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SUMMARY,

The major part of this work is concerned with spectrally synthesised fields, in
two dimensional tapered waveguides with planar boundaries. The derivation of the
spectral objects of interest are from work by Arnold and Felsen [1], in which the
tracking of plane wave species throughout the wedge environment is manipulated into
a modal form. The collective form of the ray species (mode) is facilitated by the
application of the Euler— Maclaurin summation formula [2]. The application of this
summation formula furnishes the concept of an Intrinsic Mode and a source induced
field which is maintained to be a Green's function for the tapered geometry.

Numerical calculation of Intrinsic Modes has been a feature of several authors'
work [3,4,5,6], but in this exposition a highly efficient numerical algorithm is
developed, by using Fast Fourier Transform routines [7], which exploit the oscillatory
nature of the spectrum. This high efficiency enables confirmation of the power
conserving property of the Intrinsic Mode on a transverse cross—section as it
traverses the cut— off region of the Adiabatic Mode, provided that at least an
asymptotic form of the Euler— Maclaurin remainder is included.

The Intrinsic Mode and the source induced spectral field are shown to be exact
solutions of the tapered geometry (excluding the apex) and the latter is demonstrated
to possess all the properties of a Green's function.

This work also examines derivations and properties of four different
contemporary theories, and attaches plane wave significance to their approximations
by consideration of their wave vector loci. The marching algorithm methods — Beam
Propagation Method [8] and the Parabolic Equation Method [9] — are compared and
assessed with the Intrinsic Mode and the Green's function for the wedge environment
(calculated using Fast Fourier Transforms).

The final section deals with applications of the Green's function using the
Kirchhoff integral representation. Here propagation of fields represented on a
boundary are investigated. A method of calculating reflection loss from simple

connected structures is also examined.




INTRODUCTION,

Wave propagation in many forms can be adequately described, in numerous
instances, by the scalar Helmholtz equation. When considering environments in which
the configuration coordinates can be decoupled, using appropriate separability
parameters, the method of separation of variables [10] or transform approaches [11]
will suffice. Many interesting practical problems cannot be solved using the above
methods because the symmetry of the structures will not allow a decoupling of
coordinates. Particular attention is focused on two dimensional non— separable
geometries, in which a slow change in the longitudinal field is permissible, termed
weakly range dependent. In the 1960s weakly range dependent fields were examined
by Pierce [12]. Unfortunately this approach is unable to model certain physical
phenomena, such as mode disappearance, as sufficient information about the
propagating field is not present. However, the advent of modern computers facilitates
fast, stable numerical algorithms which ‘'solve' many analytically intractable problems,
approximately. Numerical modelling of weakly range dependent acoustical fields in
fluids has developed mainly from approximate analytical analysis by Tappert [9]. In
the above work Tappert derives approximate equations, possessing parabolic wave
vector loci, which represent the elliptic Helmholtz equation in nearly— separable
structures. These parabolic equations form the backbone of approximate numerical
algorthims in acoustics, in which recent developments have produced more esoteric
theories [13].

In optical environments the main approximate numerical machinary for
examining wave propagation phenomena is the Beam Propagation Method (BPM),
developed by Baets and Lagasse {8], which has been further enhanced to
accommodate weakly non— linear wave propagation [14]. Feit and Fleck have also
carried out extensive numerical work using the BPM [15,16]. All these numerical
approaches essentially convert the boundary value problem, of the elliptic equation,
into an initial wvalue problem. This transformation is obtained by assuming
approximate parallel propagation and weak confinement in the plane transverse to the
propagation direction. These qualitative constraints imply that the range of
applicability of these algorithms is not precisely known, as the true physical nature of
the field is obscured. This lack of information about the wave nature of the field is
highlighted in the investigation of geodesic lenses [17]. Here the focal shift computed
using the BPM was different from the exact analytical solution. The discrepancy,
after detailed analysis using Geometrical Optics [18], was attributed to the
approximations inherent in the BPM algorithm. This inability to determine precisely
the nature of the field has been the motivation for analytically approximate methods
[19,20] and numerical approximations of coupled mode analysis [21]. In these

approaches the ocean acoustics problem of Jensen and Kuperman [22] is addressed,




in which a slowly varying wedge shaped ocean overlies a fluid ocean floor. The work
by Pierce [19] uses a boundary layer method [23] where matching of the guided
mode field to the radiation field is made. This produces a uniform asymptotic
representation of the field throughout the wedge environment.

All these methods, whether analytical or numerical, do not represent exactly
any field propagating in a non— separable geometry. This reason is the main impetus
in the search for a different representation of the field inside a non— separable
environment. This search leads inevitably to the examination of other wave
propagation phenomena. Particular interest is placed on the theory of diffraction [24],
where the source fields are often represented in angular plane spectrum form [25].
This angular plane wave spectrum is used in many diffraction problems [26,27,28],
and its representation of fields is essentially an integral over plane waves,
parameterised by the propagation angle from a chosen datum. Indeed this method
was used by Sommerfeld to calculate the diffracted field from a perfectly conducting
half plane [29,30]. More recently this spectral approach has been used in an
approximate manner [31], by exploiting the principle of stationary phase [32]. This
type of patching has led to more esoteric representations (differential forms) of a
global theory of diffraction [33]. The evolution of this spectral formulation is
discussed comprehensively by Arnold [34]. However, in the class of approximate
solutions there is one non—separable wave propagation environment which can be
calculated exactly [1]; this being the two dimensional tapered waveguide with planar
boundaries. The solution to this problem draws on several well known formulations.
Firstly the source field is represented by the angular plane wave spectrum. The
scattered field is then the sum of all possible image points of the source, with the
information of the number of reflections and refractions contained in each spectral
function. This slowly converging ray series is then manipulated using the Poisson
summation formula [2] into a modal form. Several publications on the importance of
this summation formula have recently been published [35,36,37]. It is of interest to
note that the construction of this type of field is based, loosely, on the field due to
a source point placed between two parallel, perfectly conducting, infinte planes [10].

This thesis is concerned with the analysis and evaluation of the spectral objects
in the exactly soluble wedge geometry. This interest is motivated by a necessity to
produce benchmark solutions with which to compare other approximate algorithms and
assess their performance.

The first chapter considers four different standard approximate methods of
solving the wedge environment. Here examination of the derivations, with specific
emphasis placed on the plane wave content present in these representations, by
discussion of their appropriate wave vector loci, is given.

A rigorous derivation of the Intrinsic Mode concept and the Green's function

for the wedge environment are given as a demonstration of the necessary detail,




essential if elimination of all approximations is desired.

Having derived the appropriate spectral objects a method of exploiting the
oscillatory nature of the spectrum by using the Fast Fourier Transform (FFT)
methods [7] is developed. This exploitation reveals more efficient ‘intrinsic' directions
when calculating these spectral objects, which are dependent upon the plane wave
structure of the field. A physical description of the plane wave structure of the
Intrinsic Mode field demonstrates its ability to be calculated by this FFT approach.

The newly developed highly efficient algorthims are then used as a comparative
tool in assessing the performance of other theories against the Intrinsic Mode for the
Jensen— Kuperman (J—K) ocean [22] by examination of the field along the interface
between the ocean and the ocean floor. The discrepancies in the field are accounted
for by using the simplistic plane wave approach adopted in the first chapter. Also
Intrinsic Mode fields are generated for TE and TM propagation in optical tapers.
The Intrinsic Mode field is demonstrated to conserve power numerically across a
transverse cross— section as the mode propagates upslope provided at least an
aymptotic form of the Euler— Maclaurin remainder term is included.

Analysis of the source free and source induced fields is given which
demonstrates that both representations are exact solutions of the Helmholtz equation,
the latter possessing Green's function properties. Asymptotic analysis of these spectral
objects shows agreement with other derivations and approaches upto the first order in
the wedge angle. The calculation of the Green's function is demonstrated using the
FFT method developed previously. Also gaussian and normal mode fields were
propagated using Green's theorem [38] in two dimensions. A method is then discussed
for calculating the reflected field, in principle exactly, from a simple connected
structure, consisting of a parallel guide joined to an expanding wedge structure.

Chapters 2 and 4, and the asymptotic forms of the modal spectrum in chapter
6, together with the appropriate calculations (Appendices A, B, D, E, J) are this
authors' interpretation of previous work by Arnold and Felsen {1,39,40]. The other
wave propagation theories, discussed within a plane wave framework, are already well

documented. All other work is by this author.




Chapter 1: WAVE PROPAGATION IN NON-— UNIFORM WAVEGUIDES.

Introduction,

Weakly range dependent wave fields can be modelled by a variety of different
techniques [8,9,12]. There are many publications demonstrating numerical results,
implementation and rigorous detail. Here, four of the main types of technique are
examined with specific attention placed on the physical anomalies arising out of their
inherent approximations. The inability of all these theories to exactly model the
planar wedge environment is greatly stressed as it is the prime motivation for the
spectral synthesis approach discussed in chapter 2. The defficiencies of these methods

in calculating the solution of

[ V2 + n?(z,x)k’ ]U(z,x) -0 (1.1)

for non—separable two dimensional scalar fields are examined using simple spectral
domain analysis. The theories under consideration in this chapter assume that the
field varies arbitrarily in the transverse (x) direction and slowly over a wavelength

scale in the longitudinal (z) direction. The four theories scrutinised are;

(1) Adiabatic Mode Theory (AMT).
(2) Coupled Mode Theory (CMT).
(3) Beam Propagation Method (BPM).
(4) Parabolic Equation Method (PEM).

These techniques, and most of the other wave propagation theories not discussed
here, can be placed into two categories each having a different underlying philosophy.
The first two theories are born out of the same type of approach. In this instance
the field is modelled by using known solutions of the range independent problem at
each cross— section and massaging these in such a way as to account for the weak
range dependence (non— separablity) in an approximate manner. Indeed, coupled
mode theory is a natural mathematical progression from the standard adiabatic mode
theory as more information about the wave processes is retained.

The last two techniques are created from a totally different philosophical
standpoint. Here, the advent of fast computers has allowed algorithms to develop that
are computer— oriented. The boundary value problem is approximated by utilising a
numerically stable, initial value alogrithm. The last two methods discussed are from
this category of approach and the consequences of assumptions used to generate the

algorithms are examined in k— space.
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Adiabatic Mode Theory.

b
[y

This section discusses the basic assumptions used in adiabatic mode theory in a
general weakly non—separable environment. It then highlights its severe limitations
and how these may be overcome by employing a patching method, with particular
reference to the specific geometry of Jensen and Kupermann [22]. Consider a general

slowly varying structure in the longitudinal direction as shown in Figure 1.1.1

Figure 1.1.1: A _General Range Dependent Environment,

n
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The field at a general transverse cross— section, Z can be decomposed into its
transverse modal components at that cross—section. In AMT the field is assumed to
consist only of the discrete guided mode set d>q( ez,x) of each transverse plane. The
use of ez as an argument in any function expresses in a formal representation its
weak dependence on the longitudinal parameter z. Thus the field, U(z,x), can be

approximated globally by,

U(z,x) =3 qu(fz,x)eiwq(z) (1.1.1)
q

with the phase of each mode represented explicitly. Substituting this approximate

expression into the wave equation (1.1) yields two one dimensional equations.

2

g;z + n’(ez,x)k” - a; ]¢q(ez,x) -0 (1.1.2)
2 2

i$%a - g;ﬂ] + By -0 (1.1.3)

The first equation confirms the constraint that d>q( €z,x) forms a discrete orthonormal

set for each cross— section 2 with the inner product relation defined as,

1




<b (ez,x),®P (€z,X)> = § 1.1.4
q( ) p( ) ap ( )

The second differential equation can be simplified by imposing the constraint of slow
variation of field in the longitudinal direction, which allows for the neglect of the
second z derivative of the phase, \]lq(z). Equation (1.1.3) then has the approximate

solution,

z
\Ilq(z) - tJ Bq(z')dz' (1.1.5)

Z,
A connection between each transverse mode at 3 flowing into the transverse modes
of a cross—section }' is required. In AMT a mode, indexed by the integer q, is
assumed to flow in a manner that retains the invariance of q. This effectively states
that power is retained in a mode q throughout the geometry under consideration
(hence the term adiabatic). A mode propagating in the z— direction must conserve the
quantity

*
Im U(z,x)aU (z,x)]

oz
across each transverse plane (see chapter S5), where * represents complex conjugate.

The adiabatic mode field propagating upslope can then be represented by,

- z
U(z,x) = > B 22)4? (ez,x)exp iJ B (z')dz' (1.1.6)

qg 4 q z q

0

This approach has been used by Pierce [12] to examine acoustic pressure fields in
non— separable structures in which a ray tracing technique has been employed. There
is a severe limitation to this theory which will be discussed with particular reference
to the planar wedge configuration depicted in Figure 1.1.2, The discrete mode set at

each cross—section is easily found to be [41],

A (ez)sin['y (h—x)] O<x<h(ez)
b ez, %) = q q (1.1.7)

A (ez)sin h)e’ @* x<0
q( ) (7q )

and where

2
q

2 2, 2 2 2 2, 2
= nk" - - - njk ~d t(y h) - d
Yg ™ " g Tq = Pq M 7%t (g = di7g

h is the local guide height and d and d, are the densities inside and outside guiding
duct.

12




Fluid Boundaries

The inner product relation is given as [42],

h(ez) o
< 0> =1 a0 (x)dx + 1| & ()0 (x)dx (1.1.8)
P’ q d P q d,] 'p q o
0 —-c0
The orthonormality of this inner product relation when the densities in both media

are equal to 1, together with the energy requirements, implies that,

7 -% 1 L}
Aq(ez) - [—l—rqu] exp iJB(z )Ydz (1.1.9)

Z

Thus the adiabatic mode field propagating upslope for the wedge region is,

sin['yq(h—x)] O<x<h(ez)

z
T -% ' '
U(z,x) = [Eq(Ts-qT)-] exp iJB(Z )ydz (1.1.10)

z, sin(-th)e‘rqX x<0

As stated previously, for this theory to be valid, the environment must have slow
dependence on the longitudinal variable. However, Jensen and Kuperman [22] have
demonstrated numerically that, regardless of weak non-— separability, the field changes
rapidly over a wavelength scale in the longitudinal direction as the mode approaches
cut—off. In this instance the evanescent field tends to a constant value and to

compensate for the adiabatic nature of the theory leads Aq( €z) to tend to zero. Thus

13




at and beyond cut— off there is no description of the field. This collapse in the
theory is due to considering only the discrete spectrum corresponding to the modal
field. As the mode approaches cut— off the modal angle fq tends to the critical angle

6.. When 6, is close to the critical angle, 6., the guided mode field couples

strongly to thc:a radiation spectrum. In AMT this continuous radiation spectrum is not
considered and consequently the field calculations in this region are invalid.

Pierce [20] has shown that a critical transition region such as the one discussed
above can be modelled by using a boundary layer technique [23]. This effectively
expands the critical transition region so that the field can be said to be slowly
varying with respect to a chosen parameter in this region and approximated
asymptotically. This is then matched to the asymptotic form of the adiabatic mode
before entering the critical transition region. Pierce [43] has augmented this method
by using a collective form of this approach to model a point source in the Jensen —

Kuperman (J—K) ocean [22]. The analysis of Pierce in this instance is in good

agreement with the parabolic equation method of Jensen and Kuperman.

1.2:; Coupled Mode Theory.

There are two main avenues of approach for generating coupled mode field
solutions. The first method attempts generation by constructing numerically stable
algorithms, which unfortunately obscure the physical processes occuring in the
non— separable environment. This is the approach adopted by Evans [21] wherein the
introduction of reflecting boundaries, sufficiently far from the transverse region of
interest, facilitates an approximate method of sectioning through the discrete and
continuous spectrum. The sectioning is achieved by evaluating all the discrete modes
of the pseudo cross—section, at each cross— section, and applying the connection rules
used in the Adiabatic Mode process. This method produces a stable algorithm and
accurate results provided a large cross—section is used to generate the pseudo
cross— section. This limitation has the effect of generating more pseudo modes and
consequently field calculations require a large amount of computer time.

The second type of approach used to examine CM fields is derived from a
purely mathematical background [42], which is the obvious extension of AMT. In this
instance the continuous and discrete modal spectra are not subjected to a further
boundary condition as above. Individual modes in the continuous spectrum do not
satisfy the radiation conditions at infinity; it is possible, however, to contruct a
radiation field which is not only convergent, but also satisfies the desired radiation
condition by superposition of the modes in the continuous spectrum [44]. To complete

a formal representation of the coupled mode equations requires the introduction of

14




extra orthogonality relations,

<b &> =0 <d &> = 5(k -k ) (1.2.1)
q' K [Te% [T

where k# represents the transverse wave number (of the uth radiation mode d:#(x))
in the medium which extends to infinity. The above relations together with equation
(1.1.4) allow the guided field and the continuous spectrum to form a complete basis
for that particular transverse cross— section. Thus it is possible to represent the field

at any transverse plane by,

oo

U(x) = g Aq(2)¢q(z) + JA#(Z)®”(x)dk“ (1.2.2)

-0

To ease notation the modal description of the field in (1.2.2) is represented formally

as,

U(x) = % Aq(2)¢q(§) (1.2.3)

Substituting this into equation (1.1) and employing the orthogonality relations leads to

the representation of the Helmholtz equation given in equation (1.2.4)

327 : 9. dA 329 ] 2
52.fp + g 2<¢p’§Eq>§Ep + <¢p'§57q>Aq + BPAP -0 (1.2.4)

where p and q extend over into the radiation spectrum and 6p is the eigenvalue of
the pth transverse mode. If just the discrete mode set is considered then this
expression is identical to the equations (4), (5) and (6) given by Pierce [12]. Again
in the limit of negligible coupling (the inner product terms in (1.2.4) are made zero)
and considering only the discrete mode spectrum will generate the approximate
solution given in equation (1.1.6), with positive and negative signs in the exponent
indicating fields propagating to the right and left respectively. The assumption may
then be made that each Ap consists of two modes, one propagating to the left, the
other to the right. This assumption together with the ability to express the second
order partial differential equation of (1.2.4), in terms of two coupled first order

equations, gives (1.2.4) in matrix notation as,
X+ mx - 1Bx (1.2.5a)

with,

15




+ B 0
x-| X B - ‘ ] (1.2.5b)
X 0o -8

with X* representing the amplitudes of the modes propagating to the right (+) and
left (—), and

%(Bixﬁ-“uﬁ-ixﬁi) %(B‘}"a_é‘ﬁ-i"ﬁé)*—%ﬁ_‘g—g—
M- - - - - - (1.2.5¢c)
GRS T RN R TR D
where,
od
k = <
P " ez (1.2.5d)

and B is the diagonal operator which contains on the qth diagonal Bqu. Thus
equations (1.2.5) represent exactly the Helmholtz equation (1.1). A full derivation of
this formalism in terms of a composite Hilbert space containing the discrete and
continuous spectrum is given in [42]. Equations (1.2.5) express concisely and exactly
the modal processes occuring at each cross—section in a translationally variant
structure. A simple understanding of these equations can be obtained by examination
of a single mode; in this case the pth discrete mode propagating to the right.
Suppressing the coupling matrix M, then the pth mode will propagate with a phase
factor exp(inz), which is as expected. Introducing the matrix M, it is clear that the
pth mode interacts with all other fields propagating to the right and to the left, with
k encapsulating all possible mode coupling at a particular cross— section; discrete to
continuous, discrete to discrete, continuous to discrete and continuous to continuous.
The authors of [42] state that successive diagonalisation of the coupled mode
equations in (1.2.5) leads to successively more adaptable functions of the
non— separable environment. It is suggested that the series obtained from this
diagonalisation procedure can in principle furnish more adaptable modes (i.e. modes
containing less intermode coupling). The computation of these functions is obviously
faster than numerical solutions of the coupled mode equations as intermode coupling
between these more adaptable modes is reduced. The disadvantage of this approach is
that implementation of the analytic diagonalisation procedure is time consuming. In
[42] Arnold and Felsen show that the coupled mode equations decoupled to O(c) are
equivalent to the asymptotic form of the Intrinsic Mode derived in chapter 2. Indeed
it is believed that this Intrinsic Mode will satisfy the coupled mode equations

decoupled to any order o as this function is ‘intrinsic' to its defined environment.
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1.3: The Beam Propagation Method.

The BPM was placed on a stable numerical basis by Baets and Lagasse [14)]
and theoretical analysis, using integral equations and Green's functions, of the
approximations, given by Van Roey, van der Donk and Lagasse [45]. However, both
these expositions do not attempt to give physical descriptions of the approximations
used for successful implementation of the BPM algorithm. The BPM and an altered
BPM code (used to simulate the PEM) are used as a comparative tool in the
assessment of the performance of the Intrinsic Mode concept. The finer points of
implementing the BPM are omitted as interest is in analytical approximations which
affect the physical nature of the model.

The elliptic equation is a boundary value problem and as such requires the
field and its derivative normal to the boundary to be known on the boundary
enclosing the region of interest. To make algorithms easier to generate, the field is
assumed to consist only of forward propagating (positive z) fields, which is effectively
stating the weak range dependence criterion in another guise. This does however
mean that backward reflected fields and gratings cannot be modelled using this type
of approach. The satisfaction of the radiation condition for a finite spectral domain,
used in these methods, is achieved numerically by including an absorbing index
profile (imaginary refractive index) at a sufficient distance from the region of
interest. This profile must be such that no strong reflections occur back into the
desired environment and in all computations the profile was of the form exp(cosx),
where x is a transverse coordinate from a fixed point at a sufficiently isolated
distance from the region of interest. The last restriction on the geometry is that the

refractive index profile must be expressible in the form,

n(z,x) = no(x) + én(ez,x) (1.3.1)

This states that the index profile must be representable in the form of a transverse
index structure with a small perturbation representing the weak non— separability. The
practical implementation of the BPM makes n(x) a constant and equal to the
background index. These preceeding statements imply that the global change of index
must be small compared to the background index. Using the above assumptions a
derivation of the BPM algorithm to calculate the field from a transverse plane at
z=z, to a plane z+ bz is given with all the ensuing approximations.

The field at the plane z=z + éz can be represented by,

F(z,x)

U(z°+6z,x) - W(zo+6z,x)e (1.3.2)
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Substituting this into Helmholtz equation (1.1) and allowing,

[ v+ nzk’ ]w(z,x) -0 (1.3.3)

Leaves the relationship,

WYF + W(VF)? + 2VW.VF + k’(n’-n:) -0 (1.3.4)

If the stepsize in z (4z) is made small enough so that separability can be assumed

then F(z,x) can be represented by,

F(z,x) = A(x) 6z (1.3.5)

where A(x) is constant throughout &z. Baets and Lagasse treat F(z,x) as a series
expansion in &z. However, if &z is assumed small, the equality of (1.3.5) will be
satisfactory for a first order solution of (1.3.4). Substituting (1.3.5) into equation

(1.3.4) means that A(x) must satisfy the quadratic,

2

A"+ A +k(n-n)-0 (1.3.6)

€N
S

Solving this equation gives A(x) as,

A(x) = l éﬂ [ 1+ [1 - k¥ (n-n)w [a‘;’]-2 ]5 ] (1.3.7)

If the index pertubation is small then the second term under the square root can be
assumed to be small and thus the square root term can be expanded to give the

approximate value of A(x) as,

k2
A(x) = - 5 (n ’on )W (1.3.8)

aw]-1
2

This quantity can be calculated numerically, but to increase speed and numerical
stability, paraxiality is introduced. The homogeneous field is said to consist of plane
waves travelling almost parallel to the z axis in the background medium, allowing
W(z,x) to be well approximated by exp(in kz), n, being the background refractive

index. This makes F(z,x) the standard approximation for thin lenses [46].

2_ 2
k20" 55
2n,

F(z,x) = e (1.3.9)

Using the constraint of equation (1.3.1) and retaining terms upto O(én), then the

BPM field at the cross— section z= z,+ 8z from (1.3.2) is given by,
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Uz +52,%) = W(zo+6z,x)eik6n(x)62 (1.3.10)

To examine the algorithm in more detail it is advantageous to derive a BPM wave
equation. The above formalism suggests that the BPM field consists of plane waves of

the form,

i(k + kén(x))z ik x
V(z,x) = B(k_,k e z e % (1.3.11)

where from (1.3.3) the dispersion relation is,

2
0

2

k2 + k? = n’k
X z

The BPM wave equation can derived [18] by noting that,

viv(z,x) = —[k: + (k, kan(x))’]v<z,x)

- -[n;k’ + 2kén(x) (k, + kén(x)) - kzbnz(x)]V(z,x)

Using an obvious first order differential equation in z and considering all possible

plane waves gives the BPM wave equation as,

[ v? - 2ik6n(x)§2 + k’(nz-anz(x)) ]U(z,x) -0 (1.3.12)

As the field is weakly range dependent the second derivative with respect to z is

neglected which gives the dispersion relation,

k2 + [ kK + kan(x)]2 = n’k? (1.3.13)
X z 0 T

In Figure 1.3.1 the dispersion relation is shown for the case when é&n(x)=0. The
diagram gives a clear indication of how the BPM approximates the elliptic equation.
At the cross—section z, the field is transformed into the plane wave spectrum
propagating in the positive z direction. The phase for each plane wave, denoted by

k, 6z, propagating from z, to the plane z+ 6z in the background medium is,

2
exp(ik_éz) = exp in k 1——‘5%]562 (1.3.14)
z 0 ng,’k

To obtain the configuration space field the plane wave spectrum must be inverse
Fourier transformed. In the spectral domain, at z=z + 6z, this procedure corresponds
to a semi—circular wave vector locus of radius n k and centre at the origin.

However, to account for the perturbation of the medium the phase factor of the thin
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lens approximation,

ikén(x) 6z
e (1.3.15)

is added. This has the effect of shifting the plane wave locus to the right by kén(x)
and from the diagram it is observed that this is a good paraxial approximation to the

true elliptic field.

I Wav f
Ky 4 exact dispersion relation
nk
. BPM dispersion relation
BPM
—» k;
n.k
kn
14: The Parabolic Equation Method.

There is a variety of different types of parabolic equation [9], but all are
grouped as parabolic because they possess parabolic dispersion relations. A simple
derivation of the PEM used later in the thesis is given by firstly assuming that all
the field propagates as though it were in the background medium and travelling

almost parallel to the z axis. Thus the field can be represented by,

U(z,x) = G(cz,x)elnokz (1.4.1)

Substituting this expression into the elliptic wave equation (1.1) implies that G(ez,x)
20




satisfies,

2 2
g—x# g;z + 2i"°k§-£ + kz(nz—n;)]c(ez,X) -0 (1.4.2)

exactly. Noting the implied slowness of G in the z direction means that the problem
can transformed into an initial value problem by the neglect of the second z

derivative of G. This gives the parabolic dispersion relation as,

2 2 2,2
kx + 2n0kkz = (n -no)k (1.4.3)

Figure 1.4.1 shows how this dispersion relation approximates the elliptic equation

dispersion relation.

k X
4
exact dispersion relation
nk
—
k
PEM

+ k.,
PEM dispersion relation

e—

To emulate the PEM, the BPM framework can be used. If the phase change of each

plane wave as it propagates from one plane to the next is changed from (1.3.14) to,

k, 2 ]
exp(ikz6z) - exp inok[ 1 Qn_ﬁT’ 5z (1.4.4)

and the thin lens approximation accounting for the perturbation is changed from
(1.3.15) to,




_&n2(x) ]62 (1.4.5)

exp ik[ n(x) + T

the BPM algorithm will then generate approximate solutions to the parabolic equation
given in (1.4.2). To facilitate this emulation requires changing only two lines of code

in the BPM alogrithm.

Conclusions.

The analytical approaches of AMT and CMT examine closely the wave
propagation phenomenon by employing previous knowledge of similar separable
structures. This type of method allows for arbitrary varying media in the transverse
plane to be modelled accurately while still retaining physical insight as the wave field
moves through critical transition regions. Unfortunately, because of the necessary
examination of each geometry, each algorithm generated is specific to that
environment. Consequently immediate versatility of algorithms is limited, even though
the actual validity of application to many structures is possible.

The marching algorithm methods, where boundary value problems are
transformed into initial value problems, have great versatility provided that weak
guidance in the transverse plane and weak range dependence are encountered. These
methods can be applied easily to the class of structures mentioned above, but it must
be noted that these methods do not solve the exact elliptic wave equation of (1.1).
These types of methods which solve different, but approximately similar, wave
equations lead to difficulties when the comparison of data is required, because
different conserved quantities exist in each particular wave equation. The effect of
these approximations has been observed when predicted focal lengths of geodesic
lenses using the BPM have not agreed precisely with exact analytical results [17].
Geometrical optics analysis by Gribble and Arnold [47,48] has adequately accounted
for the discrepancies in the predictions of these focal lengths.

All these methods are under the umbrella of approximate solutions, which
prompts research into new methods that may obtain exact solutions of specific
non— separable geometries. The spectral synthesis approach used extensively throughout
the following chapters allows for an exact solution of the planar wedge environment

to be obtained.
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Chapter 2: FORMULATION OF THE WEDGE GREEN'S FUNCTION
AND THE INTRINSIC MODE.

Introduction.

