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INTRODUCTION.

The w a v e - t r a in  m ethod o f  f i n d in g  th e  s o l u t i o n  to
i. *

h e a t  c o n d u c tio n  p ro b lem s was p ropounded  by  D r. G. G reen  

i n  a  p a p e r  i n  th e  P h i lo s o p h ic a l  M agazine i n  A p r i l ,  1927 . 

S in c e  th e n ,  i t  h a s  b e e n  f u r t h e r  d e v e lo p e d  i n  a  s e r i e s  o f  

l a t e r  p u b l i c a t i o n s  w h ich  a r e  l i s t e d  u n d e r  r e f e r e n c e s  Z t o  

10 i n c lu s iv e  in  th e  B ib l io g ra p h y . The d e t a i l s  o f  th e  

m ethod , w h ich  have  a p p e a re d  i n  s e v e r a l  o f  th e  a b o v e -  

m en tio n ed  p u b l i c a t i o n s  w i l l  be  assum ed i n  th e  p r e s e n t  

t h e s i s .

T h is  t h e s i s  c o n s i s t s  o f  two p a r t s .  I n  P a r t  1 ,  th e  

w a v e - t r a in  m ethod o f  s o l u t io n  i s  a p p l i e d  t o  c e r t a i n  

c o n v e n ie n t  e x p e r im e n ts  f o r  d e te rm in in g  c o n d u c t iv i ty  a n d  

e m is s iv i ty .  The r e s u l t s  a f f o r d  a n  a c c u r a t e  th e o r y ,  from  

w h ic h , i n  c o n ju n c t io n  w i th  c e r t a i n  e x p e r im e n ta l  

o b s e r v a t io n s ,  th e s e  c o e f f i c i e n t s  c an  be  c a l c u l a t e d .  T h is  

h a s  b e en  done f o r  J .H .G r a y 's  e x p e r im e n ta l  m ethod o f  

f in d in g  th e  th e rm a l c o n d u c t iv i ty  o f  m e ta ls  a n d , a f t e r  we 

have  a llo w e d  f o r  a n  e r r o r  i n  h i s  w o rk in g , a  c lo s e  c o r r ­

espondence  be tw een  h i s  a n d  o u r  v a lu e  f o r  th e  c o n d u c t iv i ty  

o f  c o p p e r i s  o b ta in e d .

* Th? f i g u r e s  1 , 1 .........  r e f e r  t o  th e  B ib lio g ra p h y  a t
tn e  e n a #



P a r t  2 d e a l s  w i th  p ro b lem s o f  v a r i a b l e  h e a t  f lo w  

th ro u g h  two m edia  o f  d i f f e r e n t  m a t e r i a l s  i n  c o n ta c t*  I t  

f a l l s  n a t u r a l l y  i n t o  t h r e e  s e c t i o n s ,  L&) , (b) an d  (e) , th e  

sco p e  o f  w h ich  i s  b r i e f l y  o u t l in e d  b e lo w .

(a) I n  a  r e c e n t  p a p e r  i n  th e  P h i lo s o p h ic a l  M ag az in e ,

D r. G. G reen  h a s  sum m arised  th e  e f f e c t s  th ro u g h o u t  two 

m edia i n  c o n ta c t  due to  a n y  d is tu r b a n c e  whose e f f e c t  i s  

p ro p a g a te d  b y  wave m o tio n . As i l l u s t r a t i o n s  o f  th e  

a p p l i c a t i o n  o f  th e s e  g e n e r a l  r e s u l t s ,  he c o n s id e r s  t h r e e  

s p e c i a l  p ro b le m s , two o f  them  in v o lv in g  th e  t r a n s m is s io n  

o f  e l a s t i c  v i b r a t i o n s  th ro u g h o u t two m edia i n  c o n ta c t  

an d  one a n a la g o u s  p ro b lem  c o n c e rn in g  te m p e ra tu re  v i b r a t i o n s .  

He makes no  a t t e m p t ,  how ever, to  d e a l  i n  d e t a i l  w i th  th e  

tw o-m edia  p ro b lem s a s s o c i a t e d  w i th  any  one s u b j e c t .

I n  th e  s ta n d a rd  te x tb o o k s  on th e  th e o r y  o f  h e a t  

c o n d u c tio n , d e t a i l e d  s o lu t io n s  o f  a  w ide ra n g e  o f  o n e - 

medium p ro b lem s a r e  g iven*  b u t  no  s i m i l a r  s o l u t io n s  a r e  

a v a i l a b l e  f o r  th e  c o r re s p o n d in g  p ro b lem s in v o lv in g  two 

m edia i n  c o n ta c t .  To th e  b e s t  o f  th e  w r i t e r ' s  know ledge, 

su c h  r e s u l t s  do n o t  a p p e a r  t o g e t h e r  i n  an y  p r e v io u s ly  

p u b l is h e d  w ork . I n  v iew  o f  th e  many a p p l i c a t i o n s  o f  th e s e  

a n a l y t i c a l  r e s u l t s  i n  d i f f e r e n t  f i e l d s  o f  p r a c t i c a l  

s c ie n c e  an d  i n d u s t r y ,  th e  t a s k  o f  s o lv in g  th e  m ain  

tw o-m edia p ro b lem s i n  h e a t  c o n d u c tio n  a n d  th e  p r e s e n t a t i o n



o f  them  i n  a  s y s te m a t ic  m aim er i s  u n d e r ta k e n  i n  th e  f i r s t  

s e c t i o n  o f  P a r t  2 • The w a v e - t r a in  m ethod o f  p ro c e d u re  

i s  a d o p te d  i n  th e  d e r i v a t i o n  o f  th e s e  s o l u t io n s  a n d  h en ce  

th e  g e n e r a l  e f f e c t s  sum m arised  by  G reen  c an  b e  u t i l i s e d *

(b) An e x a m in a tio n  o f  th e  s o l u t io n s  t o  th e  p ro b lem s 

s tu d ie d  i n  s e c t io n  M  r e v e a l s  c e r t a i n  s i m i l a r i t i e s  i n  

fo rm  b e tw een  th e  d i f f e r e n t  r e s u l t s *  I t  i s  fo u n d  t h a t  th e  

r o o t s  o f  a  g e n e r a l  e q u a t io n  A  = 0  [ s e e  e q u a t io n  [jltijbelow  

d e te rm in e  th e  n o rm al f u n c t io n s  r e q u i r e d  t o  e x p re s s  th e  

s o l u t i o n  to  e a c h  p ro b lem  w hich  in v o lv e s  a n  in s ta n ta n e o u s  

o r  c o n tin u o u s  h e a t  o r  te m p e ra tu re  sou rce*  The m ethod o f  

d e te rm in in g  th e  r o o t s  o f  t h i s  e q u a t io n  i s  i n v e s t i g a t e d  

i n  th e  seco n d  se c t io n *

(c) F i n a l l y ,  th e  p o s s i b i l i t y  o f  a p p ly in g  th e s e  e x a c t  

a n a l y t i c a l  r e s u l t s  to  c e r t a i n  p r a c t i c a l  p ro b lem s 

c o n c e rn in g  v a r i a b l e  h e a t  f lo w  th ro u g h  co m p o site  fu rn a c e  

w a l l s  i s  exam ined*

T h is  l a t t e r  s e c t i o n  i s  a  f i r s t  a t t e m p t  t o  r e p la c e  

th e  p r e s e n t  a p p ro x im a te  m ethods o f  d e te rm in in g  th e  

te m p e ra tu re  d i s t r i b u t i o n  a c r o s s  i n s u l a t e d  fu rn a c e  w a l l s  

by  a n  e x a c t  t h e o r e t i c a l  s o lu t io n *  The w ork done i n  t h i s  

s e c t i o n  h o ld s  o u t  th e  p r o s p e c t  t h a t  th e  e x a c t  m ethod c a n  

b e  a d a p te d  so  a s  to  g iv e  more a c c u r a te  r e s u l t s  w i th o u t



th e  e la b o r a t e  g r a p h ic a l  m ethods a t  p r e s e n t  n e ed e d  f o r

e a c h  in d iv i d u a l  problem * T h is  a d a p t a t i o n  in v o lv e s  a

c e r t a i n  am ount o f  p r e l im in a r y  w ork i n  c o n s t r u c t in g

d iag ra m s u s in g  d im e n s io n le s s  g roups*  b u t ,  once c o n s t r u c t e d ,

su c h  d iag ram s w i l l  g r e a t l y  s im p l i f y  th e  a p p l i c a t i o n  o f

th e  a n a l y t i c a l  r e s u l t s  t o  p r a c t i c a l  w ork .

The a c t u a l  c o n s t r u c t io n  o f  th e s e  g ra p h s  h a s  n o t  y e t

b e e n  u n d e r ta k e n  by  th e  w r i t e r ,  who f e e l s  t h a t  th e  w hole

t e x t  o f  P a r t  2 ,  a n d  p a r t i c u l a r l y  o f  s e c t i o n  (c) , r e q u i r e s

t o  be d is c u s s e d  f i r s t  by  th e  p r a c t i c a l  s c i e n t i s t s  who
best

w i l l  be  u s in g  them* T h e ir  u t i l i t y  an d  th e^  form  o f  t h e i r

p r e s e n t a t i o n  w ould th e n  be  more a c c u r a t e l y  known*

I t  i s  in te n d e d ,  t h e r e f o r e ,  to  su b m it th e  w ork em bodied

i n  P a r t  2 o f  t h i s  t h e s i s  to  th e  P h i lo s o p h ic a l  M agazine

an d  t o  th e  J o u r n a l  o f  th e  W est o f  S c o tla n d  I r o n  a n d  S t e e l

I n s t i t u t e  f o r  p u b l i c a t i o n .  The p a p e r  t o  th e  P h i lo s o p h ic a l

M agazine w i l l  be a  s u i t a b l e  s e q u e l  t o  t h a t  o f  D r.G .G ree n

m en tio n ed  i n  Ref* 6 . I t  w i l l  c o n ta in  l e s s  o f  th e  d e t a i l e d

w o rk in g  th a n  a p p e a rs  i n  P a r t  2 o f  t h i s  t h e s i s .  The p a p e r

t o  th e  o th e r  j o u r n a l  w i l l  g iv e  more p rom inence  t o  th e

p r a c t i c a l  a p p l i c a t i o n s  d e a l t  w i th  u n d e r  s e c t io n  (c) 

w i l l  in c lu d e  some a d d i t i o n a l  n u m e r ic a l  an d  g r a p h ic a l

d e t a i l  o f  w h ich  tim e  d id  n o t  p e rm it  th e  i n c lu s io n  i n  t h i s  
th e s i s *



PART 1

P rob lem  1 .

The d e t a i l s  o f  th e  p r o c e s s  o f  s o l u t io n  a r e  i n d i c a t e d  

f a i r l y  f u l l y  i n  th e  f i r s t  p ro b le m , w h ich  may b e  fo rm u la te d  

a s  fo l lo w s :

To f i n d  th e  te m p e ra tu re  d i s t r i b u t i o n  th ro u g h o u t  a  r o d ,  

o f  l e n g th  -Ol , whose i n i t i a l  te m p e ra tu re  i s  z e r o ,  a n d  b o th  

ends o f  w h ich  a r e  s u b s e q u e n tly  k e p t  a t  c o n s ta n t  te m p e ra tu re  

9e ,  w h ile  th e r e  a r e  h e a t  l o s s e s  from  th e  s u r f a c e  o f  th e  rod$ 

f u r t h e r ,  t o  show how t h i s  r e s u l t  c o u ld  b e  u se d  to  d e te rm in e  

th e  c o n d u c t iv i ty  and  e m is s iv i ty  o f  th e  m a t e r i a l  o f  th e  ro d  

e x p e r im e n ta l ly ,  [s e e  F ig u re  1«]

Figure 1 .

a

/ '

F o r  one d im e n s io n a l f lo w , th e  g e n e r a l  e q u a t io n  o f  h e a t  

c o n d u c tio n  i n  a  u n ifo rm  medium, w here t h e r e  i s  l o s s  o f  h e a t  

from  th e  s u r f a c e  i s



w here V* r e p r e s e n t s  te m p e r a tu re ,  and

ic =. d i f f u s i v i t y  = —  « th e rm a l c o n d u o t iv i ty
s p e c i f i c  h e a t  x d e n s i ty

4 ^ =  =  c o e f f i c i e n t  o f  s u r f a c e  e m i s s iv i t y ,
$/* to

H = e m i s s iv i t y ,  

jv = p e r im e te r ,  

u> = a r e a  o f  c r o s s - s e c t i o n .

The i n i t i a l  an d  b o u n d ary  c o n d i t io n s  f o r  th e  ro d  a r e

A t i : - o , nr as o , 0 ^  x  At, ,

A t a n y  l a t e r  t im e , AT =- y x  *  0 ,

X. — CL.

B e fo re  p ro c e e d in g  to  s o lv e  t h i s  p ro b lem  by  th e  w a v e - t r a in  

m ethod , we n o te  t h a t  t h e r e  a r e  h e re  two c o n tin u o u s  te m p e ra tu re  

s o u r c e s ,  one a t  e a c h  end  o f  th e  r o d .  The te m p e ra tu re  e f f e c t s  

due to  th e s e  w i l l  b e  c o n s id e re d  s e p a r a t e l y ,  a n d  th e  r e s u l t s  

a d d ed  to g e th e r  to  g iv e  th e  t o t a l  e f f e c t .

The end  c o n d i t io n s  th e n  a r e

C ase 1 . v =  Se>

oII>i

- v — 0 , * II p

C ase 2 .

OII* * = 0 ,

* II x =  a..

-XX
Xf we l e t  'yr~ £  u. i n  e q u a t io n  0  , i t  becom es



7.

T h is  i s  th e  h e a t  c o n d u c tio n  e q u a t io n  f o r  th e  new f u n c t io n  

ajl ,a n d  we now p ro c e e d  to  s o lv e  i t ,  u s in g  th e  w a v e - t r a in  

m ethod an d  ta k in g  C ases  1 a n d  2 s e p a r a t e l y .

C ase 1 .

The new end c o n d i t io n s  f o r  jll a r e

jul —  ̂ tc -  o  7 w here f  0 =■ £ -

M- — o  , x  — CL.

C o n s id e r  f i r s t  a  p e r io d i c  te m p e ra tu re  so u rc e  f t  £ 

s i t u a t e d  a t  x -  0. we c an  r e g a r d  i t  a s  s e t t i n g  up  th e
. iitk' - i-xX f-

p o s i t i v e l y  t r a v e l l i n g  w a v e - t r a in  /# £ w here

T h is  w a v e - t r a in  w i l l  he r e f l e c t e d  a t  th e  b o u n d ary  y  »  A, to

g iv e  a  n e g a t iv e ly  t r a v e l l i n g  w a v e - t r a in  fy , e  7

w here A i s  th e  c o e f f i c i e n t  o f  r e f l e c t i o n  a n d  i s  d e te rm in e d

by  th e  bou n d ary  c o n d i t io n  o f  z e ro  te m p e ra tu re  a t

T h is  w a v e - t r a in  i n  tu r n  w i l l  b e  r e f l e c t e d  a t  x  »  O f

w here th e  c o e f f i c i e n t  o f  r e f l e c t i o n  i s  A0 , an d  so  on  u n t i l

th e  fo l lo w in g  sy s tem  o f  t r a i n s  i s  b u i l t  up

A X >  dnk-*iua.+x)\
A M f.e  , ---------

The sum m ation o f  a l l  th e s e  w a v e - t r a in s  g iv e s  th e  tem p-
/ iiO'

e r a tu r e  e f f e c t  4t due to  a  p e r io d i c  so u rc e  /* £ a t  x  = o .

ih k ' f  -Mt\

- IU \  ' 0**)



The v a lu e  o f  A c an  be  d e te rm in e d  b y  c o n s id e r in g  a n y  

w a v e - t r a in  i n c i d e n t  on th e  s u r f a c e  a n d  i t s  r e f l e c t i o n .

To s a t i s f y  th e  c o n d i t io n  t h a t  u! t h e r e ,  we f i n d  . The

c o e f f i c i e n t  m u st be  su c h  t h a t  th e  te m p e ra tu re  e f f e c t  a t
ihJC

■jc-o^due to  th e  i n i t i a l  t r a i n  an d  a l l  i t s  r e f l e c t i o n s  i s  /^e .

T h is  m eans t h a t  A* m ust a l s o  e q u a l  - t  •

* ifetrr -U nc.'x)X l
-  / U  i.e. - e  A

^  Po Â V (&- \   ̂ .
a \  ®

P ro c e e d in g  now to  o b t a in  th e  te m p e ra tu re  e f f e c t  due

to  th e  in s ta n ta n e o u s  te m p e ra tu re  s o u rc e  A  a t  ** -  o , we make
i .

u s e  o f  th e  fu n d a m e n ta l i n t e g r a t i o n

j l  *  [  m !  d k

Jo
.00

~ £ Ai»v dJij (t>)
K)0 Aviv aS

•icljllr
£ AU(a-x)\ ii,KS.aV> W

- _ 4̂ ** aS
o&

where, fo r  f a c i l i ty  in  evaluating , we have changed to  in teg ra tio n  
w ith respec t to X , and OB i s  the rad ius vec to r from the 

o rig in  to in f in i ty  which makes an angle w ith the*T*
p o s i t i v e  5 - a x i s  i n  th e  X - p l a n e ,  [x  * £  + IU = lee1̂ ] . T h is

change a r i s e s  from  c o n s id e r a t io n  o f  th e  f a c t  t h a t
X* = -  A  «  ik  e ' ^7 X X c  >



10.
The e v a lu a t io n  o f  t h i s  i n t e g r a l  i s  m ost r e a d i l y  p e r ­

form ed b y  i n t e g r a t i n g  ro u n d  th e  c lo s e d  c o n to u r  i n  th e  X - p la n e  

c o n s i s t in g  o f  Q , C2) && , th e  a r c  o f  th e  c i r c l e  X =  R e

tvom  9 = t o  6 = 0  f a n d  (3) flO , th e  r e a l  a x i s  in d e n te d  a t

po in ts given by aX -  0 , *«. , n* = o, i, a , .......

F ig u re  2 .

X  =  f

o V ♦ —
\

\.

I f
e - k * j t  . , vV

=• 6 X
Aua ctS

/
*

i t  can  be  shown t h a t  j 0  <ls R  .

H ence, when and  th e  r a d i i  o f  th e  in d e n ts  -s>o,

[  M  dX =  (  { (T)<i'§ ^ [ f W d x . »)
O B 0 mitn'Ti,

B u t E  = £ w [ - T  e  a  (1)
 ̂ tvsfiniUnfc

T h e re fo re ,  com bin ing  r e s u l t s  tt) , (fl a n d  (f) , an d  e q u a t in g



10.

xl t o  th e  r e a l  p a r t  o f  th e  r i g h t  hand  s i d e ,  we have
- -Kkr

4L -  ^ Y “ *v £ a *!$*r
L  °-^  H..I

0<E>>

-4vt
S in c e  - i r * e  i t  an d  i n i t i a l l y ,  th e  .c o rre sp o n d in g

s o l u t io n  to  e q u a t io n  6) i s

n r  .$**.$» ^  vt. ^  - (u)
CL Z —

w here or i s  now th e  a c t u a l  te m p e ra tu re  e f f e c t  due t o  a n  

in s ta n ta n e o u s  te m p e ra tu re  a t  x  = 0 .

The e f f e c t  due t o  a  c o n tin u o u s  te m p e ra tu re  80 a t  x  » 0  

i s  o b ta in e d  by  p u t t i n g  ( i -x )  f o r  P  an d  i n t e g r a t i n g  w i th  

r e s p e c t  to  k from  0 to  P .

• ^

/»*• /  O" !»/•■* -U. 4-ol̂Iw

4-  oJMt, ~  ^

L  ' O' Ĥ T̂ -K + oM~I

-ru. w  - LLr e_______  . ->

C ase 2 .

I n  a  s i m i l a r  way i t  w ould be  p o s s ib l e  t o  d e r iv e  th e  

te m p e ra tu re  e f f e c t  t d u e  to  th e  c o n tin u o u s  te m p e ra tu re  A© 

a t  x ?= a$  h u t  i t  can  b e  se e n  t h a t  t h i s  r e s u l t  i s  o b ta in e d  by  

s u b s t i t u t i n g  (jx-x) f o r  x. i n  Ox)

Hence

\ r  — -  « n  8. Y ( - ,)» * . ■ U ~ e   *1  J . (is)
A - V '  • “ ■ L ' w ' * .  + - o . ' X



fh e  co m p le te  s o l u t io n  t o  th e  p ro b lem  i s  o b ta in e d  b y  

th e  sum m ation o f  an d  • H ence, th e  te m p e ra tu re  a t

any  p o i n t  a t  tim e  )C i s  g iv e n  by
r o,TT - Ck" - £  * ^ 1  

tj- =■ lx~re8o y~ -a 0'  e   »•
4- cv t-

I t  may be  n o te d  t h a t  t h i s  r e s u l t  a g r e e s  w i th  t h a t  

g iv e n  i n  H .S .C a r s la w 's  “ The C o n d u c tio n  o f  H e a t" ,  p age  7 0 .

