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Preface.

Several aspects of the two related fields of Nuclear Magnetic
Resonance Spectroscopy and Nuclear ‘uadrupole Resonance Spectroscopy
are discussed in this thesis. The principle controlling much of my
research has been an interest in correlating experimentally observed
quantities with the conceptual framework of chemistry. For this
reason, I have not interested myself in particular groups of chemical
compounds. Instead, I have been concerned with methods for obtaining
spectra, for extracting the relevant parameters from these spectra,
and for interpreting these parameters in terms of molecular and
electronie structure.

In N.M.R. spectroscopy, my main research topic has involved methods
for extracting molecular parameters from complex high resolution
spectra. To a lesser extent I have also studied the interpretation
of these parameters in terms of molecular electronic structure.

Iy work in the field of N.G.R. spectroscopy has been entirely
centred around putting the subject "on its feet" in the department,
This has involved constructing a Nuclear Quadrupole Zeeman Resonance
Spectrometer and developing methods for evaluating quantum mechanical
"matrix elements" necessary for the interpretation of nuclear
quadrupole coupling constants in terms of electronic structure.

I would like to thank The Royal Society for granting funds enabling
the spectrometer to be built, Professor J.l. Robertson for obtaining
the grant, and Dr. A.L. Porte for supporting my interest in the field,
For helping with the construction of the spectrometer, I would lile
to acknowledge the asgistance of all members of the departmental
workshops. In particular, I wish to thank Mr. M, Riggans and lir. J.
Mulhinch for their contributions. For enabling me to speed the
construction of the spectrometer, the willing co—operation of Mr. G.
Xerr, Mr, A, Hislop, and Mr. M, Riggans is appreciated., The enthusiasm,
expert advice, and practical help in electronics due to Mr. J. Lumsden
has been invaluable.

In my computing work, I am indebted to the staff of the University

Computing Department for assistance in correcting programmes.



For suggesting the "Isotope Shift Effect” problem, for providing
introductory notes concerning "4 Least Squares lMethod for Refining
Chemical Shifts and Spin-Spin Coupling Constants", and for his
interest and supervision I wish to thank Dr. A.L. Porte.

Finally, I would like to express my gratitude to The Carnegie
Trust for the Universities of Scotland for financial support during
the entire period in which this research has been carried out,

The arrangement of the material is quite straightforward. There
are two main sections, each of which is divided into chapters and
sub-chapters., Diagrams and tables are indexed according to the
chapter and sub-chapter in which they occur. I have assumed that
the reader is familiar with quantum mechanics, theoretieal chemistry,

and is acquainted with magnetic resonance spectroscopy.

R. Wallace.
(1964)
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General Introduction

Many atomic nuclei in their ground state possess non-zero spin
angular momentum. Such nuclei poésess a magnetic dipole moment and
several of them exhibit also an electric quadrupole moment. These
nuclear moments interact with magnetic and electric fields in such
a way as to produce a series of noneguivalent sub~levels of the
ground state nuclear emergy level. It is possible to observe
transitions between these sub-levels by radiofrequency spectroscopy.
In addition to interacting withk externally applied magnetic and
electric fields, these moments also interact with irternal fields
generated primarily by the electrons of the molecule or crystal in
which the nuclei are situated. The subjects of luclear Magnetie
Resonance Spectroscopy and Nuclear Quadrupole Resonance Spectroscopy
are concerned with the observation of these nuclear splittings and
chemical interest in these subjects is largely concerned with the
nature of these internally produced nagnetic and electric fields.
It is with such investizations that we shall be concerned in this

thesis,




Nuclear Magﬁetic Resonance Spectroscopy

Section A.




Introductory Theory 1.

As we have already mentioned, many nuclei in their ground state
possess non-zero angular mementun, which we shall represent by J., If
this angular momentum is regarded as a vector property of the nucleus,
then its magnetic moment can be regarded as a parallel vector. Hence

we can write:—

LS (1.1)

where Y is a scalar quantity known &s thoe magnetogyric ratio.

In quantum theory, p and J are treated as wvector operators. The
meaning of the concept of two operators being"parallel" is found by
considering the matrix elements of the operators. Suppose we define
a dimensionless argular momentvn operator, I, by J = HI, 12 then has
eigenvalues I which are either integral or hali-integral. Any
component of I, for example IZ, if the nucgeus is described in a
Cartesian reference frame, commutes with I7, so that we may specify
sirmltanecously eigenvalues of both 12 and Iz. Let us call the
eigenvalues I and m respectively. Then m nmay take any of the 21 + 1
values I, I =1, ove.v.0o., ~I. The meaning of (1.1) is then that

(I nlpfi m') = ¥h (I o IX,I Im) (1.2)

where_pk, and ng'are components ¢f the operaters p and I along the
arbitrarily chosen x' directicn. The validity of this expression is
based upon the Wigner - Ickart Theorem}

If a nucleus of magnctic moment ju is subjected to a magnetic field
H, the energy of interacticn is given by the expectation value of the

operator:-

# = ~p.H (1.3)

If we choose the direction of the applied field to be along the

2z - axis, the coupling Hemiltonian tekes the simple form:-




# = mEI (1.%)
The eigenvalues of this Hamiltonian are given by
E_ = AYhHO(I m'|Iz|I m)

=JM§ n=1,I-1,.,..,~I
(1.5)
These magnetic energy levels are equally spaced, differing in energy
by YﬁHo.
We can detect the presence of such a set of energy levels by
radiofrequency spectroscopy. What is required is to have an inter-
action which can cause transitions between levels. The interaction

must be time dependent and of such an angular frequency that
hw = AE (1.6)

where AE is the energy difference between initial and final nuclear
energy levels. Furthermore, the interaction must have & nonvenishing
matrix element between initial and fimal states.

The coupling most commonly used to produce magnetic resonences
is an alternating magnetic field applied perpendicular to the static
field., If we write the alternating field in terms of an amplitude Hg,
we get a perturbing term in the Hamiltonian of

H ert = ~YBHCI_cosut (1.7)

The operator IX has matrix elements between states m and m' which
vanish unless n'=n £ 1. Conseguently the allowed transitions are

between levels whick are adjacent in energy, giving
hw=AE = YhH (1.8)

If we have o sample containing an assembly of nuclei of the same
species, we can, by suitable experiment, detect the frequency st
which resonance taltes place. Dy way of an example, the magnetic
moment of the proton is 1,42 x 10‘23ergs/gauss, which means that

&




ot a field strength of about 14,000 gauss, the resonance frequency
of the proton maognetic monent is in the vieinity of 60 Mc/s, which
can be fairly simply produced Lyradicfregquency technigques,

The information which one con obtain from o nueclear magnetiec
resonance spectrum depends very much upon whether the sample under
study is in the solid or liguid state, Uith solids one obtains
wvhat are cailed broad-line gpecire, the line width of the resonance
depending largely upor the magnitude of nuclear magnetic dipdle-
dipole interactions in the solid, In licuids in which the
molecules are tumbling rapidly, these dipolar interactions average
to zero and line width is then limited primarily by the homogeneity
of the applied mognetic field, Spectra which are obtained with
liquid samples under conditions of high magnetie field homogeneity
are refc—red to as "High Resolution Nuclear Magnetic Resonance
Spectra", Such spectra exhibit small splittings of the resonance
lines due to nucleus~electron internctions. It is the observation
of these splittings which malkes the subject of nuclear magnetic
resonance (N.M.R.) spectroscopy so interesting to the chemist and
it is with this subject that we shall be concerned in this section
of the thesis,

There are two distinct mechanisms cousing these splittings. The
first is due to the fact that the applied magnetic field induces a
small magnetic fielc in the electrons of the molecule. As this
induced field depends upon the nature of the electron distribution,
nuclei in electronically different enviromzents experience different
induced fieclds. If the induced field at the nucleus is E, then the

resonance frequency of the nuclcus becomes:—

w = Y(T_ +AL) (1.9)

wvhere AH is proporticnal to Hb. If we define a quantity o which is

independent of the applied ficld by

Al = ~0H
©
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the resonance frequency becomes

= Yﬁo( 1-0) (1.10)

0 is usunlly referred to as the"magnetic shielding constant" of the
mucleus. This dependence of the rescnance frequency upon the field
induced in the electrons has become lmown as the “chemical shift".
There is another mechanisn regponsible for the splitting of N;M.R.
spectra which is independent of the strength of the applied magnetic
field and which does depend only upon the eleetronic enviromment of
the nuclei in the molecule, This splitting mechanisn arises because
of magnetic polarization of the eleetrons by the nuélear magnetie
poment, this polarization being transferred to other nuclei by
eleetron spin-spin interaction. This indirect coupling of nuclear
spins is referred to as "spin-spin coupling. We shall exanine the
theory of both chenical shift and spin-spin coupling phenonmena in

greater detail in chapter 5.




Some Chemical Aspects of

High Resolution N.M.R. Spectroscopy

To the chenist there are essentially two aspects of high resolution
N.M,R. spectroscopy, the first being experimental in nature and
Leing concerned with the detection of spectra, and the second,
theoretical, involving the interpretation of these spectra.

Because the perturbation of the nuclear spin energy levels due to
nucleus—-electron interactions is small compared to the splitting of
these levels by the applied magnetic field, nuclei of the same species
resonate at only slightly different field strength at constant
frequency, (egqn. 1.10). As a result of this, and because of the
importance of the tecknique to organic chemistry, there has been a
tendency to design MN.}M.R.spectrometers with a view to the detection
of proton magnetic resonance spectra. Because the spectrometer
which was available to us was being used exclusively for the detection
of proton magnetic resonances, we have been concerned only with this
sort of spectroscopy.

The problem of interpretation of the high resolution proton magnetic
resonance spectrum of a complex organic molecule resolves into two
related parts, the first being concerned with the extraction from the
spectrum of all sets of chemical shift and spin-spin coupling constant
parameters which are consistent with the speetrum, and the second
that of assigning these parameters to particular nuclei and pairs of
nuclei within the molecule. In current practice, the problem of
interpretation is usually aided by the use of tables of empirically
determined chemical shift and spin—épin coupling constant paremeters,
these being listed for protons in a wide variety of chemical
enviromments. This usage of high resolution N.M.R. spectroscopy

as a means to determine molecular structure will be illustrated in

the next chapter.




Chemical Shifts of Frotons in

Some Substituted Benzenes

Chapter 3




In order to examine the possible application of high resolution
proton magnetie resonance spectroscopy to the identification of
aromatic molecules formed by degredation of certain natural products,
High resolution spectra of a number of substituted benzenes were
recorded.

The use which can be made of these spectra as "fingerprints" of
molecular structure is governed very largely, as we shall subsequently
show, by our ability to analyse complex spectra, and it is to this
problem that we wish to draw particular attention in this chapter.

The spectra which we shall discuss were obtained using an RS 2
nuclear magnetic resonance spectrometer made by Associated Electrical
Industries, operating at a frequency of 60 Mc/s. Spectrum 3.1 is a
typical exanple of the spectra recorded.

By the use of tables of chemical shifts, such as those of Tiers?
together with the observed spectral intensities, we can make the
following assignment of the resonances appearing in spectrum 3,
(chemical shifts being measured on the "¢ scale" with respect to

tetramethyl silane used as an internal referencez).

T Assignment
-1.25 -0H (intramol. H bonded)
0.35 -CEO
ca, 3.10 2 x aryl-H
ca. 7.85 2 x —CH3

This assignment of the spectrum is consistent with the identification
of the molecule as a dimethyl substituted derivative of salicaldehyde
although the substitution pattern cannot be derived from the spectrum.
‘Use of the technique in the determination of this melecular structure
would therefore appear to be limited to that of providing six
alternative molecular structures differing only in substitution
pattern.

Fof many of the aromatic molecules which we have studied, this

limitation moy be removed if it is possible to unravel the complex
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multiplet of resonances due to the strongly coupled aryl protons.
The analysis of the aryl proton region of such spectra is, for
instance, the key to the determination of the molecular structures of

the isomeric molecules « and B :-

COCH, COCH,
o )
M;C
CHy
04

By use of Tiers tables, we can attribute the spectrum of each of these
molecules to a methyl substituted derivative of o-hydroxy aceto-
phenone., By an analysis of the aryl proton region of each spectrum,
illustrated in spectra Z2a and 2b, we conclude that each molecule
contains one proton, A, which is magnetically deshielded with respect
to the protons in the benzemne molecule. €f the three substituents,
'-COCﬁj is known to cause magnetic deshielding of the ring protons?
whereas the other two are known to cause magnetic shielding.
Furthermore, The deshielding influence of the ~COCH, group is strongest
for those protons ortho to the group, so that, in aJmolecule
containing two shielding groups, it is most likely that the deshielded
proton is ortho to the —COCH3 group. This being so, we derive the

following partial structure for each molecule:-

COCH,
Ha OH

From spectrum 2a we see that nucleus A is only weakly coupled to
nucleus B, which is strongly coupled to nucleus C. The magnitude
of these coupling constants leads us to the conclusion that, in the
molecule represented by spectrum 2a, proton A is meta to proton B,
which is ortho to proton C. This is consistent with only one

molecular structure:-

11
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COCH,
H OH

he H

which is identical to a.
Similarly, from spectrum 2b, we conclude that proton A is ortho
to proton €, which is meta to proton B, this again being sufficient

to determine the following molecular structure:-

COCH,

H OH

H H
CHy

which is identical to B.

From the examples we have just described, it is obvious that the
power of proton magnetic resonance spectroscopy as a molecular
structure determining tool is largely dependent upon satisfactory
analysis of complex spectra being possible, this analysis being by
no means a simple matter. This is true, not only of the aromatic
molecules which we have studied, but of organic molecules in general.
In the next chapter we shall examine existing methods of spectral
analysis and shall propose a method of spectral analysis for complex
spectra.

Using spectral apalysis methods which we shall subsequently
deseribe, chemical shifts for the protons in the molecules shown in
tables 1, 2, and 3 were derived. The symtol E beside certain protons
in these molecules signifies that the resonance due to these protons

was not observed.

13
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A Method of Analysis of

Complex Proton Magnetic Resonance Spectra

Chapter 4

17




Introduction 4.1

High resolution proton magnetic resonance spectra can be deseribed,
as we have already seen, by a set of "chemical shift" and "spin-spin
ooupling constant" parameters. The determination of the experimental
values of these parameters by the analysis of complex P.M.R. spectra
can often be a perplexing problem even though the general theory of
the origin of such spectra based upon the properties of angular
momentum is well known.ll-"6

In the analysis of simple gpectra, first order perturbation theory
is generally used.”"? For such an approximate treatment to be valid,
the spin-spin coupling constants must be much smaller than the
differences between the chemical shifts. ’

In the analysis of slightly more complex spectra, the next step is
to consider two of the nuclear spins to be strongly coupled. In this
method, all the nuclei except the two strongly coupled ones are
treated by first order perturbation theory. The Zamiltonian matrix
then consists of a series of two by two sub-matrices and single
elements, The two by two matrices are simply diagonzlized, and all
the energy levels and transition frequencies can then be written
explicitly in terms of the spectral parameters. The AEX approximation
of Pople, Eernstein, and Schneiderq’lois an example of this method of
analysis. The ABK approximationllis a refinement of this method in
which the off-diagonal matrix elements of the Hamiltonian are
included by the use of second order perturbation theory. This type
of improved approximation can be extended to larger spin systems.

Group theory is also applicable in the anmalysis of all N.M.R.
spectra which are derived from molecules possessing symmetry. By a
proper choice of spin functions, as dictated by molecular symmetry,

a factoring of the Hamiltonian matrix is possible. In some cases of
high symmetry, the factoring is sufficient to ai;ow all of the spin

energy levels to be written explicitly. Wilson ~ was the first to
- give a detailed discussion of the application of group theory to the

analysis of nuclear magnetic resonance spectra.

18
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Pople et al.13'14have shown how the approximate methods uééd for
the analysis of spectra of some of the simpler nuclear spin systems.
such as ABX, ABQX,ABX2 can be generalized so as to be applicable to
the analysis of spectra of AmBn——-Rqu systems.

In all the approximate methods so far mentioned, the general
approach has been to recduce the Hamiltonian matrix by symmetry and by
a neglect of certain off-diagonal matrix elements.

The next stage in the development of methods for the analysis of
N.M.R. spectra has been the use of electronic computers for the
calculation of spectra from trial parameters. The observed spectrum
is then compared with those calculated. The agreement can often be
improved by trial and error methods. It has been shown by Swalen and
Reillyl5 that it is possible to improve upon these trial and error
methods by employing an iterative technique for the adjustment of
calculated spectra to those observed. We have tackled the same
problem as Swalen and Reilly but by a rather different approach. We
shall subsequently relate the method of these workers to that which
we shall develop in this chapter.

The most difficult step in the analysis of a complex proton
magnetic resonance spectrum is usually that of malzing an assignment
of the observed lines to the many possible energy transitions. A
comparison of the observed and calculated spectra can be made
provided that a set of trial values for the parameters is available.
Naturally, the closer the trial values are to the actual values, the
eagier it is to assign the spectrum. This raises the question of
how to choose the trial parameters judiciously. The most straight-
forward way would be to analyse the observed spectrum by one of the
approximate treatments or possibly by the moment method.4 Approximate
values for at least some of the parameters might thus be obtained.

The approximate treatments, however, are likely to be less useful
in the analysis of the spectra of larger molecules containing many
interacting spins. Complicated spectra of broad bands that do not
readily yield to analysis can be expected from such molecules. As
the number of interacting spins in a molecule increases, the number
of possible transitions in its N.M.R. spectrum increases very rapidly.

19
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A technique that is sometime applicable to the analysis of complex
spectra is that of spin decoupling by double irradiation%6—l9 ‘
Saturation of the lines from one nucleus while recording the spectrum
of the remaining ones to whichk it is coupled can sometines give a
spectrun sufficiently simplified to yield to fairly simple analysis.
The parameters so obtained can be used in the analysis of the complete
spectrum,
Whitman

assignment and the energy levels for three and four spin cases. He

19

uses frequency and intensity sum rules to obtain an

instructs the computer to calculate all possible energy level
diagrams consistent with the sum rules and a set of experimental
errors. This method has the advantage of eliminating any bias but
unfortunately reguires considerable computer time trying the many
possibilities. |

Swalen and Reillyl5

use the energy level diagram to verify an
assignment. They also use a partial assignment to give a complete
assignment by use of frequency and intensity sum rules. Their
iteration method depends upon using the approximate eigenfunctions
obtained from the first order perturbation energy to calculate the
second order perturbation energy and so lead to improved values of
the parameters.

