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SUMMARY

This Thesis embodies the work I conducted whilst at Glasgow
University between Sept 1984 and July 1986.

The project is an account of the current status of the
Interacting Boson Model as applied to light npuclei, with an
investigation into possible extenmsions of the current theory.

The IBM has been well investigated phenmomenologically, but the
provision of a microscopic theory with relation to the spherical
shell model is still to some extent illusive.

Chapter 1 starts with a review of the general development of
the model over the past decade, and then concentrates on two
specific aspects of the model. The first is that of the IBM2,
IBM3 and IBM4, in the SD shell. Here the results of other
workers have been reproduced. The second topic is the g-boson.

Chapter 2 considers and reviews some of the earlier boson
expansion nethod#l which although conceived as particle-hole
excitation mechanisms, are shown to give valuable information on
general mapping procedures and microscopic pairinmg relations of
fermions.

Chapter 3 explains how a boson shell-model is comsstructed in
the m—scheme, and the use of the Lanczos method discussing the
relevant questions on convergence and fitting techniques. A nevw
combinatorial procedure is described allowing the extension of
current computer programs to imclude the g-bosom ( Glasgow-
Lanczos-Morrison-Couch shell model code ). A number of
spectroscopic fits were carried out with various types of bosons

in 3*u', which although not ruling out the sd-bosom components



-

in the lov lying states, did indicate that a g-boson is a useful
modelling tool im this region. Following this the work described
in chapter 2 for the SD shell was extended to include a g-boson
in s weak coupling limit. Other than producimg the low lying M
state in °0 known to have a large g-boson component, it produced
little effect on the low lying spectra of other nuclei in the SD
shell. It was concluded here, that the g-boson if introduced
with sd-bosons should be placed in a stronger coupled
calculation. In the spirit of renormalised interactions, a
second calculation was performed, in which the g-boson alone was
used. Here, at least for the =more deformed nuclei, the best
agreement with experiment to date was obtained, although the
overbinding of the IBM2 increased by 50 %.

Chapter 4 presents the existing mapping procedures used in the
IBM, and discusses tvo nev approaches to this proble=m.

A final section presents the general conclusions reached in the

main Thesis.
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PREFACE

In the mid-seventies, the imtroduction of the Ianteracting
Boson Model (IBM) provided s smnique tool, enabling calculations
believed to reflect the <collective nature of the low lying
nuclear states to be applied systematically across large ranges
of nuclei in cases where traditional shell model calculations
were not feasible.

The main problem with the IBK has been its phenomenological
roots, understanding why the model works so well, and relating
this to a microscopic description in terms of the underlying
fermion system.

The strength of the model lies to some extent im omne’s ability
to select model Hamiltonians, which reflect the known favourable
pairing mechanisms and their associated gquadrupole interactions,
and then produce analytic descriptions of the low lying nuclear
levels. Certain pnfameters characterising these intersctioms of
the nucleon pairs, were shown to vary systematically as one
progresses across a range of nuclei. In this sense, the very
least that the model provides is an excellent classification
technique for large amounts of nuclear information.

The beauty and ease of application of group theory to the
model is @another of its stremgths, for the simple IBM1 three
symmetry limits exist. Each of these corresponds to a physical
notion carried over from the earlier geometrical nuclear models.
Later extensions of the basic model, to Bose-Fermi symmetries
and Supersymmetries, provided further group theoretical

applications, although physical interpretations here are more

illusive.



In contrast to the above, the obvious gross violatioss of the
Pauli excunlsion principle has spurred 4erth the search for
microscopic justifications of the success of the model. In this
sense the model is often referred to as the Interacting Boson
Approximation (IBA) to emphasise tke fact that it is an
appraoximation to the underlying fermion system. Here, as in most
other works, =mo strict distinction is made between the nse of

the tterms IBEN and IBA.

Gy
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CEAPTER 1
NTERACTING BO L _AND THE G-

1.1 A GENERAL REVIEV

The year 1975 saw the initial inceptionm of the IBN is a series
of four papers by ARIMA and IACBELLO (40, 9a, 9b, 9c), where the
model was presented in three symmetry limits ( CASTANOS (41),
IACHELLO (3) ).

The realisation of a model in a symmetry limit or more
specifically s Hamiltonian for a nuclear system, stems from a
number of sources. Of these the desire to see reflected in
nature the beautiful structure of mathematics, namely group
theory ( HAMERMESH (44), WYBOURN (45), LIPKIN (46), ELLIOTT and
DAWBER (56) ), is foremost, It could be stated that a
cooperative collective motion of nucleons, leading to s physical
symmetry, be it spﬁetical. triaxial or whatever, is evidence for
symmetry in the Hamiltonian.

The roots of the IBM were in an extensior of the ideas of
JANNSSEN et al. (35) who provided an algebraic approach to
-hnndle a general collective Hamiltonian in five quadrupole shape
variables. This came from the basic idea that <certsin nuclei
would have quadrupole shape deformations, and each shape
varisble would correspond to ome of the five magnetic sub-states
of the gquadrupole shape. These models were known to give the

characteristic vibrational snd rotational spectra whick had been

observed in many nuclei.
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The Truncated Quadrupole Phonon Model {(TQP) resulited from the
desire for a truncation to a mazximum number of pkonons of
excitation, to enable a finite matrizx diagonalisation to be
conducted. The problem however, was that there was no number
conservation of the ophonons. As a punrely mathematics] device a
new object called an s-boson was introduced, whick when taken
with ~ the quadrupole phonon or d-boson, led to nomber
conservation. For N quanta, N=Ny+Ng, for N, s-bosoms and Ny d-
bosons. This is referred to as s smooth truncation of the model.

Introduction of the s-bosom created a six-dimensional vector
space characterised by the group U(6), its sub-groups being used
to describe analytical solutions for particular Hamiltonians.

This interpretstion however, is not the one generally favounred
today, although it has been re—-introduced to some extemt by PARK
and ELLIOTT (52) to handle core polarisation effects.

The interpretation now adopted of the bosons, is that an -
boson is a pair 6f_fernions coupled to a total angular momentum
L=0' (usually no distiction is made between J and L for a boson
pair, omly the total angular momentum of the fermion pair being
. relevant), and a d-boson is a fermionr pair coupled to L=2. More
precisely, a boson is a representative coupling averaged over
#ll possible fermion pairs.

Fuorther evidence for the symmetry of the boson Hamiltonianm
comes from the grounp structure of the commutation relations for
the underlying fermion pairs.

Genersl reviews of the IBN are givem in ELLIOTT (1), and ARINA
end FACHELLO (2), which deal with the transition between the

verfiows symmetry limits of the model. For oexample, this s



observed when one moves from a nucleus with only & few valence
nucleons (vibrational 1imit), to a nucleus vith msny valence
nucleons (well deformed, rotational limit).

The boson space characterised by the group U(6) has only three
sub-group chaims which end in the group O(3), and so give states
vith well defined angular momentum. At each stage moving
through the sub-groups in the <chsin, we extract quantum numbers
wvhich specify our choice of representations, and so characterise
the energy of the eigenstates. The symmetry limits are briefly

outlined below.
U LINIT

The group chain U(6) D T(S5) D 0O(S) D 0(3) represents the
vibrational limit, with basis states denoted as |N nd ¢ LM)>. The
U(6) group gives the label N for the total number of bosons,
U(S5) gives the lniel nd for the number of d-bosomns, O(S5) the
harmonic oscillator in five dimensions bhas the label T , which
plays the role of seniority with respect to the d-boson pairs
coupled to L=0. Finally 0(3) has the usual angular momentum and
vprojection labels associated with the three dimensional rotation

group. Some allowed values of L given 7 are shown belov.

T =0 L=0
? =1 L=2
T =2 L=2, 4

T-=3 L=0, 3, 4, 6



Note:In addition anm extra label is required as nd imcreases to

distinguish certain states see IACHELLO (3).

o IMIT

The gromp chain U(6) D) 0(6)7D 0(5)D 0(3), represents the so
called gamma unstable 1imit. It corresponds to the geometrical
picture of a nucleus with fixed beta deformation, and an energy
of deformation independent of the angular coordinate gamma. It
gives rise to states labelled as [N o & LK), where N, L, T and
M are the same as in the U(S)}i-it, and O the seniority lasbel
of 0(6) is given as N, N-2, . . . 1 or 0, & the label for 0(5)

takes the values oco0-1, . . .1, O.

SU(3) LIMIT

The group chain.UIG)D SU(3)D) O0(3), is appropriate in the
rotational limit., Althoogh the states can be labelled by N, L,
M as in the O0(6) limit, and the SU(3) labels (A.,u) of ELLIOTT
(10), an additional classification due to VERGADOS (11) tends to
vbe used. The labels ) nnd,/ can be related to the distributionm
of the oscillator quanta in various spatiasl directions (see
ELLIOTT (1)).

