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I n  t h i s  t h e s i s  we c o n s i d e r  t h e  t r a n © l e n t  r e s p o n s e  o f  
s y s te m s  s a t i s f y i n g  l i n e a r  d i f f e r e n t i a l  e q u a t l o n s  w i th  c o n s t a n t  
c o e f f i c i e n t s *  Simple  m a t h e m a t i c a l  c r i t e r i a  f o r  o p t i m i s i n g  t h e  
r e s p o n s e  a r e  g i v e n  i n  t e r m s  o f

where e i s  t h e  error a t t i m  %* Expression© a re obtain©a for  
both X and X̂  in  terms o f (1) the roots o f  the c fcara cter lstlo  
eq u ation , {11} ttm c o e f f ic ie n t s  of th e  c h a r a c te r is t ic  eq u a tio n , 
and {111} the frequency response spectrum o f the system* i t  i s  
shown how the respouse hue to  (1) a step  function  disturbance,
(1 1 )  an  i n i t i a l  im p u lse , (1115 a c o n sta n t v e lo c i t y  in p u t,a n d  
( 1 f )  a  c o n sta n t a c c e le r a t io n  in p u t can be ©imply r e la t e d  to  the  
r e s p o n s e  i n  t h e  f r e e  motion* The r e s p o n s e  f o l l o w i n g  an. a r h i  t r a i y  
d is tu rb a n ce  i s  a l s o  con sid ered *

t h e  r e s p o n s e  o f  a  l i n e a r  s y s t 6 .ni h a v i n g  o m  d e g r e e  o f  f r e e  com

i s  c o n s i d e r e d  f o r  ( 1 ) a  s c r o - d i e p l a e e m e n t - e r r o r  s y s t e m 9 ( 1 1 } a
s©vo~velocl ty"»©r?or  sy s te m  and  ( 1 1 1 ) a  a©xxNM e©l©rat iOtt~«rror  
s y s t e m .  By c o n s i d e r i n g  th e  r e s p o n s e  t o  a  s t e p ~ f  u n c t i o n
d i s t u r b a n c e  i t  %& fo u n d  t h a t  sy s te m s  making X a  minimum have «.
l i g h t l y  damped o s c i l l a t o r y  r e sp o nse*  The s m a l l e r  i s , t h e  
"sm oo ther*  i s  t u e  r e s p o n s e .  ¥alue© a r e  o b t a i n e d  f o r  th e  
© © o f f i c i a n t s  o f  th e  c h a r a c t e r i s t i c  e q u a t i o n  o f  any o r d e r  making 1 
© miaimum* An a p p r o x im a te  method i s  g i v e n  f o r  c o r r e c t i n g  t h e s e  
c o e f f i c i e n t s  t o  e n a b l e  t m  r e s p o n s e  t o  be im proved  t o  g iv e  e q u a l  
damping i n  t h e  l e a s t  damped modes o f  o s c i l l a t i o n *  f o r  t h e  a e ro *  
v © l o c i t y * e r r o r  a n d  s#r©**aocelera,tiOi:^*error sy s te m s  th e  method i s  
e x t e n d e d  t o  a l l o w  f o r  t h e  r e q u i r e m e n t  o f  a  ae;ro~dieplaae>r<ent-er  r o r  
i n  t h e  f i n a l  a t o a d y  s t a t e *

S a t  and  X,



M

Sao Bjetsnod is  sxteiided to linear ayste*as «. tli i:i i'iy iitiS tao X’’ Oi. 

$.&gr€je& o f  f r e e d o s u  f&a respcm a#  o f  % l i n e a r  f i r s t  o r d e r  system 
with, two d e g r e e s  o f  i r m h m .  i s  c o n s i d e r e d  i n  d e t a i l ,  two o v e r a l l  
response functions ti a ad feeing defined in a slsdLliir mirier to
L a n d  « I t  i s  s c o w  i d & t ?Aa i 'm  v p t l m m  t 'm m  i s  m
e o u p l i a g }  t&e damping l a  tmoi'i mod© i s  t h e  wmm* A f i r s t  o r d e r  
rnp&tm w i t h  i n t e g r a l  c o n t r o l  i s  a l s o  c o n s i d e r e d ;  l a  t h i s  c a s e  
■feiie 'b X m m ite l  respoz& se I s  t&* optim um *



f h i s  t h e s i s  i s  a n  e x t e n s i o n  o f  t h e  work o f  
Mack ( r e f e r e n c e  6) on  t h e  c a l c u l a t i o n  o f  optimum 
p a r a m e t e r s  f o r  a  f o l l o w i n g  s y s te m ,  f h e  m e tho d  o f  
n o r m a l i s i n g  t h e  e q u a t i o n  o f  m o t io n  f o r  a  z e r o -  
d i s p l a c e m e n t - e r r o r  sy s tem  ( c h a p t e r  2) i s  b a s e d  on  
t h a t  g i v e n  i n  r e f e r e n c e  7 . She L a p la c e  t r a n s f o r m  
method  o f  s o l v i n g  l i n e a r  e q u a t i o n s  w i t h  many 
d e g r e e s  o f  f reedom  ( c h a p t e r  3} i s  g i v e n  i n  
r e f e r e n c e  17*



I  NT R 0 DU G TIC K.

When c o n s i d e r  sing th e  p e rfo rm an c e  of  -a sys tem  ( e . g .  a 
d yn a m ica l  sys tem  o r  se rvom echanism ) we a r e  i n t e r e s t e d  i n  the  
a c c u r a c y  w i th  which t h e  o u t p u t  o f  t h e  sy s te m  f o l l o w s  th e  i n p u t .
More p r e c i s e  e l a b o r a t i o n  o f  t h i s  g e n e r a l  s t a t e m e n t  depends upon
th e  p a r t i c u l a r  a p p l i c a t i o n ,  t h e  o r d e r  o f  a c c u r a c y  nd th e
s e n s i t i v i t y  o f  th e  sy s te m  v a r y i n g  g r e a t l y  w i th  d i f f e r e n t  
a p p l i c a t i o n s .  The sy s te m s  c o n s id e re d ,  m-m/ be m e c h a n i c a l » e l e c t r i c a l  
h y d r a u l i c  or  a e ro  dy nam ic . I n  t h e  t e s t  the  te rm s  u se d  ( e . g .  f o r c e s , 
e q u a t i o n s  o f  m o t io n )  -are m a in ly  b a s e d  on m e c h a n i c a l  s y s t e m s , b u t  
t h e  a n a l y s i s  i s ,  of c o u r s e ,  p e r f e c t l y  g e n e r a l .

Y/e s h a l l  i n  g e n e r . i l  be c o n c e rn e d  w i th  s t a b l e  sy s tem s  i . e .
sy s tem s  which when s u b j e c t e d  to  any d i s t u r b n n c e  a c t i n g  f o r  a 
f i n i t e  t ime u l t i m a t e l y  r e t u r n  to  t h e i r  i n i t i a l  s t a t e .  The 
p e r fo rm a n c e  c f  such  a sy s te m  i s  i n t u i t i v e l y  m easured  by such 
f & c t b r s  a s  i t s  overo l fo t  when s u b j e c t e d  to  a s t e p  d i s t u r b a n c e ,  th e  
o s c i l l a t o r y  n a t u r e  and dumping i n  t h a t  c a s e  ( t h e  t r a n s i e n t  m otion)  
and a l s o  by th e  a m p l i tu d e  o f  the  m o t io n  and the  r e s o n a n c e  peak  and 
f r e q u e n c y  when t h e  sys tem  i s  s u b j e c t e d  t o  a s t e a d y  s i n u s o i d a l  
d i s t u r b i n g  f o r c e  ( t h e  f r e q u e n c y  r e s p o n s e  o f  t h e  m o t i o n ) .  O f t e n  
t h e  d e s i g n e r  h a s  f reedom  t o  choose  th e  v a l u e  of  many o f  t h e  
p a r a m e t e r s  o f  th e  sy s te m  ( e . g .  d eg ree  wf dam ping ,  s p r i n g  s t i f f n e s s )  
The p rob lem  o f  o p t i m i s a t i o n  i s  the s e l e c t i o n  o f  such  v a l u e s  o f  
t h e s e  v a r i a b l e s  t h a t  t h e  r e s p o n s e  of  th e  sys tem  i s  " th e  best*5 o r ,  
more o f t e n ,  the  most s a t i s f a c t o r y  f o r  t h e  p a r t i c u l a r  a p p l i c a t i o n .  
The optimum v a l u e s  w i l l  de fend  on th e  p a r t i c u l a r  i n p u t  d i s t u r b a n c e . 
Thus a t  t h e  s t a r t  v«?e a r e  c o n f r o n t e d  w i th  t h e  c h o ic e  of Laniiq, our 
a n a l y s i s  e i t h e r  on t h e  t r a n s i e n t  b e h a v i o u r  o f  th e  sys tem  o r  on i t s  
f r e q u e n c y  r e s p o n s e .  The n a t u r e  o f  t h i s  f u n d a m e n ta l  c h o ic e  w i l l  
depend on which i s  th e  most  l i k e l y  type  o f  i n p u t  the  sys tem  w i l l  
have  t o  d e a l  w i t h ,  f o r t u n a t e l y  many sy s te m s  h a v in g  a s a t i s f a c t o r y  
• t r a n s i e n t  a l s o  have o a t i s f a c t o r y  f r e q u e n c y  r e s p o n s e • This  i s  n o t  
s u r p r i s i n g  s i n c e  the r e s p o n s e  of a sy s te m  t o  any d i s t u r b a n c e  i s  
g o v e rn e d  by t h e  d i f f e r e n t i a l  e q u a t i o n  of m o t io n  of  th e  system..  I n  
f a c t  t h e  t r a n s i e n t  and f r e q u e n c y  r e s p o n s e  can  be c o r r e l a t e d  by a 
F o u r i e r  t r a n s f o r m ' - t i o n  ( see  c h a p t e r  I ) .  1 -m p ir ica l  r e l a t i o n s  a r e  
o f t e n  u se d ,  b a se d  f o r  example on tlie  r e l a t i o n s h i p  be tw een  t h e  peak 
overshc^t? and th e  r e s  one nee peak ,  o r  be tw een  t h e  r e s o n a n t  f r e q u e n c y  
and t h e  t r a n s i e n t  o s c i l l a t o r y  f r e q u e n c y ,  o r  b e tw e e n  t h e  r e s o n a n t  
f r e q u e n c y  and t h e  sp eed  of  resp o nse  ( s e e  r e f e r e n c e  1 ) .

w© s n a i l  e n a e a v o u r  t o  g iv e  s im ple  livataeiii’-itiCuil c r i t s r i a  f o r  
o p t i m i s i n g  th e  t r a n c l e n t  r e s p o n s e • Many such  c r i t e r i a  have  b e e n  
u se d  i n  r e c e n t  y e a r s , m a in ly  f o r  sys tem s  s u b j e c t e d  to  i n p u t  s t e p  
d i s t u r b a n c e s .  I n  r e f e r e n c e s  2 and 3



1 A = , edn and  I Q = , aed-c'  ̂ c. v
0 0

(where  e i s  t h e  e r r o r )  a r e  m in im ised*  These c r i t e r i a  b rea k  down 
when t h e  r e s p o n s e  i s  o s c i l l a t o r y ,  s i n c e  an overshc^fc d e c r e a s e s  th e  
v a l u e  o f  I .  and I 2 , I n  r e f e r e n c e s  4 and 5 th e  c r i t e r i o n  f o r  
o p t i m i s a t i o n  i s  t h a t

3I ,  = i e 2 da

s h o u l d  be a  minimum. T h is  c r i t e r i o n  i3  w i d e ly  u s e d  and c a n  be 
r e a d i l y  h a n d l e d ,  E i t h e r  a n a l y t i c a l l y  o r  by computing  m ach in e .  
However i n  g e n e r a l  i t  l e a d s  t o  a  s l i g h t l y  underdamped r e s p o n s e  
o f t e n  w i t h  a  l a r g e  u n d e s i r a b l e  overshcjffc. To overcome t h i s ,  i n  
r e f e r e n c e  6 ,  .

2 2 , % e dx

i s  c o n s i d e r e d .  The sy s te m  making I .  a  minimum g i v e s  a  v e ry  
s a t i s f a c t o r y  p e r f o r m a n c e .  However t h e  fo rm u la  f o r  I .  i s  o f t e n  
t r o u b le s o m e  t o  e v a l u a t e .

I n  r e f e r e n c e  7 ,  ^

I 5 * j  * ! e ; dm ,
o

t h e  i n t e g r a l  of t i m e - m u l t i p l i e d  a b s o l u t e - v a l u e  o f  e r r o r  ( I T A E ) , i s  
m in im is e d .  The ITAB c r i t e r i o n  works v e r y  w e l l  f o r  r e s p o n s e  o f  
z e r o - d i s p l a c e m e n t - e r r o r  sys tem s  t o  a s t e p  i n p u t ,  b u t  n o t  so w e l l  
f o r  z e r o - v e l o c i t y - e r r o r  s y s te m s .  I t  may in d e e d  be t h o u g h t  to  be 
o v e r  s e l e c t i v e  i n  i t s  c h o ic e  c f  optimum, d i s t i n g u i s h i n g  t o o  s h a r p l y  
b e tw e e n  the  optimum and sys tem s  n e a r  th e  optimum. From the  form 
o f  t h e  i n t e g r a l  i t  a l l o w s  s i z e a b l e  e r r o r s  f o r  s m a l l  v a l u e s  o f  a ) 
t h i s  i s  s e e n  e s p e c i a l l y  i n  i t s  c h o ic e  o f  optimum r e s p o n s e  f o r  
z e r o - v e l o c i t y - e r r o r  and  z e r o - a c c e l e r a t i o n - e r r o r  s y s t e m s .  h h i l e  i K 
i s  e a s y  t o  c a l c u l a t e , i t  i s  d i f f i c u l t  t o  h a n d le  a n a l y t i c a l l y , and' '  
thms i t  i s  h a r d  ( i f  n o t  i m p o s s i b l e )  t o  e x te n d  r e s u l t s  o f  th e  ITAE 
c r i t e r i o n  to  h ig h  o r d e r  d i f f e r e n t i a l  e q u a t i o n s .

I n  r e f e r e n c e s  3 and 9» o p t i m i s a t i o n  o f  t h e  t r a n s i e n t  i s  so u g h t  
f o r  by m o d i f y in g  the  c l o s e d  lo o p  f r e q u e n c y  s p e c t r u m ( o r  a t t e n u a t i o n  
d iag ram )  o f  t h e  s y s te m ,  a v o id i n g  r e s o n a n c e  peaks  by making th e  
amplitude:- f r e q u e n c y  c u rv e  a s  f l a t  as p o s s i b l e  f o r  s m a l l  f r e q u e n c i e s  
( s e e /



3

/  ( s e e  a l s o  c h a p t e r  ? ) .  I t  i s  n o t e d  t h a t  th e  met h o ,1 o r  r e f e r e n c e  b 
g i v e s  t h e  sarae r e s p o n s e  as th e  S u t t e r w c r t h  f i l t e r s  ( r e f e r e n c e  1C) 
when a p p l i e d  t o  a s e r o - d i s p l a c e m e n t - e r r o r  sy s te m .  The r e s p o n s e ,  
a l t h o u g h  c l o s e  t c  a n  i n t u i t i v e  optiraum, t e n d s  t o  nave 'both an  o v e r 
s h o o t  ’and a s u b s e q u e n t  u n d e r s h o o t  ( se e  a l s o  c h a p t e r  2 ) ,  f o r  n e r o 
ve l o c i t y - e r r o r  sy s te m s  t h e  a n a l y s i s  o f  r e f e r e n c e  8 i s  b a sed  on th e  
maximum o v e r s h o o t .  To th e  a u t h o r  i t  seems i n c o n s i s t e n t  t o  choose  
one method f o r  o p t i m i s i n g  z e r o - d i s p l a c e m e n t - e r r o r  sy s te m s  and 
a n o t h e r  f o r  s e r o - v e l o c i t y - e r r o r  s y s t e m s . The methods o f  r e f e r e n c e  I 
c a n n o t  be extended,  t o  h ig h  o r d e r  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w i tn  
any d e g re e  o f  c o n f i d e n c e ,  s i n c e  they  a r e  e s s e n t i a l l y  e m p i r i c a l .

he s h a l l  c o n s i d e r  th e  v a r i a t i o n  of

f o  f ? de1 2L » e""dt and LH = i , «t~! It j  1 J L d%\
o o

w i t h  t h e  p a r a m e t e r s  o f  t h e  s y s te m .  As s t a t e d  above a  sy s te m  based  
on  m in i m i s in g  L o f t e n  h a s  a n  u n d e s i r a b l e  o v e r s h o o t ,  ft# O f te n  L 
h a s  a  r a t h e r  f l a t  minimum, which i s  r e l a t i v e l y  i n s e n s i t i v e  t o  sm a l l  
c h an g e s  i n  some o f . t h e  p a r a m e t e r s .  Be s h a l l  i n d i c a t e  how th e  
p a r a m e t e r s  - c a n  be v a r i e d  from t h i s  '‘mean sq u a r e "  optimum t o  g ive  a 
more s a t i s f a c t o r y  s o l u t i o n .  The system h a v in g  th e  meet s a t i s f a c t o r y  
p e r fo rm a n c e  i s  i m p o s s i b l e  t o  d e f i n e  p r e c i s e l y  i n  m a t h e m a t i c a l  t e r n s ,  
Fo r  a  sy s te m  w i th  a l a r g e  o v e r s h o o t  de w i l l  be l a r g e  a t  some t i n e

and t h u s  1, w i l l  be c o r r e s p o n d i n g l y  l a r g e .  Cur aim w i l l  be t c  
i n v e s t i g a t e  th e  p e r fo rm an c e  o f  sys tem s  f o r  which L i s  n e a r  i t s  
minimum v a lu e  w h i l e  L. i s  c o n s i d e r a b l y  lo w e r  t h a n  i t s  v a lu e  a t  
1 . » These sy s te m s  w i l l  be o f  a l e s s  o s c i l l a t o r y  n a t u r e  t h a n  tnos< 
g ?$§n  by th e  mean s q u a r e  o p t  imam. L and L,, a r e  v e r y  s im p le  to  
h a n d l e  b o th  a n a l y t i c a l l y  o r  by a computing  m a c h in e . B e ing  
a n a l y t i c a l  the f o rm u la e  cun  imrae d i a t e l y  be e x te n d e d  to  sys tem s  
b a s e d  on h i g h  o r d e r  d i f f e r e n t i a l  e q u a t i o n s .

v/e s h a l l  a l s o  c o n s i d e r  t h e  f r e q u e n c y  r e s p o n s e  c h n r a c t e r i o t i c s  
o f  t h e s e  s o l u t i o n s .  O p t im isa t io n ,  t e c h n i q u e s  b a s e d  on  f r e q u e n c y  
r e s p o n s e  c h a r a c t e r i s t i c s  have r e l i e d  m a in ly  on g r a p h i c a l  methods to  
m od ify  t h e  Xocuu o f  t h e  t r a n s f e r  f u n c t i o n  KG(ito) e s p e c i a l l y  i n  th e  
n e ig hb o u rh oo d  o f  the  p o i n t  ( -1+G i)  ( s e e  r e f e r e n c e s  1 ,1 1 ,1 2  and 1 3 ) .  
T h is  i s  m a in ly  due t o  t h e  n u m e r i c a l  l a b o u r  o f  c a l c u l a t i n g  t r a n s i e n t  
r e s p o n s e  c u rv e s  f o r  s y s t e m s  w i th  h i  go. o r d e r  di f f e r e n t i a l  e q u a t i o n s .  
As s t a t e d  above t h e r e  i s  a c e r t a i n  c o r r e l a t i o n  b e tw ee n  th e  t r a n s i e n  
and th e  f r e q u e n c y  r e s p o n s e .  This  i s  s.iOwn very  c l e a r l y  i n  
r e f e r e n c e  14 i n  which a t t e n u a t i o n  d iag ram s a re  drawn f o r  v a r i o u s  
p o s i t i o n s  o f  th e  r o o t s  o f  th e  c h a r a c t e r i s t i c  e q u a t i o n s , u s in ^  the  
r o o t - l o c u s  method o f  r e f e r e n c e  15.  I n  c h a p t e r  2 we s h a l l  snow how 
a. change i n  t h e  r o o t s  o f  t h e  c n u r  c t e r i s t i c  e q u a t i o n  a f f e c t s  both  
t h e  t r a n s i e n t  and f r e q u e n c y  r e s p o n s e .
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C h a p te r  I .

Cptiiiiura C o n d i t i o n s  o f  ..tespouse o f  L i n e a r  Systems w i th
Co n s t a n t  C o e f f i c i e n t s  h a v in g  One Decree o f  Freedom,

;e c o n s i d e r  a sy s te m  f o r  which th e  e q u a t i o n  o f  m o t io n  i s

a_ 1 4  +
11 d i n  n_1 d i11-1

I n~ 1 _id x . „ a x . . ^ dx
• + n -2  + *•* + a 1 i f  ' "0+ a . x  = f  ( r )  (1 )

where , a ,  , , . . .  a„  a r e  c o n s t a n t s  and £(%) i s  a n  a r b i t r a r yo 1 d n
known f u n c t i o n .

The i n i t i a l  c o n d i t i o n s  a r e  g i v e n  by

I  • *• . dn~1 x / dn“”̂  x \ . nX = xn » *  * X_ , x = x n , © t c . , — =rrr * H n r  a t  a = 0 .
0 0 0 d t n 1 d%n 1  o

U s in g  th e  c l a s s i c a l  m etnods o f  r e f e r e n c e  16 o r  th e  o p e r a t i o n a l  
m ethods o f  r e f e r e n c e  17 ,  t h e  s o l u t i o n  o f  (1 )  f o r  th e  g i v e n  i n i t i a l  
c o n d i t i o n s  i s

n  n
x * 2  I  S3~1*° A3g j  P U)

r=1 s=1 ^  r *  1 r

where V r (r«1 •! t o  n) a r e  t h e  r o o t s  o f  the  e q u a t i o n

( V ) « a ^ y n  + a n_ 1 X n  1 + &n^2\  n~2 a 0 » 0  ( 3 )

(4 )P = r
a n I T  < * r A  >

3=1
s ^ r

an d  A i s  t h e  c o f a c t o r  o f  t h e  s t h  row and th e  r t h  column i n  t h es r
d e t e r m i n a n t  A

1 .  .  .  1 

n

. n-1 v n-1 . n-1
V, X ; \

= f t  ( v r - u
r=1 t o  n  

3=1 t o  n  

+  >  s

(5)

n  I



An a l t e r n a t i v e  e x p r e s s i o n  f o r  

A

i s

s r  p _ (-1  ) n*“s 2. p r o d u c t  o f  r o o t s  ( e x c l u d i n g  X ) t a k e n  ( n - s )
^  r s  __________  •  a t  t h e  t ime    ̂gj

n

' * ( ^ ^  a )
3=1 r  8
s ^ r

D i f f e r e n t i a t i n g  (2)  we have

» .  Z  f  !
r=1 s =1 &

n  n  T'S - ^Xn ^  A f t  o ' r  s r  ^ r  + e

n7 >
r=1

x - X
P e r  r

n  n  -nS-1 \  n-1 A \ „ n  \  ^ p% \  „
Dn- 1x = 1 2  S - S ----------^  d r  + 2  ) rn_1Pre r J e “  r f ( y ) d y

r=1 3t i  A  r=1 f
(a)

The Problem  o f  O p t i m i s a t i o n ,

We s h a l l  be c o n c e r n e d  p r i m a r i l y  w i th  s t a b l e  sy s te m s  f o r  which 
a l l  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  (3 )  a r e  n e g a t i v e  o r  
h ave  n e g a t i v e  r e a l  p a r t s .  Then a s  t; —> oo f rom  ( 2 ) , ( 7 )  and ( b ) ,5-  X^ C% - \ ryx ~  2 sr ® J * f (y) fly

O

Dx *“• J  Pr  ® r̂ J  ®

X)n - l x ~  2~  V r * " 1 p r  e^ r  i  ® ^  f ( y ) dy
0

, C o n s i d e r i n g  a  f o r c i n g  f u n c t i o n  4frf which t e n d s  t o  a  f i n i t e  
l i m i t  a s  % t e n d s  t o  i n f i n i t y .  Then a s  t; — ,

f i
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/ a s  c an  be s e e n  from ( i )  and Dx , . . .  Dn~^x —> 0 .

I f  t h e r e  were no l a g  i n  t h e  sys tem  x would e q u a &  f(%) a ta
a l l  t i m e s .  The e r r o r  e i s  g i v e n  by

$  « i n p u t  -  o u t p u t  = ~  f(%) -  x .  (10)GfeO
As s t a t e d  above we s h a l l  d e r i v e  f o r m u la e  f o r

** r  n 2= J  r x  -  f  ( t ) J  &% (11)
b o 0

and  we s h a l l  a l s o  c o n s i d e r  v a l u e s  o f
_ 2 p t

f d e 1  t o  =I T

i n  t h e  n e ig h b o u rh o o d  o f  t h e  minimum v a lu e  o f  L.
We s h a l l  now c o n s i d e r  v a r i o u s  forms o f  th e  f u n c t i o n s  f ( T )  

and t h e  c o r r e s p o n d i n g  fo rm u la e  f o r  th e  r e s p o n s e  c o e f f i c i e n t s  1 
and  L . .® I

Free  M o t io n .  1 ( t )  = 0 ,
D e r i v a t i o n  of  f o r m u la e  f o r  r e s p o n s e  f u n c t i o n s  i n  t e r m s  o f  t h e  
r o o t s  o f  th e  c h a r a c t e r i s t i c " e q u a t i o n ,

n  n  \  v n X v
Prom (2 )  and (6 )  x = I  2  V D3~ 1x  »  r  = 2  A_e r  (13 )

r= l  s=1 r=1

a s  % .
A Aw

(14)

I f  the  m o t i o n  i s s t a b l e x - ^ 0
n n

Prom ( 1 3 ) ,  -  L = I 2
r=1 R=1

n n
= 2 2

r=1 R=1

where M = T T ( /
s=1 t o  n
S=1 t o  n
S ^ s

S >

a n d /
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/ a n d  ffirJ} = I W ( X r +XH) (15)

M -  2n^  \2 . . .  Xn(X1 +V2)(X1 +V ) . . . ( \  +\ )Row

^ 2  ^ 2  + \ )  • . .  ( Xg +Xn )

• ' ‘ ^ n - 1

a  s y m m e t r i c a l  e x p r e s s i o n  i n  th e  X(s o f  d e g re e  which c a n
t h e r e f o r e  be  e x p r e s s e d  i n  te rm s o f  a Q , . . .  a n  , t h e
c o e f f i c i e n t s  o f  t h e  powers o f  X i n  ( 3 ) •

The e x p r e s s i o n  2T ^  Ar AR^rR i s  s 3rmme‘t}r ica^ i n  A' s and
t h e  V s b e i n g  o f  t h e  second  d e g r e e  i n  t h e  A1 s and o f  d eg re e

i n  t h e  X1 a .

Row t h e  f r e e  m o t io n  i s  d e te r m in e d  u n i q u e l y  when t h e  i n i t i a l
c o n d i t i o n s  a r e  s p e c i f i e d .  Thus L i s  d e te r m in e d  by t h e  i n i t i a l
c o n d i t i o n s .

We have  f rom  ( 1 3 ) ,
A -  . .r  o

•
i sr X = Jr  o o

2  \ r Ar  “ *o “ A

2  Ar  = *■

Z h Ar  = x - = Dx-

(17 )

2*r\ - ^)0= »n-\ ,

Then 1 2  ArAjjMXH “ a ^ f ( 2 AP 2 + ai 2^ Ar ) ( ?  X rAr )

♦ j ( 2  Ax ) ( 2 X xAx ) + * • ,+  a i 2 Ai>) ( 5 X r  Ar

♦ • • * + a n n < 2 \ £ " 1V 2 (18)

w h e r e /



a .

