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iii.
ABSTRACT*

The normal theory for the prediction of circulation in 
water-tuhe boilers assumes that the steam-water mixtures in 
the heated tubes behave as a homogeneous fluid. A theory 
is here developed which allows for the different vapour and 
liquid velocities; there is ample evidence to indicate that 
during two-phase flow even with horizontal tubes the gas, or 
vapour, flows faster than the liquid.

The flow pattern is assumed to consist of an annulus of 
liquid in contact with the tube wall, and a core of gas, or 
vapour, with entrained liquid. While this flow pattern may 
not occur at all flow rates the application of the theory 
gives good agreement over a wide range of experimental data.
The "Prandtl mixing lengths” throughout the two phases are 
assumed to have the same values as during homogeneous flow.
Prom these assumptions the application of Prandtl's Equation 
relating density, shearing stress, mixing length, and velocity 
profile gradient enables the velocity profile to be obtained 
for a particular shear distribution, and the respective phase 
velocities determined. This led to an expression for the 
ratio of the gas, or vapour, velocity to the liquid velocity.

The application of the expression is complicated by the 
presence of an unknown quantity of entrained liquid in the 
gas, or vapour. Where conditions are such that the liquid 
content, of the gas may be assumed negligible, the equations 
may be directly applied. Good agreement was obtained with 
experimental/



iv. 11
experimental data for the downward flow of air-water • I
mixtures under .such conditions*

On the-.other hand where liquid is contained in the 
core, the quantity of liquid must he known before a solution 
is possible. So far no direct information Is available 
regarding the probable liquid content of the core. The 
nearest possible approach to this information is to be 
obtained from £rmandfs work on air-water mixtures.
Examination of the problem led to the conclusion that the 
terms involving the water concentration in the core could be 
taken as common to both air-water and steam-water flow. This 
enabled the equations to be applied to steam-water flow.

Confirmation of the theory is obtained from the data 
of previous investigators both for air-water flow and steam- 
water flow. Test results which are obtained from a full- 
scale two-tube boiler operating up to a pressure of 1500 Ib/iS 
and heat transfer rates up to 120,000 B.Th.C./hr. ft^ of 
heated riser surface'are also analysed. The proposed theory 
enabled the prediction of pressure changes during steam- 
water flow within 22^, in contrast to the homogeneous theory 
which gave errors as large as 60^.

The appendices include, in addition to detailed 
calculations and developments of a number of the theoretical 
equations, the details of test equipment designed to permit 
the study of steam-water mixtures flowing adiabatically at 
pressures/



pressures close to atmospheric. Also included is the 
development of the theoretical equations to permit their 
application to rough tubes.



COMBINES. Paga
ACEliOWlLSPGELiEIfirS ... .., ... ... ... ' ii.
ABSTRACT ... ... ... ... ... H i .
Ilf TRODU C f I Olf    ...   xi.
HOMEHC1ATUKE. ... ... ... ... ... xiii;

PART I REVIEW OP PREVIOUS WORK. .
1. Experimental work on water-tube boilers .. 2.
2. Hydrodynamic theories assuming homogeneous flow 11.
3. Determination and effect of the steam velocity

relative to the water................... ..' 19.
4. Hydrodynamic theories introducing relative

velocity ... ... ... ... ••• 29.
5. Theimodynamic theories of natural circulation 34,
6. Two-phase flow in horizontal tubes........ 35*
7. G-eneral discussion of review.. ......... 48.

PART II. THE PROPOSED THEORY EOS 
DETBRMIMATIOI? OP PHASE VELOCITIES 

. ■ PURIHG- TWO-PHASE PLOW. -
8* Mode of flow ... ... ... ......... 51.
9. Ratio of the gas to liquid velocity. ... 55.

10. Approximate form of the gas to liquid velocity
ratio ... ... ... ... ... ... 59 *

11. Shearing stress ratio T̂ y/Tj .... ... ... 63.
12. Distortion of the annulus profile... ... 67.
13. Effect of heat transfer on flow conditions 72.
14. Plow in downcomers ........ ... ... 74*

PART III. THE PROPOSED THEORY POR 
PRESSURE CHAHCE DURING TWO-PHASE PLOW.

15. Pressure, change due to friction ... ... 78.
16. Pressure change due to mixture weight ... 81.
17. Pre ssure change due to momentum forces ... 82.
R8-. Combined equations and method of solution 84.



PIET IV. APPLICATION OP THE PROPOSED THEOBY 
TO THE ANALYSIS OP THE EXPERIMENTAL DATA DP 

EREVIPUS IBVESTIS A T O R S . _______

yii. 

Page
19. Liquid concentration in core (Armand’s experiments)
20. Priction during air-water flow (Martinelli1s 

experiments) ... .«. ».. ... ••.- »••
21. Pressure change during the flow of steam-water 

mixtures in vertical tuhes (Schwab's experiments)
22. Pressure change., during the downward flow of air- 

water mixtures in vertical tubes (Bergelin's 
experiments) .  ............  ... ... - ...

23. ’’Stagnation1* point during flow in downcomers ... 
(Lowenstein1 s experiments)..... ..  ... ...
PART V. TWO-TUBE BOILERsTEST EQUIPMENT,
________PROCEDURE. AND RESULTS.

24. British Shipbuilding Research Association 
experimental boiler ... ...

25. Instrumentation
26. Calibration tests *............ ............
27. Test programme, procedure and readings ... ..
28. Conversion and interpretation of test readings.
29. Test results ... ... ... ... .#

■PART-VI. APPLICATION OP PROPOSED THEORY 
TO.,ANALYSIS OP TWO-TUBE BOILER TEST RESULTS.

30. Pressure change with adiabatic flow in riser tube
31. Priction loss with adiabatic flow in riser tube.
32. Pressure change with heat transfer in riser tube
33.' Steam-water velocity ratio in riser tube... ...
34. Pressure change in downcomer tube and at riser 

entry ... ...    ...
PART VII. PREDICTION OP NATURAL CIRCULATION

_______IN TWO—TUBE BOILER.______
35. Pressure changes over riser and downcomer tubes..
36. Circulation velocity ... .....................

87.

91.

94.

98.

103.

108.
114.
117.
122.
125.
131.

144.
152.
156."
167.

179. |

188. | 
195. I



Page *
Hesume • • • • * • ••• ••• • •• ••• 206*
Discussion • • • ••• ••• ••• • • • • • • .«. 2X2,»
Conclusions ••• .«. ».« * • • • • * ••• ... 217•
Bibliography ••• ««• ••• • • • *«. • • • ••• 221*

APPENDICES.
A. Continuity equations during two-phase flow ... 225*
B. Velocities and velocity changes..............  227*
C. Belationship between core velocities ... ... 228*
D. Determination of the velocity ratio' K, the termZ, and the water concentration to .   229*
E.. Deteimination of the pressure change during the 

downward flow of air-water mixtures in vertical 
tubes ............ .. .,.......... '.......  234*

F. Determination of stagnation point during flow
in doYUicomer t u b e s  .   ... 238*

G-* Conversion of experimental readings - two-tube
boiler ... • • • ••• ••• . *. ..« 242*

H. Specimen calculations - two-tube boiler........  244.
J. Equipment to enable the study of the flow ofsteam-water mixtures through horizontal tubes... 256*
K. Velocity ratio equation for rough tubes ... ... 259*

viii#



TABLE INDEX.
Table. Page.
1-2. Steam-water flow pressure changes (Schwab).. 95-96.
3. Specimen readings - two-tube boiler... ... 124.
4. Overall heat balance - " 11 ... ... 130.

5-9* Dryness fractions — H " *' .........138—142*
10—11. Pressure changes — steam drum—water drum ...181—182. 
12—13* " ,f — riser bottom-water drum. .183—184.

FIGURE INDEX*
Figure. Page.
1. Thornycroft overall gauge. ... ... ... 3.
2. Overall gauge data curve....................  5.
3. Circulation velocity — Schmidt.. ......... 8.
4., U—tube circuit ... ... ... ... ... 12.
5* Prediction of circulation in tube banks ... 16.
6. Steam bubble velocity in a stationary

column of water ... ... 20.
7. Effect of "slip" on available pressure

difference in U-tube circuit ... 22.
8. Xc/X to a base of ti'/U, at 150 lb/in2.......... 24.
9. Xc/X " " " " " " 32 atmos.........  26.

10. Correction for pressure....................  27*
11. Slug flow pattern................. ... ... 30*
12. Xs/2 to a base of the ratio of air to

total flow volume ........  40.
13. Prandtl mixing length distribution ... ... 53*
14. Two—phase velocity profile ...   56.
15. Z to a base of X^/X ... ...   61.
16. Equilibrium of core element  ............... .64.
17* Annulus equilibrium ... ...   68.
18. Distortion of annulus profile... ... ... 71*
19. Velocity profile - downcomer  ................ 75*
20. Water concentration in core ...............  89*
21. Friction during air-water experiments

(Martinelli)... 92.
22. Pressure change — air-water flow in

vertical tubes (Bergelin).. ... ... 100.
23. Velocity ratio — M ” " H.......... 101.
24. Mass flow producing wstagnation” ... ... lo5.
25-27. Two—tube boiler ... ...   110—112.
28. Differential pressure recording system ... 115.
29* Furnace heat loss .........   119*
30. Boiler heat loss ...............  ... ... 120.

Figure Index/



FIGHEE INEEZ.
Figure * 'Page.
31-35. Circulation velocities (experimental).. ...132-136
36—40*. Pressure change - steam drum-riser top. ...145-149
41. Friction — steam—water flow ... ... ... 153*
42. G- to a base of boiler pressure....... . ... 154.

43-47. Pressure change — riser top to riser bottom..161-165
48. Velocity.ratio I to a base of pressure. ... 168.
49. The term z !t ,f 11 11 M ... 169.
50. The ratio f l / f^ ” M n " ... 170.
51. The ratio tz/ t , 11 " H M H ... 171.
52. Pressure change — velocity ratio ... ... 17 3•
53. tl tt ft H • • • ... 174.
54. Influence of heat transfer on K ....... ... 176.
55. Variation of K along heated length •.• ... 178.

56-60. Pressure change — steam drum—water drum ...189-193
61—64 . Circulation velocities — comparison of

theoretical and experimental values ... ...196-19965-66. Circulation velocity — sketch ofgraphical
procedure ...203-204

67. Single phase velocity profile ... ... ... 231.68. to a base of X^/X^ <.»..~n .;»•• ... ... 233.
69. Friction factor ... ... ... ... ... 235.70. K to a base of l/X (prediction of stagnation) .241.
71. Determination of K and pressure gradient ... 249.72. Pressure gradients over heated length.. ... 252.
73. Determination of circulation velocity.. ... 254.
74-75. Equipment — steam-water tests ... ... ... 257.
76." Single-phase velocity profile (rough tubes).. 261.
77. (tJ.yu* to a base of X 2/X ... ... ... ... 263.78. G M M ** ** friction factor ... 264.

§ § §



v INTRODUCTION.
i ■

The present research, was initiated to study the 
fundamental mechanism of circulation in water-tube boilers.
To this end, a boiler was constructed consisting essentially 
of two drums interconnected by two tubes, one of which was 
heated by an electric furnace. The tube dimensions were 
of the same order as met with in practice, and the maximum 
operating pressure was 1500 lb/in^, with heat transfer rates 
to the heated tube up to 120,000 B.Th.U/hr.ft.2. The 
experimental data consisted of the circulation velocity, 
and the pressure changes over various tube lengths.

The circulation in water-tube boilers is governed by 
two relationships or laws. Firstly, in a tube bank all 
tubes are subject to a common pressure difference. Secondly, 
the net ■-flow into a particular drum, or header, is zero.

These two statements are generally accepted as the basis 
of all circulation theories. What is not common to all 
theories is the method of calculating the pressure difference 
over tubes through which steam-water, or as they are more 
generally called, two-phase mixtures flow. The problem, 
therefore, reduces primarily to the study and analysis of the 
flow of the steam-water mixtures in the heated tube.

Until recently it has been commonly assumed that two-phase
mixtures can be satisfactorily treated as homogeneous fluids.
During the last decade considerable experimental and theoretical 
work has however indicated that such assumptions are untenable. 
This/'



xii.
This has also been confirmed by the data' from the two-tube 
boiler.

This thesis contains an original development of the 
theoretical equations enabling the prediction of pressure 
changes during two-phase flow. Unlike previous investigators 
these equations are developed‘from the internal equilibrium, 
conditions of the respective phases. The flow form assumed 
is symmetrical around the pipe axis, the liquid forming an 
annular ring at the wall, and the gas or vapour with entrained 
liquid occupying the core. It may appear that such a flow 
form is unlikely, particularly during horizontal flow, but 
experimental evidence indicates that, even during horizontal 
flow, with turbulence the liquid tends to form a ring- round 
the wall.

The starting point of the theoretical development is the 
fact that during two-phase, and during homogeneous flow, the 
internal shearing stresses must be transferred by viscous or 
momentum shear. While this concept is inherent in the theories 
of certain previous investigators it has never been completely 
utilized.
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K - G-aa-liquid or vapour-liquid velocity ratio tT̂ ./UV*
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2.
REVIEW OF PREVIOUS WORK.

!. EXPERIMENTAL WORK OR WAIER-TUEB BOILERS,
Much of the early work was carried out on models having 

glass tubes and observation windows in the drums. The method 
proved valuable in confirming speculation based on operating 
experience and in guiding the formulation of theory.

Considerable full scale work was done by Ihornycroft, 
Yarrow and others. Thornycroft introduced the use of an
’’overall” gauge between the steam and water drums, (see Eig. 1) 
a device used by later experimenters.

The greater part of this work was carried out during the 
last ten years of the last century, and established the 
following important points:

(a) Circulation due to density difference 
between riser and downcomer tubes.

(b) Importance of circuit hydraulic losses. -
(c) Effect of steam-water mixtures entering

downcomer tubes.
(d) Possibility of alternating flow and 

reversal of flow.
The circuit hydraulic losses were known to be governed 

by the following factors:
(a) The ratio of the tube length to diameter.
(b) The tube form.
(c) The discharge being above or below water 

level.
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ROBINSON (1933) published results of tests on four full 
scale marine boilers. These tests covered:

(a) Incidence of steam pockets in water .drums,
(b) Overall gauge readings.
(c) Direction of flow in various tubes 

throughout the tube banks.
The velocities were measured by Pitot tubes.
A typical curve of the difference between the level in 

the steam drum and the overall gauge level (y-Figure l) is 
shown in Figure 2 to a base of boiler evaporation. The 
drums were approximately a hundred inches apart.

The conclusions drawn from the tests were:
(a) The difference between the steam drum level 

gauge and the overall gauge "• (y) is a measure 
of the difference in pressure between the
steam and water drams.

(b) The level in the overall gauge will change 
with evaporation rate and pressure.

.(e) Increase in evaporation decreases level in 
overall gauge till the point is reached 
where the level will tend to rise. This 
indicates a condition liable to cause 
overheating of riser tubes, and is associated 
with steam pockets collecting in the water 
drum.

(d) y decreases with increase in gauge pressure.
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6.
(e) Increase in number of heated rows of generating 

tubes or the addition of unheated downcomers 
will cause an increase in the water level in the 
overall gauge for a given evaporation.

(f) The majority of tubes act as risers even at low 
heat inputs, and no radical change occurs when 
the intensity of heating is increased, although 
reversal of flow may take place in some tubes. 
Alternating flow may take place in the 
intermediate zone up to high working rates.
In this zone downcomers were found among risers. 

fight (1933 and 1936) published results on Shop Trials of 
ITaval Water-Tube Boilers of Yarrow type. The influence of 
firing rate on circulation was investigated using Pitot tubes.

The main observations may be summarised as follows,;
(a) Velocity in fire-row tubes upwards and increasing 

to a maximum of 4 feet/sec. for 0.2 Ib/ft^/hr. fuel 
and then falling to 2.5ft/sec. at 1.2 Ib/ft^/hr.

(b) Velocity in outside ro?; is downwards and has 
practically constant value of O.Bft/sec.

(c) Feed changes affect circulation : sudden change 
at high rating gave reduced flow in front row 
tubes, and in some cases complete reversal to about 
2.5ft./sec. downwards.

(d) . Reverse flov; once established persisted until 
firing rate reduced to low value.

(e) iTo method discovered for producing reversal of
flow at will.
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In later work, Dight stated the belief that fire-row 

tubes were the critical factor in forcing, and introduced 
the circulation augmentor, increased the diameter of fire- 
row tubes, added water walls, and fitted external downcomers 
to improve condition in front-row tubes.

Schmidt., Schurig, and Behringer (1933) carried out tests 
on an experimental two-tube boiler. The plant consisted of 
a steam and water drum connected by two vertical tubes of 
dimensions approximating to those obtained in normal boiler 
plant. One tube (the riser) was heated by conduction from 
metallic heating elements lying along the outer tube wall.
The steam generated was condensed in a condenser operating 
at boiler pressure immediately above the steam drum, and 
from the condenser heat balance the steam generated was 
estimated. The circulation in the boiler was determined 
using a calibrated orifice at the foot of the downcomer.

Figure 3 which shows the circulation velocity to a 
base of boiler pressure for various heating rates, is 
representative of the data obtained. Sufficient data is 
not supplied, however, to enable the formulation of theory.

Further tests were carried out to investigate tube wall 
friction forces, and the effect of "relative velocity".
These are dealt with later.

Lowenstein (1946).carried out tests on a gas fired 
two-tube boiler with an inclined riser tube and a vertical 
downcomer. The maximum pressure and heating rates were 
1,100 lb/in2 , and 91,500 B.Eti.U/hr. ft.2.
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A limited number of tests ?/ere carried out to determine - 
tiie variation of circulation velocity with pressure and heat 
input*

Considerable testing was carried out to determine
conditions producing tube rupture.

Schwab 1947 &nd Petersen and Baldina 1949* Both these 
papers use test results obtained at the Central Boiler and 
Turbine Eesearch Institute In Hussia* Ho details of the 
experimental layout are given. fixe. experimental values 
given are mass flow, quality, and pressure drop over lengths 
of vertical tubes where steam water mixtures flow adiabatic- 
ally. Some of the test results are given later.

Discussion.,
The previous experimental work divides itself into 

three main categories., namely experimental work on model 
boilers, full-scale multi-tube boilers and full-scale two- 
tube boilers.

So far it has been found impracticable to obtain 
complete similarity between model and full-scale boilers, 
Eesults obtained from a model boiler are, therefore, useful 
only in so far as they may show general trends,

The disadvantage of experimental work on multi-tube 
boilers is the difficulty in determining the precise 
conditions under which individual tubes operate. In view 
of this, the full-scale two-tube boiler, when the tubes* 
length and diameters are of the same order as met with in 
multi-tuBe/



multi-tube boilers, offers the most satisfactory method of 
studying the mechanics of flow.

Both Schmidt’s and lowenstein’s plant conform to the above 
requirements. Unfortunately Schmidt’s and Lowenstein’s 
published results are neither given nor analysed in sufficient 
detail to permit the formulation of an adequate circulation 
theory. On the other hand, the results quoted by Schwab and 
Petersen are given in sufficient detail. A number of these 
results are analysed later.



11.
2* .HYDROD YlTiMI C THE OR IE.S' ASSUMING 

HOMOGENEOUS FLOW.
As already mentioned, early experimental work 

established many important factors influencing circulation 
Nevertheless it was many years later that the first 
detailed paper on the determination of circulation velocity 
was published.

Lewis and■Robertson (1940) presented the detailed 
solution of the circulation velocity where the mixture of 
steam and wafer in a heated tube is assumed homogeneous.

A U-tube circuit is examined (Figure 4) ana the 
equations developed for the particular case of uniform 
heat distribution over the heated length.

The first step is to determine the point at which 
evaporation occurs, this point being referred to.hereafter 
as the "point of evaporation". Evaporation does not 
necessarily commence where heating begins, as the 
temperature at this point may be below saturation temperature. 
The introduction of cold feed produces such an effect. ■

The average density over the heated section is shown
to be

where q is the dryness fraction at the top of the heated 
length.

The "driving head" producing circulation is due to
the difference in density between the heated and unheated 
tubes/
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tubes, and is evaluated in feet of water
This is " .

> .

for the circuit shown in Figure 4. Ho "driving head" 
is obtained from the liquid below the level of point Q, 
ad the density is the same in both columns.

The driving head produces motion round the circuit, 
the theoretical circulation velocity being that velocity 
of flow at which the driving head balances the circuit 
losses.

Those losses will be
(a) Entry losses to the downcomer.
(b) Friction losses.
(c) Losses due to the acceleration of

the expanding mixture in the heated length. 
Evaporation with pressure decrease along the riser 

length is neglected.
I UZThe entry loss is assumed —  — — where U is the

3
velocity at entry to \the downcomer.

The friction loss from the top of the downcomer to 
the point of evaporation is

. A u L  j l
2-3 • d

The friction loss over the heated length is shown to
be

x-h u‘
z - S - d

l + 2
fl-Pg



Changes in steam and water densities are neglected.
The friction loss over the length R3 is.

x e, V / , , Q Pl - p*}

The friction factor X assumed throughout the 
heated and unheated lengths to be 0.02.

The momentum, or acceleration, loss is

mH*
uThe water is given its kinetic energy ——  at entry 

to the tube. This kinetic energy is treated as a loss 
as it is assumed to be dissipated as heat at exit from the 
tube. r

As the driving head balances the circuit losses

14.

p*
fl-Pc
?€> i

Pe J9
The circulation velocity U may be determined from 

this expression although a trial and error procedure is 
necessary as q is dependent on U.

Van Brunt (1941) The theory detailed by Lewis and 
Robertson, and developed for the simple case of a U-tube 
boiler is applied to the analysis of flow in a multi-tube 
high pressure boiler.

In addition, the effect of various heat transfer 
distributions on the available driving head is considered. 
He/



]Ee considers five different cases
(a) Mean density based on lie at absorption 

proportional to the square root of the length.
(b) Mean density with 60^ of heat absorbed in 

bottom half.
(c) Mean density with 50$ of heat absorbed in 

■ bottom half.
(d) Mean density for uniform absorption.
(e) Arithmetic mean density.
The variation in the driving head for the five methods

is considerable.
Harkson, Ravese and Humphreys (1942), Midtlyng (1942) 

and ledinegg (1944) develop theories similar to lewis and 
Robertson. The essential difference is in the method of 
solution.

Baker (1950) applied theoretical equations similar 
to those of lewis and Robertson to the analysis of flow in 
an Admiralty 3-drum boiler.

As the equations are now applied to a multi-tube bank 
the foam, of the equation used by lewis and Robertson 
cannot be applied directly.

The pressure change over each tube in the bank is 
detemined for a number of assumed flows and graphed as 
shown in Figure 5* The pressure change is determined in 
feet of water, and is referred to as the depression head. 
This head is, in effect, the head obtained experimentally 
on an overall gauge, but duly corrected for density.

The/
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The conditions to be satisfied by the circulation 
are that the downward flow must equal the upward, and that 
the pressure change over each tube in the bank must be the 
same, namely the pressure difference between the drums.
By trial and error, the pressure change at which the 
downward flow balances the upward is obtained. The mass 
flow in each tube is then known.

Davis and Timmins (1933) dealt with the problem of 
flow in multi-tube banks in a similar manner.

Discussion.
It must be remembered that while this particular 

section of the review deals with homogeneous theories of 
circulation, the greater part of the theoretical approach 
is of a general nature. The assumption of homogeneous 
flow affects only the following:

(a) The density determination during steam-water 
mixture flow.,

(b) The determination of friction during steam- 
water flow.

(c) The determination of acceleration forces.
The point open to criticism in the majority of the

papers referred to, in addition to the assumption of 
homogeneous flow, is that resistances and driving heads 
are evaluated in feet of water. During flow of an 
incompressible fluid there may be much to gain by such a 
procedure. There is little to gain where the fluid is 
compressible. It may, in fact, lead to misunderstanding. 
For/
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For example, there are instances where the energy per 
pound of mixture flow (i.e. ft. lb./lb.). has been 
treated as feet of water.



3. DETERMINATION AND EFFECT OF THE STEAM .
VELOCITY RELATIVE TO THE WATER.

Where a steam-water mixture flows in a tube the 
apparent or effective density of the mixture is considerably 
increased if the steam moves relative to, and faster than, 
the water. It follows that in inclined boiler tubes the 
available driving hesd will be reduced by any relative 
movement with reduction in the boiler circulation.

Schmidt, Schurig and Behringer (1933) carried out tests 
to find the steam velocity in a stationary column of water 
in a vertical tube.

The steam bubbles were generated at an electric 
heating element at the foot of the tube, and the quantity of 
steam flowing estimated from the electrical heat Input*

The pressure gradient in the tube was measured, and on 
the assumption that the pressure gradient was due only to 
the weight of the steam dnd water, the velocity of the 
steam bubbles was calculated. The results are shown in 
Figure 6.

Tests were then carried out on the two—tube boiler 
previously described. A liner was fitted Inside the riser 
tube, and weighed to determine the friction drag on the wall 
of the tube. The results were not satisfactorily analysed, 
although it is of interest to note that with a ^stationary* 
column of water, an upward flow of steam bubbles, and low 
steam contents, there was a noticeable doymward drag on the 
tube.

Tests/
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Tests using steam and water had eventually to "be 
abandoned due to serious fluctuations, and extensive tests 
were then carried out with air and water.

The final conclusion was that the relative velocity 
during flow of the water column is considerably' greater than 
with a stationary column.

Notfaman and Binder (1943) studied the effect of the 
relative velocity (slip) by determining the effective density 
for assumed.relative velocities over a range of pressure.

figure 7 shows the effect of the relative velocity on 
the available pressure difference, or driving head, based.on 
the assumption that the mixture circulates in a U-tube 
circuit in which the downcomer contains water -only, while the 
riser contains a mixture, the quality of which varies 
uniformly from 0 at the bottom to q at the top.

The quality q at any point is related to the effective 
density in the expression

? -
< // ■
1 + K fL-Pc
I + .n. />- a

Pa P - ft
where /<( is the ratio of the steam relative velocity to the 
velocity in the downcomer.

The general conclusion was that the relative velocity 
can have an important effect on the effective density, but 
that to date it was not possible to predict the actual 
magnitude of the relative velocity or the effective density. 

Petersen and Baldina (1949) analysed test results for
the/
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the vertical flow of steam-water mixtures by dimensional 
analysis.

The most important dimensionless quantities influencing 
flow are

(1) (2) -A (3) fr (4) -f-
U0 ' L

where U" and U0 are the steam and water velocities when • 
each occupies the total tube cross-section.
I°G and P, are the steam and water densities respectively,

'/• LT 2 ]Fr. is Froude’s 1'Iumber based on the water velocity U0[ / 
and yr is the relative roughness coefficient of the tube*

Tests with horizontal tubes indicate that the normal 
friction equation assuming homogeneous flow holds,within 
20rfo. This formula is assumed to hold for vertical tubes.

The pressure change due to the mixture weight over a 
vertical tube length was obtained by subtracting the 
friction pressure change calculated assuming homogeneous 
flow from, the experimental pressure change* From the 
mixture weight pressure change the ratio of the steam to 
tube cross-sections was determined. The ratios calculated 
are shown in Figure 8 to a base of /^0 for various Froude's 
Bumbers and for a boiler pressure of 150 Ib/in^ gauge.
It should be noticed that the denominator of the base ratio 
is (J0 , the velocity of the water before evaporation 
commenced. This is a matter of convenience Uq and UQ 
having similar magnitudes. As the tests were carried out 
at constant pressure and tube roughness, %*/Pu and G/f do not 
influence/ j
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influence the graph form.
It was considered that the curves obtained confirmed 

the choice of dimensionless parameters despite the slight 
variation with tube diameter, i.e. at any particular 
pressure,

* - + ( * • ■ £ )
However, for a general solution, the density

dimensionless ratio must be included, i.e.

"The most suitable method for practical purposes was the 
representation of this function as a correction coefficient 
for the tube bore occupied by steam at a basic pressure

_  /Xo) . £X lx I
a"where A ^ is also a function and Fr».

The hasic pressure was chosen as 32 a-fcmoe pheres, and the\
X n*variation of nnr with respect to Hr. and “  is as shown in
A  U0

Figure 9.
The magnitudes of are as obtained fromPigure 10.
The effect of tube inclination is also allowed for in a 

similar manner as the correction for pressure, although the 
limited number of results used in obtaining the necessary 
curves limits their value.

