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PREFACE

T h is  t h e s i s  i s  an  acc o u n t o f  r e s e a r c h  in to  th e  " 

th e o ry  o f  b e ta  decay  c a r r i e d  o u t w h ile  I  was a  r e s e a r c h  

s tu d e n t  a t  Glasgow U n iv e r s i ty  from  O ctober 1948 u n t i l  

S ep tem ber 1951, b ro u g h t up to  d a te  by th e  i n c lu s io n  o f  

r e f e r e n c e s  to  r e c e n t  work by o th e r  a u th o r s .  The m ain 

so u rc e s  from  w hich t h i s  r e s e a r c h  d e r iv e s  a r e  ¥ . P a u l i  (Ann. 

de l ' I n s t .  H. P o in c a re ,  6 , 137 (1 9 3 6 )) and E. C a rta n  

(Lecons s u r  l a  T h eo rie  des S p in e u r s : Hermann e t  C ie , P a r i s  

(1 9 3 8 )) f o r  th e  d i s c u s s io n  o f  s p in o r s  i n  C h a p te r  2 , and

E. Eerm i ( Z e i t s .  f .  P hys. 8 8 , 161 (1 9 3 4 ) ) , E. Ji. K onop insk i 

and G. E . U hlenbeck (P h y s . Rev. 60 , 308 (1 9 4 1 )) and E. 

G re u lin g  (P h y s . Rev. 61 , 568 (1 9 4 2 )) f o r  th e  th e o ry  o f  

b e ta  decay  d is c u s s e d  i n  C h ap te r 3 . The t r a n s i t i o n  to  

c o n f ig u r a t io n  sp ace  g iv e n  a t  th e  b e g in n in g  o f  C h ap te r 3 

d e r iv e s  i n d i r e c t l y  from  ¥ .  Pock ( Z e i t s .  f .  P hys. 75 , 622 

(1 9 3 2 )) and R. B ecker and G. L e ib f r ie d  (P h y s . Rev. 6j}, 34 

(1 9 4 6 )) ;  I  le a rn e d  t h i s  ty p e  o f  a p p ro a c h , how ever, i n  th e  

c o u rse  o f  d is c u s s io n s  w ith  D r. B. P . X. T ouschek.

I  am g r e a t ly  in d e b te d  to  P r o f e s s o r  J .  C. Gunn f o r  

h i s  g u id an ce  o f  and c o n tin u e d  i n t e r e s t  i n  t h i s  r e s e a r c h ,  

and to  D r. B. P . X. Touschek f o r  in n u m erab le  s t im u la t in g  

d is c u s s io n s .  I  a ls o  w ish  to  th a n k  D r. D. M a rtin , who 

in tro d u c e d  me to  C a r ta n 1s t r e a tm e n t  o f  s p in o r s ,  D r. S . C. 

C urran  and h i s  co -w o rk ers  f o r  v a r io u s  d is c u s s io n s  on



e x p e r im e n ta l  a s p e c ts  o f  b e ta  d e ca y , and th e  D epartm ent 

o f  S c i e n t i f i c  and I n d u s t r i a l  R e se a rc h  f o r  a  m ain ten an ce  

a llo w a n ce  d u r in g  th e  p e r io d  o f  my r e s e a r c h  s tu d e n ts h ip .

K in g ’s C o lle g e , 

London. ' -  '

A p r i l ,  1 952 .
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1 # j

1 .  INI RQ DUG H  ON

T h is  t h e s i s  c o m p ris e s  a  s tu d y  o f  some o f  th e  p r o p e r t i e s  

o f  th e  i n t e r a c t i o n  b e tw e e n  h e av y  a n d ‘l i g h t  p a r t i c l e s  

p o s t u l a t e d  i n  th e  F erm i ty p e  o f  t h e o r y  o f  b e t a  d e c a y , i n  

th e  c o u rs e  o f  w h ich  some o f  th e  a s s u m p tio n s  o f  t h e  th e o r y  

a r e  c l a r i f i e d ,  c e r t a i n  o m is s io n s  i n  th e  l i t e r a t u r e  r e p  a i r  ed* 

and  new in f o r m a t io n  a b o u t th e  i n t e r a c t i o n  i s  o b ta in e d  by  

co m p arin g  t h e o r e t i c a l  p r e d i c t i o n s  w i th  e x p e r im e n t .  I n  t h i s  

i n t r o d u c to r y  c h a p te r ,  tb e  m ain  e x p e r im e n ta l  f e a t u r e s  o f  

b e t a  d e ca y  a r e  b r i e f l y  d i s c u s s e d .  The enorm ous h i s t o r i c a l  

im p o rta n c e  o f  t h e  n e u t r in o  h y p o th e s i s  and  t h e  F e rm i t h e o r y  

i n  g u id in g  e x p e r im e n ta t io n  i s  d e l i b e r a t e l y  ig n o r e d ,  i n  o rd e r  

to  em p h asize  th e  w e ig h t o f th e  p r e s e n t  e v id e n c e  f o r  t h e  

e x i s te n c e  o f t h e  n e u t r i n o .  The e x p e r im e n ta l  d i s c u s s io n  

l e a d s  n a t u r a l l y  t o  a n  a c c o u n t o f  th e  m ain f e a t u r e s  o f  th e  

F erm i t h e o r y ,  and a  summary o f  t h e  w ork d e s c r ib e d  i n  su b se q u e n t 

c h a p t e r s ,

A b e t a  d e c a y in g  n u c le u s  e m its  a  b e t a - p a r t i c l e ,  i d e n t i f i e d  

a s  an  e l e c t r o n ,  w hich may h av e  any  e n e rg y  up to  a  maximum 

e n e rg y  Wo c h a r a c t e r i s t i c  o f  th e  t r a n s i t i o n .  A p a r t  fro m  

th e  c o n tin u o u s  e n e rg y  sp e c tru m  o f th e  e m i t te d  b e t a  p a r t i c l e s ,  

t h e r e  i s  no e v id e n c e  t h a t  th e  p r o d u c t  n u c l e i  a r e  n o t a l l  

i d e n t i c a l ;  i n  p a r t i c u l a r ,  t h e r e  i s  no c o n tin u o u s  gamma r a y  

sp e c tru m  o f  th e  i n t e n s i t y  one w ould  e x p e c t  from  th e  

de—e x c i t a t i o n  o f  th e  f i n a l  n u c l e i  i f  th e y  w ere n o t  a l l  

i d e n t i c a l .  The p ro d u c t  n u c l e i  n o rm a lly  h av e  t h e  same m ass



as j  and. c h a rg e  num bers w e ll-k n o w n  s t a b l e  n u c l e i ,  an d  t h e r e

i s  no r e a s o n  t o  d o u b t t h a t  t h e y  a r e  i d e n t i c a l  w ith  t h e s e  

s t a b l e  n u c l e i  o r  w ith  e x c i t e d  s t a t e s  o f  them  w hen , a s  i s  

f r e q u e n t ly  th e  c a s e ,  gamma r a y s  o f  d i s c r e t e  e n e rg y  a r e  

e m i t te d  i n  c o in c id e n c e  w i th  th e  b e t a  p a r t i c l e s *  The m ass 

d i f f e r e n c e  b e tw e e n  t h e  d e c a y in g  n u c le u s  and  th e  s t a b l e  

p ro d u c t  n u c le u s  i s  e q u a l  t o  th e  maximum b e t a  p a r t i c l e  e n e rg y , 

t o g e t h e r  w i th  t h e  e n e r g ie s  o f  any  gamma r a y s  e m i t te d  i n  

c o in c id e n c e *  E n e rg y , t h e r e f o r e ,  i s  a p p a r e n t l y  l o s t  i n  th e  

b e t a  d e c a y  p r o c e s s .  T h ese  p r o p e r t i e s  a r e  d i s c u s s e d  by  

E l l i s ,  C o c k ro f t ,  P e i e r l s  a n d  R ic h a rd s o n  (1937)>  w h ile  th e  

i d e n t i t y  o f  b e t a  p a r t i c l e s  w i th  e l e c t r o n s  h a s  b een  d e m o n s tra te d  

u s in g  th e  e x c lu s io n , p r i n c i p l e  b y  an  e l e g a n t  m ethod  due t o  

G o ld h ab er and S c h a r f f -G o ld h a b e r  (1 9 4 8 ) ,  and  d e v e lo p e d  b y  

D a v ie s  and  G race  (1931)*

Many e x p e r im e n ts  h ave  b e e n  made on  th e  r e c o i l  momentum 

o f  th e  d e c a y in g  n u c le u s  s in c e  t h e  e a r l y  c lo u d  cham ber work 

o f  Crane and H a lp e rn  (1 9 3 8 ) , and  i t  i s  now c l e a r  t h a t  

momentum a l s o  i s  n o t  c o n s e rv e d  i n  th e  b e t a  d e c a y  p r o c e s s .  

S h e rw in  (1931) h a s  shown t h a t  th e  m is s in g  momentum p and 

th e  m is s in g  e n e rg y  E = Wo-W ob ey , i n  th e  c a s e  o f  th e  d eca y  

o f  p 3 2 , th e  r e l a t i o n
rz2- z r zt  = f  c

to  w i t h in  10%. T h is  i s  j u s t  th e  c o n n e c t io n  b e tw ee n  e n e rg y  

and  momentum f o r  a  p a r t i c l e  o f  z e ro  r e s t  m a ss . The r e l a t i o n

c o u ld  n o t  h o l d  b e tw een  t h e  t o t a l  en e rg y  and momentum o f  

two p a r t i c l e s  u n l e s s  t h e r e  w ere  a  s t r o n g  a n g u la r  c o r r e l a t i o n



f a v o u r in g  th e  e m is s io n  o f  b o th  i n  th e  same d i r e c t i o n *  

S h e rw in * s  r e s u l t s ,  h o w ev er, do n o t a l lo w  a n y  v e ry  a c c u r a t e  

e s t im a te  of th e  m ass a s s o c i a t e d  w ith  t h e  m is s in g  e n e rg y  and 

momentum, e x c e p t  t h a t  i t  i s  p r o b a b ly  l e s s  t h a n  th e  e l e c t r o n  

m ass*

A l l  th e  m ea su re d  s p i n s  o f n u c l e i  a re  i n t e g r a l  o r  

h a l f  odd i n t e g r a l  a c c o rd in g  a s  th e  m ass num ber o f  t h e  n u c le u s  

i s  ev en  o r  odd . T h is  i s  t r u e  i n  p a r t i c u l a r  f o r  t h e  dozen 

o r  so  b e t a  d e c a y in g  n u c l e i  whose s p in s  have  b e e n  m e a su re d , 

and  t h e r e  i s  no r e a s o n  f o r  d o u b tin g  i t  f o r  any  n u c le u s ,  

w h e th e r s t a b l e  o r  u n s ta b le *  S in c e  th e  e l e c t r o n  c an  c a r r y  

away o n ly  h a l f  odd i n t e g r a l  a n g u la r  momentum, and  s in c e  th e  

m ass num ber o f  t h e  n u c le u s  d o e s  n o t  change  i n  t h e  d e c a y , 

i t  f o l lo w s  t h a t  a n g u la r  momentum a l s o  i s  a p p a r e n t ly  n o t  

co n serv ed *

M ost o f  th e  o b s e rv e d  b e t a  s p e c t r a  have  a  sh ap e  g iv e n

P (w ) J w = X F l^ >w ) f ’W(W<,~w)1~clW ('■').
w here P (w )d w  i s  th e  p r o b a b i l i t y  p e r  u n i t  t im e  o f  t i e  e m is s io n  

o f  an  e l e c t r o n  i n  th e  e n e rg y  ra n g e  (W,W + dw ), p i s  th e  

e l e c t r o n  momentum, F(Z,W ) i s  th e  r a t i o  o f  th e  e l e c t r o n  

d e n s i ty  o f  an  e l e c t r o n  i n  th e  Conlomb f i e l d  o f a  c h a rg e  Ze* 

e v a lu a te d  a t  a  d i s t a n c e  o f  th e  o r d e r  o f  th e  n u c l e a r  r a d i u s  

from  t h e  c h a rg e , t o  th e  e l e c t r o n  d e n s i t y  a t  l a r g e  d i s t a n c e s  

from  t h e  c h a r g e ,  a n d  X i s  a  number in d e p e n d e n t  o f  t h e  b e t a  

p a r t i c l e  e n e rg y . Now th e  d ecay  p r o c e s s ,  b e in g  a  n u c l e a r  

phenom enon, can  d e p en d  on th e  e l e c t r o n  d e n s i ty  o n ly  n e a r



th e  n u c le u s ,  w h e rea s  t h e  n o r m a l iz a t io n  o f  t h e  e le c t r o n  

w a v e - fu n c t io n  d ep en d s e s s e n t i a l l y  on  th e  e l e c t r o n  d e n s i t y  

a t  l a r g e  d i s t a n c e s  fro m  th e  n u c le u s .  C on seq u en tly , th e  

o c c u r re n c e  o f th e  f a c t o r  F(Z,W ) i n  (1 * 1 ) i s  t o  he e x p e c te d #  

The f a c t o r  pWdW i s  p r o p o r t i o n a l  t o  th e  num ber o f e l e c t r o n  

s t a t e s  i n  th e  e n e rg y  ra n g e  (W, W + dW) , and  i t s  a p p e a ra n c e  

i s  a l s o  t o  h e  e x p e c te d .  The r e m a in in g  e n e rg y  d e p e n d e n t 

te rm , (u/0- w ) ^ i s  o u s t  th e  d e n s i ty  o f  s t a t e s  o f  a  z e ro  m ass 

p a r t i c l e  w i th  e n e rg y  Wo-W, and w ould h e  e x p e c te d  i n  ( 1 .1 )  

o n ly  i f  s u c h  a  p a r t i c l e  w ere e m i t te d  i n  c o in c id e n c e  w ith  th e  

b e t a  p a r t i c l e #

I t  i s  n a t u r a l  to  su p p o se  t h a t  th e  a p p a re n t  non

c o n s e r v a t io n  o f  e n e rg y ,  momentum, an d  a n g u la r  momentum, 

t o g e t h e r  w i th  th e  a c t u a l  sp e c tru m  s h a p e , have  some common 

e x p la n a t io n .  G ra n tin g  t h i s ,  i t  i s  d i f f i c u l t  t o  a v o id  th e  

c o n c lu s io n  t h a t  some u n o b se rv e d  p a r t i c l e  I s  e m i t t e d  a lo n g  

w ith  t h e  b e ta  p a r t i c l e .  T h is  p a r t i c l e  m ust be n e u t r a l ,  

s in c e  i t  i s  u n o b se rv e d , h av e  h a l f  odd i n t e g r a l  s p i n ,  t o  

a l lo w  f o r  c o n s e r v a t io n  o f  a n g u la r  momentum, and  have  s m a ll  

o r  z e ro  m ass , b e c a u s e  o f  th e  sp e c tru m  sh a p e  a n d  b e c a u se  th e  

maximum b e ta  p a r t i c l e  e n e rg y  i s  e q u a l  t o  t h e  w h o le  a v a i l a b l e  

e n e rg y  f o r  th e  t r a n s i t i o n .  F u r th e rm o re , no more t h a n  one 

su c h  p a r t i c l e  can be e m i t te d ,  b e c a u s e  o f  S h e rw in * s  r e s u l t s  

and  th e  sp e c tru m  s h a p e s . T h is  p a r t i c l e ,  n o rm a lly  assum ed 

t o  h ave  s p in  an d  z e ro  m ass , i s  th e  n e u t r i n o ;  f u r t h e r  

e v id e n c e  f o r  i t s  e x i s t e n c e  i s  o b ta in e d  from  t h e  non—

c o n s e r v a t io n  o f e n e rg y  and momentum i n  th e  d e c a y s  o f
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• transitions to ground state, or for which there is no evidence that final state is not ground 

state, o transitions to excited state, -ft -ft- transitions used in Chapter 6.

F ig u re  1 . Log^Q ft p l o t t e d  a g a in s t  th e  mass number A. The 

f t  v a lu e s  and th e  c l a s s i f i c a t i o n  o f  th e  f i n a l  S t a te s  a re  

ta k e n  from  F e in g o ld  ( 1 951 ) .  f t  v a lu e s  a re  p l o t t e d  o n ly  

f o r  th o se  t r a n s i t i o n s  c l a s s i f i e d  by F e in g o ld  a s  i s d to p e  

c e r t a i n  o r  i s o to p e  p ro b a b le . ^



I t -  m esons i n t o  ^ .-m esons and  o f  ^ -m e so n s  i n to  e l e c t r o n s *

The t o t a l  p r o b a b i l i t y  o f  th e  d e c a y  o f  t h e  n u c le u s  

p e r  u n i t  t im e  i s  c l e a r l y  X f .  w here
w)pw(we-wy\*VA/ O '2) .

and t h i s  m u st be > w here  t  i s  t h e  h a l f - l i f e  o f  t h e

t r a n s i t i o n .  I t  f o l lo w s  t h a t

( , 3 )
and s in c e  X can depend  o n ly  on  th e  s t r e n g t h  o f  th e  i n t e r 

a c t i o n  c a u s in g  th e  t r a n s i t i o n  and on  th e  p r o p e r t i e s  o f  

th e  i n i t i a l  and f i n a l  n u c l e i ,  i t  f o l lo w s  t h a t  d i f f e r e n c e s  

i n  f t  f o r  t r a n s i t i o n s  whose b e ta  sp e c tru m  i s  g iv e n  b y  

( 1 . 1 ) m ust be a t t r i b u t e d  to  d i f f e r e n c e s  i n  th e  p r o p e r t i e s  

o f  t h e  i n i t i a l  and  f i n a l  n u c le a r  s t a t e s .  F o r t h i s  r e a s o n ,  

th e  f t  v a lu e s  fo rm  a  r e a s o n a b le  b a s i s  f o r  t h e  e m p i r ic a l  

c l a s s i f i c a t i o n  o f  t r a n s i t i o n s .

A f a i r - s i z e d  g roup  o f  t r a n s i t i o n s ,  a lm o s t  a l l  o f  

l i g h t  m i r r o r  n u c l e i  d e c a y in g  by K -c a p tu re  o r  p o s i t r o n
f 3 U-

e m is s io n ,  h a s - f t  v a lu e s  o f  a b o u t to -  lo . S in c e  f o r  m ir r o r  

n u c l e i ,  th e  i n i t i a l  and f i n a l  n u c le i  can. be e x p e c te d  t o  

be v e ry  s i m i l a r  i n  s t r u c t u r e ,  o n e  w ould e x p e c t  such  

t r a n s i t i o n s  to  be p a r t i c u l a r l y  f a v o u r e d ,  and  th e y  a r e  

t h e r e f o r e  s a i d  t o  b e  s u p e ra l lo w e d . For l a r g e r  f t  v a lu e s ,  

th e  g ro u p in g  i s  n o t so c l e a r  c u t  ( s e e  f i g u r e  I.), b u t  t h e r e  

a p p e a rs  t o  be  a  l a r g e  g ro u p  o f  t r a n s i t i o n s  w ith  f t  v a lu e s  

m  t h e  r e g io n  o f  10  , w h ile  t h e r e  i s  a  g ro u p  m a in ly  o f  medium- 

w e ig h t n u c l e i  w i th  f t  v a lu e s  b e tw e e n  2 . 106 and  2 . 10? .

The f i r s t  o f  t h e s e  g ro u p s  i s  i n t e r p r e t e d  a s  th e  g roup  o f  

a llo w e d  t r a n s i t i o n s ,  w h ile  th e  seco n d  i s  r e g a r d e d  a s  a



g ro u p  o f  f i r s t  f o r b id d e n  t r a n s i t i o n s .  T h e re  a r e  v e ry
6few  t r a n s i t i o n s  w i th  f t  v a lu e s  l e s s  t h a n  10  f o r  m ass 

num bers b e tw een  140 and 200s t h i s  is  o b v io u s ly  due t o  some 

a d d i t i o n a l  o r t h o g o n a l i t y  o f  th e  i n i t i a l  a n d  f i n a l  n u c le a r  

s t a t e s ,  and  s u p p o r ts  th e  v ie w  t h a t  t r a n s i t i o n s  w i th  f t  v a lu e s  

g r e a t e r  th a n  10^ s h o u ld  be  r e g a r d e d  a s  f o r b id d e n .  ( I t  i s  

p ro b a b le  t h a t  t h e  s c a t t e r  o f  f t  v a lu e s  i n  f i g u r e  1 c o u ld  

be  g r e a t l y  r e d u c e d  by c o n s id e r in g  s e p a r a t e l y  t r a n s i t i o n s  

o f *  o d d -o d d , e v e n -e v e n , o d d -e v e n  and  e v e n -o d d  n u c l e i ,  

c o n s id e r in g  s e p a r a t e l y  t r a n s i t i o n s  t o  th e  g ro u n d  s t a t e  and  

t o  e x c i t e d  s t a t e s  o f  th e  p ro d u c t  n u c le u s ,  and a p p ly in g  a  

c o r r e c t i o n  f o r  th e  s p in  o f  t h e  f i n a l  n u c le u s ;  su ch  r e f in e m e n ts  

h o w ev er, a r e  n o t r e q u i r e d  h e r e . ) .

A l l  t r a n s i t i o n s  whose f t  v a lu e s  a r e  l e s s  t h a n  1 0 ? , 

and  s e v e r a l  t r a n s i t i o n s  w ith  l a r g e r  f t  v a lu e s ,  h av e  so f a r  

b een  fo u n d  to  have  s p e c tru m  sh a p e s  g iv e n  by  ( 1 . 1 ) .  Some 

t r a n s i t i o n s  w ith  f t  v a lu e s  g r e a t e r  t h a n  10? ,  h o w e v e r, have 

sp e c tru m  sh a p e s  d i f f e r e n t  from  t h a t  g iv e n  b y  ( 1 . 1 ) .  S in c e  

f  i s  e s s e n t i a l l y  a  shape  c o r r e c t i o n  f a c t o r ,  t h e  f t  v a lu e s  

f o r  su ch  t r a n s i t i o n s  c an n o t g iv e  more t h a n  a n  a p p ro x im a te  

i n d i c a t i o n  o f  th e  d e g re e  o f  f o r b id d e n n e s s  o f  th e  t r a n s i t i o n .  

C e r t a in l y ,  h o w ev er, t h e  sh a p e s  o f  th e  a l lo w e d  an d  a  s i z a b l e  

g roup  o f  t h e  f i r s t  f o r b id d e n  b e t a  s p e c t r a  a r e  g iv e n  b y  ( 1 . 1 ) .

F u r th e r  e x p e r im e n ta l  e v id e n c e  w i l l  b e  d i s c u s s e d  i n  

C h a p te rs  6 and 7 .

The r e q u ir e m e n ts  to  be s a t i s f i e d  by  a n y  t h e o r y  o f



b e t a  d e c a y  can now b e  s ta te d *  The t h e o r y  m u st p o s t u l a t e  

some s o r t  o f i n t e r a c t i o n  b e tw ee n  e l e c t r o n s ,  n e u t r i n o s  

and n u c le o n s .  I t  m ust be  p o s s ib l e  to  c a l c u l a t e  from  t h i s  

i n t e r a c t i o n  th e  b e t a  sp e c tru m  sh ap e  and  t h e  l i f e t i m e  o f  

a  t r a n s i t i o n .  A llow ed  and f o r b id d e n  t r a n s i t i o n s  m ust i

a r i s e  n a t u r a l l y  from  t h e  t h e o r y ,  and th e  s p e c tru m  sh a p e s  

f o r  b o th  a llo w e d  and a t  l e a s t  some f i r s t  f o r b id d e n  t r a n s 

i t i o n s  m ust be g iv e n  by  ( 1 . 1 ) .  O th e r b e t a  d e c a y  phenom ena, 

n o t d i s c u s s e d  h e r e ,  su ch  a s  th e  sh a p e s  o f  o th e r  f o r b id d e n  

s p e c t r a  and  th e  r a t i o  o f  K -c a p tu re  t o  p o s i t r o n  e m is s io n  

fo r  p o s i t r o n  e m i t t e r s  m ust a l s o  b e  s a t i s f a c t o r i l y  d e s c r ib e d  

by  th e  t h e o r y .  The i n t e r a c t i o n  m ust n o t be  -s tro n g  enough  I 

t o  g iv e  m e a su ra b le  c r o s s - s e c t i o n s  f o r  c o l l i s i o n s  o f  n e u t r i n o s  

w ith  o th e r  p a r t i c l e s .

The o n ly  s u i t a b l e  t h e o r e t i c a l  m ethod w h ic h  h a s  so  !

f a r  b e e n  d e v e lo p e d  i s  t h a t  o f  q u a n t i s e d  f i e l d  th e o r y  w i th  j
t im e -d e p e n d e n t  p e r t u r b a t i o n  t h e o r y .  For a  f i e l d  t h e o r e t i c a l  

d e s c r i p t i o n  o f  b e t a  d e c a y , t h e r e  m ust be  a n  i n t e r a c t i o n  te rm

i& th e  H a m il to n ia n  o f  th e  f i e l d s ,  w here flf i s  a  '

l o r e n t z  i n v a r i a n t  e x p r e s s io n ,  q u a d r i l i n e a r  i n  th e  e l e c t r o n ,  ;
I

n e u t r i n o ,  p r o to n  and n e u t r o n  f i e l d s .  H* c a n n o t depend  on - 

th e  d e r i v a t i v e s  o f  th e  l i g h t  p a r t i c l e  f i e l d s ,  f o r  i f  i t  d id ,

th e  p r e d i c t e d  sp e c tru m  sh a p e  f o r  a llo w e d  t r a n s i t i o n s  w ould |

d i f f e r  fro m  ( 1 . 1 ) .  T h is  i n t e r a c t i o n  te rm  i n  th e  H a m ilto n ia n  j 

may be p o s t u l a t e d  d i r e c t l y ,  o r i t  may b e  a  co n seq u en ce  I

o f  i n t e r  a c t  ions of th e  h eav y  and l i g h t  p a r t i c l e s  w ith  some

i n te r m e d ia te  p a r t i c l e  such  a s  a  m eson. The F e rm i ( 1934.)



t h e o r y  o f  b e t a  d e c a y  p o s t u l a t e d  an i n t e r a c t i o n  B w hich  

i s  t h e  s c a l a r  p r o d u c t  o f  a  f o u r - v e c t o r  fo rm ed  fro m  th e  

n u c le o n  f i e l d  and a  f o u r - v e c to r  fo rm e d  from  th e  l i g h t  

p a r t i c l e  f i e l d s ;  i t  i s  now, h o w e v e r, common f o r  an y  t h e o r y  

whose ( d i r e c t l y  p o s t u l a t e d )  i n t e r a c t i o n  i s  in d e p e n d e n t  

o f  th e  d e r i v a t i v e s  o f  th e  f i e l d s  t o  b e  c a l l e d  a  F erm i 

ty p e  th e o r y ,  a s  op p o sed  t o  t h e  K o n o p in sk i and  U h lenbeck  

( 1955 ) m o d i f i c a t i o n ,  w h ich  in t r o d u c e d  d e r i v a t i v e s  o f  th e  

n e u t r in o  f i e l d .

T h ere  a r e  f i v e  l i n e a r l y  in d e p e n d e n t  L o re n tz  i n v a r i a n t  

c o m b in a tio n s  o f  th e  f i e l d s  w h ich  a r e  f r e e  fro m  d e r i v a t i v e s ,  

an d  th e  i n t e r a c t i o n  i n  a  F erm i ty p e  t h e o r y  can be an  

a r b i t r a r y  l i n e a r  c o m b in a tio n  o f  th e s e  f i v e  t e r m s .  The f i v e  

" p u re "  i n t e r a c t i o n s  a r e  s c a l a r  p r o d u c t s  o f  t e n s o r  q u a n t i t i e s ,  

one fo rm ed  fro m  th e  n u c le o n  f i e l d ,  th e  o th e r  f ro m  t h e  l i g h t  

p a r t i c l e  f i e l d s ,  and  a r e  c a l l e d  s c a l a r ,  p o l a r  v e c t o r ,  

t e n s o r ,  a x i a l  v e c to r  and p s e u d o s c a la r  (n o rm a lly  d e n o te d  b y  

S , V, T , A and  P r e s p e c t i v e l y ) ,  a c c o rd in g  to  th e  n a tu r e  o f  

th e  c o n s t i t u e n t  t e n s o r s .  At f i r s t  s i g h t ,  th e  p u r e  i n t e r 

a c t io n s  a p p e a r  f o r m a l ly  s im p le r  t h a n  m ix tu r e s ;  t h i s ,  h o w ev er, 

i s  s p u r io u s ,  s i n c e  a l t e r n a t i v e  s e t s  o f  " p u re 1* i n t e r a c t i o n s  

c a n  b e  c o n s t r u c t e d ,  f o r  exam ple by  fo rm in g  t Yb  t e n s o r s  

from  th e  p r o to n  and e l e c t r o n  f i e l d s  and fro m  th e  n e u tr o n  

and n e u t r in o  f i e l d s ,  and  th e s e  a l t e r n a t i v e  " p u r e ” i n t e r a c t i o n s  

have  been  shown by  F i e r z  (1937 ) and M ic h e l (1 9 5 0 ) t o  be  

l i n e a r  c o m b in a tio n s  o f  th e  o r i g i n a l  s e t .  Sym m etry p r o p e r t i e s



o f  th e  i n t e r a c t i o n  w ith  r e s p e c t  to  in te r c h a n g in g  t h e  f i e l d s  

a r e  l i k e l y  to  be  of g r e a t e r  t h e o r e t i c a l  s i g n i f i c a n c e ,  and 

c o n se q u e n tly  C r i t c h f i e l d 1s s u g g e s t io n  o f  th e  i n t e r a c t i o n  S-A-P 

( C r i t c h f l e l d  19^ 3 ) ,  w hich i s  a n t i - s y m m e tr ic a l  w ith  r e s p e c t  

to  th e  in te r c h a n g e  o f  any two f i e l d s ,  i s  o f  c o n s id e r a b le  

i n t e r e s t .

S e v e ra l a u th o r s  h av e  p o in te d  o u t t h a t  th e  decay  o f  yu+~ 

m esons i n to  p o s i t r o n s  and th e  c a p tu re  ofj»-mesons by p ro to n s  

can  b o th  be e x p la in e d  by Ferm i ty p e  i n t e r a c t i o n s  w i th  i n t e r 

a c t io n  c o n s ta n ts  a lm o st i d e n t i c a l  w ith  t h a t  u se d  i n  th e  th e o ry  

o f  b e ta  d ecay  ( s e e ,  f o r  exam ple, Tiomno and W heeler (19^9) an& 

Tiomno, W heeler and  Rau (19^9)). T h is  h a s  l e d  to  th e  id e a  o f 

an  i n t e r a c t i o n  betw een  s p jn o r  f i e l d s  w h ich  i s  i n  some s e n s e  

u n i v e r s a l ;  t h a t  i s ,  an i n t e r a c t i o n  betw een  any f o u r  s p in o r  

f i e l d s  s u b je c t  o n ly  to  some g e n e ra l  c o n d i t io n s  su c h  a s  c h a rg e  

c o n s e rv a t io n .

The im p o rta n c e  o f  th e  fo l lo w in g  q u e s t io n s  can  now be 

a p p re c ia te d .  What F e rm i- ty p e  i n t e r a c t i o n s ,  i f  a n y , a r e  c a p a b le  

o f  e x p la in in g  a l l  th e  a v a i l a b l e  e x p e r im e n ta l  e v id e n c e  on 

n u c le a r  b e ta  decay? Have any such  i n t e r a c t i o n s  s p e c i a l  

symmetry p r o p e r t i e s ?  Are any o f  them '’p u re "  i n t e r a c t i o n s  w ith  

some p a r t i c u l a r  o rd e r in g  o f  th e  f i e l d s ?  Are any  o f them 

c a p a b le  o f  b e in g  u n iv e r s a l  i n t e r a c t i o n s ;  t h a t  i s ,  a r e  any o f  

them  a ls o  c a p a b le  o f  e x p la in in g  the^m eson  decay?

Have any p o s s ib l e  u n iv e r s a l  i n t e r a c t i o n s



10 *

s p e c i a l  sym m etry p r o p e r t i e s ,  o r^ a n y  o f them  " p u re "  

i n t e r a c t i o n s  w i th  some p a r t i c u l a r  o r d e r in g  o f  th e  f i e l d s ?  

A nsw ers to  t h e s e  q u e s t io n s ,  b a s e d  on  c o m p a riso n  o f  

e x p e r im e n ta l  r e s u l t s  w ith  t h e o r e t i c a l  p r e d i c t i o n s ,  

i n c lu d in g  w ork t o  b e  d e s c r i b e d  i n  s u b s e q u e n t c h a p t e r s ,  

a r e  g iv e n  i n  th e  f i n a l  c h a p te r#  Im p o r ta n t  f o r  t h e  

v a l i d i t y  o f  th e  th e o r y  a re  th e  f o l lo w in g  q u e s t io n s #

Can th e  i n f i n i t i e s  o c c u r r in g  i n  th e  h ig h e r  o r d e r  

p e r t u r b a t i o n  th e o ry  be  rem o v ed  i n  a  c o n s i s t e n t  w ay? I s  

th e  f i r s t  o r d e r  p e r t u r b a t i o n  t r e a tm e n t  a d e q u a te ?  I s  th e  

a s su m p tio n  o f s p i n o r  t r a n s f o r m a t i o n  p r o p e r t i e s  f o r  th e  

n u c le o n  f i e l d s  j u s t i f i e d ?  R e n o r m a lis a t io n  o f  th e  t h e o r y  

h a s  n o t so f a r  b e e n  c a r r i e d  o u t ,  and  i t  i s  t h e r e f o r e  

im p o s s ib le  a t  t h e  moment t o  an sw er th e  f i n s t  q u e s t io n #

Ih e  p e r t u r b a t i o n  m ethod  i s  e s s e n t i a l l y  a n  e x p a n s io n  i n  

p o w ers o f  th e  i n t e r a c t i o n  c o n s t a n t ,  and s i n c e  f o r  t h e  

t h e o r y  o f  b e t a  d e ca y  t h i s  i s  v e ry  s m a l l ,  th e  f i r s t  o r d e r  

p e r t u r b a t i o n  t h e o r y  sh o u ld  b e  a d e q u a te  p ro v id e d  

r e n o r m a l i s a t io n  i s  p o s s ib l e #  I f ,  on t h e  o t h e r  h a n d , 

r e n o r m a l i s a t io n  p ro v e s  n o t  to  b e  a  u n i v e r s a l l y  s p p l i c a b l e  

p ro c e d u re  f o r  th e  re m o v a l o f  i n f i n i t i e s  fro m  p e r t u r b a t i o n  

t h e o r y ,  some d o u b t w i l l  be th ro w n  o n  t h e  u se  o f  th e  m ethod 

i n  quantum  e le c tro d y n a m ic s #  B ecause  o f  i t s  s u c c e s s  i n  

d e s c r ib in g  e x p e r im e n ta l  f a c t s ,  h o w e v er, t h e  c o n v e n t io n a l  

f i r s t  o r d e r  p e r t u r b a t i o n  t h e o r y  i n  quantum  e l e c t r o 

dynam ics m ust be  a  good a p p ro x im a tio n  to  t h e  t r u t h ,



w h a te v e r  th e o r y  i s  f i n a l l y  a d o p te d ;  i t  i s  r e a s o n a b le  t o  

su p p o se  th e  same w i l l  b e  t r u e  f o r  o th e r  i n t e r a c t i o n s  

p r o v id e d ,  a s  i s  th e  c a s e  f o r  t h e  t h e o r y  o f b e t a  d e c a y ,  

th e  i n t e r a c t i o n  c o n s ta n t  i s  sm a ll#

No s a t i s f a c t o r y  r e l a t i v i s t i c  wave e q u a t io n  f o r  

n u c le o n s  , t a k i n g  in to  a c c o u n t t h e i r  s t r o n g  i n t e r a c t i o n  

w ith  th e  m eson f i e l d ,  h a s  so f a r  b e e n  p r o d u c e d . W hile i t  

i s  w e ll-k n o w n  t h a t  o f a  c e r t a i n  g e n e r a l  c l a s s  o f  wave 

e q u a t io n s  th e  o n ly  one c a p a b le  o f  d e s c r i b i n g  a  p a r t i c l e  

whose s p in  i s  [ t  i s  a l l  l o r e n t z  f ra m e s  h a s  a  s p in o r  

w a v e - f u n c t io n , i t  i s  n o t o b v io u s  t h a t  o t h e r  w ave e q u a t io n s  

f o r  s p i n ^ p a r t i c l e s  w hose w a v e - f  u n c t io n s  a r e  n o t s p i n o r s  

c a n n o t b e  c o n s t r u c t e d .  I n  p a r t i c u l a r  i s  t h i s  n o t o b v io u s  

i f  t h e  p a r t i c l e  i s  a ssu m ed  to  h av e  i n t e r n a l  d e g re e s  o f  

free d o m  a p a r t  f ro m  s p i n ,  a s  may p ro v e  n e c e s s a ry  i f  

r e n o r m a l i s a t io n  p ro c e d u re s  f a i l  t o  rem ove a l l  t h e  i n f i n i t i e s  

a r i s i n g  i n  th e  a p p l i c a t i o n  o f p e r t u r b a t i o n  t h e o r y  t o  f i e l d  

th e o ry #  By assu m in g  th e  L o re n tz  t r a n s f o r m a t io n s  of th e  

f i e l d  com ponen ts to  b e  l i n e a r ,  and  m aking  r e a s o n a b le  

a ssu m p tio n s  a b o u t th e  m eaning  o f  s p i n ,  i t  i s  shown a t  th e  

end o f  C h a p te r  2 t h a t  any  f i e l d ,  i r r e s p e c t i v e  o f th e  f i e l d  

e q u a t io n s ,  m u s t, i f  i t  d e s c r i b e s  a  p a r t i c l e  whose s p in  

i s  i n  a l l  L o re n tz  f r a m e s , have  s p i n o r  t r a n s f o r m a t io n

p r o p e r t i e s  f o r  a l l  L o re n tz  t r a n s f o r m a t io n s  n o t  in v o lv in g  

r e v e r s a l  o f  a x e s ,  and  a l s o  f o r  e i t h e r  tim e r e v e r s a l  o r  sp a c e  

i n v e r s io n  b u t n o t n e c e s s a r i l y  b o th #  T h is  i s  c o n s i s t e n t



w ith  r e c e n t  i d e a s  ( s e e ,  f o r  e x a m p le , S ch w in g er 1951) on 

th e  n a tu r e  o f  th e  t i n e  r e v e r s a l  t r a n s f o r m a t i o n .  The p r o o f  

o f  th e  r e s u l t  i s  made p a r t i c u l a r l y  e a s y  h y  u s in g  th e  

c l a s s i f i c a t i o n  o f  r e p r e s e n t a t i o n s  o f  th e  L o re n tz  g ro u p  

g iv e n  b y  Le C o u te u r  (1 9 5 0 ) .

Yang and Tiomno (1 9 5 0 ) and a l s o  C a ia n i e l l o  (1 9 5 1 ) 

h ave  p o in te d  o u t t h e  p o s s i b i l i t y  o f  s p i n o r s  h a v in g  t r a n s 

fo rm a t io n  p r o p e r t i e s  f o r  tim e  r e f l e c t i o n  and s p a c e  

i n v e r s io n  d i f f e r e n t  fro m  th o s e  g iv e n  b y  P a u l i  (1955* 1 9 30 ) 

i n  h i s  w e ll-k n o w n  t r e a t m e n t s .  I n  C h a p te r  2 ,  t h e r e f o r e ,  

a  f u l l  d i s c u s s i o n  o f  t h e  L o re n tz  t r a n s f o r m a t i o n  p r o p e r t i e s  

o f  s p i n o r s  i s  g iv e n  w h ic h , a s  a  r e s u l t  o f  m aking f u l l e r  

u se  o f th e  g e o m e tr ic a l  i n t e r p r e t a t i o n  o f  th e  t r a n s f o r m a 

t i o n s ,  i s  m ore co m p le te  th a n  e i t h e r  o f  P a u l i* s  t r e a t m e n t s .  

The p r i n c i p l e s  of the  m ethod u s e d  h e re  a r e  due t o  C a r ta n  

and a r e  d e s c r i b e d  i n  h i s  book (C a r ta n  1 9 5 8 ) , b u t  t h e  

a p p ro a c h  i s  c o n s id e r a b ly  a l t e r e d  and m ost o f  th e  

d e r i v a t i o n s  o f the  w e ll-k n o w n  p r o p e r t i e s  o f s p in o r  

t r a n s f o r m a t io n s  w h ic h  a r e  g iv en  i n  t h i s  c h a p te r  a r e  

o r i g i n a l .  A b r i e f  a c c o u n t o f  C a r ta n 1 s  a p p ro a c h  i s  g iv e n  

i n  A ppendix  1 .  I t  i s  c l e a r  f ro m  th e  work o f  C h a p te r  2  

t h a t  the  f i v e  i n t e r a c t i o n  te rm s  a p p e a r in g  i n  t h e  P erm i 

ty p e  t h e o r y  a r e  n o t n e c e s s a r i l y  th e  a p p r o p r i a te  o n e s  

u n le s s  th e  f o u r  f i e l d s  have  i d e n t i c a l  t r a n s f o r m a t io n  

p r o p e r t i e s .



