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Calculations of Electronic Potential
Energy surfaces

It 1s ordinarily possible to simplify the treatment of the
dynamics of a general polyatomic system by first considering only
the electronic motions, for all possible configurations of
artificially fixed nuclei. Any particular electronic eigenvalue,
88 a function of auclear geometry, then constitutes an effective
potential energy surface, which governs the nuclear motion.

The calculation of notential energy surfaces for practical
Sy stems represents a wajor quantum mechanical undertaking which
in general becomes tractable only within a framework of approximation
and semi empiricism.

The major part of this thesis describes calculations developed
to estimate the lower lying potential surfaces for the reactive
system K+ NaCl= KC1l+ Na. A model trsatment is developed and
discussed in detail. Hssentially the problem is reduced to the
consideration of the motion of a singlc =slectron in the flelds of
the closed shell ions Na, K" and C17. ‘here is good evidence
that these ions can be treated as classical polarisable charged
spheres in thelr longer range electrostatic interactions and also
that thelr structures are not seriously modified by the presence of
the single valence electron. <1he electronic eigenfunction is
expanded in terms of a basis set of alkali atom valence s and p-orbitals

The most difficult problem is the evaluation of certain close range



interactions between the electron énd the ions and this matter is
discussed in detail. The electronic problem is first solved in
neglect of the polarisation of the ion cores and this lattsr effect
is afterwards introduced, resulting in a first order perturbation
correctioﬁ to the energy surfaces. Empirical evidence used consists
of values for ilonic polarisabilities and radii, together with
experimental ionisation potentials.

A sultably reduced version of this model is applied to the
calculatibn of potential curves for the diatomic ions Nag s Kg'
“and Nak% and yields encouragingly close agreement with experimentally
- observed properties.

The results for the completse system are presented and discussed.
The reaction exothermicity is slightly oversstimated. There is
no calculated activaﬁion barrier, the reaction appearing to conform
to the "early downhill" classification. A potential well indicates
that, if the excess energy were removed, a triangular complex molecule
" could be formed, soms 13 Kcal more stable thah the product.
Finally there aopears to be some qualitative evidence that highly
energetic collisions of the reactants may lead to slectronically
excited product atoms, a phenomenon observed experimentally for the
reaction Na+ KBr = NaBr +K.

The shortsr second part of the thesis presents an estimate
of the Jaln-Teller effect in rhenium hexafluoride. This effect

arises from the coupling between electronic and nuclear motions



when two or more potential surfaces have the same energy in a

non linear symmetrical configuration. in such cases the degeneracy
is relieved by certain vibrational displacements, leading to a
distortion in the equilibrium geometry and a complication of the
vibrational spectrum. In rhenium hexafluoride it is assumed that
this effect arises from a purely electrostatic interaction bztween
the fluorine atoms and the non-bonding 5d rhenium electron in

a degenerate [g state arising from strong spin orbit coupling of

the toy configuration. The electrostatic potential of a fluorine
atom is taken as that of a fluoride ion less some variable fraction
of an electron, depending on bond ionicity, taken from a hybrid
orbital directed towards the central rhenlum atom. 41he rhenium

5d orbital is taken of slater form with variable exponent. The
results, which depend essentially on the potential surface gradientsl
in the octahedral configuration are relatively insensitivs to
physically reasonable cholces of these parameters. A large splitting
in the Vg band of the Raman spectrum is predicted, in good order

of magnitude agreement with experiment. There is a corresponding
very small distortion of the molecular geometry calculated, probably

in a tetragonal sense.



Preface

The major sectidn of this thesis, Part I, gives an
account of a calculation of electronic potential energy
surfaces for the reaction K+ NaCl= KCl+Na. A model is
developed at length which considers basically the motion
of a single valence electron in the fields of the three ions
Na% K C1, and which, when applied to the calculation of
potential curves for the diatomic ions Na:, K:; and NaK*,
gives very satisfactory agreement with experiment. The
most interesting predictions arising from the calculated
results for the system K+ NaCl are that there is no
activation barrier to reaction, that, on the contrary, the
reaction complex NaKCl is over 10 Kcal/mole more stable
than the products, and that under normal conditions an
essentially adiabatic mechanism should apply.

Part II is devoted to a calculation of the masnitude
of the Jahn-Teller effect in ReFg, assuming that it
arises from a purely electrostatic interaction between
the single Re non-~bonding t2g electron and the fluorine
atoms. The results, in addition to suggesting a small
(~0,0054) tetragonal distortion in the equilibrium
geometry of the molecule, give order of magniltude

agreement with the experimentally observed splitting
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(~170 cm') in the Wy band of the vibrational spectrum.

1'his account describes original work carried
through in pursuit of the degree of Ph. D, in the
University of Glasgow. Although a small pilot
éalculation on the subject of Part IT was performed
in partial fulfillment of the requirements of the
degree of B, 3c., the work recorded here constitutes
a very considerable expansion and amplification of

the sarlier probe.

June 1967, Alan C. Roach.
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Introduction

In the study of the properties of a general chemical
system, composed of several nucleil and electrons, it is
usually possible for the problem to be divided conveniently
into two parts by taking advantage of the relative
lightness and mobility of the electrons. In a quantum
mechanical treatment the many particle hamiltonian, in

neglect of small spin and magnhetic effects, may be written

in the form
Al N2 AT
=S Pu (1)
ﬁy 2; My %;ééi * Vﬂ

where the successive terms represent the nuclear and
electronic kinetic energy operators, and the total potential
energy arising from the coulomb interaction between every
pair of particles. Z; znni?i are nuclear and electronic
momentum opersators and MQ and m are the rGSpective particle
masses. Grouping the latter two terms together, and
collectively representing nuclear coordinates by R and

electronic coordinates by r, (1) may be rewritten:
A N2 A
- 3 PN s Q
HER) =SB« K (R (2)
where fHe(}r;R) is the "electronic" hamiltonian. The

electronic wavefunctions at fixed R, %("") R), are chosen

to satisfy the Schrodinger equation

RV ) - R LR), (s




and U“(({) is the corresponding electronic energy.

The eigenvalues ({, and the normalised eigenfunctions ‘%
depend parametrically on and v/gry continuously with R.
Since the ¥ always constitute a complete orthonormal
set of functions over the electronic coordinates, it is
possible to write the wavefunction for the total system

in the form:

(o R) = S X,(R) %(r;R), (4
where the 7]:‘ depend only on the nuclear coordinates.
Substituting into the full Schrodinger equation,
multiplying by 'Sf/j and integrating over the electronic
coordinates, using (3), coupled equations of the

following type result for the ‘Y
[ jv"(z_a U’d«w—(/((Q) E]D/

~ M

2 [z g/wmmz(mw)# fr=o ®

ngmL"
where, as is always possible, the ‘K, have been chosen to

A
be real, so that f‘f’: fou Ydbr =0,
It can be shown that the electronic integrals

involving the nuclear momentum operators are ordinarily
of the relative order of the square root of the ratio of

(1,2)

the electronic to the nuclear mass. Neglect of

these terms leads to the adiabatic approximation:

[k . uw]XR)-EXE). )




For a system in the state Vﬁ(*;ﬂ?, the n® electronic
eigenvalue, a function of nuclear configuration, constitut
the potential energy surface governing the motions of the
nuclei. Within the framework of this approximation, the
whole motion of the system may be described in terms of a
single, continually adjusting, electronic solution of (3).
No transitions between electronic states occur as a result
of the motion.

There are, however, situations in which the adiabatic
approximation is inadequate. The circumstances in which
this may occur can be demonstrated by considering the
simplest and most usual situation in which breakdown is
caused at some confizuration through appreciable coupling
between two electronic states, a and b, by motion along a
single nuclear coordinate Gb, with corresponding momentum

operator

A .
h’:-‘t%&a ("7)

Neglecting the second derivative of the electronic
functions‘@ with respect to &, , equation (5) for the

coupled nuclear motions takes the form:

LS B vu -] « [(wh%=B]x o

€3S

(8)




If the coupling is treated as a perturbation and if the
zero order (adiabatic) state corresponds to motion over

the potential surface ('/(q, with total wavefunction

ol ‘
P =¥ X, (9)

then the corrected wavefunction and energy are

= Z/(Iw,w)(f’c@n P, o

o) _ &_(O)

?(‘7

and E(")

€+ { [(ebte) (D %dkﬂj

¢ E(:.‘ ‘E}:‘
where the complete set of nuclear functions i is
included in the summation (or integration if a continuum
is involved). In the free particle case the only non
zero nuclear integrals f}f%&d& will couple states Xa
and (’Y(.- corresponding to identical de Broglie wavelengths,
and hence identical nuclear momenta, It may be supposed
that these interactions are predominant even in the general
case and hence only this 74 need be considered. In this
event o

ey, R~ o),

(11)

ana EY E@) ~ U= U,

where V" is the classical nuclear velocity conjugate to Qp




Further, from the electronic Schrodinger equation(3), it

3
can he shown( ) that

Jerh e = 2 (€t )t (12)

It is apparent from equations (10-12) that the adiabatic

approximation 1s unreliable in two cases. Firstly for
exceptionally high nuclear velocities (4) the nuclear
integral (1l1) becomes large, but the more important case

at ordinary temperatures occurs at configurations where

there 1s a near or actual degeneracy of electronic levels
when the denominator of the electronic integral (12)

becomes small, the integral diverging at an actual degeneracy
unless the numerator on the right hand side of (12) also
vanishes because of some symmetry property.

