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SUMMARY

AM Herculis stars form a subclass of cataclysmic variables, 

the defining characteristic of which is that they possess a high 

degree of polarisation at optical frequencies. Physically they 

have two notable features. Firstly, the white dwarf star has a 

sufficiently high magnetic field (B  ̂10^ - 10^ Tesla) to 

prevent the formation of an accretion disk. The accreting matter 

is instead funnelled along magnetic field lines onto its 

magnetic poles where it forms an accretion column. Secondly, the 

soft X-ray emission from the white dwarf, usually attributed to 

the photospheric reprocessing of energy emitted in a shock in 

the accretion column, exceeds the total directly visible 

radiation from the shock by a factor 2 - 6 (Heise et al, 

1986), producing the so called 'Soft X-ray Puzzle*. In this 

Thesis we examine some of the non-thermal energy transport 

processes which may be present in a white dwarf accretion column 

and determine whether these could in any way contribute to a 

resolution of this paradox.

The first two Chapters of this Thesis constitute a review 

of the observations and proposed models for white dwarf 

accretion columns. In Chapter 1 we review the observations of 

white dwarf accretion columns and examine the constraints that 

these place on accretion column models. In Chapter 2, in 

addition to reviewing the previous models of radial accretion 

onto white dwarfs, we examine in detail the 'Non-Local Electron 

Transport Model' proposed by Frank et al (1983) and Frank and 

King (1984). We demonstrate that, due to a misinterpretation of



the standard Coulomb collisional timescales by Frank and King,

this model is not self consistent.

Chapters 3 to 5 represent the bulk of the original work in 

this Thesis. In Chapters 3 and 4 we examine in detail the 

bombardment model of white dwarf accretion columns proposed by

Kuijpers and Pringle (1982). In Chapter 3 we show that in

Kuijpers and Pringle's original treatment, in which the energy 

of the accreting material is deposited uniformly into a static 

atmosphere which then radiates the energy away as optically thin 

bremsstrahlung/line radiation, they too used an incorrect 

Coulomb collisional timescale. We repeat Kuijpers and Pringle's 

calculation using the correct timescale and show that the mean 

temperature obtained is reduced from ^ 10^ to 10^ K, close to 

the observed soft X-ray temperature of AM Her. We also show, 

however, that when the energy loss of the accreting matter is 

balanced locally against bremsstrahlung/line losses no solution 

can be found and conclude that a bombardment solution of this 

type cannot exist. We extend this local energy balance 

calculation to include the effect of diffusive thermal 

conduction and show that, although self consistent accretion 

column structures can be found, they only exist for accretion 

rates very much less than those inferred for radially accreting 

white dwarfs.

In Chapter 4 we extend the calculations of Chapter 3 to 

include the effect of cyclotron radiation. We show that accreted 

energy fluxes 10^^ Wm"^ (typical of AM Her. stars) can be 

radiated in the form of optically thick cyclotron radiation from 

a uniform temperature layer of thickness equal to the Coulomb



collisional stopping length of the accreting matter at a
g

temperature 10 K, slightly less than the shock temperature. We 

conclude, therefore, that a cyclotron cooled bombardment 

solution for a white dwarf accretion column may exist. We extend 

this calculation to derive a simple piecewise uniform 

temperature structure for such an accretion column, 

incorporating the effect of thermal conduction.

In Chapter 5 we examine two of the non thermal emission 

mechanisms that might be present in white dwarf accretion 

columns:- non thermal Lyman-a emission and non thermal inverse 

bremsstrahlung emission. We show that although non thermal 

emission could, in principle, yield information about the 

structure of the accretion column, and inverse bremsstrahlung 

could, in principle, contribute to the soft X-ray flux, neither 

would be sufficiently large to be detectible.

Finally, in Chapter 6 we recapitulate the conclusions 

reached in the previous Chapters and suggest some possible 

extensions to the work presented in this Thesis.
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CHAPTER 1

REVIEW OF THE OBSERVATIONS OF WHITE DWARF ACCRETION COLUMNS

SECTION 1.1 INTRODUCTION

AM Herculis stars form an interesting subclass of 

cataclysmic variables (CVs), the main characteristic of which is 

that they possess a sufficiently strong magnetic field to 

prevent the formation of the accretion disc normally associated 

with CVs. The generally accepted model for these objects, 

illustrated in Figure 1.1, is that described in Stockman et al 

(1977) in which matter from a low mass, dM 4-5, red dwarf 

(Liebert et al, 1978; Young and Schneider, 1979; Williams et al,

1979; Szkody and Capps, 1980; Young et 1981; Allen and

Cherepashchuck, 1982) which is overflowing its Roche lobe flows 

from the secondary to the primary through the inner Lagrange

(LI) point. The accreting matter accelerates towards the

primary, a IM̂  ̂white dwarf (Williams et al 1979; Touhy et al, 

1978), where it attaches itself to magnetic field lines and 

flows onto the white dwarf’s magnetic poles. (For a more 

detailed description of the accretion flow see Liebert and

Stockman 1985).

As matter flows onto the surface of the white dwarf it

passes through a deceleration region in which the the energy of

the inflowing material is thermalised. (This region is often 

described as a shock and we shall, therefore, adopt this 

terminology within this Chapter). The heated material then loses



its energy radiatively as it cools and settles onto the surface 

of the white dwarf star. It is this part of the accretion 

column, between the onset of thermalisation and the white 

dwarf’s photosphere, with which this Thesis is mainly concerned.

Clearly, any attempt to model the structure of the 

accretion column, even though the model may represent an 

interesting mathematical problem, must ultimately be tested 

against the observations. It is with this in mind that, in this 

Chapter, we review the observational characteristics which 

determine the parameters that can realistically be chosen for an 

accretion column model, and the features that the model must 

attempt to explain.

Before we proceed to look at these characteristics in 

detail, several broad properties should be emphasized. Firstly, 

since AM Her. objects lack an accretion disc reservoir,any 

changes in the rate of mass flow from the secondary to the 

primary result in a rapid change in the system’s luminosity. 

Consequently, AM Her. stars exhibit high and low states. Low 

states last for typically a few months and during this period 

the optical brightness is usually reduced by 3-5 magnitudes 

from its maximum value. In this Thesis, like most previous 

authors (e.g. Lamb and Masters, 1979; Frank et al, 1983), we

will concern ourselves with the high state, when the object is 

accreting.

The second point that should be noted is that the spectrum 

of an AM Her. object, particularly during the low state, 

consists not only of radiation from the accretion column itself, 

but also exhibits features originating further out in the



accretion flow and in the secondary star. For example, it was 

observations of strong Hell lines, which are produced in the 

accretion flow well away from the white dwarf, that led Bond and 

Tifft (1974) to suggest that AM Her. was a CV like object, and 

it was infra-red observations of the secondary star (Liebert 

et al, 1978; Young and Schneider, 1979; Szkody and Capps, 1980;

Young et al, 1981; and Allen and Cherepushchuck, 1982) that 

identified it as a low mass main sequence red dwarf.

In this Chapter we shall concentrate only on the features 

which are believed to originate in the accretion column: the

polarised optical continuum (Section 1.2); and the soft and hard 

X-ray fluxes (Section 1.3). In addition,in Section 1.4 we will 

review the observations made during the low states which yield 

information about the region of the system close to the white 

dwarf. In Section 1.5 we summarise the constraints on simple 

accretion column models and the features that they are trying to 

explain.

Finally, it should be noted that the strong magnetic field 

of the primary has the effect of locking the white dwarf’s 

rotation period to the system’s orbital period so that the 

system co-rotates. The result of this is that all the spectral 

features are modulated with the orbital frequency (see Figures

1.2, 1.3 and 1.5). Indeed it was the 3.09 hour periodicity of 

both the polarisation (Tapia, 1977) and the soft X-ray flux 

(Hearn and Richardson, 1977) which confirmed AM Her. as being 

the optical counterpart of the X-ray source 3U 1809+50.



SECTION 1.2 OBSERVATIONS OF THE OPTICAL CONTINUUM

AM Herculis stars possess one unique characteristic which 

separates them from all other classes of cataclysmic variables, 

a high degree of polarisation in the near infra-red, optical, 

and ultra-violet part of the spectrum. First observed by Tapia 

(1977), the polarised optical radiation is attributed to a 

thermal cyclotron source situated in the accretion column close 

to the ’shock' region (e.g. Lamb and Masters, 1979; Chanmugam 

and Dulk, 1981; Meggitt and Wickramasinghe, 1982).

Figure 1.2 (Chanmugam and Dulk, 1982) shows an example of 

the smoothed visual light curves and the variations of 

polarisation with phase of three AM Her. stars. The 

illustrations above the light curves show the estimated position 

of the accretion column on the star’s disc, assuming a radial 

geometry for the column.

These curves have several main characteristics of note. 

Firstly, there is one feature which is common to all three of 

these stars -r the linear polarisation pulse. This feature is 

used to define the magnetic phase of the star (phase zero being 

defined as the phase of maximum linear polarisation), and can be 

attributed to the observer viewing the cyclotron source at the 

maximum angle of inclination (0) relative to the magnetic field. 
In the case of AM Her. and VV Pup., which both eclipse the 

column, this corresponds to the eclipse ingress. Surprisingly, 

neither of these stars exhibit a linear polarisation pulse at 

egress and in fact only one radially accreting white dwarf, 

CW 1103+254 (Figure 1.3, Stockman et al, 1983), shows a linear



pulse at egress. As yet no satisfactory explanation for this has 

been preferred.

The second point to note is that the polarisation

observations of W  Pup. have divided AM Her. stars into two 

sub—classes, the one and two polar accreters. As we can see in 

Figure 1.2b, the primary pole of VV Pup. is eclipsed for roughly 

60% of its period (between phases 0.1 and 0.7). During epochs 

when it is actively accreting matter (i.e. W  Pup. is in its 

high state) the polarisation remains while the accretion column 

is eclipsed. This has generally been interpreted as being due to 

a second, less active, magnetic pole which only accretes 

material when there is a great deal of matter around (e.g. 

Liebert and Stockman, 1979; Liebert et al, 1978). This

interpretaion also has the advantage of providing a ready

explanation for the dip in the optical brightness, which occurs 

immediately after eclipse ingress (Liebert et al , 1978), as a 

slight offsetting of the line of the pole from the white dwarf 

diameter would allow both poles to be out of view for a short 

time. Further evidence of this type of two pole geometry has 

been provided by the recent EXOSAT observation observations of 

AM Her., made by Heise et al (1986), which are discussed in 

Section 1.3.

The third striking feature of Figure 1.2 is the rapid 

ingress and egress of W  Pup. from eclipse (~2% of the period) 

which indicates that the primary pole must cover only a small 

fraction (f~10~^) of the total surface area of the star 

(Liebert et al, 1978). The smoother variations in the light

curves of the other two objects, particularly that of AM Her.,



which also eclipses, tends to suggest that they may have a 

larger area of accretion.

In addition to these three characteristics, there is one 

other feature not illustrated in Figure 1.2 which should be 

mentioned - the optical light curve also shows rapid ’twinkling’ 

which has generally been neglected in the modelling of accretion 

columns.

Finally, it is worth mentioning that, because the optical 

radiation is predominantly from an optically thick cyclotron 

source (e.g. Chanmugam and Dulk, 1981), the anisotropy of the 

cyclotron emissivity means that the maximum optical flux does 

not necessarily correspond to the maximum in the apparent 

surface area. The effect of this is most clearly seen in the

light curve of AM Her., where the X-ray maximum, which

co-incides with a maximum in the projected surface area, also

coincides with a minimum in the optical light curve. In fact the 

maximum in the optical intensity occurs at an angle between the 

observers line of sight and the magnetic field 45° (see 

Chapter 4)

Further evidence that the optical component of the spectrum 

of AM Her. stars is dominated by cyclotron radiation can be 

obtained from the observation of the optical spectrum of W  Pup. 

(Figure 1.4), made by Visvinath and Wicramasinghe (1979) during 

an active accreting period, which clearly show the existence of 

cyclotron emission lines. These observations are unique to W

Pup. and it has therefore been suggested that in other AM Her. 

stars the harmonics are so wide that they smear into a polarised 

continuum.



So what do these observations tell us about the accretion 

columns of magnetic white dwarf stars? Originally the 

polarisation was attributed to an optically thin, first 

harmonic, cyclotron line (e.g. Tapia, 1977) and early estimates 

of the magnetic fields from the optical data yielded a value of 

B^lO^Tesla. More recently, however, ’successful’ attempts have 

been made to fit both the polarisation light-curve of AM Her. 

(Chanmugam and Dulk, 1981; Barrett and Chanmugam, 1984), and the 

cyclotron lines of VV Pup. (Wickramasinghe and Meggitt, 1982; 

Barrett and Chanmugam, 1985) using a marginally optically thick 

cyclotron source, i.e. the source has an optical depth r = 1 at 

optical frequencies.

Table 1.1 shows the best fit values for the magnetic field
0)̂ 1

B, plasma parameter A = — —  (where w is the plasma03 C pC
frequency, 1 is the length of the emitting region, and c is the

speed of light), the column density N = nl (where n is the

electron number density in the white dwarf atmosphere) which

corresponds to the above A, and the temperature T obtained by

the above authors for the accretion column. All three sets of
3results agree on one of the parameters B - 3 10 Tesla. The fits 

to the polarisation light curves and the cyclotron lines, on the 

other hand, do not give consistent values for the temperature or 

the column depth of the emitting region. However, the results 

from the observations of W  Puppis, which because of the 

relative simplicity of fitting a model to three cyclotron lines 

are probably more reliable, do agree well with theory. Firstly,
g

the temperature, T v 10 K (lOKeV), is consistent with the 

expected temperature of ’shock’ region which is the likely



source of the cyclotron radiation (Lamb and Masters, 1979). 

Secondly, the value for the column density of the cyclotron 

emitting region is of the same order as the expected thickness 

of the ’shock’ region (Thompson and Cawthorne, 1986). This is 

perhaps to be expected since Meggitt and Wickramasinghe (1984) 

have shown that the marginally optically thick assumption, used 

by Wickramasinghe and Meggitt (1982) and Barrett and Chanmugam

(1985), is not necessary if a steep temperature gradient, such 

as occurs in the ’shock’ region, is present. In addition to 

these two factors, Barrett and Chanmugam (1985) have estimated 

the fraction of W  Puppis’s surface area (f) covered by the 

cyclotron source to be 6 10 This result is consistent

with the value determined by Liebert et al (1978) from the 

light-curve.

SECTION 1.3 THE SOFT AND HARD X-RAY OBSERVATIONS

Probably one of the clearest examples of the typical X-ray 

spectrum of a radially accreting white dwarf is that obtained by 

Rothschild et al (1981) using HEAO-1 (Figure 1.5), which clearly 

demonstrates the two component nature of the spectrum. The 

’hard’ X-ray component (hv > IKeV) is generally attributed to an 

optically thin bremsstrahlung source (e.g. Rothschild et al, 

1981), while the ’soft’ X-ray component (hv < IKeV) is usually 

interpreted as a black-body continuum (Tuohy et al, 1978).

The hard X-ray component can be fitted fairly simply and 

fairly well by a bremsstrahlung source with a temperature



T - 1-3 lO^K (kT - 1 0 - 3 0  KeV) and a column density

Njj - 2,4 lO^^m ^ lying above a photosphere with an albedo of 0.2

(Rothschild et al, 1981). In addition, the hard X-ray luminosity
25can be estimated as "̂ 3 10 W, assuming a distance of 100 parsecs

for AM Her. (Dahn, 1980, referenced in Schmidt, 1981).

Fitting the soft X-ray spectrum to a black-body spectrum

does, however, represent a somewhat more difficult problem. The

observed soft X-ray spectrum represents the Wein tail of a

black-body spectrum, the peak of which lies between lOoX and

1000&, a region which is currently unobservable. The best fits

to this spectrum produce a temperature T - 1-5 lO^K (10-40eV)
27and a luminosity 10 W. More recently, Heise et al (1986)

(c.f. Heise, 1982) have fitted observations made with the

Einstein satellite to a black-body with a temperature

T - 5.3 10^ (46eV) and a luminosity - 6.3 lO^^W. Heise et al

(1986) also fitted the soft X-ray spectrum to the spectrum

emitted by an atmosphere in radiative equilibrium. This yields

an effective temperature T - 2-2.4 lO^K, which is lower and a
26luminosity L - 2 10 W (which corresponds to a fractional 

emitting area f - 10 ) which is larger than that obtained for a

black-body fit.

It has been argued by theorists that the soft X-ray 

component is due to the reprocessing of the cyclotron and hard 

X-ray radiation, which is produced in the region behind a 

standing shock wave in the infalling material (Lamb and Masters, 

1977; King and Lasota, 1979). Consequently, the ’black-body', 

soft X-ray luminosity would not be expected to exceed the total 

cyclotron and bremsstrahlung luminosities of the source (i.e.
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^bb ~ ^cyc ^ * Raymond et al (1979) and Fabbianno et al

(1981) have, however, argued that the emitted energy at optical 

and hard X-ray wavelengths is 1.5 orders of magnitude smaller 

than the soft X-ray luminosity, and the observed soft X-ray flux 

cannot, therefore, be explained as reprocessed cyclotron and 

bremsstrahlung emission. This discrepancy is the so called ’Soft 

X-ray Puzzle’.

Three possible solution to this paradox have been 

suggested.

1) Fabbiang__ et al (1981) have suggested that the soft X-ray 

flux could be enhanced by steady nuclear burning at the base 

of the column, along the lines of Weast et al (1979). 

Papaloizou et al (1982), on the other hand, have pointed out 

that, unless the accreting matter is carbon, nitrogen, and 

oxygen deficient 10 ^), the dominant fusion process 

would be the CNO cycle, the temperature dependence of which 

results in an instability which prevents steady nuclear 

burning from taking place (c.f. Section 2.2).

2) Frank and King (1984) have proposed a model involving 

energy transport by suprathermal, shock electrons. They 

suggest that these could allow more than 50% of the energy of 

the accreting matter to reach the photosphere. Thompson et al

(1986) have, however, pointed out an error in Frank and 

King’s treatment which may prevent this model from working. 

Their analysis is elaborated more fully in Section 2.4.

3) Patterson et al (1984) have recalculated the energy 

emitted in the form of reprocessed, cyclotron and hard X-ray 

radiation and suggest that the soft X-ray radiation is
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consistent with the reprocessing argument of Lamb and Masters 

(1979) (Table 1.2). The question of whether or not the soft 

X-ray puzzle still exists does, however, depend fairly 

crucially on the interpretation of the origin of the UV flux 

between 1000 - 2000&. Raymond et al (1979), Fabbianno et al 

(1981), and Heise et al (1986) have found this to be 

consistent with the Rayleigh-Jeans tail of the "black-body* 

distribution. Patterson et al (1984), on the other hand, have 

included this in the "primary" radiation from the "shock" 

region. If this latter interpretation is correct then the

soft X-ray puzzle has truly dissappeared. If, however, the 

interpretation of Raymond et al, Fabbianno et al, and Heise 

et al is correct then the soft X-ray puzzle still exists, 

although the results of Heise et al (1986) do indictate that 

the soft X-ray excess may not be as great as originally 

suggested by Fabbiano et al (1981). Heise et al have

estimated that the soft X-ray luminosity is only 2-6 times

the combined cyclotron and bremsstrahlung luminosities.