I n  th e  s t a n d a r d  t r e a t m e n t s  o f  the  th e o iy  o f  

b e ta  d e c a y , o n ly  th e  l i g h t  p a r t i c l e  f i e l d s  a n d  n o t  t h e  

n u c le o n  f i e l d s  a r e  q u a n t i s e d .  The i n t e r a c t i o n  i s  t h e n  

r e g a r d e d  a s  a  p e r t u r b a t i o n  e i t h e r  i n  a  s i n g l e  p a r t i c l e  

wave e q u a t io n ,  a s  i n  E e m i ’ s o r i g i n a l  f o r m u la t io n ,  o r  

i n  th e  many p a r t i c l e  wave e q u a tio n , o f  a  n u c le u s ,  a s  i n  

t h e  g e n e r a l i s e d  fo rm a lis m  o f  N ordheim  a n d  Y o st (1957)*  

T h is  s i t u a t i o n  i s  c l e a r l y  u n s a t i s f a c t o r y ,  a n d  t h e r e f o r e  

th e  f i r s t  p a r t  o f  C h a p te r  5 i s  d e v o te d  t o  th e  d e r i v a t i o n  , 

o f  N ordheim  and  Y o s t* s  fo rm a lis m  fro m  th e  fo rm a lis m  

o f  f i e l d  t h e o r y ,  i n  w hich  a l l  f o u r  f i e l d s  a r e  q u a n t i s e d ,  j 

W hile the  m e th o d s  u s e d  a r e  n o t  c la im e d  a s  o r i g i n a l ,  

t h i s  p a r t i c u l a r  a p p l i c a t i o n  of them  i s  th o u g h t  to  b e  s o .  j  

P erm i (1934-) c a l c u l a t e d  th e  b e t a  sp e c tru m  shape j 

f o r  a llo w e d  t r a n s i t i o n s  u s in g  th e  p o l a r  v e c t o r  i n t e r -  j 

a c t i o n ,  and su ch  c a l c u l a t i o n s  w ere  so o n  e x te n d e d  t o  j

t h e  o th e r  p u re  i n t e r a c t i o n s  ( s e e ,  f o r  e x a m p le , B e th e  ]

and B ach er 1 9 3 8 , F i e r z  1937 > H oyle  1937)*  P or th e  !
|

puce info e r a c t i o n s , th e  c a l c u l a t i o n s  w ere  e x te n d e d  to  

f o r b id d e n  t r a n s i t i o n s  b y  K o n o p in sk i and  U h len b eck  ( 1 9 4 1 ) j 

an d  G re u lin g  (1 9 4 2 ) ; th e  l a s t  named a u th o r  c a l c u l a t e d  

th e  t h e o r e t i c a l  s p e c t r a  f o r  t h e  f i v e  p u r e  i n t e r a t i o n s  

up t o  the f o u r t h  f o r b id d e n  a p p ro x im a t io n ,  a n d  i n f e r r e d  \

g e n e r a l  fo rm u la e  f o r  an  a r b i t r a r y  d e g re e  o f  fo rb id d en n e g s i 

The a llo w e d  s p e c t r a  f o r  m ix tu r e s  o f  i n t e r a c t i o n s  w e re  I



w ere c a l c u l a t e d  by  F i e r z  (1 9 3 7 ) slqcL H oy le  (1937)»  who 

n e g le c t e d  th e  e f f e c t  o f the  Coulomb f i e l d  of th e  n u c le u s  

on th e  e m i t te d  b e t a  p a r t i c l e ,  an d  more r e c e n t l y  b y  De G ro o t 

and T o lh o ek  (1 9 3 0 ) . I n  o r d e r  to  make th e  f u l l e s t  u s e  o f  

e x p e r im e n ta l  d a t a ,  i t  i s  n e c e s s a r y  to  e x te n d  t h e s e  

c a l c u l a t i o n s  t o  f o r b id d e n  t r a n s i t i o n s .  The sh ap e  o f  t h e i
i

t h e o r e t i c a l  b e t a  sp e c tru m  f o r  an a r b i t r a r y  m ix tu re  o f '

i n t e r a c t  io n s  and  an  a r b i t r a r y  d e g re e  o f  f o r b id d e n n e s s  h a s  

t h e r e f o r e  b e e n  c a l c u l a t e d ,  and  th e  r e s u l t s  a r e  g iv e n  i n  

A ppendix  4  i n  th e  fo rm  o f  c o r r e c t i o n  f a c t o r s  b y  w h ic h  th e  

a llo w e d  sp e c tru m  shape  ( 1 .1 )  m ust be m u l t i p l i e d .  The 

m ethod u se d  w as e s s e n t i a l l y  t h a t  of K o n o p in sk i and U h len b eck  

(1 9 4 1 ) , b u t  th e  a n a l y s i s  n e c e s s a ry  f o r  th e  g e n e r a l  c a s e  

c o n s id e r e d  a p p e a r s  t o  b e  o r i g i n a l .  The m ethod o f c a l 

c u l a t i o n  i s  o u t l i n e d  i n  C h a p te r  3> u s in g  f o r  th e  p u rp o s e s  

o f  i l l u s t r a t i o n  th e  p o l a r  v e c to r  i n t e r a c t i o n  a lo n e ;  th e  

m ain  a n a l y t i c a l  r e s u l t  r e q u i r e d  i s  p ro v e d  i n  A ppendix  2 ,  

w h ile  o t h e r  a n a l y t i c a l  r e s u l t s  n e e d e d  f o r  t h e  a r b i t r a r y  

i n t e r a c t i o n  a r e  g iv e n  i n  A ppendix  3 .

The main a p p ro x im a t io n s  i n  t h e s e  c a l c u l a t i o n s  a r e  

th e  r a t h e r  a r b i t r a r y  a s s u m p t io n s  made a b o u t th e  v a r i a t i o n  

o f  th e  e l e c t r o n  a n d  n e u t r i n o  f i e l d s  w i t h i n  t h e  n u c le u s ,  

and t h e  n e g l e c t  o f  th e  s c r e e n in g  e f f e c t  o f  th e  o r b i t a l  

e l e c t r o n s  o f th e  d e ca y in g  a to m . The f i r s t  o f  th e s e  h a s  

b e en  i n v e s t i g a t e d  b y  Rose a n d  Holmes (1 9 3 1 ) f o r  p u re



i n t e r a c t i o n s ,  and the n e c e s s a r y  c o r r e c t i o n  found t o  b e  

n e g l i g i b l e  f o r  a llo w e d  a n d  f i r s t  f o r b id d e n  t r a n s i t i o n s ,  

th o u g h  n o t  f o r  more h i g h ly  f o r b id d e n  t r a n s i t i o n s .  The 

seco n d  e f f e c t  w as f i r s t  i n v e s t i g a t e d  b y  Rose (1 9 3 6 ) ,  and 

l a t e r  b y  Longm ire and Brown (1949 ) and R e i t z  (1 9 5 0 ) .

I n  C h a p te r  4 ,  a  n o n - r e l a t i v i s t i c  t r e a tm e n t  o f  t h e  s c r e e n in g  

e f f e c t  i s  u se d  t o  j u s t i f y  one of th e  m ethods u se d  b y  R o se , 

w h ich  i s  th e n  e x te n d e d  to  in c lu d e  th e  e f f e c t  o f  th e  

r e s i d u a l  c h a rg e  on  th e  p r o d u c t  a to m . The s c r e e n in g  e f f e c t  

f o r  a l lo w e d  t r a n s i t i o n s  i s  fo u n d  t o  b e  n e g l i g i b l y  sm a ll*  

M ost o f the  a v a i l a b l e  e x p e r im e n ta l  e v id e n c e  on  

sp e c tru m  sh a p e s  c o n c e rn s  a l lo w e d  a n d  f i r s t  f o r b id d e n  

t r a n s i t i o n s .  Prom a  c o m p a riso n  o f  t h e  t h e o r e t i c a l l y  

p r e d i c t e d  sp e c tru m  sh a p e s  w i th  e x p e r im e n t f o r  a l lo w e d  

t r a n s i t i o n s ,  De G roo t and T o lhoek  c o n c lu d e d  t h a t  th e  

i n t e r a c t i o n  i s  u n l i k e l y  t o  c o n ta in  b o th  s c a l a r  and p o l a r  

v e c to r  t e r m s ,  o r b o t h  t e n s o r  and  a x i a l  v e c to r  t e r m s ;  

more p r e c i s e l y ,  t h e y  e s t im a t e  t h a t  f o r  i n t e r a c t i o n s  o f  

th e  ty p e  aS +  bV, o r aT +-bA, th e  r a t i o  o f th e  i n t e r a c t i o n  

c o n s t a n t s  a ana b m ust b e  n u m e r ic a l ly  l e s s  th a n  1 / 2 0 .

The o b s e rv e d  f i r s t  f o r b id d e n  s p e c t r a  a r e  o f  two t y p e s ,  

th e  one ty p e  h a v in g  a l lo w e d  sh ap e  s p e c t r a  an d  th e  o th e r  

h a v in g  a  shape  w h ich  i s  c o n s i s t e n t  w i th  th e o r y  o n ly  i f  th e  

i n t e r a c t i o n  c o n ta in s  e i t h e r  T o r  A. D e ta i l e d  c o m p a riso n  

o f  e x p e r im e n t w i th  th e o r y  f o r  t h i s  seco n d  ty p e  o f  s p e c tru m



16.

u s in g  a  m ix tu re  o f  i n t e r a c t i o n s  c a n  o n ly  g iv e  in f o r m a t io n  

a b o u t th e  r e l a t i v e  p r o p o r t io n s  o f  T and A i n  th e  i n t e r 

a c t i o n ,  a n d  s in c e  t h e s e  s p e c t r a  h av e  n o t b e e n  m ea su re d  

a s  a c c u r a t e l y  a s  many o f  th e  a llo w e d  s p e c t r a ,  th e  

in f o r m a t io n  o b ta in e d  w i l l  a lm o s t  c e r t a i n l y  be  much l e s s  

a c c u r a te  th a n  t h a t  o b t a i n e d  f ro m  th e  a l lo w e d  t r a n s i t i o n s ;  

su ch  a  c o m p a r iso n  t h e r e f o r e  seem s a t  p r e s e n t  s u p e r f lu o u s .

A c o m p a riso n  o f  th e  a llo w e d  sh a p e  f i r s t  f o r b id d e n  s p e c t r a  

w ith  t h e o r y  c a n , h o w ev er, g iv e  f r e s h  in f o r m a t io n  about 

th e  i n t e r a c t i o n ,  th o u g h  to  p r e v e n t  a m b ig u i ty  i n  th e  

r e s u l t s  t r a n s i t i o n s  m ust be  s e l e c t e d  f o r  w h ich  s e l e c t i o n  

r u l e s  c a u se  any  c o n t r i b u t i o n  to  th e  t h e o r e t i c a l  s p e c tru m  

from  th e  p s e u d o s c a la r  i n t e r a c t i o n  to  v a n is h .  Such a  

co m p a riso n  i s  d e s c r ib e d  i n  C h a p te r  6 .

Of th e  tw e lv e  n u c le a r  m a t r ix  e le m e n ts  o c c u r r in g  

i n  th e  t h e o r e t i c a l  d e s c r i p t i o n  o f f i r s t  f o r b id d e n  s p e c t r a ,  

o n ly  s i x ,  a l l  m a t r ix  e le m e n ts  o f  v e c to r  q u a n t i t i e s ,  a r e  

o f  im p o r ta n c e  f o r  t h e  w ork  i n  C h a p te r  6 . I n  o rd e r  to  

re d u c e  the  a r b i t r a r i n e s s  o f  th e  t h e o r e t i c a l  p r e d i c t i o n s , 

i t  i s  n e c e s s a r y  t o  f i n d  r e l a t i o n s  b e tw e e n  t h e s e  s i x  

m a t r ix  e le m e n ts ,  and  t h i s  i s  done i n  C h a p te r  5* U sing 

t h e s e  r e l a t i o n s ,  th e  o n ly  a d j u s t a b l e  p a ra m e te r s  re m a in in g  

i n  th e  t h e o r e t i c a l  e x p r e s s io n s  f o r  th e  b e t a  s p e c t r a  a r e  

th e  i n t e r a c t i o n  c o n s t a n t s  o f  th e  f o u r  p u re  i n t e r a c t i o n s  

w hich c o n t r i b u t e ,  i t  b e in g  rem em bered t h a t  .th e  t r a n s i t i o n s  

a r e  s e l e c t e d  so t h a t  P does n o t  c o n t r i b u t e .



The s i g n i f i c a n c e  o f  t h i s  w oik i n  r e l a t i o n  t o  o th e r  

e v id e n c e  on th e  n a tu r e  o f  t h e  b e t a  d e c a y  i n t e r a c t i o n  i s  

d i s c u s s e d  i n  C h a p te r  7* a n d  th e  q u e s t io n s  p o s e d  e a r l i e r
i

i n  t h i s  c h a p te r  a r e  a n sw e re d  a s  f a r  a s  seems p o s s i b l e  i

a t  th e  p r e s e n t  t im e .  I n  p a r t i c u l a r ,  th e  p o s s i b i l i t y  o f  

a  u n i v e r s a l  q u a d r i l i n e a r  i n t e r a c t i o n ,  and th e  s i g n i f i c a n c e  

o f  i t s  sym m etry  p r o p e r t i e s  o r a b s e n c e  o f  sym m etry 

p r o p e r t i e s  i s  d i s c u s s e d .

The w ork o f  C h a p te r s  3 and- 6 > anU ° f  c o u rs e  th e  

c o n c lu s io n s  d e r iv e d  th e r e f ro m  i n  C h a p te r  7> a**© e n t i r e l y  

o r i g i n a l ,  a s  i s  a l s o  t h e  d i r e c t  p r o o f  o fG re u lin g * s  

fo rm u la e  f o r  f o r b id d e n  b e t a  s p e c t r a  o u t l i n e d  i n  C h a p te r  3> 

and th e  e x te n s i o n  o f  G re u lin g * s  work to  in c lu d e  m ix tu r e s  

o f  i n t e r a c t i o n s .  The w ork  o n  th e  s c r e e n in g  e f f e c t  

d e s c r ib e d  i n  C h a p te r  4  i s  a n  e x te n s io n  o f  one o f  th e  

t r e a tm e n t s  g iv e n  b y  R ose  (1 9 3 6 ) , w h ile  th e  m ethod u s e d  i n  

th e  n o n - r e l a t i v i s t i c  t r e a tm e n t  u s in g  th e  H u lth e n  p o t e n t i a l  

i s  due to  D r. E .F .X . T o u sc h ek . W hile a l l  th e  o th e r  r e s u l t s  

o b ta in e d  a r e  a l r e a d y  w e ll-k n o w n , i t  i s  b e l i e v e d  t h a t  t h e i r  

d e r i v a t i o n s  g iv en  h e re  a r e  t o  some e x te n t  o r i g i n a l ,  i n  

t h a t  a  new a p p ro a c h  may b e  a d o p te d  a s  i n  th e  t r e a tm e n t  o f  

s p in o r s  i n  C h a p te r  2 ,  or a  p r o o f  g iv e n  o f  a  r e s u l t  

p r e v io u s ly  assum ed  a s  i n  th e  d e r i v a t i o n  of N ordheim  and  

X o s t f s  f o rm u la t io n  o f b e ta  d e c a y  t h e o r y  g iv e n  i n  C h a p te r  3 . 

The p r o o f  i n  C h a p te r  2 o f th e  s p in o r  n a tu r e  o f  s p in  ^ ic



f i e l d s  i s  th o u g h t  t o  h e  m ore g e n e r a l  t h a n  p r o o f s  

p r e v i o u s ly  g iv e n .

The w ork  d e s c r i b e d  i n  C h a p te r s  3 and 6 and 

th o s e  fo rm u la e  o f  A ppendix  4  n o t  a l r e a d y  g iv e n  by  

G re u lin g  (1 9 4 1 ) h ave  b e e n  p u b l i s h e d  (P u r s e y  1 9 5 1 ) .



2 . TRANSK)miATION PBQPERTIBS OF SPIN BTEIPB

The b e s t  known t r e a tm e n t s  o f th e  t r a n s f o r m a t i o n  

p r o p e r t i e s  o f  s p i n o r s  a re  th o s e  g iv e n  b y  P a u l i  (1 9 3 3 * 1 9 3 6 ). 

C ar t a n  ( 1938 ) h a s  s t u d i e d  th e  t r a n s f o r m a t i o n s  o f  s p in o r s  

i n  sp a c e  h a v in g  an a r b i t r a r y  num ber of d im e n s io n s , u s in g  

an  a p p ro a c h  q u i t e  d i f f e r e n t  f ro m  t h a t  o f P a u l i .  I n  t h i s  

c h a p te r ,  the  b a s i c  p r i n c i p l e s  o f  C a r t  an  • s  m ethod  a r e  

a p p l i e d  to  d e r iv e  a l l  th e  t r a n s f o r m a t i o n  p r o p e r t i e s  g iv e n  

by  P a u l i  (1933* 1 9 3 6 ) , so m etim es i n  a  more g e n e r a l  fo rm , 

t o g e t h e r  w i th  th e  a l t e r n a t i v e  t r a n s f o r m a t i o n s  f o r  r e f l e c t i o n s  

d i s c u s s e d  b y  Yang a n d  Tiomno (1 9 3 0 ) and C a ia n i e l l o  (1931)*

The m ethod u se d  h e re  d i f f e r s  q u i t e  c o n s id e r a b ly  i n  a p p ro a c h  

from  t h a t  of C a r ta n ,  a l th o u g h  th e  b a s i c  p r i n c i p l e s  a r e  

th e  sam e, and  C a r t a n 1 s  a p p ro a c h  i s  d is c u s s e d  i n  A ppendix  1 .

A t th e  end o f  t h e  c h a p t e r ,  th e  j u s t i f i c a t i o n  f o r  r e p r e s e n t i n g  

s p in  % K  p a r t i c l e s  b y  s p in o r  f i e l d s  i s  d i s c u s s e d .

A num ber o f d e f i n i t i o n s  w i l l  f i r s t  b e  g i v e n ,  f o l lo w e d  

by  a  s ta te m e n t  o f th e  fu n d a m e n ta l  th e o re m  u s e d  i n  t h e  m ethod . 

A E u c lid e a n  sp a c e  i s  d e f in e d  a s  a  s p a c e  i n  w h ic h  t h e  s q u a re  

o f  th e  l e n g th  o f  a  v e c to r  x. i s  a  p o s i t i v e  d e f i n i t e  q u a d r a t i c  

fo rm  3 ,0 *- ("the u s u a l  t e n s o r  sum m ation  c o n v e n t io n  i s  

u se d  th ro u g h w tth ls  c h a p te r )  kncwn a s  th e  fu n d a m e n ta l  q u a d r a t ic  

fo rm ; I f  the l e n g t h  o f  a  v e c to r  i s  g iv e n  by  a  q u a d r a t i c  fo rm  

w hich i s  n o t p o s i t i v e  d e f i n i t e ,  th e  s p a c e  i s  p s e u d o -E u c l id e a n .  

The s c a l a r  p r o d u c t  o f two v e c t o r s  £  and  ^  i s



20.

i f  t h i s  i s  z e r o ,  th e  tw o v e c t o r s  a re  o r th o g o n a l .  A 

h y p e rp la n e  whose n o rm al i s  a  v e c to r  x . i s  t h e  su b sp a c e  

c o n s i s t i n g  o f  a l l  v e c t o r s  o r th o g o n a l  t o  x  . I f  a  v e c to r  

x  i s  s e l f - o r t h o g o n a l ,  t h a t  i s  i f  th e  sq u a re  o f i t s  l e n g th  

i s  z e r o ,  th e  v e c t o r  i s  c a l l e d  a  n u l  v e c t o r :  i n  a  p se u d o -  

E u c lid e a n  s p a c e , or a  E u c l id e a n  sp a c e  i n  v d iich  v e c to r s  

a r e  a llo w e d  to  have  com plex  co m p o n en ts , t h i s  d o e s  n e t  

n e c e s s a r i l y  im p ly  t h a t  a l l  th e  com ponents o f  x  a r e  

s e p a r a t e l y  z e r o .  The e f f e c t  o n  a  v e c to r  x  o f r e f l e c t i o n  

i n  a h y p e rp la n e  whose norm al i s  n o t a  n u l  v e c to r  i s  

d e f in e d  b y  th e  tra n s fo rm a tio n

x  x  !

(2.1)w here h  + 2 . - s ) = ®

X L -  1  ( \  ^  2V.
vtA. ua. ^  y  —

From th e s e  r e l a t i o n s  i t  f o l lo w s  a t  once  t h a t

X -  . ( 2 . 2 )

Ih e  co n cep t o f  a  p s e u d o -E u c l id e a n  s p a c e  i s  o n ly  m e a n in g fu l  

i f  t h e  com ponents o f  v e c t o r s  a r e  a l l  r e a l s  a  p s e u d o -  

E u c l id e a n  sp a c e  can  a lw a y s  he  t r a n s f o r m e d  in to  a  E u c lid e a n  

sp a ce  w hose v e c t o r s  may have  com plex com ponen ts . I n  t h i s  

c h a p te r ,  p s e u d o -E u c l id e a n  s p a c e - t i n a  w i l l  h e  t r e a t e d  a s  

a  E u c l id e a n  s p a c e  th e  f o u r t h  component o f  w hose v e c t o r s  

a r e  p u re  im a g in a ry .

A p ro o f  of th e  f o l lo w in g  fu n d a m e n ta l th e o re m  i s  

g iv e n  h y  C a r ta n  (1938) t . i . ^ p . 1 3 .



Theorems A l l  l i n e a r  t r a n s f o r m a t i o n s  o f  c o - o r d i n a t e s

a E u c l id e a n  o r  p s e u d o -E u c l id e a n s p a c e  o f d im e n s io n s

can  b e  e x p re s s e d  a s  p r o d u c t s  o f n o t  mor e tha .n -n

r e f l e c t i o n s  i n  h y p e rp la n e s  whose; n o rm a ls a r e n o t  n u l

v e c t o r s .

Prom t h i s  th e o re m ,  i t  i s  o b v io u s  t h a t  o n l y  r e f l e c t i o n s  i n  

h y p e r p l a n e s  n e e d  h e  c o n s i d e r e d ,  a l l  o t l e r  t r a n s f o r m a t i o n s  

b e in g  b u i l t  up  from  them .

P a u l i  (193 6 )  h a s  s t u d i e d  th e  p r o p e r t i e s  of 4  x  4  

m a t r i c e s  s a t i s f y i n g  th e  r e l a t i o n

( 2 ‘5 )
While i n  p h y s i c a l  a p p l i c a t i o n s  t h e  y  a r e  n o r m a l ly  assu m ed  

a l s o  t o  be H e r m i t i a n ,  t h e  c o m p l i c a t i o n  o f  t h e  d i s c u s s i o n  i s  

n o t  i n c r e a s e d  b y  r e m o v in g  t h i s  r e s t r i c t i o n ,  and  i n d e e d  th e  

m eaning o f  some o f  t h e  p r o p e r t i e s  o f  s p i n o r  t r a n s f o r m a t i o n s  

becom es c l e a r e r .  Some p r o p e r t i e s  o f  m a t r i c e s  s a t i s f y i n g  

(2# 3 )  w i l l  now be  s t a t e d :  m ost o f  t h e s e  r e s u l t s  h av e  b e e n

proved  by P a u l i  (1 9 3 6 ) ,  a n d  th e  p r o o f s  of th e  few  t h a t  

have  n o t  a r e  t r i v i a l  #

> J V = o ,  ( 2 . * )

( 2 .5 )

(There e x i s t  m a tr ic e s  and such t h a t

a^ dr\ (2.6 )

+  = "A J O * ' ' ,  ( 2 - 7 )

vfoere d e n o te s  H erm itian  c o n ju g a tio n  and d e n o te s



t r a n s p o s i t i o n .  Tine m a t r i c e s  Si and h a v e  t h e  

p r o p e r t i e s

a += a ,  (2 - 8 )

( 2 . 9 )

H5+'= C i - l f ' d .  ( 2 .xo)

I t  i s  c o n v e n ie n t  t o  d e f i n e  th e  m a t r i c e s  A , j& a s  fo  l l o w s i -

/3 =  ( 2 . 1 1 )

( 2 *1 2 )

T hese  tw o m a t r i c e s  h av e  th e  p r o p e r t i e s

= y ^ ' 1 > \  ( 2 . i 5 )

y t -  Z r , / 4' 1,

J f k -

f  ( 2 a 4 )

-Itwhere  d e n o te s  com plex  c o n j u g a t i o n .  I f  t h e  ^  a r e  

H e r m i t ia n ,  t h e n  4. = 1 and  y3 = •

The s i x t e e n  m a t r i c e s  I, 

where one p r o d u c t  o n ly  i s  t a k e n  f o r  e a c h  way o f  s e l e c t i n g  

th e  i n d i c e s  f ro m  1 ,2 , 3 * 4 ,  a r e  l i n e a r l y  i n d e p e n d e n t ,  and  

s in c e  t h e r e  can n o t  h e  more t h a n  s i x t e e n  l i n e a r l y  in d e p e n d 

e n t  4 x 4  m a t r i c e s ,  any  o t h e r  4 x 4  m a t r i x  m ust be 

e x p r e s s i b l e  a s  a  l i n e a r  c o m b in a t io n  of t h e s e  s i x t e e n

p r o d u c t s .  From t h i s ,  i t  i s  e a s i l y  shown t h a t ,  a p a r t  f ro m



a n u m e r ic a l  f a c t o r ,  t h e  o n ly  m a t r i x  w h ich  a n t ic o m m u te s  w i th  a l l  . 

f o u r

W ith  any v e c t o r  ^  i n  s p a c e - t i m e ,  i t  i s  p o s s i b l e  t o  

a s s o c i a t e  a 4  x  4  m a t r i x  \  by t h e  r e l a t i o n

x  = (2 - i t )

T hroughou t t h i s  c h a p t e r ,  c a p i t a l  Roman l e t t e r s  w i l l  b e  u s e d  t o  

d e n o te  t h e  m a t r i c e s  a s s o c i a t e d  i n  t h i s  way w i t h  t h e  v e c t o r s  

d e n o te d  by t h e  c o r r e s p o n d i n g  s m a l l  l e t t e r s ,  and t h e  p h r a s e  

“ t h e  v e c t o r  X  *' may u s e d  i n  t h e  s e n s e  o f  “ t h e  v e c t o r  whose 

a s s o c i a t e d  m a t r i x  i s  X 11* From ( 2 . 3 )» ( 2 . 5 ) i t  i s  easy  t o  d ed u ce  

th e  r e l a t i o n s

X Y  +■ Y X  = X (.5 . 3 )  & . n )  :

d s i X  = ^  f e - f s )

(A u n i t  m a t r i x  i s  t o  b e  u n d e r s to o d  on t h e  r i g h t  hand s i d e  o f

e q u a t io n  (£.17))* From ( 2 .1 8 )  i t  f o l l o w s  t h a t  i f  at. i s  n o t  a  n u l
~l X zvector^ X e x is t s ,  while from (2 .17 ) X  ~ ^  and therefore commute

w ith  a l l  m a t r i c e s .

The t r a n s f o r m a t i o n  ( 2 . 2 ) e x p r e s s e d  i n  m a t r i x  fo rm  becom es

x  = x -  [ a x + x a ] a“* a  
= -  AX A- ' C t / v )  I

H en ce fo rw a rd ,  ^  w i l l  be  assum ed f o r  s i m p l i c i t y  t o  b e  a  u n i t  

v e c t o r ,  by w hich  i s  m eant <k = — I a c c o r d i n g  a s  s p a c e -

l i k e  o r  t i m e - l i k e .



A colum n m a t r i x  i s  d e f i n e d  t o  b e  a s p i n o r  i f  t in d e r

a L o r e n tz  t r a n s f o r m a t i o n  i t s  com ponen ts  t r a n s f o r m  l i n e a r l y

among th e m s e lv e s  i n  t h e  same way a s  t h e  co m p o n en ts  o f  X f

w here  X  an a r b i t r a r y  v e c t o r .  Only t h e  r e f l e c t i o n  ( 2 . 1 )

n e ed  be  c o n s i d e r e d ;  su p p o se  u n d e r  t h i s  t r a n s f o r m a t i o n  ^
>

i s  t r a n s f o r m e d  t o  ^  = F  5 , w here  I i s  a 4  x  4  m a t r i x .

Then

r x  % = x  |  = - A X A ' ' r t  fc-*©)
T h is  e q u a t io n  m ust h o ld  f o r  any s p i n o r  ^  , so  t h a t

r x = - A X A :'ry 
A~'rx + x  A~'r = o. _t (2.2i)

T h is  m ust b e  t r u e  f o r  a l l  v e c t o r s  , so  t h a t  a r  m u st

a n tico m m u te  w i th  a l l  f o u r  y ^  • Hence

A f r  -  y v  >

r = ^ A y 5  ̂ (2 .22 .)
w here  i s  some num ber a s  y e t  u n d e te r m in e d .  I t  i s  'easy t o

s e e  now t h a t  ( 2 . 1 9 ) may be  w r i t t e n

X = r  x  r r *  <?■•«)
The fu n d a m e n ta l  th eo re m  may now be  a p p l i e d ,  so t h a t  t h e  

g e n e r a l  L o r e n tz  t r a n s f o r m a t i o n  p r o p e r t i e s  o f  v e c t o r s  and  

s p i n o r s  a r e  ^

X ^ X  =  A X A ~ '  1  ' .

% - * %  = A %  ,  I
w here  A  can  b e  w r i t t e n  a s  a p r o d u c t  o f n o t  more t h a n  f o u r



m a t r i c e s  o f  t h e  ty p e  ( 2 . 2 2 ) .

Any h y p e rp la n e  whose no rm al i s  n o t  a n u l  v e c t o r  h a s  

two u n i t  n o r m a ls ,  d i f f e r i n g  o n ly  i n  s i g n ,  and  i t  i s  i m p o s s i b l e  

t o  g iv e  any u n iq u e  m ethod o f  s e l e c t i n g  one i n  p r e f e r e n c e  t o  

t h e  o t h e r .  C o n s e q u e n t ly  t h e  s i g n  o f  A > anc  ̂ t h e r e f o r e  a l s o  

o f  J~~ and o f  any p r o d u c t  o f P  ^ such  a s  A  , i s  c o m p le te ly  

i n d e t e r m i n a t e ,  q u i t e  i n d e p e n d e n t l y  o f  t h e  i n d e t e r m in a c y  o f  

oL . The TV m a t r i c e s  m u s t  t h e r e f o r e  fo rm  a two v a lu e d  j

r a t h e r  t h a n  a s i n g l e  v a lu e d  r e p r e s e n t a t i o n  o f  t h e  L o r e n t z  

g ro u p ,  and i n  p a r t i c u l a r  t h e  i d e n t i t y  m u s t  b e  r e p r e s e n t e d  by 

±1 • Now two r e f l e c t i o n s  i n  t h e  same h y p e rp la n e  m u s t  g iv e
!

i d e n t i t y ,  and from  t h i s  i t  i s  easy  t o  show t h a t

± 1 j>

o r  X '  t |  c , r  ( 2 - Z ^ )

B ecause  o f  t h e  tw o  v a lu e d  n a t u r e  of t h e  t r a n s f o r m a t i o n s ,  i t  

i s  im p o s s ib l e  t o  d i s t i n g u i s h  i n  any a b s o l u t e  s e n s e  t y p e s  o f  

s p i n o r s  f o r  w h ich  pC d i f f e r s  o n ly  i n  s i g n ;  i t  i s  p o s s i b l e ,  

how ever ,  t o  d i s t i n g u i s h  i n  an  a b s o l u t e  way s p i n o r s  w h ich  

t r a n s f o r m  u n d e r  r e f l e c t i o n  w i t h  oC~ i f  and  s p i n o r s  w h ich

t r a n s f o r m  w i th  oC = *  L • R e f l e c t i o n s  i n  h y p e r p l a n e s  w i l l  I

be  c a l l e d  t i m e - l i k e  o r  s p a c e - l i k e  a c c o r d in g  a s  t h e  n o rm a ls  t o  

t h e  h y p e r p la n e s  a r e  t i m e - l i k e  o r  s p a c e - l i k e .  W hile  oC m u st  

b e  t h e  same f o r  a l l  s p a c e - l i k e  r e f l e c t i o n s  and th e  same f o r  

a l l  t i m e - l i k e  r e f l e c t i o n s ,  i t  n e e d  n o t  be  th e  same f o r  s p a c e 

l i k e  a s  f o r  t i m e - l i k e  r e f l e c t i o n s .  T h e re  can  t h e r e f o r e  be  

f o u r  t y p e s  o f s p i n o r ,  w h ich  w i l l  be  c a l l e d  a b s o l u t e  t y p e $ ,



w hich  a r e  c l a s s i f i e d  a c c o r d i n g  t o  w h e th e r  o r  ^ j r t

f o r  s p a c e - l i k e  and t i m e - l i k e  r e f l e c t i o n s  s e p a r a t e l y .  Owing to  

t h e  tw o - v a lu e d  n a t u r e  o f  t h e  t r a n s f o r m a t i o n s  s p i n o r s  c a n n o t  

h e  f u r t h e r  c l a s s i f i e d  a c c o r d in g  t o  t h e i r  t r a n s f o r m a t i o n  

p r o p e r t i e s  i n  any a b s o l u t e  s e n s e .  I t  i s  p o s s i b l e ,  how ever ,  

t h a t  two s p i n o r s  o f  t h e  same a b s o l u t e  ty p e  may a lw a y s  t r a n s 

fo rm  u n d e r  r e f l e c t i o n s  w i t h  t h e  same r e l a t i v e  s i g n ,  w hich  c a n  

b e  e i t h e r  o r  — , and may b e  d i f f e r e n t  f o r  s p a c e - l i k e  and 

t i m e - l i k e  r e f l e c t i o n s .  I n  t h i s  way, s p i n o r s  o f  e a c h  a b s o l u t e  

ty p e  can  b e  d iv id e d  i n t o  f o u r  r e l a t i v e  t y p e s ,  a c c o r d i n g  t o  

w h e th e r  th e y  t r a n s f o r m  w i t h  t h e  same or o p p o s i t e  s i g n  a s  a 

g iv e n  s p i n o r  u n d e r  s p a c e - l i k e  and t i m e - l i k e  r e f l e c t i o n s  

s e p a r a t e l y .  The s i x t e e n  s p i n o r  t y p e s  t h u s  i n t r o d u c e d  a r e  th e  

same a s  t h o s e  d i s c u s s e d  by C a i a n i e l l o  ( 1 9 5 1 ) .

From ( 2 .7 ) >  ( 2 . 1 3 ) ,  ( 2 . 1 4 ) ,  t h e  com m uta tion  r e l a t i o n s  

o f  ^  w i t h  ^  , and  t h e  p u r e  im a g in a ry  n a t u r e  o f  t h e  f o u r t h

com ponent o f a v e c t o r ,  t h e  f o l l o w i n g  r e l a t i o n s  a r e  e a s i l y  

deduced*

( i ) n A ,  ( a .2 4 )

( * ' ^ f  ( 2 .2 -0

A-fc A  -  ( ( * ' (Z-2K) 

]C~p x  = ( - » f ‘ (2 . 2 ^ )
where and  o(t  a r e  th e  v a l u e s  o f  << f o r  s p a c e - l i k e  and

t i m e - l i k e  r e f l e c t i o n s  r e s p e c t i v e l y ,  ^  i s  t h e  num ber of
'vn

s p a c e - l i k e  r e f l e c t i o n s ,  Jg&bhe number of t i m e - l i k e  r e f l e c t i o n s  

and N z A v tw t h e  t o t a l  number of r e f l e c t i o n s  i n  t h e  

t r a n s f o r m a t i o n .



N o rm a lly ,  a  L o r e n t z  t r a n s f o r m a t i o n  i s  d e f i n e d  by

X  — • = Cl X-*pU. yU ^A .1/ V'N (Z/W)
y~ /~ v>

j*v A/** s ^  . O ^ o4 yU

A p p ly in g  ( 2 . 3 0 ) and u s i n g  t h e  d e f i n i t i o n  ( 2 . 1 6 )  o f X and  

th e  t r a n s f o r m a t i o n  o f  X g iv e n  by ( 2 . 2 4 ) ,  i t  i s  fo u n d  t h a t

and  s i n c e  t h i s  m ust  h o l d  f o r  any v e c t o r   ̂

o r , on a p p ly in g  ( 2 • 3 1 ) »

A ~ V a  =  y v Y v *  C2 - ^ z >
The s p i n o r s  so  f a r  d e f i n e d  a r e  colum n m a t r i c e s ,  and  

w here  n e c e s s a r y  to  a v o id  a m b ig u i ty ,  th e y  may b e  c a l l e d  colum n 

s p i n o r s .  A row s p i n o r  may b e  d e f i n e d  t o  b e  a row  m a t r i x ,

s a y ,  whose com ponen ts  t r a n s f o r m  l i n e a r l y  among th e m s e lv e s  

u n d e r  a  L o r e n tz  t r a n s f o r m a t i o n  i n  t h e  same way a s  t h e  compon

e n t s  o f  X > w h e re  X ani7 v e c t o r .  A d i s c u s s i o n  s i m i l a r  

t o  t h a t  g iv e n  abov e  f o r  co lum n s p i n o r s  shows t h a t  a row 

s p i n o r  t r a n s f o r m s  a c c o r d in g  t o

6 .^ ( z . s 'O

w here i s  t h e  t r a n s f o r m a t i o n  m a t r i x  f o r  an  a r b i t r a r i l y

c ho sen  colum n s p i n o r  ^  and £  i s  a num ber w h ich  may be

\ , o r ,  f o r  r e f l e c t i o n s ,  a l s o  ~t *- • Row s p i n o r s  c a n  b e

g ro u p ed  i n t o  f o u r  a b s o l u t e  t y p e s ,  e a c h  o f  w hich  c an  be s u b 

d i v id e d  i n t o  f o u r  r e l a t i v e  t y p e s ,  i n  a way a n a lo g o u s  t o  t h e



2& .

c l a s s i f i c a t i o n  a l r e a d y  g iv e n  f o r  column s p i n o r s .  A c o n n e c t io n  

can  be  s e t  up betw een t h e  ty p e s  o f  row s p i n o r s  and t h e  ty p e s

o f  column s p i n o r s  th ro u g h  t h e  f a c t o r  €  i n  e q u a t io n  ( 2 . 3 3 ) .!

I f  a  column s p i n o r  % and  a  row s p i n o r  ^  t r a n s fo r m

a c c o rd in g  to  ^  | ;  ^  >  G  ^  \\< * 3 |

th e n  th e y  can be  s a i d  t o  be o f  t h e  same a b s o l u t e  ty p e  j

i f  G — t  I f o r  a l l  r e f l e c t i o n s ^  and a l s o  t o  be  o f  t h e

same r e l a t i v e  ty p e  i f  f o r  a l l  r e f l e c t i o n s .  These

d e f i n i t i o n s  a r e  c o n s i s t e n t  w i th  t h e  d e f i n i t i o n s  o f  a b s o l u t e  

and r e l a t i v e  ty p e s  o f  row and column s p i n o r s  a l r e a d y  g iv e n .

A p u re  number i s  fo rm ed  by m u l t i p l y i n g  any  4 x  4  m a t r ix  

on th e  l e f t  by a row s p i n o r  and  on t h e  r i g h t  by a  column spinozy 

su c h  a number i s  a  b i l i n e a r  c o m b in a t io n  o f  t h e  com ponents o f 

t h e  two s p i n o r s ,  and can c l e a r l y  h av e  L o re n tz  t r a n s f o r m a t i o n  

p r o p e r t i e s .  Only t h e  s i x t e e n  l i n e a r l y  in d e p e n d e n t  ^  x  1+ 

m a t r i c e s  a l r e a d y  m en tion ed  need  be c o n s i d e r e d ,  and t h e  c o r r e s -  

p o n d in g  b i l i n e a r  c o m b in a t io n s  o f  s p i n o r  com ponents may be  

g ro u p ed  as f o l l o w s : -

n °  = % y

tty *  -

^ = 1  

a *  -  i y s l -
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From ( 2 .3 2 )  and ( 2 . 3 3 ) ,  i t  i s  s e e n  a t  once  t h a t  t h e  co m p o n en ts

o f  i l ' ,  - a *

t r a n s f o r m  l i k e  a s c a l a r ^ p o l a r  v e c t o r ,  s i x  v e c t o r ,  a x i a l  v e c t o r ,  

and p s e u d o s c a l a r  r e s p e c t i v e l y ,  e x c e p t  t h a t  i n  e ac h  t r a n s f o r m 

a t i o n  t h e  -Q 's> a r e  m u l t i p l i e d  by t h e  a p p r o p r i a t e  v a l u e  o f  

G • I f  G - - I  f o r  a l l  r e f l e c t i o n s ,  t h e n  t h e  ~CL^$ 

t r a n s f o r m  l i k e  t h e  c o r r e s p o n d in g  p s e u d o - q u a n t i t i e s ,  t h a t  i s  

l i k e  a p seud o  sc  a l a r ,  a x i a l  v e c t o r ,  s i x  v e c t o r ,  p o l a r  v e c t o r  

and s c a l a r  r e s p e c t i v e l y *  The 5 may p e rh a p s  t r a n s f o r m  l i k e  

o r d in a iy  q u a n t i t i e s  u n d e r  s p a c e - l i k e  r e f l e c t i o n s  a n d  l i k e  

p seu d o  q u a n t i t i e s  u n d e r  t i m e - l i k e  r e f l e c t i o n s *  I f  ^  and  

^  a r e  n o t  b o t h  o f  t h e  same a b s o l u t e  t y p e ,  t h e n  G c a n  b e  

j t  t  f o r  r e f l e c t i o n s ,  and t h e  -O.U a r e  n o t  t r u e  t e n s o r  

q u a n t i t i e s  a t  a l l ;  i n  f a c t ,  i t  can b e  s e e n  t h a t  t h e  t r a n s 

f o r m a t io n s  of any i x  would  t h e n  g i v e  a t w o - v a lu e d  r e p r e s e n t 

a t i o n  o f  t h e  L 0 r e n t z  group*

Prom a g iv en  column s p i n o r ,  i t  i s  p o s s i b l e  t o  c o n s t r u c t  

t h r e e  o t h e r  column s p i n o r s  and f o u r  row s p i n o r s ,  a l l  o f  t h e  

same a b s o l u t e  t y p e ,  b u t  n o t  a l l  o f  t h e  same r e l a t i v e  ty p e*

Prom ( 2 . 2 6 ) ,  % i s  a column s p i n o r  t r a n s f o r m i n g  u n d e r

a l l  r e f l e c t i o n s  w i t h  t h e  o p p o s i t e  s i g n  t o  % ; s i m i l a r l y

^  i s  a row  s p i n o r  t r a n s f o r m i n g  u n d e r  r e f l e d t i o n s  w i th

t h e  o p p o s i t e  s i g n  t o  i | ,  J l  , f rom  ( 2 . 2 7 ) ,  i s  a

column s p i n o r  t r a n s f o r m i n g  u n d e r  r e f l e c t i o n s  w i th  th e  same o r



o p p o s i t e  s i g n  t o  % a c c o r d i n g  a s  oi -  J  c o r  ± f  *

t h e  th i rd *  colum n s p i n o r  w h ich  can  he  c o n s t r u c t e d  i s  y ^  J

i s  a row s p i n o r  w h ich  from  ( 2 . 2 8 )  t r a n s f o r m s  u n d e r  

r e f l e c t i o n s  w i t h  t h e  same or o p p o s i t e  s i g n  t o  ^  a c c o r d i n g  

a s  ot~ t \  o r  ± i  f o r  s p a c e - l i k e  r e f l e c t i o n s  and

d_-z j: t  o r  ±  { f o r  t i m e - l i k e  r e f l e c t i o n s : .  i s  a

row s p in o r  which t r a n s f o r m s  w i th  t h e  o p p o s i t e  s i g n  t o  ^  

u n d e r  t i m e - l i k e  r e f l e c t i o n s ,  a s  f o l l o w s  from  ( 2 . 2 9 ) .  Column 

s p i n o r s  ^  y  ̂ J l  )V  ^  331(1 row  sP i n o r s

have t h e r e f o r e  b e e n  fo rm e d .  I n  f i e l d  t h e o r e t i c a l  a p p l i c a t i o n s ,  

J *  % *  i s  i n t e r p r e t e d  a s  t h e  c h a rg e  c o n j u g a t e  s p i n o r  t o

% . For a n e u t r a l  p a r t i c l e ,  Jl may b e

p o s t u l a t e d ;  t h i s  e q u a t io n ,  w h ich  i s  t h e  b a s i s  o f  t h e  M a jo ran a  

t h e o r y  o f  t h e  n e u t r i n o  (M a jo ra n a  1937 , F u r ry  1 9 3 8 ) ,  i s  s e l f  

c o n s i s t e n t ,  i n  t h a t  i t e r a t i o n  g i v e s  a n -̂

Tiomno (1 9 3 0 )  have  p o i n t e d  o u t  t h a t  t h i s  e q u a t io n  i s  L o r e n t z  

i n v a r i a n t  on ly  i f  oC -  i t  c  i ° r  a i i  r e f l e c t i o n s ;

t h i s  can b e  se e n  f ro m  ( 2 . 2 7 )* I f  i  I a H

r e f l e c t i o n s ,  % ^  J l  i s  L o r e n t z  i n v a r i a n t ,  b u t  i s

n o t  s e l f  c o n s i s t e n t ,  s i n c e  on i t e r a t i o n  i t  g i v e s  .