In regions where the adiabatic approximation faills
coupled equations of form (5) must be employed to determine
the nuclear motions. After passage through such a region
there 1s a finite probability that a transition will have
occurred to a different electronic state. For the case
discussed above where two electronic surfaces "cross" as
a result of motion along a single nuclear coordinate, G%,
an approximate estimate of the transition probabllity, P,

5-7
is given by the Landau-Zener formula:( )

- . A
P = m/n{ 2£ ('ga(uq—u(r)(} ’ ()




where v~ is the classical nuclear velocity along Q) and 4
is the separation between the two potential surfaces at
their point of closest approach, at which position also the
gradient difference ;%5(LQ’MZ) i; evaluated.

In Part I of this thesis a calculation is described
of a set of electronic potential energy surfaces
relevant to the gaseous chemical reaction K+NaCl = KCl+¥a.
In general the documentation of potential surfaces over a
wide range of nuclear configurations constitutes a complex
and lengthy quantum mechanical enterprise, even for
rather simple systems, and relatively few reliable
calculations have been performed, these employing for the
most part serious approximation or varying degrees of

(8)

empiricism. In the present work 1t is argued that the
electronic problem can be reduced essentially to the
consideration of the motion of a single valence electron
in the fields of the ions Wa', X% and ¢1”. It is shown,
however, that considerable care must be exerclised in

the estimation of the closer range interactions between
the electron and the ions. A detailed model is developed
for the caleculation and this is shown to stand up well

when put to the test in the production of potential

. . s S+ + vrawt s
curves for the diatomic ilons Nai s Kz and faK', in



that excellent agreement is found between calculatéed and
experimental properties. Finally the full results for the
reactive system are lald out and discussed. It is predicted
that there will be no activation barrier to reaction, and
that, if excess energy were removed, a triangular molecule
KNaCl could be formed with a dissociation energy of
approximately 13 Kcal/mole. For the most part the reaction
may be exXpected to conform to an adiabatic model though it
is estimated that certain near collinear collisions
could lead with significant probability to electronic
transitions, though these could only manifest themselves
in excited product states in the case of highly energetic
collisions between the reactant species.

This work constitutes the necessary first step towards
a calculation of the detalled dynamics of the reaction
K+NaCl = KC1l+¥Na, and the results provide material to
which various approaches for tackling the problem of the
nuclear motions could be applied. The reason for the
choice of this particular system as a suitable one for which
to produce informationbfor such a project is worthy of
mention. The full detail available from the results
of such calculations involves unaveraged information for

collisions at particular relative velocities, internal



energies and impact parameters. The only exXperimental
method capable of providing s comparable range of
detall is the observation of reactlons using crossed
molecular beams. This technique, as applied to neutral
-reactive species, 1s still in its infancy, though it is

9) One of

at present enjoying a very rapid expansion.(
the principal problems involved is detection of the very
small flux of molecules scattered in a given direction.
Alkall metal atoms, and some of their compounds, have

been capable of observation at fluxes éorrGSponding to the

10)
deposition of a monolayer a month( by means of the

surface ionisation detector (11) which produces on impact
alkall ions which can subsequéntly be counted by measuring

the current they carry. For this reason most of the
reactions studied to date experimentally have involved

alkall metal atoms, and such reactions thus provide the

most useful testing ground for theoretical treatments of

the reactive scattering process, though it might be argued
that as a class they are not quiﬁe typical of the

chemically more interesting simple reactions. Within this
range the present choice allows the formulation of a relatively

simpls model which seems to contain the seeds of a fairly

reliable treatment. This model is equglly épplicable



o}

to any similar reaction involving other alkali metals or
halogens. The example chosen might be expected to be a
fairly typical member of this series.

Part II sets out a rather 1ess'extensive calculation
on the molecule ReFk. In an octahedral configuration, the
ground electronic state of this molecule is expected to
be degenerate. According to the theorem of Jahn and
Teller (12’15), therefore, the octahedral geometry must
be unctable with respect to certain asymmetric modes of
displacement in which the degeneracy is relieved. If
the distortion of the equilibrium arrangement from the
octahedral geémetry is small, then in the ordinary vibrations
of the molecule, the octahedral crossing point is frequently
traversed and the various electronic states are strongly

‘coupled.(l4)

It is assumed in ReF that the instability

of the octahedral configuration arises from a purely
electrostatic interaction between the single non-bonding
rhenium 5d-electron and the fluorine atoms. On this

basis a fairly uninvolved calculation of the shapes of the
potential surfaces around the degenerate configuration
leads to the conclusion that the molecule will be subject to

a very small tetragonal distortion, corresponding to a

©
change in an equatorial bondlength of approximately 0.005 A.
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In addition, the observed splitting in the &), band of

the Raman spectrum is successfully accounted for. The
results are on the whole insensitive to the precise details
of the model employed, and provide a safisfactory
demonstration of the applicability of Jahn-Teller theory

to this molecule.



Part T

A CALCULATION OF POTENTIAL SURFACES

FOR THE REACTION K+ NaCl = KCl-+ Na.
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Chapter 1. Introduction

The documentation of a set of potential surfaces
for the reaction K+ §aCl = KCl+ Na effectively involves
the solution of a static triatomic, 47 electron problem
at some thousands of configurations, there being three
internal nuclear coordinates. It is clear that any
hopeful calculation must make use of some simplified,
and at least partially empirical model, both on the
grounds of tractability and of accuracy. The object of
this work is to produce the best possible estimate of
the shape of the potential surfaces for this system and
as such is not intended as a demonstration of the power
and purity of the basic gquantum mechanical postulates.

The use of empirical data and the treatment of various
factors as separate fragmentary model problems are
judged, therefore, purely on grounds of the likelihood
that they might lead to greater reliability in the
eventual results.

In chapter 2 it is argued that the electronic problem
can be reduced to a consideration of the motion of a single
valence electron in the fields of the ions Na',K' and C1,
where these latter entities retain their essential ldentity

at all configurations of interest, and behave in their



I'l.

longer range electrostatic interactions as charged
polarisable spheres. The wavefunction of the single
electron 1s expanded in terms of valence s- and p-atomic
orbitals on the alkali centres. The solution of a set
of secular equations is thus required to determine the
eigenstates of this valence electron.

Chapter 3 presents a discussion of the solution of
these secular equations, in neglect of the contribution
to the electronic energy arising from the ion core
polarisabllities. A variety of integrals have to be
evaluated. Experimental ionisation potentials are used
to avoid all one centre and kinetic energy integrations,
- but, for the remaining two and three centre integrals,
expressions are required for the various atomic orbitals
and for the interaction potentials between the electron
and the ions. The orbital forms used are chosen to
fit fairly closely the outer lobes of the relevant self
consistant field valence s-wavefunctions. An important
disadvantage incurred by the uses of atomic functions,
however, is that an orbital centred on a given atom is
not fully orthogonal to the occupied orbitals of the
other ion cores, leading to a partial breach of the
Pauli exclusion principle in the final calculated

eigenfunction. This problem is discussed at length
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and an adeqguate correction for it proves vital to the
succeass of the whole project. The correction applied

1s basically in the spirit of the theory of pseudopotentials,
in that the energetic effects of proper orthogonalisation
are repfoduoed by suiltably altering the close range
interaction potential between the valence electron and the

(15)

ion cores. Simple forms are proposed for the
pseudopotential of each ion. Finally, the methods of
integration and of solution of the secular equations are
given.

The interactions between the ion cores are discussed
in chapter 4, and at this point also the electronic
interactions involving the core polarisabilities are
introduced as a first order perturbatioh to the energies
of the eigenstates. In chapter 5 calculations and results
are described for the potential curves of the diatomic
ions Na, , K; and NeK*. The model as developed is
extremely successful in the reproduction of experimentally
known propertlies and the great importance of the earlier
pseudopotential arguments is demonstrated. The inclusion
of p-atomic orbitals is shown to be essential for the
estimation of accurate binding energies and also for the

proper description of the interactions at large separations.

The results for the calculation on the reactive
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system are presented in chapter 6, and there also

their principal features are discussed, namely the absence
of any activation barrier to reaction, the appearance of

a well ccrresponding to the potential existence of a bound
triangular complex molecule, and the possibility of small
non adiabatic effects in near collinear collisions.
Finally two appendices deal respectively with the
calculation of electrostatic potentials for the ions

Na*, K* and C1° from Hartree Fock electronic distributions,
and with a discussion of the situations in which the
Cizek approximation for the evaluation of multicentre

(16)

integrals cannot be applied.
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Chapter 2

ghapter = The model

(17)

In 1951 E.S., Rittner démonstrated that the
binding energies, dipole moments and vibrational
frequencies of the gaseous diatomic alkali halides
could be calculated with remarkable accuracy on the
assumption that these molecules are constituted of pure
and discrete ions. This postulate is well supported

by calculation (18)

and experimentally on crystalline
NaCl by accurate X-ray diffrection studies{19) and by
nuclear quadrupole coupling investigations(zo), where the
latter method has been used 0 quantify the ionic
character with a figure of 99%. Rittner further assumed
that these ions could be treated as uniform classical
charged spheres, each polarised in the electrostatic field
of the other. The straightforward electrostatic
interactions involving the lonic charges and the point
dipoles induced at their centres then provide the major
contribution to the stability of the molecules, being
supplemented by a weak van der Waals attraction and
opposed by a strong close range Paull overlap repulsion
term..

