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PREFACE

In  sub m ittin g  the  p re sen t T hesis in  support of an a p p lic a tio n  fo r  

th e  degree of D« Sc*, I  should l ik e  to  ex p la in  th e  circum stances in  which 

i t  came to  he w ritten*

A fte r  graduating  in  1936, I  c a r r ie d  out re sea rch  work fc r th re e  

years  on gaseous ig n it io n  in  th e  N atural Philosophy Department of 

Glasgow U niversity  under the  su p erv is io n  of P ro fesso r E* T aylor Jones, 

w ith  a view to  p re se n ta tio n  of a Thesis f o r  Ph*D« P a r t  of t h i s  work 

was pub lished  a t the tim e in  th e  form of th re e  papers in  th e  P h ilo so p h ica l 

Magazine, copies of which a re  a ttached ; and the  Thesis would normally 

have been subm itted in  the autumn of 1939o

However, in  June of th a t  y e a r , I  was appointed to  th e  Research 

Department of the  Nobel Explosives Company, Ltdo, where re sea rch  on 

problems of ig n it io n  in  gases was being a c tiv e ly  pursued* I  was g iven  

th e  p rospect of continuing my s tu d ie s  in  th i s  f i e l d .  In  view of t h i s ,  

P ro fesso r Jones, who considered th a t  I  had a lready  more th an  s u f f ic ie n t  

m a te ria l to  support an a p p lic a tio n  fo r  the degree of Pho D*, was kind 

enough to  suggest th a t  t h i s  be resei&rved fo r  a y ea r or two w ith  a view 

to  supplementing i t  from my continued v/ork, and extending the  a p p lic a tio n  

to  one f o r  Do Sc. Since o p p o rtu n itie s  r a th e r  seldom a r is e  in  in d u s tr ia l  

re sea rch  of pursuing a s in g le  l in e  o f enquiry fo r  a s u f f ic ie n t  len g th  of 

time to  form th e  b a s is  fo r  a Do Sc* T h esis , I  was g lad  to  accept P ro fesso r 

Jones* advice*

The development of th e  war brought to  a s t a n d s t i l l  many programmes of 

long-term re sea rc h , among these  the one re fe r re d  to ,  and ray p ro je c t had to  

be abandoned* In  1945, however, I  was g iven the  opportun ity  of working 

on th e o re t ic a l  problems of d e to n a tio n  and of carry in g  out experim ental 

s tu d ie s  in  th e  same f i e l d .  The p resen t T hesis i s  based upon research
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conducted under t h i s  programme from 1945 to  1949* I t  c o n s is ts  of two 

p a r t s ,  th e  f i r s t  dea ling  w ith  p lane a d ia b a tic  flow  and shock waves in  

n o n -re a c tiv e  media, and th e  second w ith  shock waves in  r e a c tiv e  m a te r ia ls , 

th a t  i s ,  w ith  d e to n a tio n  waveso

In  th e  f i r s t  p a r t ,  as exp lained  in  th e  Summary (§1), I  have 

endeavoured not only to  describ e  my own co n trib u tio n s  b u t a lso  to  p resen t 

a connected and s u f f ic ie n t ly  d e ta ile d  account of th e  su b je c t, w ith in  th e  

lim ita tio n s  im plied by the  t i t l e *  I  have made a p o in t o f prov id ing  

ex tensive  num erical d a ta  bo th  fo r  re fe ren ce  and i l l u s t r a t i o n  a t a l l  

stages*

With reg ard  to  the second p a r t ,  the p o s it io n  i s  s l ig h t ly  d iffe re n to  

The opening se c tio n s , which describe  the  c la s s ic a l  development of th e  

hydrodynamic theory  of de tonation  and i t s  a p p lic a tio n  to  gaseous 

exp losives, have been made as complete as possib le*  The rem aining 

sec tio n s , however, which form the  l a t t e r  h a lf  of th e  th e s is ,  and deal 

w ith de tonation  in  condensed ex p lo siv es, a re  devoted alm ost ex c lu siv e ly  

to  a  reco rd  of my own c a lc u la tio n s  and experim ents in  t h i s  f ie ld o  

Although a la rg e  amount of work is  known to  have been done on th e  sub je c t  

during the  war, only a small p a r t  appears to  have been pub lished , and i t  

would seem prem ature to  attem pt any ev a lu a tio n  a t  the momento In  g en e ra l, 

th e re fo re , th e  sec tio n s  on condensed explosives should be regarded  as 

covering m a te ria l av a ila b le  up to  the summer of 1 94-9® An exception  i s ,  

of course, made in  reg ard  to  work c a r r ie d  out in  th e  I .C * I0 la b o ra to r ie s , 

which though only re c e n tly , o r in  seme cases not y e t ,  openly pub lished , 

was known to  me a t  th e  tim e of w ritirg *

Much of the o r ig in a l  work described  below has a lread y  appeared in  th e  

form of pap ers , re fe ren ces  to  which w il l  be found in  §21* Other p a r ts
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are  in  th e  course of p re p a ra tio n  f o r  p u b lic a tio n  in  t h i s  form# P a r t of 

the  te x t  has been tak en  from a ch ap te r of some 50,000 words on th e  theory  

of de tonation  which I  w rote in  1948 a t  th e  request of the  E d ito r ,

P ro fesso r C «E #H • Bawn, L iverpool U n iv ersity , and of th e  P u b lish e rs ,

Messrs# B u tterw orths, f o r  a book on HThe Science of E xplosives” , 

sh o rtly  to  b e  p rin ted*  Other sec tio n s  form p a r t  of th re e  chap ters  which 

I  c o n trib u ted  to  a forthcoming Oxford Monograph on Explosives#

The summary (§1) in d ic a te s  in  g en e ra l terms those  p a r ts  of th e  

T hesis f o r  which o r ig in a l i ty  i s  claim ed. To make th e  m atter as c le a r  as 

p o s s ib le , however, a re d  r o s e t te  ( ) has been a ttach ed  to  th e  heading

of such sec tio n s  as a re  e n t ire ly  or almost e n t i re ly  novel, and a lso  to  

o r ig in a l  equations, ta b le s ,  etc# in  se c tio n s  based p r im a rily  on work by 

others# The f ig u re s  a re , w ith  a few obvious excep tions, a l l  o r ig in a l#  

Acknowledgment of a s s is ta n c e  rece iv ed  from my co lleagues in  

I .C .I#  w i l l  be found in  §1.3*

In  f u r th e r  support of my a p p lic a tio n  I  submit herew ith  copies of th e  

follow ing ad d itio n a l papers, ly in g  outw ith the  scope of t h i s  T hesis:

(1) The ig n it io n  of inflammable gases by hot moving p a r t ic le s #

(P h il. Mag# 28, 1 (1940)).

(2) The ig n it io n  of inflammable gases by hot moving p a r t ic le s  II#

(P h il .  Mag. 3£, 437 (1940)).

(3) The conduction <f hea t in  a medium genera ting  o r absorbing heato

(P h il .  Mag. 32, 384 (1941)).

(4) Heating or cooling of a sphere in  a w e l l - s t i r r e d  f lu id #

(Proco Phys* Soc* 59, 50 (1947)).
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(5) Conduction of heat from lo c a l  sources in  a medium generating  

o r absorbing heat* (Unpublished)*

(6) On c e r ta in  types of s o lu tio n  of th e  equation  of heat conduction, 

(Unpublished) •

(7) Propagation of a boundary of fusion* (Unpublished)*
oo 2r -yi%

(8) R apidly convergent s e r ie s  f o r  2- 71 e [Unpublished) .

