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Abstract

Accurate numerical solutions of the polarized cavity and
semicontinuum models for excess electrons in polar media are derived.

Part I presents the results of a numerical investigation of
similar models for the surplus electron in crystalline solids. Here,
the existence of a few analvtical and numerical solutions affords an
excellent check on the accuracy and efficiency of the presentlv-used
finite-difference technique, In addition, the extent of amelioration
produced in approximate variational treatments is disclosed. Some rel-
evant theory is developed,

In Part II the numerical technique is used in a thorough-going
study of polarized cavity and semicontinuum models, within both the ad-
iabatic and scf formulations, for the excess single-electron species,
The considerable improvements effected on existing one-parameter varia-
tional approaches is demonstrated and several results are called into
question. In particular the scf treatment of the polarized cavity model
for the hydrated electron is shown to be inadequate. This refutes a re-
cent, variationally-based claim to the contrary. In the realm of semi-
continuum theories it is shown that the presently used parameterizations
do, on accurate solution, no longer give concurrence with experimental
data. While this could be renewed for any given observation by a more
appropriate selection of variables, deviations will generally remain in
the other predictions. It is shown to be unlikely that transitions to
higher excited states contribute much to the observed band width, which
the present treatments based on a single 1s — 2p transition badly under-
estimate.

Localized dielectron species form the subject of Part IIIT,

The numerical solution technique is carried through on similar levels of

approximation in an attempt to resolve recent contradictory statements
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as to the dissociative stahbility of the ammoniated dielectron made by
the alternative formulations of the semicontimmm model. The Aisparity
remains, The introduction of a second solvation shell is effected in
an attempt to reduce the computational differences of the models used,
but to no avail., The adiabatic treatment prefers two singlv-solvated
species while an scf scheme favours a trapped dielectron.Absorption at
doubly-charged sites is shown to be of doubtful importance in the ohcer—
ved spectrum,

Clearly some major alterations in the present models are nec-~

essary,

The contradiction has now been removed. Hore recent
calculations have revealed that, within the semicontinuum model,

the adiabatic approximation also favours stable dielectrons.
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SUMMARY of the thesis, "Numerical Studies on Surplus Electrons
in Polar Media", submitted by Ian C. Carmichael as partial ful-
filment of the requirements for the degree of Doctor of Philo-

sophy.

To date theoretical investigations into the structure
and properties of localized surplus electron states in polar
media have proceded in terms of models, which necessarily app-
roximate, usually somewhat crudely, an inherently complex real-
ity. In evaluating the worth of such models, it is important
to determine to what extent the essential physical content of
the situation has been included. This is answered by a coump-
arison of the derived model predictions with a body of experi-
mental data.

One crucial difficulty has been overlooked. In the
development of the theory of excess electrons in polar liquids,
ices and glasses, tne properties of the simple model potentials
postulated have, generally, only been obtained in an approximate
manner. Thus, one must also how accurately the solution tech-
nique reflects the properties of the model. This, for the most
part, has been neglected.

In the present work this latter question is obviated.

An accurate finite-difference method has been employed to deter-
mine the exact predictions of the simple theories, currently
fashionable in the above field. Several hopefully established
results are thus challenged.

In Part I, the accuracy and efficiency of the present
numerical solution technique 1is thoroughly tested in the related
field of colour centres in crystalline solids. Here, the exist-

ence of exact analytical, accurate numerical and variational



solution of models on a similar approximation level provides an
excellent area of comparison. Some relevant theory is also de-
veloped.

In Part II the numerical technique is used in an exten-
sive study of both polarized cavity and sewmicontinuum models,
within both the adiabatic and self-consistent field formulations,
for the excess single-electron soecies. A considerable iuprove-
ment effected on existing one-paraumeter variational approaches
is demonstrated and several results are called into question.

In particular the scf treatment of the polarized cavity model for
the hydrtaed electron is shown to be inadequate. This refutes a
recent, variationally-based claim to the contrary. In the reala
of semicontinuum theories it is shown that the presently used
parameterizations do, on accurate solution, no longer zgive con-
currence with experimental data. While this could be renewed

for any given observation by a more appropriate selection of
variables, deviations will generally remain in the othner predict-
ions. It is demonstrated to be unlikely that transitions to
higher excited states contribute significantly to the observed
band-width, which the present treatments, based on a single 1ls-2p
transition, badly underestinate.

Localized dielectron species form the subject of Part III.
The numerical solution technique is carried through on similar
levels of approximation in an attempt to resolve recent contra-
dictory statements as to the dissociative stability of the amm-
oniated dielectron made by the alternative forumulations of the
semicontinuum model. The disparity remains. The introduction of
a second solvation shell is effected in an attempt to reduce the

coiiputational differences of the models employed, but to no avail.

The adiabatic treatuent prefers two separate singly-solvated



species, while an scf scheme favours the traopped dielectron.
Absorption at doubly-charged sites is shown to be of doubtful
importance in the observed spectrum. Clearly some major

alterations in the current models are necessary.




Surplus Electrons in

Crystalline Solids.




SECTION 1

Introduction.

a) A great many studies, both experimental and theoretical, per-
formed with the intention of elucidating the structure and properties of
colour centres have involved an investigation of the F-centre in alkali
halides.

The quite spectacular colouration of crystals containing F-
centres obviously provided some incentive for the early experimental
work. The alkali halides have occupied a very fundamental position
throughout the development of the theory of solids and the F-centre,
comprising an electron trapped at a negative-ion vacancy, is perhaps
the simplest strong-force imperfection occuring in these crystals;
hence the attractiveness to the theoretician.

By far the majority of the data discussed here derive from
this prototype colour centre. Attention is almost exclusively devoted
to the computation of the associated optical properties, to the com-
plete neglect of magnetic effects. The latter, however, are recognized
as being of the utmost importance in determining the detailed structure
of such centres, particularly through the techniques of electron-para-
magnetic and electron-nuclear double resonance spectroscopy. Indeed
the final confirmation of the now accepted model of the F-centre, mooted
by de Boersz, as long ago as 1937, was obtained by the endor experiments
of Feher51. However, the models considered here are inherently unsuit-
able for the computation of such quantities as are required for the
prediction of magnetic resonance results.

The presence of F-centres is evidenced by a strong, broad,

bell-shaped absorption band in the visible region, the perfect alkali



halides possessing such a wide band-gap as to be conveniently trans-
parent in this spectral domain. Typically, the bands are a few tenths
of an eV wide and are peaked somewhere between two and five eV. Data
from Gebhardt and Kuhnert>~ for KBr give the absorption peak as E(a) =
2.06 eV at a temperature of 4K and a full-width at half-maximum of
W(a) = 0.16 eV. Increasing the temperature broadens the band and
causes a red shift of the peak position without any marked change in the
total oscillator strength. An even broader emission band, considerably
Stokes shifted, is also observed, In KBr, again at 4K it has a width
W(e) = 0.22 eV and a maximum at E(e) = 1.14 eV. It is affected by
temperature in a similar fashion. One perplexing observation is the
length of the luminescent lifetime of the excited state involved in this
band, being about two orders of magnitude longer than that in analogous
transitions in isolated atomic systems.

The photoconductivity threshold associated with the F-band

53

occurs in KBr at 4K around I = 2.2 eV and in addition to optical

T
ionization processes, thermal activation energies of st(o) =1.8 eV
and st(1) = 0.13 eV for the ground and relaxed excited state respect-
ively have been measured in this salt.

These then are the characteristic properties which the models

outlined in the subsequent sections have attempted to reproduce.



b) Choice of Models.

From amongst the plethora of conceptual approaches previously
employed in efforts to elucidate the electronic structure of colour-
centres, two were selected for detailed study. They will be termed the
polarized cavity model and, its refinement, the semicontinuum model.

In the literature of the field the latter term has usually been used to
encompass both descriptions. It has been reserved here, however, for
models which involve to some extent, a consideration of the discrete
structure of the bulk medium.

Similar levels of approximation pervade theoretical attempts
to understand the structure of excess electron states in non-crystalline
media, which form the bulk of this work. The above choice, therefore,
allowed experience to be gained in handling the characteristic comput-
ational techniques and, more importantly, provided many simple model
potentials where the effectiveness of a numerical method of solution
could be essayed against extant variational ones. In addition a few
analytical solutions of such problems have been achieved, which per-
mitted direct corroboration of numerical results.

Before discussing these models, several essential preliminaries

mast be presented.



c) The Born-Oppenheimer Approximation.

In this section a justification for the adiabatic separation
of the nuclear lattice motion from that of the bound electrons is pre-
sented in a form suitable for the later attempted separation of the
electron coordinates of the surplus species.

Consider a crystalline medium. If EI denotes the set of
nuclear coordinates and zi those of the electrons, the total crystal
Hamiltonian may be written as

Hy =T, + T, + V(-EI’Ei)’ (1)
where TI is the kinetic energy operator for all the nuclei, Ti is the
same for the electrons and V represents the potential energy of their
interactions.

If the nuclei are held fixed at R, the corresponding Hamil-
tonian becomes

=T, + VR,z,) - (2)
Assuming the eigenvalues, En(R), and the eigenfunctions, un’B(r),

where n represents the set of electronic quantum numbers, of the related

Schrodinger equation

(o]
B u, o(2) = B,(R) w, o(z) (3)
are known, then a solution of the Schrodinger equation for the total
crystal,

HT WN(E’E) = EN WN(.E'?_) (4)
may be sought in the form

WN(_R.'E) *n UnN(B) un,E(E) ’ (5)
where N represents the set of nuclear quantum numbers.

is weak, Seitz1 has shown that

If the R-dependence of u
— n,B‘

the nuclear functions approximately satisfy
(77 + B, ®)] Up(®) = By U (R) (6)

which is the goal of the present derivation. However, to prepare the



way for subsequent developments, a different approach is presented here.
Expanding W as indicated in (5) and substituting in the total
Schrodinger (4) yields
o

T H = .

(T, + )X U (R) un'E(E) EyXZ U (R) un’z(_l:) (7)
Multiplying from the left by one of the u's, u R(_z;) say, integrating

=
over the electronic coordinates r and noting the orthonormality of the
u's results in
S U, m(Z) Tp T V(R vy o(z) dr + (B (R) -Ey) U,(R) = 0. (8)

The first term involves the operator T._ which is (9), the sum

I
being over all 3J nuclear coordinates
2 2

T, =Zh / M, V. (9)

This term may be written
2 - ]
fum,g(z) Zn,'Jh / 2M_ [2 vJun'B(}:).vJUﬁN(g)
2 ’ 2
P OBV w, () + vy (2) V) U (R) ar]

Replacing Py = -ihV"I the momentum operator reduces this to

J JJ
Tr Un(R) + X 5 1My (A Py + BL) U (R

where
J
A = f“m,g(z) Py “n,g(f—) dr
and
JT i
B = ?f“m,g(-{) P3Py uan_(E) -

Vhen n=m

J . 2 -
A = -i/f2 d/er fumyg(_r_'_) dr
which, since the u's can be normalized to unity for each value of R ,is

equal to zero. Similarly

JJ 5
B = 3/(au, (z) / ar;)” ar
which must be either equal or greater than zero.

The equation of motion of the nuclei is finally

(1, + V,(R) - By) Up(8) = ~E(n = m) 0 U (R)  (10)



where

JJ

v (R) = E (R) + ZJ 1/MJ B -

which i the effective potential for nuclear motion, and
J JJ
Con = X5 1/MJ (A Py +B ) -
The adiabatic or Born-Oppenheimer approximation asserts that
since M_ is a nuclear mass, the RHS of (10) may be neglected leaving,

J

as before,

(TI+Em(g)-EN)UmN=o. (1)
The nuclei, then, respond only to the average position of the electrons,
depending only on the eigenstate u. These electronic states depend
adiabatically, through En(g), on the lattice motion.

Having effectively uncoupled the electronic motion from the
lattice vibrations, there still remains a many-electron problem.
Attempts to reduce this further to a one-electron problem must be in
the direction of accurately separating the motion of the excess, comp-
aratively weakly-bound electrons from that of those tightly held in the
ion-cores. Assuming these ion-cores are unpolarizable and treating
both the trapped and core electrons on an equal basis by allowing each
to respond only to the average coulomb field of the other forms the
Hartree approximation. Introducing specific exchange interactions among

the electrons yields the Hartree-Fock method, which will now be discussed



d) The Hartree-Fock Approximation.

The Hartree-Fock (HF) electronic Hamiltonian is

Hp =238 + 2 F; 59

i,37i]
where
f-.-—lvz—}:z /r
i 2 Vi NN i’
the sum being over all the nuclei, and
g..=lr, -z i3]
ij e
0 1=J

The corresponding eigenfunction is taken to be an antisymmetrized pro-
duct
-1 P
U(r,.eer, ) = [(w)z] 23 (<P w (1) uy(2)eeeiu, (crt)
where ui(j) is the i™™ one-electron orbital occupied by the jth electron
c is the number of core electrons, t of those trapped and P is the usual
antisymmetrizer,

Substitution of this form of wave-function into the appropriate
Schrodinger equation and minimizing the eigenvalue with respect to var-
iations in the single particle functions, u, while constraining these
to be orthonormal results in the Hartree-Fock equations for each woj

£oug + Zj[(ujlgijluj )ui(i) - (ujlgijlui)Uj(i)] = E; ui(i) .
To solve these, even for the perfect crystal, recourse has to be made
to several drastic assumptions.

The ion-core orbitals are assumed unaffected by the presence
of the vacancy and the electron. These functions are then replaced by
the free-ion orbitals Xsy between which all overlaps are neglected. The
interaction of a core-electron with nuclei other than its "parent" is
approximated by the Madelung energy leading to

£, u1(1) +Ij[(x3|91jlxj)u1(1) - (xj |g1j|u1 )xj(1 )] = B, u1(1)
for the equation of motion of an excess electron. Unfortunately it is

computationally difficult to enforce the core-electrons to experience



the average field of the trapped particles, since the excited free-ion
orbitals, due to their spatial extent, certainly do not provide good
representations of those in even the perfect crystal. However a simple
model system reveals how the HF treatment describes these polarization
effects,

Consider a crystal represented as a continuous medium, char-
acterized by high and low frequency permittivities kopand kst respect-
ively, in which there is one spherically symmetric trapping centre.

The potential of an electron at the centre is a sum of the trapping
potential, V(r), and that due to the polarization of the surrounding
medium. The periodic potential produced by the ion-cores is assumed
eliminated by the effective mass approximation discussed below. Since
V(r) is assumed constant in time, it contributes an amount, E_, to the
radial component of the field acting on the electron, considered as a
test-charge mapping the field, which is diminished by the static polar-
ization of the medium;

av(r) / dr (12)

If the charge distribution of the electron, represented by

-1
Ev(r) = “Kgt
R . 2 .
a radial wave-function Pi(r), normalized such that.rPi(r) dr = 1, is
r
described by p(r) =.r Pi(s) ds, then it contributes an amount
°
2 2
E(r)=-p(r)/x_ r°+p(r)/r (13)
P st
to this component of the field. The latter term is included since the
instantaneous field experienced by the electron is being sought and
since the core-electrons respond only to its average position. The
total potential experienced by the excess electron in the HF approach is
-1
= - - OFf. 1
VHF(r) L3 v(r) - & l(r) (14)
-1 . . .
where § = (1 - kst) and Pi(r) = Yo(l,l,r>‘/ r. The Y 's having been
2
previously defined by Hartree as

0
. xr"s X Kk+1 ~k-1
Yk(1,1;r) =r j; Pi(s) Pj(s) s ds +r j;Pi(s) Pj(s) s ds



Written in this way, (14) conceals the fact that the polar—

ization potential comprises two distinct components viz.
sfi(r) = pfi(r) + Yfi(r)

where = (k;; - k;l) and Y= (1 - k;;). The first is due to inertial
ion-displacement polarization and the second, to optical, core-electronic
polarization. It is important that the latter contribution is state-
dependent, responding instantly to changes in the excess electron wave-
function.

If the motion, characterized by an angular frequency w, of
the trapped electron sets up a field

E, = E_ +E exp(iwt) + exp(-iwt) (15)

at the ion-cores, then it will produce a polarization3 proportional to
L/(wc + W)+ 1/(wC -w) . (16)

W1en discussing ion-displacement polarization hwc corresponds to the
energy of a quantum of vibrational motion. wcis therefore much smaller
than w, which implies that only the first term of (15) is important and
that the ions experience the average field of the excess electron., If
optical polarization is sought, comparison of a typical band-gap for
crystalline insulators, (~'10 eV) with a typical binding energy for an
additional electron (~ 3 eV) suggests that perhaps w may be neglected
with respect to Wee This allows the bound core-electrons to respond to
the instantaneous position of the trapped species and generates the
quasi-adiabatic (QA) approximation. A return to the HF approach may
also be effected by neglecting the second term of (16) since w_ and w
are both large and very little polarization will be produced.

Clearly cognizance of the difference in response times of
these polarization effects, which forms the basis of the low and high
frequency dielectric functions measured in the bulk crystal, will be

of prime importance in investigating the energy level structure of a

colour centre.
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e) The Quasi-Adiabatic Approximation,

The development of the QA approach may be carried through
identically to that of the Born-Oppenheimer approximation previously
discussed, the trapped electron coordinates replacing those of the nuc-
lei, with one important difference,

In the RHS of (10), Mj’ previously a large nuclear mass, thus
this term can not be immediately discarded. An indirect justification
of its neglect may, however, be attempted.4'Mi is an electronic mass,

v

When the excess electron is outwith the ion-core, u R(£>
1, R

(the core-electron function) will remain more or less orthogonal to
) assuming that the ions are not very polarizable, The integral

I =fum’3(£) un,g,(_r_') dr

will vanish if R = R' of course, but if R # R' it may be expanded in a

U, e (Z

power series in (3 —‘g') giving, for the first few terms

= ) i = (R'-R) A%
I fumg(_g, dr + i "a(E B-)a n

- 2. (R'-R). (R'-R)_ B (17)

b,a*= =’b = =’a 'mn N

where A and B are as previously defined, The first term of (17) vanishes
as stated above and if it is accepted that I is small, since u will only
respond slightly to changes in the instantaneous position of the excess
electron, then the remainder of the RHS of (17) may be set equal to zero
reducing the equation of motion of the trapped electron to

) - 1 (RY=0

(TI + En(E/ ET) (nN(_/
where T, is now the kinetic energy operator of the excess electron, R
forms a set of its coordinates and N are the associated quantum numbers,
While this may be plausible well outside the ion-cores it will certainly
break down in the vicinity of a nucleus. Three major considerations
. . aa

invalidate the reduction in this area. Firstly since B # O, Vm(R)
can not generally be replaced by En(g) and similarly Cmn(nﬁm) cannot be

nealected. Lastly exchange interactions between the trapped and core

electrons, which have been neglected in setting up the trial wave func-
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tion ¥ (no antisymmetry included) are bound to be extremely important.
Again employing the simple model used to illustrate the HF
potential experienced by the trapped electron
-1
4 = -
V(r) K, av(r) / dr
as before, but,
B (r) = -p(r) /%, 2° -p(r) /x_ 1 (18)
P st op
the latter term accounting for the following of the motion of the trapped
electron by those of the ion-cores,
The total potential acting on the electron is
-1
= - - (
VQA(r) ko, V(r) - £ (r) (19)
Note that fr must be computed from the relaxed state function, no matter
the electronic configuration under consideration; making this a state-
independent potential. Since the polarization term approaches - p,/ T
for large r then, until relaxation of the nuclear configuration takes

place, the QA potential (19) will support an infinity of bound statess.
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£) The Effective -~ Mass Formalism.

Consider a perfect crystal of volume V containing N unit
cells. Assuming, for simplicity, one atom per unit cell, Bloch fun-
. o
ctions, b, may be developed such that
o] .
b(kr) = exp(iker) u o (x)
where u is periodic in the direct lattice, satisfy
o o
Hy b (k,r) = E (k) b (k,r) (21)
for each energy band, n. HT is again the perfect crystal Hamiltonian.
The b°1s form a complete set provided one sums over n and k ; thus
o o
‘/‘bn(.l.(.*.l:.) bn|(£' ’£> dr = bnn' 51'(1('
where the integration is over the crystal volume.
Localized functions, the Wannier functions, ao, may be de-
fined as the fourier transforms of these Bloch functions
O(r-s) N2 (-ik»s) b(k,r) (22)
3, (r-s) = W23, exp(-ikes) b (k,r
where s is the position vector of the atom in the sth unit cell, This
Wannier function is localized on the sth cell since its components,
through the exponential term, add constructively in the cell but inter-
fere elsewhere. The relation (22) may, of course, be inverted to give
o -+ . o
b,(kor) = N2 2 exp(ikes) a (z-s)
and the Wannier functions may similarly be shown to form a complete
orthonormal set, provided one sums over all bands, n; thus
o} o ' _ .
‘/hn(z -s) an'(zfi )dr = Snt Bt
where the integral is over V.
The Wannier functions are not eigenfunctions of the crystal
Hamiltonian since
]
o) _ -= il o}
Hy a(r-s) = N2 X exp(-ikes) E (k) b (k)
-1 ‘ RN 1 ~at
N zg,_s_'En(E) exp[llc_ (s s)] an(_r_~__s_ )

A (s'-s) aX(z-s') , (23)

= ZS'

but they may be expanded in terms of the other functions from the same

band, the coefficients in the expansion, the A's being the fourier trans-
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form of the band energy
-1
- = i [ -
A(s-s') =N ZEEn(zc_) exp[l_ls (s-s' )]
= o - o _at ’
_fan(_r_-_ s) H, an(z_si ) dr (24)
The relation (24) may also be inverted to give
E,(k) = T A (s) exp(-ik-s) (25)
Colour centres, however, do not exist in perfect crystals.
A localized perturbation Vp(g) must be introduced into the crystal de-
stroying the periodicity. The perturbed Hamiltonian is
B = 8 + v"(r)

T
and Bloch-like eigenfunctions may be developed such that

H® b (L,r) = B (1) b (1,7) (26)
where 1 is now an intraband quantwn number. Since the p°*'s and a°'s
form complete sets they may be used to provide an expansion for the
perturbed eigenfunction, e.g-

by(Lix) = X I F (1,5) a(z-s) (27)
provided, again, this is a many-band expansion.
The first step in evaluating the coefficents an is to sub-
stitute the expansion (27) into the non-periodic Hamiltonian (26),
multiply through from the left by a;,(gfz) and integrate over the crys-
tal value. This yields
x zs[Am. (t-s) 8, + V§.m(z,g)] Fon(Los) =B (1) F (1,£) (28)
where
v P (ts) = San (z-t) VP(z) a(z-s) ar
is the matrix element of the perturbing potential. This represents an
N x N set of coupled difference equations for the coefficients, F, and
is the Koster—Slater6 method for determining the wave-functions in non-
periodic systems.
These difference equations in the discrete functions F(s)

may be converted into differential equations for the continuous func-

tions F(r), (r represents an arbitrary vector in direct space while
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S, t are position vectors of cells in the direct lattice). To see this
first consider the operator exp(-iz ) operating on some arbitrary
function x(r)
exp(-it- W) x(r) = x(r) - £-Vx(z) + (£ V) (£-Vx(z)) +....
which is simply the Taylor series of expansion for x(r-t). Thus the
operator is equivalent to a translation operator and
exp(-it-¥) x(r) = x(r-t) (29)
Consider also the first term of the difference equations (28) namely
zn . §Am' (t-s) 5 m an'(l’-s-)
Setting s' = t-s and including the delta function gives
Z A (s') Frp(Liz-s')
=X A, (s") exp(-snV) F L (Lo)

= I A (") exp(=s' W) B (L),

The function F(t) has been replaced by the continuous function F(r)
such that F(t) = F(r) wvhen r = t . Finally replacing the sum over the

A's by its fourier transform

where the quasi-momentum k has been formally replaced by the operator
-iV. This transforms the difference equations (28) into
B (-19) P (Lom) + X Soen(Be) F(dr) = 8, (1) F (Le)  (20)

A rigorous solution of these equations requires the knowledge of the
ag's of all bands which enter into the expansion (27) of b, the gener-
alized Bloch function. In addition one must know the variation with
k of the energy of all these bands. Clearly approximations must be
resorted to.