Discussion-
Schmidt, in calculating the relative velocity for the 

■tests/
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tests v?ith a stationary water column, assumes the measured 
pressure gradient in the tube is due to the mixture weight 
only. But tests carried out by Schmidt with a liner tube, 
indicate that even where the water is stationary there is 
appreciable drag on the tube, hence it would appear that the 
pressure gradient is due to the combined effect of density and 
wall friction. This suggests that the relative velocities 
shown in Figure 6 are inaccurate.

Petersen and Baldina have made the most successful 
attempt to date in correlating results for the flow of 
steam-water mixtures. One disadvantage, however, is that 
the curves obtained are directly applicable only to cases 
where there are no momentum forces.

The friction equation used also detracts from the 
final curves obtained from the experimental data. It is
assumed that the friction equation obtained for flow in

\horizontal tubes will be applicable to vertical tubes, an 
assumption which is hardly tenable when the increased relative, 
velocities which will occur with vertical flow are considered.

These experiments also indicate conclusively that the 
assumption of a homogeneous mixture will give density values 
considerably different from the actual experimental values.
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4. HYDROD YNAHIC THEORIES INTRODUCING 

 "RELATIVE VELOCITY"._______
Schwab (1947) in considering the flow of steam-water 

mixtures in vertical tubes, assumed the flow pattern to be 
that of a core of large steam bubbles with separating layers 
of water, and an annular ring of water as shown in Figure 11.

The friction pressure drop due to the flow of such a 
mixture was obtained by the following reasoning.

"The flow of water in the annular ring space is given 
by U, and hence it is possible to calculate with the aid of 
standard hydraulic formula the resistance to -flow in all
sections occupied by the steam bubbles,

X I ! ■ £ ■ / :
where /\ is the coefficient of friction and D is the 
hydraulic diameter of the annular flow area.

Assuming that frictional resistance takes place only at 
the solid surface and neglecting friction resulting between 
the water annulus and the steam, the hydraulic diameter may 
be expressed as 4 times the annular area divided by the 
wetted perimeter of the tube

D ---------jfci W
The normal friction equation for homogeneous flow is

used over, the lengths where the core is occupied by water.
From these assumptions the pressure drop over a given 

length can be readily expressed symbolically. A solution, 
however, requires'knowledge of the values of {^f^and dn .
These values can be determined if the ratio of the water in 
the/
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-the core to the total water flow, and the ratio of the core 
to annulus cross-sectional areas, are known.

The ratio of the water in the core to the total water 
flow is determined from the experimental results. The ratio 
of the core to annulus area is assumed to he that which will 
give the minimum pressure drop.

Very close agreement with the experimental results was 
obtained.

Waeselynck (1948)applied the experimental results 
obtained by Schmidt, Schurig, and Behringer for the flow of 
steam bubbles in stationary water columns. The theory is 
developed for the particular flow pattern where the central 
core is occupied by an emulsion consisting of water and steam 
bubbles with an annular ring of water.

Considering the equilibrium of a single bubble, the 
conventional equilibrium equation for a bubble under the 
force of gravity is

where R is the bubble radius,
bubble velocity relative to the mean 

mixture velocity;
is the emulsion density, 
is the steam density,

C is a constant.
An interesting point is raised in that the relative 

velocityis not the value obtained by Schmidt, as
Schmidt1s/



Schmidt fs value is the velocity of the bubble relative to

bubble velocity relative to the mean velocity of the 
mixture, where the mean velocity is defined as

rv\ X  L X Q
XL and Xq are the areas occupied by the liquid and steam,
UL is th e  meau liquid velocity, and U5 the steam velocity. 

Prom this starting point it can be shown that

where is the liquid density,
We is the relative velocity obtained by Schmidt, 

and U 0 ±s a constant depending only on the pressure*
(Jc is the value of obtained by extrapolating to the 
condition y£ *

Graphs of the ratio of the core area to the tube area 
to a base of the ratio of the steam area to: the tube area 
indicate that the theory is inapplicable at high steam 
contents* For example, at 100 lb/in^ gauge a value of the 
ratio of steam to tube area of 0.7 gives a value of the 
ratio of core to tube area greater than unity, which is 
impossible*

By a series of graphs obtained by extrapolating 
Schmidtrs results, the effective density of a steam water 
Goluma can be determined .

The pressure drop during the flow of such a mixture 
due to. friction is estimated in the following manner:

the mean absolute velocity

The/
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The loss of head in an emulsion containing a large 

proportion of steam, can he calculated in the same manner 
as for a homogeneous fluid of the kinematic viscosity of 
water at saturation temperature, having the same mass flow 
as the emulsion, and a mean velocity Um as defined above.

In the case of emulsions with relatively low steam 
contents, the equation approaches that of a homogeneous 
fluid with the kinematic viscosity of water at saturation 
temperature, and the emulsion density.

No indication of the accuracy of these friction 
equations or the range in which they are applicable is given. 
Discussion.

The annulus hydraulic diameter used by Schwab in 
calculating the friction pressure change during two-phase 
flow is that which exists when there is no shearing force i 

at the inter-face between the core and the annulus. The 
ratio of the core to annulus cross-sectional areas is 
asumed to be that which gives the minimum pressure drop.
These assumptions are presumably the explanation of the !
large discrepances found by Petersen on applying Schwab's
theory to larger diameters (2 inches) than those tested 
by Schwab (l"inch). The error amounted to as much as j;
200$ with a 2 inch diameter tube. ji

The theory developed by Waeselynck has the disadvantage; 
that its theoretical basis is correct only for low steam : 
contents and it may prove of considerable service under 
such conditions.
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5. "THERMODYNAMIC" THEORIES PE 

NATURAL CIRCULATION.
Silver (1946) considered the motive power of circulation 

to be due to the work done by the steam in expanding during 
formation. The expanding mixture was likened to that of a 
cylinder piston. No account was taken of any possible 
relative motion between the steam and water.

Davis (1948) expanded the above theory introducing the 
effect of relative velocity which was assumed to be that 
obtained by Schmidt with a stationary water column.

Heywood (1951) indicated that the thermodynamic equations 
give identical solutions to those obtained by the hydrodynamic 
equations.

Discussion.
The theories by Silver and Davis, while they may contribute 

to a clearer understanding of the driving force causing 
circulation, have been clearly shown by Heywood to be more 
laborious in application.

Heywood indicates the underlying unity of both theories, 
a-ftd it therefore, follows that due to its relative simplicity 
the hydromechanic theory is that to be recommended for use.
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6. TWO-PHASE FLOW IN HORIZONTAL TUBES.

The first detailed paper on the flow of evaporating 
water through tubes was given by Bottomley (1936).
Throughout the theoretical development the steam and water 
mixtures were treated as a homogeneous fluid with the 
viscosity of the water content.

Benjamin and Miller (1942) and Allen (1951) used 
equations similar to those developed by Bottomley in indicating 
the method of designing piping to carry a "flashing" mixture 
of water and steam, as did Davidson and others (1943) in 
considering the flow of boiling water through heated coils at 
pressures in the region of from 500 to 3>300 Ib/iip and 
McAdams,. Wood and Herman (1942) in analysing the flow of 
benzene-oil mixtures in tubes.

Both Davidson and McAdams evaluated the apparent 
friction factors during flow, and assumed that the 
discrepancies in the friction factors from the values expected 
were due to the velocity of the steam relative to the water.

Martinelli and others (1944) carried out an extensive 
experimental and theoretical investigation into the Isothermal 
flow of two—phase mixtures through horizontal tubes.
Experimental readings consisted of the phase mass flows and 
Pressure drops plus visual and photographic observations.
Tests were carried out with air and the following liquids, 
water, kerosene, diesel fuel, benzene, water plus nekal, and 
water plus kemenol. The addition of nekal and kemenol 
enabled the effect of liquid surface tension to be investigated. 

It/
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It was observed that if increasing quantities of air 

are introduced to a tube flowing full of water, the following 
types of flow successively occur:

(a) Bubbling flow in which the air flows along the 
top of the tube in the form of bubbles*

(b) Stratified flow in which the liquid flows along 
the bottom of the tube with a smooth surface, 
and the air above*

(c) Wave flow, which is similar to stratified flow, 
except that the interface is disturbed by waves.

(d) Slugging flow, in which occasional frothy slugs 
pass rapidly along the tube.

(e) Annular flow in which the liquid flows along the 
pipe wall while the gas fills the central core.
The liquid surface was covered with capillary waves.

At very low liquid flow rates, the type of flow changes 
directly from wave to annular, with no intermediate region 
of slug form.

The reduction of the water surface tension by adding 
nekal produces considerable foaming, flow pattern (a) being 
predominant. It is also of interest to note thattiis 
change did not alter the pressure drop recorded.

4

The analysis commences by assuming that the pressure 
drop will be the same in both phases, and that the pressure 
drop in each phase can be represented by the normal friction 
formula;



for the liquid phase, and
_ =  • Ug ■ / c ....................(it,

dl 2 - J - Dg
for the gas phase*

The symbols and D Q represent the hydraulic dianeier®
of the respective phases.

For a cylindrical flow pattern ~ D * * X  relate® the
hydraulic diameter to the cross—sectional area*

For a more complex cross-sectional area the following
\relationships may be written:

X , - 0 ( { t i ) .

where oL and J3 are, in effect, the ratios of the actual
cross-sectional areas of flow to the area of circles of
diameters D L and 0^ respectively. Consideration of the gas 
flow indicates that the gas flow area is approximately 
circular at all times, so that be considered luinity-*

The friction factors A, and A,. say os e x p r e s s e d  im Sae 
general Blasius form

\ _  (?) ' U  ..............   . RS**•“  f Mu |n

and

X l i r c ‘ .Q ”  / Mg
t %  'A ' 5 A

The various diameters are related

<■ ? U * +  i ® /  =  i d *
iocD* + XL —  d .  ........... r?



where d is the pipe diameter.
Oklfo/ 10-75' 2S

/ .......  . . R3

/ w

Using this equation to analyse the
O'ZS

Combining Equations Rl,f?2 , R5  ̂ RU and R7 gives

where is the pressure gradient when the gas flows
[di/a

alone through the pipe. This is the form for the particular 
case of both phases flowing turbulently, where Cj, = Cq. = 0.184 
and n : i s 0.2.
experimental results a plot of ~ "to a base of its multiplier 
in Equation R8 gave results lying with a scatter of ± 30$ 
about a mean line. By means of this mean curve it would 
then be possible to predict pressure drops during two-phase 
flow.

Armand (1946) carried out tests with air-water mixtures 
similar to those,carried out by Martinelli. In addition 
the tube was weighed during the mixture flow, so making it 
possible to estimate the respective cross-sectional areas 
occupied by the phases. The pipe length, weighed, was 
joined by flexible piping to the remainder of the plant.
If I represents the effective length, and if W0 represents 
the weight when filled with liquid, and W the weight when 
the mixture flows, then

w a = X- L /l
and

Iherefore
W  = K  l f’c, + X. ■ £ • /f 

W.- w  = X-L-/L - Xo L7& - Xfl-Z
Wo X L / f
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as /q is small compared with /£ .

The results are shown in Figure 12. The vertical 
axis represents ana the horizontal axis the ratio
of the steam flow volume to the total volume.

In addition, tests were carried out to determine the 
distribution of the mixture throughout the cross-section.
This was done by traversing the tube with a small sampling 
tube, and, at exit, by cutting up the stream by knives and 
measuring the content in various cross-sections. From, this 
work the following four fundamental flow patterns were 
defined;

(a) The water wets fully the tube walls. The 
central portion of the water carries in it air 
bubbles non-uniformly distributed over the 
cross-section.

(b) The water flows in the lower, and the air in the 
upper part of the tube.

(c) The water forms a film on the'wall, the air 
flowing in the central portion of the cross-section.

(d) The same type of flow, as (c) but the air entrains 
with it small water droplets. The water is 
distributed uniformly throughout the air.

The analysis was developed along the following lines.
The particular case of annular flow was considered.

The equations utilised are
Jf*u, (t-y)dy

where £ equals the thickness of the water film on the wall
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4-1
J\ is a numerical constant.

Equilibrium of an element of length of the mixture 
gives •.

2 \ \ T T 0 SJl =  u-T-fy

and the geometry of the flow pattern gives

s - r ( i - J j )
Combining the above equations gives

djp __ / djo | __________________

where is the pressure gradient if the liquid occupied
the tube cross-section alone, and A,f is a numerical constant.

This equation, which was developed for the particular 
case of annular flow, was further simplified to the foim

db _ (df>) R' 
d i  [ d l l  ( i -

The value of and n were found to vary with the 
ratio -jr , the experimental pressure drop results giving 
the following:

f  =  Oto 0 45 $ =  ( S  (l- $)•*

Is ■ 0 4 5 to oq ( M  o - )zz

f  =  M  to O-W ( | l 7| p



\/To enable the prediction of an expression was
A

developed as follows:
The air flowing in the core is assumed to obey the
same friction law as in the case of flow inside a tube, i*e.

\(Vc-uS-/°c 
^  2 3 ' d

and it is finally shown that where ^  > 0  12 (or ft> o  r )

, Xa L +  i m

where fi is the ratio of the air volume content 1d the 
total volume of flow and ?i?here

m  = k a ■ Re J /L
and where from' the experimental results

a =  0 (s9 + (l-0)(lt21 ■‘ijFt) . . . . : RIO
The equations give satisfactory agreement with the 

extensive experimental data obtained.
Armand (1947) in the following year applied his theory, 

used in the air-water experiments, to the analysis of 
steam-water flow in horizontal rough tubes. The friction 
factor X was 0.026. The term I w a s  evaluated where 
/3>0.9 using Equation R10 and where |3<0.9 by the expression

=  c ftX '
where c « 0 .8 3 3  + 0 .0 5  log-p and where p is the pressure in

The results on analysis gave the following forms of 
Equation E 9 .
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f  > 0 55 = (dj>) o-U8 Rrz

e < 0  *  d l  \ d i L  ( i - f ) n

where n « 1.9 + 1.48 x lO^p.
A variation in pressure from 10 to 180 atmospheres 

varies n from 1.9 to 2.17*
For greater than 0.9 the most satisfactory 

correlation was obtained with the formula
djp  /  dj> |  0o2s  /> +  O'OoS /?#3

M  “  l5 7 . o - f i V s .........................
Equations E.ll to E.13 enable the prediction of the

.pressure gradient due to friction during the horizontal flow
of steam-water mixtures with considerable accuracy. Th&

majority of the results are within f 20f£.
Burnell (1947) dealt with stean-water mixtures flowing

adiabatically through pipes where the pressure at exit was
normally the critical pressure. Analysing the test results
"by the method detaile,d by Bottomley, considerable discrepancy
was obtained between the theoretical and experimental critical

/

pressure, and the theoretical and experimental mass flows.
The theoretical mass flows were lower, and the pressures 
higher than those measured.

Burnell showed that this discrepancy could only be 
due to the wrong assumption that the steam and water moved 
with the same velocity. He showed that for certain tests 
the steam velocity must be approximately twice that of the 
water.

Bergelin/



Bergelin and Gazley (1949) continued the work of 
Martinelli, The paper is primarily devoted to stratified 
flow, where the liquid occupies the lower and the gas the 
upper part of the tube.

During experiments on stratified flow ”the interfacial 
position was measured by connecting a calibrated height gauge 
across opposed pressure taps located on the top and bottom 
of the section."

The interfacial measurement indicated that in particular 
circumstances there was a change in the respective cross- 
sectional areas occupied by the phases along the length of the 
tube. ,It follows that there will be an exchange of kinetic 
energy between the phases, a condition not allowed for In 
Martinelli1s theoretical development nor in other theoretical 
developments to date.

Analysis showed considerable discrepancy between 
theoretical (Martinelli) and experimental results, the error 
being as great as 100$.

Bergelin, Kegel, Carpenter and G-azley (1949) carried out 
tests with air-water mixtures flowing vertically downwards.
The conditions at entry to the pipe were such .that the 
liquid flowed along the wall. The data,'compared with ■ 
values based on Martinelli’s Theory, showed a scatter of 
30$. Okie trend of the experimental results, however, was 
counter to that expected from the theoretical development, 
suggesting that all relevant factors had not been considered. 

Application/



Application of the theory to vertical tube condensers 
with a wide range of condensing vapour gave a maximum error 
of 142/o.

Idnnin/; (1952) carried out tests similar to those
carried out by Burnell, but with considerably smaller tube 
diameters. Burnell’s tests were carried out with tubes from 
-J to 1-jjf inches diameter. binning tested with tubes of G.128 
inches bore and 0.06 inches bore.

A theory is developed for the cases of annular and 
stratified flew , and introduces the effect of variation in 
velocity between the steam and water.

The method of obtaining the ratio of the steam .and, 
water velocities is by equating the following equations*

(a) Steam phase continuity.
(b) Water phase continuity.
(e) Overall momentum.
(a) Liquid momentum.
(0 Overall energy.
(f) Steam phase energy.
(g) Relation of water velocity to interface velocity

The friction pressure drop is assumed calculable by 
the normal equation, where the velocity used is that of mater* 
aHd where the friction factor is that corresponding to a 
Seynoldp Humber based on the water velocity, density* and 
viscosity, and on the tube diameter. Satisfactory agreement 
between theoretical and experimental results is obtained 
over/



over the limited pressure range investigated by the author. 

Discussion.
The experimental results and analysis of Armand,

Burnell and binning indicate conclusively that considerable 
error is involved in the assumption of homogeneous flow.
The steam velocity is considerably greater than the wafer 
velocity.

The theories developed to date to include the effect of 
this relative velocity are either applicable to a restricted 
set of conditions, or are based on untenable assumptions.

Martinelli*s, theory falls within the first category. 
Martinelli, in effect, relates the liquid hydraulic diameter 
to the respective phase mass flows, densities and viscosities* 
the relationship being obtained from results with horizontal 
tubes. This relationship, will however only hold under the 
above conditions. Bor example, inclining the tube will 
increase the velocity of the gas relative to the liquid with 
a con©equant change in the liquid hydraulic diameter* This 
ii a possible explanation of the large divergence obtained 
'by Bergelin on comparing experimental results for vertical 
tubii with theoretical results based on Martinelli*s theory*

The experimental work and analysis of Armand is 
exemplary| although the formula proposed for the determination 

the' rati© of the steam to tube cross—sectional area ie not 
is a ferm. applicable to inclined tubes or to flow wkert 
i h t r t i a  feree© occur.

She/



The theory developed by Linning has already been 
criticised in a contribution to his published paper.
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7. GENERAL' DISCUS 51 pit.

During the flow of steam-water mixtures through 
horizontal or inclined tubes the work of many experimenters 
indicates that the steam moves relative to the water.
Petersen and Baldina show that this relative velocity is of 
such a magnitude that the effective density of the steam-water 
mixture is appreciably influenced.

Therefore, theories of circulation, such as that of 
Lewis and Robertson, based on the assumption of no relative 
movement, will give inaccurate results. A satisfactory 
theory of circulation will require consideration of the effect 
of relative velocity. This will affect the density, the 
momentum forces, and tube friction.

The problem is primarily the theoretical determination 
of the relative velocity. The theoretical development 
should be made on a basis which allows for the influence on 
the relative velocity of the following important considerations

(a) The effect of momentum forces.
(b) The effect of tube inclination.
(c) The effect of tube roughness.

Of the papers published to date, those by Schwab and 
Linnfng are the only theories which would appear to satisfy 
the above important considerations. Schwab assumed that 
in the flow of steam-water mixtures through vertical tubes, 
the flow velocities were such as to give the minimum 
pressure drop over the tube. This assumption has no 
theoretical foundation.

Linning/
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Linning in developing his theory, introduces an error 

into his steam phase energy equation. Developed correctly 
it will no longer he independent of the equations used in 
determining the velocity ratio.

It may he said in conclusion that as yet no theory has 
heen'developed on a sufficiently.hroad basis to enable its 
application to the various conditions of flow met with in 
boiler practice*

In the theory developed in the following sections an 
attempt has been made to fill this gap*

\
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INTBODUCTION.

One of the main difficulties in developing satisfactory
#

relationships enabling the prediction of pressure changes 
during two-phase flow is the present lack of knowledge 
regarding the respective phase velocities. The following 
sections contain the development of the fundamental 
relationships governing these velocities*



8. MODE, OP PLOW.

The experimental work of Armand indicates that during 
the flow of a liquid and a gas, or a liquid and a vapour, 
through a horizontal tube there are four possible flow 
patterns.

(a) The liquid flows in the lower, and the gas
in the upper part of the tube. The liquid wets 
only part of the tube wall. This form is 
referred to hereafter as stratified flow.

(b) The liquid wets fully the tube walls. The
central portion of the liquid carries in it • 
gas bubbles non-uniformly distributed over 
the cross-section.

(c) The liquid forms a film on the wall fully
wetting the surface. Gas flows.in the 
central .portion of the tube.

(d) The flow pattern is similar to (c), but the
gas now entrains with it small .liquid droplets,
which are uniformly distributed throughout
the gas.

Poms (b), (c) and (d) may be described by the general 
term nannular flow” in so far as there is an annulus of 
liquid surrounding a core of lighter density. Plow pattern 
■(d), where the core consists of gas entraining with it small 
liquid droplets uniformly dispersed, may be regarded as the 
more general case, and it is for this form that the following 
theory/



theory has been developed. Separated flow occurs only 
with small gas contents.

In addition the following assumptions are made:
(a) Both phases flow turbulently.
(b) The central core is uniformly dispersed 

around the tube axis.
(c) The 'gas and entrained liquid forming the core 

behave as a homogeneous fluid, the liquid 
having the same velocity as the gas.

(d) The Prandtl mixing length distribution is 
the same during single and two-phase flow.
The distribution calculated by Nikuradse for 
single-phase flow is shown in Figure 13.

This above assumption would appear contrary to 
the obseryation that diffusion does not occur throughout 
the two-phase mixture. If the above assumed independence 
of the mixing .length on the respective phase densities is 
true, it might be expected that the liquid would disperse 
throughout the gas, the equilibrium condition during 
horizontal flow being when diffusion upwards in the vertical 
plane balances the "free" downward velocity of the liquid 
relative to the gas.* That this does not occur must be 
attributed to the effects of surface tension, as 
Martinelli has shown that decreasing the surface tension 
tends to produce foaming or diffusion.

Martinelli also observed that at the interface the 
liquid surface was covered with capillary waves. While
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the surface tension tends to prevent diffusion at the . 
boundary, the wave amplitude is analogous in its effect 
to that of the prandtl mixing length. - The action of the 
gas on the liquid wave produces forces similar to those 
occurring due to momentum transfer within the phases. It 
may therefore be approximately the case that within the 
phases the mixing length is not affected by the surface 
tension at the phase boundary.

Having assumed the above mode of flow, the ratio 
of the gas to liquid velocities follows as shown in the 
following.

"Turbulent Transfer Mechanism and Suspended Sediment in Closed Channels" - Ismail.
Am. Soc. Civ. Engrs. Vol.77, Feb. 1951.
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9. BAT 10 OF THE' GAS" T0~ LIQUID VELOCITY. -

Prandtl has shown that, during the turbulent flow of a 
homogeneous fluid in a pipe, the' shearing stress X  at a 
radial distance y from the wall can be expressed in the form

mixing length, and the gradient of the velocity profile.
for liquid flow under such conditions the velocity 

profile is represented by curve oco' in Figure 14.
During two-phase flow with the same liquid mass flow in the 
annulus as for the single-phase case, and with a central 
core of gas, or vapour, and entrained liquid the velocity 
profile' is shown by curve Oabfcleo'.

The velocity profile in the annulus is assumed at 
present to be the same for both the single and two-phase 
cases. This latter point is dealt with in further detail 
in Section 12.

At a point a distance y from the wall, within the core, 
Prandtl*s Equation will be

where f> , and

. z

The suffix 2 denotes properties of the core. 
Combining Equations 1 and 2 gives

3
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57.
As discussed in the previous section the mixing length 

ratio l/iz is assumed unity, giving

M  _ M  jA.Ji a
<Lt will be shown that T-x/ t , is constant throughout the 

core, hence U3 and 113* the mean velocities in the core 
during single and two-phase flow relative to the velocity at 
the phase boundary are related thus (See Appendix C).

uJ =  u, A  JL
pz T,

If ub is the phase boundary velocity, the absolute 
velocity of the core mixture U2 is

"z = ^ u 3' = u b +  U3/ f ' Y  6
Now the core contains a mixture of gas and entrained 

liquid. Let q and w represent the respective proportions 
of gas and liquid in the core by weight per pound of flow.

Then
_  t *  to  ...................................  7

2 V / s W / i
As Ciy/j’ is presumably small relative to fy/fi this 

expression may be reduced to
/ >  .— ‘L L A L .  p    . 3

Also as the annular ring contains liquid only

A  = A  .........  . . . . . . . . .  <i

it/
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It can be shown from the continuity equations that 

the mean liquid velocity UL is related to she mean annulus 
velocity (j, in the expression (Equation A.11, Appendix A).

................... finu =  u. .<- ' l-^-w + w/k^

where Kz is the ratio of the core to annulus velocity,
and is obtained by dividing Equation 6 by the annulus 
velocity, i.e.

t/ _  n  . Mi. IA . J k ........... ,ioU, U ,Jf=z T,
This ratio is greater than the gas to liquid velocity

ratio, as the mean liquid velocity is greater than the
mean annulus velocity, due to part of the liquid possessing 
the core velocity. On the other hand, the core velocity 
is also the gas velocity.

The gas to liquid velocity ratio is obtained by 
substituting Equations# and 9 for and /J respectively . 
in Equation 6, then dividing by Equation A.11, i.e.

I/. 14 I-̂ -w +w/kz 1 i Tt
1-9. U, l-<l

n UxIt should be noted that and vf are velocityU, U|
ratios associated with a single-phase velocity profile.
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10. APPAOZILIATE POFJ.I OP THE 

0x13,TO LIQUID VELOCITY RATIO.
Present knowledge does not extend to the evaluation 

of the liquid content of the core, hence it is not possible 
to apply Equation 11 in its present form.

Prom inspection of a single-phase velocity profile it 
is evident that the ratio Ub/u, is slightly greater than 
unity. As its multiplier in Equation 11 will be slightly 
less than unity for small values of CO anq/or for values of 
near unity, it is reasonable to assume the product unity.

Equation 11 therefore becomes

I-‘{-Uj+to/fa I *{, Pl Tl I?
K -  1 + - u r  f r Tx

If the symbol Z is used to denote the expression 

Us h% -UJ+ uj/Kt. I $
u, !-% J i  + U

Equation 12 reduces to

 ,3

At a particular pressure during steam-water flow the 
term Z will be dependent on the core to tube cross-sectional 
ratio, and on the annulus mass flow. The variation in 
turbulence with annulus mass flow rate will be an important 
factor governing the mixing between the phases.

Consider now the possible variation of Z with pressure.
Por/



6 0 ,

For a particular core to tube cross-sectional ratio, ,

will vary only slightly with Reynolds'1 Number. The 
change in dryness fraction with increasing pressure may he 
predicted from Equation A12, i.e.

 ......................m z

x V/g + *(<-&/£
The velocity ratio equation indicates that K does not vary 
as rapidly as hence for a particular V x ratio the
dryness fraction will increase with increasing density.
Both the viscosity and surface tension of water decrease 
with increasing pressure suggesting that the mixing will 
increase with increasing pressure. Hence both q and w 

will increase with increasing pressure, with the result 
that Z will tend to remain constant with pressure variation.
This also suggests that Z zi&y have approximately the same
value during both steam-water and air-water flow.

As K may be determined from Armand's experiments with 
air-water flow, Z may be calculated from Equation 13.
The procedure is detailed in Appendix D, and the values 
obtained graphed in Figure 15. They are plotted to a base 
of gas to tube cross-sectional ratio for various liquid 
flow rates. It was not possible to relate Z to the more 
correct reference axis of core to tube cm ss-sectional 
ratio for various annulus flow rates, as the water content 
w was unknown.

No direct measurements of the velocity ratio K for 
steam-water mixtures are available, hence the values of 
obtained/
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Obtained with air-water mixtures are assumed to hold for 
the flow of steam-water mixtures. fhe values of will 
however, be applicable only to smooth tubes, as the air- 
water tests were carried out for this condition. The 
equations are developed to include the effect of tube 
roughness in Appendix K.



