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Abstract

In this thesis a study of polarimetric observations of the Crab nebula is
presented. We also describe the development of a computer model which predicts
the polarization pattern for a dipole magnetic field structure. The Crab nebula is a
plasma and it's plasma behaviour is relevant to the development of a computer model
of the nebular magnetic field. Therefore, we also examine in this thesis the basic
plasma physics required for study of the Crab nebula.

Chapter 1 is an introduction to this thesis outlining the raison d'étre of this
project and presenting the relevant background information about the Crab nebula.
Brief descriptions of the physical properties and history of the nebula are given,
followed by a more detailed review of past theoretical works which have a bearing
on this thesis.

In chapter 2 we outline the theory of polarization of electromagnetic waves. The
polarization parameters used in this thesis, the Stokes intensities and Stokes
parameters, are introduced. The expressions for degree and angle of polarization
derived from the Stokes intensities or parameters are formulated and we discuss
these quantities and the effects of depolarization with relevance to this work.

From the review in chapter | we find that it has long been known that the
mechanism by which the observed radiation trom the Crab nebula is produced 1s the
synchrotron mechanism. Chapter 3 presents the theory of synchrotron radiation. In
the latter sections of chapter 3 we examine the theory of polarization of synchrotron
radiation and arrive at the equations required to calculate the Stokes intensities of
synchrotron radiation for any given electron density distribution and magnetic field
structure.

In chapter 4 we consider the plasma aspects of the Crab nebula. A consideration
of the macroscopic magnetohydrodynamic equations, which are a generalised form

of Ohm's law, the Maxwell curl equations for the electric and magnetic tields, the



equation of continuity, the equation of motion and the adiabatic equation for
conservation of energy for the plasma, lead us to the concept of "frozen-in" magnetic
fields. This has great relevance to the behaviour of the Crab nebula and we discuss
recent papers in which attempts to solve the frozen-in field equation have been
presented. We also include a discussion and a brief treatment of the frozen-in tield
equation which was made as a result of the study of recent work in this field.

Chapters 5 and 6 make up the body of original work in this thesis. Chapter 5
presents the methods and results of analysis of the polarimetric data of Woltjer and
McLean, Aspin and Reitsema. These observations are separated by a period of 26
years and so we examined the data for changes in polarization angle, and thus
magnetic field direction, which might have occurred during this time. We also
searched the data for centres of polarization or intensity patterns by a method of
symmetry testing.

Chapter 6 describes the development and presents the results of the computer
generated model of a dipole magnetic field. We begin by considering special cases of
the orientation of the dipole axis to the observer's line of sight and then move on to a
model which allows any angle of inclination of the observer to the dipole axis. The
final version of the model incorporates a component of magnetic field in the
o-direction of the dipole coordinate system. This model produced some interesting
results.

The results of the data analysis and computer modelling are discussed in the
relevant chapters, but chapter 7 contains some concluding remarks and an overview
of the thesis. All computer programs written during the course of this project were

written in Fortran and are included in the appendices at the back of the thesis.



Figure 1.1 (facing): A photograph of the Crab nebula taken by Baade in 1954 [9] at a
wavelength of approximately 6000 angstroms. This photograph shows clearly the
filamentary structure of the Crab nebula. The north direction is vertically upwards and east
is to the left in this picture; thus, this photograph has the same orientation as the
polarization maps of the Crab nebula which are presented in chapter 5 of this thesis. The
extent of the nebula shown by this photograph is the same as that covered by the
photometric polarization data taken by Baade, analysed and presented by Woltjer [1],
which is used in this thesis. The CCD polarization data of McLean, Aspin and Reitsema [2],
also used in this thesis, covers an area which is slightly smaller than the whole extent of the

Crab nebula in this photograph.






Chapter 1

Introduction

1,1 About this Thesis

The contents of this thesis not only describe the work undertaken at Glasgow
University between October 1987 and October 1989, but also describe the theoretical
background which is necessary for an understanding of this work.

In this chapter, chapter 1, a brief review of the history and properties of the
Crab nebula is given. We see what makes the Crab nebula a unique astrophysical
object, why it has attracted so much attention from both theoretical and observational
astronomers in the past and that there still remains much to be done before we can
claim to understand the Crab nebula fully. Section 1.4 is a review of theoretical
works on aspects of the nebula which are relevant to this thesis. The problems
discussed here are by no means the only ones with which the Crab nebula presents
us but the whole body of theoretical and observational work on the nebula is far
greater than can be covered in this review and much of it has no bearing on this
project.

Chapter 2 covers the basic theory of polarization and discusses the use of Stokes
intensities and Stokes parameters with relevance to this thesis. The theory of
polarization as related to the Crab nebula is taken further in chapter 3. Once we have
outlined the theory of the processes of synchrotron radiation, which is the radiation
mechanism of the Crab nebula, we go on to consider the polarization of such
radiation. It is the polarization of synchrotron radiation which is recorded by the data
of Woltjer [1] and McLean, Aspin and Reitsema [2] which are analysed in chapter 5.

In this thesis we also discuss the study of the Crab nebula as a plasma (chapter

4), the analysis of observational polarization data from the nebula (chapter 5) and the



development of a computer generated model of magnetic field structures similar to
that of the nebula (chapter 6). Chapter 4 is mainly a review of plasma theory as it
relates to the Crab nebula and chapters 5 and 6 comprise the body of original work
in this thesis. Chapter 7 presents the conclusions drawn from this work.

The main motivation of this project was to study Woltjer [ 1} and McLean, Aspin
and Reitsema's | 2] data sets with the aim of finding out more about the structure of
the magnetic field of the Crab nebula. The tests and manipulations performed on the
data are discussed in chapter 5. The computer model was developed with the intent
to compare the model with the observational data once the model was a sufficiently
realistic representation of the nebula to make this exercise worthwhile.

As aresult of considering the addition of toroidal components of magnetic field
to the computer model, the analysis of the frozen-in field equation in chapter 4,
section 4.5 was made. Solution of this equation is in itself a major task and,
although not within the scope of this project, it is a prerequisite for further progress
in the development of a realistic computer generated model of the Crab nebula

magnetic field structure.

1.2 The Crab Nebula

The Crab nebula is the remnant of a supernova explosion which was observed
and recorded by Chinese astronomers in 1054 AD. The nebula itself is a turbulent,
expanding mass of diffuse cool gas and relativistic plasma. The gaseous
composition of the nebula is mainly hydrogen and helium with some carbon,
oxygen, nitrogen and small amounts of heavier elements [3]. The plasma, which
consists of electrons and positrons [4], is the source of the nebula's radiation output
from X-ray to radio wavelengths and it is the interaction of this plasma with the
nebular magnetic field which is of most interest in this thesis. Within the nebula lies

the Crab pulsar NP0532 +21. This highly magnetised, rotating neutron star provides



both the magnetic field and plasma particles which make up the nebula. Thus the
pulsar is also of much interest in this work.

The Crab nebula lies approximately 2kpc from Earth in the direction of the
constellation Taurus. The nebula itself is roughly elliptical in shape with a major
axis, when observed at visual wavelengths, of 4pc and a minor axis of 3pc. The
major axis lies in the north-west to south-east direction which is approximately
parallel to the galactic equator. The three dimensional shape of the nebula is thought
to be that of a prolate spheroid [5,6] so the axis along our line of sight is
approximately 3pc. The size of the nebula at X-ray wavelengths is only a quarter that
at optical wavelengths but the radio nebula is slightly larger than the optical nebula
[7].

The measured expansion speed of the filaments of the nebula is approximately
2000 kms! [5]. The filaments within the nebula move with speeds close to the
expansion speed but some features may move much faster than this. Particles ejected
from the pulsar, which emit the synchrotron radiation that is observed in the nebula,
move at relativistic speeds. The pulsar itself is moving towards the north-west with a
large proper motion, which corresponds to a motion of 110 kms! in the plane of the
sky, which was first measured by van Maanen in 1928 [8]. This motion is thought
to explain certain asymmetries in brightness and structure in the north-west region of
the nebula (see section 1.4). An extrapolation of the pulsar's position backwards in
time to the supernova event does not coincide with the calculated expansion centre of
the nebula [5]. No plausible explanation for this discrepancy has been proposed.
Also, the geometrical expansion centre of the nebula does not coincide with the
centre of mass estimated from the distribution of matter in the filaments of the
nebula; obviously, the expansion of the Crab nebula is not symmetrical in terms of
mass. This is not a surprising result considering the uneven distribution of mass

within the nebula which can be seen in photographs of the nebula which show its



filamentary structure, e.g. figure 1.1{9]; studies of optical emission lines [3] show
that the filaments are made up mainly of hydrogen and helium in higher
concentrations than the rest of the nebula.

The magnetic field at the surface of the pulsar is 3x10'2 G [10]. The average
nebular magnetic field is approximately 10 - 10 G [11]. The exact structure of the
nebular field is not known; neither is the mechanism by which it is produced. The
aim of this thesis is to improve our understanding of these problems. The density of
the electrons within the nebula is not very well known but has been measured as
between 400 - 4000 cm™ from [OII] and [SII] line ratios [3]. Osterbrock [12]
calculated the electron density to be 1000cm™. The chemical composition of the
nebula is reasonably well known. Helium is overabundant with respect to hydrogen
compared to solar abundances and accounts for 75% by mass of the composition of
the filaments [3]. Other elements are present in the ratios found in the Sun but
progenitor models for the pre-supernova star predict that more nitrogen should be
present than is actually observed [3].

The Crab nebula is a strong X-ray and radio source and has a well measured
spectrum at most wavelengths. The discovery that the Crab nebula emission was due
to the synchrotron process (see section 1.3) was a major step forward in
understanding the processes which govern the Crab nebula. However, the spectral
index of the synchrotron radiation spectrum, which is discussed in chapter 3, varies
with wavelength. The spectrum can be represented as a power law in either the
visual, X-ray or radio region but has a different spectral index in each region. This
variation of the spectral index with wavelength has been a major problem in the
construction of models of the nebula but was most successfully overcome by Kennel

and Coroniti [13].



1.3 The History of the Crab Nebula

From its birth in 1054 AD until the late 1960s the Crab nebula was a unique
astrophysical object. In 1970 the Crab nebula was the sole topic of an I.A.U.
Symposium [14] and it is indicative of the continuing importance of the Crab nebula
that an entire workshop was devoted to it in 1984 [15]. Until February 1987 the
Crab pulsar was the only pulsar whose birth date was known to the year but even
SN1987A cannot displace the Crab nebula from its special place in astrophysics.
The Crab nebula is the youngest supernova remnant in our Galaxy and is one of the
most extensively studied astrophysical objects and certainly the most extensively
studied supernova remnant. The Crab nebula provides an opportunity to study an
evolved supernova remnant in all regions of the electromagnetic spectrum as it is a
strong emitter of radiation in the X-ray, optical and radio regions. The Crab is also
one of the few members of the subclass of supernova remnants known as plerions,
or centre filled remnants, of which it was also the first known member. The Crab
pulsar had the fastest observed spin rate (33 milliseconds) until the discovery of the
first millisecond pulsar in the early 1980s.

Although the supernova explosion which created the nebula was observed by
the Chinese in 1054, the Crab nebula was only "discovered" in the West in 1731 by
John Bevis. It was catalogued in 1758 as number one in Messier's catalogue of
objects which were a nuisance to observers of comets. Despite this, the Crab nebula
became an object of much interest to astronomers at the time. Lord Rosse described
the nebula as having the shape of a crab's claw and, although it may stretch the
imagination to see this resemblance in figure 1.1, the name "Crab nebula" fell into
common usage. By the end of the nineteenth century it was known that the nebula
was an area of diffuse emission and not a group of unresolved stars, but how was
the emitted radiation produced?

In the 1920s the nebula was conclusively identified as the remnant of the 1054



event [16]. The structural changes in the nebula due to its rapid expansion were
observed and its expansion speed measured for the first time [17,18]. Spectra of the
nebula were obtained by Slipher {19] allowing the study of the chemical composition
and velocities within the nebula. The proper motion of the South Preceding Star was
measured by van Maanen but this star had not yet been identified as the remnant of
the supernova explosion. This identification was made by Baade[20] and
Minkowski [ 21] in the early 1940s.

From 1949-1970 it was the nonthermal aspects of the Crab nebula which made
it famous. In 1952 Shklovskii [22] proposed that the radiation emitted by the nebula
was synchrotron radiation and thus should be linearly polarized (for details of the
polarization of synchrotron radiation see chapter 3). This proposal can be considered
to be the birth of high energy astrophysics. Dombrowsky [23] and Vashakidze [24]
observed linear polarization of the nebula's optical wavelength radiation only two
years after Shklovskii's prediction. Following this several studies of polarization of
the nebula were made by Oort and Walraven [9], Walraven [23] and Baade [24].
These studies were performed partly to confirm Dombrowsky and Vashakidze's
results and partly to make more detailed observations and thus improve our
knowledge of the Crab nebula. The main conclusions of these studies were that the
average direction of the polarization vector was north-west to south-east i.e. along
the major axis of the nebula. The polarization data taken by Baade in 1954 and
surface brightness distribution measurements by Walraven were published
simultaneously in 1957 [25,1] and are used in this study. Details of this data set and
of the other data set used (taken by McLean, Aspin and Reitsema in 1981 [2]) can be
found in chapter 5.

During the 1950s and 60s popular and basic level texts on astronomy mainly
discussed the X-ray and radio observations of the Crab nebula. However, the Crab

is an excellent example of the role that visual wavelength observations play in



astrophysics. The distance to the nebula and the expansion speed of the nebula were
determined from photographic plates [7,26,27]. The chemical composition, mass
and kinetic energy of the expanding gas were calculated using optical wavelength
spectra [3]; the only exception to this was the use of infrared observations to
calculate the density of dust in the nebula [3]. The peak of the nebula's energy
output is in the ultra-violet region of the spectrum and is very difficult to observe.
We can estimate the position and intensity of this peak however from the study of
the spectrum in the visual region. Another indication of the importance of optical
wavelength observations is that the pulsar was originally timed optically although it
can now be timed accurately from its radio pulses [10]. The visual and ultra-violet
continua of the nebula are highly polarized [2,28]. There have been many studies of
polarization of nebular emission at radio frequencies which was first observed in
1957 by Mayer, McCullough and Sloanaker [29]. Some of the most interesting radio
surveys were made by Matveenko and Kostenko [30], Wilson [31,32,33],
Swinbank [34], Swinbank and Pooley [35] and Velusamy [36]. It is interesting to
note that features which appear in the optical polarization maps of the nebula are not
always present in radio polarization maps. This may be due to the fact that Faraday
rotation [37] affects the radio emission but does not have any measurable effect on
the optical wavelength emission of the Crab nebula but it may eventually tell us
something about the energy distribution of particles within the nebula. In this thesis
we will concentrate on the polarization of the optical wavelength emissions.

In the 1960s several other plerions were discovered. Studies of these objects,
e.g. 3C58, Milne 56, CTB 87 and G148+1, have been made but the Crab is still the
most studied object of this class [3]. Apart from the Crab nebula, G148+1 is the
only centre filled supernova remnant in which a pulsar has been observed.

The Crab nebula pulsar was discovered in 1968 [38], just one year after Bell

and Hewish discovered the first pulsar. The following year the South Preceding Star



was identified as the pulsar [39]. As pulsar theory developed it became clear that the
pulsar must in some way provide the magnetic field and energetic particles in the
nebula. It is now accepted that the pulsar is the powerhouse of the nebula as the
amount of energy transferred from the pulsar to the nebula as the pulsar's spin rate
decreases 1s commensurate with the energy output of the nebula [4]. The mechanism
of production of relativistic particles in pairs near the pulsar's magnetic polar caps
was first proposed by Sturrock [40] and the subsequent outflow of these particles
along open magnetic field lines was a feature of models even before the production
mechanism was fully understood. Exactly where in the pulsar magnetosphere these
pairs are produced and how many pairs are created depend on the magnetosphere
model used. Nevertheless, electron-positron pairs created on open magnetic field
lines form a plasma which streams out along these fields lines and is dense enough
to be treated using the ideal magnetohydrodynamic equations (see chapter 4, section
4.2). If the electron density of the nebula is 10% cm™ [12] then the electron-positron
pairs have a lifetime of at least 2 years before they are annihilated by collisions.
Therefore, electron-positron pairs must be created in other regions of the nebula as
well as in the pulsar magnetosphere. We already know particles must be supplied
throughout the nebula as the synchrotron lifetimes of relativistic particles are less
than the expansion lifetime of the nebula. As we shall see in the next section, the
production of magnetic field has been much studied since 1955 but is still a matter
for further study. We will now examine the development of theoretical models of the

structure and dynamics of the Crab nebula over the last three decades.

1.4 The Search for a Theoretical Model which Correctly
D i he F r f th r |

Although the Crab nebula has been extensively studied there still remain many

puzzles about its structure and dynamics which are unresolved. We are sure that the



nebular luminosity is due to synchrotron radiation but there is no consensus about
how the magnetic field which causes this radiation is produced. Synchrotron
lifetimes are small compared to the lifetime of the nebula and, as mentioned above,
the electron-positron pairs produced in the pulsar magnetosphere eventually
annihilate each other, so the energetic particles producing this radiation must be
continuously supplied and accelerated throughout the nebula due to the action of the
pulsar. Apart from this we do not really know how the pulsar interacts with the
surrounding nebula. Many observational and theoretical studies have been
undertaken in the last twenty years with a view to constructing a model which
explains all the observed features of the Crab nebula; some progress has been made.

Once observations of polarization of visual wavelength radiation from the Crab
nebula had been made [23,24], confirming that the nebular luminosity was produced
by synchrotron radiation, the question which arose was "What is the origin of the
magnetic field within the nebula?". Observations showed that the nebular magnetic
field was too strong to be a "frozen-in" field left over from the pre-supernova star
[41]. Adiabatic losses would have transformed almost all of the pre-supernova
magnetic field energy into expansion energy during the lifetime of the nebula.
Obviously, there is a mechanism within the nebula which produces the observed
magnetic field. Piddington [42] was the first to suggest, in 1957, that the nebular
magnetic field might be generated by a central magnetic star which was rotating. The
theory of rotating stars with magnetic fields was not new [43], but it had not
previously been considered in relation to the Crab nebula. Piddington also proposed
that the energy required by the nebula to achieve the observed radiation output would
be supplied by fast particles ejected from the star and that after the supernova event
lines of magnetic force would link the central star and the remnant; differential
rotation would cause toroidal magnetic fields to be formed in the nebula. The theory

of neutron stars was quite well developed at this time but it was 10 years before the



first pulsar was observed. It was therefore a bold step for Piddington to make an
estimate of 5 minutes for the rotation period of the central star required to create the
observed field. In the light of current knowledge we find that several assumptions
made in the calculation of this estimate are not valid but at the time a rotation period
of 5 minutes was considered extreme and nobody would have considered a rotation
period of 33 milliseconds as anything other than pure fiction.

By the 1960s the emphasis had switched from optical wavelength observations
to theoretical studies and radio and X-ray observations of the Crab nebula.
Korchakov and Syrovatskii [44] proposed that as the net polarization of the Crab
was in the north-west to south-east direction the net magnetic field should be
perpendicular to this. The difficulty with this simple model 1s that the particles would
flow preferentially along the net magnetic field direction and the nebula should
therefore be larger in this direction; the net magnetic field in this model is parallel to
the minor axis of the nebula. According to Korchakov and Syrovatskii the shape of
the magnetic field present in the nebula depends on the direction of rotation of the
nebula. These authors claim that if the nebula is an elongated ellipsoid of rotation the
magnetic field would be toroidal with its axis along the direction of elongation and
that if the nebula is a flattened ellipsoid of rotation the magnetic field would be a
dipole field with its axis of symmetry along the minor axis of the nebula. Although
Korchakov and Syrovatskii do not explain clearly why this should be the case, it
was later discovered that the pulsar spin axis is aligned in the north-west to
south-east direction [45]. It seems reasonable to assume that the nebular rotation has
the same axis as the pulsar rotation since they are closely linked; hence the nebula is
an elongated ellipsoid of rotation and from Korchakov and Syrovatskii's theory we
expect to find a toroidal field with its axis along the major axis of the nebula.
However, since the pulsar is an oblique rotator (the magnetic axis of the pulsar is

almost perpendicular to the rotational axis), the axis of the pulsar's dipole magnetic

10



field will be roughly aligned with to the minor axis of the nebula so that we have a
combination of features from both of Korchakov and Syrovatskii's models. Other
theories at the time predicted a twisting effect in the magnetic field, although a
definitive mechanism for the formation of a toroidal field had not been found.
Kardashev [46] suggested that the twisting could be due to the outflow of matter in
the pulsar's rotational equatorial region during the stellar collapse.

By 1971 the rotating neutron star model for pulsars was generally accepted. If
the magnetic and rotational axes of the pulsar are not aligned, energy is lost from the
pulsar. Gunn and Ostriker [47] proposed that the Crab pulsar should produce a
wave within the nebula which would have a frequency of approximately 30Hz (the
same as the pulsar's rotation frequency). Such a wave could accelerate particles and
provide a magnetic field in which these particles would emit synchrotron radiation.
This theory was developed further in direct relation to the Crab nebula by Rees and
Gunn [41]. They, however, suggested that the power emitted by the pulsar emerged
partly as a 30Hz wave and partly as a relativistic wind which contained a toroidal
magnetic field. Rees and Gunn argue that the part of the pulsar's magnetic field
which is perpendicular to the rotation axis would produce a 30Hz wave and
oscillatory magnetic field. The component of the magnetic field aligned to the
rotation axis would provide open field lines along which the relativistic particles
would escape and a toroidal magnetic field due to 'winding up’ of field lines as
suggested by Piddington [42]. Rees and Gunn also associated the wisps seen near
the pulsar with the shock front which would be produced by the 30Hz wave. The
test of this model was that if the 30Hz wave propagated into the nebula we would
expect to see circular polarization at optical and radio wavelengths. Circular
polarization has not even been detected in the Crab nebula at the 0.1% level [48,49]
so the 30Hz wave definitely does not propagate into the nebula. Although Rees and

Gunn were aware of the non-detection of circular polarization they still included the

11



wave in their model but only allowed it to exist as far as the shock front where the
30Hz wave would be completely absorbed. At the shock front the relativistic
outflow pressure is balanced by the internal nebular pressure and the wave energy
would be transferred into kinetic energy of relativistic electrons. This model
remained the best explanation of the observed features of the Crab nebula until 1984
when Kennel and Coroniti [4,13] found that the plasma density of the pulsar
magnetosphere was too low to support a wave of this type as the wave frequency is
below the plasma frequency.

Another model of the Crab nebula considered the field structure to be a torus
centred on the pulsar which 1s viewed almost side on and has its axis in the
north-west to south-east direction. This theory, developed by Aschenbach and
Brinkmann [45], agreed with the theory of Korchakov and Syrovatskii [44].
Aschenbach and Brinkmann's model assumed that the Crab pulsar was an oblique
rotator. Accelerated particles in this model move out along open field lines as a
relativistic wind which is mainly confined to the rotational equatorial plane of the
pulsar. A similar structure was postulated by Benford, Bodo and Ferrari [50] who
found that in their model the relativistic wind moving away from the pulsar was
almost spherically symmetric but had a tendency to form a disc in the rotational
equatorial plane. Benford, Bodo and Ferrari proposed that the relativistic wind was
produced by electrons and ions which were accelerated by a large amplitude wave at
the edge of the pulsar light cylinder. The edge of the light cylinder defines the
distance from the pulsar where the co-rotating magnetosphere's angular velocity is
equal to the speed of light. The radius of the light cylinder is given simply by the
ratio of the speed of light to the pulsar's rotational frequency. Benford, Bodo and
Ferrari thought that the wisps were caused by plasma instabilities occurring in rings
about the pulsar. This effect was also a feature of Aschenbach and Brinkmann's

model [45]. Both these sets of authors found that new work in allied fields would
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have important effects on their models. Benford, Bodo and Ferrari realised that
adjustments would need to be made to their model to take account of a recently
introduced theory at that time which put forward a mechanism for the generation of a
relativistic wind by the production of electron-positron pairs at the magnetic poles of
the pulsar [40,51]. Aschenbach and Brinkmann found from observational studies
that the optical continuum of the nebula did not show geometrical symmetry about
the pulsar but in fact had a region of enhanced brightness to the north-west of the
pulsar. The centroid of X-ray emission also lies in this region. Aschenbach and
Brinkmann concluded that this asymmetry could be due to the motion of the pulsar
which is in this direction.

In 1984 Kennel and Coroniti produced two papers dealing with the Crab nebula
and the relativistic wind in terms of magnetohydrodynamics [4,13]. Since the 30Hz
wave [4] could not exist at plasma densities which were consistent with the pair
production model the relativistic particles produced at the poles must be transported
through the nebula in some other way; magnetohydrodynamic processes were the
obvious choice. The first paper [4] dealt with the confinement of the pulsar's
relativistic wind by the supernova remnant. In this model the relativistic wind from
the pulsar is spherically symmetric. The wind terminates at a magnetohydrodynamic
shock approximately O.1pc from the pulsar. The wind is also magnetised and
Kennel and Coroniti found that a toroidal magnetic field is a characteristic feature of
such a wind emanating from a rotating central object. In the second paper [13]
Kennel and Coronit calculated the properties of the synchrotron spectrum expected
from the model developed in the first paper. They found from comparison with
observations of the spectrum of the Crab nebula that the spectral index of the
synchrotron power law spectrum which best fit the observations at visual
wavelengths was p=0.6. This corresponds to an energy spectral index of a=2.2

which tallies well with observational measurements of this parameter e.g. Greve and
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van Genderen [52] found the energy spectral index to be =2.32 (for a more
detailed discussion of the power law spectrum and energy spectrum see chapter 3).
In the region outside the magnetohydrodynamic shock the transport of particles is
non-relativistic and the particles move at speeds close to the expansion speed of the
nebula. Kennel and Coroniti calculated that approximately 10-20% of the spin down
luminosity of the pulsar is converted into nebular radiation. This model accounts for
the underluminous region which surrounds the pulsar and could coincide with the
region inside the magnetohydrodynamic shock. The model also accounts for many
other features of the nebula but its main failing is that it does not provide radio
emission.