In each case the energy of a state can be written in terms of
the associated labels of a given symametry limit, Examples of the
characteristic spectra of the three limits described above can

be seen in Figure 1, takenm from ARINA and IACHELLO (2).
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Leavimg aside the conmnections between the IBN amd older
geometrical models ( see IACHELLO (4), GINOCCHIO and KIRSON
(39), and reviewvs of experimental <comparisons for the model, of
which CASTEN (7) is one of the best ), the IBN had, by abdout
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The application of the IBM1 is restricted to a large extent to
nuclei with one type of valence auncleon. In the heavier muclei
the neutron and proton shells are well sepsrated, and we have
only nn and pp-boson types. This extemsion to the basic model is
the IBN2 (see next section).

Published work om o0dd nuclei treats the extra mucleon as
either weakly coupled to the collective core, or strongly
coupled, as in the Nilsson model where all pucleons move in the
same deformed potential. In the IBM, this is expressed in the
IBFN1 (ome type of bosomn), and IBFM2 (both nm and pp bosonms),
models which usually have only one extra nucleon outside an
even—even boson core.

In the IBFM models the gemeral Hamiltonianm is writtem as shown

below
B=HF+ HB+ e {1.1.1)

Here Ho refers to the fermionms,in this <case the single
particle energies, and BB refers to the Hamiltonian of the even-
even nucleus forming the boson <core, with Hz the interaction
‘bet'een the bosons and fermions ( TACHELLO and SCHOLTEN (18) ).
This was applied with some success to Cs and odd =meutron Xe
isotopes with the IBFM2 by ARIAS, ALONSO and BRIJKER (19), and
to many other nuclei im IACHELLO (5).

It was found to be of interest to consider systems vith Bose-
Fermi symmetries, in which the fermion and boson spaces have the
same symmetry group,such as 0(3) for the IBM and also for the

spin orbit coupling in the fermion system. Other relations such



ss for a §=3/2 fermion with 0(6) symmetry wvere also attempted. (

ELLIOTT (1) ).

Supersymmotry was introduced to provide a represestation with

either am even number of nucleons and J even, or ap odd npumber

of nucleons and J o0dd.This implied group operstors which changed

boson states denoted | ) into fermion states denmoted Ji).
»é,&eQnQ the followving set of operators,and their cdjoint:.ufi%3¥hq

fermion operators ar and boson operators b«.

+
G .=E‘b

— =+
" G-..,.=a 8., , FM a-b‘ {1.1.2}

o'’ tl

Assume that the b:. by commute with the at. s,, and ve have the

Ll
vsual fermionm anti-commutation relations amd boson commutation

relations for their respective parts, namely
-*
(b‘n b:')zs‘"n (b-:; b")=(bdl b")=o {1-1.3}

{a:

+ + + .. 3
RO R R T R CR PO B (1.1.4}

For n boson states and m fermion states we defime the product
group U(m)*U(n), this is the usual Bose-Fermi group. We find
upon inclusion of the F and F+ operators with the G and G+
operators, that we require the commutator of F and G to
produce F and yet the anti-commutator of F anmd F to produce
G. To obtain this we require a graded Lie algebra denoted as the
supergroup U(n/m). For example the boson U(6), and s d3/2
fermion (U(2j+1)) U(4), we have the supergroup U(6/4), and
subgroups 0(6)5‘0(4)F3 0(6)3.0(6)Fj 0(6),, . Here the labels B

and F indicate the Bose and Fermi spaces respectively.



The distinction betveen Bose-Fermi sympetries iavolving a
simultaneous transformation in the boson and fermion spaces,and
8 supersymmetry which contains both the bosons and fermions in
the same muoltiplet is emphasised.

These techniques allow the treatment of odd-odd, even-odd and
odd-even partmers of a givenm even-even nucleus to be treated
such as VAN ISACKER et al. (14) for 'epy Wipy ¥, M,
wvhich fit well into this scheme. The U(6/12) presents a possible
mapifestation of U(5) supersymmetry in the Hg isotopes ( SUN,
FRANK and VAN ISACKER (12), VERGNES et al. (16) ), for the Rh
isotopes ( VAN ISACKER et al. (15) ), and the odd-mass Os (
WARNER et al. (13) ). The sub-group structure of U(6/12) is
extensively investigated im VAN ISACKER, FRANK and SUN (17).
Obviously the group theoretical problem becomes far more complex
in these situations as compared to the simple IBM, and various
approximations have to be made.

Worthy of note iﬁ connection with the applications of the IBM
for schematic Bamiltonians, is the work of CASTEN, FRANK and
BRENTANO (34), who carried out calculations for about 100 nuclei
in the A=100 to 200 regions. They required only seven parameters
of which four were constant for the 100 mnuclei, and one
parameter taking three values in each of three regions. B(E2)
values and the lowest lying levels were investigated.

This examination was over the spherical (vibrational) to

deformed transformation with the Hamiltonian shown below, for =nd

d-bosons and a quadrupole-quadrupole interaction.

H= € nd-kQ.Q {1.1.5]}



Q=(s'd +d's ) + g!x(a*&‘ )+ {1.1.6)

Where the operator 3 is defimed to be (-Y4 so as to

-’l
transform as a spherical temsor under rotstionms.

A new parametrisation, with Ny the npumber of proton bosoms and
Ny, the number of neutron bosons was used, so reduciag an IBMN2

calculation to an effective IBM1 calculation. The relationship

is

€ = E,exp(-0(N,N,-N, }) (1.1.7)

with the parameter N, taking different values in each region of
nvclei, and the four fixed parameters being g, , 6 , x , k .

This shows the classification power of the IBMNM.

IJBM] HANILTONIAN

With two types of bosons, we have two single particle emergies
constituting the one-body part of the Hamiltonian. As the boson
pair wave function must be symmetric with respect to particle
exchange, we find that the following seven twvo-body matrix

elements exist.

2
csalviaty, , «a®Ivia, . atIvld,

{1.1.8)}

2 k8
(adlvlsd)z_ , <stlvl a e

-lo_



The matrix olements are takenm ss smormalised and symmetrised,
sand as seen in Appendix B our many body Hamiltopiam can be

written as follows.

=2 (e,+€) t4
H= & SNy diudjnb.B,bo,
TE

L{8
+ J!‘*’S:'S:)S“'S'uég) <imat

Y eI
<, ( Sl\z%"")““ss,é.g)

k¢
I

{1.1.9)

x & josg 2ATDLC V| LA B-\ijh\,,_

1.2 IBN2/3/4 IN THE SD SHELL

IBN2

In the IBM2 the distimctionm is made between valence protons.
forming proton bds;ns with subscripts - , and valence neutrons
forming neutron bosons with subscripts »» . The pasir states here
are ls,s,0>, 1s,d,2>, ld,s,2> and |d,d,L> for 1=0,1,2,3,4. In
.this case the schematic Hamiltonians are often comstructed with
; Majoranma term, in order to place states antisymmetric in the
neutron proton labels to higher energies. An additional label
introduced in this model is F-spin, assigned F=1/2 for any
boson, and MN,=1/2 for a nn-boson and N _=-1/2 for a pp-boson.
States of maximum F-spin are further assumed to lie at the

lowest energies ( IACHELLO (4), OTSUKA, ARINA and IACHELLO (25)

).

—11_



1BN3

In 1980 it was suggested by ELLIOTT and WHITE (48) that to
enable <calculations im 1light muclei to be performed, and so
reflect the fact that the proton and nmeutron shells huwaﬁbwﬂkw
ewﬁxﬁﬁas. an anp-boson with T=]1 and IT=0 was required, so
completing the bosonm T=1 triplet. The boson pair being required
to be totally symmetric could now have the symmetry restriction
removed from its constituent spaces of T and sd, and so nev
states, not occurring in the previous IBN1/2 would be present.
From a group theoretical point of viev, the group was novw
U3(T)*U6(sd). The bosomn interaction was nm%ﬂnaé Yo be
isospin iwvoriant , although different for pairs coupled to

T=0, 1, 2 . The interaction could be written as follows.

V(ij)=(1/2)(91+V2)+(1/6)(2VO+V2-3V1)P5 +(1/3)(V2-VO)(t1.tj)

{1.2.1}

Where V(ij) is the interaction between bosons i and j, PB is
;n exchange operator in the T-space, and t_ is a 3°3 matrix
instead of the usual 2*2 Pauli spin matrices, and VO, V1, V2 are
the interactioms in the T=0, 1, 2, states. For VO and V2 as in
the IBN]1 we have seven parameters. Howvever, due to overall

syemetry V1 has only three parameters as follows.

2 2
’ dlvilsay, , «diivilaty, , <sdlvila®y, (1.2.2)

.-12..



