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SUMMARY

This thesis presents the results of an experimental 

and theoretical study of reinforced concrete skew slabs 

designed using the elastic stress fields in conjunction 

with the yield criterion for reinforced concrete slabs. 

The elastic stress field is obtained from finite element 

program using uncracked stiffness and the yield criterion 

adopted is given by

(M*x - M% + M* cosct ) (M* sina - M̂2
a

2(Mvv + M*sin (% cos a ) = 0a

where My and M^y are the elastic applied bending and

t o r s i o n  m o m e n t s  nor m a l  to the x and y axis at the 

u l t i m a t e  load. M* ^  and M* are the u l t i m a t e  fl e x u r a l  

moment capacities of the section normal to the x and skew 

axis respectively and ^ is the angle of skew between x 

and cc axis.

The e x p e r i m e n t a l  w o r k  was c o n d u c t e d  on a "large 

scale" skew slabs. The models included slabs of uniform 

thickness and ribbed slabs. The major parameters were the 

angle of skew and the arrangement of steel in the slab 

viz orthogonal or skew directions.

The theoretical work was done using the nonlinear 

finite element program based on the isoparametric Mindlin 

element. In order to allow for the development of cracks 

through the thickness, the "layer approach" was adopted. 

N o n l i n e a r  e f f e c t s  due to m  the y i e l d i n g  of steel, 

c r a c k i n g  and c r u s h i n g  of c o n c r e t e  w e r e  included. A



nonlinear finite element program was used to study the 

spread of yielded zones in the slab, the effect of fixing 

t h e  d i r e c t i o n  of c r a c k  at its f i r s t  a p p e a r a n c e ,  

prediction of the true deflection at working loads from 

the e l a s t i c  d e f l e c t i o n  at w o r k i n g  loads and a c a r e f u l  

study of the yield criterion itself.

The results show that the design procedure adopted

is viable but care has to be taken to ensure that punching

shear failure does not occur at obtuse corners.
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NOTATION

a' The depth from the compression face to the neutral axis.

A The area of a rigid region.

^i The Equivalent area of steel of  ̂ layer.
Actx' ^cty The effective concrete areas in tension per unit width in 

the X and y direction.

A^ The equivalent area of steel normal to the crack.

Ag Area of steel in the Longitudinal direction

^X' ^y The spacing of cracks in the x and y directions.
Açj Area of steel in the a direction.

a Maximum cracks spacing.

b The section breath.

bg Body forces.

[B] Strain matrix.

[Bf] Strain matrix associated with flexural deformation.

[Bp] Strain matrix associated with plane stress deformation.

[Bg] Strian matrix associated with shear deformation.

C Shear strain coefficient.

Cj, C2 Coefficients for the tension stiffening.

D The flexural stiffness per unit width.

[D] Elasticity matrix.

[ o ' ]  The instantaneous elasticity matrix.

[Dg] The elasticity matrix related to inplane stresses for

cracked concrete 

[Dg] Rigidity inplane matrix for steel layer.

[Dp] Elasticity matrix related to inplane stresses.

[Dg] Elasticity matrix related to transverse shear stresses.

[D] Rigidity inplane matrix for cracked concrete.



d The effective depth,

d^ Depth to the neutral axis.

*̂ zi The thickness of i-^^ layer
E Young's modulus.

Eq Young's modulus of concrete.

Eg Young's modulus of steel.

Ejç  ̂ Ey Young's modulus in X and Y directions in an isotropic

plate.

E^i Young's modulus in the lateral plane,

fy Bond stress,

fyb Bearing stress.

fQ Compressive stress in concrete at seviceability.

fQ Compressive strength of concrete.

fQ t Cylinder compressive strength of concrete.

fçy Cube compressive strength of concrete.

f(j Equivalent biaxial compressive strength of concrete.

F2 The steel force per unit width of i~th layer,

f1 The stress in i-th layer of steel inclined an angle to

direction normal to the crack direction.

Fji The resolved steel force per unit length in the.

n-direction. 

fgo Discontinuity stress.

fjj The stress in the equivalent area of steel normal to the

crack.

^r Modulus of rupture.

fs The tensile stress in the steel.

fs’ The compressive yield stress in the steel

The yield strength of the steel.

fx The x-steel stress.

The a-steel stress.



Vector of nodal forces in the cartesian coordinate system. 

[f '̂  Vector of nodal forces in the local coordinate n,t.

G Shear modulus,

h Plate thickness.

H ' The strain hardening parameter for steel.

Moment of inertia.

QP Moment of intertia of a cracked section,

g Gross moment of inertia of uncraked section.

Qff Effective moment of inertia of a section.

J] Jacobian matrix.

J]"^ Inverse of Jocobian Matrix.

Kg The tranverse shear stiffness for cracked section.

Ky Constant to account for the distribution and surface

Charactesistic of bars for the bond stress.

K Coefficient depends on the slab shape, load patterns and

support condtion 

[k] Stiffness matrix.

[K]® Stiffness matrix related the local axes.

^4' ^5 Coefficients depend upon the probability of exceedence.
The length of the slab.

m Ratio between tensile and compressive strengths of

concrete.

M Bending moment at any stage of loading.

Mqp Cracking moment.

M^, My^ Mxy Applied moment component at a point in cartesian 

coordinates.

M^* ' Mqj* Design moments in x, <x direction respectively.

Mgg* Design moment in y direction.
The yield strength of the section at the yield line.

Mg M^ Mg^ Applied moment components at a point in local



coordinate system n,t.

Mg, My, Mgy Applied moment components at a point in u, v coordinates 

system.

Ny, Njçy Inplane forces at a point in the Cartesian coordinate 

system.

P The applied load.

PgP Cracking load.

p5 L Service deflection load.

Py First yield load.

Pg Ultimate load,

q The load intensity.

Qx' Qy Shear force components in cartesian coordinate.

Qx, Qx'' Qy, Q'y The shear force acting on the sides of the element. 
Rq Cover ratio.

S The loaded surface area.

^S^ Stress vector.

^x, ^y The effective shear moduli in the x and y directions- 

[Ty] The transformation matrix for boundray condition.

[T] The transformation matrix for cracks.

AU The total internal potential energy.

AV The total external potential energy.

V The volume of the plate.
u, V, w The displacements at point in the plate with coordinates 

(x, y z).

UQ VQ wq The displacements at the plane reference plane, 

w Crack width.

^a The transverse shearing force for cracked section.

^max Maximum crack width.

W The total load acting on the element.

X , y , z Rectangular cartesian coordinates.



X, y, z Distances along x, y, z respectively.

Depth of stress block, 

z The level at a point in x,y cartesian system of

coordinates.

The distance from the reference plane to the layer centre,
a Angle of skew.

®i The angle between the x-direction and i-th layer

°̂ ni The angle between the normal to the crack and ^i steel
layer.

j3 Shear retention factor.

y Shear shape factor.

^xz, ^yz Shear strain compoments in the cartesian coordinates.

^nz, ^tz Shear strain compoments in the local coordinates n.t.
{^6^ Nodal displacement vector in the cartesian coordinates.

^ Ô Nodal displacement vector in the local coordinates n ,t.

A Shear displacement.

The ficitious strain

6ç The current strain.

€g Strain components in n,t coordinate.

^x, ^y' strain components in cartesion coordinates.

€ 1 The strain in the direction of an ith layer of

reinforcement at angle «i to the n- direction.

The strain at any depth from the compression face.

^p The peak strain
€erf Recorded strain at the previous converged configuration.

^y The steel yield strain.

Ae The incremental strain in the steel.

6 The strain vector,
eg The vector of initial strains

c Nondimensional local coordinate system.



9 Angle of principal plane.
9gp The angle of crack with related to X-axis,

®x, The rotations of the normal in the xz and yz planes

respecively.

9g 9^ The rotations of the normal in the nz and tz planes

respectively.

V Poission's ratio.

vy Shear resistance of the slab.

Vj Shear stress at design load.

vbAn Shear resistance of the beam considering effective steel

area.

'̂ bAs Shear resistance of the beam considering longitudinal area

of steel.

Vg Shear stress.

Vg Shear stress at ultimate load.

'̂ X' ^y The transverse shear rotations in the xz and yz plane,

respectively.

Px' Py Steel ratios in the X and Y direction.

Pa Steel ratio in the a direction.

The stress vector.

The initial stress vector.

0 Stress at a point.
01 The incremental stress.

‘̂Oct The octahedral normal streee.
Og The normal stress.

opi The peak stress.

Ojç, Oy, Ojçy Stress components in cartesian coordinates.
(note; ^xy the same meaning of o%y)

o^, Og The principal stresses.

^xy, '''xz ’ '’’yz The shear stresses in xy, xz, yz planes respectively.



<j> Bar diameter.
<t>x Bar diameter in the x diretion.

0Q. Bar diameter in the <x direction.



CHAPTER ONE 

INTRODUCTION

R e i n f o r c e d  c o n c r e t e  skew s labs find e x t e n s i v e  

a p p l i c a t i o n  in b r i d g e s  and p o s s i b l e  a p p l i c a t i o n  in 

b u i l d i n g  floor systems. Pre s e n t  d e s i g n s  of r e i n f o r c e d  

concrete slabs are based on limit state concepts so as to 

ensure that the structure satisfies the prescribed "limit 

state" r e q u i r e m e n t s .  A c c o r d i n g l y ,  two limit state

criteria have to be satisfied by such designs viz: the

ultimate limit state and the serviceability limit state. 

Most of the existing methods of slab design are based on 

limit analysis concepts and concentrate exclusively on the 

u l t i m a t e  limit state. Thus the m a i n  c o n c e r n  of these 

methods is the ultimate load for the slab, with empirical 

r u l e s  (e.g. s p a n / d e p t h  r a t i o . . . .e t c . ) to e n s u r e  

s a t i s f a c t o r y  p e r f o r m a n c e  at the s e r v i c e a b i l i t y  limit 

s t a t e .

Apart from the code rules, the g e n e r a l  d e s i g n  

methods available are:

(a) Y i e l d  Line m e t h o d  : In this method, a n u m b e r  of

collapse mechanisms compatible with the edge conditions of 

the slab are used to derive the limit load. The true

collapse load corresponds to the collapse mechanism giving 

the least load. This method provides an upper bound to the 

ultimate load.

(b) Hillerborg's Strip method: In the simple version of

this method, a tors ionless s tress field, w h i c h  is in 

equilibrium with the externally applied load, is used to 

calculate the necessary strength at various points in the



slab. This method provides a lower bound to the ultimate 

l o a d .

(c) Elastic stress fields: Another lower bound approach to 

slab design, which is called direct design method and 

used extensively in UK bridge design practice, is to use 

an elastic moment field in conjunction with the s l a b ’s 

yield criterion to design the slab.

The b a s i c  r e q u i r e m e n t  by this a p p r o a c h  is to 

s a t i s f y  the e q u i l i b r i u m  and the y i e l d  c o n d i t i o n s .  For 

s l a b s  the e q u i l i b r i u m  e q u a t i o n  to be s a t i s f i e d  (see 

section (2.2.3.1)) is

3x^ 3x3y 3y^ (1.1)'

w h e r e  (M%, My, M%y) are the mo m e n t  c o m p o n e n t s  at any 

point on the slab and q is the lateral load. By adopting 

linear elastic moment-curvature relationships, (section 

(2.2.2) Eqn (1.1) can be transformed to

w h e r e  w the lateral d e f l e c t i o n  and D is the i s o t r o p i c  

flexural stiffness of the plate.

The solution to the Eqn (1.2) results in a set of 

e l a s t i c  s t r e s s e s  (M%, My, M%y) in e q u i l i b r i u m  w i t h  

external loads.

The yield criteria for skew slabs (section (3.3)) 

is given by



(M*x - Mx + M* cos^ )( M* sin„ - My) - 
(Mxy + M* sina coso )^ = 0.0 (1.3)

where and M* are the ultimate flexural moment capacity

of the section normal to x and a skew axis respectively, 

a is the skew angle between the x and ct axis clockwise 

positive (from x axis).

For given ( My, M % y ) , the values of M*^ and

are calculated so as to satisfy the yield criterion Eqn 

(1.3) .

This results in a possible lower bound approach to 

the design of reinforced concrete slabs.

The o b j e c t  of the p r e s e n t  s t u d y  is to c r i t i c a l l y  

examine both experimentally and by numerical studies based 

on nonlinear finite element analysis, the behaviour of the 

skew slabs designed by direct design procedure. Attention 

will be focussed on the behaviour of the slab at the two 

i m p o r t a n t  limits. A p art from the u l t i m a t e  load, the 

aspects of behaviour which will be studied in detail are: 

(i) Spread of yielding in the slab.

(ii) Calculation of the "working load" deflection from the 

initial elastic deflection.

(iii) Possbilty of shear failure at obtuse corner.

(iv) Effect of fixing the direction of crack in the slab.

T h e  a i m  of t h i s  w o r k  is to p r o d u c e  a f u l l y  

" v e r i f i e d "  g e n e r a l  d e s i g n  p r o c e d u r e  for the d e s i g n  of 

reinforced concrete skew slabs.



CHAPTER TWO 
LITERATURE REVIEW

2.1 INTRODUCTION

R e i n f o r c e d  c o n c r e t e  s l abs are r e l a t i v e l y  thin 

s t r u c t u r a l  elements, w h o s e  m a i n  f u n c t i o n  is to res i s t  

loads a c t i n g  n o r m a l  to their plane. Slabs are u s e d  as 

floors and roofs of b u i l d i n g s ,  as w a l l s  in tanks and 

buildings and as bridge decks. The design criteria to be 

satisfied reflects the different types of loading and the 

m a i n  f u n c t i o n s  of the slab. The d e s i g n  c r i t e r i a  for 

reinforced concrete slabs is based on elastic and plastic 

behaviour. The purpose of this Chapter is to discuss the 

background to these criteria and some basic aspects of 

the nonlinear analysis of reinforced concrete slabs.

2.2 ANALYSIS AND DESIGN OF REINFORCED CONCRETE SLABS

2.2.1 Introduction
In this section, the manner in which slab theories 

and d e s i g n  m e t h o d s  have d e v e l o p e d  is su m m a r i s e d .  The 

b e h a v i o u r  of l i n e a r l y  e l a s t i c  t h i n  p l a t e s  l o a d e d  

perpendicular to their plane was investigated by Lagrange 

(1) u s i n g  d i f f e r e n t i a l  e q u a t i o n  of plate bending. The 

first m e t h o d  of d e a l i n g  w i t h  r e c t a n g u l a r  p l a t e s  was 

developed by Navier (1). He used a double fourier series 

to transform the differential equation into a series of 

algebraic equations. Use of a single trigonometric series 

to represent loading which, greatly facilitated progress, 

was proposed by Levy (1). An excellent survey has been



p r e s e n t e d  by T i m o s h e n k o  and W o i n o w s k y  - K r i e g e r  (1) . 

U n f o r t u n a t e l y  as s l abs b ecome more c o m p l e x  and mor e  

representative of actual slabs, it becomes more and more 

d i f f i c u l t  to find s u i t a b l e  d e f l e c t i o n  f u n c t i o n s  w h i c h  

satisfy the boundary conditions. Due to this difficulty, 

approximate numerical methods were developed for analysis 

of complex slabs. The first method to meet with widespread 

success was the method of finite differences (1), (2) and

(12). In this approach, the differential equations are 

replaced by algebraic expressions linking deflections at a 

grid of s t a t ions. The s o l u t i o n  p r o c e d u r e  i n v o l v e d  the 

s e t t i n g  up and s o l v i n g  a set of li n e a r  s i m u l t a n e o u s  

equations. This approach was used by Robinson (3) to study 

the behaviour of simply-supported skew bridge slabs under 

c o n c e n t r a t e d  load. M o r l e y  (12 ) a l s o  i n v e s t i g a t e d  a

uniformly loaded, simply supported rhombic slabs for a
o

r a n g e  of s k e w  a n g l e s  f r o m  0 to 60 d e g r e e s .  M a j o r  

developments were made in finite difference methods when 

large sets of simultaneous equations were solved using 

digital computer. In the last three decades, the finite 

e l e m e n t  m e t h o d  h a s  b e e n  d e v e l o p e d  (4,5) w h i c h  is 

p a r t i c u l a r l y  s u i t a b l e  for a u t o m a t i c  c o m p u t a t i o n .  This 

method has been used extensively in this work and further 

details are given Chapter Four.

T h e  d e v e l o p m e n t  of m a t h e m a t i c a l  t h e o r y  of 

plasticity leads to the development of theory of limit 

a n a l ysis. This t h e o r y  e n a b l e d  the c o l l a p s e  loads of 

perfectly plastic bodies to be calculated as upper and 

lower bounds to true collapse load.



A well-known method of obtaining upper bounds for 

slabs is Johansen's yield line theory. On the other hand 

a lower bound method which was developed for the direct 

design of slabs is the strip method of Hillerborg (7). 

Another lower bound design method is to use an elastic 

moment field in conjunction with the yield criterion for 

reinforced concrete slabs. This is the method used in 

this study and will be discussed in detail in Chapters 

three and five.

2.2.3 ELASTIC METHOD OF ANALYSIS

In this s e c t i o n  two t h e o r i e s  of e l a s t i c  p l ate 

behaviour viz; classical plate theory and Mindlin plate 

theory will be discussed. In the classical plate theory, 

it is assumed that shear deformation and inplane effects 

due to restraints at the boundaries can be ignored. This 

theory is suitable for thin slabs in which the lateral 

d e f l e c t i o n  is s u f f i c i e n t l y  small c o m p a r e d  to the slab 

thickness. Mindlin plate theory (63) allows for transverse 

shear deformation effects to be included and can be used 

for both thin and thick slabs.

2.2.3.1 Equilibrium

Considering the equilibrium of forces acting on the 

slab element shown in Fig. (2.1), with dimensions dx and 

dy in the x and y directions respectively and thickness t 

in z direction. The following equilibrium equations can 

be derived.
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(a) Moments per unit Length

dx

(b) Shear forces per un 11 lenght

Fig. (2 .1) Equilibrium of slab element
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3Q^ 9Q 
I T  *+ + q = 0.0

3M 3M
^  + Q = 0.0 (2.1)3x 3x

- 3M 3M
T—^ ^  + Q = 0.0dy dy y

where q is the normal loading intensity, q = q(x,y)

Qx and Qy are the shearing forces per unit length 

along x and y directions respectively

M x / My a n d  Mx y  are the b e n d i n g  m o m e n t  per unit 

l e n g t h  a l o n g  x a n d  y d i r e c t i o n  and t o r s i o n a l  m o m e n t  

respectively

By eliminating Qx and Qy from the three equations, they 

can be combined in to one equation as

3=Mxv 3"My

Eqn (2.2) is known as the plate equilibrium equation.

2.2.3.2 Stress-Straln Relationship

In case of c l a s s i c a l  p l a t e  t h e o r y  the f o l l o w i n g  

assumptions are usually made;

(a) The material obeys Hooke's law.

(b) T h e  d e f l e c t i o n  is s m a l l  r e l a t i v e  to t h e  s l a b  

thickness.

(c) The direct stress normal to the middle surface can be 

i g n o r e d .

(d) Plane section remain plane before and after bending. 

Therefore the strains due to displacement at any level z 

are given by;



38}e = - z-r—  X 3x
38

e = -z „
y 3y

38 38
and E = -z ^  xy 3y 2 . 3a

where £y and  ̂ are the inplane strains at level z

at a point in x,y cartesian system of coordinates. It 

should be noted that in the classical plate theory the 

rotations ( ®y) of normals to neutral axis can be

related to the lateral displacement (w) as follows

3w
3x 9 . ^y 9y

(2.3b)

On the other hand in Mindlin's plate theory in which the

lateral deflection, w and the rotation 0y are treated

as independent variables, reference to Fig. (2.2) shows 

that

3w
®x = ii + 8 =  y dy y (2.4a)

The inplane strains are given by

38
'x = a f  ' e

38 38
= -z T— ^ and £ = -z( „y 3y xy 3y

30
3x= + X-Z) (2.4b)

w h e r e  4̂ ̂  4̂ y are the a v e r a g e  r o t a t i o n  due to the

t r a n s v e r s e  shear e f f e c t s  in the x and y d i r e c t i o n s  

respectively.

The stresses are related to the strains by

X xl

^xl ^

0

aX
a =
y

axy
>

Ex Ey ,

0 £X
0 £

y

G £xy

(2.5)

which are needed to define the elastic properties of the 

p l a t e .



10

m I dp lane

actual de formation

aeaumed deformation

normal to midsurfaoi 
a ft er de formation

Fig. (2.2) Croee-seotI on deformation of Mindlin plate



11

The moments (bending and torsional) are given by

«X r c/2 ^̂ x '

My = ay
Myy -t/2 axy

zdz (2 .6 )

For classical plate theory, moments can be written as 

follows :

or

«x'
My =

^xy

MX
My =

where D =X

t/2 ^x ^xl

\ l Ey
t/2 0 0

DX \ l 0

^xl Dy 0

0 0 D

V ' E
-  7

12 12

0
0

"xy

' 3%*
3x^
3 ^

■ g
2ax3y ,

xy

1
3x^
3 ^

2 ^3x8y ,

z dz (2.7)

and D

D = ^  xy 12

(2 .8 )

(2.9)

xl 12

For Mindlin plate theory, moments and shearing forces can 

be written as follows:

f 30
M D D , 0 X
X X xl 3x

My
= »xl Dy 0 30

_ _ _ 23y
0 0 Dxy

30 30
+ _ _ Z3y 9x *'

X

0 S

3w
X 9x

_ 9w
I y 37

(2 .10)

(2 .11 )
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where Sx and Sy are the effective shear moduli in the x 

and y directions respectively. For an isotropic material 

Sx = Sy = 5Et^/12 (1+ V ).

Substitution of Eqns (2.8) in Eqn (2.2) , leads to the

following fourth-order partial differential equation of 

classical plate theory, in the x, y cartesian system

introducing the notation, H = + 2D%y

we obtain

“x (2.12b)

For isotropic plates:

=  E  =  ^X (1-v-̂ ) ’ xl i n ? )  ^ 211+v)

and Eqn (2.12a) reduces to

w h e r e  E and ^ are the v a l u e s  of Y o u n g ' s  m o d u l u s  and 

P o i s s o n ' s  ratio. Eqn (2.12c) can be s o l v e d  in s i m p l e  

cases by analytical methods and in more complicated cases 

by n u m e r i c a l  m e t h o d s  of f inite d i f f e r e n c e s  and f inite  

elements. In the analytical procedures, the deflections of 

the p l a t e  are r e p r e s e n t e d  by either a d o u b l e  i n f i n i t e  

fourier series (Navier solution) or by single infinite 

fourier sine series (Levy's solution). A detailed account 

of such methods can be found in text books on plate theory 

(1,2) .

(a) Oblique Coordinates
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W h e n  c o n s i d e r i n g  skew plates, it is u s e f u l  to 

rewrite Eqn (2.12c) with the oblique angle equal to the 

skew angle of the plate cc .

Consider the oblique axis set (u,v) which is related 

to cartesian set (x,y), Figs (2.3a) and (2.3b) by

x = u + v s i n a  and y = v cos a 

or (2.13)

u = x-y tan ct and v = y sac a 
U s i n g  this t r a n s f o r m a t i o n ,  the m o m e n t s  in the o b l i q u e  

system are related to the cartesian system as follows:

M = sec a(M + M tan a - 2 M tan a ) u X y xy

M = M sec a 
^ y (2.14)

M = M f M tan a iuv xy y

The moment-curvature relationships in terms of the

o b l i q u e  c o o r d i n a t e  Fig. (2.5) can be w r i t t e n  for an

isotropic plate as follows:

«U = 12 (*11 3:1? + *12 - 43 3ÏÏ3V ’

Ü  '42 8 ?  ^ 4 2  ^ - ^ 1 3  8U8V (2.15)

M = a^w . 8A, £ w  ,
12 ('*13 8ÏÏ2 ■ 4 3  3U8V *33 8u3v

and shearing forces as

Qu = U  ' - 4 l  &  -  ̂*13 - '*12 + 2A33) - A 2 3 % ,  )

Qv = n ' - * 3 1 & - ' * 2 1 ^ 2 A 3 3 ) ^ - 3 A 2 3  1 ^ )
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(a) S Lab d i mens i on

x,u

(b) The oblique axis system 

pig. (2.3) Skew slab in the oblique system of coordinate



15

where

11 + 2G) Bin a tan a + E^ sin a tan3a

^22 ~
^33 ~ ^ sec a + E^ tan^a sec a 

^12 ~ ^xl a + Ey tan^a sec a 

^13 ~ (^xi + 2G) tan a - E^ tan^ a 

^22 ~”®y a sec^a 

The g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  in terms of 

o b l i q u e  c o o r d i n a t e s  can be w r i t t e n  for the case of an 

isotropic plate as follows;

=  —  ;D (2.17)

where
= sec2 a - 2 sin a —  + -1

Analytical solutions to this equation have been found 

for some of the simpler loading arrangements and boundary 

conditions by using the series type solution or the strain 

energy method (10) (13).

(b) The series type solution

Quintan (10) assumed the displacement in the form of 

double infinite trigonometric series. By the introduction 

of certain functions called root functions and boundary 

functions, this double series can be transformed into a 

single infinite series. This, he claimed, will handle any 

of the simple boundary conditions and loading patterns. 

Unfortunately, no results have been published for this 

method. In 1964 K e n n e d y  and H u g g i n s  (11) p u b l i s h e d  a 

method for solving a skew plate simply supported on two 

opposite edges and elastically supported at the other two
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edges under the action of a uniform load. The displacement 

was assumed as a single Infinite fourier series. Results 

were o b t a i n e d  for a range of a n g l e s  of s k e w  15 to 75 

degrees and the aspect ratio (length/breadth) in the range 

of 0.7 to 2.0. It was n o t i c e d  that the c o n v e r g e n c e  

deteriorated with increasing angle of skew.

(c) Strain energy solution

The concept of strain energy solution for plates was 

d e v e l o p e d  by R i t z  (1) b a s e d  o n  th e  p r i n c i p l e  of 

minimization of total potential. The strain energy stored 

in an isotropic skew plate is given by

U =_ D^sec a
fa rb

)']]dudv
2.18)

The work done by the external forces during the deflection 

of the plate is given by

•a rb
V = COS a q.w du vu -

.0 J0 •*
CM d W

dn

where a and b are the sides of the plate, the normal 

moment, the tangential moment and the force in the

n direction.

The principle of virtual displacements states that for 

equilibrium, the change in strain energy is equal to the 

external work done by the forces during the displacement.

AU = AV (2.20)
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where U and V obtained by applying variational calculus 

to Eqns (2.18) and (2.19).

If a function is assumed for the deflected surface 

of the plate, then by s u b s t i t u t i o n  into Eqn (2.20) a 

solution can be found.

Using this form of solution, Morely (12) solved the 

problem of a swept cantilever plate under the action of a 

uniform load. Using Eqn (2.18) and assuming that the 

stress resultants and load could be taken as functions of 

one of the coordinate, Coull (13) solved the problem of a 

u n i f o r m l y  l o a d e d  s k e w  p l a t e  w i t h  two s i d e s  s i m p l y  

supported and the other two free. Coull (14) extended this 

work to include the effect of line loads parallel to the 

supports by using Macaulay's method of brackets to allow 

for d i s c o n t i n u i t y .  This a r t i f i c e  also e n a b l e d  him to 

a n a l y s e  c o n t i n u o u s  ske w  slab by tr e a t i n g  the in t e r n a l  

s u p p o r t s  as line loads. He c o n c l u d e d  that in o r d e r  to 

obtain a convergent solution to the problem, only the 

first two terms of a more general power series for the 

oblique bending moment in the direction of span need be 

employed. To obtain better accuracy, the method may be 

extended by assuming more terms in the series used, but 

only at the expense of a greater difficulty of solution of 

the resulting equations.

2.2.3 NUMERICAL SOLUTION

Under this group, three methods are considered viz; 

finite differences, finite element and grillage analogy.
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2 . 2 .3 . 1 Finite Difference Method: In the f inite

differences method, a slab is first covered by a grid work 

of s t a t ions. W h ere p o s s i b l e  a r e g u l a r  grid of e q u a l l y  

spaced stations is employed (1) using rectangular or 

s k e w  c o - o r d i n a t e s  mesh. In a p p l y i n g  this method, the 

d e r i v a t i v e s  in the d i f f e r e n t i a l  e q u a t i o n  (2.12b) are 

r e p l a c e d  b y  l i n e a r  a l g e b r a i c  e x p r e s s i o n s ,  h a v i n g  

deflections at stations as variables. A linear equation 

representing the differential equation is formed at each 

station for which there is an unknown deflection. Together 

they constitute a set of linear simultaneous equations, 

whose solution provides the values of deflections at the 

stations. The deflections at the nodes are used to form 

approximate expressions for curvatures etc. to determine 

moments and shear forces. The derivation of the method and 

its application in case of skew slabs, can be found in 

(1), (2), (12), (15). T h e  m e t h o d  ha s  b e e n  l a r g e l y

superseded by the finite element method.

2 .2 .3 .2 Finite Elements Method : A slab to be analysed

by finite ele m e n t  is first m o d e l l e d  by an a s s e m b l y  of 

discrete elements of simple geometric shape. In the most 

popular approach, a displacement field is assumed over 

eac h  e l e m e n t  in terms of v a l u e s  of d i s p l a c e m e n t  at 

prescribed nodal points (16). In an alternative approach, 

m o m e n t  f i e l d s  a r e  a s s u m e d  o v e r  e l e m e n t s  a n d  

d i s p l a c e m e n t s  are a s s u m e d  on the b o u n d a r i e s  of the 

element. The method of virtual work is used to form a set 

of l i n e a r  s i m u l t a n e o u s  e q u a t i o n s  c a l l e d  s t i f f n e s s
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e q u ations. An i s o p a r a m e t r i c  element (17) b a s e d  on 

Mindlin plate theory (63) has been used in this study and 

further details will be given in Chapter Four.

2.2.3 .3 Grillage Analogy : Analysis of a grillage of

b e a m s  by the s t i f f n e s s  m e t h o d  is a r e l a t i v e l y  

s t r a i g h t f o r w a r d  and e c o n o m i c  process. To p r e d i c t  the 

b e h a v i o u r  of a slab by g r i l l a g e  analysis, it is first 

n e c e s s a r y  to s p e c i f y  the p r o p e r t i e s  and layout of the 

component beams. The accuracy of a solution is largely 

dependent on the accuracy of this structural modelling.

For a skew slab b r i d g e  deck, for example, m e m b e r s  are 

p o s i t i o n e d  parallel to the a b u t m e n t s  and free edges. 

Solution of the stiffness equations provides the joint 

deflections and rotations. The equivalent plate bending 

moments and shear forces are usually calculated from the 

interpretation of the concentrated bending and torsional 

couples at ends of each grillage member. The application 

of this method of analysis to bridge decks can be found in 

(18) .

2.2.4 PLASTIC METHOD OF ANALYSIS AND DESIGN (78)

B e c a u s e  of the n o n l i n e a r i t y  of the m a t e r i a l  

p r o p e r t i e s  of r e i n f o r c e d  c o n c r e t e  r e s u l t i n g  from the 

tensile cracking of concrete and plastification of steel, 

r e d i s t r i b u t i o n s  of m o m e n t s  and sh e a r s  a w a y  from the 

elastic values occur. This is possible only if the slab 

sections are sufficiently ductile so that the sections 

c o n t i n u e  to de f o r m  at c o n s t a n t  moment. This s e c t i o n
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discusses some of the popular plastic methods as applied 

to reinforced concrete plates.

2 . 2 .4.1 Yield Line Theory

Y i e l d  line t h e o r y  is an u p p e r  b o u n d  m e t h o d  of 

flexural analysis of under-reinforced slabs. For purposes 

of analysis, a collapse mechanism is assumed at ultimate 

load such that

(a) The moments at the plastic hinges are equal to the 

ultimate moments of resistance of the section.

(b) The collapse mechanism is compatible with the boundary 

conditions.

A collapse mechanism, defined by a displacement at a 

p a r t i c u l a r  p o i n t ,  is u s e d  a n d  t h i s  p e r m i t s  the 

c o r r e s p o n d i n g  d i s p l a c e m e n t s  at load p o i n t s  and the 

rotations at the yield lines to be determined from the 

geometry. The work done by the loading is equated to the 

e n e r g y  d i s s i p a t e d  at the y i e l d  lines. To s i m p l i f y  the 

c a l c u l a t i o n s ,  it is a s s u m e d  that the d e f o r m a t i o n s  are 

confined yield lines only, and that the segments of slab 

between them remain rigid. With these assumptions the work 

equation simplifies to.
r "2

E M *  0. d, = E q « dA ( 2 . 2 1
1=1

n ti s i“l

where n^ is the number of yield lines,0^ is the rotation of 

the couples which is the ultimate moment of section at

yield line, n̂  is the number of rigid, flat segments, q is 

l o a d  i n t e n s i t y ,  <S is d i s p l a c e m e n t  at t h e  p o i n t  of
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application of q, s is the distance measured along a yield 

line and A is the area of a r i g i d  region. D e t a i l e d  

descriptions of the theory and applications are given in 

Park and Gamble (6).

The main advantage of yield line theory is that it 

requires relatively simple calculations. Its greatest use 

is in assessing the strength of existing slabs, although 

it can be used as a design method. The difficulty of this 

method in design is that an engineer must use imagination 

and experience to ensure that all likely failure models 

have been investigated. Although it is a theoretical upper 

bound method and thus results in an overestimation of the 

true c o l l a p s e  load of a slab, man y  f a c t o r s  such as 

membrane force effect, strain hardening of steel, etc. 

contribute to the actual collapse load being greater 

than the the theoretical ultimate load and thus leading to 

a 'safe' design. Morley (22) extended conventional yield 

line theory by considering mechanisms which involve yield 

lines in which both rotations and displacements normal to 

the yield line occur. The rotations and displacements can 

be o b t a i n e d  from c o n s i d e r a t i o n s  of the g e o m e t r y  of a 

d i s p l a c e d  slab. More d e t a i l s  are g i v e n  in Par k  (6). 

However, these methods rely heavily on an assessment of 

the i n - p l a n e  r e s t r a i n t  p r o v i d e d  and this is e x t r e m e l y  

difficult to determine for actual structures. Although the 

yield line theory applies to any shape of slab, any load 

and any edge conditions, it is restricted in practice to 

slabs of constant thickness, uniformly reinforced in each 

of two m u t u a l l y  p e r p e n d i c u l a r  or s k e w  d i r e c t i o n s .  The 

method does not give any information on the best steel
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d i s t r i b u t i o n  w i t h i n  the slab and does not give any 

information about the general behaviour of the slab w.r.t 

crack width and deflection.

2.2.4.2 The Lower Bound Method

The lower bound method postulates a distribution of 

moments in the slab system at the ultimate load such that: 

(a) The equilibrium conditions are satisfied at all points 

of the slab system.

(b) The yield criterion defining the strength of the slab 

sections is not exceeded any-where in the slab system.

(c) The boundary conditions are complied with.

T h e  u l t i m a t e  l o a d  is c a l c u l a t e d  f r o m  the 

equilibrium equation and the postulated distribution of 

moments. For a given slab system the lower bound method 

gives an ultimate load which is either equal to or less 

than the true ultimate load.

The m e t h o d s  b a s e d  a lower b o u n d  a p p r o a c h  to the 

ultimate load include

(a) Hillerborg's simple and advanced strip method

(b) Strong bands method

(c) Strip deflection method

(d) Direct design approach

2.2.4.2.1 Hillerborg * s simple and advanced Strip Method 
L23J_

In any lower b o u n d  d e s i g n  method, a d e s i g n e r  is 

free to c hoose any m o m e n t  d i s t r i b u t i o n  that he w i s h e s  

provided that it satisfies the slab equilibrium equation:
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X

9x^ 9y^ ~ 9x9y

Hence it is permissible to put M^y = 0.0 throughout the 

slab, so that Eqn (2.22) reduces to 

32m  32m
t ^  = - q <2-23)

If it is now decided to divide the load q into a component 

qo6carried in the x - d i r e c t i o n  and (1- a ) q in the y- 

direction,Eqn (2.23) can be split into two equilibrium 

equations :
_ 32m

3x2 - - a q  and = - (1 - ci) q (2.24)

It is emphasised that the chosen value of a can, 

and in general, does, vary over a slab.

It is usual to choose a = 0.0 (all of the load 

carried in the Y-direction) , a = 0.5 (the load is shared 

equally between the x- and y-direction) or « =1.0, (all of 

the load carried in the x- d i r ection).

In general, it is first necessary to decide upon 

the p o s i t i o n s  of the lines w h i c h  di v i d e  the slab into 

regions of different load distribution direction. These 

l i n e s  a r e  r e f e r r e d  to as l o a d  d i s p e r s a l  l i n e s  or 

discontinuity lines. A designer is free to choose any load 

dispersal, and any discontinuity lines that he wishes. 

However, it is sensible to choose load dispersals which 

re s u l t  in the load b e i n g  t r a n s m i t t e d  to its n earest 

support. Moreover, Hillerborg (23) has suggested that it 

is preferable to take the load a relatively long distance 

to a built-in support than a relatively short distance to

^ - 2 — r = - q  (2.22)
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a simple support. Thus, for discontinuity lines emanating 

from a corner, he suggested the positions shown in Fig. 

(2.4)

Equations (2.24) are the equilibrium equations for 

beams running in the x- and y- directions. Hence a two 

dimensional slab design problem has been reduced to a one 

-dimensional beam problem (or strip).

