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INTRODUCTION




INTRODUCTION

Wave mechanics presents a picture of the electronic
structure of molecules far removed from that of the
experimental chemist. Thus the quantum theorist describes
the molecule in terms of electrons, nuclei and probability
distributions, and the molecular energetics in terxrms of
Coulomb forces and kinetic and potential energy, whereas
the chemist thinks of a molecule as composed of bonds, lone
pairs and inert cores and in terms of ill-defined but
nonetheless useful concepts such as electronegativity, bond
order and electron pair repulsions. It is the task of the
quantum chemist to bridge this gap; on the one hand, to
justify, clarify and quantify the qualitative chemical
concepts, and, on the other, to extract from the mathematical
complexities of the wavefunction, quantities reflecting the
electronic characteristics of the molecules.

The notion of the two-electron entities, electron pair
bonds and lone pairs, plays a large part in the qualitative
description of many molecules. It is therefore natural to

seek methods which build up the molecular wavefunction from



units describing the individual bonds and lone pairs, and hence
provide a link between quantum mechanics and chemistry. The
simplest such method is based on the pair function wavefunction
which is an antisymmetrised product of localised two-electron,
or pair, functions. The currently most important version of
this approach - the Separated Pair method of Hurley, Lennard-
Jones and Pople - has been shown to be a valuable tool for
obtaining molecular wavefunctions and for relating the mathematics
of the wavefunctions to chemical concepts. The pair functions
are, in the Separated Pair method, constrained by stringent
orthogonality requirements, which although producing a method
with considerable practical advantages, restricts the generality
and accuracy of the wavefunction. By removing the orthogonality
constraints, these deficiencies are avoided, and a potentially
very accurate and widely applicable wavefunction -~ the Non-
Orthogonal Pair Function (NPF) wavefunction - is obtained,

which up till now has received little attention.and, that it
has, of a very restricted nature. The NPF wavefunction bears

a close resemblance to the Valence Bond method, which is the
fore-runner of all electron pair theories, with bonds being
represented quantum mechanically by Heitler-London two-electron

functions. The main'reason why little work has been directed



towards the NPF method is that it encounters the same practical
problem as Valence bond theory - the molecular non-orthogonality
problem - due to the use of non-orthogonal basis orbitals, which
makes the evéluation of the wavefunction and expectation values
an extremely complex task. The first part of this work is
devoted to the non-orthogonality problem and, in particular,

the NPF method.

Current electron pair theories are limited to singlet
states since the electrons of each pair function are constrained
to be coupled to a zero spin state. Although many molecules
of interest do exist in singlet spin states, there are also
many situations where the present pair theories are inapplicable
due to this restriction. In the second part of this work, the
scope of the Separated Pair theory is extended by the introduction
of a new basis of spin functions which allows wavefunctions of
arbitrary multiplicity to be constructed for even-electron

molecules and molecular positive ions.
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Molecular Wavefunctions and the

Non-Orthogonality Problem

Many different methods have been proposed for calculating
approximations to the unobtainable exact solutions of the
Schrddinger equation for polyatomic systems. The most
important of these are based on the orbital expansion of the

exact n-electron wavefunction
m

Yy = 2 c. V. (1.1)
i

where the structure Wi is given by

ny
v, = Ry = ) oq Ry
J
and the configuration wij by
_ ij ij ij
wij ¢l (l)¢2 (2) ... ¢n (n) eij(l...n)

The orbitals ¢ij are one-electron spatial functions, and the

spin functions eij(l...n) simple products of the one-electron
spin functions, a and B. The configuration coefficients dij

are fixed by the requirement that the wavefunction is an
eigenfunction of the square of the spin angular momentum operator,

a2

S, and is symmetry adapted to the point group of the molecule.



As m, the number of structures, and hence the size of the basis
of one-electron functions, tends to infinity, so the wavefunction
¥ tends to the exact wavefunction. The ¢ij are generally taken
as atomic orbitals or linear combinations of atomic orbitals
since the potential energy terms in the molecular Hamiltonian
ensure that the molecule retains, to a large extent, especially
near the nuclei, the characteristics of the free atoms.

Since neither an infinite basis nor an infinite set of
structures can be dealt with in practice, approximations, by
the truncation of the basis and number of structures to a finite
size, are inevitable. The structure coefficients c, and any
free parameters that the orbitals ¢ij may contain, are then
determined so that the approximate wavefunction is as close to
the exact wavefunction as possible: in practice, this means
that the energy of the approximate wavefunctions is as close as
possible to the true energy. The various me£hods of orbital
wavefunction construction differ in the way that the orbitals
are set up and the number and type of structure included in the
wavefunction: two approaches to the problem may be distinguished
which we shall call the "mathematical" and the "chemical" approaches.
In the "mathematical" approach, no cognisance is taken of any

conceptions we might have, from experimental sources, of the



electronic structure of the molecule. Rather, the molecular
wavefunction is generated, from the knowledge of the geometry
of the molecule only, by insertion of the chosen set of atomic
orbitals into a general prescription for the wavefunction.

The advantage of such an approach is that, by concentrating

on the mathematical formulation of the method, i.e. the general
prescription, the wavefunction can be made to incorporate
features which from a practical point of view, are highly
desirable. The most important of these is orthogonality

of the one-electron orbitals,

[ ¢i(l)¢j(l) dTl = Gij

since the expressions for the energy and the variational
equations that determine the optimum values of any free
parameters that the wavefunction may contain, are then usually,
as we shall see, greatly simplified and well suited to practical
applications of the theory. The best known example of this
approach is the Hartree-Fock (HF) wavefunction for 2N electron
singlet states which is essentially the simplest possible
orbital wavefunction, consisting of a single antisymmetrised

configuration of doubly occupied orbitals

¥ o= A ¢,(1)9,(2)¢,(3) ... ¢N(2N)Q(1)~B(2)0t(3) ... B(2N)



where the orbitals ¢i, the molecular orbitals (MO), are
expanded as linear combinations of all the atomic orbitals
in the molecule. The prescription for the MO'S’¢i, and

hence the molecular wavefunction, is the eigenvalue equation
R (1) ¢, (1) = e 6,(D)
i i'i

which the MO's satisfy, where € is the energy of the orbital

¢i and hF(l) the well known Hartree~Fock Hamiltonian operatorl.
On the other hand, the "chemical" approach depends on
having a detailed qualitative picture of the molecular
electronic structure, in which the molecule is broken down
into small independent units, and set of rules for converting
this empirical picture, unit by unit, into a molecular wave-
function. Valence Bond (VB) theory belongs to this category.
Valence theory interprets the structure of most molecules in
terms of two-electron two-centre bonds. The two-electron

bond between atoms A and B is represented quantum mechanically,

in the first approximation, by a Heitler-London function
(¢a(l)¢b(2) + ¢b(l)¢a(2))(a(l)8(2) - B(L)a(2))

where the orbitals ¢a and ¢b are valence atomic orbitals or

fixed combinations of the atomic orbitals on atoms A and B



respectively, directed along the bond direction. These
"covalent" bond functions, one for each of the M bonds in

the molecule, are augmented by "ionic" bond functions, in
which both electrons are localised on one atom of the bond,
and "long bond" functions or alternative spin couplings, in
which orbitals in different bonds are paired together. A
structure is constructed by taking an antisymmetrised product
of M bond functions; the total wavefunction is a linear
combination of such structures corresponding to different
choices of the M bond functions?. The disadvantage of the
“chemical" approach is that, because the wavefunction is
built up from wavefunctions for the individual parts of the
molecule, no account is taken of the practical aspects of the
resulting wavefunction. The price that has to be paid is
the non-orthogonality problem: this becomes clear when we
consider the optimisation of the structure coefficients, ci,
in the VB wavefunction. Application of the variational

theorem to equation (1) gives the best coefficients as

solutions of the secular equation

(H-ES)g = 0

where E is the electronic energy, the matrix elements



Hij = J ¢i HA wj dat and

and H is the molecular Hamiltonian. The antisymmetriser

is the sum of all signed permutation operators of order n, and
sends wj into a linear combination of nj X n! orbital product
terms with electron labels permuted between the orbitals. Since
fi contains at most operators dependent on the coordinates of two
electrons, the integration over all coordinates gives for éach'
term in the expansion of wj an energy integral times at least
(n-2) overlap integrals, Skl = j ¢k(l)¢2(l)dr. In VB theory,
the orbitals on which the configurations are based are atomic
orbitals: hence, orbitals on different atoms are not orthogonal
and, in general,.none of the overlap integrals vanish. The
number of terms contributing to Hij therefore increases with

the number of electrons as approximately n! so that the work
involved in evaluating the matrix elements, and hence the VB
wavefunction itself, rapidly becomes prohibitive. Herein lies

the whole non-orthogonality problem of molecular quantum mechanics,



in the rapid escalation of the labour required to construct
wavefunctions based on non-orthogonal orbitals. And the
problem is intimately linked to the "chemical" wavefunction
method through its demand that wavefunctions are constructed
unit by unit. (In practice, the situation may be alleviated
to some extenta, but the rate of increasing complexity of the
matrix -elements is not in general greatly reduced). In
wavefunctions based on orthogonal orbitals, however, any
pexmutation, P, which results in mismatch of orbitals gives
a zero result on integration since the overlap integral Skl
is zero unless k={%. Thus, in the MO method, only 2N terms
in the expansion of an expectation value of a one-electron
operator, and 2N(2N-1l) for a two-electron operator, are non-zero;
and, it has been estimated, the work required for the complete
evaluation of the MO wavefunction increases as approximately
the cube of the number of atomic orbitals in the basis®, a
much less rapid increase than in the VB method.

The disparity between the practical aspect of the MO and
VB methods is underlined when we consider the current situation
regarding their application to molecular systems. The larger

the molecule, the more difficult it is to obtain an approximation

to the wavefunction. With current computing facilities, it is

- 10 -



possible to calculate crude, usually semi-empirical, wavefunctions
for large molecules, by quantum mechanical standards, with less
than 100 electrons, simple ab initio wavefunctions for medium
sized molecules, with less than 40 electrons and accurate
wavefunctions only for small molecules, with less than 15 electrons®.
A molecular wavefunction calculation falls naturally into two
stages - the setting up of the atomic orbital basis and evaluation
of the integrals, kinetic energy, nuclear attraction, electron
repulsion and overlap, over this basis, and the optimisation

of the free parameters in the wavefunction. A balance must

be struck between the stages, firstly for the sake of efficiency,
since the combination of a very accurate basis, which requires

a long integral computation time, with a wavefunction, which is
very simple and easily optimised but which can never approach

an accurate wavefunction, will not give results which merit

‘the work involved; and vice versa, for accurate wavefunctions
and simple bases. Also, from a practical point of view, the

two stages must be kept in step for, if one stage becomes much
more time consuming than the other, this stage, and hence the
whole wavefunction construction, will be in danger of becoming
completely intractable.

In the MO method, the optimisation step is, in most situations,

- 11 -~



less time comsuming than the computation of the integrals.

It has however been possible to introduce approximations at

the integral evaluation stage to bring the two steps into
balance, and to make calculations on large molecules feasible.
These range from the crudest empirical methods of pi-electron
theory, through semi-theoretical approaches such as the neglect-
of-differential-overlap methods as used for example in the INDO
method®, up to the Gaussian orbital methods in which Slater-type
orbitals are expanded in linear combinations of Gaussian orbitals7,
and which may be considered more as integration aids than
approximations.

But, in the VB method, the situation is reversed, and‘the
wavefunction dptimisation process is the more complex, it being
at this stage that the non-orthogonality problem, in the matrix
elements evaluation, makes itself felt. The integral evaluation
is a matter of secondary importance. Unfortunately, no satisfactory
approximation method has been found to overcome the problem, and
make VB theory applicable to the size of molecule tractable by
MO theory. Certainly, a semi-empirical method has been used in
which all the (n!-1) interchange terms are combined into a single
parameter, the exchange integral, which is then partitioned into

bond and interbond interaction terms to be disposed of as empirical

- 12 -~



parameterss. Apart from the crudity of such an approximation,

the partition is derived on the basis of the neglect of all
overlap integrals and a single structure "perfect pairing"
wavefunction. These have been shown to be totally unfounded,
leading for example to the conclusion that the hydrogen molecule
is not bound?. In an attempt to circumvent directly the
practical difficulties of VB theory, McWeeny has combined the
advantages of a "mathematical" approach with the spirit of the
VB method, by orthogonalising the atomic orbital basis before
constructing the VB wavefunctionl0. The matrix elements then
take fairly simple forms, but, unfortunately, the convergence
of wavefunction as more structures are added is disappointingly
slow!l. Such is the seriousness of the non-orthogonality
problem that complete calculations by the VB method are only

2, and in default of any

possible for very small molecules!
approximate solution, has resulted in almost total neglect of
the VB theory as a practical method.

This is the current state of the molecular non-orthogonality
problem. Is it worth considering further, or would it not be
better to concentrate on the more practical, i.e. "mathematical"
methods? For several reasons, the answer is no. Firstly,

there are areas of interest where the practical difficulties

of traditional VB theory are justified by the accuracy of the

- 13 =



results. These we shall try to identify in this Section.
Secondly, the relation between quantum mechanics and valence
theory needs to be better understood: a "chemical" wavefunction
is best suited for this task. And thirdly, the non-orthogonality
problem must be overcome, for, when we come to very large molecules,
"mathematical" methods will be of little use, the vital
orthogonalisation process itself becoming totally impractical.

It may be that the problem is surmountable or may be alleviated

to a great extent by approximation techniques, but that the VB
wavefunction is not the most suitable starting point for finding
the solution. These points will be considered later in this
Section, and in greater detail in remaining Sections of the
Chapter.

Let us now consider the contention that, in certain
circumstances, the VB wavefunction may have advantages over
"mathematical" types of wavefunction, and hence that the current
view that it is an impractical method is unfounded. We must
first look in more detail at these "mathematical" methods.

Just as VB theory has, because of the non-existence of approximation
methods, an upper limit on its applicability, so MO theory has a
lower limit, but, in this case, for theoretical reasons. The

price that has to be paid for the pleasant practical characteristics

- 14 -~



of the wavefunction is that it can never approach the exact
wavefunction. As the size of the basis increases, so the
energy tends to a limit, the Hartree-Fock limit, above the
true energy. The origin of this limit is the neglect of
correlation between the motions of the electrons: in the

MO representation of reality, the electrons are allowed to
collide with one another because, instead of moving in the
instantaneous coulombic field of the other electrons, each
electron moves in an average field!3. This is most readily
described in terms of the one- and two-particle density

functions. Thus the one particle density function is

p(1,1") 2N I Y(1...2N)¥(1'2...2N)dT

2...2N

B

0%(1,1") + o (1,1")

where, for example pa(l;l') gives the probability of finding

an electron at point r. with spin o. The two-particle

1

density function, whose diagonal elements give the probability

of finding simultaneously electrons ar rl with spin sl and at

r, with spin s_, is, in the MO approximationlu,

2 2

p(1,1%;2,2') = N(2N—l)JW(l2...2N)T(l'2'3.ﬂ.2N)dT3 oN
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= o%,1n0R 2,2 + 0%@,100%2,20 - 0%(2,100%@,2')

+ 02108 2,2n - pP2,190" 21

Thus, electrons with different spin are uncorrelated, since the
probability of finding two electrons simultaneously at ry and

r, with spins o and B is the same as finding them at these
positions independently, whilst those with the same spin spin
are correlated, for, as r, -+ Lo the probability goes to zero,
i.e. the electrons cannot collide. Since the same-spin, or
Fermi, correlation is present in all antisymmetric wavefunctions,
it is the different-spin, or Coulomb, correlation that is the
important factor in molecular wave mechanics. The seriousness
of this neglect may be judged from the fact that the difference
between the HF and the exact energies is of the same order as
molecular dissociation energiesls, and hence large compared

to the energy differences of interest to chemists. In general,
the current computational facilities are such that MO theory

is the only practical method of obtaining wavefunctions for
medium~-sized and large molecules. But, for smaller molecules,

more accurate wavefunctions may be found.

The search for ways of transcending the MO approximation

- 16 -



has been concentrated on "mathematical" methods. This is
natural since the problem is a very difficult one and it is
vital to have as practical a method as possible, and also the
obvious starting point for a method introducing correlation

is the uncorrelated MO wavefunction. The first step in this
direction is to add extra structures to the single structure
MO wavefunction. But from what orbitals are these to be
constructed? The Hartree-Foch operator, which determines

the MO's, has as many solutions as atomic orbitals. Since
the number of atomic orbitals is usually greater than the
number of occupied orbitals, i.e. those used in building up
the MO wavefunction, the redundant solutions - the virtual

or unoccupied orbitals - provide ; ready-made additional basis
from which to build further structures, by replacing occupied
MO's in the MO wavefunction by unoccupied oneé. Since the
occupied and virtual MO's are eigenfunctions of the same
operator, they are automatically orthogonal, making the matrix
element construction an easy task. It has become apparent
however that, despite the attractiveness of this technique,
known as Configuration Interaction (CI), the wavefunction,

as more structures are added, converges very slowly. This is

due to the fact that the virtual orbitals do not possess the

-17 -



correct shape to improve the wavefunction: they are small in
regions of high electron densityls. To overcome this deficiency,
the Multi-Configuration Self—Consistent—Fiéld (MCSCF) methed has
been proposed17, in which, instead of using the fixed, unsuitable
virtual orbitals, which are determined by orthogonality conditions
rather than by an energy criterion, in the CI expansion, all the
MO's, occupied and "unoccupied", are optimised simultaneously
with the structure coefficients. This ensures that the
"unoccupied" orbitals have the correct form to contribute
significantly to the wavefunction.

A closely related approach is the General Separated Pair
(GSP) method, in which the wavefunction is written as an anti-

symmetrised product of two-electron, or pair, functions
vy = Aataza?ea ... aVen-1,2v)

For a singlet state, the pair functions AI(12) are expanded
in terms of one-electron orbitals ¢§
I I T I
AT(2) = ) <l 41 (1) 6;(2) @(1)B(2) - B(L)a(2))
i
where the orbitals ¢§ are further expanded in terms of all
atomic orbitals in the basis, as in the MO methodl8. Formally

simple variational equations and energy expression are ensured

- 18 -



by constraining the pair functions to be strongly orthogonall9,

that is,
J AI(lZ)AJ(lS)drl = 0, I#4J

which, in effect, requires that the orbitals ¢i are orthogonal

to the orbitals in all other pair functions ¢g, J # 120, It

is usual to also demand that the orbitals within a pair function
are orthogonal. It is found, in practice, that each pair function
contains one strongly occupied orbital, ¢i, with coefficient,

ci, approximately unity and a set of weakly occupied orbitals

with coefficients ci, i=2,3,..., approximately zero, and that

the ¢i closely resemble the MO's of the Hartree-Fock wavefunction?!.
The wavefunction is thus, on expansion, very similar to a MCSCF
wavefunction, but constructed only from doubly, cquadruply etc.
excited structures and with each set of weakly occupied orbitals

- equivalent to the "unoccupied" orbitals of MCSCF theory -
correlating only one occupied MO. Also, the coefficients, for
example, of a quadruply excited structure is the product of the
coefficients of the related doubly excited states, (divided by

N

a constant, 1II ci, which is close to unity): this "unlinked
I=1

cluster" approximation22 has been shown, in practice, to yield
satisfactory results?3. The GSP wavefunction has conceptual

advantages in that the correlation it introduces is evident from

- 19 -



inspection of the density functions. The one-particle density
function reduces, under the strong orthogonality condition, to

the sum of the probability distributions of the individual pairs

1

R : PP
g (p;(1,1') + p-(1,1")

p(1,1")

(1.3)

f

75 (5?2 ool (maan + sBA)
Ii 1 1 1

The two-particle density function is2t

p,2,10,20 = §o¥fa,2,10,20
I

s 7 edaaneleen +efuanede 2
I,Jd

' a T o 1 - o 1 o 1
+ IZJ (p (1, 1Mp (2,2") = p (2,10 (1,2"))

+ I efaanefeen - o

B8
(2,1")p-(1,2")) ,
1,5 I I J
where, as in equation (1.2 ), we have omitted the terms with

spin parts a(1')B(L)a(2)B(2') and a(2')B(2)a(l)B(1l') which do

not contribute to the energy since they vanish on spin

integration. The intra-pair term is, on expansion,

a ITITI I I I
pIB(l,l',Z,Z') = ¥ clelolmetanet@elen

i3 i73%i 3 i 3
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x (a(l)a(1')B(2)B(2") + B(L)B(1N)a(2)a(2'))

The GSP wavefunction thus contains Coulomb correlation between
the electrons within each pair function but none between those
in different pair functions. This is an improvement on the

HF approximation, and is capable of giving very accurate
wavefunctions when the electron pairs are well separated
spatially, for example, in berylliumzs. The orbitals that
diagonalise the one-particle density function are the natural
orbitals (NO) of the wavefunction: they derive their importance
from a theorem which states that the approximate wavefunction
which is closest to the exact wavefunction is one based on

the NO's of the density functionZ6. The density function of
the GSP wavefunction is already in diagonal form, equation (1.3);
the natural orbitals ¢§ are therefore determined directly and

a rapid convergence of the wavefunction is expected. One

of the most recent and most important of "mathematical"
wavefunction methods utilises this theorem directly. The
natural orbitals, on which the expansion of the wavefunction
should be based, are the eigenfunctions of the exact density
function, which is, of course,unknown. The Natural-Orbital

Configuration Interaction (NO-CI) method?? locates the NO's

- 21 -



by an iterative process in which a correlated wavefunction,
usually a simple CI wavefunction is analysed into its approximate
natural orbitals. These are then used as the basis for a further
CI calculation. By obtaining the NO's of this improved wave-
function and continuing the cycling process, the natural orbitals
converge, within the limits of the basis, to those of the exact
wavefunction.

Apart from the lack of correlation, other serious short-
comings are inherent in the MO wavefunction. In the first place,
MO theory predicts the wrong dissociation products: on the
separation of two bonded atoms to infinity, the MO wavefunction
goes over to a mixture of neutral atom, and positive and negative
ion, product wavefunctions instead of the correct dissociation
products which are the neutral atoms?28, Although, in practice,
this is not apparently a catastrophic deficiency for small
deviations from the equilibrium geometry, it does cast doubts
on the accuracy of energy surfaces determined by the MO method.

" Secondly, the wavefunction is characterised by doubly occupied
MO's from which only a singlet state may be constructed. The
extension of the wavefunction to doublet, triplet and higher

29

states is not easily accomplished: the restricted HF wavefunction<”,

in which the orbitals are divided into a doubly occupied closed
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shell set and a singly occupied open shell set is inadequate
since it neglects the different interaction of the o and B8
spin closed shell orbitals with the open shell. This results
in the prediction of positive spin densities only, in doublet
state molecules, whereas experimentally both positive and
negative spin densities are observed30, The unrestricted

HF wavefunction3!, in which all the o and B spin orbitals ére
allowed to be different is not an eigenfunction of §2, and a
complex spin projection operator must be applied to the singlet
determinant to give a proper wavefunction32. Also, despite
the delightfully simple picture, given by MO theory, of
excitation whereby an electron "jumps" from an occupied to an
unoccupied orbital, it is exceedingly difficult to obtain
variational, that is, MO coefficient optimised, wavefunctions
for the excited singlet states due to the requirement of
orthogonality to the ground state to prevent collapse of the
variational processg3.

A certain amount of polarisation has become apparent in
the applications of the "mathematical" type of wavefunction.
On the one hand, we have the many successes of MO theory in
the study of medium-sized and large molecules at the various,

fairly low, levels of accuracy, from the wvast numbers of
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applications of semi-empirical pi-electron theory, to the
many récent ab initio Gaussian orbital studies on such diverse
systems as the water dimer3", sulphur dioxide3® and nucleic
acid bases36. On the other, very accurate wavefunctions have
been obtained for small atoms and diatomic molecules, using
large extended bases, with the correlated "mathematical”
wavefunctions, for example, Ruedenberg and co-workers'
applications of the GSP method37, and Bender and Davidson's
exteﬁsive studies of first-row hydrides38. There has, however,
been less success in finding wavefunctions of intermediate
accuracy. But several reasons make the search for methods

of obtaining simple correlated wavefunctions for small
molecules a necessary one. The first is that there remains

a great deal of interesting work to be done on small molecular
systems for which accurate wavefunctions will be required.
Such fields include atomic and molecular interactions;
reaction paths; barriers to conformational changes; excited
molecular states, singlet and higher multiplicities; open
shell molecules; and energy surfaces for forge constant
calculations. Continual advances in experimental techniques
are making more accurate experimental data available, so that

the theoretical results are no longer of academic interest
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only. One current area of interest is the search for exotic
light molecular species for use as rocket fuels39: also the
spectra of small molecules are of astrophysical importanceuo.

The enexrgy quantities that are of greatest interest are
often very small, of the order of K calories, for example, the
barrier to inversion in ammonia, and much smaller than the
correlation error the HF wavefunction. An energy difference,
arising from a geometrical change in the system, comes from three
sources - a direct energy change, present even if the wavefunction

"is unchanged, a correlation energy change and a change due to

the different contributions from atomic orbitals above the
valence shell. Often, the first factor is the dominant one so
that even simple MO wavefunctions are capable of reasonably
reproducing the correct results; but it is becoming increasingly
obvious that the latter two can constitute a considerable
proportion of the energy difference, although the relative
importance of these two effects is as yet unknown. For example,
Pipano - has estimated that half the barrier to inversion in
ammonia is due to correlation energy changes“l, whilst Clementi
has found that the addition of a 3d orbital to the basis, in a

HF wavefunction, greatly improves the inversion barrier“2. Also,

two-thirds of the dimerisation energy of BH3 has been attributed
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to correlation energy differences"3. Correlation is thus

expected to play an important part in many of the areas listed
above.

But it is to be hoped that simple, but well chosen, correlated
wavefunctions will be sufficiently accurate for many purposes,
firstly from a purely practical point of view, since the very
accurate wavefunctions, for example, of Bender and Davidson,
involve for a single calculation, a very considerable amount
of labour. It cannot be forseen, in the near futﬁre, that
these methods will be feasible for routine studies of molecular
systems, especially considering that many areas will involve
energy surfaces, rather than a single equilibrium geometry
calculation. On the other hand, it is well known that very
accurate fully correlated wavefunctions are an unnecessary
luxury since a major proportion of the correlation energy, for
example, core correlation energy, is unchanged in different
geometrical situations. What is vital is that partially
correlated wavefunctions are found which are sufficiently
flexible to pick out those parts of the correlation energy
that do change. A further incentive is that the explanation
of basic electronic phenomena, such as bonding, valency and

equilibrium molecular geometries, in quantum mechanical terms
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is exciting increasing interest"": the importance of simple
but correlated Qavefunctions, in this field, is unquestionable“s.
Such wavefunctions should be within the scope of current
computational facilities, but how are they to be obtained?
Simplification of the very accurate "mathematical" methods
appears to be the obvious answer. But such an approach encounters.
many difficulties, some of them due to the MO origin of the theories,
some from the pure "mathematical" nature of the wavefunction.
Firstly, there is the choice of structure to include in the
wavefunction: it is usually impossible to include all structures,
yet there is no a priori way of picking out the most important.
For very small molecules, a brute force approach is possible in
which a very large number of structures is used to avoid missing
the dominant ones, but, for larger systems, such an approach is
out of the question. The Optimised Valence Configuration (OVC)
method%® - in effect, a MCSCF wavefunction - in which only a few
configurations are included, has had some success in dealing with
diatomics”7, but here the situation is well researched and
understood so that it is possible to pick out configurations
fairly readily, especially those that lead to the correct
dissociation products. For polyatomic molecules, the problem

will be much greater. Secondly, the MCSCF and GSP wavefunctions,



although, on the face of it, possessing highly convenient
practical characteristics, involve some practical problems

apart from the choice of configuration. Thus, these wave-
functions require a double iteration process since the structure
and orbital expansion coefficients must be optimised simultaneously.
In general, the methods used have no guarantee of convergence or
a rapid rate of convergence:-. Orbital orthogonality must be
maintained in the variational process, and all variational
equations are the same order as the size of the basis, hence
increasing rapidly as we go to larger molecules and extended
bases. Also, many basis transformations, notoriously time-

9, are usually required.

consuming“
An interesting attempt to avoid these difficulties whilst
retaining the accuracy of this type of wavefunction, is the
Separated Bond Pair (SBP) version of the GSP wavefunction in
which instead of constructing the pair function orbitals by

a variational expansion technique, the pair functions are

localised within the bonds of the molecule, and the orbitals

50 51

are fixed by localisation or hybridisation criteria.
A single iteration process and one basis transformation only
are needed, and the variational equations are usually of a

small, more or less fixed, dimension®?2. However, several
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disadvantages are attached to this development. As indicated
above, the GSP, and hence the SBP, wavefunction neglects all
interpair correlation, an approximation that is certainly valid
for well separated pairs but on which some doubt has been cast
recently for larger systems, when the wavefunction is in localised
bond form. For example, the valence intrapair correlation
energy in methane has been estimated to be apprdximately equal
to the valence interbond correlation energy®3. The complete
neglect of a possibly large and important proportion of the
correlation energy is a serious drawback. And finally, the
methods are, in the main, directed towards singlet ground states:
the difficulties that are present in the extension of MO theory
to excited states and higher multiplicities are still present,
especially in the separated pair methods. It should also be
noted that the complexity of such wavefunctions due to the
delocalised nature of the orbitals or the orthogonality of the
basis orbitals makes them unable to contribute greatly to valence
theory.

