  ( N ) N.xy cr
CP2S1
CP2S2
CP2S3
CP2S4
CP2S5

3070
3250
3100
2350
2400

43.61 
46.16 
44.03 
33.38 
34.09

19000
19000
19000
19000
19000

CP2SF 2500 35.51

Mean Pcr 2778 N Standard Deviation = 404 N

the first three tests.

Typical strain distribution recorded at the centre of the plate can be 

seen in figures 5.28 and 5.29.

Modified Southwell plots for the above tests produced critical loads 

far too high to be realistic, probably because: a) a limited number of data 

points was available, b) the plate was possibly too imperfect for the 

Southwell Plot to be applicable.

Comparing two typical load-deflection curves, one from each of the 

different shear directions (figure 5.32), it can be seen that although when 

the compressive component of the applied shear load is acting along the 

weaker-in-bending stiffness diagonal of the plate, a lower critical load is 

obtained (ie. as in CP2WT1), once the plate is well into the postbuckling 

range, recovery in stiffness occurs.

Probably the most important point to note here is that although the 

buckling stiffness of plate 2 was unexpectedly low, once well into the 

postbuckling range its behaviour was very similar (figure 5.30) to plate 1. 

Note that, plate 2 was loaded to failure in the same way as plate 1, ie. 

with the compression component of the applied shear load acting along the 

diagonal of the plate with the greatest bending stiffness.
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Failure occurred at an applied load of 91700 N. If we examine 

again figure 5.30, ie. the load-deflection curves to failure for plates 1 & 

2 , it can be seen that although they both eventually failed at almost the 

same load, plate 2 has already sustained some damage, that has affected its 

stiffness at an applied load of *66000 N. This is also evident from the 

strain distribution at the centre of the plate (figure 5.31). So it would

appear as if plate 2 possibly was not of the same quality as plate 1.

Visual inspection after failure revealed that plate 2 was more damaged 

than plate 1, however the nature of the damage observed was very similar.

Most of the damage was evident on the (concave) negative face of the plate.

There, a =90 mm crack existed near the top loading corner. The crack was 

roughly along the direction of and just off the tension diagonal (see 

figure 5.33 ). A delamination starting from the lower loading corner and 

extending for =120 mm along the tension diagonal was also detected. At both 

the loading corners the picture frame had been digging into the plate. The 

resulting damage extended right through the thickness of the plate. No 

damage was observed at the other two corners of the plate.

Also some bearing damage was observed in some of the inside row of 

attachment holes, particularly near the loading corners.
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5.2.4 Test Results of Composite Plate 3.

Positive shear load was applied to start with, so that the 'high* shear 

critical load of the plate could be located. The following results were 

obtained :

Table 5.10
Composite Plate 3 - 'High' Shear Critical Loads 

Test Pcr (N) Nxy cr Pmax (N)

CP3S1 4900 69.60 19000
+CP3S2 4050 57.53 19000
CP3S3 4000 56.82 19000

+CP3S4 4050 57.53 19000
CP3S5 3600 51.14 19000

+CP3S6 3600 51.14 19000

Mean Pcr = 4033 N Standard Deviation = 475 N

+ Note that the side pins were removed during these tests.

The plate was loaded well into the postbuckling range. The maximum

applied load was k 3.2 times the predicted critical load, as in the

postbuckling tests on plate 1. After the first test a large 'residual1

central deflection =-0.2 w/h (figure 5.34) and large 'residual' strains

(eg. gauges 1,7: 113,104 /me and gauges 2,8:-66,-66 jue) were recorded. This 

was unlike what happened when testing plate 1. But similar observations 

were made while testing plate 2.

Afterwards a considerable drop in the critical load was observed. No 

'residual' deflections were recorded after the rest of the tests and the 

'residual' strains recorded were rather small. The critical loads obtained, 

after CP3S1, were fairly uniform.



140

Some representative load-deflection curves obtained are shown in figure 

5.35. It can be seen that during tests CP3S2 and CP3S4, that were carried 

out without the side pins, the plate sustained greater net deflections. In 

agreement with earlier results, this set of tests showed that the critical 

load is not significantly affected by the employment or not of side pins in 

the picture frame, unlike the postbuckling stiffness of the plate that 

appears to be reduced.

The strain distribution at the centre of the plate for tests CP3S2 and 

CP3S3 can be seen in figures 5.36 and 5.37.

The plate was then loaded under negative shear so that its ’low' 

critical load could be obtained. The results obtained can be seen in table

After the first test although no 'residual' deflection was recorded at 

the centre of the plate, some 'residual' strains were recorded (eg. gauges 

1,7: -31,-45 iue and gauges 2,8: 24,23 jze). A similar scatter, as for the 

'high' critical loads, was observed after the first test.

Typical load-deflection curves can be seen in figure 5.38. The strain

5.11

Table 5.11
Composite Plate 3 - 'Low' Shear Critical Loads

Test ecr (N) N.xy cr
CP3W1
CP3W2
CP3W3
CP3W4
CP3W5
CP3W6

4650
3750
3600
3400
4100
4000

66.05
53.27
51.14
48.29
58.24
56.82

19000
19000
19000
19000
19000
19000

CP3WF 3600 51.14

Mean Pcr 3870 N Standard Deviation = 420 N
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distribution at the centre of the plate for CP3W1 and CP3W3 can be seen in

figures 5.39 and 5.40.

The Modified Southwell plot was also applied to the load deflection 

data of the tests CP3S1 to CP3S6. The critical loads obtained were in fair 

agreement with the results presented in table 5.10. A typical plot can be 

seen in figure 5.41.

It is worth noting that this time the plate displayed, very nearly the 

same critical load for both directions of the applied shear load, (figure 

5.42). The predicted critical loads were 5986 N, 4299 N. Using the critical 

loads from CP3S1 and CP3W1, we have that the 'high* critical load was 

almost 18% down (4900/5986=0.82), while the ’low' critical load was 

increased by 8% (4650/4299=1.08). Again, this can be attributed to the

initial imperfection of the plate.

The results can be compared with those for plate 1 where the 'high' 

critical load was higher and the 'low' critical load lower than predicted. 

Although the measured imperfection patterns for the two plates appear to be 

'similar* (see figures 5.5, 5.6), careful examination reveals that they are 

not disposed in the same way with respect to the bending stiffnesses of the 

plates, which is why for plate 3 the imperfection had the 'reverse' effect 

on the critical loads. (See also at section 4.5.2).

Finally the plate was loaded to failure under negative shear load so 

that, unlike the tests on plates 1 and 2, this time the compression 

component of the applied shear load was acting along the diagonal of the 

plate with the lower bending stiffness.

In figure 5.43, the load-deflection curves to failure for plate 3 and 

plate 1 can be seen. Plate 3 also displayed considerable postbuckling
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strength. It failed at an applied load of 97600 N, approximately 8.5% 

higher than plate 1.

This time the failure was catastrophic. The crack appeared to have 

started at the lower loading corner of the plate and then progressed along 

the two adjoining edges of the plate, tearing them off. A photograph of the 

plate in the picture frame after failure is given in figure 5.45. The 

extent of the damage can be clearly seen in figure 5.46. Notice that the 

damage did not progress exactly along the edge of the plate, but at a short 

distance away from the (loading) corner, began to follow roughly the 

centreline of the inside row of the attachment holes. That suggested that 

possibly the effective line of clamping was not along the edge of the plate 

but along the centreline of the inside row of attachment bolts.

At the other loading corner there was damage caused by the frame 

digging into the plate. Also surface cracks and delaminations running along 

the tension diagonal of the negative (concave) face of the plate, similar 

to those observed during earlier tests, were also noted.

Possibly the fracture was the end result of the combination of the 

usual compressive failure, along the tension diagonal and near the loading 

corners, and of the damage caused by the frame digging into the plate.

From the strain distribution at the centre of the plate (figure 5.44) 

it can be seen that the plate appeared to have suffered some small damage 

at an applied load of approximately 63000 N. This was indicated by the 

small 'jump' in the recorded strain at that load. It was also suggested by 

the cracking noises noticed at that load level.
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5.2.5 Test Results of Composite Plate 4.

Positive shear load was applied initially, so that the ’high* shear 

critical load of the plate could be located. The following results were 

obtained :

For most of the tests, the plate was loaded well into the postbuckling 

range. The maximum applied load was =3.2 times the predicted critical load. 

Notice that again, after the first test a 'residual' central deflection 

=0.03 w/h and 'residual' strains (eg. gauges l,9:-24,-48 jue and gauges 

2,10: 40,29 fie) were recorded. For the following three tests a considerable 

drop in critical load was observed. During test CP4S5 a recovery in 

critical load occurred. Given that the last four tests were performed 

during another test session, the most likely explanation for the recovery 

is that the plate, in the mean time, must have settled back to its original 

position. Again after CP4S5 a similar drop in critical load was observed.

Typical load-deflection curves obtained can be seen in figure 5.47. The 

strain distribution at the centre of the plate for tests CP4S1 and CP4S2

Table 5.12
Composite Plate 4 - 'High' Shear Critical Loads

Test N.xy cr max (N)

CP4S1
CP4S2
CP4S3
CP4S4
CP4S5
CP4S6
CP4S7
CP4S8

3850
3000
3000
3000
3800
3300
3200
3200

54.69
42.61
42.61
42.61 
53.98 
46.87
45.45
45.45

19000
19000
19000
19000
19000
19000
5800
5800

Mean Pcr 3294 N Standard Deviation = 347 N
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can be seen in figures 5.49 and 5.50.

Then negative shear was applied, so that the 'low' shear critical load 

could be located. The following results were obtained.

Table 5.13
Composite Plate 4 - 'Low' Shear Critical Loads

Test Pcr (N) N̂xy cr ^max (^ ̂
CP4W1 2200 31.25 19000

+CP4W2 1000 14.20 19000
CP4W3 750 10.65 19000

+CP4W4 1000 14.20 19000
CP4W5 1500 21.31 19000

+CP4W6 1250 17.76 19000
CP4S7 1100 15.62 9000
CP4W8 1100 15.62 9000

CP4WF 1900 26.99

Mean Pcr = 1310 N Standard Deviation = 471

+ Note that the side pins were removed during these tests.

The maximum applied load was kept at the same level for

tests, but this meant that the plate was now loaded to =4

predicted critical load. After the first test a large 'residual* central 

deflection of =-0.33 w/h (figure 5.51) and 'residual' strains (eg. gauges 

1,9: 85,142 jue and gauges 2,10:-133,-12 fie) were recorded. And again a

large drop in critical load was observed for the tests that followed.

Typical load-deflection curves can be seen in figure 5.52. Note that

again the tests performed without the side pins resulted to increased net 

deflections, although overall the critical loads did not appear to be 

affected by the presence or not of the side pins in the picture frame.

The strain distribution at the centre of the plate for tests CP4W1 and
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CP4W2 can be seen in figures 5.53 and 5.54.

The critical loads obtained by applying the Modified Southwell plot to 

the load deflection data were in good agreement with the 'high' critical

loads (table 5.12), but not with the 'low' critical loads (table 5.13),

probably because the plate became too imperfect after the test, CP4W1, for

the Southwell plot to be applicable. Note that for the tests that followed 

(figure 5.52), the plate deflected almost as soon as the load was applied 

(see also section 5.1.5).

A comparison between typical load deflection curves for positive and 

negative shear load can be seen in figure 5.48. Note that the curve

corresponding to CP4W1 has been plotted as positive. Although the overall 

behaviour was again influenced by the imperfections, features similar to

the ones obtained from the plates tested earlier on can be observed. That 

is, when tested along its 'weak' shear direction (CP4W1), the plate buckled 

at a lower load and initially the central lateral deflection increased at a 

much faster rate. However, once well into the postbuckling range, recovery 

in stiffness was observed.

The fact that the critical load, for both shear directions, did not 

fall monotonically, reinforces the view that the observed drop was just the 

result of the plate settling inside the picture frame, and therefore

aquiring increased deflections during testing. If the plate had sustained 

any damage, the drop should have been monotonic.

Following from the above reasoning, it is the critical loads obtained 

from the first test on each shear direction, that will be used for 

comparison purposes. Even so, the critical loads were again well down on 

the predicted values of 5986 N and 4299 N. Again, the original

imperfection of the plate must be the cause of this.
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Finally the plate was loaded to failure under negative shear, as for 

plate 3, the compression component of the applied shear load being along 

the diagonal of the plate having the lower bending stiffness.

In figure 5.55, the load-deflection curves to failure for plate 4 and 

plate 1 can be seen. Note that the load-def lection curve of plate 4 has 

been plotted as positive for comparison purposes. Again considerable 

postbuckling strength was displayed. The plate failed at an applied load of 

99800 N, approximately 11% higher than plate 1.

This time the failure was not catastrophic. Visual examination revealed 

a surface crack =90 mm long, near the top loading corner and in the 

direction of and just off the tension diagonal (figure 5.57). In a similar 

position and orientation near the other loading corner a delamination =80 

mm long was identified (figure 5.58). That damage was only visible on the 

positive (concave) face of the plate. At both loading corners there was 

damage caused by the frame digging into the plate. No damage was evident at 

the other two corners of the plate.

Overall the damage was similar to that observed during the previous 

tests.

From the strain distribution at the centre of the plate (fig. 5.56), as 

well as the load deflection curve (fig. 5.55), it can be seen that the 

plate appeared to have suffered some small damage at an applied load of 

approximately 66500 N. This was indicated by the small 'jump' in the 

recorded strain and deflection at that load.
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5.2.6 Test Results of Composite Plate 5.

Plate 5 had a centrally located circular hole of diameter, d=9.525 mm. 

Negative shear load was applied initially, so that the 'low* shear critical 

load of the plate could be located. The following results were obtained :

Table 5.14
Composite Plate 5 - 'Low' Shear Critical Loads

Test

CP5WT1
CP5W1
CP5W2
CP5W3
CP5W4
CP5W5
CP5W6
CP5W7
CP5W8
CP5W9

Pcr (N)

2500
1700
1700
1400
1400
1700
1950
1700
1300
1300

NiNxy cr
35.51
24.15
24.15
19.86
19.86
24.15 
27.70
24.15
18.46
18.46

^raax
19000
19000
19000
19000
19000
19000
19000
19000
19000
19000

Mean Pcr = 1665 N Standard Deviation = 364 N

The plate was loaded well into the postbuckling range, to the same 

maximum applied load as the unholed plates. Again, after the first test a 

’residual' central deflection =0.08 w/h (figure 5.59) and 'residual' 

strains (eg. gauges 1,12: 14,10 fie and gauges 2,13:-17,-24 fie') were

recorded, indicating that the plate had not returned to its initial 

position. Examination of the 'residual' strain distribution suggested that 

the plate had assumed a deformed shape similar to the buckling mode, ie. 3 

halfwaves in the compression direction and 1 halfwave in the tension 

direction. In table 5.14, it can be seen that this resulted in a 

significant drop in critical load, for the tests that followed. Actually, 

central 'residual' deflections were recorded after several of the tests,
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ranging from =-0.03 w/h to =-0.05 w/h. This explains the considerable

scatter in the critical loads obtained.