11. SHEABIHG STRESS RATIO Tz/T,
Equation 13 for the ratio of the gas to liquid 

velocities contains the shearing stress ratio T^/t,
This ratio is now determined by considering the equilibrium 
of an elementary cylinder in the core as shown in Figure 16*
The tube is inclined at an angle 0 to the horizontal, and

/

the flow is upwards. Increments in the direction of motion 
are taken as positive.

The following are the forces acting on the cylinder in 
the direction of motion. (Second order differentials are 
neglected),

(a) due to pressure change

[dlk

(b) due to shearing stresses on the cylinder walls.

- T z - 2 17*r* U
(c) due to the weight of the cylinder.

' ft StnB

(d) due to the core mixture momentum force
„  ̂̂  Uz SUz

- 4  • " r • ~ i ~
In developing this expression, and all similar 

expressions, the velocity and velocity changes are treated 
as the mean phase velocity and velocity changes respectively* 
This involves the substitution of mean velocity for root



64

F
iG

, 
/(

j
. 

E
q

u
il

ib
r

iu
m

 
of

 
c

o
p

e
 

e
l

e
m

e
n

t
.



65.
mean square velocity, together with a simplification of 
the same order in which the variation of mean velocity with 
cylinder radius is ignored.

As the above forces are in equilibrium,
__(db
\dULk
db] U -  n r * -  T2 ■ 2n- r - M  - f r n  rz SI sine

-  =  o
or

T  =  - —\<2_ n
/illi'SUi
St s . Ik

For the case of single-phase flow this reduces to

T - = ~ i ( d t L   ............................15
where T( and the shearing stress and friction
pressure gradient respectively during single-phase flow. 

Hence by dividing Equation 14 by 15

J2 =  tt,

, m ,
It will be seen that, as assumed in the development, the 
ratio is constant over the core*

In applying this equation /£ is substituted for 
as w is unknown. Since the gradients due to the core 
weight and momentum force are small relative to the total 
pressure gradient, little error is normally involved in 
this assumption.

Also, as will be discussed in detail in the following 
section, the pressure gradient during single-phase flow is 
assumed the same as that obtained during two-phase flow for 
a/



a particular annulus flow rate.
This reduces Equation 16 to

!* =  (jti* + /cSme + -qM z3Stil

T| ( $ L
If there are no momentum forces .this becomes

l i l +  /c’SmQ

£
>dilh 2

and further if the tube is in the horizontal plane
'V/j \ ( dk

h
T,

dJLJn
'£ 
dlki dJt In

Einal Equations. The velocity ratio equations are 
therefore applied in the following forms:

No momentum force.
n-h z

(a) Horizontal Tube

k  -
Inclined Tube.00

1  
P*
No momentum force.

K= i+Z % S m Q

(U)Ft
(c) Yertical Tube ( Stn® s I ) No momentum force.

fi. ( t /i +  Pc

Yertical Tube Momentum forces.
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12. MSTORTION W  3 ^

In developing the theory it has been assumed that the 
velocity profile in the annulus is the same for both the 
single and two-phase profiles considered. The actual 
profile will be determined by the shearing stress distribution 
in the annulus. This distribution is now determined by 
considering an elementary cylinder with a radius T  , 
greater than the core radius Ty as shown in Figure 17.

The following forces act on the elemental cylinder in 
the direction of motion (Second order differentials are 
neglected)

(a) ' due to the pressure change

(b)' due to shearing stresses on the cylinder,walls

-  ? r. $e

(c) due to the weight of cylinder

(d) due to the core mixture momentum force
2

(e) due to the momentum force of the annular ring
of liquid

As/
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As the above forces are in equilibrium

+*9ne -(/?-/?) £-sme
Nov; the pressure gradient is equal to the sum

of the pressure gradients due to friction I-4* )
(Ab\ Ak\mixture weight /-=£ » and momentum force
\JJL)pz U ej M*

It can be readily shown that

and
fMr - z s m 6 + (fi-tiT^'nQ

IJk) _  h  J3? _ A //_-?£] Uh u< 
I & L ~  U ’ ry $ (tv r1! J

i

Substituting Equations 25 and 26 in 24 gives

t '= — x  ' 2
/ik\ _a_AA/l - l U 0_ a(±_iYM*_ ilf?
U k  1  * ' M r 1  Y cv  r . * A  5  j  >

This equation indicates more clearly than Equation 24 
the variation of the shearing stress within the annulus.
For a single—phase fluid the shearing stress distribution

L
bears a linear relationship with the radius. equation 27 
indicates that with two—phase flow the shearing stresses 
vary non—linearly, except for the case of horizontal flow, 
with no momentum forces, when Equation 27 reduces to

T ' =  '  z i i l t ......................26
For the case of upward flow (i.e. 0 positive) the

shearing stresses vary less raj)idly with decreasing radius,



than for the case of single-phase flow, as will also the 'c
velocity profile gradient. With reference to figure 18, if 
q 'Gcl represents the annulus profile with linear shear 

distribution, then o' e* d* represents the profile with the 
non-linear stress variation obtained during upward flow in 
inclined tubes. The mean velocity is the same for both curves 
as the mass flow in the annulus is the same for both the single 
and two-phase cases considered.

The actual profile during two-phase flow is, therefore, 
represented by 0 /€/d'f rather than o/€ d f as assumed in 
the development. a s  Tq, / T( is constant throughout the core 
there is no distortion within the core. The only outcome, 
therefore, of this effect is its influence on the magnitude of 
Ub/U, . The form of the theoretical equation for the gas- 

liquid velocity ratio (Equation 11) is unchanged. The approx
imations made regarding the term containing Ub/uf will still be 
approximately true. ITo allowance for this effect is made in 
aPPlying the equations*

A further influence of distortion is the change of the 
shearing stresses at the wall for a particular annulus mass flow. 
Eor the same velocity profile in the annulus during single and 
two-phase flow, the wall shearing stress, and consequently the 
friction pressure change, must be the same during both flow 
conditions. if, however, the two-phase profile is distorted 
then the velocity gradient in the laminar wall layer must 
change (for the same thickness of laminar layer), altering the 
shearing stresses at the wall and the friction pressure change, 
nowever, in developing the friction equation (Section 15) this 
disuortion effect is neglected.
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13. EFFECT OF HEAT TBAN3FEB 

ON FLOV/ CONDITIONS.
The mechanism of heat transfer will have a considerable 

effect on the flow of an evaporating liquid. Where the heat 
is transferred through the tube walls evaporation will occur 
close to the wall. Presumably bubbles of vapour form close 
to the wall and move axially relative to the liquid, and al so 
radially inwards to coalesce with the core of the liquid and 
vapour flowing in the centre of the tube.
Annulus Density. In the development contained in Section 9, 
the flow in the annulus has been assumed that of a homogeneous 
liquid. It will be appreciated however, that in the case of 
heat transfer there is a mixture of liquid and vapour in 
the annulus.

Present knowledge of the axial and radial movements of 
vapour bubbles in an annulus of liquid is insufficient to 
predict the annulus equivalent density, hence it is 
suggested that the theoretical equation be applied assuming 
the density in the annulus is that of the liquid. The 
velocity ratio values thus obtained will be greater than 
those obtained using the actual annulus density, as 
inspection of Equation .11 indicates that K increases with 
the annulus density.
laminar Boundary Layer. The formation of steam bubbles in 
the region of the wall will presumably produce disturbances 
at the wall similar to those produced by rough tubes.
Hence the velocity change over the laminar layer will be 
reduced/



reduced, which will have the effect of increasing the 
ratios L/fa/l/, and U-j j\Js in Equation 11. The effect is 
neglected. This approximation will tend to counterbalance 
the assumption made above in neglecting the change in 
density of the annulus liquid.



shearing stress ratio T5/T. is positive. During the
downward flow in inclined tubes this ratio nay be negative. 
The manner of applying the equation under these circumstances 
requires care.

fundamental relationship between the velocity gradients and 
the shearing stresses can be written

However, on this occasion, as the shearing stress 
ratio has changed sign, so also must the gradient. Hence
the velocity profile will be as shown in figure 19. The
remainder of the theoretical development is unaffected.
The final form of the Velocity Ratio Equation is, therefore,

Xf the positive sign of "Hi is chosen, then the
positive sign must be used before the square root term.
Similarly with the negative sign. The appropriate sign ;
is that which will give a real value to the square root 
term.

let Tj denote negative values of T*

3 o

The general form may, therefore, be expressed
31

Where/
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Fig. 19. v e l o c i t y  P r o f i l e D o w n c o m e r
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Where flow occurs in a vertical downcomer tube, and 

inertia forces are negligible, Equation 31 is obtained in the
form

K  = i ±  z 3Z



PART III.

THE PROPOSED THEORY POR 
PRESSURE CHANGE DURING TWO PHASE-FLOW.
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IITIRODUCTIQH.

During the flo?/ of a homogeneous fluid, or a 
two-phase mixture the pressure change along the pipe 
may be due to the three distinct actions: firstly,
to the friction at the tube walls ; secondly, to 
the effect of the mixture weight;; thirdly to 
forces required to accelerate the fluid. These 
effects are dealt with in turn in the following 
sections.
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15 . PRESSURE CHANGE D'JE TO FRICTION,

During the flow of a single-phase liquid the friction 
pressure change is obtained from the equation

where U is I, he mean velocity. Let U, represent the velocity

If .during two-phase flow the velocity in the annulus 
is Uf , and the annulus profile is the same as for the 
single-phase case, then the friction pressure change is

As already discussed in Section 12, distortion of 
the annulus profile will influence the friction pressure 
gradient. This effect is, nowever, neglected and the 
above equation is assumed to hold where the annulus 
profile is distorted.

Now from Equation All(Appendix A), the mean 
velocity of the total water flow is related to the annulus 
velocity in the expression

33

in an annular ring during such flow conditions where U, s m 
The friction equation may now be written

also -
. . 3 5

. . fl/f

and



Substituting Equation All and 9 in 35 gives

Q  . X-S-l- li*-£ 3 <o

where
3 7

The term 0 from inspection of a single-phase
velocity profile is slightly greater than unity. The 
second term, as discussed in Section 10 will be slightly 
less. Consequently G was assumed unity giving

1 It is evident that where evaporation occurs at the 
wall the additional turbulence will tend to disrupt the 
laminar layer causing an increase in the friction 
pressure change. Inspection of the experimental data 
suggests a correction factor of 1.25 to allow for 
evaporation with heat transfer giving for this condition

Eor certain purposes the friction equations are 
more conveniently expressed in terms of mass flow rates, 
^rom the liquid continuity equation (Equation £-5)

Substituting this in Equation 36 gives on rearranging

3 8



Tiis friction factor A  will be that corresponding 
to tne Reynold's number associated with the annuius mass 
flow, Tliis is arrived at in a similar maimer to the 
dev el opiaent of the friction equation,

‘During flow of a single-phase fluid, Reynold's 
Number is defined as

Re, -  ....................................................*1

If U\ is the flow in an annular cross-sectional area
. of the tube where U, — 4r then1 O

R  =  fi .J . 5 -UL .................. ^

During two-phase flow it may therefore be assumed
that for'a velocity Ut in the annular ring

o. _  ' Ui  ............ 43
j j{

Now U. =• U •_______— — .... ............
L ' / - $  'CV + uj/k z

/? - /f . . .    • *

and = />U  ^
Substituting the above equations gives

O ( -  1*9,^ to 4- aj/lC'i 1 fj - d  • 0L 4 5
r  ea “ I a i-y J X

Here again the bracketed term may be assimed unity

S1Vlng o X - d -  U, . . .  . . .  44.
*** = a  “

This is the Reynold* s Number used in evaluating 
the friction factor A  •
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The weight of mixture over a length St is 
by the pressure change along the tube, i.e.

~ ( S l z  W  x =  M  + x t -se-/i}*«e. ^
where the equation is developed from consideration of the 
annulus ana core weighty during upward flow.

This nay also be written

~(§)n  M x  =  { k  M  A  +  K  X  £ } s,rlB- • «
where the equation is developed from consideration dT the 
gas and liquid weight.

The final form is the same from either starting point.
Equation 48 reduces to

- f 4 )  -
Substituting Equation A12, and A13, from Appendix A

for —  and —  respectively gives finally X X

f g h  - T ^ } s,n6............. **

% + Kp-q,) \ SinQ.......................... 5 0

W  I 1/p 4 < 0 - * ) / ?
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1 7 . PRESSURE CHANGES DUE TO I.ZOIISITTU:I HQROBS.

The equations may he developed using either the core 
and annulus velocities or the gas and liquid velocities.
The equations will differ from either starting point due 
to the use of mean velocities, rather than the root of 
the mean square velocities. The equation developed 
using the core annulus velocities would presumably more 
closely approach the actual values as it allows more 
completely for the variation in liquid velocity.
However, as the application of these equations Would 
necessitate a knowledge of the water concentration U) , 
the more approximate equations developed from the gas 
and liquid velocities are used.

These equations are now developed considering the 
momentum change over an element of length &■£ • Second 
order differentials are neglected.

The liquid momentum rate at the beginning of the element

ls u
3

The gas momentum rate at the beginning of the elemenu
is. a \

-7T' UC
9

The liquid momentum rate at the end of the element is 
- 6U l )  =  UL t  ^

4-The g;as momentum rate au the end of the element is



The rate of change of momentum is therefore
i.M .guo+ i.M.SuL+ (U<r uL)

Hence if is the pressure gradient due to 
momentum forces

- (-̂ 1 • X • Sf =  i- M- K  +- y  • «•K  + f'-M (Ue-

which gives



IB. C0M3IITSD EQUATIONS AHD SOLUTION.
During two-phase flow the total uressure chan*-eX 0

during the upward flow of the mixture is determined by 
combining Equations 38, 50 and 52

M  se- ^

\ se-u? f, , f V+K0'4) } U  Sme
2 3 d IVfh + *('-%)/£)

J T ^ U* + ^  x(uc_Ul)} ' ‘ '
The velocity ratio K is obtained from Equations 23 

and 38 in the form

r
+

fcfh ) - U'l & On
fL {'$k+ W * 6 + %  ~SeT

rc 2? -4
The method of solution is a trial and error process 

whereby for various assumed values of K the pressure chang 
is first calculated, and then a theoretical value 
calculated for I from Equation 54. Ehe correct solution 
is found when the assumed and calculated values of agree.

Where upward flow in vertical tubes occurs and there 
are no momentum forces, Equation 53 reduces to

x- se-u?-/i + f  i r J h i l L  
?3 d (V/’e+KO-ti/A

and Equation 54 to

7 hi 4

K -  1 -  z  7  " T H H
•' 'C ~ 2 ^ - 4

Where/



Where the flow is vertically downwards and there 
are no momentum forces the equations are slightly 
changed as SmS is now ^ ! in contrast to the positive 
value of unity when the flow is up a vertical tube.

Equation 53 becomes

K(l-fr)
t - r a + kg-*)/*

and Equation 54 (See Section 14)

2 a ■ d
. Si .  .

K = - l ±  Z
ft .

V  ul-Pu 
G 2 g cl

85.
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58
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PART IV.

APPLICATION OR THE PROPOSED THEORY TO 
. THE ANALYSIS OF THE EXPERIMENTAL DATA OF 
 ________PREVIOUS INVESTIGATORS._________.

Page.
19. Liquid concentration in core (Armand’s experiments) 87.
20. Friction during air-water flow (Martinelli' s 

experiments) ............   ... ... ... 91.
21. Pressure change during the flow of steam-water 

mixtures in vertical tubes (Schwab’s experiments) 94.
22. Pressure changes during the downward flow of 

air-water mixtures in vertical tubes (Bergelin's 98.
experiments)  .........................  •••

23. ’’Stagnation” point during flow in downcomers 
(Lowenstein ’ s experiments) ... ... ... ... 103.

INTRODUCTION.
The theoretical equations just developed are 

applied in this section to the analysis of results from 
previous investigators.



LIQUID CENCEETEAHON IN COES 
(AEI.1AND' S S2PEBIIIBNT3)

An approximate check on the validity of Equation 12,

is obtained by using it to analyse the results obtained 
by Armand for air-water mixtures flowing through smooth 
horizontal tubes, (figure 1 2 )

Armand weighed the tube while the two-phase mixture 
flowed* from which it was possible to determine the 
cross-sectional areas occupied by the respective phases, 
from this data the author determined the velocity ratio 
K as shown in Appendix D.

The ratio U3/ 1J, can be calculated from, a single-phase 
velocity profile, and it will be that corresponding to 
the Reynold1 s Humber in the annulus. As the variation 
of U3/U, with Reynold’s Number is slight, all values 
used correspond to a Reynold's Number of 105*000. This 
is an approximate mean value of Reynold's Number during

viz:

•-T. vH+o) Pc T,

As the tests were carried out in the horizontal
T"plane -̂  = | (Equation 19). Also as uj is small

may "De assumed unity. This reduces
Equation 12 to



88
trie tests.

Armand measured the respective flow rates of air and 
water, hence q is known, and consequently the only unknown 
in Equation 59 is the water content uj of the core* This was 
evaluated and plotted to a base of the ratio of gas to tube 
cross-sectional areas in Figure 20* A specimen calculation 
is given in Appendix D*

Discussion*
The small magnitude of the water concentration 

throughout is consistent with the assumptions made in 
developing the theory.

yAbove ~y ~ =  oiz there is a marked variation of the 
water content with the water flow rate. The increasing 
water concentration in this region with increasing mass flow 
is due to the greater turbulence with larger flows. The 
increased turbulence will increase the mixing between the 
phases* The concentration oJ in the core decreases to zero 
with decreasing water flow rates, ana, in fact, slightly 
negative water concentrations are obtained with the smallest 
experimental mass flow. This is, no doubt, due to the 
approximate nature of the equations, and "Che most likely 
explanation lies in the ratio of the Prandtl mixing lengths
& / being assumed unity.

Belov? -4-r- — o-iz it was not possible to discern aA
variation of the experimental data with mass fxow rale, h  
is probable that a variation with flow raoe exists in uhis 
region also, but that the experimental technique lacked
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the necessary sensitivity. The majority of the 
experimental results on Figure 12 lie between lines 
represented by the equations =o-8h/3 and -  0-805/3

and the water concentration has been determined for these 
two cases* The magnitude of the water concentration 
throughout indicates the equations are approximately true*



20. FBIOilON DURING AIR-UA1ER FLOR. 
(lAAxIIFDLLI1 5 DIPERILIENIS)

The results analysed in this section are those 
obtained by Ivlartinelli for the flow of air-water mixtures 
through horizontal tubes.

In Section 15 the pressure drop due to friction has 
been obtained in the form (Equation 40)

fa i h M
*Regrouping and substituting h for the power of vu

91

) t  -  C

In logarithmic form this is
i2:

=  Lo3 Q  +  n U & )

GO

In view of this relationship Martinelli1s results 
were graphed using log aS
the vertical axis, and log X/X^as the base. In this 
manner if the results lie on a single line, the slope of 
the line represents n and the value of Q will be the
value of - ( g )n / ^ d (~i g f j r  ^  ^  is zero*

In evaluating the velocity ratio K is assumed
that obtained from Armand's experiments for air-water 
mixtures flowing under similar conditions.

The results are shown in Figure 21. The slope of 
the line through the experimental results is Z and Q 
is 0*75, i.e. a mean line through the experimental points 
represents/
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R BflSE Of Locj X /X L For R ir>  W a te r  

E x p e r im e n ts  ( ^qgTnvEiu)

m

015050.25

X U'5 lb/$ec 
0  3 lb/sec. 

□  £ lb/3ec 
&  1-5 lb/sec. 

V  I lb/sec.

+ 07 lb/sec.

-0-25



represents the equation

All but three of the test results lie within 25^ 
of the mean line*

The value of Q is rather further from unity than 
expected though it is sufficiently close to confirm on 
a broad basis the reasoning leading to '.Equation 40, as 
does also the slope of the mean line through the 
experimental points.
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Pile theory developed in Parts II and III of this 
report is applied to the analysis of results given hy Schwab 
for the adiabatic flow of steam—water mixtures in vertical 
tub es.

The pressure gradients during the vaiious flow 
conditions are small enough to allow the changes in steam, 
density and in mixture quality to be neglected, with the 
result that the pressure change may be considered as due 
solely to the mixture weight and to friction, the momentum 
forces being neglected.

The pressure change is (Equation 55)

where the Z term is that obtained from experiments with 
air-water mixtures as given in Figure 15.

St

The friction factor X is that corresponding to a 
Eeynold’s Number

The velocity ratio K is determined using Equation 56

The theoretical pressure change and velocity rati o are 
those which make Equations 55 5 c compatiole. The
values obtained are given in Tables 1 ana 2 where, to 
facilitate comparison, the pressure change actually
measured/
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Pressore <72 Ib/g" £V?u6g.____________Tuee i* floac__________

Test

No.

%

Ib/sec.ft1

Durness
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<1
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K

Pqessm Cudnca ll»/a" ft.
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-  SrflNoiw  
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2 62-9 0-105 5-7 0-1/1+ 0 119 0-0k2

00585 3-16 0-H9 0-122 0-053
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o .m /

/ 0-Zol 0-/t>2 0-08

G 0-0605 2-95 0-153 0-/5 0-072
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0 306/
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Trble II
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39 003^7 125 0-229 0 2 3 2 O-2 / l

90 1 8 0 0605 t2 7 0 20 0 2 /3 0 199

9 I ■ 0 Oh-Ol 126 0-212/0.2/5 0 2 2 9 0-2/2

92 0 0 1 6 b 120 02Z<c/o.23& 0 .2 9 9 O 239

93 16-8 0.0381 /■2o 0-2/9/o22l O- 2 66 0.2/1

99 0 0305 t ‘ 1 0 228/e> 212 0-211 0 2 3
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measured is tabulated alongside tlie values calculated for 
botxi the proposed theory and the standard homogeneous flovr 
theory.

, due latter theory gives the equation for the ores sure 
change in the form.

-(Jk).M= x u *  ge
\diJt_ 4 (V£+M)//f) %/fc +C'-̂ )//2.

where the velocity (J is obtained from the equation

Lev^is and Robertson suggested the value of X  be 
assumed 0.02, and this value has been used throughout where 
the homogeneous theory has been used.

The methods of calculation are shown in Appendix H.

Discussion.
The proposed theory gives good agreement with the 

experimental results, the maximum error, with the exception 
of Test ho. 10, being of the order of 1#, whereas with the 
homogeneous theory the error is as much as bO^. as might 
be expected, where K approaches unity hue error wxth either
theory is small.

It will be observed that the maximum value of K is 5.7 
with a minimum value close to 1* In general uhe velocity 
ratio decreases with increasing pressure, due to hie increase 
in steam density.



oi A i s - x i m  nn:
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ifiiere mixtures flow downward in smooth. vertical tubes 
with no inertia forces, the pressure change is determined 
using Equation 57.

^  -t k (i-<0 se
\/& + kO - W / 2  .

The velocity ratio is obtained from Equation 58 

i y | , -7 I ^  “[CcCf)*
K  ~ !± Z , 7 H J

63
where ____

-7 _ /" ?/ ~ W W  I %
U,' J i  + u j .........

In the experiments of Bergelin, conditions at entry to 
the pipe tend to ensure that the liquid " flowed down the tube 
wall. The liquid mass flow rates and the probable gas to 
tube cross-sectional ratios are of such an order txiat xrom 
the analysis contained in Section 19 it would appear likely 
that there would be little mixing between rue phases. as 
the water concentration cu is therefore small it is possiole 
to reduce Equation 63 to

Us ..................   .z - Uf

Hence Equation 58 becomes



QQ
It is essential to reduce the equation to tills fora as 

tne Z curve (figure 15) does not cover the necessary range 
of Ixquia mass flows or gas to tube cross-sectional ratios *
The values of Uẑ/u, are determined from the single—phase 
velocity profile during flow through smooth tubes,

lie solution of the equations is similar to that used 
in the analysis of steam-water flow in the preceding section, 
the theoretical values of the pressure change and velocity 
ratio being those which make Equations 57 and 65 compatible.
A detailed calculation is given in Appendix E.

The theoretical values of the pressure change are 
compared with the experimental values in Figure 22 where 
they are plotted to a base of air flow rate for various 
water flow rates.

The theoretical values of the velocity ratio K a^e 
plotted to similar axes in figure 23, where they are 
compared with the velocity ratio values which, on substitution 
in Equation 57, would give the experimental pressure change. 
This latter velocity ratio is referred to hereafter as the 
experimental value of the velocity ratio.

In the region where the line through the experimental 
points is represented by a dotted line the pressure gradient 
varied along the pips length. In this region one velocity 
ratio K is presumably changing along the tuoe length, with 

interchange of kinetic energy between the phases. It is 
not possible to allow for this in the analysis.
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Discussion. ±u^

Outwith the region where the velocity ratio appears 
ro vary along the tube length, the theoretical values of 
the pressure change agree with the experimental values 
within - 62%. This agreement is not as satisfactory as 
that obtained by Bergelin using Martinelli's Theory which 
gave agreement within f 30%.-It should be remembered, 
however, that Martinelli's approach is empirical.

The agreement obtained by the application of the 
Martinelli Theory to vertical tubes would appear fortuitous, 
as the pressure change due to the weight of the mixture 
has not been introduced. The reasoning behind this omission 
would appear to be that the equations give the friction 
pressure change in the air phase, and that, as the weight 
of the air is negligible, this will be the total pressure 
change. This approach would appear fundamentally unsound.

With the proposed theory the mixture weight has an 
appreciable influence. For example, where the water and 
air flow rates are 1400, and 80 lb/hr. respectively, the 
friction pressure change and the mixture weight pressure 
ohangs are 18.6 and 8 lb/ft2 ft. respectively, giving the 
resultant pressure change as 10.6 lb/ft2 ft. as compared 
with the experimental value of 7.9 lb/ft ft.

The values of the theoretical and experimental velocity 
ratios outwith the region where conditions vary along the 
tube, agree within 20%, which gives further confirmation of 
the equation enabling the determination of the velocity ratio



23. "33FFJKAFIOK" POIF? DUEIIJS FLOW ITT 
_______ POvTKCOIiSR XD3F3.________

Under certain conditions natural circulation in a 
water-tube boiler breaks down completely, the riser tube 
no longer receiving; sufficient water from the downcomer 
tubes. This condition is referred to as stagnation, and 
Lowenstein, after an extensive experimental investigation 
with a two-tube boiler, concluded that this can be due to 
two causes. Firstly, due to an excessive evaporation rate 
in the downcomer, the steam forms a restriction such that 
insufficient water passes down the downcomer tube.
Secondly, due to a considerably smaller evaporation rate, 
where the steam velocity is zero, the steam forms with 
continued evaporation, a restriction in the downcomer as 
in the first case. The steam velocity will be zero when 
the upward flow of the steam relative to the water equals 
the downward water velocity.

In attempting to obtain stagnation due to the latter 
cause, Lowenstein produced evaporation in the downcomer by 
subjecting the boiler to pressure drops from a pressure of 
60 atmospheres to 40 atmospheres. Lowenstein found that 
where the mass flow in the downcomer before commencing the 
pressure drop was in the region oi 95.8 to 103.5 lb/ft.2 sec., 
circulation was maintained as the steam flowed downwards witn 
the water. Where the mass flow was initially 50.6 to 
60.5 lb/ft2.sec., circulation continued as the steam flowed 
upwards to the steam drum* There me mass j.1ow was 
initially 80.3 to 87.9 lb/ft.2 sec., the steam velocity was 
in/



104.
in the vicinity of zero, with the result that the downcomer 
tube was blocked. The results do not indicate the precise 
mass flow at which the steam velocity is zero as the mass 
flows quoted are those present prior to the pressure drop.
It is to be assumed that the evaporation produced would tend 
to reduce the mass flow in the downcomer. Therefore, it 
can only be said with certainty that the velocity of the 
steam in the downcomer will be zero for certain mass flow 
rates less than 87*9 lb/ft.^ sec. This will naturally 
only apply with the tube diameter (1.18 in.), and pressure 
region investigated by lowenstein.

It is of interest to investigate the theoretical 
stagnation point. In applying the theoretical equation 
it-is not possible to apply the equation to the limiting 
condition vdiere the steam velocity is zero, i.e. where the 
velocity ratio K = 0. The theoretical equations are 
applied to find the mass flow in the downcomer compatible 
with K = 0.1, this being an approximation to the condition 
when the steam velocity is zero. The procedure is detailed 
in Appendix F, the calculations assuming a pressure of
50 atmospheres.

