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ABSTRACT.

The i n v e s t i g a t i o n  was c a r r i e d  o u t  t o  d e t e r m i n e  t h e  
l o a d  b e a r i n g  c h a r a c t e r i s t i c s  o f  f l a t  r e c t a n g u l a r  p l a t e s  
an d  s t r u c t u r a l  s h a p e s  when t h e y  a r e  s u b j e c t e d  t o  e c c e n t r i c  
end  c o m p r e s s i v e  l o a d  a c t i o n s .

A s h o r t  r e v i e w  o f  r e l e v a n t  p u b l i s h e d  l i t e r a t u r e  i s  
p r e s e n t e d  i n  C h a p t e r  I  o f  t h e  t h e s i s .  T h i s  r e v e a l s  t h a t  

t h e  b u l k  o f  t h e  r e s e a r c h  i n  t h e  f i e l d  o f  t h i n  w a l l e d  
s t r u c t u r a l  f o r m s  h a s  b e e n  c o n c e r n e d  w i t h  u n i f o r m  l o a d i n g .

I n  s t r u c t u r e s  s u c h  a s  t h o s e  f o u n d  i n  a i r c r a f t  and  l i g h t  
c i v i l  e n g i n e e r i n g  a p p l i c a t i o n s  t h e  r e s u l t a n t  o f  t h e  d i r e c t  

c o m p r e s s i v e  l o a d  i s  o f t e n  o f f s e t  f r o m  t h e  c e n t r o i d  o f  t h e  
c o m p o n e n t  c r o s s - s e c t i o n  l e a d i n g  t o  n o n - u n i f o r m  l o a d  d i s t r i b u 

t i o n s .  I t  i s  t o  p r o v i d e  i n f o r m a t i o n  i n t o  t h i s  c o n d i t i o n  o f  
l o a d i n g  t h a t  t h i s  i n v e s t i g a t i o n  was  d e s i g n e d .

The s u b j e c t  m a t t e r  o f  t h e  t h e s i s  i s  d i v i d e d  i n t o  two 

m a in  s e c t i o n s ,  t h e  f i r s t ,  w h ic h  c o m p r i s e s  C h a p t e r s  I I  -  V, 
d e a l s  a n a l y t i c a l l y  and  e x p e r i m e n t a l l y  w i t h  i n d i v i d u a l  p l a t e s  

w h i l e  t h e  s e c o n d  s e c t i o n ,  c o m p r i s i n g  C h a p t e r s  VI -  V I I I ,  i s  
s i m i l a r l y  c o n c e r n e d  w i t h  c e r t a i n  s t r u c t u r a l  s h a p e s .

C h a p t e r  I I  b e g i n s  w i t h  a b r i e f  d e r i v a t i o n  o f  t h e  g e n e r a l  

l a r g e  d e f l e c t i o n  e q u a t i o n s  a p p l i a b l e  t o  a l l  t y p e s  o f  end 
c o m p r e s s i v e  l o a d i n g ;  t h i s  i s  f o l l o w e d  by  a n  o u t l i n e  o f  t h e  
G a l e r k i n  m e thod  o f  s o l v i n g  d i f f e r e n t i a l  e q u a t i o n s .  The 
c h a p t e r  t h e n  p r e s e n t s  t h e  d e r i v a t i o n  o f  a  s e r i e s  s o l u t i o n  
d e v e l o p e d  by  t h e  a u t h o r  s p e c i f i c a l l y  s u i t a b l e  f o r  t h e  s o l u t i o n  
o f  t h e  b a s i c  e q u a t i o n s  i n  t h e  c a s e  o f  a  v a r i e t y  o f  n o n - u n i f o r m  

l o a d  a p p l i c a t i o n s .
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I n  t h e  f i r s t  p a r t  o f  C h a p t e r  I I I  t h i s  g e n e r a l i s e d  
s o l u t i o n  i s  a p p l i e d  t o  t h e  d e t e r m i n a t i o n  o f  t h e  e l a s t i c  
i n s t a b i l i t y  l o a d s  f o r  a  r a n g e  o f  e c c e n t r i c i t i e s .

I n  t h e  s e c o n d  p a r t  o f  t h e  c h a p t e r  t h e  b a s i c  l a r g e  
d e f l e c t i o n  e q u a t i o n s  a r e  t h e n  s o l v e d  f o r  t h e  p o s t - b u c k l i n g  
b e h a v i o u r  a n d ,  w i t h  t h e  i n t r o d u c t i o n  o f  a  s i m p l e  y i e l d  
c r i t e r i o n ,  t h e  c o l l a p s e  l o a d  v a l u e s  f o r  s i n g l e  p l a t e s  u n d e r  
a  v a r i e t y  o f  l o a d  c o n d i t i o n s  a r e  d e r i v e d .  The v a l u e s  
p r e s e n t e d  h a v e  b e e n  a r r i v e d  a t  b y  m a t r i x  f o r m u l a t i o n  o f  t h e  

a p p r o p r i a t e  e q u a t i o n s  an d  t h e  d e s i g n  o f  c o m p u t e r  p ro g ram m e s  
o f  g e n e r a l  a p p l i c a t i o n .

The p l a t e  e x p e r i m e n t a l  i n v e s t i g a t i o n s  a r e  d e s c r i b e d  i n  
C h a p t e r  I V ,  t h e s e  t o o k  t h e  fo rm  o f  some f o r t y  t e s t s  t o  
c o l l a p s e  on p l a t e s  o f  v a r y i n g  t h i c k n e s s e s .  F o r  t h i s  
p u r p o s e  s p e c i a l  l o a d i n g  and  p h o t o g r a m m e t r i c  e q u i p m e n t  was 
d e s i g n e d  an d  b u i l t .

T h e s e  e x p e r i m e n t a l  and  t h e o r e t i c a l  r e s u l t s  a r e  com pared  
an d  f u l l y  d i s c u s s e d  i n  C h a p t e r  V. I t  i s  g e n e r a l l y  shown 
t h a t  good  a g r e e m e n t  i s  o b t a i n e d  and  t h e  f i n d i n g s  a l s o  s u b 

s t a n t i a t e  t h e  a s s u m p t i o n s  made o f  t h e  m e c h a n i c s  o f  c o l l a p s e .

I n  C h a p t e r  VI an  o r i g i n a l  a p p r o x i m a t e  a n a l y t i c a l  
t r e a t m e n t  o f  s h o r t  t h i n  w a l l e d  s t r u c t u r a l  f o r m s  s u b j e c t e d  
t o  e c c e n t r i c  c o m p r e s s i v e  l o a d  a c t i o n  i s  p r e s e n t e d .  T h i s  i s  
b a s e d  on t h e  a s s u m p t i o n  t h a t  s u c h  s e c t i o n s  may b e  c o n s i d e r e d  
a s  b e i n g  com posed  o f  i n d i v i d u a l l y  c o m p r e s s e d  p l a t e s  w h ic h  can  
t h e n  b e  t r e a t e d  a s  i n d i c a t e d  i n  t h e  e a r l i e r  c h a p t e r s  o f  t h i s  
t h e s i s .  C o m p a t i b i l i t y  o f  b o u n d a r y  c o n d i t i o n s  a l o n g  t h e  
u n l o a d e d  a d j o i n i n g  e d g e s  i s  o b t a i n e d  u s i n g  g e o m e t r i c a l
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c o n s t r u c t i o n s .

To d e t e r m i n e  t h e  e f f i c a c y  o f  t h e  a b o v e  a n a l y s i s  
a  s p e c i a l  t e s t  r i g  was d e s i g n e d  and b u i l t .  T h i s  i s  
d e s c r i b e d  i n  C h a p t e r  V I I  i n  w h ic h  r e s u l t s  o f  a p p r o x 

i m a t e l y  f o r t y  t e s t s  t o  c o l l a p s e  o f  l i p p e d  and  p l a i n  
t h i n  w a l l e d  c h a n n e l  s e c t i o n s  o f  v a r i o u s  t h i c k n e s s e s  
a r e  a l s o  p r e s e n t e d .

I n  C h a p t e r  V I I I  t h e s e  e x p e r i m e n t a l  r e s u l t s  a r e  
c o m p a r e d  t o  t h e  p r e d i c t i o n s  o f  t h e  t h e o r e t i c a l  a n a l y s i s .  
The a g r e e m e n t s  a r e  s e e n  t o  be  good t h u s  i n d i c a t i n g  t h a t  
t h e  a s s u m p t i o n s  a r e  r a t i o n a l  and  t h a t  t h e  method  
d e v e l o p e d  h e r e  may be  u s e d  to  g i v e  good  e n g i n e e r i n g  
f o r e c a s t s  o f  t h e  i n i t i a l  i n s t a b i l i t y  an d  c o l l a p s e  l o a d s  
o f  e c c e n t r i c a l l y  l o a d e d  p l a i n  and  l i p p e d  s h o r t  t h i n  

w a l l e d  c h a n n e l s .

T h i s  c h a p t e r  i s  f o l l o w e d  b y  a summary o f  t h e  f i n d 

i n g s  o f  t h e  w ho le  i n v e s t i g a t i o n .  The t h e s i s  i s  c o n -  
: e l u d e d  by  s i x  a p p e n d i c e s  w h ic h  e n l a r g e  on v a r i o u s  
a s p e c t s  o f  t h e  a n a l y s i s  and  a l s o  p r e s e n t  t h e  c h a r a c t e r 
i s t i c s  o f  t h e  m a t e r i a l s  u s e d  i n  t h e  t e s t s .
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NOMENCLATURE.

The f o l l o w i n g  sy m b o ls  a r e  u s e d  t h r o u g h o u t  
t h e  t e x t .  Any a d d i t i o n a l  sy m b o ls  a r e  d e f i n e d  
w h e r e  t h e y  f i r s t  a p p e a r .

D f l e x u r a l  r i g i d i t y  o f  t h e  p l a t e .

E Y o u n g ’ s M odulus  o f  e l a s t i c i t y  o f  t h e .
p l a t e  m a t e r i a l .

F A i r y ’ s s t r e s s '  f u n c t i o n .

F A i r y ’ s s t r e s s  f u n c t i o n  i n  n o n - d i m e n s i o n a l
t e r m s .

W c h a n n e l  s h a p e  f a c t o r .

n o r m a l  f o r c e s  p e r  u n i t  l e n g t h  i n  t h e

m i d d l e  p l a n e  o f  t h e  p l a t e  i n  t h e  x. and  *4 

d i r e c t i o n s ,  r e s p e c t i v e l y .

s h e a r i n g  f o r c e  i n  d i r e c t i o n  o f  y a x i s  p e r  
• u n i t  l e n g t h  o f  a  s e c t i o n  o f  t h e  p l a t e  

p e r p e n d i c u l a r  t o  x: a x i s .

b e n d i n g  moments  p e r  u n i t  l e n g t h  o f  s e c t i o n s  

o f  t h e  p l a t e  p e r p e n d i c u l a r  t o  t h e  x. and  

a x e s ,  r e s p e c t i v e l y .

t h e  v a l u e  o f  N* a t  y * V* , ^ = 0  and x.= cx_
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Nl n o n - d i m e n s i o n a l  fo rm  o f  .

t h e  v a l u e  o f  w h ic h  c a u s e s  i n i t i a l  
i n s t a b i l i t y .

P  t o t a l  l o a d  a p p l i e d  t o  p l a t e  o r  c h a n n e l
i n  X  d i r e c t i o n .

P~. p l a t e ,  o r  c h a n n e l ,  i n s t a b i l i t y  l o a d .

R*.** p l a t e ,  o r  c h a n n e l ,  maximum l o a d .

p l a t e ,  o r  c h a n n e l ,  l e n g t h .

b p l a t e  w i d t h .

f l a n g e  w i d t h  o f  a c h a n n e l  s e c t i o n .

bw web w i d t h  o f  a  c h a n n e l  s e c t i o n .

K p l a t e  t h i c k n e s s .

c o e f f i c i e n t s  i n  t h e  G a l e r k i n  s e r i e s  f o roi)
s t r e s s  f u n c t i o n .

i n t e g e r s  u s e d  i n  t h e  G a l e r k i n  s e r i e s  f o r  

d e f l e c t i o n .

Ji l i m i t  i n  d e f l e c t i o n  s e r i e s .

“wn num ber  o f  h a l f  s i n e  waves  i n  t h e  oc d i r e c t i o n
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r ,  i n t e g e r s  u s e d  i n  t h e  G a l e r k i n  s e r i e s
f o r  s t r e s s  f u n c t i o n .

t / m. l i m i t s  i n  t h e  s t r e s s  f u n c t i o n  s e r i e s .

-C0 / f7 d e g r e e  o f  r o t a t i o n a l  r e s t r a i n t  p e r
u n i t  d i s t a n c e  i n  sc d i r e c t i o n  a s  p l a t e  
e d g e s  and  ^  -  h.
r e s p e c t i v e l y .

c o e f f i c i e n t s  i n  t h e  G a l e r k i n  s e r i e s  f o r  
d e f l e c t i o n .

/a. f«»- d e f o r m a t i o n  o f  t h e  p l a t e  m i d d l e  p l a n e
i n  t h e  a: an d  ^  d i r e c t i o n s ,  r e s p e c t i v e l y .

W  d e f l e c t i o n  o f  a  p o i n t  i n  t h e  m i d d l e  p l a n e
o f  t h e  p l a t e  i n  a  d i r e c t i o n  n o r m a l  t o  t h e  

u n d e f o r m e d  p l a t e .

p l a t e  c a r t e s i a n  c o - o r d i n a t e s .

d i s t a n c e s  m e a s u r e d  on p h o t o g r a p h i c  p l a t e .

<?C l o a d  e c c e n t r i c i t y  p a r a m e t e r .

^ a n  a n g l e  i n  t h e  p h o t o g r a m m e t r i c  o p t i c a l

s y s t e m .

<(> r a t i o  o f  p l a t e  l e n g t h  t o  w i d t h .



l e n g t h  to  w i d t h  r a t i o  f o r  f l a n g e  o f  
a  c h a n n e l  s e c t i o n .

l e n g t h  t o  w i d t h  r a t i o  f o r  web o f  a 
c h a n n e l  s e c t i o n .

d e g r e e  o f  r o t a t i o n a l  r e s t r a i n t  p e r  
u n i t  d i s t a n c e  i n  x  d i r e c t i o n  a t  p l a t e  

e d g e s  and  , r e s p e c t i v e l y ,
i n  n o n - d i m e n s i o n a l  f o r m .

d e g r e e  o f  r o t a t i o n a l  r e s t r a i n t  p e r  

u n i t  d i s t a n c e  i n  x  d i r e c t i o n  a t  t h e  
e d g e  o f  a f l a n g e  w h ich  a d j o i n s  t h e  web.

d e g r e e  o f  r o t a t i o n a l  r e s t r a i n t  p e r  u n i t  
d i s t a n c e  i n  x  d i r e c t i o n  a t  t h e  u n l o a d e d  
e d g e s  o f  t h e  web o f  a  c h a n n e l  s e c t i o n .

P o i s s o n ' s  r a t i o  f o r  p l a t e  and  c h a n n e l  
m a t e r i a l .

p l a t e  c a r t e s i a n  c o - o r d i n a t e s  i n  n o n -  
i d i m e n s i o n a l  f o r m .

a n  a n g l e  i n  t h e  p h o t o g r a m m e t r i c  o p t i c a l  

s y s t e m .

d e f l e c t i o n  o f  a p o i n t  on t h e  m i d d l e  s u r f a c e  
o f  t h e  p l a t e  i n  a  d i r e c t i o n  n o r m a l  t o  t h e  
u n d e f o r m e d  p l a t e ,  i n  n o n - d i m e n s i o n a l  f o r m .



d i r e c t  s t r e s s e s  i n  t h e  x  and  ^  
d i r e c t i o n s ,  r e s p e c t i v e l y .

y i e l d  s t r e s s  o f  t h e  p l a t e  and  
c h a n n e l  m a t e r i a l .

maximum a p p l i e d  s t r e s s  i n  t h e  x  
d i r e c t i o n  f o r  c h a n n e l  s e c t i o n s .

maximum a p p l i e d  s t r e s s  i n  t h e  x  
d i r e c t i o n  f o r  l i p p e d  an d  p l a i n  c h a n n e l  
s e c t i o n s ,  r e s p e c t i v e l y ,  i n  n o n - d i m e n s i o n a l  

f o r m .

d i r e c t  s t r e s s e s  i n  t h e  1  and  d i r e c t i o n s ,  
r e s p e c t i v e l y ,  i n  n o n - d i m e n s i o n a l  f o r m .

d i r e c t  s t r e s s  i n  t h e  d i r e c t i o n  i n  t h e  

m i d d l e  p l a n e  o f  t h e  p l a t e  a t  • o - s  , i n  
n o n - d i m e n s i o n a l  f o r m .

s h e a r  s t r e s s  i n  t h e  p l a n e .

s h e a r  s t r e s s  i n  t h e  ' t - 'p  p l a n e ,  i n  n o n -  
: d i m e n s i o n a l  f o r m .

d i r e c t  s t r a i n s  i n  t h e  x  and  ^ d i r e c t i o n s ,  

r e s p e c t i v e l y .

d i r e c t  s t r a i n s  i n  t h e  X and vj d i r e c t i o n s ,  
r e s p e c t i v e l y .
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s h e a r  s t r a i n  i n  t h e  p l a n e .

V s h e a r  s t r a i n  i n  t h e  V h  p l a n e ,  i n
n o n - d i m e n s i o n a l  t e r r a s .

The c h a p t e r s ,  s e c t i o n  and  e q u a t i o n s  h a v e  
b e e n  n u m b ered  i n  a c c o r d a n c e  w i t h  t h e  d e c i m a l  

s y s t e m  o f  r e f e r e n c e .  I n  t h i s  t h e  f i r s t  f i g u r e  
d e n o t e s  t h e  c h a p t e r ,  t h e  s e c o n d  t h e  s e c t i o n  and  

t h e  s u b s e q u e n t  f i g u r e s  g i v e  t h e  a p p r o p r i a t e  
e q u a t i o n  n u m b e r .  F o r  e x a m p l e ,  I I I . 3 . 1 6  s h o u l d  

b e  r e a d  a s  C h a p t e r  t h r e e ,  s e c t i o n  t h r e e  and  

e q u a t i o n  s i x t e e n .
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C H A P  T E R I
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CHAPTER I .

INTRODUCTION AND REVIEW OF RELEVANT 

PUBLISHED LITERATURE.

The u s e  o f  t h i n  p l a t e s  and  s t r u c t u r a l  s e c t i o n s  

c om posed  o f  t h i n  p l a t e s  a s  l o a d  b e a r i n g  e l e m e n t s  i s  
w i d e s p r e a d  i n  A e r o n a u t i c a l  and  C i v i l  E n g i n e e r i n g .
T h e r e  a r e  two m a in  p h a s e s  i n  t h e  b e h a v i o u r  o f  t h e s e  f l a t  
p l a t e  e l e m e n t s  when t h e y  a r e  c o m p r e s s e d  l o n g i t u d i n a l l y  

i n  t h e i r  own p l a n e .  The f i r s t  t o  b e  e n c o u n t e r e d  a s  
t h e  l o a d  i s  i n c r e a s e d  i s  i n s t a b i l i t y , a l s o  known a s  

b u c k l i n g . A t  t h i s  l o a d  t h e  o r i g i n a l  f l a t  p l a t e  s h a p e  
i s  no l o n g e r  t e n a b l e  and  f ro m  e n e r g y  c o n s i d e r a t i o n s  a 
d e f l e c t e d .c o n f i g u r a t i o n  m us t  b e  t a k e n  up*

When t h e  p l a t e s  a r e  fo rm ed  i n t o  t h i n - w a l l e d  s t r u c t u r a l  
c o m p o n e n t s  b u c k l i n g  c a n  t a k e  two f o r m s ,  i . e .  o v e r a l l  

i n s t a b i l i t y  an d  l o c a l  i n s t a b i l i t y .  I n  t h e  f o r m e r  t h e  
e l e m e n t  i s  u s u a l l y  i n  t h e  fo rm  o f  a  co lu m n  i n  w h i c h  t h e  
l e n g t h  i s  v e r y  much g r e a t e r  t h a n  a n y  o f  t h e  c r o s s - s e c t i o n a l  
d i m e n s i o n s .  T h i s  t y p e  o f  b u c k l i n g  i s  c h a r a c t e r i s e d  by  a  
l a t e r a l  movement o f  t h e  c r o s s - s e c t i o n ,  o r  t w i s t i n g  o f  t h e  
c r o s s - s e c t i o n  a b o u t  t h e  co lum n a x i s ,  o r  a  c o m b i n a t i o n  o f  
t h e s e  e f f e c t s .  I n  an y  o f  t h e s e  c a s e s  t h e  c r o s s - s e c t i o n a l  
s h a p e  i s  s u b s t a n t i a l l y  u n a l t e r e d .  L o c a l  b u c k l i n g ,  
h o w e v e r ,  i s  c h a r a c t e r i s e d  by  a  c h a n g e  i n  t h e  s h a p e  o f  t h e  
c r o s s - s e c t i o n .  T h i s  phenomenon o c c u r s  i n  c o lu m n s  w h e re  

t h e  l e n g t h  i s  o f  t h e  same o r d e r  a s  t h e  c r o s s - s e c t i o n a l  
d i m e n s i o n s  and  i t  i s  t h i s  t y p e  o f  b u c k l i n g  w h ic h  i s
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c o n s i d e r e d  i n  t h i s  t h e s i s .

The s e c o n d  i m p o r t a n t  p h a s e  i n  t h e  l o a d  h e a r i n g  
b e h a v i o u r  i s  c o l l a p s e . I t  i s  one  o f  t h e  i m p o r t a n t  
f e a t u r e s  o f  s h o r t  t h i n  p l a t e  s t r u c t u r e s  t h a t  t h i s  p h a s e  
may f o l l o w  t h e  p r e c e d i n g  one  a f t e r  a s i g n i f i c a n t  l o a d  
i n c r e a s e .

I n  a i r c r a f t  s t r u c t u r e s ,  w here  t h e  e l e m e n t s  a r e  
more  f u l l y  u t i l i s e d  t h a n  i n  s i m i l a r  C i v i l  E n g i n e e r i n g  
a p p l i c a t i o n s ,  i t  was common a t  one t i m e  f o r  t h e  p l a t e s  
t o  b e  l o a d e d  i n t o  t h e  p o s t - b u c k l i n g  r e g i o n .  H o w ev e r ,  

w i t h  t h e  a d v e n t  o f  s u p e r s o n i c  a i r c r a f t  t h i s  i s  no l o n g e r  
t h e  c a s e .  Now t h e  p r i m e  n e c e s s i t y  i s  f o r  t h e  m a i n t e n a n c e  
o f  t h e  d e s i g n e d  a e r o d y n a m i c  s h a p e  o f  t h e  v e h i c l e .  Thus  
o n c e  more a c c u r a t e  k n o w le d g e  o f  b u c k l i n g  l o a d s  i s  i m p o r t a n t .

T h i s  i s  n o t  t o  s a y  t h a t  p o s t - b u c k l i n g  c h a r a c t e r i s t i c s  

a n d  c o l l a p s e  l o a d s  a r e  n e g l e c t e d  b y  d e s i g n e r s .  Some 
f a c t o r  o f  l o a d  r e s e r v e  m us t  be  em ployed  and  i t  i s  f rom  
s u c h  i n f o r m a t i o n  t h a t  i t  c a n  be  c a l c u l a t e d .  T h i s  i s  
e q u a l l y  t h e  c a s e  i n  C i v i l  E n g i n e e r i n g  a p p l i c a t i o n s .  1

S i n c e  t h e  b e g i n n i n g  o f  t h i s  c e n t u r y  c o n s i d e r a b l e  
r e s e a r c h  h a s  b e e n  c a r r i e d  o u t  i n t o  t h e  p r o b l e m  o f  t h i n  f l a t  
p l a t e s  l o n g i t u d i n a l l y  l o a d e d  i n  c o m p r e s s i o n .  I n  t h i s  
c h a p t e r  t h e  more i m p o r t a n t  o f  t h e  p u b l i s h e d  r e s u l t s  o f  t h i s  

r e s e a r c h  a r e  b r i e f l y  r e v i e w e d .  F o r  s i m p l i c i t y  o f  
p r e s e n t a t i o n  t h e  r e v i e w  i s  made u n d e r  two h e a d i n g s :



F ig . 1.1
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1.  I n s t a b i l i t y .

2 . P o s t - b u c k l i n g  and  c o l l a p s e .

E a c h  h e a d i n g  i s  f u r t h e r  s u b - d i v i d e d  i n t o :
a .  P l a t e s .

b .  S t r u c t u r a l  s h a p e s .

I . l a  I n s t a b i l i t y  o f  T h i n  F l a t  P l a t e s .

The d i f f e r e n t i a l  e q u a t i o n  o f  e q u i l i b r i u m  f o r  a  f l a t  
p l a t e  u n d e r  c o m p r e s s i v e  l o a d  a c t i o n s  i n  i t s  own p l a n e  was 
f i r s t  p r e s e n t e d  by S t .  V e n a n t  ( 1 8 8 3 ) .  An e x a c t  s o l u t i o n  
t o  t h i s  e q u a t i o n  i s  a v a i l a b l e  i f  t h e  p l a t e  i s  c o m p r e s s e d  
a l o n g  two o p p o s i t e  s i m p l y  s u p p o r t e d  e d g e s  by a  u n i f o r m  l o a d  
d i s t r i b u t i o n .  Such  a  p l a t e  i s  shown i n  F i g u r e  I . l a ;  t h e  
u n l o a d e d  e d g e s  may h a v e  an y  c o m p a t i b l e  b o u n d a r y  c o n d i t i o n s .
No e x a c t  a n a l y t i c a l  s o l u t i o n  h a s  y e t  b e e n  p u b l i s h e d  when 
t h e  l o a d  d i s t r i b u t i o n  i s  o t h e r  t h a n  u n i f o r m ,  f o r  e x a m p l e ,  
t h e  i m p o r t a n t  c a s e  o f  a l i n e a r  d i s t r i b u t i o n  ( F i g u r e  I . l b ) .

I n  s u c h  c o n d i t i o n s  t h e  e n e r g y  m e thod  p r e s e n t e d  by  

B r y a n  ( 1 8 9 1 )  i s  o f  c o n s i d e r a b l e  v a l u e .  T h i s  u t i l i s e s  t h e  
phenom enon  o f  n e u t r a l  e q u i l i b r i u m  w h i c h  e x i s t s  a t  t h e  

i n s t a b i l i t y  l o a d .  T h i s  method  was e x t e n s i v e l y  d e v e l o p e d  
b y  T im o sh e n k o  (1 9 6 1 )  t o  o b t a i n  t h e  e l a s t i c  i n s t a b i l i t y  l o a d s  
f o r  p l a t e s  w i t h  l i n e a r  l o a d  d i s t r i b u t i o n .  A F o u r i e r  s e r i e s  
was u s e d  to  r e p r e s e n t  t h e  d e f l e c t e d  s h a p e  an d  r e s u l t s  w e re

A
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p r e s e n t e d  f o r  s i m p l y  s u p p o r t e d  l o a d e d  e d g e s  and  s i m p l y  

s u p p o r t e d  o r  b u i l t - i n  u n l o a d e d  e d g e s .  Much t h e  same 
a p p r o a c h  was u s e d  by J o h n s o n  and  N o e l  ( 1 9 5 3 ) ;  i n  t h i s  
c a s e  t h e  e c c e n t r i c i t y  o f  t h e  l o a d  d i s t r i b u t i o n  was s u c h  
a s  t o  c a u s e  one u n l o a d e d  edge  t o  be  i n  t e n s i o n .  T h i s  
e d g e  was  c o n s i d e r e d  t o  be  s i m p l y  s u p p o r t e d  w h i l e  t h e  o t h e r  
was  s u b j e c t  t o  an  e l a s t i c  r o t a t i o n a l  r e s t r a i n t .

I . l b  L o c a l  I n s t a b i l i t y  o f  Open S t r u c t u r a l  S h a p e s .

B l e i c h  (1 9 2 4 )  was t h e  f i r s t  t o  p r e s e n t  a n  a n a l y t i c a l  
a p p r o a c h  t o  t h e  l o c a l  e l a s t i c  i n s t a b i l i t y  o f  t h i n  w a l l e d  
c h a n n e l  s e c t i o n s .  He c o n s i d e r e d  t h e  c h a n n e l  a s  a c o l l e c t i o n  
o f  s i n g l e  t h i n  p l a t e  e l e m e n t s  w h ic h  h a v e  a  d e g r e e  o f  e l a s t i c  
r o t a t i o n a l  r e s t r a i n t  a t  t h e i r  common e d g e s .  S i n c e  u s e  was 
made o f  t h e  a n a l y t i c a l  s o l u t i o n  t o  S t .  V e n a n t ’ s e q u a t i o n  

t h e  r e s u l t s  w e re  r e s t r i c t e d  t o  s e c t i o n s  s u b j e c t e d  t o  a 
u n i f o r m  l o a d  d i s t r i b u t i o n  and w i t h  s i m p l y  s u p p o r t e d  l o a d e d  
e d g e s .  ( T h e s e  c o n d i t i o n s  a p p l y  s i m i l a r l y  t o  a l l  t h e  
p u b l i s h e d  l i t e r a t u r e  on s t r u c t u r a l  co m p o n en t  i n s t a b i l i t y  

r e v i e w e d  h e r e i n . )  The r o t a t i o n a l  r e s t r a i n t  was c o n s i d e r e d  
t o  b e  a p p l i e d  by  t h e  n e i g h b o u r i n g  e l e m e n t  and  c o u l d  t h e o r e t 
i c a l l y  v a r y  b e t w e e n  t h e  s i m p l y  s u p p o r t e d  c o n d i t i o n  and  

b u i l t - i n .

L u n d q u i s t ,  S t o w e l l  and S h u e t t e  (1 9 4 3 )  d e v e l o p e d  a 

m e th o d  b a s e d  on t h e  p r i n c i p l e  o f  moment d i s t r i b u t i o n .  I n
o r d e r  t o  o b t a i n  t h e  i n s t a b i l i t y  o f  a  s e c t i o n  i t  was 
n e c e s s a r y  t o  know t h e  s t i f f n e s s  and c a r r y - o v e r  f a c t o r s  a s  
d e f i n e d  i n  t h e  p r i n c i p l e .  I n  two c o l l e c t i o n s  o f  t a b l e s  
a n d  c h a r t s  K r o l l  (1 9 4 3 )  p r e s e n t e d  t h e s e  f a c t o r s  f o r  a
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c o l l e c t i o n  o f  p l a t e s  i n  s u c h  a way a s  t o  m i n i m i s e  
i n t e r p o l a t i o n  f o r  d e s i g n e r s .

C h i l v e r  (19 5 1 )  p r o v i d e d  a  more d i r e c t  m e thod  o f  
s o l u t i o n  i n  w h ic h  t h e  g e n e r a l  s o l u t i o n s  t o  S t .  V e n a n t ’ s 

e q u a t i o n  f o r  t h e  c o n s t i t u e n t  p l a t e s  w e r e  s o l v e d  s i m u l 
t a n e o u s l y  w i t h  t h e  r e l e v a n t  b o u n d a r y  c o n d i t i o n s  u s i n g  

d e t e r m i n a n t  t h e o r y .  T h i s  f a c i l i t a t e d  t h e  e v a l u a t i o n  o f  
t h e  l o c a l  i n s t a b i l i t y  l o a d  o f  an y  s e c t i o n  composed  o f  
p l a t e  e l e m e n t s ;  t h e  number  o f  e l e m e n t s  i n v o l v e d  was o n l y  
l i m i t e d  b y  t h e  u n w i e l d i n e s s  o f  t h e  r e s u l t i n g  a l g e b r a .  
E x p e r i m e n t a l  r e s u l t s  showed e x c e l l e n t  a g r e e m e n t  when t h e  
m e th o d  o f  S o u t h w e l l  (1 9 3 2 )  was u s e d  t o  a n a l y s e  t h e  e x p e r i 

m e n t a l  o b s e r v a t i o n s .

H a r v e y  (1 9 5 3 )  o b t a i n e d  t h e  b o u n d a r y  r o t a t i o n a l  
r e s t r a i n t  f a c t o r  i n  t h e  fo rm  o f  a  t r a n s c e n d e n t a l  e q u a t i o n .  

F o r  a n y  c h o s e n  v a l u e  o f  web t o  f l a n g e  w i d t h  r a t i o  and  web 
a s p e c t  r a t i o  t h e  i n s t a b i l i t y  l o a d  o f  t h e  s e c t i o n  c o u l d  be 

o b t a i n e d  f ro m  t h i s  e q u a t i o n  by  t r i a l  and  e r r o r  a p p r o x i m a t i o n  

p r o c e d u r e s .

I . 2a  P o s t - b u c k l i n g  C h a r a c t e r i s t i c s  and  C o l l a p s e  Loads  

o f  T h i n  P l a t e s .

The r e g i o n  o f  l o a d i n g  s u b s e q u e n t  t o  b u c k l i n g  i s  
c h a r a c t e r i s e d  by  a  r a p i d  i n c r e a s e  i n  t h e  l a t e r a l  d e f l e c t i o n s ,  
o f  t h e  p l a t e .  T h i s  i s  a c c o m p a n i e d  b y  c h a n g e  o f  t h e  s t r e s s  
p a t t e r n  due  t o  t h e  s t r e t c h i n g  o f  t h e  p l a t e  m i d d l e  p l a n e
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s u r f a c e .  T h e s e  two e f f e c t s  t a k e n  t o g e t h e r  c o m p l i c a t e  

c o n s i d e r a b l y  t h e  m a t h e m a t i c a l  s t u d y  o f  t h i s  l o a d i n g  r e g i o n .

A l t h o u g h  Von Karman (1 9 1 0 )  some t i m e  ag o  d e v e l o p e d  
t h e  d i f f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  i n t e r a c t i o n  o f  
t h e  l a t e r a l  d e f l e c t i o n  and s t r e s s  d i s t r i b u t i o n  i t  i s  o n l y  
i n  r e c e n t  y e a r s  t h a t  any  g r e a t  s u c c e s s  h a s  b e e n  e n j o y e d  i n  

o b t a i n i n g  a s o l u t i o n  t o  them .  Levy (1 9 4 2 )  u s i n g  a F o u r i e r  
s e r i e s  f o r  e a c h  o f  t h e  unknown f u n c t i o n s ,  i . e .  d e f l e c t i o n  
a n d  s t r e s s  d i s t r i b u t i o n s ,  d e v e l o p e d  a n  a p p r o x i m a t e  s o l u t i o n  
f o r  a p l a t e  s i m p l y  s u p p o r t e d  on a l l  e d g e s  and  u n i f o r m l y  
c o m p r e s s e d  a l o n g  two o p p o s i t e  e d g e s .  A l l  t h e  e d g e s  w e re  
c o n s t r a i n e d  t o  r e m a i n  s t r a i g h t  and  r e s u l t s  w e r e  p r e s e n t e d  
f o r  s q u a r e  p l a t e s  o n l y .  L e v y ’ s m e thod  h a s  s i n c e  b e e n  

a d a p t e d  t o  i n v e s t i g a t e  t h e  l o a d  b e a r i n g  c h a r a c t e r i s t i c s  o f  
p l a t e s  s u b j e c t  t o  o t h e r  b o u n d a r y  c o n d i t i o n s .  Coan (1 9 5 1 )  
s e t  o u t  t o  o b t a i n  a  more r e a l i s t i c  p i c t u r e  o f  t h e  t r u e  
e x p e r i m e n t a l  c o n d i t i o n s .  The e d g e s  o f  t h e  p l a t e  w e re  f r e e  
t o  t r a n s l a t e  i n  t h e  p l a n e  o f  t h e  p l a t e  and  t h e  p l a t e  was 
c o n s i d e r e d  t o  h a v e  a  s m a l l  i n i t i a l  c u r v a t u r e .  The l o a d e d  
e d g e s  c o u l d  be  s u b j e c t  t o  u n i f o r m  d i s p l a c e m e n t s ,  u n i f o r m  
s t r e s s  o r  u n i f o r m  s t r a i n  d i s t r i b u t i o n s .  The d i r e c t  u s e  
o f  L e v y ’ s m e thod  t o  p r e d i c t  t h e  e f f e c t  o f  s m a l l  i n i t i a l  
d e v i a t i o n s  f ro m  i n i t i a l  f l a t n e s s ,  w i t h  b o u n d a r y  c o n d i t i o n s  

s i m i l a r  t o  t h o s e  o f  t h e  p l a t e  i n  L e v y ' s  s t u d y ,  was s t u d i e d  
by  Hu e t  a l . ( 1 9 4 6 ) .  A more g e n e r a l i s e d  a p p r o a c h  was g i v e n  
by  Yamaki ( 1 9 5 9 ) .  H e r e  a g a i n  a F o u r i e r  s e r i e s  was u s e d  
b u t  i n  t h i s  c a s e  t h e  s t r e s s  f u n c t i o n  e q u a t i o n  was s o l v e d  
u s i n g  G a l e r k i n ' s  m e th o d .  R e s u l t s  w ere  p r e s e n t e d  f o r  s q u a r e  
p l a t e s  w i t h  u n i f o r m  d i s p l a c e m e n t  o f  l o a d e d  e d g e s  i n  t h e



-  19 -

p l a n e  o f  t h e  p l a t e  and t h e  u n l o a d e d  e d g e s  s i m p l j 7, s u p p o r t e d  
o r  b u i l t - i n .

' i 'hcse t h r e e  l a s t  m e n t i o n e d  c o n t r i b u t i o n s  a r e  e x t r e m e l y  
i m p o r t a n t  f rom  a p r a c t i c a l  p o i n t  o f  v iew  a s  no p l a c e  i s  
t r u l y  f l a t .  S i n c e  b u c k l e s  b e g i n  to  grow w i t h  t h e  b e g i n n 

i n g  o f  l o a d i n g  f o r  a p l a t e  t h a t  h a s  an  i n i t i a l  d e v i a t i o n  
f r o m  f l a t n e s s ,  t h e r e  can  be no b u c k l i n g  s t r e s s  f o r  an  

a c t u a l  p l a t e  i n  t h e  s t r i c t l y  t h e o r e t i c a l  s e n s e ;  h o w e v e r ,  
j u s t  a s  a d e f i n e d  y i e l d  s t r e s s  h a s  b e e n  f o u n d  u s e f u l  f o r  
m a t e r i a l s  t h a t  h a v e  no a c t u a l  y i e l d  s t r e s s ,  so a d e f i n e d  
b u c k l i n g  o r  c r i t i c a l  s t r e s s  f o r  a p l a t e  c a n  c o n v e y  much 

m e a n i n g  when d e s i g n i n g  p l a t e  s t r u c t u r e s  o r  i n t e r p r e t i n g  
e x p e r i m e n t a l  r e s u l t s .  B o th  Goan and Hu c o n c l u d e d  t h a t  
t h e  commonly u s e d  method o f  " t o p - o f - t h e - k n e e "  and  " s t r a i n  
r e v e r s a l "  u n d e r e s t i m a t e d  t h e  t h e o r e t i c a l  f l a t  p l a t e  c r i t i 

c a l  l o a d .  I n  t h e  l a t t e r  p a p e r  i t  was shown t h a t  w h i l e ,
i n  g e n e r a l ,  t h e  " S o u t h w e l l  P l o t "  method  m i g h t ' n o t  be
e x p e c t e d  t o  g i v e  s a t i s f a c t o r y  r e s u l t s  i t  c o u l d  be u s e d  i n  
t h e  l o a d i n g  r e g i o n  w e l l  b e lo w  t h e  c r i t i c a l  l o a d  f o r  p l a t e s  
w i t h  o n l y  s l i g h t  i n i t i a l  d e v i a t i o n s  f ro m  f l a t n e s s .