In this introduction we have surveyed existing methods of
analysing proton magnetic resonance spectra. The Swalen-Heilly

method, though the Lest of these, would seem to have been applied
only to the analysis of fairly simple, well resolved spectra., For
the analysis of spectra which are not well resolved or which are
extremely complex, the derivation of the energy levels from the
observed spectrum is extremely difficult, if not impossible. For
such spectra the Swalen-Reilly method is scarcely applicable, as the
successful operation of the frequency sum rules requires that a
fairly large number of transitions be assigned.

The method which we shall develop differs from the latter in that
theoretical and observed spectra are compared directly without use
of the intermediate energy levels. HRefinement of the spectral
parameters depends upon variation of each transition energy with

respect to every spectral parameter in such a way as to minimize the
20




discrepancy of each assigned transition.




The Refinement Method 4.2

In the method of spectral analysis which we shall adopt, we shall
be concerned with the problem of bringing a theoretical spectrum,
based upon guessed parameters, into coincidence with the corresponding
observed spectrum. To do this, we must comnsider the effect of a
variation in parameters, namely chemical shifts and spin-spin coupling
constants, upon each transition energy of the theoretical spectrum.

Consider a system of n strongly coupled nuclei. Let the chemical
shift of the ith nucleus be Hi and the coupling constant between
nmuclei i and j be Jij' A small increme:ﬁ AH, in the chemical shift
Hi will cause ar increment AEk in the k' transition energy Ek given
by

OB

AE, = —5- A8; (4.2.1)

kK sq.
1

Similarly, a small increment AJij in the coupling constant Jij

will cause an increment AE, in the transition energy Ek given by
B

L
5E -
o, = —=+ 94 (4.2.2)
83. .
ij

Simultaneous inecrements in all Hi ané Jij will cause an increment in

Ek given by
OE OB OE SE

AEk = ——E.AH]. + escoeoec ——L{'.AHD + ——]-K'.AJ].Q 4 evsceee -—;k.‘AJ(n-l)n
5Hl ‘ BHn 6J12 8J(n~1)n

(2.2.3)

An equation of this type must exist for each permitted transition
energy Ek' ' '
Putting the set of equations (%.2.3) in matrix form, we have:-
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I s Wl % lag
6H1 552 ' 8J(n—1)n
o8

AEQ -_2 ® 00 & & 0% &8 0O 08B O PO OO SO OO0 G O SS AH2
Bﬂl

. L4 . L] (4.2.43)

OF 8E

AEy —X X AJ(n—l)n
5H1 5J(n~1)n N

which we shall subsequently refer to as

[E] yx1~ [T]y x4n(n+1) " [Hl%n;(y,,t“l) x 1
(%.2.4b)

We must now seelt a possible method to apply this matrix equation
to the problem.

If, on the basis of our zero order or "ouessed" calculated spectrum,
we can assign calculated transition encrgies to the corresponding
observed transition energies, we could define the quantity-AEk by

the relation

obs calc
AR, =E_ -E; (2.2.5)

If this could be done for each transition energy we could then
formulate the complete matrixDAE] . Presuming we can formulate the
matrix [T] , we could then solve the matrix equation to obtain the

matrix [H] , the elements of which would be given by

AH, = HoPS _ geele (4.2.6)
1 1 1

As the number of transitions, y, is greater than the 4n(mn + 1)

unknown parameters, the matrix EAH] is essentially overdetermined.
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To enable use to be made of all observational data in solving for
EAEQ , it is convenient to reduce the large sct of equationms,(4.2.3),
to a set of n(n + 1) simultancous ecquations. This is most simply

done by multiplying both sides of (4.2.4) from the left by the
transpose of [T] ,

) [T]én(ml) x y'[AE]y x1° [T]én(ml) xy’ [T]y x %n(n-o-l)'[AH]%n(ml) x 15
(4.2.72) |
which we shall write as

.[A]-lz-n(m-l) x 1 =[B]—§~n(n+1) x -%—n(n-rl)'[AH]%n(ml) x 1 (4.2.75)

where . [4] = [T]'.[AE]
8] = [r]n.[T]

Assuming that we can formulate the matrix AE, as we have previously
discussed, solution of (%.2.7) for these H, and Jij which bring
the calculated spectrum into coincidence with the observed spectrum
can be carried out if the matrix T can be forrulated. We shall

consider this problem next.

24



Forrmlation of the Matrix T 4.3

As can be secen from equation (4.2.4a), the elecments of the matrix |
T are the partial differential coefficients of each transition
energy with respect to each paramecter Hi and Jij' Before these
partial differentials can be found, it is necessary to formulate an

expression for each tramsition energy in terms of the Hi and Jij'

These expressions can be derived from the expressions for the
~eigenvalues of the gystem as we shall now show.

The time independent Schrodinger equation ecan be written:-
) = W) (4.3.1)

where  is the Hamiltonian operator for the system, Wa is the
eigenvalue characteristic of the eigenvector z;é). If the i's are
expressed as linear combinations of a set of orthonormal functions ?s

we may write:-
&) =) Ad;) (4.3.2a)
|, =2 Be;) (&.3.2b)

Equation (4.3.1) then becomes:-

%ZAilq’i): Waz Ail‘pi) _ (4.3.3)

thus ZAi 'Z€|cpi)= WaZAi]q)i)

Multiplying from the left by (cpjl , we have:~

ZAiwjl%ltpi) =WaZ:Ai(<pj|q>i) (4.3.4)
As the ¢, are orthonormal, this simplifies to:-

Y Aileg Bley) =, A | (4.3.5)
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Y Ao lE o))

Therefore W= (4.3.6a)
2
A'. .
’ J
Similarly B.(9.| %] 9.)
W, = Z = = (%.3.6b)
%

It can be seen that the expression for each eigenvalue consists of

e series of terms each of which involves a numerical coefficient
maltiplied by a matrix element. The method of evaluation of these
matrix elements is well known? . It turns out that the diagonal
matrix elements depend linearly upon the chemical shift terms, and
linearly upon the coupling constant terms, whereas the off-diagenal
nratrix elements depend only upon the coupling constants, the dependence
once more being linear, Eack eigenvalue Wé canr therefore be
represented by an equation which is linear in the Hi and Jij' Since
the expression for each transition energy is formed by taking the

difference between the two corresponding eigenvalues:-

Ek(aﬁ—b) =W, - (2.3.7)
this expression must also be linear in the chemical shift and
coupling constant parameters. It follows that the partial
differential ccefficient of each transition energy with respect to
one of these parameters is given simply by the coefficient of that
term in the transition energy expression which involves the parameter
considered. Thus, in order to set up the T watrix for the theoretical
spectrum, all that we require is the set of eigenvector coefficients
Ai, Bi’ essesesss o For any particular spin system, these can be
obtained by diagonalization of the energy matrix,

It would seem that the refinement method which we have outlined
is generally soluble. The obvious next step is to apply the method
to a nuclear spin system of the type that we have discussed. As the
eigenfunctions and matrix elements of anm n spin system depend upon
the value n, we shell find it convenient to consider systems with

different numbers of nuclei separately.
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The Refinement Method for 2 System of Three Protons 4.5

‘The N.M.R. spectrum of a system of three coupled protons is
defined by the magnitude of six spectral parameters Hi and Jij’ which

we shall write in matrix form as follows:-

- (&.5.1)

U

- |2

The eigenfunctions for such a system can be written:-

o) = la(1) o(2) of3) )
[9g) = la(1) o(2)8(3) )
l95) =1a(1)p(2) «(3) )
o) = 18(1) o(2) o(3) )
l95) =la(1)8(2)8(3) ) (8.5.2)
o) =18(1) o(2)B(3) )
lo,) =18(1)8(2) «(3) )
log) =18(1)B(2)B(3) )

These eigenvectors form a basis upor which the nuclear spin system

can be represented. Upon this basis the eigenvalue matrix may be

0 = (] + 1)) [ % 05 (4.5.3)

where [k] and [1] are respectively matrices of diagonal and off-

formulated: -

diagonal matrix element coefficients., Thcse are given by:-
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The matrix of allowed transition energies [Ek] is got by multiplying
the matrixﬁﬂ] from the left by the matrix [m] . This multiplication is

equivalent to the step shown by equation (4.3.7). Metrix [m] is given

by:-
1 1 0 0 0 0 0 o]
1 | 0 0 0
1 0 0 -1 (i} 0 0 0
0 1 0 0 -1 0 0 0
0 1 0 0 -1 0 0
0 1 0 0 -1 0
0 0 1 0o -1 0 0
0 0 1 0 0 -1 0 0
[m]= |o 0 1 0 0 -1 0
0 0 0 1 -1 0 0
) 0 0 1 0 -1 0 0
i} 0 0 1 0 | 0
0 0 0 0 1 0 0 -1
0 0 0 0 0 1 -1
0 0 ) 0 0 0 1 -1

As can be seen from equation (%.5.3), the [T]matrix can be written:-
A[TJ = 0.5 x [mﬂ.([k] + [1])

The next step is to write a computer programme to calculate the [T]
matrix, given the eigenvector coefficients Aij which are available

from the matrix diagonalization programme,




Program RW1A : T Matrix Programme for a Three Spin system 4.6

The eigenvector coefficients necessary as input for the T matrix
programme can be obtained as output from existing N.M.R. computer
programmes for the Deuce computer. Having specified a set of chemical
shifts and coupling constants, these programnes both set up and
diagonalize the energy matrix for the system. For a three spin systenm
the eigenvector coefficients are obtained as two three by three

matrices:—

Aoy Bpz Ay, Ass  Asg Agg
Asp A3z Agy Ags  Agg  Agy
Auo  Byx Ay Aos Ao A

To set up the T matrix, the main part of the problem is concerned
with the transformation of these matrices into matrix [1]. &
fl6wsheet for this process and for the subsequent steps leading to
the formation of the T matrix is included on the next page. Each
step Lhas been designed with a view to use of Deuce code G.I.P.

Details of the operation of tie program will be founc in Appendix 1.
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Programe RW1E : The Three Spin Refinement Programmue 4.7

We have shown in equations (4.2.1) to (4.2.7) that a solution of
the matrix equation (4.2.7) for the matrix [AH] can be found if the
matrix LAEJ can be formulated. Equation (%.2.5) :

o obs _ calc
Auk Ek Ek

whick expresses the general element of the[LE] matrix, shows that
a correct assignment of all calculated transition energies to
observed transition energies must be wade before the complete DEﬂ
matrix can be written. This is not in general possible as several
of the transitions may be forbidden or may have so low arp intensity
that they cannot be observed. Such transitions cannot be included in
the refinement and it is necessary to include some mechanism of
selective elimination of these AEk values. This will become clearer
if we counsider the method of formulation of the[hEﬂ matrix which we
shall adopt.

The set of calculated transition energies [Ecalc] is obtained in
the computer as a fifteen by one matrix by multiplication of H
from the left by [T] . Inspection of the zero order or "guessed"
calculated spectrun should enable a partial arrangement of the
observed transition emergies in the same order as the calculated

transition energies, i.ec, a partial assigniient. Where no assignment
ob
k

] in the computer, we can include as input the [Eoos]matrix

is possible, we shall put E equal to zero. Having calculatec

[Ecalc
and use the computer to calculateD&E] as given by equation (%.2.5).
It is obvious that many of the AEk forned will be false due to the
selection of the value zero for the non-assigned transition energies.
These false AEk values may be eliminated by inclusion of a matrix [C]
in the input programme, the use of this matrix being subsequently
denonstrated.

Having obtained the corrected uatrixlecorr], the matrix eguation
(£.2.7) can be solved to obtain the[AH] matrix, An improved set of

spectral parameters is obtained by the adéition:~
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@] =[] + [a]

The [Hf] matrix can then be dsed as input for a new iterative éycle,
the refinement process being continuous.

At the end of eack cycle of refinement it is desirable to have an
index of the disagreement between calculated and observed spectra.
This is suitakly prbvided by the sum of the squares of the
discrepancies AE, . This quantity, B, can be obtained by pre-
rultiplication of the LAEcoir] patrix by its transpose. A flowsheet
for the refinement prograrme is included on the next page, the actual
programme having been written in Deuce code G.I.F. Details of the

operation of the programme will be found in Appendix I..
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Surmary of The Refinement Process 4.8

The complete cycle for the refinement of spectral parameters is

represented in the following flow diagram:-

[ ]— - [2]

ceeeeeefi, ]
E diag.

é prog. ¥ .--compare-..

' - . 4 | En

! [Aij] [ﬁclalc] [ o]bs
]

I

E RW1A RWlBl

1 i
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An Fxample of the Refinement Method

Applied to a Three Spin Spectrum. 4.9

To provide a simple test and to illustrate the operation of the
refinement method, we shall describe the analysis of the aryl proton

region of the spectrum of the following compound:-
Co0H
OH

HE
The molecule of this compound contains three non-equivalent aryl
protons which give rise to an ABC spectrum which is illustrated in
spectrum 4,9,

This spectrum consists of three groups of resonances at 0,30, and
55c/s respectively. The groups at OAand 30c/s are split by about
10c/s, that at 30c/s exhibiting secondary splitting by about 2¢/s.
The group at 55¢/s shows a similar 2c/s splitting. The intensities
of these groups of transitions indicate that each group originates
from resonances involving only one proton. From these observations
we can derive the set of "guessed" spectral parameters skown in
colunn HO of table 4.9, Using these parameters, a zero order spectrum
was computed, the resulting transition energies being given by
column Eo of this table. The observed transition energies, arranged
so as to correspond to the calculated transition energies are given
in the Eobs column of the table. Agreement between calculated and
observed spectra is seen to be fairly close. Of the fifteen
calculated transitions, twelve can be assigned with ease to observed
transitions, the remaining three being forbidden. A complete
assignment of the spectrum can therefore be made.

On the basis of this assignment, three cycles of iterative
refinement were carried out. The following matrices were used as
input for the first iterative cycle:-

(1) The T wmatrix obtained in the calculation of the zero order

spectrum,

(2) The I, matrix (columm vector formed by col. H, of the table).
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Table 4.9

Refinement of Chemical Shifts

0 5 Hy Hy H,

gA 54.37 54.37 54.36 54,36 54.36
B, 27.7%  27.66 27.61 27.58 27.56
LR
I8

B

60.00 0C.,1%4 00,21 00.25 00.27
02,00 02,05 02,06 02,06 02.06
J 00,00 -0.07 -0.08 -0,08 -0.08
J 16,66 10.01 10.01 10.0i 10,01

Refinement of Spectra

B E, B, E, E e
04,15 04,26 04,32 04.36 OL.% 0
34.53 34.50 3445  34.43 34k 0
55.41 55.41 55.40 55.40 55.4 0
24,55 24,50 24,45 24,43 24,4 ]
55.3% 55.40 55.40 55.40 55.% 0
83.86 83.65 83.53 83.47 (f'bddn) 1
-5.8% -5.73 -5.67 -5.63 5.6 0
24,95 25,17 25.28 25.33 (f'bddn) 1
53.47 53.42 53.41 53.40 53.% 0
-26.70 -26,64 -26.62 -26.61 (f'bddn) 1
04,07 04,25 04,32 04,36 O4.4 0
32.59 32,50 32,45 32,43 32.4 0
53.40 53.41 53.40 53.40 53.4 0
22,61 22.50 22,45 22.43 22,4 0
=5.90 5.7& -5.67 -5.63 -5.6 0

R 0.45 0.12 0.03 0.01
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(3) The E g matrix (colunn vector formed by col. Eobs)'

bs

(4) The C matrix, which is a fifteen by fifteen matrix whose off-
diagonal elements are zero and whose diagonal elements are giveh by
column C of table 4.9. The diagonal elements are zero for transitions
which can be assigned and unity for transitioms which are forbidden
or which cannot be assigned.

The matrix of improved spectral parameters and the disagreemeht
factor K, obtained from the first iterative cycle, are shown in
colunns Hl and EO. The complete cycle of caleculations vas repeated
three times using the set of refined parameters obtained in each
cycle. The results are shown in the table, the refined set of
spectral parameters being given in column Eﬁ. The small negative
trend in the para coupling constant JAC should not be regarded as
significant because splitting of the spectrum due to this coupling
was not observed.

From the analysis of the spectrum, we have assigned protons A,

B, and C in the following manner:-~

COOH
Mg OH

N

HB

The increasingly closer agreement between refined and observed
spectra which results with each iterative cycle is sufficient to show
that the refinement method is quite satisfactory for the analysis of
well resolved spectra.

It is of interest to compare the Heilly-Swalen method with our
own., Using the same "guessed" parameters, a comparison of the zero
order calculated spectrum with the observed spectrum leads to the
same assignment of transitions. This enakles the "observed" enefgy
level diagram, 4.9.2b, to be drawn so as to correspond to the
theoretical energy level diagram, 4.9.2a. From the "observed" energy
level diagram, relative values for all the energy levels can be
derived. Each of the’eight energy levels can be expressed in terms
of the six spectral parameters, as shown by equation (%.3.6), so that

the refinement by iterative perturbation theory amounts to finding
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that set of parameters which leads to the "observed" set of energy
levels.

In the 2nalysis of a spectrum as simple and well resolved as that
which we havc discussed, there would appear to be little to choose
between the Leilly-Swalen method and our own. If anything, our
method has tie advantage of eliminating the intermediate step of
using the energy levels, theoretical and observed spectra being
compared directly at all stages of refinement. The actual advantage
of this approach will be seen more clearly when we come to deal with

the analysis of four spin ABCD snectra.
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Prograrmes for the Analysis of Four Spin Spectra 4.10

The refincment method described in general in chapters 4.2 - 4.3
and for the three spin system in particular in chapters 4.5 - 4.8
can be extended in an obvious way to the interpretation of four spin
spectra, As details of the programmes would be extremely cumbersome
to present, they will not be given. Programmes for the interpretation
of four spin spectra, completely analogous to those for three spin
spectra, were written, as before, in Deuce code G,I.P. Decause of the
relative complexity of four spin spectra, the four spin programmes
have been used to a greater extent in research work than the three
spin programmes. The use of these programmes and the development of
a complete method of spectral analysis will be demonstrated in the

example which follows.
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The Analysis of Four Spin Proton

Magnetic Resonance Spectra .11

The operation of the refinement method has already been described.
In this chapter we shall therefore concentrate upon the actual problem
of spectral analysis.

In chapter 4.1 it was stated that the most difficult step in the
analysis of a complex proton magnetic resonance spectrum was usually
that of assigning the observed lines to the many possible energy
transitions. Existing methods of making these assignments were also
discussed. In this chapter we shall see how it is possible to obtain
many of these assignments by making proper use of the refinement
method. To see how this comes about, the analysis of a complex ABCD
spectrum will be described in detail.

The four non-equivalent aryl protons of the salicylaldehyde

molecule: - "

H CHo
H OR

H

give rise to a good example of a complex ABCD spectrum, as shown by
the observed 60 Mc/s spectrum in diagram %4.11.1. The complete aryl
proton spectrum occupies a bandwidth of only fifty cycles per second,
there being between twenty five and thirty resolved or partially
resolved transitions within the band. Apart from complexity arising
from the strong coupling of the nuclear spinsg, the spectrum is
further complicated by the near equivalence of pairs of the four
chemical shifts which causes the resonances due to two of the nuclei
to be superimposed upon the resonances due to the other two. In
addition, many combination transitions are permitted.