Hi 1 l e r b o r g 's s t r i p  m e t h o d  is i l l u s t r a t e d  by  

considering the design of a skew slab with two parallel 

edges simply supported and the other edges free as shown 

in Fig. (2.5a), to resist a uniformly distributed load of 

0.01 N/mm.

For the slab under consideration, two distributions 

are considered Figs (2.5a) and (2.5b). In the first case, 

a s y s t e m  of beams are r u n n i n g  in the skew dire c t i o n ,  

gives a system of statically determinate beams. The second 

system is similar to the first one with a strong diagonal 

beam A1-A2 Fig. (2.5c).

Considering distributions (2.5a) and (2.5b) only in 

the case Fig. (2.6a) the reaction distribution is very 

different from the elastic distribution, because skew 

slab transmits a considerable portion of loading to the 

obtuse corners and the strips must reflect the true slab 

action. In the second distribution when a strong beam is 

considered, the distribution of the reaction is similar to 

the elastic solution using finite element, but different 

in value depending on the stiffness of the strong beam 

(the dimension of the considered strong beam is given in
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Fig. (2.,b)). The envelopes of longitudinal moment M at 

different sections are given in Figs (2.6b), (2.6c) and

(2.6d). It can be seen from these curves that the moment 

d i s t r i b u t i o n  due to the first d i s t r i b u t i o n  is in

c o n s i d e r a b l e  error c o m p a r e d  w i t h  the finite e lement  

solution and that the effect of the strong beam improves 

the solution.

It can be seen from this example that the use of 

the simple strip method is not at all straightforward.

One needs to think carefully about the system of beams 

w h i c h  will be best s u i t e d  to r e f l e c t  the b e h a v i o u r  of 

skew slabs.

H o w e v e r  if the c o r r e c t  s o l u t i o n  is obtained, 

reinforcement must be provided to fit exactly the strip 

moments. Wood and Armer (111) have critically examined the 

s t r i p  m e t h o d  and c o n c l u d e d  that it leads to an exact 

solution, with coincidental upper and lower bounds, if the 

r e i n f o r c e m e n t  is p r o v i d e d  to fit e x a c t l y  the strip 

moments. However, Fernando and Kemp (25) have since shown 

that Wood and A r m e r 's conclusion is not necessarily true, 

a l t h o u g h  it is e x t r e m e l y  d i f f i c u l t  to find p r a c t i c a l  

situations in which it is not true.

One i m p ortant d r a w b a c k  of the s t r i p  m e t h o d  is 

that, in p u r s u i t  of simple solution, the d e s i g n e r  may 

choose stress distributions which depart far from those 

required for a good serviceability behaviour i.e. widely 

d i f f e r e n t  f r o m  l i n e a r  e l a s t i c  s o l u t i o n .  S u c h  a 

distribution will seriously impair the function of the
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slab at early stages of loading.

The s i m p l e  strip m e t h o d  as d e s c r i b e d  c a n n o t  be 

a p p l i e d  to c o n c e n t r a t e d  loads. In order to deal w i t h  

c o n c e n t r a t e d  loads, H i l l e r b o r g  (24) i n t r o d u c e d  load 

d i s t r i b u t i o n  e l e m e n t s  w h i c h  e s s e n t i a l l y  t r a n s f o r m  the 

concentrated load to a uniformly distributed load. A slab 

is divided into elements bounded by lines of zero shear 

f o r c e  a n d  z e r o  t w i s t i n g  m o m e n t .  A b e n d i n g  m o m e n t  

distribution is then chosen such that zero shear forces 

oc c u r  a long the e l e m e n t  b o u n d a r i e s .  Hence, the c h o s e n  

m o m e n t  d i s t r i b u t i o n  must r e s u l t  in m a x i m u m  s a g g i n g  or 

hogging moment at the elements boundaries. The three types 

of element which can be used to divide the slab of Fig. 

(2.7a) are illustrated in Fig. (2.7b) and described below:

Type 1: R e c t a n g u l a r  shape, in w h i c h  the load is

dispersed in one direction and which is supported along 

one e d g e .

Type 2: T r i a n g u l a r  shape, in w h i c h  the load is 

dispersed in one direction and which is supported along 

one e d g e .

Type 3: Rectangular shape, in which the load is

dispersed in two directions and which is supported at one 

c o r n e r .

The Type 3 element transforms the concentrated load 

to a uniformly distributed load and permits one-way strip 

action to be considered in the type 1 and type 2 elements. 

Further details can be found in (26).

2.2.4.2.2 Strong Bands Method
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B e c a u s e  of th e  d i f f i c u l t i e s  of H i l l e r b o r g ’s 

derivation of the moment fields for the Type 3 element. 

Wood and Armer (111) have proposed the use of strong bands 

of reinforcement within a slab. These act as beams which 

transfer the concentrated load to the supports or to be 

rest of the slab.

For example, for the slab given in Fig. (2.7a) the 

two sets of strong bands shown in Fig. (2.8) could be 

adopted to carry the load to the supports. This figure 

also shows the directions in which the load is assumed to 

be carried in the various parts of the slab.

A local set of bands over the c o l u m n s  is first 

considered Fig. (2.8b). The columns support the short, 

narrow strong bands which provide a uniform reaction 

over the centre 1.5 m square of slab. The central square 

of slab supports the strong bands of Fig. (2.8a), which, 

in turn, support strips in the outer parts of slab. The 

designer is free to choose the widths of the latter strong 

bands and to choose either the moment distributions in 

the strips and strong bands or the reactions between the 

v a r i o u s  i n t e r s e c t i n g  strips and s t r o n g  band. It is 

e m p h a s i s e d  that the moment d i s t r i b u t i o n  o b t a i n e d  is 

dependent on the assumptions of strips widths made by the 

d e s i g n e r .

Kemp (112) has pointed out that a drawback of the 

strong band approach is that it is difficult to choose 

suitable widths for the strong bands. If the band widths 

are chosen to be too . narrow; then the reinforcement is 

heavily concentrated over the narrow band. Although a
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satisfactory reinforcement arrangement will be achieved 
from the strength viewpoint, excessive cracking or
deflection comld occmr at working loads because of the 
large amoraits of moment redistribution required. In order
to overcome this problem, and to make more efficient use 
of areas of a slab outside the strong bands, Kemp (112) 
proposed a method of design based upon chosen 
distributions of shear force. This is in contrast to the 
chosen distributions of loading which are used in the 
conventional strip method.

A slab is first divided into rectangular elements 
whose sides are parallel to the reinforcement directions.
In common with the simple strip method, it is assumed that 
there are no twisting moments on the sides of the element. 
Such an element is shown in Fig. (2.9) together with the 
total load fW) acting on the element and the shear forces 

Cjj, Gy, Cyl which act on its sides. The vertical 
equilibrium equation of the element is

(Qx - Q%) + (Qy - Q^) = w (2.25)
The principle -of the method is simply to choose 

shear forces on the sides of the element which satisfy 
this equilibrium equation. In this way, a shear force 
distribution throughout the slab is obtained- From the 
shear force distribution, the bending moments may be 
calculated. Fig. (2.10) shows one possible shear force 
distribution throughout the slab under consideration in 
Fig. (2.7a).

2.2.4.2.5 Strip Deflection Method
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As mentioned in section ( 2 . 2 . 4 .2.1 ) it is possible 

when using the simple strip method to choose any value of 

load distribution parameter which in the hands of a bad 

designer can lead to an unexceptable design. Fernando and 

Kemp (27) have proposed the strip deflection method to 

overcome this difficulty.

In t h i s  m e t h o d  a s l a b  is f i r s t  d i v i d e d  i n t o  

o r t h o g o n a l / s k e w  s t r i p s  parallel to the r e i n f o r c e m e n t  

directions to form a set of rectangular, square or skew 

areas. The intensity of loading on each area is assumed 

to be u n i f o r m  but can vary from are a  to area. In the 

simple strip method, a designer would choose the amount 

of load, q^, c a r r i e d  in the X - d i r e c t i o n  a n d  for 

equilibrium, the amount of load, q ^ , carried in the Y- 

d i r e c t i o n  in then (q - ) . In the s t rip d e f l e c t i o n

method, a value of q^. is not chosen, but q^ and are 

determined such that there is compatibility of elastic 

deflections at intersection point of the strip centre 

lines. The elastic deflections can be determined using 

e la s t i c  beam theory (because the t w i s t i n g  m o m e n t s  are 

assumed to be zero) in terms of the unknown loads q^ and 

q  ̂  = (q - q^) and appropriate flexibility coefficients

w h i c h  are i n d e p e n d e n t  of loading, but d e p e n d  on the 

geometry and boundary conditions of the problem. Once the 

load distributions is known, the shear forces and bending 

moments can be determined. In this method, increasing the 

number of strip improves the accuracy, but at the expense 

of increasing the number of simultaneous equations to be 

s o l v e d .
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It is interesting to note that the Rankine-Grashof 

method of slab design the CPllO (30) is a special case of 

the general strip deflection in which a single strip is 

considered in each direction. Fernando and Kemp (27) have 

pointed out the similarity between the strip deflection 

method and the analysis of a slab as a grillage with zero 

torsional stiffness. This has been used to solve the same 

example in Fig. (2.5a) by considering the distribution of 

the strips in Fig. (2.5c), using the programme package 

FLASH (20).

The envelopes of the reactions and the moments at 

different section are given in Figs (2.6a), (2.6b), (2.6c)

and ( 2 . 6 d ) and ( 2 . 6 e ) . There is not muc h  d i f f e r e n c e  

between the simple one way strips and the strip deflection 

m e t h o d  for th e  e x a m p l e  u n d e r  c o n s i d e r a t i o n  t h u s  

emphasising the importance of torsion in skew slabs.

It may be useful to use g r i l l a g e  a n a l y s i s  to 

predict the behaviour of a skew plate, but it is necessary 

to s p e c i f y  the p r o p e r t i e s  and layout of the c o m p o n e n t  

beams. The accuracy of solution is largely dependent on 

the aptness of this structural modelling. Solution of the 

stiffness equations provides the joint deflections and 

rotations. Bending moments are usually calculated from the 

interpretation of the concentrated bending and torsional 

c o u p l e s  at ends of e a c h  g r i l l a g e  member. E n g i n e e r i n g  

j u d g e m e n t  is n e e d e d  at t h i s  s t a g e  to m i n i m i s e  the 

introduction of further errors in the estimations of these 

moments and forces.
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Fig. (2.11) shows two types of grillage fromework 

for the slab u n d e r  c o n s i d e r a t i o n  (Fig. (2.5 a) , the 

choice is dependent on the reinforcement arrangement. In 

Figs (2.12a), (2.12b) , (2.12c) and ( 2 . 12d ) s h o w  the

comparison of the reaction and bending moments for the 

grillage analysis and the finite element method. It can be 

s e e n  that g r i l l a g e  a n a l y s i s  results c o m p a r e  wel l  w i t h  

finite element s o l u t i o n  s p e c i a l l y  w h e n  the g r i l l a g e  

fromewok was orthogonal as shown in Fig. (2.11b).

In practice, a c c o r d i n g  to CPllO (30), t o r s i o n a l  

reinforcement is normally added at a corner contained by 

edges over only one of which the slab is continuous as a 

certain percentage of the midspan reinforcement. Hago (9) 

carried out a design of a series of a uniformly loaded 

rectangular slabs with various boundary condition and 

aspect ratios, by this following two approaches:

1- Using the simple strip method (torsionless analysis) 

to p r o v i d e  r e i n f o r c e m e n t  to resist the n o r m a l  m o m e n t  

components and My. The torsional stress component Mxy 

was ignored and in addition torsion steel was provided, 

using the CP 110.

2- Using direct design method (9) (torsion analysis) to 

p r o v i d e  r e i n f o r c e m e n t  to r e s i s t  the t h r e e  m o m e n t  

components M^, My and M%y.

Based on a comparison of the total reinforcement 

volume he concluded the torsional analysis is at least 1 0 % 

more economical than the torsionless analysis.

2.2.4.5 Direct Design Approach
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This approach unlike the pure upper bound (yield 

line) and pure lower bound (Hi 1 lerborg's strip method) 

considers serviceability and ultimate load behaviour of a 

under-reinforced slab. In this method an elastic stress 

field and a yield criteria for slab is used to design the 

slab. The approach was first proposed by Hillerborg (23) 

and later reconsidered and restarted by Wood (75), for the 

case of orthogonal steel. Nielsen (76) has also presented 

e q u a t i o n s  for the o p t i m u m  d e s i g n  of o r t h o g o n a l  steel. 

Subsequently Armer (77) derived equations for the case in 

which the steel lies in predetermined skew directions. 

Hago (9) used this approach to design and test 'large 

scale' orthogonally reinforced rectangular slabs and beam 

slab model with various boundary conditions. He carried 

out an experimental and theoretical work to check this 

approach. He concluded that the Direct Design approach 

provides designs with good service and ultimate behaviour 

w i t h  a r eserve s t r e n g t h  at least 1 0 % a b ove the d e s i g n  

loads. The basic idea of this approach and the derivation 

for the general case of angle of skew will be considered 

in Chapter Three.

2.3 DESIGN AND ANALYSIS FOR SERVICEABITILY LIMIT STATE

2.3.1 Introduction

It is e s s e n t i a l  that all s t r u c t u r e s  s h o u l d  be 

designed so that they possess not only adequate strength 

but also they behave in a satisfactory manner under all 

load c o n d i t i o n s  (i.e at limit states). S a t i s f a c t o r y
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behaviour at working loads is generally considered in 

t e r m s  of c r a c k i n g ,  d e f l e c t i o n  a n d  v i b r a t i o n  

c h a r a c t e r i s t i c s .  E a c h  of these c h a r a c t e r i s t i c s  is a 

function of stiffness and working load stress levels (in 

p a r t i c u l a r  steel s t r e s s  levels). It is i m p o r t a n t  to 

consider the effects of both applied forces and applied 

deformation (e.g. shrinkage and temperature movements) on 

serviceability limit state. The following discussion is 

l im i t e d  to d e f l e c t i o n s  and cracks due to a p p l i e d  load 

only.

The European and American design codes ( & ) and

(32) of p r a c t i c e s  g e n e r a l l y  ensure that the m a t e r i a l 

stresses in reinforced concrete slabs are not excessive at 

the serviceability limit state and thus specific stress 

limitations are not generally given in codes. However, the 

British bridge code BS 5400 (BSI, 1978) does give stress 

l imitations, b e c a u s e  this code does not r e q u i r e  crack 

w i d t h s  to be c h e c k e d  u n d e r  al l  p o s s i b l e  l o a d  

combinations.

Because concrete cracks under sustained loading, 

d e t e r m i n a t i o n  of the d i s p l a c e m e n t s  of a r e i n f o r c e d  

c o n c r e t e  slab, e v e n  u n d e r  w o r k i n g  loads, s t r i c t l y  

requires a non-linear analysis. Suitable methods will be 

reviewed in section (2.4), and one of these methods will 

be given in detail in Chapter Four. However, such analyses 

are in gene r a l  too e x p e n s i v e  for d e s i g n  office. Hand 

c a l c u l a t i o n  m e t h o d s  are o f ten used to e s t i m a t e  the 

curvatures, in order to calculate deflections or crack 

widths. Such c a l c u l a t i o n  can be b a s e d  on the elastic
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moment field c a l c u l a t e d  by u s i n g  u n c r a c k e d  s e c t i o n  

p r o p e r t i e s .  T h e  d e t e r m i n a t i o n  of m o m e n t / c u r v a t u r e  

relationships will be considered before considering the 

various serviceability criteria.

2.3.2 Moment-Curv a ture Relationships

Fig. (2.13) shows the b i l i n e a r  m o m e n t - c u r v a t u r e  

relationship. The curvature is given by

= J L —
V c  (2-2S)

where l/r^ is the curvature

M the moment under consideration

E q the long-term elastic modulus (in this study the 

short-term elastic modulus is considered), the short term 

elastic modulus is given by

E = 4.73 /T~ = 4.25 /f kN/ram^ / n 27)C  C  C U  \ . é£. I f

\ 2 where f^ is the cylinder strength (N/mm)

and f i s  the cube strength

1er the s e c o n d  moment of a r e a  of the crac k e d

s e c t i o n .  I g n o r i n g  c o n c r e t e  in th e  t e n s i o n  z o n e

o v e r e s t i m a t e s  th e  t r u e  c u r v a t u r e  b e c a u s e  of the

stiffening effect of concrete in tension between cracks.

The following two approaches, adopted in practice, are

presented.

(a) Effective secant stiffness

Branson (31) has proposed, from considerations of 

short-term beam deflection data, the use of the effective 

secant stiffness illustrated in Fig. (2.13). The short-
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cr.

Fig. (2.13) Effective secant stiffness

(a) (b) (c) (d) (e)

neutral axis 

rack hight/

fc/Ec
(f)
fc

fs/Es

( (h-x) /x) fc
stress in concrete 1N/mm

ress in concrete

not more than 1N/mm

Fig. (2.14) Concrete flexural stresses^ (a) cracked sect i on (b) at crack

(c) between cracks (d) average (e) strains (f) section not cracked
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term elastic modulus of concrete is given by Eqn (2.27). 

The effective second moment of area (I ^^)is given by

V f I + 
g

1 -  (
cr 1

) J ^cr (2.28)

where M is the moment under consideration, is the

cracking moment, Ig is the second moment of area of the 

u n c r a c k e d  t r a n s f o r m e d  s e c t i o n  and 

moment of the cracked transformed section.

is the s e c o n d

This approach was adopted by the American Building 

Code AC I (32) and the American Bridge code Committees

(33) .

(b) Effective tensile concrete stress

The distributions of flexural stress in concrete 

at a crack and mid-way between cracks are shown in Figs 

(2.14b) and (2.14c). The average effect of the variation 

in t e n s i l e  stress d i s t r i b u t i o n s  can be c o n s i d e r e d  by 

a s s u m i n g  the t r i a n g u l a r  d i s t r i b u t i o n  of "a v e r a g e " 

effective stress shown in Fig. (2.14d) with an effective 

stress (f0  = IN/mm) specified (21) at the centroid of the 

tension reinforcement. The curvature can be obtained from 

the relationships

c
xE

s
(d“X)E

2 . 29

w h e r e  x is the neut r a l  axis depth, f^ and fg are the 

stresses in concrete and reinforcement respectively.

Assessment of stresses and the neutral axis depth 

can be found by a trial-and-error approach (21). This
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approach is adopted for deflection calculations in CP 110 
(30) and BS 5400 (34).

2.3.3 Deflection

In design, it is usual to comply with the specified 

d e f l e c t i o n  c r i t e r i a  by limiting spa n  to d e p t h  ratio. 

However, in e x c e p t i o n a l  cases, it m a y  be n e c e s s a r y  to 

calculate deflection and to ensure that they are less than 

the s p e c i f i e d  value. The d e f l e c t i o n  of a slab u nder a 

simple loading can be calculated from a formula of the 

type :

kWL^
« = (2.30)

where K is a coefficient which depends on the slab shape, 

load patterns and support boundary conditions, W is the 

total loading, L is the span and D is the flexural 

stiffness per unit width. It is necessary to determine K 

and D .

Values of coefficient K in Eqn (2.30) have been 

g i v e n  by T i m o s h e n k o  (1) for some cases of r e c t a n g u l a r  

slabs and for others can be calculated by finite element 

m e t h o d .

If the slab is uncracked, then D is given simply by
3 a. ,Et / 12(1- V ) , ^ is P o i s s o n 's ratio . However, after

cracking, D is g i v e n  a p p r o x i m a t e l y  by the e f f e c t i v e

cracked stiffness (Ecleff)at a particular section which is

c a l c u l a t e d  w i t h  t e n s i o n  s t i f f e n i n g  a l l o w e d  for by the

method described in Section (2.3.2).
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f I xed

J2 Lx

2 Ly

Fig. (2.15) Fixed slab under uniformly-distributed load

BOND S T R E S S

C R A C K
S E C T I O N  A A

B E AR I N G
ST RES S

\  BOND STRESS ( f v )

Fig. (2.16) Cross-Section of slab showing the distribution of bond 
stress, tensile stress and plane of reinforcement along X and Y
dIrectIons

ith steel layer

Fig. (2.1?’) Cracked slab
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For restrained reinforced concrete skew slabs under 

uniform load Desayi and Prabhakara (35) proposed a method 

for estimating the short-time deflection. The method is 

developed in three stages.

The first stage considers the elastic behaviour of 

the slab up to cracking load. The deflection at centre of 

a skew slab is calculated on the basis of the solution 

available for elastic skew plates (32) as

6 =
(2.31)

Ig
where Ig the gross second moment of area

E q the modulus of elasticity of concrete 

P the intensity of uniformly-distributed load

a is a constant for fixed skew plate based on the

ratio and skew angle and is obtained from Table 1, Page 

352 of (19)

Lx is the slab length. See Fig. (2.15).

Eqn (2.31) is valid up to a load P = Per» where 

P qj. is the intensity of load corresponding to the first

cracking of concrete and can be calculated using ;

P = ^cr
E T  (2.32)

in which M^r = fr Ig/h
where B is dependent on the aspect ratio and angle of 

skew. See Ref (35) Page 354.

f^ is the modulus of rupture of concrete 

h the d i s t a n c e  of extreme t e n s i l e  fiber from 

centroid of concrete section.

In the second stage, after cracking up to the yield
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line collapse load, the following equation is used to 
calculate the deflection.

P L
5 = a ^ (2.33)

where K is constant dependent on the aspect ratio, skew 

angle and material properties of the slab. See Ref (35)
o o 0Page 8810. This result covers skew angles of 15, 30 and 45 

d e g r e e s ,  a s p e c t  r a t i o  of 1.5 a n d  c o e f f i c i e n t s  of 

orthotropY ranging from 1.222-2.136. is constant as given 

a b o v e .

I 4 s  the cracked moment of inertia given by 
ëff

:eff= ^8

where P and Ig are defined above, P qj. is the cracking load 

a n d  I q p  is the s e cond m o m e n t  of a r e a  of the c r a c k e d  

s e c t i o n .

Eqn (2.34) for effective moment of inertia I ^ i s  

s i m i l a r  to the one in Ref (31) for b e ams and one way 

s l a b s .  H e r e  the m o m e n t  t e r m s  a r e  r e p l a c e d  by l o a d  

intensity terms so the deflection can be calculated for 

any given load intensity.

In the third stage the deflection is calculated at 

the yield load by taking the effect of membrane force into 

consideration. The method is simple and starightforward 

for the first and second stages but is complicated for 

the third stage. As deflection calculation at this stage 

has little practical significant, it is not discussed.

2.3.4 Cracking



The problem of predicting the maximum crack width 

is v e r y  complex. Due to its s t o c h a s t i c  nature, The 

a s s e s s m e n t  of c r a c k  w i d t h s  is mad e  u s i n g  e m p i r i c a l

e q u a t i o n s  d e r i v e d  f o l l o w i n g  s t a t i s t i c a l  approach. Two 

theories deal with the prediction of crack widths in the 

structural members.

(a) The slip theory assumes that the crack widths depend 

on the amount of bond slip in reinforcement and the crack 

widths are normally expressed in terms of steel stresses.

(b) The No slip theory considers the crack widths to be 

effectively zero at the face of reinforcing bar and the 

c r a c k  w i d t h s  a r e  e x p r e s s e d  in t e r m s  of s t r a i n s  in

c o n c r e t e .

The No sli p  t h e o r y  of c racking in r e i n f o r c e d

concrete slabs has been developed by Beeby (114). Beeby 

(42) proposed the following design formula:

\ - x
where h is the overall slab depth, x is the neutral axis 

depth calculated ignoring tension stiffening, crack

s p a c i n g ,  c the c o n c r e t e  c o v e r  a n d  K 4  a n d  K 5 a r e  

coefficients which depend upon the probability of crack 

width exceeding a give value. For the 20% level adopted in 

b u i l d i n g  and b r i d g e  p r a c tice, K 4 = 3, K 5 = 2 (Beeby ( 

115), wh i l s t  for the 5% level a d o p t e d  in the w a t e r -

retaining code, the value of K 4  and K 5 are 4.5 and 2.5 

respectively Clark (110)-

£^is the strain calculated using the following equation
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CPllO (30)

e = 0.0007 bh (a'- x) A  f (h-x)
™ ® (2.36)

w h e r e  a is the d e p t h  of the c r a c k  from the c o m p r e s s i o n

f a c e ,

Ai3 is the steel area, fg the steel yield strength and h and 

X as given above.

C l a r k  (110»; has s h o w n  that Eqn (2.35) can be 

applied to slabs in which the principal stresses do not 

coincide with the reinforcement direction. In such cases, 

the crack width calculation should be carried out in the 

principal moment direction by using the equivalent areas 

of r e i n f o r c e m e n t  d i s c u s s e d  in s e c t i o n  (2.3.5), and a 

should be measured perpendicular to the reinforcing bars 

most nearly aligned to the principal moment direction.

Beeby (38) investigated cracking in one-way slab and 

concluded that the no slip theory gives better prediction 

of crack widths than the slip theory. He also found that 

crack width and spacing are both linearly related to the 

distance from the point where the crack is measured to 

surface of the nearest bar.

For a Two-way slab Nawy (39) and and Orenstein (40) 

have proposed the following formula (in SI units):

w = k  f s /p) (h-x) (d-x) (2.37)s o
where K is a coefficient which depends on the loading and

boundary conditions of slabs, <}> is the diameter of bars

perpendicular to the cracks under consideration, P is the

effective steel ratio of these bars and s is the spacingo
of orthogonal bars ( i.e. those parallel to the cracks). 

Thus, it is implied that cracks always form perpendicular
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to bars, which is not necessarily true.

The reason for the spacing (s^) of bars parallel to 

c r a c k s  b e i n g  a p a r a m e t e r  in Eqn (2.37) is that the 

equation was derived from tests on slabs reinforced with 

w e l d e d  mesh. The lo c a t i o n  of the w e l d e d  i n t e r s e c t i o n  

influenced the crack patterns. It should be noted that 

Park and Gamble (6 ) have shown that Eqn (2.37) can grossly 

over-estimate crack widths when the transverse bar spacing 

( s q ) is large. However, when reinforcing bars are used, 

t h e  s p a c i n g  of the t r a n s v e r s e  b a r s  is u n l i k e l y  to 

influence significantly the crack spacing (114), (110).

Desayi and Kulkarni (41) also did extensive work on 

two way reinforced concrete slabs, and Prabhakara (42) 

e x t e n d e d  the work to cover ske w  slabs s u b j e c t e d  to 

uniformly distributed loading. Assuming the reinforcement 

is laid a l o n g  the d i r e c t i o n  x and y Fig. (2.16) the 

spacing of cracks formed in the x-direction ( ^  ) is

,  _  ^  Accv
X :  — ------------ (2.38)

s i m i l a r l y  the s pacing of the cracks formed in the Y- 

Direction (ay) is

f.:
\ --------------- — ----------- (2 39)

® + (+x/Sx)fbb

w h e r e  ^ c t x  ^rid Acty e f f e c t i v e  concr e t e  areas in

t e n s i o n '  p e r  u n i t  w i d t h  in t h e  X a n d  Y d i r e c t i o n s  

respectivly, and it can be calculated as follows;

Actx ” 2(h-dj^)-Agx
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A c t y  - 2 ( h - d y ) - A s y  

where h total depth of slab.

ft tensile strength of concrete 

X, y bar diameters in direction x and y 

ft) bond stress 

fbb bearing stress 

Sxf Sy spacing between bars in directions x and y 

9 the angle of skew and is equal zero for orthogonal

steel

Ky and K-| are constants 

Agx, Agy area of reinforcement per uint width in the 

X  and y directions respectivly

The maximum crack width is then estimated at any stage of 

loading from

^max “ &max ^  ^c (2.40)

where a^ax is the crack spacing at M = and is the

strain in the steel, cover ratio = ( h-d^) / ( d-dj^) 

and d, dĵ  effective and neutral axis depths respectively

Test resu l t s  have i n d i c a t e d  that c o n s t a n t s  K]̂  = 

1.0, fyy =0.5 f ^ , fy =fub M/Mp and, f^y = the ultimate 

bond stress can be taken from CP 110 (30) section(3.11. 6 ). 

M, Mp are the applied ultimate moments in the direction of 

reinforcement.

The method estimates cracks widths with reasonable

accuracy. One good aspect of the m e t h o d  is that it is

independent of the type of loading and the aspect ratio of

slab. The method is established for rectangular, square
0 0 0and skew slabs with skew angles of 15, 30, 45 and with 

simply supported slabs or fixed support conditions
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2.3.5 Stresses and Strains in Skew Bending

The BS 5400 code of practice (34) states that it is 

necessary to check cracks widths in highway brides under 

HA loading for loading combinations. This means that there 

is an indirect check on the reinforcement stress. It is 

desirable to ensure that the steel remains elastic under 

all serviceability conditions so that cracks which open 

under the application of occasional loading will close 

when the loading is removed.

The stresses, s t r a i n s  and c u r v a t u r e  of a slab 

s u b j e c t e d  to o n e  w a y  b e n d i n g  in the r e i n f o r c e m e n t  

direction are determined by straight forward application 

of conventional modular ratio theory, with the inclusion 

of t e n s i o n  s t i f f e n i n g  w h e n  a p p r o p r i a t e .  However, in 

general, the principal stresses, strains and curvatures in 

a slab do not coincide with the reinforcement directions.

It is then difficult to check accurately the stresses, 

strains and hence the curvature of a slab under general 

state of stress. Clark (34) has suggested the following 

approximate procedure for determining stresses:

i- Assume the section to be uncracked and calculate the 

four principal extreme fiber stresses caused by stress 

resultants due to the applied service loads, 

i i - W h e r e  a p r i n c i p a l  t e n s i l e  s t r e s s  e x c e e d s  the 

a p p r o p r i a t e  l i m i t i n g  v a l u e  of t e n s i l e  s t r e n g t h  of 

concrete, assume that cracks form perpendicular to the 

direction of that principal stress.

iii- Consider each set of cracks in turn and calculate an
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equivalent area of reinforcement perpendicular to these 
cracks, (see step v i )

iv- Using the equivalent area of reinforcement, calculate 

the stresses in the direction perpendicular to cracks by 

using modular ratio theory.

V -  If the c a l c u l a t e d  st r e s s  in the e q u i v a l e n t  area of 

reinforcement is f t h e n  calculate the stress in an i-th 

layer of r e i n f o r c e m e n t ,  inclined at an a n g l e  to

direction perpendicular to the cracks, from f^ = &fn- 

stress transformation factor 6 is discussed below, after 

t h e  f a c t o r s  d e t e r m i n i n g  the e q u i v a l e n t  a r e a  of 

reinforcement normal to a crack have been considered, 

vi- The calculation of equivalent area of reinforcement 

(step iii above) is explained by considering a point in a 

c r a c k e d  slab Fig. (2.14) where the a v e r a g e  di r e c t  and 

shear strains, referred to axes perpendicular and parallel 

to a crack are ^nt-

T h e  s t r a i n  in the d i r e c t i o n  of an i t h  l a y e r  of 

reinforcement at a n g l e t o  the n-direction is given by

^1 ^ cos

Assuming only axial strains in the reinforcement, the 

steel stress is

where Eg is the elastic modulus of steel. If the steel 

area per unit width is A j , the steel force per unit width 

is given by
f. = A. f,

if N suc h  layers of steel are considered, the total



5 8

resolved steel force per unit length in the n- direction

IS N
F = Z F. cos^a.
* 1=1  ̂ ^

N 2
= E £ A. (e cos^a. + sin^a - Y sin^arcos a,)

3 . 1  1 n 1 ^ ^1=1

The force ?ĵ  can also be considered in terms of an 

equivalent area (A^) of reinforcement per unit width in 

the N-direction. Thus = A^ Eg'^n. Hence, by comparison 

with the previous equation,

\  A . C c o s V  + s i n V  c o s V  - ^  sin n. cos3 a-

It is reasonable, at the serviceability limit state to 

a s s u m e  that the n- and t- d i r e c t i o n s  will very n e a r l y  

coincide with the principal strain directions. Thus =

0 , and the third term in the br a c k e t s  of the a b o v e  

equation can be ignored.

There are now three cases to consider for a slab 

not s u b j e c t e d  to s i g n i f i c a n t  tensile inplane st r e s s  

re s ultants.

1- If the slab is crac k e d  on one face only and in one 

direction only, and the expression can be taken

as
N

n 1 (2.41)A = £ A. cos^a.

2- If the slab is cracked in two directions on the same

face then %  will be the same sign as • If I® again

taken to be zero, the calculated value of A will be lessn
than the true value. It is thus conservative to use Eqn
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(2 .4 1 ).

3- If the slab is cracked in two directions on opposite 

faces, ^t will be of opposite sign to and could take

any value. The precise value of to adopt is then

v e r y  d i f f i c u l t  to d e t e r m i n e  directly, a l t h o u g h  some 

g u i d a n c e  is g i v e n  by M c N e i c e  (45). L i t t l e  e r ror is 

i n v o l v e d  in a d o p t i n g  the a b ove me t h o d  for An w h e n  the 

reinforcement is inclined at less than 25 to the direction 

perpendicular to the cracks. In slabs subjected to varying 

load patterns, the crack direction may not coincide with 

the p r i n c i p a l  s t r a i n  d i r e c t i o n  of the load case under 

consideration. For such circumstances, it may be necessary 

to include in an iterative procedure. This method is

simple and straightforward and it is not dependent on the 

type of loading, but it is n e c e s s a r y  to to c a r r y  out 

elastic analysis to find the stress resultants due to the 

a p p l i e d  loads. The s t ress t r a n s f o r m a t i o n  factor ( g ), 

referred to previously should be taken as cos?a^.

2.4 NONLINEAR ANALYSIS

2.4.1 Introduction : Of the two methods used for

analysis of slabs viz linear elastic analysis and plastic 

analysis,the first method is concerned with working load 

b e h a v i o u r  a n d  th e  s e c o n d  m e t h o d  is c o n c e r n e d  w i t h  

b e h a v i o u r  at u l t i m a t e  load. N either a p p r o a c h  p r o v i d e s  

information on structural behaviour in the intermediate 

range between the two limits.

A n a l y s i s  to p r e d i c t  s l a b  b e h a v i o u r  u n d e r  a
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prescribed load history requires nonlinear analysis which 

can be done u s i n g  finite d i f f e r e n c e  or finite element 
m e t h o d s .

The finite d i f f e r e n c e  m e t h o d  has b e e n  used to 

analyse plates by Bhaumik et al (43) and May et al (44) 

using the Tresca and Von Miss criteria. In this work the 

nonlinear analysis will be carried out using the finite 

element method.

2.4.2 Non-linear Analysis by Finite Element Method

To account for the nonlinearity due to cracking 

of concrete, y i e l d i n g  of steel and p l a s t i c  flow under 

compressive stress in concrete, two basically different 

approaches have been used to obtain constitutive relations 

for use in finite element method. The first is a modified 

flexural rigidity approach in which an overall moment 

c u r v a t u r e  r e l a t i o n  r e f l e c t i n g  the v a r i o u s  stages of 

material behaviour is assumed. The second approach is 

based on idealized stress-strain relations for concrete 

a n d  s t e e l  t o g e t h e r  w i t h  s o m e  a s s u m p t i o n  r e g a r d i n g  

c o m p a t i b i l i t y  of d e f o r m a t i o n  b e t w e e n  the c o n s t i t u e n t  

m a t e r i a l s .

2.4.2.1 Macroscopic Models : In this model, concrete is'

assumed to be homogeneous and initially isotropic. Before 

cracking of concrete the reinforcement contributes little 

to moment of resistance (45).

In this case, material behaviour is linear elastic 

with the initial elastic matrix derived in the normal way



6 1
( 4 ) .

At the onset of c r a c k i n g  in the element, the 

s t i f f n e s s  of the e lement starts to decrease. The new 

stiffness at any stage of loading can be derived from the 

moment curvature diagram shown in Fig. (2.18), Jofriet and 

M c N i e c e ( 4 5 )  used b i l i n e a r  r e l a t i o n s h i p  of B e e b y  (38) 

before and after cracking

El = E q Ig prior cracking (2.42)

El = E q after cracking (2.43)

where e'̂  =0.57 E^

Yielding of steel is not considered and thus any 

information about ultimate behaviour is not available.

Macroscopic models were also used by Bell and Elms 

(4 6 , 4 7 ). In their model, the behaviour is idealised by a 

four stage moment curvature relationship. Fig. (2.18). 

Using the square yield assumption several intermediate 

loading surfaces were defined as shown in F i g . (2.19). The 

point on the moment-curvature curve corresponding to each 

surface is established and using the relative change of 

rigidity, the stiffness of an element satisfying a yield 

criterion is appropriately modified. Cook (6 ) has used a 

direct iteration procedure in the analysis in which the 

s t r u c t u r e  is so l v e d  s u c c e s s i v e l y  under the load while 

stiffnesses are changed until equilibrium is reached. The 

use of moment curvature relationship is an extension of 

the elementary theory of bending in which the behaviour 

of concrete is not investigated in detail but only treated 

grossly in the tensile and compressive zones along two 

p r i n c i p a l  d i r ections. Furthermore, if r e i n f o r c e m e n t
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patterns vary, several moment-curvature may be needed for 

a single analysis. Load enhancement due to biaxial effects 

and the effects of constraint in the plane of structure 

are both neglected. Recent developments in these models 

i n v o l v e  the use of n u m e r i c a l l y  integrated, hig h  order 

elements for discretization, so that the variability of 

material properties within the element can be traced (49). 

A l t h o u g h  all t h e s e  m o d e l s  do no t  r e f l e c t  the t r u e  

variation of stress through the slab depth, the response 

can in most cases be predicted in a satisfactory manner 

(45).

2.4.2.2 Microscopic models

In this method, an attempt is made to simulate the

spread of cracking over the depth of the element. The

element is divided into a number of layers each of which

may become plastic, or crack separately. Each layer is 

a s s u m e d  to be in a state of plane s tress and a linear 

strain variation over the depth of the slab is assumed

based on the small deflection theory. As the number of 

layers is increased, this model provides a more realistic 

representation of the gradual spread of cracking over the 

depth of the element. In order to adjust the stresses and 

to e v a l u a t e  s t i f f n e s s  c h a r a c t e r i s t i c s  of a layer, the 

constitutive relationships have to be defined according to 

the m a t e r i a l  state in that layer. This aspect will be 

considered in Chapter Four.