/w h e re  (L i s  a  s y m m e t r i c a l  e x p r e s s i o n  i n  th e  V  & o t  d e c r e exr *4

i s i i ^ i s = l i  _  (p + q -2 ) (j(t,q = 1 t o  n )

and c a n  t h e r e f o r e  be e x p r e s s e d  i n  te rm s  of  a Q , , • . .  a n  . 5? he
p r e c i s e  n u m e r i c - 1 form o f  t h e  a* s can  be fo u n d  by e q u a t i o n *
c o e f f i c i e n t s  of powers o f  A on b o th  s i d e s  o f  ( l b ) ,  When t h e  d e c re e
o f  F{ V ) i s  n o t  t o o  h ig h  ( s a y  4 o r  l e s s )  i t  i s  a  r e l a t i v e l y  s im p le  
m a t t e r  t o  d e te rm in e  t h e  a ’ s .

H ence 1 f  i* 2 n-»l
k ® ~ ¥ j_x o ( a 1 l x o * a 1 2‘Dxo * a i 3 ^  x o+ a 1n^ x o }

+ . . .  + Dx® 1 ( a 1nx 0 + . . .  + a^D ®  1x0 ) J  (19)

We s e e  t h a t  L i s  a second  degree  e x p r e s s i o n  i n  t h e  i n i t i a l  c o n d i t i o n ^

r  R Ar  ^
From ( 1 3 ) ,  n  n \ \

*  *  r
r =1 R=1 X r  + X R

-  p  .  2  ( >  /  -R ( 2 0

^ r ArWe see t h a t  i s  o b t a i n e d  from 1 by r e p l a c i n g  Ar ,A^ by Ar Ar  
i . e .  by r e p l a c i n g  x Q by Bx0 , DxQ by D2x Q , . . .  e t c . ,  i n  ( 1 9 ) .

fh u s 1^ * -  i £ D*0 ( a i1 Dxo * a 1 2 ^ xo + *13®*xo * •••  + a l n ^ ^ o  ^

+ . . .  + ^ n x 0 ( a 1 n Dx0 + . . . +  a x a p n ^ o ) ]  ( 2 1 j

where f rom  ( 1 ) ,  s i n c e  f  -  0 ,

a  Dnx  + a  „ ID21-”1 x^ + • . .  + a .  Dx^ 4 a „ x  = 0 •n  o n-1 o 1 o o o

We t h u s  s e e  t h a t  VTor g i v e n  i n i t i a l  c o n d i t i o n s  t h e  p rob lem  of
o p t i m i s a t i o n  i n v o l v e s  o n l y  a  and M. We n o t e  t h a t  t h e
p a r t i c u l a r  v a l u e s  o f  t h e s e  p a r a m e t e r s  d e f i n i n g  an  optimum sys tem  
w i l l  depend  o n  t h e  i n i t i a l  c o n d i t i o n s .

F ree  M o t io n  f ( a )  = G.
D e r i v a t i o n  o f  fo rm u la e  f o r  r e s p o n s e  f u n c t i o n s  i n  terms o f  t h e  
c b iT ' f i c ie 'n ' t s  ~oT  The~’c K ^ r a c t e r i a t i c  e q u a t io n . "

7-'e w r i t e  t h e  e q v a t i o n  c i  m o t io n  i n  th e  form

’ > > •. -i. 1i-1 Vii U • 1 •
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a n®nx + a n^ ] 3 n~1x + + ***+ + a Qx = 0 ( 2 2 )

where  D B I ?

Now i f  p ?  4  ^  0 ,
oo

r*  *  n f
J dpx Dqx a x  = f  DP_1X Dqx J  -  J Dp_1x Dq+1x dx

r *
= -  DP -1X0 Dqx0 -  J Dp_1x Dq+1x a x  (23)

s i n c e  f o r  t h e  f r e e  m o t i o n  o f  a  s t a b l e  sy s tem  B^x 0 a s  % —► 00
f o r  m > .  0 .  ^

We w r i t e  L » I x &%

OD I  (24)

L3 = j [ ^ ]  **
0

M u l t i p l y i n g  (22)  by x and i n t e g r a t i n g  from 0 t o  oc , u s i n g  ( 2 3 ) ,  
( 2 4 ) ,

a^X) •" a  2X1̂ + a^X»2 ** ^6^3 * * *

= x 0 ( t a 1x 0 + a 2Dx0 + a^D x0 + a 4DJ xQ + . . .  )

-  Dxq ( * a 3Dx0 + a 4D2x 0 + a 5D3x Q + a 6B4x Q + . . .  )

+ D2x 0 ( t a 5D2x 0 + a 6D3x 0 + a ? I)4x 0 + a 8D5x Q + . . .  )

-  D3x 0 (*elj D3 x q + a 8D4x 0 + a . D 5x Q + a 1 ()B6x 0 + . . . .  ) + . . .

= U, (25)

S i m i l a r l y /



1 0 .
/ S i m i l a r l y  mult  i p l y i n g  (22) by Dx and i n t e g r a t i n g  from 0 t o  ©0 9

— &j Lq + — . ,  *

* ^a ox o + Bxo t * a 2Dxo + a 3I)2xo + a 4I)3xo + • • •  )

-  B2x Q ( i a 4D2xQ + a 5^ x0 + a 6B4x0 + • • •  )

+ B^x0 ( t a 6B^x0 + a^B^xQ + agD^xQ + . . . ) - . . .

= > 2 (26)

S i m i l a r l y  m u l t i p l y i n g  (22) by B̂ IQ. ana i n t e g r a t i n g  from 0 t o  oo 
** **■ agBg *• a ^ L j  + • • •

-  Dx0 (a 0x0 + i  a 1Dx0 ) + B2x0 ( f a j ri2x0+a4D3x0+a5D4x0 + . . .  )

-  D3x0 ( ia^D 3x0+agD4x0 +a^l)^x0 + . . .  )

+ D4x 0 ( i a ^ D 4x0 +agD^x0 +agD®xQ + . . .  ) -  . . . ( 2 7 ,

* e3

S i m i l a r l y  m u l t i p l y i n g  (22) by D3x and i n t e g r a t i n g  from 0 t o  .  ,

wm Lg + a^l- j  “* + a«yl^ . . .

=* -  *a oBxo + b2xo ( a ox o + a i :Dxo + T~ I)2xo )
+ D3xq ( f a 4D3x Q + a 5D4xQ + agl)5x0 + . . .  )

-  D 4 x q  ( t a g D 4 x 0  +  a 7 D 5 x 0  +  a g D 6 x Q +  . . .  )

+ D5xq (#ayD5x0 + agD6x Q + a ^ D ^  + . . . ) - . . .  (28)

* V
P r o c e e d i n g  i n  t h i s  way ( m u l t i p l y i n g  by D^x , D^x , . . .  , Bn“ 1x and 
i n t e g r a t i n g )  we o b t a i n  n s i m u l t a n e o u s  l i n e a r  e q u a t i o n s  f o r  L , l ^ , . . .  
3jn-1 i n t e rm s  o f  xQ , ^ x0 j ^  x 0 • e q u a t i o n s  s i m p l i f y
c o n s i d e r a b l y  i n  t h e  p a r t i c u l a r  c a se  where t h e  i n i t i a l  v a l u e s  o f  a l l
e x c e p t  one ^ x  a r e  z e r o .  I n  t h e  g e n e r a l  c a s e  we have

c o n t  d .
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and  L,

0 a 2 a 4 . = a 2 a 4 a 6 • « • •

0 a 1 a 3 a &g . . . - 0 2 a1 a 3 a_5 • • * •

0 0 a 2 a 4 * • • 0J a o a 2 a 4 • # • •

0 0 a 1 * -04 0 a 1 a 3 « • • •

a 0 a 2 a 4 Si’g • • • » 01 ao a 4 a 6 • • • •

0 a 1 a 3 • "02 0 a3 a 5
0 a o a 2 a 4 # * 33 0 a 2 a 4 • • • •

0 0 a.,1 a 3 . . . -04 0 a 1 a 3 • • • •

(29)

(JC)

■Hiwhere  t h e  d e t e r m i n a n t s  i n  (29)  and (30) a r e  o f  th e  n  o r d e r .
I  and can  be  e x p r e s s e d  more s im p ly  i n  te rm s  o f  th e  n  t e s t  f u n c t i o n s  
o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  (3)*
As shown i n  r e f e r e n c e s  18 and 19» t h e  t e s t  t u n o t i o n s  can  be w r i t t e n  
i n  d e t e i m i n a n t a l  fo rm .

T.

T,

T

4

a n -1

a n-1 a  -» n -3
a n a  ^ n- 2

a n-1 a  -s n -3 a„ c n -5
a n a  « n- 2 a  * n -4
0 n-1 3. nn -3

a  jn -1 n—3 a n-5 a n-7
a n a n- 2 a  „ n -4 a n - 6
0 a n-1 n-3 a n -5
0 a n a « n- 2 a n -4

(31)
(3 ? )

(33)

(34)

Tn - i /
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/ V i a n-1 a n-3 a n-5

a n a n -2 a n - 4
0 a  . n-1 a n -3

n

a .1 a 3 a 5 &>rj

0 a 2 a 4 a 6
0 a 1 a 3
0 a o a 2 a 4

a 0 V i

a
a (
a,

(35)

(36)

Theynth  t e s t  f u n c t i o n  Tm i s  a  d e t e r m i n a n t  o f  o r d e r  m. 

Prom ( 2 9 ) , a » d  (30)  and (35)»

T _ 1
h  -  —

o n-1

a n d  Lj ® p[t
n-1

a 2 a 4 a 6 • * • •
- 3 2 a 1 a 3 a 5 • • • •

03 a o a 2 a 4 • # • •

- 0 4 0 a 1 a 3 f * • •

02 a 3 a 5 SLej • • • •

“ 03 a 2 a 4 a 6 • * * •

04 a 1 a 3 a 5 • • • •

"05 a o a 2 a 4 • • • »

(37)

(38)

As shown i n  r e f e r e n c e s  20 and 21 f o r  s t a b i l i t y  ( w i th  a n ' >  ©) 
a l l  t h e  t e s t  f u n c t i o n s  must be p o s i t i v e ,  o r  u s i n g  ( 3 6 ) ,

c o n t d .
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m
1

rp
2 n-1 and a o

must  be p o s i t i v e .  As shown i n  r e f e r e n c e  22 t h e  c r i t i c a l  s t a b i l i t y
c r i t e r i a  a r e n-1 ri •

When a  v a n i s h e s ; t h e  c h a r a c t e r i s t i c  e q u a t i o n  ( j )  has a z e ro  r o o t
and th e  sys tem  i s  n e u t r a l l y  s t a b l e .  When T 4 v a n i s h e s - t h en-1 7
sys te m  h a s  a  p,v.ir o f  e q u a l  and o p p o s i t e  r o o t s .  Thus when (3 )  has  
a p a i r  o f  r o o t s  -  ico where w i s  r e a l  ( c o r r e s p o n d i n g  t o  a  
s i n u s o i d a l  o s c i l l a t i o n )  i s  z e r o .  I n  b o th  o f  t h e s e  c a s e s  t h e
sy s te m  i f  d i s p l a c e d  from i t s  o r i g i n a l  p o s i t i o n  would n e v e r  r e t u r n
t o  and r e m a in  i n  t h a t  p o 8 i t i o n $ » » a  t h u s  L i s  i n f i n i t e  i f  c i t h e r
a A o r  1  , v a n i s h  a s  shown by ( 3 7 ) .  o n— i

We c a n  e a s i l y  o b t a i n  e x p r e s s i o n s  f o r  th e  a / s  o f  e q u a t i o n  (19) 
i n  d e t e r m i n a n t a l  form u s i n g  (25) -  (28) and ( 3 7 ) .  How as  s hown i n  
r e f e r e n c e s  20 and 21 th e  p r o d u c t  o f  the  r o o t s  o f  th e  c h a r a c t e r i s t i c  
e q u a t i o n  t a k e n  two a t  th e  t im e  i s

n ( n - 1 )

( - 1 ) xn- 1 
n-1a n

and th e  p r o d u c t  o f  t h e  r o o t s  t a k e n  one a t  t h e  t im e  i s  ( - 1 )
a  n  o
a n

a  n
from ( 1 6 ) ,  ( ? p )  fit - 1 )  i (39)

Comparing t h e  c o e f f i c i e n t s  o f  i *1 (19)  and  (37)
and w r i t i n g n2+n~2

we f i n d
'11

n
n

a,| a 2 a 4 a 6 . * . .
-8,

0 a 1 a 3 a 5 . . . .
0 a o a 2 a 4 . • . •
0 0 a 1 a 3 . . . •

(40)

(41)

c o n t d .



a2 a (J
c,

a*4 a 6 *  * * *
0 a 1 a^ •  •  •  •

a0 ao a 2 a 4 • • • •
0 0 a1 S j  •  • « •

a 13 “ °*3I
s 0 a i J a 2 a 4 a 6 • • • •

0 a 1 A. ̂
3 a 5 * •  •  •

0 a o a 2 a 4 • * • •

0 0 a 1 • •»•

°1 n = an1 or 0a„n Tn-1

a22 s 0 - a 3 a 2 a 4 a6 • • • •
-Eg a 1 a 3 a 5 • • * •

a i a„0 a 2 a 4 • • • •
a0 0 a 1 a 3 • •«•

a 23 “ a 32 0 - a ^ a 2 a 4 a 6 • • * •
—a-,3 a 1 a3 a 5 • • * •

0 ao a 2 a 4 • * •«
0 a1 a 3 • • * 4

t * « • * • t • * « » ♦

a 2n  °  a n2 = 0an a2 a 4 a 6 a 8 • • • 0

a o a 2 a 4 a 6 * •  •  •

0 a 1 a3 a 4 • * • •
0 a o a 2 a 4 •  * • •

°33
-6 0 a 5 a 2 a 4 a 6 * •  •  •

a 4 a 1 a 3 a 5 •  •  •  •

a 3 a„0 a 2 a 4 •  * •  *

- a 2 0 a 1 a 3 •  •  •  •

14 .

(42)

(43 )

(44)

(45)

(46 )

(47)  

(46)

c o n t d .
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a3n an i

a nn 0a n

a 2 a 4 a 6 aa

a 1 a 3 a 5
0 a 1 a 3 a c5
0 a o a 2 a 4
* • • * « ♦ * • t

a 2 a 4 a 6 a 8
a 1 a 3 a 5 a 7
a o c

a*1
a 4
a 3

a 6
a 5

•  • •  •  •

•  •  •  •  

•  ♦ •  •

(49)

(50)

The d e t e r m i n a n t s  on t h e  r i g h t  hand s i d e s  o f  e q u a t i o n s  (41)  -- ( 4 3 ) ,  
( 4 5 ) , ( 4 6 )  a n d  (46)  a r e  o f  o r d e r  n ,  w h i le  t h o s e  f o r  o^n  , a 2 n  , ,
a  on  t h e  r i g h t  hahd  s i d e s  o f  e q u a t i o n s  ( 4 4 ) ,  (47)  (49)  and (50)  
a r e  o f  o r d e r  n - 1 .  I n  g e n e r a l  t o  w r i t e  down a l l  t h e  e le m e n t s  o f  t h e  
d e t e r m i n a n t s  f o r  a  d i f f e r e n t i a l  e q u a t i o n  o f  th e  n t h  o r d e r  we need  t o  
know t h e  e q u a t i o n s  f o r  0 1 , 0^ * • • •  0n * I t  i s  t h e n  a  s im ple  m a t t e r
t o  e v a l u a t e  th e  n e c e s s a r y  d e t e r m i n a n t s • This  method i s  much q u i c k e r  
t h a n  t h a t  o f  u s i n g  symmetr ic  f u n c t i o n s  of  t h e  r o o t s .

F ree  M o t ion  f {%)  -  0 .
D e r i v a t i o n  o f  i n t e g r a l  fo rm u lae  f o r  re sp o n se  f u n c t i o n s  i n  te rm s  o f  
t h e  f r e q u e n c y  r e s p o n s e  sp ec t ru m  o f  t h e  sy s te m .

As s t a t e d  i n  trie i n t r o d u c t i o n  th e  t r a n s i e n t  and t h e  f r e q u e n c y  
r e s p o n s e  c n he c o r r e l a t e d  by a F o u r i e r  t r a n s f o r m a t i o n .  I t  i s  o f  
i n t e r e s t  t o  r e l a t e  th e  r e s p o n s e  f u n c t i o n s  t o  the  a m p l i tu d e  and phase  
o f  t h e  f r e q u e n c y  r e s p o n s e  c h a r a c t e r i s t i c s  o f  th e  s y s te m .

As shown i n  r e f e r e n c e  17,  by F o u r i e r  s i n t e g r a l  theorem  i f

t h e n

G(<i>)

x ( t: )

j
1

.-ice's x ( t ) d /s

i e i m  G(co)do)
J
—90

p r o v i d e d  t h a t

(51)

(52)

J
We s h a l l  c o n s i d e r  o n l y  the
% C. 0 .
From/

x('i)d'S i s  a b s o l u t e l y  c o n v e r g e n t .

x ’c i a l  c a se  i n  which x ( x ) = G f o r



p r o v i d e d  t h e  sy s te m  i s  s t a b l e .  
Now we o n  w r i t e

F ( ) )  = a ^ n + a n_1 \  n“ 1 + a n_2 Vn- 2 + . . .  + aQ

( \  -  \ r ) (  V 11- 1 + r b n - 2 ^ n  + + r b o^*

E q u a t in g  c o e f f i c i e n t s  and s o l v i n g  f o r  t h e  b s ,

r^n-1 a s n
br  n-2 as a n-1 + V r  an
b  •> r  n-3 SB n-2 

•  • *
+ ^  r  a n-1 + 
• •

a nr  n

br  o SB \ j ,^ 2  ^  . . .  + ]
L » - 2 a

r  n—1
\ n - lA a = —n r  n

(53)

a  n-1
' I  I  Ar  r b a <*«)’

• • •  «<•> * E=1- ^ ) ----------------

i . e .  u s i n g  (17)  and  (53)»

- ? 1 [% + 1 xo + a s +2 Dxo + - - - + a n  a®"*” 1* . )  C i« )e
8*0

G((o) = f(i<o)

S0 * ^ ( i ® )  + g 2 ( i ® ) 2+ . . . +  « n _1 ( i «»)a '"1

a  + a ,j (i to) + a , ( i i o )  + . . . + a n ( i (o)n

,n - a - l

(54)

where g g .  a g+1 * 0 + a g+2  l)*0+ . . . +  a n  D "  "  X)J . (55 )

k •**( )
From P a r s e v a l ' s  t h e o r e m ,  f o r  s t a b l e  s y s te m s ,

c o n t a .
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2 ' 2 
G(“ ) , = J x ( t ) (  dt

v o-00
o r  s i n c e  x(%) i s  r e a l ,

p oo ^

% J  [ G(o>) j 2 dm » j  x 2 ( t ) d't 
o o

. *. i n  t h e  f r e e  m o t i o n ,  ^

X. = J  x2a% = i  J10(m) I 2 dw
0 0

f^T’ 2 4 2r 2 1 ^1 ug0~g2̂  +g4&> - ...J  + » u«i~«3w + ••• J ^  rc_^
i . e .  1  * -r i---- ------- ......a    T"     ~z~-.■«■■"-■  — it—  -—■■—-t? aw w b i

^ f  a 0*M,a2w a 4w ~ * * * ^ + w u l  ~a 3w + • •

where g_ i s  g i v e n  by ( 55 )* s  = G t o  n  -  1 ,s
I n  (5 6 )  ^  i s  g i v e n  c o m p l e t e ly  i n  t e r m s  o f  tn e  c o e f f i c i e n t s  a r  o f
th e  c h a r a c t e r i s t i c  E q u a t io n  and th e  i n i t i a l  c o n d i t i o n s  xQ , DxQ ,
. , . Dn*”^x0 . I t  i s  s e e n  t h a t  (56) i s  an e x t e n s i o n  o f  t h e  fo rm u la
g i v e n  i n  r e f e r e n c e  6 , I t  i s  i n  f a c t  i d e n t i c a l  w i th  t h a t  g i v e n  i n
r e f e r e n c e  9 .  For  s u f f i c i e n t l y  l a r g e  v a lu e s  o f  <d t h e  i n t e g r  a I n t e n d s

2 1 /t o  &ji- 1  • Thus t h e  i n t e g r a l  c o n v e rg es  l i k e  'm •
The i n t e g r a l  f o r  L, i s  o b t a i n e d  f  rom 1 a s  a b o ve  by r e p l a c i n g  x by

oBx_ , Dx- by V , . . .  e t c . ,  i n  t h e  fo rm u la e  ( 5 5 ) f o r  g_ .
W O W «

How the  d e n o m in a to r  o f  t n e  i n t e g r e l U i n  e q u a t i o n  ( 5 6 ) i s
n

P ( i w ) P ( - i « )  = a 2 T T  (<o2 + V 2 ) ( 5 7 )
r=1

and t h e  i n t e g r a n d  can  e a s i l y  be e x p r e s s e d  a s  a  sum o f  te rm s  such  as

1
mr ♦ X £

/»00

Then I  Si2-------  = —r -
.2 \ 2 2 \y .0) +

c o n t  d.
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Alternatively u s i n g  t h e  analysis o r  r e f e r e n c e s  9 and 23 we 
again a r r i v e  a t  th e  results g i v e n  i n  e q u a t i o n s  (29)  and ( 3 0 ) .

Now from, e q u a t i o n  (52)  we see  t h a t  * G(w) j r e p r e s e n t s  th e  
f r e q u e n c y  s p e c t r u m  o f  th e  g i v e n  sy s te m .  Thus if t h e  sy s te m

i s  g i v e n  a p e r i o d i c  d i s t u r b a n c e  a e lo n  f we f i n d  from (1 )
» A ® '*a  e o

a o + -  a ^ i c a  + . . .

The a m p l i t u d e  ( o r  dynamic m a g n i f i c a t i o n )  M and ph ase  advance  N a r e  
g i v e n  by

« a  = J r a 0- a 2w2+a4«.4- . . .  ]  2+» 2 [  a , - a 3» 2+ . . .  1 ? J  C 59)
0

and N » - t a n “  —— —^ -------- (60)
a o“*a 2&) a 4 “** * *

We s e e  t h a t  t h e  e x p r e s s i o n s  on the  r i g h t  hand  s i d e s  o f  e q u a t i o n s  (59)  
and (60)  a r e  p r e c i s e l y  t h o s e  t h a t  occu r  i n  t h e  d e n o m in a to r  o f  ( 5 6 ) .  
Large  a m p l i t u d e s  w i l l  o c c u r  when th e  damping i s  s m a l l  and th e  
f o r c i n g  f r e q u e n c y  i*  c l o s e  t o  one of  the n a t u r a l  f r e q u e n c i e s  o f  the  
s y s te m .  I n  f r e q u e n c y  r e s p o n s e  a n a l y s i s  we a r e  o f t e n  m a in ly  
i n t e . - e s t e d  i n  th e  m a g n i f i c a t i o n  a t  f r e q u e n c i e s  n e a r  the  n a t u r a l  
f r e q u e n c y  o f  th e  sy s te m .  As shown i n  r e f e r e n c e  11 both th e  
m a g n i f i c a t i o n  and pha.se r e l a t i o n s  of t h e  r e s p o n s e  need to  be t a k e n  
i n t o  a c c o u n t  i n  th e  d e s i g n  o f  the  moat s a t i s f a c t o r y  sy s te m .  From 
(58)  i f  t h e  dynamic m a g n i f i c a t i o n  i s  l a r g e  o v e r  a r a n g e  Ox 
f r e q u e n c i e s ,  t h e  i n t e g r a n d  i n  (56) would be e x p e c t e d  t o  be 
c o r r e s p o n d i n g l y  l a r g e ,  and w e l l  away from the  optimum.

How i n  t h e  u s u a l  t e r m in o lo g y  of  se rvom ech an ism s ,  th e  r a t i o  o f  
the  i n p u t  t o  t h e  o u t p u t  f o r  a p e r i o d i c  r e s p o n s e  i s

f i i m  8 .  4
® _ _  . 1 , 1  + KG ( iw) = X + iX (61)

0

jittTE a  f t  5
Now from (58) 9 (aQ-fa1 im-a^oa -a^ica * . . . )

T h u s /
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/ThUS V _ 1 fu 2 4 * 1X — ~ ( a o~a 2a) "^^4^  “" • • • )  .
o V

1 *5
Y = —  {a ^ w -a ^ w ^ + a ^ o r  -  . . .  )

( 6 2 )

Prom e q u a t i o n s  (61)  and (62) we s e e  t h a t  when t h e  c o e f f i c i e n t s  o f  
t h e  c h a r a c t e r i s t i c  e q u a t i o n  a r e  known we c an  e a s i l y  c o n s t r u c t  t h e  

—1ICG o r  t h e  KG l o c u s f e n a b l i n g  us f o r  exrmrple to  compare th e  
optimum ( o r  m os t  s a t i s f a c t o r y ) r e s p o n s e  baXd on a n a l y s i s  o f  the
t r a n s i e n t  m o t io n  w i th  g r a p h i c a l  optimum f r e q u e n c y  r e s p o n s e  sy s te m s
These p o i n t s  w i l l  be d i s c u s s e d  f u r t h e r  i n  c h a p t e r  2*

Response  of  a sys tem  w i t h  no i n i t i a l  d i s p l a c e m e n t .

We c o n s i d e r  a sys tem  w i t h  i n i t i a l  c o n d i t i o n s .

* 0  = B x o = = = " * 0  = 0  ( 6 3 )

t h e  sy s te m  s a t i s f y i n g  t h e  e q u a t i o n  of  m o t io n  ( 1 )

S te p  f u n c t i o n  d i s t u r b a n c e ,

f  = C f o r  % £  0 ; f  » f  f o r  % >  0^  Q
when f  i s  a  c o n s t a n t .