Taking the alkali to halogen direction as positive

the induced dipoles D and D are given in terms of the ion
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polarisabilities P, , P_and the internuclear separation

R by solution of the simultaneous equations

D=0 (% + 29) (2.1)
and Q.=€GP*'2&)

where atomic units are employed. The brackets express
the fields at each ion centre due to the unit charge and
the induced dipole of the other ion. Pauling (21) lists
values for the ion polarisabilities, P ,and P, . The
electrostatic contribution to the molecular potential

energy curve 1s thus

R S Y. R TS S 1 A
where the negative terms represent the charge-charge,
charge-dipole and dipole-dipole interactions. The two
final positive contributions give the quasi-elastic
energies of formation of the induced dipoles.

Additional terms are included for the attractive wvan
der Waals dispersion force and also an exponential form
is chosen to take account of the close range Paull overlap

repulsion. Thus the resulting potential curve is given by

V= Q@+« Aep(-Rle) - =/R" | (2.5)

where A,¢ and c are parameters.

¢ may be evaluated by the London formula (22)
c = ._i— ItI..p P_ (2.4_.)

(x, +1)) ’
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where I, , I_ are the lonisation potentials of the ions.
Values for A and e can be chosen to reproduce the
experimental bondlengths, R, » and force constants, p, so

that

dV) (a’v) -

= and = pP. 245
(5'(7\’(22& 0, Rz,qqgo /o ( )
If this is donee is found to be substantially constant

throughout the alkall halides, with a value, typically

0.31 & , some 10% less than that applicable in the

crystal phase. Rittner thus used this averaged value

so that the second condition (2.5) had not in general to be

invoked and in fact the calculations could be used to

predict vibrational frequencies with considerable accuracy.
For the crystalline alkali halides A andg can be

determined experimentally within the contezt of the theory

of Born and Mayer.(zs) Use of these values for the gaseous

molecules, however, leads to unsuccessful predictions of

binding energies and bondlengths. ne possible reason

for this inconsistency is the inadequacy of a single

exponential expression over a wide range of internuclear

Separations as has been shown by Amdur's experimental

(24) Bonding

investigations of inert gas collisions.
propertiss are sensitive to the repulsion term over a

relatively narrow reglon close to the equilibrium bondlength
and the bonds of the diatomic molecules are soms 10% shorter

than corresponding crystalline values. However, a much
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more probable explanation here is the effect on these
"hard" interactions of sven small dipolar distortions of
the ions, which are absent in the crystal.

With this approach, Rittner was able to calculate
binding energies within 3% of the experimental values.
A more conclusive test of the essential veracity of the
electrostatic model i1s 1ts ability to reproduce dipole
moments with about 5% accuracy, these values being of
order 30% lower than would anply if the ions were unpolarised.
The polarisation interactions contribute typically 15% of the
total binding energles.

It is possible to set up a table of gaseous -ionic
radii for the alkall and halide ions exactly analogous
to Pauling's crystalline set (25), though the values are
around 10% smaller.(lv) These figures can be used to
provide further Support for the model. If the lons were
treated not as uniform polarisable spheres but, more
drastically, as classical conducting spheres of definite
radius, then their pqlarisabilities would be equal to the
cubes of their radii. In fact the gaseous ionic radii
of the halide ions are only 2 to 3% larger than the cube
roots of thelr respective Pauling polarisabilities.

Agreement for the less polarisable, and electronically
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more tightly bound alkali ions is lsss spectacular,

but still around 20%. If these radii were used,therefore,
together with the assumption that the ions behaved as
conducting spheres, reasonable agreement with experiment
would still be found. The fact that this cruder method
would not fail,strongly supports the idea that the ions
can be treated electrostatically as having definite sizes,
and the fact that their actual polarisabilities aré

close to the limiting value for conducting spheres also
supports the assumption that they are uniform in theilr
electrostatic behaviour.

In the light of the success of these calculations the
system K+ WaCl will be treated as an assembly of the three
ions Na*, K'Y and C1” and a single valence electron. ‘he
interactions between the ions will be evaluated by an
extension of Rittner's method; the main difficulties arise
from the interactions between the electron and the ions.

It must be noted, however, that this treatment appnlies
oniy for configurations where the chlorine unit is close to
an alkali atom, so that it can be permanently described as
a negative 1lon. Interest, in the reaction under study, is
in fact confined to such situations.

The immediate question as to the validity of this
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model concerns the assumption that the close presence
of the valence electron does8 not seriously disturb the nature
of the ion cores.

A direct measure of the effect of an electron on a
core is given by the core relaxation energy, the energy
released by the remaining core slectronic system when it
adjusts to its new ground state on ionisation of a wvalence
electron. This quantity may be estimated from Hartree-Fock

-
self consistent field calculations (26-28)

by comparing

the total calculated energy of the isolated ion with the
total energy of the atom less the one electron energy of
the valence electron. Relevant results, in atomic units,

are collected in table 2.1.

Table 2.1
Na X
Total energy of atom 161.85857 |599.16447
Valence electron energy 0.18199 0.14742
Core energy in atom 161.67658 | 599.01705
Core energy in ion 161.67676 529.01711
Relaxation energy of ilon 0.00018 0. 00006
EXperimentallionisation potentia1(29> 0.18883 0.15946

The values derived for the relaxation energles are less than
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0.1% of the experimental ionisation potentials, though it is
possible that the potassium value quoted may be an
underestimate as in that case the ion and atom calculations
referred to involved rather less comparable basis sets

of analytical functions than were employed in the two
sodium calculations. It does not seem likely that there
will be any significant additional contribution from
electronic correlation to the true relaxation energies.

On the strength of these figures therefore, relaxation
effects may be neglected.

It is as well to emphasise that the only assumptions
inevitably implied up to this point are that the ions can
be treated as definite entities whose structures are never
seriously altered and which approximate to charged
polarisable spheres in thelr long range electrostatic
behaviour (as, for example, with one another). ‘'he neglect
of such factors as Paull exclusion, exchange or correlation
in the short range interactions with the valence electron is
not an automatic result of this subdivision.

The guantum mechanical problem is therefore reduced
to that of findingvthe eigenstates of a single electron in
the fields of the Nat, K% and C1” cores. In the reactants

region of the nuclear configuration space this electron
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occuples a K 4s-orbital, whereas in the products region it
fills a Na 3s-orbital. It is thus natural to expand the
electronic eigenstate at any configuration in terms of

Na and K valence States. In an obvious notation
[e> = ¢, |Na,s> + ¢, [Na,p,> + cg(Na, P>

re e, sy res R Py +c K pp (2.6)
This summation is taken over the s- and p-states of the
lowest unoccupied shells of Na' and X%, where, on each
atom, only the two valence p-orbitals, p, and p,, which lie in
the plane of the three nuclei, are included; p-orbitals
perpendicular to the plane cannot interact with the lower
energy s-functions. The inclusion of p-terms contributes
significantly to binding forces and is essential to account
for the long range interactions in which a K atom is
polarised by the dipole of an NaCl molecule, and vice versa.
(The K atom is approximately 70 times as polarisable as

(30) ) The orbitals used do not of course

a K ion.
constitute a complete set but the inclusion of higher

Na and K valence orbitals, whilst considerably increasing
the size of the problem, would probably effect little
improvement in the final resﬁlts. Equally there should

be no necessity to improve the set by the inclusion of

orbitals centred on Cl™, since it is doubtful if stable
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unfilled orbitals even exist; Slater's rules,(31l) rfor
instance, estimate a 4s-radial maximum at around 30 K, and
in such circumstances the rules most certainly underestimate
the degree of screening.

The theory is developed in the following way. The
electronic hamiltonian is written in two parts:

R, = H, v Vi),
(2.7)

where ’jf\o = "QV"‘F V{’Vf‘*)* V(K+} +\/(c2‘).
The potentials V(Na*t), V(x") and V(C1l ) represent the
spherically symmetric interactions between the electron and
the ions, including possible exchange and correlation terms.
All the interactions between the ions, and the polarisation
of the ions by the electron are retained in the term
V(core), which is in itself large by virtue of containing
the charge-charge and overlap repulsion interactions
between the lons. These larger influences are independent
of the electronic coordinates and may be evaluated
separately from the computation of the electronic eigenstates,
glving a uniform additional contribution to the total
energies. The terms in V(core) resulting from the effect
of the electron in inducing and interacting with ion core
dipoles are of course dependent on the electronic position
but are of a small order of magnitude.

The electronic eigenstates are found from the zero
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order equation:
A
¢ - ° ¢
H |eny = £ |5, (2.8)
and the effect of V(core) is introduced as a first order

perturbation, with the corrected energy levels given by

EY = &9 ¢ L’ n|V(eme)|e®n >, (2.9)

"~

The advantages of this procedure will in due course be

elucidated.



Chapter 3 The zero-order eigenstates

This chapter concerns the approximate solution of
equation (2.8) when the electronic eigenfunction takes
the form of equation (2.6). In matrix form these equations

can be rewritfen:

Hew = Se. &, (3.1)
where H and S are the 6 X 6 real symmetric hamiltonian
and overlap matrices respectively. € 1s the veator

~n
of coefficients in (2.6) corresponding to the nth

eigen vector with eigenvalue E:.

The first step is to determine the elements of the
matrices H and S. Ionisation potentials are known
experimentally for all of the atomic orbitals employed,(zg)

and these values can be used to avoid performing one centre

and all kinetic energy integrals. Thus, for example,
(Na s[-472% V(N Nas) = I(nes) (3.22a)

s Mlef oMY S TO) PesKRY, (o

where I's represent the appropriate ionisation potentials.
Within the framework of a one electron problem these

relationships are exact, and the consistency between variants
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of type (3.2b) can be used as a test of the expressions
chosen to represent the atomic orbitals. Furthermore
the use of ionisation potentials automatically includes
exchange, correlation and relaxation contributions.to
these integrals. In particular the relations of type
(3.2a) ensure the inclusion of the largest of these

ef fects, namely these arising in one centre interactions.