2.4.2.3 Review of Laver Finite Element Models
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Layered approach is used widely with various types 

of elements. The first element used by Wegmuller (50) is a 

r e c t a n g u l a r  e l e m e n t  wit h  three d e g r e e  of f r e e d o m  (

,w). The element ignores inplane effects, and thus assumes 

a fixed position for the middle plane of plate, such an 

assumption would be restricted only to problems in which 

membrane forces are negligible or there is little shift in 

neutral axis position.

For bending problems, as the cracking progresses 

deeper into the slab depth, the neutral axis shifts from 

its initial position towards the compression face. The 

layer a p p r o a c h  has been use d  to s olve this p r o b l e m  by 

t a k i n g  the e f f e c t  of m e m b r a n e  s t r e s s e s  int o 

c o n s i d e r a t i o n s .  This of c o u r s e  r e q u i r e s  a d d i t i o n a l  

i n p l a n e  d e g r e e s  to be i n c o r p o r a t e d  in t h e  e l e m e n t  

derivation. Wegmuller (51), Hand (52), Johanarry (53), 

Cope (5 4) and Hago (9) have used a rectangular element 

with five degrees of freedom (u,v,w, 9̂ ;, 8J at each node. 

Hago (9) and Hand (52) have shown that inplane boundary 

conditions have a large effect on computed load deflection 

response. Cope and Rao (54) also studied this effect on 

fixed slabs and c o n c l u d e d  that the n e g l e c t  of inplane 

b o u n d a r y  h a s  g r e a t e r  e f f e c t s  t h a n  r e l a x i n g  of the 

restraints due to flexural boundary conditions.

D o t r e p p e  et al (55) a t t e m p t e d  to r e d u c e  

computational effort by using a reduced bending stiffness 

model (similar to W e g m u l l t e r  (50)). He a s s u m e d  that 

membrane forces are zero and the bending stiffness was 

derived accordingly. Using this method the failure load of
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a simply supported slab was underestimated by 10 %. This 

underestimate is interpreted as being due to the neglect 

of the inplane stresses. However, the assumption cannot 

be a p p l i e d  to p r o b l e m s  in w h i c h  t h e r e  a r e  i n p l a n e  

restraints. Abdel Rahman (56.) used selective integration,

9 node, Hethos element based on Mindlin theory with five 

nodal degrees of freedom (u, v, w, ©y). He concluded

that the use of initial stress method in the nonlinear 

a n a l y s i s  of r e i n f o r c e d  c oncrete p l a t e s  w i t h  c o arse 

convergence tolerance may result in an overestimation of 

failure loads.

2.4.2.4 Modeling of Reinforcement

In d e v e l o p i n g  a f i n i t e  e l e m e n t  m o d e l  of 

r e i n f o r c e d  c o n c r e t e ,  at l e a s t  t h r e e  p o s s i b l e  

representations of reinforcement. Fig. (2.21), have been 

used:

1- An e m b e d d e d  r e p r e s e n t a t i o n :  The r e i n f o r c i n g  bar is

c o n s i d e r e d  to be an a x i a l  m e m b e r  b u i l t  i n t o  the 

i s o p a r m e t r i c  elem e n t  such that its d i s p l a c e m e n t s  are 

consistent with those of the element (66)  ̂ (6 5 ).

2- A discrete representation: Axial force Members or bar 

links, may be u s e d  w i t h  two degrees of f r e e d o m  at the 

nodes . Alternatively beam element may be used assumed to 

be capable of resisting axial force, shear, and bending, 

in this case three degrees of freedom are assigned at each 

end. This representation of steel has the limitation that 

the steel bars have to be along lines joining the 

predetermined nodes (66)
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(a)

Y
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( b )
Y
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( c )

AXIAL ELEMENTS

FLEXURAL ELEMENTS

Fig. (2.20) Alternate representations of steel (a) distributed

(b) embedded (c) discrete
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3- Smeared model : The steel is assumed to be distributed 

over the concrete element with a given orientation angle. 

P e r f e c t  bon d  must be a ssumed b e t w e e n  the c o n c r e t e  and 

steel and the steel is expected to resist stresses in the 

original bar direction only. For layered finite element 

analysis the smeared model is usually adopted. The steel 

layer is assumed to be elastic- plastic in both tension 

and compression with or without strain hardening. Bond 

slip is sometimes represented by reducing the modulus of 

s t e e l  (67)' D e t a i l s  of l a y e r e d  e l e m e n t  s t i f f n e s s  

formulation will be given in Chapter Four.

2.4.3 The Observed Behaviour of Concrete

The main purpose of this section is to provide an 

initial description of some aspects of observed concrete 

b e h aviour, w h i c h  will be use f u l  in e s t a b l i s h i n g  the 

constitutive relationships of concrete under uniaxial and 

biaxial states of stress which result from in-plane stress 

states. It is important to note that d i s c u s s i o n s  are 

limited to problems involving short term monotonie loading 

in which the effects of creep and cyclic loading can be 

negl e c t e d .  The d i s c u s s i o n  is limi t e d  to the f o l l o w i n g  

a s p e c t s .

(a) Stress/strain relationship for concrete.

(b) Tension stiffening of cracked concrete

(c) Shear transfer in concrete

This will provide the necessary background for the 

later description of the constitutive modelling of the 

reinforced concrete flexural system in Chapter Four.
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2.4.3.1 Stress-Strain relationship for Concrete
Concrete contains a large number of microcracks due 

to shrinkage especially at the interfaces between coarse 

a g g r e g a t e  and mor t a r  even before any load has b e e n  

a p p l i e d .  T h i s  p r o p e r t y  is d e c i s i v e  for m e c h a n i c a l  

b e h a v i o u r  of c o n c r e t e .  T h e  p r o p a g a t i o n  of t h e s e  

microcracks during loading contributes to the nonlinear 

b e h a v i o u r  of c o n c r e t e  at low stress level and c auses 

volume expansion near failure. A typical stress strain 

r e l a t i o n s h i p  for c o n c r e t e  s u b j e c t e d  to u n i a x i a l  

compression in shown in Fig. (2.21a). The stress-strain 

curve has a linear-elastic behaviour up to about 30% its 

maximum compressive strength fc. For stresses above this 

point, the curve shows a gradual increase in curvature up 

to about 0.75fc to .90^ where upon it bends more sharply 

and approaches the peak point at f^ . Beyond this peak the 

stress-strain curve has a descending part until crushing 

failure occurs at some ultimate strain (73). The behaviour 

of concrete in biaxial state of stress is dependent on the 

state of stress (70,71). Fig. (2.22) shows the stress- 

s t r a i n  r e l a t i o n s h i p s  of c o n c r e t e  u n d e r  b i a x i a l -  

compression. A maximum strength increase of approximately 

25% is a c h i e v e d  at a stress ratio oy/G; = 0.5 and the

increase is only about 16% at equal biaxial-compression 

state (oy/Gg =1). Under biaxial compression-tension Fig. 

(2.23), the compressive strength decreases almost linearly 

as the applied tensile stress is increased. Under tension, 

the strength in biaxial state is almost the same as that 

of unaixial tensile strength (see Fig. (2.24))

The initial modulus of elasticity of concrete is
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Fig. (2.21a) The stress-strain curve for uniaxial tension
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7 1

0 .1 2

0.11

0.09
0.08
0.07
0.06

01/02 
 1/0 -

 1/1 -

 1/0.55"

+o
. /

+a
CM

1— 4̂  5cm
20cm £l »P,2 'Eg

mm/m 
tensile strain

-0.04 -042
compressive strain

+042 044 0 46 0*08 0*10 0-12

Fig. (2.24) Experimental stress-strain curves for biaxial tension ('4̂)
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highly dependent on the compressive strength. The initial 

modulus of elasticity E_ can be calculated with reasonable 

accuracy from the empirical formula (American Concrete 

Institute, 1977) (32)

Ec = .17058 W fc N/mm^ (2.44)
3 ^Where W is the unit weight of concrete in (KN/m ) and f^ 

is the uniaxial compressive cylinder strength of concrete 

in (N / m m ^ ).

P o i s s o n ' s  ratio 'J' for c o n c r e t e  u n d e r  u n i a x i a l  

compressive loading is in the range of 0.15 to 0.22 with 

a representative value of 0.2. Under a uniaxial loading 

the ratio remains constant until approximately 80% of f^ 

at which stress the apparent Poisson's ratio begins to 

increase. For mathematical modelling, a value of of 0.19 

(59) or 0.15 (53,9) has been extensively used.

Fig. (2.21b) shown the stress-strain curves for 

uniaxial tension. All are nearly linear up to a relatively 

high stress level. The ratio between uniaxial tensile and 

compressive strength may vary considerably but usually 

l i e s  in the r a n g e s  of 0.0 5  to 0.1. T h e  m o d u l u s  of 

elasticity under uniaxial tension is somewhat higher and 

P o i s s o n ' s  r a t i o  s o m e w h a t  l o w e r  t h a n  in u n i a x i a l  

compression. Liu et al (68) proposed the following

mathematical relation for a biaxial stress-strain curve of 

concrete :

^ ' (2.45)
(1 -va)(l + C e  +0e^)

where u, e stress and strain in concrete, v Young's
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modulus and Poisson's ratio for concrete respectively, 

ratio of the principal stresses in concrete and A, B, C 

and D are constant and can be found from the following 
conditions

1. For € = 0.0 1 cr = 0.0
2. For e = 0.0 3a

3e = E(l - va)
3. For e = £p » a = a

P
4. For E = £p

3a
* 3e = 0.0.

where a P and e pare the peak stress

biaxial compression, respectively.

S u b s t i t u t i n g  these in Eqn (2.44) and i n t r o d u c i n g  the
%secant modulus at peak stress Egg ~ ep /We have

E E
a = ------S------------ -------------------

(2.46
se P P

where is the plastic strain, and f-p = 0.0025 for biaxial 

compression.

This equation was further investigated by Tasuji 

et el (69) and was found to represent the behaviour of 

concrete in both tension and compression.

4.3.4.2 Tension Stiffening of Cracked Concrete

C r a c k i n g  is of prime i m p o r t a n c e  in n o n l i n e a r  

b e h a v i o u r  of r e i n f o r c e d  c o n c r e t e  e l e m e n t s .  W h e n  a 

principal stress exceeds the tensile strength of concrete 

f̂  ; a crack forms in a direction normal to the direction 

of the offending principal stress.

Fig. (2.25) ( 3^ ) shows the physical situation in
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e) Steel Stress after N ew  Crack

— Good Bond

- — Poor Bond

Fig. (2.25) Stress distribution in cracked reinforced concrete

W

Fig. (2.26) Crack displacement
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the vicinity of a crack in a reinforced concrete tension 

member. Fig. (2.26) indicates that at a crack the full 

load is carried by the reinforcement only, whereas between 

the cracks the load is shared between steel and concrete. 

This a b i l i t y  of c o n c r e t e  b e t w e e n  cracks to share the 

tensile load with the reinforcement is termed tension 

stiffening. Thus while the concrete stress is zero at 

cracks, the average stress over a cracked region is not 

z e r o .

However as the load is increased and the stress in 

the concrete between cracks reaches the ultimate strength, 

then the concrete will rupture and a further crack forms 

between the main cracks. Therefore, the average concrete 

stress over the cracked region will progressively decrease 

with loading.

Apart from stress level, other factors affecting 

t e n s i o n  s t i f f e n i n g  of c o n c r e t e  a r e  th e  b o n d  

characteristics, the tensile strength of concrete, the 

crack spacings and the bar sizes and arrangements of bars. 

Some of these factors have been investigated by Clark 

and C r a n s t o n  (58). T h ese factors will be d i s c u s s e d  in 

Chapter Four Section (4 .5 O '  .

2.4.3 . 3 Shear Transfer in Cracked Concrete

The cracked surfaces of concrete are usually rough 

and irregular. When a force V is applied at a crack, both 

a tangential sliding S and a normal displacement w result 

as shown in Fig. (2.27). When the normal displacement is
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restrained by reinforcing bars crossing the crack, axial 

tensile stresses will develop in the reinforcement, which 

w i l l  t h e n  i n d u c e  v e r t i c a l  c o m p r e s s i v e  s t r e s s e s  in 

concrete. The resistance to sliding will then be provided 

by frictional force generated by the vertical compressive 

stresses in the concrete. This mechanism of shear transfer 

in c r a c k e d  concrete is c a l l e d  the i n t e rface shear 

transfer mechanism (59). Apparently, the initial crack 

width is the primary variable affecting this mechanism. 

F e n w i c K  and Pauley (60) p e r f o r m e d  direct shear tests 

which permitted the transfer of pure shear stresses across 

the precracked shear plane, while the crack width was held 

at a c o n s t a n t  v a l u e .  Th e  f o l l o w i n g  s h e a r  s t r e s s -  

displacement equation was proposed for the crack width and 

the concrete strength ranges employed:

’a ° - 8410H0.0225 - 0.40») (i-,o436c)

where v^ = interface shear stress transferred across crack 

(psi), c = initial crack w i d t h  (in.), f ̂  = c o n c r e t e

compressive strength (psi) and A = shear displacement (in.)

Houde and Mirza (61) performed direct shear tests 

on p r e c r a c k e d  c oncrete b locks c r a c k e d  along the shear 

p l a n e  w i t h  the i n i t i a l  c r a c k  w i d t h  w a s  set to a 

predetermined value. For the range of crack widths tested 

(0.002 in. to 0.02 in.) Houde and M i r z a  s u g g e s t e d  the 

following shear stress-displacement relationship:

1 ^= 57 (— ) 2 6(psi) (2.48)
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in which is expressed in psi and c in in. An expression 

for the shear stiffness of cracked concrete can be

obtained by differentiating Eqn with respect to ^  :

^  = 5 7  (±)^2 (p3 i) (2.49)

AS is to be e x p e c t e d  the shear s t i f f n e s s  of s p e c i m e n  

d e c r e a s e d  with i n c r e a s i n g  crack width. The f o l l o w i n g  

e q u a t i o n  o b t a i n e d  from a r e g r e s s i o n  a n a l y s i s  of the 

experimental results was proposed by Pauley and Loeber 

(72).

V = 73.0 + 50.9 X 1q 3 (a )2 psi (2.50)

P a u l e y  and L oeber (72) c o n c l u d e  that a g g r e g a t e  size, 

r e i n f o r c e m e n t  r a t i o , b a r  size and c o n c r e t e  c o m p r e s s i v e  

strength are less important factors.

Fig. (2.27) Shows the relationship between the mean

shear stress-shear displacement relationships considering

the above m e n t i o n e d  three equations, by a s s u m i n g  the

initial crack width is 0.3mm, concrete compression stress 
140 N/mm and the shear displacement ranges form 0.03 mm to 

0.3 m m .

These curves revealed that the proposed Eqn (2.4“;-)

by Pauley and Loeber (72) is close to Eqn (2.4$) by Houde

and Mirza (61) although the second one does not depend on

c ,. Values predicted by Eqn which is dependentCUL
only on the shear displacement are widely different from 

the values given by Eqns (2.4;-) and (2.4i)

Another important mechanism of shear transfer in
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cracked concrete is the dowel action of reinforcing steel. 

T h i s  m e c h a n i s m  d e v e l o p s  w h e n  r e i n f o r c i n g  b a r s ,

p a r t i c u l a r l y  those of larger d i a meters, cross a crack 

subject to shearing displacements. A significant part of 

shear force may be transmitted by dowel action in the bars 

(62). The main factors influencing the dowel behaviour 

are the dimensions of concrete cover around the bar, the 

presence of stirrups, the bar size and its yield strength 

and tensile strength of concrete.
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CHAPTER THREE 

DESIGN OF REINFORCED CONCRETE SLABS

3.1 Introduction

In Chapter two the various methods available for 

the design of reinforced concrete slabs have been discus­

sed. Most of these m ethods c o n c e n t r a t e  e x c l u s i v e l y  on 

ultimate loads. The direct design approach based on

the theory of plasticity and on realistic understanding of 

material behaviour both at service and ultimate load will 

be examined in detail with particular reference to skew 

s l a b s .

In this c hapter the following p a r a m e t e r s  will be 

discussed;

(a) The basic assumptions and terminology of the rigid- 

plastic theory of slabs.

(b) The direct design approach.

(c) The derivation of- orthogonal and skew reinforcement 

design equations.

(d) The rules for placing steel reinforcement.

(e) Designing for membrane forces.

(f ) Designing for combined bending and membrane forces.

3.2 THEORY OF PLASTICITY IN SLAB DESIGN

Assuming unlimited ductility, the correct solution 

to the u l t i m a t e  load has to s a t i s f y  the f o l l owing 

conditions of theory of plasticity:

1- The equilibrium condition: The internal stresses must
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be in equilibrium with externally applied loads.

2- The yield criterion; The stress state must be such that 

the y i e l d  c r i t e r i a  for c o m b i n e d  ' s t r e s s e s '  is not 

v i o l a t e d .

3- The m e c h a n i s m  condition: Under the u l t i m a t e  load 

sufficient plastic regions must exist to transform the 

structure into a mechanism.

It is often not possible to find a design procedure 

s a t i s f y i n g  the three conditions. E x i s t i n g  m e t h o d s  of 

design are either:

(a) An upper bound method which satisfies only conditions 

3 by assuming a suitable collapse mechanism. Such a method 

is unsafe in that it provides a value of collapse load 

which is either greater than or equal to the true collapse 

load. The yield line method of reinforced concrete slabs 

is of this nature.

or (b) A lower bound method which satisfies conditions 1 

and 2 by assuming a suitable stress field. This method is 

safe in that it provides a value of collapse load which 

is either less than or equal to the true collapse load.

The various procedures based on Hillerborg's strip method 

falls into this category.

3.3 THE YIELD CRITERION

Th e  y i e l d  c r i t e r i o n  for a m a t e r i a l  is a 

mathematical description of the combinations of stresses 

which would cause yield of the material. In other words it 

is a relationship between applied stresses and strength.

The yield criterion for a slab element subjected 

only bending and twisting moments (M%, My, M%y) can be
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written as

F(Mx, My, M%y, M*x, M*y) = 0.0 (3.1)

where M*^ and M*y are the uniaxial flexural strength of 

th e  s l a b  in x a n d  y d i r e c t i o n s  r e s p e c t i v e l y .  T h e  

derivation of such yield criterion will be considered in 

this section. Consider the slab element Fig. (3.1) under 

the m o m e n t  field M ^ , My, M^y per unit width. The sign  

convention adopted is that the direction of moments as 

shown in Fig (3'2;) are positive. The following simplifying 

assumptions are:

(a) Bar diameters are small in comparison with the slab 

depth and bars can carry stress only in the direction of 

their original axes. Accordingly, kinking of bars across a 

yield line and dowel action are not considered.

(b) The concrete can carry no tensile stress.

(c) The slab is under-reinforced so that ductile failures 

occur.

(d) Membrane forces do not exist. It is acknowledged that 

the c o - e x i s t e n c e  of suc h  forces w i t h  f l e x u r a l  fields 

will considerably enhance or reduce the resisting moment 

of the slab depending on whether they are compressive or 

tensile, resp e c t i v e l y .  Such a case of m i x e d  m e m b r a n e  

forces and moments fields will be discussed in section 

(3.6).

F o r  g e n e r a l i t y  it is a s s u m e d  t h a t  the s k e w  

reinforcement is at an angle X  to the x- reinforcement 

measured clockwise from x axis Fig. (3.3).

The basic idea is that, if at any point P in a slab 

as s h o w n  in Fig. (3.3), a line w i t h  n o r m a l  n an d
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tangentral direction t is examined then the normal moment 

must not e x c e e d  the value in w h ich is the

moment of resistance that the reinforcement in the slab 

could develop in direction n. This is therefore a normal 

moment criterion which is tested in every d i r e c t i o n (76), (9 2 )-

T a k i n g  the normal to the y i e l d  line at an a n gle « 

to the X -  axis, and considering the equilibrium of the

element in Fig. (3.3), we have

M = M cos^e + M ain^e - 2 M sin 9 cos 0 (3.2)
n X y

M = M sin^9 + M cos^9 + 2 M sin 9 coü 9 / o o\t X y xy IJ J /

M . = (M -M ) sin 9 cos 6 + M  (cos^0 - sin^9 ) f^ a \nt X y xy \ ̂  * v

Johansen's stepped criterion of yield in case of 

skew reinforcement Fig. (3.4), can be used to express the 

moment of resistance as follows.

M* = M* cos^e + M* sin 2 (9-a) (3.5)n X a

M* = M* sin^0 + M* cos^ (9-a) (3.6)t X a ' '

Therefore, when designing the steel, the resistance 

to normal moment should be checked in every direction.

Accordingly
M* - M > 0 (3.7)n n '

substituting (3.2) and (3.5) in (3.7) we have

Excess strength =

(M* - M + M* cos^a)cos^9 + (M* sin^a - M )sin70 +X X a a y

2(M + M* sin a cos a ) sin 9 cos 9 > 0.0xy a
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Fig. (3.n Notation for moments on an element (positive as shown)

Mxy

M *
'xy

X
'xy

My ;1

xy

Fig. (3.2) Element with skew reinforcement
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Fig. (3.3) Equilibrium of a slab element under moment field

M*
X

M*
Actual
yield
line

a

Equivalent stepped 
yield line

Fig. (3.4) Idealized yield line (Johansen's stepped yield criterion)
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or

where

A cos^e + B sin^e + 2 C cos 0 sin 0 > 0.0

A = M* - M + M* cos^ a

B = M* sin^ a “ M a y
C = M + M* sin a cos a xy a

dividing by cos 9' and putting k = t a n 8
A * Bk2 + 2 Ck Ï 0.0 (3.8)

For optimum steel, excess strength must be a minimum.
MBk + C - 0.0 and since B > O . O i . e .  M * > —

a sin
or

k = - C/B (3.9a)

by substituting the values of B and C in equation (3.9a) we 

get

-(M + M* sin a cos a )
k = ---^2----^--------------  (3.9b)

CM* sin^a - M ) a y
This gives the orientation of the plane of minimum 

r e s i s t a n c e  of skew steel. For the s pecial case of 

orthogonal steel 90 then
M

k = ■ ---22---
- My (3.9C)

Substituting Eqn (3.9a) in Eqn (3.8) and using equality

sign for minimum resistance, then

A + B (- C/B)^ + 2C (- C/B) = 0.0 

A B - C ^ = 0 . 0  (3.10)
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Substituting the value of A and B In Eqn (3.10) we get

(M* - M + M* cos^a )(M* sin^a - M )- X X a a y

(M + M* sin a cos a = 0.0xy 01 (3.11a)

Eqn (3.11a) is the yield criterion for skew reinforced 

concrete slabs.

The yield criterion of orthogonal steel case for 

a = 90 is given by

(M* - M )(M* - M ) - = 0,0 (3.11b)9Ô y xy

Which is the same equation arrived at by Save (81), 
Nielsen (91), Lenchow and Sozen (80), Kemp (79).

This has been confirmed for orthogonal steel case 

by works of Lenschow and Sozen (8 0), Cardenes and Sozen 

(82), Lenkei (83), and Jain et al ( 84). Morley (85) has 

s h o w n  that an e x p l i c i t  yield c r i t e r i o n  can o n l y  be 

o b t a i n e d  if it is a s s u m e d  that the c o n c r e t e  had an 

i n f i n i t e  c o m p r e s s i v e  strength. The r e a s o n  for this is 

that, w i t h  finite concrete c o m p r e s s i v e  strength, the 

neutral axis depth and hence the lever arm of the steel 

v a r y  wit h  d i r e c t i o n  and c o n s e q u e n t l y  the m o m e n t s  of 

resistance do not transform according to Mohr's circle.

This means that the transformations in Eqns (3.2), (3.3)

(3.5) (3.6) are only true for a slab of infinite concrete

compressive strength, when the neutral axis obviously 

lies at the surface of the slab, and in which the lever 

arm of steel is its effective depth. Hence M*%, are the

moments, about the extreme surfaces of the steel forces.

This lever arm is greater than the true lever arm in the



8 8

actual slab of finite concrete compressive strength and 

thus leads to an overestimation of the strength of the 

slab. Thus, Since Eqn (3.11a) form the exact y i e l d  

c r i t e r i o n  for a slab of infinite concrete c o m p r e s s i v e  

strength, they will give an upper bound on the y i e l d  

criterion of a slab with the same steel arrangement but 

with finite concrete compressive strength. However in 

most practical situations, the error is very small.

For yield of steel at top surface of the slab, a

similar procedure to the one just described for positive

yield can be applied . If the top steel layer are laid in

X and o. directions to provide the resisting moments yt
- 3Ç-

and respectively, then the yield c o n d i t i o n  w i t ha
negative steel can be written as

(M* + M - M* cos^a )IM* sin^a + M ) - X X a a y
(3.12a)

CM - M* sin a cos a )^= 0.0 xy
If ;a = 90 for orthogonal steel case, the yield criterion 

is given by

(M* + M )(M* + M ) - = 0.0 (3.12b)a X 90 y xy

where both and My are negative moments.

3.4 THE DIRECT DESIGN APPROACH

The p r o p o s e d  d e s i g n  a p p r o a c h  is very s i m p l e  and 

s t r a i g h t  f o r w a r d .  The m e t h o d  s a t i s f i e s  the t h r e e  

conditions of theory of plasticity as discussed below.

3.4.1 The Equilibrium Condition



8 9

In gen e r a l  It is very dif f i c u l t  to find mo m e n t  

fields (other than elastic moment fields) which satisfy 

the e q u i l i b r i u m  e q u a t i o n  (2.2). Elas t i c  m o m e n t  fields 

based upon uncracked stiffness using finite element method 

will be used to d e s i g n  slabs at u l t i m a t e  limit state 

because elastic solutions are easily determined for most 

structures and prior knowledge of the reinforcement is not 

re q u i r e d .

3.4.2 The Yield Condition and Design Equations

The y i e l d  c o n d i t i o n  will be s a t i s f i e d  if the 

strength at any point is made equal to or greater than the 

applied stresses, as can be seen in Eqns (3.11) and (3.12) 

for bottom and top steel. An elastic analysis of the slab 

under the ultimate load by the finite element provides the 

stress resultants My, N^y for laterally loaded plates.

Using these moments in the yield criterion, the design 

equations can be derived.

3.4.3 Design of Skew Reinforcement

(a) Positive moment fields:

Referring to Eqn (3.11,8.}:

(M + M* cos a sin a
= — 22----— -------------  + - N* cos^ a (3.13)

^ M* sin^a - N a y
The total amount of steel at any point is proportional to

(M + M" cos a sin a)^
M*+M* = —^2 — -    + ^ +M* ( 1 - cos ̂ot ) (3.14)
* * M* sin^a - M * *a Y

d(M* + M* )So that for a minimum steel x a = 0 0  (J.io)
d(M* )
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From Eqns (3.14) and (3.15) we get 

M
N* = —Z ^ 2 M cos a sin a + sin^a

JUEL
sin^a

simplifying
M

M* = 
a

M

since

. osin^a
± (■

cos a + M sin a
sTn̂ cT )

N
M* > -L n a sin a

M
7 + Cl sin a

M cot a + M 
-1 : 1sin a (3.16)

referring to Eqn (3.13)

N* — M - M* cos a + X  X a

M
since MJ = + P

M + M* sin a cos a xy g______________
M* sin^a - M a y

(3.17)

where P = M-- + M cot a-J:----1______ _
sin a

substituting the value of in Eqn (3.17) we get

(M +M cot a + P(M cos2 a + 2M sin a cos a)
M* = M + .2,.... y----------------------- 1----------------- 22------------ --------X X _ . 2P sin^a

substituting the value of P we get

M* - M + M cot a^+ 2M cot a + X X' y xy
M + M cot a
^  . ysin a

3 . 18

For orthogonal steel a == 90 the two Eqns (3.16) and (3.18 

will be reduced to

M*x = + M xy (3.19)
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M*90 = My + M%y| 3.20)

b) Negative moment fields

For negat i v e  steel at the top of the slab, 

similar procedure to the one just described for positive 

steel can be applied using the negative yield criterion. 

The corresponding Eqns to (3.16) and (3.18)

cot a + cot^a -xy
M + M cot a xy y

s in a

M
M* = -2  2
CL sin^a

“xy ”v “ 
sin a

3 .21

3 . 22

For . a = 90 the case will be r e d u c e d  for the case of 

orthogonal steel, which can be written as follows

(3.23)

M* 90 - My - Mxy 3 . 24

(c) Mixed moment fields

For Positive moment fields if M* = 0.0 then from yield

criterion Eqn (3.11 
-m 2

“x = - M ^  " “x

since M* > MX X

M* = M +X X My (3.25)

If M*x = 0.0 then from yield criterion Eqn (3.11b)
M  M  - m 2X y xyM* — — .

M sin^a + M cos^a + 2M sin a cos a X y xy

rearranging
M

M *  —  — ^  2 ' a sin^a
CM + M cot a)2xy y______________

sin^aCM + 2M cot a + M cot̂ al) X xy y ■
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since
M

N* > s in^a

M; -ot sin^ü M +y
+ My cot g )2

CM + 2M cot a + M cot^a) A xy y

For orthogonal steel a = 90

M* = M + 
90 y

m2.xy
M

(3.26)

(3.27)

For negative moment fields considering the negative yield 

c r i t e r i o n  a n d  f o l l o w i n g  the s a m e  p r o c e d u r e  the  

corresponding expressions for negative steel are:

M = M -X X
M'
xy

M where M* =0,0 a
(3.28)

M* = sin a a

where “ 0 » 0

M -y
(Mxy + M cot a)2

y
1

M + 2M cot a + M cot^aX xy y

For ff = 90 The corresponding Eqn (3.29) is

M* = M + 90 y
M'
M

(3.29)

(3.30)

3.4.3.1 Rules For Placing Skew Reinforcement

Given the stress field (M%, My, M^y ) with angle of 

skew equal a at any point on the slab, the reinforcement 

in the x and a d i r e c t i o n s  will be p l a c e d  a c c o r d i n g  to 

following rules:

(a) Bottom steel
(1) Compute the design moments M*^ and y\* from Eqns (3.16) 

and (3.18).

(2) If M*x  ̂ 0, then set M*^ = 0.0 and calculate M ^  from
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Eqn (3.26). If < 0, then M*x = = 0.0.

or

(3) If < 0, then set NJj* = 0 and calculate M*^ from

Eqn (3.25). If < 0, then = 0 . 0 .

or

(4) If both M*x and M* > 0.0 then adopt the calculated 

values as the design moments.

or

(5) If both and M* < 0.0 then M*x = = 0 . 0

(b) Top Reinforcement:

(1) Compute the design moments and M* from Eqns (3.21)

and (3.22).

(2) If M*x  ̂ 0, then set ~ 0.0 and calculate M* from

Eqn (3.29). If M* > 0 ,  then = M* = 0.0.a a
or

(3) If M* > 0, then set M* = 0 and calculate M*v fromO' ' a
Eqn (3.28). If M*%>0, then M*% = M* = 0.0.

or

(4) If both M*x and M* ^  0.0 then adopt the calculated 

values as design moment.

or

(5) If both and M* > the M*^ = M* = 0 . 0V / ^ a a
For the bottom, if M* ̂  = M* = 0 . 0  then the 

m i n i m u m  steel may be p r o v i d e d  a c c o r d i n g  the code of

practice. For the top if M*x = M*, = 0.0 then the mimimum 

steel may be provided according the code of practice.

3.4.3.2 Multiple Loading Cases

Th e  a b o v e  r u l e s  a p p l y  o n l y  w h e n  the s l a b  is
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subjected to a moment field resulting from a single load 

case. In practice, many slabs and particularly bridge 

d e c k s  a r e  s u b j e c t  to m u l t i p l e  l o a d i n g  c a s e s .  T h e  

reinforcement must then be proportioned to satisfy the

multiple moment triads (M%i, Myf, M^yi) i = 1 ..... No. of

load cases. For multiple loading cases, the problem can be 

attacked in the following steps.

1- Using the design equations in section (3.5), For each 

case of loading i , calculate the corresponding M * x i ' ^*ai ’

2- Calculate the Maximum of all the M*xi ai taking 

into c o n s i d e r a t i o n  all the load cases, let these be

M*xmax' ^conax .*

Evidently if we use these as the design moments, 

then a safe design will result but not necessarily an 

optimum design. So we move towards an optimum design as 

f o l l o w s .

3- Assume that in the x direction we provide M*^ max' t)ut 

in the a direction we provide M ^ s o  a to satisfy the yield 

criteria. In each case M*cd is given by

M*. — — . %cti sin^a
IM + M* . sin a cos a ) ' 

M + -25Z----- 2^--------------
y (M* - M + M*. cos^a )xmax X ai

(3.31)

C a l c u l a t e  the m a x i m u m  of all these M*f , let that be

M*emax- Evidently, a safe design is produced if we use

M*xmax conjunction with the M.=^emax determined so as to

satisfy the yield criteria.
4- A similar procedure to 3 above can be done using Eqn 

(3.32), if we choose M* gmax the d e s i g n  mo m e n t  in

direction and calculate the M*%i for each load so as to
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satisfy the yield criteria and choose the maximum of all

t h e  M * x i  to d e t e r m i n e  the d e s i g n  m o m e n t  in th e  x

direction, let that to be M* . The M.xi in each case isaemax -
given by

(M + M* sin a cos a )2
M* . = M - M* cos^a ^ __________

M* sin a - M '3.32)
a max y

(5) Therefore a better design is to choose.

(6) We can stop at this stage but we can improve on this

by assuming that other combinations are possible and use

a simple search technique to get the smaller of two sets 

of design moments Viz;

(M*xmax ^oonax ) max ^*xemx^ This can be
done by examining the feasible design region as shown in 

Fig. (3.8). For each load case check if the design moment 

at the grid points is a better minimum. If it is not,

reject it. If it is a better minimum, then check to see if 

it violates the yield criteria. If it does, reject it, if 

not see at which grid pint we can get a minimum of ( M*x +

). This gives us the optimum design moments.

The above p r o c e d u r e  is adop t e d  for p o s i t i v e  

steel, the same procedure can be used for negative steel, 

in which case, the minimum replaces the maximum in the 

above steps. A similar procedure has been explained by 

Kemp (86).

3.4.3 3_ Design of Reinforcement For Membrane Forces

Table (3.1) s u m m a r i z e s  the e x p r e s s i o n s  for the

areas of reinforcement, principal stresses in concrete and
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the angle of the major principal concrete stress to k  axis 

for each case derived by Clark (37). Fig. (3.6) shows the 

sign convention of the applied stresses. Fig. (3.7) shows 

the directions of reinforcement and principal stresses in 

concrete. . The following symbols are used in Tables (3.1) 

and (3.2) and Fig (3.7):

Ax# Ay and Aot. reinforcement areas per unit length in the 

X, y andc/ directions respectively.

fc yield stress of concrete as shown in Fig. (3.5). 

fs and f'g tension and compression steel yield stresses.

^y and  ̂ xy in-plane direct and shear stresses per unit 

l e n g t h .

^ orientation of major principal concrete stress to x 

axis

pjç, py and Pci are the reinforcement ratios in the x,y 

and directions respectively.

^1 , 2̂ principal concrete stresses

a £ = a - f xf X c

a £ = a - f yf y C

B = A - (T% + Oy C0 t-0 )(T^ + Oyj cot a )
c

When ^ =90 we have the case of orthogonal reinforcement, 

and The expressions in table (3.1) reduce to these given 

in table (3.2)

3.4.3.4 Design For Combined Bending and Membrane Forces
The stress sextad in this case b e c o m e s  (N x , Ny, 

N x y  M x , My, M%y), a n d  to d e s i g n  for a l l  the s i x



9 7

components, a filled sandwich model in Fig. (3.9) is used 

07» 87 '90). In such an approach, all six stress resultants 

are re s o l v e d  into a set of inplane stress r e s u l t a n t s  

acting at the outer shells of the sandwich. Fig. (3.11) 

shows such an element, whereas Figs (3.10) and (3.11) show 

the resolution of these forces and how they are all lumped 

at the level of the reinforcements. The basic assumption 

b e h i n d  such m e t h o d s  is that the r e i n f o r c e m e n t  w i l l  be 

centrally positioned in the outer shells of the element. 

Further to simplify the problem for designers, it is best 

to assume that

Zx = 2y “ Zxx
Xx = Xy ~ ^xx

Yx = = ^xx
where Z^x fs some reasonable average value of the distance 

between the top steel layer and bottom steel layer (or 

between the compression zone and tension zone if one steel 

layer has been used and Xxx, and Yxx are some reasonable 

average values of the distances of the steel layers form 

the middle plane of the plate (89).

W h e n  all s t r e s s  r e s u l t a n t s  a r e  s u m m e d  up as 

membrane forces at the reinforcement level, the problem 

reduces to the problem of designing for membrane forces 

only and equations described in the previous section can 

then be used.

3.4.3 The Mechanism Condition
The elas t i c  s t r e s s e s  under the u l t i m a t e  load 

calculated by the finite element method will be used to 

calculate the design moments using the design equations
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derived above.

Because the necessary resistance is made equal to 

the calculated stress at every point in the slab, it is 

anticipated that all slab parts will attain their ultimate 

s t r e n g t h  under the d e s i g n  load. A c c o r d i n g l y ,  w i t h  the 

minimum amount of redistribution, every point will turn 

into a plastic region at the design load, thus converting 

the slab into a mechanism.