Wave propagation in range independent media is a well explored phenomenon
[24], the solutions of which are obtained by either of several standard techniques.
Arguably the most powerful of these techniques is the separation of variables
method. However, in range dependent environments the symmetry necessary for the
decoupling of the wave equation to coordinate first order ordinary differential
equations is not present and the above techniques cannot be applied. Most of the
previous methods used to examine wave propagation in these structures can be
divided into two main categories as mentioned in the previous chapter. Unfortunately
while these methods may have reliable solutions for many slowly varying geometries,
they lack a precise physical interpretation of the exact geometry, which will be
intrinsic to the structure of the problem. This chapter presents a detailed account of
the method of solution of the scalar Helmholtz equation for a wedge shaped
refractive index profile for both the source—free and source excited cases. The
method outlined in the following sections is that of spectral synthesis. This approach
involves the introduction of a ray integral representation of the field from a source
point. The ray integrals are such that their asymptotic forms behave locally like ray
fields [11]. The field at an observation point in a wedge shaped structure is then
said to consist of the direct ray integral field and all the multiple reflected ray
integral fields. While this interpretation will in principle yield an exact solution, a
large number of ray integral terms are required. To make the infintie series of ray
integrals more rapidly convergent the ray field is transformed into a modal field, the
passage to which is achieved by interchanging sum and integral and then applying
the Euler— Maclaurin formula [2]. The presentation in this chapter is in the form of
five main sections based on several publications by Arnold and Felsen [1,39,40].

The first section derives the scattering equation and explains the foundation of
two cases of interest (i.e. source free and source excited cases). The second section
examines the source free (Intrinsic Mode) case for the desired geometry of Figure
2.1.1. The third section is concerned with the niceties of mathematical detail
necessary for a rigorous theory. The fourth section explores in detail the field due
to a point source inside the guiding structure. This solution is the Green's Function
for the wedge environment. The fifth section is again concerned with mathematical
niceties, this time for the source excited geometry and demonstrates that the field
can indeed be constructed for any open subset of the wedge geometry, excluding the
apex.

The third and fifth sections, while being of great mathematical importance,
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place the Intrinsic Mode theory on a solid analytical background. It is therefore
unnecessary to examine the fine detail of these sections to obtain an understanding
of the principles and concepts involved in the derivation. However, the results at the
end of these two section need to be understood so as to realise the applicability of

the derived spectral objects.

2.1: The Derivation Of The Scattering Equation

The decomposition of fields into an angular plane wave spectrum is a
mathematical procedure employed to solve many diffraction problems [30], which not
only furnishes great geometrical insight, but it can often afford more rigorous
analysis to be implemented. Indeed this is the case for the geometry of interest

shown in Figure 2.1.1.

igure 2.1,1; 2-D Pl nvironm

In the wedge interior the scalar field at a point x is expressible as the sum of
both an upward propagating and a downward propagating plane wave field at that
point. Let the upward and downward fields be H* (x) and H™(x) respectively. This

statement may be represented in a spectral integral form by,

H (x) = J U (6)V (x)do (2.1.1)
C!

where U?*(0) is the spectral amplitude of each plane wave component,
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V;(x) - e-—inkrcos(eix) x € X (2.1.2)
with the positive and negative signs denoting the upward and downward plane wave
fields respectively. C* are infinite contours which terminate at #io and in sectors
which make the integrands of (2.1.1) decay.

The application of this spectral approach has effectively transformed the
problem into the spectral (8) domain. With this transformation the evaluation of the
spectral amplitude functions U?*(6) is now addressed. The transformation to the
6— domain has altered the boundary conditions in such a way that they may be
expressed in a linear operator notation. Let R, and R; be the linear reflection
operators for the upper and lower boundaries respectively, which will act on plane

waves in the manner shown below,

RV (x) = ei¢1(0)V;(z) (2.1.3a)
+ id,(6+x), -
R Vy(x) = e U VoG (2.1.3b)

where ¢j(6) is the phase change at the lower boundary and ¢, 6) the phase change
at the upper boundary, for a wave incident at an angle 6. Two other reflection
operators may be similarly defined which represent the phase changes induced after
two reflections have occured, depending upon which boundary the plane wave was

first incident.
R'- R.R (2.1.4a)
1 u

R =RR (2.1.4b)
ul

These composite reflection operators act in the obvious way to yield,

RIVE(x) = el® (O)y* (s (2.1.5a)
6 0+2cx

¢t (o) - & (0+a) + &, (6+20) (2.1.5b)

b (0) = ¢u(e+a) + ¢](o) (2.1.5¢)

The action of these operators on appropriate plane waves is depicted in Figure
2.1.2.
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As the media of immediate concern are linear in nature, then it is possible to

superpose plane waves to represent the total upward and downward fields, after one

reflection, inside the guide by,

RH () = | UT(0) ei¢l(e)V;(x)d0 (2.1.6a)
Je-
R H (x) = | UT(s) e Pult+y=(4y s (2.1.6b)
u Jt 0+20x

respectively. By a trivial extension the upward and downward field after two

reflections can be expressed as,

+

+ = +

RH(x) = | U (o) e!'® (Ovi(x) do (2.1.7)
t 0+20x

inside the guide. However, to facilitate the construction of the field outside the

guide, the concept of transmission operators must be introduced. Firstly, plane waves

outside the guide and travelling away from the higher refractive index can be

represented by,

V,E‘_) _ o-inikrcos(8,-x) X € X (2.1.8a)
V,54%) = o~ ingkreos(f;+) X € Xy (2.1.8b)

where 6, and 6, are the angles the plane waves make with the lower boundary
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(see Figure 2.1.2). In a procedure similar to obtaining the field inside the guide, the

total refracted field outside the guide can be expressed as

T]H—(g) -l uof 1+ 0O ] V,ng)do x € X1 (2.1.9a)
‘- L

TH ) - | vo] 1+ e 1Pu(8+0) ] V,500d8 X € Xp (2.1.9b)
Jot |

Here T, and T) are the transmission operators at the upper and lower boundaries
respectively (c.f. Figure 2.1.2).

The same strategy may be employed to evaluate fields due to plane waves
incident on the guide structure from outside and will be explored in more detail in
chapter 6. By invoking the spectral strategy above it is possible to synthesize the
source field in the wedge environment. The source field is given in the usual

notation by,

H;(_x) - J U;(B)V;(K)da (2.1.10)
Ct

An intuitive physical interpretation of the problem states that the observed field U(x)
is the sum of the direct field at x plus the infinite number of possible reflected

wave fields. This can be expressed by a scattering equation in the form below.

HY(x) = H:(z) + RrH;(z) + [ R ]2H;(g) .. (2.1.11)

This expression represents the incident field, and all possible evenly reflected incident
fields. While this notation greatly simplifies the problem it is not obvious if the
infinite sum of (2.1.11) converges, nor is there any precise indication of the effect
of truncating the series. However, this scattering equation can be expressed in closed
form — the motivation for the operator notation — which can be solved exactly
without the need to address the above stated problems. The scattering equation

expressed in this closed form is,

[ 1 - R’] HE(x) = Ho (%) (2.1.12)

for which (2.1.11) is the formal solution by iteration. In this form there are two

distinct modes to the scattering problem, one being the homogeneous case (i.e.

Hy=0) and the other the inhomogeneous problem (i.e. Hy#0). The examination of

the former case gives rise to pure Intrinsic Modes, which are exact solutions of the
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source free Helmholtz equation and are discussed in the ensuing section. The
solution to the more complicated latter problem is fomulated in a later section which

gives an exact Green's Function for the geometry described in Figure 2.1.1.

2.2: The Intrinsic Mode.

The solution of the source free scattering equation is facilitated by transforming
to the spectral domain. The explicit representations for the scattering equation are
given by equations (2.1.1) and (2.1.7). If the evenly reflected field (2.1.7) is shifted
by 2o and a permissible deformation back to the original contours C* is made, then

the spectral form of the scattering equation is

J [ U:(G)—Ut(G—ZQ)ei¢-(B-20) ] V;(z)dﬁ -0 (2.2.1)
ct

The deformation of the contours is permissible by invoking Cauchy's integral theorem
for infinite contours, whereon the integrands vanish at infinity, provided no
singularities are crossed in the deformation. For notational convenience the
substitution 6 - 6+ 2« is employed. As Vy(x) is an arbitrary solution of the wave
equation, and provided that convergence of the integrals is maintained, the spectral

domain scattering equation is,

*
U (6+20) = US(0) ¥ (O (2.2.2)
For clarity it is desirable to employ the substitution,
-
+
v (o) = ei5q(® (2.2.3)
This transforms equation (2.2.2) to,
+ * +
Sq(0+2a) - Sq(6) = & (6) - 2qM (2.2.4)
If another variable is defined as
3 + 1 ¢ qllé
so(o) -sq(o) +§d>(0) + =, (2.2.5)

then equation (2.2.4) becomes,
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S;(0+2a) - sz(o) - % [ & (6+20) + &7 (0) ] (2.2.6)

The right hand side of equation (2.2.6) can be expressed exactly up to an arbitrary
periodic function (with period 2a) by using the Euler— Maclaurin formula [2] given
below,

6+2cx
% [ F(6+20) + £(0) ] - 7% J f(s)ds + E(6+2a,6) (2.2.7a)
6

where

o (0+2a  iqli(s-6)
E(6+20,6) = %E S J f(s) e © ds (2.2.7b)
-
q#o 6

Identifying $* with f, the solution of (2.2.6) can be extricated. It then follows that
the solution of the desired equation (2.2.4) can be obtained by the substitution of

equation (2.2.5) to yield,

6
* + 1 + +
Sq(B) = - & (8) + VT ¢ " (s)ds - qlle + E"(46,6,) (2.2.8a)
= o b Ll q
2 o
OC
© 0 iqli(s-6)
E* (0,0 ! ot o 2.2.8b
(,q)-—EE (s) e ds (2.2.8b)
a%o g

The abitrary lower endpoints 6. and 6q are allowable provided the integrals of
(2.2.8) converge. This arbitrariness is possible because the periodicity of the spectral
scattering equation is equal to range of integration of the Euler— Maclaurin formula.
Thus the solution of (2.2.2) is exact upto arbitrary periodic functions of 6. The
upward and downward phases Sqi(()) are unrelated upto period functions of 6
(period 2c). To maintain consistency with upward and downward fields it is
profitable to find Sq"( 6) and then construct Sq"’( 6) by applying one of the

boundary conditions, the obvious one to impose being the lower. i.e.

H (x) = RIH'(z) (2.2.9)

which gives the consistency condition,

+ -
Sq(6) - Sq(()) - 4’1(0) (2.2.10)
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Consequently the Intrinsic Mode for the planar wedge geometry may be represented
by,

b4
;JelSq(G)e—inkrcos(Gtx)do, x € X
-+
W () = e!Sa(®[; 101 (O] mimpkreos(0,-0 g5 ¢ % (2.2.11)

JC-

[ +

eisq(e)[1 N eid;’u(0+a)]e—in2krcos(02+x)d6’ X € X
.C+

The exact nature of the contours C* with the appropriate E—M remainder terms is
examined in the next section, and in chapter 4 the physical significance of these
contours and remainders is discussed. With this formalism, it is now essential, for
mathematical completeness, to examine rigorously the properties of the resolving

spectra of equation (2.2.8b).

2.3: Rigorous Analysis Of The Resolving Spectra.

In this section the convergence properties of the spectra in equation (2.2.8b)
are examined, for equation (2.2.8a) will only hold if the series in (2.2.8b) is
convergent throughout the range of integration. This section analyses the possible
integration contours which will maintain convergence of the spectral series (2.2.8b).
To analyse the sum in (2.2.8b) it is necessary to further specify the form of the
phase function &*(6), and to define a choice of fq for the lower endpoints of the
integrals. These endpoints are essentially arbitrary because of the permissible
indeterminancy of the Euler— Maclaurin formula.

Firstly, to ease analysis it is useful to define a generic function ¢(#) which
possesses the analytical properties of physical realisable phase functions. These

functions have several common properties;

(1) Algebraic growth anywhere in the complex plane.
This is a mathematical necessity which allows the spectral representation
of the field to be governed by the plane wave terms.

(2) Possesses branch points of order 3 at 6 = 6. , M6,
These branch points represent mathematically the critical angle at which
total internal reflection occurs.

(3) Periodic in 2I1
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This condition is necessary for consistency.
(4) H6) = 1 — o)

This condition is necessary for isotropic meida.

The Brewster phenomenon is not discussed in this exposition, but work by Arnold
and Felsen [1] has shown that identical analysis can be used provided the singularity
at the Brewster angle is removed and treated separately. Thus the generic form of

equation (2.2.8b) is,

6
(-]
E(0,69) = 5= 5 J ®(s)M(qs-q0)ds (2.3.1a)
a0 “og
with
ing
o
M(E) = e (2.3.1b)

As & 6) is defined as having no more than algebraic growth at infinity, the integral
in (2.3.1a) is dominated by the exponential term. Thus the integral will converge at

the lower limit if

Oq = joo gq>c (2.3.2a)
bgq = -ix g<o (2.3.2b)

For the complicated non— trivial case where the phase function has a branch point,
analysis is eased by splitting the sum in (2.3.1a) into positive and negative g parts

and summing explicitly to yield,

E(8) = Ep((),oq) + En(e,eq) (2.3.3a)
where
0+ 6
1 $(s)M(s-60)ds
joo
(0-16
1 d(s)M(-s+6)ds
En(o,aq) - -QE i—-_-ﬁ-(—:é‘f'_O)_ (233C)

) jeo

where & is a small positive constant. Using this formalism the integration contour
passes above the branch point in the first integral and below the branch point in
the second integral. The above integrals diverge at s = 6, but are self cancelling as

5> 0.
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Applying Cauchy’s theorem for infinite integrals it is possible to deform the lower

end— points of both integrals to 6ti» appropriately, provided that,

| Re(6) | < 6,

(i.e. no singularities are crossed in the deformation of the contour). From complex
analysis [51] the analytic properties possessed by an integral are entirely determined
by the integrand, and as such E(§) inherits the properties of &(6). This is shown
diagramatically in Figure 2.3.1.

The convention for the branch cuts in Figure 2.3.1 will be discussed in later
chapters. The diagram of Figure 2.3.1(a) shows clearly that E(6) can be analytically
continued to arbitrary complex values of 6, provided it does not cross the branch
cuts at |Re(6)|= 6.. However, to retain continuity across the branch cut at Re(6) =
8. it is necessary to add a branch cut integral Fi(6) to E(4). Hence E(6§) becomes,

E(8) = Ep(ﬂ,eq) + En(o,aq) + Fl(G) 8.< Re(6) < M-8, (2.3.4a)
where,

. 1 d(s)M(-s+8)ds
F1O) =55 | T-WM(s+0)

P,

(2.3.4b)

and where P, is the contour encircling the branch cut at Re(6)= 6. as seen in
Figure 2.3.1(b). Due to the nature of the generic phase function &(6) it is obvious

that,

Fl(o) -+ 0 as Imf » = (2.3.5)

The function Fq(6) is periodic with respect to 6 and has a period of 2a. It is very
important at this juncture to stress that the addition of this branch cut integral term
is not analytic continuation in the complex analysis sense, it is merely an
exploitation of the indeterminacy of the Euler— Maclaurin solutions to correct the
discontinuity of E(#6) sectionally. On crossing the branch cut at Re(§) = II- 6
another periodic function must be introduced to give continuity to E(#). This case is

observed in Figure 2.3.1(c) and is represented by,

E(0) = E_(0,08g) + E_(0,6q) + F1(6) + F,(6) (2.3.6a)

when
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M-8, < Re(8) < N+6.

and

1 d(s)M(s-6)ds

Py

Again imposing the properties of the generic phase function it is clear that Fy(6) is

dependent on the exponent in the integrand of (2.3.6b) and so

F2(6) >0 Im(6) » - (2.3.7)

It is useful at this stage to examine the reason for the above procedures. The
previous manipulations are an attempt to evaluate the properties of the
Euler— Maclaurin remainder over the complex 6— plane. The nature of the solutions
— periodic indeterminacy — require that appropriate periodic functions are added to
E(6), so that E(6) remains continuous across a branch line, these periodic functions
being the corresponding branch cut integrals. While the addition of these functions is
not analytical continuation it will make the E—M remainder E(6) consistent
throughout the 6— plane upto an arbitrary periodic function of 6, with a period of

2. The mathematical sectioning can be represented by,

Eo(o), -0, < Re(8) < 6,

E(8) = Eo(0) + Fl(()), 6. < Re(8) < M-8, (2.3.8a)
Eo(o) + Fl(()) + Fz(e), -6, < Re(6) < I+6,

with
EO(O) - Ep(e,eq) + En(e,oq) (2.3.8b)

This analysis has exploited the Euler— Maclaurin indeterminacy sectionally so as to
construct a consistent Euler— Maclaurin remainder term E(6) throughout the
6— plane. However, it is also possible to exploit this indeterminacy globally by
adding to E(6) a periodic function in every sector shown in Figures 2.3.1. This
procedure is equivalent to placing the lower endpoints bq of the integrals En(e,eq)
and Ep(e,aq) in different sectors of the complex 6— plane as can easily be observed
from Figure 2.3.1. If the periodic branch cut integral Fi(6) is subtracted from each

sector then E(0) can be represented by
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E (8) - F, (8), -0c < Re(8) < 6,
E(6)= | E (6), 6. < Re(6) < M-8, (2.3.9)
E (6) + F,(8), N-6. < Re(8) < M+6,
It is desirable to know the asymptotic nature of E(6) as a - 0. The properties of

the three functions Ey(6), Fi(6) and Fy(6) are obtained in Appendix A and the

results are summarised below,

E (8) ~ O(a), | Im(6) | » =
F,(6) ~ 0(al), Im(8) >0, 6 # 6 (2.3.10)
F,(6) ~ 0(a?), Im(8) <0, 6% 6

It can also be shown that the above equations hold even for 6 = 6, [1]. As the

functions F1(6) and F(6) inherit the branching structure of the phase function & 6)
to the right of their generating branch cuts, continuation deep into these sectors
should be avoided. Using equations (2.3.8), (2.3.9), (2.3.10) and Appendix A, it is
noticed that the two remainder terms have only algebraic growth in the shaded
regions shown in Figure 2.3.2,

The first E— M remainder term defined by equation (2.3.8a) is denoted by
E,(6) and the E— M remainder defined by equation (2.3.9) is denoted as Ey(6). As
the two E—M remainders have algebraic growth in the above sectors the

convergence of the Intrinsic Mode is dominated by the plane wave terms,

e-inkrcos(O:x)

Therefore when observation points are inside the wedge the allowable contours must

tend to infinity in the sectors,

-0t < Re(0) < N-o, Im(6) » o
(2.3.11D)

-Ml+a< Re(8) < -a, IHa< Re(8) < 2ll-c, Im(8) » -=

Two possible contours C, and Cy, depicted in Figure 2.3.2 will maintain convergence
of the Intrinsic Mode field. The Intrinsic Modes calculated using the contour C, and
E,(6) correspond to upslope propagating fields, while integrating over Cp and using
Ep(6) represents downslope propagating fields (c.f. chapter 4). The summation of
both these types of field gives the Intrinsic Mode contour C* of equations (2.2.11).
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2.4: The 2— Dimensional Wedge Green's Function.

This section is concerned with evaluating the field of a line source in a wedge
environment. The observed field in this case is equivalent to the solution of the
inhomogeneous scattering equation (2.1.12). As the wedge structure is quasi two
dimensional (i.e. the geometry is invariant in the y—direction) the line source may
be represented in two dimensions by a delta function. The free space field at a
point due to the line source can be represented in the spectral synthesis notation of
equation (2.1.10). While this notation may at first appear the obvious choice for the
source term of equation (2.1.12) it is inadvisable to apply it in this form, because
of convergence difficulties in the final representation. Instead, it is more desirable to

use source fields that converge even when the observation point is coincident with

the source point.
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It was mentioned in the first section of this chapter that the solution to the
scattering equation consisted of an initial field and all possible even reflected initial
fields. Using this scattering equation, it can then be seen that to represent only the
total scattered field, the initial field for the scattering equation must contain four
wave species. These four wave species are the fields after the direct field has been
reflected in the upper and lower boundaries both an odd and even number of times

and are depicted in Figure 2.4.1.

With these reflected fields as the source terms in the scattering equation all possible
reflections are defined. To obtain the Green's Function for the wedge environment
requires the addition of the direct term to the total scattered field of equation
(2.1.12).

The upward and downward fields in free space can be represented by,

|
H () = | WD)V (x)d0 (2.4.1a)
“ct
Ho(zc.) = WO(G)Vo(x)dﬂ (2.4.1b)
Je-
where
W:';(B) - einkrscos(()t)(s) (2.4.1¢)

and Vg are the plane waves defined by equation (2.1.2). The contours are the
Sommerfeld contours depicted in Figure 2.4.2, which may be freely shifted to obtain

convergence over the whole space.
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Contour shifted to maintain convergence of the integrand

— ] | —» Re®)

+

This shifting of the contour in the 6— plane corresponds to a rotation of axes
in the configuration space domain. The integrals of equation (2.4.1) can now be
operated on using the reflection operators defined in the first section of this chapter.
The total upward initial incident field is the sum of the single and double reflected

fields. i.e.

. .t
id)(0) i® (0)V+(%)d6

- + + - + +
RlHo(g_) + R Ho(g) - J Wo(e)e Ve(_:g)de + J Wo(e)e %)

c- ct
(2.4.2a)

Similarly the downward field, inside the guide, after one and two reflections is,

+ - + id, (0+a), - - id (6), -
RuHo(x) + R Ho(g) - J WO(O)e u Voiildﬂ + J WO(G)e Vo“(é(_&dﬁ
ct c- )

(2.4.2b)

The contours C* may be freely shifted and provided no singularities are crossed in
this shifting process the integrals will remain equivalent. Thus with an obvious
change of variables in equations (2.4.2) the incident fields can be brought into the

form of (2.1.10). The incident field spectral amplitudes then become,
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id; (6) e (0-20)

u:(e) - W (0)e + W:(0-2a)e (2.4.3a)

id,(6-a) id (6-20)

uz(6) - W:(O—Za)e + W(6-20)e (2.4.3b)

With these definitions of incident field the scattering equation (2.1.12) becomes in

the spectral domain,

id*(6)

Ut (0+420) - US(8)e - U;(0+20) (2.4.4)

where the obvious shift of 2o to left has been applied. This is in the form of
equation (2.2.4), but for ease of notation it is desirable to introduce some

definitions. Firstly let,

+
+ + is”
Ut (o) = Y (0)elS (O (2.4.5)
where
+ + +
ST(0+2c) - ST(8) = & () ' (2.4.6)
If the incident field is defined in a similar manner,
+ + 'St(g)
* 4 -i
Uo(e) = Yo(e)e (2.4.7)
equation (2.4.4) becomes,
+ * +
Y (6+2a) - Y (6) = YO(0+2a) (2.4.8)

The solution to the scattering problem in the spectral domain without the direct
term is simply the sum of U% (6) and U™ (6). The calculation of these two terms
requires the solution of the four difference equations of (2.4.6) and (2.4.8). As in
the Intrinsic Mode section these difference equations can be solved exactly, upto
arbitrary periodic functions of 6, using the Euler— Maclaurin formula. The solution

of (2.4.6) is identical to the solution of (2.2.4) with ¢ = 0. Thus S*(6) becomes,

1

[/}
s*(0) = -% o (0) + o J ®'(s)ds + E’(e,eq) (2.4.9)

bc

Again due to the indeterminacy of the Euler—Maclaurin formula, it is more

practicable to evaluate ST (6) and impose a boundary condition to obtain a consistent
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S* (6), the most appropriate being the lower boundary. i.e. imposing,

st(e) - s7(o) - ®,(6) (2.4.10)

The solution Y*( 6) of equation (2.4.8) can be solved in a similar manner to yield,

© 6 'ﬂ( 6-s)
Y (8) = 3 Y2(0) + %E 5 { Y (s)e © ds (2.4.11)
q=-= g

qm

The limits fqe are arbitrary because of the indeterminacy of the Euler— Maclaurin

formula. Returning to the original functions U*(6) via (2.4.5) and (2.4.6) produces,

+
w 0 is*(6)-iS"(s)-igM(6-s)
u* (o lutcey + 1 v o d 2.4.12
(0) = FU(6) + 5= 5 | U (s)e s (2.4.12)
q=-® fqe
This expression 1is arbitrary upto periodic functions of 6 and obviously the
convergence of E*(6) in S*(6) is required. As shown in the previous section there
are several ways to construct the remainder so that E(6) has no more than algebraic
growth in some sectors. As 6 ranges over the Sommerfeld contour of Figure 2.4.2
then it can be observed that only the b—type remainder is convergent and the
remainder E(6) must be interpreted as Ey#6). This then gives the scattered field for

observation points inside the guide as,

is¥(0)-15"(s)-iql(6-s)

o

w 0
1 ¢ 1 * +
§U0(6) + 55 S Uo(s)e ds Va(g)dﬁ

C qs—w 6

G, (x,Xg) =+Z

@
d (2.4.13)

The Green's function is now the sum of this scattered field and the direct field

given in equation (2.4.1). Therefore the Wedge Green's function is,

G(x,%) = HI (%) + G_(x,Xs) (2.4.14)

The extension to this procedure for points anywhere within this wedge region
excluding the apex can be obtained straightforwardly by application of the above
outlined theory. All that is now required is mathematical rigour in which the
convergence properties of this function are examined. This rigour is necessary to

give the theory a solid foundation and is tackled in the next section.
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2.5: The Convergence Of The Source Induced Spectra,

It is important to mention that there is one basic assumption made in the last
section which is fundamental to the theory and has no mathematical grounding. This
section will now correct this inadequacy in essentially two main ways. The
assumption made was that the contours of the total scattered field integral Gg(x,x)
(equation (2.4.13)) and the initial source field integrals (equations (2.4.2)) could be
deformed into a common contour, while maintaining convergence and crossing no
singularities in the deformation. This central idea is necessary so that reduction to
the spectral plane is possible and hence the procedures of previous sections
applicable. The first terms Uy(6) in the expression for Gg¢(x,x) are identical to the
initial field and the contours are obviously equivalent. However, the properties of the

double integral terms are not so clear. Let,

is*(0)-is*(s)-iqM(6-s)

o

0
U;(()) - J U;(s)e ds (2.5.1)

qu

The analysis of the above integrals, which form part of the spectral amplitude
functions for the observed field, is divided into two main categories. The first
category is concerned with showing that the integrals Uq( 6) are convergent on the
same contours as the initial field. This is achieved by firstly examining the
significance of the lower limit bqe and then the convergence of these integrals when
multiplied by their appropriate plane wave fields with # ranging over the Sommerfeld
contour shown in Figure 2.4.2. The second stage of analysis then demonstrates that
while each individual integral term is convergent, the total infinite sum of these
integrals is also convergent.

As previously stated the limits g are arbitrary, however, for convergence of
the sum in equation (2.5.1) these limits must be such that the exponential term

involving q decays. i.e.

lm(oqm) > Im(6), q>20 (2.5.2)

lm(qu) < Im(8), q<©0

and since 6 ranges over the infinite Sommerfeld contour C, (C, representing either

of the contours C*) the convergence of all q terms can only be secured if,

lm(eqoo) -, q > 0
(2.5.3)

Im(aqoo) - —-®, q < 0
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Im( 0qm) has been defined to facilitate the decay of the exponent involving the q
term in equation (2.5.1), but the exponential form of the remaining integrand has
not been accounted for. It can be seen through equations (2.4.9) and (2.4.3) that

the convergence of each integral in (2.5.1) is governed by plane waves of the form,

einkrscos(s+w) (2.5.4)

where w can represent either #xg or = 2oty depending on which term of Ug(6) is

being considered. These exponential terms vanish exponentially in the sectors,

-w < Re(s) < II-w, Im(s) < O
(2.5.5)

-[I-w < Re(s) < -w, Im(s) > O
When the source point is in the guide, this being the Green's function of
immediate interest, then xg, the polar source variable is less than o. In equation
(2.4.13) there are four plane wave species and the sector for which all these terms

converge is obtained from (2.5.4) and the definition of w, to give

-3a < Re(s) < MM-3¢q, Im(s) < O
(2.5.6)
~[I-3a < Re(s) < -3¢, Im(s) > 0
To assure convergence in the lower limit aqm, the limits should be restricted to the

conditions above. Hence to achieve this the lower limits should be continued off to

infinity in the shaded sectors of Figure 2.5.1.

The Regions Of #,. Which Maintain The Convergence
of flq In The Lower Limit.

