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Preface

Chapter 1 contains an introduction to gravitational radiation and its detection.
Astrophysical sources of gravitational radiation are considered briefly to allow the
performance of a proposed detection method to be evaluated. The technique of
laser interferometry between nearly-free test masses is introduced and the basic
signal and noise properties discussed. This material is mainly a review of previous
work.

In Chapter 2 two already proposed modulation and signal recovery schemes for
laser interferometers (called ‘internal’ and ‘external’ modulation) are compared.
The effect of the modulation schemes on the potential signal to noise ratio of the
interferometer is evaluated. The application of one of these (internal modulation)
to an interferometer with cavities in its arms is considered by the author to reveal
likely problems with the control of such a system. A control method for an in-
terferometer with external modulation is discussed. This was based on a method
designed, by colleagues, for the proposed full-scale German-British detector.

The existing techniques of ‘power recycling’ and ‘signal recycling’ which should
both allow the performance of an interferometer to be significantly enhanced are
reviewed to introduce possible experimental tests of these systems. Possible control
systems for interferometers with recycling are also discussed. This work was carried
out in conjunction with colleagues at Glasgow.

Chapter 3 contains descriptions of experiments, carried out by the author, to
test the ideas and techniques of Chapter 2. An interferometer with cavities in
its arms was designed and tested. A series of experiments were then carried out
to develop a test interferometer with dual recycling, the first implementation of
this technique. Control systems were designed and built and the operation of the
system investigated. The effect of internal modulation on measurement noise was

vil



also measured.

Chapter 4 presents a series of measurements, carried out by the author in
conjunction with Norna A. Robertson, to determine the losses of the very high
quality mirrors required for a gravitational wave detector. An experimental test,
by the author, of the predicted effect of mirror heating (due to the absorption of
light) on a Fabry-Perot cavity is also described. (This effect had been predicted
by several workers in the field of interferometric gravitational wave detectors.)

In Chapter 5 the use of a cavity as a mirror whose reflectivity can be varied is
discussed and an experimental test, carried out by the author, of the properties of
a cavity containing such a mirror is described.

Chapter 6 is a summary of the results of the earlier chapters and also relates
these results to the development of a particular gravitational wave detector-the

proposed German-British interferometer.
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Summary

General relativity leads to the expectation of travelling gravitational waves which
manifest themselves as strains in space. Massive relativistic systems are the only
sources of gravitational radiation whicﬁﬂ;\ eexpected to be detectable on earth.
A range of such sources is reviewed in the first chapter in order to estimate the
likely gravitational wave amplitudes at the earth. It is seen that in the frequency
range accessible to ground-based detectors (tens of hertz to several kilohertz) the
expected strain amplitudes are at most ~ 1072, At present the most promis-
ing technique for the detection of gravitational radiation is laser interferometry
between nearly-free test masses. The signal and noise properties of the simplest
configuration of this system are considered to show that the performance can ap-
proach that required to detect the predicted sources of gravitational radiation.
In order to reach this level of performance more advanced optical techniques are
needed and these are discussed in Chapter 2.

The lasers used to illuminate the interferometers have excess intensity noise at
low frequencies and this forces all measurements to be made using high frequency
(at least several MHz) modulation techniques. Two modulation and signal recovery
schemes for laser interferometers (internal and external modulation) are compared.
It is seen that external modulation should provide the same signal as internal
modulation but without the need to add lossy modulation components to the
arms of the interferometer. The effect of the modulation technique on the signal
to noise ratio of the interferometer is evaluated and it is found that both the
technique used and the particular modulation waveform can alter the potential
signal to noise ratio slightly.

There is an optimum length of the arms of an interferometer designed to de-

tect gravitational waves at a given frequency. The time the light spends in each
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of the arms should be half of the period of the gravitational wave (i.e. several
milliseconds). This can be achieved by multiple reflection of the light along arms
(perhaps several km in length) using optical delay-lines or Fabry-Perot cavities.
Some aspects of both of these schemes are considered in this thesis.

The application of internal modulation to an interferometer with cavities in
its arms is considered. The signals which can be expected from this system are
investigated to reveal if there should be any problems with the control of such an
interferometer. It is found that there should be no unexpected control problems.

The very important techniques of power and dual recycling should both allow
the performance of a basic interferometer to be enhanced considerably. Both of
these are discussed in Chapter 2 in order to enable an experiment to be done to
test the optical properties of these techniques and to test suitable control systems.
Power recycling is concerned with the maximisation of the light amplitude in the
interferometer for a given laser power by making the laser light resonant in the
system. Dual recycling provides a method of enhancing the frequency response of
the interferometer, especially at low frequencies or in a narrow range of frequencies,
by resonating the signal sidebands. In this respect it can replace the need for
cavities in the arms of the interferometer and also provides a method of optimising
the detector response if the frequency of an expected signal is known.

The techniques presented in Chapter 2 were tested as described in Chapter 3.
The results suggested that the behaviour of the optical systems were understood
and that control systems could be made to operate these relatively complicated
arrangements. The effects of internal modulation on measurement noise were also
confirmed.

The above systems require extremely low loss mirrors. A method based on the
measurement of the storage time of a Fabry-Perot cavity was adapted to allow the
losses of such mirrors to be evaluated. This has revealed that sufficiently low loss
mirrors are now becoming available in the large sizes required for gravitational
wave detectors.

While the use of cavities in the arms of interferometers to increase the storage

time is very attractive there is likely to be a problem with mirror heating due to



absorption of the some of the light by the mirrors. This problem is maximised in
cavities since the power is concentrated on one spot on each mirror and only certain
transparent materials can be used for the input mirror of the cavity. In a delay-line
system the light enters each arm through a hole in a mirror and transparent mirrors
are not required. An experiment was carried out by the author to test a simple,
order of magnitude, prediction of the effect of mirror heating on the properties of
a cavity.

It is likely that in any of the interferometer designs discussed it will be useful
to have mirrors whose reflectivity can_be varied. One possible use of this tech-
nique is to balance the storage time(s{z#rzns of an interferometer with cavities in
the arms. Another application is in the control of the frequency response of an
interferometer with dual recycling. The idea of using an optical cavity as such
a variable reflectivity mirror was investigated experimentally, by the author. A
variable reflectivity mirror was incorporated into a cavity and some of the optical
properties were measured. Two different control systems, one of which obtained
the two required control signals from the light reflected by the cavity, were tested.

In conclusion it is seen that the basic optical systems required to make inter-
ferometers which should be able to detect gravitational radiation have now been
tested at least on a small scale. While it is clear that it will not be easy to extend
this work to a full-scale system there is every indication to suggest that this will

be achieved in the near future.
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Chapter 1

Introduction to gravitational
radiation and its detection

1.1 Introduction

In this chapter the nature of gravitational radiation is discussed and some likely
sources are considered. Techniques for the detection of gravitational radiation are
introduced. Further, the technique of ground based long baseline laser interferom-

etry is discussed in some detail.

1.2 Some properties of gravitational radiation

The existence of gravitational radiation is a direct consequence of general relativity
[1] or indeed any theory of gravitation which has local Lorentz invariance and, con-
sequently, a finite propagation velocity for gravitational effects. General relativity
places constraints on the properties of gravitational radiation, namely the type
and number of polarisation states as well as the propagation velocity (the speed
of light). It will be assumed that general relativity is correct in these respects for
the remainder of this thesis. !

In essence any observed fluctuations in the local curvature of space-time which
cannot be attributed to any direct induced gravitational field must be due to the
passage of gravitational radiation. This phenomenon can be represented in general
relativity by the fluctuating part of the Riemann curvature tensor ( ng‘;g ) which

is superimposed on the local static background curvature.

1For a detailed background to the material in this section see e.g. [2, 4]
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The simplest discussion of the effects of gravitational radiation is that set in the
proper reference frame of an observer. This is a good approximation for regions of
low background curvature (weak gravitation), and this is the situation of a detector
in the solar system. It applies only to observed systems which are small compared
to a wavelength of the gravitational radiation. This approximation is adequate for
all of the detection schemes which are discussed below (section 1.4) .

The proper reference frame is a Cartesian co-ordinate frame (t,z,y,z) with
the addition of non-Newtonian geodesic deviations due to gravitational radiation.
The geodesic deviations are equivalent to the acceleration of adjacent test particles
and these are obtained from the effect of RS} s on their relative positions. These
deviations lead to changes in the separation of the two particles.

To quantify this put one test particle at the origin and one initially at rest at
co-ordinates z;. The apparent acceleration of the particle at z; during the passage
of gravitational radiation is then given by

7% = —RSoTr, (1.1)

where the dots represent differentiation with respect to time.
It is, however, conventional to use the dimensionless strain amplitude Aj; to

describe the amplitude of the gravitational radiation. This is defined by

.ow _ 1 0%hj
AT

T (12)

and since the expected waves are of small amplitude h < 1 (see section 1.3) zi is
approximately constant and this can be integrated to give
ow 1
(5.'Ej = §hjk:ck (13)
as the change in the relative positions of the two test particles under the influence of
a gravitational wave.? Thus hj; is dimensionless and is proportional to a strain in
space. The nature of this strain is defined by general relativity and the symmetry

properties of RSY . These imply that for a plane gravitational wave propagating

By

2The terms gravitational radiation and gravitational wave are used interchangeably.
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in the z-direction (for convenience) the form of hjj is traceless and represents a
transverse wave. The only non-zero components are hyy = —hyy and hzy = hy,.
There are thus two polarisation states of the transverse wave and there is no
longitudinal wave.

The polarisation states are called by and hy and have associated test particle

equations of motion given by

mz = —2~h+:v, my = —§h+y
for the ‘plus’ polarisation
and
. 1= . 1
mi = ~2-hx:1:, my = Ehxy

for the ‘cross’ polarisation (where m is the mass of the test particle). Since all of
the likely sources are at astrophysical distances the waves will be very nearly plane
at Earth.

The effect of one cycle of a sinusoidal gravitational wave of the ‘plus’ polarisa-
tion on a ring of test particles is shown (figure 1.1). The effect on the embedded
‘L’ shape is worth noting. The cross polarisation would have a similar effect on

the ring but rotated by /4.

tLOHOGE

Figure 1.1: The effect of one cycle of sinusoidal gravitational wave of the ‘plus’
polarisation propagating perpendicular to the page. The azes shown apply to each of

the five equally spaced observation time instants which the separate rings represent.



1.3 Some sources of gravitational radiation and
predicted amplitude of the radiation

1.3.1 Production of gravitational radiation

The production of gravitational radiation will now be introduced and some sources,
which have a reasonable probability of detection, identified.

The fact that there is one sign of mass and the conservation of momentum and
angular momentum ensure that only quadrupole and higher moments can radiate.
This fact along with the weak coupling between gravitation and matter is what
renders gravitational radiation difficult to produce and detect. Since, as with most
electromagnetic systems, the strength of the radiation falls quickly with increasing
order of multipole, only the mass quadrupole moment term need normally be
considered when estimating source strength.

Laboratory sources have been considered and rejected as being considerably
too weak. The largest predicted radiated power of ~ 1073 watt [2], from a mas-
sive cylinder rotating at a rate which causes an internal stress close to the breaking
stress for steel, would not produce a detectable strain amplitude. The only real
hopes for detectable amplitudes of gravitational radiation lie with astrophysical
sources, especially those associated with compact objects (for example neutron
stars or black holes) where expected luminosities of order 10°2 W more than com-
pensate for the increased distances to the sources [2].

Some sources of gravitational radiation are now considered, especially those
which can be expected to produce waves in the frequency range which should be
accessible to ground based detectors (above ~ 10Hz). This low frequency limit
is set primarily by the presence of seismic noise (section 1.5.3). For a substantial
review of expected sources see [4, 5].

For convenience sources are divided into three classes according to the form
of the expected waveform of the gravitational radiation: burst or pulse sources,
continuous periodic sources and stochastic background. It will be seen that it is
difficult to predict some parameters of even the expected sources. This in itself

provides motivation for the detection of gravitational radiation since more informa-
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tion about the sources should result from direct observations. The following brief
description of several possible sources is presented to allow the detection schemes

which are described subsequently (section 1.4) to be evaluated.

1.3.2 Burst sources

Burst sources are characterised by a waveform which is dominated by up to several
cycles of a characteristic frequency (or range of frequencies in the case of coalescing
binaries). The two prime candidate sources in this category are pulses radiated
during supernovae and the radiation emitted as the evolution of a binary system

of compact objects reaches the point of coalescence.

Supernovae

There are understood to be two classes of supernovae. A supernova of ‘Type 1’
occurs either when an accreting white dwarf has a nuclear explosion (in which there
may be a collapse of a remaining core to form a compact object) or perhaps when
its mass exceeds the Chandrasekhar limit (1.4Mg) and it undergoes gravitational
collapse to form a neutron star. A supernova of ‘Type 2’ is the last stage in the
evolution of a giant star when the radiation pressure from the core nuclear reactions
ceases to be sufficient to support the core against gravitational collapse to form a
neutron star or a black hole.

The luminosity of such a source is strongly dependent on the extent to which
the collapse is non-axisymmetric (i.e. on its quadrupole moment) and on the ac-
celeration of matter during the collapse. The asymmetry in turn depends on the
initial rotational state of the precursor star while the collapse may be slowed by
the effect of radiation pressure (either electromagnetic or neutrino) countering the
gravitational attraction. Both of these effects are difficult to quantify but an esti-

mate of the gravitational wave amplitude at the earth is (from [3])

E 1/2 - -1
~ 10-21 1.4
h~10 [10'2 M@cz] [15 Mpc} ’ (14)
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where E is the energy emitted (as gravitational radiation) in the burst (in terms
of the solar mass) and r is the distance of the supernova from the detector (in
megaparsecs ). The scale energy shown represents an estimate of the radiated
energy which could be expected from a typical supernova. The occurrence rate for
supernovae has an observed lower limit (since some may not be optically bright and
may thus have missed detection) of, on average, around one of each type per galaxy
per 40 years. The scale distance shown (15 Mpc) is approximately the distance to
the centre of the Virgo cluster of galaxies (the highest nearby concentration of
galaxies) and it is expected that there will be several events per year at the level

shown [5].

Coalescing compact binaries

Two compact objects in close orbit will strongly radiate energy by gravitational
radiation. The orbit will thus decay and the orbital period decrease. The last few
cycles of such a system, just before the masses interact finally, would be accompa-
nied by gravitational radiation of high luminosity. The expected signal for such a

source is (from [3])

A r -1 M 2/3 “ f 2/3 (1 5)
100MPC M@ M@ ].OOHZ ’ )

where r is the distance from the source to the detector, M is the total mass of
the source with reduced mass p, the gravitational radiation has an instantaneous
frequency f and Mg is one solar mass.

The waveform is also well predicted as it depends only on the masses of the
orbiting bodies (until tidal forces begin to become important). In particular the
change of the frequency of the radiation as a function of time can be predicted.

The following relation describes the effect

ol B e
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The predictability of the waveform allows the use of matched filters to examine
the output of a (broadband) detector. This allows the detection threshold to be
reduced considerably for a given detector noise (see [5]).

It is interesting to note that after an observation of such an event the above
equations can be solved to yield the distance (r). Detection of such a source fol-
lowed by optical identification of the galaxy in which the source was residing would
allow determination of the distance to this galaxy as a result of the gravitational
wave detection. If in addition the redshift of the galaxy could be measured then a
few detections of this type of event in distant galaxies (in the hundred megaparsec
range) should allow accurate determination of Hubble’s constant.

The rate of such events occurring within a given volume is not well constrained
at present due to the difficulty of electromagnetic identification of these systems
in earlier stages of their evolution but estimates of several to several thousand per

year within a distance of 500 Mpc have been made [5].

1.3.3 Periodic sources

Periodic sources are characterised by a continuous signal at one or more frequencies
from a stable rotating system. The frequencies can be harmonics of the axial
rotation frequency or can be altered by precession if the rotational axis and the
mass distribution are not aligned [6]. The best examples are binary systems and
rotating neutron stars. Gravitational radiation depends on the source being non-
axisymmetric so that it has some quadrupole moment. While this is always true
for a binary system it is only true for a neutron star if it is distorted to become
non-axisymmetric.

For a binary system to be detectable by a ground based instrument it would
have to have an orbital time of less than ~ 1/10s (the radiation having half of this
period). This is only possible for objects with a separation of less than ~ 10" m and
these sources would then be coming close to the point of coalescence mentioned
above and would not be continuous sources.

Even a small non-axisymmetry associated with a pulsar would cause signifi-



cant gravitational radiation [4] The frequency of the quadrupole radiation could
be at twice the pulsar repetition rate (if the mass asymmetry is associated with the
pulsar’s magnetic field and the effects of precession are not important) and there-
fore well known for a pulsar which has been observed via its radio emissions [4].
The signal resulting from some values of non-axisymmetry associated with known

pulsars is shown (figure 1.2).

1.3.4 Stochastic sources

A background of gravitational radiation could be formed by the addition of radi-
ation from a large number of independent sources. Some example sources from
the early history of the universe are vibrating cosmic strings or Population III
supernovae [4]. If in a frequency band §f ~ f about a frequencyf the energy in
the gravitational radiation background is a fraction Qgw of the closure density for

the universe then the mean detectable amplitude is

_ Qow ]1/2 f -
26
= . 1.
h=6x10 [10"10 100 Hz ( 7)

This indicates the detectability with a given detector. To look for such a signal it
is necessary to correlate the outputf\ of more than one detector. These instruments
must then be separated by less than one quarter of the wavelength of the detected
radiation if the correlations are to be maintained in the signals from each of the

detectors [5].

1.3.5 Summary

A graph summarising the likely levels of gravitational wave signals is included for
reference (figure 1.2). This gives an idea of the detector sensitivities and frequency
response characteristics required to detect the range of sources described above.

The data for this graph A’ been derived from the source strength equations stated

or taken from [3].
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Figure 1.2: A graph of the expected strengths at earth of gravitational radiation
from several probable sources as a function of frequency. This has been restricted
to the frequency range which ts accessible to ground-based observations. In order
to allow the different classes of source to be shown the amplitudes have been mul-
tiplied by the square root of the number of cycles over which the source can be
observed. For the case of pulsars an observation time of 107 seconds has been as-
sumed. The non-azisymmetry of the pulsars have been indicated beside the marked
points. The coalescence shown is for two 1.4 solar mass neutron stars at a distance
of 100 megaparsecs. The line shown is an indication of the ezpected noise of one
proposed detector (see Chapter 6) operated in a broadband mode. The rising part
of the curve is due to photon shot noise and the noise here could be reduced by

reducing the bandwidth of the detector (e.g. by dual recycling-see Chapter 2).



1.4 Introduction to the detection of gravitational
radiation

Many methods of detecting gravitational radiation have been proposed (see [4, 2]).

The most promising types which have been developed are resonant bar detectors

and laser interferometers.

1.4.1 Resonant bar detectors

Resonant bar antennae were the first detectors to be developed [7] and their perfor-
mance has been steadily improved over the past decades [4]. Such detectors consist
typically of a massive right circular cylinder of a material with a high mechanical
quality factor. This behaves much like two test masses with a connecting spring
which form a system resonant at the intended detection frequency. The passage
of a suitably oriented gravitational wave through such a detector causes a strain
in the spring. The energy of vibration of the resonant mode of the mass-spring
system may be increased or decreased because of this. The motion of the resonant
mode (the fundamental axial mode of the cylinder) is monitored using a sensor
consisting of a transducer and an amplifier. The passage of gravitational radiation
would be detected by a change in the amplitude (or phase) of the output signal.
The detector must be well isolated from external noise sources. This is achieved
by careful vibration isolation and suspension of the detector in vacuum.

The signal from gravitational radiation competes with the random signals due
to Brownian motion as a result of the thermal energy producing a stochastic driving
force. The effect of this motion can be reduced by shortening the observation time
but this corresponds to wider measurement bandwidth and so increases the noise
from the sensor. There is therefore a compromise bandwidth set by these two noise
sources. With current technology the bandwidth is around 1/100 of the resonant
frequency so these detectors are rather narrow band.