3.4.3.1 Ductility

The Classical Plasticity assumes that the available 

ductility is infinite. Reinforced concrete by its very 

nature has limited ductility. Because the design process 

tries to a c h i e v e  almost s i m u l t a n e o u s  y i e l d  of all the 

sections, the ductility demand made all sections which 

yielded early are minimized.

3.5 Conclusion

The rules set out in this chapter provide either an 

o p t i m u m  r e i n f o r c e m e n t  or a close u p per b o u n d  to the 

minimum reinforcement in concrete slabs. These rules will 

ensure that the yield criteria are nowhere exceeded and 

the most portions of the slab will yield converting the 

s t r u c t u r e  i n t o  a m e c h a n i s m  at u l t i m a t e  load. T h e  

conditions of equilibrium and boundary conditions will be 

s a t i s f i e d  by the stress field o b t a i n e d  from a finite 

element program. It has been assumed in the derivation of 

the design equations that concrete can carry no tension. 

The effect of this assumptions on the service load and the



9 9

ultimate load will be discussed in detail in chapter five
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Fig. (3.5) Yield criterion for concrete in plane stress

Nxy, Gxy- h

Fig. (3.6) Sign convention for direct and shear inplane forces per unit 

Length
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x̂»

Y a

X

Fig. (3.7) Directions of reinforecement and principal stresses in 

concrete

M*

( ̂ x. ïmax, 
^aemax)

(Mxemax, 
^aemax^

(Mxmax, max^

(^xmax* ^aemax^

M*

Fig. (3.8) S imp le search technique
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Top Layer: Centrally reinforced

2C  Q ------- 0 --

F I 111ng: unrein forced 

Middle plane of the slab

Bottom: Centrally reinforced

Fig. (3.9) Filled sandwich model
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(3.11) Bending stress resultants on a filled sandwich elementFi
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CHAPTER FOUR 

THE FINITE ELEMENT METHOD

4.1 INTRODUCTION

In the previ o u s  chapter, the rules have been

established for designing the reinforcement in concrete 

s l abs for a g i v e n  moment triad. The moment triad is 

o b t a i n e d  by elastic a n a l y s i s  u s i n g  a finite element

program. In this chapter, the finite element method will 

be described which will be used not only to calculate the

elastic moment fields but also to carry out a detailed

n o n l i n e a r  a n a l y s i s  of the s lab. S o m e  e x a m p l e s

demonstrating the accuracy of the finite element program 

will also be given.

4.2 Finite Element Formulation

As th e  s t a n d a r d  p r o c e d u r e  of f i n i t e  e l e m e n t

analysis is well known it is not described in detail here, 

but in order to define terms a brief review of the method 

is included. This is done with particular reference to the 

formulation of the Mindlin plate bending element.

4.2.1 Discretisation by Finite Elements

In any continuum, the actual number of degrees of 

freedom is infinite and unless a closed form solution is 

available, an exact analysis (within the assumptions made) 

is impossible. For any numerical approach an approximate 

solution is attempted by assuming that the behaviour of

the continuum can be represented by a finite number of
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unknowns. In the finite element method, the continuum is 

d i v i d e d  into a series of elements of simple g e o m e t r i c  

shape which are connected at a finite number of points 

k n o w n  as n o d a l  p o i n t s .  T h i s  p r o c e s s  is k n o w n  as 

discretisation. In the finite element displacement method, 

the displacement is assumed to have unknown values only at 

the nodal points and the variation within any element is 

d e s c r i b e d  in terms of the nodal values by m eans of 

interpolation functions. Thus

& = N Ô® (4.1)

where N is a matrix of interpolation functions termed the 

shape functions and f  is vector of nodal displacements of 

t h e  e l e m e n t .  Fo r  s t r u c t u r a l  a p p l i c a t i o n s ,  the

d e r i v a t i o n  of the g o v e r n i n g  e q u i l i b r i u m  e q u a t i o n s  is 

commonly based on the principle of virtual work given by.

; •
^dv - T(Su bs dA r

Td u t d T  * 0.0 (4.2)

where e , a, b, t and are the strain vector, the stress 

vector, the body forces per unit volume, the s u r f a c e  

tractions and the virtual displacements, respectively. 

Considering plate bending:
T

The body forces bg= (b^, b^, b^, )

The tractions t = (t^, t^, t^, t^, t^;

and virtual displacement 5 '

integrations are carried over the volume v of the plate

and loaded surface area F.
The first term on the left hand side of Eqn (4.2)
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represents the internal strain energy; and the second and 

third terms are respectively the work contributions of the 

body forces and distributed surface loads.

In the finite element representation, if strain- 

d i s p l a c e m e n t  r e l a t i o n s h i p s  together w i t h  the linear 

s t r e s s - s t r a i n  r e l a t i o n s h i p s  are s u b s t i t u t e d  into the 

v i r t u a l  w o r k  e x p r e s s i o n  Eqn (4.2) then the f o l l o w i n g  

system of linear equations can be obtained

k 6 - F  = 0.0 4 . 3

where the stiffness matrix k - B D B dv

the equivalent nodel forces, vector F= N b dv +

(4.4)

Nq ds (4.5)

where b the body forces per unit volume, 

q the applied surface tractions

B is the strain matrix generally composed of derivatives 

of shape functions

D is linear elastic or elasto-plastic material stress 

strain matrix as will be shown in section (4.3.4)

4.3 Mindlin Plate Formulation
4.3.1 Introduction

Finite elements based on Min d l i n ’s assumptions have 

one important advantage over elements based on classical 

thin plate theory. Mindlin plate elements require only 

C(0) continuity. The displacements considered are inplane 

displacements u and v the lateral displacement w and the 

independent nodal rotations 0 ^  and 9y. However, elements
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b a s e d  on c l a s s i c a l  t h i n  p l a t e  t h e o r y  r e q u i r e  (C.̂  ) 
continuity; in other words âw/ôx ùv/ly as well as u, v 

and w must be continuous across element interfaces. The 

M i n d l i n  plate elem e n t  is simpler to f o r m u l a t e  than 

c l a s s i c a l  plate th e o r y  and has the added a d v a n t a g e  of 

being able to model shear- weak as well as shear-stiff 

plate. Consequently if transverse shear deformation needs 

to be included, then it is a u t o m a t i c a l l y  m o d e l e d  w i t h  

M i n d l i n  elements. The eight node i s o p a r a m e t i c  element 

node (17) using layered representation is used in the 

present study.

4.3.2 Basic assumption

The plate thickness is divided into a finite number 

of layers parallel to the middle plane of the plate as 

s h o w n  in Fig. (4.1) . Each layer is a s s u m e d  to resist 

inplane stresses and transverse shear stress. The stress 

at the mid d e p t h  of the layer is ass u m e d  that to be 

r e p r e s e n t a t i v e  of the s tress in the whole layer. In 

otherwords variation of the stress through the thickness 

of the layer is ignored. Mindlin's formulation takes into 

account transverse shear deformation and is based on the 

following assumptions:

i- The normal to the reference surface before deformation 

r e m a i n s  s traight but not n e c e s s a r i l y  normal to the 

reference surface after deformation. See Fig. (4.2).

ii- Stresses normal to reference surface are negligible, 

irrespective of the type of loading.
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4.3.3 Displacement representation for the element

Using Mindlin's assumptions, displacements u, v, 

and w at any point in the plate with coordinates (x, y, 

z) can be expressed as

(x,y) - Z 8^(x, y)
v(x, y, z) , :

w(x, y, z)J

(x,y) - 2 9y(x, y) (4.6)
(x,y)

y

w h e r e  ug , v q  , and wg the d i s p l a c e m e n t  at the plate 

r e f e r e n c e  s u r f a c e  in the x , y a n d  z d i r e c t i o n s  

respectively 8 ̂  and 8^, are the rotations of the normal in 

xz and yz p lane respectively. See Fig. (4.2) for sign 

convention.

4.3.4 Shape Functions

U s i n g  the f i n i t e  e l e m e n t  i d e a l i s t i o n ,  the 

d i s p l a c e m e n t  v e c t o r  at a n y  p o i n t  in a e i g h t  n o d e  

isoparametric element based on Mindlin plate element is 

given by the expression

r N® 1 0 0 0 0

8
0 N®1 0 0 0

Z
i=l

0 0 1 0 0

0 0 0 1 0

0 0 0 0 N®1

(4.7)

where is the shape function of at node i given in

terms of the local coordinates (ç , ç) and (u ,v ,w , 8 x
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, 8y ) is the ve c t o r  of nodal d i s p l a c e m e n t  at node i 

F o l l o w i n g  s t a n d a r d  i s o p a r a m e t r i c  formulation, the 

c o o r d i n a t e  va l u e s  x ( c , ;) and y ( ç , c). at any point 

w i t h i n  the e l e m e n t  Fig. (4.4) , may be d e f i n e d  by the

expressions
8

x(€,n) = z N. (Ç,n).x. 
i=l ^

and 8 (4.8)
Y U , n )  = Z N. (S,n;.Y 

i=i
where (x^, y j ) are the coordinates of node i, ( C , C ) is 

the natural coordinate system which permits the use of 

e l e m e n t s  with c u r v i l i n e a r  shapes. ,4) are the two

d i m e n s i o n a l  q u a d r a t i c  s h a p e  f u n c t i o n s  g i v e n  by  

Zienkiewicz (16) as follows. Referring to Fig. (4.4)

For corner node i = 1, 3, 5, 7
N. = '^4 (1+çq) 11 +nn^) (nn^ - 1) (4.9)

For midside node i = 2, 4, 6,
2

8

"9^) + 2^ (1 +nn^) (1
(4.10)

4.3.5 Strain-Displacement Relationship

In the two d i m e n s i o n a l  a n a l y s i s  b a s e d  on the 

Mindlin plate bending and plane stress assumption, the 

strain displacement relationship may be written as;

£ 3u - zX 9x "3^-

3u 3v 38 36'xy = 3? + n  -  <3^ * (̂ -U)
^xz = - 8 J

- 9y)
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Fig. (4.5) Local directed boundary conditions



1 1 5

in w h i c h a n d  ^xy a r e  the i n p l a n e  s t r a i n s
components. xz ' and are the transverse shear strain

components, z is the distance from the reference plane to

the layer centre, as shown in Fig. (4.1a) and C is shear 

strain coefficient which depends on shape of cross-section. 

This is assumed to be equal 1.0 (93) . Eqns (4.11) may be

written in matrix form as follows

3
3x 0 0 -Z 3 

3x 0 u

e
y

0 3
3y 0 0 -z 3

3y V

^xy = 3y
3
3x 0 -Z 3

3x
0 w

^xz 0 0 3
3x -1 0 9X

0 0 3
3y 0 -1 0

y

4 . 12

Using the finite element idealisation we can write

xy

xz

yz

L • 
1=1

3N?L
3x-

3N __i

0

0

3N'

3N'
0

-z K
3x

0

-z

z
3y

  3Z- -

' , 3N.

3Nf 
G __1 
3y

z 4
_ _3x_ 

0

-CN?

u.1

V.1

w.1

8 .XI

J

(4.13a)

or simply tc} =
8
2

1=1
2 B. {5.1 1 1 (4.13b)

where B is the 5X5 matrix in Eqn (4.13b) which contains 

the cartesian derivatives of the shape functions.

can be written as follows
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I ®fi
0 ' B .I 31

(4.14)

is the s t r a i n  m a t r i x  a s s o c i a t e d  w i t h  p l a n e  st r e s s  

deformation

Bfi is the s t r a i n  m a t r i x  a s s o c i a t e d  w i t h  the flexu r a l 

deformation

B g i  is t h e  s t r a i n  m a t r i x  a s s o c i a t e d  w i t h  th e  s h e a r  

deformation

4.3.6 Cartesian Derivatives of Shape Functions
In the above expressions, the cartesian derivatives 

of shape functions may be obtained using the chain rule of 

partial derivatives:

and

3N. 3N.I
3x aç
3N. 3N.1 _ 1
3y ac

ii. !!i3x 3n

M  + !!i3y 3n

3n
3x

an
3y

(4.15)

U s i n g  the s t a n d a r d  i s o p a r a m e t r i c  f o r m u l a t i o n  (16), the 

Jacobian matrix J may be obtained as

n* 3N. 3N.3x 1 .x. __i.y.a^ ac 8 ac 1 asJ = = E 3N. 3N.
3x
3n 3n

i=l 1
an

.X.

inverse of J is given by expression

r y
aç an iz _ Iz3x 3x 3n ac

1J ^ aç in de t j 3x ■ 3x
3y 3y an as

_

(4.16)

(4.17)
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The cartesian derivatives of the shape functions can thus 
be calculated from (4.13 ) and (4.15) , which will be used

for the c a l c u l a t i o n  of the s t r a i n  m a t r i x  B. Th e  

d i s c r e t i z e d  e l e m e n t  v o l u m e  in the i s o p a r a m e t r i c  

formulations is given by

dv = (dx.dy)dz = (dec J dS dn ) dz (4.18)

4.3.7 Stress-Strain Relationship

For linear analysis of uncracked concrete and In 

the absence of Initial stresses and strains, the stress- 

straln relationship may be written In the form

{a} = [D] {e}

D is the elasticity matrix which takes the form

4.19)

=(i“ )

1 V 0 0 0

V 1 0
Cl-v)

0 0

0 0 2 0 0

0 0 0 (1-v)
Y

0

0 0 0 0 1+v
Y

(4.20a)

E is Young's modulus of elasticity,^ is poisson ratio and 

Y Is the shear shape factor, usually taken = 1.2.
The matrix D can be written as follows

[D] =
D . pi (4.20b)

wh ere Dp is r e l a t e d  to the Inplane s t r e s s e s  and Dg is 

related to the transverse shear stresses.
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4.3.8 Element Stiffness Matrix and Force Vectors

All the i n f o r m a t i o n  r e q u i r e d  to e v a l u a t e  the 

element stiffness matrix K have has given above so that 

from Eqn (4.4) the element stiffness matrix can be written 

as
n

K =* { // D B dx dy} dzj (4.21)1=1

w h e r e  dz i is t h i c k n e s s  of ith layer, n is the total 

numbers of layers, B is the strain matrix and D is the 

elasticity matrix depending on the type of material and 

the state of s t r e s s  (steel or concrete, e l a s t i c  or 

p l a s t i c ) .

Numerical integration may be used to evaluate the 

stiffness matrix given by the above expression and Gauss- 

Legendre integration rules are chosen to carry out the 

integration over the element area. The reduced integration 

has been adopted to avoid locking. Constraints imposed by 

shear strain energy terms existing in the total potential 

energy, lead to the deterioration of the stiffness matrix 

a n d  o v e r  s t i f f  r e s u l t s  a r e  o b t a i n e d  w h e n  l i m i t i n g  

span/depth situations are approached. Further details are 

given in Section (4.6).

C o n t r i b u t i o n s  from element e to the c o n s i s t e n t  

force P are written as

F = / N ^ q d x d y  (4.22)

Where q is the element surface force vector. Numerical 

integration is used to calculate the above integral.

4.3.9 Stress Resultants
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The inplane forces (N%, Ny, N%y), flexural moments 

(Mx, My, M%y) and shearing forces (Q%, Qy) can be written 

as follows

'■ «x ^
Ny

«XV

Mx
My

Mxy

^X

Qy, /

n
I

i = 1

y

%i°x.

=i*y
'itxy

XZ'

yz

da, (4.23)

4.3.10 Boundary Conditions

As the finite element formulation has displacement 

components (u, v, w, 0^, By) at the nodes as variables, 

displacement boundary conditions can be imposed. To allow 

representation of curved or inclined boundary supports 

(94), the variables at nodes on such edges are changed to

(U, V, w. 9n/ 0t)
gredience rules ;

'Pnl A P x

Pt

Pz ■= T ‘* .
Py
Pz

Mn Mx
^ M y

r ^ n

Vt
1
1 ^

( ■  ' i
|w

0^ 0X n

V
(4.24)

where (Pn* P t * P % » Mj-̂ , M^) and (Px' P y ' P z » ^x' My) are
the vectors of the nodal force and nodal couples related 

to the local axes n,t and the global axes x,y respectively
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and T the transformation matrix is given by;

Tb =

cos 8 -sin 8 0 0

sin 9 cos 9 0 0

0 0 1 0

0 0 C O S  '0 -sin 0

0 0 sin 0 cos 0

The element stiffness matrix K is transformed to

e T K = T K T

before assembly

4.4 MODELING OF THE MATERIAL

4.4.1 Introduction

(4.25)

(4.26)

Uniaxial and biaxial stress-strain relationships for 

different materials and the corresponding yield criteria 

are required in the layered finite element model. Stress- 

strain relationships for concrete were discussed in Chapter 

Two Section (2.4.3.1). In this Section representation of 

c r a c k i n g  and the failure crite r i a  for c o n c r e t e  are 

di s c u s s e d .

4.4.2 Cracking of Concrete

In any well d e s i g n e d  u n d e r - r e i n f o r c e d  c o n c r e t e  

structure, the cracking of concrete and tensile yielding of 

steel reinforcement are the major sources of nonlinearity. 

In general, two main approaches have been used to model 

concrete cracking viz. the discrete and the smeared crack 

representation.

(i) In the discrete crack representation, a crack is
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modeled by the physical separation of the structure on the 

two sides of the crack. This may be achieved in finite 

element analysis by separating the element on each side of 

the crack using additional nodes as shown in Fig. (4.7). 

Difficulties encountered in changing the topology of the 

mathematical model and the requirement of cracks to occur 

along predefined element side directions restrict the use 

of discrete crack models.

(ii) In the smeared crack system Figs (4.8) and (4.9), 

which has been adopted in the present work, cracking is 

modeled by altering the value of the coefficients in the 

m a t e r i a l  p r o p e r t y  m a t r i x  a s s o c i a t e d  w i t h  a d i r e c t i o n  

normal to the crack. The smea r e d  c r a c k  model is more 

popular than the discrete crack model (95) because of ease 

of adoption in numerical work.

4.4.3 THE YIELD CRITERION

A multi-linear fit for the yield surface of Fig. 

(4.10) can be obtained in terms of the octahedral shear 

stress of the form (53)

V t  = ® - >> Coct = (4.27,

where T^ct is the octahedral shear stress given by

V t  = * 3 (4-28)

and Ggct is the octahedral mean normal stress given by

°oct ' i  (*x + (4.29)

a, and b are constants to be determined from experiments.
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Taking f ’c as the u n i a x i a l  c o m p r e s s i v e  s t r e n g t h  of 
concrete, as the equivalent compressive strength under 

biax i a l  com p r e s s i o n ,  a s s u m e d  to be 1.16 f ’c and m = 

f t / f ’c, constants a and b in Eqn (4.27) can be established 

as follows:

(a) compression yielding:
/2(i) for uniaxial compression "̂ oct̂  and Ooct = -fc/3 then

by (4.27
VT f _f = - b + + a (4.30)J c j

ii) for biaxial compression and the *oct is -

2fd/3, then

3 ■ ■ 2b ~  + a (4.31)

Solving for a and b, the yield criterion is give by

+ (0.1714 - 0.4143 = 0.0 (4.32)rc fc

(b) Tension-Compression

Using the same procedure, it can be shown that'

^  > f e i >  ¥  ¥  *

(c) Tension-Tension

Since there is no increase in u l t i m a t e  tens i l e  

strength due to biaxial stressing, the simple circular 

i n t e r a c t i o n  Eqn (4.34) is suff i c i e n t  to r e p r e s e n t  the 

yield criteria in tension-tension zone.

 ̂ + (0 2̂/  ̂  ̂ ~ 0«0 (4 .3 4 )
where 1 and^2 is the principal stresses.
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4.5 DETAILS OF THE MATERIAL MODEL ADOPTED
Before describing the particular constitutive model

used in this study, it is important to note that it is

assumed that transverse shear stress does not affect the 

nonlinear behaviour except when the concrete crushes i.e 

that the stiffensses of the concrete equal zero in all 

direction is became zero.

4.5.1 Elastic Analysis

In the LAYER program, each layer is assumed to be

in a state of plane stress. A layer is also assumed to be

of one material whose properties are represented at the 

Gauss points.

Under plane stress assumptions, the stress-strain 

relation-ships of an isotropic elastic concrete layer is 

given by

V 0

1 0

r  I 0 0
l-v

xy 1-v
2

(4.35)

xy

in w h i c h  E q is the m o d u l u s  of e l a s t i c i t y  a n d  v is 

Poisson's ratio of concrete.

4.5.2 Nonlinear Analvsis-Stress Strain Relationship
1- The elastic analysis of composite material is used to 

find the stresses and strains for each layer at each Gauss 

p o i n t .

Th e  p r i n c i p a l  s t r e s s e s  a n d  s t r a i n s  c a n  be
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calculated and the state of stress can be checked with 

r e s p e c t  to the y i e l d  c r i t e r i o n  i.e w h e t h e r  it is 

compression-compression or compression-tension or tension- 

tension type of yielding. The yield surface in Fig. (4.10 

) can be divided into four regions symmetrical about the 

(^1 ^2 axis:

i- Biaxial compression failure AB

ii- Cleavage failure - B C .

iii- Failure under combined tension - DE

iv- Failure under tension compression stresses -CD

4 . 5 . 2 . 1  B i a x i a l  C o m p r e s s i o n  F a i l u r e  : It w a s

mentioned in Chapter Two that an initial linear elastic 

behaviour for concrete under compression is limited only 

to small load range up to 30% of the ultimate capacity. 

B e y o n d  this range, some p l a s t i c  a c t i o n  is involved. 

Accordingly, two approaches can be defined to deal with 

t h e  s t r e s s - s t r a i n  r e l a t i o n s h i p  of c o n c r e t e  u n d e r  

compressive forces:

(a) Perfect and work-hardening plasticity

(b) Representation of a given stress-strain relationship 

using curve fitting method

(a) P e r f e c t  and W o r k  H a r d e n i n g  Plast i c i t y :  In

compression, concrete can flow like a ductile material on 

the yield surface, before it reaches its crushing strain.

To account for its limited plastic flow ability before 

crushing, a perfectly plastic model can be introduced. The 

complete stress-strain relationship is developed in three 

parts: (1) before yield, (2) during plastic flow, and (3)

after fracture.
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Before yield, a linear elastic model can be used, 

d u r i n g  the p l a s t i c  flow, a yield s u r f a c e  is n e e d e d  to 

define the onset of yield. The famous von Mises criterion 

defined in terms of an effective stress as

f = (a^ + - a a + 3 )^ - fc (4.36)3 X y X y xy  ̂ '

w h e r e  f '^ is th e  u n i a x i a l  c o m p r e s s i v e  s t r e n g t h  of 

concrete. Eqn (4.36) has been used by many investigators 

(48,96,97) .

To construct the stress-strain relationship in the 

plastic range, the normality of plastic strain increment 

vector ( deÇ ) is directed normal to the yield surface f 

{ 0 ^). This condition may be expressed mathematically

in the following form

A.? = X " (4-37)àa.1

in which x is a positive scalar proportionality constant.

The onset of fr a c t u r e  can be d e f i n e d  u s i n g  a c r u s h i n g  

surface, analogous to (4.37) and expressed in terms of 

strains (97). After fracture, concrete is assumed to loose 

all its strength.

One d i s a d v a n t a g e  of this a p p r o a c h  is that it 

excludes the effect of the mean normal stress and hence 

the o b s e r v e d  p l a s t i c  vo l u m e  increase or d i l a t a n c y  of 

concrete near failure is not included. This may lead to 

stiff predictions (53).

(b) Representation of a Given Stress-Strain-Curve using 

Curve fitting Method: Various e m p i r i c a l  stress-

strain equations expressed in terms of their respective
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principal stress and strain values have been established

by fitting curves to large amounts of biaxial test data

(68), (99) (100) and (101). This was d i s c u s s e d  in

Chapter Two section (2.4.3.1). The following equation has

been adopted in this work
Ee

a. =  Ü .
(l-ccv)d - 2) (4.38)

where and stress and strain in the principal stress 

direction

cfp , fp = e x p e r i m e n t a l  ly d e t e r m i n e d  v alues of m a x i m u m  

principal stress and corresponding strain, for compression

Ep=0.0025 and ap = fcu

is the poisson's ratio 

a is the ratio of the p r i n c i p a l  st r e s s  in o r t h o g o n a l 

direction to principal stress in direction considered.

initial tangent modulus in uniaxial loading 

Eqn (4.38) can be used to d e s c r i b e  the s t r e s s - s t r a i n  

behaviour of concrete in biaxial compression up to peak 

strain equal to 0.0025 (peak strain). Beyond peak, the 

equation ceases to be valid due to the strain softening 

of concrete. In this work the softening of concrete is 

neglected by assuming perfectly plastic behaviour. Due to 

the fact that the major effect on the response of under­

reinforced flexural members is due to cracking, post-peak 

b e h a v i o u r  of c o n c r e t e  in c o m p r e s s i o n  can be saf e l y  

ignored.

For the numerical procedure adopted in this study, 

E q n  (4.38) is i n c r e m e n t a l l y  l i n e a r i z e d  d u r i n g  the
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m o n o t o n i e  l o a d i n g .  T h i s  is u s u a l l y  d o n e  b y  u s i n g  
intermediate loading surfaces after Bell and Elms (47), 

an d  C h e n  et al (88). Such s u r f a c e s  are s h o w n  in Fig. 

(4.10) . The first loading s u r f a c e  c o r r e s p o n d s  to the 

initial d i s c o n t i n u i t y  in the s t r e s s - s t r a i n  diagram. 

Subsequent loading surfaces are assumed to have the shape 

of t h e  l i m i t i n g  y i e l d  s u r f a c e .  A c c o r d i n g l y ,  the 

i n t e r m e d i a t e  s u r f a c e s  will be r e p r e s e n t e d  by e q u a t i o n  

(4.35) but with an intermediate strength fee replacing the 

ultimate strength fc. An empirical form for f̂ '̂  has been 

suggested by Johanry (53)as

^cc ” ^co “ t̂ ^t (Ec/Ej)
subject to fCQ = 0.5 f ^ . E^ is the initial modulus. E^ is 

the instantaneous modulus. In this research Ei is computed 

using Eqn (4*38) for < . 0025 and Eqn : (4*39) if 
0.0025 >  <  0.0035

Ei = fcu/E, (4.39)

where f^^ the concrete compression strength and is 
the p r i n c i p a l  strain. The d i s c o n t i n u i t y  stress f̂ '̂ » is 
assumed to be equal 0.5 (53).

4.5.2 Cleavage Failure
The term c l e a v a g e  f ailure is used to d e s c r i b e  a 

state of failure which is intermediate between splitting

and crushing. In this study cleavage failure is accounted 
for by using Eqn (4.33) for the compression-tension zone

to check the failure. The modulus of elasticity is updated 
according to the state of stress using Eqns (4.38) and

(4.39 ) as for compression-compression failure.
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4.5.3 Cracking Model

The main feature of the present cracking model 

may be summarized as follows:

i- different crack directions are allowed for each layer,

ii- tension stiffening and shear retention are included,

iii- cracks are allowed to open or close during the load 

increment.

iv- cracking in one or two directions is allowed, 

vi- Variable crack direction is allowed.

In c h e c k i n g  for principal ten s i l e  stress, two 

approaches are possible as follows;

(a) F ixed crack d i r e c t i o n  analysis: In this

analysis, the direction of the first crack is fixed as 

determined by the principal tensile stress direction at 

the time the p r i n c i p a l  tensile stress is equal to the 

tensile strength of concrete. It should be appreciated

that in this method, matrix D is modified such that the

s t i f f n e s s  p e r p e n d i c u l a r  to the crack is zero, thus 

ensuring tensile stresses are maintained at zero value 

perpendicular to the fixed crack planes. However because 

of the fact that shear stress is allowed to act at the

cracked surfaces, this procedure allows tensile stress to 

build up in directions other than the crack direction.

(b)"No-Memory" c r ack d i r e c t i o n  analysis: In the

analysis, checking for the principal tensile stress is 

carried out in direction determined by the current state 

of stress. The material matrix D is never altered.

The c r a c k i n g  of concrete takes place when the

stress at a point sat i s f i e s  the b iaxial either in
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tension-tension zone or tension-compression zone.

In the tension-tension zone, concrete is assumed to 

crack if the yield criterion in Eqn (4.34) is violated.

The c rack d i r e c t i o n  is taken as b e i n g  normal to the 

m a x i m u m  o f f e n d i n g  p r i n c i p a l  s t r e s s  d i r e c t i o n .  T w o  

orthogonal cracks may form if both the principal stresses 

exceed the tensile strength at the same time.

U n d e r  t e n s i o n - c o m p r e s s i o n  s t a t e s  of s t r e s s ,  

cracking of concrete takes place if the yield criteria 

u s i n g  Eqn (4.33) w i t h  f^ = f i s  violated. The c r ack 

d i r e c t i o n  in this case is ass u m e d  to be normal to the 

tensile principal stress. On further loading, concrete 

which has already cracked in one direction may also crack 

in another direction, which must be at an angle of at 

least 30 to the first crack direction (if non-orthogonal 

cracks were considered). Otherwise, if the concrete is 

subjected to high compressive stresses parallel to the 

c r ack direction, y i e l d i n g  and s u b s e q u e n t  c r u s h i n g  of 

c o n c r e t e  may occur. Eqns ( 4*53 ) and (4*39) u s e d  to 

calculate the instantaneous modulus Ei, according to the 

state of stress.

Crack direction; The inclination w.r.t x axis of the 

principal stresses is calculated from

t a n 2 9 = ' 3 l ï ^  (4.40)
°x ■

the angle 9 given by the above equation lies between -45 

a n d  4 5 ,̂ t h e r e f o r e  the a c t u a l  c r a c k  d i r e c t i o n  i s 

determined as follows with respect to the x-axis:

(a) Calculate the principal stresses using the following
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standard expression 
a

1. 2

+ a / a -a 2

xy (4.41)

b) calculate the normal stress associated with the angle 

using the following standard expression

sin 9 cos 0cos^d + sin^B + 2  t xy - - " (4.42)
(c) compare the values of the p'rincipal stresses, (o^, cr̂ )

witn the normal stress n :

i- if ^n = ̂ 1 the angle of crack 9 = 8^ cr
ii- if ^2 the angle of crack 8^2. = ® + 9 0

(I) Singly cracked concrete

The cracked concrete is treated as an orthotropic 

material with the axes of orthotropy parallel and normal 

to the crack direction. The Poisson effect is neglected 

due to the lack of interaction between the two orthogonal 

directions after cracking and the modulus of elasticity of 

concrete is reduced to zero normal to the crack direction. 

Thus, the total s t r e s s e s  at the onset of c r a c k i n g  are 

given with respect to the local coordinate system x , y 

(shown in Fig. (4.11)

xy

E 0 0 i Ec I ^
0 0 0 J E

f ^

0 0 gG_ '/xy

4 . 43

Where Eq is the modulus of elasticity of concrete 

/3 is the shear-retention factor for concrete ( 0  

< 4 8  < 1 ), the choice of suitable value for this factor is 

discussed later
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G is the shear modulus of concrete 

The second diagonal term ( diagonal term assumed with the 

direction normal to the crack)in the above matrix may then 

be updated if the tension stiffening is used.

(II) Doubly-Cracked Concrete

In the present work, concrete is allowed to crack 

in two d i r e c t i o n s  . The f o l l owing p o s s i b i l i t i e s  are 

allowed for.

(i) In the previously uncracked concrete, smeared cracks 

in two o r t h o g o n a l  d i r e c t i o n s  d e v e l o p  w h e n  b o t h  the 

p r i n c i p a l  s t r e s s e s  are tensile and e x c e e d  the tensile 

s t r e n g t h  of concrete. In this case the s t r e s s -  s t r a i n  

relationship is given by:

0 0 0

0 0 0

0 0 /3G

(4.44)

xy

The first two d i a g o n a l  terms w.r.t the the cracks 

directions in the above matrix may then be updated if the 

tension stiffening is considered.

(ii) On further loading of the singly cracked concrete, 

another set of smeared cracks may form when the stress 

state produces a tensile principal stress which exceeds 

the tensile strength of concrete, as shown in Fig. (4.11). 

In this case, the s e c o n d  set of cracks is be a s s u m e d  

orthogonal to the first and Eqn (4.44) can be used.

In order to t r a n s f o r m  the st r e s s e s  in si n g l y  or 

doubly-cracked concrete which are defined with respect to
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Fig. (4.11) Stresses in dcubly-cracked concrete
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the axes of orthotropy into global coordinate system, the 

s t a n d a r d  p r o c e d u r e  for t r a n s f o r m a t i o n  can be u s e d  as 

follows

^ (4.45)D* = T D^T

where

T =

7 7C S SC
2 2S C -SC

-2SC 2SC c"

4 . 46

where C - cOs ^ “ sin 0^^ and 9̂ .̂ is the angle of
crack measured from the x-axis to the crack direction in 

the anticlockwise direction and matrix is the material 

property in the local axes of orthotropy and is dependent 

on whether concrete is singly or doubly cracked and is 

given by Eqns (4.43) and (4.44). The final actual stresses 

referring to the global (x, y ) coordinate systems can be 

obtained using Eqn (4.47).

1er} = D* (£> (4.47)

(c )- Tension Stiffening

The results for beams and one-way spanning slabs 

with differing steel ratios ( 102), have shown that the

effect of tension stiffening decreases with an increase in 

the steel ratio and steel strain. The results suggest 

that tension stiffening can be ignored for steel ratio 

above .015 and for steel strains greater than about .0016 

(Tor bar was used for the test specimens).

The form of the tension s t i f f e n i n g  w h i c h  is 

adopted in the present work is the same as that given by
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(102). With reference to Fig. (4.12):

Zone I "cr " " S h  ^cr o = (2 - ^  ) ft
cr

Zone II  ̂ 3 a = (2 - ^1) _ c_^ (4.48)
(C. - C )  ̂ ^cr

Zone III e > C, e a = 0
I cr

Where f-j- tensile strength of concrete and equal cracking 

strain { 0.0001)

The c o e f f i c i e n t s  C ̂  = 1 . 3 and C 2 = 15 wer e

derived empirically to ensure good predictions for slabs 

and beams (102). Use of tension stress strain curves of 

this shape have been shown to give good correlation with 

test data for beams subjected to a gradually increasing 

load and with different steel ratio (10$), 1109)*

Tension stiffening is dependent on many factors:

i- The tension stiffening effect in concrete is reduced 

with increasing distance from the steel reinforcement and 

increase in steel strain.

ii- Since in the smeared crack representation the cracked 

concrete is averaged over a certain distance, the tension 

stiffening is mesh dependent. As the mesh is refined, the 

effect d e c r e a s e s  until it vanishes for e l e m e n t s  of 

theoretically infinitesimal size.

iii- It must be noted that the inclusion of the tension 

s t i f f e n i n g  in c o n c r e t e  by consid e r i n g  the a v e r a g e  

concrete stress over a certain distance results in a lower 

steel str e s s  over the same distance as s h o w n  in Fig. 

(4.13) . T h e r e f o r e  the m a x i m u m  s t e e l  s t r e s s  is 

underestimated by approximated 10% (the value is dependent 

on the value of the cracking strain, steel yield strain
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Fig. (4.13) Comparison of different expressions proposed for the reduced 

shear stiffness of concrete
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and the value of coefficients C^ and C 2 in Eqn (4.43)). If 

the cracked concrete stresses become equal to zero before 

the steel yields, then the u l t i m a t e  load will not be 

a f f e c t e d  by the t e n s i o n  stiffening. On the other hand 

tension stiffening may over-estimate the ultimate load 

if the yielding of steel takes place before the stresses

in cracked concrete reach the zero-value.

(d) Shear Retention

Due to their rough nature, cracked concrete faces 

are capable of transmitting shear forces across cracks by 

friction. This force will induce normal stresses due to 

dilation which tend to stiffen the cracked concrete. In 

order to take the shear s t i f f n e s s  of c o n c r e t e  into 

account, a r e d u c e d  shear modu l u s  G equal to BG is 

r e t a i n e d  in the s t r e s s - s t r a i n  m a t r i x  as g i v e n  in Eqn 

(4.43) and (4.44). This is equivalent to introducing a

n umber of s p r i n g s  parallel to the c r a c k  d i r e c t i o n  to

represent the effect of aggregate intrelock and to some 

extent the dowel action, but excluding taking the normal 

stresses resulting from friction. Hand et al (52) proposed 

the r educed shear modulus a p p r o a c h  to o v e r c o m e  some 

numerical difficulties. They used a constant value of B 

throughout the analysis. Later, Cedolin and Poli (104) 

used B which decreases linearly with a fictitious strain 

normal to the crack (which represents the crack w i d t h ) . 

Al-Mahaidi( 6 6 ) has also suggested a hyperbolic variation 

of G with the fictitious strain normal to the crack, as 

shown in Fig. (4.14). In the present work Eqn (4 .4 9 )

due to the Al-Mahaidi ( 6 6 ) has been used.



1 4 0

®   (4.49)
(Cf/Ccr ;

w h e r e  e^r c o n c r e t e  c r a c k i n g  s t r a i n = {E ^ / f t ) and is 

fictitious strain normal to the crack and is given by Eqn 

(4.50).

€f = ex sin^e^r  ̂ cos^G^r ~ ^xy sine^r 0050^^ (4.50)

where  ̂ and ^^y the inplane strains and %^is the

angle of crack as it is given above.

(e) Partial and Full Closing of Cracks

In order to improve the r e a l i s m  of the pres e n t  

cracking model, the possibility of crack closing either 

partially or fully is considered . This behaviour may take 

p l a c e  due to the r e d i s t r i b u t i o n  of s t r e s s e s  d u r i n g  an 

iteration or upon further loading. In the present work, 

the possibility of cracking of a concrete layer is re­

e x a m i n e d  w i t h i n  each i t e r a t i o n  until the n u m e r i c a l  

s o l u t i o n  c o n v e r g e s  w i t h i n  the p e r m i s s i b l e  c o n v e r g e n c e  

tolerances. After convergence, the d i r e c t i o n  of any 

cracking is fixed and orthotropic behaviour is assumed as 

explained before.