(9) S e rie s  expansion of a c la s s  of in te g ra ls  (Unpublished)*

(10) Plow behind a steady plane d e to n a tio n  (Research, J5, 99 (1950))*

N either the  whole nor any p a r t  of th i s  T hesis nor of th e  a d d itio n a l 

papers has been subm itted  p rev io u sly  by me fo r  a h igher degree o f any 

U niversity*
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THE THEORY OF PLA.KS SHOCK AND DETONATION WAVES

§1 • In tro d u c tio n  and Summary

The dynamics of com pressional and d i la ta t io n a l  waves of f i n i t e  

am plitude, and th e  form ation of Mshock waves” , were f i r s t  s tu d ied  

th e o re t ic a l ly  by Eamshaw and by Riemann about th e  year i860. The 

theory  was l a t e r  developed by Rankine, Hugoniot, Rayleigh, Taylor and 

o th e rs .

.Then Earnshaw and Riemann published th e i r  re sea rch es , detonating  

exp losives had a lread y  been known fo r  more than  te n  y e a rs . However, 

i t  was l e f t  to  S chuster, in  1880, to  suggest a connection between shock 

and de tonation  waves. S ch u ste r’ s suggestion  was f i r s t  ap p lied  by Chapman 

(1899) and by Jouguet (1901) • The modem theory  of detonation  rep re sen ts  

a development of th e  ideas of these  w r i te r s .

I t  i s  th e re fo re  lo g ic a l ,  in  any study of d e tonation , to  provide f i r s t  

some account of th e  theory  o f f i n i t e  com pressional waves and shock waves in  

n o n -reac tiv e  media. For the purposes of a th e s is  concerned p rim a rily  w ith 

the de tonation  process i t s e l f ,  th i s  account might have been made ra th e r  

b r i e f .  However, s ince  no f u l l  and connected p re se n ta tio n  o f th e  theo ry  

of such n o n-reac tive  waves appeared to  have been published , i t  was decided 

to  enlarge the  scope of the p resen t work by d iscu ssin g  i t  a t  some len g th . 

P a r t I  th e re fo re  con tains a redevelopment of th i s  p a r t  o f th e  su b jec t.

I t  i s  r e s t r ic te d  to  problems of one-dim ensional flow adjo in ing  a reg ion  

of co n stan t entropy, and only steady  shock waves a re  disG ussed.

1



W ithin th ese  l im ita tio n s ,  however, i t  i s  much more d e ta i le d  than  any 

p r io r  treatm ent known to  th e  w rite r* •

§ § 2  and 3 co n ta in  a  g en era l d iscu ss io n  o f f i n i t e  a d ia b a tic  waves and 

th e  development o f shock waves in  a  f lu id  with a r b i t r a r y  equation  o f s ta t e .  

Although th e  fundamental concepts a re  well-known, many o f  th e  p a r t ic u la r  

r e la t io n s  derived are  b e lieved  to  be new. For exam ple, § § 3 .2  -  5 

rep resen t a g e n e ra lis a tio n  o f r e s u l t s  given by Rayleigh.

In  S h ,  th e  th eo ry  i s  app lied  to  id e a l gases. Here again , the b a s ic  

ideas are  fa m ilia r ,  bu t th ey  a re  developed in  more d e ta i l  th an  p rev io u sly , 

and new m atter has been added throughout. §§  1+.01, u . 12, U .3, U.31+ and k .5  

a re  wholly new.

§ 5  p resen ts  th e  fundamental equations f o r  th e  propagation and s tru c tu re  

of steady plane shocks in  an a r b i t r a r y  f lu id .  I t  i s  based , fo r  th e  most 

p a r t ,  on an an a ly s is  by Becker, and novelty  i s  claimed only in  m atters  of 

d e t a i l .

*Since P a rt I  was w r itte n , an American te x t  has been published  

(R . Courant and K. F r ie d r ic h s , "Supersonic Flow and Shock Y/aves", New 

York j  ) ,  in  which th e  sub jec t of n o n -reac tiv e  waves o f f i n i t e  am plitude 

i s  d iscussed in  g rea t g e n e ra li ty . However, as the  scope o f th i s  work i s  

much wider than th a t  of P a r t I  o f  th e  p resen t th e s i s ,  so i t s  manner o f 

treatm ent i s  much le s s  d e ta i le d . Numerical a p p lic a tio n s  a re  a lso  e n t i re ly  

om itted . In  consequence, th e re  i s  vexy l i t t l e  overlapping between th e  

two te x ts .



The la rg e -sc a le  p ro p e rtie s  of s teady  plane shock-waves are d iscussed  in  

§ 6 . The treatm ent in  §6.1 of th e  Rankine-Hugoniot equation i s  more 

system atic  and rig o ro u s  than th a t  g iven  "by Becker. In  §§6.2 -  6 .28 , the 

im portant sp e c ia l case o f an id e a l gas has been in v e s tig a te d  in  much 

g re a te r  d e ta i l  than p rev io u sly , and a  la rg e  number o f new r e la t io n s  noted .

§ §  6.3 -  6.42 in c lu d e , fo r  com pleteness, a summary of c a lc u la tio n s  by o th er 

w r i te rs  on the p ro p e rtie s  of shock-waves in  a i r ,  e th y l e th e r  and w ater. 

§§6.5-6 /19 .5  d iscuss the  propagation o f in ten se  shocks in  so lid s  and 

heterogeneous media: these  te n  se c tio n s  are e n t i r e ly  o r ig in a l .

The normal re f le x io n  of p lane shocks a t  m a te ria l in te rfa c e s  i s  d e a lt 

with in  § 7 .  The fundamental theory  of ”matching” i s  not new, but i t  i s  

presented  in  a more general form, and in  much more d e ta i l  than  p rev io u sly .

The con ten ts of § § 7 .0 1 , 7 .1 1 , 7 .111, 7 .13 , 7 .1 4 , 7.141, 7.1*42, 7 .3 , 7 .5  

and 7 .6  a re  e n t i r e ly  o r ig in a l ,  and many of those o f the  remaining se c tio n s .
t

A la rg e  number of num erical ap p lic a tio n s  have been made.

P a r t  I I  i s  concerned w ith  th e  theory  o f de tonation  in  gaseous, l iq u id  

and so lid  ex p lo siv es . A fter a review of th e  h is to ry  of th e  su b jec t ( § 8 ) ,  

a r a th e r  d e ta i le d  account i s  given (§§9 -  9.*+) of the fundamental la rg e -  

sca le  theo ry  of the  steady p lane detonation  wave in  an a rb i tr a ry  exp losive.

In  p reparing  t h i s ,  we have made use of th e  work o f Jouguet, Becker and 

lu r in g , with c e r ta in  refinem ents in  d e t a i l .  In  §§9 .5  - 9 .5 4  th e  theory  

i s  developed in  a  form s u ita b le  fo r  p ra c t ic a l  c a lc u la tio n  with any appropria te  

equation  o f  s ta t e .  The p re se n ta tio n  here i s  much more general than any known to  

th e  w r i te r .