Several spectra were recorded under conditions of maximum
instrumental resolution. All spectra were similar, although there
were small differences in position, line-width, and intensity of
the resonances in different spectra. Diagram 4,11.1 illustrates a
typical spectrum. '

Six spectra were employed to obtain mean values of the transition
: _ . N RS T IERR P v
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energies, these being obtained to within % 0.3 c/s. Accuracy of
measurement was limited by line-width, superimposition of the

resonances, and slight non-linearity of the field sweep.

Analysis of the spectrum.

The distribution of intensities in the high and low field regions

of the observed spectrum suggests that each of these regions
originates from resonances involving two protons. Assuming that the
ortho-para directive influence of the substituents controls thé
magnetic enviromment of the ring protons? it seems reasonable to
assume that the resonances at high field are due to protomns orthe
and para to the hydroxyl group, those at low field being due to
protons meta to the hydroxyl group.

By examination of the observed spectrum, relative chemical shifts
of 0,3,30, and 34 c/s were guessed. Assuming for the moment that
ortho coupling constants are the only ones different from zero,
these having a value of 8 c/s, there are four sets of spectral

parameters consistent with our assumptions:-

B H, Hy E Jyy dyg Jy Jo gy
A % 30 3 0 0 8 8 0 8
B % 30 3 0 0 8 8 8 0
c % 30 3 0 0 0 8 8 8
D % 30 3 0 0 8 0 8 8

These correspond to the following arrangements of the protons:f

Hy He
u,mcuo M, 0
W, OH Hy OH
i i
Hs H‘P
H CHO "a@c“"
Hy OH Hy OH
H, ' H
C D

45

34

o o O O



The coaventional method for obtaining a spectrum from which assigmments
might be mace was initiated by calculating zero order spectra for

A, B, C, and D. The spectrum for arrangement C is shown in diagram
I1Ta, spéctra for arrangements A, B, and D being similar., By trial
and error methods, these guessed chemical shifts were altered until
better agreement between calculated and observed spectra resulted.
Diagram IITb shews the spectrum obtained in this way for arrangement C.

The improved parameters for A, B, C, and D were as follows:-

"
5 H  H OH O J, Jp dy gz Jg Iy
A 325 30,5 2.0 1.0 0 8 8 0 8 0
B 33.0 31.0 0.5 0 0 8 8 8 0 0
c 3.0 33.0 2.0 1.0 0 0 8 8 8 0
D 3%.0 33.0 1.0 0 0 8 0 8 8 0

The "improve<" spectra for A, B, C, and D were much more alike than the
zero order spectra due to the approaching equivalence of the pairs of
chemical shifts Hl and H2, and 33 and Hﬁ. So alike were the spectra
that refinement of any one spectrum would automatically include
refinement of the others. Arrangement C was chosen for refinement,
diagram IIIc showing this spectrum re-calculated with the inclusion
of meta coupling constants of 1.5 c/s. The beginnings of the correct
spectral structure are obvious in this spectrum. Several attempts
were made to refine spectrum IIIc but with little success as a
sufficient rumber of transitions could not be assigned with any
certainty.,

We have just described the usual method for calculating a spectrum
from which assignments can be made and shown how this fails. The manner
in which this spectrum can be obtained by use of the refinement

method will now be considered.
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Use of the refinement method to calculate a spectrum from which

agssigmments can be made.

Of the expressions for the fifty six transitions for a four spin
system, thirly two involve only a single chemical shift term, These
transitions can be said to belong to a particular nucleus. The
expressions for the remaining twenty four transitions involve more
than one chemical shift term, these transitions being referred to
as combination transitions. The elements of the T matrix form an index
of the parameters upon which each transition depends, the first four
elements of each row describing dependence upon the chemical shift
terms. By using this information it is possible to assigh each
transition of the theoretical spectrum to a particular nucleus or
particular nuclei as the case may be. The calculated spectrum can
then be decomposed into components belonging to particulér nuclei as
illustrated by the decomposition of the zero order spectrum (diagram
I11a) which is shown in diagram IV. Use of this form of representation
in the initial stages of spectral analysis is the key to obtaining a
spectrum from which assignments can be made. There are two reasons

why this is so:-

(1) Three quarters of the total intensity of the spectrum results
from transitions involving only one nucleus.

(2) A small increase or decrease in a chemical shift causes a
corresponding increase or decrease in the frequency of the resonances
due to that particular chemical shift, resonances due to the remaining
protons being unaltered. Changes in intensities resulting from small
increments in the chemical shifts are relatively small.:

By drawing the components of the spcetrum on transparent paper and
examining the spectrum which results by various superpositions of the
coriponents, it is possible to proceed directly from the zero order
spectrum to one which very much resembles the first order spectrum.
By expressing this spectrum in terms of its components, as in
diagram V, it is possible to derive assignments of the eight starred
transitions of the theoretical spectrum. These eight transitions are
the two lowest and two highest transitions of the low field and high
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field parts of the spectrum. A general rule in the analysis of
conplex spectra appears in making these assignments. This is that the
transitions cf the theoretical spectrum which can most easily be.
assigned are usually the outer transitions of any multiplet. From
diagrarm 7 it can be seen that two transitions belonging to each nucleus
have been assigned. The omall gplitting between each pair of lines
ig determineld largely by the magnitude of the meta coupling constants.
By carrying out a few cycles of refinement based upon the assign-
ment of thece eight transitions, fairly accurate values for the two
reta coupliry constants and improved values for the four chemical
shifts were obtained. Examination of the components of the refined
speetrum enshled several more transitions to be assigned and so the

refinement process could be initiated.

Refinement

Frogress of the refinement of spectral parameters is shown by the
contents of Table 1. After two iterations it became obvious that
represeﬁtation of the spectrum by sharp lines was no longer sufficient
as many of the absorption peaks of the observed spectrum appeared to
be closely spaéed multiplets rather than single transitions. The
theoretical spectrum was therefore recalculated with the ineclusion of

. a suitable line-shape function, allowance being made in the final two
ecycles of refinement for superimposition of the resonances. The
refined theoretical spectrum is shown in diagram II,theoretical and

observed transition energies being compared in Table 2.
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Table 1 : Chapter 4.11

Eefinement of Spectral Parameters

Iteration

e 1 2 3 & 5 6
H, |32.80 32.83 32.8k 32.80 32.77 32.72 32.68
E, |32.80 32.83 32.86 32.90 32,95 32.98 33.00
B, | 1.78 1.79 1.81 1.81 1.82 1.82 1.82
H, | 1.78 1.76 L.74 1.70 1.67 1.60 1.56
| 150 1.47 146 1.46 146 1.47 1.47
Jy5| 820 8.21 8.25 .30 8.33 3.41 8.48
Iy | 0.30 0.2 0.28 0.3 0.41 0.38 0.36
Tgg| 750 7.36 7.8 7.26 7.24 719 7.16
Ty | 820 8.09 8.05 7.99 7.9% 7.88 7.8
g | 210 2.09 2,09 2.10 2.0 212 2.12
R | 1.91 1.63 }:ig 1.03 0.98 - -
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Chapter 4.11

E(calc) E(obs) E(ealc) E(obs)
c/s e/s c/s c/s
TABLE 2
-8.0 - -8.0 26.9 26.9 '
-5.8 6.0 27.8
28.5
4.0 4,0 28.6 28.4
28.9
~1.8
1.5 ~1.5 32.6
33.4 33.0
0.0 0'0 gz.g 34,7
0.7 ¢ .
1.4 0.8
36.5
2.4 36.8 36.5
3.2
3.3 2° 38.5 3.1
Bk 38.8 *
4.7 5.9 40.4 40.7
5.7 60
- 6.0 ‘ 42,1 41.9
7.9 8.4
10.2 10.3 Comparison of observed and calculated
transition energies of the sixth order
25.2 25.4

spectrun.
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Discussion of observed and calculated spectra

£s can be seen from Table 2 and from diagrams I and II, agreement
between observed anéd theoretical spectra is rather good. Differences
in relative intensities of the various transitions are srall and
certainly not appreciably greater than between different observed
spectra. Limits to the accuracy of refinement are undovbiedly |
controlled by instrumental resolution and reproducability of the

detection system. The set of spectral parameters cderived by analysis

of the spectrum is as follows:-— c/s ¢/s
H .= 32.6 = 1.
1= 32.08  Jyo= 147 G emical shifts
u H. = 33.00 J.,= 8.48 measured with
N 2 13 respect to an
u CHO H = 1.82 = .
! 3 th 0.36 arbitrary origin
g OH M= 1.56  J,.=7.16 at = 2.65
H
(] le*: 7084
J34= 2.12

Signs of coupling constants: It is noteble *that we have assumed 211
coupling constants to be of the same sign in the analysis. In fact
some investigetions were carried out to determine the relative signs
of the coupling comnstants. A change of sign of any one ortho coupling
constant with respect to the sign of the other two was found to lead
to serious deviations between theoretical and observed spectra hotk
in transition energies and intensities, It was therefore concluded
that all ortho coupling constants must be ofilie same sign. These
coupling constants could therefore have the sare sign as, or different
sign from , the metz coupling constants. A spectrum was calculated
based upon the refined parameters but with the meta coupling constants
given a negative sign. This is compared with the refined spectrum

in diagram VI. The transition energies in each spectrum are seen to
agree fairly well but relative intensities in the spectrum with
negative meta coupling constants are not consistent with those in

the observed spectrum. This result w~s also found in trial
calculations with meta coupling const~nts of different sign. From
these calculations it would appear that ortho and meta coupling

constants must be of the same sign. No sign was assumed for the
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para coupling constant, this being determined by the refinement

process itself, the positive sign being most comnsistent with the signs
of the other parameters. All coupling constants were therefore found
to be of the same sign, although the absolute value of the sign éould
not be derivad from the spectrum which is invariant to a simultaneous

change in sizn of all of the coupling constants,

Comparison with the Heilly-Swalen Method of Spectral Analysis.

The most important step in the analysis of the spectrumAbf

salicylaldehyde is undoubtedly not the use of the programmes to refine
the calculated spectra, but their use in enabling us to obtain a
theoretical spectrum from which assignments can be made, There would
seem to be no equivalent step in the Reilly-Swalen method., Diagram VII
illustrates the energy level diagram for a four spin system. The
transitions represented by solid lines belong to one particular
chemical shift term, in the sense that we have previously discussed,
the hatched lines belonging to combination transitions. The eight

| . pronounced solid lines in the diagram correspond to the eight

f transitions upon which we based our initial refinement of the zero

order spectrvm., It can be seen that these eight transitions alone

are insufficient to enable frequency sum rules to be used to initiate

 refinement.
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Diagram VII

I =2

I=20

18-2{

Energy level diagram for a four spin ayétem. ,
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Research Applications of the Spectral Analysis Method. 4.12

Apart from the examples used to demonstrate the operation of the
method, the programmes have been used to solve spectral analysis
problems encountered by other workers in the department. So far, the

results of two of these investizations have been published:-

(1) "Lignans of @ Myristica otoba. The Structures of Hydroxy-
otobain and Iso-otobain". |
by R. Wallace, A.L. Porte, and @. Hodges.
J. Chem. Soc., 1963, 1445,
In this paper, the author's programmes aided the analysis of the
P.M.R. spectra of the degredation products of certain naturally
occurring molecules, this analysis being in part used to determine

the following molecular structures:-

0
\—~0 OH

0
|

(2) "Internal Rotation in p-nitrosodimethylaniline!
by D. D. KaNicol |, Z. Wallace, and J. C. D. Brand.
Trens. Faradey Soc., to be published late 1964
or early 19G5.

At room temperature, the aromatic protons of p-nitrosodimethylaniline

HC cHy
A\N/

H H
H ]

Ni.o

give rise to an A2X2 shectrum. At low temperature, the torsion of

the NO group is hindereh, wBick removes the magnetic eguivalence of
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the two protons ortho to the nitroso group. This causes the A2X2

spectrum to become an AQKX spectrun.

f
£
‘
¥
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The Interpretation of Chemical Shift and
Spin-spin Coupling Comnstant Paraneters

in Terms of Molecular Electronic Structure.

Chapter 5
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Ipntroduction 5.1

In the previous chapters the application of the subject of'high
resolution H.Ii.R. spectroscopy to the determination of molecular
structure has bcen discussed in some detail. 1In this application,
the subject has been shown to depend upon the use of a vast collection
of empirical chemical shift and spin-spin coupling comstant data.

To attempt any form of non-empirical interpretatiom of these
magnetic parapeters, it is necessary to relate the magnitude of the
parancters to the electronic structure of molecules for it is largely
this which determines their magnitude. If suck an interpretation can
be carried out, the results of the non-empirical interpretation of
N.M.R. spectra can be compared with similar information derived from
other physical and chemical techriques,,the sum total of experimental
information forming the basis for our chemical concepts. The
interpretation of the chenmical shift and spin-spin coupling constant
parameters will therefore be considered next, so that we might then
discuss the interpretation of high resolution N.M.R. spectra fron 2

more fundamental point of view.
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Calculation of the Chemical shift 5.2

20 ' '
Ramsey was first to give a complete theory of the chemical shift
in molecules. Given a diamagnetic molecule containing N nuclear
moments and n electrons, its Hamiltonien in the presence of an applied

nmagnetic field Hb can be written:-

2V -LD (20 - 20 A)

(5.2.1)

in which

e = clectronic charge

¢ = the velocity of light

p = the electron linear momentum operator
m = the electronic mass

In this fornula A; = %(HJ\rk) is the value, at the position r, of the

th

k™ electron, of the vector potential of the external field Ho;

= (nrg)/ =g

is the value, at the same point, of the vector potential produced by
the nuclear noment p  situated at rq. The origin of the vectors Ty

rq is left unspecified. For an isolated aton it is natural to choose
for origin the nucleus of that atom. Clearly all physical results must
be independent of the choice of origin, this being a consequence of

the general principle of gauge invariance in electromagnetism. 1In a
rolecule it may be convenient to select as origin the particulaer
nucleusih;J¢ for whick the frequency shift is being calculated. ¥ is
the electrostatic energy of the system. For brevity we have omitted
the magnetic couplings between the electrons, since they are irrelevant
to the problex, and we hcove also omitted the Leeman couplings of the
nuclei with the applied field HO and their dipolar couplings. The
expansion of (5.2.1) is shown on tke next page. T is the kinetic
energy of the electrons and D is their diamagnetic emergy. These terms

play no part in what follows.

62




+ D

+

(5.2.5)

+ZL
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7, ='é"§'c'; (py -4y + A7) = BE .L (5.2.2)

is the orbital Zeeman energy of the electrons. O, is the magnetic

, 1
coupling between the n electrons and the N nuclei.

.1 .
- aaz Zﬁk 3gk with Bl = oA By (5.2.3)
1 r
qlz

02 and O3 are particularly interesting. The first is bilinear with

1
respect to Ho szndJ.x_.q and the second bilinear 1n}Lq and_Pq.

-EEQZ ;(HO" qu)“ (JJ’qA qu)/ rgk (5.2.4)

The term @2 represents the coupling between the nuclear moments and
the magnetic field induced by "Larmor precession" of the electrons

in the applied field H » The term 0, is given by

3
ZE‘J“‘ qu) (ﬂq Vo) (5.2.6)
e qk q'k |

The chemiczl shift (and also the indirect interactions) correspond

to small modifications of the energy of the system and are caleculated
by perturbation theory. Furthermore the smallness of the chemical
shift is such that it is usually unobservable except in liquid or
gaseous samples in which the molecules rotate rapidly. Without
specifying how this rotation’should be described, we shall represent
the ground state of the molecule by the symbol|C)), where A refers to
the oricntation of the molecule and |0) to its other degrees of
freedom (eclectronic and possibly vibrational states). Ina diamagnetic
substance the only terms of the Hamiltonian other than V,T, and D

for which the expectation velue (C| |C ) does not vanish are 02 and
03.
to the chemical shift. If we select as origin that particular

The former, bilinear in‘/.l21 and Ho’ clearly provides a contribution

nucleus for which the shift is being calculated so that Tk becomes

just r,, the first order change in energy is
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2 B (uary) |
(o) ===, (@) —E o) (5-2.7)
(] K rk

This expression can be rewritten as<09 -Ji.._...H «(The subscrlpt d

stands for diamagnetic.) 1In this expression the tensor %%Vcan be
4 .

—

decomposed into a traceless part 0 with
—n 2 ! Pq
1 Kk 1. &
"o (Ohl - =2 o) (5.2.8)
—_— .2 T3
2me rk 3 rk

] "

g
and a scalar part — given by 2,6 = 0&5pq in which
o a

5 .
o, = Lz(oﬂzl |ox) (5.2.9)
3me k rk

9 is independent of the rotational state of the molecule, which need

not be specified, and can be written

- (°E1 |0) (5.2.10)

Ime kr

—l
For the traceless part,_ﬂ , the average of its values over the

various rotational states | )) clearly vanishes, and in a liquid
where the molecule passes very rapidly from one state [tZJto another,
so that only the average over the states is observable,,gq makes no
contribution to the chemical shift, and the change in the Zeeman
energy of the nucleus is dd.fL.Ho. In contrast to this, in
molecular beam experiments where collisions are negligible and
molecules are in wel{ggffined rotational states |X), the effect of
the anisotropic part.”, is observable. The constant ¢, is always

g o AT ™ME NwasLS d
positive, decreasing the applied field a° Aby an amount oaH , whence
its name of "diamagnetic shielding constant". A rough estimate of
the order of magnitude of o1 follows from the observation that
e2/mc2 =T, the classical radius of the electromn = ao/(137)2 where
a is the radius of the first Bohr orbit of the hydrogen atom. If
one assumes that (Oll/rkIG) is of the order of l/ao, values of47d
between 10~ and iO_s must be expected.