In the light of the foregoing difficulties encountered by
"mathematical" methods, a reappraisal of VB theory, and "chemical"
wavefunctions in general, is of the utmost importance. Here

we shall simply cite some of the more outstanding advantages of
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VB theory, but this will be sufficient to show how much might

be gained by reconsidering VB theory as a practical method.
Thus, correlation is present in the wavefunction, due to the
non-orthogonality of the atomic orbitals, at all orders of
approximation and of all types, intra-~ and inter-bond; the
choice of structures is, in a minimal basis certainly, a much
easier task due to the "chemical" nature of the wavefunction

- the dominant structure may be picked out by simple empirical
physical rules“s; the correct dissociation products are ensured;
any spin multiplicity may be constructed without difficulty;
upper bounds to excited states result automatically from the
variational process which is non-iterative; and the optimisation
of the spin coupling of the electrons, of great importance in
reaction paths where bonds are being brocken or formedsu, is much
more readily achieved than in the '"mathematical" type of wave-
function. These attributes are of vital importance in the
fields of interest already listed, yet are, as we have seen,

so difficult to £it into the non-"chemical" wavefunction
methods. The practical problems of VB theory - the non-
orthogonality problem - must not be minimised, but it is
certain that larger molecules than have, up to now, been

tackled by VB theory are, in fact, tractable, Most of the
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work on applications of VB theory were carried out in the

early 1960's, before the availability of large computers.

The attractiveness of MO theory then drew most of the attentiop
away from the VB method, yet if the same amount of work had
been put into studying the VB method for small molecules, as
has been put into the correlated "mathematical" methods, an
accurate widely applicable wavefunction construction method
would now be available. In fact, the main problems of the
implementation of VB theory, the case of small molecules,

have been solved. Rapid methods of evaluating the matrix
elements between single determinants of non-orthogonal orbitals,
have been devised®®, and the problem of storage of large
quantities of intermediate data should be, with the development
of disk and tape data storage techniques, no longer troublesome.
The limiting factor is that, if the VB wavefunction is expanded
into a linear combination of determinants, each structure
results in 2M determinants, where M is the number of Heitler-
London bond pairs in the structure, and, as M:increases, the
number of determinantal matrix elements regquired increases

very rapidly. However, polyatomic molecular systems with

up to 20 electrons and 5 bonds should certainly be within the

reach of the present computing facilities. Thus, from the
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point of view of accuracy and generality, the VB method has
much to recommend it, compared to the "mathematical" methods,
whose deficiencies are less apparent but none the less present;
the relegation of VB theory to the state~ of an historical
curio is therefore unfounded, and a révival of interest in

the VB method long overdue.

It is an interesting speculation that the VB wavefunction
might provide a useful method for starting off a very accurate
calculation on a small molecule. It seems certain that the
best means of obtaining very accurate wavefunctions is the NO-CI
method. The main problem, apart from those of a purely practical
nature, and the choice of structure, is the choice of starting
correlated wavefunction, from which the initial set of natural
orbitals is derived. A straightforward CI wavefunction is
usually chosen, but considering the slow convergence of such a
wavefunction, advantages would be gained from using a VB wave-
function as starting point. Since a VB wavefunction is likely
to be often better than a CI wavefunction, the number of iterations
required may be reduced. Since correlation is present in the VB
wavefunction, no matter how few structures, an estimate of the
NO's is always available. In a CI calculation, the addition of
an extra orbital to the basis requires a new MO calculation to

bring it into the wavefunction, but, in the VB method, only one
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extra structure need be added to the wavefunction. In fact,

it is an easy matter to obtain a starting wavefunction if a
large "exponent" extended basis, i.e. one with more than one

of each orbital occupied in the atoms, is to be used. Clementi®®
has performed a VB calculation on neon consisting of only three
structures, built from the best 1ls, 2s and 2p orbitals and a set
of orbitals contracted and expanded with respect to these. Thus,
the size of the basis, and hence the number of NO's, is trebled,
yet only a three term VB wavefunction is needed to introduce them.
The choice of structures to include in the NO-CI wavefunction is
a dquestion of some nicety: it is common practice to use a
perturbation technique of selecting configuration557, but it has
been suggested that this may be unfavourable to certain types of
structure, for example, single excitations®8, The natural
orbital expansion theoremzs, alluded to earlier, is, stated

explicitly, that if the wavefunction is to be expanded in a

finite set of orbital products

B
1l
P10
(N e Y
©

fl(l) gj (2...n) ’

(ignoring the antisymmetry which may be imposed at a later stage),
then the approximate wavefunction is closest to the true wave-

¢

function, for a given x, y, when the fi are the NO's with the

- 33 -



highest occupation numbers, and the wavefunction

e
I
-1 ¥

ci fi(l) gi(2...n)
where
(2...n) = 1| ¥va...n)£, (L)a
9;(2...n) = c; ceemEy le

This is of no direct help in the choice of structure since the
wavefunction is expanded in terms of an n-fold product of NO's
rather than the natural functions of the one- and (n-1)-particle
density functions, fi and g5 But the 9, may in turn be
expanded in terms of antisymmetrised products of the natural

orbitalsjh(Z...n)
)

Y e ¥, (l...n)
L%k Yk

where wk(l...n) is a structure based on the NO's. By
-truncation of the sum over i to x' < x, we obtain the wave-
function which is the closest approximation to the choice

of x' to VY. Of course, Y is never in practice the exact
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wavefunction, but we assume that it is a good approximation

to it, and hence, so are the natural orbitals and their
occupation numbers. One might alternatively consider the
truncation of the sum over k: the structures with ey greater
than a chosen limit could then be used as the basis for a CI
calculation to obtain a better wavefunction. The question is
how accurately does a crude wavefunction give the order of
importance of the structures: for the purposes of selecting

the dominant configurations, it does not matter if the
magnitudes of the ey of the approximate wavefunction are grossly
in error, only that the order is correct. In Table 1, the
expansion in NO structures of various approximate wavefunctions
for the pi-electrons of butadiene are listed. (These wavefunctions
are studied in Section 2, where further details may be found).
The surprising feature that is evident from these results is
that even the crudest "perfect pairing" VB wavefunction gives

an order for the structuresremarkably similar to that of the
very accurate five parameter wavefunction. Should this be true
of non-orthogonal orbital wavefunctions in general, NO—CI
calculations based on VB wavefunctions with structures chosen
by the expansion of the VB wavefunction in terms of NO's

should be capable of giving very accurate wavefunctions indeed.
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Table 1 Expansion of Various Wavefunctions for

Butadiene in Terms of their Natural Orbitals

Natural Orbital Wavefunction
Configuration
MO NPF NPF VB SBP

11 22 1.0 .5306 .5461 .5907 .343
11 33 0.0 -.0445 -.0716 -.1708 -.0301
11 44 ! 0.0 -.0258 -.0226 -.1003 -.0301
12 34 0.0 .0271 .0221 .1038 .0301
22 33 0.0 -.0258 -.0190 -.0980 -.0301
11 24 0.0 .0259 .0079 .0160 0.0
22 44 0.0 -.0164 ~.0069 -.0631 -.0301
33 44 0.0 .0057 .0037 .0746 .0106
44 13 0.0 -.0016 -.0027 -.0188 0.0
33 24 0.0 .0010 .0020 .0173 0.0
13 24 0.0 -.0012 -.0015 -.0047 0.0
22 13 | 0.0 -.0195 -.0014 -.0122 0.0

Number of

Free Parameters‘ 1 2 5 0. 2

Energy (ev) -83.18 -83.30 -84.08 -78.86  -82.53




We have shown so far that the VB wavefunction may have
a valuable part to play in the search for simple correlated
wavefunctions for small molecules and interacting systems.
But there appears to be no hope of extending the VB method
beyond these limits, because no valid approximation scheme
for overcoming the non-orthogonality problem has been
forthcoming. The main difficulty, in looking for an
approximation technique which simplifies sufficiently the
VB matrix element evaluation to make wavefunctions for large
molecules accessible, is the vague formulation of the VB
wavefunction - it is not possible to write down a general VB
wavefunction for an arbitrary molecule because the structures
that are included in the wavefunction depend to a large extent
on the atoms that make up the molecule, for example, on their
electronegativity, and the molecular geometry. For this
reason, it is difficult to carry through the thebry of any
approximation technique that may appear reasonable, for instance,
the approximation of the neglect of overlap greater than a
certain order: short of a separate analysis of each VB wave-
function, it is not easy to see how a systematic approximation
method may be introduced. It is however vital, in the long

run, that a solution to the non-orthogonality problem is found
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since, in large molecules, very often, only a small part of
the molecule is of chemical interest. "Mathematical" methods,
which must deal with the molecule as a whole, will eventually
become impractical, beyond a very crude level of approximation;
the "chemical" approach, which builds up the wavefunction for
small units, affords the hope of separating out the important
chemical groups for guantum mechanical treatment.

The original attractiveness of the VB wavefunction lay in
its l1link Qith chemical ideas and concepts, the justification and
quantification of which are an important part of guantum chemistry.
Although VB theory has, because of its practical drawbacks, had
little chance to contribute to this field in a proper way, it is
evident that it will in this respect also suffer from the
vagueness of the formulation. In spite of being explicitly
built on (Heitlexr-Iondon) bond functions, the possible introduction
of alternative spin couplings, ionic and charge transfer states
to the wavefunction make the completely general partition of any
observable, for example, the electron density, the énergy, into
quantities referring to the bonds and their interactions quite
impossible.

In the search for answers to these problems, we have been

lead to consider wavefunctions, which are constructed on the
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"chemical" principle, but which sacrifice some of the generality
of VB theory for a more formal approach which might make the
derivation of approximation methods an easier task. One of
the simplest and most interesting is the Non-Orthogonal Pair

Function (NPF) wavefunction.
v = Aata2a®eay ... aVon-1,2n)

where, in cohtrast to the GSP and SBP methods, no orthogonality
conditions whatsoever are placed on the pair functions AI.
Each pair function, as in the SBP method, will be assumed to
be completely localised within a small region, usually a bond.
The strict formulation of the wavefunction, a product of N
pair functions, is gained at the expense of being able to treat
2N-electron singlet ground states only: however, such a wide
variety of molecular systems fall into this category that the
restrictions are not, for the most part, very important.

If each antisymmetrised singlet pair function is expanded

in terms of a pair of non-orthogonal hybrids,

r,... _ I I, 1 1 I, .I
AT(12) = [e]; 67(1) §1(2) + cyy ¢,(1) ¢,(2)

+ ooy, BT 62(2) + 63(1) o220 (2(1)B(2) = BLIA()),

14 T %12
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the link with VB theory is evident. Included in the wavefunction
are all structures that can be constructed from the set of
"covalent" and "ionic" bond functions, but instead of each
having a completely free coefficient, as in VB theory, the
coefficients of structures are related: thus, for a molecule
with N bonds, 3N structures are included but with only 3N-1
free coefficients. The effect is to make the optimisation
of the pair function coefficients, Cij' an iterative process,
rather than the solution of a secular problem, as in VB theory.
The SBP and NPF methods differ only in the orthogonality
constraint of SBP theory: this similarity prompts some comparisons.
The SBP wavefunction, although it yields results which are
consistently better than the comparable MO wavefunction, only
yields a very small proportion of the correlation energysg.
This may be traced to two factors - the neglected interpair
correlation energy, which may be quite large, and the strong
orthogonality restriction which forces hybrids on the same
atom to be orthogonal and hence fixes the s, p, d orbital
mixing ratios of the hybrids. From an energetic point‘of
view, this may be highly undesirable. The non-orthogonality
of the NPF basis ensures that both of these constraints are

avoided: the neglect of interpair correlation is achieved by
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the orthogonality conditions which force "charge-transfer-between-
bonds" structures to be mixed in with fixed erroneous weights.
By omitting, in the first approximation, the charge transfer
structures, the NPF wavefunction introduces interpair correlation,
and with no hybrid orthogonality constraints, the weights of the
different orbitals within the hybrids may be cptimised freely.
A much more accurate wavefunction is therefore to be expected.

The range of molecular systems that may be studied by the
SBP method is limited by strong orthogonality constraint which
does not allow the same orbital to be in different pair functions.
Thus, for eXample, the hydrogen bonded system, FHF—, where the
hydrogen atom is bonded equally to both atoms, is outside the
range of the SBP, but not the NPF, method, where an orbital,
the hydrogen 1ls orbital in this case, may contribute to more
than one pair function. Also, in this way, charge transfer
structures may be brought variationally into the wavefunction,
unlike in the SBP method. The dropping of the strong
orthogonality constraint opens up many interacting systems
to the pair function method. And, finally, the NPF wave-
function which is based directly on localised bond functions
will have an important role to play in the quantitative study

of valence problems: the non-orthogonality of the basis
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orbitals will make the results conceptually more appealing
than those obtained by the SBP method which is based on
orthogonal hybrids.

The remainder of this chapter is devoted to tﬁe detailed
study of the NPF wavefunction: in the next section, the general
theory is given with some ab initio applications to small
molecular systems. In the third section, the solution of the
non-orthogonal problem via approximation methods and the NPF
wavefunction is considered, and finally, valence theory and
the contribution the NPF method has to make are discussed, in

section four.
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THE THEORY OF THE NON-ORTHOGONAL PAIR FUNCTION

METHOD AND ITS APPLICATION TO SOME FEW-ELECTRON SYSTEMS

In this section, explicit expressions for the one and two
particle density functions of the non-orthogonal pair function

(NPF) wave function,

y = Aata2atea ... AVon-,2m ,

A . s N! P .
where A is the antisymmetrisation operator I (-1) P, will be
P

derived for the case in which the spin pair functions, AI(12),

are expanded in an arbitrary basis of one electron orbitals,

I
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The variational equations, which determine the optimum pair
functions by minimisation of the energy with respect to variation
.of the free parameters Cij, will also be considered. And
finally, applications of the theory to some four electron systems
will be presented.

Although we shall restrict out attention to orbital expansions
of the pair functions, this is by no means necessary. An

expansion in which inter-electronic distances are explicitly
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introduced is an attractive alternative since electron
correlation is known to be much better described when
functions of rij are present in the wavefunction than by
simple orbital products. This method of development of

the pair function is only possible within a non-orthogonal
formulation of the pair function wavefunction: orthogonality
constraints, such as are imposed in the ‘'separated pair'
method, exclude an expansion of this type. However, the
integral evaluation problem, which such an approach entails,
has yet to be solved satisfactorily for many-electron systems,
so, for this practical reason, we shall adhere to an orbital
expansion.

The only restriction imposed on the wavefunction is that
each pair function, and hence the total wavefunction, has the
spins of its electrons coupled to a singlet: the expansion
coefficient matrix g? must therefore be symmetric, i.e.

Cij = Cii' This is a natural restriction for a wavefunction
designed to describe molecules with localised two-electron
bonds. In cases, where a dominant bonding scheme is not
apparent, the addition of alternative spin couplings to the

"perfect-pairing" one may be necessary. This may be achieved

by allowing Cij to be different from C?i, and is equivalent to
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mixing some triplet character into the singlet pair function.
The total wavefunction is then no longer an eigenfunction of
the spin squared operator and a suitable spin projection
operator must be applied}

There have been few attempts to develop the theory of
the pair function wavefunction without the imposition of
orthogonality constraints. McWeeny and coworkers have
considered in detail the situation where the wavefunction
may be approximated by an antisymmetrised product of two
non-orthogonal groups, each group being comprised of an
arbitrary number of electrons, with special attention being
paid to the spin coupling of the two groups? The forms
of the wavefunctions for the separate groups has not been
elaborated so that an explicit general formulation of the
method is not possible. The simple case of two pairfunctions
has been studied by Silver3 Although the strong orthogonality
constraint 1is relaxed, the one-electron orbital basis is
assumed to be orthogonal: this is no constraint so long as
each pair function is expanded in the complete set of orthogonal
orbitals. However, in practical terms, the condition means
that the approach which may be feasible for four-electrons is

certainly not so for larger systems. Since we are particularly
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interested in the possibility of the application of the NPF
method to molecules with localised two-electron bonds, it is
vital that short pair function expansions, such as are used in
the "Separated Bond Pair" method, may be applied. One-electron
orbital orthogonality is therefore not compatible with this
approach.

Before considering the density functions, we shall discuss
in some detail the derivation of the explicit expression for
the normalisation integral, as this will serxrve to illustrate
the method of expansion of the density functions. The

normalisation integral is

s = f ¥(1,2,...20¥(1,2,...2N0d1;

which, by applying the "turn-over" rule, reduces to

n
1]

<2N)zJA1(12)A2(34)...AN(zN-l,zN)ﬁAl(lz)...AN(2N—1,2N)drl o

1
(2N) ! SR
Expanding the pair functions in terms of spin orbitals,

1 _ I I -1
AT (12) = Z. Ciy 63 6,7(2)
ij
I I - I I .
where ¢i(l) = xi(l)u(l) and ¢j (2) = xj(2)6(2), we may write

the "reduced" normalisation integral, SR' as



Sp = L eee L e ci. Ciz s cis
ijke pgrs J pd

1

-1 2
p(l)¢q(2)¢r(3) ... drt

1, .-1 2 A
X J ¢i(l)¢j(2)¢k(3) ... A9 1...2N

It may be noted that a non-antisymmetrised form is preferred for
the individual pair functions: the use of the antisymmetric form
gives a result which differs only by a constant. The second

line of the above equation may be written as a determinant

git 0 12 0 ... st¥

ip ir

0 gt 0 gl2 ... ...
g js

21

S ... o ... ... ...

st ... ... ... ... sM|

where Sig = in(l)xg(l)dvl. The zeros arise through the

integration over the spin c¢oordinates. Re-arrangement of the
rows and columns of the determinant bring it to the block

diagonal form,

which is equivalent to the product of two determinants of order

N, IAI.lBI. Thus
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S, = 1 Y oot P

ijkf.. pars.. 13 ke pq xs
sz st g2
ip ir Jgq Js
21 22 21 22
S S e S cae
kp kr 19 Sis

Since a given summation subscript occurs exclusively in one

row or column, we may multiply each element in that row or
column by a coefficient which has the same subscript and perform
the summation over this dummy index. By multiplying the rows

of the first determinant by the first set of coefficients, i.e.

1 2 ' 1 2
Cij' Ckl ..., and the columns of the second by the set, Cpq' Crs""
. . . 1J JI
and rearranging the result using the relations Sij = Sji and
I
CI

.. = C.., we £ind that

ij ji

cs(1,1). cs(l,2). ...
LD, o2y .

s. = Z Y ... CS(2,1)  CS(2,2)) ...

X CS(l,l)Pj CS(2,;)rj cee
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where the notation CS(I,J)ij is used for the matrix product

I_IJ

C Sij' (See Appendix 1). Now, introducing the standard

determinant expansion

P
|p] Il 1 o1 b, Dy Dyg -

X Y#X z#X,Y

Il

7Y Y ... 1%, D, D, ...,
a bfa c#a,b la "2b "3c

where (—l)P and (—l)Q are the parities of the transpositions,

the 'reduced' normalisation integral becomes

2]
il

D D R I et
j%.. pr.. {%,¥,2..} {a,B,C..}

CS(X,l)Xp CS(Y,2)yr CS(Z,3)Zt...

X CS(l,A)pa CS(2,B)rb .e-

‘where X denotes the summations Z Z z ces o It should
{x,Y,2..} X Y#X Z#X,Y

be noted that each superscript has associated with it a summation

subscript which is carried with it under all permutations. Thus

the subscript x in the above equation stands for the summation

index which corresponds to the superscript X. Once the value

of X is fixed, then x is to be replaced by the requisite dummy

index: for example} if X=1, then x=j, and if X=2, then x=%.
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Summation over the set of subscripts p,r,... may now be

performed, giving

S

R

X

) L I 0

CSCS (X,1,B)
j%.. {xyYz..} {aBC..}

CSCS(Y,Z,B)y CSCS(Z,3,C)ZC...

b

This may be written in the more succinct form

where

N N
) PgQ cscs(p,1,0.) cscs(P,,2,9.)
58.. e 22 R,

cscs(P.,3,0.)
307737 p4g,

N
7 PN @ cscs (P, 1,0,)
iL.. 1=1 Py

N

TR[PNQN il cscs(PI,I,QI) ]
1=1 Py

cscs(I,J,K)ij {cs(1,J) % cs(J,K)}ij
LI ITK

in

PN = z (—l)P P is the permutation operator of order N which
P

operates on the superscripts PI and subscript summation indices

Py

simultaneously, and TR is the set of summations over all
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subscript labels. The normalisation integral is thus a sum

of traces of matrix products. For example, with N = 2,
Sg = %2 {CSCS(l,l,l)jj CSCS(2,2,2)

- csc3(1,1,2)j2 CSCS(2,2,1)2j - cscs(z,l,l)Qj cscs(1,2,2)j2
+
CSCS(2,1,2)u CSCS(l,Z,l)jj}

= [cscs(l,1,1)][cscs(2,2,2)] + [Cscs(2,1,2)12

2[Ccscs(1,1,2) x ¢sCcs(2,2,1)]

where [ ] means that the matrix trace is to be taken, and X
stands for the matrix product. In standard matrix notation,

S_ is
R

tr(clslicls!l)tr(c2s22¢2522) + {tr(cls!?c?521)}2

- 2tr(clsllcl512c2822C2821).

From now on, the alternative matrix notation of Appendix 1 will
be used. The reduction of SR so that it involves only matrix

algebra is particularly convenient for practical applications:
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the computational aspects, with simple rules for the expansion
of SR, are discussed in more detail in Section 3.

It is well known that the expectation value of any symmetric
operator involving the coordinates of m electrons may be evaluated
once the m'th order density function for the system is known.

Thus, for an operator i(l,...m), the expectation value, X, is

given by
1'...m' > 1..m

X = J £(1,...m)p(L,2,...m; 1'...m")dT

where the m'th order density function

1

p(l,...m; 1'...m') = (2N)!S
m! (2N-m) !
X I'W(l,..ZN)W(l',...m',m+l,...2N)dTm+l...2N
for a 2N electron system. S is the normalisation integral,

x'ox

oN’ and the notation J...dT

J ‘F(l,...ZN)‘P(l,...ZN)dTl
is used to indicate that x' is made equal to x before the
integration over x is performed. Specifically, the energy

is the expectation value of the Hamiltonian which contains

operators involving one and two particle coordinates only.

2N N 2N
A= ] @+ ) §(i,3)
i=1 i<
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where f(i) is the sum of the kinetic energy and nuclear

attraction energy operators and g(i,j) the electron repulsion

energy operators. The energy of the system, E, is therefore
E = J‘l’ﬁ‘i’d? / J‘P‘Pdr
(2.2)
J”f(l) p(1;1") dT1'+1 + J g(l,2)o(l,2;l',2')de1.2._,12

Since, in practice, one is never concerned with operators
involving more than two electrons, we shall limit our attention

to the one-electron density function

-1
.1 - v
p(1;1')y = 2N S f Y((i,...2N)¥(1 ’2...2N)d[2...2N

and the two-electron density function

p(1,2;1',2"') = N(2N-l)S-l J W(l,...2N)W(l'2',3...2N)dT3 oN

Most operators of interest are spin independent, for example,
the Hamiltonian, dipole moment operators; it is then .
sufficient to determine the reduced density functions obtained

by integrating over the remaining spin coordinates
P(1,...m;1',...m") = f p(l,e..,31'...m")ds

1'...om'™>1l...m

Let us first consider the evaluation of the reduced one-

- 52 -



electron density function

1 = -1 ]
P(1;1") 2N s f ¥(l...20¥(1',2...20)dr,, dS.,

By introducing the operator

where the one-electron operator 6(1) removes the integration
over the spatial coordinates of electron i and replaces, after
integration over all other coordinates, the electron labels i
by 1 in the terms originating from the lefthand wavefunction
and 1' in those from the righthand wavefunction, the density

function may be rewritten

P(1;1'")

il

-1 Aoa :
s J P(1...2N)0, A $(1l...2NxdT;

where

=2

1 aT(21-1,21)
1

P(l...2N) =
I

I

Since the spin integration gives a zero result for any permutation
which interchanges an even and an odd numbered electron, the total
antisymmetriser A may be replaced by 3+£_ where ﬁ+ permutes the
even electrons only and ﬁ_ the odd. Thus, with &(1...2N)

the product of spinless pair functions,
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-1 A A oA
P(1;1') = s e e
( ) R f 3 (1 2N)0, AA_ (1 2N)dvl...2N

~

Writing 0. as 0 + O_, where

1 +
0 = ) 0, &)
1 even
and
6. = I o
i odd
P(1;1') =5 T { [ 6OAA 6dv+ | 60 AA o av)
! R + o+ - ==

The spinless pair function, A’ (12) =} cij xi(l)x§(2), is
symmetric with respect to interchangelgf the electron labels:
the label interchange, 1< 2, 3<> 4, etc., thus leaves ¢
unchanged. Hence the two terms on the right~hand side of

the above equation are identical and we may write

-1 A A
«+11' =
P(1;1') = 25 J ¢(l...2M0 A A o(l...2M)av, o

The expansion of the one~particle density function now
follows the same path as the expansion of the normalisation
integral.

N

P(1;1') = 23;1 ) ) ci.clo...c
I=1 ijk®%... pgrs...
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sihost? L sstost? L
ip ir Jjgq is

TIl TI2 cee SIl SIz ces
Xp Xr vq ys

IJ . . ~ . .
Tij is an integral over the operator O_ and is hence an orbital

product,

TIJ

T, .\ A J
5 = J Xj (21-1) 8(21-1) X (21-1)av,

1

I J .
Xj (x5 @)

Completing the expansion, we eventually arrive at the final

expression for the reduced one-particle density function,

-1 N N N
P(1;1') = 25 L TRIPQ CSCT (P, 1,0,)
1=1 Prdy
N
x T CcsCcs(p_,J,Q.) 1
JAT g Ry
where CcsCT(I,J,K).. = CISIJCJTJK...
ij T ——m——— ij

It is evident from inspection of the above equation that the
one—-particle density function normalisation condition is

obeyed,
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M ' = .
f P(l;1Mav,, o 2N

The two-electron density function is evaluated in an

entirely analogous manner.

st J w(l...zN)ézﬁ W(1...2m)dr

P(1,2;1',2")

R 1...2N

. 2N .
where Y 0(i,3).

i<j

(o}
N
I

a(i,j) = 6(1)6(j) removes the integration over the spatial

coordinates of electrons i and j. The operator is then expanded

to give
O, = O+ 0, +0_+0,_+0,
where 6, = 1 0(i,i+l), i oad,
i
6. = ) 0O(i,i), i and j even,
++ o
i<j
6 = Y 0(i,3), i and j odd,
<3
6+ = X 6(i,j), i even, j odd,
i<j
and O ) 8(i,5), i odd, j even and i + 2 < j.
ij
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Reduction of the antisymmetriser by spin integration, as before,

and expansion of O, allows the density function to be simplified

2
to
P(1,2:1',2') = s> { | 6 0AA ®av
R D+ - 1...2N
+ ~ A A
2 J ®O_RAA ®AV oy
+ 2 J 20, _AA ¢dv, .}

Expansion of the pair functions into an orbital basis yields
the final expression
N

N N
crer(p_,1I,
{IZITR[P Q (P QI)pIqI

]

S-l

P(1,2;1',2") R

N
I cscs(pP_,J,0.)
JAI e

X

v N N
+2 ) TRIPQ CSCT(P ,I,Q)
I<J pIqI

X

{cscT(P_,J,0.) + CTCS(P_,J,9.) }
J J pJqJ J J pJqJ

N
I  Cscs(p

KALT K

,K,QK)PKqK]}
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Further expansion of the density functions expressions
with particular reference to practical computational methods
for molecular systems will be postponed until Section 3.

We are now in a position to calculate, from equations (2.1)
(2.2), (2.3) and (2.4), the electronic energy, given the
integrals of the Hamiltonian operator over the chosen one-
electron basis orbitals and the pair function coefficients Cij.
The conditions which determine the optimal values of the
coefficients may be derived by appeal to the variation theorem,
which states that an approximate wavefunction, containing
variable parameters, always gives, under any variation of
these parameters, an upper bound to the true energy. The
objective is thus to find the conditions giving the values
of the coefficients Cij which make the energy a minimum, these
values then defining the optimum wavefunction. The minimum
in the electronic energy, E, is located by setting the variation

of E with respect to the coefficients equal to zero,
I . .
dE/dCij = 0, for all I, i, j.
Since E = f ¥ Y dr / J Y ¥ dt = H/S

these conditions may be written

- 58 -~



I I
dH dC. « - E dS d R =
/ i3 / cij 0

By expansion of H and S, which are quadratic in CI, in terms

of these coefficients, a set of equations of the form

' I I I -
E Ckl(Hijkl - E Sijkl) = 0, all ij
2 .
may be derived. These equations define a secular problem of

order (nI)z, where n is the number of one-electron orbitals
in expansion of pair function I, and which may be solved by
standard techniques. Since Cij must be equal to C;i' the
oxrder of the secular equations may be reduced to nI(nI+l)/2.
The coefficients Cin(J#I) must have fixed values for the
construction of the matrix elements Hijkz and Sijkl required
in the secular problem for the optimum Cij: the set of N
such secular problems must therefore be solved iteratively,
starting from guessed trial coefficients, until the coefficients
of all pair functions are self-consistent. ' The presence of
the permutation operators in the expressions for H and S make
I

the derivation of explicit general expressions for Hijkl

and S;. a very complicated process, although, in particular
i

jk&
cases, straightforward algebra will give the desired expressions.

. Some preliminaryconsiderations of the practical aspects of
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e/

the NPF method merit some attention at this stage. The

application of the NPF method to any 2N electron molecular

system may be summarised as

1. The choice of a one-electron, generally atomic, orbital
basis, the partition of the orbital basis into the pair
functions, and the evaluation of the integrals over the
one—electron orbitals.