In the colour centre problems dealt with in this work, the
perturbation is a negative ion vacancy. At a distance of several
lattice-spacings from this vacancy, in the so-called one~band region,

the following approximation may be expected to be justifiable



5P P
v t =
il £rs) = vi(r)é , 8y s (31)
resulting in a differential equation for the F's
. P :
E(-iV) + v (z) F _(L,r)=E (1) F (Lr). (32)
The perturbation Vp(g), with its origin at r = t being, at such dis-
tance from t, too weak to induce interband transition. Thus the gener-
alized Bloch function (27), which is an eigenfunction of the perturbed
Hamiltonian may be written simply as
o
Po(Lor) = T F,(Ls) a (z-s), (33)
a one-band expansion.

Markham7, who analyzes the problem in a manner similar to this
presentation, following Smith8, now reduces the operator E(-i ) to a
simple form by considering an expansion of Em(E) about a local turning
point, Em, in k-space: viz.

= E Y+ 1 -

E(k)=E (x )+ z[v_k_- ViEn (k)] (k k ) +
Substitution of this into the differential equatlon (32) leads to a
"Schrodinger" type equation for the F's with the electronic mass re-
placed by a tensorial effective mass, m*, given by

(me)" =177 U wE (k)
k' V=

The amplitude function, F, may be replaced by a normalized

function, f, given by
1
= El i
£ (L) =(v/N)32F (1r)exp(-ik r)

such that the expansion (32) is

1

by(Lox) = (N/ V)® E £ (1,r) exp(ik, ) a (r-s)
1
= (N/ v)? X kg (1,%) b(k,x) (34)

where g (L) =N? X exp[ (Em—.ls)-_%] £ (Ls)

which may be inverted to give

£ (1,r) =N .9, (1, k)[%xp -i(k -k)'r]

o]~

nm =’= nm'='=
where £(r) is again the value of the function atr =s . If the main
contribution to b ~comes from around k = k  then
g (25)
=V 2 . 3
b,(1,r) bp(k ,r) £, (1,r)



1A

In this effective-mass approximation, then, the impurity
wave-function may be written as a simple product of the Bloch function
of the lowest point in the conduction band (the nearest local minimum)
and the smooth "envelope" function f£(r). It will therefore be approx-
imately orthogonal to the ion-core for large r since the Bloch functions
are automatically orthogonal to such states and the envelope function
will, in this region, be a slowly decaying function of r, approximat-
ely constant over the cones.

While the formalism provides a legitimate theory for shallow
traps with extended electronic orbits it cannot be expected to handle
the deep, sharply localized component of the potential associated with
the missing ions in excess electron colour centre problems. The re-
duction of the potential (31) will be invalidated and one is forced
to deal with the complete many-band expansion (27) for small r.

A more rigorous treatment of the deep trap problem is pro-
vided by the one-dimensional work of Xohn and Onffroy9 who, using gen-
eralized Wannier functions an’éﬂz—g), the subscripted s allowing the
functions to vary from site to site, expand the generalized Bloch
function

b (Lir) = 2s6,,(Lis) 3, ((z-s)
in a single band expansion, analogous to (27) for perfect crystals,
The Gnn are no longer plane waves as were the an and they will differ
from band to band as suggested by the additional subscripted n.

They have shown that the functions a approach the same
asymptotic limit as the ag of the perfect crystal. In particular they
need only differ from the aﬁ in the many-band region. This, coupled
with the facts that the Gnn can be obtained from a similar set of diff-
erence equations to those occurring in the Koster-Slater method but

involving rigorously only one band and that one need only know the

a s alone, (not necessarily the energy surface) makes this method,
?
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when treated by the variational approach suggested by Kohn1o, mich
more attractive for a self-consistent solution of the deep trap prob-
lem, provided one can overcome the problems outlined by des Cloizeaux11
in converting the asymptotic behaviour argument to three dimensions.
Alternatively one may use the Koster-Slater technique for
large r by writing an effective Hamiltonian for the excess electron as
K=’/ om e (z-s) + V(z)
where the sum over the lattice potential excludes a contribution from
the ion at the origin (since it's not there) and V, describes the total
polarization effects. Following Fowler12 one adds VL(E) to this sum
and replaces the result as
By =0/ 2m% 4 V(x) - Vy(x) (26)
the introduction of the effective mass having removed the periodic
potential. As before it is convenient to choose this as the (scalar)
mass at the bottom of the conduction band.
For small r such an approach cannot be valid and attempts

to allow for the breakdown of the effective mass approximation in this

region lead to a consideration of polarized cavity models.
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Section 2

Polarized Cavity Models.

a) Centred on the lattice site of the missing anion, of charge Zo
say, associated with the colour centre, a spherical void of radius
R is introduced into the crystal.

Outwith this cavity the excess electron function,lpi, is
assumed to be obtainable by the foregoing effective mass method, the
potential due to the ionic defect decaying as —Zvel/ 4i1koker for
large r. ZV = -ZO and ke is an effective relative permittivity which
accounts for the partial screening of the apparent vacancy charge by
the presence of the electron and its polarization effects on the con-
tinuous medium. The Schrodinger equation is written in terms of m*,
the (assumed scalar) effective mass at the bottom of the conduction
band, and solved for the envelope function f(r). This is then multip-.
lied by the Bloch function associated with the conduction band minimum,
as discussed above, to give ¢i'

Inside the void Wi is obtained directly as a solution of a
Schrodinger equation in which the true electronic mass appears and the
eigenvalues of which are adjusted by an amount -X, X being the electron
affinity of the crystal, to relocate the zero of energy at the lowest
point of the conduction band rather than the vacuum zero. These sol-
utions are then constrained to obey the quantum-mechanical continuity
conditions across the fictitious cavity-crystal boundary.

Consider a charge of magnitude q distributed with spherical
symmetry about the centre, 0, of such a hole in a crystal. The bulk
crystalline medium, extending from R to infinity is again character-

ized by high and low frequency relative permittivities kop and kst

respectively.
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At distances r, greater than R, the electric displacement
D due to this charge distribution is
Dz) = (¢ / 4mr’)
while the associated electric field is
E(x) = (a/4mx k r°)r (37)
where ko is the permittivity of free space and kr is one of kop or kst

as discussed below. Since the medium is proposed to be both linear

and isotropic

B(z) = X(z) - ¥  E(r)
(1 - k;1) (¢ / 417r3) r

describes the polarization field which induces a surface charge dist-

ribution of
c_=-P (R)=(1 -k-1) (q/411‘R2)
P r r
on the walls of the cavity. Pr(R) is the value of the radial compon-
ent of the polarization at r = R. This, in turn, produces a potential
-1
= - - 28
Vo= =(1 =) (¢ / 4w, ®) (28)
at the centre of the cavity.
The total work required to bring a charge q from infinity
into this cavity is therefore
1 - ™ d
[ -5 (o / amx, ®) aq

3d (1 -x]') / 4me_ R (39)

Y

1]

provided the process is performed infinitely slowly (i.e. adiabatically).
The colour centre comprises an electron trapped by an anionic vacancy.
At the centre of this vacancy the potential experienced by this electron
has two major components. Firstly, the Madelung term

Vy = Z, aM/411'ko a
where a_ is the Madelung constant of the crystal structure and a is the

nearest neighbour distance in the perfect crystal. This represents the

potential of all the other ions in the crystal regarded as unpolarizable

point charges and provides the main contribution to the well depth; for



example, about 7 to 10 eV for F-centres in alkali halides. The ions
are, however, not only polarizable, in that their core-electrons are
capable of being distorted by the effective vacancy charge but also
in the imperfect crystal they will suffer a displacement from their
perfect lattice sites. One way to take this into account is the Jost
cavity model > outline above, which leads (38) to a polarization po-

tential of

-1
Vo = -2, (- k| )/ 4mk R (40)
at the centre of the hole of radius RV assumed to be formed on the
removal of the anion. The apposite values of kr and Rv are given by

the calculations of Mott and Littleton14. Holdings the ions fixed

(kr= kop) Mott and Littleton find the field acting on the distant ions
from (37) and calculate the induced dipole moment at each site. This
induced moment contributes to the field acting on an ion neighbouring
the vacancy and, along with that due to the polarizing charge and that
due to moments similarly induced on the other nearest neighbour ions,
provides an effective field polarizing the ion. The contribution from
these nearest neighbours is then combined with the sum from all the
other induced moments to give the total polarization potential at the
centre of the vacancy. This value is set equal to (40) and a value

, the Mott-Littleton radius, determined. This rigid lattice

ML
. 1 .
work has been extended by Hunter, Rittner and du Pre 5, who list ex-~

of R=1R
v

tensive accurate results involving as many as eight discrete layers

surrounding the cavity.

The calculation becomes much more involved when the ions are
allowed to move and Mott and Littleton give results only for NaCl where

R has been reduced from the rigid lattice value of .95a to .75a and
ML

the induced potential correspondingly increased from 3 to 6 eV. This

indicates that the energies associated with ionic readjustments are of

the correct order of magnitude to explain the Stokes shift observed
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16

on emission; the value for the F-centre in NaCl being about 1.8 eV

B ‘?'K!
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b) Contributions to the Polarization.

The polarization potential should include contributions from
the interaction of both the apparent stationary vacancy charge and the
mobile electronic charge with the optical ( i.e. core-electronic) dis-
tortions and the inertial ( i.e. bulk-ionic) displacements. The effec-

tive fixed charge produces, through interaction with the optical polar-

ization, a potential energy at the centre of the cavity of

v 2
wop(o) Yz / 4mk R

v
and of wst(o)

(41)

]

2

Bz, / 4wk R,
via the inertial effect. The net vacancy-polarization energy is then

v 2

W ) = .

pol(o, 87, / 4mk R

Outside the vacancy the polarization will screen the apparent charge
resulting in

v 2

wi(r) = -z, / 4wk kT (42)

Treating the excess electron as a point charge and intro-

ducing it, by means of an infinitely slow process, into the cavity

yields a contribution to the potential energy which may also be separ-

ated as

2
1
e Y /41'11(o R,

wzp(O)

e
and Vst(o)

(43)

2
2B /4m<o R

Since the trapped electron charge distribution is not confined
to the cavity a more careful calculation of these terms is necessary.

The HF method discussed in Section 2c yields

2
-~ Y £.(R ) /4111<o

e
op' Ve 0 (44)
Ve (0)p = -e” B £.(R) / 4k

f stands for the potential due to the relaxed state, i.e. that state

r

in equilibrium with the nuclear configuration. fi represents the con-
Within the QA approx-

tribution from the instantaneous electronic state.

imation (Section 2.e) the optical component will provide no net poten-

tial energy; the medium electrons being able to respond to the instan-
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taneous position of the surplus electron. Therefore,

e

1 =

op(®)oa = O
while the inertial polarization remains identical to the HF value. Out-
side the cavity the HF and QA methods will yield modified coulomb tails

identical to the electronic part of (14) and (19) respectively.
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c) Fowler's Application of Haken's Theory.

An alternative approach has been distilled by Fowler"2 from
Haken's theory of Wannier excitons. Fowler stresses that the nature of
the potential outside the vacancy can best be represented by a spatially
dependent relative permittivity, ke(r), such that
v = - )
(r) = -ez_/ 4mk_k (r)r, (452)

where ke varies between kop and lcS depending on the compactness of the

t
electronic state under consideration. Treating the anionic defect as
a hole of infinite mass, the interaction with the excess electron is
given, for large r, by
v(r) = -Z, / 4wk_k T+ 3 z, B exp(-vr)

+ exp(-2r /a) / 4k (45b)
where v2 = 2m*w / h and w is the frequency of the longitudinal op-
tical phonon for the crystal. Handling the self-energies of the vacancy

and electron in a consistent manner requires the replacement of the

second members of (41) and (43) by

2
z, B /4 wk_a

3 Bv/amk,

A0

 (46)
and ve,(0) |

1}

respectively.
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d) Potentials Investigated.

The simplest potential form investigated arises in the point-
charge description (43) through the neglect of any inertial contribution.
Making the further simplification of setting R-== a, Zahrt and Lin17
achieved an analytical solution of the radial Schrodinger equation de-

rived from the resulting potential form

V(r)=VM+%YZV/4nkOa-x r<a (47)
—Zv/4nk°kopr r>a

18
Markham = has suggested that the self-energy due to optical polarization
should be augmented by a similar term representing the work necessary
to remove the surplus electron from a void of radius Re when it is as-

sumed to be in the conduction band before localization. Setting Re = Rv

(and reverting to Rv = a) yields the original potential utilized by
. 1
Tibbs 9, namely

v(r) = Vy t %, Y / 4mk R - X r <R (48)

- r2R
z, / 4wk Kop T > R,

However, such an energy term will be redundant in that this effect will
already be included in any measurement of the electron affinity of the
crystal.

Maintaining the artificial correction but omitting the electron

c s . 2
affinity leads to the well treated variationally by Simpson

= r<R
V(r) = v, + sz/4m<o R, Y

-z, / 4mk kT - Be fr(r) / 41k r 2R,

(49)

This approach reintroduces the energy due to inertial displacements at
least outwith the cavity and, importantly, indicates the necessity of

obtaining a solution self-consistent in the excess electron wave funct-

ion in this region. Simpson's method, along with that of Zahrt and
Lin, makes no mention of the effective mass approximation or of the nec-
?

essity of solving two different Schrodinger equations, one on either

side of the boundary.
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Perhaps the most complete formulation of the polarized cavity
model in these simple terms is found in the work of Krumhansl and
schwartz”' as reported by Gourary and Adrian”. The inertial effects
are reintroduced inside the cavity also and the self-energy of the elec-
tron with respect to the polarization is expressed in one of two forms.
Working within the QA approximation leads to

V(r)QA =V + 5zv/4m<o R,-% Ye /4mcO R,
-Befr(Rv)/4'rrko—X r <R
-2,/ 4wk k  r - Be £ (r) / 4mk_ r >R,
while the HF approach gives
V(r)yp =Vy+ 82, /4mk R - Ye £.(R,) / 4wk )
- Be fr(Rv)/4'rrko-X r <R (51)
-z, / 4wk X T - e £ (r) /4mk_ r>r.

In this work, as in the original Tibbs potential, the lattice
potential, Vi, is also included outside RV and a solution in this region
found in terms of a product of an envelope function and a Bloch function
and the effective mass. However, it has been shown by Dexter221and
Krumhansl23 that the expectation value of any slowly varying function
of r will be independent of the form of the Bloch function. A further
approximation, assuming this function is constant by neglecting the
rapid fluctuations near the nuclei, is therefore customary.

While previous workers, whose results are presented in the
following section, have neglected some of the polarization terms, the
components included, whether by way of the simple Mott-Littleton method
or by the more refined Haken theory, by no means provide a rigorous
description of the potential experienced by the surplus electron.

Clearly a definitive theory of polarization effects within this cavity

model has yet to be presented.
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e) Results and Discussion.

An excellent check on the accuracy of the solutions derived
by the present numerical technique is provided by a comparison with
the results of Zahrt and Lin17 using the simple potential form (47).
Their analytical solution of the appropriate radial Schrodinger equation
was achieved by matching the spherical Bessel functions jx(ar) of order
A and argument a = [2(E-V):|% obtained within the cavity to the Whittaker
functions, representing the solutions for r >R, at the cavity-crystal
boundary. The derived energy levels for several alkali halide F- centres
are listed, together with the necessary input data and the'numerically
obtained results, in Table I.1,

The values given by the numerical method differ only margin-
ally from those of Zahrt and Lin; the 1s energy is 0.2% to 0.5% lower
while the 2p energy improves by up to 0.8%. No systematic improvement
on the analytical approach is expected and the slight discrepancies
observed here are not supposed significant. They may be attributed
to the different methods involved in defining the cavity radius.

Clearly the finite-difference scheme employed here is capable
of reproducing the correct energy values to any required degree of
accuracy. The calculated transition energies associated with this sim-
ple potential approach the peak value of the optical absorption band
with remarkable consistency.

Considerably more interesting is the amelioration in the wave
function expected, concomitant with a lowering of the energy level,
when the numerical solutions are set beside those obtained by recourse

to the variation theorem, particularly if the latter approach has em-

ployed inflexible one-parameter trial functions.

sjmpsonzo has used just such a variational method to solve the

Schrodinger equation incorporating the potential presented in (49).

Selecting a void of radius 5.0 au to represent the F-centre in NaCl,
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Simpson calculates a well depth of -.22 au. If the wave- functions of
the two lowest electronic states are assumed to be representible by

single exponentials i.e.

1

P1s(r) N r exp(-cr)

and ng(r) N, r? exp(-dr), (52)
the Ni being normalization factors, this potential is seen to support a
1s level of about -3.0 eV and a 2p energy of ~1.0 eV. It is important
to notice that both these states are in equilibrium with the relaxed
nuclear configuration of the bulk lattice, as are those derived numer-
ically and listed for comparison in Table I.2. The 1s variational prop-
erties tabulated were secured using the rather more flexible trial
function

P1;(r) = N; r (1+ar) exp(-ar)
which, with an optimum value for a of 0.52 au—1, produces a 7% improve-
ment in the 1s energy. The numerical function is seen to afford a
further 5% lowering of this energy.

Figure I.1 depicts these functions together with their 2p
counterparts; the variational excited state function plotted has an
exponent of d = 0.36 au_1. The reason for the energy lowering is evid-
ent. The numerical 1s function is somewhat more compact, indicating
that even the more flexible single- exponential wave- function does not
provide a suitablerepresentation of the charge distribution in the
vicinity of the relatively deep, flat- bottomed potential well. This"
important point will be further evidenced throughout this work. The
16% amelioration of the variational 2p energy may be ascribed to the
same cause.

The optical excitation energy is derived by considering a

tyertical" transition in that the potential tail is assumed to be

governed by the inertial polarization created by the ground state
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charge distribution for some time after excitation. Within the accur-
acy available to Simpson's method, he was unable to distinguish the
energy of this unrelaxed excited state from that pertaining when the
nuclei have adjusted to accommodate the 2p distribution. The vertical-
ly obtained state is computed here at -1.216 eV yielding a transition
energy of 2.156 eV which is in reasonable agreement with the peak of
the experimental absorption band at 2.770 eV24. The oscillator strength
associated with the transition was calculated to be 0.938 by means of
the dipole velocity formula (52).

For a transition between an initial state of energy Ei de-
scribed by a wave-function 5 and a final state Ej' represented by

i with degeneracy gj, the dipole velocity formmlation of the os-

cillator strength is

=232 -1y 2 - (52)
foe1 = 51 95 [ByE; |7 Ny
where Ny =1 /m+ T/ m*
and I =f\|lj(—8/az)\|;i dvir < R

and J is the same integral over the volume enclosed by R < r <00,
The dipole length form of the oscillator strength of this same transition
is somewhat less sensitive to the precise nature of the wave functions

and is

s -2 2
Flen =51 95 BBy My, (53)

where M.. = mk + m*L
J1l

and X = fq;J(z) §. dv for r { R and L is again the value of this
integral for r ) R. A comparison of the values of fvel and flen
computed from the electronic energies and wave functions as presented
above affords a useful test as to how accurately the derived functions
represent the exact solutions of the particular model Schrodinger

equation under study. The closer the ratio t = f / flen to unity,

vel

the better the approximate solutions.

The values displayed in Table 1.3 indicate that the numerical
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solutions approach the exact solutions very closely. The oscillator
strengths associated with the variational solution of the cavity model
have been calculated assuming that no significant change occurs in the
excited state charge distribution on lattice relaxation as suggested
by Simpson and borne out by the numerical wave-functions.

The medium polarization energy,U, is computed from

U=1 pf;Pi(r) £.(r) Py(r) ar (54)

which has been corrected from Simpson's treatment ( see e,d. Lehovec25).
It represents the energy given up by the medium in the process of
thermally removing the electron from the excited state., The value
computed here, 0.668 eV, therefore places the thermal activation energy
at .498 eV,much higher than the experimental value of .074eV in Na0126.

It is also interesting to examine the corresponding improve-
ments obtained in a case where attempting to fit an exponential function
to the true solution should result in no great error. Such is the inter-
stitial ion model discussed by Simpson and procured from the foregoing
potential by allowing the cavity to collapse to zero radius. As can
be seen from Table I.2 a meagre energy increase of 2% occurs with the
present technique and, as Figure I.2 shows, the numerical and single-
exponential functions are quite similar. In agreement with these ob-
servations Simpson achieved no discernible amelioration in the 1s level
on employing a double-exponential function;

P1s(r) =N [exp(—ar) + exp(—br)]

to represent the ground state charge distribution. No data are presented
in Table I.3 on the oscillator strengths in this model since Simpson
has not calculated the energy of the 'vertical' 2p state, The numerical
solution reveals that a substantial change in the 2p level -.620eV to
-.448 eV accompanies lattice relaxation, It is, therefore, not possible

to use the relaxed state exponent, .36 au_1 to describe the optically

attained state, The numerical results presented, however, show that
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again an excellent solution has been found.