The picture of the X-ray source has been further 

complicated by the recent EXOSAT observations of the X-ray light 

curves of AM Her. (Heise et al, 1985). Previous observations, by 

Touhy et al (1978) and Swank et al (1977) had indicated that 

the soft and hard X-ray light curves of AM Her. were in phase

(Figure 1.6a). The results of Heise et al (1985), on the other 

hand, indicate that the reverse is true and that they are in 

fact in antiphase (Figure 1.6b). This change in the light curve 

has been attributed by Heise et al (1985) to the precession of 

AM Her. This precession results from the rotation of the white
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dwarf being slightly out of synchronisation with the orbital 

motion (Campbell, 1983; King and Williams, 1985) and this has 

allowed AM Her. to start accreting onto both poles, as in the 

case of W  Puppis.

SECTION 1.4 "LOW" STATE OBSERVATIONS

As we said in the introduction, because of the absence of 

an accretion disc reservoir, changes in the accretion rate can 

rapidly result in changes in the luminosity of radially 

accreting white dwarfs. During these "low" states additional 

information about the system can be gained from the changes in 

the spectrum and the appearance of features which are not 

visible during the "high" state (when the white dwarf is 

actively accreting). For example, it was during such "low" 

states that Liebert et al (1979) and Young and Schneider (1980) 

detected the infra-red and optical emission from the secondary 

stars in AM Her. and W  Pup., identifing them as low mass M4-5 

main sequence red dwarfs.

During these low periods two features have been observed 

which yield information about the the accretion column. Firstly, 

Schmidt et al (1981) and Liebert et al (1982) have identified 

Zeeman hydrogen absorption features, in the spectrum of VV Pup.

and AN UMa. resepectively, which are consistent with a surface
O

magnetic field for the primary v 1-2 10 Tesla, in agreement with

the estimates of Meggitt and Wickramasinghe (1982) and Barrett

and Chanmugam (1984), made from cyclotron emission lines.
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Secondly, during "low* states the optical polarisation increases 

(Liebert et al, 1982), This indicates that either the cyclotron 

emitting region, or the "shock" itself (c.f. Meggitt and 

Wickramasinghe, 1984) is reduced in length during these periods.

SECTION 1.5 SUMMARY

In this Chapter we have reviewed some of the observations 

of radially accreting, magnetic, white dwarf stars and the 

constraints that these place on models of white dwarf accretion 

columns. In this Section we briefly summarize these and outline 

the characteristics that white dwarf accretion column models 

should explain.

White dwarf accretion columns produce, basically, three 

types of continuum radiation: optical cyclotron radiation; hard 

X-ray bremsstrahlung radiation; and reprocessed soft X-ray 

radiation.

The cyclotron radiation is believed to originate in an 

optically thick source, consisting of a thermal plasma at a
g

temperature T ^ 10 K, with a length (in column density) 

N 'V lO^^-lO^^m ^, situated in a magnetic field B 'v lO^-lO^Tesla
3(probably '̂3 10 Tesla, Wickramasinghe and Meggit, 1982; Barrett

and Chanmugam, 1984), In addition, it has an estimated
25luminosity L ^ 6  10 W (Fabbianno et al, 1981). The fact that eye

the optical polarisation increases as the accretion rate 

decreases (Liebert et al, 1982) means that the spatial structure 

of the cyclotron emitting region must, to some extent, depend on
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the accretion rate.

The hard X-ray source is due to an optically thin
g

bremsstrahlung source with a temperature ^ 2 10 K and a 

luminosity ~ 3 lO^^W (Rothschild et al, 1981). The

similarities between the temperature of the source of optical 

and hard X-ray radiation and the shock temperature have led most 

authors (e.g. Lamb and Masters, 1979) to assume that these 

sources are co-incident and due to an adiabatic shock wave in 

the white dwarfs atmosphere.

Finally, the soft X-ray source has been attributed to

radiation from the optical and hard X-ray sources being

reprocessed in the white dwarf's photosphere. The most recent

determinations of the temperature and luminosity of the soft

X-ray source (Heise et al, 1986, c.f. Heise, 1982), using an

atmosphere in local thermodynamic equilibrium, produce a value

for the effective temperature T 2 lO^K and a luminosity 
26L^^ ~ 2 10 W. This is in excess of the power emitted directly 

to the observer, by the cyclotron/bremsstrahlung source, by a 

factor v̂2, creating the so called 'Soft X-ray Puzzle’. If this 

radiation is to be produced by reprocessing, the emission from 

the column must be anisotropic so that more energy is emitted 

towards the star's photosphere than away from it. This is 

phenomenon which any accretion column model must ultimately 

explain.

Finally, the observations of these three components of the 

spectrum of AM Her. determine the three principal 'input* 

parameters which form the boundary conditions used when 

comparing models of accretion columns with observations.
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1) The accretion rate 'v lO^^Kgs

2) The magnetic field B ~ lO^-lO^T (probably '̂3 lO^T).

3) The accretion must take place over a fraction of the white 

dwarf's surface area f ^ 10 ^-10
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Table 1.1; Best fit values for the properties of the cyclotron 
sources in AM Her. and VV Pup.

B(T) A N (m"^) T(K)

*Barrett and 2.7 10^ 10® 4.5 10^^ 2.3 10®
Chanmugam (1984)

* *  3 6 25 8Barrett and 3.15 10 10 5.2 10 10
Chanmugam (1985)

icic 3 C OA Q
Wickramasinghe 3.18 10 10 5.3 10 1.2 10
and Meggitt (1982)

*) Fit to the polarisation light curve of AM Her. 

**) Fit to the cyclotron lines of W  Pup.

Table 1.2: Observed orbit averaged continuum luminosities of AM
Her. stars in their high state.

0*Source AM Her. AM Her. VV Pup.

L^_
1 2 10^7

4.8 10^5 1.8 10^4SX

hjv 1.8 10^^ 9.6 10^®

L 6 10^5 5.4 10^4 4.0 1023opt
(2-6Kev) 7.5 10^4 5.8 10^4 1.4 10^3

L ^  (2-60Kev) 3.6 10"^ >3.6 10^®

*) Luminosities determined by Fabbianno et al (1981)

**) Luminosities determined by Patterson et al (1984) 
(converted from the values of observed flux, assuming a 
source distance of 100 pc.)

(All luminosities are measured in Watts.)
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CHAPTER 2
REVIEW OF THE THEORY OF WHITE DWARF ACCRETION COLHMNS

SECTION 2.1 INTRODUCTION

Theoretical models of accretion columns can be split into 

several classes and subclasses. Figure 2.1 shows a ’family tree* 

for various types of theory and lists the principal references 

for each. In this Chapter we review these models and, where 

appropriate, compare the predicted spectral properties with the 

observations described in Chapter 1.

The primary classification of accretion column models that 

can be made is into those driven by nuclear burning and those in 

which the only method of energy generation is the thermalisation 

of the bulk kinetic energy of the infalling material. The first 

of these classes, the nuclear burning treatment, is discussed in 

Section 2.2. The accretion driven models can, on the other hand, 

be subdivided into three categories: Shock models; bombardment 

models; and the non-uniform accretion model.

The shock models and bombardment models represent two 

limiting cases in which matter is being accreted uniformly. In 

both cases, the accreting matter is envisaged as falling at a 

constant rate and with a uniform flux onto a fraction of the 

white dwarf’s surface area. This infalling matter passes through 

a region in which its kinetic energy is thermalised. It is then 

cooled by a combination of radiative and energy transport
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processes. Throughout most of the accretion column the length 

scales over which the bulk properties of the accreting matter 

change are very long compared to the mean free paths of the 

individual particles in the fluid. The structure of these parts 

of the accretion column can, therefore, be represented by a set 

of fluid equations. Within the thermalisation (shock) region, 

however, the temperature and density of the infalling material 

changes on a length scale equal to the mean free path of the 

accreting protons. The structure of this region of the column 

therefore requires a kinetic treatment. In the case of the shock 

models, it is assumed that there is no energy loss within the 

region of thermalisation. Consequently, there is no need to 

calculate, in detail, the structure of the thermalisation 

region. It can instead be represented by a discontinuity in the 

in the fluid motion (i.e. as an adiabatic shock). In the 

bombardment approach, on the other hand, the assumption is made 

that all (or at least a large fraction) of the accreted energy 

is lost in the thermalisation region, and a determination of its 

detailed structure is, therefore, necessary. In these 

circumstances, this region of the column can be approximated by 

a static atmosphere being struck by a beam of suprathermal 

protons, similar to the treatment of solar flares (Brown, 1972, 

1973; Emslie, 1978; Brown and Craig, 1984).

In Section 2.3 we briefly discuss three of the shock 

models: the bremsstrahlung; conduction; and cyclotron cooled

models. The remaining shock model, the suprathermal conduction 

model, is discussed at greater length in Section 2.4. In Section 

2.5 we discuss the previous work on bombardment models.
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Finally, the non-uniform accretion model was proposed by 

Kuijpers and Pringle (1982). They suggested that as matter 

enters the white dwarf's magnetosphere it cools (Eisner and 

Lamb, 1977; Arons and Lea, 1976), resulting in the production of 

density inhomogeneities which are preserved during the infall. 

If these blobs (inhomogeneities) are sufficiently dense, they 

can penetrate to the depth at which P ^ P^^^ (the ram pressure 

of the accreting material). At such a depth the atmosphere may 

be optically thick and, consequently, most of the energy carried 

by the blob will be radiated at the black body temperature.

Recent calculations by Cawthorne (1986, private 

communication) suggest that the density inhomogeneities, 

produced by the process described above, may not be sufficient 

to allow the resulting blobs to penetrate to the photosphere. 

These conclusions are, however, very tentative and we will, 

therefore, not discuss this model further.

SECTION 2.2 STEADY NUCLEAR BURNING MODELS

Isolated white dwarf stars consist, primarily, of a

degenerate core and a non-degenerate envelope which are made up,

principally, of helium and carbon. If, however, the white dwarf

is accreting material from a companion star it may also develop

a hydrogen rich outer layer. Such an envelope will gradually

increase in size until the pressure and the temperature inside

it become large enough to allow nuclear burning to take place,
-4typically when the envelope mass > 10 (Truran et al,
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1977). For sufficiently large abundances of carbon and nitrogen, 

the dominant nuclear burning process will be the CNO cycle. The 

temperature sensitivity of this mechanism does, however, mean 

that in these circumstances, this process is unstable with the 

consequence that an outburst occurs (Starrfield et al, 1981).

If, on the other hand, the dominant nuclear burning process is 

the p-p chain, which is less sensitive to temperature, the 

nuclear burning process is stable and steady burning can occur 

within the envelope (Starrfield et al, 1981).

The essence of the nuclear burning model is that the 

accreting matter is funnelled onto the poles of the white dwarf 

by the magnetic field. As it approaches the surface, it passes 

through an adiabatic shock. It then cools and settles onto the 

surface of the white dwarf forming a hydrogen rich 'puddle’ 

which is confined by the magnetic field. This 'puddle' gradually 

builds up until it is sufficiently massive for the base to start 

to burn by means of the p-p chain. An equilibrium is then set up 

by replacing the burnt hydrogen with more, freshly accreted, 

matter. Starrfield et al, assuming a carbon-nitrogen abundance 

= 0, calculated that steady nuclear burning would produce 

^20 times more energy than is produced by the gravitational 

infall of the accreted matter.

This model has one very attractive feature. The nuclear 

burning takes place in a region which is optically thick to 

electron scattering. The majority of the energy produced by the 

accreting matter is, therefore, released below the photosphere. 

The steady nuclear burning approach, consequently, provides a 

ready explanation for the large soft X-ray flux observed from
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white dwarf accretion columns.

Weast et al (1979) examined the effect of steady nuclear 

burning at the base of an accretion column on its emitted 

spectrum. They showed that energy loss from the shock heated 

region would be dominated by inverse Compton cooling. This 

results in a softening of the predicted hard X-ray spectrum and, 

consequently, the observed hard X-ray temperature would be 

expected to be below the shock temperature. Again this is in 

agreement with observations.

One question does, however, remain to be answered. Is the

abundance of carbon and nitrogen in this envelope likely to be

sufficiently small to allow steady nuclear burning to take

place? The answer, for realistic accretion rates

(M^ 10 Kgs ) and normal solar carbon and nitrogen abundances

(XçQ ^ 10 ^), is no (Starrfield et al, 1981; Papaloizou et al,

1982). For these parameters, nuclear burning would take place

via the CNO cycle and the process would be unstable. Starrfield

et al (1981) suggested that the abundance of heavy elements in

the envelope might be depleted by gravitational diffusion, thus

stabilising the process. Papaloizou et al, however, determined

that for steady nuclear burning to occur a carbon-nitrogen
-7 -9abundance X^^ 10 -10 would be required, a depletion factor

of five orders of magnitude. To do this by gravitational

'-5, ,envdiffusion would require a diffusion time-scale ^ 10

the timescale on which the envelope is replenished, i.e. the
2diffusion timescale must be < 10 years. Papaloizou et al (1982) 

calculated that the gravitational diffusion timescale, for 

carbon and nitrogen, to be 10^ years. They, therefore.
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concluded that gravitational diffusion could not deplete the 

carbon and nitrogen abundances significantly and, consequently, 

steady nuclear burning could not take place.

SECTION 2.3 SHOCK MODELS OF WHITE DWARF ACCRETION COLUMNS.

Shock models of accretion columns represent one extreme of 

a complete range of possible models which have as their primary 

source of energy the thermalisation of the bulk kinetic energy 

of the accreting material. In this Section we discuss three of 

the four types of shock models shown in Figure 2.1 the

bremsstrahlung; conduction/bremsstrahlung; and cyclotron cooled 

models. We shall discuss the fourth model shown in Figure 2.1: 

the suprathermal conduction approach, in Section 2.4.

The essence of the shock treatment is that matter,

channelled by the magnetic field, falls radially onto a fraction 

of the white dwarf’s surface area around the magnetic pole. The 

accreting matter is initially cool so that as it approaches the 

surface of the star it is moving highly supersonically. A strong 

standing shock wave can, therefore, form (Sakashita, 1968;

Hoshi, 1973; Aizu, 1973).

At this point it is useful to distinguish between the one 

fluid and the two fluid approach. As the ions (protons) and

electrons enter the shock, the ions, which carry most of the 

energy, have their kinetic energy thermalised, i.e. it is the 

ions that are heated first in the shock. The ions then transfer 

their energy, more slowly, to the electrons. If the timescale
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for the accreted matter to cool t < t  ̂ the electron - ioncool ei
equilibration timescale then the electrons will, for most of the 

length of the column, be cooler than the ions and it is

necessary to treat the electrons and ions as two separate but 

electrostatically coupled fluids. If, on the other hand,

t^^ < t^QQ^ the two fluids will achieve equal temperatures

sufficiently rapidly to allow the accreted matter to be treated 

as one single fluid. The models described in this Section are of 

this one fluid type.

As the accreted matter passes through the shock its density 

increases and its velocity decreases by a factor of 4. In 

addition, the inflowing material is increased to the shock 

temperature.

n GM^m y
° 1 6 -k /  = 3.7 10 K (2.1)

where is the white dwarf mass, = R- 10 m is the

stars radius and y is the mean molecular mass. The shock heated 

matter then cools by some combination of energy transport

processes (e.g thermal conduction) and radiative processes (e.g. 

cyclotron or bremsstrahlung radiation). Where the three shock 

models we discuss here differ is in the type of radiative and 

energy transport processes which are reckoned to be important.

2.3.1 Bremsstrahlung cooled models.

Sagashita (1968), Hoshi (1973), Aizu (1973) and Fabian 

et al (1976) considered the case in which the shock heated 

material simply cools by thermal bremsstrahlung as it settles
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onto the stellar surface. The calculations of Sagashita (1968), 

Hoshi (1973), and Aizu (1973), which predate the discovery of 

AM Her., were primarily aimed at demonstrating that white dwarfs 

were potential X-ray sources. They consequently considered the 

effect of uniform spherical accretion onto a non-magnetic white 

dwarf. Fabian et al (1976) extended these calculations to 

include a magnetic white dwarf in which accretion may take place 

over a fraction of the total surface area. Fabian et al also 

demonstrated that the cooling timescale in this type of model is 

very much greater than the electron-ion equilibration timescale, 

confirming the validity of the one fluid approach.

In the absence of any other energy emission or transport

process, all the accreted energy will be radiated, initially, in

the form of hard X-rays with a characteristic temperature of

lO^K. Consequently, the bremsstrahlung model predicts a soft

X-ray (reprocessed) ’black-body’ component with a luminosity

L,, < 0.5 L  ̂ ( w h e r e  I,  ̂ = t h e  t o t a l  l u m i n o s i t y  o f  t h e  
D D  t o t  t o t

source), and a hard X-ray (bremsstrahlung) component with a 

luminosity 1 ^  > 0.5

Clearly, these predictions, made before the discovery of AM 

Her., cannot explain its observed spectrum. This treatment has, 

however, inspired at least three modified versions of the shock 

model.

2.3.2 Bremsstrahlung/conduction cooled models.

Fabian et al (1986) noted the possibility that a 

self-consistent accretion column model might exist in which a
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standing shock wave is set up close to the white dwarf surface, 

and in which the dominant post shock cooling mechanism is the 

diffusive thermal conduction of the energy below the 

photosphere. This has the obvious attraction, in terms of 

explaining the soft X-ray puzzle, that the energy conducted into 

the photosphere would be emitted at the black-body temperature, 

thus enhancing the total soft X-ray flux.

Kuijpers and Pringle (1982) demonstrated the limitations of 

conduction cooled shock models. By consideration of the mean 

free paths and thermal energies of shock heated particles, they 

showed that the total energy flux across the shock front could 

not, even by free convection, be carried into a region with a 

temperature T < 10 T^ (about 10 times the photospheric 

temperature of a radially accreting white dwarf). They 

concluded, therefore, that thermal conduction was insufficient 

to transport any significant fraction of the total accreted
g

energy flux, from a shock with temperature "̂ 4 10 K down to a 

photosphere with a temperature 'vlO^K.

The same conclusion was reached from a more detailed 

calculation of the temperature structure of the accretion 

column, carried out by Frank et al (1983), in which shock heated 

material is cooled by both thermal conduction and bremsstrahlung 

radiation. They showed that two types of conduction solution 

exist: one in which the conductive flux saturates as the

temperature decreases monotonically to zero, and a second in 

which the conductive flux always remains small and the 

temperature reaches a minimum. Which of these solutions, then, 

is appropriate to a white dwarf accretion column? One unique
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solution can be chosen from these solutions by imposing the 

boundary condition, at the base of the column, that the column 

must match onto an atmosphere. To do this the conductive flux 

must vanish at some temperature, so that only solutions of the 

second type can be appropriate. Consequently, no energy can be 

conducted into the photosphere.

The inclusion of conduction does, however, modify the 

temperature structure of the accretion column in two ways: the

height of the shock above the photosphere and the temperature 

immediately behind the shock are both reduced. The first of 

these is as a result of conduction transporting energy to a 

point in the column where it can be radiated more efficiently. 

The second result is a direct consequence of some of the energy 

flux being conducted rather than advected away from behind the 

shock. This model is, however, in terms of observational 

predictions, somewhat similar, to the bremsstrahlung cooled 

models described above.

2.3.3 Cyclotron cooled models.

In addition to pointing out that a magnetised white dwarf would

accrete matter radially onto its magnetic poles, Fabian et al

(1976) noted that any shock formed in the inflowing material

would cool both by cyclotron radiation and bremsstrahlung

radiation. Masters et al (1979) noted that the matter heated in
8 9the shock wave is mildly relativistic ( T ^ 1 0  -10 K) and that, 

as a result, the cooling material would be optically thick up to 

some frequency u > (typically ( w /w^) ^10-100; where is
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the cyclotron frequency). They therefore estimated that the 

cyclotron luminosity could be approximated by

L - AkT w* / (12^2 c%) (2.2)eye s
*where A is the surface area of the shock and where w must be 

determined in some way from a knowledge of the length of the 

accretion column.