However, Kennel and Coroniti's model did not explain exactly how the
magnetic field structure of the nebula is generated. A model for the structure of the
magnetic field inside the light cylinder was developed by Barnard [53]. Barnard
used a long neglected solution for the magnetic field surrounding a rotating
conducting sphere in vacuo which was found by Deutsch in 1955 [43]. When
considering a pulsar the plasma surrounding the pulsar may cause problems with
this solution as the plasma leads to reconnection in parallel magnetic force lines.
Even so, Deutsch's model is a good approximation and gives expressions for the
magnetic field components in spherical polar coordinates. The orientation of the
pulsar given by Kristian et al [54] is an angle between the line of sight and the
rotational axis .of 83° and an inclination of the dipole to rotational axis of 90°. Using
these angles with Barnard's theory indicates that a wind regime must dominate the
nebula outside the light cylinder and that inside the light cylinder the magnetic field
can be approximated by a dipole field. Barnard did not extend his work to consider
the polarization pattern of the nebula as a whole but concentrated on polarization
position angle swings of the pulse component, which are directly related to the

pulsar rotation.
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Deutsch's solution actually permits the possibility of two of more independent
magnetic fields around a rotating star; each of these fields must be symmetrical about
its own axis but they need not have the same axis of symmetry. This implies that a
pulsar can not only have its own dipole field but also a toroidal field, as is suggested
in many of the theoretical models mentioned in this chapter. Deutsch's starting point
for his model is the frozen-in field equation

JB
5 ~¥A(xAB)

The same equation is utilised by the most recently published theoretical model for the
Crab nebula magnetic field structure by Tsikarishvili et al [55]. Here the authors
consider the pulsar magnetic field inside the light cylinder to be a dipole field. Since
the pulsar is an oblique rotator, open fields lines near the magnetic poles of the
pulsar cross the light cylinder. Such field lines become distorted as the pulsar
magnetosphere co-rotates with the pulsar but the plasma outside the light cylinder
does not and the field is "frozen" into this plasma. As the angle between the
rotational axis and magnetic axis is not exactly 90° two discs of toroidal magnetic
field are formed around the rotational equator. The generation of this field takes
place only near the light cylinder and further out in the nebula this field is transported
by the expanding electron-positron plasma. This paper also explains the observed
enhancement of radiation around the nebular filaments as being due to a build up of
field around the filaments a the field is carried out through the nebula. This idea was
originally suggested by Wilson [33]. Tsikarishvili et al also attempted to find a
mathematical expression for the toroidal field component by solving the frozen-in
field equation. Unfortunately, Tsikarishvili et al's solution does not agree with
Deutsch's solution and their method of solution is not adequate. Further discussion

of this paper is undertaken in chapter 4.

15



The basic state of current theory about the magnetic field structure of the Crab
nebula is as follows. The pulsar has a dipole field and in some way the rotation of
the pulsar produces the observed nebular magnetic field. The fast particles which
emit synchrotron radiation within this field are produced at the poles of the pulsar
and flow out along open field lines into the nebula. The exact structure of the
magnetic field outside the light cylinder is unknown and no adequate theory for the

tield production mechanism has yet been developed.
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Chapter 2

Polarization and the Stokes Parameters

2.1 _Intr ion

In this chapter we will initially deal with a special case of polarization found
when dealing with monochromatic waves of the same phase. Having derived the
Stokes intensity parameters for this special case in section 2.2, we will see in section
2.3 how the parameters can be adjusted to deal with waves of random phases but the
same wavelength. Section 2.4 deals with the relationship between Stokes intensity
parameters and Stokes parameters and their relation to this thesis. Sections 2.2 and
2.3 follow closely the derivation of Stokes intensity parameters given in Rybicki and
Lightman [56]. Section 2.4 follows simply from the definition of the Stokes

parameters for linear polarization, equation (2.16).

2.2 Polarization of Monochromatic Waves

Electromagnetic radiation can be described in terms of waves propagating
through space. Such a description follows directly from solutions of Maxwell's
equations. If we consider the case for radiation of a single wavelength we find that

the electric and magnetic fields can be expressed as
E=4 Eje *&% (2.1a)
B=4,B ¢ ®5 (2.1b)

where 4, and @, are unit vectors, E; and B, are complex constant amplitudes, and
k=kn and o are the wave vector and frequency of the wave respectively. Equations

(2.1) represent waves travelling along L where 4, and , are perpendicular to n and
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to each other. The wave described by equation (2.1a) is 100% linearly polarized,
which simply means that the electric vector oscillates in a unique direction d,. This
direction, together with the direction of propagation, defines the plane of

polarization.

Figure 2.1: Coordinate system for the electric vector E.

To consider the simplest state of polarization for a wave of given wave vector
and frequency we superpose two such waves which oscillate in directions
perpendicular to each other. We will consider only the electric vector because the
magnetic vector is always perpendicular to and has the same magnitude as the
electric vector. If we now take an electric vector at an arbitrary point and choose axes
as shown in figure 2.1, with the wave propagating out of the page, then the electric

vector 18

E=RE+3E)e™ =E ™ (2.2)

where E, and E, are complex amplitudes;

18



In order to obtain equations which describe the position of the tip of the electric field
vector in the (x,y) plane, i.e. the physical components of the electric field in the x

and y unit vector directions, we take the real part of E ;

E,=¢ cos(wt -0,) (2.3a)

Ey =g, cos(wt - 0,) (2.3b)

—P <

Figure 2.2 : The ellipse described by the tip of the electric vector E.

We now consider figure 2.2. The equations for a general ellipse relative to its

principal axes x' and y' are;
E, =g, cosp coswt (2.4a)

Ey. =-€, sinf sinwt (2.4b)

where -1/2 < B < /2. The magnitudes of the major and minor axes are s(J cospl

and &:J sinB‘ as

() () -

g, cosp g, sinp
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For 0 < B < m/2 the ellipse is traced out in a clockwise direction as viewed by the
observer towards whom the wave is propagating. This is generally known as
right-handed elliptical polarization. For -1t/2 < § < 0 the same observer would see
the ellipse being traced out in an anti-clockwise direction. This is left-handed
elliptical polarization. Special cases of polarization exist when =+ /4, the ellipse
becomes a circle, and when B = 0 or £ 1/2, the ellipse becomes a straight line. In the
former case we have circular polarization and in the latter case, linear polarization.

A linearly polarized wave is neither left nor right-handed.

Figure 2.3 : System of axes for the rotation of the components of E in x and y
through the angle x so that they coincide with the principal axes of the polarization

ellipse, x' and y".

We want to establish relationships between the quantities in equations (2.3) and
those in equations (2.4). To do so we must look at figure 2.3 and transform the field
components of equations (2.4) to an (x,y) axis system by rotating through the angle

x- By this procedure we obtain;
E,=¢,( cosf cosy cosmt + sinf3 siny sinwt ) (2.52)

E, =g, ( cosP siny coswt - sinf cosy sinwt ) (2.5b)
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To make equations (2.5) and (2.3) equivalent we must take;

g, cosd, =g, cosf cosy (2.6a)
g, sing, =¢, sinf siny (2.6b).
€, cosd, = &, cosP siny (2.6¢)
€, sind, = -€, sinf cosy (2.6d)

Equations (2.6) can be solved for g, B and y if €, &, 0, and ¢, are known. The
usual method of solving these equations is by defining the Stokes intensity

parameters for monochromatic waves as follows;

I= 8% + 8% = e%) (2.7a)

Iy= € - € = € cos2P cos2y (2.7b)

[,=2e ¢, cos(9, - 0,) = 8(2) cos2p3 sin2y (2.7¢)

- - _ o2
I, = 2e €, sin(9, - 0,) =¢€; sin2f3 (2.7d)
Notice that we could also write

I

sin2p = —IV— (2.8)
Iy

tan2y = -~ (2.9)
Q

Since elliptical polarization is defined purely by €, and x we expect a relationship
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to exist between the four Stokes intensity parameters. The relationship we find is

F=lg+Ip+ 1 (2.10)

The Stokes parameters have the following meanings. [ is always positive and
proportional to the total energy flux, i.e. the intensity, of the wave. It is common
practice to introduce a proportionality constant into the definition of the Stokes
parameters (equations (2.7)) so that I is exactly equal to the intensity. [, is a
circularity parameter. It is a measure of the ratio of the principal axes of the ellipse.
If I, 1s positive the wave is a right-handed polarized wave, if I, is negative the wave
is a left-handed polarized wave and if Iy, equals zero the wave is 100% linearly
polarized. IQ and I;; are mutually dependent parameters (see equation (2.9)) and
measure the orientation of the ellipse relative to the x-axis (see figure 2.3). The angle

of this orientation 7 is known as the angle of polarization. If IQ=IU=O the wave is

100% circularly polarized.
2.3 Degree of Polarization _and Depolarization

In practice we never see a single monochromatic wave but always a wave which
we can consider as a superposition of several monochromatic components each with
its own polarization and of random phase. In order to calculate the net polarization of
this "quasi-monochromatic” wave we utilise the fact that the Stokes intensity

parameters are linearly additive. The total Stokes intensities are simply given by;

IQM:Z o (2.11a)
all waves
= 2.11b
IUlot - 2 IUm ( )
all waves
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IVtot = Z IVm (2.11¢)

all waves

where IQm, Iy Iy, are the parameters of each monochromatic component wave.
We can define a quantity, known as the degree of polarization, which is the ratio
between the intensity of the polarized part of a wave to the total intensity of the

wave,

1
2.2
pol V)

[ I

2 2
I L+ +1
m=22--92 Y

(2.12)

A monochromatic wave is completely polarized, Ipol:I or [1=100%.
If we now consider two linearly polarized waves, a and b, which are polarized
in opposing directions, we find that I;,=0 for both waves and that since the electric

vectors are antiparallel

Therefore the total Stokes intensities for the superposed waves are

I I. +1.=0

Qtot = Qa Qb

IUtot = IUa + IUb =0
Thus, the net polarization is zero. This effect is known as depolarization. For a
quasi-monochromatic wave the effect of depolarization is to reduce the degree of
polarization from the 100% which each component wave possesses. The total
intensity is a simple linear sum of the intensity of each component but the polarized

intensity is given by equation (2.10). So, Lol < Lot and I1 < 100%.
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It is useful in this work to consider the special case where I,,=0 and the light is
partially linearly polarized. Analysis of the light using a linear polarizing filter can be
made. The maximum intensity passed by the filter, .. will be detected when the
filter is aligned with the plane of polarization (x'-axis in figure 2.3). The minimum
intensity, I_. , will be detected when the filter is aligned perpendicular to the plane
of polarization (y'-axis in figure 2.3). The total unpolarized intensity is distributed

equally between these two directions so
L..o=11 41 (2.13)
max 5 “unpol pol :

_1
Imin ) Iunpol (2.14)

The polarized intensity is

1
2 2.2
Lo = (Io + 1)

and the unpolarized intensity is

1

2 2.2
Lo = [~ (g + 1)

unpol

If we substitute for the maximum and minimum intensities in equation (2.12) we

find that the degree of polarization can be expressed, in this case, as

(2.15)
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2.4 kes Parameter kes Intensiti nd Their in
this_Thesis

Equations (2.7) define the Stokes intensities for polarized light and we have the
definition of degree of polarization, equation (2.12). Using these equations and
equation (2.9) we can define the normalised Stokes intensities or Stokes parameters

for a linearly polarized wave as

I I
Q=2 |, y=V (2.16)
I I
then
1
n=@Q*+uH? (2.17)
U
an2y 0

From equations (2.7) and (2.12) we see that

1 1
2.2 .
- (1(22 +1) _ [(8% cos2f cos2)()2 + (eé cos2B sm2x)2]2
= : = :
2
2
0= gy cos2 (2.19)

So we can write the Stokes intensity parameters as;

IQ = IIT cos2y (2.20a)
I, = ITT sin2y (2.20b)
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Alternatively, the Stokes parameters are;

Q =1ITcos2y (2.21a)

U =1ITIsin2y (2.21b)

The above equations are the most useful definitions of the Stokes parameters for
use in this thesis. The data published in Woltjer's paper [1] are given as intensity I,
degree of polarization IT and the position angle of the maximum of the electric vector
measured anti-clockwise from the north direction, in other words the polarization
angle . Therefore, we can calculate the Stokes parameters directly from this data
using equations (2.21) above. McLean et al's data [2], which is also used in this

thesis, is presented directly in the form of Stokes parameters and total intensity.
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Chapter 3

The Theory of Synchrotron Radiation

3.1 Introduction

Particles which are accelerated by a magnetic field will emit electromagnetic
radiation. If such particles are moving at relativistic speeds the radiation emitted is
known as synchrotron radiation and has a complex frequency spectrum. Such
radiation is the source of the luminosity of the Crab nebula. The theory of
synchrotron radiation was developed in the 1950s and it was Shklovskii [20] who
suggested that the Crab nebula's emission may be caused by the synchrotron
mechanism. The analysis in sections 3.2, 3.3 and 3.4 follows that given in Rybicki
and Lightman [56]. Section 3.5 develops the theory of polarization of synchrotron
radiation with respect to the Crab nebula. The basic outline of the theory in the latter

section can be found in Brown, Craig and Melrose [57].

3,2 The Power of the Emitted Radiation
The motion of any relativistic particle of rest mass m and charge q moving with
velocity y in a magnetic field B is described by two equations, the equation for the

acceleration of the particle

L my=q@nB (3.1)
and the equation for conservation of energy

d 2) = E)=0

i (yme) =q (¥ . E,) (3.2)

where E_ is the macroscopic electric field in the plasma and is equal to zero and yis
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the Lorentz factor (1- v%/c2)1/2, The terms (ymy) and (ymc?) represent the total
relativistic momentum and the total relativistic energy of the particle. Equation (3.2)

implies that v, and thus | y | , is constant and so

dx:

my - qxAB) (3.3)

If we separate the velocity field into components parallel and perpendicular to the

magnetic field we obtain the following:

dy,
— = 4
&= 34
dy. _q

Yy T B 3.5
& ym &R (3.5)

Equation (3.4) follows directly from the fact that the vector cross product of parallel
vectors is identically zero. Obviously, the parallel component of the velocity is
constant and, as | y| is constant, the perpendicular component of the velocity is

constant. For motion in a plane perpendicular to the magnetic field we can write

dy,
ar =_¥1A9B A (36)
where
_ 9B (3.7)
Wp Ym

So this vector points along B for negatively charged particles and in the opposite
direction to B for positively charged particles.

All the factors on the right hand side of equation (3.6) are constant so the
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acceleration is constant in magnitude and is perpendicular to the velocity and the

magnetic field. We also have

Y =WAL (3.8)

where [_ is the particle position with respect to the centre of gyration. Again, since
the other factors in the equation are constants r_ is a constant and thus the solution of
the equation of motion is uniform circular motion in a plane perpendicular to the
magnetic field. When combined with the uniform motion along the magnetic field the
circular motion gives rise to helical motion with a frequency of gyration wg. For an
electron the frequency of gyration is

0p=m (3.9)

(]

The total power of emitted radiation for a non-relativistic particle is

p AW

3.10
n (3.10)

where dW is the total amount of energy emitted in the time interval dt. This is
. . . b el 3 2 . 2/P .

neglected in the energy conservation equation above, equation (3.2), since ymc*/P is

much greater than the orbital period. For a relativistic particle the total energy emitted

in a frame K moving relative to the particle with velocity -y is

dW = ydW~ (3.11)

where dW "~ represents the total energy emitted in a frame of reference K” which is
instananeously at rest relative to the particle. This relation follows directly from the

transformation properties of the four-momentum (for details see Rybicki and
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Lightman [56], pg 136). The time interval in K is clearly related to dt’, the time

interval in K’, by

dt = (3.12)

Therefore the total emitted power in K~ is

. _ dW’
P’ = ar (3.13)

The total emitted power is clearly a Lorentz invariant parameter.

We now use the Larmor formula for the total emitted power

2

2%, . .2 2.2
P=5-@wa) =5 +a)) (3.14)

where a” is the particle acceleration in the instantaneous rest frame K’. In terms of

the frame K the acceleration components are:
a’=va, (3.15)

al =va, (3.16)

Rewriting equation (3.14) we obtain an expression for the power in terms of the

acceleration in K,

2 2.4
p= q3y (a2 + y'a?) (3.17)

For the case which we are considering here, that of helical motion, there is no

acceleration parallel to the magnetic field and the perpendicular component of the

30



acceleration is given by equation (3.6). Simplifying equation (3.6) and using this

result in equation (3.17) gives

_24% ?B%y? ) - 2q*yB%y?

p
3 }'2m2 3m?

(3.18)

3.3 The Spectral Index of Synchrotron Radiation

The spectrum of synchrotron radiation is related to the variation of the electric
field which is seen by the observer. Beaming effects cause the radiation to appear
concentrated in a narrow set of directions about the particle's trajectory. The
observer sees a radiation pulse which is confined to an interval less than the gyration
period of the particle. The spectrum is therefore spread over a broader region than
one of the order of wy/2x. This is a primary feature of synchrotron radiation.

If the angular width of the cone of emission 1/y at a point along the particle
trajectory includes the observer's direction then the observer will see the pulse of
radiation emitted from that point (see figure 3.1). The distance along the trajectory

As is then simply

As = aAd (3.19)

where a is the radius of curvature of the trajectory. Geometric relations show that

(1) =2 (3.20)
80=2(3) =5
Therefore
_2a 3.21)
As = =& (
ST
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particle trajectory

..................... >

observer

Figure 3.1 :Emission cones at points along a particle trajectory 1 and 2 where the

observer's line of sight lies within the angular width of the emission cone.

We can find an expression for the radius of curvature from the equation of motion

m%=q(xAE (3.22)

| A1| = vA¢ and As = vAt so we rewrite equation (3.22) as

Ad qBsin®
As  Ymy

(3.23)

where 0 is the angle between the magnetic field B and the velocity y. Thus,

substituting for @y from equation (3.9)

As Y
=AbD - acind 3.24
1='A0 " wgind (3.24)
So As is defined by the expression
As=— X (3.25)

B Yosind
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However, it 1s clear that the distance travelled along the trajectory can be expressed
as the product of the particle velocity and the time interval taken for the particle to

travel between points 1 and 2

As =V (t,-t)) (3.26)

where t; and t, are the times when the particle passes points 1 and 2 respectively.

Combining equations (3.25) and (3.26) we obtain

(t,1,) = 2
YO, sind

If tlA, tQA are the times of arrival of radiation at the observer's position then
(™ - ;%) is less than (t,-t;) by an amount which is equal to the time for radiation to
travel along the distance As, As/c. The time interval between pulses as seen by the

observer is then

A A A 2 Yy
Wt = A =m(1-?) (3.28)

We are considering particles with relativistic velocities so Y >>1 and we can use the

approximation
1
1-Y=_1_ (3.29)
C 2,Y2
Using this approximation equation (3.28) becomes
PN A — (3.30)

i} ‘f(nB sin@
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This shows clearly that the width of the observed pulses is smaller than the gyration

period by a factor of y 3. We can define a critical frequency
W, =27 @, sin (3.31)
C 2 B .
or
ve=2 ¥ o, sin (3.32)
© 4n’ B '
We expect the spectrum of the radiation pulse to be of the order of w_ in width.

The electric field is a function of only the polar angle about the direction of

motion ¢ due to the beaming effect. Therefore we can write the electric field as

E(t) =< F(Y) (3.33)

where t is time measured in the observer's frame of reference. When the pulse is

centred on the observer we set t=0 and the path length to s and we find that

o =s/a (3.34)

and
=41-% 3.35
The relationship between ¢ and t is

9 = 2Y(Ywy, sinB)t (3.36)
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YO o< Ot (3.37)

So we rewrite equation (3.33) with the electric field as a function of the critical

frequency and time

E(t) o< g(w,t) (3.38)

Taking the Fourier transform of the electric field and changing the variable of

integration to &=w_t we have
E(w) = jg(é) exp(%’é—) dg (3.39)

The power emitted per unit frequency per unit solid angle is proportional to the
square of the electric field. We can integrate over the solid angle and divide by the
orbital period ( both of which are independent of frequency) to find an expression

for the time averaged power per unit frequency

[N

dw 1 dW [0)
=1L AW = prp) = C.f(-* 3 40

f is a dimensionless function and C, a constant of proportionality. Compare the total

power evaluated by the integral over angular frequency with equation (3.18):

oo

P=JP(0)) dw=C1Jf(£’—) do = o, CIJ.f(x) dx (3.41)
0 0 ‘ 0

where x=w/m_. We can evaluate C, and find that the power for a given frequency is

3 .
/3 ¢°B sin £ (3.42)

P(O)) - 21tm 08
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Here we have set C]=\/ 3/2m as this is the value it takes for the most commonly used
normalization of f. This is a very useful result as we can approximate the
synchrotron spectrum as a power law over a certain frequency range and define a

spectral index p which is a constant in the expression
P(w) < "’ (3.43)

We must also consider the particle distribution of relativistic electrons in a
similar fashion. The number density of particles with energy between y and y+dy can

be approximated by a power law

n(y) dy=Cy % dy V<Y<Y, (3.44)

The total power radiated per unit volume per unit frequency by this type of particle
distribution is given by the integral of n(y)dy multiplied by the single particle

radiation formula over all energies:
Y, Y,

Poa(@=C f P(@) ¥ %dy e J f((,%) Y *dy (3.45)

1

Changing the variable to x=0)/®_ again and remembering that o< ¥* we have

(o- 1) (a—3)
(@) o< J.f(x) X dx (3.46)

loldl

If y; and v, are sufficiently widely separated x, and x, can be approximated to zero

and infinity respectively. The expression for the power then becomes
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- (a-1)

oa(@ =0 (3.47)

p

Thus the spectral index p is related to the particle distribution index o by the equality

-l
P=73

(3.48)

nd Polarization of Synchrotron Radi
Consider figure 3.2 below. The coordinates have been chosen such that the
particle has velocity y along the x-axis at a time t’=0. The unit vectors in the orbital

plane are shown and

len

1l
1=
>
len

1 (3.49)

X

Figure 3.2: Coordinate system for the polarization of synchrotron radiation. The particle
trajectory is in the x-y plane and at t'=0 the velocity is along the x-axis. The origin of the

coordinates coincides with the location of the particle at t'=0. ais the radius of curvature of

the particle trajectory.
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We see from figure 3.2 that
nA@AB)=-g sin (%;)+§\ cos (%) sin ¢ (3.50)

where 3 = V/c, V is the particle velocity, and | Bl=1.The energy per unit frquency

per unit solid angle of a radiation field for a single particle is

2

2.2 . . . .
di\ZQ _ 4(7’: ) | Jn AMmAB) Cxp(l(l)[t Nn.ryt )]) dt | (3.51)

For details of the derivation of this equation see Rybicki and Lightman pg 82 [56].
Equation (3.50) gives us the first factor in equation (3.51). The second factor

can be expressed as follows:

t’- D.L,(t) =t-acoso sin(%)

3
= 2yY [a+Poh + 732‘2 ]

a

(3.52)

The sine and cosine functions have been expanded and the approximation stated in
equation (3.29) used again. Elsewhere in the expression we have set v=c.
We are now in a position to consider the polarization of the radiation emitted by
a relativistic particle. Expand the sine and cosine functions in equation (3.50). We
know that
dwW dw dw

AT (3.53)
dodQ  dodQ  dodQ

From the equations (3.51) and (3.52) above we find that
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dfo\Zb ¢ 2¢ | JCXP [“” (o3 272(3) ] dt’|2 (3.54)

2 3 2
L ct’ 100 2. C th .
dwdQ I J exp ;YZ (4’7‘ M )]di I (3.55)

where (1)72 =1+y20%. Performing the following change of variables equations (3.54)

and (3.55) can be rewritten.

yct’ maqﬁ
2
diVZQ q2m2¢ (a¢ ) l Jexp [2 in (C+—C )] dCl (3.57)
d((i,)v:;lgz in 2 a‘by) l JCexp 5m (C*“C )] dCl (3.58)

The integrals are functions only of 1 and since most of the radiation occurs at angles

of =0 we rewrite

(3.59)

N =n(0=0) =5
using equations (3.24) and (3.31).
The integrals in equations (3.57) and (3.58) can be expressed in terms of

modified Bessel functions of orders 1/3 and 2/3:

dw, -9 2’ a¢7
K, (3.60)
d0dQ 302 ) 2 W
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N ()

dodQ (3.61)

where definitons of K, ; and K, ; are given in Abramowitz and Stegun, formulas
10.4.26,10.4.31,10.4.32 [58]. Integration of equations (3.60) and (3.61) over unit
solid angle gives the energy per frequency range radiated by the particle per complete
orbit in the projected normal plane. The element solid angle is taken as

dQ2=2rsinBd¢ so

dw, 2q2(1) a smG
- j o K3 () do (3.62)
dW

_ 29’0 sind 2,2 02 Lo (3.63)

-00

We can integrate over all space because the integrand is concentrated to small values
of A¢ about 6; of the order of 1/y. The integrals in equations (3.62) and (3.63) can

be reduced further [Westfold] so that the components of emitted power become

dW, {3 q’ysin
do =~ 2

[F +G ] (3.64)