The r e a l i t y  p r o p e r t i e s  cf  t h e  t e n s o r  q u a n t i t i e s  fo rm ed  a s  i n  

( 2 . 3 4 )  f rom  t h e  row s p i n o r  311(1 c ° i uim  s p i n o r
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3 * a r e  in d e p e n d e n t  o f  t h e  r e a l i t y  p r o p e r t i e s  o f  3  and o f

t h e  r e p r e s e n t a t i o n  c h o se n  f o r  t h e  They a r e  t h e r e f o r e

s u i t a b l e  f o r  i n t e r p r e t a t i o n  a s  p h y s i c a l  q u a n t i t i e s ,  and i n  
, 1

f a c t  i s  n o rm a l ly  i n t e r p r e t e d  as  t h e  c h a r g e - c u r r e n t  d e n s i ty  .

The s i °  s i ' ,  a \  x l 4* so fo rm ed  a r e

s c a l a r ,  p o l a r  v e c t o r ,  s i x  v e c t o r ,  a x i a l  v e c t o r  and  p s e u d o s c a l a r  

q u a n t i t i e s  u n d e r  s p a c e - l i k e  r e f l e c t i o n s ,  b u t  a r e  t h e  c o r r e 

sp o n d in g  pseudo  q u a n t i t i e s  u n d e r  t im e  r e f l e c t i o n s ;  t h i s  i s  

t h e  w e ll-k now n  Manomalous** t i m e - r e f l e c t i o n  p r o p e r t y  o f  t h e s e  

q u a n t i t i e s .

F iv e  l i n e a r l y  in d e p e n d e n t  s c a l a r  q u a d r i i i n e a r  c o m b in a t

io n s  o f  t h e  com ponen ts  o f  f o u r  colum n s p i n o r s  ^  ^

and su p p o sed  a l l  t o  b e  of t h e  same a b s o l u t e  and  r e l a t i v e

t y p e ,  can b e  c o n s t r u c t e d  by t a k i n g  t h e  s c a l a r  p r o d u c t s  o f  th e  

f i v e  t e n s o r s  fo rm ed  from  % H  an d w i th  th e

c o r r e s p o n d in g  f i v e  c o n s t r u c t e d  from  and  ^

F iv e  such  s c a l a r s  can  b e  c o n s t r u c t e d  i n  t h i s  way f o r  e a c h  o f  

t h e  24 p o s s i b l e  p e r m u t a t i o n s  of t h e  f o u r  s p i n o r s .  F i e r z  (1 9 3 7 )  

and M ich e l  (1 9 3 0 ) ,  by u s i n g  r a t h e r  c o m p l i c a te d  p r o p e r t i e s  o f  

t h e  ,  have shown t h a t  on ly  f i v e  of t h e s e  120  s c a l a r s  a r e

l i n e a r l y  in d e p e n d e n t ,  and h av e  g iv e n  a m ethod w hereby  t h e  

s c a l a r s  fo rm ed  w i t h  one p e r m u t a t i o n  o f  t h e  s p i n o r s  c an  be  

e x p re s s e d  a s  l i n e a r  c o m b in a t io n s  o f  t h e  s c a l a r s  fo rm ed  w i th  a iy
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o t h e r  p e r m u ta t io n .  The same r e s u l t s  can be  o b t a i n e d  by

n o t i c i n g  t h a t  i s  a  ^ x 4 m a t r i x ,  an d  can
^ 3  ij? A A 

t h e r e f o r e  be e x p re s s e d  as  a  l i n e a r  c o m b in a t io n  K

o f  t h e  16 l i n e a r l y  in d e p e n d e n t  m a t r i c e s ,  d e i o t e d  by
a ^  A

^  , a l r e a d y  g iv e n .  The c o e f f i c i e n t s  ^  ^  a r e

b i l i n e a r  c o m b in a t io n s  o f  t h e  components o f  a n d  ,
■— ■ a fa A

and  can be w r i t t e n  % , w here  i s

a  k- x k- m a t r ix .  S in c e  ^  ^I ^  >•&
i s  a  s c a l a r ,  i t  i s  e a s i l y  s e e n  t h a t  f? ^ an^

t h a t  .4% *  ^  ‘t .r  X>L( V t  (a • -5
w here -Q_ C• j > i s  t h e  o f  e q u a t io n  ( 2 . 3^ t

form ed from  a n -̂ • Now i t  i s  e a sy  t o  f i n d ,

from  t h e  com m utation  r u l e s  o f  t h e  Y/* , an e x p r e s s io n  f o r

l n an  e x p an s io n  o f  a  m a t r i x  o f  t h e  form  J l~  ^  

In  p a r t i c u l a r ,  th e  te rm  i n v o lv i n g  t h e  u n i t  m a t r ix  i s

v ( v * ) ' - » i .n -I
A pp ly ing  t h i s  t o  ( 2 . 3 5 ) ,  one  f i n d s

c°il°( 1 =  - f e £ -  ( D l l i W S L L z , * )1 L'P

1 =  0

From t h i s ,  one o b t a i n s  th e  c o e f f i c i e n t s  i n  ( 2 . 3 5 ) ,  and  by 

p i c k i n g  o u t  o t h e r  te rm s on th e  r i g h t  hand  s i d e ,  i t  i s  p o s s i b l e  

t o  e x p re s s  a l l  t h e  s c a l a r s  form ed w i th  t h e  o r d e r i n g  ( 1 ^ 3 2 ) .  

a s  l i n e a r  c o m b in a t io n s  o f  t h e s e  form ed w i th  t h e  o r d e r i n g  ( 123*0 

The r e s u l t s  o f  i n t e r c h a n g i n g  *§ , and  , and  o f  i n t e r -
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c h an g in g  and ^  a r e  e a s i l y  o b t a i n e d  f ro m  t h e  com m utat

io n  r e l a t i o n s  o f  t h e  y  and t h e  p r o p e r t i e s  ( 2 . 7 )> ( 2 . 9 ) o f  

t h e  m a t r i x  , and any p e r m u t a t i o n  of t h e  s p i n o r s  c an  b e

c o n s t r u c t e d  by r e p e a t e d  a p p l i c a t i o n s  o f  t h e s e  t h r e e  p e r m u ta t io n s

A l l  L o r e n tz  t r a n s f o r m a t i o n s  can  be  c o n s t r u c t e d  from
'fcj'lve. OOCIS CkvvA. <?KC.

s p a t i a l  r o t a t i o n s  l e a v i n g  i n v a r i a n t  t rw

r e f l e c t i o n ,  a n d  s p a c e  i n v e r s i o n ,  t h a t  i s  t h e  r e v e r s a l  o f a l l  

t h r e e  s p a c e - l i k e  a x e s .  The c o r r e s p o n d in g  s p i n o r  t r a n s f o r m a t 

i o n s  a re  ( f ro m  ( 2 . 2 2 )  and (2 .24-) ) : -

S p a t i a l  r o t a t i o n s  l e a v i n g  i n v a r i a n t  t h e  t im e  a x i s  and t h e  

a x i s
» A - — |  -  yxy,

A =  ~ f - , V (2.37)
3: A - ‘-’A  - Y iY ^  f  .

S p a c e - t im e  r o t a t i o n s  l e a v i n g  i n v a r i a n t  t h e  s p a c e - l i k e  a x e s

1 Z; A ' -  ‘■‘’ f  -  *•>
Q- ^  ' &A --  ̂ 1 >- (2.3«)2v 3>

I
Time r e f l e c t i o n ;  +  v  v  v  v

v/V -  Yt-Y i  . ( 2. . ^ )

Space  i n v e r s i o n ;  A  "= ± X S . ( ^ . ^ o )

The tw o - v a lu e d  n a t u r e  of ( 2 . 3 7 )  and ( 2 .3 8 )  I s  o b v io u s  from  th e  

f a c t  t h a t  th e y  c h a n g e  s i g n  when & i s  i n c r e a s e d  by ^ T r .



Q  i s  t h e  a n g le  o f  t h e  r o t a t i o n  i n  a l l  c a s e s ,  and i s  o f  c o u r s e  

p u r e  im a g in a ry  ( e x c e p t  f o r  an  a r b i t r a r y  r e a l  t e r m  'Z 'H tk  , 

w here  'H i s  i n t e g r a l )  f o r  t h e  s p a c e - t im e  r e f l e c t i o n s  o f  ( 2 .3 8 ) .  

I t  i s  c o n v e n ie n t  t o  w r i t e

“V  L W ,  ,

1 If-sTi , L ;>

s i -  i W z , c C f  1 u y - ; .

I f  t h e  V  a r e  H e r m i t i a n ,  t h e n  so a r e  <j~ and  ^  , w hich

t h e n  have a l l  t h e  p r o p e r t i e s  o f  t h e  u s u a l  (T and m a tr ic e s  

o f  D i r a c  t h e o r y .  The m a t r i c e s  jr and \  C ̂  a re  seem  

f ro m  ( 2 . 37 ) and ( 2 . 3 8 ) t o  b e  t h e  g e n e r a t i n g  o p e r a t o r s  o f  

i n f i n i t e s i m a l  r o t a t i o n s  i n  t h e  L0r e n t z  g r o u p •

Bhabha (194-9) d a s  shown on t h e  b a s i s  o f  a  number o f  

g e n e r a l  p o s t u l a t e s  t h a t  any f i e l d  w hich i s  c a p a b l e  o f  d e s c r i b 

i n g  a p a r t i c l e  whose s p i n  i s  4̂ -fcc i n  a l l  L o r e n tz  f r a m e s  m u s t  

have  s p in o r  t r a n s f o r m a t i o n  p r o p e r t i e s .  Bhabha assum es t h a t  

t h e  L o r e n tz  t r a n s f o r m a t i o n s  o f  t h e  f i e l d  a r e  l i n e a r  and g iv e  

an i r r e d u c i b l e  r e p r e s e n t a t i o n  o f  t h e  L o r e n t z  g ro u p ,  t h a t  t h e  

f i e l d  com ponents  can  be u n iq u e ly  d e te r m in e d  a t  a p o i n t  on a 

s p a c e - l i k e  s u r f a c e  and t h e r e f o r e  do n o t  c o n t a i n  any " s t r u c t u r a l 1 

c o - o r d i n a t e s ,  t h a t  t h e  f i e l d  e q u a t io n s  i n  t h e  a b s e n c e  o f  

i n t e r a c t i o n s  a r e  l i n e a r ,  and t h a t  t h e  f i e l d  e q u a t io n s  can  be 

d e r i v e d  from  a L a g ra n g ia n  v a r i a t i o n a l  p r i n c i p l e .  H e re ,  a 

s i m i l a r  th eo re m  w i l l  b e  p ro v e d ,  b u t  w i t h  t h e  l a s t  t h r e e  of
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t h e s e  a s s u m p t io n s  r e p l a c e d  by o t h e r s ,  w h ich  on t h e  su r fa c e  a t  

l e a s t  a p p e a r  more g e n e r a l ,  b a s e d  on t h e  i d e a s  of q u a n tise d  

f i e l d  th e o ry #

The p r o p e r t i e s  o f a p h y s i c a l  sy s te m  a r e  assum ed to  b e  

d e r i v a b l e  f rom  t h e  p r o p e r t i e s  of a  s t a t e  v e c t o r  s a t i s f y i n g  a 

S c h r o d in g e r  e q u a t io n  whose H a m il to n ia n  i s  known i n  te rm s  o f  

a f i e l d  HP • ^  i s  r e g a r d e d  a s  a f u n c t i o n  of p o s i t i o n  sc

i n  s p a c e - t i m e ,  some f u r t h e r  c o n t in u o u s  v a r i a b l e s  ^  , and  a 

number o f  d i s c r e t e  v a r i a b l e s  5 # The d i s c r e t e  v a r i a b l e s  a r e  

su p p o sed  t o  i n c l u d e  t h e  num berin g  o f  any t e n s o r  c o m p o n e n ts ,  so 

t h a t  t h e  f i e l d  ' f E  can ^ e  r e g a r d e d  a s  h a v in g  no i n t r i n s i c  

L o r e n tz  t r a n s f o r m a t i o n  p r o p e r t i e s #  N obaing w h a te v e r  w i l l  be 

assum ed a b o u t  t h e  f i e l d  e q u a t io n s  f o r  o E  w h ich  c a n  b e  d e r i v e d  

f ro m  t h e  H a m il to n ia n  t o g e t h e r  w i t h  t h e  com m uta tio n  r e l a t i o n s  

f o r  q j f  f o r  d i f f e r e n t  v a l u e s  of t h e  v a r i a b l e s .  I t  i s  assum ed 

t h a t  a c o m p le te  s e t  of b a s i c  s t a t e  v e c t o r s  can  b e  d e s c r i b e d  i n  

t e r m s  o f  a number of s i n g l e  p a r t i c l e  s t a t e s  t o g e t h e r  w ith  

o c c u p a t io n  num bers f o r  them . H ie  p r o p e r t i e s  o f  e a c h  s i n g l e  

p a r t i c l e  s t a t e  a r e  assum ed t o  b e  g i v e n  i n  t e r m s  o f  a wave 

f u n c t i o n  ^ |/  which d e p e n d s  on th e  same s e t  o f  v a r i a b l e s  a s  

th e  f i e l d  , w h ic h ,  h ow ever, may now b e  i n t e r p r e t e d  a s  th e

s p a o s - t im e  c o - o r d i n a t e s  jc  o f  t h e  p a r t i c l e  t o g e t h e r  w i th  

v a r i a b l e s  ^  , S d e s c r i b i n g  t h e  s t r u c t u r e  of t h e  p a r t i c l e .  

L a s t l y ,  i t  i s  a ssum ed  t h a t  i f  f o r  p r e s c r i b e d  v a l u e s  o f  c e r t a i n  

o f  t h e  s t r u c t u r a l  v a r i a b l e s  each  w a v e - f u n c t i o n , f o r  t h e  f u l l  

ra n g e  o f  v a l u e s  of t h e  o t h e r  s t r u c t u r a l  v a r i a b l e s  f o r  w hich  i t
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i s  d e f i n e d ,  fo r m s  a b a s i s  o f  a r e p r e s e n t a t i o n  o f  t h e  L o r e n t z  

g ro u p ,  t h e  same f o r  a l l  t h e  w a v e - f u n c t i o n s ,  t h e n  f o r  t h e  sam© 

p r e s c r i b e d  v a l u e s  o f  th e  same s t r u c t u r a l  v a r i a b l e s  and t h e  same 

r a n g e  o f  v a l u e s  o f  th e  o t h e r  s t r u c t u r a l  v a r i a b l e s  t h e  f i e l d

g ro u p .

The p u r p o s e  o f  t h i s  l a s t  a s su m p t io n  i s  t o  overcom e t h e  

d i f f i c u l t y  o f d e f i n i n g  t h e  a n g u l a r  momentum o f  t h e  f i e l d  when 

the  fo rm  o f  t h e  H a m il to n ia n  i s  c o m p le te ly  unknown. As a r e s u l t  

o f  th e  a s s u m p t io n ,  o n ly  t h e  s i n g l e  p a r t i c l e  wav e - f u n c t i o n s  

n e ed  be  c o n s i d e r e d ,  and f o r  them  th e  a n g u l a r  momentum c a n  be 

d e f i n e d  a s  t h e  l i n e a r  o p e r a t o r  M -  c ^  w here  **VVW VIM j  VKvv

i s  t h e  g e n e r a t i n g  o p e r a t o r  f o r  i n f i n i t e s i m a l  r o t a t i o n s ,  t h a t  i s  

t h e  e f f e c t  o f  an i n f i n i t e s i m a l  r o t a t i o n  th r o u g h  an a n g le  ^  

a b o u t  an a x i s  i n  t h e  d i r e c t i o n  ^  , w here  £ i s  a u n i t\/sA/ \AA/

v e c t o r ,  i s  g iv e n  by t h e  o p e r a t o r  ( l  +  °  t v*<xc

The g e n e r a t i n g  o p e r a t o r  ^  , and  t h e r e f o r e  a l s o  th e  a n g u la r

momentum o p e r a t o r  M , can  be  d i v i d e d  i n t o  two com m uting p a r t s ,

t h e  one d e p e n d in g  on ly  on p o s i t i o n  c o - o r d i n a t e s  and  t h e  o t h e r  

dep en d in g  on ly  on t h e  s t r u c t u r a l  c o - o r d i n a t e s ;  th e  f i r s t  o f  

t h e s e  p a r t s  m ust  o b v io u s ly  b e  i n t e r p r e t e d  a s  th e  " o r b i t a l "  

a n g u la r  momentum, a n d  t h e  s e c o n d  a s  t h e  '’s p i n *1 a n g u la r  

momentum.

The e f f e c t  on a  w a v e - f u n c t io n  ^  o f  an i n f i n i t e s i m a l  

L o r e n tz  t r a n s f o r m a t i o n

fo rm s  a b a s i s  o f  t h e  same r e p r e s e n t a t i o n  o f  t h e  L o r e n tz
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i s  g iv e n  by t h e  o p e r a t o r

I 4~ CD ^  ,I ^  yxy y*y

w here  t h e  o p e r a t o r s  a r e  t h e  g e n e r a t i n g  o p e r a t o r s  o f  the

i n f i n i t e s i m a l  t r a n s f o r m a t i o n s *  The g e n e r a t i n g  o p e r a t o r s  o f  

i n f i n i t e s i m a l  s p a t i a l  r o t a t i o n s ,  w h ich  a r e  t h e r e f o r e  r e l a t e d  

t o  t h e  a n g u la r  momentum o p e r a t o r s ,  a r e  ^  y ^ 3 , an(* *

I f  t h e  v e c t o r s  and  oL a r e  d e f i n e d  "by

i d - 3 , - r  ^ 1

t h e n  t h e  com ponen ts  o f  ^  and <2 . s a t i s f y  t h e  u s u a l  " a n g u l a r  

momentum" com m u ta tion  r e l a t i o n s

I f  now f  and ^  a r e  d e f i n e d  by

r ( f >  + 7

■ C *  2 ;  -  V ,  1  ( *  ” )
t h e n  p and commute w i t h  each  o th e r*  The com ponen ts  o f  

~P a l s o  commute w i t h  t h e  com ponen ts  o f i<_ • T hese  commubat-
Aav VÂ v

io n  r u l e s  a r e  a  c o n se q u e n c e  of t h e  m u l t i p l i c a t i o n  r u l e s  f o r  

t h e  L o r e n tz  group* T hese  r e s u l t s  can  e a s i l y  b e  shown t o  h o ld  

f o r  t h e  " o r b i t a l "  and " s p i n "  p a r t s  o f  t h e  g e n e r a t i n g  o p e r a t o r s  

s e p a r a t e l y .  T hese  r e l a t i o n s  w ere  r e c e n t l y  p o i n t e d  o u t  by 

Le C o u te u r  ( 1 9 5 0 ) .



I t  i s  e asy  t o  shew t h a t  a l l  f i n i t e  i r r e d u c i b l e  

r e p r e s e n t a t i o n s  of t h e  c o n t in u o u s  L o r e n t z  g ro up  ( o b t a i n e d  by 

i n t e g r a t i n g  t h e  i n f i n i t e s i m a l  t r a n s f o r m a t i o n s )  a r e  c h a r a c t e r 

i s e d  by e ig e n v a l u e s  o f  and y  w hich  a r e  e i t h e r  i n t e g r a l

o r  h a l f  odd i n t e g r a l .  S in c e  v e c t o r i a l l y  t h e  a n g u la r  momentum 

o p e r a t o r  i s  W  ~ + £ )  » i t s  m a g n i tu d e ,  d e f i n e d  by

= M*" m ust have  e i g e n v a l u e s  P + Vj l v  • 3 I f  

S in c e  th e  r e p r e s e n t a t i o n  i s  i r r e d u c i b l e ,  t h e  a n g u la r  momentum 

i s  n o t  c o n s t a n t  u n d e r  a l l  L o r e n t z  t r a n s f o r m a t i o n s  u n l e s s  e i t h e r  

o r  (y i s  z e r o .  The o p e r a t i o n  of sp a c e  i n v e r s i o n  i n t e r 

ch an g es  t h e  r o l e s  o f  P  and oL j c o n s e q u e n t ly ,  i f  a 

r e p r e s e n t a t i o n  o f  t h e  o r th o c h r o n o u s  L o r e n t z  g ro u p  ( t h a t  d s ,  

t h e  c o n t in u o u s  L o r e n t z  g ro u p  t o g e t h e r  w i t h  s p a c e  i n v e r s i o n )  

c o n t a i n s  t h e  r e p r e s e n t a t i o n  t h e  c o n t in u o u s

L o r e n tz  g ro u p ,  w here  ’ t l l0 n  ^  mus^ a i s0  c o n t a i n  t h e

r e p r e s e n t a t i o n  oni y  f i n i t e  i r r e d u c i b l e

r e p r e s e n t a t i o n  o f  t h e  o r th o c h r o n o u s  L o r e n tz  g roup  f o r  w h ich  

th e  m ag n itu d e  of t h e  a n g u la r  momentum i s  ^ t  i n  a l l  L o r e n tz  

f ra m e s  i s  t h e r e f o r e  -i- i )  \ t h i s  r e p r e s e n t a t i o n

can  be  shown t o  b e  a s p i n o r  r e p r e s e n t a t i o n .  By i n t r o d u c i n g  

a t im e  r e f l e c t i o n  t r a n s f o r m a t i o n ,  i t  i s  p o s s i b l e  t o  c o n s t r u c t  

a f i n i t e  i r r e d u c i b l e  r e p r e s e n t a t i o n  o f  t h e  whole L o r e n tz  g r o u p , 

b u t  t h i s  c a n n o t  b e  done i n  a u n iq u e  m anner s i n c e  owing to  th e  

tw o -v a lu e d  n a t u r e  of s p i n o r  t r a n s f o r m a t i o n s  t h e  sp a c e  i n v e r s 

i o n  and  t im e  r e f l e c t i o n  o p e r a t o r s  may e i t h e r  commute o r  a n t i -  

commute*, f o r  a s i n g l e  v a lu e d  r e p r e s e n t a t i o n ,  t h e s e  o p e r a t o r s  

m u st  commute, w h i l e  f o r  t h e  s p in o r  r e p r e s e n t a t i o n  d i s c u s s e d



e a r l i e r  i n  t h i s  c h a p t e r  th e y  a n t i  commute©

How i f , i n  a n  i r r e d u c i b l e  r e p r e s e n t a t i o n  o f  t h e  

L o r e n tz  g ro u p ,  t h e  a n g u l a r  momentum o p e r a t o r  h a s  o n ly  a

f i n i t e  num ber o f  e i g e n v a l u e s ,  i t  can b e  shewn t h a t  t h e  r e 

p r e s e n t a t i o n  m ust b e  f i n i t e ©  F o r  t h e  p o s s i b l e  e i g e n v a l u e s  

o f  a r e  a l l  t h e  p o s s i b l e  v a l u e s  o f  4- cL ^  j  'iz y and

i f  t h e r e  a r e  o n ly  a f i n i t e  num ber o f  s u c h  e ig e n v a l u e s  t h e  

number of d i s t i n c t  e ig e n v a l u e s  o f  an(* m u st  be

f i n i t e ©  S in c e  t h e  r e p r e s e n t a t i o n  i s  i r r e d u c i b l e ,  e a c h  e i g e n 

v a lu e  o f  o r  c a n  o c c u r  o n ly  a f i n i t e  num ber o f  tim es©

From t h i s  t h e  r e s u l t  fo llo w s©

The l i n e a r  o p e r a t o r s  g i v in g  t h e  e f f e c t  on the  w ave- 

f u n c t i o n  /\|/  o f  L o r e n t z  t r a n s f o r m a t i o n s  c an  be d i v i d e d  i n t o  

two p a r t s ,  an " o r b i t a l ” p a r t  d e p e n d in g  o n ly  on t h e  p o s i t i o n  

c o - o r d i n a t e s  i n  s p a c e - t im e  and a 51 s p i n "  p a r t  d e p e n d in g  o n ly  

on t h e  s t r u c t u r a l  c o -o r d in a te s * ,  t h e  abo v e  r e s u l t s  can b e  

shown t o  h o ld  f o r  t h e  o r b i t a l  and s p i n  p a r t s  s e p a r a t e l y .  F o r  

th e  r e m a in d e r  o f  t h i s  c h a p t e r ,  o n ly  t h e  s p i n  p a r t  w i l l  b e  

considered©

A commuting s e t  o f  o p e r a t o r s  c a n  now b e  c h o se n  w h ich  

i s  c o m p le te  i n  t h e  s e n s e  t h a t  f ro m  o p e r a t o r s  o f  t h e  s e t  

o p e r a t o r s  can  be  c o n s t r u c t e d  w h ich  g i v e  t h e  e f f e c t  on t h e  

w a v e - f u n c t io n s  o f  t h e  s p i n  p a r t  o f  any L0r e n t z  t r a n s f o r m a t i o n  

w hatsoever©  The e ig e n v a l u e s  o f  t h i s  s e t  o f  o p e r a t o r s  c a n  b e  

r e g a r d e d  a s  th e  p o s s i b l e  v a l u e s  o f  s t r u c t u r a l  v a r i a b l e s ,  and



t h e  wav e - f u n c t i o n s  f o r  t h e  f u l l  r a n g e  o f  t h e s e  v a r i a b l e s  m ust  

fo rm  th e  b a s i s  c f  a r e p r e s e n t a t i o n  o f  t h e  L o r e n tz  g r o u p .  T h is  

r e p r e s e n t a t i o n  can b e  su p p o se d  t o  be  c o m p le te ly  r e d u c e d ,  and 

i t  m ust b e  p o s s i b l e  by g i v i n g  a p p r o p r i a t e  v a l u e s  t o  o t h e r  

s t r u c t u r a l  v a r i a b l e s  t o  p i c k  o u t  e a c h  o f  i t s  i r r e d u c i b l e  

p a r ts®  I t  i s  n a t u r a l  t o  a s s o c i a t e  e ac h  o f  t h e s e  i r r e d u c i b l e  

p a r t s  w i th  one o f  t h e  f u n d a m e n ta l  p a r t i c l e s  o f n a t u r e .  I f  

one o f  t h e s e  f u n d a m e n ta l  p a r t i c l e s  h a s  s p i n  a l l  s t a t e s

t h e n  i t  f o l l o w s  f i r s t l y  t h a t  i t s  a s s o c i a t e d  r e p r e s e n t a t i o n  o f  

t h e  L o r e n tz  g ro up  i s  f i n i t e ,  and s e c o n d ly  t h a t  i t  i s  a s p i n o r  

r e p r e s e n t a t i o n  a t  l e a s t  f o r  t h e  c o n t in u o u s  t r a n s f o r m a t i o n s  

and f o r  sp a ce  i n v e r s i o n ,  th o u g h  i t  i s  n o t  n e c e s s a r i l y  so  f o r  

t im e  r e f l e c t i o n .  A c c o rd in g  t o  t h e  l a s t  of t h e  a s s u m p t io n s  on 

pag e  3  L , t h e  f i e l d  a l s o  fo rm s  t h e  b a s i s  o f  a  r e p r e s e n t 

a t i o n  o f  t h e  L o r e n t z  g ro u p ,  t h e  i r r e d u c i b l e  p a r t s  o f  w hich  

c o r r e s p o n d  t o  t h e  d i f f e r e n t  f u n d a m e n ta l  p a r t i c l e s ,  w h i l e  i f  

one p a r t i c l e  i s  a lw ay s  fo und  w i t h  s p i n  ~  t  t h e  c o r r e s p o n d i n g  

i r r e d u c i b l e  r e p r e s e n t a t i o n  i s  a s p i n o r  r e p r e s e n t a t i o n  a t  

l e a s t  f o r  c o n t in u o u s  t r a n s f o r m a t i o n s  and  f o r  sp a c e  i n v e r s i o n .

T h is  d i s c u s s i o n  d i f f e r s  f ro m  t h e  u s u a l  t r e a t m e n t  i n  

t h e  d e f i n i t i o n  o f  t h e  s p i n .  C o n v e n t i o n a l l y ,  an a n g u la r  

momentum t e n s o r  i s  s e t  up  i n  te r r a s  o f  t h e  f i e l d ,  and a f t e r  

q u a n t i s a t i o n  d i f f e r e n t  p a r t s  of t h e  a n g u l a r  momentum t e n s o r  

a r e  i n t e r p r e t e d  a s  o r b i t a l  and s p i n  a n g u l a r  momentum. F o r

t h i s  t o  be  p o s s i b l e ,  an  e x p l i c i t  L a g ra n g ia n  m ust b e  assumed®
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By d e f i n i n g  s p in  i n  t e r m s  o f  th e  s i n g l e  p a r t i c l e  s t a t e s  

i n t r o d u c e d  i n  t h e  se co n d  q u a n t i s e d  t h e o r y ,  t h e  t r e a t m e n t  g iv e n  

above i s  made in d e p e n d e n t  even o f  t h e  e x i s t e n c e  o f  a 

L a g r a n g ia n .  The c o n c e p t  o f  a s i n g l e  p a r t i c l e  w a v e - f u n c t io n  

u s e d  above  i s  a l s o  more g e n e r a l  t h a n  u s u a l ,  s i n c e  such a 

w a v e - f u n c t io n  i s  n o t  a ssum ed  t o  d e s c r i b e  o n ly  one ty p e  o f  

f u n d a m e n ta l  p a r t i c l e .  T h is  more g e n e r a l  c o n c e p t  c o u ld  b e  

u s e d  t o  t r e a t ,  f o r  ex am ple , a n u c le o n  w i t h  i t s  accom pany ing  

meson f i e l d  as  a s i n g l e  p a r t i c l e  -  such  a  t r e a t m e n t  i s  n o t  

n e c e s s a r i l y  e q u i v a l e n t  t o  t h e  c o n v e n t i o n a l  a p p ro a c h .

For5 p u lp # # # , aR- igOsOp-ic

a  5 ;
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4-2.

As was p o i n t e d  o u t  i n  t h e  i n t r o d u c t i o n  t h e r e  i s  some 

hope  t h a t  a  d e s c r i p t i o n  o f  b e t a  d e ca y  b a s e d  on f i r s t  o r d e r  

t im e -d e p e n d e n t  p e r t u r b a t i o n  th e o ry  sh o u ld  g iv e  a c c u r a t e  

r e s u l t s .  For t h i s  p u r p o s e ,  a H a m il to n ia n  i s  assum ed o f  t h e  

ty p e^w here  t h e  i n t e g r a t i o n  i s  o v e r  a l l  s p a c e ,  and  t h e  

H a m il to n ia n  d e n s i t y  can be  w r i t t e n  a s

H = hc + h ' (m )
w ith  Ho th e  H a m il to n ia n  d e n s i t y  o f  t h e  u n p e r tu r b e d  sy s tem  and 

Ĥ  th e  p e r t u r b a t i o n  te rm . I n  c o n s t r u c t i n g  a  s u i t a b l e  

p e r t u r b a t i o n  te rm ,  one i s  f a c e d  w i th  t h e  c h o ic e  o f  r e g a r d i n g  

p r o to n s  and n e u t r o n s  a s  d i s t i n c t  fu n d a m e n ta l  p a r t i c l e s  o r  a s  

d i f f e r e n t  s t a t e s  o f  t h e  same p a r t i c l e :  t h e  d i f f e r e n c e  i n

t r e a tm e n t  i s  one  o f  o u t lo o k  r a t h e r ^ o f  fu n d a m e n ta l  p h y s i c a l  

• im p o rta n ce ,  b u t  i n  v iew  o f  t h e  s t r o n g  i n t e r n u c l e o n  c h a rg e  

exchange f o r c e s  i t  i s  more c o n v e n ie n t  i n  t h i s  c h a p t e r  to  

t r e a t  t h e  two p a r t i c l e s  a s  d i f f e r e n t  s t a t e s  o f  t h e  one fu n d a 

m en ta l  p a r t i c l e .  For t h i s  p u r p o s e ,  an  i s o t o p i c  s p i n  o p e r a t o r  

'T^> f f i s  i n t r o d u c e d  i n  th e  us u a l  way, n e u t r o n  an d  p r o t o n  

s t a t e s  b e in g  r e p r e s e n t e d  by e i g e n s t a t e s  of b e lo n g in g  to

th e  e ig e n v a lu e s  -hi and —I r e s p e c t i v e l y .

I n  s e t t i n g  up t h e  i n t e r a c t i o n  te rm  i n  t h e  Ferm i ty p e  

o f  t h e o r y ,  i t  i s  i m p l i c i t y  assum ed t h a t  t h e  n u c le o n  f i e l d  h a s  

sp in o r  t r a n s f o r m a t i o n  p r o p e r t i e s ;  t h e  work o f  l a s t  c h a p te r  

shows t h a t  t h i s  i s  e q u iv a le n t  to  assum ing  th e  n u c le o n  s p i n  t o  

be  ~-tC i n  a l l  L o re n tz  f ram es . I t  i s  a l s o  assum ed t h a t

th e  n u c le o n ,  e l e c t r o n  and  n e u t r i n .  f i e l d s  a r e  s p i n o r  f i e l d s  o f  

t h e  same a b s o l u t e  and r e l a t i v e t y p e s ,  o r  a t  l e a s t  t h a t  s c a l a r



q u a n t i t i e s  c o n s t r u c t e d  on t h i s  a s s u m p t io n  a r e  i n  f a c t  s c a l a r .  

S in c e  H* m u s t  h e  L o r e n t z  i n v a r i a n t ,  a n d  s i n c e  i n  t h e  F e rm i 

ty p e  t h e o r y  of b e t a  d ecay  H* c a n n o t  i n v o lv e  f i e l d  d e r i v a t i v e s ,  

H1 m ust b e  a l i n e a r  c o m b in a t io n  o f  t h e  f i v e  " p u r e 11 i n t e r a c t i o n s  

g iv e n  b e low  i n  te r m s  of t h e  u s u a l  D i r a e  m a t r i c e s  oC  ̂

and ;

v= ^  f ) + tc > j

[ ( ^ - 2 )

A - C f )  - V f ) + c c > I
T -  + cc- J

H e re ,  and f  a r e  r e s p e c t i v e l y  t h e  n u c le o n ,  e l e c t r o n

and n e u t r i n o  f i e l d s  ( t h e  e m i t t e d  n e u t r a l  l e p t o n  i s  r e g a r d e d

f o r  c o n v e n ie n c e  a s  an a n t i n e u t r i n o ,  so t h a t  t h e  p r o c e s s  may

b e  d e s c r i b e d  e q u a l ly  w e l l  a s  t h e  a b s o r p t i o n  of a n e g a t i v e

energy  n e u t r i n o ) ,  and  Q -  -  iT g )  a&d i t s  H e r m i t ia n

c o n ju g a te  r e s p e c t i v e l y  t h e  o p e r a t o r s

d e s c r i b i n g  th e  t r a n s i t i o n  o f  a n e u t r o n  i n t o  a p r o t o n  and  v i c e

v e r s a .

A c c o rd in g  t o  n o rm a l  t im e -d e p e n d e n t  p e r t u r b a t i o n  t h e o r y ,  

t h e  p r o b a b i l i t y  p e r  u n i t  t im e  o f  a t r a n s i t i o n  fro m  an  i n i t i a l  

s t a t e  i  t o  a f i n a l  s t a t e  f  i s  g iv e n  by

w here  p ( B )  i s  t h e  d e n s i t y  o f  f i n a l  s t a t e s  p e r  u n i t  e n e rg y  r a n g e  
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T h is  fo r m u la  m i l  b e  u s e d  to  o b t a i n  t h e  p r o b a b i l i t y  p e r  u n i t  

t im e  o f  a n u c le u s  d e c a y in g  t o  g iv e  a n  e l e c t r o n  i n  a g iv e n  aaesgy 

range*  f o r  t h i s  p u r p o s e ,  s u i t a b l e  i n i t i a l  and f i n a l  s t a t e s  

m ust be  c h o s e n ,  and t h e  r e s u l t  o f  ( 3 *3 ) summed o v e r  a l l  

f i n a l  s t a t e s  h a v in g  an e l e c t r o n  i n  th e  r e q u i r e d  e n e rg y  ra n g e *  

I n  F e rm i’ s o r i g i n a l  t r e a t m e n t  (F e r m i ,  1934-)* t h e

i n t e r a c t i o n  was r e g a r d e d  a s  a p e r t u r b a t i o n  i n  th e  H a m i l to n ia n

o f  a s i n g l e  n u c l e o n ,  o n ly  t h e  l i g h t  p a r t i c l e  f i e l d s  b e in g  

q u a n t i s e d *  The m a t r i x  e le m e n t  f o r  t h e  t r a n s i t i o n  was 

g e n e r a l i s e d  t o  th e  many n u c le o n  c a s e  by N ordheim  and Y o s t  

(1 9 3 7 )•  I t  i s  r a t h e r  u n s a t i s f a c t o r y ,  how ever, to  l e a v e  

th e  n u c le o n  f i e l d  u n q u a n t i s e d ,  and i t  w i l l  be shown t h a t  the  

N ordheim  and  Y ost m a t r i x  e lem en t  can b e  d e r i v e d  from  t h e  

i n t e r a c t i o n s  ( 3 *2 ) i f  a l l  t h e  f i e l d s  a r e  q u a n t i s e d  

c o n s i s t e n t l y *  The r e l a t i o n  be tw een  q u a n t i s e d  f i e l d  t h e o r y  

and t h e  many p a r t i c l e  w a v e - f u n c t i o n s  h a s  a l r e a d y  b e en  

s t u d i e d  by  Fock  (1 9 3 2 )  and by B e c k e r  and L e i b f r i e d  (194-6), j

and th e  m eth ods  u s e d  h e re  a r e  i n  many ways s i m i l a r  t o  t h e i r s *  !