Clearly, for a sufficiently strong magnetic field, 

cyclotron radiation will be the dominant radiative process in 

the accretion column. Lamb and Masters (1979) calculated the 

range of luminosity/fractional accreting area (L/f) and magnetic 

field (B) for which cyclotron radiaion is the dominant cooling 

mechanism (Figure 2.2). They also showed that the cyclotron 

cooled model could be split into three regimes.

I) For the cyclotron cooling timescale t^^^ > t^^ a one fluid 

approach can be used.

II) For t . < t < t.. the ion-ion energy exchange timescaleei eye ii
the electron temperature never reaches the shock temperature 

and a two fluid treatment is necessary.

III) For t < t.. the accreted ions do not have time toeye ii
form a Maxwellian distribution and a fluid dynamical, 

’shock’, model is no longer appropriate. A kinetic 

treatment, of the type described in Chapter A, must be used 

instead.

The cyclotron cooled shock treatment predicts a three component 

spectrum (Figure 2.3) of the type observed in AM Her. type 

stars. This consists of an optical Rayleigh-Jeans tail, a hard 

X-ray bremsstrahlung component, and a soft X-ray component
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produced by the reprocessing, in the photosphere, of the first 

two spectral components. Although this model does account, at 

least qualitatively, for the spectral features observed from 

white dwarf accretion columns, it does not produce an obvious 

solution to the soft X-ray puzzle as it does not explain how the 

reprocessed photospheric radiative flux can exceed the flux from 

the shock region.

SECTION 2.4 THE SUPRATHERMAL CONDUCTION TREATMENT.

The suprathermal conduction approach to the problem of the 

soft X-ray puzzle was proposed by Frank et al (1983) and Frank 

and King (1984) as a response to the failure of the (diffusive) 

thermal conduction model, described in the previous Section, to 

explain the soft X-ray puzzle. Frank et al (1983) and Frank and 

King (1984) argued that the high velocity electrons which 

populate the exponential tail of the Maxwellian distribution 

produced in the shock will have sufficiently long mean free path 

to allow them to traverse the gap between the hot ’shock’ region 

and the cool photosphere, where they deposit their energy by 

means of Coulomb collisions. They proposed, therefore, that 

steady state solutions to the accretion column structures could 

be found in which the ion shock (two fluid approximation) lies 

close to the white dwarf surface and the dominant cooling 

process is the ’leaking’ of these high velocity electrons into 

the photosphere.

This is essentially the same method of energy transport
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that is observed in the solar transition region and should, as

in that case, be treated by solving the Fokker-Planck equation

(Shoub, 1983). Frank and King, however, employed a somewhat

simpler treatment. They assumed that any electron with a

velocity component directed towards the photosphere v^ > v^^,

the minimum velocity necessary to reach the photosphere, could

deposit a fraction e of its initial energy into the photosphere.

They then incorporated this as an extra energy loss term into

the standard fluid equations and derived the temperature

structure and soft X-ray ratio (L,./L, ) in terms of the twobb brems2m v2
parameters e and 0 ^ ^  = predicted soft X-ray

s
ratios are shown in Table (2.1) and, as can be clearly seen, 

this model does indeed predict a large soft X-ray excess. This 

is to be expected, since, mathematically, the effect of the 

’leak factor* is to make energy vanish from the shock region and 

re-appear in the photosphere.

Frank and King (1984) have, however, misinterpreted the 

standard Coulomb collisional timescales derived in Spitzer 

(1962). As we shall show, they have as a result overestimated 

the mean free paths of the high energy electrons, thus raising 

doubts about the whole basis of this model (c.f. Thompson et al, 

1986).

The timescales of interest are those in which suprathermal 

electrons give up most of their energy to a target plasma. The 

relevant results can be readily derived from Spitzer’s (1962) 

treatment (c.f. Appendix A), where the target particles have

Maxwellian energy distributions with a temperature T and a mean
1

velocity v^ = ( 2kT/M )^, for field particles of mass M. The
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timescale for the change of a scalar function cp of the beam 

(test) particle with velocity v is found from

t^ = (j)(v)/< A(j)(v)> (2.3)

where <AcJ) > (Spitzer*s notation) denotes the collisional rate of 

change of ^(v) for the test particle averaged over species of 

field particle.

In particular Spitzer defines:

The slowing down timescale tg = v/< Av̂  ̂ >
2 2The deflection timescale t^ = v /< AVĵ  >
2 2The energy exchange timescale t^ = E /< AE >

(2.4)

(2.5)

(2.6)

where E is the kinetic energy, is the change in velocity 

along the original direction of motion, and Vj_ is the change in 

velocity perpendicular to the original direction of motion of 

the test particle. We also define one further timescale.

The energy loss timescale t^^ = E / < A E >  (2.7)

The exact evaluation from Spitzer (1962), to order m^/m^.

for suprathermal electrons gives.

[4nEQ]2

independent of v^ and (with v^ = (2kT/m^)* = v^(M=m^)),
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[4nEo]2 v2
4  = — ,-------- —  (2.9)Stt n In A e

which ->■ 00 as v̂ ->- 0, and where n is the plasma density, e is the 

charge on an electron, Eq the permittivity of free space, and 

In A is the Coulomb logarithm.

Frank et al (1983) and Frank and King (1984) interpreted

the energy exchange timescale as the rate at which an electron

loses energy to the background (field) particles. The energy

exchange timescale is, however, a dispersion timescale,

representing the rate at which the distibution of individual

particle energies, in an initially mono-energetic beam, spreads.

Frank and King should instead have used the shorter energy loss

timescale. Physically, it is obvious that a beam of single energy

E can never attain an energy dispersion of order E if it is
2interacting with cold plasma particles (iMv^ 0). This does, 

not, however mean that the beam particles do not undergo a 

reduction in energy.

, Frank and King (King 1985, private communication) have 

responded to this correction by suggesting that the shorter mean 

free path can be compensated for by a corresponding reduction in 

the shock height. The same number of electrons could then carry 

the same amount of energy to the photosphere producing the same 

predicted soft X-ray ratios as were previously calculated.

The situation is, however, not that simple. Firstly, to 

transport a significant fraction of the accreted energy flux by 

non-local electrons, as envisaged by Frank et al (1983) and
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Frank and King (1984), a very steep temperature gradient is 

required i.e. a very thin cooling region, the thickness of which 

must be less than the mean free path of a typical thermal 

electron. Thus the cooling length-scale

(kT)2[4nEQ]2
X   (2.10)

Bit n In A

We also require for the shock model to be self-consistent, 

that the cooling length-scale be greater than the shock 

thickness i.e.

8tt n In A

Since kT^ = a model of this type cannot be self

consistent.

SECTION 2.5 THE BOMBARDMENT MODEL

The bombardment treatment of white dwarf accretion columns 

represent the opposite extreme of uniform accretion models to 

the shock approach described in the Sections 2.3 and 2.4. 

Proposed by Kuijpers and Pringle (1982), this model assumes that 

all the accreted energy is lost through radiation within the 

region in which it is thermalised. (The shock model assumes that 

no energy is lost in this region.) It is essentially similar to 

the non-thermal beam models of solar flares (Brown 1972,1973;



38

Emslie 1978; Brown and Craig 1984) in which suprathermal 

particles (in this case the accreted protons) strike a static 

target atmosphere. The beam particles heat the atmosphere by 

Coulomb collisions and the energy deposited is then radiated 

away locally by the atmosphere.

Kuijpers and Pringle (1982) performed an order of magnitude 

calculation in which the atmosphere is heated uniformly by 

Coulomb collisions over its entire volume, and cooled uniformly 

by optically thin line radiation. They obtained a mean 

temperature of lO^K for the atmosphere, somewhat lower than the 

shock temperature, although still considerably above the 

black-body temperature ^lO^K. They concluded, therefore, that a 

bombardment type solution could exist and that such a solution 

would have a softer spectrum than the previous shock models. 

Thus a bombardment solution could perhaps help to resolve the 

'Soft X-ray Puzzle*.

This type of model is examined more fully in Chapters 3 and 

4 and for this reason we shall not discuss it further here.
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Figure 2.2: Parameter regimes in the (B ,L/f ) plane for an M= 1
star. (Lamb and Masters, 1979)
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Figure 2.3: X-ray and UV spectrum produced by two different accretion
rates onto a 1M@ degenerate dwarf having a magnetic field 

7 3of B= 2 10 gauss (2 10 Tesla). (Lamb and Masters (1979)
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CHAPTER 3 
OPTICALLY THIN BOMBARDMENT MODELS

SECTION 3.1 INTRODUCTION

As we saw in the Chapter 2, most of the previous work on 

the 'Soft X-ray Puzzle' has centred around the study of models 

involving a stand off shock (e.g. Fabian et al, 1976; Lamb and 

Masters, 1979; Frank et al, 1983). Kuijpers and Pringle (1982), 

however, proposed two alternative solutions to the 'Soft X-ray 

Puzzle': a bombardment solution, and a non-uniform accretion 

model. In the first of these models, which we shall examine in 

this Chapter, the accreting matter is treated as a 'non-thermal' 

stream of protons which have mean free paths equal to the length 

of the dissipative region, and the Coulomb collisional energy 

deposition, by the 'non-thermal' accreting protons, is directly 

balanced by the optically thin (line) emission of a target 

atmosphere. Using order of magnitude estimates Kuijpers and

Pringle (1982) derived a mean temperature for the column of
7 8order 10 K, well below the shock temperature T^ = 3.7 10 K,

though still well above the observed 'black-body' temperature

^lO^K.

In this Chapter we examine the bombardment solution of 

Kuijpers and Pringle. In Section 3.2, we show that Kuijpers and 

Pringle used an incorrect value for the Coulomb mean free path 

of the protons in their bombardment model. When the correct 

value is used, we find (Section 3.3) that the existence of a
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solution is marginal, but the atmosphere has a 'mean' 

temperature around lO^K, lower than that found by Kuijpers and 

Pringle (1982), and much closer to the observed temperature of 

the 'black body' component of the spectrum. The fact that the 

temperature is close to the black body temperature does, 

however, cast doubt on the optically thin assumption.

In Section 3.4, we examine the bombardment solution more 

closely, along lines analagous to the models of solar flare 

heating by energetic beam collisions (Brown 1972,1973; Emslie 

1978; Brown and Craig 1984). By examining the local balance of 

momentum and energy, we find that no pure bombardment solution 

exists without either a large 'top pressure' (at the gas vacuum 

boundary; an additional source of energy transport within the 

column (e.g. thermal conduction (Section 3.5)); or an additional 

energy loss mechanism (e.g. Cyclotron radiation (Chapter 4)).

Finally, in Section 3.6 we discuss the validity of the 

optically thin radiative loss curves calculated by Cox and 

Tucker (1969), Raymond et al (1976) and Summers and McWhirter 

(1979). We conclude that the large pressure (and consequent high 

density) in the accretion column and the large radiative flux 

which must be carried by a few spectral lines are likely to 

inhibit the atmospheres ability to radiate, and are, as a 

result, likely to make a bombardment / optically thin radiative 

solution less likely;
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SECTION 3.2 COULOMB COLLISIOMAL TIKESCATFK

The time-scales and mean free paths of interest here are 
those over which suprathemal protons give np their energy to a 
target plasma. These can , readily he derived from Spitzer's 

(1962) treatment, where the target (field) particles have 
Maxwellian distributions with te^qperature T. These timescales 
are derived in Appendix A.

There are three timescales of particular interest here. 
Firstly, although protons accreting onto a white dwarf may have 
energies E ( > lOOkev) much in excess of the thermal energy kT
of the atmospheric plasma, they do not necessarily have speeds

I *V = (2E/iî ) in excess of the thermal speed v^ = (ZkT/m^)"^ of
the atmospheric electrons. Since the relative speeds of two
particles is the determining factor for the collisiomal mean
free path, there are two limiting expressions for the
proton-electron energy loss timescale-

m [4regJ^ m^v^  1 E_
™p 8r n. In A

v>>v_ (cold plasma) (3.

m 3[4irEftl̂  v^ e _____  ̂ p e
®p 32r^ e^ n In A ^

V «  V (warm plasma)

In addition, for proton-proton collisions there is one 

energy loss time scale. For v »  v^ = (2kT/my)

Sir n In A
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In their bombardment calculation, Kuijpers and Pringle 

(1982) used the proton-proton expression (Equation 3.2) to 

calculate the collisional mean free path of the accreting 

protons. However, comparison of Equations (3.1) and (3.2) shows 

that t^P < t^2 only if kT > E(m^/m^)^^ i.e. T > lO^K which 

is not consistent with the atmospheric temperature (- lO^K) they 

derive. Instead one of Equations (3.1) should have been used, 

depending on the value of (2KT/m^)* relative to (2E/mp)*. 

Consequently, the limit Equation (3.1a) will be applicable if 

kT < (m^/m^)E, i.e. T < 6 lO^K and Equation (3.1b) will be 

applicable if T > 6 lO^K, so that the appropriate value of t^f 

is coupled to the atmospheric temperature which it determines. 

For the temperature - lO^K derived by Kuijpers and Pringle, the 

appropriate t^^ would be Equation (3.1b) which is, at this 

temperature, about 20 times smaller than the value of t̂ ,̂  

(Equation 3.2) which they used. In the Section 3.3 we therefore 

re-consider the Kuijpers and Pringle result.

SECTION 3.3 GLOBAL ARGUMENT

The essence of the Kuijpers and Pringle (1982) bombardment 

solution is that of a global steady state, in some average sense 

over the accretion column, where the atmospheric plasma pressure 

and the optically thin radiative losses from the plasma (e.g. 

Summers and McWhirter, 1979) balance the rate of deposition of 

energy and momentum by the beam.
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i.e. 2nkT = F_m vU p (3.3)

or n = 1.5 lO^S

and n f^(T) . FqE / vtgL (3.4)

where Fq is the beam number flux, n is the electron number 

density, is the mass accretion rate in units of 10^^ Kgs“\  

is the white dwarf mass measured in solar masses, is the 

white dwarf radius in units of lO^m, is the temperature in 

units of lO^K, f_ 2  is the fraction of the white dwarf's surface 

over which accretion is taking place measured in units of lO”^ 

and fg(T) is the radiative loss function, and where E and v are 

the energy and velocity of the accreting particles, and where 

the small corrections to n for non-hydrogenic contributions are 

neglected.

From Equation (3.1) we have

^EL ^

m [4ïïen]^ni^

m 8tt n In A P

3m^ (2ir)̂  [4wEo]2(kT^)^^

V  > >  V

(3.5)

V  < <  V

8IT n In A

where the proton infall speed v = (2GM^/R^)^ and and R^ are 

respectively the stellar mass and radius. We also obtain from

(3.3) and (3.4)

£ r (T) 2k
(3.6)

n tEL
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Therefore, taking InA = 10

8.7 10-40 „f''2 r;^2 ^ j V
fR(T) e

(3.7)

^ ~
In Figure 3.1 we have plotted f^(T)/T using the results for 

cosmic abundances of Raymond et al (1976), and the results for 

solar abundances of Cox and Tucker (1969) and Summers and 

McWhirter (1979), as a function of T. We have also graphed the

right hand side of Equation (3.7) for M^ = 0.8, 1.0, and 1.2,

assuming a white dwarf mass-radius relation R^ = 0.87/M^3 Steady 

state solutions may exist where the heating and radiative loss 

function curves intersect. Also shown (dashed line) is the value 

the right hand side of Equation (3.7) would have if

^EL ” ^EL the correct expression, as assumed by Kuijpers

and Pringle (1982) - the intersection with fj^(T)/T near T = lO^K

indicating their solution. From Figure 3.1 it can be seen,

however, that the correct steady state intersection points occur 

either at very low temperatures - lO^K or (for M^ > 0.9) at 

temperatures in the range 5 lO^K < T <2 lO^K. (The slightly 

surprising fact that this temperature is much less than that 

found by Kuijpers and Pringle, in spite of the fact that the 

correction to the collision rate increases the energy deposition 

rate, can be explained by the fact that the density of the

radiating plasma and the radiative loss rate per particle both

increase as the temperature decreases- c.f. Equations (3.3) and

(3.4)). These values are much closer to spectral observations 

and, if correct, could help to resolve the 'soft X-ray puzzle'.
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Unfortunately, the situation is not quite so simple.

Firstly, these solutions are so cool that the optically 

thin assumption is at best marginally justified. This can be 

seen by comparing the temperatures obtained from Figure 3.1 with 

the minimum black body value obtained in the optically thick 

limit - i.e the limit in which all the accreted energy flux is 

radiated as black body radiation, viz.

Ty = 1.2 10^ (3.8)

(shown in the top left of Figure 3.1.). Thus, unless 

«  lO^^Kgs  ̂ or f »  10 the bombardment solution yields 

such a low temperature that absorption in the XUV lines results 

in the accretion column becoming sufficiently optically thick to 

cast doubt on the assumptions made in the model.

Secondly, since the optically thin condition and the 

existence of any intersection at all in Figure 3.1 are so 

marginal, it is necessary to consider more closely the meaning 

of the average temperature found from Equation (3.7). In 

particular, it should be noted that the Kuijpers and Pringle 

momentum balance Equation (3.4) is only accurate at the base of 

the column, where all the beam momentum has been lost, while 

their energy balance Equation (3.5) is only accurate at the top 

of the column, where E and v are as yet unmodified by 

collisions. It is, therefore, not clear how the 'average* 

temperature so derived relates to the actual structure of the 

column. This is considered further in the next Section.
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SECTION 3.4 THE SPATIAL STRUCTURE OF A BOMBARDED COLUMN.

We now consider the possibility of a bombardment solution 

which is in a local steady state at each point in its structure. 

To do this, we must use, not just the mean collisional 

time-scale (Equation 3.1), but rather consider the full 

collisional evolution of the descending proton stream. We expect 

from Figure (3.1) that throughout most of the structure, the 

temperature will satisfy the cold target condition (c.f.

Equation (3.1a)) for which the beam evolution depends only on
1

the column density N = n dz, measured downward from the
0

effective source of the stream (described completely by Emslie

(1978) and Brown and Craig (1984)). For a proton of initial

energy E^ (at N=0), the energy E(N) evolves according to

E(N)= ( Eq - 2CN )^ (3.9)

where

2tt e^ In a m
c =   -E (3.10)

We neglect gravity throughout (c.f. Frank et al, 1983).