An extensive investigation of the optical properties of
F-centres in alkali halides, within the framework of Simpson's cavity
model, has been carried through by Smith27. Table I.4 presents a few
of his results for comparison with the corresponding values obtained
in this work. It should be noted, however, that Smith's original var-
iational 2p results were in error and those tabulated are due to R.
Gilbert as quoted in Markham ( see ref, 18, p. 321).

The numerical 1s energies show about a 2-2% improvement while
a dramatic 14-16% lowering of the 2p levels occurs. This indicates the
need for also introducing more flexibility into the trial function
chosen to represent the 2p state of such comparatively deep, potential
wells,

Again this method is seen to yield transition energies.which
are in substantial agreement with the experimental values. Xrumhansl
and Schwartz21 have suggested an entirely different perturbation theory
approach to the solution of Simpsom-type potentials. The problem they
actually tackled was more complex in two respects. Firstly, while in
the original Simpson model, only the walls of the potential well needed
to be self-consistent with the excess electron wave-function, even in
the adiabatic formulation of Krumhansl and Schwartz's potential (50)
both the walls and the well depth must be determined self-consistently.
In addition they reintroduced the effective mass approximation outwith
the void and solved for an envelope function which was then multiplied
by the usual Bloch function. For r { R a zero-order problem is chosen
which neglects the contribution to the potential which is wave-function
dependent. This problem is solved analytically in terms of products
of spherical Bessel functions with spherical harmonics in a similar

fashion to the original work of Tibbs and also that of Zahrt and Lin
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mentioned previously., For r »R a more complicated choice of zero-
order equation, together with the neglect of terms involving the radial
derivative éf the Bloch function and the constraint m¥ = m leads to
a solution in the form of products of spherical harmonics with decaying
exponentials. Matching these solutions and their derivatives at r = R
leads to an eigenvalue equation which is solved numerically to give the
zero-order functions and energies, These energies are then corrected to
account for the presence of the self-consistent terms by first-order
perturbation theory.

A typical calculation for NaCl yields a zero-order energy
EO(1s) = -4.10 eV which is corrected to E1(1s) = -3.85 eV and EO(2p) =
-1.77 eV which gives E1(2p) = -1.44 eV as the energy correct to first
order. Numerical calculations involving a similar potential expression
result in a 1s energy of 64.04 eV and a transition energy of 2.45 ev
with an oscillator strength of 0.98. Fowler12 Qolved the same potential
form variationally using trial functions P1s(r) =N T (1+ar) exp(-ar)

1

and Pzp(r) =N, e exp(-br) which, with optimized exponents a = .56au

2
and b = .42au_1 gave a 1s level at -3.87 eV and a transitior energy of
2.80 eV with a strength of around unity. One important difference in
Fowler's treatment is the use of an effective mass of m* = 0.6 m e

This, together with slight discrepancies in the values of the relative
permittivities assumed, precludes the possibility of a direct comparison
with the perturbation scheme. However a similarly parameterized model
when solved numerically yielded E(1s) = -4.02 eV, an improvement of just
under 4%, E(2p) = -1.32 eV, a much larger (15%) lowering and the functions
compared in Figure I.3 with those obtained variationally. A more flex-
ible representation of the 2p function is again obviously required.

It should also be noticed that this potential again supports

energy levels, the transition between which offers a fair estimate of
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the peak of the experimental absorption band. Clearly any model com-—
prising a well of depth about the Madelung energy and of width about the
nearest-neighbour spacing will yield a reasonable transition energy.

The most naive and incomplete of the potentials studied, that of Zahrt
and Lin, gives perhaps the most consistent overall fit of the computed
to the observed absorption energies. This quantity certainly does not
provide a sensitive test of a model's worth. The very existence of

such a well-obeyed Mollwo-Ivey28 plot for F-centres in absorption makes
this assertion unsurprising.

Attempts to similarly correlate the emission energies to an
inverse power of the nearest-neighbour spacing have largely failed16’29
It might therefore be inferred that a satisfactory description of the
emission properties of colour centres would constitute a better criterion
for model testing. None of the above models approach even a qualitative
estimate of the emission energy. Zahrt and Lin's potential does not
allow for lattice relaxation., Simpson's cavity model gives almost no
change in the excited state function on relaxation. Xrumhansl and
Schwartz's approach predicts emission energies of 2.01 eV in NaCl and
1.89 eV in KC1l which badly underestimate the observed Stokes shift.

In an endeavour to resolve this inadequacy, Fowler12 has in-
vestigated the important suggestion that the electronic states involved
in the transition might undergo marked changes on nuclear relaxation;
in particular that the relaxed excited state may be extremely diffuse,
The relaxation is expressed by allowing the nearest-neighbour ions to
move radially and by adjusting the behaviour of the potential tail
through the incorporation of an effective relative permittivity as in
equation (45a). With a ke of 4.2, a 10% outward motion of the adjacent
cations and a'concomitant 10% cavity expansion, Fowler predicts an

emission energy of 1.24 eV in NaCl, the relaxed 2p state being only
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£) Conclusion,

The polarized cavity models, in this limit, offer qualitative
guidance on the effect of changes in such parameters as the well-depth,
well-width, effective dielectric constant and effective mass. They are
of limited assistance in indicating the direct expression of the physical
content of the situation. Making the well-depth less negative, increas-
ing ke and decreasing m¥ all allow percolation of the ground and excited
state functions out into the medium,

These statements are illustrated in Table I.5 where the results
are listed for the purely empirical potential

v(r) = v r (R

- -1/ 4wk kv r) R,
solved variationally by Smith and Spinolo30 and numerically by Fowler,
Calabrese and Smith31 with parameters opposite to RbCl on absorption
(cols. 1,3,5) and NaCl on emmission (cols. 4,5). The results derived by
the present technique, also listed (cols. 3,5) are once again seen to

be in excellent agreement with other accurate solutioms.
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Section 3

Semicontinuum Models.

a) The distinguishing feature of the semicontinuum models lies in their
recognition of some extent of discrete structure in the bulk crystalline
medium outside the void. Fowler's suggestion12 of local lattice dilation
on emission initiated work in this direction but it was left to Bennett31
.to carry through a calculation which predicted, by an energy minimization
technique, the amount of distortion to be expected for a given charge
distribution of the surplus electron.

By the usual appeal to the Born- Oppenheimer Approximation the
single-particle Hamiltonian for the colour centre is split into a term
determined by the excess electron coordinates, which depends parametric-
ally on the nuclear displacements x; from the perfect crystal equilibrium,
and a term which is independent of the electronic coordinates and rep-
resents the lattice energy.

The absorption process at the colour centre is viewed as pro-
motion of the trapped electron from a relaxed ground state described by
a function fg (xo), X, being the lattice distortion necessary to accom-
modate this relaxed state, to a quasistationary state f1(xo) which, by
the assumption of a Franck- Condon principle, experiences the same
crystal potential as the initial state. After a time, about 10-10 sec,
considered long with respect to electronic processes, the nuclear

framework adjusts to the excited state charge distribution which may

* . i i * .
now be expressed as f1(x1) Again following Fowler f1 is assumed, in

general, to differ substantially from the unrelaxed state f

7"
One possible mechanism of energy loss from this excited state

f?(x1) is radiative decay into an unrelaxed ground state represented

by the function fo(x1) with the emission process again constrained to
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be vertical.

Bemnett's formulation of these ideas within a semicontinuum
theory involves potentials similar to those discussed in the polarized
cavity problem with some modifications as presented in Section c.

There remains the task of computing the change in lattice
energy due to the readjustments in the medium following the replace-

ment of an anion by an electron.,
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b) The Medium Rearrangement Energy.

The ionic lattice is treated classically. If Uij is the inter-
action energy between two ions of charge Zi and Zj respectively at a
separation rij = Ei—'zﬁ then,
Uy, = 2,2,/ 4wk r - Gy / =5 i - .j/r§j+ Xpep(?i5) (55
where C and C1 are the van der Waals constants and xrep represents the
repulsive interactions. The van der Waals terms are small32 and are
ignored in Bennett's treatment. This leaves the lattice energy as a
simple sum with an electrostatic contribution, Ee’ and a repulsive

part, Er' Therefore

E. =E + E
e r

L
vhere E_ = (4mk )7 X, (i<0) 22| ;- x4 -
and E =0, HCR G DR SN C

r rep ij

Employing the empirical Born- Mayer exponential expression

for the unknown form of the repulsive energy term gives
..) =Db B, . exp(R., s ) exp(R. s ) exp(-r. . s
Xep(Tis) 15 PRy /8) exp(Ry / s) exp(-r;; /' s)
where Rn is the radius of the nth ion, Bij is the Pauling factor for
ions i and j and s is a "hardness parameter".33 b may be determined by
writing the cohesive energy, E, of the crystal as
BE(r) =),. .(1 j) U.. + U
B(x) =22; (i < 3) Uy
where Uo is the zero point energy, differentiating this with respect
to r and setting the result at r=a, the perfect crystal spacing, equal
to zero. Viz.
[ag(r) /ar]r=a =0
Creating a vacancy of charge Zv by removing the anion at
r and allowing no subsequent displacement of the neighboring ions
Lo
requires an energy

AEL = AEe + AEI‘

where AE_ = ZV}E%¥OZj llﬁ|—1
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and AE_ = - j=erep(rj)

The n nearest neighbour ions are then allowed to move radially
to new sites El =r; (1-x) for 1 {i<{n. The concommitant change in
electrostatic lattice energy may be expressed as a sum of four terms.
Firstly there is a change in electrostatic energy when a defect cation
( i.e., a nearest neighbour ion) moves in the background of the perfect
point-ion lattice potential

4mk_BE =nz Zm Jﬁ;_;- z, ['1-111- £j|-1] (56)
Then there is the change in energy when one defect ion moves in the

potential of the remaining n-1 defect ions

. ~1 -1
(3 <n) zj[ir -z 1-£J.|] (57)
The effect of all n defect ions moving radially is given by
' 1
4“k0 AEC =Zi¢0(l<n)zj;to(3 <n) (1 <J) Zizj (,r‘l— EJI—,'I;l_ _I:JI )

Lastly there is an alteration in the interaction energy between the

= -n Z,
4mk_ AE_ = -n 23;01

effective vacancy charge and the defect ions given by

s BB =2 3 (i<n) 2, [r | |_Jl—1] (59)
These terms are evaluated rigorously except for lkEa which involves an
infinite summation. It is expanded in a power series in x

4mk AEaz-n/a(c4x4+c6 x® 4 cg %8 +ees) (60)
where the c are the lattice sums discussed in appendix B.

By considering the excess electron as a point charge Bennett
has illustrated the necessity of including second nearest neighbours
in the formulation of the repulsive interaction to prevent cavity
collapse, at least in those crystals containing multiply charged va-
cancies, For consistency this incorporation is maintained in all the

centres studied here, The total energy E the sum of the medium re-

T’
arrangement energy, EL’ and the electronic energy is plotted as a
function of distortion, X, and the relaxed state is assumed sustained

by a potential described by the distortion at this curve's minimum.

(58)
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c) The Semicontinuum Potential.

The potential experienced by the electron in the semicontinuum
treatment is constructed in a manner similar to that employed with the
polarized cavity model. The one major difference lies in the amendment
of the spherically symmetric portion of the point-ion potential from its

former value, the Madelung energy, VO = VM, to

4Mk V= -7 [aM / a +ZiNiZi x(i) /i a (1—x(i)] (61)
where Ni is the number of ions of charge Zi is the ith shell centred.
on the vacancy, which are assumed to be displaced by an amount x(i)
from their perfect crystal positiong. Only the first shell will be
treated as discrete here, the summation then merely encompasses the
cations adjacent to the defect.

Qutside the well Fowler'’s extension of the Maken theory
presented in equation (45b) is again used.

The five different semicontinuum models investigated by
Bennett differ in their treatments of the polarization potential seen

34 the

by the addition electron. Maintaining his amended notation
SP(QA) model includes the inertial polarization as given by the Haken
theory in equation (46), as does the model labelled SP(HF); they
differ in their treatment of optical effects, the former includes
Krumhansl and Schwartz's quasi-adiabatic potential (50), the latter
the Hartree-Fock potential (51) of these authors.

Bennett has found "subtle difficulties" in calculating the
bound states of such potentials. The major problem on absorption is
a drastic overestimation of the ionic polarization developed during
the transition through the use of the Haken theory. The relaxed
ground state function may be assumed to be reasonably compact and any
ionic polarization other than that treated explicitiy in the motion

of the nearest-neighbour ions must be negligible for a univalent defect.

The electron distribution will almost completely shield the effective
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charge outwith the first shell. This is contrary to the computational
results.

To discuss the situation in multiply charged defects Bennett
arbitrarily separates the total charge into an "uncompensated" com-
ponent Zv—e; i.,e., the lowest possible value of the effective charge
assuming complete shielding and a "compensated" contribution which is
modified by the distribution of the surplus electron; i.e. ranges from
zero for complete shielding to +e in the limit of an extremely diffuse
trapped electron distribution. The Haken theory description of the
external potential is scrapped but the use of an effective dielectric
constant, ke’ is maintained. The uncompensated charge produces a

potential due to ionic polarization of

vst,u(r) = -B(z,-e) / 4wk r
and due to electronic polarization of

Vop,u(r) = -(Zv-e) / 4wk k_ r.
The partially compensated charge produces a potential due to inertial
effects of

-1, =1

vst,c(r) = —e (X -kop) / 4wk r
which is employed only for states involved in the emission process.
For absorptive transitions, to resolve the above-mentioned difficulty,
it is simply set equal to zero. Optical polarization effects of this
part of the change are described by

Vop’c(r) =-e/ 4k kop r.

Setting the inertial self-energy of the centre (vacancy plus
electron) equal to zero, i.e. neglecting Vst(r) for r {R, and incor-
porating the above alterations secures the models termed SP(QA1) and
SP(HF1) depending on the description of the optical polarization inside
the cavity.

One further modification was investigated by Bennett and in-

volves the reintroduction of VSt within the cavity when considering
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emission states only, in terms of the Haken theory and the inclusion
of a functionally similar form of the potential due to electronic
polarization, modelled after the work of Toyozawa?5 Wood and Opik36
have written this contribution as
Uop(r) =e ZVA/ 4k r[1 -Y {1 - % (exp(-R_r) + exp(—th)}]
for r R. Re and Rh are the radii of fictitious cavities associated -
with the electron and the vacancy respectively., Here Re = Rh = Rv'
The corresponding self-energy term within the cavity is
Ugp = -2Y / 4mk_R (zi + ) (62)
Supplementing these with the terms due to the inertial
effects estimated above leads to Bennett's SP(ET1) model. It is
important that the value of X, the energy zero correction included
inside the cavity, should not contain, in this model, the self-energy
of the electron due to optical polarization. This would result in a

double counting of this term since equation (62) is an attempt to allow

for it.

(61)



42

d) The Lifetime of the Excited State.

In seeking a sensitive test of the model's worth the emission
energies mooted previously unfortunately are also inadequate. Each of
Bennett's models produces a sensible Stokes shift, as indeed do several
other completely different formulations; e.g. the extended-ion approach

37

of Wood”™' and the polaron model of Wang:.s8

9'26which

The stimulating results obtained by Swank and Brown3
revealed the unexpectedly long radiative lifetime associated with
F- centre luminescence provide an experimental measurement which should
offer a satisfactory challenge to the theoretician. These values which
were previously assumed to be about 10_83econds, as in atoms, turned out
to be two orders of magnitudes longer. Before presenting the comput-
ational efforts directed towards the evaluation of this quantity it is
necessary to digress to outline the theory of optical processes in
solids.

These results are by no means an experimental artefact having

been since reproduced by many workers (eg. Watts and Nob1e4) with

completely different apparatus.
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e) Optical Processes in Atoms and Solids.

Consider an isolated atom which is found in the state uy of
energy Ei with unit probability. Bombarding this atom with a mono-
chromatic unpolarized beam of N photons per unit volume, each of energy

E, is supposed to induce transitions to a level u again considered a

Iz
discrete solution of the time-independent Schrodinger equation for the
atom, of energy Ef.

If only electric-dipole transitions are allowed and processes

non-linear in N are neglected (i.e. a small photon flux is assumed)

then the probability of an absorptive transition per unit time is

2 2 2
V.o, = {411 e” / (4mk ) 3h} Eip N|£if] -8(E;, - E) (62)

where the transition energy Bi is Ef—Ei and the dipole matrix

£
element r. =§£: jh* r u. dv, the summation being over all electromns.
—if R £~ 1

In general, the states i and f involved in the process may be degenerate
when this element must be summed over the components of both states and
divided by the initial state degeneracy.4o This procedure will be
assumed understood and the form presented above will be carried through-
out the analysis for simplicity.

Associated with this probability there may be defined an
absorption cross-section, Sif’ which is the transition probability

divided by the photon flux and integrated over the energy delta function

to give

wn
I

if = {41‘r2e2 / (4 ) 3hc | E, |£if,,2

{2fm2e® / (4mk ) me } £, (64)

£
on introducing the dimensionless oscillator strength fif for the trans-
ition
£ (2 / 3n°) Eif lfifle
The radiation flux may also cause induced emission from the
state uf and this, the spontaneous emission also possible and the in-

duced absorption already mentioned are most readily interrelated by the
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Einstein A and B coefficients.
For induced absorption
2
B,p = {me” / (4mk Jm}e . /E,
for spontaneous emission,

2

A f1

if

{Ze / (411‘]( ) mcn® }f
and for induced emission,
2 .
={me” /(4mx I m}s, /E; .

Since, for an isolated -atom, Eif = Efi and fif = ffi the following

relationships hold,

Biep = Bpy (65)

and
A = (2E /11'c3'h ) Bey (66)

The spontaneous emission coefficient,'A, may be expressed as a recip-
rocal lifetime
-1

Bpj = tgy

where the radiative lifetime of the excited state is

3,2 2) =2 -1
tp; = { (47K ) mcPn® / 2e }Efi,ffi (67)
A simple relationship may be formed between this and the previously

defined absorption cross-section

te Sjpmmomc /B (68)
which, for strongly allowed transitions, with oscillator strengths of
the order of unity, gives a lifetime of about 10-8 seconds.

Though the general theory of optical processes at a colour-
centre in a solid may proceed along lines similar to those developed
above, the various effects of the surrounding medium must be care-
fully considered.

The energy density of the radiation field will be reduced by
a factor of n_g(E) where n is the refractive index of the crystal for a

photon of energy E. The speed of light in the medium is reduced from

its free-space value to ¢ / n(E). The electron field associated with



45

the radiation, which is the perturbation producing the observed absorp-
tion will, at the centre, be generally different from the average field
in the medium Eo. Since the transition probability is proportional to
the square of the local perturbation field this effect will produce a
correction factor of (Ee’/ Eo)z, the "squared- effective field" ratio
(Ee is the effective field right at the centre). It is expected to
vary from unity for a very diffuse centre to a value, roughly estimable
by the Lorentz local field

E, =3 {n2(E) +2}E
for very compact centres. Fowler has estimated that, for the centres
considered here, the ratio will generally lie between 1 and 2.

As evidenced by the Stokes shift, Ei = E the medium has

£ £i’
‘a considerable effect on the centre and, in general, it cannot be ex-
pected that the dipole matrix elements for absorption and emission will

be equal; i.e.

Lip *

Zei

More formally, the states involved in the transition will
depend on (medium) nuclear as well as electronic coordinates. In the
framework of the Born- Oppenheimer Approximation these states may be
written as products of an electronic function un'g(z) and a nuclear
wave function UnN(g), n and N representing sets of electronic and nuclear
quantum numbers respectively; r and R representing the repective co-
ordinates as previously.

Thus, labelling the initial state EiI and assigning to the

final state an energy of EfF gives a transition energy

E - E

Bir,er = Ber ~ Bip

which has an oscillator strength of
£ = (2m / 30°) Bi1, 67 |51 fﬁ|2
il,fF ’ ’

where
riper = St p(0) UE(R) 2w o(5) Ug(R) oz a
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.. % .
defining Eif(g) as fui’g(g) r uf’g(g) dr gives
Lirer = fU5(®) Up(R) (69)
In general, sharp transitions between such discrete states are

not observed (except, for example, the zero-phonon lines). Instead ex-

periment reveals a broad band which represents the sum of many such

. . 1 .
transitions. Following Lax4 a thermal average over the initial nuclear
states, I, is combined with a simple summation over the final vibrational

étates, F1, to give a broad-band oscillator strength

£F._ = av :E: f

if I F TiI,fF

Assuming that the matrix element gif(g) is largely independent
of R, so that it may be replaced by some average value at Bo say, the
éﬁﬁiiiﬁrium nuclear configuration with no great error ( the Condon
approximation), then

g0 = (2m /'3h2) r, () 2 avI:E:F Bir, e S(R) s(r')
where S(R) = J/5§I(R) UEF(R) dR
If, in addition, the transition energy is replaced by some average

value E. the average of the sum over the integrals involving the vibra-

if’
tional functions will collapse to unity and the oscillator strength will
be given simply by
2 2
o= (om / 38%) E.p ‘gif(go) (70)
for an absorption transition and may be written for on emission as
2 'y 2
oo = (2m / 307) Epy zfi(go) (71)
As discussed in the introduction to this section the value of
R employed for absorption ( this value determines the crystal potential)
L2
is, in general, much different from that required to describe emissive
processes. Thus, the relation between the Einstein emission coefficients,
(65), may be generalized to

{2n3(E) / rrc3h2} E>

A BeF,iT

£F,iT = Ber,iI

which since Cfi = aVIEE:F Cf‘F,iI
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where C is A or B, yields, on employing the above average energy,

3 3,27 .3
Ay, ={2n’(E) / mcn FEg; J (72)

No relation between the induced coefficients as in (66) can be found.
The absorption cross-section is now expressed as
2 2, 2
5., =1{E_(2) /Eo} {27%he” / (4mk ) men(E )} £,

and the luminescent lifetime of the excited state given by

tey = {EO / Ee(e)}2 {(4nko) me>h? / 2e2n(Efi) } E;f fgl

where Ee(a) and Ee(e) are the effective fields experienced by the centre

during absorption and emission respectively,

to Sps = {B () / E (&)} {m°n’c® / (e, ) n(E )} £, . £51 Epe (73)

Defining f' = fif fgl and substituting reasonable values for the other

parameters yields a radiative lifetime approximately given by

to; = 2f' x 1078 seconds (74)

eg. for the F- centre in NaCl where Si = .91 x 10_16chm? assuming a

£

squared-effective field ratio of 2.0 yields

te, = 2.36f"' x 10-8 seconds,
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£) Results and Discussion.