I t  i s  c o n v e n ie n t  to  r e g a r d  t h e  s p i n o r  i n d i c e s  a s  

d i s c r e t e  v a r i a b l e s  which may be d e n o te d  by X, and t o  d e n o te

th e  co m p le te  s e t  o f  f i e l d  v a r i a b l e s by th e

s i n g l e  sym bol %e £ ( t - * t ' ) w i l l  
£*)•

The u s u a l  a n t i  com m uta tio n  r u l e s

w i l l  t h e n  be t a k e n  to  mean
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(34)

a ie  assum ed f a r  a l l  t h r e e  f i e l d s ,  b u t  th e  n u c l e o n ,  e l e c t r o n  

and n e u t r i n o  f i e l d s  a r e  assum ed  t o  commute w i th  each  o th e r *  

The f i e l d s  may b e  ex p an d ed  i n  t e rm s  o f  c o m p le te  s e t s  o f  

o r th o g o n a l  f u n c t i o n s  i n  t h e  f o l lo w in g  manner*

H ere  f o r  c o n v e n ie n c e  t h e  f u n c t i o n s  have b e e n  c l a s s i f i e d  

a c c o r d in g  a s  th e y  c o r r e s p o n d  to  p o s i t i v e  o r  n e g a t i v e  e n e rg y  

s i n g l e  p a r t i c l e  s t a t e s ,  th e  second  t y p e  of f u n c t i o n  b e in g  

d e n o te d  by a b a r*  The o r t h o g o n a l i t y  and c o m p le te n e s s  

r e l a t i o n s  f o r  t h e  ^  a r e

w i th  s i m i l a r  r e l a t i o n s  f o r  t h e  y ^ v  . From t h e s e ,  

t o g e t h e r  w i t h  (3 * 4 0 ,  i t  f o l l o w s  t h a t

\ * * , ( * > 4 % u * 6 >  a % -  s  ,f
3 A % A A

£  \  UK (V)+£  =v ̂ > = sh * y  * *

( % ) A %  -  f j « * =
3 7i t  A *
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? v V M a £ , ,,v I *  >

\  ( M)

5 < M A  <  s i V  K M = K M =°>
with, s i m i l a r  r e l a t i o n s  f o r  th e  K  w^ l 0 any ^  7

Cv commute w i th  e a c h  o t h e r .  The <* a re  i n t e r p r e t e d  a s
 ̂ — + 

a n n i h i l a t i o n  o p e r a t o r s  f o r  n u c le o n s  and t h e  ^ ^  a s
CV< <v“t  I cr k
m orrffi.mi o p e r a t o r s  f o r  a n t in u d L e o n s ,  w i t h  a n a lo g o u s  

i n t e r p r e t a t i o n s  f o r  t h e  b * s  and c f s«

The n o r m a l i s e d  vacuum s t a t e  v e c t o r  ) °y  i s  d e f i n e d  t o  

he such  t h a t

V c> = V°>= xr {0 > " V 0> = c>>>* v ,0>=0,

The s e t  o f  a l l  d i s t i n c t  v e c t o r s  o f  t h e  t y p e

( ? • « )

IiV/ / Vk->= ^ S r l/ k CV"ct v -  <l I °>  ( 5 . 1 )

fo rm s  a  com ple te  s e t  o f  n o r m a l i s e d  o r t h o g o n a l  b a s i c  s t a t e  

v e c t o r s ,  w h i l e  t h e  m ost g e n e r a l  s t a t e  v e c t o r  d e s c r i b i n g  

a s t a t e  w i t h  k  n u c le o n s ,  A a n t i n u c l e o n s ,  Z e l e c t r o n s ,



~2_ p o s i t r o n s ,  n  n e u t r i n o s  and 'H a n f i n e n t r i n o s  i s

w here  th e  sum m ation i s  o v e r  a l l  v a l u e s  o f each  of t h e  

. B e ca u se  o f  t h e  a n t i  c o m m u ta t io n  

p r o p e r t i e s  o f  t h e  c r e a t i o n  o p e r a t o r s ,  and  s i n c e  t h e

} e t c . ,  a re  dummy i n d i c e s , ^  m ust be  a n t i s y m m e t r i c a l  

w i th  r e s p e c t  to  t h e  i n t e r c h a n g e  o f  any two o f  th e  ^   ̂

o r  o f  th e  ^ ? e t c .  I f  l A ^ i s  n o r m a l i s e d ,  t h e n

| oC ( M y y K r 1) !  - \ .

I A> can  be w r i t t e n

IA>» f 4 41a4?;... Af- J v  V x '  t  < K - “>t

< V  V,  r̂" "5 ^ 1  n ‘>, fe-l O
V(lv.<»rt

I "A ^

<vi*<4

T h a t  (3 * 1 2 )  i s  i n  f a c t  e q u i v a l e n t  t o  ( 3 . 1 0 )  may b e  se e n



48.

from  th e  o r t h o g o n a l i t y  r e l a t i o n s  ( 3 * 6 ) • The s t a t e  v e c t o r s

a r e  no‘t; o r t h o g o n a l  s i n c e  t h e  p o s i t i v e  

energy  f u n c t i o n s  u do n o t  i n  t h e m s e lv e s  fo im  a c o m p le te  

s e t  o f  o r th o g o n a l  f u n c t i o n s .  T hese  s t a t e  v e c t o r s ,  h o w e v e r ,  

m ust form  a c o m p le te  s e t  o f  b a s i c  s t a t e  v e c t o r s  f o r  t h e  

sy s te m  o f  A n u c l e o n s ,  A a n t i n u c l e o n s ,  Z e l e c t r o n s ,

21 p o s i t r o n s ,  n  n e u t r i n o s  and  'K a n t i n e u t r i n o s ,  s i n c e  

any s t a t e  v e c t o r  f o r  t h e  sy s te m  can  b e  e x p r e s s e d  a s  a 

l i n e a r  c o m b in a t io n  o f  them . I t  m ust be  p o s s i b l e ,  t h e r e f o r e ,  

t o  fo rm  a c o m p le te  s e t  o f  n o r m a l i s e d  o r th o g o n a l  b a s i c  

v e c t o r s  f o r  t h e  sy s te m  by t a k i n g  s u i t a b l e  l i n e a r  [

c o m b in a t io n s  o f  t h e  | % ‘S*'1]'2]1 % V  A p r o c e d u r e

f o r  d o in g  t h i s  c o u ld  b e  b a s e d  on t h e  c a n o n i c a l  

t r a n s f o r m a t i o n s  o f  t h e  D i r a c  e q u a t i o n s  d i s c u s s e d  by  Foldy  

and W outhuysen  (1 9 5 0 )?  t h i s ,  h ow ev er ,  i s  u n n e c e s s a r y  f o r i
th e  p r e s e n t  p u r p o s e ,  e x c e p t  t o  n o t e  t h a t  t h e  t r a n s f o r m e d  |

v e c t o r s  form  a c o m p le te  s e t  o f  b a s i c  v e c t o r s  f o r  t h e  

system  i n  t h e  r e p r e s e n t a t i o n  i n  w h ic h  t h e  p o s i t i o n  

c o - o r d i n a t e s  o f  th e  p a r t i c l e s  a r e  d i a g o n a l ,  c o n s e q u e n t l y ,  

th e  t r a n s f o r m e d  oL ij' can b e  r e g a r d e d  a s  a  many

p a r t i c l e  wave—f u n c t i o n  i n  th e  P o ld y —W outhuysen i

r e p r e s a n t s t i o n ,  and th e  u n t r a n s f o r m e d  ^  ^

may b e  r e g a r d e d  a s  a many p a r t i c l e  wave—f u n c t i o n  i n  t h e  

D ira c  r e p r e s e n t a t i o n .  Fram (3 * 1 3 )  and th e  symmetry !
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p r o p e r t i e s  o f  y «*- ^  i s

s e e n  to  have t h e  c o r r e c t  symmetry p r o p e r t i e s  f o r  t h i s  

i n t e r p r e t a t i o n .

The i n i t i a l  and f i n a l  s t a t e  v e c t o r s  w i l l  b e  l i n e a r  

c o m b in a t io n s  of v e c t o r s  o f  t y p e  (3 * 1 2 )  c o r r e s p o n d in g  t o  

d e f i n i t e  v a l u e s  o f  A - A  y Z  "  Z  ̂  ^  —^T. I f ,  h o w ev er ,  

i t  i s  assum ed t h a t  t h e  i n i t i a l  and f i n a l  s t a t e s  c a n  b e  

d e s c r i b e d  by c o n v e n t io n a l  many p a r t i c l e  wave f u n c t i o n s ,  

i t  i s  n e c e s s a r y  t o  assume d e f i n i t e  v a l u e s  f o r  A y

Z  Z  *\ s e p a r a t e l y *  th e  te rm  i n  t h e  l i n e a r

c o m b in a t io n  of s t a t e  v e c t o r s  c o r r e s p o n d in g  t o  t h e s e  

v a l u e s  i s  th e n  su p p o se d  to  d o m in a te ,  and th e  o t h e r  te rm s  

are  r e g a r d e d  a s  sm a ll  p e r t u r b a t i o n s  w h ich  to  a f i r s t  

a p p ro x im a t io n  may be  i g n o r e d .  F o r  t h e  e m is s io n  o f  e l e c t r o n  

and a n t i n e u t r i n o  i n  b e t a  d e c a y ,  i t  m i l  be assum ed  t h a t  

A -  Z  -  'h -  O f o r  b o th  t h e  i n i t i a l  and  f i n a l

s t a t e s ,  and t h a t  m -O  i n i t i a l l y .  Z w i l l  be u s e d  t o  

d e n o te  t h e  num ber o f  e l e c t r o n s  i n  t h e  f i n a l  s t a t e s  t h e  

number i n  th e  i n i t i a l  s t a t e  w i l l  th e n  be  Z - l#

The i n t e r a c t i o n  (3 * 2 )  c an  be w r i t t e n  a s



w here  X, X*’ d e n o te  t h e  d i s c r e t e  v a r i a b l e s  o f  t h e  n u c le o n  

f i e l d ,  x ,  x^ th e  d i s c r e t e  v a r i a b l e s  o f  t h e  l i g h t  p a r t i c l e  

f i e l d s ,  and sum m ation  o v e r  d i s c r e t e  v a r i a b l e s  i s  d e n o te d  

by an i n t e g r a l  s i g n .  The o n ly  t e r m s  i n  t h e  e x p a n s io n  o f  

t h i s  a c c o r d in g  to  (5 * 5 )  w hich  can c o n t r i b u t e  t o  t h e  

m a t r i x  element; a r e  t h o s e  w i th  o p e r a t o r  dep en d en ce  o f  th e  

ty p e  The m a t r i x  e lem en t  o f  t h e

i n t e r a c t i o n  be tw een  i n i t i a l  and f i n a l  s t a t e s  o f  th e  t y p e  

(3 * 1 0 )  c a n  now be w r i t t e n  down, and i s

^ A, ./ z

* >V ( s . Hf)

where th e  sum m ation i s  o v e r  a l l  v a l u e s  o f  a l l  t h e  /I
A -

K Now by u s i n g  th e  o r t h o g o n a l i t y  r e l a t i o n s  (3 * 6 )  

t o g e t h e r  w i t h  t h e  d e f i n i t i o n  (3 « 1 3 )  o f  th e  many p a r t i c l e  

w a v e - f u n c t i o n ,  i t  i s  easy t o  show t h a t
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w h i le  f ro m  t h e  d e f i n i t i o n  ( 3 «1 3 ) i t  i s  c l e a r  t h a t

IA % <?...) = $ K  f t )  = O . (3 .  It)

(3J 5) can  now b e  s u b s t i t u t e d  i n  (3*14-), and  a s  a r e s u l t  o f  

(3 * 1 ^ )  th e  sum m ations c an  b e  e x te n d e d  o v e r  n e g a t i v e  

e n e rg y  a s  7/ e l l  a s  p o s i t iv e ® e n e r g y  s t a t e s ,  so  t h a t  t h e  

c o m p le te n e s s  r e l a t i o n  (3 « 6 )  c a n  be a p p l i e d .  When t h i s  i s  

d o n e ,  (3®14) r e d u c e s  t o

T h is  i s  a g e n e r a l i s e d  fo rm  o f  t h e  m a t r i x  e lem en t g iv e n  by 

Nordheim and T o s t  (19 3 7 )*

E q u a t io n  ( 3 . 1 ? )  i s  to o  g e n e r a l  i n  form  f o r  c o n v e n ie n t  

a p p l i c a t i o n ,  and s e v e r a l  s i m p l i f y i n g  a s s u m p t io n s  m ust be  

made® I t  i s  assum ed i n  t h e  f i r s t  p l a c e  t h a t  t h e  wav®~ 

f u n c t i o n s  a r e  s e p a r a b l e  i n t o  f a c t o r s  d e p e n d in g  o n ly  on th® 

n u c le o n ,  e l e c t r o n ,  and  a n t i n e u t r i n o  c o -o r d in a te ®  

r e s p e c t i v e l y #  I t  i s  a l s o  assum ed  t h a t  th e  f i n a l  e l e c t r o n
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wave—f u n c t i o  n  i s  an a n t i s y m m e t r i s e d  p r o d u c t  o f  th e  i n i t i a l  

e l e c t r o n  w a v e - f u n c t io n  and a  s i n g l e  e l e c t r o n  w a v e - f u n c t i o n .  

F o r  c o n v e n ie n c e ,  t h i s  s i n g l e  e l e c t r o n  w a v e - f u n c t io n  c a n  "be 

t a k e n  t o  h e  one o f  th e  o r t h o g o n a l  s e t   ̂ and t h e

a n t i n e u t r i n o  M wav e - f u n c t i o n 1* can h e  t a k e n  t o  he one o f  th e  

s e t  - ^ y  '  i n  f a c t ,  i t  i s  c l e a r  f ro m  t h e  e x p a n s io n

(3 » 5 )  o f  t h e  n e u t r i n o  f i e l d ,  and th e  m ethod of
—  *

c o n s t r u c t i n g  th e  many p a r t i c l e  wav e - f u n c t io n ^  t h a t  ^ i s  

th e  com plex  c o n j u g a t e  o f  a n e g a t i v e  e n e rg y  n e u t r i n o  w ave- 

f u n c t i o n  r a t h e r  th a n  a p o s i t i v e  e n e rg y  a n t i n e u t r i n o  w ave- 

f u n c t i o n .  W ith  t h e s e  a p p r o x im a t io n s ,  and r e v e r t i n g  o n ce  

more t o  t h e  m a t r i x  n o t a t i o n  f o r  s p i n o r  c o m p o n e n ts ,  (3 * 1 7 )  

becom es

< # l f w 'd r j c )  = £_

where i n  t h e  new n o t a t i o n  , and a r e  t h e

i n i t i a l  and f i n a l  n u c l e a r  w a v e - f u n c t i o n s , - d * - and

a r e  m a t r i x  o p e r a t o r s ,  d e p e n d in g  on t h e  i n t e r a c t i o n ,  

o p e r a t i n g  on t h e  s p i n o r  com ponents  o f  th e  <- - n u c le o n  

and of 1die l ie jb t  p a r t i c l e  w a v e - f u n c t io n s  r e s p e c t i v e l y .  

E q u a t io n  (3 * 1 8 )  i s  t h e  g e n e r a l i s e d  fo rm  o f  m a t r i x  e le m e n t
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f o r  t h e  th e o r y  o f  b e t a  decay  p r o p o s e d  by Nordheim  and Y ost* 

The p r e d i c t e d  b e t a  sp e c t ru m  shape  f o r  a l lo w e d  

t r a n s i t i o n s  was f i r s t  c a l c u l a t e d  by Ferm i (1934-) f o r  t h e  

p o l a r  v e c t o r  i n t e r a c t i o n  ( V o f ( 3 ° 2 ) ) *  F i e r z  (1937)>

Hoyle (1 9 3 7 )  and De G ro o t  and T o lh o e k  (1 9 3 0 )  have 

c a l c u l a t e d  t h e  a l lo w e d  sp e c t ru m  s h a p e s  f o r  an  a r b i t r a r y  

m ix tu r e  o f  i n t e r a c t i o n s .  F o rb id d e n  t r a n s i t i o n s  f o r  t h e  

p u r e  i n t e r a c t i o n s  w ere  f i r s t  d i s c u s s e d  by K o n o p in sk i  and 

U h le n b ec k  (194-1), w h i le  g e n e r a l  f o rm u la e  f o r  t h e  n^*1 

f o r b id d e n  b e t a  s p e c t r a  f o r  a l l  th e  p u r e  i n t e r a c t i o n s  w ere  

i n f e r r e d  by G re t t l in g  (194-2) f ro m  c a l c u l a t i o n s  f o r  a l lo w e d ,  

f i r s t , s e c o n d ,  t h i r d  and f o u r t h  f o r b i d d e n  t r a n s i t i o n s *

The d i r e c t  c a l c u l a t i o n  o f  th e  f o r b i d d e n  s p e c t ru m  shape 

f o r  an a r b i t r a r y  m ix tu r e  o f  i n t e r a c t i o n s  i s  t o o  

cumbersome to  g iv e  i n  d e t a i l ,  b u t  th e  m ethod  w i l l  be  

i l l u s t r a t e d  f o r  t h e  p u r e  i n t e r a c t i o n  V*

The f o l lo w in g  new n o t a t i o n s  w i l l  be used*  A a n d  I  

w i l l  be  u s e d  to  d e n o te  th e  D ira c  m a t r i x  o( and th e  u n i t
Vv̂ .

m a t r i x  I o p e r a t i n g  on th e  n u c l e a r  w a v e - f u n c t i o n s ,

w h i le  G reek  l e t t e r s  w i l l  be  u s e d  f o r  the D i r a c  m a t r i c e s

o p e r a t i n g  on th e  l e p t o n  w a v e - fu n c t io n s *  O p e r a to r s  s u c h  a s

A £  % e t c . ,  o p e r a t i n g  on the  n u c l e a r  w a v e - f u n c t i o n s ,  w y y

w i l l  b e  d e n o te d  by A  ̂ y e t c . ,  i f  they o c c u r  i n  t h e  

m a th ix  e le m e n t  fX*.,., and by e t c . ,  i f  th ey
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o c c u r  i n  the  m a t r i x  e le m e n t

i t  f o l l o w s  t h a t  any  s t a r r e d  symbol c a n  b e  commuted w i t h

any u n s t a r r e d  sy m bol, b u t  t h e  o r d e r i n g  of t h e  s t a r r e d  and

u n s t a r r e d  sym bols  among th e m s e lv e s  m ust be p r e s e r v e d  u n l e s s  

th e  c o r r e s p o n d in g  o p e r a t o r s  commute. Any e x p r e s s io n  

i n v o l v i n g  b o th  s t a r r e d  and u n s t a r r e d  q u a n t i t i e s  may be 

w r i t t e n  i n  t h e  form X t h i s  w i l l  be t a k e n  to

mean U n i t s  u s e d  t h r o u g h o u t

w i l l  b e  c h o sen  so t h a t  and 'Hi a r e  a l l  u n i ty  •

Any o th e r  n o t a t i o n s ,  i f  n o t  a l r e a d y  u s e d  i n  t h i s  c h a p t e r ,  

w i l l  b e  d e f i n e d  when th e y  a re  i n t r o d u c e d .

The p r o b a b i l i t y  p e r  u n i t  t im e  o f  th e  e m is s io n  o f  an

e l e c t r o n  w i t h  en e rg y  i n  th e  r a n g e  (W, V*/ 4 A V/ ) and an 

a n t i n e u t r i n o  w i th  en e rg y  i n  the  ra n g e  w here

W+ ^  = Wc i s  t h e  t o t a l  e n e rg y  a v a i l a b l e  i n  t h e  t r a n s i t i o n ,  

i s  g iv e n  by w here  th e  m a t r ix  e le m e n t  i s  g iv e n  by

(5®18) and i t s  s q u a r e  must b e  summed o v e r  a l l  a c c e s s i b l e  

f i n a l  e l e c t r o n  s t a t e s  w i th  e n e rg y  W and a l l  a c c e s s i b l e  

n e g a t i v e  energy  n e u t r i n o  s t a t e s  w i t h  e n e rg y  - q .  A Coulomb 

w a v e - f u n c t io n  o f  an e l e c t r o n  h a v in g  d e f i n i t e  a n g u la r  

momentum i s  c h o se n  f o r  ^  , w h i le  f o r ^ o  a p l a n e  wave i s  

u s e d :  Jto -  ^  ~  . Th© d e n s i t y  o f

f i n a l  s t a t e s  i s  t h e n



w here  A & v i s  an e lem en t  o f  s o l i d  a n g le  i n  t h e  d i r e c t i o n  

o f  \   ̂ and j3 = 7 w t--T . The sum m ation  o ve r  a l l  f i n a l  

s t a t e s  "becomes a sum m ation  o v e r  a l l  a n g u l a r  momentum s t a t e s  

o f  t h e  e l e c t r o n ,  sum m ation o v e r  s p i n  s t a t e s  o f  t h e  n e u t r i n o ,  

and i n t e g r a t i o n  o v e r  a l l  d i r e c t i o n s  o f  th e  n e u t r i n o  

momentum a ,.
I "L

D e n o t in g  the  s q u a r e  o f  t h e  m a t r i x  e le m e n t  by I^Mf l 

and i n s e r t i n g  th e  o p e r a t o r s  a p p r o p r i a t e  t o  th e  p o l a r  

v e c t o r  i n t e r a c t i o n  i n  ( 5 * 1 8 ) ,  one o b t a i n s

w here  R -  £  — £  . By i n t r o d u c i n g  t i e  o p e r a t o r
o —

— y t i e  sum m ation  o v e r  s p i n  s t a t e s  o f  t h e  n e u t r i n o  

can b e  e x te n d e d  to  a sum m ation  o v e r  a l l  f o u r  s p i n o r  

i n d i c e s ,  g iv in g

b . * i )

(The H a m il to n ia n  f o r  a  f r e e  p a r t i c l e  i n  t h e  Di'rao th e o r y  

i s  h e r e  t a k e n  t o  b e  — K . f  &00P i n S w i th  D iv ac

( 1 9 4 7 ) ,  p .  2 5 4 ) .
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By u s in g  th e  r e s u l t s

I s. I „  (■')" < i « r  ^ 5 ,

( s . i z )

th e  i n t e g r a t i o n  o v e r  t h e  d i r e c t i o n s  o f  cy c a n  h e  

p e r fo rm e d  t o  g iv e

x ( l * - A *  <)->>(£*)V vw, ^  r

=  i t r ^ + ( £ l | ( - o Y ^ r { 5l v  j x x *  +  £ . A * W ( C .  A * A * )

- M i * -  r  (A,**)]

+1< v S <  - 1 l&* £) -  (ft -&)**

-LUr.Kx

+ ,'y s ( A * & - & * ) ] ] ^ h ,fl  (3 .23)

The sum m ation  o v e r  a l l  f i n a l  s t a t e s  i s  t h e r e f o r e  r e d u c e d  

to  t h e  sum m ation o f  ( 3 *2 5 )> or o f

o v e r  a l l  t h e  e l e c t r o n  a n g u la r  momentum s t a t e s *
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Be c a u s e  o f  th e  l a r g e  n u c l e a r  m ass, t h e  n u c l e a r  r e c o i l  

may h e  n e g l e c t e d ,  and the  c e n t r e  o f  m ass o f  t h e  n u c l e u s  

may he ch o sen  a s  o r i g i n  of c o - o r d i n a t e s .  S in c e  th e  

i n t e g r a n d  i n  t h e  m a t r i x  e lem en t c o n t a i n s  th e  n u c l e a r  w ave- 

f u n c t i o n s ,  t h e  m a t r i x  e le m e n t  c a n n o t  d e p e n d  on t h e  

e l e c t r o n  and n e u t r i n o  w a v e - f u n c t io n s  a t  d i s t a n c e s  much 

g r e a t e r  th a n  t h e  n u c l e a r  r a d i u s  p  f ro m  t h e  o r ig in ©  Now 

one may e x p e c t  t h a t  t h e  p r o d u c t  o f  t h e  e l e c t r o n  and 

n e u t r i n o  w a v e - f u n c t io n s  can  h e  exp an d ed  i n  pow ers  o f  

w here  k  i s  n o t  much d i f f e r e n t  f ro m  (p + 'j,) . For m ost h e t a  

t r a n s i t i o n s ,  h o w ev er ,  i s  l e s s  th a n  1 / 1 0 ,  so  th a t

i n  th e  e x p a n s io n  o f  t h e  p r o d u c t  o f  th e  e l e c t r o n  and 

n e u t r i n o  f i e l d s  can  c e r t a i n l y  he  n e g l e c t e d  com pared  t o  

1© T h is  i s  c o n s i s t e n t  o n ly  b e c a u s e  a f a c t o r  ^  i n  a 

m a t r i x  e le m e n t  c a n n o t  a f f e c t  t h e  s e l e c t i o n  r u l e s  f o r  a 

t r a n s i t i o n s  i n  an e x p a n s io n  o f  M r  i n  t e r m s  o f  £  £ *  

te rm s  p r o p o r t i o n a l  to  ^  and +* may h e  n e g l e c t e d ,  h u t  n o t
i

t e r m s  p r o p o r t i o n a l  to  v£ • £  ) which i m p l i e s  a f a c t o r  £  

i n  th e  m a t r i x  e le m e n t  which does  m odify  t h e  s e l e c t i o n  

r u l e s .  Terms p r o p o r t i o n a l  t o  (A.£) and (A*£*Jmay a l s o  he  

n e g l e c t e d ,  s in c e  one would e x p e c t  t h e  m a g n i tu d e  o f  A 

to  he o f  the  o r d e r  o f  th e  n u c le o n  v e l o c i t i e s  i n  t h e  

n u c l e u s ,  w h ich  are th o u g h t  t o  h e  o f  o r d e r  1 / 1 0 ,  so t h a t  

t h e  w h o le  te rm  s h o u ld  he  o f  o r d e r  1/100©
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The w a v e - f u n c t i o n s  o f  an e l e c t r o n  i n  a Coulomb 

f i e l d  have b e e n  g iv e n  i n  a  c o n v e n i e n t  fo rm  by R ose (1 9 5 7 )  

i n  te rm s  o f  n o r m a l i s e d  s p h e r i c a l  h a rm o n ics*  3?or t h e  

p r e s e n t  p u r p o s e ,  i t  i s  more c o n v e n ie n t  to  exp re  s s  t h e  

s p h e r i c a l  h a rm o n ic s  i n  C a r t e s i a n  c o - o r d i n a t e s  by m eans 

o f  th e  r e l a t i o n s

f - W .  ( » - >

The w a v e - f u n c t io n s  a r e  o f  two t y p e s ,  and a r e  g iv e n  be low  

( f o r  p o s i t i v e  m ), n e g l e c t i n g  te rm s  p r o p o r t i o n a l  t o
I .

'O- ^ i
.  _  .  * - 1  / - I k - ***• “ h  j____ !___A1 Lu)\
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T>~

iL .
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V 1
W tfivfi-

z ( V V -t~z 
(z

(iiu) zfx*;

F i t JTh

< /
V

[V glH

' w' i r l v )  (k + 7 ^)

F (Y+i + ^ ^ / f ^ r + ' ^ ' f ^ )  + c<r



59.

( 3 . Z t )

y = ( k " ~ * x Z ^

a*4% x + < ^ v) = - ( ku/-  y)(k «- + t k z f ) / f

and //*37 i s  t h e  f i n e  s t r u c t u r e  c o n s t a n t .  The w av e-  

f u n c t i o n s  f o r  -m a r e  o b t a i n e d  f ro m  (3® 25a) and (3 * 2 5 b )  

by t h e  s u b s t i t u t i o n s  ^  ^

- -F  ̂ "̂3(~ ~ ('vĥ .
The sum m ation  i n  (3 * 2 5 )  i s  to  b e  o v e r  a d  h a l f  odd 

i n t e g r a l  v a l u e s  o f  m from  - ( - f+ 4 )  t o  and o v e r  a l l

p o s i t i v e  i n t e g r a l  v a l u e s  o f  J  i n c l u d i n g  ze ro *

To p e r fo r m  t h i s  sum m ation# , u s e  i s  made o f  t h e  

f o l lo w in g  r e s u l t ,  w h ic h  i s  p ro v e d  i n  A p p e n d ix  2*

41=0

I t  i s  p o s s i b l e  t o  r e d u c e  t h e  sum o v e r  m o f  e x p r e s s io n s  

of t h e  t y p e  y^ ( t )  £  ^ (1 * )  y e t c . ,  t o  a  sum

of t i e  t y p e  ( 5 * 2 7 ) ,  t o g e t h e r  w i t h  a  te rm  w h ich  c a n c e l s  

th e  t e r m  ( r z * ) ^ • An exam ple  o f  th e  p r o c e d u r e ,

t o g e t h e r  w i t h  t h e  r e s u l t s  of th e  sum m ation f o r  a l l  

e x p r e s s io n s  of t h i s  ty p e ,  i s  g iv e n  i n  A p pen d ix  3* W hile  

f o r  th e  v e c t o r  i n t e r a c t i o n ,  on ly  f o u r  such  t e r m s  have t o  

be summed, f o r  an a r b i t r a r y  m ix t u r e  o f  i n t e r a c t io n s  a l l
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( 3 .1%)

p o s s i b l e  te rm s  o f  t h i s  ty p e  a r i s e *  i to m  A p p e n d ix  3 t  i t  i s  

se en  t h a t  x P ^

{Jnf4tiki'»(tK)= T77,S-X  ( i  f « ) J ‘
*>,•* X® 1 /nr-T

+ (l<+() tK */Z
~  J I ,

***/*■ -*=• ^

t £ - +( i ) r ^ ( i x) = o .
*,1

)

The l a s t  r e s u l t  c o u ld  a l s o  b e  i n f e r r e d  fro m  t h e  

i m p o s s i b i l i t y  o f  c o n s t r u c t i n g  a  p s e u d o s c a l a r  f ro m  o n ly  two 

in d e p e n d e n t  v e c t o r s #

I n s e r t i n g  (3<>28) i n  ( 5 * 2 3 ) ,  one o b t a i n s

f m  i  e\ I j r f < i . ? > '2 \ A „ , f -■v « .  „ r

-(5 i l l s ” t)t' f ) ' "  F  [« v  {'■ "m, , 7  c , J ' -  " M.

,  , \ *L('U~*--•> . ~1
+ ^ *-KJ> '—*

+ l[LA.l*)T*~ (A*iM]U i*r 2  [-Av4x
y:£7 *-

C
XpK-O-1

( 3 . ^ )
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>

\\-T is

1
Z (z^+i)j 

(Z^-Z^4»)i (^‘)T ^

1VZI/(v4,)(2k)!

 ̂ (z<vi-Zw4i)! ( v ! )1

1

I t  i s  r e a s o n a b l e  t o  su p p o se  t h a t  t h e  m ain  

c o n t r i b u t i o n  to  t i e  b e t a  decay  o f  n u c l e i  w i l l  come f ro m  

n u c le o n s  bound i n  o u t e r  s h e l l s ,  and c o n s e q u e n t ly  t h e  m a in  

c o n t r i b u t i o n  t o  t h e  m a t r i x  e le m e n ts  may be e x p e c te d  to  

come f ro m  d i s t a n c e s  o f  t h e  o r d e r  o f  th e  n u c l e a r  r a d i u s  

p  fro m  th e  c e n t r e  o f  m ass o f  th e  n u c l e u s .  I n  t h e  

e x p r e s s io n s  L V) Ny i t  i s  r e a s o n a b l e  t h e r e f o r e  

to  r e p l a c e  -f t>y yo^ when th e y  become c o n s t a n t s  

m u l t i p l y i n g  th e  m a t r i x  e le m e n ts  i n  ( 3 . 2 9 ) .  T h is  i s  a l s o  

the  j u s t i f i c a t i o n  f o r  w r i t i n g ,  f o r  exam ple , ,
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i n s t e a d  o f  + f , k * )  J  I n  ( 5 . 5 0 ) .

The f o l l o w i n g  n*'*1 o r d e r  t e n s o r  c o n s t r u c t e d  from  

t h e  com ponen ts  o f  an a r b i t r a r y  v e c t o r  £  and ;£ w i l l  now 

be  c o n s i d e r e d .

X 4 l - - ) - " f e V  U \ , \ . r  X )
/v»t= O

( 3 . 3 1 )

wi-C'-e.

. \*n_J  ■»*) y  __ |
'V  '  ' (kZK-l>(2K-3>....(2n.Zl̂  + l) > ° K >

th e  u p p e r  l i m i t  o f t h e  sum i s  \  o r  a c c o r d in g  a s  

k  i s  even o r  odd^ and t h e  b r a c k e t s  ro u n d  t h e  i n d i c e s  

i n d i c a t e  a  sum m ation  o v e r  a l l  p e r m u t a t i o n s  o f  t h e  i n d i c e s .  

$1  i  I * )  i s  c o m p le te ly  s y m m e tr ic a l  w i th  r e s p e c t  t o  

i n t e r c h a n g e  o f  i n d i c e s ,  and h a s  been  c o n s t r u c t e d  so  t h a t
3

a l l  s p u r s  . ( s )  a r e  z e r o .  • (3 ) i s  o f  t h e

form

(2 ' T f r  % ^ *  \ * 0 ^ \ a - i )  . ^ )\ n\ /V» .  ̂ y Z -H J

The n^*1 o r d e r  t e n s o r  Q w i l l  n o rm a l ly  be  d e n o te d  by ( & \  

Q l * )  h a s  2-ki-! l i n e a r l y  in d e p e n d e n t  com ponen ts  

w h ic h ,  s i n c e  t h e y  t r a n s f o r m  l i n e a r l y  among th e m s e lv e s  

u n d e r  any  r o t a t i o n ,  m ust fo rm  a b a s i s  o f  a r e p r e s e n t a t i o n  

o f  o r d e r  2*+| o f  t h e  t h r e e  d im e n s io n a l  d o t a t i o n  group*, 

i t  can be shown t h a t  t h i s  r e p r e s e n t a t i o n  i s  i r r e d u c i b l e .
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I f  <?*(&) o c c u r s  i n  a m a t r i x  e le m e n t ,  t h e r e f o r e ,  t h e  

s e l e c t i o n  r u l e s  f o r  t h e  m a t r i x  e le m e n t  m u s t  b e  g iv e n  by 

th e  norm al c o n s e r v a t i o n  la w s  o f  a n g u l a r  momentum i n  

quantum  t h e o r y ,  an a n g u l a r  momentum of u n i t s  b e in g  

a s s o c i a t e d  w i th  The p a r i t y  s e l e c t i o n  r u l e  w i l l  be

i f  i s  a p o l a r  v e c t o r ,4 P ~ ( 0  i f  21

an a x i a l  v e c t o r .

The s c a l a r  p r o d u c t  o f  and Q (A) i s  e a s i l y  s e e n

t o  be  g iv e n  by

As a p a r t i c u l a r  c a s e ,  by  r e p l a c i n g  and -A i n  ( 3. 3 -5)  ^

and x £  y and s im p l i f y in g ^ o n e  o b t a i n s

Fpom t h e s e  r e s u l t s  i t  can  b e  shown t h a t ,  n e g l e c t i n g  te rm s  

p r o p o r t i o n a l  t o  (  a  • £ ) ,  (- i*

z * r '  +

- X Q J s ) Q * U )  4  y
a** y  (3 3 0

X =  ,  K =  (- i t ) -*

By a p p ly in g  (3 * 3 6 )  t o  ( 3 » 2 9 ) ,  one o b t a i n s  G r e H l i n g ^  

fo r m u la  f o r  th e  t h e o r e t i c a l  b e t a  sp e c t ru m  shape  f o r  t h e  

p o l a r  v e c t o r  in te r a c t io n *



M - ;  A \ - X “' V ] ] ; (»■«)

w here Q  i s  th e  i n t e r a c t i o n  c o n s ta n t ,  and s in c e  th e r e  i s

no lo n g e r  any d an g er o f  c o n fu s io n , G reek l e t t e r s  have

b een  r e in t r o d u c e d  to  d e n o te  th e  D ira c  m a tr ic e s  o p e r a t in g

on th e  n u c le a r  w a v e - fu n c t io n s .

The term $ i n  t h i s  sum c o rre s p o n d in g  to  a  d e f i n i t e
+11

v a lu e  o f  'H i s  i n t e r p r e t e d  a s  g iv in g  th e  n  fo rb id d e n  

sp e c tru m  sh a p e : t h i s  m ust now be j u s t i f i e d .  I n  th e  

f i r s t  p l a c e ,  i t  i s  c l e a r  t h a t  f o r  a  g iv e n  M. , a l l  th e  

m a tr ix  e le m e n ts  have th e  same p a r i t y  s e l e c t i o n  r u l e .

A lso , i n  th e  n u c le a r  m a tr ix  e le m e n ts  a  f a c t o r  ^  can  beu%

e x p e c te d  t o  c o n t r i b u t e  an o r d e r  o f  m agn itude  f a c t o r  

p  , th e  n u c l e a r  r a d i u s ,  w ith  w hich  w i l l  be a s s o c ia t e d  

a  f a c t o r  o f  o r d e r  in  th e  sp e c tru m  sh a p e , w h ile  K.

sh o u ld  be o f  o rd e r  c where i s  a  t y p i c a l  n u c le o n  

v e lo c i ty  i n  th e  n u c le u s .  F o r most b e t a  t r a n s i t i o n s ,  b o th  

and ^ / c  a re  e x p ec te d  t o  be o f  o r d e r  1 /1 0 ,  so  t h a t
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each  te rm  i n  th e  sum (3 -37) sh o u ld  he o f  o r d e r  1 /1 0 0

t im e s  th e  p re c e d in g  te rm .  These two r e a s o n s  -  t h e  o r d e r

o f  m agn itude  o f  t h e  te rm s  and th e  f a c t  t h a t  a l l  t h e  te rm s

f o r  th e  same n  have th e  same p a r i t y  s e l e c t i o n  r u l e  -

a r e  th e  j u s t i f i c a t i o n  f o r  th e  i n t e r p r e t a t i o n  o f  t h e

n^*1 te rm  o f  (3*37) a s  g iv in g  th e  n^*1 f o r b id d e n  sp e c tru m

sh a p e .  The n u m e r ic a l  f a c t o r s  i n  A ^ y y

X v ^ ^  have been  ig n o r e d  h e r e :  i t  i s

found  t h a t  th e y  may a f f e c t  th e  r e l a t i v e  im p o r ta n c e  o f
"fch.th e  d i f f e r e n t  c o n t r i b u t i o n s  to  th e  n f o r b id d e n  sp e c tru m

sh ap es  v e ry  c o n s id e r a b ly .

I t  i s  v e ry  c o n v e n ie n t ,  i n s t e a d  o f  g i v in g  th e  sp e c tru m  
"fchshape  f o r  an  n f o r b id d e n  t r a n s i t i o n  d i r e c t l y ,  t o  d e f i n e  

a  c o r r e c t i o n  f a c t o r

T »  A/ = C (u) £  Fa f  v  (w .- w) " ^

where 1^(v) g iv e s  t h e  t h e o r e t i c a l  n"^1 f o r b id d e n  

sp ec tru m  sh a p e .  The c o r r e c t i o n  f a c t o r  C .  f o r  an  

a r b i t r a r y  m ix tu re  o f  i n t e r a c t i o n s  i s  v e ry  com plex, and 

f o r  t h i s  r e a s o n  i t  i s  g iv e n  i n  A ppendix 4 r a t h e r  th a n  

i n  th e  m ain t e x t .



4 .  THE SCREENING EFFECT.

S e v e r a l  s i m p l i f y i n g  a s s u m p t io n s  w ere  made i n  t h e  

p r e v i o u s  c h a p t e r ,  among w hich  t h o s e  m ost l i k e l y  t o  a f f e c t  t h e  

r e s u l t  a r e  t h e  a s s u m p t io n  o f  s e p a r a b i l i t y  f o r  t h e  f i n a l  

e l e c t r o n i c  w a v e - f u n c t i o n ,  t h e  u se  o f  t h e  Coulomb p o t e n t i a l  

due t o  a p o i n t  change  i n  c a l c u l a t i n g  t h e  w a v e - f u n c t i o n  o f  t h e  

e m i t te d  e l e c t r o n ,  and t h e  n e g l e c t  o f  t h e  s c r e e n i n g  o f  t h i s  

p o t e n t i a l  due t o  t h e  o r b i t a l  e l e c t r o n s .  V a r io u s  p r o c e s s e s  

r e l a t e d  t o  t h e  f i r s t  o f  t h e s e  a s s u m p t io n s  h av e  b e e n  d i s c u s s e d  

by D audel and o t h e r  w o rk e r s  ( s e e ,  f o r  e x am p le ,  D aud e l and 

J e a n  1 9 4 9 ) .  The second  e f f e c t  h a s  r e c e n t l y  b e e n  d i s c u s s e d  

by Rose and Holmes ( 1 9 5 1 ) .  The s c r e e n i n g  e f f e c t  f o r  a l lo w e d  

t r a n s i t i o n s  h a s  b een  d i s c u s s e d  by Rose (19 3 6 )»  T ongm ire  and 

Brown (1 9 4 9 )  and R e i t z  (1950)*  bhe l a s t  a u t h o r  p e r f o r m in g  t h e  

c a l c u l a t i o n s  on t h e  ENIAC, u s i n g  t h e  T hom as-Ferm i p o t e n t i a l .

I n  t h i s  c h a p t e r ,  n o n - r e l a t i v i s t i c  c a l c u l a t i o n s  u s i n g  t h e  

H u l th e n  p o t e n t i a l  a r e  u sed  t o  j u s t i f y  a p r o c e d u r e  w h ich  i s  

u sed  i n  a r e l a t i v i s t i c  t r e a t m e n t  s i m i l a r  t o  b u t  s l i g h t l y  more 

g e n e r a l  t h a n  one o f  t h e  t r e a t m e n t s  g iv e n  by R o se .  The H u l th e n  

p o t e n t i a l  c a l c u l a t i o n  was due t o  D r .  B .F .X .  T o u sc h ek .