Following this it was suggested that if the T=1 np-boson
existed then & T=0 np-bosonm completing the isospin triplet and
singlet should be possible ( ELLIOTT and EVANS (47) ). They
concluded that T=0 implies the meed for am intrimsic spin S=1
for the bosons , and for T=1 we require S=0.

If we consider an LS coupling scheme for the fermions, then
for two nucleons in a statel » the lowest states have L=0 and 2,
with T=1 and S=0 or T=0 and S=1, due to the anti-symmetry, and

80 we have now six types of bdosons 334, 3d4, de. 363 vith S=1

] 1

and s _, d, for S=0, in the notation of

15+
0 4

J

From a group theoretical point of view we now have
U6(TS)*U6(sd). The mnew group U6(TS) contains U3(T), and SU4 the
Wigner super multiplet, we have the classification U6(TS)D) SU4

T SU2(T)*SU2(S). This work was later followed by that of HALSE,

ELLIOTT and EVANS (50), where the first half of the SD shell
‘6

16(A(28 was examined, and binding emergies relative to the 0
core, spectra and E2 transitions were calculated.
The technique used in this case was to obtainm the Gl iz~

Exaacy\ energies from the mass 18 isotopes, and the matrizx

elements from the mass 20 isotopes.
Using the following projection technique with certain
assumptions, it was possible to reduce the IBN2/3/4 calculations

to an effective IBM1 calculation which was then used to compute

the spectras.



A genersl tvo-body interaction between particles i and § is

given as

V(U)-Z:P,((ij) Vo (1)) (1.2.3)
ol

Where P (ij) are projection operators im the symmetric two-
boson charge spin space, satisfying constraints such as isospin
invariance imposed on V, and Vy are corresponding operators in
the sd space.

Denoting the N boson state by [N E n ) where E and 1n are
labels for the charge-spin and sd spaces respectivly, then it

follows that

<N E n'|V(ij)IN E n>=Z(N EIP,((ij)IN E><N n'lV“(ij)IN n)

o
- vived (s
=(N o'lvg. (ij)IN o {1.2.4}
where ved (ij)=EN EIPy (ij)IN E>Vy (1.2.5}

o

Vzg defines the effective interaction for a chooser N and E.
Since states are symmetric inm both spaces ( assumed to lie at
lowest energy ) the choice is independent of i j, and noting

that the number of interactioms ig N(N-1)/2, we obtain

KN E IP (ij)IN E>= [2/(N(N—1))]<‘N E Iz:' Pytij)ln E
< (1.2.6)

- 14 -



The conclusions of this paper are that the IBN4 is s better
choice than the IBN2/3 for the SD shell, slthough for the lowest
fev states the IBN2 works quite well, The main difference
between using the IBM4 and IBMN2, is that the IBM2 overbinds
nuclei by about 10 to 40 MeV.

In order to test our model program,capable of performing IBMN1
calculations, the <calculation of (48) for the IBM2 were
repeated, for which we obtained agreement except that for *2 Ne,

the J assignments to the second 27 and first 6+ reguire to be

interchanged being incorrectly assigned in (48) ySe=2 -(—it)o\‘e‘?).

IBM2 CALCULATION

Only T=1 states are present. The single particle energies of
the ’so and 'dz were obtained from the lowest 0% and 2° states
of '80,'8Ne and T=1 states of '8F, which all give essentially
the same resnlt;'—(Conlo-b corrected with respect to the 16 0
core). VWith only two types of boson the intersction V., was
obtained from *°0 and V,, from 2°Ne. We take V, , =V,r.

With bosons t=1, we obtaim T=t,+t,=0,2, where T=1 is rejected
on grounds of being of mixed symmetry character, and ve assume
that such states of mixed symmetry lie at higher energies.

With the further assumption that M,=T for the lowest states,

it is shown in (48) that the effective interaction for the IBN2

calculation can be written as

Ve¥ = v, 4+ (NST)(N4T) (Y, =V, )/ (2N(N-1))  (1.2.7)
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As shown in ref (48) the determined values of V,, and Vyr aze
combined in the above to produce the above sever matriz elements
for amn IBN1 calculstion. The 1levels below 10NeV were obtained
for 1’No. 24 Ne ,24.' ?‘lg are shown ir Figures 3,4,.5,6, witk
the corresponding experimental spectra. The sgreemenat obtained
with experiment is fair, and the presence of s naumber of
obviously incorrect states points to the meed for a m®mapping
procedure, to eradicate the numphysical <components from such
states, or the states themselves (see chapter 4 ).

Further applications of the IBN4 were to odd-odd suclei using

a8 stromg mon-central interaction in the SD shell, by BALSE (49),

2
in an investigation of 2 Na and 16A1.
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1.3 G-BOSON

The significance of the g-boson im calculations is still to some
extent an open guestion. Ope question which is still mnclear is
vhether the g-boson could be used instead of say extending a
model from IBM3 to IBN4., Or, whether other higher order s’ and
d’ bosons are required such ss those by VAN ISACKER et al. (27).
One argument for the introduction of g-boson components is
evidenced from the two-body density matrices for a fermion
calculation on lklg, wvhere components such as J=4 fermion pairs
would seem to be very important even in the ground state. The
argument put forward by some is that the boson Hamiltonian is
renormalised for such effects, but evem if this is the case,
certain states will not be present in a reaormalised
calculation, and so other states may be incorrectly assigned.
Published work on the g-boson is quite scarce, mainly due to
the difficnlties‘ of performing anything other thanm 'y
perturbative calculation. OTSUKA (30) maintains that the effect
of a g can be renormalised, and this effect is small ias any case
. imn the low 1lying states. Similarly, OTSUKA , ARIMA and

YOSHINAGA (32), in an earlier work <considered the intrimnsic

T pairs

state in a Nilsson model and concluded that 0 2
dominate, while 4? 6‘ pairs decrease in importance as one
progresses from spherical to deformed mnuclei. However, BES et
al. (23) do not agree, and maintain that the 47 pairs are of
importance even in the low lying states. SAGE and BARRETT (33)
sn;;eat a perturbative approsch and a number of <calculations

have been performed with this in mind, such as HUA (29), HEYDE

et al. (28), HUA and XIAO (31), and VAN ISACKER et al. (27).
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The Glno.ov-Lnnczos-lotrl-on—Couch method is mot restricted to

such perturbation methods ( see chapter 3 ).
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CHAPTER 2
BOSON EXPANSION TECHNIQUES

2.1 MICROSCOPIC PAIRING OF FERMIONS

The favourable mechanism of pairing fermions in time reversed orbits leading
to a superfluid state in nuclear matter, is a well known phenomenon. The
pairing we shall discuss here is of a more general nature, and as a

simplification we only consider a single j-shell.

The basic idea in Boson Expansion (BE) techniques is to look at the fermion
pair commutation relations and attempt to approximate these relations by
those of bosonic objects. In this context the BE methods relate to particle
-hole excitations, believed to be responsible for the observed collective
behaviour in nuclei. (BELIAEV and ZELEVINSKY (58)). This idea was taken
across to particle-particle cases by LI, DREIZLER and KLEIN (54).

In this section we outline some of the BE ideas as applied to the particle-

particle case, in a single j-shell.

We begin by defining the pair operators

/xfjr "l'*'zz:j: L S"wx.ngxq,\TSVQf7Ci§w4(jﬁuyz

Mma(w)

A -
Sn - (3 )\IIEMZ) NSRRGSR S )Sm Aol

The A,At operators obey the commutation relations

LA ALl =LAY A= 0
LA7 AT L= &, - 7.‘21\/01—5)(1-3\ B2 TR

Where Y(123) are numerical factors deflned in Appendix A.
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This can be written in terms of

where (2

& smallness parameter %&z

is the maximum number of pairs that can be formed inm a

given j-shell, and in the limit whes (2 tends to infinity we

can vwrite

Y(1213) A —
(2" {2.1.2)

Further it can be shown that the expectation value of the B

operator can be related to {2 KW \:&\Q NCGC WU S

By o (M)

(2'1.3}
Consequently if the number of particles N is small compared to

ei . then the above operator becomes small, and Y(123) <can be

neglected, giving

[A‘),A:] &_%\1 (2.1‘.41

+ +
The operator A can be approximated by the bosonm operator CL ’

.with the commutation relations as shown

[a.a0-§, [0:0.1-[0.00=0  Goas

This sppears to be intuitive, as we would expect the Pauli
exclusion priciple to be weak when a shell bhas few nucleons in

it,.
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It is seen that for the case of a single j-shell the term Sa ’

becomes

du% E),;;&gn.h; {Smlgm,' éa.s,gm.z

{2.1.6)

And the underlying fermion nature of this bosom is still

present.

2.2 MAPPING FROM FERMION TO BOSON SPACES

In order to improve upon the approximations of the last
section, a snumber of techmiques vere developed, some of which

are briefly described belovw.