Table I.6 lists the input data required for computations within
Bennett's semicontinuum models. 1In addition to the values presented in
that table, a knowledge of the lattice sums given in Table 1 of Appendix

B is necessary. The Pauling factors Bij are given by the simple formula

Bij =1 + (Zi’/ ni) + (Zj /’nj)
where zi is the valency of the ith ion which has n, outer electrons. It
should be remembered that the structure of CaF2 differs from that of the
other three crystals, a fact which is reflected in the change in Madelung
constant required; for CaF2 aM = 4,071 while for the NaCl structure

a = 1.748. Notice also that the value of a corresponds, in CaF to the

M 2’
Ca -"€Ca distance.

The value of the effective dielectric constant to be used in

emission calculations is obtained by assuming that the relaxed excited

state is characterizable, within the effective mass approximation, as a

shallow hydrogen- like level so that the thermal ionization energy of

the excited state et(1) may be equated to the screened hydrogenic energy

2

2
Et(1) =-2m¢ /n k

?
where n is the principal quantum number associated with that state.

The value of the effective mass in the conduction band, general-
ly obtained experimentally, involves a contribution due to electron-ionic
displacement polarization interactions which is not desired here. It is
dependent on both the electron-electronic polarization effective mass,
m¥, which is required and the coupling constant

1
= {pe2 / (4mx )} fmx / on° we}Z
which indicates the extent of the electron-phonon coupling.

The numbers listed for Ca0 and CaF2 have been rather crudely
estimated by Bennett along with the corresponding electron affinity,X,

values.

Bermett>| performed variational solutions of the model potentials
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given by the incorporation of these parameters using the trial functions
PTs(r) =N r (1+ar) exp(-ar)
and P2p(r) = N, 2 exp(~br)

The optimized results for the SP(HF) model, with parameters
for XCL, are displayed in Figure I.5 (absorption) and I.6 (emission)
where they are compared with the functions secured by the present tech-
nique. The optimum values of the exponents derived by the variation
theorem were, for absorption, a = 0.566 au”! and b = 0.424 au” and,
for emission, a = 0.473 atu—1 and b = 0.088 au_1. The corresponding
transition properties are tabulated in Table I.8 along with Bennett's34
"exact" solution, obtained by numerical solution of the Hartree-Fock-
Slater equations resulting in the substitution of the appropriate
potential forms into a radial Schrodinger equation.

The variational functions for absorption, Figure 1.5, offer
rather poor representations of the true charge distributions relevant
to the model (assumed given by the present work), a fact which is not
wholly brought out by a simple comparison of the mean radii also pre-
sented in Table I.8. 1In particular the 2p state is markedly too diff-
use when obtained variationally. This again indicates the need for a
more flexible representation of the 2p state in such a deep well.
Improving the accuracy of the solution alters the absorption energy by
about 10% while having little effect on the emission energy prediction.
In accordance with this observation, the numerical and variational fun-
ctions corresponding to emission states, Figure I.6, are relatively
mich less disparate.

The present finite-difference method provides numbers only
marginally different from Bennett's "exact" values. Achieving such an
accurate solution spoils the agreement with the experimental absorption

energy and reveals that the apparently correct prediction of a long

lifetime by the variational approach was fortuitous.
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Also listed in Table I.8 are the SP(HF{) results which afford
but little better an estimate of this highly model-sensitive quantity.
One other comparison with the variation method is possible through the
computed thermal ionization energies. Variationally Benmnett obtains
for KC1l, within the SP(HF) model, et(o) = 1.88eV and Et(1) = 0.14eV
while they have been computed at 1.96eV and 0.20eV respectively in
this work. Predictions of the peak of the emission band in both
models is seen to correspond closely with the experimental value for
XCl1 as shown in Table I.7, along with other measured properties.

Table I.9 contains the results for these model potentials
in Ca0 and CaF2, taken as representative of the alkaline-earth oxides
and flourides respectively., Again the accuracy of the present numer-
ical solutions is borne out by the compatibility with Bennett's "exact"
work. The apparent success of the SP(HF) model in matching the absorp-
tion peak in CaF2, when solved variationally is again revealed as
fortuitous. The SP(HF1) results are seen to be in no way superior to
the SP(HF) values and neither affords even an order of magnitude es-
timate of the observed Ca0 emission band.

The configuration-coordinate diagram presented in Figure I.7
derives from the present numerical solution of the SP(HF1) model for
XCl. It is virtually indistinguishable from that obtained by Bennett34
in his numerical work. Several points should be noted. As mentioned
previously, in the introduction, transitions are assumed to be vertical.
The lattice configuration pertaining to a given relaxed state is found

at the distortion, x, which yields the minimum in the total energy, ET
Absorptive transitions involving the curves marked '"1s¥" and "2p" which
are coplanar lead to the broad absorption band of Figure I.8. This

figure also includes the emission band coming from transitions between

the curves "2p" and "1s" which, while coplanar, do not necessarily con-

tain the plane of the absorption curves,
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The minimum in the relaxed ground state is found at a very
small inward distortion, 0.08% of the lattice spacing, where the cor-
responding energy is -4.482 eV. The predicted optical absorption
band is peaked at 2.93 eV somewhat higher than experiment and has a
half-width of 0.093 eV. The emission curves are seen to be consider-
ably shifted towards the continuum. A large outward relaxation, 9.8%,
has occurred in order to accommodate the excited state charge distri-
bution, the energy associated with which is -1.307 eV at this optimum
configuration. The half-width of the implied emission band is 0.12 eV
and the band maximum is centred at 1.17 eV, very close to the observed
value. It is important to notice that the half-widths predicted by
this one-coordinate approach are a factor of two below those obtained
by experiment. The inability of such treatments, containing only radial
breathing modes to reproduce sufficiently wide bands will be met again
in the semicontinuum models applying to electrons in polar liquids.

The predictions of the models containing the quasiadiabatic
treatment of the optical polarization, SP(QA) and SP(QA1), are presented
in Table I.10. In KCl, while the latter approaches the absorption
energy closely, both underestimate the emission energy and fail to
forecast the luminescent lifetime by an order of magnitude. The SP(QA)

model is badly out for both Ca0 and CaF the absorption energies in

7
which are reasonably estimated by SP(QA1) model. Neither model suggests
the very small Stokes shift observed in Cal, the former giving a hope-
less absorption energy, the latter grossly overestimating it. Compar-
ison with the variational treatment of these model potentials is limited
by Bennett's provision of but a few figures for NaCl. E(a), the absorp-
tion energy, improves from 1.62 eV to 2.4 eV on numerical solution;
still short of the observed peak at 2.77 eV. E(e), the emission energy,

goes from 0.63 eV to 0.97 eV happily coinciding with the experimental

value., Bennett's variational treatment yields a radiative lifetime of
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2.31 x 107° seconds (estimated using equation (74)), which is recalcul-
ated numerically to be 1.90 x 10-8 seconds in very poor accord with tﬁe
experimental 10_'6 seconds.

The configuration coordinate diagram derived in the present
work for the SP(QA) model for NaCl is shown if Figure I.9, the corres-
ponding band-shapes are in Figure I.70. Again both numerical techniques
arrive at substantially the same numbers.

The general failure of any of these models to predict a sen-
sible lifetime in the alkali-halides, the system for which they seem
best adapted, has been interpreted as indicating the presence of some
special mechanism which is responsible for producing the unexpected
length., Within the framework of these models the most likely sugges-
tion, made by Swank and Brown45, is that there exists some degree of
2s-2p mixing on lattice relaxation. This suggestion is supported by
the fact that these levels approach each other as the lattice relaxes
and, at the emission configuration, are almost degenerate., For example,
in the SP(HF1) model for KC1 the 2s state at the distortion opposite
to absorption lies at -0.44 eV compared with a 2p energy of -1,47 eV.
After relaxation the corresponding states at the emission configuration
have energies of -1.20 eV and -1.22 eV respectively. This agrees sur-
prisingly well with the results of Stiles et al.46, who, using the var-
iation of luminescent lifetime with applied electric field, place the
2s level 0,02 eV below the relaxed 2p state. The mixing mechanism,
invoked by Bennett in an attempt to forecast the extended lifetime,
employs an internal electric field generated by the non-cubic longit-
udinal optical phonons present. Taking 1O7V/h as a reasonable estimate
of this field, the model predicts strong (6Q/40) mixing of the 2p and
2s states and a lifetime of 31 x 10—8 seconds, which is a step towards

the experimental 57 x 10-8 seconds. None of the other models invest-

igated are able, even with internal fields large enough to cause dielec-
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tric breakdown, to yield a lifetime greater than 10~/ seconds.
Calculations using the remaining model, SP(EI1), with the
polaron-type optical polarization are so inconsistent with the experi-
mental data for all three types of salt studied that they are not de-
tailed here. By way of an example, the model has 1.25 eV for absorp-
tion in KC1 and 0.41 eV for the emission band. However, again, the
present numerical method and Bernett's work produce very similar num-

bers, not differing by more than 1%.
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g)  Conclusion.

The semicontinuum models provide a detailed framework for the
computation of optical processes at point defects in crystals. Even with
this somewhat limited goal, within the present formulation, they are
found to be restricted to F-centres in alkali-halides if some predictive
accuracy is desired. Of the models studied here, that termed SP(HF1),
which is theoretically rather unsatisfactory as it involves the ad hoc
neglect of some factors,yields perhaps the best overall agreement with
experiment in these salts. Other models investigated offer, basically,
only qualitative suggestions as-to the true values.

It has been amply demonstrated that the present numerical,
finite-difference scheme is entirely suitable for deriving highly ac-
curate solutions of the model potentials associated with trapped elec-

tron problems.
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Tables T

Tables 1-5 have results for polarized cavity models of the
F-centre, 1 includes the analytical solution of Zahrt and Lin for
the simplest potential studied. 2,3 and 4 are Simpson's cavity and
interstitial ion model. 5 is a parameterized potential, R = 4,1 au,
Vo = -5.92 eV, ke = 3,0, for RbC1l in absorption and NaCl in emission,
R = 5,5 au, Vo = -3,28 ev, ke = 5.4,

Tables 6-10 are apposite to the semicontinuum treatment.
6 has the necessary input data, 7 the experimental values they are
expected to explain., Bennett's SP(HF) and SP(HF1) models are in 8
for XO1 and in 9 for Ca0 and CaF,. 10 has the SP(QA) and SP(QA, )
results for all these systems.

Energies are in eV, distances in au, except Rv in.x in 4.




TABLE I.1

SALT

L3
E(1s)
E(1s)
E(2p)

E(2p)

AE

AE

AE

a Analytical solution of Zahrt and Lin.
e Parameters employed by Zahrt and Lin.

n Present numerical work

NaCT

2425

5.245°
5.269
2.633%

2,657"

2.62
2,612"
0.995%

0.998"

2.67

KCl

5.001
5.022
2.816

2,830

2.193
O. 98

0.986

2.20

6.24

2.33

4.766
4.791
2.704

2.722

RbF

5.33

1.93

5.449
5.471
2.865

2.891

2,58
2.580
0.98

0.988

2.60



TABLE I,2

-E(']s) 1.52v
-E(2p) 0.44
r(1s) 5.75
r(2p) 18.3
U -

n Present numerical work., = 7

v Simpson's variational solution.

Interstitial ion

1.556

0.448

5.44

17.42

0.615

Polarized cavity

4.14

O. 55

3.372

1.166

3.94

6.37

0.668



TABLE I.3

AE

foel

n

v

len

Polarized cavity

2.2" 2.156"
0.81 0.938
i.13  0.938
0.72 1.000

Present numerical work.

Simpson's variational results.

Interstitial ion

0.935"
0.709
0.709

1.000



TABLE 1.4

SALT NaCl
R (R) 2.6
—E(1s)” 3.29
-E(1s)" 3.345
-E(2p)V 1.01
-E(2p)"* 1.168
AEY 2.28
AE® 2.177
“n  Present numerical work.

v Smith's variational results.

KC1

2.8

2.63

2,672
0.81

0.951

1.82

1.721



TABLE I.5

Absorption states ‘ Emission states
-E(1s) 2.574" 2,582 2.591° 1.312 1.339°
-E(2p) 0.493 0.49 0.496 0.148 0.175
_ ~-E(2s) - 0.42 0.429 0.152 0.170
-E(3p) 0.201 0.20 0.208 0.063 0.069
AE(1s-2p) 2.081 2.09 2.095 1.162 1.154
AE(1s-3p) 2.373 2.38 2.383 - -
r(1s) - - 3.754 - 4.935
r(2p) - - 10,457 - 16.960
a  Numerical results of Féwler,Calabrese and Smith.
b Present numerical work.

v Variational results of Smith and Spinolo.



TABLE 1,6

SALT KC1
a 5.93
rt 2.77
R - 3.00
s ' 7 0.637
R 5,10
V .

2.13
op

K, . 4.67
k 3.88
o .

-X 0.022
m* 0.6
W 3095

Cao

2.55

0.629

4,00

CaF

10.32
2.21
1.98
0.546

9.56

00 04
1.0

1.38



TABLE 1,7

SALT

E(a)
E(e)

£(a)
W(a)
w(e)
‘st(1)d

e (0)°

Nac1®

2.770

0.975
100.0
0.6

0.255
0.337

0.08

KC1

2,313
1.215
57.0
0.85
0.163

0.261

Fowler in ref. 44,.p. 627

Kemp et al. in ref, 49. :.

Feltham and Anders in ref. 50

Markham in ref. 7, p. 82

Markham in ref. 7, p. 123

Cao

3.646°

3.292

CaF

3.292°



TABLE 1I.8

xc1
E(a) 2,787
E(e) 1.22

t 83.9

£(a) 1.05
w(a) _
W(e) -

r, *(a) 3.74

Ton (g? 5.81

sz*(e) 25.91

T, . (e) 4,12
a

b

v

Bennett's numerical solution.

SP(HF)

3.02
1.22

10.9

Present numerical work.

0.91

0.09

0.12
3.51

5.07
24.33

4.01

Bennett's variational results.

OOO9‘

0.13
4.12

20.98
30.16

6.04



TABLE I.9 .

CaF, ~ sp(wF) SP(HF, )

E(a)  3.2657 2.8032 2,7847 4.598% 4.384°

E(e) - 0.735 0.730 0.599 0.592
t L 0.5 - 0;47 4.8 4.2

Ca0

E(a) - 2.041 2.028 4.626 4,589

E(e) - 0.299 0.307 0.218 0.213
t - 0.5 0.48 0.3 0.26
a Bennett's numerical solution.

b Present numerical work.

v Bennett's variational results



TABLE 1I1.10

sp(Qa)
E(a) 1.796° 1.784°
KC1 E(e)  0.707 - 0.704
t 4.1 4.02
E(a) - 2.071
CaF, E(e) 0.544 0.541
t 1.0 1.32
E(a) 0.354 0.360
Ca0 E(e) 0.327 0.331
t 8.3 8.11
a Benneté's numerical solution.

b Present numerical work.

SP(QA1)

2,2582
0.626

7.6

3.510
0.435

2.6

3.728
0.245

0.8

2.249
0.623

7«47

30495
0.433

2.81

3.684
0.243

0.74
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Figures T

Figures 1-4 are functions derived from polarized cavity models
of the F-centre. 1 and 2 are relevant to Simpson's cavity and interstit-
ial ion models respectivély. 3 and 4 pertain to Fowler's model paramet-
erized for NaCl on absorption and emission respectively.

Figures 5-10 derive from semicontinuum calculations. Bennett's
model for XCl on absorption provides 5 and on emission, 6. In all above,
variational functions are in full-line. Broken-line is present numeric-
al work., (a) are ground 1s state functions, (b) excited 2p functions.
Bennett's SP(HF1) model gives the configuration coordinate diagram of 7
on numerical solution and also the absorption (full-line) and emission
(broken~line) line-shapes in 8., The emission band has been moved 1.6 eV
to the blue. 9 has the SP(QA) model numerical results for NaCl and in
10 the computed absorption bands at 298°K (full-line) and 77°% (broken-

line) are presented,
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Surplus Single Electron

Species in Polar Media,
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Section 1
Introduction.

a) The absorption spectra associated with the presence of excess
electrons in polar liquids, ices and glasses are, in many ways, similar
to those observed at colour centres in crystalline solids.

They are generally broad unsymmetrical bands peaked either
in the visible or near-infra-red, depending on the polarity of the host
matrix. Roughly speaking, the more polar the medium the further into
the visible lies the observed band maximum. On closer examination of
all the available experimental data it would seem that quite signif-
icant differences also exist between these species. 1In particular the

2
2%,54 and the

absence of such a Raman effect as is observed in F-centres
much narrower line width given by electron imagnetic resonance experi-
ments have been noted. However, the optical properties mentioned above
do contain striking analogies, a fact which has encouraged very closely
related theoretical forrnulations for discussing the properties of the
respective systems to be developed.

A typical band appears in liquid ammonia upon the dissolution
of both alkali and alkaline-earth metals. At low concentration it is
independent of the nature of the dissolved atomic species and is peaked
around 0.8 eV in the near i.r., appearing indefinitely stable. The
high energy tail which is a characteristic of trapped electron spectra
in polar liquids extends well into the visible and is responsible for
the deep blue colour of the solutions. Relatively stable absorption
curves are also exhibited in many low-temperature glasses, in alkaline
ice and even in pure ice at 4°K which have been subjected to, say,

irradiation. All bands shift to the red with increase in tempera-

ture and those studied to date exhibit a blue shift under increased
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ambient pressure. The temperature and pressure effects on the half-
width are not so marked though some confusion appears to exist over
this (see, €.g., the three(!) temperature variations of this quantity
listed for the ammoniated electron).

With the advent of pulse radiolysis and related ultrafast
techniques the capability of observing processes on a sub-microsecond,
nanosecond and, most recently, picosecond time-scale has been achieved.
Such methods have revealed the presence of transient absorption bands
in a vast range of irradiated media from the very polar water, through
the less polar alcohols and ethers, to the essentially non-polar hydro-
carbons and even in liquid rare gases. These bands have been attributed
to the presence of electrons "solvated" in the media. It appears, there-
fore, that electrons solvate to some degree in all liquids. A steady
flow of stimulating observations on the properties of these solvated
electrons is continually being reported, offering many substantial
challenges to theory.

Theoretical developments presented here, forwarded in efforts
to gain insight into the nature of this species, have progressed in a
similar fashion to those discussed in Part I with reference to colour
centres. Before tracing this development and presenting the current
computational results, the properties of several systems which were
investigated are detailed. This will serve to outline the goals of
the theory and highlight its present deficiencies or at least delimit

its domain of validity.
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b) The Hydrated Electron.
55

Hart and Boag”” were first to observe the transient absorp-

tion band in water now known to be characteristic of the hydrated elec-
tron. Their results were accomplished by irradiating pure deaerated
water with a pulse of 1.8 MeV electrons which produced the band peaked
at around 7000 A with a long high-energy tail extending through the
visible. Since this initial discovery much refined experimental work
has been undertaken on this solvated species and a rather ;omplete

documentation of its properties exist. A useful guide to these proper-

ties is offered by the book of Hart and Anbar56.

At a temperature of 298OK the band maximum is observed at

6 -1 -1

7 with an extinction coefficient of 1.85 x 10 M m , the

associated oscillator strength being 0.6557. The full width at half-

1.73 ev

maximum is 0.92 eV and the primary yield has been found to be G(e;q) =
2.7 per 100 eV of radiation energy deposited58. Interestingly, this
yield has been shown to be independent of pressure over a range from
atmospheric up to 6Kbar59. The observed effect on the spectrum of
this massive pressure increase is merely a 33% depression of the ex-
tinction coefficient at the band maximum with a concurrent 22% broad-
ening of the band (measured at the half-height). The oscillator .-
strength remains approximately constant6o. A slight blue shift with
increasing pressure is exhibited by the band maximum, the coefficient
being 5.3 x 10"5 eV/bar61. The partial molal volume and the cavity
volume have been placed at 7 and 10 ml mol_1 respectively at a pressure
of one atmosphere and a temperature of BOQOK and have been shown to be
compressible62.

The effect of temperature over the range 4—9OOC has been
interpreted63 by assuming that the primary yield is again unaffected

and that the observed decrease in the apparent molar extinction co-

efficient is due rather to the slight broadening of the band with in -
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creasing temperature. Within this range the red shift noted at the
band maximum is described by a temperature coefficient of -2.8 x 10—3
ev/aeg63. It is important to realize that this figure has been ob-
tained at constant pressure.

Of great interest are the recent observations by the applic-
ation of ultrafast technology which have continually lowered the
limit of the experimentally measurable "hydration" time. Hunt and
Thomas64 first showed this to be less than 500 psec. Next Bronskill
et al.65 placed the value below 20 psec then 10 psec66. Kenney-
Walker and Wallace with a somewhat brave extrapolation of their data
suggested 6 psec as the upper limit for the solvation process67.
Most recently Rentzepis et al. have observed that the "normal" hydrated
electron spectrum is present within 4 psec of photoionization of the
ferrocyanide ion in aqueous solution, a process which is known to
generate quasi-free electrons in this medium. 2 psec after this gen-
eration a band is observed in the infra-red, at 1.06 4 , the observation
wavelength, which gradually evolves in time, shifting toward higher
energies until the normal position is attained. It should be under-
stood that the lifetime of the trapped species in water is very variable,
depending in a dramatic fashion on the amount of impurities present

which may act as scavengers, e.g. the hydroxyl radical. A typical life-

time is of the order of nanoseconds.