A p p l ic a t io n  to  an  e x p e r im e n ta l  m ethod f o r  f i n d in g  K  a n d  VI.

I n  o r d e r  to  d e te rm in e  K  an d  H e x p e r im e n ta l ly  from  

t h i s  r e s u l t ,  we may p ro c e e d  a s  fo l lo w s :  Take r e a d in g s  o f  th e

te m p e ra tu re  o f  th e  m id -p o in t  o f  th e  ro d  u n t i l  a  s te a d y  s t a t e  

i s  a p p ro a c h e d  an d  p l o t  th e  r e  s t i l t s  a s  i n  F ig u re  3 .

■ v

*
A

F ig u re  3 .

0 t

I t  i s  p o s s ib l e  to  o b t a in  two e x p re s s io n s  f o r  t h e  s te a d y  

te m p e ra tu re  to  w h ich  th e  m id -p o in t  o f  th e  ro d  s e t t l e s  down 

an d  t h e i r  m a th e m a tic a l e q u iv a le n c e  p r o v id e s  a  v e r i f i c a t i o n  

r e s u l t  (fiA . T h is  i s  now d e m o n s tra te d .

(W I f  we p u t  i n  e q u a t io n  W) , we have



Hence th e  s te a d y  te m p e ra tu re  o f  th e  m id -p o in t  o f  th e  ro d  

i s  g iv e n  by

air. -

=  u .* k t 80 y (. y  1 __
4 -  ' (im-OV^ 4-oTJv/

(J>) The s te a d y  te m p e ra tu re  s t a t e  can  a l s o  be d e te rm in e d  

from  f i r s t  p r i n c i p l e s \ i . e .  by  s o l u t io n  o f  th e  e q u a t io n

-  -A.'O-— o  ,

w here •tf =  ©« , x  =  O ,

- v -  ©„ x  =  a .

— »V ak’ K“3 w
The v a lu e s  f o r  g iv e n  i n  e q u a t io n s  M) a n d  (17J are

* if.
known t o  b e  e q u a l  from  th e  i d e n t i t y

M i L *  =  U - f - M
4 “  (ztH-0 ^  ^

Making use o f 67) now, we can w rite  fo r  the temperature 
a t  the m id-point a t  any  time t  ^

^ % =  z r t f z  ~  — - —  . «*>

I f  we i n s e r t  a c t u a l  v a lu e s  f o r  x  , L  an d  ol , i n  th e  

sum m ation p a r t  o f  th e  r i g h t  s id e  o f  e q u a t io n  OS) , we f i n d  

t h a t  th e  e x p o n e n t ia l  p a r t  i n  a l l  te rm s e x c e p t  th e  f i r s t



becom es e x tre m e ly  s m a ll  a f t e r  a  c e r t a i n  t im e ,  w h ich  f o r  a  

c o p p e r r o d ,  l e n g th  ^  c m ,, i s  5  seconds}  o r  f o r  a  ro d  

o f  th e  same l e n g th  made o f  a  c o m p a ra t iv e ly  p o o r  c o n d u c to r , 

i r o n ,  i s  25 s e c o n d s . I f  we ta k e  a r e a d in g  o f  th e  tem p er­

a tu r e  a t  any  tim e  a f t e r  t h i s ,  we n e ed  o n ly  c o n s id e r  th e  f i r s t  

te rm  i n  th e  sum m ation when we a p p ly  th e  th e o ry  to  th e  e x p e r­

im e n ta l  r e s u l t s ,

- c o

Now, from  e q u a t io n  fa) ,

3 2-

w here "f i s  r e a d i l y  c a l c u l a t e d .

Hence \  1) ~  ^  -

Thus =  k.2j w here ^  can  be  c a l c u l a t e d  from  th e  

o b s e r v a t io n s .

Now, i f  i n  F ig u re  3 ,  — d  s» th e  d i f f e r e n c e  b e tw een

th e  f i n a l  s te a d y  te m p e ra tu re  a n d  th e  r i s i n g  te m p e ra tu re  a t  

an y  i n s t a n t  a f t e r  th e  minimum tim e  [  25" se co n d s  f o r  i r o n  ,

£> cm, l o n g j  , th e n  from  e q u a t io n  Ofl



lit.

From th e  v a lu e  o f  x. o b ta in e d  b y  t h i s  m ethod  U. f*  

can  be  c a l c u l a t e d .  T herm al c o n d u c t iv i ty  , K  ,  a n d  e m i s s i v i t y ,  

V t ,  th e n  b e  fo u n d  s in c e  , a n d  H  — .

p ro b lem  2 .

A p p l ic a t io n  o f  th e  w a v e - t r a in  m ethod o f  s o l u t i o n  t o  

J .H .G r a y 's  m ethod o f  d e te rm in in g  th e  th e rm a l  c o n d u c t iv i ty  

o f  m e ta l s .

The seco n d  p ro b lem  i s  r e l a t e d  to  th e  e x p e r im e n ta l  m ethod
i i.

o f  f in d in g  th e  c o n d u c t iv i ty  o f  m e ta ls  u se d  by  J .H .G ra y .  The

th e o ry  o f  t h i s  e x p e r im e n t h a s  h ad  a  p a r t i a l  t r e a tm e n t  by

J .R o b e r ts o n  i n  h i s  f i r s t  p a p e r  on th e  m ethod o f  w a v e - t r a in s
%

a s  a p p l i e d  to  th e  s o lu t io n  o f  h e a t  c o n d u c tio n  p ro b le m s . The 

c o n d i t io n s  s p e c i f i e d  by  R o b e rtso n  i n  h i s  th e o r y ,  how ever, a r e  

s im p le r  th a n  th o s e  a c t u a l l y  u se d  by  G ray i n  h i s  e x p e r im e n t.

I t  i s  in te n d e d  h e re  to  d e r iv e  t h e o r e t i c a l  r e s u l t s  w h ich  

ta k e  i n to  a c c o u n t th e  a c t u a l  c o n d i t io n s  o f  th e  e x p e r im e n t.

I t  w i l l  th e n  be p o s s ib l e  t o  c a l c u l a t e  th e  c o n d u c t iv i ty  o f  

c o p p e r , th e  m e ta l  u se d  by  G ray i n  h i s  f i r s t  e x p e r im e n t, a n d  

by  com paring  i t  w i th  G ra y 's  r e s u l t  to  e s t im a te  th e  w o rth  o f  

h i s  a p p ro x im a te  th e o r y .

The e x p e r im e n t.

I n  th e  e x p e r im e n t, a  u n ifo rm  c o p p e r w ire  was k e p t  a t



th e  te m p e ra tu re  o f  b o i l i n g  w a te r  a t  one e n d , a n d  to  th e  o t h e r  

end a  c o p p e r c a lo r im e te r  was s o ld e r e d • P a r t  o f  th e  h e a t  

p a s s in g  from  th e  w ire  to  th e  b a l l  was u se d  to  r a i s e  th e  tem p­

e r a t u r e  o f  th e  l a t t e r *  th e  re m a in in g  p a r t  w as l o s t  b y  con­

v e c t io n  and  r a d i a t i o n  from  th e  s u r f a c e  o f  th e  b a l l  to  th e  

su r ro u n d in g  e n c lo s u re  w h ich  was m a in ta in e d  a t  th e  u n ifo rm  

te m p e ra tu re  o f  th e  a tm osphere*  I t  was assum ed t h a t  no  h e a t  

l o s s e s  o c c u r re d  fro m  th e  w ire  i t s e l f ,  w h ich  was in s u la te d *  

[se e  F ig u re  4*]

F ig u re  4 .

W:m
/; '•  7

'M

\ \
A /,

//'#//?■
4 W //.\  L- 
Y //X / / ' ! K

wotar, 

-Copper bertv,

—Wire be fahd.
—IrtSutftViOn.

Wd’e*' air aVrtifljpKtr\ t  I'tMfti'afare. 

- -Copper Calofttnekr' b&U«

I n  o r d e r  to  a l lo w  f o r  th e  e f f e c t  o f  h e a t  l o s t  t o  th e

e n c lo s u re  from  th e  b a l l  d u r in g  th e  c o u rse  o f  th e  e x p e r im e n t,

G ray p e rfo rm ed  th e  e x p e rim e n t i n  th e  fo l lo w in g  way:
/ °He f i r s t  o f  a l l  c o o le d  th e  b a l l  t o  o below  a tm o s­

p h e r ic  te m p e ra tu re  w h ile  he k e p t  th e  u p p e r  end o f  th e  w ire  

a t  th e  te m p e ra tu re  o f  b o i l i n g  w a te r .  The e n c lo s u re  box  was 

th e n  b ro u g h t i n to  p o s i t i o n  round  th e  b a l l .  R e ad in g s  o f  th e



te m p e ra tu re  o f  th e  b a l l  w ere th e n  ta k e n  e v e ry  h a lf - m in u te
•  o

from  a p p ro x im a te ly  3  below  t o  3  above a tm o s p h e r ic  tem p­

e ra tu r e *  The mean r i s e  i n  te m p e ra tu re ,  0 d e g re e s  p e r  m in u te , 

o v e r  t h i s  ra n g e  was u se d  to  f i n d  th e  c o n d u c t iv i ty  K  o f  th e  

c o p p e r o f  th e  w ire  by s u b s t i t u t i n g  i n  th e  fo rm u la

v  C e l
TS-f* to

w here C — th e rm a l c a p a c i ty  o f  th e  b a l l ,

-t — r a d iu s  o f  th e  w ir e ,

I  =  lenghft o f  th e  w ir e ,

l i  =  d i f f e r e n c e  in  te m p e ra tu re  b e tw een  th e  h o t  

end  o f  th e  w ire  a n d  th e  a tm osphere*

T h is  m ethod depends on th e  a ssu m p tio n  t h a t  t h e r e  i s  a  

s te a d y  s t a t e  o f  h e a t  flo w  from  th e  w ire  to  th e  b a l l ;  w h e reas  

i n  f a c t  th e  h e a t  f lo w  v a r i e s  w ith  tim e*

T heo ry*

L e t  th e  w ire  be o f  le n g th  u n i t s ,  an d  l e t  th e  tem p­

e r a t u r e  o f  th e  h o t  e n d , x ~ o ,  be 0 O m easu red  from  a tm o s­

p h e r ic  te m p e ra tu re  a s  z e r o .  Suppose th e  h a l l  e n d , x ^ ol , to  

be  i n i t i a l l y  a t  te m p e ra tu re  ~ 0, • ..

^  F ig u re  5 *

a  diSK/ibutJon v

Y w ial iV c a c tj  5VaVe.,



Then th e  h e a t  c o n d u c tio n  e q u a t io n  f o r  th e  w ire  i s  

S t  =  T)x> ’

an d  th e  i n i t i a l  an d  b o u n d a ry  c o n d i t io n s  a r e

AT -  e . -  -  ft*.) , (Jtt)

i r  — Oo > *""  °  , a t  a n y  l a t e r  tim e  . («)

+ H S ir , x ~ a ,  --M

w here w *  c r o s s - s e c t i o n a l  a r e a  o f  th e  w ir e ,

M = n ^ s s  o f  th e  b a l l ,

S -  s p e c i f i c  h e a t  o f  c o p p e r , th e  m a t e r i a l  o f  th e  b a l l ,

M = c o e f f i c i e n t  o f  s u r f a c e  e m is s iv i ty  o f  th e  b a l l ,

S = s u r f a c e  a r e a  o f  th e  b a l l*

C o n d itio n  (&) may be w r i t t e n

+  K  , * = ° ^  <*4

where <\,= , f* ~  HlT '

We w ish  to  d e te rm in e  th e  te m p e ra tu re  i r  a t  a n y  tim e  

a f t e r  Jt*  0 f o r  0 »  x  ^  a .

B e fo re  p ro c e e d in g  any  f u r t h e r  w i th  th e  th e o r y ,  i t  sh o u ld  

be  m en tio n ed  t h a t  no a t te m p t  i s  made h e re  t o  e l im in a te  one 

o f  th e  p o s s ib le  s o u rc e s  o f  e r r o r  f o r e s e e n  by G ray , nam ely , 

t h a t  th e  te m p e ra tu re  re c o rd e d  on th e  th erm o m eter a t  th e  c e n t r e  

o f  th e  b a l l  m ig h t n o t  r e a d  c o r r e c t l y  th e  te m p e ra tu re  o f  th e  

end o f  th e  w i r e ,  due to  th e  f i n i t e  th ic k n e s s  o f  c o p p e r in te ra ­

v e n in g . G ray made a n  a llo w a n c e  f a r  t h i s  to  w h ich  we s h a l l



/* .

r e f e r  l a t e r .  We a r e  th u s  a ssu m in g  t h a t  th e  c o p p e r  i s  a  good 

enough c o n d u c to r  o f  h e a t  to  k eep  t h i s  e r r o r  v e ry  s m a l l ,  

e s p e c i a l l y  when w ir e s  o f  c o n d u c t iv i ty  l e s s  th a n  c o p p e r  a r e  

u se d  f o r  t e s t  p u rp o se s .T h e  m ain a im  o f  th e  f o l lo w in g  a n a l y s i s  

i s  to  e l im in a te  a n y  p o s s ib l e  e r r o r  in v o lv e d  i n  a ssu m in g  th e  

h e a t  f lo w  to  b e  s te a d y  i n s t e a d  o f  v a r i a b l e .

The a p p l i c a t i o n  o f  th e  w a v e - t r a in  m ethod to  t h i s  p ro b lem  

in v o lv e s  i t s  r a t i o n a l  s u b d iv is io n  i n to  t h r e e  p a r t s ,  (<t) , 

a n d  (c) d is c u s s e d  b e lo w , th e  p h y s i c a l  i n t e r p r e t a t i o n s  o f  

w h ich  a r e  q u i t e  o b v io u s . These c o n t r ib u te  t h r e e  te m p e ra tu re

e f f e c t s ,  , &%, an d  %  w h ich  to g e th e r  make up th e  f i n a l  e f f e c t ,
at% +  ^  .

(a) The e f f e c t  due to  th e  c o n tin u o u s  te m p e ra tu re  a t  *• — O .

^  m u st s a t i s f y

0») The e f f e c t  due t o  th e  i n i t i a l  te m p e ra tu re  d i s t r i b u t i o n  

=f(*) i n  th e  w i r e .

'Qt m ust s a t i s f y

^  7 kr -  o .

=  °  , a t  a l l  l a t e r  t im e s . ) (W)

+ K



(c) The e f f e c t  due to  - th e  b a l l  b e in g  a n  in s ta n ta n e o u s  h e a t  

s o u rc e .

^ 3  h a s  t o  s a t i s f y

s  0  ? X  *  0  . 1

^ 3  =■ - 0 ,  , th ro u g h o u t  m ass M , x  =  Ct-, t  — 0 .  V (#)

- K ^ I F + K  > * = ^ -  )

We d i s c u s s  th e s e  i n  t u r n ,  n o t i c i n g  t h a t  ^  ^  a n d  *\7̂

a l l  s a t i s f y  e q u a t io n  (zd.

(Oi) T h e /e ffec t due to  th e  c o n tin u o u s  te m p e ra tu re  0 O a t  x. ~  O .

F i r s t  we s h a l l  r e q u i r e  th e  te m p e ra tu re  e f f e c t  due to  th e  

p erm anen t te m p e ra tu re  so u rc e  9 0  a t  T h is  in v o lv e s  

s o lv in g  e q u a t io n  (*0  w here th e  end c o n d i t io n s  a r e  s p e c i f i e d  

i n  e q u a t io n s  M  an d  w here i n i t i a l l y  ^ * 0  th ro u g h o u t  th e  w i r e .

I n  th e  u s u a l  m anner, we f i n d  th e  p e r io d i c  s o l u t io n  due
akic

t o  a  p e r io d i c  te m p e ra tu re  a t  X~o . The sum m ation o f
^ vxV

th e  f i r s t  w a v e - t r a in ,  a n d  i t s  s u c c e s s iv e  r e f l e c t i o n s

a t  x = 0  a n d  x - a  a l t e r n a t e l y  g iv e s

^  =  e . e  - £ - - - -| e

w here a n d  rt i s  th e  c o e f f i c i e n t  o f  r e f l e c t i o n  a t  x = cl

and  i s  d e te rm in e d  b y  c o n d i t io n  fed •

The f i r s t  i n c i d e n t  an d  r e f l e c t e d  w a v e - t r a in s  a t  x =<l a r e  

B»e a n d  rtG .e

I n  o r d e r  t h a t  e q u a t io n  (is) may be s a t i s f i e d ,  we f i n d



20.

a -  K A - f e - _  v*-ai*
~ K iX + f t — (n x * )

w here ^

From t h i s ,  we o b ta in

V  »  0O e'  =  a . e- » ^  M
(aX + ̂  )

P ro c e e d in g  now t o  d e r iv e  th e  e f f e c t  due t o  th e  i n s t a n t "

an eo u s  te m p e ra tu re  0O a t  x .~ 0 ,  we h av e

"  T^J
0

As i n  p ro b lem  1 ,  t h i s  i n t e g r a t i o n  can  be p e rfo rm e d  m ost 

r e a d i l y  b y  w r i t i n g  i t  a s
V  =  f e ^ r  * u l w \ + / J

TV AiuL[a\+4)
03

w here th e  p a th  o f  i n t e g r a t i o n  i s  th e  i n f i n i t e  r a d i u s ,  9 -  " ^  , 

i n  th e  X -p la n e  fx  = R et&]. We e v a lu a te  i t  by  i n t e g r a t i n g  

round  th e  c o n to u r  u se d  in  p rob lem  1 [ s e e  F ig u re  3^, w here th e

in d e n ts  i n  t h i s  c a s e  a r e  g iv e n  by  ? <<. a \ + <̂ = w 'K ,

•5, fc&u. c \  — cf> jj _

By r e a s o n in g  s i m i l a r  to  t h a t  u se d  i n  e q u a t io n s  & an d

(0 we f i n d
'O' * * 2*X0O ^ C'Ki) 6 Atu. (/H ̂  ~ xX)

5X
7C

= -  2X9. 2 1 [ -  ** ^"XXA? X Au^)c\]

Where a =  K '\x + 6 > - i^ T _________   C,a
o[K V  + ( H 14̂ ]  + K((. + t * * 7  m



an d  th e  sum m ation i s  w i th  r e s p e c t  t o  a l l  th e  p o s i t i v e  r o o t s  

o f  e q u a t io n  (3u).

The e f f e c t  due t o  th e  c o n tin u o u s  te m p e ra tu re  s o u rc e  0# 

a t  x * 0  i s  o b ta in e d  from  e q u a t io n  (3*) b y  r e p l a c in g  

b y  I t-k ')  an d  i n t e g r a t i n g  w i th  r e s p e c t  to  k  from  0 t o  )C.

T h is  g iv e s  v; =  1 0 * ^ ^  ^ ^ - [l -  *]

=  * ( ' -  , m

w here ®o(t ~ *s  'tiie  s te a d y  te m p e ra tu re  e f f e c t  o b ta in e d

from  f i r s t  p r i n c i p l e s  a n d  e q u iv a le n t  to  th e  v a lu e  o f  th e

r i g h t  s id e  o^ fequa tion  (37) when ^  =  00 .

T h is  r e s u l t  i s  o b ta in e d  by  J .R o b e r ts o n  i n  Ref* 1 , 1^7-

fc) The e f f e c t  due t o  th e  i n i t i a l  te m p e ra tu re  d i s t r i b u t i o n  

i n  th e  w i r e .

Xn a d d i t i o n  t o  th e  te m p e ra tu re  e f f e c t  j u s t  fo u n d , t h e r e  

w i l l  be  a n o th e r  e f f e c t  due t o  th e  i n i t i a l  te m p e ra tu re  d i s t r i b ­

u t io n  v*f(jc) th ro u g h o u t  th e  w ire  [ s e e  c o n d i t io n s  (?7)1. I n  

o rd e r  t o  o b ta in  t h i s  e f f e c t ,  we c o n s id e r  a  p e r io d i c  h e a t  

so u rc e , s t r e n g t h  p e r  u n i t  a r e a  s i t u a t e d  a t  a  p o i n t

* • -* , i n  th e  w ire*  T h is  so u rc e  se n d s  o u t  two i n i t i a l  w ave- 

t r a i n s ,  one i n  th e  p o s i t i v e  an d  one in  th e  n e g a t iv e  d i r e c t io n *  

G en era l r e s u l t s  f o r  th e  t o t a l  te m p e ra tu re  e f f e c t  due to



th e s e  w a v e - t r a in s  a n d  t h e i r  r e f l e c t i o n s  a t  a n d  x  = GL

a r e  g iv e n  i n  R e f s .  6 a n d  1 0 , We may u se  them  now*

I k t t a  e *  4- 
E f f e c t  a t  xi — p,6 j _ fl.fl

1 C37)
E f f e c t  a t  * > * ,=  /? e <?(*,, *) . 

w here t. =  ’

and  A* — c o e f f i c i e n t  o f  r e f l e c t i o n  a t  x  - O .