[Fe0 - 6] (3.65)

dW, /3 g’ysinf
do 2

where x=0/®_ and F(x), G(x) are

F(x) = xJ. Ky(©) L (3.66)
X 3
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G(x) = x K,(x) (3.67)
3

Division by the orbital period T=2n/wg will convert the above equations to emitted

power per unit frequency

I -
P () = % [ Foo + G | (3.68)

v/—q Bsin6

P (w) = [ Foo-600 ] (3.69)

Thus the total emitted power per frequency is simply the sum of the parallel and

perpendicular components

3y
/3¢Bsind (3.70)
4mtm

P(w) =
which we can compare with equation (3.42). The power in terms of frequency v is

simply

{3 ¢*Bsinb

P(v) =2nP(w) = o

F(x) (3.71)

For any distribution of particles which varies smoothly with the pitch angle 6,
emission cones from both sides of the line of sight will contribute equally to the total
radiation seen. In such a case the elliptically polarized components which arise from
each particle will cancel out leaving the radiation linearly polarized. This polarization
can be described simply by using the powers per unit frquency parallel and
perpendicular to the projection of the magnetic field on the plane of the sky. Since

the polarization is linear we can use the expression for the degree of linear

polarization for particles of a single energy given by equation (2.15),
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= 2mox iy 215

Iax + i

We know that the parallel component of the emitted power is equivalent to the
minimum intensity passed by a polarizing filter and that the perpendicular component

is equivalent to the maximum intensity so we can write

_ P (0)-P (w) 372
“P@ P @ Gy
Using equations (3.68) and (3.69) we find that equation (3.72) reduces to
G(x)
= F(x) (3.73)

For particles which have a power law distribution the degree of polarization can be

shown to be
=2+ (3.74)
oc+§

3.5 The Theory of Polarization of Synchrotron Radiation

Polarization of radiation emitted by the Crab nebula is solely due to the fact that
the radiation is caused by electrons spiralling around the magnetic field lines of the
nebula. This is electron synchrotron radiation which is always highly polarized if the
magnetic field is non-random and the medium is optically thin. The spectral
distribution is commonly represented by a power law spectrum in photon fr%ucncy‘

In this case the electron spectrum is also a power law,

ney,p)=n,(£)y % (3.75)
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where n(y,r) is the distribution of electron energy, v is the Lorentz factor,

(1-v¥/c?) 12 () is the spectral index and ny(r) is the electron density function.
The power of synchrotron emission per steradian per unit frequency range is

then given by equation (3.45). We can convert equation (3.45) to frequency v quite

simply (see equation (3.71)) and insert the relevant constant to obtain

ev (L) F
P(v) = —2 Jn(v DF(—Y—— ) d (3.76
3 (Y vo (E) ) & )
where
_ 3eBsinb
0= “dmm, (3.77)

and 6 is the angle between B and the line of sight. m_ is the electron mass and e the
electronic charge. B= |B | The function F is related to the modified Bessel function
K5/, as shown in equation (3.66). From equation (3.75) a substitution can be made

for n(y, ) in equation (3.76) giving

P(v)—e VO(L)n( 2 Jv “UE p(—Y— ) & (3.78)
: G v (L)
Replace v/y2 v, (L) withx:
5 s
2 2 o UL
prvy = SV D ) (v jx2 F(x) dx (3.79)
2{3 0 0

Hence, we can write an expression for the power of synchrotron emission per unit

frequency for the whole volume,
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1- a([)

P =~ u;)( ) no( L) Floum) dv (3.80)
where
a(p)-1
F(or)) = _[ 2 K, (x)dx dx (3.81)
0 X

F(a(r)) is a constant if a(r), the spectral index, is a constant with wavelength,
which is assumption 5 in chapter 6, section 6.1, so we will consider only the case
where this holds. If we know the value of the spectral index it is relatively simple to
calculate F(a) numerically in terms of gamma functions. We shall discuss the
evalution of the functions F and G in terms of gamma functions further in chapter 6.
Once evaluated F(o) or G(a) can be removed from the integrand and becomes
simply a scale factor in equations (3.85), (3.86) and (3.87).

The powers per unit volume per unit frequency which are related to the Stokes

intensities are represented by equations which are similar to equation (3.80):

1- o(r)
2 2
P(V) = 2—CJ§_VJ "D V(D) (3)  cos 24D Glate) av (3.82)
1-o(r)
2 vy 2z .
P (v) = 267 J‘ n,(£) V(L) (V_o) sin 2X(r) G(or)) dV (3.83)

where () is the angle of polarization and

o (D1 o
G(a(z)>=jx 2 [k, ) dx dx (3.84)
0 X3
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G(o(p) is a constant if a(r) is a constant and can be evaluated numerically in a
similar way to F(a(r)).

Since v, is related to the component of the magnetic field which is perpendicular
to the line of sight, B, we can use equation (3.77) to replace v, in equations (3.80),
(3.82) and (3.83). Also, we can change the integral over volume to an integral per
unit area over the line of sight. This gives us a set of equations which tell us what
we would see in terms of Stokes intensities if we observed the magnetic field B

along a line of sight s. These operations yield the following three equations:

1+ o

I(V)=KF(G)IHO(£)(BL) P ds (3.85)
= 1ra

IQ(V):KG(OL)J.nO(L)(BL) 2 cos2X ds (3.86)
oo l+a

IU(V)=KG(a)J.n0(;;)(Bl) 2 sin2X ds (3.87)

where F(a), G(o) and ¥, are treated as constant with respect to r and X is a constant

for a given frequency,

Equations (3.85), (3.86) and (3.87) are used in the models described in chapter 6 to

generate values of the Stokes intensities for given magnetic field structures.
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Chapter 4

Plasma Theory

4.1 Intr ion

In this chapter we deal with the basic plasma physics needed to study the Crab
nebula. The theory presented in section 4.2 follows that given in Bittencourt {59]
and leads us to the concept of "frozen-in" magnetic fields. In section 4.3 we discuss
briefly the plasma aspects of the Crab nebula. Section 4.4 elaborates on the previous
discussion with reference to recent work in this field. In particular, section 4.4
includes a discussion of the paper by Tsikarishvili et al [S5] which prompted the

work on the frozen-in field equation which is presented in section 4.5.

4.2 Macroscopic Magnetohyvdrodynamic Egquations

A plasma can be treated as a conducting fluid and there is no need to specify the
species of particles present in the plasma. Transport equations can be derived which
describe the behaviour of the plasma as a whole. As well as these hydrodynamic
transport equations we require a set of electrodynamic equations to fully describe the
properties of the plasma. Dealing with a plasma in this way we can make several
simplifying assumptions which result in a set of equations that completely describe
the plasma behaviour. These equations, generally known as simplified
magnetohydrodynamic (MHD) equations, are as follows:

1) the equation of continuity for the plasma

op
om Ly, =0 (4.1)
5 +V.Pny
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2) the equation of motion
Dy
P () =UAB) - Y p (4.2)

3) the adiabatic equation for conservation of energy
Vp=v;¥p, (4.3)
4) the Maxwell curl equation for the electric field

)
VAE= o (4.4)

5) the Maxwell curl equation for the magnetic field

VAB=p,l (4.5)

Note that we neglect the displacement current term in this Maxwell curl equation
when dealing with a plasma;
6) a generalised form of Ohm's law in which the Hall effect term is neglected

leaving

I=0,(E+yAB) (4.6)

In equations (4.1) to (4.6) viscosity and thermal conductivity are neglected. p
is the total mass density, v the average fluid velocity, I the electric current density,

B magnetic flux density, G is the electrical conductivity of the fluid, E the electric

field, p the magnetic permeability of free space, p the total scalar pressure and A

the adiabatic speed of sound
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2
Vs = gp*;) 4.7)

We also assume here that charge neutrality is maintained to a high degree on a
macroscopic scale and that the time derivatives and pressure gradients are negligible
in equation (4.6).

The generalised form of Ohm's law can be used to obtain a simple expression

for the magnetic flux density B. Taking the curl of equation (4.6) we obtain

VAl=0,l(LAE)+Y A xAB) (4.8)

Using equations (4.4) and (4.5) to replace the current density and the curl of the

electric field modifies equation (4.8) to

VA@AB =10, [ RV awan] (4.9)

A well known vector identity shows that
YAWAB=V(.B-VB (4.10)

Here we make use of Maxwell's equation for the divergence of the magnetic flux

density,

V.B=0 (4.11)

in conjunction with equation (4.10) so that equation (4.9) reduces to

oB

sz/\u/\g)mmvzg (4.12)

n_ is called the magnetic viscosity and is given by the expression
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1
n., =
™ HoO,

The first term of the right hand side of equation (4.12) is the flow term and the
second is the diffusion term. It is often useful to consider the relative importance of
these terms. To do this a ratio between the flow and diffusion terms is taken and
called the magnetic Reynolds number,

R -V

m

(4.13)

=

m

where L denotes the characteristic length of variation of the parameters. If R is
much less than unity diffusion dominates the plasma behaviour. In this case equation
(4.12) can be simplified to

%—[ﬁ =n,V'B (Rp<< 1) (4.14)
As a result of diffusion the magnetic field will decay and L is related to the decay
time. The time of decay depends strongly on the size of the conductor; the larger the
conductor, the longer the decay time.

In the case where the magnetic Reynolds number is much greater than unity the

flow term dominates equation (4.12) which becomes
aa_tﬂ=gA (v AB) R, >> 1) (4.15)

In this case the above equation implies that, instead of the magnetic field diffusing
away, the magnetic field lines move along with the fluid (or vice versa). This type of
behaviour is usually referred to as a "frozen-in" field. The fluid is free to move
independently along the magnetic field lines but independent motion perpendicular

to the magnetic field lines is severely restricted. Any motion of the fluid in such a
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direction causes an equivalent motion in the magnetic field and vice versa. An
alternative illustration of this effect, with particular reference to pulsars, was given
by Barnard [53]; "A frozen-in field implies that a field line that is anchored at a point
on a surface that is co-rotating with the neutron star at a radius equal to the radius of
the light cylinder will pass through the locus of all points at which there is plasma

which has passed through that particular point.".

4,3 The Crab Nebula as a Plasma

The Crab nebula is an electron-positron plasma with an average electron density
of approximately r1c=103 cm [12]. The plasma particles are produced by pair
production around the pulsar's magnetic polar caps [40,51] and ejected along the
open field lines, in the form of a relativistic MHD wind [4,13] into the main part of
the nebula. The pulsar magnetosphere has two components [4,13,53,55], a closed
region where the plasma and the pulsar co-rotate and an open region where the
relativistic electron-positron wind dominates. The closed region exists within the
pulsar's light cylinder, while outside the light cylinder particles spiral around the
magnetic field lines causing the observed electron synchrotron radiation which gives
the Crab nebula many of its unique characteristics (see figure 4.1).

Theory of the magnetic field structure in the closed region of the pulsar
magnetosphere is quite well understood and states that the field should have a dipole
structure {43,53]. For this reason, and because the closed region is far too small to
be observed at the resolution of the data used in this work (see chapter 5), we have
concentrated on the region outside the light cylinder. Here the magnetic field is
"frozen-in" to the plasma and we can use the set of macroscopic MHD equations

defined in section 4.1 to describe the plasma behaviour of the open region of the

Crab nebula.
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{2 rotation axis of the pulsar

magnetic axis of __|

the pulsar/

extent of the light cylinder

Figure 4.1: The Crab nebula pulsar is an oblique rotator, i.e. the magnetic axis is at an
angle to the rotational axis. The angle between the magnetic axis and the rotational axis of
the Crab pulsar is almost 90°. r is the radius of the light cylinder and & is the angle of

divergence of the plasma as it leaves the light cylinder. (After Tsikarishvili et a [551.)

4.4 Recent Work on Plasma Aspects of the Crab Nebula

Treatment of the Crab nebula as a plasma is not a new idea [42]. Deutsch [43]
solved the frozen-in field equation (equation 4.15) to find the magnetic field
structure surrounding a rotating magnetic star in a vacuum. Although Deutsch's
solution did not allow for the effects of a plasma surrounding the star his model
holds quite well in the closed region of the pulsar magnetosphere and the frozen-in
field equation is still valid within a plasma that can be treated using the ideal MHD
equations. A more recent attempt to find a solution of the frozen-in field equation in
the open region of the Crab nebula was made by Tsikarishvili et al [55]. These
authors used the frozen-in field equation to describe the structure of the magnetic
field outside the light cylinder. The main difference between the treatment given by
Tsikarishvili et al to that of earlier papers is that previously [41,42] the build up of a
toroidal field was thought to take place during the whole lifetime of the nebula
whereas Tsikarishvili et al postulate that the toroidal field component is generated

continuously, and almost instantaneously, in the neighbourhood of the light cylinder
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and then transferred to the rest of the nebula by the outflow of relativistic particles.
The time for this transfer to occur is of the order of months compared to transfer
times of hundreds of years suggested by previous models. Thus the field structure is
only changed by nebula expansion and movement of the pulsar and the authors
present a "quasi-stationary” picture of the nebula where the necessary outlet for
magnetic energy is provided by reconnection around the filaments and consequent
annihilation of directionally opposed fields.

The qualitative picture of magnetic field development presented in this paper is
similar to previous models of the magnetic field structure but differs mainly in that a
double layer disc of toroidal magnetic field is expected to form around the pulsar's
rotational equator rather than a single disc of toroidal field [44,45,50]. The disc is
expected to be approximately 20 arcseconds in radius; this size corresponds to 4
pixels at the resolution used by Woltjer [1] and 13 pixels at the resolution of
McLean, Aspin and Reitsema's data [2] and so should be detectable (for further
details see chapter 5).

Consider figure 4.1. The angle between the pulsar rotation axis and its magnetic
axis is not exactly 90°. The electron-positron plasma flows out along the open field
lines across the light cylinder boundary with a small divergence 8. The plasma
leaves the light cylinder almost tangentially as the rotational energy of the
magnetosphere is transferred to kinetic energy of the relativistic particles and carries
the magnetic field with it. The magnetic field is frozen-in to the plasma outside the
light cylinder and rotates more slowly than the pulsar; the rotation velocity of the
Crab nebula can be considered to be zero in the observer's frame. Thus the open
field lines are dragged out into a spiral or torus. If the pulsar's magnetic axis were at
exactly 90° to its rotational axis the open field lines for each of the two magnetic
poles would form two interlocked spirals which would move outwards. As these
spirals moved outwards they would meet and reconnect."This would destroy the
toroidal field components as the magnetic fields in the spirals are oppositely directed.
Since the angle between the axes is not 90° the two spirals of frozen-in magnetic
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field form separately, one above and one below the rotational equator (see figure

4.2).

lines of magnetic
field

O

pulsar
magnetic axis

Eigure 4.2: The two discs of magnetic field produced as the pulsar rotates. The field
direction in the top disc is opposite in sense to that in the lower disc. The inner boundary
of the discs coincides with the outer boundary of the light cylinder. (After Tsikarishvili et al

(55].)

Tsikarishvili et al predict that the toroidal magnetic field generated in this way
will be transported radially outwards by the plasma. This field would decrease as the
inverse of the distance from the pulsar. Thus the synchrotron radiation intensity
would decrease towards the edges of the nebula as observed. The toroidal character
of the magnetic field is lost as it moves out through the nebula because the field
cannot pass through the filaments as easily as the plasma can. Tsikarishvili et al use
a theory, proposed in 1972 by Wilson [33], which allows the field to pass by the
filaments by reconnection but also accounts for the enhanced radiation seen from the
filaments by a build up of magnetic field around them. The magnetic field wraps
around the filament and eventually reconnects on the downstream side, leaving a
ring of magnetic field around the filament (see figure 4.3). Such rings of magnetic

field would cause currents to run through the filaments as originally proposed by
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Woltjer [60]. Such enhancement could also account for the high degrees of
polarization seen in the eastern and western bays of the nebula ( chapter 5, figures

5.1 and 5.3) where the polarization pattern indicates a ring of field around a region

of conducting gas.

Figure 4.3. As the plasma flows outwards past the filaments (shaded regions) the
magnetic field is distorted around them. Areas of reconnection (X) occur on the
downstream side of the filaments and rings of magnetic field form about the filaments
which may explain the enhanced emission seen here and the presence of currents which
are thought to run through the filaments. Filaments do not obstruct the outflow of

magnetic field but contribute to the degradation of its toroidal character. (After Wilson [33].)

Qualitatively, this model describes the features of the Crab nebula well but the
quantitative analysis undertaken by Tsikarishvili et al [55] is not adequate. Choosing
the rotation axis of the pulsar to be the z-axis the authors expanded equation (4.15)
in cylindrical polar coordinates and attempted to find a solution which would give an
expression for the magnetic field component in the ¢ direction; this would
correspond to the toroidal component of the field. Deutsch’s solution of the
frozen-in field equation [43] gives the field components in the open region of the

nebula in spherical polar coordinates as wave functions but Tsikarishvili et al have

54



tried to solve the equation for a non-wave field by setting all time derivatives of the
magnetic field equal to zero. The main problem with their analysis is that they
neglected terms from the expansion of equation (4.15) which are in fact not
negligible and were inconsistent in their treatment of the radial component of the
magnetic field. In equation (8) of Tsikarishvili et al's paper the radial component is
considered to be independent of the distance from the pulsar but in equation (10) is

given as a function of the distance
k
rC
B, =B, (T)

where B__ is the radial component of the magnetic field at the perimeter of the light
cylinder, r_ is the radius of the light cylinder, r is the distance from the pulsar and k
is a constant which the authors set equal to 2 outside the light cylinder. This
expression is similar to expressions used in Barnard [53]. The method of solution of
the partial differential equation for B, used in Tsikarishvili et al's paper is incorrect
due to the neglect of terms which do not have a negligible effect on the solution and
the fact that the solution is obtained by setting each term equal to zero in turn,
solving the equation thus obtained and superposing the solutions of each of these
equations. The solution obtained in this way is not comparable to a static case of
Deutsch's wave solution although it satisfies the criteria outlined by Tsikarishvili et

al in their qualitative discussion.

4.5 Treatment of the Frozen-in Field Equation

We will now consider equation (4.15)
aa—tﬂ =VA@AB

in relation to the static solution (dB/dt=0) for the Crab nebula in more detail. The
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curl of a vector u in cylindrical polar coordinates is

1 du, ou,

0
ZAu=t[ra¢ - ]+ [u aur] (4.16)

I do

The cross product of the vectors y, the velocity of the plasma, and B, the magnetic

flux intensity, in cylindrical polar coordinates is
vAB=%(,B,-v,B,)+0(v,B,-vB,) +£ (v,B, - v, B (4.17)

combining equations (4.16) and (4.17) we find that we have three equations

involving the components of the magnetic field:

dB, _ 8

== raq)( vB,-v,B)) - (v v,B,) (4.18)
dB, 3 B

7=g(vo Bz'szo)"a_r(vrBﬁ'W B) (4.19)
oB

Z:%%(r(sz ~vB,)- (vo B, - V,B,) (4.20)

ot ¢

For a static solution the time derivatives in equations (4.18), (4.19) and (4.20)
should equal zero. These three partial differential equations cannot be solved unless
we know the form of the velocity components with relation to the magnetic field, or
vice versa.

In the solution attempted by Tsikarishvili et al all dependencies on ¢ were
neglected so that all derivatives with respect to ¢ were equal to zero. If the field
generated is a spiral field as suggested and is generated simply by winding up the
open magnetic field lines then it is reasonable to assume that the magnetic flux
density does not vary with ¢ i.e. the field is rotationally symmetric and will look the

same no matter from which value of ¢ it is viewed. Making this assumption
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simplifies equations (4.18), (4.19) and (4.20) as follows:

JB, = 3
ot =0=- g (VzBr - vrBz)
3B,

0B
ot

L=0= % gr (r (v,B;-v.B,)

o
T=O=$(VGBZ-vZBO)~%(v,BO-VOB,)

(4.21)

(4.22)

(4.23)

From equation (4.11), Maxwell's equation for the divergence of the magnetic flux

density, we see that

Neglecting the ¢ derivative term we have

1 0B, 3
? (rBr) + .jz— = O

d
or

(4.24)

(4.25)

We must assume that B, is a function of z, especially if the toroidal component is

confined to two discs in the rotational equatorial region of the pulsar. Therefore, B,

must be a function of r and z and not a constant as is assumed in equation (8) of

Tsikarishvili et al's paper.

We now have a set of four partial differential equations, (4.21), (4.22), (4.23)

and (4.25). In order to solve these equations for the magnetic field structure we still

need to know the form of the velocity field. No further analysis of these equations

will be made in this thesis. The original intention behind the study of the paper by

Tsikarishvili et al [55] was to obtain an expression for B¢ which could be employed

in the theoretical model which had been developed (see chapter 6), not to derive an
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exact analytical solution of this set of equations. Solution of equations (4.21),
(4.22), (4.23) and (4.25) would be extremely time consuming and is not within the
scope of this thesis, but it would be interesting if a solution were found as it could

then be incorporated into the theoretical model.
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Chapter 5

Analysis of the Data Sets of Woltjer and
McLean, Aspin and Reitsema

5.1 Introduction

In this chapter we present the data analysis performed as part of this project. We
discuss the tests and manipulations which were performed on the two data sets and
the results of these tests. The observations which produced the two data sets used in
this work are separated by a period of 26 years.

Photoelectric observations of the surface brightness and linear polarization of the
Crab nebula were made by Baade[1] and Walraven[25] in 1954-55. This data was
published in a paper by Woltjer[1]. The resolution of the data is 5.25 over an area
of 5x4 arcminutes; this covers all of the optically visible nebula. In all, Woltjer's
data set contains values of the angle of polarization ), the degree of polarization I1
and the intensity of emitted radiation from the nebula I for 1044 pixels. 57 other
pixels within the area observed had no measured data values and so values were
interpolated from surrounding data points (see section 5.2) making a total number of
1101 pixels. This data set is quite small, was typed into the Acorn Cambridge
Workstation directly from the paper and is easily handled by the computer programs
used whereas the second data set used in this work is much larger. This second data
set come from CCD observations of the polarization parameters of the Crab nebula
made by McLean, Aspin and Reitsema in 1981 [2]. These observations cover a
slightly smaller area of the nebula than Woltjer's data but the observations were
made using a resolution of 1.5" instead of 5.25 . McLean, Aspin and Reitsema's
data set covers the observed area with a 357x264 pixel scan. For each pixel there is a
measurement of the intensity I, the Stokes parameter Q and the Stokes parameter U.

This data was obtained by Cawthorne and Brown on the Royal Observatory
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Edinburgh’s STARLINK Vax. Stars were removed from the field and the data then
stored on a magnetic tape in Vax Fortran format. In order for it to be used in this
project the data was read from the tape onto the Glasgow University Local Area
VAX Cluster (LAVc), which is a system comprising one VAX 8250 and two
MicroVAX 3600 processors. Initially all the work on Woltjer's data set was
performed using an Acorn Cambridge Workstation but was repeated using the LAV¢
mainframe computers.

Listings of all the computer programs mentioned in this chapter can be found in

appendix A. These programs are written in Fortran.

5.2 Imitial Analysis of Woltjer's Data

Interpolations of data values for the 57 pixels with no recorded data were
obtained by simply summing the surrounding data values for the required parameter
and dividing this sum by the number of data values used. Most interpolations used 8
data values, but some had as few as 3 existing measurements for the calculation.
This method yielded interpolated data values which did not vary greatly from
neighbouring measurements and, in fact, gave a smooth variation on the small scale
which was comparable with areas of the nebula where no interpolations were made.

In its original format the data comprised two files, one containing values of
polarization angle, degree of polarization and intensity and another defining the
length of each row of data relative to the greatest extent of either side of the nebula
(i.e. how wide the nebula is at that height of the ordinate axis). This measurement of
the width of the nebula was necessary because the measurements were made by
scanning from one edge of the nebula to the other at a given height and not by
scanning a rectangular area covering the nebula and some of the surrounding sky.
Simply plotting each row of data from these files, starting at the far left hand side of
the plotting area would not give the plot shown in figure 5.1 but would give a picture

of the nebula with a straight vertical edge on the left and an uneven outline on
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Figure 5.1: A polarization vector plot produced from Woltjer's data set. North is vertically
upwards and east is to the right. Notice the areas of strong polarization with a sweeping
pattern, the eastern and western bays, which are in the centre of either edge of the
nebula. The angle of polarization is represented as an angle rotated anti-clockwise from the
vertical and the degree of polarization is represented as the length of the line. As with
other polarization plots in this thesis the maximum degree of polarization here is

approximately 70%.
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the right. Using the values for the ends of each line of data relative to the ordinate
axis a polarization map could be plotted (see figure 5.1). Filling the region not
covered by the observations with null data values produced a set of data which
occupied a 51x37 pixel box and facilitated further manipulation of the data. This
process was performed by program FILLCRAB.FOR. In the filled data set the
pulsar is positioned at the coordinates (30,15).

The next step in analysis of Woltjer's data was the conversion of the original
data from angle, degree of polarization and intensity to intensity and Stokes
parameters (Q and U). This was achieved by use of the relations given in chapter 2,

equations (2.21):

Q=1IIcos (2X) (5.1)

U =11 sin 2X) (5.2)

The program IQUPROG.FOR performs the calculations necessary for the
conversion which was necessary to enable direct comparisons to be made between
Woltjer's data and McLean, Aspin and Reitsema'’s data [2].

A polarization vector plot as shown in figure 5.1 can be produced from
Woltjer's original data set or the filled data set quite straightforwardly. The
polarization angle can be plotted as a rotation anti-clockwise from the vertical
direction (this corresponds to the north direction on the sky) and the degree of
polarization can be represented as the length of the line drawn. Program
CRABPLOT.FOR produces such a vector plot. To produce the same diagram from
the Stokes parameters we must first recalculate the angle and degree of polarization

using the relations given by equations (2.17) and (2.18) in chapter 2:

1
n=w?+QH? (5.3)
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U
tan2y = =
anzy Q (5.4)

The vectors can then be drawn. Program FULLPLOT.FOR draws such a

polarization vector plot, which is identical to figure 5.1, using the converted data set.