The t h e o r y  d e v e l o p e d  by  Levy and s u b s e q u e n t l y  m o d i f i e d  
h a s  b e e n  u s e d  o n l y  f o r  s q u a r e  p l a t e s  w h ic h  b u c k l e  i n t o  
one  h a l f  wave i n  t h e  d i r e c t i o n  o f  l o a d i n g .  F o r  p l a t e s  
i n  w h i c h  t h e  l e n g t h ,  i . e .  t h e  d i m e n s i o n  t a k e n  i n  t h e  
d i r e c t i o n  o f  l o a d i n g ,  i s  g r e a t e r  t h a n  t h e  b r e a d t h  i t  i s  
p o s s i b l e  f o r  two o r  more h a l f  w aves  t o  d e v e l o p  a t  t h e
b u c k l i n g  l o a d .  A l s o ,  d e p e n d i n g  on t h e  m a g n i t u d e  o f  t h e
l e n g t h  t o  b r e a d t h  r a t i o ,  i t  i s  p o s s i b l e  f o r  t h i s  number  to  
i n c r e a s e  a s  t h e  l o a d i n g  p r o c e e d s .  T h i s  phenomenon was
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i n d i c a t e d  i n  a t h e o r e t i c a l  s t u d y  c a r r i e d  o u t  toy S t e i n  
( 1 9 5 9 ) .  Wave l e n g t h  was c o n s i d e r e d  a s  b e i n g  c l o s e l y  
r e l a t e d  t o  t h e  s t r a i n  e n e r g y  c o n t e n t  o f  t h e  p l a t e .  As 
t h e  l o a d i n g  i n c r e a s e d  t h e r e  c o u l d  come a p o i n t  a t  w h ic h  
t h e  e n e r g y  c o n t a i n e d  i n  a d e f l e c t e d  s h a p e  o f  s a y  one 
h a l f  wave was  g r e a t e r  t h a n  i f  t h e  p l a t e  was d e f l e c t e d  i n  
two h a l f  w a v e s .  T h e o r e t i c a l l y ,  t h e r e f o r e ,  a  c h a n g e  o f  
wave l e n g t h  was i n d i c a t e d .  I n  p r a c t i c e  t h i s  c h a n g e  m i g h t  
b e  d e l a y e d  o r  a d v a n c e d  by  s l i g h t  d e v i a t i o n s  o f  t h e  a c t u a l  
p l a t e  c o n d i t i o n  f rom t h e  i d e a l .  The e x p r e s s i o n  f o r  t h e  
s t r a i n  e n e r g y  c o n t a i n e d  i n  a p l a t e  w i t h  l a r g e  d e f l e c t i o n s  
i s  e x t r e m e l y  c o m p l i c a t e d  so t h a t ,  i n  o r d e r  t o  m a i n t a i n  
c l a r i t y  o f  s t u d y ,  a s i m p l i f i e d  m a t h e m a t i c a l  m ode l  was u s e d  
i n s t e a d .  W i th  t h i s  i t  c o u l d  be shown t h a t  t h e r e  a r e  
s e v e r a l  p a t h s  o f  l o a d i n g  and  u n l o a d i n g  w h ic h  m i g h t  be  
f o l l o w e d .  Some l e d  t o  c o n d i t i o n s  o f  c o n t i n u o u s  c h a n g e  o f  
w a v e l e n g t h  w h e r e a s  o t h e r s  l e d  t o  s n a p p i n g  o r  " e x p l o s i v e "  
c h a n g e s .  The p a t h  w h ich  was f o l l o w e d  by  t h e  p l a t e  c o u l d  

b e  d i c t a t e d  by t h e  i n i t i a l  c o n d i t i o n s  o f  t h e  p l a t e  and  a l s o  
w h e t h e r  t h e  l o a d i n g  was i n d u c e d  by  c o n t r o l l e d  end t h r u s t  o r  

c o n t r o l l e d  end  movement .

I n  a  s u b s e q u e n t  p a p e r  S t e i n  ( 1 9 5 9 )  p r e s e n t e d  a  s o l u t i o n  
o f  t h e  Von Karman e q u a t i o n s  by u s i n g  a  m o d i f i e d  p e r t u r b a t i o n  
m e t h o d .  The n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w e r e  c o n v e r t -  
red  t o  a n  i n f i n i t e  s e t  o f  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  by  
e x p a n d i n g  t h e  d i s p l a c e m e n t s  i n t o  a  p o w e r  s e r i e s  i n  t e r m s  o f  
a n  a r b i t r a r y  p a r a m e t e r .  The a n a l y t i c a l  t r e a t m e n t  o f  a f i n i t e  
s e l e c t i o n  o f  t h e s e  e q u a t i o n s  g a v e  a n  a p p r o x i m a t e  s o l u t i o n  t o  
t h e  p r o b l e m .  C o n t i n u o u s  wave l e n g t h  c h a n g e  was n o t  t a c k l e d  

h e r e ;  t h e  p l a t e  was a s su m ed  t o  h a v e  d e f l e c t e d  i n  a  s p e c i f i c
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wave l e n g t h .  R e s u l t s  o f  a n  e x p e r i m e n t a l  i n v e s t i g a t i o n  
a l s o  c a r r i e d  o u t  by S t e i n  showed good  a g r e e m e n t  w i t h  
h i s  t h e o r e t i c a l  c o n c l u s i o n s .

The u l t i m a t e  l o a d  b e a r i n g  c a p a c i t y  o f  a  p l a t e  i s  
i n t i m a t e l y  b o un d  up w i t h  t h e  c h a r a c t e r i s t i c s  o f  t h e  

m a t e r i a l  i n v o l v e d .  The s t u d y  o f  c o l l a p s e  t h e r e f o r e  
m u s t  i n c l u d e  n o t  o n l y  t h e  n o n - l i n e a r i t y  o f  t h e  l a r g e  

d e f l e c t i o n  e q u a t i o n s  b u t  a l s o  t h e  n o n - l i n e a r i t y  o f  t h e  
m a t e r i a l  b e y o nd  t h e  e l a s t i c  r e g i o n .  T h i s  e x t r e m e l y  
d i f f i c u l t  p r o b l e m  h a s ,  t o  d a t e ,  o n l y  b e e n  f u l l y  t a c k l e d  
by  M a y e r s  a nd  B u d i a n s k y  ( 1 9 5 5 ) .  T h e i r  a n a l y s i s  i n v o l v e d  
t h e  a p p l i c a t i o n  o f  a  v a r i a t i o n a l  p r i n c i p l e  o f  t h e  d e f o r m -  
: a t i o n  t h e o r y  o f  p l a s t i c i t y  i n  c o n j u n c t i o n  w i t h  c o m p u t a t i o n s  

c a r r i e d  o u t  on a h i g h  s p e e d  c a l c u l a t i n g  m a c h i n e .  The 
p l a t e  was  a s s u me d  t o  c o n s i s t  o f  two s t r e s s - c a r r y i n g  f a c e s  
o n l y ,  t h e  s t r e s s  b e i n g  c o n s t a n t  t h r o u g h  t h e  t h i c k n e s s  o f  
e a c h  f a c e .  N u m e r i c a l  r e s u l t s  w e r e  g i v e n  f o r  f o u r  s q u a r e  
f l a t  a l u m i n i u m  p l a t e s  w i t h  s t r a i g h t  e d g e s  c o m p r e s s e d  

u n i f o r m l y  b e y on d  t h e  b u c k l i n g  l o a d  i n t o  t h e  p l a s t i c  r a n g e .  
W i t h i n  t h e  r a n g e  o f  c a l c u l a t i o n s  t h e  a v e r a g e  a p p l i e d  s t r e s s  

d i d  n o t  r e a c h  a  maximum, b u t  by  a s s u m i n g  c o l l a p s e  t o  h a v e  
o c c u r r e d  a t  t h e  l a r g e  u n i t  s h o r t e n i n g  o f  0 . 0 1  a n  a p p r o x i m a t e  

maximum l o a d  was o b t a i n e d .  The c o m p a r i s o n  g i v e n  i n  
F i g u r e  1 . 2  o f  t h e s e  t h e o r e t i c a l  r e s u l t s ,  i n  t e r m s  o f  n o n -  
: d i m e n s i o n a l  p a r a m e t e r s ,  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  o f  

Needham ( 1 9 5 4 )  and  Botman ( 1 9 5 4 )  showed t h e  t h e o r e t i c a l  
p r e d i c t i o n s  t o - h a v e  b e e n  h i g h .  The  t e s t s ,  h o w e v e r ,  w e r e  
c o n d u c t e d  on p l a t e s  w h i c h  d i d  n o t  e n t i r e l y  s a t i s f y  t h e  
s t r a i g h t  e dge  c o n d i t i o n s  a nd  a l s o  on m u l t i - p a n e l  p l a t e s .

A l t h o u g h  i t  was  shown by  May e rs  and  B u d i a n s k y  t h a t



CRUCIFORM & ANGLE SECTIONS

STOWEL 24ST4 alloy C rucifo rm

o NEEDHAM 2Q 24-T J alloy Angles

0*8

0*6

0-2

0-2 0*4 0*6 0 8 I’O

<rM. 
r m .  i . i



-  22 -

p l a s t i c  s t r e s s e s  c a l c u l a t e d  f r o m  e l a s t i c  d i s p l a c e m e n t s  
d i f f e r e d  m a r k e d l y ,  i n  t h e i r  c a s e ,  f r om  t h e  s t r e s s e s  
c a l c u l a t e d  f r o m  p u r e l y  p l a s t i c  c o n s i d e r a t i o n s ,  t h i s  
me th od  o f  m i x i n g  e l a s t i c  and p l a s t i c  c o n s i d e r a t i o n s  was 

u s e d  w i t h  some s u c c e s s  by S t o w e l l ( 1 9 5 1 ) .  By e x t e n d i n g  
t h e  d i f f e r e n t i a l  e q u a t i o n  o f  e q u i l i b r i u m  o f  a  c o m p r e s s e d  
o p e n  c o l u m n ,  d e r i v e d  by Wagner  ( 1 9 3 6 ) ,  i t  was  p o s s i b l e  t o  
o b t a i n  t h e  l a r g e  d e f l e c t i o n  e l a s t i c  b e h a v i o u r  o f  a l o n g  
f l a t  p l a t e  h a v i n g  one  e d g e  s t r a i g h t  a n d  s i m p l y  s u p p o r t e d  
and  t h e  o t h e r  f r e e ;  t h e  l o a d e d  e d g e s  w e r e  u n i f o r m l y  
c o m p r e s s e d  a nd  s t r a i g h t .  The e l a s t i c  d e f o r m a t i o n s  so 
o b t a i n e d  w er e  t h e n  u s e d  t o  e v a l u a t e  t h e  r e l e v a n t  p l a s t i c  
l o n g i t u d i n a l  d i r e c t  s t r e s s e s  f r om  t h e  d e f o r m a t i o n  t h e o r y  
o f  p l a s t i c i t y  and  t h e  s t r e s s - s t r a i n  c u r v e  o f  t h e  m a t e r i a l  
( 2 4 S - T  a l u m i n i u m  a l l o y ) .  By n u m e r i c a l l y  i n t e g r a t i n g  t h e s e  
s t r e s s e s  a c r o s s  t h e  p l a t e  w i d t h  t h e  l o a d  was  f o u n d ;  t h e  
p r o c e s s  was  r e p e a t e d  f o r  i n c r e a s i n g  d e f l e c t i o n  u n t i l  t h e  
maximum l o a d  was  r e a c h e d .  The u l t i m a t e  l o a d  was f o u n d  t o  
c o i n c i d e  w i t h  t h e  s t r e s s  i n t e n s i t y  a t  t h e  h i n g e d  e dg e  

a t t a i n i n g  t h e  y i e l d  v a l u e  f o r  t h e  m a t e r i a l .  E x p e r i m e n t a l  
r e s u l t s  showed go od  a g r e e m e n t  w i t h  t h e  p r e d i c t i o n s  o f  t h i s  

m e t h o d ,  t h e s e  a r e  p r e s e n t e d  i n  F i g u r e  1 . 3  i n  n o n - d i m e n s i o n a l  

t e r m s .

As w e l l  a s  t h e  t h e o r e t i c a l  a n a l y s e s  o u t l i n e d  a b o v e  
t h e r e  h a v e  b e e n  s e v e r a l  i m p o r t a n t  s e m i - e m p i r i c a l  a p p r o a c h e s  
t o  p l a t e  c o l l a p s e .  P a r a m o u n t  among t h e s e  i s  t h e  c o n c e p t  
o f  e f f e c t i v e  w i d t h  p r o p o s e d  by  Von Karman  e t  a l . ( 1 9 3 2 )  and  
f u r t h e r  d e v e l o p e d  b y  M a r g u e r r e  ( 1 9 4 2 )  f o r  p l a t e s  s u p p o r t e d  
a l o n g  b o t h  e d g e s .  I n  t h i s  t h e  c e n t r e  p o r t i o n  o f  t h e  p l a t e ,  
i . e .  t h e  p a r t  m o s t  d e f l e c t e d ,  was c o n s i d e r e d  t o  c a r r y  no
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l o a d .  The  l o a d  was c a r r i e d  -by two o u t s i d e  s t r i p s ,  when 
t h e  s t r e s s  i n  t h e s e  s t r i p s  r e a c h e d  t h e  y i e l d  v a l u e  o f  t h e  
m a t e r i a l  t h e  p l a t e  was c o n s i d e r e d  t o  h a v e  c o l l a p s e d .
The e m p i r i c a l  f a c t o r  i n  t h e  d e r i v e d  e q u a t i o n  was s u p p l i e d  . 
by  S e c h l e r  ( 1 9 3 3 ) .  A n o t h e r  a p p r o a c h ,  G e r a r d  ( 1 9 5 7 ) ,  was  

a  d e v e l o p m e n t  o f  t h e  r e s u l t s  o f  S t o w e l l  ( 1 9 5 1 ) .  T h i s  
was  b a s e d  on t h e  f a c t  t h a t  c o l l a p s e  was c l o s e l y  a s s o c i a t e d  
w i t h  t h e  h i g h e s t  a t t a i n a b l e  v a l u e  o f  t h e  e dg e  s t r e s s  -  i n  

t h i s  me th od  a c c o u n t  was  t a k e n  o f  t h e  u n l o a d e d  e d g e  c o n d i t i o n s .

I . 2b C o l l a p s e  Lo a ds  o f  S t r u c t u r a l  S e c t i o n s .

Up t o  t h e  p r e s e n t  t i m e  w o r k e r s  i n  t h i s  f i e l d  h a v e  
l i m i t e d  t h e m s e l v e s  t o  p r e s e n t i n g  d e s i g n  d a t a  on t h e  c o l l a p s e  
l o a d  a l o n e .  T h i s  d a t a  may b e  o b t a i n e d  e i t h e r  f r om  c o n s i d e r 
a t i o n  o f  t h e  s e c t i o n  a s  a  c o l l e c t i o n  o f  p l a t e  e l e m e n t s  o r  
f r o m  e m p i r i c a l  l a w s  d e r i v e d  f r o m  t e s t s  on c o m p l e t e  s e c t i o n s .

Among t h e  f i r s t  t o  p r e s e n t  t h e  f o r m e r  me t hod  w e r e  
S e c h l e r  a nd  Dunn ( 1 9 4 2 ) .  H e r e  t h e  s e c t i o n  was t a k e n  t o  be  
c omposed  o f  i n d i v i d u a l  p l a t e s  w h i c h  w e r e  a s s u m e d  t o  be  h i n g e d  
a t  t h e  common e d g e s .  The c o l l a p s e  l o a d  was c a l c u l a t e d  a s  
t h e  sum o f  t h e  i n s t a b i l i t y  l o a d s  o f  t h e  p l a t e s .  T h e s e  d e s i g n  
c r i t e r i a  w e r e  s o o n  shown t o  be  i n a d e q u a t e  b y  W i n t e r  ( 1 9 4 6 ) .
I n  t h i s  p a p e r  t h e  c o m p r e s s i o n  f l a n g e s  o f  t h i n  w a l l e d  l i p p e d  
and  p l a i n  c h a n n e l  s e c t i o n s  l o a d e d  a s  beams w e r e  s t u d i e d .
By n o t i n g  t h e  s i m i l a r i t y  o f  s e c t i o n  t e s t  r e s u l t s  w i t h  t h o s e  
o f  S e c h l e r  ( 1 9 3 3 )  on f l a t  p l a t e s  i t  was  c o n c l u d e d  t h a t  t h e  
c o m p r e s s i o n  f l a n g e  c o u l d  be t r e a t e d  a s  a n  i n d i v i d u a l  p l a t e .
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I n  t h i s  way a d e s i g n  me thod  was f o r m u l a t e d  u s i n g  t h e  
e f f e c t i v e  w i d t h  c o n c e p t .

Needham ( 1 9 5 4 )  p r e s e n t e d  a  me t hod  o f  p r e d i c t i n g  
t h e  c o l l a p s e  l o a d s  o f  c o m p l i c a t e d  s t r u c t u r a l  s h a p e s  w h i c h  

g a v e  good  c o m p a r i s o n  w i t h  e x p e r i m e n t a l  r e s u l t s .  The 
s e c t i o n s  w e r e  d i v i d e d  n o t  i n t o  p l a t e s  b u t  i n t o  a n g l e  
e l e m e n t s .  The c o l l a p s e  l o a d s  o f  t h e s e  e l e m e n t s  c o u l d ,  
f o r  a n y  p r a c t i c a l  c a s e ,  h e  o b t a i n e d  by  i n t e r p o l a t i o n  f ro m 
t h e  r e s u l t s  on a  g r e a t  n umber  o f  a n g l e  g e o m e t r i e s .  The 
s e c t i o n  maximum l o a d  was t a k e n  t o  be  t h e  sum o f  t h e s e  
l o a d s .  The me t hod  was  t o  some e x t e n t  s u g g e s t e d  by t h e  
p a p e r  o f  H e i m e r l  and  Woods ( 1 9 4 6 ) .  T h i s  showed t h a t  t h e  
t e n s i l e  s t r e n g t h  o f  a l u m i n i u m  a l l o y  c a n  be  r a i s e d  by a s  
much a s  25% by c o l d  w o r k i n g  when t h e  s e c t i o n s  a r e  made by 
b r a k e  f o r m i n g .

By i n t u i t i v e  r e a s o n i n g  t h e  g o v e r n i n g  p a r a m e t e r s  f o r  
d e s c r i b i n g  t h e  u l t i m a t e  l o a d  v a r i a t i o n  o f  o p e n  c h a n n e l  

s e c t i o n s  a r e :  maximum a v e r a g e  s t r e s s ,  i n s t a b i l i t y  s t r e s s
and  t h e  m a t e r i a l  y i e l d  s t r e s s .  D e s i g n  c r i t e r i a  h a v e  b e e n  
f o r m u l a t e d  f r o m  e m p i r i c a l  r e l a t i o n s h i p s  o f  t h e s e  f a c t o r s .
To o b t a i n  t h e  v a l u e s  o f  t h e  c o n s t a n t s  i n  t h e s e  r e l a t i o n s h i p s  
a  g r e a t  n um b e r  o f  t e s t s  on s t e e l  and a l u m i n i u m  s e c t i o n s  were  
c a r r i e d  o u t  by H e i m e r l  ( 1 9 4 7 ) ,  S e h u e t t e  ( 1 9 4 9 )  a nd  G h i l v e r  
( 1 9 5 3 ) .  R e s u l t s  a r e  shown i n  F i g u r e s  1 . 4  and  1 . 5  w i t h  t h e  

l a w s  d e r i v e d  f r o m  t he m.

K e n e d i  e t  a l .  ( 1 9 5 5 )  d e t e r m i n e d  v a r i o u s  s e m i - e m p i r i c a l  
r e l a t i o n s  a s  a  b a s i s  o f  d e s i g n  f r om  a  l a r g e  n um b er  o f  t e s t s  
on c o l d  r o l l e d  p l a i n  a nd  l i p p e d  c h a n n e l  s e c t i o n s .
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CHAPTER I I .

THE GENERALISED PLATE EQUATIONS AND THE 
FORMULATION OF THE GALERKIN SERIES FOR 

THEIR SOLUTION FOR A LINEARLY VARYING 

COMPRESSIVE LOAD DISTRIBUTION.

T h i s  c h a p t e r  b e g i n s  w i t h  a n  o u t l i n e  o f  t h e  d e r i v a t i o n  
o f  t h e  "Von Harman"  e l a s t i c  l a r g e  d e f l e c t i o n  e q u a t i o n s .  
T h e s e  a r e  t h e n  t r a n s p o s e d  i n t o  n o n - d i m e n s i o n a l  t e r m s  i n  
o r d e r  t o  f a c i l i t a t e  t h e i r  s o l u t i o n  and m a i n t a i n  c l a r i t y  o f  
p r e s e n t a t i o n .  T h i s  i s  f o l l o w e d  by  a  d e s c r i p t i o n  o f  t h e  
s e r i e s  me thod  o f  s o l v i n g  d i f f e r e n t i a l  e q u a t i o n s  d e v e l o p e d  
b y  V. G. G a l e r k i n  ( 1 9 1 5 )  w i t h  a n  i n d i c a t i o n  o f  t h e  
a d v a n t a g e s ,  a nd  d i s a d v a n t a g e s ,  o f  t h e  u s e  o f  t h e  me thod  i n  
t h e  s o l u t i o n  o f  t h e  p r e s e n t  p r o b l e m .

The c h a p t e r  f i n i s h e s  w i t h  a  d e t a i l e d  d e r i v a t i o n  o f  
t h e  r e l e v a n t  b o u n d a r y  c o n d i t i o n s  a n d  t h e  r e s u l t i n g  G a l e r k i n  

S e r i e s  a s s o c i a t e d  w i t h  t he m.

I I . 1  E l a s t i c  L a r g e  D e f l e c t i o n  E q u a t i o n s .

C o n s i d e r i n g  a n  i n c r e m e n t a l  s e g m e n t  o f  t h e  p l a t e  and  
a s s u m i n g  no b o d y  f o r c e s  p r e s e n t  t h e  f o r c e s  a nd  moments  on 
i t  c a n  b e  r e p r e s e n t e d  a s  shown i n  F i g u r e s  I I . 1 a nd  I I . 2.  
T h e s e  g i v e  r i s e  t o  t h e  f o l l o w i n g  e q u a t i o n s  o f  e q u i l i b r i u m
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H i -  * Mac.1

'
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I I . 1.  l a

M = O  . . . . . . . . . . .  I I . 1 . l b

-  2  + Mu ^  + 2  Na,u ) r r ! 1 p
* = * '  -* = c  ■' x  * $  '  1 I - 1 - 1 C .

The s o l u t i o n  o f  t h e s e  e q u a t i o n s  i s  f a c i l i t a t e d  by- 
i n t r o d u c i n g  a  s t r e s s  f u n c t i o n  ( F ) .. I t  i s  s e e n  t h a t  
e q u a t i o n s  I I . 1 . 1 a  a nd  l . b  a r e  i d e n t i c a l l y  s a t i s f i e d  i f

I t  c a n  b e  shown ( T i m o s h e n k o ,  196 1 .  c h a p .  8 ) t h a t  i f
t h e  c u r v a t u r e s  o f  t h e  p l a t e  i n  t h e  x  a n d  y  d i r e c t i o n s  a r e

"&%w a n a  <—a p p r o x i m a t e d  t o  by  — an(* “  r e s p e c t i v e l y
t h e n

M* « - & [ £ $ ♦  V * £ ]

Thus  e q u a t i o n  I I . 1 . 1 c  b e c o m e s

y~w . o .> V  + H w  -  _L. f 5lF. _7_2 iL . _SiL. 1 T T i 3
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S i n c e  i n  t h e  c a s e  b e i n g  c o n s i d e r e d  t h e  movement  i n  
t h e  Z  d i r e c t i o n  i s  v e r y  much g r e a t e r  t h a n  i n  t h e  and

ij d i r e c t i o n s  t h e  s t r a i n  o f  a n  e l e m e n t  o f  t h e  m i d d l e  
p l a n e  o f  t h e  p l a t e  c a n  b e  shown f r o m  f i g u r e s  I I . 3  a nd  I I . 4 
t o  be

I I . 1 . 4 a .

I I .  1 . 4 b .

1 1 . 1 . 4 c .

By d i f f e r e n t i a t i n g  t h e s e  e x p r e s s i o n s  i t  c a n  be  s e e n

t h a t

- I I . 1 . 5 .

H o w e v e r ,

V  = -1-  N•«c*
2i\ + V)

E
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Thus  e q u a t i o n  I I . 1 . 5  c a n  h e  w r i t t e n  a s

V*F 7 £ r  = e ( ^  w . V w . I I . 1 . 6

I I . 2  F o r m u l a t i o n  o f  L a r g e  D e f l e c t i o n  E q u a t i o n s  i n  
N o n - d i m e n s i o n a l  T e r m s .

T a k i n g

5 =  -* a _

t h e n  e q u a t i o n  I I . 1 . 3  c a n  h e  w r i t t e n  a s

A -4>_ ^ F« -E-E.K1

^ p  — ^ ( k c o ^  +  V*(V\to^
*cxs)%±o>vlr

=  k r  V y E h T  ^ ( hco^  +  ^(EX hlX  il(hCi5) -  ?  - *V evfr ^(coW) 
D L ^  ^ ( bvja *b'i)*(Af l

w h e r e ^  * JEJd
\ 2 0 - ^ 5

J_ . £co =

I I . 2 . 1
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S i m i l a r l y  e q u a t i o n  I I . 1 . 6  c a n  be  w r i t t e n  a s

— r  f ( XGolO) \* __ ^2 (coK^ . V(u?M

JL ^ f ' - ?  ^2e!_ 
4>' ‘‘VC'Zyf

<b2 X £ ’ « ( - > V -  \* o Cv? ^  CiP
’ V i 1

I I  . 2 . 2

I n  t h e  same m a n ne r

S ’* E h1
Cl

= ^ E K l

I I . 3  B r i e f  D e s c r i p t i o n  o f  G a l e r k i n ' s  M e t h o d .

To t h e  a u t h o r ’ s k n o w l e d g e  so  f a r  no  e x a c t  s o l u t i o n s  
t o  t h e  p r o b l e m  f o r m u l a t e d  i n  e q u a t i o n s  I I . 1 . 3  a n d  I I .  1 . 6  
t o g e t h e r  w i t h  t h e  a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s  h a v e  b e e n  
p u b l i s h e d .  The a p p r o x i m a t e  s o l u t i o n s  p r e s e n t e d  u s u a l l y  
s t a r t  b y  a s s u m i n g  some s e r i e s  f u n c t i o n  r e p r e s e n t i n g  t h e  
d e f l e c t i o n  ( w ) . A p a r t  f r om  p r e f e r e n c e  f o r  m a t h e m a t i c a l  
r e a s o n s  i t  i s  t h e  more e a s i l y  o b s e r v e d  and  m e a s u r e d  p a r a m e t e r  
i n  t e s t s  a nd  t h e r e f o r e  t h e  l e a s t  d i f f i c u l t  one  t o  d e s c r i b e  
m a t h e m a t i c a l l y .  The s e r i e s  f o r  w s h o u l d  c o n t a i n  a t  l e a s t
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one  and p r e f e r a b l y  more t e r m s ,  e a c h  q u a l i f i e d  by  an  
u n d e t e r m i n e d  c o e f f i c i e n t .

The d e f l e c t i o n  f u n c t i o n  i s  t h e n  s u b s t i t u t e d  i n t o  
e q u a t i o n  I I . 1 . 6  a nd  t h e  s t r e s s  f u n c t i o n  ( f ) o b t a i n e d ,  
e i t h e r  b y  a n a l y t i c a l  o r  a p p r o x i m a t e  m e t h o d s ,  i n  t e r m s  
o f  t h e  d e f l e c t i o n  c o e f f i c i e n t s  f r o m  t h e  r e s u l t i n g  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n .  Now w a nd  F a r e  s u b s t i t u t e d  i n t o  
e q u a t i o n  I I . 1 . 3  t o  d e t e r m i n e  t h e  a b s o l u t e  v a l u e  o f  t h e s e  
c o e f f i c i e n t s ;  s i n c e  t h e  a s s u m p t i o n  f o r  w i s  a n  a p p r o x 
i m a t i o n  t h e  r e s u l t i n g  d i f f e r e n t i a l  e q u a t i o n  c a n n o t  be  
s o l v e d  a n a l y t i c a l l y . By u s i n g  a me t hod  s u c h  a s  t h a t  
d e v e l o p e d  by  G a l e r k i n ,  h o w e v e r ,  i t  i s  p o s s i b l e  t o  d e t e r m i n e  
t h e  c o e f f i c i e n t s  s u c h  t h a t  e q u a t i o n  I I . 1 . 3  i s  on t h e  
a v e r a g e  c l o s e l y  s a t i s f i e d  o v e r  t h e  r a n g e  o f  i n t e r e s t .

The me th o d  o f  s o l u t i o n  b e i n g  p r e s e n t e d  i n  t h i s  

t h e s i s  c l o s e l y  f o l l o w s  t h e  a b o v e  o u t l i n e  b u t ,  s i n c e  t h e  
s e r i e s  c h o s e n  f o r  w i s  o f  n e c e s s i t y  a  C o m p l i c a t e d  o n e ,  
t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  F c a n n o t  b e  s o l v e d  e x a c t l y  
a nd  G a l e r k i n 1s me thod  i s  u s e d  f o r  t h i s  a l s o .

The me thod  o f  G a l e r k i n  ( D u n c a n ,  1937)  b e l o n g s  t o  t h e  
same g e n e r a l  c l a s s  a s  t h o s e  o f  R a y l e i g h  and  R i t z .  I t  
s e e k s  t o  o b t a i n  a n  a p p r o x i m a t e  s o l u t i o n  o f  a  d i f f e r e n t i a l  
e q u a t i o n  w i t h  s t a t e d  b o u n d a r y  c o n d i t i o n s  by  t a k i n g  an  
a s s u m e d  s e r i e s  f u n c t i o n  and  s p e c i a l i s i n g  i t  i n  s u c h  a 
m a n ne r  a s  t o  s e c u r e  a p p r o x i m a t e  s a t i s f a c t i o n  o f  t h e  d i f f e r 
e n t i a l  e q u a t i o n .  Each  t e r m  o f  t h e  c h o s e n  s e r i e s  s a t i s f i e s  
t h e  r e l e v a n t  b o u n d a r y  c o n d i t i o n s  e x a c t l y  and  i s  q u a l i f i e d  
by  a n  unknown c o e f f i c i e n t .  The d e g r e e  o f  a c c u r a c y  w i t h  
w h i c h  t h e  G a l e r k i n  s e r i e s  f i t s  t h e  d i f f e r e n t i a l  e q u a t i o n



i m p r o v e s  a s  t h e  number  o f  t e r m s  i n c l u d e d  i n  t h e  a s s u me d  
s e r i e s  i s  i n c r e a s e d .

S u p p o s e  t h e  s o l u t i o n  i s  r e q u i r e d  o f  t h e  l i n e a r  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n

f o r  t h e  r a n g e  <X ^  b. o f  t h e  i n d e p e n d e n t
v a r i a b l e .  The G a l e r k i n  me thod  . i s  e s s e n t i a l l y  a s  f o l l o w s :  
i f  Y i s  a  f u n c t i o n  o f  x  w h i c h  s a t i s f i e s  t h e  p r e s c r i b e d

s e q u e n c e  o f  l i n e a r l y  i n d e p e n d e n t  f u n c t i o n s  w h i c h  s a t i s f y  
t h e  h o mo g e n e o u s  b o u n d a r y  c o n d i t i o n s  t h e n  i t  c a n  be  s e e n  
t h a t

w i l l  a l s o  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  i f  t h e  c o 
e f f i c i e n t s  CT a r e  i n d e p e n d e n t  o f  x .  The d e t e r m i n a t i o n  
o f  t h e s e  c o e f f i c i e n t s  i s  o b t a i n e d  by  s u b s t i t u t i n g  e q u a t i o n

I I . 3 . 2  i n t o  e q u a t i o n  I I . 3 . 1 ,  m u l t i p l y i n g  by Y s , i n t e g r a t 
i n g  t h e  r e s u l t  o v e r  t h e  r a n g e  o f  i n t e r e s t  and  e q u a t i n g  t o  
z e r o .  As s i s  made 1,2, . ' . . .wi  i n  s u c c e s s i o n ,  m l i n e a r  
a l g e b r a i c  e q u a t i o n s  a r e  o b t a i n e d ,  t h e  s i m u l t a n e o u s  s o l u t i o n  

o f  w h i c h  y i e l d s  t h e  c o e f f i c i e n t s  C-r

I t  c a n  b e  s e e n  t h a t  i f  i n s t e a d  o f  I I . 3 . 1  a  n o n 
l i n e a r  d i f f e r e n t i a l  e q u a t i o n  h a d  b e e n  c h o s e n  t h e n  t h e  
r e s u l t i n g  a l g e b r a i c  e q u a t i o n s  wou l d  a l s o  h a v e  b e e n  n o n 
l i n e a r  and  t o  t h e  same d e g r e e  a s  t h e  d i f f e r e n t i a l  e q u a t i o n .

b o u n d a r y  c o n d i t i o n s  e x a c t l y  and  S x / Yi

I I . 3
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G a l e r k i n 1s method  h a s  a  m a j o r  d r a w b a c k  i n  i t s  u s e  
i n  a p p l i e d  e l a s t i c i t y  i n  t h a t  t h e  b o u n d a r y  c o n d i t i o n s  
o f  t h e s e  p r o b l e m s  may l e a d  t o  l a r g e  and  c o m p l i c a t e d  
e x p r e s s i o n s  i n  t h e  a p p r o p r i a t e  a s s u m e d  s e r i e s .  T h i s ,  
r e s u l t s  i n  a n  e no rmo u s  amount  o f  a r i t h m e t i c  work  f o r  t h e  
i n c l u s i o n  o f  e v e n  a few t e r m s  i n  t h e  s e r i e s .  T h i s  
f e a t u r e  h a s  b e e n  t o  some e x t e n t  o v e rc om e  i n  t h e  s o l u t i o n  
p r e s e n t e d  i n  t h i s  d i s s e r t a t i o n  by mak i ng  u s e  o f  an  
a u t o m a t i c  d i g i t a l  c o m p u t e r  w h i c h ,  i f  i t  i s  p rogrammed 

f o r  a g e n e r a l i s e d  t e r m  i n  t h e  G a l e r k i n  s e r i e s ,  w i l l  
p e r f o r m  a l l  t h e  a r i t h m e t i c  o p e r a t i o n s  q u i c k l y  and  

a c c u r a t e l y .  No e x t r a  work  i s  r e q u i r e d  o f  t h e  o p e r a t o r  
f o r  a n  i n c r e a s e  i n  t h e  n umbe r  o f  t e r m s  i n  t h e  s e r i e s  and  
t h e  l i m i t a t i o n s  a r e  now i mp os ed  m e r e l y  by  t h e  m a c h i n e  
s p e e d  a nd  a v a i l a b l e  s t o r a g e  s p a c e .

When t h e  me t hod  o f  G a l e r k i n  i s  u s e d  t o  o b t a i n  a  

s o l u t i o n  t o  a  p r o b l e m  w h i c h  c a n  b e  d e s c r i b e d  by  a  s i n g l e  
d i f f e r e n t i a l  e q u a t i o n  t h e n  i t  may be  shown t h a t  t h e  r e s u l t s  
a r e  i d e n t i c a l  w i t h  t h o s e  o b t a i n e d  b y  u s i n g  t h e  e n e r g y  
me thod  o f  R a y l e i g h  a nd  R i t z  f o r  t h e  p r o b l e m ,  p r o v i d e d  t h a t  
t h e  same s e r i e s  i s  u s e d  i n  e a c h  c a s e .  T h i s  i s  a d v a n t a g e o u s  
s i n c e  i t  i s  known t h a t  a n  a p p r o x i m a t e  s o l u t i o n  o f  a  p r o b l e m  
o b t a i n e d  by  t h e  R a y l e i g h - R i t z  me thod  a p p r o a c h e s  t h e  e x a c t  
s o l u t i o n  o f  t h a t  p r o b l e m  i n  s u c h  a way t h a t  w i t h  i n c r e a s i n g  
n u m b e r s  o f  t e r m s  i n c l u d e d  i n  th e . c h o s e n  s e r i e s  t h e  s t r a i n  
e n e r g y  o f  t h e  s y s t e m  i s  i n o n o t o n i c a l l y  r e d u c e d .  Thus  i t  i s  
p o s s i b l e  t o  make a n  a n a l y t i c a l  e s t i m a t e  o f  t h e  p r o b a b l e  
e r r o r  i n c u r r e d  b y  u s i n g  o n l y  a  f i n i t e  n umb e r  o f  t e r m s  i n  

t h e  s e r i e s .



f i s  n . s
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T h i s  p r o p e r t y  i s  shown c l e a r l y  i n  t h e  n e x t  c h a p t e r  

when t h e  i n s t a b i l i t y  c o n d i t i o n ,  w h i c h  m a t h e m a t i c a l l y  i s  
d e s c r i b e d  by  o n l y  one d i f f e r e n t i a l  e q u a t i o n ,  i s  c o n s i d e r e d .  
H o w e v e r ,  f o r  t h e  p o s t - b u c k l i n g  c o n d i t i o n  t h e  p r o b l e m  i s  
f o r m u l a t e d  a s  two s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s  a n d ,  
s i n c e  i t  i s  p r o p o s e d  t o  s o l v e  b o t h  o f  t h e s e  u s i n g  G a l e r k i n ' s  

m e t h o d ,  no s i m i l a r  d i r e c t  me t hod  i s  a v a i l a b l e  f o r  e s t i m a t i n g  
t h e  n a t u r e  o f  t h e  a p p r o x i m a t i o n .  T h i s ,  t o  a  l a r g e  e x t e n t ,  
i s  o ve r co me  by  u s i n g  a n  a d e q u a t e l y  l a r g e  n um b e r  o f  t e r m s  
i n  t h e  G a l e r k i n  s e r i e s  a nd  by  i n v e s t i g a t i n g  t h e  c o n v e r g e n c e  
i n d i v i d u a l l y  f o r  t h e  c o n d i t i o n s  c o n s i d e r e d .

I I . 4  D e r i v a t i o n  o f  t h e  G a l e r k i n  s e r i e s  f o r  t h e  S t r e s s  

a nd  D e f l e c t i o n  F u n c t i o n s  f o r  S e l e c t e d  C a s e s .

As s t a t e d  i n  S e c t i o n  2 o f  t h i s  c h a p t e r ,  i t  i s  p r o p o s e d  
t o  o b t a i n  a n  a p p r o x i m a t e  s o l u t i o n  t o  t h e  n o n - d i m e n s i o n a l  

e q u a t i o n s  I I . 2 . 1  a nd  I I . 2 . 2  f o r  s e l e c t e d  c a s e s  by  u s i n g  
t h e  G a l e r k i n  s e r i e s  m e t h o d .  The f i r s t  s t e p  i n  t h i s  
p r o c e s s  i s  t h e  d e r i v a t i o n  o f  t h e  s e r i e s  t o  be u s e d ;  t h i s  
i s  d e s c r i b e d  i n  d e t a i l  b e l o w .

C as e  a . I n i t i a l l y  f l a t  r e c t a n g u l a r  p l a t e  c o m p r e s s e d  
by  a  l i n e a r l y  v a r y i n g  l o a d  a c t i o n  a l o n g  two 
s i m p l y  s u p p o r t e d  o p p o s i t e  e d g e s  and  h a v i n g  
e q u a l  o r  u n e q u a l  r o t a t i o n a l  r e s t r a i n t  a l o n g  
t h e  o t h e r  two e d g e s  ( F i g u r e  I I . 5 ) .