Since protons are essentially not deflected in a cold 

plasma (their deflection time-scale t^ »  t^^ their energy loss 

time scale), their vertical number flux remains constant at its 

incident value Fq until the protons stop which occurs, in the 

cold plasma approximation, at
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^max ' Eg / 2C (3.11)

Using the analyses of Emslie (1978) and Craig and Brown 

(1984), it is then straightforward to obtain the equations for 

local balance of beam and atmospheric pressures, and of 

collisional heating and optically thin radiative losses, viz. 

respectively

Fo (2 m 2 ,
nT  -—E < l-(l-ri) P q f (3.12)

2 k  ̂ ''

and

CF
£ (T) = --------- , (3.13)
^ Eo(l-n):

where

2CN
n = N/N = ---  (3.14)max

and

Po = Fo / Fo(2mpEo)i (3.15)

is an atmospheric 'top pressure' (2nkT at N=0), measured in 

units of the beam ram pressure, which we have introduced to 

generalise the Kuijpers and Pringle treatment. We are 

effectively allowing the top of the accretion column to be 

situated in a region of finite gas pressure (e.g. the atmosphere
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of the primary star) rather than in a vacuum. Elimination of Fq 

between Equations (3.12) and (3.13), as in Section 3.3, then 

gives with Equation (3.10)

.(1 -n)^{i+PQ-(l-n)
(3.16)

The dimensional factor (outside [ ] ) in Equation (3.16) 

is a factor 2 larger than that in the modified Kuijpers and

Pringle (1982) global solution (Equation 3.6). Further the 

dimensionless ([ ]) spatial factor in Equation (3.16) has a 

minimum value of 27/(4(1+Pq )̂ ) at n = l-(2/3(l+pg))^ if p^ < &, 

and of 1/pq at n=0 if Pg > &. Consequently, if p^ = 0, as in 

the Kuijpers and Pringle solution (and in Section 3.3) then the 

right hand side of Equation (3.16) is everywhere a factor of 

27/2^ or more larger than the right hand side of Equation (3.7), 

and no steady state solution for T(N) can exist for any N. The 

situation is clearly shown in Figure 3.2 which, for the typical 

case of = 1 .0 , shows (a) a plot of the right hand side of 

Equation (3.16) as a function of n - for a variety of values of 

Pq, and (b) a plot of the left hand side of (3.16) as a function 

of T. To find the steady state bombardment solution temperature 

T(N), at depth N in the accretion column, for a chosen p^, the

procedure is to calculate the n corresponding to N, find the

resulting 4) (n) at this n from Figure 3.2(a) then project this

value of (j)(n) horizontally onto the fj^(T)/T curve in 

Figure 3.2(b). If any intersections occur, these represent a 

possible local steady state temperature for that N.
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Inspection of Figure 3.2 shows that no steady state is

possible anywhere unless Pg > 0 .4 , i.e. the top pressure exceeds 

about 40% of the beam ram pressure. For pg = 1.0 two classes of

solution formally exist over the range of n up to n = 0 . 7  only.

(The singularity in the heating function at n =1 (Equation 3.11) 

is not a major concern and disappears when a small spread is 

introduced to the accretion energy Eg.) These classes of 

solution comprise: (i) solutions in which T(N) increases with

increasing depth N and lie in the range T = 1.3 lO^K to 1.6
4

10 K, and can be discounted because they are well below T^ for a

plausible and (ii) solutions in which T(N) decreases with
4 4increasing depth N and lie in the range 1.6 10 K to 2 10 and so

are again in the optically thick regime, which invalidates the

solution. If pg is increased still further, two further,

similar, classes of solution exist but the hotter (type ii)

solution is almost entirely within the temperature range 

T = l o \  to 3 lO^K. The cooler (type i) solution can again be 

neglected on the grounds of optical thickness. Furthermore, 

solutions in which T(N) increases with increasing N require that 

n(N) decreases as N goes up and so cannot be matched to the 

photosphere, nor can they be expected to be convectively stable. 

The hot solutions, with decreasing T(N) as N increases, can, on 

the other hand, probably be matched on to a photosphere and are 

likely to be convectively stable, although they are likely to be 

radiatively unstable on this portion of the f^ (̂T) curve (c.f.

Cox and Tucker, 1969).

The only possible bombardment solutions in which the beam 

energy deposition is balanced purely by optically thin
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radiation, therefore, demand a high atmospheric top pressure. 

Physically, the reason for this is that Coulomb collisions 

produce a non-zero heating per unit mass as N^O, independent of 

n. It is, therefore, necessary for both T(N^ 0) and n(N-> 0) to 

be finite and non-zero in order to balance this input 

radiatively.

What could such a top pressure mean physically? We first 

note that local energy balance is required only on some finite 

length scale and that energy description on a smaller scale

requires a kinetic treatment. Thus our top pressure could in 

fact be the pressure one mean free path away.

We therefore consider the mean free path of an ambient

electron X t^fv , wheree EL e
[4tt£o]2 [kT] 2

t!? = -----  (3.17)EL r, L. 1 .2tt e^ n In A ve

is the electron - electron Coulomb collisional timescale

(c.f. Equation 2.8), and where v^ = (2kT/m^)^. Thus,

[4TTej2 [kT] 2

X ^ -----   (3.18)
 ̂ 2tt ê  n In A

and the column density through which an electron passes between 

collisions is

[4wEQ]2 [kT]2
N 'h nX ~ ---------— —  (3.19)
® ^ 2 n e4 LnA

Using Equation (3.12) it can easily be seen that the value 

of Pg one mean free path from the top of the atmosphere is given
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by

Po ~ (1 -

[kT] 2  \i/ / m IRTJ‘ V
- ^ 3 - )  ) i (3.20)
me

On the other hand, Pg can never exceed unity, the pressure 

which is reached when the beam is entirely stopped 

(c.f. Equation 3.3).

Clearly, if a large Pg is rejected, bombardment solutions 

are only tenable if they also involve some other form of energy 

transport such as conduction or convection to redistribute 

energy within the column (considered in Section 3.5), additional 

radiative processes such as cyclotron radiation (c.f. Chapter 4) 

or anomalously high line losses (c.f. Section 3.6). It should be 

noted, however, that the amount of energy flux which would have 

to be transported is not necessarily comparable to the accretion 

flux but is probably only the difference between the energy 

input and the radiative loss functions (Figure 3.2).

SECTION 3.5 THE SPATIAL STRUCTURE OF THE BOMBARDED COLUMN 

INCLUDING THERMAL CONDUCTION

In this Section we examine the effect of thermal conduction on 

the possible existence of a beam heated model atmosphere for a 

radially accreting white dwarf. We show that the inclusion of 

thermal conduction allows a self consistent steady state 

solution to be found, in which the energy that cannot be
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radiated in the bombarded region is conducted to a point further 

down In the atmosphere where it can be radiated away. The 

resulting temperature structure is similar to that derived by 

Frank et al (1983) for a conduction/bremsstrahlung cooled shock 

model; in that all the accreted energy is emitted as optically 

thin radiation and none is conducted into the photosphere. In 

addition, we estimate the range of accretion rates for which 

this type of model is appropriate.

In order to do this we reconsider the energy and momentum 

continuity equations. As before, we assume a plane parallel 

atmosphere so that conservation of momentum gives us.

dP dv
—  = —F„ m ——  + m g n (3.2 1 )
dz ° P dz P

where g is the surface gravity of the white dwarf. (We shall see 

a posteriori that the contribution to the hydrostatic pressure 

due to gravity at the bottom of the column will no longer be 

negligible and we, therefore, retain this term in Equation

(3.21).) Conservation of energy gives

dF dE
cm  = n 2  fgCr) - Fo—  (3-22)

dz dz

where F^g^Q is the total energy flux conducted out of a unit 

YoIuïH0 , again choose to introduce the column density,

N = f n dz, so that Equation (3.21) reduces to
0

P(N) = Fg m ( Vg - v(N) ) + Bp g N (3.23)
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(where Vg is the velocity of the beam at N=0, and P(0)=0) and 

Equation (3.22) becomes

=  nfR(X)
dN 0 dN (3.24)

Before we can determine the structure of the model 

atmosphere we still require to determine the form of the energy 

loss rate, and the conductive flux, Fgg^^.

Firstly, as was shown in Section 3.2, the accreting 

material loses energy by Coulomb collisions to both protons and 

electrons so that the total energy loss timescale is

'EL (3.25)
.pp

and since t^f takes two distinct forms in the limits of v, »  vEL
and v^ «  v^, we approximate t^^ by

cold warm
(3.26)

which gives the correct asymptotic form. The total energy loss 

rate then is

dE 2iTe^ InAnvm^

dt [ 4tt£o ]2 E m 37T
1  +

m kT P
m E e

m

m
(3.27)
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dE

dN

27t e^ In A m ___________Ï
[ 47teo]2 E m 3tt'

1 +
m kT 
JE___
m E e

m

m
E> kT (3.28)

The diffusive thermal conductive flux (i.e. for 
1 3^COND ^SAT “  ^  ^e^e^e* saturated conductive flux) is

given by

COND
dT

= K —  = Kq T
dz

2* 5
dT

dz
(3.29)

where k is the coefficient of thermal conductivity and where 

•4-q = 10 Jm ^s (Spitzer, 1962). (We have assumed here

that the conductive length scale «  the electron mean free 

path.)

In order to determine the structure of the accretion column 

we require, therefore, to solve four first order ordinary 

differential equations (Equations 3.21, 3.24 ,3.28, 3.29), one 

of which. Equation (3.21), is analytically integrable. i.e. we 

require to solve the system of equations

dE

dN

2tt e^ ]n A m ___________I
[ 4tiEo ]2e m 371

1 +
m kT 
_ 2 ___
m E e

m

m
E> kT ; (3.30)

^  = nfR(T) - -
dN dN

(3.31)

dT

dN
COND

KoT^'S n
(3.32)
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w i t h

2nkT = Fp (2mpE(,)^ (1 - (E/E^)*) + m g N (3.33)

This was done numerically using a variable step Gear method (NAG 

routine D02EHF) subject to the 4 boundary conditions - 3 at N=0:

1) E = Eg - by definition;

2 ) n = 0  - by definition;

3) Fggj^ = 0 - since no energy can be conducted into the

vacuum above the atmosphere; 

and 1 at some N f 0 where T is small lO^K):

4) Fgg^g = Û ~ thls is nE^essary to allow the atmosphere to

be matched onto a photosphere.

The correct solution was found by altering the value of T

at the top of the atmosphere until condition (4) was satisfied.

The inclusion of thermal conduction allows us to find a

steady state structure for the accretion column, although at a
7 8somewhat higher temperature (T "̂ 10 -10 K) than that suggested in 

Section 2.2 and 2.3. Figures (3.3) to (3.8) show examples of the 

temperature structure of the column, and the variation of 

pressure and the downward conductive flux with column depth, for 

white dwarf masses = 1 . 0  and 1 . 2  and accretion rates per unit 

fractional area M*/f = 3 10^^, 3 10^^, 2.9 10^^ and

5.5 lO^^Kgs ^. We can see that the higher temperature within the 

proton stopping region considerably increases the proton 

stopping length, with the result that the assumption made in 

Sections (2.2) and (2.3), that the effect of gravity on the 

pressure is negligible, is no longer valid (justifying the
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inclusion of gravity in Equation (3.33).

Although we have calculated a temperature structure for the 

atmosphere, we still require to determine the accretion rates 

for which the model is self consistent. We can deduce an 

empirical lower limit to the accretion rates for which the model 

is valid by examining the change in the length of the purely 

conductive part of the column. As the accretion rate is reduced, 

the extent of this region is reduced, and in fact goes to zero 

in Figures (3.5) and (3.8). These structures, with an accretion 

rate A*/f 4 lO^^Kgs  ̂ represent the lower bound of the 

accretion rate. For accretion rates below these values the 

bottom of the column requires to be treated by a straight 

forward bombardment model, incorporating the effect of gravity.

To determine the upper limit, we must first examine the 

relationship between bombardment models and shock models of the 

type examined by Frank et al (1983). Physically, any matter 

falling onto a white dwarf will pass through a region in which 

its bulk kinetic energy is thermalised. Any energy that can not 

be radiated away within this region must be transported further 

down into the atmosphere by either thermal conduction or 

advection to a point where it can be radiated away. In the shock 

model (Frank et al, 1983) the energy loss within the region 

where the energy of the infalling material is thermalised is 

neglected whereas, in this bombardment model, we have neglected 

the effect of the advection of energy by residual motion of the 

accreted matter. We would expect, therefore, that this model 

would be a better representation than the shock model if the 

energy flux lost across the bombarded region exceeds the
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expected advected flux from the bottom of the column.

The energy loss from the bombarded region can be determined 

simply by subtracting the conductive flux at the bottom of the 

region from the total energy flux of the accreting matter. In 

order to estimate the advected energy flux it is necessary to 

consider the Rankine - Hugoniot boundary conditions for a shock 

in which the total energy flux of the fluid is not continuous 

across the shock.

Conservation of mass, momentum and energy across the shock

give;

P + pv^ = P q'̂ O

i (5P + pv ) V = ipQVo ( 1  - E)

(3.34)

(3.35)

(3.36)

where P = the fluid pressure, p = the fluid mass density, 

V  = the bulk fluid velocity, and e = the fraction of the energy 

flux lost across the shock (to either conduction or radiation), 

and where the subscript 0  denotes the pre-shock value of a 

quantity. The post-shock temperature T^ is, therefore.

T = f^[3+ (9+ 16c): - 8 e]
- " 1 ” 2  P (3.37)

i.e.

kT
= .^[3+ (9+ 16e ) s- 8 e] (3.38)
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Thus, for a given shock temperature, the fraction of the energy 

flux carried by advection immediately behind the shock is

( 1- e ) =
/ 4 kT" \* 8 kT: 1

1- ( 1 -   ) +   (3.39)
i "pV: / impvg '

and the residual advective flux from the bombarded region can be

estimated, a posteriori, by evaluating Equation (3.39) for T^ =

the temperature immediately below the bombarded region.

Figure (3.9) shows a graph of the estimated advective flux

(1 - E  ) against the accretion rate per unit fractional area

(N*/f) superimposed upon a graph of the fractional radiated flux

from the bombarded region against accretion rate per unit

fractional area. The point of intersection of the curves
12 -1represent the upper limit of N*/f ( ^ 3 10 Kgs ) for which the

model is self consistent. Above this value the structure of the

atmosphere would be better represented by a conductive shock

model (e.g. Frank et al, 1983).

The inclusion of thermal conduction does, therefore, allow

a steady state structure for the accretion column to be found

for accretion rates M^/f between 3 10^^ Kgs  ̂ and
12 —1"̂ 3 10 Kgs . These values are not, however, consistent with 

observations of AM Her. Therefore, without some method of either 

increasing the efficiency of energy flow within the atmosphere, 

such as convection, or increasing the radiative efficiency of 

the atmosphere, such as cyclotron radiation or anomalously high 

heavy element line losses, no bombardment solution can be found
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to the 'Soft X-ray puzzle' of AM Her.

SECTION 3.6 THE VALIDITY OF THE RADIATIVE LOSS CURVE

We saw in Sections 3.3 and 3.4 that no purely bombardment 

model for the accretion column could exist in which the beam 

energy deposition rate is balanced locally by optically thin 

line radiation. The discrepancy between the radiative losses and 

the beam heating rate is, however, small and the exact form of 

the radiative loss function is, therefore, critical to the 

existence of any bombardment model of the accretion column.

In this Section we discuss some of the factors most likely 

to affect the magnitude of the radiative line losses. In

particular, we discuss the effects of:

1 ) the presence of anomalously high heavy element abundances;

2 ) the collisional de-excitation of heavy ions;

3) the self absorption of emission lines.

The first of these three factors would enhance the radiation

losses while the others are likely to supress them.
4 7At temperatures between ^ 1 0  K and ^ 10 K the dominant

radiative loss mechanism for a plasma with cosmic or solar

element abundances is line radiation from the small proportion 

of heavy elements (e.g. C, Si, 0, Fe). An increase in the

abundances of these elements by a factor of 1 0 , for example,

would enhance the radiative losses from the column by a similar 

factor, allowing a bombardment solution to exist. Such an

enhancement would, however, seem to be unlikely. Firstly,
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observations of non-accreting white dwarfs (e.g. Wesmael et al, 

1984) suggest that white dwarfs have similar heavy element 

abundances to those found in the Sun. Secondly, the atmosphere 

of the white dwarf in the vicinity of the accretion column is 

likely to be made up of previously accreted matter and, since 

this matter comes from the atmosphere of the main sequence 

companion, it is unlikely to have significantly different 

element abundances in its atmosphere to those found in the Sun's 

atmosphere. Consequently, it is unlikely that the radiative 

losses could be increased in this manner.

The discrepancy between the beam energy input and the

energy that the atmosphere is able to radiate may, in any case, 

be somewhat larger than the factor 10 suggested in Sections

3.3 and 3.4.

The difference between the energy deposition rate and the

radiative loss curve is at a minimum at the peak of the

radiative loss curve (T lo\) which corresponds to a density

in the atmosphere n 10^^ M^^/f R y ^  m This peak is due

to the CIV (1549) and OVI (1033) lines. For these transitions,

however, the collisional de-excitation rate becomes comparable

to the radiative de-excitation rate at densities 
21 22 —310 - 10 m (Summers 1985). The low density approximation

(i.e. the assumption that collisional de-excitation is 

negligible), made by Cox and Tucker (1969), Raymond et al (1976) 

and Summers and McWhirter (1979), is clearly no longer valid and 

the ability of the atmosphere to radiate is reduced.

In addition, the problem of dissipating the energy from the 

atmosphere may further be exacerbated by self absorption of
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radiation near the centres of CIV (1549) and OVI (1033) lines. 

From Raymond and Doyle (1981), we would expect the spectral flux 

at the centre of these lines

F(1549)^F(1033)^10ll - 10^^ (M^ Wm‘^S'^ (3.40)

(assuming a line width of a few ^). This compares with the flux 

from a black-body spectrum at a temperature of 5 lO^K of

F 10^ Wm"^F^ (3.41)

Thus, the optical depths of both the CIV and OVI lines would be 

significantly greater than ^nnity ( % \̂; 1 0  - 1 0 0 ), further 

reducing the atmosphere's ability to radiate.

It seems, therefore, somewhat unlikely that the line

radiative losses could be enhanced sufficiently to allow the 

existence of a low temperature bombardment solution of the type 

described in Sections 3.3 and 3.4. In addition, such an 

atmosphere would tend to produce strong emission lines which 

have not been observed. It should be noted, however, that for 

higher temperatures (T"̂  lO^K), where the dominant emission lines 

are those of iron and silicon, the problems of collisional

de-excitation and line self absorption dissappear. The problem 

of the discrepancy between the beam energy input and the ability

of a solar element abundance plasma to radiate does, however,

still remain.
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SECTION 3.7 CONCLUSIONS

In this Chapter we re-examined the bombardment model for 

white dwarf accretion columns, proposed by Kuijpers and Pringle 

(1982), correcting the Coulomb timescale used in their 

calculation. Kuijpers and Pringle over-estimated the timescale 

for a proton beam being stopped by a cold plasma. The correction 

of this error improves their average solution in that the 

resulting temperature is reduced from lO^K to 'v lO^K which is 

in better agreement with observations. Detailed calculations, 

equating, locally, the energy deposition by the beam to 

optically thin radiative losses and the beam momentum deposition 

rate to the gas pressure does not , however, produce a solution. 

Indeed no solution of this kind can ever exist without the 

inclusion of a non-zero *top-pressure*, since at column density 

N = 0 the collisional deposition rate per unit mass is finite, 

while the rate of energy loss through optically thin radiation 

is zero. The introduction of a large top pressure does permit a 

bombardment solution to exist, allowing the optically thin 

radiation losses to be finite at N=0. On the basis of the 

argument given in Section 3.4, concerning mean free paths, such 

an effect is likely to be small and certainly cannot exceed the 

beam ram pressure. It is, therefore, unlikely that a pure 

bombardment / optically thin radiation solution exists.

The existence of the Kuijpers and Pringle type global 

solution does suggest, though, that by invoking some other kind 

of energy transport process, such as thermal conduction, to 

redistribute energy within the column, a modified bombardment
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solution may still be possible. However, as we showed in 

Section 3.5, although conduction does allow a structure for the 

atmosphere to be found, the model is only valid for accretion 

rates very much less than those inferred for AM Her. stars. 

Therefore, for these accretion rates the structure of the 

accretion column would be better represented by a shock model of 

the kind described by Frank et al (1983).

A significant increase in the radiative losses would move 

the bombardment model towards a steady state solution. This 

could be achieved either by the inclusion of cyclotron radiation 

(considered Chapter 4) or by an enhancement of heavy element 

line losses due to anomalously high heavy element abundances. 