Figure 2.5.1:
Im ¢

3
N
9. 450

+ Reg
~Il-a 3| o M-o
: g<0
qu
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Now the convergence of these separate integrals needs to be explored as |6| - .
6 ranges along the infinite Sommerfeld contour C, and these are regions where the
plane waves of (2.5.4) diverge. It must be established, for convergence, that the
plane wave terms, V,(x), in the spectrum decay faster than the rate at which the
integrals, Uq( 6), diverge. An estimation of the increase of these integrals can be
found by the application of Laplace's method for asymptotic evaluation of integrals

[2]. This yields the asymptotic value of the integrals Ug( 6) for 16] » =,

+ + -1
U;(B) ~ U;(B)[ -inkrgsin(6+w) ] (2.5.7)

This is an estimation of the spectral amplitude function and so the approximation to

the integrand of the scattered field integral is,

+ + + -1 +
U;(O)V;(g) ~ U;(O)[ -inkrgsin(6+w) ] V;(g) (2.5.8)

for |8l - «. Thus it is plainly observed that the convergence of the separate

double integrals of Gg(x,x;) is secured in the regions where,

UZ (0)V (%)

decay to zero. This sector of convergence is obviously the same as the initial fields
in the source term of the scattering equation, because the above functions are
identical to the integrands of (2.4.2). The above analysis has shown that each
separate integral, Uq( 6), is dominated by the upper endpoint 6. It has not given
any indication that the infinite sum over q of Uq( 6) is convergent. Employing the

same procedure as in section 2.3, this infinite sum can be re— written in the form

o+ 6-15
" Yi(s)M(s-0)ds | Y (s)M(-s+6)ds
2 U = | P THGs-e) . T | To- MG-see) (2.3.9)
g=-< 0 0

qco qOO

where fqe are defined as in Figure 2.5.1. The divergences of these integrals as ¢ -
0 are self cancelling. The representation Gg(x,x) has now been shown to be
convergent in the appropriate sectors, which implies that this function is a bonafide

solution of the Helmholtz wave equation in the wedge environment.
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Conclusions,

This chapter is an attempt to show the philosophy of the Intrinsic Mode and
its subsequent application to the source induced field problem. The mathematical
complexities have not been avoided, in an attempt to show the reader the necessary
mathematical considerations for a ‘watertight' theory. This theory is based on the
ability of the slowly converging ray integral field to be manipulated using the
Euler— Maclaurin formula into a rapidly converging modal field. This theory does not
account for the diffracted field at the apex of the wedge and as such the field near
this point cannot be accurately represented. A future publication by Arnold and
Felsen is planned to alleviate this shortcoming. It may seem at first sight that this
theory is too esoteric to be of any significant use, this however, is not the case.
The apparent complexity in constructing the Intrinsic Mode field results, in reality,
in an easier object to compute numerically than, say, a large number of ray
integrals. Also, the Intrinsic Mode field is an exact solution of the wave equation,
which implies that the inaccuracy incurred in evaluating the spectral object is
entirely contained in the numerical implementation. This is not the case for all of
the other theories to date. Another interesting point to mention at this time is that
with this theory it is possible to evaluate the true conserved quantity (i.e. Poynting
Vector) as shown in a forthcoming chapter. It may be observed that in evaluating
the Green's Function for the wedge geometry, no reference was made to the
properties of Green's Functions, or as to whether the spectral object of equation
(2.4.14) possessed any of these properties. This is left until chapter 6 where the
properties of Green's Functions are used in verifying the computer programme
developed to compute this field.

There are still, however, several unaddressed questions in this theory and,
while these are of no great importance in the ensuing chapters, it is desirable to
understand  their  significance. The  Euler—Maclaurin formula has periodic
indeterminacy and as such the effect of adding periodic functions must be
determined. Arnold and Felsen [1] have demonstrated that the arbitrariness of the
Euler— Maclaurin formula can be explained simply. The solution to the
inhomogeneous equation (2.1.13) consists of the solution to the homogeneous problem
and the solution to the inhomogeneous problem. The arbitrariness in the solution of
the inhomogeneous equation is then merely the addition of homogeneous solutions

(i.e. Intrinsic Modes).
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Chapter_3: NUMERICAL IMPLEMENTATION OF SPECTRALLY
SYNTHESISED FIELDS.

Introduction

The derivation of the spectral objects in chapter 2 require some form of
numerical evaluation. Standard integration techniques can be employed [5], but they
do not exploit fully the nature of the spectral fields.

The numerical evaluation of both the Intrinsic Mode field and the Green's
Function in a wedge environment are addressed in this chapter. To demonstrate
clearly the method of implementation a generalised spectral integral is considered,
wherein the desired properties for this type of analysis are assumed. The calculation
of both these spectral objects is achieved by the application of a Fast Fourier
Transform (FFT) algorithm [7] from the NAG software support library, the
properties of which are easily derivable from a knowledge of Fourier Series [54].
From these properties and the ensuing procedures it will become apparent that any
field which may be well approximated by a finite oscillatory integral can be
evaluated using this FFT procedure.

The first section describes, abstractly, how an arbitrary spectral integral may
be numerically manipulated so that application of the FFT algorithm is possible. The
next sections are concerned with demonstrating how the desired spectral objects for
the wedge geometry can be calculated using differently ‘directed' FFTs.

In the subsequent sections it will be observed that if the spectral field is to
be amenable to the FFT approach then it must satisfy some basic properties. In this
chapter it is assumed that the Intrinsic Mode and the Wedge Green's Function
possess these properties. The justification for these assumptions is given in the

relevant chapters discussing each spectral object.

3.1: The FFT Algorithm
Consider an integral of the form,

F(B) = J £oye 2By, (3.1.1)

-Q0

and assume it has the dominant part of the integrand in an interval (0,T), say. The

integral may then be approximated by,
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T
F(B) = J F(oyel 2MB0 (3.1.2)
0

To evaluate this integral numerically for a fixed f any number of standard
techniques may be employed [53]. However, for suitable accuracy and ease of
implementation Bode's Rule [54] was used. This five point rule states that a finite

integral may be calculated by applying the formula,

T
J G(6,B)d0 = ;6{70(3,o>+3zc(3,I)+12c<3,%)+32c(5,3})+7c(3,r)} + O(T7)
0
(3.1.3)

To evaluate (3.1.2) and as such approximate the integral of equation (3.1.1), for
each point B in the appropriate admissible space, the algorithm of equation (3.1.3)
would have to be repeatedly applied, for each B, with a sufficient number of points
for accuracy. If G(B,6) is of a slowly varying nature, then the evaluation of such a
space using the procedure of (3.1.3) will be adequate. When G(f,6) is either rapidly
oscillatory, or non— negligible in a wide range of 6, or both, a large number of
data points will be required. If this is the case then it is desirable to find a more
efficient method of evaluating the field F(f).

The desired improved efficiency can be generated in two significant areas.
The obvious way to increase the efficiency would be to use a more accurate
integration rule. It is obvious, however, that the application of a more accurate
integration rule could not achieve a significant improvement in efficiency and remain
sufficiently adaptable. Due to this minimum gain in efficiency research into more
complicated integration algorithms was felt to be unfruitful. The other approach is to
exploit the periodicity of the integrand and use an FFT routine. The algorithm used
for this particular application is from the software support library on the GEC 4180
computer. The form of the FFT algorithm is very general and as such some
manipulation of the input data to this routine is required to satisfy its initialisation
procedure. It is therefore desirable to obtain a clear understanding of the properties
of the FFT algorithm,

Let the function f(8) of equation (3.1.2) be discretised into N equally spaced
points in 4, fj say. This being the case the FFT produces N data points Fk —
using the butterfly method [7] — such that,

Fk =S fie N (3.1.4)
The spacing of the data points Fk corresponds to a spacing in the B—domian of
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1/T (from the properties of Fourier Series [55]). The FFT procedure itself requires
that j=0 corresponds to 6=0 and the output space is such that k=0 is equivalent
to /=0 and increasing k implies increasing B. There is one glaring defect in the
above statements which needs rapid clarification. It is that the series in equation
(3.1.4) is not equivalent to the integral of equation (3.1.2), it is merely the addition
of all the fj values with a corresponding phase change. The required equivalence
between (3.1.4) and F(B) can be obtained simply by evaluating the integral of
(3.1.2) by the trapezium rule (i.e. multiplying output of algorithm by T/N? ). It is,
however more accurate and also tractable to ‘window' the input data field so that
the ‘five point' integration rule of (3.1.3) is used to evaluate the integral of
equation (3.1.2). This 'windowing' is achieved by the weighting of the 6— domain fj
values by the amounts indicated in equation (3.1.3).

With equivalence now achieved accurately between (3.1.4) and (3.1.2) it is
necessary to be able to adjust the spacing of the data points in the [— domain so a
desirable f—space may be computed. To achieve this property a quasi finite interval
Tg is constructed, the construction of which is given below. Assume that the desired
spacing in @B is 1/Tg and the non— negligible interval of integration is T, which is
discretised into K+1 points. Thus the 6 distance between each fj is 6~=T/K. If K,
zeros are then added to the 6—domain K+ 1 field points the quasi interval of

non— negligible integration is then,

(K+14Ky) g (3.1.5)

which must be equal to Tg and as such a variable spacing between the points in the

B— domian is achieved by the formula,

K

6SST_(m:K—a) (3.1.6)

with B being the @ spacing and K+1 the true non— negligible field points of 6 and
K, the number of added zero field points. Now that a versatile routine has been
developed for evaluating finite oscillatory integrals it only remains to discuss its

application to spectrally synthesised Intrinsic Mode type fields.

3.2: Canonical Wedge Environments.

There are many different configurations in which two infinite planar interfaces
intersect. However, this exposition is only concerned with the excitation of

two— dimensional non— separable geometries by an infinite line source. Obviously
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there are many examples of Intrinsic Mode fields to examine, but they are all
evaluated by using either of two canonical wedge environments, which only depened
upon the type of upper boundary. If the upper boundary has a reflection coefficient
which is constant and equal to —1 then the recipe for solution will be of type A
say. If, however, the reflection coefficient on the upper boundary is a function of
the incident plane wave and environmental parameters, a more complicated
procedure is required to evaluate the field (recipe B). From the previous chapter a
general form for the Wedge Green's Function or the Intrinsic Mode, when the

reflection coefficient is a constant and equal to —1 on the upper boundary, is,

3 j 1¥(6,x V3 (x)d0, x € X
C.‘.’
W) = (3.2.1)
J 1ox ) [1 + 11V (was, x € X
- 1
C

while for the type B field (variable reflection coefficient of the upper boundary) the

spectral fields can be represented in the form

3 J 1%(0,x )V, (x)do, X e X
Ci
- ‘d) /] -
W G0 = 1 (0,55)[1 + el®1( )]V,ogz)do, X € X
-C-
(3.2.2)
1*(0.55)[1 + eid’“(“"‘)]\'ﬁo(z)de, x € Xp
J + 2
C

Here I%( 6,x;) are the appropriate spectral amplitudes depending on which global
object is being considered and in which particular subset of the wedge geometry.
The plane wave components Vg can be expressed in a more useful Cartesian
coordinate system which facilitates efficient evaluation of the fields along the new

configuration space axes. The plane waves become,

-i : i txsi
vf,(y - e inkrcos(6zy) _ emk(zcosﬂ Xsiné) (3.2.3)
V:G(QS) - e-inlkcos((),-x) - einkzcosl?-mlkxsine1 (3.2.4)
1
V:B(X) _ e—in?_kcos(02+)() _ einkzcos()2+in2kxsin02 (3.2.5)

2
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where z and x are the coordinates given in Figure 2.1.1 of chapter 2. It is apparent
that there is the possiblity of exploiting the periodicity of these oscillatory functions
in two orthogonal directions. There are however, difficulties in implementation of
either of these two possible directions, which will be outlined. Consider firstly

exploiting the transverse (x) periodicity of a type A field.

3.3: The Transverse (x) FFT.

Manipulating the integrals of equations (3.2.1) into a form more sutiable in
which to explain the substitutions required to allow the application of the FFT leads

to,

b
[
+ . X

b J G(G,z,gs)e:lnkxmne de, x € X

+<
LNESRE I a (3.3.1)

J({(e,z’xs)[l . eldbl(e)]e—mlkxsma,da’ x € X

a

where Gt(e,z,gs) are, the appropriate functions easily obtainable from equations (3.1.1)
and the interval (a,b) is assumed to be sufficiently large in some sense (see later
chapters). These integral forms must be massaged into a canonical form for the FFT
application. To show analysis succinctly it is easier to consider the upward

propagating field inside the guide (xeX) initially. With the change of variable,

2[ls = nk(sin6— Sii‘?.)m,,, (3.3.2)

the integral of (3.3.1) is transformed into,

nk[. ]
5 sinb-sina

oinkxsina J %g C(B,z,_)gs)elznxsds (3.3.3)

0

which is amenable to FFT exploitation provided in evaluation s is stepped through in
equal increments. The downward field can be transformed in a similar manner.

The field in the lower medium consists of the transmitted field due to plane
waves from the guiding medium incident on the lower boundary. As some of the
plane waves have an incident angle less than the critical angle (6¢), the field must

be split into two sections.
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6o b
J + Jc(o,z,zs)[1 + e‘¢1(9)]e‘i“1kXSi"0*de (3.3.4)

a 6.

The first integral is a sum of inhomogeneous plane waves (as sing, is purely
positive imaginary) which correspond to wave fields trapped inside the guiding
medium. These fields have lost their x periodicity — they constitute the evanescent
field — and consequently the FFT cannot be applied to this region. However, the
integral over the interval (6.,b) is plane wave in nature (this is the refracted field)

and as such can be manipulated into the form,

C(b)

de de id (0 i2ll
351 E‘ G(G,z,gs)[l + e 1€ )]e *S4s (3.3.5a)

0

with

_nk __ [ _1[ncosb]]
C(b) 7 Sin cos T (3.3.5b)

where the FFT may then be applied. Fortunately the substitution (3.3.2) is such that
the spacing between the points in the 6 domain around zero is decreased to O( &)
where s is the equal increment in s space. This implies that the number of points
required to evaluate the integral accurately would be the same as if the substitution
(3.3.2) had not occurred, as the dominant part of the field is situated near zero
(c.f. chapters 4 and 6). The lack of being able to evaluate the spectal object
outside the guide by using the FFT exclusively has the effect of increasing run
times, because an integral must now be evaluated for every point considered outside
the guide. The useful substitution of (3.2.2) does not compensate for having to
calculate the evanescent field by a standard method and so overall efficiency, while
being significantly greater than a standard integration technique, does not utilise fully

the periodicity of the spectral fields.

3.4: The Longitudinal (z) FFT.

As stated in the previous section the evanescent field has no x— periodictiy
associated with it. However, this field still retains its longitudinal (z) periodicity —
due to the tangential components of the field being continuous at an interface — so
that exploitation by the FFT method with respect to the z ordinate may be
employed. With this knowledge it is obvious that the field can be calculated
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everywhere in the type A wedge configuration by using this longitudinal FFT alone.
This type of FFT ‘direction' is termed the ‘intrinsic direction' for the geometry,
because it exploits fully the intrinsic nature of the wedge environment. Thus the

spectral objects may be represented by

b
Kl(6,)(,Ks)emkzcos()de’ x € X
“a
Wq(x) - b (3.4.1)
K (6,%,x )einkzcosﬂde’ x € X
] 2 S 1
a

with Kj(6,x,x5) and Kp(#6,x,x;) being the kernels calculated from equations (3.2.1).

The desired substitution to allow this periodic exploitation is,

2[ls = nk(gosgjppsb) (3.4.2)

The application of this substitution to equations (3.4.1) gives rise to the formalism,

S [cosa-cost]
a7icosa-cos

a6 K((),x,ggs)elznzsds

inkzcosb d
e J Is (3.4.3)

o]

Here the K(#6,x,x;) is the function Ki(6,x,xg or Ko(6,x,x;) depending on whether
the observation point is inside or outside the guide. This approach appears at first
sight to have no disadvantages. Unfortunately this is not the case. The substitution
(3.4.2) has the effect that as s-snk/2II, and thus 6-0, the equal spacing in the
s— domain (és) causes the spacing in the 6— domain to increase. The spacing in the

#— domain is

2[16s ]

56 = | J[n7kT - am7s7)

(3.4.4)

The 6—domain spacing around zero obviously increases dramatically and
unfortunately this is where the dominant contribution to the field occurs. To
circumvent this problem the region of integration is truncated in such a manner that
important spectral topologies (c.f. chapter 4 and 6) are sufficiently far away from
the endpoints. An asymptotic approximation (in terms of wedge angle) is then added
to correct this truncation.

The previous two sections have dealt with FFT directions depicted in Figure
2.1.1 of chapter 2. There are many other possible directions which may be
considered, but they have the obvious disadvantage of having to calculate some form

of evanescent field.
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3.5: Parallel and Perpendicular Directed FFTs.

The type B fields can be evaluated using the FFT methods of sections 3.3
and 3.4. However, when the observation point is in the superstrate (xeXp) the
evanescent field cannot be calculated totally by the FFT method and standard
integration techniques, as wused in section 3.3, are necessary to calculate the
remainder of the evanescent field. Thus to calculate the total field above the guide
by using only the FFT method requires an FFT direction which runs parallel to the
upper boundary. To achieve this different FFT ‘direction' a rotation of axes is

required (see Figure 3.5.1 below).

The different orientation of these new orthogonal axes depicted above can be
represented in terms of the Cartesian coordinates of sections 3.3 and 3.4 in matrix

form by,

[ cosa -sina ] [ z ] _ [ ¢ ] (3.4.1)
sind coso X ]
Thus the plane wave species of equations (3.2.3), (3.2.4) and (3.2.5) can be

expressed in the rotated co— ordinate system as,

v?}(l) - eink(fcos(ei’a)'*'nsin(oz:G)) (3.5.2)

V:()(l) _ einlk(icos(e,—a)—nsin(e,-oz)) (3.5.3)
1

V-:G(E) - einzk(ECOS(02+0)+ﬂ51n(02+a)) (3.5.4)

2
Although the primary reason for this rotation of co— ordinates is ‘the efficient
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evaluation of fields in a type B geometry, another useful FFT direction arises.

3.6: The n— directed FFT,

Examine firstly the n—directed FFT (useful for calculating fields in integrated
optical structures). The field in the guiding duct can then be manipulated into the

form,

g—;[sin(atb) —sin(aza)]

inknsin(ata) 21 + i2Mns
g_e J nkcos (at#8) L (e,f,xs)e ds (3.6.1)

0

The field outside the guide must be split up into the evanescent and plane wave

spectrum as previously shown to give,

e b
J + J L'(o,z,XS)[1+e’¢1(0>]e'i“1k"5i"(01’“)do (3.6.2)

bc

in some subset of the wedge configuration. The obvious substitutions can be made

for the second integral to give

C(b)

20L (6,%,x )[ i¢1(6)]d0 i2ls
222287 — .b.
nKcos(a-6) 1+e av, e ds (3.6.3a)
0

with

_ nk . [ _1[ncosb]] 3 6.3b
C(b) o + 5 sin cos m (3.6.3b)

which can be evaluated using the FFT approach. The evanescent field must be
evaluated by using Bode's rule, as periodicity in the 7 variable is not present. A
similar representation may be obtained for the field above the guide, but for brevity

this is omitted.
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3.7: The E-—directed FFT.

The {—directed FFT can be used to evaluate efficiently the field in both the
guiding duct and the superstrate. It can be seen that this direction of FFT for
evaluating the field inside and above the guide is the ‘intrinsic direction’, because it
exploits fully the nature of the interaction of the fields between two linear media

(c.f. longitudinal (z) FFT). In the guiding duct the field can be represented in the

usual manner for FFT exploitation, as,

inktcos(6+a)

b
Wq(l) = J N(0,n.zs)e de, x € X (3.7.1)

a

With the obvious change of variables (3.7.1) becomes

-g%[cos (a+a) -cos (b+oz)]

nksin(6+a)
0

Wq(x) . elnkEcos(bﬂx)JM ei2ﬂ£sds’ x € X (3.7.2)

Noting that the field must be continuous across the boundary, then,

ncos (f+a) = nycos(6,+a) (3.7.3)

The field for x ¢ X5 can be manipulated into the similar form of,

nk

21

ikt
Wq(K) - elnkscos(b+a)J2ﬂND(B,n,gs) eiZﬂEsds’ x € X (3.7.4)

cos(a+a)—cos(b+a)]

nksin(6+a) 2

0
N,(6,7,x) and N(6,7,x;) are the obvious spectral amplitude coefficients derived from
equations ‘-@.22); All that now remains is to marry the z and ¢§¢ FFTs so that an
efficient alg;tihm can be generated to calculate either of the spectrally synthesised
linear fields.

To calculate the field in the total space the field below the upper boundary
(guiding duct and substrate) is evaluated using the intrinsic z FFT. The field in the
upper medium is evaluated using the {—directed FFT (intrinsic direction). However,
it has been observed that the spacing in the configuration domain is dependent upon
the interval of non— negligible integrand (0,T). This interval can be varied using the
technique of the first section, but there is still the problem of calculating the fields
at regular points in a two dimensional grid which is shown below.

Take the field points generated by the z— FFT to be the reference data points
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in the two dimensional configuration as shown in Figure 3.7.1.

Figure 3.7.1: neralin id for ] fil

Here the mesh points are parallel and perpendicular to the lower boundary as would
be expected with the z— FFT routine. In the upper medium this configuration of
mesh points is required to be conserved, but the {—directed FFT generates points
that are parallel to the upper interface. To ensure that the field points evaluated,
lie on the reference mesh the spacing and the initial starting point of the

£—directed FFT must be adjusted. From the diagram of Figure 3.7.1,

st = ( ox% + 622 )1 (3.7.5)
with §x and 6z being the spacial increments in x and z respectively and &¢ the
spatial increment in the {—directed FFT. The initial starting value for each of the
£— FFTs is at data points of the mesh that lie on the Boundary sections S, and S,.
This technique utilises the ‘intrinsic' nature of the z and ¢ FFTs below and above

the upper boundary respectively.
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Conclusions.

This chapter has not offered any constructive arguments to demonstrate that
the spectrally synthesised fields of interest possess the properties essential for this
type of numerical evaluation. These arguments are left to the chapters were the
appropriate spectral object is examined more closely. The efficient evaluation of
spectral fields discussed in this chapter is achieved by exploiting the oscillatory
nature of the fields. It is observed that the spectral amplitudes of the plane waves
in each particular environment can be calculated without any positional dependence.
The introduction of the positional dependence of the fields is expressed using
Cartesian coordinate systems. Obviously the two ‘intrinsic directions' z and ¢ are the
most efficient approach to field calculations using this method, as the evanescent
field outside the guide is contained within the appropriate FFT evaluation. The other
two directions are useful as comparisons of other field plots and for generating the
input fields to other numerical algorithms. A large number of orientations of these
systems are possible, but the four chosen directions of this chapter are the most
numerically efficient when using the FFT method. It will also be noted that the
plane polar orthogonal system (r,x) used for the derivation of the Intrinsic Mode
and the Wedge Green's Function was discarded. This rejection is because the
numerical evaluation of the spectral amplitudes cannot occur without dependence on

either the range or angle parameter.
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Chapter 4: GEOMETRICAL AND MATHEMATICAL INTERPRETATION
OF THE INTRINSIC MODE FIELD.,

Introduction.

The preceeding two chapters discussed the derivation of the Intrinsic Mode
field and its subsequent numerical implementation. In both these chapters several
properties of the Intrinsic Mode field were stated without any apparent justification.
This chapter attempts to rectify these omissions.

It was stated in chapter 2 that the Intrinsic Mode is an exact solution of the
elliptic wave equation in the wedge shaped environment. This statement is extremely
important for it is the first exact solution of this non— separable structure and as
such it will allow detailed estimation of the errors incurred when calculating the
Intrinsic Mode field numerically, this estimation being virtually impossible for any
other method.

The numerical implementation of the Intrinsic Mode field assumes that the
field is constructed in such a manner that it can be well approximated by a finite
oscillatory integral. The grounds for this argument and other omissions from the
spectral field are examined from both a physical and mathematical standpoint. In the
interests of clarity a specific example, that of the Jensen— Kupermann ocean [22],

has been chosen.

4.1: The Exact Intrinsic Mode.

The exactness of the Intrisic Mode field is examined for an arbitrary wedge
environment. To achieve this, and before embarking on the physical interpretation of
the Intrinsic Mode field, it must be demonstrated that this field satisfies the elliptic
wave equation and the boundary conditions away from the apex exactly.

As the field is formulated in the spectral domain (each plane wave being an
exact solution of the wave equation) and as the media are linear, allowing
superposition, then the field must satisfy the wave equation exactly.

The field under scrutiny has been constructed in such a manner that the
source free field may be represented in the form of a single spectral object. To
demonstrate that this Intrnsic Mode satisfies the boundary conditions requires the use
of Cauchy's theorem for closed contours and the application of the Euler— Maclaurin
summation formula. This calculation, while essential, would only serve to cloud the
issue. Accordingly only the geometrical interpretation of the procedure is outlined,

with the mathematical detail given in appendix C. For clarity consider the bottom
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boundary, knowing that identical analysis can be carried out on the upper boundary.
Consider a downward propagating plane wave, after N internal reflections,
approaching the lower boundary at an angle 6. The refracted field at the boundary
is then this field with the 1+ exp(idy(6)) transmission coefficient attached. The
reflected field corresponding to this particular plane wave after interaction with the
lower boundary is the N+1 reflected upward propagating field. Obviously there is an
infinity of reflected and refracted plane wave fields. Thus to satisfy the lower
boundary condition it must be demonstrated that any refracted field, which has
undergone N internal reflections (where N is from 1 to «), must be equal to the
upward field after N+1 reflections, and the Nth reflected downward field inside the
guide evaluated on the boundary.

It now only remains to show how the geometrical interpretation and the
mathematical analysis of the field can explain phenomena associated with this form

of spectral construction.

4.2: The Geometrical Approach.

To be able to apply the FFT algorithm to evaluate the Intrinsic Mode integral
it is essential that the infinite integral must be well approximated by a finite
oscillatory integral. This section examines the spectral Intrinsic Mode integral and
demonstrates that it can be calculated accurately for the approximations necessary
when implementing the FFT algorithm. Using a consistent notation the Intrinsic

Mode field in the Jensen— Kupermann ocean can be represented by — see chapter 2

1%

+-

Vg (x) = ¢ 4.2.1)

J eiSq(()) [1 + eicbl(e) ]V:o(g)d(),
1

C

> J eisa(a)vz(z)de, e X

X

€ X1

Section 2.3 of chapter 2 demonstrates that there are essentially two possible contours
C, and Cp, with corresponding Euler— Maclaurin remainder types, over which the
spectral Intrinsic Mode field can be integrated. Integrating over the contour C,
accounts for an upslope propagating field and over Cp downslope propagation. It was
demonstrated in appendix A that the two E—M remainders are O(a?) along their
respective contours and consequently in all subsequent analysis and assessment in this
chapter these E—M remainders are neglected. The neglect of these remainder terms

allows the two contours of Figure 2.3.2 of chapter 2 to be added together to give C

as in Figure 4.2.1.
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Re 6

It is instructive to examine the nature of the plane wave fields along different
portions of the contour C. The contour allows two different types of plane wave
propagation to exist, essential for mathematical completeness, which give rise to the
exactness property of the Intrinsic Mode. The field due to the two complex portions
of the contour, <1> and <3>, represent inhomogeneous plane wave propagation,
while the field due to the integration along the real axis gives rise to a
homogeneous plane wave field inside the guide and both an inhomogeneous and
homogeneous plane wave field outside the guide.

The inhomogeneous plane wave field has two forms of propagation associated
with it. On the contours <1> and <3> the integrands of (4.2.1) are dominated by
the exponential decay of the plane wave terms,

e—inkrcos(ﬂ:x) e—inlkrcos((),—x)

and

for observation points inside and outside the guide respectively. The integral over the
interval <1> corresponds to the inhomogeneous plane wave field which propagates
upslope and is obviously significantly less than the homogeneous contribution to the
field, due to its exponential decay. The field arising from the interval <3>
represents the inhomogeneous plane wave field which is propagating downslope
because of a large number of internal reflections which have rotated the direction of
the propagation.
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The homogeneous plane wave propagation inside the guide has three distinct
categories of propagation shown by <2a>, <2b> and <2c¢>. To aid clarity it is
useful to examine these categories in the spectral domain. The diagram of Figure
4.2.2 indicates the forms of homogeneous wave propagation inside and outside the

guiding duct.

igure 422: ifferen v ies of i >

Plane wave field

Evanescent Field

In region <2a>, (6<6;) the plane waves are totally internally reflected (i.e.
they are trapped in the higher index medium at the local cross— section). In this
region there will be specific plane waves at angles, eq say, which interfere
constructively to generate a modal field. The angles oq are asymptotically the local
normal mode angles at the local observation cross— section (see later for verification).
Outside the guide these modal angles produce an evanescent field. The remaining
continuous spectra form ray bundles which decay in the usual manner, but are
trapped inside the guide at this particular observation point and so give rise to
inhomogeneous wave propagation outside the guide (as sinf, is purely imaginary).

In the second region, <2b>, the plane waves can refract out into the lower
medium and so leak energy out of the guiding layer. The greater the angle of
incidence the greater the amount of energy which leaks out of the guide. The
refracted field is truely plane wave in nature and will form ray bundles which will
decay accordingly.

Region <2c¢> corresponds to plane waves which have travelled past the local
cross— section towards the apex and have been rotated — by the angled boundaries
— to such a degree that they are now travelling away from the wedge apex. The

plane waves of region <2c> have undergone many reflections where the incident
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angle is greater than 6. and will consequently be carrying little energy in the
guiding duct. The field outside the guide is homogeneous, but after a large number

of reflections (and hence refraction loss) there is little energy present.

4.3: Mathematical Analysis of the Intrinsic Mode.

The geometrical interpretation given above — while convincing — requires
some form of mathematical rigour, so that estimates of the order of magnitude of
particular regions of the spectral function may be obtained. To facilitate analysis and
for notational simplicity it is useful to note that the range parameter z can be

asymptotically ordered in wedge angle o to,

z -‘2 1 + 0(a®) ] (4.3.1)

with h being the local hieght of the guide. This leads to an asymptotic form of the

Intrinsic Mode,

, 1Z4(6)
S| Ffey e @ do,  x e X
+<
W (x) - . 7 o (4.3.2a)
q ( q( )
FP() e & db, xeX
‘c
with,
6
me, 1 hcos 4.3.2b
Zq(0) -~ 5 + 5 ®1(s)ds - qllé - nkhcos (4.3.2b)
00
and
. l[:glgl--zq:nkxsine]
FX(6) - e (4.3.2¢)
i) (0) ’[ -8 -2 - “IRXS’“01]
F°(0) = [ 1+ el 1 ] e (4.3.2d)

The Euler— Maclaurin remainder term is omitted for the reasons discussed in section
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4.2. The asymptotic analysis of the Intrinsic Mode field is achieved by examining
three different local cross—sections of the guide (i.e. the field as the observation
point moves upslope). There are fortunately several different ways to view the same
phenomena and in this section these approaches will be blended together to form a
coherent picture of the wave field structure. The approach will be as mathematically
sparse as possible so that concepts can be discussed clearly. However, most of the

results are of significant importance and the derivations are placed in appendices.