F o r  t h e  S t r e s s  F u n c t i o n  ( F* ) t h e  b o u n d a r y  c o n d i t i o n s
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a r s  g i v e n  by  t h e  s t r e s s  r e s u l t a n t s  c o n s i d e r e d  a t  t h e  
p l a t e  e d g e s  i n  t h e  p l a t e  m i d d l e  p l a n e .

H e n c e  a t  and  a. w i t h  t h e  imp os ed  l o a d i n g  and
f o r  z e r o  s h e a r  s t r e s s  t h e  m a t h e m a t i c a l  c o n d i t i o n s  a r e

= O
*acsO,a.

i n  n o n - d i m e n s i o n a l  t e r r a s  t h e s e  become

w h e r e  N o  -

= o

A l o n g  t h e  e d g e s  ^ = ” 1. a ^d  t h e r e  i s  c o n s i d e r e d
t o  be  no d i r e c t  s t r e s s  a c t i n g  i n  t h e  y d i r e c t i o n  n o r  a n y  

s h e a r  s t r e s s ,  i . e .

“ *2, x.

A g a i n  i n  n o n —d i m e n s i o n a l  t e r m s  t h e s e  become

= oKU;
r t  j  = r = o
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A s s u m i n g  t h e  S t r e s s  F u n c t i o n  t o  be r e p r e s e n t e d  by 

F '  = + ^  Wa.fr . . . .  I I . 4 . 1 .
< s

w h e r e  A i s  a  c o n s t a n t ,  h , s a r e  c o n s t a n t s ,  -f» (.£') i s  a  
f u n c t i o n  o f  £ o n l y  and  i s  a  f u n c t i o n  o f  vj o n l y .

N o w  %  - 2 ^ ' u 1 + C  E  >*«

t h u s  i f  [  £  = °  t h e n
T *

M 1A* and  t h e  a s s u me d  f o r m  o f  t h e  S t r e s s  F u n c t i o n  c a n

b e  g i v e n  by

F*« vl ] V+ ^  Ws. ^ f o S s W )  . . . .  I I . 4 . 2 .
T &

F o r  e a c h  t e r m  i n  t h e  s e r i e s  p a r t  o f  e q u a t i o n  I I . 4 . 2  
t h e  b o u n d a r y  c o n d i t i o n s  c a n  now be  w r i t t e n  a st

[ v - * * ” °

2 atfeo1 
• ^ a j

- °

w h i c h  i n  e s s e n c e  a r e

[d - ^ 1  
L d*| J>,.-

[ w o ]

rajErisVl 
L ^ aI0 ,̂

«  O
d ^

-  o
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One p o s s i b l e  f o r m  f o r  $<(£) i s

I I . 4 . 3 .

w h e r e  -r * 1 ,2 ,3 , .  e t c  .

T e s t i n g  t h i s  f o r  t h e  a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s  
i t  i s  s e e n  th a t

t h u s  t h e  f u n c t i o n  g i v e n  by e q u a t i o n  I I . 4 . 3  i s  a d m i s s a b l e  
f o r  u s e  i n  t h e  G a l e r k i n  s e r i e s .

F o r  9 x ('q >! a  p o l y n o m i a l  f o r m  i s  c h o s e n ,  v i z .

w h e r e  » 0 , 1 , 2 ., e t c .  and  A* , fe* , e t c .  a r e  c o n s t a n t s .  
S u b s t i t u t i o n  o f  t h i s  f o r m i n t o  t h e  r e l e v a n t  b o u n d a r y  
c o n d i t i o n s  y i e l d s  t h e  f o l l o w i n g ,

a t  T - t ,  g . W - o

a t

/ .  1 + 2 a *  + e>c* i t  “ O

d 4 -  ( i + a-b*)

a nd  Cs  = -  ^

a t  m o

2 ( +  8Cft*0)Ci- I t & D . ”  (s*H-)

. (- A. H r *  M-±T^  c .  ( - - t r  V t>s c-iV  -  O

I -  2  Aw ■**Mr^s ~ -+■ ICd = O
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a t  y\ = o
ckvj

. 2  (*►&)&*+ +■ fe(v*0 Cfc+ It**tis. =<fcW^

•’. Ks«o and  B* *

H e n c e
9 . M - v ~ - * y * ' + i W

The G a l e r k i n  s e r i e s  f o r  t h e  S t r e s s  F u n c t i o n  f o r  
t h i s  c a s e  c a n  t h e r e f o r e  be  w r i t t e n  a s :

F'= +]T  ^  ♦-*&>>*) i i . 4
*«o»V

D e r i v a t i o n  o f  t h e  s e r i e s  f o r  D e f l e c t i o n  (<o) ,

The l o a d e d  e d g e s  o f  t h e  p l a t e  a r e  c o n s i d e r e d  t o  b e
s i m p l y  s u p p o r t e d ;  m a t h e m a t i c a l l y  t h i s  c a n  be  f o r m u l a t e d  
a s

[w]

o r  i n  n o n - d i m e n s i o n a l  t e r m s  a s

+ V < ^ 1  = o ............................................................1 1 , 4

 1 1 - 4

The u n l o a d e d  e d g e s  a r e  f u l l y  r e s t r a i n e d  a g a i n s t  
l a t e r a l  d e f l e c t i o n  a nd  e l a s t i c a l l y  r e s t r a i n e d  a g a i n s t  

r o t a t i o n ,  i . e .

N v V t  “ °  .

I N +11 *]»■♦* - o

=o

. 5 a . 

, 5 b .
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w h e r e  , t ,  a r e  t h e  d e g r e e  o f  r o t a t i o n a l  r e s t r a i n t  a nd  
4 > i s  t h e  s l o p e  o f  t h e  p l a t e  m i d d l e  p l a n e  i n  t h e  y 

d i r e c t i o n .  A g a i n  t r a n s p o s i n g  t o  n o n - d i m e n s i o n a l  t e r m s  
t h e s e  c o n d i t i o n s  become

 I I > 4 - 5 c -

■ ■ •  I I - 4 - 5 d -

• • • i i - 4 - 5 e -
w h e r e  te --.kf* an d  K.. » ■

D  • D

The s e r i e s  f o r m  f o r  t h e  d e f l e c t i o n  i s  a s s u me d  t o  b e

« =  Y ,  Z•m -n
w h e r e  a r e  c o n s t a n t s ,  i s  a  f u n c t i o n  o f  ^  o n l y

a n d  $■*(•*{) i s  a  f u n c t i o n  o f  yj o n l y .

A p o s s i b l e  f u n c t i o n  f o r  i s

w h e r e  -wv* \ e t c .  I I . 4 . 6 .

T h i s  f u n c t i o n  s a t i s f i e s  e q u a t i o n s  I I . 4 . 5a  a nd  I I . 4 . 5b 

t h u s  may b e  u s e d  i n  t h e  G a l e r k i n  s e r i e s .

A p o l y n o m i a l  f u n c t i o n  i s  c h o s e n  f o r  , v i z . ,

+ • • I I . 4 . 7 .

w h e r e  -v\= o , \ , 2 , e t c .

To o b t a i n  t h e  v a l u e s  o f  t h e  c o e f f i c i e n t s  A*, B>vn , 
e t c .  e q u a t i o n s  I I . 4 . 6  a nd  I I . 4 . 7  a r e  s u b s t i t u t e d  i n t o  
e q u a t i o n s  I I .  4 . 5 c ,  d and e i n  t u r n .  T h u s :  &> «=o a t  
b e c o m e s  on s u b s t i t u t i o n  o f  e q u a t i o n  I I . 4 . 6  o  w h i c h
i n  t u r n  b e c o m e s ,  a f t e r  s u b s t i t u t i o n  o f  e q u a t i o n  I I . 4 . 7  and
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s i m p l i f i c a t i o n ,

a n d  A* - 2 *mrCw -  St**, * z

When e q u a t i o n  I I . 4 . 6  i s  s u b s t i t u t e d  i n  e q u a t i o n
1 1 . 4 . 5d a n d  e q u a t i o n  I I . 4 . 5 e  i s  c o n s i d e r e d  t h e n

~ ~ Ko ^  a t  **) =* z b eco me s

4 j 2 b ^  * -  ic0 lib&W a t  v i  
d V  dv^ 1 z

w h i c h  on t h e  s u b s t i t u t i o n  o f  e q u a t i o n  I I . 4 . 7  be come s

1  ( v\ -v %)(y\+ ̂  Jr  A w  +• S  (y\+-?.)(ysr\) v\ ^  I C» v\(vv-vv^ Cw +  3»2(y\,-v^ v \  I>v\ —

=  ~  K „ [  (w-nv) -v 2 (yvt-3b  A w  HrCvv+i}B>v.**' ^C v^ ”ACw. •+-1 C?v\

. 2 ( v ^ i ^ j ( y ^ +  ^Avs +  + f P]Bvs ■+’ £(v^v)|V\ +-^c’] c vv +  I t w  =

—  -Cvv,-iA|(v̂ +3.')+ ^?J

S i m i l a r l y
^ + i  a t  y \m-^L b ecomes

~d ^ ~^~ U~l Y\ = " i; l e a d i n g  t o

-  4 d.Vk+7̂  ‘̂A+^ +  ^ ; B v\ +  (v 'r*') |w  +  Cv\ h e  =  (.Vv+H-')|(w.+i) +• ^  j

S i n c e ,  a s  was s t a t e d  b e f o r e ,  a l l  a r i t h m e t i c  o p e r a t i o n s  
i n v o l v e d  i n  t h e  G a l e r k i n  me t hod  a s  u s e d  i n  t h i s  s o l u t i o n  
w e r e  p e r f o r m e d  on a  d i g i t a l  c o m p u t e r  ( s e e  A p p e n d i x  I  f o r  
d e t a i l s  o f  t h e  m a c h i n e )  t h e  a b o v e  e q u a t i o n s  w e re  n o t  
s o l v e d  e x p l i c i t l y  t o  g i v e  A^ , e t c .  i n  t e r m s  o f  w , K t,
e t c .  b u t  w e r e  p rogrammed i n  t h e  m a t r i x  f o r m  shown b e l o w .  
T h i s  s p e e d e d  up c o m p u t i n g  t i m e  b y  p e r m i t t i n g  t h e  u s e  o f



Mo
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t h e  e x t r e m e l y  f a s t  s u b - r o u t i n e s  a v a i l a b l e  f o r  t h e  
m a c h i n e .

2(v»D [(x.s) ♦ yj
2(x*i)l(v»2) + *£)

2
-2

-4  (x* 2) Uv.i) ♦

4.

4-

8(v)f>* t!

8 
-  8

*5]

V r 1 ~2
Bk 1%

Cv.

Ox

Thus  t h e  d e f l e c t i o n  s e r i e s  c a n  be  w r i t t e n  a s

CO -EE SWv W\TT
Y W a.1^ Y\~ 0 ,1

w i t h  t h e  c o e f f i c i e n t s  B*,  e t c .  o b t a i n e d  f r o m  t h e  
s o l u t i o n  o f  t h e  a b o v e  m a t r i x  e q u a t i o n .

C as e  b . I n i t i a l l y  f l a t  r e c t a n g u l a r  p l a t e  c o m p r e s s e d  

b y  a  l i n e a r l y  v a r y i n g  l o a d  a c t i o n  a l o n g  two 
s i m p l y  s u p p o r t e d  o p p o s i t e  e d g e s  and h a v i n g  
o ne  u n l o a d e d  e d g e  r o t a t i o n a l l y  r e s t r a i n e d  
and  t h e  o t h e r  f r e e  ( F i g u r e  I I . 6 ) .

The b o u n d a r y  c o n d i t i o n s  f o r  t h e  S t r e s s  F u n c t i o n  f o r  

t h i s  t y p e  o f  p l a t e  a r e  i d e n t i c a l  t o  t h o s e  f o r  t h e  p l a t e  
i n  Case  a . So t h a t  t h e  s e r i e s  a p p r o x i m a t i o n  f o r  t h e  
S t r e s s  F u n c t i o n  c a n  a g a i n  be  g i v e n  b y  e q u a t i o n  I I . 4 . 2 .

D e r i v a t i o n  o f  t h e  s e r i e s  f o r  D e f l e c t i o n  (co) .

As i n  C a s e  a  t h e  d e r i v a t i o n  o f  t h e  G a l e r k i n  s e r i e s
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f o r  t h e  D e f l e c t i o n  s t a r t s  w i t h  t h e  l o a d e d  e d g e s  w h i c h  
a r e  a g a i n  c o n s i d e r e d  t o  be  s i m p l y  s u p p o r t e d ,  i . e .

[ ■ $   i i - 4 - 8 a -

u  =

'V
o  . . . . . . .  . I I . 4 . 8 b .

As b e f o r e  t h e  c o n d i t i o n s  f o r  t h e  r o t a t i o n a l l y  
r e s t r a i n e d  e dg e  a r e  g i v e n  by

o .............................. I I . 4 . 9 a .

a n d  [  W  + ^  k - t ......................... i i . 4 . 9 b .

w h i l e  f o r  t h e  f r e e  u n l o a d e d  e dg e  t h e  m a t h e m a t i c a l  c o n 
d i t i o n s  a r e  shown b y  T i mo s he nk o  ( 1 9 6 1 ,  Chap .  8 ) t o  b e

f a  _ = f -  o
It 4*- I

w h i c h  i n  n o n - d i m e n s i o n a l  t e r m s  a r e  g i v e n  by

L ^ ' * ? * v J w   1 1 . 4 . 9 c .

- r O ........................... ’I I  . 4  . 9d .L <fc> *

Once more  t h e  s e r i e s  f o r  t h e  d e f l e c t i o n  c a n  be  

r e p r e s e n t e d  b y  V 1 V

vn  ■*

and  = ^ v*'> ‘Vv' 7x t  and  i , *2. , e t c .  . . 1 1 * 4 . 1 0
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a l s o  w h e re  >\= o  , t , z ,  e t c .  1 1 . 4 . 1 1

To o b t a i n  t h e  v a l u e s  o f  t h e  c o e f f i c i e n t s  A*, , e t c .
e q u a t i o n s  I I . 4 . 1 0  and I I . 4 . 1 1  a r e  s u b s t i t u t e d  i n t o  
e q u a t i o n s  I I . 4 . 9 a ,  b ,  c and d i n  t u r n .

H e n c e  [ ^ ] ^ = 0  g i v e s  [< L W ]v _x = °

a n d  when t h i s  c o n d i t i o n  i s  a p p l i e d  t o  e q u a t i o n  I I . 4 . 1 1
t h e  r e s u l t  i s  ,

A * + 2 B *  +

S i m i l a r l y  u s i n g  e q u a t i o n s  I I . 4 . 1 0  and  I I . 4 . 9b

b e c o m e s

w h i c h  when a p p l i e d  t o  e q u a t i o n  I I . 4 . 1 1  g i v e s  

z(w+»)|(w+z)4. |-0]a>w+ t ,] b^ + a(-vv+o[v\+ +

By s u b s t i t u t i o n  o f  e q u a t i o n  I I . 4 . 1 0

r jl. i .
L v ?  * v t ' L ^ °  b e co me sI 2

r . o
A p p l i c a t i o n  o f  t h e  c o n d i t i o n  t o  e q u a t i o n  I I . 4 . 1 1  g i v e s

. C-vy-f̂ -Y-A-v̂  + Cvv+î 22±.̂ B + ^ 2 ^  C« * o
(-i)"'1- { . z ^  A (r ip  "  vv

s'*- f i A-k Bw , £■» . .lln 1 ss a
L ti?**  w r* ' t-*r J

"Y VA1■VA* TC '
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+ [c, 4-„(*->) -ifc  4-(v~ ĥ W ]

On t h e  s u b s t i t u t i o n  o f  e q u a t i o n  I I . 4 . 1 0  i n  
e q u a t i o n  I I . 4 . 9 d .  and  s i m p l i f i c a t i o n

r ^ s >  + ^  - 2 a i  = 0  hL V4 '  If* °  0
J Y)S “ X

ecoraes

f & _ fc_-y) ^ani  d^(v\)*| _  0
*- d'V’ 4>x ^  Jv^-i

w h i c h  when a p p l i e d  t o  e q u a t i o n  I I . 4 . 1 1  r e s u l t s  i n

+  (y y -f•W ^w t--L Y v \-w \) A ^  (v i * - i . Y v \ > 0 v \  Q  . ( v v j - A v v f v v - x X  r  .

C r ^ '  C-2r C-2^"' " C-2^’1

4- r> — a  I A .  4- R  4. ( v w h  ^  j_ ~V\- T\ —  A
^  “ L c - ^  f - ir*  °

w h e r e  £ -

jz ̂  (w*») -  &(v\.+aYyk-v‘Z-XVN"*' ''jj/v^ + £> (vk+xYw-Vv̂ v\ -  (yWẐ Jĝ  + £fî (v\.-v  ̂ -  

- "ia (vv4-Ô X̂ ”V̂jCv. + |oH'M.(\*.-\YyV-x'i - I t  ^-wjo^ = (̂vv.-k-iv) -  H-(vV.+MrŶ+^Y*^^j 

T h u s  f o r  t h i s  c a s e  t h e  m a t r i x  e q u a t i o n  i s :

1 2 4  8
2(T,-3)[(-n.?)-!2'] 4 (n » i|N -l)* J55J 8(n»l) [th- 16  n  [(«-!)♦  I s]

fT>-3) - 8(t,.!^h.z){t..i)J (ie, (fl»2)(-D»l)T- 4.p(iWlJ Jjs pftl’-t) -  32(n*0 nCln~0j ĵ 64ti(n-i)(n-ij-16^ p j

An r 1 ~2
Bn -(̂ 4)[fn+s)+yj
c.

o„ P̂(v4)-4{h<4X̂)(d»z) J
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CHAPTER I I I .

SOLUTION OF THE VON KARIvlAN EQUATIONS BY 

ME/INS OF THE Ga LERKIN METHOD TO DETERMINE 
THE INSTABILITY LOADS, THE POST-BUCKLING 

BEHAVIOUR AND THE MAXIMUM LOADS OF PLATES 
. FOR SPECIFIC BOUNDARY CONDITIONS.

I n  t h i s  c h a p t e r  t h e  b i h a r m o n i c  e q u a t i o n  i s  d e r i v e d  
f r o m  th e . g e n e r a l i s e d  e l a s t i c  p l a t e  e q u a t i o n s  and  s o l v e d ,  

by  u s e  o f  t h e  G a l e r k i n  m e t h o d ,  t o  g i v e  t h e  i n i t i a l  
e l a s t i c  i n s t a b i l i t y  l o a d s  f o r  f l a t  p l a t e s  s u b j e c t e d  t o  a  

l i n e a r l y  v a r y i n g  c o m p r e s s i v e  l o a d  a c t i o n .  The c o m p l e t e  
f o r m  o f  t h e  l a r g e  d e f l e c t i o n  e q u a t i o n s  i s  t h e n  u s e d  
t o g e t h e r  w i t h  t h e  G a l e r k i n  s e r i e s  d e r i v e d  i n  C h a p t e r  I I  
t o  g i v e  t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  t h e s e  p l a t e s .

The c h a p t e r  e n d s  by  t h e  i n t r o d u c t i o n  o f  a  s i m p l e  
y i e l d  c r i t e r i o n  w h i c h  p e r m i t s  t h e  d e v e l o p m e n t  o f  a  s i m p l e  
a n d  e f f e c t i v e  me thod  f o r  d e t e r m i n i n g  t h e  maximum l o a d  

w h i c h  t h e  p l a t e s  may s u s t a i n .

•

I I I . 1  E v a l u a t i o n  o f  t h e  E l a s t i c  I n s t a b i l i t y  L o a d .

The e l a s t i c  i n s t a b i l i t y  l o a d  i s  c o n s i d e r e d  t o  be  
t h a t  l o a d  a t  w h i c h  t h e  f l a t  p l a t e  f i r s t  d e v e l o p s  d e f l e c t -  
: i o n s  o u t  o f  t h e  p l a n e  o f  t h e  p l a t e .  Of c o u r s e  t h i s  i s  
a  p u r e l y  t h e o r e t i c a l  c o n c e p t ,  s i n c e  e v e r y  p r a c t i c a l  p l a t e  
w i l l  h a v e  some d e v i a t i o n  f ro m f l a t n e s s  b u c k l e s  w i l l  b e g i n  
t o  g row f r o m  t h e  b e g i n n i n g  o f  l o a d  a p p l i c a t i o n .  I t  h a s
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b e e n  s hown ,  h o w e v e r ,  by  Coan ( 1 9 5 1 )  and  llu e t  a l .  ( 1 9 4 6 )  

and  o t h e r s  t h a t  f o r  a  p l a t e  w i t h  a  s u i a l l  i n i t i a l  d e v i a t i o n  
f r o m  f l a t n e s s  t h e  b u c k l e s  grow v e r y  much more  q u i c k l y  i n  

t h e  r e g i o n  o f  t h e  e q u i v a l e n t  f l a t  p l a t e  i n s t a b i l i t y  r e g i o n .

F o r  t h i s  r e a s o n  t h e r e f o r e  t h e  e l a s t i c  i n s t a b i l i t y  
l o a d  i s  o f  c o n s i d e r a b l e  u s e  t o  a  d e s i g n e r  when t h e  s t i f f -  
: n e s s  o f  a  s t r u c t u r e  i s  t o  be  c o n s i d e r e d .

The t h e o r e t i c a l  a s s u m p t i o n s  made f o r  t h e  p l a t e  a r e  
t h a t  ( i )  t h e  p l a t e  i s  p e r f e c t l y  f l a t  a t  a  l o a d  s l i g h t l y  
l e s s  t h a n  t h e  i n s t a b i l i t y  l o a d ;

a nd  ( i i )  a t  l o a d s  s l i g h t l y  g r e a t e r  t h a n  t h e  i n s t a b i l i t y  
l o a d  t h e  d e f l e c t i o n s  a r e  s u f f i c i e n t l y  s m a l l  f o r  t h e  s t r e s s  
d i s t r i b u t i o n  t o  be  s u b s t a n t i a l l y  u n a l t e r e d  f r o m  t h a t  i n  

t h e  f l a t  p l a t e .

Thus  i n  e q u a t i o n  I I . 4 . 2  t h e  c o e f f i c i e n t s  a r e  

z e r o  and  t h e  e q u a t i o n  be come s

a nd  e q u a t i o n  I I . 2 . 1  r e d u c e s  t o  t h e  b i h a r m o n i e  e q u a t i o n

I t  i s  now p o s s i b l e  t o  r e d u c e  e q u a t i o n  I I I . 1 . 1  t o  a n  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  by  l e t t i n g s ,  i n  e q u a t i o n

I I . 4 . 1 2 ,  t a k e  a  s p e c i f i c  v a l u e .

H e n c e  e q u a t i o n  I I . 4 . 1 2  b e co me s

I I I . 1 . 1 .
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w h i c h  f o r  s i m p l i c i t y  c a n  be  r e w r i t t e n  a s

CO = . Y ...................................... I I I . 1 . 2 .

w h e r e

o r  a  s i m i l a r  f u n c t i o n  o f  V| . S u b s t i t u t i n g  now e q u a t i o n
I I . 1 . 2  i n t o  e q u a t i o n  I I . 1 . 1  g i v e s

C ^ V  _  2  ^ Xr(X . v y V M t* *  V  . —  ^ T ,  o i \  w  T  T T  T Od^r L d Z f + l F  Y * . - ^  [ 0 - ^ + ^ ^ j Y .  , 1 1 1 . 1 . 3 .

w h e r e  “k  ® and  n 0 = n ..
d  ° r'*-

A d e t a i l e d  o u t l i n e  o f  t h e  s o l u t i o n  o f  e q u a t i o n
I I I . 1 . 3  b y  t h e  G a l e r k i n  method  now f o l l o w s .  An a l t e r 
n a t i v e  me thod  o f  s o l u t i o n  i n v o l v i n g  f i n i t e  d i f f e r e n c e  
t e c h n i q u e s  i s  p r e s e n t e d  i n  A p p e n d i x  I I I .

The G a l e r k i n  me thod  o f  s o l u t i o n  i s  o b t a i n e d  b y  
e x p a n d i n g  t h e  f o l l o w i n g  i n t e g r a l  and  o b t a i n i n g  i t s  r o o t s .

f i  u  ■ 2 y  d v i = ° 1 1 1  • 1 • 4“J£
The f o r m  o f  t h i s  e x p a n s i o n  i s  p r o b a b l y  c l e a r e r  i f  

t h e  f o l l o w i n g  me thod  o f  p r e s e n t a t i o n  i s  u s e d .  A t y p i c a l  

t e r m  o f  t h e  G a l e r k i n  s e r i e s  Y i s  t a k e n  a s  <^Yi and  t h e  
G a l e r k i n  e x p a n s i o n  c a n  t h e n  be w r i t t e n  a s

"***.»# ~k
w h e re  k i s  t h e  l i m i t  o f  t h e  n umbe r  o f  t e r m s  i n c l u d e d  i n  
t h e  s e r i e s .  A d e t a i l e d  e x p a n s i o n  o f  t h i s  e q u a t i o n  i s  
g i v e n  i n  A p p e n d i x  IV.  I t  w i l l  b e  s e e n  f r o m  e q u a t i o n
I I I . 1 . 4  t h a t  a s  ^  a nd  /. v a r y  o v e r  t h e  r a n g e  a
s q u a r e  m a t r i x  o f  t h e  c o e f f i c i e n t s  w i l l  be  b u i l t  u p .
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T h i s  m a t r i x  can.  be  r e p r e s e n t e d  by

I'Aool (k Ol “ M0» ) . . . . - V
( lo, -  A M0 J • i ,

O-Jlo-'fc l*i0) .................................. . . . f t
The  v a l u e s  o f  fe o n l y  h a v e  p r a c t i c a l  m e a n i n g  f o r  

t h e  n o n - t r i v i a l  v a l u e s  o f  c ^ ,  i . e .  i f  t h e  d e t e r m i n a n t  
o f  t h e  a b o v e  m a t r i x  i s  z e r o .  I t  i s  t h u s  p o s s i b l e  t o  
o b t a i n  t h e  r e q u i r e d  r a n g e  o f  e i g e n v a l u e s  by  e q u a t i n g  
t h e  d e t e r m i n a n t  t o  z e r o ,  e x p a n d i n g  i t  and  s o l v i n g  t h e  
r e s u l t a n t  p o l y n o m i a l .  The o n l y  v a l u e  w h i ch  i s  o f  
r e l e v a n c e ,  h o w e v e r ,  i n  t h i s  i n v e s t i g a t i o n  i s  t h e  l o w e s t  

r e a l  o n e .  An a l t e r n a t i v e  me thod  o f  t h e  m a t r i x  t h e r e f o r e  
i s  t o  a s s u m e  t h a t  t h e  r e q u i r e d  e i g e n v a l u e  i s  u n i q u e  a nd  
t o  a r r a n g e  t h e  m a t r i x  a s  f o l l o w s :

[Loo • • . • • • LoA ko MoO • • . . NUjf
• # =  - k . •

• • • Lji 1. <u. Mjlo . . . • •

i . e .  [L] W .  - f e p i K ]

W i  = F ' H H
I f  now a  t r i a l  v e c t o r  i s  c h o s e n  a r b i t r a r i l y ,  o p e r a t e d  

on u s i n g  [lT‘.mJ a nd  t h e n  n o r m a l i s e d ,  t h e  r e s u l t i n g  v a l u e  
o f  w i l l  b e ' c l o s e r  t o  t h e  h i g h e s t  e i g e n v a l u e  t h a n  t h e

c h o s e n  o n e .  Thus  a n  i t e r a t i v e  c y c l e  c a n  be  s e t  u p ,  v i z . ,

i K L , = [L -Ml k L
s o  t h a t  c o n v e r g e s  t o  t h e  l o w e s t  e i g e n v a l u e  and  t h e  
b u c k l i n g  mode i s  g i v e n  by t h e  n o r m a l i s e d  v e c t o r .  T h i s  
p r o c e d u r e  was  p rogrammed f o r  t h e  c o m p u t e r  and  c o n v e r g e n c e  

was  f o u n d  t o  be  v e r y  r a p i d .
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I t  was  s t a t e d  i n  a n  e a r l i e r  c h a p t e r  t h a t  t h e  
r a t e  o f  c o n v e r g e n c e  o f  t h i s  s o l u t i o n  c a n  be  i n d i c a t e d  
m e r e l y  by  i n c r e a s i n g  t h e  n umbe r  o f  t e r m s  i n c l u d e d  i n  
t h e  s e r i e s .  Two e x a m p l e s  o f  t h i s  p r o p e r t y  a r e  g i v e n  
b e l o w .

( a )  U n i f o r m l y  c o m p r e s s e d  s q u a r e  p l a t e ,  s i m p l y  
s u p p o r t e d  a l o n g  one u n l o a d e d  e d g e ,  f r e e  a l o n g  
t h e  o t h e r .  <* = o  ^  - ' VCc » o

Terms  i n c l u d e d

q. q,

% S, %
q. q, q a q. q*

<i.

( b )  E c c e n t r i c a l l y  c o m p r e s s e d  (o C  = \ ) s q u a r e  p l a t e ,  
s i m p l y  s u p p o r t e d  a l o n g  one  e d g e ,  b u i l t - i n  a l o n g  
t h e  o t h e r .  K , - o

Terms  i n c l u d e d  

%
<1.

%
S. % % %

%  %  . %  %

q p q, qa q * ‘ q* q*

q. q, q,  q* q* q .  %

E i g e n v a l u e

1 3 0 . 8 0 1 9
1 2 5 . 2 3 0 3
1 2 5 . 2 0 0 1
1 2 5 . 1 8 2 0
1 2 5 .1 8 0 0
1 2 5 .1 7 9 7
1 2 5 . 1 7 9 7

E i g e n v a l u e

1 4 .5 2 0 0 5
1 4 .1 6 7 2 3
1 4 . 1 5 5 2 0
1 4 . 1 5 4 8 5
1 4 . 1 5 4 8 4
1 4 . 1 5 4 8 4
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The c o n v e r g e n c e  i s  t h u s  s e e n  t o  be  v e r y  r a p i d .  
G i v e n  b e l o w  a r e  e x a m p l e s  o f  c o m p a r i s o n s  o f  t h e  r e s u l t s  
‘o f  t h e  me th od  d e v e l o p e d  h e r e  and  t h o s e  o f  p r e v i o u s  
w o r k e r s .  F o u r  t e r m s  w er e  u s e d  i n  t h e  G a l e r k i n  s e r i e s

\  v a l u e s  d e r i v e d  b y  t h e  a u t h o r .
■tf v a l u e s  g i v e n  by  T i mo sh en k o  ( 1 9 6 1 ,  Chap .  8 ) .

\  v a l u e s  g i v e n  by L u n d q u i s t  & S t o w e l l  ( 1 9 4 2 ) .

T a b l e  1 C o m p a r i s o n  o f  v a l u e s  o f  -fe f o r  a  u n i f o r m l y  
c o m p r e s s e d  p l a t e ,  s i m p l y  s u p p o r t e d  a l o n g  
t h e  u n l o a d e d  e d g e s .

0 . 4  0 . 8  1 . 1
•C 8 3 . 0 0 3  4 1 . 4 6 8  3 9 . 8 3 4
£  8 3 . 0 0 3  4 1 . 4 7 7  3 9 . 8 3 8

T a b l e  2 C o m p a r i s o n  o f  v a l u e s  o f  \  f o r  e c c e n t r i c a l l y  
c o m p r e s s e d  p l a t e ,  s i m p l y  s u p p o r t e d  a l o n g  

t h e  u n l o a d e d  e d g e s .  04*'

0 . 4
1 4 9 . 0 3 0
1 4 9 . 5 3 6

0 . 6

9 5 . 7 3 5
9 6 . 1 6 4

0 . 8

7 9 . 9 4 4
8 0 . 2 5 5

1 . 0
7 6 . 9 3 8
7 7 . 1 0 1

T a b l e  3 C o m p a r i s o n  o f  v a l u e s  o f  “fe. f o r  e c c e n t r i c a l l y

c o m p r e s s e d  p l a t e ,  b u i l t - i n  a l o n g  one  u n l o a d e d  
e d g e  a nd  s i m p l y  s u p p o r t e d  a l o n g  t h e  o t h e r .

o<-2.  -  O
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4>
H

4

0 . 6
2 4 3 . 2 8 5
2 3 8 . 3 3 9

0 . 8

2 4 9 .7 0 1
2 4 3 . 3 4 7

1.0
2 7 9 . 3 0 9
2 7 3 . 0 7 2

T a b l e  4 C o m p a r i s o n  o f  v a l u e s  o f  f o r  c o n c e n t r i c a l l y

c o m p r e s s e d  p l a t e ,  s i m p l y  s u p p o r t e d  a l o n g  one
u n l o a d e d  e dg e  and  f r e e  a l o n g  t h e  o t h e r .  

oi = O = o

<*> 1 . 0  1 . 4  1 . 5  2 . 0
k. 1 4 . 2 2 2  9 . 3 9 6  8 . 7 5 1  6 . 8 8 9

1 4 . 1 5 4  9 . 4 0 0  8 . 7 6 4  6 . 8 8 8

T a b l e  5 C o m p a r i s o n  o f  v a l u e s  o f  “fe f o r  c o n c e n t r i c a l l y  
c o m p r e s s e d  p l a t e ,  r o t a t i o n a l l y  r e s t r a i n e d  
a l o n g  one  u n l o a d e d  e dg e  and  f r e e  a l o n g  t h e  
o t h e r .  oC= o  u:* -  s

* 1 . 0  1 . 5  . 2 . 0
■f 1 5 . 5 9 6  1 1 . 4 4 8  1 1 . 0 5 4
i ‘ 1 5 . 5 7 3  1 1 . 4 1 1  1 1 . 0 9 9

T a b l e  6 C o m p a r i s o n  o f  v a l u e s  o f  -fe f o r  c o n c e n t r i c a l l y
c o m p r e s s e d  p l a t e ,  b u i l t - i n  a l o n g  one u n l o a d e d
e d g e ,  f r e e  a l o n g  t h e  o t h e r .

oL = o kC0
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4> 1 . 0

1 6 . 6 7 9
1 6 . 7 6 1

1 . 5

1 3 . 2 3 0
1 3 . 2 1 7

2 . 0
1 3 . 6 2 0
1 3 . 6 8 1

I n  F i g u r e s  I I I . l  -  I I I . 6 s a m p l e  r e s u l t s  o f  t h e  
c a l c u l a t i o n s  o u t l i n e d  a b o v e  a r e  g i v e n ,  a g a i n  f o u r  t e r m s  
w e r e  u s e d  i n  t h e  G a l e r k i n  s e r i e s .  A l l  c a l c u l a t i o n s  
w e r e  c a r r i e d  o u t  w i t h  y  e q u a l  t o  u n i t y  and  t h e  r a n g e  

p r e s e n t e d  was e x t e n d e d  m e r e l y  by  t r e a t i n g  t h i s  p a r a m e t e r  
a s  a  c o n s t a n t .

From t h e s e  f i g u r e s  t h e  b u c k l i n g  l o a d  c a n  be  c a l c u l -

I I I . 2  P o s t - b u c k l i n g  B e h a v i o u r .

One c h a r a c t e r i s t i c  o f t e n  o b s e r v e d  i n  p l a t e s  c o m p r e s s -  
: e d  b e y o n d  t h e  b u c k l i n g  l o a d  i s  c h a n g e  o f  w a v e l e n g t h .
T h a t  i s ,  d e p e n d i n g  on t h e  l e n g t h  t o  b r e a d t h  r a t i o  o f  t h e  
p l a t e  and  t h e  e d g e  c o n d i t i o n s  i t  i s  p o s s i b l e  f o r  t h e  
n u mb e r  o f  b u c k l e s  t o  i n c r e a s e  a s  t h e  l o a d i n g  p r o c e e d s .
T h i s  pheno men o n  was  t h e  s u b j e c t  o f  a  t h e o r e t i c a l  s t u d y  
c a r r i e d  o u t  b y  S t e i n  ( 1 9 5 9 ) .  P r a c t i c e  h a s  s hown,  
h o w e v e r ,  t h a t  t h e  c h a n g e  i n  w a v e l e n g t h  may b e  d e l a y e d  o r  
a d v a n c e d  by  e v e n  s l i g h t  d e v i a t i o n s  o f  t h e  a c t u a l  f r om 
t h e  i d e a l  t h e o r e t i c a l  p l a t e  c o n d i t i o n s .  F o r  t h i s  r e a s o n  
t h e  p o s t - b u c k l i n g  b e h a v i o u r  p r e s e n t e d  i n  t h i s  c h a p t e r  i s  
f o r  p l a t e s  w h i c h  m a i n t a i n  t h e  same w a v e l e n g t h  f r om  i n s t a b -

: a t e d  a s
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: i l i t y  t o . c o l l a p s e .

I n  C h a p t e r  I I  t h e  G a l e r k i n  s e r i e s  w e re  d e r i v e d  a s

F  " I I . 4 . 4 . b i s .I I . 4 . 4 . b i s .

F o r  o b v i o u s  r e a s o n s  t h e  s u m m a t i o n s  c a n n o t  be  t a k e n  
t o  i n f i n i t y ,  t h e  l i m i t s  a r e  i n  f a c t  i mp o s e d  by  t h e  a v a i l -  

: a b i l i t y  o f  s t o r a g e  s p a c e  i n  t h e  p a r t i c u l a r  c o m p u t e r  u s e d .  
A f t e r  p r o g r a m m i n g  i t  was f o u n d  t h a t  c o u l d  n o t  be  more

t h a n  t w e l v e  and  c o u l d  n o t  be  more  t h a n  t h r e e  f o r  t h e
F e r r a n t i  " S i r i u s "  u s e d .  F o r  t h i s  r e a s o n  i t  was d e c i d e d  

t o  l i m i t  t h e  a p p r o x i m a t i o n  t o  t h e  d e f l e c t e d  s h a p e  i n  t h e  t  
d i r e c t i o n  by  l e t t i n g s  e q u a l  * o r  1 o r  i , e t c .  T h i s  
l e a d s  t o  a  more  a c c u r a t e  s o l u t i o n  t h a n  l i m i t i n g  t h e  a p p r o x -  . 
: i m a t i o n  i n  t h e  ^  d i r e c t i o n .  Thus  e q u a t i o n s  I I . 4 . 4  and

I I . 4 . 8  become
- l - c t

] I I I .  2.1.•o

6*0/1
y \a  SL

V ]  I I I . 2 . 2 .^ w\ a. W\TT + B

vv» 0 ,\,

w h e r e  +  vz. ;

I f

a nd  O;. * SuU. v w tt  + A; -*■!>; *1*]

a r e  s p e c i f i c  t e r m s  o f  e q u a t i o n s  I I I . 2 . 1  and  I I I . 2 . 2  

r e s p e c t i v e l y ,  t h e n  by  G a l e r k i n * s  method

an d
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■**0,1, *'<V# ° “ x,

f»X S=AJL

- r i s e ' s ; . *
V  0,1,

4- ^ L f !  ÎSz? -  0  . -V ’co \] c jc Q ; ck"C =  O  X U  2 .4

As t h e  r a n g e s  - i . i ^ > / - r < t  ) o ^ < i ^ a n d  a r e

c o v e r e d  two s y s t e m s  o f  s i m u l t a n e o u s  n o n - l i n e a r  a l g e b r a i c  
e q u a t i o n s  a r e  b u i l t - u p ,  v i z :

A «*io Ko+  + ^ w u  Vw+ + K t»  w * &._<£*• • • • ■* B%pjbt -  °

A^v<? ----AtwiA^b^+ • • • • +/W -fc^b^+BH:w0<, c ^  +Btvlt t  <U ®°

c 00^ o+ c 0, <^-v............. ; +-coXc\>Jl+r>looo fc\0< u +  +V < a t ^ (ijL rf°

c j ^ * + <L*...............4 c ju <u + b»oAoK.q,o + ........................* " =°

w h e re  t h e  c o n s t a n t s  A , B , c. a nd  t> a r e  o b t a i n e d  f r om  
e q u a t i o n s  I I I . 2 . 3  a n d  I I I . 2 . 4  t h e  e x p a n s i o n s  o f  w h i c h  

a r e  g i v e n  i n  A p p e n d i x  IV.