2. The determination of the optimum coefficients by the
iterative solution of the secular equations.

3. The evaluation of the density functions for the
computation of molecular properties.

The choice of basis depends on the accuracy required: this,

and the integral evaluation problem, will not be further

considered here. The partitioning of the basis will depend

on the system under study: in the case of molecules, which

are chemically described in terms of two-electron bonds and

loq? pairs, the use of a basis of directed or hybrid atomic

orbitals will enable an unambiguous choice of partition to

be made. In molecular systems, where a dominant bonding

scheme is not apparent, some atomic orbitals may contribute

to more than one pair function or 'bond': this possibility

is allowed in a non-orthogonal formulation of the pair
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function wavefunction, but is prohibited in a strongly-
orthogonal pair function formulation. Naturally, the more
atomic orbitals that are allowed to contribute to each pair
function, the more accurate will be the wavefunction. The
effects of different basis orbital partitions will be
considered further in some practical applications at a later
stage. Step 3 proceeds straightforwardly, using equations
(2.1), (2.3) and (2.4), once the pair function coefficients
are fixed either by optimisation as in Step 2 or by the
transfer of coefficients optimised in a similar but simpler
molecule, for example, using the optimum coefficients for
the C-H bond in methane, in a calculation on the ethane
molecule. (See Section 4). However, it is apparent that
the number of terms generated by the permutation operators
in the expansions of the density functions increases rapidly
with the number of electrons: for instance, the number of
terms in the normalisation integral, equation (2.1), is
(N!)2 and each term is a product of 4N matrices. Thus, for
N=2,4 and 6, the number of terms is 4, 576 and 518,400. And
this is only for the evaluation of the normalisation integral
once: the density function expansions involve many times

more terms, and the solution of the secular problem, as
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outlined above, requires the repeated evaluation of even more
complex expressions. Even with the aid of modern computers,
it appears that the computation time necessary for a complete
calculation will be such as to rule out the NPF method as a
practical proposition for all but the smallest molecular
systems.

The situation may be compared to that in the VB method.
The matrix elements, Hij = f Wi fi Wj dt, where ¥ is a
"structure" wavefunction, that is, a linear combination of
determinants with coefficients determined by the molecular
symmetry and the spin state, which are required for the
determination of the optimum coefficients of the VB wave-
function, may be evaluated by two distinct methods. Firstly,

. . ij
Hij may be decomposed into a sum of matrix elements Hk;,

M . .
= AN
i.e. i3 = Y 4,85, J ¥, H Y, dt
k&
M ij
= ..d, H
Ez dlk 3j k&
where ¥; is é single determinant. By this method, the
permutation problem - the "N! catastrophe" - is avoided, since

H;% is completely and simply defined in terms of the inverse

of the overlap matrix of the orbitals which make up the
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determinants and the energy integrals? Thus, the (N!)2
permutation terms need not be considered explicitly. On
the other hand, the number of terms H;g per matrix element

Hij increases very rapidly with the number of Heitler-London

"bonds", N. . M is of -the order 22Nb

b , so that the method

soon becomes impractical, for example, ethane with seven
bonds gives rise to about 16,000 Hig terms in the "perfect-
pairing" structure alone. The alternative method, due to
Pauling and recently studied in detail by Shull, deals with
the "structure" matrix element Hij as a whole? then, however,
all permutations must be considered explicitly, and the
problem is the same as that encountered in the NPF method.
An advantage of the NPF formalism; compared to the VB
method, is that instead of having to compute each matrix
element, Hi" with its (N!)2 permutation terms, separately,
the contributions from each matrix element are computed.
simultaneously by the use of matrix algebra. A more
important advantage is however associated with the NPF
method: complete ab initio calculations, using non-
orthogonal orbital based wavefunctions, especially iterative
variational calculations, will not be possible for many-

’electron systems, but approximate methods may be available
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which will alleviate the computational problem without
sacrificing the potential accuracy of such wavefunctions.
The vague formulation of VB theory means that it is not
well suited to such developments: the NPF method, on the
other hand, is amenable to fhis type of development. An
approach along these lines is dealt with in detail in
Section 3.

For few-electron systems, the NPF method is computationally
tractable without the invokation of any approximation. To
investigate the potential of the NPF wavefunction, three
widely different four-electrons systems have been studied
- the lithium hydride molecule, the interaction of two helium
atoms and the pi electrons of butadiene. The two requirements
for the construction of an accurate wavefunction are a flexible
one-electron orbital basis, capable of describing properly all
relevant regions of space, and a flexible type of wavefunction
which approaches closely the exact’wavefunction as the basis
_is improved. In an attempt, in the calculations on lithium
hydride and the helium atom interaction, to steer a middle
course between the twin demands, the combination of simple
NPF wavefunctions with small extended orbital bases has been

taken. The calculations are not aimed at simply obtaining

- 64 -



a very accurate energy but rather at finding whether the
method is capable of giving a satisfactory compromise between
accuracy, simplicity and computational economy. The energy
expression and variational equations for N=2 are readily
derived and are given in detail in Appendix 2. Fully
automatic programs have been written in Egdon Algol for the
University of Glasgow KDF9 computer to perform the variational
calculations and the evaluation of the density functions for
any four-electron system with an arbitrary number of basis
orbitals in each pair function.

The testing ground for novel quantum mechanical approximation
methods is nowadays the lithium hydride molecule which combines
the advantages of being small enough to be studied extensively,
yet being large enough for valid extrapolations to larger
systems to be made - a property now recognised not to be
possessed by the hydrogen molecule - and for the investigation
of factors met in more chemically interesting molecules i.e.

a tightly bound core, a heteronuclear two-electron bond, with
inter- and intra-pair correlation effects.

There are three ways open of choosing a flexible orbital
basis - an n-extended basis, that is, one with orbitals with

higher quantum numbers than those of the valence orbitals, an
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exponent—oﬁtimised valence orbital basis or an extended valence
orbital basis, with more than of each of the valence orbitals.
To avoid the neccessity of carrying out time consuming non-
linear parameter optimisation, the third alternative was
adopted, with the exponents chosen on a chemically intuitive
basis. The seven orbital basis, first used by Matsen and
coworkers§ is made up of the following Slater type orbitals:
for lithium, the optimum split-shell core orbitals, ls and
1s', for Li+, with exponents 3.30 and 2.065, and valence 2s
and 2p orbitals, with a common exponent fixed by Slater's
rules at 0.65; for hydrogen, the free atom 1ls orbital, h,
exponent 1.0, and, since the bond is highly polarised towards
the proton, the optimum split-shell hydride ion 1ls orbitals,
h' and h", with exponents 1.38 and 0.62.

Four different partitions of the orbital basis into pair
function sets were made. In the first three, the valence and
core orbitals are separated into different pair functions;
in the last, the core pair function is augmented by the lithium
2p orbital to allow for core polarisation. The results for
the various partitions are given in Tables 1 and 2. . Since
the Hartree-Fock energy is not available for this basis, the

exact amount of correlation energy gained by the NPF wavefunction
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Table 1 Lithium Hydride R = 3.01 au.

Calculation Energy (au)

1* NPF (1s,1s"') (2s,2p,h) -8.0070
2% NPF (1s,1s') (2s,2p,h',h") -8.0010
3% NPF(1ls,1s') (2s,2p,h,h',h") -8.0109
4% NPF(1ls,1s',2p) (2s,2p,h) -8.0071
1.

5 CI(4,13) ~7.9836
.1-
6 VB(4,5) -7.9845
7.i~ MCSCF (16,17) -8.0177
1.

8 CI(7,41) -8.019
* This work: the brackets indicate the partition of the

orbitals into pair functions

Comparative calculations: references

5. Fraga, S. & Ransil, B.J.: (1962) J.Chem.Phys. 36, 1127

6. Murrell, J.N. & Silk, C.L.: (1968) Symp.Farad.Soc. 2, 84

7. Mukherjee, N.G.: (1969) Ph.D. Thesis, University of Sheffield
8. Ebbing, D.: (1962) J.Chem.Phys. 36, 1361

The numbers in brackets are the size of the basis and the
number of configurations.



cannot be calculated. However, the Hartree-Fock energy may
be estimated to be -7.98 a.u. (For example, Ransil!s
optimised minimal basis gives -7.970 a.u. whereas Ruedenberg,
and McWeeny and Mukherjee, with large extended bases, obtained
energies of ~7.987 a.u. and -7.979 a.u. respectively)z About
0.03 a.u. of the correlation energy must therefore have been
obtained compared to the exact value of 0.08 a.u. Although
this amounts to less than 40% of the total correlation energy,
it compares well with the results of many more complex
wavefunctions - see Table 1. Only sigma-type orbitals are
included in the basis: Bender and Davidson? from their
extensive natural orbital CI calculations, have estimated
that the minimum energy obtainable with sigma-type orbitals
alone is -8.038 a.u. The NPF wavefunction thus accounts

for about 60% of the sigma-type correlation energy, a sizeable
proportion for a fairly simple basis and wavefunction. The
introduction of core polarisation, by allowing the 2p orbital
to contribute both to the bond and the core, has little effect
on the electronic energy. So far only the energy has been
computed: it would be of interest to compute the values of
some molecular properties to obtain a more balanced picture

of the NPF wavefunction.
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Information regarding the nature of the bonding in
the molecule is contained in the pair function coefficients,
which are given in Table 2. . Although the electron density
and pair density distributions are the more fundamental
quantities determining "what the electrons are doing", the
coefficients of simple wavefunctions such as these can yield
some insight into the nature of the two-electron bond. From
the results of Table 2 , we may firstly conclude that the
core of the lithium atom is adequately described by a pure
split-shell wavefunction, lsls', the weights of the 152 and
ls‘:‘2 configurations being negligible. Thus one electron of
the core may be considered to be moving close to the nucleus
and the other at a larger radius. The electron-pair bond
is a much more complex entity: the normal conception of the
bond in lithium hydride is of a bond strongly polarised in
the sense Li+H_, viz. the large dipole moment of 5.9D.
It might therefore be expected that Li—H+ type configurations
would be of negligible importance And that a hydride ion
split-shell description of the electrons in the region of
the proton would give a good representation of the molecular
electron distribution. It is apparent however that the

weights of the Li_H+ configurations are by no means negligible.
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Table 2 Pair Function Coefficients for LiH

Calculation* Core pair function#
1s 1s* 2p
1, 2, 3 -=0.007 1.1
0.009
-0.01 1.1 0.01
4 0.002 -0.01
-0.003
Calculation* Valence pair function
2s 2p h h' h"
-0.23 -0.14 1.49
1, 4 -0.10 0.89
- 0.75
. -0.13 -0.02 0.49 0.26
2 0.01 0.34 0.14
0.06 0.09
0.28

-0.37 -0.24 1.21 -0.05 0.84
-0.16 0.49 0.06 0.66

3 -0.16 0.75 1.34
-0.93 -0.01
-3.10

* Ggee Table 1 for details of calculations

# The coefficients are tabulated in upper diagonal matrix
form: for example,

1s 1s'
—0.007(152) + 1.1(1sls'+1ls'ls) + 0.009(15'2)

-0.007 1.1
.009



And, secondly, the split-shell, h'h", configuration is by no
means adequate: for example, the calculation which omits the
free atom hydrogen ls orbital yields a markedly poorer energy
than that obtained when it is included. Also, in the wave-
function which omits the orbital, the h"2 configuration is
dominant in the bond pair function, and, when it is included,
the order of importance of Li+H~ structures is h"2, hh", h'2,
hh', with the ekpected dominant term h'h" making a negligible
contribution. The more important terms appear to be the
expanded orbital ones. Too much must not be made of the
precise values of the coefficients, but they do indicate that
the electron-péir bond is far more complex than the simple
picture of an electrostatic bond between a hydride ion and

a lithium ion would suggest.

The short to medium range interaction of two helium atoms
is a system on which the relative merits of the NPF and SBP
methods may profitably be tested: one expects intuitively
that a wavefunction which allows the wavefunctions of the
two atoms to overlap and interpenetrate will give a better
representation of the interaction of the atoms than one in
which they are forced to be exclusive at all internuclear

separations. To examine this supposition, pair function
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wavefunctions have been calculated for He2 for interatomic
distances (*R) from 0.5 to 5 a.u. A simple basis, the
optimum split-shell orbitals, 1s and 1ls', for the free
helium atom, with exponents 1.19 and 2.18365 - the Eckart
orbitals? was chosen, as in the previous calculations, as a
compromise between accuracy and economy. The Eckart wave-
function for the free atom gives an energy of -2.8756 a.u.,
0.0276 a.u. above the exact energy and 0.0281 a.u. better
than a single 1ls orbital wavefunction. Four series of
calculations were performed with different pair function
wavefunctions. The first is the simple NPF wévefunction
in which each atom is described by a spherically symmetric,

one~centre pair function; that is, for atom A,

A _ A A . .
AT (12) = {ClllsA(l)lsA(2) + ClZ(lSA(l)lSA(z) + lsA(l)lsA(2))

A 1 1 -
.+ C22lSA(l)lSA(2)} (a (1)B(2) B(L)a(2)),

and similarly for atom B. The Eckart wavefunction for He2

is obtained by setting the coefficients of the diagonal terms,

A

e.g. Cll and CZ , to zero in the above expansions. The

2
symmetrically orthogonalised set of basis functions was used

to construct the SBP wavefunction, the orthogonal counterpart
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of the simple NPF wavefunction. The final wavefunction is
designed to take into account charge-transfer between the
atoms: to the simple NPF pair function basis is added the
more diffuse orbital centred on the other atom, e.q. AA is
constructed from lsA, 1SA and lsB. This 1s then a five
parameter wavefunction, compared to two for the simple

pair function wavefunctions and none for the Eckart
wavefunction. The results are given in Table ( 3 ) and
Figures (1 ) and ( 2 ). The following conclusions may

be drawn. The split-shell or Eckart description of the
helium atoms is adequate, compared to the simple NPF
description, except at small R: that is, the weights of

the configurations lsi and lsg2 in the pair function AA

are negligible, and the energies given by the two wavefunctions
are virtually identical. However, at R = 0.593 a.u., the
weights increase dramatically, from leés than 10% to about

75% of the split-shell configuration weight, with a correspondingly
dramatic decrease in the energy of the simple NPF wavefunction
of about 1.1 a.u. The introduction of the charge-transfer
terms makes a pronounced improvement in the electronic energy
and, more importantly, the interaction energy, at all R: the

weights of the charge-transfer terms are important at all
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Table 3 Helium

-Helium Interaction - V(R)+ (a.u.)

Wavefunction# Eckart

NPF SBP CT-NPF Beck** MBD
N*
1 . 4.25 3.18 3.67 2.57 2.1377  2.m
2 0.998 0.997 0.755‘ 0..689 0.631 >0.6l4
3 0.258 0.258 0.205 0.207 0.182 0.163
4 0.0692 0.0693 0.0675 0.0592 0.0480 0.0433
5 0.0185 0.0185 0.0243 0.0162 0.0118 0.0115
6 0.00487 0.00488 0.00873 0.00422 0.00271  0.00304
7 0.00125 0.00125 0.00304 0.00102 0.00053 - 0.00081++
8 0.00031 0.00031 0.00123 0.00022 0.00005 0.00021++
+ V(R) = E (R} _op  +4r T
electronic He

EHe = -2.87566 a.u. for the Eckart wavefunction,

EHe = -2.87572 a.u. for the pair function wavefunctions
*  The internuclear separation is R = 0.593N a.u.
# See text for details: CT - charge transfer
¥%  An empirical potenﬁial fitted to experimental and theoretical results

Beck, D.E. (1968) Mol.Phys. lﬁ! 311
++

Outside the estimated range of applicability of the empirical potentials



internuclear separations but are particularly large at small
R. The addition of explicit polarisation orbitals, e.g. 2p,
to the pair function bases would probably reduce the importance
of the charge transfer configurations, as well as giving a
better representation of the interaction energy at large
separations.

Figure (2) shows a plot, as a function of R, of the
percentage error in the interaction energies calculated with the
different wavefunctions compared to the "exact" energy calculated

from the potentiél function,

-4,.23 .
V(R) = 237 e R eV (R in Rngstroms),

as estimated by Matsumoto, Bender and Davidson in very accurate
calculations® The most interesting point that this illustrates

is that, whilst the non-orthogonal orbital based wavefunctions

give interaction energies which are in reasonable accord with
Matsumoto, Bender and Davidson's results at all R, the accuracy of
the energies calculated with the SBP wavefunction varies dramatically
with internuclear separation. Thus, at small R, the interaction
energy is poor; at large R, it is the wrong orxder of magnitude;

and, at intermediate R, (2 to 3 a.u.), it is as accurate as that

of the five-parameter charge-transfer NPF wavefunction. This
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Figure 2, He-He Interaction : Accuracy of Calculated V(R)

(%)
180 f ’
o Wavefunctions
1601 1  Eckart
2 Simple NPF
3 SBP
140 :
4 Charge transfer NPF
120
i o
Percentage
Error -
sol 14
. 1,2
@ m——
4
a0} X———
2 ® > S X
' o
(<]
20r _
0 2 A i i o -
1 2 3 4 5 6
N

Percentage Error = loo(V(R)calcd.- V(R)MBD)/V(R)MBD

See text and table 3 for details of wavefunctions 1-4 and V(R)

Internuclear separation = 0.593N au.



means that the shape of the interaction potential is badly
represented by the SBP wavefunction. The same conclusion

has also been drawn from calcualtions on the interaction of

two hydrogen molecules, where the barrier to the rotation of
one molecule relative to the other was found to be much more
accurately described by an NPF wavefunction than a SBP
wavefunction%1 In Figure ( 1 ), the electronic energy of

the different wavefunctions is plotted as a function of R:

it is evident that the electronic energies of the Eckart

and SBP wavefunctions are tending to the wrong ésymptotic
iimit as R goes to zero. In the case of the SBP wavefunction,
this must be due to the orthogonality constraints which prevent
the wavefunction going over to an approximation to the united
atom, beryllium, wavefunction: it may not then be surprising
that the interaction potential is so poorly represented by the
SBP wavefunction.

Thus it must be concluded that the strong orthogonality
constraint is not chpatible with the correct description of
the interaction between closed shell atoms and molecules. What
the situation is regarding intra-molecular interactions is not

clear: the SBP method appears to predict reasonably accurate

molecular geometries as far as bonds to a central atom are
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Figure 1. Helium-Helium Interaction : Electronic Energy
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concerned - for water, a computed bond angle of about 100°

is found compared to the experimental value of 105°.12
Although the basic characteristics, for example, the positions
of maxima and minima, of intramolecular potentials may be
fairly accurately determined by SBP wavefunctions, it is
likely that the details of the potentials will be better
represented by NPF wavefunctions.

The pi-electron system of butadiene is of particular
interest in the context of orthogonal versus non-orthogonal
pair function wavefunctions since here we have a situation
in which the localisation of the electrons pairs, in the
terminal bonds, is generally considered to be weak. The
question is how well does the non-orthogonality of completely
localised pair functions account for the partial delocalisation
of electrons into the central bond? The initial problem, in
using a non-orthogonal basis in a system of this type where
a core-valence separation is assumed, is the calculation of
the energy integrals over the non-orthogonal orbitals. A
basis of four pi-type orbitals centred on the carbon atoms is
assumed: however the form these orbitals should take and the
corrections to the integrals over these orbitals due to the

presence of the core are by no means apparent. Two different
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approaches have been made to the problem. Either the orbitals
are left entirely unspecified and the integrals found by

fitting calculated results to experimental ones for test
molecules, or the forms of the orbitals‘are guessed and

the integrals evaluated theoretically under simplifying
assumptions regarding the effects of the core. The former

is satisfactory when the unspecified basis is assumed to be
orthogonal, since it is known that the majority of the two-
electron integrals then assume negligible values. When the

basis is not orthogonal, the method is totally impractical and

it is usual to resort to the latter approach. Thus, Parr and
Mulliken, in calculations on butadiene, have used a basis of
Slater—type orbitals with Slater's rules exponents, calculating
some integrals theoretically, others by Mulliken's approximation:,l-3
Since the "best" empirical integrals, over the assumed orthogonal
basis are far removed from the theoretical ones, over a strictly
orthogonal basis, this method of calculating pi-electron
integrals must be considered suspect. An alternative approach
to the problem is to take the 'best' unspecified and assumed

orthogonal basis, X, transform it to the non-orthogonal basis ¢,

1
¢, = z s? X where Sij = J ¢i¢j dt
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and thence calculate the integrals over the non-orthogonal

basis. For example, the one-electron integrals

Hh
]

f 65 (1) £1) 4, (1) ar

ij 1

1 L
) si F _ s?
ke ik "k& T30

where the sz are the 'best' empirical integrals and are
thus known. Of course, if one does not know the orbitals
with which to calculate the integrals in the first place,

one cannot either set up the overlap matrix, S, to perform

the transformation.® Viewed from a different standpoint,

this difficulty may be avoided. Any basis transformation,
¢! = ] U. X
i3 13 73

is valid, if carried out properly, in the sense that the

complete basis-set limit calculation, performed with any
combination of a given set of orbitals, will yield the same
wavefunction and energy. The objective may therefore be
redefined as, not the evaluation of the integrals over a non-
orthogonal basis, but as the finding of the basis ¢' which
yields the best energy for a given type of wavefunction.

Thus, the actual basis orbitals, X, need never be known;
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only the transformation matrix U linking bases need be
specified. In the following the transformation U = _é
is used, where the overlap integrals are obtained from
STO's with exponent 1.625; the untransformed one and two
electron energy integrals being calculated by standard
semi-empirical methods. It must be emphasised that the
resulting integrals are not to be regarded as integrals
over a non-orthogonal basis. Our integrals are compared
‘with those of Parr and Mulliken in Table 4. The correspondence
between them is in fact quite remarkable: the reduction cof
all of Parr and Mulliken's integrals by a factor of 1.54 gives
a set of integrals almost identical to those calculgted by the
transformation.method.

Six different wavefunctions have been studied. These
may be divided into three classes, single determinant, SBP

and NPF wavefunctions. The two single determinant wavefunctions

considered are the bond orbital (BO) wavefunction,
A ¢A <bA d>B ¢B

where

-
]
>
'-_l
+
>
N
: =ad
o
]
pa
w
+
>
=
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Table 4

Comparison of Semi-~Empirical Integrals

l# Parr and ) +
Integra Mullikent* ours Adjusted
Overlap

(12) 0.279 0.244
(13) 0.0337 0.0339
(14) 0.0021 0.001¢9
(23) 0.233 0.244
One Electron
(11) -30.87 ~-24.28 -24.34
(12) -12.45 -10.04 -9.99
(13) -1.68 -1.80 -1.38
(14) -0.13 ~-0.19 -0.11
(22) -36.41 -27.87 -28.18
(23) -10.58 ~10.04 -8.39
++
Two Electron
(1111) 16.93 10.97 10.99
(1112) 3.61 2.01 2.34
(1122) 9.24 5.50 6.00
(1212) 1.09 0.49 0.71
(1133) 5.52 3.90 3.58
(1113) 0.30 0.22" 0.19
(1144) 3.70 2.91 2.40
(1234) 0.46 0.24 0.30
(1324) 0.009 0.007 0.006

++

Numbering convention

,
l’. 3

Parr, R.G. and Mulliken, R.S. (1950) J.Chem.Phys. 18, 1338

Parr and Mulliken's integrals with all two-electron integrals
reduced by a factor of 1.54

Charge-cloud notation is used for the two-electron integrals



and Xi are the "non-orthogonal" atomic orbitals, and the MO
wavefunction. The NPF wavefunctions are the simple NPF
wavefunction A AA AB where AA is built from X1 and Xy and
AB frpm X31 Xgr and the 'delocalised' NPF wavefunction in
which AA is constructed from orbitals Xy X1 X3 and AB from
er X3, X4- Thus each pair function is delocalised over
three atoms. The last two wavefunctions are of the SBP

type: firstly, the simple SBP wavefunction A KA AB where

KA and KB are constructed as for the simple NPF wavefunction
but from orthogonal atomic orbitals, and secondly, the SBP
wavefunction in which the pair functions are constructed
from localised molecular orbitals (IMO): in this way
partial delocalisation of the bonds is allowed. The
results are given in Table 5. It is immediately apparent
that the NPF wavefunctions perform better than their SBP
counterparts. Particularly encouraging is the completely
localised NPF wavefunction, which, although it only accounts
for a small percentage of the correlation energy, performs
very satisfactorily for a completely localised wavefunction
in a situation where considerable delocalisation of the

electrons out of the terminal bonds is expected. In fact,

this is not the best energy that may be obtained with this
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Table 5 Butadiene - Results

Wavefunction* Number of Energy (eV)
Free Parameters

BO ‘ 0 -82.287
SBP 2 -82.531
MO ‘ 1 | -83.182
NPF , , 2 -83.297
SBP-LMO 3 . -83.962
"Delocalised" NPF 5 | -84.084

See text for details



wavefunction: with the same basis transformation matrix,

_%, but using an orbital exponent of 0.9 in the calculation

of the elements of S an energy of -83.890 eV may be obtained.

Since the SBP-localised MO wavefunction is known to be capable

of giving 90% of the correlation energy, the partially de-

localised NPF wavefunction must be, to all intents and

purposes, the exact wavefunction within the basis. This

is further encouraginq since the basis-set limit wavefunction

is a 20 configuration function, and the delocalised NPF

wavefﬁnction contains only 5 free parameters. The question,

can a localised non-orthogonal orbital based wavefunction

describe accurately the electron density in a weakly localised

system, may be answered in the affixrmative. Since such systems

are not well described by localised SBP wavefunction, the NPF

wavefunction should provide a useful tool in such situations.
Some general conclusions regarding the practical aspects

of the ab initio NPF method may be drawn from these calculations.

But, first, it should be said that although these calculations

do indicate that the NPF wavefunction is capable of giving '

fairly accurate wavefunctions, they have been concentrated

on the energy alone: a more balanced assessment would require

the study of molecular properties as well. In connection with
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the calculations on lithium hydride, most of the correlation
energy obtained must come from core correlation which, it is
assumed, does not contribute much to the improvement of other
molecular properties. A correlated core is however necessary.
to obtain any core-valence correlation which may be more
important to molecular properties.

It has been found that the computing time for the variational
process depends strongly on the number of orbitals in each pair
function. For example, if each pair function is constructed
from two orbitals, the total computation time is less than
thirty seconds, but, in the lithium hydride calculations, with
two core orbitals and five valence orbitals, each cycle takes
about 2.5 minutes and, for four orbitals in each pair function,
a computing time per cycle of more than five minutes is found.
This rules out large basis calculations by the NPF method.

As the number of pair functions increases, the main problem
will not necessarily be the time factor, if small bases are
used, but the programming of the variational equations. The
explicit expressions are fairly complex for N = 2: for N
greater than four, they will certainly be prohibitively
complicated. The final point is the convergence of the

iterative variational process: for well separated pairs,
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for example, those in lithium hydride and He2 at long range,
no difficulty has been encountered, but, when the interpair
overlap is large, the convergence is often slow and very
dependent on the trial coefficients. For example, at an
internuclear separation of 0.593 a.u. in the He2 calculations
with the charge transfer NPF wavefunction, some thirty cycles
were needed to reach cc;nvergence. Also, although the energy
had converged to eight decimal places, the coefficients, in
some cases, particularly the charge transfer wavefunctions,
had still not settled down. On the other hand, the SBP
wavefunctions for He2 converged rapidly for all internuclear
separations. These practical problems, although rather
discouraging, should not be insurmountable, but do provide
all the more reason for looking at approximation methods
which are the subject of the next section. Overall, one
might estimate that the practical upper limit of the ab initio
NPF wavefuﬂction is four pair functions with a small accurate
basis, say three orbitals. If, for example, the 1ls core of
methane is removed from the problem by orthogonalisation of
the valence orbitals to the fixed, possibly correlated, core,

the scope of the NPF method may to a certain extent be enlarged.
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_SECTION 3



APPROXIMATE SOLUTIONS OF THE

NON-ORTHOGONALITY PROBLEM

The conclusions of the previous section, that the NPF
method, whilst yielding accurate wavefunctions from small
well-chosen bases, rapidly becomes intractable through the
increasing complexity of the matrix elements required in the
variational procedure and the time-consuming problem of
computing the (N!)2 terms arising from the anti-symmetry
principle, indicates that the search for justifiable approximation
methods will be necessary if the NPF method is to be applicable
to molecules with a larger number of electrons. It is
unfortunately the case that, in many calculations of molecular
wavefunctions and properties, a large number of terms are
computed which have a negligible effect on expectation values
and on the path of the variational determination of optimum
parameters. Because of the difficulty in general of specifying
a priori which terms these are and of defining the effect of
omission of terms from the computation, little work appears to
have been directed towards the goal of approximate solutions
in which such terms are neglected. An example where some

headway has been made in this diréction is the 'neglect-of-
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differential-overlap' approximation in MO theory, in which

many integrals, over an orthogonal hybrid basis, involving the

charge distribution of two orbitals on different centres, may,

to good accuracy, be omitted from the computation. The NPF

method should be particularly amenable to this type of treatment

since the practical problems arise directly from the sheer number

of terms that must be calculated. The search is therefore for

an expansion of the density functions which possesses a well

defined partition into a small number of dominant terms and a

large number that are practically negligible. The approach

that we are pursuing is approximate in the sense that not all

terms in a given expression are computed, but is ab initio in

the sense that it is not a semi;empirical approach where difficult-

to~compute quantities are estimated by appeal to experiment or

where quantities are similarly "adjusted" to correct for the

inadequacies of the approximations. The task is thus more

severe than in a semi-empirical scheme since the neglect of any

term must be rigorously justified. However, as the‘approximations

are relaxed, the approximate solution must converge in the limit

to the true one, a property not possessed by semi-empirical theories.
The degree of accuracy demanded of an approximation scheme is

dependent on several considerations. . The computation:of the basic
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integrals is generally achieved through numerical or analytical
infinite series methods: a residual error must be present in
these quantities. Also the actual process of evaluating
optimum parameters and the values of observables is subject

to computational round-off errors. It is unnecessary to
demand an accuracy greater than can be obtained in practice

in the exact calculation. More importantly, there is the
fact that the wavefunctions used are only approximations to
the true wavefunctions: they are eigenfunctions of an approximate
(and not always defined) Hamiltonian. There is no virtue in
asking for an exact solution to an approximate problem. The only
requirements are that the errors induced by the approximate
method of solution are smaller than those intrinsic to the
approximate wavefunction, and that it should be possible to
make some estimate of the partition of the errors between
those inherent in the wavefunction and those in the

method of solution. In the short run, it is a simpler task,
where possible, to compute exact approximate solutions since
this obviates the neccessity of determining which terms may

be omitted and the errors induced in expectation values by
their omission. In the long run, however, if reasonably

accurate solutions are to be found for large molecules, and
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if computations on the small chemically important groups within
large molecules are to be feasible, this approach must be
examined in detail. We shall, in this section, devote our
attention to two approaches conforming to this philosophy.
Valence bond wavefunctions have not had the attention
they deserve due to the computational problems introduced by
the antisymmetriser. The conventional method of avoiding the
"non-orthogonality catastrophe" was to invoke the "neglect-of-
overlap" approximation. This was justified by the observation
that overlap integrals are necessarily less than unity so that
powers of overlap integrals, brought in by the antisymmetriser,
tend to zero as the powers and the distances between centres
increase. To arrive at expressions of sufficient simplicity
to be of practical use, it was necessary at that time to neglect
all powers of all overlap integrals. Unfortunately, the
wholesale omission of such terms cannot be justified: the
resulting errors are too large. Thus it is found that there
is no binding in the hydrogen moleculel, and that exchange
integrals, which are indisputably positive, have in this
approximation negative values?. Approximate VB theory was
therefore forced into a semi—empigical formalism, with, for

example, exchange integrals becoming disposable parameters?.
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But the basic justification remains: it is possible to expand
the expression for any observable, X, derived from a wavefunction
based on non-orthogonal orbitals, in terms of powers of overlap

integrals. Thus

-1
X = N (x4 ) X sSiy 7o) x cel)

v 05, LS +
i< ji i< ket ijk27ij ke

where Xij’ . are constants, Sij is the overlap integral

Xigke’ "

fcbi(l)d)j(l)d'cl and the normalisation constant

N =N + X X N, . S.. S, + ... . The expansions consist
0] i< k<d ijk2 Tij kR

of a finite number of terms, at most n terms, where n is the

number of electrons. There is of course no guarantee that the

series converge; certainly, the powers-of-overlap, e.g.