The increase in the abundances required to achieve a steady 

state solution may, however, be significantly greater than the 

factor of "̂ 10 suggested by the calculation in Section 3.4, since 

the densities involved here are sufficiently high that the use 

of the 'low density' radiative loss curve f^^T) will 

over-estimate the true losses both because of self absorption, 

near the line centres, and because of suppresion of the line by 

collisional de-excitation. It is, therefore, unlikely that the 

the 'Soft X-ray Puzzle' can be explained in terms of a 

self-consistent steady-state bombardment / optically thin line 

radiation model.
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Figure 3.3: These graphs illustrate the variation of Temperature,
Pressure and Conductive Flux with p = N/N for amax
conduction cooled bombarded accretion column for a white
dwarf mass = IIL and an accretion rate per unit fractional

1 2 - 1accreting area of #^/f = 3 10 Kgs . The dotted line 
denotes the depth at which the beam heating is terminated.
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Figure 3.4: These graphs illustrate the variation of Temperature,
Pressure and Conductive Flux with n = N/N for amax
conduction cooled bombarded accretion column for a white
dwarf mass = 1M„ and an accretion rate per unit fractional

. 1 1 - 1  accreting area of A^/f = 3 10 Kgs . The dotted line
denotes the depth at which the beam heating is terminated.
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Figure 3.5: These graphs illustrate the variation of Temperature,
Pressure and Conductive Flux with p = N/N for amax
conduction cooled bombarded accretion column for a white 
dwarf mass = IM^ and an accretion rate per unit fractional 
accreting area of #*/f = 2.9 10^^ Kgs ^.
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Figure 3.6: These graphs illustrate the variation of temperature,
Pressure and Conductive Flux with p = N/N for amax
conduction cooled bombarded accretion column for a white
dwarf mass = 1.2M^ and an accretion rate per unit fractional 
accreting area of A^/f = 3 10^^ Kgs ^ . The dotted line 
denotes the depth at which the beam heating is terminated.
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Pressure and Conductive Flux with p = N/N for amax
conduction cooled bombarded accretion column for a white
dwarf mass = 1.2M and an accretion rate per unit fractional

® 22 -1 accreting area of A^/f = 3 10 Kgs . The dotted line
denotes the depth at which the beam heating is terminated.
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CHAPTER 4 
CYCLOTRON COOLED BOMBARDMENT MODELS

SECTION 4.1 INTRODUCTION

In Chapter 3 we examined bombardment models of white dwarf 

accretion columns which are cooled solely by optically thin line 

radiation. We concluded that, for the accretion parameters 

inferred observationally for AM Her. stars, no steady state 

temperature structure could exist for a model of this type. The 

large magnetic field associated with AM Her. objects 

( B 10^- 10^ Tesla, Lamb and Masters, 1979; King and Lasota, 

1980; Chanmugam, 1980; Barrett and Chanmugam, 1984) does 

suggest, however, that cyclotron losses may be important and the 

polarization observations of Wickramsinghe and Visvanath (1980) 

tend to confirm this. Indeed, some authors (e.g. Patterson 

et al, 1984) believe that the 'Soft X-ray Puzzle* can be 

explained in terms of the inflowing matter passing through a 

strong adiabatic shock and being subsequently cooled by 

cyclotron radiation.

In this Chapter we discuss for what accretion parameters 

optically thick cyclotron radiation can balance the accreted 

energy flux at a temperature T < 10 Kev, and whether these 

parameters are consistent with observations. We calculate the 

cyclotron emissivity due to mildly relativistic electrons in a 

thermal plasma and use this to estimate the optically thick 

cyclotron flux from a uniform temperature, plane parallel
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atmosphere of thickness equal to the Coulomb collisional 

stopping length of the accreting protons. This allows us to 

estimate the range of accretion parameters for which a cyclotron 

cooled 'bombardment' model is possible.

In Section 4.5 we calculate a crude, piecewise uniform 

temperature structure for the accretion column, and in Section

4.6 we show that the predicted ratio of soft to hard X-rays 

agrees well with the observed ratio ^10 (Fabbianno et al, 1981). 

We also show, however, that for the observed optical flux to 

agree with that predicted by a cyclotron cooled model the 

cyclotron emitting region would have to be hidden from view.

Finally, we conclude that, in view of the good agreement 

between the predicted and the observed hard/soft X-ray ratio, a 

more detailed treatment should be undertaken.

SECTION 4.2 THE CYCLOTRON OPACITY DUE TO MILDLY RELATIVISTIC 

ELECTRONS.

In order to calculate the opacity of the atmosphere we 

adopt the strategy used in Chanmugam (1980).

For radiation of frequency very much greater than the
2 1plasma frequency = (n^e /e^m^) (where n^ is the number

density of electrons), the emissivity can be obtained by summing 

the contributions from each electron. The energy emitted per 

unit frequency per unit time by an electron of velocity 

components c and g^c parallel and perpendicular to the 

magnetic field is.
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0)̂

SïïeQfc

œ r /  cose-p,A- 1I l (  - - - - - - - - - - - - - - ) j  ( z ) + S f j ; ( z ) 2  [  « ( y )
n=l sin 8 / * ^ J

(4.1)

(Bekefi, 1966).

Where: z = ywg^sinG / w^

y = nw / y - w  (1- ft^cos 0 ) •

(4.2)

(4.3)

0 = the angle between the line of sight of an observer

and the magnetic field;
2 2 hY = ( 1 - - 3/, ) , the lorentz factor;

J^(z) is a Bessel function of order n and

J^(z) = dJ^(z)/dz

The relativistic Maxwell-Boltzmann distribution for electrons 

of energy E and momentum 2  is given by

-E/kT (4.5)

where l/f^ = 4 m^ckTKgXu) (4.5)

and where y = m^c /kT and K^Cy ) is a modified Bessel function 

(Bekefi,1966).

The total emissivity is, therefore, given by combining 

Equations (4.1) and (4.4)

j (6, w) =
00 fl fl r/ COS0 -
1

n=l

« (-.UbO -p*\
t t t t ) (z)

- r O  sin

+ Jĵ (z)̂  j (S(y) eI -YP (4.6)



78

which yield by integration

](8,w) =
[0)2 1 TT y^

0) c c 2 K2(y) i c e ) ' : ' "sin 0

+ ^  J (z)2 exp] --------- [
1 1-R nmqA ^

-y n ÜJ /(jj n^(o) /w)^

1-3 COS0  ̂ (1-3# 0080)^
(4.7)

By Kirchoff's law the absorption co-efficient

a(w,0) =
j(o),0)

B (T) w

where B (T)= —----  is the Rayleigh-Jeans
B tt

polarisation mode. i.e.

(4.8)

intensity per

a(w,0) =
Ü) c c

^(w,G) (4.9)

where

*(w,0) =
■ TT y 2

2  K 2 ( y ) •

1 CO r / COS0 - 3a ■ ̂
l { (  ---- '— ) J2(z)
-llx o-îr,Q /■1 n=l '■ ' sin 0

+ gf } exp I
-yn w /w . ■> n3(w /w)^  c I  c____
(l-3*cos0)^ (1-3/,cos )4

d^, (4.10)
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with

z =
n sine

( 1-3„ cose )

Cjü
(1- 3*)^- f J (1-3//cos 6)

 ̂n 0) '
(4.11)

The values of the Bessel function J^/z) and its derivative J^^z) 

were calculated either using the integral representaion

cos(z sinB - n0) d0 (4.12)

and the relation

j ’ (z) = J (z) + —  J (z) n n-1 z n (4.13)

(in Sections 4.2 and 4.3), or using the approximation of Wild 

and Hill (1971)

J (nc) =

0.50330
1 • 3

exp[n(l-ç^)^] n(l-;2) 2
ôiTï(2nn)2 (l-;2)^ [l+(l-ç^)^]

(4.14)

(l-ç2)^J^(nç) 1 +
n (1-ç^)

%

1.19300 1
(l-ç2) + ------- 1 — %n 5n 3

(4.15)
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(|) was evaluated numerically as a function of x = w / f o r  

particular values of 6. Some examples of the results of such 

calculations are given in Figure 4.1a and 4.1b, which show the 

contributions made by each of the first dozen or so harmonics 

for 6 =30° and 75° respectively, and kT = lOKeV (T - lO^K). The 

values of <j) , obtained by summing the contributions made by each 

harmonic, are also shown. Figure 4.2 shows the variation of the 

value of d) with 0.

SECTION 4.3 THE COLLISIONAL STOPPING LENGTH OF THE ACCRETING 

PROTONS

The accreted protons impinge on the background atmosphere 

with a velocity of order their free fall velocity.

Vr, =
2GM^ ^  2v *1

= 5.5 10 M^3 ms (4.16)

where R^ = 0.87 10 m, and M, is the mass of the white dwarf

in solar masses.

The mean time for each of these protons to lose their 

energy is

^EL

m m^v^ [4nGQ]2

m Btt e4 n In A P e
v > > v  i.e. T > 10 (4.17a)e

m 3m2 v3 [4nEn]^ v >>.v>> v (m /m ) 3  L  e e e p
m^ 32-iT̂ e n^ In A i.e. 10 K > T > 10 K

V (m /m ) >> V >>m2v3 [4TTen]^ v (m /m ) ^ > > v > > vJ ------k  ® ® P P (4.17c)
STTe^n In A i.e. 10 K > T > 10 K
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(Spitzer, 1962; c.f. Section 3.2 and Appendix A), where

V = ( j the electron thermal velocity, and v = ( 2KL ) , the e \m^J p
proton thermal velocity.

Cyclotron losses, because of the effect of self-absorption, 

will only be important if the cyclotron lines are significantly 

broadened by some process. As we show in Appendix B, the
9collision frequency ( < 10 Hz ) for the atmospheric

electrons is too small for any substantial collisional

broadening of cyclotron lines produced by electrons in a
3B ~ 10 T field (typical for radially accreting white dwarfs) to 

occur. Cyclotron radiation can, therefore, only be important if

the lines are significantly Doppler broadened, i.e. if the
8 8 accretion column has a temperature > 10 K. Yet much above 10 K,

Equation (4.17) shows that energy would be lost preferentially

to atmospheric protons rather than electrons and, as in the

'shock* model, energy would be transferred to electrons and

radiated away only as the matter settles onto the photosphere.

Consequently, the case of interest here is that for which
Q

T - 10 K (4.17b or 4.17c). We choose here to make use of

Equation (4.17c), firstly for simplicity of calculation, and 

secondly because the stopping length for the beam v^t^ derived

using (4.17c) represents the maximum stopping length for the

beam. The energy loss rate is, therefore,

dE K InA n v2
—  = - ----------- (4,18)
dt V Ez

where K = —— — , InA is the Coulomb logarithm 10, and v
[4wEo]2 ^
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is the component of velocity along the magnetic field lines. In 

this, the hot target, case it is necessary to take account of 

the pitch angle scattering of the beam protons on the ambient 

protons (c.f. Emslie 1978).

From Emslie (1978), the rate of deflection of the infalling 

protons (scattering off protons)

dv K InAn v^
—  = - ------ —  (4.19)
dt e 2

rl

At this point we again introduce the variable N = n dz,
•'Û

the column density, where N=0 defines the top of the atmosphere. 

Thus, Equations (4.18) and (4.19) become

dE Kv InA
—  = -   (4,20)
dN E V z

and

dv K V
— ^ = -   (4,21)
dN e 2

On combining Equations (4.20) and (4.21) we find that the 

maximum column density required to stop an accreting proton is

Ng = 7.84 IcfS m ^3 „-2 (4.22)
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SECTION 4.4 THE ESTIMATION OF THE CYCLOTRON LOSSES

We adopt a crude model for the atmosphere in which the 

energy of the accreting material is balanced by the cyclotron 

emission from a uniform temperature atmosphere of thickness 

equal to the Coulomb collisional stopping length of the 

accreting protons (1^^. We consider, therefore, a uniform 

temperature slab of material with a magnetic field normal to its 

surface. The accreting material, therefore, strikes the surface 

of the atmosphere normally.

The optical depth of such a slab, for an observer looking 

at an angle 6 to the normal, is

's a(o),e)

cos 6
dz (4.23)

which combined with Equation (4.9) gives

#(w,6) rlS [0)2 1
_J2_

cos 0 0 0) c c -*
dz (4.24)

i.e.

N e $(w,6) 
= — ----------------EoBc 008 0

5 /̂o _2 0(w,e)
= 4.7 10 M  3 B.1 4 (4.26)

cos 6

where N = s 0
'n dz, and is the magnetic field expressed in

units of 10 Tesla.
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The combined emission from the lower cyclotron harmonics 

will form a Rayleigh-Jeans tail up to some at which the

optical depth t^(6) is equal to 1. Above this frequency, due to 

the rapid, approximately exponential, decrease of (p with o), only 

a small amount of energy will be radiated away. The total power 

per unit solid angle per unit area emitted by the slab is, 

therefore,

1 kT 0)3
1(e) z --------- (4.26)

3 8^3 c2

and the total energy flux emitted by the slab from one surface 

is

F = 2tt
r'̂̂ 2

1(6) cos 0 sin0 d0 (4.27)
0

Table 4.1 shows typical values of v^^(6) = o)^^/2tt and 

1(0) for fields of 10^, 3 10^ and 10^ Tesla and for kT = lOKeV. 

Figure 4.3 shows the largest values of accretion rate and 

magnetic field for which a simple bombardment solution, where 

energy is deposited by the in-falling protons directly into the 

atmospheric electrons which then radiate the energy away, is 

viable, i.e. where kT - lOKeV. Although the limiting curve lies 

somewhat below that shown in Lamb and Masters (1979), the region 

does include acceptable parameters for radially accreting white 

dwarfs. This can be clearly seen by comparing the typical 

accreted energy flux F^^^ = 1.6 10^^ M^ M^g/fg Wm"~^ with the 

values of emitted power as a function of temperature and 

magnetic field shown in Table 4.2.
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Above lO^K, a fraction ( 1 + Tg*^ )  ̂ (where Tg is the
g

temperature in units of 10 K) of the energy of the accreting 

protons is lost directly to the electrons. Therefore, at larger 

accretion rates the corresponding fraction of accreted energy 

can be emitted from the region, which in the simple shock model 

is treated as a discontinuity. If this fraction is appreciable, 

as Table 4.2 indicates it can be, one might expect the observed 

temperature and hard X-ray luminosity to be lower than expected 

for kT'̂  ̂30KeV. This we shall confirm later.

SECTION 4.5 THE TEMPERATURE STRUCTURE OF A CYCLOTRON COOLED 

ACCRETION COLUMN

In Section 4.4 we used a 'global' energy balance argument, 

similar to that used by Kuijpers and Pringle (1982) in the case 

of a line cooled column (see Section 3.3), to determine a 'mean' 

temperature for a cyclotron cooled accretion column. In this 

Section we extend this model to allow us to determine a 

piecewise uniform temperature structure for the column. This we 

achieve by increasing the number of layers in the bombarded 

atmosphere.

In addition, the results of Section 4.4 suggest that we
g

might expect the temperature to be '^lO K. We, therefore, include 

a correction to the energy input in each layer to take account 

of diffusive thermal conduction. The inclusion of thermal 

conduction also allows us to examine the extent to which the 

column can be lengthened by this process, and the effect of this
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lengthening on the spectral softness ratio, (c.f. Section 4.6).

As previously, we will consider a plane parallel atmosphere 

and as before we obtain from the local conservation of momentum 

and energy, respectively,

dP dv
—  - F m —  + m g n  (4.28)
dz “ P d z  P

and

— CO^D = IT + R(z) (4.29)
dz dz

2.5 / dT \where ” *̂ 0̂  * I'dz”/ the diffusive conductive flux, Fq

is the beam number flux density, g is the surface gravity of the 

white dwarf, R(z) represents the radiative energy losses per 

unit volume.

It can be verified that, for the accretion number fluxes of 

interest here, the contribution of gravity to Equation (4.28) is 

small and we can, therefore, neglect this term. So that

P(N) 1
  = (1- £2) (4.30)
^RAM

where = FQ(2mpEQ)^, the ram pressure of the beam and

s = E(N)/Eq, where Eg is the initial energy of the beam 

particles.

The radiative loss term in the energy Equation, R(z) can be
2replaced by an optically thin bremsstrahlung component n f^(T)

and a cyclotron component n $ . Equation (4.29) becomeseye



87

dFrnwn—  = F 0 —  + 1)2 f (T) + n $ (4.31)
dz dz * eye

which can be re-written in terms of the column density as

— COND _ p —  + n f (T) t i (4.32)
dN dN P

To solve this Equation (4.32) we shall replace each term by 

its mean value over finite intervals in N and use a 

Newton-Raphson procedure to determine the mean value of T for 

each layer. Clearly, the conduction term, because of its

dependence on the rate of change of T with N
2 . 5  dT

^^COND ^  dN  ̂’ depends on the temperature of

neighbouring layers. We, therefore, treat this as a correction 

term, calculating it from an initial temperature structure. We 

then solve Equation (4.32) for the temperature of each layer and 

re-calculate the conductive flux. This process is repeated until 

a satisfactory temperature structure is found, i.e. one in which 

the temperature of each layer does not vary significantly 

between successive calculations.

Beam energy deposition :-

We anticipate from the results of Section 4.4 that the 

temperature of the layers within the column will be typically
g

'\,10 K. We, therefore, adopt the hot target approximation 

(Equation 4.17c), for the energy deposition rate
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i.e.

dE

dt

dE

dN

K n V  In A e

K InA

E > 0

E< 0

E> 0

E< 0

(4.33)

(4.34)

where

K =
2 tt

[4wEo]'

which, neglecting the small correction due to pitch angle 

scattering gives, on integration.

E =

( 1 - G  )' 1

K>1

(4.35)

where C = N/N and where N (= E^/ 2K InA ) is the maximumID&X Ulâ.X 0
column depth to which a proton of energy Eg can penetrate.

Thus, the mean energy deposition rate per unit volume is 

wheregiven by
N ACmax

(4.36)
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( 1 - 1

- (1 - 5u<l, ïj^>l (4.37)

Su ’Sl - A-

where subscripts L and U denote respectively the value at the 

lower and upper faces of any layer.

Bremsstrahlung / line emission

g
Again, since we expect temperatures ~10 K we need only 

consider the bremsstrahlung dominated region of the radiative 

loss curve. We obtain from Allen (1973) for a plasma with cosmic 

abundances,

fgXT) = 1.64 10"40 T* (4.38)

Thus the bremsstrahlung loss term from Equation (4.32) becomes

nf^(T) = 1.64 lOT^O nT* (4.39)

and substituting from Equation (4.30) we obtain

nfĵ (T) = 2.10 10 2 (1-cI Tg= F qE o

max
(4.40)

where Tg is the temperature expressed in units of 10 K. The mean
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value of the bremsstrahlung emissivity over a layer is, 

therefore.

n  f ^ ( T )
-2 (2.10 10  ̂1 FqE q

max
(4.41)

Cyclotron Emission

The cyclotron emission per unit volume per unit frequency 

per steradian is

r 0)2 1 ' kT 0)3 ■
i(8,w) = _ _ 2 c

0) c c 87r^c2
(4.42)

where #(w,0) is given by Equation (4.10) Thus, the total 

emitted energy per unit volume is

]  =  I I ]vw,8) dw 2w sin0 d0
0 •'0

(4.43)

Self-absorption does, however, mean that not all of this energy 

will necessarily escape. We, therefore, approximate the total 

emitted flux from the upper surface of a layer by
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'll rms
J 0 J0

•̂ 0 ■I.
F - 2n B (T) sin6 cos0 dw d0layer J q Jq uj

(4.44)

0,w) 2ïï sin0 dw d0 Az

where Az is the thickness of the layer and is the angular 

frequency for which the layer, has optical depth 1, i.e. we 

assume that the flux at angular frequencies above is

approximately the optically thin emissivity integrated along the 

line of sight. In addition, we choose to neglect downward 

emission of cyclotron radiation at the optically thick 

wavelengths. (We shall discuss this assumption later.)