I n  m a t r i x  f o r m  t h e  a b o v e  s y s t e m  o f  e q u a t i o n  becomes

Â> 0 * 0  • • • • 0
xJ 

' 
'

o o o .  • • • b . « M

A - fc u a o  . b w ^ • f c u .o tp  • • • • * & * o J W . < U < U

c . P O  . V X , o  • * • • • •

0-<
U

..... 
j • C-JUL • • • • • , K u / u .

I I I . 2 .5

I I I . 2.6
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I n  e q u a t i o n  I I . 2 . 6  c ot> c a n  be  d i v i d e d  i n t o  i t s  
c o m p o n e n t s ,  i . e .

Coo * C o'o “ Ml  C .^

An e x a m p l e  o f  t h e  c o e f f i c i e n t s  i s  t a k e n  w i t h  

4> = Z  » 0  ® C ~ \  ”YV\ — 2 . - b  «. u .  •  JL  -  \

2 b , e * ........................I I I . 2 . 7 .

+ io .< |M. ' )^0 = 2.G-H-b,e q,0  . H I . 2 . 8 .

One way t o  s o l v e  t h e s e  e q u a t i o n s  i s  t o  o b t a i n  t>,0 
i n  t e r m s  o f  f r o m  e q u a t i o n  I I I . 2 . 7 ,  i . e .

Uo s “ o . voz  <i„■** 
a nd  h e n c e  by  s u b s t i t u t i o n  and  f o r  M0*-s>o e q u a t i o n  I I I . 2 . 8  
b e c o m e s

- Z ^ n . z  %o = .....................I I I . 2 . 9 .

An o b v i o u s  b u t  t r i v i a l  s o l u t i o n  t o  e q u a t i o n  I I I . 2 . 9  

i s  <Lo~° an(* t h e r e f o r e  \>xo- o  . The o t h e r  two s o l u t i o n s  
a r e  o b t a i n e d  by  a s s u m i n g  t o  be  o t h e r  t h a n  z e r o  and  

c a n c e l l i n g  i n  e q u a t i o n  I I I .  2 . 9  t o  g i v e  iq .p  u ^ -q .a .

T h i s  s i m p l e  e x a m p l e  i l l u s t r a t e s  t h e  f u n d a m e n t a l  
c h a r a c t e r i s t i c s  o f  e q u a t i o n s  I I I . 2 . 6  and  I I I . 2 . 5  and  
shows  t h a t  t h e  s o l u t i o n  f o r  t h e  d e f l e c t i o n  s e r i e s  c a n  
h a v e  t h r e e  r e a l  r o o t s ,  one  z e r o  and  t h e  o t h e r  two e q u a l  

i n  m a g n i t u d e  b u t  o p p o s i t e  i n  s i g n .  T h e s e  r e s p e c t i v e l y  
c o r r e s p o n d  t o  t h e  p l a t e  r e m a i n i n g  f l a t  o r  d e f l e c t i n g  
l a t e r a l l y  i n  e i t h e r  d i r e c t i o n ,  b o t h  o f  e q u a l  s i g n i f i c a n c e .  
F o r  t h e  s t r e s s  f u n c t i o n  t h e  r o o t s  a r e  i d e n t i c a l  f o r  t h e  
l a t e r a l l y  d e f l e c t e d  p l a t e  i r r e s p e c t i v e  o f  t h e  s i g n  o f  t h e  

d e f l e c t i o n .

I f  t h i s  p r o c e d u r e  i s  a p p l i e d  t o  e q u a t i o n s  I I I . 2 , 5
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a n d  I I I . 2 . 6  i t  i s  p o s s i b l e  t o  s o l v e  t h e s e  t o  g i v e  t h e  

r e q u i r e d  s e r i e s .  T h u s ,  i f  e q u a t i o n  I I I . 2 . 5  i s  w r i t t e n  
f o r  s i m p l i c i t y  a s

[A ] [ b* * ] =  [&] ................ ....  ■ • • I I I . 2 . 1 0 .

w h e r e  © ^  ^  Jfc.

t h e n  [ b T, ] =  [ aT'.b ] ^ ^ ] ..... ......................

S i m i l a r l y  e q u a t i o n  I I I . 2 . 6  c a n  b e  w r i t t e n  a s

{[‘ 1 ’ 4 - f M - M K - ] ..........................
w h e r e  o  4 k

a n d  by  s u b s t i t u t i o n  o f  t h e  i n d i v i d u a l  e l e m e n t s  o f  
e q u a t i o n  I I I . 2 . 1 1  i n t o  e q u a t i o n  I I I . 2 . 1 2  i t  b eco me s

(H  i i i - 2 - i £

E q u a t i o n  I I I . 2 . 1 3  i s  now t h e  m a t r i x  e q u i v a l e n t  o f  

e q u a t i o n  I I I . 2 . 9  b u t  i f  t h e n  some i t e r a t i v e  c y c l e  
m u s t  be  s e t  up t o  o b t a i n  q.0 /L, , e t c .  T h i s  i n v o l v e s  a  
l o t  o f  a r i t h m e t i c a l  o p e r a t i o n s  a nd  was  f o u n d  t o  be  s l ow 
t o  c o n v e r g e .  • I f ,  i n s t e a d  o f  a  l o a d ,  a  v a l u e  o f  d e f l e c t -  
: i o n  (q,0 ) i s  c h o s e n  and  s u b s t i t u t e d  i n t o  e q u a t i o n  I I I . 2 . 1 3  
t h e n  a n  i t e r a t i v e  c y c l e  n e e d  o n l y  b e  s e t  up i f  i^a> and  
t h i s  was  f o u n d  t o  c o n v e r g e  v e r y  much more  q u i c k l y .  T h i s  
was  t h e  p r o c e d u r e  w h i c h  was  p rogrammed f o r  t h e  c o m p u t e r .

The c o n v e r g e n c e  o f  t h e  s o l u t i o n  o f  t h e  Von Karrnan 
e q u a t i o n s  by  G a l e r k i n ’ s me thod  c a n  o n l y  b e  o b t a i n e d  f o r  
e a c h  i n d i v i d u a l  c a s e  o f  b o u n d a r y  a nd  l o a d i n g  c o n d i t i o n s  

by  c o m p a r i s o n  o f  t h e  r e l e v a n t  p a r a m e t e r s  f o r  v a r y i n g

I I I . 2 . 1 1 .

I I I . 2 . 1 2 .
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l i m i t s  i n  t h e  s e r i e s .  S a m p l e s  o f  t h e s e  c o m p a r i s o n s  
a r e  shown i n  F i g u r e s  1 1 1 . 7 , 8  and  I I I . 9;  c o n v e r g e n c e  
o f  t h e s e  p a r a m e t e r s  i s  f u r t h e r  d i s c u s s e d  i n  a  l a t e r  
c h a p t e r  o f  t h i s  t h e s i s  when t h e  r e s u l t s  o f  t h e  e x p e r i 

m e n t a l  i n v e s t i g a t i o n  a r e  c o mp ar e d  t o  t h e  c o r r e s p o n d i n g  
t h e o r e t i c a l  p r e d i c t i o n s .  C o n c l u s i o n s  a r e  t h e n  drawn 
f r o m  t h e s e  c o m p a r i s o n s  a s  t o  t h e  p r o b a b l e  r a t e  o f  c o n 
v e r g e n c e  o f  t h e  s e r i e s  s o l u t i o n .

I l l . 3  Maximum Load C a r r y i n g  C a p a c i t y .

The u l t i m a t e  l o a d  w h i c h  a  p l a t e  c a n  c a r r y  m u s t  be 
d e d u c e d  n o t  o n l y  f r om  a  c o n s i d e r a t i o n  o f  l a r g e  d e f l e c t i o n  
t h e o r y  b u t  a l s o  f r o m  p l a s t i c i t y  t h e o r y .  I f  t h e  m e t a l  

was t o  r e m a i n  l i n e a r l y  e l a s t i c ,  i n c r e a s i n g  l o a d  would  
m e r e l y  c a u s e  i n c r e a s i n g  d e f l e c t i o n  a nd  d e f o r m a t i o n  and 
t h e r e  w o u l d  b e  no  maximum l o a d .  So f a r  t o  t h e  a u t h o r ' s  
k n o w l e d g e  o n l y  one  a t t e m p t  h a s  b e e n  made t o  s o l v e  t h e  

e x t r e m e l y  c o m p l i c a t e d  n o n - l i n e a r  p r o b l e m  p o s e d  b y  t h e  
i n c l u s i o n  o f  t h e  d e f o r m a t i o n  t h e o r y  o f  p l a s t i c i t y  on t h e  

c o n s i d e r a t i o n  o f  t h e  l a r g e  d e f l e c t i o n  o f  p l a t e s .  T h i s  
r e f e r e n c e  ( B u d i a n s k y  a nd  M a y e r s ,  1955)  h a s  a l r e a d y  b e e n  
r e v i e w e d  f u l l y  i n  C h a p t e r  I  and  i t  i s  o n l y  n e c e s s a r y  t o  
n o t e  h e r e  t h a t  i n  o r d e r  t o  p r o c e e d  a t  a l l ,  a  c o a r s e  
p h y s i c a l  mode l  h ad  t o  be  p o s t u l a t e d  t o  t h e  p l a t e ,  t h u s  
l i m i t i n g  f r o m  t h e  o u t s e t  t h e  a c c u r a c y  o f  t h e  m e t h o d .
U n t i l  some me thod  i s  p r e s e n t e d  t o  o ve rc ome  t h i s  d i f f i c u l t y ,  
h o w e v e r ,  c o n s i d e r a b l e  i n f o r m a t i o n  c a n  be  o b t a i n e d  f r om a 
s t u d y  o f  t h e  e l a s t i c  e q u a t i o n s  t o g e t h e r  w i t h  some s i m p l e  

c r i t e r i o n  f o r  t h e  o n s e t  o f  p l a s t i c  f l o w .
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The  s o l u t i o n  t o  t h e  e l a s t i c  e q u a t i o n s  d e v e l o p e d  
h e r e i n  i n d i c a t e s  t h a t  i n  t h e  p o s t - b u c k l i n g  r e g i o n  t h e  
d i r e c t  s t r e s s e s  i n  t h e  £ d i r e c t i o n  a r e  g r e a t e r  t h a n  
t h e  o t h e r  s t r e s s e s  a n d ,  a s  l o a d i n g  p r o c e e d s ,  become 
c o n c e n t r a t e d  a t  t h e  p l a t e  e d g e s  n e a r  t h e  c r e s t  o f  a 
b u c k l e .

A s a m p l e  d i s t r i b u t i o n  o f  t h e s e  s t r e s s e s  a c r o s s  a  
s e c t i o n  a t  t h e  c r e s t  o f  a  b u c k l e  on t h e  m i d d l e  p l a n e  
o f  t h e  p l a t e  i s  shown i n  F i g u r e  I I I . 10 .  F o r  a  p l a t e  

w i t h  a  f r e e  e d g e  t h e  s t r e s s e s  a r e  s i m i l a r l y  c o n c e n t r a t e d  
a t  t h e  e d g e ,  b u t  i n  t h i s  c a s e  t h e  maximum v a l u e s  o c c u r  

on t h e  p l a t e  s k i n  due  t o  b e n d i n g .  T h i s  c o n c e n t r a t i o n  
o f  d i r e c t  s t r e s s e s  h a s  l e d  t o  t h e  f o r m u l a t i o n  o f  a 

c o l l a p s e  c r i t e r i o n  b a s e d  on R a n k i n e ’ s y i e l d  c r i t e r i o n .
Thus  i t  i s  c o n s i d e r e d  t h a t  when t h e  s t r e s s  i n  t h e  ^  

d i r e c t i o n  a t  a n y  s e c t i o n  o f  t h e  p l a t e  r e a c h e s  t h e  y i e l d  
v a l u e  f o r  t h e  p l a t e  m a t e r i a l  t h e n  t h e  p l a t e  h a s  c o l l a p s e d .

T h i s  i s  o f  c o u r s e  o n l y  a p p l i c a b l e  t o  t h o s e  m a t e r i a l s  

w h i c h  e x h i b i t  s u d d e n  and e x t e n s i v e  y i e l d i n g  a t  a  s p e c i f i c  
l o a d .  E x a m p l e s  o f  s u c h  m a t e r i a l s  a r e  t o  be  f o u n d  i n  t h e  

h i g h  g r a d e  m i l d  s t e e l  u s e d  i n  l i g h t  c i v i l  e n g i n e e r i n g  
s t r u c t u r e s  a nd  t h e  new t i t a n i u m  a l l o y s  w h i c h  a r e  b e i n g  

i n t r o d u c e d  i n t o  a i r c r a f t  c o n s t r u c t i o n .  Employment  o f  
t h i s  c r i t e r i o n  l e a d s  t o  a  s i m p l e  and  p r a c t i c a l l y  u s e f u l  
me t hod  f o r  d e t e r m i n i n g  t h e  c o l l a p s e  l o a d s  o f  e c c e n t r i c a l l y  
l o a d e d  t h i n  p l a t e s  a n d ,  a s  w i l l  be  shown l a t e r ,  g i v e s  
v a l u e s  w h i c h  a r e  i n  good  a g r e e m e n t  w i t h  t h o s e  f o u n d  e x p e r i 

m e n t a l l y .

An e x a m p l e  i s  now g i v e n  o f  t h e  me t hod  o f  o b t a i n i n g
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t h e  p l o t  o f  " c o l l a p s e  l o a d  v s .  p l a t e  t h i c k n e s s "  f o r  a 
p l a t e  s i m p l y  s u p p o r t e d  a l o n g  b o t h  u n l o a d e d  e d g e s .

The n o n - d i m e n s i o n a l  s t r e s s  a t  ^ = a t  t h e  c r e s t  o f  a 
b u c k l e  i s  p l o t t e d  a g a i n s t  t h e  n o n - d i o i e n s i o n a l  l o a d  
p a r a m e t e r  i n  F i g u r e  I I I . 11 i n  w h i ch  i t  w i l l  be  s e e n  t h a t  
v a l u e s  h a v e  b e e n  c a l c u l a t e d  w i t h  and  w\=2> . The

r e a s o n  f o r  t h i s  i s  t h a t  i n  t e s t s  on s u c h  p l a t e s ,  d e s c r i b e d  
l a t e r ,  t h e  i n i t i a l  b u c k l i n g  p a t t e r n  o f  two h a l f  waves  i n  
t h e  1 d i r e c t i o n  s o m e t i m e s  c h a n g e d  t o  t h r e e  h a l f  w av es .

Thus  c o l l a p s e  l o a d s  w e r e  c a l c u l a t e d  u s i n g  t h e  v a l u e s  i n  

F i g u r e  I I I . 11 w h i c h  g a v e  t h e  l o w e r  t h e o r e t i c a l  c o l l a p s e  
l o a d  and  so p r o v i d i n g  a t h e o r e t i c a l l y  c o n s e r v a t i v e  v a l u e  

f o r  t h o s e  p l a t e s  w h i c h  d i d  n o t  h a v e  a c h a n g e  o f  w a v e l e n g t h .

From t e n s i l e  t e s t s  on s p e c i m e n s  t a k e n  f r om  t h e  t e s t  
p l a t e s  t h e  a v e r a g e  v a l u e s  o f  y i e l d  s t r e s s  and Y o u n g ' s  
Modu l us  w e r e  a n d  E = vsacio4' r e s p e c t 
i v e l y .  A s s u m i n g  t h e s e  v a l u e s  t o  h o l d  i n  c o m p r e s s i o n ,  

t h e  s t r e s s  a t  t h e  e d ge  a t  c o l l a p s e  i s  g i v e n  by

<5~ -  % - 2 S ' - € - > c v o i"iji o>
t a k i n g  ^ = 2. k  = o1os t h i s  g i v e s

The c o r r e s p o n d i n g ‘v a l u e  o f  f r o m  F i g u r e  I I I .  10
i s  -e.

Now h e n c e  t h e  c o l l a p s e  l o a d  -  -  **-o«*<=> M*-

Thus  by  c h o o s i n g  o t h e r  v a l u e s  o f  t h i c k n e s s  t h e  
t h e o r e t i c a l  c u r v e  i n  F i g u r e  I I I . 12 was c o n s t r u c t e d .
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CHAPTER I V .

EXPERIMENTAL INVESTIGATIONS INTO THE

LOAD BEARING BEHAVIOUR OF INDIVIDUAL PLATES.

An e x t e n s i v e  e x p e r i m e n t a l  i n v e s t i g a t i o n  h a s  be en  

c a r r i e d  o u t  by  t h e  a u t h o r  i n t o  t h e  p r o b l e m  o f  t h e  p o s t -  

: b u c k l i n g  b e h a v i o u r  o f  s i n g l e  p l a t e s  s u b j e c t e d  t o  e c c e n -  

: t r i c  e d g e  c o m p r e s s i o n .  I n  t h i s  c h a p t e r  t h e  a i m s  and 

o r g a n i s a t i o n  o f  t h e  t e s t  p r o g r am m e s  c o n d u c t e d  i n  t h i s  

i n v e s t i g a t i o n  a r e  p r e s e n t e d  t o g e t h e r  w i t h  d e t a i l e d  

d e s c r i p t i o n s  o f  t h e  s p e c i a l  e q u i p m e n t  d e s i g n e d  and  b u i l t  

f o r  t h e  p u r p o s e s  o f  t h e s e  t e s t s .  The c h a p t e r  e nd s  w i t h  

a  p r e s e n t a t i o n  o f  t y p i c a l  r e s u l t s  o b t a i n e d  f r o m t h i s  

e x p e r i m e n t a l  i n v e s t i g a t i o n .

I V . 1 T e s t  P r o g r a m m e s .

The t e s t s  w e r e  o r g a n i s e d  i n  two ma in  c a t e g o r i e s  

a c c o r d i n g  t o  t h e  t y p e  o f  i n f o r m a t i o n  t o  b e  d e r i v e d  f rom 
t he m.  The f i r s t  d e a l t  w i t h  t h e  o v e r a l l  c h a r a c t e r i s t i c s  

o f  p l a t e  b e h a v i o u r ,  i . e .  i n s t a b i l i t y  a nd  c o l l a p s e  l o a d s ;  
i n  c o n n e c t i o n  w i t h  t h i s  a b o u t  f o r t y  p l a t e s  w e r e  l o a d e d  t o  

c o l l a p s e  u n d e r  v a r i o u s  c o n d i t i o n s  o f  e d g e  s u p p o r t  and 
l o a d i n g  g e o m e t r y .  T h e s e  p l a t e s  v a r i e d  i n  t h i c k n e s s  f rom 

0V036 t o  0 V083  b u t  a l l  h ad  t h e  same w i d t h  and  l e n g t h  o f  
10" and  2 0 ” r e s p e c t i v e l y .  T e n s i l e  t e s t  s p e c i m e n s  were  
t a k e n  f r o m  v a r i o u s  l o c a t i o n s  on t y p i c a l  p l a t e s ,  and t h e  

r e s u l t i n g  v a l u e s  f o r  t h e  m a t e r i a l  p r o p e r t i e s  a r e  g i v e n  

i n  A p p e n d i x  VI.. .
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The s e c o n d  c a t e g o r y  o f  t e s t s  was d e s i g n e d  t o  
p r o v i d e  i n f o r m a t i o n  on t h e  more  d e t a i l e d  a s p e c t s  o f  
t h e  p r o b l e m  s u c h  a s  s t r a i n  and  d e f l e c t i o n  d i s t r i b u t i o n s .  

To f a c i l i t a t e  t h e  d e t e r m i n a t i o n  o f  t h e  o u t - o f - p l a n e  
d e f l e c t i o n s  o v e r  t h e  w h o le  p l a t e  s u r f a c e  p h o t o g r a m m e t r i e  
e q u i p m e n t  was d e s i g n e d  and  b u i l t ;  t h i s  i s  d e s c r i b e d  
b r i e f l y  i n  t h e  n e x t  s e c t i o n  o f  t h i s  c h a p t e r ,  and  much 
more  f u l l y  i n  A p p e n d i x  Y.

I V . 2 S p e c i a l  T e s t  E q u i p m e n t ,

a .  L o a d i n g  R i g .

T h i s  r i g  was s p e c i a l l y  d e s i g n e d  f o r  t h i s  s e r i e s  o f  
t e s t s  w i t h  t h e  a im  t h a t  t h e  s p e c i m e n  p l a t e  c o u l d  be  s u b 
j e c t e d  t o  a  c o m p r e s s i v e  l o a d i n g  o f  c a r e f u l l y  c o n t r o l l e d  
e c c e n t r i c i t y .  The l e n g t h  t o  w i d t h  r a t i o  c h o s e n  f o r  t h e  
s p e c i m e n  p l a t e  was tw o ,  f o r  t h e  r e a s o n  t h a t  t h i s  r a t i o  
g a v e  many v a r i a t i o n s  o f  h a l f  wave p a t t e r n s  w i t h  c h a n g e  
o f  e d g e  c o n d i t i o n s  an d  l o a d i n g  g e o m e t r y ,  i . e .  w i t h  cj>^2 
one h a l f  wave t e n d s  t o  p r e d o m i n a t e  and  f o r  4>>2 t e s t s  
c o n d u c t e d  by  p r e v i o u s  w o r k e r s  on c o n c e n t r i c a l l y  c o m p r e s s e d  
p l a t e s  show t h a t  t h e  p l a t e s  t e n d  t o  b u c k l e  i n t o  s q u a r e  
p a n e l s  and  t h e  c o l l a p s e  l o a d s  a r e  t h u s  b r o a d l y  u n a f f e c t e d  

by  c h a n g e  i n  l e n g t h .

The r i g  i s  shown s c h e m a t i c a l l y  i n  F i g u r e s  I V . l a  and
I V . l b  and  i n  s i t u  i n  F i g u r e  I V . 2 a .  The f r a m e  c o n s i s t e d  
m a i n l y  o f  two c h a n n e l s  r i g i d l y  m o u n te d  p a r a l l e l  t o  e a c h  
o t h e r  on a  p e d e s t a l  ( 1 1 ) .  The i n s i d e  f a c e s  o f  t h e s e
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c h a n n e l s  w e re  m a c h i n e d  s m o o th  t o  c a r r y  t h e  u n l o a d e d  
e d g e  c o n d i t i o n s  ( 7 )  and  t h e  e n d s ,  h a v i n g  b e e n  r e i n f o r c e d  
w i t h  w e l d e d  p a d s ,  w e re  m a c h i n e d  t o  r e c e i v e  t h e  end l o a d -  

r i n g  b e a m s .  The l o a d i n g  b e a m s ,  when m oun ted  i n  t h e s e  
b e a r i n g  s l o t s  d i r e c t l y  o p p o s e d  e a c h  o t h e r  b o t h  v e r t i c a l l y  

a n d  h o r i z o n t a l l y ;  t h e  h o r i z o n t a l  p o s i t i o n  b e i n g  m a i n t a i n e d  
b y  t h e  t r u n n i o n  a r r a n g e m e n t  ( 1 4 ) .  The f a c e s  o f  p a r t s  9 

w e r e  c a r e f u l l y  g r o u n d  t o  s i z e  so t h a t  v e r y  l i t t l e  c l e a r 
a n c e  r e s u l t e d  on a s s e m b l y  w i t h  t h e  c h a n n e l s .

The end  a s s e m b l i e s  c o n s i s t e d  o f  two s e t s  o f  worms 

an d  w h e e l s ,  t h e  w h e e l s  b e i n g  a t t a c h e d  t o  a  c o l l a r  w h ic h  
was  s c r e w e d  l ff B . S . F .  a l o n g  t h e  f u l l  l e n g t h  o f  i t s  b o r e .
When t h e  l o a d  s c r e w  (3 )  was a s s e m b l e d  t o  t h i s  and  l o c k e d  
a g a i n s t  r o t a t i o n  b y  a  ' U 1 c lam p  ( 1 6 )  t h e  r e s u l t  was a  
l o a d i n g  a r r a n g e m e n t  w i t h  a  v e r y  h i g h  m e c h a n i c a l  a d v a n t a g e .
The two end a s s e m b l i e s  w e re  i d e n t i c a l  so  t h a t  t h e  l o a d  
s c r e w s  o p p o s e d  e a c h  o t h e r  and  c o u l d  be  j o i n e d  by  a  l i n k  
b a r  ( l ) .  The h o l e s  shown i n  i t e m s  1 and  3 w e re  b o r e d  
o u t  t o g e t h e r  and  b u s h e s  f i t t e d ;  t h e  h a r d e n e d  p i n  w h i c h  
f i t t e d  i n  t h e  b u s h e s  t h u s  p r o v i d e d  a  s t r o n g  b u t  r o t a t i o n a l l y  

f r e e  j o i n t .

R o t a t i o n  o f  t h e  h a n d w h e e l s  (6 )  c a u s e d  t h e  end  a s s e m b l i e s  
t o  a p p r o a c h  e a c h  o t h e r  t h u s  i n d u c i n g  a  l o a d  i n  t h e  p l a t e  
p l a c e d  i n  p o s i t i o n  b e t w e e n  t h e  end  l o a d i n g  b e a m s .  E c c e n t r i c  
l o a d i n g  was o b t a i n e d  by d i f f e r e n t i a l  r o t a t i o n  o f  one s i d e  

f r o m  t h e  o t h e r .  T h e s e  h a n d w h e e l s  w e re  i n  f a c t  c h a i n  
s p r o c k e t  w h e e l s  and  t h e  r i g  was  f i t t e d  w i t h  a  c h a i n  d r i v e  
( F i g u r e  I V . 2 b )  f o r  f a s t  t r a v e r s e  d u r i n g  t h e  s e t t i n g - u p  
p e r i o d  w h i l e  d u r i n g  a n  a c t u a l  t e s t  t h e  w h e e l s  w e r e  t u r n e d
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m a n u a l l y ,  t h i s  was f o u n d  t o  g i v e  a  v e r y  s e n s i t i v e  

a r r a n g e m e n t .  The m a g n i t u d e  o f  t h e  l o a d  was  i n d i c a t e d  
by e l e c t r i c a l  r e s i s t a n c e  f o i l  s t r a i n  g a u g e s  b o n d e d  t o  
t h e  l i n k  b a r s  and c o n n e c t e d  to  a  H u g g e n b e r g e r  s w i t c h  
b o x  an d  s t r a i n  b r i d g e .  Each  b a r  a s s e m p l y  ( l  and  3) 

was c a l i b r a t e d  on a n  A v e r y  t e n s i l e  t e s t i n g  m a c h i n e  and  
g a v e  a  l i n e a r  r e s p o n s e  o f  1 6 . 9 1  up t o  t h e
maximum c a l i b r a t e d  l o a d  o f  f o u r  t o n s .

The l o a d e d  ed g e  c o n d i t i o n  o f  " s i m p l e  s u p p o r t "  was 
o b t a i n e d  by  u s i n g  s l o t t e d  r o l l e r s  ( F i g u r e  I V . 3) i n  
n e e d l e  b e a r i n g s  w h ic h  w e re  m oun ted  i n  g r o u p s  o f  f o u r  
i n  b l o c k s  (8 )  w h ic h  i n  t u r n  w e re  m oun ted  i n  t h e  l o a d i n g  

b e a m s .  A s e g m e n t  o f  4 0 °  was c u t  f r o m  t h e  n e e d l e  b e a r -  
: i n g  an d  w i t h  two e x t r a  n e e d l e s  rem oved  t h e  e n d s  w e re  
r e s e a l e d .  To m a i n t a i n  t h e  l o a d i n g  r i g h t  up t o  t h e  e d g e  
o f  t h e  p l a t e ,  i . e .  t o  w h e re  t h e  ed g e  c o n d i t i o n s  w e re  
l o c a t e d ,  g r o o v e d  b l o c k s  w e re  f i t t e d  i n  t h e  l o a d  b a r  i n  
p l a c e  o f  t h e  b e a r i n g  and  r o l l e r s  ( F i g u r e  I V . 4 ) .

The g e n e r a l  t h e o r e t i c a l  c o n d i t i o n  o f  r o t a t i o n a l  
r e s t r a i n t  a t  t h e  u n l o a d e d  e d g e s  i s  e x t r e m e l y  d i f f i c u l t  
t o  r e p r o d u c e  e x p e r i m e n t a l l y .  F o r  t h i s  r e a s o n  o n l y  t h e  
l i m i t i n g  c a s e s  o f  t h i s  c o n d i t i o n  were  s t u d i e d ,  i . e .  
" s i m p l e  s u p p o r t "  and  " b u i l t - i n " .  The " f r e e  ed g e"  
c o n d i t i o n  was o b t a i n e d  s i m p l y  a s  t h e  name i m p l i e s  by 
h a v i n g  no fo r m  o f  r e s t r a i n t  on t h e  p l a t e  a t  t h a t  e d g e .  
The " b u i l t - i n "  e d g e  r e s t r a i n t  i s  shown i n  F i g u r e  I V . 5 a ,  
t h e s e  w e re  b o l t e d  t o  t h e  m a in  r u n n e r s  by  3 / 8 "  d i a m e t e r  

b o l t s  a s  w e re  t h e  k n i f e  e d g e s  ( F i g u r e  I V . 5 b )  w h ic h  
s i m u l a t e d  t h e  " s i m p l e  s u p p o r t "  c o n d i t i o n .  As shown i n
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F i g u r e  I V . 5 a  t h e  e d g e s  o f  t h e  r e s t r a i n i n g  b a r s  w e re  
w ash e d  away i n  an  a t t e m p t  t o  make t h e  a c t i n g  w i d t h  a s  
c l o s e  t o  t h e  a c t u a l  w i d t h  a s  p o s s i b l e .

b .  P h o t o g r a m m e t r i c  E q u i p m e n t .

T h i s  e q u i p m e n t  was d e v e l o p e d  t o  o b t a i n  t h e  d i s t r i 
b u t i o n  o f  t h e  o u t - o f - p l a n e  d e f l e c t i o n s  o v e r  t h e  p l a t e  
s u r f a c e .  The p r i n c i p l e  o f  t h e  m e th o d ,  w h ic h  was f i r s t  
s u c c e s s f u l l y  a p p l i e d  by  J a c k s o n  ( 1 9 4 7 ) ,  was v e r y  s i m p l e  

an d  was e s s e n t i a l l y  a s  f o l l o w s .

L i g h t  f r o m  a l i n e  s o u r c e  f e l l  on t o  a s e r i e s  o f  
t h i n  s t r a i g h t  w i r e s  s t r e t c h e d  a b o v e  t h e  p l a t e  an d  p a r a l l e l  
t o  t h e  lamp e l e m e n t .  The s h a r p  shadow t h u s  c a s t  on t h e  
p l a t e  s u r f a c e  was s t r a i g h t  and p a r a l l e l  t o  t h e  w i r e  so 

l o n g  a s  t h e  p l a t e  was f l a t ,  b u t  when a  v e r t i c a l  p l a t e  
movement  t o o k  p l a c e  t h e  shadow s w e re  d i s p l a c e d  h o r i z o n t a l l y .  
T h i s  d i s p l a c e m e n t  was r e c o r d e d  by  a  c a m e ra  m oun ted  v e r t i 
c a l l y  a b o v e  t h e  t e s t  r i g  and  b y  a c c u r a t e  m e a s u r e m e n t  o f  
t h e  p h o t o g r a p h i c  p l a t e  and a p p l i c a t i o n  o f  t h e  known s y s t e m  
g e o m e t r y  t h e  r e q u i r e d  d e f l e c t i o n s  w e re  o b t a i n e d .

F i g u r e  I V .  6 g i v e s  a n  e x am p le  o f  t h e  g e o m e t r y  o f  t h e  
s y s t e m  f o r  a  t y p i c a l  w i r e ,  t h e  t r a n s f o r m i n g  o f  t h e  h o r i z 
o n t a l  p h o t o g r a p h i c  m e a s u r e m e n t s  t o  t h e  c o r r e s p o n d i n g  
v e r t i c a l  p l a t e  m o v e m e n t s 'w a s  p rogrammed by  t h e  a u t h o r  f o r  

t h e  c o m p u t e r  t h u s  e l i m i n a t i n g  t e d i o u s  and  t r i v i a l  c a l c u l 

a t i o n s .

IV.3 Test Procedure.
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The f o l l o w i n g  i s  an  ex am p le  o f  t h e  p r o c e d u r e  
w h ic h  was c a r r i e d  o u t  d u r i n g  a t e s t  t o  c o l l a p s e  i n  

w h ic h  t h e  " w i r e - s h a d o w "  t e c h n i q u e  was a l s o  u s e d .

The t e s t  p l a t e  was f i r s t  c l e a n e d  and ex am in ed  f o r  
b u r r s  and  f l a w s ,  t h e s e  p o s s i b l y  b e i n g  c a u s e d  d u r i n g  t h e  
m a c h i n i n g  o f  t h e  e d g e s .  The p l a t e  d i m e n s i o n s  w e re  t h e n  

n o t e d ,  t h e  t h i c k n e s s  v a r i a t i o n  was u s u a l l y  a b o u t  io" .ooos  
( s e e  A p p e n d i x  V I ) and  t h e  e d g e s  w e re  p a r a l l e l  t o  w i t h i n  

t o u-ooz • The p l a t e  was t h e n  m oun ted  i n  t h e  r i g  w i t h  
l o n g i t u d i n a l  e d g e  s u p p o r t s  l o o s e l y  b o l t e d  i n  p l a c e .
The l o a d i n g  beam s w e re  e a c h  b r o u g h t  i n t o  a  c e n t r a l  p o s i -  

: t i o n  u s i n g  t h e  f a s t  t r a v e r s e  g e a r  u n t i l  t h e y  w e re  
l i g h t l y  b e a r i n g  on t h e  e n d s  o f  t h e  p l a t e .  To m a i n t a i n  

c e n t r a l i t y  d u r i n g  t h i s  and  o t h e r  o p e r a t i o n s  i n  t h e  s e t t i n g  
up r o u t i n e  t h e  s c r e w s  i n  t h e  t h r u s t  a n g l e s  (1 2 )  w ere  

p i n c h e d  l i g h t l y  a g a i n s t  t h e  s h o u l d e r s  o f  t h e  l o a d  s c r e w s .  
T h e s e  t h r u s t  a n g l e s  a l s o  t o o k  t h e  l o a d  c a u s e d  by  t h e  

f r i c t i o n  b e t w e e n  t h e  p l a t e  and t h e  r e s t r a i n i n g  b a r s  u n t i l  
t h e  l o a d  was f u l l y  d e v e l o p e d  when t h e  a r r a n g e m e n t  was 

s e l f  b a l a n c i n g .

The w i d t h  o f  t h e  s l o t  i n  t h e  r o l l e r s  a t  e a c h  l o a d e d  
end  was O l ' l lO  a n d  i t  was t h u s  n e c e s s a r y  t o  sh im  t h e  p l a t e  
t o  k e e p  i t  c e n t r a l ;  t h e s e  sh im s  w e r e  a s  s h o r t  and  n a r r o w  
a s  p o s s i b l e  t o  a v o i d  s t i f f e n i n g  t h e  end o f  t h e  p l a t e .
T h i s  o p e r a t i o n  c o m p l e t e d ,  t h e  s u r f a c e s  b e t w e e n  t h e  edge  
r e s t r a i n t s  and  t h e  p l a t e  w ere  s m e a re d  w i t h  a  m i x t u r e  o f  
o i l  a n d  m olybdenum d i s u l p h i d e  p a s t e  w h ic h  fo rm ed  a  h i g h  
p r e s s u r e  l u b r i c a n t .  The e d g e  s u p p o r t s  w e re  c e n t r a l i s e d  

t o  t h e  l o a d i n g  beams u s i n g  f e e l e r  g a u g e s  a n d ,  a f t e r
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p i n c h i n g  on t o  t h e  p l a t e  s u r f a c e  t o  o b t a i n  good 
c o n t a c t ,  w e r e  t h e n  f i r m l y  b o l t e d  i n  p l a c e .  A 
m e a s u r e  o f  t h e  i n i t i a l  f l a t n e s s  o f  t h e  p l a t e  was 
o b t a i n e d  u s i n g  a  c l o c k  c o m p a r a t o r  m oun ted  on a  b a r  
r u n n i n g  t h e  l e n g t h  o f  t h e  p l a t e ,  t h i s  o f  c o u r s e  v a r i e d  
f r o m  p l a t e  t o  p l a t e  b u t  was g e n e r a l l y  s m a l l ,  w i t h i n  

10% o f  t h e  p l a t e  t h i c k n e s s .

The w i r e  c a r r i e r s  w e re  t h e n  s c r e w e d  i n t o  p l a c e  
and  t h e  w i r e  l a c e d  t i g h t l y  r o u n d  t h e  p e g s  and  s e c u r e d .

To o b t a i n  a  good  shadow on t h e  p l a t e  s u r f a c e  a  t h i n  
f i l m  o f  o p a q u e  g r e a s e  was s m e a r e d  on t h e  p l a t e  s u r f a c e  
p r i o r  t o  t h i s  o p e r a t i o n .  A f t e r  t a k i n g  a  p h o t o g r a p h  o f  
t h e  i n i t i a l  u n l o a d e d  p l a t e  and  r e c o r d i n g  t h e  i n i t i a l  
r e a d i n g  on t h e  l i n k  b a r  s t r a i n  g a u g e s  a s  z e r o  l o a d  t h e  
t e s t  was  r e a d y  t o  p r o c e e d .

The l o a d i n g  was a p p l i e d  s i m u l t a n e o u s l y  on b o t h  e n d s  

o f  t h e  p l a t e  i n  t h e  r a t i o  c a l c u l a t e d  t o  p r o d u c e  t h e  
r e q u i r e d  l o a d i n g  g e o m e t r y .  The v a l u e  o f  t h i s  l o a d i n g  

was r e c o r d e d  a t  i n t e r v a l s  and  p h o t o g r a p h s  t a k e n .  C o l l a p s e  
was  t a k e n  t o  h a v e  o c c u r r e d  when a  s l i g h t  r e d u c t i o n  o f  t h e  
l o a d  was  i n d i c a t e d  f o r  a n  i n w a r d  movement  o f  t h e  l o a d i n g  

b e a m s .

I V . 4 T e s t  R e s u l t s .

( i )  F i r s t  S e r i e s .

T h e r e  h a v e  b e e n  s e v e r a l  m e th o d s  s u g g e s t e d  f o r  o b t a i n 
i n g  t h a t  l o a d  i n  a c t u a l  p l a t e s  w h ic h  i s  e q u i v a l e n t  t o  t h e
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i n s t a b i l i t y  l o a d s  i n  a n  i d e a l l y  f l a t  p l a t e .  The 
n e e d  f o r  s u c h  a p r o c e s s  may be  i l l u s t r a t e d  h e r e  by 

a c o n s i d e r a t i o n  o f  F i g u r e  I V . 7 ;  t h i s  f i g u r e ,  w h ic h  
may b e  t a k e n  a s  t y p i c a l  o f  t h e  r e s u l t s  f rom  t h i s  

s e r i e s  o f  t e s t s ,  shows t h a t  d e f l e c t i o n s  b e g a n  t o  g row 
v e r y  s o o n  a f t e r  t h e  a p p l i c a t i o n  o f  l o a d i n g .  T h i s  was 
o f  c o u r s e  d u e  m a i n l y  t o  t h e  i n i t i a l  i m p e r f e c t i o n s  
p r e s e n t  i n  t h e  p l a t e  i n  t h e  u n l o a d e d  s t a t e .