S Smn' must become smaller as the number of integrals in

ij "k
the product increases, but no such condition binds the coefficients,
Xij' etc., or the summed terms. In the following, the expansion
will be made in terms of inter-pair overlap only, no intré—pair
overlap being neglected, contrary to the usual approximate VB
theories. The convergence of the series is expected to be
considerably improved over a general overlap integral expansion
since interpair overlaps are generally much smaller than those

within a pair. The inclusion of intra-pair overlap is quite

arbitrary, since we may, without loss of generality, orthogonalise
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the orbitals within each pair: the orthogonalisation unfortunately

introduces no simplification of the problem, so that it is consistent

to retain intra-pair non-orthogonality throughout.

The problem, that has hitherto been avoided, is the development

of a more realistic approach to the "neglect-of-powers-of-overlap"
approximation, to determine in what situations the series is
sufficiently convergent to justify a truncation which will
appreciably reduce the computational difficulties, to find a

systematic a priori truncation scheme and to .assess the errors

resulting from the truncation. The first requirement is the
development of the density function expansion in a form which is
sufficiently simple to allow the convergence properties of the
overlap series to be studied in detail. Explicit expressions

for the coefficients of the overlap integral products, for example,
the Xij in equation (3.1), are not readily derived. However, it
is possible to arrive at expressions for the NPF wavefunction
density functions which allow the convergence of the series to

by systematically studied.

Let us first consider the one particle density function which

is, from eguation (2.3},

N N
P(1,1') =2} PNQN TR[(CSCT(PI,I,QI). I CSCS(P;,T,Q5)] (3
I=1 J#I »
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where the notationvis that of Appendix 1. The summation
subscripts of equation (2.3), P, and a7 have been suppressed
since they may be inferred from the superscripts (cf. the
expansion of the normalisation integral in Section 2): it
should always be remembered that each term in (3.2) e.g.
CSCS(PJ,J,QJ) is a matrix. The density function is not in

a particularly convenient form as the orbital product

Tig = xi(l)xg(l') occurs with an index detérmined by the

permutation operator: a more useful expression may be

obtained by expanding the permutation operators.

N-1
o ta- 7 9.
I L#I IL

0
il

where PIK interchanges the left-hand superscripts (LSS) I and

K (with their corresponding subscript summation indices), and

Pﬁ-l is the (N-1l)th order permutation operator which permutes

all left super- and subscripts except those in the I'th term.

QIL and Q?-l operate similarly for right-hand superscripts (RSS).

Introducing the expansions (3.3) into equation (3.2)

- N
P(1,1') =2 )

N~1 N-1
TR[P Q. (1 - Z P_)(l- ) Q)
1=1 I I ‘1 IK IL

L#AL
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N
) T cscs(p,3,Q.)

CscT (P, 1,0
J#I

I

Expanding PIK as PI+K PK%I where PI+K replaces the ISS I

d similarly f ; i
by K, and similarly for QIL' and operating with PI+K’ QI+L
we find
¥ N-1 N-1
P(1,1') = 2 )} TR[CSCT(I,I,I) P, Q; = I cscs(p,3,0))
I=]1 J#I
N
N-1 N-
- )} cscr(k,I,I) P. 9 ! . CSCS (P7rd,Q5)
K#I ; (3.4)
N-1 N-1 N
- ) cscr(I,I,Ln) PL Q. Q. I CSCS(P,3,00)
LAI JAT
N
N-1 N-1
+ ) CSCT(K,I,L) P. ~ Q. P, 0 I cscs(p_,J3,9.)]
S
K, AT I i KTIT J J
We may define the coefficient
N-1 N-1 N
D(X,L,I) = g PO P Qo JgICSCS(PJ,J,QJ)

where T is the set of summation indices which contains all
subscripts occuring twice in the coefficient expansion. If
K#L then D(K,L,I) is a matrix of dimension n X ng where nK

is the number of orbitals in pair function K; otherwise it

is a scalar. Thus equation (3.4) becomes
N.
P(1,1') = 2 ) {tr(cscr(I,I,I)).D(I,I,I)
I=1

- ¥ tr(csCcr(x,I,I) x D(K,I,I))>
KAI
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] tr(cscr(I,r,K) x D(I,K,I))
KAI

+ ) tr(CSCT(X,I,K). D(K,K,I) (3.5)
K#AI '

]
+ ) ) tr(CSCr(x,I,L) x D(X,L,I))}
K,I#I
where tr stands for the normal matrix trace, and x for the matrix
product. By separating out the orbital terms Tig, we finally

arrive at

II I
P(1,1") =2 Z er(rp™hy + 2 Z "tr ()
where
1T _
D3 = CSC(I,I);,.D(I,I,T)
- )} D(X,I,I)X CSC(K, I),
K#L
and p™ = - p(1,3,I)X CSC(I,I),. + CSC(J,I),..D(J,J,I)
ij ij ij

+ ) DI, J,DX CSC(K,T) ;4
KAI,J

and where we have used the notation
I I1IJ  J
csc(r,J) = C S C

We have achieved two advantages by this rearrangement of
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the density function expression. Firstly, the matrices DIJ
define the one particle density matrix: the expectation value
of any one electron property is given by

X

jp(l,l')x(l)drl+l,

Z Z tr(XIJ DIJ)
IJ

IJ .
Thus, once the 2‘ matrices are known, and they need only be
computed once, the evaluation of the observable becomes trivial,
requiring only the integrals for the property over the atomic

1J

. . I A J
orbital basis, X.. = fxi(l)x(l)xj(l)dT Secondly, the calculation

ij 1°
of the density matrix is separated into two distinct processes:
the evaluation of the coefficients D(K,L,I) and their combination
with the CSC(X,L) matrices. The second step is essentially
simple; the rate-determining step is the calculation of the
coefficients. This involves an ((N-l)!)2 term sum of products
of the matrices CSCS(K,L,M). Thus the full weight of the non-
orthogonality problem is thrown into the computation of the
coefficients. The essential simplicity of their definition
makes them ideally suited to machine computation, unlike the
unexpanded form of the density function, equation {(3.1). The

question of the rate of convergence of the powers-of-overlap

series is now more or less a matter of the rate of convergence
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of the expansion of the coefficients, which, because of their
simple nature, is a much more easily studied problem. We
shall return to this in more detail later.

An analogous but considerably more tedious expansion is
possible for the two particle density function. The permutation

operator is expanded as

N, _N-2

P+ P (1- ) (®_+P )+ Y P_P_)(lL-P_)
13 K

KALT JK K<LALT IK JL IJ

where P?Sz is the (N-2)th order permutation operator working
on all LSS except the ones in the I'th and J'th terms. This
enables us to expand out the second and third terms of the two
particle density function of equation (2.4): the first term
is dealt with exactly as for the one particle density function.

Taking, for example, the second term, it is readily seen that

the expansions of PN and QN will yield terms of the type

N-2 N-2
R [P QIJ Prx PJL Q1M QJN CSCT (PI'I'QI)
v N
cscr(p_,J,9.) @I cscs(P_,R,0.)
R
J J RATT R

and hence by analogy with the one particle density function,

the coefficient

.
N=2 N—
P_,R
DKL, M/N,I,0) = é 17 %10 P T Irg e 1200 RiIéIJCSCS( R’ 'QR)
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where Piiz permutes all LSS, with their summation subscripts,
in the.product that follows, the K'th and L'th terms having I
and J as their LSS in the identity permutation. T again
denotes the set of summation indices that occur twice in the
coefficient expansion. (Although the label N is used for the
number of electron pairs and as a pair function name variable,
no confusion should arise, the context making plain which is
intended) . An expression analogous to (3.5) for the one particle
density matrix is straightforwardly derived: it is set out in
detail in Appendix 3. The density matrix is separated, as
before, into simple matrix products and coefficients involving
the remaining permutations. Some properties which show the
usefulness of the coefficients are set out below.
1. The normalisation integral

S_ = TR[PNQN g cscs (P ,I,0.)1

R I=1 T

is a special case of the general coefficient

N
N-2 N -2,
D_(A,B,C,D,E,F) =} P\ 0.0 T CSCS(P,G,Q,)
N 5 PEr QEp FArE’ BOFRCHESDOF GAEF
Thus
sR = DN+2(N+l,N+2,N+l,N+2,N+l,N+2)
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where N+1 and N+2 are undefined dummy pair functions.
Similarly the coefficients defined for the one particle
density function

D(X,L,I) = (K,N+1,L,N+1,I,N+1)

D
N+1
and finally

D(XK,L,M,N,I,J) = D (K,L,M,N,I,J)
Thus all one and two electron properties are completely, and
relatively simply, defined in terms of the general coefficient
D, (a,B,C,D,E,F).

2. DN(K,L,K,L,I,J) is a scalar; DN(K,L,M,L,I,J) is a matrix,
MK . . . .
Aij’ of dimension nm X nk; and DN(K,L,M,N,I,J) is a supermatrix

- the difference of two matrix scalar products, that is,
MK _NL _ ML _NK MK

DN(K,L,M,N,I,J) = Bij Bkl ie Bkj where, for example, B

is a matrix of dimension nm X nk.

3. The following parameter interchange relations hold

a) DN(K,L,M,N,I,J) = —DN(L,K,M,N,I,J)

= —DN(K,L,N,M(I,J) = DN(L,K,N,M,I,J)
b) The coefficients DN(K,L,M,L,I,J) and DN(M,L,K,L,I,J)
are related, in the simplified notation of 2, by

MK M M
A CK.. = A C ..
15 —qi
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and D (X,L,M,N,T,J) and b (M,N,K,L,I,J) by

These relations are useful in reducing the number of coefficients
to be calculated since they always occur in conjunction with

the QF matrices in the manner of the above relations. The
relations are readily proved by examination of the definitién

of the coefficients. They do not hold when K or M = I, or

L or N = J, but, in these cases, the related coefficients are
never required.

Simple rules may be derived which allow easy evaluation of
the coefficients. These are, for the general coefficient
DN(A,B,C,D,E,F), set out below.

1. Write down the centre superscript (CSS), that is, all numbers
from 1 to N except E and F.
2. If A # E,F, write E on left hand side of A;
if B # E,F, write F on left hand side of B;
if ¢ # E,F, write E on right hand side of C;
if D # E,F, write F on right hand side of D.

Fill in the remaining left and right superscr;pts with the
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same number as the CSS.

Each of the sets of three numbers, i.e. (LSS, CSS, RSS)

or (X, Y, Z), correspond to the matrix product (CX SXY CY SYZ)

or, in the previous notation, CSCS(X,Y,Z). If, among the
sets, there are any in which the LSS equals the RSS, then
take the trace of the matrix. If the LSS of one set equals
the RSS of another, take the matrix product. Continue
combining sets until the LSS equals the RSS of the combined
set. Take the trace. Continue until all sets are combined
as far as possible. The product of the combined sets is the
leading term and is a scalar, matrix or supermatrix depending
on the parameters.

Permute all 1SS and all RSS, i.e. ((N—2)!)2 terms, combining
the sets for each new term as in 3. The sum of the terms,

with the parity of the permutations gives the final result.

Example. D(34, 54, 12), N =6

Step 1 3 4 5 6

. 2.2 51, ° 6 6

Step 2 t33) %42 50 (%6
. 66 22

Step 3 st | 133, (6) (747

cscs(s5,5,1) x cscs(i,3,3).tr CSCS(6,6,6).

1)

tr CSCS(2I412)
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Step 4 Let us take the sample permutations P56 on

LSS and P26 on RSS with parity +1, giving

33 (A8 Bsh 56y
and °62 | 245 | &5t | 133

= CSCs(5,6,2) x CSCS(2,4,6) x CSCS(6,5,1) x CSCS(1,3,3)

The evaluation of the coefficients can be seen to be well
suited to being performed on a computer, since the procedure is
composed of only a few simple rules and consisting solely of
matrix manipulations. It should also be noted that, if the
molecule possesses any elements of_symmetry, this is reflected
in the coefficients and may greatly reduce the number to be
computed in instances of high symmetry. For example, a
calculation by the NPF method on the methane molecule (Td
symmetry), a relatively large molecule by present standards
for an accurate calculation, is well within present computing
capabilities. Assuming a core orthogonal to all other orbitals,
there are only 18 distinct coefficients to be calculated. And
the number of coefficients does not increase as the basis is

extended - only the matrix dimensions.
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The problem of the convergence of the powers-of-overlap
series is readily studied in terms of the coefficients which
contain the major part of the non-orthogonality problem. The
expansion which is most appropriate in this case is in terms
of the interpair overlap matrices §FJ. Each of the ((N-2)!)2
terms which make up the coefficient may be readily classified
according to its interpair overlap power. Every set (X,Y,Z)
which has either the LSS or RSS different from the CSS introduces

a power of overlap: thus (X,Y,Z) = CK SXY CY SYZ brings in two

powers of overlap. The total power of a term is simply the
sum of the number of noncoincidences of LSS and RSS's with the
CSS's. Thus, in the example above, the leading term is a
fourth power term, and the sample permutation gives a seventh
power term. Each interpair overlap matrix is not of the same
order of magnitude: the farther apart a pair, the smaller the
elements of the overlap matrix. Thus it is consistent to
neglect terms which involve overlap matrices between well
spearated pair functions. This may be achieved by adding a
distance weighting - the greater the separation, the greater
the weight - for each interpair overlap matrix to the basic
overlap power. The neglect—of-ovexlap approximation is

therefore readily introduced into the general coefficient
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evaluation routine. The maximum weighted power of overlap
to be included and a suitable distance weighting scheme are
chosen. The distance weighted overlap order of each term
in the coefficient expansion is evaluated: if it is less
than, or equal to, the preset limit, then the value of the
term is computed, otherwise it is omitted.

No intrapair overlap is neglected in the above approximation
scheme, and, since physically separated pairs are likely to be
moét amenable to the NPF treatment, rapid convergence of the
overlap series is expected. Because the coefficients and the
approximation scheme is very easily introduced into the calculation,
the possibility is open of performing extensive rigorous tests on
the convergence of the series in different situations, rather than,
as hitherto, rejecting all terms that are computationally or
analytically too cumbersome.

In an attempt to determine the applicability of this
approximation method, we have investigated a particularly simple
model system - the linear chain of four hydrogen molecules with
the intramolecular separation R varied between 2 and 4 a.u.
Although the model system does not relate directly to the problems
likely to occur in actual molecular systems, the range of R studied

is in the short to medium range - the Van der Waal's radius of
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hydrogen is 2.3 a.u.; and coupled interactions, i.e. those
between two molecules via intervening molecules, are present.
The nearest neighbour inter pair overlap is of the same order

as that expected in saturated hydrocarbons: at R = 3 a.u.,

0.08 0.02

0.25 0.08} compared to the

the interpair overlap matrix is (

interbond overlap matrix for methane, in a hybrid basis,

0.00 0.15
0.15 0.28)°

The pair functions for the individual H2 molecules were
taken to be the optimum Heitler-London plus ionic wavefunction
for the free molecule.

2
(h” + h;) + c

A(12) cll o

12(Pahg + hghy)

where hA = exp(—l.l93rA), cll = 1.0 and Clé = 3.9.

Only coefficients of the type D(I,J,I,J,K,L) were considered
(although the general coefficient introduces no extra difficulty)
because these reduce to scalars which makes the comparison of
different approximations more easy. The coefficients studied
are listed in Table 1 and were chosen to highlight the following
problems:

a) the rate of convergence of the order of overlap expansion
within a given coefficient

b) the relative magnitudes of the coefficients as parameters
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I1,J,K,L change - some types may be safely neglected.

¢) the importance of environmental effects - it may be
possible to approximate coefficients by equating those -
with the same relative interpair distances e.g.
D(1,1,2) and D(2,2,3).

Tables 2 to 6 give the computed values of the coefficients
at various levels of approximation. In each of the tables, the
results of the simple powers-of-overlap and the distance-weighted
powers-of-overlap approximations are presented. In the former,
the number of interpair overlap matrices occuring in each term
of the expansion of the coefficient is evaluated. This is the
simple overlap power: if a term has a power greater than the
preset limit, Z, then its value is not computed. For example,
if Z = 3, a term such as tr CsCs(1,1,3) X CSCs(3,3,1) is computed
having an order of 2 whilst tr CSCS(3,2,3).tr CSCS(4,3,4) is not,
having an order of 4. In the latter approximation, a distance
weighting scheme is added. The most satisfactory scheme, and
the one used in all the Tables, was to give nearest neighbours
zero weight, next nearest neighbours a weight of unity and third
nearest neighbours a weight of four. The simple overlap
order is evaluated as above, but to the order is added the

distance weight for each interpair overlap matrix. Thus if
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the overlap matrix §}3 is present, one is added to the power,
pair functions 1 and 3 being next nearest neighbours. This
weighted order is then compared against the limit Z as before.
Thus the first example above has a weighted order of
2 + 2 =4 and is not computed: the second example has an
order 4 + 0 = 4. The following general conclusions may be
drawn.
The rate of convergence within a given coefficient
depends vitally on the interpair separation. At R= 2 a.u.,
the convergence of the normalisation integral is extiemely
poor and truncation is unlikely to be valid, whilst at
R = 4 a.u., the convergence is very rapid. At the intermediate
separation, where the interpair overlap is comparable to that
in saturated hydrocarbons, the rate of convergence is good:
thus, with 7 = 4, about 15% of the terms give an accuracy of
4 parts in 10°. The use of the distance weighting scheme reduces
even further the number of terms required - 5% give the same accuracy

whilst 13% give an accurécy of 3 parts in 108. It should be
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Table 1

Type Coefficient”
Normalisation D6(5,6,5,6,5,6) = D
One electron 'D5(1,5,1,5,1,5) = p(1,1,1)
D5(1,5,l,5,2,5) Z p(l1,1,2)
» 05(1,5,1,5,3,5) = D(1,1,3)
D5(1,5,1,5,4,5) = D(1,1,4)
D5(2,5,2,5,3,5) = D(2,2,3)
Two electron D4(1,2,1,2,l,2)

D4(1,2,1,2,3,4)
D4(1,4,1,4,2,3)

D4(l,3,1,3,2,4)

* 1 to 4 label the H2 molecules sequentially. 5 and 6
are dummy pair functions used to define the coefficient:

they do not enter the calculation.



Table 2 Normalisation Coefficient R=3 a.u.

# 7

Approximation* No. of terms

D(XlO_ ) % Error
7=0 1(0) 2.14150442 10.7
=2 13(0) 1.92749676 0.36
=3 29(0) 1.92816992 0.32
=4 83 (0) 1.93450560 0.0043
=5 179(55) 1.93447589 0.0027
=6 351(177) 1.93442326 1.107°
=7 495 (313) 1.93442342 2.10°°
7=8 576 (393) 1.93442346 0
Z=2/DWT ' 7(0) 1.92754819 o.3é
7=4 /DWT 30(0) 1.93450442 0.0042
2=6/DWT 76 (0) 1.93442351 3.107°
All terms > 10° 32 1.93447022 0.0024
All terms > 10% 44 1.93443668 7.107%

* 7 is the maximum overlap power included.

DWT - the distance weighting scheme described in the text

is used.

# The numbers in round brackets are the number of terms less

than 10'—2 included in the calculation.
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noted that the distance weighting scheme eldiminates the third
nearest neighbour terms, at all but the highest levels of
approximation. Thus, in favourable circumstances and given
an effective distance weighting scheme, very considerable
reductions in the number of terms to be computed may be
achieved at the cost of very little loss of accuracy. The
convergence of the one electron coefficient D(1,1,1) is less

marked since we are effectively dealing with a three molecule

"system - 42% of the terms are needed for 3 parts in lO6 accuracy.

The results in column 5 of Table 4 show that there is little
or no cancellation of errors in the ratio of the one electron
to the normalisation coefficient.

As the parameters refer to more and more distant pair
functions, the magnitude of the coefficient decreases much more
rapidly at large R than at small R. The error increases as the
magnitude of the coefficient decreases, and as R becomes smaller.
That the error increases as the magnitude decreases does not
mean that the overall accuracy of, say, the energy will suffer
since it is unlikely that the factor by which the coefficient
is multiplied in evaluating an expectation value will increase
as the magnitude 6f the coefficient decreases - rather the

reverse since, if the coefficient involves overlap in the
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leading term, then so will the factor. The overall pattern
of the results indicate that, if the situation is favourable,
a consistent approximation scheme, for example, the neglect
of powers of overlap greater than four with the distance
weighting, allows the calculation to the relevant accuracy of
a wide variety of coefficients.

The magnitude of environmental effects are evident in the
values of D(1,1,2) and D(2,2,3): although of the same order,
they differ by a significant amount, about 3% at R = 3 a.u.

This difference is well reproduced by the approximation scheme.
On the other hand, D(1,4,1,4,2,3) and D(1,3,1,3,2,4) are much
smaller ahd differ by less: here the difference is not detected.

This very preliminary study of a model system is encouraging
in that it indicates that, in circumstances which may not be
atypical of molecular systems, a large proportion of the work
may be avoided by a consistent overlap approximation scheme.

It is also evident that the dividing line between a convergent
and an unconvergent expansion is a fine one. The completion
of the energy calculation for the model system is necessary

to give the comprehensive data from which concrete conclusions

may be drawn, regarding this aspect of the non-orthogonality

problem.
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A similar approach to the non-orthogonality problem has
been made by Dacre and McWeeny? who considered the overlap
expansion for the interaction of two groups, atoms or molecules
in arbitrary spin states, retaining all intragroup non-
orthogonality and using intergroup overlap in the expansion.

They found that the energy converges rapidly - the interaction
energy, including only terms up to fourth power in overlap, is

in error, for two neon atoms, by only 0.2% at R = 2.5 a.u., and,
for two nitrogen atoms, by 0.1% at R = 3.0 a.u. An advantage
of their formalism is that the energy and normalisation integrals
are readily computed to the same level of approximation:
cancellation of errors increases the convergence quite markedly.
Also non-orthogonal formalisms for solids have been considered,
directed towards the evaluation of the inverse - of the overlap
matrix. Only very simple systems have been tackled, for example,
the ferromagnetic hydrogen lattice, where advantage may be taken
of the symmetry?

In extending the NPF approximation to molecular systems,
the question of the convergence of the overlap series arises.
éecause of the many nearest neighbours that are present, and
hence the larger number of terms of the same order of magnitude,

the convergence of the coefficients cannot be as marked as that
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in a model with only single nearest neighbours: possibly the
net of hydrogen molecules would serve as a more realistic model.
On the other hand, the use of directed atomic orbitals should
lead to smaller interpair overlap integrals than in the model
system. In fact, the approach requires, and deserves, much
more investigation before it will be possible to say whether

or not it constitutes a solution to the non-orthogonality
problem.

Although the approximation method considered above is
quite general, it suffers from the lack of a variational method
for the pair function coefficients: the necessary matrix
elements are far too complex to be of any practical use.

Thus the pair function coefficients must be fixed at the

outset of the computation. This should not be too great a
disadvantage in many types of large molecule since the
.transferability of non-orthogonal pair functions for commonly
occuring groups, for example, the CH bond, is expected to be

good (see Section 4), and the coefficients could be found by
optimisation in small mélecules, e.g. methane. Also, if

the neglect-of-overlap approximation can be used to significantly
reduce the computational labour, numerical optimisation methods

may, for a limited number of parameters, be practically possible.
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However, as noted in Section 2, the situation regarding complete
variational calculations is far from optimistic for more than
six electrons: this would rule out even the possibility of
finding the optimum coefficients in methane. And the neglect-
of-overlap approximation is neither well enough understood nor
likely to be of much advantage at this level. An approximate
variational méthod would thus be highly desirable for medium
sized molecules for determining the optimum basic pair functions
for larger molecules.

The HF LCAO wavefunction, although neglecting opposite-
spin electron correlation, is a good approximation to the exact
molecular wavefunction: and the localised or bond orbital
approximation, in which completely localised MO's replace the
delocalised ones of HF LCAO theory, in many instances, gives
results extremely close to those of the complete treatment®
We might therefore consider the expansion of the localised
pair functions, AI(12), in terms of a bond orbital product,

¢$(l)¢é(2)a(l)6(2), plus a correlation correction.

I I I I
AT (12) ) djy 5 (1)é5(2)a(1)B(2)

ij

b (L)og(2)a(1)6(2) + 847 (12)
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where sat(12)y = 7 aeTmetees@)
(i3)#0 3+ 3

(ij)#0 indicating that the i=j=0 term is excluded from the

summation. The NPF wavefunction may then be written

v = Aata2)a?Ge ... aNon-1,2m)
S . | (3.6)
= AU, + ) U+ ) U _F ...+ 1
0 1=1 I I IJ 12...N"
N I
where wo = 1 ¢0(21—1)¢0(21)a(21-l)B(ZI)
I
I N g 3
b o= SAT(21-1,2D) T ¢ (23-1)¢ (23)a(23-1) B (27)
Y.

and so on.
The energy expression is, via the above wavefunction expansion,

given by
E = f YHYar/ f Y ¥dr = H/S
where the energy integral

H = H _+2)H _+) H _+) H + ...+ H
0,0 - S - o 12..N,12..N

in which (3.7)
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|

dat

jes]
<

0,0 J by

0,1 J Yo

e
!
jasd

wI dt

and, in general, H = H
P 1ng * 713..P,KL..Q J Yrg. 0 B ¥k, o &7

With analogous definitions, the normalisation integral

Since the localised orbital description, wo, provides a
good approximate representation of the electron density and
energy of the molecule, the correlation correction terms will
only represent a small modification of the essentially correct
bond orbital description: hence the correlation coefficient
;expansion coefficients may be expected to be small, that is,

I

dij << 1, (ij)#0, and the correlation terms, wI' P , to

IJ,...

make progressively smaller contributions to the total wave
function. The expansions of the wavefunction and the energy
should therefore converge rapidly and make valid a truncation
of equations (3.7)and (3.8).  If, in practice, such-a
truncation may be made to yield a large part of the energy

of the NPF wavefunction, the variational determination of

. .. I . :
optimum coeff1c1ents, dij' using the approximate energy

expression should give pair function coefficients close to
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the optimum ones for the exact NPF wavefunction. Such a
method has been considered for the general cluster expansion
of the wavefunction, where, because of the simple expressions
for the matrix elements, the exact nature of the approximation
may be studied in detail. It has been shown that, under
certain conditions, it is even possible to decouple the
variational equations, each pair function being determined

by an independent equationz These formal simplifications

are paid for by the practical difficulties imposed by the
orthogonality constraints that have to be satisfied. Although
no decoupling of the variational equations is possible in a
truncated NPF expansion, the lack of orthogonality problems
allows the straightforward derivation of widely applicable
variational equations.