Prom (2 )  th e  m o t io n  i s  g iv e n  by

i 1 \  -  f% ^  . \ y
o 4 s rr »1

x = f 0  5  P e r  e r  dy = f I  (e r  - 1 ) (64)
x ‘ 0

where we a r e  o n l y  c o n s i d e r i n g  s t a b l e  s y s te m s .  
P3
V “ a  * r  o

How ^  r  1

Thus t h e  m o t io n  i s  g i v e n  by

a f  + f C 2  J“  6 r  (65)o n r t0
and as  % f o r  s t a b l e  sys tem s x

a o

Prom ( 6 5 )

c o n t o .
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V r 1From (65)  Dx = f Q ^  P^e

( 6 6 )
V „r

 ̂ x —*■ P  «®n- i x  = f j > r 2 p / r '

A l t e r n a t e l y  w r i t i n g
f1 xo

x  = x  “ ao

We see  from (1 )  t h a t  t h e  r e s p o n s e  of t h e  sy s te m  f o l l o w i n g  a  s t e p  
d u s t u r b a n c e  i s  i d e n t i c a l  i n  form w i th  t h a t  i n  a f r e e  m o t io n  w i th  

f  2
~ IT” a n d Dx_ , D x_ , . . .  I)n“  x n z e r o .  The e r r o r s  i n  th e

w r\ O O OU
two r e s p o n s e s  a r e  t h e  same a t  any g iv e n  t i m e .  We see  t h a t  th e  
g i v e n  sys tem  u l t i m a t e l y  ha s  no s t a t i c  e r r o r  s i n c e  x’ 0 .  Such a 
s y s te m  i s  sometimes c a l l e d  a " z e r o - d i s p l a e e m e n t - e r r o r  s y s te m ” ( s e e  
r e f e r e n c e s  1 , 7 and 8 ) .

r* 2 f*  2
From ( 1 1 ) L = J  - i - f ( * ) ]  h r  = J  h r  (67)

o 0 o

and Dx1 = Dx
,-,3 1 -nSD x  = D x

Thus t h e  r e s p o n s e  f u n c t i o n s  o f  th e  g iv e n  sy s te m  f o l l o w i n g  a s t e p  
f u n c t i o n  d i s t u r b a n c e  a r e  t h e  same as  th o s e  o f  t h e  g i v e n  sys tem  i n
a f r e e  m o t i o n  w i th  r o and Dx , D2x^ , . . . . D n~i x rt z e r o .

xo ~ a ~  o ’ o ’ o
0 2

f rom  ( 1 9 ) and ( 6 7 ) ,  L = -  jj  1 —̂  ( 6 8 )
a o

a,,, and  M b e in g  g i v e n  i n  d e t e r m i n a n t a l  f o r m  by e q u a t i o n s  (39)  -
(4 1 ).
The c o r r e s p o n d i r g  i n t e g r a l  fo rm ula  t o  (56)  i s  d e r i v e d  d i r e c t l y  by

n-1
t h e  same s u b s t i t u t i o n  f o r  xQ , ^ x 0 » • • •  B xo *

f «P

We f i n d  L = 1  f 2% o J
0

w h e r e /

^ (a > )  d<*> ( 6 9 )
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r. 2 4 1 2 2 ' 2 4 1 2

Vi tl*  “*& aW +Q,p»W » .  .  | +  (i) ! cL^^Uy, W 4‘cir-CO • « • !
where |  (w) « • * - ! _ £ - -----2--------- £ _ — gj h JL ....1 L_ ±------ ^  ( 7 0 )

a o ^[a o*”a 2G>2+a4<â * • • 1 + (î I a i “™,a 3 &)” +a 5 w^* • • J  }
f h i s  i s  t h e  same fo rm u la  a s  i n  r e f e r e n c e  6 a l l o w i n g  f o r  d i f f e r e n c e s  
i n  n o t a t i o n .

S i m i l a r l y  i s  found  from ( 2 1 ) ,  remembering t h a t  Dnx0 4 r 0 ,

L, = - 1 ^  (Bnx ) 21 m nn  v o '

Now i n  th e  e q u i v a l e n t  f r r e  m o t io n

a n  = "  a o*o = f o
f  2

*. 1 . a -  «  a -4r (71)* * 1 nn 72 va n

A l t e r n a t i v e l y  L  ̂ » — f 2
V

#*
 .....  (72)

F ( i w ) F ( - iw )

From t h e  above a n a l y s i s  i t  follow** t h a t  t h e  sys tem  h a v in g  th e  most  
s a t i s f a c t o r y  r e s p o n s e  t o  a s t e p  j u n c t i o n  h a s  t h e  most  s a t i s f a c t o r y  
r e s p o n s e  i n  t h e  f r e e  m o t io n .

Response  t o  a n  i n i t i a l  u n i t  i m p u ls e ._

F̂ o** u n i t  im pulse  \ f ( f ) d x  » 1

where 6 i s  i n f i n i t e l y  s m a l l  and t(% )  i 3 z e ro  f o r  a l l  o t h e r  ' t .
3  X J i

. *. f rom ( 2 ) ,  x » 2L P«e ~ (73)
r =1 r

Comparing ( 7 3 ) and ( 6 5 ) we s e e  t h a t  j u s t  a s  t h e  u n i t  s t e p  f u n c t i o n  
i s  t h e  i n t e g r a l  o f  t h e  u n i t  impulse  so t h e  r e s p o n s e  t o  a u n i t  s t e p  
d i s t u r b a n c e  i s  t h e  i n t e g r a l  of  the  r e s p o n s e  t o  a u n i t  i m p u l s e .

A l t e r n a t i v e l y ,  i n t e g r a t i n g  (1) o v e r  t h e  i n t e r v a l  ( 0 ,6 )  we see  
t h a t  t h e  m o t io n  i s  t h e  same as t h a t  o f  t h e  f r e e  m o t i o n  w i th  i n i t i a l  
c o n d i t i o n s  x Q = DxQ . . .  = ® *0 = 0 , Dn_1x 0 = —  .
T h i s /  "



o c. c. •

/ T h i s  a l s o  f o l l o w s  from (2) s in c e

An r  -j-x
a  r  n

, t h e  r e s p o n s e  f u n c t i o n s  a r e  a s  f o r  t h e  e q u i v a l e n t  f r e e  m o t io n .  
They c a n  he o b t a i n e d  d i r e c t l y  from th e  r e s p o n s e  f u n c t i o n s  f o r  a 
s t e p  f u n c t i o n  d i s t u r b a n c e  a s  n o te d  ab ove .  We f i n d

Lg ( u n i t  im p u lse )  = s t e p  d i s t u r b a n c e )  (74)

where LQ ss L

Then from ( 7 1 ) ,  ( 7 2 ) ,  1 = -  - i y  ^  ( 7 5 )
n

2
1 a n~1 a n-1

a n - 1 , n -1  ~ 2a n ,  n~1 a„  + a n , n  ~ T ~
n  -

(76)

Note! i n  t h i s  c a s e  we have  t o  d e f i n e  L by th e  e q u a t i o n

l  .  f A - .
s

C o n s ta n t  v e l o c i t y  i n p u t .

f  = 0  f o r  % 0 ! f  = ^  + t Q% f o r  T >  0 (77 )

where f Q and a r e  c o n s t a n t s .

When t h e  t r a n s i e n t  h a s  d ie d  away, t h e  s t e a d y  m o t io n  i s  g i v e n
by

x as aT + b . (7$)

where f rom  ( 1 ) ,  f  » a Qa

and f 4 = a . a  + a  b1 1 0

W r i t i n g  ' x = x -  &% -  b

? (79 )

we s e e  from ( 1 ) t h e t  th e  r e s p o n s e  o f  t h e  g i v e n  sy s te m jL s  i d e n t i c a l  
i n  form w i t h  t h a t  i n  a f r e e  m o t io n  w i th  x = ~b , Dx ={a, and 
D2x , . . .  Dn_1x z e r o .  The e r r o r s  i n  th e ° tw o  r e s p o n d s  a r e  th e
sa m e /



f  t .
/ sam e  a t  any g i v e n  t im e .  I n  p a r t i c u l a r  when ~ -— , b = 0 anda  a 4^ o 1
th e  e q u i v a l e n t  f r e e  sys tem  has  Dx„ = -  and x A . I)2x ^ . . .o a  o o o
z e r o .  We see  t h a t  such a sys tem  u l t i m a t e l y  h a s  no s t a t i c  e r r o r

I
s i n c e  x - >  0 and  t h e r e  i s  no p o s i t i o n  e r r o r  w i th  c o n s t a n t  v e l o c i t y  
i n p u t  ( s i n c e  b = 0 ) .  Such a sys tem  i s  sometimes c a l l e d  a " z e r o -  
v e l o c i t y - e r r o r  s y s t e m ” f ( s e e  r e f e r e n c e s  1 ,7  and 8 ) .

, f 2
Prom (19)  and ( 6 7 ) ,  L = “  f  a 22 " ?  (80)

a o

C o n s ta n t  a c c e l e r a t i o n  i n p u t *

f  = 0  f o r  t  ^  0 ; f  = f  g+f f t  + b£Qs 2 t o r  0 (81)

where f Q, f^  and a r e  c o n s t a n t s *

When t h e  t r a n s i e n t  h a s  d i e d  away, th e  s t e a d y  m o t io n  i s  g i v e n  

x = a ^ 2 + bT + c (82)

where f rom ( 1 ) ,  f Q -  2aQa

f 1 * 2a1a  + a Qb \ (83)

f 2 = 2 a 2 a  + a i ^  + a 0 c

As above we s e e  t h a t  t h e  r e s p o n s e  of  the  g i v e n  sys tem  i s  i d e n t i c a l  
i n  fo rm  w i t h  t h a t  i n  a f r e e  m o t io n  w i th

x = —c • Dx o o - b  , D2x0 s  —^  , and Dn~1x@ zero*

f o q
a o "  a i a 2

»

2 . .  f o and
o

b = c = 0 and th e  e q u i v a l e n t  f r e e  sys tem  has  D x = -  ~
} n 1x , f x  , DJx n . . . .  D x z e r o .  Such a sy s te m  u l t i m a t e l y  h a s  no 0 0 o o

s t a t i c  e r r o r  and no p o s i t i o n  e r r o r  w i th  c o n s t a n t  v e l o c i t y  o r  c o n s t a n t  
a c c e l e r a t i o n  i n p u t .  Such a sys tem  i s  sometimes c a l l e d  a ” z e r o - 
a c c e l e p a t i o n - e r r o r  s y s te m ” ( see  r e f e r e n c e s  1 ,  7 and 8 ) .

Prom (19)  and ( 6 7 ) ,  L _ _ 1 0 f o
L ~ W 33 ( 8 4 )
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Response  to  an r b i t r u r y  d i s t u r b a n c e .
As i s  w e l l  known th e  r e s p o n s e  o f  a l i n e a r  sys tem  t o  an  

a r b i t r - r y  d i s t u r b a n c e  con be s im ply  r e l a t e d  to  i t s  r e s p o n s e  t o  u n i t  
i m p u l s e s .

n  >> x
I f  x = a ( x ) = 5  r  (85)

r -1  r

i s  th e  r e s p o n s e  o f  t h e  sys tem  i n i t i a l l y  a t  r e s t  t o  a  u n i t  im pu lse  
and f (0)  i s  t h e  a r b i t r a r y  d i s t u r b a n c e  i n p u t  a t  t im e  0( C) t h e n  tn e  
d i s p l a c e m e n t  o f  t h e  sys tem  a t  t im e  x due t o  t h e  a r b i t r a r y  d i s t u r b a n c e  
f ( e )  i s

J  a ( x - 0 ) f ( © ) d e  ( 86)

When t h e  i n p u t  can  be e x p r e s s e d  a s  a  F o u r i e r  i n t e g r a l  t h e  
r e s p o n s e  f u n c t i o n s  c an  be fo u nd  by an  e x t e n s i o n  o f  t h e  method g i v e n  
above ( e . g .  i f  t h e  i n p u t  i s  a sq u a re  wave f  » c o n s t ,  from 0 = C t o  
0 * T and a e r o  o u t s i d e  t h i s  r a n g e ) .

We assume t h a t f ( x ) dr  i s  a b s o l u t e l y  c o n v e r g e n t .

-  to 
«d

Let f ( t )  = ^  f l l M  + iK(e#)J e ion i a  (87)
-eo

Then H(o>) + iK(w) = [ e~iwT f(-s)d-i (88-)
J

How t h e  r e s p o n s e  o f  t h e  s y s te m  t o  an  i n p u t  « i s  f rom (1 )
iwx

x ( x ) S£ e
TTI«)

Thus s i n c e  t h e  sys tem  i s  l i n e a r  th e  r e s p o n s e  t o  an  a r b i t r a r y  i n p u t  
g iv e n  by (8 ? )  i s

» < ' >  -  f e  f '  • 1 " '  -  <89>

* -  %  = h  f b l M  + a a 0g ( S ~  « iOT (90 )
—00 v

c o m p a r in g  (52 )  and (90)  find u s i n g  F a r s e v a l ' s  th e o re m

e c a i
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(x  -  § - )  d-t = t  JfH2 (fc>)+ K2 (<o)1 ^ ( « ) ( 02dw (91)Jj = I ' <=*
o o ««oP

[ a  -  F(Iu>) J [ a “ -  p ( - i »
where J  (&>) ~ w- _ --------— — - — — _ — -----

a  F(i&>) F(-ico) <t)

u , , f a 1^a.w2+aqu)̂  . . .  V + <*>2 f a2-a i,ft)2+a#;(o4' . . .  1
i . e .  # ( » )  = - M — S— r --------s r - f r - 1— h —jTf a0- a ?(»> +a4<«r • . . ]  +w ^ a ^ a ^ r + a ^ . . ^  Jo

For  s u f f i c i e n t l y  l a r g e  v a l u e s  o f  a> , ^  (w) t e n d s  t o  "- g--g
o

2a
For  s u f f i c i e n t l y  s m a l l  v a l u e s  o f  w , ^  (w) t e n d s  t o  —̂  .

o
This  i s  th e  same fo rm u la  a s  t h a t  g i v e n  i n  r e f e r e n c e  6 a l l o w i n g  f o r  
t h e  d i f f e r e n c e  i n  n o t a t i o n .
D i f f e r e n t i a t i n g  ( 9 0 ) ,

dx 1 d f  
I x o

p r o v i d e d  t h e  l a t t e r  i n t e g r a l  i s  hounded f o r  t h e  ra n g e  ( -  ^  , + #  ) .

   ^  r y

1 d f  1 (r,Tt \ • w  >1 a o - F ( iw )  i«rc j
"  3 7  =  2*  J [ h ( w ) + i k ; ( » ) J  a ^ l T I S F  i M  e  d “

£ h2 ((o)+K2 (<o ) J  3 (  w)d<0 (93)

u s i n g  P a r s e v a l ' s  t h e o r e m ,  
eO 2

l  .  %  .  j l  « 1  a - i - i -
1 J , 1 ?  a  cFt j  2*

°  -10
and s i m i l a r l y  f o r  L .

Response f u n c t i o n s  f o r  a f i n i t e  squa re  wave d i s t u r b a n c e .

f ( x )  *s f  f o r  o x Q x <T ; f ( ' t )  i s  z e ro  a t  a l l  o t h e r
t i m e s .  .
From ( 8 8 ) ,  H(a>) + iK(o>) = -  e~ian* j

2 t n -t,., 't n +'t 1
= ~ 5T  e ~ V ^  » i a  — r - ^ -  ^

. \  Il /
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L =

9

4 f o
1

j
0

f 2 f *
f *

0
1 1

▼ J
I J"
L

*“ 00

s m y* (to)a«o

(95)

These i n t e g r a l s  c a n  be e v a l u a t e d  by c o n to u r  i n t e g r a t i o n  ( s e e  
r e f e r e n c e s  24 and 25)*

c o n s i d e r  f -
[ l  -

round  a contain* c o n s i s t i n g  of  a l a r g e  s e m i c i r c l e  r a d i u s  p c e n t r e  
th e  o r i g i n  above t h e  r e a l  a x i s  t o g e t h e r  w i th  t h e  r e a l  a x i s • We t h e n  
l e t  00 . The o n ly  p o l e s  i n s i d e  th e  c o n to u r  a r e  a t  th e  p o i n t s
<d « -  i  Xr  where \  r  i s  a r o o t  o f  th e  c h a r a c t e r i s t i c  e q u a t i o n ,  
t h e  sy s te m  b e in g  s t a b l e .

Then L = - 2  fl
n

r -1 \ \ . )  n - \ )  V $
(96)

I f  t h e  aystf-m has  r a p i d  damping i . e .  [ V r j l a r g e  o r  i f  ( a . j - ' t g  i s
l a r g e  ( b u t  f i n i t e )  we s e e  t h a t  th e  e x p o n e n t a l  te rm s  i n  (96)  become 
n e g l i g i b l e  and from ( 9 5 ) ,

00

^(o>)d(*>
2f

L * - J  
0

(97)

Comparing (69)  and (97)  we se e  t h a t  L i s  double  t h e  v a lu e  f o r  a 
s t e p  f u n c t i o n  d i s t u r b a n c e ,  T h is  c a n  e a s i l y  be s e e n  from f i g u r e  1 . 1 ,

x

0

FIGURE 1 , 1 .
RESPONSE OF A HIGHLY LAMPED SYSTEM TO A F IN IT E  SQUARE WAVE

DISTURBANCE.
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Fo r  t h e  f i n i t e  sq u a r e  wave,
2

< & >

D i f f e r e n t i a t i n g  ( 8 9 ) and remembering th e  x ( t; )  i s  r e a l  we 
have  #

= 1 f  H2 ((0) + f  (» ? tt2aw
1 J  P(ift)) Ff-iw)

i . e .  u s i n g  ( 6 9 ) ,

dto
s i n   g  'FU«] 'F(-io)]  (98)

2 «  •) e
As above we f i n d  L, = ~2f  7 2 ------------ -----------—  (gg)

1 1 rM  p '  (Vr )P(-X r )

I f  t h e  s y s te m  h a s  r a p i d 1 damping i . e .  l \  I l a r g e  o r  i f  i s
l a r g e  ( b u t  f i n i t e ) ,  1

2
2t f

L 1

Comparing (72)  and (100) we see  t h a t  i s  double  th e  v a lu e  f o r  3 
s t e p  f u n c t i o n  d i s t u r b a n c e .  As above t h i s  c a n  e a s i l y  be s e e n  from 
f i g u r e  1 . 1 .

Response  f u n c t i o n s  f o r  u n s t a b l e  sy s te m s .
The r e s p o n s e  f u n c t i o n s  d e f i n e d  above a p p ly  o n ly  t o  s t a b l e  

s y s te m s .  I t  sometimes hap p ens  t h a t  t h e  sy s tem  p o s s e s s e s  one 
s l i g h t l y  u n s t a b l e  mode ( e . g .  a n  a i r c r a f t  w i th  s p i r a l  i n s t a b i l i t y ) .  
I n  t h i s  c a s e  we a r e  p r i m a r i l y  i n t e r e s t e d  i n  th e  b e h a v i o u r  o f  t h e  
sy s te m  s h o r t l y  a f t e r  th e  d i s t u r b a n c e  t a k e s  p l a c e .  The above 
r e s p o n s e  f u n c t i o n s  c an  be u se d  t o  g iv e  a measure  o f  t h e  r e s p o n s e  
o f  t h e  sy s tem  t h e  u p p e r  l i m i t s  o f  t h e  i n t e g r a l s  f o r  L, , e t c . ,  
b e in g  t a k e n  t o  be some c o n v e n ie n t  f i n i t e  t i m e .
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C h a p te r  2.

Examples? o f  Optimum Kesponae oi L in e a r  Systems 
wTEE "Constant  "Coef . f lo i e h t a  h~v£^""One ' d e g r e e  *

* o t  frrffllfbm* ~~

Xu th e  p r e v i o u s  eh , ' :p te r  we o b t a i n e d  fo rm u la e  f o r  th e  r e s p o n s e  
c o e f f i c i e n t s  L and i n  te rm s of  (1) th e  r o o t s  o f  the  c n . ^ r ^ c t e r i a t -  
i c  e q u a t i o n ,  (11)  t h e  c o e f f i c i e n t s  of  the  c h a r a c t e r i s t i c  e q u a t i o n  
and (111)  t h e  f r e q u e n c y  re s p o n se  sp e c t ru m .  w® s;<w to o  how th e  
r e s p o n s e  of  z e r o - d i n  p l ' - i c e m e n t -e r ro r  ®ystems, z e r o - v e 1o c i t y - e r r o r  
sys tem s and - e r o - a c c e l e r a t i o n - e r r o r  systerns c o u ld  be  s im p ly  r e l a t e d  
to  t h e  r e s p o n s e  i n  t h e  f r e e  m o t io n ,  he s n a i l  now c o n s i d e r  tn e  
r e s p o n s e  o f  t h e r e  t h r e e  sys tem s i n  g r e a t e r  d e t a i l  s h c w iug how the  
optimum r e s p o n s e  o f  r sys tem  con be o b t a i n e d .  :;e s i r  11 chow th e  
r e l a t i o n  b e tw e e n  th e  t r a n s i e n t  r e s p o n s e , t h e  f r e q u e n c y  r e s p o n s e  and 
th e  r o o t s  o f  th e  char-  c t e r i s t i c  e q u a t i o n  f o r  th e  optimum s y s te m .

as i n  c h a p t e r  1 we c o n s i d e r  a system f o r  which th e  e q u a t i o n  o f  
m o t ion  i s

<■ ^ dn~1x dn""^x dx f{  \ \
■ a  p p i  + a n-1 — E=T + a n -2  + + a 1 3 7  + d ox ~ 1 ( 0  CO

where a Q, , a ^ ,  • • •  a r e  c o n s t a n t s  and 0 .

Besponae o f  z e r o - d i s p l a c e m e n t - e r r o r  sy s tem s  t o  s t e p  f u n c t i o n  
d i s t u r b a n c e  ( 6 o n s ' 1 a h t H i s  p lacem en t  i n p u t )T ’

I n  t h i s  e a s e  f  = 0 f o r  % £  0 f  = f Q f o r  % >  0 .  (2 )
where f  i s  a c o n s t a n t .

A s i n  r e f e r e n c e  7 we s h a l l  f i n d  i t  c o n v e n i e n t  t o  n o r m a l i z e  ( 1 ) .
l e t  ®»0 be t h e  undamped n a t u r a l  f r e q u e n c y  of  t h e  sy s te m .

Then a » a  (3 )o o n
We d e f i n e  a new time s c a l e  by t h e  r e l a t i o n

U « (*> 1 ( 4 )o
Prom ( 1 ) ,  ( 2 ) ,  ( 3 ) ,  ( 4 ) ,  t h e  n o rm a l iz e d  e q u a t i o n  o f  m o t io n  i s

dnx dn~1 x . „ dn~2x A ^ „ dx ^ v _ £o  ^
dun  + qn~1 n' 2 t o 51* “ * 1 ^  " Ho

a
where q = -— £—  ( r =0 t o  n)  (6 )

T a  <*> n~r  n  o
How/
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/Now trie m ag n i tud e  o f  th e  re sp o n se  x i s  p r o p o r t i o n a l  t o  f  , 
h u t  t h e  n a t u r e  o f  t h e  r e s p o n s e (  / o  o v e r s h o o t ,  damping t im e )  i s 0
i n d e p e n d e n t  o f  f  . We s h a l l  t ak e

a (7)

Thus we s h a l l  d e te r m in e  th e  r e sp o n se  of  t h e  sys tem  g i v e n  by  (5)  t o  
a u n i t  s t e p  f u n c t i o n  d i s t u r b a n c e .  As shown i n  c h a p t e r  f l |  t h e  _  
r e s p o n s e  i s  i d e n t i c a l  i n  form w i th  t h a t  i n  a f r e e  m o t io n  w i t h  x 0=/1
and Dxq , D^xQ xQ a e r o .

We n o te  t h a t  e q u a t i o n  (4)  m ere ly  a l t e r s  t h e  t ime s c a l e  o f  th e
damping b u t  does n o t  a f f e c t  t h e  / o  o v e r s h o o t  o r  t h e  g e n e r a l  form
of  t h e  r e s p o n s e  which a r e  f u n c t i o n s  o f  q (  r=1 t o  n - 1 ) .  F o r  a

z e r o - d i s p l a c e m e n t - e r r c r  sys tem th e  c o e f f i c i e n t s  o f  x and
, n  d x
dun a r e

u n i t y  i n  t h e  e q u a t i o n  of  m o t io n .  This  does n o t  a f f e c t  t h e  
d e t e r m i n a t i o n  o f  t h e  optimum ( s i n c e  a  = 0 i s  no t  an optimum 
s o l u t i o n  i n  t h i s  c a s e ) .

Second o r d e r  z e r o  d i s p l a c e m e n t  e r r o r  s y s te m .
From C h a p te r  1 ,  ( 1 9 ) ,  (39) and ( 4 1 ) ,  w i th  xQ~ - 1 ,  Dxq =0,

21a a . o 1 a. a

- a o

o r  i n  t e r n s  o f  t h e  no 

21«r =
q1

a ,  + a a.. 1 o 2 ( » )

c o e f f i c i e n t  g i v e n  by ( 6 ) ,

(9 )

S i m i l a r l y  2^ i a 0a i =

i . e
21,

a.

- a ,

i_

0 ss a o d o )

( 11 )

How f o r  s t a b i l i t y  w i t h  0 ,

a .  0 and a 0 0

i . e .  ^ ^ 7 0 .

We/



/We see  t h a t  f o r  a sys tem w i th  a g iv e n  undamped n a t u r a l  
f r e q u e n c y  wQ, L and  3^ a r e  b o th  f u n c t i o n s  o f  q 1 (which f o r  a
m e c h a n i c a l  s y s t e m  i s  p r o p o r t i o n a l  t o  t h e  dam ping) .  The minimum 
v a lu e  o f  i  o c c u r s  f o r  q^ * 1.

2i . e .  ss a Qa 2

Then Lmin " 3 -0

and f o r  t h i s  v a lu e  o f  q^ ,

L1 = K  0 3 )

T his  c o r r e s p o n d s  t o  an  o s c i l l a t o r y  m o t io n  w i th  o v e r s w in g  o f  16 p e r  
c e n t  ( s e e  F i g u r e  2 * 1 ) ,  We s h a l l  s e e  t h a t  t h i s  t e n d e n c y  f o r  th e  
o s c i l l a t o r y  m o t io n  t o  be r a t h e r  l i g h t l y  damped i s  a  c h a r a c t e r i s t i c  
o f  s y s t e m s  b a s e d  on  T h is  ove rsw ing  i s  l e s s e n e d  by s e l e c t i n g
a h i g h e r  v a l u e  o f  q^ ( o r  ) as  i s  s e e n  f rom  t h e  f o l l o w i n g  t a b l e .

Table  I .

V a r i a t i o n  o f  r e s p o n s e  f u n c t i o n s  and o v e r s h o o t  w i th  th e  
damping c o e f f i c i e n t  f o r  a seco n d  o r d e r  z e ro  d i s p l a c e m e n t

e r r o r  sy s te m .

q i =
a1

a oa 2
0 h 0/V^ove:

co0
0 . 6 1 .1 3 0 .8 3 38
0 . 8 1 .0 3 0 .6 3 26
1 . 0 1 .0 0 0 .5 0 16
1 . 2 1 .0 2 0 .4 2 9
1 . 4 1 .0 6 0 .3 6 5
1 . 6 1 .1 1 0 .3 1 2
1 . 8 1 ,1 8 0 .2 8 0
2 . 0 1 .2 5 0 .2 5 0

We s e e  t h a t  t h e  minimum o f  1 i s  f a i r l y  f l a t ;  t h e  v a l u e  of 1 i s  
n o t  more t h a n  1 0 ° / o  g r e a t e r  t h a n t h e  minimum f o r  v a l u e s  o f  q. from 
0 . 7 /
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/ G . 7  t o  1 . 5 .  T h is  f l a t  minimum has  l e a d  o t h e r  w r i t e r s  t o  a d o p t  
o t h e r  c r i t e r i a  f o r  o p t i m i s a t i o n  as  shown i n  th e  i n t r o d u c t i o n .
However we see from the  above t a b l e  t h a t  t h e r e  i s  good c o r r e l a t i o n  
b e tw ee n  t h e  ° / o  o v e r s h o o t  and the  v a l u e s  o f  L , , as  would be e x p e c t e d  
from t h e  d e f i n i t i o n  of  . The s m a l l e r  L, i a ,  t h e  " s m o o th e r51 i s  th e  
r e s p o n s e ,  t h e  r e s p o n s e  becoming l e s s  o s c i l l a t o r y  i n  n a t u r e .
P r e c i s e l y  what v a lu e  of q* i s  c ho sen  f o r  t h e  most s a t i s f a c t o r y  ays ten  
i s  a in.' t t e r  f o r  i n d i v i d u a l  c h o i c e ,  depending  upon  th e  a c c e p t a b l e  

/ o  o v e r s h o o t .  Prom the above t a b l e  we see  t h a t  to  keep b o th  L and 
L<j a s  s m a l l  as  p o s s i b l e ,  q^ sh o u ld  be g r e a t e r  t h a n  1 .  How i f  i s
g r e a t e r  t h a n  2 t h e  r o o t s  o f  th e  c h a r a c t e r i s t i c  e q u a t i o n  w i l l  b o th  be 
r e r l  and  n e g a t i v e , o n e  r o o t  d e c r e a s i n g ,  t h e  o t h e r  i n c r e a s i n g ,  as 
i n c r e a s e s  J t h e  m o t io n  w i l l  t h e n  be composed of  two s u b s i d e n c e s  n d , 
i n  t h e  t e r m i n o l o g y  of  servomechanism a n a l y s i s , would be c o n s i d e r e d  
to  be overdam ped .  When a .  = 2 ,  th e  system i s  s a i d  t o  be c r i t i c a l l y
damped.We a r e  t h e r e f o r e  l e v i  to  th e  c r i t e r i a

1 .0  £  q,1 *5 2 .0  (14)

f o r  s a t i s f a c t o r y  p e r fo rm an c e  f o r  a s e c o n d  o r d e r  z e ro  d i s p l a c e m e n t  
e r r o r  s y s t e m .  T h is  i s  i n  good agreem ent  w i t h  c u r r e n t  p r a c t i c e  w i th  
se rvom echan ism s  f o r  which 0 . 8  £  ^  2 .0
i s  t a k e n  a s  "a  good s t a r t i x i g  p o i n t  i n  a d ju s t i n g -  th e  t r a n s i e n t  
r e s p o n s e  of  a s y s t e m ” ( r e f e r e n c e  11,  p . 5 4 ) .