The thermal noise can be reduced by cooling of the detector to low cryogenic
temperatures but even if sensor noise can be reduced eventually quantum displace-

ment fluctuations in the position measurement become important. Back-action
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evasion techniques have been proposed to balance the uncertainties in the experi-
menter’s favour [8] but these will probably take some time to develop. Until they

are, the sensitivity of a bar detector designed to operate at 1kHz will be at best

h ~ 10720,

1.4.2 Broadband detectors

These detectors work by the principle that was demonstrated in figure 1.1. Masses
which are free to move under the effects of gravitational radiation will respond
in the manner indicated by this diagram. The separation of two such masses
can be monitored using a laser beam. The result of this measurement will show
the positional fluctuations due to the gravitational radiation. This technique is
inherently broadband.

Ground-based observations are limited at low frequency by a background of
seismic motions from which it is difficult to isolate the test masses. This sets a
practical lower limit of tens of hertz for such apparatus.

Space-borne detectors have been proposed to investigate the lower frequency
ranges. The separation of satellites or spacecraft could be monitored by laser
interferometry or for the lowest frequencies and longest baselines (1 AU or more)
by radar-doppler tracking [4].

The remainder of this thesis is, however, devoted to the more immediate prob-

lem of the design of ground based detectors using laser interferometry between

essentially free test masses.

1.5 Laser interferometric gravitational wave detectors

A Michelson interferometer is well suited to the measurement of the relative lengths
of two perpendicular arms. If these are aligned with the z and y axes of the
proper reference frame then the system will be sensitive to the ‘plus’ polarisation
of gravitational radiation propagating in the z direction. (The basic idea is shown

by the effect of gravitational radiation on the ‘L’ shape in figure 1.1 where one arm
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of the ‘L’ is lengthened as the other is shortened). The simplest implementation
of such a detector is shown (figure 1.3).

The optical components of the interferometer are suspended as pendulums with
a period (typically 1s) much longer than the period of the gravitational waves being
sought. The ‘test masses’ which respond to the gravitational radiation are either
made to form the required optical components directly or have the optics (mirror
etc.) fixed to them.

The relative phase, at the return to the beamsplitter, of the light traversing
each arm leads to a change in the power on the output photodetector. The output
power is given by

1= !2—0-(1 — cos Ag), (1.8)

where Iy is the maximum (bright fringe) power and A¢ is the relative phase be-
tween the light from the two arms on returning to the beamsplitter.

The size of the output signal for a given gravitational wave amplitude and arm
length can be increased by multiple reflection of the laser beams along each arm
(until the storage time limit, defined below, is reached). This is achieved either
using an optical delay line or by incorporating a Fabry-Perot optical cavity in each
of the arms.

In the delay line the light is repeatedly reflected up and down the arms on non-
overlapping paths. The delay line is illuminated via a hole in the mirror nearest
the beamsplitter and the light must exit through this or a similar hole. The total
transit time of the light is 7 = NI/c where N is the number of traverses of arm
length [ at velocity c.

In the cavity case the beams overlap on each traverse and the illumination is via
a partially transmitting input mirror. There is now an effective number of bounces

and an effective storage time. Both of these schemes are illustrated (figure 1.4),

(Some properties of cavities are discussed in appendix A).
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Figure 1.3: A basic Michelson interferometer in which the input laser light is split
equally into two beams which traverse the arms and return to the beamsplitter. The
two arms are represented by single traverses to the mirrors M1 and M2. The light

power emerging from the output port is measured using a photodetector.
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Figure 1.4: An illustration of two systems which can be used to increase the storage
time for light in the interferometer arms for a given arm length. The upper drawing
shows a resonant optical cavity with a partially transmitting input mirror. The
lower drawing shows the idea of the optical delay line with four traverses. In
practice in a detector with arm lengths of a few km the number of traverses should

be at least 30.
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1.5.1 The signal from a Michelson interferometer

Consider the effect of gravitational radiation of angular frequency w, wavelength
A and amplitude A on the length of one of the arms of a Michelson interferometer.
oriented in the zy-plane. There is gravitational radiation propagating in the -
direction with the plus polarisation aligned to the arms of the interferometer.
The interferometer is illuminated with monochromatic coherent light of angular
frequency w propagating at velocity c. The initial length () is changed by an
amount é/ given by

h
8l = l§coswgt, (1.9)

where h is the peak amplitude of the components h,, = —hy,.
The phase shift on the light after traversing this path once in each direction is
given by
t
& = Sus /t_T cos (wgt) dt, (1.10)

where 7 is the time for the light of wavelength A to traverse the arm and return to
the beamsplitter. (This is only true if the arm length is less than the wavelength
of the gravitational radiation.)

If the light makes a number of traverses of the arm then the phase shift imposed
on each traverse must be added. It is then important to consider the changing
length of the arm with time. If there are 2n traverses (where n is a natural

number) then the total phase shift is given by

t—(n-1)7 t—T t
= 2m hl [/ cos (wyt) dt +--- + ,, % (wyt) dt + | cos (wgt) dt] .
t—nt t—271 -7
(111)
The common limits of the integrals cancel and this becomes

& = —}Esin (igl) COS Wy (t - :r_) . (1.12)
w 2 2

g

It can be seen from this that there is a maximum phase shift which can be obtained
with a given optical wavelength and gravitational wave amplitude. This is as
expected since if the light is stored in an arm for more than one half period of the

gravitational wave then the sign of 61 will have changed during the measurement
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period and the phase signal will be reduced. (This argument applies to delay lines
of several bounces or more where the total size of the apparatus is small compared
to one wavelength of the gravitational radiation.)

The effect of the gravitational radiation of the ‘plus’ polarisation on the other
arm is of the opposite phase to that on the first arm. The differential phase between
the arms of the interferometer will then be twice the above value. The maximum

or ‘storage time limited’ phase difference (setting 7 = 7,/2) will thus be

2wh
0Pmaz = adid sinwyt. (1.13)
Wy

The optimum way of operating the system illustrated is to maintain an oper-
ating point offset only slightly from the interference minimum. The power change
for a given (small) phase shift §¢ about the operating point offset from a null by
small static phase angle ¢ is

logéd

= . 1.14
61 = = (1.14)

The (storage time limited) maximum power change due to gravitational radiation
would then be
wh .
8l mar = Iop— sinwyt, (1.15)
w

g
where I is the maximum possible output power. (Any losses in the arms must be
taken into account and this will restrict the choice of storage time for a given arm
length—see [11]). In practice the long optical paths required to reach this storage

time limited signal for low detection frequencies may be difficult to achieve.

1.5.2 Fundamental noise sources

The maximum power change derived above must now be compared to the minimum

measurable power change. If all other noise‘:: si)urces are reduced to a suitably low
q

level then this is set by vacuum ﬁuctua,tionshwhich enter at the beamsplitter and

are mixed with the laser light on the photodetector (which is always a square

law amplitude detector and so acts as a mixer ). This noise is equivalent to that
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calculated from Poisson statistics on the counting of the detected photons [9] and

is represented by

o1 Tod?
8Lmin = | =—=AFf = /22 A
. f o 7, (1.16)

where 7 is the number of photons detected by the photodetector per unit incident
light energy and Af is the measurement bandwidth. Here the root mean square

signal power is compared to the noise power in a given bandwidth due to the

almost static light power I.

The minimum detectable relative phase change is

2Af ArheAf

) min 2 = = y
( ¢ ) Ion EXy

(1.17)

where % is the reduced Planck constant and ¢ is the quantum efficiency of the
photodetector for light of wavelength A. This is the optimum signal to noise
ratio which can be achieved with the system described. The minimum detectable
root mean square gravitational wave amplitude due to photon counting noise is

therefore, from 1.12 and 1.17

2 _ IAAS(w,)?

(hmin) - 27T£I()C (118)

Expressing this numerically, the storage time limited sensitivity which can be ob-

tained with an ideal interferometer with lossless mirrors is

Pomi —310—23[ e ] 100 [y 1/ZN/Af. (1.19)
man T 27100Hz] |10W 515nm

This level of performance cannot be achieved in practice and optical systems de-

signed to reach this or similar levels of performance in practice are considered in
Chapter 2. (The above applies to normal coherent radiation only. The use of light
in a squeezed or sub-Poissonian state, to replace the vacuum fluctuations entering
at the unused port of the beamsplitter, would, in principle, allow this limit to be
reduced [9].)

The application of the position-momentum uncertainty principle reveals a limit

to the position sensing which is possible with a given mass of test mass [10]. This
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is due to the balance between the increase in power reducing the error in phase
(position) measurements but increasing the importance of radiation pressure fluc-
tuations which move the test masses. The limit set by this, at a detection frequency

wy (which is higher than the natural frequency of the suspension pendulums), is

b 8T,
min — m, (120)
g

where 7,, is the measurement time and M is the mass of each test mass. This

given by

is, however, only achieved with very high input laser powers. The diminishing
importance of this noise source with increasing frequency and the relatively high
noise levels at low frequency due to seismic and suspension thermal noise (see the

next section) make this quantum limit very difficult to reach.

1.5.3 Technical noise sources

There are many other noise sources which have been considered in laser interfer-
ometric detectors [3, 11]. The most important of these (in relation to the work

presented) are summarised below.

Laser noise

The input laser light will have power, frequency and geometry fluctuations. All of
these can couple in various ways into the output signal from the interferometer.
The argon-ion lasers currently used in gravitational wave experiments exhibit all

of these noise sources with the noise concentrated at low frequencies (less than a

few kHz). (See appendix B for the case of frequency noise.)

Frequency noise Frequency noise, where the laser’s frequency varies on all
timescales about its mean value can couple into the output signal from an inter-

ferometer in several ways, the most direct being through unequal arm lengths in
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a delay line (unequal storage times if Fabry-Perot cavities are fitted in the arms).

For a delay line system
Al g

hmin = ,
Il w

(1.21)

where Al/l is the fractional arm length difference, §w is the magnitude of the
angular frequency noise on light of angular frequency w.

Much effort has been put into the frequency stabilisation of the lasers used in
the present prototype interferometers [12, 3]. Levels of frequency noise of as little
as 10~° Hz/v/Hz at around 1kHz have been achieved at Glasgow.

Frequency noise can also be a problem if light scattered within the interferom-
eter (for example from the mirrors-see Chapter 4) reaches the output photodiode.
The scattered light could have a large path difference relative to the main interfer-
ometer light and so the phase changes caused by even a small frequency fluctuation
could then be significant. Winkler [14] has found that with moderately low loss

mirrors scattered light leads to a minimum detectable amplitude of

Boin ~ 10-4@, (1.22)

w

where §w/w is the relative frequency noise on the light in the interferometer.

Intensity noise Intensity variations of the laser light occur. These are generally
concentrated below a certain frequency above which the intensity fluctuations reach
the value expected from Poisson statistics on the number of photons present. All
measurements must be made at such frequencies and this is the main reason for
the use of the modulation techniques which are discussed in section 2.2.

There is still the possibility that low frequency intensity noise can couple into
the interferometer output if the output is not held precisely on an interference

minimum. The required intensity stability can be calculated from

Al [

— ~ hmin— 1.23

T hmm Al ( )
where Al is the absolute error in the arm length from its ideal value (modulo one
wavelength of the light) this may be ~ 10~'?m depending on the servo-system

which is controlling the locking position [13].
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Low frequency intensity fluctuations can be reduced by monitoring a fraction
of the laser intensity and feeding back to some element which allows the intensity

to be varied, for example, the laser power supply or a variable attenuator in the

laser beam [15].

Laser beam geometry and orientation noise  The third type of laser noise
is beam position and orientation jitter. This can lead to changes in the path
traversed by a beam and hence to a false output signal if there are any resulting
(fluctuating) path differences between the two arms. Varying beam geometry and
position can also lead to imperfections in the overlap of the output light from the
two arms of the interferometer if there is any asymmetry between the two arms.
The excess noise at the output due to this is caused by the intensity changes which
occur as the imperfectly matched phasefronts move with respect to each other on
the photodetector and at the beamsplitter.

The effects of such noise have been investigated [11] and methods of reduc-
ing them explored. These methods include the use of monomode optical fibres
as spatial filters and the use of the spatial filtering effect of optical cavities to
make mode—cleanerss (Mode cleaners have the additional benefit of reducing the
frequency noise on the light at high frequencies and can be used to provide a

frequency reference).

Excess noise associated with motion of the test masses

Vibrational motion of the test masses can arise from three sources. Two of these

are of a thermal nature.

Test mass and suspension thermal noise  In a system with a resonant mode

at angular frequency wo there will be a stochastic driving force of thermal origin.

This has the form [16]
_ 4kTmuwoA f

G (1.24)

AF?
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where Af is the measurement bandwidth and Q is the mechanical quality factor

of the resonance.

First the internal resonant modes of the masses themselves are thermally ex-
cited. If the masses are designed so that the lowest resonance is above the frequency

range of interest and the internal Q (Qin:) is high then this leads to a spectral dis-

placement noise power of

_4KTAf
B mngint,

where m is the mass of the test mass. If the mass is a right circular cylinder with

Az’ (1.25)

similar length and diameter then the displacement noise is given by

AkTAf

k)
T2p0°Qint

At 2.5 (1.26)

where v is the velocity of acoustic waves in the material which has a density p.
The factor 2.5 is included since there will be several resonances at frequencies low
enough to contribute to this noise {3].

The limit on gravitational wave amplitude due to this, allowing for masses at
the ends of each arm of the interferometer and adding the noise powers from all of

these contributions, is given by

Y2 g-1/27 170 -3/2
e -25 P th] [ Y ] VA
hmin 76 > 10 [2330 kgm-3] [ 108 [3 km} 8500 ms~? /
(1.27)

for silicon which has a density of 2330kg/m?® and a sonic velocity of ~ 8500m/s.

The second source of displacement due to thermal noise is the pendulum mode
with quality factor (@) of the suspended mass on its suspension wires. This is,
again, thermally excited and since this mode will be at a low frequency (typically
1 Hz) this leads to a motion of

At T w0l

ittt B 1.28
0. (1.28)

where w is the observation angular frequency.

The corresponding fimin is then

- -1/2 1/2 -1
- 14 2 sz ! Wo l
o =3 107 [ ] ] [ 5| VA 02

100 Hz
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This suggests the need for massive test masses (at least 100kg) and high Q sus-
pensions if gravitational waves of low frequency are to be detected. Comparison
of the above spectrum with the graph of source strengths presented earlier shows

that the detection of coalescing binaries or the lower frequency pulsars may be

limited by the mass thermal noise.

Seismic and Vibrational noise  The final source of vibrational noise is any
motion of the suspension point which will be partially transmitted to the test
mass. Such motion would certainly be caused by seismic ground motion and may
also be caused by the operation of vibrating mechanical systems nearby. (The use
of an ultra high vacuum to eliminate significant refractive index fluctuations in
the arms would provide excellent acoustic isolation of the test masses except via
the suspension wires.) A measurement of seismic motion at one potential site is

reported in Appendix D.

Detection with real interferometers

There is always the possibility that there will be periods of high noise levels due
to the random nature of the noise sources. It is therefore necessary to use more
than one interferometer when looking for gravitational radiation near the thresh-
old of measurement of the individual apparatus. There is also motivation for the
operation of several detectors to enable the properties of the radiation to be stud-

ied in more detail by providing sensitivity to both polarisations and directional

information about the source.
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Chapter 2

Advanced interferometry
techniques applicable to
gravitational wave detection

2.1 Introduction

Several prototype detectors have been built [3, 17] to evaluate the performance of
the basic interferometry techniques described in the previous chapter. Currently
these interferometers operate with strain sensitivities of at best ~ 2 x 1078 for
pulses where the energy is in a band centred on 1 to 2kHz. This is perhaps four
orders of magnitude from a sensitivity appropriate to a working detector. In this
chapter some of the techniques which will be required if the interferometers are to
become sufficiently sensitive are described.

Photon shot noise is usually viewed as the most important noise source in laser
interferometers. Two techniques for improving the performance of laser interfer-
ometers by improving their gravitational wave sensitivity for a given input light
power are described below (sections 2.4 and 2.5). In preparation for this two pos-
sible modulation schemes (called ‘internal’ and ‘external’ modulation respectively)
for phase measurements in interferometers are introduced and compared. The ef-
fects of such schemes on the signal to noise ratio of the detector are considered.
(The need for the modulation techniques was explained in section 1.5.3.) The ap-

plication of one of these (internal modulation) to an interferometer with cavities

in its arms is discussed.
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2.2 Modulation schemes

2.2.1 Internal modulation

All interferometric measurements of phase changes in a Michelson interferometer,
which is intended for use as a gravitational wave detector, have to be made at
high frequency. The measurement frequency must be chosen such that there is
no excess laser intensity noise in that region of the spectrum (see section 1.5.3).
(For example with the argon-ion lasers used in the current prototypes, this implies
measurements be made at frequencies above about 3MHz.) A radio-frequency
modulation and demodulation scheme can be used as the basis for the measurement
system (compare with the laser stabilisation method of Appendix B).

In a Michelson interferometer with delay-lines in the arms the technique known
as ‘internal modulation’ has been used [3, 16]. This technique consists of applying
differential phase modulation to the light beams in each of the arms of the inter-
ferometer. The signal from the output photodiode is demodulated in phase with
the modulation. This yields a signal which is a measure of the phase difference
between the amplitudes returning to the beamsplitter from each arm. The internal
modulation scheme is illustrated (figure 2.1).

Electro-optic phase modulators are normally used to provide the phase modu-
lation. These devices are based on crystals which have a refractive index which is
proportional to an applied electric field perpendicular to the propagation direction
(for one polarisation). The effect, on suitably oriented linearly polarised light, is to
cause a change in the transit time in the device which is proportional to the applied
electric field. Modulation of the electric field therefore causes phase modulation
on the transmitted light.

A delay-line system can be arranged so that the beams entering and leaving the
arms are non-overlapping. In this case the modulator for each arm can be placed
either in the beam as it enters the arm or as it leaves to return to the beamsplitter.
If the beams entering and leaving the arms overlap then the modulator must be

placed in the combined beam. In this case care is required to ensure that the

modulation applied on each pass through the modulator is in phase with that
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Figure 2.1: A Michelson interferometer with internal modulation. The delay-line
arms are represented by showing one traverse each way. The mirrors M1 and M2
are highly reflecting. The phase modulation is applied differentially using the two
modulators in the arms. The demodulated output signal is available for measure-

ment and control.
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applied on the other pass.

The signal which is expected from a single pass through an internal modulator

in each arm is now considered. The amplitude (Aqg) falling on the photodiode is

given by

Ag 1 ) B sin wy, t . 1 t
S Agcit =3 [expz (6z + T) —exp1 (5y - ﬁLr;wm_)] . (2.1)

This assumes a beamsplitter which has 50% transmittance and reflectance. The

input amplitude has a magnitude Ay and an angular frequency of w,. The phase
modulation is sinusoidal with angular frequency w,, and modulation index 8/2.
The modulation is applied differentially between the two arms labelled ‘x’ and ‘y’.
The phase shifts imposed on the light while traversing the arms are respectively
6z and 6,. The ‘-’ sign for the second amplitude is chosen for convenience to give
the output intensity minimum with zero phase difference between the light from
the two arms. There are assumed to be intensity losses (L) associated with the
mirrors and modulator in each arm. This leads to each arm having an amplitude
reflectivity (p = v/1 — L) which is less than unity.
The signal from the photodiode is proportional to the'power (1) on it. This is
given by
I; = AAy, (2.2)

where the star denotes complex conjugation. This gives the result

214

e —-1- by — b, + Bsinwyt). 2.3
(1—L)Io COS( y ﬁ ) ( )

If the signal from the photodiode is demodulated coherently with the modulation

only terms in sinwy,t remain and one obtains a signal voltage (S) with the form
§ = alo(1 ~ LY (F)sin(5. — 6,), (2.4

where J; is the first order Bessel function of the first kind and « is a constant

representing the size of the signal at the output of the demodulator for a given

light power and phase shift (this constant includes the photodiode efficiency, the
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transfer function of any amplifier before the demodulator and the insertion loss
of the demodulator). This signal is of the same form as that previously obtained
for the unmodulated interferometer (equation 1.15). The signal to noise ratio of
this measurement system can closely approach that of the unmodulated system
(as shown in section 2.2.3). Equation 2.4 can be used to calculate the signal to
noise ratio for an internally modulated interferometer and it is used to this end in

section 3.2.