Among t h e  more w i d e l y  u s e d  o f  t h e  m e th o d s  so f a r  
s u g g e s t e d  f o r  c o n c e n t r i c a l l y  c o m p r e s s e d  p l a t e s  a r e  

" t o p - o f - t h e - k n e e " o f  t h e  l o a d  v s .  d e f l e c t i o n  p l o t  and  

t h e  " p o i n t  o f  i n f l e c t i o n "  o f  t h e  same p l o t .  I n  t h e  
c a s e  o f  e c c e n t r i c a l l y  c o m p r e s s e d  p l a t e s  c o n s i d e r e d  i n  

t h i s  t h e s i s ,  h o w e v e r ,  n e i t h e r  o f  t h e s e  m e th o d s  p r o v e d  

t o  be  c o m p l e t e l y  s a t i s f a c t o r y ,  due  m a i n l y  t o  t h e  f a c t  
t h a t  t h e  w a v e l e n g t h  s o m e t i m e s  c h a n g e d  a s  t h e  l o a d i n g  
i n c r e a s e d .  I f  t h e  " S o u t h w e l l  P l o t "  m e th o d  was e m p lo y e d  

u s i n g  v a l u e s  o f  t h e  l o a d  v s .  d e f l e c t i o n  p l o t s  a t  low 
l o a d s  t h e n  i t  was f o u n d  t h a t  good  s t r a i g h t  l i n e s  w e re  
o b t a i n e d .  E x a m p le s  o f  t h e s e  a r e  g i v e n  i n  F i g u r e  I V . 8 .  
T h i s  t h e n  was  t h e  p r o c e d u r e  u s e d  t h r o u g h o u t  t h i s  i n v e s t 
i g a t i o n  t o  i n f e r  t h e  e x p e r i m e n t a l  " i n s t a b i l i t y  l o a d s "  
and  v a l u e s  o f  t h e s e  a re .  shown p l o t t e d  i n  F i g u r e s  IV .  9 -
I V . 13 f o r  t h e  c o m b i n a t i o n s  o f  ed g e  c o n d i t i o n s  an d  l o a d i n g  

g e o m e t r i e s  c h o s e n  f o r  s t u d y  h e r e .

T h e s e  c o m b i n a t i o n s  w e r e :
( i )  s i m p l y  s u p p o r t e d  u n l o a d e d  e d g e s  w i t h  l o a d i n g  e c c e n -  

i t r i c i t y

( i i )  s i m p l y  s u p p o r t e d  u n l o a d e d  e d g e s  w i t h  l o a d i n g  e c c e n -  

: t r i c i t y  3 0 5
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( i i i )  one  u n l o a d e d  e d g e  b u i l t - i n ,  t h e  o t h e r  s i m p l y  
s u p p o r t e d  w i t h  l o a d i n g  e c c e n t r i c i t y  <* = o-s

( i v )  b u i l t - i n  u n l o a d e d  e d g e s  w i t h  l o a d i n g  e c c e n -  
: t r i c i t y  '

( v )  one  u n l o a d e d  e d g e  b u i l t - i n ,  t h e  o t h e r  f r e e  w i t h  
l o a d i n g  e c c e n t r i c i t y  i

The t h i c k n e s s e s  o f  t h e  p l a t e s  t e s t e d  v a r i e d  f r o m  
0V036 -  0V083 w i t h  f i v e  d i f f e r e n t  v a l u e s  w i t h i n  t h a t  
r a n g e .

The c o l l a p s e  l o a d s  c o r r e s p o n d i n g  t o  t h e  t e s t s  a r e  
shown p l o t t e d  i n  F i g u r e s  IV .  14 -  IV.18.

( i i )  S e c o n d  S e r i e s .

As s t a t e d  e a r l i e r  t h i s  s e r i e s  o f  t e s t s  was  d e s i g n e d  
t o  s t u d y  t h e  s t r a i n  d i s t r i b u t i o n s  and  o v e r a l l  d e f l e c t i o n  
p a t t e r n s  f o r  s p e c i m e n  t e s t  p l a t e s .

One o f  t h e  i m p o r t a n t  r e l a t i o n s h i p s  i n  t h e  d e v e l o p m e n t  
o f  t h e  t h e o r y  f o r  c o l l a p s e  i s  t h e  l o a d  v s .  edge  s t r e s s  i n  
t h e  5 d i r e c t i o n .  I n  F i g u r e s  I V . 19 an d  I V . 20 e x p e r i m e n t a l l y  
o b t a i n e d  v a l u e s  o f  t h i s  r e l a t i o n s h i p  a r e  g i v e n  f o r  two 

t y p e s  o f  l o a d i n g  and  ed g e  c o n d i t i o n .  The s t r a i n  v a l u e s  
f r o m  w h i c h  t h e s e  p l o t s  w e r e  i n f e r r e d  w e r e  o b t a i n e d  u s i n g  
e l e c t r i c  r e s i s t a n c e  f o i l  s t r a i n  g a u g e s  b o n d e d  a s  c l o s e l y  
t o  t h e  p l a t e  e d g e  a s  p o s s i b l e .  One s e t  was p l a c e d  on 
t h e  t o p  s u r f a c e  and  a n o t h e r  d i r e c t l y  o p p o s i t e  on t h e  u n d e r  
s u r f a c e  an d  by  c o n n e c t i n g  t h e s e  i n  s e r i e s  t h e  m i d d l e  
s u r f a c e  s t r a i n s  w e re  o b t a i n e d .  The v a l u e s  a r e  p l o t t e d
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■e>* d i r e c t i o n  o f  l i g h t .

F i g .  I V . 22 Load = 0 l b f .

F i g .  I V . 23 Load = 1965 l b f .

F i g .  I V . 24 Load = 2520 l b f .
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D i r e c t i o n  o f  l i g h t .

F i g .  I V . 25 r o a d  = 2980 l b f .

F i g .  I V . 26 Load = 3460 l b f .

F i g .  I V . 27 Load = 3970 l b f .
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D i r e c t i o n  o f  l i g h t .

I V . 28 Load

F i g .  I V . 29 Load = 1075 l b f

F i g .  I V . 30 Load = 1395 l b f .
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D i r e c t i o n  o f  l i g h t .

F i g .  I V . 31 Load = 1700 l b f .

F i g .  I V . 32 Load = 2000 l b f .

Load = 2180 l b f
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i n  t e r m s  o f  t h e  n o n - d i m e n s i o n a l  p a r a m e t e r s  d e v e l o p e d  
i n  C h a p t e r  I I  f o r  e a s e  o f  c o m p a r i s o n .

-L

F i g u r e  I V . 21 g i v e s  t h e  s t r a i n  d i s t r i b u t i o n s  on 
t h e  p l a t e  s u r f a c e s  a t  v a r i o u s  s t a g e s  o f  l o a d i n g  f o r  
a  b u i l t - i n ~ f r e e  p l a t e  w i t h  l o a d i n g  e c c e n t r i c i t y  . 
A g a i n  t h e  s t r a i n  v a l u e s  w ere  o b t a i n e d  u s i n g  f o i l  
s t r a i n  g a u g e s  b o n d e d  t o  t h e  p l a t e  s u r f a c e s .  The 
g a u g e s  w e re  c o n n e c t e d  t h r o u g h  a  s w i t c h  b o x  t o  a  
H u g g e n b e r g e r  S t r a i n  B r i d g e .

Sam ple  r e s u l t s  o f  t h e  p h o t o g r a m m e t r i c  m e thod  
d e s c r i b e d  e a r l i e r  i n  t h i s  c h a p t e r  a r e  now p r e s e n t e d .  
F i g u r e s  I V . 22 -  I V . 33 a r e  p r i n t s  o f  t h e  a c t u a l  p h o t o -  
r g r a p h i c  p l a t e s  t a k e n  d u r i n g  t e s t s  on two s p e c i m e n  
p l a t e s ,  one  s i m p l y  s u p p o r t e d ~ s i m p l y  s u p p o r t e d  w i t h  

a n d  t h e  o t h e r  b u i l t - i n ~ f r e e  w i t h  . The 
r e s u l t s  o f  t h e  a n a l y s e s  o f  t h e s e  p h o t o g r a p h i c  p l a t e s  
a r e  shown i n  F i g u r e s  I V . 34 and  I V . 35 i n  t h e  f o r m  o f  
c o n t o u r  maps o f  t h e  t e s t  p l a t e  s u r f a c e  an d  s e c t i o n s  
t h r o u g h  t h e  p l a t e  a t  v a r i o u s  l o a d s .  T h e s e  show t h e  
d e t a i l  w h ic h  c a n  b e  e x t r a c t e d  f r o m  s u c h  a  s i m p l e  

m e t h o d .
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CHAPTER V .

COMPARISONS OF PLATE EXPERIMENTAL 
AND THEORETICAL RESULTS.

I n  t h i s  c h a p t e r  t h e  t e s t  r e s u l t s  p r e s e n t e d  i n  
C h a p t e r  IV  a r e  co m p ared  t o  t h e  r e l e v a n t  p r e d i c t i o n s  

o f  t h e  t h e o r e t i c a l  a p p r o a c h  d e v e l o p e d  i n  C h a p t e r s  I I  
a n d  I I I .  Such  c o m p a r i s o n s  a r e  h e l d  t o  t e s t  n o t  o n l y  

t h e  s u i t a b i l i t y  o f  t h i s  t h e o r y  t o  t h e  p r o b l e m  i n  hand  
b u t  a l s o  t h e  c a p a b i l i t i e s  o f  t h e  t e s t  e q u i p m e n t  t o  
r e p r o d u c e  t h e  r e q u i r e d  c o n d i t i o n s  o f  l o a d i n g  an d  ed g e  
s u p p o r t .  I t  i s  o n l y  i n  t h e  l i g h t  o f  t h e s e  c o m p a r i s o n s  

t h a t  c o n c l u s i o n s  c a n  b e  d raw n  a s  t o  t h e  s u c c e s s  o f  t h i s  
p o r t i o n  o f  t h e  i n v e s t i g a t i o n .  I n  t h e  f i g u r e s  w h ic h  
i l l u s t r a t e  t h e  com m ents  i n  t h i s  c h a p t e r  t h e  f u l l  l i n e s  
w e r e  d e r i v e d  t h e o r e t i c a l l y  w h i l e  t h e  p o i n t s  w e re  e x p e r i 
m e n t a l l y  o b t a i n e d ;  f u l l  s i z e  p r i n t s  o f  t h e s e  d i a g r a m s  
may b e  f o u n d  i n  t h e  s e c t i o n  f o l l o w i n g  P a r t  I I  o f  t h i s  
t h e s i s .

V . 1 S t r a i n  and S t r e s s  D i s t r i b u t i o n s .

I t  was s t a t e d  i n  C h a p t e r  I I  t h a t  b e c a u s e  t h e  G a l e r k i n  
m e thod  was u s e d  i n  t h i s  p r e s e n t  t h e o r e t i c a l  a p p r o a c h  t o  
s o l v e  t h e  g e n e r a l i s e d  e l a s t i c  e q u a t i o n s  f o r  b o t h  t h e  s t r e s s  
f u n c t i o n  an d  d e f l e c t i o n  d i s t r i b u t i o n s  t h e n  no a n a l y t i c a l
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e s t i m a t e  c o u l d  be  made t o  t h e  p r o b a b l e  r a t e  o f  c o n -  
i v e r g e n c e  o f  t h e  s e r i e s  s o l u t i o n .  I t  i s  p o s s i b l e ,  

h o w e v e r ,  b y  c o m p a r i n g  t h e  r e l e v a n t  p a r a m e t e r  v a l u e s  
f o r  v a r y i n g  n um ber  o f  t e r m s  i n c l u d e d  i n  t h e  s e r i e s ,  
t o  o b t a i n  a m e a s u r e  o f  t h i s  c o n v e r g e n c e  f o r  s p e c i f i c  
c a s e s .  An e x a m p l e  o f  t h i s  i s  g i v e n  i n  F i g u r e  I I I . 8 
w h i c h  shows t h e  v a r i a t i o n  o f  t h e  p l o t  o f  t h e o r e t i c a l  
e d g e  s t r e s s  i n  t h e  £ d i r e c t i o n  v s .  l o a d  p a r a m e t e r  

w i t h  v a r i o u s  s e r i e s  l i m i t s .  I t  i s  s e e n  t h a t  t h i s  
c u r v e  was n o t  g r e a t l y  a f f e c t e d  by s u c h  v a r i a t i o n s  b u t  

t h a t  f o r  t h e  i n c l u s i o n  o f  more t e r m s  t h e  ed g e  s t r e s s  
f o r  a  g i v e n  l o a d  t e n d e d  to  become l a r g e r .  From t h e  

s i m i l a r i t y  o f  t h e  t h r e e  v a l u e s  shown i n  F i g u r e  I I I . 8 
i t  w o u ld  a p p e a r  t h a t  c o n v e r g e n c e  f o r  t h i s  p a r a m e t e r  
was f a i r l y  r a p i d  and  m o n o t o n i c ,  a c o n c l u s i o n  w h ic h  i s  
c o n f i r m e d  by F i g u r e  V . l .  T h i s  shows t h e  c u r v e  d e r i v e d  
u s i n g  t h e  maximum num ber  o f  t e r m s  i n  t h e  s e r i e s  c o m p a r e d '  
t o  t h e  r e l e v a n t  e x p e r i m e n t a l  p o i n t s  t a k e n  a t  t h e  c r e s t  
o f  a  b u c k l e ,  t h e  v a l u e s  b e i n g  p l o t t e d  i n  t e r m s  o f  t h e  
n o n - d i m e n s i o n a l  p a r a m e t e r s  p r e v i o u s l y  d e v e l o p e d  i n  o r d e r  
t h a t  t h e  r e s u l t s  o f  t e s t s  on two d i f f e r e n t  t h i c k n e s s e s  
c o u l d  be  s u p e r i m p o s e d .  The e x p e r i m e n t a l  v a l u e s  o f  ed g e  
s t r e s s  i n  F i g u r e  V . l  w e re  s l i g h t l y  low due  t o  t h e  f a c t  
t h a t  t h e  s t r a i n  g a u g e s  f ro m  w h ic h  t h e y  w e re  i n f e r r e d  w e re  

p l a c e d  a  l i t t l e  way b a c k  f rom  t h e  e d g e  o f  t h e  p l a t e .

A greem en t- ,  h o w e v e r ,  i s  good w h ic h  c o n f i r m s  t h a t  f o r  
t h i s  c o m b i n a t i o n  o f  b o u n d a r y  and  l o a d i n g  c o n d i t i o n s  
s u f f i c i e n t  t e r m s  had  b e e n  u s e d  i n  t h e  s e r i e s  t o  p r o v i d e  
a  good  c o n v e r g e n c e .  I t  i s  one o f  t h e  f e a t u r e s  o f  t h e  
G a l e r k i n  m e thod  t h a t  t h e  s o l u t i o n  i s  c o n v e r g e n t  i r r e s p e c t -
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: i v e  o f  t h e  f u n c t i o n s  c h o s e n  f o r  t h e  a p p r o x i m a t e  
s e r i e s  p r o v i d e d  t h a t  t h e y  f u l f i l  t h e  b o u n d a r y  

c o n d i t i o n s  e x a c t l y .  An e xamp l e  o f  t h i s  p r o p e r t y  
i s  g i v e n  by  t a k i n g  two a s s ume d  f u n c t i o n s ,  one  t r i g -  
: o n o m e t r i c  t h e  o t h e r  a  p o l y n o m i a l ,  f o r  t h e  s t r e s s  

f u n c t i o n  d i s t r i b u t i o n  i n  t h e  ^ d i r e c t i o n .  Some 
s a m p l e  r e s u l t s  o f  t h e s e  two s e r i e s  a r e  shown c omp ar ed  
i n  A p p e n d i x  I I  wh e re  i t  i s  s e e n  t h a t  i n  a  p l o t  o f  l o a d  
v s .  e d g e  s t r e s s  f o r  a  s i m p l y  s u p p o r t e d  p l a t e  t h e  e d ge  
s t r e s s  o b t a i n e d  by  t h e  t r i g o n o m e t r i c  f u n c t i o n  was 
h i g h e r  t h a n  t h a t  a t  t h e  c o r r e s p o n d i n g  l o a d  o b t a i n e d  
u s i n g  t h e  p o l y n o m i a l  f u n c t i o n .

I n  v i e w  o f  t h e  r e m a r k s  made i n  a n  e a r l i e r  p a r a 
g r a p h  o f  t h i s  c h a p t e r  t h e r e f o r e  i t  wou l d  a p p e a r  t h a t  
t h e  r e s u l t s  o b t a i n e d  f r om t h e  t r i g o n o m e t r i c  f u n c t i o n  
w e r e  more  a c c u r a t e  b u t  t h e  c l o s e n e s s  o f  t h e  c o m p a r i s o n  
g i v e s  f u r t h e r  e m p h a s i s  t o  t h e  po we r  o f  G a l e r k i n ’ s 

m e t h o d .

F i g u r e  V . 2  shows t h e  same p a r a m e t e r s  a s  i n  F i g u r e
V . l  p l o t t e d  now f o r  a  p l a t e  0'.’049 t h i c k  b u i l t - i n  a l o n g  
one  u n l o a d e d  e d g e ,  s i m p l y  s u p p o r t e d  a l o n g  t h e  o t h e r  and  
w i t h  l o a d i n g  e c c e n t r i c i t y  <^«o.s.  H e r e  a g a i n  f a i r  
a g r e e m e n t  i s  o b s e r v e d ,  t h e  d i v e r g e n c e  a t  t h e  s i m p l y  
s u p p o r t e d  e d g e  was c a u s e d  by  a  s l i g h t  l o c a l  d e f o r m a t i o ny
i n  t h e  p l a t e ,  so t h a t  o nc e  more  i t  may b e  c o n c l u d e d  
t h a t  t h e  e l a s t i c  e q u a t i o n s  had  b e e n  s o l v e d  t o  s u f f i c i e n t  

a c c u r a c y .

The c o m p a r i s o n s  o f  e x p e r i m e n t a l l y  o b t a i n e d  s t r a i n  
v a l u e s  a nd  t h e  c o r r e s p o n d i n g  t h e o r e t i c a l  d i s t r i b u t i o n s
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shown i n  F i g u r e s  V . 3  -  V . 5  may be t a k e n  n o t  o n l y  a s  
a t e s t  o f  t h e  . a c c u r a c y  o f  t h e  m a t h e m a t i c a l  s o l u t i o n  

b u t  a l s o  a s  a  t e s t  o f  t h e  l o a d i n g  r i g  t o  p r o d u c e  t h e  
c o r r e c t  l o a d e d  b o u n d a r y  c o n d i t i o n s .  The a c t u a l  
s u r f a c e  s t r a i n s  w e r e  e v a l u a t e d  a t  t h e  c r e s t  o f  a 
b u c k l e  f r o m  t e s t s  on p l a t e s  0V059 t h i c k  s u b j e c t e d  t o  
t h e  same t y p e  o f  l o a d i n g ,  i . e .  oC * I , b u t  w i t h  v a r i o u s  
u n l o a d e d  e d g e  c o n d i t i o n s .  F i g u r e  V. 3  shows  v a l u e s  
f o r  a  p l a t e  s i m p l j '  s u p p o r t e d  a l o n g  b o t h  u n l o a d e d  

e d g e s  w h i c h  h ad  b u c k l e d  i n t o  t h r e e  h a l f  w a v e s .  The 
e x a m p l e s  g i v e n  we r e  f o r  l o a d s  b e l o w  and j u s t  a b o v e  

t h e  t h e o r e t i c a l  c r i t i c a l  l o a d ,  a l s o  one  c l o s e  t o  t h e  
c o l l a p s e  l o a d .  I t  i s  s e e n  t h a t  good  a g r e e m e n t  was 
o b t a i n e d  i n  e a c h  c a s e .

I n  F i g u r e  V . 4  s i m i l a r  c o m p a r i s o n s  a r e  g i v e n  f o r

a  p l a t e  b u i l t - i n  a l o n g  one  u n l o a d e d  e dg e  and  f r e e  a l o n g
t h e  o t h e r .  A g r e e m e n t  h e r e  i s  a l s o  go o d ;  t h e  d e v i a t i o n
a t  ^ \ ( h e r e  -------- ,-----a c t u a l  l o a d ____________  ̂ wag

t h e o r e t i c a l  i n s t a b i l i t y  l o a d

c a u s e d  b y  t h e  number  o f  b u c k l e  h a l f  waves  c h a n g i n g  f ro m 
one t o  t w o .  T h i s  c h a n g e  was s low and  f o r  a  t i m e  t h e  
p l a t e  was h i g h l y  a s y m m e t r i c  w i t h  r e s p e c t  t o  s tc \o‘ w i t h  

t h e  d e f l e c t i o n s  a t  one e n d ,  t h e  end a t  w h i c h  t h e  s t r a i n s  
w e r e  m e a s u r e d ,  b e i n g  v e r y  much g r e a t e r  t h a n  a t  t h e  o t h e r .  
By t h e  t i m e  t h e  l o a d  had  i n c r e a s e d  t o  h o w e v e r ,
t h e  two h a l f  wave p a t t e r n  was f u l l y  d e v e l o p e d  and  a g r e e 

m e n t  w i t h  t h e  t h e o r y  was once  more g o o d .

I n  F i g u r e  V . 5  w h i c h  g i v e s  c o m p a r i s o n  o f  s u r f a c e  
s t r a i n s  f o r  a  p l a t e  b u i l t - i n  a l o n g  b o t h  u n l o a d e d  e d g e s ,  
i t  may b e  n o t e d  t h a t  a t  t h e  l o a d  o f  t h e r e  was
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a l r e a d y  a d i v e r g e n c e  o f  t h e  s t r a i n s  on t h e  u p p e r  
s u r f a c e  f r o m t h o s e  on t h e  l o w e r  s u r f a c e .  T h i s  was 
d ue  m a i n l y  t o  i n i t i a l  d e v i a t i o n s  f ro m f l a t n e s s  i n  
t h e  p l a t e  c a u s i n g  d e f l e c t i o n s  t o  o c c u r  a t  l o a d s  
b e l o w  t h e  t h e o r e t i c a l  i n s t a b i l i t y  l o a d .  T h i s  

phenomenon  i s  f u r t h e r  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n  
o f  t h i s  c h a p t e r  b u t  i t  i s  shown i n  F i g u r e  V. 5  t h a t  
a l t h o u g h  t h e  d e v i a t i o n s  f ro m t h e  t h e o r e t i c a l  v a l u e s  

r e m a i n e d ,  t h e i r  r e l a t i v e  m a g n i t u d e s  d e c r e a s e d  a s  t h e  
l o a d i n g  p r o c e e d e d .

H e n c e  i t  may be c o n c l u d e d  f ro m t h e  c o m p a r i s o n s  
p r e s e n t e d  i n  t h i s  s e c t i o n  t h a t  n o t  o n l y  had  t h e  
e l a s t i c  e q u a t i o n s  b e e n  s o l v e d  t o  g i v e  t h e  s t r e s s  
f u n c t i o n  t o  s u f f i c i e n t  a c c u r a c y  b u t  t h e  l o a d i n g  r i g  
was  c o m p e t e n t  t o  p r o d u c e  t h e  r e q u i r e d  l o a d  d i s t r i b u t i o n s .

V . 2 D e f l e c t i o n  D i s t r i b u t i o n s .

I n  t h e  p r e v i o u s  s e c t i o n  o f  t h i s  c h a p t e r  t h e  
a c c u r a c y  o f  t h e  m a t h e m a t i c a l  s o l u t i o n  o f  t h e  e l a s t i c  
e q u a t i o n s  f o r  t h e  s t r e s s  f u n c t i o n  and t h e  l o a d i n g  c a p a 
b i l i t i e s  o f  t h e  t e s t  r i g  were  d i s c u s s e d  w i t h  r e f e r e n c e  
t o  t y p i c a l  s t r e s s  and s t r a i n  d i s t r i b u t i o n s .  I n  t h i s  
s e c t i o n  d e f l e c t i o n  v a l u e s  f ro m t e s t s  a r e  u s e d  t o  p r o v i d e  
i n f o r m a t i o n  on t h e  a c c u r a c y  o f  t h e  m a t h e m a t i c a l  p r e d i c t 
i o n s  f o r  d e f l e c t i o n  d i s t r i b u t i o n s  and  on t h e  e f f i c a c y  
o f  t h e  e x p e r i m e n t a l  b o u n d a r y  c o n d i t i o n s .

F i g u r e  I I I . 7 shows t h e  v a r i a t i o n  o f  t h e  p l o t  o f
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l o a d  v s .  d e f l e c t i o n ,  a t  t h e  m i d - w i d t h  o f  a s i m p l y  
s u p p o r t e d  p l a t e  on t h e  c r e s t  o f  a  b u c k l e ,  w i t h  

c h a n g e s  i n  t h e  l i m i t s  o f  t h e  a s s ume d  s e r i e s .  A 
f e a t u r e  o f  t h i s  i s  t h a t  t h e  t h e o r e t i c a l  d e f l e c t i o n  
a t  t h i s  p o i n t  f o r  a n y  g i v e n  l o a d  was f a r  more  
s e n s i t i v e  t o  c h a n g e  o f  l i m i t s  t h a n  was t h e  c o r r e s 

p o n d i n g  s t r e s s  f u n c t i o n  v a l u e .  When,  i n  F i g u r e  
V . 6 ,  c o r r e s p o n d i n g  e x p e r i m e n t a l  v a l u e s  a r e  c omp ar ed  

t o  t h e  t h e o r e t i c a l  c u r v e  i t  i s  s e e n  t h a t  t h e  t e n d e n c y  
o f  t h e  t h e o r e t i c a l  d e f l e c t i o n  t o  i n c r e a s e  a s  t h e  l i m i t s  
w e r e  i n c r e a s e d  was a u g m e n t e d  b y  t h e  a n t i c i p a t e d  g r o w t h  
o f  t h e  d e f l e c t i o n s  a t  l o a d s  b e l o w  t h e  t h e o r e t i c a l  

i n s t a b i l i t y  l o a d .  T h i s  was o f  c o u r s e  c a u s e d  by  t h e  
i n i t i a l  l a c k  o f  f l a t n e s s  i n  t h e  p l a t e  and i s  common i n  
some d e g r e e  t o  a l l  p l a t e s  l o a d e d  i n  e dg e  c o m p r e s s i o n .

F i g u r e  I I I . 9 shows  a  t h e o r e t i c a l  p l o t  o f  t h e  same 
p a r a m e t e r  f o r  a  b u i l t - i n  f r e e  p l a t e  and  a g a i n  i t  c a n  
h e  s e e n  t h a t ,  f o r  a g i v e n  l o a d ,  a s  t h e  l i m i t s  w e r e  i n 
c r e a s e d  t h e  d e f l e c t i o n  a t  t h e  c r e s t  o f  a  b u c k l e  was 
a l s o  i n c r e a s e d .  When t h e  v a l u e s  o b t a i n e d  u s i n g  t h e  
maximum l i m i t s  a r e  c omp ar ed  i n  F i g u r e  V . 7  w i t h  t h o s e  
o b t a i n e d  e x p e r i m e n t a l l y  i t  i s  f o u n d  o n c e  more t h a t  t h e  
d e f l e c t i o n s  s t a r t e d  t o  grow f r om  t h e  b e g i n n i n g  o f  l o a d  
a p p l i c a t i o n  a n d  t h a t  t h i s  e m p h a s i s e s  t h e  l a c k  o f  a g r e e -  
: m e n t  a t  t h e  h i g h e r  l o a d s .  Two f u r t h e r  e x a m p l e s  o f  
t h i s  t y p e  o f  p l o t  a r e  g i v e n  i n  F i g u r e  V . 8 ,  f o r  a  p l a t e  

b u i l t - i n  a l o n g  b o t h  u n l o a d e d  e d g e s ,  and i n  F i g u r e  V . 9 ,  
w h e r e  t h e  p l a t e  was s i m p l y  s u p p o r t e d  a l o n g  one  u n l o a d e d  

e dg e  a nd  b u i l t - i n  a l o n g  t h e  o t h e r .
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The e x p e r i m e n t a l  v a l u e s  shown i n  F i g u r e s  V .6  -  
V .9  w e r e  o b t a i n e d  f r om t e s t s  i n  w h i ch  no c h a n g e  o f  
w a v e l e n g t h  was o b s e r v e d ,  by p l o t t i n g  t h e s e  i n  t e r m s  
o f  t h e  n o n - d i m e n s i o n a l  p a r a m e t e r s  i t  i s  i n d i c a t e d  t h a t  
t h e r e  was  good c o n s i s t e n c y  i n  t h e  v a r i o u s  p l o t s  b e t w e e n  
t h e  d i f f e r e n t  p l a t e  t h i c k n e s s e s  i n  t h a t  t h e y  a p p e a r  to 
d e f i n e  a  s i n g l e  c u r v e .  Thus  i t  may be  c o n c l u d e d  t h a t  

t h e r e  was  some l a c k  o f  a g r e e m e n t  b e t w e e n  t h e  t h e o r e t i c a l  
and  c o r r e s p o n d i n g  e x p e r i m e n t a l  v a l u e s  o f  d e f l e c t i o n  a t  
t h e  c r e s t  o f  a  b u c k l e  and  t h a t  t h i s  i s  p r o b a b l y  a t t r i b u t e d  
i n  some d e g r e e  t o  b o t h  t h e  t h e o r e t i c a l  s o l u t i o n  and  t h e  
i n i t i a l  i m p e r f e c t i o n s  o f  t h e  p l a t e .  I t  w i l l  be  shown 
i n  a  l a t e r  s e c t i o n  o f  t h i s  c h a p t e r ,  h o w e v e r ,  t h a t  t h e  
a c c u r a c y  o f  t h e  c o l l a p s e  l o a d  p r e d i c t i o n s  was  n o t  g r e a t l y  
a f f e c t e d  by  s u c h  i n a c c u r a c i e s  i n  d e f l e c t i o n  p r e d i c t i o n .

The " w i r e - s h a d o w ” method  p r o v e d  v e r y  s u c c e s s f u l  i n  
p r o v i d i n g  a  means  o f  d e t e r m i n i n g  t h e  d e f l e c t i o n  d i s t r i 
b u t i o n  o v e r  t h e  p l a t e  s u r f a c e ;  e x a m p l e s  o f  t h e  r e s u l t s  
a r e  g i v e n  i n  C h a p t e r  IV and  A p p e n d i x  V. One i n t e r e s t i n g  

f e a t u r e  i n  F i g u r e  I V . 35  i s  t h e  c h a n g e  o f  w a v e l e n g t h  a s  
t h e  l o a d i n g  p r o g r e s s e d .  I n  t h i s  f i g u r e  l o n g i t u d i n a l  
s e c t i o n s  o f  t h e  p l a t e ,  w h i c h  was b u i l t - i n  ^ f r e e ,  a r e  
g i v e n  a t  v a r i o u s  l o a d s  a nd  i t  i s  s e e n  t h a t  a t  t h e  l o w e s t  
o f  t h e s e  t h e  p l a t e  was i n  t h e  p r o c e s s  o f  c h a n g i n g  f r om 
one  h a l f  wave t o  a  f u l l  wave .  I n  t h e  s u b s e q u e n t  l o a d s  
t h e  s h a p e  i s  s e e n  t o  be  s l i g h t l y  a s y m m e t r i c  b u t  t h i s  
r e d u c e d  a s  t h e  l o a d  a p p r o a c h e d  t h e  c o l l a p s e  l o a d .  T h i s  
c o n f i r m s  t h e  a r g u m e n t  p u t  f o r w a r d  i n  S e c t i o n  1 o f  t h i s  
c h a p t e r  on t h e  r e a s o n  f o r  d i v e r g e n c e  o f  t h e  a c t u a l  s t r a i n  
d i s t r i b u t i o n  f r om  t h a t , p r e d i c t e d  f o r  t h i s  t y p e  o f  p l a t e .
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C o m p a r i s o n s  o f  t h e  d e f l e c t e d  s h a p e s  f r om t e s t  
w i t h  t h e  r e l e v a n t  t h e o r e t i c a l  v a l u e s  a r e  g i v e n  i n  
F i g u r e s  V. 10 -  V . 1 2 .  I n  F i g u r e  V . 10  t h e  l o n g i t u d i n a l  
s e c t i o n  o f  a  b u i l t - i n  ~ f r e e  p l a t e  n e a r  c o l l a p s e  i s  
c o n s i d e r e d ;  t h i s  shows  t h a t '  good a g r e e m e n t  was o b t a i n e d .  

The t h e o r e t i c a l  s h a p e  was computed  w i t h  t h e  p e a k  d e f l e c t 
i o n s  e q u a l  t o  t h e  a v e r a g e  o f  t h e  e x p e r i m e n t a l  v a l u e s .

A p o i n t  o f  v a l u e  i s  t h a t  t h e  e x p e r i m e n t a l  l o a d e d  edge  
c o n d i t i o n s  w e r e  a  v e r y  good a p p r o x i m a t i o n  t o  t h e  t h e o r e t 
i c a l  c o n d i t i o n  o f  s i m p l e  s u p p o r t .  T h i s  comment  i s  
s u b s t a n t i a t e d  by  F i g u r e s  I V . 34 ,  I V . 35 and AV. 7 ,  i t  i s  

a l s o  s u p p o r t e d  by o b s e r v a t i o n s  made d u r i n g  t h e  t e s t  t h a t  
a t  no t i m e  d i d  c r i n k l e s ,  wh ic h  would  h a v e  b e e n  i n d i c a t i v e  
o f  r o t a t i o n a l  r e s t r a i n t ,  a p p e a r  a t  t h e  l o a d e d  e d g e s  o f  
t h e  p l a t e s .

F i g u r e s  V . l l  and  V.12  show c o m p a r i s o n s  o f  e x p e r i 
m e n t a l  and  t h e o r e t i c a l  d e f l e c t i o n  v a l u e s  a l o n g  s e c t i o n s  
t a k e n  t h r o u g h  t h e  c r e s t  o f  a  b u c k l e  o f  a s i m p l y  s u p p o r t e d  
p l a t e  and  a b u i l t - i n ~ f r e e  p l a t e ,  r e s p e c t i v e l y .  A g a i n  
t h e  t h e o r e t i c a l  v a l u e s  w e r e  c omput ed  t o  c o i n c i d e  w i t h  t h e  
t e s t  r e s u l t s  a t  m i d - s e c t i o n .  I t  may be  Seen  t h a t  v e r y  
good  a g r e e m e n t  was o b t a i n e d  i n  b o t h  c a s e s  f r o m  w h i c h  i t  
c a n  be  c o n c l u d e d  t h a t  a t  t h e s e  l o a d s  t h e  r e s t r a i n t s  on 
t h e  u n l o a d e d  b o u n d a r i e s  a l s o  p r o v i d e d  good a p p r o x i m a t i o n s  
t o  t h e  t h e o r e t i c a l  c o n d i t i o n s  o f  s i m p l e  s u p p o r t  and  
c o m p l e t e  r o t a t i o n a l  f i x i t y ,  i . e .  b u i l t - i n .  . I t  may a l s o  
b e  c o n c l u d e d  t h a t  a l t h o u g h ,  a s  was i n d i c a t e d  e a r l i e r  i n  
t h i s  s e c t i o n ,  t h e  m a g n i t u d e s  o f  t h e  d e f l e c t i o n s  w e r e  n o t  
a c c u r a t e l y  p r e d i c t e d  b y  t h e  t h e o r y  t h e  d e f l e c t e d  s h a p e s  

w e r e  g i v e n  v e r y  c l o s e l y .
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V . 3 I n s t a b i l i t y  L o a d s .

The e x p e r i m e n t a l  c r i t i c a l  l o a d s  w e r e  c a l c u l a t e d  
u s i n g  t h e  ’’S o u t h w e l l  P l o t "  method  o f  a n a l y s i s .

O t h e r  m e t h o d s  o f  e s t i m a t i o n ,  e . g .  ” t o p — o f — t h e —k n e e ’’ 
a nd  p o i n t  o f  i n f l e c t i o n  o f  t h e  l o a d  v s .  d e f l e c t i o n  
g r a p h ,  w er e  a l s o  e x a mi n e d  b u t  were  f o u n d  t o  b e  n o t  
a s  c o n s i s t e n t  a s  t h e  me thod  u s e d  h e r e .  The r e a s o n  
f o r  t h i s  was t h a t  a s  t h e  l o a d  was i n c r e a s e d  t h e r e  
w a s ,  i n  g e n e r a l ,  a  t e n d e n c y  f o r  t h e  p l a t e  b u c k l e  
s h a p e  t o  c h a n g e .  T h i s  a f f e c t e d  c o n s i d e r a b l y  t h e  

s h a p e  o f  t h e  l o a d  v s .  d e f l e c t i o n  c u r v e  f o r  t h e  p l a t e  
a t  l o a d s  n e a r ,  and  a b o v e ,  t h e  t h e o r e t i c a l  c r i t i c a l  
l o a d .  T h i s  i n  t u r n  g a v e  r i s e  t o  e r r o r s  i n  t h e  m e t h o d s  
i n f e r r i n g  t h e  c r i t i c a l  l o a d  w h i c h  u s e  t h e s e  p o r t i o n s  o f  
t h e  e x p e r i m e n t a l  c u r v e s .  I f ,  h o w e v e r ,  t h e  l o w e r  
r e g i o n s  of.  t h e  l o a d i n g  w e r e  u s e d  i n  t h e  S o u t h w e l l  P l o t  
t h e n  t h e  i n f l u e n c e s  o f  t h e  w a v e l e n g t h  c h a n g e  w e r e  l e s s  
ma rk e d  and  g r e a t e r  a c c u r a c y  was o b t a i n e d .

The c o m p a r i s o n s  a r e  g i v e n  i n  F i g u r e s  V .13  -  V .17  
o f  t h e  e x p e r i m e n t a l  l o a d s  t h u s  c a l c u l a t e d  and  t h e  c o r r e s 
p o n d i n g  t h e o r e t i c a l  f l a t  p l a t e  b u c k l i n g  l o a d s .  Good 
a g r e e m e n t  h a s  b e e n  o b t a i n e d  f o r  a l l  t h e  c u r v e s .  F i g u r e
V .1 6  shows  t h a t  t h e  t e s t  p o i n t s  f o r  t h e  p l a t e s  w i t h  
b u i l t - i n  e d g e s  f e l l  b e l o w  t h e  t h e o r e t i c a l  v a l u e s .  T h i s  
was  a t t r i b u t e d  m a i n l y  t o  t h e  e x p e r i m e n t a l  e d g e  c o n d i t i o n s  
n o t  f u l l y  s i m u l a t i n g  t h e  r e q u i r e d  b u i l t - i n  c o n d i t i o n s  a t  
t h e  low d e f l e c t i o n s  a t  w h i c h  t h e  v a l u e s  w e r e  t a k e n  f o r  
t h e  S o u t h w e l l  P l o t .  T h i s  was t r u e  o n l y  f o r  a  p l a t e  w i t h
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t h e s e  c o n s t r a i n t s  a t  b o t h  u n l o a d e d  e d g e s ,  i n  a l l  
o t h e r  r e s u l t s  t h e  s c a t t e r ,  c a u s e d  by  v a r i a t i o n s  o f  
Y o u n g ' s  M o d u l u s ,  t h i c k n e s s  and  t h e  i n h e r e n t  a p p r o x 
i m a t i o n s  o f  S o u t h w e l l ' s  me t hod  i s ,  i n  g e n e r a l ,  
e v e n l y  d i s t r i b u t e d  a b o u t  t h e  t h e o r e t i c a l  c u r v e .