BELIAEV ZELEVINSKY METHOD

This technique is outlimed inm LI, DREIZLER and KLEIN (54), and
-was initially proposed in the paper by BELIAEV and ZELEVINSKY

(58). Further modifications to correctly include all effects of
{htP.nli principle were proposed by NARSHALEK (55,53).

. +
Bere one approximates the fermion psir operator A to higher

+
orders, with the boson operators (l , and for a third order term

we would obtsin

At = ij *Z%:;,,Q*—Lﬂgaw O(S) (2.2.1)

34
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This is then substituted imto the K’co--utatioa relations asnd
(n

values for Jdaya are obtained. Repeating tbhis procedure at each

order, sn infinmite <convergent expamsion is obtsined. The Paunli

principle will not be violated provided that the ezpansion is

taken to all orders.

MARUMORI METHQOD

An alternastive to the BZ method is that of Marumori. Here one
identifies an image of the fermiom space in the bdosonm space,this
sub-space being referred to as the physical space, all other
states being referred to ass unphysical states. The mapping used
is actually =not unitary, although it is treated as Dbeing
unitary. Fermion operstors are then mapped into their bdoson
counterparts. Convergence here depends upon the choice of model
space.

Mapping OperatOt-V
vifr>=lv)
Vie)r=11> (2.2.2)

Vﬁb unphysical)=0

The fermiom operators are them constructed in the dosonm space

s0 as not to comnect into the unphysical part of the space.

DYSON METHOD

Another way around the probdlem posed by the commutation

relations, is to defime mom-hermitism operators, asd so satisfy
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the commutation relations exactly. The problem here is that the
Hamiltonian is them nor-bermitiam. This technique has uses as an

intermediate form, used by other methods.
HOLSTEIN-PRIMAKOFF METHOD

This is yet another technique, specifically used is the quasi-

spin formalism ( JANSSEN, DONAU and FRAUENDORF (57) ).

A unification of the BE methods in the 1a nguage of complex
vector spaces can be found in the works of DOBACZEYSKI (59,60),
and applications include those of TAMURA, WEEKS asd KISHINOTO
(20), HECHT, NcGRORY and DRAAYER (6).

In summary, these techniques whilst not always directly
related to the IBM, do give a feeling for the sort of problems

likely to be incurred when handling fermion and boson spaces.
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CHAPTER 3
HELL MODEL CALCULATION H_BOSONS

3.1 BOSON SBELL MODEL AND THE LANCZOS METHOD

The most popular bosonm calculations have been performed with
the aid of the <code PHINT by SCHOLTEN (8), which 1is
characterised by its use of coefficients of fractional
parentages..

The methods used here were similar to those developed for
earlier fermion calculations of WHITEHEAD, WATT, COLE, MORRISON

(37). These are performed in the m-scheme which with its

realisation of the second quantisation in the orbital
representation, provides 8 very natural form for wuse on
computers. Figure 7 shows in a block form the various
operations performed in a <calculation. Three areas can be

targeted in a calculation which demand the main computation,

these are as follows.

a) The formation of the many-body Hamiltonianm (for a chosen
nncleus this need omly be <constructed omce, and subsequent
calculations do mnot require this to be repeated, the calculation
of the exact form of the resulting matrix howvever, must be

recomputed if the initial matrix elements are changed ).

b) Execution of the Lanczos method inm tri-diagonalising the

Hamiltonianm.
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¢) Fitting the matrixz olements to the experimental data, here
agsin & matrizx diagonalisation is the masin source of

computation.
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+—.Unconpling of the matrix elements

EIGURE 7 OUTLINE OF A SHELL MODEL CALCULATION

Data stored

Calculation of a list of all

basis states B.List

7]
w

¥

Formation of the many-body Hamiltonian |

1

Evaluation of many-body Hamiltonian *;15:

¥

Lanczos method, tri-diagonalisation

of Hamiltonian to produce

eigenvalues and eigenvectors.,

¥

Calculation of J values of states

Y

Evaluation of eigenvectors of the

original Hamiltonian

¥

Formation of two-body density matrix

¥

Fitting to experimental spectra and

changes in coupled matrix elements

¥

Further re-calculation begins to improve fit if required




From a computational poinmt of viev the main strength of these
algorithms is the mabner in which the Lanczos method extracts
the lowest eigenvalues first , whick readily ' comverge, without
the meed to produce every state in a calculation.

A veakness of the technique, excluding the fitting which any
method must cope with, is the need to form the entire many-body
Hamiltonian, although im the boson case this is less of a
problem due to the smallness of the model space compared to the
fermion calculations, and the time required here is only s small

fraction of the time required for the iterations.

MATRIX ELEMENTS AND THE MANY-BODY HAMILTONJAN

The choice of normalisation for the matrix elements and the
associated form of the Hamiltonian are shown in Appendix B.

The many-body Mamiltomianm is stored in an wupper-triamgular
form, as it is ié;l symmetric. Its rovs and columns are labled
by the basis states. And im its formation all the required
combinations of b'ib’,'b..bl are applied to connect one state to
another. The resulting matrix element (m,n) represents the

interaction as derived from the one and two-body matrix elements

between states m and n.

LANCZOS METBOD

Vector ;, is assumed to be normalised ?..;,=1. and for a real-

Ar
symmetric operator H, we produce an orthogonal vector x,, by
A
x

q» 088 shown below in Figure 8.

applying H to
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>~ 2 ~ -~ ~ ~ A RV
X,.%,=0, Hx,=¢,x,+px,, x,0Bx =«,, ¥ Bx, =B, {(3.1.1)

repeating this operation for ;1 orthogonal to ?,

we obtain

X, (3.1.2)

{3.1.3)

repeating this, we span the vector space resulting in

the following matrix representation of the Hamiltonian E

HT: Ka @
("1 o, B2

G L3 By

("" d“_‘ 34-.‘ {3.1.4]

- 32 -
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For the operation om the k*h vector we obtain
~ ~ ~ a
Bx, = ‘_1’1-1+°(u!l *ﬁ.‘hn {3.1.5)

The choice of starting vector ;1 is important, and will be
discussed in the section 3.2,

By forming the scalar products above, and performing a re-
orthogalisation for each amew vector ;h to all other vectors, and
then normalising ;h. the Hamiltonian is placed in the desired

form,.
At this point the eigenmvectors and eigenvalues of the tri-
diagonal Hamiltonian are evaluated (see ORTEGA (43) ).
We now have obtained the following
HTV'=)LVL {3.1.6)
We still require the eigenvectors of the originsl Hamiltonmianm
Hn;=)tuL {3.1.7}

’ ", -~ A
Let V be the matrix of the Lanczos vectors V=(x,.xz.x3....]

The we find that

{3.1.9)
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CALCULATION O H TATES

The basis states used in a «calculation have a definite
projection of angular momentum N, the same for all states. This
implies that only nuclear states with J) M can be recovered from
the <calculation. The angular momentum of a given state is
evaluated as follows with the use of the standard raising and

lowering operators.

J—: l3m>=[(3:m\(51m+ﬂjvz\;\W\ib {3.1.10}

We can write

I* = 3350+ T3 {3.1.11)

Where we have
<—50(3o.}q)>._- Mim+1) (3.1.12)

Our states can be written as follows

\ > ._.'Zi G \ R {3.1.13)

{3.1.14)
\k>=\no\ ,“-‘_‘n‘ ----- Y\ﬁw

for osis axcde \&7 | ocvoiral ocevpakion nombere Nq,05. Qg |

As J_J, is a linear operator we have

I3, =Z<R‘T'1*\Q>Q1QL {3.1.15}
Rl '
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And
<:Sz> =Y (T-«—‘\) \
{3.1.16)

Thus we obtainm our final expressios for J as

{(3.1.17}

J- (144<TTy +aniten )21
2

3.2 CONVERGENCE AND SPANNING THE VECTOR SPACE

SPANNING THE VECTOR SPACE

The Lanczos method normally continues until it spans the space

of eigenvectors represented in the starting vectoft With a
random vector this i; usually the entire space.
However, we examined the extension of a two boson czlculation
from sd-bosons to sdg-bosons, where the g-bosons introduced
initially with a very small interaction with the sd-bosons, so
that the original sd states would be reproduced. It was found
that the original sd states could not be recovered as would be
expected. The problem was traced back to a lack of othogonality
in the states. The re-orthogonalisation was unable to take care
of this. The problem occurs due to the Hamiltonian only shifting
the new vector wupon vwhich it acts by a small amount. The
presence of rounding errors have two effects. The advantage is
that in this context they allo; the calculation to extend into a
2;“(;%23\9@*% of the desited \owmsk ot \ave
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sub-space of the total space, which had no components in the
original starting vector, which is a desireable effect. The
second effect which is undesireable is that the vectors are no
longer orthogonal. This 4is shown schematically in PFigure 9
below, where characteristically the morm of ;; is small, be&uﬁ

Comparalble M nowesicol OCQQYOCﬁS.