Some representative load-deflection curves can be seen in fig. 5.60.

Subsequently positive shear load was applied, so that the 'high1 shear 

critical load of the plate could be located. The following results were 

obtained:

Composite Plate 5 -
Table 5.15 
'High' Shear Critical Loads

Test Per <N) N1Nxy cr Pmax
CP5ST1 4000 56.82 9000
CP5S1 3450 49.00 19000
CP5S2 2800 39.77 19000
CP5S3 2700 38.35 19000
CP5S4 2500 35.51 19000
CP5S5 3300 46.87 19000
CP5S6 3100 44.03 19000
CP5S7 3100 44.03 19000
CP5S8 2300 32.67 19000
CP5S9 2650 37.64 29000

CP5SF 1900 26.99

Mean Pcr = 2890 N Standard Deviation

After the first test, although no 'residual' central deflection was 

recorded, there were 'residual' strains, which suggested that the plate had 

not returned to its initial position. A drop in critical load was observed 

for the second test CP5S1 and, afterwards, the plate appeared to have 

aquired additional deformation, that resulted in a further drop in the 

critical load for the following three tests. During the next test session, 

some recovery was observed. The drop in critical load after tests CP5S7 and 

CP5S9 was again associated with additional deflection the plate had aquired 

during testing. After CP5S9 in particular the central 'residual' deflection
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was =0.1 w/h .

Typical load-def lection curves can be seen in fig. 5.61. Also the 

strain distribution, at the 'same' location, near the edge of the hole, 

highlighting the onset of buckling, under negative and positive shear load, 

can be seen in figures 5.62 and 5.63. The exact location of the strain 

gauges on the plate is given in figure 5.7.

A comparison of two typical load-deflection curves for negative and 

positive applied shear load is shown in figure 5.64. The salient features 

are similar to the ones observed already for the unholed laminates.

The critical loads obtained by applying the Modified Southwell plot to 

the load deflection data were in most cases, for both shear directions, 

considerably higher (upto =30%) than the critical loads suggested by the 

strain gauges (eg. see figure 5.65).

Finally the plate was loaded to failure under positive shear load, ie. 

with the compressive component of the applied shear load acting along the 

diagonal of the plate with the greatest bending stiffness.

For comparison purposes, the load-deflection curve to failure (figure 

5.66) has been plotted as positive. There it can be seen that although the 

plate eventually sustained a considerable load (=72650 N ) , it developed 

some damage at a much lower load level. The first signs of damage were 

noted at P=34000 N (or NXy=480). Further damage, accompanied by cracking 

noises, occurred at P=51000 N. Loading stopped at P=72650 N although 

collapse did not occur, as it was obvious that the plate was extensively 

damaged. These observations are also very well supported by the recorded 

strain distribution in the plate (eg. figures 5.67 & 5.68).

Visual inspection revealed a surface crack =60 mm long, extending from
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the top loading corner of the plate along the tension diagonal, on the 

positive (concave) face of the plate. Also a delamination was identified 

running from the lower loading corner, just off the tension diagonal, all 

the way to the centre of the plate (see figure 5.69). At the two loading 

corners there was damage caused by the frame digging into the plate. No 

damage could be identified at the other two loading corners. Also some 

damage was evident around the centrally located hole (see figure 5.70).

So, in spite of the presence of the hole at the centre of the plate the 

failure mode was similar to that observed for unholed plates, ie. 

compressive failure.



151

5.2.7 Test Results of Composite Plate 6.

Plate 6 had a centrally located circular hole of diameter, d=25.4 mm. 

Negative shear load was applied initially, so that the ’low’ shear critical 

load of the plate could be identified. The following results were obtained:

Table 5.16
Composite Plate 6 - 'Low* Shear Critical Loads

Test Per <N> NiNxy cr Pmax (N)
CP6T1 3450 49.00 4300
CP6T2 3000 42.61 4300
CP6T3 3000 42.61 4300
CP6T4 3000 42.61 4300
CP6T5 3000 42.61 4300

CP6W1 2450 34.80 4000
CP6W2 2550 36.22 4000
CP6W3 2600 36.93 4000
CP6W4 1900 26.99 4000
CP6W5 1950 27.70 4000
CP6W6 1900 26.99 4000
CP6W7 2600 36.93 14000
CP6W8 1900 26.99 14000
CP6W9 1900 26.99 14000

Mean Pcr = 2514 N Standard Deviation = 531 N

The above results are being presented in two groups, as for the first 

group a different experimental procedure, than the usual one, was followed.

In general, it was likely that after each test, due to the friction in 

the pins/linkage etc., that the plate/picture frame settled in a slightly

different position than the original one. To examine the effect of that on

the critical load, a group of tests was performed, tests CP6T1 to CP6T4,

for which the applied load was not completely removed at the end of the

test, leaving 1000 N still applied, in order to ensure that the plate 

remained in exactly the same position in the test rig for all the tests.
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The maximum applied load was kept to just over the critical load. It 

can be seen (table 5.16) that again there was a drop ( = 13%) in critical 

load after the first test CP6T1, but for the remaining tests, CP6T2 to 

CP6T5, the same critical load was obtained. Note that after CP6T4 the load 

was completely removed.

Another nine tests, in sets of three, were then performed, still under 

negative shear.

From table 5.16, it can be seen that further reduction in critical load 

was recorded. However the drop was not monotonic. As there was no evidence, 

such as 'residual' strains or 'residual' deflection (-with one exception, 

CP6W7-), to indicate that the plate had aquired any additional deflection, 

it seemed that the scatter in critical load was caused by the plate 

settling in the rig and/or, possibly, by the initial imperfection of the 

plate.

For the last three tests the plate was loaded well into the 

postbuckling range. The load-deflection curves can be seen in figure 5.71. 

After test CP6W7, a small 'residual' central deflection and 'residual' 

strains indicated that the plate had not quite returned to its initial 

position.

Overall the results were very interesting as they indicated that the 

critical load can be considerably affected by the way the plate/picture 

frame settled in the test rig.

Subsequently, positive shear load was applied, so that the 'high' shear

critical load of the plate could be located. The following results were

o btained:
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Table 5.17
Composite Plate 6 - ’High' Shear Critical Loads

Test Pcr <N) Nxy cr Pmax W
CP6S1 4400 62.50 5000
CP6S2 4350 61.79 5000
CP6S3 4300 61.08 5000
CP6S4 4250 60.37 5000
CP6S5 3500 49.71 5000
CP6S6 3559 50.42 5000
CP6S7 3600 51.14 9000
CP6S8 3650 51.85 9000
CP6S9 3700 52.56 9000
CP6S10 3700 52.56 9000
CP6S11 3800 53.98 9000
CP6S12 3850 54.69 14000
CP6S13 3700 52.56 14000
CP6S14 3700 52.56 14000

CP6SF 3900 55.40

Mean Pcr = 3863 N Standard Deviation

As it can be seen in table 5.17 the 'high' shear critical loads were 

quite consistent.

Typical load-def lection curves can be seen in figure 5.72 and a 

comparison of two typical load-deflection curves for negative and positive 

applied shear load is shown in figure 5.73. Again the main features were 

similar to the ones observed already in the previous tests.

Also, typical strain distribution, at the 'same' location, near the 

edge of the hole, for negative and positive shear load, can be seen in 

figures 5.74 and 5.75. The exact location of the strain gauges on the plate 

is given in figure 5.8.

Finally the plate was loaded to failure under positive shear load, ie. 

with the compressive component of the applied shear load acting along the 

diagonal of the plate with the greatest bending stiffness.



154

For comparison purposes, the load-deflection curve to failure (figure 

5.76) has been plotted as positive.

The plate suffered catastrophic failure at an applied load of =74000 N. 

From the recorded strain distribution in the plate (eg. figures 5.77 &

5.78), as well as the load-deflection curve to failure, it can be seen that 

the plate sustained some damage at =62000 N. That was also evident from the 

cracking noises that were noticed at that load level and until the ultimate 

load was reached.

The failure mode was different this time, as failure was dominated by 

the presence of the rather large hole. The plate failed in tension, with 

cracks initiating at the sides of the hole and extending all the way to the 

corners, along the compression diagonal (figures 5.79, 5.80, 5.81).

Visual inspection also revealed damage at the two loading corners 

caused by the frame digging into the plate. Extensive delamination and 

fibre pullout were also observed throughout the plate.
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5.2.8 Test Results of Composite Plate 7.

Plate 7 had a centrally located circular hole of diameter, d=38.1 mm. 

Negative shear load was applied initially, so that the 'low' shear critical 

load of the plate could be identified. The following results were obtained:

Table 5.18
Composite Plate 7 - 'Low1 Shear Critical Loads

Test

CP7WT1
CP7W1
CP7W2
CP7W3
CP7W4
CP7W5
CP7W6

Pcr (N)

2250
1800
1800
2300
2150
2150
2150

N* xy cr
31.96
25.57
25.57 
32.67
30.54
30.54
30.54

Pmax <N >
9000
9000
9000
9000
9000
9000
9000

Mean Pcr = 2086 N Standard Deviation = 204 N

After the first test, a central 'residual' deflection of =0.03 w/h and 

'residual* strains were recorded (eg. gauges 1,12 : 9,16 fxe and gauges 2,13 

: -37,-51 *xe), suggesting that the plate had not returned to its initial 

position. A drop in critical load was observed for the following two tests.

For the next test session, recovery in critical load was observed and 

the critical loads obtained were very consistent.

Typical load-deflection curves can be seen in figure 5.82.

Then, positive shear load was applied, so that the 'high' shear

critical load of the plate could be determined. The following results were

obtained:
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Table 5.19
Composite Plate 7 - 'High* Shear Critical Loads

Test Pcr (N) N1 xy cr ^max
CP7ST1 4100 58.24 14000
CP7S1 3200 45.45 14000
CP7S2 3150 44.74 14000
CP7S3 3450 49.00 14000
CP7S4 3450 49.00 14000
CP7S5 3450 49.00 14000
CP7S6 3350 47.58 14000

CP7SF 3600 51.14

Mean Pcr = 3469 N Standard Deviation

Again, after the first test, a central 'residual' deflection of =-0.03 

w/h and 'residual' strains were recorded (eg. gauges 3,14 :-89,-77 ju.e and 

gauges 4,15: 21,10 jue), indicating that the plate had aquired some

additional deflection and, afterwards, a drop in critical load was observed 

once again. After the first test the critical loads obtained were very 

consistent.

Typical load-deflection curves can be seen in figure 5.83.

In figure 5.84 two typical load-deflection curves for negative and 

positive applied shear load are compared. From the test results so far, it 

has been shown that the imperfection can have a very significant effect on 

the response of the plate, either enhancing or reducing the inherent 

anisotropy of the plate. The former seemed to have been the case here.

Typical strain distribution, at the 'same' location, near the edge of 

the hole, for negative and positive shear load, can be seen in figures 5.85 

and 5.86. The exact location of the strain gauges on the plate is given in 

figure 5.8.
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Finally the plate was loaded to failure under positive shear load, ie. 

with the compressive component of the applied shear load acting along the 

diagonal of the plate with the greatest bending stiffness.

The load-deflection curve to failure (figure 5.87), has been plotted as 

positive together with the curve obtained from plate 1. Note, though, that 

the position of the displacement transducer (see also section 5.1.8) was

quite different for the two tests. So the two curves are strictly not

comparable. They have been plotted together in order to comply with the 

presentation pattern used so far, as well as to illustrate the effect of 

the hole on the strength of the plate.

Loading was discontinued at an applied load of =58000 N as it was

evident that the plate was considerably damaged. From the strain 

distribution in the plate, eg. figures 5.88 & 5.89, it can be seen that the 

plate sustained some damage at =52000 N.

The failure mode was largely dominated by the presence of the large 

hole (tension failure). Visual inspection of the damaged plate revealed a 

=70 mm surface crack, on the positive (concave) face of the plate, 

extending roughly from the side of the hole and along the compression 

diagonal of the plate (figures 5.90, 5.91, 5.92). Extensive delamination

around the centre part of the plate, could also be seen in both faces.

But also evident was damage similar to that sustained by the unholed 

plates. At the two loading corners, the frame had been digging into the 

plate, causing ’right through’ cracks, that extended for a short distance 

along the tension diagonal. A delamination was located, on the positive 

(concave) face of the plate, extending from the lower loading corner and 

along the tension diagonal (figure 5.90 ).
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5.2.9 Test Results of Composite Plate 8.

Plate 8 had a centrally located circular hole of diameter, d=19.05 mm. 

Negative shear load was applied initially, so that the ’low' shear critical 

load of the plate could be identified. The following results were obtained:

Table 5.20
Composite Plate 8 - ’Low1 Shear Critical Loads

Test

CP8WT1
CP8W1
CP8W2
CP8W3
CP8W4
CP8W5
CP8W6

Pcr (N)

4400
3550
3500
3300
3400
3400
3350

N xy cr
62.50
50.42
49.71
46.87
48.29
48.29 
47.58

^max
14000
14000
14000
14000
14000
14000
14000

Mean Pcr = 3557 N Standard Deviation = 381 N

The drop in critical load after the first test, CP8WT1, was again 

related to additional deflection the plate aquired while being tested. The 

recorded central 'residual' deflection was =-0.05 w/h.

For the tests that followed, at the end of each test the plate appeared 

to return to its initial position and the critical loads obtained were very 

consistent.

Typical load-deflection curves can be seen in figure 5.93.

Subsequently positive shear load was applied, so that the 'high' shear

critical load of the plate could be located. The following results were

obtained:
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Table 5.21
Composite Plate 8 - 'High' Shear Critical Loads

Test Pcr (N) N.xy cr
CP8ST1
CP8S1
CP8S2
CP8S3
CP8S4
CP8S5
CP8S6

5300
5050
5000
4900
4900
4900
4900

75.28 
71.43 
71.02
69.60
69.60
69.60
69.60

14000
14000
14000
14000
14000
14000
14000

Mean Pcr 4993 N Standard Deviation = 148 N

A ’residual' central deflection of ssO.Ol w/h was recorded after the

first test and a small drop in critical load was observed afterwards.

Overall the critical loads obtained were very consistent.

Typical load-def lection curves can be seen in figure 5.94 . The plate

initially deflected positively but then the buckling mode was reversed and 

the plate deflected negatively, suggesting a complex imperfection pattern.