The heat of solvation has been estimated at 1.7 eV68 but the
photoelectric threshold has yet to be determined. However, the impor-
tant work of Delahay and colleagues on photoelectron emission spectro -
scopy seems likely to reveal this value. A mobility of about 2 x 10_7
m2V 'sec”! has been measured®’ which is on a par with the aqueous hy-
From this figure a diffusion coefficient of around

droxide ion.

5 x 10_9m25ec2 was calculated which indicates the presence of some

special diffusion mechanism to account for its motion.
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Lastly the epr spectrum was discovered under conditions
where the solvated species had a particularly long half-life, of the
70

order of 5 usec’ . It was found to be extremely narrow {.5 gauss and

possess a g-factor of 2.0002 + .0002.




62

c) Very Dilute Metal Ammonia Solutions.

The properties of these solutions are the subject of the
intense investigations presented in the proceedings of the Colloque
Weyl Symposia initiated in 1964 by Lepoutre7o_72. These three col-
lected volumes provide a valuable source of references to an extensive
field,

The definition of "very dilute" is taken here to encompass
only solutions which are less than 10-3M in metal. Such a limitation
is necessary since just above this range of concentration the ideal
electrolyte behaviour pattern of a solvated metal positive ion and a
solvated negative electron is lost due to some degree of ionic assoc-
iation. Considerable changes in the properties of the solutions are
thereby affected. The electrical conductivity drops markedly73.

The frequency of the absorption maximum, which is concentration indep-
endent in the very dilute range, -suddenly decreases by about 400cm—1
before levelling out again at concentrations of around 10-2N.74 This
is concomitant with a marked increase in the amount of spin-pairing

in the solution75.

Eveﬁ more dramatic changes in the properties and hence the
nature of metal-ammonia solutions may be observed on further increasing
the metal concentration. These will not be discussed here but are
well documented in thé review article by Cohen and Thompson76, as well
as in the above-mentioned proceedings.

The discussion is therefore limited to the very dilute region
where the unassociated solvated electron species is assumed responsible
for the near infra-red band and the blue colour of the solutions. At
240K the band maximum lies at 0.80 eV and has an apparent molar ex-

6

-1 -1 .
tinction coefficient of 4.9 x 10M m and an oscillator strength of

0.7777. It is therefore an intense band due to an allowed transition.

As usual the band moves to the red with temperature increases, the
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coefficient being of the order of 10-3 ev/aeg, while the temperature
variation of the half-width has been variously reported as 0.6 x 10_3

78

eV/Heg, 1.6 x 10_3 eV/Heg 73 or indeed to be independent of tempera-

ture77.

Increasing the ambient pressure shifts the band to the blue,
the pressure coefficient of the band maximum being 3.6 x 10-5 eV/%ar.8O
Theoretical models generally picture the electron in a cavity walled
by ammonia molecules which can explain the above data. The high pres-
sure studies of Hentz et al.8O attribute a partial molal volume of
98 ml mol—1 to the ammoniated electron and indicate that the cavity
is more compressible than that in water. Interestingly, there appears
to be a marked decrease in the primary yield with increase in pressure,
contrasting the observation in water. Further support for the high
degree of solvation expected in this picture comes from the inter-
pretation of the epr spectrum, a single, extremely narrow, less than
0.1 gauss in the liquid state, structureless line with a g-value of
2.001281 and has been inferred from viscosity data82’83.

The absence of a Raman band, expected due to the symmetric
breathing mode of such cavities has been noted84 but several explan-
ations of this immediately suggest themselves, e.g. the over-simplif-
ication of this one-coordinate cavity model, smearing by thermal effects,
and this presents no insurmountable objections. The N-H infra-red
stretching frequency has been observed to shift to lower values in
metal-ammonia solutions which may again be attributed to the presence
of strongly solvated electronsss.

Sundry other observations have been made in this concentration
region. The heat of solution of the electron has been placed, somewhat
crudely, at 1.7 + 0.7 eV by Jortner86 and the photoelectric threshold

has been estimated at 1.6 eV 87. A more recent suggestion of this

. 88
quantity is the 1.85 eV given by Delahay -,
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d) Ices.

89 90

Eiben and Taub ~ and later Khodzhaev’ et al. first reported

the now characteristic broad asymmetric band due to trapped electrons
in crystalline ice generated by irradiation at 77X. It had previously

been assumed that this was not a stable species in pure ice, presumably

because the very low values of the radiation yield, G(e] 0% x

1ce>77OK1

G(eH2o)298?K ’

ly confirmed the assignment of the band, peaked at 6400 A, to trapped

had hindered its detection. Taub and Eiben91subsequent—

electrons in ice and made extensive studies on the species employing
a pulse radiolysis method. Kawabata92 has pursued these investigations
in crystalline ice, obtaining substantially better yields of trapped
electrons, and therefore facilitating his experiments, by the simple
expedient of doping the ice with small (10_4-10_2M) quantities of
NH4F which produced no noticeable effect on the optical spectrum,
other than the apparent enhancement in intensity, He was thus able to
colour the doped single-crystals of ice quite considerably by ¥ irrad-
iation at 77°K.

The absorption band maxirum lies at 1.93 eV and the half-
width was estimated at about 0.5 eV, much narrower than that due to
the electron hydrated in the liquid state. The rate of decrease of the
absorption maximum with temperature is also less than in water, the co-
efficient being -1.2 X 10-3 eV/deg.91 Recently Kawabata et al.93 have
observed a high-frequency shoulder in the absorption spectrum at about
2.3 eV, Since the spectrum may be assumed to arise from a single type
of trapping centre in accordance with the photobleaching behaviour,
the quantum efficiency of this process being constant across the entire
absorption band, this must be taken to be the first indication of a
structured absorption band, illustrating transitions between more than

one set of states within the same potential well, in these media.

This is in marked contrast with the findings in the
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Y -irradiated alkaline ices investigated by Xevan and coworkers.
Here the host ice matrix is doped with about 10M NaOH, say, and is
glassy rather than crystalline. The complex absorption band, photo-
bleaching behaviour and decay-rate patterns are taken as indicating
the presence of at least two types of traps for electrons. The

primary yields are almost as high as in water G(e;) = 1.9 per

77°%
100 eV of energy deposited and the molar extinction coefficient at

the band maximum is around 2.0 x 10°M 'm™'. The absorption peak is

located at 2.12 eV94. The similarity in the shapes of the optical
absorption band, which has a half-width of the order of 1.0 eV and

an oscillator strengtﬁ of 0.86(!), and the wavelength dependence of the
photocurrent developed on bleaching95 has. led to the suggestion that
the observed absorption may be due to transitions directly into the
conduction band. However, this behaviour may also be accommodated by
postulating a very loosely bound excited state which becomes degenerate

with the conduction band during relaxation. The absence of any temp-

. 6
erature dependence in the photocurrent proflle9 also supports these

suggestions.
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e) Theoretical Considerations.

The cavity concept which permeates almost all theoretical
studies attempted to explain the foregoing observations on solvated or
trapped electrons has its origins in the work of Ogg in the 1940'597.
Minor improvements on the infinite square well model of Ogg were de-

99

. . 8 .
vised by L1pscomb9 and Stairs but no mention was made of the crucial
importance of polarization effects., Concurrently, an alternative con-
tinuum theory involving polarization only had been developed by

100,101
ar

Pek and coworkers, initially in an endeavor to understand the

properties of the F-centre, which had its roots in the early work of
Landau102. Jortner103 first accomplished the successful synthesis of
these approaches in 1959. A critical review of the detailed historical
evolution of the theory to this point has recently been presented147
and will not be repeated here. However, a discussion of the polarized
cavity model as formulated by Jortner and others at a later date is
highly pertinent and is presented in the next section.

As is to be discussed, this model has been framed within the
same two basic approximate solution techniques as in the corresponding
model for colour centres. Analogous refinements to include some discrete
structure in the bulk medium have also heen pursued in this problem and
the resulting semicontinuum models are discussed in Section 3.

Many-electron treatments in&olving molecular orbital approaches
are becoming quite commonplace. Indeed one "ab initio" study concern-
ing the ground state of the ammoniated electron and purporting to con-
tain all the important effects, has been completed by Newton104.

While this may be indicative of the way the field is developing, consid-
eration here is limited to the above-mentioned one-electron methods.

Previous studies of these polarized cavity and semicontinuum

models for excess electrons in polar media have, to date, almost exclus-

ively involved a variational solution technique; the sole exception
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being in the work of O'Reilly105’106

. It was felt necessary to pro-
vide a thorough-going numerical investigation of these models to di-

vulge the deficiencies of the previous solution method and again to

clearly delimit the region of their applicability.
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Section 2

Polarized Cavity Models,

a) As before, see Section I.2, the electron is assumed to be local-
ized in a physical cavity bounded by a continuous isotropic linear
medium again characterized by low and high frequency dielectric func—

tions ks and kop respectively. The potential acting on this localized

t

electron due to the polarization of the medium it produces is
v(r) = e/ (4mx)) [ o, (2" )z - 21) / |z x| ar?
where Ri(z') is the polarization responsible for electron trapping.
The subscripted i is présent to imply that this polarization may be
dependent on the instantaneous electronic state i under consideration.
Assuming a spherically symmetric trapping potential gives
V(ir) = e //ko jj;i(r'} dr!
pi(r') being the radial component of the polarization vector.
Once a description of the polarization field has been assigned,

this potential is substituted into the usual radial Schrodinger equation

{1 d®/ax® + J(fe1)/2r° + V(x) }P.(r) = W, P (r) (1)
and this solved for the single-particle energies Wi' Pi(r), the radial
wave-function, is related to the usual solution !Pi(r) through (2)

rg,(r) = P (r) S _(8,9). (2)

To compute the total energy of the system, another quantity , the med-
ium polarization energy, must be defined. This is the energy required
to deform the medium due to the presence of the polarization field
exerted by the excess electron. If D is the dielectric displacement
in equilibrium with this polarization

n-=:2 k;1ﬁ. Ddr + % kj ki/-a(Tkst)/aTQ_Zdv.
The second factor, the entropy contribution, has generally been omitted

in the current theory and will be neglected here also. It should be
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noted that the remaining term strictly represents the free energy

of polarization.
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b) Inertial Polarization Effects.

103 . . .

Jortner has assumed that the optical polarization of the
medium due to the excess electron is not primarily responsible for
electron trapping and has written the orientational polarization, Pet?
as

Pe(r) = 0 r (R
2
-eB/4nr r >R

(3)

thus leading to the following potential form
v(r) = —e® B/ (41'rko) R r DR
5 ,
- / (4mk ) r r { R

This form is equivalent to the quasi-adiabatic approach discussed in

(4)

Section 1(e) of Part I and will be termed here simply the adiabatic
solution method.
The medium polarization energy is given by (5) since the dis-
placement D in this model is just -q/4Trr2
M=%e®p / (4mx )R (5)
This correction to the original formulation of Jortner which specified

n=1%e?p / (amc ) fop, (x) ' B, (r) ar
was suggested by Tachiya107. Transitions within this model are of
course vertical, the potential being completely state-independent.
The orientational polarization given by (3) is not in equil-
ibriwn with the charge distribution of the surplus electron. Taking
this balance into account yields

p,(r)= 0 ' r (R

- pve () / an r DR

(6)

where fi(r), defined previously, is the electrostatic potential assoc-
iated self-consistently with the relaxed electronic state, r. Straight-
forward integration yields

v(r) = - Be Vfr(R) / 4wk r (R

- Beve (r) / 4wk r >R
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for the corresponding potential form and leads to an inertial medium

polarization energy of

N=%ep/ (41'rk0) {fi(R)fRP?(r)dr +faP?(r) £.(r) ar} (8)
o1 R i 1

This is equivalent to an amendment suggested by Land and O'Reilly106
to Jortner's original adiabatic model and is seen to be, instead,
apposite to an scf treatment of inertial polarization effects., It
has, however, been carried through into the adiabatic semi-continuum
calculation of Kestner, Jortner and coworkers.

Calculations within this model appear not to have been re-
ported, although Jortner108 has shown the above potential form, (7),
to follow from his analysis of dielectric effects on loosely-bound
electrons. The potential should be taken, as written, to be governed

by the charge distribution pertaining to the relaxed electronic state

and a few numerical solutions with this constraint are reported later
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c) Optical Polarization Effects.

So far no mention has been made of electronic polarization
10 . .
effects. In Jortner's 3 adiabatic treatment these are included by
complementing the single-particle electronic energy, Wi, with a term
sS=1e/ (amx )fo (r)r-gdv
i~ = o rpop
appropriate to this effect. Noting that pop(r) = -e Y/4'l1'r2 and
taking the lower limit in the integration to be ;i’ the mean radius
.t . . . . .
of the 1 h electronic state charge distribution gives
e 2 -
s, = e v/ (4111(0) r (9)
as an approximate electronic polar energy.
The total electronic energy within this model is then
ES = W. + 85,
i i i

and correlation with the experimental heat of solvation is attempted

by setting
~AH = ES + 1.
. . 109
An alternative scf solution scheme deployed by Jortner
and later by Fueki, Feng and Kevan”o, who also incorporated it into a

semicontinuum approach,implicitly involves the optical polarization

in electron binding.

In this picture the total polarization P is given by

pi(T) + Pop(r)
0 . (R

- per‘r(r) / 4m - Ye Vfi(r) /4m r DR

p.(r)

1]

(10)

]

which gives rise to a potential, Vi(r), of
= - - .(R R
41'rkoVi(r) = perr(R) Yevfl( ) r € (1)
-perr(r) —Yevfi(r) r >R
and a medium polarization energy, Ui’ of

4mx_U =% Be {fr(R)/'ipi(s) ds +_/;;i(s) £ (s) ds}
b ve @) e fil) a2
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due to both inertial and optical effects. r is written to represent
the relaxed state in contrast to i which is the instantaneous state
under consideration. The potential is now strongly state-dependent.
The total energy of the system, medium + electron, may be obtained
as
Ei = Wi + Ui

which implies that the heat of solvation is simply given by the neg-
ative of the total ground state energy. It is important to realize
that transitions, vertical in the Franck-Condon sense, are now ac-
companied by a change in optical polarization.

Along with Jortner's adiabatic model this scf method has
been incorporated into the mainstream of theoretical development of

the semicontinuum models.
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d) A Comparison and One Refinement,

As already mentioned, the scf approximation, which sets all
the electrons on an equal footing, neglects the capabilty of the medium
electrons to follow the detailed motion of the trapped species. On the
other hand, the adiabatic treatment asserts this possibility to its
full extent in assuming that the trapped potential is solely derived
from inertial effects.

Since the binding energies of excess electrons, solvated or
trapped, in polar substances is of the order of a few eV, the scf
approach seems more justifiable. The criterion for the applicability
of the adiabatic model, namely the large binding energy difference re-
quired between the medium and the surplus electrons, is scarcely sat-
isfied. The ultra-violet edge of absorption is around 5 eV in these
materials. Tﬁus, while the adiabatic model undoubtedly overestimates
the screening of the electronic polarization, the scf scheme precludes
the existence of any correlated motion. Some more sophisticated tech-
nique designed to probe beyond the Hartree-Fock limit in an effort to
include the effect of electronic polarization in a reasonable fashion

is clearly required.

Tachiya et al.111 have suggested that these polarized cavity

models in fact also misjudge the effect of orientational polarization.
Neither the adiabatic nor the scf approach account for the situation

of inertial polarization in the vicinity of the elctron. In an attempt
to allow for this, these workers have introduced a proportionality con-

stant not equal to [ between the orientational polarization and its

equilibrium electric displacement.

Before the development of the theory required for the semi-

continuum approach, one important modification of the simple polarized

cavity models was investigated. This is the addition to the potential

of a constant%term,vs, outwith the cavity, the energy of the so-called
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quasi-free electron in the medium. This appears entirely analogous
to the referral of the energy within the cavity, in the corresponding
colour centre theory, to the bottom of the conduction band as zero.
Experimental estimates of this quantiy in polar liquids are not at
present available, though it does seem amenable to measurement.
Reliable estimates do exist for rare-gas liquids112 and liquid
hydrocarbons.113

Theoretically, Springett et al.114 have shown that a con-
stant value of V_ (not varying with radius) usually provides a satis-
factory description of the electron-medium interaction in the continuum.
In the simple polarized cavity model it is taken to account for elec-
tronic polarization interactions within the bulk medium in addition
to a kinetic energy term including scattering by medium molecules. It
is therefore a very sensitive quantity strongly dependent on the deli-
cate balance between long-range attractive and short-range repulsive
forces. Some rather crude calculations of VO have been performed 5
by applying the Wigner-Seitz sphere model to an electron in a dense
polarizable fluid. The result for ammonia, Vo = 0.2 + 1.0 eV116, is
clearly most unsatisfactory and further clarificatior of this quantity
is undoubtedly necessary.

Jortner and Kestner116 have performed calculations for a var-

iety of values of V_ added to Jortner's adiabatic model. However, any
o

attempt to embellish the scf potential with this same term must be

viewed with suspicion. Some of the factors it was introduced to handle

have already been taken care of in this different formulation.



76

e) Results and Discussion.

In an effort to gain insight into the structure of the ammon-
iated electron, Jortner103 has performed a variational solution of the
simple adiabatic polarized cavity model using the potential given in
the equation (3), with kop = 1.756 and k., = 22.0 appropriate to a
temperature of 240°x. Employing the cavity radius as an adjustable
parameter he attempted to match the peak of the observed absorption
spectrum. With values of between 2.0 & and 2,45 R for the radius,

3.2 8 being the point of match, reasonable estimates of other exper-
imental observables were obtained. Computing, for example, 1.67 eV for
the heat of solution, which agrees very favourably with the derived
value 1.7 ¢ 0.7 eV presented in this same paper as following from
experiment. Happily, the existence of a cavity of radius in the re-
gion of 3.0 ® also offers a satisfactory account of the bulk volume
expansion which accompanies the dissolution of metals in liquid
ammonia. Various semi-empirical estimates of the "radius" of the
ammoniated electron have been suggested117. These turn out to be
mainly in the region of 4.5 2. Taking the mean radius of the surplus
electron in its ground state as a measure of this effective radius
again provides a nice fit to the observed data.

Unfortunately, not only is the treatment in terms of an

empirical radius, chosen to fit some observable rather suspect, but

also the description of the electron-medium interactions implicit in -

this model is hopelessly naive. This latter deficiency has been, to

some extent, screened by the use of an approximate solution technique.
Namely, the Schrodinger equation incorporating the adiabatic potential

has been solved variationally using one-parameter, single-exponential

trial functions

P1S(r) N T exp(-ar)

(13)

2
Pzp(r) N, r° exp(-br).
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Tables II.1 and II.2 present a comparison of Jortner's
variational results with the corresponding values obtained by the
present numerical method. The agreement, at 3.2 R, with the optical
transition energy is at once spoiled, a cavity size of 3.69 b being
required to regain the concurrence. The heat of solvation is altered
from 1.67 eV to 1.818 eV on accurate solution and to 1.085 eV by in-
cluding the medium polarization energy (4) of Tachiya which is con-
sistent with the simple potential form chosen.

In detail, it is evident that the numerical solution method
lowers the derived 1s energy by between 8 and 10%, while having a con-
siderably smaller effect on the 2p level, affording only a 3% improve-
ment., This is in marked contrast with the large amelioration of the
2p energy arising from a similarly improved calculation scheme in the
polarized cavity models solved in Part I relating to colour centres,
Differences in the respective forms of trapping potential are the cause,
The single-exponential 2p function employed in both cases offers a
much better fit to the exact solution of the truncated coulombic
potential arising here than to the square-well like form apposite to
the F-centre problem. This difference is further evidenced in Figure
II.4 which depicts the numerical and variational ground and first-
excited state functions for the ammoniated electron in a cavity of
3.0 £. The numerical 1s function is noticeably more compact than its
variational counterpart while the 2p functions are much less disparate.
The extent of the differences is not made clear by merely stating the
magnitude of the discrepancies in the mean radii of these functions;
11% for the 1s case and 7% for the 2p functions. This quantity is in-
sufficiently sensitive to the precise nature of the functions.

A much better guide is offered by the ratio, tf, of the
dipole-velocity and dipole-length oscillator strengths. As before

te = f\vel/ flen’
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Scrutiny of Table II.2 reveals that even the tf values of the numer-
ically obtained functions are very far from unity, This in no way
reflects the badness of the solution accomplished. It arises, rather,
from the effect of the ad hoc -inclusion of the electronic polariza-
tion energies into the transition énergy required to compute the
oscillator strengths. Neglecting this contribution to the electronic

energy gives a transition energy at R = 3.0 R of 0.585 eV whence the

v
len

n

oscillator strengths of f
vel

v n
=1.17, fv = 0.92, flen = 0.941 = £

el

may be computed. The variational values were computed, using the op-

timum 1s and 2p exponents a and b respectively, from

v 11 3.5 10
flan=2 2 D / (a+b) = E(a)

7 5.5 8 -1
f:el"z a’ b° / (a+b)” E(a)” .

(14)

Employing these improved f-values yields a tf ratio of 0.78 for the
variational functions and 1.000 for those derived numerically. This
is now in much better accord with corresponding results secured in
Part I. Clearly the inclusion of electronic polarization effects in
the transition energy must be supplemented by the incorporation of the
long range medium polar modes in the wave-functions bracketing the
dipole-moment operator in the computation of the transition matrix
elements. Otherwise really poor velocity-length concurrence results,

the latter predicting values well in excess of unity.

Rusch et al.118 have carried out an extensive program of

variational solution within this model for cavities in ammonia rang-
ing from 1.0 R to 10.0 R in radius. Figure II.2 displays their results,
again obtained by employing an inflexible single-parameter trial func-
tion to describe both the ground (1s) and first excited (2p) states.

The 1s lowering achieved by the present method persists over all cavity
radii studied as does the 2p improvement, though as mentioned it is not

so distinct. Also included in this diagram are the numerically ob-

tained 2s and 3p functions. Assuming vertical transitions, as indicated
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by the vertical line at 3.69 K, a 1s - 2p transition energy of 0,800 eV
is obtained at this- radius, which mimics the observed peak value. The
1s - 2s transition, which is symmetrically forbidden, would occur at
1.24 eV; inside the envelope of the absorption band. The 1s - 3p trans-
ition would be peaked at 1.47 eV very far out into the high energy tail
of the band.