05



It is possible to obtain another energy expressionl, bilinear in p
and Ho, and thus contributing to the chemical shift, by combining,
through seccnd order perturbation theory, a term A of (5.2.5)

proportional to p with a term B proportional to H°. There is in fact
only one such term ' '

A = E' (o] Oljn)(anLIO) (5.2.11)

By defining the purely orbital cnerator

E ~-E '
o n
A can then be expressed as follows
.1
A = 2322(0)‘4(1,.}?)(:()i 3")(») (5.2.13)
K Y .
k

’-—‘
This can also be rewritten as a temsor couplingji.i&.ﬁ? (the subscript

p standing for paramagnetic) with a traceless part

—tmn by IC.1
- 2;3?_2}%! 1%c -;% -1 —3—-k|ox) (5.2.14)
P r, 3 L
r——c'!mn . i
and a scalar part ,%L = obamn’ vhere
2 L.Cl, + 1 .CL '
o, = 28" Z (o] ——% 3 kX o) (5.2.15)
3 x T

The index N is omitted in (5.2.13) because the scalar

[(L.c1y) + (1,.cL)]/ r

is independent of it. In the same way as for the dicmegnetic correction,
the contribution of the anisotropic part to the frequency shift

vanishes in a liquid.
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The calculation of the paramegnetic shielding comstant Up is far
more diffieult than that of oa.for it requires, through the operator
C, the knowledge of the excited states of the molecule,

Both(yd and o¢ depend upon the origin chosen for the vectors T,
in the expression %(He\rk) of the vector potential Ag, whilst their
sum, O'= oq *+ ob, which is a measurable quantity, is naturally
independent of it. The magnetic shielding constant is related to

the chemical shift as described in chapter 1.
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Theory of The Spin-Spin Coupling Constant 5.3

The Hamiltonian (5.2.5) contains a term bilinear with respect to
the nuclear moments of the molecule, namely the term 0., the corres—
ponding nuclear coupling being simply <63> = (Q%IOSIE%), where 3, is
the wavefunction of the ground state of the molecule. Although a
first order term, <05> is very small. This is essentially because

0., is a sum of one electron operators:-

3

(HAA ?Ak)'QFBA gBk)

3 .3
Tar "Bk

so that when the first factor (j,a rAk)/ gzk is relatively large,
the electron k& being near the nuclear momentJ{A, the second one is
necessarily small, Besides the first order term <03> , other
contributions to the spin-spin coupling may be obtained from second
order perturbation theory. There is only one second order term,
(g%lozcoglg%) where € is the operator (5.2.12). Just as was the
case with Of’ this term also depends upon a knowledge of the excited
states of the molecule,

A mechanism of spin-spin coupling other than the orbital mechanism
vwhich we have just described has been put forward by Ramsey and
Purcelf? This mechanism depends upon polarization of the electron
spins of the diamagnetic molecule by the nuclear spin moments.
Because of unequal polarization due to different orientations of the
muclear and electronic spins, a hyperfine magnetic field due to the
electrons is thought to exist at the nuclear site. Contributions to
nuclear spin-spin coupling arising from this mechenism are expected

to be much greater than from the orbital coupling.
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Calculation of Chemical Shifts

and Spin-spin Coupling Constants 5.k

Although the theory underlying the calculation of chemical shift and
spin~-spin coupling constant parameters is well understood, the actual
calculation of these parameters pre-supposes & knowledge of both the
ground state and excited state electronic wavefunctions of the molecule.
In the majority of cases, our knowledge of ground state electronic
wavefunctions is somewhat scanty, and that of the excited‘state
wavefunctions is almost non-existent, so that values calculated for
chemical shifts and spin-spin coupling constants have, at best, a
congiderable degrec of error.

The appearance in the theory of excited state electronic wavefunctions
arises as a result of formulating the theory in terms of Rayleigh~
Schrodinger perturbation theory. This complex form of expression has
been circumvented by employing variational perturbation theory although
sometimes this amounts to little more than selecting one particular
excited state wavefunction as the variational perturbation. This cap
oply be justified if the perturbation takes a particularly simple form.

Although the direct calculation of chemical shifts and spin-spin
coupling constants is, in all but the simplest cases, extremely
difficult, the amount of knowledge which has accumulated as a result
of such calculations is extremely great., In particular, & good
understanding of the relative importance of the various factors
contributing to the chemical shift and coupling constant parameters
has been developed. The present state of the methods of calculating
chemical shifts and spin-spin coupling constants is clearly illustrated
in two recent papers by Poplé“’and by FPople and Santr;? In the next
chapter we shall be concerned with the calculation of the chemical

shift parameter in the hydrogen and hydrogen ceuteride molecules.
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Effects of Isotopic Substitution on the
Magnetic Shielding Constants of Nuclei:

Contribution of Nuclear Quadrupole Coupling.

Chapter 6

70



Introduction 6.1

It has been shownésthat, when the group -CHQ- in certain organic
molecules is replaced by ~CHD- , then the chemical shift of the proton
within the group is moved upfield by a few parts per million. This
increase in chemical shift wmust result from a small increase in the
waf..etic shielding constant of the protom. It has been suggestedﬂihat b
the primary cause of this increase is the different vibrational
amplitude of the D and H atoms in the molecule.

Gutowsk;qhas also pointed out that the effects of the quadrupolar
interaction of the deuteron might be partly responsible for the
observed change in shielding constant. In this chapter we shall
investigate, in a simple way, the contributions of various effects,
including quadrupolar coupling, to the observed changes in magnetiec
shielding constants.

If quadrupolar coupling of the deuteron is important in causing the
observed change in shielding constant, then it should have greatest
effect in a molecule in which the deuteron is directly bonded to the
hydrogen atom as in hydrogen deuteride, rather than in one in which
it is one bond removed, as in the -CHD- group of an organic molecule.
For simplicity and convenience, our attention will therefore be
restricted to the molecules H2 and HD,

We shall relate the difference between the proton magnetic shielding
constants in these molecules to a change in the orbital exponent of
the hydrogen atom electronic wavefunctions. From this change we shall
compute, in an approximate way, the resulting change in the electronic
energy of the molecule. The quadrupolar interaction of the deuteron
will then be shown to contribute ingignificantly to this change in
electronic energy, contributions due to the different wvibrational
energies of H2 and HD being shown to be sufficient to cause the
calculated change.

The conclucions drawn from these calculations will be extended to
explain changes in the magnetic shielding constants of protons result-

ing from isotopic substitution in larger molecules,
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Differences in Magnetic Shielding

Constants of the Protons in H2 and ED

6.2

The nomenclature used to describe the hydrogen and hydrogen
deuteride molecules can be understood by making reference to the

following diagram:-

Y s

A R B
A and B are the sites of the nuclei.
R represents the internuclear distance.
r, and rp are the position vectors of the electron with position P.
As described in chapter 5.2, the magnetic shielding constant of
nucleus A or B is given by

O’=O‘d+0"p

Now, from equatlon (5.2.10), we see that % is proportional to <-:‘->
for the electrons, whereas o'P is proportional to <—3> It follows
that o’d for, say, nucleus A, must be much more susceptible to small
changes in electronic enviromment which ocecur at some distance from
nucleus A than will dp.

In the hydrogen deuteride molecule, if nucleus B is regarded as
being the deuteron, then the nuclear quadrupole- electron interaction,
which is dependent upon <l/rg>, will cause only a small perturbation -
of the electrons in the vicinity of nucleus B. The effects of this
perturbation upon <1/ > will be much smaller than upon <1/r1>., To
a good degreec of approximation the quadrupolar interaction of the
deuteron is therefore expected to cause a change primarily in the
diamagnetic shielding constant, Oq of the proton. In what follows
we shall restrict our calculations to those of O‘d.

Re-stating equation (5.2.1C), we have:-



2
oa= g O 15 19 (6.2.1)

Choosing as ground state electronic wavefunction the antisymmetrized

Slater function:-
e(1)o(1) o(2)2)
e(1)8(1) o(2)p(2)

o) =1

(2)

(6.2.2)

(S

and regarding the two molecular electrons as being aquivalent, o, can

be expressed:-

2e 1 -5 1
0= == (9,1 = loy) = 355 x1072(e, | = o) (6.2.3)
d 3mc2 1 Trq 1 1 Tay 1

Choosing ?y to have the simple form:-

-kr -kr
Al Bl
cp1=Nl(e + e )
the matrix element (@1|1/pA1|¢1) can be evaluated by use of spheroidel

co-ordinates. Its value is given by:-

-klR 1 ~2KR
1 k(1 + kR [2 - = (1 - ]
(o, | ;MIqu) Ky )2 m - ) (6.2.4)
; 2
2 [1 + e—KR{l + KB + (-I%ﬁ) }]
A small increment in will give rise to a small increment

d d
in the matrix element, given by:-

1 Aog
Aol = |og) = —————— (6.2.5)
Forg, il 3.55 x 1072

Wimmett;n has measured the differences in shielding constant
between the deuterium molecule and the hydrogen molecule, and
between the deuterium molecule and hydrogen deuteride. The observed

differences are as follows:~

73



Q
o
1
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0.7 x 1077

0.5 x 10~7

Q
o

]

Q .
&

1

Fron these mcasurements we obtain;:-

A _ =oHD -o0H. = ~7

Using this velue for Aca , it follows from equation (6.2.5) that

1 : -1
(¢1|;A1|q>1) = 0.00056 - (a.u.)

e conclﬁde from this calculation that the effect which causes the
increase in magnetic shielding constant in %oing from H2 to HD must
increase the matrix element by the amount calculated. From equation
(6.2.4) we see that this increase in the matrix element could arise
from a change in R or a change in k. We shall examine each of these

possibilities in turn.
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Effect of a Small Variation in R upon (¢1|;l‘ |¢1) 6.3
Al

The equilibrium internuclear distance in H2 and in HD are given

bf?—

= 0.7414 A

2]
=
!

1.4015 a.u,

[}

8
w

]

= 0.7%15 A = 1.4017 a.u.

30 '
With the orbital exponent k equal to 1.2350 , we calculate that:-

=

i

(o, | 0.9280 (a.u.)™!

]

A1'¢1) (B = 1.4015 a.u.)

1 _ -1
((pll rAll(Pl) (Re‘—' 1.4017 a'u.) = 009280 (aoua)

It can be seen that the small difference in internuclear distance
between E2 and HD cannot be responsible for the observed d%:ference
in proton magnetic shielding constant. Marshall and Pople come to
the same conclusion regarding the variation of o with internuclear

distance.
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Effect of a Small Variation in k upon (@1! % |¢1) 6.4
Al

Assuming Re = 1.4015 2a.u., a small increase in k results in the

following increase in the matrix element:-

1

k (o4 = |oq)
S ?Al 1
1.23500 0.52802

1.23550 0.92830

Por the required increase in the matrix element of 0.00056(a.u.)_1,
k must increase by 0,001,

An increase in k by this amount will cause a change in the
electronic energy of the molecule. Neglecting electron-electron
repulsion terms, the increase in the electronic energy of the
molecule resulting from an increase in k of 0.001 is calculated to be
-4 x 10-4 a.u.

From these very simple calculations we conclude that the effect
which leads to the observed difference in magnetic shielding constant

between H2 and ID must perturb the electronic energy by about 10-4a.u.
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Perturbation of the Electronic Energy

Caused by Nuclear Quadrupole Coupling. 6.5

The theory of the interaction between the nuclear quadrupole
moment and the molecular electric field will be discussed in section 2.
For a nucleus with spin I = 1, such as the deuteron, interaction
between the quadrupole moment of the deuteron and the molecular

electric field leads to two nuclear quadrupolar energy levels given by

2 2
E. = e _qf E = — e qQ
1 4 0 2

Ramsey et al. have measured the quadrupolar coupling constant of

the deuteron in HID and report the value:-

It

24
€ q -22,454 + 6 ¢/s
2h .

U

It follows that E 3.34 x 10‘15 a.u.

0

B, =-1.67 x 10713 a4,

The magnitude of the nucleus-electron electrostatic interaction energy
must therefore be perturbed by approximately 10—lsa.u. by quadrupolar
coupling of the deuteron. This is much smaller than the 10—4a.u. »
perturbation which we calculated necessary to account for the observed
difference between the magnetic shielding constant of the proton in H2
and that in ID.

Although this result seems to constitute the answer to the problem
which we set out to solve, it is of interest to examine - the validity
of our approach by calculating the difference in the vibrational
perturbation of the electronic energy of the hydrogen and hydrogen

deuteride molecules.
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The Vibrational Ground State Energy Levels of H2 and HD 6.6

According to Herzbergss, the ground state vibrational energy levels

of the hydrogen and hydrogen deuteride molecules are given by:-

2170 cm ™1

(%),
Hy

6(% 1

)HD 1884 cm

The energy difference between these levels is

E = G(—%)ED - (}(~§-)H = - 286 el = - 13 x 10 %a.u.

2
which is of the same order of magnitude as the -4 x 10-4a.u.
difference in electronic emergy which we calculated necessary to
account for the difference in the magnetic shielding constant of the
proton. It follows that the difference in the vibrational perturbation
energy of the hydrogen and hydrogen deuteride molecules is sufficient
to account for the difference in the magnetic shielding constantf4

In accounting for the difference in the protorn chemical shift in
the hydrogen and hydrogen deuteride molecules, we have shown that the
contribution to this differerce arising from nuclear quadrupolar
coupling is insignificant with respect to that arising from vibrational
pexrturbation of the electronic energy.

In organic molecules in which the perturbing influence of the
deuteron upon the electronic environment of the proton is less than
than in hydrogen deuteride, isotopic displacement of the proton
chemical shift due to deuteron quadrupolar coupling must certainly be
ingignificant with respect to that caused by vibrational perturbation

of the electrons.
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The Transition from N.M.,R. to N.Q.R. Spectroscopy 7.

Host of the research which we have so far described was carried out
during the author's first fifteen months of research. Towards the
end of this initiel period, the seriousness of the difficulties
encountered in the non-empirical interpretation of chemical shifts
end spin-spin coupling constants had been fully realized, As the
autbor's interests were centred mainly around the interpretation of
the experimental parameters in terms of electronic structure, there
scemed little to be gained by continuing a study N.M.R. spectra.
in addition, the related field of N.Q.R. spectroscopy appeared to
have greater potential as a tool for studying electronic enviromment.
O0f particular interest to us, was the possible application of the
technique to problems in transition metal chemistry. Thé results of
Mossbauer, microwave, electron spin resonance, and N.Q.R. measurements
supported the idea.

With the help of a grant from the Royal Society and with the aid
of departmental funds, it became possible to initiate research ir
N.Q.R. spectroscopy by buildiﬁg a spectrometer to observe resonances.
The material presented in the second section of this thesis describes
the progress which we have made in both practical and theoretical

aspects of this subject.
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Nuclear Quadrupole Resonance Spectroscopy

Section B
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Introduction 1.

Nuclear guadrupole resonance, like nuclear magnetic resonaﬁce, is
a branch of spectroscopy which provides information concerning
electronic distribution in atoms and molecules. Unlike nuclear
magnetic resonance spectrosecopy, in which primary splitting of the
nuclear spin levels is due to interaction of the nucleus with the
externally applied magnetic field, the primary splitting of the
nuclear levels due to nuclear quadrupolar interaction is'due to the
electrostatic field gradient set up by the electrons of the molecule.
Splitting of the nuclear spin levels due to nuclear quadrupolar
interaction is therefore much more sensitive to the electronic

environment of the nucleus than is splitting due to nuclear magnetic

interaction. Dy performing suitable experiments, three parameters

related to the electronic environment of the nucleus may be derived
from nuclear quadrupole resonance spectra., These are:-
(a) The directions of the principal axes of the electrostatic
field gradient tensor at the nuclear site.
(b) The magnitude of the greatest component of this tensor.
(c) The degree of asymmetry of the electrostatic field
gradient at the nuclear site.
The interest of the chemist in nuclear guadrupole resonance spectroscopy
is very much centred around the interpretation of these parameters in
terms of molecular and electronic structure.
Before discussing the detection of nuclear quadrupole resonance
and the interpretation of spectra we shall outline the theory of the
interaction of the nuclear quadrupole moment with the atomic and
molecular electric field in order to illustrate the experimental
requirements of nuclear quadrupole resonance spectroscopy and the

type of information we might expect to derive from such spectra.
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Theory of The Nuclear Quadrupole-

Electron Interaction in Atems. 2.1

If we describe the nucleus and electron cloud distribution in an
atom as two charge distributions Pn(rn) and f%(re), their mutual

electrostatic energy is given by

(r)) plr,)
W, =.J foiTnl /e Te dr_dr (2.1.1)
n e
r-r
70 Tel
which can be expanded by means of the formula
w 4] 1
1 1 . *
= W) ) = Y7 (60 ) Yi(00,) (2.1.2)
Irn- rel to =120+ 1 1%“

to give the following expansion of (2.1.1):-

oo+l 1 *
v = 1), 5 AERE 2 (0 0.) ¥i(0,0,) arar,

B £t 2L+ 1 1)

in which the symbols r. and r, mean that the larger of the two
nunbers T, and r is in the denominator, and the smaller in the
numerator. If the small penetration of the electron inside the
nucleus is neglected, this contribution having negligible effect

upon the interaction in any case, we may assume r> T and write

o 41
i = (o (e e (00 dar, [ ) (T Prie e dar,
E {rtdoy, 1 |/ 0D n’n/%n | Fe e

N m¥ 4y *
Putting:- A7 = /21+ - Xﬁh(rn)rn YU (8o )ar
By =

(2.1.3)
| N IR AR CRR S
e e e e e e
2l+ 1
we have:- o+l
Wy DRI
10 m:1
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We may transform to quantum mechanics simply by specifying fh(rn
and /£(re) quantum mechanically. If the state of the nucleus is
described by a wavefunction Q;‘Rl’R2""'RA) of the coordinates of
its A nucleons, the nuclear charge density can be written as the

expectation value of the density of charge operator at the point roi-
. v
plr,) = (Lén|Zeiﬁ(rn - R,)| %) o (2.1.%)
ix|

where e;=e for a proton and zero for a neutron. From (2.1.3) and
(2.1.4), A? can be written as the expectation value A?: <¢¢$>,, in

m
which the nuclear operator A is defined by

v

A
=/ e }Z: eR. Y7(6,9,) (2.1.5)
21-}- 1 =4

Ri’ Oi, e being the polar coordinates of the A nucleons. Similarly

B is the expectation value of the electron operator t-

(B'ﬂl= —e LS i r-l-(1+ I)Ygl(ei(Pl) (2'1.6)

t 21+ 1

where ri’gi’@i are the coordinates of the N electrons. The energy
of electrostatic interaction between the electrons and the nucleus

is then the expectation value of a Hemiltonian

w sl
Hy =) ) AT @Y (2.1.7)

To met
From the definitions (2.1.5) and (2.1.6), it is clear that the
operatorsa@% and 63? transform under rotation of the coordinate axes
in the sanc woy as spherical harmonics of order [ . The tensor
operator A with 2l+ 1 components;{? is called the multipole moment
of order | of the nucleus. The quadrupole moment of a nucleus depends
only upon the expectation value LY = <4?> of the nuclear multipole
operator over the wavefunction of the nuclear ground state, that is,
1 is a constant. Concerning the matrix clements ofai?, odd values
of 1 are forbidden if we assume, as secms well established experiment-

ally, that stationary nuclear states have well defined parities.