A comparison of two typical load-deflection curves for positive and

negative applied shear load is given in figure 5.99. The main features of 

the response were similar to these observed already from the other plates.

Typical strain distribution, at the 'same' location, near the edge of 

the hole, for negative and positive shear load, highlighting the onset of 

buckling, can be seen in figures 5.95 and 5.96. The exact location of the 

strain gauges on the plate is given in figure 5.7.

It was then decided to perform a few more tests under negative and

positive shear load, in such a way as to examine how 'repeated' loading

along the two shear directions, would affect the plate's response. The

following results were obtained:
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Table 5.22
Composite Plate 8 - ’Low* Shear Critical Loads

Test

CP8WW1
CP8WW2
CP8WW3

Pcr (N)

5300
4350
4350

Mean Pcr '= 4667 N

N1 xy cr
75.28
61.79
61.79

Pmax <N >
14000
14000
14000

Standard Deviation = 548 N

Table 5.23
Composite Plate 8 - ’High’ Shear Critical Loads

Test

CP8SS1
CP8SS2
CP8SS3

CP8SF

Mean P,

Pcr (N)

4000
3900
3900

4000 

= 3950 N

Nxy cr
56.82
55.40
55.40

56.82

Pmax <N >
14000
14000
14000

Standard Deviation = 58 N

Remarkably, the ’low* critical loads were now on average higher than 

the ’high* critical loads. By comparing the load-deflection curves obtained 

from these latter groups of tests with those obtained earlier, figures 5.97 

and 5.98, the difference in the plate's response can be clearly seen. These 

results verify the sensitivity of the critical load to the imperfection of 

the plate.

While re-positioning the plate in the rig, the plate may have settled 

in a somewhat different position inside the picture frame, thereby its 

imperfection pattern was slightly altered. Or, more likely, the 

plate/picture frame was placed in a slightly different position inside the 

test rig so that the load was not applied in exactly the same way as 

before, and this, coupled with the imperfection of the plate, produced the 

unexpected results.
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Finally the plate was loaded to failure under positive shear load, ie. 

with the compressive component of the applied shear load acting along the 

diagonal of the plate with the greatest bending stiffness.

Catastrophic failure occurred, at an applied load of s=69000 N. From the 

load-deflection curve to failure (figure 5.100), as well as the recorded 

strain distribution, eg. figures 5.101 and 5.102, no evidence could be seen 

of any damage developing in the plate.

The failure mode was dominated by the presence of the hole. The plate

failed in tension, tearing from the edge of the hole and along the

compression diagonal (figures 5.103, 5.104, 5.105). Extensive delamination 

and fibre pull-out were observed on both faces of the plate.

At the two loading corners, the frame had been digging into the plate

causing cracking right through the thickness. Also delaminations were 

observed on the positive (concave) face of the plate, extending from the 

loading corners along the tension diagonal. Similar damage was evident in 

all the plates and it seemed as if the delamination was initiated by the 

damage caused by the frame digging into the plate.
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5.2.10 Aluminium Alloy Plates.

In order to provide some experimental standard against which the 

laminated plates could be compared, it was decided that aluminium alloy 

plates should also be tested.

The results would also serve as an extra check on the ability of the 

computer code to accurately predict the behaviour of flat plates under 

inplane shear load.

5.2.11 Test Results of Aluminium Alloy Plates 1 and 2.

Several tests were performed on both plates, ie. AL1 and A L 2 , and the 

critical loads obtained are given in table 5.24.

As it can be seen in figure 5.9, only two back-to-back pairs of strain 

gauges were used.

The Modified Southwell Plot was applied to the load-deflection data and 

the critical loads obtained were in fair agreement with the values 

presented in table 5.24 and in particular with the results for AL2. For 

some tests on AL1, the Modified Southwell Plot resulted in considerably 

higher critical loads. This must be a consequence of experimental errors. 

Given that the lateral deflection readings were taken manually, it is 

likely that they contain more of "read off" error than the strain readings, 

that were recorded automatically.
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Table 5.24

Aluminium Alloy Plate 1 - Shear Critical Loads

Test Pcr (N) Nxy cr ^max

AL1E1
AL1E2

+AL1E4
AL1E5
AL1E6
AL1EF

4000
2500
2200
2050
2200
2050

15.41
9.63
8.47
7.90
8.47
7.90

19000
19000
19000
19000
7800

Mean Pcr = 2500 N 

Standard Deviation = 753 N 

+ Note that the side pins were removed during this test

Aluminium Alloy Plate 2 - Shear Critical Loads

Test Pcr (N) "xy cr ^max

AL2E1
"AL2E2
AL2E3
hAL2E4
AL2E5
hAL2E6
AL2EF

4000
2400
2200
2400
2500
2400
3000

15.41
9.24 
8.47
9.24 
9.63
9.24 

11.55

19000
19000
19000
19000
19000
19000

Mean Pcr = 2700 N

Standard Deviation = 624 N

Note that the side pins were removed during these tests.
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Consider more closely the experimental results from the tests on AL1. 

The loading and unloading curves, as well as the strain distribution for 

test AL1E1 are given in figures 5.106 and 5.107 respectively. Notice the 

change in the buckling mode starting to take place at a nondimensional 

applied load of N Xy=60, ie. at P=15.6 KN, and that the plate followed quite 

a different path while unloading.

More load-deflection curves can be seen in figure 5.108. Note, though, 

that after test AL1E1, the displacement transducer was slightly

repositioned and also note that AL1E4 was performed without the side pins.

For AL2, the load-def lection curves obtained can be seen in figures 

5.109 and 5.110. Notice that tests AL2E2/E4/E6 were carried out without the 

side pins in the picture frame. From the results obtained, after the very 

first test, it appears that the critical load is not really influenced by 

the employment or not of side pins in the picture frame. However, once well 

into the postbuckling range the plate's stiffness is considerably affected 

(see figure 5.110). The single test, AL1E4, performed without side pins on 

AL1 , showed similar response (fig. 5.108).

Overall, for both plates the response was very similar. The critical

load obtained from the first test was Pcr=4000 N, ie. reasonably near 

(+14.3%) to the predicted critical load of Pcr=3500 N. During the first 

test the plates were loaded well into the postbuckling range ( Pm ax^^cr 

=:5.0 ). Afterwards a large drop in critical load was observed. Obviously, 

during the first test, both plates sustained a major 'change' that affected 

their buckling response dramatically.

The likely explanations of what happened during the first test, to

cause such a large drop in the critical load of the plate are as follows.
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It is possible that the plate slipped inside the picture frame and when 

the load was removed it failed to return to its original position, so 

developing some imperfection. Further, it is also possible that the plate 

sustained some internal damage, ie. local yielding, since it was loaded at 

several times its critical load which would produce a certain reduction in 

the plate’s stiffness. These two effects would occur in combination.

Certainly there were indications after the first tests that the plates 

had not quite returned to their original position. For example ,after test 

AL1E1, although no 'residual' deflection was recorded, the 'residual' 

strains indicated that the plate had aquired some small positive 

deflection. After test AL2E1, a 'residual' deflection of =-0.04 w/h and 

'residual' strains were recorded, thereby indicating that the plate had 

developed some negative deflection. For both the above cases the aquired 

imperfection seemed to be simple out of plane bowing.

A computer study, presented in section 4.5.3, indicated that

imperfection from flatness can have quite a dramatic effect on the critical

load. A test run based on the measured imperfection of AL2 (see figure

5.9), resulted in a critical load of 2340 N. Although the computer results

did not follow closely the experimental observations, ie. the imperfection 

of AL2 considered, was measured before the start of the tests and yet the 

first critical load was higher than the predicted one, they highlighted the 

sensitivity of the critical load to imperfection.

The strain readings at the vicinity of the centre of the aluminium

alloy plates do not suggest that the stress level was high enough for the 

material to yield. However there is no strain data for the plate near the 

corners where most certainly stress concentrations exist 121 »122.

One thing to keep in mind is that the L72 aluminium plates were alclad.
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If yielding had occurred, in a highly stressed region of the plates, it 

would be the cladding that would have yielded first. If the cladding yields 

there is almost a 10% reduction of the effective elastic modulus of the 

material, from 72.4 GPa to 65.5 GPa. Again a computer study, taking into 

account the above considerations, showed that the drop in critical load is 

directly related to the drop in effective modulus of elasticity.

So it seems that the major reason for the observed drop in critical 

load, after the first test, was the additional imperfection the plates 

aquired after slipping inside the picture frame. If indeed the material had 

sustained limited yielding near the corners, this alone would only account 

for a relatively small drop in the observed critical load.

Finally both plates were loaded to failure. Again, although the actual 

critical loads for the two final tests were different, overall the response 

of both plates was very similar. From the load-deflection curves to failure 

(figure 5.111), as well as the strain distribution (figures 5.112 & 5.113), 

the change in buckling mode can be clearly seen. Initially, the buckling 

mode was 3 halfwaves in the compression direction and 1 halfwave in the 

tension direction, as for the composite plates. However, as the load was 

increased a higher buckling mode developed. That consisted of 5 halfwaves 

in the compression direction and 1 halfwave in the tension direction. It 

would seem that the changeover was considerably affected by the 

imperfections present. However once the higher mode was fully developed, 

both paths were identical.

Both plates displayed considerable postbuckling strength and failed at 

the same load.
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Table 5.25

Aluminium Alloy Plates - Ultimate Shear Loads

* P u l t  < N >

AL1 89300

AL2 88750

The failure mode was identical for both plates. In figure 5.114, the 

extent of the damage sustained by plate AL1 can be clearly seen. Notice the 

extensive yielding that has occurred. It is very obvious that there was a 

stress concentration at the corners of the plate near the loadind pins, as 

very large deformations can be seen at these locations. A close-up of the 

top loading corner of plate AL2 is given in fig. 5.115. It was there that 

the crack started and then propagated along the line of the inside row of 

bolts. Carefull examination of the plates, revealed that the inside rows of 

attachment holes, had sustained considerable bearing damage as compared to 

the outside rows of attachment holes.

This observation coupled with the nature of the failure, as described 

above, indicates that the effective line of clamping might not be at the 

edge of the plate, but possibly along the centreline of the inside row of 

the attachment holes.
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5.2.12 Test Results of Aluminium Alloy Plate 3.

In order to examine the effect of the maximum applied load on the 

critical load of the aluminium alloy plates, it was decided that a further 

short series of tests would be performed on a third plate, AL3.

For this plate no measurements of the imperfection pattern were made, 

before the start of the tests.

The strain gauge arrangement was as for the other two aluminium alloy 

plates. (With the difference that channels 3 & A were now on the positive 

face of the plate.)

The results obtained can be seen in table 5.26.

Table 5.26

Aluminium Alloy Plate 3 - Shear Critical Loads

Test Pcr (N) "xy cr ^max

AL3E1
AL3E2
AL3E3
AL3E4
AL3E5
AL3E6

3500
3350
3200
3300
2100

2100

13. A8 
12.90 
12.33 
12.71
8.09
8.09

A800
A800
4800

19000
19000
19000

Mean Pcr = 2925 N 

Standard Deviation = 646 N
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For the first three tests care was taken not to load the plate much 

beyond its critical load. No •residual' strains or 'residual' deflection 

were recorded after these tests.

For the fourth test the plate was loaded well into the postbuckling 

range, as before, Pmax= 19000 N. After unloading, 'residual' strains and a 

'residual' central deflection of =s0.04 w/h were recorded, indicating that 

the plate had not quite returned to its original position.

As can be seen in table 5.26, very consistent critical loads were 

obtained, that were actually very close to the theoretical prediction of 

Pcr=3500 N. For these four tests the mean critical load was 3338 N and the 

standard deviation was 125 N.

Maintaining the Pmax=19000 N, a further two tests were performed. 

Again, a large drop in critical load was observed.

The load-deflection curves for AL3E1/E2/E3/E4 are given in figure

5.116. As can be seen, the curves are almost identical. Then, in figure

5.117, the load-deflection curves for AL3E4/E5/E6 are given. Notice the 

change in the plate's response after it was loaded to Pmax=19000 N.

The above results agree very well with earlier observations and 

highlight the sensitivity of the arrangement to "overloading", that can 

cause the plate to slip slightly inside the picture frame and hence aquire 

some additional deflection that, in turn, affects the critical load very 

much.
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5.3 Discussion.

5.3.1 Overview of the Scatter in Critical Loads.

As has been shown in the previous sections, the experimentally obtained 

critical loads displayed considerable scatter. Several possible causes were 

considered and examined while testing the plates. These included a) the 

imperfection from flatness, b) problems relating to the alignment of the 

picture frame/plate inside the test rig, c) strain gauge performance, d) 

data aquisition system reliability . The analysis of the experimental 

results was made difficult by the fact that the critical loads were rather 

low and so were the corresponding strains at buckling. The problems 

inherent in measuring accurately very low strains, particularly in 

composites, are well known.

It was eventually concluded that the observed scatter was due to the 

following reasons.

Firstly, the imperfection from flatness. For such slender laminates 

(b/hs=240), it was expected that the critical loads would be considerably 

influenced by imperfections. For that reason, the imperfection patterns of 

the plates were measured before testing commenced.

The experimental results, as well as a computer study presented in 

section 4.5, confirmed that the critical load was very sensitive to 

imperfections and could be significantly reduced from the predicted value 

for a perfect plate.
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Secondly, although not realised early enough while testing, the major 

cause for the large scatter in critical load must have been that the 

clamping was not the same for all the plates. That resulted in the plate 

slipping inside the picture frame, while being tested, and hence failing to 

return to its initial position once the load was removed. This additional 

deflection, imperfection, caused a drop in critical load for the next test.

The magnitude of the maximum applied load for each test was certainly 

important with respect to the plate slipping inside the picture frame, but 

the variation in the clamping effectiveness was the more important factor. 

At times, even when the maximum applied load was kept at a level only

slightly above the plate’s critical load, the experimental observations 

suggested that slipping must have occurred. While on other occasions 

similar loading conditions resulted in no slipping and consistent response.

Occasionally, given time, the plate would eventually return to its 

initial position and then a recovery in critical load would be observed.

A further source of scatter, even when the clamping was effective and 

the maximum applied load was not high enough to cause the plate to slip, 

could have been the friction in the pins, linkage etc., causing the plate 

to settle in a slightly different position than the initial one. That,

coupled with the imperfection pattern of the plate, caused the response of 

the plate during the next test to be somewhat different. However, the

effect of this friction effect on the critical load, although far from

negligible, was less significant than the effect of the plate slipping 

inside the picture frame.
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5.3.2 Theoretical and Experimental Critical Loads.