4.3.1: A Well Guided Local Normal Mode.

Firstly consider an observation point in a particular cross— section with local
guide height (h) large enough to support the local normal mode of interest. In a
translationally invariant guide this mode would consist of two counter— propagating
plane waves with an angle of incidence Gq to the lower boundary which interfere.
This modal angle is obtained from the standard eigenvalue equation for open
waveguides. To calculate the asymptotic field in the wedge, for small wedge angle,
the method of steepest descents [32] is applied and the appropriate deformation of

the contour C is shown in Figure 4.3.1.1.

D nt P, f Intrinsic M
Figure 43.1.1; when the Adiabatic Mode is well guided,
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The steepest descent sectors around a stationary point, 8¢, are easily found by using

the conditions,

d
Imag d0§ (0 )(0—85)2] > 0

(4.3.1.1)

Rea 1[ 424 (0 )(o-os)’] -0

These steepest descent regions are shown as the shaded sectors in Figure 4.3.1.1.
Due to the symmetry of the reflection coefficient there are two stationary phase

points at bq and - fq Wwhich are defined by

dZ,(6.)

_3%—5"- 0 (4.3.1.2a)

where 6g is either 0q or II- eq. Using (4.3.2b) gives the condition,

m+ Cbl(()q) + 2nkhsin(9q - 2qll (4.3.1.2b)

The above condition is also recognisable as the eigenvalue equation for the transverse
wave number of the local parallel guide. When the local normal mode is well
guided, 6q<6c the asymptotic field to first order in wedge angle can be evaluated by
considering the isolated stationary phase points 6q and II- 64, and the branch cut
integral around II— 6.. The asymptotic description of the upslope propagating field is,

from appendix D,

e 1Zqllg) - 17
-_g;_%q(()q) 4 e sm[ [h-—x]nksmBq ], x € X
Wq(g) = (4.3.1.3)
8l V iqu_q) i ig . -inkxsiné
| —g_gg_q(oq) - e sln[nkhSIan]e qr x eXl
Here oq, is the refracted stationary phase point angle. This asymptotic form can be

shown [39] to be equal to the Adiabatic Mode of Pierce (chapter 1 equation
(1.1.9)), by using the procedure in appendix D. It was stated previously that the
field due to the stationary phase point at II- 6, and the branch cut integral at
- 6., correspond to the Adiabatic Mode and the lateral ray field propagating
downslope respectively. The plane waves that constitute these phenomena are
indicated in Figure 4.2.2, where physically it is obvious that they must be
significantly smaller than the upslope asymptotic field because of the large
accumulated refraction loss. It can be shown (appendix D) that the downward

asymptotic field amplitude and phase from the stationary phase point at II— fq are,
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- 2 -izqéeq)—ig o2 e M-6c  iqMi(s-6)
- o
ngq(aq)'*k(eq) e exp i 7(1-2q) + 5a 2 J ¢1(s)e ds
q=-*" 0.

This extra integral term has a large positive imaginary part which confirms the
physical predictions of the nature of the fields. Note also the change of sign of the
phase indicating an outward propagating field. The branch cut integral at II— 6,
arises when 6,<6; because the observation point must be downslope of the point at
which the mode couples to the lateral wave. The previous arguments allow the
asymptotic field to consist of only upslope propagation and consequently the fields
due to the stationary phase point II— Gq and the branch cut integrals at [I— 6, are
neglected, but will be formally retained in the steepest descent analysis to
demonstrate the completeness of the theory. A visual demonstration of the above
arguments can be seen numerically by examination of the real part of the downward
spectrum against incident angle for observation points inside and outside the guide
(depicted in Figure 4.3.1.2).

Figure 4.3.1.2:
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The Intrinsic Mode field at this cross—section was calculated using and x ‘directed’
FFT routine. For observation points inside the guide a lower endpoint correction,
evaluated using Laplace's method in appendix D was added to the field. This
addition is necessary because when employing the FFT method the integrand should
be negligible outside the interval of integration. The diagram of Figure 4.3.1.2
indicates clearly that this necessity is not met for points inside the guide, but if the
endpoint is a sufficient distance from the stationary phase point the endpoint
correction in appendix D will be a good approximation to the remaining field not
accounted for by the FFT algorithm. The field at this cross—section is shown in

Figure 4.3.1.3.

Figure 4.3.1.3:
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4.32: The Critical Transition Region.

In configuration space this region corresponds to the local guide height
approaching the critical hieght h. for the particular mode; the critical height being
where the local structure will no longer support that mode. In spectral terms this is
when the stationary phase point lies close to the branch point of the reflection
coefficient (i.e. quoc). The asymptotic analysis is slightly more complicated than
before because the effect of the branch point must be accounted for; this being
interpreted as the region in which the Intrinsic Mode couples to the lateral ray. The

contour deformed into its Steepest Descent Path (SDP) is shown in Figure 4.3.2.1.

Branch cut integral

Steepest d t vall
Steepest descent valleys — pest descent vatleys

N

< Re 6

In this region the asymptotic analysis is eased greatly by mapping the 6— plane to
the t— plane via the function t=/(6— 6.), which transforms the branch point in the
6— domain into a saddle point, at t=0, in the t—plane. Using the method of
Chester, Friedman and Ursell [2] a uniform asymptotic expansion, with respect to o,
can be obtained. The upslope field inside the guide (from appendix E) in this region

is approximated by,

. 1Z,(6c)
F (6.)a 6 -ig¢ ,2-8 /3 4.3.2.1
Wgq (x) iz _LZZq’(OC) e [ a(2cot0)3 ]JSe ds ( )

Cs
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Again plotting the real part of the downgoing Intrinsic Mode field for observation
points inside and outside the guide, at a cross— section within the critical transition

region is given in Figure 4.3.2.2.
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From the above diagrams it is obvious that the dominant contribution to the field in
this region is the plane waves propagating at angles around the critical angle 6.

The field in this region was numerically calculated using the method outlined in the

section 4.3.1 and is shown in Figure 4.3.2.3.
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4.3.3: The Radiating Regime.

In this situation the local guide height is less than the critical height for that
particular mode and the local normal mode no longer exists. In this region the
stationary phase point becomes complex and 0q>9c and Im( eq)<o to maintain
exponential decay in the propagating direction. The diagrams of Figure 4.3.3.1 show

the steepest descent paths for this particular region in the wedge environment.
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In this radiating regime ()q and 6. are isolated points which are then amenable to
separate analysis. The branch cut integral term, which represents the launching of a
lateral ray, is retained in the asymptotic expression for the field, as 6q is now a
complex solution of the transverse resonance condition giving rise to a decaying
field. The calculation of the lateral ray field using the stationary phase point
method, inside the guide is easily achieved [39]. The real part of the downward field
contribution to the Intrinsic Mode, as a function of angle of incidence, for

observation points inside and outside the guide is given in Figure 4.3.3.2.
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It is observed that the rapid oscillation of these integrands implies that the
contribution to the field is from plane waves around the critical angle, which is in
agreement with the asymptotic analysis. Also, it is interesting to note that there is
no longer a branch cut integral at II- 6. as the observation point now lies upslope
of this lateral ray launch. The field in this region is mostly outside the guide (see
Figure 4.3.3.3).
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Conclusion.

In this chapter, the physical significance and numerical confirmation of the
asymptotic analysis of the Intrinsic Mode field have been given, by firstly examining
the nature of the plane wave fields on each different segment of the contour C.
Although the physical significance of the fields is of prime concern in this chapter it
is important to stress that these asymptotic forms agree with the analysis of Pierce
[20] and that of Kamel and Felsen [55].

The numerical computation of the field at a local cross— section was achieved
by using the x ‘directed' FFT. The interval of integration was from 0 to .8 radians
along the real axis and the CPU time required to generate a fifty data point field
was about fifteen seconds, making the routine as efficient as the algorithms used by
Xiang [S]. This however is not the most efficient method of calculation because of
the necessity to calculate the evanescent field using Bode's rule. The transverse field
profiles generated by Dendane and Arnold [6] using a standard integration rule, for
the Jensen — Kuperman ocean were calculated using the above FFT direction and

were found to be in good agreement.
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Chapter S: NUMERICALLY CALCULATED INTRINSIC MODE FIELDS.

Introduction.

This chapter is concerned with the propagation of pure Intrinsic Mode fields,

using the numerical algorithms discussed in chapter 3, throughout different wedge

environments. Obviously there is a plethora of wedge configurations that could be

investigated. However, to indicate succinctly the differences between field propagation

methods requires only a limited number of pure Intrinsic Mode geometries. In the

chosen structures, of either Integrated Optics or Ocean Acoustics, the diffracted field

from the apex is ignored so that the source free field can be represented as in

chapter 2 by,

+
2 J eiSq(B)e-inkrcos(G:X)de' x € X
+< ot
r a $ k
wq(z(-) _ eiSq(B) [1 + el 1(0)]e-in1 rcos(0-x)d0’ x € X]
~c‘-
[+ .
REMC) [1 + el(bu(6+a)]e-—in2krcos(6+x)d0’ x € Xy
| ¢t
with,
6
- ¢ (0), 1| .- _qne -
Sq(6+20z) 5 + o J ¢ (s)ds = + Eb(B,Oq)
bc
and,

+ -
- 6) = & (96),
S (6) = S_(0) = & (9)

d (0) = $;(8) + d,(6+a), ncosé = njcosé,.

(5.1a)

(5.1b)

(5.1c)

The neglect of the diffracted field from the apex means that the Intrinsic Mode does

not satisfy the boundary conditions in the vicinity of the apex.

configuration— dependent quantities are the reflection coefficients at the
planar interfaces. A brief summary of the derivation of these spectral
now given for the Integrated Optical and Ocean Acoustical wave

environments.

The only
two infinite
functions is

propagation

Using appropriate scaling of wavelength and configuration space scales; optical

fields can be transformed into acoustical fields and vice versa. It can thus be argued
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that the type of wave phenomena discussed is independent of the actual wave field in
these cases and as such actual physical dimensions are unimportant. This approach
has been used by Xiang, Cada and Felsen [5], but it loses some physical contact as
all scales are normalised to wavelength. In this exposition this approach has not been
adopted so that a demonstration of the true dimensions of the fields can be given,
with the knowledge that it is trivial to convert acoustical fields to optical fields in the
manner discussed above. Sections 5.1 and 5.2 show qualitative plots of both optical
and acoustical fields. The qualitative statements made in these sections are quantified
in section 5.3. Section 5.4 discusses an essential numerical calculation of power,
necessary for demonstrating that the Intrinsic Mode is an exact solution of the

elliptical wave equation.

5.1: Derivation Of The Optical Boundary Conditions.

There are two types of electromagnetic propagation of interest, that of TE and
TM propagation in linear isotropic dielectric media. A brief derivation of the spectral
boundary conditions for each type of propagation is given. Consider the diagram of
Figure 5.1.1, where the interface between the two media lies along x=0 and the

plane of incidence is the xz— plane.

Fgiure 5.1.1; lang Wav ikin inite Pl

E orH Vector polarisation

Plane of Incidence
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Let the incident field be plane polarised so that its E field is perpendicular to the
plane of propagation. This field can be represented by,

. ik;.r-iwt

where E; may be complex and j is the unit vector in the y direction. The reflected

and refracted fields may be similarly represented by,

ikp.r-iot

.Er - iEre 1S ikt.z-iwt

E; = jEie (5.1.2)

respectively. The two boundary conditions needed to evaluate the spectral reflection
coefficients are that the tangential components of the E and H field must be

continuous [57]. The first condition gives,

Ejelki-L 4 pelkrL _ g Jdkex (5.1.3)
If this equation is to be consistent for every point in the interface then,
kj.r = kp.r = k¢ .r r e {x=o0) (5.1.4)

this being the vector representation of Snell's law. The second condition, regarding

the H field can be transformed using,

VE- B (5.1.5)

into a condition for E which is that the continuity of the tangential component of

1 OE

Ton > (5.1.6)

must be conserved. Applying this condition and using equation (5.1.3) leads to the
expression of the Fresnel reflection coefficient for an E field perpendicular to the

plane of incidence to be,

-1 inysiné, ]

%—L= e12tan nsiné

: (5.1.7)
i

When the E field is parallel to the plane of incidence (no component of the E field

is in the y direction) it is easier to consider the H field, which will be normal to

the plane of incidence. As the tangential components of the H field must be

continuous the same equation as (5.1.3) is obtained when E is interchanged with H.

To satisfy the continuity requirements of the E field in terms of H requires the use

of,
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oE
VAﬂ = €ofryc (5.1.8)

This then has the condition on the H field that the tangential components of,

1 oH

Ton e e; dx (5.1.9)

must be continuous across the interface. Applying (5.1.9) and the analogy of (5.1.3)
for the H field and implementing (5.1.8) gives the reflection coefficient for E fields

parallel to the plane of incidence as,

-1 insing, ]

Eﬁ - eiZtan n151n6

E; (5.1.10)

These derivations of the spectral boundary conditions for the two modes of
propagation now fully specify the electromagnetic field anywhere in the
two— dimensional structure, excluding the apex. There is little difference in the
reflection coeffients for the TM and TE propagation if a weak guiding regime is

considered and this is demonstrated in the field plots.

5.2; FFT Evaluation Of Optical Intrinsic Modes.

The fields of this section have a free space wavelength of 1.55um, a
semiconductor laser line, and the taper angle is 30. All the optical fields calculated
in this section are evaluated using the B type field routines, with the appropriate
endpoint corrections described in the previous chapter. This type of field calculation
shows clearly the advantage of greater efficiency of the FFT approach over
conventional integration methods. The Intrinsic Mode field for these types of
geometries using a standard integration technique would take approximately ten
seconds of CPU time to produce fifty data points [5]. Employing the FFT method a
data grid of 256 transverse points by 512 longitudinal points could be generated in
under two minutes. In fact altering the number of longitudinal data points does not
greatly effect run times, as the rate determining step in the program is the
calculation of the spectral integrand over the desired spectral interval and not the
time taken for the FFT routine. In the plots shown below the number of transverse
and longitudinal field points is 256 and 1024 respectively. There is redundancy
generated in these field constructions because of the large number of points obtained
from the FFT algorithms and although this increases run times to around 4 minutes,
better accuracy is attained. If a direct application of the type B method of solution

is used the lower boundary of the guide will be parallel to the upper boundary of
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plot. To construct the field so that the upper boundary is parallel to the upper
boundary of the plot (the standard representation of the fields) requires the

interchanging of the substrate and superstrate indices which also reduces efficiency.
Consider a strong asymmetry in the guiding structure where the guide index is
1.54, substrate index is 1.2 and the superstrate index is 1.47. The diagrams in
Figures 5.2.1 are of fields when the electric vector ispupu\dx'cuiar to the plane of
incidence (TE). The plots are normalised by taking the peak height of the field on

the initial plane as one, and all contours are in —4dB intervals from 0dB (all

contour plots have this interval). The diagrams in Figure 5.2.2 show the Intrinsic

Mode field in the above described geometry with the electric vector parallel to the
plane of incidence (TM).

Figure 5.2.1(a):
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From these field plots the power transfer of the fields from the guide to the

substrate occurs around the critical height for the corresponding Adiabatic Mode

defined in this case by

- (g - 3 )T - &(b.5+0)
k(n® - n;5?

(5.2.1)

where i=1,2 depending on which is the higher index of nj and 6.+ o) is the

phase of the reflection coefficient at the interface with the larger refractive index

change and 6g; is the critical angle at the other boundary. The phenomenon is as

expected from chapter 4 as the asymptotic forms to first order are the Adiabatic

Mode fields in the guiding region. Figures 5.2.3(a), 5.2.3(b) shows the Intrinsic Mode

field of a weakly asymmetric structure where the guide index is as before and the

substrate index and the superstrate index are 1.47 and 1.5 respectively. Both TE and

TM propagation are shown.
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Figure 5.2.3(b):

TM field plots
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Another interesting feature of these fields is that although the TM and TE fields
have almost identical cut—off widths, the leakage of power into the substrate is

greater for TM propagation.

5.3 Derivation Of The Acoustical Boundary Conditions.

In this thesis éttention is placed on the pressure acoustic fields in fluids, as the
J—-K ocean of interest is assumed to behave as two immiscible fluids. This
assumption implies that no shear forces are present in the structure under
consideration. A simple continuity equation can be developed in fluids by examinig

the flow of matter through a vanishingly small cube [57] to give,

‘%%‘ . (p) (5.3.1)

where p is the density of the fluid and y the velocity of the particles constituting the
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fluid. The above equation states that the rate of change of matter is equal to the
net flow of matter throughout an infinitesimally small volume, with the minus sign

indicating matter flowing away from volume element. Applying Newton's third law to

this cube gives,

v
P37 ~ VP (5.3.2)

where P is the pressure field. Differentiating equation (5.3.1) and substituting in
(5.3.2) leads to,

02p 2

waP—V.(MV.(px)) (5.3.3)
The second term in the right hand side of (5.3.3) generates second order terms and
is neglected. Assume also that the density and pressure are related by a first order

effect P=c?p then the equation of motion of the pressure field to first order is,

2 1 o°?P

g al (5.3.4)
Consider a pressure field incident on a boundary in a similar fashion to that
demonstrated in Figure 5.1.1. Then the transmitted pressure field must be equivalent
to the incident and reflected pressure field at the boundary as a build up of pressure
at the boundary is non— physical. Thus suppressing the time dependence this can be

expressed as,

Pie’hi'£ + Prelkr'x - pieikt L (5.3.5)

with the same notation as in section 5.1. The change in velocity of the particles

from one medium to the other must be continuous which gives,

xielki'z + xrelhr‘z - xtelht'z (5.3.6)

Using (5.3.5) and (5.3.6) and the relationship (5.3.1) the reflection coefficient for

acoustic pressure fields can be expressed as,

-1 in]psinel]
;r. - ei2tan np,siné

i

(5.3.7)

Thus if p=p, this reflection coefficient is analogous to the optical case when the
E- vector polarisation is perpendicular to the plane of incidence (T E). When p=n/nj
and p,=ny/n the pressure field is analogous to the optical case when the E-— vector

is parallel to the plane of incidence (TM).
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5.4; FFT Evaluation Of Acoustical Intrinsic Modes.

The Intrinsic Mode fields for the J—K ocean were generated using the same
algorithms used for the optical structures above, although in this instance the density
of the two fluids was varied. The J— K ocean has a pressure release upper boundary,
which implies that the pressure field on this boundary is zero. It must be noted that
the BPM and the PEM can only model structures with small perturbations of the
medium. This restriction implies that these methods applied in the standard way
cannot model accurately the zero boundary condition. There is a method which will
circumvent this problem for a number of geometries. The zero boundary condition is
attained by reflecting the desired environment in the interface with the zero boundary
condition, so that antisymmetric modes propagating in the new structure will have a
zero boundary condition in the desired environment. The input data to these new
expanded models must also be antisymmetric, to obtain only antisymmetric fields. The
antisymmetry on the input data is achieved by reflecting the desired input of the
J—K ocean in the wupper boundary and attaching a phase change of II, and
summing.

Using the 7 — FFT method, of chapter 3, the Intrinsic Mode fields were
generated and used as inputs to the BPM and PEM using the antisymmetrising
procedure outlined above. In all comparisons the densities of all media are equal to
one. The field plots in Figure 5.4.1 are 1st order Intrinsic Mode fields propagating
through the wedge environment using BPM, PEM and IM numerical algorithms.
Figures 5.4.2 show the propagation of the 3rd Intrinsic Mode through the J—K

ocean.
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The BPM and PEM fields have significantly more noise associated with them
than the IM fields. This can be explained by an overall intrinsic mode strategy. As
stated in chapter 1, the BPM and the PEM solve particular equations. In principle it
is possible to construct intrinsic modes for the BPM equation and the PEM equation
in the J— K environment. These new intrinsic modes will be exact solutions of their
respective equations. Thus when a pure IM is input into these BPM and PEM
environments a set of BPM or PEM intrinsic modes will be excited and these new
intrinsic modes may not exhibit the same properties. In the case of the PEM the
cut— off point of the field and leakage into the lower medium agree well with the
IM fields. The BPM intrinsic mode field is noticably different from the IM field in
that the leakage of energy in the lower medium is weaker and the cut— off point for
each mode is further away from the apex. These methods of comparison are poor as
the orders of the discrepancies in the field are of the order of the plot interval of

the fields and consequently a more quantitative approach is required.

Quantitative Comparisons with B.P.M. and P.E.M.

(7]
{9,

The quantity examined most readily for the comparison of wave propagation
programmes, in the J— K ocean, is the variation in the widths of the guiding layer
when the adiabatic mode cuts off (cut— off heights). As an adiabatic mode propagates
upslope, the modal angle (eq) rotates until it eventually equals the critical angle (6.,
at which point the mode is said to be cut—off. An examination of the transverse
spectral content of the field at each cross—section should give an indication of the
variations in local cut— off heights. Unfortunately, this method is redundant as the IM
is formed by spectral synthesis and the BPM and PEM consist of a set of their own
intrinsic modes (c.f. previous section), so that the spectral content of the fields are
high.

As stated previously, as the mode approaches cut—off then 0q0c and the
magnitude of the longitudinal component of wave vector of the mode tends to the
magnitude of the wave vector in the substructure (i.e B-nik). Using this fact
combined with the transverse resonance condition, the component of the gradient of
the adiabatic field normal to the interface between the two media (from chapter 1)

is,

ijg(z)dz
Bwq(g)_= 274 e "Z,

3
5.1
n (T + 7gMB(2) ] s (5.5.1)

o 240
Noting that dy(6:)=0 and 1q=0 at 0q= bc, then it is obvious that the component
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of the gradient normal to the interface is zero at mode cut— off. Thus the
comparisons of the cut—off points with respect to the local guide height can be
achieved by the plotting of the gradient of the field normal to the interface, at a
point along the interface of the two media. This argument while correct s limited
because the physics of the marching algorithm methods are such that the pure IM
input consists of BPM (or PEM) intrirnsic modes. Consequently modal interference
will occur which may cause the gradient of the field normal to the boundary to be
zero at points away from the actual cut—off. To find the appropriate quantity the
physics of the phenomenon must be examined more closely.

As the mode approaching cut— off has to spread its energy over an effectively
smaller and smaller cross—section (as the mode is guided) the energy density will
increase. From adiabatic mode theory the peak value of the field on the boundary is
at the point before cut— off (just before the evanescent field in the substrate becomes
constant). In the true physical situation the zero field after cut— off, which the AM
theory predicts, does not occur. The condition for maximum field to occur on the
boundary is coincident with a zero value of the normal derivative of the field, and is
termed the cut— off condition.

Accounting for all these arguments implies that the field at the interface is
required as a function of local guide height; the occurence of maximum field
corresponds to adiabatic mode cut— off.

The Adiabatic Mode cut— off height is easily calculated by letting B-nik in the
transverse resonance condition of the J—K ocean (equation (4.3.1.2) chapter 4), and

is

h o= {a-3)20 (5.5.2)
€ k(n2 - nlz)%
This is asymptotically equivalent up to O(c) to the IM staionary phase point
description of the local cut—off height (c.f. chapter 4). Thus the IM cut—off height
should correspond to the AM cut— off height. The denominator in equation (5.5.2) is
the transverse wave number in the guiding layer. Consequently the cut— off height for
a particular mode using a particular algorithm depends only on the evaluation of the
transverse wave vector in the guiding medium.
In the BPM the wave vector locus derived in chapter 1 and the cut—off wave

number for a particular mode is shown in Figure 5.5.1 below.
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From this diagram the magnitude of the transverse wave vector in the guiding

medium can be seen to be,

kppy= k(én(2n1-on))? (5.5.3)

and so the BPM cut— off height is,

h - (g - 3)20 (5.5.4)
°BPM k(én(2n1—6n))%

By contrast, the parabolic equation method (PEM) of chapter 1 is such that
the field is assumed to have a wave vector equivalent to the wave vector in the
background medium, with a perturbation to this wave vector attached. This means
that at the adiabatic mode cut—off this perturbation of wave vector must be zero
and hence the parabolic equation method correctly defines this cut— off point.

The table below indicates the shifting of the cut—off points for the three

modes considered in the J— K ocean problem.
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Figure 5.5.2 Local Cut— off heights for the J-K ocean.

Mode Number | BPM cut-off height | PEM + IM cut-off heights

1 33.81m 31.57m
2 101.42m 94.72m
3 169.03m 157.87m

In Figures 5.5.3(a)(b)(c) field plots of the BPM, PEM and the IM along the interface
between the two media are shown for the three different IM inputs. Also the
corresponding AM field at the interface is shown so that qualitative comparisons can
be made. All fields on the boundary are normalised at the local guide height of
200m.
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An overall analysis best serves the discussion and interpretation of these plots,
because the phenomena occuring are observed in each case. Immediately it can be
noticed that the maximum height of the IM field corresponds to the adiabatic
cut— off point as expected.

The obvious detail is that the BPM and PEM appear to possess a large amount
of mnoise. Closer examination reveals a more fundamental structure confirming
qualitative descriptions given in section 5.2. Firstly the maximum heights of the fields
compare favourably with those predicted in Figure 5.5.2. Secondly the pure IM input
can be decomposed into an infinite set of BPM or PEM intrinsic modes where
applicable. As a consequence of this, the three dominant BPM (or PEM) intrinsic
modes can be seen cutting off at their correct heights for each pure IM input and
are indicated on the diagrams. This adds considerable weight to the intrinsic mode

arguments of the preceeding two sections.

5.6: The Conservation of Total Power.

A further requirement of the Intrinsic Mode if it is to be an exact solution of
the elliptic wave equation is that no net flow of power can occur across any closed
surface (excluding the apex). This power calculation has been carried out by Xiang,
Cada and Felsen [S] and discrepancies of the order of 0.6dBs occured when the
Adiabatic mode was still guiding; after cut— off more substantial errors were incurred,
these being attributed to several causes. This section explains how and why the
inclusion of certain terms will describe adequately the propagation through the
transition region and subsequent conservation of power. Let U(x) be a solution of the

elliptic equation,

[ v? + n’k? ] U(x) = O (5.6.1)
v2 + n’k

Then it follows that its complex conjugate U*(x) must also be a solution,

[ 9% + n’k? ] U'(x) =0 (5.6.2)

Multiplying (5.6.1) by U*(x) and (4.2) by U(x) and subtracting gives,

U¥ (077U(x) - U(x)VU(x) =0 (5.6.3)

With the use of the vector indentity,
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v.[ FVG ] - VF.VC + FV%C (5.6.4)

equation (5.6.3) can then be expressed in the form,

v.[ Im U(;)VU*(K)] -0 (5.6.5)

Integrating this equation throughout the volume of interest and applying the

divergence theorem leads to,

JJ S.dA -0 (5.6.6)

A

where A is the unit normal to the surface A enclosing the volume and

$-In | LWt (] (5.6.7)

This states that if no sources are present in the volume, then no net flux of S
crosses the total surface. To evaluate the power in the IM as it propagates upslope it
is useful to introduce infinite contours which close the 3 contour in the left hand
quarter plane as the field is zero above the upper boundary. This contour is shown

in Figure 5.6.1

n r Conservation Qf Power Algori
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As equation (5.6.6) must be satisfied and the value of the field on the infinite

portion of the contour must be zero then the power crossing the section S is,

P - J s.dl (5.6.8)
2

where 1 is the unit normal to the cross—section S depicted in Figure 5.6.1. The
calculated quantity at each possible ) plane from the cartesian coordinates of Figure
5.6.1 is,

*
P=Inm J U(go)gg o) gy, (5.6.9)

2

Previous authors [5,58] calculating the above conserved quantity did not include an
expression for the E—M remainder. In this exposition, this remainder term has been

asymptotically evaluated (appendix A), to give

E (6), Ref < 0.
E (6) = ° (5.6.10)
b E_(6) + F1(0), 6c < Ref < -6,
where,
"oy = 2 4016 3 5.6.11
Eo(e) T + 0(a”) (5.6.11)
ince-6.) il
o /A

3
F,(0) - (2acotbe)” (5.6.12)

21

This approximation will be sufficient for small wedge angle, which is a feature of the
ocean acoustical problems. Figures 5.6.2 show the conservation of power in the
acoustic pressure field crossing a desired cross—section 3 in an ocean overlying a
fluid bottom, wherein the wedge angle and the density of the fluid bottom are

varied.
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In each of these environments there are three calculated quantities, so as to
demonstrate conclusively that the integral of the Poynting Vector S, over 3, including
the Euler— Maclaurin remainder, is a conserved quantity. Using equation (5.6.9), and

in the limit of small wedge angle, the conserved quantity for the Intrinsic Mode field

can be approximated by,

*
~ i 5.6.13
P = qu(go)mkcosﬁqwq(go)dﬁo ( )

2
With the z dependence of the Intrinsic Mode obtained from equation (3.5.22) of

chapter 3 and fq is the modal angle. Thus the conserved quantity is of the

approximate form

5 2 5.6.14)
P~ BJIWq(xO)I dx_ (

2
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where (3 is the adiabatic mode propagation constant. Thus, as the cross— section >
passes through the adiabatic mode regime (B~nk) into a radiative regime (B=nik),
there must be a corresponding increase in the field to compensate for the decrease
in B as P remains constant. In ocean acoustics the accuracy of numerical data is
often checked by calculating the conserved quantity. Figures 5.6.2 and the derivation
of the conserved quantity (equation (5.6.14)) demonstrate that the correct quantity
must be calculated and that is not necessarily |U|2. To make sure that this critical
transition region is traversed fully it essential to calculate the local height of the
guide where adiabatic cut—off occurs. The local cut—off height (h.) for the qth
adiabatic mode can be calculated from the transverse resonance condition given in
equation (5.5.2).