General considerations related to the interferometer with internal

modulation

It is interesting to consider some of the implications of internal modulation on
the operation of the interferometer. This allows some of the limitations of the
technique to be evaluated.

The interferometer may not have perfect balance between the arms. There
will then be some non-interfered light at the output on the dark fringe. This
light increases the power on the photodiode and hence the detection (photon shot)
noise. The signal is not increased and so the signal to noise ratio is reduced. It is,
therefore, necessary to ensure good symmetry of the arms to give good interference
and to maximise the signal to noise ratio.

The output signal (equation 2.4) is bipolar in nature and is well suited to use in
a control system designed to keep the interferometer output on a minimum. This
requires control of the relative lengths of the arms and can be achieved by adjusting
the positions of one or more of the interferometer mirrors or of the beamsplitter.

The electro-optic modulators available at present have some absorption (loss)
and cause some wavefront distortion. The loss reduces the signal size for a given
input power. The distortion, if unbalanced in the two arms, causes imperfect
interference in the interferometer and so extra non-interfered light emerges from
the output. It will be seen in the section (2.4) on recycling that the total losses in
the interferometer must be minimised. The tolerable fractional intensity loss in a

practical delay-line interferometer may be ~ 107°. Internal modulators could lead
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to a loss in excess of this.

Conclusion to internal modulation

It has been shown that the signal produced at the output of the interferometer
with internal modulation has a similar form to the signal produced in the un-
modulated interferometer. This signal can be used to maintain the output of the
interferometer on an interference minimum. It will be shown below that the signal
to noise ratio which can be achieved with the internal modulation can approach
that of the ideal unmodulated interferometer which has similar optical parameters.
The losses introduced by the presence of the internal modulators may prevent the
use of the recycling technique discussed below. It is therefore necessary to find
a system which can provide the required signal without the need for modulators
within the interferometer and the technique of ‘external modulation’ was proposed

to satisfy this [18].

2.2.2 External modulation

In the external modulation system a reference beam is mixed with the output
from the interferometer on the main photodiode. In practice a beamsplitter is
used to add the reference and interferometer beams and so two photodiodes are
required to detect all of the light. (The = phase difference between the internally
and externally reflected beams at a beamsplitter requires that the signals from the
two photodiodes are subtracted to form the desired output signal.)

The reference beam can, in principle, be any beam which has a simple phase
relationship to the light in one of the arms of the interferometer. The best source

of this beam is probably a beamsplitter which removes a small fraction of the

amplitude from one of the arms. This ensures that the reference beam has the same

frequency noise as the light in the interferometer. The reference beam (also called

the local oscillator) is then phase modulated before addition to the interferometer

output. One possible arrangement for external modulation is shown (figure 2.2).

Here the reference beam is split off using the reflectivity of the otherwise unused
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Figure 2.2: A Michelson interferometer with external modulation. The externally
modulated reference beam is derived from the light in one of the arms of the inter-
ferometer and is added to the main output using the Mach-Zehnder arrangement
shown. The main beamsplitter (BS1) has an anti-reflection coating on its rear

surface. The finer dashes are used to represent low intensity light.
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face of the beamsplitter. In practice the optimum amplitude of the reference beam
will be obtained only with rather good anti-reflection coating of this surface (the
anti-reflection coating may be required to have an amplitude reflectivity of ~ 0.03).
An arrangement similar to a Mach-Zehnder interferometer is formed between the
two beamsplitters. The modulator is no longer in the arms of the interferometer
and in its new position higher losses can be tolerated.

The signal from an interferometer with external modulation is now calculated.
It is assumed that the interferometer is again perfect except for some symmetrical
losses in the arms. (The case of the imperfect interferometer is considered below.)
The amplitude (A4) on one of the output photodiodes is given by

V8A,

pAOeiwct

= exp(is.) - (1- %) exp(is,) (2.5)

+ Tn\/g (1 - 55;,) exp[i(by + A + Bsin(wm1t)].

The notation used is the same as for internal modulation. In addition A is the
phase difference between the reference beam and the ‘y’ arm beam at the Mach-
Zehnder beamsplitter. The fraction of the amplitude in the ‘y’ arm which is split off
by the anti-reflection coating on the beamsplitter is 1/m (in each direction). One
of the reflections from this coating is wasted. Again sinusoidal phase modulation
is shown. The amplitude on the other diode is just the same expression multiplied
by -1.

The power on one diode (1) is (omitting some terms of order higher than —-:;\-4
in the small quantity A )
m

414
(1-L)I

1 1
= 1—-(1=-—=— — 4 — 2.
1 m2)cos5+ — +m2 (2.6)
1 .
+ == (1 — ——> cos(6 + A + B sinwmit)
2m?

(
V2
m
l/n—? (1 - éi—i) (1 - #) cos(A + Bsinwpt),

where § = 6, — 6,. The static terms in this expression show the expected power

of the reference beam and the minimum power from the interferometer due to the
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extraction of some light from one arm. The signal terms I4,;, can be extracted and

re-arranged to give

\/ngdsi
a=oi, L)Iz R cos(6 + A + Bsinwmt) — cos(A + B sinwmit) (2.7)

1
+ 5 5[8c0s(A + Bsinwmit) — cos(6 + A + Bsinwmt)].
Demodulation, coherent with the phase modulation, of the difference signal

from the two output photodiodes, selects the terms in sinwy,;t. This gives a signal

(taking only the first two terms from equation 2.7)

~ I()(l - L)Of\/iJl(,B)

m

S [sin(6) cos(A) + cos(8) sin(A) — sin(A)], (2.8)

where a is the same constant as for internal modulation. If § is small (as it is when

the interferometer is operating) the demodulated signal is

S = (2.9)

I(1 = L)av/331(8) {5 s O A]
m 2 '

This equation shows that the phase relationship between the reference beam and
the interferometer output must be controlled. The signal from the main interferom-
eter (6) is multiplied by the cosine of the phase difference between the amplitude
from the interferometer and the reference beam. This phase difference must be
maintained close to zero (modulo 7). This can be achieved by controlling the rel-
ative path length of the two halves of the Mach-Zehnder. When this is achieved
the above signal has the same form as that obtained from the interferometer with

internal modulation and from the unmodulated interferometer.

General considerations concerning external modulation

It is useful to consider some general aspects of the operation of the interferometer
with external modulation in order to prepare for the design of a system which
can be used to test the technique. The term ‘effective amplitude contrast’ is
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introduced to allow the ideas below to be discussed. It is defined to be the ratio
of the magnitude of the amplitude approaching the main beamsplitter from the
input of the interferometer to the magnitude of the amplitude leaving the main
beamsplitter and reaching the photodiode when the output of the interferometer
is at a minimum. In external modulation the output amplitude which reaches the
second beamsplitter is used since there are two photodiodes. The effective contrast
is a measure of the quality of the interference in the interferometer.

In the section on recycling it will be seen that the total loss of power from
the interferometer should be minimised (for a given output signal size). Since
the reference beam represents a power loss the maximum value of m consistent
with the optimum signal to noise ratio should be used. The value of m should
therefore be chosen to be slightly less than the effective contrast. In this case the
amplitudes on the photodiodes are dominated by the reference beam. (A typical
value required for the effective contrast may be 100-see section 2.4). This justifies
the above assertion that the anti-reflection coating used to split off the reference
beam should have small reflectivity.

The signal to noise ratio achieved using the external modulation system de-
pends on the total light on the photodiodes for a given output signal. If the
intensity on the photodiodes is dominated by the local oscillator then increasing
this increases the signal and the noise at almost the same rate. If the intensity is
dominated by non-signal forming light then the signal to noise ratio is smaller. The
signal to noise ratio is discussed further in section 2.2.3. (With the above choice of
m the m~3 terms in equation 2.8 are small compared to any similar terms produced
due to the finite effective contrast.)

The extent to which any motions (which change A) of the components of the
external modulation system couple into the interferometer output signal is gov-
erned by the amplitude leaving the interferometer output. This can be seen by

considering the case where the amplitudes from the two arms differ by an amount

a. The amplitude on one photodiode is then

(1_:\_/[,—8;%“;? = (1 — a)exp(18;) — exp(idy) (2.10)
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+ % exp(i(8y + A + Bsin(wmt)]. (2.11)

If § = 0 the demodulated signal from the two photodiodes becomes

S = an(l - L)\/iJl(ﬂ)a

m

sin A. (2.11)

The dependence of the output signal on asin A can be seen and must be taken
into account when designing an interferometer with external modulation.
Frequency noise on the reference beam is unlikely to cause excess noise in the
detected output if the reference beam is obtained from inside the interferometer
when the phase changes due to frequency noise in the Mach-Zehnder should be
smaller than those occurring in the Michelson interferometer because of the same

noise.

A method of deriving control signals for external modulation

Now that the principle of external modulation has been introduced it is necessary to
consider the design of a suitable control system. In the above scheme two -

path lengths must be controlled. These correspond to control of the Michelson
phase (6) to keep the interferometer on a dark fringe and of the Mach-Zehnder
phase (A) to ensure that the output signal is maximised and remains of consistent
polarity. Control of the Michelson interferometer can be achieved in the same
manner as with internal modulation (i.e. feedback of the main output signal to
control the arm lengths).

One method of controlling the Mach-Zehnder involves first applying a small dif-
ferential arm length modulation to the main interferometer. The angular frequency
(wma2) of this modulation is chosen to be just above the expected gravitational wave
angular frequencies. (So a frequency in the range 1 ~ 10 kHz may be appropriate.)
The signal (5’) produced at the output of the original (wm1) demodulator is now

(keeping only the interferometer signal term from equation 2.9 and assuming that

a control system is maintaining 6 ~ 0)

= alo(1 = L)vV2,(5) (B2 sinwmat) cos A, (2.12)
m

Sl
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where f3; is the, small, modulation index of the ‘second’ modulation. If this is fur-
ther demodulated at w,,; then the output of the second demodulator is a measure
of the size of the signal due to the interferometer modulation of the arm length at
Wia-

The length of one of the arms in the Mach-Zehnder must be adjusted to max-
imise the test signal and hence any gravitational wave signal. The maximisation
can be achieved by modulating the position of one of the mirrors forming the
Mach-Zehnder at an angular frequency w,,3. This modulation must be at a lower
frequency than the second modulation to be correctly demodulated by the second
demodulator. The last modulation must then be at a frequency slightly below that
of the lowest expected gravitational wave signal. (It must not be within the signal
band where it could then obscure a signal.) The signal from the output of the
second demodulator is now

_ VB Lo(1 - L)1i(8)J1(8)

m

Sl

cos (A + fs sinwpst), (2.13)

where o’ = « if the demodulator has no insertion loss.
Subsequent demodulation of the output of the w2 demodulator at w3 pro-
duces a signal

v _ VBRI = DL(BYI(B) I (Bs)

m

S

: (2.14)

where again o”/d’ is a measure of the demodulator insertion loss. This signal can
be used as the error signal in a control system designed to lock the Mach-Zehnder
arm length to a zero of sin A. Full details of this control system are presented in

Chapter 3. (The scheme is illustrated in figure 3.9.)

Conclusion

Tt has been shown that external modulation can produce a signal of the same form
as internal modulation without requiring the addition of any lossy component to
the interferometer. There is an extra degree of freedom (the relative path lengths in

the Mach-Zehnder) which must be controlled if the system is to operate correctly.
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Motions of the additional mirrors required can couple into the output signal and
this coupling depends on the effective contrast of the interferometer. The presence
of frequency noise can also cause excess noise in the output signal and this is
best avoided by using a reference beam obtained from inside the interferometer as

described above. The suggested method of control has been tested by the author
(as reported in Chapter 3).

2.2.3 Modulation and measurement noise

Introduction

The modulation techniques discussed above yield signal to noise ratios close to
that given for the unmodulated interferometer in section 1.5.2. (Where the noise
is photon shot noise.) It was recently recognised [19, 20] that for many of the
situations encountered in gravitational wave detection, including both of the above
modulation schemes, sinusoidal phase modulation does not, in fact, provide the
same signal to noise ratio as the unmodulated case.

An elegant method of calculating the effects of modulation on signal to noise
ratio was suggested by Meers[21]. This method is described and used below.

The results of an experimental test of some of the predictions made in this

section are presented (section 3.6).

Internal modulation

A photodiode measures power and so it is a square law detector of amplitude.
This leads to mixing of the incident amplitudes with each other and with the
white noise which can be considered as originating from the detection of vacuum
fluctuations [9]. Application of this model allows calculation of the effects of mod-

ulation on the noise in the output signal from an interferometer.
In all of the cases considered below the modulation and demodulation wave-

forms are in phase and have symmetrical amplitude distributions about zero am-

plitude.
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First consider internal sinusoidal phase modulation. In the frequency domain
the amplitudes from the two arms approaching the beamsplitter consist of a com-
ponent at the original laser frequency (we) with phase modulation sidebands at
we + Wm and we — wy,. There will also be some other sidebands due, for example,
to gravitational wave signals. These are not important to the argument if they are
small (as they should be).

Perfect interference would allow the cancellation of the carrier light leaving
only the sidebands which (for differential modulation) will add constructively. The
amplitude incident on the photodiode can be represented by figure 2.3. The white
noise in areas ‘a’ and ‘b’ in the figure are mixed with the modulation sidebands to
give a signal. This signal shows these two uncorrelated noises near w,,. In addition
noise from region ‘c’ at w. + € mixes with each of the sidebands to give noise at
both wy, + € and wy,, — €. These contributions originate from the same source and
so noise at w,, + € is correlated with noise at w,, — €.

If this signal is then demodulated by multiplication with a sinusoidal signal at
wp, (but not necessarily in phase with the modulation) then there are two cases
worth consideration.

Case 1: demodulation with the phase which would maximise any signal. Any
signals or noise at wn, + € and wy, — € are added together to produce the maximum
signal. Remembering that noise powers must be added this leads to the addition
of three uncorrelated sets of noise. There is one (arbitrary) unit of noise power
originating from each of regions ‘a’ and ‘b’ and four units of noise power as a
result of coherently adding the two amplitude units of noise from region ‘c’ before
squaring to obtain the power. There are therefore a total of six units of noise power
in the demodulated output in the signal band. The four of these which come from
region ‘c’ would be measured by any system (with or without modulation) and
correspond to the optimum detection case (as in the unmodulated interferometer).
Sinusoidal modulation and demodulation therefore gives a signal to noise ratio
worse than optimum by \/3/‘2 (in amplitude).

Case 2: demodulation with the (quadrature) phase which would minimise any

signal. In this case any signal sidebands yield no contribution in the demodulated
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output. This is also true for the noise which originates at si gnal frequencies. There
remain, however, the two units of noise mixed down by the modulation procedure.

This case is interesting only as it provides a test of the predictions made by this

calculation.
In practice

The above argument applies to an interferometer with a perfect null. Ab‘here
will be some unmodulated light coming out of the interferometer. The extra light
1s not correlated to the modulation sidebands and so behaves as a separate beam
which causes normal unmodulated shot noise as expected. This noise tends to
mask the excess noise due to the modulation if the extra light begins to dominate
the total intensity on the photodiode.

If an interferometer is limited by the noise due to modulation then it is use-
ful to know if another modulation and/or demodulation waveform could improve
the signal to noise ratio. Schnupp[19] predicts that square wave modulation and
demodulation would give the optimum performance.

The frequency domain argument above becomes a little messy when there are
an infinite number of sidebands. Square waveforms can only be approximated
experimentally in any case. It was therefore felt to be instructive to apply the
frequency domain method to the two frequency approximation to the square wave,
namely cos(wp,t) — (1/3) cos(3wnt).

Taking this as the modulation function and retaining sinusoidal demodulation
the above process is repeated. The appropriate sideband diagram is shown (fig-
ure 2.4). The important point to note in this case is that the contributions in the
signal from the photodiode from regions ‘d’ and ‘¢’ due to mixing with first and
third order sidebands partially cancel. This is due to the fact that the first and
third harmonic components of the modulation waveform have the opposite sign
and lead to signals with the opposite signs. The noise power in the signal band of
the demodulated output is (in the same units as above) (1/3)> = 1/9 from each
of regions ‘a’ and ‘b’ (1 — 1/3)> = 4/9 from ‘d’ and ‘¢’ and finally the same 4
from region ‘c’. The total is 46/9 which is an improvement on the sine-wave case.
Looking at the above the optimum level of the third harmonic in the modulation

is 1/2 of the fundamental. (It can be seen that the sum of the above terms is
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Figure 2.3: The spectrum of the light amplitude incident on the photodiode at the
output of an internally sinusoidally modulated interferometer. The magnitudes
of the components are indicated. The spectrum is shown over a few modulation
frequencies (wy,) either side of the carrier (w.). The vacuum fluctuations lead to

the white noise represented by the broken line above the frequency azis.
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Figure 2.4: The amplitude spectrum approaching the photodiode in an interferom-

eter with internal modulation with the waveform which is the best two harmonic

frequency approrimation lo a square wave.
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minimised if the third harmonic amplitude is 1/ 2). There are then 5 units of noise

power at the output.

It should be noted that if the modulation and demodulation waveforms are
interchanged then the result is unaltered. This can be seen in the above case
by considering the effect of demodulating at the third harmonic (with only sine
wave modulation). The signals from regions ‘a’ and ‘b’ are then introduced by the
demodulation. The signals from both regions ‘d’ and ‘¢’ demodulated by each of
the demodulation frequencies partially cancel to give the same result as above.

As further harmonics are added to the modulation and/or demodulation wave-
forms and these waveforms approach square waves the signal to noise ratio ap-

proaches the optimum (unmodulated) value.

External modulation

In the situation of external modulation there are two essential differences. First
the instantaneous size of the signal from the photodiode depends on the sine of
the phase modulation angle of the local oscillator and this implies that the mod-
ulation angle should be large (£7/2). Secondly the intensity on each photodiode
is constant if the output is dominated by the local oscillator. (Since then only
phase modulated light is present.) In the case of square wave external modulation
it can be shown that the amplitude spectrum of the light on the photodiodes is
the same as for square wave internal modulation. The same, optimum, signal to
noise ratio can therefore be achieved with this type of modulation and square wave
demodulation.

The amount by which the signal to noise ratio is decreased from the optimum
for any given pair of modulation and demodulation waveforms can be calculated
by comparing the signal power produced by the modulation (M(t)) and demodula-
tion (D(t)) functions and the noise power which depends only on the demodulation
function. The instantaneous signal from the photodiode is proportional to the sine

of the phase of the modulation waveform (this can be seen from the earlier dis-

cussion of external modulation). This signal is weighted by the demodulation
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waveform and must then be averaged over a multiple of the period of the modula-

tion waveform to give the size of the output signal (S). The signal power is then

proportional to the square of this and is therefore
S? = D({t)sin M(1)° (2.15)

so that a power of unity would be obtained with square-wave modulation and
demodulation (the averaging is denoted by the overline).

The noise power is independent of the modulation waveform (since the intensity
of the light is constant at the photodiode) but the signal from this is weighted by

the demodulation waveform. The resulting output noise power (N?) is given by

N? = D(t)?, (2.16)

where this is again averaged over a multiple of the period of the modulation wave-
form. This also evaluates to unity for square wave demodulation.
For sine wave modulation and square wave demodulation the signal to noise

ratio, compared to the optimum, therefore becomes

1

27
glsmmmww (2.17)

This is maximised when the modulation index () is chosen to maximise J;(5)
(i.e. B ~ 1.8) yielding a signal to noise ratio & 2dB worse than the optimum. The
use of sinusoidal demodulation can be shown to give marginally better signal to

noise ratio than square wave demodulation in this case.