3.3 Initial Analysis of McLean, Aspin and Reitsema's Data

Since McLean, Aspin and Reitsema's (hereafter referred to as MAR) data set
contains values of three parameters for almost 10° pixels it is not useful to plot the
polarization vectors for the whole area covered by this data in one map; in order for
each polarization vector to be discernibly separate and indicative of the degree of
polarization such a map would have to be at least 1.5m?. Because of the sheer
volume of data in this set the main data file was separated into a number of smaller
data files. This was a relatively simple process but is repetitive and consumes large
amounts of CPU time.

The program HIGHRES.FOR sorts the data into 56 files each covering an area
of 51x33 pixels. Any of these files can then be selected and a polarization plot made
using program HRPLOT.FOR, which employs the same plotting method as
FULLPLOT.FOR. Program HIGHRES2.FOR sorts the main data file into 204
files, each covering a 21x22 pixel area. Any of these areas can be plotted by
HR2PLOT.FOR. The final program in this series 1s HIGHRES3.FOR. This
program sorts the main data set first into 21x24 pixel areas and then into 1683 7x8
pixel areas. This two stage process was employed simply because it is more efficient
in terms of program length and running time and because it 1s not sensible to open
1683 Fortran logical units simultaneously as this is wasteful of filespace and running
time.

The point of this process was twofold. First, we can use HR3PLOT.FOR to
plot the polarization vector map for any 7x8 pixel area of the nebula we wish and can

investigate this area at high resolution. By plotting the vector maps for several areas
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it was possible to determine that the pulsar was situated at a position in the nebula
which was covered by the 427th output file created by HIGHRES3.FOR. The angle
of polarization changed quite rapidly in this area several times whereas the variation
in the surrounding areas was smooth and in only one direction (see figure 5.2). The
second and main reason for producing the 7x8 pixel files was to reduce the
resolution of MAR's data to a resolution similar to that of Woltjer's data. The main
data set had to be divided into 7x8 pixel blocks because these numbers (like 51 and
33, 21 and 22 and 21 and 24) are factors of 357 and 264 and this meant that the
computer program for sorting the data could be relatively simple. Fortunately, this
division of the data leads to a decrease in resolution which is such that MAR's data
is comparable to Woltjer's. For each 7x8 block of pixels and average was taken for
each of the three parameters measured. The average was obtained by adding all the
non-zero values for each parameter within the block and dividing by the number of
such values (see program LOWRES.FOR). This allows us to find the average value
of a parameter at the edge of the nebula without including null data points which
indicate the region covered by the observations which are not part of the nebula.
Inclusion of these points would result in a lower average value of the parameter than
we would expect. As a result of this reduction in resolution we obtained a data set
which represented a 51x33 pixel box covering a region of the nebula slightly smaller
than that covered by Woltjer's data. This data set was filled with zeros so that not
only did it represent 51x37 pixels (the same as Woltjer's filled data set), but so that
the pulsar appears in the same pixel in both data sets; x=30, y=15. It is obviously
much easier to compare the two data sets when they have been processed in this
fashion. A polarization vector plot of this data set, produced by

LOWRESPLOT.FOR, is shown in figure 5.3.
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Figure 5.3: A polarization vector plot produced tfrom MAR's reduced resolution data set.
North is vertically upwards and east is to the right. Notice again the areas of strong
polarization with a sweeping pattern, the eastern and western bays, which are in the centre
of either edge of the nebula. The angle of polarization is represented as an angle rotated
anti-clockwise trom the vertical and the degree of polarization is represented as the length

of the line.
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3.4 Test for an Average or Preferred Angle of Polarization

Two methods were used to investigate the behaviour of the angle of polarization
x- Each method was applied to Woltjer's data and to the reduced resolution set of
MAR's data.

The first method of investigation was a binning method. The polarization an gle
data was sorted into 5° bins by BINS.FOR and BINS1.FOR and the resulting plots
of number in each bin versus angle for each data set are shown in figure 5.4. The
graph shows that the most common angle of polarization lies between 150° and
170°. The spread in the peaks of the histogram is quite large (full width at half
maximum ~25°). Therefore an exact value of the most common angle of polarization
can not be given but we can say that the most common angle lies within the
150°-170° range. This result was used later to check that the second testing method
gave results in the correct range. The large peak at 0° in the plot for MAR's binned
data is due to the large number of null data points in this data set.

The second method of investigation of polarization angle utilises a type of
chi-squared test to find the preferred angle of polarization. The preferred angle test
assumes that the nebula has a uniform angle of polarization y, and then tests how
well this hypothesis compares with the observational data. The difference between
the assumed X, and measured angle is found for each data point. In ANGLE1.FOR
and ANGLE2.FOR the sum is taken of all the differences for each data point and
this is repeated for values of ¥, from 0° to 180" at 5 intervals. ANGLE1.FOR deals
with Woltjer's data and ANGLE2.FOR with MAR's data. Programs
ANGLE1S.FOR and ANGLE2S.FOR deal with Woltjer's and MAR's data
respectively. These programs take a sum of the squares of the differences over the
same range of values of ¥, as ANGLE1.FOR and ANGLE2.FOR. The results of
these four tests are shown in figures 5.5 and 5.6. The linear sum test was performed
to check that the shape of the squared sum curve was not an artifact of the test

method. Clearly, the minimum value of the sum of the squared differences should be
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related to the most common angle of polarization.

100

+ Woltjer data
o MARdata

number

0 20 40 60 80 100 120 140 160 180
bin angle
Figure 5.4: A histogram of the number of occurances of a polarization angle in the Crab
nebula. The size of the bins is 5°. The large peak at 0° for MAR's data is caused by the
number of null data points in this data set. There are less null data points in Woltjer's data.
The figure shows that the most commonly occuring angle in Woltjer's data is 155° and in

MAR's data it is 165°.

This test indicates that the preferred angle of polarization for Woltjer's data set is
~150°, which compares favourably with the result obtained by binning the data. For
MAR's data the preferred test indicates a preferred angle of polarization of ~165°,
which is again within the range of the binned data results. As can be seen in figures
5.5 and 5.6 the minimum of the curve is quite shallow and can therefore only give
an approximate value of the preferred angle but as this is a test over the whole nebula

we would not expect the curve to have a very sharp minimum.
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Eigure 5.5: Results of the linear sum and squared sum preferred angle tests for Woltjer's
data. The linear sum was taken to test whether the shape of the squared sum curve was a
product of the squaring or a feature of the data. As we can see above the shape of the

curve is a feature of the data. The preterred angle of polarization indicated by these curves

is ~155°.
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Figure 5.6: Results of the linear sum and squared sum preferred angle tests for MAR's

data. The preferred angle of polarization indicated by these curves is ~165°.



The most common direction of polarization in the Crab nebula is then in the
north-west to south east direction. This result agrees with those of Rees and Gunn
[41], Scargle [61] and others who have made studies of the overall polarization of
the Crab nebula.

Having established that this test of preferred angle of polarization was adequate
an examination was made of the preferred angle of polarization in various areas of
the nebula. In order to separate the nebula into various areas of interest both sets of
data (Woltjer's filled set and MAR's reduced resolution set) were converted from
Cartesian coordinates to polar coordinates. Since the position of the pulsar relative to
both data sets was known (see sections 5.2 and 5.3) the pulsar position was used as
the origin of the polar coordinate system. The coordinate conversions were
performed by programs COTRAN.FOR and COTRAN1.FOR. Here we assume that
the pulsar is in some way located at the centre of the nebula. This may not be true, as
a backward extrapolation of the pulsar's proper motion does not bring it to a position
which coincides with the extrapolated centre of the expansion of the filaments in
1054 AD [5]. However, the proper motion of the pulsaris  small enough that it is
below the resolution of either of the data sets used in this project. Therefore, we can
use the pulsar position as a reference point for comparison of the two data sets.

Two programs, SECTOR.FOR and SECTOR1.FOR, were developed in order
to investigate the distribution of polarization angles in the Crab nebula in more detail.
These programs use the same statistical test as ANGLEIS.FOR and
ANGLE2S.FOR but test at 1° intervals of ¥, rather than 5° intervals and deal with
Woltjer's and MAR's data in their polar coordinate forms respectively. Examples of
the results from these programs are shown in figure 5.7. These graphs show the
results plotted at 5° intervals (this gives the same curve as plotting all the data, but
the data points are not so crowded) for the preferred angle test for a sector of each
data set which has a radius of 10 pixels from the pulsar and covers an angle of 90°.

The minima of the curves shown in figure 5.7 are narrower than those in figures 5.5
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a) Results from the preferred angle test on
a sector of radius 10 pixels, 0° to 90°.
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¢) Results from the preferred angle test on
a sector of radius 10 pixels, 180° to 270°.
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Eigure 5.7: Results of the preferred angle tests for various sectors of the nebula.
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and 5.6 which indicates that there is less variation of polarization angle in these

regions than in the nebula as a whole. Also the preferred angle of polarization

indicated by the minimum of the graphs varies from one sector to another.

Radius of annulus (pixels) | Preferred angle of pol'n Difference
Inner Outer Woltjer MAR (MAR - W)
0 5 148°+12°} 159°x2° 11°
5 10 157°+ 6° 168°x7° 11°
10 15 170°% 6° 3°x7° 13°
15 20 138°* 6° 147°£8° g°
20 25 95°+ 7° 180°+12° 85°
25 30 137°x 7° no data -
Table 5.1: Results from SECTOR.FOR and SECTOR1.FOR for annuli centred on the

pulsar. The preferred angle of polarization and the range of plausible values, derived from
the standard deviation of the data, are given for both data sets. The results for the outer
annuli are not reliable due to the lack of data values in these regions. 1 pixel ~5

arcseconds.

Tables 5.1 and 5.2 show the results from the programs SECTOR.FOR and
SECTORI1.FOR. Table 5.1 presents the preferred angle for Woltjer's data,
McLean's data and the difference between these values for concentric annuli of 5
pixels width. The two outer annuli lack enough non-zero data values to give
meaningful results as they mainly cover the region outside the edges of the nebula.
The 20-25 pixel and 25-30 pixel annuli for Woltjer's data do not contain enough data
points to provide reliable results. Hence the difference of 85° shown for the 20-25
pixel annulus is discarded. Table 5.2 shows the preferred angle for each data set in
the same annuli as table 5.1 but the annuli have been divided into four sectors,
0°-90°, 90°-180°, 180°-270° and 270°-360°. In both table 5.1 and 5.2, the figure
given after each preferred angle of polarization is the plausible range of values of the

angle derived from the standard deviation of the squared sum data by
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[ 2
range =t 2 %

In the above expression n is the number of data values in the area which is under test
and o the standard deviation of the data. Although this figure is not actually an error
on the preferred angle, which is in fact related to the mode of the data, the ran ge of
plausible values gives us an indication of how widely the observed polarization
angles in a region of the nebula vary from our model of a uniform polarization angle
throughout the nebula. We would not expect this model to be a good fit to the Crab
nebula but we need to know how good the model is before we can interpret the
meaning (if any) of the difference between the preferred angles of polarization for
the two data sets. The test used thoughout this section has a related confidence level
of 95%. The range of plausible values for most annuli of sectors is large compared
to the differences given in the fifth columns of tables 5.1 and 5.2. This does not,
however, mean that the difference is purely a product of the non-uniform nature of
the data. A visual inspection of figures 5.1 and 5.3 shows that, at least in the central
region of the nebula, there is a small difference in polarization angles between the
two data sets.

We can also perform a simple test of the difference between the data sets over
the whole nebula by calculating the difference between the average polarization

angles of the two sets of data

= = 1 1
— Xy E2 [ 040, \—- —)
XW XM \/ WM (nw nw
where oy, and o) are the standard deviations and ny, and ny, the number of
measured polarization angles for Woltjer and MAR's data respectively. This test

gives us a result of 11°% 5°, at a confidence level of 95%, which shows that there

has been some significant and measurable change in the polarization pattern of the
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nebula in the time between observations. This is the difference between average
angles of polarization rather than between the preferred angles of polarization but
confirms the result, from table 5.1, that the net change in preferred angle over the

whole nebula is 11°.

Inner and outer Sector Preferred angle Difference
radii of annulus Woltjer MAR (MAR - W)
0-5 0°-90° 134°+17° | 153°+ 5° 19°
0-5 90°-180° | 146°+28° | 160°+ 3° 14°
0-5 180°-270°| 158°+ 7°| 169°+ 3° 11°
0-5 P270°-360°| 159°+11° | 156°+ 2° -3°
5-10 0°-90° 153°+12° | 167°£14° 14°
5-10 90°-180° | 131°+12° | 165°+12° 34°
5-10 180°-270°| 171°£10° | 170°+15° -1°
5-10 270°-360°| 171°+10° | 169°+16° -2°
10-15 0°-90° 164°+ 9° 12°+13° 28°
10-15 90°-180° [ 170°+11° | 180°+13° 10°
10-15 180°-270° 7°+12° 5°+15° -2°
10-15 P70°-360°| 161°+21° | 168°+x15° 7°
15-20 0°-90° 127°+16° | 130°£11° 3°
15-20 90°-180° [ 134°+10° | 180°+15° 46°
15-20 180°-270°| 156°+13° | 151°+10° -5¢°
15-20 P70°-360°| 143°+12° | 137°+ 5° -6°

Table 5.2: Results for the preferred angle test in sections of the nebula defined by an

inner and outer radius and limiting angles. Radii of the annuli are in pixels. 1 pixel ~5
arcseconds.

It is interesting that in table 5.2 we see that there seems to have been a large
change in the polarization angle in the northern half of the nebula, where an
anti-clockwise rotation of ~20° has occurred, but in the southern half of the nebula
the rotation of the polarization angle appears to be small (~5°) and in the clockwise
direction. The pattern which is repeated in the data points to the existance of a real
effect, even though the errors on each difference are quite large. These results are

discussed further in section 5.5.
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.5 Comparison of the Two Data Sets

The Crab nebula lies approximately 2 kpc away from the Earth. The change in

angular position of any moving part of the nebula over a period of time can be

calculated using the expression

angular displacement _ (velocity of movement)x(time period)x(leOS)
in arcseconds (distance to the nebula)

where the factor of 2x10° converts the angle from radians to arcseconds.

It has been postulated that some features within the nebula may move at close to
or at the speed of light [4,13]. If this were the case the change in angular position of
such features over a 26 year period would be 780" (13'!). If we can detect
movements on the scale of Woltjer's resolution then we should be able to detect
movements which occur with velocities of more than 2000 kms!. Since quoted
expansion velocities for the filaments are of the order of 2000 kms™! [5,26] we
might expect to see differences between the two data sets, although there may only
have been movements of the scale of one pixel. A pixel for pixel comparison of the
data sets was attempted but did not yield any meaningful or useful results. This may
be because the intensity ranges of the data sets are different and difficult to calibrate
with respect to each other or due to the difference in the quality of the data (see
section 5.6), but is probably mainly due to the fact that a given pixel does not
correspond to exactly the same part of the nebula in both data sets. The reduction in
resolution of MAR's data is such that it is close to but not exactly the same as
Woltjer's resolution. We have manipulated the data so that the pulsar appears in
pixel (30,15) in both data sets but as we move radially outwards from the pulsar the
mismatch between the area of the nebula covered by a given pixel of each data set
increases. In order for significant pixel to pixel comparisons to be made between
Woltjer and MAR's data the resolution of MAR's data must be made commensurate

with Woltjer's resolution so that we would be studying the same area of the nebula
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separated by a time span of 26 years. When we are considering annuli or sectors of
the nebula this mismatch effect is not significant as the difference in coverage is
small compared to the size of the whole area covered.

The results of the statistical tests above show that there has been some change in
the direction of the angle of polarization, and thus in the direction of magnetic field,
in the Crab nebula in the 26 year period between observations. The results in table
5.2 imply that the magnetic field has rotated anti-clockwise in the northern half of the
nebula and clockwise in the southern half of the nebula. We can not state the exact
angular extent of these rotations but the rotation in the northern half of the nebula is
larger than that in the southern half. It is possible that the ~5° clockwise rotation of
polarization angle in the southern half of the nebula is an effect of the non-uniformity
of the data. The anti-clockwise rotation in the northern half of the nebula is large and
likely to be a real effect. The cause of this effect is not known. If these effects were
due solely to expansion of the nebular material we might expect to see changes of the
same scale in all parts of the nebula. The cause of other asymmetries in the nebula is
thought to be the motion of the pulsar, 110 kms'! towards the west-north-west [3].
How the pulsar motion would affect the magnetic field is not currently known but
this motion is in the direction of the area of the nebula where we see the greatest
change in polarization angle with time. Before we can say exactly what causes the
change in the nebular magnetic field with time we need to know how the magnetic
field in the nebula is derived from the pulsar and how far into the nebula any toroidal
field created by the pulsar extends. These questions can not be answered by current

theories.

5.6 Finding _a Centre of the Polarization Pattern of the
Nebula

An investigation of the data sets was made to examine whether the nebula had a

centre of symmetry in either polarization or intensity. The programs which
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performed this test are NEWCEN.FOR, NEWCEN1.FOR, NEWICEN.FOR and
NEWICENI.FOR. The programs NEWCEN.FOR and NEWCEN1.FOR tested for
a centre in the polarization pattern of Woltjer's and MAR's data respectively.
NEWICEN.FOR and NEWICEN1.FOR tested for a centre in the intensity data for
Woltjer's and MAR's data respectively.

The method used to search for a centre is basically the same for each program.
First the program user enters the Cartesian coordinates of the centre which is to be
examined. The appropriate data set is then read from a file. For the polarization
centre test the Stokes parameters of each pixel are converted to Stokes intensities.
Multiplying the Stokes parameter of a pixel by its intensity gives the Stokes intensity
(see chapter 2, equations (2.16)). The program then runs through the data selecting
pixels from an area which measures 32x20 pixels and is centred at the point which is
being investigated. The search is restricted to this area to confine the test to the body
of the nebula and so prevent null values being tested against actual values; this
would lead to spurious results. The selected pixels are dealt with as pairs. Each pair
of pixels comprises a pixel selected in turn along the scan of one row of data and the
pixel which is diametrically opposite to this relative to the chosen centre. For each
pair of pixels the difference between the measured parameters is calculated and a
sum of the squares of these differences is computed.

The results obtained from the four centre testing programs were used to create
the three dimensional plots shown in figures 5.8 and 5.9. The position of the pulsar
is marked with a P in these diagrams and is at (30,15). Figure 5.8 shows the results
of the tests on Woltjer's data. The three dimensional plots do not indicate that there
is a definite centre either of the polarization pattern or intensity. The lowest point in
the polarization test map is at (23,15) but does not coincide with the lowest point of
the intensity test map, (22,20), which is not very well defined. It is probable that
these poor results reflect the quality of the data rather than the lack of a centre of the

polarization pattern. Figure 5.9 shows the results for MAR's data. Here we see that
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there is an indication that point (32,18) may be a centre of symmetry of intensity and
that (31,17) is a likely centre of polarization symmetry. The most likely centres for
each set of results are in the same part of the nebula. Also these points are placed to
the north-west of the pulsar's position. It is very interesting to note that the centroid
of the X-ray emission of the Crab nebula is is the north-west region of the nebula
[45] and that the pulsar's proper motion is in the direction of this region. MAR's
data therefore seems to indicate that any symmetry in the nebula is likely to be
centred to the north-west of the pulsar by 5-10 arcseconds (1 or 2 pixels at or
resolution). It is unfortunate that we can not determine whether or not the centre of
symmetry has moved in the time between the observations of Woltjer and MAR but
this would be unlikely if the effect were due to the motion of the pulsar. As stated
above, the estimated motion of the pulsar is 110 kms'! [3] and would in fact be
undetectable at the resolution of the data used here. In the vicinity of the light
cylinder the estimated Alfven speed is much less than the velocity of the pulsar so we
can not explain the observed asymmetry in terms of plasma waves caused by, but
propagating ahead of, the pulsar motion (also the plasma is unlikely to support

plasma waves [4,13]).
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Figure 5.8: A three dimensional plot of the results from the centre testing programs
NEWCEN.FOR and NEWICEN.FOR, which test Woltjer's data. in the diagram which shows
the results of the test on the Stokes parameters Q and U the lowest point of the graph is at
(23,15). For the results of the test of the intensity data the lowest point is at (22,20). In both

diagrams the pulsar is at position (30,15).
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Figure 5.9: A three dimensional plot of the results from the centre testing programs
NEWCEN1.FOR and NEWICEN1.FOR, which test MAR's data. In the diagram which shows
the results of the test on the Stokes parameters Q and U the lowest point of the graph is at
(31,17). For the results of the test of the intensity data the lowest point is at (32,18). In both

diagrams the pulsar is at position (30,15).
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Chapter 6

Constructing a Model for the Crab Nebula
Magnetic Field Structure

6.1 Introduction

In this chapter we discuss the development of a computer model which will
calculate the polarization parameters, intensity I, degree of polarization IT and angle
of polarization ¥, produced by synchrotron emission from electrons in a specified
magnetic field. All the computer programs mentioned in this chapter can be found in
appendix B. The programs are written in Fortran and were developed on the LAVc
computers. The polarization maps in this chapter were produced using
SIMPLEPLOT on the Glasgow University Physics and Astronomy Department IBM
4361 computer. All integrations in the programs were performed by a routine from
the NAG Fortran library (DO1AJF). NAG routine S14AAF was used to evaluate the
modified Bessel functions found in equations (3.85), (3.86) and (3.87).

In order to construct a computer program which calculates the polarization
parameters of a model of the Crab nebula's magnetic field structure it is best to begin
by simplifying the problem as much as possible. We can then gradually add features
which will make the model more realistic. The initial assumptions made for this
model were:

1) that the magnetic field does not change with time, i.e. we did not allow for
rotation of the pulsar or expansion of the nebular material. Rotation of the pulsar
may cause winding effects in the nebular magnetic field and the generation of
toroidal fields (see chapter 4, section 4.3). If the field is "frozen-in" (see chapter
4, section 4.3) to the nebula then expansion of the nebular material will cause
expansion of the magnetic field. Obviously, both of these effects could play a

key role in the formation of the actual structure of the Crab nebula magnetic field
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2)

3)

4)

5)

but are too complicated to be incorporated into the initial model;

that only the electrons emit synchrotron radiation. This is not true as the
positrons will also emit synchrotron radiation but the effect of the positrons will
be to double the intensity of the observed radiation, as there must be an equal
number of electrons and positrons in the plasma for charge neutrality to be
maintained. The positrons spiral around the magnetic field lines in the opposite
sense to the electrons. However, it is linear polarization which we see and we
can not distinguish between the two species of particle as the linearly polarized
light emitted by an electron is polarized at exactly 180° to that from a positron.
The effect of the positrons on angle and degree of polarization is nil and since
these are the very quantities we are studying we can neglect the effect of the
positrons without adversely affecting our results;

that the electron density of the nebula is homogeneous. A glance at a photograph
of the Crab nebula, e.g. figure 1.1, will show that this is clearly not the case in
reality. The intensity of synchrotron radiation is proportional to the electron
density (see equation (3.85)). The intensity of optical synchrotron radiation from
the Crab nebula is far from uniform which indicates a non-uniform electron
distribution. The effect of a decline in the electron density as r *! would be to
reduce the depolarization effect of varying magnetic field direction along the line
of sight since most of the intensity will originate from areas where the electron
density is greatest;

that the nebula magnetic field is cylindrically symmetric. Morphological studies
of the nebula [5,6] show that it is roughly an ellipsoid with a major axis of 4 pc
and both the minor axes of 3 pc so this assumption seems reasonable. Also, the
magnetic field close to the pulsar is a dipole field which is by its nature
cylindrically symmetric; this explains our decision to begin by constructing a
model of a dipole magnetic field ;

that the electron distribution is isotropic with an energy spectrum of spectral
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6)

index (as defined in chapter 3, equation (3.48)) at electron energies
corresponding to visible wavelength emission that is constant over that range of
wavelength. We can see from figure 6.1 that this is a reasonable assumption for
the visible region but we could not extend this work to other regions of the
electromagnetic spectrum without allowing for some variation of the spectral
index with wavelength. For the calculations in this thesis a spectral index
o = 2.32, as measured by Greve and van Genderen [52], was used. This is
equivalent to Kennel and Coroniti's value derived from figure 6.1;

that the magnetic field of the nebula must be derived from the pulsar, as
explained in chapter 1, section 1.4. The observed average magnetic field strength
of the nebula is 10'3-10‘4gauss [11]. This field is far too strong to be a frozen-in
primordial field [4,13,41] and so must be created in situ. The only reasonable
source of such a field is the pulsar so in our model we begin by using a dipole
field structure as would be found within the pulsar's light cylinder. We would
like to know by what mechanism the nebular magnetic field is derived from the

pulsar.