The initial problem is to decide at what stage the
expansion may be truncated. This can only be determined with
certainty by practical experience: however it is also necessary,
for any advantage to be gained, that the expansion is sufficiently
short for the variational procedure to be a practical one. We
shall here prejudge the issue by adopting a hopefully adequate
approximation which permits of the derivation of relatively

simple variational methods. The simplest approximation of
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equation (3.61s to neglect all but the first correlation terms

\

in the wavefunction

Yo=Y o+ )l o= Yy
0 T I T I
where
_ I 1, T )
Y. o= ) d 593 (21-1) 9 (21) 0 (21-1) B (21)

ij=0

J J
x I ¢0(2J—1)¢0(2J)a(2J—l)B(ZJ).
J#I
A dashed symbol is used to indicate that the quantity is an
approximation to the exact NPF quantity. The normalisation
convention that the coefficient of wo is unity is no longer

imposed. The approximate energy expression is thus

E' = H'Y/S' = JH_ /)
IJ IJ 1IJ
where
I J _IJ
H . = ) al,a' H
1J ) ij k& ijke
and
IJ I »~ J
= H dt:
Hiike J Vig By, ar

I, . . II S ILI
wij is the determinant wo with ¢0¢0 replaced by ¢i¢j

L
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in) KL

But - HOOOO = HOOOO = HO' for all I, J, K and L
7 _ .KJ  _.J
and HOOkZ = HOOkl = sz, for all I and K.
T J I J I
Hence, H = 4'" d' H_ + Z da!, a' H
IJ 00 00 . 3 ij 700 ij
(ij)#o0 13
+ 1 avacw o+ 7 art ar .
k& 00 k& . . ij k& ij
(k2)#0 (i3) , (k) #0
v 2 I _ I
so that H' = @’ H +2d ] ] CHAS
I (o M
+ 7 7 at a wg
I3 (ij) (ke)#o I 1J
I
: = '
with do z dOo
I
Analogous expressions are found for S'. Differentiating E'

with respect to d and'dég and equating the resulting expressions

0
for aE‘/BdO and BE'/adég to zero leads to the foliowing equations

defining the optimum coefficients

N
a (H -E'S)+) J dalm.-©8'sL) = 0,
00 0] T (i3)#0 ij i3 ij
(3.10)
N N
dO(HK -B'si )+ ) |} .di¥(HiK r'E'Sig ) =
PA T PA T (35)p0 I idpa ipq
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for all K and (pqg) # O. Using the condition that di; must
I

be equal to dji to preserve a singlet spin eigenfunction,

the above secular equations may be reduced to one of order

M where

=
n
- 12

nI (nI+l)/2 - (N-1)

and n is the number of orbitals in pair function I. Thus
the optimum coefficients may be determined non-iteratively,
by the solution of a single secular problem. The dimension
of the secular equations increases rapidly with the number of
bonds and will make the procedure impractical for large molecules,
especially when larger than minimal bases are used: on the other
hand, in situations of high symmetry, where there are relatively
few distinct coefficients, the method is eminently practical.
It is worth considering the situation when it is not

possible to sclve the complete secular equation and we wish
to determine the coefficients of each pair function separately.
Assuming that the coefficients of all pair functions except K

X

are known or have been guessed, the optimisation of the dij

leads to the equations

N.
7oar¥e®™® oy oo ) @™ - e (3.11)

ij ij 131p9 1ipqd I#K Pq Pq
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where Hgé = 2 HKIi. di?
| (ij)#0 P94

This gives a set of nK(nK+l)/2 equations for pair function K,
but, because of the term on the right hand side of equation
(3.11), the coefficients are not uniquely defined. A unique
solution may however be found by reconsidering the complete
eigenvalue equations (3.10): by partitioning the coefficients
into the set EA corresponding to those of pair function K and
the set EB corresponding to the coefficients of all pair

functions except K, we may write the secular equation

E-ES)C = 0
as
Han “ F San Eap 7 F Sppf (S °
Bon " ® %ma Ign 7 P Eppf|Ss 2
which, on expansion, yields
- + - = 3.13a
(EAA E SPP)EA (EAB E S;E)gB o ( )
- - = 0 3.13b
(Hop = B Spp)C, + (Hgp = F Sgp)5 8 ( )
From (3.13b) we have
c. = -m_-es_ ) tw. -Es.)c
-8B —BB =BB’ -BA =Ba’=A
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which gives, on insertion in (3.13a),

by
(H,, - E S, )¢, = 0 (3.14)

where  Hy = a7 (g = B Sup) (Hyp - B §1313)—1(533A = E Sgp)
The coefficients of pair function K may thus be found by an
iterative process in which the energy E is guessed, ng is set
up and the secular equation (3.14) solved to give a new E with
which to revise EiA’ and so on until EA and E converge. The
advantage of this approach lies in the fact that an effective
Hamiltonian, of which the pair function is an eigenfunction,

is defined for each pair of bonded electrons in the field of all
other pairs. In practice, the approach requires the repeated
inversion of a matrix of order M - nK(nK+1)/2 and is, in effect,
equivalent to solving the complete secular problem.

Since, in the above approximation, it is the wavefunction
that has been truncated, the part of the energy that is optimised
always remains an upper bound to the exact energy. But the
convergehce of expectation values, especially the energy, is of
greater importance than that of the wavefunction. It is readily
seen from expansions (3.6) and (3.7) that the wavefunction

truncated to n'th order does not give the. energy to order 2n in

the correlation correction: for example, the fourth term in
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equation (3.7) is a second order energy term, derived from a
second order wavefunction term. Since the applicability of
the approach depends vitally on the convergence rate of the
energy expression - the larger the part of the energy that is
optimised, the closer will be the coefficients so determined
to the true optimum coefficients, it is preferable to focus
attention on the energy expansion of equation (3,.7) and to
truncate it, rather than the wavefunction expansion, at a
given order.

The most tractable approximation in this approach is the
neglect of all terms greater than second order in correlation

corrections. Thus

E' = H'/s' (3.12)
where
H' = H_ _+2) H _ +) H_ _+ ). H_ _.
0,0 7 0T §5 LI 210,17
vo= + + S + S .
and s SO,O 2; SO,I EJ I,Jd %J 0,1J

This approximation differs from the previous one, equation (3.9),
only through the last term in the above expressions. It should

be noted that H0 13 is non-zero even in an orthogonal basis
17
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expansion due to the presence of single excitations in the

pair functions. The influence of this term is difficult to
assess: it is probably small in an orthogonal basis, but
whether this is also true for a non-orthogonal baéis, it is not
possible to say.

The optimum coefficients, in this approximation, may be
determined by exactly the same method as given above for the
wavefunction truncation approximation, since it is readily
shown, by expansion of the NPF wavefunction, that the energy

integral, H', may be written

H' = dC2)H00+2dOZ yooartwl,
’ I (ij)ny 1] 1]
I .,I.I,I
+ 11 I diydp il
I (ij)#0 (kL)#0
' I .3 1,3 0,13
+ 11 ) Loapydpy 5, 4 H L)
I3 (i3)#0 (k2)#0

An M'th order secular equation, as before, therefore defines
the optimum coefficients.

As we have seen, the attempt to determine each set of
pair function coefficients individually leads to the use of the

partition method which, although defining an effective

- 115a -



Hamiltonian for each pair, is equivalent in practice to solving
the complete problem. It would be advantageous to have a
method of obtaining the optimum co;fficients for a given
pair function within the fixed space of all other pair functions.
For example, one might wish, as a first approximation, in a
calculation on methyl fluoride, to assume that the C-H bond
pair functions are the same as those in methane, thus leaving
the C-F bond pair function as the only undetermined guantity.
Although the following solution to this problem is given
explicitly for the energy truncation approximation, it is

0,IJ0

equally valid, by the omission of the H terms, for the

wavefunction truncation approximation.
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An alternative prescription has.been devised, based

on the st

eepest descent method.

Expanding the terms in

the energy expression into the orbital basis, we find
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Hy o = 1 alu= et e’
‘ I .,,J_1IJ I _1J
H = )y arat et o= [@acueErar
1,d i5xL ij k& ijke
H = ) I .0 013 _ .. I 013 .. J
0/T3  3xkp 945 9xg Hige = @7 B a%
0IJ _ A IJ 1J ) .
where Hijkz = J wo H wijkz dt and wijk& is the determinant
. IT Ig JJ J,-J
‘wo with ¢0¢0 replaced by ¢i¢j and ¢O¢O by ¢k¢ I
oI _ A T
Hij = J wo H wij dt and
1J _ I o~ J
Hiske = f Vg H ¥y dt
Analogous expansions exist for the overlap terms, SO I etc.
I’
Thus the energy integral H' may be written
mo= B +2) @t e ] @t a9 + ) ats
! I 1J : IJ
= H_ _+) fra't &+ @t Mt et
0,0 I

1J

dl

J

1



where

. ,
J#I
I3 ,J iJ J
and (HV@'Y),., = ) HS 6 4
— ij K ijke k&
Finally we have
H' = H__+) @t ah
0,0
I
with AL = il + gt art
similarly, s' = s _+)ratsh

I

The energy change, S8E', due to a variation of the
. . .. WL I I .
correlation correction coefficients, dij -> dij + adij’ is

given by, to first order,

SE' = §(H'/S') = (6H' - E'4S'")/S!
et = atal +ater Y
I.I
= [&4 HF]
where g; = g? + 2§?I QfI.
and §s' = [<SdI S;]

We may, without loss of generality, assume that the wave
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function is, to the level of the approximation, normalised,
S' =1, and that it remains normalised under the variation
QQF, that is, &S' = 0. We are therefore seeking a variation
which maximises §E', and hence §H', subject to the conditions
that 6S' = 0 and §§; is symmetric, so that the wavefunction

. . . a2 .
remains an eigenfunction of S°. These constraints are

contained, to first order, in the variation

I I T I T
a = - Iy
) I I I+ I, . :
where M =D =~ (D) and D is an arbitrary matrix. The

normalisation condition is obeyed to first order since

C oo T I ool oI oI oI I I
és [8a sF] M sF sF] [sF M SF]

= 0, from the cyclic commutation property of the matrix trace.

The symmetry condition is also satisfied since

I+ I I+ I I+
@ah* = o spt - (s b
I I+ I.+ 1

= st ooh' - oh's;

I I I I _ I
_§§F-§F& _.G_d_

. I, . : I .
since M 1is antisymmetric and §F symmetric. Thus,
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§E' = [édI H;]
= o sy - s]ouhEl)
= 2[M" sbl, B
= 20" sy 7l - 2000 5% B
= ohH* ah
where é; = 2@l s> - st HD)

~F =F °F -F

Now, SE' has its largest negative value for

I
p! = -aa

where A is a positive scalar which fixes the length of the

step taken down the direction of steepest descent determined

I
by D . The optimum value of A is found by expanding E' to

second order and maximising it with respect to A.
[ [ [ 2 2
SE E (E AHl + A H2)/(l + A 52)

I I I I _I
whexre H. = [B" H], H2 = [B HII B1, S2 = [B SI B"] and

I A S I I T N &
= + - S).
B 4(H. s S S. S_ H 2s” H )

/ Expanding (1 + )\282)_l in a binomial series, 1 - Azsz + ...,

and neglecting terms of order higher than AZ in 8E', we find

]

' - 12 - @t
éE AHl A (H2 E 52)

]

4(SE')/dA H. - 2X(H2 - E'Sz) = 0

1
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Therefore, Aopt = Hl/2(H2 - E‘Sz)
It may be noted that, at the minimum, §; and @; commute.

The solution by this method requires a double iteration
process. The 'inner' steepest descent iteration locates the
local minimum for pair function I in the fixed space of all
other pair functions: the ‘'outer' iteration - application
of the steepest descent procedure to each pair function in
turn - is continued until they are self-consistent and the
overall minimum reached.

So far we have not considered how the basis functions,
¢§, are to be chosen. As we have noted, the bond orbital
approximation will yield a good starting point for the expansion,
that is, the ¢é: these localised orbitals have been determined
for a variety of molecules by standard SCF technigques and are
readily available in the literature. Even if, in certain
instances, they are not, they may be easily determined by well
known methods. There is a wide choice open for the higher
orbitals, ¢;, i#o, due to the lack of orthogonality constraints
- the localised virtual orbitals, which are the redundant
solutions of the SCF equations, extended basis orbitals with
higher principal or angular quantum numbers; orbitals from

neighbouring bonds which introduce charge delocalisation;
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and any other orbitals not vital to the basic description
of the bond. How vital the choice of the bond orbitals,

I
bos

is, depends entirely on how sensitive the rate of
convergence of the expansion is to the ¢£, and can only
be determined by practical experience by evaluation of
the higher neglected terms in the series.

. I . .
The matrix elements, for example, H.q , Yequired in

ijk2

the optimisation procedures are complicated by the non-
orthogoﬁality of the basic orbitals: they may be evaluated
by standard techniques which are given in detail in Appendix 4.
Since the matrix elements are fixed once the choice of basis
functions has been made, they need only be computed once and
should not consiitute a grave computational problem.

The approximate variational methods offer a real hope
of obtaining NPF wavefunctions for medium sized molecules
such as ethane which are outside the scope of a complete
treatment. The importance of the NPF method, as compared
to the SBP method, lies in its potential accuracy and its
extended scope.‘ Because of the orthogonality restrictions,
the SBP method is confined to molecules where the bonds are

well separated: the NPF method is not so restricted. For

example, molecular reactions where bonds are being broken
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and formed e.g. Walden inversion; orbital deficient molecules
such as SF6, without the need to invoke d orbitals and yet
retaining the equivalence of all bonds; molecular interactions
which are poorly represented by the SBP method; hydrogen
bonded systems where a hydrogen atom is bonded to two other
atoms; these situations all fall within the scope of the‘

NPF method.

For large molecular systems without any symmetry and
large molecules where only one small group is chemically
important, the majority of current wavefunction methods will
be out of the question because the molecule must be treated
as a whole, e.g. the MO method, or basis orthogonaiisation~and
integral transformations are required. The NPF method, on
the other hand, contains the possibility of division of the
molecule into "spheres of influence" outside which contributions

may be neglected, and gives a basis for rigorous approximation

techniques.
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SECTION 4



Valence Theory and the Non-Orthogonal

Pairfunction Wavefunction

One of the major problems of molecular quantum mechanics is
to relate the concepts of empirical valence theory to quantum
theory, to examine their theoretical justification and to extend
and quantify them where this is possib;e. Coulson has defined
the questions that valence theory must answer as: why are
molecules formed at all; why do atoms exhibit particular valencies;
and why do molecules take up the specific geometries that they
possess;? Not only must valence theory be explanatory, it must
also be predictive: from the answers to the above questions must
follow the details of molecular electronic structure, the reason
why a certain molecule has a particular value for a given property
and why similar molecules possess different values, and the ability
to predict the changes from molecule to molecule.

The advances that have so far been made are not particularly
impressive% For example, the question of why ammonia is pyramidal
instead of planar with a single (lone pair) electron on either
side of the plane, which might appear on electrostatic grounds to
be energetically more favourable, cannot be satisfactorily

answered. The problems are many. There is the difficulty that,
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electrons cannot be treated as static yet we cannot enquire into
their motions except in termé of probabilities. Secondly,
partitioning of the value of a given property into quantities
referring to the constituent parts of the molecule, atoms or
bonds, and their interactions is necessary. For example, the
total energy must be partitioned into bohd and bond interaction
energies to say whether methane is tetrahedral because of the
increase in bond repulsions or the aecrease in the bond energy
as the geometry changes from tetrahedral. Since none of these
quantities can be an observable, no unique partition exists and
the merits of a particular partition rests solely on the practical
results obtained. Also, the practical problem of obtaining
wavefunctions' for molecules of interest is still not completely
solved. Most practical work is, at present, directed towards
molecules that are observed: to answer the questions that are
the province of valence theory, it is surely necessary to also
study those molecules that do not exist so that the reasons for
the stability of particular molecules can be found. This has
so far not been attempted. Although little advance has been
made in terms of fundamental explanations, many details of
molecular properties have been rationalised on the basis of

quantum mechanical calculations, simple physical pictures and
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molecular parameters such as net atomic charges and bond orders.
An example is the correlation of the proton chemical shifts of

the hydrocarbon series CnH with the net charge carried by the

2n+2

proton?

To explain the existence, geometry and properties of molecules
it is vital to achieve a partition of the quantum mechanical
expression for the property of interest, e.g. energy, dipole
moment. Since there is no God-given partition, a degree of
subjectivity is unavoidable. It might be objected that subjectivity
has no part in scientific research and should be avoided at all costs;
if science were simply a search for facts, this would be acceptable,
but if it is a search for explanations, then partitioning is
inescapable. This is a new dimension introduced by quantum
mechanics: at the macroscopic level, the subdivision of a system
is always apparent - we may talk about the motion of one billiard
ball independently of all others that may be in motion on the
table. At the microscopic level it is not so simple, but it is
only a matter of degree. There arxe forces acting on the system
of billiard balls that are (quite correctly) neglected: this is
a partitioning of the total system. In a molecule, the forces
between, say, bonds are certainly larger, but it is an undisputable

experimental fact that the bonds in molecules are to a great extent
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independent entities.

How may we achieve a partition of the expression for a
particular property? Three distinct approaches, for an orbital
wavefunction, are conceivable - to divide up the expression
directly into quantities referring to bonds and/or atoms using
the atomic orbitals as the basis for the partition; to divide
up the space that the molecule occupies into bond or atomic
regions and to compute the contribution of each region to the
property; or to divide up the wavefunction into bond or atomic
functions and to follow this separation through to the expression
for the property. As an example, take the x-component of the
dipole moment I of a molecule: this may be expressed in terms

of the one-electron density function P(1) i.e.

u = J xl P(1) dVl

For an arbitrary orbital wavefunction,

P(l) = ) Pis ¢i(1)¢j(1), where the ¢, are
ij

here assumed to be atomic orbitals. Thus

po= Y ».. qu.(l)x ¢.()av, = ) P..om..
i3 ij i 173 1 i3 Jj Jj
For the first partitioning method, we might take uA = z

Pi.ui.
ijea I M
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as the contribution of atom A to the dipole moment (where the

sum is over all orbitals on atom A), and UAB = 2 Z_ Z P
ieA JjeB
as the contribution of the bond between atoms A and B (where

i3%13

the sum is over all orbitals that may be considered to contribute
to the bond). In the second method, the three dimensional

space might be divided up into spherical regions of a given

radius round each atom plus interbond regions. Then the
quantity
R
A
uA = f xl P (1) dV1A
0

where the integration is over the sphere of radius RA occupied
by atom A, would be the contribution of atom A to the dipole
moment . And thirdly, if the wavefunction is a product of

functions describing the individual bonds
v = Aata2a®@a ... a¥en-1,2m

then it is possible, under certain conditions, to write the

density function in terms of bond densities3

P(1) = } PT(1) where P (1) = f 2t 2)aT(12)ar s,
I .
and hence the dipole moment is

- : T
W= n = f PL(L) x, v,
I }
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a sum of bond dipole moments.

The second partitioning method must at present be ruled out,
despite its attractiveness? on the grounds of the practical
difficulties it entails. The remaining two methods suffer from
a common problem: how to decide which orbitals to associate with
which bond, in the former at the partitioning stage, and in the
latter at the stage of setting up the wavefunction. The latter
kmethod does have the advantage that, if there is any doubt, an
orbital may be allowed to contribute to more than one bond function,
the variational process sorting out the degree to which it contributes
to each. This is especially important when an extended basis is
used. Also, because of this difficulty, it is easier, when
partitioning the expression for the property, to define quantities
referring to atoms than to bonds. But, since molecules are thought’
of more in terms of bonds than of atoms, the method of partitioning
bthe wavefunction, which defines bond quantities directly, is
preferable. Although theoretically we might think the third
method best, it must be borne in mind that the ultimate choice
depends on the usefulness of the results achieved.

. Although most observables are single numbers (with appropriate
units) and hence require a method of partition, an exception is

the molecular electron density distribution. Might it not be
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possible to obtain all the information we need and avoid the
neccessity of partitioning either wavefunction or observable
expression into atom or bond quantities by studying the electron
distribution? This appealing idea has been of great interest
recently in terms not only of the electron density but also of
density differeﬁce maps in which the electron density of the
free atoms are subtracted from that of the molecule, showing how
the electrons are redistributed on molecule formation® Although
the general picture is useful, the results cannot be made
quantitative and the subjectivity of interpretation one wishes
to avoid is still present.

Many of the important contributions of quantum mechanics
to valence theory in the rationalisation of the differences of
molecular properties between molecules have been based on the
concept of net atomic charges and bond orders. In empirical
valence theory, it has long been the practice to denote atoms
which are supposedly deficient, or have an excess, of charge,
relative to the free atom, by the symbols &+ and &- e.g.
A6+ - BG-, and the concept of bond order is evident at its
crudest level in the molecular valence diagram in which each

electron pair bond, denoted by a single line between the atoms,

contributes one unit to the bond order. Quantification of
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these concepts is achieved by the partition of the total number

of electrons, n, via the density function.

=
Il

P =
j (1) av, Z. Pijsij
ij

where S,.
1]

(D)o, .

J(bl( )¢] (1) av,

Thus, we have the Mulliken population analysisz corresponding

to the first method of partition, giving the gross atom population
by = Les.+l 1 I

ijeA B ieA jeB

and the bond order between atoms A and B, nAB'

ng, = 2 )
AB ieA jeB

P15513

The addition of the interatomic terxrms to n, is necessary so
that the sum of the atom populations equals the number of electrons,
n. An equipartition of the bond charge N n between the two atoms
is assumed in the Mulliken method. Various alternative methods
have been proposed which achieve a more realistic partition?

All orbital wavefunctions are based ultimately on non-
orthogonal atomic orbitals, so that the Mulliken population

analysis is always possible. But, in most semi-empiiical and

some ab initio methods the most convenient basis for the expansion
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of the density function is an orthogonal one. Then all N,

are zero since Sij = éij' It is customary in these cases to

define the bond order as simply

np = L )P

ieA jeB i3
It might be considered unrealistic to base a partition on
orthogonal orbitals since orthogonalisation of the atomic
orbital bases mixes orbitals on different dentres. In practice,
it appears that the spatial extent of the orbitals is little
affected and that the resulting parameters are as meaningful as
the ones based on the non-orthogonal basis? an advantage is
that no partition problem is then encountered in the definition
of atom populations since the sum of the diagonal elements Pii
sum to the number of electrons directly.

It is difficult, as we have discussed, in the Mulliken
type of analysis to define uniquely which orbitals contribute
to which each bond, a problem avoided by using a wavefunction
partitioned such that it yields directly bond density functions.
When the density is so divided, it is an easy matter to construct
unambiguous bond orders and bond polarities by performing a

Mulliken analysis on each bond density function individually.

This is an important step since bond polarities are likely to be
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more informative than total atom populations and the bond
orders more reliable.

Let us look at the partitioning of the number of electrons
for the various wavefunctions considered in the introduction.
The first and most striking point is that the VB wavefunction,
despite the chemical basis on which it is set up, is, in practice,
not very informative since a formal bond partition is not built
into the wavefunction. Thus only a Mulliken partition, with
all its deficiencies, may be used. It is interesting that
the MO wavefunction is an improvement in this respect on the
VB wavefunction, since the density function may be cast in a

form which brings out the bond picture of the molecule. Thus

P(1) = ) ¢ ()¢, (1)
i

where the ¢i are the delocalised MO's. But, by a unitary
transformation, the MO's may be localised without destroying the

diagonal form of the density function.

I
P(1) = )} x;(Wx; ) = ] P(D)
I I
where the X are localised MO's. Thus the density is in a

sum~of-bond-densities with, one might think,the ability to define

bond orders and bond polarities. The situation is unfortunately
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not so clear-cut: although the XI are localised, they do contain
small secondary contributions from other atoms. These secondary
contributions represent the interactions between bonds, and, as
in the Mulliken analysis, are not readily separated out or
unambiguously assigned to other bonds. Bond quantities are
therefore not directly definable in the MO method.

The simple SBP wavefunction is of particular interest in
this connection since the density function may also be written
in a sum-of-bond-densities form? However, the method of
construction of the pair functions ensures that they are completely
localised within the bond (disregarding "orthogonality" delocalisation).
Thus bond orders and polarities are readily defined. A fundamental
disadvantage of the SBP method is that the orthogonality constraint
precludes the allocation of an orbital to more than one bond
function. But one of the main advantages of the wavefunction
partition method was precisely that the variational process
could sort out the contribution of one orbital to different
bond functions. That this is not allowed reduces the usefulness
of the SBP method to valence theory. There is a further
disadvantage of the SBP methed: although the bonds are more
accurately described than in the MO method, the one-electron

interactions between bonds is.completely neglected. The NPF
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wavefunction, on the other hand, due to the non-orthogonality
of the basis, includes these interactions and separates out
the bond and interbond interaction densities. From Equation

(23) of Section 2,

pay = Jera + ) M)
’ I IJ
where
I I J
PT(1) = ] ¢;(1)¢ (1) [csc(T, 1), .D(T,I,I) = ] D(K,I,I)*CSC(K,I), ]
ij J J K#AI +J
and

I

PIJ(l) Z ¢?(l)¢q(l)[CSC(J,I)..D(J,J,I) - D(I,J,I)*xCSC(I,I).,
i i 3 Jji ji

+ )}  DI(X,J,I)XCSC(K,I)..]
KAI,J I

By integration over the coordinates of electron 1, the electron

count partition is achieved. Thus
| RN
P(l)dv, = n = n_ + n
1 1 I 17 IJ
where
I IJg
n. —»J P (l)dVl ' noy = J P (l)dvl
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Now PI(l)

I I I
} pL. ¢, (1) ¢j(1)

iy Y
IJ I3 I J
and PU(L) = ) P o (L) 4. (1)
v, 13 i j
1]
so that
n, = Z Pi. Si?
ij J J
and n = Z P?? S;q
IJ T, 13 13
1]

A Mulliken population analysis of the no, n will yield bond

IJ
orders and bond polarities. The bond interactions or long range
bond orders of MO theory have so far not provided any useful
results: the explicit interbond ‘bond‘' orders and interaction
functions of the NPF wavefunction may be more informative.

It is interesting to look at the orders of magnitude and signs

of the contributions to the bond and interbond density functions.
The coefficients of the atomic orbitals in the bond density may
be expanded in powers of interpair overlap giving terms of order

1l- 82 + S3 ... whilst, for the interbond densities, the

expansion series is -S + 52 + S3 cee o Thus, for small interbond

overlap, the bond density is positive and lays down a basic

electron density, and the interbond density is negative, in general,
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subtracting out electron density from the regions between the
bonds. With this partition, since the one-electron density
is negative, the one-electron energy associated with it will,
except possibly for long range interactions, contribute to
the repulsion between bonds.

So far we have only considered the partitioning of the
electron number, n, but the NPF wavefunction partition also
provides a separation of the electron density and hence gives
the opportunity to plot out the densities of the different
parts of the molecule, i.e. bond and interbond, to "see what
the molecule looks like". Although valuable for forming a
mental picture of the molecular electronic structure, they
cannot, like the density difference maps, be more than a guide
to our construction of‘hypothesis about the nature of the bonding
which must be tested by numerical analysis of the partition of
the expression for the particular property. For example, for
the geometry of the ammonia molecule, the energy is the
property of interest. This may be partitioned, for an NPF

wavefunction as
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E = £+
§ (11 + 9pppr * 0pp)
z'
+ £+ + +
L Frg * 91197 * Y1915 * 1115 * I35 T Prg)

+ +
) Groxx * Iikas ¥ Ioxrr

f are derived from the

where the one-electron
ctron terms fII' 17

partition of the one-electron density

) f PrEwav, + [ P (mEwav,

j P(l)f(l)dvl
I IJ

i

YE_+) £
it Lo tig

where £(1) is the sum of the kinetic energy and nuclear attraction
operators, and the 913K, terms from an analogous partition of the

two-electron densify function with

1

IJKL -
ook f PrA2) xy, AV,

2 nIJ is the nuclear repulsion energy. If such an analysis is
IJ
carried out on the energy of the planar and pyramidal configurations

of ammonia, it should be possible to explain why ammonia is, in fact,
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pyramidal. A similar type of analysis has been proposed by
Clementi for HF and MC SCF wavefunctionslobut, because of
reasons already discussed, it is necessary to reducg the
analysis to an 'atomic' base rather than the more acceptable
'bond' base.

It is thus suggested that, if any real advance is to be
made in quantum mechanical valence theory and explanations as
well as rationalisations of molecular properties is to be
forthcoming, the study of the partition of observables for
existent as well as non-existent molecules must be made by the
methods outlined above.

We have considered the molecule as a whole to be broken
down into fixed entities - bonds, lone pairs, etc. So far we
have not considered the question of why bonds form at all.

The testing ground for theories about the reason for the chemical
bond is the hydrogen molecule. The Schrddinger equation for
this two-electron system - the prototype of the two-electron

bond - is
H(12) ¥(12) = E ¥(12)

where
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H12) = ~492(1) - $92(2) - - - o
12 faa  Tip 2B
1 1
Ll
12 AB
is the molecular Hamiltonian. Binding may be explained in

terms of the more rapid increase in the attractive nuclear
attraction energy compared to that of the repulsive kinetic,
and electron and nuclear repulsion energies, as the equilibrium
internuclear separation is approached. Once it is passed,

the increase in the kinetic energy is dominant so that energy
curve becomes repulsive}1 This is the reason for the hydrogen
molecule bond, but is it true for the bonds in all molecules?
Generally, it is not possible to set up a Schrddinger equation
for a bond analogous to that for the hydrogen molecule, but,

in the NPF method, it is feasible because the wavefunction is
based on a product of two-electron functions, with no orthogonality
constraints. If all pair functions except one are known, then

an effective Hamiltonian operator may be constructed such that

gt a2)at12) = B At (12)

where AI(12) is the unknown antisymmetrised pair function, and is
subject to no restrictions. The derivation of the expression

for HI(12) is straightforward, proceeding as for the derivationl?
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of the Hartree-Fock effective Hamiltonian, but, as it is
rather complex due to the permutation operators, we shall not
give it in detail. This pseudo-Schrddinger equation for bond
I may be solved by the usual expansion techniques - this is in
effect what has been done for two pair functions in Appendix 2.
The nature of any chemical bond may thus be studied in detail
as for the hydrogen molecule in the NPF approximation.