I t  i s  d e m o n s t r a t e d  i n  A p p e n d i x  I I I  t h a t  a 
f i n i t e  d i f f e r e n c e  t e c h n i q u e  c a n  b e  u s e d  t o  o b t a i n  
t h e  i n s t a b i l i t y  l o a d s  o f  p l a t e s  l o a d e d  i n  e c c e n t r i c  
e d g e  c o m p r e s s i o n .  When s p e c i m e n  r e s u l t s  f r o m  t h i s  
m e th od  w e r e  c om p a r e d  t o  t h e  c o r r e s p o n d i n g  v a l u e s  

o b t a i n e d  u s i n g  t h e  G a l e r k i n  method  d e v e l o p e d  e l s e w h e r e  
i n  t h i s  t h e s i s  i t  was s e e n  t h a t  t h e  a g r e e m e n t  was 
u s u a l l y  w i t h i n  1%. Thus  a l t h o u g h  t h e  e x p e r i m e n t a l  

r e s u l t s  w e re  c omp ar ed  i n  t h i s  c h a p t e r  t o  t h e  p r e d i c t 
i o n s  o f  t h e  G a l e r k i n  method t h e  same c o n c l u s i o n s  c o u l d  

e q u a l l y  h a v e  b e e n  d r a w n  i f  t h e  r e s u l t s  o f  t h e  f i n i t e  
d i f f e r e n c e  me t hod  h a d  b e e n  u s e d .

The c o n c l u s i o n s  t h e r e f o r e  a r e  t h a t  t h e  S o u t h w e l l  
P l o t  m e t ho d  g a v e  c o n s i s t e n t  r e s u l t s  f o r  t h e  i n s t a b i l i t y  
l o a d s  o f  a c t u a l  p l a t e s  w h i ch  w e r e  i n  good  a g r e e m e n t  
w i t h  t h o s e  p r e d i c t e d  f ro m f l a t  p l a t e  c o n s i d e r a t i o n s  
t h u s  c o n f i r m i n g  t h e  r a t i o n a l i t y  o f  t h e  t h e o r e t i c a l  

a p p r o a c h .

V . 4  C o l l a p s e  L o a d s .

The u s e  o f  a  y i e l d  c r i t e r i o n  a s  a  t h e o r e t i c a l  
b a s i s  o f  c o l l a p s e  o f  t h e  p l a t e  l e a d s  t o  s i m p l e  m e t h o d s
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o f  c o l l a p s e  l o a d  c a l c u l a t i o n .  I t  a l s o  a l l o w e d  t h e  
u s e  o f  p u r e l y  e l a s t i c  c o n s i d e r a t i o n s  i n  t h e  m a t h e m a t -  
: i c a l  a n a l y s i s  o f  t h e  p r o b l e m ,  a g a i n  e a s i n g  t h e  t a s k  
o f  s o l u t i o n .  I n  t h e  t h e o r y  t h e r e f o r e  i t  was a s s um e d  

t h a t  t h e  p l a t e  m a t e r i a l  was w h o l l y  i n  a n  e l a s t i c  
c o n d i t i o n  j u s t  p r i o r  t o  c o l l a p s e  and  t h a t  t h i s  c o l l a p s e  
was c a u s e d  b y  y i e l d i n g  o f  a  v i t a l  p o r t i o n  o f  t h e  p l a t e ,  
u s u a l l y  t h e  e d g e s ,  w h i c h  i n  t u r n  a f f e c t e d  t h e  s t r e s s  

d i s t r i b u t i o n  t o  s u c h  a n  e x t e n t  t h a t  c o l l a p s e  i m m e d i a t e l y  
f o l l o w e d .  T h i s  t h e o r y  c o u l d ,  o f  c o u r s e ,  o n l y  be  

a p p l i c a b l e  t o  t h o s e  m a t e r i a l s  w h i c h  p o s s e s s e d  a  d e f i n i t e  
y i e l d  p o i n t  and  u n d e r w e n t  l a r g e  p l a s t i c  f l o w  a t  t h i s  
l o a d .  Such  m a t e r i a l s  a r e  t h e  c o l d  wor ked  m i l d  s t e e l s  
u s e d  i n  l i g h t  c i v i l  e n g i n e e r i n g  and  t h e  t i t a n i u m  a l l o y s  
now b e i n g  u s e d  i n  h i g h  s p e e d  a i r c r a f t .

T h a t  t h e  a s s u m p t i o n s  made i n  t h e  t h e o r e t i c a l  
a n a l y s i s  a r e  r a t i o n a l  i s  i n d i c a t e d  by  t h e  s i m i l a r i t y  o f  
t h e  t e s t  c o l l a p s e  l o a d s  t o  t h e  p r e d i c t e d  c u r v e s  shown 
i n  F i g u r e s  V . 18  -  V . 2 2 .  I n  t h e s e  i t  i s  s e e n  t h a t  t h e  
r e s u l t s  o f  t h e  p l a t e s  s u b j e c t e d  t o  t r i a n g u l a r  l o a d i n g  
( u » \ ) show v e r y  good a g r e e m e n t  w h i l e  t h o s e  o f  p l a t e s
s u b j e c t e d  t o  t h e  o t h e r  l o a d i n g  g e o m e t r y  s t u d i e d  ( < * « o . s ) ,  
a l t h o u g h  s t i l l  g o o d ,  l i e  b e l o w  t h e  t h e o r e t i c a l  c u r v e s .
The m a i n  r e a s o n  f o r  t h i s  was t h e  i m p e r f e c t i o n s  i n  t h e  
p l a t e s .  As t h e  p l a t e  a p p r o a c h e d  t h e  c o l l a p s e  l o a d  
t h e  i m p e r f e c t i o n s ,  w h e t h e r  t h e y  be  v a r i a t i o n s  o f  t h i c k -  
: n e s s ,  m a t e r i a l  p r o p e r t i e s  o r  damage t o  t h e  p l a t e ,  
b ecame  more  l i k e l y  t o  c a u s e  s t r e s s  c o n c e n t r a t i o n s .
T h e s e  o f  c o u r s e  wou l d  l e a d  t o  p r e m a t u r e  c o l l a p s e  i f
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t h e y  w e r e  l o c a t e d  n e a r  t h e  e dge  o r  n e a r  t h e  c r e s t  

o f  a  b u c k l e .  Where t h e  h i g h  s t r e s s  r e g i m e s  w e r e  
more  w i d e s p r e a d  t h r o u g h o u t  t h e  p l a t e ,  e . g .  i n  t h e  
t r a p e z o i d a l  l o a d e d  p l a t e  r a t h e r  t h a n  t h e  t r i a n g u l a r l y  
l o a d e d  o n e ,  t h i s  e f f e c t  would  become more g e n e r a l  
s i n c e  t h e  m a t e r i a l  a t  t h e  b u c k l e  c r e s t s  was  s u b j e c t e d  
t o  a d d i t i o n a l  b e n d i n g  s t r e s s e s .

I n  s i m p l y  s u p p o r t e d  p l a t e s  s u b j e c t e d  t o  t r a p e z o i d a l  
l o a d i n g  t h i s  c o n d i t i o n  was e ve n  more a g g r e v a t e d  b y  t h e  
i n i t i a l  d e v i a t i o n s  f ro m f l a t n e s s  c a u s i n g  a n  i n c r e a s e  i n  
t h e  d e f l e c t i o n s  and  so  i n c r e a s i n g  t h e  p o s s i b i l i t y  o f  
o v e r s t r e s s i n g  and t h e  c o r r e s p o n d i n g  l o c a l  y i e l d i n g  o f  
t h e  p l a t e  s u r f a c e .  T h e s e  c o n d i t i o n s  a r e  i l l u s t r a t e d  
b y  t h e  d e c r e a s i n g  o r d e r  o f  e r r o r  f r om  t h e  t h e o r e t i c a l  
i n  t h e  F i g u r e s  V . 1 9 ,  V . 2 0 ,  V . 1 8 ,  V . 21  a nd  V . 2 2 .

T h e s e  d e f e c t s  w er e  u n f o r t u n a t e l y  u n a v o i d a b l e  i n  
a c t u a l  p l a t e s  so  t h a t  t h e  e f f e c t s  commented u po n  a b o v e  
w o u l d ,  i n  p r a c t i c e ,  be c o u n t e r e d  by  c o e f f i c i e n t s  t o  
c o n v e r t  p u r e l y  t h e o r e t i c a l  c a l c u l a t i o n s  t o  s a f e  w o r k a b l e  

d e s i g n  v a l u e s .  T h a t  s u c h  a n  a p p r o a c h  c o u l d  b e  u s e d  
h e r e  i s  shown by  F i g u r e  V . 19  whe r e  e v e n  i n  t h e  w o r s t  
c a s e  t h e  t r e n d  i s  f o l l o w e d  v e r y  c l o s e l y .

Thus  i t  may be  c o n c l u d e d  t h a t  t h e  t h e o r e t i c a l  
c o n s i d e r a t i o n s  h a v e  b e e n  a mp l y  s u b s t a n t i a t e d  by  t h e  t e s t  
r e s u l t s  a n d  t h a t  t h e  c o l l a p s e  l o a d s  f o r  p l a t e s  s u b j e c t e d  
t o  e c c e n t r i c  end  c o m p r e s s i v e  l o a d i n g  c a n  b e  c a l c u l a t e d  
u s i n g  t h e  G a l e r k i n  s o l u t i o n  t o  t h e  g e n e r a l i s e d  e l a s t i c  
e q u a t i o n s  d e v e l o p e d  h e r e  t o g e t h e r  w i t h  t h e  a p p l i c a t i o n
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o f  a  s i m p l e  y i e l d  c r i t e r i o n .

V. 5 C o n c l u s i o n s .

1 .  An a p p r o x i m a t e  s o l u t i o n  u s i n g  G a l e r k i n 1s me t hod  
h a s  b e e n  p r e s e n t e d  f o r  t h e  Von Karman e q u a t i o n s  
and  t h e  a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s  w i t h  a  

d e g r e e  o f  c o n v e r g e n c e  s u f f i c i e n t  f o r  e n g i n e e r i n g  
p u r p o s e s .

2 .  The s o l u t i o n  g i v e s  t h e  s t r a i n  d i s t r i b u t i o n s  

a c c u r a t e l y  on t h e  p l a t e  s u r f a c e  a nd  a l t h o u g h  
d e f l e c t i o n  v a l u e s  a r e  g i v e n  o n l y  a p p r o x i m a t e l y  

t h e  d e f l e c t e d  s h a p e  o f  t h e  p l a t e  i s  p r e d i c t e d  
c l o s e l y .

3 .  The i n t r o d u c t i o n  o f  a  s i m p l e  y i e l d  c r i t e r i o n  
l e a d s  t o  good  e n g i n e e r i n g  a p p r o x i m a t i o n s  f o r  t h e  
c o l l a p s e  l o a d s  f o r  p l a t e s  l o a d e d  i n  e c c e n t r i c  

e d ge  c o m p r e s s i o n .

4 .  The u s e  o f  t h e  S o u t h w e l l  P l o t  method  t o  d e t e r m i n e  
t h e  e l a s t i c  i n s t a b i l i t y  l o a d  f r om e x p e r i m e n t a l  

r e s u l t s  i s  shown t o  be a c c e p t a b l e  f o r  p l a t e s  
u n d e r  e c c e n t r i c  c o m p r e s s i o n .
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CHAPTER V I .

DETERMINATION OF THE INSTABILITY 
AND COLLAPSE LOADS OF LIPPED AND 

PLAIN CHANNEL SECTIONS.

I n  t h i s  c h a p t e r  t h e  l o a d  h e a r i n g  c a p a b i l i t i e s  o f  
c e r t a i n  s t r u c t u r a l  s h a p e s  a r e  c o n s i d e r e d .  T h e s e  
s t r u c t u r a l  s e c t i o n s  when s u b j e c t e d  t o  end c o m p r e s s i v e  
l o a d  a c t i o n s  may be  t h o u g h t  o f  a s  b e i n g  composed  o f  
c o m p r e s s e d  i n d i v i d u a l  p l a t e s  w h i c h  h a v e  common b o u n d a r y  
c o n d i t i o n s  a t  t h e  a d j o i n i n g  u n l o a d e d  e d g e s .  I n  t h i s  
way t h e  t h e o r e t i c a l  r e s u l t s  o b t a i n e d  f o r  p l a t e s  may be  
c o m b i n e d  t o  p r o v i d e  a  m a t h e m a t i c a l  p r e d i c t i o n  o f  t h e  
two p a r t i c u l a r  l o a d s  w h i c h  a r e  t o  be  s t u d i e d  h e r e .
T h e s e  a r e  ( i )  t h e  i n i t i a l  i n s t a b i l i t y  l o a d

a n d  ( i i )  t h e  maximum l o a d  w h i c h  t h e  s e c t i o n  
c an  s u s t a i n .

V I . 1  I n i t i a l  E l a s t i c  I n s t a b i l i t y  L o a d ,

a .  L i p p e d  c h a n n e l s .

F i g u r e  V I . 1 shows how t h e  s e c t i o n  was s u b d i v i d e d  
i n t o  i t s  c o n s t i t u e n t  p l a t e s .  The web was t h u s  c o n 
s i d e r e d  t o  be a u n i f o r m l y  l o a d e d  p l a t e  w i t h  e q u a l  
a m o u n t s  o f  r o t a t i o n a l  r e s t r a i n t  a l o n g  t h e  u n l o a d e d  
e d g e s  w i t h  t h e  f l a n g e s  t a k e n  a s  e c c e n t r i c a l l y  l o a d e d
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p l a t e s  e l a s t i c a l l y  r e s t r a i n e d  a g a i n s t  r o t a t i o n  

a l o n g  t h e  u n l o a d e d  e dge  common t o  i t  and t h e  web.
The l i p  a l o n g  t h e  o t h e r  u n l o a d e d  edge  c o u l d  be 

t h o u g h t  o f  a s  p r o v i d i n g  a s i m p l e  s u p p o r t  t y p e  o f  
c o n d i t i o n .  T h i s  a s s u m p t i o n  was shown by  C h i l v e r  
( 1 9 5 0 )  t o  p r o v i d e  v a l u e s  f o r  t h e  e l a s t i c  i n s t a b i l i t y  
l o a d s  o f  c o n c e n t r i c a l l y  l o a d e d  c h a n n e l s  w h i c h  w er e  

v e r y  c l o s e  t o  t h o s e  o b t a i n e d  u s i n g  t h e  more  r i g o r o u s  
a p p r o a c h ,  i . e .  t h a t  t h e  l i p  p r o v i d e d  a  f l e x u r a l  and 
t o r s i o n a l  r e s t r a i n t  d e p e n d a n t  on i t s  g e o m e t r y .  The 

o t h e r  b o u n d a r y  c o n d i t i o n s  were  a s  f o r  t h e  s i n g l e  
p l a t e s  p r e v i o u s l y  c o n s i d e r e d ,  i . e .  s i m p l y  s u p p o r t e d  

a t  t h e  l o a d e d  e d g e s ,  c o n s t r a i n e d  a g a i n s t  l a t e r a l  
movement  a l o n g  a l l  t h e  e d g e s  and f r e e  t o  a l l o w  " i n  
p l a n e "  movement  a l o n g  t h e  u n l o a d e d  e d g e s .

F o r  a n y  g i v e n  c o m b i n a t i o n  o f  p l a t e s ,  i . e .  f o r  
a n y  s e c t i o n  g e o m e t r y  H ( =  W/k>w) t h e  c o e f f i c i e n t  o f  
r e s t r a i n t  t" a l o n g  t h e  a d j o i n i n g  edge  was t a k e n  t o  be  
o f  e q u a l  m a g n i t u d e  b u t  o f  o p p o s i t e  s i g n  f o r  t h e  f l a n g e  
and  web.  Thus  i f ,  f o r  e x a m p l e ,  tw f o r  t h e  web was 
s u c h  a s  t o  o p p o s e  t h e  i n c r e a s e  o f  web d e f l e c t i o n  t h e n  

'T* f o r  t h e  f l a n g e  p r o m o t ed  t h e  g r o w t h  o f  f l a n g e  
d e f l e c t i o n .  The e q u a l i t y  o f  m a g n i t u d e  a r o s e  f r o m  
t h e  a s s u m p t i o n  o f  e q u a l  moment r e a c t i o n  a t  t h e  j u n c t i o n  
o f  t h e  p l a t e  a nd  a l s o  t h e  m a i n t e n a n c e  o f  t h e  o r i g i n a l  

g e o m e t r y .

I n s t a b i l i t y  o c c u r r e d  i n  t h e  s e c t i o n  a s  a  w h o l e ,  
t h a t  i s ,  t h e  i n d i v i d u a l  p l a t e s  had  e a c h  t o  become
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u n s t a b l e  s i m u l t a n e o u s l y  a t  t h e  p a r t i c u l a r  l o a d  

c o n s i d e r e d  and  f o r  t h e  r e l e v a n t  m u t u a l  b o u n d a r y  
c o n d i t i o n s .  Thus  by u s i n g  a n  a p p r o x i m a t e  

g e o m e t r i c a l  p r o c e d u r e  t h e  f l a n g e  p l a t e s  c o u l d  be  
m a t c h e d  t o  a  g i v e n  web p l a t e  so t h a t  t h e  l o a d  a t  

w h i c h  t h e  a s s e m b l y  became u n s t a b l e  a s  a  u n i t  was 
o b t a i n e d .  An e xamp l e  o f  t h i s  p r o c e s s  i s  now 
g i v e n .

F i g u r e  ' V I . 2 shows t h e  p l o t  o f  t h e  b u c k l i n g  
c o n s t a n t  a g a i n s t  a s p e c t  r a t i o  f o r  t h e  web p l a t e .
By c h o o s i n g  a  p a r t i c u l a r  v a l u e  o f  t h e  a s p e c t  r a t i o  
a n d  w a v e l e n g t h  ( i n  t h i s  c a s e  u n i t y  and  p l a t e  l e n g t h  
r e s p e c t i v e l y )  i t  was t h e n  p o s s i b l e  t o  d e t e r m i n e  t h e  
v a l u e  o f  t h e  b u c k l i n g  c o n s t a n t  f o r  a  c h o s e n  v a l u e  o f  

t h e  r e s t r a i n t  c o e f f i c i e n t  K-w .
Now

and
'"V T

b u t  and  t h u s  w i t h  U *

i t i s  s e e n  t h a t  ~ H vc

S i m i l a r l y  4^ «■ and
H e n c e  f o r  a n y  s p e c i f i c  web v a l u e  o f  4>w and  Kw i t
was  p o s s i b l e ,  b y  u s i n g  t h e  a b o v e  r e l a t i o n s h i p s  and

t h e  G a l e r k i n  p r o c e d u r e  d e s c r i b e d  i n  S e c t i o n  1 o f
C h a p t e r  I I I ,  t o  c o n s t r u c t  a  p l o t  o f  v s . H .

S i n c e  t h e  c o n s t i t u e n t  p l a t e s  we r e  r e q u i r e d  t o
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be  s i m u l t a n e o u s l y  u n s t a b l e  t h e  o n l y  v a l i d  v a l u e  
o f  N was t h a t  w h ic h  g i v e s  t h e  same v a l u e  o f  

f o r  t h e  f l a n g e  a s  -"fe.wf o r  t h e  web.  T h i s  i s  shown 
g e o m e t r i c a l l y  i n  F i g u r e  V I . 3 and  by  c h o o s i n g  o t h e r  
v a l u e s  o f  H a  l o c u s  o f  s u c h  i n t e r s e c t i o n s  was 

o b t a i n e d .  By t h i s  m a n n e r  t h e  c u r v e s  i n  F i g u r e s
V I . 4 an d  V I . 5 w e re  c o n s t r u c t e d ;  t h e  v a l u e  o f  <J>W 
w as  t a k e n  a s  u n i t y  f o r  b o t h  t h e s e  f i g u r e s  and  t h e  

web an d  f l a n g e s  w e re  a s su m e d  t o  h a v e  d e f l e c t e d  i n  
one  h a l f  wave s h a p e .

I t  s h o u l d  be  n o t e d  h e r e  t h a t  t h e r e  w e r e  two 
r a n g e s  f o r  Ĵ w , i . e .  o ^  and
T h e s e  c o r r e s p o n d e d  t o  t h e  web i n i t i a t i n g  i n s t a b i l i t y  
an d  t h e  f l a n g e  i n i t i a t i n g  i n s t a b i l i t y  r e s p e c t i v e l y .
I n  t h e  a b o v e  e x am p le  o f  t h e  method  t h e  f o r m e r  r a n g e  
was u s e d ,  h o w e v e r . b o t h  "of t h e  r a n g e s  w e re  i n v e s t i g a t e d  
f o r  t h e  s t u d y  o f  t h e  t o t a l  s p r e a d  o f  t h e  s e c t i o n  

g e o m e t r y .

b .  P l a i n  c h a n n e l s .

The p r o c e s s  h e r e  was i d e n t i c a l  t o  t h a t  d e s c r i b e d  
a b o v e  f o r  t h e  l i p p e d  c h a n n e l s  i n  e v e r y  r e s p e c t  e x c e p t  
o n e .  T h i s  w as  t h a t  t h e  u n c o n n e c t e d  l o n g i t u d i n a l  
b o u n d a r y  o f  t h e  f l a n g e  p l a t e s  was c o n s i d e r e d  t o  be 
f r e e ,  a s  shown i n  F i g u r e  V I . 6 .  F i g u r e s  V I . 7 and
V I . 8 show t h e  r e s u l t s  o f  t h e  c a l c u l a t i o n s  w h e re  a g a i n  
t h e  v a l u e s  o f  <t?w was u n i t y  and  t h e  s e c t i o n  was c o n 
s i d e r e d  t o  h a v e  d e f l e c t e d  i n t o  a  s i n g l e  h a l f  w a v e .
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V I •2 Maximum Load C a r r y i n g  C a p a c i t y  o f  L i p p e d  
a nd  P l a i n  C h a n n e l s .

a .  L i p p e d  c h a n n e l s .

Once a g a i n  t h e  s e c t i o n  was c o n s i d e r e d  m a t h e -  
: m a t i c a l l y  t o  h e  composed o f  i n d i v i d u a l  p l a t e s  w h ic h  
w e re  m a t c h e d  i n  b o u n d a r y  c o n d i t i o n s  a l o n g  t h e  a d j o i n -  
: i n g  l o n g i t u d i n a l  u n l o a d e d  e d g e s .  T h i s  m a t c h i n g  was 
r e q u i r e d  t o  f u l f i l  t h e  f o l l o w i n g  c o n d i t i o n s  f o r  t h e s e  
common e d g e s :  ( i )  t h e  d e g r e e  o f  ed g e  r e s t r a i n t  f o r

t h e  f l a n g e  and  web was e q u a l  b u t  
o p p o s i t e  i n  s i g n ,  i . e .  moment 
r e a c t i o n s  w e re  e q u a l  and  t h e  
o r i g i n a l  c o r n e r  g e o m e t r y  was 
m a i n t a i n e d ,

( i i )  t h e  n u m e r i c a l  v a l u e  o f  -f was t o  
b e  e q u a l  f o r  t h e  f l a n g e  and  web

( i i i )  t h e  v a l u e  and  d i s t r i b u t i o n  o f  t h e  
l o n g i t u d i n a l  d i r e c t  s t r e s s ,  and  
t h e r e f o r e  t h e  u n i t  s h o r t e n i n g ,  

w e re  t o  b e  t h e  same f o r  t h e  f l a n g e  

and  web.

The s i m u l t a n e o u s  a p p l i c a t i o n  o f  t h e s e  r e q u i r e m e n t s  

r e s u l t e d  i n  a  v e r y  c o m p l i c a t e d  p r o b l e m .  T h i s  was 
s i m p l i f i e d  g r e a t l y  by  a s s u m i n g  t h e  s t r e s s  d i s t r i b u t i o n  
t o  be  d e f i n e d  t o  s u f f i c i e n t  a c c u r a c y  by t a k i n g  o n l y  
one t e r m  i n  t h e  "if d i r e c t i o n  i n  t h e  s e r i e s  e q u a t i o n  I I I . 2 . 1 .
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T h u s  t h e  1i m i t t w a s  t a k e n  e q u a l  t o  u n i t y  f o r  b o t h  

t h e  web and  t h e  f l a n g e s .  By a s s u m i n g  a s p e c i f i c  
web g e o m e t r y  and  u s i n g  t h e  p r o c e d u r e  o u t l i n e d  i n  
S e c t i o n  2 o f  C h a p t e r  I I I  a  p l o t  o f  n o n - d i m e n s i o n a l  

e d g e  s t r e s s  . v s .  n o n - d i m e n s i o n a l  l o a d  p a r a m e t e r  was 
o b t a i n e d .

S i m i l a r  p l o t s  w e re  a l s o  o b t a i n e d  f ro m  t h e  
c o m p u t e r  f o r  f l a n g e s  w i t h  t h e  r e l e v a n t  r o t a t i o n a l  
r e s t r a i n t  c o e f f i c i e n t s  and o n c e  more c o n s i d e r i n g  
t h e  l i p p e d  e d g e s  to  be  s i m p l y  s u p p o r t e d .  T h e s e  
p l o t s  w e re  f o r  v a r i o u s  v a l u e s  o f  H and  by  u s i n g

s i  = -L and  m'  ̂ — mJr
c w  u x  ° w  h x  *

t h e y  w e r e  s u p e r i m p o s e d  on t o  t h e  web p l o t .  An

e x a m p l e  o f  t h i s  i s  shown i n  F i g u r e  V I . 9 ,  -  t h e
i n t e r s e c t i o n s  o f  t h e s e  c u r v e s  w e re  v a l i d  g e o m e t r i e s
i n  t h a t  a l l  t h e  s p e c i f i e d  b o u n d a r y  c o n d i t i o n s  w e re
f u l f i l l e d  a t  t h e  p a r t i c u l a r  i n t e r s e c t i o n  l o a d .
T h e s e  g e o m e t r i e s  w ere  t h e n  c o n s i d e r e d  t o  be  s e c t i o n s
a t  t h e  p o i n t  o f  c o l l a n s e  so t h a t  by  u s i n g

r <$>w c b
an d  * - w  *\©v feS/v** th© r i l i v a n t
m a t e r i a l  t h i c k n e s s e s  w e re  o b t a i n e d .  By l i m i t i n g  

t h e  r a n g e  o f  t h i c k n e s s  t o  be  s t u d i e d  t o  07050  -  0V090 
and  i n t r o d u c i n g  &  t h e n  a  n a r r o w  band
was  d e s c r i b e d  b y  t h i s  n o n - d i m e n s i o n a l  p a r a m e t e r  when 
p l o t t e d  a g a i n s t  t h e  fo rm  f a c t o r  H. T h i s  i s  shown i n  

t h e  f o l l o w i n g  e x a m p l e .



F l& S  «0 COLLAPSE STRESS VS SHAPE FACTOR.

100

[ —7------1 H- b*A>v>

T H  * - ^ S r
UPPED CHANNEL i O

8 0

6 0

4 0

200 0 3 0 6 I S

FIG  JZT II C O L L A P SE  S T R E S S  Va SHA PE FACTOR.



-  102 ~

w i t h  H * o -G 2  <sr = -s.-s»s hl '=-Q>-oz

^>VJZ x  E  x  ^  I X. ^ 3 .  < ^ob x  — S> -"3»S

>C C-. M -
= 0-SAS2 xio

K « O • 0 ^ 0 2

I . i 3.
= ^ l- * k  * E l‘i > ' ^ l' SW *

K ?

<? = f = ? f  n k w  .  «, .<,

S i m i l a r l y
w i t h  H » o - f c s - K -  © .© n o s -  <5 -  -  s 2 -o

a n d  f o r  44 « o -& s  k = o - o s  S2 sr ~ -si - *7

I n  t h i s  way F i g u r e s  V I . 10 and  V I . 11 w ere  c o n s t r u c t e d .

b .  P l a i n  c h a n n e l s .

The p r i n c i p l e  f o r  t h i s  c a s e  d i f f e r s  f r o m  t h a t  
f o l l o w e d  i n  C ase  a o n l y  i n  t h a t  t h e  r e l a t e d  t h i c k n e s s  
f o r  t h e  m a t e r i a l  was fo u n d  by  u s e  o f  t h e  c o m p u t e r  f rom  
t h e  e x t r e m e  s t r e s s  i n  t h e  I  d i r e c t i o n  on t h e  p l a t e  
s u r f a c e  due  t o  t h e  b e n d i n g  o f  t h e  f l a n g e s .  The n o n -  
: d i m e n s i o n a l  p a r a m e t e r  f o u n d  s u i t a b l e  f o r  u s e  h e r e  was 

cr = • The r e a s o n  f o r  t h e  d i f f e r e n c e«\*udUl \ \ \  /
o f  t h i s  n o n - d i m e n s i o n a l  p a r a m e t e r  f ro m  t h a t  u s ed  f o r
t h e  l i p p e d  c h a n n e l s  was t h a t  i n  t h e  l a t t e r  t h e o r e t i c a l  
f a i l u r e  was c a u s e d  by m a t e r i a l  y i e l d i n g  a t  t h e  c o r n e r s  
du e  t o  d i r e c t  s t r e s s e s  i n  t h e  m i d d l e  p l a n e  o f  t h e  p l a t e
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w h e r e a s  i n  t h e  p l a i n  c h a n n e l s  t h e  m a t e r i a l  t h i c k n e s s  

was f u r t h e r  i n v o l v e d  i n  t h e  c a l c u l a t i o n s  d u e  t o  t h e  
a s s u m p t i o n  t h a t  f a i l u r e  was i n i t i a t e d  by b e n d i n g  
s t r e s s e s  i n  t h e  f l a n g e s .

F i g u r e s  V I . 12 and  V I . 13 show t h e  r e s u l t s  o f  
t h e  c a l c u l a t i o n s  w h ic h  w e re  c a r r i e d  o u t  w i t h  
an d  a n  a s s u m e d  l o n g i t u d i n a l  d e f l e c t e d  s h a p e  o f  one  
h a l f  w a v e .
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C H A P T E R  V I I



CHAPTER V II.

EXPERIMENTAL INVESTIGATION INTO THE 
LOAD BEARING BEHAVIOUR OF CERTAIN 

STRUCTURAL SHAPES.

I n  t h e  p r e v i o u s  c h a p t e r  a  m a t h e m a t i c a l  a p p r o a c h  
was  o u t l i n e d  w h i c h  p r o v i d e d  a p p r o x i m a t e  f o r e c a s t s  o f  
t h e  i n s t a b i l i t y  an d  maximum, o r  c o l l a p s e ,  l o a d s  f o r  
c e r t a i n  s t r u c t u r a l  s h a p e s .  I n  t h i s  p r e s e n t  c h a p t e r  
a  d e s c r i p t i o n  i s  g i v e n  o f  a n  e x p e r i m e n t a l  p rogramme 
d e s i g n e d  t o  t e s t  t h e  v a l i d i t y  o f  t h e s e  p r e d i c t i o n s .

The f i r s t  s e c t i o n  o f  t h e  c h a p t e r  d e a l s  w i t h  t h e  
g e n e r a l  o r g a n i s a t i o n  o f  t h e  t e s t  p r o g r a m m e s ,  t h i s  
b e i n g  f o l l o w e d  by  a  d e s c r i p t i o n  o f  t h e  s p e c i a l  e q u i p -  
:m e n t  d e s i g n e d  a n d  b u i l t  t o  c a r r y  o u t  t h e s e  t e s t s .
The c h a p t e r  e n d s  w i t h  a  p r e s e n t a t i o n  o f  t y p i c a l  

r e s u l t s  o b t a i n e d  f r o m  t h i s  e x p e r i m e n t a l  i n v e s t i g a t i o n .

V I I . 1 T e s t  P r o g r a m m e s .

As i n  t h e  c a s e  o f  t h e  i n d i v i d u a l  p l a t e  i n v e s t i g a t i o n  
t h e  e x p e r i m e n t a l  p ro g ram m e s  f o r  t h e  s e c t i o n s  w e re  c a r r i e d  
o u t  w i t h  two m a in  a im s  i n  m in d .  The f i r s t  was t o  
p r o v i d e  e v i d e n c e  o f  t h e  v a l u e  o f  t h e  t h e o r e t i c a l  a p p r o a c h  
T h i s  i n v o l v e d  some f o r t y  t e s t s  t o  c o l l a p s e  on l i p p e d  and  
p l a i n  c h a n n e l s  o f  v a r y i n g  t h i c k n e s s e s  and  g e o m e t r y ,
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l o a d e d  e c c e n t r i c a l l y  w i t h  r e s p e c t  t o  t h e  f l a n g e s .
Two d e g r e e s  o f  e c c e n t r i c i t y ,  i . e .  ci s o.s and  \ . o , 
w e re  s t u d i e d  an d  t h e  r a n g e  o f  t h i c k n e s s e s  was 
r e s t r i c t e d  t o  o .o s o  V\ <. o ©«o s i n c e  b e lo w  t h i s  

c o n s i d e r a b l e  d i f f i c u l t i e s  w e re  e x p e r i e n c e d  i n  

m a c h i n i n g  t h e  e n d s  s q u a r e ,  an d  a b o v e  t h i s  t h e  
s e c t i o n s  a p p r o a c h e d  t h e  p l a s t i c  b u c k l i n g  r a n g e .
The r a n g e  o f  g e o m e t r i e s  s t u d i e d  was 0  2 s \*2.s
w i t h  f i v e  v a l u e s  i n  t h i s  r a n g e .  T e n s i l e  t e s t  

p i e c e s  were  made f r o m  t h e  v a r i o u s  c h a n n e l s  and  t h e  
r e s u l t i n g  m a t e r i a l  p r o p e r t i e s  o b t a i n e d  a r e  g i v e n  i n  
A p p e n d i x  V I .

The s e c o n d  c a t e g o r y  o f  t e s t s  was  d e s i g n e d  t o  
p r o v i d e  i n f o r m a t i o n  on t h e  more d e t a i l e d  a s p e c t s  o f  
t h e  p r o b l e m  w h ic h  c o u l d  b e  o b t a i n e d  f r o m  a  s t u d y  o f  
t h e  s t r a i n  d i s t r i b u t i o n s .  F o r  t h i s  s e v e r a l  s p e c i m e n  
l i p p e d  a n d  p l a i n  c h a n n e l s  w e re  e x t e n s i v e l y  s t r a i n  
g a u g e d  an d  l o a d e d  c a r e f u l l y  i n  t h e  l o a d i n g  r i g  
d e s c r i b e d  i n  t h e  f o l l o w i n g  s e c t i o n  o f  t h i s  c h a p t e r .

V I I . 2  S p e c i a l  L o a d in g  R i g .

The g e n e r a l  p r i n c i p l e  o f  l o a d i n g  u s e d  s u c c e s s 
f u l l y  i n  t h e  p l a t e  t e s t i n g  e q u i p m e n t ,  and  p r e v i o u s l y  
d e s c r i b e d  i n  C h a p t e r  IV ,  was s i m i l a r l y  a p p l i e d  t o  t h e  
e q u i p m e n t  d e s i g n e d  t o  t e s t  t h e  s h o r t  c h a n n e l  s e c t i o n s  
c o n s i d e r e d  i n  t h i s  i n v e s t i g a t i o n .  The a n a l y t i c a l
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r e s u l t s  w e re  f o r  l i p p e d  and  p l a i n  c h a n n e l s  w h ic h  
h a d  s q u a r e  wehs and  i n  t h e  p r a c t i c a l  c a s e s  d e a l t  
w i t h  h e r e  t h e  web w i d t h  and  l e n g t h  was made 8 " .

The t e s t  r i g  i s  shown i n  F i g u r e  V I I . 1 w i t h  
a  s t r a i n  g a u g e d  l i p p e d  c h a n n e l  s e c t i o n  i n  p o s i t i o n .  
Two r e l a t i v e l y  m a s s i v e  p l a t t e n s  o p p o s e d  e a c h  o t h e r  
and  w e re  i n d i v i d u a l l y  m oun ted  on f o u r  a rm s  f o r  

v e r t i c a l  r e s t r a i n t  and  on two t r u n n i o n s  f o r  s i m i l a r  
r e s t r a i n t  h o r i z o n t a l l y . The b e a r i n g s  f o r  t h e  a rm s  
w e re  p r o v i d e d  by s l o t s  on t h e  m ain  f r a m e  w h ic h  were  
a c c u r a t e l y  m a c h i n e d  and  h an d  f i n i s h e d  a f t e r  t h e  
f r a m e  had  b e e n  w e l d e d  and  s t r e s s  r e l i e v e d .  The 
t r u n n i o n s  f i t t e d  o v e r  two h e a v y  s t e e l  b a r s ,  one 
a b o v e  t h e  p l a t t e n s  and  one  b e l o w ,  w h ic h  r a n  t h e  
l e n g t h  o f  t h e  f r a m e  an d  were  f i r m l y  a t t a c h e d  t o  i t .  
The p l a t t e n s  w e re  made t o  a p p r o a c h  e a c h  o t h e r  i n  a 
s i m i l a r  m a n n e r  t o  t h e  l o a d i n g  beams i n  t h e  p l a t e  
t e s t  r i g .  Once more t h e  l i n k  b a r s  w e re  a r r a n g e d  
a s  l o a d  m e a s u r i n g  c e l l s ,  i n  t h i s  c a s e  t h e  c r o s s -  
: s e c t i o n  was  more s u b s t a n t i a l  so  t h a t  t h e  l o a d  was 

. c a l i b r a t e d  l i n e a r l y  a t  3*7-  ̂ w i t h i n  t h e
c a l i b r a t e d  r a n g e  o f  o - G  "tov^.

The worm and  w h e e l  a r r a n g e m e n t  i s  shown i n  
F i g u r e  V I I . 2 w h i l e  F i g u r e  V I I . 3 shows c l e a r l y  a  
d e t a c h e d  l i n k  b a r  and  p i n  an d  t h e  t r u n n i o n  a r r a n g e -  
: m e n t .  The l a t t e r  a l s o  shows t h e  c a s e  h a r d e n e d  
f a c i n g  p l a t e  w h ic h  was  g r o o v e d  t o  h o l d  t h e  s e c t i o n s .
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T h i s  p l a t e  was s o l i d l y  k e y e d  a g a i n s t  h o r i z o n t a l  

movement r e l a t i v e  t o  t h e  p l a t t e n  and  was r e s t r a i n e d  
a g a i n s t  v e r t i c a l  movement by s e t t i n g  s c r e w s .  The 
v e r t i c a l  g r o o v e s  w h ic h  l o c a t e d  t h e  webs f o r  t h e  
v a r i o u s  c h a n n e l  s i z e s  w e r e  s e m i - c i r c u l a r  i n  s h a p e  
w h i l s t  t h e  o t h e r s  w ere  c a r e f u l l y  g r o u n d  f l a t .  The 

m a r k i n g s  shown on t h e  f r a m e  w ere  r e f e r e n c e  s i z e s  so 
t h a t  a t  a n y  t i m e  t h e  r e l a t i v e  p o s i t i o n s  o f  t h e  
p l a t t e n s  c o u l d  be  d e t e r m i n e d  by u s i n g  a  m i c r o m e t e r  
o v e r  t h e  s u p p o r t  a rm s  and t h e  s e t t i n g  b l o c k  b e h i n d  
i t .