The theoretical mass flows giving h — 0.1 are shown 
in Figure 24 to a base of mixture quality. ±ne change in 
the mass flow curve at q — 0.009 is associated with the 
critical 2 value at = 0.7Z * ^ie ranoe 0;f quality 
investigated is limited by the range of the Z - x curve.

Figure 24 suggests that the critical condition occurs
with./
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106.
with, mass flows in the region from 36.6 to 88 lb/ft.2 sec., 
which agrees with the observations of lowenstein. It is 
not suggested that the proposed equations will 'give an 
accurate solution to the problem of stagnation. For one 
thing, the Prandtl mixing length distribution when K is 
near zero. is a matter of some conjecture. However, the 
agreement' obtained with experimental observation for this 
limiting condition gives valuable confirmation of the 
general form of the equations.
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24. BRITISH SHIPBUILDING RESBARCH ASSOCIATION 
 EXPERIMENTAL BOILER.____________

The plant was designed to enable the investigation of 
the fundamental laws governing natural circulation. It 
consists of a two—tube water—tube boiler designed for a 
maximum, working pressure of 1500 lb/in.2 and a maximum heat 
transfer rate of 120,000 B. Th.U/ft.2 hr. over a heated 
length of 1016" with a tube 2i" O.D.

The plant operates on a simple closed system, the 
steam generated being condensed in a condenser integral with 
the steam drum, the condensate refluxing into the steam drum. 
Boiler. The steam drum is 23” internal diameter and 5f 9rJ-,f 
long, and the water drum is 10" internal diameter and 6*0” 
long.

The steam drum has, in addition to the usual manholes 
and mountings, a 4" bore stand pipe to take the integral 
condenser, which stands vertically above the drum. The stand 
pipes for the riser and downcomer tubes take internal 
sleeves so that the internal tube diameters may be‘uniform 
throughout. The internal sleeve for the downcomer tube 
stops 10" below mid-drum level, and for the riser 3” above 
mid—drum level. This ensures above water discnarge from 
the tube.

The water drum is fitted with inspection doors, stand 
pipes for tubes, and blow down valve.

The downcomer and riser tubes each consist o± a 13 
foot length of tube, 2^” O.D. and 1. o98m I.D. flanged at
Doth/



109,
booh ends to 1 1 Cn long distance pieces. The distance 
pieces are introduced to carry pressure tapping points, 
thermocouple pockets and Pitot tubes. The system is shown 
in Figures 25 and 26.
Integral Condenser. The condenser is fitted directly above 
the steam drum. It comprises a single tube 64-" O.D.,
5-f" I.D. and 516" long, surrounded by an annular cooling 
water jacket. The cooling water enters the bottom of the 
annulus discharges at any one of four exit pipes fitted at 
12" intervals up the length of the condenser. Frit valves 
allow the effective cooling surface to be varied. The 
cooling water flow is‘ controlled by a hand operated stop 
valve with a small bye-pass valve for fine adjustment.
The system is indicated in Figure 27.
Furnace. The furnace space, 18" square and 10*6" long, is 
surrounded on all sides by a 9" thick insulating refractory 
lining backed by a steel shell. The heating elements are 
silica carbide “Globars" 1" diameter, 39" long, of which 
the mid 20” length is the effective heating portion. They 
are placed horizontally along each 18" side of the furnace 
space pitched vertically at 3" centres. Thus the "G-lobarsM 
form a cage approximately 15" square by ICHo11 high with 
the riser tube passing through the centre.

Six cooper bus—bars are carried on insulators up eacn 
outside face of the furnace and flexible connections are 
taken from these to the HGlobarM enus uo which uhey are 
secured by metal clips. The connections are so arranged 
that/
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that the three phases are approximately balanced-. The 
bus-bars are feu by flexible cables 'to the secondary 
terminals of a transformer.
Transformer. The transformer is of the oil-cooled type 
and has the following rating:— KVA 300, 3-phase, 50 cycles, 
Volts (No load) 440/80.6/32.8, Amperes 394/1820.

By.a system of tappings, the following secondary 
voltages are available: 80.6, 72.6, 66.5, 58.5, 46.5,
41.7, 38.4 and 33.8.

The transformer is fed from the 440 volt main through 
an air circuit breaker.
Miscellaneous. In addition, the boiler is equipped with 
an air valve, pressure gauge, safety valve, level gauge 
and an Igema "remote” level gauge.i
Operational Procedure. The boiler is first filled with 
distilled water to mid-drum level, then the furnace switched 
on with the transformer at a suitable voltage tapping to 
give the approximate heat input required. The air valve 
is kept open during the preliminary heating, and is closed 
when all air has been expelled from the steam drum. The 
pressure then rises until the condenser is brought into 
operation. The boiler pressure is conveniently controlled 
by adjustment of the condenser cooling water valve.
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25. INSTRUMENTATION.

As far as possible continuous records were taken of 
all important readings. Where greater accuracy was 
required these were supported, where necessary, by 
independent readings.
Pressures. A pressure recorder gives a continuous record 
of the boiler pressure. This was used for control purposes, 
the actual test readings being taken from the boiler pressure 
gauge.

A differential pressure recorder can be connected 
through manifolds and valves as indicated in figure 28, 
to any of the following points:- steam dium, water drum, 
riser tube top, riser tube bottom. Thus the differential 
pressure between any two of these points can be obtained 
and checked by integration.
flow Quantities. The cooling water flow rate is continuously 
recorded on a flow recorder. Again the recorder is used • 
simply for purposes of control, and the actual test readings 
are taken by direct measurement in a 240 gallon calibrated 
tank.

The circulation is measured by a reverse type .Pitot 
tube positioned at the bottom of the downcomer tube, the 
head readings being taken continuously on a flow recorder. 
Temperatures. The instruments for temperature readings 
comprise thermocouples used in conjunction with a ,,6-point,, 
Kent "Multelec" recorder, and a 24-point "Manual” indicator,
an optical pyrometer, and mercury thermometers.
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The following temperatures are observed;—
Cooling water at condenser inlet and outlet by 

thermocouples and thermometers;
Boiler water at top and bottom of downcomer;
Furnace inner wall temperature, and ^Globar” element 

temperature.
The thermocouples were of Chrbmel-Alumel. The 

furnace and "G-lobar" surfaces were taken by optical 
pyrometer through eye holes in the furnace wall, the holes 
being plugged when not in use.



  . 26. CALIBRATEOH -TESTS. 117*
This section of the report does not concern itself 

with the routine checks required on the calibration of 
pressure gauges, differential recorders etc., but with those 
tests which were necessary for a full interpretation of 
experimental data obtained.
Pitot Tube. The Pitot tube was calibrated in situ by
pumping water into the steam drum, blocking the riser tube,
and taking the water away from the water drum. The water 
flow was measured in a calibrated tank. The head reading in 
feet was found to be related to the downcomer velocity in 
the expression.

x1'
h -  M 3 8  •■5 7 — ....................... 44

Tube Friction* The tubes used were tested in the horizontal
/for tube friction, the pressure drop over the tube being 

measured using water manometers for various water flow rates. 
All tubes, when new, were found to be smooth. During the 
period of the tests, the downcomer tube became rough due to 
corrosion, having eventually a friction factor X = 0.0288.
The riser tubes were frequently changed due to the tube 
distorting. During their period of use they remained smooth. 
Purnace Heat Losses. A certain proportion of the electrical 
heat input to the furnace is lost- through the furnace walls. 
The method of determining the heat loss was as follows.
The riser tube was extracted from the furnace and the ends 
sealed. The furnace was then operated. Using an 
optical/



- 118 
optical pyrometer, the furnace wall temperature was
noted when it became constant. 'The furnace heat input
was measured using wattmeters. When the temperature
was constant the electrical input balanced the heat loss
from the furnace,. Figure 29 was obtained from a series
of such experiments.
Boiler Heat Loss. ' The method of determining the heat loss 
from the boiler is now described. The boiler pressure was . 
raised to approximately 1,000 lb/in.2, then the furnace 
switched off. The pressure was maintained by reducing 
the cooling water flow to the .condenser,. When the cooling 
water was completely shut off the pressure began to fall 
and the pressure drop on a time base was obtained from 
the pressure recorder. Assuming that by this time no 
heat is being transferred from the furnace, the heat loss 
from the boiler may be estimated from the pressure time 
gradient. This calculation .̂ ave the curves of heat loss to 
saturation temperature shown in Figure 30. It will be seen 
that with decreasing saturation temperature the heat loss 
apparently rises and falls. The initial rise is presumably 
due to the heat still being transferred to the riser from 
the furnace. It will be seen that the curves tend to 
become linear, and on projecting give zero heat loss at 
approximately 150°F. This heat loss curve is for the case 
where the furnace is not in operatl on, consequently the 
temperature around the boiler will be considerably less than 
during actual operating conditions. When the furnace is 
in/
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in operation if the temperature of the surroundings be 

oassumed 50 F. higher, and the slope of the experimental 
%

line still holds, then the' estimated boiler heat loss might 
well be that shown by the proposed line in Figure 30.

<?B =  So(ts-  2 o o ) ............................ . 4.7

where Q sis the boiler heat loss in B.Th.U./hr. and t5 is 
the saturation temperature.



27. TEST PROGRAMME, PEOCEDUBE AND 122.
' ______SPECIMEN BEMDINGS. :

All tests were carried out using a vertical tube 1.698 
inch bore. The heat input was varied to give a range of heat 
treansfer rates from 23,000 B.fh.U/hr.ft.2 to 120,000 B. lh.U/hr.ftP ! 
of outer tube surface. |

Tests were carried out, first with no restriction, then with \ 
a series of restricting orifices at entry to the tube. Without ! 
the introduction of the orifice the circulation velocity at any 
particular pressure is solely dependent on the heat input. The 
introduction of the restricting orifice widens the scope of the 
analysis by introducing another variable. The orifice produces 
the same characteristics, in the riser as would be obtained by 
the introduction of a downcomer of smaller diameter.

The orifices used were -§-fl, fn, -|M and £n diameter. 1
With the smaller restricting orifices the maximum heating 

was. not used, due to the danger of overheating with reduced flow. 
Test Procedure. The test procedure is as follows

First the transformer is adjusted to a suitable voltage 
tapping and the appropriate restricting orifice fitted at entry 
to riser.

/

The power is then switched on and the boiler pressure 
raised to approximately 50 lb/in.2 gauge. Test readings are 
not taken until all readings have become steady. Normally the !!
furnace brick temperature takes longest to attain a steady 
temperature. When steady conditions have been obtained the 
following readings are taken over a period of approximately 1 hois !

(a) The condenser heat balance is taken at the i f
beginning/ \



123.beginning, middle and end of the test, i.e.
cooling water, mass flow, and inlet and., outlet
temperatures measured. ....

(b) Every possible combination of differential 
pressure using the four tapping, points is recorded 
on the differential pressure recorder, i.e. six 
differential pressure readings are taken. Each 
differential pressure is recorded for a period of 
approximately 10 minutes to ensure, a steady 
reading is obtained. The duration of each test 
is primarly determined by this procedure.

(c) All temperature readings are taken twice during 
each test.

(d) The Pitot reading, which remains constant is 
recorded.

(e) The yjattmeters giving the electric power to the 
furnace are read.'

This procedure is repeated for a series of pressures 
over the operating range. • More tests are carried out in 
the lower pressure region, as the physical variables change 
more rapidly with pressure in this region.
Test Results. A typical set of test readings are shown in
Table 3.
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28. CONVERSION AMD INTERPRETATION OP 
________TEST_HEADINGS._______

1. Pitot Velocity. The instrument was calibrated at
atmospheric pressure using water at approximately 60°P.,
and calibration indicated that the head' in feet was
related to the downcomer velocity in the expression.

h-  i - n e - f j .......................
It is assumed that the calibration constant will hold

over the range of conditions met with in the tests.
It must be remembered in using Equation 68 that f) i

vin feet of water at the conditions prevailing at the Pitot 
tube. The recorder on the other hand gives the Pitot head 
( ) in inches of water at atmospheric conditions, thus
a density correction must be applied., If and /£ are 
the densities at atmospheric and Pitot conditions 
respectively then,

hg fa ^ ...................

from which _____________
u . ,11 . J a . A

I-936 It fi

2* Differential Pressures. The differential pressure 
recorder was calibrated with water at 60°P• and atmospheric 
pressure.

A recorder- reading of h& inches of water, therefore, 
represents a pressure difference of



where P^ is the density of water at atmospheric pressure

When the valves are arranged to give the pressure 
difference between the steam and water drum tapping points 
the steam drum is exerting a pressure of

at the instrument, where PSQ is the pressure at the steam 
drum tapping point, /°c is the density of water in the 
pressure limbs connecting the tapping point with the 
instrument, and L is the height from the water drum to 
the pressure recorder. (See Figure 28).

Similarly, the water drum exerts a pressure of

at the instrument, where Pwo is the pressure at the water 
drum.

Consequently,

and a temperature of 60°P.

Hence,

where the units are pounds and feet. 
Similarly/



Similarly,

Where the' suffixes El and ES refer to the riser top 
and riser bottom tapping points.

The density of the water varies along the lengths of 
the copper pressure limbs due to temperature variations, 
consequently the ratio P. / PA varies over the lengths.-

Tests with thermocouples on the pressure limbs 
indicated that the temperature in the’limbs adjacent to- 
the furnace had a temperature variation from 110 to 160°P. 
while in the region of the steam and -water drums the limb

Having regard to the above temperature variations the 
following ratios of P were adopted:-

temperatures were of the order of 100°P

Water drum to riser bottom - /?/£ -  O-M

Eiser bottom to riser top



128.The-allowances over the other lengths can be 
estimated from these assumptions.
3. Steam Evaporation. The steam is condensed by the 

condenser heat transfer and the heat loss through the top 
half of the steam drum. This total heat transfer divided 
by the latent heat gives the pound of steam evaporated.
Prom knowledge of the mass, flow the dryness fraction at the 
top of the riser tube may then be determined.

The method of obtaining the heat transfer through the 
upper half of the steam drum is as follows.

The areas of the outer insulation surfaces of the ' 
boiler are -

Steam drum  '. ... 7276 square inches.
Water drum  .............. 3676 square inches.
Downcomer tube and riser• distance p i e c e s ....... . ... 2120 square inches.

The steam and water drum insulation thicknesses are
3i inches, and the downcomer -g- inches thick.

The proportion of the boiler heat loss through the top 
half of the steam drum will be approximately

.------------------------ ^ = o m
2 3(*l(o +  2120 X )

%  0.2

of the total heat loss. The total loss may be obtained
from Pigure 30. A detailed calculation of the dryness
fraction at tube exit is given in Appendix H.

The heat transfer at the condenser is the product of 
the cooling water mass flow and the temperature rise. It 
is/



129.
is evident that the condenser may cool the condensate helow 
saturation temperature, or in other wards, remove more tiian 
the lament heat. It is implicit in the method of calculat
ion that this does not take place. To avoid this, a tray 
is placed below the condenser, in the steam space, to catch.' ■ 
the condensate. The condensate flows along the four foot 
length of tray in contact with the steam, a condition which 
should ensure the condensate being at saturation1 temperat
ure before leaving the tray. Thermocouples indicated 
that at the downcomer top the temperature corresponded to 
that in the steam space.
Converted Results. A detailed example of the conversions 
are given in Appendix G-.
Accuracy. The differential pressure recorder can be read 
to the nearest half inch. Inspection of the results by 
summing the various readings against the overall readings 
suggests that the readings are obtained to the nearest 
inch of water.

The Pitot recorder can be read to the nearest ■§■ inch.
An overall heat balance for the furnace and boiler 

such as shown in Table 4 gave agreement within 5$ in all 
but a few tests.
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29# - 'test' r e s ults.
, It was originally hoped that a particular voltage 
tapping would imply a particular heat input to the tube 
over the whole range of test pressures. However, 
increasing furnace losses with increasing pressure and 
variations in the main's voltage make the heat input vary 
as much as 30$ from the mean heat input for a particular 
voltage tapping.

In relating the test results the voltage tapping 
nevertheless has been taken as the common denominator of a 
particular test series. It should, therefore, be remembered 
that, where mean lines are drawn through test data plotted 
in this manner, the scatter of the points does not necessar
ily imply experimental error, but rather that there is a 
considerable fluctuation in main's voltage between various 
tests. The mean heat transfer figure quoted for a 
particular voltage tapping, is a ’Weighted" mean figure 
allowing for the fact that a greater proportion of the tests
were carried out at low pressures.

Relating data at particular pressures was also 
considered, but due to the difficulty of testing at particular 
specified pressures this had to be abandoned.

Figures 31 to 35 show the circulation velocity, as 
measured at the downcomer Pitot tube, plotted to a base of 
boiler gauge pressure for particular voltage tappings. •
These are plotted for tests with and without restricting
orifices.

The/
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137.The dryness fractioiB-at the top of the riser tube 
are shown on Tables 5 to 9.

The curves of differential pressure are shown la-̂ er 
when comparison is made between experimental and calculated 
values. The values are not given for the pressure 
differences to the steam drum tapping point for Tests 
Series Nos. 1 â id 2, as these readings were unreliable.
This was due to the volume chamber being placed above the 
tapping point with the result that the water tended to 
syphon from the chamber. In later tests the volume chamber 
was placed slightly below the tapping point.
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CMCh •02
53

v9 025
I 

9
9 •02
35

617 1

&(MO

PR
ES

SU
RE

DRY
NES

S 
FRA

CTI
ON

CM

IE

h:CO
O
O

WOui
5or
aUJ
U_
i/>
z
<a
h-

sUJ:i:
Z
<£
UJ

i0
v9

Z
a
a
2

LU
a<
b
5

rO

l/)
UJ

a
LU(/)
H(/)UJI-

0«n •0
45

oCMCM
r-
I9

V)' CM 
O

Ml
vfl

9

0
i9oO

(0o
OVP
r~ 9

0L9 
|

rf)mrOo

39
0 mmo

30
0 mo

CMOCM rOO
rOrO oW)m

9

8
7

CM
m
o

1 
4

9

1"
in
fO
o

PR
ES

SU
RE

z
o
p
u
<r
aLi

en
00
UJ
Z
>
a
o

c«H

ftfCO
UJ
5a
a
LU

z<ra

5
UJ
X

W)
00•o

a
z
aa
i$
LU

<
b
o>

<0UJ

a
LUin
in

s 0
oO
rO

C<
r*
9

1
,
0
3
0 CM

a

o

O
vQ
GO

ip

3
o

7
3

5

inQwi
9

CMLO
\n9

3
3
9

oo
in
9

o
o
CM

F
o

o
vS> 9

| 
/
0
5

1019
O

-i-
in

1

UJ
a
a
in
in
UJ
a
a

D
R
Y
N
E
S
S
 

FR
AC

TI
ON

 
1

CN£aa
X )
-O
h-
cO
OQO
='
UJ

5a
a
UJ
u.to
z<a

<
UJX
z<t

V)
00SO
u
Z
aCL

UJa<
o>

V)
o*
z

CO
UJ
aUI10
hlOUJ



< p 
V i  CO

UJu
LLCXO
az
o0:h
(/)
UJ
cx

2
O'o
u.z3
az
*<
UJn

a
2(/j
CM

x
a
o

-i*CM

UJcflDH

CC

zHoz
UJ-J
au
5
UJ3

-J

uhaUJ>

Zo
</)
o

CL

UJ c0 
|2

00
K)
a
z
aa
£
UJa
ti
£

Vfi

(/)
UJ
a
UJuo
I-
\S)
UJ

57
0 in

c*9
<0O'ro

O'o

30
0 <9o

185

00
s8o

14
-9

r-m
0

OOI

rmo

50 •0
12
7

P
R

E
S

S
U

R
E

z
o

§a
u
to
to
UJ
Z
>
or
D

c<i£an:
p
£CO
ooo
to
to
UJ

5DC
CL
uju.
if)
Z<or
f—

S
UJz
z<ui

0010
. a z
a
a
£
UJ
2b
5

oz
ifl
uja
UJcO
ft
UJ

o»
u_U -

UJ UJUJ

UJ
if)

UJ UJ

a
ex

UJ

UJ

U-

UJ
UJ

ff)
UJUJ

m



<
lOlrJ

Ui
u
u
<x

O
C7Z
o
a
h(/)UIO'

2
O'o
u.
z

3

az
<L
UJIE

a
2
m
CN

X

c i

O

-ht
CN

UJcO
Z>

H

cri

VO
r

O

I
H
QZ
LU
-J

a
u
5UJ

X

-J

u
ha
LU>

Z0
K
V)
OCL

UJeO
F?

oO
rh
rf)

a
z
a
a
<£

LUa
<
b

9

o
Z
(/)
LLJ

o'
LU
if)
1“tfl
LU

5
3

0 3
CM
O

0
O
*

m
CM
o

o
on

VO
O
cM
O

oo
CM •0

19
4-

</} 01
75

O
O

I

F

9

5
0

o \
VO
O

P
R

E
S

S
U

R
E

z
o5a
u
0)
(/)
LU
z
>
Of
o

C*

i tOf
p

oO
o
o
oCKCM
LU

5
a
ctUIL-w
Z<
O'
H

LU
Z

z<
u j

COrf)
az
a
a

£

LU

tl
I

o
Z

(0UI5
UJLO
fi
U I

o5 •03
80

oO'00
v9mo

OOL K)o
OLS •03

05
9117

19r*c*9

29
0 ao

vn
e*9

L6\

ooK)
cmo

GO
Clo

O o*
9

cO
\9

o
M
O

P
R

E
S

S
 

UR
 

E

D
R

Y
N

E
S

S
 

F
R

A
C

T
IO

N
!

a
z
a
_cf-TGO
O
o«0
c(fmUI
5
O'
O'
UJ
Ll.tO
Z
<
a
F

s
LUz
z<1
LU
z

O'

aza
a
g

UJ
a<
b

o
Z

(/>
UJ

a
LU
(/)

Hi/)
UJ
F

O
5

$
vO
9

o
v9
O

V/)VO
9

89
0 Cl

<

9

7
0
0

ci
Os
rflo

55
0 CMCO

?

cmo
tord
9

3
0

0

vS>COd
9

0
O
CM

COcto

v/JvS
v9
Os
CM
o

10
5 CM

Ov
CM
O

!...
...

...
...

...
...

*

5
0

C-Ov
CM
O•

P
R

E
S

S
U

R
E

D
r

y
n

e
s

s
 

f
r

a
c

t
io

n

o
ovOocT
•'t
UJ

S
a
a
u j

UJ
Z

»/)

VJ
Za
a
£

LU

b
o>

cm

i

9
c*
LUCO
CO
LU
H

■
0
ffl
rO

O'
39

oCM 5vo9

O00
GO

O'rOv/)9

7C
ZO

CM
vOO

OCO
Vfl

r-
9

40
0 5

9

JO
C<

CMO
9

f
o
CM

v9
f
rO9

VO
N

CMvSN\
9

10
0 vS)rn

O

VO

o

8

PR
E

S
S

U
R

E

zo
CJ
<
CL
LL

Wto
UJ
Z
>aa

e».|

UJ

a

UJ

Q-

rO

o*

CO
Ui



o<

00
&

COz
o
h -

O<
q :

Ll.

t/>
10
LU
Z
>
c *

Q

<
Q

In vcO
UJ
U
u

a
O

(7
Z

< j

a
k
(/>UI

Or

2
ao
u.

Z
3

az
5
UJX

a
2
(/i
CN

x

d
b

CM

UJ
cO
D

CD
^  rO

2
H
az
LU
- J

a
UJ

5ujX

<
u
h*
aUI>

Z
o

hUJo
O -

UJ 
. cD

£

a
X

3

F 5
CD

O
O
S>
c*

UJ

6
O '

a
UJ
u.
</)
Z
4

£

5
LU
X
Z
<r
LU

CO
r ilfT)
az
a
a

uj

a
<tJ

£

o
Z

(/)
UJ

aUICD
I—
U)
UJ

18 vS
IV)
N
O

00
O'
c<

r -
(X
O

r-
o
CM

t"
o\
o

; 
IS

O rO
CO
o

Y)
O'

CO
<s
o

m
v3

O'
O'
O

P
R

E
S

S
U

R
E

zo

§a
u
V)
UJ
UI
Z>
Of
D

C< c<U)p
o
o

V/)oQ*O

88
0 UD

O
oc< o

01S

<N
rO9

o
5

COmrf\o
o
o(V)

V)c<noO

oO' rrj
O

oo
V5U)CMo

aOvS
W)o<o

ui
a
o</>
&tjja
a

D
R

YN
ES

S 
F

R
A

C
T

IO
N

1

a

a
Z
a
a

a

^9

0)
UJ
a
LU
If)

I -
l/>
lii
I -

U)
if)
* )

rO
vO
9

O
O

II

O

$
O

9
0

0 o
WO
9

7
4

0

l -
r

9

tfl
cO

r
r -
r0
o

O
o

•0
4

0
(o

o
O'
<s

O'00
rf)
9

cs
o
cs

<0*0
rfi
o

cO
CO
*
rf)
9

1701 
|

Ov
C<
rO
O

I 
S

O O
rO
O

UJ
Of
3
tf)
U)
U J'

Of
a

DR
YN

ES
S 

FR
A

C
TI

O
N

14:
c<

a
X

ZDuf
H
cO

O
o

cO

IS
5

0

P
o

II
S

O v9
v9
9

94
0 O'

o

9

01
rL

r2

%

S
IS

0^
n
o

o
O' 9

o
nfl

rO
s£

S

O
e*

<S
•0
8

s
£

t

10
3

tO

o

00
v9 %

9

P
R

E
S

S
U

R
E

DR
YN

ES
S 

FR
A

C
TI

O
N

O

a
X

_c
f -cb

UJ
5
c*

a
UJ
LluoZ<
a

<
UJ
X

Z

a
z
a
o.<h-
ua<
o>

O'z
05
UJ
a
UJ
</)

I-S)
UJH

LU
O'
3VJ</)
LU
O'a



—~
142»

cn

n

COz
o

H
o
<
o:
l l

(/>
00
UJ

Z

>
cc
a

<
Q

-»CM
Uiu
u
tt
O
az
ij
aHoo
LU

Or

2orou.
Z
Z)

az
UJ
□L

a
2
V)
CN
X
ri
O

— kj- 
CN

UJ
cO
3
H

cd

CO
^  r

O

zI-
az
LU
-J
a
hi
5UJ
X

3
4  u
ha
LU>

Z
o
HIP
OCL

LUoO
£

00
rOw
az
a
a

, 4

UJ
a
<tl
£

00

</)uj
O'
LU
if)
HU)
UJ

0
<N
N’ •0

37
8

o0
O
*0 0

2
9

8

5 0
2

8
9

14
5 

.
•0

2
9

8

1
04

•0
2

8
0

v9
UN

•0
21

2

P
R

E
S

S
U

R
E

z
o

§
c*
u
(P
</>
UJ
Z
>
O'
D

c*
i£
az
3
£
CO

O
8
CT10
UJ
5
at
aU)
U-co
Z
orf-
2
LU
z
z<
UI

cb

az
a
a
£
u i

2
b
§

a

o
z
LP
UJ

a.UJCO

K
UJ

<0
c«
4-

to
*8v9
O

1
1

8
5 O

c<
vi)
9

0
O

C*
v9
9

<0
v9
QO

m
»n
o

7
0

0

cs
vS
o

5
4

0

•0
4

9
6

5
9

0 v9

3

51
5 F

3

*0
O
<N

r
oo

9

15
7 C*

3

O
O

I

or-
ro
9

O
vo

v5
r-
c<9

UJ
a
3
CP
cO
LU
a
a

z
o
H
U
4
a
Ll-

CO
<p
LU
Z
>■
O'
Q

e»
Q!
Z
3 
_c 
h r  
CO

Oo
00
00'
*0
LU
2
a
at
UJ
U.
cO
Z4O'
I-
2
UJ
z

z4UJ
Z

O N

a
Z
aa
4

UJa<
b
o>

o
c <

o
z

(/>
U

a
LU
CD

H
(P
UJ
H

*0e*

■0
93

5

o
I -
QOo

10
50

O'
V/)
o9

9
0

0 \ 9
0*
r-o

orO S
Fo

O
QO
»n

vO
vS)
9

4
0

5
in
<0vOo.