In the SBP and HF methods, the functions that are to be
found cannot be written as solutions of unconstrained pseudo-
Schrddinger equations, because of the orthogonality constraint.
Pseudopotential methods must be used for determining the valence
HF orbitals to prevent variational collapse into the core space.
The unconstrained form of the pseudo-Schrddinger equation in the
NPF method has considerable potential. It may be possible to
replace the exact effective Hamiltonian by a model Hamiltonian
with approximately the same potentiai but much easier to solve.
It’might then even be possible to construct the potential for a
bond in a large molecule knowing only the molecular geometry
. and hence for example find the wavefunction for an O-H bond in
a steroid molecule. The excellent results from absurdly simple
model potentials for the Rydberg series of molecules and atoms

are encouraging}qalthough the two problems are orders of magnitude
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apart in physical and mathematical complexity.

Since the same type of bond, e.g. CH, in different molecules,
usually exhibit extremely similar properties, it might be expected
that the bond wavefunctions - pairfunctions - similarly change
little from molecule to molecule. Should this be so, a valuable
approximation method is added to the NPF method; the transfer of
pairfunction coefficients optimised in a small molecule to a
larger one where the optimisation process is not feasible.
Certainly, this technigque has been shown to be fairly accurate
in completely localised MO (bond orbital) calculations}5 Also
the SBP method rests in the orthogonality of the atomic orbital
basis: thus each hybrid contains contributions - "tails" - from
orbitals on all other atoms in the molecule. The 'tails' of
the hybridé are obviously not transferable from one molecule to
another because of the different geometries. Are then the pair
function coefficients transferable? Surprisingly enough, the
answer does seem, to reasonable accuracy, to be yes: for example
" the OH bond of the water molecule may be transfered to hydrogen
peroxide without undue loss of accuracy.l6 These facts and the
intuitively plausible idea that non-orthogonal bond functions

should be more transferable than orthogonal ones.suggest that

quite a high degree of accuracy may be expected in the transfer
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of NPF pairfunctions.

The NPF wavefunction has been shown to be, in theory, a
potentially powerful tool for the explanation of the basic
questions of valence theory and the rationalisation of the
differences in the properties of molecules, and to possess
clear advantages in this field over most current wavefunctions.
Its usefulness will however be limited by the ability to solve
the non-orthogonality problem: the methods of Section 3 and
the possibility of the transferability of pairfunctions are

signs that solutions may not be far away.

- 142 -~



10.

11.

12.

13.

REFERENCES

Coulson, C.A. (1961) "Valence", p.l, Oxford University Press
Although see the detailed studies of Ruedenberg and coworkers
(a) Rue, R. & Ruedenberg, K. (1964) J.Phys.Chenm. 68, 1676
(b) Feinberg, M.J., Ruedenberg, K. & Mehler, E.L.
(1970) "Advances in Quantum Chemistry" Vol. 5, p.27,
Academic Press.
Baird, N.C. & Whitehead, M.A. (1966) Theoret.chim.Acta 6, 167
(a) Hurley, A.C., Lennard-Jones, J.E. & Pople, J.A. (1953)
Proc.Roy.Soc. égggj 446
(b) Klessinger, M. & McWeeny, R. (1965) J.Chem.Phys. 42, 3343
MacLagan, R.G.A.R. (1971) Chem.Phys.Letters 8, 114
Bader, R.F.W., Keeveny, I.& Cade, P.E. (1967) J.Chem.Phys. 47, 3381
Mulliken, R.S. (1955) J.Chem.Phys. 23, 1833
Doggett, G. (1969) J.Chem.Soc.A. 229
Cook, D.B., Hollis, P.C. & McWeeny, R. (1967) Mol.Phys. 13, 553
Clementi, E. (1967) J.Chem.Phys. 46, 3842
Slater, J.C. (1963) "Quantum Theory of Molecules and Solids I",
p.34, Mchaw—Hill.
Reference 11, p. 256

Weeks, J.D., Hazi, A. & Rice, S.A. (1969) "Advances in Chemical

Physics" Vol. 16, p.283, Wiley, Interscience.



14.

15.

16.

Reference 13, p.307

Hoyland, J.R. (1969) J.Chem.Phys. 50, 473

Levy, M., Strauss, W.J., Shull, H. & Hagstron, S.

J.Chem.Phys. 52, 5483

(1970)



" CHAPTER 2



SPIN THEORY FOR ELECTRON PAIR BONDS

1. Introduction

The inaccessibility of closed form solutions of
Schrodinger's equation for systems with more than one electron
has meant that approximation methods must be used in the
construction of many electron wavefunctions. The basis
of these techniques is the superposition method in which
.the wavefunction is constructed from a complete but arbitrary
set of functions via the variational theorem. The wavefunction
for an N electron system, in the Born-Oppenheimer approximation,
is a function of 4N variables - 3N electron position coordinates
(xiyizi) and N electron spin coordinates (si). Thus the
method of superposition of configurations gives, for the

total electronic wavefunction,

eseZ

B
il
He S

a; A ‘i’i(xlylzl x2 n §lsz...sn)

where Wi is one of the configurations from the basis set, A

is the permutational operator that ensures that Wi has the
required antisymmetry with respect to the interchange of
electrons, and a, is a coefficient to be determined variationally.

The space and spin variables may be separated to the extent that
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Y = a,. A . cen cee
ij lpl(xlylzl Zn)ej(sl Sn)

-1

.o 8

As n tends to infinity so Y tends to the exact wavefunction:
on the other hand, for practical caculations, m is always
finite.

Most of the work that has gone into the construction of
approximations to the exact wavefunction has been focussed on
the problems of obtaining accurate spatial wavefunctionsvwi,
the summation over spin functions Bj usually being truncated
to a single term. This is either because the form of the
approximate spatial wavefunction is such that only one spin
function can be constructed - the case with closed shell
Hartreé-Fock theory - or because chemical 'evidence' suggests
that one term dominates the expansion - for example, the
'perfect pairing' approximation in Valence Bond (VB) theory,
in which each electron pair bond is associated with a singlet
spin function. Also, the properties of general interest -
energy, electron distribution, etc., - appear to be rather
insensitive to the refinement of the spin part of the wave
function for the even electron molecules in singlet ground
states most frequently studied: however, spin dependent

properties and the electronic structure of molecules with
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odd electrons or even electron molecules in states of higher
spin multiplicities will depend more critically on the
approximations made in the spin wavefunction. This has
been shown by calculations on the spin density at the

nucleus of small atoms!

and in the theory of the proton
hyperfine interaction in pi electron radicals?.
Determination of the optimum wavefunction with respect
to the spin variables is, in theory, possible since the sum
in Equation 1 over ej is finite for finite N. However, it
rapidly becomes an unmanageable problem as the number of
electrons increases. To give some idea of the extent of
the problem, the number of independent spin functions that
may be constructed, for a singlet state, increases by
approximately a factor of four as a further pair of electrons
is added. Thus, just as in the construction of the spatial
wavefunction, practical considerations dictate that a
truncation of the sum over spin wavefunctions is made.
The basis functions ej, from which the spin wavefunction is
constructed, may be chosen in infinitely many different
ways. This arbitrariness may be taken advantage of by

choosing a set of ej such that the sum over j of Equation 1

converges as quickly as possible so that only a few terms
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need be included. We take 'convergent' to mean, in this
context, that, in the case where the spatial wavefunction is
approximated by a single term, if the spin wavefunctions can
be arranged in decreasing order of importance i.e. cll>c12>...
cij>"'clm' then the sum is convergenﬁ. 'Convergence' cannot
however be understood in the rigorous mathematical sense with
well defined intervals between subsequent terms since the Gj
are unrelated. The greater the disparity between subsequent
terms, in a general sense, the better is the convergence,
and hence the better is the approximation of the spin
wavefunction truncated to m'<m terms to the exact spin
wavefunction. That certain approximations to the spatial
wavefunction fall into this category is implicitly assumed,
e.g. VB and configuration interaction (CI) theories, and is
found in practige to be true.

Now, the question of whether a particular choice of
basis functions leads to a convergent series depends entirely
on the system being studied and the approximate spatial wave-
function used: a basis which is convergent in one case may
not be so in another. In this chapter, we shall suggest a

solution to this problem for molecules which are described

chemically as consisting of independent, localised two-
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electron bonds, for example H2O, C2H6’ SF6. In recent years,
there has been a great deal of interest in this class of
molecule, based on the use of pair or group function methods3,
whereby the spatial electron distribution of each bond is
described in terms of a localised two-electron (pair) function.
We shall, in the second part of the chapter, combine this with
the spin theory presented in the first part to produce a
method capable of describing accurately both the space and
spin electron distribution of pair bonded molecules: the
theory is then extended to cover the positive ions of these

molecules.

2. Current Spin Function Bases

Two different approaches are at present made to the problem
of constructing and using N electron spin eigenfunctions. The
first approach has lead to two different formulations due to
Kotani and I&wdin®. The vector coupling method of Kotani
builds up spin eigenfunctions for the N electron system with

NM from the appropriate N-1

total spin S and component M, GS

electron spin eigenfunctions according to formulae of the

type

Starting from the one electron states, o and B, electrons are
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added one by one using the vector coupling formulae until
the required N electron spin eigenfunction is reached. On
the other hand, Lowdin has proposed a method in which the
spin eigenfunctions are obtained by a projection operator

technique i.e.

N " N
6 =
SM Ospin eM
where
5 _ §2 - 7(T+1)
spin T#S S(S+1)-T(T+1)

is the projection operator and S2 is the square of the spin
angular momentum operator. Gg is an arbitrary N electron
spin function with the required component M.

These methods are closely related and can in fact be
shown to be equivalent on orthogonalisation of the Lowdin spin
functions®. This approach is concerned only with the generation
of the complete set of spin functions, and is not designed for
use with any particular form of the spatial wavefunction. It
is not possible, without a calculation, to pick out the most
important terms in the spin wavefunction expansion: the

approach is therefore impractical except in the case of a

very small number of electrons where the whole basis may be

- 148 -



used without prejudice.

We have not yet indicated by what procedure one is to
classify spin functions as important or unimportant. The
selection of the dominant terms from a complete set is a
perennial problem in practical quantum chemistry and not
soluble in exact terms. The normal procedure is to choose
a basis, space and spin, which mirrors in some sense the
physical conception of the molecular structure: those terms
which represent most closely this picture are assumed to be
the important ones, and the more a basis function deviates
from the chemical picture, the less important it is.

The second approach to spin function construction - the
bond eigenfunction method due to Rumer® - falls into this
category and is hence well suited to practical application.
Combined with a spatial wavefunction of singly occupied
directed orbitals, Rumer's method yields the classic Valence
Bond theory of quantum chemistry. A singlet spin function,
0(1)B(2)-B(1l)a(2), is associated with a pair of atomic orbitals:
these orbitals are then said to be 'bonded'. Different
partitions of the atomic orbitals of the molecule into pairs
give rise to different spin functions and différent molecular

'bond' patterns. That spin function in which all the paired
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orbitals correspond to the chemical bonds is the major term
in the spin wavefunction expansion i.e. the ‘'perfect pairing'
term (where spatial symmetry does not require a combination
of the spin functions to be taken). The more paired orbitals
that are associated with chemical bonds, the more important

is tﬁat spin function, and the more remote they are - viz., a
'1ong' bond, the less important is that spin function. For
example, in naphthalene, the bonding pattern (i) is considered

more important than either (ii) or (iii). The setting_up

N\ é,
) [

(L (i (iid)

,Of the spin functions by the Rumer method is essentially
simple: the rules for the generation of a linearly independent
set are well known. The disadvantages are that the method

is really only well suited to the study of planar systems such
as the treatment of the pi electronic structure of aromatic
hydrocarbons. For non-planar molecules such as saturated
hydrocarbons, the construction of symmetry adapted functions

is a complex problem. Secondly, the bond eigenfunction
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method is designed for use with VB wavefunctions: the
combination of this spin function basis with pair function
wavefunctions leads to considerable difficulties. In its
usual form, the method is restricted to the construction of
singlet spin functions only, and the spin eigenfunctions are
non-orthogonal which may be a drawback in developing a
general theory.

The spin functions introduced in the 5ext section are
specifically designed to overcome these problems especially
when combined with a pair function approximation to the
spatial wavefunction. The basis is intended for the study
of molecules with localised two-electron bonds, and is as
unsuited on spatial symmetry grounds, to the study of
planar pi electron systems as the Rumer set is to sigma
bonded molecules.

3. Construction of the Spin Functions

The necessary properties of a practical approach to the
problem of spin wavefunction optimisation are that the basis
of spin functions, as well as being easily constructed for
an arbitrary number of electrons and arbitrary spin, is
capable, in conjunction with a suitable spatial wavefunction,

of a physical interpretation, in a manner analogous to the
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'short' bond - 'long' bond classification of the Rumer-VB
method, allowing the more important terms to be selected.
Also, the convergence of the series should be fast. This
last property cannot be guaranteed nor a precise definition
given to 'fast' except by calculation in a given situation:
however, the nature of the physical interpretation does
suggest that the basis possesses, in a general sense, the
property of rapid convergence. It should be emphasised
that, whilst we must consider the form of the spatial wave-
function when we wish to choose a truncated expansion, the
method of spin eigenfunction construction is quite general:
the basis may be used with any spatial wavefunction although,
of course, the interpretation may then no longer be valid.
In the development of the spatial wavefunction for
sigma bonded molecules such as methane, by the VB and
generalised methods, the existence of localised bonds is
recognised and incorporated from the outset. It would be
an advantage if, when developing the spin wavefunction, the
spin functions were also constrained to this arrangement.
The Rumer method does not allow this possibility since
alternative spin couplings to the one of ‘'perfect pairing'

correspond to alternative bonding schemes: for example, the

- 152 -



water molecule can be represented by a mixture of a structure
(i) with two O-H bonds (the dominant term) with a structure (ii)

with a hydrogen-hydrogen bond and an oxygen intra-atom bond.

O (@)
///,/”\\\\\ @)
H H H—H
@ (1L)

To derive an alternative basis with the required properties,
we look first at the two electron problem. There are four
combinations of the two possible one-electron spin wavefunctions,
o and B, which are eigenfunctions of the operators §2, the
square of the total spin angular momentum operator, and §z’

the z component of angular momentum operator. These are

S = P(0,0) = a(l)B(2)-B(l)a(2) = oaB-Ba
Tl P(1,1) = oa

T0 P(1,0) = of+Ba
T__l P(1,-1) = BB

where, in P(a,b), a is the total spin
i.e. s2 p(a,b) = a(at+tl)P(a,b)
and b the z component of the spin

i.e. §z P(a,b) = b P(a,b)
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S is the singlet function and the set T the three components
of the triplet.

(Here, and in the following, where electron spin coordinates
are suppressed, the labelling is assumed to follow sequentially.
We shall use the unnormalised convention for P(0,0) and P(1,0)
to simplify numerical coefficients).

The set of functions, for a 2N electron system,

N

i i
0 . = II P(X 'Y ) i=l,. ..t
1=1 I'°I NM
obtained by taking all possible products of N pair spin functions
P(a,b) such that Z y; = M, form a basis for the construction of

J

. . N .
spin eigenfunctions eSM with S = M,M+1,...N. For example, for

N=2, M=0, the basis set is

That these basis functions possess the property of retaining the
chemical bond pattern is obvious if one expresses the spatial
wavefunction in the form

At (21-1,21)
1

<
I
=2

I

h = Z_.
where I nyI T
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Instead of associating different spin couplings with different
boné patterns, one describes them in terms of different
assignments of the singlet and triplet pair spin functions
(PSF) to the fixed bond pattern. We have now to show how
the spin functions of a given spin are constructed, and to
prove that they are linearly independent.

The problem is to find those combinations of the basis
functions 63 . which are eigenfunctions of the spin angular

14

momentum operator S2 with eigenvalue S(S+1)

. 2o N _ N
.e. = +
i.e S GSM S(s+1) eSM
N S N .
where GSM = _Z a; BM,i
i
It can readily be shown that
2 = § 8 + 82+s
- T+ z z
where 5 = § - i§
+ Y y
and s = § + iS
- X |y

are the usual step-up and step-down operators. Each of these

2N electron operators is a sum of one-electron operators: thus,

for example,
2N

s = .Zl s, (1)
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where Sz(i) operates on the spin function of electron i only.

Straightforward expansion gives the following results

. A N N
S, = i)
S_ 8, Z Z iy where
13
T, = S_(2-18 (25-1) + 8_(2i-1)8 (23)
+8_(20)8, (23-1) + §_(20)8, (23)
~ NA
Sz = Z Ui R where
i
Ui = Sz(21-l) + Sz(21)

By denoting, for example, o(2i~-1)B(2i) + B(2i-1l)a(2i) by Pi(l,O),
and using the well known rules for operating with é;(i), §_(i)

and §z(i), we find that

(Tij+Tij)Pi(a,b)Pj(c,d) = 4(Pi(a,b-l)Pj(c,d+l) +

Pi(a,b+1)Pj(c,d—l))/(1+|b|)(l+ld|)
where P(x,y) = 0 if |y|>x or |y|>1,

Tii Pi(a,b) = (l+a+b)(a—b)Pi(a,b)

and
ﬁi P,(a,b) = b P, (ab)

We are now in a position to prove the following.
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N . . . A . .
If eSM is an eigenfunction of §2 with spin S and z

component M, then the spin function obtained by introducing

the pair spin function P(0,0) in any position is also an

eigenfunction of S2 with the same values of S and M. If

N

M is a linear combination of terms,

the spin function 6
then P(0,0) is to be introduced in the same position in
all terms.
. , A2
The theorem follows directly from the expansion of S

embodied in equations 2 to 4. If the inserted PSF is

Pk(0,0) and the resulting spin function egfi then

N+1 N+1
a2 N+l _ ~ 3 420 O 5 10240 N+1
S 051y Z Z (Tij+Tji 2Uin) + Z (T, ,+U7+0,) Oc 1y
1<) i
[+1 N+1
A~ ~ A A ~ PN -~ N+l
= LI (B 4T 420000 + ) (T, 40T, |0,
iiax M I ik
N+1
+ igk (T, #T, +20,0) + T+ U2 + 0 jo .

The upper line gives S(S+1)62T; since GEM is an eigenfunétion
of §2 with total spin S: the lower line gives zero by virtue
N+l

of the definitions (2), (3) and (4). Thus eS'M is an

eigenfunction of §2, with S' = S.
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The rules for the construction of the 2N electron spin
eigenfunctions of any S and M can now be given. Firstly,
set up all GEM with R<N and involving only triplet PSFs.
Interpose in all possible ways the N~R singlet PSFs. That
these are eigenfunctions with the correct S and M follows
from the above theorem. This generates Z NCR of the spin
éigenfunctions. The remainder which invglve only triplet
PSFs - 'all-triplet' spin functions - are constructed from
the vector coupling formulae given below. These are

y

adapted from the forrmulae given by Kotani™ and require

knowledge of the 'all-triplet' spin functions for R<N.

N N-1 N-1 N-1

O = K11 O3 w1 T " %0 fgu1 w To T Ku3 Os41 me1 T
N N-1 N-1 N-1
Om = Ko1 %1 w1 T1 Koo %go1 m To * Koz f5o1 mer T
N N-1 N-1 N-1
O = K31 Og w1 Ty T K3 On To t X33 85 me1 Taa
where
K2 = As-mil) (S-M+2)
11~ (2S+2) (2S+3)
Kz: _ (S-M+1) (S+M+1) K2 _ (StM+1) (S+M+2)
12~ (2S8+2) (25+3) 13 (25+2) (25+3)
K2 = (S+M) (S+M-1) 2 = (S+M) (S-M)
21 25 (2s5~1) 22 2S (2s-1)
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2 _ (S-M)(5-M~1) 2 (S-Mtl) (S+M)

23  25(2s-1) 31 25 (S+1)
2
K2 . M K2 _  (s-M) (S+M+1)
32 2S(S+1) 33 25 (S+1)

There is a slight error in the last formula on page 135 of
reference 4.

That the spin functions so obtained are linearly independent
follows from the orthogonality of the spin functions. .Those
with a different number of P(0,0) PSFs or with P(0,0) PSFs
interposed in different positions are orthogonal by virtue
of the orthogonality of the PSFs. The 'all-triplet' spin
functions generated by the vector coupling formulae (5) to (7)
are also orthogonal.

Although the method of construction bears, on the surface,

a close resemblance to that of Kotani, the number of spin functions
which must be generated by the vector coupling methed is, in fact,
small, so that the construction of the complete set of spin
eigenfunctions by this method is a very much easier task than

it is by either the Kotani or ISwdin methods. The results in
Table I, where the number of 'all-triplet' spin functions for

S = 0 and various values of N is compared with the total number

of spin functions, underlines the value of the simple theorem
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proved above.

Table I
N Total number 'All-triplet'
of spin functions spin functions
4 14 3
5 42 6
6 132 15
7 429 36
8 1430 91

It may be noted that the notation used results in compact

. N . .
expressions for the GSM which is an advantage for large N where
the expressions in a, B form are long and complex. Equations

2 to 4 yield a ready means of checking the expressions for

N
eSM'

As an example, we shall derive the set of spin functions

for six electrons in a singlet state. The total number of

0

independent spin functions, with a given S, is found from

2N 2N _
s N-S N-S-1

For N=3, S=0, there are five spin functions. The first is

obviously the 'all-singlet' spin function
1

91 = L5/ [sSS] 8a
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From Equation 5, the 'all-triplet', $=0, spin function for four

electrons is

2 1
) = — -
00 2v3 [ZTlT—l + 2T-lTl TOTO]

which gives 62, 8., and 64 by the introduction of S in the three

3

possible ways

1
6, = S/ [2TyT_,S + 2T_,T,S ~ T T S]
6 .
3 = /¢ 2T ST_, + 2T_ ST, - T ST.] 8b
B, = T [2sT
4 = /¢ [2sTyT , + 28T T, - ST T.]

The final spin function is an 'all-triplet' one and is generated

via 62 ’ 62 and 62

11 10 1-1 and Equation 5, giving

1
b5 = /3 [TT Ty ~ T Ty + T3 17T
8c

- T.T T + T T.T_

1T9T0 * T3 Ty~ T3 ToTy!

1l 170
Comparison with the set of spin functions obtained by Kotani's

method shows that 81, 62 and 64 are identical to those associated

with the branching diagrams //\/\V/\' //A\\/\ and

/Ay//\\\ but that 93 and 8, are a linear combination of the

functions characterised by the diagrams‘///\/\\\ and ////A\\\\ .
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Extension of the method to non-integer values of S is
easily achieved by the introduction of the single electron

vector coupling formulae®,

N+3 _ /S-M+l N /S+M+2 N

Ot met = T Vase3 Osel M %N 2543 Osel me1 P
eN+% L. . /sl N /S°M N 8
S+1 M+% Y 2S+1 SM 2S+1 S M+l

The 2N electron spin functions are generated as described
above.

4. 1Interpretation and Classification of Spin Functions

A set of spin functions only provides a practical basis
for calculations if the important terms in the expansion of
Equation 1 méy be selected on intuitive grounds, allowing the
series to be truncated after a few terms. For molecules with
localised two-electron bonds, an interpretation and selection
criterion is readily available for the spin functions based

on PSFs. Assuming a pair function wavefunction,

¥ = AAla2)a2(34)...a" (2n-1,29)] c_ e}

J
where AI(ZI—l,ZI) is a localised two-electron spatial function
describing bond I, for example, a Heitler-London function,

a ()b (2) + bI(i)aI(z). Expanding e? as a product of PSFs,

- 162 -~



~ 1 11,2 2 2
‘{/ =
A % C; [87(2)2 (x vy 8" (34)P (x[y]) - ..]

Since a pair function with electron spins coupled to a singlet
leads to a build up of electron density in the bond, whilst
triplet coupling leads to removal of charge from between the
bonded atoms, the spin function in which bonds are triplet
coupled and essentially 'broken' will be of high energy and
hence only occur with small weights in the total wavefunction.
In sigma bonded systems, where the bond singlet coupling is
expected to be strong, only terms which involve a few triplet
coupled bonds will be important. A natural selection criterion
is thus established. It might also be expected that triplet
coupling between a pair of adjacent bonds will be more significant
than between a well separated pair. As the triplet coupling

of a pair of bonds leads to the delocalisation of electron
density from the bond regions into the regions behind the atoms
and between the bonds, the weight with'which such a term

enters the wave function may well give a good indication of

the degree of interdependence of a pair of bonds. This
description of the bonding in terms of the type and amount of
coupling within and between bonds may have more physical
significance than that afforded by the Rumer method which

compares spin functions in terms of the relative importance

- 163 -



of. hypothetical 'long' bonds, ef, Shull's criterion for electron
pair bonds’ .

Although the setting up of the spin functions is not as
trivial as in the case of the Rumer method, the possibility of
truncation of the basis in a practical situation means that
only the simpler spin functions with a few triplet couplings
are required: these are readily generated once and for all
and can be used for any value of N.

Naturally, the situation as described above only applies
to sigma systems: 1in delocalised systems, such as the pi
electrons of aromatic hydrocarbons, it is impossible to specify
one dominating bonding scheme, and the spin functions involving
many triplet PSFs may be as important as the 'perfect pairing’
spin function. The reason for this is easily seen. Taking
benzene, in the VB approximation, as an example, the bonding

scheme represented by el, Equation 8a, is given by Figure (i).

w : (§1))
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This structure leads to increased electron density between
atoms 1 and 2, 3 and 4, and 5 and 6. But it is well known
that the true situation is that of Figure (ii) with equal
electron densities between atoms 1 and 2, and 2 and 3, and so
on. The terms in the wavefunction involving triplet coupled
spin functions give rise to an electron density distribution
which is decreased between the 'bonded' atoms, e.g. 1 and 2,
and increased between the 'non-bonded' atoms, e.g. 2 and 3.
To achieve the required equal distribution, large weights of
the triplet functions will be needed. A quantitative measure
of this may be found by expressing the Rumer functions for
benzene in terms of the pair based functions. The Rumer

wavefunction is

. R R R R R
Y = A wspace [(6l + 62) + )\(63 + 64 + 65)]

where the e? represent the bonding schemes

0009
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and A-is a mixing parameter to be determined. Straightforward

expansion of the spin functions gives the alternative expression,

o 5-6) /3 /6
\P = A —_— = - - —
wspace [ Z Jel + > (2 1)(62+93+64) + 2 65
where 61,...65 have the same meaning as in Equation 8. Coulson®

gives 0.434 for the optimum value of A, which on substitution

yields

Y = A wspace [0.60 Gl - 0.06(62+83+64) + 0.61 65]

Thus the 'all-triplet' spin function is as important as the
‘all-singlet' one. In delocalised systems, we have therefore,
besides the problem of projecting out spatial symmetry eigenfunctions,
no valid criterion for the truncation of the series in Equation 1.

5. Spatial Symmetrv

The problem of setting up molecular wavefunctions involves
not only the construction of spin eigenfunctions but also of
wavefunctions having the necessary spatial symmetry properties.
The complexity of this task depends in large measure on the
spin function basis chosen. Consider the symmetry operator

R working on the wavefunction V¥
RY = R)VEO(y)

where x stands for the spatial and y the spin variables. We
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write R(x) to show that R affects only the spatial coordinates.
In the case of systems described by wavefunctions with permutational
symmetry i.e. each one or two electron function goes completely

into another under all symmetry operations,

RGOV (x)O(Y) = ¥(x')6(y)

where P(x') differs from Y(x) only in the labelling of the electron
spatial coordinates. We may think of ﬁ(x) as a permutational
operator, and it follows that, by relabelling the electrons

(space and spin),

RY = p@9ely) = bR T8

where ﬁ_l(y) is the inverse of the permutation operator R(x)

but now working on the spin variables y. We can therefore,

in this case, speak of 'operating on the spin wavefunction with

symmetry operators'. The symmetry adapted VB wavefunctions for
planar pi systems are readily set up if the Rumer basis is used,
e.g. in benzene, one 'Kekulé' spin function transforms into the

other under a C6 rotation. However, if this is not so, we have
a much more complicated problem: the bond eigenfunctions for

methane do not transform in a permutational manner, and the

tedious ‘'uncrossing' rules must be invoked. It is therefore
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worthwhile choosing a basis of spin functions which minimises
the amount of work required. The spin functions introduced in
this Chapter, in conjunction with a bond function spatial
wavefunction, have ideal symmetry properties for sigma bonded
molecules since each bond of the fixed bonding pattern is
maintained under all symmétry operations. Thus the PSFs are
never mixed, and the projection of symmetry adapted wavefunctions
is a relatively easy task. To show this, and to give an
indication of the power and conciseness of the method for cases
with relatively large N, we shall consider the problem of spin
optimisation for the methane molecule, point group Td, assuming
that the spatial wavefunction is approximated by an unspecified
single term bond function wavefunction. The fourteen singlet
spin functions for an eight electron system are characterised
as follows.

(a) 6. = SSSs

1

(b) 6 .0 are the 4C2 = 6 ways of inserting two singlet

277

PSFs into the four electron 'all-triplet' function,

+ T -T.T
27 2T 0%o

lT-l -171

(c) 68""611 are the 4Cl = 4 ways of placing one singlet

PSF in the six electron 'all-triplet' function,

TT .T, - TTT +T_. 707 - TT.T,+TT

- T T
of-1T1 7 ToT1 T 11T = TTogTo * TiTeTy = 7

07 -1 -170"1
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(d) 612,...614 are 'all-triplet' functions constructed by
the vector coupling formulae (5), (6) and (7).