To complete the H and S matrices overlap and nuclear
attraction integrals must be evaluated. These involve 31
two centre and 9 three centre quadratures for which forms of
the orbitals and potentials are required. In such multicentre
integrals only the outer lobes of the atomic orbitals
contribute significantly. Analytical expressions for six
term Na 3s- and eleven term K 4s-orbitals are available

(28) T'he oﬁter lobes of

from Hartree-Fock calculations.
these were fitted by single term.Slater type expressions
with exponents optimised by least squares. This process

gives (in atomic units)

,Mq'$> o0 vt %Il)(fO“S’S‘r) , (3.3)

and  |K,s) o ,‘32/,74,(4-7364").
Tests indicate that with these expressions the required

integrals can be reproduced to within about 2% of the
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values obtalned using the full Hartree-Fock functions.
Expressions for the p-functions are less readily

availéble. The lower potential surfaces,however,will not

be comparatively as sensitive to these as to the s-expressions

so that 1t 1s assumed adequate to use the same radial

variation as for the respective s-orbitals, with the

appropriate angular modifications.

One point worthy of mentlon, and whose consequences
will be apparent later, is the large size of these
orbitals. The mean radii are 2.0 & for [w) and 3.5 & for (Ky
Even when the atoms are as much as 8 £ apart, the s-orbital

overlap is still in excess of 0O.l.

3ol The spherical ionic potentials

The potential expressions V(Na'), v(x*) and V(C17)
have to be chosen to embody the two and three centre
interactions of the valence electron with the unpolarised ion

cores. Table 3.1 gives a breakdown of the interactions of the

Na 3s- and K 4s-electrons with their own ion cores.

Table 3.1
[We., s> (K,g}
Electrostatic energy ~ =246 Kcal/mole |~ =210 Kcal/mols
Exchange energy v =7 " ~ =T "
Correlation energy -4 t -5 t
Nﬁ?laxation energy +0.1 n y +0.03 "




The electrostatic and exchange values are estimated
from the results of calculations described below; the
correlation energies have been calculated by Clementi{(sz’ss)
and the relaxation terms have already been discussed. The
sum of the exchangé and correlation energies amounts to less
than 5% of the corresponding electrostatlic energy. The
strong one~centre interactions quoted are all accounted for
in the present calculations by the use of ionlsation
potentials, and it is only the weaker multicentre contributions
for which potential expressions are required. Since exchange
and correlation interactions are relatively short range
in character it is expected that they will form an even
smaller percentage of multicentre terms, and they are
nezlected.

Calculations on a purely clectrostatic model with
the potentials calculated from Hartree-Fock charge
distributionsgive unrealistic results, however, for a
very fundamental reason. The valence electron cannot be
treated independently unless its molecular orbital 1s
orthogonal to all occupied core orbitals. In the present
formulation the electron is assigned to a linear comblnation
of atomic orbitals of the form ]Na,£>'+tK,j7 of which

fNa,x> is orthogonal %o (Na,cores} but not to lK,cores>
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and vice versa for |K,37 . This constitutes a partial
breach of the Paull exclusion principle; the molecular
orbitals may be of altogether an incorrect appearance

in the lmmediate neighbourhood of the core nuclei, where
electrostatic interactions are at their strongest.

If one considers that, for example, the one slectron energy

(28)

of a K ls-electron is 133 A.U., whereas the valence

electron energy will be of the order of 0.2 A.U., it is
apparent that even a small spurious overlap of the
valence orbital with the K ls- core orbital is capable
of introducing a large negative discrepancy in the
computed energy.

Ideally the basis set atomic orbitals should be
orthogonalised to all the occupled orbitals belonging to
"foreign" cores. Such a task would be prohibitive in
itself, involving the evaluation of up to ten overlap
integrals per atomic orbital at every configuration.
The orbital expressions would by this process be
considerably complicated, vastly increasing the effort
required in computing the integrals involved in the
completion of the H and S matrices.

When one considers that the orbitals are appreciably

modified only in restricted regions of space, it seems
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reasonable to attempt to bypass this effort. Even if
computational lgbour were no obstacle one would have to
recognise in a pomplete treatment that small but troublinc
effects are introduced such as the removal of orthogonality
between different atomic orbitals based on the same centre,
and also in the last resort it is incorrect to associate
atomic ionisation potentials with appreciably modified
orbitaels.
One method which was considered, in an attempt
to find a tractable solution to this problem, was to
represent each ion core by a single function of ls-,
but suitably expanded, form and to orthogonalise foreign
valence orbitals to these. This, however, gives no
guarantee of improving orthogonalisation to individual core
orbitals and in practice was found to worsten the sltuation.
The effect of proper orthogonalisation is to introduce
radial nodes into a function within a foreign core.
Locally the functiom is forced to behave in the manner of
a valence shell orbital of that core. Thus, in addition
to the potential energy stabilisation obtainable by an
electron penetrating close to a nucleus, there is also an
increased kinetic energy contribution within the same

region, arising from the augmented curvature of the
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wavefunction.

The object of the following discussion is to determine
sultable potential functions so that the energetic effects
of orthogonalisation may be approximated using the
unmodified atomic orbitals. Consider the interaction
between an electron in a wvalence orbital of atom A and
the core of another atom B. Let ¥, represent the
unmodified atomic orbital of A and 7' the wavefunction
which results when orthogonalisation to the occupied orbitals
on core B is carried out. Further let X be the lowest
lying unoccupied valence orbital of B.

Far from B the A orbital is unaffected by

orthogonalisation so that
[}
%o Ya (3.4)

Deep inside the B core, on the other hand, the
orthogonalised A orbital will vary as the B valence function,

and thus
V=A% (3.5)

where A 1s a small numerical constant, which allows for the
fact that relatively little of the electronic charge in
orbital ¥' is distributed around the foreign core B. In

between these two extremes of behaviour there will be, in
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reality, a region of transition. For the purnoses of
this current investigation, however, it will be assumed
that the transition between (3.4) and (3.5) is a sharp one.
B is assigned a "core radius®", ¢ , outside of which the A
orbital 1s assumed to be unaltered, but within which the
core influence is sufficient to cause total modification
to the form (3.5). This assumption is essentially that
the core is hard edged. For the ions Na%, K* and c1~
the natural choice for ¢ 1s the gaseous ionic radius, although
it is found that results are not crucially sensitive to the
value chosen.

Within this radius a modified potentilal ‘@‘ is defined

so that

(Ve %) = (%'[-£7 | %), (5.6)
where rounded brackets are used in this context to signify
that integration is restricted to the volume of the core B,
pointed trackets being reserved for integrals over all space.
The right hand side of (3.6) gives the sum of the local
‘potential and kinetic energy contributions to the interaction
when the A orbital has been properly orthogonalised, V%
representing, to a close approximation, the electrostatic
potential of core B« On the left hand side V, has to be

chosen in such a manner that its interaction with the
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unmodified function ¥, preserves the equality. (3¢5) and

(3.6) taken together give

(lvg 1) = ’{l(ys“{z%/’(s) )

(3.7)
where \éﬂg is an effective point charge potential defined

so that

(e 1%EIG) = (%]-5 7% vel%). (5.6)

The determination of a suitable expression for V%'
therefore involves an evaluation of the integral (th%ﬁﬁ)%)
and of the constant A. Before completing such calculations

expressions must be set out for the electrostatic potential

V,

¢ end for the valence orbital);.

For the ions Na®, Kt and C1™ electrostatic potentials
may be obtained by applying Poisson's equation to
numericael Hartree-Fock electronic charge distributions(54'56)
and then fitting the results to a sultable analytical

(37-38) These

expression by a least squares process.
calculations, which are described in appendix A, result
in the following expressions (in atomic units):
\{@-_-{-1-15.902 exp (~3.4244r) + 3.902 exp(~18.836r)} /r
+62,6461 exp(-10.733r),
V., ={-1-31.657 exp(-2.5680r)+ 15.657 exp(-29.04Cr) § /r
+128.54 iexp (-5.6428r) + 261.27 exp(-19.210r),
Vie = {1-20.589 exp(-1.6308r) + 2.589 exp(-40.683r) } /r

+47.688 exp(-4.0146r) + 99.361 exp(-21.097r).
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Table 3.2

(a)

et K* ce”
1. ) 1.70 2.23 3.00
2. g I Vel Xap ~0.3909 | -0.3320 | (0.2171)
e <{Xg | Veer] XOM ~0,4010 | -0.3427 -
4, S ARTAR A 0.2266 0.2032 | (0.2709)
5. (x| Ve | %) ~0.1316 | -0.1249 |=-0.1454
6. CARAALY 0.1577 041299 0.1734
7. (Yelr12%) 0.0311 0.0205 0.0368
8. Mol ValXey ~ O |ValXe) -0.2593 | -0.2072 | (0.3625)
o §<YVulUrl W)~ (‘&alQ/rWe)j(d) -0.2637 | -0.2127 (0.3775)

(b)
(c)

(d)

Atomic units are used throughout.
refer to integrals restricted to the core volume and
pointed brackets, {» , tc integrals over all space.

¢ = core radius.

L] Vaer (M2 =
energgf‘yf 7

Curved brackets,( ),

self consistent field one electron
ess kinetic energye.