Given the large scatter in the critical loads obtained in most tests 

and the causes of it, as discussed in the previous section(s), the results 

that were representative of each plate had to be carefully selected.

For composite plate 1, given the large number of tests performed, the 

overall mean should provide a fair representation of the plate’s response. 

For the remaining tests however, since, in most cases, there was a large 

drop in critical load after the first test, due to the plate slipping 

inside the picture frame, it was felt that the first test for each shear 

direction provided a better indication of the plate's response. Also, note 

that for composite plate 8, since two sets of tests were performed on each 

shear direction, the average of the first two tests for each shear 

direction has been used for comparison purposes.

Following from the above reasoning, the experimental critical loads of 

all the plates can be seen in table 5.27 (p.181).

The same results, normalised by the theoretically predicted critical 

loads are presented in figure 5.118. Note that the theoretical critical 

loads were calculated using m=n=9 terms in the approximating series. The 

overall scatter in the critical loads of the composite plates can be 

clearly seen. Certainly, the main reason for this difference between theory 

and experiment, must have been the imperfection from flatness of the 

plates. Of the unholed laminates, it was plate 2, followed closely by plate 

4, that displayed critical loads much smaller than expected. If the 

measured imperfection patterns of all the plates are examined, figures 5.5
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to 5.8, it can be seen that plates 2 and 4 were considerably worse than the 

rest of the plates.

In figure 5.118, it can also be seen that the buckling response of the 

aluminium plates was very consistent and the critical loads were very close 

to the predicted values.

Now consider the results obtained from the laminates with the centrally 

located hole. From figure 5.119, where the experimental critical loads, 

normalised by the theoretical critical loads of an unholed plate, were 

plotted against the ratio of hole diameter to plate width, it can be seen 

that the critical loads were affected by the presence of the hole, as the 

critical loads appeared to be falling with increasing hole diameter. 

However the effect of the hole has been somewhat obscured by the presence 

of the imperfections, that, for example, have resulted in plate 5, with the 

smallest diameter hole, having rather low critical loads for both shear 

directions, as compared to the remaining holed plates. Also, note that the 

drop in critical load, even for the largest diameter hole considered 

(d/b=0.15) was not greater than the drop in critical load due to 

imperfections alone for an unholed laminate.

Finally, in figure 5.120, the experimentally obtained critical loads, 

normalised by the weight of each plate, are presented. It can be seen that, 

regardless of the scatter observed in the critical loads of the composite 

plates, when the weight is taken into consideration, their buckling 

performance, compares very well with that of the aluminium plates.
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5.3.3 Theoretical and Experimental Postbuckling Stiffness.

As shown in section 4.3, the postbuckling stiffness of generally 

layered laminates under uniform shear load, as predicted by the current 

formulation is in good agreement with numerical results published in the 

literature.

The agreement, however, between the theoretical predictions and the 

current experimental results in the postbuckling range is not satisfactory.

A few typical examples of how the predicted and actual load deflection 

curves compare, are given in figures 5.123 to 5.125, for composite plates 2 

and 3 and aluminium alloy plate 2, respectively. It can be seen that the 

theoretical model greatly underestimates the postbuckling stiffness of the 

laminated, as well as the isotropic, plates. Note that the postbuckling 

response of the latter is further complicated by a change in buckling mode 

(see also section 5.2.11, p.166).

Differences in the early part of the load deflection curves, following 

from the findings of section 4.5, are mainly due to initial imperfections. 

Prediction of the change in buckling mode very much depends on the number 

of terms employed in the series solution; higher, more complex modes 

require more terms. But, as the evaluation of the convergence of the series 

solution has shown (section 4.3), this is not the reason for the large 

difference between the predicted and actual postbuckling stiffness.

The main reason for the observed discrepancy must be that the boundary 

conditions employed in the theoretical model, do not exactly represent the 

actual boundary conditions of the plates tested.
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As shown in section 2.5, the theoretical model was formulated with 

edges free to wave inplane. No restrictions were imposed on the inplane 

displacements u and v and the plates were assumed to be under uniform shear 

load right through the loading range examined. This was the end result of 

setting up the governing equations in terms of a stress function and the 

lateral deflection instead of the displacements.

However, the picture frame fixture used in the experiments must have 

greatly, if not completely, restricted the inplane movements along the 

boundaries thus imposing rigidly clamped edges. Therefore in reality the 

plates experienced uniform shear strain rather than uniform shear stress.

For applied loads below and not much beyond the buckling load, the 

shear stress distribution along the boundaries must have been fairly

uniform. But well into the postbuckling range this was probably not the 

case. Indeed Agarwal 53, who studied the postbuckling of composite shear

webs, has presented numerical results, based on the MSC/NASTRAN finite

element code, that justify the above statement.

Furthermore, as Stein S7 has pointed out, the inplane boundary 

conditions are very important for a plate loaded in shear in the 

postbuckling range, as the plate tends to shorten and hence any inplane 

restrictions, such as those imposed by the heavy fittings of the picture 

frame used in testing, would cause large longitudinal and transverse 

tensile stresses to develop and hence greatly stiffen the plate.

By not restricting the inplane boundary displacements, but indeed 

allowing the edges to wave, these stiffening tensile stresses must be 

greatly underestimated by the theoretical model and so, also, is the

postbuckling stiffness of the plates.
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Another relevant consideration are the material properties used in the 

analysis. As mentioned earlier, the laminates were assumed to behave in a 

linearly elastic manner.

Kretsis 124 tested 913C-XAS specimens and found that their stiffness 

varied with loading. For a unidirectional specimen, the tensile modulus 

increased almost linearly with strain, while the compressive modulus 

dropped nonlinearly with strain. For example, at 1% strain the tensile 

modulus was up by = 15% while the compressive modulus dropped by =23%. 

However, for a quasi-isotropic (+45,90,-45,0)2S specimen, at the same 

strain level, the corresponding figures were much smaller, namely =+2% and 

=-9% respectively.

Therefore it seems that the material nonlinearity of the 913C-XAS would 

not affect significantly the response of the quasi-isotropic laminates 

tested.

5.3.4 Failure Loads and Modes.

Two of the four unholed laminates, ie. plates 1 & 2, were loaded to

failure with the compressive component of the applied shear load acting 

along the diagonal having the greater bending stiffness, while, for the 

other two, ie. plates 3 & 4, the direction of the applied shear load was 

reversed so that the compressive component of the applied shear load was 

then acting along the diagonal having the smaller bending stiffness.

As discussed in section 2.7, the former case would result in higher 

critical loads than the latter, since, for the former, the compressive 

component of the applied shear load would be resisted by the stiffer-in-
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bending diagonal of the plate. However, the ultimate strengths would 

probably be the other way around, ie. lower for the former shear loading 

case and higher for the latter.

The experimental failure loads of the unholed laminates were very 

consistent. The average failure load of plates 1 & 2 was 90750 N, while of 

plates 3 & 4 it was 98700 N. As expected the latter shear loading direction 

resulted in higher strengths. However, the overall effect of the shear 

direction on the ultimate strength was much less than on the critical load. 

The experimentally recorded difference in ultimate strength, between the 

two shear directions, was approximately =10% (98700/90750=1.09), while for 

the critical load, with a theoretically predicted difference of 

approximately =40% (5986/4299=1.39), the experimental ratio varied

considerably, depending on the imperfections.

Given that the difference in bending stiffness along the two diagonals 

of the plate was substantial (=60%) , the fact that strengths for the two 

shear directions were only different by 10%, suggested that failure was 

greatly influenced by the inplane stiffness, that was the same in all 

directions.

The failure modes were consistent too. The unholed laminates failed in 

compression and the failure was mainly identified as a crack near the 

loading corners and along the tension diagonal. The limited strain data 

that was recorded near the corners, suggested that failure initiated in the 

concave 'half' of the plate and in the layer where the compression 

component of the applied shear load was acting in the direction of the 

fibres. Remember the lay-up was (90,-45,+45,0)s , so for positive shear 

load, as for plates 1 & 2, failure occurred in the -45 layer. Conversely, 

for negative shear load, as for plates 3 & 4, failure occurred in the +45



178

layer.

Analysis of the recorded strain data suggested that, at failure, the 

compressive strain along the fibres, in the afore mentioned layer, had 

reached its ultimate design value, ie. Xec= (-)8500 p e .

Only plate 3 failed in a manner somewhat similar to that of isotropic 

plates in shear, ie. tearing along the edges, but in that case too, signs 

of the compressive failure were clearly evident and the fracture appeared 

to have initiated as a compressive failure.

All the plates with the centrally located hole were tested to failure 

with the compressive component of the applied shear load acting along the 

diagonal with the greater bending stiffness, since it had been shown from 

the results for the unholed plates, that this loading arrangement resulted 

in slightly reduced strengths.

The damage observed on plate 5 was similar to that of the unholed 

plates, with additionally, some limited damage around the hole. For the 

remaining three plates the failure was dominated by the presence of the 

hole, as they failed in tension with cracks extending from the side of the 

hole, in direction normal to that of the tensile component of the applied 

shear load. The failure was most likely initiated as a transverse tensile 

failure. The recorded transverse tensile strains at failure were 

approximately 7500-8000 jue, ie. greater than the ultimate design strain, 

Yet= 5700 p e .

Daniel et al123, who studied the tensile failure of composite plates 

with circular inclusions, using a finite element approach, have reported 

strain levels around the hole at failure, much higher than the failure 

strain for an unnotched specimen. This was attributed to the nonlinearity 

and nonuniformity of strain distribution and the steep gradient near the
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hole which confined the high strains to a small volume of material.

Other common features of the damage sustained by the plates were that 

at the loading corners, the picture frame had been digging into the 

surfaces causing local cracking and initiating a delamination that extended 

along the tension diagonal in the concave face of the plate.

The experimental failure loads of the holed laminates displayed some 

scatter, however the overall effect of the hole was to considerably reduce 

the strength of the laminates. The strength appeared to be falling with 

increasing hole diameter (fig. 5.121), although the ultimate load of plate 

6 appeared to be somewhat higher than expected.

The response of the two aluminium plates was again very consistent. 

They both showed considerable postbuckling strength and failed in the same 

way, at the same load. The damage appeared to have been caused by the 

stress concentration at the loading corner. The crack started there and 

progressed along the centreline of the inside row of the attachment holes, 

tearing off the two adjoing edges of the plate.

Post test data analysis showed that most of the laminates appeared to 

have suffered some 'limited' damage before the failure load was reached. 

The failure loads and the damage loads of all the plates are summarised in 

table 5.28. By a comparison of tables 5.27 and 5.28, it can be clearly seen 

that the composite plates showed remarkable postbuckling strength. The 

ultimate loads were many times the corresponding critical loads. Even if 

the critical loads are compared to the damage loads, the postbuckling 

strength of the plates was still quite considerable.

The above observations are also well depicted in figure 5.122, where 

the critical loads as well as the ultimate loads were normalised by the 

weight of the plate. There it can be clearly seen that when weight is taken
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into consideration, the composite plates, including the holed specimens 

considered, compare very well with the aluminium plates in postbuckling 

strength. Note that the specific strength of the aluminium plates was well 

below the specific strength of the unholed composite plates.
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Table 5.27 

Experimental Critical Loads, Pcr (N)

913C-XAS Central Hole 'High'

Plate No. Diameter(mm)

1 - 6890

2 - 3070

3 - 4900

4 - 3850

5 9.525 4000

8 19.05 4650

6 25.40 4400

7 38.10 4100

Aluminium

Alloy 

Plate No.

AL1 - 4000

AL2 - 4000

AL3 - 3500

Theoretical Critical Loads, Pcr (N) 

’High* 'Low'

913C-XAS 5986 4299

Aluminium Alloy 3474 3474

' Low'

3200

2250

4650

2200
2500

4850

3450

2250

4000

4000

3500
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Table 5.28

Experimental Failure Loads, Pu it

913C-XAS 

Plate No. 

1 

2

3

4

5 

8

6 

7

Aluminium 

A1 loy 

Plate No. 

AL1 

AL2

Central Hole 

Diameter (mm)
ult (N) damg (N)

9.525 

19.05 

25.40 

38.10

89800

91700

97600**

99800**

726504*

69000

74250

57700+

89300

88750

66000

63000

66500

34000

62000

52000

The plates were extensively damaged so no further loading was applied.

** These two plates only, were loaded to failure, with the compressive 

component of the applied shear load acting along the diagonal of the plate 

with the lower bending stiffness.
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5.3.5 Conclusions.

1) The shear critical loads of the laminates appeared to be very sensitive 

to imperfections. The imperfection could either enhance or reduce the 

inherent anisotropy of the laminates.

2) The buckling response of the aluminium plates tested, was more 

consistent than that of the laminates. However when weight is taken into 

consideration the buckling performance of the laminates is superior.

3) Repeated loading of the laminates, to load levels considerably greater 

than their critical load, did not result in any reduction in their 

postbuckling stiffness.

4) The laminates diplayed remarkable postbuckling strength. In particular, 

when weight is taken into account their postbuckling strength is greater 

than that of the aluminium plates.

5) The presence of the centrally located hole appeared to cause a 

reduction in the shear buckling loads and, for all but the smallest 

diameter hole examined (d/b=0.0375), it altered the failure mode from 

compression to tension and significantly reduced the strength of the 

laminates.

6) The shear direction influenced greatly the buckling load of the 

laminates, but its effect on the ultimate load was rather limited.

7) Testing the plates without "side pins" in the picture frame, resulted 

in increased net deflections, once the plate was loaded well into the 

postbuckling range. The critical loads, however, did not appear to be 

affected.
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Chapter 6: Conclusions

A twofold stability investigation of advanced composite plates has been 

presented.

Initially, a theoretical analysis of generally layered, thin, flat, 

rectangular laminates, with clamped edges, under uniform shear load, 

compression and combined inplane loading was performed. The effects of a 

fairly extensive range of parameters, namely, fibre orientation, lay-up, 

aspect ratio, number of layers, material properties and initial geometric 

imperfections, were examined.

Subsequently, the shear stability of square, quasi-isotropic, 913C-XAS 

laminates, with and without centrally located circular holes, was examined 

experimentally.

The main conclusions from the above investigations are summarised 

below.

6.1 Conclusions from the Theoretical Analysis.

1) Due to the directional nature of the stiffness of laminated composite 

plates, the direction of the applied shear load had a significant effect on 

their buckling and postbuckling response. Reversal of the shear direction 

could result in very different magnitudes of buckling loads and very 

different postbuckling paths.

The stiffer response was obtained when the tension component of the
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applied shear load was acting along the weaker-in-bending stiffness 

diagonal of the laminate.

Only the response of antisymmetric and orthotropic laminates was 

independent of the shear direction.