6]

12(T
1p = L2(TT T 4T+ T T T

=3(T,T_; + T_1To) (TTy + T Ty) = 3(TTy + T, T) (TT_; + T_;Tp)

+ T T (T_ T, + TyT_

1

+
2(T_)T) + T|T_ + TT,)

1 1

o
|

2T -
(2T, T_) + 2T_ T, - T T,) (2T, T_

1Ty +2T__T, - T TO)

13 1 1 171 0

®1a = (T = ToTy) (TP ) = T47)

+H(TT_) = T_T.) (T,T

+
2(1,T_

o~ ToTy)

= T_ T (T_ T, - T T )

1 1 17-1

The projection operator, which projects from an arbitrary wave-
function an eigenfunction of a given spatial symmetry, is

A)\ XA
0 = Z Xg R(x)
R

where x; is the character for the operation R of symmetry species
A. The sum is over all symmetry operations of the group. As
“ A=l .
discussed above, we may replace R(x) by R " (y). Since, for
1 A .
methane "A_, all Xg are unity,

1

A
!

.- =}
R R

>

(y)

—

There are three totally symmetric states to be found. Since

- 169 -



all symmetry operations simply permute the PSFs, it is immediately
seen that 81 is one of the totally symmetric states. Since

. the PSFs are not mixed under any of the symmetry operations,

ﬁei always remains within the subspace of the set (a),...({d)

to which it belongs. Thus 6R62 vields the second lAl state
which is the in-phase combination of the spin functions of

set. (b). It is readily seen that 6R operating on any member

of set (c) gives zero i.e. there is no 131 state with three

bonds triplet coupled. Similar cancellation occurs with 914:

the third state is a linear combination of 812 and 613.
Thus

1

el( Al) = Bl
1

92( Al) = 92+e3+e4 +65 +66 +67
1

0,(7a) = 26, + /5 6.3

The actual work of obtaining the symmetry adapted functions is
straightforward, if somewhat tedious, involving only permutations
of the PSFs. The method could thus be readily implemented on
a computer.

From the arguments we have advanced above, the order of
importancé of the symmetry adapted spin functions will be

61>62>6

3¢ 63 could well make a negligible’contribution to the
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total wavefunction.

It is interesting to note that the spin functions for
ammonia (C3V) and water (sz) are very similar to those for
methane. Gl(lAl) is the 'all-singlet' term and Gz(lAl) is
the 'in-phase' combination of spin functions with two bonds
triplet coupled: there are no symmetrised spin functions with
three bonds triplet coupled.

6. Spin Theory and the Pair Function Method

In the previous sections, we have proposed a new basis of
spin functions which is ideally suited for describing the spin
properties of molecules with localised two-electron bonds.

We have not so far considered in detail the particular form

of the spatial wavefunction to be used with these spin functions:
any spatial wavefunction may, in principle, be used, but one
particular choice - the separated pailr wavefunction - is of
particular interest since it has been developed with localised
two-electron bond systems specifically'in mind. It also leads
to simple expressions for the matrix elements required in the
optimisation of the spin coupling coefficients.

Spatial wavefunctions which recognise, from the outset,
the existence of electron pair bonds have long been of interest

as a step towards the translation of the chemical picture into
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quantum mechanical terms. The prototype of this class of
wavefunction is the VB wavefunction in which the two electron

bond is described by a Heitler-London pair function
A(12) = a(l)b(2) + b(l)a(2)

It has unfortunately been found that the problems posed by

this type of wavefunction are not easily solved. The use of
non-orthogonal atomic orbitals presents severe computational
difficulties while attempts to orthogonalise the basis orbitals
lead to very poor wavefunctions, requiring many ionic structures
to correct the imbalance?. Recent results!l have shown that the
orthogonality conditions may be validated if the form of the

pair function is generalised.

Thus the pair function,

A(12) = clla(l)a(2) + c22b(1)b(2)

+ clza(l)b(Z) + c21b(l)a(2)

where a and b are now orthogonal atomic orbitals, includes the
intra-bond ionic structures and gives a wavefunction of high
accuracy - better than the comparable molecular orbital (MO)
wavefunction - whilst being able to retain the orthogonality

of the atomic orbitals to simplify the practical aspects of
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the calculation. The pair function wavefunction is
~ 1 2
Y o= A AT(12)4%(34)...aY (2n-1,2N)
for a molecule with N electron pair bonds, with

I I I I
A (12 = . . (1 . (2
(12) ijZ_ o/ X ) X2

The orthogonality conditions are
I
[ a2y 273 av, = 0, 1A

that is, strong or one-electron orthogonality, which means

that the pair functions must be constructed from separate
subsets of the atomic orbital basis, and ip practice usually
means that a minimal basis is chosen. The standard procedure
is to set up hybrid atomic orbitals, symmetrically orthogonalise
them - this has been shown to have little effect on their
localisation properties10 - and then to assign them in pairs

to the pair functions.

Current pair function theory only allows for a single spin
function - the 'all-singlet' or ‘perfect pairing' one, and can
only be used for singlet states. By combining pair function
theory with the spin functions of Section 3, the method may be

extended to.allow the treatment of states with S#0, whilst
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retaining the chemical description afforded by pair theory,

as well as giving a better description of S$=0 states. The
optimisation of the spin wavefunction of even electron
saturated molecules with S#0 will, of course, improve the
electron spin distribution. This may be of great importance
in the investigation of magnetic effects on which there is a
wealth of experimental data. Also the introduction of
alternative spin couplings will improve the charge distribution,
by delocalising electron density out of the bond regions. The
combination of PSF based spin functions with pair theory is of
particular value since it leads to simple expressions for the
matrix elements, making calculations, which would be extremely
complex if the Rumer, LOwdin or Kotani spin bases were used,
computationally tractable. It must be borne in mind that the
spin function optimisation is necessarily relative to the
spatial wavefunction, due to the incomplete separation of

space and spin in Equation 1. The form of the spatial
wavefunction determines exactly how good the description of
spin properties is. The same is true of the improvement of
the charge distribution. It is found that the introduction of
alternative spin couplings does not introduce any of the inter-

bond terms not included in the simple pair theory density function.

- 174 -



Should any of these terms be vital to a good description of the
charge distribution, an alternative method will be required.
Since the spin functions are based on singlet and triplet
PSFs, symmetric and antisymmetric space pair functions are
needed to give the total wavefunction the obligatory
antisymmetry. In an arbitrary basis, this would make it
necessary to perform a combined triplet pair function - structure
coefficient optimisation. However, in the simple case of a
minimal basis, the triplet pair function contains no variational

parameter i.e.
2T(12) = a)b(2) - bL)a(2)

The tacit assumption that the pair functions optimised for
the single 'perfect pairing' spin function may be transferred
without change has been made above: it does not seem likely
that the improvements gained by reoptimisation of the pair
functions would justify the vastly increased work this would
entail.

The general spin optimised separated pair wavefunctioﬁ for

a 2N electron molecule is

= Z a; A Wi
i P
N N I,..
= Ya, A [N A;(21-1,21)0;(21-1,21)]
: 1 1 1
i I=1
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The coefficients a, are parameters to be determined variationally,
subject to the spin and space symmetry requirements. Ap is the
partial antisymmetriser which includes only permutations between

pair functions

Optimisation of the a; leads to the standard secular equation,

where the matrix elements are fixed linear combinations of the

H. J\y.ﬁi, Y. ar
1] 1 P 3]

1

and S.. J V. A Y, dr
1] 1 p 3]

Assuming that the space pair functions are normalised, we have

ja s
it

. J I A7 (2I-1,21)6; (21-1,2H)f A

ij =1 1 i P
N J

x I A,(23-1,2J)6. (2J-1,2J)dr
g=1 J

1]

N1 I A
S.. J I A7(21-1,21)6,(2I-1,2I)A
ij i i p

I=1
N

x T AY(23-1,27)6"° (23-1,23)dt
g=1 J
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Taking first the diagonal elements, one readily finds the

standard expression

N .
1 1 1
Ho, = ) Fr+4 ) ) (35 -x )
H =1 T Tofr 0 M
Ny
S.. = 1 s
11 1=1 I
where
i i1 I . I 1
F{ = X J A7 (12)07 (12)#(12)A; (12) 6, (12)dT,
i i 1 I J J a
Il = X J A7 (12)6,(12) 4] (34) 6} (34)H(1234)
T I J J
X A7(12)6] (12)4} (34)8} 3d)dt .,
i i I I J J o
Ki; = Xig J 8 (12)6] (12)4] (34) 6} (34)HP (1234)
I I J J
x A (12)6] (12)4] (34) 6, 34)aT .,
and
z 7
fi(12) = -4v2(1) - 3v2(2) - 7|2+ rA + rl
al*ia  Toa 12
fi(1239) = = + ;l—- + ;i—- + ;1—
13 14 23 24
P P P_ D
. 24
HP (1234) = ;li- + ;lé- + ;33- + ==
13 14 23 24
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The coefficients are defined by

i
X = 1 83
J#T
i N i
XIJ = il S
K#AIJ
i . I .
SI = 2, if Gi =g, TO’ 1 otherwise

The expressions may be brought into a more useful form by the

expansion of the pair function into an orbkital basis. Thus
i i I I ~ I I
FI = XI J Ai(12)Gi(12)H(12)Ai(12)ei(12)d112

L I, I, I I a A -
= X qu_s Spq () €pg () pr(l)xq(z) (£ 1)+ (2)+§ (12)]

I I I I
xr(l)xs(Z)dv12 X J ei(l2)8i(12)ds12

i T I,.. .II I,. I ,.. IIII I ,.
XIYi{Z(C ()£ 77c (1)) + [cpq(l) Ipqrs csr(l)]}
where
IJ I Zy g
F,, = J X (1) [~3V2 (1) - X — Ix.(l)dv ’

ij i a F1a J 1
IJKL 1,3 1 K, L, '
gijkl = J xi(l)xj(l) o xk(2)x2(2)dv12

12
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and

I i, I i
Y, = - i
i SI if ei eT, SI otherwise
The notation ( ) means that the trace of the matrix product

is to be taken and [ ] the summation over all dummy indices.

The interpair integrals are expanded in a similar manner.

a i1 J .1, I, 1133 J,., J,.
Iy = AXppYY; (e (1)pq Ipgrs S (i)c (1) ]
i _ii I,.., 1,. g0 J,.,, J,.
Kpg = Mgy e lile (), 9,5, ¢ We () ]
where pI+PJ
ij - _ i 3 I J I J i
ZIJ (-1) J ei(lz)ei(34)Pl3ej(12)6j(34)ds1234
and
I . I .
Pi =1, if ei €T, 0 otherwise

]

The coefficients Z;J may be rewritten as

J A(23)B(23)ds23 where

I
P,
- I I 1y J
A(23) = J 0, (12)63(13)ds) x (-1)
I, .3 P;
B(23) = J 0} (3418 (24)ds ; x (-1)
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and are given for all possible combinations of A and B in
Table 2.

Thus we have finally for the diagonal matrix element

N . .
i T I IT T I ITIT I ,.
H,., = X Y. {2 i) f i + i
i g Y20 T @) + fey (1) g op (0)1)
N i I I I J TII1JJ ii 130T
+ 4 i i Y.Y, -
§<§ XIJ[E—-ELE—-—(}--)pq { 11 gpqrs IJ gpsrq}
J,., J,. 10a
c (i)e (i) _ 1
—— s
Ny
s,, = Is
i1 I I
The off-diagonal elements are greatly simplified by the
orthogonality conditions. No more than single interchanges
between pair functions need be considered as more will produce
mismatched overlap integrals. There are also no Coulomb terms
since a permutation of electrons is required to destroy the
orthogonality of the spin functions. For one pair spin function
non-coincidence, in pair I,
B, = ] Kg 10b
J JAT
sS.. = 0 d
ij
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where

iy _ i i3 . 1., 1,. 1331 J,., J,,
K = 4X Z

13 13 %y e @), 9, < e ) ]

For two non-coincidence, in I and J,
g

Hij KIJ . 10c
s.. = 0

1]

and, for more than two non-coincidences, the matrix element
vanishes.

Since the spin functions are readily set up (assuming that
a limited set of the more important ones is to be used), and
the matrix elements between the functions Wi are easily calculated
according to Equation 10, the method is well suited to machine
computation.

The effect of optimising the spin part of the wavefunction
is, as we have said, to redistribute the electrons, alleviating
the excessive localisation of the electrons in the bonds by
delocalisation into the interbond regions. We can see to what
extent this is achieved by studying the changes in the one-electron

density function, p(1,1').

p(Ll,1%) = J‘P ¥dr, | on
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N .
l ¥
L [12< P (1,1")]

I
-0~
.~
)
o
(o]

Since, if i#j, then spin integration for no interchanges gives
zero contribution whilst, for more interchanges, the space

integration gives zero.

i wo_ o[ K K 1 S,
PL(1,1Y) = XKJAi(l2)6i(12)Ai(l 2)6; (1'2)dr,
2 ¥ i
p(1,1") = [ af [} B (1,1')]
i K
]
= )P _(1,1')
K X
where
P_(1,1') = Zaz pl1,1)
K’ ] i K7

The density is thus still in a ‘sum-of-bond-densities' form.

Expansion of P;(l,l') into an orbital basis yields the following

expressions

. i ‘y =y KK K, . K, , o .
Singlet § Pp(1,1') = X EZ) g ce . xp(l)xq(l ) [a(L)a(1")+B(1)R(1")]
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. i X K K K
T let T = - 1 1! 1 1)+ (1 1')]
riplet T, X g g cc qXp‘ )xq( ) [ (1)a(1")+B(1)B(1")
_ i KK K K . '
T, = -X } ) cc oM xg (A leMadn]
P g
i KK K, . K, ,
T_y = -X, E g ce XWX BMIBAY]

The approximation of a minimal basis gives a particularly simple

form for the bond density PK(l,l').

K + aK Jao
T T

K
P 1,10 = X[ el + fa
S 0 1

+ (X3 (1) [ ag + fay + ay loa
0 1

K X K
+ xf(l)xl(1'>[xKa§ + dan + ag 188
0 -1

K
+ an 188

+ xikl)x§(1'>[<1-xK)aK + ia
0 -1

K
S T

K K K K_K
+ (xl(l)xi(l') + xz(l)xl(l'))[y ag] (ao+BB) }

K K . 2 K, 2 K _ ,K . 2 K |2
where x = (cll) + (Clz) , 1-x = (c22) + (clz) ’
K K K K
Yo = cppegy o).
and aK = z a? S.. , and so on,
S . 11
1,K=8
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where the summation is over all Wi that have the K'th bond
singlet coupled.
. K K . .
Since aS <1 (aS = 1 when the bond K is coupled to a singlet
in all terms) and a_ , a_ , a > 0, the effect of the inclusion

To T3 T

of alternative spin couplings is to decrease the electron density
. . . . K K K
in the bonding regions i.e. the bond order y -~ vy agr and to
increase the electron density round the atoms. The bond
polarity is reduced by the same factor as the bond order

K X K . . ,
(1-2x") as(l—2x ). Although it is not obvious that electron
density is redirected into the interbond regions, this is the
likely result of the optimisation since it is the atomic terms
xi which will make the major contributions to the interatomic

regions. The spin density function QK(l,l'), for bond K,

QK(l,l') J Sz(l)PK(l,l')ds

K K K K K K
= %(xl(l)xl(l') + X, WX, (1)) lag - a, ]

1 -1
The spin density in bond K is thus equally shared by the two
orbitals, and there is no 'bond order" spin density term.
No spin density is found in any bond that is not, in at least

one term, triplet coupled.
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The magnitude of the spin coupling in different molecular
types is of considerable importance: the combination of pair
function theory and spin theory allows, through the matrix element
expressions (10), some estimate to be made of the effect of spin
optimisation. It also lets us substantiate our earlier
statements regarding the convergence of the spin function series.
For molecules, whose symmetry operations simply permute the
bonds, the projection of a state of the correct spatial symmetry
conserves the number of triplet PSFs in each term. Hence,
for even electron singlet states, the lowest term in the
wavefunction contains no triplet PSFs while higher terms will
have 2,3,...N triplet PSFs. As we have shown, the matrix
elements connecting states with one or two PSF non-coincidences
consist solely of exchange integrals. Since the interbond
exchange integrals will be small - we are assuming an
orthogonalised hybrid basis = the mixing will be small.

Since there is no matrix element between states in which

the number of triplet PSFs differs by more than two, the
majority of states must interact with the 'all-singlet' term
via intermediate states. The more triplet PSFs, the more
intermediate states required for the coupling and the smaller

the resulting interaction. Also, the matrix element between
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two terms differing by two triplet PSFs will be larger, the
closer are the bonds involved, since the exchange integrals
will fall off rapidly with increasing separation. In fact,
at certain levels of semi-empirical schemes, e.g. CNDO, the
interaction terms are zero, and the states are, in this
approximation, uncombining: only in more accurate theories,
e.g. INDO, in which one centre exchange integrals are retained,
will the different spin couplings mix. Although éhe effect
on the energy is thus expected to be small, this is not to
say that other properties may not be affected to a much
greater extent.

Pi electron systems, with symmetries such that a single
partitioning of the molecule into bonds is not possible, e.g.
benzene, are only tractable within this scheme in the
simplified situation where the pair function is represented
by a Heitler-London function. The symmetry operators mix
spin functions with different numbers of triplet PSFs and hence
the magnitudes of the interaction terms depend on the symmetry
determined coefficients and may in fact be large. The class
of pi electron systems which do not possess symmetries, such
that the assigned bonds are mixed, provide an.interesting

sﬁbject. For example, butadiene, represented by a structure
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with two localised pair functions, produces two uncombining
spin states, in the pi electron approximation, where exchange
integrals are neglected. This would imply that butadiene
is closer to the sigma bonded type of molecule than to the
traditional conception of it as a delocalised pi system.
The same principle predicts that the infinite linear polyene
chain is alternant, as is the benzene analogue, fulvene.

So far we have considered only the chemically oriented
form of pair theory where the pair function is built from
a pair of directed orbitals within the bond. A more
accurate wavefunction is obtained with a localised MO basis.
Not only are charge transfer terms introduced directly, but
the above conclusions on the magnitude of the effect of spin
optimisation must also be slightly modified. Since the MO's
contain contributions from all atomic orbitals, the interaction
matrix elements will now be composed of, as well as exchange
integrals, Coulomb integrals. However the weight of these
integrals will be small, so that the conclusions are largely
unaltered.

7. Molecular Positive Ions

The analysis of the preceding sections showed that the

optimisation of the spin coupling in saturated molecules is

- 188 -



unlikely to alter radically the energy or charge distribution

of an even electron, low spin molecule. However, the optimisation
is expected to be of much greater significance when one is

dealing with spin properties or systems with odd electrons.

In this section, we shall be concerned with the generalisation

of the theory to the positive ion radicals, derived from even
electron saturated molecule parents. The model for the positive
ion is a direct extension of the localised bond model for the
parent: the electronic structure is considered as a resonance

mixture between states with localised bond ionisations. Thus
K
y = ) ) a, ¥
: i i
K 1
where K labels the bond ionised, i the spin function.

¥y
i

ﬁp Al(12)A2(34)...AN(2N—3,2N—2)¢K(2N—l)6i(l,2,...2N-l)

where ¢K is a one electron orbital constructed from the basis
orbitals of which the parent pair function AK is built. The

6rthogonality conditions are
J“AI(lz)AJ(l3)dTl = 0 I#3

J:AI(12)¢J(l)dTl = 0 I£3

The expansions into an orbital basis are
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]

ptazy = VL X3 (x5 ()

i
I . I1I
(1) = Z d;x; (1)

1

The spin functions Gi are products of N-1 PSFs multiplied by
an A.ox‘ﬁ function for the odd electron: spin’ eigenfunctions
may be constructed by use of the vector coupling formulae of

Section 3. The energy is given by

E = J Y Y ar s J ¥ ¥ dr

- g % g g al a§ Ne) g g § al a s??

-

1]
Optimisation of the ai leads to the secular equation
(HE-ESa = 0

In practice, the condition that ¥ is constructed from spin
eigenfunctions allows the order of the secular equation to be

. . . KL
reduced. To derive expressions for the matrix elements Hij' we

expand the Hamiltonian H as

X N-1 N-1
A = ) H(2i-1,2i) + £} ) H(2i-1,2i,23-1,23)
i=1 i3
. N-1
+ H(2n-1) + ) fi(2i-1, 2i, 2N-1)
i=1
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where

f(12) = -1V2() - $72(2) - [ 7, (C— 4 =) ¢
A 1A 2A 12
Z
f(1) = -4v2(1) -7 ;é
A 1A
ﬁ(1234) = rl +rl +r1 +rl
13 23 14 24
f(123) = ;l— + ;l~
13 23

The matrix elements are given below, using

the symbols and

conventions introduced for the 2N electron matrix elements.

Diagonal element H??

(1)

e f v g o ar
11 1 1
N N i i
= ) Fl o+ ) (20,5 - K-
I#K I<J#K
i i =i
+F. o+ ) (I - K_)
K 1Ak K IK
Fi Ji Ki are defined in Equation 10
I3’ Y13’ T1g qua :
-i KK K N K :
= ) 1 1 1) 4
S j %) ) ¢ () ary

KK _K

KK aty

ii

+K

S (@ £

- 191 -

1la

)



where

N
si? = J wf w? atr = 1 st
I#K T
i i1 K. o« T K
S = % J AL (12)9(3) A(123) 8, (12)¢ (3)dv123

I K I K
X j ei(12)ei(3)ei(12)ei(3) ds, 54

[CI(i)CI(i) gIIKK dK dK ]

I
i pPqg pgrs r S

Y,

i
= 2X
I

where e?(l) is the one electron spin function, a or B

P
-1 i I K I K 13 23
K = X J AT(12)9 (3)6,(12)6,(3) [ — + — ]
1K I i i i T T,
I K I K
Ai(12)¢ (3)6i(12)6i(3)d1123
i -ii I I IKKI .K K
= i i a a4
2Ky Zoy le e (), 9, 9y 95 ]
where
53 ?]
Z213 = (-1) J Ai(123)Bj(l23)d5123
where

R & J = y = aliayad
Ai(123) = ei(l2)6i(3) and Bj(123) ej(32)ej(1)
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The values of ZI} for all combinations of Ai and Bj are given

in Table 3.

Table 3

A, S

2y @ Sp T, TR Tjo T8 T ;o T ;B
A,

l .
so 1 . -1 . . -1 . .
SB . 1 . 1 . . -1 .
Toa 1 . -1 . . -1 . .
TOB . -1 . -1 . . -1 .
Tlu . . . -1 . . .
TlB -1 . -1 . . . . .
T_la . 1 . -1 . . . .
T_lB . . . . . . . -1
For positions in the Table without entries, 5;3 =0

(2) oOff-diagonal element - different bonds ionised, matched PSFs.

- S lefﬁw? ar 11b
11 . 1 1

Space integration gives a zero result for all terms except those

involving a permutation of electrons between K and L to produce
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a matched overlap integral.

KL i L K L K A
H X J £7(12)¢7(3)0,(12) 6, (3) HP(123)
K L K L
x A,
£ (12)67(3)8,(12)6.(3) dr,,,
where
: P P P P
- _ 13 "13  "23  "23 _
HP(123) = r r r r P13fy = Pty

12 23 13 12

which gives an expansion

kL _ i KLLL L
Hig < 2xL {[C ( )d p gprsq qé )d
LKKK K A I #
a®
+ [d¢c (1)p pasr qr( )d 1 + [c (1)d Pq d7c (i) ]}

(3) Off-diagonal element - same bond ionised, different spin functibns.

- J vE g vE ar llc
ij it

(a) Single PSF non-coincidence in I

KK =
H,, = - ) K _-K
ij JATK 1J IK
where
_ i i3 g1t J
Kog = 4X ;2.3 [s_iy_cg> Ipsrq g_(_l)LLJJ ]
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and

(4)

-1i4
J IKKI dK dK

i I I
K = 2X i g/
IK I ZIK [c (e (')pq gpsrq r s ]

(b) Two PSF non-coincidences in I, J

KK
H,. = =K
1ij IJ

(c) Two PSF non-coincidences in I, K

KK -
H,, = -K
ij IK

{(d) More than two PSF non-coincidences

Hey = 0
1]

Off-diagonal element - different bonds ionised, different

spin functions.

HgP = J W% ﬁ ?P ar
1] 1 J

(a) One or two PSF non-coincidences in K, L.

KL _ i L K L K o
Hij = XL J Ai(l2)¢ (3)6i(l2)6i(3) HP(123)

K L, . oK L. '
85(12)¢7(3)8,(12)8,(3) Ty 5

., izid K, K KLLL L .. L
= k2XL zLK {{lc (3)a gpqrs qu(l) dr]

L L,, LKKK K ,. K
+ [d ¢ (1)p gpqrs Cqs(j) dr]
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K, .
+ e at £ gl
— =5 p

(i) 1}
q

{b) More than two PSF non-coincidences or non-coincidences
not involving K, L.

Ho
i3

= 0

The existence of the matrix element between functions with
different ionised bonds means that ions of different symmetries,
with coefficients differing only in sign, have different energies.
This is contrary to the conclusion drawn previously11 that these
states are degenerate within the model.

The charge and spin density functions are straightforwardly
derived: however the results are too complex to warrant inclusion.
We can see that there will be an interbond term in the density
connecting the ionised pair functions: the density is thus no
longer in a 'sum-of-bond-densities' form. It is expected that
the effect of this term will be to remove electron density from
between the bonds and localise it in the bonds, thus restoring
some of the lost bond strength.

The degree of mixing of different spin functions is expected
to be much greater for the positive ion than for the parent due

to the interaction term (11d) which involves interbond one-electron
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integrals, non-negligible even in the pi-electron approximation,
and much larger than the other ﬁatrix elements which are composed
of exchange integrals. To investigate the importance of spin
optimisation, and to study the degree of splitting of ionised
states of different symmetry, we have performed some simple
calculations on the butadiene positive ion. Butadiene gives
rise on ionisation to two states, one of gerade (g) and the
other of ungerade (u) symmetry. The doublet spin functions that

may be constructed for the three electron system are

61 = So 62 = 2T18—Toa

giving the symmetrised wavefunctions

W = 1@ 4?2 0% ohsa
+ 1 1 2 2 .1
1p2 = 2 (A” ¢~ £ A ¢:) (ZTIB—TOOL)

where the upper sign is for g, the lower for u symmetry.

The matrix elements were evaluated according to Equation 11:
standard pi electron theory approximations were invoked in
calculating the integrals, the values being, in the usual
notation, in uqits of electron Qolts, fll = -~23.363, f22 = -25,638,

£, = -2.618, £, = -2.113, y,; = ¥,, = 11.130, v,, = 5.472,
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Y23 = 5,181, Yl3 = 3.845, Yl4 = 2.906. Various levels of
sophistication of the pair function were employed: the VB

approximation gives
A(12) = 1
= /5 WX, (2) + %, (1)x, (2))
and the bond orbital (BO) approximation

A(12) = Y(D)p(2) = %(Xl(l)+x2(1))(xl(2)+X2(2)).

The coefficients of the pair function (PF)

A(l2) = Clle(l)Xl(2) tc

12(xl(l)x2(2) + x2(l)xl(2))

+ cyy Xy (1, (2)

where obtained by minimising the enerqgy of the parent molecule
with a single spin coupling: the values used here are
0.6. The one-electron orbitals were

c = c = 0.4, c

11 22 12 ©

in all cases chosen as
1
(1) = /; (xl(l) + Xz(l))

No optimisation of the weights of X1 and x2 was attempted in view
of the lack of polarity of the pair function of the parent molecule.

The results appear to be fairly insensitive to small changes in the
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coefficients, so that any optimisation is unlikely to be worth
the extra labour. The antisymmetric pair function, for

combination with triplet PSFs, was taken, in all cases, to be
A (12) = L
as = 5 (Xl(l)X2(2) - Xz(l)Xl(Z))

The results are listed in Table 4. The optimisation of the
spin coupling has little effect on the g-u energy gap in either
the BO or PF approximations, although considerable imprdvement
is found for the VB wavefunction. In all cases, the energy
lowering accompanying spin optimisation is significant, and
the mixing coefficient large. In fact, the alternative spin
coupling in the VB approximation to the u state has a greater
weight than that of the standard coupling 61. Also the energy
lowering is much greater in this approximation, indicating
the importance of alternative spin couplings in orthogonal VB
theory. However, the energy gap is still too small and the
poor energy obtained reflects the neccessity of including ionic
structures in orthogonal VB theory.

The localised or exciton model of ionisation, in which the
electron is removed from a localised bond, the charge hole being
delocalised by resonance amongst structures with different bonds

ionised, is far removed from the rather simpler (in mathematical
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Table 4. Butadiene Positive Ion

Wavefunction BO VB PF MO
A(g-u) BSO 2.11 1.06 2.03

ASO 2.06 1.41 2.00 2.46
AEopt g 0.59 0.76 0.47

u 0.54 1.11 0.43
Cg 1 0.909 0.771 0.938

2 -0.416 ~-0.637 -0.347
Cu 1 0.924 0.637 0.945

2 0.383 0.771 0.327
IP u BSO 9.88 8.00 10.55

ASO 9.34 6.89 10.11 9.85

g BSO 11.99 9.06 12.58
ASO 11.40 8.30 12.11 12.31

All results in electron-volts.

A(g-u) Energy difference between g and u ionisation potentials
AEopt Energy lowering on optimisation of spin coupling

Cg, Cu Coefficients of optimised wavefunctions

Ip Ionisation potential

BSO Before spin optimisation

ASO After spin optimisation



terms) picture presented by MO theory in which one electron is
removed from a delocalised molecular orbital, the ionisation
energy being given by Koopman's theorem as the negative of the
orbital enexgy. The energy gap between g and u states predicted
by MO theory is 2.46eV, in good agreement with the resuits in
Table 4. The MO approximation is an adiabatic one in which
there are no free parameters to allow the system to respond

to the ionisation: the spin optimised exciton model does allow
for some relaxation and should hence be more accurate. The
exciton model may give a greater insight into the physical
changes resulting on ionisation. The weights of different
resonance structures, (determined in the above case by s;mmetry,
but no so in, for example, ethane where relative weights of

C-C and C-H bond ionisations are not fixed), will give some
indication of from which bond the electron is being removed.