3
0

4 3

8

rO
CS

vO
(S
vO
o

13
7

cs
»0
o

00
o

to
CO
o

v9
5
o

UJ
a
3
m

UJ
a
a

D
R

YN
ES

S 
FR

AC
TI

O
N 

|

K
cO

UJ
2a
o :
UJ
La.
07
Z
4a
h -

UJ
2

az
a
a
£
U I

t Jo>

<0UJ

C *
LUCO
J -
CO
LU
h

»•

P
R

E
S

S
U

R
E

DR
YN

ES
S 

FR
A

C
TI

O
N

d
i t
d

z

_ c
KcD

UJ

2
a

c *
UJ
u
COz
<
a
H

2
UJZ
z
4
UJ
2

az
a
a.

L JCj
<

bo>

O'z
CO
y

orLU
<0

J -
< /)
UJ
H

LU
O '
3
(P
a?
UJ
ata

zo
D
<
a
U -

07
</>
UJ
Z
>
a
o



143

PART VI.

APPLICATION OP PROPOSED THEORY TO 'ANALYSIS OP TWO-TUBE BOILER TEST-RESULTS.
Page .

30. Pressure change during adiabatic flow in
vertical tubes......... ... ... ... ... 144.

31. Friction during adiabatic flow in vertical tubes 151.
32. Pressure change during flow with heat transfer

in vertical tubes ........ ... ... ... .156.
33. The steam-water velocity ratio ... ... ... 167.
34. Pressure change during flow in the downcomer

tube and at riser entry ...................   .179.

INTRODUCTION.
This section contains the analysis of the pressure • 

changes measured over the various lengths of the two-tube 
boiler circuit described in the previous section.



30* PRESSURE CHANGE DURING ADIABATIC ‘FLOW 
IN VERTICAL TUBES.

• The method of predicting the theoretical pressure change 
has already been discussed in Section 21, in analysing the 
results of Schwab*

The theoretical equations are (Equation 56)

where the momentum forces are neglected, and (Equation 55)

These equations are applied to determine the pressure 
change over the 28* length of 1.7" bore vertical tube 
between the riser top tapping point and the steam drum.
The slight change in densities of the phases due to 
pressure change up the short length of tube, and also the 
change in quality, are negligible.

The theoretical values of velocity ratio and pressure 
change are those which make Equations 55 and 56 compatible* 
The procedure is detailed in Appendix H.

The values obtained by calculation are plotted along 
with corresponding experimental results in Eigures 36 io 
< AO. Eor certain tests the theoretical pressure changes 
calculated on the assumption of homogeneous flow are also 
plotted.

The friction factor X is that corresponding to a 
Reynold's Number, of
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   ;   ±nDiscussion.
The proposed theory gives considerable improvement 

in the agreement between the calculated and experimental 
values, as compared with the homogeneous theory. The 
proposed theory gives 45$ of the predicted pressure changes 
within 5$ of the experimental value, 87$ within 15$ and all 
within 22$.,

The homogeneous theory, on the other hand, gives only 
4 0$ of the predicted pressure changes within 22$. The 
maximum error vis: 55$.

It will be observed that at pressures above 1000 lb/in.2 
the proposed theory tends to give values slightly higher 

than the experimental values. This may be partly due to 
the effects of distortion. At high pressures, due to 
the relatively small steam volume content, the friction 
pressure change is normally small relative to the total 
pressure change. The shearing stress ratio T j/T , is 
therefore large, a condition giving considerable annulus 
profile distortion. The proposed friction equation, 
therefore, will probably give an excessive estimate of the 
friction pre'ssure change under such conditions.
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31. FRICTION DURING- ADIABATIC FLOW 

 IN VERTICAL TUBES.______
In Section 15 theoretical considerations led to the

development of the formula for the friction pressure gradient
during two-phase flow (Equation 4-0).

M\ I /X■se =  c
In Section 20 this was applied in the logarithmic form 

(Equation 61).

lp3{"(ill/’pi h  *) i}= u35 + n H (£J
to the analysis of air-water experiments, where is the 

y(power of - . . G and y\ were found to he 0.75 and 2 
respectively. G has been assumed unity in applying the 
theoretical equations.

In view of the uncertainty of the precise magnitude 
of G, Equation 61 is applied to the analysis of results 
obtained for the adiabatic flow between the riser top and 
steam drum. taPPinS points.

During flow in vertical tubes the friction pressure 
chano-e cannot be measured directly, as the mixture weight 
will be present in any overall pressure change measurement. 
The total pressure gradient is given by

'm )x u  ~  l i se

w here/



where tile inertia forces are neglected.
The value ofThe value of determined from this equation, using

,-2.
the measured total pressure change, is substituted in 
Equation 61, and a log plot made in Figure 41, which 
enables the evaluation of G- and

Only tests where the friction contributed a large 
proportion of the total pressure gradient were analysed, 
otherwise experimental errors in the overall change would 
produce considerably larger errors in the apparent friction 
change* The tests analysed were Test Series Eos. 3*4,5*12 
and 13- For this reason also the results were plotted up 
to a maximum pressure of 225 lb/in gauge. The friction 
decreases with increasing pressure due to the higher steam 
density, and the correspondingly lower value of the ratio

First inspection of Figure 41 suggests a wide scatter 
of the experimental results, but closer inspection indicates 
that results in the same pressure region lie on straight 
lines having a slope with 17-2 . This suggests that G- 
varies with pressure. To illustrate this point, G- is 
calculated for each test using Equation 42, and plotted to 
a base of pressure as shown in Figure 42*

The maximum scatter about a mean line is 1 7^, with 
the exception of a single test result*

G- has already been shown to oe a function of to , the 
water content in the core. The variation with pressure, 
therefore, may well be due to the change in respective 
phs.se/

Equation 61
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1 5 5 .
phase densities and viscosities with pressure, altering 
the core water content*

Above 135 lb/in gauge, G- assumes a oonstant value 
of 0.95. This agrees-well with the value of unity used 
throughout the theoretical analysis.

The use of values of G obtained from Figure 42 in the 
theoretical analysis would give considerable improvement 
at pressures below 10G lb/in between the theoretical and 
experimental pressure changes.
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' • PLOW OP STEAL!-WATER MIXTURES 

WITH HEAT TRANSPER.
The results analysed in this section of the report 

are the differential pressure readings between the riser top 
and the riser bottom tapping points. With reference to 
Pigure 26 if is seen that the tapping points are 23n 
respectively from, the beginning and end of the heated length. 
Hence the experimental pressure change over the length 
between the riser top and the riser bottom tapping points 
comprises the pressure change over the heated length, the 
pressure change over a length in which water flows, and the 
pressure change over a length in which the steam-water 
mixture flows adiabatically.
Points of Evaporation. The water does not commence to 
evaporate immediately heat is transferred to it, as at that 
point in the circuit the liquid temperature is below 
saturation temperature due to the following reasons:—

(a) The pressure at all points in the tube is 
greater thqn the steam, drum pressure, 
consequently, assuming that water only enters 
the downcomer, the. temperature of the water must 
be equal to or less than the steam drum temperat
ure, which in turn must be less than the saturat
ion temperature at all points in the tube.

(b) Heat is lost from the water flow in tue tubes 
and in the water drum.

The method of calculating the point of evaporation is
as/



157as follows:-
Let Q  = heat transfer per lb. of flow to bring the

water to saturation temperature.
AU-77- = gradient of total heat of saturated water qp

with respect to pressure.
6 J? = pressure difference between the point of 

evaporation and the steam drum.

Qe
M
— 7—  - heat loss from boiler per lb. flow where Q a * 3b 00 o

is the heat loss from the boiler per hour and M  is the
mass flow per second.

Only a fraction of this total boiler heat loss is
from the flowing water, as it is assumed in determining the
mixture quality that heat transfer through the upper half
of the steam drum contributes to the action of the condenser.
The proportion of the heat loss utilised in this manner was
estimated to be y  , hence the heat loss fiom the
water is Q „  .5 ^ 6

It can be shown that approximately

o  -  — - Sib + k . S s   .  ........ 77
dfs P 5 M-3feoo

J llThe gradient may be calculated from the steam « p
tables.

The point of evaporation is assumed a certain 
distance L from the furnace bottom. Using the experiment
al reading for the pressure difference between the steam

arum/
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drum and riser bottom tapping points, the pressure change 

to the point of evaporation is then estimated, and Q 
calculated from Equation 77. The heat transfer Q over 
the length L is then calculated by assuming a uniform heat 
transfer over the heated length. If L has been assumed 
correctly, Q calculated by both methods should be the same.
By trial and error the correct length L is obtained.
End of Evaporation. Adiabatic conditions are assumed to 
start immediately following the top of the furnace. The 
velocity ratio during heat transfer will be greater than 
for the corresponding adiabatic condition due to the 
presence of momentum forces. At the end of evaporation 
there will, therefore, be a period in vihich the velocity 
ratio in the unheated tube adjusts itself to the velocity 
ratio normally associated with adiabatic flow. In effect, 
during this period the steam will be giving up kinetic 
energy to the 'water.

The velocity ratios at the top of the heated length, 
and in the length where the steam-water mixture flows 
adiabatically, do not show a marked difference. The error 
introduced by neglecting this effect will, therefore, be 
small consequently in determining the pressure change from 
the furnace top of the riser top tapping point the meihod 
detailed in the previous section is used.
Pressure Change During Heat Transfer. Where heat transfer 
occurs the pressure change is obtained from Equation 53
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(m 'L
■ t t =  1-25 ■

A # •  H*. Pu

The velocity ratio is obtained from Equation 54.

(The friction term is multiplied by 1.25 to allow for the 
effects of evaporation).

The theoretical values of the velocity ratio and of 
the pressure change are again those which make the above 
equations compatible. It will be appreciated that the 
above equations cannot be integrated, and consequently 
the method of obtaining the overall pressure change is by 
determining the pressure gradient at five points along the 
heated length, plotting the results to a base of heated 
length and measuring the area of the figure. The area 
represents to a particular scale the pressure change over the 
heated section. The procedure is detailed in Appendix H.

In all such evaluations the dryness fraction of the 
steam is assumed to vary linearly over the evaporation 
length*

The experimental and theoretical pressure changes
over/



over the riser top and riser bottom tapping points are 
plotted to a base of boiler gauge pressure in Figures 
43 to 47• In certain tests the theoretical pressure 
change assuming homogeneous flow is also plotted. The 
procedure is detailed in Appendix H.

Discussion.
The agreement of the experimental and theoretical 

results is extremely good, all but two -̂ ests agreeing 
within 0.2 lb/in.2 (i.e. within 6$). This would appear 
a considerable improvement on the figures obtained in the 
adiabatic case, but it should be remembered that, in 
certain tests, as much as 2 lb/in.^ of the pressure change 
is due to the water flow before the commencement of 
evaporation. Over the evaporation length the maximum 
error is of the order of 15$• Da general, however, the 
accuracy is better than this.

The agreement obtained with the homogeneous theory is 
slightly better than for the adiabatic case. This is 
presumably due to -two reasons: .

(a) The large contribution to the pressure change 
due to the flow before evaporation commences, 
as mentioned above.

(b) The pressure change due to momentum forces 
calculated on the ’assumption of homogeneous flow 
will be greater than obtained by introducing the 
respective phase velocities.

Nevertheless/
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166.
Nevertheless the errors assuming homogeneous flow are 

still large when based on the pressure change over the 
tapping points, being as much as 27$ at low pressures.
Over the evaporation length the errors will be of the 
order of 40$.



33. TKS STEM-FRTER. VELOCITY RATIO 167

The previous sections have shown the application of 
the theoretical equations to the prediction of pressure 
changes during two-phase flow. Contained in that analysis 
was the estimate of the ratio of the velocities of the steam 
and water phases. It is of interest to estimate from the 
accuracy of the predicted pressure changes, the accuracy of 
the estimated velocity ratio, and to investigate the 
relative importance of the various terms contained in the 
equation for velocity ratio.. (Equation 13).

This was the form used in analysing the results in the 
previous sections. figure 48 shows for adiabatic flow the 
velocity ratio to a base of boiler pressure for three 
representative test series. Velocity ratios as high as 
four were obtained.•

The values of Z , the density ratio *//2 , and the
shear stress ratio Ti/f] used in calculating the velocity 
ratio K, are shown in figures 49, 50 and 51 respectively.

These figures indicate that each of the three terms 
varies considerably during the test series. The values of 
Z range from 0.01 to 0.123. The ratio Tz/t1 varies from 
just greater than unity to 57.5 and the ratio varies
from 360 to 10. This indicates that the variation of each
of/
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of the three terms is of importance.

The apparent accuracy of the estimated velocity ratio 
may /be studied with reference to figure 52. This figure 
shows the estimated pressure change over a foot length of 
tube plo’tted to a base of assumed values of the .velocity 
ratio. figures (a) to (d) illustrate the change in 
relationship between the pressure change and the velocity 
ratio when the contribution of the friction pressure change 
to the total pressure change decreases.

On the assumption that the discrepancy between the 
theoretical and experimental values of the pressure change 
is due to errors in the predicted velocity ratio, the slope . 
of the various lines suggests that a 15$ error in the 
predicted pressure change may be due to errors in the velocity 
ratio of 10$, 30$, 65$ and 24$ for cases (a), (b), (c) and (d) 
respectively. As 87$ of the test results agree within 15$> 
this would suggest that the majority of the values of 
velocity ratio are determined within 65$.

The above errors are, however, based on the slope of 
the curves in the vicinity of the theoretical velocity.
Over a/greater range of velocity ratio the relationship 
between the pressure changes and one velocity x&tio. no .longer 
approaches a straight line. This is illustrated in figure 
53 which consists of the pressure change to a base of 
velocity ratio for the test represented in figure 52(c).

from this diagram it will be seen that if the 
theoretical value ol the velociuy ratio is 4.05 (as was the

case in this test) the error in the velocity rati, o associated 
with/
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with a 15# error in the pressure change is 22fo which is 
considerably less than that estimated on the basis of the 
mean slope of the curve.

Greater errors would occur if the theoretical velocity 
were at the turning point a in figure 53. At this point ' 
a 1 5fo error in the pressure change is associated with a 52# 
in the velocity ratio. In the majority of the tests, 
however, the theoretical velocity does not coincide with the 
turning point. It may be concluded that in the majority of 
the tests the velocity ratio is determined within approximately 
20#.
flow with Heat Transfer. The equations are the same as 
those used with adiabatic flow with the addition of the 
momentum forces which are now no longer negligible. The 
effect of heat transfer on the theoretical equation for the 
velocity ratio has already been discussed in Section 13.
The two predominant effects were considered to be:-

(a) the breaking down of the laminar wall film due 
to bubble formation near the wall, 

and (b) the decrease of the effective density in the 
annular ring due to steam.bubbles.

The effects tend to counter balance each other. It 
was not possible to allow for either.

The influence of heat transfer is shown in figure 54.
Here are shown two curves of velocity ratio for Test 
Series Numbers 5, plotted to a base of boiler pressure.
One shows the velocity ratio during adiabatic flow and the .
other/
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177.other the velocity ratio at the end of the heated section 
where the quality will he the same as in the adiabatic 
length. Test Series Humber 5 was chosen on account of its 
high heat transfer.rate.

It can be seen that the effect of heat transfer is to 
increase the velocity ratio. The maximum increase is 
approximately 7$. This indicates that the effect of heat 
transfer^on the velocity ratio is not negligible.

..The variation in the velocity ratio along the heated 
length is shown in Figure 55.

Since only overall pressure readings were taken, it is 
not possible to estimate the error in the velocity ratio 
calculations for intermediate points along.the heated length. 
The' agreement between the theoretical and experimental 
pressure changes suggests that the accuracy is of the same 
order as obtained with adiabatic flow.

i
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The calculation of the pressure change over ihe down- 
come r -cube 'was complicated by the change in roughness of 
the downcomer tube duiing the testing period. This change 
in roughness was not apparent with the riser tube.

The values adopted for X were as follows:-
Test Series Numbers 1-3, 5-8. X = 0-022

14-20.

4.
9-13.

X = 0 024 
X = 0.026 
X = 0 0238

The test series numbers above are given in the order 
in which they were carried out. The friction characteristics 
of the tube were checked in the horizontal position both when 
new and after the last test. When.new, the tube behaved as 
a smooth tube, but at the end of the test programme it 
conformed to the behaviour of a rough tube, having a value 
of \ = 0.0288. The choice of the value's of X indicated
above therefore seemed reasonable.

The change in pressure between the steam drum and 
water drum gapping points is due to the following causes:—

(a) Static head difference due to the water in 
the downcomer - 17.833 /?
(The water level in the steam drum is 1" 
below mid-drum level).

(b) Static head due to the steam between the water 
level and the steam , drum volume chamber - 1.205 /g



180.1(c) loss at entry to downcomer - — • —  • vf2 2^ 'L
(d) loss due to restriction of Pitot and

I Ll'1thermocouple pockets — — ----
(Approximately. Evaluated from tests in , horizontal plane.)

(e) loss of kinetic energy ~~ • Pu . This is assumed
^3

lost as heat in the water drum.
(f) Friction loss , ̂  ̂  ^ 1-gVA-U-̂  

Ft. Ih. Sec. Units are used throughout.
The total pressure change which is the sum of the above

terms is, therefore 2
/5  (i7 6 3 3 - j  -  l-65\u) +- 1-205/® . . . . .78

For the various friction factors during the tests this 
reduces to:

Test Series Numbers
( - 3 ,  5-8 / f  ^I7 S 3 3 - 0 0 7 /3 -0 y  +  I-2 o 5 ^ ................................. 7 9

I If.-20 fL (17-813 - o o y S U 1) +

9 -  (3 %  (>1-833 - 0 -07S6-0*)  +  /-2o5/g

4  Pu (17 833 - O-oBUO-U*) +- 1-205/°

The theoretical values are compared with the 
experimental values in Tables 10 and 11.

The experimental pressure changes between the riser 
bottom and the water drum tapping points are shown in
Tables 12 and 13*

For the case of no restricting orifice the theoretical
values/



Ir b l e  10.
P r e s s u r e  C h a n g e  -  S t e p m  D ru m  To W a te r  p g u ^ .

Orifice : None Voltage Tapping. 4 k -5, “Test Series No. 3 .
Soiled P/eessefGfiu&e). lb/o' U 8 07 /33 Z o l 3 o o 3 9 0 5 7 o 7too 1 0 2 5 122jo /V50
Pressure Experî hsntoi tl 6 U 9 to-2? (o o 9 5-<fo 5 7 6 S'-toO 5 U 2 5-ZB 5 0 9 U -9 /
Chringe T\EO£ET\CJRU *>■% (o'5b 6-20 5 / 1 5 9 2 5 1 9 5 G 0 5-U 3 5 1 2 5  Oh l f S 7
Orifice. Nonc VVtag£ IAPPinG. 58-6 / £i.i£f̂dNT5 I, geouceo '■ Test Series No 4-
0oi l eg Pges sc(Gauge). Ib/tf S / t 1 0 5 1 6 0 2oo 3 3 9 t t i 755 8 6 0 !0 3 0 /3 8 c
PgessuRe fxPEeîfNTflL. 6 1 5 6 -5 5 6 Z 6 5 ! U 5  8 7 565 5 -U l 5-3(o '5-22 use
Grange. Trt£OZ€TlcnL. t 74 to ‘ Lfl to 2/ ^■oB 6 6 0 557 53V 5 75 5/2 k  8 b
OglFlCE . N o n e vbuTflae tappiNa: 5 8 - 5 Te s t S e e iE i No 5.
6oiue(? Pgesŝ Gffuue) lb/o’ 7 2 I / O / 6? Z o o 3 o o t f o T
Reessuge fyP e& N & m i. H 6-0/ 6 to/ 6 36 6 1 9 5 0 0 5 8 0
6f RNir€. Theo r etic a l it 6-73 655 6-3/ 5 2 2 M S 5 8 0

ORitice. V& " Mo l TA G E  T p p p iN G : 33 0 iesr Se r ie s Nc>. (0

&>o\Lpfi Po.Esse(G auG £) Ib id 1 66 /00 / u ? ( 8 5 3 o o 3 9 5 570
Pge ssu*e
L»4flNGE

ExPgg fMtn/ify. ti 6-75 6  5U G U I 5 3 2 G /G to O f 50f
ThboHE-Tic^ i- ii G ita 6 56 6  U k 53< o 0 -2 2 b - 10 55/ ___

f iP iF irF  ■ n / a " (d l t f g e  Ta p p i n g -. 30 k /esr Se r ie s N o . 7.
Bo il ER PRESS* (G /W He ) lb /a" 62 /// /5f 2 / 5 3 i 5 5 2 0 5 / o ...
PRESSDUE t'iPE.RiC'iettTQL il 6-tô 6  5U 6-̂ 3 (a 3 U 5 2 5 0 5 5;9<*
Ch QnGE TuPtiaPTiCR u '/ © to4 h 5 l + 6 1+2. 0 3 1 6/6 to 0 5 5 75 '
f lP iP ir P ">/ A ” / o l x f g e  T i p p i n g : U -l-9 . Te s t S e r ie s N o 8 .

Ban ec> Press  s ( G auae). lt/cr/y 5 8 u s (G o 2 / S 3 / 5 b t f 5to5 1 1 0 9 u o

Pgessuee
C h a n g e

ExPBRWENTFl
■ \ / ”-■■

6>'7U 6 5 2 6 - k ! 0  3 2 5 / 8 5 0 3 575 5 1 5 5 6 2

7HEnt£T)CPL i. 673 6 7 5 3 9 5 3 0 5 1 5 5 0 3 55̂ 510 5 5 6
fio tG lf 'P - -L  " \Io l t g q e  Ta p p i n g - 3 3 -8  ... S l £ S T S e m e ? 9 -wr\.M * w-», / rr -----

R a il F0 Pf£<s *  ( GautS£ ) Ib /d * 5c7 /00 1 5 / l o o 3 o 5 U O O 5 3 0 .

£ trfEhTflL 6 <55 6to0 G i f t GUO 5 2 9 8 -/to 5 0 0r
/'Jo/J/ZF 3 06 6 toto 5 5 0 0  i f a 5 3 5 / 8 5 o 5
CHHNUu

A" sJnL-rfiAE Ta p p in g  -. 3 8  /+■ t e s r SeRiES No- 10

R/̂, rr<? Pont*. I b / r f 6 8 no /G U I V 2 9 0 5 / 5 5 7 0 l o o 8 9 0 1130

Pr e s s u r e
fN O N /IF

n f r f i t 6 6 5 6 52 5 U 6 5 3 0 5 18 5 0 / 5 -8 1 5 -1 / $ -6 0 ̂brCXl^ftrl’HH
Theoeetical it 6 1 9 6 62 6-50 0  U-3 5 2 9 to/2 5 9 5 5  8 5 5  (o l 5~ to to

. 3//." Va l t a c p  Ta p p i n g : U l - 9 . — 'Te s t S E Z /e ,S N o I t -

lb /a " 5o /05 K o 5 2 .0 0 3 o o H-Ot 5 5 0 7  00 890 lObO 1310

PRESSURE
/ >LAthJ/l£

C V r?Cz? iMCstTAL 00/ 6-66 5 & 0  U 3 6  2 7 to/to G o o b -87 5 1 / 5 5 8 5 3 7

6 02 (cGU 5 U 5 0  3 8 o n to to 5 8 5 5 6 o 5 fct> 6 4/ 5 27
L+HHNUC
ORIFICE: 3/V  . ?e 7fp p in G : t fO

O n 'l
5.

n o T UO O
Te s t

5 8 o
CRIES
7  2 o

No
88>0

i Z .
U lo 1330

Bon-en Pet 

Pressure

SSe (fa u 6 E )
E^pmyie^i.

lb /a' 0/
6-05

too
to £>5

/i+v

5 f t

£ °  I ._
to. 1 7

/7V
5 2 h  

to 23
6 / 5
to 10

S - f6  

0 5/

5 -8 /  
5 80

5 ^ 7  
5 -too

5 k 8
5 GO

6-27 

5 2to
Change  

O tlFlCE: 3/
'fyeczericFL

V
to 8 5  
j/fctrrt

to to/
5£ 7

to DO
qpf̂ /riU: 5<<

On A
1 5 . 1

TOO

7 $ r  S
/OGO

'f r ie s N o /3.

&OIUER PRE 

Pr essure

Ch an g e .

SS^(GhuGE)- Ib ja1

6-00
/ <25 
0to3

KoQ

5 h 5

£ DO

b - z i
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IfjSLE II.

P r e s s u r e  Ch a n g e  -  Steam pgu^ lo  VJrrren  Deum,

Oftiflcg.- 5//6 .______ Vo l t a g e  T a p p in g : 3 3  8  Test Seeies No. I k .
Boiler Press 9 f Gauge) \b/o" (>* 96 /5o 2on m w s
Pressure
CHANGE

fyPEgWHfaL 11 io8! (°7 88 (olf! 832 (o-Zo
%EogST\Cf\L II lo-en 816 882 852 8 2$ 822

O f f ic e :  s/e>n  V o ltage  Tapping- 3 8  k .  1 e a r Segies No. 15.
Boiuee Paess*CGau<*&) w 8 8 100 180 3 oO k /0 5TO 7  zo 8 8 0 /Ol+O /2 i6
Pressure Experipiehme H 8-79 <o-1 8 k 8 8 3 8 /7 8 0 / 5 8 / 5 7 / 5 5 8 5 UO
CHANGE Theoretical n 8 8 k 8 7 k <o-5l 8  32 8 2 / 8 01+ 5  90 5 1 9 5 -80 5 /+ k
Or if ic e -. % " Voltage  Ta pp in g : ki>q. Te s t Se r ie s  N o . No .

B oiler Press0 LOauge) W SO /a i f H fS 2o2 290 k o o 5 8 5 7.'9-0 900 1/00 1336

Pressure £%?£t.i}WA<- a 0 8 6 8-72 8 '80 6-81 8 32 820 8 0 / 5 8 5 5 7 / 5 5 3 5 3 /

Ch a n g e 'PjEuRETtCAL .« 8-9o 8 8 9 8 '8 0 8 k B 8 35 8  2 / 8-0 / 5 -87 5 -8 8 5-62 1 526 \

ORjF/CE: 5/ s /f VoltaA’£  Tapp in g 8 8 -5 . Test Series No H

Boiler  Press* / G aug e ) I W 8 3 103 151 2 (0 3 o k 3 9 0 5 1 5 TlfO 9 k o f/3 0 1360

Pressure EXPERIMENTAL II to 33 8 7 2 8 b / 8-k9 831+ 8 28 8-oS 5-89 5-75 5 5 7 5-33,

Ch a n g e 'UfEoRBTiCAL // 8-83 8 7 o 8 S 6 81+8} 8 3 2 8-2Z 8 0 0 5 8 1 5-82 5 u B 5 2 b

Of f ic e : / t! ( Voltage Tapping : 33-8 Te s t Series No !8
Boiler Press0 (Gauge) Ib /n1' 5 0 101+ d f6 191 308 / n o

Pressure SXPERlHSMJAL it T ! 8 -8 5 b l k 8 8 C 8-k9 8-3k

Change Theoretical u (o 98 8  80 8 (c fl 8  80 b-JfZ 8-21

Orifice : Pi" /outage Tapping: 3 8 - k Te s t  Se r i eg No .
Boiler Press 0 (Gauge) lb/a* So to o 151 2 o 6 3 /6 390 51+0 Too 8 8 5 1010 H flS

Pressure Experim&ml
---- f----

// 7-0$ 8 8 5 (ob<) 8 8 o 8 k o 8-3 / 8 H 5-93 5 8 k 5 H J 5 3  3

Change . Theoretical. >/ T o o 8  8 5 8 1 0 8 '8 ! 8 1+3 8 -3 } 8  I k 5-97 % n 5 8 5 5 2 8

ORIFICE: >/ /outage Tapping : U/-9- i£sr Series n 8 2 o .

Sailer Prf /Gauge) Ib/n" 8 k lo 8 131 2 /3 3 o k k o 6 5 8 0 T 3 o /05D /UZ7

Pressure ttPERWerlTAL If b-96 8  8 8 1 k 8 5 3 8k< t 831+ 8T 8 8-oo 571 5-5/ 531

Ch a n g e . T-tEoREfleAL ii 8 -95 8*1 8 1 5 8 5 8 8 k  2 8-2.9 8 - /o 5 93 5 8 3 S t f 5 2 8
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Trqle. IZ.

Pressure Change -  Riseg Borrow To WRTeg. pguri.