The first model constructed was for a dipole magnetic field viewed either from

the side or along the magnetic axis. It was easy to visualise exactly how the

polarization pattern should look in these special cases and so check that the program

generating the polarization parameters functioned correctly. The dipole model was

then enhanced so that the polarization pattern for an observer at an arbitrary angle of
inclination to the dipole magnetic axis could be calculated. It is important to have this
facility within the model as we do not know the actual value of the inclination of the
general nebular magnetic field relative to our line of sight during either period of
observation. We do know that the pulsar's rotation axis lies north-west to south-east

in the plane of the sky and that its magnetic axis is almost perpendicular to this

[54,61], but as the pulsar rotates the angle of inclination of the magnetic field to the
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observer's line of sight changes. The integration times of the observational data
used in this thesis are greater than the rotation period of the pulsar and so we see in
effect a time averaged polarization vector from the magnetic field which co-rotates
with the pulsar. The magnetic field in the rest of the nebula does not corotate with the

pulsar (see chapter 4, section 4.2) and we do not know the alignment of this part of

the field to our line of sight.

fogv (Hz)
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10"
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;1 10365_
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log hv(eV)

FEigure 6.1: This diagram is from Kennel and Coroniti [13]. It shows the spectral luminosity
of the Crab nebula calculated for the best fit flow solution of their model for spectral indices
between 0.6 and 1. The dotted lines represent the extremes of the calculation where the
results are uncertain. The solid lines A and B are the X-ray and y-ray spectra observed by
Pravdo and Serlemitsos [62] and Walraven et al [63]. C is the optical-UV spectrum from
observations by Grasdalen [64] and Wu [65]. Here the quantity & is equivalent to p in our
equation (3.48) and the best fit value of 0.6 is equivalent to a spectral index of 2.2. Notice

that the best fit spectrum peaks in the UV, where the nebula spectrum is observed to reach

a peak [3].

84



A computer model for the structure of the Crab nebula magnetic field should
also include the toroidal field component which is thought to be generated by the
rotation of the pulsar (chapter 4, section 4.3). Our initial models did not allow for
this type of field. A first step towards inclusion of a toroidal field was made by
simply adding a magnetic field component in the ¢-direction of our coordinate
system which was of a constant ratio to the other components of the magnetic field.
This produced some interesting results but no further progress was made on the
addition of a toroidal component as a quantitative expression for the field generated
by the pulsar rotation could not be found (see chapter 4, sections 4.3 and 4.4). If a
toroidal field component can be successfully modelled it would be interesting to
compare the model with the observational data which were used in this thesis [1,2].
The model developed here is, however, still far too simplified to warrant comparison
with the observational data.

To predict the values of the Stokes intensity parameters (see chapter 2, section
2.4 for definitions) for a given part of the magnetic field which we wish to study, we
need to find the component of the magnetic field which is perpendicular to the
observer's line of sight, B . Normally, we would also need to know the form of the
electron density function ny(r) but here we treat this function as a constant (see
assumption 3). Tests were made to see how sensitive the computer models were to
the electron density function. Using ny(r) proportional to 1 orr 2 did not alter the
directions of the polarization vectors generated by the programs to any detectable
extent but affected the degree of polarization slightly. Since it is mainly the direction
of the polarization that we are concerned with, the electron density function was
treated as a constant in all the programs developed. If we can evaluate B, for any
magnetic field structure which we wish to consider, we can use equations (3.85),
(3.86) and (3.87) to calculate the Stokes intensity parameters for that field.

The electron density function can be incorporated into the constant x which

greatly simplifies our computations. All terms in the equations, except for the
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perpendicular component of the magnetic field and the terms involving the
polarization angle ¥, are constant and so can be removed from the integrand. As we
want to calculate the degree of polarization from the Stokes intensities we find that
the constant terms will cancel in equation (2.12), so we need only perform the
integration and do not need to evaluate the constant term at all. Similarly, the tangent
of twice the angle of polarization is the ratio of I to IQ and so here the constant

terms also cancel. For the purposes of our calculations we can say that,

1= F(a)J' (B ds 6.1)
1.66

IQ =G(a) J‘(B*) cos2y ds (6.2)

1, =G [(B)"* sin2y ds (6.3)

where s represents distance along the line of sight of the observer. F(a) and G(a)
can be evaluated using gamma functions according to equation 11.4.22 of

Abramovitz and Stegun [58];

oo

J " K, () dt = 2‘1'1 I( u+;j+1) I‘(u'\;l) Rutv) > -1
0

In each program the relevant gamma functions are evaluated by NAG Fortran routine
S14AAF.

All the model generating programs make calculations over a grid which is 25
units square. The units actually run from 1 to 26 as coordinate values of zero can not
be used. Zero values of the coordinates cause divide by zero errors when used in

equations such as equation (6.11) as the computer can not perform this calculation at
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x=0. However, this is not a great setback. We will later see from polarization vector
plots that the polarization patterns produced by the programs show smooth variations
and thus behaviour at the origin and along the axes can be inferred from the rest of
the map. |

For a given line of sight each program calculates the required parameters at each
point of the grid. Integration over the line of sight is performed by the NAG Fortran
routine D10AJF. Having calculated the Stokes intensities, the angle and degree of
polarization can be calculated. the main difference between the programs for different
models is that the expressions defining B | and tany differ.

The polarization vector plot for any model is produced by program
MODELPLOT.FOR. In the remainder of this chapter we will consider each of the
models developed for this thesis, beginning with the simplest case, a dipole magnetic

field viewed along the axis of symmetry.

6.2 The Dipole Magnetic Field

To construct a model which will calculate the parameters required to produce a
polarization map for a dipole magnetic ficld we must begin by converting the
standard equations for the components of a dipole magnetic field from spherical
polar coordinates to Cartesian coordinates. Lorrain and Corson [66] give the

components of a dipole field in spherical polar coordinates as:

2p,m
B = cos 6 (6.4)
" oanrd
Hom
B, = sin (6.5)
° 4nP
= (6.6)
B¢ 0

where m is the dipole magnetic moment and W, is the permeability of free space.
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axis of the magnetic dipole

z
4 B, Tran 91
B¢ .
v, B X =T S1n6Cosd
B """_.,,,” y =1 sin@sin¢
L Bg 'A Z=TCOosH
0
........ —> y r’=x% y2+ 22
--------- . 2, 212
O, 1.\.‘ sin@= (X+y") '/
cosb=1z/r
X
Figure 6.2 : Axes for Cartesian and spherical polar coordinates showing the magnetic

dipole axis z, the components of the magnetic dipole in spherical polar coordinates and the

relevant transformation equations.

Using the transformations from figure 6.2 equations (6.4), (6.5) and (6.6)

become:
3. mxz
B.=_—-9 (6.7)
X 4nr
3y mzy
B, = ~Ho® (6.8)
Y 4nr
m (222 x*- 2)
B, = Mo 4 (6.9)
4nr
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6.3 Dipole Magnetic Field Model for an Observer Looking

\long the Dipole Axi

In the case where the observer's line of sight is along the z-axis, i.e. along the

axis of the dipole, the perpendicular component of the magnetic field is found from

simple geometry, as shown in figure 6.3, to be

1 1
2 2.2 3p,mz 2

B, =(B+B = 2442
_L(x+y) 47{15()( Y)

and the angle of polarization is given by the expression

tan X = —~ =

Figure 6.3: The geometry for an observer viewing along the z-axis.

polarization vector

(6.10)

(6.11)

Notice that in this case the angle of polarization does not depend on z; this greatly

reduces the complexity of the calculation of the polarization parameters. Because the

angle of polarization does not depend on z we do not need to make a calculation for

each value of z and integrate. Program MODEL1.FOR, which deals with the end-on

dipole case, calculates the integrated value of the perpendicular component of the
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magnetic field along the line of sight z. Using equation (6.11) and the half angle

formulae we find that

l—IaIIzX:XZ-yz

cos2y = (6.12)

1+ tanzx x% + y2

2 tany _ 2xy

sin2y = =
1+tan?y x%+y?

(6.13)

Neither equation (6.12) nor (6.13) show a dependence on z so equations (6.2) and

(6.3) become
_ G(o)
Q™ Foy | O (6.14)
_G(o) , .
I, = Flo) I sin2y (6.15)

where [ is given by equation (6.1).

The program MODEL1.FOR evaluates the integral for I and then, for each value
of x and y in our grid, IQ and I;; can be evaluated without integration. This allows us
to calculate the degree of polarization as given by equation (2.12). The angle of
polarization for each point (x,y) is calculated directly via equation (6.11).

The polarization map for this model is shown in figure 6.4.

6.4 Dipole Magnetic Field for _an Observer Viewing the

Dipole Side-on

Consider figure 6.2. If the observer were to look along either the x or y-axis in
this coordinate system they would see exactly the same magnetic field structure
because of the inherent rotational symmetry of the field about the dipole axis, z.

Thus the same polarization pattern would be seen. The program MODEL.FOR
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Elgure 6.4: Polarization map produced by MODELPLOT.FOR from the results of
program MODEL1.FOR. This diagram represents the polarization pattern which would be
seen by an observer looking at the dipole magnetic field along the dipole axis z. The
diagram only shows one quadrant of the whole field as the patterns in the other quadrants
are simply reflections of this pattern about the axes, due to the rotational symmetry of the
dipole magnetic field about z. The angle of polarization is represented as a rotation
anti-clockwise from the vertical direction and the degree of polarization as the length of the
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calculates the angle and degree of polarization for an observer looking along the

x-axis. We see from figure 6.5 that

1

2 2.2
B, =(B, +By) (6.17)
B
tan X = B—; (6.18)
z
B, B,
polarization vector
BY
>y

X

|

Figure 6.5: The geometry for an observer viewing along the x-axis.

If we expand equations (6.17) and (6.18) using equations (6.8) and (6.9) we obtain
expressions for the component of the magnetic field perpendicular to the line of sight
and the angle of polarization in Cartesian coordinates:
1
Om

B, = :l . (522y2+2x2y2—4x212+4z4+x4+y4)2 (6.16)
nr

2 .2 2
tanx = (22 X2Y) = ) (6.17)

Here the angle of polarization varies with x and so must be integrated along the line
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of sight x to allow for depolarization (see chapter 2, section 2.3). As we saw in
chapter 2, the Stokes intensity parameters are linearly additive. Therefore, we can
deal with the effects of depolarization along the line of sight in a straightforward
way; we simply calculate the Stokes intensities integrated along the line of sight x
and in doing this have taken the depolarization into account. The angle of
polarization for any grid point is given by the ratio of I ; to IQ’ as in equation (2.9),
for that grid point. The degree of polarization is again calculated by use of equation
(2.12).

The main difference between MODEL.FOR and MODELI1.FOR is that we must
perform three integrations because of the dependence of the polarization angle on x.

From half angle formulae (see equations (6.11) and (6.12)) and equation (6.17) we

find that
Dy = 1322}’2 -4Z4+4x222-2)(2}’2"(4'y4 (6.18)
Z°y° + 477 - 44X+ 22Xyt + X 4y
228 - x2 - y?
sin2x=( 6zy (22" - X" - y7) (6.19)

522y2 + 4z - 4x%2% + 2x2y2 +x*+ y4

The expressions we integrate are then:

1) the expression for B | given by equation (6.16) but neglecting the constant term of
Hom/4m. This integral is directly proportional to the intensity;

2) the expression which gives us an integral proportional to Iy We integrate the
product of equations (6.16) and (6.18);

3) the expression which gives us an integral proportional to I;;. We integrate the
product of equations (6.16) and (6.19).

The polarization pattern seen by the observer in this case is shown in figure 6.6.
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Eigure 6.6: Polarization map produced by MODELPLOT.FOR from the results of

program MODEL.FOR. This diagram represents the polarization pattern which would be
seen by an observer looking at the dipole magnetic field from the side. As in figure 6.4, the
diagram only shows one quadrant of the whole field. The angle of polarization is
represented as a rotation anti-clockwise from the vertical direction and the degree of

polarization as the length of the line plotted.
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6.5 The Case for an Observer at an Arbitrary Angle of
Inclination he Dipole Axi

We do not know the angle of inclination of the Crab nebula's magnetic field to

our line of sight at the times when the observational data used in this thesis were
gathered. Therefore, we want to construct a program which will calculate the
polarization pattern for an observer at any angle of inclination to the dipole axis so
that we would eventually be able to compare the model with the observational data.
We need only consider inclination of the observer's line of sight to the dipole axis z.
As we saw in the model above the inherent rotational symmetry of the dipole field
around z means that the polarization pattern is the same for any line of sight in the
(x,y) plane. Figure 6.7 shows the axes of the dipole system and those of the
observer's system. This model scans a grid which is perpendicular to the observer's
line of sight in the (x,,y;) plane (this is the same procedure as in the first two
models). Any line of sight in the (x,,y) plane would give the same polarization
pattern as any other because of the rotational symmetry of the magnetic field about z.
Calculation of the perpendicular component of the magnetic field, B |, and the Stokes
intensity parameters can either use the inclined coordinate system (x;,y;,z;) directly
or can convert the grid values of the inclined system to their corresponding values in
the non-inclined system (x,y,z). Program MODEL3.FOR uses the non-inclined
system of coordinates for its calculations whereas, MODEL4.FOR uses the inclined
system of coordinates. Both these programs ultimately produce the same polarization
vector pattern for any given angle of inclination of the observer, i. Neither program
can produce results if i = 0° because of problems with dividing by zero within the
program. The programs can, however, handle any value of 1 between 0.001° (which
gives results almost exactly the same as i =0") and 90"

We already have a set of equations for B, By and B, (equations (6.4), (6.5)

and (6.6)) and we can see from figure 6.7 that:
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B, =B, (6.20)

By =Bycosi+B,sini (6.21)

1

B, =B, cosi-B,sini (6.22)

1

z (axis of the magnetic dipole)

A

X, X

Figure 6.7 : Axes for the magnetic dipole field (x,y,z) and for an observer at an angle of

inclination i to the dipole axis z (x;y;,z;). The observer's line of sight is along z;.

So, using the non-inclined system of coordinates as in MODEL3.FOR, an
observer looking along z; will see a component of the magnetic field perpendicular to

his line of sight

1

B, = (B +B; )’ (6.23)
The angle of polarization in this coordinate system is given by the equation
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<

tan y =

>

(6.24)

So, we use equations (6.20) and (6.21) to substitute for B, and Byi in equations

(6.23) and (6.24), obtaining

1

B, = (B3 + (Bysini+B,cosi) )’

B, cosi1+ B, sini

tany = — =

X

Then using equations (6.4), (6.5) and (6.6) we have;

1

2.2.2 242

B, = [ 9« lez +( 3Kyz cosi+£5(2z2 2 -y2) sin i) ]
T I

I‘S

1
2
B, = % [ 9x222+(3yz cos i+(222-x2-y2) sin i)2 ]
. ‘

and
2 2 2\ ain
3Kyzcosi+lc(22 X5Y)Sml
tany = r L
3Kkxz
rS
i+(22%-x%-y?)sin i
tanX=3y20051 (2z°-x*-y“)

3xz

(6.25)

(6.26)

(6.27)

(6.28)

As in program MODEL.FOR, in MODEL3.FOR we have three integrations to

perform. The integration for the intensity uses equation (6.27) as the integrand.
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Equation (6.28) is used to find the expressions for cos2y and sin2y which are
needed in the other two integrands. If the angle of inclination is 0° or 90° equations
(6.27) and (6.28) revert to their special case forms; which are given in equations

(6.7), (6.8), (6.16) and (6.17).

For MODELA4.FOR we want to find the expressions for B , and tany in terms of

(X5¥-2)- The coordinate transformations

y=y,cosi-zsini

z=2zCOS1+y, sinl

follow directly from figure 6.7. Using these transformations equations (6.4), (6.5)

and (6.6) become

3kx. (z. cosi+y.sini)
B, = Ll y‘s (6.29)

) .2
(X2 +y> +27)

B, - 3xy, (z,cosi+y, 5sin i) (6.30)

(xi2 +yi2 +zi2 )2

. L2 2 : co 2
B - k (2(z, cosi+y, sini) - x - (z’i cos i -z sini)” ) (6.31)
2,222
(xi 1y; +z7)

i

We now use equations (6.29), (6.30) and(6.31) to express B,; (equation (6.20))

and Byi (equation (6.21)) in terms of x;, y; and z;

98



3xx, (z;cosi+y, sini)
B = s (6.32)

(xi2 +yi2 +Zi2 )2

. . .. .. . .2 2 . L2
_ K[yicos 1(zicos 1+y sin 1) +sin 1(2(zicos i+y.sin 1) X —(yicos 1-z.sin 1) )]

yi 1
2,2 ,.2.2
(X +y{ +2)) (6.33)
If we let
2
A= (2}% - X - ziz) , C= 'jxiyi , D= 3xizi , E= 3yizi

we can simplify (6.32) and (6.33) to

_ K . e
Bxi—r—S(Csm1+Dcosl)

Byi— s (Asini+Ecosi)

where r? =(xi2 +yi2 +Zi2)-

Now, from equation (6.23)

1

.2 . .2 72
BL=§[(Csini+D0051) + (A sini+ Ecos i) ] (6.34)
and equation (6.24)
tanx:(AsmlHEcom) (6.35)

(Csini+Dcosi)

So, we have the necessary expressions for the integrands required in program
MODELA4.FOR. The program MODELS5.FOR was then developed. This program is
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essentially the same as MODEL4.FOR but the program user does not need to set the
value of the angle of inclination for the program. MODEL5.FOR performs the
calculations for models with i from 0° to 90° at 10° intervals and stores the results for
each value of i in a separate file. This program takesa long time to run but can run
unattended and produce the same results as ten separate runs of MODEL4.FOR. A

series of polarization vector plots from the results of MODELS5.FOR are shown in

figures 6.8-6.12.
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Figure 6.8: Polarization vector plot for a dipole magnetic field viewed at an angle of

inclination of the observer of i = 10°.
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6.6 Model for an Inclined Dipole Field with an Added
mponent in _the ¢-Direction

Again we consider figure 6.2. If the dipole rotated about its axis we would
expect there to be Some form of differential rotation effects if the dipole were situated
in a plasma [41,46,55]. The main effect of this differential rotation would be the
"winding-up" of the magnetic field lines, causing a component of the field in the
o-direction to be generated. As we saw in section 6.2 B, is zero for a simple dipole
field. As an investigation of the effect of such a component on the polarization
pattern a B, component proportional to r* was added to the dipole model.

For the addition of a component in the ¢-direction we modify equations (6.4),

(6.5) and (6.6) as below:

2u.m
B, = 03 cos 6
4nr
m
By=— = sin 6
4nr
B = Iatx
o o

where rat is the factor which reduces or enhances the effect of B 0 relative to B, and

B,,. Conversion to Cartesian coordinates (see figure 6.2) gives us:

. o 3kxz _ Tatky (6.36)

X 1

2
r4(x2 +y2)

B —3Kkyz _ TatKy (6.37)
y r5 1

r4(x2 +y2)2

B, = -r‘g— (22% x% -y?) (6.38)
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We are using an inclined coordinate system as in figure 6.7 so we require
expressions for B . and Byi and B and tany as given by equations (6.23) and

(6.24) in this case. Using equations (6.20) and (6.21) we obtain

_ K { 3xz raty
Bxi—r—4( e L) (6.39)
(x2 +y)?
_ 3xzy rat Ky . X VI N
Byi-( 5 + T 0051+(r—5(2z -X“ -y“) sin 1) (6.40)
r4(x2 +y2)2

Equations (6.39) and (6.40) are then used to find expressions for B, and tany
by substituting for x, y and z in terms of x;, y. and z,. We can then find the relevant
expressions for the integrands used to calculate I, I and I; as in the previous
analyses. Program MODELG6.FOR generates the Stokes intensities for values of rat
of 10, 100 and 1000 and for 1 between 0° and 90° at intervals of 10°. MODEL7.FOR
generates results for the same range of i but for rat=50.

Two considerations make this model unrealistic in comparison to the postulated
theoretical model of the Crab nebula (chapter 4, section 4.3). First, the Crab pulsar
is an oblique rotator and so the dipole axis is not the axis of rotation. The axis of
rotation lies almost in the (x,y) plane of the dipole and the field which is generated
by the rotation is most likely to add to the B, and By components of the magnetic
field, as it originates from the open field lines which lie close to the z-axis. The
second drawback with the B, component is that we have not allowed for a variation
in the component other than anr “ fall-off as compared to the r -3 fall off of the other
components. We have not allowed for a toroidal nature of the B, component by
restricting its height relative to the z-axis or for a central zone where only the dipole
field exists. Nevertheless, this model, generated by MODEL6.FOR and

MODEL7.FOR, yields an interesting result. From consideration of figures
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6.13-6.20 we find that the extra component only becomes evident in the polarization
patterns for this model when the extra component is of the order of 10 times greater
than the other components of the magnetic field. When B, is more than 100 times
greater than either the B_or B, components, it begins to dominate the polarization
pattern. We therefore know that a component of between 10 to 100 times the existing
component must be generated before we can see an effect in a polarization vector plot
of this scale. The next step in improving this model would be to add components in
B_ and By of a reasonable size to investigate their effects on polarization. This would
bring the computer generated model much closer to the theoretical model and may

make comparisons with the observational data worthwhile.
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Figure 6.13: Polarization vector plot for a dipole magnetic tield with an added
component in the ¢-direction which has a ratio of 10 to the other tield components. This

field structure viewed at an angle of inclination of the observer's line of sight to the dipole

axis of i = 0°.
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component in the ¢-direction which has a ratio of 50 to the other field components. This
field structure viewed at an angle of inclination of the observer's line of sight to the dipole

Eigure 6.18: Polarization vector plot for a dipole magnetic field with an added

axis of i = 90°.
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Chapter 7

Conclusions

From the analysis of the two sets of polarimetric data [1,2], discussed in
chapter 5, we have seen that there has been some change in the direction of the
magnetic field in the northern part of the nebula. The average change in polarization
angle is a rotation in the anti-clockwise direction of 11° + 5° (at a confidence level of
95%). A more detailed study of the nebula, on a pixel to pixel basis, would require
complicated reduction of the resolution of McLean, Aspin and Reitsema's data [2] so
that it matched exactly the resolution achieved by Woltjer [1]. Such an operation
would involve writing special codes to perform the reduction and would be very time
intensive. Such data reduction codes require much specialised study and knowledge
if they are to produce the best results. Such work was not within the scope of this
project but may be possible using STARLINK software packages which were not
used in this project. The results from the centre finding programs were good for
McLean, Aspin and Reitsema's data, but did not give a conclusive result for
Woltjer's data. Therefore, unfortunately, we could not investigate the possibility of a
change in the centre of polarization or intensity of the nebula with time.

Although the results from the data analysis have not proved as conclusive as
one might have hoped, the theoretical computer modelling, discussed in chapter 6,
produced some interesting results. The development of a computer model which
would produce the polarization map which would be observed for a given magnetic
field structure was a significant part of this project. The initial intention was to
develop a computer generated model of the Crab nebula which could be compared
with the data. Direct comparison of such a model to the data sets used in this work
could tell us much about the structure of the Crab nebula magnetic field. To obtain
the best results from such a comparison the model presented in this thesis requires

further modifications. A useful modification would be the addition of a disk
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component of the magnetic field lying in the same plane as the dipole axis in order to
simulate the effect of a toroidal field component as suggested in several theoretical
studies [e.g. 41,53,55].

Development of the computer model led to a consideration of the plasma theory
of the Crab nebula magnetic field (see chapter 4). Treatment of the Crab nebula as a
plasma is not a new concept but is necessary if any theoretical model is to be a
realistic representation of the nebula. As have seen in chapter 4, previous work
which tried to determine the magnetic field structure of the Crab nebula from the
ideal magnetohydrodynamic equations (chapter 4, section 4.1) has not been sound
and this is an area which requires further investigation. A solution of the frozen-in
field equation would facilitate further computer modelling of the magnetic field
structure of the Crab nebula as it would give us an expression for the magnetic field
component generated by the pulsar rotation.

The main conclusion of this thesis is that there remain many unanswered
questions about the Crab nebula’'s magnetic field structure, as well as many other
aspects of its behaviour which were not mentioned in detail in this work. The key to
progress in this field is the study of the plasma behaviour of the nebula and the
solution of the frozen-in field equation. Initially we need a solution for the static case
but perhaps eventually a solution will be found for the non-static case where the

magnetic field evolves with time.
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Appendix A



Program FILLCRAB.FOR

open(unit=3,stotus="old’,name='crabxy.dat’)
open(unitm4 stgtus='o0id’ ,name=a’crabiqu.dat’)
open(unit=5,status=’'new’, ,name="fullcrab.dat’)
do 1 I=9,36
recd(3,s) x1,x2
Mmemx2-x1
do 2 j=0,50

if (j.1t.x1) then
=1

Jo1

Q=0.90

U= .0

write (5,s) n,1,Q,U
else

if (j.eq.x1) then

do 3 k=9,m
read(4,s) n,1,Q,U
write (5,+) n,I,Q,U

3  continue

else

if (j.gt.x2) then
=1

=1

Q=0.0

U=0.0

write (5,¢) n,1,Q,U
end if
end if
end if

2 continue
1 continue

stop
end

Program 1QUPROG calculates 1,Q,U from X,P,I...Woltjer’s data

pi=4.satan(1.)
openﬁunit-1.status—'old'.nome-'crobxpi.dot';
open(unitm2,status='new’,name='crabiqu.dat’
do 1 jm1,1101

read(1,#) n,X,P,I

X=Xspi/180.

if (X.1t.0.) then

Q=0.