A pp lication  to  id e a l gaseous explosives i s  made in  §10; th e  treatm ent i s  

fundam entally th a t  o f Jouguet and C russard , bu t i t  has been improved in  p o in t 

of r ig o u r . In  a d d itio n , a considerab le  number of new re la tio n s  are g iven .



§11 reviews c r i t i c a l l y  th e  c a lc u la tio n s  made by various workers on r e a l  

gaseous d e to n a tio n s . An o r ig in a l  s e t  o f d e ta ile d  c a lc u la tio n s  fo r  carbon- 

raonoxide -  oxygen m ixtures i s  included  ( § 1 1 .1 ) ,  based on th e  most recent 

thermochemical d a ta . The trea tm en t i s  extended to  dust clouds ( § 1 1 .2 )  

and a  num erical a p p lic a tio n  g iven .

D etonation  in  low -density  condensed explosives i3  the  su b je c t o f §12, 

where the  equations of T affanel and D autriche are  derived  and th e i r  

l im ita tio n s  d iscussed . The equations are app lied  to  a low -density  

g un-co tton , and confirm atory experiments rep o rted . A dd itional th e o re t ic a l  

r e la t io n s  a re  again  g iven.

§§13 and 13.1 co n ta in  a g en era l d iscussion  of th e  most im portant 

p ra c t ic a l  f i e ld  of a p p lic a tio n  of the Chapman-Jouguet th eo ry , th a t  o f s o lid  

and liq u id  exp losives a t  normal loading d e n s it ie s .  A fte r a d e ta ile d  an a ly s is  

of th e  re lev an t chemical e q u i l ib r ia  ( § § 13.2 -  13. 23) ,  a product gas equation 

o f s ta te  i s  proposed, s u f f ic ie n t ly  simple in  form to  perm it wide a p p lic a tio n  

w ithout p ro h ib itiv e  lab o u r, while a t  th e  same tim e s u f f ic ie n t ly  genera l to  

serve as a f i r s t  approximation to  th e  behaviour o f gases a t  de to n atio n  p ressu res  

and tem peratures ( § 13.3) .

The EH-equation, C J-condition  and form al so lu tio n  are  developed in  

term s of th i s  equation  of s t a t e  in  § § 13 .4 , 13.5 and i t s  consequences in  

the  theory  of re a l  e q u i l ib r ia  analysed in  § 13. 6 .

§§14 -  14.6 describe  p r a c t ic a l  ap p lic a tio n s  to  ty p ic a l  condensed 

explosives y ie ld in g  e n t i re ly  gaseous p ro d u c ts . D eta iled  num erical 

c a lc u la tio n s  are  p resen ted , which show th a t  th e  th e o r e t ic a l  wave v e lo c i t ie s  

f o r  th e  model explosive agree very  c lo se ly  with th o se  a c tu a lly  measured on 

the r e a l  m a te r ia l, not only a t  a s in g le  loading d en s ity  but over th e  e n tire  

p r a c t ic a l  range.



§15 co n ta in s  a d e ta i le d  d iscu ssio n  of th e  a d d itio n a l problems ra ised  

by th e  presence of a condensed phase in  the p roducts. The th eo ry  i s  

reform ulated  fo r  3uch explosives ( § 1 5 .1 ) and app lied  in  § § 15 .2 , 15.3 to  the  

im portant cases of TNT, t e t r y l ,  p ic r ic  acid  and cyclo tr im e t h y len e trin itram in e , 

whose products may include f re e  carbon. Close agreement between theo ry  and 

p ra c tic e  i s  again  found. §15*4 conta ins c a lc u la tio n s  fo r  l iq u id  ethy lene, 

which recen t experience has suggested may be capable of d e to n a tio n .

The a p p lic a tio n  of th e  theory  i s  extended in  §§16 -  16.5 to  a  la rg e  

number of commercial b la s tin g  exp losives re p re se n ta tiv e  of th e  e n t ire  range 

of contemporary B r i t i s h  m anufacture.

§§17 -  17.3 are concerned p rim arily  w ith an experim ental t e s t  o f  the  

c a lc u la tio n s  fo r  commercial exp losives rep o rted  in  §§l6 -  16 .5 . §17

p re se n ts , as b a s is  fo r  th e se  experim ents, a g eneral q u a l i ta t iv e  d iscussion  of 

the s ta b le  detonation  wave under im perfect l a t e r a l  confinement; w hile 

§§17 .01 , 17.02 d escrib e  c e r ta in  innovations in  the technique of v e lo c ity  

measurement. § § 17.1 -  3 then  record experim ental determ inations of th e  

maximum wave v e lo c i t ie s .  Very good agreement i s  found with th e  th e o re t ic a l  

p red ic tio n s  of § § 16.1 -  16.3.

§18 re tu rn s  to  th e  question  o f e x p lo s iv e /in e r t m ixtures. Approximate 

analyses are g iven, based upon various a l te rn a t iv e  assumptions regard ing  

the  behaviour of th e  in e r t  d ilu e n t ,  and experim ental and th e o re t ic a l  s tu d ie s  

designed to  a r b i t r a te  between th ese  are  described  (§§18.1 -  1 8 .8 ). The 

bearing  of t h i s  work upon the  design of explosives w ith  u ltra - lo w  

v e lo c i t ie s  of de tonation  i s  d iscussed  in  § 1 8 .9 .

Novelty i s  claimed fo r  th e  whole of §§13 -  18, except in  a  few in stan ces  

where acknowledgment i s  expressed in  the  t e x t .



§§19, 19*1 co n ta in  an a n a ly s is  of th e  re a c t ion-zone s tru c tu re  in  

plane gaseous d e to n a tio n , based on work by Dbring. This th e o iy  i s  

extended in  § 19. 2 , by in c lu s io n  a lso  o f th e  re a c tio n -k in e tic  equations, 

to  determine th e  space- and tim e -p ro f ile s  o f th e  reac tio n -zo n e . A new 

theory  o f th e  reaction -zone s tru c tu re  in  condensed explosives i s  developed 

in  §19.3 and ap p lied  (§19.4) to  th e  case o f FETN a t  various c a r tr id g e  

d e n s i t ie s .  Experim ental evidence in  support of th e  theo ry  i s  re p o rte d  in  

§ 1 9 .5 . §  19.6 con ta ins a general d iscu ss io n  of th e  mechanism o f propagation

in  condensed ex p lo siv es , with p a r t ic u la r  re fe ren ce  to  th e  d u a l-v e lo c ity  

e f fe c t:  a theory  of mechanism i s  then  put forw ard, based on th e  s t r u c tu r a l

an a ly s is  of §19 .3 , and supported by th e  e f fe c t  of h y d ro s ta tic  p ressu re  upon 

th e  d e tonation  wave. §19.7  develops th e  th eo ry  of t h i s  e f f e c t .

In  conclusion , §§20-20.4 dea l with th e  e f fe c ts  of the  steady plane 

detonation  wave upon i t s  environment. A fte r  a general a n a ly s is  o f  normal 

re f le x io n , p a r a l le l  to  th a t  given fo r n o n -reac tiv e  shocks in  §7, theo ry  

i s  developed ( §20) in  considerab le  d e ta i l  fo r  th e  case o f  id e a l  gaseous 

p roducts. With a few excep tions, the r e la t io n s  derived  are  new, and v arious 

num erical ap p lic a tio n s  a r e  g iven . A corresponding development i s  then  made 

fo r  condensed explosives whose products s a t i s f y  the  Abel equation o f s ta te ,  o r
,  yt

a l te rn a t iv e ly  th e  po ly trope = c o n s t . ;  w ith num erical examples as b e fo re .