Previously formed Concrete cracks are also allowed 

to open or close partially or fully. Fig. (4.15) shows 

different possible crack configuration considered in this 

work. The fictitious strain normal to the crack direction 

(Eqn (4.50) is used to assess the state of the cracks in 

the cracked concrete. If this strain has a negative value, 

then the c r a c k  is assumed to be fully closed and the 

m o d u l u s  of e l a s t i c i t y  E q is r e t a i n e d  in a d i r e c t i o n
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Fig. (4.14) Possible crack configurations
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normal to the crack. However, the P o i s s o n  effect is 

ignored. If the current fictitious strain ( ) normal to

the crack direction is decreasing, but still positive, 

partial closing of the crack is assumed. This situation 

may take place when the current strain ^c is less than the 

s t r a i n  ^ref r e c o r d e d  at the p r e v i o u s  c o n v e r g e d  

configuration as in Fig. (4.12). In this case the stress 

normal to the crack (6 ) is calculated from:

a = " 7 ^  (4.51)

in which is the interpolated stress, cosserponding to

the strain ^erf*

4.5.4 Modeling of Steel Behaviour

In the present model, the steel reinforcement is 

s m e a r e d  int o  e q u i v a l e n t  s t e e l  l a y e r  w i t h  u n i a x i a l  

p r o p e r t i e s .  In c o n t r a s t  to concrete, the m e c h a n i c a l  

properties of steel reinforcement are well known (105).

The typical stress-strain curve for steel reinforcing bar, 

loaded monotonically in tension, is shown in Fig. (4.15).

The s t r e s s - s t r a i n  curves of steel are a s s u m e d  to be 

identical in tension and compression Fig. (4*16}, The

uniaxial stress-strain curve of steel is idealized in the 

p r e s e n t  model to the form shown in Fig. (4 ,.16). » An

elastic-plastic behaviour with possible strain hardening 

is assumed. Since steel bars can be oriented at any angle 

to global x-y axis, the layer behaviour is first described 

in the local axes direction, and then t r a n s f e r r e d  to 

global axes. The transformations into global direction is
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carried out using transformation matrix which depends on 

t h e  a n g l e  b e t w e e n  the l o c a l  (x ', y ') a n d  g l o b a l  

c o o r d i n a t e  (x, y), u s i n g  the s t a n d a r d  p r o c e d u r e  of

transformation

De = Eg
s c' c s

c^s

cs 4.52)

where C = cos oj S = sin a , a is the angle of inclination 

as in Fig. (4.17) and Eg is the modulus of elasticity of 

s t e e l .

The incremental elastic stress-strain relationship is 

given by
Aa = E Ae s 4.53

When the uniaxial steel stress reaches its yield value ^ , 

the incremental elastic-plastic stress-strain relationship 

takes the form:

E (4.54)
Aa = E ( 1 - ■)Ae

IE + H )  s

in which H is the strain hardening parameter for steel.

4.6 PRACTICAL IMPLEMENTATION OF MINDLIN ELEMENT (94) (106) (107)

In this study, 2x2 Gauss rule was used for both 

s h e a r  a n d  b e n d i n g  t e r m s  to d e v e l o p  th e  8 - n o d e  

isoparametric element which showed good performance was 

a d o p t e d  w i t h  a s s u m i n g  c onstant r e p r e s e n t a t i o n  for the 

shear force within the element (93). Since the study was 

not concerned with the extreme range of span/depth ratio.



145

troubles due to locking etc were not encountered.

4.7 NONLINEAR SOLUTION TECHNIQUES

The solution of nonlinear problems by the finite 

e l e m e n t  m e t h o d  is u s u a l l y  a t t e m p t e d  by one of three 

techniques :

a- Incremental (step-wise procedure) 

b-Iterative (Newton-Rhaphson method) 

c-Increment-Iterative (mixed procedure)

The g eneral b a s i s  of each m e t h o d  is similar. The

nonlinear stiffness equation (Eqn (4.55)) are solved by a

succession of linear approximations. The different methods

of applying these load-displacement paths influence the

final solution. More details can be found in references 
(57), (108).

4.7.1 Increment Method

T h e  b a s i s  of t h e  i n c r e m e n t  m e t h o d  is the 

subdivision of the total applied load vector into small 

load increments, w h i c h  do not n e c e s s a r i l y  n e e d  to be 

equal. During each load increment the equation:

F = K Ô (4.55)

is a s s u m e d  to be linear, i.e. a fixed v a l u e  of K is 

a s s u m e d  u s i n g  m a t e r i a l  data exist i n g  at the end of the 

p r e v i o u s  increment. Nodal d i s p l a c e m e n t s  can then be 

o b t a i n e d  for eac h  i n c r e m e n t  and these are a d d e d  to the 

p r e v i o u s l y  a c c u m u l a t e d  di s p l a c e m e n t s .  The p r o c e s s  is 

repeated until final the load is reached.
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The a c c u r a c y  of this p r o c e d u r e  depe n d s  on the 

i n c r e m e n t  size, s m a l l e r  i n c r e m e n t s  p r o d u c i n g  grea t e r  

b e t t e r  a c c u r a c y  at the e x p e n s e  of i n c r e a s e d  

computational effort. A modification of this method is to 

a p p l y  half the load increment and to c a l c u l a t e  a new 

structural stiffness corresponding to the total stresses 

at this value. The u p d a t e d  s t i f f n e s s  m a t r i x  is then 

utilized to compute an approximation for the full load 

increment. The i n c r e m e n t a l  m e t h o d  in its origi n a l  and 

m o d i f i e d  form does not take into a c c o u n t  the force 

redistribution during the application of the incremental 

l o a d .

4.7.2 Iteration Method

In the iteration method, the full load is applied 

in one increment. S t r e s s e s  are e v a l u a t e d  at that load 

a c c o r d i n g  to the m a t e r i a l  law. This gives e q u i v a l e n t

forces w h i c h  may not be equal to the e x t e r n a l  a p p l i e d  

forces, i.e. equilibrium is not necessarily satisfied. The 

p o r t i o n  of the t o t a l  l o a d  that is no t  b a l a n c e d  is 

calculated as the difference between the total applied 

load vector and internal nodal forces calculated using the 

a l l o w a b l e  s t r e s s e s  in the e l e m e n t .  T h e s e  a r e  the 

unbalanced nodal forces which are then used to compute 

an additional increment of displacements and hence new 

stresses, which give rise to a new set of equivalent 

nodal forces. This process is repeated until equilibrium 

is r e a c h e d  to a c e r t a i n  d e g r e e  of accuracy. When this 

stage is reached the total displacement is calculated by
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s u m m i n g  the inc r e m e n t  in d i s p l a c e m e n t  due to all the 

iterations.

There are many variations of this basic process and 

the solution accuracy and efficiency depends in many 

ways on the method used for computation of the stiffness 

matrix and the unbalanced nodal forces, Fig (4.18a).

(a) Computation of Unbalanced nodal forces

The process called the initial stress method 

(16), is a d o p t e d  in this w o r k  and can be e x p l a i n e d  as 

follows. Let the stress-strain relationships to be

^ = [D] {e} + {a } (4.56)
0

w h e r e  a^is the i n i t i a l . s t r e s s  v e c t o r  a n d  D is the 

elasticity matrix.

Assuming = 0 initially, Eqn (4.55) is solved with an

appropriate D matrix and strain e , to obtain a certainÂ
level of s t r e s s w h e r e  

- [D] u^}

The stress which should have occurred is;

M  l€^}

where D is instantaneous elasticity matrix 

The difference between the stresses:

(4.57)

is used as initial stress in Eqn (4.56), and equivalent 

unbalanced nodal forces ff] are calculated from:

If} ^ a (4.58P a dv V oV

The forces are removed by applying them to the structure
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to obtain a correction to & . This process is repeated

until GQ becomes negligible.

(b) Method of Computing Element Stiffness Matrix

Generally either the stiffness matrix can remain 

constant or can be varied throughout a solution. In the 

constant stiffness method the initial linear stiffness 

is u s e d  at e v e r y  s t a g e  in t h e  a n a l y s i s .  S i n c e

calculating the new stiffness metrics and fully solving 

the equations is an expensive operation, .this method has 

economic advantages because the stiffness is calculated 

only once. Also a symmetric positive definite matrix will 

exist. Its main disadvantage is that it usually requires 

a large number of iterations to a c h i e v e  the d e s i r e d  

accuracy, e s p e c i a l l y  w h e n  c r a c k i n g  of c o n c r e t e  and 

yielding of reinforcement has occurred. Some acceleration 

p r o c e s s e s  have b e e n  s u g g e s t e d  but the use of these

techniques have not always met with success (54,65).

In the variable stiffness method, a Newton-Raphson 

method or its modified version is adopted. In the full 

Newton Raphson method the tangential stiffness matrix is 

u p d a t e d  Fig (4.18a) and a c o m p l e t e l y  new s y s t e m  of 

equations is solved in each iteration. This process can be 

ver y  e x p e n s i v e  p a r t i c u l a r l y  if r e l a t i v e l y  small load

increments have to be used. The procedure sometimes may

lead to unsatisfactory results due to the approximation of 

the m a t e r i a l  law, numerical int e g r a t i o n ,  c o n v e r g e n c e  

tolerance etc.

To overcome this difficulty some modification of
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the full Newton-Raphson algorithm is made by updating the 

stiffness matrix only occasionally for each increment and 

m a i n t a i n i n g  the same m a t r i x  for s u c c e s s i v e  i t e r a t i o n s 

until convergence is a achieved, Fig (4.18a).

4.7.3 Mixed Method

In this method, a combination of the incremental 

and ite r a t i v e  p r o c e s s  is used. The load is a p p l i e d  in 

incr e m e n t s  and the s o l u t i o n  at that load is o b t a i n e d  

iteratively until equilibrium is satisfied to a prescribed 

a ccuracy.

The c o n s t a n t  s t i f f n e s s  p r o c e d u r e  b a s e  on the 

initial stiffness approach with either the secant modulus 

or the tangent modulus can be used. Fig (4.18b) shows 

the different methods of the mixed procedure.

4.8 Procedure Used in This Work

A modified version of the mixed procedure is used 

in this work. The modified Newton-Rhapson (15) approach is 

used to evaluate the stiffness matrix . In the variable 

s t i f f n e s s  a p p r o a c h  w h i c h  is used for the most of the 

analysis, the stiffness matrix is updated at the beginning 

of the second iteration and after the application of the 

i n c r e m e n t a l  load in the first iteration, so that the 

nonlinear effects are reflected more accurately in the 

stiffness matrix. As the modified Newton-Rhapson method 

involves fewer s t i f f n e s s  c a l c u l a t i o n s  than the full 

Newton-Rhapson approach, economies in computation are
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gained. However, to compensate for this a large number of 
iterations is required for convergence, particularly if 

there is a significant loss of stiffness in the system 

during a load increment due to cracking of concrete or 

y i e l d i n g  of s t e e l .  In this w o r k  the s o l u t i o n  is 

accelerated by updating the stiffness at iteration eleven, 

if it is f o u n d  d i f f i c u l t  to a t t a i n  the p r e s c r i b e d  

convergence. This algorithm gives satisfactory results for 

reasonable computational effort. As an additional economy 

measure, only the stiffness of the layer where yielding 

has occurred within the element is updated and added to 

the element stiffness using a direct access file.

4.8.1 Convergence Criteria

It is i m p ortant in the i n c r e m e n t a l - i t e r a t i v e  

solution strategy that the solution obtained at the end 

of each i t e r a t i o n  is chec k e d  to see w h e t h e r  it has 

converged to within convergence tolerance or whether it 

is diverging. The convergence criteria, usually used for 

n o n l i n e a r  s t r u c t u r a l  a n a l y s i s  a r e  b a s e d  on e i t h e r  

d i s p l a c e m e n t  or on o u t - o f - b a l a n c e  f o r c e s  n o r m  a n d  

sometimes on internal strain energy. In the present

work, convergence is based on out-of balance force norm 

b e c a u s e  it ind i c a t e s  d i r e c t l y  how well e q u i l i b r i u m  

r e q u i r e m e n t s  are met (108). Since it is d i f f i c u l t  and 

expensive to check the decay of residual forces for every 

degree of freedom, some overall evaluation of convergence 

is preferable. This is achieved by using the force norms 
as follows
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where N is the total number of nodal points of nonzero 

displacement in the structure, r denotes the iteration 

n u m b e r  ,  ̂i is th e  r e s i d u a l  f o r c e  at the ith

displacement and Rĵ  is the total external applied load at 

the ith displacement.

It must be n o t e d  h e r e  that in the f o r m u l a t i o n  

adopted for Mindlin plate element, stresses are separated 

into inplane stresses and transverse shear stresses. The 

inplane stresses are adjusted according to the current 

material law, while the stress-strain relationships for 

transverse shear stresses are kept constant except when 

the c o n c r e t e  is c r u s h e d  w h e r e  all the s t r e s s e s  are 

r e m o v e d .

4.8.2 Frontal Equation Solution Technique

The simultaneous equation solving routine plays a 

major role in the efficiency of finite element programs. 

This is particularly true in the nonlinear finite element 

p r o g r a m s  b e c a u s e  a lot of p r o c e s s i n g  time is used in 

solving and resolving the stiffness equations. In the 

present work a version of the frontal solution will be 

used. It was o r i g i n a l l y  i n t r o d u c e d  by Irons ( 2 9  ) and 

subsequently modified by Hinton and Owen (5). The main 

idea of the frontal solution is to assemble the equations 

and eliminate the variables at same time. More details can
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be found in {2$ ).

4.8.3 Analysis Termination Criteria

The a n a l y s i s  p r o g r a m  must be p r o v i d e d  w i t h  some 

means of detecting the collapse of the structure. The 

failure of a structure takes place when no further loading 

can be s u s t a i n e d .  This is i n d i c a t e d  in the n o n l i n e a r  

s o l u t i o n  b y  s u c c e s s i v e l y  i n c r e a s i n g  d i s p l a c e m e n t  

i n c r e m e n t s  at e a c h  i t e r a t i o n .  T h e  g r o w t h  of

d i s p l a c e m e n t  i n c r e m e n t s  r e s u l t s  in th e  l a c k  of 

convergence of nonlinear solution. The value of maximum 

deflection may be used as a criterion to stop the analysis 

at failure. When the maximum deflection reaches a certain 

specified value the analysis is terminated and the load at 

that point is taken as ultimate load. In this work the 

maximum deflection measured in the experiment is taken as 

ultimate deflection.

4.8.4 Basic Steps in The Method Used
1- Apply an increment of load ^ and calculate the first 

estimate of the incremental displacement

= [K]"l (Af^}

w h e r e  K can be the initial e l a s t i c  stif f n e s s ,  or the 

tangential stiffness based on the conditions prevailing at 

the start of the increment.

2- Calculate the increment in strains and stresses

[B]T A {«.}

= [D]
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3- Calculate the total displacement, strains and stresses 

by adding the incremental values to the previous values.

6. = «i

e. = Û 6.

= Ci-1 + " "i
4- C h e c k  the s t r e s s  s t a t e  a g a i n s t  th e  r e l e v a n t  

intermediate or final yield criteria. If any criterion is 

v iolated, the s t r e s s e s  are b rought back to the y i e l d

s u r f a c e .

5- Find the equivalent nodal forces due to ,which is 

inside the yield surface. Calculate the out of balance 

force
A h iA f . = / B o. dv - fin i

where is the total external load.

6- Check to see if the force norm satisfy the convergence 

criterion. If it does, then apply a new load increment 

and repeat steps from (1) to (6) . If not, a p p l y  the 

r e s i d u a l  force ( ^ u i  ) and cal c u l a t e  the c o r r e c t i v e  

displacement {A&j_ ) caused by them from

= [K]‘^

r e t u r n  to step (2) and repeat the p r o c e s s  until the 

convergence conditions are satisfied.

4 .. 9 NUMERICAL APPLICATION

The object of this section is to demonstrate the 

reliability of the developed computer program LAYER and to 

conduct some selected numerical experiments. The basic



155
p r e m i s e  is that if over a wide range of e x p e r i m e n t a l  
problems this model can produce an accurate prediction for 

the gen e r a l  b e h a v i o u r  (deflections, crack i n g  loads, 

yielding loads and ultimate l o ad), the program can then 

be used to predict the behaviour of similar. i.e. flexure 

dominated problems.

4.9.1 A Square Simply Supported Slab Under a Central 
Point Load

The slab is 1 8 3 0 . mm square and s i m p l y  s u p p o r t e d  

along the edges. The thickness of the slab is 14̂ : .§ mm with 

i s o t r o p i c  r e i n f o r c e m e n t  ratio of 0.99%. The slab was 

te s t e d  u n der a c e n t r a l  p o int load by P o r t l a n d  C e m e n t  

Association and was analysed by Doterppe et al (55). The 

material properties used are:

f = 47.7 N/mm^ Ft = 3.8 N/mm^

Q = 24580. N/mm^ Eg = 206850 N/mm^

h = 139.7 mm t = 144,3 mm

A 4X4 element mesh is used over a symmetric quarter 

of the plate as shown in Fig (4.19). The depth of the slab 

is represented by 10 concrete layers and 2 smeared steel 

la y e r s .

In the nonlinear solution, the combined algorithm
~ndis adopted in which the stiffness is updated at 2 and 

11 iterations, with the maximum number of iterations

limited to 20. A convergence force tolerance of 5% was 

adopted. The average number of iterations to reach the 

specified convergence tolerance varied from 2 to 10. The 

increment load was .05 of experiment failure load.
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Fig. (4.19) Mesh idealisation for a simply supported slab 

under central load
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Fig (4.20) shows the excellent agreement between 
load-central deflection obtained experimentally and that 

o b t a i n e d  n u m e r i c a l l y  w i t h o u t  c o n s i d e r i n g  t e n s i o n  

stiffening, the calculated ultimate load was 1.03 times 

the experimental failure load.

4.9.2 H a q o 's Slabs

Two of the five s l a b s  tested by Hago (9) wer e  

chosen for analysis. These slabs have various degrees of 

orthotropy of reinforcement. Hence their analysis allows 

the e f f e c t  of the am o u n t  of steel r e i n f o r c e m e n t  to be 

t e s t e d  as well d i f f e r e n t  types of support c o n ditions. 

These slabs were used to study the effect of the number of 

c o n c r e t e  l a y e r s ,  l o a d  I n c r e m e n t  s i z e  a n d  t e n s i o n  

stiffening on the numerical solution.

(a) Simply Supported Slab

The slab Is 2 1 0 0 x 2 1 6 0  mm square and Is s i m p l y

supported along each edge to give 1900x1960 mm spans. The 

t h i c k n e s s  of the s l a b  Is 100 mm, w i t h  o r t h o t r o p i c  

reinforcement as shown In Figs (4.21a,b). The slab was 

lo a d e d  with f o u r - p o l n t - l o a d  sy s t e m  as s h o w n  In Fig 

(4.24d). The material properties used are as follows.

feu = 44.2 N/mm^ ft = 3.4 N/mm^
2 2Eq = 21500.N/mm fy = 460. N/mm

Eg = 214000. N/mm^

Taking advantage of symmetry, only one quarter of 

the plate using 2x2 element mesh, as shown In Fig (4.21c)

was analysed. The e l e m e n t  size Is dicta t e d  by the
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idealization of the steel reinforcement. Three different 
idealizations for the concrete cross section have been 

used to study the effect of the number of layers. The 

convergence tolerance of 10% was adopted and this was 

r e d u c e d  to 5% near the failure. The idea b e h i n d  the 

reduced convergence tolerance near the failure is that, 

as e x p l a i n e d  in S e c t i o n  (4.8.1), the c o n v e r g e n c e  is 

m e a s u r e d  by the o u t - o f - b a l a n c e  forces r e l a t e d  to the 

total applied forces and at failure this percentage may be 

small but the out-of-balance force are large. Fig (4.22) 

shows the excellent agreement between the load-central 

d e f l e c t i o n  c u r v e s  o b t a i n e d  e x p e r i m e n t a l l y  a n d  

t h e o r e t i c a l l y .  T h e r e  w a s  s o m e  d e v i a t i o n  f r o m  the 

experimental results for the stage between the first crack 

and the y i e l d i n g  of the s t e e l . T h i s  m a y  be due to the 

effect of the t e n s i o n  s t i f f e n i n g  (the effect of the 

tension stiffening will be included in the next example).

The t h e o r e t i c a l  f ailure load was 1.02 e x p e r i m e n t a l  

failure load.

(i) Number of concrete layers

Four, six and eight concrete layers have been used 

to represent the cross-section of the plate. Load-central 

d e f l e c t i o n  c u r v e s  a r e  i l l u s t r a t e d  in F i g  (4.23).  

Th e o r e t i c a l l y ,  if m o r e  layers are used, the non l i n e a r  

behaviour of the concrete is more accurate. However from 

th e  r e s u l t s  p r e s e n t e d  in F i g s  (4.23) o n l y  s m a l l  

differences can be noted between the deflections obtained 

for the d i f f e r e n t  number of layers. As e x p e c t e d  the 

general trend is that a more flexible solution is obtained
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when a larger number of layers is used.

Comparisons of the solution time in all the cases 

show that the cost of analysis is only slightly influenced 

by the number of layers used in the analysis (the time 

decreases by 5% as the number of layer decreases by two) .

It is t h e r e f o r e  c o n c l u d e d  that the resu l t s  are not 

s e n s i t i v e  to the nu m b e r  of c o n c r e t e  layers an d  that a 

total of 8 layers is sufficient, specially if there are 

two steel layers at top and two steel layers at bottom.

(ii) The load increment size

In order to kee p  costs down, it is i m p o r t a n t  to 

apply small load increment only for highly nonlinear parts 

of the solution, e.g. the onset of cracking in concrete 

structures. Large load increments may be used whenever 

nonlinearity is not pronounced. Fig (4.24) shows the

results of load-central deflection for the same slab using 
different sizes of load increments. It is clear that the 
predictions are slightly improved with a reduced size of 
load increment. However there is not much difference in 
the calculated results between load increment sizes for 

values of O.OSPcr, o.lPcr and O.lSPcr* where is the
cracking load. It was decided that in the present work to 

use load increment size of 0.15 Per the h i g h l y

nonlinear parts and to use a load increment of 0.25 P^r at 

the less sensitive situations.

b- Slab with two adjacent sides simply supported and one

corner on column support
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The slab Is 2 1 0 0 x 2 1 6 0 m m  sq u a r e  and is s i m p l y  

supported along two adjacent sides only and pinned at the 

o p p o s i t e  c o r n e r  to g i v e  a e f f e c t i v e  d i m e n s i o n s  of 

1960x1900 mm as shown in Fig (4.25). The thickness of 

the slab is 100 mm with orthotropic reinforcement as shown 

in Figs (4.25a) and (4.25b). The slab was loaded with two 

p oints loads as s h o w n  in Fig (4.25c). The f o l l o w i n g  

material properties are given in reference (9)

feu “ 37.3 N/mm^ f-t = 2 . 9 7  N/mm^

Q - 20400.N/mm^ fy = 473 N/mm^

Eg = 214000. N/mm^

The slab was analysed, using 5X5 element mesh as 

shown in Fig. (4.26). The element size was chosen to suit 

on the system of loading and the arrangement of the steel 

reinfor c e m e n t .  The cross s e c t i o n  was d i v i d e d  into 6 

concrete layers and 4 steel layers where top and bottom 

steel are p r e s e n t e d  and 8 c o n c r e t e  layers and 2 steel 

layers w h e r e  b o t t o m  steel only is pres e n t e d .  In the 

nonlinear solution, the combined algorithm is adopted in 

w h i c h  the s t i f f n e s s  is u p d a t e d  at 2 a n d  11

iterations, with the maximum number of iteration limited 

to 20. A convergence tolerance of 0.8% was adopted and 

was reduced near failure to 2%. In Fig (4.27) comparisons 

are presented for the load-deflection curves at position 

A (this is the c r i t i c a l  point in the slab) o b t a i n e d  

experimentally and those obtained in the present study 

ignoring t e n s i o n  s t i f f e n i n g  and u s i n g  two dif f e r e n t  

tension stiffening curves viz (C2 = 15.0 and C 2 = 25.0) in 

Eqn (4.48). It is noted from these comparisons that the
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predicted results compare well with the experiment in all 

cases. However, better comparisons are obtained from using 

tension stiffening C 2 =15 (the factor C 2 determines the 

length of the descending bran c h ) . This result improved 

(especially at the serviceability limit) when C 2 = 25 but 

the p r e d i c t e d  failure load was 10% h igher than the 

e x p e r i m e n t a l  failure load. In T a ble (1) the initial 

cracking load, yielding load and failure load obtained 

e x p e r i m e n t a l l y  a r e  c o m p a r e d  w i t h  t h o s e  o b t a i n e d  

numerically.

Table (1) Comparisons of the Initial Cracking Load and the 

Yielding Load

Stage of 

loading

Hago

Expérimenta]

kN

Present study

with ten. without ten 

kN

C 2 = 15 

kN

C 2 — 2 5 

kN

Cracking load 35.1 25.2 25 . 2 25 . 2

Yielding load 90. 80 . 64 88 . 7 75 . 60

failure load 100. 8 100. 8 110.88 100 . 8

Obviously, the load at which the steel yields is 

a f f e c t e d  by the tens i o n  s t i f f e n i n g  and so also the 

ultimate load. It was noted that when tension stiffening 

with C 2 = 15 was used the average concrete strain C 2 &cr 

(e^^pis the cracking strain of the concrete) at which the 

cracked concrete is not allowed to carry stress normal to 

the crack direction is less than the strain at which the 

steel reinforcement started to yield. However when the 

ten s i o n  s t i f f n e i n g  w i t h  C2 = 25 is used, the a v e r a g e
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concrete strain ^2^cr greater than the strain at which 
the steel reinforcement starts to yield.

4.9.3 Simply Supported T-Beam

This example was chosen to demonstrate the ability 

of the present model to analyse stiffened plates. This 

beam was tested and analysed by Rao (as reported by Hago 

(9)) using a combination of beam elements for the web of 

the beam and plain stress element for the flanges. The 

structural details and loading of the beam are shown in 

Fig (4.28a). The following material properties are given 

by Hago (9):

2 2 
Q = 35000. N/mm Eg = 200000 N/mm

feu - 48. N/mm^ f^ = 4.8 N/mm^

2/ = 0. 2 fy = 340. N/mm^

By taking advantage of symmetry, one half of the 

beam was analysed using 4x3 elment mesh as shown in Fig 

(4.28b). The flange concrete section is divided into 5 

co n c r e t e  layers and 2 s m e a r e d  steel layers. The web

element is divided into 10 concrete layers and 2 top and 2 

bottom smeared steel layers. The combined algorithm is 

used for the nonlinear analysis and a force convergence 

norm of 5% tolerance is adopted.

In Fig (4.29) the l o a d - c e n t r a l  spa n  d e f l e c t i o n

curves for analysis by Rao, Hago and the present study for 

different value of ft are shown. The correlation is very 

good between the experiment and analytical curve for the 

present study. The analysis predicts a higher cracking
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load of 13.6 KN as compared with actual cracking load of 9

KN. The failure occurs by yielding of the reinforcement at

the middle span under loads equal to the experimental

failure load. In his analysis Rao (as reported by Hago

(9)) also obtained very much higher cracking load than

the experimental value. He suggested that the low value of

experimental cracking load could be due to the beam being

already cracked prior to test, and suggested the value of 
20.96 N/mm for tensile strength. This value has been used

in the present analysis as shown in Fig (4.29) giving a

c r a c k i n g  load as 3.2 K N . The n e w  v a l u e  of f̂ . did not

effect the ultimate load. When Rao (as repoted by Hage
2(9)) used the tensile strength equal to 0.96 N/mm in his

analysis, the behaviour was very flexible and he was not

a b l e  to p r e d i c t  the u l t i m a t e  l o a d  c o r r e c t  l y . T h e

experimental cracking load can be reached if a value of 
22.2 N/mm is used for tensile strength of concrete.

2.8.3 H a v e s 's Slab-Beam System

In this example, a s q u a r e  integral b e a m - s l a b  is 

chosen from a series of tests conducted by Hayes (28). 

The edge beams were simply supported at the corners.

The p l a n  and c r o s s - s e c t i o n  of the s l a b - b e a m  are 

s h o w n  in Fig (4.30a). By taking a d v a n t a g e  of biaxial 

symmetry, only one quarter of the slab is analysed using 

5X5 element mesh as shown in Fig. (4.30b).

For the nonlinear solution, a combined algorithm is 

adopted ignoring tension stiffening. The load increment
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was 0.05 times experiment failure load. Fig (4.31) shows

the l o a d - c e n t r a l  d e f l e c t i o n  c u r v e s  o b t a i n e d

experimentally and those obtained in the present study

using three different tolerance levels (constant norm of

5% and 2% and variable norm of 5% and 2%) . It can be

noted that the predicted results compare very well with

the experiment results for all values of convergence

tolerance. The three analysis predict the first cracking
2of the beam at a load 5.2 KN/mm which Is equal to the 

experimental cracking load. In the post cracking range 

and up to 80% of the ultimate load, only an average of 5 

to 11 Iterations are needed to achieve 2% tolerance and 3- 

8 iterations are needed for 5% tolerance. First yield of 

steel was detected at the centre of the supporting beams 

at 1.05 of the experimental steel yield load. The maximum 

number of Iterations to achieve the specified tolerance 

l e v e l  w a s  I n c r e a s e d  b y  3 0% w h e n  th e  t o l e r a n c e  w a s  

d e c r e a s e d  from 5% to 2%. The 5% c o n v e r g e n c e  tol e r a n c e  

level was used for most of the problems analysed in this 

work.

4.10 Conclusions

I- T h e  p r o p o s e d  c o m p u t a t i o n a l  m o d e l  Is c a p a b l e  of 

providing a good prediction of the overall behaviour of 

r e i n f o r c e d  c o n c r e t e  slabs, b o t h  p l a n e  and s t i f f e n e d  

systems falling in flexure.

II- The predicted behaviour and the cost of analysis are 

not significantly Influenced by the number of concrete 

layers a d o p t e d  and a total of 8 c o n c r e t e  layers Is 

sufficient for all practical situations.
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111- The deflection values are sensitive to the value used 

for t e n s i l e  s t r e n g t h  of co n c r e t e  and are m u c h  less 

Influenced by the value of compressive strength.

Iv- The deflections values are sensitive to amount of 

tension stiffening adopted especially at service load. 

H owever the t e n s i o n  s t i f f e n i n g  Is itself a f f e c t e d  by 

many factors such as bar spacing, mesh size, the type of 

assumed curve to represent the tension stiffening and the 

c o n v e r g e n c e  t o l e r a n c e  etc so that It Is d i f f i c u l t  to 

suggest values to be adopted In numerical analysis.

V- The d e f l e c t i o n s  and the u l t i m a t e  f a i l u r e  load are 

a f f e c t e d  to a c e r t a i n  e x t e n t  by t h e  v a l u e  of the 

convergence tolerance. 5% tolerance is recommended to be 

used and at the failure stage this tolerance should be 

reduced to 2%.

vl- A v a l u e  of ( fS - . 4/( ) for the r e t e n t i o n

factor of concrete Is recommended.

vll- A load Increment of 0.15 Per* size can be used for 

highly nonlinear parts (onset of cracking and af failure) 

and way be Increased up to 0.25?^^' wherever nonllnearlty 

is not too great.
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CHAPTER FIVE 
DIRECT DESIGN EQUATIONS - A CRITICAL STUDY

5.1 INTRODUCTION

In chapter four, a reliable finite element program 

w a s  d e s c r i b e d .  In t h i s  c h a p t e r ,  th e  d i r e c t  d e s i g n  

procedure described in chapter three will be critically 

e x a m i n e d  u s i n g  the finite elem e n t  program. O n l y  the 

u n i f o r m  s t a t e  of stress (inplane or flexural) will be 

examined. The procedure adopted is as follows:

i- The geometric details, materials properties and the 

design loads are used as input data for the program. The 

program performs an elastic analysis of the slab using the 

initial u n c r a c k e d  concr e t e  s e c t i o n  p r o p e r t i e s .  At the 

specified ultimate design load, the stress distribution 

(N%, Ny, Njçy) for inplane case or (M%, My, M%y) for plate 

bending case is calculated.

ii- For i n p l a n e  stres s e s  case, C l a r k ' s  (37) e q u a t i o n s  

given in chapter three are used to calculate the required 

areas of s t e e l .

iii- For plate bending case, the design equations of Wood 

and Armer (77) described in chapter three, are used to 

calculate the required resisting moments. Using the limit 

state theory (Appendix A) , the steel areas required to 

resist the design moments are calculated.

The main object of the critical study is to study 

the behaviour of the slab element when skew reinforcement 

is used. An additional object is to study the effect of 

tensile strength of concrete on the predicted behaviour.



1 7 9
For this purpose, a full i n cremental n o n l i n e a r  

analysis is performed by considering two different methods 

as follows;

(a) In the first method called the fixed crack analysis, 

the c r ack d i r e c t i o n  rem a i n s  fixed and d e p e n d s  on the 

direction of the principal tensile stress at the loading 

state when the principal tensile stress equals the tensile 

s t r e n g t h  of concrete. In addition, if there are two 

cracks, they are expected to be orthogonal. As has been 

e x p l a i n e d  in chapter four, the p r o c e d u r e  involves the 

modification of the material stiffness matrix to allow for 

orthotropic properties of concrete after the concrete has 

cracked. Because of the fact that due to the aggregate 

interlock, shear s tress is p e r m i t t e d  on the c r a c k e d  

planes, there is a p o s s i b i l i t y  of tensile s t r e s s e s  

building up in directions other than the crack directions.

As is well know { Gupta and Akbar (98 )), in reinforced 

concrete the direction of the initial and final cracks do 

not coincide. The assumption of fixed crack directions 

evidently involves errors in the analysis.

(b) In the second method called No-Tension analysis, the 

principal tensile stress is brought back to zero at every 

stage of the analysis. No modification in the material 

stiffness matrix is involved in this type of analysis. In 

addition the method accords with the assumption normally 

made in design of not relying on the tensile strength of 

concrete.
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5t. 2 T H E O R E T I C A L  D E V E L O P M E N T

It ma y  be useful for the u n d e r s t a n d i n g  of the 

stress distribution after cracking (either by using fixed 

crack analysis or No-Tension analysis) to establish the 

e q u i l i b r i u m  c o n d i t i o n  at d i f f e r e n t  s t a g e s  of loading. 

Consider the skew reinforced plane stress element under Ny 

o n l y  s h o w n  in Fig. (5,.1a). L e t  a n d  be the

principal stresses (assumed tensile) in the concrete Fig. 

(5.1b) . The equivalent stress distribution in the x, y

system is given by

Nxc = N%c c o s %  + N2 c sin^g (5.1)

2 2 Nyc = Nic sing + N 2 c cosg (5.2)

N^yc = (Nic - N 2 c) sin9 cos8 (5.3)

w h e r e  N%c' Ny^ and N^y^ are inplane s t r e s s e s  in the 

concrete and 8 is the inclination of the principal stress 

N^c to x-axis as shown in Fig. (5.2b).

(i) Before cracking

The following equilibrium equations are valid

Nxyc + Nggg sin a cos o= 0.0 (5.4)

2
N y  Q  +  N  s i n #  = N y  ( 5 . 5 )

Nxc ^xs + c o s ^  = 0.0 (5.6)

where N^g and N^s are the stresses in the a -steel and x- 

steel respectively and « is the angle of inclination of &- 

steel to the X-axis as shown in Fig. (5.2a)
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Ny

Ny

re Inforcement

(a) Skew reinforcement

N 1c

(b) Principal stress direction
Fig. (5.1) Element under plane stress
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Bef o r e  cracking, o b v i o u s l y  N^g and N ^ ^ a r e  p r a c t i c a l l y  

zero, therefore N^c = N^yc = 0 . 0  (5.7)

Nyc = Ny = Nic, 9 = 90 and N2c =0.0 

i.e Initial crack is parallel to x-axis

(il) After cracking

(a) In fixed crack analysis

Nyc = 0.0 b e c a u s e  this is the s t r e s s  n o r m a l  to 

initial crack. H o w e v e r  Nyc is not a p r i n c i p a l  s t ress 

b e c a u s e  shear s tress is a s s u m e d  to act on the c r a c k e d  

plane. From the equilibrium equations we have;

Nas = Ny/ sin a (5.8)

Nxyc ~ “Nqs sin flccosa = - Ny cot a (5.9)

2 2 Nxc Nxs = - Nets cos a = -Ny cota (5.10)

If it is assumed that the principal tensile stress N^c in 

concrete is inclined at 0^to the x- axis, then since Nyc 

is held to 0.0

• 2 2 Nic sin e-j = - N 2 c cos Q|

2i.e N 2 c ” -Nic tan 8%

Nxyc = (Nic- N2c ) sine^ c o ^ q  ̂ = - Ny cot a  

.* . N ^ ^  = Nic (1+ tan^0;j) sin e^cos

= Nic tan 9-| (5.11)

Nic = - Ny cot a cot (5.12)
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N2 c = Ny cot a tan Q.̂ (5.13)

note that if t a n @ i > 0 . 0  then, N Q c ^ O . O ,  therefore there is 

the possibly of a second crack but not orthogonal to the 

first one.

Since N^c = N^g cos^ 8̂  + Ngc sin^

Nxc “ Ny cot ( - cos^Gi / sin % + sin^®i / c o s \ )

= -2 Ny cot a cot 2 01 (5.14)

from Eqn (5.10)

Nxc Nxs = Ny cot^

Nxs - “Ny cot^at 2 Ny cot oc cot2 8^

= -Ny cota( cota- 2 cot 28, ) (5.15) 
unless cot a <  2 cot 2&^ in Equ (5.15), x - steel (Nxs) 

will be is compression.