Conclusion

The above discussion of the effects of modulation techniques on the signal to noise

ratio of the internal modulation and external modulation measurement systems

reveals several interesting features. In both cases the signal to noise ratio can

reach the ‘optimum’ value due to photon shot noise if the correct modulation and

demodulation waveforms are used. The required square wave modulation may be
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difficult to achieve in practice but the use of other modulating waveforms reduces
the signal to noise ratio only slightly from the optimum case. The cases considered
showed reductions of the signal to noise ratio by, at most, 2dB. The results of an

experiment performed by the author to test some of the predictions made in this

section are reported below (section 3.6).
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2.3 A Michelson interferometer with cavities in the
arms and internal modulation

2.3.1 Introduction

In Chapter 1 the need to increase the time that the light spends in the arms of
an interferometer to obtain improved detector sensitivity at low frequencies was
outlined. One method which could be used to achieve this, the use of optical
cavities in the arms of the interferometer, was introduced. An interferometer with
cavities in its arms could have one important advantage over a delay-line system.
If the desired storage time of the arms implies that the light must make many
traverses then a cavity system has the advantage of requiring a smaller mirror
area. The size of mirror which is required in either system is set by the allowable
diffraction losses and the distribution of the light on the mirror. In a cavity system
there is only one spot on each mirrorsin a delay-line there may be several tens of
spots. Since these spots are of the same order of size the delay-line mirrors must
be considerably larger.

The 10 m prototype detector at Glasgow[3] is an interferometer with cavities
in its arms. _At_ogzume the light from each of the cavities was interfered in
order to obtain the output signal. A polarisation scheme was used to separate
the light for the two arms before it entered the interferometer where orthogonal
polarisations were directed into the arms by a polarising beamsplitter. This al-
lowed the use of modulators outside of the interferometer since each polarisation
could be modulated individually. This scheme was not absolutely successful as is
reported by Kerr [22]. A scheme where the beams returning toward the beamsplit-
ter from the cavities were directly detected, rather than being interfered, was then
implemented. This system, which was successful, does not allow the use of the
‘recycling’ techniques discussed below (section 2.4). It was therefore thought to be
worthwhile to study an interferometer with internal modulation and cavities in its
arms as a step on the path from the present prototype to one possible design of

working detector. The expected properties of such a system are evaluated below.
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2.3.2 The signal from an interferometer with cavities in its arms

The proposed modulation scheme is illustrated (figure 2.5). Here the delay-lines are
replaced by cavities. The beams entering and leaving the arms overlap. Linearly
polarised light is used to illuminate the system.

The amplitude of the light reflected from one of the cavities can be considered
to consist of a component (A) directly reflected from the ‘inboard’ mirror (M2M1?)
and a component (C) due to the transmission by the inboard mirror of some of
the amplitude which has built-up in the cavity. (These amplitudes are calculated
in detail in Appendix A.) The former amplitude components illuminate only the
Michelson interferometer formed by the inboard mirrors and the beamsplitter.
This light will be modulated on each pass through the modulator. The net result
of this double modulation depends on the phase change in the modulating signal
between the two passes of the light and also on the relative phases of the sidebands
and the carrier on return to the modulator. If the distance between a modulator
and an inboard mirror is small compared to the speed of light multiplied by the
period of the modulation waveform then the significance of the double modulation
is determined by the properties of the cavity.

As for the case of frequency stabilisation of a laser to a cavity the cavity is
arranged to be resonant for the original laser (carrier) frequency. The modulation
frequency is chosen to be much higher than the corner frequency of the cavity inte-
gration but not at a free spectral range of the cavity and so the phase modulation
sidebands do not resonate in the cavity.

If the cavity has perfect visibility! then the cavity amplitude has the same mag-
nitude but opposite sign to the directly reflected carrier. The carrier amplitudes
cancel to leave the sidebands due to phase shifts in the cavity and any modulation
sidebands. In practice the visibility will depart from unity. If the cavity amplitude
is less than the directly reflected amplitude the cavity is said to be ‘undercoupled’
and there is a net component of the carrier which has suffered a = phase change
on reflection from the cavity. The second modulation pass will then tend to en-

hance the total modulation sideband amplitude. In the case of an ‘overcoupled’

1Visibility is defined in Appendix A.
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Figure 2.5: An interferometer with cavities in its arms and internal modulation.
The modulation is applied differentially. The cavities are formed by the mirror

pairs and the input mirrors are partially transmitting.
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cavity, the cavity amplitude exceeds the directly reflected one and there is a net
carrier component reflected with no phase change. The second modulation pass
then reduces the amplitude of the modulation sidebands on this beam.

The cavity amplitudes have their first modulation removed by the integrating
action of the cavity (Appendix A). These amplitudes are therefore modulated once
only. The phase shifts (from whatever source) are labelled as (a) and (c) in the
inboard Michelson interferometer and (b) and (d) in the respective cavities. The

amplitude incident on the photodiode is then
—Azexpi(a+28)+C,expi(a+b+5)+ A, expi(c—28)—Cyexpi(c+d—p), (2.18)

where the ‘x’ and ‘y’ subscripts identify the arms. ( represents the phase modula-
tion appropriate to one pass through the modulator and is of the form Fgsinwy,t.
The signs have been chosen to give the expected results with zero values of the
phase shifts (for example minimum output from the interferometer).

The components of the output intensity which, when demodulated, can con-

tribute to a signal are

—AzAycos(a—c+48) —AC;cos(b— ) (2.19)
—A,Cycos(d+ ) +A;Cycos(a —c—d+3p)
+A,Crcos(a—c+b+38) —C.Cycos(a+b—c+d+28)

and the demodulated signal is proportional to

—AAJ1(4B0)sin(a — ¢)  +A;C2J1(Bo) sin(b) (2.20)
—AyCle(ﬂg) sm(d) +AnyJ1(3ﬁo) sin(a —C — d)
+A,C231(360) sin(a — c+b) —C:CyJ1(260)sin(a — c+ b —d).

If the modulation indices are small (B < 1) then Ji(Bo) = fo/2. Also if
all of the phase shifts are close to zero (the case for an operating detector with
the cavities on resonance and the output intensity a minimum) the output signal
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reduces to

—AzAyd(a —¢) +A;Cr(b) —A,Cy(d) (2.21)
+A4:;C3(a ~c—d) +A,C:3(a—c+b) —C.Cp2(a—c+b—d),

where the factor §o/2 has been extracted for clarity.

If the phase changes are due to gravitational waves (or frequency noise) then
those associated with the cavities will be larger than the others by the the effective
number of bounces in the cavity times the ratio of the lengths of the cavities to
the length of the inboard Michelson interferometer arms. This should be at least
several hundred in a working detector. If the reﬂectivi%;fof the inboard mirrors are
equal then the signal due to gravitational radiation is, to a good approximation,
proportional to

BAAC, — 2C,C,) — d[AAC, — 2C,C,), (2.22)

where the substitution A = A, = A, has been made (these quantities depend only
on the beamsplitter and inboard mirror reflectivities). The size of the signal for a
given cavity phase shift is therefore determined by the ratio of the magnitude of the
cavity amplitude to that of the directly reflected amplitude. This ratio can range
from zero through one to a maximum of two. The respective signal sizes are zero,
increasing to two and decreasing back to zero (in the units used in equation 2.22).
This expression is used to calculate the expected signal size for a differential arm
length change in the interferometer on which the system was tested (section 3.2).

It is interesting to note that if the cavity phase shifts (b, d) are of the same sign
and magnitude then, if the cavities have identical properties, the signal cancels
completely. This would be the case if the phase shifts were due to frequency noise
on the input laser light and is the property of ‘subtraction’ which gives rejection (at
the output) of any common mode phase signals in the two arms. If there is some
imbalance between the properties of the two arms then the fidelity of subtraction
is reduced.

It is important to consider the implications of the above output signal for

a control system used to keep the cavities on resonance and the output on an
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interference minimum. The phase shifts can now be replaced by the equivalent
mirror motions which would cause them. It is reasonable to consider only one

arm. Then the output signal becomes (with the same assumptions as 2.22)
2G(w)k(z' — z)[4AC, — 2C,C,) + 2kz[-4A% 4+ 3AC, + 3AC, — 2C,C,), (2.23)

where k is the wavenumber of the light, = is the round-trip distance of the in-
board mirror from the beamsplitter (modulo one wavelength of the laser light)
and 2z’ is twice the distance of the outboard mirror from the beamsplitter. G(w)
is the amount by which the phase shift is enhanced by the multiple reflections
in the cavity. It decreases at high frequencies. The other arm has an equivalent
expression.

Motions of the outboard mirror appear only in the cavity term and there is
nothing surprising about the behaviour of the signal from this (in that above the
cavity corner frequency the signal declines with increasing frequency as does the
signal from any cavity). Motions of the inboard mirror may appear with opposite
signs in the two terms depending on the degree of coupling of the cavity and there
can be a situation where the sign of this signal reverses as the signal frequency
increases. This occurs in the overcoupled case.

This effect could make design of a control system difficult if the control system
was required to operate above the frequency of the sign reversal which depends
on the relative magnitudes of the terms in equation 2.23. In practice the Michel-
son interferometer term is relatively small compared to the cavity term, with the
substitution G = 1, for all values of overcoupling 1 < C' < 2. The sign reversal
therefore occurs at a frequency comparable to the free spectral range of the cavity

at which the control system would fail to operate in any case.

Control of an interferometer with cavities in the arms

In order to control the interferometer with cavities it is necessary to derive three
independent control signals. One signal is required to keep each cavity on resonance

with the laser light and one is required to maintain the output on a minimum.
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‘There must also be a signal which represents the differential phase shifts produced
by gravitational radiation.

Signals which give information about one cavity are obtained if some of the
light reflected from the cavity is split off before its return to the beamsplitter. De-
tection and subsequent demodulation gives the required signal. There is, however,
a compromise between the amount of light which is removed for the purpose of
control and that which is left to give the important interferometer output signal
(and the amount left to be ‘recycled’ if the technique described below is to be im-
plemented). If the laser frequency is stabilised to the length of one of the cavities
using a small amount of light then frequency noise will be imposed on the light due
to the relatively high shot noise on the small amount of light detected. Whether
this amount of frequency noise is important depends on the common mode rejec-
tion (or subtraction) of frequency noise by the interferometer as a whole.

An experimental test of control systems for internal modulation with cavities

is described below (section 3.2).
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2.4 Recycling

The technique known as ‘recycling’ was proposed by Drever [23] to make efficient
use of the available illuminating laser power. It is presented here as an impor-

tant idea in is own right and also as an introduction to ‘dual recycling’ a related

technique (discussed in section 2.5).

2.4.1 Introduction to recycling

Choice of a storage time for the arms of an interferometer (either delay-lines or
cavities) determines the number of traverses of the arms required of the light if the
arm length is fixed. The arms should be long to reduce the importance of noise
sources which do not scale with arm length. The number of traverses required may
therefore be quite small for a detector optimised for gravitational wave frequencies
of above a few hundred hertz (e.g. ~ 30 for a detector with 3km arms). If the
mirrors are of sufficiently low loss then most of the light will emerge from the arms.
When the output of the interferometer is at the interference minimum most of the
laser light is reflected back out of the input port of the interferometer.

In the above picture the light reflected by the interferometer appears to be
wasted. However, it can instead be ‘recycled’. A partially transmitting mirror
(MO-figure 2.6) is placed in the path of the light entering the interferometer. This
is made to form a resonant optical cavity with the virtual mirror formed by the
highly reflecting interferometer. This cavity is split into two arms M0 to M1 and
MO to M2 (where the two paths need not be exactly the same length). The round
trip phase shift on the carrier must be identical for the two paths (this is the
condition for the interferometer output to be at a minimum). This round trip
phase shift (§.) must be controlled to maintain the cavity on resonance with the
laser light when the light amplitude within this cavity, and hence within the arms
of the interferometer, is maximised.

Comparison with a normal cavity (Appendix A) shows that the magnitude of
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Figure 2.6: The basic principle of power recycling. The recycling mirror M0 is
added to the interferometer. This mirror is positioned so that the light reflected

from the interferometer is resonant in the cavity formed.
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the amplitude approaching the beamsplitter from MO is given by

Ai __tep
Ay l—rp’

(2.24)

where Ao is the magnitude of the amplitude in an arm with no recycling, A;
the new amplitude in that arm with recycling, ¢. is the amplitude? coefficient of
transmission of M0 and r, its reflectivity, p is the reflectivity of each of the arms
of the interferometer and the phase shift (6.) imposed on the carrier light on one
round trip of the cavity is zero. (It is assumed that the arms have identical losses
and that the losses from the output of the interferometer are small.)

As an example of the application of recycling consider an interferometer with
3km arms which are delay-lines which the light traverses 15 times in each direction
and assume that on each reflection at a mirror 5 x 1075 of the light intensity is
lost. The total losses associated with each arm are thus 1.45 x 10~2 and if the
interferometer is otherwise perfect the amplitude in the arms can be increased by
up to ~ 27.

The light which is stored in the recycling cavity will have any frequency noise
components above the cavity linewidth attenuated by the integrating effect of the
cavity (as shown in Appendix A). The recycling cavity then behavEg:a low pass
filter with the frequency noise on the light within the recycling cavity falling as
~ 1/ f above the corner frequency of the integration. This corner angular frequency
(wy) is (from Appendix A) given by

1

wf = —
! 2r,’

(2.25)

where 7, is the storage time of the recycling cavity. For the above example the

storage time is ~ 0.6 seconds.

2.4.2 The split-cavity argument applied to power recycling

It is useful to explicitly calculate the gravitational wave sensitivity of a recycled
interferometer especially since the method used is well suited to the analysis of the

more complicated dual recycling system which is described below.

2 All coefficients of transmission and reflection in this thesis are amplitude coefficients unless

otherwise stated.

51



The recycled interferometer can be modelled as a ‘split-cavity’ system. The
light is considered to be composed of an original carrier frequency and a set of
sidebands which are due to phase changes imposed on the light. Considering the
phase changes due only to gravitational radiation equation 1.12 can be restated as

hwsin(w,t
6o = M[exp(iwg(t —7/2)) + exp(—iw,(t — 7/2))]. (2.26)

2w,

This is the expression for the phase shift imposed on the light which traverses
one arm of an interferometer once each way taking a round trip time 7. The
amplitude resulting from this is proportional to e*¥¢. The two sideband nature of
this signal can be seen by expanding this exponential. Since the phase changes
due to gravitational radiation are always small the effect of the phase shift is to
multiply the carrier by 1 + 16¢ to give the two sideband amplitudes explicitly.
The interferometer is composed of two arms which each lead to a similar set
of sidebands which if produced by gravitational radiation of the ‘plus’ polarisation
are out of phase. If the interferometer is set to operate such that the output is at
an interference minimum for the carrier light then the carrier will leave the input
port while the sidebands will leave the output port. The sidebands from the two

arms will add constructively to give a relative sideband amplitude

A

A Oeiwt

= A, (2.27)
where, for clarity,
A= Aoﬁexp tw,(t — 7/2) + expl-iw,y (t — 7/2)]] (2.28)

and in turn
hw sin(w,T)

Ao = (2.29)

Wy
The effect of MO and the consequent multiple reflections of the carrier light
within the system can be dealt with in the same manner as the summation of the
components of the light amplitude emerging from a normal cavity (Appendix A).

This is sketched in figure 2.7. This leads to a sum for the carrier after n round
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Figure 2.7: A diagram showing the contributions to the amplitudes in the recycling
split-cavity which represents the recycling system. The sidebands (dashed) emerge
from the output. The carrier (solid line) persists in the resonant system. The

beams have been tilted and only a few cycles are shown.
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trips of

tepe’® +t.prpee ... 4 tp[rp]"teimde, (2.30)

Each of the above terms leads to the production of a pair of sidebands which

appear at the output. The sum of these sideband amplitudes at time (t) is given

by A multiplied by the carrier sum.
The sideband amplitudes are given by

A : - n—1_in
ywe = 1t.pA E[rp] 1ginée (2.31)

n=1

which can be summed to give

eibe
— =t pA——— .
Apet PR rpeibe’ (2:32)
or with the same transformation as used in Appendix A
T e —rp (2.33)
—_ = 1. ; ) .
Ageiet P (1 —rp)2[1 + F!sin® %]

where F! is the coeflicient of finesse of the recycling cavity. The sidebands produced
can be detected, for example by mixing with a small amount of light (amplitude

Apr) at the carrier frequency. This gives an output power
81 = AL A* + AL A, (2.34)

which gives, with é, = 0 to maximise the signal,

Apt.pA
6l = 2AoArterBo coswy(t — 7/2)). (2.35)
1—7p
This shows the same enhancement of the signal as in the simple case outlined above
(equation 2.24) and with no recycling mirror reduces to the response expected from

the non-recycled interferometer (e.g. equation 1.15 with the substitution Ap =

=)

In order to determine the signal to noise ratio increase due to recycling it is

necessary to consider the effect of this technique on the photon shot noise. The

54



noise performance of a recycled system depends on the effective contrast of the in-
terferometer. The local oscillator should still dominate the output intensity. Since
the power in the interferometer is higher the power emerging from the output due
to imperfect interference is proportionately increased. The local oscillator ampli-
tude should therefore be increased by the same factor as the amplitude increase
within the arms of the interferometer. The noise depends on the amplitude on the
photodiode while the signal depends on the product of the local oscillator ampli-
tude and that of the sidebands from the interferometer output. The signal to noise

ratio is therefore increased by the amplitude enhancement due to recycling.

2.4.3 Interferometer contrast and recycling

It is useful to consider the implications of the loss of power from the output of
a interferometer with recycling. The particular case of loss of power due to the
misalignment of one of the interferometer arms is used as an example. This allows
the degree of misalignment which can be tolerated in a given interferometer to be
calculated. It also provides the basis for an experimental comparison of recycling
and the new technique, dual recycling, which is considered in section 2.5.

The power build-up in recycling is sensitive to loss of power through the output
port of the interferometer. Such losses may be due to poor interference caused by
some imbalance between the light returning to the beamsplitter from the two arms.
The loss of power here reduces the build-up of power in the recycling cavity. It
also increases the light intensity on the photodetector and hence the detection
noise without increasing the signal size. The loss of power from the output should
certainly be less than the loss due to absorption in the arms.

One important cause of poor interference is misalignment of one of the mirrors
in one of the arms from its optimum orientation. This causes a misalignment of the
laser beam in that arm and so poor overlap of the beams form the two arms at the
beamsplitter. The effects produced by misalignments are studied by considering
the mode structure of the light within the recycling cavity.

The light amplitude in a cavity can be represented by a set of normal modes [24].
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Here only the case of spherical mirrors is considered. Cartesian co-ordinates are
a good choice (z is along the cavity axis joining the centres of curvature of the
mirrors, x and y are then orthogonal to this). The transverse modes, for a known

amplitude distribution (A(X,Y)), are then represented by the set of Hermite-

Gaussian functions such that

AX,Y) =33 Anbn(X)Anha(Y), (2.36)

m=0n=0

where the transverse co-ordinates are normalised to the Gaussian beam size w
(X = v2z/w and Y = v/2y/w.) For all of the effects of interest here only one
transverse dimension () need be considered, remembering that there are similar
expressions for the other dimension. The ‘mode amplitudes’ A,, are a measure of

the contribution of mode (m) which has a spatial amplitude distribution given by

D(Z+1) —x

hn(X) = =2 Hi(X), (2.37)

where H,, are the Hermite polynomials of order m. The A,, are evaluated from
Am =1 / * AX)Hn(X)e ¥ dX, (2.38)

where v is the normalisation

(2.39)

(There is such a set of transverse modes corresponding to each of the longitudinal
resonant modes of the system.) These modes propagate with constant amplitude
but their phase (¢) with respect to a plane wave is [24]

¢ = (m + 1) arctan (%) , (2.40)

Wq

where wyq is the size of the waist in the cavity and the z-co-ordinate is measured

from this waist. The modes thus have different phase velocities and hence different
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resonant frequencies within the cavity. The resonant frequency of a given mode is

different from that of the fundamental (m = 0) mode by
bv=1-CA
V= 2—l m, (241)

where [ is the cavity length and Am the difference in the number which labels the
modes. The effect of the cavity geometry is described by

, (2.42)

C = %arccos [\/(1 - %1)(1 - %2)

where R, and R, are the radii of curvatures of the two mirrors which are separated
by a distance [.