These paragraphs a re  a lso  new. § 20 concludes w ith th e  r e s u l ts  o f  o r ig in a l  

d e ta ile d  c a lc u la tio n s  fo r  normal re f le x io n , a t  v ario u s  l iq u id  and s o lid  

boundaries, of plane de to n a tio n  waves in  ty p ic a l  commercial b la s tin g  exp losives. 

The necessary  theory  o f re f le c te d  shock and ra re fa c tio n  waves in  the  products o f 

such explosives i s  p resen ted  in  §20.1 ,§ 2 0 .2 , w ith num erical a p p lic a tio n s .

§ 2 0 .3  d iscusses measures of '’b r isa n c e ’1.

F in a lly  § 2 0 .4  considers  the  m od ifica tions necessary  in  th e  fundamental 

theory  of transm ission  when th e  ta r g e t  m a te ria l i s  i t s e l f  a detonating  exp losive ,



i

and form ulates a theory  of t r a n s f e r  o f de to n atio n  from one exp losive 

to  ano ther.

L ite ra tu re  re fe ren ces  are  c o lle c te d  in  §21 • n *
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§1 *1 Nugfoerigg o f sec tio n s , equations, tab les and f i j t u f »

The section s are numbered on the decimal system® For the moat 

part, i t  has been p o ssib le  to  combine t h is  w ith a lo g ic a l  subdivision  

of the argument* Equations, ta b les  and fig u res  are numbered afresh

in  each section* In cross-referen ces, equations are d istingu ished

by enclosing the equation number in  p la in  brackets ( ) ,  preceded by 

the appropriate sec tio n  number, except when the equation belongs to  the  

current section* The word " equation" i s  generally  omitted in  such 

references* In the case of tab les  and fig u res, the p la in  brackets are 

replaced by a colon; thus tab le  7*142jA is  the fourth tab le  of 

sectio n  7*142* The word "Table” or "Figure", and the se c tio n  number 

are always expresiy sta ted  in  references* External references are 

co llec ted  at the end (§21), and indicated  in  the te x t  by a handwritten 

figu re  in  blue ink (or in  red, when the reference i s  to  the w riter’s  

own publication) above the lin e  of text*

§1 o2 L ist of symbols

The follow ing l i s t  contains only those symbols which are in  

frequent use throughout the t e x t ,  and are not, th erefore , as a ru le  

redefined in  each section* A few of the symbols l i s t e d  are used to  

represent other q uantities in  p articu lar sections*

distance coordinate

t time coordinate

f pressure

ft p a r tia l pressure

h f t fu gacity

T absolute temperature

u,}%* p a r tic le  v e lo c ity
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W p a r t ic le  v e lo c ity  with respect to  m aterial

ahead o f wave*

& wave v e lo c ity

D wave v e lo c ity  w ith respect to  m aterial

ahead o f wave

&> A sonic v e lo c ity

v  sp e c if ic  volume

V volume

f ,A  density

£  in tern a l energy/mass

$  entropy/m ass

n gaseous moles/mass

yV gaseous moles*

oC covolume/mass

—  moles of C0 2 ,C0 ,  per to ta l  mass.

high-temperature second v ir ia l  c o e ffic ie n t

Q  reaction  energy/mass

CV,C ,̂C true sp e c if ic  heats

c  mean sp e c if ic  heat at constant volume

y  ra tio  of sp e c if ic  heats

A (y-f-l)/(y-i) i a lso  thermal d if fu s iv ity
>:

f4' chemical p o ten tia l; a lso  v is c o s ity

JT pressure r a t io ;  a lso  -fi/N

(p volume ra tio ; a lso  sp e c if ic  volume of

condensed phase 

7ft proportion of exp losive ingredient/mass

~R gas constant/mole

K ’ + cv  d v



1 0

/C id ea l equilibrium  constant

T  r ea l equilibrium constant

Subscripts

0 condition  ahead of wave

f condition behind shock wave, or at CJ-layer

of detonation wave 

5 condition  behind shock-front o f detonation

wave

2 condition  behind r e f le c te d  wave

3 condition behind transm itted wave

Superscripts

1 q uantities referred  to  u n it mass of gaseous

phase alone

jk
standard s ta te
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PART I



1. 2

[/S'CD; Sif]
Ph y s ic a l approach to  the theory  of shook waves

We imagine a column of f lu id  to  be confined a t  r e s t  i n  a r ig id  

c y l in d r ic a l  tu b e , impervious to  hea t and closed by a r ig id  impervious 

p is to n . A v e lo c ity , sm all compared w ith  th a t  of sound in  the undisturbed  

f lu id ,  i s  given to  th e  p is to n . A compression wave of in f in i te s im a l  

am plitude w i l l  then proceed through the f lu id  w ith  the v e lo c ity  of sound.

The f lu id  behind the wave f ro n t shares the (sm all; v e lo c ity  of the p is to n , 

and i s  a lso  s l ig h t ly  compressed and heated. ^ f te r  an a r b i t r a r y  in te rv a l  

of tim e, the p is to n  v e lo c ity  i s  increased  by a fu r th e r  sm all amount.

A second sound wave then pursues the f i r s t ,  and, s in ce  i t  proceeds through 

f lu id  which i s  moving forward and is  a lso  s l ig h t ly  heated , w i l l  in  general 

tend to  overtake the previous wave. I f  th i s  p rocess of stepw ise acce le ­

r a t io n  of the p is to n  i s  continued, a s e r ie s  of sm all waves w i l l  th e re fo re  

be genera ted , each tending to  overtake i t s  p redecessor. I t  i s  evident 

th a t an a rb i tr a ry  continuous a c c e le ra tio n  of the p is to n  may be considered 

as the lim it  of such a discontinuous or stepw ise p ro cess , and th a t  the 

continuous compression wave which i s  formed in  f ro n t of the  p is to n  may 

correspondingly  be regarded as th e  l im it of an i n f in i t e  sequence of sm all 

compression waves, each overtaking  those which precede i t .  F in i te  compression 

waves so generated and m aintained must th e re fo re  n e c e s sa r ily  become more 

s te e p ly  fro n ted  as they proceed, and in  the absence of d is s ip a tiv e  p rocesses 

end by becoming in f in i t e ly  s tee p . Moreover, i t  may be judged th a t  from th e  

in fltan t when the second in f in ite s im a l wave overtakes the f i r s t  an a c c e le ra tio n  

w i l l  ooour in  th e  wave f ro n t  i t s e l f ,  whose v e lo c ity  w i l l  accordingly  in c rease  

as the p ressu re  immediately behind i t  r i s e s .

We may pursue the argument a l i t t l e  fu r th e r .  I f  th e  p is to n , a f te r  an 

i n i t i a l  period  of a c c e le ra tio n , m aintains a steady f i n i t e  speed, the  process
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of in te n s i f ic a t io n  and a c c e le ra tio n  of the wave f ro n t  w i l l  con tinue.