I n  th e  above a n a l y s i s  we have c o n s i d e r e d  t h e  e f f e c t  on th e
r e s p o n s e  f u n c t i o n s  of  v a r y i n g  . This  i s  e q u i v a l e n t  t o  k e e p i n g
a  and  f i x e d  and v a r y i n g  . C o n s id e r in g  now the  e f f e c t  o f
v a r y i n g  a ( k e e p i n g  a 1 and a 9 f i x e d )  we see  t h a t  t h e  minimum v a l u e
o f  L o c c u r s  f o r  l a r g e  ( i n f i n i t e )  a Q; t h e n  l a r g e .  T h is
c o r r e s p o n d s  t o  a s;. s tem w i th  a l a r g e  ( u n d e s i r a b l e )  o v e rsw in g  b u t  
h a v in g  a v e r y  r a p i d  r e s p o n s e .  C o n s id e r in g  f i n a l l y  th e  e f f e c t  o f  
v a r y i n g  ( k e e p i n g  and a f i x e d )  we see  t h a t  t h e  minimum v a lu e

' o f  L ( f o r  s t a b l e  s y s t e m s )  o c c u r s  f o r  a^= 0 ;  i s  i n d e p e n d e n t  o f
a g .  Sm all  v a l u e s  o f  a 9 c o r r e s p o n d  t o  v e r y  h i g h l y  damped s y s t e m s .

Some g e n e r a l  c o n c l u a i o n e  can be drawn from t h e  above 
d i s c u s s i o n .  We see  t h a t  a s a t i s f a c t o r y  range  of v a l u e s  o f  th e  
damping c o e f f i c i e n t  q,, f o r  a second o r d e r  z e ro  d i s p l a c e m e n t  e r r o r  
s y s te m  i s  g i v e n  by ( 1 4 ) .  The c h o ic e  of  w i l l  depend on th e
d e s i r e d  sp e e d  o f  r e s p o n s e  o f  the  system', t h e  h i g h e r  th e  v a lu e  o f  w
t h e  s o o n e r  w i l l  t h e  sys tem  r e a c h  i t s  s t e a d y  s t a t e .  Changing  « 
m e r e l y /
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/ m e r e l y  a l t e r s  t h e  t im e  s c a l e  o f  the  damping b u t  does  n o t  effect; 
t h e  / q  o v e r s h o o t  o r  t h e  g e n e r a l  fo rm  of t h e  r e sp o n se *

■fhe r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  ^  ( q ^ s l ) a r e
C.5 1 0.57 i
a re  - 1 , - 1 . (dee F ig u r e  2 . 1 ) .w h i l e  t h o s e  f o r  q .^ 2

The t h i r d  d iagram i n  F ig u re  2 . 1 .  i s  a n  a t t e n u a t i o n  phase  
d iag ra m  f o r  t h e  twc c a s e s  =1 and q^ -2  p l o t t e d  on a  l o g a r i t h m i c
s c a l e  a g a i n s t  th e  non d im e n s io n a l  f r e q u e n c y  «*)/&> . T h i s  i s  fo u n d
from  c h a p t e r  1 , ( 5 9 )  and ( 6 0 ) .  he p l o t  th e  g a i n  i n  d e c i b e l s  ( s e e  
r e f e r e n c e s  1 ,  11 arid 2 6 ) .  I f  K i s  t h e  dynamic m a g n i f i c a t i o n ,

t h e  g a i n  = 20 l o g ^Q M d e c i b e l s .

We see  t h a t  t h e  sys tem  making L a minimum (q. 1) h a s  a
maximum m a g n i f i c a t i o n  M o f  1 .15  a t  a  f r e q u e n c y  G.71« , w hereasJ31SLX O
f o r  th e  sy s tem  w i th  q.̂  = 2 (sometimes known a s  a b in o m i a l  f i l t e r )
t h e  m a g n i f i c a t i o n  d e c e a s e s  u n i f o r m ly  w i th  i n c r e a s i n g  f r e q u e n c y .  
Thus f o r  t h e  ra n g e  1 .0  < q4 < 2 .0  , M does no t  exceed  1 . 1 5 .I ^  maX
This  i s  w e l l  w i t h i n  t h e  c u r r e n t  p r a c t i c e  w i th  se rvom echan ism s ,  
" sy s te m s  f o r  which 1. does no t  e x ceed  about  1 .4  p r o b a b l y  h a v in giUciS
a  t r a n s i e n t  p e r fo rm an c e  a c c e p t a b l e  f o r  most a p p l i c a t i o n s "  
( r e f e r e n c e  11 ,  p . 1 0 9 ) .  As shown i n  C h a p te r  1 th e  K.G l o c u s  c a n  
e a s i l y  be o b t a i n e d  from t h e  a t t e n u a t i o n - p h a s e  d iag ram .

T h i r d  o r d e r  ze ro  d i s p l a c e m e n t  e r r o r  sy s tem .

From c h a p t e r  1 ,  ( 1 9 ) , ( 3 9 )  and  ( 4 1 ) ,  w i t h  xQ~ - 1 ,  DxQ= = 0 ,

21a.

i . e .  21a,

a.
a.

^a 1a 2

a
a,

o 3

a 1 a 2 0

_ a O a 1 a 3
0 a o a 2

2
a i  a :2 " aoa

)
(15)

+ a Ma- 2o~2

o r  i n  texms o f  t h e  n o r m a l i z e d  c o e f f i c i e n t s

21(«b
q1q2 -  1

<I1 » 9l2 g i v e n  by ( 6 ) ,

( 1 6 )

S i m i l a r l y /
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i . e

2L1ao a 1 a 3 SS a i ao 0
a*. o 2 ~ao 0 a 3

0 0 a 2

2L1 ^2
%-**1

oa 3 > 0  and aQ>

o ^2

How f o r  s t a b i l i t y  w i th  a ^ >  0 ,

a 2 >  0 1 a *ja 2 ^

0-2 >  0 a n d  ~ 1 >  0

3*he minimum v a lu e  o f  L i s  found  from

as 0

a

dL

2hen

i . e .

1

*1

a i

aL
3 I 2

2 » Q.g

8

2a a ,  0 3

1 .

( 1 7 )

( 10 )

( 1 9 )

We see th a t  when th e  t e a t  fu n c tio n s  are  w r i t te n  i n  term s o f th e  q. s 

a *̂ ^inin ’
T„ = T„ = I ,  » 1 (20)

Then
^o°-J

umin if .2er

and f o r  t h e s e  v a l u e s  o f  q.̂  and  qg • 

1 .  » into-.

( 2 1 )

( 22 )

!Thia c o r r e s p o n d s  to  a  m o t io n  composed o f  a s u b s i d e n c e  a n d  a  r a t h e r  
l i g h t l y  damped o s c i l l a t i o n ,  th e  f i r s t  ov e rsw in g  f o r  a  u n i t  s t e p  
d i s t u r b a n c e  b e i n g  6 p e r  c e n t  f o l lo w e d  by a s u b s e q u e n t  u n d e rs w in ^  o f  
15 p e r  c e n t  ( s e e  f i g u r e  2 . 2 ) .  From (16)  a n d  ( l b )  we see t h a t  1 and 
1^ a r e  f u n c t i o n s  o f  bo th  q1 and q2 . The v a r i a t i o n  o f  t h e  responses 
f u n c t i o n s /
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/ f u n c t i o n s  w i tn  q^ and q^ i s  shown i n  F ig u re  <-,3» The c u r v e s
L *s c o n s t  a r e  o v a l  s h a p e d ,  w hi le  th o s e  f o r  1^ m c o n s t ,  a r e  a
f a m i l y  ox r e c t a n g u l a r  h y p e r b o l a s .  As and ^  a r e  v a r i e d  t h e  r o o t s
o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  w i l l  a l s o  v a r y ,  Now f o r  and q,5 i n
t h e  n e ig h b o u rh o o d  o f  hm^n 'the c h a r a c t e r i s t i c  e q u a t i o n  h a s  one r e a l
n e g a t i v e  r o o t  and  one complex p a i r  o f  r o o t s  w i th  n e g a t i v e  r e a l  p a r t ,  
r e p r e s e n t i n g  r e s p e c t i v e l y  a  su b s id e n c e  and  a damped o s c i l l a t i o n ,  t h e  
s u b s i d e n c e  b e i n g  more h i g h l y  damped t h a n  t h e  o s c i l l a t i o n .  F o r  th e  
c h a r a c t e r i s t i c  e q u a t i o n

0

t o  have  a l l  i t s  r o o t s  w i th  e q u a l  n e g a t i v e  r e a l  p a r t  ( i . e .  e q u a l  
damping i n  a l l  modes) ,

2 2 3
*1 -  ?  *2 + a 2

The c u rv e  o f  e q u a l  damping i s  shown i n  F i g u r e  2,3* 2?o th e  l e f t  o f
t h i s  c u rv e  th e  s u b s i d e n c e  i s  more h i g h l y  damped, t o  th e  r i g h t  th e  
o s c i l l a t o r y  m o t io n  i s  more h i g h l y  damped.

To f i n d  a  sys tem  w i th  a  more s a t i s f a c t o r y  t r a n s i e n t  r e s p o n s e  
t h a n  t h a t  f o r  we s h a l l  choose q^ and qg so t h a t  1^ i s
d e c r e a s e d  c o n s i d e r a b l y  w h i l e  L i s  o n ly  i n c r e a s e d  s l i g h t l y ,  he see  
t h a t  t h e s e  v a l u e s  of  q^ and  q2 l i e  c l o s e  t o  th e  l i n e

a ,  = 1 + <i2

which i s  t h e  norm al  t o  t h e  r e c t a n g u l a r  h y p e r b o l a  L. * c o n s t  which 
p a s s e s  t h r o u g h  t h e  p o i n t  ( 2 , 1 ) .  L and a r e  i n s e n s i t i v e  t o  s m a l l
d i sp lac em e n t j sn o rm a l  t o  t h i s  l i n e .

C o n s i d e r  t h e  sy s te m  g i v e n  by 
q1 « 2 + ©
q_2 * 1 + ©

Then q^ = 1 + ^  •
kLjfijt.

From F i g u r e  2 ,3  we see  t h a t  f o r  6 = 0 . 5  th e  wkjIu  u f  ' t t i t  rr&s 4  tK«.
c h a r a c t e r i s t i c  e q u a t i o n  t e f t  e q u a l  n e g a t i v e  r e a l  r o c t o .  ^ o r  ouch a 
sy s te m  '

L^o = * 1*66

t h e /
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J b .

/ t h e  s u f f i x  d d e n o t in g  t h a t  the  r o o t s  a r e  e q u a l l y  damped.

Then L1 a 0 .2 7 3  fc>Q

Thus i s  12 p e r  c e n t  g r e a t e r  t h a n  w h i le  h a s
decreased ,  by 45 p e r  c e n t .  The r e s p o n se  t o  a  s t e p  f u n c t i o n  i s  shown 
i n  f i g u r e  2*2. We se e  t h a t  t h e r e  i s  no ove rsw ing  f o r  t h i s  t h i r d  
o r d e r  s y s te m .  As would bo e x p e c te d  th e  r e s p o n se  f o r  t h e  system 
w i th  e q u a l  damping (d e n o te d  by Ld ) i s  much "smoother** t h a n  t h a t
f o r  Bvi..i n * t h e  r e s p o n s e  i n c r e a s i n g  p r a c t i c a l l y  m o n o t o n i c a l l y  to  i t s
f i n a l  v a l u e .  However the  t ime f o r  t h e  s y s te m  to  r e a c h  z e r o  e r r o r  
(m o m e n ta r i ly )  i s  much s m a l l e r  f o r  The c o r r e s p o n d i n g  r o o t s  o r
th e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h e  two sys tem s a r e  g i v e n  i n  th e  
f o l l o w i n g  t a b l e  ( an d  i n  F ig u r e  2 , 2 ) ,

Table  2.

H oots  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  a  
t h i r d  o r a e r  zero  d i s p la c e m e n t  e r r o r  sy s te m .

System
La i n  -  ° * 57 ’ -  0 .21 5  i  1 .311

L a  -  0.5 0  , - 0 .5 0  -  1.321

We see  t h a t  w h i le  th e  damping of  the  two sys tem s  i s  d i f f e r e n t ,  
t h e  f r e q u e n c y  o f  tne  o s c i l l a t o r y  mode i s  p r a c t i c a l l y  unch an g ed .
We n o t e  to o  t h a t  t h e  damping o f  th e  su b s id e n c e  i s  o n ly  d e c r e a s e d  
by 12 p e r  c e n t  w h i le  t h a t  o f  the  o s c i l l a t o r y  mode i s  more t h a n  
d o u b le d .

We have  a r b i t r a r i l y  c o n s i d e r e d  th e  c a s e  © = 0 . 5 .  The r e s p o n s e  
a s  shown i n  F i g u r e  2 ,2  m igh t  w e l l  be c o n s i d e r e d  by many t o  be 
overdam ped .  By c h o o s in g  0 to  be r a t h e r  s m a l l e r ,  3ay © = 0 . 3 ,  t h e  
form o f  t h e  r e s p o n se  would be i n t e r m e d i a t e  b e tw ee n  t h a t  f o r
a n d  Ld . As 0 i s  i n c r e a s e d  tne  damping o f  the  s u b s id e n c e  i n c r e a s e s .
By a n a lo g y  w i th  th e  second  o r d e r  system © = 0 . 5  may be s a i d  to  
c o r r e s p o n d  to  c r i t i c a l  damping, p r e c i s e l y  what v a l u e  of  0 i s  
c h o s e n  f o r  th e  mo3t  s a t i s f a c t o r y  system i s  a g a i n  a  m a t t e r  f o r  
i n d i v i d u a l  c h o ic e  d epend ing  upon the  a c c e p t a b l e  p e r  c e n t  o v e r s h o o t .  
We a r e  t h e r e f o r e  l e d  to  t h e  c r i t e r i ao £ e i  0.5 ]
“ Here ,  . lQ. = 2 + 0 >

1 • (23)
a = 1 + 0

f o r /
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/ f o r  s a t i s f a c t o r y  pe rfo rm ance  f o r  a t h i r d  o r d e r  ze ro  d i s p l a c e m e n t  
:e r r o r  s y s t e m .  As f o r  a  second  o r d e r  sys tem  the  h i g h e r  th e  v a lu e  o f  
to t h e  s o o n e r  w i l l  the  sys tem  r e a c h  i t s  s t e a d y  s t a t e .

The t h i r d  d iagram  of F ig u r e  2 ,2  i s  a n  a t t e n u a t i o n  phase  
d iag ram  f o r  t h e  two c a s e s  n and L^. We see  t n a t  th e  sys tem
making L a minimum h a s  a maximum m a g n i f i c a t i o n  o f  1*29 a t  a  
f r e q u e n c y  1.26toQ , whereas  f o r  t h e  sy s te m  th e  m a g n i f i c a t i o n
d e c r e a s e s  m o n o t o n i e a l l y  with  i n c r e a s i n g  f r e q u e n c y .  Thus f o r  the  
r a n g e  0 £ 0 ^  0 . 5 ,  M does not  . e x ce ed  1 .2 9 .  We n o te  t h a t  a t
t h e  f r e q u e n c y

ML „ does n o t .  exceed  1.29* max L, CtfA,
, t h e  g a i n  i s  z e ro F  w hile  f o r  low er  f r e q u e n c i e s

t h e r e  i s  a  s m a l l  n e g a t i v e  g a in .

H ig h e r  o r d e r  ze ro  d i s p l a c e m e n t  e r r o r  sy s te m s .
The a n a l y s i s  g i v e n  above c a n e a s i l y  be e x te n d e d  to  h i g h e r  

o r d e r  s y s t e m s .  From C h a p te r  1 ,  (1 9 )» (3 9 )  and  ( 4 1 ) ,  w i th

( 6 )

- 1  , Dxo - D2x0 — • • t — Dn - 1 X
x o = 0 f

2 L a
0 a 1 a 3 a 5 a 7 • • • SB a 1 a 2 a 4 a 6 • • •

a o a 2 a 4 a 6 9 9 9 ~a o a 1 a 3 a 5 0 0 0

0 a 1 a 3 a 5 0 • • 0 a o a 2 a 4 0 0 0

0 a o a 2 a 4 • • • 0 0 a 1 a 3 0 0 0

i  t e r m s

I ♦

o f th e  n o r m a l i z e d  c o e f t ’i c i e n t s Q.<j i 9 #qn-1

2Lfc)0 h *5 q7 9 9 0 * q1 ^2 q 4 q6 0 0 0

1 q6 0 0 0 -1 q1 q3 q5 0 0 0

0 *1 h q 5 9 0 0 0 1 q2 q4 0 0 0

0 1 9-2 q 4 9 0 0 0 0 q1 q3 0 0 0

(24)

(25)

where t h e  d e t e r m i n a n t s  on  th e  l d f t  hand s i d e  o f  (24) and  (25) a r e  
o f  o r d e r  n—1 and  t h o s e  on  th e  r i g h t  hand 3 id e  a r e  of o r d e r  n.
A l S O  q  as 1 .

c o n td .
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S i m i l a r l y  2L1
^3 q 5 • • • SB (M 1 <i4 • • •

0
1 12 °*4 ^ 6  • • • - 1 0

4i •
0

^ 1 q3 Qtj * • • 0 0 4 2 1 4  • ••
0 1 q 2 *«• 0 0

■̂3 *" *

« q2 <i4  'iS • • #

* 1 *3 45 • • •
(1 2  4 4

(26)

th e  f i l i a l  d e t e r m i n a n t  on the r i g h t  hand s i d e  of ( 2 6 ) b e in g  o f  o r d e r  
n~2. E q u a t i o n  (26)  can  be  w r i t t e n  i n  a s i m p l e r  form i n  t e rm s  o f  t h e  
t e s t  f u n c t i o n s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n .  We f i n d

1  = ~  (27)
^ "n - 1

Now a s  s t a t e d  i n  C h a p te r  1, f o r  s t a b i l i t y  w i th  a r  0 a l l
t h e  t e s t  f u n c t i o n s  must  be p o s i t i v e .

The minimum v a lu e  o f  L i s  found from 

d l d l d l
^  = = ” • = a v .7  “ u

The v a l u e s  o f  l m^n and t h e  c o r r e s p o n d in g  v a lu e s  o f  

%  t cLj t Q.- j • • • <ln a r e  g iv e n  i n  th e  f o l l o w i n g  t a b l e *

c o n t d .
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TABLE 3.

Valuer o f  Bm in  and  the  n o rm a l iz e d  c o e f f i c i e n t s  qm f o r

n 2L . w m m  o *1
1 1 1 1 CMO4

2 2 1 1 1 *3
3 3 1 2 1 1 q4
4 4 1 2 3 1 1 i
5 5 1 3 3 4 1
6 6 1 3 6 A 5
7 7 1 4 6 10 5 <
8 8 1 4 10 10 15

Erom th e above t a b l e w e see t h a t

q 5
1 q6
1 1 q7
6 1 1 q.8
6 7 1 1

n
m m 2tt> (27)

I t  c a n  3>e s e e n  t h a t  th e  numbers i n  t h e  d i a g o n a l s  s l o p i n g  up to  
th e  r i g h t  a r e  th e  b in o m i n a l  c o e f f i c i e n t s .  We f i n d  t h a t  the  
c o e f f i c i e n t  qm f o r  a n  n th  o r d e r  system i s  e q u a l  t o  , t h e
b in o m ic a l  c o e f f i c i e n t ,  where

(PC p m

and
P =

J2 = £

o r

m

m+n
2

m+n-1

i f  m+n i s  even

i f  m+n i s  odd

) ( 28)

Thus t h e  above  t a b l e  c an  e a s i l y  be ex te n d ed  to  any o r d e r  n .
We f i n d  too  t h a t , w h e n  th e  t e s t  f u n c t i o n s  a r e  w r i t t e n  i n  t e rm s  

of  th e  q* s w i th  t h e  above c o e f f i c i e n t s  a t  L .

w a o n

T.

woa n o n

T3 

o n

T

“A

n-1
> - 1 '

mm

n=T
T.

oa
n

s ^ r T -  
> n

* 1 (29)

where/
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/where  s [ r j  E sum o f  t h e  f i r s t  r  i n t e g e r s  *

From (27)  an d  (29)  when L i s  a  minimum,

L « — ^    * £  (30)
2“ o a n 2

Thus P r o p o r t i o n a l  to  t h e  o r d e r  n o f  th e  s y s t e m  b u t  th e
c o r r e s p o n d i n g  v a lu e  o f  i s  ind ep e n d en t  o f  t h e  o r d e r  o f  th e  sy s te m .

The m o t i o n  f o r  t h i s  sys tem  i s  composed of  a  number o f  damped 
o s c i l l a t i o n s  an d  p o s s i b l y  a  s u b s id e n c e  ( i f  n i s  o d d ) ,  a s  shown i n  
th e  f o l l o w i n g  t a b l e .

TABLE 4.

R o o ts  o f  t h e  c h a r a c t e r i s t i c  e q u a t io n  f o r  a z e ro  d i s 
p l a c e m e n t  e r r o r  l min sys tem  o f  o r d e r  n.

n R oot3 .
2 - 0 . 5  -  0 . 8 7 i
3 -0 ,5 7 , - 0 .2 1 5  -  1 .311
4 - 0  . 39 5 -  0 . 505 i ,  - 0 . 1 0 5  + 1 . 5 7 i
5 - 0 . 4 1 ,  - 0 . 2 3 5  1  0 . 8 8 i ,  - 0 . 0 6  -  1 . 7 0 i
6 - 0 . 3 1 5  -  0 .3 6 2 1 ,  - 0 . 1 5 5  -  1 .5 1  , 

- 0 . 0 3  -  1 . 7 8 i
7 - 0 . 3 3 ,  - 0 . 2 2  -  0 .6 6 5 1 ,  - 0 . 0 9  1 1 . 3 5 i  

- 0 . 0 2 5  ± 1 . 8 3 i
6 - 0 . 2 7  -  0 . 2 8 3 i , “ 0 .1 5  -  0 .9 1 1  , 

- 0 . 0 6 8  1 1 .5 0 1  , - 0 . 0 1 3  -  1 .861  ,

F o r  a  s y s te m  o f  g i v e n  o r d e r  the  modes o f  low f r e q u e n c y  a r e  more 
h i g h l y  damped. As n i n c r e a s e s ,  the  damping i n  a l l  t h e  modes d e c r e a s e s  
and t h e  c o r r e s p o n d i n g  f r e q u e n c i e s  i n c r e a s e .  The men e w i th  t h e  l e a s t  
damping i s  a n  o s c i l l a t o r y  mode of  r e l a t i v e l y  s h o r t  p e r i o d .  As would 
he e x p e c t e d  t h i s  g i v e s  a sys tem  w i th  r a t h e r  a wavy r e s p o n s e ,  due t o  
the  t e r m s  o f  h i g h  f r e q u e n c y ,  w i th  a  c e r t a i n  amount o f  h u n t i n g  ( u s u a l l y  
o f  s m a l l  a m p l i t u d e  compared w i th  th e  i n p u t  m o t i o n ) .  T h is  i s  shown i n  
F i g u r e s  2 .4  and  2 .5  f o r  a f o u r t h  and f i l t h  o r d e r  3y3tem, t h e  f i r s t  
overawing f o r  a u n i t  s t e p  d i s t u r b a n c e  b e in g  9 p e r  c e n t  f o r  th e  f o u r t h  
o f / 8 r  anci 10 Pe r  c e n t  f o r  the  f i f t h  o r d e r  o ne .  Tlje a m p l i t u d e s
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/ o f  t h e  c o r r e s p o n d i n g  m o t io n s  a t  w a=10 a r e  6 and 11 p e r  c e n t  
r e s p e c t i v e l y .

As w i th  t h e  s e c o n d  and t h i r d  o r d e r  s y s t e m s  we s h a l l  e n d e a v o u r  
to  f i n d  a  s y s te m  w i t h  a  more s a t i s f a c t o r y  r e s p o n s e  t h a n  t h a t  f o r  
kfflin 9 c h o o s i n g  t h e  q ’s ao t h a t  I ^ i s  d e c r e a s e d  c o n s i d e r a b l y  w h i l e
h i s  o n l y  i n c r e a s e d s l i g h t l y .

TABLE 5.
V a lu es  o f  L a n d  f o r  a  f o u r t h  o r d e r  a e ro
d i s p l a c e m e n t  e r r o r  ays tern.

*1 q2 q 3 Lwo
2 3 1 2 .0 0 0 .5 0
1 3 1 3 .0 0 . o o

2 4 1 2 .17 ®.33
2 3 2 2 .2 5 0 .5 0
2 3 .3 8 1 .3 8 2 .1 2 0 .3 9

Minimum damping f a c t o r .

From T ab le  5 we s e e  t h a t  f o r  a  f o u r t h  o r d e r  sy s tem  L i s  l e a s t  
s e n s i t i v e  t o  s m a l l  c h an ges  i n  q 2 and  q , ,  I n  g e n e r a l  w© s h a l l  p r o c e e d  
a© f o r  t h e  t h i r d  o r d e r  eye tern, ciibosing v a l u e s  o f  t h e  q ' s  which a r e  
on t h a- n o rm al  t o  t h e  s u r f a c e  L. * 0.5<*> a t  t h e  p o i n t  c o r r e s p o n d i n g
1:0 W  -4 t t i l i s  »o in t  ^  f i n i

SI.'1
I

8 %

a* 0 r  a t to  n-*3 )

\ ( 3 1 )

r  * n~2, n-1 °

Thus f o r  a  f o u r t h  o r d e r  sy s tem  p o i n t s  on  t h e  no rm al  a r e  g i v e n  by
q1 * 2 1
q2 « 3 + 6 > (32)
q  ̂ m 1 + © J

w h e r e , f o r  t o  be l e s s  t h a n  i t s  v a lu e  a t  l m in , 0 m ust  be p o s i t i v e .
T h is  i s  r e c o g n i s e d  t o  be a n  a p p ro x im a te  p r o c e d u r e ,  vie s h o u l d  r e a l l y  
d e te r m in e  t h e  l o c u s  o f  p o i n t s  a t  which t h e  s u r f a c e s  1  = c o n s t  a n d
^  * c o n s t  t o u c h  one a n o t h e r .  T h is  i s  e q u i v a l e n t  t o  c o n s t r u c t i n g  
a /
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/ a  g ra p h  o f  d im e n s io n  (n~1)  c o r r e s p o n d i n g  t o  t h e  v a r i a b l e s
(i1 t q_2 * • • • • •  ^n-1 * how ever we s h a l l  be m a in ly  i n t e r e s t e d  i n
p o i n t s  c l o s e  t o  and th e  p r e s e n t  a p p ro x im a te  p r o c e d u r e  s h o u l d
n o t  be t o o  f a r  from t h e  t r u t h  i n  t h a t  r e g i o n .  The e x a c t  v a l u e s  o f  
th e  q ' s  f o r  a  f o u r t h  o r d e r  sys tem  a r e  g i v e n  below.