A = c o e ffic ie n t of re f le c tio n  a t  x = a .

T h is  v a lu e  o f  ft i s  d e te rm in e d  by  c o n s id e r a t i o n  o f  

th e  f a c t  t h a t  a t  x « x ,  th e  c o n d i t io n s  f o r  a  p e r i o d i c  h e a t  

so u rc e  have  to  be  s a t i s f i e d ,  nam ely ,

- F r l = Q € ^ -

The c o n d i t io n s  d e te rm in in g  th e  c o e f f i c i e n t s  A0 , f\

a r e  (0 t h a t  tf'-O a t  x  - 0 ; s in c e  th e  e f f e c t  due to  tf~=0o

a t  *=0 h a s  been accounted fo r in  p a r t  ( a ) ; and 00 the

condition in  equation (15) a t  From these , we find

«,= 'I ,  and as obtained in  equations 60) and (3»)
We t h e r e f o r e  have

E f f e c t  a t  *  * *, =  fie'** & ^  }I (ko)

E f f e c t  a t 1 jlu^aS 4-4) J

w here

P ro c e e d in g  i n  th e  u s u a l  m anner to  o b ta in  th e  e f f e c t



aa.

due t o  a n  in s ta n ta n e o u s  so u rc e  & p e r  u n i t  a r e a  s i t u a t e d  

a t  x *  x , , a n d  i n s e r t i n g  th e  v a lu e  f o r  ft , we have

E m c t  . t  » < , .  i s j k * * » -  *■”

w here d e n o te s  th e  u s u a l  p a th  o f  i n t e g r a t i o n .  The same

c o n to u r  a n -d  p o i n t s  o f  in d e n ta t io n  a s  a r e  u se d  i n  p a r t  (cl) 

g iv e  a s  th e  in s ta n ta n e o u s  s o l u t io n ,  f o r  x - l* , ,

e 9 Oti)

w here A-*. i s  g iv e n  by e q u a t io n  (14) an d  th e  sum m ation i s  

w i th  r e s p e c t  to  th e  p o s i t i v e  r o o t s  o f  e q u a t io n  (34).

I n t e g r a t i o n  o f  th e  seco n d  e x p re s s io n  i n  (4o) g iv e s  th e  

same v a lu e  o f  ^  f o r  p o in t s  w here x  > * ,. Hence e q u a t io n  (42) 

h o ld s  th ro u g h o u t  th e  w ire  a n d  c o n s t i t u t e s  th e  e f f e c t  due 

to  a n  in s ta n ta n e o u s  h e a t  so u rc e  Q. s i t u a t e d  a t  x. =■ x , .

Now, th e  i n i t i a l  te m p e ra tu re  d i s t r i b u t i o n  'i r  = |fc) may 

b e  c o n s id e re d  a s  b e in g  due to  a n  i n f i n i t e  num ber o f  su c h  

in s ta n ta n e o u s  h e a t  s o u rc e s .  Hence a  s u b s t i t u t i o n  o f  

f o r  Q. i n  e q u a t io n  (W) an d  an  i n t e g r a t i o n  w i th  r e s p e c t  to  

x , from  0 t o  cl w i l l  g iv e  th e  t o t a l  te m p e ra tu re  e f f e c t  

due t o  th e  i n i t i a l  d i s t r i b u t i o n  = *

We th e r e f o r e  have
 ̂ » 'Zk r

a t  =  w A  fa)
JD

= .uivtN f V ^ e ,  -  £ ( e .+•*/)]dt*, M
0

= i  r A*v £ k L \ x \  f £ j- 9, tn a \ — (0  ̂ au*. *1 _ (4̂ )
X L J



(t) The e f f e c t  due to  th e  b a l l  b e in g  a n  in s ta n ta n e o u s  h e a t

s o u rc e .

T h ird ly  th e r e  i s  th e  te m p e ra tu re  e f f e c t  th ro u g h o u t  

th e  w ire  due to  th e  b a l l ,  m ass M , b e in g  a n  in s ta n ta n e o u s  

h e a t  so u rc e  o f  te m p e ra tu re  - 0 ,  a t  th e  b e g in n in g  o f  th e  

e x p e r im e n t.

I n i t i a l  an d  b o u n d ary  c o n d i t io n s  a r e  g iv e n  i n  e q u a t io n s

(*«).
I f  we c o n s id e r  f i r s t  t h a t  th e r e  i s  a  p e r io d i c  s o u r c e ,

/A  ^s t r e n g th  Q  £  i n  th e  b a l l ,  th e  i n i t i a l  n e g a t iv e  w a v e - t r a in
‘fjhx -

w i l l  b e  o f  th e  f o r a  f a t  , The c o e f f i c i e n t  f a  m ust

be  su c h  t h a t  t h i s  i n i t i a l  w a v e - t r a in  w i l l  s a t i s f y  th e  

c o n d i t io n  t h a t  th e  b a l l ,  m ass P1 , a c t s  a s  a  p e r io d i c  

so u rc e  We . The law  o f  e m is s io n  i n  t h i s  c a se  i s**£ j (ut)
*  \  %  *  K  =  %  i * ,  X .  -  a .  J

u s in g  th e  same n o t a t i o n  a s  i n  e q u a t io n  (3$).

We th e r e f o r e  o b ta in  fa  i n  te rm s  o f  Q. by  su b -  

s t i t u t i n g  ^  = i n  e q u a t io n  (44) , T h is  gives

4 “  «[K a + ^7)

S u c c e s s iv e  w a v e - t r a in s  a r e  b u i l t  up a s  u s u a l ,  th e  

r e f l e c t i o n  c o e f f i c i e n t s  h a v in g  th e  same v a lu e s  a s  b e f o r e ,  

and  y i e l d  a s  th e  t o t a l  e f f e c t



Oi + 4ivw g \
^  ~  (̂cxX+<(>)

m ft Amv x \  (4S)
"WK\ ,Au^a\-Hp)

w here a s  b e f ° r e *

C o n v e r tin g  t h i s  now to  th e  e f f e c t  due to  th e  i n s t a n t -
n  *a n eo u s  h e a t  so u rc e  W in  th e  b a l l ,  we have

-ir = p'*Xt  mau<x\  ^  T~ . (W)
3 u>K **0x +4>) wK L-

w here i s  g iv e n  by  e q u a t io n  (3d an d  th e  sum m ation i s

w ith  r e s p e c t  to  th e  p o s i t i v e  r o o t s  o f  e q u a t io n  (3u).

I n i t i a l l y ,  th e  h e a t  c o n te n t  o f  th e  m ass M i s  Ms-fCo) 

w here = a s  o b ta in e d  from  c o n d i t io n  (**)-

GL= -  rise , ^ o)

Hence ^  K A W

The sum m ation o f  th e s e  t h r e e  te m p e ra tu re  e f f e c t s  (3ft 9 

(45) , an d  7 d e a l t  w i th  i n  s e c t io n s  ( cl)  , (b) an d  (c)

g iv e s  th e  co m p le te  s o l u t io n  to  th e  p ro b lem . Thus

“  9*('- K ^ l )  -  » . I  <L c 

+ -  A .

=  6. ( ' -  k ^ l) -  * L ^ e  *  ^  +

EvalaoJTmj VUe mV'ê ml io\j meanf o£ tk£ u.6u&( Contour".



w here fl*, i s  g iv e n  by  e q u a t io n  (36) a n d  th e  sum m ation i s  

i n  a l l  c a s e s  o v e r  th e  r o o t s  o f  e q u a t io n  (36).

An e x p la n a t io n  o f  th e  f a c t  t h a t  p a r t s  o f  ^7 a n d  ^  

n e u t r a l i s e  one a n o th e r  i s  r e a d i l y  a f f o r d e d  when we exam ine 

th e  g r a p h ic a l  i n t e r p r e t a t i o n  o f  ^  a n d  ^  .

M a th e m a tic a l V e r i f i c a t i o n ,

I t  w i l l  be  o b se rv e d  t h a t  a p a r t  from  th e  f i r s t  te rm  on 

th e  r i g h t  s id e  o f  e q u a t io n  (*2) , we have a  s im p le  s in e  

summation* I t  w ould  seem p o s s ib l e ,  th e r e f o r e ^  to  o b ta in  

th e  s o l u t io n  to  th e  p rob lem  by  th e  o rd in a r y  m ethod o f  

assu m in g  t h a t  su ch  a  s in e  sum m ation i s  a  p o s s ib l e  s o l u t i o n ,  

an d  th u s  have  a  m a th e m a tic a l v e r i f i c a t i o n  o f  th e  above r e  s u i t*  

[ j* R o b e r ts o n , in  Ref* 7  > v e r i f i e d  t h a t  1 “  i< + ^ "  coul*1 be 

r e p r e s e n te d  by  , a  r e s u l t  o f  w h ich  we made u se

i n  e q u a t io n s  &7) and  (3?).]

As s t a t e d  e a r l i e r ,  th e  i n i t i a l  a n d  b o u n d ary  c o n d i t io n s

L e t  u s  in tro d u c e  a  new te m p e ra tu re  f u n c t io n  xl , su ch

a r e V  = +e,) , i r - o .

t h a t

Then th e  c o n d i t io n s  f o r  jul a r e



We can  now assum e t h a t  a  s o l u t io n  to  o u r  p ro b lem  

e x i s t s  o f  th e  form

A. =  ,

w here X d e n o te s  \w  a n d  w here th e  sum m ation i s  o v e r  

th e  r o o t s  o f  e q u a t io n  (3U) * We e v a lu a te  th e  c o e f f i c i e n t  £ 1  

by  th e  f o l lo w in g  m ethod:

J L i .  =KF*o) *—

-  } & ■

How, J j(x) <**■ = L J  2L 4̂ 4. \tH_jc <A*e.

a n d  / V  ^  - % * [ * "  •
0

Hence
0

■f" 'S-ttv £()l *- A*î V»«A-

-  1& jAuvX^af J(a) -  ^ \ u * a ]

■f %2& [ a  — |  a
A



T h e re fo re
&  -u

_  X jfr) T  1 ^ )
+ H 0' "  ^~Xn>a

S u b s t i t u t i n g  f o r  Jl*) th e  e x p re s s io n  g iv e n  i n  e q u a t io n  

(53)  ̂ we o b ta in  f o r  #-»*, th e  v a lu e  r e q u i r e d  by  e q u a t io n  & $ •

C a lc u la t io n  o f  th e  c o n d u c t iv i ty  and  th e  e m i s s iv i t y  o f  

c o p p e r from  G r a y 's  e x p e r im e n ta l  r e s u l t s .

The p u rp o se  o f  th e  fo l lo w in g  c a l c u l a t i o n  i s  to  o b ta in  

a  v a lu e  f o r  th e  c o n d u c t iv i ty  o f  c o p p e r , u s in g  G r a y 's  

e x p e r im e n ta l  f i g u r e s  a n d  th e  t h e o r e t i c a l  r e s u l t  g iv e n  i n  

e q u a t io n  (£*) , th e  d e r i v a t i o n  o f  w h ich  i s  b a se d  on th e  

a c t u a l  e x p e r im e n ta l  c o n d i t i o n s • A t th e  same t im e , o u r  

m ethod e n a b le s  u s  to  f i n d  th e  c o e f f i c i e n t  o f  s u r f a c e  

e m is s iv i ty  o f  th e  c o p p e r b a l l .

I n  G r a y 's  e x p e r im e n t, m easurem ents o f  te m p e ra tu re  r i s e  

w ere ta k e n  a t  th e  b a l l  end  o f  th e  w i r e ,  i . e .  a t  x = a .  

E q u a tio n  (&) g i v e s , f o r  t h i s  v a lu e  o f  X

The fo l lo w in g  d a ta  a r e  p ro v id e d  by G ray an d  i n  a l l  

c a s e s  a r e  i n  e . g . s . u n i t s :

L eng th  o f  w ire  = c l  Therm al c a p a c i ty  o f  b a l l  =



R a d iu s  o f  w ire  — *  T em p era tu re  o f  h o t  end  — 97*3*

2= Oio 5,

R a d iu s  o f  h a l l  *  £  T em pera tu re  o f  a tm o sp h e re  — ^'75.

-  W.

From t h e s e ,  we c a l c u l a t e

(>$ -  '$$$7.

]  = 4 r  *  'W -

We s h a l l  ta k e  a tm o s p h e r ic  te m p e ra tu re  a s  o u r  z e r o .  

Then, ft becom es S7'k5° a n d  we make o u r  c a l c u l a t i o n s  

u s in g  th e  te m p e ra tu re  r e a d in g s  o f  th e  b a l l  b e g in n in g  a t  

~ 3* w h ich  c o rre s p o n d s  t o  ~ ft • The g ra p h  o f  G ra y 's  

r e a d in g s ,  a d ju s te d  to  t h i s  a r b i t r a r y  z e ro  i s  g iv e n  i n  

F ig u re  6 *

I t  w i l l  b e  a p p r e c ia te d  t h a t  o n ly  i f  we can  e f f e c t  

some s i m p l i f i c a t i o n  o f  e q u a t io n  (Sfr) w i l l  we be  a b le  

to  u se  i t  to  f i n d  v a lu e s  o f  K  a n d  f l  • F o r tu n a te ly  

a n  e x a m in a tio n  o f  th e  p o s i t i v e  r o o t s  o f  e q u a t io n  WS 

e n a b le s  u s  to  n e g le c t  a l l  b u t  th e  f i r s t  te rm  o f  th e  

sum m ation i n  e q u a t io n  (#•) •

E q u a tio n  04) i s  s o lv e d  g r a p h ic a l ly  by  f i n d in g  f o r  

w ha t v a lu e s  o f  X th e  g ra p h s  o f  ^  an d

} ~ <pcv -  \> i n t e r s e c t .

W ith  th e  above p r o p e r t i e s  o f  th e  b a l l  a n d  w i r e ,
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th e s e  become J  ® X

$  55 Z3%\x -  U>66&'

Even a  ro u g h  know ledge o f  th e  o r d e r  o f  m ag n itu d e  o f
H i s  s u f f i c i e n t  to  show t h a t  th e  r e c t a n g u l a r  h y p e rb o la

v e ry  soon  a p p ro a c h e s  i t s  h o r i z o n t a l  a s y m p to te . The r e s u l t

o f  t h i s  i s  t h a t  th e  r o o t s  o f  e q u a t io n  (3/f) , a f t e r  th e  f i r s t ,

a p p ro a c h  n e a r e r  and  n e a r e r  t o  ^  h Z   ? th e

d e g re e  o f  a c c u ra c y  in c r e a s in g  W ith  ^  • F o r  th e s e  v a lu e s  
v -% vV , v

o f  A , i t  can  be se e n  t h a t  £ becom es v e ry

sm a ll  an d  i n  f a c t  can  b e  n e g le c te d *  so t h a t  i n  o u r

c a l c u l a t i o n s ,  we n e ed  c o n s id e r  o n ly  th e  f i r s t  te rm  i n  th e

sum m ation i n  e q u a t io n  w h ich  can  th e n  b e  w r i t t e n  i n  th e
-

form  'Vj, =  C -

I t  i s  now p o s s ib l e  f o r  u s  to  m easure  from  th e  g ra p h

Jjhree v a lu e s  o f  '°a, a t  t im e s  w h ich  a r e  e q u i d i s t a n t  from

one a n o th e r .  We th e n  have V>J,
4rt  t  ~  v  e .



31.

Since K ~~ ^ - k %

we have ( c  -  ^  ) ( C  -  a j j ^ )  *  (C -

from  w h ic h  C can  h e  fo u n d . I t  g iv e s  u s  th e  s te a d y  

te m p e ra tu re  to  w h ich  th e  h a l l  end  o f  th e  w ire  w ould  

have  s e t t l e d  down. By s u b s t i t u t i o n ,  a n d  K \  c a n

a l s o  b e  found*

U sin g  G r a y 's  c u rv e , we c a l c u l a t e  
C =  iq-67. J> as 2*67.

000305*.
-v-oocfroS jb

The g ra p h  o f  1 ^ 7  -  22*67 6  f i t s  G r a y 's

c u rv e  p e r f e c t ly *

From e q u a t io n  i£t*) we know t h a t  s te a d y  te m p e ra tu re  

i s  g iv e n  by  aL — 00

r  -L — i ’v
faKUJ

•• ■ W *  1

H -s s  o-oooiTi.

We now r e q u i r e  th e  f i r s t  r o o t  o f  
k. _  ~KX  _  X__
^  1 -  x ^ r r ^ h T

r* fttu*

feuv6'3l\=r

We o b ta in  th e  r o o t  g r a p h ic a l ly  a n d  f i n d  [se e  F ig u re  l \ .  

X, = 0-oiqtf  ̂ /. K = fsx -  0*631.

**. X a  1-033 . f( *  0 -0 0 0 1 7?,



A t f i r s t  s i g h t ,  t h i s  v a lu e  o f  a p p e a rs

to  show a n  u n d u ly  l a r g e  d is c re p a n c y  w i th  r e s p e c t  to

Gray" s  v a lu e  o f  &S3 , e s p e c i a l l y  i n  v iew  o f  th e

c o n s is te n c y  o f  th e  r e s u l t s  w h ich  he q u o te s  f o r  v a r io u s

le n g th s  o f  th e  same ty p e  o f  c o p p e r w i r e ,  a n d  i n  v iew  o f

th e  c a r e  w i th  w h ich  th e  e x p e r im e n t was p e rfo rm e d .

H ow ever, a n  e x a m in a tio n  o f  Gray" s  c a l c u l a t i o n  r e v e a l s

a n  e r r o r  i n  h i s  w o rk in g . From h i s  e x p e r im e n ta l  d a t a ,  he

w r i t e s  ^  * -Mo* * 6 31
x x CO

w h ic h , i n  f a c t  e q u a ls  a n d  n o t  ■ m  a s  he

s t a t e s .  The fo rm e r v a lu e  o f  d i f f e r s  from  o u rs

b y  l e s s  th a n  1 i n  1000 .

The c o rre sp o n d e n c e  be tw een  th e  two r e s u l t s  can  

p a r t l y  be  a t t r i b u t e d  t o  th e  f a c t  t h a t ,  f o r  th e  sm a ll  

ra n g e  i n  te m p e ra tu re  a t  th e  b a l l  end  o f  th e  w ire  

w h ic h  i s  in v o lv e d  i n  t h i s  e x p e r im e n t, th e  g r a d i e n t  o f  

th e  te m p e ra tu re - t im e  g ra p h  i s  sm a ll  a n d  th e  r a t e  o f  

change o f  th e  g r a d i e n t  i s  v e ry  s m a ll .
-TO?,*’

/ir «  c -  T> e

_  -v  " T O  .— usk D
d t
A-\r~ v  "'KXi if

as D K.X, £

-D C to ^ fe ’ * ' , <  -  0 0 0 3 .

T hus, G ray s  mean v a lu e ,  (,Q~, f o r  th e  g r a d i e n t ,  

on th e  a ssu m p tio n  o f  a  s te a d y  h e a t  f lo w  o v e r  t h i s  sm a ll



ra n g e  o f  te m p e ra tu re  a n d  t im e , i s  n o t  f a r  d i f f e r e n t  from  

jb u t  s l i g h t l y  l e s s  th a n ]  th e  a c t u a l  g r a d i e n t  o f  th e  c u rv e  

a t  a tm o s p h e r ic  te m p e ra tu re ,  [see  F ig u re s  8 a n d

Figure $

mD/? ** ■

-r

0 0 c
/

O ur r e s u l t ,  w h ich  i s  s l i g h t l y  g r e a t e r  th a n  G r a y 's  

th u s  shows a  d i f f e r e n c e  in  th e  d i r e c t i o n  w h ich  w£ m ig h t 

esqpect, i . e .  a n  i n c r e a s e .

I n  o r d e r  t o  be  c e r t a i n  t h a t  o u r  o m iss io n  o f  th e  

seco n d  an d  h ig h e r  te rm s  i n  th e  sum m ation p a r t  o f  e q u a t io n  

had  n o t  in t ro d u c e d  a n  e r r o r  i n to  o u r  r e s u l t s ,  th e  second  

r o o t  o f  e q u a t io n  (3/f) was c a l c u l a t e d  an d  h ence  th e  v a lu e  

o f  th e  second  te rm  i n  th e  sum m ation [ u s in g  th e  v a lu e s  o f  

K  a n d  H a l r e a d y  fo und  a s  f i r s t  a p p ro x im a tio n s} . The 

o r d e r  o f  m agn itude  o f  t h i s  second  te rm  was fo u n d  to  be  

-  '0(J3£ a f t e r  one se c o n d . F o r  t  >  1 se co n d , t h i s  te rm  

d e c re a s e s  r a p i d l y  an d  h ig h e r  I m m  r o o t s  o f  e q u a t io n  (su)



y i e l d  te rm s  i n  th e  sum m ation o f  a l t e r n a t i n g  s ig n s  an d  

even  s m a l le r  d im e n s io n s  th a n  -0 0 3 ^  . i t  i s  c l e a r ,  

t h e r e f o r e ,  t h a t , t o  th e  d e g re e  o f  a c c u ra c y  p o s s ib l e  i n  

r e d d in g  th e  te m p e ra tu re  a t  th e  b a l l  end  o f  th e  w ire  a n d  

i n  c a l c u l a t i n g  G a n d  T> [ s e e  page 31 a b o v e ] ,  th e s e  

te rm s  c a n  b e  n e g le c te d  w i th o u t  a f f e c t i n g  o u r  r e s u l t .