Mode (m) has a round trip phase shift (§) in a cavity. The amount by which
this mode is suppressed or enhanced (g,(6) > 1 corresponding to enhancement)

by the action of the cavity is (from Appendix A, equation A.10)

ot
T 1l-rp

-1/2

(1+ F'sin®(6/2))" ", (2.43)

gm(9)

where F' is the coefficient of finesse of the cavity. Any suppression or enhancement
of these modes is then dependent on the cavity geometry which determines the
phase shift for a particular mode.

Consider an input beam which is initially correctly matched to the fundamental
mode of a cavity. If one of the mirrors is rotated by a small angle then the
resulting mode amplitudes can be calculated. The rotation is in general equivalent

% : s
to a displacement in the X direction and a rotation of the cavity axis [11]. The
h

displacement leads to mode amplitudes

Am e'\Li)ﬁm
Aa'r(%ﬂ)(?) ’ (244

where A, is the initial amplitude in the original mode.
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The rotation of the cavity axis about the waist leads to a phase shift across the

beam. This gives mode amplitudes

Am (ign)me—(e,,)2
A= TiE (2.45)
«  T(E+1)
where the normalised angle is 6, = Orw/\/2) (this assumes that the curvature of
the phase front over the beam diameter is small compared to the spot size).
Consider the cavity representing one arm of an interferometer with recycling.
A rotation of this mirror by an angle (8) leads to the production of the first order

mode amplitude (A;) in the arm where

Al 2 "'(0")2 )

— = —f e

A 7

where A, is the initial amplitude in the cavity (to be distinguished from /Ty

(2.46)

below). The amplitude of the fundamental mode is changed by an amount

AA":" =1-e, (2.47)

The loss of power from the fundamental mode is dominated by the generation of
the first order mode. The change in the power of the fundamental mode in the

imperfect arm is

2
A2 — [Ag — AAg® = 24,040 —Q Ay ) (2.48)

The loss of power (AI) from the output of the recycling system for a given change

in the fundamental mode amplitude in one arm is then given by

AL _ Ado

=, (2.49)
0 a

where I; is the power emerging from the output, A, is the initial amplitude in each
arm (from a power o approaching the beamsplitter from MO (Ip = 2A2). AApis
the (small) change in the fundamental amplitude in the imperfect arm.

For the case of misalignment of one arm by rotation about a waist the above

expression becomes

AL _y_ g (2.50)
To
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This can be used to set a limit to the allowable misalignment angle of one of the
mirrors in the arm of an interferometer. An experimental test of the effects of
such a mirror rotation in a recycling interferometer are discussed in section 3.4.4
where the above expression is used to predict the power lost from the recycling
interferometer.

It should be noted that other imperfections can lead to loss of power from a
recycled system. Examples are deviations from spherical mirror surfaces due to
the manufacturing process or to thermal effects (see section 4.2) or mismatch of

the curvatures of the mirrors in the two arms.

2.4.4 Conclusion

It has been seen that the use of recycling should allow the signal to noise ratio
of an interferometer, in which the arms have high reflectivity, to be increased for
a given input laser power. One possible limitation to this technique is the loss of
power from the output of the interferometer. The extent to which this can happen
in the particular case of the misalignment of one arm of the interferometer was
calculated. These aspects of recycling have been tested by the author (as reported
in Chapter 3).

It will be seen in Chapter 4 that mirrors with intensity losses of ~ 5 X 10~°
should be available. If an interferometer in which the light makes 30 double tra-
verses of the arms is to be limited by the mirror losses then the effective contrast
will have to approach ~ 100. This may be very difficult to achieve with power
recycling but it will be seen that the technique, dual recycling, discussed below

should allow this effective contrast to be attained more easily.
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2.5 Dual recycling

2.5.1 Introduction to dual recycling

Dual recycling is an extension of recycling. Another ‘recycling’ mirror is added.
This mirror, the ‘signal recycling mirror’, is placed between the output of the inter-
ferometer and the photodiode (or second beamsplitter with external modulation).
This mirror is made to form a resonant cavity with the interferometer in a manner
similar to that in which the original recycling cavity was formed.

Dual recycling was proposed [25] as a technique which allows tuning of the
frequency response of an interferometric detector. It turns out that there are also
significant advantages with respect to the potential power build-up in the recycling
system. (Recycling will be referred to as ‘power recycling’ from now on to avoid
confusion.)

The tuning of the frequency response is especially important. It will be demon-
strated that dual recycling allows a recycling detector with a short storage time in
the arms to approach the low frequency behaviour of an interferometer with much
longer storage time. This could be valuable if one desired to use delay-lines in the
arms but mirrors of sufficient size to contain the number of spots required for a
long storage time could not be obtained.

A diagram of an interferometer with dual recycling is shown (figure 2.8). The
addition to the power recycling system is mirror M3-the signal recycling mirror.
This is another partially transmitting mirror which is placed so as to form a cavity
with the output of the interferometer. The mirror reflects light which has emerged
from the beamsplitter back into the interferometer with a phase shift which is
determined by the position of the mirror (M3) with respect to the interferometer
mirrors (M1,M2). (In a similar manner to that previously described for M0.) The
sidebands, which previously emerged from the output of the interferometer can
then resonate in this cavity according to their round trip phase shift (6s)-

The split-cavity analysis can be extended to this system. Now the contribu-
tions to the output amplitude from multiple reflections of the sidebands within

the dual recycling cavity must be considered. The carrier and sidebands share
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Figure 2.8: An interferometer with dual recycling. The signal recycling mirror M3

is added to the power recycling interferometer to form a cavity on the output of the

interferometer.
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the same optics in the arms of the interferometer but they are separated at the
beamsplitter and see different mirrors at the beamsplitter end of the system (M0
and M3 respectively). The position of M3 determines the phase with which the
sidebands re-enter the system at the beamsplitter.

The various amplitudes circulating in the cavity are shown (figure 2.9), The
amplitude emerging through M3 due to one of the signal sidebands (the one at

we + wg) resonating in the signal recycling cavity is given by
twt .
Aoe X tctspQAolexp iw,(t — 7/2)]x
/ ei(ﬁc-{-&,) +[rcp] ei(26c+5a) 4 .- +[Tcp]n—lei(‘n§c+59) \
+[r,p|eiCet2ie) g=ivgr : :

+[rop) ™ teietmbs)g=ilm—t)wgr | + oo Hrep] Y rap)™ !

\ ei(n55+m6,)e—i(m—1)wg'r )

where r, is the reflectivity of M3 and ¢, it’s coefficient of transmission. The e*s!

factors allow for the change in the phase of the gravitational wave during the time

the light spends in the system. This can be summed to give

F " o
Aoj:i“t - L;Ct_sii,{l[ri_ rs:ei(‘ss—ng;}X expfiwg(t=7/2)),  (252)
where the notation is the same as in power recycling. This represents the en-
hancement of the sideband amplitude due to dual recycling. It can be seen that
the signal from this sideband is maximised when 8; = wyT. There is a similar
expression for the enhancement of the other sideband. This can be obtained by
substituting —w, for w, in the above expression.

The above allows the enhancement of the signal from dual recycling to be found

for any set of optical parameters. This has been done by Meers [26]. Two limiting

cases of the possible frequency responses are considered here.
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Figure 2.9: The set of amplitudes which are found in the split-cavity appropriate
to dual recycling. The upper mirror is shared by all of the light while the lower

mirrors represent MO for the carrier and M3 for the sidebands. For clarity, only

a few cycles are shown.
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Tuned or narrowband dual recycling

The signal recycling mirror may be adjusted so that one of the sidebands produced
by a particular gravitational wave frequency is resonant in the signal recycling
cavity. If the linewidth of the signal recycling cavity is small compared to half of the
gravitational wave frequency then the other sideband will not resonate significantly
and does not contribute to the signal. In this case, called ‘narrowband’ or ‘tuned’
dual recycling, the response of the detector is centred on this resonant ‘tuning’
frequency.

The signal from this configuration is determined by the build-up of the am-
plitude of the signal sideband in the signal recycling cavity. Half of the potential
signal is lost since only one sideband is resonant. The peak enhancement of the
signal over power recycling is therefore, for signals with periods much greater than

the storage time of the arms,
L (2.53
2 —2rp -53)
The width of the tuning peak is determined by the length of the arms and the
coefficient of transmission of M3 (these set the free spectral range and linewidth
of the signal recycling cavity). The noise is again dependent on the light incident
on the output photodiode. (The effect of dual recycling on the contrast of the
interferometer is discussed below.)

The narrowband response could be useful if the frequency of a suspected source

of gravitational waves was known (e.g. a pulsar).

Broadband dual recycling

If M3 is positioned so that é; = 0 the frequency response of the detector is maxi-
mum at low frequencies. This is known as ‘broadband’ dual recycling. Now both
signal sidebands are resonant for signal frequencies less than the linewidth of the
signal recycling cavity. In this case the frequency response of the detector is not
predominantly determined by the storage time of the arms but by the storage

time of the signal recycling cavity. The low frequency response of a detector can
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therefore be enhanced without increasing the length or number of traverses of the
arms.

In the broadband case the two signal sidebands experience approximately the
same phase shift on one round trip of the signal recycling cavity. The amplitudes
emerging through M3 are therefore enhanced in the same way as any light with
this round trip phase shift would be in a cavity with the optical properties of the
signal recycling cavity. The signal enhancement (G)in this case is given by

G=—"2

—1——rsp

(1 + Fsin?(6,/2)) """, (2.54)

where F} is the coefficient of finesse of the signal recycling cavity. An experimental

measurement of this interferometer response is reported in Chapter 3.

2.5.2 A control system for dual recycling

In order to operate an interferometer with dual recycling it is necessary to control
the position of the signal recycling cavity to maintain the desired sideband phase
shift (65). This can be achieved by illuminating the signal recycling cavity, via M3,
with a ‘control’ beam derived from the main carrier light but with the orthogonal
polarisation within the interferometer. This light will resonate in the signal recy-
cling cavity and will provide a control signal via the reflection fringe method used
elsewhere.

In order to control the signal phase shift the frequency of the control beam can
then be offset by the required tuning frequency. The control system will
then move M3 until the control beam (and hence the correct sideband frequency)
is fully resonant in the signal recycling cavity.

It is necessary to consider some of the implications of the use of this control
signal on the performance of the interferometer. In order to allow this to be
quantified it is useful to define the ‘internal contrast’ of the interferometer. The
internal contrast is the magnitude of the amplitude approaching the beamsplitter

from MO divided by the magnitude of the amplitude approaching M3 from the

beamsplitter.
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The effect of moving the signal recycling mirror is to generate sidebands on
the light reflected from it. The amplitude of qach sideband 4o proportional to
the amplitude incident on this mirror. This amplitude is related to the amplitude
incident on the beamsplitter by the internal contrast. The sidebands produced by
motions of the signal recycling mirror are smaller than those produced by the same
motion of the beamsplitter by the internal contrast.

Frequency noise on the control beam at gravitational wave frequencies will cause
phase changes for this beam in the signal recycling cavity. These phase changes will
lead to signals being applied to the position of M3 as the control system attempts
to keep the cavity on resonance. The motion of M3 will then produce sidebands
on any light incident on it. These sidebands would then Adetected in a manner
similar to those generated by gravitational wave. This implies that light with the
lowest possible frequency noise should be used to form the control beam. In the
interferometer with recycling this implies removing a fraction of the (main) light
from within the recycling cavity.

The required power of the dual recycling control beam can be calculated by
considering the effects of motions of M3 due to the control system feeding back
noise due to shot noise in the detection process. The motions of the signal recycling
mirror can be larger than those of the beamsplitter by the internal contrast of the
interferometer. The motion of the beamsplitter can, in turn be larger than that of
the interferometer mirrors by the number of traverses of the light in the arms in
one direction. The power can therefore be weaker than that in the interferometer
by, at most, the square of the internal contrast times the square of this number
of traverses. (The ability to measure a phase shift, and hence a displacement,
depends on the amplitude of the light used if the limit is photon shot noise.) This
allows the required power of the dual recycling control beam to be calculated.

The practicalities of the operation of such a system are discussed with the

experimental test of the technique (in section 3.5).
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2.5.3 Contrast and dual recycling

The description of the effects of imperfections in the arms producing higher order
modes in the power recycling system can be extended to dual recycling. The non-
interfered light emerging from the beamsplitter is now in a resonant system. The
effect of this is to suppress (or enhance) the different mode amplitudes emerging
through M3 due to imperfect interference.

In the case of the misalignment of one arm the fundamental and first order

modes are important. The suppression factors for the modes are (from equa-

tion 2.43)
" _[1 B T'sp_‘kl + F! sinz(ém/2))1/2] ’ (2:55)

where é,, is the round trip phase shift for mode m in the signal recycling cavity
and the other quantities apply to the dual recycling system described above.

The overall power loss is given by two related terms. The production of higher
order modes by the distortion mechanism reduces the power in the fundamental.
The higher order modes have nothing with which to interfere at the beamsplit-
ter and so will lead to light emerging from the output. The amplitudes of the
fundamental mode from each arm at the beamsplitter are now different and this
will also lead to imperfect interference. The fractional loss of amplitude from the
fundamental mode due to some asymmetry in one arm is for one round trip of the

dual recycling cavity
AAp

V24,

The relative power loss from the fundamental on one round trip is therefore

2840 _(045)°
A A2° (2.57)

(2.56)

which is therefore the power gain in the modes produced by the distortion.

The sidebands emerging from the beamsplitter on each round trip are within the
dual recycling cavity and it is therefore necessary to allow for the enhancement or
suppression of these sidebands in this cavity. If all of the higher order modes which

contain a significant share of the distortion amplitude have similar suppression
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factors in the dual recycling cavity then the loss from the system as a whole is

given by

2AT [AAO]"-’ 4o AAp [2 3 AAO]

Ip ~ % A, Im A. A,

(2.58)

Putting in the angular misalignment case this result becomes for small misalign-

ments

2A1
-~ 9005 + 247 62. (2.59)
0

For broadband dual recycling the power lost in the fundamental mode is en-
hanced since it is resonant in the dual recycling cavity (go = ¢5/(1 — r4p)). This
is therefore the dominant loss for all but the smallest misalignment angles 6, <
v291/go. In tuned dual recycling the fundamental is no longer fully resonant and
for moderate misalignments there can be a significant reduction of the power loss.
The effects of dual recycling on the power loss from an interferometer are demon-
strated in the section (3.5.2) on the experimental test of the contrast properties of
dual recycling.

There is still the possibility that the new fundamental mode within the recycling
cavity will differ from the illuminating mode to such an extent that the overlap
between the two is small. For the case of a small misalignment (6, < 1) only a
small fraction of the amplitude is initially removed from the fundamental mode
and the new mode formed should therefore overlap very well with the original

mode.

2.5.4 Conclusion

Dual recycling is predicted to allow a variety of frequency responses to be obtained
from a single interferometer. Importantly it should allow a detector with relatively
short storage time in the arms to approach the low frequency performance of
a detector with much longer storage times. It has also been claimed that dual
recycling should allow the effective contrast of a recycling interferometer to be
increased. This would allow the power build-up and the signal to noise ratio of
such a system to be increased. The effective contrast of > 100, mentioned in

section 2.4, should be more easily attained with the addition of signal recycling to
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the interferometer (as it was in the experimental test). The predictions made in
this section have been tested by the author. The results of this are discussed in

Chapter 3.
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Chapter 3

Experimental tests of advanced
interferometry techniques

3.1 Introduction

In this chapter experimental tests, conducted by the author, of the interferometry
techniques discussed in Chapter 2 are presented. The experiments were designed to
measure the optical properties of the various interferometer designs and to test the
predictions made in the previous chapter. In addition the control systems required
for each of the optical arrangements were developed. It was felt to be important
that there was nothing, in principle, that would prevent the control methods used
here being applied to a full-scale detector.

To minimise the complexity it was decided that the tests would be carried
out on a rigid apparatus with the optical components fixed to an optical bench
(as opposed to a suspended system). The apparatus would also be in air (not
in an evacuated enclosure) to enable a number of configurations to be tested in
a relatively short time. The inevitable penalty was relatively large amounts of
low frequency vibrational and acoustic noise. The amplitude of this noise does,
however, fall quite rapidly with increasing frequency. The noise performance of
each of the interferometers was, therefore, measured in the frequency band between
10 kHz and 100 kHz (rather than the 100 Hz to 10 kHz appropriate to a gravitational

wave detector).
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3.2 A Michelson interferometer with internal
modulation and cavities in its arms

The main objective of the experimental test of an internally modulated Michelson
interferometer with cavities in the arms was to confirm that it was possible to
design a reliable method of controlling such a system. In order to evaluate the
performance of the control systems it was necessary to ensure that the interfer-
ometer would operate in a predictable manner and that there was no evidence of
any excess noise due to the action of the control system. Overcoupled cavities (as
described in section 2.3.2) were chosen to simulate those which would be used in
a full-scale detector where the long arms would allow the desired storage time to
be achieved with low total cavity loss.

Another experiment with an internally modulated interferometer has since been

carried out, elsewhere, with similar results [27].

3.2.1 Optics

The basic elements of an interferometer with internal modulation and cavities in
the arms were shown in section 2.3.2. A diagram of the optical layout used is shown
(figure 3.1). The cavities were chosen to be 0.45+0.01m long for convenience. The
mirrors which were nearest th(rar:\%gamsplitter (the ‘inboard’ mirrors) were plane
with a measurlgttl?rségmlnittance of 0.0051 4 0.0003. The mirrors at the other end
of the cavities (the ‘outboard’ mirrors) were chosen to have a radius of curvature
of 0.7m and a negligible transmittance. The outboard mirrors were placed with
their concave face into the cavity to give a stable mode.

The mirrors which formed the main interferometer components had very low
loss (typical power loss of < 2 x 107*). (Low loss mirrors are discussed in some
detail in Chapter 4. The methods which were used to evaluate the losses of the
mirrors are also described there.) The finesse (F') of each of the two cavities was
measured and they were found to be similar with a finesse of 1200 £ 100. This

determined the signal enhancement property of the cavity (that is the effective

number of traverses G(0) = F/r as shown in Appendix A). The large coeffi-
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Figure 3.1: The optics for the interferometer with internal modulation and cavities
in the arms. The three control signals originate from the photodiodes:‘M’ from the

main output; ‘P’ and ‘S’ from the primary and secondary cavities, respectively.
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cient of transmission of the inboard mirror prevented an accurate measurement of
the (absorption and scattering) losses associated with the cavity since these were
comparable to the experimental error on the transmission measurement. It was,
however, possible to set an upper limit to the total power losses at ~ 3 x 1074.
Previous measurements suggested that the total losses could be expected to be
~ 20 x 107° and it was thought that this loss could be used as an estimate of the
loss in the interferometer cavities unless there was some evidence that this was not
reasonable. The expected magnitude of the cavity amplitude relative to that of the
directly reflected amplitude (C'/A from section 2.3.2) had a value of 1.92 + 0.03.
The cavities were therefore overcoupled.

The beamsplitter used to form the Michelson interferometer was a high quality
dielectric coating on a fused-silica substrate. The transmittance and reflectance
were both 50 + 2% for ‘s’ polarised light. This defined the polarisation used in
the whole interferometer. The internal phase modulators were of a type known to
have relatively low losses and small wavefront distortion. The final optics within
the interferometer were a pair of fused silica windows which were used to reflect a
small fraction (4 % in the experiment) of the light returning from each cavity on
to photodiodes.

The remainder of the optical system consisted of the components required to
transfer the light from the argon-ion laser to the interferometer and prevent light re-
flected from the interferometer returning to the laser. The latter aim was achieved
using 45° Faraday effect rotators and polarising beamsplitters to make optical
diodes. The light was mode-matched to the fundamental modes of the cavities.
The argon-ion laser (Spectra-Physics 165) was equipped with a prism and etalon to
give single-mode operation. The laser was modified (using the methods described
by Kerr [22]) by mounting the laser mirrors on a separate rigid structure based
on ‘Invar’ low expansion alloy rods and extensive use of damping materials. This
allowed the laser mirrors to be isolated from the vibration due to the cooling water
in the laser. The modified laser provided up to 200mW of single mode light at
514.5 nm. Due to losses in the optics delivering the laser light to the interferometer

the power available at the input to the interferometer was about 20 mW.
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It was necessary to make the interferometer quite rigid to avoid excessive rel-
ative motions of the components. It was also desirable to use a material with
a reasonably low coefficient of thermal expansion to define the lengths of the two
arms to improve the long-term operation of the system. In order to achieve this the
components which formed the interferometer were mounted on a structure made
from rods of fused silica. The mounts used to hold each of the interferometer mir-
rors and the beamsplitter were connected by using three of these rods (each 0.65m
long by 18 mm diameter) for each arm. The rods were covered in viscous damping
material to damp their resonant modes. This structure and the rest of the optics

were mounted on a metal optical bench.