With the appropriate regions of interest calculated it only remains to examine
and interpret the plots. It must be stated that all the plots start to decrease at the
small local guide heights because the finite cross— section considered, at these points,
does not span all the dominant contributions to the field.

The first three cases (Figures 5.6.2(a)(b)(c)) are slight variations of the wedge
angle o on a specific geometry considered by Topuz and Felsen [3]. It is observed
that the change in |Wq|2 is equivalent to the ratio of the velocities in the two
media. Also the inclusion of the asymptotic remainder accounts for previous
discrepancies in Poynting Vector calculations [5]. However, as the wedge angle is
increased, the asymptotic form of the remainder becomes insufficient. It is believed
that a numerical computation of the remainder would improve accuracy, but it is
adequate to demonstrate that the inclusion of this term verifies energy conservation
for small wedge angles and there is no reason to suppose that successive
approximations will not hold for a<6./2. Figures 5.6.2(d)(e) demonstrate that the IM
of wedge geometries with constant angle and varying media still conserve the quantity

in equation (5.6.9).

Conclusions.

This chapter has demonstrated that the IM field derived in chapter 2 can be
calculated very efficiently using the FFT algorithms of chapter 3. The accuracy of
these field calculations was determined by a simplistic method; that of observing the
required number of integration points to produce a zero boundary condition in the
J—K ocean. Maintaining accuracy when examining other structures was achieved by a

scaling of wavelength and refractive index to determine a sufficient number of

integration points.
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This efficient evaluation of the IM field has allowed previously time consuming
calculations on this field to be accessible within the order of minutes. This facility is
clearly demonstrated with the two dimensional field plots in the first two sections of
this chapter. The IM field plots along the interface between the guide and the
substrate for the J—K ocean were generated using the z—directed FFT of chapter 3,
which allowed comparisons with the BPM, PEM and AM fields. These comparisions
demonstrated quantitative discrepancies which were discussed using a simplistic wave
vector approach and enabled the concept of BPM and PEM intrinsic modes to be
introduced.

The final section on calculated power demonstrates the efficiency of these FFT
routines, as previous calculations of this type required many hours of computer time
[3], whereas now minutes are all that are needed. Indeed this last section has laid to
rest any previous speculation [5@] as to whether the IM conserves power as the
observation point moves upslope through the cut—off of the appropriate AM. It is
clearly shown that the with the inclusion of the asymptotic form of the E—M
remainder, for small wedge angles, the IM field conserves power to within .2dBs.

The underlying message of this chapter is that a fast and accurate method of
calculating the field inside a planar wedge has been obtained which may serve as a

benchmark solution because errors can be quantified asymptotically.
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Chapter 6: THE WEDGE GREEN'S FUNCTION.

Introduction.

The Green's function for translationally invariant structures can be calculated by a
variety of different methods [2'4]; usually in geometries of more than one dimension
the simplest systematic apprbach is of a transform type [59]. However, in range
dependent geometries this type of approach is inapplicable. The spectral synthesis
approach of Arnold and Felsen [1], described in chapter 2, is claimed to produce an
exact Green's function for the wedge structure, excluding the apex, and this spectral
object is termed the Wedge Green's Function (WGF). The major aim of this chapter
is to substantiate the above claim and in the process gain a greater understanding of
the physical phenomena involved in the propagation of wave fields throughout a wedge
environment.

The first two sections investigate the properties of the WGF for a general wedge
configuration, by firstly deriving the WGF for all possible orientations of source and
observation point, using analysis analogous to that in chapter 2. The derivation of this
global WGF then permits a rigorous analysis of its properties by tracking individual
plane wave fields.

With the identity of the WGF rigorously proved in the previous sections, it now
remains to investigate asymptotically a WGF of a particular geometry. This analysis of
the Jensen— Kupermann ocean [22] allows for the identification of previously defined
global spectral quantities, necessary for a confirmation of a correct numerical
algorithm.

The final section of this chapter examines the WGFs for several different wedge

geometries and discusses the implications of the position of the source point.

6.1: Derivation of the WGF for the Global Wedge Geometry.

The derivation of the WGF in chapter 2 considered only source points inside the
guiding wedge. However, for completeness and further analysis it is necessary to obtain
the WGF for all the other possible configurations of source and observation points.

A close examination of the method employed in chapter 2, suggests that all the
multiply— reflected fields can be expressed in the simple closed form of equation
(2.4.13) (chapter 2), provided that all possible initial reflected fields are obtained.
From equation (2.1.11) of chapter 2 it can be seen that the total scattered field is the

sum of the initial field, plus all possible multiple even reflections of this initial field.
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To obtain the total scattered field for all possible orientations of the source and
observation point requires the identification of the initial fields of the scattering
equation, which are necessary to correctly define the infinite reflection processes in a
collective form. The WGF then consists of this scattered field and all other possible
fields unaccounted for in the above collective form. In this chapter an examination of
the convergence of the global WGF is omitted for brevity, with the knowledge that the
analysis follows the same form as in chapter 2.

Consider firstly source points lying in the medium below the wedge— shaped high
refractive index (denoted by 1). Figure 6.1.1 shows the initial plane wave species
(<1> and <2>) which then undergo multiple reflections, and also the direct <4>
and reflected <3> plane wave species when the observation point is in the lower

medium.

Figure 6.1.1; Plane Wave Species for Source Points
medium

To interpret these fields mathematically requires the introduction of the quantities,
Wf((),) _ e-inlk(zscosﬂ,txssine,) (6.1.1)

Let the transmission of a plane wave through the lower boundary be represented by
the operator Ty and the reflection at the upper boundary be Ry. Using the principle
of superposition the initial upward field (path <1>) is then,

+ + (6.1.2)
J W (0,)T Vi (x)d0,
C
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In a similar manner the initial downward field (path <2>) at the observation point

can be represented by,

+
[ W1(01)T1Ruvg(g)d8, (6.1.3)
C

with C being the appropriate Sommerfeld contour necessary for convergence. While
these equations are correct they are not amenable to the collective procedure of
chapter 2. (i.e. they must be in a form in which the observation plane wave is V (x)
and the integration variable is also ). This manipulation, demonstrated in appendix F,
gives the spectral amplitudes of the initial upward and downward fields at the

observation point to be,

WT(O,)[I + ei¢1(0)]

(o) - (6.1.4)
WT(O,)[I . e1¢1(0—2a)]ei¢u(0-a)

with,

ncosf = njcosé,, ncos(6-2¢a) = nlcos(();)

(c.f. equation (2.4.3) of chapter 2). In this form these functions may be directly
substituted into equation (2.4.13) to obtain the scattered field. If the observation point
is in the same medium then the direct and reflected fields must be added. These

fields are calculated in appendix F using Figure 6.1.1 and are found to be,

nsiné

+
m V1g§)d0 (6.1.53)

4
C

nsiné eltbl(ﬂ)

- vV (x)dé (6.1.5b)
nisiné, 165

wrSZ:Zs) = -JWT(01)
C

The preceeding derivation of all the initial incident fields allows for a complete
representation of the WGF for a source point in the lower medium.

When the source point is in the upper medium (denoted by 2) it is essential to

introduce the plane wave terms,

W:(Gz) _ e-inzk(zsc0502!xssin02) (6.1.6)

so that the trajectories of the initial plane wave types of Figure 6.1.2 can be

described mathematically.
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The expressions for the initial downward, <1>, and upward, <2>, plane wave field

types at the observation point depicted in Figure 6.1.2 are,

W (6,420)T. V (x)dé 6.1.7)
J et e <

.

CW2(02+2a)T2R1V0i§gd92 (6.1.8)

respectively, where T, and R; are the transmission and reflection operators for an
incident plane wave. In a procedure analogous to the calculation of the initial spectral
amplitudes of the previous WGF (appendix F) the upward and downward initial

spectral amplitudes at the observation point are,

W;(02'+oz) [1 + ei¢“(o_a)]eid)l(o)

Uz(") - (6.1.9)

- , id, (0-a)
w (6, +a)[1 +e Y ]

with,

ncos(f-a) = npcos(6,') ncos (6+a) = npcos(8,+a)

Again, as previously, these spectral amplitudes can only be used to evaluate the total
reflected field and so that when the observation point is in the upper medium the
WGF requires the addition of the direct <4> and single reflected <3> fields, shown

in Figure 6.1.2, which are found to be,
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+ nsin(6+a) +
W (x, - |w — )
dgz Xg) J 2<62)nzsin(92+a) v2§§>d0 (6.1.10a)

idy (6+
wrgx,zs) - J 1(8+0) - _(0,+20 )-EE%E%%i%%7 v (x)do (6.1.10b)

respectively. With all the initial fields fully described for all possible orientations of the
source and observation point the WGF can be defined as,

6

Gg(x.xo) =D 1 + Z (0)+2 Eju (s)F (8, s)ds]V (x)de
C q=-= eq
(]
Gl (x,x) = D1 +| 1307 (6)+D W4t zJu (IF (0, s)ds][1+ei¢1(0)]v-(5)d0
j s 19 J - 10,
c q bge
(6.1.11a)
]
C;(z,zs) - D1+ 1U+(e)+n w + zJU (s)F (8, s)ds][1+ 19y (0+°)]v (x)a0
¢ q=—co 6qe
with,
. ]
* d*(s)_ 3°(8), 1| 4s ql(6-s), ¢
F (0,5) = expi |z 7 E&J $*(8)ds-12"" 4 Eb(ﬂ,s)] (6.1.11b)
S
and where,
D oy iyl D = i(2-) D = j(j-)k
o = (-2 (-D3, , = 2=, , — J0U-D3

Remembering that j ranges from o to 2 and that all quantities are as defined in
chapter 2. The superscript and subscript of G denote the position of the observation
and source positions respectively. The functions I are the direct and reflected fields in

each case. i.e. I, is the direct field given in equation (2.4.1a) of chapter 2 and

(6.1.12)



6.2: The Spectral Structure.

The expostion of the WGF for all configurations of source and obervation points
in the above section facilitates the examination of its claimed properties. If the identity
of the WGF is a true Green's function for the wedge geometry, excluding the apex, it

must possess the following properties:—

(1) Satisfies the wave equation with a delta function source term.
(2) Continuity of the observed field and its normal derivative at each boundary.
(3) Continuity of the observed field for source points crossing each boundary.

(4) Reciprocity.

The first property in this rubric is considerably easier to prove than the others
and is dealt with immediately, by noting that the WGF must be a solution of the
homogeneous wave equation, as it is constructed spectrally, and in such a manner, that
all the integrals are convergent. However, at the point x=x¢ the exponentials defining
the plane wave fields and maintaining the convergence properties of the integrals
cancel, causing the field to become infinite.

The last three properties are more compilcated to prove and are simplified if a
systematic plane wave approach is adopted. This technique involves tracking single or
collective plane wave species throughout the wedge environment. Using this approach
still requires complicated mathematical expressions to be manipulated, the bulk of
which are placed in appendices. This allows for a physical explanation of the
procedures in the text using a diagramatical approach where, in the interests of clarity,
a particular plane wave species is treated as a local phenomenon. The introduction of
terminology, consistent with proceeding sections and chapters, aids the analysis of this
section. The double integrals of equation (6.1.11a) will be termed the modal field, as
its structure is such that it represents the infinity of wave processes inside the wedge
environment by a rapidly convergent modal type series. The source terms required for
the above modal field are termed the initial plane wave fields, and all other additional

fields are labelled in an obvious manner.

6.2.1: Continuity of the Observed field.

Consider firstly the continuity of the field and its derivative at the upper

boundary. This can be mathematically stated as,
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0
Gj(zs,zss) G.i

0 2
2 dCi(x,xg) _ dGi(x,xs)
(x,xg) HEJ S/ - EBJ s x eB  (6.2.1.1)

where n is the direction normal to the interface. At this upper boundary, B

observation plane wave fields are found to be,

w the

inkz—-——cos(eta) inzkzc—-—-—z——-—os(e to)
* cosa * cosa
VG(Z.) -e V;gx) -e xe¢B  (6.2.1.2)
2

The application of Snell's law on the upper boundary — given in equation (6.1.9) —

to these plane wave terms gives an initial indication of the wave relationships occuring

at B, which are governed by the identities,

+ - + -
\V) -V =V =V L.l
Vg g, xR G2

Of the three WGFs, the simplest demonstration of the continuity of the observed field
across the upper boundary, is when the source point is in the lower medium. In this
case all the wave fields are contained in the initial and modal spectra, which is
obvious from its construction. The diagram of Figure 6.2.1.1 describes the first two
different types of plane wave field which are transmitted into the upper medium and

the associated plane wave fields in the guiding layer.

igure 0211 Plane Wave Species for Source Points
in medium T roof
Upper boundary condition,
<1>
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There is obviously an infinity of other different types of plane wave field transmitted
into the upper medium. These other types of field differ from either <1> or <4>
by an integer number of double reflections (reflected off By and Bj), an appropriate
path length change and by a propagation direction rotated by 2na, where n is an
integer. All these different species of plane wave field are represented collectively as a
specific plane wave field, which is the modal expression defined in (6.1.11). The
preceeding description is applicable to all other infinite reflection processes represented
collectively by a modal concept and discussed in this work. On examination of
equations (6.1.11) and (6.2.1.3), in conjunction with Figure 6.2.1.1, it can be observed
that a transmitted plane wave field (<1> or <4>) on B, consists of the
corresponding upward plane wave field (<2> or <5>), calculated in the guiding
medium, with an appropriately defined transmission coefficient attached. The two types
of plane wave field corresponding to the above transmitted field in the guiding layer
consist of an upward field (<3> or <6>), orientated at the appropriate angle, and a
downward field propagating with a defined angle 2o greater than the upward field.
Using the above statements and equations (6.1.11), (6.2.1.3) the proof of the continuity
of the observed field across B,, for the WGF, when the source point is in the
substrate, requires that the downward field in medium o, rotated by 2o, must be
equivalent to the upward field in the same medium with the corresponding reflection
coefficient attached. This equivalence is demonstrated in appendix G and hence the
boundary condition is satisfied.

The next case to consider is when the source lies in the guiding medium, the
problem being made slightly more difficult because of the necessary introduction of the
direct and refracted fields. The diagrams of Figure 6.2.1.2 illuminate the presence of
two distinct categories of plane wave field. The first category is comprised of fields
where the plane waves are launched from the source in a negative x direction, the
second category being where the plane waves are launched in a positive x direction.
Figure 6.2.1.2(a) describes pictorially the general types of plane wave field in category
one. Using identical analysis as for the previous WGF, it is found that for the proof
of the continuity requirement it is necessary that the downward plane wave field
(rotated by 20) in the guide must equal the upward field in the guide with a sutiable
reflection coefficient attached. This equality is demonstrated in appendix G. The second
category of plane waves is more difficult to analyse. The simplest method for analysing
this complicated wave category is diagramatically, noting from equation (6.1.11) that
the direct field and the refracted direct field are twice the size of the initial and
modal fields. Using Figure 6.2.1.2(b) the transmitted species <35>, on By, is equal to
the two plane wave species <4> and <6> at the upper boundary. In a similar
fashion the refracted type <1> is equal to the the direct species ,<2> and twice the
initial species <3> at the upper boundary. It must be noted that <5> and <4> are

initial species and <6> is part of the modal plane wave species. Consequently the
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continuity of the observed field at By is preserved if the difference between the modal

field inside the guide and the transmitted modal field (both evaluated at B, are equal
to the downward initial field <3>, rotated by 20, and the difference between the
initial transmitted plane wave species, <5>, and the upward species <4>. This
equality is demonstrated in appendix G and as a result the continuity requirements of

the observed field for the upper boundary B, when the source is in medium o are

satisfied.
v i r Poi
E]gurg Q.Z,l,z!a.b!, X‘IJ m:du”ﬂ Q I:[ ﬂ]: ; E [l!
T n ndition
<l> Fi 2.1.2(a):; 1

<l> igur 1.2
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The final case to examine is when the source point is in the upper medium.

The first initial plane wave species are shown in Figure 6.2.1.3.

in medium 2 for the proof of the

As with source points in the guiding medium, the proof of observed field continuity
across B, is eased greatly by using a schematic approach. The plane wave species are
depicted for this situation in Figure 6.2.1.3. As previously it is apparent from equation
(6.1.11) that the direct species, <2>, and the reflected species, <3>, are twice as
large as all other plane wave species. Consequently from Figure 6.2.1.3 twice the
transmitted field, <1>, must equal the direct field <2> and reflected field <3>. In
a similar manner the transmitted species <5> must be equal to species <4> and
<6> evaluated on B,. The transmitted species <5> is represented by the initial
fields, which is equal to the initial field <4> and a portion of the modal field <6>.
Thus the continuity of the observed field requires that the difference between the
modal field inside the guide and the transmitted modal field calculated at the boundary
B, must equal the initial downward field inside the guide and the difference between
the initial transmitted field <5> and the initial upward field <4>. This equality is
proved in appendix G and hence the WGF for source points in the upper medium

possesses the correct boundary conditions at By,.

At the lower boundary Bj the boundary conditions can be stated mathematically

as,

1
d6§(x,xs) _ 9Cj(x.Xs) 4 ¢ B (6.2.1.4)
dx dx

0 1

The proof of the lower boundary conditions follows a similar procedure as for the
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upper boundary, which is discussed geometrically in the text and proved mathematically
in appendix G. The observable plane wave identities for the lower boundary are found

to be,

+ - + -
Ve(x) = Ve(x) = V,%) - V‘,(ﬁ) (6.2.1.5)

As before the simplest case to examine is when the WGF can be represented totally
by only initial and modal fields at the lower boundary. This situation arises for the
WGF representing source points in the upper medium. Figure 6.2.1.4 depicts the plane

wave species of this particular WGF incident on B;.

igur 1.4;

Wav ies for rce Poin
in ium 2 for roof of th
wer n nditi

Examining Figure 6.2.1.4 it is immediately apparent that the initial transmitted field
<1> is equal to the initial fields <2> and <3> evaluated on B). Similarly plane
wave species <4> must equal <5> and <6>, all of which are represented in modal
form. Thus to demonstrate the satisfaction of the lower boundary condition requires
that the transmitted modal field equals the modal fields inside the guide, evaluated at
B, and that the transmitted initial field is equivalent to the initial fields <2> and
<3> on the boundary. These two equalities are demonstrated in appendix G.

The second case to consider is when the source point is in the guiding medium.
In this case the same two categories described for the upper boundary exist, except
here the second category can be treated as for the source point in the upper medium
(shown in appendix G) and more complicated analysis has to be utilised for the first

category.
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Using Figure 6.2.1.5(a), where category two is depicted it is immediately obvious that
the transmitted initial species <1> is equivalent to the the initial species <2> and
<3>. As <4>, <5>, and <6> are represented in modal form in the WGF and
the obvious equality (i.e. <4>=<5>+<6> on Bj) must be preserved, then boundary
condition is satisfied if total transmitted field equals field inside the guide evaulated at
Bj. This property is shown in appendix G. Category one is slightly more complicated,
however using a diagramatical approach (Figure 6.2.1.5(b)) the analysis of appendix G
is made much simpler. In this instance the transmitted field, <1>, is equal to the
direct field, <2>, and twice the reflected field, <3>, (from equation (6.1.11a))
calculated on the boundary Bj. In an analogous manner species <4> must equal
species <5> and <6> on the boundary. As the transmitted species <4> and
downward species <5> are represented in the initial fields, then to demonstrate
continuity of observed field requires that the difference in modal fields on Bj is

equivalent to the initial field <3> and the difference between the initial fields <5>

and <4>. The above requirement is proved in appendix G.
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The last boundary condition to satisfy for the observed field is the lower
boundary B; when the source point is in the lower medium. Figure 6.2.1.6 displays the
first few initial spectral species present in this situation. Again it is seen from equation
(6.1.11) that the direct species <2> and the reflected species <3> are twice as large
as all other plane wave types. Using Figure 6.2.1.6 twice the transmitted initial
species, <1>, equals the plane wave species <2> and <3>. Also the initial
transmitted species <4> must equal plane wave species <5> and <6>. From the
above two statements the continuity of the observed field is preserved if the difference
in the modal fields is equal to the initial field of type <1> and the difference
between the field types <4> and <5>. This is demonstrated in appendix G.

6.2.2: Continuity of the Observed Field for Different WGFs.

The preceeding analysis has demonstrated that the three independently derived
WGFs satisfy the continuity requirements on the observed field at the upper and lower
boundary. As the WGFs were constructed independently it is necessary to demonstrate
that these functions are also consistent. In other words the evaluation of the observed
field when a source point is coincident with a boundary must be independent of either

of the two WGFs that may be legitimately applied. On first inspection it would appear
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that six different categories need to be examined, because of two boundaries and three
possible positions of the observation points. However, as the continuity of the observed
field has been demonstrated, a single arbitrary observation point will be sufficient to
demonstrate the continuity of the source field. Due to these properties of the WGFs
only two cases need to be examined — i.e those for source on either of the two
boundaries — with the arbitrary observation point placed in the guiding medium.
Consider firstly the source points on the lower boundary. The different spectral species

for the two WGF representations are shown in Figures 6.2.2.1

The Plane Wave Species for the Continyity
f TV 1 h I in
\4 lower n

Category 2 wave species

Using the geometrical representations in Figure 6.2.2.1 the source point inside the
guide has the two categories defined for the proof of the observation boundary
conditions. When the source point is on the lower boundary then the species of
category 1 are either initial or modal fields and are all downward. Applying Snell's
law for the lower boundary from equations (6.1.4) generates source plane wave

identities,

- - + +
W‘(()‘) - WO(B) - W‘(Ol) - Wo(()) (6.2.2.6)

Using the above identities and appropriate shifts of 2« it is clearly seen that the
downward field from source points outside the guide (equation (6.1.4)) is identical to
the downward field for source points inside the guide (equation (2.4.3b)). Thus
continuity of the observed downward field is maintained as the source point crosses the

lower boundary. The category 2 plane wave species are such that the difference

111



between the two modal expressions for this category must equal the difference in the

initial and direct fields. This equality is proved in appendix G.

Category 2 wave species

_s\\/

Category 1wave species

The upper boundary case is similiar in construction and is shown in Figure
6.2.2.2. Using the particular definitions of Snell's law on this boundary from equation

(6.1.9), produces the source plane identities,

- ' - - +
W2(62 +a) = WD(O) W2(62+2a) = WD(B) (6.2.2.7)

The upward field consists of only the initial and modal spectrum, and is shown
pictorially as category 1 species. Applying shifts of 2o to the even—order reflected
fields and using the identities (6.2.2.7) then it is clear that the upward field from the
source point inside the guide (equation (2.4.3a)) is equal to the upward field from the
source point in the upper medium (equation (6.1.9)). Category 2 fields must also be
equivalent and this equality is proved in appendix G by noting that the difference in
modal fields of the two representations is equal to the difference between their initial

and direct fields.

6.2.3: Reciprocity.

The last property which needs to be proved is reciprocity. This can be stated

mathematically in a simple way by,

C;’;(x.xs) - G?(xs,zs) (6.2.3.1)
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where n and j range from o to 2. There are nine equations in the representation of
(6.2.3.1), but because of the properties of the WGFs necessitates only examination of
one particular configuration of source and observation point. The case considered is
when the source and observation point are in the guiding medium (medium o). While
this property can be stated simply as in equation (6.2.3.1), the proof is considerably
more involved than any of the preceeding analysis. As previously the bulk of the

mathematical analysis is in appendices, and a geometrical exposition of the proof is

given in the text.

Figure 6.2.3.1: Different plane wave types for the
proof of Reciprocity,

even reflected downward plane waves y

1

\ odd reflected downward plane waves

even reflected upward plane waves

\ odd reflected upward plane waves

Reciprocity must be demonstrated for all plane wave species in the wedge geometry.
The method of proof for reciprocity is achieved by the following analytical steps. The
upslope WGF has its source and observation point interchanged and then substitutions
are used (obtained from Figure 6.2.3.1) in conjunction with contour shifts to show that
this is equivalent to the original upslope WGF formalism. The simplest case to prove
is the direct field depicted as species <1> in Figure 6.2.3.1. The substitution 6—1II is
applied to the direct field when source and observation points are interchanged, and

then deforming the contour produces the original formalism of the direct field. All
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other reflected field processes can be described by either an odd or even number of
reflections. Using the diagram of Figure 6.2.3.1 there are two different cases to
examine in each of the above reflection cases.

Consider firstly the odd reflected field which is downward at the observation
point, represented as the plane wave species <2>. The initial and modal fields for

this case can be represented by,

einkrscos(09-2cwf+xs)eid>u(0—0:)‘3—inkrcos(()—x)d‘9 (6.2.3.9a)
°C
( 6
%E ZJF;(0,S)einkrscos(s—20r+xs)eid)u(s—a)dse—inkrcos(0-x)d6 (6.2.3.9b)

J Cq- -y oqm

respectively. The source and obervation points are interchanged and then with the aid
of Figure 6.2.3.1 the appropriate substitutions are made to show that this formalism is
equal to (6.2.3.9a) and (6.2.3.9b). This is carried out in appendix I where similar
analysis is used on the other odd field (denoted by species <4>).

The even reflected fields are slightly different as both the upward and downward
fields are interelated. The upward even reflected initial and modal fields at the

observation point (species <5>) are,

r

. + .

elnkrscos(0—2a+xs)ei¢ (0—2a)e—inkrcos(6+x)d6 (6.2.3.10a)
°C
[ 6

. ) + s .

%_& EJFZ(e,s)e‘"kr5°°s(s'2°‘+"s)ei¢ (s—2oz&Se 1nkrcos(0+x)d0 (6.2.3.10b)

=-0
Jca eqm

respectively. Interchanging the source and observation point and using the substitutions
indicated by Figure 6.2.3.1 will give the same field as if the observed field were even
reflected downwards < 3>. This is demonstrated in appendix I as is the case when the
original modal spectrum is downward at the observation point and interchanging the
source and observation looks like the upward field at observation point <5>.

The above demonstration of the reciprocity of all the different plane wave types

which constitute the WGF implies that this function itself possesses the reciprocity

property.
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6.3: Asymptotic_Analysis of a Wedge Green's Function.

The above section dealt with the exact analytical proofs of the WGF. This
section is concerned with approximate asymptotic forms of the WGF, which will allow
further confirmation of a correct numerical algorithm. This analysis, although specific
to the Jensen— Kupermann ocean problem and a WGF having a source point in the
guiding duct, can be applied to any wedge environment. The method of approach
involves treating the modal spectrum and the initial spectrum separately as different
asymptotic parameters are employed in their evaluation. This analysis considers only
source points which are in guide cross—sections much greater than the critical guide

height hc.
6.3.1: The Modal Spectrum.
Inspection of one particular term in the infinite modal sum allows for a cleaner

exposition of the analysis. The modal term indexed by the integer q can be

represented asymptotically with respect to the smallness parameter o as,

0 iB,(#6,s)
t + —&-q 2
S H (6,s)e dsdg + 0(a”) Kexu
C eqw
M (x,x_) = (6.3.1.1a)
1 s 8 iBg(6,5)
J J[l + e‘d’l(”)]r(e,s)e o dsdf + 0(a”) xeX_
C oqco
where,
6
Bq((),s) - —]é- Jd?l(6)d6-ﬂ(q—§)(6-5)-nk(hcose-hscoss)+E;(6,s) (6.3.1.1b)
s

and from equation (6.1.11) and using the analysis of appendix B,

. eicbl (s) ’einkxssins_eink(ZhS—xs)sins ]einkxsineei.l(o,s)
H (6,s) ~
[_eink(?_hs-xs)sins_eid)l (s)eink(2hs+xs)sins]e-inkxsineei.l(s, 0)

(6.3.1.1c)

T(O,s) ~ [_eink(zhs-xs)sins_eidal (s)eink(2h5+xs)sins]e-inlkxsine,ei.l(s,8)

115



and

38.8) = ¢](e);¢,(s)

The reason for the Mq(lls) being defined as the 'modal' term is now demonstrated.
As stated previously the analysis of each modal term Mq()_(,gs) is concerned with
instances when the source point, in the guiding layer, is in a region where the
Adiabatic Mode, indexed by the integer g, exists. Although this analysis examines only
a subset of possible source and observation point configurations, it is sufficient to
indicate the nature of the field. The phase of the modal field Mq(l.ls). with q=2, is
shown in Figure 6.3.1.1.. In these diagrams the phase of the odd reflected upward
field of Mq(g,gs), for observation points inside the guide, is plotted against the

propagation angle of the source and observation plane waves.