One f i n a l  c o r r e c t io n  r e q u i r e s  to  be  made to  th e  

c a l c u l a t e d  r e s u l t  f o r  c o n d u c t iv i ty  in  o r d e r  t o  a l lo w  f o r  

th e  th e rm o m ete r a t  th e  c e n t r e  o f  th e  b a l l  n o t  r e a d in g  

th e  e x a c t  te m p e ra tu re  a t  th e  end o f  th e  w i r e .  G ray  e s t im ­

a t e d  t h i s  c o r r e c t i o n  to  be  o f  th e  o r d e r  o f  *0 0 b o f  a n  

in c r e a s e  t o  th e  u n c o r r e c te d  v a lu e ,  a g a in  b a s in g  h i s  

th e o r y  on a  S te a d y  h e a t  f lo w  i n to  th e  b a l l .  T h is  c o r r e c t io n  

g iv e s  a c c o rd in g  to  G ray a n d  a c c o rd in g

to  o u r  r e s u l t .

The c lo s e  c o rre sp o n d e n c e  b e tw een  th e  r e s u l t s  

c o n s t i t u t e s  a  v a lu a b le  v e r i f i c a t i o n  o f  G ra y 's  m ethod 

b y  a n  e x a c t  t h e o r e t i c a l  s o lu t io n ,e v e n  a lth o u g h  i t  h a s  

in v o lv e d  th e  e x p o su re  o f  a n  u n e x p e c te d  e r r o r  i n  h i s  

w o rk in g .



E x te n s io n  o f  th e  m ethod to  f i n d  th e  c o n d u c t iv i ty  a n d  

e m is s iv i ty  o f  o th e r  m e ta ls*

G ray u se d  th e  same c a lo r im e te r  h a l l  i n  a  s e r i e s  

o f  s i m i l a r  e x p e r im e n ts  from  w h ich  he c a l c u l a t e d  th e  

c o n d u c t i v i t i e s  o f  m a t e r i a l s  o th e r  th a n  copper*  The above 

t r e a tm e n t  r e q u i r e s  o n ly  s l i g h t  m o d if ic a t io n  i n  o r d e r  t h a t  

a  r e s u l t  c o r re s p o n d in g  to  e q u a t io n  { £ 0  may be d e r iv e d  

an d  a p p l i e d  to  t h i s  new p ro b lem , in v o lv in g  a  w ire  made 

o f  a  d i f f e r e n t  m e ta l  to  c o p p e r .

C o n s id e r  t h a t  th e  w ire  i s  o f  some o th e r  m e ta l ,  w i th  

c o n d u c t iv i ty  K* an d  e m is s iv i ty  H  , a n d  to  make th e  

p ro b lem  p e r f e c t l y  g e n e r a l ,  c o n s id e r  t h a t  th e r e  i s  h e a t  

l o s t  from  th e  s u r f a c e  o f  th e  w i r e .  The p r o p e r t i e s  o f  th e  

c a lo r im e te r  b a l l  rem a in  a s  b e f o r e ,  i t s  e m is s iv i t y  now 

b e in g  known. I t s  c o n d u c t iv i ty  d o es n o t  e n t e r  i n to  t h i s  

p ro b lem .

The h e a t  c o n d u c tio n  e q u a t io n  to  be  so lv e d  i s

, _  j ± £
w here K ^  1 **

an d  th e  d a sh ed  c o n s ta n t s  a l l  a p p ly  to  th e  m a te r i a l  o f  
th e  w i r e .  The i n i t i a l  an d  b oundary  c o n d i t io n s  a r e

ir =  f c -  i l f c t f . )  , k ~ 0 .

^  ~ 0 ajf Q.ll |(x^cr hm€5



3b.

U

w here > t  =  ‘1 7 '

4*1?
By u s in g  th e  s u b s t i t u t i o n  u. *  6  f we can  change

e q u a t io n  to

djb U *  ^

an d  e q u a t io n  <&>) t o

- * '& =  +  *>

The s o l u t io n  to  th e  p rob lem  i s  now s i m i l a r  to  th e  

one a l r e a d y  t r e a t e d ,  w i th  th e  d i f f e r e n c e  t h a t  th e  

in s ta n ta n e o u s  s o l u t io n  f o r  JUu r e q u i r e s  m u l t i p l i c a t i o n  

b y  t  to  g iv e  th e  s o lu t io n  f o r  t r  ,  a n d  t h a t  

e q u a t io n  d i f f e r s  from  e q u a t io n  i n  t h a t

h a s  r e p la c e d  Jf> •

As b e f o r e ,  we d iv id e  th e  p ro b lem  in to  th r e e  p a r t s .  

W ith o u t g o in g  in to  th e  d e t a i l s  o f  th e  m ethod a g a in ,  we 

f i n d  th e  r e s u l t s  to  b e :

6 ) E f f e c t  due t o  th e  c o n tin u o u s  te m p e ra tu re  a t  x -Q

<  -  %«*.Z C  [' -  (*?)

,  / *  (K \ f  * b - i c x s + w f   . .
n e re  * "cJScvj*’ + {>- + K ty  + i,C'K'k--L,r} W

an d  th e  sum m ation i s  o v e r  th e  p o s i t i v e  r o o t s  o f

Jaus ft\ =  — '' »
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The s te a d y  te m p e ra tu re  i s  fo u n d  from  f i r s t  
p r i n c i p l e s  t o  be

^  - a bjuJ* la -*)!%' + 1<I%' ((A
- e» p a — + K % ~ u i j u ,

V e r i f i c a t i o n  t h a t  t h i s  i s  e q u iv a le n t  to  th e  s te a d y  

te m p e ra tu re  o b ta in e d  from  e q u a t io n  ($7) by  p u t t i n g  

h a s  n o t  b e en  d o n e , b u t  c o u ld  no d o u b t be  c a r r i e d  o u t  in  

a  m anner s i m i l a r  to  th e  v e r i f i c a t i o n  p e rfo rm e d  on p ag es  2fc-2S,

($ The e f f e c t  due to  th e  i n i t i a l  te m p e ra tu re  d i s t r i b u t i o n  

'V = f(x) i n  th e  w ire  i s  found  b y  a n  a n a l y s i s  s i m i l a r  to  

t h a t  u se d  i n  s e c t io n  ft) and  g iv e s

i

(3) The e f f e c t  due t o  th e  b a l l  b e in g  a n  in s ta n ta n e o u s  

h e a t  s o u r c e , te m p e ra tu re  -  0, i s

w here i n  a l l  c a s e s  ^  an d  th e  sum m ation a r e  a s  r e q u i r e d  

b y  e q u a t io n s  (r4 and

The t o t a l  te m p e ra tu re  e f f e c t  i s  th e n
'O ’ — Af"t -I

0 + ft!
** * + k 'j%  o>j ^,

- * £  ^  \  ^  ^  

T h is  r e s u l t  can  now be u se d  i n  c o n ju n c t io n  w i th  

e x p e r im e n ta l  r e a d in g s  i n  o r d e r  t o  d e te rm in e  K an d  V i .



I t  s h o u ld  b e  n o te d  t h a t  th e  s te a d y  te m p e ra tu re  a t  x  - a  

i s  g iv e n  b y

sW®' _  + o n la fy , ~  ^  + 7

f o r  v a lu e s  o f  K  and  H l i k e l y  to  o c c u r  when d e a l in g  

w ith  m e ta ls*

As we sh o u ld  e x p e c t ,  e q u a t io n  (<>*) re d u c e s  t o  e q u a t io n  

(5 a) when K  « K  , *  =>* ,

F i n a l l y ,  G ray d i s c u s s e s  th e  d e s i r a b i l i t y  o f  u s in g  

a  s m a l le r  c a lo r im e te r  b a l l  when t e s t i n g  w ire s  o f  lo w e r 

c o n d u c t iv i ty  th a n  c o p p e r , i n  o r d e r  t h a t  a p p r e c ia b le  

te m p e ra tu re  r i s e s  w i l l  b e  r e c o rd e d  a t  th e  b a l l  end  o f  

th e  w ire  w i th in  a  r e a s o n a b ly  s h o r t  tim e*

From a  p r a c t i c a l  s t a n d - p o in t ,  t h i s  r e d u c t io n  i n  

th e  h e a t  c a p a c i ty  o f  th e  b a l l  i s  e s s e n t i a l*  W ith o u t 

g o in g  i n t o  i t s  d e t a i l e d  e f f e c t  on th e  r o o t s  o f  e q u a t io n  

a s  com pared w i th  th o s e  o f  e q u a t io n  (lb) , an d  th u s  

i n t o  th e  e f f e c t  on th e  v a lu e  o f  a s  g iv e n  by  e q u a t io n  

(of) 9 we n o te  t h a t  a  r e d u c t io n  i n  th e  s i z e  o f  M i n  

th e  l a s t  te rm  o f  th e  H .H .S . o f  e q u a t io n  does c au se  

a n  in c r e a s e  i n  th e  v a lu e  o f  th e  te m p e ra tu re  i t  a f t e r  

an y  g iv e n  l e n g th  o f  tim e*



PART 2 .

Two-media p rob lem s*

As s t a t e d  i n  th e  I n t r o d u c t io n ,  P a r t  2 i s  s u b d iv id e d  

i n t o  t h r e e  s e c t i o n s ,  (oJ) , (M an d  (C) • I n  th e  f i r s t  o f  

t h e s e ,  a  c o l l e c t i o n  o f  r e s u l t s  f o r  some o f  th e  m ain  

tw o-m edia  p ro b lem s i n  h e a t  c o n d u c tio n  i s  made*

(a) S o lu t io n  o f  a  v a r i e t y  o f  p ro b le m s*

The p ro b lem s s o lv e d  c o n c e rn  i n  a l l  c a s e s  a  u n ifo rm  

r o d ,  com posed o f  two d i f f e r e n t  m a t e r i a l s  i n  c o n ta c t ,  

medium 1  e x te n d in g  from  x = 0  t o  x  -  cl , a n d  medium 2  

e x te n d in g  from  x.» a, to  x ~ k . They in v o lv e  th e  d e t e r ­

m in a t io n  o f  th e  te m p e ra tu re s  ^  i n  medium 1  a n d  i n  

medium 2  a f t e r  tim e  £  , w here th e  i n i t i a l  a n d  b o u n d ary  

c o n d i t io n s  a r e  s t a t e d  b e lo w .

S ta te m e n t  o f  p ro b lem s s o lv e d *

1 .  End m a in ta in e d  a t  c o n s ta n t  te m p e ra tu re  % ,

end  * -  b r a d i a t i n g  to  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re *  

I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t*

2 .  End x ~ 0  a t  te m p e ra tu re  &0 , end  x = b  im p e rv io u s  

to  h e a t .  I n i t i a l  te m p e ra tu re  ze ro  th ro u g h o u t.



3 .  End X « 0  a t  te m p e ra tu re  0O , end  *  = b  k e p t  a t

zero* te m p e ra tu re .  I n i t i a l  te m p e ra tu re  z e ro  th r o u g h o u t .

4 .  End b m a in ta in e d  a t  c o n s ta n t  te m p e ra tu re  , 

end  x » 0  r a d i a t i n g  to  a n  a tm o sp h ere  a t  z e ro  te m p e ra tu re .  

I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t.

5 .  End x  = b a t  te m p e ra tu re  ,  end * = 0  im p e rv io u s

t o  h e a t .  I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t.

6 . End x  =b a t  te m p e ra tu re  0® , end  x = o k e p t  a t

z e ro  te m p e r a tu re .  I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t.

7 .  I n i t i a l  in s ta n ta n e o u s  te m p e ra tu re  d i s t r i b u t i o n  -f, (*) i n  

medium 1 ,  an d  fx (x) i n  medium 2 .  Ends £ - 0  a n d  x  =  b 

b o th  r a d i a t i n g  t o  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re .

8 ,9 ,1 0 ,1 1 ,1 2  ,1 3 ,1 4 ,  an d  1 5 . I n i t i a l  in s ta n ta n e o u s  temp­

e r a t u r e  d i s t r i b u t i o n  -f, (x) i n  medium 1 , a n d  fx(x) i n  

medium 2 ,  b u t  in v o lv in g  e a c h  o f  th e  e i g h t  o t h e r  p o s s ib l e  

c o m b in a tio n s  o f  end  c o n d i t io n s f  e . g .  r a d i a t i o n  t o  th e  

a tm o sp h e re  a t  one end w h ile  th e  o th e r  end i s  im p e rv io u s  

t o  h e a t  o r  i s  k e p t  a t  z e ro  te m p e ra tu re ,  e t c .

1 6 . End x =  0 a t  v a r i a b l e  te m p e ra tu re  , end  x  — b

r a d i a t i n g  to  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re  ( o r  im per­

v io u s  to  h e a t  o r  k e p t  a t  z e ro  t e m p e r a t u r e I n i t i a l  temp­

e r a t u r e  z e ro  th ro u g h o u t.



17* End x * b  a t  v a r i a b l e  te m p e ra tu re  , end * = O

r a d i a t i n g  t o  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re  ( o r  im per­

v io u s  to  h e a t  o r  k e p t  a t  z e ro  te m p e ra tu re )  • I n i t i a l

te m p e ra tu re  z e ro  th ro u g h o u t*

18* P ro b lem s in v o lv in g  more com plex i n i t i a l  a n d  b o u n d a ry  

c o n d i t io n s  th a n  th o s e  s t a t e d  above*

S in c e  we s h a l l  have  o c c a s io n  to  r e f e r  t o  Dr* G* G re e n 's  

r e s u l t s  i n  t h e i r  g e n e r a l  fo rm , th e y  a r e  f o r  co n v en ien c e  

g iv e n  be low  i n  e q u a t io n s  M  to  , w i th  th e  a p p r o p r i a te

m ean ings o f  th e  n o ta t io n *

n o ta t io n *

F o r  a  wave t r a i n  o r i g i n a t i n g  i n  medium 1 ,  a n d  i n i t i a l l y  

i n c i d e n t  on th e  b o u n d ary  X - & ,

A * r e f l e c t i o n  c o e f f i c i e n t  a t  X ® d . )

A = t r a n s m is s io n  c o e f f i c i e n t  a t  X ® d ,

?  *  r e f l e c t i o n  c o e f f i c i e n t  a t  X » b. I

C * r e t r a n s m is s io n  c o e f f i c i e n t  a t  x * a * .

C* * r e f l e c t i o n  c o e f f i c i e n t  a t  X — d .

A* = r e f l e c t i o n  c o e f f i c i e n t  a t  x . ^ 0 ,  '

I ~ 3C‘



kX.

£  (a \r Afi) =  e [i-A .A  ] (w)

5 =  -t̂ x  > <c =  A.A'bc  S,S,.e ^

D  -

(61)
S =  f t +  U-(b-Q^

J  (T o)

5,S*S

X and / i  a re  determined by the d if fe re n tia l  

equations governing the wave motion in  the two media [ s e e  

equation ($ I,

W a v e - tra in  Summations*

C ase  1 * P e r io d ic  so u rc e  a t  p o i n t  x > in  medium 1*

T o ta l  e f f e c t  a t  *  i n  1 (*  > **)

He

T o ta l  e f f e c t  a t  x  i n  1

= same e x p r e s s io n ,  x  a n d  in te r c h a n g e d . M

T o ta l  e f f e c t  a t  x  i n  2

=  /> " iA A.T, fL - t7i)

Case 2 * P e r io d ic  so u rc e  a t  p o i n t  i n  medium 2 .

T o ta l  e f f e c t  a t  x  i n  2 (*> * ,)

=  #  - e ^ ^  ]  (74

T o ta l  e f f e c t  a t  *  i n  2
= same e x p re s s io n ,  x  and  x, in te r c h a n g e d . (7$)



T o ta l  e f f e c t  a t  x  i n  1

SS fa  I * * £{lUb.x,)\s] ^  ' (76)

C ase 3 .  P e r io d ic  so u rc e  a t  b o u n d ary  X = 0 i n  medium 1 .

C ase 4 .  P e r io d ic  so u rc e  a t  b o u n d ary  x ~  b i n  medium 2 .

P ro c e d u re .

I n  th e  s o l u t io n s  t o  o u r  p ro b le m s ,  we r e q u i r e  t o  u se  

th e s e  r e s u l t s  a n d  t o  t r a n s l a t e  them  i n to  te rm s o f  th e  

u s u a l  n o t a t i o n  o f  h e a t  c o n d u c tio n  p ro b le m s .

P rob lem s 1 t o  b  in v o lv e  f in d in g  th e  te m p e ra tu re  

e f f e c t s  due t o  c o n tin u o u s  s o u rc e s  a t  x  * 0 a n d  x  » b 

r e s p e c t i v e l y .  We do t h i s  by  f i r s t  u t i l i s i n g  th e  p e r io d i c  

so u rc e  e f f e c t s  g ib e n  u n d e r C ases 3 an d  4 .  Sn  a p p l i c a t i o n  

o f  F o u r i e r 's  i n t e g r a l  th eo re m , in v o lv in g  th e  i n t e g r a t i o n  

o f  th e  p e r io d i c  s o l u t io n s  w i th  r e s p e c t  t o  A  y i e l d s  th e  

in s ta n ta n e o u s  s o u rc e  e f f e c t .  F i n a l l y ,  th e  c o n tin u o u s  so u rc e  

e f f e c t  i s  o b ta in e d  b y  i n t e g r a t i o n  o f  th e  in s ta n ta n e o u s

A c  ifl K i t  nuihir'atcr' H\t HM.5. *6 Wfon% \* o i m t f c A  I

T o ta l  e f f e c t  a t  x  i n  1 f r U M . 3 * s - e i ,A ] .  ^

T oa/tl e f f e c t  a t  x  I n  2*=  M *  f  f>\ i l  . (if)

ft W f  f 1
T o ta l  e f f e c t  a t  *  i n  2 — L M - -  £ j. (M)

(So)T o ta l  e f f e c t  a t  *  i n  1 =  /*«



J»-*K

i n s u l t  w i th  r e s p e c t  t o  t im e .

I n  th e  same w ay, th e  s o lu t io n s  to  p ro b lem s 7 to  15 

a r e  o b ta in e d  by  th in k in g  o f  th e  f i n a l  te m p e ra tu re  e f f e c t  

a s  b e in g  due t o  a  s e r i e s  o f  in s ta n ta n e o u s  h e a t  s o u rc e s  

i n i t i a l l y  d i s t r i b u t e d  a l l  a lo n g  th e  ro d , e a c h  in s ta n ta n e o u s  

so u rc e  e f f e c t  b e in g  o b ta in e d  from  th e  c o rre s p o n d in g  

p e r i o d i c  s o u rc e  e f f e c t  by  th e  u s u a l  i n t e g r a t i o n  w i th  r e s p e c t  

to  h  • T hese re q m ire  th e  p e r io d i c  so u rc e  e f f e c t s  a s  g iv e n  

i n  C ases  1  an d  2 .

P ro b lem s 16 an d  17 do n o t  d i f f e r  i n  n a tu r e  from  

num bers 1  t o  6 an d  a r e  a p p ro a ch e d  by  th e  same m ethod .

Those g ro u p ed  u n d e r  18 may in v o lv e  a  s u b d iv i s io n  o f  a  

p a r t i c u l a r  p ro b lem  i n to  s e v e r a l  p a r t s  and  a n  a p p l i c a t i o n  

o f  C ases 1 an d  2 to  one p a r t ,  a n d  o f  C ases 3 an d  4  to  a n o th e r .  

The f i n a l  e f f e c t  w i l l  th e n  be  a  sum m ation o f  th e s e  s e p a r a te  

e f f e c t s .

C o e f f i c i e n t s  common to  a l l  p ro b le m s.
\

The fo l lo w in g  r e l a t i o n s h i p s ,  d ep en d in g  a s  th e y  do on 

th e  p r o p e r t i e s  o f  th e  m edia i n  c o n ta c t ,  an d  n o t  on th e  

e x t e r n a l  b o u n d ary  o r  i n i t i a l  c o n d i t io n s ,  a r e  common t o  a l l  

th e  p ro b lem s 1 to  1 8 , an d  a r e  t h e r e f o r e  s t a t e d  a t  th e  o u t s e t .  