{<weleirlg? - (¥al9/lvg)} = potential energy contribution
from outside the core, calculated on a point charge

model and including only the outer lobe of ¥ .
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In the first instance 1t is convenient to treat together
the two alkall ions Na* and X*. The valence s-functions
used are those derived from minimal basis set Hartree-
Fock calculations.(zg)
”m$= 0.697461 exp(-10.6259r)-0.928038r exp(-3.28570r)
+0.06400048r % exp(-0.835767) : (3.10)
1;: -0.7903487 exp(-18.48950r) + 2.3164226r eXp(-6.50512r)
-0.8851556r * exp(-2.89529r)+-O.Ol749141r3'exp(-0.87375r).
Table 3.2 presents an analysis of the contri%utions to
various atomic integrals; the results involving Na and K
are contained in columns 2 and 3. Comparison of the
second and third rows shows that the total potential energy
.calculated for the valence electron using the electrostatic
potentials (3.9) comes within 3% of the difference between
the published self consistent field one electron energy
and the kinetic energy. This close agreement illustrates
the relative smaliness of the exchange contribution to the
self consistent field energy. (The estimates of exchange
energies glven in table 2.1 were obtained from these-
figures.)
From rows 5 and 6 it may be seen that within the
core radii are concentrated approximately two thirds of

the total kinetic energy and one third of the total

potential enercgy and that these contributions cancel to
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b
(&)}

within about 4%. This cancellation would be even more
complete and possibly slightly reversed in sign if a
suitablé proportion of the exchange energies were
included. Row 7 gives the contribution from within

the core which would result if Vg%% (~ -4V V) were taken

as 1/r. ‘he conclusion drawn is that for both Na¥ and k%

within the ion core,

Vot < o = ez, (5.11)
The maximum uncertainty incurred by use of g;ﬁio within

the cores in the atomic integrals of table 3.2 1s of the
order of 4 Kcal/mole. For the multicentre integrals

with which this discussion is ultimately concerned, however,
A'of (3.5) is small (of order 0.1 to 0.01) so that the
possible error incurred within the core is reduced to

an acceptable level.

Comparison of rows 8 and 9 shows that the remaining
contribution to the potential energy from outside the core
can be accounted for to within 2% by computing only the
interaction between the net ionic point charge and the
outermost lobe of the valence orbital.

The final conclusion, therefore, is that fop an

alkali ion a sultable expression,v;l,for the modified

potential to be used to interact with a foreign atomic
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orbital is
o r<q

Vi () = [ | (3.12)

l/~l' ~>a

there being no requirement in this case to find A. This
form is very considerably different from the electrostatic
potential, which near a K nucleus approaches -19/r.
Calculétions with other choices of core radius suggest that
the ionic radius is a reasohable choice for this parameter,
though the conclusions reached are not crucially altered
by a deviation of up to 20% in ¢« hereas this implies
that the potential form (3.12) derived by the above
arguments is not critically sensitive to¢, it does not
provide evidence for the wisest choice of radius to
represent the discontinuity from unperturbed to totally
modified behaviour of a foreign atomic orbital.

The choice of a modified potential V- for the 01
lon is more difficult. As surgested above it 1s extremely
unlikely that a stable valence orbital even exists.
Certainly no expfession has been published. The ion is,
however, isoelectronic with ¥¥, and, acknowledginz that
an orthogonalised foreign orbital will be approximately
of 4s- disposition within the core the form'K‘ is taken

as a suitably expanded version of the K 4s-function (3.1C) 3




58 :[05.1.

the scaling factor, which allows for the difference in
size between the two ions, is taken as the ratio of the
gaseous lonic radii. Thus, within the C1l™ core, a foreign

orbital ¥, after orthogonalisation takes the form

Yy =A%, where X (v) =¥ (0-757). (5.13)
The final column of table 3.2 lists the Cl” one
centre integrals calculated using this unnormalised form
far}&, together with the Cl~ electrostatic potential (3.9).
In this case within the core the kinetic energy contribution
overwhelms the attractive pétential energy to an extent

equivalent to a net repulsive potential,

Vc:'fg ~ v I8 (3.14)

)

where this form is not very sensitive to the choice of
core radius. Since %Eﬁ does not vanish, a value for 4
must be estimated in this case.

If the final, modified poténtial, %} 1s sought in the

form

o |
Ver = )@/" ) (3.15)

then equation (3.7) shows that

_ A’(kaggb;Q
B =l %)

The two centre restricted intezral on the denominator of

(3.16)
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(3.16) is evaluated by using an approximate expression
for the unperturbed atomic orbital ¥ within the Gl  core.

If'ﬁ is a Slater-type orbital it may be written

,‘Ig = Nrn“’a«ﬁ(~acrﬂ) , (3.17)

where any angular part (centred on A) is assumed to be
invariant over the volume of the Cl~ core, and is included,
together with the normalisation factor, in N. Yo further
facilitate the integration, which is over a small region
where ‘t; changes slowly, only the linear variation of Y
parallel to the bond axis is included, and to this approx-

Imation,

vo=y (1= §resb) (3.18)
where y = NRFeh(-«R) ana & = (& —).

In (6.18)'% has been expressed in polar coordinates centred

on the €1~ nucleus, with the A-Cl bond as principal axis.X
is the magnitude of ¥, and § is its gradient, both
evaluated at the Cl nucleus. These approximations are

adequate for all but the shortest bondlengths, R. Thus

T

, t i
(g 1¥2) = 2’10 5. (5.39)
If the further postulate 1s made that A is equal to the

‘ -
mean ratio of ¥ to ¥ on the core boundary (so that ¥ is as
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closely as possible continuous) then, taking ¢= 3.0 A,U.,

A~ 44—
0-020 ! (3.20)

so that, substituting in (3.16)

B~ Toes . (3.21)

For Na and K atomic orbitals, givihg R physically reasonable
values for appreciable core effects (2=5 KJ, 6 lies in the
range 0.0 to-0.5, and hence a sultable modified potential

within the core is

Vi =+ 1/w. (3.22)
Whilst this expression is not completely reliable it
should certainly be of the correct order. Outside the
ionic radius only the point charge repulsion is significant
so that (3.22) provides an extremely convenient and simple
representation for the cL” potential throughout space, and
again diverges markedly from the electrostatic potential
which.in the immediate vicinity of the nucleus behaves as
-17/r.

)
The above derivation of the expression (3.22) for Va-

i

can be supported in order of magnitude by another consideratim

based on the acceptance of the zero net potential within

alkali ion cores. Close to a K" nuclems an orthogonalised
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valence wavefunction gives rise on average to no net
energy contribution from any particular small region of
Space. If two protons are removed from the nucleus to
yield a Cl~ isotope the valence energy must rise. An upper
bound to the new net repulsive potential is provided by + 2/r
arising from the removal of the nucleons. On relaxation,
however, the energy is reduced in two ways; the potential
energy falls because the nucleus 1s less screened by the
expanded core electron distribution, and there is a decrease
in kinetic energy as a result of a smoothing of the
oscillations of the valence orbital. These .arguments are
consistent with (3.22).

The discussion presented above is essentially in the
spirit of the theory of pseudopotentials in which also
the energetic effects of orthogonalisation to core functions
are reproduced by the inclusion of an extra repulsive
potential in the close range hamiltonian. It can be shown(l5)
that, if this potential is sultably chosen, the modified
hamiltonian has rigorously the same eigenvalues as the
original genuine hamiltonian, but its eigenfunctions, whilst
closely approximating those of the true hamiltonian outwith
the core, are smoothed in the interior, and the constraint

of orthogonalisation is removed. A complete treatment in
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this problem would be prohibitive since the precise
pseudopotential naturally depends on the forms of all
of the core orbitals and also on the particular foreign
orbital and bondlength to which it is applied. TIn
practice the advantage of this approach seems to lie not
in eliminating the labour required to satisfy the Pauli
principle but in simplifying the forms of the valence
elgenfunctions so that they may be more closely
approximated by means of a relatively small basis set.
The fixed potentials derived above are thus approximations
to pseudopotentials.

In thls approach the pseudohamiltonian, which should
have the same valence eigenvaluesas the real hamiltonian (2.7)

and essentially similar eigenfunctions outside of the cores,

becomes
A i ‘ . -+ outside alkali cores
“ o inside alkali cores.
The corresponding pseudohamiltonian for an alkalil ion 1s
9 ~17ts Y > '
H =] ° 4 (3.24)
M o <

A
The valence atomic orbitals of <Hm*are not oscillatory

functions and should be fairly closely represented by the
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single term smooth fits to the outer lobes of the true
alkali orbitals. In table 3.3 it is demonstrated that
the simple atomic expressions (3.3) taken with the
hamiltonian (3.24) do in fact lead to encouragingly
accurate estimates of the valence orbital ionisation

potentials.

Table 3.3
| Na, sp |va, 1 [K,s) (X,p)
I.P. Calco (AOUO) -00184:9 "00104:6 -001588 “001021
I‘PD GXPt-(zg) (A'UO)-O.1888 -0.1115 -001595 -001002

A very high level of accuracy is deslrable in these
large one centre terms, however, and the experimental
values are retained in the evaluation of the integrals (3.2).
Thus the matrix H is constructed from the matrix elements

of V.

MY 2 V&+ and %;7 and from overlap integrals.

3.2 Calculation of integrals

Equipped with expressions for the potentials and
orbitals it is possible to proceed with the necessary

integrations. All of the two centre integrals can be
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treated analytically in terms of confocal ellipsoidal
coordinates as series of products of the well known

A and B functions:(sg)

(3.25)

Some care is required in the calculation of the 4 and B .