As 0 i n c r e a s e s  th e  ro o t  s o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  vary*  
t h e  damping o f  th e  l i g h t l y  damped o s c i l l a t i o n  b e i n g  i n c r e a s e d  w h i le  
t h a t  o f  th e  o t h e r  modes i s  e i t h e r  unchanged o r  s l i g h t l y  d e c r e a s e d .
We n o t e  t h a t  s i n c e  i n c r e a s e s  a s  8 i n c r e a s e s  th e  " t o t a l '*  damping
o f  t h e  sy s te m  w i l l  i n c r e a s e .  As above we c o n s i d e r  t h e  s m a l l e s t  
p o s i t i v e  v a l u e  o f  0 f o r  which th e  c h a r a c t e r i s t i c  e q u a t i o n  h a s  a t  
l e a s t  t h r e e  ( u s u a l l y  f o u r )  r o o t s  vd t h  e q u a l  n e g a t i v e  r e a l  p a r t s .
For  such  a  sy s te m  L i s  d e n o te d  by , The v a l u e s  o f  th e  n o r m a l i z e d
c o e f f i c i e n t s  and  th e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  a r e  g i v e n  
i n  T a b l e s  6 and  7 ,  o b t a i n e d  by th e  a p p ro x im a te  p r o c e d u r e  o u t l i n e d  
a b o v e .

TABLE 6.
V a lu es  o f  t h e  n o r m a l i z e d  c o e f f i c i e n t s  f o r  z e r o  
d i s p l a c e m e n t  e r r o r  s y s t e m s  o f  o r d e r  n  w i th  e q u a l  
damping (L^ sy s tem )

( o b t a i n e d  by a p p ro x im a te  method)

n *0 *1 <J.2 q.3
3 1 2 .5 1 .5 1 *4
4 1 2 3 .3 8 1 .3 8 1 <i5
5 1 3 3 4 .17 1 .17 1 *6
6 1 3 6 4 5 .07 1 .07 1 q*j

7 1 4 6 10 5 6.03 1 .0 3  1
8 1 4 10 10 15 6 7 .0 1 4  1 .0 1 4  1

cont d.
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SABLE 7 .
H oo ts  o f  th e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  a zero 
d i s p l a c e m e n t  e r r o r  system, off o r d e r  n .

n
3
4
5
6

7

8

We see  t h a t  , a s  t h e  o r d e r  o f  the  sys tem  i n c r e a s e s ,  t h e  v a lu e  o f  
8 f o r  e q u a l  damping d e c r e a s e s ,  and t h e  sys tem  a p p r o a c h e s  t h a t  o f  
w  Here  a g a i n  i t  m ust  be em p has ised  t h a t  t h e  above t a b l e s  a r e
based  on  t h e  a p p ro x im a te  p r o c e d u r e  o u t l i n e d  above* The e x a c t  
v a lu es  o f  t h e  q ’s f o r  a  f o u r t h  o r d e r  sys tem  w i th  e q u a l  damping a r e

q̂ j « 2*3 'Ip ~ ® « 1*4

g i v i n g  Lw0 ~ 2 .1 5  , ^  * 0 .3 0 « o ,

t h e  c o r r e s p o n d i n g  v a l u e s  o f  the  r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  
be i n #

- 0 . 3 5  -  0 . 46 i  , -  0 .3 5  ~ 1 ,701

Thus t h e  damping i s  p r a c t i c a l l y  th e  same a s  t h a t  g i v e n  by t h e  
a p p r o x im a te  me trio a m i l e  t h e  f r e q u e n c i e s  d i f f e r  by b e tw e e n  10 and 
15 p e r  c e n t  from t h o s e  g i v e n  i n  Table  7 .

Comparing t a b l e s  4 and  7 we see  t h a t  i n  g o in g  from \ ±n t o  Ld
' t h e  damping o f  t h e  l e a s t  damped o s c i l l a t i o n  i s  i n c r e a s e d  a b o u t  

t h r e e  t i m e s ,  t h e  f r e q u e n c i e s  o f  th e  v a r i o u s  modes b e in g  p r a c t i c a l l y  
u n c h a n g e d .  Thus a s  shown i n  F i g u r e s  2 .4  and  2 .5  t h e  r e s p o n s e  o f  t h e  
sy s te m  t o  a  u n i t  s t e p  d i s t u r b a n c e  i s  o f  a  much sm o o th e r  n a t u r e .  The 
peak  o v e r s h o o t  h a s  i n c r e a s e d  s l i g h t l y  to  13 p e r  c e n t  f o r  bo th  
s y s t e m s .

Comparing t h e  r e s p o n s e  c u rv e s  of  F i g u r e s  2 .4  and  2 . 5  w i th  t n o s e  
b a s e d /

H o o ts .
- 0 . 5 0  , -0 .5 0  -  1.321 
-0 .3 4 5  ^ 0.531 , -  0 .345 -  1.541 
-0 .4 1 , -0 .1 9  -  0 .901 , -0 .1 9  -  1.701 
-0 .3 1 5  -  0.3471 , -0 .1 0 5  * 1.171 ,
-0 .1 0 5  -  1.771
-0 .3 3  , -0 .2 2  -  0 .7 0 i , -0 .0 6 5  -  1.361 , 
-0 .0 6 5  -  1.831
-0 .2 7  -  0.2831 , -0 .1 5  -  0 .911 ,
-0 .0425  -  1 .5 0 i , -0 .0425  -  1.861
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/ b a s e d  on  to e  I f l H  c r i t e r i o n  ( r e f e r e n c e  7) and  t h e  iiutterworfelfc 
f i l t e r s  ( r e f e r e n c e  10},  we see  t h a t  t h e  o v e r s h o o t  i s  g r e a t e r  and  
t h e  damping i s  l e s s  t h a n  w i th  t h e  ITA'E c u r v e s .  The o v e r s h o o t  i s  
a b o u t  t h e  same a s  w i t h  th e  B u t t e r w o r t h  f i l t e r s ,  the  damping i s  
s l i g h t l y  l e s s .  The t im e  f o r  trie e r r o r  f i r s t  t o  become z e r o  
( m o m e n ta r i ly )  i s  s m a l l e r  t h a n  f o r  e i t h e r  t h e  ITA/b c u r v e s  o r  t h e  
B u t t e r w o r t n  f i l t e r s  ( f o r  a  v e n  v a lu e  o f  w }• The a d v a n t a g e  o f
t h e  above  d e t e r m i n a t i o n  o v e r  t h a t  o f  th e  ITAE method  i s  t h a t  t h e  
c o e f f i c i e n t s  g i v e n  i n  T ab le  6 can  be r e a d i l y  e x t e n d e d  t o  sy s te m s  o f  
an y  o r d e r  b e i n g  b a s e d  on  a n  a n a l y t i c  f o r m u la .  The r e s p o n s e  c u r v e s  
o f  t h e  s y s te m s  L.  and  L . form a f a m i l y  o f  c u r v e s  a s  t h e  o r d e r  o fU Killii *
t h e  s y s te m  i a  i n c r e a s e d ,  Thus t n e  J u s t i f i c a t i o n  o f  t,-..e u se  o f  t h e  
L c r i t e r i a  must  depend o n  t h e  f i n a l  fo rm  o f  t h e  r e s p o n s e  c u r v e s ,  am 
u p o n  t h e  c o m p a r a t i v e  e a s e  w i th  whicn t h e  c r i t e r i a  c a n  be c a l c u l a t e d  
© s p e c i a l l y  when t h e  a p p ro x im a te  method i s  u s e d .  I t  i s  n o t  
s u r p r i s i n g  t h a t  t h e  g e n e r a l  shape  o f  some o f  t h e  r e s p o n s e  c u r v e s  
f o r  i s  n o t  u n l i k e  t h a t  w i t h  t h e  B u t t e r w o r t h  f i l t e r s .  O t h e r
i n v e s t i g a t o r s  have  a r r i v e d  a t  s i m i l a r  r e s u l t s  ( s e e  t h e  d i s c u s s i o n  
o f  r e f e r e n c e  7}•

The t h i r d  d iag ram  of  F i g u r e s  2 ,4  a n d  2 ,5  i s  a n  a t t e n u a t i o n  
p h a se  d iag ram  f o r  t h e  two c a s e s  an d  La . The L . „ s y s te m siimi u inir3.
h a v e  v e r y  p ro n o u n c e d  r e s o n a n c e  p e ak s  f o r  f r e q u e n c i e s  1,53fc>« a n d
1 •68e*)0 r e s p e c t i v e l y ,  c o r r e s p o n d i n g  to  l i g h t l y  damped h i g h
f r e q u e n c y  o s c i l l a t i o n  shown i n  T ab le  4* These p e a k s  a r e  a b s e n t  i n  
t h e  s y s te m s  ?w J h i e h l e s s  p ro n ou n ced  peak  a t  0 . 4 7 wQ a n d  0 .87wo
r e s p e c t i v e l y ,  t h e  c o r r e s p o n d i n g  v a l u e s  o f  t h e  maximum m a g n i f i c a t i o n  
b e i n g  1 ,1 9  a n d  1 , 4 3 .

R esp on se  o f  z e r o - v e l o c i t y - e r r o r  sy s tem s  t o  s t e p  f u n c t i o n  
d i s t u r b a n c e  ( c o n s t a n t  ‘v e l o c i t y '  in p u tT T

As shown i n  C h a p te r  1 ,  i n  t h i s  c a s e  f  » 0 f o r  % /  0 }
f  = f l  + t  % f o r  % p  0 ( 3 3 )

where  f 0 a n d  a r e  c o n s t a n t s  such t h a t

f  f
I s .  * 1 1

a  ao 1
(34)

As above  we s h a l l  f i n d  i t  c o n v e n i e n t  t o  n o r m a l i z e  t h e  
e q u a t i o n  o f  m o t i o n  ( 1 ) ,  b u t  i n  a  d i f f e r e n t  m anner  f rom  t h a t  f o r  
t h e  z e r o —d i s p l a c e m e n t - e r r o r  s y s te m .

L e t /
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/  L e t  ta. Le a  f r e q u e n c y  d e f i n e d  t>y

^  « < _1a n (35)

Thus would be t h e  undamped n a t u r a l  f r e q u e n c y  o f  a  sy s te m  w i th
a_ = 0 . o

We d e f i n e  a  new t im e  s c a l e  by t h e  r e l a t i o n
( 3 6 )

From ( 1 ) ,  ( 3 3 ) -  ( 3 6 ) ,  t h e  n o r m a l i z e d  e q u a t i o n  o f  m o t i o n  i a

dGx  d G~ 1x  2 q2 ^
n  * r n~1 — i wf  + r n~2  * • • • + r 2 ~ ^ I  ♦ l u  + r o xd u?  n  l d u?  n d du* d du j  QU1 01 1 1  1

f
1 (1 ♦ r„u«) <-t >  0 )  (37 )v o 1

a
where r m « -----------------------------( 1  * 0  to  n) ( 3 8 )

n  1

As above  we s e e  t h a t  t h e  m agn i tu d e  o f  t h e  r e s p o n s e  x i s  
p r o p o r t i o n a l  t o  f 4 , b u t  t h e  n a t u r e  o f  t h e  r e s p o n s e  i s  i n d e p e n d e n t  o f  
fh . We s h a l l  ta&e1 f 1 * a 1 (3 9 )

Tfeus we sha jJ-  d e te rm in e  t h e  r e s p o n s e  o f  t h e  sy s te m  g i v e n  by (37)  t o  
a  e o n s t a n t ' J v e l o c i t y  d i s tu r b a n c e *  o f  t h ^ 'C-orm

o

As shown i n  C h a p t e r  I  t h e  r e s p o n s e  i s  i d e n t i c a l  i r u f o r m  w i t n  t h a t  i n  
trie f r e e  m o t io n  w i t h  I)x =5 -1 , and  xQ , D xQ . h :>x0 , D ~ xQ 
z e r o .

From (37)  we s e e  t h a t  f o r  a  z e r o - v e l o c i t y - e r r o r  sy s tem  t h e
c o e f f i c i e n t s  o f  and  dGx a r e  u n i t y  i n  t h e  e q u a t i o n  o f  m o t i o n .

1 , ndu“

T h i s  does  n o t  a f f e c t  t h e  d e t e r m i n a t i o n  o f  t h e  optimum ( s i n c e  -  0
i s  n o t  a n  optimum s o l u t i o n  i n  t h i s  c a s e ) .

F o r  a  z e r o - v e l o c i t y - e r r o r  sys tem  a r e  u s u a l l y  i n t e r e s t e d  
( i n  se rvom echan ism  t h e o r y )  w i th  t h e  v e l o c i t y  r e s p o n s e  a t  a  g i v e n  
t ime* We s h a l l  t h e r e f o r e  c o n s i d e r  v a l u e s  o f

c o n t d .
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dx d t  = j v  d'i (4 0 )

an d  th e  v a r i a t i o n  o f  l g  where

(— y) d t 
d't*

»0 2 

( f )  ^

I n  t h e  n e ig h b o u rh o o d  o f  minimum v a lu e s  o f  •
dxw here  v  «

Seoond o r d e r  g e ro  v e l o c i t y  e r r o r  s y s te m .
From C h a p te r  1 ,  ( 3 6 ) ,  w i th  DxQ « "* i^  , xQ *  0 f

2Lj » &2

X • e • *1 s

S i m i l a r l y  from  C h a p te r  1 ,  (27)#

2 1*2 &2
a 1 ♦ a pa 2 

*1

(41)

(42 )

7
• (43)

(44)

o r  i n  te rm s  o f  th e  n o r m a l i s e d  c o e f f i c i e n t  r Q g iv e n  by ( 3 8 ) 

2L0
« 1 + r„ (4 5 )

We see  t h a t  f o r  a  sy s te m  w ith  a  g iv e n  v a lu e  o f  w. ( i . e *  f o r  a  
s e co n d  o r d e r  s y s te m ,  w i th  a  g iv e n  damping f a c t o r ) ,  i s  a  c o n s t a n t
a n d  1*2 i s  a  f u n c t i o n  o f  r Q (w h ich  f o r  a  m e c h a n ic a l  sy s tem  i s
p r o p o r t i o n a l  t o  t h e  undamped n a t u r a l  f r e q u e n c y ) * Lg i s  d e c r e a s e d
by d e c r e a s i n g  r o How f o r  s t a b i l i t y  r  >  0 .  C o n s id e r  th e  c a s e

0 .  E q u a t io n  (37) becomes

d2x + 4 S
7 “2 dU1d u |

1 {% p* 0 )

o r /
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/ o r 1

T h is  i s  a  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n  shewing t h a t  v  t e n d s  
m o n o t o n i c a l l y  t o  u n i t y  a s  a s  shown i n  F i g u r e  2 . 6 ,

Thus t h e  s y s te m  r Q = 0 i s  a a m i s s a b l e  a n d  i s  t h e  optimum
sy s te m  i f  we a r e  o i i ly  i n t e r e s t e d  i n  the  r e s p o n s e  i n  v e l o c i t y .  F o r  
su c h  a  s y s t e m  t h e  d i s p l a c e m e n t  x t e n d s  t o  —  (u* -  1) i . e  •

w ^(x-T)  -1  g i v i n g  a  d i s p l a c e m e n t  l a g  i n  t h e  f o l l o w i n g  o f  a
v e l o c i t y  i n p u t  a s  shown i n  F ig u r e  2 . 6 .

I n  t h e  above a n a l y s i s  we have  c o n s i d e r e d  t h e  e f f e c t  on th e  
r e s p o n s e  f u n c t i o n s  o f  v a r y i n g  r  . T h is  i s  e q u i v a l e n t  t o  k e e p i n g

*
a n d  f i x e d  and  v a r y i n g  • C o n s i d e r  now t h e  e f f e c t  o f  

v a r y i n g  ( k e e p i n g  a Q an d  a,, f i x e d ) .  T h is  i s  e q u i v a l e n t  t o  
v a r y i n g  u>̂  . From (435 we s e e  t h h t  t h e  minimum v a lu e  o f  ( z e r o )  
'o c c u r s  f o r  l a r g e  ( i n f i n i t e )  v a l u e s  o f  » t h e n  L0 i s  l a r g e .  T h is  
c o r r e s p o n d s  t o  a  sy s te m  w i th  i n s t a n t a n e o u s  r e s p o n s e .

I n  a  g i v e n  sys tem  i t  may be e i t h e r  p h y s i c a l l y  i m p o s s i b l e  o r  
u n d e s i r a b l e  f o r  r  t o  be a e r o ,  tie have  s e e n  above  t h a t  when r  i sO w

a e r o  t h e r e  i s  a  c o n s t a n t  p o s i t i o n  e r r o r ( a t  l a r g e  t i m e s )  b e tw e e n  t h e  
o u t p u t  a n d  t h e  i n p u t .  T h is  i s  o f t e n  u n d e s i r a b l e ;  i n d e e d  some would 
s a y  t h a t  su ch  a sy s tem  would be a  r e g u l a t o r  a n d  n o t  a  se rvom ehkan ism  
( s e e  r e f e r e n c e  1 1 ) .  As snown a b o v e , a s  r Q i n c r e a s e s  L r e m a in s
c o n s t a n t  bu t  i n c r e a s e s .  As w i t h  trie  a n a l y s i s  o f  ae ro~ & is  placemen '
e r r o r  s y s te m s  we s n a i l  cn oose  a  v a lu e  o f  r  ( » 1 / 4 )  so t n a t  t h e
c h a r a c t e r i s t i c  e q u a t i o n  c o r r e s p o n d i n g  to  (37)  h a s  e q u a l  r o o t s .  The
v e l o c i t y  r e s p o n s e  and th e  d i s p l a c e m e n t  l a g  a r e  shown i n  F i g . 2 .6  
p l o t t e d  a g a i n s t  t h e  non-d im ens  1 0 nalj. t im e  . We see  t h a t  t h e
v e l o c i t y  r e s p o n s e  h a s  a n  o v e r s h o o t  o f  14 p e r  c e n t .  The maximum 
d i s p l a c e m e n t  l a g  i s  0 . 7 4 ,  t h e  l a g  becoming l e s s  t h a n  0 . 1 0
whetife to4r  i s  9 o r  m ore .  Sys tems having- s m a l l e r  ( n o n - z e r o )  v a l u e s
o f  r  would have  a s m a l l e r  o v e r s h o o t  i n  v e l o c i t y  b u t  a  h i g h e ro
maximum d i s p l a c e m e n t  l a g .  C o n s i d e r in g  t h e  v e l o c i t y  r e s p o n s e  we a r e  
t h e r e f o r e  l e d  t o  t h e  c r i t e r i a

f o r  s a t i s f a c t o r y  p e r fo rm a n c e  f o r  a  s e co n d  o r d e r  z e r o  v e l o c i t y  e r r o r  
s y s t e m , /

0 . 2 5
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/ s y s t e m ;  th e  p r e c i s e  c h o ic e  o f  r  b e in g  g o v e rn e d  by th e  maximum 
a c c e p t a b l e  l a g  a t  any  t im e .

T h i r d  o r d e r  2e ro  v e l o c i t y  e r r o r  sy s te m .

a.

a.

D x 0 S  —1

a 2 a 3  i1

1 a 2  1

a 2  + a l a 3i . e .  2L^ (a ^ a g  ~  a oa 3 ) a

o r  i n  te r m s  o f  t h e  n o m a l i z e d  c o e f f i c i e n t s  r Q , r 2 g iv e n  by  ( 3 8 ) ,

(4 6 )
„2  , . r «  + 1

2 1 * 0 ) , *  ~ — — r1 1  r 0 — r.2 "0

S i m i l a r l y  f rom  C h a p te r  I ,  (2 7 )  » 

2 L,

i . e .
2 1 ,

a l

(1cs5
a 1

a e a 2 i a o a 1

w
1 + *0 r 2

r 2~r e
(4 7 )

Now f o r  s t a b i l i t y  w ith  0 ,

a 2 ^  0  , &<ja 2 ~ a oa 3 ^  ^ a n d  a © ^  

i . e .  r 2 >  r Q >  0

0

From (4 6 )  we s e e  t h a t  d e c r e a s e s  as  r & d e c r e a s e s  t o  z e ro

From (4 7 )  »
2r ; '  + 1 

( ? p r r 6 )

a n d  th u s  1 2 a l s o  d e c r e a s e s  a s  r 0 d e c r e a s e s  to  z e r o ,  t h e r e f o r e  a s

above we c o n s i d e r  th e  c a s e  r Q = 0 .

Then 2LlWi (4 8 )

a n ^
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2L„ .

/ a n d  .... —  = -  (49 )
W1 2

(i).We se e  t h a t  i f  1^ , ^2) r 2 an(  ̂ 0)1 a r e  r e Plstce(i Ij, ) q.̂  and  „Q

eq u a tio n s  (48 ) and  (49 )  "become i d e n t i c a l  with. (9 )  and  ( 1 1 ) .  T h is  
fo llo w s im m e d ia te ly  from  t h e  e q u a t io n  o f  m o t io n  (37) w hich w i th  
r Q * 0 becomes a  seco n d  o r d e r  e q u a t io n  i n  v ( f o r  a  t h i r d  o r d e r
sy s tem ). The system  c an  t h e r e f o r e  be t r e a t e d  i n  a  p r e c i s e l y  s i m i l a r  
manner to  a  se co n d  o r d e r  z e ro  d i s p la c e m e n t  s y s te m . The v e l o c i t y  
response  f o r  th e  a n d  1 ^  sy s tem s i s  shown i n  F ig u re  2 .7

to g e th e r  w ith  t h e  d i s p la c e m e n t  l a g .  I n  b o th  c a s e s  th e  d i s p la c e m e n t  
la g  t e n d s  to  a  d e f i n i t e  n o n -z e ro  l i m i t  (1 f o r  sy s te m s  a n d  2

f o r  s y s t e m s ) .

As w i th  t h e  second  o r d e r  z e ro  v e l o c i t y  e r r o r  sy s tem  i t  may be 
e i t h e r  p h y s i c a l l y  im p o s s ib le  o r  u n d e s i r a b l e  f o r  r Q to  be z e r o .  Now

the  c h a r a c t e r i s t i c  e q u a t io n  f o r  th e  sy s tem  i s

y  + . i \ 2 + \  = ( \  + o ( X  + o \ =  o

We r e p l a c e  th e  f a c t o r  \  by \  +1 and n o rm a l iz e  t h e  r e s u l t i n g  
e q u a tio n  ( w i th  r ( »{<§); th e  c h a r a c t e r i s t i c  e q u a t i o n  i s  t h e n

\ 3 ♦ 1.73 V2 + \  + 0 .19  = ( ). + 0 .5 8 )3 = 0

This c o r r e s p o n d s  to  a  sy s te m  w ith  r Q = 0 .1 9  an d  r^  « 1 .7 3 ,  h a v in g  
th re e  e q u a l l y  damped modes o f  m o t io n .  Tne v e l o c i t y  r e s p o n s e  a n d  th e  
d i s p la c e m e n t  l a g  f o r  t h i s  sy s tem  ( d e n o te d  by l *1 e 5 a r e  shown i n

F ig u re  2 .7 . The v e l o c i t y  r e s p o n s e  h a s  cm o v ersh o o t o f  29 p e r  c e n t .  
The maximum d is p la c e m e n t  l a g  i s  1 .4 5 ,  t h e  l a g  becom ing  l e s s  t h a n  
0 .1 0  when gô t; i s  12 o r  more. V alu es  o f  L1 a n d  Lg f o r  th e  th re e

system s a r e  g iv e n  i n  th e  f o l l o w in g  t a b l e .
TABLE 8 .

System  r Q

^ 1m in  ^

h d  0

L1e 0 .1 9

We/

“ system ,»
r 2 V “ 1
1 1 .0 0 0 .5 0

2 1 .2 5 0 .2 5

1 .7 3 1 .3 0 0 .4 3
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/We se e  t h a t  i n  th e  L^0 sy s te m  th e  z e ro  d i s p la c e m e n t  e r r o r  h a s  been
o b t a i n e d  m a in ly  a t  th e  e x p en se  o f  L0 J t h i s  i s  r e f l e c t e d  i n  th e
i n c r e a s e d  o v e r s h o o t .  As a b o v e ,  sy s te m s  n a v in ^  s m a l l e r  ( n o n - z e r ^ )  
v a lu e s  o f  r  would  i n  g e n e r a l  h av e  a  s m a l l e r  o v e r s h o o t  t u t  a  hi._/*er
d i s p la c e m e n t  l a g  and  a  l o n g e r  " t a i l ” t o  th e  v e l o c i t y  r e s p o n s e ,  
c o r r e s p o n d in g  to  a  s m a l l  n e g a t iv e  r o o t  o f  th e  c h a r a c t e r i s t i c  
e q u a t i o n .

H ig h e r  o r d e r  ze ro  v e l o c i t y  e r r o r  s y s te m s .
The above a n a l y s i s  c a n  e a s i l y  be e x te n d e d  to  h i g h e r  o r d e r  

s y s te m s .  The fo rm u la e  f o r  1^ and  L9 c a n  be d e r i v e d  im m e d ia te ly
from  c h a p t e r  I .  We f i n d  t h a t  f o r  s t a b l e  sy s te m s  o f  an y  o r d e r  
n (  2) b o th  a n d  d e c r e a s e  a s  r Q t e n d s  t o  z e r o .  The system .

w ith  r Q » 0 becomes e q u i v a l e n t  to  a  ( n - 1 ) t h  o r d e r  sy s te m  i n  v ,  and  
t h e  v e l o c i t y  r e s p o n s e  f u r  i n e  L ^  and  sy s te m s  c an  be ded uced

from  th e  p r e c e d i n g  a n a l y s i s  ( e . g .  T a b le s  3 * 4 ,5  a n d  6 and  f i g u r e s  
2 .4  and  2 .5 )*  The d is p la c e m e n t  l a g  ( ' t - x )  t e n d s  to  ^  U *  0 ) .

To d e r iv e  th e  I ^ e sy s te m  we r e p l a c e  t h e  z e ro  r o o t  o f  t h e
c h a r a c t e r i s t i c  e q u a t i o n  by a  r e a l  r o o t  h a v in g  th e  same damping a s  
th e  se c o n d  m ost l i g h t l y  damped mode, a n d  n o rm a l iz e  th e  r e s u l t i n g  
e q u a t i o n  ( w i th  5= 1 ) .  The v a lu e s  o f  th e  n o rm a l iz e d  c o e f f i c i e n t s

a n d  th e  c o r r e s p o n d in g  r o o t s  o f  th e  c h a r a c t e r i s t i c  e q u a t io n  a  r e  g i v e n  
i n  T a b le s  9 and 1 0 .

T ab le  9 .

e r r o r  sy s tem s! Of o r d e r  n h a v in g
.... . m
t h r e e  mo des w i th  e q u a l

i s a & B f i J l i e sy s ^em s) .