FIGURE 9

Hx,

A
> L

T 2,?

The problem was overcome by setting a criteria that if the
norm of the new vector was small, then re-orthogonalisation was
used, however if- the norm was very small thenm the vector space
was manually spanned. This is achieved by forcing each component
of the vector in turm to be one and all other compoments zero,

 until a linearly independent vector has been found.

IMPROVED CONVERGENCE THROUGH A WELL CHOOSEN STARTING VECTOR

Due to the R&Gﬂﬁi&ive nature of the fitting calculations in
obtaining converged fits, an improvement in computation can be
made in all but the first (texakion. In the first \texaown
a starting vector with all its components set to one is

selected, in order to maximise the overlap of the starting
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vector with the eigenvectors, at this point unknown, which span
the vector space.

The method here is simply to sum the eigenvectors of the
states to be fitted as produced by the first Vherok ton
normalise, and then use this as the starting vector for the
second \vescakiown Figures 10 and 11 show the improvement of
this method over the existing technique in which the starting
vector is always the same. In both figures two vectors are
selected and summed to give the new starting vector.

Selecting two vectors ¢¥1 and 4% orthonormal, and forming the

normalised sum 1’ , we obtain

\P‘=L(q5q+¢z) (3.2.1)
2
With an energy given as follows
By =1 (E,,+E, Q) {3.2.2)
7
E=<~{~Inl~v>=_t?_—_(z,,+nz) {3.2.3}

This is visible in Figure 10 where the first approximation to
an eigenvslue appears to lie midvay between the two eigenvalues
produced in the second iteration.

However, it does not appear to be the case in Figure 11. This
can be vunderstood by realising that after each iteration the

Hamiltonian changes, and so the above relationship is only

approximate. .
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In figure 10 it can be seen that if one sums the Lanczos vectors as opposed
to the eigenvectors, the convergence is not improved. This can be understood
by noting that the Hamiltonian changes between fits+, and whereas this is not
very important for the eigenvectors, the Lanczos vectors may change
dramatically. It is found that even if the eigenvalues of the previous
calculation are changed by quite large amounts, the eigenvectors are

comparatively stable.

3.3 FITTING PROCEDURE AND THE DENSITY MATRIX

DENSITY MATRIX

Whilst the information on nuclear levels can be conveyed in terms of the
state vectors, an alternative formulation of the state information is in the

language of the density matrix.

For each nuclear level there exist a set of two-body density matrix elements,
which when combined with the interaction matrix elements yield the energy of
the state. Indeed all the state information can be conveyed using the set of

1,2...N-body density matrix elements.

The Hamiltonian may be written as
_— .
B =72 v\, (3.3.1}
7Y
A .
Here the quantities Hj are operators of the form A1+,A2+,A3,A4, the subscript

j being a convenient label to represent this combination. The quantities kﬁ

are pure numbers defining the interaction.

The density matrix element for a state I with respect to interaction matrix

elements denoted j is written
VAERS AR RY (3.2

+ The Hamiltonian matrix changes as the matrix elements an which it depends

change.
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f)“’““i& 2(‘&\ MYy ) - Z fw\\ | (3.3.3)

A further property of f is that its trace corresponds to the number of
interactions, ardas f is a two body density matrix,

Te (P L N (3.3.4)

where Trgf(l)) is a sum over / (D) , corresponding to diagonal matrix

2

elements such as <s2|V|s >, but not off-diagonal elements such as <sd |v|d2>.

‘ Further the state \f-<1) can be written in terms of its basis states

S =7 Q5T Q) (3.3.5)

(LQM\(Q\(J = %\N\ﬂ (3.3.6)

<H> (Y \‘J(:L» \:V’) (3.3.7)
L C-V'(I’ L—\-)(QV\

(3.3.8)
? 3 P P }

Where
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The density matrix ﬁ:m mecasures the amount of the basis state
)
g& in the nuclear state ?ﬁ .
‘ A
In the above treatment we considered B to be a many-body
operator, where as in {3.3.1] our Hamiltomian is a tvo-body
operstor,
The relationship between a two-body density matrix and the

many-body density matrix can be written as follows

(’V"I){Z f(ln Lz k‘)k k,vj S k k "'kN) {3.3.9}

ke Ry
....ku_’_

FITTING PROCEDURE

Hamiltonian is a linear operator and can be writtenm as

A
H"'?_;. \“\R\‘\\z  {3.3.10)
Emzz ﬁ\m}.\n (3.3.11)
.3

A
We have & Hamiltonianm described by the operators Hj and the
't
set of numbers hj and require to obtain the correction hj'

;{=h'+ﬁ‘. such that we minimise the differences between the

) Yy )
calculated and experimental emergy levels.

We form

2

%:Z (E‘LE.‘“‘”) (3.3.12)
L

¢

1 \(\ y s P»\enauew \c3\ca.\ v&r\wbov\% chosen ‘o Q\{:H& éxo&a



apd minimise this with respect to hk. Assume that f? does not

vary appreciably with variation in . .
J

Our first calculation gave
SR P
LT = J {3.3.13)
J
assume our improved calculation gives

(<) i oL .
E'L ""Zd_‘]j [_‘/\J'\’\"\J-] {3.3.14)

then we have

SZ( hZH ESP) haas

and minimising this

S - (t) -Lex)
5\\ zi CAEZETMDANY oo

A

) gl
Let SEL=E?” —E?', then we obtain

C(TEER-DEE oo

K

which can be writtem in matrixz form as

!
T1 &L = Ea {3.3.18)

Since M is real symmetric it can be dia;onalisgd by a

unitary matrix U, as follows
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{3.3.19}

UDL L =%
U= D7(U7g) - 4

vector increment is
' .
L‘, :UA., {3.3.20)

And our new Hamiltonian is given as
NN
3 J J {3.3.21)

Our program <could in addition weight the fitting by the
accuracy of each experimental level, this could be used to bias
a fit to a selection of levels.

When a fit to experimental spectra is undertaken, it is linear
combinations of the matrix elements that are fitted, and from
these the respective changes in matrix elements is deduced. It
is almost always the case that the number of linear combinations
- which contain information, is 1less than the number of matrix
elements. This is determined by looking at the eigenvalues D of
the matrix M after diagonalisation. A linear combination with a
rejected as it

small eigenvalue compared to the others is

contains no reliable information.
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3.4 COMBINATORIAL METHOD FOR BOSONS

The representation of a basis state in the m-scheme for
fermions was investigated in WHITEHEAD, WATT, COLE and NORRISON
(37) and general approaches to such representations of numbers
for computer storage are considered in BECKENBACH (42). The
ideas of (37) have now been extended to the case of bosons.

In the m-scheme we construct a sub-set of all possible basis
states, namely those with a given N value. The orbital or box
like representation is most appropriate for the action of
operators such as b‘:-'bgt.v‘ll'»‘L which change the numbers of objects in
the boxes lls,k,Q..

The simple IBM1 has only six orbitals for each state, and so a
partial bit code representation is appropriate, with four bifs
per orbital, that is up to a maximum of fifteenm bosons, a 32 bi
word is sufficient. However, with the addition of a g-boson
fifteen orbitalsv-lte required, and so this representation
becomes insufficient for states with more than three bosons ( at
two bits per orbital im a 32 bit word ).

The technique to be outlined here, being the most efficient
‘forl of storage for the set with all basis states, is only

limited by the total number of basis states being less than the

computers maximum integer storage ( around 10 a).

The extra computation required in coding and the subsequent

decoding of basis states outweighs that which would be required
for other forms of storage in the larger calculations.

The number of permutations for the distribuotion of N bosons

over n orbitals is given by
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N+n -1

(: - (N+n-1)!

n (N-Dpl (3.4.1)

Table 1 shows a 1list of such states for the simple case of 2

bosons and 3 orbitals.

TABLE 1
State Code Permutation
1 2 0 O
2 1 1 o0
3 1 0 1
4 0 2 o
5 0 1 1
6 0o 0 2

The numbers 1 to 6 being stored as the code for a given
Permutation. We require & general method, so that given either
'the distribution of bosons we can code s state, or givem s coded
state we can determine the distribution of bosons.

As shown in Appendix C an algorithm for coding a state can be
found, and this can be transformed into operations on a simple
table of Binomial coefficients, shown in table 2. Any element in
previous element in

2 given row is easily constructed from the

the same rov.
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TABLE 2

Box sums number of objects in a box sum
n n-1 n-2 | n-3 0
__W
V-2 N-1 -
nl C NC A'IHC ceeeeen NM7C‘
-1 o} 1 2 n-1
- - (VA N+n-3
nl+n2 N=3 ~2C C NC c
-1 o) 1 2 an-1
N-4 N-3 N-2 X Nt -4
nl+n2+
n3 -1 s 1 €2 Cn-1
nl+n2+n3... e el Ze| 2¢c | vevveee. | e
-1 ) 1 2 n-1
+aN-1

As a simple example consider the case of the state code for

011000, that is,

two bosons and 6 boxes.