One interesting feature concerned in this graph is the simil-
arity in the behaviour of the s function energies at small R, steadily
decreasing up to R = 0. Contrast the flattening observed in the p
functions. Such likenesses are again demonstrated in Figure II.3
which plots the mean radii of the numerical functions.and variational
ones where available against cavity radius. The p functiéns are linear
in R for large R only, while the s functions are approximately linear
for all R. This reflects the differences inherent in the short-range
nature of s and p functions. The discrepancies in the mean radii be-
tween the numerical and variational representations of both 1s and 2p
functions are quite significant and similar to that in the cavity
range studied by Jortner. They tend to become more pronounced at
large R, this tendency being greater for the 2p function and to be-
come less noticeable for small R. This is just what should be expected
since the single-exponential functions should provide a good fit in the
limit of zero-cavity radius, where the potential will become hydro-
genic, falling off as ﬁr-1. The variational one-parameter 1s func-
tion loses this agreement quickly being more sensitive to the short-
range (near r = o) behavior of the potential which changes drastically
on defining a cavity of any size. The 2p function is governed to a
greater extent by the nature of the coulomb tail and is somewhat in-
sensitive to the potential at small r. Following this reasoning the
single-exponential 3p energy is expected to be in close agreement with

the numerical value. This is borne out by the slight dependence of the
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3p energy on cavity radius shown in Figure II.1 and by the likeness of
the scaled hydrogenic 3p energy to that derived numerically; these being
coincident at 0.668 eV for zero cavity radius and differing by only
about .07 eV at R = 3.2 &.

Figure II.2 depicts the variation of transition properties
with cavity radius. Both the variational results computed from the
work of Rusch et al. and the present numerical values are included.

It is seen that the alterations in the dipole matrix elements and the
transition energies, obtained numerically, combine to exaggerate the
discrepancies in the dipole-length oscillator strength. In the dipole-
velocity case the effect of the changes has been cancelled to an apprec-
iable extent.

Jortner119 has essayed a matching of the optical properties
of the hydrated electron using this same model potential and employing
an identical variational solution technique. 1.45 R is the chosen
cavity radius. This is the average 0 - O distance in liquid water
and stronger hydrogen bonding, larger surface tension and a smaller
pressure effect on the spectrum than in ammonia, all suggest the
presence of a smaller cavity in the former medium.

Tables II.3 and IT.4 outline the comparison of these results
with those secured numerically. The numerical 1s energy shows the ex-
pected magnitude of improvement but the variational 2p energy is, most
surprisingly, lower than its numerical counterpart. The reason for
this is unclear, Jortner not having reported any other data associated
with this excited state. It is also somewhat disheartening to find
that the numerical medium polarization energy, computed by the orig-
inal Jortner formula is lower than the corresponding variational re-
sult. This is contrary to what was discovered in ammonia where the

numerically derived values were consistently 5 - 6% below the var-

iational value. However, a fresh computation of this quantity from
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Jortner's original formula, using a 1s exponent of 0.284 au_1, which
reproduces the reported mean radius of this state, gave the value

M =1.152 eV in much closer accord with the calculated trends in
ammonia. It is not stated whether Jortner perhaps used some other
formula to obtain his medium energy, e.g. the Land and QO'Reilly
amendment (7) though this would seem to yield but 1.28 eV with the
above exponent. The results presented by Jortner suggest a heat of
solution of around 1.85 eV, neglecting the cavity creation energy
which is assumed to be small and was not included in the original
formulation of the model potential., An optical transition energy of
1.65 eV was also computed. Both of these values are reasonably close
to the experimental 1.72 eV and 1.70 eV respectively.

Numerical solution at 1.45 R damages this agreement consid-
erably. The new transition energy is placed at 2.089 eV and the heat
of solvation at 2,488 eV using Jortner's formula or 0.994 eV assuming
Tachiya's equation for consistency. The tables also include the numer-
ical results at 1.84 R cavity radius which reproduces the experimental
absorption band maximum. However, the heat of solution is still badly
overestimated (and underestimated by Tachiya's method). Jortner's
comment that the (variationally obtained) "agreement should not be
taken too seriously, as the theory is semi-empirical" certainly requires
amplification for the case of hydrated electrons in the light of the
present findings.

Application of the adiabatic treatment of the polarized cav-
ity model in the context of a variational solution method has also
been attempted in an investigation of the properties of crystalline

. 120
ce

i at 77°K. Using a "realistic" value for the dielectric function

at low frequencies, k = 3.0, which implies orientational polarization

st

is frozen in, no parametric fit to the observed band peak can be ob-

tained. In the limit of zero-cavity radius, the relative permittivities



82

used imply a transition energy of only 1.20 eV, much too low to agree
with experiment. Employing a static relative permittivity of 75.0,
i.e. assuming free rotation of ice dipoles, which is unrealistic in
view of the long relaxation time121 allows a correlation of the maxi-
mum in the optical spectrum at a cavity radius of 1.37 2.

Figure I.5 charts the variational solutions as a function of
cavity radius for both the above parameterizations, Numerical calcu-
lations also presented in this figure show similar amelioration to
those discussed in connection with water and ammonia., The alteration
of kst increases the orientational polarization contribution in the
latter model and the effect of the improved solution technique is to
move the optimum radius from the variationally obtained value of 1.38 R
out to 1.62 R where a photoelectric threhold of 2.67 eV is now predicted.
Julienne and Gary conclude that, since the correct dielectric function
is unable to reproduce the band parameters, the surplus electron is
most likely trapped in a region of physical defect. Clearly the failure
of the simple polaron model here should not be taken too seriously,
though, and more realistic attempts to compute the properties of elec-
trons trapped in ice must be evaluated before such a conclusion is sub-
stantiated.

thle it has been asserted that the scf formulation of the
polarized cavity model is theoretically preferable to the approach
just discussed, only a few calculations of the properties of excess
electrons have been completed within this framework. Jortner's orig-
inal application of this scheme109 attempted to explain the observed
optical and thermochemical properties of the hydrated electron.

Columns 1 of Tables II.5 and II.6 contain these original results, as
usual determined by recourse to an inflexible, one-parameter, varia-
tional trial function.

One disquieting finding was that, even in the limit of zerd-
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cavity radius, the prediction of this model‘of a 1s -2p transition
energy of 1.32 eV is only beginning to appréach the experimental value.
This limit, of course, supplies the highest possible 1s -2p energy sep-
aration given by the model, since the quantity decreases steadily with
increase in cavity radius. The heat of solution, at 1.20 eV, was also
somewhat lower than would be desired. It should be noted that the or-
iginal value of the total 1s state energy quoted in ref. 109 and re-
peatedly cited in subsequent: reports is, in fact, in error. It appears
that a factor of @ has inadvertently been omitted. The revised value,
1.30 eV replacing the old 1.32 eV, follows from the formula of the
original source. Though this slight amendment is in no way serious,

the properties computed by the variational approach of Jortner have been
reestimated assuming that the error was not typographical. Thus the
values reported here differ marginally from those of the initial work.
The failure to replicate a reasonable transition energy for the hydrated
electron has led to some concern over this use of the scf model.

In an attempt to alleviate the uncertainty surrounding the
application of the scf treatment to this problem, Fueki, Feng and Kevan122
endeavoured to enhance the accuracy of the variational solution by em-
ploying a much more flexible three-parameter trial function for the ..
ground state of the form

P = N(P1S + cP2S)

where P = {EZa)%/Q}% r exp(-ar)
and P, = {(2b)3/2}1§ r (ur-1) exp(~br).

A one-parameter representation of the 2p excited state was maintained
and a cavity of zero-radius was chosen for simplicity. Treating a,b
and ¢ as independent variational parameters yielded a massive, greater
than 30%, lowering of the 1s energy with respect to Jortner's one-
parameter work. The new transition energy was evaluated as 2.18 eV

and the heat of solution placed at 1.81 eV. Consequently these workers
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were able to assert that the observed band maximum could be fitted at

a finite cavity radius, However, due to the complexity of this calcul-
ation, no attempt was made to further verify this statement by actually
deriving this radius.

Tables II.5 and II.6 also include these new results together
with the corresponding numbers secured employing the present finite-
difference technique. The current numerical resulté fail to reproduce
the vast improvement apparently obtained by the three-parameter work.
Instead, the magnitude of the amelioration on Jortner's results is
quite comparable to that obtained in the adiabatic treatment. The
numerical ground state energies are again about 10% better. The mean
radii are up to 12% more compact. No direct comparison of the total
excited state energy is permissible since this quantity depends im-
plicitly on the ground state inertial polarization energy. A more
compact 1s function increases Ust’ which governs the static polarization
of all unrelaxed states. This tends to make the 2p energy more posi-
tive and hence conceals any improvement in the single-particle energy
obtained.

The mean radii of Fueki et al. lie, quite reasonably, between
the crude single-exponential and the accurate numerical values. Figures
II.6 and II.7 tell a differnt story. While all three excited state
functions are rather similar (Fig.II.?) the multi-parameter ground
state function is markedly inappropriate (Fig.1I.6). Further support
for the veracity of the numerical function is provided by a comparison
with a relatively flexible variational function employed by Pekar1oo
in an unwitting solution of this self-same scf problem. Using a func-
tion of the form

Pg=Nr (1+dr+er2) exp(-dr),

. . . -1 2
Pekar obtained, with optimum parameters d = .65 au and e =4, a

total ground state energy of 1.45 eV, almost identical to that given
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by the current work. A plot of this function is almost indistinguish-
able from the present numerical function and is not included in
Figure II.6. Pekar's transition energy can not, however, be taken
over for comparison as the altered effect of electronic polarization
on the excited state was neglected in his work.

The total excited state energy computed by Fueki, Feng and
Kevan is considerably more positive than the pertinent values of the
other treatments. This is presumably due to the large inertial polar-
ization developed through the nature of the ground state function of
the former approach. In conclusion, it is apparent that the simple
polarized cavity model, solved within the scf approximation, is incap-
able of reproducing the observed optical properties of the hydrated
electron.

Table II.7 presents a comparison of one other set of calcu-
lations within this approach on the surplus electron in water. The
one-parameter variational results of Jortner and the current numerical
solutions again follow similar trends as in the adiabatic case. The
numerical ground state energy is now almost 18% improved, a consequence
of the gradual deterioration of the quality of the single-exponential
fit to the true function for large cavities. The poorness of the match
is evidenced in Figure II.9 which plots the ground state functions
resulting from both treatments. Clearly, stating that the mean radii
of these functions differ by 11% again conceals the extent of the dis-
parity.

Since the permittivities of ammonia and water are somewhat
similar, it is reasonable to expect that the scf solution will be cap-
able of replicating the experimental absorption maximum in the former
medium. This was found to be the case and Table II.8 sets the variat-
ional work of Jortner123 with one-parameter variational functions as

usual, alongside the numerical properties derived here. The trends in
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the differences exhibited are, once more, entirely analogous to those
found previously, both in the scf treatment of water and in the results
obtained in the adiabatic approach, Also included are the values relev—
ant to a cavity of radius 2.93 8, at which the computed transition
energy matches the absorption peak, The heat of solution, 1.09 eV, and
the photoelectric threshold, 2.871 eV, are both somewhat at variance with
experiment,

Figure II.9 reproduces the numerical results obtained here
over a range of cavity sizes from 0,0- 5.0 K, the vertical line indicates
the point of match with the optical spectrum, The change in these ener-
gies with cavity radius is noticeably dissimilar to that observed on
adiabatic solution (see Fig. II. 1). The s and p type energies behave
here in a like fashion especially for small cavity size. At large R the
1s energy is rather more sensitive to variations in the cavity dimensions.
The transition energy is seen to decrease monotonically with R as expect-
ed. This scf treatment of the ammoniated electron also underestimates
the observed dependence of the absorption peak on temperature unless’ the
coefficient of temperature expansion of the cavity is taken to be much
in excess of 3.0 x 107> R/deg.

The reasons underlying the differences in behaviour with R of
the adiabatic versus the scf solution are evident from Figure II.10.
This depicts the effective potentials experinced by the electron in
these models as a function of cavity radius. All the adiabatic states
are supported by the potential ¢a which drops off precipitously to
-was R tends to zero. The scf potentials are, of course, state depend-
ent but, in general, tend to some relatively small negative value as
the cavity shrinks.

To complete this section, results within the scf formulation
of the polarized cavity model, but neglecting all electronic polariza-
tion effects, equation (6), are listed as a function of cavity radius

in Table II.9. The parameters employed in the numerical derivation of
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these solutions are relevant to the ammoniated electron. The import-
ance of the optical contributions to the scf scheme is at once demon-
strated. In their absence the total ground state energies are very
small and the upper limit on the predicted transition energy is but
0.504 eV.:- One comment is in order. It will be seen from this
table that the concurrence of the dipole-length and dipole~velocity
oscillators strengths has been regained in this formulation. The two
values are identical for the 1s- 3p transition. The tfvalues for the
inertial + optical scf treatment were markedly different from unity.
the reason is obvious. Again, as in the adiabatic approach the in-
clusion of state-~dependent electronic polarization effects in the
transition energy mars the 1ength/&elocity agreement. In the scf

model this implies that the inclusion of some type of medium mode is

again necessary if an accurate oscillator strength is required.
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£)  Conclusion.

The present numerical solution technique is seen to afford
about a 10% improvement on the single-particle energies computed in the
one-parameter variational work reported previously for both the adiabatic
and scf formulations of the polarized cavity model. Derived properties
are altered by a corresponding amount.This improvement in the accuracy
of the obtained solution brings a number of results into question.

In the adiabatic treatment of the ammoniated electron the in-
clusion of a consistent form of medium polarization energy leads, when
the potential is parameterized to fit the maximum in the optical absorp-
tion band, to a heat of solution which substantially underestimates the
experimental value. Also, the predicted photoelectric threshold is
somewhat higher than would be hoped. Application of this model to the
hydrated electron, with the same matching criterion, yields a similarly
disparate heat of solution. Attempts to correlate the observed prop-
erties of trapped electrons in ice by this approach require the inclus-
ion of an unrealistically large low-frequency relative permittivity.
The resulting increased inertial polarization is necessary to produce
a potential well sufficiently deep to support electronic levels which
would give rise to the experimental absorption band.

More critically, the hopefully superior scheme fails to give
account of the optical properties of surplus electrons in water, des-
pite a recent claim to the contrary. In actuality an early work of
Pekar (1946!) is supported. For the ammoniated electron a parametric
fit to the absorption peak may be achieved, but only at the expense
of an unsatisfactorily low heat of solution and high photoelectric
threshold. In addition, the sensitivity of the energy levels to var-
iations in cavity size are insufficient to reproduce the observed

temperature dependence of the spectrum. Efforts to reproduce the op-

tical absorption spectrum of electrons in ice at 77OK, though not
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reported here, using the scf approximation again fail. Even the incor-
poration of the artificially enlarged static dielectric function men-
tioned above was inadequate to allow prediction of a reasonable trans-—
ition energy.

In both approximate formulations the computation of transition
moments from purely electronic wave-functions and from state energies
determined in part by the effect of electronic polarization generates
some doubt as to the validity of the derived oscillator strengths.
Though several theoretically reasonable methods exist124 for computing
the entire line-shape expected in both models, such a calculation was
not pursued. The conceptual content of the polarized cavity models pre-
sented above was judged too naive to make this worthwhile. Instead,
such a construction has been reserved for the semicontinuum models
which are discussed in subsequent sections. It is expected that amelior-
ations in the single-exponential variational solutions of these models,
performed to date, will be entirely analogous to those disclosed here.

The failure of the polarized cavity models, formulated within
either the adiabatic or the scf approach, to take account of the struc-
ture of the medium may be overcome in an entirely different manner,

This is demonstrated in the work of Dogonadze and Kornyshev125 who have
developed a many-body description of polar fluids in terms of the so-
called electrodynamics of media with spatial dispersion. The under-
lying idea of this approach is the replacement of the local relation
for the total polarization
p(z) = (1 - X })n(x)

by a nonlocal equivalence of the type

Piz) =32 / (zr') 2°(z) ar’ (15)
where c_ (r r') depends on the static permittivity tensor k (r r'),

hence the term"spatial dispersion", through

b _
cp(mr') =8, 8(z") - {kzt (z,z' )} '
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The mean dipole orientation in the bulk medium will now depend on the
displacement at every point, thus allowing for the correlated motion
of the medium molecules, which must surely exist. It is hoped to ex-

plore this promising avenue.



W

91

Tables IIa

Properties of surplus electrons derived from polarized
cavity models.,

Tables 1-4 contain results from adiabatic calculations,
1 and 2 in ammonia, 3 and 4 in water. The numbers obtained from
the scf solution scheme are in Tables 5-9, 5 and 6 are for water
with zero cavity radius, 7 in a void of 3.3 ﬁ, 8 and 9 present
results for ammonia.

All energies are in eV, distances in 2.
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Table 1II1.1

-Ww(1s)
-5(1s)

-E(1s)

3.0

1.415
0.745

2,160

0.826
0.484

1.306

1.258

0.494

3.0

1.501

'0.842

2,344

0.823
0.518

1.342

1.258

Oo 525

1.085

1.818

present numerical results

103

one-parameter solution

.

1.356
0.717

2.073

0.790
0.472

1.262

1.179

0.475

1.60

3.2

1.440
0.809

2. 249

0.810
0.507

1.317

1.179

O. 484

1.070

1.765

3.69

1.310
0.740

2,050



Table I1.2

R 3.0 3.0"
*(1s) 4,17 3.679
E(a) 0.85 1.002
a
flen(a) 1.70 1.392
a
vel(a) 0.63 0.637
tf 0.37 0.457
E(a') - 1.738
flen(a' ) - 0.055
a computed from reported exponents
n present numerical solution

103

e s . 10
v one-parameter variational solution 3

3.825

6,122

0.932
1.406
O. 642

0.456

1.652

0.047

3.69

4,162

6.487

0.800
1.435
0,651

OQ 454

1.471

0.034



Table

IT.3

R 1.45"
-W(1s) 2.34
-s(1s) 1.11
-E(1s) 3.45
-¥(2p) -
-8(2p) -
-E(2p) 1.80

n -

n’ 1.60

NS -
AR 1.85

present numerical work
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one-parameter variational solution

2.413
1 .308

3-721

1,002

0.632

1.634

2.727

1.233

0.944

2,488

1.84

2.152
1.150

3.302

0.980
0.610

1.590
2.149
0.962

1.153

2.340



Table II.4

R 1.45" 1.45" 1.84"
;(713)’ 2.8 2,402 2.730
r(2p) - 4,752 5.014

E(a) 1.65 2.089 1.700
flen(a) - 1‘.1‘6‘5. ’ 1.253
£ -
vel(a) - 0.529 0.584
t, - 0.463 0.466

4 -
flen(.a ) 0.053 0.103
n present numerical work

L ' . 119
v one~parameter variational solution



Table TII.5

W(1s) - -3.92° -4.319" -
E(1s) 11.30 31,440 1,810
vst 1.46 v 1.602 -
u_(1s 1.16 1.278 - .
OP(‘ ) ; 278 _
w(2p) ~2.01 -2,175 -
E(2p) 0.03 0.088 0.37
Ugi;(Zp) 0.59 0.661 | -
a one-parameter variafional work, corrected from ref, 109 '
b three-parameter variational work122

n present numerical solution.



Table II.6

r(1s) 2.55% 2.250"
r(2p) 4.9 4,292
E(a) 1.33 1.529
£ an(2) 0.98 0.714
‘fvel(a) 0.84 0.917
tf’ 0.86 A 1.284
E(a') - 2,375
1]
£ en(:a ) - 0.146
fvel(a' ) - 0.101
- . 109
a one-parameter variational solution
b three-parameter results122
c computed here

n numerical work.

0.88

2,4°

4.6

2.18



Table 11,7

E(1s) -0.91" “1a0™
S T(1s) 3.95 3.514

T(2p) - 5,254

E(a) - 0.93 0,743
flen(a) - Qo 91 6
£e(a) - 1,029

te | - 0.890

E(a') - 1.425
flen( a') - 0.125
fvel(a') - - 20,050

n present numerical work

s s . 109
v one-parameter wvariational solution



Table II.8

-E(1s)

;(15)

(2p)
E(a)

flen(a)

vel

E(a')

flen(a')

0.0

0.404

0.811

4,232

7 .021

0.5604
0.933
0.934

1.001

0.879

0.037

0.406

0.810

4.238

7.012

0.504
0.936
0.935

0.999

0.866

0.043

2.0

0.401

0.782

4,364

7.105

0.479
0.943
0.944

1.001

0.840

0.034

3,0

0.385

0.709

4.734

7.390

0.414
0.962
0.963

1.000

0.769

~ 0.028

0.362

0.624

5.257

7.851

0.341
0.978
0.978

1.000

0,663

0.016



Table II.9

R 0.0 0.0"
w(1s) - -4.407
E(1s) -1.21 . 31,349
w(2p) - -2.030
E(2p) 0.05 0.077
r(1s). . 2.67 2,320
r(2p) - 4,472

E(a) 1.26 1.426

£ en(2) 1.0 0.709
fvel(a) - 0.916
n present numerical solution

v one-parameter variational work

-0.92

0.01

3.96

0.93
‘»;0.7

-2,706

-1.053

-1.756

-0,320

3.490

5.345

0.732
0.904
1.026

0.881

2.93

-2,871

-1.792

-.292

3.326

5.206

0.800
00889
1.021

0.871
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Figures Ila

Figures 1-9 contain results from §olarized cavity models of
surplus electrons.

Adiabatic energy levels for ammonia at 240°K are in 1, 2
has the derived transition properties, 3 the mean radii and 4 the wave-
functions in a 4.0 § cavity., Adiabatic results for water and ice (dash-
ed quantities) are in 5.

6 and 7 have scf ground and excited state functions for the
hydrated electron at zero cavity radius respectively, 9 is this in a
3.3 ® void. An scf treatment of ammonia yields 8,

Everywhere (a) is the ground 1s state, (b) the excited 2p,
(¢) 2s, (d) 3p. Except in 2 where (a) is the 1s-2p transition,
(b) is flen(1s—2p), (c) is fve1(1s—2p) and (d) is the 1s-3p energy.
Full-line is variational result except in 8 where these are circled
points. Broken-line is rumerical work (in 8 its full). The chain-
line in 6 and 7 is a three-parameter solution122.