The h e a t  c o n d u c tio n  e q u a t io n s  to  be  s a t i s f i e d  b y  th e  s o l u t io n s

a r © * X A*
J&2L _  *  j&L , _  x. • «
Mr ~  1 J x *  ’ M  Sk*

i n  th e  two m edia r e s p e c t iv e ly .



A c o n s id e r a t i o n  o f  th e  w a v e - t r a in s  s e t  up b y  a n  

i n i t i a l  p e r i o d i c  s o u rc e  p r o p o r t io n a l  t o  £ a n d  

s a t i s f y i n g  e q u a t io n s  (#) g iv e s  th e  v a lu e s  o f  X a n d  /*■ 

t o  b e  __
^  *  F I  , ^  =  f ¥  ■ (fe)

The c o n d i t io n s  h o ld in g  a t  th e  b o u n d ary  x.=o, a r e  

-tr - at K
/ /

T hese d e te rm in e  th e  c o e f f i c i e n t s  A , A ,  C f an d  C 

w h ich  rem a in  th e  same i n  a l l  th e  problem s*

4 = -  d  , « *ftl

, c =  iA ** .
(S^

P rob lem  1*

•Rnd x.^0 m a in ta in e d  a t  c o n s ta n t  te m p e ra tu re  , 

end  x  = b r a d i a t i n g  t o  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re  • 

I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t.  [C ase 3 .*j.

I n i t i a l  a n d  b o u n d ary  c o n d i t io n s  a r e  *

Jkr^O.

<rt —  ̂ x * o  ? f o r  a l l  l a t e r  t im e s .

£2*- 
‘a 5 x



u .

E q u a t io n  $7) g iv e s  

t  =
A/A X j\ + 5

w here '

C«1

A l l  w a v e - t r a in s  w h ich  a t e  r e f l e c t e d  a t  

s u b j e c t  t o  z e ro  end  c o n d i t io n  t h e r e .  Thus

A . * - I .

x -  o a r e

(*?)

From C ase 3 ,  we now o b ta in  th e  te m p e ra tu re  e f f e c t

i n  medium 1  a n d  medium 2 due to  th e  p e r io d i c  s o u rc e  9pe
j

s i t u a t e d  a t  * - 0  . i t  i s  c o n v e n ie n t  t o  c a l c u l a t e  , 

|  (A3 a n d  5 ,5  w h ich  we f i n d  t o  be

-i- =  le. [x, + i/tfCjXutAX].
i  „  2e'* (uA+^fiK,4i.^«\4t!t ) + AH.

w here  A> -  a  = c .

dD =  r r r  -  A ,
S, 5t S

w here A =  X, + aA a \

A lso  S,5 —
5*?ioS

m

C1<)

<33

Hencey s u b s t i t u t i n g  i n  e q u a t io n s  37) a n d  (7$  ,  th e  
p e r io d i c  s o l u t io n s  a r e

-vr = &Be fX( &-> (d-x̂ X Auv +6̂ ] + l*w-(d-x)X 6»>jjAe\+9̂ j|.

^  =  M : '  "K, •
iW-

cw

(&(*)



I f  i n  e q u a t io n  (j6) , we l e t  th e  r i g h t  s id e  *  ,

th e n  th e  in s ta n ta n e o u s  s o lu t io n s  a r e

Ik» T C I ^
0

_ - i - f  J iM-irj ^

-  4
-''Lf r -dC5v

w here  th e  sum m ation i s  o v e r  th e  r o o t s  o f  th e  e q u a t io n  

A = 0 , a n d  th e  i n t e g r a t i o n  h a s  b e en  p e rfo rm ed  o v e r  th e  

u s u a l  c o n to u r .

A t th e s e  r o o t s ,  F (\)  s i m p l i f i e s  an d  g iv e s

r   k T  e . e ~ K ^  x  (<h)
1 ~  ‘  , L -

S im i la r ly

„  =  _ 2 x ,K iy  g * » 4  ^ - * > ^ 1  w
* —  HX

The e f f e c t  due t o  a  c o n tin u o u s  so u rc e  ^  a t  x. =  0 ±Q 

o b ta in e d  from  e q u a t io n s  fly) and  M  by  i n t e g r a t i o n  w i th  

r e s p e c t  t o  t im e .

v, =

*  ftj) _ JSaJu* j + tu~ ~ ~ —  (w)



4*

=  -  m , Z L  [ I -  e
X

—  ~K« +  jqO»-») + ze.1<,21 ^ ‘̂ (‘,~J‘)S~*^ - p~ ^  6ê
* * x & £

w here S  =  'Ki’Kj. t  k,.(fc,c +  "Kt a ] .

Summary o f  r e s u l t s  f o r  th e  te m p e ra tu re  e f f e c t  th ro u g h o u t  

a  tw o-m edia  ro d  due t o  te m p e ra tu re  0O a t  x  = 0  , w here 

t h e r e  i s  r a d i a t i o n  t o  a n  a tm o sp h e re  o f  z e ro  te m p e ra tu re  

a t  end  x, =  b .  I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t*

P e r io d ic *
tieV

IkV

ftr)

< 5 . =  K ,  K w - ^ x + e t V

I n s ta n ta n e o u s  •

>tr =  -A&0'K<K 4y" • ^ ^  € _
*—  ax̂ <v\  a &

dLX
=  _ae,w,K y  c 1 w»)

* *4—  a A
av

C on tinuous*  ~x\V

V *  {ufi -  ^ 4 ^  1 + \  "*? aV e ■ ’ ft1?)» *L S ; '*— \ au*a\

=  e . K , + 2 8 X 1 1  * ■■ H
® ~a3r

w here jZuv^t — ? 6 — ^ ”Kx + i% ifK c ^^t® ]

A SB K,(«>*>* a** 4̂ t) ^

OoO

an d  th e  sum m ations a r e  o v e r  th e  p o s i t i v ^ o o t s  o f  A = 0 .



p ro b lem  2 *

End x  * o a t  te m p e ra tu re  , b u t  end  x  = fc> Im p erv io u s  

t o  b e a t*  I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t*

Then c o n d i t io n  (Si) becom es

thus 'B -  + * 7 if,  K  —  \  0

W ith  t h i s  v a lu e  o f  ^  , r e  s u i t s  (9*) to  0*i a r e  

th e n  th e  s o l u t io n s  t o  p ro b lem  2 .

P rob lem  3*

End - o  a t  te m p e ra tu re  9+ , b u t  end  k e p t  a t

z e ro  te m p e ra tu re .  I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t*

T hen, c o n d i t io n  ff i)  becom es

W ith  t h i s  v a lu e  o f  , r e s u l t s  (fr) to  0*0 a r e  

th e n  th e  s o l u t io n s  to  p ro b lem  3*

Prob lem  4 .

End x= l>  m a in ta in e d  a t  c o n s ta n t  te m p e ra tu re  , end  

x  =■ 0 r a d i a t i n g  to  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re *  

I n i t i a l  te m p e ra tu re  z e r o ,  [c a s e  4 ] •

I n i t i a l  and  b o u n d ary  c o n d i t io n s  a r e



^  2=5 &.o ; f f o r  a l l  & a te r  t im e s

ft. | f - =  , x = o .

0°3>

(loli)

E q u a tio n s  (,o3) an d  0*$ g iv e

B »  - /  t»o*)

(lOfc)

r  ^  K \  
w here  lavv r< x ,

Prom C ase 4 ,  we now o b ta in  th e  te m p e ra tu re  e f f e c t s
iiefi n  medium 1  an d  medium 2  due to  th e  p e r io d ic  so u rc e  

a t  x = b .

P e r i o d i c «
A A&

\ r  «  e XK*. 0*7)

■1£ =  £ ffC, (<r7i<x\'t8) /t(x-a)X -f y U )ab /<(x-a)X] (ieS)

w here A  — (& {p\+%?) Auvp*\ +- (aX+fy) us . C10f)

C o n v e r tin g  th e s e  now to  th e  in s ta n ta n e o u s  s o lu t io n s  

b y  m eans o f  th e  u s u a l  c o n to u r  i n t e g r a t i o n ,  we have

In s ta n ta n e o u s  •

^  - - 2 S . J L - K ^,Z I-  ° '0’
vH-

^  A?X * V~ x A*~ £ (III)

w here th e  sum m ation i s  o v e r  th e  p o s i t i v e  r o o t s  o f  th e  equ­
ation & -  0.



F i n a l l y ,  i n t e g r a t i o n  w i th  r e s p e c t  to  tim e  g iv e s  th e  

e f f e c t s  due t o  th e  c o n tin u o u s  so u rc e  a t  *  = b  •

C on tinuous*
-*K.Vok

v ,  =  e. ^
*

£y) Au /AAE =  B [/ -  + a S U K j-  £ £ & . , / * * *  (J,i)
S 1 \  4Ac AuX. .

w here

A  =  Kjt^^X+Si) A<\ +• y U - A^(aV+P, ) to»̂ k«X. .

S + A fK (c + 7 ^ ]  .

ifiu)

an d  th e  sum m ations a r e  o v e r  th e  p o s i t i v e  r o o t s  o f  A ~ 0 .

These r e s u l t s  C(ojJ t o  (a a) c o rre sp o n d  t o  r e s u l t s  

t o  r e s p e c t i v e l y .  The one s e t  b e a r s  to  t h e  o th e r  a  

r e c i p r o c a l  r e l a t i o n s h i p .  F o r  th e  one s e t ,  x  , \  ,  K , ,  0, 

i n  medium 1  c o rre sp o n d  t o  (*>-«) ,  / A  , r e s p e c t ­

i v e l y  i n  medium 2 f o r  th e  o th e r  s e t .

P rob lem  5 .

End x  = b a t  te m p e ra tu re  &> , b u t  end x- = O im per­

v io u s  t o  h e a t .  I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t.

T hen, c o n d i t io n  (l0$  becom es
M l. *  0 , X. = 0  bx 1

a =» -4-1 ic 0 *  ^  i -I*. =  0 .Thus Hc > "  1 2- »

W ith  t h i s  v a lu e  o f  6, , r e s u l t s  lloi) t o  ("<#) a r e



th e n  th e  s o l u t io n s  t o  p rob lem  5

prob lem  6*

End x  = b a t  te m p e ra tu re  ,  b u t  end  x .= 0  k e p t

a t  z e ro  te m p e ra tu re *  I n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t*

Then, c o n d i t io n  becom es 
\rt — o , x  =>o

W ith  t h i s  v a lu e  o f  8, , r e s u l t s  i!°l) to  a r e

th e n  th e  s o lu t io n s  to  p rob lem  6*

P rob lem  7*

I n i t i a l  in s ta n ta n e o u s  te m p e ra tu re  d i s t r i b u t i o n  [, (*•> 

i n  medium 1 , an d  i n  medium 2* Ends * an d  *• = b

b o th  r a d i a t i n g  t o  a n  a tm o sp h ere  a t  z e ro  te m p e ra tu re *

[ c a s e s  1  an d  2*]

I n i t i a l  an d  bo u n d ary  c o n d i t io n s  a r e

Thus ift, d { = o  ,

•»* t  =  o ( " $ )

(lit)

(»>7)

^  T h is  p rob lem  i s  t r e a t e d  and  th e  same r e s u l t s  re a c h e d  

by  H .S .C a rs la w  i n  “ The C o n d u c tio n  o f  H eat11, 1921 , p  2 1 3 , 

and  b y  G G reen  i n  P h i l .  Mag. s e r .7 ,  vo l.x x x v , 1944, p  529 .



P e r io d ic  S o lu t io n s *

ikJcA p e r io d i c  h e a t  so u rc e  fye a t  x = x ( i n  medium 1 

g iv e s  th e  e f f e c t s  s t a t e d  u n d e r  Case 1 ,  w here y? =  A  75C 

T h is  v a lu e  o f  ft i s  d e te rm in e d  by c o n s id e r a t io n  o f  th e  

f a c t  t h a t  a t  , th e  c o n d i t io n s  f o r  a  p e r io d i c  h e a t
ikJt

so u rc e  ~  , “ K, \?& t ~ I n c l  ~ fyie  have to  be

s a t i s f i e d *

E q u a tio n s  9Q and  («7) g iv e

’ f l . - e i0r-**) ( (,,f)
B = ^ = 4 ^  W)

As i n  p ro b lem  1 ,  we f i n d  th e  e x p re s s io n s  f o r
X

and 5,5 *
J * ** /*- Qj) r «

-f- = 2e [ \  UH[o\+et) + )], (•*<>)

-4 - =• l e  luvjjuX+fiJ + • ^ * )

j-k i ' „-*uX+e. +ea) (t^ = i*-x e A
(I**)

w here A  = X, kn (x\^&t) -tyk'K]L/iu^(a\+9,) ,
i(a\+9,)

a l s o  5,S =  5 — =  \ iCi [iX, + u7(,

Then from  C ase 1 ,  we have 

x -> x0 *rt =

x ^ xi =  same e g r e s s i o n  w ith  x  an d  x, i n te r c t e n g e d .  0z£



ihJr
A p e r io d i c  h e a t  so u rc e   a t  * = i n  medium 2

g iv e s  th e  e f f e c t s  s t a t e d  u n d e r  Case 2 , w here 2>cK^\
S u b s t i t u t i n g  in  e q u a t io n s  (7*) , (7$) and  (7 O  , we have

A

e1*1* a4w{tiik-x.>^4e^

X [K| Co (d\+$ iu- o\\ ^Ka /i^V0) ]̂ 0 2 )̂

■ same e x p re s s io n  w i th  x  an d  x , in te r c h a n g e d , (ni)

I n s ta n ta n e o u s  S o lu t io n s .

E f f e c t s  due to  th e  in s ta n ta n e o u s  h e a t  so u rc e  fy, 

a t  x - x . ,  i n  medium 1 a r e  o b ta in e d  b y  i n t e g r a t i n g  th e  

p e r i o d i c  so u rc e  e f f e c t s  i n  e q u a t io n s  Ov*) f Qz$) an d  ( /^  w i th  

r e s p e c t  t o  ^  • We f i n d  t h a t  t h i s  i n t e g r a t i o n ,  p e rfo rm ed , 

b y  means o f  th e  u s u a l  c o n to u r ,  g iv e s  a  sum m ation o f  te rm s  

w h ich  depend  on th e  r o o t s  o f  th e  e q u a t io n  A> =  0 w here /X 

i s  d e f in e d  i n  e q u a t io n  (iti) ab o v e .

A t th e s e  r o o t s  th e  p a r t  in s id e  th e  sq u a re  b r a c k e t  

i n  e q u a t io n  (W  becom es m o d if ie d  to

~K. itu

H ence, in s ta n ta n e o u s  e f f e c t s  a r e  
    < L t f  £  * * *  A4̂ (x\V04 ) d t* > * .,  *, -  r J'  ~ A  -------- --------

2, X Q, T” )/&***. (x\4fi) g (llo )



ss:

S in c e  t h i s  i s  sy m m etrica l i n  X a n d  X, , i t  a l s o  

c o n s t i t u t e s  th e  r e s u l t  f o r  x X x , i n  medium 1 .

S i m i l a r ly ,

'C = - 2 k.q, V” (*, V * ft) e ̂
^CT

E f f e c t s  due t o  th e  in s ta n ta n e o u s  h e a t  so u rc e  a t

£  -  *1 i n  medium 2 a r e  o b ta in e d  from  e q u a t io n s  (117) ,  (/*#) , 

an d  (itf) •

^  =  - 2 * , ^ F  ' ( , ^
d v

'KXV
X  >  x  =  - 2 , *  4 c  (1̂ )1, x ‘la*— 4i^O.€X+ )̂ .

w here th e  p a r t  i n  th e  sq u a re  b r a c k e t  i n  e q u a t io n  fo£) h a s  

b e e n  m o d if ie d  due to  th e  sum m ation a g a in  b e in g  o v e r  th e  

r o o t s  o f  th e  e q u a t io n  A =  0 • E q u a tio n  0%) i s  sy m m etrica l 

i n  x  an d  x, , and  hence  g iv e s  th e  r e s u l t  f o r  x  ^ x, i n  

medium 2 •

Summary o f  r e s u l t s  f o r  th e  te m p e ra tu re  e f f e c t  th ro u g h o u t 

a  tw o-m edia  ro d  due t o  a n  in s ta n ta n e o u s  h e a t  so u rc e  

a t  x « x , i n  medium 1 ,  an d  due to  an  in s ta n ta n e o u s  h e a t  

so u rc e  fyt a t  * «*» i n  medium %, w here th e r e  i s  r a d i a t i o n  

t o  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re  a t  b o th  ends o f th e  ro d .

P e r i o d i c .

S o u rce  a t  x  = », i n  medium 1 .



P e r io d ic *

S o u rce  a t  i n  medium 1*

1 C  >x.=■„ -tj = eM  iu± (*A+a)

\  [-K, cjx + uTii AtwA'tlV 02**)

vcr_ game esq x ressio n  w i th  ^  a n d  *, in te rc h a n g e d *  ('**)

(u6)

S o u rce  a t  *. = *y i n  medium 2*

*- v^c,, <£ =  e ^  ^  jV u -* )X 4 ^

\[K,<r?(aV̂ iuv }i(x,-»)k + &>/*(*''A)x] 0 )̂

^ = s a m e  e x p re s s io n ,  *  an d  *, in te r c h a n g e d . 0*?)

w here  / - = TTk a

I n s ta n ta n e o u s  •

/*
 i i —

iytK^X

S o u rce  a t  ^  i n  medium 1*

S =  - z n  a  y  4 *L (*tV f9 ,) A^6^V4e<) e

‘T‘̂  A^V<e.)

4T -  _ VK,<̂ f~ /A^-^X-fg-x ̂  g

'X(\V

K.V*

(la7)

O^o)

<»3»)

S o u rce  a t  *« = *. i n  medium 2 .
-%\V

4  ̂ s  ~2 K(q y* +&-̂  AuUfcVtfl.) £
4 n r

>U «  -  2 %  a  y  1Um . ( o^ + B ' )  /W  fc-fc~*A A ? g

jto*(̂ <cV+€̂ )

- -kaV

w here J2ua.8, = ~j“ /A.
and

(137.)

0*5)

(/%)



an d  th e  sum m ations a r e  o v e r  th e  p o s i t i v e  r o o t s  o f  th e  

e q u a t io n  A =*0 .

The f i n a l  s o l u t io n  to  p rob lem  7 ,  nam ely  th e  tem p er­

a t u r e  th ro u g h o u t  th e  ro d  due to  a n  i n i t i a l  d i s t r i b u t i o n  

i n  medium 1 an d  in  medium 2 can  be  o b ta in e d

from  th e s e  in s ta n ta n e o u s  so u rc e  r e s u l t s  b y  p u t t i n g

^  i n  e q u a t io n s  and  ((3t) , a n d  in te g ­

r a t i n g  from  x , - 0  t o  -  & ,  an d  by  p u t t i n g

i n  e q u a t io n s  0**) an d  0™) 9 an d  in te g ­

r a t i n g  from  x ( = d  t o  < r  ^  . The sum o f  th e  r e s u l t s

d e r iv e d  from  th e  e q u a t io n s  Ĉ °) an d  03*) w i l l  g iv e  th e  

te m p e ra tu re  a t  ^  i n  medium 1 a f t e r  tim e  , w h ile  th e  

sum o f  th e s e  d e r iv e d  from  e q u a t io n s  M  an d  (jn) w i l l  

g iv e  th e  te m p e ra tu re  a t  x  i n  medium 2 a f t e r  tim e  k  •

P rob lem s 8 ,9 ,1 0 ,1 1 ,1 2 ,1 3 ,1 4  an d  15*

I n i t i a l  te m p e ra tu re  d i s t r i b u t i o n  {,(*) i n  medium 1 

an d  i n  medium 2 ,  b u t  in v o lv in g  each  o f  th e  e ig h t

o t h e r  p o s s ib l e  c o m b in a tio n s  o f  th e  end  c o n d i t io n s  j 

e . g .  r a d i a t i o n  to  a n  a tm o sp h ere  a t  z e ro  te m p e ra tu re  a t  one 

e n d ?w h ile  th e  o th e r  i s  im p erv io u s  to  h e a t  o r  k e p t  a t  z e ro  

te m p e ra tu re .

The s o lu t io n s  to  p rob lem  7 r e q u i r e  t o  be m o d if ie d  

o n ly  w i th  r e g a rd  t o  th e  v a lu e s  o f  8, an d  in  o rd e r



*8.

t o  g iv e  th e  s o l u t io n s  to  th e s e  e i g h t  p rob lem s*  I f  th e  ends

*  « 0 and  x  * b a r e  im p e rv io u s  to  h e a t ,  th e n  f ,

a n d  ft * ~ I f  th e s e  ends a r e  k e p t  a t  z e ro  tem p er­

a t u r e ,  th e n  - I  , and  9( = 0 . By c h o o s in g  th e

a p p r o p r i a t e  v a lu e  f o r  B, an d  0*, , we o b ta in  th e  temp­

e r a t u r e  e f f e c t  w i th  a n y  c o m b in a tio n  o f  th e s e  end  c o n d i t i o n s .