In most configurations the recursion formulae

A@ = t{e*+n AL @)} (5.26)

m ~4 '
ana Q.(4)= 5 (et~ &%« mB, (6)
give accurate values, but for b<l cancellations in (3.26)
leads to a rapid loss of significant figures and the B,

(40)

are best calculated from the seriest

B ‘6.) - f‘ ‘(")H*- “‘)n /&U\
"‘( - n=0 (M+V\+\)H.' (5‘27)
Another complication, which is less well known, arises

for nuclear attraction integrals, I, at large values of

the internuclear separation, R.
w
If Vg::ﬂfnfefdvh this integral in elliptical coordinates

reduces to an expression of the general form

I -4 Rl*?-b {?S_ CYS A,—(“R) 8; (O(Q)}, (5.29)
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where the &,; are the appropriate expanéion coefficients.
Now for large R, according to (3.26),
Ar(«R) ~ a8,
s Q (3.30)
8, («R) ~ Ltk =
so that each term in the bracket of (3.29) is of order R .
The integral, however, must tend to R~ and so the bracketed
sum is of order R*P*' times smaller than its individual
terms. Direct summation in equation $.29) for large p
or R may therefore lead to drastic rounding errors. In
these situatlons the integral (3.28) is best :calculated
by making the substitution:
z = A P(ms@) r<R
Z, (B) A (s8] >R,

In the present work, performed on a computer carrying 1l

(3.31)

n*>g

significant figures, this effect becomes important only

at such large R leSK) that sufficient accuracy is

obtained retaining only the first term in the expansion (3.31)
The calculation of integrals involving the

discontinuous alkalil ion potentials (3.12) is performed by

first assuming that the expression

Vs = - /e | - (3.32)

applies throughout space. The conbtribution which accrues
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to this integral from within the alkali core is then
subtracted. This latter bounded integral 1s
evaluated by approximating the forelgn orbital expression in
the core as linear and axially symmetric, in' the manner
proposed in equation (3.18). Errors incurred by this
technique are insignificantly small, except possibly at
uninterestingly close internuclear separations, and are
expected to be at least an order of magnitude smaller
than the error arising from the uncertainty in the close
range part of V'(r).

The computation of the nine three centre integrals
of form <Nh[%&flK>’is more difficult. Comparison with

numerical quadrature shows that Mulliken's approximation,(41)

CNa (VL [ KD = 4 (XNl Veer INa> 1 g IVee IR F N IKD  (3,33)
can provide typically 10% accuracy for s-functions but
otherwise may not even give the correct sign, and as such
is totally inadequate. An elaborate method for
approximating multicentre integrals in terms of two centre
forms was proposed by Cizek and‘shown to work excellently
in some simple examples.(l6) The model through which
this method is applied, however, cannot in practice always

be set up, and in this problem it was found that brealkdowms




were frequent. This point is discussed in appendix B.

The three centre integrals are therefore evaluated
numerically using confocal ellipsoidal coordinates based
on the alkali ion centres. Gaussian quadrature is

employed(42)

and use of two separate 8x8x8 grids over the
ranges lsx«<2.5 and 2.5g #= 12 1is sufficient to guarantee
1% accuracy &/&=:£Q:fk}/Q~“K )« This constitutes the
most time consuming part of the whole calculation.

Once all integrals are evaluated, the H and S
matrices can be set up and the eigenvalue equation (3.1)

obtained.

3.5, Solution of the eigenstate problem

Equations (3.1) can be combined to give an equation

for all six eigenvectors simultaneously,

HC =ScE (3.34)
where C is the matrix whose columns are the eigenvectors
£4,C54005¢, 8nd E 1s the diagonal matrix of eigenvalues.

This equation is solved under the constraint that the

set of eigenvector solutions are orthonormal, so that

clse = 1 (3.35)

where 1 is the unit matrix. The first step in the




48 Te3.3

solution is to find the real orthogonal matrix U which

diagonalises S, which is positive definite. Taking

US U = A (3.56)

ke
then 8 * can be uniquely chosen as

-5 e
$5~uAru, (3.37)

-4
where the elements of the diagonal matrix A" are the
inverse positive square roots of the elements of A.

Multiplying by S'k, equation (3.34) may be rewritten

-4 ~ 1 N
STHS Y she) =(s2c) E, (3.38)
where S* is uniquely defined as the inverse of S'&.

. -4 ~L
Putting X= S*C and W's STHS™®, (3.38) becomes

X"HX=E. (3.39)
S'%'is real symmetric and therefore so is ff. The
matrix X is then orthogonal, as it must be according to
(3.35), and can be determined, along with E, by a second
diagonalisation. The matrix of elgenvectors is finally

obtained as

' -%
C = S gX' (5.4:0)
This method requires the diagonalisation of two real

symmetric matrices. This can conveniently be achieved
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by the Jacobi method,(45) involving successive elementary
orthogeonal transformations chosen to nullify each
off-diagonal element in turn, and iterating over the matrix
until all remaining off-diagonal elements are smaller than
a specified allowable threshold (taken as 10'7 A.U. in

the present work).
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Chapter 4 The core polarisation interactions.

The final stage in the calculation is to
.determine the energy of interaction between the ion
cores and to compute to first order the electronic
interactions involving core polarisation. The
largest contributions to the energy are the charge-
charge terms and the short range exponential repulsions
between the ions; the influence of the induced
dipoles and of the van der Waals dispersion forces are
relatively weak. The full, non-perturbation, treatment
would be to solve analytically the polarisation problem
for arbitrary electronic position. The total
hamiltonian thus derivable would be exceedingly complex
and the evaluation of its matrix elements would involve
a large number of arduous integrationse. The extra
labour thus introduced into the prdblem would be totally
disproportionate to the smallness of the contribution of
the electron to the polarisation terms. A perturbation
treatment is more appropriate.

The dipoles induced on the cores must by symmetry
lie in the plane of the three nuclel so that a total
of six dipole components must be specified. Tach of

these is the product of the appropriate ilon polarisability
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and the parallel component of the electrostatic field
at its centre, arising from the charges of the other
ions and of the valence electron and from the induced
dipoles at the other nuclei. Applying the full
analogue of the diatomic alkali halide treatment would
lead to six linear equations for the induced dipole
components, and these could be systematically solved.
The pairwise charge-dipole and dipole-dipole interactions
between the centres could then be accounted for, together
with the quasi-elastic energies of the dipoles.

The precise determination of the field components
at the nuclei due to the valence electron, and of the
interaction between the electronic charge and the core
dipoles would involve the determination of some 70 two

and three centre integrals of the types:

<N¢\' ;;l.;z‘ N°‘> ) {Ne l w,.§<€“{‘<>)

(4.1)
L
and < Maf ,;[K)
Of these not even the two centre terms cen be tackled in
closed form, unless as a convergent Maclaurin series in
. . 44
integrals involving the A and B auxiliary fUnctlons.( )

Exsct evaluation would be much more laborious than the whole

remainder of the project. Instead the following method
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has been adopted.

For the purposes of illustration consider the effect

of an electron in a hybrid Na orbital:
l€> = “\/A 5}9 ql,(l {{NL\ $> +/l INQ /Oz>} (4.2)

where A 1s a hybridisation coefficient and the unit

vector ¥ specifies the axis (in the plane) of the
’p-orbital. The electron, together with the Na‘t ion
constitutes a polarised Na atom, which, in addition to

any core dipoles, exhibits a resultant "electronic dipole'",

given by

Pﬂc‘ = L2 A (4.3)

J?(H/\l) X,

where {+) represents the mean radius of the Na valence
orbitals. If any eigenstate solution of the zero order

equation (2.8) is rewritten in the forms

leSny = ey [Na sp3> + ¢ (K, sy (4.4)

where (;h and ¢, are constants, a fraction of an electron,

2.
= —Saa
pN& = ct 4 ¢* b} (4:.5)
Na K

can be formally assigned to the Ma hybrid and the
remaining fraction (lt— fh,) to the K hybrid. 1In this

approach there is situated on Na, for example, a residual
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Pigure 4.l1: The electrostatic point charges, electronic dipol

D, and induced core dipoles,//@.
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positive charge of (i~ £, ) together with a partial

electrcnic dipole given by

L =2< R 4
)@Nﬂ. - VT (1+2%) ~ ’ (4.6)
For each eigenstate, therefore, the core electrostatic
interactions can be approximated in terms of point
charges, electronic dipoles,;? , and core dip°1eiy5 s
as illustrated in figure 4.1l.

'he problem is thus reduced to one of simple
electrostatics. Since typically the electronic dipoles
are very much larger than the core dipoles, the
interactions between one core dipole and another are
neglected. These will be of the order of the errors
in the above treatment of the electron. In fact these
effects, of order R~7and smaller, were noted to be
insignificant contribuents to the binding energles of

(17) Dipole induction is therefore

the alkali halides.
supposed to be due only to the point charges and the
electronic dipoles, giving non-coupled equations for the
core dipoles. The polarisation contribution to the
energy of each eigenstate now simply decomposes into

charge-core dipole, electronic dipole-core dipole and

core dipole quasi-elastic terms.
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It is to be noted that in this approximate treatment
it has been implicitly assumed that each foreign core
experiences the average field of the valence electron,
whereas, since the core electronic kinetic energies are
typically much higher than that of the valence electron,
the cores might be expected to respond to the instantaneous
position of the electronic charge. The errors
introduced by this assumption should not be great, however;
the larger "own core" instantaneous polarisations are
built-in parts of the ionisation potentials.