The e f f e c t  o f  t h e  f i e l d  o f  t h e  n u c le u s  on an a l lo w e d  

b e t a  s p e c t ru m  i s  g iv e n  by t h e  f a c t o r  F i n  e q u a t i o n  ( 1 . 1 ) ,  w h ich  

i s  e s s e n t i a l l y  t h e  r a t i o  o f  t h e  e l e c t r o n  d e n s i t y  a t  t h e  n u c l e u s  

o f  an e l e c t r o n  i n  t h e  n u c l e a r  f i e l d  t o  t h e  e l e c t r o n  d e n s i t y  a t  

t h e  n u c le u s  f o r  a f r e e  e l e c t r o n :
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F (u.i)
where i s  t h e  w a v e - f u n c t i o n  o f  t h e  e m i t t e d  e l e c t r o n

e v a lu a t e d  a t  t h e  n u c l e a r  r a d i u s  p  and p t h e  momentum o f  t h e  

e m i t te d  e l e c t r o n .  I n  t h e  n o n - r e l a t i v i s t i c  c a s e ,  i t  i s  

p e r m i s s i b l e  t o  e v a l u a t e d  a t  t h e  o r i g i n .  I f  u/) i s

t h e  F - f a c t o r  f o r  a s c r e e n e d  Coulomb f i e l d  and i s

t h e  n o rm a l  Coulomb f a c t o r ,  t h e n  t h e  s c r e e n i n g  c o r r e c t i o n  can  

be e s t im a te d  by c a l c u l a t i n g  (z^ U/)  ̂w here

c p ( z j U ) -  F(z .? \ J )  -  I ( 4  . T - )

The i n t e n t i o n  i s  t o  c a l c u l a t e  u s i n g  a s c r e e n e d  

Coulomb p o t e n t i a l

1  - * / '  ,
w here  Z i s  t h e  a to m ic  number o f  t h e  p r o d u c t  n u c l e u s ,  i s

t h e  f i n e  s t r u c t u r e  c o n s t a n t ,  and j*.  i s  t h e  s c r e e n i n g  c o n s t a n t ;  

\fj* i s  o f  t h e  o r d e r  o f  t h e  a to m ic  r a d i u s  w h ich  may b e  e s t i m 

a te d  fro m  t h e  Thom as-Ferm i a to m ic  m od e l,  and i n  n u m e r i c a l  work
xh  /i s  t a k e n  a s  Z (IZ\ .  The u n i t s  u sed  a r e  n a t u r a l  u n i t s ,  

i n  w hich  ^  The p o t e n t i a l  ( 4 . 3 )  a p p ro x im a te s

t o  t h e  Thom as-Ferm i p o t e n t i a l ,  and a l s o  t a k e s  a c c o u n t  o f  t h e  

r e s i d u a l  c h a rg e  on t h e  decay ed  a tom . U s in g  t h i s  p o t e n t i a l ,  

t h e  g e n e r a l  s o l u t i o n s  o f  D i r a c !s e q u a t io n s  b o th  f o r  V* <  ~-  

and f o r  can  be  found  fro m  th e  Coulomb w a v e - f u n c t io n s

g iv e n  by Rose (1937)>  b u t  some a p p ro x im a te  p r o c e d u r e  m ust be
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u sed  to  j o i n  t h e  s o l u t i o n s  a t  \jj*  . I n  t h e  n o n -  

r e l a t i v i s t i c  c a s e ,  i t  i s  p o s s i b l e  t o  s o l v e  t h e  S c h r o d in g e r
/e q u a t io n  e x a c t l y  f o r  t h e  H u l th e n  p o t e n t i a l

-Z f ' t '

\ / U )  -  - 2 * Z *  ----—-
W  '  1 -  y ( 4 . 4 )

w hich  a l s o  a p p ro x im a te s  t o  th e  T hom as-Ferm i p o t e n t i a l ,  " , 

and t h e  v a l i d i t y  o f  t h e  j o i n i n g  p r o c e d u r e  u sed  can  b e  e s t i m 

a te d  a t  l e a s t  i n  t h e  n o n - r e l a t i v i s t i c  c a s e ,  by co m p a rin g  

( z  U/J c a l c u l a t e d  f ro m  t h e  H u l th e n  p o t e n t i a l  w i t h  ^  ( Z:-,U/)  

c a l c u l a t e d  n o n - r e l a t i v i s t i c a l l y  f ro m  t h e  p o t e n t i a l

X o  ) f- >  ( / / <  ̂ ( 4 . 5 )

u s in g  t h e  j o i n i n g  p r o c e d u r e  t o  be u sed  i n  t h e  r e l a t i v i s t i c  

c a l c u l a t i o n s .  T h is  j o i n i n g  p r o c e d u r e  c o n s i s t s  i n  e q u a t in g  

t h e  a s y m p to t ic  e x p a n s io n s  o f  t h e  w a v e - f u n c t i o n s  f o r  l/ s  

and a t  Jla » an<3 n e g l e c t i n g  h i g h e r  pow ers  o f  J*

t h a n  t h e  f i r s t .  I n  t h e  n o n - r e l a t i v i s t i c  c a s e ,  s i n c e  t h e  

wave e q u a t io n  i s  second  o r d e r  i t  i s  n e c e s s a r y  t o  j o i n  b o th  

t h e  w a v e - f u n c t io n  and i t s  f i r s t  d e r i v a t i v e  by t h i s  p r o c e d u r e ;  

i n  t h e  r e l a t i v i s t i c  c a s e ,  o n ly  t h e  w a v e - f u n c t io n  need  be  

j o i n e d ,  b u t  t h i s  m ust be  done f o r  b o th  t h e  l a r g e  and t h e  

s m a l l  co m p o n en ts ,  so t h a t  t h e  number o f  j o i n i n g  c o n d i t i o n s  

i s  th e  same i n  b o th  c a s e s .

U s ing  t h e  H u l th e n  p o t e n t i a l ,  t h e  n o n - r e l a t i v i s t i c  

F f u n c t i o n  i s  found  t o  be
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r - /  x  > 1 *F 2 ,w) = P -TV /) ( ,_ - - ( f +̂ )  ij

p ro v id e d  p 1 ^  ltj*ot~Z ( ( 4 . 6 )

and w here  P T —

and p i s  t h e  e l e c t r o n  momentum and X t h e  f i n e  s t r u c t u r e  

c o n s t a n t .  W ith t h e  p o t e n t i a l  ( 4 . 5 )  and t h e  j o i n i n g  p r o c e d u r e ,  

one o b t a i n s  I
F ( z , w ) . - £  Fn ( z , v4

„U < \ j- \J -U .'7-oî  j3,z=-2u/(  ̂ W ^  JA'Z-‘<y  ̂ (4 .7)

and F » ^  i s  t h e  n o rm al n o n - r e l a t i v i s t i c  Coulomb f a c t o r  

g iv e n  by

F (zw )- ™  « - 8>
» ’ f  | ,  '

The j o i n i n g  p r o c e d u r e  i s  found t o  i n v o lv e  an  e x p a n s io n

i n  pow ers  o f  o f  w h ich  pow ers  h i g h e r  t h a n  th e  f i r s t  a r e

n e g l e c t e d .  The g r e a t e s t  e r r o r  i n  u s i n g  t h i s  p r o c e d u r e  sh o u ld  

t h e r e f o r e  o c c u r  a t  low e n e r g i e s ,  and t o  e s t i m a t e  t h e  q u a l i t y  

o f  t h e  p r o c e d u r e  i t  sh o u ld  be s u f f i c i e n t  t o  com pare t h e  s c r e e n 

in g  e f f e c t s  c a l c u l a t e d  fro m  t h e  H u l th e n  p o t e n t i a l  and t h e  c u t 

o f f  Coulomb p o t e n t i a l  a t  t h e  lo w e s t  e n e rg y  f o r  w h ich  t h e  H u l th e n  

p o t e n t i a l  c a l c u l a t i o n  i s  v a l i d ,  t h a t  i s  a t  W ~ (l^'ZtxC  . F o r  

t h i s  e n e r g y ,  t h e  s c r e e n in g  c o r r e c t i o n s  <f̂  and ^  c a l c u l a t e d  

from  t h e s e  two p o t e n t i a l s  a c c o r d in g  t o  ( 4 . 2 )  a r e
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_ -<* I-***

_ « ( J ? - , )

I ^

w here  -  "ir~zJ^ ( I z * /l3 - |) '^3^

and t h e  m easu re  o f  a g re e m e n t  b e tw ee n  t h e s e  r e s u l t s  can  be 

e s t im a t e d  by c a l c u l a t i n g

= —  -  I ^  -  -e
%  ( 4 . 1 0 )

F o r  Z = 8 , i s  o f  t h e  o r d e r  o f  / 1 0 ,  and d e c r e a s e s  a s  Z

i s  i n c r e a s e d • I t  a p p e a r s  t h e r e f o r e  t h a t  t h e  two c a l c u l a t i o n s

o f  t h e  s c r e e n i n g  e f f e c t ,  u s i n g  t h e  H u l th e n  p o t e n t i a l  and u s i n g

t h e  c u t - o f f  Coulomb p o t e n t i a l  w i th  t h e  j o i n i n g  p r o c e d u r e

o u t l i n e d  a b o v e ,  g iv e  r e s u l t s  o f  c o m p a rab le  a c c u ra c y  a t  l e a s t

f o r  e n e r g i e s  g r e a t e r  t h a n  ^ j a ZZpC . T h is  q u a n t i t y  i n c r e a s e s

a s  zl \ f o r  Z = 8 i t  i s  a b o u t  1 KeV.

A r e m a r k a b le  f e a t u r e  o f  t h e  n o n - r e l a t i v i s t i c  s c r e e n 

in g  c o r r e c t i o n  a p p e a r s  f ro m  ( 4 .9 ) >  nam ely  t h a t  t h e  e f f e c t  o f  

s c r e e n i n g  d e c r e a s e s  w i th  i n c r e a s i n g  Z . Any r e l a t i v i s t i c  

c o n t r i b u t i o n  t o  t h e  s c r e e n i n g  c o r r e c t i o n  can  be e x p e c te d  t o  

i n c r e a s e  w i th  Z , and c o n s e q u e n t ly  r e l a t i v i s t i c  e f f e c t s  may w e l l  

c o n s t i t u t e  m ost o f  t h e  c o r r e c t i o n  f o r  heavy  n u c l e i .

The r e l a t i v i s t i c  s c r e e n i n g  c o r r e c t i o n ,  u s i n g  th e  

p o t e n t i a l  ( 4 . 3 )  w hich  t a k e s  a c c o u n t  o f  t h e  r e s i d u a l  c h a rg e  o f  

t h e  a tom , may b e  c a l c u l a t e d  by a s i m i l a r  p r o c e d u r e  t o  t h a t  

u s in g  t h e  p o t e n t i a l  ( 4 . 5 )  i n  t h e  n o n - r e l a t i v i s t i c  c a s e .  The



F f u n c t i o n  i s  found  t o  be

F ( z w >  ( z  W ')
> > Wf> > b  ^  ( 4 . u )

w here  W^~ W  l) oLy

and ^ c A ^ V )  -̂s n o rm al  r e l a t i v i s t i c  Coulomb f a c t o r . ( 4 . 1 1 )  

i s  c l e a r l y  t h e  r e l a t i v i s t i c  a n a lo g u e  o f  ( 4 . 7 ) •  I n  o r d e r  t o  

c a l c u l a t e  , t h e  a p p ro x im a t io n  t o  g i v e n  by

B ethe  and B acher (1 9 3 6 )  i s  u s e d ,  nam ely

Fc (-z.w)= [wl (t + k zV) - 1] Fy ( z xj) 3

w here  p  ^7 vv) ~ |

N } ? * \ ( 4 . 1 2 )
s - = y o - z x^ v)>

and p  i s  t h e  n u c l e a r  r a d i u s .  fn (z,w> r e d u c e s  t o  t h e  n o n -  

r e l a t i v i s t i c  Coulomb f a c t o r  ( 4 . 8 )  i n  t h e  n o n - r e l a t i v i s t i c  

l i m i t  when W 1 .

The s c r e e n i n g  c o r r e c t i o n  f  ( z , w )  i s  found  t o  be

< p l z , w ) =  f « ( z , w )  + f K ( z >w ) >
w here  cp ( z  w) = f  vl L 7 J ^ . w O  jl

'  < * • « >

4(w)  ̂^(w^uit.z.v^-rj5/
F o r low e n e r g i e s ,  W ^ l  and W * ^ | and r e d u c e s  t o  th e  ho**- 

r e l a t i v i s t i c  s c r e e n in g  c o r r e c t i o n .  , h o w ev er, i s  an

e f f e c t  a r i s i n g  e n t i r e l y  fro m  th e  u se  o f th e  r e l a t i v i s t i c  wave
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F ig u re  2 . C ontour map o f  - 1 0 0 ^  f o r  e l e c t r o n s .  E=W-mc2 

i s  th e  k i n e t i c  en e rg y  o f  t h e  e m i t te d  b e t a  p a r t i c l e  and Z 

i s  th e  a to m ic  number o f  th e  p ro d u c t  n u c le u s .  The p e c u l i a r  

b e h a v io u r  o f  t h i s  c o r r e c t i o n  f o r  i n c r e a s i n g  Z i s  w e l l  

i l l u s t r a t e d .
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ff igure  3 . C ontour map o f  -100  <j)̂  f o r  e l e c t r o n s .  The 

com plete  s c r e e n in g  c o r r e c t i o n  f o r  e l e c t r o n s  i s  th e  sum o f  

CfN and cp^ ; f o r  most e n e r g i e s ,  t h e  r e l a t i v i s t i c  p a r t  

o f  th e  c o r r e c t i o n  p re d o m in a te s .  The en e rg y  s c a l e  i n  t h i s  

f i g u r e  i s  d i f f e r e n t  from t h a t  u sed  i n  f i g u r e  2 f o r  th e  n o n -  

r e l a t i v i s t i c  c o r r e c t i o n .
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F ig u re  4 . C ontour map o f  +100 (jp , t h e  com ple te  s c r e e n i n g  

c o r r e c t i o n ,  f o r  p o s i t r o n s .  T h is  c o r r e c t i o n  i s  much l a r g e r  

t h a n  th e  c o r re s p o n d in g  c o r r e c t i o n  f o r  e l e c t r o n  e m is s io n ,  

h u t  n e v e r t h e l e s s  i t  i s  d o u b t f u l  w h e th e r  th e  e f f e c t  c o u ld  

be d e t e c t e d  by p r e s e n t  e x p e r im e n ta l  t e c h n iq u e s .



e q u a t i o n s • I t  i s  n o t  z e r o ,  th o u g h  i t  i s  c o n s t a n t ,  i n  t h e  

n o n - r e l a t i v i s t i c  l i m i t  s-s*  1 , Ws* 1 .  I t  a r i s e s  a s  a r e s u l t  

o f  t h e  f a c t o r  ^ ( \ J  i n  (4 * 1 1 ) ,  t h e  e x p l i c i t  o c c u r re n c e  o f  W 

and w  i n  , and t h e  fo rm  o f  t h e  r e l a t i v i s t i c  Coulomb 

f a c t o r  ( 4 . 1 2 ) ,  n on e  o f  w hich  by t h e i r  v e ry  n a t u r e  cou ld  

a p p e a r  i n  a n o n - r e l a t i v i s t i c  t r e a t m e n t .

The r e s u l t s  o f  n u m e r ic a l  c a l c u l a t i o n s  a re  i l l u s 

t r a t e d  i n  t h e  accom panying  f i g u r e s .  The s t r a n g e  b e h a v io u r  

o f  t h e  n o n - r e l a t i v i s t i c  s c r e e n in g  c o r r e c t i o n  is  w e l l  i l l u s 

t r a t e d  by f i g u r e  2; t h i s  c o r r e c t i o n ,  how ever, i s  masked by
W IvicL

t h e  r e l a t i v i s t i c  c o r r e c t i o n ,  ansi ftfa s c cap l a  1 9  i s

shown i n  f i g u r e  3* I t  i s  c l e a r  t h a t  t h e  s c r e e n in g  c o r r e c t i o n  

f o r  e l e c t r o n  e m is s io n  i s  n e g l i g i b l y  s m a l l ,  and may s a f e l y  be 

i g n o r e d .  F o r  p o s i t r o n  e m is s io n ,  t h e  s ig n  o f  Z m ust be  changed 

i n  ( 4 . 1 3 ) .  I n  t h i s  c a s e ,  t h e  n o n - r e l a t i v i s t i c  c o r r e c t i o n  

m asks t h e  r e l a t i v i s t i c  c o r r e c t i o n ;  t h e  s c r e e n in g  c o r r e c t i o n  

f o r  p o s i t r o n  e m is s io n  i s  shown i n  f i g u r e  4 .  F o r e n e r g i e s  

l e s s  t h a n  50  K eY  f o r  t h e  l i g h t e r  e le m e n ts  o r  200 keV f o r  

h e a v i e r  n u c l e i  t h e  s c r e e n in g  c o r r e c t i o n  i s  n o t  n e g l i g i b l e .

Heavy p o s i t r o n  e m i t t i n g  n u c l e i ,  how ever, a re  v e ry  few i n  

num ber, w h i l e  a s  a r e s u l t  o f  t h e  Coulomb e f f e c t  th e  number 

o f  low e n e rg y  p o s i t r o n s  e m i t te d  i s  v e ry  sm a ll  and c o n s e q u e n t ly  ! 

s t a t i s t i c s  a r e  p o o r  i n  e x p e r im e n ta l  m easurem ents o f  th e  low 

en e rg y  r e g i o n  o f  p o s i t r o n  s p e c t r a .  For t h e s e  r e a s o n s ,  t h e  

s c r e e n in g  c o r r e c t i o n  i n  p o s i t r o n  e m iss io n  does n o t  s e r i o u s l y



a f f e c t  t h e  e x p e r i m e n t a l  r - e s u l t s  so f a r  a v a i l a b l e .

I t  a p p e a r s ,  t h e r e f o r e ,  t h a t  th e  e f f e c t  o f  s c re e n in g  

on a l lo w e d  b e t a  s p e c t r a  can  be  ig n o re d  when c o n s id e r in g  t h e  

p r e s e n t  e x p e r i m e n t a l  e v id e n c e .  W hile t h e  c o r r e c t i o n  may be 

l a r g e r  f o r  f o r b i d d e n  t r a n s i t i o n s ,  i t  i s  u n l i k e l y  t o  be l a r g e  

enough t o  a f f e c t  t h e  s p e c t ru m  sh a p e s  t o  an e x te n t  which could  

be o b se rv e d  e x p e r i m e n t a l l y .  ‘Ih e  r e s u l t s  i n  f i g u r e s  2, 3» 4- 

a r e  i n  q u a l i t a t i v e  a g re em e n t  w i th  th e  n u m e r ic a l  c a l c u l a t i o n s  

o f  R e i t z  ( 1 9 5 0 ) ,  u s i n g  t h e  e x a c t  Thomas -  Ferm i p o t e n t i a l .
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5 .  nuclear matrix  elem en ts .

I n  t h e  n e x t  c h a p t e r ,  a com p ariso n  o f  t h e  t h e o r e t i c a l  

p r e d i c t i o n s  w i t h  t h e  m easured  b e t a  s p e c t r a  o f s e v e r a l  t r a n s 

i t i o n s ,  a l l  m ost p l a u s i b l y  o f  t h e  f i r s t  f o r b id d e n  ty p e  w i th  

a llo w ed  sh a p e  s p e c t r a  m en tioned  i n  C h a p te r  1 , i s  used t o  l i m i t  

t h e  num ber o f  p e r m i s s i b l e  i n t e r a c t i o n s .  The c o r r e c t i o n  f a c t o r  

f o r  f i r s t  f o r b i d d e n  t r a n s i t i o n s  g iv e n  i n  Appendix 4- in v o lv e s  

tw e lv e  d i s t i n c t  n u c l e a r  m a t r ix  e le m e n ts ,  and u n le s s  r e l a t i o n s  

can b e  fo und  b e tw ee n  t h e s e ,  or t r a n s i t i o n s  can  be chosen  t o  

w hich  o n ly  a few  m a t r ix  e le m e n ts  c o n t r i b u t e ,  i t  w i l l  be d i f f i 

c u l t  o r  i m p o s s i b l e  to  i n t e r p r e t  t h e  r e s u l t s  o f  com paring  th e o r y  

w i th  e x p e r im e n t  i n  t e rm s  o f  m ix tu r e s  o f  p u re  i n t e r a c t i o n s .  I t  

i s  t h e  p u r p o s e  o f  t h i s  c h a p t e r  t o  r e d u c e  a s  f a r  a s  p o s s i b l e  th e  

a m b ig u i ty  i n  t h e  r e s u l t s  due t o  u n c e r t a i n t i e s  i n  th e  r a t i o s  o f  

t h e  n u c l e a r  m a t r ix  e l e m e n t s .

Two o f  t h e  n u c l e a r  m a t r ix  e le m e n ts  a r e  second o rd e r  

t e n s o r s ,  and • They o c c u r  i n  t h e  f i r s t  f o r b id d e n

c o r r e c t i o n  f a c t o r  a s s o c i a t e d  w i th  a shape  f a c t o r  ^ 

w hich  w i l l  b e  o f  o r d e r  o f  m ag n itude  1 o r  2 f o r  t h e  t r a n s i t i o n s  

d i s c u s s e d  i n  t h e  n e x t  c h a p t e r .  The m a t r ix  e le m e n ts  th e m se lv e s  

sho u ld  be  o f  o r d e r  ^  , t h e  n u c l e a r  r a d i u s  ( i n  u n i t s  o f  th e  

Compton w a v e - l e n g th  o f  t h e  e l e c t r o n ) .  Nov/, i t  w i l l  be seen  

l a t e r  i n  t h i s  and t h e  n e x t  c h a p t e r  t h a t  t h e  o th e r  im p o r ta n t  

f i r s t  f o r b i d d e n  m a t r ix  e le m e n ts  a r e  e i t h e r  th e m se lv e s  o f  o rd e r  

o r  , o r  a r e  a s s o c i a t e d  in  th e  sp e c tru m  shape w i th



f a c t o r s  o f  o r d e r  10 0 , C o n se q u e n t ly ,  t h e  c o n t r i b u t i o n  from  

t h e  m a t r i x  e le m e n t s  Q J .g r )  and Q t o  t h e  f i r s t  f o r b id d e n

c o r r e c t i o n  f a c t o r  w i l l  n o t  n o rm a l ly  b e  more th a n  a b o u t  2%, 

ana may b e  n e g l e c t e d  u n l e s s  t h e  s e l e c t i o n  r u l e s  f o r  th e  

t r a n s i t i o n  c a u s e  a l l  t h e  o t h e r  m a t r ix  e lem en ts  t o  v a n ish *

F o u r  o f  t h e  m a t r ix  e le m e n ts  a r e  t h e  p s e u d o s c a la r s

and .

The l a s t  o f  t h e s e  i s  t h e  o n ly  f i r s t  f o r b id d e n  m a tr ix  e lem en t 

o c c u r r i n g  w i th  t h e  p s e u d o s c a l a r  i n t e r a c t i o n ,  and i t  i s  a s s o c 

i a t e d  w i th  an a l lo w e d  s p e c t ru m  s h a p e .  I t  i s  c l e a r  t h a t  any 

a l lo w e d  sh a p e  s p e c t ru m  i n  a f i r s t  f o r b id d e n  t r a n s i t i o n  t o  which 

t h e s e  m a t r i x  e le m e n ts  c o n t r i b u t e  can be e x p la in e d  m ere ly  by 

s u p p o s in g  P p r e d o m in a te s  s u f f i c i e n t l y  s t r o n g l y  i n  t h e  i n t e r 

a c t i o n .  L i t t l e  r e a l l y  s i g n i f i c a n t  in f o r m a t io n  abou t t h e  

i n t e r a c t i o n  can  be  g a in e d  fro m  t h i s  t y p e  o f  sp e c tru m , th e r e f o re , ! ;  

u n l e s s  t r a n s i t i o n s  a r e  c h o sen  so  t h a t  t h e  f o u r  m a t r ix  e lem en ts  ! 

above v a n i s h  on a c c o u n t  o f  s e l e c t i o n  r u l e s .  T h is  can be 

a c h ie v e d  i f  i t  i s  p o s s i b l e  t o  s e l e c t  t r a n s i t i o n s  in v o lv in g  an 

a n g u la r  momentum c h a n g e ,  and p ro v id e d  t h i s  i s  done t h e s e  m a t r ix  

e le m e n ts  need  no l o n g e r  be  c o n s i d e r e d .

The r e m a in in g  s i x  m a t r ix  e le m e n ts  a r e  t h e  v e c t o r s

, and r e l a t i o n s  w i l l  now be d e r iv e d  betw een 

them . I n  t h e  r e p r e s e n t a t i o n  o f  D i r a c fs e q u a t io n s  used ( s e e  

Pa gs S C ) , t h e  n o n - r e l a t i v i s t i c  a n a lo g u e s  of pC an<3 i  a re
vm. !
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siid 1 r e s p e c t i v e l y . S in c e  t h e r e  i s  no r e l a t i v i s t i c

th e o r y  o f  t h e  n u c l e u s ,  i t  w i l l  he p e r m i s s i b l e  t o  r e p l a c e  fb  

-1  i n  t h e  m a t r i x  e le m e n ts  above p ro v id e d  i t  commutes w ith  th e  

o th e r  o p e r a t o r s  i n  t h e  m a t r ix  e le m e n t .

C o n se q u e n tly

had c o n s i d e r a b l e  s u c c e s s  i n  e x p la in i n g  t h e  observed  s p in s  o f 

n u c l e i ,  and t h e  "m agic num bers"  o f  n u c le o n s  a t  w hich t h e r e  

a p p e a r s  t o  be  some d e f i n i t e  d i s c o n t i n u i t y  in  n u c l e a r  p r o p e r t i e s .  

I h e  m ost g e n e r a l l y  a c c e p te d  o f  t h e s e  m odels i s  t h e  s p i n - o r b i t  

c o u p l in g  m odel p ro p o se d  by H a x e l ,  J e n s e n  and S uss  (194-9* 1950) 

and i n d e p e n d e n t l y  by Idayer (194-9* 1 9 5 0 ) .  In  t h i s  m odel, t h e  

n u c l e a r  w a v e - f u n c t i o n  i s  r e g a r d e d  a s  c o n s t r u c t e d  from  s i n g l e  

p a r t i c l e  w a v e - f u n c t i o n s  each  o f  which i s  an e ig e n f u n c t io n  o f  

t h e  m a g n i tu d e s  o f  b o th  t h e  t o t a l  and t h e  o r b i t a l  a n g u la r  

momentum; e a c h  s i n g l e  p a r t i c l e  w a v e - f u n c t io n  i s  r e g a rd e d  as 

a s o l u t i o n  o f  t h e  w a v e -e q u a t io n  f o r  a p a r t i c l e  moving i n  an 

a v e rag ed  p o t e n t i a l  due t o  t h e  r e s t  o f  t h e  n u c l e u s .  By assum ing 

a s u i t a b l e  fo rm  f o r  t h i s  a v e rag e d  p o t e n t i a l ,  one can make 

p l a u s i b l e  a l e v e l  o r d e r i n g  which can be used t o  e x p la in  th e  

s p in s  o f  n u c l e i ,  t h e  "m agic  n um bers" , and s e v e r a l  a s s o c i a t e d  

phenomena. More r e l a t i o n s  w i l l  be deduced betw een th e  n u c le a r  

m a t r ix  e le m e n ts  by a ssum ing  t h i s  s i n g l e  p a r t i c l e  p i c t u r e  of

;  ( 5 . i )

I n  r e c e n t  y e a r s ,  s e v e r a l  n u c l e a r  s h e l l  models have



79.

n u c l e i ,  b u t  i t  w i l l  be  u n n e c e s s a ry  t o  assume a n y th in g  abou t 

th e  p a r t i c u l a r  fo rm  o f  a v e rag e d  p o t e n t i a l  p ro d u c in g  t h e  s i n g l e  

p a r t i c l e  s t a t e s *  The r e s u l t s  w i l l  depend on th e  s i n g l e  p a r t i c l e  

i n t e r p r e t a t i o n  o f  t h e  t r a n s i t i o n ,  and t h i s  i n t e r p r e t a t i o n  must 

depend on t h e  l e v e l  scheme assum ed: f o r  t h i s  p u rp o s e ,  th e

l e v e l  schem e p ro p o se d  by Mayer and by H ax e l ,  J e n se n  and Suss 

w i l l  be  u se d  a s  a b a s i s ,  w hich  may be s l i g h t l y  m o d if ied  t o  

a g re e  w i th  t h e  o b se rv e d  s p i n s  o f  n u c l e i .

A l th o u g h  t h e  r e s u l t s  o f  t h e  c a l c u l a t i o n s  must be 

r e g a r d e d  a s  n o n - r e l a t i v i s t i c  i n  n a t u r e ,  i t  i s  c o n v e n ie n t  t o  

r e t a i n  t h e  r e l a t i v i s t i c  n o t a t i o n .  S in g le  p a r t i c l e  wave- 

f u n c t i o n s  f o r  w h ich  t h e  m ag n itu d es  j  and A o f  t h e  t o t a l  and 

o r b i t a l  a n g u l a r  momenta a r e  c o n s t a n t s  a r e  e ig e n f u n c t i o n s  o f  

t h e  o p e r a t o r

k - ^ U c - ^ + Q ,  ( 5 . 2 )

where k  i s  t h e  o r b i t a l  a n g u la r  momentum. The e ig e n v a lu e s  o f 

k  a r e

- C j + i )  , > = 4  + 4 ,

+ ( 5 - 5 )

k  i s  t h e  w e l l-k n o w n  a n g u la r  momentum o p e r a t o r  o f  r e l a t i v i s t i c  

th e o r y  ( s e e ,  f o r  ex am p le , D i r a c  194-7* Pa Se 2 6 6 ) .  The f o l lo w 

in g  r e l a t i o n s ,  i n  w hich  [ ~̂| and d e n o te  com m utators and 

a n t ic o m m u ta to r s  r e s p e c t i v e l y ,  a r e  e a s i l y  p ro v ed .

[ k ,  £ l =  -  ( / £ * £  ,
o n  ^  (5 .4 0
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'1

U , I k \ s l ] =

( 5 .5 ) e x p r e s s e s  t h e  s e l e c t i o n  r u l e s  o r  l<-fe ^*1
T *- £ t' -  I

f o r  t h e  m a t r i x  e le m e n ts  o f  £  and £  ; from  ( 5 . 3 ) th e y  

a r e  s e e n  t o  be  e q u i v a l e n t  t o  , y e s .  (514) g iv e s

th e  r e l a t i o n s

< n  m u > - - \  ( 5 . 6 )

w here  €-= k L--k^>  ( i f  k , - - * - k ^ - 0  , t h i s  d e r i v a t i o n  o f  th e  

second  o f  e q u a t i o n s  ( 5 . 6 )  i s  n o t  v a l i d ,  "but t h e  r e l a t i o n  can 

he  shovm t o  h o ld  n e v e r t h e l e s s  i n  t h e  n o n - r e l a t i v i s t i c  case).

To e n s u r e  t h a t  t h e  p s u d o s c a l a r  m a t r ix  e le m e n ts  do n o t  c o n t r i 

b u t e ,  t r a n s i t i o n s  w i l l  he s e l e c t e d  f o r  co m parison  w ith  th e o ry  

on ly  i f  f o r  them  seems p l a u s i b l e  a c c o rd in g  t o  th e

s h e l l  m od e l;  f o r  su c h  t r a n s i t i o n s ,  € — +■ { t h e  s ig n  h e in g  

o b ta in e d  f ro m  t h e  s h e l l  model i n t e r p r e t a t i o n  o f  t h e  t r a n s i t i o n .

The r e s u l t s  ( 5 . 6 ) ,  a l th o u g h  d e r iv e d  from  a s i n g l e  

p a r t i c l e  m o d e l ,  may w e l l  he  more g e n e r a l ,  f o r  one would ex p ec t

t o  he o f  t h e  same o r d e r  as  and

<< t o  he o f  t h e  same o r d e r  as  > w h ile  i t

i s  h a rd  t o  b e l i e v e  t h a t  t h e  p o s s i b i l i t y  o f  £  h a v in g  e i t h e r  

s ig n  would o c c u r  i n  o n ly  one m odel. V a r io u s  a t t e m p ts  can he 

made t o  g e n e r a l i s e  t h e  r e s u l t  by c h o o s in g  a more g e n e r a l  form  

of  a n g u l a r  momentum o p e r a t o r  k :  how ever, i n  th e  p r e s e n t  s t a t e

( 5 .5 )
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o f  know ledge  o f  n u c l e a r  p r o p e r t i e s  one would s t i l l  be  f o r c e d  

t o  u se  t h e  s i n g l e  p a r t i c l e  s h e l l  model i n  i n t e r p r e t i n g  t r a n s 

i t i o n s ,  and i n  t h i s  c a s e  t h e  s i n g l e  p a r t i c l e  i n t e r p r e t a t i o n  o f  

k  i n  ( 5 - 4 ) ,  and t h e r e f o r e  o f  I t  i n  ( 5 * 6 ) ,  i s  m ost c o n v e n ie n t  

i n  u s e .

( 5 . 1 ) ,  t o g e t h e r  w i th  ( 5 * 6 ) ,  a l lo w s  t h e  s i x  v e c t o r  

m a t r ix  e le m e n ts  t o  be re d u c e d  t o  tw o , nam ely  1 a n d

< m u >  To o b t a i n  a r e l a t i o n  b e tw een  t h e s e  two m a t r ix  e l e 

m en ts  i t  i s  n e c e s s a r y  t o  make much more d e t a i l e d  a s s u m p t io n s  

t h e n  h i t h e r t o .  From ( 5 .1 8 )  and ( 3 . 2 ) ,  i t  i s  c l e a r  t h a t  t h e  

n u c l e a r  m a t r ix  e le m e n t  O l  a l p .  w here  a i s  any v e c t o r  o p e r a t o r ,  

i s  t o  be  i n t e r p r e t e d  as

T

w h ere  and a r e  t h e  i n i t i a l  and f i n a l  n u c l e a r  wave-

f u n c t i o n s ,  T j and a r e  t h e  u s u a l  i s o t o p i c  o p e r a t o r s ,  t h e

s u p e r s c r i p t s  r e f e r  t o  t h e  p a r t i c l e s  o f  t h e  n u c l e u s ,  and t h e

i n t e g r a t i o n  i n c l u d e s  sum m ation o v e r  s p i n  and i s o t o p i c  s p in  

s t a t e s .  The n u c l e a r  H a m il to n ia n  i s  assumed t o  be

M -  -  + 1 2 [ U + f  )M„ +
3=1

+ 1  t l  5 vc ( jk) + . r k)  v ( iw) -  ( A  r \  ( A 2 )  x

( 5 . 8 )

w here  M and M «  a r e  t h e  n e u t r o n  and p r o to n  m asses r e s p e c t -  
* \

i v e l y ,  and V0 , Ve , Vs , and Vc a r e  r e s p e c t i v e l y  t h e
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o r d i n a r y ,  c h a rg e  e x c h a n g e ,  s p i n - o r b i t  and Coulomb two n u c le o n

p o t e n t i a l s .  The u se  o f  r e l a t i v i s t i c  n o t a t i o n  i s ,  a s  b e f o r e ,

f o r  c o n v e n ie n c e  o n l y ,  and t h i s  H a m il to n ia n  i s  in te n d e d  o n ly

as  an  a p p ro x im a t io n  v a l i d  o n ly  i n  t h e  n o n - r e . l a t i v i s t i c  l i m i t ,

For t h e  sa k e  o f  s i m p l i c i t y ,  and i n  t h e  a b se n c e  o f  any e v id e n c e

t o  t h e  c o n t r a r y ,  t h e  s p i n - o r b i t  c o u p l in g  i s  supposed  n o t  t o

be  o f  c h a r g e  exchange  t y p e .

By c a l c u l a t i n g  t h e  com m utator o f  ) i
j-f

w i th  H , i t  i s  fo un d  t h a t

-p'.£L t X (H u -
. ( 5 . 9 )

The summed te rm s  i n  (5 * 9 )  w i l l  be  a v e ra g e d  o v e r  t h e  p a r t i c l e s  

l a b e l l e d  k ,  a ssum in g  th e y  fo rm  a s p i n - s a t u r a t e d ,  s p h e r i c a l  

c o r e  o f  u n i f o r m  d e n s i t y  and r a d i u s  p  e q u a l  t o  t h e  n u c l e a r  

r a d i u s .

F o r b o th  t h e  e x ch an g e  f o r c e  and t h e  s p i n - o r b i t  

c o u p l in g  c o n t r i b u t i o n s  i n  ( 5 *9 )» p ro b le m  i s  e s s e n t i a l l y
1 I 1 i -

t h a t  o f  a v e r a g in g  ) V ( ^ )  > w here \ . T h is

a v e r a g in g  i s  p e rfo rm e d  i n  A ppendix  and g iv e s

l e y )  1 0 .
->/ }\/>-*) ( b - i o ;

w here  . S in c e  t h e  t r a n s f o r m i n g  s i n g l e  p a r t i c l e

s t a t e  p re su m a b ly  b e lo n g s  t o  an o u t e r  s h e l l ,  ^  ^  may be t a k e n  

a p p ro x im a te ly  e q u a l  t o  p .  F or a Yukawa w e l l  o f  d e p th  v



and r a n g e  1 / k ,  t h i s  g iv e s  

( i - i k)V(^) = ~  - 3 ( k ^ ) 3

, + t ( y )  z+ 3 ( y V 'K
(5 •11 )

(H ughes and Le C o n te u r  (1 9 5 0 )  have  a l s o  found  t h i s  r e s u l t ,  

u s i n g ,  h o w e v e r ,  a r a t h e r  d i f f e r e n t  m e th o d ) .  Eor a sq u a re  

w e l l  o f  d e p th  V* and r a n g e  l / ' k ,  ( 5 *1 0 ) w i th  A;  ̂ g iv e s

i? ? w  « /->(#) [t V>" - i (v>"]. (5.12)
I n  t h e  c h a rg e  ex chan ge  c o n t r i b u t i o n  t o

k N- zt h e  f a c t o r  T  g i v e s  on a v e r a g in g  a f a c t o r  , where
5 A

H i s  t h e  n e u t r o n  num ber o f  t h e  i n i t i a l  n u c le u s  and Z t h e

p r o t o n  number o f  t h e  p r o d u c t  n u c l e u s ,  w h i le  t h e  sum m ation

o v e r  k  g i v e s  a f a c t o r  A. Ye i s  assumed t o  be  o f  t h e  fo rm

~ [ a i + f ]  V (  5 W) } b u t  b e c a u s e  of t h e  s p in

s a t u r a t i o n  o f  t h e  c o r e ,  o n ly  t h e  te rm  w i th  t h e  c o e f f i c i e n t  a j

w i l l  c o n t r i b u t e :  f o r  t h e  same r e a s o n ,  t h e r e  w i l l  be  no

c o n t r i b u t i o n  f ro m  any t e n s o r  f o r c e s  o f  t h e  u s u a l  t y p e .  U sing

t h e  v a l u e  g iv e n  by R o s e n fe ld  (1 9 4 8 , Page  255) t o r  a ^  b ased

on t h e  r a t i o  o f  t h e  s i n g l e t  and t r i p l e t  s  p o t e n t i a l s  and t h e

r e q u i r e m e n t  o f  s a t u r a t i o n  f o r  heavy n u c l e i ,  th e  e f f e c t i v e  Ye

i s  found  t o  be - V s )  , w here V (^ s )  i s  t h e  t r i p l e t  s
kU3p o t e n t i a l .  T ak in g  t h e  n u c l e a r  r a d i u s  p  t o  be  -T, /\ , ana

u s i n g  b o th  a s q u a r e  w e l l  o f  d e p th  4-0 ^ c x and r a n g e  and a

Yukawa w e l l  o f  d e p th  lO C w '1 and r a n g e  ^  f o r  V P s )  , t h e  

ex ch an g e  f o r c e  c o n t r i b u t i o n  t o  i s  found t o  he



m .

V/.IU —12>.(A/-Z^A [ l - | A  j < - f l " £ l * <

Y«W«~ W*«-. -  i s -c  ( n - ^ A 4^  [ l - 3 A J / s ] < J I £ U >  .

The two w e l l s  g iv e  r e s u l t s  i n  f a i r  a g re e m e n t .  T h is  ' 

exch an g e  c o n t r i b u t i o n  t o  < m t >  i s  so  s m a l l  i n  any c a s e  t h a t  

t h e  u s e  o f  more a c c u r a t e  w e l l  p a r a m e te r s  i s  u n n e c e s s a r y .

Hughes and Le C o n te u r  (1 9 5 0 )  e s t i m a t e  t h a t  f o r  Vs 

a Yukawa w e l l  o f  r a n g e  and d e p th  iMeV i s  c o n s i s t e n t  w i th  

t h e  s e p a r a t i o n  n e c e s s a r y  a c c o r d in g  t o  th e  s p i n - o r b i t  c o u p l in g  

s h e l l  m odel t o  a c c o u n t  f o r  t h e  a p p a r e n t  l e v e l  o r d e r  i n  heavy 

n u c l e i .  (The f a c t o r  2 d i f f e r e n c e  be tw een  t h i s  w e l l  d e p th  and 

t h a t  g iv e n  by Hughes and Le C o n te u r  i s  due t o  a d i f f e r e n t  

d e f i n i t i o n  o f  ; h e r e ,  th e  s p i n  a n g u la r  momentum i s  ■{ )

On a v e r a g i n g ,  t h e  c o n t r i b u t i o n  t o  < f l  fro m  t h e  s p i n -

o r b i t  c o u p l i n g  i s  found t o  be

- 3 A ,AL i - 3 A'v?] < f l £ ; x £ | ‘> ^ - ^ C t A / s [ i - 3 A V,J < - P | i K >  (5 . 1 4 )

u s i n g  ( 5 *6 ) and ( 5 . 1 ) .