Figure 6.3.1.1(a):
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In the above two dimensional phase plots the source point is in a cross— section where
the local guide height is 216m and the propagation angle of the second normal mode
in a translationally invariant guide of this cross—section is .225 radians. In Figure
6.3.1.1(a) the observation point is at a range where the local guide cross— section is
200m, and the second AM at this point can be constructed by two
counter— propagating plane waves at an angle .274 radians. Figure 6.3.1.1(b) has its
observation point in a cross—section where the local guide height is 105m and the
plane waves which constitute the second AM are propagating at an angle .4724
radians. Figure 6.3.1.1(c) has the observation point in a region where the local guide
height is 94m, which is unable to support a second normal mode, and consequently
the modal angle is now complex. In this case a two dimensional saddle point is still
observed because the integrand will still be slowly varying around the real part of the
complex angle if this modal angle possesses only a small imaginary part. From all
three diagrams the two dimensional saddle points are positioned at (oq, oqs) where fq
and fgs are the stationary phase points in the observation and source variables which

solve the equations,

9B, (6,s)_

OB, (6,s)
37 0 3_sq =0 (6.3.1.2)

respectively. These equations are the transverse resonance conditions for the observation
and source cross— sections respectively. The observed spectral content of Mq(i’w’ for
observation points inside the guide, reveals a modal structure which can be explained
by a Intrinsic Mode interpretation of the wave processes. When the observation point
is inside the guide, Mq(g,g(_s) can be represented in the same notation as in equation
(6.3.1.2) of chapter 4 by noting that Bq( 8,s) = Zq(e,g)— Zq(s,w, to give,

+f . i_&Z_q(G,z) . 0:* _%q(s,zs)
Mq(g{_,z ) = S|F(6,x)e SIF (s,xg)e ds|dé (6.3.1.3)
S - -
C "qc0

where * denotes complex conjugation and dependence on source or observation point is
indicated explicitly. From equation (6.3.1.3) it is clear that if the bracketted term is a
constant, D say, with respect to 6 then the asymptotic modal term is merely the
Intrinsic Mode field multiplied by D. It will be demonstrated later in this chapter that
this assumption is approximately valid when the source and observation points are
many wavelengths apart. There are three different regions which are examined
asymptotically and these are determined by the position of the observation point, which

can be situated in any of the following regions:—
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(1) A region where the qth Adiabatic Mode exists.
(2) The critical transition region for the qth modal term.

(3) A purely radiative region.

and the source point is positioned at z;=-—9Km and Xg= 50m. This source position is
such that it is a sufficient distance from any observation point of interest to enable
the saddle point to be considered as isolated (this is the case for Figures 6.3.1.1(b)
(c)). Consider firstly the case when the observation point is in region (1). This
configuration produces the constraint 8¢>0g>60s. The spectral content of the observed
odd reflected downward field inside and outside the guide for this situation is shown in
Figure 6.3.1.2. noting that no topological differences occur in any of the other possible

wave species.

Figure 6.3.1.2:

Real Part Of Odd Reflected Downward Field
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The steepest descent paths for this case are indicated in Figure 6.3.1.3

Figure 6.3.1.3;
Descen
in the observaii
. . ] Branch cut integral
- 4
"

I1-6

Re 6

SDP

The field in this region can be asymptotically represented considering only the

contribution from the stationary phase point at (eq,eqs) (see appendix J) which is,

X
M (xe) ~ whixow (o |1 - 1 H|ePsdp (6.3.1.4)
q =’=s q =% "q " s T

-00

where wq()_() is the asymptotic function defined in equation (4.3.1.3) of chapter 4. The
remaining integral term in (6.3.1.4) corresponds to the saddle point being close to the
endpoint of the source integral which is the case highlighted in Figure 6.3.1.1(a). The
retention of the Fresnel integral term in (6.3.1.4) is necessary only when the source
and observation point are in close proximity. As mentioned earlier the source and
observation points are well separated and using appendix J for asymptotically small
wedge angle it is found that Xo— o and the Fresnel integral of (6.3.1.4) can be
neglected. The neglect of the Fresnel integral is assumed for all the following analysis,
which is justifiable because separation between source and observation point will be
greater than when the observation point is in region (1).

It is useful to examine the nature of the modal term Mq(?‘-vls) by investigating,
in an asymptotic manner, the phenomena occuring at the source and observation
cross— sections independently. The field from the source point which excites the modal
field is the same for all positions of observation point so that this discussion of the
wave processes at the source plane can be applied to the other two regions of interest.

The steepest descent contours for the source variable, shown in Figure 6.3.1.4, are
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similar to those for the reflected field from a source point above a half plane [43]

which is as expected.

Figure 6.3.1.4:
ﬂmﬂcmﬂmmmmmw
in the source plane
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The contour integral around the branch point represents collectively the launching
of all possible lateral rays and their further interaction with the planar boundaries. As
the decay of these lateral ray fields is large compared to the modal field they are
neglected from any asymptotic analysis. The source field from around fgs contributes
significantly to the modal term which can easily be demonstrated by examination of
the observed spectrum.

It must be remembered that the amplitude of each plane wave, propagating at
an angle 6 say, in this spectrum, has been obtained by an integral over the source
field from fqeo to 6 and an Intrinsic Mode like amplitude function (see equation
(6.3.1.3)). The above statement can now explain adequately the phase plots of Figure
6.3.1.2. When the observed plane waves are propagating at an angle less than 6
then the source integral does not contain a stationary phase point. Consequently the

contribution from this integral to the field is asymptotically small, which is clearly seen
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in Figure 6.3.1.2. When the plane waves are propagating at angles greater than fgs
the endpoint of the source integral is greater than the stationary phase point and the
integral contributes to significantly to the field. As there are no more features which
will change the source integral contribution asymptotically for all 0>04s this integral
can be regarded as a constant. Thus it is seen in Figure 6.3.1.2 that the spectrum of
the observed field for angles greater than oqs is very similar to the spectrum of the
Intrinsic Mode (c.f. Figure 4.3.3.1 of chapter 4) which is as predicted.

When the observation point is in the critical transition region for the qth
Adiabatic Mode, the steepest descent paths for observation field are as shown in Figure
6.3.1.5.

Steepst decent path in the observation plane
igur 1
of the Modal part of the WGF
when rvation point is in itical ition region
Img

Branch cut integral

Steepest descent valleys

Re 6

The observed spectral content for the odd reflected downward field, for observation
points in region two is depicted in Figure 6.3.1.6, which are as expected similar,
topologically speaking, to Intrinsic Mode spectral fields. The noise introduced in these
amplitude plots is due to round off errors in the numerical evaluation as only single
precision complex number representation was possible. This computer generated noise
has little effect on the actual field as it has then to be integrated, which will have the

effect of filtering this high frequency noise.
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Figure 6.3.1.6:

Real Part Of Odd_Reflected Downward Field
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The field in this region can be calculated by the same method as the Intrinsic Mode
field, given in appendix E, with the appropriate source weighting function attached.
When the observation point is in region 3, the contribution to the modal term

Mg(x,x5), is dictated by the steepest descent paths shown in Figure 6.3.1.7
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The appropriate spectrum of the observed odd reflected downward field for observation

Branch cut

Steepest descent valleys

Branch cut integral

points inside and outside the guide is shown in Figure 6.3.1.8.
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The asymptotic field in this region consists of the Adiabatic Mode coupling to the
lateral field, arising from the branch cut integral and the radiation field from the
complex stationary phase point. The field in this region is the same as in chapter 4
with the weighting function wq*(w attached. Arnold and Felsen [24] have
demonstrated that these asymptotic forms are asymptotically equivalent to the boundary
layer approach of Pierce [20].

Having discussed the asymptotic forms and the physical implications of a part
term in the modal portion of the WGF it would now be suitable to calculate this
spectral term. Firstly the endpoint eqm was made equal to zero, which is allowable as,
from Figures 6.3.1.2, 6.3.1.6, 6.3.1.8, any source plane wave propagating at an angle
significantly less than eqs can be neglected. The most desirable property, in terms of
numerical evaluation, of this spectrum is that the dominant contribution to the field
occurs over a finite portion of the real axis and as such is amenable to the FFT
approaches of chapter 3, without the need for any additional endpoint corrections. The
speed of calculation of this modal term was increased by having a variable number of
integration points for the source integral, whose number was dependent on the size of
the integration range. In Figures 6.3.1.9 the second modal term has been calculated
for the Jensen— Kuperman ocean with different source positions. To generate a 256 by
512 data field, integrating over the real axis from zero to .85 radians took

approximately 40 minutes of CPU time.
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The above Figures confirm previous descriptions of a single modal field as the
observation point moves upslope. This modal term is small when the source and
observation point are close, as the saddle point is now near the endpoint of the source
integral and the Fresnel integral in (6.3.1.4) must be retained. A physical
interpretation of this is enlightening. As this modal term represents the scattered field
which has undergone more than one reflection, the angle of propagation of any plane
wave represented in this collecteive form must be close to normal incidence.
Consequently as the plane waves represented in the modal term have propagating
angles greater than the modal angle at that cross— section they are unable to generate
a modal type field.

It will also be noticed that as the source point is positioned further away from
the apex of the wedge, the observed field of interest asymptotically satisfies the
boundary conditions.

Another property of the total modal field can be demonstrated if the source
point is moved along a fixed cross—section as depicted in Figure 6.3.1.10. In these
diagrams only the z—directed FFT is implemented as this reduces run times by half,

but as a consequence the data field has been rotated by o

Figure 6.3.1.10(b):
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In Figure 6.3.1.10(a) a source point is placed in the desired cross— section in such a
manner that all the Adiabatic Modes of the structure are excited. The modal
interference and their corresponding cut—off points are clearly seen. In Figure
6.3.1.10(b) the source point was placed at the null of the second Adiabatic Mode in
that cross—section and it is clear that in this situation no excitation of this mode
occurs. This phenomenon is expected from the asymptotic nature of the field due to
the wq*(gs) term. The form of the asymptotic results of this section suggest that when

the source and observation points are well separated the WGF may be well

approximated by,

*

W (xc)W (%
% q(EsIW (%) (6.3.1.5)
where wq(y is the standard Intrinsic Mode. This effectively states that the WGF can
be said, in the far field, to consist of all possible Intrinsic Mode fields. The modal

contribution to the field for a strongly asymmetric optical structure is shown in Figure
6.3.1.11.

Figure 6.3.1.11:
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6.3.2: The Initial Field.

This section deals with a systematic approach to the calculation and confirmation
of the correct initial fields. The direct field which has not been refracted can be
calculated straightforwardly, by using the asymptotic approximations of the Hankel
functions for large and small argument given in [S4]. The remaining initial fields for

observation points inside the guide can be mainpulated into the form,

inchos(G—r)de

I(R,7) = J A(8)e (6.3.2.1)

Co

where nkR is the optical path length from source to observer and 7 is the
corresponding stationary phase point. A(6) represents phase changes due to the
reflection processes inside the guide (see equation (2.4.3)). This analysis is concerned
with generating some measure of the initial fields. To simplify this approach a single

term representing the single reflected upward field is examined. In this case,

ei¢1(0)

A(8) = R? = (z-29)* + (x+xg)° (6.3.2.2)

It will be immediately noticed that the asymptotic parameter is no longer 1/, but is
the optical path length nkR. Thus when the source and observation point are separated
by many wavelengths the Sommerfeld contour C, can be deformed so that the field
consists of a ray field (generated from the stationary phase point 7) and a lateral ray
field (from plane waves around the critical angle). Subsequent reflections of the lateral

ray field are neglected. The asymptotic analysis for the ray field from appendix K is,

-ill
3 . : ¥l
2n inkR-ill/4 e 8Agp(7)
Ir(R,T) - m ]A(T)e 1+ 8inkR A(T) + 1 ] ] (632.3)

where Agy(7) is the derivative of A(6) with respect to 6 evaluated at 7. The lateral

ray field is calculated to be,

. Y -ill/b
C]jnemkrcos(ﬁc 7)-ill/

b(R.T) ~ o ReTn(ao=Tyy/ 2 (6.3.2.4)

A uniform asymptotic expansion as 7 traverses 6 can be obtain by using Bleisteins
method [60]. However, when nkR is large 7 will always be well separated from 6. as
the wedge angle « is small and the uniform approach of Bleistein is not required. The
combination of the two fields of (6.3.2.3) and (6.3.2.4) will now be used, in

conjunction with another approach, to verify a correct numerical algorithm for the

calculation of the initial fields.
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The numerical evaluation of the initial fields was achieved by employing the FFT
routines of chapter 3. There are underlying difficulties with this method of calculation
as the dominant contribution to the field is not contained in a finite portion of the
real axis. This problem is circumvented, when nkR is large, by using Laplace's method
to correct for the endpoint contributions as used in chapter 5 and calculated in
appendix D. The finite interval of integration for the FFT was shifted to be from —.3
radians to .8 radians, so that the Laplace's approximations will be accurate.

Two different checks were then carried out on this FFT evaluation of the initial
fields when the optical path length is large. Firstly, comparisons between the FFT
method and the asymptotic field given in (6.3.2.3) and (6.3.2.4) were taken and found
to be in good agreement with even the first term of (6.3.2.3) provided that nkR is
>15. The second check on the initial fields when nkR is large can be developed from
exact analysis of the boundary conditions given in this chapter. It is observed that
certain combinations of plane wave species satisfy particular boundary conditions
independently of the modal field. Using this knowledge it was observed that the
boundary conditions were satisfied to within approximately 3% of the maximum value
of the field provided that nkR was >15. From these two tests it can be concluded that
provided the source and observation point were separated by more than fifteen
wavelengths the WGF can be accurately calculated using the FFT methods of chapter
3.

When the optical path length is small asymptotic forms become difficult to
obtain as the evanescent wave fields contribute significantly to the field. Thus with no
asymptotic form to compare any reflected field the confirmation of a correct algorithm
was only obtainable through the satisfaction of the boundary conditions. The evaluation
of the initial fields in this instance consists of the FFT method along the real 6 axis
and a small portion of the evanescent spectrum was calculated using Simpson's rule for
a contour progressing into the complex plane. The satisfaction of the boundary
conditions was =10% for nkR <10, and as only far fields were of interest this
restriction is adequate.

The analysis of the modal field and the initial field leads to the conclusion that
accurate and efficient generation of the WGF field can be obtained using the FFT
method provided the source and observation point are separated by more than 15
wavelengths. In Figure 6.3.2.1 the WGF for the J—K ocean is demonstrated. The first
diagram shows that the source point was positioned at the null of the second local
mode in the source local cross—section. The last diagram shows the excitation of all
modes present in the wedge environment. It is clearly seen that the initial fields are

significantly smaller than the modal field as this field is easily recognised.
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Conclusions.

This chapter has examined closely the properties of the source induced global
object of chapter 2. This examination has proved rigorously that the global object in
question is the true Green's function for the wedge environment, excluding the apex of
the wedge. A by— product of this analysis, together with asymptotic forms, has enabled
a systematic approach to the confirmation of a correct numerical algorithm. The
asymptotic forms facilitated another confirmatory test on the FFT evaluation of the
WGF, while also demonstrating the dominant wave processes.

The final two sections demonstrate the close physical links between the pure IM
and the WGF. However the nature of the WGF suggests that all possible IMs does
not form a complete set in the wedge environment. This chapter has also demonstrated
that an accurate calculation of the modal field can be obtained everywhere in the
wedge geometry (excluding the apex) due to the finite nature of the spectral field.
This statement is confirmed numerically by examination of the boundary conditions for
specific plane wave species in the modal sum. A qualitative comparison between the
WGF and the BPM and the PEM is left to the next chapter as difficulties in
generating a delta function occur in the marching algorithm methods. In conclusion it
is interesting to discuss the behaviour of the initial and modal fields throughout a
typical wedge environment. The modal field close to the source point is small for the
reasons discussed above and the initial fields are the dominant field terms. In this
region it is apparent that the initial fields will be a good approximation to the WGF
and will satisfy the boundary conditions in this region. As the optical distance between
source and observation point is increased, the initial fields decay at least as fast as
R™ ', yet the modal term increases. Thus in the far field the WGF is well

approximated by the asymptotic modal field given in (6.3.1.5).
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Chapter 7:  APPLICATIONS OF THE WEDGE GREEN'S FUNCTION.

Introduction.

This chapter explores methods which exploit the properties of Green's functions
to solve the elliptic wave equation in a non—separable environment. The central
principle is that of being able to represent the field inside an enclosed surface by an
integral over the surface. This idea has extensive use in diffraction problems [30].
The first section of this chapter derives briefly this boundary integral representation
of a field enclosed by the said boundary.

This formalism is then applied to the two dimensional planar wedge
configuration of interest, where a description of a suitable contour, necessary for a
good approximate solution, is given. In the following sections, input fields are placed
on the prescribed contours and the propagation of these input fields throughout the
wedge structure is examined. The final section shows how, using similar structures to
those developed in preceeding sections, it is possible to model simply connected
structures. While this is future work, arguments are given for and against pursuing

this course of action further.

7.1: Green's Theorem.

Consider a volume V enclosed by a surface S, which has an associated
3— dimensional vector Green's function G(x,xg). This Green's function is constrained

in such a manner as to satisfy the equation [10],

[ V; + n’(xg)k’ ]Q(z,zs) = §(Xg-X%) (7.1.1)
-s

with the subscript xg denoting differentiation with respect to the source variable xq,
and V2 taken as acting on each component of the vector Green's function. The wave
vector magnitude is k and the refractive index n(xg). A solution, U(xg), of the

homogeneous elliptic equation can be mathematically described by,

[ A n?(xo)k’ ]g(;s) -0 (7.1.2)
-s

If equation (7.1.1) is multiplied by U(xg) and equation (7.1.2) multiplied by the

Green's function, then subtracting these two altered equations gives,
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U(xg) 6(xg-X) = U(xS)V G(x Xs) - G(x, xs)V U(xs) (7.1.3)
Xg
If this equation is then integrated throughout the entire volume V in conjunction with

the sampling property of the delta function, gives the field anywhere in the volume
V is given as,

U(x) -”J[E(X.S)V;Q(x_,xs) - Q(_x,_xs)V;!(x_s)]dV (7.1.4)
\V -s -

Using the vector identity (equation (5.4.4)) and the divergence theorem, then the
field inside and on the boundary S is given by,

.U.(K) = JJ[U(XS)E—‘( 5) - g(?ﬁvﬁs)@(?ﬁ.s)]d.s. (7-1'5)
S - -s

where S is the unit outward normal to the surface S. This diffraction integral can be
interpreted physically by using the Kirchoff— Huygens concept. The field anywhere
inside or on the surface S (which does not enclose any sources) can be said to

consist of the field from appropriately weighted source points from every point on S.

7.2: Application to the Wedge Environment.

nclosin niour fi Jling W
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Armed with the above representation of the field in a region where the
Green's function is known, the field in the wedge region can be calculated. The
applicability of the WGF is such that the apex of the wedge must not be included in
the interior or situated on the the contour enclosing the region of interest. This
constraint motivates the contour shape depicted in Figure 7.2.1. In this representation
I', and TI',, sections of the enclosing contour, are coincident and as they are in
different directions their field contribution is zero. I', and I', meet I' at infinity
where the radiation condition holds. Thus the contributions from the sections of the
contour at infinity are zero. As a consequence the field in the wedge region with no
source points can be represented exactly as the integral over the I' and ¢ contours
shown in Figure 7.2.1. If the mode is propagating upslope the field incident on the
apex will be small. Also if the observation points are many wavelengths away from e
then its contribution can be neglected. Thus the field in the wedge away from the

wedge apex can be given approximately by,

U(x) - J[ms)ggws) - 60, %) 300%s) | ar (7.2.1)
r

n is the outward normal to I', and the vector representation has been removed as
only scalar fields are of interest. The fields U(x) could be evaluated numerically by
the above method, but the calculation of the Green's function for source and
observation points in close proximity is difficult and also would require a vast amount
of CPU time, as the WGF would have to be calculated for every point on I' for
every observation point. A more efficient algorithm can be generated, without the
singularity difficulty of the WGF, if the I' source integral is calculated first. This
route can be followed if the contour ' and the angular spectrum integral over ¢ are
interchanged, which is plausible as the field is convergent. Using the standard
coordinate system used in Figure 7.2.1 for the wedge geometry the field can then be

represented as,

U(x) ~ JJ[U(_&S)%(E'KS’B) - l(g_(,)_(s,e)g—g:'xs)]dxsdﬂ (7.2.2)
S

cr
where 1 is the plane wave spectrum of the appropriate WGF. Inspection of the
spectral function I(x,xs,6) (from equation (6.1.11) of chapter 6) it is apparent that
the x; dependence is only present in the source plane wave terms. Therefore to
calculate the field in this boundary integral efficiently requires the evaluation of the

WGF with the source plane wave terms, W;*(5), replaced by,
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aws (s U
J[U(;s)a;;( ) w:(s)‘;—zixs)]dxs (7.2.3)
r

71.3: The Gaussian Beam Input.

This section is concerned with initiatiing fields into the wedge environment
which enable at least qualitative comparisons with the BPM and PEM discussed in
chapter 1. Discussion in the previous chapter highlighted the difficulties involved when
comparing the WGF with other methods, due to the difficulty of modelling the
source point. To circumvent this problem, consider a two dimensional gaussian field
with its peak (zp,xp) and a 1/e point of d, is used as an input to all numerical

routines, at the cross— section z= zp, the form of which is given in equation (3.1).

U - o~ (O=xp) /) - ((z-2p)/d)) (7.3.1)
In the usual manner letting d-0 implies that U(x)-68(x— xp) &(z— zp). Thus using this
type of input with a finite value of d avoids the singularity problem incurred when
comparing the WGF. To successfully model a field due to a delta function the width
of the gaussian must be considerably less than the wavelength of the field in the
guide. Also to simplify the problem only cases where the majority of the gaussian is
inside the guide will be examined, although there is no loss of generality to the
principle in this constraint. If the I’ contour is placed at zg& zp then the field

evaluation requires the source plane waves W *(8) to be replaced by,

h(zp) )
-inﬁ;c;sé e-inkzpcoséj[ o Finkxgsing -((xg-xp)/d) ]dxs (7.3.2)
0

Completing the square in the exponent gives the integral in the form

h(zp)
, _[xs-xp;inkdsiné]2
-inkcosé -ink(z,cosdtx,sind)~(dnksiné/2) d 2
——TI—dT——e P P e dxs(733)
0

Applying the substitution,

t = (xs—xp)/d;(inkdsiné)/Z

and noting that the beam is well contained in the guide cross— section (allowing the
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endpoints to be taken to ) alters the source plane waves to

—inﬁcgsb —ink(zpcosatxpsiné)-(dnksin5/23 (7.3.4)
As the gaussian profile is well contained inside the guiding duct, then to generate an
accurate field structure throughout the wedge environment requires the Goi(;,w
WGF. The gaussian beam was positioned at 88m above the J— K ocean floor at an
ocean depth of 200m (i.e. Xp= 88m, zp=—7391m for 0&=1.559 which corresponds to
the null of the second order mode in a translationally invariant guide possessing this
local transverse plane. The 1/e point of the gaussian is 20m and was used as an
input to the BPM and PEM algorithms in the same manner as used in chapter 5.
Figure 7.3.1 depicts the field throughout the J—K wedge shaped ocean for the

particular input

Figure 7.3.1(a):

Gaussian Input Using Boundary Integral Method.
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Figure 7.3.1(b):
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It is first noticed that the WGF field is orientated at an angle o to the other
marching algorithm fields, which is merely a consequence of employing the
z—directed FFT only so that a fast generation of the data field was possible.
Quantitative comparisons of the fields would require a similar approach to section 5.3
of chapter 5 and to avoid repetition this is neglected. In a qualitative description of
the fields this rotation of « in the WGF field is of little consequence as it is the
confirmation of the global effects which is of importance.

All three plots of Figure 7.3.1 demonstrate clearly non— excitation of the
second normal mode which is as expected for this position of the narrow gaussian
beam. Also the appropriate cut—off points of each mode (calculated in chapter 5)
for each different propagating field method are still maintained, even though their
determination is approximate. The inconsistency in the penetration of the field into
the substrate for each different algorithm can be attributed to two main causes.
Firstly, the discrepancy is in part due to the method of normalisation of the plots:
the zero dB point is the maximum value of the field in the wedge geometry. The
second cause is purely physical. It can be argued that the input field, in this case
the gaussian, in each algorithm excites the appropriate intrinsic modes, be they pure,
BPM or PEM. As a consequence of this coupling into different intrinsic modes their
excitation amplitudes can be altered. Unfortunately, as for the WGF, only observation
points that are greater than 15 wavelengths away could be computed with any sureity,
as the same problems in calculating the initial fields for the WGF befall this

boundary approach.

7.4: The Adiabatic Mode Input.

It would be useful to demonstrate that a pure IM field input on the boundary
would propagate as a pure IM. The calculation of this input involves evaluating triple
integrals: one for the IM and two for the WGF together with an analytically
calculated configuration space integral. Due to this complexity the evaluation of this
field required more CPU time than was permissible on the computer available and
consequently this approach was abandoned. However, a simpler case can be
considered which will approximate well the IM input, and will prove useful in future
work. If a transverse section of the wedge is taken where the local normal mode is
well guided, then the IM field will be well approximated by this local normal mode.

Thus the Adiabatic Mode of the J—K ocean,
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A(z)sin[’yq(h—x)] O<x<h(z)
Wq(?i) - (7.4.1)

A(z)sin'the‘r'ilx x<0

into the wedge configuration by the Green's function boundary value approach, where
A(z) is such as to normalise the inner product for the wedge. The boundary T is
situated at z=2zp=—7391m and the field upslope of I, away from the wedge apex,

can be approximated by,

h(zp)

dG(x, xg)
dzg
-Q0

U(x) ~ - quG(x,zs)]wq(_)gs)dxs (7.4.2)

This integral can be can then be split into two parts, for source fields above and

below the interface between the ocean and the ocean floor, to give the field as,

h(zp)

dGJ (x,Xs)
= dzg

0

—quGg(z,zs)]sin(vq(h-xs))dxs

(7.4.3)

[‘0 .
[ dcd (x,xs)
dzg

. j . ir
-16qG‘11 (5,55)]sm('th)e Qdxg

-0

where the an(z,xﬁ;) are as defined in chapter 6. In a similar manner to the gaussian
input the source plane wave terms for points inside the guide, Wot( 5) must be

replaced by,

h(zp)

—inkzpcosé e:inkxssiné

i(6q+nkzpcosa)e sin(-yq(h-xs))dxs (7.4.4)

0

to generate an Adiabatic mode field on the boundary. This integral can be evaluated
easily by noting that the normal mode and the plane waves are solutions of
particular one dimensional wave equations. Using the Sturm— Louiville approach [10] "

requires that the source plane waves be replaced by,

i(Bgtnkzcosd) -i nkzpcos 5

8inkhsin6]
n?k?sin?s-yq? -

-chos('th) *inksinésin(ygh)-vqe

(7.4.5)

This is indeterminate when & is equal to modal angle and applying L'Hopital's rule

gives the plane wave species at this particular & as,
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ig -iB,z . Fiy h }
Eq e q=p isln(‘th)—‘the q (7.4.6)

When the boundary is in the lower medium (the ocean floor) the plane wave terms

of G,i(x.xs), given as W, %(¢), need to be replaced by,

0
i(Bq+nkzpcos6)sin('th)e-inkzpcosaj e(’q""lksz‘"al)"des (7.4.7)

-0

where &, is the refracted angle calculated from Snell's law (equation (6.1.4) of
chapter 6). Evaluating this integral implies that the source plane wave terms for

input fields in the ocean for must be replaced by,

inkz, cosé

i (Bg+tnkz,cosé) sin(th)e- p (7.4.8)

(Tq:inlkginé,)

Again, as in the evaluation of the WGF and the gaussian boundary value problem,
the calculation of the initial fields can be considered as accurate only when the
distance between the boundary and the observation point is greater than 15
wavelengths. It is sufficient for the purposes of this thesis to examine the modal
terms in this boundary value problem, so that possible future work can exploit this

known accurate field calculation.

Figure 7.4.1(a):
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Figure 7.4.1(b):
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In Figure 7.4.1 it is clearly seen that the AM input does not propagate as one would
expect a pure IM to propagate. This discrepancy in the expectation of the two inputs
is due to two main effects. The first effect is non— physical and is due to numerical
error in the calculation of the fields, as the new source plane wave terms are
significantly more complicated than for the WGF. This type of error could be easily
eradicated by using double precision complex numbers, which was unfortunately
unobtainable on the machine available.

The second and more profound reason for the AM input not behaving as an
IM input would be expected to behave can be explained by examination of the
boundary value expresssion. If the IM were input on the same boundary as the AM,
then the kernel of this spectral integral would obviously differ from the kernel
produced by initiating the AM. Thus at each point, upslope of I, the field
expression has retained the exact nature of the input field. This last statement
confirms that everywhere in the wedge environment the information of the coupling
of the input field to the IM field is retained. These above statements then facilitate
an understanding of the field plots in Figure 7.4.1. In these diagrams the first mode
is well guided and will consequently be a good approximation to the IM at the

boundary cross— section so that a pure IM is generated. The second mode is less well
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guided than the first mode and consequently will not approximate its corresponding
IM as well, thus exciting other IMs.

The above concept has significant ramifications in that in the IM the
information of the field on any boundary is retained at any point inside the enclosing
boundary. This retention of information, necessary for exact field evaluation, implies
that this boundary value approach can be implemented as a benchmark solution for

fields input into the wedge environment.

7.5: A Simple Connected Structure.

The propagation of the normal mode throughout the wedge environment by
employing the Green's function approach was an attempt to approximate the
propagation of the IM field. However, there was an ulterior motive to this
calculation, as it is necessary for the evaluation of reflected fields from particular
connected geometries. It is possible, in principle, to calculate exactly the field
propagation throughout a simple structure by using the previously discussed Green's
function method, the mechanism for which is demonstrated below. Consider the
simple structure of a single mode guide attached to an expanding wedge region as
depicted in Figure 7.5.1, with the upper boundary totally reflecting. This geometry is
of significant importance in integrated optics as it forms part of a Y- junction

structure [6].