83




Further information and limitation on the velues of the matrix
elements of the nuclear multipole operators results from their tensor
character and is largely based upon the Wigner-Eckart 'l;heorem1 , which
states that the set of matrix elements for any tensor operator
differs from the set for any other tensor operator ‘/{: only by a
constant factor represented by the reduced matrix element |
(a Jﬂ a@,_ﬂa'J'). More precisely, it can be shown that a matrix element

m 1

such as (o'J'M' o J M), where M= J,, M'=J_, is equal to

(™M AT |« T M) = (31Mn]d s'M') (T A, Jad) (2.1.8)
o RH.S. .

where the first factor,is the Clebsh-Gordan coefficient for the

coupling of angular momenta. It follows from the well known

properties of this coupling that for the matrix element (2.1.8) to be

different from zero, it is necessary that
lo -~ Jele]a + av]

It follows that for a nucleus of spin I (0¢ 1< 2I), AL will only be
different from zero if 1< 2I. Thus nuclei of spin I> 1 will have
quadrupole moments, nuclei with I> 2 will have moments of order %,
etc.. The term? =0 of the electrostatic interaction between electron
and nucleus corresponds to coupling with a point charge Ze. Since
the nuclear radius R is much smaller than the electronic radius a,
the various terms of WE,as given by equation (2.1.3), decrease
rapidly, roughly as (R/a)z.

Only quadrupolar interactions will be considered from now on. The
components Jég of the nuclear quadrupole moment operator can be
rewritten as:- )

‘ Jéig = %lz 2 eyx; iyi)z

i

-

2 ii

/@il %2? Ze.z.(xi * iyi) (2.1.9)

0 1 2 2
Ay= 5 ), (3 - By

i
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According to the Wigner-Eckart theorem, the aﬁg have, for a nuclear
state of spin I, within the manifold of the 2I + 1 substates, Iz = m,
the same matrix elements as the Hermitian tensor operator formed from

the conmponents of the vector I:-

1
2 (6)% 2
Vo =% ) et

ofrs

+]1 6
Q 2~ jZl Z;. ei[Iz.Iii+ IiiIzi]

25

i

- Ii(Ii+1)]

1
X 91[315.

i 1

ol

Since details of nuclear structure are not sufficiently well known to
make use oi’a{g in this form, these relations are normally expressed in ’

the following way:-—
+2 6)%,. \2
QT a%l (1,)

1

it

+]1 2
Q 2= aigl (Iin' + I.*.Iz)
Q g =« -% (313 - I(1 + 1))

The constant « is determined, for instance, from the condition that
Qg and Ag have the same expectation value in the substate Iz-—- I,
denoted as|I I). The usual convention is to represent by the symbol
eQ, the quantity

eQ = (I Il;i:ei(3z?—R?)|I I)

1=t

We therefore have:-—

eq = 2(I ILAgII 1) =2(1 Ilqglx I) = «1(21 - 1) (2.1.10)

eq

wl'lence Q = ——————
(21 - 1)
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We can therefore write:-

i
*+ 2
2. =8 (6) 12
I(21-1) &
1
+1 eQ (6)2
e, = (I, +1,1) (2.1.11)
2 1(21_.1) ) z £ £z
g= ~. 1 (31 - I(I + 1))
1(21-1) 2 ]

The quadrupolar interaction ?amiltonian can now be written

. ZQQQ

m-2
where Q); involves only nuclear spin operators ande;g involves only

el\lectron coordinates, From (2.1.6) (Bl; can be written
N
m _ 73 -3
®, = -e/; ,Z: r; Y’;(Gicpi) (2.1.12)

The five components of this operator constitute the spherical

components of the tensor operator

oy s

o ki I'

which we can write conveniently in matrix form
2
T = —{:—Egygxi Y, ¥ (2.1.13)
X 3 %

T is known as the electric field gradient temsor. The components

of this tensor are closely related to the following combinations

of @nx; components:—
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o 1 5, 2 2 _2
&2 -5 e i: r, (--xi -y +221) (2.1.1%)

1 _

8; * @—é = (%)29 ), rES(Ziziyi) (2.1.15)
+

(B; - (Q,-; = (g)ze Z rzs(inxi) (2.1.16)

B2t §2=(F) el P -vD (2.1.17)
1 .

@g - @3- (g) %o y r;5(4ixiyi) | (2.1.18)

The temsor T is greatly simplified if the axes are transformed in
such a way as to diagonalize the matrix of the tensor. The tensor
is then said to be described in the"principal axis system". 1In this

cagse the matrix takes the form

. xf 0 o©
T--e) 2 0 ¥ o (2.1.19)
A 3 i
T o o 22
X

The only non zero terms of this tensor are derived from expressions
(2.1.14) and (2.1.17). From these terms, it is possible to define

, three new operators which are symmetrical in the principal axes:-

= 2, ~ | 0
eZ(3Z2 - ri)ri5 =28

i 2
: ’ H )
e;(ﬂf - r?)rirj = -% (@g + &53) + @»g (2.1.20)
N _ 2 o 0
eZ;(}’Y? - r? ri5 = 'g' (B, + 63) + 82‘

2 2, -~
92 = <e (321 - ri)ri5 = 24
e = (LK - D) =B e (2.1.2)
&= 2

]
N
o
R
)
{
2]
Lol 1]
S’
H
e ]
(S
I
ve]
+
=

where A =(@ g> B = (-g-)%«@g +(§2)>
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Ew: B

The disappearance of expressions (2.1.15) and (2.1.16) in the

principal axis system causes two terms in the Hamiltonian to drop

out, the reculting expression being

- B qaR ) By

The zero value of expression (2.1,18) implies that
-2 2
) 2 @)2
leading to the further simplification

u%’=Q362 + (Q3+ Qé)ﬁg

Using this expression, the interaction energy becomes:-—

- (Y + (et ){ed)
e - (Eeei)2y

i

which, upon substituting for the nuclear operators, becomes:—

WE_—A—- [<(31 -I(I+1))>2A+<(I +I)>}

41(21-1)

The corresponding Hamiltonian is usually written

2
- -89
B herD) [31 I(I + 1) *'Q(I + I ﬂ
in which A=- %ﬁ , B =17.24 = -T.eq

where?Z is a scalar coefficient.

If, for all the electrons of the atom, X? = Y?

and the Hamiltonian (2.1.22) becomes:-

2q0 2
Ay = - Z}Z§§i1> [312 ~I(I + 1ﬂ

88

(2.1.22)

, ‘then 7 =0

(2.1.23)



In this chapter we have drawn considerable attention to the
tensor character of the nuclear quadrupole-electron interaction. This
first appeared with the expréssion of the coupling in terms of
spherical harmonics via the expansion (2.1.2). Not only is the
tensorial form of expression more elegant than the usual Taylor

. . 3
series expansion >

, but, in addition, it has great advantages if we
wish to calculate the electric field gradient due to the electrons
of the atom or molecule. This will become obvious in subsequent

chapters.
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Theory of’the Nuclear Quadrupole-

Electric Field Interaction in Molecules. 2.2

If the quadrupolar nucleus A forms part of a molecule rather than
part of an atom, the electric field gradient operatorﬁiz, as given by
equation (2.1.12), must be replaced by

™M

1
@g =(£;£)§ 2 ekrA?z Y2( e sk - (2.21)

in which the summation is over all M charged particles of the
molecule, excluding the charge of the quadrupolar nucleus itself.
This operator is seperable into terms involving the nuclear charges

of the molecule and those involving the electronic charges:-
Ly i .
0 _ (hm)® by 2 Z -3 0
(2.2.2)

where A refers to the quadrupolar nucleus and the summations are over
the N nuclear charges excluding the gquadrupolar nucleus, and the
n electrons of the molecule. The electric field gradient due to a

' nuclear charge is simply:-

3 (3cos 9 -1) (2.2.3 )
RJ

in which nucleus A has been chosen as origin of coordinates, Ze is
the nueclear charge of nucleus j, Ej and Qj are the polar co-ordinates
of nucleus j.

The electric field gradient operator for the electrons is identical
to that for the atom, although, in the case of a molecule, it
operates upon molecular electronic wavefunctions rather than upon

atonic wavefunctions.
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As a result of the nuclear quadrupole-electric field gradient
interaction, the nuclear spin states, which are degenerate in the
absence of perturbation by.electric or magnetic fields, have energies
given by the expectation value of the Hamiltonian (2.1.22) for a non
symmetric electric field and (2.1.23) for a cylindrically symmetric
electric field. As n is usuallf fairly small, we shall concentrate
our attention upon the nuclear spin energy levels resulting from the
interaction of the nuclear quadrupole moment with a cylindrically

symaetric electric field. These ecnergy levels are given by:-—

e2qQ

EQ = - m [3]1!1[2- (1 + 1)] | (2.2.4)

For a nucleus such as N14 with I equal to one, the nuclear spin

levels are split as follows:~

2
YR (')
""“;= m = il Etl = 4
E":.
e2aq
—m = 0 EO = 3

As was the case with nuclear magnetic resonance spectroscopy, this
set of energy levels can be detected by radiofrequency spectroscopy,
although in this case a sample with its field gradient axes fixed in
space must be used rather than one in which the axes rotate rapidly,
because rotation of the axes causes the interaction to average to
zero. For this reason, crystalline samples are required for nuclear

quadrupole resonance spectroscopy.
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)
Experimental Requirements %f

Nuclear Quadrupole Resonance (H.Q.R.) Spectroscopy

The magnitude of the splitting of the nuclear spin energy levels
due to interaction of the nuclear quadrupole with the molecular
electric field can range from zero to several hundreds or even
thousands of megacyclesf‘ Even for the lighter nuclei which have
relatively small gquadrupole moments, the resonance frequency may vary
over a very considerable range as illustrated in figure 4.1. It is
therefore a requirement of a spectrometer that it should operate over
a relatively large freguency range. As N.Q.R. absorption signals
are very weak, épectrometers nust also be extremely sensitive. These
requirements tend to be mutually exclusive and in practice a compromise
must be reached. Detectors are thercfore normally designed to operate
over & limited frequeney range, there being at present three such
ranges:-

(i) © - 20 Mc/s.
(ii) 15 - 100 Mc¢/s.
(iii) > 100 Mc/s.

N.G.R. absorption of suitable isotopes of first row elements in
the periodic table, such as Nlé, usually occurs in range (i), whereas
second row elements may resonate anywhere between zero and one hundred
negacycles,

To enable full use to be made of the technique, it is necessary
to locate the prineipal axes of the field gradient tensor and to
relate these axes to the crystallographic axes. 3Dy doing so, &
direction to the quantity q can be given vhich corresponds to a known
direcction within the individual molecules of the crystal. Location of
the principal axes is best carried out by subjecting the single crystal
somple to aAsmall static magnetic field when recording the H.Q.R.
spectrura, The perturbing field causes Zceman splitting of the spectrum
which depends upon the orientation of the crystal with respect to the

field. Maximun splitting results when the Zeeman field is along the
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direction of the principal axis. It is therefore another requirement
of a spectrometer that it should provide a magnetic field and
facilities for orientating the sample with respect to the field.

Because the N.Q.R. frequency depends upon the average value of the
largest component of the field gradient tensor, it is dependent upon
molecular motions, hence upon temperature. A4s o result, it is‘of
interest to study the variation of the N.Q.R. spectrum with sample
temperature., Facilities for varying sawmple tewmperature should therefore
be included in the spectrometer design.

Llthough, as chenists, our main interest in N.Q.RE. is that of
interpretation of experimental data, we cannot avoid the experimental
problern of detecting N.Q.R. absorption signals for the simple reason
that spectrometers are not commercially available and must be
constructed by the researcher. In the next chapter we shall describe
the design and construction of a spectrometer which fulfills many of
the requirements outlined in this chapter and which operated in the

frequency range 20 -~ 70 Mc/s.
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A Nuclear Quadrupole Resonance Spectrometer

Construction and Operation,

Chapter 4
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Introduction 4.1

The design and construction of the nuclear quadrupole resonance
spectrometer which we shall presently describe has constituted the
" first research in the field of N.Q.R. spectroscopy to be carried out
in the Chemistry department of the University of Glasgow.

Cur aim in designing a spectrowmeter has been that it should be
suitable for the study of N.G.R. spectra of nuclei with small electric
quadrupole moment and large electric field gradient or with large
quadrupole moment and small field gradient. In particular, we have
had in mind the possible application of the technique to the study of
the electronic enviromment of transition metal nuclei in complexes.
From the survey of N.Q.R. absorption frequencies which is presented
in figure 4.1, we concluded that a spectrometer operating in the
frequency range ¢ - 100 Mc/s. would be suitable for initial
investigations. Eecause of the weakness of N.7.X. signals and our
lack of experience in the field, we desired also that the spectrometer
should be highly sensitive.

These requirements, together with the wish to study Zeeman splitting
of the resonances, led us to adopt a spectrometer design similar to
that proposed by Dean™ . As construction progressed and experience
was gained in the field of electronics, departures from this design
were made. The spectrometer which we shall now describe is therefore
of the same type as that proposed by Dean but has its own particular

characteristics.
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Functional Design of the Spectrometer 4.2

A schematic representation of the mechanism by which IL4Q.R.
gsignals are detected by the spectrometer is shown in diagram 4.2 A.

The crystalline sample is placed in the resonant magnetié field
contained in the tank coil of the radiofrequency oscillator, the
frequency of which is slowly varied so that it passes through the
resonance frequency of the sample. The output from the oscillator
contains the N.G.H. signal which is at audio frequency, due to the
method of audio-modulation of the oscillator frequency employed in
signal detection. Ls well as this sigpnal, output from the
oscillator contains also radiofrequency, quench frequency of about
30 kc/s., and random noise at all fregquencies. Before this complex
output is passed to the pre-amplifier, the radiofrequency component
is removed by passing the oscillator output through a radiofrequency
filtering network. The pre-amplifier amplifies audio signal and
noise by about fifty times while amplifying the quench frequency
component by a smaller amount. The pre-amplifier output is
passed to the narrow band amplifier which is tuned to the audio
signal frequency, this being the first harmonic of the oscillator
modulation frequency. The selectivity of the narrow band
amplifier is sharply peaked at 3000/5., so that only audio signal
plus random noise in the immediate vicinity of this frequency are
amplified, the amplification factor being about 200. Signal
voltages at all other frequencies are suppressed by this network.
It remains only to remove as much of the resultant noise as
possible before displaying the signal on the potertiometric
recorder. This is accomplished by passing the output from the
narrow-band amplifier through a phase-sensitive detector circuit
which converts the 300c/s. signal to a d.c. signal voltage, random
fluctuation of the 300c/s. noise level tending to make the d.c.
noise level very small indeed.

The function of the other parts of the instrument requires
little understanding and will be dealt with in the description

of the parts themselves.
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DETECTION AND DCVELODMENT OF THE NQR SIGNAL .
DIAGRAM A.

CHADTER 4.2.
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Constructional Design of the Spectrometer 4.3

The complete spectrometer, which is shown in photograpz 1, is
composed of three seperate units, all of whiek are trolley mounted.

These are:-

(1) The signal detection unit.
(2) The console.
(3) The auxiliary apparatus.

We shall deal with the description of cach of these units in turn.
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The Signal Detection Unit 4.3.4

Apart from the electronic circuitry direetly connected with
detection of the N.Q.R. signal, this unit also contains other'parts
of the spectrometer which must be situated in close proximity to the
sample., The Helmholtz coils for generating the magnetic field and
the low temperature apparatus therefore form part of this assewmbly.

The electronic ecircuits contained in this section are the radio-
frequency oscillator and preamplifier, which have been built into
the same housing,and the narrow-band amplifier which is situated
closeby. A cut—away drawing of the complete unit is shown in
diagram E.

As the radiofrequency oscillator is by far the mest important
part of the spectrometer, we shall describe the advantages and
disadvantages of the various types of oscillator used for observing

N.Q.R. signals, and our reasons for choosing to build a particular

type.
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(i} Radiofrequency Oscillator Design:

Conditions for Signal Detection®

The detection of nuclear gquadrupole resonance absorption requires
application to the sample of a radiofrequency magnetic field at a
fixed frequency and at a suitable intensity. The radiofrequency
field should not be so large as to saturate the signal, or so small
that the signal cannot be detected. 1In gencral, quadrupole resomance
experiments, because the spin-lattice relaxation times are smaller,
require larger r.f. power than magnetic resonance experiments. The
r.f. voltage required for a given magnetic field does of course depend
on the geowmetry of the r.f. coil. The oscillator must also have
sufficient sensitivity to provide a nuclear sigpnal which measurably
exceeds noise level. To search for resonance absorption over a
limited frequency range, the applied frequency must be changed
continuously, and yet the apparatus must maintain reasonable stability
and sensitivity.

Two types of oscillator which measure up to these requirements
to different extents have been used to detect HN.Q.R. absorption in
the frequency range ¢ - 100 Ec/s. These are:-

v (a) Regenerative continuous wave detectors.

(b) Super-regenerative detectors.

Continuous wave detectors provide a simple signal output suitable
for the measurement of line shape or the observation of close lying
multiplets. Such detectors do, however, suffer from the disadvantage
that only & relatively small r.f. power level is required to saturate
the spin system. Sensitivity of the detector is necessarily sacrificed
by operation at low power levels. An additional disadvantage of this
type of detector is that the maintainance of conditions of high
sensitivily over a long period and at variakle frecuency is rather
difficult.

Super regenerative detectors cause the spin system to be submitted
to bursts of high r.f. power. This type of detector therefore has

high sensitivity without much danger of saturating the spin system,
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and is particularly suitable , on account of its high power level,
for observing resonances with large line-widths. In addition,
reasonable sensitivity can be maintained for long periods without
serious readjustment, The super-regenerative detector does suffer
frow: the serious disadvantage that the output is complex, hence it is
not suitable for measurement of line skape or the observation of
close lying multiplets.

It would appear that the high sensitivity of the super-regenerative
oscillator, coupled ﬁith its ability to detect resonances with large
line-widths, renders it more suitable for initial investigations in
the field of N.Q.R. than the continuous wave type of oscillator. For
these reasons we have employed a super-regencrative detector in our
spectrometer. .

Before describing the oscillator actually employed, we shall first
outline the operating fundamentals of the self-guenched super-

regenerative oscillator.
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Theory of The Self-quenched Super Regenerative

Oscillator

(a) Self-quenching Receivers

The self-quenched super regenerative detector is really a
squegzing oscillator, the waveform generated by its squegging action
being lmmown as the quench'waveform. The squegging action of this
oscillator originates in relaxation oscillations in the circuit
itself. The arrangement of the oscillator is such that the time
constant in the grid circuit due to the gridé leak and associated
condenser causes the oseillator to squegg.

In such an oscillator, the oscillations build up from the level
of the oscillatory voltage ecxisting in the quiescent circuit. Usually
this voltage is provided by thermel and shot noise. The effects upon
the circuit of the application of a signal will now be discussed.