The Coulomb c o n t r i b u t i o n  t o  can  be

e s t im a t e d  by a s i m i l a r  a v e r a g in g  p r o c e d u r e ,  and i s  found t o  

be  * (zx /y tf )  I £1  «.y

C o l l e c t i n g  t h e s e  r e s u l t s ,  one o b t a i n s

< 1 1 5 1 1) '  = *■ *

w here  ^
*  -  i ^ a ' 3 ( n - z . ) ( i - 3 A V3)

- s t  A',a(,'"3A %)-
F o r  m ost f i r s t  f o r b i d d e n  t r a n s i t i o n s ,  t h e  f i r s t  two te rm s  i n  x

( 5 .1 3 )
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a p p r o x im a te ly  c a n c e l ,  w h i le  t h e  ex change  f o r c e  and s p i n -  |

o r b i t  c o u p l in g  t e r m s  a r e  s m a l l  compared t o  t h e  Coulomb term *

F o r  p o s i t r o n  e m i t t e r s ,  t h e  s e c o n d ,  t h i r d ,  and f o u r t h  te rm s  

i n  x  ch an g e  s ig n *

I n  u s in g  t h e  r e l a t i o n s  d e r iv e d  a b o v e ,  u se  m ust be  

made o f  t h e  s h e l l  model i n t e r p r e t a t i o n  o f  t h e  t r a n s i t i o n s ,  

and i t  would be  v e r y  v a l u a b l e  t o  have  in d e p e n d e n t  e v id e n c e  |

o f  t h e  v a l i d i t y  o f  t h i s .  Such e v id e n c e  may be p ro v id e d  by
52 52 it h e  d e ca y  o f  P^ . The s p e c t ru m  o f  P h a s  b e en  m easured  by

many w o rk e rs  (S ie g b a h n  1946 , L a n g e r  and P r i c e  1949 , Agnew

1 9 5 0 ; some u n c e r t a i n t i e s  a b o u t  th e  low e n e rg y  end of t h e

s p e c t ru m  hav e  b e en  c l e a r e d  up by J e n s e n  e t  a l .  1952 and by j

S h e l i n e  e t  a l .  1 9 5 1 )? and t h e r e  can  b e  no d o u b t  t h a t  t h e  j;

s p e c t ru m  h a s  t h e  a l lo w e d  s h a p e .  The f t  v a lu e  f o r  t h e  t r a n s -  I

i t i o n  i s  ^  x lO  , w hich  i s  c o n s i d e r a b ly  g r e a t e r  t h a n  one J

would e x p e c t  f o r  an a l lo w e d  or f i r s t  f o r b i d d e n  t r a n s i t i o n :  I

i t  i s ,  h o w e v er ,  im p o s s ib l e  t o  f i t  t h e  b e t a  s p e c t ru m  w i th  any ||

o f  t h e  second  f o r b i d d e n  c o r r e c t i o n  f a c t o r s .  I t  w i l l  be shown

t h a t  t h i s  a p p a r e n t  c o n t r a d i c t i o n  can  be  r e s o l v e d  u s in g  t h e  j

s h e l l  m odel i n t e r p r e t a t i o n  o f  t h e  t r a n s i t i o n .  |[j

The o n ly  c o r r e c t i o n  f a c t o r s  t h a t  a r e  c a p a b le  o f  ! !

e x p l a i n i n g  t h e  sh a p e  o f  t h e  b e t a  sp e c t ru m  o f  P ^  a r e  t h o s e  j i :

f o r  t h e  a l lo w e d  t r a n s i t i o n s ,  f o r  f i r s t  f o r b i d d e n  t r a n s i t i o n s

w i th  u n i t  s p i n  change  a c c o r d in g  t o  t h e  t e n s o r  and p o l a r  v e c t o r  !
' I -i |

i n t e r a c t i o n s ,  and f o r  f i r s t  f o r b i d d e n  t r a n s i t i o n s  w i th  no jj



s p i n  change  a c c o r d in g  t o  t h e  a x i a l  v e c t o r  and p s e u d o s c a l a r  

i n t e r a c t i o n s ;  t h e  s p i n  change  i n  t h e  t r a n s i t i o n  m ust t h e r e 

f o r e  be 0 o r  1 .  S in c e  no gamma r a y s  a r e  o b s e r v e d ,  t h e  t r a n s 

i t i o n  m ust b e  t o  t h e  ground s t a t e  o f  S ^ ,  and s i n c e  t h i s  h a s  

s p i n  z e r o ,  t h e  s p i n  o f  m ust be  0 o r  1 .  As t h e  t r a n s 

i t i o n  m ust b e  e i t h e r  a l lo w e d  o r  f i r s t  f o r b i d d e n ,  some 

m echanism  su c h  a s  an a d d i t i o n a l  s e l e c t i o n  r u l e  i s  n e c e s s a r y  

t o  e x p l a i n  t h e  l a r g e  f t  v a l u e .

A c co rd in g  t o  t h e  s h e l l  m odel, n e u t r o n  and p r o to n

l e v e l s  a r e  f i l l e d  i n  t h e  o r d e r  f-s > fx~ » ^s> > s '/<L 't- A, ^  7~
( t h i s  o r d e r i n g  o f  t h e  and l e v e l s  i s  n e c e s s a r y  t o  e x p l a i n  

t h e  o b se rv e d  s p i n s  o f  n u c l e i ) .  The s h e l l  model i n t e r 

p r e t a t i o n  o f  t h e  d ecay  i s  t h e r e f o r e  t h a t  a c l 3 /  n e u t r o n  i s  

t r a n s f o r m e d  i n t o  a Sy p r o t o n .  S in c e  t h i s  t r a n s i t i o n  d o es  

n o t  i n v o lv e  a p a r i t y  c h a n g e ,  i t  c a n n o t  be  a f i r s t  f o r b i d d e n  

t r a n s i t i o n ,  and m u s t ,  b e a r i n g  i n  mind t h e  r e s u l t s  o f  t h e  

p r e v i o u s  p a r a g r a p h ,  be  a l l o w e d .  A ls o ,  t h e  odd n e u t r o n  and

odd p r o t o n  i n  P ^  m ust be  i n  J 3/ and Sy^ s t a t e s  r e s p e c t i v e l y ,
•52and h en ce  t h e  s p i n  o f  P^ a c c o r d in g  t o  t h e  s h e l l  model m ust

be  e i t h e r  1 o r  2 .  From t h e  l a s t  p a r a g r a p h ,  how ever ,  t h e  s p i n  
52o f  “f r  i s  e i t h e r  0 o r  1 ; c o n s e q u e n t ly  i f  t h e  s h e l l  model

52i n t e r p r e t a t i o n  i s  c o r r e c t ,  t h e  s p i n  o f  m ust be  1 , and th e  

s p i n  change  i n  t h e  t r a n s i t i o n  m ust a l s o  be  1 .

The o n ly  a l lo w e d  m a t r ix  e le m e n ts  w hich p e rm i t  a  u n i t  

s p i n  change  a r e  & I * )  , w hich  o c cu r



r e s p e c t i v e l y  w i th  t h e  a x i a l  v e c t o r  and t e n s o r  i n t e r a c t i o n s :  

i n  t h e  n e x t  c h a p t e r ,  s t r o n g  in d e p e n d e n t  e v id e n c e  w i l l  b e  

g iv e n  f o r  b e l i e v i n g  t h e  i n t e r a c t i o n  t o  c o n t a i n  one o r  o t h e r  

o f  t h e s e  i n t e r a c t i o n s ,  b u t  n o t  b o t h .  Now, t h e  t r a n s i t i o n  

i n v o l v e s  a change  o f  two u n i t s  i n  t h e  o r b i t a l  

a n g u l a r  momentum, w h i l e  n o n - r e l a t i v i s t i c a l l y  a t  l e a s t  t h e  

m a t r i x  e le m e n ts  < l!  £  11 > and {-ft /?>C c a n n o t  chang e  t h e  

m a g n i tu d e  o f  t h e  o r b i t a l  a n g u la r  momentum; n o n - r e l a t i v i s t -  

i c a l l y ,  t h e r e f o r e ,  t h e  decay  o f  a s  i n t e r p r e t e d  by t h e  

s h e l l  model c a n n o t  o c c u r  t h r o u g h  an a l lo w e d  m a t r ix  e le m e n t .  

The f a c t  t h a t  t h e  t r a n s i t i o n  d o es  t a k e  p l a c e ,  th o u g h  w i th  

a g r e a t l y  r e d u c e d  p r o b a b i l i t y ,  may be  t a k e n  a s  e v id e n c e  

t h a t  t h e  s h e l l  model i n t e r p r e t a t i o n  i s  n e a r l y  b u t  n o t  

c o m p le te ly  c o r r e c t ;  a l t e r n a t i v e l y ,  how ever ,  i t  may be  t h a t  

t h e  m a t r ix  e le m e n ts  o f  £  and ^  £  , a l t h o u g h  z e ro  n o n -  

r e l a t i v i s t i c a l l y ,  a r e  i n  f a c t  n o t  s t r i c t l y  z e ro  f o r  t h e  

t r a n s i t i o n .  S e a so n s  w i l l  now be g iv e n  f o r  b e l i e v i n g  t h i s  

t o  be  s o ,  and f o r  t h i n k i n g  t h a t  b o th  th e  l i f e t i m e  and t h e  

s p e c t ru m  sh ape  can  be e x p la in e d  i n  t h i s  way w i th o u t  su p p o s in g  

any b reak -d o w n  o f  t h e  s h e l l  model i n t e r p r e t a t i o n  o f  t h e  

t r a n s i t i o n .

I t  i s  e a sy  t o  f i n d  s e l e c t i o n  r u l e s  f o r  

and <■>!/* K >  i n  a way s i m i l a r  t o  t h a t  used  f o r  

i t  i s  found t h a t  o r  = 11 , o r  i n  t e r m s  o f

t h e  t o t a l  a n g u la r  momentum, O ~ I , n o .  From t h e
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commutation r e la t io n s  of £  and k , i t  i s  a lso  easy to  

th a t ,  provided +

( 5 . 1 6 )

Now commutes with ££■ , so n o n - r e la t iv is t ic a l ly  i t  i s  

p erm iss ib le  to  w rite

-  < l l  £ l  ( 5 . 1 7 )

T his i s  in c o n s is te n t  w ith  (5 .16 ) i f  k; tk. f  = +1; for  such 

t r a n s it io n s ,  th e r e fo re , <(11 and ^  I/S £!*■')> must vanish

in  the n o n - r e la t iv is t ic  l im it .  S in ce , however, the s e le c t io n  

r u le s  are s a t i s f i e d ,  one would not expect the matrix elem ents 

to  van ish  id e n t ic a l ly ,  "but would expect them to  he of order 

( W  <-) The same r e s u lt  may he obtained by n o tic in g

th a t  for  h  ■*-k_£ = +1, the equation (5 .1 6 ) i s  s e lf - c o n s is t e n t  

only i f  the con trib u tion  from the "large" components of the  

w ave-functions v a n ish es . From (5»5)> the s e le c t io n  ru le  

k t* + k̂ > = +1 can be seen to  be equ ivalen t to  i l  #

; fo r  th e  allowed tr a n s it io n s  with ku + lĉ  = -Si. or

k . ,  k|. , 4 4  = o

For th e  r e s t  o f th is  argument the pure tensor  

in te r a c t io n  w i l l  be assumed; an exactly  s im ila r  argument, 

however, holds fo r  the a x ia l vector in te r a c t io n . S ince the 

m atrix element for the tr a n s it io n  i s  of order

(W O  9 "k*1e con trib u tion  from the second forbidden matrix 

element ( / *<*£  1 ; > ,  which i s  expected to  be of order p /c ) /?  

v/here A i s  t h e  n u c l e a r  r a d i u s ,  c a n n o t  be n e g l e c t e d .  The

c o r r e c t i o n  f a c t o r  can be c a l c u l a t e d  by t h e  methods o f  Chapter p:



i t  i s  foun d  t o  be  e s s e n t i a l l y  s i m i l a r  t o  £ ( (t )  g iv e n  i n  

A ppend ix  4 ,  b u t  w i t h  and ^  ,(/£&*£) r e p l a c e d  by

and r e s p e c t i v e l y .  I f  p  i s  t a k e n  a s

A 3̂ y t h e n  t h e  o n ly  u n c e r t a i n t i e s  r e m a in in g  a r e  t h e  

v a l u e  o f  W c ( o r  a l t e r n a t i v e l y * " ^ / ^  /*) ) and t h e  s i g n  o f

t h e  c r o s s  t e r m  i n  t h e  c o r r e c t i o n  f a c t o r ,  and t h e s e  can  be 

c h o se n  t o  f i t  t h e  o b se rv e d  l i f e t i m e  o f  t h e  t r a n s i t i o n .  U sing  

t h e  v a l u e s  o f  t h e  i n t e r a c t i o n  c o n s t a n t  g iv e n  by G re t i l in g '  

( 1 9 4 2 ) ,  i t  i s  found  t h a t  t h e  l i f e t i m e  i s  w e l l  f i t t e d  i f  

x  = 12 ( v / c  = 0 .1 4 )  i f  t h e  c r o s s  t e r m  i s  n e g a t i v e ,  and i f  

x  = 5*5 ( v / c  = 0 .0 6 4 )  i f  t h e  c r o s s  t e r m  i s  p o s i t i v e ;  i n  b o th  

t h e s e  c a s e s ,  t h e  b e t a  sp e c t ru m  shape  i s  e x p e r i m e n t a l ly  

i n d i s t i n g u i s h a b l e  f ro m  t h e  a l lo w e d  s h a p e .

S h e rw in  (1 9 5 1 )  h a s  m easured  t h e  a n g u la r  c o r r e l a t i o n
52be tw een  t h e  e l e c t r o n  and t h e  n e u t r i n o  e m i t te d  by , and 

fo u n d  i t  t o  be  g iv e n  a p p r o x im a te ly  by (1  + co s  9 ) .  From t h e  

t h e o r e t i c a l  work o f  G re t i l in g  and Meeks (1951)> i t  i s  c l e a r  

t h a t  t h i s  a n g u la r  c o r r e l a t i o n  i s  c o n s i s t e n t  o n ly  w i th  an 

’a l lo w e d  t r a n s i t i o n  w i th  no s p i n  change  on t h e  p o l a r  v e c t o r  

i n t e r a c t i o n  and w i th  a f i r s t  f o r b i d d e n  t r a n s i t i o n  w i th  no s p i n  

change  on t h e  a x i a l  v e c t o r  i n t e r a c t i o n ;  i t  i s  n o t  c o n s i s t e n t  

w i th  t h e  e x p l a n a t i o n  o f  t h e  l i f e t i m e  and s p e c t ru m  shape  g iv e n  

a b o v e ,  f o r  w hich  one would e x p e c t  an a n g u la r  c o r r e l a t i o n  

g iv e n  by ( i f  f o r  t h e  t e n s o r  i n t e r a c t i o n  o r  ( l - ^ ^ e)
f o r  t h e  a x i a l  v e c t o r  i n t e r a c t i o n .  Owing t o  th e  ex trem e  

d i f f i c u l t y  o f  t h e  e x p e r im e n t ,  ho w ever, i t  i s  p o s s i b l e  t h a t  t h e



d i s c r e p a n c y  b e tw ee n  t h e  o b s e rv e d  a n g u la r  c o r r e l a t i o n  and \

t h a t  p r e d i c t e d  by t h e  t e n s o r  i n t e r a c t i o n  may p ro v e  more 

a p p a r e n t  t h a n  r e a l .

I f  t h e  a n g u l a r  c o r r e l a t i o n  r e s u l t s  a r e  a c c e p t e d ,  t h e n  th e  j 

p ro b le m  o f  t h e  l a r g e  f t  v a lu e  o f  t h e  t r a n s i t i o n  re m a in s  

u n s o lv e d ,  b u t  t h e  s p i n  o f  P^ m ust be z e r o ,  and t h e  i n t e r a c t i o n ;  

m ust c o n t a i n  e i t h e r  V o r  A. I f  t h e  a n g u la r  c o r r e l a t i o n  r e s u l t s  j
I

a r e  c o n s id e r e d  d o u b t f u l ,  t h e n  t h e  s u c c e s s  o f  t h e  e x p l a n a t i o n  

o f  t h e  s p e c t ru m  sh a p e  and l i f e t i m e  g iv e n  above g i v e s  c o n f id e n c e  

i n  t h e  u se  o f  t h e  s h e l l  m odel i n t e r p r e t a t i o n  o f  t r a n s i t i o n s .

The s h e l l  m odel i n t e r p r e t a t i o n  r e q u i r e s  t h e  s p i n  o f  P ^  

t o  be one u n i t ,  and t h e r e f o r e  a d i r e c t  m easurem ent o f  t h e  

s p i n  o f  t h i s  n u c le u s  would be o f  g r e a t  v a l u e .



6 . COMPARISON WITH EXPERIMENT

In  t h i s  c h a p t e r ,  a l lo w e d  sh a p e  s p e c t r a  "belonging t o  

e m p i r i c a l l y  f i r s t  f o r b i d d e n  t r a n s i t i o n s  w i l l  be compared 

w i t h  t h e  t h e o r e t i c a l l y  p r e d i c t e d  s p e c t ru m  s h a p e s  f o r  v a r i o u s

m ix t u r e s  o f  i n t e r a c t i o n s  f o r  f i r s t  f o r b i d d e n  t r a n s i t i o n s  w i t h  il
’1

u n i t  s p i n  change* B e fo re  d o in g  t h i s ,  h o w e v e r ,  o t h e r  e v id e n c e  \ 

w i l l  b e  c o n s id e r e d  w hich  a l r e a d y  g r e a t l y  r e s t r i c t s  t h e  

p o s s i b l e  i n t e r a c t i o n s *  jj

B ecause  o f  t h e  a rg u m e n ts  f a v o u r i n g  t h e  G am ow -T eller  jj

s e l e c t i o n  r u l e s  (Gamow and T e l l e r  1956 , K o n o p in sk i  1 9 4 5 ) ,  !

w hich  a r e  m a in ly  t h a t  some t r a n s i t i o n s  f o r  w hich  t h e  '

a n g u l a r  momentum change  i s  p r o b a b ly  one u n i t  n e v e r t h e l e s s  j
' ■!

a p p e a r  t o  be a l lo w e d ,  t h e  i n t e r a c t i o n  h a s  lo n g  b een  th o u g h t  

t o  c o n t a i n  a t  l e a s t  a p r o p o r t i o n  o f  e i t h e r  T o r  A. The jj

m ost c o n v in c in g  e v id e n c e  f o r  t h i s  w h ich  i s  now a v a i l a b l e  

i s  t h e  e x p e r i m e n t a l  d i s c o v e r y  o f  s e v e r a l  b e t a  s p e c t r a
j

h a v in g  t h e  c h a r a c t e r i s t i c  s h a p e ,  p r e d i c t e d  o n ly  by T and A,  ■

f o r  f i r s t  f o r b i d d e n  t r a n s i t i o n s  w i th  an  a n g u la r  momentum 

ch ange  o f  two u n i t s  and p a r i t y  c h a n g e .  Wu ( 1 9 5 0 ) h a s  

g iv e n  an e x c e l l e n t  s u rv e y  o f  r e c e n t  e x p e r im e n ta l  w ork , 

i n c l u d i n g  t h e  r e s u l t s  g u s t  m e n t io n e d .  jj

F o r  a l lo w e d  t r a n s i t i o n s ,  c r o s s  te rm s  be tw een  i n t e r a c t i o n s  ! 

o c c u r  i n  t h e  t h e o r e t i c a l  c o r r e c t i o n  f a c t o r s  o n ly  f o r  m ix tu r e s  j ;

o f  S w i th  V and o f  A w i th  T, and f o r  t h e s e  m ix tu r e s  t h e  j
c o r r e c t i o n  f a c t o r  i s  o f  t h e  fo rm  ( l - P ^ / l v ) .  R© G roo t and j ‘



f o l h o e k  ( 1 9 5 0 ) have  e s t im a te d  t h a t  t o  a g r e e  w i th  t h e  

e x p e r i m e n t a l  e v id e n c e  a m ust be  l e s s  t h a n  i ( i °  ahd t h e  j

amount o f  m ix in g  o f  S w i th  V o r  o f  A w i th  1 m ust be v e r y  j

s m a l l • |

I t  was p o i n t e d  o u t  i n  t h e  l a s t  c h a p t e r  t h a t  t r a n s i t i o n s
■ (i

i n v o l v i n g  an a n g u la r  momentum change  would be  s e l e c t e d ,  

so  t h a t  t h e  m a t r i x  e le m e n t  o c c u r r i n g  w i th  |

t h e  p s e u d o s c a l a r  i n t e r a c t i o n  w i l l  n o t  c o n t r i b u t e .  I f  P j

i s  t o  c o n t r i b u t e  a t  a l l  t o  t h e  f i r s t  f o r b i d d e n  t r a n s i t i o n s  

w i t h  u n i t  a n g u la r  momentum c h a n g e ,  t h e n  i t  m ust do so  

th r o u g h  t h e  t h i r d  f o r b i d d e n  m a t r ix  e le m e n t  rs i )  ;

and t h e  c o e f f i c i e n t  o f  P  i n  t h e  m ix tu re  of i n t e r a c t i o n s  m ust 

be  l a r g e  enough t o  overcom e t h e  e x t r a  d e g r e e s  o f  f o r b i d d e n n e s s  I! 

o f  t h e  m a t r ix  e l e m e n t .  I f  t h i s  w ere  s o ,  one would e x p e c t  j !

t r a n s i t i o n s  i n v o l v i n g  a p a r i t y  change b u t  no s p in  change  !
I,

t o  a p p e a r  s u p e r a l l o w e d ,  o c c u r r i n g  th r o u g h  t h e  m a t r ix  :i!
I!

e le m e n t  O  I I  0  ’ ^ o r  none o b se rv e d  s u p e r -  j;
a l lo w e d  t r a n s i t i o n s ,  h o w ev er ,  does  a p a r i t y  change seem ;

r e a s o n a b l e .  F u r th e r m o r e ,  i f  t h e  m a t r ix  e lem en t  ^  

gave  an a p p r e c i a b l e  c o n t r i b u t i o n  t o  t h e  f i r s t  f o r b i d d e n  j

t r a n s i t i o n s  w i t h  u n i t  s p i n  ch an g e ,  i t  sh o u ld  d o m in a te  t h e  

w eaker t r a n s i t i o n  w i th  s p i n  change o f  two u n i t s ,  and t h i s  

d o e s  n o t  a p p e a r  t o  be t h e  c a s e .  For t h e s e  r e a s o n s ,  i t  i s  

c o n c lu d e d  t h a t  t h e  p o s s i b l e  p r e s e n c e  o f  P i n  t h e  i n t e r a c t i o n  |
i

I'j
may be  ig n o r e d  i n  c o n s i d e r i n g  f i r s t  f o r b i d d e n  t r a n s i t i o n s  :j
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w i t h  u n i t  a n g u la r  momentum c h a n g e .

S um m aris ing  t h e s e  r e s u l t s ,  i t  i s  s e e n  t h a t  t h e  

i n t e r a c t i o n  m ust c o n t a i n  e i t h e r  T o r  A, h u t  n o t  b o t h ,  and 

t h e  i n t e r a c t i o n  c a n n o t  c o n t a i n  b o th  S and V. F o r  t h e  

t r a n s i t i o n s  t o  be  c o n s i d e r e d ,  t h e  p o s s i b l e  p r e s e n c e  o f  P  

i n  t h e  i n t e r a c t i o n  may be i g n o r e d .  From t h i s ,  i t  f o l l o w s  

t h a t  t h e  o n ly  m ix t u r e s  t h a t  need  be  c o n s id e r e d  a r e  t h o s e  

o f  S w i th  1 ,  A w i th  V, V w i th  T and S w i th  A: m ix tu r e s  '

i n v o l v i n g  more t h a n  two o u t  o f  t h e s e  f o u r  i n t e r a c t i o n s  a r e  

d i s a l l o w e d .  The c o r r e c t i o n  f a c t o r s  f o r  t h e s e  m ix tu r e s  and 

t h e  ty p e  o f  t r a n s i t i o n  u n d e r  c o n s i d e r a t i o n  may b e  found fro m  

A ppend ix  4 ,  and may be s i m p l i f i e d  u s in g  t h e  r e s u l t s  o f  t h e  

l a s t  c h a p t e r ,  t o  g iv e  i n  low Z a p p ro x im a t io n :

+(2^/3W)

* /? ]  + '■'. S / i  ]

* f  i ^ ) x* [ y ) \ b  n  h  -  | ( w a-W )(w - t ) l

t +1 v: + ( y i s ) H (  +  f h /*>)

A+'jS-. C - U+f)fly) +l^r)V3 + l /^ - f (w 0-wHw-^)}

W
. Wo
‘S -  *  -  y ~ J  ,

V T -I  -  2U/0W + 2 V 1>

I
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i s  t h e  r a t i o  o f  t o

and ~ —  ̂ j> d e p e n d in g  on t h e  t r a n s i t i o n .  A

f a c t o r  h a s  b e en  o m it te d  from  a l l  o f  t h e s e

c o r r e c t i o n  f a c t o r s .  The c o r r e c t i o n  f a c t o r  f o r  t h e  m ix tu re  

V+  ̂ A i s  a lm o s t  i d e n t i c a l  w i th  t h a t  f o r  T> S
g iv e n  a b o v e ,  and i s  t h e r e f o r e  n o t  g iv e n .  F o r  p o s i t r o n  

e m i t t e r s ,  t h e  s i g n  o f  Z m ust be  changed t h r o u g h o u t ,  and t h e  

s i g n  o f  t h e  c r o s s  te rm  ( p r o p o r t i o n a l  t o  y )  changed i n  t h e  

m ix tu r e  ~T~ + ^  S . The u se  o f  t h e  low Z a p p ro x im a t io n s  

i s  u n l i k e l y  t o  have  a s e r i o u s  e f f e c t  on th e  r e s u l t s .

The t h e o r e t i c a l  s p e c t ru m  sh a p e  i s  g iv e n  by

T ( w) 4 u  -  c  F(Zv,w) (fe.3)

w here  C i s  t h e  c o r r e c t i o n  f a c t o r  and i s  c o n s t a n t  f o r  a l lo w e d  

sh a p e  s p e c t r a .  F o r  a l lo w ed  sh ap e  s p e c t r a ,  t h e r e f o r e ,  a 

p l o t  o f  J  T / ( F f  V) a g a i n s t  W w i l l  g ive  a s t r a i g h t  l i n e  

c u t t i n g  t h e  e n e rg y  a x i s  a t  t h e  maximum e n e rg y  o f  t h e  b e t a  

s p e c t r u m .  I f  Nl (w) d U/ i s  a m easured  b e t a  sp e c tru m , 

t h e n  t h e  p l o t  o f  J b l / l F f w )  a g a i n s t  W i s  v a r i o u s l y

c a l l e d  t h e  F erm i p l o t ,  F-K p l o t ,  and K u r ie  p l o t .  S in c e  

f o r  an a l lo w e d  sh ap e  ST)ectrum t h e  K u rie  p l o t  i s  a s t r a i g h t  

l i n e ,  such  a p l o t  g i v e s  t h e  m ost c o n v e n ie n t  method o f  

co m p ar in g  e x p e r im e n ta l  r e s u l t s  w i th  t h e o r y .  I f  f o r  a g iv e n



t r a n s i t i o n  o r  a g iv e n  m ix tu r e  o f  i n t e r a c t i o n s  C i s  n o t  a 

c o n s t a n t ,  t h e n  t h e  t h e o r e t i c a l  K u r ie  p l o t  may he o b t a in e d

by m u l t i p l y i n g  a l l  t h e  o r d i n a t e s  by J Z 1 ,  w hich  w i l l  

be  a f u n c t i o n  o f  W. The i n t e r c e p t  o f  t h e  K u r ie  p l o t  w i th

t r a n s i t i o n ,  and a s  t h i s  c a n n o t  be  p r e d i c t e d  t h e o r e t i c a l l y  

w i th  any c e r t a i n t y ,  a t h e o r e t i c a l  K u r ie  p l o t  may be f i t t e d  

t o  e x p e r i m e n t a l  r e s u l t s  a t  one p o i n t  i n  a d d i t i o n  t o  t h e

A s e a r c h  h a s  been  made i n  t h e  l i t e r a t u r e  f o r  f i r s t

f o r b i d d e n  t r a n s i t i o n s  w hich  have  a c c u r a t e l y  m easured  a l lo w e d

sh a p e  b e t a  s p e c t r a  and Y/hich a r e  r e a d i l y  i n t e r p r e t e d  a c c o r d in g

t o  t h e  s h e l l  model a s  i n v o l v i n g  an a n g u l a r  momentum change*

T r a n s i t i o n s  w ere  r e g a r d e d  a s  s u f f i c i e n t l y  f o r b i d d e n  and

s u f f i c i e n t l y  a c c u r a t e l y  i n v e s t i g a t e d  o n ly  i f  t h e i r  4 +
• b

v a l u e s  w ere  g r e a t e r  t h a n  , and t h e i r  e x p e r im e n ta l  K u rie

p l o t s  were s t r a i g h t  t o  w i t h i n  5 % f o r  a f a i r  en e rg y  range*
22The f o l l o w i n g  t r a n s i t i o n s  have  been  found  s Na 

(Good, P e a s l e e  and D e u tsch  1 9 4 6 ) ,  N a ^  (S ie g b a h n  1 9 4 6 ) ,  S c ^  

(P e a c o c k  and 'W ilk inson 1 9 4 8 ) ,  (P e ac o ck  and D e u tsch  1 9 4 6 ) ,

P r^ * ^  (F e ld m an , L id  o f  s k y ,  M ack lin  and Wu 1 9 4 9 ) ,  P m ^ ^

(Agnew 1950; L a n g e r ,  Motz and P r i c e  1950*, L id o f s k y ;  M ack lin  

and Wu 1 9 4 9 ) ,  Hf^^* (Chu and W iedenbeck 1 9 4 9 ) ,  (P eaco ck

fro m  a s t r a i g h t  l i n e  c u t t i n g  t h e  e n e rg y  a x i s  a t  ^ 0

t h e a x i s  d e p en d s  on th e  l i f e - t i m e  o f  t h e

end p o i n t  M'0 o f  t h e  s p e c t ru m .
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• transitions to ground state, or for which there is no evidence that final state is not ground 

state, o transitions to excited state. •* transitions used in Chapter 6.

F ig u re  1 ( r e p e a t e d ) . L o g -^ f t  p l o t t e d  a g a i n s t  th e  mass 

number A, showing th e  t r a n s i t i o n s  u sed  i n  c h a p te r  6 . The 

f t  v a lu e s  and th e  c l a s s i f i c a t i o n  o f  f i n a l  s t a t e s  a r e  taken 

from  F e in g o ld  (1 9 5 1 ) .  f t  v a lu e s  a r e  p l o t t e d  o n ly  f o r  

th o s e  t r a n s i t i o n s  c l a s s i f i e d  by F e in g o ld  a s  i s o to p e  c e r t a i n  

o r  i s o to p e  p ro b a b le .



and W ilk in so n  1 9 4 8 ) ,  A u ^ ®  (L an g e r  and P r i c e  1949 >

Saxon 1948 , S t e f f e n ,  Huber and Humbel 1 9 4 9 ) .  P ^ 2 , Ga66

and a r e  more p r o b a b ly  o f  t h e  Aj~l /\I=Z. 'type o f

t r a n s i t i o n  m en tio n ed  i n  t h e  p r e v i o u s  c h a p t e r ,  w h i le  M o ^
131and I  ^ co u ld  n o t  be r e a d i l y  i n t e r p r e t e d  on t h e  s h e l l  model 

p i c t u r e ;  t h e s e  f i v e  t r a n s i t i o n s  w ere  t h e r e f o r e  r e j e c t e d .

The f t  v a l u e s  o f  t h e  above t r a n s i t i o n s  a r e  shown on 

f i g u r e  1 , w h ich  i s  r e p e a t e d  h e r e  f o r  c o n v e n ie n c e .

The s i g n  o f  G i s  o b t a in e d  f ro m  t h e  s h e l l  model 

i n t e r p r e t a t i o n  o f  t h e  t r a n s i t i o n .  The l e v e l  scheme o f  

H a x e l ,  J e n s e n  and S ttss  (1 9 5 0 )  i s  used  i n  c o n ju n c t i o n  w i th  

t h e  o b se rv e d  s p i n s  o f n e ig h b o u r in g  odd n u c l e i  t o  s u g g e s t  

t h e  i n i t i a l  s t a t e ,  a n d ,  i f  t h e  t r a n s i t i o n  i s  t o  t h e  g round  

s t a t e  o f  t h e  p r o d u c t  n u c l e u s ,  a l s o  t h e  f i n a l  s t a t e ,  o f  

t h e  t r a n s f o r m i n g  n u c l e o n .  I f  t h e  t r a n s i t i o n  i s  t o  an e x c i t e d  

l e v e l  o f  t h e  p r o d u c t  n u c l e u s ,  a r e a s o n a b l e  t r a n s i t i o n  

i n v o l v i n g  p a r i t y  chang e  m ust be p o s t u l a t e d .  I n  t h i s  c a s e ,  

f o r  h eavy  n u c l e i  w i th  a l a r g e  n e u t r o n  e x c e s s  t h e  t r a n s f o r m i n g  

n e u t r o n  need  n o t  b e lo n g  t o  t h e  o u te rm o s t  o c c u p ie d  n e u t r o n  

s h e l l ,  and s e v e r a l  i n t e r p r e t a t i o n s  may be p o s s i b l e .

For U a ^  and N a ^ ,  t h e  s h e l l  model i n t e r p r e t a t i o n  

i s  c o m p l ic a te d  by an a p p a r e n t  b reak -d ow n  i n  t h e  u s u a l  l e v e l  

schem e . I t  i s  p o s s i b l e ,  how ever, t o  e x p l a i n  t h e s e  

t r a n s i t i o n s  i f  f o r  7 P3/~^  S,A_ an<3

f o r  do
)  / 7_

w ith  6 r -  i s  p o s t u l a t e d
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Experimental Points 
(A fter Good etal)

- 2-8

- 3-6

2*0

22F ig u re  5 * T h e o r e t i c a l  K urie  p l o t s  f o r  Na a c c o rd in g  t o  

t h e  t e n s o r  i n t e r a c t i o n ,  w i th  d i f f e r e n t  v a lu e s  f o r  th e  r a t i o  

o f  vt I 1 /* • e s t im a te  o f

C h ap te r  5 g iv e s  X  = - 2 . 5 .



46 48F o r  b o th  Sc and Y , t h e  o n ly  r e a s o n a b l e  t r a n s i t i o n  i s

w i th  . P r ^ ^  and u n d e rg o

ground  s t a t e  t o  g round  s t a t e  t r a n s i t i o n s  w h ich  a r e  a lm o s t

c e r t a i n l y  o f  t h e  t y p e  ^  w i th  6 = 4 /
181 187F o r  Hf and W ' , t h e  t r a n s i t i o n  may be any o f

Ln h ~ ^  k 'V. > % /x , fVx- ^  ^ V z , ,
a l l  w i th  G -  - I  , o r  k*, -=> °U. w i t h  £ = 4 1 , o r

Vt.
i n  which c a s e  t h e  t r a n s i t i o n  i s  n o t  o f  ■

t h e  r e q u i r e d  t y p e ;  f o r  t h e s e  t r a n s i t i o n s ,  ^  was
i q s

assum ed t o  be  - 1 .  F o r Au J , t h e  t r a n s i t i o n  i s  m ost

p r o b a b ly  4 ^ , w i th  -4 1,/t.
The c o r r e c t i o n  f a c t o r s  ( 6 . 1 ) a r e  n o t  v e r y  s e n s i t i v e

t o  t h e  v a lu e  o f  ?t u n l e s s  ^  i s  s m a l l .  T h is  i s  t h e  
22c a s e  f o r  Ea , and f i g u r e  5 shows t h e o r e t i c a l  K u r ie  p l o t s

f o r  t h i s  t r a n s i t i o n  a c c o r d in g  t o  t h e  t e n s o r  i n t e r a c t i o n

f o r  d i f f e r e n t  v a l u e s  o f  x. ; e q u a t io n  ( 5 . 1 5 ) o f  l a s t

c h a p t e r  g i v e s  f o r  ^  t h e  v a lu e  - 2 . 5 , and t h i s  g iv e s

an  a lm o s t  s t r a i g h t  K u r ie  p l o t  i n  f a i r  ag re em e n t  w i th

e x p e r im e n t .  The p o s s i b i l i t y  o f  e r r o r ,  h ow ever ,  c a n n o t  be

d e n ie d ,  and i n  p a r t i c u l a r  i f  ^  i s  4  I i n s t e a d  o f  —I

a s  a ssum ed , ( 5 . 1 5 )  g i v e s  x  = - 3 * 9  and a K u r ie  p l o t

f a r  f rom  s t r a i g h t .  I t  seems u n l i k e l y ,  t h e r e f o r e ,  t h a t

any r e l i a n c e  can  be p u t  on c o n c l u s i o n s  a b o u t  m ix tu r e s

i n v o l v i n g  T or Y b a sed  on t h i s  t r a n s i t i o n .  I t  i s  a l s o
22 48fo u n d  t h a t  f o r  t h e  p o s i t r o n  e m i t t e r s  i\Ta and Y t h e  K u rie



+ Experimental Points 
(After Feldman et al)

A + 5 S

2-0 2-2 2-4

VSi:.-■ V C';1S

f i g u r e  6 . T h e o r e t i c a l  K u r ie  p l o t s  f o r  P r ^ ^  f o r  v a r io u s  

m ix tu re s  o f  i n t e r a c t i o n s .
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F ig u re  7 . t h e o r e t i c a l  K u r ie  p l o t s  f o r  P r1^  f o r  v a r io u s  

m ix tu r e s  o f  t  and S , i l l u s t r a t i n g  th e  t r a n s i t i o n  from  t h e  

"concave down” ty p e  o f  K u r ie  p l o t  t o  th e  "concave up" ty p e  

o f  K u rie  p l o t .
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p l o t s  f o r  a l l  m ix tu r e s  o f  t h e  t y p e  A 4- ^  S  a r e  

r e a s o n a b l y  s t r a i g h t  i n  t h e  e x p e r i m e n t a l l y  m easured  r e g io n #  

C o n s e q u e n t ly ,  no r e l i a b l e  i n f o r m a t i o n  a b o u t  any m ix tu r e s

o f  i n t e r a c t i o n s  can  be  o b t a in e d  from  t h e  a v a i l a b l e  E v id en ce
22on ITa , and t h i s  t r a n s i t i o n  w i l l  t h e r e f o r e  be r e j e c t e d .

F o r  a l l  t h e  o t h e r  t r a n s i t i o n s ,  t h e  t h e o r e t i c a l  sp e c t ru m  

s h a p e s  a r e  n o t  v e r y  s e n s i t i v e  t o  t h e  v a lu e  o f  X  , and 

t h e  e s t i m a t e  o f  l a s t  c h a p t e r  sh o u ld  g iv e  f a i r l y  r e l i a b l e  

r e s u l t s .

F o r  h eavy  n u c l e i  w i th  low end p o i n t s ,  t h e  sp e c t ru m  

s h a p e s  p r e d i c t e d  by a l l  t h e  p u re  i n t e r a c t i o n s  a r e  

i n d i s t i n g u i s h a b l e  f rom  t h e  a l lo w e d  s h a p e .  For m ix t u r e s ,  

h o w e v e r ,  i f  t h e  c r o s s  t e r m  i s  n e g a t i v e  t h e r e  may be a 

l a r g e  c a n c e l l a t i o n  c a u s i n g  t h e  t h e o r e t i c a l  sp e c t ru m  t o  

d e v i a t e  s t r o n g l y  from  t h e  a l lo w e d  s h a p e .  T h is  i s  

i l l u s t r a t e d  f o r  i n  f i g u r e  6 . For a l l  m i x t u r e s ,

i f  = t h e  t h e o r e t i c a l  K u r ie  p l o t  i s  s i m i l a r  t o

t h a t  shown f o r  t h e  m ix tu r e  A-f S , w h i le  i f  y i n c r e a s e s  

o r  d e c r e a s e s  t h e  K u r ie  p l o t  a p p ro a c h e s  a s t r a i g h t  l i n e .

The m ix t u r e s  TV ̂  S and V -#— \> A a re  r e m a rk a b le  i n  

t h a t  t h e  t h e o r e t i c a l  K u r ie  p l o t  ch an g es  f ro m  ’’concave  down” 

th r o u g h  an S - s h a p e  t o  ;iconcave  u p ” b e f o r e  becoming s t r a i g h t ;  

t h i s  c h a n g e ,  w hich  i s  i l l u s t r a t e d  f o r  P r ^ ^  i n  f i g u r e  7> 

i s  v e r y  r a p i d .  F r e q u e n t l y ,  t h e  e x p e r im e n ta l  K u r ie  p l o t  

shows an e x c e l s  o f  low e n e rg y  e l e c t r o n s  w nich  may be  due



+ E xp e r im e n ta l  Points  
(After Siegbahn)

A-S

25 3-5

24-F ig u r e  8 . T h e o r e t i c a l  K u r ie  p l o t s  f o r  Na f o r  v a r io u s  

i n t e r a c t i o n s .  No m ix tu re  o f  th e  ty p e  A + yS i s  c o n s i s t e n t  

w i th  e x p e r im e n t .



t o  e x p e r i m e n t a l  d i f f i c u l t i e s  su c h  a s  s o u r c e  t h i c k n e s s  

e f f e c t s ,  o r  t o  a second  low e n e rg y  t r a n s i t i o n ,  o r  i t  may 

he g e n u in e .  B ecau se  o f  t h i s  u n c e r t a i n t y ,  o n ly  t h a t  p a r t  

o f  t h e  K u r ie  p l o t  w hich  i s  e x p e r i m e n t a l l y  s t r a i g h t  i s  

compared w i th  t h e o r y .  T h e o r e t i c a l  and e x p e r i m e n t a l  K u r ie  

p l o t s  a r e  c o n s id e r e d  c o n s i s t e n t  w i th  each  o t h e r  i f  t h e  

d i s c r e p a n c y  b e tw ee n  them  i s  n o t  more t h a n  5% a t  t h e  low 

e n e rg y  end and 1 0 % a t  t h e  h ig h  e n e rg y  end o f  t h e

e x p e r i m e n t a l l y  s t r a i g h t  p o r t i o n .  F o r  P r 1^ ,  o n ly  t h a t
pp a r t  o f  t h e  K u r ie  p l o t  above 1*4 me i s  u s e d ,  and th e

K u r ie  p l o t s  f o r  t h e  m ix tu r e s  A + 5= S and

'~T~+ i  S b o th  show t h e  maximum a l lo w e d  d i s c r e p a n c y .