The p r o c e d u r e  u s e d  f o r  a t e s t  was e s s e n t i a l l y  
a s  f o l l o w s .  The p l a t t e n s  w ere  r e t r a c t e d  t o  t h e i r  
maximum t r a v e l ,  t h e  s p e c i m e n  c h a n n e l  was t h e n  p l a c e d  
so  t h a t  t h e  web f i t t e d  i n t o  t h e  a p p r o p r i a t e  v e r t i c a l  
s l o t  i n  one  o f  t h e  h a r d e n e d  p l a t e s .  The p l a t t e n s  
w e r e  b r o u g h t  t o g e t h e r  and  l i n k e d  i n t o  p l a c e .
R e a d i n g s  w e r e  t a k e n  u s i n g  a  m i c r o m e t e r  a t  t h e  b e f o r e  
m e n t i o n e d  r e f e r e n c e  p o i n t s  and t h e  p l a t t e n s  l o c a t e d  
p a r a l l e l  t o  e a c h  o t h e r  and  s q u a r e  t o  t h e  r u n  o f  t h e  
r i g  w i t h  a s m a l l  l o a d  on t h e  s e c t i o n .  C lo c k  g a u g e s  
w e re  t h e n  p l a c e d  i n  p o s i t i o n  a r o u n d  t h e  s e c t i o n  and  

z e r o  r e a d i n g s  t a k e n .

The l o a d  was i n d u c e d  b y  s c r e w i n g  one s i d e  i n t o  
a p o s i t i o n  w h ic h  p r o d u c e d  a p r e d e t e r m i n e d  l o a d  w i t h  
t h e  o t h e r  s i d e  s i m i l a r l y  s c r e w e d  i n t o  a  c o r r e s p o n d i n g  
p o s i t i o n  t o  g i v e  a  c a l c u l a t e d  p r o p o r t i o n  o f  t h i s  l o a d .
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R e a d i n g s  w e r e  t a k e n  o f  t h e  l i n k  b a r  s t r a i n s  on a 
I l u g g e n b e r g e r  s t r a i n  b r i d g e  an d  t h e  c l o c k  g a u g e  
r e a d i n g s  n o t e d .  C o l l a p s e  was  i n d i c a t e d  by  a 
d r o p  i n  t h e  l o a d  f o r  an  i n w a r d  movement o f  t h e  
p l a t t e n s .

V I I . 3  T e s t  R e s u l t s .

( i )  F i r s t  s e r i e s .

The  i n s t a b i l i t y  l o a d s  f o r  t h e  c h a n n e l s  w e re  
o b t a i n e d  u s i n g  a  method  s i m i l a r  t o  t h a t  e m p lo y e d  
f o r  t h e  i n d i v i d u a l  p l a t e s .  V a l u e s  o f  web and  
f l a n g e  d e f l e c t i o n  w e re  t a k e n  a t  e a c h  l o a d i n g  
i n t e r v a l  and  a f t e r  p l o t t i n g  i t  was s e e n  t h a t  t h e s e  
d e f l e c t i o n s  b e g a n  t o  g row f ro m  t h e .  b e g i n n i n g  o f  l o a d  
a p p l i c a t i o n .  I t  was f o u n d  t h a t  i f  t h e  m e thod  o f  
S o u t h w e l l  was u s e d  f o r  t h e s e  p l o t s  t h e n  good  s t r a i g h t  
l i n e s  w e re  o b t a i n e d  w h ic h  l e d  t o  c o n s i s t e n t  r e s u l t s  
f o r  i n s t a b i l i t y  l o a d s .  F i g u r e  V I I . 4 g i v e s  an  
e x a m p l e  o f  t h e  m e th o d  f o r  t h e  f l a n g e  o f  a l i p p e d  
c h a n n e l ;  t h i s  may b e  t a k e n  a s  t y p i c a l  and  w h e re  t h e  
p l o t s  f o r  t h e  f l a n g e  and  web g a v e  d i f f e r e n t  v a l u e s  
f o r  t h e  i n s t a b i l i t y  l o a d  an  a r i t h m e t i c  a v e r a g e  was 

t a k e n .

The r e s u l t i n g  i n s t a b i l i t y  l o a d s  f o r  t h e  c h a n n e l  
g e o m e t r i e s  and  l o a d i n g  e c c e n t r i c i t i e s  s t u d i e d  h e r e
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a r e  shown i n  F i g u r e s  V I I . 5 -  V I I . 8 .  The 
c o l l a p s e  l o a d s  c o r r e s p o n d i n g  t o  t h e s e  t e s t  a r e  
shown i n  F i g u r e s  V I I . 9 -  V I I . 12 .

( i i )  S econd  s e r i e s .

The s t r a i n  d i s t r i b u t i o n s  shown i n  F i g u r e s
V I I . 13 -  V I I . 15 were  o b t a i n e d  f rom  f o r t y  e i g h t ^  

l e n g t h  100 ohm e l e c t r i c  r e s i s t a n c e  s t r a i n  
g a u g e s  b o n d e d  on t o  c a r e f u l l y  p r e p a r e d  s e c t i o n s .  

The g a u g e s  w e re  a r r a n g e d  i n  p a i r s ,  one  e x a c t l y  
o p p o s i t e  t h e  o t h e r  on t h e  two s u r f a c e s  o f  t h e  
c h a n n e l  -  i n  t h i s  way t h e  m i d d l e  s u r f a c e  s t r a i n s

-L
c o u l d  b e  o b t a i n e d .  The s t r a i n  m e a s u r i n g  e q u i p 

m e n t  was  a  H u g g e n o e r g e r  s t r a i n  b r i d g e  and  s w i t c h  
b o x e s .
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CHAPTER VIII.

COMPARISON OF THEORETICAL AND 
EXPERIMENTAL RESULTS FOR STRUCTURAL SHAPES.

I n  C h a p t e r  V t h e  r e s u l t s  o f  a n  e x p e r i m e n t a l  
p ro g ram m e  i n t o  t h e  b e h a v i o u r  o f  s i n g l e  p l a t e s  s u b j e c t e d  
t o  e c c e n t r i c  c o m p r e s s i v e  l o a d i n g  w e re  c om pared  t o  t h e  
r e l e v a n t  t h e o r e t i c a l  v a l u e s .  The c o n c l u s i o n s  d raw n  
f r o m  t h e s e  c o m p a r i s o n s  w e re  t h a t  t h e  m a t h e m a t i c a l  
a p p r o a c h  was r a t i o n a l  a n d ,  w i t h i n  e n g i n e e r i n g  r e q u i r e 
m e n t s ,  g a v e  good f o r e c a s t s  f o r  t h e  i n s t a b i l i t y  l o a d s ,  
p o s t - b u c k l i n g  b e h a v i o u r  and  c o l l a p s e  l o a d s  f o r  s u c h  
p l a t e s .

I n  t h i s  p r e s e n t  c h a p t e r  t h e  r e s u l t s  o f  a n  e x p e r i 
m e n t a l  p rogramme c o n c e r n i n g  t e s t s  on c e r t a i n  s t r u c t u r a l  
s h a p e s  a r e  s i m i l a r l y  c om pared  t o  t h e  r e l e v a n t  t h e o r e t i c a l  

r e s u l t s .  I n  t h e  l i g h t  o f  t h e  c o n c l u s i o n s  o f  t h e  p l a t e  
i n v e s t i g a t i o n  s u c h  c o m p a r i s o n s  a r e  s e e n  t o  be  t e s t s  o f  

t h e  e f f i c a c y  o f  t h e  a s s u m p t i o n s  made,  t h a t  t h e s e  
s e c t i o n s  c a n  b e  c o n s i d e r e d  a s  b e i n g  composed  o f  i n d i v i d 
u a l l y  c o m p r e s s e d  p l a t e s .  They a l s o  t e s t  t h e  f u r t h e r  
a s s u m p t i o n s  u s e d  i n  r e s p e c t  o f  t h e  c o n d i t i o n s  t h o u g h t  
t o  e x i s t  a t  t h e  l o n g i t u d i n a l  e d g e s  o f  t h e s e  i n d i v i d u a l  

p l a t e  c o m p o n e n t s .

VIII. 1 Instability Loads.
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The f i r s t  c o n d i t i o n  s t u d i e d  i s  i n s t a b i l i t y .
As i n  t h e  c a s e  o f  t h e  p l a t e s  i t  was fo und  i n  t e s t s  
on s e c t i o n s  t h a t  d e f l e c t i o n s  b e g a n  to  g row a l m o s t  
i m m e d i a t e l y  on t h e  a p p l i c a t i o n  o f  l o a d i n g .  T h i s  i s  
shown c l e a r l y  i n  F i g u r e  V I I I . 1 w h ic h  may be  t a k e n  a s  
t y p i c a l  o f  t h i s  t y p e  o f  p l o t .  I t  was t h e r e f o r e  
n e c e s s a r y  t o  r e s o r t  t o  an  a p p r o x i m a t e  method  o f  
d e d u c i n g  t h e  a c t u a l  l o a d  w h ic h  was e q u i v a l e n t  t o  t h e  
i n s t a b i l i t y  l o a d  i n  a p e r f e c t l y  fo rm ed  s e c t i o n .

C h i l v e r  (19.50) showed i n  a  t h e o r e t i c a l  c o n s i d e r 
a t i o n  o f  t h e  e l a s t i c  s t a b i l i t y  o f  u n i f o r m l y  c o m p r e s s e d  
o p en  c h a n n e l  s e c t i o n s  t h a t  a p l o t  s i m i l a r  t o  t h a t  
s u g g e s t e d  by  S o u t h w e l l  f o r  i n d i v i d u a l  e l e m e n t s  c o u l d  
b e  em p lo y e d  t o  a d v a n t a g e .  I n  a l a t e r  s e c t i o n  o f  h i s  
s t u d y  C h i l v e r  i n d i c a t e d  t h a t  i f  low d e f l e c t i o n  v a l u e s  
w e r e  u s e d  t h e n  t h e  s t r a i g h t  l i n e s  i n  t h e  p l o t  p r e d i c t e d  
by  t h e  t h e o r y  w e r e  i n  f a c t  o b t a i n e d  e x p e r i m e n t a l l y .
When t h i s  t e c h n i q u e  was a p p l i e d  to  t h e  e c c e n t r i c a l l y  
l o a d e d  s e c t i o n  r e s u l t s  o f  t h i s  p r e s e n t  i n v e s t i g a t i o n  
i t  was f o u n d  t h a t  s t r a i g h t  l i n e s  w e re  o b t a i n e d  and t h a t  
t h e  i n v e r s e  s l o p e  o f  t h e s e  g a v e  good a p p r o x i m a t i o n s  to  
t h e  t h e o r e t i c a l  " f l a t  p l a t e "  s e c t i o n  i n s t a b i l i t y  l o a d s .  
T h e s e  i n f e r r e d  v a l u e s  a r e  shown com pared  to  t h e  c o r r e s 
p o n d i n g  t h e o r e t i c a l  c u r v e s  i n  F i g u r e s  V I I I . 2 -  V I I I . 5 .  
I n  t h e s e ,  a s  i n  a l l  t h e  f i g u r e s  i n  t h i s  c h a p t e r ,  t h e  
f u l l  l i n e s  w e re  o b t a i n e d  f rom  a n a l y t i c a l  c o n s i d e r a t i o n s  
an d  t h e  p o i n t s  shown w e re  o b t a i n e d  e x p e r i m e n t a l l y .

I n  F i g u r e s  V I I I . 2 and V I I I . 3 ,  w h ic h  show t h e  n o n -  

: d i m e n s i o n a l  b u c k l i n g  c o n s t a n t  p l o t t e d  a g a i n s t  s h a p e
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factor for lipped channels subjected to two 
conditions of loading eccentricity, the experimental 
values are seen to lie close to the corresponding 
theoretical values. The scatter, caused by the 
unavoidable variations of the material constants in 
the section, is evenly distributed about the theoret
ical curve.

The same comments may be made about the agreement 
shown in Figures VIII.4 and VIII.5 which give the 
buckling constant values for plain channels. From 
these four figures it may be concluded that the analy- 
:sis based on plate instability outlined in Chapter VI 
was rational and that the method derived by Chilver 
for concentrically loaded sections was also applicable 
to eccentrically loaded sections. The results also 
confirm the simplification that the lipped longitudinal 
edge for the range investigated could be considered as 
simply supported.

VIII.2 Collapse Loads.

The comparison of theoretical and experimental 
collapse loads for lipped and plain channels for various 
thicknesses and geometries is shown in Figures VIII.6 -
VIII.9.

For the lipped channels, shown in Figures VIII.6 
and VIII.7, the agreement is seen to be good, thus
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indicating the rationality of the method used in 
the matching of the web and flange plates and also of 
the non-dimensional parameter employed. The reason 
for the slight deviation at the lower values of the 
shape factor was considered to be mainly due to the 
theoretical treatment of the lipped edges. This is 
to say that as the flange width was reduced, the lip, 
because of its increasing relative width, no longer 
could be regarded as merely providing simple support 
along this unloaded edge at high values of flange 
deflection. Instead, the torsional stiffness of the 
lip would have to be considered; this, however, would 
complicate the problem to such an extent that, since 
the method used already provided conservative results, 
it was doubtful if proportionally more valuable results 
would have ensued from such a correction.

It will be noted in Figure VIII.8 for plain channels 
that the theoretical collapse load for varying section 
geometry and thickness was defined by a single curve 
and not a narrow band as in the previous two figures.
This was because the theoretical collapse load was 
found to be coincident with the initial instability load 
for this loading geometry. Such a prediction was, of 
course, conservative in nature due probably to the 
necessary restrictions in the size of the mathematical 
series solution for the collapse load. However, as 
the agreement with the experimental test results shows, 
these theoretical results are still of considerable 
practical value because of the effect of the deviations
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from flatness in the unloaded sections. These 
caused the deflections in the region of the 
instability loads to be much larger than those 
predicted from flat plate considerations, thus 
producing higher bending stresses earlier collapse 
and hence closer correspondence to theoretically 
predicted values.

The comparison of theoretical and experimental 
results for plain channels subjected to loading of 
eccentricity - \ is given in Figure VIII.9. The 
slight deviation at the lower values of shape factor 
was attributed to the theoretical results becoming 
more conservative due to the relatively very large 
deflections experienced by the narrow flanges.

The general good agreement observed in this and 
the preceding three figures allows the conclusion to 
be made that the method developed in Section 2 of 
Chapter VI provided rational and conservative engin
eering estimates to the collapse loads of eccentrically 
loaded lipped and plain channels.

VIII.3 Strain Distribution.

Examples of the distributions of the middle plane 
strains are given in Figures VII.13 - VII.15. . In
these it is seen that the shape of the various distri
butions in the flanges and webs were similar to those
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predicted for the individual plates considered 
earlier in this investigation. Because of the 
essentially trial and error nature of the 
analytical method of matching the flanges and 
webs of the sections it was very tedious to 
obtain many values of the strain distribution in 
a particular channel section at a specific load 
in the post-buckled region. However, some specimen 
distributions are given in Figures VIII.10 and 
VIII.11, for a lipped channel with a loading eccen
tricity compared to the corresponding exper
imental values. It is seen that agreement .was 
good which further substantiates the conclusion that 
such sections may be treated theoretically as being 
composed of individually compressed plates.

VIII.4 Conclusions.

1. Approximate analytical methods have been 
developed which combine the theoretical plate 
characteristics to provide good estimates for 
the instability and collapse loads of eccen
trically loaded channel structural sections.

2. The theoretical approach also allows the middle 
strain values to be closely determined.

3. The method suggested by Chilver for inferring
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instability loads from experimental results is 
applicable to eccentrically loaded sections 
and gives values which are in good agreement 
with those obtained theoretically.
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G E N E R A L  S U M M A R Y
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GENERAL SUMMARY.

The first part of this investigation was 
an analytical and experimental approach to the 
problem of eccentrically loaded thin plates with 
a variety of boundary conditions.

The theoretical instability loads were 
obtained from the solution of the biharmonic 
equation using the Galerkin method and also a 
finite difference technique. The results from 
these two approaches were found to be very close 
and in good agreement with the relevant values 
inferred from the experimental results using 
"Southwell’s Plot".

The power of the Galerkin method was enhanced 
by using a digital computer to carry out the great 
deal of arithmetic work involved in the solution 
of the elastic large deflection equations. In 
this way sufficient terma could be included in the 
assumed series to obtain satisfactory convergence.

The collapse condition was also studied and 
here it was shown that the use of a simple material 
yield criterion leads to accurate, and easily 
obtained, engineering forecasts for the maximum 
load carrying capacities of such plates.

The experimental results mentioned before were 
obtained with the use of specially designed equipment, 
part of which was for a photogrammetric technique for
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determining the plate deflected shapes. This 
technique proved very effective in providing 
information on the efficacy of the loading rig 
as well as the theoretical approach confirming 
that the deflected shape was given closely by 
the analytical solution.

The second part of the investigation was 
concerned with combining these plate results to 
provide reliable estimates for the instability 
and collapse loads of channel sections loaded 
eccentrically with respect to the flanges.

The experimental programme dealt with 
lipped and plain channel sections and it was 
shown that the instability and collapse loads 
from tests were in good agreement with the respect- 
live analytically predicted counterparts.

Thus it may be concluded that the results 
obtained and the techniques developed in this 
investigation go some way towards filling a 
presently existing gap in the information avail
able to designers of thin plate structures.



125 -

A G K N 0 W L E D G E M K  N T  S



- 126 -

ACKNOWLEDGEMENTS.

I wish to express my respectful gratitude 
to Professor A. S. T. Thomson, Head of the 
Division of Mechanical, Civil and Chemical 
Engineering at the Royal College of Science 
and Technology, for the laboratory and workshop 
facilities placed at my disposal.

My very sincere gratitude is also due to 
Professor R. M. Kenedi, Research Professor in 
Bio-Engineering at the Royal College of Science 
and Technology, for his continued interest and 
encouragement during the period of this invest
igation.

My thanks are given to the staffs of the 
Laboratories and Drawing Office.

Finally, I wish to record ray indebtedness 
to the Institution of Mechanical Engineers whose 
granting of a Clayton Fellowship made it possible 
for me to undertake this work.

Alastair Walker.



-  1 2 7  -

d i a g r a m s



-  128 -

UJ LLi
UJ U.

CO 2
S 3  “! S
d  _j  c* <  *  
?  a .  u.  t y d  

OQ

(V  t l  C i. 3  •  7  ®
5 c & t t . S 3 l < w
u ) 3 3 x f « i ; v
o o c o c o p i f l

—' *vi « i  r j  U1 i  £  f



PA
RT 

A
R

R
G

T
 

SH
O

W
IN

G
 

ST
A

B
IL

ISE
R

 
G

E
A

R

(J l ^  L*J

LO U ]
d  ? o  d> c: £
00 z: 5 
C 5 C
lf>  Z L  U )  m m
* )  * )

o

o o

o



Pf
tb

f}
-  129 -

Ko °  ° °

K i  «  o o

& U I L T  -  IN U N L O A D E D  E . D 6 E . 5  

4> • Z o C  -  I h «  O 1' 0 5 0 v

- 1 5 0 0

•0000-020
W (In.)

FIG. E Z -7 . LOAD Vs. D E. F L E C T I O N  .



20

IS

»o

1 In I
<«*

----- /
FREE

BUILT- IN ^  FREE UNLOADED EDGES. 
f  2  i f  *  2

✓

4

< r /  
/

. A ®
K /

- * —

/

/ *

/
/ *

+ -  0*‘ 04-2 THICK.
X -  O'- 049 THICK.
0  -  0" 078 THICK.

0 5 10 15 20

W  M

F i a m a  EXAMPLE SOUTHWELL PLOTS.



-  130 -

- £ 0 0 0

- 3 G 0 0

r

oIfoX

— -S 74800 ■ \ 7

<4-

l f - 2 4 - O O

— I Z O O

M O

SIMPLV SUPPORTED UNLOADED EDQES 
$  = £  M l

x

X .

/

0 - 0 3 5  0 - 0 4 5 0-055  0-OG5

h  ( > i u )  ------------------ »

//

F IG -IS r.9 INSTABILITV LOAD V. PLATE THICKNESS

0 0 7 5  0 - 0 8 5



-£ 0 0 0

- 4 8 0 0

Ko=o

/ _
— f '1

u o /
SIMPLY SUPPORTED UNLOAOED EDGES /

<S = £ J. = 0 - 5 /

- 3 6 0 0 , /
/

/ X

^ - £ 4 0 0 /
s-/ /
a* /

y
-IBOO - - -....... ^

X
/

X

X

0
0-035 0-045 0 0 5 5  0 -0 6 5  0 075 0-055

h (*n ,) --------
F\G. GF.\Q INSTABILITY LOAD V. PLATE THICKNESS



(1 
hF

)-

- 131 -

- 1 0 0 0 0

- 6 0 0 0

- 6 0 0 0

- 4 0 0 0

£

- z o o o

K.a-co /
„ /V-- ^ '1

BUILT - IN 'v

K-( * 0 

SIMPLY SUPP

£& * 2 oL s

ORTED UNLOA 

0 * 5

DED EDGES 

/

V
/x

/

/

/

\
X

\

x  /

0 - 0 3 5 0 - 0 4 5 0-055  OOG5

h  ( w , ) ----------------*

0-075 0-085

F lG - K . i l  INSTABILITY LOAD V. PLATE THICKNESS



- 10000

K,o*co

8000
-------- S 1

K.,= «o

-  G 0 0 0 I

- 4 0 0 0 5

&

-  £0001

BUILT-IN  UNLOADED EDGES 

§  =  l  o C > |

~ 7

z .

/z
/

0 - 0 3 5  0 -0 4 5 0*055 0-055
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APPENDIX I .

NOTES ON VARIOUS DIGITAL 
COMPUTING TECHNIQUES.

The s e r v i c e s  of  the  d i g i t a l  computer 
p e r m i t t e d  th e  scope of  the  t h e o r e t i c a l  a n a l y s i s  
i n  t h e  p l a t e  i n v e s t i g a t i o n  to  cover  the  ran ge  
i n v e s t i g a t e d  and was th e  means which r e n d e red  
p o s s i b l e  th e  p r e d i c t i o n  of the  s t r u c t u r a l  s e c t i o n  
c o l l a p s e  l o a d s .  In  t h i s  append ix  a d e s c r i p t i o n  
o f  th e  p a r t i c u l a r  machine used i s  g iv e n  t o g e t h e r  
w i t h  some n o t e s  on th e  t e c h n iq u e s  used by the  
a u t h o r  to  p r e p a r e  programmes f o r  i t .

The machine used was a F e r r a n t i  " S i r i u s "  
which was housed i n  the  Department  o f  M athem atics  
a t  t h e  Royal C o l le g e  of  Sc ience  and Technology a t  
Glasgow. This  was a sm all  and r a t h e r  slow machine 
which had been  d e s ign ed  f o r  t e a c h i n g  p u rp o se s  as  
w e l l  a s  f o r  u se  on sm a l l  commercial  and s c i e n t i f i c  
p ro b le m s .  The s t o r a g e  space was l i m i t e d  to 4000 
words i n  th e  p a r t i c u l a r  model a t  Glasgow and the  
s t o r a g e  medium was n i c k e l  d e la y  l i n e s .  The speed 
of  some 30 o p e r a t i o n s  p e r  second compared u n fa v o u r 
a b l y  w i th  th e  750 -  1000 o p e r a t i o n s  p e r  second o f  
t h e  l a t e s t  g e n e r a t i o n  of  com puters .  I n p u t  and 
o u t p u t  was e f f e c t e d  by means of  f i v e  h o l e  punched 
p a p e r  t a p e ,  two i n p u t  c h an n e ls  were p rov ided  b u t  
o n ly  one o u tp u t  c h a n n e l .
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There  were two main programming " l a n g u a g e s " ,  
i . e .  B a s i c  Code and Autocode.  The l a t t e r  was 
t h e  one g e n e r a l l y  used s i n c e  i t  a u t o m a t i c a l l y  
com pi led  and ranked the  v a r i a b l e s  and a l s o  in c lu d e d  
a l l  t h e  more w ide ly  used s u b r o u t i n e s  such a s  the  
common a l g e b r a i c  and t r i g o n o m e t r i c  f u n c t i o n s .  I t  
had th e  awkward f e a t u r e ,  however , t h a t  i t  occupied  
two thousand  words of  the  s t o r e ,  t h a t  i s  to  say ,  
h a l f  t h e  s t o r a g e  space  was used b e f o r e  the  programme 
was even e n t e r e d  i n t o  th e  machine.  Of the  re m a in -  
r in g  h a l f  a p o r t i o n  had to  be a l l o c a t e d  to  working 
s p a c e ,  i . e .  th e  p o s i t i o n s  in  which the  a c t i v e  v a lu e s  
were l o c a t e d .  Thus i t  can be seen t h a t  when a u to co de  
was u s e d ,  a l t h o u g h  a c e r t a i n  f a c i l i t y  was o b t a in e d  i n  
d e s i g n i n g  th e  programme, the  s i z e  o f  i t  was c o n s i d e r 
a b l y  r e s t r i c t e d .  The way i n  which t h i s  was overcome 
i n  t h i s  i n v e s t i g a t i o n  was to c o n s t r u c t  th e  programmes 
i n  a u to c o d e  form i n  s e l f - c o n t a i n e d  p o r t i o n s ,  d eve lop  
t h e s e ,  co m p i le ,  e d i t  and r e c o n s t r u c t  them.

D eve lop ing  was the  p r o c e s s  whereby th e  m is ta k e s  
i n  th e  programme were l o c a t e d  and removed. This  was 
o f t e n  a c o m p l ica te d  b u s i n e s s  s in c e  as  th e  programmes 
i n c l u d e d  many loops  and c y c l e s  th en  s e v e r a l  c o n d i t i o n s  
o f  t h e  o r i g i n a l  a l g e b r a i c  e q u a t io n s  had to  be c a l c u l 
a t e d  by hand to  check t h a t  th e  loops  were performed i n  
t h e  c o r r e c t  sequence  and w i th  no c a r r y - o v e r .  Com—
: p i l i n g  was c a r r i e d  ou t  on th e  machine w i th  th e  a i d  o f  
a s p e c i a l  programme, th us  th e  machine read  i n  au tocode
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i n s t r u c t i o n s  and p r i n t e d  o u t ,  on t a p e ,  the  
r e l a t e d  b a s i c  language  e q u i v a l e n t s .  The 
r e s u l t i n g  b a s i c  code programme th e n  p ro b a b ly  
had many red u n d a n t  o r d e r s .  The most common 
example of  t h e s e  was th e  c o n t i n u a l  a l l o c a t i o n  of  
v a l u e s  to  a p a r t i c u l a r  s t o r e .  I n  th e  au tocode  
form t h i s  cou ld  n o t  be avo ided  b u t  in  th e  b a s i c  
form much space  and computing t ime could  be 
saved by r e t a i n i n g  t h a t  p a r t i c u l a r  s t o r e  i n  th e  
working  s e c t i o n  of  th e  machine.

When o r d e r s  were d e l e t e d ,  however, t h e  
programme had been sh o r t e n e d  and th e  loop l o c a 
t i o n s  had to  be r e - o r g a n i s e d  a s  a l s o  had s e v e r a l  
o f  th e  i n i t i a l  i n s t r u c t i o n s .  This  p r o c e s s  was 
known.as  e d i t i n g  and was completed by r e d e v e lo p in g  
th e  programme to  check t h a t  no e r r o r s  had been 
made i n  t h e  com pi l ing  and e d i t i n g  as  could  e a s i l y  
happen .  The space  r e q u i r e d  by the  i n d i v i d u a l  
programmes was th e n  c o n s i d e r a b l y  reduced  and so 
s e v e r a l  cou ld  now be j o in e d  a p p r o p r i a t e l y  to form 
th e  com ple te  programme. This  was th en  pu t  i n t o  
" P r im ary  I n p u t "  form, th e  r e a s o n  f o r  t h i s  b e in g  
t h a t  i n  t h e  b a s i c  language  form i t  d id  n o t  i n c l u d e  
t h e  n e c e s s a r y  s u b - r o u t i n e s  and t h e s e  had to  be 
e n t e r e d  i n  the  machine s e p a r a t e l y  every  t ime th e  
programme was u se d .  The t ime s p e n t  on the  con
v e r s i o n  to  P r im ary  I n p u t  form, a p r o c e s s  c a r r i e d  
o u t  by th e  machine w i th  the  use  of  a s p e c i a l
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programme, was amply r e p a i d  by the  sa v in g  i n  t ime 
and t r o u b l e  when the  programme was b e in g  u se d .

Even a f t e r  the  p ro c e d u re s  o u t l i n e d  above i t  
was found t h a t  the  expans ion  of  th e  G a l e r k i n  
e q u a t i o n s  ( se e  Appendix IV) had to  be computed i n  
f o u r  p a r t s .  T h is  r e q u i r e d  the  p r i n t i n g  o u t  o f  
i n t e r m e d i a r y  r e s u l t s  and,  s in c e  i t  was i m p o s s ib l e  
to  a s c e r t a i n  b e fo r e  hand the  m agn i tudes  o f  t h e s e  
num bers ,  i t  was dec id ed  to  p r i n t  them as  machine 
numbers so t h a t  no l o s s  of  a c c u ra c y  would r e s u l t .  
T h is  r e q u i r e d  th e  c o n s t r u c t i o n  o f  a s p e c i a l  sub
r o u t i n e  and th e  r e s u l t  was t h a t  t h e  numbers were 
p r i n t e d  o u t  a s  th ey  were h e ld  i n  the  machine ,  i . e .  
a b lo c k  o f  t e n  f i g u r e s ,  the  f i r s t  e i g h t  o f  which 
were th e  a c t u a l  number and the  rem a in in g  two be in g  
a measure  of  the  p o s i t i o n  of the  dec im al  p o i n t .

S i m i l a r l y  a new s u b r o u t i n e  was n e c e s s a r y  to  
r e a d  these? numbers i n t o  th e  machine f o r  th e  
programme used i n  the  n e x t  s e c t i o n  o f  the  problem 
which was th e  s o l u t i o n  of th e  sys tem of s im u l t a n e o u s  
e q u a t i o n s .  As i n d i c a t e d  i n  C hap te r  I I  m a t r ix  
a l g e b r a  was used to  r educe  the  system o f  e q u a t io n s  
t o  a s e t  o f  s im u l t a n e o u s  cub ic  e q u a t io n s  th e  
s o l u t i o n  to  which had to  be o b t a i n e d ,  i n  g e n e r a l ,  
by employing app ro x im a te  methods. This  p ro ce d u re  
i s  now o u t l i n e d  f o r  th e  example case  where t h e r e  
a r e  t h r e e  c u b ic  e q u a t i o n s .
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In  o r d e r  to g ive  the  i t e r a t i v e  p r o c e s s  a 
good s t a r t  s e l e c t e d  v a lu e s  of  th e  e q u a t io n  
c o e f f i c i e n t s  were so lved  e x a c t l y  to  g iv e  two o f  
t h e  t h r e e  d e f l e c t i o n  s e r i e s  c o e f f i c i e n t s .
These were th e n  s u b s t i t u t e d  i n t o  th e  f i r s t  f u l l  
c u b ic  e q u a t i o n  which was th en  so lv e d  to  g iv e  the  
t h i r d  c o e f f i c i e n t .  Taking t h i s  c o e f f i c i e n t  
t o g e t h e r  w i th  one o f  th e  approx im ate  c o e f f i c i e n t s  
t h e  second c u b ic  was then  so lv ed  to  g iv e  a more 
a c c u r a t e  a p p ro x im a t io n  to  th e  o t h e r  s e r i e s  co-  
r e f  f i c i e n t .  The t h i r d  c o e f f i c i e n t  was o b t a in e d  
i n  a s i m i l a r  manner to  g e t  the  f i r s t  a p p ro x im a t io n  
t o  t h e  d e f l e c t i o n  s e r i e s .  The c u b ic s  were so lved  
u s i n g  H o r n e r ' s  method and s i n c e  t h i s  loop was used 
many t im e s  i n  th e  cou rse  o f  a s o l u t i o n  i t  was made 
v e ry  e f f i c i e n t  by c a r e f u l  d e s ig n  and e d i t i n g .

The f i r s t  a p p ro x im a t io n s  were th en  s u b s t i t u t e d  
i n t o  th e  f i r s t  c u b ic  and t h i s  so lv e d ,  i f  t h e  second 
a p p r o x i m a t i o n  was th e  same a s  th e  f i r s t  t h e n  t h i s  
c u b ic  had been e x a c t l y  s a t i s f i e d  by th e  f i r s t  a p p ro x 
i m a t i o n  and th e  s o l u t i o n  f o r  t h i s  s e r i e s  c o e f f i c i e n t  
had been  o b t a i n e d .  S ince  t h i s  was n o t  g e n e r a l l y  th e  
c a s e  t h e  i t e r a t i v e  c y c l in g  p ro c e d u re  was c o n t in u e d  
u n t i l  an a p p ro x im a t io n  was s u f f i c i e n t l y  c l o s e  to th e  
p r e c e d i n g  one .  The p ro ce d u re  was found to  be r a p i d  
and s t a b l e .
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T h is  programme' p r i n t e d  ou t  th e  c o e f f i c i e n t s  
o f  th e  s t r e s s  and d e f l e c t i o n  s e r i e s .  F u r t h e r  
programmes d e s ig ned  and developed  by th e  a u t h o r  
en a b le d  t h e s e  r e s u l t s  to  be c o n v e r ted  to  s t r e s s ,  
s t r a i n  and d e f l e c t i o n  d i s t r i b u t i o n s  ove r  the  
p l a t e  s u r f a c e .
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APPENDIX I I .

ALTERNATIVE ASSUMED FORM OF THE 
STRESS FUNCTION IN THE GALERKIN SOLUTION.

One of  th e  a t t r i b u t e s  o f  the  G a le r k in  method 
i s  t h a t  i t  i s  con v erg en t  to  the  e x a c t  a n a l y t i c a l  
s o l u t i o n  no m a t t e r  what form of terms a re  chosen 
f o r  th e  s e r i e s  p rov ided  t h a t  th ey  e x a c t l y  s a t i s f y  
t h e  p r e s c r i b e d  boundary c o n d i t i o n s .

As an example of t h i s  p r o p e r t y  an a l t e r n a t i v e  
form was chosen  f o r  th e  terms i n  the  s t r e s s  
f u n c t i o n  s e r i e s  i n  the  1 d i r e c t i o n .  Whereas i n  
th e  main body of the  t h e s i s  the  terms were t r i g 
o n o m e t r i c  i n  n a t u r e  the  ones d e r iv e d  i n  t h i s  
a p p e n d ix  were p o ly n om ia l .  Examples o f  comparisons 
o f  th e  r e s u l t s  o b ta in e d  u s in g  each form a re  g iven  
a t  th e  end of  the  ap pend ix  and a r e  d i s c u s s e d  i n  
C h a p te r  V of  t h i s  t h e s i s .

The boundary  c o n d i t i o n s  f o r  the  s t r e s s  f u n c t i o n  
i n  t h e  £ d i r e c t i o n  were found i n  C h a p te r  I I  to  be

. . A l l . l a

. . A l l . l b .
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For  th e  (■£) p a r t  of  the  s e r i e s  e q u a t io n  

F =  £ U ) g & (yfl
*r S

a p o ly n o m ia l  was chosen ,  v i z . ,

■f-tCs) * *£ + A * £*v i + +  C-* \  •**‘C>-r,i"f _ _ . A l l . 2 .

where e t c .

A p p l i c a t i o n  of  c o n d i t i o n s  A I I . l  to  e q u a t io n  
A l l . 2 g i v e s

[(.-f+t-)1!  + -v + ■r ^>,*̂ 4*']-tac? r  °

and

[ x A+* + * *  r 1k* ^  t™ * - c .  v “  «■* r ] t „ , r  °

which r e s u l t s  i n

C f  a  D T  *  O  a n d  A t  *  '

Hence now th e  ^*(&) i s  g iv en  by

,  ~ * + x  — ‘rv ’2 \. £ ( * )  -  C t  - i t  + i  )

and the  e q u i v a l e n t  to  e q u a t io n  I I . 4 .4  i s

f { -  + ^  v> X j 2 ^ + 1 * X 'f**’"* v)s*l + 'u ,^  )
T *0 ,* / L * 0 ,\ ,
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F i g u r e s  AIJL'.l -  A l l . 3 show example r e s u l t s  
o b t a i n e d  from t h i s  e q u a t io n  compared to th o s e  
o b t a i n e d  u s in g  e q u a t io n  I I . 4 . 4 .



-  190 -

A P P E N D I X  I  I  I



-  191 -

APPENDIX I I I .

AN ALTERNATIVE METHOD OF SOLUTION 
OF THE UIIIARM ON IC EC; UATI ON .
■ '" 1 11 in ■■ ■ - -  — - ■ • ■ ^ —

T his  app en d ix  p r e s e n t s  an a l t e r n a t i v e  method 
f o r  s o l v i n g  th e  b iharm onie  e q u a t io n  to  de te rm in e  
t h e  i n i t i a l  e l a s t i c  i n s t a b i l i t y  lo ad s  o f  p l a t e s  
w i th  v a r i o u s  unloaded boundary  c o n d i t i o n s .  In  
C h a p te r  I I I  a method of s o l u t i o n  of  t h i s  e q u a t io n  
u s in g  G a l e r k i n ’ s method was g iv e n .  I t  was seen 
from t h i s  t h a t  a l th o u g h  the  a cc u ra c y  of  the  
s o l u t i o n  co u ld  be i n c r e a s e d  m ere ly  by i n c r e a s i n g  
t h e  number of  terms in c lu d e d  i n  th e  s e r i e s  the  
c o r r e s p o n d i n g  amount o f  a r i t h m e t i c  work in v o lv e d  
was m u l t i p l i e d  enormously .  Thus i t  was a lm o s t  
i m p e r a t i v e  t h a t  th e  p rocedure  be programmed f o r  
a  d i g i t a l  computer  even though on ly  one p l a t e  
g eom etry  was be ing  s t u d i e d .

To p ro v id e  a method of o b t a i n i n g  th e  i n s t a b 
i l i t y  l o a d s  of  e c c e n t r i c a l l y  loaded p l a t e s  u s ing  
o n ly  a desk  c a l c u l a t o r  the  s o l u t i o n  now p r e s e n t e d  
was d e v e lo p e d .  The p r i n c i p l e  of the  method i s  
to  r e p l a c e  th e  i n f i n i t e s i m a l  e lem en ts  o f  th e  
d i f f e r e n t i a l  e q u a t io n  by f i n i t e ,  b u t  sm a l l ,  i n t e r 
n a l s  and th u s  reduce  the  problem to  one of  a l g e b r a .

I t  was shown in  C hap te r  I I I  t h a t  when i n s t a b 
i l i t y  was b e in g  s t u d i e d  th en  th e  g e n e r a l  e l a s t i c
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e q u a t i o n s  c o u l d  be  r e d u c e d  t o  t h e  b i h a r m o n i c  
e q u a t i o n

4 z  I S ?  +  2  ^  ^  +  4>X a  . l^lo ^  C . . .  1  A T  T T  "I

A l s o  i t  was shown t h a t  i f  t h e  s o l u t i o n  f o r  
a  p l a t e  w i t h  s i m p l y  s u p p o r t e d  l o a d e d  e d g e s  was 
t a k e n  i n  t h e  fo rm

co = -s>uU WVTX* . Y . . . . A I I I . 2 .  

w h e r e  Y*'$(*i) o n l y  and  e t c .

t h e n  e q u a t i o n  A I 1 I . 1  c o u l d  be  f u r t h e r  r e d u c e d  t o

w h e r e  "fe* _ and  N0 ■

F o r  s i m p l i c i t y  o f  p r e s e n t a t i o n  e q u a t i o n  A I I I . 2  i s  

now w r i t t e n  a s

Y W- 2 « Y m + J y  . . . A I I I . 4 a

w h e r e  lU.
V"= 5^,  Nf“- 4 $ - ’  Y ^  '  s  * ^  A I I I -4b

From t h e  t h e o r y  o f  f i n i t e  d i f f e r e n c e s  (F o x ,  

19 57)  i t  c a n  be  shown t h a t  i f  h i s  t h e  d i s t a n c e  
b e t w e e n  c o n s e c u t i v e  p i v o t a l  p o i n t s  ( s e e  F i g u r e  
A I I I . l ) , * r  i s  a n y  g e n e r a l  p o i n t  and  i g n o r i n g  s i x t h



1
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a n d  h i g h e r  d i f f e r e n c e s  t h e n

W* Yr ** Yr>*h“ YH -  + Y*-x», . . . . . . A I I I . 5 a

K' ^  '  «[>♦*- * Y ^ *  tY , -  *  Y,_h ♦ X,.«] A l l  1 . 5b

S u b s t i t u t i n g  e q u a t i o n s  A I I I . 4 a  and A I I I . 4 b  
i n t o  e q u a t i o n  A I I I . 3  and  r e a r r a n g i n g  i t  i s  s e e n  
t h a t

kXro** % Y*_w «■ CY* ■*■ D Y^v + C. -  o  A I I I . 6 .
w h e r e

A - E - ( i + ^ k xO  

E - D  - - ( * * * %  V\x <0

c  = ^c, + s  Vx\; 4 w**1 -  ' i  s  V^[c*-* ) + t ^ ] j

Two c o n d i t i o n s  o f  p l a t e  u n l o a d e d  edge  
b o u n d a r y  c o n d i t i o n s  w i l l  now be  c o n s i d e r e d .