T+
%rri ,
Basic Self-quenched Super Regen.

_ éJ | Oscillator Circuit.
4

- -
(b)'The Self~-quenching Cycle

|-

After the oscillator has been switched on for a short time, the
relaxation process settles down so that the mean grid voltage is
always negative and fluctuates approximately in the manner shown in
fig.4.3.la. It is in this steady state that we are interested. Let
us follow the events in a squegging cycle and observe the effects of
introducing a signal voltage into the oscillatory circuit. We shall
begin our examination of the self-quench cycle when the oscillatory
circuit is quiescent and the grid voltage is recovering on the time
constant in the grid circuit. Time t = C is some arbitrary time
after which the oseillations from the preceding cycle have died
away. As the grid voltage decreases towards zero, a time t = tl is
reached at which the effective circuit conductance is zero corres-

ponding to a grid voltage V_ . From this point, oscillations build
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up from the level of circuit noise (solid lines). Initially, the
oscillation amolitude is small and has no influence on the
continued rise of the grid voltage. The corresponding conductance
variation is slow, because it is governed by the slow recovery of
the grid potential. As the oscillations grow, grid current begins
to flow on the positive peaks. At this stage, it is necessary to
imagine an oscillatory veltage superimposed upon the mean grid
voltage (this has been onmitted from the diagran for clarity). The
grid current charges the grid capacitor and causes the mean negative
grid voltage to increase in an attempt to follow the oscillation
envelope. 3Iventually the oscillations reach a limiting amplitude
at which the valve can only just supply sufficient energy to
maintain oscillations. The grid voltage due to persisting grid
current continues§ its negative trend. This reduces the duration of
the synchronous bursts of anode current which maintain the
oscillations. The effect is cumulative and the oscillations die
away. Grid current no longer.flows and it only remains for the
charge on the grid to leak away in readiness for the next cycle.
When a2 signal voltage exists in the circuit about time t = tl,
the oscillations build up from this new level. Build up starts
from‘exactly the same grid voltage, namely Vog' Zowever, the
oscillations reach a given amplitude at an earlier time, as shown
by the dotted line. The point at which grid current begins to
flow is correspondingly advanced, and the grid voltage starts its
negative excursion before it has recovered quite so far as it did
in the absence of a signal. Fig. 4.3.lc shows the oscillation
pulse in relation to the grid veoltage waveform. All the succeeding
events are advanced by a corresponding amount. The oscillations
reach their peak earlier and the sensitive period in the next
quénch cycle comsequently occurs at an earlier time. The effect
of epplying a steady continuous wave signal, therefore, is to
decrease the interval between successive oscillation peaks, thus
iccreasing the quench frequency. This is illustrated by the dotted
line in the figure. The variation of mean anode current during the

cycle is also shown in the figure. At t = 0, it has a value
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determined by the grid voltage at that time. It increases gradually
as the negative value of the grid voltage is reduced. During the
oscillations, however, the mean anode current is greatly increased
because it represents the average of bursts at the oscillation
frequency. It falls with the oscillation amplitude. By this time,
however, the grid potential is more negative, and the anode current
drops to a2 lower value than it had before the oscillations began.

On the receipt of a signal, the pulses of anode current become more
frequent, and the value of the current, averaged over a number of
quench periods, increases with the signal amplitude. If the signal
is modulated, this means that the anode current varies at the

modulation frequency. The receiver is therefore self detecting.
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(iii) The Super-regenerative Oscillator:

Practical Design.

The electronic circuitry of the super-regenerative oscillator which
we have employed is exactly the same as that proposed by Deaﬂ?' The
oscillator and preamplifier have been built into a single housing
shown in photograph 2 and diagram C. Electronic circuits are shown in
circuit diagram 1. A

The frequency of the oscillator is set roughly by the 50pf tuning
capacitor. Frequency sweep over a small range is carried out
electronically by imposing a slowly varying d.c. bias upon the Hughes
LC 7001 voltage variable capacitor. Modulation of the oscillater
frequency is carried out by superimposing a small a.c. voltage upon
this bias. The quench frequency~of the oscillator is set by the 1M
potentiometer in the grid circuit. Using 18 gauge copper wire coils
of dimensions 1" x 2", with from six to twelve turns, the frequency
- range 20 - 70 Mc/s can be covered. On the average, ome coil will
cover a range in frequency of 7 — 10 Mc/s.

Ais can be seen from diagram C, the oscillator coil is mounted
inside a cylindrical brass housing, at one end of which is a small
rotatatle brass plate held in place by grub screws. The sample tube
ig glued to this plate in such a way that, by rotating the plate, the
sample can be rotated inside the r.f. coil. When using single crystal
samples, this provides one axis about which the sample may be rotated
in the magnetic field. The earthy end of the oscillator coil is
soldered to the well of the sample cavity opposite to the brass plate.

The sample cavity is attached to the oscillator housing by means
of a eylindrical brass extension tube. This tube is necessary in
order that the sample may be located in the region of homogeneous
magnetic field at the centre of the Zelmholtz coil assembly. The
tube is embedded in a 1" thick polythene spacer which thermally
insulates the sample cavity from the remainder of the oscillator.
Zlectronic contact is made by 18 gauge copper pins which have been

pushed through the polythene spacer.
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The oscillator circuit itself has been built inside a heavy brass
box, the edges of which have been milled to improve r.f. shielding,
thig being a most important consideration as oseillator sensitivity
is extremely high. The oseillator valve base is situated close to
the leads from the sample coil in order that the components of the
circuit can be installed with leads of minimun length, thus minimizing
the effects of stray capacitance and inductance originmating in the
physical configuration of the circuit elements. The oscillator
circuit is shielded from the preamplifier in order to mininize
picimup and noise.

The preamplifier, whichz is also representeé in circuit diagram 1,
is simply a one stage audio amplifier followed by a cathode follower.
Input and output to the oscillator-preamplifier housing is by a
single Flessey plug mounted on the 1id of the housing. The complete
housing is mounted on top of a large brass gear-wheel which can be
made to rotate by a small motor. This provides a second axis of

.rotation of the sample im the magnetic field.

The leads to the housing are contained in a short shielded cable,
the other end of which goes to the junction box (diagram B). Tigh
and low tension power supplies are decoupled inside the junction box
in order to minimize pickup. The signal output lead to the narrow-
band amplifier has also been made as short as possible as piciup in

the ceble may be large compared to nuclear signal output.
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(iv) The Marrow-band Amplifier.

The purpose of the narrow-band amplifier is to select from the
random noise input from the oscillator and preamplifier only that
component corresponding to the audio signal frequency. As the
modulation signal is provided by a stabilized audio frequency generator,
the band width of the signal ecan,at the most, vary over about 3 - éc/s.
Consequently the band width of the narrow-band amplifier should ideally
be no more than 50/s. The single stage twin-T amplifier employed by
Dean was found to fall very muech short of this requirement, A4is a
replacement for the single stage unit, a pair of stagger-tuned twin-T
anplifiers was employed (circuit diagram 2). This circuit was based
on a design due to White Instrument Laboratories. The resulting
narrow-band emplifier was found to have sharp frequency responmse - _ -~
characteristics, and a gain of about two hundred at the fregquency to
which it was tuned, compared to a gain of about fifty for the single
stage anmplifier., The twin~T networks were built as plug~in units

so that the detection frequency could be changed with ease.
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(v) The Helmholtz Coil Assembly.

The assembly is seen most clearly in photograph 3 and figuratively
in diagram B. DBach coil foruer is made from 3/16" brass sheet, inside
surfaces being lined withk thin sheet Tufnol which acts as an electrical

insulator. The dimensions of each coil former are:-

external diameter = 14"
internal diameter = 6%
internal width = 2—2-"

Bach coil former has been wound with double cotton covered 18 gauge
copper wire, two coatings of I.C.I. Tensol polystyrene cement being
applied after each second layer of wire. The final layer of wire
has been protected by a sheet of plastic material.

The coils have been mounted irngide an aluminium Handy Angle frame
which also serves as a support for the large gear—wheel on which the
ogscillator housing is mounted, Power supply input to the coils, which
are in serieg, is by means of a Selling-Lee socket mounted on the

aluminiuvm freme which is grounded as a safeguard against shock.
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(vi) The Low Temperature Apparatus

The sample cavity is cooled by being placed ir a long Dewar’tube,

the top arnd Lottom of which fit snugly on to polythene spacers as
shown in diagram E. The top spacer fits tightly round the extension
tube from the oscillator, the small gap betweern this spacer and the
polythene spacer immedizctely below the oscillator being packed with
cotton woel. The botton spacer fits snugly round a glass gas inlet
and annular outlet tube which passes directly into a Dewar flask
containing iiguid nitrogen. The inlet to the Dewar tube is connected
to a copper cooling coil,

L flow of nitrogen is made to enter the systeﬁ via the gas inlet,
is cooled by the liquid nitrogen bath, then circulates round the
Dewar tube, passing eventually to the atwmosphere via the gas outlet
tube. At present, no mechanisiz of controlling the temperature has

been included in the system.
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The Console 4.3.(B)

The function of the console is to house the majority of the
electronic circuitry of the spectromcter. The power supplies for the
electronic circuits, magnet power supply circuits, and apparatﬁs for
detection and display of N.Q.R. absorption signals are located in this
enit. As well as these items, there is also an oseilloscope and
general purpose radio receiver. The layout of the console is sheown
in diagram D. In the following pages the circuits contairned in each

chassis of the console will be described.

(1) Zigh tension and low temsion power supplies.

{a) 300 v.d.c./ 6.3 v.a.c. power supply
(t) 250 v.d.c./ 6.3 v.a.c. power supply
These are provicded by stock International Electronics Ltd.
power supplies.
(¢) 6 v.d.c.
A large six volt car battery is installed in a shielded box
behind the 300 v.d.c. power supply. This battery provides power for
the valve heaters of the oscillator preamplifier valves in preference

to a.c. heaters in order te¢ minimize noise and pickup.

(2) Circuits concerned with signal detection

(a) Modulation and frequency sweep unit:

The purpose of this unit is to provide a continuously varying
d.c. bias and an a.c. waveforn toc be applied to the Hughes diode in
the oscillator circuit in order to effect freguency sweep and
modulation. The electronic circuit of this unit is extremely simple
and is shown along with the oscillator preamplifier circuit in
circuit diagram 1. The slowly varying d.c. bias is provided by
driving the 20k helipot by means of an electric motor which has

been geared down so that fifteen rotations of the shaft of the
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helipot are completed ir a seven hour period. 1In order to provide a
continuous sweep and to prevent the helipot shaft from being overrun,
2 mechanism has been installed which causes the motor driving the
helipot to reverse its direction of travel automatically at the end

of each sweep. Care has been taken to minimize pickup as slight
medulation of the oscillator frequency could arise from a.c. piékup
at this stage. The d.c. bias renge is from about 0 - 60 volts, giving

a frequency sweep range of some 300 ke/s.

(b) The: : phage sensitive detector.

Circuit diagram 3A shows the layout of the phase-sensitive detector,
this being exactly the same as that employed by Dean. The circuit
shown at the top of the page is the phase sensitive detector itself,
that at the bottom being the reference generator for switching grids
A and B, The integrating time of the detector is from about two to
ten seconds.

This circuit has been found to function fairly well, although the
rather crude square wave reference signal has caused us to redesign
the reference gemerator. Circuit diagram 3B illustrates the new
reference circuit whick generates gquare waves with a very short rise
and fall time. Small variations in the d.e. level of grids 4 and B
have little effect upon the on-off times of these grids when the

redesigned reference circuit is used hence baseline drift is minimized.
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(c) The megnet power supply and modulation unit.

In chapter 3 the technique for locating the principal axes of the
electrostatic field gradient tensor was discussed. This is usually
carried out by subjecting the crystalline sample to a small static
magnetic field35 while recording the N.Q.R. spectrum, the orientation
of the sample for maximum Zeeman splitting being determined. An

37

alternative and sometimes more convenient method”™ ' is to locate what
is known as the "zero splitting locus". This is done by arranging the
experimental conditions so that only the unsplit components of the
Zeeman spectrum are recorded, and is most simply carried out by slowly
modulating the Zeeman field, Zeeman split components not being
recorded under these conditions, The magnet power supply and field
modulation circuits ere shown in circuit diagram 4. The 100-140 V.
D.C. power supply is of standard design. Leads to a relay circuit
controlling the automatic operation of the spectrometer have been
included although the relay circuit itself has not yet been completed.
Cutput to the magnet consists of a D.C. current upon which can be
superimposed a sawtooth current waveform with a period of one tenth
to ten seconds. Magnetic field modulation caused by this sawtooth

waveform renders the Zeeman split components unobservable.
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Auxiliary Lpparatus %.3.(C).

The following three pices of eguipnment constitute the auxiliary
apparatus: -

(4) in Lévance Components L.7. Signal Generator Type 814 which is
used to provide the nmcdulation signal waveform and referemnce signal
for.the phase-sengitive detectcer. ,

(B) 4 Marconi Counter Frequency leter Type TF 1345/2 which is
used to measure the oscillotor radiofrequency, quench frequency, and
is employed in gencral as an accurate freguency meter.

(€) £n Ldvance Components Type B lModel 2 radiofrequency signal
generator which is used as a piece of test equipment for the
radiofrequency sections of the apparatus, and, along with the frequency

meter, is used to measure the frequency of the r.f, oscillator,
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The Detection of N.Q.R. Absorption 4.4 f

(1) Method of Detection
Although we have explained at length the theory and construction

of the super regenerative detector, we have not yet described how the
signal whick is detected originates from audio modulation of the
oscillator frequency. This process is represented in Diagram 4,%4.F.
Frequency sweep of the oscillator is illustrated in part (a) of this
diagram, which contains also a schematic representation of modulation
of the oscillator frequency. As the frequency approaches the region
of resomance absorption, the crests of the r.f. waves begin to sweep
into the resonmance. This stage is illustrated more clearly in part (b)
of the diagram. The signal which is generated corresponds in frequenc&
to the frequency of modulation hence it is not detected. As the
oscillator frequency increases, the r.f, waves begin to sweep back

and forth through through the resonance as illustrated in part (c) of
the diagram. TFor each cycle of modulation, the resonance condition |
is satisfied twice over so that the signai generated has twice the
frequency of the modulation signal. It is this frequenecy, the first
harmonic of the modulation frequency, that the spectrometer is tuned
to receive.

The fregquency of audio modulation is somewhat arbitrary, though it
must be small compared to the quench frequency. To minimize the
effects of mains pickup, a modulation frequency of 150 c/s and
corresponding detection frequency of 3C0 c/s have been employed in
the spectrometer, The twin-T networks in the narrow band amplifier
are therefore tuned to 3CC c/s.

Operation of the Spectrometer,

Heglecting the operation of the magnetic field circuits for the
moment, operation of the spectrometer is best considered in two stages,
the first being concerned with the oscillator-preamplifier and the
second with all detection stages subsequent to this.

Gefore attempting to detect a resonance there are four instrumental
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parameters to be set which govern the operation of the oscillator.

These are:-

(1) The oscillator frequency which is set roughly by the tuning

capacitor in the grid circuit of the oscillator.

(2) Tke quench freguency of the oscillator which is determined

by the grid-leak potentiometer in the oscillator circuit.

(3) The frequency scapning width which is governeé by the setting

of the potentiometers in the modulation and frequency sweep
unit.

(4) The modulation amplitude which is also controlled by a

potentiometer in the modulation and frequency sweep unit.
In the operation of all the other detector stages put together, there

are really only three controls which require to be set. These are:-

(1) The input attenuation to the narrow band amplifier :

In practice it has been found that the gain of the narrow
band applifier is sufficiently great that the input must be fully
attenuated to avoid overloading the circuit.

(2) Ipput attenucation to the phase sensitive detector.

This is simply determined by the intemsity of the detected
signal.

(3) Time comstant of the phase sensitive detector: This comtrol

is largely responsible for determining the signal to noise
ratio of the recorded signal. For maximum sensitivity it is
best to use a slow frequency sweep rate and a2 large time
constant,
Gf the seven parameters which we have just described, the frequency
scanning width, the input attenmation to the narrow band amplifier
and to the phase sensitive detector, can be regarded as chargcteristics
of the instrument alome. The time constant of the phase senmsitive
detector depecnds both upon the characteristics of the instrument and
those of the resonance. The setting of the three remaining parancters
depends entirely upon the characteristics of the resonance. Difficult-
ies in locating resonances are therefore centred around the selection

of the correct value for the following parameters:—
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(2) The oscillator freguency
(b) The quench frequency

(c) the modulation amplitude.

(3) Testing spectrometer sensitivity

The sensitivity of the spectrometer may easily be tested by
recording a resonance of known frequency and linewidth. The nuclear

35

quadrupele rcsonance absorption of the Ci”” isotope in polycrystalline
sodium chlerate is well suited to this purpose. A reproduction of
this spectrum, obtained on the spectrometer operating at a frequency
sweep rate of 0.75 kc/minnte, is shown in Diagram E.. Noise level in
this spectrum is very small indeced.

%

As a test of comparative sensitivity, the C resonance of
KéPtCl6 was reecorded using three grams of polycrystalline materizl.
The observed signal to noise ratio was approximately fifteen to one.
Under similar experimental conditions, and using nine grams of
material, Nakamura et 3140, in 2 recent paper, have becn unable to
report a signel to noise ratio higher than three to one for this
compound. The sensitivity of the spectrometer which we have built
‘would therefore scem to compare favourably with those of other groups

engaged in this field of research.
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Searches for N.Q.R. Spectra of Transition Metal Nuclei. 5.1

Problem of Signal Detection Renewed.

As soon as the spectromcter became operational, we decided to try
to obtain N.G.R. absorption signals from some transition metal
containing compounds. A study of the nuclear quadrupole moments and
isotopic abundances of the elements of the first, second, and third
transition series showed the following nuclei to be potentially

suitable for study:-

: vd) . om@ . e . @ .
Com@ . : : . om@ . :
cooned) L @ . wd . m@d) =

isotopic nuclear spin being indicated in parentheses.
Of these elements, N.Q.R. absorption in Co, Cu, Nb, and Hg compounds
has already been detected:-

Nucleus Compound Range of frequencies
Co 00(c5;x5)2 c16, 24-36 iic/s.
Cu X Cu(CN)2

Cu,0 26-33 Mc/s.
Nb X NbO, 2-3 Mc/s.
Hg BgCl, 362 Nc/s.

0f these five compounds, only the cobalt complex exists in the form
of molecular ions, the others having macromolecular structures. A
second point to note is that all of these compounds are diamagnetic,
difficulties in detecting N.Q.R. absorption in paramagnetic materials
having been pointed out by various workerg?qo

For an initial study of transition metal nuclei in complexes, the
compound which we select for study should ideally satisfy the following

requirements:-
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(1) The nucleus should have a relatively small quadrupole
quadrupole moment, hence nuclei of the first tramsition
series are, in general, most suitable.