21 r © r 1 r 2 *3
3 0 .1 9 1 1 .7 3 1 r 4
4 0 .1 7 1 1 .8 9 1 .5 3 1 r 5
5 0 .1 8 1 2 .1 4 2 .9 7 1 .5 2 1 r 6
6 0 .1 1 1 3 .5 5 2 .9 0 3 .6 6 1 .2 4  1

co n t d •
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T ab le  10 ,
Roots o f  th e " c h a r a c te r i s t i c  e q u a tio n  f o r  a  aero v e lo c i ty  

e r r o r  L1e sy s te m of . o r j e r . t t .

n Hoots*
3 -0 .5 8  , -0 .5 8  , -0 .5 8
4 -0 .3 8  , -0 .3 8  , -0 .3 8  -  1.011
5 -0 .3 0  . -0 .3 0  -  C ,47 i » -0 .3 0  £ 1.351
6 -0 .3 7  , -0 .1 7  , -0 .1 7  -  1 .531 , -0 .1 7  -  .821

AS th e  o r d e r  o f  t h e  sy s te m  i n c r e a s e s  th e  damping o f  th e  l e a s t  
damped mode d e c re a s e s *  r Q becomes s m a l l e r  on  th e  whole a s  ft
in c re a s e s ;  t h e  ° /o  o v e r s h o o t  i n  v e l o c i t y  i n c r e a s e s  a s  does  t h e  
maximum d is p la c e m e n t  lag *

T ab le  1 1 *
V alues o f th e  n o r m a l iz e d  c o e f f i c i e n t s  f o r  zero  v e lo c i ty  
e r ro r ' syatema of o rd e r  n bavin,-, t n r e e  modes' w ith  eq u a l 
damping d 1c ay.aterna )T

n % *1 *2 *3
3 1 3 3 1 *4
4 1 3 .a 4 .6 2 .4 1
5 1 4 .0 6 .0 5 .9 2.1
6 1 6 .2 10,8 8 .7 7 .6

I n  T a b l e . 11 th e  c o e f f i c i e n t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  a r e  
n o r m a l iz e d  to  make q- u n i t y , a s  w i th  th e  z e ro  d i s p la c e m e n t  e r r o r  
s y s te m .  T h is  e n a b le s  a  c o m p a r iso n  to  be made w ith  th e  r e s u l t s  o f  
W h i te le y  i n  r e f e r e n c e  8 . W h i te le y * s  . c o r i s s p e n d in g  c o e f f i c i e n t s  a r e  
much l a r g e r  t h a n  t h o s e  shown i n  T ab le  11, g i v in g  modes w i th  v e r y  sm all 
damping and hence  a  v e l o c i t y  r e s p o n s e  w i th  a  l o n g  " t a i l ” . T h is  i s  
c l o s e l y  c o n n e c te d  w ith  th e  f a c t  t h a t  w h i t e l e y ' s  c a l c u l a t i o n s  a r e  
b a s e d  on  10 p e r  c e n t  maximum v e l o c i t y  o v e r s h o o t .  No c u rv e s  o f  d i s 
p la c e m e n t  l a g s  a r e  g iv e n  i n  r e f e r e n c e  8 bu t  t h e s e  w ould  be 
c o r r e s p o n d i n g l y  l a r g e .  Comparing th e  above r e s u l t s  w i th  th e  2TAN 
c u rv e s  ( r e f e r e n c e  7} th e  v e l o c i t y  r e s p o n s e  o f  th e  ITAE sy s te m  i s  
r a t h e r  more o s c i l l a t o r y  t h a n  t h e  I ^ e c u rv e s  w i th  a  maximum o v e r s h o o t
o f  a b o u t  th e  same o r d e r .  The L4^ c u rv e s  a r e  n o t  u n l i k e  t h o s e  b a s e di s
on  b in o m ia l  f i l t e r s  and  a re  g e n e r a l l y  th o u g h t  to  be a  r e a s o n a b l e  
com prom ise be tw een  W h i t e l e y 's  c u r v e s  and  t h e  ITA8 o n e s .

c o n t  d.



5«.

R esponse  o f  ze r o - a c c e l e r a t i o n - e r r o r  sy s te m s  to  s t e p  f u n c t i o n  
d i  s tu rb a n e e ~ T c o n s  t a n t  a  cc e l e  r a t i o i T T n p u t ) « "

The a n a l y s i s  i s  c a r r i e d  o u t  i n  a  p r e c i s e l y  s i m i l a r  m anner to  
t h e  a b o v e .  We f i n d  i t  c o n v e n ie n t  to  n o r m a l i s e  t h e  e q u a t i o n  o f

m o t io n  ( 1 ) i n  such  a  way t h a t  th e  c o e f f i c i e n t s  o f  and  4 - ~
a r e  u n i t y  where ^u 2

u,

a n d

a  x
d u n  n«*i

d n~ 1x

du

03

(50 )

(51 )

2

2 ” 2.

From ( 1 ) ,  (5 0 )  -  (51 )#  t h e  n o r m a l iz e d  e q u a t io n  o f  m o t io n  i s

  dxMa i..... + S j
a u r - ‘  -> du3 Z 3  + ^  + s i  i u 0+ s o x

2
f

a 2ta1
a,

where m
m

V a
n~m

(1 +  s 1u 2+ a 0u | )  (-S >  0 )

(m = 0  t o  n )

(5 2 )

(53 )

t a k e

The r e s p o n s e  o f  t h e  sy s te m  to  a  c o n s t a n t  u n i t  a c c e l e r a t i o n  
d i s t u r b a n c e  i s  i d e n t i c a l  i n  form  w i th  t h a t  i n  t h e  f r e e  m o t io n  w i th

X) « -1  and  0 0 ’ 0
c o n s i d e r  v a lu e s  o f

, Bx„ , D3x0 . . .  B®"1*,

** - « 2
dfx da «

a e ro

da

a n d  th e  v a r i a t i o n  o f  where

3 d^x

o

j i L i )  da 
da^

a 2da

<i£) ^

(5 4 )

(55 )

i n  t h e  n e ig h b o u rh o o d  o f  minimum v a lu e s  o f  L2 

w h e r e /
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/w h e re  a  = — §  ( 5 6 )

By a  s i m i l a r  a n a l y s i s  to  t h a t  g iv e n  above  we f i n d  t h a t  b o th  
Lg and  d e c r e a s e  a s  jdQ a n d  t e n d  to  z e r o .  C o n s id e r in g  t h e
c a s e  ^  = 0 we f i n d  t h a t  t h e  r e l a t i o n s  f o r  L0 and  become
i d e n t i c a l  w i th  t h o s e  f o r  L and  f o r  a  z e ro  d is p la c e m e n t  e r r o r
sy s te m  of o r d e r  n-2 when sm a n d  a r e  r e p l a c e d  by  g and  mQ •

F o r  sy s te m s  w i th  4 Q ~ *4̂  ~ 0 ,  t h e  d i s p la c e m e n t  and  v e l o c i t y
la g s  b o th  t e n d  t o  non z e ro  l i m i t s  a s  t • T h is  c a n  be
rem edied a s  wit:, th e  z e ro  v e l o c i t y  e r r o r  sy s te m s  by  r e p l a c i n g  th e  
two z e ro  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  by two r e a l  r o o t s  
h a v in g  th e  same damping a s  th e  re m a in in g  m ost l i g h t l y  damped mode 
and n o r m a l i z in g  th e  r e s u l t i n g  e q u a t io n  {w ith  3 ,̂  « / 4 )  • The v a lu e s
o f  th e  n o rm a l iz e d  c o e f f i c i e n t s  and  th e  c o r r e s p o n d in g  r o o t s  o f  th e  
c h a r a c t e r i s t i c  e q u a t i o n  a r e  g iv e n  i n  T a b le s  12 and 13 .

T a b le  1 2 .
Values o f  t h e  n o r m a l iz e d  c o e f f i c i e n t s  f o r  z e ro

H o te ;

a c c e l e r a t i o n  e r r o r sy s tem s o f  o rh e r  n  h a v in g fo u r
modes w ith e o u a l  dam p i  ng X, O A T Oterns) ,

n  So 
3 0 .0 3 7

S1
0 .3 3

b2
1

-A ' ,rf I,m

s 3
1 3 4

4 0 .0 2 8 0 .2 7 1 1 .6 3 1 ®5
5 0 .0 2 6 0 ,2 7 1 1 .7 2 1 .5 9 1 s 6
6 0 .0 2 6 0 .2 7 1 2 .0 8 2 .6 7 1 .61 1

ij th e  th i r d  o rd e r  system  in  th e  above 
on ly  th re e  e q u a lly  damped modes.

ta b le h a s ,

eon td .



T ab le  1 3 .
H o o ts  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  a  z e ro  
a c c e ' l e r a t  i o n  e r r o  r  I  s'y8T e m o T '’o r  d e r n .

n  H oots
3 - 0 ,3 3  , - 0 . 3 3  * -  0 ,3 3  .
4 - 0 . 4 1  f -  0 .4 1  9 -  0 .4 1  , -  0 .4 1  .
5 - 0 . 3 2  , - 0 . 3 2  , - 0 . 3 2  „ - 0 .3 2  -  0 .8 4 1
6 - 0 .2 7  , - 0 . 2 7  , - 0 .2 7  -  0 . 4 1 i  , - 0 . 2 7  -  l . g f r t  I-lot

As th e  o r d e r  o f  t h e  sy s tem  i n c r e a s e s  ( f o r  n  >  4) t h e  damping 
o f  t h e  l e a s t  damped inode d e c r e a s e ,  s  and  s ,  o n ly  d e c r e a s e  s l i g h t l y ,  
an d  t h e  / o  o v e r s h o o t  i n  a c c e l e r a t i o n  i n c r e a s e s .

T a b le  1 4 .

V a lu es  o f  th e  n o r m a l iz e d  c o e f f i c i e n t s  qj& f o r  a e ro
a c c e l e r a t i o n  e rro r"  s y s te m s 7 o f  o r d e r " n  h a v in g  f o u r  modes
With e q u a l  'damping ( L ^  's y s te m s ’)''.

a  %  q.1 q2 %
3 1 3 3 1 q4
4 1 4 6 4 1 q^
5 1 5 . 0  8 .9  7 .4  3 .3  1 q
6 1 5 .6  11.5  13.1 9.1 3 .0  1

N ote!  th e  t h i r d  o r a e r  s y s te m  i n  th e  above  t a b l e  h a s ,  o f  c o u r s e ,  
o n ly  t h r e e  e q u a l l y  damped m odes.

I n  th e  ab ove  t a b l e  t h e  c o e f f i c i e n t s  f o r  b o th  t h i r d  and  f o u r t h  o r d e r  
sy s te m s  a r e  b in o m ia l  cce f f i c i e n t s j  t h i s  fo l lo w #  im m e d ia te ly  from  th e  
c o n d i t i o n  o f  e q u a l  dam ping. W h ite le y * s  c o r r e s p o n d in g  c o e f f i c i e n t s  
( r e f e r e n c e  8 } a r e  much l a r g e r  t h a n  th o se  i n  T ab le  1 4 .  As s t a t e d  
above t h i s  l e a d s  t o  modes w i th  much s m a l l e r  damping th a n  th o s e  
shown i n  T ab le  13 ( a l l o w in g  f o r  th e  d i f f e r e n t  t im e  s c a l e ) .  T&e 
L9<f c u rv e s  a r e  n o t  u n l i k e  t h o s e  b a se d  on  t h e  b in o m ia l  f i l t e r s ,  which 
a r i  g e n e r a l l y  th o u g h t  t o  be a  s u i t a b l e  com prom ise b e tw ee n  o v e r s h o o t  
an d  dam ping .



61 .

C h a p te r  3»
Optimum C o n d i t io n s  o f  K esponse  o f  L in e a r  Sys tem s w i th  
f f o n s t a ^  h a v i 'S r  many I3etree's""oT," T re e ,db,mr

I n  t h e  p r e v io u s  c h a p t e r s  we have i n v e s t i g a t e d  t h e  p r o p e r t i e s  o f  
some s im p le  r e s p o n s e  c o e f f i c i e n t s  L and  1 f o r  l i n e a r  sy s te m s  w i th  
one d e g re e  o f  f re e d o m , vV© s h a l l  now e x te n d  th e  m etho d  t o  l i n e a r  
s y s te m s  w i th  a  number o f  d e g re e s  o f  f ree d o m , We s h a l l  a t  f i r s t  
c o n s i d e r  o n ly  a  sy s te m  o f  n  f i r s t  o r d e r  e q u a t i o n s ,  T h is  i s  q u i t e  
g e n e r a l  s i n c e  a  sy s te m  o f  h i g h e r  o r d e r  c a n  be re d u c e d  t o  a  f i r s t  
o r d e r  s y s te m  by s u b s t i t u t i o n .

We c o n s i d e r  a  sy s te m  f o r  which t h e  e q u a t io n s  o f  m o tio n  a r e

e r 1 x 1 + e r 2 x 2 + e •  * + la 4M H
f r ( t )  ( r  « 1 t o  n) (D

w h ere r s 1) + b„„ r s  r s
d

• r s  * r s  
known f u n c t i o n s .

a r e  c o n s t a n t s  a n d  f r (ii) ( r  » 1 t o  n) a r e  a r b i t r a r y

The i n i t i a l  c o n d i t i o n s  a r e  g iv e n  b y

x r  -  x ro (H s  1 t o  n ) a t  % ® 0 ,

U sin g  t h e  L a p la c e  t r a n s f o r m  m ethod ( r e f e r e n c e  1 7 )  th e  
s u b s i d i a r y  e q u a t io n s  a r e

n n

I s Î A a r s x s o  + f r<*>s®1 S»1
sr.-- ' /

w h ere ^ r s 55 a r s p + br s

n f  n
,• •

mm

85 SB
1

A
1

r » l

I c-*
/  a  

r s  ^ a - i  »

w h ere h at
i  » i i p 12 . . . .  p 1B

*21 p 22 . . . .  p 2 n

p n 2  pnn

s e ( 2 )

(3)

and/
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/ a n d  P_„ i s  t h e  c o f a o t o r  o f  L ® ., i n  t h e  d e te r m in a n t  / S  .'  r s  f r s
We s h a l l  be c o n c e rn e d  p r i m a r i l y  w i th  s t a b l e  sy s te m s  f o r  w hich  

a l l  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t io n  ( 3 ) a r e  n e g a t iv e  o r  
have  n e g a t i v e  r e a l  p a r t s .

tiA+ p
e-P - ' Q U )  ^  (4 )r s

A
"rs

n n

Then x_ * X a  x  _} 4 ^
*=*1 TB 0S»1 rS  80

Qr 8 ( n ) ^ ! y ) dy (5 )

( s«1 to  n)

D i f f e r s n t i a t i n g ( 5)»
n n n

» x  *  2  « L  ( I  a x )  + 2  Qr e ( o )  f  ( x )
8 r»1  r a  s=1 r e  80 r = l  r e  r

n

-  I
r« l

Qrs (**~y) £r (y)<*y ( s « 1  t o  n ) ( 6 )

From (3 )  we s e e  t h a t  ^  i s  o f  t h e  n th  d e g re e  i n  p an d  we can  
w r i t e  k i i ' v %

^  “  ^ ( P  *  ̂  "* ^ 2  ̂ • * * tP  ** Aj:)

where

How r s

A

I a 11 a 12  ‘
| a 21 a 22  ’
| • * * 0
I a n1 a n 2 *
A 4 s o .

n Fr s
2 n

A r r

*  • • a
# * • a

m
2n

^nn

r«1
nf®

Hence ar s

n

m=1

V _) VP < A ) r s  m' @ m
n

( ) k i A >

F o r /

r = l
rtf®

(7 )

( 8 )

(9 )

(10)



/F o r  la rg e  v a lu e s  o f p , r s Ar s

where A  i s  th e  c o fa c to r  o f  in  (8 ) .r s  i  s
A

• • Q r s
rs + + , , , h ig h e r  powers o f  %

A
From (12) we see th a t  a t  % » 0 , Qr a (° )  88 J r s

63.

( 11 )

( 12 )

(13)

C r i t e r i a  f o r  O ptim isat io n ,
As i n  C hap ter I  we s h a l l  d e riv e  form ulae f o r  th e  response  

c o e f f i c ie n t s  i n  term s o f th e  square  of th e  r .m .s .  e r r o r .

From (1) we see th a t  the  v a lu e s  o f  . . .  xn  which would
co rresp o n d  to  a  p o s i t io n  o f  e q u ilib r iu m  a t  tim e % a re  g iv en  by

br1 X1 ♦ *>r2 > + . . . + br n  xn “ f r ( t

n
i . e . xa - 1 1B r»1 ” gs

where B * bn b12 * * ‘ 1 n

b 21 b22 * ’ * b2n

bn1 bn2 bnn

(14)

(15)

and IT i s  th e  c o fa c to r  o f in  t h i s  d e te rm in an t,r s  r s
We assume t h a t  0 .

Thus i f  th e re  were no la g  i n  th e  system  x  would eq u a l ga (a )s s
a l l  t im e s . The e r r o r  e_ i s  g iven  bys

®s = ( in p u t -  o u tp u t) a = Sa ( t )  -  xa

We s h a l l  d e riv e  form ulae f o r  response  c o e f f ic ie n t s  Lr  and L. 
g iv en  by ^  ^  2

a Xr  -  gr ( t )
']

d't ( r=1 to  n) (16)

a n d /
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/ a n d  £ 1 r  « j  = j  ^  Dxr  “  S1r ( ^ ) !  ( r=1  ^5 U ? )
o o

As i n  th e  p r e v i o u s  s e c t i o n  we s h a l l  c o n s i d e r  v a lu e s  o f  I ^ r  a n d  Ly
i n  t h e  n e ig h b o u rh o o d  o f  a  minimum v a lu e  o f  a  p a r t i c u l a r  L • We
s e e  t h a t  we s h a l l  hav e  2 n re s p o n s e  c o e f f i c i e n t s  c o r r e s p o n d in g  t o  t h e  
n  d e g re e s  o f  freedom * I n  any  p h y s i c a l  p rob lem  some o f  th e  r e s p o n s e  
c o e f f i c i e n t s  may be much more im p o r ta n t  t h a n  o t h e r s  a n d  t h u s  t h e  
p ro b lem  may be c o n s i d e r a b l y  s i m p l i f i e d .

ffree M o tio n  ^ r (^ )  = r =1 to  n*
D e r i v a t i o n  o f  fo rm u la e  f o r  r e s p o n s e  f u n c t i o n s  i n  te r m s  o f  th e  r o o t s  
of th e  c h a r a c t e r i s t i c  e q u a t i o n .  ~

n  n  n  ^
From (5 )  and  ( 1 0 ) ,  x s  = ^  a r s  x g 0 ) -  C ^ e  m (1 0 )

n  p ( y  ) J i
where C * X  — -------------  ( X  x ) (1 9 )

“  r «1 r f i .  v v s «1 r s  30
A I i ( A — A )

r =1 m r

I f  th e  m o t io n  i s  s t a b l e ,  a l l  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n
( 7 ) m u st  be n e g a t iv e  o r  have  n e g a t iv e  r e a l  p a r t s  and
x « 0 ( a t  1 to  n) as % •s

fh e  d e r i v a t i o n  o f  t h e  fo rm u la e  f o r  t h e  r e s p o n s e  f u n c t i o n s  i s  
p r e c i s e l y  a n a lo g o u s  to  t h a t  w i th  one d e g re e  o f  f re e d o m . We f i n d

n  n

~ i|S * m=1 m Ii ° ms °Ma
\

where IS = j ; ( ^  g +^ g) \

s = 1  to  n
3=1 to  n
3 ^  8

( 2 1 )

Now/ ’M""" ~ ■ 2n— g — 2^ —̂ T*— 3^" * * ̂ —’p*—h)"*

c o n td .



T h is  i s  p r e c i s e l y  t h e  same a s  e q u a t i o n  (1 6 )  o f  c h a p t e r  1 .
How th e  f r e e  m o tio n  is d e te rm in e d  u n i q u e l y  when th e  i n i t i a l  

c o n d i t i o n s  a r e  s p e c i f i e d .  Thus L i s  d e te rm in e d  by t h e  i n i t i a l  
c o n d i t i o n s .
We have  f ro m  ( 1 8 ) ,

2  cc-  ms as x so

°ma sc *8 .

^m2Cms as
••
*80

d « »

n - 1c 
m ms

> i

as
d:

( -
A.

n—1
(2 3 )

Then

n-1  'u i  Q

1 (  XX *l
^ s  * ST v_ xs© x s© * a 12 Bxs©+ * ® in  ^  x se^

♦ . . .  ♦ Bxs ^ 1 U 1 a  +0-JJJJ Dn“ 1xg 0 ) ]  (2 4 )

T h is  fo rm u la  i s  i d e n t i c a l  w i th  e q u a t io n  (1 9 )  o f  c h a p t e r  1 a n d  th e
ttl s  a r e  i d e n t i c a l  w i th  t h o s f t f o r  t h e  l i n e a r  sy s te m  o f  o r d e r  n  w i th
one d e g re e  o f  f ree d o m . We n o te  t h a t  L i s  g iv e n  i n  t e r m s  o f  x o _ »s so
Dx , . . .  Dn~1x A by (24) i . e .  i n  te rm s  o f  th e  i n i t i a l  v a l u e s  o f  so  so
x  a n d  i t s  d e r i v a t i v e s  o n ly .  T h is  f o l lo w s  im m e d ia te ly  from  

s
( 0  s i n c e  on  e l i m i n a t i n g  x . , x 2« • • • x s „4 * x a +i * • * • a n d

t h e i r  f i r s t  d e r i v a t i o n s  t e  d i f f e r e n t i a l  e q u a t i o n  f o r  x g i s ,  f o r  th e  
f r e e /



6 6 ,

/ f r e e  m o tio n ^

d x ,   £
kn

d x
+ A '8

n«1 ^ n -1
dxs

+ . . .  + A1 •jpj- + Aox 0 *  0 (25)

where A.„ i s  th e  c o e f f ic ie n t s  o f  pr  i n  th e  c h a r a c t e r i s t i c  e q u a tio n  
( 7 ) .  r

From ( 3 ) ,  (8) and (15) *a no te  t h a t

An  " A y

Aq - B .

To f in d  v a lu es  o f Bx__30
«

y *  • *
we use (18) w r i t in g n

U *  r I
Sai a ra  xso

n
Then in  th e  f re e  m otion

X s  T  n <3 r»1 r ‘r s

By su c c e ss iv e  d i f f e r e n t i a t i o n  we f in d

1  Ur D (o)
♦ ♦ •

2  U j, Qyg (O)

^ a f M  ^  >

B X  ^  m SO
* * * * * 

i i  X  *so
where from (10} EL

2
m at

m

a L i j

n i n-1p ( y m)
_ „ v Am r s

® a  Z  ------- — *-----------
31*1 I 1

a I T  ( V > r )
r » l  
*Sp»

‘r s

]

l1o

( 26*

xno

(27)

( 28)

(29)

A l te r n a t iv e ly /
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/ A l t e r n a t i v e l y  w r i t i n g
Ar s vQr0  = yt.S + +  g1 — * . . . (3 0 )

fchen Dxg0 = 2  Ur  C1 7
• * * •

Bn"“1X a  SO J  V C * L  r  n-1

h (31)

where th e  co n s tan ts  C w i l l  o f course  be d i f f e r e n t  f o r  every  Pre  •
We see t h a t  the  i n i t i a l  c o n d itio n s  e n te r  th e  above e q u a tio n  

i n  th e  U term s o n ly .

can im m ediately  d e riv e  th e  form ula f o r  L^g where

2J C Dxs ] d'f

by re p la c in g  x£}0 by D x ^  , BxqQ by B ^ x ^  , e t c , ,  i n  (2 4 ) .so so so
Thus

41b IT ( ^ xso^a 11 2>Jtao+ a12 35 xso * ##* * a 1 a  ^ xso^

+ . . .  * ^ o o  ^a m  ^ b o * * * * 4, ann ^ 2^

where from (2 8 ) ,(2 9 )*  dI,xs0 * BnQ ^  (o)*T3
n

and BnQ (o) » 2
r s  m«1 n

r«1 
nf-ia

o r  from Q t ) f Bax0O * 7  ca

We see th a t  f o r  g iven  i n i t i a l  c o n d itio n s  xr o ( r » l | t o  n) we

f i r s t  have to  f in d  Bxg0 , 3)2*s0 t • • •  ^ s o ^ 3” 1 t0  n* f o r  which‘ 
e v e r /

(33)
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/ e v e r  v a r i a b l e s  a r e  im p o r ta n t  i n  t h e  p h y s i c a l  p ro b lem . The
r e s p o n s e  l u n a t i o n s  L and  1 , c a n  t h e n  be fo u n d  from  (24 )  a n d  ( 3 2 )s IS
once M a n d  th e  a '1 s a r e  known* We n o te  t h a t  M an d  t h e  a ' s  depend 
o n ly  on  th e  c o e f f i c i e n t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  and  th e  
fo rm u la e  f o r  t h e s e  p a ra m e te r s  c a n  be o b t a i n e d  from  t h o s e i n  
C h a p te r  I  by r e p l a c i n g  a Q , a 1 , . . .  a n by k Q , , • • .  An  .

F re e  M o tio n  f r ("0 = 0 (r«1  t o  n)

D e r i v a t i o n  o f  fo rm u la e  f o r  r e s p o n s e  f u n c t i o n s  i n  te rm s  o f  th e  
C o e f f i c i e n t s  a r s  , brg  o f  th e  e q u a t io n s  o f  m o t io n .

We d e f i n e  t h e  f o l lo w in g  i n t e g r a l s

Er s

f r s

Gr s

j
o

r
0

r

dTr  s

Dx^ da r  s

Dx„ Dx„ da r  s

(34)

A ll  th e s e  in te g r a l s  a re  convergen t^  f o r  th e  f r e e  m otion o f  s ta b le

(35)

(36)

x F _ (37)rD so s r
L (38)

(39)

system s* We note t h a t

I r s » ® ir
Gr s xs Gg r

^ rs ss -  X.

P Sr ss 8S -  ^

A lso Ls
1 S SS

Ess
Gss

M u l t i p l y i n g  (1) by 
i n  t h e  f r e e  m o tio n . 3I

a -r»4 «n  1 s + br 1 .E1s + &. + • • • + a  F + b ISr n  ns r n  ns
« 0 ( r , s  « 1 to  n) (40 )

E q u a t i o n s /
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/ E q u a t i o n s  (3 5 ;  $ ( 3 7 ) ,  \3 o )  and  (40) p r o v id e  2 e q u a t i o n s  l o r  th e
2n  v a r i a b l e s - E rQ , ?  * I n  p a r t i c u l a r  we can  s o lv e  f o r  i»g .
By u s i n g  t h e  r e l a t i o n  (38) b e f o r e  s o l v i n g  f o r  1  we c a n  re d u c e  t h e

2o r d e r  o f  t h e  r e s u l t i n g  detexam inants to  2n  ~ n  , w h i le  by 
s u b s t i t u t i n g  ( 3 5 ) » C3 7 J and  (3 3 )  i n  (4 0 )  b e f o r e  s o l v i n g 7t h e  o r d e r  o f
t h e  r e s u l t i n g  d e te r m i n a n t s ^ t o  n . These l a s t  two fo rm s a r e  moi’e 
s u i t a b l e  f o r  a n a l y s i s  and  f o r  c a l c u l a t i o n  r e s p e c t i v e l y .

S i m i l a r l y  m u l t i p l y i n g  (1 )  by Dx_ and i n t e g r a t i n g  from  0 to  oo t 
u s i n g  ( 3 4 ) ? i n  th e  f r e e  m o t io n ,

a r 1Ga 1 + V l ? s 1 + a r 2Gs 2 + br 2I’3 2T* ”  + a r n Gs n  + b r n Fs  a  = 0
( r f s  » 1 to  a )  (41 )

E q u a t io n s  ( 3 6 ) , ( 3 7 ) #(38 )  and  (41 )  p r o v id e  2»^ e q u a t io n s  f o r  t h e
2 F  o f g an d  c a n  be s i m p l i f i e d  a n d  s o l v e d  f o r  L*r s  r s  ■ w2a  v a r i a b l e s  

a s  a b o v e .