The more anisotropic the laminate, either due to lay-up or because of 

the material properties (ie. high E j/E2 ratio), the more significant was 

the shear direction.

2) The response of the laminates was very sensitive to lay-up.

Under shear load, unidirectional off-axis lay-ups (+0,+0)2g, where 

O<0<9O, resulted in the most anisotropic response. The response of 

symmetric angle plies (+9,-0)2s was overall much better and considerably 

less anisotropic. The response of antisymmetric laminates (+0,-0) A was 

somewhat below, but not too different from, the orthotropic case.

Under compression, the response of (+9,-0)2S and (+9,-0)^ was very 

similar and overall much superior than that of unidirectional off-axis 

laminates.

In general, as the number of ±0 layers in a laminate increased, while 

all other variables remained fixed, its performance improved, ie. stiffer 

response was observed and the orthotropic solution was approached.

Antisymmetric angle plies, particularly under shear load, approached 

the orthotropic solution much quicker than their symmetric counterparts. 

Indeed, unless a large number of layers is used, symmetric angle plies can 

not be analysed as orthotropic. Therefore the effect of the bending- 

twisting stiffnesses D 16,D26 appears to be more dominant than that of the 

nonzero coupling stiffnesses B^j.

Laminates with generally unsymmetric lay-ups displayed inferior
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performance than laminates identical in all respects but with a symmetric 

lay-up.

3) Fibre orientation also influenced greatly the response of the 

laminates.

Optimum fibre orientations varied with the type of loadings bhe plate 

geometry and the lay-up. For example, consider a square laminate under

shear load. Given that a symmetric angle ply lay-up is employed, then 0=45 

is the optimum orientation. If, however, the plate’s aspect ratio is 

increased then the optimum orientation shifts towards 0=60.

4) The effects of aspect ratios, within the range of 0.5<\< 2.0, were also 

examined.

Overall it was observed that an increase in aspect ratio resulted in a 

reduction in buckling and postbuckling stiffness of a laminate. However,

different lay-ups showed different sensitivity to aspect ratio.

The results suggested that further increase in aspect ratio, ie. beyond 

\=2.0, would only have a very limited effect on the response of the

laminates.

5) The comparison of several different composite material systems, namely, 

graphite epoxy, boron epoxy, glass epoxy, 913C-XAS and APC2, showed that 

the qualitative response of a laminate did not change for different 

materials. However, the higher the ratio, the more anisotropic was

the response of a laminate.

Shear modulus had a considerable effect on the postbuckling stiffness 

of a laminate, although it did not appear to affect greatly the buckling
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response.

6) For combined shear and uniaxial or biaxial compressive loading of 

unidirectional off-axis laminates, symmetric angle plies and generally 

unsymmetric laminates, it was found that when the shear load was applied so 

that its tension component was acting along the weaker-in-bending stiffness 

diagonal of the laminate, it would stabilise the laminate against 

compression.

This stiffening was more pronounced for the more anisotropic of the

laminates and disappeared quickly as the number of ±0 layers increased.

The effects of the stiffening were evident right through the range of 

postbuckling deflections considered.

No stiffening was observed for antisymmetric or orthotropic laminates, 

where, as for isotropic plates, the application of combined loading always 

had a destabilising effect.

7) The theoretical analysis showed that initial geometric imperfections

can greatly reduce the shear buckling load of thin laminates. The effects 

of imperfections are very pronounced in the vicinity of the bifurcation 

load, but limited once well into the postbuckling range.

The amplitude, as well as the pattern, of the imperfections is

significant. Patterns that resemble the prevailing buckling mode can 

greatly reduce the buckling performance of the laminate, while certain

imperfection patterns, by affecting the buckling mode, can in fact 

'stiffen' the laminate.

Also, the higher the EJ/E2 ratio of the material, the more sensitive 

the laminate appeared to be to a given imperfection.
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6.2 Conclusions from the Experimental Work.

1) The buckling response of the laminates tested, was greatly influenced 

by initial imperfections and was not as consistent as that of the aluminium 

alloy plates. In spite of that, their specific buckling stiffness was, 

overall, superior to that of their isotropic counterparts.

2) No reduction in the postbuckling stiffness of the laminates was 

observed after several loading cycles, during which they sustained loads 

considerably greater than their buckling loads.

3) All the laminates tested displayed significant postbuckling strength 

and indeed their specific strength was superior to that of the aluminium 

alloy plates.

A) The experimental results showed that the shear direction affects 

greatly the buckling load of the laminates, but has not so much affect on 

the ultimate load.

5) The centrally located circular holes appeared to reduce the buckling 

stiffness of the laminates. Note, however, that the drop in buckling load, 

even for the largest diameter hole considered (d/b=0.15) was not greater 

than the drop in buckling load due to imperfections alone for a laminate 

without a hole.
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6) The failure loads and modes of the unholed laminates were very 

consistent. Unlike thin isotropic plates which, under shear load, fail by 

tearing along the edges, the laminates failed in compression and the 

failure was mainly identified as a crack near the loading corners ancj along 

the tension diagonal.

The presence of a centrally located hole considerably reduced the 

strength of the laminates and, for all but the smallest diameter hole 

examined (d/b=0.0375), altered the failure mode from compressive to tensile 

failure, with cracks extending from the edge of the hole and in a direction 

normal to that of the tensile component of the applied shear load. This 

latter failure mode is similar to that of thin, holed, isotropic plates 

under shear load.

7) Analysis of the recorded strain data, suggested that the maximum strain 

criterion could successfully predict the onset of failure, particularly of 

the unholed laminates, where the compressive strain along the fibres at 

failure had reached its ultimate design value.

Note, that for the holed laminates, the transverse tensile strain 

recorded around the hole at failure was much higher than the ultimate 

design strain.
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6.3 Concluding Remarks.

There are many features that complicate the analysis of advanced 

composite laminated plates, namely, nonlinear material properties, 

transverse shear deformation effects, hygrothermal effects and localised 

defects such as delaminations and cutouts, that were not included in the 

theoretical model. However, within the limitations specified in chapter 2, 

enough generality was retained to have enabled an accurate stability 

analysis of laminates, such as those without cutouts, tested in the 

experimental part of the project.

The experimental shear buckling loads of the quasi-isotropic laminates 

showed considerable scatter. Experimental observations and the theoretical 

results from section 4.5, indicated that the cause of that scatter must 

have been the initial geometric imperfections of the laminates.

In spite of the scatter, it appeared that the shear buckling response 

of the plates tested could be adequately predicted by the theoretical 

model. However, the postbuckling stiffness of all the plates was greatly 

underestimated.

Although this problem was not resolved, based on relevant published 

work 57>53 it has been argued, in section 5.3.3, that the main cause of the 

discrepancy must have been that the inplane boundary conditions employed in 

the theoretical model, ie. edges free to wave inplane under uniform shear 

load, did not accurately represent the actual boundary conditions. The 

heavy ’picture frame', used in the shear testing, must have imposed 

boundary conditions more akin to immovable edges.
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Considering the remarkable postbuckling strength displayed by the 

laminates and the significant underestimation of their postbuckling 

stiffness, it would be not only of academic interest but also of practical

importance to clarify this particular problem.

The underestimation of the predicted postbuckling stiffness meant that 

stresses and strains were underestimated too, so it was not possible to

evaluate the several different failure criteria, usually employed in the

strength analysis of laminated plates.

Recent theoretical work in the field of stability of composite plates 

appears to be directed towards the so called 'higher order1 theories, which 

should enable a more accurate analysis of thick laminates without the 

complexity and cost of having to employ full three dimensional theory of 

elasticity.

The analysis of stiffened laminates and, indeed, of most of the 

complicating features mentioned at the start of this section, have received 

some attention, but certainly much more work needs to be done.

More importantly, much more experimental verification of theoretical 

results is needed.
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Appendix 1

Boundary Conditions for Unsymmetric Laminates.

The governing partial differential equations of thin unsymmetric 

laminates form an eighth order system (see sections 3.2, 2.5). To define

the stability problem mathematically four boundary conditions need to be 

specified on each side of the plate.

So, for simply supported edges, employing the usual transverse 

conditions, that is, zero transverse deflection, w, and zero bending 

moment, Mĵ , and depending on the inplane conditions employed, the following 

four combinations of simply supported boundaries are possible 59 :

SI :: w C
SII = un = Ut = 0

S2 : w = Mn IICZII U t = 0
S3 : w SE?II II c p II Nnt = 0
S4 :: w = M 1 n II S3 P II Nnt = 0

Similarly, for clamped edges, where the transverse conditions are zero 

transverse deflection, w, and zero slope, w,n , the boundary conditions are:

Cl :: w = w,n = un II c rt = 0
C2 :: w = w,n = Nn = ut = 0
C3 ;: w = w,n = un = Nnt = 0
C4 ;: w = w,n = Nn = Nnt = 0

where the subscripts n and t denote the directions normal and tangential to 

the boundary, respectively; uR and ut denote displacements in the relevant 

directions, and Nn and Nnt the inplane normal and shear stress resultants.
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Appendix 2

Incorporation of the Measured Imperfection in the Analysis

In order to use the measured imperfection pattern as part of the input 

data, for the analysis of a plate, the data had to be in a form compatible 

with the rest of the mathematical model.

It was assumed that the measured imperfection pattern could be 

described by the series :

3 3

W0(c,n)  =JLi s L  w o r s  X r ( c )  Y s ( n )  ( A 2 . 1 )

where

Xr(c) = coshPrc - cosf3rt - y v (sinhprc - sin£rc)

(A2.2)

Ys(n) = cosh/3sn - cos|3sn - y s (sinhpsn - sin/3sn) 

and y  ̂ = (cosh£^ - cos/3^)/(sinh/3.£ - sin/3^) (A2.3)

where i=r,s

This is the same type of series as that used to describe the deflected 

surface of the buckled plate (see section 2.5). Note that, all plates with 

initial imperfections were analysed employing m=n=3 terms in the series.

The coefficients, W 0rs (r,s=l,2,3), had to be calculated, so that the
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measured imperfection could be accurately described by the series. So, data 

from only nine locations in the plate was required.

The following nondimensional locations (c»r\), were employed :

(0.25,0.25)

(0.50,0.25)

(0.75,0.25)

(0.25,0.50)

(0.50,0.50)

(0.75,0.50)

(0.25,0.75)

(0.50,0.75)

(0.75,0.75)

and resulted in a good approximation of the measured imperfection.
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Figure 2.1 Positive sense of forces and moments in the plate,

Figure 2.2 Positive sense of the applied loads.
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Unidirectional off-axis, (45), laminate under 
positive and negative shear load, respectively.
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Figure 3.1a 
Shear buckiinq mode 
of (0,0) s , A=2.0

Figure 3.1b 
Shear buckling mode 
of <90,90)s , X= 2.0 (m=n=7). '

Figure 3.lc
Shear buckling mode
of (0,0)5 , A=2.0 ((11=0 = 3).

Fi gure 3.Id
Shear buckling mode
of (90,90)s , A=2.0 (m=n=3)

In the above figures s 
+ denotes positive deflection 
“ denotes negative deflection



Figure 3.2 
Variation of shear 
buckling load with 
fibre orientation 
for various aspect 
ratios.

Figure 3.3 
Variation of shear 
buckling load with 
fibre orientation 
for various aspect 
ratios.
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Figure 3.4 
Variation of shear 
buckling load with 
fibre orientation 
for various aspect 
ratios.

Figure 3.5 
Variation of shear 
buckling load with 
fibre orientation 
for various lay-ups.
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Figure 3.6 
Variation of shear 
buckling load with 
fibre orientation 
for various lay-ups.
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Figure 3.7 
Variation of shear 
buckling load with 
fibre orientation 
for various lay-ups.
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Figure 3.18
Variation of shear buckling load with -fibre orientation for 
unidirectional off-axis and symmetric angle ply laminates 
with increasing number of layers.



20
0

8

oCM

OO
Q_

>o

CM

Q_

O
CJ

CD<
X

CDCJ ~D ro cd
o

'O

CL
CT)
a

CM

o
oCD oVO o oCM oo o o o o

L0_Q£□

CD SJ CM

£H23/2R AXd 4Peo~l IJ3 1euo!SU9UJ10~UON

ai>-na

v.0J3£=3
C

T3aso

cnc

u
J3
asDj=ui

O' o
f-O
0 -+J 
i. 0  3 —« cn-̂ 4 0u_ :> for

 
sy
mm
et
ri
c 

and
 

an
ti

sy
mm

et
ri

c 
an
gl
e 

ply
 

la
mi

na
te

s.



Figure 3.20 
Variation of shear 
buckling load with 
fibre orientation 
for different 
materials.

Figure 3.21 
Variation of shear 
buckling load with 
fibre orientation 
for different 
materials.
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Figure 3.22 
Variation of 
compressi on 
buckling load with 
Fibre orientation 
for various aspect 
rati os.
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Figure 3.23 
Variation of 
compression 
buckling load with 
fibre orientation 
for various aspect 
ratios.
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Figure 3.24 
Variation of 
compressi on 
buckling load with 
fibre orientation 
for various aspect 
rati os.
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Figure 3.25 
Variation of 
compressi on 
buckling load with 
fibre orientation 
for various lay-ups.
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Figure 3.26 
Variation of 
compression 
buckling load with 
fibre orientation 
for various lay-ups.
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Figure 3.27 
Variation of 
compression 
buckling load with 
fibre orientation 
for various lay-ups
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Flat Plate, 913C-XAS, Clamped, AR=1.0

3 Degrees of freedomi m=n=7. 

Lay-up i (0,90) s
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+ve shear
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Plat Plate, 913C-XAS, Clamped, AR=1.0 

Degrees of freedomi m=n=73
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Figure 3.30 Figure 3.31

Buc klin g i n t e r a c t i o n  c u r v e s  for c o m b i n e d  c o m p r e s s i o n  and shear load.



Flat Plata, 913C-XAS, Clamped, AR=1.0 
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Flat Plate, 913C-XAS, Clamped, AR=1.0

Degrees of freedom. m=rv=7
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Figure 3.32 Figure 3.33

Buc klin g i n t e r a c t i o n  c u r ves for c o m b i n e d  c o m p r e s s i o n  and shear load.
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Figure 3.34 Figure 3.35

Buckling interaction curves for combined compression and shear load.
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Flat Plate, 913C-XAS, Clasped, AR=1.Q
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Figure 3.36 Figure 3.37

B u c klin g i n t e r a c t i o n  c u r v e s  For c o m b i n e d  c o m p r e s s i o n  and shear load.



Flat Plate, 9\3C-XAS, Clamped, AR=1.0
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Figure 3.38 Figure 3.39

Buckling interaction curves For combined compression and shear load.