U ltim ate ly , ( a f t e r  c e r ta in  p rocesses d iscussed  in  more d e ta i l  below), a 

steady s ta te  w i l l  be e s ta b lish e d , in  which th e  p ressu re  and v e lo c ity  are 

corfibant throughout th e  s te a d ily  expanding reg ion  between p is to n  and wave 

f ro n t .  I f  a subsequent fu r th e r  a c c e le ra tio n  of th e  p is to n  were to  occur, 

a second s te e p ly -fro n ted  wave would o f course pursue the f i r s t ,  and 

u ltim a te ly  overtake i t .  I f ,  on the  o ther hand, the p is to n  d e c e le ra te s , 

a rarefaction wave i s  produced, and th is  must in  the end overtake the  

wave f ro n t and reduce i t s  in te n s i ty .  Whether steady  cond itions are

resumed a t  a lower le v e l ,  or the  degeneration proceeds in d e f in i te ly  

depends upon whether the p is to n  v e lo c ity  again  becomes co n stan t or f a l l s  

to zero.

Moreover, to conclude, i t  i s  apparent th a t i f  th e  p is to n  i s  supposed 

from th e  o u tse t to  withdraw from th e  tube ra th e r  than  to  advance in to  i t ,  

so th a t  a f i n i t e  ra re fa o tio n  ra th e r  than compression wave i s  produced, each 

successive elementary wave must t r a v e l  through f lu id  which i s  cooled and 

s e t  in  re tro g rad e  motion by i t s  p redecesso r, and must accord ing ly  f a l l  

fu r th e r  and fu r th e r  behind i t .  F in i te  ra re fa c tio n  waves so generated and 

m aintained must th e re fo re  n e c e ssa r ily  become le s s  s te e p ly  fron ted  as they 

proceed, and the v e lo c ity  of th e  wave f ro n t  cannot exceed th a t  of sound in  

the undisturbed f lu id .  Of course, i f  th e  p is to n , a f te r  a period of 

acce lera ted  w ithdraw al, m aintains a s teady  v e lo c ity , co n d itio n s a t  the 

p is to n  remain th e re a f te r  co n s ta n t, and the  wave merely becomes le s s  and 

le ss  s teep  w ith  tim e. A s teady s ta te  i s  n^ver r e a l is e d ,  though over any 

f i n i t e  length  of f lu id  cond itions approach more c lo se ly  to  such a s ta te .

I f ,  on the  o ther hand, the p is to n  d e c e le ra te s , compression waves advance 

through th e  ra re f ie d  gas and must b u ild  up in  the manner o r ig in a lly  described . 

Whether cond itions near the p is to n  quiesce to  zero , or become once more
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steady  a t  some in term ediate  le v e l of ra re fa o tio n  depends upon whether th e  

p is to n  d ece le ra te s  in d e f in i te ly  or only to  a p rescrib ed  e x ten t.

Compression or ra re fa c t io n  waves whose f ro n t i s  i n f in i t e ly  s teep  a re

described  as shook waves. From the above argument we th e re fo re  conclude

(a ) th a t  every f i n i t e  corapressiofa wave# i f  s u ita b ly  m aintained, must 

beoome more s teep  w ith  tim e, and sooner or l a t e r  give r i s e  to a 

shock wave, and

(b) th a t every f i n l t ?  re re fa c t io n  wave must become le s s  s teep  w ith  tim e,

and, over a co n tin u a lly  g re a te r  p o rtio n  of i t s  len g th , degenerate

in to  a sound wave.

I t  i s  c le a r ,  however, th a t  the above conclusions depend on th e  

assum ption th a t  the a lg eb ra ic  sum of sound and f  lu id  v e lo c i t ie s  behind a 

sm all compression wave exceeds th a t  of the wave i t s e l f .  O therw ise, the 

opposite  conclusions must hold, every compressions 1 wave degenerating w ith  

time and every ra re fa o tio n  wave developing in to  a ra re fa o tio n  shook; w hile 

in  th e  c r i t i c a l  case where the sum of sound and f lu id  v e lo c i t ie s  i s  ex ac tly  

equal to  the  wave v e lo c ity , shooks of n e ith e r  kind w i l l  develop, f i n i t e  

compression or r a re fa o tio n  waves of a rb i tr a ry  p r o f i le  propagating w ithout change.



• M athematical approach

The one-dim ensional or l in e a r  flow of an id e a l  com pressible f lu id ,

th a t  i s ,  one 'which ex h ib its  n e i th e r  v is c o s ity  nor therm al conduction, i s

described  in  the absence of body-forces by the  fo llow ing th ree equations,

a p a r t from the equations of s ta te :

Equation of C on tinu ity  ~ °  0 )
(Conservation of Mass)

Equation of Motion 'djk ^  ^
(Conservation of Momentum) ( 2)

F i r s t  Thermodynamic Law ^  /9£' . , 'd'V \
(C onservation of Energy) I > 0x.) - (3)

Here it* i s  the v e lo c i ty ,in  the d ire c tio n  of the  ax is  0xf of the f lu id

a t  p o s it io n  ^  a t  time 7*, v  » (/p i t s  s p e c if ic  volume, £  i t s  p re ssu re , and

£  i t s  in te rn a l  energy per u n it mass.

I f  we rep resen t the tim e -ra te  of change of any p ro p erty  fo r  a chosen

element of f lu id  by ~  + 11, ~  , and in troduce the entropy $Ac Vx,
per u n i t  mass defined by TdS = dE  -hfdnr , where T  i s  the abso lu te

tem perature, equations (1 -3) may be w r i tte n  a l te rn a t iv e ly

+ p —  = o
c (4 )

^  = 0  ,
dir P ^  (5 ;

d S  -  o
■ (6J

The ehtropy of any ohosen element of f lu id  thus remains co n s ta n t,

though i t  may vary from one element to  ano ther.

In  a d d itio n , two r e la t io n s  w i l l  e x is t  between E( or 5 ) ,  f  , f> and T .

These may be w r i t te n : -

•lThermal”3quatbn ~j> -  'frCpiT) (7)
of S ta te

"C alo ric” Equation ^  (8)

o f 3 t a t e  S =S ( p , T) _  ( 9 )



In  p ra c t ic e ,  of course, the p lace  o f ( 8) i s  norm ally taken by the 

equation

4  = < U P /T ) (1 0 )

whioh d e fin e s  one s p e c if ic  h ea t, say th a t  a t  constan t volume in  terms

of p and T  . ( 8 ) i s  then derived by in te g ra tio n  of the thermodynamic

re la t io n :

using  ( 7)* B'rom ( 7) and ( 9)> we may deduce

S ( p , f )  t (12)

whereupon th e  four dependent v a riab le s  j> , p ,  Ur, £  are  to be determined 

by the  fo u r equations (4 >5 >6 *12) as functions of a t ,  t  . ^  can th e re fo re

be regarded  in  g en era l as a fu n c tio n  of p  and , th is  fu n c tio n  involving 

the boundary co n d itio n s.