(2) The electric field gradient at the nucleus should be small,
and, in addition, cylindrically symmetric.

(3) The compound should be diamagnetic.

(&) The crystal structure should be simple.

In addition to these requirements, it is an added advantage if a
nucleus with a high spin quantum number is chosen, there being for
such nuclei two or three widely spaced transitions which facilitate
detection of the resonance.

The compound, di-manganese decacarbonyl, would appear to satisfy
the above requirements rather well, and is, in addition, rather
interesting on account of abrormally long Mn-#n bond which occurs in

the molecule:-

(_éa
7/

TX\\
)

o=r— =0
/P

Each Mn atom is surrounded by five carbonyl groups and one other Mn
atom, hence the electric field gradient at the nucleus would he
expected to be fairly small and should also be cylindrically symmetric.
The crystals which these molecules form are extremely simple, the axis
of each molecule in the crystal pointing in the same direction.

Diagram G shows the N.Q.R. frequencies of the Mn55

nucleus plotted
against the electric field gradient at the nucleus. From the diagram
we see that, by scanning the oscillator frequency from 22%%c/s to -
45Mc/s,it should be possible to cover a range in field gradient from
0.6 (a.,u..)-'3 to 2.6 (a.u.)—j. 4 search for this resonance over the
frequency range 22 - 45 Mc/s was carried out but with no success.

The conclusion drawn from this rather arduous four week search

mpl oying ¢ontinuous operation of the spectrometer was that the
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spectrometer, though guite suitable for the study of resonances at
known freguencies, is guite inefficient in searching for resonances.

The same conclusion has subsequently been drawn froma number of searches
for resonances over limited frequency ranges.

The inefficiency of the oscillator system in searching for resopances
is entirely due to the low rate of frequency sweep employed, this being
about 1 Mc/s per day. Any reasonable increase in the rate of frequency
sweep would not really solve the problem, as this would inevitably be
acconpanied by a decrease in spectrometer sensitivity. As.many
resonances have a signal to noise ratio of no more than ten to one
even after optimization of the circuit parameters, a decrease in
sensitivity would probably mean that the resonance would not be detected
at all., This problem seems to be cormon to most types of N.Q.E.
spectrometer and is undoubtedly responsible for the delay in applying
the technique to problems of chemical interest. 1In chapter 5.2 we

shall consider a "working solution" to this problem.
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Design of a "Search Detector". 5.2

From the préctical experience we have gained of the self-quenched
super-regenerative oscillator, the following characteristics have
become obvious:- v |

(1) 1t is reliable,

(2) It is inexpensive,

(3) It is simple to construct.

(4) It con be operated for a month or more
without serious attention.

On account of these characteristics, it has occurred to the author
that it might be possible to operate a battery of such oscillators
simultancously but at different frequencies, Furthermore, this
battery could be accomodated in the present spectrometer system merecly
by replacing the single oscillator-preamplifier by twenty similar
oscillators operating in parallel. Zach of these oscillators would
be designed to operate over a three megacycle frequenecy range,
frequencies from twenty to sixty megacycles being covered. The
suceessful operation of an assembly of this type would of course
depend upon how well eack oscillator could be r.f. decoupled from all
of the others. The oscillator-preamplifier housings would be built as
plug~in units in a large chassis, leads to ecach housing being r.f.
decoupled. OCutput from the twenty detectors would be fed into the
narrow band amplifier. This output could be expressed as follows:-

= dio mod N.Q.R

0= ) forse] ¢ Prima] ¢ [Geemi),

n=t n 1
The sum of random noise voltages from from twenty detectors should be
less than that from one detector so that a decrease in noise level
might be expected. As all the audio modulation signals are derived
from the same source, the suix of such signals will be at the same
frequency and at a greater intensity than for one oscillator. The
selectivity of the narrow band amplifier should, however, be able to

cope with this larger modulation signal. This leaves the N.Q.R.
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signai which is present only in the ith detector, the other detectors
operating at different frequencies. At the present frequency sweep
rate of 1 Mc/s per oscillator per day, 20 Mc/s per day could be
covered. This would be a vast improvement upon the present system.
The search detector which has just becn proposed has not yet been
constructed. The nearest approach to it has been the simultaneous

35

operation of two detectors. The N.Q.R. spectrum of C1”” in sodium
chlerate was succegsfully recorded at 29.8 Mc/s while operating the
secend oscillator at between 32 and 33 Mc/s.

Our proposed solution to the detection problem, though by no means
elegant, may be the only solution until such times as highly sensitive

and versatile detectors are developed.
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The Contribution of the Electron Distributieén in Molecules
to the Electric Field Gradient at the Nuclear Site.

Chapter 7
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The Electric Field Gradient at Muclei in Molecules 7.1

When discussing the theory of nuclear quadrupolar interactions, we
derived operators whose expectation values were geen to describe the
electric field gradient at the nuclear site. By development of that
theory, it turns out that vero field gradient would be expected at the
nuclei of S- state atoms and ions. In other atoms, ions, or in molecules,
those electrons having s-character with respect to the quadrupolar
nucleus are expected to make no contribution to the field gradient at
the nuclear site. It would therefore be expected that the core electrons
of the atom containing the quadrupolar nucleus would make zero contribution
to the field gradient.

In ionic molecules, such as gaseous KC1l, the field gradient at the
Cl nucleus would be expected, from the preceding theory, to be very
small. In fact, the field gradient observed in such moleecules is
nearly always ten to one hundred times greater than calculated. Even if
the approximate nature of the wavefunctions used in such calculations
is taken into account, it is obvious that some mechanism of enhancement
of the electric field gradient is operating. This mechanism has become
known as the Sternheimer anti-shielding effect and has been investigated
by a npumber of workergb:46 This enhancement is in fact due to a gquadrupole
moment being induced in the core electrons in the vicinity of the
nucleus by the nuclear quadrupole moment itself. The quadrupole moment
experienced by charges external to the core is not simply the nuclear
quadrupole moment, but, in addition, the induced electronic quadrupole
moment.

Calculation of the induced moment involves second order perturbation -
theory and is, at best, rather approximate. It turns out that, for
first row atoms and molecules, core polarization by the nuclear guadrupole
moment can account for about 20 — 307% of the field gradient due to
charges external to the core, this field gradient now being called the
direct field gradient. For nuclei with large quadrupole moments, such
as Cl, Cu, the induced field gradient may be one or two powers of ten

greater than the direct field gradient. For the €l ion, it has been
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estimated"that there is almost a fifty fold enhancement of the direct
field gradient due to an external charge. An additional reason can

now be seen for the difficulty in detecting N.Q.R. absorption in
transition metal complexes. If we reconsider di-manganese decacarbonyl
and assume that the induced field gradient can amplify the direct

field gradient by, say, a factor of ten, then if we plot, mot 2s in
Diagram G, frequency versus field gradient, but as in Diagram H,
frequency versus direct field gradient, it can be seen that an oscillator
coverage of 22 - 45 Mc/s will only cover a direct field gradient range
of from 0.1 to 0.3 (a.u.)-j, which is very small indeed. N.Q.R. spectra
of transition metal nuclei are therefore likely to occur over a very
wide frequency range.

Llthough the magnitude of the induced field gradient is inmany cases
enormous with respect to the direct field gradient, it is necessary, in
order to interpret the observed spectra in terms of electronic and
moleecular structure, to have some method of calculating the direct
field gradient. We have previously shown how the field gradient
operator can be partitioned into a nuclear and an electronic operator,
’and the method of calculating the nuclear contribution to the field
gradient has been described. In the following chapters we shall
concern ourselves with the development of methods for evaluating the

direct field gradient due to the electrons in molecules.
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Importance of Molecular Calculations 7.2

As chemists, our main interest in physical techniques such as N,M.R.
and N.Q.R., is not centred around the technique itself, but is
concerned with those results of experiments which relate molecular
properties. The measurement of chemical shifts, for example, provides
us with no more than a set of numbers to which certain dimensions may
be attached. To make a more fundamental interpretation of these numbers
than results by empirical comparison of one number with another, this
latter procedure being well illustrated by the organié chemist's
usage of the chemical shift, it is necessary to interpret the
measurements in terms of what are regarded as more fundamental
properties of the molecule. The bagic theory of such an interpretation
has been given for the chemical shift and spin-spin coupling constant
in chapter 5 of section A, and in chapter 2 of this section for the
muclear quadrupole coupling constant. Unfortunately, electronic
wavefunctions cannot be derived from experimental results by present
day quantum theory, the best we can do being to compare the theoretical
magnitude of the observable, calculated on the basis of some approximate
electronic wavefunction, with the value measured experimentally. The
importance of this comparison of theory with experiment can hardly be
overemphasized as much of our present conceptuzl knowledge of the
electronic structure of molecules has been derived by this approach.

In the period during which the research reported in this thesis
was carried out, no computational methods for calculating chemical
ghifts, nuclear quadrupole coupling constants, etc., were available
within the group or within the dedartment. A few matrix elements
of an operator similar to the nuclear quadrupole interaction Hemiltonian
had been reported in the literature™® , but certain of these had been
shown to be erroneou;?

To provide a basis for the calculation by computer of properties
such as chemical shifts and nuclear quadrupole coupling constants,
the author decided to study existing methods of calculating such

properties analytically. In this chapter we shall consider only the
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calculation of the electronic contribution to the electric field
gradient at the nuclear site, though the methods used could equally
well be applied to the calculation of any electronic property dependent
upon the first order density matrifaso for the electrons.

The methods used for the evaluation of most of the matrix elements
are essentially those of Barnett and Coulson?ﬁz, and of Pitzer, Kern,
and Lipscomb? although both these methods have been modified by the
author by the inclusion of quantities known as "3-j symbols". The 3-j
symbols ané the advantages accomponying their use will be subsequently
demonstrated.

In this chapter we have attempted to present sufficient mathematical
detail to make the use of the methods of calculation clear. At the
same time we have been forced to omit many algebraic manipulations.

The important results concerning the electronic contribution to
nuclear quadrupole coupling will be summarized at the end of the

chapter.
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Formulation of the Theory 7.3

Excellent background reading to thé formulation of the quadrupolar
interaction Hamiltonian and the evaluation of its expectation value
in terms of electronic uen51ty matrices, determinantal wavefunctlons,
and so on, has recently been presented by Scroccot’

The operator representing the electronic contribution to the
electric field gradient at o given nucleus A in 2 molecule has
already been introduced in equation 2.2.2. which we shall rewrite in

the form:-

pojes

g =Z@g(e)ﬁi - 43(%) A1 Y ( Ad Al) A (7.2.1)

in which &Bg(e)gi is the contribution of electron i to the electric
field gradient at nucleus A, The other terms being exactly the same
as for equation (2.2.2).

To cvaluate the matrix elements of the operator (7.2.1), some
~form of electronic wavefunction for the molecule must be formulated.
By choosing Slater determinantal wavefunction;+composed of anti-
symitetrized products of one electron wavefunctions, the calculation
of the electronic contribution to the field gradient amounts to the

evaluation of 2 sum of one electron matrix elements of the form:-

(X 1 83(e) | 1) (7.2.2)

in which the Rﬁi are one electron wavefunctions.
These one electron functions are usually written as a linear

comnbination of atomie orbitals:-

Zi = Z Cip QSiF (7.2.3)

centred upon the F atoms of the molecule. As we shall now be concerned
only with the evaluation of one g;&g&t&;«x‘iatrlx elements, the subscript

i will be dropped for simplicity. By virtue of expansion (7.2.3),

each matrix element is split into.a surn of one electron multicentre

patrix elements of the type:-
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(S5l B(e), 12%)

involving centres F, A, and B in the molecule. The one and two centre
natrix elements are the only ones which contribute significantly to
the electron field gradient and so the evaluatiorn of these alone will
be described. In molecular calculations, the one centre orbitals
most extensively employed are the Slater orbitals which are defined

in the following way:-
& (nln) = N . Rn(r). Y1(6 ¢)

where Nn is a normalization constant,
Rn(r) describes the radial distribution of the wavefunction,
Y;(0 ¢) describes the angular distribution of the
wavefunction. A list of Slater orbitals with principal
quantum number n<3 is given in Table 7.2.1. The matrix elements which

require to be evaluated are of three types:-

(A) One centre (QAI @g(e)A l_q%)
(B) Two cemtre (i) (5] ®o(e),|=5y)
(i1) (5] ®g(e),] uf)
Each type of matrix element must be evaluated in a different way and

we shall consider each in turn. Before doing so, however, we shall

introduce the 3-j symbols.
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Expressions for Slater Orbitals

(nln) = N2 (r)¥3(6 o)

W(100) =,  o7OF Yg(e )

5(200) = Nyr e ~er/2 o(e ®)

w210) =W, r -er/2 0(a 9)
B(211) =1, o~cr/2 Y}(e 9)
&(21-1)= 1, = ocr/2 ¥;'(6 o)
(300) = 11, 7% &7%/3 y0(g )
&(318) = N3 r? ¢=cr/3 Y(6 o)
J511) =11y 1 /3 4L (g )
(31-1)= N, r? o=%/3 y- THe o)
&(520) < vy 12 &o/3 °(e )
d(321) = Ny 2?3 vl )
W(52-1)= 11y 2 3yl )
&5(322) = g 2 o—or/3 Y2(G o)
&5(32-2)= N, 2 e -ex/3 Y,2(0 o)
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The Wigner 3-j Symbols 7.4

All of the integrals which require to be evaluated are seperable
into integrals over the radial coordinate r, and integrals over
angular coordinates QA, Py which have the form:-

- Maw

|5 (0y5,) Y3 (0y5,) Y3 (0y0,) ot 0,00, (54.6)
go

If one of the orbitals has centre B as origin, then its expansion
about centre A involves a doubly infinite sum of integrals such as
that above (see page /b) ). The number of non zero integrals and
their evaluation can be derived most rapidly by use of quantities
known as 3-j symbols. As these are not particularly well kmown, we
shall define the 3-j symbols and briefly discuss their propertles.

Our discussion closely follows that of Sdmondss

The eoncept of contragredient quantities,

Consider the coupling of two angular momentum eigenvectors with

the same j to form a state with zero angular momentum. This gives
u,(3,m) uy(d,-m)(-1)3™ = (25 + 1)% v(j,],0,0)

Since the right hand side is invariant under rotations, we may say
that the quantities (ul)J u{j,-m) transform under rotations contra-
grediently to the u(j,m). We may also introduce a quantity which

behaves like a metric tensor, namely

(m 3 m> - (c1)i*m -

that is, we have
u(j,m) u(j,m')(mjm.) = invariant
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The concept of contragredient guantities leads to the conclusion that
the vector coupling coefficients are components of mixed tensors,

this giving some explanatioﬁ of their unsymmetric properties. The
concept of contragredience is clearly illustrated by Fano and Racah.

A& nore symmetric quantity may be found by carrying out an operation
corresponding to raising or lowering of indices in tensor algebra.

Such a result is obtained by considering not the coefficient

associated with coupling of jl and j2 to give j3, but with the coupling

of three angular momenta jl’jQ’ and to give a resultant zero.

J
3
The 3-j symbol of Wigner is defined by

s j3> P SN T

Its symmetry properties are easily derived from those of the vector
coupling coefficient. An even permutation of the columns leaves the

nunerical value unchanged:-
(31 ig 33) (32 is 31> _ (33 3y a‘z)
m o, Hg my By Iy By Dy m

While an odd permutation is equivalent to multiplication by (~1)J+J*J

(1)jl+32+j3 <J‘1 Jg :13> (32 Jq 33)
m2 ml 1213

ml m2 IIl3

We also have

(a‘l ig j3> _ (_l)jl+32+3'3<3'1 ig 33>
ml m2 m3 -ml -m2 —m:,,

It may be seen from symmetry properties that certain 3-j symbols
must be identically zero. In this class, for example, is any symbol

i =] =] = ] j 1 . 5 f e
with m, =my=n, 0 and Jyrigtig odd, Symbols of the type

3
iy g :;3)
ml G m3
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are identically zero unless my= =g The numerical value of a 3-j
symbol is seldom found from the general definition, but from some
specialized formula, Numerical values for 3~j symbols have been
tabulated by Rotenberg, Bivins, Metropolis, and Wooten,’

Formulae which we shall find useful in the zvaluation of matrix elements

are the following:-

vear

“YTKG"P) Y12 (8 9) Y2 (8 ¢) sin 6.d8.dp

_ [(21,+1)(2L+1)(2l,+1)F (1,1 Y11 ls 13)-
i 3

000m1m2m

(7.4.7)
o +1 i —% *
_ Y"{"(e ?) Y%;(e o) =Z Z {(21, +1)(2Z;:1)(2Z +1)} Y2 (e o)
l=o ms1

1. t. L\fL, 1, U
X(n: mi m)( 01 02 O) (7.4.8)

Yx?,: (6 ¢) and 1’“1:(9 @) ir the latter formula being spherical harmonies
with the same angles for argument.
Y%*(G ¢) is defined in the following manner:-

(e 9) = (-1)" YT(6 o)
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Evaluation of One-~centre Matrix Elements 7.5

(&S, 8(e),] 1))

Substituting expression (7.3.5) for gé in the expression for the

matrix element, we get:-

(L-éAl @g(e)p. Jé.f:) =

Qg2 () 3(0,00] -4 F 7% Wey0 [MaR, () B (o50,)

(7.5.9)
which is seperable into a product of matrix elements involving radial

and angular coordinates:~

(35, |®5(e), 5 -
[ [n(ng)N(ay)] (2 (52

The matrix element involving angular coordinates can be solved with

’ Rnl(rA)><YT:(QA¢A)lYg (8y9,) Y%'(GA“’A)>

T2

the aid of expression (7.%.7), giving:-

(5, 890, |8 = /= [seayutey) (anérA)

rzj

Rng r A)}

x/5(21,+§7):§22,f1) <15 2 1%15 2 7,1>(_1)m5

] 0 0 —m5 0 m1

It follows from the properties of the 3-j symbols that the matrix
element is zero unless m; =t . The non zero matrix elements forZSZl:1
are listed in table 7.5.1, the remaining matrix elements for21<z5
having values identical with the corresponding matrix elements for
15>ll' ‘The wavefunctions connected by the operator(5g(e)A are the
following:-
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The evaluation of the radial integrals is simply carried out by using

the integrals tabulated in appendix ]Il . The integrals are defined by ‘

<Rn§rﬁ)

0

Rn:(er)> = Sﬁnéra).?engrA). r;;l. drA

o

rf
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<25A<n515m5>

_/_ =3 YO(G <pp))§ (ol m 1)> Table

- 7.5.1

(& (552 0)® 5(e) J (my0 0)) - -H [N(nS)N(nl) R (rA)

(it 1] 5le) 8 my1 1) E
(e (n1-1} @5 (e) o (n) 1-1)

ost of8 ) fhimr o) - -[2] o[tng [ 3 o) 72

Co) kS (n.2 o))
(2 206 5(0) 2 2) H ooy e || 2 Rnglfa)>

]

7

(&, (252-2)6 5(e) 3, (m,2-2))

@1(“52 1)]@ 2(e) ke (ny2 1)> . -[.;.] el:N(ns)H(nl)J<Rn§r )| 73

a| Ta Rn§rA)>

<2§A(n52—1)l® oe) A[zx%(n12—1)> )

<(z%(n52 o)leg(e)g(nlz o)> =-H [:N(nﬁ)ll(n 2 (r)
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R(r)>
R(r>
R(r)>
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Evaluation of<g§ (n5 5 5)‘@2(e)‘4§5‘(n 1 1)> for Ny, ny= 1,2. 7.6

In molecules made up of first row atoms, e.g. CO, NQ,

electrons occupy ls, 28, and Z2p atomic orbitals (neglecting configur-

etc., the

ation interaction,etc.). It is therefore of great interest to have
explicit expressions for the matrix elements corresponding to the
electronic contribution to the field gradient at nuclei in such
molecules. In fact there are only two non zero one centre matrix

elements, these having the value

(25 [®5(e), lory) = - 357

(2p |@ (e) [2 )- + -12- e
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The Evaluation of Two Centre Matrix Elements of the Type

(pasts m)]B85(e) B 5(mlym )y 77

" Hatrix elements of this type are conveniently evalusted by
‘expanding the operator centred upon nucleus A about a new origin
centred at nucleus B. The necessary expansion formulae have recently
been derived by Fitzer, Fern, and Lipscomb and it is essentially
their method which we shall use.