The van der Waals terms are computed using
coefficients straightforwardly obtained with the aid of
the London formulae (2.4) and the Na*- Cl” and K'- C1°
exponential repulsion expressions are available from the
alkali halide calculations.(lv)

No equivalent expression is available for the short
range Na* - XK' repulsion and there is no direct method
by which it can be dbtainéd. Whilst the coulomb repulsion
will ensure that close Nat - K* separations will be
energetically unfavourable, an additional repulsion term
is necessary to overpower the inner trends of dipolar and

van der Waals forces. The necessary parameters may be

estimated in the following way.
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. (45)
Some calculations have been reported, on
the assumpcion that the exponential repulsion between
two ions is proportional to the square of the total

overlap between their respective core orbitals:

Ae-*le o0 S:j, (4.7)
This work leads to @- values for the alkali ion - halide
lon repulsions in rough agreement with values derived
elsewhere. The computed results given for alkali ion -

alkall ion parameters are listed in table 4.1.

Table 4.1

Ion pair [cs* - ¢s* |RbY - Rb* [KY - x* [Lit - 1it

e (X) 0.278 0.241 0.217 0.109

A typical alkali halide repulsion parameter is Q=Ch51§.
These smaller values indicate steeper repulsion curves,
consistent with the relativeMhardness" of the more
tightly bound positive ions. For the Na' - X repulsion
a value of €= 0.20 A appears to be of the correct order
of magnitude.

The parameter A may be estimated by analysing the

significance of the assignment to each ion of a fixed



ionic radius, Tor ions of opposite sign equilibrium
between the electrostatic attraction and the closed shell
repulsion forces occurs at a bondlength equal to the sum

of their radii. The closed shell repulsion is not directly
electrostatic in nature. Hence, if the sign of the
electrostatic interactions between Na* and K% is reversed,
the resulting potential curve should show a minimum at a
separation equal to the sum of the sodium and potassium
gaseous ionic radii. A is chosen by insisting that this

criterion should be satisfied.

Tables 4.2

s

Nat K cl

s-orbital lonisation potential(29) |o0,18883 | 0.15946
p-orbital ionisation potential(29) [0.1115 |o0.1002

orbital mean radius (28) 4,75 7.05
ion polarisability (21 1,22 5.67 24.90
ion ionisation potential (29) (46) 1.730 1.164 0.1367
gaseous ionic radius (17) 1.70 2.23 3600
Exponential repulsion parameters(lv)(45)
A e

Nat - C1” 124.2 |0.586
Kt - ¢oT 248.4 |[0.586
Ngt - Kt 966.,0 | 0,378

Na© - Na¥ 535.6 |0.350

k¥ - x* 1247 0.416
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It is now possible to complete the entire calculation
and toarrive at the first order energy levels Eff”
corresponding to the zero-order eigenfunctions )efrﬂ> .
Tables 4.2 contain (in atomic units) all of the empirical

data employed.
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Chapter 5 The potential curves of Na¥ , K and Nak"

In the course of the previous chaptersa rather
elaborate edifice has been constructed within the
framework of Whichkthe proposed potential surface
calculation can be performed. This chapter describes
the application of the basic essentials of the model in
some situations where experimental evidence is available
for the purposes of comparison. It would othefwise be
extremely difficult to assess the reliability of the
results obtained for the system K+ NaCl, in the absence
of any detalled experimental knowledge.

The diatomic ions Waj , K and NaK' are ideal for
this purpose. They each, according to the above theory,
may be decompoged into systems involving the interactions
of a single electron and a palr of Rittner ions, and the
treatment outlined above may be very easily simplified to
deal with them. In particular these calculations provide
a direct test of the pseudopotential expressions for
Nat and XY although they cannot measure the reliability
of the C1” pseudopotential. Nonetheless a test of the
former functions does in itself provide a check on the

validity of the general reasoning involved in the evolution
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of all of these potentials.

The treatment used in these calculations is
precisely equlvalent to the application of the model
developed above in full detail +to the system M+ NC1,
for configurations in which the halide ion 1is infinitély
removed. Only the four sigma states derivable from
the alkali valence orbitals are calculated. The diatomic
systems lend themselves to experimentation With alternative
techniques and parameters since the size of the problem
is considerably eased as a result of the loss of the third
centre, the smaller basis set of only four atomic orbitals,
and particularly by the reduction to a single internal
coordinate.

The experimental data to be compared with these
calculations is all provided by studies of the neutral

molecules and is listed in table 5.1.

Table 5.1
Na. | Nat. |[Nat | K, | Kiy |Ki [Wak | NaX”
* | (efptcale)  [expt|(cala) f (calc.
D; (Kecal/mole) | 16.8 | 22.9 |22.8 |[11.8| 17.5 |16.5 [14.3] 12.5
R (4) 3.08 |~3.6 |3.44 |3.91|~4.7 | 4.86 3.91
w (em™) ~105 | 132 ~60 |62 74

X (em™) ~=050|~0.55 w013 |- 0d7 -0.32
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The neutral molecule dissociation energies,(47) D,
48) | |

and bondlengths, R, are derived direct from

experimental work. The dissociation energies of Né:

and K: are obtained by completing the cycle:

e+ My >» Mt + M +e”

iI@MQ frvw> (5.1)
2

The ionisation potenfials of the homonuclsar néutral
molecules and also the "experimental" bondlengths, |
vibrational frequencles, &, and anharmonicities, x, for

Na: and X7 are obtained by extrapolation of the
corresponding properties of series of Rydberg excited
states of the neutral molecules.(4g’50) (The bondlengths
of Nay and K} are estimated from extrapolated rotational
constants) . It may be noted in passing that, although
there is an increase in bondlength from Na, to Naj and
from K, to K, , there is also an increase in dissociation
energy. This observation, which has been the subjJect of

(51-53)

51, 54)
some discussion, is supported by other calculationg, »54)

and the quoted dissociation energy of KZ has recently been
. . s (52)
supported by photoionisation studies.
The potential curves for the four lowest sigma states
obtained by the present calculation are plotted in

figures 5.1 - 5.3 and recorded numerically in tables 5.2 - 5.4.§
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Table 5.2 Potential curves of Nag

Eiél VI (-Kcal/mole) ve V3 V4
1.5 -55,T40 -~I07.133 -160.602 |=-450.529
2.0 93,442 17.263 I1.198 |=-232.37I
2.5 127.675 464599 37.9I9 | = 97.775
3.0 I39,0I4 67.3T4 53.697 |- 24.422
342 I140.600 744400 57,756 |- 7.5I2
3o I4TI.I70 80.664 6I.032 6.268
345 I4I.I65 83.5T4 624435 - 12.I57
346 I4I.006 86,191 63.705 170439
3.8 140.321 9T.064 654897 26,643
4,0 I39.274 954346 67.697 54.142%
4,5 135,793 103.776 70.865 47.505§
5.0 I3T.967 T109.5I7 72.602 55.76T |
5.5 128.452 II3.261 734510 60.981
6.0 125.558 II5.617 73,318 64434
7.0 I2I.790 I17.886 72.365 67,939
8.0 II19.994 118,591 7T.344 694420
10.0 II8.854 I18.703 70,414 704147
12,0 TT8.507 T18.583 70,179 70.I5T
15,0 TI8.487 I18.487 70.065 70.064
0.0 II8.438 TI8.438 69.989 69.989
o0 I18.415 TI8.415 | 69.922 69.922

Eﬁergies refer to stability relative to the dissociation limit
Nat+ Na‘*+ e~

1




=

(W



3
%)

(KCAL/MO
0
(@]

ENERGY

+ 10

=10

4

Figure 5.2%

Potential curves for

INTE=

7 STPARATTION

<




65

¥+ K¥ e°

Table 5.3 Potential curves of g;
r(k) VI(-Kcal/mole) V2 V3 V4
2.0 -38,439 -87.129 ~-I05.6I2 -I1364445
2.5 65.872 9.335 - 2.49I - 31.320
3.0 93.24T 33.348 25.666 9.646
3.5 106.387 45,992 39.837 29.632
4.0 II3.I55 58.106 48.589 16.994
4,4 I1I15.641 66.064 53.383 8.475
4,6 II6.207 694432 55.278 9.127
4.7 II6.360 71,002 56.I25 10.432
4.8 IT6.436 72.505 56.9I2 12.200
4.9 116,446 73,947 57.644 T14.296
5.0 116.396 754332 58.326 16.605
545 IT5.463 8T.498 614097 28,705
6.0 I113.82T 86.5I9 63,033 38.726
7.0 109.864 93,486 65,140  5I.080
8,0 106.276 97.271 654629 57.164
10,0 102.089 99.921 64533 6I.774
12.0 100.710 100.295 63,555 62.883
15.0 100.218 I100.T91 63,115 63,623
20,0 100,063 100. 063 62.964 62.964
®@ 99.998 99.998 62.835 62.835
|
Energies refer to stability relative to the dissoclation limit
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Table 5.4 Potential curves of NaK'

r‘;(j_) VI¢Kcal /mole) v2 yé V4
2.0 42.560 ~16.038 -50.799 | -97.404
2.5 104.325 32.864 21.422 | =36.275
5.0 124.970 56,340 44,909 | - 8,037
3.5 129.176 60.TIT 54,767 0.562
346 1304621 64,064 60.604 64631
3.8 130,919 68,733 6T.394 T0. 784
349 130.954 7T.0I4 6I.778 13,053
4.0 130.927 73,205 62,192 154 447
4.2 130.708 774301 63. 097 20.492
4.5 130.020 82.752 64.535 28.126
5.0 128.789 90.094 66.753 39.204
5,5 125977 95.,4TT 68,479 47 347
6.0 123.8453 98.935 69.659 52.976
740 I20.824 I0I.937 70.665 59.347
8.0 TI9.506 1024072 70.658 62.075