03J Flow from a reg io n  of co n stan t entropy

In  the p a r t ic u la r  c a se , however, where $  i s  i n i t i a l l y  uniform  throughout 

the f lu id  and th e re fo re  constan t over a l l  elements a t  a l l  subsequent tim es, 

3(i2) enables us to  w rite  t  = f tp )  ( 1)

and so a lso  u. = n (p j ( (2 /

these r e la t io n s  again involv ing  the boundary co n d itio n s. Then 3fr) and 3 f t)  

become

^  (3)

whence -  "jfrCty/dp) 5 * (5j

However, i f  M, i s  sm all, give approxim ately

'bpfot -  and /dt*’/9k = “  "p ^  >

so th a t  to a f i r s t  approximation
-  f ik \ t t  i<tt\ 'iji
"  l«f>)$ 0y?- 8nd 0 E  ~ WpJs ^

Thus W 4? ) g  =  * * , ( 6)

W here a*(f>) i s  the speed of p r o p a g a t i o n  0f  in f in ite s im a l com pressions, th a t



i s ,  the v e lo c ity  of sound,

(5) th e re fo re  y ie ld s
r P

« . - * „  = ± J  (7)
fo

being the v e lo c ity  of the f lu id  where i t s  d en s ity  i s  po . Then by

(3) or (4)

ana s im ila r ly  +  (ustt.'fib = o > ’ l' 6-1
 ̂ 0-ae I

f |  +  = °
so th a t  p ,  -j(> and are propagated a t  a speed Us±4/ . I f  we now ch&ose

the + s ig n  in  (7) and (8) ,  corresponding to  the propagation  of a compression 

or ra re fa c t io n  wave in  the p o s itiv e  ^ -d ire c tio n , we can se e  immediately 

th a t  those p a r ts  of the wave p ro f i le  where p i s  g re a te s t  advance most 

ra p id ly , provided always th a t  u-+*/ in creases  w ith  p , in  o ther words th a t  

a, Ip  + daijd.p i s  p o s it iv e . By (6 ; ,  th is  co n d itio n  becomes

>0  ( 9 )

S ub jec t then to  ( 9) ,  -density  g rad ien ts  in  the d ire c tio n  of ^  become more 

negative  w ith time. Thus a s teep ly -fro n ted  compression wave advancing along; 

Ox w i l l  become more s te e p , w hile i f  the density  f a l l s  o ff  behind the wave 

i t  w i l l  f a l l  o ff  le ss  ra p id ly  as the wave proceeds. On th e  o ther hand, i f  

( 4 f / 4 f ) s C o  , the opposite  conclusions must fo llow .

Again, choosing the -  s ig n  in  (7) and ( 6) ,  corresponding to  the  

propagation  of a wave along -  , we conclude th a t  those p a r ts  of the wave

p r o f i le  where p i s  g re a te s t  r e t r e a t  most ra p id ly , provided th a t & 

decreases as p  in c re a se s , in  o ther words th a t  (9) holds good as b e fo re .

In  conclusion , th e re fo re , su b jec t to  (9) compression waves in  id e a l 

f lu id s  must become more s teep ly  fro n ted , and ra re fa o tio n  waves le ss  s tee p ly  

fro n te d , as they  proceed. Only in  a m a te ria l fo r  which



j th a t  i s ,  in  which the  ( P . * ) -  a d ia b a tic s  

are  s tr a ig h t  l in e s  j> = A v + H  , w i l l  f i n i t e  e l a s t i c  waves propagate 

w ithout change of form- This co n d itio n  i s  no t norm ally f u l f i l l e d  by any 

known substance. In  a l l  normal cases (97 a p p lie s , though unusual

cond itions may perhaps e x is t  under which i s  < O .

In  th a t  even t, only ra re fa c t io n , and no t com pression, shocks would be possib le .

§5.Z Coordin a te s  of p o in t of  onset of shock

I t  remains to  show th a t  d en sity  g rad ien ts  which in crease  by th e  above 

p rocess become in f in i te  w ith in  a f i n i t e  t in e .  7/e proceed from 3.1  ( 6 ;  

w ith  the + sign  and < 0 , and examine th e  v a r ia tio n  of 'dpj'dx

w ith  t , when p  i t s e l f  remains c o n s ta n t. Regarding p , t  as independent 

v a ria b le s  we have
“3  ^ p  0p  'dx.

0 *  = 0*2 £ +  0 ^  ’

But Q _ .
°  -  ** U p

H enoe =

=  “ ( M )  7 ^ ^  b )

By 3 ,/  ( 9 ) ,  the r ig h t  s id e  i s  < 0  , which confirm s th a t  the  wave

does steepen. Moreover, in te g ra tio n  of ( 1; g ives

**  '  ’ ^2) 
whence i t  appears aH; once th a t 'dpfdx, becomes in f in i t e  when

t - * r *  ‘

7P (u+A)

i ' e '  ’  (3) 
in  o ther words (s in ce  the denominator is  p o s i t iv e ) a f te r  a p o s it iv e  f in i t e  

time. The corresponding d is tan ce  traversed  i s  of course a , t  .



•̂  Compressio n  wave produced by a contin u o u sly  acce le ra ted  p is to n

We may, fo r  example, apply the above a n a ly s is  to  th e  f lu id  ( i n i t i a l l y

a t  r e s t )  ahead of a plane p is to n , which commences to move along Oyc from

X = 0 a t  t  a  0 . Let £ ( z )  be the ^ -co o rd in a te  of th e  p is to n  a t
«  •  *

time *C, and suppose th a t  ==• o and £  > O . Then by 3,j ( 8) ,  i s

b  4-constan t and equal to  K when X and t  are re la te d  by

p c - £  x  ( £  +  d ) ( t - rc )  } ' b ' p ' t  J (17

where OC i s  the value of a, a t  (£ ,t)  . However, aC i s  determined by

3.1 ( 1>6, 7) as a fu n c tio n  of k  , so th a t,, Zfa) being p re sc r ib e d , ( 1) i s  

an a lg eb ra ic  equation  from which £  (and thus &) may be evaluated as a 

fu n c tio n  of x  and t . p  and -j> then fo llow . The procedure i s

leg itim a te  provided (17 y ie ld s  a unique so lu tio n  fo r  ou . This w i l l  cease 

to  be so , however, a t  when two neighbouring lin e s

Set  ( 1) corresponding to  a d jacen t values of *&, in te r s e c t .  The co nd ition  

fo r  th is  to  happen i s  th a t  ( l )  should be c o n s is te n t a t  fa e j te )  w ith  i t s  

X  -  d e r iv a tiv e , namely

= (k '+ S t) ( t-T )  -  t t + c c ) ,

in  o ther words, th a t

+  • (2 ;

whereupon x . .

t - h i .  ( i )
%

For example, l e t  T -  o J so th a t  <f = g — o .

Theh t c = < K Z . + K )  > x c = ! ( & * . )  = « J c  (' 4 -i

rep resen ts  the l im it  beyond which a s in g le  valued so lu tio n  i s  im possible

a t  the nose of the wave. Beyond t c , th e re fo re , the  g rad ien ts  of u,,pj-p

become in f in i t e  a t  th e  nose. Since oC0 s , the  v e lo c ity  of sound
p da X /in  the  undisturbed f lu id ,  and of = - f  £  , (4 ; may be w r itte n

° a do °



which is  c le a r ly  in  agreement w ith  3 .2 (3 )  j s ince 0

by 3 .1 (8 ).