3.2.2 Signals, feedback elements and control systems

It was necessary to obtain or construct the required electronics to provide the
modulation, amplify the signals from the photodiodes and perform the demodu-
lation to obtain the phase signals. The design of the modulation and detection
electronics is shown in figure 3.2.

The electro-optic modulators used provide one half wavelength (at 515nm) of
retardation for an applied voltage of ~ 810V. A phase modulation index of ~ 0.2
was chosen to provide signals of a reasonable size with the small light powers avail-
able without significantly reducing the power remaining at the carrier frequency.
This determined the required radio-frequency drive power to be supplied to the
modulator (~ 0.15 W) at the modulation frequency of 10 MHz and the modulation
level was checked by using a ‘Tropel’ optical spectrum analyser to confirm the
presence and size of the modulation sidebands. (This method was used to check
the modulation index produced by the radio-frequency phase modulators used in
all of these experiments).

Two types of photodiodes were used according to the expected incident light
power. Both were EG&G types (FND100 and SGD200) with small capacitance
allowing high speed operation. The latter type was used where the incident power

was likely to exceed 10mW. The radio frequency signal from each photodiode
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was amplified using the circuit shown below (figure 3.3). A tuned circuit is used
to enhance the signal voltage before active amplification. The finite ‘Q’ of the
tuned circuit and the electronic noise of the active components set a limit to the
smallest light power in which photon shot noise can be seen above electronic noise.
This was important in those experiments which were designed to reach shot noise
limited performance. The signals from the photodiodes were demodulated using
double-balanced radio-frequency mixers.

The control of the path lengths within the interferometer and the laser were pro-
vided by piezo-electric transducers at low frequency and an electro-optic modulator
where high frequency feedback was required (in the laser frequency stabilisation
servo-system). The piezo-electric transducers provide position control over ~ 1ym
but are limited in usable frequency response by internal resonances (at frequencies
from a few kHz to ~ 100kHz depending on design). Position transducers were
fitted to both of the inboard mirrors. These were usable in control systems at
frequencies up to ~ 10kHz. One of the outboard mirrors (in the cavity which will
be referred to as the secondary cavity) was also mounted on a transducer. This
required more drive voltage to achieve a given displacement but was usable up to
30 kHz.

The system was built as described and most of the important parameters con-
firmed by measurement (e.g. mirror transmittances, cavity storage times and trans-
ducer behaviour). The transducers were calibrated against the wavelength of the
laser light in a Michelson interferometer by finding the voltage required to cause a
mirror to move one half wavelength.

The first step in operating the interferometer was to stabilise the laser frequency
to one of the cavities (the ‘primary’ cavity). The signal to do this stabilisation
was obtained from the light reflected from the primary cavity on to the photodiode
associated with that arm. The signal produced was used in the manner described in
Appendix B to control the laser frequency. This servo-system remained unchanged
throughout the experiment.

In order to measure the important differential phase signal from the cavities it

was necessary both to stabilise the length of the secondary cavity to the stabilised
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laser light and to maintain the output of the Michelson interferometer on a dark
fringe. Two control systems which were intended to achieve this were tested and
compared.

It is first useful to recall the nature of the two signals which were available.
The main Michelson interferometer signal contains both information about the
Michelson interferometer and about each cavity. Since the light frequency was
stabilised to the primary cavity there should have been little signal from this cavity
at the main output. The output should then be dominated by a combination
of information about the phase changes in the secondary cavity and the path
difference between the two arms of the small Michelson interferometer formed by
the beamsplitter and the inboard mirrors.

The size of the cavity signal (at the main output) produced by a given, low
frequency, mirror motion is large compared to the Michelson interferometer signal
due to a similar motion of an inboard mirror because of the signal enhancement
property of the cavity. The degree to which these signals are changed by the double
modulation can be calculated from equation 2.23. The signal component from the
cavity is 0.1540.02 of the maximum which can be obtained with a perfectly coupled
cavity of the same finesse and with no reduction due to double pass modulation.
These estimates are used below to calculate the expected displacement sensitivity
of the interferometer. (Any of the problems, mentioned in section 2.3.2 caused by
sign reversal of the output signal due to motions of the inboard mirror would occur
" at ~ 30 MHz. This is very far above the unity gain frequency (~ 200 Hz) of the
relevant servo-system.)

The second signal, which is obtained from the photodiode illuminated by a
small fraction of the light reflected from the secondary cavity, contains information
about only this cavity. Since a small amount of light is used to obtain this signal
it does not have as large a signal to noise ratio as the main output signal. This
signal must therefore be used for control purposes only at frequencies at which the
differential output signal is not required. If 4% of the light was used the signal
to noise ratio, for signals produced by cavity phase changes, would be worse than

that of the main output by > 14dB (if the noise was dominated by photon shot
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noise) even if the contrast of the interferometer was very poor. If the contrast of
the interferometer is high then the cavity signal represents an even poorer signal
to noise ratio.

The first feedback scheme is shown (figure 3.4). Here the entire signal from
the main output is amplified, filtered and applied to the transducer controlling
the position of the secondary outboard mirror. The control system formed by this
must have sufficient bandwidth to ensure stable locking of the cavity when the
system is fully operational. It seems reasonable that due to the phase enhancement
property of the cavity the main output signal will be dominated by the cavity
component. While the Michelson interferometer output is close to an interference
minimum this signal should, therefore, allow the cavity length to be adjusted to
keep the laser light on resonance, at least for short periods. In order to complete
the control system the secondary cavity signal was filtered, amplified and applied
to the transducer controlling the position of the secondary inboard mirror. The
filtering was arranged so that the unity gain point of the control system formed
was below the lowest desired differential phase measurement frequency. This servo-
system should have the correct operation to counteract any, low frequency, signal
component from the Michelson interferometer which when applied to the outboard
mirror of the cavity tends to prevent stabilisation of the cavity to the laser light.
In this scheme the differential phase signal is proportional to the voltage applied
to the secondary outboard mirror at frequencies where the loop gain of the main
output servo-system is high and where the loop gain of the low frequency cavity
servo-system is well below unity.

The second feedback scheme is shown in figure 3.5. Here the main output signal
is split into low and high frequency components. The high frequency component
is applied to the transducer controlling the outboard mirror. The low frequency
component is directed to the inboard mirror. The reasoning behind this is that
the Michelson interferometer will be maintained near its correct operating point
independent of the state of operation of the cavity control systems. The low
frequency signals from the secondary cavity photodiode are then added to the

outboard mirror to correct for the error due to the relative motions of the inboard
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Figure 3.4: A control system for internal modulation. The signals from the demod-
ulators are shown on the left with the typical signal size as a function of mirror
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amplifier (gain independent of frequency) and the appropriate filters. The resulting
signal is further amplified and used to control the positions of the mirrors as indi-

cated on the right. PZT’ is used as an abbreviation for piezo-electric transducer.
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mirrors and maintain the cavity at the correct length. The differential phase output
signal is obtained in the same way as for the first system.

In a detector with suspended masses there will always tend to be some motion
of the mirrors at the suspension pendulum frequencies and so it was important
to consider the effects of moderate amounts of low frequency motion of the main
mirrors. This was done by moving the primary inboard mirror sinusoidally with

an amplitude of ~ % wavelength peak to peak at ~ 5Hz.

3.2.3 Results

The primary cavity servo-system allowed the laser to be stabilised to the length
of the primary cavity. The error signal in this type of system is a measure of the
residual frequency deviations of the laser with respect to the resonant frequency
of the cavity. This signal was calibrated from the known properties of the cavity
and the size of the cavity fringes at the error point. The residual noise level at
the error point corresponded to a frequency noise of ~ 0.15Hz/+/Hz in the region
from 50kHz to 100 kHz. This was approximately 3 times the limit set by photon
shot noise as calculated using equation A.19 of Appendix A.

The two Michelson interferometer and secondary cavity control systems were
then tested. It was very difficult to distinguish between the operation of these
systems. Each remained operational until thermal expansion or increased distur-
bance caused one of the transducers to reach the end of its range. The addition
of the low frequency motion to the primary inboard mirror caused the expected
behaviour with this motion being imposed on the inboard secondary mirror by the
control systems. Again this failed if one of the amplifiers driving the transducers
reached the end of its range.

The bandwidth of the secondary cavity length servo-system was set to about
20kHz. This was adequate to maintain the cavity on resonance in the presence of
the ambient vibrational noise.

It now remained to measure the signal and noise properties of the system. This

was done for both control systems. There was no discernible difference between
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their noise performances and so only one set of results is presented. When either
of the cavities was resonating the reflected power was 0.88 £ 0.02 of the incident
power. This was compatible with the calculated visibility of 0.15 + 0.02 and the
measured modulation index of ~ 0.2 if the efficiency of the mode matching to the
cavity was close to unity.

With a total input light power of ~ 16 mW the light power at the output
of the Michelson interferometer with the system operating was measured to be
3.0 & 0.8 mW. This cannot be explained by the constructive interference of the
modulation sidebands at this point. There must also have been some residual
unmodulated light at the output due to an imbalance between the arms. This
light on the photodiode sets a lower limit to the displacement sensitivity. This is
discussed below.

The degree of common mode rejection of frequency noise was measured by
imposing a frequency noise peak on the laser and comparing the signals produced
by this at the outputs of the secondary cavity signal demodulator and the main
output signal demodulator. The estimate (0.15 % 0.02) of the reduction of the
cavity signal at the main output due to the double modulation, was assumed.
The size of the two signals to be compared should also depend linearly on the
light power used to make each measurement (with 4 % used to produce the cavity
signal the main output signal potentially could be 25 times larger). The main
output signal (due to differential cavity phase shifts) would therefore be expected
to be 25 x 0.15 = 3.75 4 0.5 times the other signal if there was no common mode
rejection. The experimental measurement of the two signals due to the frequency
noise peak showed that the signal at the main output was 0.41 4 0.04 of the signal
directly from one cavity. The degree of common mode rejection of frequency
noise was therefore 9 & 2. The lack of better cancellation was probably due to
some imbalance between the two arms of the interferometer (either of the storage
times or of the signal size due to mode-matching or modulation index). Together
with the measured residual laser frequency noise the subtraction sets a limit to the
detectable relative arm length changes. The equivalent displacement noise spectral

density due to this would be &~ 2 x 107" m/v/Hz.

83



Another possible limit to the performance of the interferometer is the photon
shot noise in the total detected light power. This can be calculated by comparing
the signal produced by a given mirror motion to the photon shot noise. For the
cavity properties given above (G(0) = 380) the signal size is enhanced by a factor
(E = 0.15G(0)) of ~ 55 compared to the signal produced in an internally mod-
ulated Michelson interferometer which has an arm length the same as the length
of each cavity. The absolute size of the signal for a given small phase shift (§) is

therefore (from equation 2.4)

nloEJ:(B)6 (3.1)

where 7 is the photocurrent produced per unit of power incident on the photodiode
and Iy is the power mode matched into the two arms of the interferometer. With
the optical parameters given above this gives an equivalent photocurrent signal
due to small relative arm length changes of ~ 2 x 10° A/m

The photon shot noise due to the detected light is given by the shot noise on
the photocurrent. This should be modified by the factor 1.22 to allow for the use of
sinusoidal modulation and demodulation (as described in section 2.2.3). With the
measured average photocurrent of 0.7 + 0.2 mA the equivalent photon shot noise
limited spectral displacement should be ~ 1 x 107® m/v/Hz. (The uncertainty on
this value originates from the lack of knowledge of the true cavity parameters and
modulation index.)

The feedback signal to the secondary outboard mirror was examined at frequen-
cies where the loop gain of the servo-system was high (< 20kHz). A sinusoidal
voltage was applied to the transducer which controlled the inboard primary mir-
ror. The resulting signal applied to the outboard secondary mirror was monitored.
The response to this gravitational wave simulation is shown (figure 3.6). The band-
width of the part of the control system controlling the Michelson interferometer
was therefore ~ 200 Hz. This moderate bandwidth was required due to relatively
high levels of background vibrational noise in the laboratory. The presence of this
excess noise prevented the observation of any more fundamental noise at these low
frequencies.

In order to allow measurement of the signal to noise ratio of the interferome-
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loop-gain of the secondary inboard mirror control system. The signal is reduced by

3dB in the region of 200 Hz.
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ter a high frequency calibration peak corresponding to a known displacement was
produced by applying a 45 kHz signal to the primary inboard mirror. (The motion
produced by this signal was calibrated by monitoring the power on the main output
photodiode with the outboard mirrors removed. The small Michelson interferom-
eter so formed could be locked to a dark fringe and the output power investigated.
The output power is then proportional to the square of the phase offset in the
interferometer and the size of the resulting 90 kHz signal was measured to reveal
the amplitude of arm length modulation. The motion per applied voltage for the
transducer in question was then calculated.)

The spectrum of the residual noise at high frequency is shown (figure 3.7). The
root mean square displacement to which the calibration peak corresponded was
(1.3£0.4) x 107*2 m. To achieve the highest signal to noise ratio the interferometer
had to be shielded against acoustic noise. In addition the ambient noise level in

the laboratory was reduced to a minimum. The background noise corresponds to

a displacement of (2.0 & 0.8) x 107 m/+/Hz above 50 kHz.

3.2.4 Conclusion

The control systems each appeared to perform satisfactorily and there was no
apparent operational difference between them even with the added low frequency
mirror motions. It is possible that in a fully suspended apparatus one of the
control systems may be simpler to implement. This would have to be tested on a
suspended interferometer. Both of the control systems allowed photon shot noise
limited displacement'sensitivity to be approached at high frequencies (> 50kHz)

where the other noise sources were sufficiently reduced.

3.3 External modulation

The experiment described here was intended to test one possible control system
for the externally modulated interferometer. (Colleagues in France have tested a
similar system and the results have recently appeared in the literature[28].) It was

considered important that the system used could be applied to a full-scale detector
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and that the apparatus produced would be a suitable basis to which recycling
and dual recycling systems could be added. Optics of a similar quality to those
described in the internal modulation experiment were used. Due to the complexity
inherent to some of these systems it was decided that all of these tests would be
carried out on a Michelson interferometer with a single traverse of the arms (in
each direction). The results of these experiments could therefore be applied to
interferometers with delay-line arms but not, directly, to systems with cavities in
the arms.

It was realised that the physical layout of the external modulation system
would be more complicated than the internal modulation scheme due to the need
for the Mach-Zehnder interferometer used to combine the reference beam with
the main output from the Michelson interferometer. A granite optical bench
(1200mm x 700mm X 110mm) was obtained. It was thought that, as well as
offering considerable rigidity, the large thermal inertia of this bench would reduce
thermal expansion effects to a minimum (to allow sustained operation with the
limited range of the position transducers available). The beam paths in the sensi-
tive parts of the system were enclosed by glass tubes to provide some isolation from
acoustic noise and air currents. High quality mounts were used to hold all of the
main optical components. These mounts were fixed directly to the optical bench
to maximise the rigidity of the system. The whole optical bench was mounted on
six small pieces of soft rubber to give some isolation from vibration. All of this
was done in an effort to allow measurements to be made at as low a frequency as
possible.

A diagram of the optical system used is shown (figure 3.8). The interferometer
mirrors (M1,M2) were each spaced 0.50m from the beamsplitter. Their radii of
curvature were 5.0 m. The reference beam, a small fraction of the light returning to
the beamsplitter from M1, was directed through one half of the external modulation
optics. The Michelson interferometer output beam was made to overlap correctly
with the reference beam at the second beamsplitter. This was done with the
output of the Michelson interferometer far from an interference minimum to ensure

that the output light was dominated by the fundamental mode (rather than the
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complicated mixture of modes found at the minimum). Fine adjustment of the
angle of the overlapping beams, with the system operational, allowed the signal
size to be maximised. The two output beams from the second beamsplitter were
directed on to two photodiodes. A fraction of the light from the laser (~ 20 %)
was used to illuminate a reference cavity to which the laser frequency could be
stabilised. Optical diodes were again used to prevent reflected light returning to

the laser.

Modulation and feedback system for external modulation

The modulation and control systems used to operate the interferometer with ex-
ternal modulation are shown (figure 3.9). The modulation index required for op-
timum signal to noise ratio with external modulation is quite large (~ 1.8-from
section 2.2.3). A phase modulator which was rated for high power was used to
obtain a measured modulation index of ~ 1.3. This was considered to be adequate
representing a signal loss of only about 15 % compared to the optimum modulation
index. The modulation frequency was again 10 MHz. Piezo-electric transducers
were provided to control the lengths of one of the arms of the Michelson interfer-
ometer and one of the arms of the Mach-Zehnder.

In order to reduce the frequency noise of the laser, especially at high frequencies
(> 1kHz), it was stabilised to a reference cavity (length 0.46 m, finesse 6000 and
input mirror transmittance of ~ 3.6 x 107*) which was mounted on the bench close
to the Michelson interferometer using the method described in Appendix B. The
residual frequency noise spectral density, relative to the reference cavity, in the
region from 10-30 kHz was measured to be < 0.2 Hz/v/Hz.

The design of photodiode amplifier was changed to subtract the signals from
two diodes before amplification and demodulation as required for the external mod-
ulation system. The subtraction was done at radio-frequency using a broadband
transformer with opposed primary windings to subtract the signal from two tuned
photodiodes. The signal from the main photodiodes was demodulated at 10 MHz.

The resulting signal was amplified, filtered and used to control the position of one
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Figure 3.9: The modulation, demodulation and control systems for external mod-
ulation. The properties of the control systems are given in the text. The output
from the 6 kHz demodulator was used to provide the signal for the automatic gain

control (AGC) when it was implemented.
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of the interferometer mirrors (M1).

The second modulation was applied to the arm length transducer. The fre-
quency of the modulation was chosen to be 6 kHz. The modulation index of this
modulation was chosen to be small (~ 1073). The modulation index is limited by
the need to ensure that the loss of power from the interferometer due to the pres-
ence of this modulation is small compared to other causes of power loss from the
output. It was chosen to give a workable signal to noise ratio in the external mod-
ulation system with a very small illuminating power (effectively the case when the
recycling system described below is attempting to acquire correct operation). The
output of the 10 MHz mixer was amplified, filtered and demodulated coherently
with the 6 kHz modulation (using a lock-in analyser). This provided a measure of
the signal resulting from the second modulation.

The third modulation was applied to the Mach-Zehnder arm length transducer.
the frequency chosen, 95 Hz, was a little higher than that which would be used in
a full-scale detector intended to work at the lowest practical frequencies. This was
because it was felt that a control system bandwidth of several tens of hertz would
be necessary in the benchtop experiment to allow compensation for the effects
of air currents. The index of this modulation should be large to provide a large
signal. This could have the undesirable side-effect of non-linearity of the transducer
causing some mixing of the modulation with the main output signal. A compromise
modulation index of & 0.1 was chosen and was found to be satisfactory.

The output of the 6kHz demodulator was filtered and was demodulated by
multiplication with a sine wave (in phase with the 95 Hz modulation) in an analogue
multiplier. The resulting signal was amplified and fed to the Mach-Zehnder arm
length transducer. An optional inverter was included to select the sign of the

feedback for the whole system.

3.3.1 Results

The external modulation control system was found to work satisfactorily. The

bandwidths of the two control systems were measured by noting the suppression
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of added test signals. The Michelson interferometer system was operated with a
bandwidth of about 2kHz and a low frequency gain (< 2 Hz) of 60 dB. The external
reference beam path control servo-system had a bandwidth of ~ 40 Hz and a low
frequency gain of about 20.