I t  sh o u ld  be n o te d  t h a t  i f  ft, = K,  B( , l = b ?

• ~  = , t h e n  r e s u l t s  (!*«>) , (r*i) , Gaa) , an d  0*3) a l l

re d u c e  t o  •

^  =  Au ^B, Ajlu ( x \ + d t ) A ^ ( i X + & i )  e
n L - ; 4 ^ — —

w h ic h  i s  th e  c o r r e c t  r e s u l t  f o r  a  one medium ro d  w i th  a n

in s ta n ta n e o u s  h e a t  so u rc e  s i t u a t e d  a t  The

sum m ation i n  t h i s  c a se  i s  o v e r  th e  r o o t s  o f  th e  e q u a t io n  
A. -  K — 0 .

P rob lem  1 6 .

End x  = o a t  v a r i a b l e  te m p e ra tu re  4> , end  = b

r a d i a t i n g  to  a n  a tm o sp h e re  a t  z e ro  te m p e ra tu re  ( o r  im per­

v io u s  to  h e a t  o r  k e p t  a t  z e ro  te m p e r a tu r e ) .  I n i t i a l  tem p­

e r a t u r e  z e ro  th ro u g h o u t.

The p e r io d ic  a n d  in s ta n ta n e o u s  s o lu t io n s  r e l a t i n g  to  

t h i s  p ro b lem  a r e  s i m i l a r  t o  th o s e  g iv e n  i n  e ^ Q a tio n s  W*) 

t o  (St) ,  w here i n  t h i s  c a se  £ = 0O s  W. We th e n  have



4j.

I n s ta n ta n e o u s  *

aT, =• -'X &,{£) K*, ^  * aX**- ikt\+&T,) it**xV £ '"***'
/4vL.oN«

-  4M  £  XW  e-"*4* *  M

-*£ =  -  Z<f>, (fc)Kl'K,J~ X w f M fa - ^ x + e ^  e

w here th e  m ean ings o f  X(N) an d  a r e  obvious*

C o n tin u o u s  e f f e c t s  a r e  th e n  g iv e n  by

^  -  7L V(S)f 4>, (k-fi ctk' im)
0

f o r  m ed ia  1  a n d  2 r e s p e c t i v e l y ,  w here /W  P* a n d  A 

a r e  d e f in e d  i n  e q u a t io n s  (»®0 a n d  th e  sum m ations a r e  o v e r 

th e  p o s i t i v e  r o o t s  o f  th e  e q u a t io n  A =  0-

P rob lem  17*

End x  = b a t  v a r i a b l e  te m p e ra tu re  end *  = °

r a d i a t i n g  t o  th e  a tm o sp h e re  a t  z e ro  te m p e ra tu re  (o r  im per­

v io u s  t o  h e a t  o r  k e p t  a t  z e ro  te m p e ra tu re )*  I n i t i a l  temp­

e r a t u r e  z e r o  th ro u g h o u t*

J u s t  a s  th e  s o lu t io n s  t o  p rob lem  16 b e a t  a  s im p le  

r e l a t i o n s h i p  t o  r e s u l t s  (9*1 to  <3M> , so  can  th e  s o lu t io n s  

t o  p ro b lem  17 b e  d e r iv e d  from  r e s u l t s  $°7) to  ln0 •

The c o n tin u o u s  e f f e c t s  a r e  o b ta in e d  i n  th e  same way 

a s  r e s u l t  ilV) i s  o b ta in e d  from  i*$) and  0*6) above*



P rob lem  18*

P ro b lem s in v o lv in g  more com plex i n i t i a l  an d  b o u n d a ry  

c o n d it io n s *

U nder t h i s  h e a d in g , i t  i s  in te n d e d  to  m en tio n  p o s s ib l e  

e x te n s io n s  o f  th e  above r e s u l t s  to  more com plex prob lem s*

A tw o-m edia  r o d ,  f o r  i n s t a n c e ,  w i th  d i f f e r e n t  c o n s ta n t  

te m p e ra tu re s  m a in ta in e d  a t  e ac h  end an d  i n i t i a l  te m p e ra tu re  

z e ro  th ro u g h o u t w i l l  r e q u i r e  th e  s u b d iv is io n  o f  th e  p ro b lem  

i n to  two p a r t s *  He s u i t s  to  p ro b lem s 3 an d  6 th e n  g iv e  th e  

two s e p a r a te  e f f e c t s  w i th  th e  a p p r o p r i a te  v a lu e s  f o r  B0 , 

th e  end  te m p e ra tu re s  a t  a n d  <-=  b  , a n d  th e  in

a d d i t i o n  g iv e s  th e  t o t a l  e f f e c t*

I n  th e  same w ay, a  tw o-m edia ro d  w i th  v a r i a b l e  temp­

e r a t u r e s  an d  a t  ends x.=o a n d  x.= b r e s p e c t ­

i v e l y ,  a n d  i n i t i a l  te m p e ra tu re  z e ro  th ro u g h o u t,  r e q u i r e s  

th e  a d d i t i o n  o f  th e  s o lu t io n s  to  p ro b lem s 16 a n d  17 w ith

S i m i la r ly ,  i f  i n  a d d i t i o n  to  h a v in g  a  te m p e ra tu re  so u rce  

a t  one o r  b o th  e n d s , t h e r e  i s  a n  i n i t i a l  te m p e ra tu re  

d i s t r i b u t i o n  th ro u g h o u t th e  r o d ,  them  th e r e  wi l l  be  a n  

e f f e c t  due t o  t h i s  d i s t r i b u t i o n  g iv e n  b y  th e  s o lu t io n  to  

p ro b lem  7 ( o r  one o f  i t s  m o d if ic a t io n s  8 t o  is ) *  A sum m ation 

o f  e f f e c t s  a g a in  g iv e s  th e  f i n a l  r e s u l t*

P rob lem s in v o lv in g  boundary  c o n d i t io n s  o th e r  th a n  

th o s e  m en tio n ed  h e re  can a l s o  be  s o lv e d  b y  f i n d in g  th e



tol.

a p p r o p r i a te  e q u a t io n s  g o v e rn in g  th e  h e a t  t r a n s m is s io n  

a t  th e  en d s o f  th e  ro d  an d  hence th e  v a lu e  o f  th e  c o e f f i c i e n t s  

a n d  1?> ( i . e .  Bt a n d  fl* ) .  F o r i n s t a n c e ,  th e  p re s e n c e

o f  a  l a r g e  m ass a t  th e  end o f  th e  r o d ^ * - b ? w i l l  a f f e c t  

th e  v a lu e  o f  £  ( i . e .  o f  a n d  w i l l  a l s o  c o n t r ib u te

a n  i n i t i a l  q u a n t i t y  o f  h e a t  to  th e  sy s tem  d ep en d in g  on 

i t s  m ass , s p e c i f i c  h e a t  and  i n i t i a l  te m p e ra tu re #  T h is  p ro b ­

lem  c an  th e n  b e  d e a l t  w i th  b y  a  s l i g h t  e x te n s io n  to  th e  

m ethods o u t l in e d  i n  p rob lem s 1 t o  1 7 . I n  e v e ry  p ro b lem  ? 

th e  s o l u t io n  w i l l  be found  to  be d ep en d en t on th e  r o o t s  o f  

a n  e q u a t io n  o f  th e  form  w here Q an d  0* w i l l

h av e  v a lu e s  d e p en d e n t on th e  boundary  c o n d i t io n s  a t  x  = o 

and  x  *  b .



(b) The r o o t s  o f  th e  g e n e r a l  e q u a t io n  A — O ,

A l l  th e  r e s u l t s  w h ich  have  b e e n  d e r iv e d  above  a r e  

d e p e n d e n t on th e  p o s i t i v e  r o o t s  o f  a n  e q u a t io n  A  =  0  , 

w here  A  I s  d e f in e d  f o r  d i f f e r e n t  p ro b lem s i n  e q u a t io n s  

001) , (ni+) a n d  # One c a n n o t f a i l  to  n o t i c e  th e

s i m i l a r i t y  o f  fo rm  o f  th e s e  e x p re s s io n s *  The e q u a t io n  I n  

i t s  m o st g e n e r a l  foxm i s

"K( {jBl (AN+0,) i**- = O

w h e re*  ^  6% =  *

I f  we p u t  ”X " =  t h i s  becom es

U »{aU e) lr?^UcXtfy) [ (TJCou^ jjUc \tf ij  + ^ (oX + e,)] = o  ('3*)

Where ^  ^  = .

K.S* C a rs  law* h a s  made a  s tu d y  o f  th e  r o o t s  o f  t h i s  

e q u a t io n  [ w r i t t e n  i n  a  s l i g h t l y  d i f f e r e n t  fo rm ] f o r  th e  

s p e c i a l  c a s e  w here 8, * 0* ® 0 . He shows t h a t ,  f o r  t h i s  

s im p le r  c a s e ,  t h e r e  i s  a n  i n f i n i t e  num ber o f  r e a l ,  non­

r e p e a te d  ro o ts *  The p r o o f  u se d  by  C arslaw  to  show t h a t  

t h e r e  w ere  no  im a g in a ry  r o o t s  to  h i s  e q u a t io n  can  be 

a p p l i e d  t o  th e  more g e n e r a l  e q u a t io n  (i3S) i n  o r d e r  to  

e s t a b l i s h  th e  same f a c t  w i th  r e s p e c t  t o  i t *

*  The v a lu e s  o f  ? a n d  9X f o r  s p e c i a l  p rob lem s m en tio n ed  

u n d e r  h e a d in g  18 w i l l  depend on th e  end c o n d it io n s *

+ H e f. ao.



We show t h a t  th e  r o o t s  a r e  i n f i n i t e  i n  num ber a n d  

n o n - r e p e a te d  b y  r e c o g n is in g  t h a t  th e  r o o t s  o f  e q u a t io n

w h ic h  we r e q u i t e  a r e  th e  p o s i t i v e  r o o t s  o f
+- t e -  ^.v+e,) =  o

an d  th e  common p o s i t i v e  r o o t s  , i f  a n y , o f

tobVtP,) =0 ? ca, J ^ \ 4 ^ ) s O  < M

R o o ts  o f  e q u a t io n  (ity).

G e n e ra l  case*

E q u a tio n  03<0 c an  b e  w r i t t e n

-  -  <r CM

w here W  9, ~ y ~ *xX.

A g r a p h ic a l  m ethod o f  f in d in g  ft a n d  f t  f o r  v a ry in g  

v a lu e s  o f  X  e x i s t s  o n ly  i f  <*, an d  a r e  v e ry  sm all*

X c a n  th e n  b e  c h o sen  a s  th e  in d e p e n d e n t v a r i a b l e ,  w h ile  

th e  ^  - a x i s  i s  m arked o f f  i n  u n i t s  t o  m easure  w i th

t h e  v a lu e  o f  th e  a n g le  8 m arked o p p o s i te  e a c h  m easure*

I f  tw o l i n e s  th ro u g h  th e  o r i g i n  )} = ^  X  ,  an d  fj ~ 

a r e  d raw n , th e  v a lu e s  o f  0, a n d  f o r  a n y  v a lu e  o f

c a n  b e  r e a d  o f f  [s e e  F ig u se  io].

F o r  g r e a t e r  a c c u ra c y ,  how ever, an d  f o r  a l l  b u t  sm all  

v a lu e s  o f  a n d  <4t ,  th e  m ost e f f i c i e n t  m ethod o f  f i n d ­

in g  ft an d  8*, i s  s im p ly  t o  t a b u la t e  an d  f o r

v a ry in g  X  a n d  th u s  f i n d  8 ,  an d  •

F o r  e v e ry  v a lu e  o f  X  ,  th e  c o rre s p o n d in g  v a lu e  o f  

i s  now ad d ed  t o  oA ,  an d  s i m i l a r ly  o f  &x i s  a d d ed  t o





fa.

Ait's , an d  th e  g ra p h s  o f

4  ^  dux)

Aj Aeu*-(/tx<\ \  ̂  du?>)

p l o t t e d  on  th e  same diagram *

The v a lu e s  o f  X a t  t h e i r  p o in t s  o f  i n t e r s e c t i o n  

c o n s t i t u t e  th e  tm tm t r o o t s  o f  e q u a t io n  a n d  c an  be  

se e n  t o  b e  i n f i n i t e  i n  num ber an d  n o n -re p e a  ted *  [se e  F ig* llj«

S p e c ia l  C ases*

1* I f  oi, a n d  dx a r e  v e ry  s m a ll ,  t h i s  m ethod c an  be 

m o d if ie d  b y  u s in g  th e  f i r s t  a p p ro x im a tio n  f o r  0 -  an d  

an d  e q u a t io n s  (to) and  (to) can  be  w r i t t e n

= tCUU ((I +4/}\ y  ̂  ̂̂ '

2* I f  <*< a n d  <*% a r e  v e ry  l a r g e ,  th e n  0, and  K  may

b e  assum ed e q u a l  t o  \ ~ £ % ,  an d  r e s p e c t i v e l y ,

w here t ,  = a n d  a n d  a n d  £* a r e  b o th

sm all*

E q u a tio n s  (to) a n d  (to) th e n  become ^

A j = p ^ ( o \ - U )  , = - £

3 a n d  4* <*, an d  e q u a l  t o  z e ro  o r  i n f i n i t y *

F i n a l l y ,  i f  i t  i s  known t h a t  one o r  b o th  o f  th e  ends 

o f  th e  ro d  i s  e i t h e r  im p e rv io u s  t o  h e a t  o r  k e p t  a t  z e ro  

te m p e ra tu re ,  th e  e q u a t io n s  ( to ) an d  ( to )  r e q u i r e  to  have

th e  a p p r o p r ia te  v a lu e s  f o r  0, an d  \  i n s e r t e d ,  nam ely
0 or X -2»



The q u e s t io n  o f  when th e  two c u rv e s  w i th  e q u a t io n s  

(/fci) a n d  (j1*-?) s e t t l e  down t o  h a v in g  a  r e g u l a r  p h a se  

d i f f e r e n c e  dep en d s on th e  m agnitude  o f  oC, an d  d x . I f  

th e s e  a r e  s m a ll ,  th e n  o v e r  a  l a r g e  ran g e  o f  X , th e  

v a lu e s  o f  a n d  0*, w i l l  v a ry  n o n - l i n e a r l y ,  a n d  h ence  

th e  r o o t s  w i l l  o c c u r  w ith o u t  r e g u l a r i t y .  I f ,  how ever,

<*, a n d  d% a r e  l a r g e ,  th e n  even f o r  f a i r l y  s m a ll  v a lu e s  

o f  X ,  Bf a n d  d% w i l l  te n d  to  \  an d  th e  c u rv e s  w i l l  

soon  a p p ro x im a te  to

tj = jtcu* {aW -!p) f =: 4 .

Common r o o t s  o f  e q u a tio n s  ('4o)>

G e n e ra l  c a s e .

e f , ( x \ + f , )  = o |

(mj/LtX+Q) =  O )

The common r o o t s  a r e  found  h y  d raw in g  on th e  same 

d iag ram  th e  g ra p h s  o f

^ — u*» ( a . \-4-9,̂  y t o

w here — ci,\ y fo^  = dx\  ,

an d  f i n d in g  w here  th e y  c r o s s  th e  X - a x i s  c o n c u r r e n t ly .

The c o n d i t io n  t h a t  th e  e q u a t io n s  Cof>x^=o an d

s h a l l  have common r o o t s  i s  t h a t

^  =• ^  =  r a t i o  o f  two odd i n t e g e r s ,  an d  th e  common r o o t s

a r e  th e n  a t  thZ, , £*i.K  , ,  - - *
9 * zf>



S p e c ia l  c a s e s .

! •  I f  oC, a n d  cLx a r e  v e ry  s m a ll ,  th e  f i r s t  a p p ro x im a tio n  

f o r  0, an d  f}t  may be  u se d  i n  e q u a t io n s  (•&>) a n d  th e  cond­

i t i o n  f o r  common r o o t s  i s  t h a t

—  =  r a t i o  o f  two odd i n t e g e r s .

2 .  I f  oL, a n d  a r e  v e ry  l a r g e , we can  l e t  $ -  -§• -  ,

8X'  ^ w h e r e  6, an d  £x a re  sm a ll  an d  ^  j y  -

E q u a tio n s  become

. A«v(4K - ^ )  = 0  ,

a n d  th e  common r o o t s  a r e  found  g r a p h i c a l l y .

3 .  I f  d, a n d  a r e  z e r o ,  9t -  8%* 0  an d  e q u a t io n s  (/4 o)

become
it? (C'k 5=5 0 y ^  O

T hese have  common r o o t s  i f

=  2k =r r a t i o  o f  two odd i n t e g e r s .

4 .  I f  <*, a h d  Ux, a r e  i n f i n i t e ,  Bx ~ TL. and  e q u a t io n s  ('***>)

become
dX s= 0 ? £u*. ̂ *c\ SS 0

T hese h ave  common r o o t s  i f

•jfe *  *  r a t i o n a l  num ber.

I t  w i n  e a s i l y  b e  a p p r e c ia te d  t h a t  o n ly  f o r  v e ry  few  

s im p le  c a s e s  w i l l  e q u a t io n s  fao) have common r o o t s  w h ich  

a r e  s m a ll  and  o f  th e  same o r d e r  a s  th e  f i r s t  few  r o o t s



o f  e q u a t io n  (t3f) • S in c e  th e  r e s u l t s  s t a t e d  i n  p ro b lem s 

1  t o  IS  a r e  n o t  o f  p r a c t i c a l  v a lu e  u n le s s  th e y  c an  be 

s im p l i f i e d  by  r e q u i r i n g  o n ly  th e  f i r s t  few  te rm s o f  th e  

sum m ation p a r t ,  o u r  t a s k  in  s o lv in g  th e  e q u a t io n  d  = 0  f o r  

p r a c t i c a l  w ork c o n s i s t s  o f  f in d in g  th e  f i r s t  few r o o t s  o f  

t h i s  e q u a tio n *  These a r e  u s u a l ly  g iv e n  by  e q u a t io n  (ty) $ 

an d  th e  common r o o t s  o f  e q u a tio n  CM a r e  u s u a l ly  o u tw ith  

th e  ra n g e  o f  X r e q u i r e d  f o r  th e  sum m ation, [ s e e  s e c t io n  (c)

The w r i t e r  h a d  h o p ed , a f t e r  a  s tu d y  o f  e q u a t io n  

t o  be  a b le  to  d e v is e  a  nom ograph w hich  w ould a l lo w  o f  

sp eed y  c a l c u l a t i o n  o f  th e  r o o t s  f o r  v a ry in g  v a lu e s  o f  d t

how ever, f o r  th e  f a c t  t h a t  a  c o m p le te ly  g r a p h ic a l  m ethod 

o f  s o l u t i o n  was n o t  found  to  b e  p o s s ib le  o r  p r a c t ic a b le *

6) I n  th e  a p p l i c a t i o n  o f  t h i s  th e o ry  t o  p r a c t i c a l  

w ork , g r e a t  a c c u ra c y  i s  r e q u i r e d  i n  th e  d e te rm in a t io n  o f  

th e  f i r s t  few  r o o t s  o f  e q u a t io n  (ftf) • Such a c c u ra c y  i s  

im p o s s ib le  w here g r a p h ic a l  m ethods a lo n e  a r e  b e in g  used* 

S u c c e s s iv e  a p p ro x im a tio n  m ethods w ere fo und  t o  be h o p e le s s ly  

u n w e ild y  due t o  th e  com plex n a tu r e  o f  th e  d e r iv a t iv e  o f

(i) No s t r a ig h t - f o r w a r d  g r a p h ic a l  m ethod was found  

o f  in c o r p o r a t in g  0, [*= 1 o£,\J a lo n g  w i th  &V an d

8xj* W " c*x\ ]  a lo n g  w i th  «X b e fo re  p l o t t i n g  th e  c u rv e s

below]], 

oLx , a  ,  yUc, a n d  • T here a r e  tw ^ n a in  r e a s o n s ,



n e c e s s a r y  t o  s o lv e  e q u a t io n  (<3f).

(c) E x p lo r a t io n  o f  th e  p o s s i b i l i t y  o f  a d a p t in g  th e  

a n a l y t i c a l  th e o ry  to  s o lv e  c e r t a i n  p r a c t i c a l  p ro b lem s 

i n  c o n n e c tio n  w i th  th e  i n s u l a t i o n  o f  fu rn a c e  w a l la .