Or if ic e . No n e . fQLTQG£ Ta p p in g . 3 8  k . 'iksr Series Mo. I.
Bo ile r  Pressure ( Gauge) It /o ' 5 5 HL> /6 7 210 298 k o o 5 So lo o 1000 1225
Pzessoze £xpeg i*netiTQL. It 0 8 O'QS jo -85 0 -8 0 -8 0 7 3 0 7 k 0-0 ] 0-b1 o n
CHANGE. Th£oZ£TicAl. u 0 7 8 o e o \ o i 9 P I S 0 1 5 o lU 0 7 2 0 -8 6 O b  3 O b i
Or if ic e : None. (OLTAG£ TfIPPiHG: hi 7. Test Series No. 2 .
Boiler Pressure . /G auge) lb /o ' t f t f Up* i n 2 1 0 3 5 0 S/o b 8 o lo 5 o 1250
Pressure £*PeeiA£NTm

t11 o.yit o i q 0 7 8 o -8 0 8 1 o 8 0 7 5 0 7 2 o i t O k ft
• Change Theor etical II C-71 C lio 0 -8 o-e 0 7 6 0 7 1 0 7 L 0 7 2 o -bs o-b 3

OeiFice. None VoLTHUE VtPPitiG: U b 5 Test Series No. 3 .
Boiceg Pressure (Gauge) lb/o'' t f 8 7 (33 2o2 3 o o 3 1 o 570 7GO 1025 /bSO
Pressure EXPERIMENTAL II 011+ 071+ 0 7 8 0 7 8 0 7 8 07(o 0 7 2 o n o n O-bS
ChaHGE- TijGoRETlCflL If O IL on 0 7 8 0-8 0 7 8 o i l C 7 k 0 7/ C<*1 O b 2
ORIFICE: No n e . loi.Tac,e Tf)PPiH6 : S8-s(a% 2f2t?) Test Series No. h -
Boiler Pressure (Gauge) w S i r t o i /bO Zoo 339 5 2 5 1 3 5 8 b  0 !030 13S0
Pressure EXP&R ItyEN TfJ L It O-po 0 -8 0 0-80 o -eo 0-80 0 -8o 0 7 b 0 7 b Q 72 O-lcfi
Change Theoretical // 0-12 0 7 k 07b € 7 5 0 7 5 0 7 U C 7( 0-(d9 P-ic7 C-blt
ORiFiCE: NonE. Voltage Tapping 5 8  S. Test Series No.S.
B oiler Pressure (Ga u g e) H>/a" 1 2 1(0 t f 2oO 3 o o 1+05

Pressure 1 Experimental " 0 ^ 5 . O H d-it 0 7 1 o n O i l

ChanctE 1 Th e o r e t ic a l . •i c m C 7 2 071+ C 7 k c -% 0 7 b
ORlFltE : V s " VolTA&c Tapping . 33 8 . Te s t  Series No. 5.
B oiler. Pressure (Gauge) lb/a" 5 0 iOO Ik 1 i8 € 3oo 3 9 5 510

Pressure  Change -  E%per f I k ! ll+ b l ip * I k k (■28 I 123 HO

0 * IF ,C E :V g " Voltage TppP/HG: 3 8  k Test Series No.7
B oiler Pressure (Gauge) Ib/o" b 2 //( ( S i 2 /5 3 (5 /+2o 5 iO

Pressure Change - Exper J* II 11+8 1 5 o Itf 'c i k k l b  3 132 126

Orifice -. n/ B  " Voltage Tapping: pf-9 Test Series No. 8 .

Boiler Pressure (G-eu g e) lb /o ' 5 8 a 5 IbO 2 /5 3 /6 k / 5 6t>5 n o 9 b 0

Pressure Change- Exper i II I k k 152 152 lh-8 lb 3 137 12(0 K b l- o l

Boiler Pressure (Gauge) 'V<r1 5 o 100 151 2oo 3o5 fro o 5 3 0

Pressure Change - ExPtR 1 '1 2/0 2 0 b 113 l& b Ib b 1 51 Ht5
ORlFiCE: 3At Vo l t a g e Tapping : 38 k* Test Series No. to.

Boiler Pressure (Gauge). 15/p" (oS d o tb k H 7 21o k / 5 57o 700 8 1 o u3o

Pressure Change - Sxper f » 2-n 2 / 2 2 02 /■17 183 Ib B 1S7 ll+b 132 m

Orifice : Vu" Voltage Ta p p i n g h/1 Test Series No. II.

Boiler Pressure (Gauge  ). lb/T So / o 5 Ib S 2oo 3oo 1+02 55o 700 tObO 1310

Pr e s s u r e Ch a n g e  - E x p e r  1 n 2 / 5 2-21+ 2 / 5 2 08 /■93 182 172 Hof 1 3 k 12$

Orifice 3/h " VrtLTAGe Tap RING: kb-5. Test Series  ' r \0 12.

B oiler Pressure (Gauge) lb/0 1 S I too tk S 2 o l 2 1 5 kOO S8 0 120 n io 1330

Pressure Ch a n g e - Txper1: <1 2  ok 2 - n 2-/1 2 /3 2-oit 115 181 /b S i k & 135



Tmue 13.

Pm$m CpWGe -  Riser Bottom To W qte^ Drum

OFFICE: Vh

-184*

&otL6A Pressure (Grume.) lb/o“ /o 6 fbO 2oB 380 loo mo
Pressure Chpngf - £xp&e h »/ iik 210 2IS 2-it 2ok> 18+ I'bk.

UKihic-c: 'O
SoikaR Pressure (Gauge )

VUt-l HI
lb/d1

i t  i*
b$

w im
9 * /So Zol 298

Its 7
+o5

ObKitl> nc?. IH.

Pressure Cupnge - Super f ll 23o 230 2-/6 2  02 /■8(o i n

Or ific e  . s/S Volt ROE Tapping. 38 + Test  Ser ies  N o . 16.

B oiler  Pressure ( Gouge) i ib/a'i i0 8 to o /q o 3 o o + / o $ 7 0 7 2 0 6 8 0 m o I t iS
Pressure Ch a n g e - Expert 2 UP H O 2 3 6 2 /S /9 7 179 I (06 / S t f  u s 1 3U

O r i f ic e : S//8 " Vot-THGE TtipPinq: A'■l-H Te s t  Se & es No.Ko.

S o/ler Pressure (Gaug e) Ikfyt SO lO if M 202 2 fo UOO S8 $ \  19-0 Koo 1315

Pressure Change  - Cxper l 2 3 7 265 2 -if/o 2 37 2 2if 2 01+ !-8L I7 S /Ub (+3

Or if ic e : */&". Voltage Tapping : p g s . T e s r Se r ie s  No. 17.

S o /l E r. Pr e s s u r e  (G a u g e ) Ib /a11 <08 (OS (S i ? fo 3ou 3 1 0 S IS 71fO n 3 o /3So

Pr e s s u r e  C h a n g e  -  E%per h H P 2 U8 2 + 1 2+ k 2 3 / 2 /? /■19 MO I b l /•so

Bo il e r  Pr e ss u r e  (G auge) le>/a" 5b !O U /U 5 19/ 305 +20

Pr e s s u r e  Ch a n g e - P > p e r l 3/3 $08 2?6 276 23? 2 2 lf

B o il e r  P r e s s u r e  ( G a u g e ) Ib/a" So /OO /67 2 06 3/5 310 SUO 700 to 101 /UZ6
P re s s u re  Cnahoe - £% per^ 3 '2b 3-/I 216 2-73 263 23? 22 / 2'OU H751 r57

netCtra- ’S?" Voltage Tapping: UM Test Series h(e 20.
Bo il &r Pr e ss u r e  (G a u g e ) Ib/a" bU to8 137 2/3 3ou Uo6 58o 730 toSo /t+zG

P re s s u re  C h a n g e - £ x p£R ^ - 321 335 3 /8 289 271 265 233 2 11 / 8b 17 2



values are also tabulated. 185.

The pressure change is due to:~
(a) Static- head of the water between'the

tapping points - |*5
(b) Loss at riser entry

(c) Kinetic energy at riser entry - —— • p

(d) Friction loss from riser entry to the riser
bottom tapping point

O  0 0 2 6 9  U

(The’ friction factor X is assumed to have 
the value in the downcomer i.e. X - 0-022. ) 

Therefore, the pressure change between, the water drum 
and riser bottom tapping points is the sum of the above 
terms, i.e.

The above formula was used where there was no restrict
ing orifice. With a restricting orifice the experimental 
pressure change ( S|> ) between water drum and riser bottom 
tapping points was used in any pressure summation correspond
ing to the experimental velocity (U ). She pressure change 
( ) corresponding to a velocity C ) otner than the
experimental velocity was determined oy assuming the losses 
due to the orifice and friction vary directly as the square 
of the velocity. This gives the pressure change in terms

H  (1-5 +  I - + (3 00249 U



186.
of th.e measured value as

1-5 + ' { M *

(The riser bottom tapping point is 1.5 feet above the water 
drum tapping point).

Very close agreement is obtained between calculated 
and measured values of pressure change between (l) the steam 
drum and water drum via the downcomer, and (2) the water 
drum and riser bottom tapping points.



187.

PART VII,

PREDICTION OP NATURAL CIRCULATION IN TfO-TUBE BOILER.
Page*

35* Pressure change over riser and downcomer tubes 188. 
36. Circulation velocity ...................   195.

INTRODUCTION.
The preceding sections have been devoted to the 

development and confirmation of a theory enabling thet
prediction of the pressure change over lengths of tube 
where steam—water mixtures flow. It is now possible 
to proceed to the application of this theory to the 
prediction of the theoretical circulation velocity.



188.
35. PRESSURE CHEROES OYER RISER ARE ROWNCOHSR TUBES.

±n a tube bank of a ?/ater—tube boiler each, tube is 
sub ject to a common pressure change. In addition, the 
net flow into a particular drum is zero.

Eor the simple case of a two-tube circuit, where the 
diameters of both tubes are the same, the velocity in the 
downcomer will be the same as in the riser tube up to the 
point ?)/here evaporation commences.

As the pressure change over each tube is the same 
the theoretical pressure change obtained using the measured 
velocity should be identical for both riser and downcomer 
if the theoretical equations are correct.

The theoretical pressure changes over the riser 
calculated from the measured velocity are compared with the 
measured values in Figures 56 to 60. The pressure charge 
over the riser was obtained by adding the theoretical values 
obtained from Sections 30 and 32 respectively, to the 
measured value over the restricting orifice, except in tne 
case of no restricting orifice, when the theoretical values 
were used.

The experimental values over the orifice were used as 
this was considered more accurate than theoretical values.
It was undesirable to introduce errors, however small, due 
to inaccuracies in the prediction of a theoretical pressure 
change/
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cliange over an orifice.

Discussion.
The agreement between the theoretical and measured 

pressure changes over the riser is extremely satisfactory 
the maximum error being approximately 0.3 lb/in.2 in 
6 lb/in.2 (i.e. i 5$).

The theoretical values obtained using the homogeneous 
theory are also shown in figures 56 to 60 for the -purposes 
of comparison. The maximum error here is approximately 
0.7 lb/in.2 in 6 lb/in.2 (i.e. ~ 11.5$).

Due to the close agreement shown in the preceding 
section between the theoretical and measured pressure changes 
over the downcomer, the agreement quoted above will also be 
approximately that between the theoretical pressure changes 
over the riser and downcomer corresponding to the measured 
circulation velocity. It is, therefore, to be expected 
that the proposed theory will give extremely close predict
ions of the circulation velocity and this is shown to be the 
case in•the.following section.



36. CIRCULATION VELOCITY. ^  •
The theoretical circulation velocity nil! be that 

velocity giving the same pressure change over the riser and 
downcomer tubes.

A trial and error procedure is used to obtain this 
velocity. The pressure changes over the downcomer and riser 
are determined as described in the preceding sections for a 
number of assumed velocities. By graphical means the 
velocity which gives the same pressure change over downcomer 
and riser is obtained.

The procedure is detailed in Appendix H. The theoretical 
velocity values are compared with the experimental values in 
Figures 61•' to .64 for eight representative test series. It 
will be seen that very close agreement is obtained. This 
was only to be expected in view of the close agreement 
obtained between the theoretical pressure changes over the 
riser and downcomer tubes as shown in the preceding section. 
Since this agreement was common to all tests, it was 
considered unnecessary to evaluate the theoretical velocities 
for more than the eight tests.

Also shown in Figures 61 to 64 is the circulation 
velocity calculated on the assumption of homogeneous flow.

Discussion.
The velocity curves shown in Figures 61 to 64 indicate 

that the proposed theory gives values within 0.25 ft./sec.
(± 6fo). of the experimental values, which is considered

satisfactory./
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satisfactory.

The homogeneous theory gives values within 0.65 ft./sec. 
(- Chile this may he accurate enough for certain
purposes, there is no doubt that the proposed theory reduces 
possible errors considerably.

However, in assessing the relative merits of the two 
theories it is necessary to consider the diverse conditions 
met with in actual boiler practice and to examine the 
possible influence these conditions might have on the 
accuracy of the results.

The following are some of the more important consider— 
ations:-

(a) Change in Adiabatic Length. In practice the 
unheated length will be small. On the other 
hand, however, over appreciable lengths of tubes 
the heat input may be very small, and indeed 
approximate to the adiabatic condition. It 
should be remembered that the homogeneous flow 
theory gave comparatively large discrepancies in 
pressure change over the adiabatic lengths. It 
might be expected, therefore, that the. proposed 
theory would give greater satisfaction in actual' 
boiler calculations.

(b) Change in Heated Length. In practice the heated 
tube length is often considerably greater than in 
the two-tube boiler. An increased heating length 
for/
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for the same heat input causes a reduction in the 
momentum forces relative to the other force actions.
Thus the error incurred by using the homogeneous 
theory is again increased since the present agreement 
found with that theory is due in part to' the excessive 
momentum force obtained by assuming both phases to have 
the same velocity.

(c) Tube Inclination. The velocity ratio will decrease 
with decreasing tube inclination. It is to be 
presumed, therefore, that the error due to the 
assumption of homogeneous flow will tend to decrease.

(d) Heated Downcomers. In practice, particularly where 
no unheated downcomer is provided, it is possible 
that some downcomer tubes will contain steam-water 
mixtures. When determining the circulation for such
circuits additional errors will be introduced in the 
prediction of the pressure change over the downcomer.
It is expected that the proposed theory will enable 
more accurate calculation of pressure changes during 
downcomer flow than the homogeneous theory, particularly 
in view of the satisfactory application to the predict
ion of stagnation conditions and to the prediction of 
the pressure change during the downward flow of 
air-water mixtures in Sections 22 and 23 respectively.
The question arises as to whether the incidence of 

steam in the downcomer will render the homogeneous flow 
theory even more inaccurate. This is seen to be the case
t>y/



ZUZ .by referring to Figure 65. The curves NO and 116 are taken 
to represent the pressure changes in the riser as predicted 
by the homogeneous and proposed theories respectively. 7/here 
no steaming occurs in the‘ downcomer, curve G-H is taken to 
represent the predicted pressure change in the downcomer.
The discrepancy in predicted circulation velocity between the 
theories is represented by the horizontal distance CA. If, 
where steaming occurs, curve G-H is now taken to represent 
the pressure change in the downcomer as predicted by the 
homogeneous theory, and curve JE as predicted by the 
proposed theory, then the discrepancy between the theories 
is increased and is represented by the horizontal distance 
EA.

In Figure 66 the same factors are plotted, but for the 
case in which the gradient of the curve GK has been assumed 
negative. Here also it is seen that the formation of steam 
in the downcomer increases the discrepancy between the two 
theories.

While in Figures 65 and 66 the curve JK has been shown 
below the curve CGH, there are circumstances under which the 
position would be reversed, '//here the steam flowed 
downward with a velocity greater than that of the water JK 
would lie above GH. In this case the discrepancy involved 
by use"of the homogeneous theory would be reduced. It can 
be shown that the conditions necessary for this type of 
flow exist only where there is a considerable quantity of 
steam generated in the downcomer.

It/
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It can be reasonably concluded that if the downcomer 
in the experimental plant were heated, the agreement 
between the measured and theoretical values deduced from 
the proposed theory would be confirmed, whereas the 
discrepancy between the measured and theoretical values 
based on the homogeneous flow theory would be increased,,

It may be said that comparisons between theoretical 
and experimental velocities in a two-tube circuit, interes 
ing asiiiey are, give only overall impressions. The true 
merits of any theory are more readily obtained by a 
comparison in detail of the pressure changes over the 
various parts of the circuit.
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RESUME.
This research was initiated to investigate the 

principles of natural circulation in water-tuhe boilers. 
Previous investigators such as Schmidt, Waeselynk and Sciiwab 
had appreciated that the standard theory which assumed that 
the steam—water mixture flowing in the heated tubes behaved 
as a homogeneous fluid, was inadequate, due primarily to 
the steam velocity relative to the water. There was ample 
evidence to indicate that even during the horizontal flow of 
steam—water mixtures the steam velocity was considerably 
greater than the water velocity.. Several theories had been 
developed to include this relative movement, but they either 
contained assumptions unacceptable in the light of present 
knowledge of the mechanism of turbulent flow, or were in such 
a form as to render them inapplicable to the wide range of 
conditions met with in boiler practice.. These remarks apply 
not only to theories and experimental work directly connected 
with boilers, but to all work connected with the flow of 
two-phase mixtures.

It was, therefore, necessary to develop the theoretical 
equations governing the flow of two-phase mixtures. It 
became clear that the problem was essentially twofold; 
firstly the determination of the phase distribution, and 
secondly the determination of the velocities of the respective 
phases. It has been possible, by consideration of the 
fundamental mechanism of turbulent flow,, to develop
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the relationships governing the respective phase velocities 
for a particular phase distribution. On the other hand, 
present knowledge does not extend to the point of 
specifying the distribution of the phases.

The experimental work of previous investigators 
indicated the persistence, during two-phase flow, of an 
annular flow pattern in which a ring of liquid wets the 
entire wall and the inner core comprises gas, or vapour, 
with associated liquid. The theory was developed for this 
case. It was assumed that, (a) the liquid in the core was 
uniformly distributed, (b) the core mixture behaved as a 
homogeneous fluid, and (c) the core was symmetrically 
dispersed about the tube axis. The experimental work of 
Martinelli suggested that both phases flow turbulently for 
the mass flow rates met with in boiler practice.

During two-phase flow, as during homogeneous flow,the 
internal shearing stresses must be transferred by viscous 
or momentum shear. It was assumed that Prandtl's Equation 
relating shearing stresses and velocity profile gradient 
would hold throughout the two phases, and that the Prandtl 
mixing length distribution is the same as for single-phase 
flow. Prom these assumptions the velocity profile may be 
determined for any given shear distribution and in turn 
the respective phase velocities could be obtained.

The practical application of the theoretical equation 
embodying the above ideas is not normally possible, as the 
liquid content in the core is unknown. Where conditions 
are such that there is no liquid content in the core, a
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and certainly in the case of natural circulation, the- liquid

directly applicable to the natural circulation problem is 
available. In fact, the only information on the .subject 
vrns derived from the results of Armand for air-water 
mixtures. This information made possible the application 
of the theoretical equation in a simplified form, to the 
case of stean-water mixtures.

The procedure is best understood with reference to the 
equations. The theoretical equations for the gas-liquid 
velocity ratio is obtained in the form

As the water content in .the core is not known, the 
equation is reduced to the form

The term Z, containing the liquid of the core, is 
assumed independent of the phase densities and viscosities 
and it is shown that- this is approximately the. case. Its 
values were determined by applying the above equation to 
Armand1s experiments for air—water flow, and were assumed to 
hold for the flow of steam-water mixtures for corresponding 
liquid/

content of the core is important, but so far no information

<4 + ^ u3 i - y  cu-t- (o/kJ  \ fc T-l
Ul l'% u- Jpio' %  T,
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liquid flow ra-fces and ratios of gas to tube cross-sectional
areas.

The water content in the core is also involved in the 
shear stress ratio as

Tt ( M  ̂  4 Smd + /ise%Sat
\cL£/fz

The core' density is /jf . In evaluating the shear stress 
ratio, the core density was, of necessity, assumed that of 
the steam.

Using the gas to liquid velocity ratio E, the equation 
for the pressure change is obtained in the form

u  = r x +. / _ llliiil— ] st
( d i k “  2 3 .d JV/g * K(i-%)//>f

.9

The terms are, in turn, due to mixture weight, friction, 
and inertia force. The corresponding equation assuming 
homogeneous flow is

where Ir  -

and „ _ _M J _
U y  ' p

In the friction equation th-e term G- allows for the fact 
that (a) the liquid is mainly contained in a ring at the

wall/
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wall, and (b) the core contains a certain amount of liquid.

It was shown that 0 would have a magnitude close to 
unity and this assumption has, therefore, been made 
throughout the application of the theoretical equations.
Where evaporation occurs at the wall due to heat transfer 
.̂he bubble formation at the wall would presumably break up 
the laminar layer at the wall with an increase in friction.
This would tend to increase the friction pressure change. 
Inspection of the data over the heated length from the 
two-tube boiler suggested an increase of 25$ on the adiabatic 
friction equation to allow for this effect.

The fundamental relationships governing the velocity 
ratio II were approximately confirmed by using them to evaluate 
the water content of the core during Armand1s experiments 
with air-water mixtures. The small magnitudes of the water 
so found to be concentrated in the core were consistent with 
the flow pattern assumed.

Further confirmation of the proposed theory in its 
fundamental form was obtained for 3ergelin*s tests with 
air-water mixtures flowing down vertical tubes. In these 
tests the mass flow rates and the ratio of the gas to- tube 
cross-sectional areas had such values that the water content 
of the core could be regarded as negligible.

The form of the proposed friction equation was confirmed 
by applying it to analyse the pressure changes during the 
air-water flow experiments reported by Martinelli, and also 
the/
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the pressure changes during the adiabatic flow of steam- 
water mixtures in the two-tube boiler experiments.

The theoretical pressure changes, using both the 
proposed theory and the standard'homogeneous theory, were 
compared with the experimental values for the upv^ard flow 
of steam-water mixtures in smooth vertical tubes for the 
following conditions.

(a) The adiabatic flow of steam-water mixtures in 1” 
bore tubes, for pressures in the region of
170 lb./in.^ and 1600 lb/in.^ (Schwab’s results).

(b) The adiabatic flow of steam-water mixtures in 
1.7*f bore tubes for pressures between 50 to 
1500 lb./in. (Two-tube boiler results).

(c) Steam-water mixtures flowing through 1.711 bore 
tube with heat transfer (Two-tube boiler results).

The proposed theory was also used to determine the 
circulation velocity producing ’’stagnation” conditions in 
downcomer tubes, and the results compared with the experiment- 
■al observations of Lowenstein.

Finally, both the proposed theory and the homogeneous 
theory were used to determine the circulation velocity in 
the two-tube boiler.
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Discussion.

The application of the theory to a wide range of 
experimental results gave ̂ extremely good agreement. /Then 
applied to the analysis of the adiabatic flow of steam-water 
mixtures in the two-tube boiler, the proposed theory gave 
45$ of the predicted pressure changes within 5$ of the 
measured values, 87$ within 15$, and all within 22$. The 
homogeneous theory, on the other hand, gave only 40$ of the 
results within 22$, and all within 55$. It is, therefore, 
seen that the proposed theory gives considerable improvement 
over the homogeneous theory. In the analysis of Schwab’s 
results for the flow of steam-water mixtures through 1” tubes 
the improvement was even more marked, the proposed theory 
agreeing within 14$ and the homogeneous theory within 60$.

In general, the large errors quoted for the homogeneous 
theory decrease with increasing pressure, as is to be 
expected, since the steam-water velocity ratio decreases 
with increasing steam density.

The only data available relating to the flow of steam- 
water mixtures with heat transfer is that obtained from 
the two—tube boiler. The proposed theory enables the 
calculation of the pressure change over the evaporation 
length within 15$. The great majority of the results gave 
agreement much closer than this maximum error. Here again 
the homogeneous theory gave considerable errors, the maximum 
error being as much as 40$. While this is an improvement 
on/



213.on the figure obtained for the adiabatic case, it is 
undoubtedly due to the excessive momentum force obtained 
by assuming both phases to flow with the same velocity 
thus compensating.for the error involved in this assumption 
where momentum forces do not exist.

Part of the error in the proposed theory must be 
attributed to the term G- in the friction equation. This 
was assumed unity. The analysis of Llartinelli 1 s tests for 
air-water flow through horizontal tubes confirmed that 
friction varies as the square of the liquid velocity, but 
gave a value of G b 0.75. The analysis of the steam-water 
mixtures flowing adiabaticaily in vertical tubes, obtained 
from the two-tube boiler, also confirmed that the., friction 
varied as the square of the liquid velocity, providing in 
this instance that G- varied with the boiler pressure. On 
this basis C- was found to have a value of 1.25 at 50 lb./in.2 
gauge decreasing to 0.95 at 130 lb/in.^, and remaining 
constant thereafter. It seems reasonable that G- should be 
dependent on the pressure, as G- is dependent on the water 
content in the core which will be affected in turn by the 
change in the phase densities with pressure variation. The 
introduction of the changing value of G-, to the theoretical 
calculation for the pressure change during adiabatic flow, 
would have produced considerable improvement particularly 
at low pressures, and 55$ of the tests ?voula then have agreed 
within 5$ as against 45$ when assuming G- » 1. The explan- • 
ation of the lower values of G- (0.75) obtained with the 
horizontal/
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horizontal flow of air-water mixtures may be that, with 
horizontal flow, the pattern is no longer strictly 
symmetrical.

There was no appreciable error due to the neglect of 
distortion effects in ^he friction equation. Distortion 
is large, where the friction pressure change is small 
relative to the total pressure change, as for this condition 
the shearing stress ratio T2/ tj is large. Hence where the 
error in the friction equation introduced by neglecting 
distortion is likely to be largest, the contribution of 
friction to the total pressure change is smallest.

Data was not available to confirm the accuracy of the 
equations when applied to rough tubes (Appendix K). The 
theoretical equation indicates that with horizontal tubes 
the velocity ratio will be increased with increasing surface 
roughness. However, with vertical tubes the influence of 
the increased friction on the internal shearing stresses 
tends to make the velocity ratio independent of the surface 
roughness. Tests with rough tubes afford an excellent 
opportunity of checking the form of the equation for the 
gas-liquid velocity ratio.

The prediction of the point of stagnation by the 
proposed equations gave good agreement with Lowenstein1s 
observations. . This suggests that the equations may be 
satisfactorily applied to the prediction of flow in down- 
comers. This was also supported by the analysis of 
Bergelin’s results for air-water mixtures flowing vertically
downwards./



215.downwards. These tests, while they gave errors in the 
predicted pressure change as large as 62$, gave agreement 
between the theoretical velocity ratio and that velocity 
ratio which would give the actual pressure change within 
20$. This was the estimated accuracy of the velocity ratio 
for the steam-water experiments with upward flow in vertical 
tubes. The explanation of the greater errors in the 
predicted pressure change with downward flow is that, unlike 
the case where the flow is upwards, the resultant pressure 
change is due to the difference between the friction and 
mixture weight pressure changes. Any errors naturally tend 
to be magnified, particularly where the pressure changes 
due to friction and mixture weight tend to be of the same 
magnitude. In addition it should be noted that any error 
in the predicted velocity ratio has opposite effects on the 
pressure change due to mixture weight and friction. If 
the pressure change due to mixture weight increases the 
friction decreases, and vice versa. Where the two 
components of the pressure change are being added, the 
errors due to inaccuracies, therefore, tend to balance.
Where they subtract, as in the analysis of Bergelin’s 
experiments, the errors are cumulative.

The analysis of Bergelin’s experiments, where as 
already mentioned the theoretical velocity and that velocity 
ratio which would give the measured pressure change were 
found to agree within 20$, also indicates that the controver
sial assumption that the Prandtl mixing length distribution 
is/



216.is the same during single and two-phase flow is approx
imately true.