The arm lengths were carefully equalised (allowing for the optical thickness of
the beamsplitter). The lengths of the arms were balanced to about 0.5%. This
should give a common mode rejection of frequency noise of 46 dB. The measured
rejection, using a frequency noise peak applied via the electro-optic modulator in
the laser, was found to be ~ 43 dB. The measured frequency noise would therefore
produce an equivalent displacement noise of < 2 x 1078 m/+/Hz.

The amplitude reflectivity of the anti-reflection coating was measured to be
0.022 £ 0.003 for the ‘s’ polarisation. This determined the amplitude of the refer-
ence beam and hence the size of the signal and minimum light power at the main
photodiodes. The effective contrast of the Michelson interferometer was later mea-
sured to be 30 £+ 2. (This was improved to 45+ 3 by more careful alignment of the
arms of the interferometer when an angle transducer was added to allow control
of the orientation of one of the interferometer mirrors.) The reflectivity of the
anti-reflection coating was therefore a little less than optimum but there was no
alternative coating available. (It is interesting to note that, if the power recycling
mirror had been chosen to maximise the displacement sensitivity of the interfer-
ometer then the reflectivity of the anti-reflection coating would have been close to
the optimum [36].)

The signal from the interferometer was analysed. At low frequency, < 2kHz,
the gravitational wave signal is proportional to the feedback signal to the Michelson
interferometer arm length. At higher frequency the error point in the arm length
servo-system loop has the correct information. Calibration of this measurement
used the known size of the 6 kHz arm length modulation. At this stage the position
modulation was (2.0 4 0.6) x 1071 m peak to peak.

A Fourier spectrum of the output signal is shown (figure 3.10). With the
input power of 10mW and the effective contrast ~ 30 the measured photon

shot noise limited spectral displacement noise was very close to that expected
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Figure 3.10: The equivalent displacement spectral density of the error-point signal
in the external modulation system. The peak at 6kHz represents a displacement of

~ 2 x 1071% m peak to peak. The measurement bandwidth of the spectrum analyser

was 96 Hz.
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(~ 6 x 107'* m/+/Hz) given the known parameters of the interferometer and equa-
tion 2.9.

3.3.2 Conclusion

The interferometer with external modulation operated as predicted in the previous
chapter. The control system worked very reliably to keep both the Michelson
interferometer output on the dark fringe and to maintain the correct phase of the
reference beam at the second beamsplitter. The measurement noise was dominated
by photon shot noise at frequencies above 10kHz. The results indicate that the

system was operating correctly and that the signals were understood.
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3.4 Power recycling

In order to implement power recycling on the interferometer it is necessary to add
the power recycling mirror between the laser and the input to the interferometer.
This mirror must be correctly aligned with the interferometer to form a cavity. A
servo-system to control the length of this cavity to maintain the maximum internal

amplitude must also be provided.

3.4.1 An automatic gain control for power recycling.

The main potential difficulty with recycling is that if the recycling cavity is not
resonant the light amplitude within the interferometer will be very small, the
signals used to control the external modulation system will be small and the control
systems may not operate. This is likely to be a problem if the power recycling
mirror hastsmall coefficient of transmission, in order to achieve a large power
increase, or if the input power is small. The recycling cavity cannot resonate
correctly until the interferometer is close to its operational condition. Only then
does it behave as a highly reflecting mirror. Correct operation of the external
modulation control system is, therefore, a prerequisite to amplitude build up within
the recycling cavity.

In the bench top test of recycling there was the additional problem of aligning
the reference beam with the interferometer output beam at the Mach-Zehnder
beamsplitter. With a power recycling mirror transmittance of < 1% the reference
beam could not be seen sufficiently clearly to allow it to be correctly aligned with
the output from the Michelson interferometer. A 4% transmittance mirror was
chosen. This mirror had been previously measured to have intensity losses of
~ 2% Even with this, quite large, transmittance it could be expected that the
signal sizes at the output of the interferometer would change by almost 60dB. In
order to overcome this difficulty it was decided to include an automatic gain control
system to counter the changing signal size. This was achieved by monitoring the
size of the 6 kHz modulation at the output and feeding back to control the gain of
the radio-frequency amplifier connected to the main photodiodes.
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The automatic gain control was based on standard radio-frequency integrated
circuit amplifiers with gain control inputs (Plessey SL1610). This device can be
regarded as a low noise radio-frequency amplifier with a fixed gain followed by a
stage with an attenuation dependent on a control voltage. The transfer function

of gain against gain control input voltage can be approximated by
G=Ke", (3.2)

where K is the fixed gain and V is related to the voltage at the gain control input.
The circuit which was used for the automatic gain control is shown (figure 3.11).
The operation of this control system can be evaluated by considering the attenu-

ation part of the transfer function as a function of input voltage
‘/O'U,t = Wne—H(VTGf—VO"t), (3’3)

where V,,; is the size of the output voltage as measured by the 6kHz demodu-
lator and V;, is the size of the input voltage as would be measured by a similar
demodulator. V,.y is a control voltage and H is set by the transfer function of the
automatic gain control amplifier and the gain of the operational amplifier circuit

shown. Differentiating equation 3.3 with respect to the input voltage gives

WVour A
dV; __I_HV:)ut,

(3.4)

where A is the attenuation (V,y:/Vin < 1). If the product HV,,; > 1 and there is
some attenuation then %,‘?:l — 0 and the output voltage is almost independent of
input voltage.

If, initially, the signals are small and the gain high then when the power be-
gins to increase the automatic gain control must reduce the gain quickly as the
power increases. If this is not so there is the possibility that the bandwidths of the
servo-systems will increase until they oscillate. The time-scale for the power build-

up should be determined by the response time of the Michelson interferometer

and power recycling mirror servo-systems. In the experiment the power increase
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Figure 3.11: The automatic gain control circuit. The gain of the differential am-
plifier was chosen to give a loop gain of about 26 dB for the automatic gain control
at the mazimum input signal operating point. The output signal size was chosen

by setting the reference voltage V,cy to the desired value.
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occurred over periods of a few milliseconds. The automatic gain control was op-
erated with its unity gain frequency at about 4kHz. This proved an adequate
arrangement.

The automatic gain control system has the disadvantage that it will reduce the
size of the signal from the 95 Hz modulation used to control the Mach-Zehnder.
The extent to which this happens depends on the loop gain of the automatic gain
control at 95Hz. The loop gain of the automatic gain control servo-system was
measured to be ~ 20 at 95 Hz and the gain of the Mach-Zehnder control system

was, therefore, increased by this amount.

3.4.2 The power recycling mirror control system

The control signal for the power recycling mirror was obtained by detecting and
demodulating the fringes reflected from the recycling cavity. The output from the
demodulator was amplified, filtered and applied to the piezo-electric transducer
on which M0 was mounted. This servo-system was designed to have a high gain
at low .frequency (60dB at up to 2Hz) followed by a long range of first order
(frequency™') roll-off. This produced a control system which was stable over a
wide range of gain. The intention was that this would then begin to function
even if the interferometer was not operating with its output on a dark fringe. The

circuit used for this system is shown schematically (figure 3.12).

3.4.3 The experimental test of power recycling

The recycling system was tested both with and without the automatic gain con-
trol implemented. The system would operate in either case but the automatic
gain control allowed generally more rapid recovery of correct operation after any
disruption.

The power within the interferometer was measured by monitoring a small frac-
tion of the reference beam on a low frequency photodiode monitor. This showed
a power increase of 35 + 3 with recycling (after allowing for the known fraction of

the phase modulated light which could not resonate). This compares reasonably
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The output signal was analysed in the same way as for the external modulation
system. The spectrum of the output signal is shown (figure 3.13). This spectrum
shows an enhancement of signal to noise ratio by a factor of ~ 3 compared to
figure 3.10. The amplitude in the fundamental mode of the power recycling cavity
would be expected to increase by a factor of about /34 modified by the reduction
in input power due to the fact that the modulation sidebands on the input light
(~ 33% of the power) cannot resonate. The observed increase in signal to noise
ratio thus approaches the expected increase of ~ 5. (For this measurement the
contrast and input power were similar to those used to measure the signal to noise

ratio without recycling.)




to the expected increase of 43 (calculated from equation A.1). The discrepancy
between these figures was probably due to the imperfect mode matching of the
input laser beam to the fundamental mode of the recycling cavity.

In order to allow the test of dual recycling presented below it was necessary
to use a different power recycling mirror. This was due to a desire to keep the
curvature of the two recycling mirrors equal (at 0.70m) to allow simple mode
matching of the parts of the interferometer. The mirrors which were available in
pairs had 10 % transmittance. The power recycling experiment was repeated with
one of these mirrors as M0. The power increase due to recycling was now 34 =+ 3.
This again compares quite well with the expected value (37) for the given optical

parameters.

( Piense REFER LEFT)

3.4.4 The effects of misaligning one of the arms in the power

recycling interferometer

The effects of misaligning one of the arms of the interferometer were measured.
In order to allow this the system was modified to include an angle transducer on
one of the interferometer mirrors and a power monitor on the light from the main
output.

The angle transducer was based on a Burleigh PZAT80 piezo-electric trans-
ducer. This has three separate longitudinal transducers spaced at 120 degree in-
tervals around a cylinder. The application of differential signals to this unit allows
one end of the transducer to be tilted with respect to the other. The geometry of

this is illustrated (figure 3.14). Only one element of this transducer was used. A
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Figure 3.13: A spectrum of the error-point signal from power recycling. The peak
at 6kHz was used as calibration. The presence of harmonics of this frequency were
almost certainly due to the action of the automatic gain control which could have led
to modulation of the gain by ~ 10% at a frequency of 6 kHz. The harmonics were
not observed when the automatic gain control was inoperative. In practice, since
the automatic gain control was only required for acquisition, its bandwidth, and the
resulting nonlinearities, could be reduced when the interferometer was operating

correctly.
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Figure 3.14: The geometry of the angle transducer. Application of a voltage to one
of the piezo-electric (PZT) elements tilts the mirror.
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variable (0-1kV) power supply was connected to the transducer. Variation of the
voltage allowed the angle of the mirror attached to the transducer to be altered.
This type of transducer does have some hysteresis and the manufacturer’s calibra-
tion of this effect was used to calculate the absolute relationship between angle
and applied voltage.

The size and position of the beam waist in the recycling cavity were calculated
from the curvatures and positions of the mirrors which formed this cavity. There
are two waists, one in each arm, each ~ 12 mm from the interferometer mirrors
(M1,M2). The predicted beam size at the mirror is 0.21 mm. This allowed the
‘normalised misalignment angle’ (6,—defined in section 2.4.3) to be related to the
voltage applied to the angle transducer.

The interferometer was aligned until the output light power was a minimum.
The corresponding effective contrast (the ratio of the amplitude in the interferom-
eter to that emerging from the output) was 45 + 3. The angle of M2 was then
changed and the power emerging from the interferometer was measured relative
to the power within the interferometer. The result of this measurement is shown
(figure 3.15) along with the predicted power loss as a function of angle. The power
uncertainty was due to the fluctuations in the laser power. The uncertainty on the
angle originates from an estimate of the precision of the hysteresis curve for the
transducer and the stability of the high voltage supply. The predicted quadratic
dependence of loss against angle (equation 2.50) is followed over most of the range
of misalignment angles. At the smallest angles (6, < 0.02) the loss is independent
of angle. It was thought that this loss was probably due to distortions in the shapes
of the mirrors or beamsplitter leading to second or higher order modes in the recy-
cling system. The best fit to the experimental data was obtained by assuming an
angle independent loss of 4 x 10™* added to (0.966,)%. The discrepancy between
the expected and apparent angles is reasonable given the systematic error due to
lack of knowledge of the exact beam size and and transducer calibration (up to
about 10 %).

The power remaining within the interferometer was measured for a few of the

larger values of misalignment. The results of this are shown (table 3.1). The power
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Figure 3.15: The fractional power of the light emerging from the recycling interfer-
ometer as a function of the normalised angle of one of the interferometer mirrors.
The points plotted are the experimental measurements. The line is the best fit of

the theory to the experimental points.
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Misalignment angle | Predicted power | Measured power
0x
0.05 0.96 0.95 £ 0.05
0.1 0.84 0.80 £ 0.05
0.2 0.53 0.60 £ 0.05

Table 3.1: The power within the recycling interferometer as a function of the nor-
malised misalignment angle. The power has been scaled so that the mazimum

observed power equals unity.

build-up expected from this system can be calculated using the equation(A.1) for
the amplitude in a cavity if the losses from the output are represented by assigning
the same loss to one of the cavity mirrors. The expected relationship between the
loss from the power recycling cavity and the power build up was confirmed to

reasonable accuracy.

3.4.5 Conclusion

The test of the recycling system was successful and the control system, with the
automatic gain control, was found to work reliably. The amplitude and signal to
noise increase predicted in section 2.4 was observed to within reasonable limits.
The predicted power loss from the output due to the misalignment of one of the in-
terferometer arms was also confirmed over a range of angles. The last measurement

will provide a useful comparison with dual recycling.

3.5 Dual recycling

The optical system for dual recycling is shown in slightly simplified form (fig-
ure 3.16). The change from power recycling is the addition of the signal recycling
mirror and its control system. The range of gains of the automatic gain control had
to be increased to allow for the greater dynamic range of signal sizes now possible.

A further stage was added to the automatic gain control amplifier to increase the
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Figure 3.16: A simplified diagram of the optical system for dual recycling. The
essential optical elements are shown. The input light was generated using the same
system as for external modulation. The detail of the frequency shifter is shown in

the subsequent figure.
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range of gains by about 20dB to over 60 dB.

The signal recycling cavity, formed by the interferometer arms and the signal
recycling mirror, was about 0.592m long. The free spectral range of this cavity
was, therefore, approximately 253 MHz. The transmittance of the signal recycling
mirror was 10 %. The control beam used to illuminate the signal recycling cavity,
in order to provide a signal to control this cavity, needs to be tunable over a range
of frequencies about the initial carrier frequency. It was decided to frequency
shift a fraction of the input light by a multiple of one free spectral range of the
signal recycling cavity. The amount of this frequency shift could then be varied
to allow the frequency of this beam to be scanned through a resonance of the
signal recycling cavity. The frequency shifting was achieved using an acousto-
optic modulator. The first diffraction order was used and this gives a frequency
shift equal to the drive frequency to the modulator. The modulator used had
an operating frequency range of 200 ~ 250 MHz but was double-passed to cancel
the angular deviation produced on each pass. The control beam produced could
therefore have its frequency adjusted about two free spectral ranges of the signal
recycling cavity from the original laser frequency. The control beam was adjusted
to be of the orthogonal polarisation to the main light in the interferometer to
allow it to be separated from the main light at the output. Since all of the output
light from the laser was phase modulated, the control beam also carried this phase
modulation. It could therefore be used to control the dual recycling cavity by the
reflection fringe method. The optics used to generate the control beam are shown
in detail (figure 3.17).

The power of the control beam, measured at the photodiode for the signal
recycling mirror control system was ~ 0.2 % of the power within the power recycling
cavity. As discussed in section 2.5 this should be adequate to avoid imposing excess
noise due to photon shot noise on the detected power via the signal recycling
mirror provided that the internal contrast (the ratio of the amplitude approaching
the beamsplitter from the power recycling mirror to that approaching the signal
recycling mirror from the beamsplitter) is greater than 40. (There was additional

protection against this since the signal to noise ratio measurements were made at
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Figure 3.17: The optics used to generate the control beam for dual recycling. The
light from the first diffraction order in the acousto-optic modulator was reflected
back through the modulator using a curved mirror spaced its own radius from the
modulator. The resulting first order diffraction spot was then used to form the
control beam. The effect of this ‘double-passing’ was to eliminate most of the change

of angular deviation produced when the modulator drive frequency was altered.
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frequencies at which the signal recycling servo-system was inoperative.)

The frequency noise on the control beam, the same as the laser light as a whole
was sufficiently low not to limit the sensitivity by adding spurious motion to the
signal recycling mirror. The bandwidth of the signal recycling mirror servo-system
was ~ 2kHz and above this frequency the motions imposed by this servo-system
for a given signal at the error point would be reduced as if filtered by a single-
pole low pass filter at 2kHz. The displacement imposed on the signal recycling
mirror due to the measured frequency noise in the region of 10kHz would be
~ 4 x 1077 m/v/Hz. The resulting noise sidebands produced would be equivalent
to those due to motion of the beamsplitter or interferometer mirrors by the above
displacement divided by the internal contrast.

The fraction (< 0.3%) of the control beam which reached the main output
photodiodes contributed little to the total power there. The frequency of the
control beam has been shifted by ~ 500 MHz so any frequency noise contributions
caused by beating of this with the output light at the output photodiodes have
also been shifted by a similar frequency. The large low frequency contributions are
therefore shifted out of the signal band.

The servo-system used to control the position of the signal recycling mirror was
similar to the one used for the power recycling mirror with the exception that the
overall gain was increased to compensate for the smaller signals produced by the
low power of the control beam.

The operation of the dual recycling system as a whole was controlled by se- '
lecting the frequency shift applied by the acousto-optic modulator. This then
controlled the resonant frequency of the signal recycling cavity. (As explained in

section 2.5.)

3.5.1 The experimental test of the frequency response and signal to

noise ratio of the dual recycling interferometer.

The frequency response of the dual recycling system was measured by again making

use of the 6kHz arm length modulation. The dynamic range of the output signal
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was now excessive due to the signal enhancement properties of dual recycling. The
output signal was high pass filtered to remove the large low frequency components
and the amplitude of the 6kHz arm length modulation was reduced by a factor
of 5. This allowed the output signal to be handled more easily. (It was also
necessary to make some reduction to avoid excessive loss of power at the output
of the interferometer due to the arm length modulation.)

The arm length modulation represents a very low frequency differential phase
signal with respect to the expected linewidth of the signal recycling cavity and so
this behaves just like a low frequency phase signal in broadband dual recycling.
Scanning of the control beam frequency past a free spectral range of the dual
recycling cavity should then trace out the shape of the tuning curve of the signal
recycling cavity. The signal produced at the output should be a maximum when
these sidebands and the carrier light are resonant in the signal recycling cavity.

The automatic gain control would counteract any change in the signal size
produced by dual recycling as measured at the error point of the Michelson inter-
ferometer control servo-system. It was therefore necessary to provide an additional,
fixed gain, radio-frequency amplifier for the output signal. This was provided and
the resulting signal separately demodulated and monitored.

The control system for dual recycling operated very satisfactorily: it was able
to acquire the correct operation from almost any starting condition. The system
did not always lock to the fundamental mode of the recycling cavity but sometimes
to higher order modes. This was probably due to the unconditional nature of the '
signal recycling mirror and power recycling mirror servo-systems. These systems
would allow the overall cavity to lock in a variety of modes. In a working detector
there would need to be some system to prevent this locking in unwanted modes.

The frequency response of the dual recycling interferometer was measured as
described above. This is shown with the expected result (figure 3.18). The tuning
curve was predicted from equations 2.54 and 2.41. The known optical parameters
of the system were used to calculate the coefficient of finesse. The resulting expres-
sion for the signal enhancement (G) over power recycling as a function of signal

frequency (taking zero frequency as the resonant frequency of the fundamental
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Figure 3.18: The frequency response of the dual recycling interferometer. The curve’
shown is the expected line-shape as described in the text. The experimental mea-
surements are shown with the estimated error. The systematic difference between
the expected and observed centre frequencies (about 0.5 MHz) has been removed. It
should be noted that the frequency by which the light is shifted by the double-pass

of the acousto-optic modulator is twice the drive frequency.
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mode of the signal recycling cavity) is therefore

~1/2
G=616|14 1440sin? [ —"L__
[ + 1440 sin (253MHZ ) (3.5)

where f is the signal frequency (in megahertz). The result shows very good agree-
ment between the expected and observed tuning curves. The experimental error
was mostly due to low frequency laser intensity noise which limited the precision
with which the signal sizes could be compared.

The signal to noise ratio corresponding to the peak of the tuning curve was
measured. The output spectrum from the interferometer is shown (figure 3.19).
The shot noise level corresponding to the appropriate amount of light on the output
photodiode is superimposed. The signal to noise ratio is enhanced by a factor of
~ 7. This is slightly more than the signal was enhanced. This is due to the slightly
non-optimum level of the reference beam in the power recycling case. It will be seen
below that dual recycling improved the effective contrast of the interferometer and
so the light power on the photodiode has actually decreased slightly (by ~ 40 %)
while the signal has increased by the factor expected from dual recycling with the

optical parameters used.