S in c e  t h e  s i g n  o f  t h e  c r o s s  t e r m  f o r  any m ix tu r e  dep en ds

on Q  and t h e r e f o r e  on t h e  t r a n s i t i o n ,  i t  i s  c l e a r  t h a t

by c o n s i d e r i n g  d i f f e r e n t  t r a n s i t i o n s  b o th  lo w er  and u p p e r

l i m i t s  can  be  o b ta in e d  f o r  t h e  r a t i o  o f  t h e

i n t e r a c t i o n  c o n s t a n t s  i n  any m i x t u r e .
24F o r  l i g h t e r  n u c l e i  su ch  a s  Ha , t h e  p i c t u r e  i s  v e ry

s i m i l a r ,  e x c e p t  t h a t  t h e  p r e d i c t e d  s p e c t ru m  s h a p e s  f o r
24p u r e  A and S a r e  no l o n g e r  a l lo w e d ,  and in d e e d  f o r  Na

no  m ix tu r e  w h a ts o e v e r  o f  S w i th  A g iv e s  an a l lo w e d  sp e c t ru m
24s h a p e .  F ig u r e  8  g i v e s  t h e o r e t i c a l  K u r ie  p l o t s  f o r  Ha 

f o r  t h e  i n t e r a c t i o n s  A, A-S and T, o f  w hich  o n ly  t h e  l a s t  

i s  c o n s i s t e n t  w i th  e x p e r im e n t .  I t  was p o in te d  o u t  e a r l i e r

t h a t  t h e  i n t e r a c t i o n  m ust c o n t a i n  e i t h e r  T o r  A, b u t  n o t
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F ig u re  9 . Upper and lo w er  l i m i t s  f o r  th e  m ix tu re  p a ra m e te r  

y .  The f i r s t - n a m e d  i n t e r a c t i o n  i s  assumed to  p red o m in a te ,  

so  t h a t  y i s  n u m e r ic a l ly  l e s s  th a n  1 . The u p p e r  and low er  

rows o f  f i g u r e s  f o r  each  m ix tu re  a r e  r e s p e c t i v e l y  u p p e r  and 

lo w e r  l i m i t s  f o r  y ,  w h i le  t h e  columns i n d i c a t e  th e  t r a n s i t i o n s  

from  w hich t h e  l i m i t s  a r e  d e r iv e d .  X d e h o te s  t h a t  no v a lu e s  

o f  y a re  c o n s i s t e n t  w i th  e x p e r im e n t .



24
"both; t h e  s p e c t r u m  o f  Na seem s t o  f a v o u r  T, b u t  A 

w i th  a l a r g e  acM m ixture  o f  7  c a n n o t  be  r u l e d  o u t .  ffif
24

t h e  t r a n s i t i o n s  u n d e r  c o n s i d e r a t i o n ,  Na i s  t h e  o n ly  one

c a p a b le  o f  d i s t i n g u i s h i n g  b e tw een  T and A i n  t h i s  w ay.

The l i m i t s  t o  t h e  amount o f  m ix in g  found  fro m  each

o f  t h e  n i n e  t r a n s i t i o n s  c o n s id e r e d  a r e  g iv e n  i n  t h e  t a b l e

i n  f i g u r e  9* The f i r s t  named i n t e r a c t i o n  i n  each  m ix tu re

i s  assum ed t o  p r e d o m in a te ,  so  t h a t  y i s  n u m e r i c a l l y  l e s s

t h a n  1 ;  s i n c e , h o w e v e r , t h e  m ix tu r e s  S 4- A and

V 4- hav e  c o r r e c t i o n  f a c t o r s  a lm o s t  i d e n t i c a l

t o  t h o s e  f o r  A + ^  S and T + ^ V  r e s p e c t i v e l y ,

and s i n c e  t h e  l i m i t s  a r e  g iv e n  f o r  b o th

and S 4- t h i s  means no l o s s  o f  g e n e r a l i t y .  The

m ix tu r e s  V 4- ^  A and A 4 ^  V a r e  a lm o s t

i d e n t i c a l  t o  t h e  m ix t u r e s  I + S and 4

r e s p e c t i v e l y .

The d i s c u s s i o n  o f  t h e  t a b l e  i n  f i g u r e  9 w i l l  be

l e f t  t i l l  n e x t  c h a p t e r .  A g la n c e  a t  t h e  t a b l e ,  how ever,
24shows t h e  im p o r ta n c e  o f  t h e  e v id e n c e  from  Na • S in c e

6t h i s  t r a n s i t i o n  h a s  an  f t  v a lu e  c lo s e  t o  t h e  l i m i t  o f  1 0  

a d o p te d  a s  a c r i t e r i o n  o f  f o r b i d d e n n e s s ,  s i n c e  t h e  f t
op

v a lu e  f o r  t h e  Na t r a n s i t i o n  i s  2 0  t im e s  a s  l a r g e  a s  t h a t  

f o r  t h e  N a ^ 1" t r a n s i t i o n ,  and s i n c e  i t  i s  d i f f i c u l t  t o  

r e c o n c i l e  t h e  p a r i t y  change  n e c e s s a r y  i f  t h e  t r a n s i t i o n  

i s  f i r s t  f o r b i d d e n  w i th  t h e  s h e l l  model l e v e l  schem e, i t  i s



a d v i s a b l e  t o  g i v e  f u r t h e r  s e m i - e m p i r i c a l  e v id e n c e  f o r  t h e

f o r b i d d e n  n a t u r e  o f  t h i s  t r a n s i t i o n .
24Na d e c a y s  by e l e c t r o n  e m is s io n  t o  an  e x c i t e d  s t a t e  

24
o f  Mg , w hich  t h e n  e m i t s  two gamma r a y s  i n  c a s c a d e .  Both 

gamma r a y s  a r e  a lm o s t  c e r t a i n l y  e l e c t r i c  q u a d ru p o le  

(B rad y  and D e u tsc h  1948 , Rae 1 9 5 1 ) ,  and c o n s e q u e n t ly  Na24
Oh

h a s  t h e  same o r  o p p o s i t e  p a r i t y  a s  t h e  ground s t a t e  o f Mg

a c c o r d i n g  a s  t h e  b e t a  d ecay  i s  a l lo w e d  o r  f i r s t  f o r b i d d e n .

A c c o rd in g  t o  t h e  s h e l l  model l e v e l  schem e, Na2^  and Ivlg^

h av e  t h e  same p a r i t y ,  so  t h a t  t h e  b e t a  d ecay  must be a l l o w e d ,

and some a d d i t i o n a l  s e l e c t i o n  r u l e  m ust be found  t o

e x p l a i n  t h e  l a r g e  f t  v a l u e • On th e  o t h e r  h a n d , t h e  ex trem e

s i n g l e  p a r t i c l e  v e r s i o n  o f  th e  s h e l l  model p r e d i c t s  a n g u la r

momentum f o r  a g rou p  o f  11 l i k e  n u c l e o n s ,  w h i le  t h e

m easured  s p i n s  o f  odd n u c l e i  w i th  11 l i k e  n u c le o n s  a r e

a l l  1-fc  . The m ost p l a u s i b l e  e x p l a n a t i o n  o f  t h i s  i s  t h a t

more t h a n  one n u c le o n  c o n t r i b u t e s  t o  t h e  a n g u la r  momentum

o f  su c h  a g r o u p .  A l t e r n a t i v e l y ,  how ever ,  t h e  s i n g l e

p a r t i c l e  l e v e l  scheme may be m o d if ie d  f o r  10 and 11 l i k e

n u c l e o n s ,  and t h i s  can  be  done i n  such  a way t h a t  t h e
24  24ground  s t a t e s  o f  Na and Mg have  o p p o s i t e  p a r i t y .  In

o r d e r  t o  d e c i d e  t h e  s i g n  o f  t h e  c r o s s  te rm s  i n  t h e
24c o r r e c t i o n  f a c t o r s ,  a ssum in g  t h e  Na t r a n s i t i o n  t o  be

f i r s t  f o r b i d d e n ,  and t h e r e f o r e  a l s o  t o  d e te rm in e  t h e
24s i g n s  o f  t h e  l i m i t s  g iv e n  f o r  t h e  Na t r a n s i t i o n  i n



f i g u r e  9 ,  su c h  a m o d if ie d  l e v e l  scheme had t o  h e  a d o p te d .

I n  a d d i t i o n  t o  t h e  f t  v a lu e  o f  t h e  t r a n s i t i o n  b e in g  

g r e a t e r  t h a n  10 , f u r t h e r  s e m i - e m p i r i c a l  e v id e n c e  f o r

t h e  f o r b i d d e n  n a t u r e  o f  t h e  t r a n s i t i o n  can  be o b ta in e d  by
op

c a l c u l a t i n g  t h e o r e t i c a l l y  t h e  r a t i o  o f  t h e  f t * s  o f  Na
24 24and Na , and a l s o  t h e  f t  v a lu e  o f  Na , m aking r e a s o n a b l e

a s s u m p t io n s  a b o u t  t h e  n u c l e a r  m a t r ix  e l e m e n t s .  The a rg u m e n t,

h o w e v e r ,  w i l l  h o ld  o n ly  i f  t h e  i n t e r a c t i o n  i s  p r e d o m in a n t ly

T o r  V. Assum ing an i n t e r a c t i o n  e i t h e r  p u re  T o r  p u r e  V,

and s u p p o s in g  | £  | i ^  t o  be  o f  t h e  same o r d e r  o f

m ag n itu d e  b o th  f o r  t h e  N a ^  t r a n s i t i o n  and t h e  N a ^

t r a n s i t i o n ,  t h e n  t h e  r a t i o  o f  f t  v a lu e s  f o r  t h e s e

t r a n s i t i o n s  d ep en d s  o n ly  oft t h e  v a l u e s  o f  t h e  r a t i o

o f  - l  i jc ( l y.  t o  -P i £  1 1 y  f o r  t h e  two

t r a n s i t i o n s .  U s in g  t h e  v a l u e s  f o r  t h e s e  r a t i o s  o b ta in e d

f ro m  ( 5 *1 5 ) o f  l a s t  c h a p t e r ,  one f i n d s  f o r  t h e  t h e o r e t i c a l
22 24r a t i o  o f  t h e  f t  v a l u e s  f o r  t h e  Na and Na t r a n s i t i o n s

t h e  v a lu e  2 5 s i ,  i n  re m a rk a b ly  good a g re em e n t  w i th  t h e

o b se rv e d  r a i j i o  o f  2 0 i l  At t h e  same t i m e ,  i f  < h  £ [  ; >

i s  assumed t o  be  o f  t h e  o r d e r  o f t h e  n u c l e a r  r a d i u s ,  one
24o b t a i n s  a t h e o r e t i c a l  f t  v a lu e  f o r  th e  Na t r a n s i t i o n .  

A ssum ing f o r  t h e  i n t e r a c t i o n  c o n s t a n t

and ( ^ 1 2 . / . t o  which GreHLing (1 9 4 2 )  g iv e s

a s  t h e  m ost a p p r o p r i a t e  v a l u e s  f o r  t h e  t e n s o r  and v e c t o r  

i n t e r a c t i o n s  r e s p e c t i v e l y ,  one f i n d s  t h e  t h e o r e t i c a l  f t



6 6 v a l u e s  2 ,2  x 10 and 1 .1  x  10 , b o th  i n  good a g reem en t

w i th  t h e  e x p e r i m e n t a l  v a lu e  1 ,3  x 1 0 ^ .

I t  a p p e a r s ,  t h e r e f o r e ,  t h a t  a l l  t h e  e m p i r i c a l  and

s e m i - e m p i r i c a l  e v id e n c e  f a v o u r s  t h e  f i r s t  f o r b i d d e n
22 24i n t e r p r e t a t i o n  o f  t h e  Na and Na t r a n s i t i o n s ,  a l t h o u g h  

t h i s  i n t e r p r e t a t i o n  i s  i n c o n s i s t e n t  w i th  t h e  u s u a l  s h e l l  

m odel l e v e l  schem e .



7 . CONCLUSION.
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I n  t h e  p r e c e d i n g  c h a p t e r s ,  a f t e r  c o n s i d e r i n g  t h e  

f o u n d a t i o n s  o f  t h e  F e rm i ty p e  t h e o r y  o f  b e t a  d e c a y ,  t h e  

a rg um en t was s p e c i a l i s e d  t o  a d i s c u s s i o n  o f  f i r s t  f o r b i d d e n  

t r a n s i t i o n s  w i th  u n i t  a n g u la r  momentum c h a n g e .  The r e s u l t s  

o f  t h i s  work w i l l  be  d i s c u s s e d  i n  t h i s  c h a p t e r  i n  t h e  c o u r s e  

o f  a w id e r  d i s c u s s i o n  o f  t h e  fo rm  o f  t h e  i n t e r a c t i o n  i n  t h e  

t h e o r y ,  b a se d  on a l l  t h e  a v a i l a b l e  e v id e n c e .

B e ta  s p e c t ru m  s h a p e s ,  l i f e t i m e s  of t r a n s i t i o n s ,  

s e l e c t i o n  r u l e s ,  and c o m b in a t io n s  o f  two or t h r e e  o f  t h e s e ,  

c an  a l l  g i v e  i n f o r m a t i o n  a b o u t  t h e  i n t e r a c t i o n .  E x cep t  

p o s s i b l y  i n  t h e  c a s e  o f  t h e  s u p e ra l lo w e d  t r a n s i t i o n s ,  one
i

c a n n o t  e x p e c t  t o  o b t a i n  r e l i a b l e  i n f o r m a t i o n  fro m  a c o n s i d e r 

a t i o n  o f  l i f e t i m e s  a l o n e ,  s i n c e  t h i s  i n v o lv e s  t h e  a b s o l u t e  

m a g n i tu d e s  o f  n u c l e a r  m a t r ix  e l e m e n t s .  The u se  o f  s e l e c t i o n  

r u l e s  i s  a l s o  d i f f i c u l t ,  s i n c e  f o r  v e ry  few t r a n s i t i o n s  have 

t h e  a n g u la r  momenta o f  b o th  t h e  i n i t i a l  and f i n a l  n u c l e i  been  

m easured  d i r e c t l y .  Of any s i n g l e  method o f  a p p ro a c h ,  t h e r e 

f o r e ,  t h a t  u s i n g  sp e c t ru m  s h a p e s  i s  m ost l i k e l y  t o  g iv e  

r e l i a b l e  r e s u l t s .  At t h e  w o r s t ,  t h i s  method r e q u i r e s  a know

le d g e  o n ly  o f  r a t i o s  o f  m a t r ix  e le m e n ts  h a v in g  t h e  same 

s e l e c t i o n  r u l e s ,  and n o t  o f  t h e i r  a b s o l u t e  m a g n i tu d e s .

From th e  a l lo w e d  s p e c t ru m  s h a p e s ,  De G roo t and T o lh o e l  

(1 9 5 0 )  h av e  deduced  t h a t  t h e  r a t i o  o f i n t e r a c t i o n  c o n s t a n t s  i n  

m ix t u r e s  o f  S and V, or o f A and T,  i s  l e s s  th a n  1 :2 0 ,  w h i le
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t h e r e  i s  no e v id e n c e  t h a t  any m ix in g  o f  t h i s  s o r t  t a k e s  p l a c e  

a t  a l l .  S in c e  su c h  a s m a l l  amount o f  m ix ing  i s  u n d e t e c t a b l e  

w i th  t h e  p r e s e n t  a c c u ra c y  o f  e x p e r im e n t s ,  and s i n c e  i t  i s  

d i f f i c u l t  t o  s e e  w hat t h e o r e t i c a l  s i g n i f i c a n c e  i t  cou ld  have  

i f  i t  d id  o c c u r ,  i t  i s  c o n s i s t e n t  and r e a s o n a b l e  t o  supp ose  

t h a t  t h e  i n t e r a c t i o n  d o e s  n o t  c o n t a i n  b o th  S and V, o r  b o th  

T and A. T h is  i s  p r o b a b ly  t h e  most r e l i a b l e  i n f o r m a t i o n  

a v a i l a b l e  a b o u t  t h e  i n t e r a c t i o n .

The d i s c o v e r y  o f  s e v e r a l  b e t a  s p e c t r a  w i t h  t h e  shape 

c h a r a c t e r i s t i c  o f  f i r s t  f o r b i d d e n  t r a n s i t i o n s  w i th  an  a n g u la r  

momentum ch ang e  o f  two u n i t s ,  p o s s i b l e  o n ly  w i th  t h e  i n t e r 

a c t i o n s  T and A, i s  f a i r l y  c o n v in c in g  e v id e n c e  t h a t  th e  

i n t e r a c t i o n  c o n t a i n s  one o r  o t h e r  o f  t h e s e  " p u re "  i n t e r a c t i o n s  

T h i s  e v id e n c e  i s  in d e p e n d e n t  o f  r a t i o s  o f  m a t r ix  e le m e n t s .  I t  

may, h o w e v er ,  be  p o s s i b l e  t o  e x p l a i n  t h e s e  t r a n s i t i o n s  as  

secon d  f o r b i d d e n ,  u s in g  some p a r t i c u l a r  m ix tu r e  of i n t e r 

a c t i o n s .  C e r t a i n l y  t h e  f t  v a l u e s  f o r  t h e s e  t r a n s i t i o n s  a r e  

r a t h e r  l a r g e r  t h a n  one would e x p e c t  f o r  f i r s t  f o r b i d d e n  

t r a n s i t i o n s ,  b u t  t h i s  h a s  b e e n  s a t i s f a c t o r i l y  e x p la in e d  

(D a v id so n  1951? T a k e ta n i  e t  a l .  1951)* A s h e l l  model i n t e r 

p r e t a t i o n  o f  t h e  t r a n s i t i o n s  a l s o  f a v o u r s  t h e  f i r s t  f o r b i d d e n  

i n t e r p r e t a t i o n .  WklL(1950) h a s  d i s c u s s e d  t h e  e x p e r im e n ta l  

e v id e n c e  on t h e s e  t r a n s i t i o n s .  O th e r  e v id e n c e  f o r  an i n t e r 

a c t i o n  c o n t a i n i n g  e i t h e r  T o r  A comes fro m  a c o n s i d e r a t i o n  o f  

t h e  s e l e c t i o n  r u l e s  s a t i s f i e d  by a llo w ed  t r a n s i t i o n s ,  w h i le  

t h e  s u p e ra l lo w e d  t r a n s i t i o n s  can  be e x p la in e d  u s in g  vvignerfs



t h e o r y  o f  s u p e r m u l t i p l e t s  o n ly  i f  one o f  t h e s e  two i n t e r 

a c t i o n s  i s  p r e s e n t .  T h i s  e v id e n c e  i s  d i s c u s s e d  "by K o n o p in sk i  

( 1 9 4 3 ) .  The c u m u la t iv e  e v id e n c e  makes t h e  c o n c l u s i o n  t h a t  

t h e  i n t e r a c t i o n  c o n t a i n s  T o r  A f a i r l y  r e l i a b l e .

S e v e r a l  a u t h o r s  h av e  r e c e n t l y  d i s c u s s e d  t h e  l i f e 

t im e s  o f  s u p e r a l lo w e d  t r a n s i t i o n s  (M oszkowski 1951> H o r ie  and 

Umezawa 1951* T r ig g  1 9 5 2 ) .  F o r  t h e  im age t r a n s i t i o n s ,  one 

would e x p e c t  t h e  i n i t i a l  and f i n a l  n u c l e a r  s t a t e s  t o  d i f f e r  

o n ly  i n  t h e i r  d e p en d en ce  on c h a rg e  c o o r d i n a t e s .  T h is  b e l i e f  

i s  s u p p o r te d  by t h e  f a c t  t h a t  t h e  en e rg y  r e l e a s e  i n  t h e s e  

t r a n s i t i o n s  i s  j u s t  t h e  d i f f e r e n c e  i n  t h e  Coulomb e n e r g i e s  

o f  t h e  i n i t i a l  and f i n a l  n u c l e i  l e s s  th e  n e u t r o n - p r o t o n  mass 

d i f f e r e n c e .  F o r  t h e s e  t r a n s i t i o n s ,  i t  i s  p o s s i b l e  to  c a l c u l 

a t e  t h e  n u c l e a r  m a t r ix  e le m e n ts  on t h e  b a s i s  o f  an assumed 

n u c l e a r  m o d e l ,  w i th o u t  m aking d e t a i l e d  a s s u m p t io n s  a b o u t  t h e  

n u c l e a r  w a v e - f u n c t i o n s . One would e x p e c t

-ft  h i
w here  q j 1 1 < * 1 1| ; > | x  +  |< - f  | £Tl‘ > l^

z,
and i s  t h e  sum o f  t h e  s q u a r e s  o f  t h e  i n t e r a c t i o n  c o n s t a n t s  

f o r  t h e  F e rm i t y p e  i n t e r a c t i o n s  S and V, and i s  t h e  sum o f  

t h e  s q u a r e s  o f  t h e  i n t e r a c t i o n  c o n s t a n t s  f o r  t h e  Gamow -  T e l l e r  

t y p e  i n t e r a c t i o n s  T and A.

H o r ie  and Umezawa have  e v a lu a t e d  t h e  n u c l e a r  m a t r ix  

e le m e n ts  f o r  13 image t r a n s i t i o n s ,  and found  t h a t  f t  llil| i s  

more n e a r l y  c o n s t a n t  f o r  a p u re  Ferm i ty p e  i n t e r a c t i o n  th a n  

f o r  a p u re  G am ow -Teller  ty p e  i n t e r a c t i o n .  T r ig g  w r i t e s

( 7 . 1 )
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, so  t h a t  (7 * 1 )  can  he w r i t t e n

-hS4oh'ior + i<*ieif>rl'c" (7.2) |
i

The m a t r ix  e le m e n ts  a r e  e v a l u a t e d  a c c o r d in g  t o  t h e  e x tre m e  

s i n g l e  p a r t i c l e  m o d e l?and an i n t e r m e d i a t e  model i n  w hich  t h e  

d e v i a t i o n  fro m  t h e  s i n g l e  p a r t i c l e  model i s  e s t im a te d  i n  

t e r m s  o f  t h e  p o s i t i o n  o f  t h e  m a g n e t ic  moment o f  t h e  p r o d u c t  

n u c l e u s  r e l a t i v e  t o  t h e  S ch m id t and t h e  Margenau and W igner 

l i m i t s .  T h i s  i n t e r m e d i a t e  m odel h a s  r e c e n t l y  b e en  d i s c u s s e d  

by D av id so n  ( 1 9 5 2 ) .  The mean v a lu e  o f  Cn i s  found  f o r  13 

im age t r a n s i t i o n s ,  and ^  i s  v a r i e d  t o  make t h e  s t a n d a r d  

d e v i a t i o n  o f  CM a minimum. I n  t h i s  way an e s t i m a t e  i s  

o b t a in e d  f o r  ^ t h e  s q u a r e  o f  t h e  r a t i o  o f  t h e  c o u p l in g  

c o n s t a n t s  f o r  F e rm i and G am ow -T eller  i n t e r a c t i o n s . The 

method u s e d ,  h o w ev er ,  i s  bound t o  g iv e  t o o  l a r g e  a p r o 

p o r t i o n  o f  G am ow -T elle r  i n t e r a c t i o n .  The m ost a p p r o p r i a t e  

t r e a t m e n t  a lo n g  t h e  l i n e s  s u g g e s te d  by T r i g g ' s  work i s  t o  | 

w r i t e  ^  , w here  and

t h e  b a r  d e n o t i n g  t h e  mean v a lu e  f o r  t h e  t r a n s i t i o n s  c o n s i d e r 

ed . I n  t h i s  c a s e y

U f u u , , , '>lx + 4 ' - p l  ( 7 - 5 )
and oC h a s  b e en  c h o sen  so  t h a t  t h e  mean v a lu e  o f  G i s  

in d e p e n d e n t  o f  q .  q = 0 r e p r e s e n t s  a p u r e l y  G am ow -Teller 

i n t e r a c t i o n  and q = 1 d e n o te s  a p u r e l y  F e rm i i n t e r a c t i o n .

The r a t i o  ^  o f  t h e  s q u a r e s  o f  t h e  c o u p l in g  c o n s t a n t s  i s
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q i s  now c h o se n  t o  m in im ise  t h e  s t a n d a r d  d e v i a t i o n  o f  C. F o r

th e  s i n g l e  p a r t i c l e  m odel, one o b t a i n s  C = 3177 w i th  s t a n d a r d

d e v i a t i o n  1050 when ^ = 9- T h is  a g r e e s  w i th  t h e  r e s u l t s  o f

H o r ie  and Umezawa, b u t  n o t  w i th  t h o s e  o f  M oszkowski, who,

h o w e v e r ,  c o n s id e r e d  o n ly  p a r t  o f  t h e  d a t a .  Such a l a r g e

p r o p o r t i o n  o f  F e rm i ty p e  i n t e r a c t i o n  i s  i n c o n s i s t e n t  a l s o
11 kw i th  t h e  a b n o rm a lly  low f t  v a lu e  o f  t h e  H-e t r a n s i t i o n .  I f  

^  i s  r e d u c e d  t o  0 . 6 1 ,  t h e  s t a n d a r d  d e v i a t i o n  i n c r e a s e s  t o  

2690 . For t h e  i n t e r m e d i a t e  m ode l,  C = 3^-77 w i th  s t a n d a r d  

d e v i a t i o n  600 when ^  = 1 .4 4 ,  w h i le  i f  ^  i s  re d u c e d  t o  0 .6 1  

t h e  s t a n d a r d  d e v i a t i o n  i n c r e a s e s  t o  860 . Thus by th e  u s e  

o f  t h e  i n t e r m e d i a t e  m ode l,  t h e  optimum p r o p o r t i o n  o f  Ferm i 

ty p e  i n t e r a c t i o n  i s  g r e a t l y  r e d u c e d ,  and t h e  s t a n d a r d  

d e v i a t i o n  i s  n e a r l y  h a l v e d .  I f  a t t e n t i o n  i s  c o n f in e d  t o  

t h e  f i v e  t r a n s i t i o n s  f o r  w hich  t h e  m a g n e t ic  moments o f  t h e  

p r o d u c t  n u c l e i  f a l l  e x a c t l y  on t h e  S chm id t l i m i t s ,  and t h e r e 

f o r e  f o r  w h ich  t h e  s i n g l e  p a r t i c l e  model i s  m ost l i k e l y  t o  be  

v a l i d ,  one o b t a i n s  G = 2650 w i th  s t a n d a r d  d e v i a t i o n  300  when 

^  = 0 .7 8 ,  w h i l e  i f  = 0 .6 1  t h e  s t a n d a r d  d e v i a t i o n  i n c r e a s e s  

t o  3 3 0 . The r e d u c t i o n  i n  t h e  s t a n d a r d  d e v i a t i o n ,  which i s  

t h e  more r e m a r k a b le  s i n c e  i t  i s  a s s o c i a t e d  w i th  a l a r g e  

r e d u c t i o n  i n  t h e  number o f  t r a n s i t i o n s  c o n s i d e r e d ,  i s  v e ry  

s i g n i f i c a n t .

B e fo re  d i s c u s s i n g  t h e s e  r e s u l t s ,  one m ust have  some



e s t i m a t e  f o r  t h e  p r o b a b l e  e r r o r  i n  ^  . T h is  may be  found

e i t h e r  by c a l c u l a t i n g  ^  i n  t e rm s  o f  C f ro m  (7 * 3 )  and c h o o s in g  "

C t o  m in im is e  t h e  s t a n d a r d  d e v i a t i o n  o f  ^ /  , o r  by c a l c u l -  > 
T* .a t  m g  -r i n  te r m s  o f  from. (7 * 2 )  and m in im is in g  t h e  s t a n d a r d  j 

d e v i a t i o n  o f  ^  . T hese  m ethods g iv e  d i f f e r e n t  e s t i m a t e s  

o f  ^  and i t s  s t a n d a r d  d e v i a t i o n ,  and i t  i s  n a t u r a l  t o  

c o n s i d e r  t h a t  t r e a t m e n t  more a p p r o p r i a t e  w hich  g i v e s  th e  

s m a l l e r  p r o b a b l e  e r r o r s  i n  <y and ^  . T h is  i s  found  t o  be 

t h e  second  t r e a t m e n t ,  c a l c u l a t i n g  ^  d i r e c t l y .  F o r  a l l  I

f i f t e e n  t r a n s i t i o n s  u s i n g  t h e  i n t e r m e d i a t e  model one f i n d s  j 
<+ = O ' t l  w i th  s t a n d a r d  d e v i a t i o n  0 .4 3  when C = 4820 , w h i l e  !

f o r  t h e  f i v e  t r a n s i t i o n s  a l r e a d y  m en tio n ed  ^  = 0 . 6 1  w i th  

s t a n d a r d  d e v i a t i o n  0 .2 9  when C'* = 43 7 0 . From t h e  r e s u l t s  

q u o ted  i n  t h e  p r e c e d i n g  p a r a g r a j jh ,  i t  i s  s e e n  t h a t  t h e  u se  o f  

t h i s  l a s t  r e s u l t  does  n o t  s e r i o u s l y  a l t e r  t h e  c o n s ta n c y  o f  

f t | M |  , p r o v id e d  t h e  i n t e r m e d i a t e  m odel i s  u s e d .  T h is  v a lu e

o f  ^  i s  a l s o  i n  much b e t t e r  a g re e m e n t  w i th  t h e  f t  v a lu e  f o r  j
6 ! He t h a n  any l a r g e r  v a l u e .  T r ig g  c o n s i d e r s  t h e  b e s t  com- i

p ro m is e  v a lu e  o f  ^  t o  be 0 . 5 .
|

S um m aris ing  t h e s e  r e s u l t s ,  which have  b e en  g iv e n  i n  

c o n s i d e r a b l e  d e t a i l  s i n c e  T r i g g fs work h a s  n o t  y e t  been  

p u b l i s h e d ,  t h e  c o n s i d e r a t i o n  o f  t h e  l i f e t i m e s  of s u p e ra l lo w e d  

t r a n s i t i o n s  shows c l e a r l y  a need  f o r  a p r o p o r t i o n  o f  S o r  V i n  

t h e  i n t e r a c t i o n .  I t  i s  im p o s s ib l e  t o  r e c o n c i l e  t h e  l i f e t i m e s  

o f  t h e  image t r a n s i t i o n s  w i th  t h a t  o f He u n l e s s  t h e  s i n g l e  

p a r t i c l e  e v a l u a t i o n  o f  t h e  m a t r ix  e le m e n ts  i s  abandoned -  i n



t h i s  c o n n e c t i o n ,  t h e  i n t e r m e d i a t e  m odel u sed  by T r ig g  and 

d i s c u s s e d  by D av id so n  (1 9 5 2 )  g i v e s  a f a i r  a p p r o x im a t io n .

T hese  r e s u l t s  a r e  c o n f irm e d  when a t t e n t i o n  i s  c o n f in e d  t o  

t h o s e  f i v e  t r a n s i t i o n s  f o r  w hich  t h e  s i n g l e  p a r t i c l e  model 

i s  m ost r e a s o n a b l e .  I t  seem s i m p o s s ib l e  t o  a s s i g n  any s h a rp  

u p p e r  l i m i t  to  t h e  p r o p o r t i o n  o f  S o r  V i n  t h e  i n t e r a c t i o n ,  

b u t  t h e  m ost p r o b a b l e  v a l u e  o f  ^  , t h e  r a t i o  o f  t h e  s q u a r e s  

o f  t h e  c o u p l in g  c o n s t a n t s  f o r  F erm i and G am ow -Teller i n t e r 

a c t i o n s ,  i s  0*6 , w i th  s t a n d a r d  d e v i a t i o n  O.p* T h is  s t a n d a r d  

d e v i a t i o n  p r o b a b ly  g iv e s  a f a i r  g u id e  t o  t h e  minimum p r o b a b le  

v a l u e  o f  f  .

S m ith  (1 9 5 1 )  b a s  a r r i v e d  a t  somewhat s i m i l a r  

c o n c l u s i o n s  t o  t h e  above f ro m  a c o n s i d e r a t i o n  o f  t h e  sh a p e s  ! 

o f  second  f o r b i d d e n  b e t a  s p e c t r a .  He f i n d s  t h a t  t h e  b e s t  !

i n t e r a c t i o n  i s  a  m ix tu r e  o f  V and T w i th  c o u p l in g  c o n s t a n t s  

i n  t h e  r a t i o  o f  2 ; 1 .  U n t i l  d e t a i l s  a r e  a v a i l a b l e ,  how ever, 

i t  i s  i m p o s s ib l e  t o  ju d g e  t h e  r e l i a b i l i t y  o f  t h i s  w o rk .  j

The e v id e n c e  on t h e  i n t e r a c t i o n  d e r iv e d  i n  t h e  l a s t  | 

c h a p t e r  f ro m  f i r s t  f o r b i d d e n  t r a n s i t i o n s  w i l l  now be d i s c u s s e d  j  

a g a i n s t  t h e  b a ck g ro u n d  o f  o t h e r  e v id e n c e  j u s t  g i v e n .  The 

work o f  t h e  l a s t  c h a p t e r  d e p en d s  on r a t i o s  o f n u c l e a r  m a t r ix  

e l e m e n t s ,  w h ich  w ere d e r iv e d  u s in g  a s i n g l e  p a r t i c l e  m od el,  

and a l s o  on t h e  u se  o f  t h e  s h e l l  model f o r  i n t e r p r e t i n g  t h e  

t r a n s i t i o n s .  The r a t i o  o f  found  i n

C h a p te r  5 i s  l a r g e r  t h a n  t h a t  used  by m ost a u t h o r s ,  b u t  t h e
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F ig u re  9 ( r e p e a t e d ) . Upper and lo w er  l i m i t s  f o r  th e  m ix tu re  

p a ra m e te r  y ,  d e r iv e d  from  f i r s t  f o rb id d e n  t r a n s i t i o n s  w i th  

a l lo w e d  shape  b e t a  s p e c t r a .  The f i r s t - n a m e d  i n t e r a c t i o n  

i s  assumed t o  p re d o m in a te .  The u p p e r  and lo w er  rows o f  

f i g u r e s  f o r  each  m ix tu re  a re  r e s p e c t i v e l y  u p p e r  and low er 

l i m i t s  f o r  y ,  w h i le  th e  columns i n d i c a t e  th e  t r a n s i t i o n s  

from  which th e  l i m i t s  a re  d e r iv e d .  X d e n o te s  t h a t  no v a lu e s  

o f  y  a re  c o n s i s t e n t  w i th  e x p e r im e n t .  The l i m i t s  f o r  th e  

m ix tu re s  S+yA and V+yT a re  th e  same as f o r  th e  m ix tu re s  

A+yS and T+yV r e s p e c t i v e l y ,  and th e  l i m i t s  f o r  th e  m ix tu re s  

V+yA and A+yV a re  th e  same as f o r  th e  m ix tu re s  T+yS and S+yT 

r e s p e c t i v e l y .
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d i s c u s s i o n  t h e r e  g iv e n  i s  t h e  m ost th o r o u g h  so f a r  p u b l i s h e d ,  

and i n  any c a s e  a d e c r e a s e  i n  t h i s  r a t i o  would c a u s e  a n a r ro w 

in g  r a t h e r  t h a n  a w id e n in g  o f  t h e  l i m i t s  o f  p e r m i s s i b l e  m ix in g  

g iv e n  i n  f i g u r e  9 -  The o n ly  u n e x p e c te d  f e a t u r e  o f  t h e  o t h e r  

r a t i o s  o f  m a t r ix  e le m e n ts  i S  t h e  d ep en d en ce  o f  t h e i r  s i g n  on 

t h e  t r a n s i t i o n ,  b u t  t h i s  c a n n o t  p l a u s i b l y  be r e g a r d e d  as  a 

p r o p e r t y  o f  one p a r t i c u l a r  n u c l e a r  m odel.  The s h e l l  model i s  

u sed  o n ly  t o  d e c id e  t h e  s i g n  o f  t h e s e  r a t i o s ,  b u t  i f  t h i s  

sh o u ld  p ro v e  t o  be  u n j u s t i f i e d ,  i t  n e v e r t h e l e s s  seems 

u n l i k e l y  t h a t  t h e  s i g n  sh o u ld  b e  t h e  same f o r  a l l  t h e  e i g h t  

t r a n s i t i o n s  c o n s i d e r e d .  F o r  t h e s e  r e a s o n s ,  i t  i s  f e l t  t h a t  

t h e  l i m i t s  i n  f i g u r e  9 g iv e  a f a i r l y  r e l i a b l e  g u id e  a s  t o  

t h e  amount o f  m ix in g  o f  i n t e r a c t i o n s  p o s s i b l e ,  w i th o u t  n e c e s s 

a r i l y  g i v i n g  s t r i c t  l i m i t s .

The l i m i t s  o f  f i g u r e  9 m ust now be  c o n s id e r e d  i n  

c o n j u n c t i o n  w i th  t h e  e v id e n c e  o b t a in e d  fro m  t h e  su p e ra l lo w e d  

t r a n s i t i o n s .  I t  m ust be  rem embered t h a t  a p p e a r in g  i n  

f i g u r e  9 i s  t h e  r a t i o  o f  i n t e r a c t i o n  c o n s t a n t s ,  w h i le  ^  

i n t r o d u c e d  i n  t h e  d i s c u s s i o n  o f  s u p e ra l lo w e d  t r a n s i t i o n s  i s  

t h e  s q u a r e  o f  t h e  r a t i o  o f  i n t e r a c t i o n  c o n s t a n t s .  Ho m ix tu r e  

o f  S and A seems p l a u s i b l e ,  b u t  i f  t h e  l i m i t s  a r e  s t r e t c h e d  

s l i g h t l y  t h e  i n t e r a c t i o n  T -  0 .9  V m ig h t be  p o s s i b l e .  The 

m ix tu r e  T -  0 .6 9  S i s  p o s s i b l e ,  and i f  t h e  e v id e n c e  o f  t h e

N cc ** t r a n s i t i o n  i s  r e j e c t e d  so  a l s o  i s  t h e  i n t e r a c t i o n
32I f  a l s o  t h e  s h e l l  model i n t e r p r e t a t i o n  o f  t h e  d ecay  i s



r e j e c t e d ,  t h e n  t h e  a n g u la r  c o r r e l a t i o n  e x p e r im e n t s  o f  Sherw in  

m en tio n ed  i n  C h a p te r  9 would s u g g e s t  an  i n t e r a c t i o n  c o n t a i n i n g  

e i t h e r  A o r  V. T e n t a t i v e  c o n c l u s i o n s ,  t h e r e f o r e ,  a r e  t h a t  

t h e  i n t e r a c t i o n  i s  one o f  T -  0 .6 9  S ,  A -  0 .7  V, o r  l e s s  

p r o b a b l y  T -  0 .9  V. None o f  t h e  e v id e n c e  e x c lu d e s  t h e  p o s s i 

b i l i t y  o f  an a d m ix tu re  o f  P i n  t h e  i n t e r a c t i o n .

I t  was p o in te d  o u t  i n  t h e  i n t r o d u c t i o n  t h a t  symmetry 

p r o p e r t i e s  w i t h  r e s p e c t  t o  t h e  p e r m u t a t i o n  of f i e l d s  i n  t h e  

i n t e r a c t i o n  a r e  l i k e l y  t o  have  t h e o r e t i c a l  s i g n i f i c a n c e .  In  

c o n s i d e r i n g  su c h  symmetry p r o p e r t i e s ,  i t  i s  c o n v e n ie n t  t o  

su p p o se  t h a t  a l l  t h e  f i e l d s  an tico m m u te  w i th  e ac h  o t h e r  -  

t h i s  i s  e a s i l y  a r r a n g e d ,  f o r  exam ple by t h e  u se  o f  d ic h o to m ic  

v a r i a b l e s  a n a lo g o u s  t o  i s o t o p i c  s p i n .  The i n t e r a c t i o n s  h a v in g  

s p e c i a l  symmetry p r o p e r t i e s  and w hich  a r e  c o n s i s t e n t  w i t h  t h e  

a l lo w e d  s p e c t ru m  sh a p e s  a r e  t h e  5!p u r e "  i n t e r a c t i o n s ,  o f  w h ich  

S ,  A and P a r e  s y m m e t r ic a l  and V and T a n t i s y m m e t r i c a l  w i th  

r e s p e c t  t o  t h e  i n t e r c h a n g e  e i t h e r  o f  t h e  l i g h t  p a r t i c l e  f i e l d s  

o r  o f  t h e  n u c le o n  f i e l d s ,  t h e  G r i t c h f i e l d  i n t e r a c t i o n  S -  A -  P 

( C r i t c h f i e l d  194-3) w hich  i s  s y m m e t r ic a l  w i th  r e s p e c t  t o  any 

p e r m u t a t i o n  o f  f i e l d s ^ S  -  T + P and 3S + T + 3P w hich  a re  

r e s p e c t i v e l y  s y m m e tr ic a l  and a n t i s y m m e t r i c a l  w i th  r e s p e c t  t o  

t h e  i n t e r c h a n g e  o f  t h e  two n e u t r a l  o r  t h e  two c h a rg ed  f i e l d s ,  

and S + T + P ,  A + V ,  and 3S -  T + 3P, t h e  f i r s t  two o f  w hich  

a r e  s y m m e tr ic a l  and t h e  l a s t  a n t i s y m m e t r i c a l  w i th  r e s p e c t  t o  

t h e  i n t e r c h a n g e  o f  t h e  n e u t r o n  and e l e c t r o n  f i e l d s ,  o r  o f  t h e  

p r o t o n  and n e u t r i n o  f i e l d s .  Of t h e s e ,  t h e  C r i t c h f i e l d  i n t e r 



a c t i o n  and t h e  i n t e r a c t i o n s  S -  T + P and A + Y a r e  

i n c o n s i s t e n t  w i th  t h e  e v id e n c e  f ro m  f i r s t  f o r b i d d e n  s p e c t r a .  

The p u r e  i n t e r a c t i o n s  a r e  i n c o n s i s t e n t  w i th  t h e  l i f e t i m e s  

o f  t h e  s u p e ra l lo w e d  t r a n s i t i o n s ,  a s  a l s o  a r e  3S -  T + 3P .

Of t h e  i n t e r a c t i o n s  c o n s id e r e d  i n  t h e  l a s t  p a r a g r a p h ,  o n ly  

T -  0 .9  Y h a s  sym m etry p r o p e r t i e s ,  i t  b e in g  a n t i s y m m e t r i c a l  

w i th  r e s p e c t  t o  t h e  i n t e r c h a n g e  o f  t h e  l i g h t  p a r t i c l e  o r  

t h e  n u c le o n  f i e l d s .