Flat Plate, 913C-XAS, Clamoed, AR=1.Q2.4
Degrees of freedom. m=n=7
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Figure 3.40 Figure 3.41

Buckling interaction curves for combined compression and shear load

NB. In figure 3.41, R>:+Ry denotes that equal compressive loads 
are applied simultaneously in the x & y directions.
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B uc klin g i n t e r a c t i o n  c u r v e s  for
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Figure 3.43

c o m b i n e d  c o m p r e s s i o n  and shear load.
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Figure 4.1 
Evaluation of the 
convergence of the 
solution in the 
postbuckling range

Curve No.
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Figure 4,2 
Evaluation of the 
convergence of the 
solution in the 
postbuckling range,

Curve No. 
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Figure 4.3 
Evaluation of the 
convergence of the 
solution in the 
postbuckling range.

Curve No. 
1,2 
3,4 
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y

Figure 4.4
Shear buckling eode
of (+15 ) 2 5  (e«n«7).

In figures 4.4 & 4.5 :
+ denotes positive deflection 
- denotes negative deflection

Figure 4.5
Shear buckling mode
of (i45) 2 s («=n=7).

X
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Figure 4.6 
Effect of the shear 
modulus, 6 1 2 y on the 
postbuckling response 
of laminates. For ail 
three cases, elastic 
constants pertaining 
to 913C-XAB are used, 
but 6 j2 is varied.

Curve No. 
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Non-D1mens Ione I Lateral Defleotlon, w/h

Figure 4.7 
Comparison of the 
current formulation 
(solid curves) for 
<i45)2 graphite 
epoxy laminates with 
Prabhakara & Kennedy 
(dotted curves).
Curve
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3
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Figure 4.8
Convergence for a square, 
imperfect, (+45)  ̂ boron 
epoxy laminate, under +ve 
and -ve shear load, by 
Sheinman and Frostig.

Figure 4.9 
Comparison of the 
current formulation 
(solid curves) for a 
square, (+45) i boron 
epoxy laminate with 
Sheinman & Frostig 
(dotted curves).
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Figure 4.10
Load deflection curves 
for s
Curve No. 
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Figure 4.11 
Load deflection 
for !

No.

curves
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1,2
3,4
5
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Figure 4.12
Load deflection curves 
for s
Curve No. 

1,2 
3,4 
5
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Figure 4.13
Load deflection curves
for i
Curve No. Lay-up

1,2 <+15,-15)2s
3,4 (+30,-30)2 s
5,6 <+45,-45)2s
7 <0 ,0 )2s
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Figure 4.14
Load deflection curvet
for i
Curve No. Lay-up

1 , 2 <+15,+15)2s
3,4 (+30,+30)25
5,6 (+45,+45 ) 2 5

7 <0 ,0 )2 s

-ve sheer 
+ve sheer

s 40

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Non-DImena!one I Latere I Defleotlon, w/h

4.5 5.0

Figure 4.15
Shear buckling eode
of (0f0! 2 s <«*n»7).

In figures 4.15 & 4.16 :
+ denotes positive deflection 

denotes negative deflection

Figure 4.16
Shear buckling node
of (+45,+45)25 <**n«7).
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Figure 4.17
Load deflection curves 
for .*
Curve No. Lay-up 

1,2 (0,+45,-45,90)5
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Figure 4. 
Effect of 
of layers 
buckling 
symmetric 
(+45,-45) 
Curve 
No.
1,2
3,4
5,6
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Figure 4.19 
Effect of different 
materials on the post- I 
buckling response of “
< +45,—45)2s* z
Curve No. Material

1.5 GRE
2.6 BOE
3.7 GLE
4.8 APC2
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Figure 4.20 
Effect of different 
materials on the post
buckling response of 
<+45,-45)2s.
Curve No. Material

1.3 913C-XAS
2.4 APC2
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Figure 4.21
Effect of aspect ratio 
on the postbuckling 
response of an ortho
tropic laminate.
Curve Aspect

No. Ratio
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2 1.5
3 2.0
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+ve shear

Lay-up i (+0, +0)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
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4.5 5. 0

Figure 4.22
Effect of aspect ratio 
on the postbuckling 
response of a symmetric 
angle ply laminate. 
Curve Aspect 

No. Ratio
1,2 1.0
■3,4 1.5
5,6 2.0
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Figure 4.23
Effect of aspect ratio 
on the postbuckling 
response of a symmetric 
angle ply laminate. 
Curve Aspect 

No. Ratio
1,2 1.0
3,4 1.5
5,6 2.0
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Figure 4.24
Effect of aspect ratio 
on the postbuckling 
response of a symmetric 
angle ply laminate. 
Curve Aspect

No. Ratio
1 , 2 1 . 0
3,4 1.5
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Figure 4.25
Effect of aspect ratio 
on the postbuckling 
response of a symmetric 
angle ply laminate.
Curve Aspect m=n

No. Ratio
1,2 1.0 3
3,4 1.5 4
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Figure 4.26
Effect of aspect ratio 
on the postbuckling 
response of a symmetric 
angle ply laminate.
Curve

No.
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3,4
5,6
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Figure 4,27
Effect of aspect ratio 
on the postbuckling 
response of a symmetric 
cross ply laminate. 
Curve Aspect m«n

No. Ratio
1 1.0 3
2 1.5 4
3 2.0 4

-ve sheer 
+ve sheer80 --

160 -- Ley-up i (+90, +0)
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Figure 4.28
Effect of aspect ratio on 
the postbuckling response 
of a unidirectional off 
axis laminate.
Curve Aspect m=n

No. Ratio
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Figure 4.29
Effect of aspect ratio 
on the postbuckling 
response of a quasi- 
isotropic laminate. 
Curve Aspect 

No. Ratio
1,2 1.0
3,4 1.5
5,6 2.0
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Figure 4.30
Load deflection curves 
for i

Curve No. 
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3,4
5
6
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DIMensIonaI Lateral Defleotlon, w/h

Figure 4.30a 
Effect of the number 
of layers on the post
buckling response of 
antisymmetric angle 
plies (+45,-45).
Curve No. of
No. Layers
1 2
2 4
3 8
4 ©
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Figure 4.31
Load de-flection curves 
for a generally unsym- 
metric laminate.
Curve 1 is for +ve shear, 
curve 2 for -ve shear & 
curve 3 is obtained by 
setting all Bij=0 & 
A| 4SA26BD 16®D2 £=0 , ie. 
"orthotropic" solution.

-ve sheer
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60 +

40 +

H-----1-----1---- 1---- 1---- 1---- 1-----1-
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Non-01eeneIoneI LeteraI Defleotlon, v/h

Figure 4.32
Load deflection curves 
for symmetric and 
unsymmetric laminates. 
Curve No. Lay-up 

1,2 <02 ,152)5
3,4 < 0 ̂ ,i 5 4)t

200
-ve shear

180 4 +ve sheer

160 -■"Ic
uh^  140 -.o
X

120 -

K>

"O
§ 100 4*o
Q.
Q l•c.
<#co
«c0E
QI
Co2

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImens tonal Lateral Defleotlon, w/h
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Figure 4.33
Load deflection curves 
for symmetric and 
unsymmetric laminates. 
Curve No. Lay-up

1,2
3,4

<02,302>s
<04,304)t

>sX
CL

*oao
-o©
Cl
cl■c

ac0
«c©£
a1co

180 -■

160 --

140 --

120 -•

100 -•

80 --

60 -■

40

20 -■

-ve shear 
+ve shear

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImens IonaI Lat era I De fleotIonf w/h

Figure 4.34
Load deflection curves 
for symmetric and 
unsymmetric laminates. 
Curve No. Lay-up 

1,2 <02,452)5
3,4 <04,454)t

200
-ve shear

180 -■ +ve shear

160 -■ x
>  140 --

K>

*!o
>sX

120 4Nu©o
100 -

Q.
CL■C

aco
»c©E
□Icoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DI mens IonaI Lateral Defleotlon, w/h
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Figure 4.35a

Q.QL•<

Load deflection curves 
for unidirectional off 
axis laminates under 
combined inplane loading.

Curve
No.
1
2
3
4
5

h
0
1
1
1
1

Loadi ng 
IV
1
1

0.4
0

90 --

80 - • Ley-up i (+45, +45),

70 --

60
fo-J 50

40 --

30 --

20

10

-ve shear 
+ve sheer

-1

Figure 4.35b

+ -+■ + + H-

-3

H-
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Non-Dlmens IonaI Lateral Defleotlon, w/h
4.5 5.0

200
-ve shear

180 -- +ve shear

Lay-up • (+45,+45)160 --
nj:
u K 140 -.O

120 -■

100 --TJ
Q.Q_•C.
8Co
«cID£
□ICoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DI mens IonaI Lateral Defleotlon, w/h



Figure 4.36a

Load deflection curves 
for symmetric angle 
ply laminates under 
combined inplane loading.

Curve Loading 
No. iu t\i L u
1 o X iy
2 1 0  1
3 1 1 1
4 1 0  0.4
5 1 0  0

Figure 4.36b

100
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+ve sheer

Ley-up i (+45, -45)JC
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*"Oao_i
u©
Q.a.■<
©co
©c©E
aicoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImens Ione I Let ere I De fleotIon, w/h
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ViLU 140-•
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1 2 0 -

~0©
°  100 -• *TJ ©
O.a.-c
©co
©c©E
□ICoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-D!mens IoneL LetereL Defleotlon, w/h



Figure 4.37a

Load deflection curves 
for quasi-isotropic
laminat es under combined
inplane loading < m=n=4).

Curve Loadi ng
No. 1% it y
1 0 0 Iy
2 1 0 1
3 1 1 1
4 1 0 0.4
5 1 0 0

Figure 4.37b

240 -

220 --

200 -■

^  180 --

‘ 160 -- Q_°
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-XJ 120 4

g; 100 4

-------  -ve sheer
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«c0 £
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20 4 
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Non-Dimensional LetereL Defleotlon, w/h

4.5 5. 0

200
-ve sheer

180 - +ve sheer

Ley-up i (0, -45, +45,90)160 -

iu 140 -

120 --

100 --

Q.CL

O

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DI mens IonaI Lateral Defleotlon, w/h



APPLIED-LOAD/CRITICAL-LOAD= 2. 475 APPLIED-LOAD/CRITICAL-LOAD= 2. 475

Figure 4.38 Lateral Deflection
contours, W. <W=w/h)

Figure 4.39 Inplane shear force 
contours,
<N^=Nxy.b2/A2 2 .h2)

a / i t — i—  ■»!'

APPLIED-LOAD/CRITICAL-LOAD= 2. 475 APPLIED-LOAD/CRITICAL-LOAD= 2. 475

Figure 4.40 Inplane axial force 
contours, N». 
<N^=Nx .b2 /A2 2 .h2)

Figure 4.41 Inplane transverse 
force contours, N.( 
(N^=Ny.b2 /A2 2 .h2)

Contour No. : 12 13 14
n/h * -0.5 0.0 0.5 etc.

Contour No. t 12 13 14
N<, * "5.0 0.0 5.0 etc.

All the above figures pertain to a clamped, (90,-45,+45,0)5
laminate under uniform positive shear load.



APPLIED-LOAD/CR1TICAL-LOAD= 2. 475 APPLIED-LOAD/CRITICAL-LOAD= 2. 475

Figure 4.42 Bending moment 
contours, 
(M<=Mx.b2/A2 2 .h3)

Figure 4.43 Bending moment 
contours, 
<M^=My.b2/A2 2 .h3>

APPLIED-LOAD/CRITICAL-LOAD= 2.475 APPLIED-LOAD/CRITICAL-LOAD= 2.475 5

Figure 4.44 Transverse shear 
force, Qr. 
(Qjj=Qx.b3/A2 2 .h3)

Figure 4.45 Transverse shear 
force, GL. 
(Q.=Q«.b3/A2 2 .h3)

Contour No. : 10 11 12
V  ",

O«ri#« 0.0 4.0 etc.

Contour No. : 4 5 6
B<> Bi s - 100.0 0.0 100.0 etc.

All the above figures pertain to a clamped, <90,-45,+45,0)8
laminate under uniform positive shear load.



Figure 4.46 Twisting moment 
contours,

,.b2 /A,„.h3><««n=M« y b
Contour No.

M
10

-4.0
11
0 . 0

12
4.0 etc.

101

APPLIED-LOAD/CRITICAL-LOAD= 2. 475

Figure 4.47
Development of inplane 
axial force, N*. 
( N ^ N x.b2/A2 2 .h2)

80

40

20
0
-20
•40

•80
CENTRELINE H= 0.5

80

40

20
0
-20
•40

•80

P/Pcr 
2. 975 
2. 475
1.975
1. 475
1. 100

P/P-SE
2. 975
2. 475
1.975 
1. 475
1. 100

BOUNDARY H= 0. 0

All the figures pertain to a clamped, (90,-45,+45,0)s
laminate under uniform positive shear load.



d in in in in o d in in in in o
C Is- Is- Is- r- o c Is- Is- Is- Is- o
CL <r cs -o- *— a CK -3" Os <r .—

m m m m \ m m m
a CM CM — — a CM CM — — —

•sr

lb.
<a
a  oi
JZ XT
ia a

CM
«+- CM
a <r

o- -*J CM
•O ' c j p
■ 01 a

•0 * € > -
CL X

01 a Z
L- II
3 01 «="
CP > •sr
•H 01 Z
u . a

S S 8

r-J
itrn

I
rfi
«czoCP-<

d in in in in O d in in in in oc i^ Is- p- Is- o c Is- Is- Is- Is- o
a o» -o- o. -3- .— CL o* -3- O- <r .—
N
a CM CM — — — a CM CM — — —

—1JZ<slb. 7t01 u-4J3CO —'rH m
M- 3o

CD tfl
•T c Ca 0) o•O' e ■HCL -MQJ O u
V_ 1 *< ai3 atcn >••a 01 aiu_ o TJ

•o •7 7

IS
sS

o
CP

'■ d IS>I
tfi

All
 

the
 

fi
gu
re
s 

pe
rt
ai
n 

to 
a 

cl
am

pe
d,

 
(9

0,
-4

5,
+4

5,
0)

 
la
mi
na
te
 

un
de
r 

un
if
or
m 

po
si
ti
ve
 

sh
ea
r 

lo
ad
.



d in in in in o d in in in in ot r̂ N. r̂ o c h- Is- Is- Is- oa o- <r cs <r V— a CS <r CK <r
s a a a a s a a a a a
a cm CM — a CM CM 'r_

L.
<0
01x: co
01 JC
01 cu
01 OJV. <X
01 -N,
> CO
01 JOc ■
10 >.k. GJ
4-> II
•+- cao —

■■ < ■Min c «
m 01 cr

*T £ C3
01

CLo
1— 01
3 01 Ucn > L.
-rt 01 O
u. C3 *4-

88 8 8

in
o
nX

LUcn

8

sfi
>-o:•<oz3om

10
0  
in«3-+
in•3-1— XI
O  ns 
o  o

*o ns 01 01 CSL JC £ 10 
<0 
— « 0) 
u  >

•H<0

d in in in in o d in in in in oc Is- r̂ Is- n- o c Is- Is- Is- Is- oa o» -a- cs <• «— a On <r cs •a- «—V a a a a s a a a a
a CM CM — — *— a CM CM — — —

cnc-*4
XIc 01 —  
JO CO 

JZ •
0  oj

OJ
0  -4J <Xin c ̂• 01 w 3- e xi 

CL •01 o >- L. JC 3 01 II 
Of> >  V01 rU- O

3 S 8 8 8 S 8

in
o
IIX

%3

>-cc-coz13OCD

O ifl -+-> o
CLc

*4 £<0 L 
-*J O 
L. *4-a< .*•
CL C

3
0)ai l.L. 01 
3 X) cn c 
— t 3 
»*- 01ai
jz ns
-M C

•H 
*—-t 18
<T —



Contour No. n/h
62 O.iOl
63 0.202
64 0.303 r
65 0.404

Figure 4.52 Imperfection pattern 4 (W0 ij*O,1 6).