In general the actual escaping flux from a given layer will 

be less than if it were totally isolated, since the matter lying 

above a particular layer will tend to absorb the flux at lower 

frequencies. We, therefore, define to be the frequency at 

which the optical depth of the overlying material is unity and 

neglect the contribution to the emitted flux below this 

frequency. Thus, the total escaping energy flux is

Feye 0
2ttB (T) sin0 cos0 H(w ) dm d0

0
(4.45)

L  L
,m) H(o) ) 2tt sin0 dm d0 Az

0 •'(0 ^s
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We make two further simplifying approximations. Firstly, we 

replace j(w,6) with a mean j(6) = j(w,45°), and, secondly, we 

approximate the optically thin tail of j(w,8) by an exponential 

of the form

0(w,8) = <j)(0)^,8) exp(-w/wQ) (4.46)

where

0)0 =
^(w,8)

I d({)/do)|
(4.47)

03=0)

Although these approximations were introduced primarily to

facilitate calculation of F in a realistic time, inspectioneye
of Figures 4.1a and 4.1b demonstrate that the decrese in (p is 

approximately exponential and inspection of Table 4.2 suggests 

most of the energy emitted from the column is emitted between 

8= 45° and 8= 60°.

We, therefore, have in Equation (4.32)

0 = —
N AS max

2
2.8 10"2 Xg (l-(x^/Xg)3) + 7.9 10^ —

|d(|)y/dx|1' 'x

* ?8
max

X  < X  (4.48)a s
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eye = S I 2___
N AÇ max

7.8 10^ xŝ 4 |d(j),/dx|1' "-'x

' s « ?  ‘K  —Nmax
*a> *s (4.49)

where

#^(x) = (J)(xü)j45 ) (4.50)

Conductive Flux

The change in the diffusive conductive flux across a finite 

element of the atmosphere is given by

A F = F - FGOND CONDy COND^ (4.51)

where

(4.52)
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with Kq = 10“^^Wro (Spitzer, 1962).

In order to calculate the conductive fluxes, we require to 

know the temperature gradient at the interface between two 

layers. Clearly, in this calculation, this gradient will be 

formally infinite because of the temperature discontinuity at 

the interface. We, therefore, replace the temperature gradient 

at the interface between the n-1^^ and the n^^ layers by its 

mean value between the centre of the layers, so that

dT T - T ,
—  = —  —  (4.53)
dN AN

where AN is the separation of these centres of the two layers. 

Thus, the conductive flux from the n-1^^ layer to the n^^ layer 

is

P. [t 2*5 - t 2'5]
"COND. = 10 ^  (4.54)

\ a x  I^n-1 -

where P. is the pressure at the interface, and K , and C are, 1 n—1 n
respectively, the values of C corresponding to the centre of 

each layer.

The nett change in conductive flux across the n^^ layer is, 

therefore.
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-2 -lO/o
^CONDy ' ^COND^ - 5.3 10

[1-eH] [t 2*5 _ t 2-5]
^ n-1

[1-ef] [t2*5 - t2*5 ] 
^ n ®n+l

^^n-1 ‘ "  Sn+l]
(4.55)

Thus, the rate of change of conductive flux in Equation (4.32) 

becomes

dF F - F
GOND -CONDjj GOND

(4.55)
dN

and Equation (4.32) becomes, for the n^^ layer.

-2 - 1 %5.3 10
[1-E2][T:'5 -T^'S]

^ n-1

^n-1 "

[l-Ef][T2'5-T2'5 ] 
^ Gp+l

'  ^n+1

^  + 2.1 10-2 1 -

(4.57)

where x^ is determined by

T(Xg ) = 5.91 10® b "^ (Çy- S^) ) = 1
n n

(4.58)
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We have, therefore, a system of 21 equations in the 

dimensionless variables and Tg, where I is the number of

layers within the atmosphere). While it may be possible to solve 

the entire system of equations simultaneously, we choose to 

adopt a simpler, iterative, approach. We assume an initial 

temperature structure for the atmosphere and determine the 

conductive term on the left hand side of Equation (4.57). We 

then treat this as a constant, and solve Equations (4.57) and

(4.58) to determine a new temperature structure. We then use 

this to recalculate the conductive flux and repeat the process 

until an 'acceptable* solution is found, i.e. one which is both 

self consistent and satisfies the appropriate boundary 

conditions at the top and bottom.

Equation (4.57) is effectively a second order ordinary 

differential equation in T. We, therefore, require two boundary 

conditions to determine the structure of the atmosphere. These 

are:

^COND = ° . 0

^COND " 0 at some unspecified N for which T is small.

These are essentially the same conditions as were used in 

Section 3.5.

We impose the first condition simply by setting the 

conductive flux across the upper face of the top layer of the 

column equal to zero. The second condition requires us to match 

the column onto a low temperature 'photosphere*

This we achieve by noting, firstly, that the bottom of the 

column will have no beam energy input. Secondly, the combination 

of self-absorption at small w, due to overlying matter, and the
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decrease in cyclotron emissivity with temperature result in a 

rapid decrease in the cyclotron flux emitted from the low lying 

layers of the column with column density. Consequently, the 

dominant loss mechanism from the bottom of the accretion column 

is thermal bremsstrahlung radiation, and we can neglect 

cyclotron losses. Below To-IO^K the optically thin radiative 

losses are, in fact, dominated by line radiation rather than 

bremsstrahlung radiation. It is, however, simple to show that in 

the present context the inclusion of line radiation will make no 

significant difference to the results we obtain. Equation 

(4.32), in this region, thus, reduces to

— = n f (T) (4.59)
dN

combining this with Equation (4.52) gives

^COND -   = Kq t 2-5 n2 f (T) (4.60)
dT

which, when integrated, gives

^2
^COND
FnE0^0 J

= 2.8 10  ̂ To + constant (4.61)1 o

i.e. applying the lower boundary condition we have
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= 5.3 io'2 n ~ ^ 3  T (4.62)
FoEo ^ ®

Substituting Equation (4.62) into Equation (4.52) gives

dT_ 0.397 M 3  o _ _______ 1
dC

which when integrated yields

(4.63)

&  2.
T = ( 0.60 M 3 % ) 3 + constant (4.64)1

The constant is evaluated by imposing the constraint that Tg, in 

the analytic and piecewise uniform temperature parts of the 

solution should be continuous at the centre of the lowest layer 

of the piecewise uniform temperature part of the column. The 

structure can then be determined by calculating a piecewise 

uniform temperature solution down to some where the radiative 

losses are dominated by the bremsstrahlung, then adding the 

analytic, 'matched', part of the solution.

The structure of a column of this kind was determined for 

= 1, = 1 and A^^/f = 5 10

Figure 4.4a shows the temperature structure of the column. 

The red histogram denotes the structure excluding conduction, 

the black histogram denotes the structure including conduction, 

and the black dotted line denotes the analytic segment of the
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conduction solution. Figure 4.4a clearly demonstrates that the 

thermal conduction has two effects. Firstly, it reduces the 

temperature of the atmosphere (the peak in temperature around 

C = 0.9 being reduced by approximately 0.2) and, secondly, it 

lengthens the column by a factor "̂ 5. Figure 4.4b, which shows 

the downward conductive flux as a function of K , demonstrates 

that in fact approximately 20% of the total energy is radiated 

below the point where the beam is cut off. As we shall see in 

Section 4.6 this extension of the column does have a significant 

effect on the soft/hard X-ray ratio, predicted by a cyclotron 

cooled bombardment model.

It should, however, be emphasized that due to the 

simplifying assumptions made within the model, some of which are 

at best marginally justified, this model cannot give more than a 

crude estimate of the temperature structure of the atmosphere. 

For example, we have neglected the effect of advection of energy 

from the bombarded region which the analysis in Section 3.5 

(Equation 3.39) suggest would be of order 45% of the accreted 

flux, greater than the conductive flux. This means that a 

treatment including both advection and conduction i.e. a 

radiative shock model would perhaps be more appropriate.

We have also neglected the contribution to the radiative 

losses due to cyclotron emission towards the stellar surface. At 

best this approximation can only be marginally justified on the 

grounds that the downward emission is unlikely to exceed the 

upward emission and therefore should not represent more than a 

factor of 2 in the total radiative losses from the column. The 

omission of this effect is, however, likely to affect the
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structure of the lower part of the column and should, therefore, 

be included in a future calculation. The inclusion of this 

effect, however, requires a more elaborate treatment of the 

radiative transport within the column and the reprocessing of 

the cyclotron radiation in the photosphere than is presented 

here and is, therefore, beyond the scope of this thesis.

Finally, the discretisation technique is reasonable only if 

the temperature does not vary greatly over the width of one 

layer. While this is true over most of the column, it is not 

clear whether it will be true for the top layer. The very much 

greater energy loss rate per unit volume very close to the top 

of the column due to the lack of self absorption is likely to 

result in a thin layer at the top of the column which is very 

much cooler than the rest of the column. The narrowness of the
g

cyclotron lines at temperatures much below 10 K would, however, 

suggest that this effect might be small, since the 

Rayleigh-Jeans tail would only fill out with emissions from
g

regions with temperatures ^10 K

Clearly the inadequacies of the model should be dealt with 

by a more accurate determination of cyclotron losses and 

radiative transport. However, this simple model does demostrate 

one very important feature of the model - that of the 

lengthening of the column by energy transport processes. As we 

shall demonstrate in the Section 4.6, such a lengthening allows 

good agreement to be achieved between the observed and predicted 

soft/hard X-ray ratios.
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SECTION 4.6 COMPARISON WITH OBSERVATIONS.

In this Chapter we have so far only been concerned with 

demostrating that the bombarded atmosphere of a white dwarf can 

dissipate energy fluxes as large as lO^^Wm  ̂ by cyclotron
g

radiation, for atmospheric temperatures of about 10 K and
Amagnetic fields of 10 T. Soft X-ray fluxes of this magnitude 

have been inferred for AM Herculis (Tuohy et al, 1978) and are 

usually supposed to originate from the reprocessing of hard 

X-rays (King and Lasota, 1980) or cyclotron radiation (Lamb and 

Masters, 1979). The soft X-ray luminosity does, however, exceed 

that in the hard X-rays by at least a factor %10 (Fabbianno 

et al, 1981; Heise et al, 1986), so that, the reprocessing of 

hard X-rays cannot be the dominant source of soft X-ray flux. In 

this Section we examine the observational constraints on the 

cyclotron flux and discuss the limits these place on the 

acceptibility of the two models described earlier in this 

Chapter.

We compute first the ratio of the soft X-ray flux (assumed 

comparable to the accreted energy flux) to the hard X-ray flux 

(assumed equal to the thermal bremsstrahlung flux).

From Allen (1973) we have that the total power emitted from 

a given volume as bremsstrahlung is

^HARD = S n^ dv Wm  ̂ (4.65)e

where g is the gaunt factor -1. 

i.e.

-18
=HARD = 5.94 10 T A ° P dN Wm 5 (4.66)
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where is the length of the column, P is the gas pressure and 

A is the surface area of the column. If we equate the soft X-ray 

flux to the accreted energy flux we have,

°SOFT " °ACC ^0 v^ A (4.57)

Therefore, in the case of the single uniform temperature

slab described in Section 4.4, if we integrate Equation (4.66),

we obtain

"HARD = 9-90 10-19 Pram A (4.68)

where Pt,*„ is the ram pressure of the beam = F^m v^ and N is RAM 0 p 0 s
the Coulomb collisional stopping length of the protons, so that

= 5.05 10^5^2 ^ 2 ^  1 _ 3Q5 ^2 ^ 2 (4.69)0 o ±
°HARD

This suggests that such a model would predict a soft to hard 
2 3X-ray ratio 10 -10 , which is considerably larger than the 

ratio '̂ l̂O suggested by observations (Fabbianno et al, 1981).

This, however, does not necessarily preclude the existence of a 

column of this type on observational grounds. The inclusion of 

energy transport processes such as thermal conduction (see 

Section 4.5) can significantly lengthen the accretion column. 

This increases the bremsstrahlung (hard X-ray flux) while 

leaving the cyclotron flux almost unchanged. For example, the 

column described in Section 4.5 loses approximately 10% of the

accreted energy as hard X-rays, which gives a ratio of hard
^SOFTX-rays to soft X-rays -----  =10, much closer to the observed
°HARD
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value.

The soft/hard X-ray ratio is not the only constraining 

factor on any cyclotron cooled model of an accretion column. For

the uniform temperature layer considered in Section 4.4, with
Q

temperature T - 10 K and 

V = 1.5 lO^^Hz (A = 2000Â)

8 4temperature T - 10 K and B - 10 T, one would expect a flux at

kTv? n
[47TR2f] = 3 1 0  m “  3 f  Wm ^ H z " ^  ( 4 . 7 0 )

where D = lOOpc is the estimated distance of AM Her.

The region 1000 - 3000& was observed by Raymond et al 

(1979) using I.U.E., and the eclipsed component of the flux in 

the range 2000 - 30002 was found to be less than 10 Wm ^Hz ^. 

If the soft X-rays do arise from reprocessed cyclotron radiation 

then it is clear that the cyclotron source is not directly

visible - (as was noted by Raymond et al, 1979)

At first sight it would appear that this problem could be

resolved by assuming (within the model) a smaller value for the 

fractional area over which the white dwarf accretes. Such a 

change is, however, likely to result in higher temperatures,

more efficient energy transport, and a lower soft/hard X-ray 

ratio, producing once more a ’Soft X-ray Puzzle*.

It is clear, though, that the inclusion of optically thick 

cyclotron losses is likely to produce an enhancement of the soft 

X-ray flux and may, therefore, contribute to a resolution of the 

’Soft X-ray Puzzle*.

Finally, we note that the presence of cyclotron lines in 

the optical spectrum of the VV Puppis, which has been used to



104

suggest that this star must have a shock temperature ^ lOkeV, 

and hence an unusually low mass for the white dwarf 

(Wickramasinghe and Meggitt, 1982). However, the source of the
3lines must be in a region where B= 3 10 T, and Table 4.2 shows 

that the observed flux (of order lO^^m ^) is quite compatible

with a lOkeV bombardment solution for IM white dwarf. The®
column density of the bombardment model also agrees with the 

results of Barrett and Chanmugam (1985).

SECTION 4.7 CONCLUSIONS AND DISCUSSIONS.

In this Chapter we have calculated the optical depth due to

cyclotron self absorption of a uniform temperature slab of

plasma of thickness equal to the Coulomb collisional stopping

length for protons falling freely onto a white dwarf star, as a

function of frequency and angle of observation. We have shown

that, for an acceptable choice of parameters, the energy input
14 -2due to accretion, ^10 Wm , can be balanced by the optically 

thick cyclotron radiation from a uniform temperature atmosphere
g

(slab) at a temperature ^1-2 10 K, less than the shock 

temperature of the infalling material. In addition, we also 

determined a crude temperature structure for a cyclotron cooled 

bombarded white dwarf atmosphere.

These two simple approaches do allow us to demonstrate two 

very important points about cyclotron cooled accretion columns. 

Firstly, we have shown that the normal assumption made in shock 

models of accretion columns that no energy loss takes place
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within the bombarded (or shock) region may not be valid, i.e. we 

have demonstrated that there is in fact a significant amount of 

energy loss within the region where the bulk of the kinetic 

energy of the accreting matter is thermalised and the region can 

no longer be treated as a fluid discontinuity.

Secondly, we have shown that the inclusion of thermal 

conduction within the cyclotron model leads to reasonable 

agreement between the predicted and observed soft/hard X-ray 

ratios.

It should be stressed that these models take no account of 

the advection of energy by the residual bulk motion of the 

accreting material, the details of the process of transferring 

thermal energy from the atmospheric protons to the atmospheric 

electrons, or the effect of the downward emission and subsequent 

reprocessing of radiation. The inclusion of these processes 

would require a more detailed radiative shock treatment, which 

is beyond the scope of this thesis.

In the absence of such a model, the agreement between the 

observed and predicted soft/hard X-ray ratios does suggest that 

the inclusion of cyclotron radiation within the accretion column 

model may contribute to a resolution of the ’Soft X-ray Puzzle’.
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Figure 4.1a

T =  1 0 . O k e v  
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Figure 4.1b

Figure 4.1: These figures show the value of (p (the optical depth in 
units of the plasma parameter A) up to x = 15 as well as 
the individual contributions of each of the first few 
harmonics to the value of (j) for a temperature of 10 KeV 
and angles of observation 6 = 75° (la) and 30° (lb).
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CHAPTER 5 
NON-THERMAL EMISSION PROCESSES

SECTION 5.1 INTRODUCTION

In Chapters 3 and 4 we examined the thermal optically thin 

line/bremsstrahlung and optically thick cyclotron emission from 

a bombarded white dwarf atmosphere. We then determined whether 

or not these emission processes are sufficiently efficient to 

balance the heating of the atmosphere by accreting protons. 

Bombardment models of white dwarf accretion columns, such as 

those described in Chapters 3 and 4, have a great deal in common 

with beam models of solar flare heating (e.g. Brown, 1972,1973; 

Emslie, 1978; Brown and Craig, 1984). These similarities would 

suggest that the non-thermal emission processes associated with 

solar flares might also be present in accreting white dwarf 

stars. In this Chapter we examine two such processes 

non-thermal Lyman-a emission; and non-thermal bremsstrahlung 

emission.

The emission of non-thermal Lyman-a radiation was suggested 

some time ago (Orall and Zirker, 1976; Canfield and Chang, 1985) 

as a method of detecting 'low* energy (lOKev - iMev) protons in 

solar flares. This radiation results from 'beam* protons picking 

up electrons by charge exchange during collisions with 

chromospheric hydrogen atoms. These 'beam* hydrogen atoms are 

excited by further collisions and radiated by normal dipole 

transitions. The resulting emission is, however, doppler
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shifted redwards by the motion of the beam. This produces a red 

excess in the line and allows, in principle, the flux and

energy of the non-thermal protons to be determined.

In Section 5.2, using essentially the same method as that 

described in Canfield and Chang (1985) we calulate the 

non-thermal spectrum. We show that while in the white dwarf 

case it is, in principal, possible to gain information about the 

accretion rate and the energy distribution of the infalling

protons, in practice, the flux is likely to be too small to be

detectible above the continuum.

Emslie and Brown (1985) pointed out that a beam of 

suprathermal protons of energy E^ and number flux Fq , scattering 

off essentially stationary thermal electrons, will produce the

same bremsstrahlung spectrum as a beam of suprathermal electrons
m m

of energy —  E„ and number flux —^ F^. In the case of solarra 0 m  0P e
flares this offers the attractive possibility of a proton beam 

carrying a specified amount of energy and producing a given 

bremsstrahlung spectrum with a current l/2000th of that of the 

equivalent electron beam. In the case of AM. Her objects this 

'inverse* bremsstrahlung process has the attraction of being a 

possible source of radiation with an energy ^lOOev, close to the 

temperature of the soft X-ray component of the characteristic 

spectrum.

In Section 5.3 we pose the question 'Can sufficient energy 

be emitted in the form of inverse bremsstrahlung to contribute 

significantly to the soft X-ray component of the spectrum of a 

radially accreting white dwarf star?'. We detemine the fraction 

of the energy of a suprathermal proton that can be lost in the
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form of inverse bremsstrahlung and calculate the spectrum of the 

resultant radiation.

SECTION 5.2 NON THERMAL LYMAN-g EMISSION

In this Section we calculate the non-thermal Lyman-a 

emission from protons being accreted onto a static white dwarf 

atmosphere using essentially the method outlined in Canfield and 

Chang (1985). We represent the accreting protons by a vertical 

downwards beam. Some of these protons become suprathermal 

hydrogen atoms by either picking up free electrons, or by charge 

exchange collisions with neutral, atmospheric, hydrogen atoms. 