(b) Concrete as No-Tension analysis

In N o - T e n s i o n  analysis, any t ensile s t r e s s e s  in 

concrete will be reduced to zero as assumed by Clark 0 7 ) .  

For this particular case of loading, N^c will be always 

tension, N2c will be c o m p r e s s i o n  and the a n g l e  of 

principal stress C7 will be different from 90 depending on 

the a ngle of skew. W h e n  N^g is r e d u c e d  to zero, the 

equivalent stresses in concrete will be as from Eqns (5.1) 

to (5.3) assuming that N^^ = 0 «

Njçc = N 2 c sin^Q (5.16)

Nyc = N 2 c COS 0  (5.17)

Nxy = - N2 c 8 cos 9 (5.18)
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The e q u i l i b r i u m  e q u a t i o n s  at any stage of loading are 
given by

N 2 c sin 9 cos 9 + %  g s i n a c o s # =  0.0 (5.19)

2 2 N2 c cosQ + N^g sin a = Ny (5.20)

2 2 N2c sin 9 + N^s + N cos a = 0.0 (5.21)

S i n c e  t h e r e  a r e  f o u r  u n k o w n s  V i z  N o - ,  N , N , 9 ̂ ocs ' xs *
a d d i t i o n a l  e q u a t i o n  is n e e d e d  for a s o l u t i o n .  T h e  

additional equation is obtained by optimizing the steel 

i . e

. . . .
dtan 9

Solving Eqns (5.15) to (5.22) leads to

tan9= - cota+ cosec a (5.23)

Nxs = Ny cot^cx t |Ny cot o/sin a | (5.24)

Nttg = Ny cosec a +1 Ny cot.a/sina| (5.25)

N q 2 = “ 2 ( Ny c o t a ) ( cot#* coseca ) (5.26)

5.3 FIXED CRACK ANALYSIS

In fixed crack analysis, once the first crack 

occurs, its direction is held fixed. A second crack is 

checked at right angles to it at any time (more details in 

s e c t i o n  (4.5.3 ) chapter f o u r ) . The concr e t e  tensile

strength is taken as 0.08 of concrete compressive strength 

and the shear retention factor B is taken according to;

3 = .4^^/e^^and ]B f . 1 (5.27)
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where is the tensile cracking strain

E- .is the fictitious strain normal to the crack
't

at the stage of loading under consideration

The c o m b i n e d  a l g o r i t h m  is a d o p t e d  in w h i c h  the

stiffness is updated at 2nd and 11th iteration, with the

maximum number of iteration limited to 20. Convergence
otolerance is taken at 1% for angles of skew equal to 90

o o o
and 75 and 5% for a n g l e s  of skew equal to 60 and 45

respectively. The reason for adopting coarse convergence

at small angle of skew is that it was found very difficult

to attain the 1% tolerance for angles of skew equal to 68

and 4 5.

5.4 CONCRETE AS NO TENSION MATERIAL ANALYSIS

In N o - T e n s i o n  analysis, the c o n c r e t e  tensile 

s t r e n g t h  is a s s u m e d  to be zero to r e f l e c t  the d e s i g n  

assumptions. In this analysis, initial tangent stiffness 

approach is adopted as explained in section (4.7) (unless 

of course if the steel yields or concrete crushes when 

variable stiffness procedure is adopted).

As in fixed c r a c k  analysis, the c o n v e r g e n c e
o o

tolerance is taken as 1% for angles of skew 90 and 7 5 and
o o5% for angles of skew 60 and 45 respectively. The maximum 

number of iterations is limited to 150. This convergence 

tolerance was changed in some cases as will be explained 

later at the appropriate place.
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5.5 ANALYSIS for Unit Stress

Four cases of constant stress have been considered viz;

(a) Inplane tensile axial load Ny

(b) Inplane shear load N^y

(c) Pure bending moment My

(d) Pure torsion moment M^y

Fo r  e a c h  c a s e  of l o a d i n g ,  f o u r  s l a b s  w e r e

c o n s i d e r e d .  T h e  s l a b s  w e r e  i d e n t i c a l  e x c e p t  in
o oreinforcement arrangement. Four angles of skew viz 90, 75, 

o o60 and 45 as shown in Fig. (5.1) were studied. Table (5.1) 

gives the details of slabs examined.

5.6 RESULTS

5.6.1 Introduction

Tables (5.2) to (5.5) summarize the result for the

ca s e s  considered. The r esults of L o a d - D e f l e c t i o n  (or

d i s p l a c e m e n t ) ,  L o a d - S t e e l  Stresses and L o a d - M a x i m u m

Concrete Compressive Stress are plotted for fixed crack

analysis and No-Tension analysis for each case of loading

in Fig. (5.2) to Fig. (5.39). A l s o  for N o - T e n s i o n

analysis, the initial angle of crack (the false angle at

the first iteration), the final angle of crack (the true

angle at the final iteration) and the residual tensile

stress in c o n c r e t e  a fter the s p e c i f i e d  c o n v e r g e n c e

tolerance has been achieved) are plotted for the case of 
o75 skew for inplane load N y .

5.6.2 Discussion of the Results
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300.0

300.0

U, V, W a 0

U s 0 
A

300.0

Jotei For pure inpLane caee a l l w , 9 x , 0 y  are constrained every-where

(a) Finite element idealisation for pure bending case

steel in the longitudinal direction

steel in the transverse direction

(b) St ee I arrangment

Fig. (5.2) Details of tested slab element
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5.6.2.1 Inplane tensile load

R e s u l t s  are p r e s e n t e d  in T a b l e  (5.2) and Figs

(5.3) to (5.11). In general it was noticed that in No-

T e n s i o n  analysis, after the l o n g i t u d i n a l  steel had 

yielded, the rate of convergence was very slow. Also it

was noted that as the angle of skew decreases, the rate of

convergence became slow. This is quite logical because as 

the a n g l e  of skew decreases, shear s t r e s s e s  in

concrete increases so as to be in equilibrium with the 

shear stress component of the a- steel. This shear stress 

p r o d u c e s  t ensile stress in a d d i t i o n  to the t ensile 

stresses in concrete due to external loading. In other 

words, the forces to be redistributed increase but because

of the use of the initial tangential stiffness this has to

be a b s o r b e d  by the concrete. Due to this c o n v e r g e n c e

problem, the convergence tolerance was increased to 5%
0 0for angles of skew 60 and 45.

(a) Steel stress in the longitudinal direction

Table (5.2) and Figs (5.3) and (5.4) show that as 

the angle of skew decreased, in fixed crack analysis the 

steel in general did not yield. However in the case of 

No-Tension analysis the steel always yielded.

(b) Steel stress in transverse direction

Fig. (5.5) shows that for fixed crack analysis,
0for angle 75 the steel carried a zero stress. For angles

0 o60 and 45 the steel was in compression. This unexpected 

behaviour is because in fixed crack analysis, once a crack 

forms it is a s s u m e d  that the d i r e c t i o n  of the crack 

remains constant throughout subsequent load increment.
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This in gene r a l  is not true. This incorrect angle is 

responsible for the incorrect redistribution of stresses 

in the s u b s e q u e n t  load inc r e m e n t  and as was shown 

p r e v i o u s l y  in E q n  (5.15), th e  s t r e s s  l e v e l  in the 

transverse steel became compressive.

In No-Tension analysis. Fig. (5.7) shows that the 

transverse steel carries a considerable tensile stresses 

(the steel for 75° angle carries 0.97 Fy at ultimate load 

and the steel for angle 60° yield) .

(c) Load-Maximum compressive stress in concrete.

Fig. (5.7) and Table (5.2) show that in fixed 

crack analysis, for angles 60° and 45°, concrete is crushed 

by reaching maximum compression strain before reaching 

the ultimate compressive strength. This is because after 

c o n c r e t e  has c racked in two o r t h o g n a l  d i r e c t i o n s  the 

stiffnesses in these directions are reduced to zero and 

only the reduced shear stiffness is affected (see section

(4.5.3) for more details). T h e r e f o r e  the strain in 

c o n c r e t e  is not related to the s t r e n g t h  but in the 

a n a l ysis, the r e s t r i c t i o n  on the m a x i m u m  c o m p r e s s i v e  

strain comes in to operation.

In No-Tension analysis. Fig. (5.8) shows that as 

the angle of skew decreases, the compressive stresses 

increases.

(d) Ultimate load

Referring to Table (5.2) and load Vs displacement
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c urves in Fig. (5.9), in fixed crack analysis, the 

ultimate load for angle 90°is equal to the design load and 

the failure was due to yielding in the s t e e l . It can also 

be seen that w h e n  the angle of skew is decr e a s e d ,  the 

ultimate load becomes higher than the design load for 1^ 

angle, but for GO°and 45°angles the ultimate load is lower 

than the design load. In fact the failure load in fixed 

c r a c k  a n a l y s i s  was d e p e n d e n t  on the a p p e a r a n c e  of the 

second crack which is dependent on the tensile strength of 

concrete and the shear retention factor B. For skew angle 

equal to 75°, the second crack appeared at a load of 1.3 

design load and at that increment, the steel yielded due 

to the redistribution of the tensile stress. For angles 50° 

and 45°, the second crack appeared earlier ( at 0.7 and 

0.51 of the d e s i g n  load respectively) lead i n g  to the 

maximum compression strain in concrete reaching the 

limit value of crushing strain (0.0035). This was due to 

the effect of inplane shear strain as will be presently 

explained. In this analysis the first crack did not close 

but a s e c o n d  crack formed when the ske w  a n g l e  was 

d i f f e r e n t  f r o m  90°. It m a y  a p p e a r  tha t  t h e r e  is a 

contradiction between the appearance of the second crack 

an d  the loading case w h i c h  is an uniaxial s t a t e  of 

stress. But it has been shown in section (5.2) Eqn (5. 

13) from the equilibrium condition that after the first 

crack was formed, there was a possibility for the tensile 

s t r e s s e s  to b u i l d  up in a d i r e c t i o n  w h i c h  w a s  not 

necessarily orthogonal to the first crack direction but 

was dependent on the angle of principal stresses ( 6^), 

the angle of skew ( ct ) and the load level as shown in Eqn
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(5.15).

For No-Tension analysis, Table (5.2) shows that 

the ultimate loads for angles 75° and 60° were slightly 

higher and for 45° slightly lower than the design load. 

This was due to the limited number of iterations viz 150 

which was insufficient to achieved proper convergence. It 

was found that for an angle of 45° it was very difficult 

to get converged result after the steel yielded. In all 

cases, the failure o c c u r r e d  by y i e l d i n g  of the steel. 

Fig. (5.10) shows the load displacement at point A (see 

Fig. (5.2)) r e l a t i o n s h i p  for d i f f e r e n t  a n g l e  of ske w 

considering no-tension analysis. It showed that as the 

a n g l e  of s k e w  decreased, the s t r u c t u r e  b e c a m e  mor e 

flexible and the failure was due to yielding of steel and 

not due to crushing of concrete.

(e) The effect of the angle of steel on the angle of crack

Fig. (5.11a) shows for the 75° angle case, the 

effect of the skew reinforcement on the crack direction. 

It can be seen that at the initial load stages, the angle 

of c r a c k  at the b e g i n n i n g  of i t e r a t i o n  ( i n c o r r e c t  

orientation) is very different from the final angle of 

crack at the end of iteration (correct orientation). It can 

be seen also that at later load stages the initial angle 

of crack is closer to the final angle of crack. When the 

final angle of crack was c o m p a r e d  w i t h  the angle of 

principal stress calculated using Eqn (5.23) it was found 

that at the initial stage of loading there was not much 

difference between the two values (see Fig. (5.11a). In 

the l a t e r  l o a d  s t a g e s  it w a s  f o u n d  t h e r e  a l a r g e
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S t*# I In  ALph* D ire c t io n  For Angl* 90

S t * * l  In  ALph* D ire c t io n  fo r  AngL* 75

5 t * * l  In  ALph* O iro o tio n  For AngL* 60

S t * * l  In  ALph* D ir * c t io n  For Angl* 45

0 .5

0.0 100.375 0.750
Steel Stre-ss/Steel Yield Stress (i.e 375 N/mm)

-0.375 0.000

Fig. (5.2) Load-Long I tud I naL steel stress for pure Ny case for different angles 

of skew considering fixed crack analysis

2 0
S t**L  In  Alpha D ire c tio n  For A ngl* 90

S t**L  In  ALph* D inac tio n  fo r  Angl* 75

S t * * l  In  ALph* O iro c tio n  For A ng l* 60

S t**L  In  Alpha D ire c tio n  For Angle 45

0 .5

0.0
0.750-0 .375 0.000 0.375

Steel Stress/Steel Yield Stress (i.e 375 N/mm)
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difference between the two values. This is due the effect 

of the tensile stresses which did not redistribute because 

of either the s p e c i f i e d  c o n v e r g e n c e  t o l e r a n c e  or the 

maximum number of iteration as shown in Fig. (5.11b).

5.6.2.2 Inplane Shear stresses Nyy

The resu l t s  are s h ows in Table (5.3) an d  F i g s  

(5.12) and (5.19). From these results it can be seen that:

(a) The steel stress in the longitudinal direction

Table (5.3) and F i g . (5.12) show that in the case

of fixed crack analysis, the steel yielded in tension for 

angles 90°, 75° , for 60° steel yielded in compression 

and the load at y i e l d  d e c r e a s e d  as the a ngle of s k e w  

decreased. For angle 45°, the steel carried considerable 

c o m p r e s s i v e  s t ress (0.9 Fy at failure). H o w e v e r  in no 

t e n s i o n  analysis. F i g . (5.13) shows that the steel

always yielded and the yield load decreased as the angle of 

skew decreased.

(b) The stress in the transverse direction

Table (5.3) and Figs (5.14) and (5.15) show that

as the angle of skew decreased, in fixed crack analysis the

steel in general did not yield. However in the case of No - 

T e n s i o n  analysis, the steel for angles 90° and 75° 

yielded, while for angles 60° and 45° steel did not yield 

but still carried considerable tensile stresses (the 

stresses in the steel at failure are 0.85 and 0.73 of Fy 

for angles 60° and 45° respectively).
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(c) The Maximum-Compressive stresses in concrete

Table (5.3) and Figs (5.16) and (5.17) show that in 

the case of fixed crack analysis, for angles 90°and 75°the 

concrete carried a considerable compressive stress and for 

angles 60°and 45° concrete crushed before it reached y ^ , 

for reasons explained in section (5.6.2.1 c).

In the case of No-Tension analysis F i g . (5.17),
the compressive stress in concrete increased as the angle 

of skew decreased.

(d) Ultimate Load

Figs (5.18) and (5.19) and Table (5.3) show that 

in fixed c r a c k  analysis, for an g l e s  90° and 75° the 

ultimate loads are equal to 1.0 and 1.05 of the design 

load respectively and the failure is due to yielding of 

steel. For angles 60°and 45 ° the ultimate loads are 0.7 

and 0.5 of the design load respectively and the failure 

was caused by crushing of concrete. The ultimate load 

a n d  t h e  t y p e  of f a i l u r e  for a n g l e s  60° a n d  4 5° w e r e  

d e p e n d e n t  on the t ensile s t r e n g t h  of c o n c r e t e  and the 

shear retention factor p, see section (5.6.2 d) . In the 

case of No-Tension analysis, the ultimate load decreased 

as the angle of skew decreased.

In No-Tension F i g . (5.19) shown that as the angle

. of skew decreased the structural became more flexible. It 

was noticed during the analysis that the ultimate load for 

a n g l e s  90° and 75° was ver y  s e n s i t i v e  to the norm of 

c o n v e r g e n c e  tolerance. W h e n  the n o r m  of c o n v e r g e n c e
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o otolerance was 5%, the ultimate load for angles 75 and 60 

were 1.6 and 1.5 design load respectively.

5.6.2.3 Pure Bending Mv

The results are presented in Table (5.4) and Fig. 

(5.20) to Fig. (5.28). Before the d i s c u s s i o n  of the 

results, it should be noted that it was evident during the 

analysis that the ultimate load for the case is highly 

sensitive to the norm of the convergence tolerance and the 

number of iterations. For the My case to reach the similar 

norm of residual force for inplane case Ny, the number of 

iterations was v e r y  muc h  smaller than that for the 

inplane Ny case. It can be seen from the results that:

(a) The steel stress in the longitudinal direction

Table (5.4) and Figs (5.20) and (5.21) show that 

in fixed crack analysis, for angles 90 and 75 the steel 

y i e l d e d  w h i l e  for an g l e s  60 and 4^ the steel did not 

yield. However in No-Tension analysis the steel always 

yields and that the yield load decreases as the angle of 

skew decreases.

(b) The steel stress in the transverse direction

Table (5.4) and Figs (5.22) and (5.23) shown that

in fixed crack analysis, the steel carried practically

zero stresses. However in No Tension analysis, the steel 
0 .0for angles 90 and 75 yielded and for the other angles

steel carried a considerable- tensile stress ( for angles 
0 060 and 45 the steel carried 0.97 and 0.76 of the yield
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strength respectively).

(c) The Mcutlttua-Compresslon stress In concrete

Table (5.4) and Fig. (5.24) shows that for angles
0 090 and 75 the concrete carries significant stresses but 

does not crush, but for angles 6cf and 45° the failure 

o c c u r s  by c r u s h i n g  in c o n c r e t e  due to r e a c h i n g  its

c o m p r e s s i v e  s t r a i n  b e c a u s e  of the p r e s e n c e  of two

orthogonal cracks. In the case of No-Tension analysis.

Fig. (5.25) shows that as the angle of skew decreases 

the maximum compressive stress increases.

(d) The ultimate load

Table (5.5) and Fig. (5.26) show that for angle 90 

the u l t i m a t e  load is equal to the d e s i g n  load an d  the 

failure is due to yielding in the steel. For angles 7 ^  and 

6^, the ultimate load is greater than the design load 

whereas for angle 45°, the failure load is less than the 

d e s i g n  load. As was e x p l a i n e d  before, in fixed c r a c k  

a n a l y s i s  the failure load is d e p e n d e n t  on the tens i l e  

strength of concrete and the shear retention factor B. In

the case of No Tension analysis. Fig. (5.27) shows that
0 0 0the failure load for angles 90, 75 and 60 is greater than

0the design load and for angle 45, it is less than the 

design load. In all cases, the failure is caused by the
Qy i e l d i n g  of steel. In fact, for a ngle 45 a fter the 

longitudinal steel yields, it is very difficult to reach 

the specified norm of residual force and this probably is 

the reason why the ultimate load is much smaller that the 

design load.
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5.6.4 Pure torsional moment

The results are presented in Table (5.5) and Fig. 

(2.28) to Fig. (5.39) .

(a) The steel stress in the longitudinal direction

Table (5.5) and Fig. (5.28) to (5.31) show that as 

the angle of skew decreases, in fixed crack analysis the 

top steel yields for all angles except for angle 4^. But 

for bottom steel, yielding takes place only for angles 

s8 and 7^. However in the case of the No-Tension analysis. 

Figs (5.29) and (5.31) show that the top and bottom steel 

a l w a y s  yield. Also these Figs show that the b o t t o m  

l o n g i t u d i n a l  steel y i e l d s  e a rly as the a n g l e  of s k e w  

decreases. The yield load was 0.9 for longitudinal and 

transverse top and bottom steel, which is less than the 

y i e l d  l o a d  for f i x e d  c r a c k  a n a l y s i s .  T h i s  w i l l  be 

discussed in section (5.6.2.4 d ) .

(b) The steel stress in the transverse direction

Table (5.5) and Figs (5.32) and (5.34) shown that 

in fixed crack analysis, for 90 and 7 ^  angles the top 

and b o t t o m  steel yielded, the bottom steel d o e s  not 

yield for angles 6(? and 4?. It should be noted that in 

(Leory no top steel was required for 6cf and 45^cases.

In the case of N o - T e n s i o n  analysis. Fig. (5.33) 

shows that as the a n g l e  of steel decreases, the top 

transverse steel always yields. However as can be seen 

from Fig. (5.35) as the angle of skew decreases, the 

stress in the bottom transverse steel decreases and the
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steel does not yield for angles 7^, 60° and 45°.

(c) The Maximum compressive stress in concrete

Table (5.5) and Fig. (5.36) show that as the angle 

of skew decreases, in fixed crack analysis the concrete in 

g e n e r a l  f a i l s  by c r u s h i n g  b e f o r e  it r e a c h e s  the 

compressive strength. However in the case of No-Tension 

analysis Fig. (5.37), as the angle of skew decreases the 

the maximum compression stress in concrete increases.

(d) Ultimate Load

Table (5.5) and Fig. (5.38) show that the ultimate 

load for all angles of skew is slightly higher than the 

design load. Except in the 90° angle case, the failure is 

ca u s e d  by c r u s h i n g  of concrete. In the N o - T e n s i o n  

analysis. Fig. (5.39) shows that as the angle of skew 

decreases the structure becomes more flexible. It may be 

surprising that the ultimate load in the case of 90° angle 

of skew is only 0.9 of the design load. This case was 

s o l v e d  twice, in the first s o l u t i o n  the c o n v e r g e n c e  

tolerance was 1% and this gave ultimate load of 1.5 design 

load, when the convergence tolerance limit was reduced to 

0.1% the ultimate load of 0.9 of the design load. This is 

the reult presented in Fig. (5.39). This means that the 

ultimate load in case of pure torsion is sensitive to the 

convergence tolerance adopted. Another important reason is 

that when no tension analysis is considered, constant 

stiffness was used unless the concrete crushed or steel 

yielded when variable stiffness analysis is used. In fixed 

crack analysis,in general the core disintegrates because
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(5.28) Load-Top langi tudinal ataaL s t r e e e  for pura Mxy caaa for di ffarant 

anglaa of akau conaidaring fixed crack analyaia
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Fig. (5.29) Load-Top longitudinal ataal atraaa for pura Mxy caaa for diffarant

anglaa of akau conaidaring no-tanaion analyaia
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anglaa of akav conaidaring fixad crack analyaia
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Fig. (5.31) Load-Bottom longitudinal ataal atraaa 'for pura Mxy caaa for di ffaran

anglaa of akay conaidaring na-tanaion analyaia
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anglaa of akau conaidaring no-tanaian analysis
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of two orthogonal cracks. In No-Tension analysis, because 

of the initial tangential stiffness, this was not allowed 

and h e n c e  the core c a r r i e d  stress. This r e s u l t s  in 

smaller stresses in the outer fibers of concrete and 

all o w s  the steel to c a r r y  large s t r e s s e s  to m a i n t a i n  

e q u i l i b r i u m .  W h e n  a n g l e  9 8 is c o n s i d e r e d  the c o r e  

c o m p l e t e l y  d i s i n t e g r a t e d  beca u s e  of the o r t h o g o n a l  

cracking leaving only the outer concrete and steel layer 

to c a r r y  the s t r e s s e s .  B e c a u s e  the c o r e  d i d  n o t  

d i s i n t e g r a t e  in the cas e  of H o - T e n s i o n  analysis, the 

stress at the outer fibers of concrete is underestimated 

w h i l e  the stress in the steel is o v e r e s t i m a t e d  thus 

reducing the flexural capacity of the section.

5.7 Conclusions

1-Fixed crack analysis may be suitable when the orthogonal 

reinforcement case is used and may be misleading in the 

case of skew reinforcement.

2- Shear retention factor is an important parameter when 

skew reinforcement is considered.

3- Concrete as No-Tension material analysis reflected the 

the design assumptions and helped to understand the short 

comings of fixed crack analysis, behaviour.

4- As the angle of skew decreases the structure becomes 

more flexible and it is therefore important to check for 

serviceability. In No-Tension analysis tensile stress in 

c o n c r e t e  is a ssumed to be zero and this a f f e c t s  the 

serviceability calculation.

5-Theoretical investigation substantiates the validity of
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the direct design method as a lower bound approach for

slab of different angle of skew except when the angle
o odecreases to 45. In the case of 45 angle, the theoretical

u l t i m a t e  load is up to 20% less than the d e s i g n  load

depending on the type of loading. More discussion about 
o45 a n g l e  of s k e w  will be g i v e n  in C h a p t e r s  S e v e n  and 

Eight’.
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CHAPTER SIX
EXPERIMENTAL SETUP, MATERIAL AND INSTRUMENTATION ADOPTED

6.1 INTRODUCTION
The theory given in Chapter Three for the direct 

d e s i g n  of s k e w  s l a b s  is s u b j e c t e d  to e x p e r i m e n t a l  

v e r i f i c a t i o n  by t e s t i n g  r e i n f o r c e d  c o n c r e t e  s k e w  slabs. 

Large scale skew slabs with different angles of skew and 

w i t h  d i f f e r e n t  a r r a n g e m e n t s  of steel w e r e  t e s t e d  The 

loading rig from a previous work {9.) was used with minor 

modification. The slabs satisfied the recommended span/depth 

ratios as given in section (3.3.8) of CP 110. Except for 

mo d e l  six, the s u p p o r t  c o n d i t i o n  c o n s i s t e d  of two free 

opposite edges and the other two edges simply supported. 

For model six, w h i c h  was ri b b e d  skew plate, only the 

longitudinal ribs were simply supported at these ends. This 

Chapter describes:

(a) Design method and steel layout for the models.

(b) Loading rig and instrumentation used.

(c) Determination of the material properties of concrete and 

s t e e l .

In all, six slabs were tested. Table (6.1) gives 

the details of the slabs tested. It should be noted that the 

angle of skew is measured anticlockwise from the support 

edge to the free edge (see Fig (6.15a)).

6.2 THE METHOD OF DESIGN
6.2.1 Flexural Reinforcement

The initial uncracked stiffness was used to obtain 

the elastic stress distribution under the ultimate loading.
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using the finite element program described in Chapter Four.
The design equations, as given in Chapter Three, were used 

to evaluate the moment of resistance required to design the 

steel. The steel required was obtained according to limit 

state theory adopted by CPllO with material safety factors 

taken as unity. Full details are given in Appendix A.

6.2.2 The Shear Reinforcement

Since the o b t u s e  corner s u p p o r t s  p r o v i d e  m a x i m u m  

reaction, there is a possibility of punching shear failure 

at these corners. In addition, steep moment gradient occur 

in the obtuse corner regions. When shear resistance of the

slab at the design load was calculated by using CP 110

(30) r u l e s  for s l a b s ,  it w a s  f o u n d  t h a t  no s h e a r  

r e i n f o r c e m e n t  was required. The r e a c t i o n  at the ob t u s e  

corner from the linear a n a l y s i s  at the d e s i g n  load was 

considered as a shearing force. This shearing force was

considered as the sum of the three nodel reactions of the

element which represent the obluse corner as shown in Fig. 

(6.1). The s h e a r  stress is c a l c u l a t e d  u s i n g  C P l l O  (30) 

equation,

V = — —  (6 .1 )^ bd

where V is the shear force, b the width under consideration 

and is taken as the length of the element in the direction 

of the support and d is the effect depth of the slab and is 

taken 0.85 of the thickness

The steel ratio which is involved in the calculation 

of the s h e a r  r e s i s t a n c e  is t a k e n  as t h e  r a t i o  of 

longitudinal steel in the width b (see F i g . (6.1)).
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Nodal reaction Simple supported

Obtuse corner

Transverse steel

Longitudinal steel

Fig. (6.1) Estimation of the reaction at the obtuse corner
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Unfortunately because the experimental failure load 

was g r e a t e r  than the t h e o r e t i c a l  d e s i g n  load, shear 

failure occurred in the first and fifth models. More details 

about the cause of this type of failure and how it can be 

avoided is given in section (8.2.2.7) Chapter Eight.

6.2.3 The Steel Distribution

T h e  d e s i g n  p r o c e d u r e  a d o p t e d  r e s u l t s  the 

continuously varying reinforcement in the slab. Replacement 

of this c o n t i n u o u s l y  v a r y i n g  steel area by d i s c r e t e  

r e i n f o r c i n g  bars results in d i s c r e p a n c i e s  b e t w e e n  the 

steel theoretically required and that which is provided. 

Depending on the severity of the variation, the following 

p r o c e d u r e s  can be use d  to r e p l a c e  the c o n t i n u o u s l y  

distributed steel areas by discrete reinforcing bars.

(a) If the variation of the distributed steel area is not 

severe from point to point, these areas can be averaged over 

a certain width. The total steel area is then obtained by 

multiplying the average value by the corresponding width and 

this which can then be replaced by discrete bar.

(b) If the v a r i a t i o n  of the d i s t r i b u t e d  steel a reas is 

severe from point to point over a certain width, the total 

steel was then obtained by multiplying the value at each 

point by the corresponding width. The required area of steel 

will be varied in steps by using welding to connect bars 

of the required diameter.

Fig. (6.2.1) to Fig. (6.6.2) show the design and 

the provided area of steel for each model. Table (6.2) shows 

the total volume of design steel and total volume of steel
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provided for each model. To prevent crack widths from 
becoming excessive, CPllO (30) states that longitudinal bar 
spacing and the transverse bar spacing should not exceed 
150 mm and 300 mm respectively. These rules were adhered 
to in designing the models. Fig. (6.7.1) to Fig. (6.12.6) 
show the reinforcement details for each model.

Table (6.2) The comparison between the total design volume 
and the total actual volume

Model
No. 1

Design total 
of steel (M̂ )

volume
XE+03

Actual volume/design volume

Longitudinal Transverse Longitudinal Transverse

1 3.46 1.7 1.36 1.27
2 3.08 1.55 1.26 1. 27
3 4.70 2 . 70 1.54 1. 2
4 1. 19 0.03 1 . 33 1.65
5 1.47 1 .13 1.40 1.52

Note: Model six is considered in Chapter Seven

6.3 LOADING RIG

The loading rig is shown in Figs. (6.13a) and 
(6.13b) the rig was adopted from an earlier research 
programme involving tests on rectangular reinforced slabs at 
maximum dimensions 3000mmX 2000mm. The 2000mm span is fixed 
but the other dimensions may vary from 1000mm to 3000mm. By 
using this facility, slabs with different angles of skew 
can be tested. The rig allows 1500mm headroom under the slab 
so that the bottom surface of the models can be examined 
during the test. The rig was designed to support a safe load
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of 600 kN.

6.4 THE SUPPORT SYSTEM

The simple support system used for all the models 

c o n s i s t e d  of two s teel flats 12mm t hick an d  100mm wid e  

separated by 25mm diameter steel roller Fig. (6.14.1). This 

support system extended over the whole length of the slab 

except near the acute angle corner for models 1 and 2. Since 

uplift forces are expected at acute corner, these acute 

corners were held down using a separate " corner supports " 

in the case of models one and two only. A load cell was used 

to measure the uplift force at one corner. The uplift force 

was found to be negligible so the acute corners were not 

held down for the rest of the models. The corner support 

with a load cell to measured the uplift force is as shown in 

Fig. (6.14.2). The corner support consisted of a system of 

o r t h o g o n a l  flats and rollers to p r o v i d e  an e q u i v a l e n t  

spherical support. A 5mm diameter high tension steel bar 

which passes through the load cell, through a hole in the 

slab corner and then through a set of orthogonal flats- 

rollers system was finally anchored to the loading rig. In 

m o d e l  6 w h i c h  w a s  a r i b b e d  s l ab, t h e  i n d i v i d u a l  

longitudinal beams were simply supported, as Fig. (6.14.2). 

Proper seating of the slab on the supports was effected by 

applying a thin layer of gypsum plaster between the flats 

and slab. Each slab had a overhang of (100 * c o s e c ( angle of 

skew)mm beyond the centre line of the support.

6.5 THE LOADING SYSTEM
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Two different systems were used for applying 

concentrated loads.

6.5.1 Indirect Point Load System
6.5.1.1 Four Points Load - Beam System: This was used for
the first model only and the load was applied through a 
30mm diameter high tensile rod passing through a central 
hole In the slab and a corresponding hole In the floor of 
the laboratory. The rod transmits equal load to the slab 
at four points by a system of simply supported spreader 
beams as shown In Fig. (6.ISA). The total applied load 
was measured at one point by 50-ton load cell and the 
actual load at each point was measured by combination of 
10-ton and 5-ton load cells. The loading rod Is tensloned 
by a 60 ton hydraulic jack reacting against the bottom 
surface of the strong floor of the laboratory. The jack 
was operated by a hand pump.

6.6.1.2 Two Points Load Beam System: This was used for 
the second model only. This system Is similar to the four 
point load-beam system except that the rod transmits load 
equally to slab at two points 1000mm apart as shown In 
figure (6.14B).

6.5.2 Direct Load System
6.5.2.1 Four - Points Load System: This was used for the
rest of models three to six. In this case four 
prestressing cables symmetrically placed about the model 
centre line were passed through four holes In the slab, as 
shown In Fig. (6.13b) and Fig. (6.15c). The cables were 
anchored on the top surface of the model and a spreader 
plate 200x200x10 mm was used to distribute the load at each
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point. Eac h  l oading c a b l e  is t e n s i o n e d  by two 20 ton - 
hydraulic jack at each end of the cable. One of the jacks 

r e s t e d  agai n s t  the b o t t o m  s u r f a c e  of the floor of the 

laboratory and the another on the top surface of the slab. 

The bottom jacks were connected by hoses to a regulating 

electric pump capable of sustaining a maximum of 1000 psi 

oil pressure. The four hoses were connected to the pump at 

one p o i n t  u s i n g  a d i s t r i b u t o r .  This a r r a n g e m e n t  w o u l d  

e n s u r e  equal p r e s s u r e  d i s t r i b u t i o n  in the four jacks. 

However due to the varying frictional effects in the jack, 

the load was not equally distributed, and the top surface 

jacks which were connected to individual hand pumps, were 

used to adjust the load applied at each point. The load 

at the slab surface was measured by using a mix of 10 ton 

and 5 ton load cells. The load cells, measure to a minimum 

of 10 N with an accuracy of 0.25% of the total the applied 

l o a d .

6.6 MATERIAL

6.6.1 C oncrete: The concrete mix consisted of ordinary

Portland cement, Hynford sand (max. size of uncrushed gravel 

was 10mm and grading was in zone (2)). The mix proportions 

by weight were 1 : 1.5 : 2.6 ( i.e cement : sand : gravel ) 

w i t h  a w a t e r / c e m e n t  r atio 0.48. For each model, c ontrol 

s p e c i m e n s  included 6- 100mm cubes and 4- 150X300 mm

cylinders. The compressive strength was measured by standard 

cube test and the tensile strength was measured by cylinder 

splitting tests according to British standard NO. BS 1881. 

1970.

T y p i c a l  s t r e s s - s t r a i n  c u r v e  of c o n c r e t e  in
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compression is shown in Pig. (6.16). Details of material
properties are presented with the test results in Chapter

Seven.

6.6.2 Reinforcement : 6mm, 8mm, 10mm and 12mm diameter high

yield deformed bars were used for all the models. Three

samples for each diameter of bar were tested in an OLSEN

t e s t i n g  m a c h i n e  f i t t e d  w i t h  a S - t y p e  e l e c t r o n i c  

e x t e n s o m e t e r  . T h e  t e s t i n g  p r o c e d u r e  f o l l o w e d  the 

manufacture's instruction manual. The yield stress of the 

bar was taken as the stress at which a line starting from 

0.2% strain and parallel to the initial slope of the curve 

intersects with the curve stress-strain. The yield strain 

was assumed to be that given by treating the material as an 

elastic-perfectly plastic material as shown in Fig. (6.17). 

Typ i c a l  s t r e s s - s t r a i n  curves are p r e s e n t e d  in Fig.

(6.18.1) to Fig. (6.18.4).

6.7 CASTING AND CURING

The formwork needed for fabrication was made from 

18mm thick plywood sheet. All formwork was oiled for easy 

removal. Reinforcement cage was properly positioned in

the formwork such that 15mm concrete cover is maintained. 

Because of small size of the laboratory mixer, 12-14 mixer 

loads were required to cast each slab and the standard 

control s p e cimens. The co n c r e t e  was p l a c e d  in the

shuttering and compacted by a poker vibrator. The cubes and 

cylinders were compacted by a vibrating table. The concrete 

was cured for three day s  under wet sacks. F o r m w o r k  was 

removed after seven days and the slab and control specimens
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were left to 'cure' in the laboratory. In general, slabs 
were tested 4 week after casting except model five which 
was tested three weeks after casting because rapid
hardening cement had been used for that model.

6.8 INSTRUMENTATION

6.8.1 Deflection

Deflections were measured by means of electrical 
displacement transducers at the top surface and dial gauges 
at the bottom surface so as to have a cross check on the 
transducers. The transducers were used in conjunction with 
an automatic data storing and processing system. Fig. 
(6.19.1) to Fig. (6.19.6) shows the transducers locations on 
the top surface of the models.

6.8.2 Strains

6.8.2.1 Steel Strain: Strain in steel was measured by 6mm
gauge electrical resistance strain gauges. The location of 
strain gauges was chosen at maximum stress positions. Two 
strain gauges were fixed on diametrically opposite faces of 
the bar and the average value of two gauges at each 
position was used to calculate the axial strain in the bar. 
Fig. (6.7.1) to Fig. (6.12.5) shows the strain gauge 
locations on the steel bars of the models.

For fixing strain gauges on steel, the bar surface at 
the required location was filed and smoothened with emery 
paper. The surface was then treated with M-prep conditioner 
A and M-prep neutraliser 5 to remove dirt and grease ( 74 ).
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M-bond 200 adhesive was employed to cement the strain gauges 
to the bar. The lead wires were soldered to the strain 
gauge. Protective coating (M-coat D) was also applied. After 
the connection was thoroughly checked, epoxy resin was 
applied for further protection of the gauges . All strain 
gauges were connected to a linear voltage processing mini­
computer .