The ionisation potentials calculated by the BO and PF versions
of the exciton model compare well with the MO results and, as far
as can be determined, with experiment which gives values of 9.08,
11.25, 12.14, 13.23ev, symmetry undetermined7. Although the g-u gap
is little changed by optimisation of the spin wavefunction, the ion-
isation potential because, in the parent molecule, there is

no matrix element between the alternative spin couplings and,
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consequently, no lowering of the energy. The two models, which
give entirely different physical pictures, can thus be seen to
give quantitative results of cémparable accuracy, providing

the pair function is well represented.

One might hope that, as optimised minimal basis pair
functions for even electron species are becoming readily
available, the study of the electronic structure of the positive
ions may be tackled along the same chemical lines of investigation
by the spin optimised pair funcﬁion method presented above.
Molecular positive ions have received some attention recently
through the technique of photo-electron spectroscopy, primarily
because the use of Koopman's theorem in MO theory allows the
prediction of a series of ionisation potentials, now measurable.
The questions considered are entirely energetic: tackling the
problem via a ‘chemical' wavefunction may throw more light on
the physical changes in the electronic structure on ionisation.
The spin properties of odd eléctron molecules are not accurately
or easily calculated by the MO method; for example, it is impossible
to explain the negative spin densities that are experimentally
observed within restricted Hartree-Fock theory. Since the spin
optimisation procedure is entirely practical, accurate spin

distributions'may well be made accessible by this method: it also
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opens up the possibility of performing accurate calculations on
molecular ions to test the approximations made in deriving the
relation between the carbon atom spin density and the proton
hyperfine coupling constant in pi electron systemsz.

Molecular ions exist and are closely related to their parents.
But, with so much known about the bonds and bonding of the parents,
it is surprising that so little work has been directed towards
the investigation of the validity and details of the physical
models - the exciton and delocalised models - for the positive

ions. The theory presented in this section provides a framework

within which to perform this investigation of the exciton model.

7. Conclusions

In this Chapter we have presented a new basis of spin
eigenfunctions which has advantages in construction and application
over the current methods. It has been shown that the basis, when
used in conjunction with the strongly orthogonal pair function
spatial wavefunction, provides a tractable method for the
optimisation of the molecular spin coupling. The theory was -
then extended to molecular positive ions.

The scope of the pair function method, as applied to
saturated molecules, now covers the wide range from the ground

states of even electron molecules to excited statesll, states
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CONCLUSION

By comparison of current methods of molecular wavefunction
construction it has been shown that the VB method, for small
molecﬁles, possesses advantageous features that outweigh' the
practical disadvantages, and therefore its neglect as a
practical procedure is unjustified. The NPF method was
shown to be a more useful form of VB theory for larger molecular
systems where the non-orthogonality problem becomes extremely
severe. The theory of the NPF method, the most general pair
function method and hitherto not studied in any detail, has
been'worked out; the one- and two-particle density functions
were evaluated explicitly, and the variational equations
considered. Accurate practical applications of the theory
to lithium hydride, the helium-helium interaction and the
pﬁ—electrons of butadiene have been presented.

Approximate methods of solution of the non-orthogonality
problem which at present limits the practical use of the VB
and NPF theories have been proposed, within the framework of
the NPF method, and the theory and practical aspects worked

out in detail. These are ab initio methods in that no semi-
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empirical parameters are introduced, and the accuracy of the
approximation may be rigorously tested at all stages. Some
preliminary results of an investigation of a model.system by

the "neglect-of-powers—of-overlap" method were also p?esented.

The advantages of the NPF formalism, compared to current
alternatives, as regards their contribution to valence theory have
been stressed.

A new method of construgtion of a spin function basis,
which is particularly suited to use in conjunction with electron
pair theories has been derived. Using this spin function basis,
the SBP theory has been extended to allow spin optimisation of
singlet states and the construction of SBP wavefunctions for
even-electron molecules of arbitrary multiplicity and for
molecular positive ions. The results of a simple application

to the butadiene positive ion were presented.
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Appendix 1 Notation

Although all new notation used in Chapter 1 is explained as
it is encountered, the complexity of the notation makes an
appendix bringing together the different abbreviations necessary.
The analysis of the NPF wavefunction makes extensive use of
matrix algebra: where possible standard notation is used,
that is, A for the matrix A, Aij for the element in the i'th
row and j'th column, AB for the product of matrices A and B
for the i,j'th element of the product

and 2B,y = E Bik Pxa

matrix. A represents the supermatrix with elements Aijkz

and tr A is the trace, or sum of the diagonal elements, of

A. However, a major part of the theory involves superscripted
. I IJ .

matrices, e.g. A", B, and products of such matrices. To

ease the typographical congestion of super- and subscripts,

a simplified notation has been resorted to in which the matrix

superscripts are placed in brackets to the right of the matrix

name and the underline omitted; for example, A" = A(I),
IJ _ . . .
Bij = B(I,J)ij. The superscripts are always written in

upper case, the subscripts in lower. The notation is
particularly convenient for matrix products, as we may then

group all the matrix names on the left in order and the super-
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scripts within the bracket; thus, é?g?K = AB(I,J,K). It is

not immediately obvious which superscripts belong to which
matrix name: however the notation is only used where the

number of different matrix names is small so that the context
makes plain the allocation of superscript to name, reading both
superscript and name from left to right. Further typographical
economy is achieved with this notation since, in all situations
where use is made of it, the right-hand superscript of a matrix
is always equal to the left-hand superscript of the next matrix
in the product. If a matrix has a single superscript the left-
and right-hand superscripts coincide, and the above rule still
holds. It is therefore unneccessary to repeat the superscript

. IJ_JK , .
in the bracket: A Jg is written AB(I,J,K) and ABCD(I,J,K),

where A and C are singly superscripted and B and D doubly, is
the abbreviation for AIBIJCJDJK.

It should also be noted that, in sections 2 and 3 of Chapter 1,
the subscripts of the matrices are usually linked to the super-
scripts, i.e. the dunmy summation subscript of a matrix is
determined by the superscript. For example, if the superscripts
I, J, K are associated with the subscripts i, j, k respectively,

- . . IJ_JK ., IJ_JK
the representative element of the matrix A~ B is A" B ik

and of AIKBKJ, AIKBKJij. It is then not necessary to include
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explicitly the summation subscripts, and these may be dropped
e.g. AIKBKJij = AB(I,X,d).
The main matrix names used afe C for the pair function
coefficient matrix which is singly superscripted and S for
the pair function overlap matrices which are doubly superscripted.
The charge distribution matrix, with typical element xi(l)xg(l‘)
wheye xi(l) is a one-electron orbital is .denoted by T(lII,J)ij
or T(I,J)ij where the electron coordinate label is readily
understood from the context. Coefficients D(I,J,K,L,M,N) and
D(I,J,K) are defined and explained in Section 3, but, to avoid
confusion, it should be stated that these are not necessarily
simple matrices with six and three superscripts respectively.
When the bracket notation is used, the product of two
IJBKL

matrices 1is denoted by a cross, e.g. A(I,J)XB(X,L) = A

14

and the matrix trace by the usual notation or by square brackets,

e.g. tr A = TR A(I,J) = [A(I,J)].
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where the notation is explained in detail in Appendix 1. The

one-electron part of the energy, H, = f f(1) P(1;1nav , 1is

1 11

expanded via equation (2.3) to give
H = 2 S;l‘{[CSCF(l,l,l)][CSCS(2,2,2)]
+ 2[CSCF(2,1,2)}[cscs(1,2,1)]
+ [CSCF(2,2,2)][cscs(1,1,1)]
(A.2) -
- 2[CcsCs(1,1,2)XCSCF(2,2,1)]

- [Ccscs(1,2,2)xCSCF(2,1,1)]

- [cscs(2,1,1)%xCSCF(1,2,2)1}

where

CSCF (1,3,K) ;. J A(1) CSCT(J.II,J,K)ik av,

J... K a
§ csc(r,cr)ij J xj(l)xk(l) H(1) av

1

§ CSC(1,3) 44 F(I,K)

Expanding P(1,2;1',2') from equation (2.4), the two-electron part

112012" 18

of the energy in H, = f P(1,2;1',2")H(12)dv
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]
1l

+

5;1{[[C(l)'G(l,l,l,l)-C(l)]][CSCS(2,2,2)]
[[C(2)+G(2,2,2,2)+C(2)]][CsCs(1,1,1)]
4[CcsC(1,1)*G(1,1,2,2)+CsC(2,2)]
2[[CSC(1,2)*G(1,1,2,2)+CSC(1,2)]]
4[CSC(1,2)+G(1,2,1,2)+CSC(1,2)]
2[{csc(1,1)+G(1,2,1,2)+CSC(2,2)]]
ZHCHPGﬂquﬂwcﬁﬂ]mﬁﬁﬂqLiﬂ}

4[1[c(1)G(1,1,1,2)CsCsC(1,2,2)]1]

4[[csCsC(1,1,2)+G(1,2,2,2)*C(2)1]1}

where G(I,J,K,L) is the super matrix of two electron integrals

-1 K

I J L

= f,H(lz) T(llI,J)ij T(2[K,L)k£ v, ,

and the supermatrix summation notation,
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Y A,.B,. . C., = [AB-C]
i3ke ij ijkf k&

and z A.. B,. C. = [[A*B+C]] , 1is used.
i3k ik Tijk& T3

The optimum wavefunction is determined by demanding that the
energy 1is stationary with respect to the variation of all coefficients.

Differentiating the energy expression,
E = BH/S h =
/ R where H SR(Hl + H2) '

. I . .
with respett to Cijvand setting BE/Bcij equal to zero gives a set

of equations

8s
§§- - BE— = 0, alli, j.
5C;. act .

i3 i3

Since H and SR are quadratic in g;, the equations are linear and

I

by separating out Ckl

from the expressions for BH/BCij and
BSR/Bcij, we arrive at a set of equations of the form

Ez Ciq [Hi;kl - E Si;kkl = 0, all i, 3.
This is a secular problem of order ni, where nI'is the number of
orbitals in pair function I, which determines the optimum

coefficients CI within the fixed space of all other pair functions.

k&
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. I
Since C must equail Cik' the order may be reduced to nI(nI+l)/2

K2
with
I 1 I

Y ¢, [H..,,-ES;. 1 = 0, all i g j

kgt k2 ijke ijke
where

I I It I I -1 -1
= +
Higre = Figue * Higox ¥ Hyxg * Hyagr) * %6550 " (148,)

and similarly for Si. The evaluation of the explicit

jk&”
I

%0 Sijkz is straight-

expressions for the matrix elements Hi
forward: it is most readily achieved by noting that there are
only four types of term in the energy expression, equations

(a.1l), (A.2) and (A.3). These are, for the matrix elements

for pair function 1,

W (3,B) = tr (crac’s)
‘ 1 1
Xl(A,B) = tr(C'Aa).tr(C B)
Y. (a;B,D,E,F) = ) A ®c'D),. (&'
R Lk ijke, ——ij ‘—="k&
ijke
1
7, (AiB,D,E,F) = igkz Ajyy (BOD)g (EClF)jz
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The contributions from the terms of type Wl(A,B) to the matrix

elements H}. }

ijke’ Sijkl are derived as follows. Separating out

the coefficient matrices

yoocot
kfmn

Wl(A'B) k2 mn Aﬁm Bnk

1 1
} ) ¢, c_ IA B. +A B
kel men k& mn 2m nk n mk

+ AkmBnSL + AkanQ]thtmn
where

-1
tk2 = (1 + sz)

Differentiating W

l(A,B) with respect to Cij gives

"

1 1 .
3, (A,B)/3C] ) Crp [W] (BB) 5y ]

ks

where

Wi(A'B)i = [A

. . B,.
k8 9381k t PoiBik t PixPes

BB Y AaByn T ABin

+ A. B ]

508ki T PigBri Tk
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is the contribution to the matrix element. Similarly the

contributions of the other types of term are

X (BrB)s5pg [(By g #Bop) (Byi#A; ) + (BygdBy ) o (A #R) )T, st
Y (BiBDEF) o = pgrs A ors [(BiDs#B D, )

X (ErkFZs * ErlF )+ (B kD£ +Br2Dks)

* (Epiqu+EpJ i )]tljtki
Zl‘(A;B,D,E,F)iij = ) Asqrs [(BpiDjI+Bijir)

pgrs

X

+ +
(Equ£s+Eq£st) (Bkalr BpZDkr)

X (B Pyt T Bi5T

Using this notation, the matrix elements are

1%

2{Wi(S(l,1),F(l,l))'[CSCS(2,2,2)]

+ Wi(S(l,l),S(l,l))'[CSCF(2(2,2)]

2w! (S(1,1) ,SCSCF (1,2,2,1))

Wi(SCS(l,Z,Z)XCS(Z,l),F(l,l))
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- Wy (SCF(1,2,2)xCS(2,1),S(1,1))

+ 2Xi(SCF(l,2,l),SCF(1,2,1))}

+ ¥;(6(1,1,1,1);1,1,1,1) [CSCS(2,2,2)]

+ W (s(1,1),8(1,1)) [IC(2) G(2,2,2,2)+C(2)]]
+2x;(((6(1,2,1,2)+C(2))),5C8(1,2,1))

- 4v1(6(1,1,1,2);1,1,1,5CSC(1,2,2))

- 4Wi(S(l,l),S(l,2)X((G(l,2,2,2)‘C(Z))))

+ 4Ws(s(1,1),(6(1,1,2,2)+CSC(2,2)))

- 2¥/(6(1,1,2,2);1,8c(1,2),1,5C(1,2))

+ 4Zi(G(l,2,l,2)7lJSC(l,2),ljSC(l,2))

- 2Wi(s(lrl)r((G(llzlllz)'CSC(ziz))))

vwhere 1 is the unit matrix of dimension nl, ((A.B))ik = §2 Aijk% le
and (a.B), . = Y

A, . B ..
"y ijk2 "k&

w0
[
1]

Wi(S(l,l),S(l,l))[CSCS(2,2,2)]

3

2Wi(S(l,l),SCSCS(l,2,2,l))
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+ Xi(SCS(l,2,l),SCS(1,2,1))

The matrix elements for pair function 2 are obtained by interchanging
1 and 2 throughout the expressions for gi and ng

The solution of the variational problem is iterative since
the matrix elements for each pair function depend on the coefficient
matrix of the other. Starting from a guessed set of coefficients,
g?, the optimum coefficients for pair function 1 are calculated.
These are then used to get a new g?, the process being cycled

until the coefficients for both pair functions are self-consistent.
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Appendix 3 Expansion of the Two Particle

Density Function

It was stated that a coefficient D(X,L,M,N,I,J) whose
properties and method of construction were dealt with in
Section 3 of Chapter 1, could be extracted from the general
expression for the two-particle density function of the NPF

wavefunction

P(1,2;1',2") PD(l,2;l',2') + POD(l,Z;l',Z')

where

N N

) PNQNTR[CTCT(PI,I,QI) I CSCS(P ,3,9,)]
I=1 J#T

PD(11271'12,)

and

Y ONN
2 ) P g TRICSCT(P_,I,Q.)
'R
1<J

POD(lIZ;l :2')

N
cscT(P_,J,9.) I CSCS(P.,K,0.)]
J S K’ TFK
¥ NN
+ 2 ) PQ TR[CSCT(P_,I,Q.)
I I
1<J
N
CTCcs(p_,J,0.) U cCscs(p_,kK,Q.)]
J I 413 K K

'In this Appendix we shall derive the complete expansion of
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P(1,2;1',2') in terms of these coefficients. The notation of
Appendix 1 is used throughout. The»diagonal term of the two-
particle density function PD(1,2;1',2') may be expanded in an
analogous way to that for the one-particle density function,

giving the result

PD(1,2;1',2')

Y {) Ta|r,n

5
‘ T(2|1,1)
I xyi

Xy

X

e, C(I)yz D(1,I,1)]

2 K;I T(lII,I)xy T(2|1,K)

X

[C(I)yz (D(1,K,I) % C(I))kx]

+ 2 ) r@a|x,on_ m2|I,n

K(L#I Xy z
X [C(I)YZ (D(KILII) X C(K))zx]
+ ) T(l]K,I)XY T(2II,K)Zk

K#I

X

[C(K) C(I)yz D(X,K,I)1}

For the expansion of the off-diagonal term POD(l,Z;l',Z'),
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the N'th order permutation operator, PN, must be expanded into

N
three parts, an N-2 order operator, P , a second orxrder operator,

2 . . e s
P, and one including all the cross terms, PCT. The definition

of the permutation operators, i.e. whether they operate on the
labels or the positions, depends on the order in which we place

them. operating on (312) gives (321) if it is working on

P12
the labels, but (132) if on the positions. If the cross term

. N T -
is placed last P = PC PN 2 P2, then all three operators work

either on positions or on labels. It is necessary for us to use

PN_2 PCT P2 in which case PCT and P2

. N
the alternative order P =

N-2 L .
operate on labels and P on the positions (or vice versa).

. e e . N
Using the stated definition, we write, for P,

N N-2
P = P (L- ) (. +P_)+ )} P_P_ ) x (1-P_)
I1J KATT IK JK K<LALT IK JL 1J
N-2
= P.“ () X,_ (PP _-P_P_P_))
IJ K<L XL IK JL IK JL IJ
N~-2 _2
= Py P
where xKL = 1 if K#I, 1#J or K=I, L=J
= =1 if K#I, 1=J or K=I, L#J
P?}z is. the N=2 order operator working on all positions except
I and J and P interchanges labels K and L irrespective of

KL
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position, simultaneously with their corresponding summation

subscripts. P; may be expanded as
p2 = Y x _(p. P _(1-P.)1[P, _.P. _.]
R . KL " I»K J>L 1J K>I' I»J'
K<L
= P i
where PIK PI+K KT ! and PI+K replaces I by K and the subscript

corresponding to K with that corresponding to I: the prime is
removed after operation with the second operator. The operators
. ' N-2 .

in the second square brackets and PIJ may now, since they operate

on all terms except I and J, be taken through to the product part
f th i £ ;1,20 ! . i

of the expansion o POD(1,2 1+,2Y), K#IJCSCS(PK'K'QK) With a

A \ N .
similar expansion for Q we find that

P_(1,2;1',2") = 2 )Y § ¥ Yx _ X
oD ' I<3 K<L <y g <o M

(PP or, TP 110 Ry (170 50 ]

CSCT (P, 1,Q;) * (CSCT (P ,3,Q.) + CTCS(P,J,Q.))

N-2 _N-2
) P PP QO O I  CSCS(P_,R,Q.)
T IJ IJ K1 I J"M>I"N>J RATT R R

The primes are dropped by restricting the operation of the
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operator in the second line to the third line of the above
equation.
The last line of the equation defines the coefficient

D(X,L,M,N,I,J). To calculate the coefficient, the product

I CSCS(R,R,R) is set up, r being the subscript corresponding
RATT rr
to R. The left superscripts K, L are replaced by I, J and right
éuperscripts M, N by I, J; the summation subscripts k, m,
corresponding to K, M are replaced by i corresponding to I and
%, n corresponding to L, N by j corresponding to J. The summation
over all subscripts occuring twice in the product - the set T - is
then made. This defines the léading term:. the total coefficient

is the signed sum of all terms generated by the action of the

N_.
operators P

N- . o .
IJ2' QIJZ, operating on positions and permuting super

and subscripts simultaneously. U stands for all subscripts
not contained in T.

In this way we arrive at

P_(1,2;1',2") = 23 [) ) ) (T(l]l K)
ob I<J K<L xy kfmn "Xk

T(ZIJ,L)yZ - T, T(Z[J,K)yk)

x Y (csc(M,I)__ C€sc(N,J) _ - CSC(N,I)
MeX mx ny nx

CSC(M,J)my) XynXgr, D MeN,K L, T,0)
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+

! I ! ) alLwy relon
M<L K<N xyz kfmn xk zy

csc(M,I) c(L)ij Cs(I,N),
- T(llI,K)xk -T(2|J,M)zy CSC(L,I)y C(M)  CS(T,N)

- rafrm, T(2|J,L)Zy cscM,T) L), CS(I,K)

AN

)

+ N T(ziJ,M)zy CSC(L,T),  COM)  CS(I,K)

X XMLXKN D(M,L,X,N,I,J)]

The summation subscripts x, y, z come from the expansion of
the CSCT and CTCS terms whilst k, &, m, n are the dummy indices
associated with the superscripts K, L, M, N. As explained in
Section 3, if, in D(X,L,M,N,I,J), K=M and I=N then the coefficient
is a scalar, if K=M and 1#N we have a matrix D(K,L,K,N,I,J)nz and
if XK#M and L#N, a supermatrix D(K’L’M'N'I'J)kzmn' To extract the
K=M, I=N etc., terms so that the subscripts may be assigned
explicitly results in a prohibitively lengthy expression: we
have therefore omitted the subscripts in the coefficient in the

above expansion, and the number and order of the subscripts is
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to be inferred from the superscripts K, L, M, N according to
the rules of Section 3. Also, if K=M, then in the pre-
coefficient terms the dummy index m is to be made into k

and the summation over m disregarded, and similarly with 2%
and n if I=N. Thus, if K=M and L#N, we get a contribution'
from the first term in the expansions of the above expression

of

xKNZ ) T(l!I,K)Xk T(zlJ,L)y

[CsC(K,TI)
xy ki&n kx

XKL L

CSC(N,J)ny] D(K'N’K'L’I’J)zn

The expansion of POD(12,1'2') may be written in a more useful
form by separating out the coefficient D(X,L,M,N,I,J), which
is the most time consuming part in practice, and the orbital
containing part, which is rapidly set up in, for example, the
evaluation of the electron repulsion energy. Thus we find
ondropping direct reference to the electron coordinates,

Pp(l2/1'2") = 2 y Yy ¥ I bpMNXL,IJ)
I<J K<L M<N xykfmn

x X XKL[(T(I,K)xk T(J,L)yz - T(I'L)xl

MN

T(J'K)yk)(CSC(M'I)mx CSC(N,J)ny - CSC(N,I)nX
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CSC(M,J)my) + 2 (T(L,K)_, T(J,N)ZY csc(u,I)
c(N)ny CS(,L),, - T(LK) T(J,M)ZY CSC(N,I)

C(M)my CS(J'L)zl - T(I,L)x T(J,N)zy CSC(M,I)mx

L

C(N)iny CS(J',K)zk + T(I'L)x T(J,M)ZY CSC(N'I)m(

2

C(M)py CS(J.K)Zk)]

It would be useful,if instead of extracting the coefficients,
the orbital terms could be separated out to give an expression of

the form

I

Pop(ls2,1%2") DD ) T(LK) ;, T30,

1,3 K,L ijke

x x(I1,J,K,L) i3ke

since this is the form reguired for the partition of two-electron
expectation values, for example, in the separation of the electron
repulsion energy into two, three and four bond interaction energies.
Such an expression is not however available in a simple form: the
partition must therefore be derived in particular cases from the

explicit expansion of the above equation.
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Appendix 4 Matrix Elements for the Approximate

Variational Methods

The matrix elements that were introduced in Section 3
in connection with the approximate variational methods are
complicated by thé non-orthogonality of the one-electron
orbitals. Their evaluation therefore deserves some attention.

The matrix elements required are

Ho = I b By ar
AR I R
Hi;iz = ] wij H wké dt
Hgﬁii = J bo B ¢i§kz dt

where ?b is a determinant of doubly occupied non-orthogonal

orbitals

a1 -1 2 —N
wob = A ¢0(1)¢O(2)¢0(3) ces ¢O(2N)

. I-I
¢ij differs from wo by the substitution of the orbitals ¢i¢j

I-T IJ . . I-T, J+J
for ¢O¢O' and wijkl by the substitution of ¢i¢j¢k¢2 for
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I-I J-J0
¢0¢0¢0¢0'
The matrix element between a pair of determinants

constructed from non-orthogonal spin orbitals

v = A a (lay(2) ... a_(n)

wb = A bl(l)bz(z) - bn(n)

may be expressed in terms of the first and second order
cofactors of the spin orbital overlap matrix, S, where

Sij = fai(l)bj(l)drl. Thus

n n n
= 1 -
Hyp = 00D £ D5+ T 1 (955007950050 % Pigg]

ij i<k j<&
where
]
£, = Ja.(l)[-%vz(l) - ) — 1b, (1)ar
ij i a r12 3 1
and a. ()b, (1) =— a_(2)b, (2)dt. dr
9i9ke R R B 1402 1972
D.. and D, , are the cofactors of S, obtained by striking out
ij ijk& -

the i'th row and j'th column, and the i and k'th rows and j and
£'th columns respectively. If ¢a and ¢b are constructed from

n, alpha spin orbitals and n, beta spin orbitals, and the spin

8

orbitals are arranged so that all o spin orbitals precede the
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B spin orbitals, we may simplify the expressions by integration
over spin coordinates. It is readily seen that the overlap

matrix then has block diagonal form

B

where §? is the overlap matrix of a spin orbitals and S§" that
of the B spin orbitals, and the determinant relation
ISI = ISaIISB[ holds. The first order cofactor matrix has

the same form so that

by = pfyls’] i, <n
= ij.[sa| i3> n
= 0 otherwise

o
where D is the matrix of cofactors of §9. The second order
cofactors are related to the second order minors of the first

order cofactor matrix, by

Diske = Pij Pxg = DPig D/ Isl

Spin integration gives the reduction of Dijkl to
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(801

B
Disxe = Pijks |

= (Dij D, =Dy k )|s||s |2, ijke < n,

= pff |s® | = (D 4 - )ls]lssl2 ijk2 > n
ijke Dye ~ Pig kj r 13 a

- B e B L.

= Dijkﬁ = Dij Dkl' ij < n, and k& > n,

= (0, otherwise

The remaining problem is to evaluate the cofactor matrices,
this is achieved most economically by using the
relation between cofactors and the elements of the inverse

overlap matrix,

D,. = . s
1] J1

We thus have for the spin-integrated cofactor

o _ o, -1 o

Dy = (§ )ji.ls |

and o, = (s |sf
1] Jji

This method is only valid for ls]_# 0. Since the basis
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orbitals are deliberately non-orthogonal, the only situation

in which § may be expected to be singular is when a term of

a different symﬁetry is added to the description of a bond,

for example, pi orbitals in the description of a sigma bond.
The overlap matrix in such a case has at least two rows or
columns zero: the number of non-zero cofactors is consequently
much reduced and they may possibly be economically calculated
directly. The biorthogonalisation technique of Prosser and

1

Hagstrom* may alternatively be used when ISI = 0.

Although the matrix inversion-method is much faster than
the computation of the cofactors directly, in view of the
large number of matrix elements needed, any computational
shortcuts, which can reduce the computing time per matrix

. . o
element, will be of great value. Now, the matrices, S'

B

and §: . that have to be inverted for the evaluation of the

. I
general matrix elements HS&I, HifJ nd HO'IJ

Sk a 13k’ differ, at

B

. o
most, in two rows or columns from those, S and § , for the

leading term, H The standard matrix inversion methods

0,0°
make no use of any information gained by inversion of a
similar matrix and hence duplicate much of the computation,

especially when dealing with large numbers of electrons.

This may be avoided by use of the fbllowing theorem,
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If A =B+ u.v where A and B are square matrices, E_is a

column vector and v a row vector, then

1 1

o /(L +v B u).

= B -B uvB

A—l

The overlap matrices §fa and §f8 for the matrix element

. o
HSSI differ from §? and §§ by one column. Thus, with A = §'

and B = §?, we have

A = B+uy

vIJ IJ IJ I J
= - = = - Th
whe;e us SiO SOO' Sij J¢i(l)¢j(l)dvl and v GJI e

inverse matrix, (gfa)—l, is then given by
-1 -1 -1
A,., = B,, -x, B_.
1] 1j Xl Ij/(l + XI)
where
‘ -1
X, = z B.. u
i X ik 'k
8,-1

(') is evaluated similarly. The matrix elements HS%I may

therefore be rapidly computed once the inverses of §9 and §? are

known. By repeated application of the above theorem, expressions

for the inverse matrices required in the computation of the matrix
I,K 0,1J . .

elements H, | and H, . are readily found: these are given below.
ijk& ijk&

s . I
With A = g'a for the matrix element HifJ

K8 and B = g?, we have
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A = B+tuyvt+txyt+twz

JK JK
where w = Sko SOO' X = GIK and W = GIK are column vectors,
_ _ JIK IR _ 0, I3 _ I3 _ IJ
and vie = Sgpr ¥y = Sjo " Sgg and 2 = S5 (S + S 7 S5 7 Sgi!

ZIJ GJK are row vectors. Application of the theorem three

times and rearrangement of the final expression results in

~

I .3
-1 % a0 ARy

-1
A, = B, - = B -
% k2 1ﬂquJ JL XIJ(l + uJ)
where
u o= LEg un
m
A -1
Y = LY, Bk’
I -1 ~ ~ -1
By = B Fug) —u By
J ~ ~ -1
and t = z Yy a
X k
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Similarly, for H

o
e, with A = 8' and B = S, we have
ijke = = =
A = Btuv+wx
IK - _IK JK JK '
where uK = siO S00 and wK = Sko - SOO are column vectors and
vK = SIK and xK = aJK are row vectors. . The inversion theorem

applied twice gives

_1 _ _»1 . "l
Beg T Byy * {aby - b (1 +a5))B,

-1
- (ak(l + bI) - bkaI)BJ ) X ¢

where
_ -1
a. = LB v
%
_ -1
by = LBy
)
nd c = (L+b)(1+a)-b.a)
a I J g %1
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