Figure 10 compares the adiabatic and scf potentials exper-

ienced by the ammoniated. ‘bi are the scf state-dependent potentials,

q;a is the common adiabatic well.
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Section 3

Semicontinuum Models,

a) In an effort to allow for dielectric saturation in the vicinity
of the trapped electron and to handle the short-range electron-medium
interactions in a hopefully more realistic manner, the inclusion of
discrete molecular structure in a surrounding solvation shell is a
natural step.

0'Reilly O

first introduced this approach, representing the
molecules in the first coordination layer as non-polarizable point-
multipoles. In this work, however, O'Reilly and later Land and
O'ReillijGhave employed the void radius in a parametric fashion. An
obvious extension of these ideas involves the incorporation of repul-
sive interactions amongst the neighbouring molecules., This, coupled
with cross-cavity interactions, should inhibit cavity collapse and
allow the prediction of configuration stability of the system at some
derived cavity radius.

This treatment has been followed in the works discussed here.
Multipolar and induced interactions are introduced between the mole-
cules of the solvating sheath. The short-range electron-medium interac-
tions are determined principally by charge-oriented dipole energies,
the latter component being crudely thermally averaged. Since the models
were originally proposed to give account of the properties of hydrated
and ammoniated electrons some estimate of the extent of hydrogen-~
hydrogen interference on molecular reorientation has generally been
included, especially in the latter system.

The long-range electron-medium interactions have been carried

through from the polarized cavity approach, in terms of an averaged

bulk polarization. Both the scf and adiabatic formulations have been
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maintained in alternative solution schemes. One further quantity must
be specified to allow the computation of the total enercy of the system;
the cavity creation energy. This has been assumed to comprise a surface-
tensional component and a pressure-volume work term. A minimum in the
total energy of the system is sought and the properties of the solvated
species are calculated at this derived optimum configuration. These

concepts are next presented in detail.
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b) The Semicontinuum Potential.

Work within the adiabatic approximation has been extended
to a semicontinuum level under the guidance of Kestner and Jortner126’127
and will be discussed first.

The surplus electron is assumed surrounded by a small num-
ber, N, of symmetrically distributed molecules of radius ro with a
"hard-core", 2as in diameter, These molecules are represented as pol-
arizable point dipoles situated at a distance Ts from the centre of the
cavity. The dipole moment, By is taken to be the gas phase value and
the polarizability, a, is assumed isotropic. A void radius, T is
defined such that r_ = r, + Tg locates the dipoles, R =1r, k6 -~ a, is the

d d

distance from the origin to the start of the hard-cores and r,=7T4 ¢+ ry
measures the onset of the continuum.

If Ee is the field exerted by the solvated electron, then
these dipoles may be assumed to experience an interaction described
by the potential energy X = —Ee - @ where p = pocose and O is the
angle between the moment vector and the radius vector from the origin
to the dipole centre. The tendency of the enclosed electronic charge
to orient the surrounding dipoles will be counteracted by the thermal
agitation of the molecules in the medium. To account for this, a
Boltzmann distribution of orientations is assumed such that, if dN is
the number of dipoles with energies between X and XK+dK, then dN is
proportional to exp(—K/kT) dX. The total effective moment is then
given by

™
p:po/NﬁcosedN
= H, coth( X ) --X_1 (16)

where X = o Fe(rd),/ kT. Thus the temperature average of the direction
cosine is included by way of the Langevin function' 20 L(x) = coth(x) - x 1.

If the electron is assumed to experience a spherical polari-

zation field created by the alignment of the adjacent dipoles a return
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to the methods of the polarized cavity model is effected. This approach
has been adopted in the work of Iguchi129 and will not be pursued here.
Alternatively the electron may be assumed to interact with the first
solvation layer of molecules via the potential generated by direct

charge-multipole interactions. The effective field, due to the excess

electron, acting at the molecules may now be written as

2
Fe(rd) = eC; /l<411ko) ry ' (17)

where Ci is that fraction of the electronic charge distribution, assumed
spherically symmetric, enclosed up to the hard-core of the molecules.
Since multipole orientation is assumed slow with respect to electronic
processes, this charge distribution will always be that of the relaxed
state under consideration,

C. =-/‘l; Pi(s) ds
where Pr describes the radial variation of the'relaxed state wave-
function. In Land and O'Reilly's original treatment the expansion of
the multipole potential was broken off to give a superposition of charge-
dipole and éharge-quadrupole interactions only. The latter term, how-
ever, proved to be rather insignificant and has been neglected in the
formulations employed by Jortner and Kestner.

The electron is taken to interact with the bulk medium beyond
the first discrete shell as in the adiabatic polarized cavity model.
This leads to a single-particle electronic energy, Wi' which is a sol-
ution of the adiabatic potential, written in atomic units,

{-% P/ ar® e 1) /24 V(r)}Pi(r) —w, P(x)  (18)
V(r) = - Np/r5 - B/ r, 0{r >R,
_Np/rg-p/rc+vo R<{ r ) rd, (19)
_B/r+Vo r > rd.
VO is again the energy of a quasi-free electron in the medium. Since
no definite experimental values of this quantity for strongly polar

liquids are available, it has been treated here as a parameter being
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allowed to vary between ¥ 1.0 eV. Some simplistic calculations pres-
ented earlier suggest that this range will encompass the true value.
Care is necessary, however, in adapting the eventual experimental
value to this type of semicontinuum calculation. As it is used above,
Vo is supposed to contain a representation of any interactions be-
tween the electron and the first coordination layer other than those
explicitly accounted for in the dipole term. A measured value cer-
tainly will not include this contribution.

The total electronic energy, Ei’ is obtained as a sum of
Wi and a small tern, Si’ due to interaction with the electronic pol-
arization of the medium (reverting to S.I. units)

4mk_ S, = - Nae® Cs /rg - ¥e? Ci / 2 r, (20)
This definition of the term will be adopted here to facilitate com-
parison with the most recently reported variational results130.
Since its original introduction it has undergone several slight modif-
ications. Even in this final form the latter component would appear
to be alreaéy counted in the usual usage of Vé.

The alternative line of attack, incorporating the scf formu-
lation of the long-range electron-medium polarization interactions has
been extensively employed in the work of Fueki, Feng and Kevan131.

In this approach the short-range interactions are determined in a some-
what similar fashion to the method discussed previously. Some import-
ant modifications have, however, been made. The solvating molecules

no longer possess hard-cores and are now entirely characterized by
their radius, T The defining measurements in this treatment for a
void of radius T, arer, =T_+ T, the location of the dipoles and

d
R = re + r , the distance to the start of the continuum. In addition
s
to the charge-dipole interaction included before, the short-range

electron-medium interactions are now supposed to comprise a charge-

induced dipole contribution. The potential experienced by the surplus
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electron in this scf scheme is, in au,

v,(r) = -Np/ ri - Nac, /2 rg - B£(R) -Y£ (R) 0(r>ry
- pfr(R) -Y £ (R) + v, rs{ TOR (21)
- B£(r) -Y£.(r) + v, R ( r.

is again p0<c039§d the subscripted r implying that the value of the
average cosine apposite to the relaxed state is employed. Notice that
the potential is now, as expected, state-dependent.

Choice of an appropriate value for Vo in this model must pro-
ceed with caution, the electron-electronic polarization interaction
having already been accounted for in the long-range part of the scf
potential. Substitution of this potential form into the relevant radial
Schrodinger equation produces, on solution, single-particle electronic
energies as before.

Clearly the electron-multipole interactions presented in
both these methods are attractive in nature. Contraction of the void
will thus increase the electronic energy term. To achieve the desired
configuratiénal stability, a medium rearrangement energy must now be

introduced.
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c) The Medium Rearrangement Energy.

As outlined in the introduction, the reorganization of the
medium to accommodate both a cavity and an excess electron requires
that energy be expended. The decomposition of this energy into its
contributory parts has been performed in an identical way in both
adiabatic and scf treatments of the semicontinuum model. It comprises
a cavity creation energy, a bulk medium polarization component and a
term depending on dipolar and induced dipolar interactions amongst
the molecules of the first solvation shell. The detailed computation
of these quantities is, however, slightly dissimilar in the alternative
approximate solution schemes,

Jortner and Kestner have written the surface tension energy
as E =41‘|‘)‘R2

ST

where N is the plane surface tension. Fueki, Feng and Kevan have chosen
2 2
Egp = 4T A (rd - rs)
to represent this term. Some conceptual difficulty is associated with
the use of a plane-surface tensional parameter to describe cavity form-
ation in the bulk of a dielectric medium. However, the term is not of
crucial importance and the present method seems to be the most reason-
able available. The other contribution to the cavity creation require-
ments is a measure of the work which must be done in expanding a volume
against an ambient pressure p'. Both formulations cite this component
a E_ =%mr p
s PV T3
This term is entirely negligible, except for large cavities under great
pressures.
The dipole-dipole repulsion energy has also been incorporated
into both treatments in an identical fashion
2 2
i) =D 41k .
Byg(1) = Dy iy / (47K ) vy

The total effective moment includes a contribution from dipole-induced

dipole interaction and is given by
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- > /]
FT po<cosoG‘+ eaﬁi /T3
Notice that the "permanent" contribution is governed by the relaxed
state charge distribution while the induced term is influenced by
the instantaneous electronic state under consideration. The constants
N
Naturally the medium polarization energies have been
handled in different manners in the alternative approaches., The scf
formulation of this quantity, Ui’ follows directly from the polarized
cavity model and is simply
(amk ) u(i) = 3 BLe (r) [RP2(s) ds +f°p2(s) £ (s) ds
o = r or Rr r
+ ;—Y{f.(R) RP?(S) ds + [7PS(s) £.(s) ds
= 1 o 1 R 1 1
the former, inertial, component being determined by the relaxed state
and the latter, optical, contribution responding to the instantaneous
charge distribution of the surplus electron. In the adiabatic scheme
the representation employed is open to question. The form actually
included is the so-called correction of the original Jortner express-—

ion, presented in equation (4) and is due to Land and O'Reilly. See

equation (7). The effect of this change is to include the interaction

of that fraction of the electronic charge within the cavity with the
static polarization of the bulk medium. However, as written,
2 , e 2 2 2
"7 E
N-L1ep/ (411'1(0) {fr(rcz/.o Pr(s} ds +frc P (s) fr(s) ds}
this expression appears apposite to an scf treatment of the inertial

polarization; equation (5). Though Jortner has defended its applic-

Q 0 .
ation here13‘ it is suggested in this present work that Tachiya's form,

equation (4), is more consistent internally with the adiabatic treat-
ment of this model.

As mentioned in the introduction, rupturing of the hydrogen-
bonded structure of water and ammonia must take place to allow mole-
cular rotation during electron trapping. In addition, the required

orientation of the molecular dipoles in the formed solvating centre

. . . R
D were first derived by Buckl1'1g1r1am1‘2 and are presented in Table II.10.

(22)

(22)
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mist lead to steric interference of the hydrogen atoms attached to ad- -
jacent molecules. Little is known of the extent of the former process.
However, several empirical estimates of the excess repulsion energy
lost to the latter interactions on rearrangement exist. For ammonia
these have been evaluated by a formula developed byEisenberg and
. 134 .
Xauzmann from studies on water(!), and adapted here as
- _a. R : (24)

By = Cy &P 46(ANRWBN) cos@ (24)
where the constants AN’ BN and CN are listed in Table 1I.10. In water
the fewer hydrogens are generally presumed to be able to avoid one an-
other better and this contribution has been largely neglected. Xamb's

empirical equation135

]
By = Iy A (0/ Cyry)s (25)

where o= 2.8 X, A= 4Kca1/hole, I is the number of interacting pairs

N

and CN is a distance scaling factor, has been applied by Jortner and

. . . 136
Gaathon in a study of localized states in dense polar vapours .
These diverse components combine to give a state-dependent

medium reorganization energy

E (1) =

(&3]

gp * Bpy * Edd(i) + N
for the adiabatic treatment, coupled with some form of hydrogen-
hydrogen interaction, without which a sensible cavity radius cannot be
established.In the scf approach

Em(i) = Bgp + Epy + Edd(i) + U(i)
with the additional hydrogen-hydrogen term being partly optional.

Both approaches introduce a vertically obtained continuum
state, treated as a delocalized unrelaxed state consistent with the
relaxed state inertial polarization. Therefore, in the adiabatic
treatment

B(CS) = Bgp + Epy + Egq(r) +M+ (EHH) + ¥, (26)
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while in the scf formulation

'
E(cs) = Bgp *+ Bpy + Edd(r) + U'(r) + Vo (27)

The dash signifies the omission of optical components;
2 3
Ec'ld(r> = DN{po(cosB)r} / (4nko) ry
Ble () [Rp2(s) as + [p2(s) £ (s) as
r or Rr r

In the expression relevant to the adiabatic approximation it appears

(4mk ) U'(r) =

-

that the charge-induced term of the dipole-dipole contribution has
been retained. It has, therefore, been included in the present work

to allow comparison, but it is recognized to be redundant.
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d) Correlation with Experiment.

The results of calculations, within the framework of the

above semicontinuum models, on the properties of excess electrons
in polar media are presented in terms of much simplified configuration
coordinate diagrams, quite analogous to those applied to colour centres.
The single configurational coordinate chosen in this system is again
the void radius and only the effect of the toally symmetric breathing
mode is considered. Thus, it is at once implied that the dependence
of electronic energy on non-totally symmetric vibrations is weak and
that the degeneracy of the excited state will not be resolved by the
wholly radial mode. Jahn-Teller splitting of the excited state
should lead to a temperature dependence of the half-width proportional

T 137 . . )
to T2, which is contrary to observation.,
To interpret these configuration coordinate diagrams, in
particular to calculate the expected line-shapes, several assumptions
are necessary. 'Firstly it is assumed that the classical high-temper-
ature limit for the absorption line-shape can be safely used. This
is certainly justifiable in the liquid ammonia and water calculations
performed but must be viewed with some suspicion in ice at 77°k.  In
this latter case an effective temperature |

T™* = {E(a) / 21<} {coth(E(a) / 2kT)}

is introduced to account for quantum effects138. Next, the electronic
transition moment, M, is again supposed independent of the coordinate.
This appears reasonable over the range of values of the coordinate
which contribute significantly to the spectrum.

With these assumptions a line shape function may be written

L(E) = M2/Z/:gxp{_Et(r)x/kT}6{E+Et(r)X—Et(i)x}dx (28)

0

. o} . . .
at each value of the distortion X = rv-rv_, rv is the void radius at

the minimum in the total energy curve relevant to the relaxed state

and the subscripted x indicates the configuration dependence of the
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energies of the relaxed initial state, r, and the instantaneous final
state, i. Z is the ground state partition function. The line shape
is thus determined by the thermal population of the initial relaxed
state and the x-dependence of the vertical transition energy.

Substitution of

A(x) = Et(r)r - Et(r)ro
v v
into (28), furnishes (29) on integration;
L(E) = MQ/Z{exp —A(x)/kT} {dx/dE} (29)
from which all quoted line shapes and half-widths are deduced

The transition energy, E(a), is defined as

E(a) = Et(i)o - Et(r)o. (30)
This is distinct from the maximum in the predicted'absorption band,
E(a)max’ as derived from (29). Equality will hold only at low temper-—
atures, but, in the temperature range considered here, deviations are
of slight importance, being of the order of a few tenths of one percent.

The force constant of the totally symmetric vibration, X,
follows simply from

X ={82Et(r)x /axg}m
from which the breathing frequency of the cavity,vc, may be obtained
as vi:K/8n2pM (31)
where By = N m', m' being the mass of a medium molecule,

Other properties depending on the energy of the relaxed
ground state are obtained from the configuration coordinate diagram in
the limit of zero distortion. The heat of solution is given by

AH = -Et(r)o (32)
and the photoconductivity threshold is
1=E (1), - B (r), (32)
where, in this case, i represents the vertically attained conduction
state (see equations (26) and (127)). Since differences in the optical

polarization to these states are small it may be expected that
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I=vV - Ee(r)o.
The photoelectric threshold, the energy required to release electrons
of zero kinetic energy from the bulk liquid, is giveniby.

P =B (r), (34)
provided the surface potential and various other small effects are
neglected. The thermal activation energy of any relaxed state is

Et(r) =V - Et(r)o. (35)
Thermal population of the low-lying -vibrational levels associated with
these relaxed states will tend to smear all these values toward lower
energy.

As mentioned previously, the experimentalist, when measuring
the change in absorption maximum of an optical band with temperature,
generally works under a constant ambient pressure, p. Calculations
employing the above temperature-dependent configuration coordinate
diagrams, (the effect of temperature is mainly incorporated via the
Langevin function), offer an estimate of this quantity under conditions
of constant density, p. The two are simply related

{aE(a)/aT}P - {BE(a)/BT}p - {aE(a)/ap}T{ap/aT}P
Since values of the density coefficient at constant temperature are
now available139 and the variation of density with temperature at con-
140

stant pressure has long been known for the systems studied here the

quantities may be readily compared.
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e) Results and Discussion.

Computations of the properties of excess electrons within
the semicontinuum approach require the specification of a number of
parameters which describe the properties of the host media. Most of
these are presented in Tables II1.10 and II.11. The remaining two, N
and Vo’ are treated as unknown quantities and calculations have been
performed employing reasonable values of these.

Within the adiabatic approximation, Kestner and Jortner1qo
have obtained a solution on the semicontinuum level for a range of
those parameters utilizing the potential form expressed in (19). A
single-exponential, one-parameter trial function (13) has been sup-
posed to be a sufficient representation of both the’ground (1s) and
first excited (2p) state charge distributions. By minimizing the
single-particle electronic ground state energy, at each void radius,
with respect to the variational parameter, a series of optimum expon-~
ents. were derived. Employing these values the total electronic energy
at each configuration was computed and combined with the corresponding
medium rearrangement energy. The resulting variation of the total
energy with cavity radius for the ammoniated electron at a temperature
of 203°K is depicted in Figure II.11 for a choice of parameters N=4,

VO= 0.0 eV.

With the above parameters, the existence of a stable localized
state of the surplus electron in ammonia is at once predicted,

Et(1s)o is less than the energy of the quasi-free electron in this med-
ium and the second derivative of this total ground state energy with
respect to the configurational parameter is positive. The optimum con-
figuration lies at a void radius of 1.20 ® which allows the prediction
of a heat of solution at 0.909 eV and a photoconductivity threshold of

1.95 eV. The onset of photoelectric emission is also placed at 1.95 eV

in this model since the contributions to the energy of the quasi-free
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state have been assuﬁed to exactly cancel. The peak of the optical
absorption band is calculated at 1.0? eV and the associated dipole~
length oscillator strength is 0.66. All of the above numbers are in
reasonable quantitative agreement with the previously reported exper-
imental data.

To obtain some estimate of the bulk volume expansion aris-
ing from this cavity radius the effect of the structure breaking
caused by reorientation of the ammonia molecules adjacent to the

localized electron must be estimated. Copeland et al.127

have suggest-
ed one way of achieving this. An effective radius of the cavity is
defined by

Rg = (rv + 2rs)3 - er )
which is just apposite to the volume enclosed by the void and first
solvation shell minus the volume of the molecules in this layer. For
the above parameters, this turns out to be just above 3.0 X,in close
agreement with the value of 3.2 R interpreted from the observed volume
expansion data.

The numerical results secured in the present work offer no
substantial change in this effective radius. The optimum void is found
to be only a few hundredths of an ® more compact. Figure II.11 also
contains the numerically constructed configuration curves for these
parameters. A salient feature is the marked lowering of the total
ground state energy on accurate solution. The amelioration, of the
order of 12%, is but slightly greater than obtained in the polarized
cavity models. The numerically derived unrelaxed excited states are,
in fact, higher than their variational counterparts. However, no direct
comparison of these total energies is possible. The improvement
effected in the ground state charge distribution has increased the in-

ertial polarization provided by this state, which all others exper-

ience., Hence the apparent anomaly.
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Table II.12 holds a detailed comparison of the energies
derived from the one-parameter variational solution and the present
numerical method at the optimum void radius. In addition some re-

sults obtained variationally145

, employing a more flexible three-
parameter optimization technique to represent the electronic ground
state are exhibited., The 2s function of Figure II.11 derives from
this work. The single-exponential single-particle ground state en-
ergy is 0.2 eV above the éccurate solution, about 9% too high., The
discrepancies in the pertinent charge distributions are magnified
when the medium rearrangement energies are included. The total
energy obtained variationally now deviates by 13% from the true value.
It is also evident from this table that the numerically predicted
heat of solution (32) is 1.05 eV, just on the lower limit of the ex-
perimental estimate and slightly better than the variational 0.91 eV.
The photoconductivity threshold (33) lies at 2.22 eV and the onset of
photoelectric emission (34) is expected at 2.21 eV, somewhat higher
than would be desired. These estimates push the variationally ob-
tained 1.95 eV (for both) further out of agreement with observation.
Unfortunately, the variational wave-functions for the above
solution are not available for comparison. However, results from a
similarly parameterized potential form, (36), are known
4nkOV(r)=-N|.l/r§—p/rc r (R
- B/ r+ A R D,
and these are set alongside those derived by the finite difference
method in Figure II.14. The variational 1s function is considerably
too diffuse while the 2p functions are less discordant. A situation
which is more reminiscent of polarized cavity models than the colour
centre semicontinuum treatment. Numerical computation of the energy

levels relevant to (36) reveals trends similar to those disclosed in

the more complex potential form studied above. The variational single~
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particle energy, 1.842 eV, is 8% above the accurate value, the total
ground state electronic energy, 2.547 eV, differs by 12% and the numer-
ical heat of solution is 15% greater. These are entirely analogous to
the improvements secured above and it is expected that the functions
depicted in Figure II.14 provide a good indication of the inadequacy

of the single exponential functions as employed in the ﬁore complex
potehtial. The optimum values of the three-parameter variational funct-
ion, which involves a linear combination of 1s-, 2s- and 2s- like wave-
functions, are also not reported, hence a comparison is again precluded.
The total relaxed ground state energy computed from this approach is
almost indistinguihable from that obtained here. Thus, this function
presumably affords a good representation of the true charge distribution
of the ground state.

By analogy with the experimental findings in F-centres, it may
be supposed that, if the 2p state exists long enough to allow the medium
to accommodate its charge distribution, an emission band corresponding
to a radiative transition to an unrelaxed ground state may possibly be
observed. In this model the accommodation proceeds by relaxation of
the short-range orientational polarization, the long-range inertial
polarization remaining inflexible in an adiabatic treatment.