The com plex n a tu r e  o f  some o f  th e  p re c e d in g  r e s u l t s  

(p ro b le m s 1 to  18) make t h e i r  a p p l i c a t i o n  t o  p r a c t i c a l  

p ro b lem s seem a t  f i r s t  s i g h t  r a t h e r  re m o te . I n  th e  

fo l lo w in g  s e c t i o n ,  a  f i r s t  a t te m p t  i s  made to  i n v e s t i g a t e  

how f a r  t h i s  a p p l i c a t i o n  i s  p o s s ib l e .  The h e a t  t r a n s f e r  

a c r o s s  i n s u l a t e d  fu rn a c e  w a l ls  i s  chosen  a s  a  s u i t a b l e  

s u b j e c t  o f  s tu d y  an d  r e s u l t s  d e r iv e d  u s in g  th e  e x a c t  

a n a l y t i c a l  s o l u t io n  a r e  com pared w ith  th o s e  o b ta in e d  

u s in g  th e  "S chm id t G raph Method1* a t  p r e s e n t  w id e ly  u se d  

by  p r a c t i s i n g  m e t a l l u r g i s t s  and  e n g in e e r s .

S ta te m e n t  o f  th e 'P ro b le m .

Xn th e  f i r i n g  o f  o p e n -h e a r th  s t e e l  f u r n a c e s ,  one o f  

th e  c a u s e s  o f  i n e f f i c i e n c y  i s  th e  l o s s  o f  h e a t  due e i t h e r  

t o  i t s  t r a n s f e r  th ro u g h  th e  fu rn a c e  o r  c h e c k e r  w a l l s  to  

th e  e x t e r i o r ,  o r  t o  th e  s to r a g e  o f  u n u t i l i s e d  h e a t  i n  

th e  f a b r i c  o f  th e  w a l l s .  The second  o f  th e s e  two s o u rc e s



o f  h e a t  l o s s  assum es th e  g r e a t e r  im p o rtan c e  i f  th e  fu rn a c e  

i s  b e in g  o p e ra te d  i n t e r m i t t e n t l y .  The m agn itude  o f  th e  

h e a t  l o s s  due to  b o th  c a u se s  depends on th e  m a te r i a l  o f  

th e  w a l l s .  I n  g e n e r a l ,  th e  q u a l i t y  o f  h ig h  r e s i s t a n c e  to  

h e a t  w h ic h  i s  r e q u i r e d  i n  a  good r e f r a c t o r y  m a te r i a l  i s  

accom pan ied  by  h ig h  th e rm a l c o n d u c t iv i ty .  T h is  l a t t e r  

f e a t u r e  i s  a n  u n d e s i r a b le  one on a c c o u n t  o f  th e  l a r g e  h e a t  

l o s s  w h ich  i t  i n v o lv e s .  Low c o n d u c t iv i ty  m a t e r i a l s ,  how ever 

d e s i r a b l e  th e y  may be i n  o r d e r  to  overcom e th e  h e a t  l o s s  

p ro b le m , a r e  uneconom ical due to  t h e i r  low r e s i s t a n c e  to  

th e  h ig h  te m p e ra tu re s  g e n e ra te d  i n . t h e  f u r n a c e .

E x p e r ie n c e  h a s  shown, an d  th e o ry  b e a r s  o u t ,  t h a t  i f  

th e  o u t s id e  o f  th e  fu rn a c e  w a l l s  (w hich  may b e  made o f  

h ig h  c o n d u c t iv i ty  r e f r a c t o r y  m a te r i a l )  i s  l i n e d  w ith  

i n s u l a t i n g  f i r e - b r i c k  o f  low c o n d u c t iv i ty ,  th e  h e a t  l o s s e s  

sire  g r e a t l y  re d u c e d . The s a v in g  i n  f u e l  w h ich  t h i s  in v o lv e s  

f a r  o u tw e ig h s  th e  in c r e a s e d  c o s t s  o f  i n s u l a t i o n  a n d  more 

e x p e n s iv e  r e f r a c t o r i e s .

I n s u l a t i o n ,  how ever, in tro d u c e s  a  num ber o f  o th e r  

p ro b lem s w hich  in c lu d e  th e  v a r i a b le  h e a t  t r a n s m is s io n  

th ro u g h  two m edia i n  c o n ta c t ,  th e  q u ic k e r  w e a rin g  o f  th e  

i n s i d e  f i r e - b r i c k  due t o  th e  f o r c in g  up o f  th e  i n t e r n a l  

te m p e ra tu re  o f  th e  f u r n a c e ,  an d  th e  q u e s t io n  o f  th e  optimum 

am ount o f  i n s u l a t i o n  p e rm is s ib le  f o r  a  g iv e n  i n t e r n a l  

r e f r a c t o r y  m a t e r i a l .  The second  an d  t h i r d  o f  th e s e  p rob lem s



To.

may f i n d  t h e i r  s o lu t io n s  i n  th e  f u tu r e  u se  o f  b a s i c  

r e f r a c t o r i e s  a n d  a r e ,  i n  any  c a s e 9 o u tw ith  th e  scope  o f  

th e  p r e s e n t  p ap er*  I t  i s  in te n d e d  h e re  t o  i n v e s t i g a t e  th e

f i r s t  p r o b le m   t h a t  o f  v a r i a b le  h e a t  t r a n s m is s io n

th ro u g h  a n  i n s u l a t e d  fu rn a c e  w a ll*
*1 2X.X3.

I n  th e  s ta n d a rd  te x tb o o k s  a n d  i n  v a r io u s

t e c h n ic a l  a r t i c l e s  on th e  p r a c t i c a l  a s p e c t s  o f  th e  

s u b j e c t ,  th e  e x a c t  t h e o r e t i c a l  s o lu t io n  to  th e  p ro b lem  

i s  n o t  g iv e n ,a n d  in s t e a d ,  s e v e r a l  a p p ro x im a te  m ethods a r e  

u se d  by  w hich  th e  te m p e ra tu re  d i s t r i b u t i o n  th ro u g h o u t  th e  

fu rn a c e  w a l ls  can  be o b ta in e d .

C u r r e n t  a p p ro x im a te  m ethod o f  s o lu t io n  by  means o f  S chm id t 

G ra p h s*

M ost o f  th e  a p p ro x im a te  t h e o r i e s  f o r  th e  s o l u t io n  o f  

v a r i a b l e  l i n e a r  h e a t  f lo w  p rob lem s f o r  a  f i n i t e  medium 

a r e  b a s e d  on a  m ethod d ev e lo p ed  by  E . Schm idt* S p e a k in g  o f  

u n s te a d y  h e a t  f lo w  i n  o n ly  one medium, M. F ish en d e n  an d  

O.A* S au n d ers  s a y , “ I n  many c a s e s  where e x a c t  m a th e m a tic a l 

s o lu t io n s  c a n n o t be g iv e n ,  an  ap p ro x im a te  m ethod due to  

E . S chm id t may be u s e f u l ly  em ployed .11 As expounded by 

F ish e n d e n  an d  S au n d ers  ( se e  B e f. z z  p . 7 9 ) t h i s  m ethod 

depends on th e  s o lu t io n  to  th e  h e a t  c o n d u c tio n  e q u a t io n  

f o r  a  s e m i - i n f i n i t e  medium. I t  a l s o  in v o lv e s  th e  u se  o f  

f i n i t e  d i f f e r e n c e s  i n s t e a d  o f  th e  d i f f e r e n t i a l  e q u a t io n



W hich g o v e rn s  l i n e a r  h e a t  flow* The m ethod e n a b le s  o n e , 

b y  a  g r a p h i c a l  p r o c e s s ,  t o  deduce from  a n  i n i t i a l  

te m p e ra tu re  d i s t r i b u t i o n  w hat th e  new d i s t r i b u t i o n  w i l l  

b e  a f t e r  a  s h o r t  i n t e r v a l  o f  tim e* I t s  s u c c e s s iv e  a p p l i c ­

a t i o n  g iv e s  th e  te m p e ra tu re  a f t e r  an y  l e n g th  o f  tim e*

A f u l l e r  e x p o s i t i o n ,  t a k in g  i n to  a c c o u n t  th e  h e a t  

t r a n s f e r  a t  th e  s u r f a c e s  o f  th e  p l a t e  to  o r  from  th e
Si*..

su r ro u n d in g  medium, i s  g iv e n  by W* T r in k s .  T h is  s t i l l  

s u f f e r s  from  th e  d e f e c t s  a s s o c i a t e d  w ith  c h o o s in g  f i n i t e  

i n t e r v a l s  o f  tim e  and  d i s t a n c e ,  and  u n le s s  th e  w id th  o f  th e  

w a l l  i s  d iv id e d  i n t o  more th a n  f o u r  s e c t io n s  (lam in ae ) 

t h i s  m ethod w i l l  i n d ic a t e  a  te m p e ra tu re  d i s t r i b u t i o n  

th ro u g h o u t  th e  w a l l  w h ich  r i s e s  much to o  q u ic k ly .  The m ethod 

a s  o u t l i n e d  f o r  one medium can  e a s i l y  be e x te n d e d  to  th e  

v a r i a b l e  f lo w  o f  h e a t  th ro u g h  two d i f f e r e n t  m edia in  c o n ta c t*  

I n  a n  a r t i c l e  i n  " B la s t  fu rn a c e  an d  s t e e l  p l a n t " ,

N*A.Humphrey d i s c u s s e s  th e  a d v a n ta g e s  o f  i n s u l a t i o n  a s  a n  

econom ic m easure  i n  th e  ru n n in g  o f  s t e e l  f u r n a c e s  a n d  u s e s  

S chm id t G raphs t o  s tu d y  th e  te m p e ra tu re  d i s t r i b u t i o n s  

th ro u g h o u t  th e  two m edia o f  th e  w a l l s  f o r  d i f f e r e n t  t h i c k ­

n e s s e s  o f  in s u la t io n *  One o f  h i s  d iag ram s i s  re p ro d u c e d  

i n  F ig u re  IDA. The w ork in v o lv e d  i n  th e  c o m p ila t io n  o f  

th e s e  d iag ram s m ust have  b een  c o n s id e r a b le .  S in c e  th e  

p ro b lem  w i th  w h ich  he  d e a l s  i s  one t o  w h ich  o u r  th e o ry  

p ro v id e s  th e  e x a c t  a n a l y t i c a l  s o l u t io n ,  i t  seems d e s i r a b l e
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t o  a p p ly  t i l l s  th e o r y  a n d  t o  com pare th e  r e s u l t s  w i th  th o s e  

o f  Humphrey, w h ile  a t  th e  same tim e  rem em bering  t h a t  

p r a c t i c a l  men w a n t a  s o l u t io n  t h a t  i s  sp eed y  a s  w e l l  a s  

a c c u ra te *

The p ro b lem  i s  a s  fo l lo w s :  A fu rn a c e  w a l l  i s  made o f

9 in c h e s  o f  f i r e - b r i c k  a n d  i s  i n s u l a t e d  w i th  4 a  in c h e s  o f  

i n s u l a t i n g  f i r e - b r i c k *  The i n t e r n a l  fu rn a c e  te m p e ra tu re  i s  

2400° F a n d  th e  e x t e r n a l  te m p e ra tu re  a n d  th e  i n i t i a l  tem p­

e r a t u r e  o f  th e  fu rn a c e  w a l l s  i s  80° F* H ea t i s  l o s t  b y  

r a d i a t i o n  and  c o n v e c tio n  from  th e  o u t s id e  s u r f a c e .  W hat 

i s  th e  su b s e q u e n t te m p e ra tu re  d i s t r i b u t i o n  th ro u g h o u t  th e
7

w a l l s  a n d  i n  p a r t i c u l a r  a t  th e  o u t s id e  s u r f a c e :

I n  o u r  r e s u l t s  ft ft to  W  a b o v e , we p o s s e s s  th e  

s o l u t io n  t o  t h i s  problem * One c o n d i t io n  o f  t h e i r  re a d y  

a p p l i c a t i o n  to  p r a c t i c e  i s  t h a t  o n ly  a  l im i t e d  num ber o f  

te rm s  i n  th e  sum m ation sh o u ld  be  re q u ire d *  T h is  i n  f a c t  

we f i n d  to  be  th e  c a s e .  I t  i s  in te n d e d ,  t h e r e f o r e ,  to  

d e r iv e  n u m e r ic a l  r e s u l t s  f o r  th e  te m p e ra tu re  d i s t r i b u t i o n  

u s in g  th e  d a ta  s u p p l ie d  b y  Humphrey a n d  th e  a n a l y t i c a l  

r e s u l t s  (W to  Qoi) . C om parison  w ith  H um phrey 's r e s u l t s  

w i l l  th e n  b e  p o s s i b l e .

I t  sh o u ld  b e  m en tio n ed  h e re  t h a t  no a llo w a n c e  i s  made 

i n  o u r  c a l c u l a t i o n s  f o r  th e  f a c t  t h a t  th e rm a l  c o n d u c t iv i ty  

ch an g es s l i g h t l y  w i th  te m p e ra tu re .  T h is  a llo w a n c e  was n o t  

made b y  Humphrey e i t h e r .  A mean v a lu e  o v e r  th e  ra n g e  o f  

tempera^i/Ere u n d e r  c o n s id e r a t io n  i s  u s e d .



73.

C o n v e rs io n  o f  th e  a n a l y t i c a l  r e s u l t s  i n t o  te rm s  o f  

d im e n s io n le s s  g ro u p s .

B e fo re  g o in g  i n t o  th e  n u m e r ic a l  d e t a i l  o f  o u r  p ro b lem , 

some m e n tio n  sh o u ld  b e  made o f  th e  w ork w h ich  h a s  been  

done i n  c o n n e c tio n  w i th  a d a p t in g  th e  a n a l y t i c a l  s o lu t io n s  

f o r  v a r i a b l e  h e a t  t r a n s f e r  th ro u g h  one f i n i t e  medium 

t o  s u i t  p r a c t i c a l  needs*  I t  h a s  b een  found  t h a t  th e  

a n a l y t i c a l  r e s u l t s  f o r  th e  m ain  im p o r ta n t  sh a p e s  o f  b o d ie s ,  

n am ely , s l a b ,  lo n g  c y l in d e r  and  s p h e re ,  can  be e x p re s s e d

i n  te rm s  o f  f o u r  d im e n s io n le s s  r a t i o s  and  th e n  p r e s e n te d
1(0, n > »•, a x  .

i n  g r a p h ic a l  fo rm . T hese r a t i o s  a r e :  a  te m p e ra tu re

d i f f e r e n c e  r a t i o ,  a  “ r e l a t i v e  tim e "  r a t i o ,  a  th e rm a l 

r e s i s t a n c e  r a t i o  a n d  a  p o s i t i o n  r a t i o *  A u s e f u l  t a b l e  

an d  a n  e x p la n a t io n  o f  th e s e  i s  to  be fo und  i n  Ref* p . 3 1 . 

The s i m p l i f i c a t i o n  w h ich  t h i s  m ethod o f  p r e s e n t a t i o n  

a f f o r d s  f o r  th e  a p p l i c a t i o n  o f  one medium r e s u l t s  t o  

p r a c t i c a l  work i s  v e ry  c o n s id e r a b le .

B e a r in g  t h i s  w ork i n  m ind , we now p ro c e e d  to  exam ine 

th e  s o l u t io n  to  th e  fu rn a c e  w a l l  p ro b lem  m en tio n ed  a b o v e , 

w i th  a  v iew  t o  e f f e c t i n g ,  i f  p o s s ib l e ,  a  s i m i l a r  

s i m p l i f i c a t i o n  o f  th e  a n a l y t i c a l  r e s u l t s  by  th e  in t r o d u c t io n  

o f  d im e n s io n le s s  g ro u p s .

L e t  u s  c o n s id e r  th e  tw o-m edia fu rn a c e  w a l l  a s  

e x te n d in g  from  x ^ o  to  x  -  b , w here x  = 0  i s  th e  

i n t e r i o r  and  x  = b i s  th e  e x t e r i o r  s u r f a c e .  L e t  th e



7k~

s u r f a c e  o f  c o n ta c t  be tw een  medium 1 and  medium 2 be  a t  

oc=CL an d  l e t  th e  te m p e ra tu re  o f  th e  a tm o sp h e re  be o u r  

z e r o .  Then th e  te m p e ra tu re s  in  m edia 1 an d  2 r e s p e c t iv e ly  

a r e  g isren  by  e q u a t io n s  Oft) and  i»oo) .

ax = t , [ i - iy ± - U t s x T .  * i w

KT =. y  H urua>~x)\+ej, €~*'V*  Ooo)

S X ^

w here £ *  + Ti*o] , 3  1 (ioi)

A =■ +- A*** 09>flu\A'&iL) y )

an d  th e  sum m ations a r e  o v e r  th e  p o s i t i v e  r o o t s  o f  A - O .

We f i n d  t h a t

-££- =  jU7(»twa X « ,C ^ +^ ) <yX)

w here W = &((+&- aX) -#-£/ + <£«. 

an d  sr =

Hence v
-  0,[|- MaJ£:J - 28, g

^ _ 8Afftt+ + J0,r]r A iJ p U r 'd i 'A h  e *A # q ̂
* * Xe*aV I* (jUt\+&% ) C,(S)

X f now, in  th e s e  e q u a t io n s  we w r i t e  dV »  v  , s* I  

an d  5 f o r  th e  s te a d y  te m p e ra tu re s  i n  m edia 1 and  2 

r e s p e c t i v e l y ,  we f in d

Oku)

^  *  v - * „  * * & *u *&♦* v>) au*. v  ̂  e (lî */)

-O' =s-cr + 10,^21 ^  *eJ  msl>
1 V u,\> u, t f iv  +et ) £(v)
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w here ^  ^  *

A s* +  Auv V 6rj ( /^  v -f 0A)

-  i + ^  + j J ^ } )

and  th e  sum m ations a r e  o v e r  th e  r o o t s  o f  A -  0 .

The q u a n t i t i e s  w h ich  a p p e a r  above i n  d im e n s io n le s s  

g ro u p  fo rm  a r e :
ftTwo-media co m p ariso n  r a t io ® .  <r =

i  = a l
<V

T herm al r e s i s t a n c e  r a t i o *  ^

X "K ^
  *

P o s i t i o n  t a t i o s * ^  ® “3T
M i-A  
~~cC

\/ ^
T em p era tu re  d i f f e r e n c e  r a t i o s . T* -  gr—

v  _
h  A

S in c e  we w ish  to  c a l c u l a t e  a b s o lu te  te m p e ra tu re s  

f o r  co m p ariso n  w i th  H um phrey 's r e s u l t s ,  we s h a l l  u se  

t h i s  n o t a t i o n  w i th  th e  e x c e p tio n  o f  th e  te m p e ra tu re  

d i f f e r e n c e  r a t i o s ,  V, a n d  \  m eantim e* E q u a tio n s  (!W) 

and  (M) th e n  become
-xv1

*  =  «<* -  10.11 £ 04<?)

-ir = +  t S  r T  e 05b)
. 1 v £«v ^lVv+6t) fe) '



w here

^  — <J~ (iT> V? ^>0^V + ̂ )

# W  =  O + tu J 'v )  +  <r{, 4 & * . * ( * . + $ $ *  +  u 2 > 6 >  1 ;I +ASUJ-&t

a n d  th e  sum m ation i s  o v e r  th e  p o s i t i v e  r o o t s  o f  A = 0 , 

The e q u a t io n s  t o  d e te rm in e  th e  r o o t s  o f  b  ~ o  th e n  

become

The a d v a n ta g e s  o f  t h i s  more c o n c is e  e g r e s s i o n  o f  

r e s u l t s  (^ ) t o  (y°0 a r e  o b v io u s , p a r t i c u l a r l y  i n  

c o n n e c tio n  w i th  th e  w o rk in g  o u t  o f  n u m e r ic a l  exam ples*

C a lc u la t io n  o f  th e  r o o t s  o f  A s O  , a n d  d e r i v a t i o n  o f  

th e  te m p e ra tu re s  a t  a n d  x. —b .

-  -  <s-p^{\v 

an d  On v  =  O 7 {jen (Jv +*§J = O .

0^2)

We can  now u se  H um phrey 's d a ta  to  e v a lu a te  th e  

v a r io u s  c o n s ta n t s  i n  o u r  n o t a t i o n .

Medium 1 .  Medium 2 .



B r i t i s h  U n i ts  C fo o t-p o u n d -h o u r-d e g re e s  F a h r e n h e i t )  

a r e  u se d  th ro u g h o u t  i n  th e  c a l c u l a t i o n  o f  th e  d im en sio n ­

l e s s  r a t i o s ,  <r , Y , , The v a lu e  o f  th e  h e a t  t r a n s f e r

c o e f f i c i e n t  ^  b e tw een  th e  o u t s id e  s u r f a c e  and' th e  

a tm o sp h e re  i s  n o t  g iv e n  e x p l i c i t l y  by  Humphrey. The v a lu e  

= 2 -2 , i s  a  mean v a lu e  o v e r  th e  te m p e ra tu re  ra n g e  o f  

th e  o u ts id e  fa c e  ( s e e  F ig u re  1GA., H ea t t r a n s m is s io n  

th ro u g h  w a l l )  and  c o rre s p o n d s  w ith  th e  v a lu e  g iv e n  by  

W .T rin k s i n  R e f . P*81, F ig .  7 0 .