Condition fo r  sim ultaneous steepening of the e n t i r e  wave

I t  i s  n o t, however, necessary  th a t  m u ltip le -v a lu ed  so lu tio n s  should 

f i r s t  appear a t  the nose. The cond ition  fo r  th i s  i s  th a t  > 0

fo r  a l l  T • On the o ther hand, i f  d t e jd z  * O fo r  every X*

i n f in i te  g rad ie n ts  appear only a t  th e  nose, a n d  the e n t ire  wave f ro n t

becomes v e r t ic a l  sim ultaneously . From 3 ,5 (2) we oan deduce the manner in  

whidh the p is to n  must move fo r  th is  to  occur a t  % • Thus

^  *** £+&, ~ % = G01*3^030̂  ( 0
•

and since  oi i s  a known fu n c tio n  of £ , ( 1) c o n s ti tu te s  a d i f f e r e n t i a l

equation fo r  £ . The so lu tio n  i s  completed below f o r  the p a r t i c u l a r  

case of an id e a l  gas w ith  constan t sp e c if ic  h ea ts . Of course , i f  the 

p is to n  a c c e le ra te s  only up to  X  ^  i n  the manner p r e s c r ib e d

by ( l ) ,  th e re a f te r  moving a constan t sp eed ,  o n ly  the  p a r t  o f  the wave 

generated before T®'?* w il l  become v e r t ic a l  a t  t^{rc ; the p a r t  g e n e ra te d  

subsequent to x  w i l l  be ch a ra c te r ise d  by uniform f l u i d  v e l o c i t y  

and w i l l  thus remain f l a t  up to  t c . I f ,  however, the p i s t o n

m aintains i t s  a c c e le ra tio n  a c c o rd in g  to  ( 1) up to  , the f l u i d  o r i g i n a l l y  

occupying the reg io n  O <  %> < must be compressed to  i n f i n i t e  d e n s i ty

a t  t  = t c
• #

From 3 .3{k )  i t  i s  c le a r  th a t  when ^ »  00 , q » pc,c

so th a t  in  an id e a l f lu id  a d isc o n tin u ity  i s  in s ta n t ly  generated by a p is to n  

which commences to  move inward w ith  f i n i t e  v e lo c ity .



§3.5 Development of t he condi t io n  f o r  sim ultaneous s te e p e n in g .

The co n d itio n  3 .4 -(l) can be developed as fo llow s.

By 3'l (7) > i f  °C and p apply a t  the p is to n  a t  time X ,

i  =  r ^ p / p .
10

Henoe ! - ■

(1) may th e re fo re  be w r itte n

In  o th e r words

p c c l t - r l  -  co n stan t. ( 1)

An example of th is  r e l a t io n  w i l l  be found in  f f . / 2  below.

$3.5> Unique so lu tio n s

I f  on 3.1(7J we superimpose any o ther r e la t io n  between, say U and a, 

we define a unique so lu tio n . For example, i f  the  flow v e lo c ity  i s  son ic , 

both Us and Os, to g e th er w i th /e tc . : ,  a re  determined in  terms of j>ojp0 

(Of. § If-.01 below).
[ jn tm t -a I is& iicn  o f  f f i a j j l e , ' } /40J

£?.£, R arefac tio n  Waves Produced by a Moving P is to n

Equation 3.3 ( 1) i s  equally  ap p licab le  when £ i s  n eg a tiv e , and

allow s the general natu re  of the motion to  be understood. Thus, fo r

we suppose the p is to n  a t  r e s t ,  so th a t  £ = 0 = £ } oC — d 0 .
%

Consequently oc > ac1r corresponds to Us = $ =. o .

The nose of the wave th e re fo re  advances a t  speed d 0 .

Again i f  "b>X>o , $(t) < $(%) <■o J and so

£ ( t )  c  i t  <  [ £ p + < * o ] t  ( 1 )

where =  06 (£a) % cu0 un less = 0 . In  g eneral

°t(€0) < &0 slnoe £ < 0 . Between the p is to h  a t  £(t) , th e re fo re , and

a p o in t which moves w ith  constan t speed £e*f * 0 , i s  determined

by 5 .3 (1 ) in  the manner described above. This leaves only the reg ion  

(<fo-/- oCa)  -p d. p  < 4,0t  to be accounted fo r .  W ithin th is  reg ion ,



* .<w

which corresponds to  the  r e la t io n  between x ,  t  and & i s  given

by J * ? ( l)  as;

X = oC (n )J  t  . (2 )

«/ i s  th e re fo re  l in e a r  in  x  w ith in  th i s  re g io n , provided oc i s  l in e a r  

in  <*/, a cond ition  which i t  i s  shown below re q u ire s  the a d ia b a tic  3 . /  ( l )  

to  have th e  form
Cb-H&fc,

j? 9  Const, p  -+• OFnst, (3)

The co n d itio n  i s  f u l f i l l e d  by ©n id e a l gas.

Of course, i f  * o , so th a t  th e  p is to n  a c c e le ra te s  smoothly 

from r e s t ,  = &o and the  reg ion  in  questioh  d isappears.

A fu r th e r  com plication may be introduced i f  *f(w') s o fo r  a f i n i t e  

negative value (** of u,, I n  th is  event the gas cannot follow  th e  p is to n
t £ I t

a t  speeds beyond ^  J i f  ~ — m, f$ r  *£ > *v , the motion i s  id e n tic a l
* (  ^ * f

w ith  th a t  which would take place i f  £ ~ U fo r  . I f  ^  ^

from the o u tse t, the motion i s  thus equ ivalen t to  expansion in to  a vacuum#

In  th i s  oase, again , oC0 w i l l  in  g en era l be a Q , so th a t  the region

( l )  vanishes and (2)  f i l l s  the e n t i r e  f i e ld  a t  * #

$4. A diabatic  waves in  an id e a l gas w ith co n stan t s p e c if ic  heats

The im portant examrjle of an id e a l gas w ith  co n s tan t s p e c if ic  heats  

serves to  i l l u s t r a t e  the  above more genera l a n a ly s is ,  and pewftit© a lg eb ra ic  

so lu tio n  in  c e r ta in  cases. 5 ( 7 )  becomes

^  * *X p7" , (1)

where n i s  the  number of moles per u n i t  loess and 71 i s  th e  gas constan t 

per mole. 5 (1 0 ,  11) reduce to

Cv  s  co n stan t (2 )

-  C^dT (3)

and so 5 (8 )  is
~b

£ =  cv r  +  crMf. = *  < W \ ,  (4 )

where y  = is  the r a t io  of s p e c if ic  beats#
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3 (.9) and 3{ 12; become

S =  Cv L ( T p ‘~y)  + constan t (5)

S = Cv + co n stan t / (6)

amd&|(l) i s  th e re fo re

t  = t t . p ; r) p \  ( 7)

fo  ‘being th e  p ressu re  where th e  d en s ity  i s  po .

3%l(6 )  i s  then

«*= y»~RT = y f / p  = y(hpo/) - p r' '  = “i f r p S  \  (8)

and ^*/(7) accord ing ly ̂ - > ]  = *  £  R i f * - ]  - ±  %  ( a ~ A° } • (9)
For propagation  along (+)&* , w ith  > the  d i f f e r e n t i a l  equations

3*1(8} then  take the form:

or 9 A /, t  + ( * *  + -  & L ) 9 a /e *  - O  . j ( 10)

Equation 3*1 ( 9) becomes

Y(y+i)j>P~ > o ,

which i s  c e r ta in ly  s a t i s f ie d .  Thus ra re fa c t io n  waves w i l l  degenerate , 

bu t coicpressional waves w i l l  develop in to  shock waves. The process of 

steepen ing  a t  a chosen le v e l p ,  u,, f y  a, i s  rep resen ted  by

'dp _ ____( ? r M .  , ®
Qx I +  (2pfex)'-l (1 1 )

so th a t  the  g rad ien ts  a t  th is  le v e l become in f in i t e  a f t e r  a time.