6.8.2.2 Concrete Strains: Strains in concrete were
measured using 10mm long electrical resistance strain gauges 
for the top concrete surface and 50 mm long demountable 
mechanical gauges (DEMEC) for the bottom surface. The 
location of these gauges was at ' critical points' along 
the longitudinal steel direction. For fixing the 
electrical resistance and Demec gauges, the concrete surface 
was cleaned and smoothened by grinding using a grinding 
stone and then followed by a fine sand paper. Carbon 
tetrachloride was used to remove the dirt and grease. For 
the demec gauges, a thin coat of M-bond 200 adhesive was 
employed to cement the gauge to the concrete. A thin coating 
of a mixture of adhesive type PR 9244/01 and hardener type 
PR 9244/02 was applied to the cleaned surface to bond the 
electrical resistance strain gauge the bending was effected 
by pressing the gauge firmly with the thumb for about two 
minutes. After 24 hours, the lead wires were soldered to the 
gauge. Protective coating (white M-coat D) was the applied 
to the strain gauge. Fig. (6.20.1) to Fig. (6.20.6) shows 
the strain gauges locations on the upper surface of the 
models.
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upper surface
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on upper surface
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6.9.3 Crack widths

The under side of the slabs was illuminated using 
four powerful light sources. Cracks on the bottom surface of 
the slab were monitored with the aid of a magnifying glass.
At each increment, if any crack appeared, the crack was 
traced and the increment number was written beside the crack 
mark. Two methods were used to measure crack widths.
(a) At certain positions where a large crack width was 
expected, transducers were fixed so as to measured the 
displacement normal to the crack. These were fixed after 
the cracks appeared. The transducers were connected to the 
data logger.
(b) Crack widths were measured at certain position using a 
crack measuring microscope reading to .01mm.

6.9 TEST PROCEDURE

All electrical connections were first checked thoroughly by 
the computer. Deflection transducers were then checked to 
ensure that they were vertical and they would operate 
properly during the test. The strain gauges were also 
checked and defective ones were disconnected. The load cells 
were also checked by applying a small load to the slab and 
unloading. Any leaks on the hoses and jacks which may 
appear during the initial test loading were remedied. 
When all the primary checks had been made, initial zero load 
readings were taken of all load cells, transducers, strain 
gauges. The test was started by applying the load in 
increment of .04 design load. The data logger recorded the
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loads on the load cells and when the desired load level was 
reached, the computer was started for a complete scan. 
Results for the load increment were printed. During the 
test. Load vs the reading of transducer, strain gauge in 
longitudinal steel and centre demec gauge at the centre of 
the slab were plotted to check the behaviour of the slab. 
The loading was maintained for about 10 minutes while the 
under side of slab was examined for crack. After that a new 
load increment was applied and the whole procedure was 
repeated. This was repeated until failure load was reached.
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CHAPTER SEVER 

EXPERIMENTAL INVESTIGATION

7.1 INTRODUCTION

This Chapter presents the experimental results 
of six large reinforced concrete skewed slabs described 
in Chapter six. The tests were designed to:
(a) Check the validity of the proposed design procedure 
with respect to service and ultimate load behaviour.
(b ) Provide information on the detailing problems 
associated with this method and the resulting effects on 
the slab behaviour. Table (7.1) identifies the figures 
and the tables of Chapter six as they refer to specific 
models.

In each test, the following data were recorded:
1- Deflections normal to the plane of slab.
2- The load at each increment and the failure load.
3- Surface strains on concrete.
4- steel strains.
3-Cracks widths.

7.2 TEST RESULTS

7.2.1 Model Skew Slab Number One

7.2.1.1 The Properties of The Slab: The effective
dimensions of reinforced concrete slab are 1945mm X 2310mm
X 100mm. The angle of skew measured anticlockwise between

othe support edge and free edge was 120. The two short
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parallel edges of the slab were simply supported and the 
other two longer edges were free with the acute corners 
held down. The loading system was the indirect four-point 
system as shown in Fig. (7.1). the live load was 150 kN 
and the total design load including dead load was 159.6 kN 
as shown in Table (7..X). The reinforcement was orientated 
parallel to the edges. The material properties of the 
slab are shown in Table (7.2).

7.2.1.2 Response of The Slab: Unfortunately this slab
was not tested with an incrementally increasing load to 
failure. During loading, the loading rod failed at a 
load 0.8 of the design load. The loading rod was changed 
and the test was restarted. Cracking was first observed 
on the bottom surface at the centre of the slab near to 
the loading points at a load of 0.22 of the design load.
The cracks were dominant in the bottom surface midspan 
area and they propagated from the centre towards both the 
free edges at spacing of 100 mm and roughly parallel to 
the support lines. At 0.4 of the design load, additional 
cracks at an angle of approximately 80 to the free edges 
appeared. At 0.52 of the design load, inclined cracks 
propagating from the bottom surface penetrated through the 
depth of the slab and could be observed at the free edges.
At 1.05 of the design load, the cracks extended towards 
the obtuse corners on bottom surface. At 1.13 of the 
design load, steel in the longitudinal direction at the 
centre started to yield. At this stage, the width of the 
cracks started to increase near the free edges. At 1.39 
of the design load, a large shear crack near and parallel
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a

vFig. (7 ,1 ) Test set-up for MODEL NO. ONE (system of one centre rod
with spreader beams)



283

(U
(U4JCO
§
00
CO
(Ul-t
<

tu
(U

CO

a
OJ
J-i
CO
> .

CO

bO
d
•H
"OcOo
CO
<u

J-l
w
(U
a ,
0  
u  cu
bO
d

T-(

1 .r— I CO O r4
d m

: iOJ
Ud 0» 
bO u  Ti CO Cb (U H

CO
CO 
0) 

rH

cO 
H

d
O

CH

§ 
4-1 -H 
O 4-1

3>. 43 
M -H 
CO W  a 4-1 
8  CO
3  ^

CO O

43
CO
H

CN

O
CN•H■U

■H

cn

CM
CM CMCM CM

CO o
vD

•H
bO
•H

CO O4-4

CMCM CM CM•H CM

CM

cn

CMCM CMCM
4-1

sOvO-O

CM
\0

•H 43 W

CL

cno z

o43
43
bfl
•H
pt-i
O

r>.
m

bO
•H

(Ucu
CO

43
cO

■dcu43
43



2 8 4

(U■d
S
T)(UXJ
tO0>H
(U

-du

CO

g
•H
COd
a
•d

CO<U•H
XJüa»CLo
MCL,

UOJXJ
z
CO
1
3
dbO
•H
COeuca

CM
r -

43
COH

. . . . .
o o o o oo o o o od «—4 1—4o X X X X X•HXJ CO o o o O oü d o o CO CO CO

04 04 CO CO 00 00 00 4(
4-, 8 CM CM CM CM CM
4-1 *H d X X X X Xw  ca •H m m o O oo O oC3\ d\ o o o

CM CM CM
bOd Vj
•H 04d ^ o oeu a Ô-5 43 CO 1 1"d d o od ZcO
X

CO CO CO CM
CM CM CM CM CM CMO O O O O OO O o O O O
’ * * ‘ *

a o o o o 00 oo CM COz CM CM CM CM CM CM4*5

1 O O CO ON O Oo o r~- 00 MO
45* Z in lO 'O- un <r

m lO ON un m unCM CM M3 CM CM CMa <3\ ON 00 ON ON ONO z CM CM CM CM CM CM
X 4*5

d 4304 XJ•d bO O O O O O Od • d•H CL 04 _n ON O O O OrH a 5-4 a co cO <r>,0X4
CO U  CO z

<r CMa cr, CO un m un CO
CM CO co co cO CO

O o M3 o O o
H S
■xV Z lO in o- -o-0" Mf <r

1—( ■£> 43 nO M3 M3co "dXJ cO ON ON ON ON ON oo o in <t O OO O oH X CO•dcOohd "d d 43 M3 vD uO MO COco (0d 04 O d\ ON ON ON ONbO ca X*rH
04ca 04 d> cO

•H O o O O O O 00
X rJ tn <r O 00 o 00CM
r-H
04 •d o CM CO -O un uOo zz

CM

vD

bO•H

d0)04
CO
CU
43

dCOO

04•d
a
4-1O
do■H
COd
a



235
to the support edge started from the obtuse corner 
running to opposite corner (acute corner) causing the 
concrete cover on the bottom surface of the slab to spall. 
The slab failed suddenly in shear at this load.

7.2.1.3 Deflections : Measured centre line deflections 
during loading are presented in Figs (7.2) and (7.3). The 
load deflection curves indicate the initiation of the 
nonlinearity at 0.2 design load, which is slightly lower 
than the load at which the first crack was observed. At a 
load 0.5 design load, the central deflection was 9 mm. 
This represents the lower permissible service deflection 
according to CPllO. The load deflection curves indicate 
that the failure was * , brittle failure due to the fact 
that shear failure occurred.

7.2.1.4 Reactions : The measured reaction at the acute 
angle was too small to be properly recorded using a 50 KN 
load cell.

7.2.1.5 Concrete Strains : The lower surface strains
were very low except in one gauge at the centre of the 
slab where a tension strain of 0.02 was recorded near 
failure load. Fig. (7.4) shows curves of recorded load vs 
concrete strain in the direction of the longitudinal steel 
at the top surface at different positions. The general 
behaviour is similar to the overall behaviour of the slab 
as indicated by the load-deflection curves. It gives the 
same cracking load at 0.2 design load The general 
behaviour is as expected with high strains at the central 
area (positions 1 and 2), less significant strains near to
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the obtuse corners (position (4)) and negligible strains 
near to the the supported edge (position 3).The maximum 
concrete strain at failure was 0.6 the crushing strain of 
concrete.

7.2.1.6 Steel Strain: The measured steel strains are
shown in Figs (7.5) and (7.6). It can be seen from Fig. 
(7.5) that the steel in the longitudinal direction at the 
central area yielded at 1.125 of design load but the steel 
at the obtuse corner (position (4)) reached only 0.6 the 
yield strain of steel. The steel at the acute corner 
(position (5)) carried a negligible stress. Fig. (7.6) 
shows that the transverse steel at the centre of the slab 
carried significant stresses but did not yield and the 
steel near the free edge carried negligible stresses.

7.2.1.7 Soffit Crack Widths: Fig. (7.7) gives approximate 
maximum crack width measured during the test. The limit 
service load of cracking was 0.71 of design load and the 
maximum crack width near the failure load was 0.7 mm.

7.2.1.8 Summary of Results: At 0.2 design load, the
nonlinearity was indicated by initial cracking as can be 
observed from load deflection and load-strain curves see 
Figs (7.2) to (7.5). The model failed in a brittle 
fashion. The deflection serviceability limit was attained 
at about 0.5 design load and a limiting crack width of 
0.3 mm was attained at 0.71 design load. At 1.125 design 
load, the strain gauges on longitudinal steel at centre 
yielded but transverse steel was still in the elastic
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stage. The maximum concrete compressive strain at top 
surface at the centre of the slab was 0.6 of the concrete 
crushing strain at failure. The ultimate shear failure 
load was 1.39 design design load.

7.2.2 Model Skew Slab Number Two

7.2.2.1 The Properties of The Slab: Table (7.1) gives
the numbers of the Tables and the Figures which describe 
the slab properties as given in Chapter six. This model 
is similar to the previous model except the angle of skew 
was 60 and the loading system was an indirect two point- 
beam system. Table (7.2) shows the slab material
properties.

7.22.2 Response of The Slab: The first crack was
observed parallel to the supported edge and near to the 
load position at 0.31 of the design load. As the load 
increased, the extent of bottom surface cracking spread 
towards the slab central area and there was considerable 
loss of stiffness as can be seen from Figs (7,9) and 
(7.10). At 0.8 of the design load, inclined cracks 
progressed from the bottom surface through the slab depthdvl 
At 0.97 of the design load, minor soffit cracks were 
observed at the obtuse corner. As the load increased, 
the width of the cracks increased due to the yielding of 
steel, as shown in Figs (7.13) and (7.14). At 1.18 design 
load, a large bottom surface crack parallel to the 
supported edge appeared, at the centre line of the free 
edge and extending the whole width of the slab as shown 
in Fig. (7.8). Failure occurred due to yielding of the



SS3

Pig. (7.8) MODEL SKEW SLAB NO. (2) Soffit crack pattern to failure
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steel.

7.2.2.3 Deflection: Measured centre line deflections
are shown in Figs (7.9) and (7.10). They indicate that the 
initiation of nonlinearity was at load 0.3 of the design 
load, which was confirmed by visual inspection. At a load 
0.45 of the design load, the central deflection was 9.0 
mm . This represents the permissible service deflection 
according to CPllO (30).

7.2.2.4 Concrete Strain: The concrete strains at top 
and bottom surfaces are shown in Figs (7.11) and (7.12) 
respectively. The bottom surface strains are affected by 
the presence of cracks. The maximum strain was 0.53 of 
the crushing strain of concrete. The general trend of the 
concrete strain at the top is similar to the overall 
behaviour of the slab as measured by deflections.

7.2.2.5 Steel Strain: Steel strains in the longitudinal
direction are shown in Figs (7.13) and (7.14). They show 
that the first yield occurred at the obtuse corner near 
the free edge (Position 3) at 0.81 of the design load. At 
1.18 of the design load, all steel had yielded except one 
at position (7) near to the acute corners. The load-steel 
strain curves in the transverse direction in Fig. (7.15) 
show that the transverse steel did not yield.

7.2.2.6 Soffit Crack Widths: Fig. (7.16) gives
approximate maximum crack width in mm. It can be seen from 
Fig. (7.16 ) that the limit crack width of 0.3mm was
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reached at 0.62 of the design load. Near failure, the 
maximum crack width was 2.9 mm.

7.2.2.5 Summary of Results: The load at serviceability

deflection limit was 0.45 of the design load and crack 

width limit load was 0.71 of the design load. The steel 

In the l o n g i t u d i n a l  d i r e c t i o n  y ielded at 0.81 of the 

design load. The serviceability deflection limit load Is 

lower than that recommended by the Code. The slab failed 

In a ductile fashion at 1.18 of the design load.

7.2.3 Model Skew Slab Number Three

7.2.3.1 The Properties of The Slab: Table (7.1) shows

the numbers of the Tables and the Figures which dlscrlbe 

the slab p r o p e r t i e s .  The angle of skew was 45. the 

loading system was a direct four points load system. Steel 

reinforcement was parallel to the edges. Table (7.2) gives 

the slab material properties. The test set up Is shown In 

Fig. (7.17).

7.2.3.2 Response of the slab: Initial cr a c k s  w e r e

observed on the bottom surface at the centre of slab at a 

load of 0.41 the design load and cracks were dominant In 

the midspan area. They propagated from the centre of the 

slab towards the free edges and were roughly parallel to 

the supported edge at a spacing of about 70 mm. Inclined 

cracks penetrated to the depth of the slab at free edges 

at 0.82 design load. Additional cracks at approximately 

80 to the free edge developed at 0.82 design load. As the 

load Increased more Inclined cracks were observed. At 1.83
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Fig. (7.17) Test set-up for MODELS NO, THREE, FOUR, FIVE,and SIX
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d e s i g n  load, just b e f o r e  failure, small cracks were  
observed at the bottom surface at obtuse corners. At 1.96 

design load, a very big crack at the centre of the slab 

near the free edge was observed penetrating the depth of 

the slab. Fig. (7.18) shows the cracks pattern at the 

bottom and top surfaces. Failure occurred due to yielding 

in the s t e e l .

7.2.3.3 Deflection: Fig. (6.19) shows the load-deflection

relationship at different locations in the slab. It can be 

see n  from these c u r v e s  that the r esponse is n o n l i n e a r  

a f t e r  0.3 of t h e  d e s i g n  l o a d  is e x c e e d e d .  T h e  

deflection limit of span/250 was reached at load 0.5 of 

the design load. At failure, the deflection at the centre 

of the slab equal to 0.8 of the slab thickness.

7.2.3.4 Concrete Strain: The concrete strains are shown

in Figs (7.21),(7.22) and (7.23). At the top surface Figs. 

(7.21) and (7.22) show that at the centre of the slab 

(position (3)), the general behaviour is similar to the 

overall behaviour of the slab as measured by deflection. 

Also at position (2) (on the centre line parallel to the 

free edge near the supported edge) the recorded strain is 

s i g n i f i c a n t  s i nce mor e  or less the exact steel was 

provided at position. At other positions (4), (5) and (6)

near the centre area significant strains are recorded, 

while at position (1) near to the obtuse corner the strain 

was not s i g n i f i c a n t  b e c a u s e  too much steel had been 

provided. Measured bottom surface strains are presented in 

Fig. (7.23). The effect of cracking can be seen clearly
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« «
(a) Top surface after failure

^ -r-wk

(b) Soffit crack pattern after failure 

Pig. (7.18) SKEW SULB HO. THREE
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from these curves.

7.2.3.5 Steel strains : Fig. (7.24) shows the load vs 

strain curves In the longitudinal direction. It can be 

seen from these curves that at the centre of the slab 

(position (3)) the steel yielded at 1.4 of the design 

load. At positions (6) (near the free edge) and (5) (near 

to the ob t u s e  corner) steel y i e l d e d  at 1.68 of the 

design load. At positions (4) and (2) steel yielded at 

f a i l u r e .  At p o s i t i o n s  (1) (at th e  c e n t r e  n e a r  the 

supported edge) and (7) (close to the acute corner) the 

steel did not yield. In the transverse direction, the 

steel carried significant stresses ( up to 0.75 fy at 

failure load) as it can be seen from Fig. (7.25).

7.2.3.6 Soffit crack widths: Fig. (7.26) shows maximum

bottom surface crack width in mm measured during the test.

The service crack width limit of 0.3 mm was reached at 

1.25 of the design load.

1,2,3.1 Summary of results : The deflection limit of

span/250 was reached at 0.81 of the design load and the 

crack width limit of 0.3 mm was reached at 1.25 of the 

d e s i g n  load. The first y i e l d  o c c u r r e d  at 1.4 of the 

design load. Finally the ultimate load was much higher 

than the design load. This is because more steel had

b e a n  use d  than required. This is may be due to the 

defect in the approximation method (see section (6.2)) 

to get the actual area of steel from the design area of 

steel, see Figs (6.4.1) and (6.4.2). Further discussion on
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this aspect will be given in Chapter eight section (8.3).

7.2.4 Model Skew Slab Number Four

7.2 .4.1 Slab Properties : This model was similar to the 

p r e v i o u s  model (model n umber three) e x c e p t  that the 

l o n g i t u d i n a l  s t e e l  a n d  the t r a n s v e r s e  s t e e l  w e r e  

o r t h o g o n a l  a n d  p a r a l l e l  to t h e  s u p p o r t e d  e d g e s  

r e s p e c t i v e l y .  T a ble (7.1) iden t i f i e s  the T ables and 

Figures which define the slab geomety and configuration. 

Table (7.2) gives the slab material properties.

7 .2. 4 . 2  R e s p o n s e  of the slab : Initial c r a c k s  w e r e

observed at the centre bottom surface of slab at 0.29 of
othe design load. A series of parallel cracks at 15 to the 

supported edge and at spaced of 90 mm were dominant on 

the b o t t o m  s u r f a c e  at m i d s p a n  and p r o p a g a t e d  from the 

centre towards both the free edges. As the load increased 

the b o t t o m  s u r f a c e  c r a c k i n g  spread t o w a r d s  the slab 

m i d d l e  area. M i n o r  cracks a p p e a r e d  near the o b t u s e  

corners at 0.45 of the design load. At 0.58 of the design 

load, cr a c k s  at the top face at o b t u s e  c o r n e r  wer e  

observed. Further loading caused one of these cracks to 

extend to the opposite corner near to the obtuse corners. 

At 0.65 of the d e s i g n  load, minor i n c l i n e d  cracks 

propagated from the bottom surface through the depth of 

the slab at the free edge . At 0.9 of the design load, the 

large crack at top face suddenly extended to the form 

shown in Fig. (7.28). This signified the failure of the 

slab. Although the actual steel was slightly higher than
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the design steel,(see Figs (6.4.1) and (6.4.2)) shear 
strength using C P I 10 rules had been checked indicating 

no need shear for reinforcement, the slab still failed 

to reach the ultimate load. Soffit crack pattern is shown 

in Fig. (7.27) and the top surface crack pattern is shown 

in F i g . (7.28).

7.2.4.3 Deflection: Measured centre line deflection at 

different positions are shown in Fig. (7.29). It can be 

seen that the nonlinearity started at 0.24 of the design 

load and the s e r v i c e a b i l i t y  limit of d e f l e c t i o n  was 

reached at 0.57 of the design load.

7.2.4.4 Concrete strains: Figs (7.30) and (7.31) s h o w  

respectively concrete strains at top, and bottom surface.

The maximum concrete strain occurred at positions (1), (2) 

and (4) ( in the centre area) was 0.55 of the concrete

crushing strain.

7.2.4.5 Steel Strain: L o a d - S t r a i n  in the steel for 

l o n g i t u d i n a l  d i r e c t i o n  is s h o w n  in Fig. (7.32). The 

maximum strains were at the centre of the slab and near 

the obtuse corner. The steel started to yield at 0.6 of 

the d e s i g n  load. At other p o s i t i o n s  the steel did not 

yield. The load- steel strain curves in the transverse 

d i r e c t i o n  is as shown in Fig. (7.33), the steel at 

positions (1) near the obtuse corner and at (3) near the 

centre steel yielded at 0.8 design load. At position 

( 1 ) due to the large crack which started to appear at 

0 . 7 9  of t h e  d e s i g n  load, a l a r g e  s t r a i n  o c c u r r e d  

indicating the imminence of failure.
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7.2.3.6 Soffit Crack Width: Fig. (7.34) g ives the
approximate maximum crack width. It can be seen from Fig.

(7.34) that the service limit crack width of 0.3 mm was 

reached at 0.63 of the design load.

7.2.4.7 Summary of Results: The serviceability limit of

deflection of span/250 was reached at 0.57 of the design 

load and the service crack width of 0.3 mm was reached at 

0 . 6 3  of t h e  d e s i g n  load. T h e  s t e e l  y i e l d e d  in the 

l o n g i t u d i n a l  d i r e c t i o n  at 0. 6  of t h e  d e s i g n  load. 

U n e x p e c t e d  type of failure, m a y  be due to f a i l u r e  in 

b o u n d .

7.2.5 Model Skew Slab Number Five

7.2.5■1 The properties of the slab: This m odel was

similar (see Table (6.1) Chaptre six) to the previous two 

models (number three with skew steel and number four with 

orthogonal steel parallel and orthogonal to the supported 

edge) except that the longitudinal steel and transverse 

steel were parallel and orthogonal to the free edge. 

T a b l e  (7.1) identifies the T a b l e s  and F i g u r e s  w h i c h  

define the slab geomety and configuration. Table (7.2) 

gives the slab material properties.

7.2.5.2 Response of The Slab: Initial cracks were

observed on the bottom surface at centre of the slab at 

0.24 of the design load. Parallel cracks were dominant on 

the bottom surface at midspan area and propagated from 

centre towards both free edges roughly parallel to the
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lines of support and at a spacing of about 75.0 mm. As the 
load increased, more bottom surface cracking appeared 

near the centre of the slab. Inclined cracks progressing 

from the bottom surface through the depth of slab could be 

observed at the free edges at 0.38 of the design load. 

Short lengths of cracks initiated at 0.4 of the design 

load and grew parallel to the initially established cracks 

in the ce n t r e  area. At 0.49 of the des i g n  load, the 

bottom surface cracking spread towards the obtuse corners.

At 0.6 of the design load, cracks in the top surface near 

the obtuse corners were noticed. At 0.96 of the design 

load bottom surface cracks began to spread towards the 

acute corner when more cracks were observed on the top 

s u r f a c e  at the o b t u s e  corners. The slab b e h a v e d  as 

expected up to 1.1 of the design load and it appeared that 

the slab was about to fail. As the slab deformed a shear 

crack opened suddenly at one of the obtuse corners right 

through the depth of the slab, and the slab failed. Figs

(7.35) and (7.36) show respectively soffit crack pattern 

and top surface crack.

7.2.5.3 Deflection: It can be seen from Figs (7.37) and

(7.38) that at 0.27 of the design load, the nonlinearity 

was induced by initial cracking. In the subsequent three 

l o a d  i n c r e m e n t s ,  the c u r v e s  r e m a i n e d  h o r i z o n t a l  

indicating that additional material damage was relatively 

l a r g e .  A f t e r  that, the s l a b  s t i f f e n e d  d u e  to the 

reinforcement participating in the resistance. Deflection 

equal to span/250 was reached at 0.52 of the design 

load. The distribution of the midspan deflections is as 

shown in Fig. (7.37) which indicate clearly that the slab
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behaved as a simply supported beam. In general, the load- 
def lect i o n  curves indicate that the sla b  b e h a v e d  in a 

ductile manner up to failure.

7 . 2.5.4 C o n c r e t e  S t r a i n  : M e a s u r e d  b o t t o m  s urface

s t r a i n s  in the c o n c r e t e  in the d i r e c t i o n  of the 

longitudinal steel are represented in Fig. (7.40). It can 

be seen from these curves that the general behaviour was 

similar to the overall behaviour of the slab as indicated 

by deflection. Also the general behaviour was as expected 

viz maximum strains occurred near the centre line A-B 

of the slab and strains were less significant near the 

obtuse corners. The measured top surface strains during 

load are r e p r e s e n t e d  in Fig. (7.39). At failure, the 

maximum compression strain at the centre of the slab was 

0.94 of the crushing strain.

7 . 2 . 5 . 5  S t e e l  S t r a i n s  : M e a s u r e d  s t r a i n s  in

l o n g i t u d i n a l  and t r a n s v e r s e  steel are s h o w n  in Figs 

(7.41), (7.42) and (7.43). It can be s e e n  from Fig.

(7.44) that the general behaviour of longitudinal steel 

was s i m i l a r  to the o verall b e h a v i o u r  of the slab. The 

nonlinearity started at 0.35 of the design load. At

0.78 of the design load, the steel at locations (2, 4, 6 

and 8) in the centre area of the slab yielded. As the 

load increased, steel at other p o s i t i o n s  (1,5 and 9) 

yielded. Just before failure the steel yielded everywhere 

except near the acute corners where steel did not yield 

but still r e c o r d e d  s i g n i f i c a n t l y  large strains. The 

measured steel strains in transverse direction during load
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are shown in Fig. (7.42) and (7.43). It can be seen from 
these curves that all the steel at all locations except at 

position (1) near the obtuse corner, yielded just before 

failure.

7■2.5.5 Bottom F a c e  C r a c k  Widths : Fig. (7.44) shows

approximate maximum crack widths. Crack width limit of 0.3 

mm was reached at 0.52 of the design load.

7.2.5.6 Summary of Results: At 0.24 design load, initial 

c r a c k i n g  occurred. As the load i n c r e a s e d  the rate of 

nonlinearity increased. The deflection limit of span/250 

and limiting crack width of 0.3 mm was reached at 0.52 of 

the design load. The first yield occurred at 0.78 of the 

d e s i g n  load. In gen e r a l  the slab b e h a v e d  in a d u c t i l e  

m a n n e r .

7.2.6 Model Ribbed Skew Plate Number Six

7 . 2 . 6 . 1  S l a b - B e a m  P r o p e r t i e s  : S l a b - b e a m  s t r u c t u r a l

systems are frequently encountered in practice. Beams are 

either of reinforced concrete as in some floor systems 

and bridge decks or of steel as in composite bridges. The 

general geometrical shape of this model was chosen so as 

to be similar to the practical bridges. Fig. (6.12.1) 

s h o w  the layout of the model r i b b e d  skew r e i n f o r c e d  

concrete plate, its cross-sectional geometry, the support 

conditions and the loading system. The slab thickness was 

50 mm. All the ribs had the same overall depth of 250. mm. 

T h e  b r e a d t h  of the l o n g i t u d i n a l  r i bs, t h e  s u p p o r t  

transverse ribs and the inner transverse ribs were 106,
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100 and 150 mm respectively. The longitudinal ribs were 
simply supported at the end. The system of loading was a 

f o u r - p o i n t  d i r e c t  l o a d  s y s t e m .  T h e  r e i n f o r c e m e n t  

arrangement of the slab was parallel to the edges.

7.2.6.2 Design P r o cedure: The elastic analysis was used

to predict the stress resultants (N%, Ny, N^y, My,
M % y ,  Q x z  ' Q y z ) .  The finite element m e s h  is g i v e n  in 

Chapter eight Fig. (8.6). The mesh dimension depened on 

the breadth of the ribs and on the system of loading. Five 

layers of 10 mm thickness were used to represent the slab 

thickness and ten layers of 25 mm thickness were used to 

r e p r e s e n t  the ribs. To represent the e c c e n t r i c  rib 

stiffeners, a r e f e r e n c e  p l ane at w h i c h  all d e g r e e s  of 

freedom are defined must be chosen. The reference plane 

was chosen to coincide with the middle surface of the 

plate and all the stress resultants were referred to this 

plane. For design purposes, these forces were referred to 

the mid plane of each element. The total design load was 

300 kN to give a r e a s o n a b l e  amount of steel and to 

remain within the capacity of the available load cells.

(a) Design of reinforcement; This model was designed in 

two different ways viz fristly, considering the inplane 

effect (N%, Ny, Nxy) us i n g  Clark's equations, s e c t i o n

(3.4.3.3) Chapter three and secondly ignoring inplane 

ef f e c t s  and u s i n g  W o o d  and Armer equations, s e c t i o n

(3.4.3) Chapter three. This is because from an overall 

design point of view, the external ribs will be designed 

as a L-beam, the internal ribs will be designed as a T- 

beam, the slab will be considered as the flange of the
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ribs. The width of the flange in the two sections (L, T) 
depends on the distance between the ribs. Considering a 

lateral load case, the inplane overall stress resultant 

(N%, Ny, Nxy) must be equal to zero if L and T sections 

with correct flange width are used. In the finite element 

analysis, a rectangular section is used for the slab as 

well as for the ribs. To explain the effect of modelling 

of the cross section on the stress resultant. Fig. (7.45a) 

shows the stress distribution on a L-section due to a 

pure positive bending moment. Imagining that the web is 

s e p a r a t e d  from the flange, the flange will be u nder 

inplane compressive force and a moment, while the web 

will be under inplane tensile force and a moment. These 

inplane forces are created due to the neutral axis of 

the flange and the web not coinciding with the neutral 

axis of the L section. This is what actually happens in 

the analysis of the model as shown in Fig. (7.45b). The 

d i f f e r e n t  r e i n f o r c e m e n t  e n v e l o p e s  are s h o w n  in Figs 

(7.47), (7.48), (7.49) and (7.50) for s e c t i o n s  of the

model when the -/feet of the inplane foreces are indicated 

or neglected. The actual steel was chosen close to the 

case which ignored the inplane effect as can be seen from 

Fig. (7.47) to Fig. (7.50) .

It should be noted that the actual shear flow due 

to t o r s i o n  in the case of this slab is s h o w n  in Fig. 

(7.46a). When a portion is taken from the slab (remote 

from the corners), the shear flow will be as shown in Fig. 

(7.46b). This is W o o d  and Armer (77) and C l a r k  (35) 

assumed (see Chapter t hree). The shear flow in the case of
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(a) Stress distribution before separation

N

(b) Stress distribution after separation 

Fig. (7,45^0 L- setion under pure moment (M)
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(a) Slab section

(b) A part from the slab remote from the corner

(c) Beam section

Fig. ' (7.46) The shear flow due to torsion
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beams is shown in Fig. (7.46c). In such a case using Wood 
and Armer (77) equations to the design of the ribs for 

flexural will overestimate the flexural reinforcement. 

Care must be taken when designing for shear reinforcement,

(b) Shear reinforcement: Nominal stirrups fabricated from 

6 mm high tensile bars were provided along the ribs at 180 

mm centres. T h ese s t i r r u p s  were d e s i g n e d  a c c o r d i n g  to 

B S 5 4 0 0  (34) for 1.25 of the d e s i g n  load (the de s i g n

s h e a r i n g  force i n c l o u d e s  the effect of half of the 

tosison moment). Fig. (6.12.2) to Fig. (6.12.6) show the 

distribution of the reinforcement for different parts of 

the model and strain gauges position.

7.2.6.3 Response of The Slab: Initial cracks were observed

on the bottom face of the longitudinal ribs near the load

points at 0.30 of the design load. At 0.37 of the design

load, cracks w e r e  o b s e r v e d  at the i n t e r s e c t i o n  of the

longitudinal ribs with the inner transverse rib. Short

lengths of cracks appeared at the intersection of the

longitudinal ribs with the inner transverse rib at 0.37 of

the d e s i g n  load. At 0.39 of the d e s i g n  load, at the

midspan of the outer ribs, inclined cracks progressed from

the b o t t o m  face up 0.7 of the rib depth. These cracks
0mad e  an angle of 80 to the horizontal. At 0.5 of the 

design load, cracks were well developed in the bottom of 

the longitudinal ribs. As the load increased, the cracks 

progressed near to the obtuse corners remaining roughly 

parallel to the transverse ribs and at a spacing of 50 mm. 

I n c l i n e d  c r a c k s  s i m i l a r  to the o t h e r  in the o u t e r  

longitudinal ribs were also observed in the longitudinal 

inner ribs. At 0.63 of the design load, cracks in the
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the longitudinal ribs near the obtuse supports, similar to 
the cracks near the midspan were observed. At this stage, 

inclined cracks were observed in the longitudinal ribs 

near the acute corners as well. At 0.68 of the design 

load, vertical cracks spread in the inner transverse rib. 

At 0.75 of the design load, initial cracks were observed 

on the bottom surface of the slab at the centre near the 

load points. At 1.05 of the design load, near the obtuse 

supports, initial cracks progressed diagonally from the 

bottom surface through the depth of the longitudinal ribs 

and further up through the depth of the slab as shown in 

Fig. (7.53). At 1.12 of the design load, cracks at the 

i n t e r s e c t i o n  of the l o n g i t u d i n a l  ribs w i t h  the inner 

t r a n s v e r s e  rib and also the d i a g o n a l  cra c k s  in the 

longitudinal ribs near to the obtuse corners became very 

w i d e .  A l s o  the c o n c r e t e  at t h e  t o p  s u r f a c e  at the 

i n t e r s e c t i o n  of the l o n g i t u d i n a l  ribs w i t h  the inner 

transverse rib began to crush. During loading to failure 

( 1 . 1 2  d e s i g n  load) at the s u p p o r t  t r a n s v e r s e  r i b s  

diagonal cracks were observed near to the obtuse supports 

c o r n e r s  (see Fig. (7.55)) and the d e f l e c t i o n  b e came 

e x c e s s i v e  (about 60 mm at the ce n t r e  of the model) . 

Several views of the failed model are shown in Figs (7.51) 

and (7.56). Bottom face crack pattern is shown in Figs 

(7.52) and (7.53). The extent of additional cracks at a 

later stage of loading and the cracks at the intersection 

of the inner transverse rib with the longitudinal ribs 

which developed at the later load stages can be clearly 

seen in Fig. (7.52). Fig. (7.51) s h o w s  the inclined  

diagonal tension cracks pattern at the outer longitudinal
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rib. Fig. (7.54) shows the inclined shear crack pattern at 
the outer transverse rib near to the supports. Fig. (7.56) 

shows the damage in the top surface at failure.

7.2.6.4 Deflection: Load-Deflection curves at different

positions are shown in Figs (7.57), (7.58), (7.59) and

(7.60). From these curves it can be seen that:

(a) The b e h a v i o u r  of model is in general linear up to

0.21 of the design load.

(b) The deflection limit of span/300 was reached at 0.85 

of the design load.

(c) The failure mode was ductile.

7 . 2 . 6 . 5  S t e e l  S t r a i n  : S t e e l  s t r a i n s  in the

longitudinal ribs, the transverse ribs and the slab are 

shown in Fig. (7.61) to Fig. (7.65). From these curves it 

can be seen that ;

(a) The influence of cracking on the measured strains of 

the steel the longitudinal ribs at different positions

is c l e a r l y  i n d i c a t e d  in Figs (7.61) and (7.60) . The

cracking load was about 0.21 of the design load.

(b) The steel at the middle of the inner longitudinal rib 

B3 y i e l d e d  at 0.8 of the d e s i g n  load as shown in Fig. 

(7.62). The steel near to the obtuse corner (position 5) 

yielded at 0.94 of the design load. The steel near to the 

acute corner ( position 7) yielded at 1.14 of the design 

l o a d .

(c) The variation of the strain along the length of the 

outer longitudinal rib (Bl) is shown in Fig. (7.61). The 

steel near the obtuse corner of the rib ( position (1))
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yielded at load 0.87 of design load. At the midspan of the 
rib (position (4)), steel yielded at 0.98 design load. The 

steel near to the acute corner of the rib (position (3)) 

y i e l d e d  at load 1.04 of the d e s i g n  load. C l o s e  to the 

acute corner of the rib (position (2)), the steel yielded

at failure. It can be seen from these results that the

strains in the steel along the length of the rib decreases 

as one moves away from the obtuse corner.

(d) Fig. (7.63) shows the strain in the steel of the inner 

transverse rib (A2) at two positions. In general the steel 

did not contribute much up to 0.9 of the design load. The 

steel near to the m i d d l e  of the rib ( p o sition (9)) 

yielded at 1.10 of the design load and the steel near 

to the edge of the rib (position (8)) did not yield at 

a l l .

(c) Fig. (7.64) shows the steel load s t rain curves at

different positions in the slab. It can be seen that as

e x p e c t e d  the s t e e l  in the two d i r e c t i o n s  s h o w e d  

negligible compressive strains up to 0.80 of the design 

l o a d .

At load 0.9 of the design load, at the centre of the slab 

the steel in the longitudinal direction showed tensile 

strains indicating that the neutral axis shifted in to the 

slab. At the same position, steel yielded at 1.14 of the 

d e s i g n  load just b e f o r e  failure, indi c a t i n g  that the 

neutral axis had shifted to the surface of the slab and 

the ductile failure was taking place.