UmD .
Jo1
else
U-Ptsingz.-xg
Q=Pecos(2.sX
end if
write(2,20) n,I1,Q,U
format(12,14,2F10.5)
continue
stop
end



Py

Program CRABPLOT.FOR

dimension x(2),y(2)
opongunlt-Z.atotua-'old'.nome-’crobxy.dot')
open(unit=3,status='oild’,name="crabxpi.dat’)
pi=4.satan(1.)
call gopks(6,-1)
call gopwk(2,1,4014)
call gacwk(2)
call gswn (1,0.0,50.0,0.9,40.0)
call gseint (1)
do 1 jm=1,37
read(2,+) x1,x2
me=x2—x 1
x1mx 142
do 2 k=d,m
read(3,+) n,chi,P,I
if (chi.eq.-1) goto 2
chim(pi/2.)+chispi/180.
a=Pscos(chi)
a=q/50.
b=Pesin(chi)
beb/50.
xcwxi+k
ycm39—]
x(1)=xc-a/2
y(1)myc—b/2
x(2)=mxc+a/2
y(2)myc+b/2
call gpi(2,x,y)
continue
continue
call qdovkéZ;
call geclwk(2
call gclks
stop
end



99

program FULLPLOT plots either Mclean or Woltjer’s data

dimension y(2),x(2)
characters20 title
printe,’Input filename?’
read(6,99) titile
printe,’1f using Woltjer data type 1, Mclean data type 0.°
reodﬁs,t) nn
open(unit=3,staotus='oid’ ,nome=titie)
pim4. saton(1.)
call gopks(6,-1)
call gopwk(2,1,4014)
call gacwk(2)
call gswn(1,0.92,52.0,0.0,40.90)
cail gseint(1)
do 1 jm1,37

if(nn.eq.1) then

ycm39-j

else

ycmj+1

end if

do 2 km1,5%

read(3,¢) n,1,Q,U

Test for the quadrant of the angle 2X.
11(Q.eq.9.90.and.U.eq.2.0) then
twochi=0.0
else
if(Q.gt.9.0.and.U.ge.0.08) then
twochimatan(U/Q)
elsge
1£(Q.1t.0.9.and.U.ge.0.8) then
twochimpi+atan(U/Q)
else
if(Q.9t.2.0.and.U.1e.0.2) then
twochi=(2#pi)+atan(U/Q)
else
if(Q.1t.9.0.and.U.1e.0.0) then
twochimpi+atan(U/Q)
else
if(Q.eq.0.0.0nd.U.gt.09.0) then
twochi=pi/2.
else
1f(Q.eq.2.0.and.U.1t.2.0) then
twochi=(3./2.)epi
end if
end if
end if
end if
end if
end if
end if
chim(twochi/2.)+(pi/2.)
Pu(Qes2+Use2)940.5
o-Pccanchi;
bePesin(chi
if(nn.eq.1) then
a=a/50.
b=b/50.
else
o=a/2000.
beb/2000.
end if
xcmk
x(1)mxc—a/2
y(1)=yc=b/2
x(2)=xc+a/2
y(2)=yc+b/2
call gpt(2.x,y)
continue
continue
call gdovki2g
call gcliwk(2
call gclks
format(a20Q)
stop
end



program highres (sorts Mciean et al’'s dato in squores of 51x33 pixels
and produces 56 files of data in I,Q,U form)

characters80 title

openzunlt-S.stotua-'old'.nome-'mccrcb.dot')
open(unit=4,status=’'oid’,name='nomes.dat’)
do 1 n={,B
do 2 mmi{,7
uni tno=m+6
read§4.99) title
open{unitmunitno,status='new' ,name=titlie)
format (a89)
continue
do 3 j=t,33
do 4 k=1,6357
read(3,+) 1,Q,U
it (k.1e.51) then
write(7,s) 1,Q,U
else
if (k.ge.52.and.k.le.102) then
write%B.O) I.Q,u
else
it (k.ge.103.and.k.le.153) then
write?Q.t) I.Q,U
else
if (k.Qe.154.and.k.1e.204) then
write(10,¢) 1,Q,U
else
if (k.ge.205.and.k.le.255) then
write?11.') 1.Q,u
else
if (k.ge.256.and.k.1e.306) then
write?12.t) 1.Q,u
else
if (k.ge.307.and.k.16.357) then
urito?13.‘) 1.Q,U
end if
end if
end if
end if
end if
end if
end |f
continue
continue
close(13
close(12
close(11
close(10
close(9
close(8
close(7
continue
stop
end



program hrplot (plots Mciean et al’'s data in o selected 51x33 pixel box)
dimension x(2),y(2)
characters8 title
prints, 'Which area do you want to plot?’
prints, 'Areas number HR1.dat to HR56.dat, 7 across, 8 down.’
prints, * °
reod(5.99; title
format (a8
open(unit=3,status='old’, name=title)
call gopks(6,-1)
call gopwk(2,1,4014)
call gacwk(2)
pi=4.eatan(1.)
prints, title
call gswn(1,0.9,54.0,0.0,36.0)
call gseint(1)
do 1 jm2,34

ycmj

do 2 k=2,52

read(3,+) 1,Q,V

if(1.1e.0) goto 2

Test for the quadrant of the angle 2X.
if(Q.eq.2.0.and.U.eq.0.0) then
chi=®.0

else
1f(Q.9t.9.0.and.U.ge.0.0) then
chi=(atan(U/Q))/2.
else
11(Q.1t.9.9.and.U.ge.®.2) then
chi-(pi+otqn(U/Q)g/2.
else
if(Q.gt.9.0.and.U.1e.0.0) then
chimpi+(atan(U/Q)/2.)
else
i£(Q.1t.9.0.and.U.1e.0.0) then
chim(pi+atan(U/Q))/2.
else
if(Q.eq.2.8.and.U.gt.0.0) then
chimpi/a4.
else
1f(Q.eq.0.0.and.U.1t.0.0) then
chim(3./4.)spi
end if
end if
end if
end if
end if
end if
end if
chimchi+(pi/2.)
Pm(Qes2+Us22)+20.5
o-P-cosﬁchI;/se.
b=Pesin(chi)/59.
xcwmk
x(1)mxc—a/2
y(1)mye=b/2
x(2)=xc+a/2
y(2)=yc+b/2
call gpl(2,x,y)
continue
continue
call gdowkéZ;
call geliwk(2
call gelks
stop
end



program highres (sorts Mclean et al’'s data in squares of 21x22 pixels
and produces 204 files of data in I,Q,U form)

characters20 title
open(unit=3,status=’old’', name='mccrab.dat"’)
open(unit=4,status=‘oid’,nome='names.dat’)
do 1 n=1,12
do 2 mm=i1,17
unitnomm+6
read§4.99) title
open(unitmunitno,status=’new’ name=title)
format(020)
continue
do 3 j=1,22

do 4 k=i, 6357

read(3,») 1,Q,U

if (k.1e.21) then

write(7,s) I,Q,U

else

if (k.qge.22.and.k.le.42) then
vrite?B.O) 1.Q,V
eise

it (k.ge.43.and.k.l8.63) then
write(9,¢) 1,Q,U

else

if (k.ge.64.and.k.!e.B84) then
write?10,0) I.Qu

else

if (k.ge.85.and.k.ie.105) then
write(11,¢) I,Q,U

eise

it (k.ge.106.a0nd.k.le.126) then
'rito?12.°) 1.Q,u

eise

it (k.ge.127.and.k.1e.147) then
write(13,¢) 1,Q,U

else

If (k.ge.148.0nd.k.1e.168) then
write(14,¢) I,Q,U

else

if (k.ge.169.and.k.le.189) then
write(15,¢) 1,Q,U

eise

It (k.ge.190.and.k.1e.210) then
'riteg16.c) 1.Q.V

else

it (k.ge.211.and.k.le.231) then
write(17,) 1,Q.,U

eise

if (k.ge.232.and.k.1e.252) then
write(18,+) 1,Q,U

else

it (k.ge.253.and.k.1e.273) then
writo?ls.‘) 1.Q.U

else

it (k.ge.274.and.k.|e.294) then
write(20,s) 1,Q,U

elise

If (k.ge.295.and.k.16.315) then
write(21,¢) 1,Q.U

else

if (k.ge.316.and.k.|1e.336) then
write(22,¢) 1,Q,U

eise

if (k.ge.337) then

write(23,s) 1,Q,U

end if

end if

end if

end if

end if

end if close(18
end if close(14
end if close(13
end if close(12
end if close(11
end if close(10
end If close(9
end If close(8
end if close(7
end if 1 continue
end if stop

end If end
continue

cont inue

close

close

close

close

close

close




program hr2pliot(plots Mclean et al's data in o selected 21x22 pixel box)

dimension x(2),y(2)
charocters1® title
prints, 'Which areo do you want to piot?’
prints, 'Areas number HR1.daot to HR204.dat, 17 across, 12 down.'
prints, * °
read(5,99) title
format(a1@)
open(unit=3,status='old’ ,name=title)
cail gopks(6,-1)
call gopwk(2,1,4014)
call gacwk(2)
pim4.satan(1.)
prints, title
cali gswn(1,0.0,24.0,0.0,25.0)
call gseint(1)
do 1 jw2,23
yc=j
do 2 km2,22
read(3,+) 1,Q,U
if(l.1e.9) goto 2

Test for the quadrant of the angle 2X.
i1(Q.eq.0.0.and.U.eq.8.0) then
chi=@.0
eise
i1(Q.¢gt.9.0.and.U.ge.0.0) then
chi=(atan(U/Q))/2.
eise
i€(Q.1t.9.9.0nd.U.ge.2.0) then
chim(pi+aton(U/Q))/2.
eise
if(Q.¢gt.9.0.and.U.1e.9.0) then
chimpi+(atan(U/Q)/2.)
else
11(Q.1t.9.90.and.U.1e¢.8.0) then
chi=(pi+atan(U/Q))/2.
else
11(Q.eq.0.0.and.U.gt.0.08) then
chimpi/4.
eise
if(Q.eq.2.8.and.U.1t.0.0) then
chim(3./4.)epi
end |f
end If
end If
end if
end if
end if
end if
chimchi+(pi/2.)
Pm(Qes24Use2)¢20.5
o-P-canchi;/So
b=Pegin(chi)/50
xcmk
x(1)=xc~a/2
y(1)myc=b/2
x{2)=xc+a/2
y(2)=yc+b/2
call gpl(2,x,y)
continue
continue
call qdovk§2g
call geclwk(2
call gclks
stop
end



0

program highres3 (sorts Mclecn et al's data in squares of 7xB pixels
and produces 1683 files of data in 1,Q,U form)

To do this we must first divide the data into subsets of 21x24 pixeis
which is o similar procedure to highres2.for.
character=20 title,output
oponéunlt-3.ototus-’o|d'.noma-'mccrub.dat')
open(unitm4 statusm’old’,name=’'names.dat"’)
do 1 nm=1,11
do 2 m=1,17
uni tno=m+6
read§4.99) title
open(unitmunitno,staotus='new’ name=title)
continue
do 3 jm=1,24
do 4 k=1,357
read(3,¢) 1,Q,U
if (k.le.21) then
write(7,s) 1.Q.U
eise
if (k.ge.22.and.k.le.42) then
write(8,s) 1,Q.U
eise
it (k.ge.43.and.k.le.63) then
write(9,s) I,Q,U
else
if (k.ge.64.and.k.le.84) then
wri(e?lﬁ.o) 1.Q,u
else
if (k.ge.85.a0nd.k.le.105) then
write(11,s) 1,Q,U
else
if (k.?o.las.on

d.k.le.126) then
12,+) 1.Q,U

write

eise

if (k.ge.127.and.k.le.147) then
write(13,¢) 1,Q,U

else

if (k.ge.148.and.k.le.168) then
vrito?14.') 1.Q.U

eise

if (k.ge.169.and.k.le.189) then
write(15,+) I,Q,U
elss
if (k.ge.190.and.k.1e.210) then
write(16,¢) I1,Q,U
else
if (x.ge.211.and.k.1e.231) then
write(17,+) 1,Q,U
else
if (k.ge.232.0nd.k.le.252) then
write(18,+) I,Q.U
eise
if (k.ge.253.and.k.1e.273) then
write(19,») I,Q.U
else

.1€.294) then

if (k.ge.274.0n

write(20,s) I,

else

it (k.g9e.295.0nd.
I

d

Q

d.k.le.315) then
write(21,+) I,Q,U

d

Q

else

if (k.ge.316.and.k.1e.336) then
vriteizz.t) 1.Q,U

eise

if (k.ge.337) then
write(23,+) 1,Q,U
end if

end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end if
continue
continue
close(23
close(22
closs(21
cliose(20
close(19
close(18
close(17

P .




close(18
cliose(14
close(13
close(12
close(11
close(10
close(9
close(8
close(7
1 continue

closoiJ
close(4

¢ Next we must divide each set of 21x24 pixels into sets of 7xB8 pixels.
opongunit-2.sto\us-'old’.noma-'namas.dat')
open{unit=3,status='o0id’, name='names2.dat’)

c Open each file of 21x24 pixels in turn ond divide into 9 blocks of 7x8 pixels.

do 5 I=1,187
roodE2,99) titie
open(unitm4, status='old’ ,name=titie)
do 6 nnm=i,3
do 7 mmet,3
numbe re&-+mm
rood§3.99) output
open(unitmnumber,status='new’, name=output)
7 continue
do 8 jj=1.,8
do 9 kkmi,k 21
read(4,s) 1,Q,U
if (kk.le.7) then
write(7,¢) I,Q,U
eise
if (kk.ge.8.and.kk.le.14) then
write(8,¢) I.Q,U
else
if (kk.ge.15.0nd.kk.le.21) then
write(9,¢) I,Q,U
end if
end If
end if
9 continue
8 continue
close(7
close(8
close(9
] cont inue
close(4)
5 cont inue
99 format(a20)
stop
end



program hr3plot(plots Mclean et al’'s data in o selected 7x8 pixel box)

dimension x(2),y(2)
characters10 title
printe, 'Which area do you want to plot?’
printe, 'Areas number OP1.dat to OP1683.dat, 51 across, 33 down.’
prints, ' °
read(5,99) title
format(a10@)
open(unitm3, status="old’,namemtitie)
call gopks(6,~1)
call gopwk(2,1,4014)
call gacwk(2)
pim4.eatan(1.)
prints, title
call gswn(1,0.90,10.9,0.0,10.09)
call gseint(1)
do 1 j=2,9
ye=]
do 2 k=2,8
read(3,+) 1,Q,U
if(l.1e.8) goto 2

Test for the quadrant of the angie 2X.

if(Q.eq.0.2.0nd.U.eq.9.2) then
chi=d. @

eize

if(Q.gt.2.2.and.U.ge.0.8) then
chi=(atan(U/Q))/2.

else

i1(Q.1t.0.0.and.U.ge.2.8) then
chi-(pi+atan(u/o)§/2.

else

if(Q.qgt.2.8.and.U.1e.2.0) then
chimpi+(atan(U/Q)/2.)

else

1£(Q.1t.9.9.and.U.1e.8.08) then
chi=(pi+atan(U/Q))/2.

oise

if(Q.eq.2.2.and.U.gt.0.9) then
chimpi/4.

else

11(Q.0q.0.0.and.U.1t.0.0) then
chi=m(3./4.)epi

end If

end if

end if

end if

end if

end if

end (f

chimchi+(pi/2.)

Pm(Qee24Use2)+40.5
o-Ptcoa(chi;/SB
b=Pesin(chi)/50
xcmk
x(1)mxc~a/2

y(1)mye=b/2
x(2)=xc+a/2

y(2)=ye+b/2
call gpl(2,x,y)
continue

cont inue

call gdowk§2;

call gciwk(2
call gciks
stop

end



¢ woPtgerom LOWRES.FOR reduces the resolution of Mclean's data to that of

characters20 title

opengunit-1.t(atu.-'old'.nome-‘nomo-J.dct')
open(unit=2,status=’new’ ,nome=’jowres.dat’)
do 1 m=i,1683
roqd§1.99) title
open(unitm3, status='oid’ ,name=titie)
I sum=9
Qsum= . @
Usum=g . @
=)
do 2 k=1,56
read(3,+) [,Q,U
it (I.eq.2.0nd.Q.eq.9.0.and.U.eq.2.2) goto 2
Isum=]sumt+]
Qsun=Qsum+Q
Usummslsum+l
=1
2 continue
close(3)
If (n.eq.@) then
Ibar=d
Qsum=9.0
Usumm®.@
else
Ibar=lsum/n
c Do not need to divide Qsum and Usum by n because we only need a ratio

c between them. Also, dividing by n is not necessary to allow for depoiarisation
end if

write(2,+) n,Ibar,Qsum,Usum
1 continue

do jmi,4

do kk=1,51

nn=Q

a=0.9

write(2,¢) nn,nn,q,q

end do

end do
99 format(a20)

stop

end



-

program lowrespliot(plots Mclean et al's data at low resoiution)
dimension y(2),x(2)

open(unit=3,status='oid’ ,nome=’'lowres.dat"’)

pi-4.ootcn§\.)
call gopks(6,-1)

call qopwk§2,1.4014)

call gacwk(2)

call gswn(1,0.0,52.0,0.0,40.0)
call gseint(1)

do 1 jm1,33
ycmj+3
do 2 k=1,51

read(3,+) n,1,Q,U
it (1.eq.0) goto 2

Test for the quadraent of the angle 2X.

i1(Q.eq.2.0.and.U.eq.0.0) then
twochi=d.@

else

11(Q.9t.0.0.0nd.U.ge.02.8) then
twochi=atan(U/Q)

slse

i1(Q.1t.0.0.0nd.U.ge.0.8) then
twochi=pi+atan(U/Q)

else

i1(Q.9t.2.0.and.U.l1e.2.8) then
twochi=(2epi)+atan(U/Q)

else

i1(Q.1t.2.8.0nd.U.1e.0.0) then
twochi=mpi+atan(U/Q)

eise

if(Q.eq.2.0.and.U.gt.0.8) then
twochi=pi/2.

eise

i1(Q.eq.9.0.0nd.U.1t.0.8) then
twochi=(3./2.)epi

end if
end if
end If
end if
end if
end if
end If

chim(twochi/2.)+(pi/2.)
P=(Qee2+Use2)000@.5
a—Ptconﬁchl;
b=Pesin(chi
o=q/2000.
b=b/2000.
xcmk
x(1)mxc—a/2
y(1)myce—~b/2
x(2)mxc+a/2
y(2)myc+b/2
coll gpi(2,x,y)
continue
continue
call gdcvk22;
call gclwk(2
call gclks
stop
end



c program BINS.FOR puts Woltjer's datac into 5 degree bins.
integer a,0a,b.bb,c,cc,d,dd,e,ee,f,ft,g,9g,h,hh
integer p,r.s,t,v,w,pp,rr,ss,tt,vv,ww

opongunlt-1.ototuo-'old'.ncme-‘VulIcrob.dut')

open(unit=2,status="'new’ ,name='bins.dat"’)
pim4.eatan(1.)

do 1 jm=1,1850

read(1,s) n,1,0Q,W

if (I.1e.2) goto 1

c Test for the quadrant of the angle 2X.
i1(0Q.eq.0.2.0nd.UU.6q.2.0) then
chi=d. @
goto 99
else

11(0Q.9t.9.9.and.UU.ge.8.0) then
chim(atan(UU/QQ))/2.

goto 99

else

if(QQ.1t.8.0.0nd.UWU.ge.0.0) then
chim(pi+atan(UU/QQ))/2.

goto 99

eise

11(QQ.gt.2.8.0nd.UU. 16.2.2) then
chimpi+(atan(UU/QQ)/2.)

goto 99

else

if(QQ.1t.0.9.and.UU.le.2.2) then
chim(pi+atan(UU/QQ))/2.

goto 989

else

11(QQ.eq.0.0.0nd.UU.gt.0.0) then
chimpi/4.

goto 99

eise

i1(0Q.eq.0.2.0nd.UU.1t.0.08) then
chi=(3./4.)epi

goto 99
end if
end if
end if
end if
end if
end If
end if

99 chim(chis180.)/pi

if (chi.1t.5.) oma+i

if (chi.ge.5.0.and.chi.1t.10.) be=b+1
if (chi.ge.10.0.and.chi.lt.15.) cm=ec+1
if (chi.ge.15.0.and.chi.1t.20.) d=d+1
if (chi.ge.20.0.and.chi.|t.25.) eme+1
if (chi.ge.25.0.and.chi.1t.30.) famf41
if (chi.ge.30.0.and.chi.|t.35.) gmg+1
if (chi.ge.35.0.and.chi.|t.40.) h=h+1
if (chi.ge.48.0.and.chi.|t.45.) kmk+1
if (chi.ge.45.8.and.chi.|t.50.) Imi+1t
if (chi.ge.50.0.and.chi.lt.55.) mem+1

If (chi.ge.55.0.and.chi. L) nemndd
if (chi.ge.60.0.and.chi.1t.65.) p=p+i
if (chi.ge.65.0.and.chi.l1t.70.) rmr+1t
if (chi.ge.72.0.and.chi.it.75.) s=s+i
chi.ge.75.0.0nd.chi.|t.80.) twt4l
chi.ge.80.0.ond.chi.|t.85.) vevsi

chi.ge.85.0.and.chi.
chi.ge.90.0.and.chi.1t.95.) comaa+i
chi.ge.95.8.and.chi.1t.100.) bb=bb+1
chi.ge.100.0.and.chi.|t.105.) ccmcc+t
chi.ge.105.0.and.chi.lt.110.) dd=dd+1
chi.ge.110.0.and.chi.lt.115.) eemee+!
chi.ge.115.0.and.chi.1t.120.) ffmff4y

Q.

0.

.90.) w=w+i

P e o o oo adiade ol o diad
[+
o

chi.ge.120.0.and.chi.1t.125.) ggm=gg+1
chi.ge.125.0.and.chi.1t.130.) hh=hh+1
chi.ge.130.0.and.chi.1t.135.) kkmkk+1
chi.ge.135.0.and.chi.|t.140.) ||i=il+1
chi.ge.140.0.and.chi.1t.145.) mmemm+1
chi.ge.145.0.and.chi.1t.150.) nn=nn+1t
chi.ge.150.0.and.chi.it.155.) pp=pp+1
chi.ge.155.0.and.chi.l1t.160.) rr=rr+1
chi.ge.160.0.and.chi.|t.165.) ssmss+1
chi.ge.165.0.and.chi.t.170.) tt=tt+1
chi.ge.170.0.and.chi.lt.175.) vvavv+l

it (chi.ge.175.0.and.chi.|t.180.) wweww+i
1 continue

write 2.-; a,b,c,d,e,f,g,h,k,i,m,n,p,r,s,t,v,w

write(2,+) aa,bb,cc,dd,ee,ff,gg,hh kk,|! ,mm,nn,pp,rr,ss,tt,vv,ww

stop

end

P e A e B e R et i T B B B i B}



¢ program BINS1.FOR puts MclLeon's data into 5 degree bins.
integer a,aa,b,bb,c.cc,d,dd,e,ee8,f,ff,g,99,h,hh
integer p.r.s,t,v,w,pp,rr,ss,tt,vv, ww

opongunit-l.ltotut-'old',nono-'lovrcl.dat')

open(unit=2,status='new’ ,nome='bins1.dot"’)

pi=4.eatan(1.)

do 1 jmi, 1683

read(1,¢) n,1,0Q,WU

if (I.le.@) goto 1

c Test for the quadrant of the angle 2X.
11(QQ.0q.0.0.and.UU.eq.0.0) then
chi=@.9

goto 99

eolse

i£(QQ.¢t.0.0.and.UU.ge.2.0) then
chi=(atan(UU/QQ))/2.

goto 99

else

if(QQ.1t.9.0.and.W.ge.0.2) then
chi=m(pi+atan(UU/QQ))/2.

goto 99

else

if(QQ.¢t.0.8.0nd.W.1e.0.0) then
chimpi+(atan(Uu/QQ)/2.)

goto 99

else

if(QQ.1t.0.9.and.UU.1e.0.0) then
chim(pi+atan(UU/QQ))/2.

goto 99

else

i1(QQ.eq.0.0.0nd.UU.gt.8.8) then
chimpi/4.

goto 99

eise

11(QQ.0q.9.0.0nd.UU.1t.0.0) then
chim(3./4.)epi

goto 99

end |

end |

end |

ond |

end |

end |

ond |

99 chim(chie180.)/pi

If (chi.it.5.) omo+i

if (chi.ge.5.0.and.chi.|t.10.) bmb+i
if (chi.ge.10.9.and.chi.lt.15.) cwmc+t
if chl.ge.15.0.and.chi.lt.20.; dmd+1
if (chi.ge.20.0.and.chi.1t.25.) eme+1
if (chi.ge.25.0.and.chi.t.30.) f=f+1
if (chi.ge.30.0.and.chi.1t.35.) gmg+1
if (chi.ge.35.0.and.chi.|t.40.) h=h+i
if (chi.ge.42.0.and.chi.l1t.45.) kmk+1
if (chi.ge.45.0.0nd.chi.!t.50.) I=|I+1
if (chi.ge.50.@0.0nd.chi.|t.55.) m=m+1
if (chi.ge.55.0.and.chi.|t.60.) nmn+1
if (chi.ge.60.0.0nd.chi.|t.65.) p=p+1
it (chi.ge.65.0.and.chi.1t.70.) r=r+1
if (chi.ge.70.08.and.chi.|t.75.) sme+1
if (chi.ge.75.8.and.chi.|t.80.) tmt+i

if (chi.ge.80.0.and.chi.|t.85.) vevesl

if (chi.ge.85.0.and.chi.|t.90.) wewsi

it (chi.ge.90.0.0nd.chi.|1t.95.) aowaa+i
it (chi.ge.95.0.and.chi.!t.190.) bb=bb+i
If (chi.ge.100.8.and.chi.lt.185.) ccmce+1
if (chi.ge.105.0.and.chi.|t.110.) dd=dd+1
if (chi.ge.110.9.and.chi.|t.115.) eemee+1
if (chi.ge.115.0.and.chi.i1t.120.) ff=mff+l
if (chi.ge.120.8.and.chi.lt.125.) ggmwgg+1
if (chi.ge.125.0.and.chi.1t.130.) hh=hh+1
if (chi.ge.130.0.and.chi.lt.135.) kkmkk+1
if (chi.ge.135.0.and.chi.|t.140.) |i=l|1+1
if (chi.ge.140.0.and.chi.l1t.145.) mm=mm+1
if (chi.ge.145.0.and.chi.it.150.) nn=nn+1
if (chi.ge.150.0.0nd.chi.|t.155.) pp=pp+i
it (chi.ge.155.0.and.chi.1t.160.) rrerr+i
if (chi.ge.160.0.and.chi.lt.165.) ss=ss+1

if (chi.ge.165.0.0nd.chi.lt.170.) ttett+i

if (chi.ge.170.0.a0nd.chi.lt.175.) vvevv+i

if (chi.ge.175.0.and.chi.(t.180.) wweww+1

1 continue

write 2.0; a,b,c,d,e,f,g,h,k, I ,m,n,p,r,s,t,v,w

write(2,+) aa,bb,cc,dd,ee,ff,gg,hh, kk, || ,mm,nn,pp,rr,ss,tt,vv, ww
stop
end



Progrom ANGLE1.FOR tests for a preferred direction of polarization

in the Crab Nebula (Woltjer data).