When applying the proposed theory -to determine the 
circulation velocity, agreement within 6$ was obtained.
The homogeneous theory, on the other hand, gave agreement 
within 15$. Thus, despite the large errors in the pressure 
change over various tube lengths, the homogeneous theory 
gives an agreement which, from practical purposes would not 
seem unsatisfactory. If, in addition, the relative 
simplicity of the homogeneous theory is considered, it may 
appear unnecessary to use the more complicated proposed 
theory. However, it has already been shown that the 
inclusion of greater tube lengths with adiabatic flow and 
of heated downcomers could appreciably increase the errors 
quoted above. Also, in multi-tube banks the large errors 
in the pressure change may produce inaccurate conclusions 
as to the flow rates occurring in different tubes. The 
errors may give quite erroneous ideas as to the number of 
tubes acting as risers and downcomers. Gare should, 
therefore, be taken in applying the homogeneous theory, as 
in certain circumstances the errors in the predicted circul
ation may be considerably greater than those obtained with 
the two-tube boiler. On the other hand, the close agree
ment obtained with the proposed theory in the step-by-step 
analysis of the. circuit in the two-tube boiler, and in the 
analysis of widely differing experimental work of previous 
investigators, inspires confidence in its general application.
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Over the range of pressures and heat input rates 

investigated, natural circulation provides adequate flow in 
a two-tube circuit. With increasing pressure the 
circulation velocity rises to a maximum, value above which it 
decreases slowly. With no restriction to flow the maximum 
circulation velocity occurs at pressures in the region of 
400 lb/in . The maximum velocity was independent of the 
heat input, and the pressure corresponding to the maximum 
velocity increased with the heat input to the tube.

With restricting orifices the trends are similar, 
except that the maximum velocity now occurs at pressures 
lower than 4Q01b/in2.

The proposed theory, based on an annular flow, pattern 
where the water forms a ring at the wall with a core of
steam and entrained liquid, gives much closer and more j

i
consistent agreement between experimental and calculated 
values than the homogeneous theory. This is illustrated 
in the following tables:

Annular Theory. Pressure Gradients.

' Tests per 100 lying within the following f errors.

5f 15 f 22f

Adiabatic flow. 1.7'* bore tube.(Two-tube boiler) 45 87 100
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Plow with heat transfer* 
1.7" bore tube.
(Two-tube boiler) 70 loo -

Adiabatic flow.1.0" bore tube.
(Schwab 1s experiments)

76 100 -

Homogeneous Theory* Pressure Gradients*

Tests' per 100 lying within 
the following fo errors.

22 io 40?£ 55°a

Adiabatic flow . 
1.7" bore tube. (Two-tube boiler) 40 92 100

Plow with heat transfer. 
1.7" bore tube.(Two-tube boiler) 75 100 -

Adiabatic flow.1.0" bore tube. 
(Schwab's experiments) 64 77 <100 •

The annular theory gives the ratio of' the steam to 
water velocities as high as 5*7, for which condition 
the steam velocity is 57.5 ft/sec. and the water velocity
10.1 ft/sec. In the majority of tests the velocity ratio 
would appear to he estimated within 20^.

At pressures above 1000 lb/in2 the velocity ratio is 
normally near unity, and for such circumstances the 
homogeneous theory gives closer agreement than indicated

pin the above tables* At 1615 lb/in with a 1" bore tube
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the maximum error was 18$.

The proposed theory enabled the prediction of the 
circulation velocity within 6$ as against 15$ using the 
homogeneous theory. With circuits other than the two-tube 
boiler the errors assuming homogeneous flow could be 
considerably greater than those quoted. The more detailed 
agreement obtained with the proposed theory would suggest 
it could be applied with confidence to other circuits.

The above results indicate that while the flow 
pattern assumed may not occur at all flow conditions, the 
theory based on such a pattern may be applied with 
considerable accuracy over a wide range of flow conditions. 
This is further confirmed by the good agreement obtained 
in analysing experiments for air-water flow In horizontal 
and vertical tubes.

Nevertheless there is still scope for further 
Improvement. Due to the limited information available 
certain assumptions and approximations were necessary 
in developing the proposed theory. The problems implicit 
in these assumptions can only be answered by further 
detailed investigation into the flow of two-phase mixtures. 
The study of steam-water flow is fraught with difficulties 
due to the effects of condensation or evaporation. In the 
first instance the most satisfactory field of investigation 
would appear to be that of air-water flow. The work of 
Armand suggests the natural starting point.

In conclusion it can be said Jhat a theory has been 
developed allowing for the different velocities of the
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phases during two-phase flow. The relationships are in 
a form permitting their application to the problem of 
circulation in tube banks. The proposed theory is more 
laborious in application than the homogeneous theory but 
the preparation of suitable charts would substantially 
reduce the labour at present required. Considerable 
improvement is obtained over the homogeneous theory in 
predicting pressure changes and circulation rates.
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During Two-Phase plow.

225.
APPENDIX A.

The continuity equation for the core is
( q - to p  IY1 , ya . ^

X4
The continuity equation for the annular ring is

(l-q-ou) M U, fi 
X,

Combining Equations Al and A2
V/ v  . V , ( i- ^ - o j )|V7

' 'X ' X '+ V  ~UTA+ "u'.-fi
= +  Kg (l-V a>) M

f it .  U , • P,

Qi

RZ

=  * r .
Uii

. . OS U,= —Ki
m

A  ' P,
Treating now the continuity equations for the gas and liquid

X,
and

O't) M
XL -  Of £

RU

Combining Equations A4 and Ac

V  =  U l  . 0 - ^ ) M
' i v / S  Uu-fu

u„ % a
. . . . . . . . .  Rio

The core mixture is treated as homogeneous, hence

UQ = Ut R7

and the annulus is assumed to contain liquid only, henee

P u ~  P ...................................9
Combining Equations A&> A6, A7 and 9



/ \ 2 2 6  •
ftuj Ki (i- ? - to) % k 0 z3 )  . . . f)8
A  A  fc /t

and from Equation 7

Substituting Equation 7 in Equation A8

*? .'to , KtO-t-(o) q . k C h )
'-7c J  +  ~  a  + ~ j r

Hence
/<

1-  R -  t o  +  t o  / K i

' - 9

. . .  m

That is
J k

U l

_ Ut
u,

/-<£- 10 +  t o / f o  

1- $

. . . Rio

Therefore
= ut - 1- R -  CL) +  tO /K<L . . Fill

as
= L)?

Combining Equations A4 and A6>
Xc * / P q . RI2

. X ■+ C»-^)//f
and

Xl _ i   Xq 
X ” 1 ~ X

K ( i-H-)//2 fl/5
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APPENDIX B.
From Equations A6 and.17,

u ~ u  =  —UC X
1  +  k H !

Pi /L .
As K =  j j *  it follows from the above equation that

,, = Us =  J_ m . fJL + ms
K K ' X J°c /£

In determining the change in velocity due to the changing 
conditions along the tube, changes in the densities and in 
the velocity ratio are ignored, as the influence of both 
effects is small for the experimental conditions.

The velocity of the gas or vapour after a change in 
dryness fraction is

r n >
f)\<o

Therefore subtracting Equation Alb from A16

x l Pa ft.
Su, Qi7

M_ fl/8
X fe.

as is large compared with in the experiments analysed. 
Similarly

c „ -  ±  $ 1 .................  A't
L ~  K X  fi;
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From Equation 4

A.)  _  ( A \  A  Ik l
( < h ) , h  Ii

As the term within the square root sign is a constant 
for a particular flow condition, this may be integrated 
with respect to y  , giving, after the constant of 
integration has been obtained,

(/'- u / f ! - ................. m  i
V r i  w

where the velocity symbols are as indicated in Figure 14*
The. mean velocity of the core relative to the

boundary of the phases during single-phase flow(i.e. curve 
in Figure 14) is

= Jfo-rh 2 U r U d y .............. fj2z

3 "  . 

where Th is the radius of the cylindrical core.
The mean velocity of the core mixture during two-

phase flow relative to the boundary is
a X-n, 2 n-fU-dy 
Ua' *

which, on substituting Equation A21 , becomes



DETEAivIIN AT ION OF VELOCITY RATIO K, 2
THE TERM Z AFP THE HATER CONCENTRATION LO . APPENDIX D

Arrnand, as p r e v io u s ly  d is c u s s e d  i n  S e c t io n  6 , w e ig h e d

th e  tu b e  th r o u g h  w h ic h  a m ix t u r e  o f. a i r  and  w a te r  f lo w e d ,

f r o m  w h ic h  i t  was p o s s ib le  t o  d e te r m in e  th e  r e s p e c t i v e

c r o s s - s e c t i o n a l  a r e a s  o c c u p ie d  by  th e  p h a s e s . The r a t i o  o f

Xgt h e  g a s  t o  tu b e  c r o s s - s e c t io n a l  a r e a s  ( - ^ )  t o  a  b ase  o f  th e  

r a t i o  o f. th e  gas f lo w  v o lu m e  t o  th e  t o t a l  f lo w  v o lu m e  ( fS ) 

o b t a in e d  i n  t h i s  m anner a r e  shown i n  F ig u r e  1 2 .

F ro m  t h i s  in f o r m a t io n  th e  v e l o c i t y  r a t i o  K may be 

o b t a in e d .  .

D e te rm in e  th e  v e l o c i t y  r a t i o  K when

Xs = w  = 0-4........... d l k
x V/i + k H ) / ?

XFrom  F ig u r e  12 c o r r e s p o n d in g  t o  t h i s  v a lu e  o f  -r^
A

fi = „ / ̂  = 0-7/5............/?Z5
^  + O-tiA

H ence

. o-k$ H 0 -7/5
Now E q u a t io n  A24 may be w r i t t e n  

I I
I  +  K  ^  I  +  K x o  t r

% n.
K - l ie75

=  0-6

I n  S e c t io n  1 1  th e  a p p ro x im a te  fo rm  o f  t h e  v e l o c i t y  

r a t i o  K  d u r in g  h o r i z o n t a l  f lo w  h as  b e en  o b ta in e d  i n  th e  

fo r m  ( E q u a t io n  2 0 )
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= | -+- zJt?-5 x 13 35

=  l +  ZX  28 -  9 ............................  /?27

as  y ^ - 6 2 - 5  l b / f t 3 and  /?  = 1 / 1 3  *3 5  l b / f t 3 . The d e n s i t y  

o f  a i r  u s ed  i s  t h a t  a t  a tm o s p h e r ic  p r e s s u r e  an d  a  

te m p e r a tu r e  o f  7 o ° F .

Now, f o r  th e  p a r t i c u l a r  c a s e  o f  - ^  =  0 * 6  a l r e a d yA
c o n s id e r e d

-  0 ' 0Z3k -

By t h i s  p ro c e d u re  F ig u r e  15 was c o n s t r u c t e d *

XcAbove th e  c r i t i c a l  r a t i o  th e  v a lu e  o f  Z  i s  

d e p e n d e n t on th e  mass f lo w  o f  th e  l i q u i d  p h a s e . C o n s id e r a b le  

i n t e r p o l a t i o n  was n e c e s s a ry  i n  t h i s  r e g io n .  The  c o n t in u o u s  

l i n e s  a r e  mean l i n e s  o b ta in e d  fro m  th e  e x p e r im e n t a l  d a t a .  

W here th e  l i n e  i s  o b ta in e d  by i n t e r p o l a t i o n 1 o r  e x t r a p o l a t i o n  

i t  i s  shown as a b ro k e n  l i n e .

« o # • •

An a p p ro x im a te  e s t im a te  o f  th e  w a te r  c o n c e n t r a t io n  

i n  th e  c o re  may be made by u s in g  E q u a t io n  5 9 .

U3 A  . .  59

The r a t i o  was d e te rm in e d  fro m  th e  s in g le - p h a s e  

v e l o c i t y  p r o f i l e  shown i n  F ig u r e  6 7 .  T h is  i s  th e  v e l o c i t y  

p r o f i l e  c o r r e s p o n d in g  to  a R e y n o ld f s Number o f  1 0 5 ,0 0 0 *
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FiG.(q1. Ve l o c it y  D is t r iq u t io h  Iry S m o o t h  Tubes 
At fl Reynolds Number Of 105 ,000 .

( SouzcE: NtKugflQse From SgKHf̂ grgfp's "Nech^cs 
Of Tueeuueijr Flow.)

o 2

0 8Ob
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The R e y n o ld » s  Number u s ed  s h o u ld *  i n  f a c t *  be th e

R e y n o ld s  Number c o r r e s p o n d in g  t o  th e  f lo w  i n  th e  a n n u lu s .

The v a lu e  q u o te d  i s  an  a p p r o x im a te  mean v a lu e  th r o u g h o u t
ij<i

A rm a n d f s t e s t s *  As th e  r a t i o  -j-5 v a r i e s  o n ly  s l i g h t l yu,
w i t h  R e y n o ld f s Num ber th e  e r r o r  in v o lv e d  i n  t h i s  a s s u m p tio n

Us
i s  s m a l l *  The c a l c u l a t e d  v a lu e s  o f  ^ a r e  shown i n  F ig u r e  68
to  a b a se  o f  X a /x  *

Xc
C o n t in u in g  th e  n u m e r ic a l  e x a m p le  w h e re  ^ ~ O '6 * f ro m  

E q u a t io n  A31

l-fy Pa ^  \-% I 
%  . H  %  62 f x  13 35

= O-tf

T h e r e f o r e  /

U* V V S(0
F ro m  F ig u r e  68 - j j  =  0 .1 1 2  when —  0.6 ( N . B . ^ ) 

R e g ro u p in g  E q u a t io n  59 i n  th e  fo rm

K = I a

lt.2 S *  13-35

S u b s t i t u t i n g  n u m e r ic a l  v a lu e s

l(>75 -  1+ o ■ ^ | +  33fc.tO

Hence U) =  0.073
Figure 20 was constructed in this manner.
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DETERMINATION OP THE PRESSURE CHANGE DURING 
THE DOWNWARD FLOW OF AIR-WATER MIXTURES IN 

. VERTICAL TUBES#

234- .  

APPENDIX E

C o n s id e r  t h e  c a s e  w h ere  th e  a i r  and w a t e r  f lo w  r a t e s  

a r e  r e s p e c t i v e l y  80 and 1 4 0 0  l b / h r .

The o t h e r  p r o p e r t i e s  a r e :

fl=6 2 ‘ 5 l b / f t  

80
%  =  0-0749 l b / f t 3 . =  g -4 2  l b / h r . f t .

OOSU
8 0 i  IkO O

g -  ^ ^  = 7 5 5 / ^ , / ^

Tube d ia m e te r  l f* . 

*

II
x - -tx' m

183'5Tt*'
3  (>oo 

Assume K = 7 #

The p r e s s u r e  chang e i s  o b ta in e d  fro m  E q u a t io n  6 5 .

* - r ^ + k Ci-H'1)
M •«/

«e

F rom  E q u a t io n  Alb

• i I M  f r  K (1-^)1
U‘ ‘ K X [/> — j

= 75-5|~OOS4 . 7y0?/>fc| 7 [ 0 0747 2̂ 5 J0S4 ■ 7x 
0747

- fi-72 /t/sec. .
R e y n o ld rs Number (E q u a t io n  4 6 )

uL • • /I

g-72* 1^42-5 x 3600 _ (o0
I /7 V  O.Z.9 >1 *1 X 2*42.

Fro m  t h e  f r i c t i o n  c u rv e s  shown in  F ig u r e  69 A =  0 * 0 1 9 5 .  

The p r e s s u r e  change p e r  u n i t  le n g t h  i s  t h e r e f o r e

Q-Otqs X 12. V 8-92 X 62- 5 __
29 x r

OQ5U- +  7  xoyuto 
0 C5U , 7X Q-9kb 
0’07lf-<\ ~r. 62-5
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CURVES OF FRICTION FACTOR - REYNOLDS NUMBER 
l a w s  : A = ~ ^ |  f o r  Re -= 105 ( B l a s i u s )W £ *

A « 0-0032 + f o r  Re =» I05 ( n i k u r a d s e )
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010 20
R e y n o l d s  N u m b e r  (Re ) x 1 0 5



= !8(o —  8-05

I O S S  l b / f t* ft.

The t h e o r e t i c a l  v e l o c i t y  r a t i o  i s  o b t a in e d  u s in g  E q u a t io n  6 5 .

v a lu e s  c o r re s p o n d  t o  a R e y n o ld 's  Number o f  1 0 5 ,0 0 0 .  A c e r t a i n  

e r r o r  i s  t h e r e f o r e  in t r o d u c e d  h e re  as th e  r a t i o  Uy^U, s h o u ld  

t h e o r e t i c a l l y  be t h a t  c o r r e s p o n d in g  t o  R e y n o ld 's  Num ber f o r  

t h e  a n n u lu s  f l o w .

From E q u a t io n  A12

' It' will be seen that this disagrees slightly with the 
assumed value. The theoretical pressure change is that 

obtained when the assumed and theoretical values of ’̂̂ le

The v a lu e  o f o b ta in e d  fro m  F ig u r e  68 . The

Q-Obk/ooik*!X
+  0-05U-/o.o7lf<l

= 0  8 7 3

From Figure 68

Therefore

K = I

The appropriate signs give

=  6 - 9 5



velocity ratio are identical. This is obtained by a trial 
and error procedure, which is detailed in Appendix H. In this 
case the pressure change was found to be 10*62 lb/ft^ft. 
and the velocity ratio 6*97.



D j-T -iU iilK A TIO N  OF STAGNATION POINT XiP PiiLiDX/ik. P’ •
DURING FLOW IN  DOnNCQPlER TUBES.

" S t a g n a t io n  P o i n t ’* as p r e v io u s ly  d is c u s s e d  i n  S e c t io n  2 3 ,  

o c c u rs  when • The e q u a t io n s  a r e  h o w e v e r n o t  i n  a fo rm

e n a b l in g  t h e i r  a p p l i c a t i o n  to  th e  l i m i t i n g  c o n d i t i o n .  F o r

th e  s te a m  p h ase  i s  no lo n g e r  m o v in g . C o n s e q u e n t ly  th e  e q u a t io n s  

w e re  a p p l ie d  t o  f i n d  th e  mass f lo w  c o r r e s p o n d in g  t o  K = 0 *1 .

L o w e n s te in  o b ta in e d  s t a g n a t io n  w i t h  p r e s s u r e  d ro p s  fro m  

60  t o  4 0  a tm o s p h e re s . The c a l c u l a t io n s  w ere  c a r r i e d  o u t  f o r  

a mean p r e s s u r e  o f  50  a tm o s p h e re s  (7 2 0  l b / i n ^  g a u g e ) and  th e  

mass f lo w  r a t e s  c o r r e s p o n d in g  t o  K = 0*1 and  a ra n g e  o f  q u a l i t i e s  

d e te r m in e d  f o r  t h i s  c o n d i t io n .

The p ro c e d u re  was t o  assume a v a lu e  o f  th e  d ry n e s s  

f r a c t i o n  ( e . g .  ^ s 0 * 0 1 5 )  and K = 0 * 1 .  Th en  f o r  a s e r i e s  o f  mass 

f lo w s  th e  v e l o c i t y  r a t i o  c a l c u l a t e d .  The mass f lo w  a p p r o x im a t in g  

t o  th e  s t a g n a t io n  c o n d i t io n  w i l l  be t h a t  f o r  w h ic h  th e  c a l c u l a t e d  

K  a g re e s  w i t h  th e  assum ed v a lu e  o f  0 * 1 .  T h is  p ro c e d u re  i s  

now d e t a i l e d .

F ro m  E q u a t io n  57

e x a m p le , th e  d ry n e s s  f r a c t i o n  a c e a s e s  t o  h ave  m e a n in g  when

The v a r io u s  p r o p e r t ie s  a r e :

^ = 4 8 * 7  l b / f t 3 . ^ - 1*6 l b / f t 3 . 0 * 2 6  l b / h r . f t .

c ^ O - 0 1 5  « =  0*1 y  ® 4 8 * 8  l b / s e c .  f t 2 .

F rom  E q u a t io n  A lb



From Equation 46 Reynold's Number
R _ UL-d-/Z = Ss±yj-ie* L8-1X 3too = %&Q00

/> l 12 N 0 2b '

F rom  F ig u r e  69  \  =  0 * 0 1 3 7 .

The p r e s s u r e  chang e p e r  u n i t  l e n g t h  i s  t h e r e f o r e

/ < # ]  _  0*013 7x /2 x  5 -5 S *x  kQ- 7 O 0/5 +  O f *  0-985
{di/o 2 o x l-t& o^is ^  o±xo^e

J  /-6  4-8*7

= 3-26 - 6-72 ib/fk'.ft.

The v e l o c i t y  r a t i o  i s  now o b ta in e d  fro m  E q u a t io n  3 2 ,

- 1  +  7 i [ ( i l - / s TK
F2

The te r m  Z i s  t h a t  c o r r e s p o n d in g  t o  ( E q u a t io n  A 1 2 )

O-ois/l-G = 0-825
c o t s / i b  -t o . l x o  < J 8 S / u 8 l

a n d ( i - —  0 •  9 8 5 X 4 3 '3 = 4 8  l b / f t  s e c .  I n  o b t a in in g  z f ro m

F ig u r e  15 th e  v a lu e  o f  Z  was ta k e n  as t h a t  c o r r e s p o n d in g

t o  ^  5 4 .  The c u rv e s  c o u ld  n o t  be e x t r a p o la t e d  w i t h  a n y

a c c u r a c y  b eyo n d  t h i s  p o i n t .  From  F ig u r e  15 Z - 0 * 3 0 6 .

H ence _________  _______
I US 7 t(k72'/'t,)K = \ ± o - s o b ] — . _m

U s in g  th e  a p p r o p r ia t e  s ig n s



MT h is  p ro c e d u re  was r e p e a t e d  f o r  - r - = - 7 3 * l  and
A

9 7 * 5  l b / s e c . f t * ?  and K  p l o t t e d  t o  Q  as  shown i n  F ig u r e  7 0 .  

F ro m  t h i s  f i g u r e  i t  i s  s ee n  t h a t  0 * 1  f o r  =  6 7 * 5 l b / s e c .

T h is  e n t i r e  p ro c e d u re  was r e p e a t e d  f o r  v a r io u s  assum ed  

q u a l i t i e s  and  F ig u r e  24 c o n s t r u c t e d .



-  o 'l i t /y



CONVERSION OF EXPERIMENTAL H EA D IN G S. . APPENDIX

P re s s u r e  C h a n g e s . ^

As a l r e a d y  d is c u s s e d  i n  S e c t io n  2Q th e  r a t i o s  ot PC/PA 

a d o p te d  o v e r  th e  v a r io u s  le n g th s  o f  p r e s s u r e  l im b s  w e r e ;

W a te r  drum  t o  r i s e r  b o tto m  -  fi/fi- Q -9 9 .

R is e r  b o tto m  to  r i s e r  to p  0 . 9 8 .

R is e r  to p  t o  s te a m  drum  -  ^  -  0 . 9 9 .

O v e r th e  o t h e r  c o m b in a t io n s  o f  t a p p in g  p o in t s  th e  

r a t i o s  w e re  c a l c u l a t e d  as f o l l o w s :

Y /a te r  drum  t o  r i s e r  to p  -  '/ a V n V '0 <76 —
W a te r  d rum  t o  s te am  drum  - j ^ /gx0^I<D T* liL'T OO'i)

R is e r  b o tto m  to  s te a m  drum-■—  -  -  o-96Z
/°a 17 2 + 38-5

(T h e  v a r io u s  d im e n s io n s  a r e  o b ta in e d  fro m  F ig u r e  2 6 )

The p r e s s u r e  ch an g es  a re  t h e r e f o r e  f o r  T e s t  S e r ie s  

N o . 1 1  a t  5 1  l b / i n 2 u s in g  E q u a t io n s  72 t o  7 6 :

S team  drum  t o  w a te r  drum  -  ~2(ax — £ 81 l b / i n 2
S team  drum  t o  r i s e r  b o t to m -  2L0:?x.̂ 2~3ix -=- l+'kU l b / i n 2
S team  drum  t o  r i s e r  to p  -  = O-kl l b / i n 2

/M-1+ ‘ L
R is e r  to p  t o  r i s e r  b o tto m  - x .̂/q  l b / i n 2
Riser to p  to  w a te r  drum  -  rtOx&98f-U * - q | r  =  A  3 5  l b / i n 2 
R is e r  b o tto m  t o  w a te r  d ru m - x -%-5=  2 7 5  l b / i n 2Hfii- I'i

V e l o c i t i e s .

F o r  T e s t  S e r ie s  N o . 11  a t  50  l b / i n 2 th e  P i t o t  h e a d  

r e a d in g  was 3 * 1 2 5  in c h e s .  The d e n s i t y  o f  s a t u r a t e d  w a te r  a t



H ence f ro m  E q u a t io n  7 0 ,  th e  c i r c u l a t i o n ,  o r  downcom er 

v e l o c i t y

y * 111 . J t e . A = 1 * n s x tt-s
ll-m it fb J 1-936 ■ &  575

“ 3-oloft/se.c.



o A A <u hLc •
SPECIMEN CALCULATION -  TWO-TUBE B O IL E R . APPENDIX H . 

DATA.

T e s t  S e r ie s  N o . 5 .  H e a t in g :  U n ifo r m .

R e s t r i c t i n g  O r i f i c e :  N o n e . H e a te d  L e n g th :  l o  »6, f .

T u b e : =  l * 7 " l . D .  Tube P o s i t i o n :  V e r t i c a l .

Gauge P r e s s u r e :  72 l b / i n 2 . S a t u r a t io n  T e m p e r a tu r e :  3 1 8 ° F .

P r e s s u r e  D i f f e r e n c e  (S te a m  Drum To W a te r  D ru m ): 6 * 3 1  l b / i n 2 .

W a te r  V e l o c i t y  I n  D ow ncom er: 3 - 3 1  f t / s e c .

C o n d e n s e r H e a t T r a n s f e r :  7 * 0 4 X l0 3 B . T h . U . / h r .

B o i l e r  H e a t Lo ss  (E q u a t io n  6 7 )  : Q B= 5 0 ( t s~ 2 0 0 )= 5 9 0 0  B . T h . U . / h r .

L a t e n t  H e a t :  3 9 7 * 6  B . T h . U . / l b .  = - 0 * 8 5  B .T h .U .  i n 2/ l b 2 .

*  0 * 0 1 7 6  f t 3/ l b . J ~ ~  «  5 * 0 7  f t 3/ l b .
1 G

■ £L =  U *R =  3 * 3 1 /0 * 0 1 7 6  = 1 3 8  l b / s e c . f t  .

M  = t88x— Xj^  =  2 *9 5 5  l b / s e c .  y t ^ ^ O ‘ 42  l b / h r . f t .

( a )  D ry n e s s  F r a c t io n  a t  fu r n a c e  t o p .  I t  h a s  b e e n  shown i n  

S e c t io n  2 8  t h a t  a p p r o x im a te ly  o f  th e  b o i l e r  h e a t  lo s s  i s  

f ro m  th e  s te a m .

• • . H e a t  t r a n s f e r  f ro m  s te a m =  7 0 4 ,0 0 0  + 1 1 8 0

=  7 0 5 ,1 8 0  B . T h . U . / h r .

a ■=• — 705,160------------------ =  0 0739
y 2-155 x 3 k o o x 8 < ) 7 b

( b )  P o in t  a t  w h ic h  E v a p o r a t io n  b e g in s . F rom  E q u a t io n  7 7  th e  

h e a t  t r a n s f e r  b e tw e e n  fu r n a c e  b o tto m  and p o in t  o f  e v a p o r a t io n  i s

d H  rL , h' Qe 
d p  ' 5 ' t y t S b o o

Commence by assu m in g  t h a t  th e  p o in t  o f  e v a p o r a t io n  

i s  2 f t .  f ro m  th e  fu r n a c e  b o tto m , . i . e *  3 * .9 1 5  f t . f ro m  

th e  r i s e r  b o tto m  ta p p in g  p o i n t .  A t  th e  t a p p in g
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p o in t  th e . p r e s s u r e  r e l a t i v e  t o  t h e  s te a m  drum  i s  6 * 1 3  l b / i n 2 .

T h en

3-115
Sjo =  & I 3  —

iUU X  O. onto Zq X 1-7 X Ikk x 0.0176 

= If -55 th/in'1

(T h e  friction factor A is assum ed 0*02. The small magnitude 
of th e  p r e s s u r e  ch an g e  does n o t  w a r r a n t  a  d e t a i l e d  d e t e r m i n a t i o n . )  

H e a t s u p p ly  t o  p o in t  of e v a p o r a t i o n / h r .

=  0 * 8 5 X 4 .5 5 X 2 * 9 5 5 X 3 6 0 0  +  5 9 0 0 X 0 *8  

=  4 5 ,8 0 0  B .T h .U .