To encode this state we

. must first form the row sums, which we see are as follovs

( n1=0,

n2=1,

n3=1,

n4=0,
nl=0
nl+n2=1

nl1+n2+n3=2

n5=0,

n6=0 )

nl+n2+n3+n4=2

nl+n2+n3+n4+n05=2
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The appropriate form of table 2 in this case is shows in table

3.

TABLE 3

Box sums number of objects
21110

nl 01|1]6*

nl+n2 0 |1 S

nl1+n2+n3 0¢/1 (4

nl+n2+n3+n4 0*|1 |3

n1+n2+n3+n4+ns 0*i1 |2

* Indicates subtractions during the row search yield the

result > 0.

/4
For the givén. box sums, adding together the corresponding
elements from table 3 we obtainm the state code of 6+1+0+0+0=7.
In order to decode state 7 with the table starting with the
. first row search the table from right to left along the row,
subtracting off the corresponding value in the table from the
state code, here 7, and when the result is > O the appropriate

rov sum is noted, in this case 0,1, or 2. Then proceed to the

next row of the table ,and continue the process with the result

of the first subtraction, in this case 1, we then manipulate the

IOW sums to obtain the values nl1,n2....nN-1, and establish nN

from the known total number of bosons.
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24
3,3 Mg :THE EVIDENCE FOR A G-BOSON

In order to investigate the possibility of extending the sd-
boson model in the SD shell, three cases of fitting to
experimental spectra were examined. These fits did not
consider the ©binding energies or BE2's, and so the single
particle energies were of no importasnce, as they <could be
absorbed in the diagonal matrix elements.

z“l; was selected due to its deformatiominig ground state this
being consistent with the idea that deformation would tend to
break the s pairs, and so there would be more likelihood of g
pairs being present. In figures 12, 13, 14 the resulting

spectra are shown.
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IGURE

The model space consisted of d-bosons only, this resulted in 8§
levels, all of which were fitted to experimental levels, using 3
linear combinations of the 4 parameters. The resulting fit was
very good, with only the lowest 2+ state out by about 0.6MeV,
all other states being within about 0.2MeV of their experimental
values. The fit can be characterised by a I} measure, wvhich we

set in this case to the value of one.

DESCRIPTION OF FIGURE 13

The model space in this case <consisted of sd-bosons, with a
full space of 17 1levels, of which 13 <could be fitted to
experimental levels, The remaining four had energies in excess
of 60Mev, and consequently were probably of an uwnphysical
nature. The fit';;ain wvas generally good, with the highest 6+
and 8% differing by about 1MeV from the experimental values, and

the other 1levels accurate to about 0.5MeV on average. The 13

- levels were fitted with 5§ linear combinations of the 9

parameters, and the relative X% was about 10.

DESCRIPTION OF FIGURE 14

The model space in this case consisted of only g-bosons

producing 33 levels, of which 19 were fitted using 5 1linear

combinations of the 6 parameters. In addition a further 6 levels

could be found to correspond approximately to the predicted

- £3 -



results of KELVIN,WATT,VHITEHEAD (38) for CVC interactionm in
%¢Mg. An average variation im the accuracy of the levels was
‘about O.4MeV, with a 1MeV difference in the second §' state. The

relative X% was about 5.

It is concluded that the g-boson provides a good model of a’l;
giving good agreement with a large number of levels. The ratio
of the number of levels fitted to number of linear combinations

of the parameters, were for the d, sd and g, 2.6, 1.8, 3.8.

3.6 THE G-BOSON IN THE SD SHELL

Following the work described im the last sectiom in the SD
shell, an attempt was made to introduce a g-bosom into this type
of calculation. Assuming that the sd-bosons are required for
this style of E;iculltion, the g can only be put into the
calculation in a weak coupling limit., This is simply because the
number of parameters that would be required for a strongly

- coupled <calculation, would far - cstrip the available

experimental information required to determine the parameters.

In this weak coupling limit it is found that the overbinding of

nuclei by the IBM2 remains unchanged.

The sd matrix elements were taken as in the previous

calculations, and the five g matrix elements <31|V|;1>L , with

L=0,2,4,6,8 were set up to reflect the formation of the g at a

higher energy than the s and d-bosons., The 1level assignments

were made from the spectra as shown in Figures 15 and 16.



DESCRIPTION OF FIGURE 15

The broken levels, ss in the earlier calculations are ignored
as they are believed to be particle-hole structures. As we have
8 woeak coupling limit there is an overlap in assigning both the
sd and g matrix elements to the second 0+ and 2* levels, due to

+ 2t

no other low lying 0  and levels to use for the g matrix
elements. This results in two near degenerate pairs of levels
being produced in the calculation, one being of sd-type and the

other of g-type in each pair.

DESCRIPTION OF FIGURE 16

In fixing up the sd matrix elements the first 4% state is
ignored as it is belieQed to be dominsted by g components. The g
matrix elements ;;e again set to produce states above the sd
ones. Again a problem of overlap exists for the second o state
of the g-band, and for the same reason as before a pair of near

- degenerate levels are produced, round-off error prevents exact

+

: .
degeneracy. A problem here, is that no experimental 6 and 8

levels exist forzoo, and so these levels were inferred from the
mDNl spectrum. The sudden and unexpected appearance in this

spectrum of o low lying 4+ state, N\eox k&Q,exPéerkaﬂ 4T6£ﬁg

pe\ieud et oun o \atop o compont Oteoriy (24)is s significant

advance, indicating that the techniques used here are a definite

improvement.
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The g matrix elements obtained here, and the single particle
energy of the g obtained from mass 18 isotopes are shown in
table 4, the matrix elements for V,n vere coulomb corrected to
the same extent as those used in the sd case.

Calculations were performed for LINe, -LQNe and LQI;. In all
three cases no low lying levels were to be found with any g-
boson contribution. This can be understood as the pure g states
lying at very high energy, and the mixed sdg states forced to
high energy due to the large single particle energies and the
interaction for the sd-g spaces being switched off. This
indicates that future calculations should be performed with a
stronger coupling between the model spaces in order to lower the
energy of such mixed states. It might be expected that im such
a stronger coupled calculation that the energy of the lowv lyinmg

+

4 state in 200 would shift closer to the experimental value.
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] *%0 Voo O Ne Vorr
0 -1.11 -16.70
2 0.06 -16.00
4 1.26 -14.39
6 1.00 -14.64
8 4.17 -11.47

Single particle energy —8.63i!gw

JHE G-BOSON RENORMALISED FOR SD-BOSON EFFECTS

The question 2s to whether ome can model the mmclei im the SD-

shell wsing a2 g-boson renormalised for sd-bosonm effects, is

addressed here. This style of calculatiom is ome tkst bhad mot
been previously performed, and was evaluated here iz a2 similar

manner to the sd-boson calculations, ss follows.

The single particle energy of the g-bosom was taker as the

first 4+ state inlsth and the mztrizx elements calculated from

the spectrs of ““Ne and Zg as in the previoms IBN2

caslculations,

The energy levels in WyHe, used to calculate the § matrix

elements, had to be Coulomb corrected for the twc protons

ontside the !0 core. It is known that the IBN2 fails to

predict the binding emergies well, and 3o withk this iz misd the

Coulomb correction was evsluated im 22 spprozimate mamser. More



sophisticated methods exist for corrections whichk vary with the

excitation energy of the sucleus. The Conlomd energy of valence
particles is evaluated using the form giver by DE SHALIT and

TALNI (62), the expressiom for Z' valence protoms is as follows.
[}
E (Z')=cz +z' (2 -1)A/2+(2' /2)B {3.5.1}

Here {Z’/2) is the largest integer mot exceeding Z'/2, snd for
231/2 protons GLAUDENANS, WIECHERS axd BRUSSARD (63) give vilues
for the constants A, B, C, as 0.519MeV, -0.018MeV, 5.659NeV
respectivly. This gives the energy of the two protoms as
11.881XeV.

Taking the binding emergy of 20 Ne as -32.0079MeV with respect
to the 160 core, and Counlomd correctimg this gives the grouemd
state energy as —43.8889NeV. For a level of excitatiom emergy
AE;q the m=matrix elements for the mneutroa-preotoz boson

interaction can ﬁe determined as follows.
=-43.8889+AF_=2£_ +<g21Vvig > {3.5.2}
E 43.8889 AE., eﬁ g F v

The matrix eclements for J=0, 2, 4, 6, 8 are them estadlished,

+ + * ~+
and are shown in table 5, taken from the lowest 0 , 2 ., 4, 6 .

3
8 levels in moﬂe.