Some of these 'beam* hydrogen atoms will, in turn, be in the

first excited state and will produce L radiation.a
The intensity of L^ emission per unit wavelength 

displacement AÀ for an observer looking along the accretion 

column is given by

dE
cj)(AA) d(AA) = —  

4tt
n ^ ( E , z )  dz (5.1)

where z is the distance downward from the top of the column, n^ 

is the number density of beam hydrogen atoms in the second 

energy level per unit beam energy E, and A^^ is the transition 

rate for a hydrogen atom between the second and the first energy 

levels. Since d(AX ) = X^dv/c = X^ (2m^E) ^dE/c Equation (5.1) 

can be written as
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(2m c^)^E 
*(AX) = ---2-----

(47t X ) a
HgCE.z) dz (5.2)

where Aq̂ is the line centre wavelength of radiation.

In order to determine (j) ( AX ) we need only 
*

determine n 2 (E,z). We must, therefore, calculate the rate at 

which hydrogen atoms in the first excited state are created and 

destroyed.

We obtain from conservation of the number of suprathermal 

particles

n (E,z) v^ dE^ = I n?(E,z) v^ dE (5.3)

or alternatively

F/v = I nuv^ dE (5.4)

where F is the total number flux per unit energy of non-thermal

particles, and where we have dropped the explicit (E,z)
* *dependence (i.e. n^ e n^(E,z)). In addition, since equilibrium 

is reached on a length scale short compared to a beam proton (or 

hydrogen) mean free path, the rate of creation of suprathermal 

hydrogen atoms, in a given excited state, must be equivalent to 

the rate of destuction in that given state. So that

n. D. = I n" C (5.5)
-j/i ^
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where denotes the rate of destruction of beam hydrogen in the 

ith level and denotes the rate of creation of suprathermal 

hydrogen in the ith level from the jth state.

Equations (5.3) and (5.4) give us m+1 equations in the m+1
* *unknowns n^s (in practice we have three equations in three n^s).

*We can, therefore, in principal determine n^ from these 

equations. In order to simplify the calculation we can, however, 

use the relative importance of the various competing atomic 

processes to make some simplifying approximations. We make 

essentially the same simplifications as were used by Canfield 

and Chang (1985), although, as we shall show, because of the 

high densities in the accretion column, these simplifications 

may not be valid throughout the entire length of the column. 

They are, however, valid in the region of the column which is

most likely to exhibit non-thermal emission, i.e. the top of

the column.

Firstly, we make the approximation that the spontaneous 

radiative de-excitation from the first excited state is much 

faster than any of the other processes (e.g. collisional 

ionisations) destroying beam hydrogen in the ground state, so 

that the population of the excited state is much less than that 

of the ground level. Thus, Equation (5.4) becomes

F/v z nt + n" (5.6)
1 P

Secondly, since we expect the accretion column to be somewhat 

hotter than the solar chromosphere and therefore more fully 

ionised, we do not follow Canfield and Chang (1985) in
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neglecting the creation of beam hydrogen atoms by radiative

recombination. We do, however, follow them in neglecting the

creation of hydrogen by di-electronic recombination and by
*spontaneous de-excitation of n^. We also include the creation of 

beam hydrogen by charge exchange in collisions with atmospheric 

hydrogen atoms. Thus Equation (5.4) becomes

"l ’’l “ "p S i  (5.7)

where

(5.8)

S i  “ ( " e S l  + V h I ) ’'b (5-9)

where denotes the cross-section for the transition between

the ith and jth levels by a collision with a particle of species 

a,  and denotes the cross-section for the production of an

ith level hydrogen atom by a collision with a particle of type 

ot . (Where necessary and have been averaged over

electron thermal velocities.)

Combining Equations (5.6) and (5.7) we get

Dp = (F/v) ( ) ) (5.10)

and

n* = (F/v) ( C 1  ) ) (5.11)



119

The value of can then be determined from the processes that 

link the first excited state of hydrogen to the ground state and 

the fully ionised state. So that

(5.12)

where

S 2  = ( V h 2  + "e‘)e2 > (5.13)

H,
^12 ( ^12 + ^p ^12 “e ^12  ̂ ^b (5.14)

and H ^2p "p ^2p "e ^2p' "b " "21 (5.15)

Thus, by Equations (5.10), (5.11) and (5.12), Equation (5.2)

becomes

*(AX) =
(2m c^)2

(47t X ) a 0 < V  * ”l> ■>2 nv
(5.16)

i.e

(j)(AX) =
m c P

(4-77 X ) a
(5.17)

Before we can calculate $(AX), we require only to determine
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Cp2 » 0^2$ Cp^, and D 2 . These can, given a knowledge of the 

temperature, density, and ionisation at any point in the 

atmosphere, be calculated using Equations (5.8), (5.9) and

(5.13-5.15). In view of the fact that no standard models of 

accretion columns exist we adopt a uniform temperature structure 

with Saha ionisation. The density was determined from the 

atmospheric pressure

P(H) z [1 - (E(N)/Eq ) = ] (5.18)

where E(N) (calculated using Equation (3.30)) is the mean energy 

of the beam protons at a column density N, Eq is the mean energy 

of the protons at N=0, and is the beam ram pressure. The

values of the cross sections used are given in Table 5.1.

The values of ^(AX) were calculated for a white dwarf mass
13 -1= IM^, an accretion rate = 10 Kgs , over a fraction of the 

surface area f = 10 with atmospheric temperatures

T = 10^, 10^, lO^K. We did this for both mono-energetic beams 

and beams which had an initial parabolic spread in energies with 

half width AE i.e

Fo(Eo) = Eg ( aE^ + bE^ + c ) |Eq- Eg| < AE^ (5.19)

Fo(Eo> = 0 |E(,- 1^1 > AEq (5.20)

where

a = -3/(4 AE^)

b = -2E^a (5.21)

c = [Êg - AE2] a
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and Fq is the total number flux of non-thermal particles

integrated over energies. The results of these calculations are

shown in Figures 5,1-5.3

Qualitatively, all these results show the same three main

features. Firstly, and of most interest here, there is a peak

around 1237^. This is due to the radiative recombination of free

electrons with the beam protons near the top of the accretion

column where the density, and consequently the collisional

ionisation rates, are small. Below this thin region (thickness 
AN -9 2 Vo 2 -2^  ^ 3 10 Tg ^-2^13’ where N is the distance in which the
s

beam stops), the rate at which beam hydrogen atoms in the first 

excited state are collisionally ionised becomes greater than the 

rate at which they radiatively de-excite. This results in the 

non-thermal emission being suppressed and accounts for the 

second feature in the spectum, the dip in the centre (X between 

1222& and 1235&). Thirdly, there is a large increase in the flux 

close to X^ = 1215Â. Although this up-turn represents a

considerable fraction of the L emission, it is, in part, ana
artifact of the computational method which takes no account of 

the beam merging with the thermal background as E tends to kT 

but instead allows E, for all protons, to tend to zero. As we 

shall see later the flux from this part of the spectrum would in 

any case be too low to be observable, and as can be seen from 

the results for different energy spreads it is unlikely to yield 

any useful information about the infalling material anyway. We, 

therefore, concentrate for the rest of this Section on the 

first feature.
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Two pieces of information can, in priciple, be determined

from the small bump around 1237&. Firstly, because of the

narrowness of the region from which this part of the spectrum is 

emitted, the half width of the bump, dX, directly reflects the

initial spread in the energies of the beam particles AE. AE can

be calculated using the relationship

dX - (ZnipE)  ̂^  X^ (5.22)

Secondly, the temperature of the top of the emitting region 

can also, in principle, be determined from increase in the 

intensity of the radiation with temperature. This is due to the 

decrease in density and increase in penetrating power of the 

beam with temperature. These extend the region at the top of the 

atmosphere within which this spectral feature is produced.

Before either of these quantities can be calculated we

must, however, verify that the flux that we expect at the earth

9TTR|f
p = -----—  *(AX) (5.23)

477 D

(where is the white dwarf radius and D is the distance to the 

source ('^lOOpc)) is observable. The maximum possible flux 

(corresponding to a monoenergetic beam striking an atmosphere 

with T ~ 10®K)

^max ~ 10"^* Wm-^r^ (5.24)

is several orders of magnitude below the observed background
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flux.

back (5.25)F.

(Raymond et al, 1979). The same is also true of the peak close 

to the rest frequency.

Therefore, although information about the accreting matter 

and the accretion column could, in principle, be gained from 

non-thermal emission, in practice we expect the non-thermal 

flux to be several orders of magnitude too small to be 

observable.

SECTION.-5.3 NON THERMAL INVERSE BREMSSTRAHLUNG EMISSION

Boldt and Serlimistos (1969), Hudson (1973) and Emslie and 

Brown (1985) pointed out, in connection with the solar flare 

problem, that a beam of suprathermal protons striking a cold 

atmosphere (the electron thermal velocity v^ << v^, the beam 

velocity) will accelerate the atmospheric electrons causing them 

to emit non-thermal * inverse’ bremsstrahlung with a 

characteristic energy s =  E^ m^/m^ (where E^ is the beam proton 

energy). In the case of radially accreting white dwarfs, we 

might expect, therefore, the infalling material to produce 

non-thermal ’inverse* bremsstrahlung with e 90eV, close to the 

temperature of the soft X-ray component of their spectrum.

In this Section we calculate the fraction of the energy of 

a suprathermal proton that can be radiated as inverse
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bremsstrahlung and the resulting emission spectrum. We determine 

whether such a radiation mechanism could contribute 

significantly to the large soft X-ray flux observed from AM Her. 

objects.

The number of photons emitted per unit energy c during the 

lifetime of a non-thermal proton is given by

dv
— (“(e .E)
de

0 n Q (e,E m /m ) v e B  e p p
|dE/dt|

m

dE 15.26)

where

dE 2tt n V In A m 
— R = ______________ ^ _£
dt [4ireo]^ E m

(5.27)

is the rate of loss of energy of the protons by Coulomb 

collisions (c.f. Equation 3.1a), Qg is the bremsstrahlung 

cross-section differential in e , given by the Bethe-Heitler 

formula:

8 m
Q (e,E) = --     ̂  -  log

3E E 137

l+(l-e/E)2

l-(l-e/E)"
(5.28)

(Heitler, 1954), and where Eg is the initial energy of the beam, 

Vp is the velocity of a proton with energy Ep, n^ is the 

electron number density, and r^ is the classical electron 

radius.
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Thus, changing variable to x =
m E

m E P

dv [^TTEn]^ m 8 r^m " . p __ e e
dE 2 tt0^ In A m 3 137

/1+(1-1/X)2\
log f----------J

\1-(1-1/X)2/
dx (5.29)

m E^
where Xq = — —  . So that the energy emitted per unit e range is

in E
given by P

dn dv [M-tteoI^ En 8 r^m 
_ ^ =  e-RP = ---   1 -  - L _ l _
dE de 2-77 e^ In A 3 137 ‘0 J

^  , l+(l-l/x)2\
log ----------T (5.30)

\l-(l-l/x)^/

The fraction of the proton beam energy emitted per unit e 

range is, therefore, given by

1 dn [4t7Eq ]^ 8 r^ m
 R = ____   g...

■̂ 0 / l+(l-l/x)2
En dE 277 0  ̂In A 3 137 x 0

log
l-(l-l/x)iJ

(5.31)

and the fraction of the beam energy emitted as non-thermal 

bremsstrahlung is

pp [■477Eo ]^ m_ 8 r*_m "e e 0

Eq 277 0 ** In A mp 3 137

■̂ 0 ,(l+(l-l/x)2)
log

(l+(l-l/x)2)
T  (5.32)

= 2 10 Eo (5.33)



126

where is meaured in joules. In the case of matter falling

onto a white dwarf

= 5 10 B ML
E 1 (5.34)

Figure 5.4 shows the energy spectrum of the non-thermal 

bremsstrahlung photons emitted by a single proton passing 

through a cold plasma. Clearly, however, the total energy 

emitted by a suprathermal proton by this mechanism represents 

only a small fraction of its total energy and, consequently, 

non-thermal inverse bremsstrahlung cannot contribute 

significantly to the soft X-ray component of the spectrum of 

radially accreting white dwarfs.

One might ask what would happen if the atmosphere were warm

( v^^ > Vg ). As we saw in Chapters 3 and 4, a warm atmosphere

allows suprathermal protons to penetrate deeper into the

atmosphere. Consequently, they might be expected to emit more

non-thermal radiation. Since, in these circumstances^ we would

have the thermal electrons scattering off the relatively

stationary beam protons, the 'non-thermal* bremsstrahlung formed

in this way will have the same characteristic temperature and

spectrum as the thermal bremsstrahlung. The ratio of the

energies contained in the *non-thermal* and thermal

contributions to the bremsstrahlung would simply be the

ratio n /n (where n is the density of beam and n is the P P P P
density of atmospheric protons). The only part of the column 

where this ratio is large is at the top of the column where the
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atmospheric pressure, and, consequently, the value of n^ is 

small. This suggests, then, an alternative definition for the 

'top pressure' defined in Chapter 3

Pp = 2n*kT (5.35)

At any point in column where the pressure is lower than this, 

the non-thermal beam emission dominates the thermal emission and 

sets a lower limit on the emissivity at that point.

SECTION 5.4 CONCLUSIONS

In this Chapter we have investigated two of the non-thermal 

emission processes that might reasonably be expected to be 

present when a proton beam strikes a white dwarf atmosphere.

In Section 5.2 we suggested that, as in the case of solar 

flares, the emission of non-thermal Lyman-a radiation by 

hydrogen atoms formed in the proton beam might provide 

information about both the beam and the medium through which it 

is passing. We calculated the resultant emission spectrum for a 

uniform temperature atmosphere and showed that, although 

information about the initial spread in energy of the beam 

protons, and the temperature of the top of the atmosphere could, 

in principle, be determined, the number of photons expected was 

too small to be detectable above the continuum emission.

In Section 5.3 we calculated the energy spectrum of photons 

emitted as the result of one suprathermal proton striking a cold
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atmosphere < v^). We showed that, although this radiation

would, in the case of a radially accreting white dwarf, occur 

at 'soft* X-ray wavelengths ( X  'v 200^), the fraction of the 

protons total energy that can be emitted in this way is very 

small ( 'vio and could not contribute significantly to the 

soft X-ray component of the spectrum of AM Her. stars.

We also showed that for a warm atmosphere (v^^ > v^), for
*pressures less than Pq = 2n^kT, the total energy emitted, as 

bremsstrahlung radiation by the thermal electrons scattering off 

the non-thermal 'beam' protons would exceed that produced by the 

thermal electrons scattering off the thermal, atmospheric, 

protons. This produces a lower limit for the energy emitted as 

bremsstrahlung radiation at the top of the atmosphere. We 

suggest, therefore, that the value P^, above represents an 

alternative definition of the 'top pressure' to that given in 

Chapter 3. Such a definition would still not, however, produce a 

sufficiently large value of Pq to resolve any of the problems 

described in that Chapter.
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2Table 5.1; Atomic cross-sections (m )

Energy Qyi % 2  ^12 ^^12
(Kev) (1) (2) (3) (4)

1000 2.6 10*26 2.9 10*28 1.6 10*21 2.0 10*21

100 6.4 10*22 9.0 10*28 1.3 10*21 6.2 10*21

10 8.7 10*20 7.5 10*21 1.4 10*20

1.0 1.3 10*18 5.1 10*28 3.4 10*28

0.3 4.9 10*18 1.8 10*24 3.0 10*24

Energy

(Kev) (5) (6) (4) (7)

1000 1.8 10*22 -212.0 10 1.1 10*21 1.1 10*21

100 1.0 10*21 -217.0 10 1.3 10*20 6.2 10*21

10 1.2 10*21 1.5 10*20 4.4 10*21

1.0 2.7 10*22 1.6 10*22 1.7 10*21

0.3 4.4 10*28 2.1 10*24 1.1 10*21

Energy ^^2p \ p Qel
(Kev) (8) (9) (9) (8)

1000 3.5 10*21 4.9 10*22 1.0 10*28 1.1 10*28

100 3.3 10*21 4.9 10"2l 1.0 10Z28_ 8.9 10*24

10 1.3 10*19 4.9 10*20 1.0 10*21 3.2 10*22

1.0 4.9 10*21 1.0 10*22 4.2 10*21

0.3 1.5 10*21 3.0 10*28 1.4 10*20
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Table 5.1(cont)

Energy 

(Kev) (8)

1000 1.4 10*26

100 1.3 10*24

10 8.5 10*28

1.0 1.9 10*21

0.3 6.5 10*21

References:

(1) Stier and Barnett (1965)

(2) Bates and Dalgarno (1953)

(3) Fite and Brackmann (1958a)

(4) Bates and Griffing (1953)

(5) Bates and Griffing (1954)

(6) Fite and Brackmann (1958b)

(7) Bates and Griffing (1955)

(8) Allen (1973)

(9) Canfield and Chang (1985)
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CHAPTER 6 
CONCLUSIONS AND FDTURE WORK

In this Thesis we have examined in detail some of the 

non-thermal aspects of energy transport within white dwarf 

accretion columns. In this final Chapter we briefly summarise 

the conclusions we have reached in the previous Chapters and 

suggest two possible extensions and sequels to this research.

In Chapter 2 we examined the non-thermal electron energy 

transport model for a shock heated accretion column (Frank 

et al, 1983; Frank and King, 1984). Frank and King (1984) 

suggested that an adiabatic shock wave could be formed in the 

accreting matter sufficiently close to the white dwarf 

photosphere to allow the post-shock region to be cooled 

predominantly by the 'leaking* of hot, shock heated electrons 

into the photosphere of the star. They envisaged these electrons 

as emerging from the hot shock region into the cold photosphere 

where they then behave as supra-thermal particles which lose 

their energy by means of Coulomb collisions. This is similar to 

the situation that occurs in the solar transition region.

We showed that, due to a misinterpretation of the standard 

Coulomb collisional timescales, Frank and King (1984) 

overestimated the mean free path of the shock heated electrons 

and, consequently, the length of the accretion column. We also 

showed that if the correct time scales are used, the post shock 

cooling region would, in order to allow significant energy 

transport by non-thermal, 'leak', electrons, have to be thinner 

than the shock itself. We concluded, as a result, that no self
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consistent model of the type described in Frank and King (1984) 

can exist.

In Chapters 3 and 4 we investigated the possibility of a 

bombardment solution to the structure of a white dwarf accretion 

column. This type of solution was first suggested by Kuijpers 

and Pringle (1982). They derived a ’mean’ temperature for such a 

model ''̂ lÔ K. In Chapter 3 we showed, however, that they also 

had used an incorrect Coulomb collisional time scale. We 

repeated their calculation using the correct time scale and 

found that the resulting mean temperature was ^lO^K, somewhat 

closer to the temperature of the observed black-body component 

of the spectrum of radially accreting white dwarfs. On the other 

hand, we found, from a more detailed investigation, that the 

heating rate within the column was too high to allow the energy 

deposited by the accreting matter to be radiated away locally, 

unless a large ’top pressure’ (pressure at the gas vacuum 

boundary) was introduced. Although we suggested two possible 

origins (c.f. Chapters 3 and 5) of such a pressure, neither 

would produce a sufficiently large pressure to allow a column of 

this type to exist. We also examined the effect of diffusive 

thermal conduction on the possible existence of a self 

consistent, bremsstrahlung/line radiation cooled, bombardment 

model of white dwarf accretion columns. We showed that a steady 

state model of this type could be found but that it is only 

self- consistent^ for relatively low accretion rates, 

- 10^^ Kgs ^ , roughly 3 orders of magnitude below 

those observed in AM Her. stars.