L

Thus f o r  a  f i r s t  o r d e r  sy s tem  w i th  two d e g re e s  o f  f reed o m  

** ® *=*4 4 •*'■4 /•» w-4 O v w **4 9 ** (42 )a 11x 1o b 12 0 0 a 12 0

a 21 * 1. b  ;y 0 0 a 22 0

a 12x 20 0 b 11 b 12 0 a 11

a 22X20 0 21 b 22 0 a 21

0 1 0 0 0

^X10X20 0 0 0 1 1

co n td .
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c o n td .

j ,
* l Ln

V 2
b 11x 10
•u „2  

21 10

b12*20

b x^22 20

0

2 x 1Cx 20

a 12 0 0 ^1 2 0

a 22 0 0 CMrsi
&

0

0 a 11 * 1 2 0 b 11

0 a 21 *22 0 *21

«*»̂| 1 0 0 0

0 0 0 1 1

(4 3 )

w h ere  ^ as "11

>21

0

0

0
0

l11

*21
0

0
0

12

*22
0

-1
0

a
12

22
0

0

-1
0

a

0

0

511

*21
1
0

0

0

11

l21
1
0

a

0

0

*12

J22
0
0

0

0

12

l22
0
0

12

l22
0

0
1

12

*22
0

0

0
1

0

0

l11

l21
0
1

0

0

b 11

*21
0
1

(44 )

(4 5 )

I n  g e n e ra l we see t h a t  f o r  a  f i r s t  o rd e r  system  w ith  n degrees o f 
freedom .

l f  a ' P<1
h ) r s ' (46 )

f ( b  ,  a  ) v pq. 9 r s '

oontd .
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A lso  i f  &  Lg ~ ^ a pq» b r s ^  I
[ (47)

£ s a L = g (b  , a  ) J1 s °  pq / r s

K. f 2The d e te r m in a n t  £3 i s  o f  d e g re e  n  i n  th e  b ‘ s a n d  o f  d e g re e
O

n  - n  i n  t h e  a 1 s .  From (24) and  (32 ) we s e e  t h a t  L^and L1s a r e
b o th  i n v e r s e l y  p r o p o r t i o n a l  t o  where f ro m  C h a p te r  I ,  ( 3 9 ) »

A n  n (n + 1 )
( ^ S )  M « ( - 1 ) “  A e *

n (n + 1 )
2n

A

f i n d  t h a t  fc? * B Tn_,j

«  = ( - D  2 2* \ l n.1  (4 8 )

K —& -j - A T A n-1

(49)

Thus t o  a v o id  l a r g e  v a lu e s  o f  1 and  a l l  t h r e e  o f  A,B and  MS I s
s h o u ld  n o t  be s m a l l .  From t h e  above a n a l y s i s  we se e  t h a t ,  when th e  
r e s p o n s e  f u n c t i o n s  a r e  e x p r e s s e d  i n  te rm s  o f  t h e  i n i t i a l  d i s 
p la c e m e n ts  x s 0 ? th e y  in v o lv e  n o t  m e re ly  th e  c o e f f i c i e n t s  o f  th e
c h a r a c t e r i s t i c  e q u a t io n  b u t  a l s o  th e  i n d i v i d u a l  e le m e n ts  a _ , br s  r s
o f t h e  d e te r m in a n t  O  • I t  i s  t h u s  p o s s i b l e  t o  have  two sy s te m s  
w hich  have th e  same c h a r a c t e r i s t i c  e q u a t io n  b u t  d i f f e r  g r e a t l y  i n  
t h e i r  r e s p o n s e  c h a r a c t e r i s t i c s  ( se e  r e f e r e n c e  2 7 ) .

As can be s e e n  from  t h e  e q u a t io n s  o f  m o tio n  (1 )> t h e  c o u p l in g  
te rm s  b e tw e e n  t h e  mot io n s  i n  x r  and xg a r e  a r g , a s r » ^ r s  an(  ̂ ^ 8 r *
Thus t h e  s m a l l e r  t h e s e  c o u p l in g  c o e f f i c i e n t s  th e  s m a l l e r  w i l l  be 
th e  c o r r e s p o n d in g  r e s p o n s e  c o e f f i c i e n t s .  T h is  i s  s e e n  from  ( 4 $ ) ,  
( 4 3 ) w here  f o r  a d i s p la c e m e n t  Xg0j w i th  X-jq2* 0 ? an d  a r e  b o th
p r o p o r t i o n a l  t o  t h e  d e te r m in a n t

c 12 = ’ *12  b 12

a 22 b22

We n o te  t h a t  f o r  th e  sy s te m  to  be u n c o u p le d  i t  i s  n o t  n e c e s s a r y  t h a t
a l l  t h e  c o u p l in g  te rm s  ( e . g .  a i 2 * ^ 1 2 * © tc) v a n is h J  i t  i s  n e c e s s a r y  
t h a t /



/ t h a t  a l l  d e te r m i n a n t s  such  a s  v a n i s h .

T h is  c a x i 'a l s o  be s e e n  by t r a n s f o r m i n g  th e  e q u a t i o n s  o f  
m o t io n  ( 1 ) .  M u l t i p l y i n g  th e  f i r s t  e q u a t io n  by th e  se co n d  by
B2j. ,  t o e  t h i r d  by B ^ ,  e t c .  and a d u i n g f we a r r i v e  a t  n  e q u a t i o n s  o f
t h e  fo rm  „ # ,

Cr 1 X1 + c r 2 x 2 + • • •  + c r n  xn  + Bxr  = 0  (50 )
n

w here o *  L  Bfflr a  ( r , o  -  1 t o  a)  (5 1 )
m=1

The te r m s  c r s  ( r ^ s )  r e p r e s e n t  th e  c o u p l in g  t e r m s .  We s e e
t h a t  we have  re d u c e d  th e  number o f  p a r a m e te r s  i n  th e  e q u a t i o n s  o f

2m o tio n  to  n  te rm s  c and  B.i  3
We c o u ld  o f  c o u r s e  have r e d u c e d  t h e  e q u a t io n s  to  t h e  form  

A * dr l  X1 * dr 2 x 2 * * * * * dr a  xn  86 ^

The form  (5 0 )  i s  more c o n v e n ie n t  t n  show ing t h e  c l o s e  r e l a t i o n
b e tw ee n  r e s p o n s e  f o l lo w in g  a n  i n i t i a l  d i s p la c e m e n t  t o  t h a t
f o l l o w i n g  a  s t e p  d i s t u r b a n c e .

The a n a l y s i s  i s  f u r t h e r  s i m p l i f i e d  by n o t i n g  t h a t  i f  i n  two
sy s te m s  t h e  c o e f f i c i e n t s  a r e  r e l a t e d  by e q u a t io n s  o f  t h e  fo rmr s

c r s  "  Cr s  e s / e r  ( r , s  = 1 t 0  n) (52 )

w here © , © a r e  an y  non s e ro  c o n s t a n t s  ( p o s i t i v e  o r  n e g a t i v e ) ,  
t h e  c o r r e s p o n d in g  a m p l i tu d e s  o f  r e s p o n s e  a r e  r e l a t e d  by t h e  
e q u a t io n s

1 1  1x l  x '  X
?T“v  « ff—rr ** • • • a  r r  (5 3 )
0 1x1 2 2 a n

The c o r r e s p o n d in g  fo rm u la e  f o r  t h e  r e s p o n s e  f u n c t i o n s  f o l l o w ^  
im m e d ia te ly .

The c h a r a c t e r i s t i c  e q u a t io n  c o r r e s p o n d in g  t o  (5 0 )  i s  g i v e n
b y /
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/ b y
n C1 1 +jbX”1 °1 2 c 13 • • 1n s  0 (S 4 )

°21 e 23 • ' • ° 2 n

°a1 °n 2 c n3 °n n +B^

Now (7 )  and  (54 ) m ust h av e  t h e  same r o o t s *  

L e t c » °11 c t 2 c 13 * * • ° 1 n

°21 °2 2 c 23 ’ • * c 2n

°n1 °n 2 °n 3  ' • * °n n

(5 5 )

Com paring th e  c o e f f i c i e n t s  o f  X n  a n d  t h e  c o n s t a n t  c o e f f i c i e n t s  i n  
(7 )  and (5 4 )  we se e  t h a t

,n-1 (56 )
C o n s id e r  th e  m o tio n  r e s u l t i n g  from  an  i n i t i a l  d i s p la c e m e n t  

w i th  a l l  x g0 z e ro  ( s^ ? m ) .  From (50 )  we s e e  t h a t  i f  e v e r y  c ^  i s
z e r o  ( r »1 t o  n) e x c e p t  c r r  t h e r e  w i l l  be no d is p la c e m e n t  a t  any  t im e
i n  th e  r t h  c o o r d i n a t e  f o l l o w in g  a n  i n i t i a l  d i s p la c e m e n t  •
Then

0 .L » r L  .  SB1r
I f  a l l  t h e  c o u p l in g  te rm s  a r e  z e ro  th e  e q u a t io n s  o f  m o tio n  become

( r «1 t o  n)c ^  x  + B x„  = Q r r  r  r

w i th  t h e  c o r r e s p o n d in g  modes

X  « x e  r  ro

w here  f o r  s t a b i l i t y  w i th  B > 0 ,  c r r  m ust be p o s i t i v e .
The c o r r e s p o n d in g  r e s p o n s e  f u n c t i o n s  a r e

T, = f r r  x 2 
r  2$  ro

1 r 2o
(57)

ro
r r
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‘The r a t i o s  Cr r /B  d e f in e  th e  damping o f  t h e  sy s te m , th e
g r e a t e r  t h e i r  v a lu e s  t h e  more r a p i d  th e  dam ping. The m o t io n  i n  
e v e ry  mode c o r r e s p o n d s  to  a  s u b s id e n c e  i f  t h e  sy s te m  i s  s t a b l e .  
F o r  t h e  sy s te m  t o  have e q u a l  damping i n  a l l  modes

1 n-1

°11 = °22  ~ °33  "  • • •  -  c nn “ ° U "  A& B *

C hang ing  t h e  r a t i o s  Cr r /B  m e re ly  c h an g e s  t h e  t im e  s c a l e  o f  t h e  
r e s p o n s e *

A n o th e r  i m p o r t a n t  s p e c i a l  c a se  o f  t h e  g e n e r a l  sy s tem  (5 0 )  i s  
t h a t  i n  w hich one o r  more o f  th e  e q u a t i o n s  r e d u c e  to  th e  form

ir = xs O # 3)
l i e ,  crg  .  -  B

= 0 C®1* ' 3 )

I t  f o l l o w s  im m e d ia te ly  t h a t

lu  * 1 (5 9 )1 r  s '

F r e e  M otion  f r (v )  ~ 0 ( r =1 t o  n)
D e r i v a t i o n  o f  fo rm u la e  f o r  r e s p o n s e  fu n c t io m s  i n  t e rm s  o f  th e  
f r e q u e n c y  r e s p o n s e  s p e c t ru m " o f  th e  system ."

U sing  F o u r i e r 1s i n t e g r a l  th eo rem  an d  P a r s e v a l 1s th eo re m  we c a n  
d e r i v e  i n t e g r a l  fo rm u la e  f o r  Lg and  i n  te rm s  o f  i d e n t i c a l
i n  fo rm  w ith  e q u a t i o n  (5 6 )  o f  C h a p te r  I .

We have  #  2 4 i '  2 T 2 1 j
T 1 f i s 03~ g2 s “  +g4 s“  "  • • •  J + "  - S1s~  S3s "  + Ja “ * I r 5- - ?— :- rp- - o~f- - - - 5- - - r r — (6c

t o + kjto  -  •

n  . n-1

% 5  ? o  .  A 2^  a 4^  -  . . .  + to2 f -  A^w2 + .  . . ’ 2

where £> = An  pn  + An_ i P n*"1 + . . .  + A@ (6 1 )

“ nd Sas = V i  x so  + Am+2 Dxso + ” • + An  <6 2 >
f *• 0 $ *

The i n t e g r a l  f o r  L*_ i s  o b t a i n e d  from  1 a s  above by r e p l a c i n gr s  s
by Dx , Dx by D x , . . .  e t c .  i n  t h e  fo rm u la  ( 6 2 ) f o r

c o n td .
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R esponse  o f  a  system, w ith  no i n i t i a l  d i s p l a c e m e n t .
We c o n s i d e r  a  system w i tn  i n i t i a l  c o n d i t i o n s

« 0 (r~1 to  n) (63)ru
th e  sy s tem  s a t i s f y i n g  th e  e q u a t io n s  o f  m o t io n  ( 1 ) •

S te p  f u n c t i o n  d i s t u r b a n c e s ,

f  « 0 f o r  % <  0 I  f r  « Fr  f o r  % >  0 (r»1 to  n)

where Fr  i s  c o n s ta n t .

From (5 )  and  (10) t h e  m o t io n  i e  g iv e n  by

(64)

(65)

We assum e

th a t  n e i th e r  A nor B i s  z e ro , and th a t  we a re  o n ly  c o n s id e r in g  
s ta b le  sy stem s.

From (14) a n d  (6 5 )  we s e e  t h a t

Gos -  Ba ( a  c o n s t a n t ) .  (66 )

A s/

3

and £

n *
* 2  

r*1 Fr  J
0

Q (^ -y )  dy » 
r s

G- « os

n
I
r«1

F B r  r s
."T!-----

£ ® ms

n
■y ? r  * rs  ^
r«1

A > r r  (> )'  m ' '* vra  r*»1

B * b n 2 * * * *

b21 bgg * * » b

bn1

«L . • *

bn2 • • • b;

n
2

m»o

(m»l to  n)

in

2n

nn

and B _  i s  th e  c o fa c to r  o f b„a in  t h i s  d e te rm in a n t, r s  r s

]
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/A s  % f o r  s t a b l e  sy s te m s  xQ —̂  gg .

Prom ( 6 4 ) ,  ( 6 5 ) ,  Dxs  > ^  Gms^  m 6 m ")
m»1

n n
I  t

Slai r=1
S '  ^  x r  x r s Vfm/ r  m

4~ u
A t  i % t -«« ✓ - . j

r=1 m r

i (67 )

 .......   i

( K n ~ \ . )

A l t e r n a t i v e l y  w r i t i n g

xr  = x r  ~ gr  = x r  ”  Go r  (6 8 )

l e  s e e  fro m  (1 )  t h a t  t h e  r e s p o n s e  o f  t h e  sy s te m  f o l l o w i n g  a  s t e p
d i s t u r b a n c e  i s  i d e n t i c a l  i n  fo rm  w i th  t h a t  i n  a  f r e e  m o t io n  w i th
x rQ * -  gr  (r»1  t o  n) s i n c e  from  ( 6 5 ) ,

n
X  b _  & m F •_ . r s  ° a  rs*1

The e r r o r s  i n ' t h e  t.'.o r e s p o n s e s  a r e  th e  same a t  any  g iv e n  t im e .
The g iv e n  sy s te m  u l t i m a t e l y  h as  no s t a t i c  e r r o r  s i n c e  x Y ^  0 .
Such a  sy s tem  c o r r e s p o n d s  t o  a  z e r o - d i s p l a c e m e n t - e r r o r  sy s te m  w i th  
n  d e g r e e s  o f  f re e d o m .
Prom (16) f f  - 2  fwr  , -i 2

Lr  = j u x r -  s r  1  ** = j  , xr  J ** ( 6 9 )

(w l  3)x* - Dx*
Thus th e  r e s p o n s e  f u n c t i o n s  o f  th e  g iv e n  sy s te m  f o l l o w i n g  

s t e p  f u n c t i o n  d i s t u r b a n c e s  a r e  th e  same a s  th o s e  o f  t h e  g i v e n  sy s te m  
i n  a  f r e e  m o tio n  w ith

x ao = “  gs  = “  ‘P .  *5  "  (s=1 t0  n ) C?0)

The r e s p o n s e  f u n c t i o n s  a r e  t h e n  fo u n d  from  (24) and  (2 8 )  o r # more 
d i r e c t l y ,  i n  d e t e r r n in a n ta l  form  from (4 0 )  a n d  ( 4 1 ) .  We s e e  t h a t

, . . .  Dn~ 1x ^  a r e  u n c h an g e d  by ( 6 8 ) .  The
S O  S O  3 0

c o r r e s p o n d in g  i n t e g r a l  fo rm u la  i s  d e r i v e d  d i r e c t l y  by t h e  same 
s u b s t i t u t i o n  f o r  . S i m i l a r l y  f o r  L ,0 .

SO  I a
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As above we c a n  t r a n s f o r m  th e  e q u a t io n s  (1 )  by m u l t i p l y i n g  th e  
f i r s t  e q u a t i o n  by t h e  s e c o n d  by th e  t h i r d  by B^r> e t c . ,
a n d  a d d in g .  *Ve o b t a i n  n  e q u a t io n s  o f  th e  form

Cr1 X1 + c r 2  x 2 + • • •  + c r n  x n  + Bxr  “ B« r  ( 7 1 )

On u s i n g  ( 6 8 ) ,  (71 ) r e  due ©s to  t h e  form o f  (5 0 )  a n d  can be t r e a t e d  
i n  l i k e  m ann er .

F o r  d i s t u r b a n c e s  such  t h a t  a l l  t h e  Fr  v a n i s h  e x c e p t  one Fg , i t
i s  o f t e n  more c o n v e n ie n t  to  k eep  t h e  e q u a t io n s  o f  m o t io n  i n  t h e i r  
o r i g i n a l  fo rm  ( 1 ) ,  o r  p o s s i b l y  t o  a p p ly  a  t r a n s f o r m a t i o n  s i m i l a r  t o  
th e  above  to  th e  r e m a in in g  n-1 e q u a t i o n s .  The sy s tem  c o u ld  t h u s  be 
r e d u c e d  to  a, s e t  o f  n  e q u a t io n s  o f  th e  form

a a1x 1 ♦ bs1 x 1 + a s2 x 2 + bs 2 x 2 +” ‘ + a anx n + W »  '  f al
t . , , . , . , . \ (72)

a r 1 x 1 + b r 1 x 1 * a r 2 x 2 + a r 3 x 3 + ” ,+  a rn x n  + Bxr  *  0
(r«1  to  n ,  s )

I n  t h i s  c a s e  we h a v e  r e d u c e d  th e  number o f  p a r a m e te r s  te* t h e ;
e q u a t i o n s  o f  m o tio n  t o  nr t e r n s  a^m (an d  a 8ffi) » n  te rm s  b gja a n d  B‘ .

From (5 )  we s e e  t h a t  i f  a l l  t h e  Fr  v a n is h  e x c e p t  one

\  “ Fp J  Qp a  (7 3 )
O

S i m i l a r l y  i f  a l l  th e  ? r  v a n i s h  e x c e p t  one F^

xp “  \ i  «p4 "( w ) a j r  (7 4 )
o

Now i f  t h e  d e te r m in a n t  g iv e n  b y  ( 3 )  i s  s y m m e tr ic a l  i . e .  i f

a r s  ■ h a r  

a n d  bra " bs r

t h e n  Qr e  -  Qd r

a n d /

bo th
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/ a n d  t h i s  from  (73 )  an d  (74)

X r. X v,
( 75)

p ^

Thus t h e
i d e n t i c a l  and  
e q u a t io n s

form  o f  t h e  r e s p o n s e  i n  t h e  v a r i a b l e s  Xp and  x ^  i s  
‘tlx e r e s p o n s e  f u n c t i o n s  a r e  r e l a t e d  by  t h e

and

i

( 76)

I t  m ust be dmpha&isted t h a t  t h e s e  r e l a t i o n s  h o ld  o n ly  i f  t h e  d e te r m in a n t  
^  i s  s y m m e t r i c a l .  We have p ro v e d  t h i s  f o r  n  f i r s t  o r d e r  e q u a t i o n s ,  

w i th  a  s t e p  d i s t u r b a n c e .  However a s  c a n e a s i l y  be s e e n  t h i s  i s  a  
p a r t i c u l a r  exam ple o f  a  more g e n e r a l  th eo rem  which h o l d s  f o r  s t a b l e  
sy s te m s  s a t i s f y i n g  l i n e a r  d i f f e r e n t i a l  e q u a t io n s  o f  any  o r d e r  w i th  
c o n s t a n t  c o e f f i c i e n t s ,  t h e  sy s te m s  s t a r t i n g  from  r e s t  i n  th e  
e q u i l i b r i u m  p o s i t i o n  and  u n d e rg o in g  a g e n e r a l  d i s t u r b a n c e  f r ( t )  i n  
one “d i r e c t i o n ’1, p r o v id e d  t h a t  a l l  th e  i n t e g r a l s

a r e  c o n v e r g e n t .
R esponse  t o  a n  i n i t i a l  u n i t  im p u ls e .

We c o n s i d e r  a  sy s te m  s u b j e c t  to  a n  i n i t i a l  u n i t  im p u lse  i n  one 
d e g re e  o f  f ree d o m , s a y  x r  •

where S i a  i n f i n i t e l y  s m a l l  a n d  *Th )  i a  o t h e r

o

s
o

f  «  0  , a 4 r ,
S  "

f rom  (5 )*  . x s  = (77)

i»®*/



n
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/ i . e .  u s i n g  ( 1 0 ) ,  xg = 2  — | ~ — — —  e m
El 2=1 ĉ ernsmm i I

A < « ( A ~* X,) r=1 w m ' r '

Com paring (78 )  and  (62) we see  a s  i n  C h a p te r  I  t h a t  th e  r e s p o n s e  to  
a  u n i t  s t e p  d i s t u r b a n c e  i s  t h e  i n t e g r a l  o f  t h e  r e s p o n s e  to  a  u n i t  
im p u l s e ,  Thus Lr  ( u n i t  im p u lse  i n  t h e  Hith d eg ree  o f  f ree d o m )

« L, ( u n i t  s t e p  d i s t u r b a n c e  i n  th e  mth d e g re e  o f
f r e e d o m ) .  (7 9 )

From (7 7 )  we see  t h a t  Qr g  i s  i d e n t i c a l  w i th  t h e  im p u l s iv e  a d m i t t a n c e  
( o r  r e c e p t a n c e )  d e a l t  w i th  i n  r e f e r e n c e  2 8 .

W / vA l t e r n a t e l y  we s e e  from  (13 )  t h a t  th e  m o tio n  i s  t h e  same a s  
t h a t  o f  th e  f r e e  m o t io n  w i th  i n i t i a l  c o n d i t i o n s

XL  -  r 3  <3=1 t 0  n > ( 8 0 )

Thus t h e  r e s p o n s e  f u n c t i o n s  a re  a s  f o r  t h e  e q u i v a l e n t  f r e e  m o t io n .
E x te n s io n s  o f  th e  above  t h e o r y .

As shown i n  C h a p te r  I  th e  r e s p o n s e  o f  a  l i n e a r  syste rn  t o  a n  
a r b i t r a r y  d i s t u r b a n c e  c a n  be s im p ly  r e l a t e d  to  i t s  r e s p o n s e  to  u n i t  
i m p u l s e s ,  The above t h e o r y  c a n  be a p p l i e d  t o  s l i g h t l y  u n s t a b l e  
sy s te m s  i f  t h e  u p p e r  l i m i t  o f  t h e  i n t e g r a l s  f o r  1^ , I»^ , e t c .  be
t a k e n  t o  be some c o n v e n ie n t  f i n i t e  tim e*
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C h a p te r  4.

Exam ples o'f Optimum C o n d i t io n s  o i  R esponse o f  l i n e a r
i— r n w iiw inM llliPM in    m ITHim n ■ i ~~trn~ri mi—n «win# »»iimi,iiniMinmiMiiiiiii# imiii mwiiihmw' n .n m n — ihMiiih ih iwiu«i»wii i miwl'in  n w m m m u r riTmniirininr•TrnMr-nrririTirr~TTTn i— *— rr“

System s w i t h  C o n s ta n t  C o e f f i c i e n t s  h a v in g  many D e c re e s
o f  Freedom

I n  th e  p r e v i o u s  c h a p t e r  we o b t a i n e d  fo rm u la e  f o r  th e  r e s p o n s e
f u n c t i o n s  L and  L. i n  te rm s  o f  (1) th e  r o o t s  o f  t h e  c h a r a c t e r -  s  i s
i e t i c  e q u a t i o n ,  (11) tn e  c o e f f i c i e n t s  and  o c c u r r i n g  i n  th eXo X &
e q u a t i o n s  o f  m o tio n  and (1115 th e  f r e q u e n c y  r e s p o n s e  sp ec tru m #  he 
saw how th e  r e s p o n s e  to  s t e p  f u n c t i o n  d i s t u r b a n c e s  and  to  an  
i n i t i a l  im p u lse  c o u l J  be s im p ly  r e l a t e d  to  t h e  r e s p o n s e  i n  th e  f r e e  
m otion#  We s h a ~ l  now c o n s i d e r  th e  r e s p o n s e  of a  l i n e a r  f i r s t  o r d e r  
sy s te m  w i th  two d e c re e s  o f  freedom  i n  g r e a t e r  d e t a i l ,  show ing  how 
th e  optimum re s p o n s e  o f  su ch  a  sy s tem  c a n  be o b t a i n e d .
F rre  M otion  ( t )  -  0 , » 0
R esponse  f u n c t i o n s  f o r  l i n e a r  f i r s t  o r d e r  sy s te m  w ith  two d e c r e e s
W! n y n n r  -~D~~nrl in rT ri—  n  11 n i i n t r  ii i n n i - im rm i r  - ■m iiinmm 'n— nr m i  - i t  m i n i - - r - — -j r~ i ru n  i  t  — —i------------1---------i-------------- 1-------1— ■M  ....... ‘  ..... —

o f  freedom #
Re c o n s i d e r  a  sy s te m  f o r  which t h e  e q u a t io n s  o f  m o t io n  ( i n  

t h e  f r e e  m o tio n  ) a r e

a 11 X1 + b 11 X1 +' s 12 x 2 + b 12 x 2 “  0  r

'21 X1 +  b 21 X1 *  a 22  x 2 +  b 22  x 2  “  0

where th e  a {s  and  b l s a r e  c o n s t a n t s  and  th e  d o t s  d e n o te  
d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  a . The i n i t i a l  c o n d i t i o n s  a r e  
g i v e n  by

X1 = x io  9 x2 “ x2o a t  % 88 0 •
As shown i n  C h a p te r  3 ,  e q u a t io n s  (1) c a n  be p u t i n  a  more 

c o n v e n ie n t  form  by m u l t i p l y i n g  th e  f i r s t  e q u a t i o n  by a n d  th e

where

pr  an d  a d d in g ,  'She e q u a t io n s  -

°11  X1 + ° 1 2 x 2 + Bx^ SS 0

°2 1  X1 + ° 2 2  x 2 ♦ Bx2 ss 0

°11 -  a 11 b 22 " a 21 b 1 2
C12 = a 1 2 b 22 " a 22 b 12

C21 -  a 21 b 11 " a 11 b 21

° 2 2 ”  a 22 b 11 a 12 b 21

I (2)

a n d /



/ a n d ‘ 11
i b 
‘ 21

b \2

'22
From (1 )  and  (2 )  th e  c h a r a c t e r i s t i c  e q u a t i o n  i s  ^

&  « I a n P * b 11 b 12 I
| a 21P + b 21 a 22p + b 22 I

We w r i t e h  = A2p 2 + A1p+Ao = ^(p-A i ) ( P " \ 2 )

where- a 2 - A * ! a 11 a 1 2 |
, a 21 a 22  *

A  ̂ ® a 1 1 b 22 + b 11a 22  ” a 12b 21 “  b 12a 21
SB- C11 + 0 22

A0 - B

We n o te t h a t C * I °1 1  c , 2 ; AB

S I .