In & similar manner the matrix elemests for va are evaluated

+
from the spectra of a00, althougk here due to the lack of 6

and 8% levels in the spectrs, the matrix elements for J=6., 8 Rad

to be estimated. They were chosen so as to give the same

in the *N
difference to J=4 matrixz elements as observed in the Ne casec.

_60-



The matrix elements are shown in table §, taken fros the lowest

+ +

ot, 27, 4 10

levels in 0.

i
The spectra obtained inm the resulting ' effective IBNI1

22

calculation sre shown for Ne, Q#Ne, 24!; in figures 17, 18,

19.%

T Thie & on TBHZ colehodion Pe:{‘mw'eé‘ wrth o
eltlective TBM  nterackion (n o TwunA4 wedel space
dencrted ]37’:\‘12_% wy the Geaues .
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TABLE &

J 2% Voo ), v,
0 =6.4937 -26.6289
2 -4.8200 -24.9952
4 ~2.9237 -22.3812
6 1.6053 -17.8522
8 4.7786 ~14.6789

single particle energy -8.63 ﬂgV

The resulting binding energies exceed those of the IBM2 sd-
boson calculations by about 5 to 20 Mev resnltimg in ar increase
in the overbindinmg of the IBM2 by about 50%. The spectra for
22 Ne shows a nuni:é.r of unphysical states at low energy, however,
for z"’Ne andz‘lrlg a marked improvement in the spectra is
observed. In the case of Mg an sdditional six levels above 12Mev

vere found to be close to experimental values. A similar

calculation for u’l;, not shown, gave little improvement om the

sd-boson calcnlations:\—h@ ca\cub:\'ai‘cfamdé&ahhlt J=4, but there is

alsodnearly degenerate state with J=0. This could be understood

ts the Pauli exclusion principle becomes more prominent for five

bosons, and consquently states of J=4 lyimg at low energy are

urphysical.,
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CEAPTER 4
BOSON NAPPING TECENIQUES

4.1 SYMMNETRY LIMIT MAPPINGS

Upon examination of the spectra shown in the earlier chapters,
it is evident that <cortain states at 1low energy havimg no
experimental counterparts are in gross violation of the Pawmli
exclusion principle (P.E.P). These <configurations may be
realised with bosons of nev types s’and d'-bosons, involving
fermions in higher shells for example, although the
configurations would correspondingly be at a higher ezergy ( VAN
ISACKER (27) et al. ). The desire to eliminate such unphysical
basis states which will mix into the other low 1lying states is
at the centre of the mapping techniques for state vectors.

It is evident from other work such as LI, DREIZLER a2and KLEIN
(54)., that in th; vibrational limit the approximation of a
number of single j-shells by a effective j—shell witk the same

number of orbitals, is a good approximation and comseguently the

. problem of such states as described above may =mot be so

critical.

No techniques yet exist for the mapping of fermions to bososns

outside of a symmetry limit. 1Indeed the earlier Boson Expansion

methods were used in symmetry limits. Nanmy technigques have novw

been used in the vibrational limit, mapping im a seniority

scheme, and BONATOS, KLEIN (51) bave extended this to the

deformed rotational case, at least jo the case of a p shell with

S0(7) ) SU(3) symmetry.
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4.2 TBE O.A.1. METHROD AND ITS EYTENSIONS

The O.A.I mapping techoique was first proposed im ARIMA,
OTSUKA, IACEBELLO, TALEI (21,22) anl applied by OTSUKA, ARINMA,
JACRELLO (24). This provided s mew appronth to the  mapping
problem. Here collective SD fermion pair states are isolated,
and found to correspomd to certaim boson states in a vibrational
1imit with a seniority scheme. This amounts to a truncatiom of
the fermionm space to s collective space.
=PA{:f » Where

Firstly ome construoctsmodified pair operators D:‘

the operator P acts to project a state of maximum semiority from

4
{8 N - s
the zctiom of A" on a state of meximum semiority. These states

aTe them comstructed by sunccessive application of the D
operators followed by ‘Sw;nir operators. The xeswlting collective

8D space states cam be writtem as follows, where ¥ denotes the

intermediate angular momentum coupling scheme.

\ 5ur\ u(\ ‘6(“’1})/1 D‘V/z } L H> 14.2.13

In the above the operators D' commute when operatimg on states

of maximum seniority, amd the abowve states cam be placed in

correspondence to the bosom states as follows, where .M. . L,

N, are the labels of ST(5) ) ©(5)7) 0(3) symmeiry 1imit.

{4.2.2}

‘ 6“5 C\w , Yd oL »H}
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HBere one identifies the total number of bosoms witk half the

number of fermions, and the number of d-dosoms witk half the
fermion seniority.

Fermion operators can be mapped izto the bosom space im a
zeroth order approximation, where a0 a-body fermiom operator maps
to ap n-body boson operator.

An extensiom to the above method is described iz EVANS,
ELLIOTY, SZPIXOWSKI (26) in the £7/2 shell.

A test of the ©.A.X. against the older bosom expznsion
technigues is described in ARINA, YOSHEIPA, GINOCCEIO (61), im
whick it is found that the O0.A.Y method is the better method.
This shows that the chkoice of Hamiltoniam determimes tke type of

syametry limit mapping to be applied.

4.3 A NEY WAPPING APPROACH

In tkis sectio# 2 new proposed mappimg techmigue is omtlimed.
for the mapping of both state vectors amd operators from fermiom
spaces to the IBN, cutside of a symmetry 1imit. This is te some
extent an extensiom of the B.Z. mappimg procedure, amd is
carried ount in a Zeroth approximatiom ss is the 0.A_I.

A one body hamiltomiazm for a single j—shell is mapped as

follows. It is of the form

HF = E‘d Z;Ox:ao‘“ (4.3.1}

and can be writtem for a state of n fermioms ss
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‘ ﬁ _ <.
HF ((\-‘\)Z O"‘:a":a‘iﬁm (4.3.2)

Where ZEZ ﬁ:lh is the numbder operator,
L3

Coupling these pairs we obtain

(v\ 1) ZA ° AD) M\!) {4.3.3)

amd so the boson Hamiltomianm in the zeroth order becomes

H = ..—_-L—'(“ ,)t 6&? b:) 14.3.4)
IH

and if we require that

THMeld) (gl Haldyd s

this implies that the number of bosons is givem by
ﬂB" 4 ﬂ —1) {4.3.6)
2

Then the number of bosonms corresponds to the numdber of fermion

interactions.

For the case of a tvo-body fermiom operator we proceed in

similar manner to the sbove, as follows

HF’Z \}w’jh\ Q?O;OQQL {4.3.7)
1 £

Rg L

{4.3.8)
T
L (n-2)(n-3), ) \‘ )kLQ QJOMGﬂOQO\M&kaL

kcl

men - 69 -



and the pairs of operators can be coupled giving

He 0 ZViger (A AL (RS ey
3

The consideration of symmetry and coupling factors would also
be required, although this is not shown here.

State vectors would be mapped by taking two fermion pair
operators in all combinations, and expressing them as a sum of
bosons pair operators, this would then be expanded, ard finally
the P.E.P imposed on the resulting boson configuration. This
could be wused as a technique for the egradicatior of the
unphysical basis configurations. These technigues appear to
offer the basis for a nev mapping procgdure . Bowever,
considerable effort is still required before it would be

possible to judge the effectivenmess of the method.

4.4 BOSON DRIVEN SEELL MODEL CALCULATIONS

Another proposed extenmsion to the IBM is that of using a

- fermion calculation to produce the boson pair wave functions, as

follows.

1) Assume a fermion interaction eg. P.¥W. and perform a shell

model calcnlation for the two fermion systems. Record the

energies and wave functions of the states.

+ +
2) Assume the energies of the lovest 0 and 2 states

tstes correspond
torrespond to °g and ed - and thst the boson s

to the eigenstates
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4 S
g ,‘T 44
1oy du'u‘t“”

{4.4.13
W >
ﬁt|0>=1]ﬂ”aflf|0>
Jt
3) Construct boson pair states as follo;i
- + ot S D 44 s +
IB;>=t(p*s )2|o>-cZ:o( i\‘)‘i‘J‘”ZO(.L‘n'*L”"’ (4.4.2)

vith similar expressions for §'§ [0) and (0°5'), 0.

TEese correspond to four fermion states, aﬁd n;frix elements
of the P.VW, interaction can be «calculated wusing standard
fermion techniques, These velues would then be interpreted as
nmatrix elements between two-boson systems, which can thenm be
néed - in many-boson cslculations.