3.5.2 The alignment properties of the dual recycling interferometer

The alignment properties of dual recycling were investigated to allow comparison
with the power recycling case. The apparatus remained as described above. The

experiment was divided into two separate sections which are discussed in turn.

Misalignment and broadband dual recycling

The first experiment was a measurement of the alignment effects with broadband
dual recycling (that is with the carrier light fully resonant in the signal recycling
cavity). The mirror was misaligned from its optimum angle and the light power
leaving the output was measured by monitoring a fraction of the light emerging

from the output and comparing this with a measurement of the power in the local
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Figure 3.19: The output spectrum for optimised broadband dual recycling. The
peak at 6 kHz was dsed as calibration. The result for power recycling with the same
internal power and effective contrast of ~ 50 is shown for comparison. The signal

to noise ratio improvement by a factor of ~ 7 can be seen.
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Figure 3.20: The effects of misaligning one arm of the broadband dual recycling
system. The best fit obtained in power recycling is restated for comparison (upper
curve). The lower curve is the predicted result for dual recycling assuming that
the upper curve is correct and that the contrast was limited at small misaligment
angles by the production of, mainly, second order mode by the distortion process.

The experimental measurements are shown.
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beam
oscillatory. The results are shown (figure 3.20). The results expected from this

were calculated using equation 2.58 and are shown on the graph. The expected
values of the suppression coefficients (gm ) for the first and second order modes were
calculated using the known cavity geometry and equation 2.41 to find the round
trip phase shifts for each of the modes. The resulting values of the suppression
were g1 = 0.175 and g, = 0.236. The fit with the expectation is good. The losses at
large misalignment angles are high due to the leakage of the resonant fundamental
mode from the system.

At the smallest angles the effective contrast was increased by a factor of 4.34:0.8.
This can be adequately explained by assuming most of the light lost at these angles
is in the second order mode of the recycling cavity. The expected suppression of
the second order mode in the signal recycling cavity can be calculated by inserting
the known cavity properties into equation 2.58. (It could also be in some mixture
of high order modes, this is not constrained by the experiment.) The effective
contrast reported is extremely high for small angles at 210 £ 15. The amplitude
of the reference beam was then appropriate to give the optimum displacement
sensitivity in this system.

The power within the interferometer was measured as a function of misalign-
ment of one arm. This power could only be measured to about 5% accuracy due

to the fluctuations of the laser intensity. 'Only measurements at the largest angles

:were thus possible, Here the power build up was in good agreement

Mec& expéétedifromithié the measurement of the power lost. The signal
size was measured for two of the largest values of misalignment and was found to
be proportional to the power within the interferometer. The extent to which the
input laser light was coupled into the misaligned interferometer was not expected
to change significantly even for the largest value of misalignment used. The results

of these measurements are summarised in table 3.2.
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Misalignment | Expected power | Measured | Measured
6, or signal power signal

0.10 0.93 0.95 £ 0.05 | 0.90 £ 0.03

0.14 0.89 0.90 £ 0.05 | 0.85 + 0.03

Table 3.2: The effect of relatively large misalignments on the power build-up and
signal size with broadband dual recycling. The last three columns have been scaled

to a mazimum value of unity.

Detuning frequency | Misalignment | Predicted | Measured Power
(MHz) 6, contrast | contrast | (normalised)
4 0.1 37.7 40£3 1.00 £ 0.05
4 0.2 11.3 10+1 0.80 £ 0.05
6 0.1 44.7 48+3 1.00 £ 0.05
6 0.2 15.1 15+ 2 0.90 £+ 0.05
8 0.2 17.7 21 £2 0.95 £ 0.05

Table 3.3: The contrast and power build up in the misaligned dual recycling inter-

ferometer. The power is scaled to a mazimum value of unity as before.

Misalignment of the dual recycling interferometer with the

fundamental mode non-resonant.

In narrowband dual recycling the original carrier frequency is non-resonant in the
signal recycling cavity. The effect of this type of recycling on the contrast of the
interferometer can therefore be measured by detuning the resonance of the signal
recycling cavity from the fundamental. This was done for several values of the
detuning frequency. The results are summarised in table 3.3.

It can be seen that as the fundamental becomes non-resonant in the signal recy-
cling cavity the loss of power due to non-overlap of the fundamental from the two
arms is reduced (the resonance condition for the first order mode is changed only
very slightly by the small detuning frequencies used). That the detuning allows
high contrast to be achieved at relatively large values of misalignment, as predicted
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Effective contrast | expected ratio | observed ratio

30 £+ 2 95+1 12+ 2
85+4 28+2 24+ 4

Table 3.4: The size of the signal produced by motions of one of the interferometer
mirrors compared to the signal produced by the same motion of the signal recycling
mirror. The measured ratio has been normalised to allow for the different sizes of

the motions which were imposed.

in section 2.5, is therefore confirmed. The power within the interferometer can be

compared with the power recycling case (table 3.1).

The effect of motions of the signal recycling mirror in the dual

recycling system

The effect of motion of the signal recycling mirror was investigated by applying a
sinusoidal position modulation to this mirror with the system fully operational in
the broadband mode. The modulation frequency (3 kHz) was above the unity gain
frequency of the dual recycling servo-system. The size of this signal at the output
was compared to the size of the signal due to the 6 kHz motion.

It was expected that the size of the signal due to this modulation would be
determined by the internal contrast of the interferometer (see section 2.5.2). The
signals from the two modulations were compared at the output. This was repeated
for two values of internal contrast (produced by misalignment). The relationship
between the relative size of the signals produced by the two modulations and the

contrast was confirmed to within 25 %. These results are summarised in table 3.4.

3.5.3 Conclusion

The predicted properties of dual recycling were measured and confirmed within

the limits given above. The frequency response of broadband dual recycling was
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confirmed satisfactorily for the bench-top arrangement used. The effects of dual
recycling, both broadband and narrow band, on the effective contrast of the inter-
ferometer were also found to be in excellent agreement with the predictions of the
previous chapter.

The control system, for all its complexity, functioned very reliably. The locking
was limited by the finite range of the piezo-electric transducers used in the same
way as all of the other control systems used in the earlier experiments.

The frequency response of narrowband dual recycling could not be measured on
the bench top system at reasonable signal frequencies since the tuning frequency
must be comparable to or greater than the linewidth of the signal recycling cavity.
In the interferometer used this would have required the measurement of signals at

several megahertz.
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3.6 Internal modulation and measurement noise

Due to the perhaps surprising predictions which have been made about the effects
of modulation on signal to noise ratio it was decided to carry out an experiment
to confirm some of the predictions of section 2.2.3.

The optical system which had been used for recycling and external modulation
experiments was adapted. A phase modulator (10 MHz modulation frequency) was
inserted into one of the arms of the interferometer. The Michelson interferometer
control system was adapted to keep the interferometer on an interference minimum.
The layout of the system used is shown (figure 3.21). The phase modulator limited
the effective contrast of the interferometer to a give a minimum output power of
0.040 £ 0.002 of the interferometer input power. (The typical input power was a
few mW and the output power a few hundred pW.) The modulation index was
chosen to produce an output power of three times this at an interference minimum
(to 2% accuracy).

The signal from the photodiode was band pass filtered by the tuned photo-
diode amplifier. The tuned circuit here had a ‘Q’ of ~ 25. so there could be
no contribution from the demodulation of any frequencies apart from those close
to the modulation frequency. This implies that the shape of the waveform (pro-
vided it has its fundamental component at the modulation frequency) used for the
demodulation is not important as any shape will have the same effect as a sine
wave.

It was necessary to compare the noise due to photon shot noise in the case
where the demodulation was in phase with the modulation to the noise in the
case with the demodulation in the quadrature phase. Great care was taken to
ensure that the gain of the radio-frequency electronics did not change between these
two measurements. The phase of the demodulation waveform could be varied by
altering the length of one of the cables carrying this waveform or by using a radio-
frequency phase shifter. It was thought that either of these methods of changing
the phase could lead to a change in the level of the demodulation waveform. In

order to ascertain that this effect was not causing a significant change in the gain in
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Figure 3.21: The system used to measure the effects of modulation on measurement

noise.
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the signal channel various combinations of the two methods of changing the phase
were employed. There was no observed change in noise levels produced by these
methods (less than 0.1 dB). The phase of the demodulating waveform was measured
by monitoring the size of the signal due to the 6 kHz arm length modulation at the
output. The minimum of this signal corresponded to the quadrature phase and
the maximum to the in phase case. The phase was known to ~ 3°.

The signal from the photodicde was measured on a radio-frequency spectrum
analyser (before the demodulation) and compared to noise due to torch light pro-
ducing the same photocurrent. Apart from excess noise at low frequency the two
results were the same to within the accuracy of the instrument used (~ 0.5dB).
This measurement confirmed that the laser power was shot noise limited at the
measurement frequency.

The signal from the photodiode was demodulated to provide separate control
and measurement signals (as for dual recycling). The (measurement) demodulation
was set up for the in-phase case. The demodulated signal was amplified using a low
noise amplifier. This signal was spectrum analysed in the region of 99 to 100 kHz.
This region was chosen since there was no sign of any excess noise over photon
shot noise (peaks of noise or non-white noise). The signal was averaged several
hundred times to reduce the measurement uncertainty. The mean photocurrent
was found by measuring the the average photocurrent in the photodiode. The
laser power supply was adjusted to maintain the photocurrent to within 2 % of the
initial value throughout the measurement period (~ 10 minutes). (The internal
power stabilisation in the laser was also used.) The measurement was repeated
with torch light producing the appropriate photocurrent.

The phase of the demodulation was changed and the above measurements were
repeated. There was no discernable difference between the two results produced
by the torch light. Unmodulated light directly from the laser but attenuated by
using a polarising beamsplitter to remove some light was also used to illuminate the
photodiode. The results from this, at the light intensities used in the measurement
noise experiment, were very close to the results produced by the torch light (within

0.15dB). (It was observed that at considerably higher photocurrents than the 100
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Predicted noise | Measured noise | Corrected noise

(dB) (dB) (dB)
In phase 1 1.25 1.1+0.2 12402
Torchlight 1 0 0 0
Quadrature 1 —1.76 ~1.4+£0.2 —1.6+0.2
Electronic 1 — —-10+1 —
In phase 2 1.25 09+0.2 1.24+0.2
Torchlight 2 0 0 0
Quadrature 2 -1.76 ~1.2+0.2 -1.8+0.2
Electronic 2 — ~5.1+£0.5 —

Table 3.5: A summary of the results of the experiment to investigate the effects
of modulation on measurement noise. All of the results are normalised so that
the noise produced by torch light is 0dB. The first column of figures shows the
noise level predicted with one third of the light unmodulated. The second column
shows the measured noise levels and in the final column the electronic noise power
has been subtracted and the results renormalised to torch light. The two sets of

results shown (1 and 2) were obtained for the two slightly different signal levels, as
described in the text.

to 200 microamperes used in this experiment there was some difference in the
behaviour of the photodiode with laser light as opposed to torch light. This effect -
was briefly investigated but no obvious reason to explain the difference was found.
The spatial distribution of the light had little effect on this difference.)

The results of these measurements are shown (figure 3.22). The results shown
must be corrected to allow for the presence of electronic noise in the measurement
system. This was done by subtracting the noise power appropriate to the observed
noise with no light reaching the photodiode. The results of this are shown in
table 3.5. In order to calculate the change in noise levels attributable to the
modulation effects it was necessary to allow for the noise power due to the one

third of the detected power which was unmodulated. The expected results for
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Figure 3.22: The signals produced in one of the modulation noise experiments.
The three noise spectra shown correspond to the in-phase demodulation (top curve)
torch-light (centre curve) and quadrature-phase demodulation (lowest curve) cases.

These results were obtained after at least {00 averages of the input signal.
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this situation are shown in the table for comparison. The whole experiment was
repeated with a different light power and with a 3dB attenuator placed on the
signal input to the mixer. This changed the signal level on the photodiode slightly.
The results were very similar to those from the earlier experiment. These results
are also shown.

It can be seen that the experimental results were fully compatible with the

expected results. This gives some confidence that the methods used to make these

predictions are reliable.

3.7 General conclusion

All of the optical configurations introduced in the previous chapter have been
tested experimentally by the author. Control systems to operate these schemes
have been successfully implemented. These control systems use techniques which
be applicable to a future full-scale gravitational wave detector. The dual recycling
system was tested for the first time in any form and the basic optical proper-
ties of this were confirmed. The perhaps surprising predictions of the effects of
modulation schemes on measurement noise were confirmed for the case of internal

modulation.
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Chapter 4

Mirrors for gravitational wave
detectors

4.1 Low loss mirrors

The need to minimise the losses of the mirrors which form the arms of an inter-
ferometer which is to be used for gravitational wave detection can be seen by con-
sidering the effect of such losses on the interferometer with recycling (section 2.4).
The amplitude within the arms of the interferometer, for a given input power, is
limited by the losses of the mirrors (if the losses from the output can be sufficiently
reduced).

The mirrors with the lowest losses are made using multi-layer thin-film tech-
niques. Alternating layers of dielectric materials of high and low refractive index
are deposited using ion-beam sputtering techniques to form a ‘stack’ [29]. The
losses of these mirrors can be divided into two categories: (Here upper-case sym-
bols are used to indicate intensity coefficients.)

a) the ‘absorption’ (A) is the fraction of the incident intensity which is absorbed
by the materials of the mirror coating

b) the ‘scattering’ (S) which is the fraction of the light reflected but in a
direction which would not occur if the mirror were perfect. This can arise through
either surface or bulk scattering. Surface scattering is due to the roughness of the
surface of the substrate used to hold the stack and of the boundaries of the layers
of the stack [30]. The bulk scattering takes the form of Rayleigh scattering from

‘inclusions’ within the layers of the mirror.
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In order to evaluate the losses of the mirrors supplied to the gravitational wave
group at Glasgow a measurement technique based on the storage time of Fabry-
Perot cavities made from the test mirrors was developed. A paper describing this
work is included (Appendix C). The mirrors to be tested were formed into a Fabry-
Perot cavity and the reflected fringes from this were monitored to reveal the storage
time of the cavity. In combination with the measurements of the transmittances
of the mirrors this allowed the losses to be calculated. The production of lower
loss mirrors by improved manufacturing techniques was observed. The lowest
losses measured were ~ 8 x 10~° for mirrors which were made on ‘superpolished’
substrates using the ion-beam sputtering technique. (Superpolishing is intended
to provide mirrors with a root mean square surface roughness of less than 0.1 nm.)
It was not clear what the division of the loss between ahsorption and scattering
was in these mirrors.

In order to try to determine which of the possible loss mechanisms was domi-
nant the surface roughness of one of the ‘Set 3’ mirrors mentioned in Appendix C
has been measured using a modified ‘Talystep’-the ‘NanoSurf 2’ {31] (at National
Physical Laboratories, Teddington), The result, either on or off - the coated area
was a root mean square surface roughness of ~ 0.06 nm. (This was very close to
the measurement noise of this system, thought to be ~ 0.05nm.) The measure-
ment was made over length scales ranging from 0.25 um to 25 ym. If the surface
scattering of the type of dielectric stack used for this mirror is close to the value
which would be obtained from a single reflecting surface with the same roughness
then the scattering of green light should be very small (~ 107°). (The relationship
between mirror design and surface scattering could be more complicated than this
[30].) This indicates the possibility that the loss is mainly absorption. It has been
suggested by the manufacturers of the mirrors that the absorption of green light
in one of the materials used to make the mirrors (titanium dioxide) could cause
this.

New mirrors intended for the 10m prototype interferometer at Glasgow were
obtained and tested. These mirrors had a coated diameter of 100 mm (mainly to

ascertain whether ultra-low loss coatings could be made in sizes needed for the
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full-scale detector) and it was interesting to test if the optical properties were
constant over the coated area. These mirrors were designed to form cavities for
the arms of this interferometerl.one set having a transmittance of 5 x 10™* and
another set having the maximum reflectivity possible. The transmitting mirrors
were plane and the reflecting mirrors had a radius of curvature of 15m. They were
manufactured in a similar way to the Set 3 mirrors.

The transmittance of the transmitting mirror was measured at several points
on a cross shape formed by two diameters of the coated area. The results showed
very little variation over this surface. One of the mirrors had a transmittance
of 485 410 x 10~® with no variation seen at this level of measurement accuracy.
Another mirror coated at the same time had a typical transmittance of 492 £ 10 x
10~¢. There was therefore no evidence of variability exceeding 2%.

To enable measurement of the losses of these coatings to be made on a com-
pact cavity on the bench a mirror with 1 m radius of curvature had been coated
simultaneously with the transmitting mirrors above. This mirror could then be
used to form a short (40 cm) stable cavity with any of the large mirrors.

The mean loss of two of the transmitting coatings (one on the small mirror) was
found to be (53 4 10) x 107° per mirror. The loss of a cavity formed by one of the
large ‘non-transmitting’ mirrors and the curved transmitting mirror was measured.
The loss of the reflecting mirror was calculated to be (70 & 20) x 10~® (with the
assumption that the two transmitting mirrors had similar losses). These results
are based on averaging 12 measurements for each cavity. A later evaluation of the
storage time of one of the arms of the 10 m prototype gave the average mirror loss

of ~ 6 x 107® for a pair of the large mirrors. This is compatible with the bench-top

measurements.

Conclusion to mirror loss measurements

The measurement technique presented above has allowed the evaluation of the
losses of the very high quality mirrors which are being developed for both laser

gyroscopes and gravitational wave detectors. The losses and large mirror sizes
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required for the gravitational wave detectors are currently being approached by
the latest manufacturing techniques. It is possible that the losses may be re-
duced still further by the avoidance of titanium dioxide as a coating material in
mirrors which are designed to operate with green light (515nm). (Bulk titanium
dioxide shows strong absorption as the wavelength is decreased towards 350 nm

while an alternative material, hafnium dioxide remains reasonably transparent un-

til < 200 nm [29].)

4.2 A test of the effect of mirror heating in a cavity

If the mirrors in a gravitational wave detector have significant absorption then
there is the possibility that the performance of the detector could be limited by
the effect of the heat produced by the absorbed laser light. (This was stimulated
by earlier work by several colleagues, especially J. Y. Vinet, A. Marraud and F.
Raab [33, 34]). There are two possible effects which can be identified. The heating
of the substrate material will lead to some local expansion of the mirror surface
and a change in the shape of the mirror. The heating may also produce a lensing
effect on the light transmitted by the mirror if the refractive index of the substrate
material is a function of temperature. If a cavity is formed by such mirrors then
either of the above effects can lead to the reduction of the power matched into the
fundamental mode of the cavity [11]. In the arms of a detector these effects could
cause loss from the output and reduction of the amplitude within the recycling
cavity.

In an interferometer with cavities in the arms the power is concentrated in one
spot on each mirror while with delay-lines the power is distributed over several
spots. In addition for a delay-line there need be no transmission through the
substrate of a mirror (one beam must still pass through the beamsplitter, however.)
This not only avoids the effect of heating on the transmission but also allows the
choice of opaque materials, perhaps with better thermal properties, for the delay-
line mirrors (e.g. silicon [3]).

In order to estimate the effects of mirror heating a simplified model of the
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heating effect can be used (as suggested by Meers [32]). If the power from the
laser beam is absorbed by the coating on the surface of the mirror and the spot
which is heated is small compared to the size of the mirror then an estimate of
the resulting temperature increase (AT) and expansion along the normal to the
surface (Az) can be made. If the system is in equilibrium then the power flow
away from the heated spot is equal to the absorbed laser power (P). This flow
occurs through an area given approximately by the (Gaussian) size of the laser

beam at the mirror. In this case

Pw

= kK’ (4.1)

where w is the Gaussian radius of the laser beam and K is the thermal conductivity

of the substrate. The resulting expansion is
Az = eATw = — (4.2)

where € is the thermal expansion coefficient of the substrate material. For the case
of the len