The coordinate system employed will be as follows:-
p

i T

6, sl <)
R \-q

) and (rB,OB,¢B) are the pelar coordinates

In this figure, ( A7¢A 7
of a point, referred to the two nuclei A and B as origins, and the
lines AB and BA respectively are polar axes., From the figure we
note that P4= Og= -

The expansion of a solid spherical harmonic on one centre in terms
of solid spherical harmonics on another centre is given by Hobson.

For solid spherical harmonics of degree -n-1, it is

Pﬁ(cos QA)

. "
a1l - 2 Z(Z+n) '-{Q P1(cos @ ) if rp<B
n-m . v
) % (AT e
= 1
rz+1 R® %= \gp-m ré+1 B ;

(7.7.1b)
where the (;) are the binomial coefficients, defined by the eguation:-

(1) =i GO G- T

J

The integration involved in the evaluation of the matrix element is
done in spherical coordinates about centre B by dividing the range
of integration of Ty into three parts, 0 toR -¢ , R -C to R +¢,

-~ |

155



and R +¢ to » (€7 0). Using the appropriate series for inner and
outer parts, the integration is performed and then € is allowed to go
to zero. Since the radial functions in (7.7.1) are well behaved at
rp= R, € can be set equal to zero initially in these two parts.

Using equation (7.7.1), the operatorﬁg(e)A can be expanded:-

fix 0 v
-e =Y (6,¢,) = 142\ r bx
5 § AN _225 _3_41 e Y%(eBch) if rg< R
rA R 1l:=0 2 R 21+1 ’
(7.7.2a)

0 A
Y, (0g05) if rg> R

(7.7.2b)

2141

In the following sections, the integrals occuring in each range of

integration will be evaluated.
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(i) Evaluation of Matrix Elements in the Range rp< B

By expressing the operator (Bg(e)ﬁL in terms of expansion (7.7.22)
and by using 3-j symbols, we obtain the following expression:-

<?é;3(n515m5) ] Bg(e)AI'L_—%(nlllml)> = —e [N(nS)N(nl)]

é )R§ o z 142 ié_ [(21§+1)(21+1)(27?+1)]%
I 5 | — |
1~ 1 1\l 1 1
x<°5 0 01><m11 0 mf) (7.7.3)

The first simplification of this expression results from the

properties of the 3-j symbols, for the matrix eclement is non zero

only for m = m5. Further simplification results only by specification
of 7,1 or 7/5, All necessary matrix elements can be evaluated by
calculating merely those for which 25231. The expression derived for
each case of interest is shown in Table 7.7.2 on the next page. In

this table the following shorthand notation is used:-

<z§ ("525'"5)16 (e)Algg(nl 1™ 1)> <?§“lﬁ (e)AJ@‘>

The radial integrals which occur are cvaluated by means of the

integrals tabulated in Appendix IV.
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(ii)Evaluation of Matrix Elements in the Range rg> R

Using equation (7.7.2b), we derive the following expression:-

.<3§B(n5l5“3)lﬁg(e)ﬂj%(nltlml» = -e [NaN®))

P () R T )

Tre) .

Again there is the simplification that the matrix element is non zero

only if my= m5.

As in the previous section, we need only evaluate matrix elements
for 15?*11. The expression derived for each casc of interest is shown
in teble 2.. The radiel integrals can be evaluated by use of the

- integrals shown in Appendix V.

7

(iii) Evaluation of Matrix Elements in the Range R-¢ <rp < R+€ ,

Evaluation of matrix elements in this range is fully discussed in
53
the appendix of tie article by Pitzer, Xern, and Lipscomb., Iere we
shall state only the value of the integral for the operator Qg(e) K

This value is given by:-

@l 850 lastm) = 5 [N

[T s @9

The delta function implies that the product of the radial functions

is zZero unless = R.
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Eveluation of liatrix Elements in the Range rg = 0o

In the previous threc sub-sections we have evaluated matrix elements
in the ranges Ty = O0toR ~£,R ~-€,toR +€, and R +€ toow, By
adding appropriate expressions we can therefore derive formulae for
the integrals evaluated over the range rg= 0 to o0, Such expressions
are rather complicated and in practice it is simpler to evaluate the
integrals in cach range seperately then add the resulting expressions.
Iatrix eleients have been evaluated in this way for ls, 2s, and 2p
atomic orbitals. The resulting cxpressions arc shown on the next page.

The following orbitals situated on nucleus B are connected by the

operator:-
1ls 1s
2s 28
2p+1 2p+1
2p 0 2p ©
.‘Zp'.1 2p.1
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(,(100) | 0, %5,(100)))

Evaluation of 2253(21 5) |0 [&%(21 1))>1n the range ry = Q—o

By addition of the partial integrals for each range of evaluation,

we derive the following expressions:-

- 3 2
(lsB[ OAI lsB) = - ij 1~ exp(-a)(-g- + -gf +a+ 1>} a = 2ci

5 3
oot oy 2 )
(2551 0] 25;) = -; 1 - exp(-2b)( b ;’ + 34 2P 1>} b=

5
(2p0l 0, 2p0) = - 33 1443 exp( 2b)(-—-— + 2b% 6b7414b%4 26D
R b

36 18)]
+ 37 + =
b2

5
0 e [15 3 15
(2po]0,|2s.) = - ._.[... - exp(—2b)(— +2b445D74106%4+15b 415 + )}
Ppl¥ <8y =i

5
£ 9 3
(2 !0 ‘2 )---[1-— +exp(—2b)(—-——+b+4b+10b+17
Pp Fa 23 b2 3

18 9
+ =+ <
sl
O z b 03 2
R 3R _3R __3_
(35y10, ) = - 2,22 3 - eomE B 2 3
Ll S gnt 3 oh 4h® b0 sht
35 5 4 3 2
(2PB|0 llsB)..- (k )[—%-up(éhl%)(—-rlz +R—2+.3..1.‘_+1§4
2 4h 3 2 h° 2n 2h
3
y 2
4115)]
=(k"’ 0/2)° k= ls ORBAL EXPONENT,

on Tws Pagas On- @:(Q)A
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Zvaluation of Two Centre Matrix Elements of the Type

CALHONEY "

These matrix elements are nore difficult to ecvaluate than the
others which we have previously described. The most obviousvhethod
of evaluation is to expand the wavefunction‘é% about a new origin of
coordinates situated at centre A, The resulting series of one centre
natrix elements can be expressed analytically in terms of certain
Z fﬁnctions of a standard mathematical type. This mcthod of evaluating
the matrix elements is essentially tkat of Bernett ané Coulson. By
modifying this method by the introduction of 3-j symbols, the doubly
infinite sum of one centre matrix elements which results from the
expansion of é% about centre A is seen to be reduced to a few terms
in a clear and simple manner.

We shall first derive the expansion of é% about a new origin of
coordinates situated at centre A. Following this, a general expression
will be derived for the complete matrix element. Finally, the value

for particular matrix elements will be calculated.

Expansion of a Slater wavefunction about a new centre.

Using the same coordinate system as in chapter 7.7, we obtain from

equations (5) and (6) of reference the following expansion formulae:-

" 2m + -.m.l +m (m+l 1- Ty +m)! m
.r: Yy (ec?a) - &) J (al(‘:.im. Z( ] (""’ J) R J\/ ﬁxn)-—m}' Y.‘i (GACP,)

30w
(T.8.1)

P _ﬁ-w Z e Y (6,«) [;sk(o C(r8.2)

ks0

in which t = fr,, Y= R, and the gs (,':t;'t)are funétions of the variables
163




t and which are related to other functions of standard mathematical
form which we shall call Z functions. Equations (7.8.1) and (7.8.2)
have been expressed in terms of spherical harmonics y?(e ¢) which are
related to the Associated Legendre Functions, Fg(cos 0),used by
Barnett and Coulson by the formula:-

1
P"{(cos 8) exp(tmp) = (—l)m{(zlé’:i:n);' I YL (8 o) (7.8.3)

A Slater type orbital situated on centre B can be expressed as follows:-

Q%B(nillml) N(n;) rg'-l exp(-fry) Y%:(GBmB) B=c/n

L]

N(n,) [TE‘ ~1, "1.exp(—BrB) Mr;' ey (eBch)] (7.8.4)

Substituting equations (7.8.1) and (7.8.2) for the quantities in
square brackets in this expression, and using equation (7.%.8), we
obtain the expansion of é%(nlzlml) shown in equation (7.8.5) on the
next page. On substituting this expression in the formula for the
complete matrix element, and using equation (7.4.7) for the integral
over three spherical harmonics, we obtain 2 general expression for

the matrix element whick is given by equation (7.8.6). Simplification

of this rather cumbersome expression results from the properties of

the 3-j symbols. We note first that the 3-j symbols have a nor zero

value only if m, = -, = ;. This condition removes the sum over

1 5
my, from the gencral expression. Putting m = m5 = m, we obtain

expression (7.8.7) for the non zero matrix elements.
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Simplification of the general integral

Equation (7.8.7) can be simplified further only by specification
of 11,25, or m. If m is specified first, we can derive cXpressions

for the three matrix elements of interest, namely:-

(aX(e (a5 L)
(0)((n52521) @g( ) Afa;%(nlzlﬂ)>
°)<§( 5 5‘2)‘63(‘*);&!15(‘11 1-2)>

It is next convenient to specify'z5 so that each of the different

types of matrix element is split into three sub-types, those for

type (a) becoming:-
(ai)@;s.(nﬁc O)IQg(e)Alzz%(nlil °)>
(aii) <Zé;(n51 o)l@g(e)A ‘5};("17'1 o)>
(aiii)<§§;(n52 o)l@g(e)JJE(nIQ 0)>

Finally‘ll is specified. Because of the equality:-

<€SA(“ 5"‘5),@2(6’./,%&(“1 1 1)> <2§(“1 " 1)*@2(9) lé\( 5’“5)>

only those matrix elements for'154=g. need be evaluated. All of

the integrals occuring can be reduced in a2 manner which we shall

shortly demonstrate to a sum of Z functions which are defined by:-

D

] l+%
zm(,zn*f)Jr 1 - Jexp(—tt). %n(l,t,*c) t77% dt

The evaluation of the matrix elements in terms of the Z functions
is straightforward. The method of evalvation will be illustrated
for the matrix element(ﬁ%(nso o)l@,g(e) A] &, (n,0 o)>, the result alone

being stated for the other matrix clements.
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Evaluation of(%(n‘jo 0)!®g(e)AIA§B(n10 0)>

Stage 1; In equation (7.8.7) put m = O

1. e 1}

ooue

@A("sls o)l@g(E)Al%(nll o)) = -e[NmN(n)] /217 p’" e
) ] 'Els-’llezp(-lft)l; ;;('l)tg B-'la(a’l,s* I)‘I‘ (1 ) 1, ¢g‘(1: 'z)(a'l +l)(p_‘l 4.,)(;5 zz zs)(
Stage 2; Fut 25= 0

@51(“5 0 o)l@g(e)Alé‘-ia(nJl °)>" - & [N NG /_3_1;%_1 | p’""“"’%
i t“‘.%""f’("“)ggé St J £ Rl X3 ]

0

‘Now the 3-j symbol :-
o 2 1, |
‘\e o o

is zero unless L 4= 2. ‘hen 7, = 2, it has the value(l/‘j)*. The

expression therefore smph.fles to:-

<§§\(n5 0 0)l<32(e)A,3§B(n o)>.. - e[N Tts)N(n)] /ah ﬂ,-n,-o-l-.g

‘(,o l:o e ns

J Y enp(~Kt)zz (-a)‘p'lr‘(g) LN ‘g(l,t)z) (r.l,,,)( o),a# | " |
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Stage (iii) Putting 11= 0, 12 can have only one value for which

the matrix element is non zero, this value being l2= Q.

The matrix element reduces to:-—

(¥, (ng 0 0)[83(e),,

[ t“,-% exp (-x+) ; Q(

‘I
n, ,1.,

-1 -+

ZKSB(nl 0 o)> = -e[N(ns)N(T‘L‘)I A

—\[—'E X

o o O

t;) (algl)(lb © a>adi

In this expression, the 3-j symbol is zero unless Z3= 2, so that the

sun over 13 reduces to a single term, the expression becoming:- _
@("s 0 0)}@g(e) A\asB(nl 0 0>=— - eNemNe)] B f{‘"%cxp(.n)g(l:ﬂ) dt |
e - f_*_

=N-Tetd

—--e [N(ns)N(n.)]P/\/%' Z(1,t57%)

n"a"ﬂs"sla

In a similar manner, all the matrix elements can be evaluated in terms
of the Z functions. The resulting expressions are listed on the

following two pages.
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Summary of Caiculation Methods

Bveluation of the Z Funetions, /°°

The analytical and numerical evaluation of the Z functions has been
fully described by Barnett and Coulson. It would be a relatively simple
matter to programme an electronic computer to calculate the Z functions
numerically.

By the methods which we have described, it is possible to evaluate
all the important matrix elements of the nuclear quadrupole interaction
Hamiltonian for molecules, In fact it would not be difficult to
programme the computer to calculate the quantities g and from some
trial wavefunction. If this was done, simple and rapid correlations
could be made between experimental observations and theoretical

predictions.
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Conclusions Regarding the Development of N.Q.R. Research., 8.

After a mere eighteen monthks of research in the field of N.Q.R.
spectroscopy, almost all of which hag been taken up by the construction
of apparatus, it is too soon to say whether or not our hopes will
be realized. It is certainly true that o satisfactory solution to the
detection problem will have to be found before the technique can
really be exploited. Thkis problem is uncoubtedly the greatest single
factor hampering research at the moment.

The interpretation of N.Q.R. in terms of clectronic structure is
complicated to a large extent at the moment by lack of detailed
knowledge concerning the magnitude of the Sternheimer effect. Although
the inmportance of this effect is difficult to estimate, it is liable
to become much less formidable as more extensive measurements of

nuclear quadrupole coupling constants are made.

17%
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General Conclusions and Reflections %

In the three year period during which this research has been carried
out, a great deal of extremely useful experience in chemistry, physics,
computing, and electronics has been gained, as well as confidence irn
how to go about comstructing new and complex apparatus. This sort of

experience is, in the author's view, much more desirable thon thot

which would have resulted from the study of some specialized chemical
topic. Largely as a result of the wide variety of fields covered,

the author's interests have moved awsy from the simple correlation

of observations with electronic structure, and heve become more directed -
towards developing new methods for studying " chemically interesting

observables at 2 molecular level",
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APTENDIX 1: Operating Instructions for programme R.W. 1

R.w. IA-

R.W. 1B

Input:

N -

g Frogramme except last two cards.

normalization prog. in order, and with
parameter cards.
3) Last two cards.

Output: 1) T matrix.

Input: Programme :

T matrix, i.e. output from R.W. 1A.
Binary H matrix.

Binary E{obs) matrix.

Einary C matrix.

1 WY D

Cutput: 1) E{calc) matrix.
2) Befined E matrix.
3) The parameter R

OQutput is decimalized using LI706

Additional Facilities:

BR.W. 1A :
H.'/. 1B

Inputs (2) and (3) may be read in continuously.

: Data can be read in continuously.

APPENDIX 2: Operating Instructions for programme R.W.2

(Four Spir Programmes)

R.W. 24 :
R.W. 2B :

As for R.W, 1A

Inputs (1) to (%) identical to those of R.W. 1B,
Input (5), C matrix, now put in as two 28x28 "mesh
wmatrices”,
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Binary normalized vectors, i.e. output from




- Appendix III. The Integrals
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o0

n -cr
Jr e dr
0

5 x 32x 24
c7
35 x 32x 2
8
c
35 x 34x 27
S
35 x 3°x 2/
T
¢
5x 7 x 3§x 28
cll '

8

n[ n-l -cr
=|r e dr




J rOe“zcrdr

€E>»0

RE
1 -2¢cr
re dr

[Sad ]
2-€
2 ~2cr
re dr

[ dY)

j rje-zcrdr

e»o
R€

rlfe-2cr dr

[}
€-+0

]

R-€
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Appendix IV. The Integrals Jrne'"izerdr
kte-bo o
e-2cR 1
2¢
—2c[ 1 E
e —5 + =
4c 2c
-2ck[ 1 R EQ
- e —-—3- + =5+
4 2¢” 2¢
-2R[ 3 3R 382 R
- e l} + 3 + 2 o+ -.——]
B¢ 4e Le 2¢
=2¢R[ 3 32 3R2 R3 ' Rth
- e 5 i 3 + S5 =
l4c 2c 2¢ c 2c
-2cR[15 158 1582 50 5B R?
-e i 5 + =3+ 3 + + =
E be 4e 2¢ he 2c
_oeR[45  45R 4582 1580 158 3R RO
- e 7~9~ g+ 5+,4+ 3+ 5+
8¢ 4c 4e 2¢ 4e 2¢ 2¢




Appendix V., The Integrals jrne-%rdr

L‘“ R+e eso

roe-gcrdr I e-2cR

Rre 2¢

E&vo
I le20Tg o L em2fﬂ(R + “1‘)
Rt 2¢ 2c
€»0
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