Finally, the eigenstates of a many-boson state can be
trédnsformed into‘ ;ernion wavefunctions in the same way. These

sloul’d provide excellent approximations to fermion eigenstates

a®®%ould be used as initial vactors in a Lanczos procedure, for

- inisfth'hce .
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4.5 CONCLUSIONS

It was first shown in chapter 3 section 3.5, that on a purely
phenomemological basis the g-bosor could be unsed im qu' to give
a good account of the spectram. The long standing question of
whether the g is important in the low lying states of deformed
nuclei will =»pot be answered until wmore calculations 1like the
above have been performed. It wounld also be possible to perform
8 g calculation and renormalise for the sd-boson effects.

In chapter 3 section 3.6 the g-bosor was put into anSD-sheill
calculation in a wesk coupling limit, The resunlts here indicated
that a stronger coupling limit would be more appropriate.

A final calculation imn section 3.6, in which the g-boson was
used in the SD-shell being renormalised for sd-boson effects,
gave & significant improvement in spectra for the more deformegd
nuclei, although tge over binding of the IBN2 increased by 50%.
This would seem to indicate that as vwe move to more deformed
nuclei the higher order bosons become more significant as might
-be expected. In general, whem introducing other types of
technique to replace the current

bosons, the need for a mapping

pertuorbational methods is required to keep the pumber of matrix

elements and basis states to a managable size, this would also

be in keeping with the idea that the IBM characterises the most

collective states and so maintains & moderate sized model space.

In the last two sections, nev vwork wvas suggested, the first of

vhich offered a nev interpretation to the IBM1 and provided a

method. Whilst the

symmetry independent mapping approximation
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other section offered an alternative s;jl; of calculation to

those currently nndertaken.

- PO SR -

The IBN still has & large nhi%éé of new extenmsions, many not

fully exploféd.




APPENDIX A

PAIR OPERATORS AND COMMUTATION RELATIONS

Ve summarise here some of the results from LI,DREIZLER and

KLEIN (54), for pairs of fermions in a single j-shell.
We adopt the convention that summation indices shovn as (m),

indicate that the variable is actually fixed by the values of

other quantum numbers.

Define a normalised pair operator as

&t
/4 :MZ)()wqjm,_\'IrbOm, ™y {al}

mq(N3\

The phase of these operators is taken as follows .

) ) T
A(: (ab) —‘Y, A(n +(°\5)]

{22}

As a result of this we have the destruction operators given as

A(T) (a3]
:-'*L < m13w1\3n‘70w10m ‘

Ma(m,)

An additional operator is then dofined as

(™ s
Bn (-'J*_‘)“/ZE(Z‘\)M 3 W\Z\‘St‘b ? 0\ Qm,_ (a4}

~ I -



Taking the above operators we canm evaluate their commutation

relations which are found to be as follows ( see EDMONDS (36) ).

+,+
[A1 ’Al] -0 {a$]
EA 1 ’A:-] - 811'21—:—1\/(\23‘)[33\% B;

{a6}
B*,p\* = _.2__.. N Y
[ﬁ J 2_] (fﬂ“&t; (231 A o
LBIB) s Lo (=P
(32350% 3 {28}

x Y (123 (3\ 2R}

Yhere the following definitions apply

+ Gt ;
A‘l = A M.l {29}

2_34-’3 133, A~ AV
\/( l?.?:) = ("‘) * 3(32-35) z<31ﬂz'33ﬂg\3'qﬂq>
y i—;lj‘}:‘n {a10}
S Oy %

Yhere S' \S is the 6j symbol

6; = % 8-;431& nqhz[ga mgm; @@54-3'4‘)80‘*&8“15] {s11}

9 (b= ( __)Sa*éb:x (212}
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J=T(+)
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APPENDIX B

NORMALISATION OF BOSON NATRIX ELEMENTS

The one-body Hamiltonian for the bosons can be written as
+
HB =Z: EL\3| \_3
0 \ {bv1}
For a state with n bosons, we can express this in the form

:—\7:‘2:‘ (£;+€$.?.B‘;g\).\3i (b2}
3 37)

(n-1)

For the purpose of calculations we impose the resriction that

\é), in which case we obtain

He = RSN _\J’g\;\).\a.\
(““1>(‘+8\':Q ) {53]

We can also introduce two additional indices, giving

€cvEy) L H2
T B

k(t.



We mow consider the two-body part of the Hamiltoniasn

First s general normalised pair state is defined as
Sy

It is then assumed that the normalised matrizx elements are of

the form

Ly TGy

(b6}
The uncoupled Hamiltonian is chosen as
+.04
4] 3 Vije bbby
14-3 {b7)
R¢A

The following condition 4is thenm reguired to be satisfied for

the uncoupled and coupled Hamiltonians

< 5&) ﬁ 53)15 ((MJT " (333'?)35 (58)

This leads to an expression for \/ ss follows

V* ‘ ﬁ"T\]-[«Lgu}(htﬁ(()
ST e gy s., )i+ 6“3 ")

J

{(b9]

x ¢ y«« jrasey < )u-,, S:«*\‘m% (3L 13T

“jl"

Pl



Finally the complete Hamiltonian can be written as follows

A
o (EHEND N tt
H (n~'\)2_;‘.' mé“%ﬁ*\o‘\)}\“‘h
R}L
o )( - o {b10)
+ z/' A6 ) STATHET

T IR T

R<L
RN

x<‘3?=,g:m‘m>((31gln ¥ mb \obx



APPENDIX ¢

COMBINATORIAL TECENIQUES FOR BOSONS

Given n distinguishable objects distributed over N boxes,with
Do restriction on the number of objects per box,the problem is
one of determining the number of permutations for the n objects
and N-1 partitions that separate the groups of objects

associated with each box. (.object,| partition)

Vith a total of (n+N-1) entities to be permuted and requiring
the n objects and the N-1 partitions to be two ind'istin;uisluble

groups of elements, the number of distinct permutations is

N+

1
C = (M+ﬂ—1)' {c1}
6 (v-1in!

-Let the boxes 1,2...N contain nl,n2....aN bosons.

It follows from a sequential orderimg of the states that

3 -.’--.'nN
State code for some chosen comfiguration 81,382,803

: ts
mumber of permutstions with s,2-1,...2141 objec

distributed over orbitsl 1

he novw
+ number of permutations with =1 fixed snd t

jects
remazining »-ni,n-ni-1,...-- .s2+1 objec

distributed over orbitsl 2

‘ izged snd
*+ number of permutations yith s1 snd 82 fiz

- —————
-1 -



nov remaining n-nl-n2,n-pl1-02-1.,...n3+1 objects

distributed over orbital 3

+ number of permutations with nl,n2,n3.....a0N-1 fixed
and the remaining oN objects distributed over orbital
N, which is 1

{c2}

Then the total number of states (or permutations) with n to
8l+1 objects distributed over orbital 1 is equivalent to the
total number of states with 0 to n-(n1+1) remaining objects
distributed over the remainming 2,3.....N orbitals. So onr state

code can now be written as follows

State code for n1,n2,n3....nN

the total number of states vwith

n

(0,1.....n-n1-1) objects distributed over

the (2,3.......N) orbitals

+ (0,1.....0-n1-n2-1) objects distributed over

the (3,4.......N) orbitals

+ e o e ® 906604808 00

+ (0,1......(n-n1~-n2...-ni-1) objects distributed over

(i.....N) orbitals

+ 1 fec3)

An expression is required for the totsl number of remasining

permutstions when some set of orbitals contsis a fixed

distribution of odbjects.



Consider a state vith some chosen number of objects in the
first orbital nlc. We nowv have a remaining N-1  orbitals ie N-2
partitions and n-nlc objects, this 1leads to the following
expression for the number of remaining permutations.

N-2+n-n1c
N -nic led)
The total number of such permutations where nlc ranges from n to

nl+l. Let r=n-nlc, then this is just

n-N1

| N—1+?:
ZL_J r {c5)

=0

Similarly, for nl in the first orbital and n2c in the second,

and where n2c ranges from n-nl to n2+1 and k=m-ml-n2c we obtain

Nn-N1-n2-1 .
N-54R
CR {c6)
‘k=zoO »
giving for the ith orbital

L
n.-Z:h5—1

3

S 1 N-L1ts
I Cq

S=0

fc7}

Where s is defined as

6:n—21“j -Ne {c8}




n-n, -1 N faent, -1

State Code= (Nbl)?& + (N-B)er
Z: r C +
r_o " . e .
L f:o
n- Z‘nJ <
=1 (cg}
(N-1-c)+r
+
r +. ... 41
=0

The above can be simplified with the use of the

R
? ' Nsc _ N4R+1
Cr— C [010}

And so our final expression for the state code is

following

result,.

(N-24n-n,) (V=340 -n,_n,)
State Code= C +¢ C ’ 4
-nq-1) h-nq-n, -1) ...
. 2 {c11}
N-1-C +n ..2:: As

+.-...+ $:=1 )
C R Rt
n-2ns-1
<-19

NOTE The factor of 1 in the above can be omitted as it occurs
for all states. This will <change the state numbering from

1.2..o.t° 0,1.-..
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