Figure 7.5.1: imple Conn I
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Assume that a single guided mode field of unit amplitude is incident from the left on

the boundary T. It would be desirable to be able to calculate the total back reflected
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field or the amount of power in the reflected guided mode, or both. The field in
region 2 can be expressed by the boundary integral form of (7.1.5). The radiation

condition at infinity allows the representation of the field to be,

dG(x, xs)

U, (x) = J[U(-s) - Glx,xg) S2(Xs) | ar (7.5.1)

r

where G(x,xg) is the appropriate WGF. The field in region 1 can be represented by
the guided modes propagating to the left and right and the radiation field [44]. Thus

the field in region 1 can be expressed mathematically as,

Ul(x) - wt(zs) + Rw:(zs) + [ Auw#(z)dk# (7.5.2)

where w, represents the guided mode field propagating to the left and right and R
the amplitude of the reflected mode. The integral term is the radiation field with the
A# the unknown amplitude of each individual radiation mode. The integration extends
over all possible transverse wave numbers k M in the substrate. Let the boundary I' be
situated at z =0, the variable of the observed field on I' be x and the integration
variable in (7.5.1) be x;. In this expostion consideration is given only to the guided
mode fields. The field and its derivative must be continuous across the boundary T,

which gives rise to the two integral equations in (7.5.3).

(I+R)w (x) = —J UGxg) 2 %8) g (x )dU(XS>] X (7.5.3a)
Xs S S
(

iB(1-R)w (x) = - [U(xs)gzgix ‘Xs) S5 (x, XS)EE(XS>] x_ (7.5.3b)
J

with B the propagation constant of the guided mode. These equations require
simplification which can be achieved by first assuming that the U(xg) in the
diffraction integral is equivalent to the field in region one evaluated at the boundary.
Thus multiplying equations (7.5.3) by w,(x), integrating over all x and applying the

orthogonality relations gives,

(14R) = -JJ (LR (x )G C(x)iB(l—R)w1(xs)]w1(x)dxsdx (7.5.4a)
X xs
[ 2
iB(1-R) - - J[(1+n>w1<xs>gz‘;§x)—§"‘)w(1-R>w,(xs>]w,<x>dxsdx (7.5.4b)
J S
X Xs
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with dependence on xg omitted for clarity. The notation can be simplified further to

give the simultaneous equations,

R=0D
(7.5.5a)
R=F
where,
_-1-c -ig - C
D W F = E’:_Z_ 5 (7.5.5b)

with the z subscript denoting differentiation with respect to z and evaluated on T,

and with,

+

c - JJ[%%:X'XS):iﬁc(x,xs)]w1(xs)w1(x)dxsdx (7.5.5¢)
Xs
Although these equations are over specified, due to the neglect of the radiation field
and the known input mode amplitude, a good approximation to the reflected field is
obtained from either of the equations (7.5.5a). The calculation of the exact field with
radiation modes considered would require implementation of the orthogonality relation
for radiation modes and the result would be two coupled integral equations. This
more complicated approach would require large amounts of computer time, yet the
result would not be significantly more accurate than the above approximate solution
as numerical rounding error and an iterative method of solution would be important
factors. Thus a simple approximation to the reflected field could be calculated from

above where C* can be evaluated using the same method as in section 4.

Conclusions.

The exact WGF representation of chapter 2 can be exploited in an integral
equation form obtained from work by Green [6f]. This method has distinct
advantages over the WGF field when assessing the performance of other theories as
the singularity present in the WGF (difficult to model in other theories) is integrated
out analytically. Unfortunately the same difficulty in evaluating the initial fields near
the source plane occurs in this formalism. The propagation of a Gaussian input field
is demonstrated and compared with the BPM and PEM calculation of the same input
field. The calculation of the modal part of the constructions in section 7.3 and 7.4 is

accurate throughout the wedge geometry away from the apex. Also a method of
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calculating the reflection coefficient of a mode in a parallel guide when striking an
interface with a wedge environment is given. No numerical calculations of this

quantity were carried out.
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CONCLUSIONS AND FUTURE CONSIDERATIONS,

This work can be divided into two main areas. The first area is concerned
with the numerical implementation of the spectral objects derived in chapter 2 and
subsequent fields generated from the boundary approach of chapter 7. The second
area of work was involved with the application, properties and usefulness of these
spectral synthesised functions. As some of the applications of the spectral approach
arise as a consequence of formulated numerical algorithms it is logical to examine
firstly the numerical aspects of the work.

Previous calculations of the IM field in the J— K ocean have been carried out
by several authors [4,5], and Topuz and Felsen [3] have generated IM fields in
optical wedge structures for both TE and TM propagation. In all these calculations a
simple quadrature integration rule was applied along the real axis in the spectral
domain to generate the fields. This method of calculation requires approximately .2
seconds of CPU time to generate one field point. In chapter 3 exploitation of the
oscillatory spectrum with respect to four configuration space axes is demonstrated,
which when used in the intrinsic direction enables calculation of an IM field point in
approximately 10~ 3 seconds, provided at least 128 by 256 points are calculated. The
employment of these highly efficient FFT routines has enabled the contour and
isometric plots of the field throughout the wedge environment, highlighted in chapter
5, to be calculated in the order of minutes. This efficient evaluation of the IM field
has allowed accurate examination of the conservation of power in this quantity as the
observation point moves upslope, in minutes, which would previously have taken
several hours. This facility has also made possible the introduction of an asymptotic
form of the E—M remainder without dramatically increasing run times, and thus
demonstrating conservation of power to within numerical capability. Another useful
property of the IM field is that to calculate a point anywhere within the wedge does
not require knowledge of any other field point. This fact combined with the
z— directed FFT (along the interface) generates field points without the necessity of
calculating redundant data field points. The field plots described above are shown in
chapter 5. A marching algorithm method (which changes the boundary value problem
into an initial value problem) used to evaluate this type of longitudinal field at
specific transverse coordinates introduces a large amount of redundancy, and
consequently increases run times. This advantage possessed by the IM over other
marching algorithms has particular use in the field of acoustics. Practical
measurements of acoustic fields are obtained by trailing a hydrophone behind a ship
at a constant depth. The IM field generated using the ¢—directed FFT will produce
comparable data field points with no redundancy in a very short period of time. The
marching algorithm methods of the BPM and PEM will, by their nature, generate a

large amount of redundant information, which will require some manipulation to
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obtain the appropriate data field. It should be noted at this point that the inclusion
of the end— point correction to the IM field did not increase run times perceptibly as
this correction term was evaluated from previously calculated quantities.

The numerical evaluation of the WGF discussed in chapter 6 was split into two
different problems; the evaluation of the modal and initial fields. The modal field
proved simple enough to evaluate by the FFT method. Although the actual integrand
was significantly more complicated to evaluate than the IM integrand, the actual FFT
implementation was easier as the dominant spectral contribution was well confined to
a small finite portion of the real axis and did not require any additional end— point
corrections. To calculate the WGF three integrals needed to be evaluated; the phase
integral, the source integral and the observation integral, with the latter being
calculated by the FFT approach. However, with the kernel calculated for the desired
wedge geometry (i.e. the integrand of the modal field, with source integral calculated,
but independent of observation position) the field evaluation using FFTs is very fast.
Thus the rate determining step in the calculations of the modal field is the
evaluation of the kernel for the wedge geometry and source point, which takes
typically 40 minutes. The evaluation of the initial fields was achieved using the FFT
method, with additional end— point corrections caluclated by Laplace's method.
However, as the distance between the source and observation points decreases, the
large parameter essential for a good Laplace approximation also decreases and this
method of end— point correction proved inaccurate. The asymptotic end— point
correction was replaced by a Simpson's rule integration into the complex plane. Little
improvement in accuracy was obtained by using the above method as the range of
inhomogeneous plane waves which contribute significantly to the field increases as
source and observation point converge. Indeed this inability to calculate accurately the
initial terms when the source and observation point separation is small has hampered
the calcualtion of the reflected field from the simply connected structure in chapter
7.

Having concluded as much as is possible of the numerical aspects of the work
without reference to the properties of the spectral approach, it is appropriate to
examine these, their utility and possible applications. The IM field has obvious
disadvantages compared to marching algorithm methods and the numerically calculated
coupled mode theory [21] discussed in chapter 1. The most glaring disadvantage in its
present form is is its inflexibility in modelling other non— separable, weakly range
dependent, environments. Also the generation of IM fields requires careful attention
as the spectral integrands for different environments can vary significantly. This latter
minor problem can be avoided by using a large number of integration points, but
this will obviously reduce efficiency in computation. The other defect in the IM field
approach is that it can only approximate different field inputs to the wedge

environment by using the IM summation (equation (6.3.1.5) of chapter 6) and
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employing the boundary value approach of chapter 7. While this method will produce
stable numerical results they are only asymptotically accurate (i.e. provided source
. and observation point are well separated) and thus the exactness property of the IM
becomes redundant.

The advantages of the IM formulation over contemporary theories are many
and upon close inspection of the work in this thesis it becomes obvious that there
are many possibilities for future work. In chapter 3 the IM was proved to be an
exact solution of the source free wedge geometry (excluding the apex) which no
other previous theory has achieved. This property implies that the IM can be used,
in conjuntion with FFT algorithms, to generate efficient, accurate, benchmark
solutions with which to compare approximate numerical and analytical methods. As all
approximations used in the implementation of the IM field can be explicitly
quantified, it allows quantitative comparisons, similar to those demonstrated in chapter
5, to be made. Indeed if the spectral integration range is large enough then the
upper bound on error is the associated numerical rounding errors and the numerical
solution can be considered exact. The construction of this spectral object furnishes a
physical insight into the coupling processes as a mode propagates upslope. As a
particular Intrinsic Mode propagates through the Adiabatic Mode critical transition
region asymptotic analysis of the IM demonstrates how the field, asymptotically
Adiabatic, couples to the multiply— reflected lateral ray field and the complex mode
(i.e. AM representation with a complex propagation angle). It would be instructive to
compare the IM field with other marching algorthims in this wedge environment as
an assessment of their performance. Although the IM is limited in its versatility a
further area of research could be concerned with the local intrinsic mode concept
[31] in which local spectral patching techniques [62] are implemented. This type of
approach will produce computable objects (by applying the FFT routines) which will
be uniformly valid across caustic surfaces and other similar topologies, and as such
will prove extremely useful in the modelling of focusing systems such as antennas and
geodesic lenses.

The source induced global object derived in chapter 2 was demonstrated to
possess all the properties of a Green's function in the wedge geometry excluding the
apex. This demonstration was achieved by treating collectively the plane wave species
in the wedge environment and tracking their consequent propagation. The asymptotic
analysis of this WGF was shown to be equal to the asymptotic forms of the spectral
function in [39], in which Arnold and Felsen construct an approximate solution. This
as stated is equivalent at least asymptotically to work by Pierce [20] and Kamel and
Felsen [19], although a different representation of the field after cut—off is used in
the former.

There are distinct disadvantages in the application of the Wedge Green's

Function to calculating fields in the wedge geometry. Two obvious disadvantages are
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that the calculation of the initial fields proved significantly more difficult than
expected and the evaluation time for the modal spectrum was approximately 40
minutes. Also, in a similar manner as for the IM, the WGF is only applicable to
wedge shaped non— separable linear environments.

However, the advantages of this approach, its implications with respect to other
theories, and possible applications are many. Before embarking upon applications,
future attention must be placed on calculating the initial fields, so that it becomes
possible to evaluate these quantities throughout the wedge structure (excluding the
apex). When the initial fields can be correctly calculated arbitrarily close to the
source point, the WGF will then produce a field due to that source point, in which
the quantities neglected can be easily quantified. Thus the WGF in its pure form can
be used as a tool for estimation of accuarcy of approximate numerical algorithms.

A more substantial use of the WGF occurs in the boundary value approach
(Kirchhoff— Huygens diffraction integral) described in chapter 7. It is observed that
with correctly calculated initial fields this method is a better comparitive tool than
the WGF used on its own, because the occurrence of the singularity in the latter
approach is integrated out in the former. The Kirchhoff diffraction integral method
also allows any input to the wedge structure to be modelled, in principle exactly, and
practically is at least able to account for all analytical approximations. Future
investigations could be concerned with propagating the IM field by the above method
to confirm its exact nature. To achieve this type of calculation further investigation
of faster methods of integration are required.

At first sight the best area for future work is the calculations of reflected fields
from connected structures. The method is demonstrated for a simple structure in
chapter 7. On closer inspection it is clearly seen that this type of calculation will still
require vast amounts of computer time. Generating solutions which account for the
radiation fields in these geometries will obey the law of diminishing returns. Thus this
approach, while interesting, is only worthwhile pursuing to the order of complexity
demonstrated in chapter 7.

To conclude concisely, the work in this thesis has demonstrated conservation of
power in this spectral treatment of Arnold and Felsen. Confirmation of the exactness
of the IM and the WGF has been given. Also, asymptotic analysis has demonstrated
applicability with other methods and different derivations of the same spectral object.
This exact expression of the Green's function in the wedge environment has enabled
integral approaches to be formulated for calculation of reflection coefficients of modes
and propagation of fields throughout the taper. The numerical aspects of the work
have derived efficient methods of calculating spectrally constructed fields. This work
has enabled a practical assessment of future work. Firstly the boundary value
approach for calculating reflected fields should not be applied in any greater depth

than demonstrated in chapter 7. Work on the initial fields would be useful for
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propagation of fields from a boundary and used as a comparative tool. Essentially the
work on the IM field is complete and can now be used without hesitation as a
benchmark solution of the 2— dimensional wedge geometry. The FFT methods are
highly efficient in calculating spectrally synthesised fields and should be used in
conjuntion with recently developed spectrally approximate field theories [63]. This
type of approximate analysis is where the future of the techniques in this thesi§ can

be best employed.
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APPENDIX A Asymptotic Forms of the Euler— Maclaurin Remainder.,

This appendix evalutates the asymptotic forms of Eq(6), Fi(6) and Fx(6) with
respect to the reciprocal of the smallness parameter o (the wedge angle). Examine

firstly the function Eg(#6),

Eo(o) - Ep(o,eq) + En(O,Bq) (A1)

with Ep( B,Gq) and En(o,eq) obtained from (2.3.3a). This can be evaluated straight
forwardly by first letting 6 - O and deforming the lower end points to #tix
appropriately. If the substitution s— 6=t is made in Ep( o,eq) and s— ==t in
En(e,oq) then the two integrals can be combined so that E (6) becomes,

0

1 B(6+t) - d(6-t) | M(t)dt
E(0) = 7% Ji£ ]1 —MCt) (A2)

As &(t) has only algebraic growth at infinity the convergence of the integral is
dominated by the exponential term. The integrand rapidly decays away from the upper
limit and exploiting this dominance the bracketed term is expanded in a Taylor series

about this point to give,

d(6+t)-B(6-t) = 2td (6) + %3¢653) (A3)

with ®4(6) denoting the derivatives with respect to 6. Substituting this into (A2) allows

the asymptotic form of Eg(6) to be,

0
1 ¢ _(6) | tM(t)dt 3 4
EO(O) -3 0 T Mt M(t)+ o(t™) (AL)
joo
Making the substitution,
v = -illt (A5)

o

Eo(6) is thus transformed into the more managable form of,
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{eo]

-v
o
E(6) ~ 260 | X I 4 ol (A6)
e 1-¢e7V
0
The series representation,
-v @
—S— -3 (A7)
1 -e i=—0

can be exploited so that with a change of variables nv = s the integral becomes,

h) 1 J e Ssds (A8)

n2
n 0

Here the integral is the standard gamma function and the series sum is the zeta
function [52]. This function can be calculated in this instance by Fourier series [53].

This then gives Ey(6) as,

-« 3
EO(B) z d>e(e) + 0(tJ) (A9)

To examine fully the asymptotic nature of E,(6) for o - 0 it is essential to look at
the behaviour of &4(6) throughout the complex 6—plane. The branch cut integral
F1(6) needs to be asymptotically evaluated.

1 $(s)M(-s+0)ds

F100 = 25 | T - M(=sv) (A10)

Pa

If 6 is such that it has a very small positive imaginary part, then the integral can be

approximated by,

ig(()-s)
F,(0) = %—a- d(s)e @ ds (A11)

Py

Assume that the phase function can be expanded about its branch point such that,

B(s) = S Cp(s-0)1™™ (A12)
m
With the substitution
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t? = (s-6c) (A13)

the branch cut integral can be approximated by,

RS
LT 10-0,)
Fi(0) ~ 330 | 2% © ge ® (Al4)
m o
in/4
-0

and considering the first term leads to

1(6-6¢) 3/2 B 2
C o o 2 =¢

recognising the gamma function and C; from appendix B the branch cut integral is,

, iN(6=60) il
F,(0) ~ ﬁgﬁ%%ifcl e @ 4 (A16)

Indentical procedures gives rise to a similar branch cut integral for F5(6).
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APPENDIX B Asymptotic Properties of Reflection Coefficients.

This appendix contains all the properties and asymptotic nature of the reflection
coefficients and other functions necessary for the first order asymptotic evaluation of

the Intrinsic Mode field. A generic reflection coefficient is,

i6(6) iztan’l[ir“ sinf ]
nsiné
e = e (B1)

with ncos 6= njcosf, and r=d/d, for ocean acoustics and r=1 or n2nj2 for optical

TE and TM'prfdipiﬁétion respectively. Expanding sin6é, about the critical angle requires,

sinf = sinf. + bcosf. + 0(52)

(B2)
cosf = cosf, - ésinf. + 0(82) 6 = (6-6¢)
2 2 2 %
irnysiné = ir[ n, -n (cosf.-6sinb +0(52)) ]
, 1%
= inr[ZésinBccosﬂc + 0(8 )] (B3)

As the expansion for tan™ 'x is x + O(x3) then the phase of the reflection

coefficient can be expressed as,

nr(2ésinf.cosf. + 0(62))

ie(6) = nsinf. + nécosf, + 0(8?)

- r(2(e-ec)cotac)5 + 0(%% (B4)

Now require to expand H?*(6,s) of chapter 6 to O(1)

sin(s-aa) = sins + O(a)
R (B5)
cos(s-ax) = coss + aasins + O(a”)

where a is either 2 or 0. Using the quantities in equation (BS) gives the source plane

waves as,

einkhscoss/creinksins(ahs Xs) + 0(a)

Wz(s—aa) = (B6)
The phase function shifted by ao is,

id;( ) nsin(s-aa) - (n% - (ncos(s-aa))2)5

e1Pj(s-ac) _ i (B7)

nsin(s-ax) - (n:‘j’ - (ncos(s-aa))z)ﬁ
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Substituting in equations (BS) gives,
eidDJ(s—aa) - eifbj(s) + O(a) (B8)

Using (B6) and (B8) the appropriate asymptotic representation of the modal part of
the WGF is demonstrated as in chapter 6.
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APPENDIX C Proof of Exactness Property Of Intrinsic Mode.

This appendix demonstrates that the Intrinsic Mode field satisfies the boundary
conditions of the wedge geometry. Before any proof of the boundary conditions it is

essential to prove a specific result. From (2.2.8) of chapter 2,

[}
d(8), 1 - qllé -
> +§3J¢ (s)ds - + E (0,6

Sq(ﬂ) - = o q) (C1)
GC
‘When Sq( 6) is shifted by 2a to the right one obtains,
_ 0+2cx
- _ % (62, 1 - _ qll(6+2c) -
sq(g+2a) 5 + 5 J ¢ (s)ds o + Eb(0+2a,0q) (€2)

b¢

Adding and substracting ¢~ (6)/2 to (C2) and applying the Euler—Maclaurin formula
(equation (2.2.7) of chapter 2) leads to,

(C3)

(/]
s, (6+20) - ® (0, 1 J ¢ (s)ds - I 4 EZ(0,00)

2 2« o
bc

In this form it becomes obvious that the shifted spectral amplitude function satisfies

the relation

eiSq(()+20:) - eiSq(G)eidJ (6)

(C4)
The uniqueness condition,
+ -

Sq(6) - Sq(6) = ¢ (8) (C5)

allows the identification of the shifted downward phase in terms of the upward phase

as,

- + -
eiSq(0+2(x) - e iSq(O)e-id)l(B)eid) (6) (C6)

Consider first the upper boundary condition where x=-—ztanc. The total field at this

upper boundary from inside the guide, from equation (2.2.11) of chapter 2, is
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iSq(B)e cosx

. . inkzcos (6ztx)
2 Je de (€7)

C

If the downward field is then shifted to the right by the substitution 6-6+ 2a and
using Cauchy's theorem for infinite contours, so as to shift the contour by 2o to the
left (to regain the C contour) leads to an Intrinsic Mode field, defined from inside the

guide, on the boundary as,

+ _ inkzcos (6+a)
Wo(x) = J[eisq(0)+ o iSq(6+20) ]e cosa do (C8)
C

Utilising the derived identity of equation (C6) gives,

+ inkzcos (6+a)
id,(6+a) ]eisq((i)e cosa de (€9)

Wq(z) - J[ 1l +e
C
This is exactly the derived form for the field on the boundary evaluated from the
expression for the field above the upper interface as can be seen from equation 2.2.11
of chapter 2.
The lower boundary corresponds to x=0 and so the field on the boundary

calculated from inside the guide is

. P .
Wq(?i) _ J[elsq(9)+ o 1Sq(0) ]elnkzcosﬁm9 (€10)
C

The uniqueness condition of equation (C5) leads to the expression for the field on the

lower boundary, from inside the guide as,

Wg(x) = J[ei¢1(8)eisq(0)+ e 15q(®) ]einkzcosﬁdo (c11)
C
This is exactly the same form as the field on the lower boundary from outside the
guide as given in equation 2.2.11 of chapter 2. Hence the field is continuous across
both boundaries of the wedge environment. To show continuity of the derivative of the

field is a trivial extension of this approach.
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APPENDIX D Stationary Phase Evaluation Of The Intrinsic Mode.

The equations of (4.3.2) are in a canonical form applicable for asymptotic
evaluation by the method of steepest descents. The integrand has a rapidly oscillating

phase except for a stationary phase point (0q) given by,

Q-0 (D1)

The substitution,

Zq(8) - Zq(ﬂq) = aS? (D2)

can be made as the branch point 6, in the phase function is not 'near' the stationary

phase point fq. For the above change of variable the derivative,

dé 2aS
ds ~ =dZ_(96) (D3)

is indeterminate at the stationary phase point fq- However, application of L'Hopital's

rule yields,

3

2c
Lim dé —_——
6>6q gs = 'g;fq(eq)] (D4)

The positive square root been chosen. Using the substitutions of (D2) in (4.3.2) and

considering only first order terms yields the asymptotic form for the field inside the

guide to be,
iz (6,) ®
—_— 20 =, is?2
Wq(g) -+Z —gefq(ﬁq) e F (Bq) e ds (D5)
-00

Rotating the contour through IV4 radians allows the recognition of the gamma function.

The field inside the guide is then,

oMl 3 izqéoq)-ig .
Wq () =+§ -g;gq(ﬂq) e F (6q) (D6)

From equation (4.3.2c) the addition of the upward and downward components in the

guiding duct are,
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+ -ill
+§F (6g) = 2e /zsin[ gl—éﬁﬂl + nkxsinoq] (D7)

Applying similar analysis to the field outside the guiding duct and using the stationary
phase condition (D1) gives rise to the asymptotic form of the Intrinsic Mode field,

when the adiabatic mode is well guided, as,

[, 8o f xzqc(xoq)—ig
LW‘ e Sin[[h-x]nksinﬂq], X € X
wq(l) = i . (D8)
8o . lgng)-lg -inkxsiné
“:3—-9—%}_“(—0"). e sin[nkhsinoq]e ' x e Xl

where 6, is the refracted stationary phase point angle.

Demonstrating that the Approximation of the Intrinsic Mode to O(1) is equal to
the Adiabatic Mode.

Noting from (4.3.2b) that,

2
422(6q) _ 4 [ 4 (9,2 + nkhsin® | pug (D9)
367 Fal %1 q

Using the reflection coefficient for acoustic fields with constant density and

implementing the differentiation gives,

2 X
d Zq(Oq) - nkcosf)c(l + in{khsinég,) (D10)
de2 injksinég,

Also it is observed that,

dZ,(6q) _ d 1 _ . D11
d—z—q q nkcoqu + = -2-(¢>1(9)+(ﬂ 2ql1)) + nkhsiné ]0=6q ( )

Using these equations together with the definitions of equation (1.1.7) of chapter 1 and
the transverse resonance condition shows that the asymptotic form of the Intrinsic

Mode is equal to the Adiabatic Mode field up to a constant multiplier.

Demonstrating the Smallness of the Field due to the Stationary Phase Point [I— Oq.

The stationary phase point at II— Bq is evaluated in the same way with Gq replaced by

- oq and with the identity,
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N-6.  inMl(64-5)
Z (1-6 ) —EEI-Z Y -Z (8) + 25 | ¢ o
q ¢ 2 q q'% o > 1(8) e ds (D12)
| s Gc

The integral in equation (D12) has a large positive imaginary part and consequently

the field is small compared to the stationary phase point field at bg-

Approximation of the Endpoint Correction for the Intrinsic Mode.

Together with this staionary phase point there are other contributions to the field if
the contour evaluation is finite and these endpoint fields can be calculated by using
Laplaces Method. This situation arises for observation points inside the guiding

structure. Assume,

b iZ (8)
Wa(x) =3 Fil(o) e & do, x € X (D13)
a

The only contribution to consider is from —ix to the lower endpoint a. Thus an
approximation can be derived by integration by parts so that the contribution to the

field from this contour is,

a

. a :
. lzqée) N 12, (6)
aF (8)e _ aF (8)e
1dZ, () TdZ, () e (D14)
de . d0
o-jo O-iw
Evaluating this integral then gives
. a
1Zq(6)
o F (0)e 3 D15
T_—I‘E“’“ + 0(a”) (D15)
de
g-iw

Here o is chosen such that the integrand decays exponentially as 6-—i» and
represents differentiation with respect to 6. Thus the lower endpoint of the finite

integral can be approximated by,

iZq(a) . ()
oe - o oF a 3 16
1ol G M J + o (o)
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APPENDIX E Asymptotic Evaluation of the IM throughout the

Critical Transition Region,

This appendix calculates a uniform asymptotic field in the critical transition region
when the Adiabatic Mode is close to cut— off using the method of Chester, Friedman

and Ursell [32]. The Intrinsic Mode field inside the guiding structure is,

iz (6)
b4 o
Wq(x) -+§ F (8) e dé (El)
C
The method of Chester, Friedman and Ursell produces a uniform asymptotic expansion
of an integral with two nearby saddle points. The branch point, at 6., in (E1) can be
transformed into a saddle point using the substitution t=(6— 6.) 3, which gives the field

inside the guide as,

iz
. aq((i)
Wq (%) =§ tF (6) e dt (E2)
Ce
The stationary phase points of this integral are determined by,

dzq(0) _ dZq(e)de

dt dé dt 0 (E3)

This has transformed the branch point in the 6 plane into a saddle point at t=0 in
the t plane. The transformation is such that,
L n (E4)
largt] < 5 larg(6-6.)1 < ,

Applying the method of Chester, Friedman and Ursell requires the substitution,

B_2 i.s

a"zq(o) - A -28° + =S (E5)

2 3

The right hand side of equation (ES) has stationary points at S=0,+ib which will

correspond to 6= b, 0q respectively. This gives A and B as,

- 3 6
A=o 1Zq((ic) B = E[Zq(ec) - Zq(oq)] (E6)

and thus the field inside the guide can be expressed as,
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iz (6.)
- €
Wq(x) = e Sl (03t o188 /2-8 /3, (E7)
Cs
Expanding the remaining integrand about the maximum value of the exponent gives
(S=0) the field as,

iZ,(6c)
W =4 -iBS /2-§ /3
q X) = e P> iSe ds (E8)
CS
where,
P - Sl 0] | E9
as §=0, t=0, 0=0, (E9)
carrying out the differentiation leads to,
: dt] 2
P=F (0)[6§ | $=0, t=0, 6=6, (E10)
From equation (ES) it is possible to obtain,
dt (BS -iS?)a
dS T 8 dzg () (E11)
dt dé
This is indeterminate at S=0, but applying 1'Hopital's rule gives,
dt]2 Bor
= = e El12
ds 224 (65 (E12)
and using this gives the field inside the guide as,
1Z,(6c)
F (o F (8.)0B = -i¢ /,2-8 /3
Wq (x) z 274 (60) e JSe ds (E13)
CS
From equation (4.3.2c))f chapter 4 it is obvious that,
F:(Oc) - ezkaSInBC (E14)
and expanding B about the critical angle 6. gives,
1/3
B - [60,-0 O5al0e )] (E15)

Expanding Zq( eq), differentiated with respect to 6, about 6. gives,
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42q(0q) _ LLg(fc) (2(eq-oc)cotec)5 (E16)

which is known to be asymptotically small (i.e. equal to zero) and thus B is given as,

dz,(6.) 6 1/3
B-g5 © [ a(Zcot by 3 ] (E17)
and hence (E1) becomes
. 1Z,(6.)
Fo)e O 6 -iB¢ /2-8 /3

Cs
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APPENDIX F Calculation of the Initial Fields for the Global WGF.

This appendix derives the initial, direct and reflected plane wave fields for

WGFs which have source points outside the guiding medium.

Plane Wave Analysis of WGF for Source Points_in Substrate.