C a s e  a  I n i t i a l l y  f l a t  r e c t a n g u l a r  p l a t e
c o m p r e s s e d  by  a  l i n e a r l y  v a r y i n g  l o a d  
a c t i o n  a l o n g  two s i m p l y  s u p p o r t e d  
o p p o s i t e  e d g e s  and h a v i n g  e q u a l  o r  
u n e q u a l  r o t a t i o n a l  r e s t r a i n t  a l o n g  t h e  
o t h e r  two e d g e s  ( F i g u r e  A I I I . 2 ) .

F o r  t h e  u n l o a d e d  b o u n d a r i e s  t h e s e  c o n d i t i o n s  

c a n  be  f o r m u l a t e d  a s
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w h e r e  -f, , a r e  t h e  d e g r e e s  o f  r o t a t i o n a l  
r e s t r a i n t  a n d  $  i s  t h e  s l o p e  o f  t h e  p l a t e  m i d d l e  
p l a n e  i n  t h e  vj d i r e c t i o n .

T r a n s p o s i n g  t o  n o n - d i m e n s i o n a l  t e r m s  t h e  
a b o v e  c o n d i t i o n s  become

By t a k i n g  e q u a t i o n  A I I I . 2  i n t o  a c c o u n t  and  

e x p r e s s i n g  i n  t h e  t e r m s  d e f i n e d  i n  e q u a t i o n s  
A I I I . 4 b ,  e q u a t i o n s  A I I I . 7 a ’ and  A I I I . 7 c  c a n  b e  

w r i t t e n  a s

A I I I . 7 a

A I I I . 7 b

A I I I . 7 c



By u s i n g  t h e  f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s

A l l I . 8 a .

Vx Y-r1 -  i  . . A I I I . 8 b .

w h e r e  r  i s  a n y  t y p i c a l  p i v o t a l  p o i n t  i n  t h e  r a n g e  
i t  c a n  b e  shown t h a t  t h e  p i v o t a l  v a l u e s  a r o u n d  t h e  
b o u n d a r y  a t  a r e  g i v e n  by

I t  i s  a common f e a t u r e  i n  e i g e n v a l u e  p r o b l e m s  

s u c h  a s  t h i s  one t h a t  t h e  p r e c i s e  v a l u e  o f  t h e  
d e p e n d a n t  v a r i a b l e ,  i n  t h i s  c a s e  d e f l e c t i o n ,  i s  
i n d e t e r m i n a b l e .  F o r  t h i s  r e a s o n  t h e  f i n i t e  
d i f f e r e n c e  s o l u t i o n  m us t  be  g i v e n  ’’s i z e "  , t h i s  i s  

a c h i e v e d  b y  s p e c i f y i n g  a  v a l u e  f o r  . From
e q u a t i o n  A I I I .  9b t h e  c o r r e s p o n d i n g  v a l u e  o f  
i s  o b t a i n e d .  I f  now v a l u e s  o f  and  a r e

A I I I . 9 a .

A I I I . 9 b
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c h o s e n  a r b i t r a r i l y  i t  i s  p o s s i b l e  by making  u s e  o f  
e q u a t i o n  A I I I .  6 t o  p r o g r e s s i v e l y  i n t e g r a t e  a c r o s s  
t h e  r e g i o n  and  t h u s  o b t a i n  t h e  p i v o t a l  v a l u e s  
a r o u n d  t h e  b o u n d a r y  \  .

From e q u a t i o n s  A I I I . 7 a  and A I I I . 7 b  and  u s i n g
e q u a t i o n  A I I I . 2  t h e  s p e c i f i e d  c o n d i t i o n s  a t  t h i s
b o u n d a r y  c a n  b e  w r i t t e n  a s

» O ............... A I I I .  1 0 a .

[ y “ - ° .....A I I I . 1 0 b .

I f  a f t e r  t h e  i n t e g r a t i o n  p r o c e s s  i n d i c a t e d
a b o v e  t h e  c o n d i t i o n s  g i v e n  by  e q u a t i o n s  A I I I . 10
a r e  f u l f i l l e d  e x a c t l y  t h i s  would  mean t h a t  t h e
c o r r e c t  v a l u e s  o f  and -y, had  b e e n  c h o s e n  and■»
t h e  p r o b l e m  i s  s o l v e d .  I t  would  be  a m os t  
f o r t u n a t e  c i r c u m s t a n c e ,  h o w e v e r ,  i f  i n  e v e r y  i n -  
: s t a n c e  t h e s e  c o n d i t i o n s  w ere  s a t i s f i e d  and  s i n c e ,  
i n  g e n e r a l ,  t h i s  i s  n o t  t h e  c a s e  some s y s t e m  o f  

c o r r e c t i o n  m u s t  be  s e t  u p .

The v a l u e s  o f  and  CX - ) ĉ a r e

c l e a r l y  f u n c t i o n s  o f  b o t h  “fe and . I f  Yj
i s  d e n o t e d  b y  h  b y  by 2  and
(XM~ W^Y') ^  r , i n  f i n i t e  d i f f e r e n c e  t e r m s ,  by  E 

t h e n  t h e  r e q u i r e d  c o r r e c t i o n  c a n  be  o b t a i n e d  f rom  
a  p a i r  o f  s i m u l t a n e o u s  e q u a t i o n s  by  u s i n g  N e w t o n ' s
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i t e r a t i v e  p r o c e d u r e ,  v i z . ,

^  + + a °  * • • ■ A I I I .  11a

E  + ^  ^ + I v  ^  = °  ‘ ’ • * AII3C *l l b

Thus  f o r  t h e  n e x t  c y c l e  t h e  v a l u e s  f o r  t h e  
a s s u m e d  p a r a m e t e r s  a r e  g i v e n  by  ( 4 . * 8 4 )  an d  +

I n  e q u a t i o n  A I I I .  l i b  E i s  g i v e n  by ( x "  ■*
h e n c e

and ve / ,
“ ( a  14 K

i . e .  e q u a t i o n s  A I I I . 11 c a n  be expanded  t o  t h e  fo rm

S-fe. - o

[y * -  VC.v] + [<t“ -  K .^ ]_ xSt> + [i*- K.,a’] $•*>■
“ a. ”

Thus i n  o r d e r  t o  e v a l u a t e  and t h e  v a l u e s
o f  o 1' o'  o . aa(3 *». m us t  f i r s t  beOI / ‘t- ij. / Z -K • - i  *
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e v a l u a t e d .

D i f f e r e n t i a t i n g  e q u a t i o n  A I I I . 3 w i t h  r e s p e c t  
t o  \> t h e  r e s u l t  i s

<£* " 2 ^  [(>-*)+<*>)]q, . # . A I I I .  12 .

w h i c h  may be  w r i t t e n  i n  a n  a n a l o g o u s  fo rm  t o  
e q u a t i o n  A I I I . 6 a s

w i t h  t h e  r e l a t e d  b o u n d a r y  c o n d i t i o n s  a s

< U - 2 k ' '

S i n c e  a l l  f o u r  c o n d i t i o n s  a r e  known a t  t h e  
o u t s e t  i t  i s  a n  e a s y  m a t t e r  t o  i n t e g r a t e  a c r o s s  t h e  
r a n g e  and  o b t a i n ,  i n  f i n i t e  d i f f e r e n c e  t e r m s ,  t h e  

r e q u i r e d  v a l u e s  o f  q \  , <t‘_i and  q .  . .

S i m i l a r l y  f o r a ;  i f  e q u a t i o n  A I I I . 3 i s  d i f f e r 

e n t i a t e d  w i t h  r e s p e c t  t o  “fe. t h e  r e s u l t  i s

“ 2<3ri“ +G l 2. = + <Sjo-*} + 0<v)Jy

w h ic h  may b e  f o r m u l a t e d  i n  f i n i t e  d i f f e r e n c e  t e r m s  a s

w h e r e  A , b  , c. ,Dand e  hav e  t h e  same v a l u e s  a s  i n
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e q u a t i o n  A I I I . 6 and

F « - S [(>-*) +°<

The r e l e v a n t  b o u n d a r y  c o n d i t i o n s  a r e

“ °  ^  = °  “ °  l i . zK = °

H e n c e  i n  a l i k e  m anner  t o  q, t h e  r e q u i r e d  
v a l u e s  o f  and  a r e  o b t a i n e d  i n

f i n i t e  d i f f e r e n c e  t e r m s  and f rom  t h e s e  u s i n g  
e q u a t i o n  A I I I .  11 t h e  v a l u e s  and  S i c a n  now be 
o b t a i n e d .

T h i s  c y c l i n g  p r o c e s s  i s  c o n t i n u e d  u n t i l  S|» 
and  becam e  a c c e p t a b l y  c l o s e  t o  z e r o .  To 
a l l o w  o f  t h e  i n v e s t i g a t i o n  o f  i t s  c o n v e r g e n c e  
c h a r a c t e r i s t i c s  f o r  v a r i o u s  g e o m e t r i c  b o u n d a r y  
a n d  l o a d i n g  c o n d i t i o n s  t h e  i t e r a t i v e  p r o c e d u r e  
o u t l i n e d  a b o v e  was f o r  t h e  s a k e  o f  c o n v e n i e n c e  
p rog ram m ed  by t h e  a u t h o r  f o r  t h e  " S i r i u s ” d i g i t a l  

c o m p u t e r .

I t  was f o u n d  t h a t  due  t o  t h e  power  o f  N e w to n ’ s 
m e th o d  t h e  c o n v e r g e n c e  was r a p i d  f o r  a l l  t h e  c o n 
d i t i o n s  i n v e s t i g a t e d  and w i t h  up to  t w e n t y  f i v e  
i n t e r v a l s  i n  t h e  r a n g e  o f  i n t e g r a t i o n .  I t  may be 
s e e n ,  t h e r e f o r e ,  t h a t  t h e  method a l s o  l e n d s  i t s e l f  
v e r y  w e l l  t o  a method o f  t a b u l a t i o n  and  c a l c u l a t i o n
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u s i n g  a  d e s k  c a l c u l a t o r .

G i v e n  b e lo w  a r e  c o m p a r i s o n s  o f  t h e  r e s u l t s  
o f  t h i s  m e thod  o f  s o l u t i o n  w i t h  t h o s e  o b t a i n e d  
by  p r e v i o u s  w o r k e r s .

v a l u e s  o b t a i n e d  by  t h e  a u t h o r  u s i n g  t h e  
m e thod  o u t l i n e d  a b o v e .

.1
-fe. v a l u e s  o b t a i n e d  by t h e  a u t h o r  u s i n g  t h e  

G a l e r k i n  method ( s e e  C h a p t e r  I I I ) .

-fe. v a l u e s  g i v e n  b y  L u n d q u i s t  and  S t o w e l l  

( 1 9 4 2 )

_U

■r. v a l u e s  g i v e n  by  Timoshenko  ( 1 9 6 1 ,  Chap. 8)

T a b l e  1 C o m p a r i s o n  o f  v a l u e s  o f  -fc f o r  a  u n i f o r m l y  
c o m p r e s s e d  p l a t e  s i m p l y  s u p p o r t e d  a l o n g

b o t h  u n l o a d e d e d g e s . ^,= 1 ^ = 0  °< = o

<1> 0 . 4 0 . 8 1 .1

-fe. 8 2 . 9 8 4 4 1 .4 6 1 3 9 .7 9 1

4? 8 3 . 0 0 3 4 1 . 4 6 8 3 9 . 8 3 4

4 8 3 . 0 0 3 4 1 .4 7 7 3 9 .8 3 8
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T a b l e  2 C o m p a r i s o n  o f  v a l u e s  o f  "fe f o r  a  u n i f o r m l y  

c o m p r e s s e d  p l a t e ,  e l a s t i c a l l y  r e s t r a i n e d  
e q u a l l y  a l o n g  b o t h  u n l o a d e d  e d g e s .

— o

0 . 4 1 .0 1 . 2
\ 8 5 . 0 9 4 5 1 .2 9 7 5 7 . 6 8 0
4T 8 5 . 1 0 7 5 1 . 3 5 5 5 7 . 7 0 4

8 5 . 0 5 6 5 1 .3 6 5 5 7 . 7 9 1

T a b l e  3 C o m p a r i s o n  o f  v a l u e s  f o r  f o r  a u n i f o r m l y  
c o m p r e s s e d  p l a t e ,  b u i l t - i n  a l o n g  one u n -  
: l o a d e d  ed g e  and  s i m p l y  s u p p o r t e d  a l o n g  t h e  
o t h e r .  -  os vc.= o  <x -  o

0 . 6 o * 00 . o

-k 5 8 . 2 4 9 5 3 .1 7 9 5 6 . 3 7 9

5 9 . 8 0 0 5 3 .3 3 3 5 6 . 7 4 2

< 5 8 . 4 0 5 5 3 .3 9 3 5 6 .6 5 3

T a b l e  4 C o m p a r i s o n o f  v a l u e s o f  \  f o r  e c c e n t r i c a l l y

c o m p r e s s e d  p l a t e ,  s i m p l y  s u p p o r t e d  a l o n g  

b o t h  u n l o a d e d  e d g e s .
Ke “ °  0<* ‘



,+ ve u

F»a. ATE .3
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* 0 . 4 0 . 6 0 . 8 1,.0
4. 1 4 9 . 4 7 1 9 6 . 1 0 4 8 0 . 1 9 7 77,.030

1 4 9 . 0 3 0 9 5 .7 3 5 7 9 . 9 4 4 76.,938
< 1 4 9 . 5 3 6 9 6 .1 6 4 8 0 . 2 5 5 77.,101

C ase  b I n i t i a l l y  f l a t  r e c t a n g u l a r  p l a t e  c o m p r e s s e d  
by  a  l i n e a r l y  v a r y i n g  l o a d  a c t i o n  a l o n g  two 

s i m p l y  s u p p o r t e d  o p p o s i t e  e d g e s  and  h a v i n g  
one  u n l o a d e d  edge  r o t a t i o n a l l y  r e s t r a i n e d  
and  t h e  o t h e r  f r e e  ( F i g u r e  A I I I . 3 ) .

The s o l u t i o n  f o r  t h i s  t y p e  o f  p l a t e  i s  i d e n t i c a l  
i n  e v e r y  r e s n c c t  t o  t h a t  i n  Case  a e x c e p t  t h a t  t h e  
b o u n d a r y  c o n d i t i o n s  at  t h e  f r e e  edge  l e a d  t o  s l i g h t l y  

m ore  c o m p l i c a t e d  e x p r e s s i o n s .

I t  was shown i n  C h a p t e r  I I  t h a t  t h e  c o n d i t i o n s  
a t  t h e  f r e e  ed g e  may be  f o r m u l a t e d  i n  n o n - d i m e n s i o n a l  

t e r m s  a s

f  +  - £ ^ . ]  „  o

w h i c h  i n  t h e  t e r m s  d e f i n e d  i n  e q u a t i o n s  A I I I . 4 b  may
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b e  w r i t t e n  a s

[  Y 1" -  « U - v ) Y '  ] v _i

I f  t h e s e  a r e  now a p p r o x i m a t e d  t o  b y  t h e  f i n i t e  
d i f f e r e n c e  e q u a t i o n s

h V  = i [ v T* tk  -  2 Y ^ k * U „ h - V w ]

KW ; -  Y ^  - 2 Y. + Y,_k 

K y ;  -  Y , .k ]

a n d  r e d e s i g n a t e d  M and N r e s p e c t i v e l y  t h e n ,  a n a l o g o u s  
t o  e q u a t i o n  A I I I . 11 ,  t h e  c o r r e c t i o n s  t o  t h e  assum ed  

v a l u e s  o f  'k an d  Y± , . can  be  o b t a i n e d  f rom

M + .........................A I I I . 1 3 a .

+.................................. ......................... A I I I . 1 3 b .
a t  F Vfe

From p r e v i o u s  d e f i n i t i o n  i t  i s  p o s s i b l e  t o  w r i t e  

^  « o'" _ « • £ ^  « 2lV -  <k fr-v)

^  » o \  ^  - z ’*
°  * a-fe. x
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S u b s t i t u t i n g  t h e s e  i n  e q u a t i o n s  A I I I . 13 t h e  
r e s u l t  i s

+ | z ul-  £(2 -'v)"i’J + -  o

The r e q u i r e d  v a l u e s  o f  z %\  , , e t c .

a r e  f o u n d  i n  f i n i t e  d i f f e r e n c e  t e r m s  a s  i n d i c a t e d  
p r e v i o u s l y  f o r  p l a t e  i n  Case a ; t h e  c o r r e c t i o n s  
SV a n d  S-fe f o l l o w  f rom  e q u a t i o n s  A I I I . 14 .

A g a i n  t h i s  i t e r a t i v e  p r o c e s s  was programmed 
f o r  t h e  d i g i t a l  c o m p u t e r  and  i t  was fo und  to  be  

r a p i d l y  c o n v e r g e n t  f o r  t h e  r a n g e  o f  l o a d  g e o m e t r i e s  
a n d  b o u n d a r y  c o n d i t i o n s  i n v e s t i g a t e d .

I n  t a b l e s  5 ,  6,  7 and 8 c o m p a r i s o n s  a r e  made 
f o r  s a m p l e  v a l u e s  o f  o b t a i n e d  by  t h i s  method w i t h  
t h e  c o r r e s p o n d i n g  v a l u e s  fo und  by p r e v i o u s  w o r k e r s .

-fc. v a l u e s  o b t a i n e d  by t h e  a u t h o r  u s i n g  t h e
m ethod  o u t l i n e d  a b o v e .

"fe! v a l u e s  o b t a i n e d  by t h e  a u t h o r  u s i n g  t h e
G a l e r k i n  method ( s e e  C h a p t e r  I I I ) .

r v a l u e s  g i v e n  by  Timoshenko  (1 9 6 1 ,  Chap. 8)
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T a b l e  5 C o m p a r i s o n  o f  v a l u e s  o f  f o r  a  u n i f o r m l y  

c o m p r e s s e d  p l a t e ,  s i m p l y  s u p p o r t e d  a l o n g  

one  u n l o a d e d  e d g e ,  f r e e  a l o n g  t h e  o t h e r .
K ,  *  O  o L - O

4> 1 . 0 1 . 4 1 . 5 2 . 0
-k 1 4 . 1 4 4 9 . 4 0 4 8 .7 3 7 6 . 9 6 2

1 4 . 2 2 2 9 . 3 9 6 8 . 7 5 1 6 . 8 8 9
£ 1 4 . 1 5 4 9 . 4 0 0 8 . 7 6 4 6 .8 8 8

T a b l e  6 C o m p a r i s o n  o f  v a l u e s  o f  f o r  a  u n i f o r m l y  

c o m p r e s s e d  p l a t e ,  r o t a t i o n a l l y  r e s t r a i n e d
a l o n g one u n l o a d e d  edge  and f r e e  a l o n g
o t h e r . k„  -  e> c* ^ o

<*> 1 . 0 1 . 5 2 . 0

1 5 . 5 3 0 1 1 .3 9 2 1 1 .0 8 7

-tf 1 5 . 5 9 6 1 1 .4 4 8 1 1 .0 5 4

1 5 . 5 7 3 1 1 .4 1 1 1 1 .0 9 9

T a b l e  7 C o m p a r i s o n  o f  v a l u e s  o f  *£ f o r  a n  e c c e n t r i c a l l y  
l o a d e d  p l a t e ,  b u i l t - i n  a l o n g  one u n l o a d e d  edge  
and  f r e e  a l o n g  t h e  o t h e r .  K.t,= e*> * o - s

4> 1 . 0 1 .5 1 .7 5 to o

A 2 7 . 2 3 8 2 1 . 8 1 3 2 1 .8 1 9 2 2 .6 2 3

■tf 2 7 . 3 1 6 2 1 .7 9 3 2 1 .8 0 7 2 2 .6 9 0
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T a b l e  8 C o m p a r i s o n  o f  v a l u e s  o f  f o r  an

e c c e n t r i c a l l y  l o a d e d  p l a t e ,  e l a s t i c a l l y  
r e s t r a i n e d  a l o n g  one u n l o a d e d  edge  and 
f r e e  a l o n g  t h e  o t h e r .  Hr ot=-i-o

* 1 . 0 1 . 5 1 .7 5 2 . 0

5 4 . 2 8 6 4 2 . 3 2 6 41.080. 4 1 . 3 1 3

■tf 5 4 . 2 6 2 4 2 . 2 3 5 4 0 . 9 7 3 4 1 . 2 5 5
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A P P E N D  I X I V
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l U S 'T A . t ' ,  I L  \-V'<

T avom6h
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OF- t h e  Qm.EB-K.im S e«U 6S POR. ^ E F ru ec .-r(ONj -rweM  r r  i*  P o iS iB tF  t o  W r , t e

T h e  E  c ftu  A T t  C7»4 p r o e .  l M < a T A & U lT ^  A S

**-»* -A t<f.
5Z ( " 2 1?  d^M * " V  Y'  " ^ -  m °*
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Ex.?R.ESStOkt a .s .  0) W h f m  (*■+■*■} eve*a ; (?0 W«Em *s ot>t>

(j) K * (» A » » \)  >S E V E N

f \ , ^ * « i  - i«7sw [r i«  ♦
•1*. d<li I

(ii) 's odd

{ V *  —  O lv ,  -  % t 4 H ( D » A A ',-C ‘ B A '* e , ' - <:A

-K d-̂ i. i. l
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- * C,D^] ■

S  I T  C ^ M  B E  . >̂V»i O W n  T H p ,T  ;

(\) K* ( . »+ >* c. vg-H

f ' 1
Hs

(■A*!.) (* » l) I) ; -V

 ̂ d  Y d V  =  C^»^' (>'+,'XV'+;‘V ^ts^'n’-^V"^eiA + ( *  + ££*+1-) ̂  '  ( 'V '-'X '^ '? -)B v, j

-V dSa- ["(vvt-ivX^-'-v) ■»■ (."'•'■* VI>'*-'1-) A  -* C.;. *  '*■"*■') & * B > .  ■*■ (>*■*')■* +W^ ( v" ' 0 t > w l  +  -V ^ -Vt>i L J H'-M

+ (^O-^ CvkC •*-̂ ("-*) + >'0*-^ b*t>;. "|

* )

J  d v  ' ^ .  ^  ^  {*>* +

(*vv+lX,y'4’0 >\ (h-i') B Ĵ -v ■■ ̂ (w-*->tX‘v'>kY‘n>"L̂.'N'M̂ + (.'*'"*'4XV''*''1-Xv',v0"ir'■ + C'"L*̂X"'v'')'yv (""O -♦

■*• V\(viMXvsr»X̂'*-') "(*-*) + C^'V (v^V-I^C^;. +

fr •a(vs-»X-^C-V)1>,D;^.+ -2£ir
K.’

[^ Ŷ d ^  d n = ;cu  r 5-* -

4- B*C  ̂ * AXt^) ♦ •gL (b;Cx^atx.>)]
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+ U*^ta+z) A; 4- (Y4xYA4.|')Ba J -  2(a*'XÂ  + ^  lo[(A4HXi*v)Dw4- (A4iXA^KA Aa Ra-i-RR-'R Ba 4

4- ( W ) K  Ka C a 4- A ( a-Vs! b ; ] -  a [ (Y 4 w X /4 0 B ^  t U - i X ^ A ^ A ; .  4-(Y4i X av i')B x ]  4 - - i -

4- (A 4 -.V  C ^ C x  4  aCa-Fi B - l x ] -  B 2  ^A4S-XA4i)t>« 4- (X4-*Xa4-z)C~ A a 4 ( a*xXavOBa B a 4 U v> V  A « C a 4- 

h [ u ^ , v ) Bw  4- U ^ X a « ) A *  a ;  4(x«Xx44^B,jJ 4. Y U - O b . D i  -  l2&[(A4,)G>0tLBA -



-  215  -

♦ A ( X -'> t>>]J - ^ - [ s - 1 2  -* U - 0  *\*T>a -  ( .H .[u 4 l X ,4 , \ t> .B A 4 ( a > 0 a  A*. A ; 4- X(a-x) % ^  ] j  4

£  <*X '  L.U5I S.M -«««  U t l  • *$**

Aui> »*. ObpTHM %,K)=“^ n [-^*(A*4.A;.W ^(C ^4.»HAi*A^4.cx) 4

♦  4 - c ^ a i  - ^ ( o ^ C i 4 < G t » i ) ]

A * t>  m  k ' - C w * ^  i *  c v s N - n * « M

4  4 .  A ^ O , .  ^  4  ( o * » A 4  C ^ C ;  j j H r  D J > - ]

/  /  >v>y a^I  ^ d* '  wm**b ^  * * i*1

AMt> IP K* (• 4\*a) ‘k OFO ti»*m gn fa) - ^j;c [ ^ u[(— X-k>AA ♦ t^kt^OA*] 4 jfa*t**V)CA4-

4 (4*4%x̂ 4.i) Ik*. Ba ■* B»A; 4 (w-VpC.] 4- djj- A»l>* * b++\~*)m»Ci 4 (~**V C.&; 4

4X(h-i) b* A*] 4  ^  £(v**Oi* G* Dy ■*• ■*(■*-«) t>%Xi.]j

Awt> IF K'C*4|4a) Ik EVCM T»W 3ih)" (VV+Ĥ * i  ̂* ^[(-"•H*X’*4k>Bi4 (wuXŵ A,***
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4  k (v * 4 -H -" )  a a ]  ■*■ ^ « VLt. [ c h - ( k v * v X v s v \ ' ) C v E > *  i L c y  •* B z ( k T x X ,* 4 k ) A v . b y  -  B z  ( k + z ^ v  b v »  A y  —

-  ? » Z ( .k 4 k X v v + 1 .Y B w C y  -  V l - ( k * x Y 'H . V | ') C v . B X  4  M- S. ( w - v i )  A * B X  4 - H - + 14. s ( l A 4 \ ) C ,*  4  4 - 5(v*4m)Ca ] 4- 

+  0 4 x C * ^  A « b y  4 ifc  k .t» . D * .a a’ - f iu  sC***!-) B « C y  4i(* c(v**i) G * B y  — l2&(v4iXviA-i)Cv«Dy -

- 12© ( w v  t y c ; ]  4- ix ,c y j j

A n ©  i f  K s {* Y \4  y  A -k )  Ifc E V C M  t h e m  ^  (*+ < *** + + ) 4 - jd ^ ^ A - C i* 4 X 'H 4 S . ) A A A ;4 -

4- <l-(fc4i*Xvi4T.) 4H- (kr'vX"4-'*^ Ba -  2 . (SvtXw4H)j 4- ( [ I t  (4*"vX'''4l)A,.CA' 4  Ik (k4«*X'v*4l') C>. A * 4

♦  i t  ( 4 4 4 K h * i ) b a  e>y 4- vu C s .4 h W  bv* v i e ,  (k^XiA-*.!*.) t>X -s» (k 4 iX % A 4 k )A « A y -a C k 4 * .x -H 4 i)B %r fc(<4»Xi44H)B; 4  

4  k (w 4 .< *)] 4- (k 4 H Y » 4 l^  ©v* X>y 4 -k  <+(*■»**■ )w  P*.BA  4  G if  (&4I#X»AA.|')  LCTa "  B 2 (fc ti)C w * i)  A * C i “

-  v z  Cvs A  ;  -  a a .  ( k 4 i -X v v4 i )  b , * b ;  -  5 a  U 4 » ) p  b ~  -  v *  (*4 z X ~ 4<0 b X  4 a « . ( » * * }  a *  A y  4

4  H-fc(vA.VT_) ^  H -k  (v^4-<4) B a  ]  4  J ^ ^ [ 2 5 G  (444 .) 4\ IX , b y  -  l '£ 6 (k 4 2 .X v \« )B „ t> X  "  l l k f a t l ) v » . L . ^ A-



-  2 2 0  -

- lie, (>4l)(vA* v') ( 4 L  ̂ (wv)4, C, 4 *G k(-VN4. ,Y CL Aa + I G *(>*+Z.) fev, S a 4 I (, ̂ . * 4

+ IG k. ti A] + ■{&**• k(v\-*Oa*.D.i ♦fefs.w L b a +(,^4(v*)CwCa - S \2 (-SrttW +■

+ 1£U s.v, -D̂ Cyl.K"H J



-  2 2 1  -

A P P  E N D  I X



-  2 2 2  -

APPENDIX V .

Pjl.OTOGRAMMETHIC METHOD OF DEFLECTION 
MEASUREMENT.

In order to assess the capabilities of the 
developed mathematical theory to predict accurately 
the deflected shape of a compressed plate it was 
necessary to determine the deflection distribution 
over the surface of sample test plates. Such 
distributions were also valuable for determining 
the accuracy with which the experimental boundary 
restraints reproduced the conditions for which they 
were designed. Since, in general, the more con
ventional methods of deflection measurements, such 
as clock gauges, give values at separate widely 
spaced points it was necessary to construct special 
equipment embodying photogrammetric principles.

Photogrammetry is the science of measurement by 
means of photographic optical equipment. It has a 
very wide range of applications, from aiding the 
construction of maps by aerial stereoscopic photography 
to the study of very small deflections in flexed thick 
steel elastic plates. As high definition optical 
equipment becomes increasingly available more and more 
of these techniques are being developed for use in the 
various branches of engineering. These techniques of 
course all have their special advantages and corres
ponding disadvantages; before proceeding to a descrip
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:tion of the equipment used in this investigation 
a brief resume of some examples of these engineering 
applications is now given.

In plates the force and moment resultants at 
any point may be expressed mathematically, for 
small deflections, in terms of the second derivatives 
of the deflection at that point. For complicated 
cases of plate geometry where an exact theoretical 
analysis is difficult, an experimental measure of 
deflection may facilitate the development of an 
accurate empirical approach. Duncan (1963) designed 
equipment for this task along the lines of that 
previously used by Salet (1939) and Ikeda (1951).
In this the image of an illuminated target of spec- 
:ific design was projected on to the deflected model, 
a resulting image of the target was then reflected 
through a lens system and pinhole on to a photographic 
plate. By this method the lines recorded by the 
camera joined points of equal slope on the model, the 
direction and magnitude of the slope being specified 
by the target geometry.

A similar result to this was obtained by Ligtenberg 
(1955) and Palmer (1957) by using an application of the 
Moire fringe technique. In this method an image of a 
ruled target was reflected from the unloaded model 
through a pinhole on to a photographic plate. The 
model was then loaded and the resulting distorted target 
image again recorded photographically. The two photo



.graphs when superimposed displayed a series of 
fringes which represented lines of equal change 
of slope; the magnitude and direction of which 
could be determined from the system geometry.
These results were then either integrated geometri
cally to give deflection or differentiated to 
give moments and forces. The disadvantages arise 
mainly from the lack of accuracy due to the diffi
culty of determining the actual position of the 
fringes. They also suffer from the necessity of 
having a good reflecting model, a consideration 
which precludes the use of actual metal test 
plates, usually black perspex models are used.

A method which determines deflections directly 
and may also be used in experimental tests was that 
developed by Jackson & flail (1947). This work dealt 
with the deformation of curved thin plates under 
axial loads. A vertical line-filament lamp used as 
a light source cast sharp shadows of grid wires on 
the surface of the specimen. The position of the 
lamp, wire grid, and the scale of the photographs 
were arranged in such a way that images of shadows 
were formed in straight lines and kept a constant 
distance, 0.5 mm, from the adjacent images of the 
wires. Under axial loading the plate deformed and 
the shadow of the curved grid would bend to the 
right if the vertical section of the specimen bent 
backwards. The photographs were measured over 0.5
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inch centres and contours of the deflection 
were plotted.

This method has the disadvantages that 
expensive equipment is necessary to measure the 
photographs and also because of the inherent 
inaccuracies of the measuring process very small 
deflections cannot be determined precisely.

Description of Apparatus.

Since in this investigation it was necessary 
to use the actual test specimens and since large 
deflections were involved the obvious choice of 
technique to be used was the last one in the above 
section.

In this application the light sourse (Figure 
AV.l) was a 1 kw. line element lamp enclosed in a 
thin metal casing. The inside surface of this 
casing was carefully blacked out so that the only 
light emanating from the source was directly from 
the element, knife edged shutters were also fitted 
on the casing to allow adjustment to be made to the 
width of the beam and so minimising the amount of 
background illumination falling on to the specimen. 
Cooling was provided by blowing air through the 
casing and a variac was included in the light 
circuit thus extending the life of the lamp by using
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reduced power for setting up and full power 
only during an actual test.

Very fine shadows were obtained by using 
0V005 diameter wire about 0’.'5 above the plate 
surface. The best results were obtained using 
ni-chrome which had a dull finish thus reflecting 
very little light on to the camera. The wire 
was arranged to form a grid with OV5 between the 
lines by lacing it round pegs fitted in accurately 
machined metal strips which were screwed firmly on 
to each side of the loading rig.

The photographic recording equipment was a 
Micro-Technical camera with a Schneider-Kreuznach 
Symar lens of 150 mm focal length; Kodak P300 
plates developed using Microdol-X were found to 
give a good image with little grain effect while 
maintaining a medium speed with a small aperture 
setting. The camera was mounted on a scaffolding 
at approximately 47" above the plate surface, the 
scaffolding also formed a framework over which 
black sheets were draped to exclude extraneous 
light.

The photographic records of the shadow horiz
ontal movements on the test plates were measured 
on a Societe Genevoise Jig Borer (Figure AV.2).
The plates were mounted and illuminated on the



Fig. AV.3.

Direction of light. --------
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moveable machine table and viewed through the 
machine’s standard graticulea microscope attach
ment which gave a 12X magnification.

Calibration and Use of Equipment.

In order that the nhotographic measurements 
can be correlated to the test plate movements it 
\yas necessary to know the scale and, if any, ■ 
distortion. In this equipment the calibration 
was performed as follows.

The camera was set up with the object glass 
perfectly level so that it was parallel to the 
previously levelled test rig. A perspex sheet 
which had a grid marked on it was placed in the 
rig instead of a specimen and photographed 
(Figure AV.3). The grid was of 0V5 pitch and had 
been engraved using a vernier stand, it was sub
sequently measured on the jig borer. The photo- 
rgraphic plate was then measured and the results 
compared to the actual sizes. It was found that 
the scale was 7.14 and that when a small aperture 
was used there was no discernable aberration across 
that portion of the lens. In order to reduce the 
error introduced by distortion of the photographic 
plates care was taken at all times that they were 
not subjected to temperatures outwith the range of 
65-70°F. It was also found that with care and
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practice it was possible to measure differences 
of 0V0002 on the photographic plate. A measure 
of the accuracy of the whole equipment was 
assessed using Johansson slip gauges of known 
size (07145) on the surface of the test specimen 
and obtaining the deflection indicated by the shadows 
of the wires (Figure AV.4). The resulting variation 
of about i l */© was taken as very satisfactory.

System Geometry.

Figure AV.5 shows the system gepmetry for a 
specimen wire. The convention is that if the wire 
is to the left of the camera axis then angle £ is 
taken as positive, if it is to the right then ^ is 
negative, upwards deflections of the plate are taken 
as positive, downwards deflections are negative.
It will be seen therefore that there are four com- 
:binations of systems which must be considered. It 
was found, however, that these may be calculated 
using

. ■■ . - W Q . I A q f a ' - i )
I + ‘tBuwv, ̂ tilv.©

with y/9 - w 1 if 

and w «  w' if
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-e** Direction of light.

Fig. AV.8 Load = o lbf.

Fig. AV.9 Load = i & G S l b f .

F i g .  A V . 1 0  L o a d  = 2 9 4 0  l b f .
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■£>* Direction of light.

Fig. AV.ll Load = 4-\solbf.

Fig. AV.12 Load =5090lbf

Fig. AV.13 Load = 53>2olbf.
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Results.

Figure AV.6 shows a specimen contour of a 
plate which is simply supported along one 
unloaded edge and fixed along the other. Figure 
AV.7 shows sections taken longitudinally through 
the plate at various loads which together with 
the previous figure were obtained from the sequence 
of photographs shown in FiguresAV.8 - AV.13.
Other examples of results from this method are 
shown in Chapters IV and V and are fully discussed 
in the latter.

Conclusions.

The "wire-shadow" method of deflection measure- 
:ment as it has been used has proved invaluable in 
assessing the efficacy of the experimental boundary 
conditions and also the mathematical analysis out
lined in Chapters II and III. It has the advantages 
over more conventional method of measurement in that 
a plot can be obtained of the deflection over the 
whole surface without any contact being made with the 
test plate and since photographic plates form a perm
anent record of the state of the test plate they can 
be reanalysed in the light of any future requirements.

The disadvantages of the method lie mainly in the
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difficulties associated with the developing 
and measuring the fine grain photographic 
plates - these can be overcome with practice.
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APPENDIX V I .

MATERIAL PROPERTIES.

(i) Plates.

The rolled steel specimen material was 
supplied in 6 ft. x 3 ft. sheets which were 
subsequently guillotined and machined to the 
required test plate size. During the cutting 
operation pieces were taken from various locations 
on the plate to provide test specimens which were 
dimensioned according to B.S.S. 485. These were
tested on a Hounsfield 2 tonf capacity tensometer;
the strains being measured either by foil resist
ance gauges or by a Huggenberger extensometer. 
Figure A VI.1 shows some typical Load vs. Strain 
curves for a 0V041 thick plate.

The range of values obtained for some forty 
specimens was

<%*j u fct-lKio* - 2<pi *\o* ib^/w1

EL '*>o.iirx\d’ -

0-22i - O'UO

Average values for use in the calculations were 
taken at

* 2 .S  • “S  x  V O *  H /v * x  ; U ^ -  0 - 2 . S
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(ii) Channels.

Tensile test specimens were machined from 
lipped and plain channel sections and Figures 
AVI.2 and AVI.3 show the variation of the yield 
stress and Young’s Modulus across two such 
sections. A typical plot for determining 
Poisson’s Ratio is shown in Figure AVI.4, in 
which the strains were obtained using foil 
resistance gauges bonded along and across the 
specimen. With one such pair on top and another 
bonded identically on the bottom side of the ten- 
:sile test piece and wired in series any slight 
bending effects were eliminated.

For the channel material the range of values 
obtained from about twenty five specimens was

-  a a  x vo1 M /v*'

E ao-ax io* - as-sxio1' M/v*1

V 0-12.C, - o i m

Here the values used in the calculations were
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Material Thickness.

The material thickness was measured at 
various points on specimen plates using a hall 
anvil and a comparator with a hallended stylus. 
It was found that the thickness variation was 
generally within io*©oos and a typical distri
bution is shown in Figure AVI.5.