The p o s s i b i l i t y  t h a t  t h e  b e t a  d ecay  i n t e r a c t i o n  

m ig h t  be i n  some s e n s e  u n i v e r s a l  was p o in te d  o u t  i n  C h a p te r  

1 ,  and i t  i s  i n  t h i s  c o n t e x t  t h a t  symmetry p r o p e r t i e s  a r e  

s i g n i f i c a n t .  I t  i s  u s u a l  i n  c o n s i d e r i n g  a u n i v e r s a l  i n t e r 

a c t i o n  t o  t r e a t  p a r t i c l e  and a n t i p a r t i c l e  f i e l d s  on an e q u a l  

f o o t i n g :  t h i s  i s  n o t  u n r e a s o n a b l e ,  s i n c e  u n l e s s  two o f  th e

p a r t i c l e s ,  such  a s  t h e  e l e c t r o n  and n e u t r i n o ,  a r e  r e g a r d e d  

a s  d i f f e r e n t  s t a t e s  o f  t h e  same p a r t i c l e ,  t h e  c o n t i n u i t y  of 

F e rm io n  l i n e s  i n  a Feynman d ia g ra m , a t y p i c a l  f e a t u r e  o f  

quantum  e l e c t r o d y n a m i c s ,  i s  l o s t .

A u n i v e r s a l  i n t e r a c t i o n  may be  form ed by a d d in g  

t o  t h e  f i e l d  H a m il to n ia n  d e n s i t y  i n t e r a c t i o n  te rm s  form ed 

f ro m  a l l  p o s s i b l e  o rd e re d  g ro u p s  o f  f o u r  s p i n o r  f i e l d s ,  and 

r e j e c t i n g  t h o s e  t e r m s  w hich  v i o l a t e  t h e  r e q u i r e m e n t s  o f  

L o r e n tz  i n v a r i a n c e  and c h a rg e  c o n s e r v a t i o n .  From i t s  mode 

o f  c o n s t r u c t i o n ,  t h i s  i n t e r a c t i o n  m ust b e  s y m m e tr ic a l  w i th  

r e s p e c t  t o  t h e  i n t e r c h a n g e  o f  any two f i e l d s .  The o n ly  such



i n t e r a c t i o n  i s  t h e  C r i t c h f i e l d  i n t e r a c t i o n  S -  A -  P ,  w h ich , 

h o w e v e r ,  i s  i n c o n s i s t e n t  w i th  t h e  f i r s t  f o r b i d d e n  b e t a  

s p e c t ru m  s h a p e s .  I t  i s  more r e a s o n a b l e  t o  t a k e  c h a rg e  

c o n s e r v a t i o n  i n t o  a c c o u n t  e x p l i c i t l y  i n  s e t t i n g  up t h e  i n t e r 

a c t i o n .  I n  t h i s  c a s e ,  i n t e r a c t i o n  te rm s  can  be  c l a s s i f i e d
i

a c c o r d in g  a s  t h e y  c o n t a i n  f o u r ,  tw o , o r  no c h a rg e d  f i e l d s ,  

and t h e  symmetry p r o p e r t i e s  o f  each  c l a s s  may be c o n s id e r e d  

s e p a r a t e l y .  The o n ly  c l a s s  o f  i n t e r a c t i o n  te r m  f o r  w hich j 

t h e r e  i s  e x p e r i m e n t a l  e v id e n c e  i s  t h a t  i n v o l v i n g  two c h a rg e d  I
i

f i e l d s .  For su c h  an  i n t e r a c t i o n ,  i t  i s  p o s s i b l e  t o  s p e c i f y  | 

t h e  p o s i t i o n s  o c c u p ie d  by t h e  p o s i t i v e l y  and n e g a t i v e l y  

c h a rg e d  f i e l d s ,  and t h e  o n ly  symmetry t h a t  can  a r i s e  i s  w i th  

r e s p e c t  t o  t h e  i n t e r c h a n g e  o f  t h e  two n e u t r a l  f i e l d s .  The 

b e t a  d e ca y  i n t e r a c t i o n  d o e s  n o t  a p p e a r  t o  h a v e  such  symmetry 

p r o p e r t i e s ,  and i t  f o l l o w s  t h a t  t h e  p o s i t i o n  i n  t h e  i n t e r -  I 

a c t i o n  o f  t h e  two n e u t r a l  f i e l d s  m ust be u n iq u e ly  d e te rm in e d  

by t h e i r  p h y s i c a l  p r o p e r t i e s .  T h is  may be done by a s s o c 

i a t i n g  a d e f i n i t e  n e u t r a l  f i e l d  w i th  each  ch a rg ed  f i e l d ,  j

f o r  exam ple  a n e u t r o n  w i th  a p r o t o n  and a n e u t r i n o  w i th  an 

e l e c t r o n  o r  a J* -m eso n . A l t e r n a t i v e l y  t h e  o r d e r i n g  o f  t h e  

n e u t r a l  f i e l d s  may be d e te rm in e d  by su ch  p h y s i c a l  p r o p e r t i e s  

a s  t h e  s i g n  o f  t h e  m a g n e tic  moment r e l a t i v e  t o  t h e  s p i n .

T h is  need  n o t  p r e c l u d e  t h e  h y p o t h e s i s  o f  a M ajorana  n e u t r i n o /  

s i n c e  i n  n u c l e a r  b e t a  decay  andyA-meson c a p t u r e  t h e  s i g n  o f  

t h e  n e u t r o n  m a g n e tic  moment would s e r v e  to  d e te r m in e  t h e  

p o s i t i o n s  i n  th e  i n t e r a c t i o n  o f  b o th  n e u t r a l  f i e l d s .  T h is



h y p o t h e s i s  a p p e a r s  t o  a l lo w  t h e  d ecay  o f  a p r o t o n  i n t o  a 

p o s i t r o n  and. two n e u t r i n o s ,  h u t  Yang and Tiomno (1 9 5 0 )  have  

shown t h a t  t h i s  d i f f i c u l t y  may h e  overcom e i f  t h e  n u c le o n  

and l i g h t  p a r t i c l e  f i e l d s  a r e  o f  a d i f f e r e n t  a b s o l u t e  t r a n s 

f o r m a t io n  ty p e  i n  t h e  s e n s e  o f  C h a p te r  2 .  I t  i s  i n t e r e s t i n g  

t h a t ,  a s  a r e s u l t  o f  t h e  a n t isy m m e try  w i th  r e s p e c t  t o  t h e  

i n t e r c h a n g e  o f  l i g h t  p a r t i c l e  o r  n u c le o n  f i e l d s ,  i f  t h e  

i n t e r a c t i o n  T -  0*5 V i s  ad o p te d  and t h e  o r d e r i n g  o f  t h e  

f i e l d s  d e p en d s  on t h e i r  c h a r g e s  and t h e  s i g n s  o f  t h e i r  

c h a r g e s  o r  m a g n e tic  m oments, t h e n  i n t e r a c t i o n s  i n v o l v i n g  

f o u r  c h a rg e d  o r  f o u r  n e u t r a l  f i e l d s  a u t o m a t i c a l l y  v a n i s h .

From t h e  ahove d i s c u s s i o n ,  i t  i s  c l e a r  t h a t  i n

any c o m p a r iso n  o f  t h e  n u c l e a r  h e t a  decay  i n t e r a c t i o n  w i th

t h a t  r e s p o n s i b l e  f o r  jX  -m eson  d e ca y  t h e  p o s i t i o n s  o f  t h e

p o s i t i v e l y  and n e g a t i v e l y  c h a rg e d  f i e l d s  sh o u ld  he  t h e  same

i n  b o th  i n t e r a c t i o n s .  F o r  n u c l e a r  h e t a  d e c a y ,  t h e  o r d e r in g

o f  t h e  f i e l d s  g iv e n  i n  e q u a t i o n  (5 * 2 )  i s  m ost c o n v e n i e n t ,

h u t  (H ich e l  ( 1 9 5 0 ) h a s  shown t h a t  f o r  t h e  d i s c u s s i o n  o f  t h e

J* -m eson d ecay  a d i f f e r e n t  o r d e r i n g ,  c o r r e s p o n d in g  t o  t h e

i n t e r c h a n g e  o f  e l e c t r o n  and n e u t r o n  f i e l d s ,  i s  p r e f e r a b l e .

D e n o t in g  i n t e r a c t i o n s  w i th  M ic h e l ’s o r d e r i n g  by a b a r ,  i t

i s  e a s i l y  found  fro m  t h e  f o rm u la e  g iv e n  by M ichel t h a t  
S -  i s - ^ v  - i T  + i  A ,



F or t h e  i n t e r a c t i o n s  a l r e a d y  c o n s id e r e d  i n  

d e c a y ,  one o b t a i n s

T-O-CS' S = -  t - U C w r )  + D - I t ( v :- A )  - 0  3 V T ,

A - o - l V =  | - i  ( ? - f )  -  o i S ( v - » a ) 7 

T _o- s -V = - s  +  o - 2 *r( y  + A) - O  S T  -  z f  _

The sh a p e  o f  t h e  b e t a  s p e c t ru m  fro m  J **-meson decay  f o r  |

t h e  m ix tu r e  o f  i n t e r a c t i o n s  * <Ni T * + ^  |

h a s  been  c a l c u l a t e d  by M iche l ( 1 9 5 0 ) .  L a g a r r i g u e  and |

P e y ro J l  ( 1 9 5 1 ) h av e  p o in te d  o u t  t h a t  t h i s  s p e c t ru m  shape  |j|

can  be w r i t t e n ,  t o  a good a p p ro x im a t io n ,  a s

t(w)4w= c[w1(|/>-s) + u/zi*(3-y)J
v;here ' y

<- t i )  +

0 i s  a c o n s t a n t  and j x  i s  t h e  p -m eson mass i n ^ c ^ u n i t s .  1

E x p e r im e n ta l  s p e c t r a  so  f a r  p u b l i s h e d  do n o t  show |jj 

much c o n s i s t e n c y  ( L e ig h to n ,  A nderson  and S e r i f f  194-9? |j

L a g a r r i g u e  and F e y ro u  1951? S a g a n e ,  G a rd n er  and Hubbard 1953* fj 
Bramsom and Havens 1951)* The combined r e s u l t s  o f  t h e  f i r s t  ‘

' f
two r e f e r e n c e s  a r e  p e r h a p s  t h e  most r e l i a b l e ,  and would J

s u g g e s t  a v a l u e  f o r  p  o f  o r d e r  0 . 2 ,  a l t h o u g h  p  = 0 i s  n o t  j

c o m p l e t e l y  r u l e d  o u t .  The f i r s t  and t h i r d  of  t h e  i n t e r 

a c t i o n s  (7 * 6 )  a r e  i n  f a i r  ag re em e n t  w i t h  t h i s  v a l u e  of  

i f  t h e  n e u t r i n o  i s  a D i r a c  r a t h e r  t h a n  a I .bgorana  n e u t r a l

n u c l e a r  b e t a

( 7 . 6 )
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p a r t i c l e .  F o r  t h e  seco n d  o f  t h e  i n t e r a c t i o n s  ( 7 * 6 ) ,  and 

a l s o  f o r  t h e  o t h e r  two i f  t h e  n e u t r i n o  i s  a M ajorana  

p a r t i c l e ,  p  i s  a lm o s t  z e r o .

Most o f  t h e  q u e s t i o n s  posed  i n  t h e  i n t r o d u c t o r y  

c h a p t e r  h av e  now b e e n  a n sw e re d .  T h ree  i n t e r a c t i o n s  have  

b e en  found  w hich  a p p e a r  t o  b e  c o n s i s t e n t  w i th  t h e  a v a i l a b l e  

e x p e r i m e n t a l  e v id e n c e  on n u c l e a r  b e t a  d e c a y .  A l l  t h r e e  a r e  

mixed i n t e r a c t i o n s ,  w h a te v e r  o r d e r i n g  i s  c h o sen  f o r  t h e  

f i e l d s .  One h a s  a s p e c i a l  symmetry p r o p e r t y ,  and a p o s s i b l e  

s i g n i f i c a n c e  o f  t h i s  h a s  been  s u g g e s t e d . A l l  t h r e e  seem 

c a p a b le  o f  b e in g  u n i v e r s a l  i n t e r a c t i o n s .  I t  i s  r e m a rk a b le  

t h a t  i t  h a s  b e en  p o s s i b l e  t o  n a rro w  down t h e  number o f  

p o s s i b l e  i n t e r a c t i o n s  t o  su ch  an e x t e n t ,  and s t i l l  have  

i n t e r a c t i o n s  c o n s i s t e n t  w ith ,  a l l  t h e  d a t a .  I t  i s  q u i t e  

p o s s i b l e ,  ho w ev er ,  t h a t  w i th  r e f i n e m e n t s  i n  t h e  t h e o r y  of 

f o r b i d d e n  t r a n s i t i o n s  and o f  s u p e r a l lo w e d  t r a n s i t i o n s ,  

t o g e t h e r  w i th  more and b e t t e r  e x p e r im e n ta l  m ea su re m e n ts ,  

t h i s  c o n s i s t e n c y  w i l l  be l o s t .  I n  t h i s  c o n n e c t i o n ,  i t  

a p p e a r s  f ro m  t h e  c a l c u l a t i o n s  o f  G re t t l in g  and Meeks (1 9 5 1 )  

t h a t  a n g u la r  c o r r e l a t i o n  m easu rem en ts  c o u ld  p l a y  an e x tre m e 

l y  i m p o r t a n t  p a r t  i n  d e te r m in in g  t h e  i n t e r a c t i o n  i f  i t  w ere  

found  p o s s i b l e  t o  a p p ly  t h e  e x t r e m e ly  d i f f i c u l t  e x p e r i m e n t a l  

t e c h n i q u e s  t o  t r a n s i t i o n s  whose i n t e r p r e t a t i o n  i s  beyond 

d o u b t .
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APPMDIX 1 .  CARTAIPS TREATMENT OP SPIHORS.

G a r ta n  d i s c u s s e s  f i r s t l y  s p i n o r s  i n  a t h r e e  

d im e n s io n a l  E u c l id e a n  s p a c e  w i th  com plex c o o r d i n a t e s *  The 

e q u a t i o n  o f  t h e  n u l  cone i s  t h e n

’S •*-*,, + ’% =  0 .  ( A l . l )

T h is  e q u a t io n  i s  a u t o m a t i c a l l y  s a t i s f i e d  i f

X t. -  ‘■('C. 4 X 'G , (  (A 1 .2 )

“S * o 3 f «

T hese  e q u a t i o n s  may he  s o lv e d  f o r  X ,  X , i n  te rm s  o f  

at. —

^  ,  V  ^  ( i l -5 )

The number p a i r  ( *“?„ *? ) i s  d e f in e d  t o  be  a s p i n o r  i n  t h r e e

d im e n s io n a l  s p a c e .  From ( A 1 .5 ) ,  t h e  t r a n s f o r m a t i o n  p r o p e r 

t i e s  o f  s p i n o r s  a r e  s e e n  t o  be  d e f in e d  i n  t e r m s  o f  t h e  t r a n s 

f o r m a t io n s  o f  t h e  c o o r d i n a t e s  ^  ^  ^  , and i t  can  be

shown t h a t  T,  , t r a n s f o r m  l i n e a r l y  f o r  a l l  R o t a t i o n s  

and r e f l e c t i o n s .

From ( A l . l )  and ( Al . p ) »  i t  i s  e a sy  t o  show t h a t

X - w  7
c, t x n  \ (A 1 .4 )

w h ich  can  be  w r i t t e n  i n  m a t r ix  n o t a t i o n
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= 0 ;
where \  / <* X I  (A1.5)

C l e a r l y  ^  = ,  (A 1 .6 )

w here  t h e  <r\ a r e  t h e  P a u l i  s p i n  m a t r i c e s .  The m a t r ic e s '

X h av e  p r o p e r t i e s  a n a lo g o u s  t o  t h e  m a t r i c e s  a s s o c i a t e d  w i th  

4—v e c t o r s  i n  C h a p te r  2 .  So f a r ,  t h e  v e c t o r  ( x 3 )

h a s  b e en  c o n s id e r e d  t o  he  a n u l  v e c t o r ,  h u t  (A l* 6 )  can  he 

u sed  t o  a s s o c i a t e  a m a t r i x  w i th  any v e c t o r .

By a s i m i l a r  a rg u m en t t o  t h a t  u sed  i n  C h a p te r  2 , 

t h e  e f f e c t  on any v e c t o r  X o f  r e f l e c t i o n  i n  a p la n ®  whose 

u n i t  n o rm al i s  A i s  g iv e n  hy

X -  -  A X A '1-, (A i.7)
and t h i s ,  t o g e t h e r  w i th  t h e  f a c t  t h a t  e q u a t i o n s  (A 1 .4 )  m ust 

he  i n v a r i a n t ,  i s  s u f f i c i e n t  t o  show t h a t

= << a *h  ( a i . 8 )

w here  X i s  a p u r e  num ber. By c o n s i d e r i n g  t h e  i t e r a t i o n  o f  

t h e  r e f l e c t i o n ,  one f i n d s  -  -  1 , and C a r ta n  a d o p t s  hy

c o n v e n t io n  = 1 ,  g i v i n g

= A %  ( a i .9

f o r  t h e  t r a n s f o r m e d  s p i n o r .

I n  s p a c e  o f  more t h a n  t h r e e  d im e n s io n s ,  i t  i s  n o t

p o s s i b l e  t o  a s s o c i a t e  each  s p i n o r  w i th  a n u l  v e c t o r ,  a s  i s

done i n  ( A 1 .2 )  and ( A l . p ) .  As a d e f i n i t i o n  o f  a s p i n o r  i n  

f o u r  d im e n s io n s ,  C a r ta n  t h e r e f o r e  u s e s  t h e  t r a n s f o r m a t i o n  

p r o p e r t y  ( A 1 . 9 ) .  T h i s  d e f i n i t i o n  d i f f e r s  f rom  t h a t  used  i n  

C h a p te r  2 ,  s i n c e  w i th  C a r t a n * s  d e f i n i t i o n
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w h i le  x t  * + r x ti  was a d o p te d  a s  t h e  d e f i n i t i o n  o f  a 

s p i n o r  i n  C h a p te r  2# I n  c o n s e q u e n c e ,  i n  o r d e r  t o  a c h ie v e

t h e  i n v a r i a n c e  o f  t h e  D i r a c  e q u a t i o n s ,  C a r t a n  m ust a s s o c 

i a t e  w i th  e a c h  4—v e c t o r  x  t h e  m a t r ix  iUA-'

I  \
w here  '  (A 1 .1 0 ) |

I f  'X ,  A  d e n o te  t h e  m a t r i c e s  a s s o c i a t e d  w i th  t h e  v e c t o r s  j

^  > £  hy C a r t a n ,  and X, A a r e  t h e  m a t r i c e s  a s s o c i a t e d
vu.

w i th  t h e  same v e c t o r s  i n  C h a p te r  2 ,  t h e n

= (Al.ll)i

and a s p i n o r  t r a n s f o r m s  a c c o r d in g  t o

%  ~ i ' t  - *• A ‘t   ̂ (ai .12)
w hich  i s  t h e  same t r a n s f o r m a t i o n  a s  i s  g iv e n  hy ( 2 . 2 2 ) ,  i

w i th  o L ~ ^ .

C a r ta n * s  d e f i n i t i o n  o f  s p i n o r s  i s  t h e  o n ly  one  ]

p o s s i b l e  i n  sp a c e  w i th  an odd number o f  d im e n s io n s .  I n  

f o u r  d im e n s io n a l  s p a c e ,  h o w ev er ,  some s i m p l i f i c a t i o n  i s  

a c h ie v e d  hy u s in g  o n ly  t h e  one s e t  (f/* o f  4- x 4- m a t r i c e s  

s a t i s f y i n g  t h e  u s u a l  com m uta tio n  r u l e s ,  i n s t e a d  o f  t h e  two 

r e l a t e d  s e t s  ^  and .

W atanabe ( 1 9 5 1 ) h a s  g iv e n  a d i s c u s s i o n  o f  s p i n o r s  

c o v e r i n g  somewhat s i m i l a r  ground t o  C h a p te r  2 ,  h u t  u s in g  

th e  C a r ta n  d e f i n i t i o n .
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APPENDIX 2 .  PHE EVALUATION OF

+ |(**1Vr)*) -i. (*f-y*)]

l e t

j U  x W V ^ * ,  (A2>1)

'■Then

1 \ < N  U ^ M *  V ' )  = { ^ - z ^ - z ^ ) =  ^  + 0 ( S  ^ ) } (A 2 . 2 )

and t h e r e f o r e

X H~ + ( i - ‘ c)

= 2W \ r j ( - o ^ ' V - Af  + o k ***), (A 2’3 )

w here  t h e  u p p e r  l i m i t  l ( ~ i )  i s  ^  i f  ^  i s  e v e n ,  —5-

i f  m> i s  odd .  ^  , t h e r e f o r e ,  i s  g i v e n  by

£  = S •+ O K > %  ] (A2.4)
where

C -  < — 1— J J' KY 
^  '  ~ ~  (^+^V. 'K '

I PS i n c e  t h e  e x p r e s s i o n  £  — (J j j i  tz7*) a r i s e s  a f t e r  

i n t e g r a t i n g  o v e r  a l l  d i r e c t i o n s  o f  t h e  n e u t r i n o  momentum and 

summing o v e r  t h e  s p i n  s t a t e s  o f  t h e  n e u t r i n o  and a l l  t h e  

a n g u l a r  momentum s t a t e s  o f  t h e  e l e c t r o n ,  i t  must  be  a s c a l a r ,  

and must  t h e r e f o r e  be  o f  fo rm

where  3  i s  a c o n s t a n t .  B w i l l  f i r s t  b e  fo u n d  by
P

e v a l u a t i n g  t h e  c o e f f i c i e n t  o f  <*. i n  S g i v e n  by (A 2*4) ,  and 

t h i s  r e s u l t  w i l l  t h e n  be  c o n f i rm e d  by a d i r e c t  e v a l u a t i o n  

o f  S .

From (A 2 .4 )  and ( A 2 . p ) ,  i t  i s  e a s i l y  s e e n  t h a t
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J
t h e  c o e f f i c i e n t  of  a  i n  S i s

i K )  i  .^   (-0

1
= 4 (4-hV (^4-kV

xl

-  * ik"

| _2/L
^ " F ~ ( ^ ) X= W ) l  >

£ b i  l i .  W + 1  (z ^ +  O k F )
( 2 f ) ! —  W) •

T h i s  r e s u l t  w i l l  now he  c o n f i r m e d  hy a d i r e c t  

e v a l u a t i o n  o f  S d e f i n e d  i n  ( A 2 .4 )
AIm . /| Zm \/

ot J* £  /L.«<\ ^
i s

* / -M . .

c - i g I . ' ) * - ) ' ( i ) w

wkê< *», r JS ~i

t i  ^ ( y x ' n "  ; i  -h > o
/v*< -xl- i y

( A i . s )  

(Alt) 

(A 1.1)

( A i . v )
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s i n c e  ^  ^  -r ^  ^  ^  and t h e r e f o r e  J ^ v ' ~  x  /

h a s  a t  l e a s t  one f a c t o r  (1 -X %  and v a n i s h e s  'when x  -  1,

'V v

O b v io u s ly  A° = 2 .
  Wy / IX X'M ^

I f  ( l + x  ) = J) f t h e nyc - 1

2- 5c = I '
>H* . '*h'^

= t  y j t ^  ,  ( a ^ )

from  w h ich  i t  can  be shown by i n d u c t i o n  t h a t
<Vu K-'Zmv ( k-Kv- i)[

o I 'Vm
P o r ,  s u p p o s in g  t h i s  t o  b e  t r u e  f o r  J) T) . .  3>"  *-i ) ~^-i  ̂"*> ^-i ;
from  (A 2 .9 )

: C ' -^  * v-! (^-2^42^-|)!

= <h(‘u-()Z ~-7T----------- 77“ • (,A*. h)f~o -I>1 7

W r i t in g  c\~ ' w - ^ - z  , t h e  sum i n  ( A 2 . l l )  i s
4H

.-2jh + 1^-1

(z^)! (-* + *)!
f'-o — l*x + rt. +■ l) I ^  1

<ô i a <c ^  — I=■ •»)

wv-a-l a. * ^
1 IP I3> *} (»— )*-( -v<

'"T\<*' <V. /  \ *  I
r o  < * - i? t y . . . . ,  ? ^  *

A I \ ^  ̂  ^-f a. ct o v- | — X J

Hence th e  sum h a s  f a c t o r s

(  K - K - l )  J
^k'iu - l^w  - ka ,,,, - 2.^-1) ~

( v -  2n* -  O  !
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B ut i t  i s  e a s i l y  s e e n  t h a t  (n  -  1 )  t im e s  t h i s  sum i s  a  

p o ly n o m ia l  o f  d e g re e  m i n  n ,  and t h e  c o e f f i c i e n t  o f  nm i s  1 .  

Hence
( k

(n  -  1 )  x  sum i n  ( A 2 . l l )
-  2 ^

and i n s e r t i n g  b a c k  i n  ( A 2 . l l )  one o b t a i n s
•̂*'1 'h-!*>*.-Z

D  = 1 ^  - --------------------------------------

i n  a c c o rd a n c e  w i t h  ( A 2 .1 0 ) .  B ut (A 2 .1 0 )  i s  o b v io u s ly  t r u e  

f o r  m m 0 ;  h ence  i t  i s  t r u e  f o r  a l l  m.

C o l l e c t i n g  t h e  r e s u l t s  ( A .2 1 0 ) ,  ( A 2 .8 ) ,  ( A 2 .4 ) ,  one

o b t a i n s

■S - £ _  Z - — y — 2 J. J

The c o e f f i c i e n t  o f  X s ^  s «»- S  i s

r  Tl * \  >"ns (StZ“») /, .
~ ^To m! s! ( l-s-2 -)!(i+ ^z^V  ‘ 2,1

The c a s e  s  a  0 h a s  a l r e a d y  b een  d i s c u s s e d  i n  F o r

* >  O , C may b e  e v a l u a t e d  a s  f o l l o w s .  
r - 2 ( ^ z - ) t s+K'-')! . .h,

s! £ ro  ( ^ S + 2kV .(-<-s-Z‘‘)., ~ !

5-1 ri-i / 2f

(li)[ Si

s -• r (,-s

{ f . « )  - ( ^ * 1) ‘ f
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■■■c ■ ( £  V 1 f ,
s i n c e  t h e  a d d i t i o n a l  t e r m s  e i t h e r  c a n c e l  i n  p a i r s  o r  v a n i s h  

i n  c o n se q u e n c e  o f  t h e  f a c t o r s  f )  , e t c .  Hence

C  = M ) ! s .  (_l) ^  1

' r P r  ^ - - ) SV  ^ . . o

How
■Wv _ 'K-V Va 7 -

d ? ( 2 O  + H 1) > ~ ’ ^ ' n >
—~K 4 Va . , _/j«

( | + i h  "  ( | ~ i  + 2 ; i /l)

f £ « ) h v - i ¥ W

X ■£»" o CWcl

T>, ■ ( = ? ) { * - . ) - ( ■ * ♦ ■ >

= o  .--f acU.



'H* -2>±  ̂_. . , 'I'* , , V'H- ^  I
^  "i ( ,+ ^ ) ( ,+ n l ) '  2 .(" ‘)  ( 2‘) — 7T|^=1 ~ 4‘t) [
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Hence

'•h -2l±b_i , 2^ , t/»M / v^-
)

V 1

I n s e r t i n g  t h i s  i n  (A 2 .1 4 ) ,  one f i n d s

1 st J L {
C  -- —   —  . /A2. .S- )
^  (ti)\  s i ( 4 -s>!  >

and i n s e r t i n g  t h i s  r e s u l t  i n  (A 2 .1 2 ) ,  and u s in g  th e  r e s u l t

(A 2 .5 )  f o r  t h e  c a se  s  ™ 0 ,  one o b ta in s

-  ~ —  +  ~

i n  agreement; w ith . (A 2*7).
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APPENDIX 3 SUMMATION OYER ELECTRON ANGULAR MOMENTUM STATES

In  C h a p te r  3> i t  was fo u n d  n e c e s s a r y  t o  sum e x p r e s s 

i o n s  o f  t h e  ty p e  0 ^ (  £*)» where 0 i s  a D i ra c  m a t r i x  and

i s  t h e  e l e c t r o n  w a v e - f u n c t i o n ,  o v e r  a l l  a n g u la r  

momentum s t a t e s  o f  t h e  e l e c t r o n .  The sum m ation i s  p e r fo rm e d  

h e re  w i t h  0 one component o f  , and  t h e  r e s u l t s  a re  q u o ted

f o r  a l l  t h e  p o s s i b l e  o p e r a t o r s  O*

W ith  t h e  D i r a c  r e p r e s e n t a t i o n  f o r  ^

= ->*'>, + -t ^ 2  . (A3. ')

I n s e r t i n g  i n  t h i s  t h e  t y p e  I  w a v e - f u n c t i o n s  g iv e n  i n  (3* 25  ) 

and u s i n g  t h e  r e l a t i o n  b e tw e e n  w a v e - f u n c t io n s  f o r  p o s i t i v e  

and  n e g a t i v e  m g iv e n  i n  C h a p te r  3 ,  t h e  sum m ation o f  ( A $ . l )  

o v e r  a l l  o r i e n t a t i o n s  o f  t h e  a n g u la r  momentum g i v e s
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Now l e t

jL  ^  , £)^  _ / *  > * \ A  _  _ *  _ /  S) \J) - z  L0^ )
( 4 3 3 )

!Bhen

3>+(x*+<^*y3(22*f -■{4-f) '* (x*+'<-]*)F (n*)^ f ^

i ) + ( ^ - . ^ f  r = f % s Y ~ f + o ( ^

r W ~ f -  ° ( A

J )  ^ " ( X - f ) z  ( z z V) r

( A3.^)

A p p ly in g  t h e s e  r e l a t i o n s ,  one f i n d s  f o r  t y p e  I  w a v e - f u n c t io n s

# - " V -  ( ( » % » - )

“ f -  # 1  < % . « « - , . *

^L x**+T r ^ (*1* y ^ W v ? ~ * ^

■ { U f ) i i UM  f « y * '  j

i - — !—  iZz*/f

*

^ ^ +2>) [ " ^ 0 * f )!(<-eW (ZZ^

+ . (z .r  r * ) if ,  • < 3  T "> ]f j!

+ l Ai . s )
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U s in g  t h e  r e s u l t  o f  A p pend ix  2 ,  t h i s  becom es

+  t / ( * w Y f  ( r M a  n - l  Z U l  / - k + - - k - \ / k  * Y
wr l ? i r /  2 "  ,*«*« i  t2<+lM C ?  *3> ) ( i  d )At'Y

l i  ( j V U  ) ( ^  i * ) ^  I
^  (z^)! 1 n ~ ~  '  >

4

J+l

1. J?-r*

A s i m i l a r  r e s u l t  i s  f o u n d  f o r  t y p e  I I  wav e - f u n c t i o n s *  Com

b i n i n g  t h e  tw o  r e s u l t s ,  one f i n d s

.9 /„»  \  ^ 1+ 1 - 7  / . .« *  „ + / .  / l

^  ) ‘  (  i U  ’  t  M

l o r  D i r a c  m a t r i c e s  o t h e r  t h a n  tr̂ . , t h e  sum m ation can  be  

p e r fo rm e d  i n  a s i m i l a r ,  b u t  g e n e r a l l y  e a s i e r ,  m a n n e r .  I h e  

r e s u l t s  a r e

£ S * ,  ( U ) - ^ 1 A \1 ^  3
z_ ~ - t W < )  J 'V  +  (2X+, ) 1 ^ 3  ( /

« 0 « ) 7  W <  U - ; 1 (

L Z: f t  >z. 4tA.
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z.

■ ! ^ ( i  - f '  * ^  h d l k -j~ i

■ f - 1 - — —7 ^ ' ( ' - ,w yf l  * ( ' f " )  .v - ^  ( , . , . « / /

£ < / * , >  z - l ( j . * * ) M U .  u ^ , \  M r  L - A - u  i . , * \ t-  v~ - /  — — j i t ,—  k . t )
krt -f 3

I



APPENDIX 4 . CORRECTION FACTORS.

t hThe t h e o r e t i c a l  sp ec tru m  shape  f o r  an  n  f o r b id d e n  

t r a n s i t i o n  i s  g iv e n  by

(A4 . 1 )

where ( f1 ^  and C J u / )  i s
+ Vj

th e  n  fo rb id d e n  c o r r e c t i o n  f a c t o r .  I t  i s  c o n v e n ie n t  

t o  w r i t e  Cn  a s  a  sum o f  te rm s i n  th e  fo l lo w in g  w ay :-

C -J y )  -- £ . \ C ( . x )  + i££L  5 5 C (x y) (A4 .2 ) x X x x y*v x •
where X,Y r e p r e s e n t  th e  d i f f e r e n t  i n t e r a c t i o n s  S, V, T, A 

and P, and th e  i n t e r a c t i o n  c o n s ta n t  Q  f o r  th e  i n t e r a c t i o n  

X i s  . S in c e  t h e  m a t r ix  e lem en t f o r  t h e  most

a llo w ed  t r a n s i t i o n  w i th  th e  i n t e r a c t i o n  P has s e l e c t i o n  

r u l e s  and m agnitude  s i m i l a r  to  th o s e  f o r  f i r s t  f o rb id d e n  

t r a n s i t i o n s  w i th  t h e  o t h e r  i n t e r a c t i o n s ,  t h i s  i n t e r a c t i o n  

i s  c o n v e n ie n t ly  r e g a rd e d  as  g iv in g  no a llo w ed  t r a n s i t i o n s .

The c o r r e c t i o n  f a c t o r s  Cn (X) a re
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C  ( y ) ^  * - ^

Y - O  r

+ k > » i £ f \ £ " '  ■ £  ^ c v y - ’ ' N

c r ) - - \ Q j ^ i % v y '  i y

. i « r t f  i  K ^ - ' - r

-  { Q J f t - i V f  l / t ) t « [  C , ,  ,* ■ ^

Q(*V |o„,cc> | \ |  a ,  1l,‘ ’’t .

+ ( j >  - —"g 7V -Hi/ /V<̂~ ( /  I L-^ ?

£>



155.

T hese  fo r m u la  hav e  b e e n  g i v e n  b y  G re t t l in g  ( 1 9 4 2 ) .  The c r o s s  

c o r r e c t i o n  f a c t o r s  Cn (X,Y) a r e

+;R i / sh <£ (* Y

c . M ‘ l [ W r i t e

^  - 1 k t e V ^ H  J - K a ^ X

+Cel- X  M ' X ]
)

X > T )  - 0  >

C  ( Vt) = ) <5 M ( S * ( / : A i J  £  A X ^ ' 7' T>
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x (h ~ix) - i n 
i L_. rQ  (V, A) ( s > i)  +c- { j £ ^ /£ ^  * M^+C

+ X ( £ ) $ X * £ )  ’ M y  +  f a , - X , ) X } L , } ^

c j y ,  ”i)
X , - A , X h~ ' X } ^  

O t ; AV  -  k j ^ H * f e ) + < < ]  £  X i " X

+

j/ro
/H

+ X + C i iM t j [

_ 'kvfn

c . M
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The l a s t  tw o c o r r e c t i o n  f a c t o r s  r e p r e s e n t  a m ix in g  o f  

t h e  ( f o r b i d d e n  P s p e c t ru m  w i t h  t h e  n t h  f o r b i d d e n  T

and A S p e c t r a  r e s p e c t i v e l y ,  and w i l l  b e  i m p o r t a n t  on ly  i f  t h e  

c o u p l in g  c o n s t a n t  f o r  t h e  P i n t e r a c t i o n  i s  l a r g e  enough  to 

overcom e tw o  d e g r e e s  of f o r b i d d e n n e s s .

The (& ) a r e  t e n s o r  m a t r i x  e l e m e n t s ,  a s  d e f i n e d  

i n  C h a p te r  3* The q u a n t i t i e s  M^, a r e

d e f i n e d  by

• 4 - - ( 2  fT ; . ) 1 [ -  L ,

S - < ' 1  f ' ^ ' l V v ^ ’ j r

( *  r ' l l ^ L . A r r ' " ' -

I f  i s  d e f i n e d  t o  b e  

F„ .

rH2s„«->)

[ t 1" 1)7-  (fC 7 - f l /x J y

"tkecv

-zv  

j

I £v |  ^ ^+1 + 5,,

f 0 v ( i^ .v .  f  ) T (7 7 o  >



E, I >4 lAM' l ^ - L  I ^ Y

[ — X.1 -  C ^ ' H ^ z r  ^ ,1 i ~z k \
+ u/ ( isk+<H1/+, + s^) J  v / * '

0 + . ) ( / e s . , + 1  . J  i
‘ T o r ' l l -

i t  > « ,» .» ) _  ( „ f l /  « , V 7
L' J v zv J  j

V ’ J - P / i Z X  +
J 1/41 ^  ^V+l J

R,
Fcr \[i^4l) |

Fv I ^V" Sv(y±  f + O  I
( i ^ / )Fa V(>+“ / iCv+')Z U/ -*

p. / ^ - J - p 1-)  , U r Y  U z \
Ulv+^l ' /  I v , « * s „ \ y / »  m + S r V p )F a A ^ Y .  > ( ^ v v r 7 f+i+sk V /?

+ 5 ^ 1 ,  4 1  £*
7̂ ‘ >-+ 0  I (>'f l)( V'f U‘v ) J lv'

r, ( k +3)^ îi i ^ \ x  '
A ' -  | l s ^ )  ^
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For low Z,

sv -  ^ 1/ ^  Fo  ̂ «>-<{ (y21) uo{ ( ^ )  ^

may "be i g n o r e d ,  t o  g i v e  t h e  s i m p l e r  e x p r e s s i o n s

( - 0 / 1

o - _ _ ( £ j l  f - ' p j -  / ^ U
V ( l i / - x O !  '  /  W |  /  Va /  t



The n u m e r ic a l  c o e f f i c i e n t s  i „ ,  I „ ,  C , , , ,  3 >.

4v-2 v/ /

3

(cU-Zi/)) ( H ) x 3

-M—2.»/
£  ( 2 ̂  +• i) I

( ( v3 ) x >

/Vv~ ^  / \ i

*!✓ 2 ,/ 4 \ (  )'l  *

4-i - 7-V / ( \ I
*X ( ̂ +0 I2 /)!

( l\~  2.^+ • ) I ( v'l )"L

's % F' i 1 i

138

a r e

t
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APPENDIX 5- OHE AVERAGING OF U1, - £*) V I.*)

I n  t h i s  a p p e n d ix ,  ) v W ,  w here  ^ - | £x|

i s  a v e r a g e d  w ith , r e s p e c t  t o  ^  o v e r  a s p h e r e  of u n i fo rm  

d e n s i t y  and  r a d i u s  p  • For t h i s  p u r p o s e  V ( r )  i s  exp an d ed  i n  

a s e r i e s  o f  L e g e n d re  P o ly n o m ia l s  of x ,  t h e  c o s i n e  o f  th e  a n g le  

b e tw e e n  f  and ' —^ y **\ 1
C O

VlO -- i  £/w —o }
vc kev-e.

Now i t  i s  e a s i l y  s e e n  t h a t ,  i f  £  i s  -A_or>©)
Xlh nfr ^ J

W f  I & ^ e  t .  k W  S n e* & *o ^ I (

[ j ,  i j ^ x )  .  * f  i i F  ’

\v k«.tvCC
eP

( i r i * ) V ( * )  = H ( V )  ~ ^ , A > k X
I

Now s i n c e  -t- -  > "frhe v a r i a b l e  i n  t h e

second  i n t e g r a l  may b e  ch an g e d  t o  r ,  g iv in g

( i (-D V M  = t<  ( k  )  j j _ (a?.**)
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fy y C fh e  f i e l d  of i n t e g r a t i o n  i s  shown s h a d e d  i n  t h e  d iag ra m  -

> A

I f  now t h e  o r d e r  of  t h e  i n t e g r a t i o n s  i n  (A 5 .4 )  i s  

ch an g e d ,  t h e  i n t e g r a t i o n  o v e r  can h e  p e r f o r m e d  a t  once 

t o  g i v e

L = 1 ( r - ^ [ ( A  - { ( . ( h ^ , )

F o r  t h e  a r e a  shaded  g r e e n  i n  t h e  d i a g r a m ,  t h e  l o w e r  and u p p e r  

l i m i t s  i n  (A 5 .5 )  a r e  r e s p e c t i v e l y  l A ~ ^ l  an<i  A + ^ \ 

c o n s e q u e n t l y  t h e  i n t e g r a l  (A 5 .5 )  v a n i s h e s .  For t h e  a r e a  

sh a d e d  r e d ,  t h e  lo w e r  and u p p e r  l i m i t s  a r e  1 / j  and P  , 

so t h a t  t h e  i n t e g r a l  i s

and (A 5 .4 )  becom es

i fi ̂  ̂  A

M 3 v w  ■ i ,  ( V t f  '
l/’-M
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o r ,  w h a t  i s  t h e  same t h i n g ,

oP*~*
U r ! h v h )  -  i ,  A / ,VA ' ) ( t V H [ ( r ^ ] p - ( a c t )

w h ic h  i s  t h e  fo r m  o f  t h e  r e s u l t  u s e d  i n  C h a p te r  5*

' . " " ^

- ■ ■ ■ ■ ■ ■ ■  _  '’r

L c - *r- 1 ; >- :• • ■ • • •  - -

A  ̂-Lr' ' • £  ».- v ^ i ,

: ’ ^  ‘ 0_ .

"  5 h u . W , ,  a »  l i e 4 s a i » e k s K • ,  i ^ ,  ..><«* c £ / ,  22S,

"H-t r7\- ' : :£«hf '■? -3 » C, •> is*' A  -,
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