Consider firstly the initial fields for the WGF with source points as depicted in
Figure 6.1.1. It is possible to represent the transmission coefficient for an incident

plane wave on B, at angle 6,, as,

T, - 1+ e1¥1(0y) (F1)

using the same notation as in chapter 2. The reflection coefficient on the upper
boundary can easily be identified in preceeding analysis. Consequently, using the source
plane wave definition (6.1.1) and the spectral constructions of equations (6.1.2),

(6.1.3), the upward and downward initial plane wave fields are,

i
wee |1+ e1¥1(6:) Vi (x)de,
Je
(F2)
r 1 .
wheoy |1 + e V100 1 PulBrady oy g
0 y . 8+2cx
C1

respectively. Here C, is the Sommerfeld contour which continues in the imaginary
6,— plane making the integrand tend to zero. Using the relationship of (6.1.4) the

substitution,
- -1i{n ] dé - nsiné
6 = cos [-—ln cos#, _—Ld() nsiné. (F3)

may be employed. The mathematical description of the transmission coefficient gives a

relationship between the phase of the reflection coefficients from either side of the

boundary and it is found to be,

¥ (6,) + 1T =& (0) (F4)

Invoking the substitution (F3), applying (F4) and permissible deformations of the

mapped contour C, to C, gives the upward and downward initial plane wave fields to

be,

164



1%
wf(o,)[l +e 1(6)]v;(5)do
C

(F5)

r

+ A ]
W1(0‘)[1 + e
e

i¢1(0-20)]ei¢u(0-a)vz(¥)da

respectively, with e,' given in (6.1.4). In the downward field a shift of 2o in the 6
domain has occured, with allowable contour deformation. The same approach — i.e.
substitution (F3) — can be adopted for the direct field, <4>, and the reflected field,

<3>, to give the plane wave species over the @ variable as,

+ deé +
-1
wl(e‘)de v1§%)

(F6)

+ dg ivy(6,),,-
oa 1LY,
W1(B1)de e V1g>1<)

Employing the phase relationship (F4) and contour shifts and deformations gives the

direct and reflected plane wave fields as in (6.1.5).

Plane Wave Analysis of the WGF for Source Points in the Superstrate.

When the source point is in the upper medium as depicted in Figure 6.1.2 then
it is clear that the transmission coefficient for a plane wave incident at an angle

6,+ o, on By, can be represented as,

Tz -1+ ei\llu(02+ct) (F7)

and with the corresponding phase reflection identity

\Itu(02+oz) + I = ®u(0+a) (F8)
Thus the initial downward and upward plane wave fields are,

- iv, (0.,+a)l,,-
JW2(02+20) [1 +e U2 ]Ve.'(ég::lt‘)2
¢ (F9)

ANCROR RUICOR
0+2c

(

W;(02+2&)[1 +e
c

respectively. Using Snell's law for the upper boundary, and permissible shifts of
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contours and the the phase relationship (F8) gives the initial downward and upward

reflected plane wave fields as,

W;(02'+a)[1 + ei¢“(0_a)]V;(5)d0
“c
(

(F10)

W;(62'+a)[1 + ei¢“(0-a)]ei¢](8)vz(g)d6
‘¢

njcos(6, ! ) = ncos(6-a)

which provide the spectral amplitudes of equation (6.1.9). Again, as for the previously
defined WGF the direct and reflected fields are required. Using permissible shifts of
contours and appropriate substitutions gives the direct and reflected fields in the

spectral domain as,

+ de, .+
—_—l
W, (6093 Vz§5)
z (F11)

_ id)(6+a) - de, +
e W2(02+2a)d0 Vzg§)

respectively. This then gives direct and relected field as described in equations (6.1.10).
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APPENDIX G Proof Of Satisfaction Of The Boundary Condtions By The WGF,

This appendix gives the manipulations of the spectral fields necessary for the
proof of the upper and lower boundary conditions. The downward modal plane wave

field inside the guiding medium is given by,

6
[ 2; §[U (s)F (9, s)ds] V (x)de (G1)

= — QO
C I bge

making the substitutions 6= 6+ 20 and s=s+2a and a permissible shift of the contour

C (see chapter 2) by 2a to the left gives,

0
1 8.~ - -
=— >Y|U.(s+2a)F (6+2c,s+2a)ds| V (x)dé G2
gg_EJBJ q ) } oiﬁ& ©
C

qoo

Using equations (6.2.1.3) and (H17), (H18) and (H19) of appendix H gives the modal

downward plane wave field, at B, from inside the guide as,

)
2; EJU (s+2aye” 1 Pulstedpt MOOL ] 10y (6+a) it 2(x)d0 (C3)
¢ A== p

qe

This leads to a generalised identity for the downward field at By;.

id,(s+a) + id,(6+a)

U}(S)F;(B,s) - U}(s+20)e F (6,s)e (G4)

Continuity of Observed field at B,, for the WGF with the Source in the Substrate.

When the source point is in the lower medium it is obvious that the transmitted
modal spectrum on B, must equal the modal spectrum inside the guide evaluated on
B,. Using equations (6.1.11), (6.2.1.3) and the identity (G4), the proof of the

continuity of the observed field requires that,

—icbu(s+a)ei¢u(8+cx) _ ot id, (0+a)

Uj(s)e (G5)

U3(5+2&) e

In a similar manner the initial transmitted field must equal the initial fields inside the
guide evaluated at B. Shifting the downward field in this stated equality by 2a, then

the satisfaction of the boundary conditions requires that,
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id,(6+a)

U3(0+2a) - U;(O)e (G6)

The initial fields for source points in the substrate are calculated in appendix F, and
their spectral amplitude functions are given in equation (6.1.4). Substituting these
spectral coefficients into (GS) and (G6) confirms the proof of the continuity of the

observed field.

Continuity of Observed field at B, for the WGF with the Source in_the Guide.

In the text and from Figure 6.2.1.2(a) it was stated that category 1 plane wave
species can be treated in an identical manner to that used above. From equation
(2.4.3) of chapter 2 the category 1 terms are generated from the first term in the
initial upward fields and the second term in the initial downward fields. These two
spectral amplitude functions are seen to satisfy the relations (GS) and (G6). Hence
continuity is demonstrated for category 1 fields at the upper boundary.

From the discussion in the text the difference between the modal fields and the
transmitted modal field at B, of category 2, must be equivalent to the difference
between the initial ~ transmitted fields and the initial fields of category 2. The

difference in these modal fields is,

6 6
12 - - - + + idy(6+a) +
s > J'Uj(s)l-'q(e,s)vo(x) - JUj(s)Fq(o,s)e u Vz‘%) dsdf (G7)

Cqs—oo 6 6

qOD qoo

If the substution of 6-6+2c is made in the first integral with an appropriate
deformation of the contour C and taking account of the identities (6.2.1.3) and also

the modal relationships (H17), (H18), then the difference in modal fields is,

0+2cx ]
1= - + id)(s) + + id, (6+a),+
—— - |U, F (6, V,(x)dsdé (G8
7 S JUj(s)Fq(ﬂ,s)e J _](S) q( s)’e zg>2<) sdé (G8)
ca=—° oqm+2a quo

From equations (2.4.3) of chapter 2 it is noticed that the fields of category 2 satisfy

the relationship,

U}(s)em)l(s) - U;(s) ‘ (G9)

Acknowledging this property and allowing for deformation of the lower endpoint 0 qe

gives the difference of the modal fields to be,
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0+2cx
7% 3 JU;(s)F;(e,s)e’¢u(6+a)v§§§)dsde (C10)

ci=™™ "6

Using the Euler Maclaurin formula of chapter 2 (equation (2.2.7)) and the identity

phase relationship (H19) then the difference of modal terms becomes,

1 —idt (6+20)

2
C

Ul (or2a)e + UT(0) ei¢u(0+“)v§g5)do (G11)
2

Which is exactly the remainder of the initial and direct fields at the boundary and

hence continuity is maintained.

Continuity of Observed field at B, for the WGF with the Source in the Superstrate.

A similar approach as used for the category 2 plane wave species can be employed to
demonstrate the continuity requirements of the field where the reflected and direct

fields are given by (6.1.5).

Continuity of the Observed field at B; for Source points in the Superstrate.

This case is simpler to examine due the plane wave identities (6.2.1.5). The difference

in the modal fields, using the above identites, at this boundary can be shown to be,

id)(6)

0
18 - - + + +
7a 2 J[Uj(s)Fq(B,s)e - Uj(s)Fq(O,s)] V,(x)dsdo (G12)

Cq=_°O 0qw

When the source point is in the upper medium the spectral amplitudes are given by

(6.1.9) and are found to satisfy the relation,

U}(O) - U}(O)ei¢l(a) (G13)

Using the identity of (H17) the difference in modal fields is zero if,
- id
U}(s)r;(e,s) - Uj(s)F;(G,s)e 1(s) (C14)
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It can be seen that the spectral amplitudes for this WGF defined in (6.1.9) satisfy
relation (G14) and consequently the modal field is continuous across the lower
boundary. It is observed that the difference between the initial transmitted field and
the initial fields satisfies the relation (G13). Thus demonstrating that the continuity of

the observed field is preserved across B.

Continuity of the Observed field across B; for a source point in the guide,

As stated in the text there are two cases to examine. The fields of category 2 defined
in equation (2.4.3) of chapter 2 satisfy the equations (G13) and (G14) and
consequently category 2 plane wave species are continuous across Bj. The difference in

the category 1 modal species is,

6
13 o -id - i1 (8), -
7o 2 J[UJ(S> - U;(s)e 1(5)]F (6,5)e!%1¢ )Ve(z)dsde (G15)

Cq--oo qu

shifting the first term by 2o to the right and employing identity (H19) and a

permissible deformation of the lower endpoint gives the first term as,

-2« _
‘ 7% 2J03(5+2a)e"Cb (S)F-(g,s)ds}
c I e

ei¢1(a)v;(§)de (G16)

qoo

Noting that the modal fields of this category have the relation,

U}(s+2a)ei¢-(s) - U;(s)e_i¢l(s) (G17)

then the difference in the modal fields is,

6
- [ 52 §JU3(S+Za)e-i¢ (S)F;(B,s)ds 1Oy (x)as (G18)

c =% 6-2a

Employing the Euler Maclaurin formula with a shift of 2« it is found that the above
is equivalent to minus the difference between the initial fields, so proving the

continuity of the observation point for the source in the guiding layer.
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Continuity of Observed field across B; for source points in the Substrate,

Applying identical analysis as that used to demonstrate the continuity of the category 1
species across B; will yield the desired confirmation of the continuity of the observed

field, as the relation (G17) holds for all the plane wave species in this case.

Continuity of the Observed field as the source points_cross B,

The difference between the modal terms of category 2 (the upward observed field) is,

6
1 g + + + +
T 2 J[UO(S) - U1(S)]F (8,5)V,(x)dsds (G19)
Cq--m 0qw

Shifting the second term by 2o and taking account of the identities (6.2.2.6), together
with equations (2.4.3a) of chapter 2 and (6.1.4) leads to the difference in the modal

field being expressed as,

0+
™™™ e

Applying the Euler— Maclaurin remainder with a shift of 2 gives this expression equal
to minus the difference in the remaining plane wave species. This proves the desired

continuity relation across B;.

Continuity of the Observed field as the source point crosses B,.

Here the difference in modal field for category 2 species (downward observed field) is,

0
-2% 5 J[U}s) - U;<s)]r'(0,s)v;(_x)dsde (G21)
c™" eqw

Taking the second term in this expression and shifting by 2a, together with the
identities of equation (6.2.2.7) leads to the difference in the modal fields to be,
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6

= 5 [W(SIF (0.9 (xdsas (c22)
Cq-—co 6-2a

Using the E—M remainder gives the above expression as equal to minus the difference

between the remaining initial fields.
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APPENDIX H Evaluates The Properties Of The Spectral Phase Function Of The WGF

This calculates the properties of the spectral phase function Fq( 6,s) given in equation
(6.1.11) of chapter 6 as,

. 6
F 5(0.8) = exp i ¢ (s)_ g 0), fé J¢*(p)dp-ﬂg£0’s)+sz(o,s) (H1)

s

This can be represented in a different manner by,

isé(o)-is;(s)

+
Fq(b,s) = e (H2)
and with the uniquenes condition of equation (2.2.10) chapter 2.
Sq(8) - So(6) = @
q(®) - $q(6) = &1 () (H3)
This gives rise to the uniqueness identity,
Fa(8,s) = Fa(0,5)e!?1(9)7191(8) (H4)

Other identities also exist and they are essential for the proof of boundary conditions
and of reciprocity of the Wedge Green's function. Consider the substitution 6= 6+ 2«

then,

+2c
F (8+201 s) = expi Cb (S) cb (0+204) th (p )dp-qn(e s)+E;(0+2a,s)] (H5)

2
S
Adding and subtracting ®*()/2 gives
6+2c
F:(8+2a,s)=e &°(s), ¢ (6) [¢ (0+20) 9" (0)] + J¢ (p)dp qn(o s)+Eb(8+2a s)]
s

Applying the Euler— Maclaurin formula to the square bracketed term leads to,

F (0+2c,8) = exp i

8
o (s), o5 (0), 1 |4e q(8-s) ¢
3 e 5 e = J¢ (pap-32 +Eb(0,s)] (H6)

S

and hence using (H1)
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F;(0+2a,s) - Fé(B,s)eidj (6) (H7)

Invoking a similar method, substitute s=s+ 2o and adding and subtracting &*(s)/2 leads

to,

[}
F:(O,s+2a) - f (s ¢ 6, ¢ (s+20) g (S)] J¢ (p)dp- q"(” $)4E(0, s+2a)]
s+2a
applying the E— M formula gives,
s o (s) o'(o), 1 ’ M(6-s)
= - 2 S .2 4 + _q_ -S 4
Fq(e,s+20) exp -5 3 + zaJdb (p)dp = +Eb(0.5)] (H8)

S
and applying (H1) then produces the identity,

-id*(s)

* *
Fq(0,5+2a) = Fq(B,s)e (H9)

The final useful identity is necessary for the proof of reciprocity. Firstly it is essential
to define some quantities from chapter 2. The multiple reflection coefficient shifted by

[I- 6 can be represented by,

& (I1-6) = & (6) + D(6), D(8) = & (6-0) - & (6+0) (H10)

From this it is immediately obvious that

-6
- i|D(s) D(G) ¢ (s) & (0) qﬂ(0 S) v imL _
Fq(H—G,ﬂ-s) - [2 -5 2 -5 5 J¢ (p)dp+— +Eb(ﬂ 6,1 s)]
IM-s

(H11)

The integrals in this formalism can be expressed differently by using the substitution

I p= & and applying (H10) and are found to be,

s 1_4:_1_11(0—6) iqll(6-46)
%& czo J & (M-5) e o ds = %— J[¢ (6)+d> (6-a)-d (6+oz)]e ds
-0 o )

If the substitution é—o=p in the first term of the second integral and é+o=p in the

second term and adding and subtracting the obvious integral then,
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1
2c

S
. j[¢u(6-a)—¢u(6+a)]e o a5 = L%

18

o
5o + d>u(p+a)e dp

6 s+ §-o

iqll(6-5) s-o p0+a iqll(6-p)
eiqﬂj

Using the Euler— Maclaurin formula of chapter 2 by appropriate shifts on the above

equation gives the equation below.

-6 s
%EJ¢'(p)dp + E;(H—O,H-s) - %EJ¢—(p)dp + E;(s,a) + N(6,s) (H12)
Ml-s ]
where
1
N(6,s) = §[¢u(0+a) + & (6-0) - & (s-@) - @u(s+a)] (H13)
and as
%[D(s) - D<o)] + N(8,s) = & (6+2) - & (s+a) (H14)

Using (H12), (H14) in (H11) gives the following identity,

iCbl(S)—iCbl(B)

F;(H-O,H-s) = F;(s,e)e (H15)
Thus all the relations for this appendix are summarised below,

FT (-0, Tl-s) = F (s, 8)e 21(s)-i®1(6) (H16)
q q

Fa(6,s) = F;(O,s)ei¢l(0)e—1¢1(s) (H17)

* iv% (0

+

Fa(0+20z,s) - F&(O,s)e (6) (H18)
+ + id)t

Fq(8,s+20) = Fq(6,s)e” (s) (H19)
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APPENDIX I Demonstrating The Reciprocity Property Of The WGF.

This demonstrates mathematical the reciprocity of the WGF for the initial and
modal fields. When the source points are in the guide the plane wave species are

given by equations (2.4.3) in chapter 2.

Reciprocity for the Odd Reflected fields.

The initial odd reflected downward field <2> at the observation point with

source and observation point interchanged is,

] elnkrcos ( 6-20z+x)ei<bu( 0-oz)e—1nkrscos(0-xs)d0 (11)

C

Make the substitution 6-6+ 2 and the permissible shift of the infinite contour gives

initial field as,

J einkrcos(0+x)ei¢u(0+a)e-inkrscos(0+2a-xs)d0 (12)
C
If the substitution @-I1— 6 is made the contour C is mapped into itself and thus the

field becomes,

J e-inkrcos(()—)()eic;bu(6—(}:)einkrscos(l)-20¢+)(s)c“9 (13)
C

which is the identical to (6.2.3.9a). For the modal spectrum the same process is
adopted. Interchanging source and observation point and making substitutions s-s+ 2«

and 6-6+ 2« and allowing legitimate deformations of the contour C and endpoint qu

gives this modal field as,

6 .
;_a EJF‘;((HZQ'54_20()8inkrcos(s+)()eicbu(s+oz)clse-inkrscos(()+20z—)(s)d6
I (14)

Using the identities of appendix H for Fqi(e,s) gives this field as,

4 - -
o q
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Making the substitutions 6-[1- ¢ and soll-s and making sure C is mapped into itself

requires that the inner order of integration be reversed giving for each q,

-6
qx - -
JF-;(H_o’n_s)e—inkrcos(s—x)eicbu(s-oz)eid) (n-6)-i¢ (H-s)einkrscos(ﬂ—Zgzéz)

c o (16)

The orders of integration can now be interchanged as the contour C can legitimately
be deformed into the region where [— fqe may lie. The legitimacy of this interchange

can be demonstrated easily by examination of diagram 2.5.1 of chapter 2.

s
JF;("_G ,n_s)e-inkrcos(s—,\‘)eidJu(s—a)eidD (M-6)-id (ﬂ—s)elnkrscos ( G—Zgga)
€ Sgw (17)

Using the identity (H16) of appendix H gives the relation,

idy(s-a) i® (M-6)-i¢ (M-s) id,(6-a)

Fq(l'l—(),ﬂ-s)e = Fq(s,B)e (18)

and so the modal odd downward reflected field becomes,

s
m . ; . - 2 -
1 [ - —1nkrcos(s-x)e‘d’u(9 a)elnkl"sCOS(e 20"Xs)d()cls

Fq(s,e)e

This is exactly the same as (6.2.3.9b) and thus reciprocity is demonstrated for the odd
reflected downward field at source. Due to the complexity of the contour shifting for
the modal field, it will be assumed in all additional proofs that the desired contour

deformations are allowable.

The next species to demonstrate reciprocity is the odd upward field <4> at the

observation point. The initial field integrand is,

einkrscos(e-xs)eicbl(0)e-lnkrcos(8+x) (19)

Interchanging source and observation points and applying the substitution 6-[1— ¢ with
the knowledge that the single reflection process is symmetrical under this transformation

leads to the identical integrand and thus this field is reciprocal. The modal field for

this case is,
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55 2 dsdé (110)

6
1 ® JF;(o's)einkrSCOS(s-xs)ei¢l(s)e—inkrcos(6+x)
ci™™""¢

qco

Interchanging source and observation point and applying the identities in appendix H

gives the integrand as,

F;(e,s)el(bl (8)-id; (s)einkrcos(s—x)eid)l (s)e-inkrscos(8+xs) (111)

making the substitutions 61— 6 and s-[l—s with the use of identity (H16) gives,

-inkrcos(s+x)ei¢] (s)einkrscos(e-xs)

F;(s,o)e (112)

Using the identity (H17) with the corresponding variable change gives the integrand to
be,

e—inkrcos(s+x)ei¢1 ( G)einkrscos(e—xs)

F;(s,ﬁ) (113)

As all contour paths are shown to be equivalent after all substitutions and it is obvious
that (I11) is equal to the integrand of (I10) and thus reciprocity for all the odd

reflected fields is proved.

Reciprocity for the even reflected fields.

Here as in the previous case the shifts of contours are assumed to be legitimate
so that only the integrands of the fields need to be examined. In this case the even
reflected upward field must be shown to be equivalent evenly reflected downward field
when the source and observation points are interchanged. This inverse of this must

also be true. The integrand of the upward double reflected field <5> is

. ) . _ s ) )
expkrscos(0—20+xs)e1<b (6 2&)e inkrcos (6+y) (114)

The double reflected initial downward field <3> must be equal to the above field

when the source and observation points are interchanged. The downward initial field

with source and observation point interchanged is,

einkrcos(G-Za—x)eidD-( 6—2cx)e—inkrscos(0—xs) (115)

With a simple shift of 6-6+ 2« gives the above integrand as
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e-inerOS(ﬂ-X)eN’ (o)e-inkrscos(0+20t—xs) (116)

‘With the substitution 6-[1— 6 the integrand becomes,

einkrcos(0+x)eidi_(ﬂ-O)einkrscos(0—20+xs) (117)

Using the standard formulae for the double reflection coefficient it is observed that the

d (11-6) = & (0-2cx) (118)

and hence the integrand of (I17) is equivalent to (I114). The integrand of the modal

even upward field is

inkrgcos (s-2m»+3(s)e id>+(s—2a)e—inkrcos (6+x)

F;(o,s)e (119)

As for the initial field, the downward even reflected modal field integrand with source
and observation point interchanged must be identical to the above integrand assuming

that all contours are well behaved. The downward modal field integrand is,

-inkrcos (s—2a-x)e i¢-(s-201)e-inkrscos (0-xg)

F;(B,s)e (120)

Making substitution 6-6+ 2 and s-s+2q this integrand becomes with the aid of (H18)
and (H19)

F;(G,s)eid) (0)-id (s)e-inkrcos(s-x)eidD (s)e-inkrscos(6+2cx—xs) (121)

Then making the substitutions 6-[I— 6 and s»[l—s gives the integrand as

F;(U-B,H-s)emj (I'I-G)einkrcos(s+;\')einkrscos(0—2&+xs) (122)

Using the identity (H16) and (H17) with variable integrchange gives (122) as,

F;(s,ﬂ)el(b (H-G)einkrcos(s+x)einkrscos(0—20r+xs) (123)

The equality of (I18) implies that the integrand of (I19) is equal to the integrand of
(120). There is still one more case to consider. It has all ready been proved that
interchanging source and observation point for the downward evenly reflected field
<3> is equivalent to the part of the upslope WGF representing the upward evenly

reflected field <5>. It now has to be demonstrated that the inverse is true. The
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initial evenly reflected downward is

einkrscos(f)-Za—xs)ei!b (6-2a)e—inkrcos(0-x) (124)

The evenly reflected initial upward field integrand with source and observation

interchanged is

+
einkrcos ( 6-2a+x)e id ( 0-2a)e-inkrscos (6+xg)

(125)
Shifting by 2« gives
+
einkrcos(()-i-x)eid) (B)e—inkrscos(0+2a+xs) (126)
Again substitution of 6-I1— 6 gives,
+
e~ inkrcos( 0-x)e id (1'[-6)e inkrgcos(6-2a-xg) (127)
From chapter two and symmetry of phase reflection coefficient gives,
+ -
¢ (M-6) = & (6-2c) (128)

Using this identity it is obvious that the integrands of (124) and (I25) are equal and

thus reciprocity is proved for the initial ray fields. The even modal downward field is,

Fc—l(o’s)elnkrscos(s-Za-xs)eld> (s—ZQ)e—lnkrcos(G-x) (129)

As for the initial field the downward even reflected field integrand with source and
observation point interchanged must be identical to the above integrand assuming that
all contours are well behaved. The upward field with the source and observation point

interchanged is,

+ .
F—;(e,s>e—inkrcos(s-2&+x)ei¢ (s—ZQ)e-lnkrscos(0+Xs) (130)

Applying a shift of s=s+ 2o and 6-6+2a and using (H17) (H18) and (H19) gives,

ot . . N oL )
F;(e,s)e]d) (8)+1¢1(0)-id>1(s)e-mkrcos(s«u)e inkrgcos (6+2a+xg) (131)
Shifting by I— 6 and II-s with (H16) and (I12) demonstrates that this is indeed
equivalent to (129). This final proof demonstrates that the WGF does possess the
reciprocity property.
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APPENDIX J Asymptotic Analysis Of The WGF,

Examining a single term in the summation of the modal part of the WGF gives,

6 iXg(8,s)
<) = H(s,0)e © dsdo (J1)

C 8qan

4
~
%
1%

To evalute the integral aysmptotically the phase function must be expanded about its
two dimensional saddle point at (oq,oqs). This is achieved by making the substitution,

1 1 2 2
a Xq(ﬂ,s) - -a- Xq(eq,ﬂqs) + it” + itS J2)

From this equation it can be easily verified that,

2

it? = (0-09) s 2X9(%a:%) 4 o((0-09)" (33)
2

it? = (s-0g) "o 93§9(0’9q5)+ 0((s-045) ") (J4)

This gives 6 and s as asymptotic functions of t and tg respectively.

2
(0-0g) ~ 3325?63737‘}e‘"/4t - At (15)
362
i
2a
5| ill/4
(s-6gg) ~ [azx (6,06 s)]e t =\t (J6)
q 3;551 q s s's
Using these equations into (J1) gives,
(=¢]

s + X, (6,6 —(t%+ t2

Mq(?—('?—(s) ~ 3 ONg) H (¢9q,(9qs)ei q( q qs)/aJ I e ( s)dtsdt
- =0

q

S-0qao —w a
where
1 6 o " 0
b=2={Xxt +6 -0 a=-42 _ Qs
)‘s q qs >‘s

If these axes are then rotated so as to lie parallel to the upper end point. i.e. making

the transformations
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[‘ + §; ‘s][l + ;;] =P (37)

[‘s' ;: ‘][1 + :—s] - Pg (38)

Using this transformation the q modal term becomes,

00
+ 2 2
M (xaxg) — 5 O Ht((’q'ﬂqs)eixq(oq'oqsvarj e (PT* Py gp
1 - 6=0 X

-00

s-oqw

with

X = (0ge - oqs)[ N+ ]-%

with all other limits being permissibly deformed to infinity, which gives integral as,

X

+ _ _ 2
M (%.x5) — 5 () H*(oq,aqs>eixq(”q'"qs)/"n(l - *Je psdpsl 39)
- 6=64 .
s-eqw
which can be expressed in the form,
X 2
- w - mt|ePs J10
Mq(z,xs) wq(x_s)wq(z) 1 -1 “le "Sdpg (310)

-0

where wq(g) is the asymptotic function defined in equation (4.3.1.3) chapter 4.
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APPENDIX K Asymptotic Analysis Of The Initial Fields.

This calculates the asymptotic expansion of the ray integral terms when the
stationary phase point is at a large distance away from the critical point of the

reflection coefficient. The integral I(R,7) can be represented exactly by,

I(R,7) = l + j A(g)e PKRCOS(8-7) 4 (K1)
SDP Pp

The first contour corresponds to the normal ray field and is evaluated as follows;—

Make the substitution,

inkRcos(f-7) = inkR - §° (K2)

To invert asymptotic series assume,

6 =as+ azS2 + a353 + 0(sh (K3)

Substituting (K3) into (K2) and equating coefficients of S leads to

ot

a____[1+ s* ]+0(ss) (Kb)
J(inkR)

12inkR

This gives the derivative of S with respect to 6 to be,

de 2? 52
41inkR

& "7 LT

] + 0o(sh (K5)

The amplitude function A(6) may also be expanded in terms of S to give,

3
A(8) = A(7) + 7%?%%%% S + égﬁé%l s? + o(s?) (K6)

Substituting (K2), (KS) and (K6) into (K1) gives the approximation to the ray integral

as
2? [A LA (1)2§+[A - +A(T)] 52 ]e-s’dSeinkR-in/a
IrR,7) ~ | 7tmmrry A7) 7CinkR) 66 % JTnkR K7

Using the integral expression for the gamma function the asymptotic expansion of the

ray integral to second order is,
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inkR
where Ag(7) is the derivative of A(6) with respect to 6 evaluated at 7. The branch

cut integral can be calculated asymptotically by using a similar procedure outlined
below. The function inkcos(é— 7) can be expanded about the branch point of the
function A(6) denoted by 6. and expanding the integral about this point, such that the

substitution,

-s? = inkReos (6 _-7) - (6-0_)inkRsin(8_-7) + o<(o-ec)’) (K9)

is made. As before for asymptotic inversion of series assume,

6-6. = a,S° + a,8° + a,s” (K10)

Inserting this into (K9) and equating coefficients of S gives the asymptotic form of the

derivative of the change of variable to be,

d6 25

3
d = Tokrsin(gory + 067 (K11)

The amplitude function A(#) can be represented by an ascending power series of

(6— ec)% (see appendix B for calculated constants). i.e.

ACB) = C, + C,(0-0o5 + 0((6-60)) (K12)

With the substitution (K9) and the subsequent representations of the integrand, the
branch cut integral can be represented in terms of the variable S. However, as the
limits on the integral are *o all odd powers of S will integrate out to zero. Hence

the asymtotic value of the branch cut integral to first order is,

C1/nemkrcos(()c—-r)—1ﬂ/4

Ip(R,7) ~ (nkRsin(Bc-T))3/2 (K13)

Provided that the branch point and the stationary phase point are isolated the integral

can be asymptotically represented by (K13) and (K8).
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