10.0 118.786 T0T.045 70.305 63.272
2.0 II8.591 T00.508 70.166 634230
| |15.0 TI8.487 100.206 70,064 | 63,090
J |20, 118,438 T00. 063 69.989 62,964
'Lfl_g TI8.4I5 99.998 69.922 62.835

Energies refer to stability relative to the dissociation limit
Hat+ K*+ o ‘




The calculated properties listed in table 5.1 are derived
from the ground state curves. The agreement between
the experimental and calculated dissociation snergies
for Na; and Kz' 1s striking. The dissociation energy
predicted in the case of the heteroion NaK*éuggests that it
1s more conventional in its binding behaviour, being
marginally less strongly bound than the corresponding
neutral moleculs. The calculated vibrational frequencies
and anharmonicities are derived from the parameters of
Morse curves (55) fitted about the ground state minima.
In view of the uncertainties of 5 - 10% in the extrapolation
for experimental quantities, agreement is again very
satisfactory. The correctness of the calculated bondlengths
1s supported within about 4% by the values obtained from
the experimental extrapolated rotational constants. The
expected trends in bondlength are followed among the three
calculated ionic values and the experimental figures for
neutral Ha, and K, , all of these distances being unusually
large by normal chemical standards. The length of these
bonds underlines the relative insensitivity of the results to
the precise choice of M'-N' exponential repulsion terms, as
these becoms significant only at considerably shorter range.
One final point of interest concerns the asymptotic

behaviour at large R. At sufficiently large separations
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the interaction becomes principally that between an alkali
ion and an alkali atom. The polarisabilities of the alialil
atoms are of the order of a hundred times greater than those
of their ilons and values of 23%°for Na and 44 33 for K

(30)  with the

have been proposed for these parameters.
ald of these figures, therefore, the limiting ion -
induced dipole interaction energy may be computed. Figure
5.4 demonstrates the agrsement between these results and
the calculated curves for the ground and first excited
states of Nak™ (corresponding to the dissociation limits
Na + K* and K + Na* respectively) down to internuclear
separations of around k. In the homonuclear molecules,
however, appreciable binding forces may be seen to operate
at even larger separations. The correct form of
asymptotic behaviour cannot be reproduced without the
inclusion of p-atomic orbitals. It is important for
any application to scattering experiments, that potential
surfaces should be used which have the correct behaviour
at large distances, because long range collisions
predominate.

The success of these calculations provides

encouraging evidence for the reliability of the model.

Before procecding to outline and discuss the
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results obtained for the system K+ NaCl, however, it

is interesting to analyse the improvements to the

diatomic ion calculations resulting from the inclusion

first of the pseudopotentials of chapter 3.1, and

secondly of p-orbitals in the wavefunctions.

Table 5.5

Ground state minima of the diatomic ions

Nak ¥ Nay | K
Calculation | W(Kcal/mole)| R(K) )i R W
' 70 | 1.5 150 2.2
Zs 34 2.18 »
13 | 3.5 6 7.5
1ls 6 4.0 16 1 3.3 7 7.0
1sp 74 2.4
Hs 4 4.4 |12.5 | 3.7 o | 5.1
Hsp 14 3.8 25 3.3 | 17 | 4.5
P@p 12.5 3.9 22.8 | 3.4 16.5 4.9
Experiment 22,9 17.5

Table 5.5 lists the ground state potential curve

minima obtained in a variety of calculations.

If

the

electrostatic ion potentials (3.9) are employed within as

well as outside the ion cores and if the wavefunctions

contaln only s-orbitals, the potential curves, labelled
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Zs, are obtained. Iigure 5.5 gives the relevant ground
state curve for NaK+, showing unexpectedly high binding
energy and a correspondingly short bond. (Furthermore
the curve shape in the range 364 is unusual.) The
spurious characteristics of this calculation are much more
clearly evidenced in the double minimm recorded for

+

Na, and K, , the curve for the former of which is plotted

)
in figure 5.6. There is ample evidence that these
disquieting features arise from interactions Within the

ion cores. In the first instance the ground state curves

for Na; and K;'around their inner minima are those
corresponding to the antisymmetric molecular orbital.

The positions of these respective minima at 1.58 and 2.2

may be compared with the radial maxima of the atomic

orbitals which occur at 1.2 for Na and 2.08 for K.

A simple calculation shows that under these circumstances

the antisymmetric ﬁolecular orbital concentrates more

charge within the ion cores than does the symmetric orbital.
Further evidence that a core effect causes this behaviour

is provided by the results labelled ls where the slectrostatic
potentials are replaced by simple point charge exXpressions
(throughout space) resulting in the disappearance of the
inner minimaAgiving more plausible bonding parameters.

However, the reintroduction of p-orbitals leads again to
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a deep minimum at very short rangé as exemplified
by the result 1lsp for Nak®,

In the calculations Hsp and Hs (respectively with and
without p-orbitals) the valence orbitals are made orthogonal
to foreign cores simply by setting them to be uniformly
zero within the core radius. As is clear from table 5.5,
the results Hsp obtained for the diatomic ions with this
method are essentially the same as those from the adopted
pseudopotential model (labelled Y¥sp). They are recorded
here for two reasons. In the first place comparison of
the two parallel sets deménstrates that only approximately
half of the total binding in the diatomic ions results
on the inclusion of s-orbitals alone in the valence basis

set. Secondly, figure 5.7 shows the results of a series

+

of Hsp calculations on X, ,

steadlily increasing the size
of the core radius from zero to the KV gaseous ionic
radius. The inner curves demonstrate the successive
diminution.bf the antisymmetric curve at the inner minimum.
The symmetric curve is not so sensitive to core radius and
is shown only at its final position.

The procedure Hsp which involves cutting “holes" in
the valence orbitals within forelgn cores is, for the

diatomic ions, nearly equivalent to the adopted procedure,

though on the basls of the discussion in chapter 3.1,




insufficient core penetration is allowed in such a
model. . This effect would become important in a systen
containing a chloride ion. There are also difficulties
inherent in such an approach in thatvthe orbitals would
presumably be required to be renormalised, and also strict
orthogonality between s- and p- valence orbitals on a
particular centre is relaxed, with the result that a
sultable atomic combination assumes a larger "ionlsation
potential.” The adopted procedure is clearly more
satisfactory.

The salient points from this discussion may be
summarised. The use of electrostatic poténtials leads
to spuriously strong and close range binding. Using
pseudopotentials, however, as the core radius is
steadily increased from zero to the ionic radius, these
deep inner minima disappear, and the resulting longer
range binding 1is not‘rapidly altered. The inclusion of
p-orbitals is essential both to obtain accurate dissociation
energies and to describe effectively the long range
behaviour. As a result of these calculations it is
possible to proceed with some confidence to outline the

results for the reaction K+ NaCl= KC1l + Na,
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Chapter 6 The potential surfaces for the reaction
K+ NaCl = KCI + Na

In table 6.1 the energies of the two lowest
potential energy surfaces for the reaction XK + NaCl = KC1 + Na
are listed at all configurations for which they were
calculated. The format in which these results are
presented reaquires some explanation. For the reaction
M + NC1l the nuclear configuration is specified in terms

of the coordinate system deplcted in figure 6.1.

6 <X
O—= @
' Figure 6.1

R is the distance from the reactant atom M to the centre
of mass, G, of the NC1l molecule. The dimenslonless

constant ¢ is defined in terms of the atomic masses as

1

) (6.1)

My (Mmy + me )
N Mep (mpempytMee)

e =

and the length of the N-Cl bond i1s given by c¢.
Finally, X is the angle M@Cl. In this coordinate system
the classical energy for nuclear motion restricted to a
plane is given by

E=4m {858 ()7 + VR, %),

where m -~ MM (Myrric
mﬂ*’MN*’W\CA

(6.2)

)
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so that any orthogonal transformation will preserve the
diagonalisation of the kinetic energy. The results in
table 6.1 are divided into two parts, expressed in the
coordinate systems for K+ NaCl and Na + KCl respectively;
the former is concerned principally with configurations in
the reactants region and the latter with the products
region. For each part the results are broken down in the
first inst'ance into separate sections for each angle %,
at 15° intervals. These sections are mrthei' subdivided for
each R, the value of which is given at the head of each
subsection, together with an integer,n, indicating the
number of cohfigurations listed for that (¥,R). The data
for each point is then listed, giving first the relevant

@ - value, and then the two lowest electronic eigenvalues
E, (R,f,X) and EL(R,e,X) . The format of each section may

be illustrated:

MeNCE  angh = 'x"aa;

Ri;n,

e E (R, e,X); E,(R, e,,X);

:G‘».:f‘(l?,,e.,_, x); EL(R, €., %), : (6.3)
€un (R €1 ) éz(ﬂ\,'em',w); '

R?.,‘ Ne )

%:s) E (R, X Eu(Ry, €., %);

éL. - :

Distances are given in A and the energies, in Kcal/mole,
-measure stability relative to the dissociation limit
(Wa"+K*™%C1l™+ e”). The completion of the calculation at the
points listed in table 6.1 required some 30 hours of

computing time.
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