dimension n(11@1),x(1101),1(1101),Q(1101),U(1101)
dimension Y(0:44),sum(@:44)
pim4. satan(1.)
oponiuni(-1.:tatus-'old'.nqmo-'crabiqu.dat')
open{unit=2,status=’'new’ ,naome='anglel.dat’)
do 1 jm1,1101
read(1,+) n(j).I1(j).Q(j).u(j)
continue
do 2 mmQ, 43
sum(m)=Q.0Q
Y(m)mme5,
do 3 j=1,1101
QQmQ( ]
UU=U( j
Test for the quadrant of the angle 2X.
i1(QQ.0q.9.0.0nd.UU.eq.8.0) then
chi=9.0
goto 99
else
if(Q0Q.9t.9.0.and.UU.ge.@.0) then
chi=m(atan(UU/QQ))/2.
goto 89
eise
if(QQ.1t.0.2.a0nd.UU.ge.2.2) then
chi=(pi+atan(UU/QQ))/2.
goto 99
else
i1(QQ.9t.0.2.and.UU.16.0.0) then
chimpi+(atan(UU/QQ)/2.)
goto 98
else
if(QQ.1t.0.0.0nd.UU.16.0.9) then
chim(pi+atan(Uu/QQ))/2.
goto 99
else
i£(QQ.eq.2.0.and.UU.gt.0.08) then
chimpi/4.
goto 99
else
1£(Q0Q.eq.0.0.and.UU.1t.0.0) then
chi=(3./4.)epl
goto 99
end if
end if
end If
end If
end if
end if
end if

X(j)=(chis180.)/pi
dift=x(j)-Y(m)

if (diff.it.@.) diffe-diff

it (diff.gt.90.) diff=180.-diff
sum(m)=sum(m)+diff

continue

write(2,#) Y(m), sum(m)

continue

stop

end



c Prograom ANGLE1S.FOR tests for o preferred direction of polarization

¢ in the Crab Nebula (Woltjer data). Squared sum method.

dimension n(11@1),X(1181),I1(11@1),Q(1101),U(1101)
dimension Y(0:180),sum(@:180)
pi=4.eaton(1.)
opon%unlt-l.statua-'old',name-'crabiqu.dot')
open(unit=2,status='new’',name='anglel.dat"’)
do 1 jm1,1101
read(1,=) n(j).I1(j).Q(j).u(j)
1 continue
do 2 m=d, 180
sum(m)=0.0
Y(m)=me1.
do 3 j=1,1101
i)
VU=l ( ]
c Test for the quadrant of the angle 2X.
if(QQ.eq.8.0.and.UU.eq.0.0) then
chi=d.0@
goto 99
else
if(QQ.9t.0.90.and.UU.ge.@.0) then
chi=(atan(UU/QQ))/2.
goto 99
else
if(QQ.1t.02.0.and.UU.ge.0.0) then
chim(pi+aton(UU/QQ))/2.
goto 99
else
i1(QQ.¢t.0.2.and.UU.1e.0.08) then
chimpi+(atan(UU/QQ)/2.)
goto 99
else
if(QQ.1t.0.0.and.UU.1e.0.2) then
chi=(pi+atan(UU/QQ))/2.
goto 99
eise
i1(QQ.eq.2.9.and.UU.gt.08.0) then
chimpi/4.
goto 99
sise
11(0Q.eq.0.0.and.UVU.1t.2.0) then
chim(3./4.)epi
goto 99
end if
end if
end If
end if
end if
end if
end if

99 X(]j)=(chis180.)/pi
diff=x(j)-Y(m)
if (diff.1t.0.) diff=diff
if (diff.gt.90.) diff=180.-diff
sum(m)=sum(m)+(diffee2)

3 continue

write(2,¢) Y(m),sum(m)
2 continue

stop

end



c

—

99

Program ANGLE2.FOR tests for a preferred direction of polarization

¢ in the Crab Nebuig (Mclean data).

dimension n(1683),X(1683),1(1683),Q(1683),U(1683)
dimension Y(9:180),sum(0:182)
pi=4.eatan(1.)

open uhlt-l.ltctus-'old'.nomc-'lowroa.dat'g
opengunit-z.stotua-'now'.namo-'ong!ez.dot'
do 1 j=1,1683

read(1,¢) n(j).1(j).Q(j).u(j)

continue

do 2 m=@, 180

sum(m)=0.0

Y(m)=me1,

do 3 j=1,1683

it (I1(}).l1e.@) goto 3

Q0=Q jé

UU=U( j
Test for the quadraont of the angle 2X.

11(QQ.eq.0.8.and.UU.eq.0.9) then
chi=d.0

goto 99

else

if(QQ.gt.9.2.0nd.UU.ge.2.0) then
chi=(atan(UU/QQ))/2.

goto 99

else

i1(QQ.1t.0.0.and.UU.ge.0.0) then
chim(pi+atan(Uu/QQ))/2.

goto 99

eise

if(QQ.gt.0.8.and.UU.1¢.0.0) then
chimpi+(atan(UU/QQ)/2.)

goto 99

eise

if(QQ.1t.0.0.and.W.1e.8.0) then
chi=(pi+atan(Uu/QQ))/2.

goto 99

else

i11(QQ.eq.0.08.and.UU.gt.0.0) then
chi=mpi/4.

goto 99

elise

if(QQ.eq.0.0.and.W.1t.2.9) then
chim(3./4.)epi

goto 99

end if

end if

end if

end if

end if

end if

end |f

X(j)=chie180./pi

diff=x(j)=Y(m)

if (diff.1t.0.) diff=diff

It (diff.gt.90.) diff=180.~diff
sum(m)=gum(m)+diff

continue

write(2,¢) Y(m),sum(m)

continue

stop

end



c Progrom ANGLE2S.FOR tests for a preferred direction of polarization
c in the Crab Nebula (Mciean data). Squared sum method.

dimension n§1683;.x(1683).I(1883).Q(1883).U(1683)
dimension Y(0:44),sum(0:44)
pim4.satan(1.)
openiunit-l,atotus—'old',nomo-'lowren.dat';
open(unit=2,status=’new’,name='angle2.dat"’
do 1 jm1,61683

read(1,¢) n(j).1(j).Q(j).u(j)
1 continue

do 2 mm 43

sum(m)=0.9

Y(m)=me5.

do 3 j=1,1683

if (I(j).1e.0) goto 3

QQ=Q(

VU= ( ]

c Test for the quadrant of the angle 2X.
i1(QQ.eq.09.0.and.UU.eq.@.0) then
chi=d. 0@
goto 99
eise

11(QQ.gt.9.09.and.UU.ge.@.0) then
chi=(atan(UU/QQ))/2.

goto 99

else

if(QQ.1t.9.0.and.UU.ge.2.0) then
chim(pi+atan(UU/QQ))/2.

goto 99

else

if(QQ.gt.8.0.and.UU.1e.2.0) then
chimpi+(atan(UU/QQ)/2.)

goto 99

else

11(QQ.1t.0.08.and.UU.1e.8.0) then
chi=(pi+atan(UU/QQ))/2.

goto 99

else

if(QO..q.0.0.ond.UU.qt.O.B) then
chimpi/4.

goto 99

else

11(QQ.eq.9.0.a0nd.WU.1t.2.9) then
chim(3./4.)epi

goto 99

end |
end |
end |
end |
end |
end |
end |

e S N N N )

99 X(])=chis180./pi
di ff=X(j)=Y(m)
if (diff.1t.0.) diffediff
if (diff.gt.90.) diff=189.—diff
sum(m)=sum(m)+(diffes2)

3 continue

write(2,¢) Y(m),sum(m)
2 continue

stop

end



¢ Program COTRAN converts cartesian data set to radial coords centred on

¢ the pulsar.(Woltjer)

openﬁunlt-1.atotus—'old‘.nome-'fullcrob.dot')
open(unit=2,status='new’,name='pulcent.dat’)
pi=4.satan(1,)
do 1 j=1,37
ym22.~]
do 2 k=1,51
xmk=30 .
read(1,») n,1,Q,U
if (x.eq.09.0.0nd.y.eq.2.2) then
theto=0.0
goto 11
else
if (x.9t.2.0.and.y.ge.®.0) then
theta=atan(y/x)
goto 11
else
if (x.1t.0.0.and.y.ge.®.0) then
thoto-pl+otan(y/x§
goto 11
else
if (x.1t.0.0.and.y.le.0.0) then
theto-pi+otcn(y/x§
goto 11
else
if (x.9t.0.0.and.y.le.0.0) then
theto-?2.tpi)+oton(y/x)
goto 11
else
it (x.eq.0.9.and.y.gt.0.0) then
thetao=pi/2.
goto 11
else
if (x.eq.0.0.and.y.1t.0.0) then
theto=3.epi/2.
goto 11
end i
end |
end |
end i
end i
end i
end if
n rm((xee2)+(yse2))++0.5
thetamthetas180@./pi
write(2,+) n,r,theta,1,Q,U
theto=0.0
continue
1 continue
stop
end

P )



¢ Program COTRAN1 converts cartesion data set to radial coords centred on

c the puisar. MclLean's data

openEunit-!.status-'old'.nome-'fullrea.dot’)
open(unit=2,status='new’,name='pulcenti.dat’)
pim4.satan(1.)
do 1 jm1,37
y=j=-15.
do 2 k=1,51
xmk=30 .
read(1,s) n,I1,Q,VU
if (x.eq.0.9.and.y.eq.2.2) then
theto=0.0
goto 11
else
if (x.9t.2.0.and.y.ge.02.0) then
theto=atan(y/x)
goto 11
else
if (x.11.0.2.and.y.ge.0.0) then
thetc-pi+atan(y/x§
goto 11
else
if (x.1t.0.0.and.y.1e.0.9) then
theto-pl+atan(y/x§
goto 11
else
if (x.gt.0.0.and.y.1e.0.2) then
theto—?z.cpi)+oton(y/x)
goto 11
else
it (x.eq.2.0.and.y.gt.0.0) then
thetampi/2.
goto 11
olse
if (x.eq.2.0.and.y.!1t.0.2) then
theto=3.spi/2.
goto 11
end if
end if
end if
end if
end If
end if
end if
1 rm((xes2)+(y»2))*+0.5
thetomthetas180./pi
write(2,s) n,r,theta,l,Q,VU
theto=0.0
2 continue
1 continue
stop
end



¢ program SECTOR.FOR calcuiates preferred angle of polarization in a given

c sector or annulus, using Woltjer’'s data.

real irad
dimension n(1887),r(1887),theta(1887),1(1887),Q(1887),U(1887)
dimension ang(0©:180),sum(@:180)
pim4. satan(1.)
open§unit-1.status-'old',name-'pulcent.dat')
open(unit=2,status='new’,name=’sector.dat’)
prints, ‘Enter inner radius’
printe, *
read(6,s) irad
prints, 'Enter outer radius (max=35.0)°’
prints, * °
read(6,+*) orad
prints,’Enter the Iimiting angles of the sector required’
printe,’ *’
read(6,+) alphal,alpha2
do 1 k=1,61887
read(1,+) n(k),r(k),theta(k),I(k),Q(k),U(k)
1 continue
write(2,¢) ired,orad,alphal,alpha2
do 2 m=Q,180
onq}mg-m01.
sum(m)=d .0
do 3 k=1,1887
if rﬁk;.it.lrad; goto 3

if (r(k).gt.orad) goto 3

if thotogk;.lt.alpho1; goto 3
if (theta(k).gt.alpha2) goto 3
if (I(k).le.@) goto 3

xwQ( k

y=U(k

if (x.eq.9.0.and.y.eq.9.0) then
chi=9.0

goto 99

else

if (x.eq.0.0.and.y.gt.2.8) then
chimpi/4.

goto 99

eise

if (x.eq.0.and.y.1t.0.0) then
chim3 spi/4.

goto 99

else

if (x.1t.0.0.and.y.ge.0.0) then
chi-(pi+aton(y/x)§/2.

goto 99

else

it (x.gt.0.0.and.y.ge.8.0) then
chim(atan(y/x))/2.

goto 99

else

if(x.1t.0.0.and.y.1e.0.0) then
chi-(pi+oton(y/x§)/2.

goto 99

eise

if (x.gt.0.0.and.y.1e.0.8) then
chi=((2.0epi)+atan(y/x))/2.
goto 99

end if

end if

end if

end if

end if

end if

end if

99 chi-(chidae.og/pi
diffmchi-ang(m

if diff.lt.Q.O; diffe-diff

it ?dlff.gt.sa. diff=180.~diff

sum(m)=sum(m)+(diffes2)

3 continue
averagemaverage+sum(m)
writo?z,t) ang(m), sum(m)

2 continue
averoge=average/181.
write(2,¢) average
stop
end



¢ program SECTOR1.FOR calculates preferred angle of polarization in a given

¢ sector or annulus.(McLean datg)

real irad
dimension n(1887),r(1887),theta(1887),1(1887),Q(1887),U(1887)
dimension ang(@:180),sum(©:180)
pi=4. satan(1.)
openEunit-1.atotua-'old‘.nome-'pulcent1.dot')
open(unit=2,status=’'new’' ,name=’sectorl.dat’)
printe, 'Enter inner radius’
prints, * °
read(6,+) irad
printe, 'Enter outer radius (max=30.0)°’
prints, * °*
read(6,+*) orad
printe,’Enter the limiting anglesof the sector required’
prints,’ *
read(6,+) alphal,alpha2
do 1 k=1,61887
read(1,+) n(k),r(k),theta(k),I(k),Q(k),U(k)

1 continue
write(2,¢) irad,orad,alphat,alpha2
do 2 m=Q,180
ongim;-mﬂ .
sum(m)=0.0

do 3 k=1,1887

if rik;.lt.irodg goto 3

if (r(k).qt.orad) goto 3

it thetagk;.lt.olpha1g goto 3
if (theta(k).gt.alpha2) goto 3
if (I(k).le.®) goto 3

x=Q( k

y=U( k

if (x.eq.2.0.and.y.eq.0.0) then
chi=9.9

goto 99

else

it (x.eq.2.0.and.y.gt.0.0) then
chi=mpi/4.

goto 99

else

if (x.eq.8.and.y.1t.0.9) then
chim3.epi/4.
goto 99
else
if (x.1t.2.0.a0nd.y.ge.0.2) then
chi-(pi+cton(y/x)§/2.
goto 99
else
if (x.gt.0.0.and.y.ge.2.9) then
chim(atan(y/x))/2.
goto 99
eise
if(x.1t.0.0.0nd.y.1e.9.0) then
chi-(pi+oton(y/x§)/2.
goto 99
else
if (x.gt.0.0.and.y.l1e.0.9) then
chi=((2.0+pi)+atan(y/x))/2.
goto 99
end if
end if
end if
end if
end if
end If
end if
99  chim(chis180.0)/pi
diffschi—-ang(m
if (diff.1t.0.) diffe-diff
if gdiff.gt.ge.) diff=180.-diff
sum(m)=sum(m)+diff
3 continue
averagemaverage+sum(m)
writegz,t) ang(m),sum(m)
2 continue
average=average/181.
write?z.t) average
stop
end



¢ Program NEWCEN.FOR tests for the statistical

c centre (Woltjer).

99

likelihood of a nominated

dimension n(1887),1(1887),Q(1887),U(1887),1U(1887),1Q(1887)

inte

open?
print
read(
num=9
do mm
read(
end d
sume9
do jm
do km
genim
aen2=
Iane
1Q(ae
IQdif
Iugoe
IU(ae
Iudif
Summ=s
end d
end d
summs
write
forma
stop
end

er aenl,agen2,xc,yc

unit=1, status='old’ ,nome="'fullcrab.dat’)
prints,’'Give the coordinates of the centre to be tested.’

*,’16 < x¢ < 35 and 10 < yc < 27’
5,+) xc,yc

.60498e+5

1,1887

1,#) n(m),I(m),Q(m),u(m)
o

27-yc,47-yc

xc=16, xc+16

§51-Ej—1))+k
S1e((2#(37-yc))=j=1))+((2%xc)—k)
n1§-[ aen1)*Q(aent
n2)=](acen2)+Q(acen2
f=(1Q(cen1)-1Q(aen2))ss2
n1g-1 aeni .U$°°n1§
n2)=1(aen2)sU(aen2
f=(IU(aen1)—1U(aen2))se2
um+IQdiff+IUdiff

o

o

um/num

(6,¢) sum

t(a20)

¢ Program NEWICEN.FOR tests for the statistical

c centre (Woltjer).

99

dimen
inte

openg
open

numes4
do m=
read(

end d
do =

sion n(1887),1(1887)
er aeni,aen2,xc,yc

likelihood of a nominated

unit=1,status="old’,name='fullcrab.dat’)

unit=4,stcotus='new’ ,name="'IcenW.dat")
.802496+5

1,1887

1,#) n(m),I(m)

o

1,11

xcm23+|
do |i=1,11

yc=9+
sum=9
do j=
do k=
qentim
aen2=

Idiff=(1(aent1)-I(aen2)

SUmMe=3s

H

27-yc ,47-yc

xc=16,xc+16

251-Ej—1))+k

51s (2t(37—yc))—;—1))+((2oxc)—k)
82

umtidiff

end do
end do
sum=sum/num

write

(4,+) xc,yc,sum

end do
end do
format(a20)

stop
end



c Program NEWCEN1.FOR tests the statistical likelihood of a choosen centre
¢ of the nebuls (McLean).

dimension n(1887),1(1887),Q(1887),U(1887),1U(1887),1Q(1887)
integer aent,acen2,xc,yc
open(unit=1,status='o0ld’,name="'fullres.dat’)
prints,'Give the coordinates of the centre to be tested.’
prints,’16 < xc < 35 and 10 < yc < 27’
read(5,s) xc,yc

do m=1,1887

read(1,s) n(m),I(m),Q(m),u(m)

end do

num=9 .60498e5

sum=Q .

do jmyc—10,yc+1@

do kmxc—16,xc+16

oen1-251tgj—1))+k
aen2=(51+((2eyc)—j—1))+((29xc)=-k)

Io$aen1;-1 aent tQ§00n1 /100,
1Q(aen2)=I1(aen2)+Q(aen2)/100.
1Qdiff=(1Q(cen1)-1Q(aen2))s=2

IUEoen1g-l aeni tugoen1g/100.
IU(oen2)=1(aen2)sU(aen2)/100.
Iudiff=(IU(aent)—IU(aen2))ss2
summsum+1Qdiff+IUdiff

end do

end do

sum=sum/num

write(6,s) sum

stop

end

c Program NEWICEN1.FOR tests the statistical likelihood of a choosen centre

c of the nebula (McLean).

dimension n(1887),1(1887)
integer aenl,aen2,xc,yc
opengunit-1.atotua-'old'.nomo-'fulirea.dot')

open(unit=4,status="new’' ,name="1cenM.dat")
do m=1,1887

read(1,+) n(m),I(m)
end do

num=4_80249e5

do I=1,11

xc=23+|

do |I=1,11

yc=9+| |

sum=0.

do jmyc—10,yc+10

do kmxc—=16,xc+16
oon1-251~§j-1))+k
aen2=(51s((2syc)—j—1))+((2#xc)-k)
I1diff=(I(aen1)-I(aen2))ss2
summsum+Idiff

end do

end do

sum=sum/num

write(4,s) xc,yc,sum

end do

end do

stop

end



Appendix B



c

99

PROGRAM MODELPLOT.FOR

dimension x(2),y(2)

characters20 title

pim4.satan(1.)

printe, 'Input filename?’

printes, ’

reod§5.99) title

open unit-2.atatua-'old'.nome-tltle)
call gopks(6,-1)
call gopwk(2,1,4014)

call gacwk(2)

call gswn(1.0.6.36.0.0.0.30.0)
call gseint(1)

do 1 j=1,676

reod§2.t) xc,y¢,P,chi
chi=(pi/2.)+(chispi/180.)
o-Ptcoséchi
b=Pesin(chi
x(1)mxe—q/2.
y(1)myc=b/2.
x(2)=xct+a/2.
y(2)=yc+b/2.
call gpi(2,x,y)
continue

call gdowk§2;
call gelwk(2
call gclks
format(a20)
stop

end



PROGRAM MODEL1.FOR

implicit double precision (A-1),(0-2Z)

real S14AAF,x1,x2,x3,x4,x,y

integer LW,LIW,IW,IFAIL

dimension W(1000), IN(300)

external B

common /xy/ x,y
open(unit=2,status='new’,name='model1.dat"’)
pi=4. eatan(1.)

ifail=Q
epsabs=0.0e0
epsreim=i Qe—4
oi=1.0d4-10
a2=100.d0
Lw=10200
LIw=300

¢ First evaluate the modified Bessel functions F and G in terms of gamma fns.

o0

x1=2.163

x2=0,496

x3=1.663

x4=0.9966

gamma1=S14AAF(x1,ifail
gamma2=S14AAF(x2,ifail
gamma3=S14AAF(x3,ifail
gamma4=S14AAF (x4,ifail
F-§2/3.32;'22000.663¢gomm01ogommo2
G=(2/3.32)+(2++0.66)sgamma3sgamma4

nd=function of x and y, constant in this prog so cancels and does not

become part of the integral function B(y).

do 1 km0,25
do 2 j=9,25
x=mk+1.0
y=j+1.0

cannot calculate values for the origin because of divide by zerol

call DR1AJF(B,a1,a2,epsabs,epsrel, result,abserr W,LW,IW, LIW,ifail)
Imresult

prints,I
Q-resulta§§xccz— 002)/(yse2+xee2))
U=resulte 20x0y§/(y002+x0c2))

degpo Im(G/F)s(Use24Qes2)2e0.5/1

leave G and F out of I,U,Q because they only appear in degpol as shown

chimatan(y/x)

Convert chi into degrees

chi=chi*180.9/pi
write(2,+) x,y,degpol,chi

continue
continue
stop

end

double precusion function B(z)
common /xy/ x
B=(((3. de-(( ztt2 do)s((xee2.d0)+(yss2. de)))ono 5d0))/((((xss2.d0)
$ +(yse2.d0)+(ze+2.d0 )cco.S)anS.dOK))tn1
return
end



c PROGRAM MODEL.FOR calculates the polarization parameters of synchrotron
¢ radiation for a side on view of a magnetic dipole field.

implicit double precision (A-1),(0-2)

real S14AAF,x1,x2,x3,x4,y,z,x

integer LW,LIW,IW,IFAIL

dimension W(1OOG) Iw(300)
In order to perform the integration over the line of sight the values of the
perpendicular magnetic field component, IQ and IU must be calculated by

subroutines of the main progrom for each grid point and returned to the
apropriate NAG routine.

external B,BQ,BU

common /yz/ Y.z
open(unit=2,status='new’,nome='mode!.dat"’)
pi=4.ddsdatan(1.d0)

0000

¢ Set up limits and accuracy requirements for the integration routines.
ifaiim=@

epsabs=0.0e0
epsrei=1.0e—04
oi=i.d-10
a2=1000.d0
Lw=1200
LIW=300

¢ Evaluate the modified Bessel functions F and G in terms of gamma fns.
x1=2.163
x2=9 . 496
x3=1.663
x4=9 9966
gamma1=S14AAF(x1,ifail
gamma2=S14AAF(x2,1fail
gammad=S14AAF(x3,ifail
gamma4=S14AAF (x4, ifail
F-é2/3.32;-22~~0.66;-gomma1tgammuz
G=(2/3.32)+(2++0.66)sgamma3sgammaé

do 1 k=@,25
do 2 j=9,25
y=k+1.0
zmj+1.0

¢ cannot colculote values for the origin because of divide by zerol

call DO1AJF(B,al1,02,epsabs,epsrel, ]l ,abserr W, LW, IW,LIW, ifail)
call DR1AJF(BQ,a1,a2,epsabs,epsrel ,Q,abserr ,W,LW,IW,LIW,ifail
call DO1AJF(BU,a1,a2,epsabs,epsrel , U,abserr W,LW,IW,LIW, ifail

degpoi=(G/F)s((Uss24Qe22)+40.5/1)
¢ leave G and F out of I,U,Q because they only appear in degpol as shown

c Test for the quadraont of the angie 2X.
1f(Q.eq.0.d0.and.U.eq.09.d®) then
chi=0.0
eise

1f(Q.gt.0.d8.0nd.U.ge.0.d®) then
chimdatan(U/Q)/2.d0

else

if(Q.1t.0.d0.and.U.ge.0.d0) then
chi-((pi+dotcn(U/Qg))/2 de

else

11(Q.gt.0.d0.and.U.le.@.d@) then
chi-?(datun(U/Q)/z.da))+pl

else

if(Q.1t.0.d0.and.U.le.0.d@) then
chi=((pi+datan(U/Q)))/2.d0

else

if(Q.eq.0.d9.and.U.gt.0.d0) then
chimpi/4.d@

else

if(Q.eq.0.d0.0nd.U.1t.08.d@) then
chi=®.75d@epi

end if

end if

end if

end if

end if

end if

end if

¢ Convert chi into degrees
chimchi*180.d0/pi
write(2,*) y,z,degpol,chi

2 continue
1 continue
stop

end



function B(x)

common /yz/ y,z

P1=(5.d0s(yes2))+(4.d0s(z942))—(4.dOs(xs»2))