Figure I1.12 contains the configurational coordinate diagramn
pertaining after matrix relaxation. The numerical relaxed excited state
is virtually identical to the one-parameter variational curve. The 1s
states, however, differ to an appreciable extent. Table II.13 details
the comparison at the optimum configuration for emission. Also present-
ed are the 3d and continuum state energies, computed numerically, trans-
itions to which could presumably be induced by some excited-state spec-
troscopic technique involving optical pumping. Transitions to the form-
er state account for almost all the available absorption oscillator

strength from the relaxed excited state. The numerically deduced 2s



state is included to illustrate that no 2s - 2p mixing effects are
likely in this system, even after relaxation. In absorption the two
states differ by 0.27 eV and this separation is seen to have been
maintained. It is interesting also that, within the framework of
this approach, lattice relaxation, described in terms of molecular
reorientation, is accompanied by a cavity shrinkage, to 1.05 R with
the above parameters. This is in marked contrast to the observations
in similar models of the F;centre.

The optical absorption and emission properties derived from
the above calculations, employing the present solution method are
tabulated in Tables II1.14 and II.15. These also include the few avail-
able variational data. Accurate solution has effected a substantial
change in the peak energy of the 1s -2p absorptive transition, unfor-
tunately to the detriment of concurrence with experiment. The calcul-
ated 1s -2p band is peaked far into the high-energy tail of the observed
spectrum. The line shapes expected from the above configuration coor-
dinate diagrams have been computed utilizing equation (29). The re-
sults for absorption are depicted in Figure II.15, unnormalized line
shapes being presented. When weighted with the appropriate transition
moments the 1s - 2s band disappears, being symmetry-forbidden. The
1s -3p and 1s -cs (the photoionization) are reduced by a factor of
twenty. Thus, they are predicted, from the above model, to be too weak
and too narrow to reproduce the observed tail. The 1s - 2p band, in
itself, is obviously incapable of matching the experimental spectrum.
While it is slightly asymmetrical, the deviation occurs on'the low
energy side. The numericélly obtained half-widths are somewhat narrower
than their variational counterparts both in absorption and emission.
This is due to the slight enhancement in the curvature of the numerical

relaxed state lines. The emission band is predicted to be Stokes

shifted by about 0.65 eV from the peak of the optical absorption,



Two-photon absorption spectroscopy could perhaps reveal the
presence of the 1s -2s transition, implied to be around 1.5 eV in this
model. This, however, would require a single-photon energy of 0.75 eV
which falls in a region of relatively broad intrinsic absorption bands
in liquid NH3. Perhaps the experiment would be better performed in
deuteroammonia, NDB’ which possesses noticeably sharper lines in this
spectral domain.

Table I1.16 compares the properties determined by both varia-
tional (one-parameter) and numerical techniques for the same adiabatic
potential created now by six solvating ammonia molecules. The usual
comparative trends are observed on numerical solution. Increasing the
number of solvent molecules in the model has tended to shift the com-
puted properties out of agreement with experiment. The absorption
bands have broadened slightly but it is obvious that this adiabatic
treatment of the semicontinuum model fails to produce the observed
half-width by a factor of ? or 4 when the band is attributed to a sing-
le 18 - 2p transition derived from a single configurational coordinate,
no matter the choice of parameters.

An attempt to reproduce the spectral properties of the hydrat-
ed electron with this model is presented in Table II.17. Similar numer-
ical versus variational improvements are evident. The parameters chosen
here are Vo= 0.0eV, N=4and T = 298°¢. The transition energy is
much out of alignment with the observed value, though the heat of solu-
tion is quite reasonable. The predicted line-widths are again much too
narrow. Though the transition energy can be suitably modified by alter-
ing the value of Vo to -1.3 eV, no betterment of the line-shapes can be
obtained.

The total energies computed here, for the hydrated electron,

have been derived without the inclusion of a hydrogen-hydrogen repulsive

interaction term in the medium rearrangement energy. This omission



leads to tiny cavities, a void radius of 0.16 eV in the optimum for
the above parameterization on absorption. Similar results would pertain
in ammonia were the same contribution neglected. The dominant effect of
this component in locating the configurational minimum is shown in
Figure I1.13, where the many contributions to thé medium reorganization
energy are plotted as a function of void radius. In addition to the
values derived here, the long-range medium polarization from Tachiya's
formula is included. Since the radius to the continuuwm onset is always
greater than 2rs no considerable alterations in the foregoing calcula-
tions are expected on inclusion of this term. This confrasts the situ-
ation in the polarized cavity models where the Tachiya formulation of
this energy contribution led to very significant differences.

it is interesting to note that, without hydrogen-hydrogen
repulsions, no stable emission configuration is disclosed, the total
relaxed state energy decreases monotonically to a cavity of zero radius.
This statement is also relevant in ammonia. The previous prediction
of an emission possibility is totally dependent on the somewhat arbit-
rary inclusion of the precipitous E term. Clearly, this unsatisfac- -

HH

tory situation warrants further attention.
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In contrast to the reported calculations within the adia-

batic treatment of the semicontinuum model, which have been almost ex-
clusively devoted to the properties of the surplus electron in ammonia,
a few token calculations in water being available, Fueki, Feng and
Kevan131 have employed the alternative scf solution scheme to elucidate
the structure of localized excess electron states in a large number of
media, characterized by a wide range of polarity,

In these polar host matrices, the scf semicontinuum model
has proved very capable §f reproducing quantitative estimates of various
experimental properties. In ice at 77OK, with parameters N=4 and
VO=—1.0 eV fixed, the predicted transition energy, 1.84 eV, the oscill-
ator strength, 0.33, and the photoconductivity threshold, 2.36 eV, are
in excellent accord with observation. While an identical choice of par-
ameters affords close agreement with the oscillator strength in water at
2980K, both the heat of solution and the position of the band maximum
are overestimated. Bringing these more into line with the experimental
values, by, for instance, increasing N or making VO more negative spoils
the initial transition moment match. The heat of solution, photoconduc-
tivity threshold and absorption peak of the ammoniated electron are all
reasonably estimated, again utilizing the above parameters. These lat-
ter results are obtained subject to the inclusion of hydrogen-hydrogen
interactions which are neglected in the other media studied.

However, this work has again been advanced in the context of
the variation principle employing, as usual, inadequate single-expon-
ential trial functions. This is somewhat surprising, since these work-
ers first reported the supposed massive enhancement in the accuracy of
the scf solution to the polarized cavity model, for the hydrated elec-
tron in a cavity of zero radius, obtained by merely improving the flex-
ibility of the variational trial functions. This effect can only be

increased in transferring such calculations to a semicontinuum level.



114

The smooth, modified-coulomb potential apposite to the polarized
cavity model has become a discontinuous square-well-like potential
in the semicontinuum approach.‘ In the polarized cavity calculations,
the present numerical solution technique called the three-parameter
variational solution into question. In the adiabatic semicontinuum
model some considerable improvement on the original one-parameter
variational work was effected on increasing the accuracy of the solu-
tion method. The variational solution scheme of Fueki, Feng and Xevan
differs from that used in the adiabatic approach only in that the var-
iations in the total enefgy were employed to judge the optimum expon-
ent rather than the electronic component alone, which served as a crit-
erion in the latter treatment. In view of these statements a. thorough
numerical investigation of the scf semicontinuum model was performed.

The configuration coordinate diagrams obtained by numerical
solution of Fueki, Feng and Xevan's scf formulation of the semicontinuum
model are set beside the original one-parameter variational results in
Figures I1.16,17 and 18 for the surplus electron in water at 2980K, in
ammonia at 203°K and in ice at 77OK, respectively. Four oriented mole-
cules were included in the first shell and the energy of the guasi-free
electron was specified at -1.0 eV outwith this layer in each system.
The degree of accord between the approximate variational ground-state
energy and the accurate solution is very poor for ice, where the respec-
tive values are some 20% disparate, improves slightly in water but is
substantially better in ammonia, the difference in this medium being
only 10%.

Figures II.19 and 20 illustrate part of the variational 1s-
and 2p- like functions obtained at the respective total ground state
minima in ice and water. The numerically derived functions are also

shown. An examination of these figures reveals the reason for the

large discrepancies in the configurational diagrams in these media.
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Both the ground and first excited state one-parameter variational
functions are markedly inappropriate, badly underestimating the
compactness of the true charge distributions.

Figure II.23 depicts the potential wells sustaining the
ground state charge distribution in water, ice and ammonia at this
same optimum void radius. Figure II.24 contains the corresponding
wells for the vertically attained excited (2p) state, The hydrated
electron and the trapped electron in ice are constrained to move in
relatively deep, narrow wells, that apposite to ice indicating strong-
er positive deviations from a coulombic tail in this matrix. These
observations rationalize the noted amelioration in the 1s and 2p
charge distributions. The single-exponential functions are inherent-
1y unable to provide a satisfactory representation of the true solution
in such wells. A-shallower, wider well pertains in ammonia and it may
thus be expected that the originally employed approximate functions
will prove somewhat more adequate in this system. Unfortunately, no
variational functions are available for this model of the ammoniated
electron, hence the direct comparison can not be made. However, some
support of this expectation is evident in the smaller deviations ex-
hibited in the relevant configuration coordinate diagram.

A detailed comparison of the numerical versus variational
energy contributions to the ground and first excited states of the ex-
cess electron in the above media, at the void radius pertinent to the
minima in the total ground state energy curves, is given in Table II.18.
The true minima obtained in the present work deviate by a few hundredths
éf an £ from those presented here, but this was ignored in order to
allow a direct match. The discrepancies in the ground state electronic
energy are very substantial in ice and water. The quantity [1 - C(i)]VO

should be added to the variational value, where C is the charge enclosed

(o]

q to realize an exact comparison but the difference remains of

up tor
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the order of 15%. This effect is more noticeable for the 2p state
energies which, uncorrected, are vastly disparate. The increased com-
pactness, evidenced in the C(i) values, of the accurate wave-functions
lead to an enhancement of the polarization and dipole-dipole terms
which tends to cancel some of the disagreement in the total system
energies, Et(i)' In the 2p state, the variational 2p energy is actual-
ly below the present numerical value. It also produces stronger orient-
ation in the solvating dipoles and tends to push up the energy of the
conduction state.

The corresponding numerical results for two other excited
states in these media are documented in Table II.19. One interesting
feature is the near-degeneracy of the 2s and 2p states at the absorp-
tion coordinate in ice.

Completely analogous improvements were revealed in a similar
study employing N=6 but this will not be detailed here,

Table II1.20 lists the properties derived from these above
energy values which may be compared with experiment. In general, in-
creasing the accuracy of the solution tends to mar any claimed concur-
rence with observation. Though this agreement may be reintroduced, for
a specific property, by a judicious manipulation of the input data,
such an exercise was not deemed worthwhile., In any case, those most
amenable to alteration, N and Vo’ are, as used above, quite reasonable.
In water the peak in the experimental absorption band may be matched
with N=4 and VO= -2,08 eV, but only at the expense of a discordant heat
of solution and oscillator strength.

More importantly, the scf semicontinuum model again appears
incapable of reproducing a reasonable half-width for the optical absorp-
tion band, considered as a 1s - 2p transition and derived using a single
configurational coordinate. No reasonable choice of parameters was

found in water which could produce a half-width greater than 0,25 eV,
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a factor of 4 below the experimental value. Transitions to higher
excited states are also relatively narrow and lie too far into the high-
energy tails of the observed spectra to account for much of its intensity.
They are, however, accompanied by somewhat larger oscillator strengths
than those computed within the adiabatic approach.

Extensive numerical tests on the scf semicontinuum model were
performed in the course of this work. These support the original claim
of the insensitivity of predictions to such parameters as o A and p,
the first two of which can only be guessed. The general trends reported
with changes in the other variables were also followed on accurate sol-
ution. For example, the dominant role of long-range polarization inter-
actions in water, especially in determining the ground state minimum is
maintained. Contrast the more important effect of the short-range inter-
actions in ice. 1In general, however, these trends are rather obvious by
inspection of the input parameters in light of the scf potential form,
The extremely small P value in ice accounts for the above difference.

A somewhat extreme example of this is the prediction by Fueki, Feng and
Xevan of the presence of no bound excited state for alkaline ice, employ-
ing the above model. As this is a glassy matrix, the result was ob-
tained by merely "turning off" the long-range polarization. By this ex-
pedient a square-well is produced which is insufficiently deep to bind

in a p state. The prediction is thus hardly surprising.

Figures I1.21 and 22 illustrate the numerical search for a
stable relaxed excited state in ice and water. None was found. The
energy levels are seen to decrease monotonically to a void\of zero radius.
In the context of this approximate model this may be taken to imply the
absence of radiative emission. The excited state presumably decays by

some other radiationless process.
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£) Conclusion.

As expected, application of the finite-difference numerical
solution technique to the semicontinuum models, framed both within the
adiabatic and scf approximation schemes, is capable of producing size-
able improvements in the energy levels derived by recourse to the var-
iation theorem utilizing single-exponential trial functions. Such ap-
proximate functions are inherently unsuited to represént the true
charge distributions apposite to the form of the model potentials.
Correlation with experiment secured using the latter treatment of
these models must be viewed with suspicion, particularly if some del-
icately balanced quantity is being tested.

However, both the adiabatic and scf approaches to the semi-
continuum model are capable of producing qualitative agreement with
most experimental observables for some choice of parameters. The latter
appears more widely applicable and is certainly more consistent with
>thé theoretical requirements of a model of the excess e%étron in polar
media. The former is, to some extent, limited in scope énd is incap-
able of producing sensible results without the inclusion of some arbit-
rary solvent-specific interactions, e,g. the hydrogen-hydrogen term in
ammonia. In their absence, configurational stability is only established
for vanishingly small cavity radii.

It is of the utmost importance that neither model, within its
present formulation, is capable of estimating the observed absorption
line-shapes, so characteristic of surplus electrons. This deficiency
persists whether the band is assumed due to a single 1s - 2p transition
or if this is supposed accompanied by a series of 1s-- np transitions
extending to a continuum. One attempt to alleviate this difficulty
has been essayed by Kestner and Jortner, who incorporated broadening
due to medium polar modes and to some extent of non-totally symmetric

cavity vibrations. These additions left the computed line-width still
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far out of touch with experiment.

Numerical solution reveals that this inadequacy in prediction
is not a function of the use of insufficiently accurate representations
of the true charge distribution, -an. important result. Neither does
accurate solution of the semicontinuum model shed any light on the
recent suggestion that the observed absorptions in polar liquids are
entirely due to bound-to-free transitions148. The present results
predict a strongly-bound excited state in these media precluding this
possibility.

From these observations, it might be supposed that some gross
modification of the above models is required. The many-body theory of
polar liquids mentioned previously in Section 2(f) pfovides such a
modification. In effect it allows the consideration of all possible
orientations of the adjacent solvent molecules, appropriately weighted,
rather than just the optimum configuration pictured here with the limit-
ation of a fixed number of molecules in the solvating sheath. It is
hoped that this statistical approach, toward which the work of Tachiya
is leaning, will prove fruitful in providing fresh insight into the

properties of the solvated and trapped electron species,
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Tables TIIb

Properties of surplus electrons derived from semicontinuum
models,

Tables 10 and 17 list the necessary input data for these
models, The results of adiabatic calculations are in Tables 12-17
12 and 14 are for AMMONIA on absorption with N = 4, Vé = 0.0 eV,
T = 203%¢ at an optimum void radius of 1.20 . 13 and 15 are for

1.05 X. 16 has results for N = 6 in

emission in this system with r,

ammonia, for absorption with ro 1.65 & and for emiséion, r, = 1.55 &.
The data in Table 17 are for water with N =4, T = 2980Kr Vo = ~1.0 eV,
In absorption r, = 0.16 f.

Scf results for ammonia,water and ice on absorption are in
Tables 18-20., All have N = 4, V0 = -1.0 eV,

All energies are in eV. Distances are in X, except in

Table 19 where the mean radii are in au.



Table IT.10

a

b

N 4
ANb “ 1,633
b N .

By . 0.471

b ’
~CN ? 2602.4
Dy | 2.2964
ref, 132

. ref. 127

1.414

. 0.600

5204.7

7;1140

1.155

- 0.752

- 6940.0

12.820

12

1.000
0.843
10416,

41,074



Table II.11

Medium

op

5:

a ref, 141;

- e ref,127;

b ref. 142

= £ ref, 139

298
2.5

5.5

ammonia

1.76%

ice

77

; c ref. 143; < d ref, 144;

y

g ref, 140.



Table IT,12

E_(1s) -2,010% - -2,205"
B, (15) 20,909 1,053 1,057
E_(2p) , S _ -0.936
B, (2p) 0.121 0.147 0.186
E_(2s) - R ~0.637
E (2s) - 0.394 . 0.454
E (3p) - - 0.708
E(cs) - - 1.172

e 130
a one-parameter variational °

b three-parameter Variational145

n numerical



n

v

Table TI1.13

Eé(1s)

Et(1s)

E (2s)

‘;Effzs)

Ee(3d)
E£(3d)

Et(cs)

numerical

o - PN 1
one-parameter variational

-0.183

-0.730

30

-0.815"

-0.549

0.088

—0' 371

0.261

0.632



Table IT.14

E(a)
len
fvel(a)

w(a)

E(a')

flen(é;)

) f:ei(ai)f,

W(ar)

E(cs)

W(cs)

one-parameter variational

1.03

0.66

0.44

OI1O

1.6

130

three-parameter variationall4>

estimated

numerical

0.’1 2

1.237™

O‘ 930

0.827

0,084

1,759
0.056
0.052

0.096

2,223

0.105



Table II.15

E(e) 0.548" 0.589™
£1en(®) - 0.975
W(e) - 0.090
E(2p-2s) - 0.273
E(2p-3d) - 0.446
£, (2p-34) = 0.049
E(cs) - , 0.817
n numerical work

v variational solution1 30



Table II.16

E(a) 1.15%
fvel(a) -
w(a) 0.132
E(a') 1.6
fVel(a'), -
w(a') -
l\Hs 0.973
I 2.326
flen(e) -
v(e) -
e (1) 0.113
a one-parameter Variationél130
b three-fparameter‘variational145

¢  estimated

n numerical

1.385"
O¢ 824

0.109

1.903
0.050

0.117

1,154

© 2.601

0.572
0.962

0.107

0,117



Table II.17

AH 1.658" 1.889"
I 4,096 4,492
B(a) 2,70 3,167
flen(a) 0.99 1.121
fvel(a) 0.70 0.854
w(a) - 0.112
‘E(a*) - 4.061
flen(a' ) - 0.046
fvel(a') - 0.042
w(a') - 0.123
a Jortner and Gaathon146
n present numerical work

. 2
v one-parameter solutlon7



Table 11,18

-Ee(1s)
u(1s)
—Et(1s)

Edd(1s)

E.(2p)
U(2p)
-E.(2p)

E4q(2p)

c(1s)
c(2p)
(cos

Et(cs)

n numeric

v variati

Water
0.53
6.158°  7.606"
2,049 2,134
2,752 3,282
1.687 2,091
2.215 3.423
1,762 1.912
0.601 0.365
0.743 0.847
0.571 0.735
0.070 0.131
0.970 0.977
0.878 0.938
al
131,167

onal

Ammonia

1.16

0,981

0.125

4,437"
1.616
2.114

0.427

2,84
1.433
0.936

0.192

0.574
0.092
0.952

0.327

4,873
1.380
2,076

1.716

1.003
0.912
0.237

0.698

0.563
0.018
0.992

0.284

6.307"
1.440
2,589

2,139

2.112
1.022
0.205

0.746

0.738
0. 049
0.994

0.306



Table II,19

Medium
E.(Qs)
U(2s)
Et(és)
Edd(2s)
E_(3p)
u(3p)

E.(3p)

E;4(3P)

c(2s)

c(3p)

r(2s)

r(3p)

water

-2,825
1.671
-0.309

0.746

-2,071

1.482

0.272

0.707

0.066

0.039

10.909

17.986

ammonia

-2.333
1.151
~0.735
0.302
-1.829
1.129

-0.389

0.170

0.133

0.033

14,914

21.650

ice

0.867
-0.,208

10.724

-1.390
0.665
0.101

0.687

0.034

0.009

14,284

31.325



Table II,20
Water
E(a) 2,157 2,717
£:(a) - 0,515
£ (a) - 7 0.814
v(a) - 0.226
E(a') - 3.554
£, (ar) - 0.129
fv(a') - 0.142
w(ar) - 0.207
AH 2.75 3.282
I 3.63 4.220
P 4.6 5.2
n numerical work

v variational solution

131,167

Ammonia
0,961  1,178"
- Oo905

- 1.863
- 0:152
- 0.104

- 0.1028

1.942 - 2.114
2,067 2.49

3.1 3.4

1.84

0. 39

Ice

2,385
0.251
0.452

0.071

2.690
0.055
0.078

0.066

2.589
2.896

309
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Figures IIb

Figures 11-24 derive from semicontinuummodels of excess
electrons in water at 298°K, ammonia at 203°K and ice at 77°%.

With N = 4 and Vo = 0.0 eV, the adiabatic approach in
ammonia gives 11 on absorption and 12 on emission. 14 presents
the resulting functions from a similar calculation:at the optimum
absorption void,

With N = 4 and Vo = -1.0 eV, the scf treatment of absorption
in ammonia , water and ice gives 17,16 and 18, the functions at the
optimum void radii being plotted in 19 for ice and 20 for water.

Scf emission results are in 21 for ice and 22 for water,

In the above full-line is variational result and broken-
line is present numerical work except for 16,17 and18 where this is
reversed. (a) is 1s state, (b) is 2p, (c) is 2s, (d) is 3p, (e) is
the vertical continuum level,

13 shows the various contributions to the adiabatic medium
rearrangemant energy which gives 11. (a) is the total relaxed ground
state energy. (b) is Jortner's polarization energy ( broken-line is
Tachiya's value). (c) is the vertical continuum level, (d) is the
dipole-dipole repulsion term and (e) is the H-H interaction energy.
(£) is the surface tensional component.

15 presents unnormalized line-shapes derived from 11, (a)
is 1s-2p, (b) is 1s-2s, (c) is 1s-3p and (d) is 1s-cs.

23 and 24 depict the scf potentials supporting the ground
1s state and excited 2p state respectively. Full-line, water; broken-

line, ice; Chain-line, ammonia,
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