E q u a tio n s  (iitf) t o  05 )̂ c o n s t i t u t e  th e  s o l u t io n  to  

o u r  p ro b lem . S u b s t i t u t i n g  th e  known n u m e r ic a l  q u a n t i t i e s ,  

we se e  t h a t  th e  r o o t s  o f  th e  e q u a t io n  a r e  th o s e  o f

= - t e - S k l  fo u .L - ’l l i ' l V  +%.) 051*)

an d  th e  common r o o t s ,  i f  a n y , o f

te, v = 0  , ^

w here  1*^ 6̂  -  - 0 <fo3 V.

We th e r e f o r e  draw  i n  F ig u re  11 th e  g ra p h s  o f

a n d  f i n d  th e  v a lu e s  o f  U a t  p o i n t s  w here th e y  i n t e r s e c t 5 

an d  i n  F ig u re  1 2 , we dr*w th e  g ra p h s  o f
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an d  f i n d  w h e th e r  th e y  c ro s s  th e  V - a x i s  c o n c u r r e n t ly  

a t  v a lu e s  o f  ^  i n  th e  r e g io n  o f  th e  f i r s t  few r o o t s  

o f  e q u a t io n  ( i^ ) .

We f i n d  t h a t  th e  f i r s t  s i x  r o o t s  o f  e q u a t io n  (i&f) a r e  

v,& I'boqz. yu= i - u t f .

v ^ - 3 ' 7 ^ '  Vf~%xuO.

L i f t 7 .

H ig h e r  r o o t s  th a n  c o n t r ib u te  a  n e g l i g i b l e

am ount to  th e  te m p e ra tu re  e f f e c t s  and  (J&) , due to
-xv A

th e  e x p o n e n t ia l  te rm  8  becom ing e x tre m e ly  s m a ll .

The c u rv e s  i n  F ig u re  12 show t h a t  e q u a t io n s  ( 

har e no common r o o t s  w i th in  t h i s  ra n g e  o f  V , an d  any  

h ig h e r  r o o t s  c o n t r ib u te  a  n e g l i g i b l e  q u a n t i t y  to w a rd s  th e  

te m p e ra tu re  e f f e c t .

S te a d y  s t a t e  te m p e ra tu re s  a r e  g iv e n  by  th e  f i r s t  

te rm s  on  th e  H .H .S . o f  e q u a t io n s  (/**) a n d  (fM) 5 o r ,  

e x p re s s e d  i n  te rm s  o f  th e  d im e n s io n le s s  g ro u p s , th e y  

a r e
sir, *  0,[i -  1

^  -  «.«• <!*T)

To f i n d  th e  s te a d y  te m p e ra tu re s  a t  x. =■ a, a n d  *- = b 

we c an  p u t  ^ , - 1  an d  = 0  i n  e q u a t io n s  a n d  0 *$

r e s p e c t i v e l y ,  an d  f i n d  = and  5^ = 2 1 7 ^ 0 . The

te m p e ra tu re s  a t  = a n d  * = b  f o r  t im e s  a f t e r  ^  = 0



n

a r e  o b ta in e d  by  i n s e r t i n g  a  c e r t a i n  num ber o f  v a lu e s  

o f  U i n  th e  e x p re s s io n  u n d e r  th e  sum m ation s ig n  in  e q u a t io n s  

(iu<i) an d  (160) •
. \  '  - X Vft 0 / I IAi. I dliA >) O

in  e q u a t io n  (itf) 

i n  e q u a t io n

I f  we l e t  £  -  ^ ---------

a n d  £ = &S»qr 8̂ . £____

we o b ta in  th e  fo l lo w in g  te m p e ra tu re s :

T em p era tu re  a t

A f t e r  one h o u r ,  u s in g  th e  f i r s t  e x p re s s io n  f o r  £ , we 

f i n d
£, = t i l t M 

t % * - 207*7^

A f t e r  two h o u r s ,

£, =

£1= - 3o ' U ' l

4  = u*-u

® &'3fT

£fc -  -  0 ^

4  * - # '7 7  

4 =  ®'7'

^UO -  m* 12. 
lo1]'*]if -  C.-SS

0 u9___________

sr nia-W  -

.•.-*£ = 9-fo.

A f t e r  f o u r  h o u r s ,

£( = fLt'iU'OU.

4  s  fc'UO, ;r

4  = -U03

V -  ZkUf-ZU.

A f t e r  s i x  h o u r s ,

£, * 107(4.-37 £3 = -  O'Xi

-  i*3U



A f t e r  e i g h t  h o u r s ,

4  ^tou uu-. 4  = -o  zf- = iifct-oo.

A f t e r  t e n  h o u r s ,

= 6 0 2 - 7 4  4 =*-0-06. /. I3fc6*ii5.

A f t e r  tw e lv e  h o u r s ,

•\ I5IL,*77.

I t  w i l l  he  n o t ic e d  t h a t  a f t e r  s i x  h o u r s ,  o n ly  th e  

f i r s t  two r o o t s ,  an d  a f t e r  e i g h t  h o u rs  o n ly  th e  f i r s t  

r o o t  n e e d  be u se d  to  g iv e  a n  a c c u ra c y  o f  0*3“ F\

T em p era tu re  a t  x s t .

A f t e r  two h o u r s , u s in g  th e  seco n d  e x p re s s io n  f o r  £  ,

f i n d
£, = eu ~ 1*2 0 .

4  = es -  -o*z£.

4  S - 30-1 o. . ^rb a 2-IZ.

A f t e r  f o u r  h o u r s ,

£ s  -  2 f 3 ' 2 3 .  £  *  ~  7 . ' I Ji s '

4  “  20-7*- 4 “  •‘.'trfc =  2 2 -^1.

A f t e r  s i x  h o u r s ,

we

4 = - 0 (5 .

xrb = 6f



A f t e r  e i g h t  h o u rs  ,

e, = -u 0%. .  . vb =

A f t e r  t e n  h o u r s ,

ocj . /. ^  =  iir-ot.

A f t e r  tw e lv e  h o u r s ,

C, = - b l - o l • '■0J = t iO-UI-

The tim e  r e q u i r e d  to  r e a c h  w i th in  10% o f  th e  s te a d y  

s t a t e  te m p e ra tu re  c an  be c a l c u l a t e d ,  s in c e  we know t h a t  

beyond  t e n  hous o n ly  th e  f i r s t  te rm  i n  th e  sum m ation n eed  

be used* We f in d  t h i s  tim e  t o  b e ,  f o r  th e  end ,

**7*7 *1- h o u r s ,  a n d  f o r  th e  end *  = *» ,  I7*?0 ho u rs*

C om parison  w i th  H um phrey 's r e s u l t s *

The r e s u l t s  c a l c u l a t e d  above a r e  now p l o t t e d  on a  

g ra p h  i n  F ig u re  13 a lo n g  w i th  th e  c o rre s p o n d in g  g ra p h s  

d e r iv e d  from  H um phrey 's d iag ram  w h ich  was c o n s t r u e te d  

u s in g  th e  S chm id t G raph  method* U n f o r tu n a te ly ,  Humphrey 

d o es  n o t  p u b l i s h  th e  e x a c t  f i g u r e s  f o r  th e  te m p e ra tu re s  

a t  *.= cl and  =V> , b u t  th e s e  can  be r e a d  o f f  h i s

d iag ra m  w i th  r e a s o n a b le  a c c u ra c y .

The d i s c r e p a n c ie s  b e tw een  th e  two s e t s  o f  r e s u l t s  

a r e  q u i t e  c l e a r • The S chm id t G raph m ethod g iv e s  tem p er­

a t u r e s  w hich  r i s e  more q u ic k ly  w i th  tim e  th a n  do th e



ure



te m p e ra tu re s  o b ta in e d  from  th e  a n a l y t i c a l  r e s u l t s .  T h is  

i s  due to  th e  f i n i t e  th ic k n e s s  o f  th e  lam in ae  i n t o  w h ich  

th e  w a l l  i s  d iv id e d  f o r  th e  p u rp o se  o f  u s in g  th e  g r a p h ic a l  

m ethod . An in c r e a s e  i n  th e  num ber o f  lam in ae  a n d  th u s  a  

d e c re a s e  i n  t h e i r  th ic k n e s s  w i l l  make th e  te m p e ra tu re -  

tim e  g r a d i e n t  l e s s  s t e e p .

A s i m i l a r  d is c re p a n c y  i s  n o te d  by  W .T rin k s ^see 

R e f .  2i+; p . 405) when i n v e s t i g a t i n g  th e  r e l a t i v e  m e r i t s  

o f  th e  g r a p h ic a l  an d  a n a l y t i c a l  m ethods a s  a p p l i e d  to  

l i n e a r  v a r i a b l e  h e a t  f lo w  th ro u g h  one f i n i t e  medium. 

F e i t h e r  i n  t h i s  r e f e r e n c e  n o r  i n  H um phrey 's a r t i c l e  i s  

a n y  c la im  made t h a t  th e  S chm id t G raph  m ethod r e s u l t s  

c o rre s p o n d  b e t t e r  w i th  p r a c t i c e  th a n  do th e  a n a l y t i c a l  

r e s u l t s .  The v e r i f i c a t i o n  o f  t h i s  p o i n t  w ould  r e q u i r e  

e x p e r im e n ta l  w ork to  be  c a r r i e d  o u t  i n  c o n ju n c t io n  w i th  

th e  two t h e o r e t i c a l  m e th o d s. T h is  w ork may in d e e d  have  

b e e n  d o n e , b u t  i f  i t  h a s ,  i t  has; n o t  come to  th e  n o t i c e  

o f  th e  w r i t e r .  C o rresp o n d en ce  w i th  th e  a u th o r s  o f  th e  

two r e f e r e n c e s  m en tio n ed  above w ould  have  b e e n  p o s s ib le  

h ad  th e y  b e en  i n  t h i s  c o u n try  and  n o t  i n  th e  U n ite d  

S t a t e s  o f  A m erica .
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graph ical p resen ta tion  o f  the r e s u lts  to  problems 1 to 18.

N e i th e r  th e  S chm id t G raph m ethod n o r  th e  a n a l y t i c a l  

m ethod i s  q u ic k  o r  e a s y  i n  i t s  a p p l i c a t i o n .  I t  i s  r e a s o n ­

a b le  t o  suppose  t h a t  th e  a n a l y t i c a l  r e s u l t s  w i l l  c o rre sp o n d  

b e t t e r  w i th  p r a c t i c e  th a n  do th e  S chm id t G raph  r e s u l t s  

p ro v id e d  no o th e r  f a c t o r s  th a n  th o s e  we have c o n s id e re d  

a r e  a t  p l a y .  I f  t h i s  i s  shown to  be th e  c a s e ,  th e n  i t  w i l l  

be  d e s i r a b l e  to  make a v a i l a b l e  th e  a n a l y t i c a l  r e s u l t s  i n  

a  fo rm  i n  W hich th e y  can  be r e a d i l y  a p p l i e d  to  p r a c t i c a l  

w ork . I t  i s  in te n d e d  now to  show how t h e i r  a p p l i c a t i o n  

may be  s i m p l i f i e d  by  th e  c o n s t r u c t io n  o f  g ra p h s  u s in g  

d im e n s io n le s s  g ro u p s . Once c o n s t r u c te d ,  su ch  d iag ram s 

w i l l  o b v ia te  th e  n e c e s s i t y  o f  heavy  c o m p u ta tio n a l  work 

i n  c o n n e c tio n  w i th  e a c h  i n d iv id u a l  p ro b lem .

We s h a l l  show how th e  c o n s t r u c t io n  o f  th e s e  g ra p h s  

f o r  H um phrey 's p ro b lem  t r e a t e d  above w ould g r e a t l y  s im p l i f y  

f u t u r e  w ork on p ro b lem s o f  th e  ty p e  d e a l t  w i th  u n d e r  

p ro b lem s 1 , 2 ,  a n d  3 i n  S e c t io n  (<t) , an d  s h a l l  m ere ly  

i n d i c a t e  how s i m i l a r  m o d if ic a t io n  o f  r e s u l t s  t o  p ro b lem s 

4  to  18 c o u ld  a l s o  be c a r r i e d  o u t .

We have a l r e a d y  se e n  how a n  a l t e r n a t i v e  form  o f
r e s u l t s  §<\) a n d  (joo) i s  g iv e n  i n  e q u a t io n s  0 ^ )  an d  0*°) .

A t t h a t  s t a g e ,  we p u rp o s e ly  om itte .d  u s in g  th e  te m p e ra tu re

d i f f e r e n c e  r a t i o s  X an d  Y* • The r e s u l t s  Quff) an d  (!&)

can  how ever, be  e x p re s s e d  w h o lly  i n  te rm s  o f  th e



d im e n s io n le s s  g ro u p s . They th e n  become 

~ L-. v  <;cvi
A - X V 1

Y ~ -  2<r y~ e
1 v  a~v t* (Yv+BU) §(y)

w here ^

=• / o~|*/ V- feJfav +&2jj[X + TTTiuFê

a n d  th e  sum m ations a r e  o v e r  th e  r o o t s  o f

/̂ vv v? *s — ia+^iyV )

an d  th e  common r o o t s ,  i f  a n y , o f

^ 7 y ' 0  ; <^(V W 8J - o .

The th r e e  r a t i o s  , Y , 4n, a r e  r e q u i r e d  t o  f i n d  

th e s e  r o o t s  a n d  t o g e th e r  w i th  th e  r a t i o  X a r e  in v o lv e d  

i n  b o th  e x p re s s io n s  05® a n d  05?) • O f th e  o th e r  f o u r  

r a t i o s ,  ^  a n d  X a r e  n eed ed  f o r  e q u a t io n  and  ^  

a n d  Yi, f o r  e q u a t io n  05?) #

I t  can  be se e n  th e n  t h a t  f o r  g iv e n  <*" , i  a n d  w*, 

th e  g ra p h s  o f  Y an d  Yx on a  lo g a r i th m ic  s c a le  a g a i n s t  

X to  a  u n ifo rm  s c a le  can  be p l o t t e d  f o r  v a ry in g

an d  • T h is  h a s  b een  done i n  B^gure 14 f o r  th e  d a ta  

o f  th e  p re v io u s  p ro b lem .

A s e r i e s  o f  d iag ram s l i k e  t h i s  a n d  s i m i l a r  to  th o s e  

c o n s t r u c te d  by  G urney an d  L u r ie  f o r  one medium w ould 

e n a b le  th e  m e t a l l u r g i s t  o r  e n g in e e r  t o  o b ta in  te m p e ra tu re

c * )

os?)

(<«i) 

(i5i) 

(I S3)





d i s t r i b u t i o n s  f o r  v a ry in g  c o n d u c t iv i t i e s  a n d  th ic k n e s s e s  

o f  th e  two m ed ia , f o r  v a ry in g  s u r f a c e  e m i s s iv i t y ,  tim e  

and  p o s i t i o n  i n  th e  m ed ia . E ach  d iag ram  c o u ld  have 

an d  Y f ix e d  an d  e a c h  g ra p h  l i n e  l a b e l l e d  w ith  th e  

a p p r o p r i a t e  v a lu e  o f  ^  an d  m,  • I n t e r p o l a t i o n  w ould 

g iv e  v a lu e s  o f  Y a n d  Y*, f o r  in te r m e d ia te  v a lu e s  o f  

^  a n d  'Hx .

A b s o lu te  v a lu e s  f o r  te m p e ra tu re  f o r  a  p a r t i c u l a r ' 

v a lu e  o f  ** an d  ( o r * n )  w ould  be  o b ta in e d  from  V, 

(o r Y*Y by  s im p le  a r i t h m e t i c  ( s e e  e q u a t io n s  ([&) a n d

The above  s u g g e s t io n s  r e g a r d in g  th e  p r e s e n t a t i o n  

o f  th e s e  r e s u l t s  g r a p h i c a l l y  a r e  n a t u r a l l y  open to  

v a r i a t i o n  to  m ee t s p e c i a l  r e q u ir e m e n ts .  F o r  i n s t a n c e ,  

i f  th e  m ain  i n t e r e s t  i n  a  p ro b lem  i s  th e  te m p e ra tu re  

o f  th e  o u t s id e  f a c e ,  th e n  o n ly  Yx n e ed  b e  p l o t t e d  an d  

t t ^ (-o )  i s  c o n s t a n t .  T hus, <r -  a n d  '***■ - v a r i a t i o n s  can 

b e  in c o r p o r a te d  i n  th e  one d ia g ra m , w ith  yiv4 a n d  Y 

c o n s t a n t .

W ith  s i m i l a r  m o d if ic a t io n s  t o  th o s e  o u t l i n e d  above 

t h e  r e s u l t s  to  p ro b lem s 4  to  18 c o u ld  a l s o  be  e x p re s s e d  

i n  te rm s  o f  d im e n s io n le s s  r a t i o s ,  a n d  th e n  p r e s e n te d  

g r a p h i c a l l y  to  s im p l i f y  t h e i r  a p p l i c a t i o n  to  p r a c t i c a l  

p ro b le m s .



C o n c lu s io n ,

F u r th e r  w ork w h ich  th e  w r i t e r  h ad  p la n n e d  to  do i n  

t h i s  f i e l d  m u st b e  p o s tp o n e d  m eantim e due t o  h e r  e a r l y  

d e p a r tu r e  from  t h i s  c o u n try  t o  th e  C o n t in e n t  o f  E u ro p e .

On th e  t h e o r e t i c a l  s i d e ,  she  i s  w e l l  aw are  o f  th e  

w ide  v a r i e t y  o f  p ro b lem s i n  c y l i n d r i c a l  an d  s p h e r i c a l  

h e a t  f lo w  w h ich  s t i l l  a w a i t  s o l u t io n  and  f o r  w h ich  th e  

w a v e - t r a i h  m ethod p r o v id e s  a  s u i t a b l e  a p p ro a c h , an d  o f  

th e  d i f f i c u l t i e s  s t i l l  t o  be  overcom e i n  m o d ify in g  th e s e  

s o l u t io n s  f o r  p r a c t i c a l  a p p l i c a t i o n .  I t  i s  c l e a r  to o  t h a t  

t h i s  w ork h a s  i t s  a p p l i c a t i o n s  i n  r e l a t i o n  n o t  o n ly  to  

p ro b lem s o f  fu rn a c e  w a l l  i n s u l a t i o n  b u t  a l s o  to  th o s e  

in v o lv in g  v a r i a b l e  h e a t  t r a n s f e r  th ro u g h  o th e r  m edia i n  

c o n ta c t ,  e . g .  r u b b e r ,  g l a s s ,  s t e e l ,  e t c .

The w r i t e r  h o p es  t o  e x te n d  t h i s  w ork a t  some f u t u r e  

d a te  a n d  a l s o  h o p es  t h a t  th e  w ork  em bodied i n  t h i s  p a p e r  

h a s  opened  th e  way up  f o r  w o rk e rs  i n  th e  same f i e l d

1 .  b y  p r o v id in g  a  compendium o f  r e s u l t s  f o r  th e  m ain

two m edia  h e a t  c o n d u c tio n  p ro b lem s in v o lv in g  l i n e a r  f lo w ,

2 .  b y  ex am in in g  i n  d e t a i l  th e  g e n e r a l  e q u a t io n  A = 0  whose 

r o o t s  d e te rm in e  th e  n o rm al f u n c t io n s  r e q u i r e d  t o  e x p re s s  

th e  s o l u t io n s  o f  th e  two m edia  p ro b le m s ,

3 .  b y  th e  j u x t a - p o s i t i o n  o f  th e  a p p ro x im a te  a n d  a n a l y t i c a l  

m ethods o f  f i n d in g  th e  te m p e ra tu re  d i s t r i b u t i o n  a c r o s s  a  

tw o-m edia  w a l l  a n d  show ing t h a t  th e  a c c u ra c y  o f  th e  two



t h e o r e t i c a l  m ethods r e q u i r e s  v e r i f i c a t i o n  by  p r a c t i c e ,

4 .  by  i n d i c a t i n g  how th e  a n a l y t i c a l  r e s u l t s  may be 

p r e s e n te d  g r a p h i c a l l y  u s in g  d im e n sio m le ss  g ro u p s  i n  a  

fo rm  s u i t a b l e  f o r  d i r e c t  u se  by  p r a c t i c a l  s c i e n t i s t s  

i n  th e s e  f i e l d s  o f  w ork .

T h ro u g h o u t th e  w hole  o f  th e  w ork in v o lv e d  i n  t h i s  

t h e s i s ,  th e  w r i t e r  h a s  h a d  th e  g u id a n c e  a n d  a d v ic e  o f  

D r . G. G reen  a n d  sh e  w ish e s  now to  r e c o r d  h e r  g r e a t  

in d e b te d n e s s  t o  h im . Thanks a r e  a l s o  due t o  D r . T . C a r t e r  

f o r  a d v ic e  on th e  m e t a l l u r g i c a l  s i d e .
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