P2m= Exo:2)+(ytt2))t.2
B=(((((z#+2)¢P1)+P2)220.5)/({((x*++2)+(ys*+2)+(z+52))s+0.5)s¢5))ss1.66d0

return
end

function BQ(x)

common /yz/ y,z

Pl=((5.d0s(ys*2))4+(4.d0s(z%2))~(4.d0s(x%e2)))

P2m((x*#2)+(yss2))ee2

P3=(13.d0s(y*e2))+(4.d0s(xss2))—(4.d0s(z9+2))
Bo(((((ze#2)#P1)4P2)+20.5)/((((x*¢2)+(yss2)+(z%+2))++0.5)*+5))s+1.66d0
BQmBs (((P3+(z++2))-P2)/({(P1= z-oz))+P2§)

return
end

function BU(x)

common /yz/ y,z

Pl=((5.d0s(yss2))+(4.d0s(z9+2))—(4.dO*(x*+2)))

P2m((x*e2)+(yse2))es2

Pé4m(2, dO*(2902))~(xse2)—(yss2)

B ( (§§ztt2)tp1 +P2).‘°.5§/((((X"Zg+(y.‘2)+(2‘*2))"0.5)"5))tt1.GSde)
BU=Bs ((6.d0szsysP4)/((P1s(2%22))+P2))

return

end



c PROGRAM MODEL3.FOR model for an inclined dipole,using non—inclined
¢ coordinate system for the calculations i.e. convert xi,yi,zi to x,y,z.

implicit double precision (A-1),(0-2)

reai S14AAF,x1,x2,x3, x4

integer LW,LIW,IW, IFAIL

dimension W(1000),IW(300)

external B,IQ,IU

common /xz/ xi,zl,inc

open(unit=1 stotus='old’,nome='inc.dat’)
open(unit=2, status='new’',name='model3.dat"’)
read(1,*) angle

pim4 . dOedatan(1.d0)
inc=(anglespi)/180.d0

ifoil=d
epsabs=@.0e0
epsrei=1.00e—04
qi=1 . d-10
a2=1000.d0
Lw=1000

LIw=300

¢ First evaluate the modified Bessel functions F and G in terms of gamma fns.
x1=2.163

x2=0 .496

x3=1.663

x4=0.9966

gamma1=mS14AAF(x1,ifail)
gamma2=S14AAF(x2,ifail
gamma3=S14AAF(x3,ifail
gamma4=S14AAF (x4, ifail
F-§2/S.32;022000.66;oqommo1oqommoz
G=(2/3.32)9(2+¢0.66)esgamma3egamma4s

do 1 kmd,25
do 2 j=@,25
ximk+1.d0
zimj+1.d0

¢ cannot calculate values for the origin because of divide by zero!

call DO1AJF(B,a1,02,epsabs,epsrel, I, abserr W, LW, IW,LIW,ifail)
call D@1AJF(IQ,a1,02,epsabs,epsrel,Q,abserr W,LW,IW,LIW,ifail
call D@1AJF(IU,at,a02,epsabs,epsrel U, abserr , W, LW, IW,LIW, ifail

degpoim(G/F)e((Use24Qee2)240.5/1)
¢ leave G and F out of 1,U,Q because they only appear in degpol as shown

c Test for the quadrant of the angle 2X.
lzg?;;?éo.do.ond.U.oq.O.de) then Am2. 40 (z992)—(x002)=(y+s2)
eise 5'3-43‘1'7
Cm3.d0exsez
e i<Satan(oyayya g 8 @) ther D=(Aedsin(inc))+(Codeon(ine))
else R ﬁx"2)+(7"2)+(1“2))“5
11(Q.1t.0.d8.and.U.ge.0.d@) then Bm((((Ese2)+(Dee2))s¢0.5)/R)ss1.66d0
chi-((pi+dotun(U/Qg))/2.de return
else y end
I1f(Q.gt.0.d0.and.U.1e.0.d@) then
- function IQ(yi) N
of:l ({dotan(L/a)/2.¢0))+p] lnplicl; d;ublo pr?cilion (A-1), (02
i1(Q.11.0.d0.a0nd.U.16.0.d0) then common /xz/ xi,zi,inc
- xm(zisdcos(inc))- yitda(nzinc;;
.7:1 ((pi+datan(/Q)))/2.40 z-ﬁzltdllnﬁlnc;§+éyI-dco. inc
. .U.gt.o. y=x |
i:ﬁ?;;?)g.:g ond.U.gt.0.d@) then 2. 40 (ze02)~(xee2)=(yes2)
else ' Em3.d@ezey
Cm3.d0ex»2z
e 10000y Y- 11-€-d0) then D=(Asdsin(inc))+(Codcos(inc))
end if Rm((xe92)+(yee2)+(z9e2))0e5
end if B (55:-2)+(Dtt2);-09.5)/R;t01.68d
end if 1Q=Be((Eve2)—(Des2))/((Eee2)+(Des2),
end if return
oend if end
ond if
function IU(yi)
ond I implicit double prTci.lon (A-1),(0-2)
common /xz/ xi,zi,linc
¢ Conv:;:-:::.:g;?dg;g:... x-zzitdcoaiincgg—EyBOdllniincgg
write(2,+) xi,zi,degpol,chi z=(zisdsin(inc))+(yisdcos(inc
y=x i
2 continue Am2.dOe(zee2)—(x9e2)—(yse2)
1 continue Em3.d0ezey
stop C=3.d0exez
end D=(Aedsin(inc))+(Cedcos(inc))
Ru((xse2)+(yss2)+(z9¢2))ee5
D= ((Eooz)+(0002))000.5)/R;o‘l.686
function B(yi) 1U=Be2.d0eEeD/((Ess2)+(Des2))
implicit double precision (A-1),(0-2) return
common /xz/ xi,zl,inc end

X zl-dcosélnc;;- yl-dalnglnc;;
z=(zisdsin(inc))+(yisdcos(inc
__ywyi




PROGRAM MODEL4.FOR model for on inclined dipole.

implicit double precision (A-I),(0-2)
real S14AAF,x1,x2,x3,x4

integer LW,LIW,IW, IFAIL

dimension W(1000),IW(300)

external B,I1Q,IV

common /x2/ xi,yi,inc
opon%unit-1.ntotut-‘old'.namo-'inc.do!')
open(unit=2,status='new’ ,nome='modei4.dat"’)
read(1,s) angle

pim4.dOedatan(1.d0)
inc=(angtespi)/180.d0

ifaiimo
epsabs=d . 0ed
epsreimi Oo—4
aiml . d-10
a2=5000 .d0
Lw=1000
LIW=300

¢ First evaluate the modified Bessel functions F and G in terms of gamma fns.

xi=2.163

x2=d . 496

x3=1.663

x4=d . 9968

gamma1=S14AAF(x1,ifall
gamma2=S14AAF(x2,ifail
gaommad=S14AAF(x3,ifail
gomma4=S{14AAF(x4,ifall
F-E2/3.32;0$2000.86;oqomno1ogcmmoz
Gm(2/3.32)¢(29¢0.66)egomma3egamma4

do 1 k=d,25
do 2 j=@,25
ximk+1.d0
yimj+1.do

¢ cannot caliculate values for the origin because of divide by zero!

call DO1AJF(B,atl,a2,epsabs,epsrel,l, abserr W,LW,IW, LIW,ifail)
call DOIAJF(1Q,01,02,epsabs,epsrel ,Q,abserr W, LW,IW LIW, ifail
call DO1AJF(IVU,a1,02,epsabs,epsrel U, abserr W, LW, IW, LIW,ifail

degpoi=(G/F)s((Use24Qes2)s40.5/1)

c leave G and F out of [,U,Q because they only appear in degpol as shown

[

Test for the quadrant of the angie 2X.
11(Q.eq.0.d0.and.U.eq.2.d0) then

chi=g.® Dm3.dOexiozi
olse AAm A-dslnilnc§§+EEodcoa(lncgg
if(Q.gt.0.d0.and.U.ge.0.d@) then BB=(Csdsin(inc))+(Dsdcos(inc
chimdatan(U/Q)/2.d0 R-E xise2)+(yise2)+(2ive2))ees, 1540
else (AAee2)+(BBee2))++0.83d0)/R
if(Q.1t.0.d0.and. 9.d®) then return

chi-((pi+doton(0/0§))/2 d@ end

eise

it(Q.gt.0.d0.and.U.1e.9.d0) then function IU(zi)
chi-?(doton(U/Q)/Z.dG))+pi implicit double precision (A-I),(0-Z
eslse common /xz/ xi ,inc
if(Q.1t.0.d0.and.U.le.0.d®) then A=(2. do.(yl002)§—(xit02)—(zi002)
chim((pi+datan(U/Q)))/2.d0 Em3.d@ezisyi

eise Cm=3.d@exieyi
1f(Q.eq.9.d0.and.U.gt.8.d@) then D=3.d0exiezi

chimpi/4.d0 AA-iAOdniniInc3§+2€odco.$inc;g

else BB=(Cedsin(inc))+(Dedcos(inc
i1f(Q.eq.0.d0.and.U.1t.0.d8) then

chi=@.75d0epi R-%%xl'-2)+(yi--2)+(zl002))--4.15d0
end if (AAee2)+(BBss2))s0.83d0)/R

end if IU=B¢2.d0+AA+BB/((BBee2)+(AAss2))
end if return
end if end
end if
end it function 1Q(zi)
end if implicit double procinion (A-1),(0-2)
common /x2/ xi ,inc
¢ Convert chi into degrees A=(2. dOo(yiooz)g-(xIOOZ)-(zl--2)
chimchie180.d0/pi E=3.d0sziseyi
write(2,¢) xi,yi,degpol,chi C=3.dOexisyi
D=3.dOexinzi
cont!nuc AA= Atdninsinc +(Eedcos(inc
continue BB=(Cedsin(inc ;+200dcol§!ncgg
stop R-% xise2)+(yiee2)+(zise2))ees. 15d0
end (AAee2)+(BBes2))e0.83d0)/R

1Q=Be ((BBee2)—(AA#92))/((BBes2)+(AA
return
function B(zi) end
implicit double precision (A-1),(0-2)
common /x2/ xi ,inc
A=(2. deo(ylooz)g-(xlo.2)-(zlaoz)
Em3. daoxfoy!




90

PROGRAM MOOELS.FOR model for an inclined dipole between @ and
degrees in 10 degree intervals.

implicit doublie precision (A-1),(0-2)
real S14AAF,x1,x2,x3,x4

integer LW,LIW,IW, IFAIL

dimension W(1000),IW(300)

external B,I1Q,IU

common /xz/ xi,yi,inc

c First evoluate the modified Bessel functions F and G in terms of gamma fns.

x1w=2.163

x2=d . 496

x3=1 6863

x4=9 9966

gomma1mS14AAF (x1,ifail
gomma2=S14AAF(x2,i1fall
gommad=S14AAF(x3,ifail
gomma4=S14AAF (x4, ifail
F-22/3.32;t§2tt0.Ssgoqommo1ogammaz
Gm=(2/3.32)%(2¢+0.66)sgamma3sgammos

Work through angles from @ to 99 degrees
pim=4.d@edatan(1.de)

do 9 mm=d, 9

open(unitm2,status='new’ ,name='modei5.dat")
if (mm.eq.8) then

angie=d.901

eise

angie=mms10.d0

end if

inc=(anglespi)/180.d0

ifai =
epsabs=d.0e@
epsreim=i. Qe—4
qlmi . d—-10
a2=5000.d0
LW=1000
LIw=300

do 1 k=d,25
do 2 [=d,25
ximk+1.d0
yimj+1.d0

c cannot calculate vaiues for the origin becouse of divide by zero!

call D@1AJF(B,al1,02,epsabs,epsrel I, ,abserr W, LW, IW,LIW,ifail)
call DO1AJF IQ.al.oZ.opacb..opsrol.O.absorr,w,Lw.Iw.LIw.Ifail;
coll DO1AJF(IU,a1,02,epsobs,epsreil ,U,abserr W,LW,IW,LIW,ifail
degpoi=(G/F)s((Use2+Qee2)es0.5/1)

c leave G and F out of [,U,Q because they only appear in degpol as shown

[

Test for the quadrant of the angie 2X.
1£(Q.eq.0.d0.0nd.U.0q.9.d0) then
chi=d.0
elise
i1(Q.9t.09.d0.and.U.ge.@.d@) then
chimdatan(U/Q)/2.d0
else
if(Q.1t.9.d0.and.U.ge.®.d@) then
chi=((pi+datan(U/Q)))/2.d0
else
11(Q.9t.9.d0.0nd.U.1e.9.d®) then
chi-?(daton(U/Q)/z.dO))+pl
else
if(Q.1t.0.d0.and.U.1e.0.d0@) then
chim((pi+datan(U/Q)))/2.d0
slse
it(Q.eq.0.d2.ond.U.gt.0.dd) then
chimpi/4.do
eise
i11(Q.eq.0.d0.0nd.U.1t.0.d®) then
chi=d.75d0epi
end if
end if
ond |f
end if
end if
end if
end If

¢ Convert chl into deqgrees

Mt

chimchi®180.d0/pi
write(2,¢) xi,yi,degpol,chi

cont inue
continue
close(2)
cont inue




end

function B(zi)

implicit double precision (A-1),(0-2)
common /xz/ xi,yi,inc
Ap(z,doo(yiooz)g—(xi002)—(zi-02)

E=3.d0szinyi

Cm3.dOsxieyi

Dm3.dOsxiezi

AA=(Asdsin(inc))+(Eedcos(inc

BB=(Cedsin(inc))+(Dsdcos(inc

R-% xiee2)+(yine2)+(zise2))es4.15d0
(AAs+2)+(BBe¢2))+0.83d0)/R

return
end

function IU(zi)

implicit doubie precision (A-1),(0~2)
common /xz/ xi,yi,in¢
Am(2.d0s(yies2))—(xise2)~(z2ies2)
Em3.d0ezieyi

Cm3.d@exieyi

D=3 .dOsxiszi

A= Atdslnéinc;g+§EOdcoa§incg;
BB=(Cesdsin(inc))+(Dedcos(inc
Rm((xi®s2)+(yiss2)+(2zive2))sed. 15d0
Be=(((AAs#2)+(BBee2))s0.83d0)/R

I1UmBe2. d0eAA«BB/((BB#*2)+(AAss2))
return

end

function 1Q(zi)

implicit double precision (A-1),(0-2)

common /xz/ xi,yi,inc

Am(2.d0e¢(yivee2))—(xiee2)~(ziees2)

Em3.dOezisyi

Cm3.d0exieyi

D=3 .dOexiszi

Ad= Aadnlnﬁinc;;+$Etdcoa§incgg

BB=(Cedsin(inc))+(Dsdcos(inc

R-2 xies2)+(yies2)+(2ine2))es4. 15d0
(AAee2)+(BBes2))ee0.83d0)/

1Q=Bs ((BBse2)~ (MOOZ))/((BBOZZ)+(M002))
return

end



c PROGRAM MODELS. FOR model for an inclined dipole with a toriodal field
¢ component of varying ratio to the r and theta ftield components.

implicit double precision (A-1),(0~2)
real S14AAF,x1,x2,x3, x4

integer LW,LIW,IW, IFAIL

dimension W(1000), IW(300)

external B,1Q,IU

common /x2/ xi,yi,inc,rat

pim4 . dOsdatan(1.d0)

ifail=d
epsabs=d . Qe
epsrei=| Qe—4
almi . d-10
a2=5000. d®

LW 1000
LIW=300

¢ First evaluate the modified Bessel functions F and G in terms of gomma fns.
x1=2.163

x2=0 . 496

x3=1.663

x4=0 9968

gomma1=mS14AAF(x1,ifail
gomma2=S14AAF(x2,ifall
gommad=S14AAF(x3,ifail
gommo4mS14AAF (x4, fail
F-52/3.32;052t00.BS;OQummo1ogumm02

G=(2/3.32)+(2#+0.66)sgamma3sgamma4
c Work through angles from @ to 90 degrees
do 9 mm=Q,9

if(mm.eq.9) then
ang |l e=9.001d0
esise
angle=mme«10.d0
end if
incm(anglespi)/180.d0
c Work through ratios from 10 to 1000
do hi=1,3
rat-100-hi
open(unit=2,status=’'new’ ,name='mode|6.dat"’)

do 1 k=,25
do 2 j=,25
ximk+1.d0@
yimj+1.d0

¢ cannot calcuiate values for the origin because of divide by zerol

coll D@1AJF(B,c1,a02,epsabs,epsrel, ], ,abserr W,LW,IW,LIW,ifail)
call DOIAJF 10.01.02.epnobl.cparel.Q.obscrr.w.LW.Iw.LIW.ifoilg
call DO1AJF(IVU,a1,02,epsabs,epsrel ,U,abserr W, LW, IW,LIW,ifail
degpoi=(G/F)s((Use2+Qes2)+0.5/1)

c leave G and F out of [,U,Q because they only appear in degpol as shown

c Test for the quadrant of the angle 2X.
if(Q.eq.0.d0.and.U.eq.09.d0) then
chi=d.0
eise

i1(Q.¢gt.0.d0.and.U.ge.08.d0) then
chi=datan(U/Q)/2.d@

else

if(Q.1t.0.d0.and.U.ge.8.d0) then
chi-((pi+datan(U/Qg))/2.d0

else

if(Q.gt.9.d0.and.U.1e.0.d®) then
chi-z(dutan(U/Q)/Z.dO))+pi

else

if(Q.1t.0.d0.and.U.10.0.d0) then
chim((pi+datan(U/Q)))/2.de

else

11(Q.6q.9.d0.and.U.gt.0.d0) then
chimpi/4.d0

eise

if(Q.eq.0.d0.0nd.U.1t.0.d0) then
chi=Q.75d0spi

end if

end if

end if

end if

end if

end |f

end if

c Convert chi into degrees
chimchi=180.d0/pi
write(2,¢) xi,yi,degpol,chi

2 continua R R—




continue
cloee(2)
end do
continue
stop

end

function B(zi)
implicit double precision (A-1),(0-2)

common /xz/ xi,yi,inc,rat
xex

y-éyitdcooginc;;-ﬁzl-dsin(inc;g
z=(2zisdcos(inc))+(yisdsin(inc
rre((xee2)+(yss2)+(z0s2))se0. 5d0
om3exez/rr
c=(ratey)/(((xse2)+(yse2))ee0.5d0)
dm3ezey/rr
o=(2.d0s(zee2)~(xss2)~(yse2))/rr
w=((d+c)edcos(inc))+(esdsin(inc))
Rm((xee2)4+(yoe2)+(2202))ee3.32d0
B=((((0~c)es2)+(wse2))s+0.83d0)/R
return

end

function 1U(zi)

implicit double precision (A-1),(0-2)
common /xz/ xi,yi,linc,rat

Koy ¢

y=(yiedcos(inc))-(ziedsin(inc
z-zziOdc005inc§§+§yitdcingincgg
rrm((xee2)+(yss2)+(2022))s+0.5d0
om3exez/rr
e=(ratsy)/(((xse2)+(yse2))ess0.5d0)
dm3ezey/rr
o=(2.d0e(z002)—(xs02)—(yes2))/rr
w=((d+c)sdcos(inc))+(eedsin(inc))
Rm((xs02)+(yes2)+(z¢02) )23, 32d0
B=((((0—c)ee2)+(wse2))ee0.8340)/R
CCm((a—c)ee2)+(wsee2)

DD=2ewse (a—c)

IU=B+DD/CC

return

end

function 1Q(zi)
impiicit double precision (A-1),(0-2)

common /xz/ xi,yi.inc,rat
xmx i

y-EyiOdcoogincgg-zzi-d.ingincgg
zm(zisdcos(inc))+(yisdsin(inc
rrm((xse2)+(yss2)+(z992))++0.5d0
om3exez/rr
c=(ratey)/(((xse2)+(yss2))s00.5d0)
dm3ezey/rr
o=(2.d0s(zse2)—(xse2)—(yes2))/rr
we( (d+c)edcos(inc))+(eedsin(inc))
Rm((xe02)+(yes2)+(2082))0e3 32d0
B=((((0—c)ee2)+(wses2))es0.83d0)/R
AAm((a-c)ees2)—(wse2

CCm= e—c3002;+5v002;

1Q=BesAA/CC

return

end



c

PROGRAM MODEL7.FOR mode|

for an inclined dipole with o toriodal

¢ component of ratio 50 to the r and theta field components.

impiicit double precision (A-
real S14AAF,x1,x2,x3, x4
integer LW, LIW, IW, IFAIL
dimension W(1000), IW(300)
external B,IQ,IU

common /xz/ xi,yi,inc,rat
pim4.dOsdatan(1.d0)

rat=50Q.

ifaoil=@
epsabs=d . Qe
epsrei=1 Qe—4
oi=1.d-10
02=w5000 . de
LW=10200
LIW=300

1).(0-2)

field

c First evaluate the modified Bessel functions F and G in terms of gamma fns.

x1m2.163
x2wd 496
x3=1.663
x4=9 9966
gammai=mS14AAF(x1,ifail
gomma2=S14AAF(x2,ifal |l
gommal=S14AAF (x3,1fall
gammo4=S14AAF (x4, i fall
G=(2/3.32

2+20.66

F-ﬁZ/J.JZ;-EZO-G.GG sgamma1egamma2
egamma3esgamma4

Work through angies from @ to 990 degrees

do 9 mmm9,9
if(mm.eq.0) then
angle=0.001d0
else
angle=mme10.d0
end if
inc-éonglo-pi)/180.d0
open

do 1 k=0,625
do 2 j=@,25
ximk+1.do
yimj+1.d0

unit=2,status='new’ name='model7.dat"’)

¢ connot calculate values for the origin because of divide by zerol

call DO1AJFEB.01.oZ.epnobn,epsrol.I.obserr.w.Lw.Iw,LXw,ifaiI)

call DOV1AJF

1Q,01,02,6psabs,eparel ,Q,abserr W, LW, IW,LIW,ifail)

call DB1AJF(IU,a1,a2,epsabs,epsrel U, abserr,W,LW, IW,LIW, ifail)

degpo |=(G/F)e((Use24Qss2)se0.

5/1)

¢ leave G and F out of I,U,Q because they oniy appear in degpol as shown

Test for the quadrant of the angle 2X.

if(Q.eq.0.d0.and.U.eq.0.d0)
chi=d.0
else

if(Q.9t.0.d0.and.U.ge.0.d0)

chi=mdatan(U/Q)/2.d0
else

if(Q.1t.9.d0.and.U.ge.0.d0)

then

then

then

chi=((pi+datan(U/Q)))/2.de

if(Q.?t.O.dO.ond.U.Io.e.do)

chim

(datan(U/Q)/2.4d0) )+pi
else

11(Q.1t.0.d0.0nd.VU.le.0.d0)

then

then

chim((pi+datan(U/Q)))/2.de

if(Q.eq.0.d®.and.U.gt.0.d0)

chi=mpi/4.d0@
else

i1f(Q.0q.9.d®.and.VU.1t.0.d0)

chi=®,75d0spi

end if
end if
end if
end if
end if
end if
end if

¢ Convert chi into degrees

chimchis180.d0/pi
write(2,#) xi,yi,degpol,chi

2 continue

1

continue
A Lo

then

then




9 continue
stop
end

function B(zi)

implicit double precision (A-I),(0-Z)
common /xz/ xi,yi,inc,rat
xmx |

y-ﬁyi0dcoa(incgg—gzitduinglncg;
zm(zisdcos(inc))+(yiwdsin(inc
rre((xee2)+(yes2)+(2992))*e0.5d0
om3exsz/rr
cm(ratey)/(((xss2)+(yse2))e+0.5d0)
dm3szey/rr
om(2.d0s(ze82)—(xse2)—(yse2))/rr
wa( (d+c)edcos(inc))+(eedsin(inc))
Ru((x®e2)+(yoe2)+(ze02))se3.32d0

Bum((((o—c)es2)+(wss2))e0.83d0)/R
return

end

function [U(zi)

implicit double precision (A-1),(0-2)
common /xz/ xi,yi,inc,rat
xmx i

y=(yisdcos !nc —(zisdsin(inc
e RIS A
o=3exez/rr

cm(ratey)/(((xee2)+(yse2))s+0.5d0)
du3ezey/rr
o=(2.d0e(z902)—(xee2)~(yee2))/rr
wa( (d+c)edcos(inc))+(esdsin(inc))
Rm((xee2)+(yee2)+(2992))ee3 32d0
B= E(o—c)t02)+(v-t2))-00.8360)/R
CCm((a—c)es2)+(wes2)

DD=2ewe (0—c)

1U=8+DD/CC

return

end

function 1Q(zi)

impiicit double precision (A-1),(0-2)
common /xz/ xl,yi,inc,rat
e |

i tacongine Jr i canindine)
;:;((xt;2)+(y002)+(10c2))000.5d6
sxsz/rr

cm(ratey)/(((xee2)+(yes2))ee0.540)
szey/rr
o=(2.d8e(2ze92)—(xee2)=(yee2))/rr
wam((d+c)edcos(inc))+(esdsin(inc))
Ru((xee2)+(yee2)+(2092))e0e3.32d0

B g(o_c)..2)+(wo'2))tcO.&JdO)/R
AAm

o—c;tozg-éw0~2
CC=((0—c)#e2)+ w0t2;
1Q=BsAA/CC

return

end