In Chapter 4 we considered the effect that the strong
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magnetic field (B ^^0^ - 10^ T), normally associated with 

radially accreting white dwarfs, has on the cooling of the 

’shock’ heated accreting material. We showed that on a global 

basis, the accreted energy flux (typically "^10^^ Wm could be 

radiated away within one proton mean free path by optically
g

thick cyclotron radiation at a temperature < 10 K, slightly 

lower than the shock temperature. We also derived, as a first 

approximation to the temperature structure of the column, a 

piecewise uniform temperature structure. We showed that this 

simple structure predicted a soft/hard X-ray ratio which is 

consistent with that observed in AM Her. stars. In addition, we 

noted that this type of solution allows an observed hard X-ray
g

temperature ^10 K without the need for the unusually small 

white dwarf mass required by the cyclotron cooled shock model 

(Meggit and Wickramasinghe, 1982; Barrett and Chanmugam, 1985). 

We concluded, therefore, that a bombardment model of the type 

described in Chapter 4 may represent a solution to the ’Soft 

X-ray Puzzle’.

In Chapter 5, we investigated two of the non-thermal 

emission processes (non-thermal Lyman-a emission and inverse 

bremsstrahlung emission) that might be expected to be produced 

by a beam of supra-thermal protons striking a static atmosphere. 

We showed that, although the non-thermal Lyman-a emission (L^ 

emission produced by hydrogen atoms formed in the beam by 

protons ’picking up’ elecrons) could, in priciple, be used to 

derive information about the energy distribution and flux of the 

accreting protons and the atmospheric temperature at the top of 

the accretion column, the emitted L^ flux is to small to be
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observable.

In chapter 5 we also determined the spectrum of the inverse 

bremsstrahlung radiation emitted by a mono-energetic beam 

striking a cold static atmosphere. We calculated that for a 

white dwarf accretion column most of the radiation produced by 

this process would be emitted at energies between lOeV and lOOeV 

and would, therefore, enhance the soft X-ray flux from the 

column. We also showed, however, that only 10  ̂ of the energy of 

the infalling material would be radiated in this manner and 

that, consequently, the enhancement of the soft X-ray flux would 

be negligible.

Finally, we would like to suggest two possible areas of 

future research which are logical extensions to the work 

presented here. In Section 2.3 we saw that the cyclotron cooled 

shock model predicts the correct three component form for the 

spectrum produced by a white dwarf accretion column. Similarly, 

in Chapter 4 we saw that the cyclotron cooled bombardment model, 

despite some rather large approximations, gives reasonable 

values for the soft/hard X-ray ratios, as well as giving the 

correct three component form for the emitted spectrum. Both 

these models do, however, have their limitations. Firstly, in 

deriving the temperature structure for the bombarded column, we 

made some approximations that are at best marginally justified. 

For example, we ignored the effect of advection energy from the 

bottom of the bombarded region. However, using the argument 

outlined in Section 3.5, we might expect the advected flux to be 

^40% of the total accreted energy flux. Similarly, we neglected 

the effect of cyclotron radiation towards the photosphere,
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although we might reasonably expect this to represtent ^50% of 

the total cyclotron losses. In addition to the inaccuracies 

introduced by these approximations, the bombardment model is 

itself not a totally appropriate treatment. For example, in the 

bombardment model we consider two sets of ions, a set of moving, 

accreting, ions which strike a completely independent set of 

stationary, atmospheric, ions. In reality, however, there is no 

distinction between the atmospheric ions and the beam ions, as 

the atmosphere is made up of beam ions which have been slowed 

down.

The shock treatment, on the other hand, takes account of 

the fact that the accreting material and the atmosphere on to 

which it is accreting are one and the same, but takes no account 

of the fact that some of the accreted energy could be lost in 

the shock itself. As we saw in Chapter 4, radiative losses from 

the shock are likely to be important. Clearly, what we require, 

ideally, is a globally self-consistent treatment which smoothly 

models the transition of the cold supersonic fluid, through 

collisional shock, into a hot subsonic fluid, as well as 

incorporating the effects of radiative losses from the shock 

itself. Such a radiative shock model requires a full kinetic 

treatment, of the type described by Zeldovitch and Raizer 

(1966), for the shock (equivalent to the bombarded region) which 

must then turn smoothly into a fluid treatment for the remainder 

of the column.

A calculation of this type represents a major undertaking 

due to the difficulties not only in handling the kinetic 

equations but also in modelling both the upward and downward
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cyclotron emission. It is, however, possible to comment, 

qualitatively, on some aspects of the results we could expect 

from this type of calculation. As far as the cyclotron aspects 

are concerned, since both the cyclotron cooled bombardment model 

and the cyclotron cooled shock model predict the correct three 

component spectum, it is likely that the radiative shock model 

will also have this type of spectrum. In addition, since the 

radiative shock model incorporates downward emission of 

cyclotron radiation and extra energy transport processes, which 

were ignored in the bombardment model, we would expect 

bresstrahlung and cyclotron temperatures in the radiative shock 

model to be less than that for the equivalent bombardment model. 

Similarly, comparing the radiative shock model with the shock 

model of Lamb and Masters (1979), we would expect the inclusion 

of the radiative losses from the shock to result in a lower 

temperature for the radiative shock model. Qualitatively, 

therefore, we expect the radiative shock model of white dwarf 

accretion columns to predict the correct three component 

spectrum, but at a lower cyclotron/hard X-ray temperature.

One question that remains unanswered is whether a model of 

this type could explain a reprocessed black-body flux in excess 

of the energy flux emitted directly by the column. The fact that 

the discrepancy is only a factor 2 does mean, though, that 

this question is unlikely to be resolved without the performing 

a detailed calculation.

The second area for future investigation is that of 

non-uniform accretion models. In this Thesis we have concerned 

ourselves, chiefly, with uniform accretion models of white dwarf
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accretion columns. In Chapter 2, however, we discussed, briefly, 

a non-uniform accretion model proposed by Kuijpers and Pringle 

(1982). They suggested that as matter enters the white dwarf’s 

magnetosphere, the matter cools producing inhomogeneities in the 

flow which are preserved during the infall. If these 

inhomogeneities are sufficiently dense they may penetrate to a 

depth at which the atmosphere is optically thick. In other 

words, they suggested that matter accreted in lumps could 

penetrate into an existing, quiescent, atmosphere to a depth at 

which the atmospheric pressure is of order the ram pressure of 

the beam. At this depth the white dwarf atmosphere could be 

optically thick so that only the radiation emitted through the 

hole in the atmosphere left by the lump of material would be 

seen directly. The remaining radiation would, instead, be 

reprocessed by the surrounding atmosphere.

If such a process does occur then the black body flux would 

be enhanced and the soft X-ray puzzle could be resolved. 

Clearly, this represents another, probably more tractable, area 

for future research.
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APPENDIX A 
COULOMB COLLISIONAL TIME-SCALES

In Chapters 2 and 3 we discussed, in the context of 

radially accreting white dwarfs, the use of inappropriate 

Coulomb collisional time-scales for suprathermal particles (i.e. 

particles of energy E >> kT, the thermal energy of the 

background field particles). In this Appendix we derive these

timescales from Spitzer’s (1962) treatment for a beam (test)

particle being acted on by field particles which have Maxwellian 

distributions of temperature T.

In Spitzer’s notation, the timescale for the change of a

scalar function  ̂ of the test particle vector velocity v is

found from

t = (|)(v)/< A<j)(v) > (A.l)

where <A<j) > denotes the collisional rate of change of #(v) for 

the test particle averaged over species of field particle.

The four time-scales that are used in this thesis are:

The slowing down timescale tg = v/< >
2 2The deflection timescale t^ = v /< AVj_ >
2 2The energy exchange timescale tg = E / < A E  >

(which are defined in Spitzer, 1962) and

The energy loss timescale tg^ = E / < A E  >

(A.2) 

(A.3) 

(A.4)
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i.e.

tgg = I / [-2v< > + < Av,? > + < Avf > ] I (A. 5)

Physically, and tg^ are linear timescales, representing 

the time for a beam (test) particle’s velocity along its

original direction of motion, and the beam particle’s energy to

be reduced to zero, t^ and tg, on the other hand, represent

dispersion time-scales and measure the rate at which the

perpendicular velocity and energy distributions spread.

In order to determine these four time-scales we require to

evaluate three parameters

< Av,, > = -A^l^( 1 + m/m^ ) G(l^v) (A.6a)

<( Av,^ )^> = (-A^/v) G(l^v) (A.6b)

<( Av^ )^> = -(A^/v) ( cp(l^v) - G(l^v)) (A.6c)

where

8ïï n z| In A
= ------ :---- ^---- (A.7)

[4neo]2

If = (A-8)

(j) = -1 
-.2

2
6 ^ dy (A.9)

#(x) - x^'(x) (A.10)
G(x) = ---------------

2x^
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and where m and Z are respectively the mass and ionic charge of 

the test particle, and where m^, n^, and are respectively the 

mass, number density and ionic charge of the field particles.

In practice we are only interested in the values of the 

time-scales in the limits of v >> v^ or, in the particular case 

of tgg, V «  Vj. We, therefore, only require to evaluate $(x) 

and G(x) in the limits x^ » and x^ 0.

As X M

_w2e ^ dy = 1 (A.11)

2x^ G(x) - <|)(x) - — -, X e 1

i.e. G(x) 1/C2x^) (A.12)

As X -)■ 0

*(x)
0

2 3
(1 - x^ ... ) dx = — 2 (x - ̂  )

2 2 
2x^ G(x) — -I X (1 - - 1 + x^)

(A.13)

i.e. G(x) — 2  X 
3^2

(A.14)

Therefore, for v >>v^, i.e. l^v »  1
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2 [4nco]2
t = -----------  = ---------------------- (A.15)

Aj^(l+(m/m^) ;

v3
tp = —  = -------------  (A.16)

l|
t = ---- = ----------------  (A.17)

^EL " -----  =   —  (A.18)
Ad m

3it2 m
■̂ EL -- ;--  —  =  :-- ---------- (A.19)41^Ap m 32ïïê  In A m

Thus, sunnning over proton and electron field particles for 

suprathermal electron test particles (i.e. v »  v^ the electron

4 IT e^ n^ InA (l+(m/m^))

y^ [4neo]2

8tt e**.n^ InA

y^ [47TEo ]^

16tt e  ̂n InA v| r r
y^ [4tteo]^

8tt e^ n^ InA m

e. V «  1 and E/kT »

1
3tt2 mryS [4TTEQ]2...m̂

thermal velocity)

m%v3 [4wEo]2
t = -!---------- (A.20)

12'it n In A

m^yS [4ïïeo3^
t = — ---------- (A.21)

8TT e^ n In A

m2y3 / v \2
4  =     ( -  ) (A.22)IStt e^ n In A  ̂v 'e

m%y3
t = — ---------- (A.23)

8tt e^ n In A

For suprathermal protons (i.e. E »  kT, the thermal energy



of the target particles) colliding with electrons
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:pe _ 
'EL

\
8tt n In A ^

3tt2 m^v3 [Htteq]^ /  m  \ 
 P_e   f _± )
32me^ n InA

V  << Ve

m
y >> y e

(A.24)

and for protons colliding with protons.

m2y3 [4wGo]2
■̂ EL " ----------8 tt n In A

(A.25)
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APPENDIX B 
COLLISIONAL BROADENING OF CYCLOTRON LINES

Classically, an electron moving in a magnetic field with a 

component of velocity perpendicular to the field, if 

undisturbed, emits a series of infinitely narrow cyclotron lines 

(i.e. the electron emits a set of infinitely long, sinusoidal, 

electromagnetic waves) with frequencies that are an integral 

multiple of the electrons relativistic gyro-frequency. In time, 

of course, the electron loses energy, and the amplitude of the 

electromagnetic wave decays. This process, however, takes a time 

very much longer than the Larmor period and for all practical 

purposes we can consider an undisturbed electron as moving with 

a constant velocity for all time.

If an electron moving in a magnetic field collides with

another particle, the change in the motion of the electron will

result in a change in the phase and/or amplitude of the

electromagnetic wave that it is emitting. In a plasma, an

electron will be continually undergoing such collisions. The 

majority of these will be distant encounters and will have only 

a negligible effect on the phase and amplitude of the 

electron’s radiation. The few close encounters that occur will, 

however, have a substantial effect on the phase and the

amplitude of the radiation, causing a disruption of the

electromagnetic wave. Thus, we can consider the electron as

emitting a set of continuous sinusoidal waves between such close 

encounters, and during these encounters we can regard one wave 

as being terminated and a new, independent, wave begun.
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Such an interpretation leads to a Lorentz profile for the 

cyclotron lines of the form

1 V
V(w) “ - -------   (B.l)

7 7  ( O )  -  ( D q  ) ^  +

where w is the angular frequency, is the angular frequency of 

the radiation of the unperturbed electron, and is the

frequency with which close encounters occur (Bekefi, 1966; c.f. 

Oster, 1960).

In order to determine the collision frequency we must first

decide how close an encounter is necessary to disrupt the

emitted electromagnetic wave. We adopt as the definition of a

close encounter the conditions that either the phase of the wave

is altered by 1 radian (the Weiskopf criterion, c.f. Mihalas,

1970), or that the amplitude of the first harmonic changes by a

substantial fraction of the pre-collision amplitude. We will
2show that, for a non-relativistic plasma (i.e. kT << m^c ),

collisions in which electrons are deflected through an angle

9 «  1/n (where n is the harmonic number) are not close

encounters (i.e. have little effect on the phase and amplitude 

of the e.m. wave in a given harmonic) and use this to derive an 

expression for the collision frequency.

Firstly, we consider the energy exchange in a collision 

between a test electron of mass m and velocity = V q ( 1 , 0 )  and a 

stationary target particle of mass M. In the centre of mass 

frame the velocities of the test and target particles before the 

collision are given, respectively, by
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M
''c m = ïiïM (B.2)

(B.3)

and after the collision by

M
CM m+M 0v^(cos6 jSinB)

m
CM m+M 0V (-COS0,-sin0)

(B.4)

(B.5)

where 6 is the angle through which the particle is deflected in 

the centre of mass frame.

In the original reference frame (i.e. the frame in which the

target particle was orginally stationary) the electron’s final 

velocity is

= ’c m  - ''c m (B.6)

and the change in the electron's energy during the collision is 

given by.

gm [y2- v'2] = lmv2
2m M

(m+M)"
sin^(9/2)

so that the fraction of the energy lost is.

(B.7)

2m M

(m+M)2
sin^(0/2) (B.8)

Consequently, if 6 << 1, the fraction of the energy lost will 

be small compared to its total energy. We can, therefore.
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neglect the energy loss in collisions in which the angle of 

deflection 6 << 1. In addition, as can be verified a posteriori, 

the actual time for a collision to take place will be small 

compared to an electrons Larmor period and we can treat any 

collision with 6 << 1 simply as an instantaneous change in the 

electron's direction of motion.

Classically, the phase and amplitude of an electromagnetic 

wave is just the phase and amplitude of the time varying

component of its electric field. Thus, the effect of an 

instantaneous change in direction on the electrons electric 

field, which for a distant observer is proportional to the

change in the retarded potential is,

E(w) =: expj-iw ---------------------------------- (B.9)

(correct to order | P_| /D)

where E(w) is the fourier component of the electric field with 

frequency w , p_(t) is the position vector of the electron from

some arbitrary point close to the electron, q is the direction 

vector to the observer, and D is the distance to the observer.

We consider, therefore, an electron which undergoes a

deflection through an angle 6 at t = 0 and position P_ = (0,0,0), 

so that its velocity immediately prior to the collision is

v^ = VQ(cos^sinx, sin^sinx, cosx), and immediately after the 

collision is v^ = VQ(cos#'sinx', sincf) ’ sinx *, cosx*). Thus, for 

all time, the electrons velocity is given by
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V = VQ(sinxcos(o)f^t+(})), sinxsin(wnt+#), cosx) t < 0O'
(B.IO)

V  = VQ(slnx'cos(wQt+0*), sinx’sin(u)Qt+(j)* ), cosx*) t > 0

and the displacement from the point of collision is

p = —  [sinx{sin(üût+cj))-sinct)} 9 sinx{cos^-cos(wot+#)}, 
u)0

ODQt cosx] t :< 0

Vo
p = —  [sinx’{sin(wQt+^')-sin#'},sinx'{cos^'-cos(wot+^')},

W q
WQt cosx’] t > 0

Without loss of generality we can consider an observer in the 

x-z plane with position vector q = (sinG, 0, cosG). Thus the 

time variation of the electric field, given by Equation (B.9), 

is

r . /w Vo Vq
E^(m) exp I  ̂—  [sin0sinx{sin(wQt+$)-sin$}] + t[wQ—  cosx-w]

(i) V q

—  —  sinxsinG
(Do C

exp( i t [ncjQsinxsinG

V q
+ (D—  cosxcosG - (jjJ - i[nc})- sinÿ]sinG) 

c

before the collision, and after the collision by
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(D V q
—  —  sinx’sinO
0 ) 0 c

exp ( it [ no) 0 s inx ' s in0

Vg
+ a)Q —  cosx ’ COS0 -o)]-i[ncj)’- sin^ ’ ] sinO ) ( B , 13 )

Therefore, at t = 0, the ratio of the amplitude of the 

harmonic after the collision to the amplitude before the 

collision is

0)- V Q  

0)Q C
J^( —  —  sinx’sinO

0) V q

J I —  —  sinx sin©
" WQ c

< 1 + n6 cotx (B.14)

(for small angles of deflection i.e. n0 «  tanx)

Clearly, for a large ensemble of electrons, only a small 

fraction will have a value of x << 1 and these will in any case 

only contribute a small fraction of the energy in a line. We 

can, therefore, say that for n0 «  1 no disruption of the e.m. 

wave will occur due to a change in its amplitude.

Similarly, if we compare the change in phase of the 

electromagnetic wave

^phase ~ [sin(}) ’ - sincj)] sinG < n0 (B.15)

then if n0 «  1 the Weiskopf criterion is not met and no 

disruption of the wave will occur due to a change in phase.

Thus, for a given harmonic n, collisions will only disrupt
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the electromagnetic wave if during the collision the electron is 

deflected through an angle 8^ 1/n. The collision frequency 

for that line, is the number of times per second a thermal 

electron undergoes a collision. This is given by

V = R'b? n V (B.16)c O s e

where n^ is the number density of scattering centres, v^ is the 

electron thermal velocity, and b^ is the maximum impact 

parameter (i.e. perpendicular distance of the test electrons 

approach) for which a disruption of the e.m. wave occurs.

The impact parameter in a collision is related to the angle 

of deflection 6 of the test particle by (e.g. Bohr, 1915)

Zz e2 1
b = ----------    (B.17)

[M-iteo] tan(6/2)

m Mwhere m^ = Ym+M) the reduced mass of the system and where Z and 

z are, respectively, the ionic charges of the test and target 

particles, M and m are, respectively, the masses of the test and 

target particles, and v is the collision velocity. Therefore,

1
bQ ----- — -----    (B.18)

[^TTEol m^ v^ tan(l/(2n))

where n is the harmonic number, i.e.

02
bQ ^ ------------  . 2n (B.19)

[47TEo]m v2e 0

so that
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ns
[4nGo]2 (m v2)2e e

which for a white dwarf accretion column gives

» _iwhere is the accretion rate measured in units of 10 Kgs ,

f_ 2  ts the fractional area over which the white dwarf is
_2accreting measured in units of 10 , is the white dwarf mass

in solar masses, and Ty is the column temperature measured in 

units of lO^K.
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