(3 )

0 where

(4 )

( 5 )

( 6 )

(7 )

i °21 '22

We c a n  ta k e  Ag p o s i t i v e  w i th o u t  l o s s  o f  g e n e r a l i t y *  We a r e
o n ly  c o n c e rn e d  w i th  s t a b l e  sy s te m s  f o r  w hich  a l l  t h e  r o o t s  o f  th e  
c h a r a c t e r i s t i c  e q u a t i o n  (5 )  a r e  n e g a t iv e  o r  have  n e g a t iv e  r e a l  
p a r t s •

i* e*  w i th  Ag p o s i t i v e ,  ^  0 and  AQ 0*

As i n  C h a p te r  2 we s h a l l  f i n d x i t  c o n v e n ie n t  to  i n t r o d u c e  
c e r t a i n  n o n - d im e n s io n a l  q u a n t i t i e s ,  
f r e q u e n c y  o f  th e  c o m p le te  sy s te m .

L e t  fe)Q be t h e  undamped n a t u r a l

Then o

B

= “ o A2

“  <»« A

(8 )

i  • e * w

d e f i n e  a  new t im e  s c a l e  by  th e  r e l a t i o n
u  = ur r  o (9 )

As i n  C h a p te r  2 we n o te  t h a t  e q u a t i o n  (9 )  m e r e ly  a l t e r s  t h e  
t im e  s c a l e  o f  the  damping b u t  does n o t  a f f e c t  th e  / o  o v e r s h o o t  o r  
t h e  g e n e r a l  fo rm  o f  th e  r e s p o n s e .

E q u a t i o n s /



8 2 .

/E q u a tio n s  (2) become

=dx* dx2
* 1 1  cTCT +  * 1 2  H u ~  +  X 1 =  0

dx^ dXg
*21 l u T  * *22 l u T  * x 2 0

where 4 n

*12

*21

*22

11 0
T

12* 
T

°1 2 W0

c 21wo
T

> 2*

TT
C22%

Then Q SS *11
*21

*12
1 22

The c h a r a c t e r i s t i c  eq u a tio n  i® th en

&  -  p f  + ( 4 11 + <122^1 + 1 

* (P1 -  M-1) (P 1 -  U2) = 0

Thus f o r  s t a b i l i t y  ^11 + *22 ^  ®

( 1 0 )

( 11)

( 12 )

i (13)

(14)

We see t h a t  th e  c h a r a c t e r i s t i c  eq u a tio n  w i l l  have r e a l  r o o ts  
(co rre sp o n d in g  to  su b sid en ces) i f

11 * 2 2 ^
and complex ro o ts  (co rresp o n d in g  to  a  damped o s c i l l a t i o n )  i f

0  <  *11  + * 2 2  <  2  

The s o lu t io n  o f  (1) f o r  th e  g iv e n  i n i t i a l  c o n d i t io n s is

co n td .



, 2X2o ,  “ 1U ^2U\
♦ <e - e >

x  „  *g1.*1.0 ( e ^1U -  e ^ )
2 -  * ^ n r  (e  >

+ ! - i L  f ^ 1 + l 2 2 ^ e  1 “  ^ 2 + 4 2 2 ^® 1 ^

X

Vll~H2

I f  th e  ro o ts  o f  (13) a re  complex, w r i t in g

^  « & + ib  i » ft «* i b

we f in d
X1 ® ’T T ’ ®aU ? (a+ q 1 ^ ) s i n  bu * b cos bu J 

+ ^ 2 2 .  e a u  8 i n  bu

.  .  ^21_to  0au  Qinq21X‘ 
‘2 “  ~ T

X ,
♦ eau  £ (a-f-q.2 2 ) s in  bu ♦ b cos bu j  

I f  e q u a tio n  (13) has equa l ro o ts

*  ^ 2  ** R

ww f in d
* 1 “  x 1 0 e RU { ( a + 4 11 ) n  + 1 'f  + 4 1 2  x 2 o  u e

a21*1ou ®aU + *2o ®aU [<*+*22>w + 1 IXo *
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/ '$e n o te  t h a t

H T  * - * 2 2 * 1  + *12x 2 

dxrt
n r *21X1 "  *11 x 2

(22)

F o r  s i m p l i c i t y  we s h a l l  exam ine th e  r e s p o n s e  o f  t h e  sy s te m  to  
(1 )  a n  i n i t i a l  d i s p la c e m e n t  x^Q w ith  x 2o ® 0 and  (1 1 )  a n  i n i t i a l
d i s p l a c e m e n t  x 2o w i th  x ^0 * 0 .

From C hapter 3* (4 2 )  -  (45)» f o r  an  i n i t i a l  d isp lacem en t
*  1 With X 2 o  as 0 ,

6 1 o

21*11
too

2V o

2L12
W.

2 _
* 1 1 +1
*11+*22

* 22+1
* 11+*22

2
*21_____
* 11+*22

2
*21_____
*11+*22

S i m i l a r l y  f o r  a n  i n i t i a l  d i s p la c e m e n t

2 1 * 4 «  1 o
L1 2

q11f( l22

2L11 a:12
mo

2I*oC0_ * 2 O

2L12

*11+*22
_2 4 
*22
*11+*22 

q.fj+1 

*11+*22

(2 3 )

J
x 2o “  1 w i th  x 10 0 ,

(2 4 )

J

We/
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/We see  t h a t  f o r  a  system w i th  a  g iv e n  undamped n a t u r a l  
f r e q u e n c y  w0, , t h e  r e s p o n s e  f u n c t i o n s   ̂ » ^2 * ^12 a r e
f u n c t i o n s  o f  q ^  , q^ 2 s q2i aG(i 0-22 w ilereas c o e f f i c i e n t s  o f

t h e  c h a r a c t e r i s t i c  e q u a t io n  i n  t h e  form  (13) o n ly  depend on  
^q 11+q-22^ *

We n o te  t h a t  t h e  c o u p l in g  te rm s  q ^2 an(* 0Gl y  o c c u r  i n  th e  
r e s p o n s e  f u n c t i o n s  f o r  x , when th e  i n i t i a l  d i s p l a c e m e n t ' s  i n  x ?

* Q Q
and  v i c e  v e r s a ,  and  t h e n  o n ly  i n  t h e  form q ^ 2 » ^21 * ^  ;̂iie s i &ns
o f  b o th  q ^  ahd  q^^ a r e  changeiw e see  from  (1 5 )  a n d  (1 6 )  t h a t  f o r
t h e  i n i t i a l  d i s p l a c e m e n t s  c o n s i d e r e d  th e  m o tio n  i s  u n a l t e r e d  a p a r t  
p o s s i b l y  from  t h e  s i g n  o f  th e  d i s p l a c e m e n t s .  More g e n e r a l l y  a s  
shown i n  C h a p te r  3 , i f  i n  two sy s tem s th e  c o u p l in g  te rm s  a r e  r e l a t e d  
by  e q u a t io n s  o f  t h e  form

q 1 2 = *12 ®2/ 0 1

q 21 = q 21 0 l / 0 2

where 0^ and  0 2 a r e  a n M 3aon z e r ° c o n s t a n t s  ( p o s i t i v e  o r  n e g a t i v e ) ,
t h e  c o r r e s p o n d in g  a m p l i tu d e s  o f  r e s p o n s e  a r e  r e l a t e d  by  t h e  
e q u a t io n s  1 1

x j  x 0
r r -  = r *  (2 5 )e i xi  2 2

Thus th e  e f f e c t  o f  v a r y i n g  q 12 and q ^  w h i le  k e e p in g  t h e i r  p r o d u c t
t h e  same i s  m e re ly  to  a l t e r  th e  m agn itude  o f  t h e  '’c o u p le d '1 r e s p o n s e  
( p r o v id e d  n e i t h e r  q ^ 2 n o r  q ^  i s  z®?®) • I f  i n  a n y  p h y s i c a l
p ro b lem  th e  r e s p o n s e  i n  x^ , f o r  exam ple , i s  much more im p o r t a n t
t h a n  t h a t  i n  x 2 9 q ^ 2 m ust be ch osen  to  be sm a l l^ a n d  v i c e  v e r s a .
I f  t h e  r e s p o n s e s  i n  x 1 and  x 2 a r e  b o th  e q u a l l y  im p o r ta n t  t h e n  from
( 2 3 ) a n d  (2 4 )  c o n s i d e r i n g  o n ly  t h e  " c o u p le d "  r e s p o n s e s  we s h o u ld  
t a k e  q 12 ®nd q 21 e q u a l  i n  m a g n i tu d e .  When i l l u s t r a t i n g  t h e  n a tu r e
o f  t h e  r e s p o n s e  we s h a l l  i n  g e n e r a l  t a k e  q ^  a n d q2  ̂ e q u a l  i n  
m agn itude*

U sin g  (1 2 )  we t a k e  q l2  = -q.21 whei1 a 11q 2 2 ^  1 I
! ( 26 )

a n d  ^12  * ^21 when ^ 11^22  ^  ^

T h e n /



8 6 .

/T h e n  f o r  g iv e n  v a lu e s  o f  q ^  and  q 22 »

M x1o 88 0 • x2o 3:5 88 ** x2^x1o * 1 * x 2o * 0 * )
whetth q1 tq22 v,, 1 ^

and x .,(x1e = 0 , x2o = 1) = x2 U 10 “ 1 • x2o “ 0 } j
when < ^ < 1 2 2 ^  1

(2 7 )

From (26) we s e e  t h a t  th e  g iv e n  system  i s  sym m etric  i n  t h e  q ! s  i f  
1 ^22 ^   ̂ anci a s ymmef r i G i f  ^11^22 v   ̂* ^ rom (2 7 )  we s e e  t h a t  f o r  

a  se co n d  o r d e r  sy s tem  which i s  e i t h e r  sym m etric  o r  a sy m m e tr ic  th e
r e s p o n s e  i n  due to  u n i t  d i s p la c e m e n t  i n  x 2 i s  i d e n t i c a l  i n
m ag n i tu d e  w i t h  t h e  r e s p o n s e '  i n  x 2 duif t o  u n i t  d i s p la c e m e n t  i n  ,
t h e  s i g h s  o f  t h e  two r e s p o n s e  b e in g  t  he same f o r  a  sym m etric  sy s te m  
a n d  o p p o s i t e  f o r  a n  a sy m m e tr ic  sys tem .

From ( 2 3 ) 9(24 )  a n d  (26) we se e  t h a t  t h e  8 r e s p o n s e  f u n c t i o n s  
c o r r e s p o n d in g  t o  t h e  two s e t s  o f  i n i t i a l  c o n d i t i o n s  a r e  p r o p o r t i o n a l  
t h e  th e  3 p a ra m e te r s  X y Y , Z where

From (2 9 )  and  (30 )  we se e  t h a t  t h e  r e s p o n s e  f u n c t i o n s  f o r  a n y  
sy s te m  w i th  q ^  = a  where a  i s  some p o s i t i v e  q u a n t i t y  w i l l  a lw ay s  be

l e s s  t h a n  w i th  q ^  » -o, (w here q ^ + q 22 i s  p o s i t i v e ) .  S i m i l a r l y  
f o r /

i 11+ a22

(2 9 )

(3 0 )
' 1 ~ **11 *22

4 l 1 +922
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/ f o r  ^ 2 2 * ^hus i f  an u n s t a b l e  sy s tem  i s  c o u p le d  w i th  a  s t a b l e
sy s te m  th e  r e s p o n s e  c a n  n e v e r  be th e  optimum (a s su m in g  we a r e  f r e e
t o  ch an g e  a l l  f o u r  o f  th e  q p a r a m e t e r s ) .  We s h a l l  t h e r e f o r e  o n lyX s
c o n s i d e r  p o s i t i v e  v a lu e s  o f  q ^  and q22 *

The v a r i a t i o n  o f  X, Y and Z w i th  q ^  a n d  q 22 i s  shown i n
F i g u r e s  4 .1  an d  4 . 2 .  The r e s p o n s e  c u rv e s  a r e  shown i n  F i g u r e s  4 .3  - 
4*6 f o r  v a lu e s  o f  q ^  and  q 22 g iv e n  i n  th e  f o l lo w in g  t a b l e .

T ab le  I ,

V a lu e s  o f  q in > q12 * 1 22 f o r  r e s p o n s e  c u rv e s  i ° r  a  l i ^ s t
o r d e r  sy s te m  w i th  two d e g re e s  o f  f reed o m , (See  F i g u r e s  4 .3  — 4 . 6 ) .

Curve *11 *12 <i21 <looC* R o o ts o f  c h a r a c t e r i s t i c  
e q u a t i o n

a 0 .5 0 1 .00 -1 .0 0 0 -0 .2 5 £ 0 .971
b 1.00 1.00 -1 .0 0 0 -0 .5 0 £ 0 .8 7 i
c 2 .00 1.00 -1 .0 0 0 —1 , -1

0 .50 0 .87 -0 .8 7 0.50 -0 .5 0 £ 0.871
e 1 .00 0.71 -0 .7 1 0.50 -0 .7 5 £ 0 .661
f 2 .GO 0 0 0 .50 -2  , - 0 .5
g 2.00 0 —1.00 0 .50 —2 3 - 0 .5
h 0 .50 0.71 -0 .7 1 1.00 -0 .7 5 £ 0 .661
1 1.00 0 0 1.00 —1 , —1

i 1.00 0 -1 .0 0 1.00 -1 , -1
ic 2 .00 1.00 1.00 1.00 -2 .6 2 , -0 .3 8

/ 0 .5 0 0 0 2.00 -2  , - 0 .5
m 0 .50 0 1.00 2.00 -2  , - 0 .5
n 1.00 1.00 1.00 2.00 -2 .6 2 , -0 .3 8

0 2.00 1 .73 1.73 2.00 -3 .7 3 9 —0.27

As s t a t e d a b o v e ? i n g e n e r a l  we have  t a k e n *12 *21 ^
e q u a l  i n  m a g n i tu d e ,  e x c e p t  f o r  c u rv e s  g , j  and  m. F o r  t h e s e  t h r e e  
sy s te m s  q12 i s  z e r o ;  ib u s  a n  i n i t i a l  d i s p la c e m e n t  x 2o does n o t
c a u se  a n y  m o tio n  i n  th e  d e g re e  o f  freedom  . However a n  i n i t i a l  
d i s p l a c e m e n t /
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/ d i s p l a c e m e n t  c a u s e s  m o tio n  i n  t h e  s e c o n d d e g r e e  o f  freedom.
I f  b o th  q ^  a n d • a r e  z e ro  th e  m o tio n s  i n  t h e  two d e g r e e s  o f
freedom  a r e  c o m p le te ly  in d e p e n d e n t  ( u n c o u p le d ) .

C o n s id e r in g  th e  g e n e r a l  sys tem  we se e  from (23) and  F ig u r e  4 .1  
t h a t  f o r  a  g iv e n  v a lu e  of q.^g t h e r e  i s  a  c e r t a i n  v a lu e  o f  q ^  m aking
1^ a  minimum f o r  t h e  x^Q d i s p la c e m e n t  J s i m i l a r l y  f o r  a  g i v e n  v a lu e
o f  q ^  t h e r e  i s  a  c e r t a i n  v a lu e  o f  B iasing ^  a  i o r  x 2o
d i s p l a c e m e n t .  We se e  to o  from  (23) and  (24) and  F ig u r e  4 .1  t h a t  t h e s e  
v a l u e s  o f  q ^  and  q^p a l s o  c o r r e s p o n d  t o  minimum value©  o f  &&&
r e s p e c t i v e l y  f o r  th e  two d i s p la c e m e n ts  c o n s i d e r e d .

From (23)> f o r  an  i n i t i a l  d i s p la c e m e n t  x^Q w ith  « 0 ,  t h e
v a lu e  o f  q ^  m aking a  minimum i s  g iv e n  by

^11 s  ~ q 22

(3 2 )

t h e  p o s i t i v e  v a lu e  o f  t h e  s q u a r e  r o o t  b e in g  t a k e n .
At t h i s  v a lu e  o f  q ^  ,

W qi  1'■"X *s "i.»——

1 o 0
However a s  shown i n  F ig u re s  4 .1  and  4 .2  i t  may som etim es be

a d v a n ta g e o u s  t o  s e l e c t  a  s l i g h t l y  h i g h e r  v a lu e  o f  q ^ |  i n  o rd e r  to  h a v e
s m a l l e r  v a lu e s  o f  , l g  an d  to  m in im is e  an y  o v e rsw in g  and
c o u p l i n g .  Shus w i th  q ^  ~ Q» ^-jmi n  ^ o r  a n  x -j0 d i s p la c e m e n t  o c c u r s
f o r  q ^  =t 1 .  From F ig u r e  4 .3  we see t h a t  th e  o v e rs w in g  i n  i s  1 5 ° /o
w h i le  t h a t  i n  x 9 to s  30° / o 9 th e  c o r r e s p o n d in g  maximum d i s p la c e m e n t  i n
th e  c o u p le d  m o tio n  b e in g  55 / o .  By c h o o s in g  a  h i g h e r  v a lu e  o f  q .^
( s a y  2* c u rv e  c )  t h e s e  a m p l i tu d e s  a  r e  r e d u c e d  to  Gs 1 5 ° /o  and  35 / o  
r e s p e c t i v e l y .  F o r  a n  x^Q d i s p la c e m e n t  s m a l l  v a lu e s  o f  o c c u r  f o r
l a r g e  q^p and  s m a l l  q ^ ;  s m a l l  v a lu e s  o f  o c c u r  f o r  l a r g e  q ^  and  

s m a l l  ^2 2 *

From F i g u r e s  4 .3  -  4 .6  we see  t h a t  i f  i n  a  c e r t a i n  p h y s i c a l
p ro b lem  we a r e  c o n c e rn e d  w i th  o p t im i s i n g  th e  b e h a v io u r  o f  t h e  sy s tem
i n  th e  d e g re e  o f  freedom  x  ̂ o n ly  (w i th  t h e  g iv e n  i n i t i a l  d i s t u r b a n c e
x M ) t h e n - i t  i s  b e s t  t o  choose  sy s te m s  f o r  w hich  10

1 <  + q22 ^  3 ( 3 3 )

e . g /



9 5 .

/ e . g .  c u rv e s  c ,  e , f , g ,  h ,  i ,  j ,  =•(> and  m.

S ystem s f o r  which ( q ^ + q g ; , )  1b 1 o r  l e s s  ( c u r v e s  a ,  b and d) have
a  l a r g e  o v e rsw in g  (1 5 ° /o  o r  m ore) w h i le  sy s te m s  f o r  which (q.^^ ^ 2 2 )
i s  3 o r  more ( c u r v e s  k ,  n  and o) have r a t h e r  a  low r a t e  o f  damping*

C o n s id e r  now a  p h y s i c a l  ays tern i n  which we a r e  e q u a l l y  
c o n c e rn e d  w i th  o p t im i s i n g  th e  b e h a v io u r  o f  th e  sy s te m  i n  b o th  t h e  
f i r s t  a n d  s e c o n d  d e g r e e s  o f  freedom* fe  have  to  c o n s i d e r  t h e  
b e h a v io u r  o f  th e  sy s tem  w i th  b o th  ty p e s  o f  i n i t i a l  d is p la c e m e n t*
As shown above t h e r e  a r e  now e i g h t  r e s p o n s e  f u n c t i o n s .
The p ro b lem  i s  c o n s i d e r a b l y  s i m p l i f i e d  by g ro u p in g  t o g e t h e r  t h e  
r e s p o n s e  f u n c t i o n s  i n t o  two o v e r a l l  r e s p o n s e  f u n c t i o n s .

and

o f  f re e d o m , 

2Rw_

a  = L1 <x1o
= 1 9 X2o = 0 )

+ h  (x io = 0 * X2© = 1 )
+ L2 ^x1o « 1 > X20 s= 0 )

L2 ( x 1o = 0 » x 2o = 1 )

e i  = L11 ^XU * 1 » x 2o = 0 )
+ l j  ( x , rt11 10 *0 * X2© - 1  )
+ L12 ( x1 . * 1 * x 2© * 0 )
4- L12 ( x1o= 0 * x 2o = 1 )

( 2 4 ) ,  :f o r  a  l i n e a r f i r s t o r d e r

2R41
2

411 + q 22+
2

4 12+
?

a 21+ :

0
I31

q.11 + 122

(34)

J
(3 5 )

The c o u p l i n g  te rm s  e n t e r  e q u a t i o n  (35 )  i n  th e  fo u a  q^2 + q |^  . As
shown above th e  form o f t h e  r e s p o n s e  i s  unchang ed  i f  q,^2 and a r e
v a r i e d  w h i le  t h e i r  p r o d u c t  i s  k e p t  th e  same. From (35 )  we s e e  t h a t  
f o r  a  g iv e n  v a lu e  of <l.j 2^-21 * ® and  a  when

^ 1 2 1 ** I ^21 ‘
 ̂ 2

( -j *“ o.9 0 / ■*“ ^2R
Then 2R w 1

0 <0.

11

L22 
q11**22

*  q22

i f  ^11^22 ^  1 ?

i f q11q 22 y  1J

(36)

T h e /
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/T h e  v a r i a t i o n  o f  R , and w i th  q ^  a n d  q ^  i s  sil0wn i n  
F ig u re  4 . 7 .  The minimum va lues  o f  b o th  R a n d  R^ o c c u r s  f o r

q11 * q 22 * 1 w i th  q 12 “ q21 = 0

\
*0Then Rm in  -  m.

H- . ar (f)1 m m  c
(3 7 )

L 1 L 2 1
2 =  _ 2 =

X .
1 0 2 o

0

L 1 1 L 1 2
o r

0
~ T ~ =  2

1 0 2 o

(3 8 )

The r e s p o n s e  i s  shown i n  F ig u re  4 .5  ( c u rv e  i ) .  The sy s te m  i s  
u n c o u p le d ,  t h e  damping i n  each  mode b e in g  th e  same. We n o te  t h a t  
* W n  a n ^ 1 m in o o c u r  ^o r  3ame s y s te m .  T h is  sy s te m  b e s i d e s  b e in g
t h e  m a th e m a t ic a l  optimum i s  a l s o  th e  “m ost s a t i s f a c t o r y ” o n e ,  sy s te m s  
w i th  a d j a c e n t  v a lu e s  o f  q ^  , q ^2 » 0-21 anci q 22 h a v in g  e i t h e r
c o u p l in g  ( c u r v e s  e t h ,  j ,  k and  n) o r  a  lo w e r  r a t e  o f  damping i n  one 
mode ( c u r v e s  f , k ,  £  and  1&). System s h a v in g  v a lu e s  o f  R and  R. up  

oto  25 / 0  g r e a t e r  t h a n  th e  minimum v a lu e s  w i l l  have  v e r y  s a t i s f a c t o r y  
r e s p o n s e  c h a r a c t e r i s t i c s ,  th e  c o u p l in g  b e in g  q u i t e  s m a l l  (Z<^ 0 . 2 3 ) .
R esponse  f u n c t i o n s  f o r  l i n e a r  f i r s t  o r d e r  sy s te m  w i th  two d g g re e s  o f  
freedom  ( i n t e g r a l  co n t r o l ) .

An im p o r ta n t  s p e c i a l  c a s e  o f  t h e  above a n a l y s i s  i s  th a t  f o r  w hich  
the  e q u a t io n s  o f  m o tio n  (1) ( i n  t h e  f r e e  m o tio n )  a r e

a2*1 + a1x1 + V2 = 0 1 (39)
V i  ~ k 2 m 0 J

T his c o u ld  c o r r e s p o n d ,  f o r  exam ple , to  a sy s tem  i n  to  which j
in t e g r a l  c o n t r o l  h a s  been  added  by means o f  X£. The re sp o n se  i s , o f  
c o u rse , i d e n t i c a l  w ith  t h a t  o f  th e  sy s tem  i

« « dx t „  n
2 d ?  1 ^  0 ~

d e a l t  w i th  i n  C h a p te r  2 where a Q = b0b ^ , However i f  we a r e  e q u a l l y

i n t e r e s t e d /
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/ i n t e r e s t e d  i n  th e  r e s p o n s e  to  i n i t i a l  d i s p la c e m e n ts  i n  b o th  and  
Xg ( s e p a r a t e l y )  th e  optimum s o l u t i o n  w i l l  d i f f e r  from  t h a t  g iv e n  i n  
C h a p te r  2.

As i n  C h a p te r  2 we d e f in e  th e  n o r m a l iz e d  c o e f f i c i e n t  q„ by th e  
e q u a t i o n  1

1, -  (4 0 )  
a 2*o

w here  w i s  th e  undamped n a t u r a l  f r e q u e n c y  o f  th e  s y s te m
9

i # e .  a  sb m (4 1 )ko wo 2 
a Q

We w rite  bo = f iT
0

b ,  as ©OS)1 0
(4 2 )

w here  © i s  some n u m e r ic a l  c o n s ta n t#
The form o f  t h e s e  e q u a t io n s  i s  g o v e rn e d  by t h e  d im e n s io n s  o f  

a 0 , b Q, and  * As s t a t e d  above th e  fo rm  o f  t h e  r e s p o n s e  i s
un ch an g ed  i f  © i s  v a r i e d ,  th e  p r o d u c t  bQb^ rem ain i% - c o n s ta n t" .

From Oq> a n d  (4%) we see  t h a t

t * a x  2 f *l 12 " J (5T> 4* “ b1 J *i'Jx ' ®2 “a L! (43)
O 0

From C h a p te r  1 , (2 5 )  -  ( 2 8 ) ,  w i th  x^Q » 1 ,  » 0
i . e .  w i th  Dx2o » , w i th  t h e  n o t a t i o n  o f  t h e  p r e s e n t  c h a p t e r ,

c o n td .



S im ila r ly  w ith  x^0 » 0 , x^0 * 1 ,

*

411

H  m

i 12 -

2 e2q,1<s(

282%,

<1̂  +1 
2^ ~ \

foK

2q<

From (4 4 ), (4 5 ) , 2Ro>0 *
2».
u>

9 9 1
i* 8 1* -*2 * 2 

0

(45)

(46)
o

The co u p lin g  term s e n te r  eq u a tio n  (46) in  th e  form

0^ ■+ •“tjt
a

From (46) we see  th a t  fo r  a g iven  value o f a Q , R and R  ̂ w i l l  b© 
minium when 0

Qd = 1

Then
2Rfor

2R
for

1 4  + 4«— 2       .
*1

T he/



/T h e  minimum v a lu e s  oi‘ b o th  K and o c c u r s  f o r  =

Rmin
2_
0

R1 min a 2<*)(

1 289
*1® si
L- 2 ^ pmm* gg 54&

20 0

i 12 It** 111 1 1 mm 2Xj _ 10 2o

11 5
4 o

100 .

2 w i th  0 = -  1•

(4 7 )

"1 1 

2® 0

X* ^ 
1̂ 2

x2o

w„0
4

The r e s p o n s e  i s  shown i n  F ig u r e s  2 .1  and  2 .6  ( a l l o w i n g  f o r  t h e  
d i f f e r e n t  t im e  s c a l e  i n  th e  l a t t e r  f i g u r e ) .  We s e e  t h a t  th e  
b in o m ia l  r e s p o n s e  i s  th e  optimum.

l i n e a r  sy s te m s  w i th  more t h a n  two deg ree®  o f  f ree d o m .

The a n a l y s i s  g iv e n  above can  be e x te n d e d  t o  l i n e a r  sy s te m s  w i th  
more t h a n  two d e g re e s  o f  freedom  by th e  m ethods o f  C h a p te r  3 ,  The 
o v e r a l l  r e s p o n s e  f u n c t i o n s  c an  be dediiced by a n  e x t e n s i o n  o f  
e q u a t i o n s  (34) and  ( 3 5 ) .  As shown i n  C h a p te r  3 c o u p l in g  i s  
e l i m i n a t e d  by making a i l  th e  c o e f f i c i e n t s  q.r s  ( r ^ s )  z e r o .

F o r  sy s tem s o f  se c o n d  an d  h i g h e r  o r d e r s  c o u p l in g  s h o u ld  f i r s t  
be e l i m i n a t e d .  The optimum re s p o n s e  i n  e a c h  d eg ree  o f  f ree d o m  c a n  
t h e n  be fo u n d  by u s i n g  th e  m ethods o f  C h a p te r  2 .
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