. * .  D is ta n c e  f r o m  fu r n a c e  b o tto m  t o  p o in t  o f  e v a p o r a t io n

=  1 0 * 5 X 4 5 ,8 0 0 /7 0 9 ,9 0 0  

=  0 * 6 7 7  f t .

T h is  co m p ares  w i t h  2 f t .  assum ed . By f u r t h e r  t r i a l  a n d  e r r o r  

th e  p o in t  o f  e v a p o r a t io n  i s  fo u n d  t o  be 0 * 7 4  f t .  f r o m  t h e ,  

fu r n a c e  b o t to m , i . e .  e v a p o r a t io n  le n g t h  1 0 * 5  — 0 * 7 4 = 9 * 7 6  f t .

( c ) P r e s s u r e  G r a d ie n t  and V e l o c i t y  R a t io  a t  F u rn a c e  T o p . A 

v e l o c i t y  r a t i o  o f  3 * 5  i s  assum ed and th e  p r e s s u r e  g r a d ie n t s  

due t o  f r i c t i o n ,  m ix t u r e  w e ig h t ,  and  momentum f o r c e s  a r e  

e v a lu a t e d  i n  t u r n .

( i )  F r i c t i o n .

How fro m  E q u a t io n  A6

u L =  h iL K-X
±  jdti) 
4  h  J

186
3*5

^  JMxO'/fdt *  23'2ft/$ec, 
3 $  J 7

0073HxQ*O7-t- $‘$\0<Wo%Q'Qn<o’]
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. 0 Zl-2 X I- /  X 3£>00 , / ^  ^ ^. . HTp =  ---------------- — -  - -  -■■ =  1 .5 0 0 , 0 0 0 .

12 x o - o n ( o Y o - u z 5 '
F ro m  F ig u r e  6 9 ,  th e  f r i c t i o n  f a c t o r  X = 0 * 0 1 0 7 .

H ence f ro m  E q u a t io n  3 9

Q-QtOl X 23*ZX IZ 
\dU/FZ 'Zq-cl 2 * 322 * II X0.0/1&

=  AS * / / t 3

( I I )  Tube M ix t u r e  W e ig h t .  F rom  E q u a t io n  52

( d f r )  =  +  K ( l - < j , )  0  0 1 3 1  +  3 - 5 x 0 . 9 2 6  , ,  t c . i

\dl)tf :• 1/Jp̂  + k (\-1/)lfi_ O-lt-31 <f

( I I I )  Momentum -F o r c e s . F rom  E q u a t io n  52
i

_ M.) =  3. R  +  h i  *L .+. ii M  u6~0i-
2 X ££ 3 ' X ' se 9 X s€

As u n i fo r m  h e a t  t r a n s f e r  i s  assum ed =  -4- w h ere
SC • €<?

l e I s  th e  e v a p o r a t io n  l e n g t h .  I f ,  i n  a d d i t i o n ,  E q u a t io n s  

A 1 4 , A lb ,  A 18  and A19 a r e  s u b s t i t u t e d  i n  E q u a t io n  5 2 ,

■/db) l ’$ (m \‘ j , I'H- fit Kli
■d&J-m ?  ze \*/ i r (i

= 0-am.y m o 0731 <501+e± ‘±ZZ£!+ 
$ X 1-7b I 3 5

=  I(,‘8 1 lb/ft3

-



( I V )  T o t a l  P r e s s u r e  G r a d ie n t .

=  4 5 + 7 .7 + 1 6 .8 1  =  6 9 .5 1  l b / f t 3 =  0 .4 8 4  l b / i n 2 p e r  f t .

(V )  V e l o c i t y  R a t io  ( K ) .  F ro m  th e  t o t a l  p r e s s u r e  

g r a d ie n t  th e  v e l o c i t y  r a t i o  c a n  be c a l c u l a t e d  an d  c o m p ared  

w i t h  th e  assum ed v a l u e .  The c o r r e c t  s o l u t i o n  i s  o b t a in e d  

when assum ed and c a l c u l a t e d  v a lu e s  a g r e e .

The v a lu e  o f  z  i s  t h a t  c o r r e s p o n d in g  t o : -

; X<3 V /g  0 0739* S ol
=  0 &(ol

t

a n d * to , ® 0 .9 2 6 X 1 8 8  = 174  l b / s e c . f t

F ro m  F ig u r e  15  th e  v a lu e  o f  Z i s  0 .1 1 3 .  

F ro m  E q u a t io n  17

j .

s i n  B i s  u n i t y > as th e  tu b e  i s  v e r t i c a l .  T h e r e f o r e  

s u b s t i t u t i n g  f o r  l/z and £U?.

a. t o f t/s+!<(*-*)//£. 5 -T \M k +fc + ix
r,

VdJl/n

. /  , - J *  0 -4 3 1.. 0 * 0 7 3 9- 69-5/ 4 VS Q7 +  188 X J 2I  x 77A
- A 5

*  h k b

247.



From Equation 13

K = I + O II8 —  x IUG = 3-42
S O-OI7to

• T h is  co m p ares  w i t h  th e  v a lu e  o f  3•£> assum ed.. The
/  '

c o r r e c t  v a lu e  i s  b e s t  o b ta in e d  g r a p h i c a l l y  f ro m  t h r e e  assum ed  

v a lu e s .  T h e se  tw o  f u r t h e r  v a lu e s  o f  K , i n  t h i s  c a s e  3 ’ 42  

an d  3 * 4 6 ,  a r e  ta k e n  and th e  c a l c u l a t i o n s  r e p e a t e d .  F ig u r e  71  

i s  t h e n  p l o t t e d  and  th e  c o r r e c t  v a lu e s  o f  K and th e  p r e s s u r e  

g r a d ie n t  d e d u c e d , v i z .  3 * 4 4  and 0 -4 9 2  l b / i n 2 p e r  f t .  

r e s p e c t i v e l y .

( d )  P r e s s u r e  C h a n g e . The p r e s s u r e  ch an g e  b e tw e e n  s te a m  drum

and w a t e r  drum  c a n  be e v a lu a t e d  e i t h e r  v i a  th e  r i s e r  o r  v i a

th e  d o w n co m er. I n  th e  c a s e  o f  th e  r i s e r  t h e r e  a r e  t h r e e  
A

d i s t i n c t  le n g t h s  d e c id e d  by th e  f lo w  c o n d i t io n s ,  f r o m  s te a m  

drum  to  fu r n a c e  to p ,  th e  e v a p o r a t io n  l e n g t h ,  and  th e  

e v a p o r a t io n  p o in t  to  th e  w a te r  d ru m . To a l lo w  c o m p a r is o n  

w i t h  th e  m e a s u re d  v a lu e s  th e s e  a r e  f u r t h e r  d iv id e d  and g ro u p e d  

as  f o l l o w s .

( I )  S team  drum  to  r i s e r  t o p .

( I I )  R is e r  to p  to  fu r n a c e  t o p ;  fu r n a c e  to p  to  

e v a p o r a t io n  p o i n t ;  and e v a p o r a t io n  p o in t  to  r i s e r  

b o tto m .

( I I I )  R is e r  b o tto m  to  w a te r  d ru m .

T h ese  s e c t io n s  a r e  now c o n s id e r e d ;

( I )  S team  drum  to  r i s e r  to p .B y  a ss u m in g  a v e l o c i t y
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r a t i o  o f  3 * 5  as i n  th e  p r e v io u s  c a l c u l a t i o n  f o r  th e  fu r n a c e  

to p  p o s i t i o n ,  th e  o n ly  m o d i f ic a t io n s  r e q u i r e d  i n  th e  p r e s s u r e  

g r a d ie n t  c a l c u l a t i o n s  a r e  t h a t  th e  f a c t o r  1 * 2 5  a l lo w e d  f o r  th e  

e f f e c t  o f  e v a p o r a t io n  i s  o m i t t e d ,  and th e  momentum te rm s  a r e  

now n e g l i g i b l e .

F r i c t i o n .  *  4 5 / 1 - 2 5  =  3 5 - 9  l b / f t 3 .

Tube M ix t u r e  W e ig h t .  As b e fo r e  7 * 7  l b / f t 3 .

T o t a l  P re s s u re  G r a d ie n t .  — 3 5 -9 4 -7 *7  s* 4 3 * 6  l b / f t 3 .

V e l o c i t y  R a t io  K . As b e fo r e  0 * 1 1 8 .

The s h e a r in g  s t r e s s  r a t i o  i s  now (Mom entum  f o r c e s  

n e g l i g i b l e )

J i  ± (m )* + %  =  -  LVIg + '/s en
T,  . / d M  - 3 5 1?

I  d£ n

= IZI

K =  I + 0-118 ^ Z , ,  X I 21 =  3 -2V 0 0 1 1 b

By r e p e a t in g  c a l c u l a t io n s  f o r  tw o m ore assum ed v a lu e s  

o f  K and p l o t t i n g ,  th e  c o r r e c t  v a lu e s  o f  K and  p r e s s u r e  

g r a d ie n t  a r e  fo u n d  to  be 3 * 2 3  and 0 « 3 3 6  l b / i n 2 p e r  f t .

P re s s u re  ch an g e  s te a m  drum  to  r i s e r  to p  ta p p in g  p o in t

=  0*33G *  2*33 4- ------- ---------------- =  o - l & L l b / i r \ ^
1 2 *  5-o“7 x \tfU.

The s eco n d  te r m  i s  th e  a llo w a n c e  f o r  th e  w e ig h t  o f  s te a m  

b e tw e e n  th e  e x i t  o f  tu b e  and th e  s te a m  drum  ta p p in g  p o i n t .

( I I )  R is e r  to p  to  r i s e r  b o tto m .

( a )  R is e r  to p  to  fu r n a c e  to p  -  c o n d i t io n s  as a b o v e .
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. * .  P r e s s u r e  d i f f e r e n c e  r i s e r  t o p  t o  fu r n a c e  to p  

=  0 *3 3 6  X 3 3 /1 2  =  0 -6 4 3  l b / i n 2 .

( b )  F u rn a c e  to p  t o  e v a p o r a t io n  p o i n t *  The p r e s s u r e  g r a d ie n t  

a t  th e  to p  o f  t h i s  le n g t h  i . e .  a t  fu r n a c e  t o p ,  h a s  a l r e a d y  

b e en  c a l c u l a t e d  and  fo u n d  t o  be 0 .4 9 2  l b / i n 2 p e r  f o o t .  The  

same c a l c u l a t io n s  a r e  made f o r  f o u r  o t h e r  p o in t s  a lo n g  th e  

e v a p o r a t io n  le n g t h  and th e  p r e s s u r e  g r a d ie n t s  p l o t t e d  as i n  

F ig u r e  7 2 .  The p r e s s u r e  chang e o v e r  th e  e v a p o r a t io n  le n g t h  

i s  g iv e n  b y  th e  a r e a  u n d e r th e  p r e s s u r e  g r a d ie n t  c u rv e  

m u l t i p l i e d  by th e  s c a le .  Hence

P re s s u re  chang e  fu r n a c e  to p  to  e v a p o r a t io n  p o in t  

=  9 * 2 5 X 0 * 4  ~  3 * 7  l b / i n 2 .

( c )  E v a p o r a t io n  p o in t  t o  r i s e r  b o tto m . I n  t h i s  l e n g t h  w a te r  

o n ly  i s  f lo w in g  h e n c e , th e  p r e s s u r e  g r a d ie n t  .

S )  = ^  +  A V j ?

/ 0 015 * 3 31%  fZ
C-on(o 2$  x  /*7  x o oi7b 

= 5 6 -8 -1 -1 0 2  = 57-62 l b / f t 3

( N ,B * lf / a o i7fexo'42 "  228;000 F rom  F i g u r e d ,  A = 0 - 0 1 5 )

P r e s s u r e  change e v a p o r a t io n  p o in t  t o  r i s e r  b o tto m  

=  5 7 - 8 2 X 2 * 6 5 5 /1 4 4  - 1 . 0 6 5  l b / i n 2 .

. * •  P r e s s u r e  chang e r i s e r  to p  t o  r i s e r  b o tto m  

-  0 *6 4 3 + 3 *7 4 -1 *0 6 5  =  5*408 l b / i n 2 .

( I l l )  R is e r  b o tto m  to  w a te r  d ru m . T h is  i s  su m m atio n  

due t o  l * 5 f t .  h e ad  o f  w a t e r ,  f r i c t i o n  lo s s  i n  1 * 1 1 5 f t .  o f  

r i s e r  t u b e ,  w a te r  k i n e t i c  e n e r g y ,  and  e n t r y  lo s s .  From  

E q u a t io n  80
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P re s s u r e  chang e  * ( 1 * 5 + 0 * 0 2 6 x 3 -3 1 2 ) / o ‘ O l^ e

=  1 0 1 *4 - l b / f t 2 =  0 -7 0 5  l b / i n 2 .

P re s s u re  ch an g e  s te a m  aru m  t o  w a t e r  drum  

=  0 * 7 8 4 + 5 * 4 0 8 + 0 - 7 0 5 ^  6 - 8 9 7  l b / i n 2 .

The p r e s s u r e  chang e o v e r  th e  downcom er i s  o b ta in e d  

u s in g  E q u a t io n  79

T h is  co m p ares  w i t h  6 * 8 9 7  l b / i n 2 a b o v e , o r  an  e r r o r

o f  2ifo.

(e) D e t e r m in a t io n  o f  C i r c u l a t i o n  V e l o c i t y * The t h e o r e t i c a l  

c i r c u l a t i o n  v e l o c i t y  i s  fo u n d  t o  be 3 * 2 2 5  f t / s e c  b y  th e  

g r a p h ic a l  c o n s t r u c t io n  shown i n  F ig u r e  7 3 .  T h is  f i g u r e  was 

c o n s t r u c t e d  by m a k in g  tw o  f u r t h e r  a s s u m p tio n s  as t o  th e  

c i r c u l a t i o n  v e l o c i t y ,  and  e v a lu a t in g  th e  p r e s s u r e  ch an g es  

o v e r  t h e  r i s e r  and downcom er as in d ic a t e d  a b o v e .

( f )  P re s s u re  C hange (Hom ogeneous T h e o r y )  O ver t h e  h e a te d  

l e n g t h  th e  a s s u m p tio n  o f  hom ogeneous f l o w ,  and o f  a u n ifo r m  

ch an g e  o f  q u a l i t y  o v e r  th e  e v a p o r a t io n  le n g t h  g iv e s  (s e e  

S e c t io n  2)

f J n - 8 3 3 -0 -0 7 /3  l/*j +  1-205/*.

17-833 -  0-07/3 x 3-31* , 1-205
0- o n b  x I k k  S - O t x i i f L f =  4-7Z, lb /in *

\d£y4



F
ig

.73.
 D

e
t

e
r

m
in

a
t

io
n

 
of

 
T

h
e

o
r

e
t

ic
a

l
 

C
ir

c
u

l
a

t
io

n
 

v
e

l
o

c
it

y

254.

C£
h i2
O
uz2o
o

<
>
UJ
oz<
X
u

ua
D
if)

if)

hi
aa

O

a
uhi
a rO

rO
<
>

UJ
oz
<
X
o

ui
a .
D
if)
yf)

UJ
C L

a

rO

w n aa  iJ3J.vM — w n aa  w v 3 ± s

,ni /a -i 3 D N Y H 3  3 a 0 5 S 3 d d

I . .

C
IR

C
U

L
A

T
IO

N
 

V
E

L
O

C
IT

Y
 

FT
 

/S
E

C
.



255'.
+  0-02* 9-%  X /2 X  3-3/2 f +  0 073? '/q 0176, ~  ^5 07  

2 q x h i  x 0-0176 (  2 i/5.07

+  0 0739  X 3-31Z , 0174 ~ Vs-07 „

- 3 x 0  0176 (  l/ 5.07 ^

=  19-5+151++UOb =  7 / 7-5 l b / f t 2 =  J+-99 lb/in-

•The f r i c t i o n  f a c t o r  i s  assum ed 0 * 0 2  as recom m ended by  

L e w is  and R o b e r ts o n .

O v e r  th e  le n g t h  w h ere  th e  s te a m -w a te r  m ix t u r e  f lo w s  

a d i a b a t i c a l l y  th e  p r e s s u r e  g r a d ie n t  i s  g iv e n  by

_ M )  .  ' +  v V  »
w  %  + o - i ) / / i  2 3 . d  q / % + o - W f i

w h e re  u =

= \S>a(o-0739x5-o7 +0-92bX0-0llb)

= (8 8  x 0-392 =  73-6 f t /s e c .

H ence

_  (^k) _  /  i 0-02X73 6 x  /2
t o ( ^ /  0-3<?2 ■ 2 ^  x  /-7  x  0 -3 9 *

/

=  53 / Z y / 3 =  0 -2 3  /Z y V  f>er ft

The p r e s s u r e  chang e o v e r  th e  r i s e r  was once m ore  

o b t a in e d  by summing th e  p r e s s u r e  ch an g es  o v e r  th e  v a r io u s  

le n g t h s  as a l r e a d y  ih d ic a t e d *
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EQUIPMENT TO ENABLE THE STUDY OF THE FLOW OF APPENDIX J  

STEAM-WATER MIXTURES THROUGH HORIZONTAL TUBES.

A t te m p ts  w e re  made t o  i n v e s t i g a t e  th e  f lo w  o f  s te a m -  

w a t e r  m ix t u r e s  i n  h o r i z o n t a l  tu b e s  a t  p r e s s u r e s - c lo s e  to  

a tm o s p h e r ic ,  b u t  h ad  e v e n t u a l l y  t o  be a b an d o n ed  due t o  w a t e r -  

ham m er e f f e c t s ,  and d i f f i c u l t y  i n  m a in t a in in g  s te a d y  

c o n d i t i o n s .

Two m eth o d s  w e re  t r i e d .  F i r s t  by t h e  a r ra n g e m e n t shown  

i n  F ig u r e  7 4 ,  th e  w a t e r  was d e l i v e r e d  f ro m  a pump a t  p r e s s u r e s
p

up t o  4 0  l b / i n  and te m p e r a tu r e s  i n  t h e  r e g io n  o f  1 7 0 ° F .  A t  

th e  p r e h e a t e r ,  s te a m  was ad d ed  t o  t h e  w a t e r  t o  b r in g  i t  up  

t o  s a t u r a t i o n  t e m p e r a t u r e .  The s te a m  was p a s s e d  fro m  an  

a n n u la r  ch am b er th ro u g h  h o le s  i n  th e  p ip e .  A t  th e  s te a m .m ix e r  

f u r t h e r  s te a m  was ad d ed  to  make up th e  m ix t u r e ,  s te a m  e d n t e n t .  

The s te a m  p ip e  * was p la c e d  i n s i d e ,  and a x i a l  w i t h  th e  m a in  

p ip e ,  i n  o r d e r  t h a t  th e  s te a m  m a in t a in e d  i t s  momentum when  

m ix in g  w i t h  th e  w a t e r .  The m ix t u r e  th e n  p a s s e d  a lo n g  th e
A

t e s t  l e n g t h ,  th ro u g h  a t h r o t t l i n g  v a lv e  t o  a c o n d e n s e r  

th e n  to  th e  m e a s u r in g  ta n k s .

T h is  a p p a r a tu s  i s  p r a c t i c a l l y  i d e n t i c a l  to  th e  u s ed  

by Arm and i n  1 9 4 6 .  Thb w r i t e r  was u n a w are  o f  t h i s  when th e  

a p p a r a tu s  was c o n s t r u c t e d .  Arm and a ls o  e x p e r ie n c e d  d i f f i c u l t y  

i n  m a in t a in in g  s te a d y  c o n d i t io n s ,  h o w e v e r A rm a n d Ts 

e x p e r im e n ts  d i f f e r e d  fro m  th e  w r i te r t e  i n  tw o im p o r ta n t  

a s p e c ts .  Arm and u s ed  s u p e rh e a te d  s te a m , and  th e  lo w e s t
p

p r e s s u r e  a t  w h ic h  th e  p la n t  was o p e r a te d  was 150  l b / i n  . As 

th e  d i f f i c u l t y  o f  m a in t a in in g  s te a d y  c o n d i t io n s  i s
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u n d o u b te d ly  a s s o c ia t e d  w i t h  t h e  c o l la p s e  o f  th e  s te a m  when  

m ix in g  w i t h  w a t e r  b e lo w  s a t u r a t io n  t e m p e r a t u r e , b o th  th e  

p o in t s  q u o te d  w o u ld  e n a b le  Arm and t o  o b t a in  m ore r e a d i l y  

s te a d y  c o n d i t io n s *  He was u n a b le , h o w e v e r , t o  o b t a in  

s u f f i c i e n t l y  s te a d y  c o n d i t io n s  t o  a d o p t th e  te c h n iq u e  o f  

w e ig h in g  th e  t u b e ,  w h ic h  he u sed  w i t h  a i r - w a t e r  f l o w .

The s ec o n d  a rra n g e m e n t was s i m i l a r  t o  th e  f i r s t  e x c e p t  , 

t h a t  t h e  s te a m  m ix e r  was now r e p la c e d  by a  l a r g e  cham ber, 

as shown i n  F ig u r e  7 5 .  W a te r  c lo s e  to  s a t u r a t i o n  te m p e r a tu r e  

was t a k e n  fro m  th e  f o o t  o f  t h e  cham ber an d  t h r o t t l e d  t o  g iv e  

th e  n e c e s s a r y  m ix t u r e  s te a m  c o n t e n t .
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THE V E L O C ITY  RATIO  EQUATION FOR ROUGH TUBES. APPENDIX K .

The te r m  Z  i n  th e  a p p lie d , fo rm  o f  th e  v e l o c i t y  

r a t i o  e q u a t io n  was d e te r m in e d  fro m  e x p e r im e n ts  w i t h  sm ooth  

t u b e s .  The e q u a t io n s  a r e  f u r t h e r  d e v e lo p e d  h e r e  t o  a l lo w  

f o r  t h e  e f f e c t  o f  ro u g h  t u b e s .

The e f f e c t  o f  ro u g h  tu b e  w a l ls  on th e  v e l o c i t y  p r o f i l e  

d u r in g  s in g le  p h ase  f lo w  i s  th e  s t a r t i n g  p o i n t .  The m ost 

c o m p re h e n s iv e  e x p e r im e n t a l  w o rk  t o  d a te  i s  t h a t  o f  N ik u r a d s e .

T he  ro u g h n e s s  o f  th e  a r t i f i c i a l l y  ro u g h e n e d  tu b e  was c o r r e la t e d  

u s in g  th e  r a t i o  o f  th e  ro u g h n e s s  i n d e n t a t i o n  to  th e  tu b e  

r a d i u s .  T h is  r a t i o  i s  r e f e r r e d  t o  as th e  r e l a t i v e  ro u g h n e s s .

The r e c i p r o c a l  i s  r e f e r r e d  to  as  th e  r e l a t i v e  :s m o o th n e a s . 

N ik u r a d s e  fo u n d  t h i s  r a t i o  a s a t i s f a c t o r y  m eth o d  o f  

c o r r e l a t i n g  h i s  r e s u l t s .  The g e o m e tr ic  fo rm s  o f  th e  ro u g h n e s s  

d u r in g  th e  t e s t s  w e re  s i m i l a r .  The  b e h a v io u r  w i t h  ro u g h  

s u r fa c e s  o f  o t h e r  g e o m e tr ic  fo rm s  h a s  y e t  t o  be i n v e s t i g a t e d .

N ik u r a d s e f s a n a ly s is  u t i l i s e s  P r a n d t l f s id e a  o f  a 

" f r i c t i o n  v e l o c i t y '1

w h e re  T  i s  th e  s h e a r in g  s t r e s s  a t  th e  w a l l s .

F ig u r e  76  i l l u s t r a t e s  th e  o u t l i n e  o f  th e  o b s e rv e d  

v e l o c i t y  c u r v e s ,  i n  te rm s  o f  t h e  f r i c t i o n  v e l o c i t y  f o r  

d i f f e r e n t  r e l a t i v e  ro u g h n e s s .

I t  w i l l  be s ee n  t h a t  th e  p r o f i l e s  a re  p a r a l l e l  o v e r  

th e  c e n t r a l  r e g io n ,  f ro m  w h ic h  i t  f o l lo w s  t h a t  U3 i n  

E q u a t io n  11  ( f o r  e x a m p le ) w i l l  be in d e p e n d e n t o f  th e  s u r fa c e  

r o u g h n e s s . H ow ever Uf , th e  v e l o c i t y  i n  th e  a n n u lu s  i s  v e r y



much d e p e n d e n t on th e  r o u g h n e s s .

F o r  a p a r t i c u l a r  v a lu e  o f  , c o n s id e r  th e  

v a r i a t i o n  o f  th e  r a t i o  U3/ ti, w i t h  s u r fa c e  r o u g h n e s s . L e t  C

260

be th e  d e c re a s e  i n  t h e  r a t i o  o f  t h e  maximum v e l o c i t y  t o  th e  

f r i c t i o n  v e l o c i t y  due to  th e  in f lu e n c e  o f  tu b e  ro u g h n e s s  

as  i n d i c a t e d  i n  F ig u r e  7 6 .  H e re  i t  w i l l  be s e e n  t h a t  th e  

r a t i o  o f  th e  v e l o c i t y  a t  an y  r a d iu s  t o  th e  f r i c t i o n  v e l o c i t y  

d e c r e a s e s  b y  a p p r o x im a t e ly  th e  same a m o u n t, h e n ce  th e  r a t i o  

o f  t h e  m ean v e l o c i t y  i n  th e  a n n u lu s  to  th e  f r i c t i o n  v e l o c i t y  

w i l l  a ls o  d e c re a s e  by C •

C o n s id e r  now th e  b e h a v io u r  o f  t h e  te r m  Z  w i t h  tu b e  

ro u g h n e s s .

As Z i s  c a l c u l a t e d  f ro m  th e  e x p e r im e n ts  w i t h  a sm ooth  

tu b e  t h i s  s h o u ld  now be w r i t t e n

L e t  (Ui)s r e p r e s e n t  th e a n n u lu s  v e l o c i t y  w i t h  sm ooth  

t u b e s ,  and  t h e ' a n n u lu s  v e l o c i t y  w i t h  ro u g h  t u b e s .

T h en  ( U|)s „  ^Ul)*  +  C
U * U *

o r
m

loZ

Ui / $ RZo

(u,)s <-%

L e t  Z g  be th e  te r m  w i t h  ro u g h  tu b e s  w h ere
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S u b s t i t u t i n g  E q u a t io n s  A 29 and  A30 i n  A 31

Cut%
z«~ z 'Lo,\ - c u*

I - CU*/(u,)s
The a p p ro x im a te  g e n e r a l  fo rm  o f  t h e  G a s - L iq u id  

V e l o c i t y 'R a t i o  E q u a t io n  may t h e r e f o r e  be w r i t t e n

/?5 2

K - I + — Z— L & . Z . ......... . w
I -  c Ut /(u ,)s J /°c T,

' < I t  s h o u ld  be n o te d  t h a t  th e  r a t i o  U^w,in E q u a t io n  11

i s  a ls o  s l i g h t l y  a f f e c t e d  by th e  r o u g h n e s s . The e x p r e s s io n  Lib / - UO+ cu/fo
-jj- • ---------1_ ^ -------------  w i l l  h o w e ve r s t i l l  be a p p r o x im a t e ly  u n i t y ,

D u r in g  th e  e x p e r im e n ts  o f  N ik u r a d s e ,  th e  f r i c t i o n  

f a c t o r  X was r e l a t e d  t o  th e  s u r fa c e  ro u g h n e s s  i n  th e  

e x p r e s s io n  / _

■f
w h e re  i s  th e  r e l a t i v e  sm o o th n e ss *

I n  a p p ly in g  E q u a t io n  A33 to  th e  a n a ly s is  o f  ro u g h  

tu b e  d a t a ,  t h e  above  e x p r e s s io n  s h o u ld  be u t i l i s e d *  I t  

m ust be re m e m b e re d , h o w e v e r , t h a t  E q u a t io n  a 34  w i l l  

p re s u m a b ly  h o ld  a c c u r a t e ly  o n ly  w h e re  th e  g e o m e tr ic  fo rm  

o f  th e  ro u g h n e s s  i s  th e  same as i n  N ik u r a d s e f s e x p e r im e n t s .

A p p r o p r ia t e  v a lu e s  o f  (Li,)sy t l^ a n d  C c a n  be o b ta in e d  

f ro m  F ig u r e s  77  and  7 8  r e s p e c t i v e l y *

• 7 4 +  2Lo^f  • • • • • • - W -
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