(e) The strains in the stirrups were measured by using 

s t r a i n  g a u g e s ,  t h e i r  l o c a t i o n s  a r e  s h o w n  in Fig. 

(6.11.4). The m e a s u r e d  s t r a i n s  d u r i n g  l oading w e r e
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obtuse
corner

acute
comer

(7«50 MODEL e IBBEL SKEW SLAB NO, (6) Crack pattern in the 
outerside rib (Bl) after failure

Fig* (7*52) MODEL RIBBED SKEW SLAB NO, (6) Crack pattern at the bottom 
surface after failure (close up view to the model)
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Fig, (7*55) MODEL RIBBED SKEW SLAB NO, (6) Crack pattern at the bottom 
surface after failure

acute
corner A

obtuse
corner

Fig, (5*54) MODEL RIBBED SKEW SLAB NO, (6) Crack pattern at the 

transverse rib (A1)
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Fig. (7.55) MODEL SKEW SLAB NO. (6) Damage in the midside 

transverse rib (A2) after failure

Fig. (7.56) MODEL RIBBED SKEW SLAB No. (6) Damage at the top
surface of the model after failure
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negligible except at positions 1 and 2 in the transverse 
rib A2. In general strains on one face were much larger 
than the strains In the other face, possibly due to 
torsion.

7.2.6.6 Concrete Strain: Figs (7,66) and (7.67) 
measured concrete strains at top surface during load. The 
location of the strain gauges Is shown In Fig. (6.20.6), 
Chapter Six. These curves reveal a similar behaviour to 
the overall behaviour of the model.

5 .2 .6 .7 Soffit Crack Widths : Fig. (7.68) shows 
approximate maximum crack widths. Limit crack width of 0.3 
mm was reached at 0.90 of the design load.

5.2.6.8 Summary of Results: At 0.15 of the design load,
the nonlinearity was Induced by the Initial cracking. The 
deflection limit equal to span/300 was reached at 0.85 of 
the design load and the crack limit of 0.3 mm was reached 
at design load. At failure the model behaved In ductile 
manner. The failure load was 1.16 of the design load. 
The failure was Initiated by the yielding of the steel.

7.3 DISCUSSION OP TEST RESULTS

7.3.1 Serviceability Limit states

Skew plates are used In bridges and buildings. In 
the design of bridges using BS5400 (35), It Is necessary
to check for crack width. This means that there Is an 
Indirect check on reinforcement stresses under service
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load. It is desirable that steel remains elastic under 
all serviceability conditions, so that cracks which open 
under the application of an occasional overload will close 
when the loading Is removed. A specific criterion In terms 
of absolute limiting deflection. Is not given In the 
bridges code BS5400 (35) . However It Is obviously
necessary to calculate the deflection in order to ensure 
that clearance specifications are not violated and 
adequate drainage Is obtained. Deflection calculations are 
also Important where the method of construction requires 
careful control of levels and for bearing design. In 
addition In bridge design It Is necessary to calculate the 
flexibility of the structure for vibration using dynamic 
analysis. In general the service load Is taken as the 
minimum of three values satisfying:
(a) deflection limit of span/250.
(b) maximum crack width of 0.3 mm.
(c) steel stress limit of 0.8 the yield strength.

It must be noted that the thickness of all designed 
slabs was chosen to comply with the limiting span/depth 
ratios specified by section (3.3.8) of CPllO (30) and the 
span Is taken as the one which Is orthogonal to the 
supported edge not the Incline span.

Table (7.3) summarizes all the test results. The 
general conclusion to be drawn from the table Is that;
(a) Considering models 1,2,3, and 5, the average load at 
service limit deflection Is of 0.4 of the ultimate, which 
represent a low service load. This Is due to the effect of 
using the orthogonal length to the supported edge In
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limiting/span ratio specified by CP 110 (30) on the
thickness of the slab. Model 4 Is excluded from 
consideration because of early failure due to oversight 
during fabrication. The service limit deflection of model 
6 (ribbed slab) Is 0.69 of the ultimate Is satisfactory.
(b) The average load where the limiting crack width of 0.3 
mm was reached Is equal 0.51 of the ultimate failure load 
when models 1, 2, 3 and 5 considered. For model 6 the
the limiting crack width of 0.3 Is equal 0.86 of the 
ultimate failure load. (c) Steel Stress limit Is average 
of value of 0.62 of the ultimate load for all the models 
(excluding model 4) Is satisfactory.

7.3.2 Ultimate Limit State

Table (7.3) summarizes the results concerning the 
ultimate behaviour. The failure load of all the models 
exceeded the design load except model four. The results 
of models two and five show clearly that shear failure 
occurred near the obtuse corners. This happened In model 
two after the slab reached Its design load and In model 
five when the ductile failure was taking place. Also It 
has been shown from the recorded measurements that high 
strain gradients occur near the obtuse corners and this 
high stress gradient could decrease the shear capacity 
of the slab. This type of failure will be discussed In 
Chapter Eight. For models two, five and six an average 
enhancement of 15% In the design load Is observed. The 
first model recorded 39% load enhancement. The failure 
load of model three was 1.96 of the design load. This may 
be be due to the difference between the design steel and
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the actual steel. Finite element nonlinear analysis Is 
used to calculate the ultimate load for all models expect 
model 4 and the results are shown In Chapter Eight.

]
&

1.5

0.5

0.00.00 1.25 Cr#oB VI dth (mm) 3.75
Nmxi

Fig. (7.68) Lomd-Mmximum ormok widthm mt vmrioum pointm for MODEL NO. 

SIX
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CHAPTER EIGHT 

THEORETICAL INVESTIGATION

8.1 INTRODUCTION

In Chapter Four, a computer program LAYER was 
described for the nonlinear finite element analysis of 
reinforced concrete plates. In this Chapter the program 
LAYER is used to analyse the experimental models described 
in Chapter Seven.

The object of this Chapter is to:
(a) Use the programme to carry out the theoretical 
analysis of the experimental models in order to obtain a 
better understanding of the stress redistribution and 
progressive yielding of steel and concrete.
(b) Estimate the serviceability limits of the tested models 
using the approximate methods given in Chapter Two to 
check their Validity against experimental observation.

8.2 NONLINEAR ANALYSIS

8.2.1 Parameters which affect the numerical solution

The parameters which have an effect on the 
numerical solution can be summarized as follows;
(a) Mesh size.
(b) Number of concrete layers.
(d) Tension stiffening.
(c) Tensile strength of concrete.
(e) Angle of crack.
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(f) Shear retention factor of cracked concrete.
(g) The norm of convergence tolerance.

The influence of the b, d, c, e and g factors except 
(a) and (f) factors on numerical solution is investigated 
in Chapters Four and Five. Therefore the influence of 
factors (a) and (f) will be investigated.

The analysis has been carried out considered using 
the fixed crack analysis in spite of its limitation as 
discussed in Chapter Five. For all the analyses which are 
considered in this Chapter, the convergence tolerance was 
taken at 5%. This tolerance was reduced to 2% for model 
two only because the failure load for the skew angle of 60 
degrees was sensitive to the value of the norm of residual 
force adopted. The maximum number of iterations was 
limited to 20. The material properties used in the 
nonlinear analysis are shown in Table (8.1). Table (8.2) 
shows the number of concrete and steel layers adopted in 
the analysis.

Table (8.1) The Material Properties of the Tested Models 
Used in the Nonlinear Analysis

Model 
No.

Ec
kN/mm^

feu
2N/mm

ft
N/mm^

Es
N/mm^

fy
N/mm^ --------

\H

1 29.25 45 2.95 210.0 500. .0024 0.006
2 29. 25 45 3.4 211.6 500. .0026 0.0
3 28.69 41.6 3 . 52 205 . 6 473. . 0023 0.003
4 29.25 44 3 . 5 213.0 500 . .0023 0.0
5 29.25 44 3 . 5 230.0 460 . .002 0.0
6 29 . 25 44 3 . 3 230 . 460. .002 0.0
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Table (8.2) Number of Concrete and Steel Layers Adopted In 

the Analysis

Model 
No.

No. of
concrete
layer

No. of Top Steel 
layers

No. of Bottom Steel 
layers

Total No. 
of layers

Long. Trans. Long. Trans.
1 7 1 1 1 10 1
2 8 « .1 1 10
3 8 _ - 1 1 10
4 7 — — 1 1 10
5 8 1 1 1 1 12
6*

♦ In model six (ribbed slab) the concrete web 
section is represented by 8 layers and the concrete 
flange is represented by 5 layers. The upper and the lower 
steel bars of the web, the horizontal legs of the stirrups 
in the webs and plus the slab reinforcement are 
represented by smeared steel layer. The vertical legs of 
the stirrups is ignored.

8. 2.1.1 Mesh Size:

Model number five was used to study the effect on 
the behaviour of using twenty four and forty nine elments 
as shown in Fig. (8.1). These analysis are shown in Fig. 
(8.2) to Fig. (8.4). As can be seen, the results from the 
two analysis are almost indistinguishable. The failure 
load for the 49 element mesh is slightly lower than that 
for the 24 element mesh by 4%. The cost of analysis 
increased linearly with the increase in the number of
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  Simply supported edge
0 1 mension in mm 
X) Point load

--------- 2000.0--------- y/
y / ^ 6 5 . 0  435.0 435.0 565.0 — ^

^ w = C  = 0 fU =

V = u = w

282.5

435.0

2000.0

435.0

282.5

282.5

(a) Twenty four element used for models three, four and five

(b) fourty Tfroe; elements
  Simply supported edge
0 1 mension in mm

-2000.0
2 8 2 .5 /^ 8 2 .5 7 -^ 9 0 .0 ^ 0 .  O g ^ .  0 /6 s 2 .5 /6 8 2 . !

V = u = w =

0 Point load

/
290.0

72000.0 290.04
282.5

282.5

Fig. (8.1) Finite element mesh with boundary conditions and 

loading system
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V 1 9 4 5  0 À Simply supported edge
V  3 8 6 . 2 5 3 0 6 .  S ' V  400.0 \  386.25 V  386.2S A  O  Point losd

W = 0
565

435.0

2000.0
435.0

565

DI mension in mm
X  =

(a) Twenty elements used for MODEL NO. ONE

(b) Thirty element used for MODEL NO. TWO
Simply supported edge 

367.5

o Point load /

_________ 1945.2
405.0 — y ^ . Q --V0 1 mension in mm 405.0 367.5

7 282.5

282.5

435.0

2000.0
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282.5

V

Fig. (8.5) Finite Element mesh with boundary conditions and 

loading system
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elements used. Therefore a twenty four element 
representation suffices for this type of slab. The 
number of elements can be reduced to twenty if the degree 
of orthotropy of reinforcement and load condition allow.
This was possible in model one. In model two thirty 
elements were used because of the degree of orthotropy of 
reinforcement. In model six a total of forty nine elements 
were adopted because of the shape of the model and the 
load condition. Fig (8.1a) and Figs (8.5) and (8.6) show 
the different meshs adopted for different models.

8.2.1.2 Shear Retention Factor

It has been shown in Chapter Five that when fixed 
crack analysis is considered, the predicted ultimate load 
depends on the tensile strength of the concrete and the 
value of shear retention factor j; . In these analyses, the 
tensile strength of concrete was taken as the one obtained 
from tests on control specimen. Al-Mahaidi’s formula (66) 
was used to evaluate B with slight modification:

= 0.4 / cl with 13  ̂ C (8.1)
where cl = ^f/

E^pis the concrete tensile strain
is the fictitious strain normal to the crack
C is the constant less than 0.4.

The constant C was used to study the effect of ^  on
0the ultimate behaviour of models one ( a = 120) , two (

o 060) and five ( « = 45). In Fig (8.7) to Fig (8.12)
comparisons are presented for the load-deflection and
load-longitudinal steel strain obtained experimentally and
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those obtained In the present study using different shear 
retention values. It can be seen that, the effect of Beta 
on the theoretical failure load was dependent on the angle 
of skew as follows;
(I) The failure load of the first model ( cl - 120 Is very 
much affected by the value of C. For C values 0.0, 0.1,
0.15 and 0.25 the ultimate failure loads were 0.56 and
0.56 and 0.71 and 0.97 of the experimental failure load.

o(II) For the second model ( a= 60) the failure loads were
1.14, 1.3 and 1.3 of the experimental failure load for C
values 0.0, 0.1 and 0.25 respectively. When B = 0.3 /8cr

Is used with C equal 0.0, better comparisons with the
experiment values were obtained.

o(III) For model 5 ( % = 45) the failure loads were 0.98,
1.06 and 1.12 of the experimental failure load for C
values of 0.0, .1 and 0.25 respectively.

It can be concluded from these results that. In 
general, the best agreement with the experiment was
obtained using Eqn (8.1 ) with C = 0.25. This was used
for all the models except for model two for which B = 0.3
f̂/ ^cr*

8.2.2 Analysis and ConparIsons

Table (8.3) summarizes the comparisons between the 
experimental results and theoretical results for all the 
models. In Fig (8.13) to Fig (8.27) Comparisons between 
experimental and $theoretlcal results are presented for 
the load-deflection and load-longltudlnal steel strain 
curves.
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It should be noted that the data points beyond the range 
of the of the scale which is noted by ( -♦) have not be
plotted.

8.2 . 2 .1 Model Number One
(a) Load vs Deflection Curves

Table (8.3) shows the comparisons between the 
theoretical results and the experimental results. Fig 
(8.13) shows the comparisons between the experimental 
load-deflection curves at different locations and the 
corresponding theoretical values considering the actual 
steel and the design steel. Referring to the actual steel 
analysis, it can be seen that the theoretical cracking 
load was 1.1 of the experimental cracking load. The 
theoretical ultimate load was 0.97 of the experimental 
failure load. It is noted from these comparisons that the 
predicted results compare reasonably well with the 
experiment. Similar comparisons can be seen from the 
longitudinal steel strain curves in Fig. (8.14)

8.2.2.3 Model Number Two
(a) Load vs Deflection Curves

In Table (8.3) the experimental results are 
compared with those obtained numerically. Also in Fig 
(8.15) comparisons are presented for the load-deflection 
curves at different locations obtained experimentally and 
those obtained numerically. These curves show that the 
theoretical values are smaller than the experimental 
values. This is probably due to the effect of the fixed 
angle of crack on the stress redistribution. The
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theoretical cracking load was 0.83 of the experimental 
cracking load and the ultimate theoretical load is 1.10 of 
the experimental failure load.

(b) Load vs Steel Strain curves
Fig (8.16) shows a comparison of experimental and 

theoretical results for load-longitudinal steel strain at 
different locations. From these curves it can be seen that 
there is a good agreement between the two results at all 
positions except near the obtuse corner again emphasizing 
the steep strain gradient at that position. The 
theoretical yield load is 1.2 of the experimental load. 
This overestimation is probably due to the effect of 
fixed crack analysis, as has been discussed in Chapter 
Five. Similarly Fig. (8.17) shows the results for 
transverse steel strains.

8.2.2.3 Model Number Three
(a) Load vs Deflection Curves

Considering the actual steel results it can be seen 
from Table (8.3) that the ratio of the theoretical 
cracking load is 1.06 of the experimental cracking load. 
From Fig. (8.18) it can be seen that there is good 
agreement between the two results for positions near the 
edges. However there are somewhat stiffer results at 
positions near the centre area. The theoretical failure 
load is 0.95 of experimental failure load.

(b) Load vs Longitudinal Steel Strain
Fig (8.19) shows the comparison between the 

experimental Load vs Longitudinal steel strain curves and
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the corresponding theoretical values considering actual 
steel and design steel. Referring to the actual steel, it 
can be seen that the predicted results compare well with 
the experimental results. The theoretical yield load was
1.3 of the experimental yield load.

(c) Load vs Transverse Steel strains.
Fig (8.19) shows the comparisons between the 

experimental load vs longitudinal steel strain curves and 
the corresponding theoretical values considering actual 
steel and design steel. Although the experiment shows
that the steel in the transverse direction carried 
significant ( 0.7 of fy) tensile stress, the theoretical
results shows the transverse steel carried a negligible 
compression stress. This is due to the effect of the 
assumption of fixed crack analysis on the stress 
redistribution as explained in Chapter Five.

8.2.2.4 Model Number Five
(a) Load vs Deflection Curves

In Fig (8.21) comparisons are presented for the 
load-deflection curves obtained experimentally and those 
obtained numerically. It can be seen that the theoretical 
cracking load is 0.90 of the experimental cracking load. 
The theoretical results compare reasonably well with the 
experimental results at positions near the support 
edges. Slightly stiffer theoretical results are obtained 
in the region of the midspan of the slab. The theoretical 
failure load is 1.15 the experimental failure load.

(b) Load-Longitudinal Steel Strain
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In Fig (8.21) shows the longitudinal steel strain 

values obtained experimentally and theoretically. It can 
be noted from these comparisons that the predicted 
theoretical results compare well with experimental results 
at all positions except for positions 3 and 4 which were 
affected by the presence of cracks at these locations. The 
theoretical yield load is 1.3 of the experimental yield 
load.

(c) Load vs Transverse steel strains
Fig. (8.23) shows Load vs transverse steel strains.

It can be seen that the theoretical values are smaller 
than the experimental values.

8.2.2.5 Model Number Six
(a) Load vs Deflection Curves

Figs (8.24) and (8.25) show the load-deflection 
curves. In general the correlation is reasonably good. The 
theoretical cracking load is 1.05 of the experimental 
cracking load. The theoretical failure load is 1.02 of 
experimental failure load.

(d) The Load-Longitudinal Steel Strain
Figs (8.26) and (8.27) shows the load-longitudinal 

steel strain curves. It can be seen that on the whole, 
the theoretical analysis reflects the true behaviour of 
the model.

8.2.3 General Discussion of results
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The theoretical cracking load is not affected by 

the use of fixed crack analysis. The average ratio of 
theoretical cracking load to experimental cracking load 
is 0.99. Excluding model four which failed locally, the 
fixed crack analysis shows that: the average theoretical
service load when the maximum steel strain is 0,8 of the 
yield strain, is 1.07 of the experimental service load.
At this same load, the average theoretical deflection is 
0.94 of the experimental defection. The average 
theoretical load at the first yield load is 1.17 of the 
experimental yield load. The average theoretical ultimate 
load is 1.03 of the experimental ultimate. It is noted 
from these comparisons that the predicted results compare 
well with the experimental values. It was shown in 
Chapter Seven that the experimental failure load of model 
one is 1.39 of the design load. This is due to the 
difference between the actual steel and the design steel.
The theoretical analysis was carried out using design 
steel to show this effect. Fig (8.13 ) and (8.14) show the 
comparisons between the experimental load-deflection and 
load-longitudinal steel strain curves and the 
corresponding theoretical ones considering the actual 
steel and the design steel. These curves show that when 
the design steel is considered, a flexural behaviour is 
obtained and the ultimate theoretical load is 0.98 of the 
design load. In Model three the ultimate experimental 
load is 1.96 of the design load (see section (7.2.3)). In 
fact there is not much difference between the design steel 
and the actual steel except near the free edges. Using the 
theoretical a steel, nonlinear analysis was carried out to
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study this effect. The results are presented in Figs 
(8.18) and (8.19) The load-deflection curves shows that 
there is a similar behaviour between using actual steel 
and design steel except that the failure load in the case 
of the design steel is 1.40 of the design load. The first 
yield in the actual steel case was obtained at 1.32 of the 
design load. The first yield in design steel is occurs at 
1.05 of the design steel. The theoretical type of failure 
is initiated by yielding in the steel.

Factors contributing to this enhancement in the 
ultimate load are;
(a) Concrete strength: The effect of concrete strength on
the ultimate moment capacity is in significant. However 
compressive strength influences shear capacity and the 
serviceability limit by its effect on tensile strength, 
aggregate interlock capacity and the strength of 
compressive block.

(b) The increase in the provided area of steel rather 
than the designed area of steel affects both the service 
and the ultimate behaviour of the slab. In the former 
case, providing extra stiffness to the slab leads to 
improved deflection characteristics. This factor does not 
affect the crack spread over the slab surface, but it does 
have the desirable influence of restricting crack depth.
As a consequence crack width are smaller and hence the 
stiffness degradation is slower. The total effect is an 
overall improvement in the serviceability behaviour. 
Increasing the amount of steel delays the initiation of 
yield. The effect of this factor on the experimental work
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can be seen from the results of models one and three.

(d) Strain hardening of steel: Table (7.Î) lists the
properties of steel used in the experiments. Typical 
steel-strain curves are given in Fig. (6.18.1) to Fig. 
(6.18.4) of Chapter Six. As can be seen from Table (7.1), 
in Chapter Seven, the type of steel used had a good 
reserve of strength after the yield. This factor 
definitely does not affect the serviceability behaviour 
but in general contributes to the ultimate strength.

(c) Membrane forces: Inplane forces resulting from edge
restraints in laterally loaded slabs can be compressive 
or tensile. The compressive membrane action can be
developed at a low deflection due to the friction at the 
support points. In practice it is difficult to have a 
friction free action between the roller and the plates 
(see Fig.(6. 14 a)). The compressive membrane action
contributes to the increase in the ultimate load. For all 
tested models probably this factor is not as significant 
as has been shown from the numerical results. The tensile 
membrane action develops at large deflections, and happens 
at high loads. At this stage, bottom surface cracks would 
run through the whole of the slab thickness, and the load 
will be carried by the tension bars with slab acting as a 
catenary. Prak and Pauley ( 5 9  ) show that this action 
occurs when the deflection is approximately equal to the 
slab thickness. This situation could not be achieved in 
all models tested, due to the limitation of loading 
apparatus. The present LAYER program can deal with the 
compressive membrane action ( cause the effect of inplane
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displacement is considered in the formulation of the 
element). However this program cannot treat the tensile 
action, since it ignores large displacement effects.

8.2.4 Shear Resistance at the Obtuse Corner

From the experimental results presented in Chapter 
7 for model one, it can be seen that shear failure 
occurred at the obtuse corner. In model four top face 
cracks initiated at the obtuse corners at 0.5 of the 
design load and as the load increased, one of these cracks 
propagated towards the middle of the slab causing the 
slab to fail. Similarly in model five, local punching 
shear failure took place at the obtuse corner. The 
failure loads of the three models were 1.39, 0.9 and 1.15 
of the design load for models one, four and five 
respectively. It has been shown in Chapter Seven that 
from the recorded measurements, steep strain gradients 
occurred near the obtuse corners.

A check against shear failure using the reaction 
near the obtuse corner from the linear analysis at the 
design load and applying CPI10 (30) rules for slabs (see 
Chapter Six section (6.2) for more detail) shows that no 
shear reinforcement was required (see table (8.3)). A 
similar check against shear failure was carried out using 
BS 5400 for beams showed that at the design load, shear 
reinforcement should be provided (see Table (8.4)). 
Cope (^16 ) has shown that it is unsafe to use CPI10 (30)
for slabs to check against shear failure. Cope (ll6) 
also points out that the steel ratio normal to the cracks



4 0 2

(suggested by Clark (34)) should be involved in the 
calculation of the shear resistance of the obtuse corner. 
Table (8.4) shows that the shear resistance of the obtuse 
corner, when the steel ratio normal to the crack is used 
in the calculation of the shear resistance, is less than 
the shear resistance of the corner when the longitudinal 
steel ratio is considered.

Table (8.4) Shear Strength of the tested models

Model
No. 3d " Ê

N/mm^ N/ mm^

lOOAg
bd

lOOA^
bd V bAn V bAs "̂b Vb

V u
^bAs b̂An

1 0 . 86 1 . 19 1 . 70 0.952 0.74 0.92 1 . 19 1.0 1 . 3 1 . 6
2 0.82 0.95S 1 . 10 0 . 734 0.65 0.79 1.03 0.87 .93 1 . 2
3 0 . 83 1 . 62 2 . 35 1 . 326 0.85 0.97 1.26 1.28 1.67 1.9
4 0 . 60 0 . 54 0 . 45 0.34 0 . 45 0.51 0.66 0.81 1 .05 1 . 2
5 0 . 83 0.92 0.93 0.585 0. 58 0.73 0.95 0.96 1 . 26 1 . 58

Shear stress at design load,
Vjj Shearing force at design load near the obtuse corner 

Shear stress at the ultimate load 
Shear force ultimate load at the obtuse corner 

Ag Longitudinal steel ratio at obtuse corner 
An Steel ratio normal to the cracks near the obtuse 

corner
'̂ bAs Shear resistance considering longitudinal steel ratio 
(for beams)
^bAn Shear resistance considering steel ratio normal to 

the cracks (for beams)
Shear resistance for slabs 

Note. In model six checking against shear failure had been



403
done using BS5400 (34)

In fact An is more meaningful and more safe than 
the longitudinal area of steel, because the is
represented . the component of reinforcement orthogonal 
to the crack.

8.3 Serviceabi11tv Limit State Calculation

In direct design procedure, use has been made of 
the elastic stress distribution at the design load by the 
finite element method. Such an analysis predicts "elastic" 
deflection under the design load. Since elastic uncracked 
stiffnesses has been used in the analysis, such elastic 
deflection would be a serious underestimation of true 
deflection under service load. A proper design procedure 
should satisfy not only the ultimate limit state but also 
the serviceability criteria.

As was shown before, the bridge code BS 5400 
(34) does not require crack widths to be checked under all 
possible load combinations. However BS 5400 (34) states
that the stress in steel should not exceed more than 0.8 
of the yield strain in steel and the stress in concrete 
should not exceed more than 0.5 of the cube strength of 
concrete at service load. In the present design procedure 
the elastic stresses cannot be directly used to check 
for serviceability, but they can be useful if the 
properties of an effective partially cracked section can 
be established. The elastic stresses have been used with 
the equations suggested by Clark's (34). If Mser is the 
elastic moment at service load, the stress in the i_th
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steel layer is given by

f 1 = Mn/Icr %1 cos â . (8.2)
where is the second moment of inertia of a cracked

section considering in the calculation ( A^ is the
component of the reinforcement in the direction normal to 
the crack)

is the distance between the steel layer and the 
neutral axis.
«ni is the angle between the normal to the crack and the 

steel layer i.
Mn the moment at service load in the normal direction 

to the crack.
The method is fully described in Appendix (B).

A summary of the predicted behaviour of all models 
using the above procedure is given in table (8.5). The 
service load has been taken as the experimentally 
measured one at 0.8 fsy

As can be seen from Table (8.5), except for model 
four which failed locally, the approximate procedure 
gives a reasonable prediction of the stresses in the 
steel at service limit load. The stress is underestimated 
by 10% in model two, because at not many points the 
steel strain reached 0.8fy at the same time . While in 
models one, three and five because several points reached 
0.8fy at the same time, the approximate calculation of the 
steel stress is the same as the measured experimental 
value.
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Although there is no a specific criterion in terms 

of deflection given in the code of practice (30 ), it is 
obviously necessary to calculate deflection in order to 
ensure that clearance specifications are not violated and 
adequate drainage will be obtained . Accordingly in the 
present design procedure, since the elastic deflection 
cannot directly be used to check a specified given value 
of deflection, they can be useful if the properties of an 
effective partially cracked section can be used. In 
this study, the deflection at O.Sfylimit is considered as 
service limit. The elastic deflection has used with 
Branson's method in section ( 2.3.3) under service load ( 
the load at O.Sfy limit). So if is the elastic 
deflection under the design ultimate load, the service 
deflection will be

^ser ~ ^elser Ig/Ieff

where the predicted deflection
'̂ elser the maximum elastic deflection at service 

load (in these models the maximum deflection was at the 
centre of the model)

Ig gross moment of inertia in the longitudinal 
direction at the same point which gives maximum described

^eff effective moment of inertia of the section at 
the same point of maximum deflection considering a steel 
area normal to the crack direction as it is given in 
Appendix (8)

A summary of the predicted behaviour of all the 
models is given in Table (8.6). Deflection have been
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calculated , using the simplifying assumptions for cracked 
sections ( Appendix E).

As can be seen from Table (8.6), there is good 
agreement between the experiment results and the 
analytical values except for model two, stiffer results 
are predicted. Accordingly, the adoption of elastic 
deflection, modified by cracked transformed section 
properties, will yield acceptable checks on the specified 
deflection limit.
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CHAPTER NINE 

CONCLUSIONS AND RECOMMENDATIONS

9.1 Conclusions
From the theoretical analysis and the experimental 

investigation reported on this thesis, the following 
conclusions may be drawn.

9.1.1 Direct Design Method
1- From the theoretical and experimental investigations 

it can be concluded that the direct design approach is 
valid as a lower bound approach for different angles of 
skew and for different arrangements of reinforcement and 
for plane and stiffened slabs. However in model 3 with 
for 45 angle of skew when the reinforcement is placed 
parallel to the edges for plane slab, the ultimate load 
was grossly underestimated • No rational explanation can be 
put for this behaviour at present.

2- All the slabs designed by the direct design approach 
behaved satisfactorily under working loads {see Chapter 
section (7.3)). All the slabs designed by the direct 
design approach recorded failure loads close to their 
design loads expect for a skew angle of 45 when the steel 
was placed parallel to the edges.

3- Checks against shear strength using CPllO (30) for 
skew slabs lead to unsafe results. A more appropriate 
check against shear strength can be carried out using 
BS4500 (34) considering A^ (the effective area of steel 
normal to the crack direction) rather than the
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longitudinal steel area

4- As the angle of skew decreases, the structure becomes 
more flexible and it is important to use the inclined 
length when CPllO (30) length/depth ratio rules are used 
to check deflection.

5- For the serviceability limit state, the approximate 
procedure suggested by Clark (34) is an acceptable check 
on the stresses in the steel at service limit load. The 
adoption of elastic deflection modified by cracked 
transformed section properties (31), (34) yields
acceptable checks on the specified deflection limit.

6- One important lesson learnt from the fixed and variable crack analysis 
is taht, just because theoretical results agree clearly with experimental 
results, it may not be wise to use the theoretical results for design prup- 
ose. The reason for this is that the agreement between experiment and theory 
might involve parameters like tensile strength of concrete etc, where it 
may not be wise to rely up-on for long term design purposes.

9.1.2 The theoretical analysis
1- The proposed layered model is capable of providing a 

good prediction of the overall behaviour of plane and 
ribbed reinforced concrete slabs failing in flexure.

2- The mesh refinement for this particular element has 
little influence on the predicted behaviour, but has a 
great influence on the cost of analysis (the cost of the 
analysis increases linearly with the increase in the 
number of the elements).
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3- The predicted behaviour and the cost of analysis is 

not significantly influenced by the number of concrete 
layers adopted and a total of 8 concrete layers is 
sufficient.

4- The deflection values are sensitive to the value used 
for the tensile strength of concrete.

5- The deflection values are sensitive to the amount 
of tension stiffening adopted in the analysis especially 
at service load.

6- The deflections and the ultimate failure loads are 
affected to a certain extent by the value of the 
convergence tolerance. 5% tolerance is recommended and 
near the failure this tolerance should be reduced to 2%.

7- Shear retention factor is an important parameter in 
the analysis when skew reinforcement is considered. A 
value of { p = .4/( ^f/^cr) with B-^C) for the shear 
retention factor of concrete is recommended
, with C = 0.25# -

8- A value of 0.15?^?. load increment size should used for 
highly nonlinear parts of the loading curve (onset of 
cracking and at failure) and this may be increased up to 
0.25Pcr* when nonlinearity is not too great.

9- Fixed crack analysis may be suitable when the 
orthogonal reinforcement is used but may be misleading 
in the case of skew reinforcement.

10- Analysis based on concrete as No-Tension material 
reflected the the design assumptions and helped to
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clarify the short-coraings of fixed crack analysis.

9.1.3 Ribbed Slabs
1- The present layer model overestimates the torsional 

stresses and underestimates the stiffness of the beams 
due to neglecting the vertical shear components in the 
torsion.

2- In the ribbed slab systems, consideration of membrane 
forces in the design of the reinforcement can lead to 
misleading results. Great care is needed in the proper 
modelling of the slab. Also care must be taken in the 
designing shear reinforcement (see section (7.2.6.2)).

9.2 SUGGESTIONS FOR FUTURE WORK

The suggestions are as follows:
(a) All the experimental and theoretical (No-Tension 

analysis) results presented in this thesis show that the 
initial angle of crack is different from the final angle 
of crack and in dependent on the angle of reinforcement (
Oi,) . Experimental study can be carried out on small slab 

specimens for different unixial loading cases (N%, Ny 
,Nxy) for different angles of skew. The variation in the 
direction of the crack can be measured and used to 
establish a theoretical cracking model.

(b) In the meantime the cracking model as suggested by 
Gupta and Akbar (98) can be introduced into the LAYER 
program.

(c) To reduce the cost of the analysis skew symmetry can
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be I n t r o d u c e d  into the L A YER p r o g r a m  by c h a n g i n g  the 

solution subroutine.

(d) All the slabs designed by the direct design approach 

recorded failure loads close to their design loads, expect 

for a skew angle of 45 when the steel was parallel to the 

edges. This problem needs to be studied in great detail.

(g) All the experimental and theoretical work carried out 

in this thesis was concerned with single load case. Work 

should be extended to study multiple load cases subjected 

to different load history.
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APPENDIX (A)

Calculation of the steel required for a certain 

design moment ( M*) per unit width

Using the ultimate limit state theory, it can be assumed that 

the stress distribution in the section will have the form shown in 

the Figure below:

■| ^cu

T

Taking the partial safety factors on both concrete and 

steel as equal to unity, and by considering the horizontal 

equilibrium of the section:

then C = T (1)

Using the stress distribution at ultimate

3 cu Xi = Ast (2)

=1.5 Agt fy = 1.5 d p |y^cu ^cu
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Ast
where: p = —  = Reinforcement ratio

Taking moments about the resultant compression force and 

equating external and internal moments, then

M* = T ( d - I*)

Ast ^y ( 1 . 5  p fy/{2 fgy)

= P d? fy (1-1.5 p )^ ^cu

= P fy - 0.75 p̂  : (4)
cu

rearranging we get :

(0.75 )p̂  - P + Tz7 = 0 (5)ICU U ly

Solving for p and substituting Ag^ = pd

y
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APPENDIX (B)

Calculation for stresses at serviceability limit states

Assumptions: Under the service load the following assumptions are

made :

1- Tension stiffening in cracked concrete is ignored.

2- Linear strain distribution across the depth of the 

section.

3- Materials are linearly elastic.

4- Only uniaxial behaviour is considered.

5- Longitudinal steel (Ag) is considered in the 

calculation of the gross moment of inertia (Ig).

6- The effective steel area (A^) to be defined in this 

Appendix is used in the calcutation of the neutral 

axis depth and the moment of inertia for fully cracked 

section (1er).

or«1
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The following steps are followed:

(i) Calculate the principal stresses.

°.,z . / (  4. Txy:) (1)

If oi > ft 

where ft = 0.45 Vf^u N/mm^ 

where f^^ the concrete cube strength.

(ii) Calculate the inclination of the principal stress.

tan 29 = ---xy_ (2)Ox - Oy

(iii) Calculate the normal stress to the prancipal stress.

On = Ox cos^e + Oy sin^e + Txy sine cos 0 (3)

If O jj  = a^, then = 0
(4)

If o% = 0%, then 0̂ .̂  = 0  + 9 0

where e^p is the angle of crack. If e^p 0, e^p = e^p + ^80

(v) Calculate the inclination of the i layer bar to the normal to 

the crack.

«ni - ®cr «1 - 90 (5)
where oĉ  the angle of inclination of i~th steel layer to X - 

axis.

ajjji the angle of inclination of i~^h steel layer to the 

normal to the crack.

(vi) Calculate the effective steel area (A^)

N
^n =.E .Ao(i cos*ani (6)1=1
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where the steel area of i~th steel layer in the

direction.

N the total number of steel layers.

An the total equivalent area normal to the crack.

(vii) Using A^ the neutral depth dn can be calculated from Appendix 

(C) Eqn (5) and the moment of inertia of cracked section I^p can be 

calculated from Eqn (7) Appendix (C).

(viii) Calculate the stress in the direction n.

fn = { d - dn ) (m) (?)^cr

where the moment at service limit load in the n-dircetion

and is calculated using the following equation.

Mn = Mx sin^0Qp + My cos^0^,p - 2.0 M^y sin0^p cosG^r (8)

Mx^ My Mxy are the applied moments, 

d the cross section depth.

fn the stress in the equivalent area of reinforcement 

(An) in the n-direction. 

m modular ratio.

(ix) Calculate the stress in the concrete.

fc = f" dn (9)1er

where Fq the compressive stress at in the concrete.

(x) Calculate, the stress in the inclined layers.

fi = fn cos^ocni (10)
f2 is the stress in i-th layer inclined at an angle «ni 

the prependicular direction to the cracks.
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APPENDIX (C)

Calculations for Defection Serviceability Limit State

All the assumptions in Appendix (B) are vaild

h d

b = 1

(d - in)

For equlibirium C = T

2 ®c ^c ^n = ^n ^s ^s (1)

dn = 2 E® !" An = 2 ” A„

where m = modular ratio = Eg/Eg. 

but from the strain diagram

(2)

ts = É Én (3)

dn = 2 m An ( --g--5 ) (4)

rearranging

d^n 2 m An dn - 2 m An d = 0

solving gives
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d(i = ( - m An + / ( m  An)' + 2(m An) d) (5)

Th gross moment of inertia is

Ig = + (m - 1) An (d - I  ): (6)

and the fully cracked transformed section gives

1er = + m An (d - dn)= (7)

then using the Branson's method, an effective moment of interia is 

calculated from

Ieff = I g [ P d r (8)

in which Pgp the cracking load 

P the service load 

The deflection under the service load is found from the elastic 

deflection as

*ser ^elser (9)

wher Oelser the elastic deflection at service load.
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