600
500
400
300

c 200
*5
b 100

-100 

-200 
-300 
-400 
-500 
-600

0 10 20 30 40 50 60 70 80 90 100
Non-D I mens I ona I App I! ed Load, Pxy. ba/Ej. h3

Critical Load

Figure 4.53 Typical strain distribution at the centre of an 
imperfect (0,-45,+45,90)5 laminate (W0AjsO.04), 
highlighting the onset of buckling.



igure 4.54a

.oad deflection curves for 
square quasi-isotropic 1 ami 
lates with different inter
action amplitudes.

lurve No. W0 raax U/h)
0 0.000
1 0.0404
2 0 . 1 0 1
3 0.202
4 0.404
5 0.808

igure 4.54b

+ve 8hear
220 -- Lay-up i (0, -45, +45,90)
200 --

njc

180 --
llo
£ 160- Q.

140 -T>©O_1
-o 120 -

g; 1 0 0 -  •<
(9Co
«9C©£
aicoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-Dimensional Lateral Deflection, w/h

240 - -ve shear
220 - Lay-up i (0, -45, +45,90)
200 -

j:
^  180 -
[!n
x xCL 160 -

*uao
140 -

120 --o©
g; 100 - ■<
aco
»c©£
oicoz

0.0 0.5 1. 0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImens IonaI Lateral Deflection, w/h



Figure 4.55
Imperfection pattern 6.

Figure 4.56
Imperfection pattern 7.

XI

Figure 4.57
Imperfection pattern 8.

a as x <•

Figure 4.58
Shear buckling mode of a 
perfectly flat quasi- 
isotropic laminate.

Contour Ho. s 240 241 242



Figure 4.59
Load (total) deflection 
curves for the centre of

Figure 4.60
Load deflection curves 
for the centre of the 
laminate.

Curve Imperfection Shear 
No. pattern load
1 8 +ve
2 8 -ve

240 --

220 •-

200 -•

180 --

160 -•

the 1aminate. 1
Curve Imperfection Shear

mm*

fc
No. pattern load •<
1 6 +ve i2 6 -ve s
3 7 +ve %09
4 7 -ve C

Lay-up i (0, -45, +45,90) 8

140 --
+ve shear120 -•

-ve ehear

Dotted curves depict the 
response of perfectly 
flat laminates, while 
solid curves the response 
of imperfect laminates.

— i-----1-----1-----1-----h-
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Non-Dlnenslonal Lateral DefleotIon,|w/h|
4.5 5.0

250
Lay-up i (0,-45,+45,90)

225

„x 200 -- 
5*

*
a  150 t*
*8
3 125 --

aco
a
5£

-ve shear

%z

4 5•5 ■4 3 2 3■2 0

Non-Dimensional Lateral Def leot Ion, tf/h



APPLIED-LOAD/CRITICAL-LOAD= 1. 294 

Figure 4.61
Shear buckling (node for 
a <0,-45,+45,90)s laminate, 
with imperfection pattern 7.

APPLIED-LOAD/CRITICAL-LOAD= 1. 294 

Figure 4.62
Shear buckling mode for 
a <0,-45,+45,90)* laminate, 
with imperfection pattern S.

Figure 4.63
Shear buckling mode for 
a <0,-45,+45,90)5 laminate 
with imperfection pattern 7.

APPLIED-L0AD/CRITICAl-L0AD= 2. 386

Contour No. : 12
w/h s -0.5

13
0.0

14
0.5 etc.
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Figure 4.64
Load deflection curves 
of graphite epoxy 
1aminates.

Dotted curves depict the 
response of perfectly 
flat laminates, while 
solid curves the response 
of imperfect laminates that 
possess +ve out of plane 
bowing (Wc{ 1=0.04).
Ie. imperfection pattern 2.

Figure 4.65
Load deflection curves 
of 913C-XAS laminates.

Lay-up • (+45, -45),

350 Material • GRE

"jc v, 300iu
■5
£  250

-ve shear

*oao-I 200ue

I  ,50
aco

100 +ve shearcoB
OI

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Non-Dlmens IonaI Lat era I De fleotI on, w/h

4.5 5.0

200
Lay-up i (+45,-45)

180 -■

160 --n-C
ul*^  140 ---Q
X
X

120 --

-ve shear
■»*o<DO_1 100 --

CL
CL■<
«co
»c®E +ve shear
oicoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImens IonaI Lateral Deflection, w/h



Figure 4.66
Load deflection curves 
of APC2 (thermoplastic) 
laminates.

Sotted curves depict the 
-esponse of perfectly 
flat laminates, while 
solid curves the response 
sf imperfect laminates that 
sossess +ve out of plane 
lowing (Wcj*=0.04). 
le. imperfection pattern 2.

:igure 4.67
.oad deflection curves 
if boron epoxy 
ami nates.

200
Ley-up i (+45, -45)

180
Material ■ APC2

160 -- 

^  140 ---O
5s
X

120 -- -ve shear
~oao_j 100 --*oQ
Q.Q.-C
«co
»c©£ +ve shearoicoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DlmenslonaI Lateral DefleotI on, w/h

150
Lay-up i (+45, -45)140 -
Material i BOE130 --

120 --“1c
110-

*  100 -- 
Xo- on -ve shear

■o©
Q.
CL-C
©co
«c©H +ve shear
oicoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-Dimensional Lateral DefleotIon, w/h



100

Figure 4.68
Load deflection curves 
of glass epoxy 
laminates.

Dotted curves depict the 
response of perfectly 
flat laminates, while 
solid curves the response 
of imperfect laminates that 
possess +ve out of plane 
bowing (Wflll=0.04). 
le. imperfection pattern 2.

Figure 4.69
Load deflection curves 
of rectangular 
laminates.

Lay-up i (+45, -45) ̂  

Material • GLE

-ve ehear

+ve ehear

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Non-DImens IonaI Lateral DefleotIon, w/h

4.5 5.0

200
Lay-up i (+45, -45)

180 --
Aspect Ratio b 1.5

160 --"x
140 - -Ja

3K
&  120-- 
~o
s_l 100 -■ -ve ehear
•ve
Q.Ql•<

«ceE
OICoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImens IonaI Lateral Defleotion, v/h



Figure A.70
Load deflection curves 
of rectangular 
laminates.

200
Lay-up i (+45, -45)

180 -•
Aspeot Ratio ■ 2.0

160 --

uJ*^  140 -■JD
£  " 120

-ve shearT3e
&■<
e
g
ec©£
O
Aoz

+ve shear.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Dotted curves depict the 
response of perfectly 
flat laminates, while 
solid curves the response 
of imperfect laminates that 
possess +ve out of plane 
bowing (W01i=O.O4). 
le. imperfection pattern 2.

Figure 4.71
Load deflection curves 
of symmetric cross ply 
1 ami nates.

Non-DInoneIonaI Lateral DefleotIon, V/h

200
Lay-up i (90,0)

180 -■

•u*
o-J 100-•"Oa
CLa.•<
9

8
a
§£
5Coz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImens IonaI Lateral DefleotIon, w/h
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Figure 4.72
Load deflection curves 
of unidirectional off 
axis laminates.

Ley-up i (+45, +45)

160 ■■
-ve shear

120 -■

00 --

S- 80

+ve 8hear
£ 40 -

Dotted curves depict the 
response of perfectly 
flat laminates, while 
solid curves the response 
of imperfect laminates that 
possess +ve out of plane 
bowing (Wq u b 0.04).
Ie. imperfection pattern 2.

Figure 4.73
Load deflection curves 
of antisymmetric 
1aminates.

+
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Non-DImensIonaI LateraI DefleotIon, w/h

5.0

200
Lay-up i (+45, -45)

180 ••

160 -■
"x
„ 140 --x
sLx 120--*•uao_i 100 -•TJ®
CL
CL<
eco
toco£
aicoz

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-DImenslonaI Lateral DefleotIon, w/h



Figure 4.74
Load deflection curves 
of generally unsymmetric 
laminates.

Dotted curves depict the 
response of perfectly 
flat laminates, while 
solid curves the response 
of imperfect laminates that 
possess +ve out of plane 
bowing (Wcli=0,04). 
le. imperfection pattern 2.

200
Lay-up i (+45, +30, +60, +45)

180 --

160
"x
u>>  140-.•Q
Xs

120*-aao
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+ve shear

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Non-Dimensional Lateral DefleotIon, w/h

Figure 4.75
Load deflection curves 
of square aluminium 
alloy plates with 
different imperfection 
amplitudes,

Curve Nd . 
0 
1 
2
3
4
5

Wo max tW/h) 
0.000 
0.0404 
0 . 1 0 1  
0.202 
0.404 
0.808

35 •• Material i L72 Aluminium Alloy

x 30 --

CL
Cl«< 15 -•

a
%
E

§
Z

4.03.53.02.52.01.0 1.50.0 0.5
Non-DImens IonaI Lateral DefleotIon, w/h
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Fi gure 5.1
The "picture frafne" used in the shear testing.

>1
Figure 5.2
Planform of the plates tested.



Figure 5.3
The shear test rig.

y
90

Fi qure 5.4
Fibre orientations with 
respect to the coordinate axes.



Composite Plate-1 Composite Plate-2
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Contour No. : 240 241 242

w/h : -0.025 0.000 0.025 etc.

-*r--14-
16'

-f-~-
■ Is-X-
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y
Back-To-Back Strain Gauge Pairs 

Composite Plate-1 : (1,7) , (2,8) , (3,9) , (4,10) , (5,11) , (6,12).

Composite Plate-2 : (1,7) , (2,8) , (3,9) , (4,10) , (5,11) , (6,12) ,

(13,15) , (14,16).

Figure 5.5
Measured imperfection patterns and strain gauge locations of
composite plates 1 & 2.
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Composite Plate-3 Composite Plate-4
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Composite Plate-3

Composite Plate-4

y
Back-To-Back Strain Gauge Pairs 

(1,7) , (2,8) , (3,9) , (4,10) , (5,11) , (6,12) ,

(13.15) , (14,16). 

(1,9) , (2,10) , (3,11) , (4,12) , (5,13) , (6,14) ,

(7.15) , (8,16).

Figure 5.6
Measured imperfection patterns and strain gauge locations of
composite plates 3 & 4.



Composite Plate-5 C o m p o s i t e  P l a t e - B

242,
243,

244

Contour No. : 240 241 242
H /h i -0.025 0.000 0.025 etc.

X

Bac k-To -Bac k Str ai n Gauge Pai rs

Composi te Plate-5 : (1 , 11) , (2, 13) , (3,,14) , (4,15) ,, (5,16) , (6,17

(7 ,18) , (B, 19) , (9 ,,20) , (10,21) , (11,22) ■

Composite Piate-B : (1 ,12) , (2, 13) , (3 ,,14) , (4,15) ,, (5,16) , (6,17

(7 ,18) , (8, 19) , (9,,20) , (10,21) , (11,22)

Fipure 5.7
Measured imperfection patterns and strain gauge locations of
composite plates 5 & 8.



C o m p o s i t e  P l a t e - 6 Composite Plate-7

245,
242,

Contour No. : 240 241 242

w/h : -0.025 0.000 0.025 etc.

y

X X
Ba ck-7 o-Bac k Str ai n Gauge Pairs

Composi te Plate-6 : 12) , <2, 13) , (3,114) , (4,15) , (5,16) , (6, 17)

(7, 18) , (8, 19) , (9.,20) , (10,21) , (11,22) •

Composi te Plate-7 : (1, 12) i <2, 13) , (3,,14) , (4,15) , (5,16) , (6,,17)

(7, 18) , (8, 19) , (9,,20) , (10,21) , (11,22) .

Figure 5.8
Measured imperfection patterns and strain gauge locations of
composite plates 6 & 7.



Aluminium Plate-1 Aluminium Plate-2

__
-23&̂23>- \

24)

Contour No. : 240 241 242

w/h : -0.025 0.000 0.025 etc.

X

Back-To-Back Strain Gauge Pairs 

Aluminium Plate-1 : (1,3) , (2,4)

Aluminium Plate-2 : (1,3) , (2,4)

Aluminium Plate-3 : (3,1) , (4,2)

Figure 5.9
Measured imperfection patterns and strain gauge locations of
aluminium alloy plates.
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4 WIRE

rg or Dunnr
1— 0  5*

Resistance ol leads causes no errors.

rO B ILink lor *2 ,Bridge Sensitivity *— 082
I— OS*

S-

«C
Resistance of leads causes no errors.

Figure 5.10
Half bridge arrangement used for the strain measurement 
and full bridge arrangement used for the load cell.

mains
240V

© —
EPSON RX80

Figure 5.11 Outline of the data aquisition system,

In

Figure 5.12 Displacement transducer calibration chart.
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Figure 5.13
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Fi qure 5.14
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400 ::MEAN 18.7 
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MEAN 28.8200 -

100 -
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-300 - Crit i c a l  Load
-400 -Test s CP1W1H
-500 -

0. 00. 40. 31. 2 1. 62. 02. 42. 83. 23. 64. 04. 44. 8 
Applied Load( KN

Examples ot strain distribution at the centre o-f composite plate 1, 
highlighting the onset oi buckling under negative shear load.



Figur e 5.15
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MEAN 1&7 
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GAUGE-8 
MEAN 2&8
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C r itical LoadTest :CP1S1B
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Applied Load, KN

Figure 5. 16
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MEAN ia7 
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GAUGE-8 
MEAN 2&8

® 250 4-

250 4-

Crit i c a l  Load
Test «CPI SIL

0 1  2 3 4 5 6 7 8 9  10 11
Applied Load, KN

Examples o-f strain distribution at the centre o-f composite plate 
highlighting the onset o-f buckling under positive shear load.
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Figure 5.17
Typical 1 oad-def 1 ection curve o-f composite 
plate 1 under positive shear load.

2500 x- - - - - -jjGAUGE-1 
2000 H GAUGE-2 

I! GAUGE-7 
1500 HGAUGE-8

c 1000 U
h 500

-500

Test « CPlSl-2000 U
-2500

0 2 4 6 8 1 0 1 2 1 4 1 6 1 8  20
Applied Load, KN

Figure 5.18
Typical strain distribution at the centre o-f composite 
plate i under positive shear load.
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Test • CP1S6

CP1S7

Test . CP1SF

Notv-D I tr.ons l otva I Let era I Deflection, w/h

Figure 5.19
Examples of load-deflection curves of composite 
plate 1 under positive shear load.

1 0 9 5 4

9 8 5 8 MODIFIED SOUTHUELL PLOT 
Test . CP1S4

8 7 6 3

7 6 6 8

6 5 7 2

•D
-J  3 2 8 6

2 1 9 1

<  1 0 9 5

7 9 5 5  1 5 9 1 0  2 3 8 6 4  3 1 8 1 9  3 9 7 7 4  4 7 7 2 9  5 5 6 8 4  6 3 6 3 9  7 1 5 9 3  7 9 5 4 80

Applied Load/Lateral Deflect ion ,P/8 N/tnm

Figure 5.20
Example of the determination of the critical load of 
composite plate i fay the Modified Southwell Plot.



2500 ,--------
;iGAUGE-1 

2000 UGAUGE-2 
HGAUGE-7 

1500 UGAUGE-8
c 1000
h 500

-500
-1000

C r it i c a l  Load
-1500

Test j CP1S6-2000
-2500

0 2 4 6 8 10 12 14 16 18 20
Applied Load, KN

Figure 5.21
Strain distribution at the centre of composite 
plate 1 highlighting the onset of buckling under 
positive shear load.

2500 t--------l! GAUGE-1 
2000 aGAUGE-2 i! GAUGE-7 
1500 aGAUGE-8

c 1000
t 500

-500
-1000

C r it i c a l  Load-1500
Test s CP1SF-2000

-2500
0 2 4 6 8 10 12 14 16 18 20

App L i ed Load, KN

Figure 5.22
Strain distribution at the centre of composite 
plate 1 highlighting the onset of buckling under 
positive shear load.
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Figure 5.23
Composite plate 1 1o a d - d e f 1ection curve to failure, 
under positive shear load.
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Figure 5.24
Strain distribution to failure at the centre of
composi te plate 1.
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Test : CP1SF



Figure 5.25
Post failure damage of composite plate 1.



300 Test .CP2VT1
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Figure 5.26
L o a d - d e f 1ection curves of composite plate 2 
under negative shear load.
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Figure 5.27
L o a d - d e f 1ection curves of composite plate 2 
under positive shear load.
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HGAUGE-1 

2000 UGAUGE-7 
U MEAN 18.7 

1500 HGAUGE-2 
HGAUGE-8 

c 1000 UMEAN 28.8
h 500

V-500
-1000

-1500
Test ;CP2WT1-2000

-2500
8 2014

Applied Load4 KN

Figure 5.28
Strain distribution at the centre o-f composite 
plate 2 under negative shear load.
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c 1000 I MEAN 28.8
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3.0
-500
-1000

-1500
Test « CP2S2-2000

-2500
8 10 12 14 16 18 200 2 4 6

Applied Load4 KN
Figure 5.29
Strain distribution at the centre oF composite 
plate 2 under positive shear load.
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Figure 5.30
Comparison of the 1 oad-def 1 ection curve to failure 
of composite plate 2, under positive shear load, to 
that of composite plate i (under positive shear load)
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Figure 5.31
Strain distribution to failure at the centre of
composite plate 2.
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Figure 5.32
Comparison of typical 1o a d - d e f 1ection curves of composite plate 2 
under negative and positive shear load; tests CP2WT1 & CP2S1, resp.

F i qure 5.33
Post failure damage of composite plate 2.
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Figure 5.34
First test 1oad-def1ection curve of composite 
plate 3 under positive shear load.
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Figure 5.35
Examples of load-deflection curves of composite plate 3 under 
positive shear load. Tests CP3S2, CP3S4 were carried out 
without the side pins in the "picture frame".



Figure 5.36
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Figure 5.37
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Examples of the strain distribution at the centre of composite 
plate 3 under positive shear load.
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Figure 5.38
Load-def1ection curves of composite plate 3 under 
negative shear load.
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Figure 5.39
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Figure 5.40
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Examples o-f the strain distribution at the centre of composite 
plate 3 under negative shear load.
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Fiqure 5.41
Example of the determination of the critical load of 
composite plate 3 by the Modified Southwell Plot.
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Fiqure 5.42
Comparison of typical load-deflection curves of composite plate 3 
under negative and positive shear load; tests CP3W1 & CP3S1, resp. 
NB. During test CP3S1 the laminate deflected negatively.
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Figure 5.43
Comparison of the load-deflection curve to failure 
of composite plate 3, under negative shear load, to 
that of composite plate 1 (under positive shear load).
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Figure 5.44
Strain distribution to failure at the centre of
composite plate 3.



Figure 5.45
Composite plate 3 after failure.

Figure 5.46
Post failure damage of composite plate 3.
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Figure 5.47
Load-deflection curves of composite plate 4 under 
positive shear load.
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Figure 5.48
Comparison of typical 1oad-def1ection curves of composite plate 4 
under negative and positive shear load; tests CP4W1 & CP4S1, resp. 
NB. During test CP4W1 the laminate deflected negatively.



Figure 5.49
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Figure 5.50
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Examples of the strain distribution at the centre of composite
plate 4 under positive shear load.
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Figure 5.51
Load-deflection curve of composite plate 4 for the first 
test under negative shear load.
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Figure 5.52
Examples of load-deflection curves of composite plate 4 under 
negative shear load. Tests CP4W2, CP4W4 were carried out 
without the side pins in the "picture frame".
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2500 ,--- -------------------------------------

il GAUGE-1-- ------
2000 H G A U G E - 9 ------

j! MEAN 18.9------
1500 UGAUGE-2 ------

!! GAUGE-1 0 ------
c 1000 H MEAN 28.10------

£ 500 
(0

io
-500

-1000
-1500

-2000
-2500 ..........         ....77rr...

0 2 4 6 8 1 0 1 2 1 4 1 6 1 8  20
Applied Load, KN

Figure 5.54
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Examples of the strain distribution at the centre of composite 
plate 4 under negative shear load.
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Figure 5.55
Comparison of the 1oad-def1ection curve to failure of composite plate 4, 
under negative shear load, to that of composite plate 1 (under positive 
shear load). NB. During test CP4WF the laminate deflected negatively.
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Figure 5.56
Strain distribution to failure at the centre of
composite plate 4.
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Post failure damage of composite plate 4.
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Figure 5.59
First test load-deflection curve of composite 
plate 5 under negative shear load.
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Figure 5.60
Load-deflection curves of composite plate 5 under 
negative shear load.
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Figure 5.61
Load-def1ection curves of composite plate 5 under 
positive shear load.
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Fiqure 5.62
Strain distribution near the central hole of composite 
plate 5 under negative shear load.
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Fiqure 5.63
Strain distribution near the central hole of composite 
plate 5 under positive shear load.
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Figure 5.64
Comparison of typical 1oad-def1ection curves of composite plate 5 
under negative and positive shear load; tests CP5W1 & CP5S1, resp 
NB. During test CP5S1 the laminate deflected negatively.
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Figure 5.65
Example of the determination of the critical load of 
composite plate 5 by the Modified Southwell Plot.
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Figure 5.66
Comparison of the 1oad-def1ection curve to failure of composite plate 5, 
under positive shear load, to that of composite plate 1 (under positive 
shear load). NB. Durinq test CP5SF the laminate deflected negatively.



Figure 5.67
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Strain distribution to failure at two locations (see -fig.5.7) 
near the central hole of composite plate 5.

Figure 5.68
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Figure 5.69
Composite plate 5 after failure.

Figure 5.70
Post failure damage around the central hole of composite plate 5.
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Figure 5.71
Load-def 1 ection curves o-f composite plate 6 under 
negative shear load.
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Figure 5.72
Load-def1ection curves oF composite plate 6 under 
positive shear load.
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Figure 5.73
Comparison o-f typical 1 oad-de-f 1 ection curves of composite plate h 
under negative and positive shear load; tests CP6W8 & CP6S12, resp.
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Figure 5,74
Strain distribution near the central hole o-f composite 
plats 6 under negative shear load.
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figure 5.75
Strain distribution near the central hole o-f composite 
plate 6 under positive shear load.
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Figure 5.76
Comparison of the 1o a d - d e f 1ection curve to failure of composite plate 6, 
under positive shear load, to that of composite plate 1 (under positive 
shear load). NB. During test CP6SF the laminate deflected negatively.
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Figure 5.77
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Figure 5.78
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Strain distribution to ■failure at two locations (see fig.5.8) 
near the central hole of composite plate 6.



Figure 5.79
Composite plate 6 after failure.



Figure 5.80
Post -failure damage of composite plate 6 (-front face).

Figure 5.81
Post failure damage of composite plate 6 (back face).
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Figure 5.82
L o a d - d e f 1ection curves o-f composite plate 7 under 
negative shear load.
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Figure 5.83
Load-deflection curves of composite plate 7 under
positive shear load.
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Figure 5.84
Comparison of typical load-deflection curves of composite plate 7 
under negative and positive shear load; tests CP7WT1 & CP7ST1, resp. 
NB. During test CP7ST1 the laminate deflected negatively.
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Figure 5.85
Strain distribution near the central hole of composite
plate 7 under negative shear load.
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Figure 5.86
Strain distribution near the central hole of composite 
plate 7 under positive shear load.
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Figure 5.87
Comparison of the load-deflection curve to failure of composite plate 7, 
under positive shear load, to that of composite plate 1 (under positive 
shear load). NB. During test CP7SF the laminate deflected negatively.



Figure 5.88
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Figure 5.89
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Strain distribution to failure at two locations (see fig.5.8) 
near the central hole of composite plate 7.
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Figure 5.90
Composite plate 7 after failure.



Fi gure 5.91
Post failure damage of composite plate (front face).

Figure 5.92
Post failure damage of composite plate 7 (back face).
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Figure 5.93
Load-deflection curves of composite plate 8 under 
negative shear load.
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Figure 5.94
Load-deflection curves of composite plate 8 under 
positive shear load.
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Figure 5.95
Strain distribution near the central hole of composite 
plate 8 under negative shear load.
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Figure 5.96
Strain distribution near the central hole of composite
plate 8 under positive shear load.

GAUGE-1 
GAUGE-12 
MEAN 18.12 
GAUGE-2 
GAUGE-13 
MEAN 28.13

Test :CP8ST1

GAUGE-3 
GAUGE-14 
MEAN 38.14 
GAUGE-4 
GAUGE-15 
MEAN 4ai5

Test «CP8WT1



200
Test .CP8UT1

175 --Test ,CP8VU1 -----

UJ Test .CP8UU2150 --

-125 --

® 100 --
Q-

a 50 a

-2.0 1.5 1.0 -0.5 0. 0 0.5 1.0 1.5 2.0
Non-Dimensional Lateral Deflection, w/h

Figure 5.97
Load-def 1 ection curves of composite plate 8, under negative 
shear load. Results from two different groups of tests.
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Figure 5.98
Load-deflection curves of composite plate B under positive 
shear load. Results from two different groups of tests.
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Figure 5.99 . . , oComparison of typical load-deflection curves of composite plate b
under negative and positive shear load; tests CP8WT1 & CP8ST1, resp..
MB. During test CP8ST1 the laminate deflected negatively.
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Figure 5.100
Comparison of the load-deflection curve to failure of composite plate 8 
under positive shear load, to that of composite plate 1 (under positive 
shear load). MB. During test CP8SF the laminate deflected negatively.
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Figure 5.101
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Fi gure 5.102
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Strain distribution to failure at two locations (see fig.5.7) 
near the central hole of composite plate 8.
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Figure 5.104
Post -failure damage of composite plate 8 (front face;.

Figure 5.105
Post failure damage of composite plate 8 (bade face).
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Figure 5.106
First test load-deflection curve of aluminium alloy plate 1.
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Figure 5.107
First test strain distribution at and near the centre
(see fig.5.9) of aluminium alloy plate 1.
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Fi gure 5.108
Load-deflection curves of aluminium alloy plate 1. Test AL1E4 
was carried out without the side pins in the "picture frame".
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Figure 5.109
Load-deflection curves of aluminium alloy plate 2.
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Figure 5.110
Load-deflection curves of aluminium alloy plate 2. All tests,but 
AL2E1, were carried out without the side pins in the "picture frame
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Figure 5.111
Load-deflection curves to failure for aluminium alloy plates 1 ?< 2
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Fi gure 5.112
Strain distribution to failure at and near the centre of 
alloy plate 1 (see f i g.5.9).
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Fi gure 5.113
Strain distribution to failure at and near the centre of aluminium
alloy plate 2 (see f i g.5.9).
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Figure 5.115
Post f a i lure d a m a g e  of a l u m i n i u m  alloy plate 2.
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Figure 5.116
load-def 1 ection curves of aluminium alloy plate 3.
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Figure 5.117
L o a d - d e f l e c t i o n  c u r ves of a l u m i n i u m  alloy pla te 3.
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5.118 Scatter of the experimentally obtained 
shear buckling loads.
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Figure 5.119 Variation of the shear buckling loads of the holed 
(90,?45,0)s laminates tested,with hole diameter.
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5.121 Variation of the ultimate strength of the holed 
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1400 Teat . CP2SF
1300 ••
1200 -•

1100 -•"x
,*> 1000 4-
£  900O.
-D 800 ..
i
*  700 ..

|  600 ::
*  500 •-

400a
300

Q
iz 200

100

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

Non-DImenaIoneI Lateral DefleotIon, w/h

Figure 5.123 Comparison of the theoretical to the experimental 
postbuckling stiffness of composite plate 2.
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Figure 5.124 Comparison of the theoretical to the experimental 

postbuckling stiffness of composite plate 3.
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Figure 5.125 Comparison of the theoretical to the experimental 
postbuckling stiffness of aluminium alloy plate 2.