*6 = = ( - * £ * ) .  • ( 12/ '

§b,ol Sonic v e lo c ity  in  a ra re fa o tio n  from r e s t .

I f  in  ^ (S )t  v/e choose the + s ig n  and s e t  u0~ o 9 tt*/*a = 0 ;

e a s ily  deduce
—^  _ _    ,

y-hi v 1'
J?y

whence j ,  / ,  _ f  2__\ v-i (2)

we
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Thus, in  any ra re fa c tio n  s ta r t in g  from r e s t ,  the p ressu re  has a constan t 

value defined by (2 ; wherever toe v e lo c ity  is  son ic . (2)  i s  analogous 

to  Reynolds* well-known r e la t io n  fo r  the minimum th ro a t p ressu re  in  a 

nozzle. Reynolds7 p re s s u re - ra t io  i s ,  however, the square ro o t o f th a t  

defined by (2 ).

$4-.I Compression by a con tinuously  acce le ra ted  p i s t o n .

As an example of , i f  the s u f f ix  0 r e fe r s  to  co n d itio n s  a t  

t  -  o -  % in  the gas a t  r e s t  in  f ro n t of a p is to n  which advances according 

to  = K&) , the gas v e lo c ity  u, w i l l  be =* i(c) a t  a p o in t % a t  time t

determined by the a lg eb ra ic  equation

Z(z ) = [<X0+ ?±L . (1)

The corresponding p ressu re  p  i s  defined by 4^9,) > which becomes

*  -  ■ .  > z >

This so lu tio n  w i l l  not be v a lid  a t  the le v e l m. ~ beyond d t , x c)

* t m * +  ( n o  $(t) ( 3 )®

a>„ = € ( t)  +  77-----~---------------------- ' , Hs
2(r+<)t(c) (4)

In  p a r t ic u la r ,  the cond itions a t  the nose of a wave produced by a p is to n
%

a c c e le ra tin g  smoothly from r e s t  a t  % -o are found by s e t t in g  * t-  f  = € ~ o .

Then ( l )  beoomes ^  ,

the equation of a sound wave, and (3) and ( 4 ) g iv e :-

Kc = = 2*Z/(Y+0to j (5)
fao] [$3

a g e n e ra lisa tio n  of a formula g iven  by Rayleigh and Becker fo r  th e  
> / 1p a r t ic u la r  case c = . The process of steepening  a t  the nose fo r

t  * t 0 i s  rep resen ted  by, fo r  example,

** /«*  = C0“/SxJ»7-H I ' l ’£££::
2 'i
f - -2 « ,#

w ith  s im ila r  equations fo r 2̂ /4*

( 6 )



From ( 3 ) ,  >o fo r  a l l  ' t  provided

> [ * « .+ (y-0 € ]  £ . (7)
«« •

This w i l l  o e r ta in ly  be tru e  i f  £  £ O , th a t  i s ,  i f  th e  a c c e le ra tio n  

of th e  p is to n  does no t in c rease  w ith  tim e ., I n f in i t e  g ra d ien ts  then 

appear f i r s t  a t  the nose.
&
./I Con d itio n  fo r  sim ultaneous s te e p e n in g .

F in a l ly ,  we may enqu ire , as in  §3*4- , in  what manner th e  p is to n  

must move, so th a t  the e n t ire  wave become p re c ip ito u s  a t  t  **■ •

This c le a r ly  re q u ire s , by 4 * /(3 ),
■?*«, +  =  ^  f o r  a l l  ,J,

(y+oe(%) c
the s o lu tio n  of which i s  found to be

. £(*) = ] ,  (2) 

whereupon ^  s  , a s  would be expected.
> . \ C/40J

E lim ination  of £ and 't between ( l ) ,  (2) and 1; g ives

*  ~ * = £c-f- ’
so th a t  ,fo r  £ i c t u, must be l in e a r  in  which i s  otherw ise obvious

from 4 « / ( l ) j  s in ce , when t c and are  common to  a l l  p a r ts  of the

wave, 4«/(l) g ives in  g eneral

* c- *  = (*.+ m - x ) ( p c~ t ) ,

where are now independent o f u , ,  and in  p a r t ic u la r

= a« tc  , 

whence (3) fo llow s a t  once.

The n eo essity  fo r  a l in e a r  (ll, k) -  r e la t io n  forms in  fa c t  the

s ta r t in g  p o in t fo r  R ay le ig h 's  d e r iv a tio n  of (2 ) . A l in e a r  r e la t io n

between U/ and p  cannot, however, be taken in  g en era l as  a c r i te r io n  fo r

the e n t ire  w ave-front to  become v e r t ic a l  sim ultaneously . In  g en era l,

we must use 3 . f (  1). The l in e a r  o-6f)-relat ions hip i s  appropria te  only 

fo r  flu ids^W hich  u, i s  l in e a r  in  ^  , as i t  i s  fo r  example in  an id e a l
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t.

gas w ith  oonstan t y  (equation  4 (9 ) . But by -?*/(7) th is  re q u ire s
f t .  *

p ^  s  const, whereupon co n st. X p  . - 4 ,  so th a t  th e  a d ia b a tic

r e la t io n  «?*/(l) must be of the form

*j7 3 Gntafc. p  CCtkô , j (4)
[/kqj ' ' r

as remarked by H ayleign and mentioned in  ja.fc? above.

£a!jz Example of Equation ■3.3'~(i).

The analogue of SS{ 1) fo r  an id e a l  gas w ith  co n stan t y i s  e a s ily
' Ul .

found to  be j = oonstan t , (1)
- (y+i)

being the p re ssu re  on the p is to n . j> i s  th e re fo re  l in e a r  in  T  . 
is

This/confirm ed by the above a n a ly s is , s in ce  when 4->//( 1) ap p lie s  4 * /(2 )  

becomes

f  = y* ' . (2)
c fa0)**!

Compression produced by a p is to n  moving w ith co n stan t a c c e le r a t io n .

In  order to  so lve  4-/(1; e x p l ic i t ly  fo r  in  terms of x, and t  ,

vie req u ire  f i r s t  to  solve i t  as an a lg eb ra ic  equation  in  'I . This w i l l  

not in  general be p o ssib le  a n a ly t ic a l ly ,  so th a t  4 . / ( l )  has to  be tre a te d  

num erically . I n th is  e v en t, i t  i s  more convenient to  proceed in  the 

opposite  d ire c tio n  by drawing th e  s tr a ig h t  l in e s  4 ./(l)  in  the (x, plane 

fo r  successive values of t  , whereupon a value of X- (and so of tc) can be 

assigned to  each p o in t f a t )  . In  th e  sp e c ia l case = i f ' c 2' $ however, 

the a n a ly t ic a l  so lu tio n  i s  p o ss ib le . For then

£ ~ u I2f  ? ~ u / f  so th a t

4w( 1) becomes

a e -u 1/Xf = (ao+ yM u , ) ( t -  *-lf) (>,)

W riting ^  = 2a0 /  , we g e t

yn -  -  40 (/~ )  ± 4 (  -  t/fcc ) *>■ (a0f~ oc) ( 2 )

I t  i s  c le a r  th a t  th is  provides a s in g le  p o s it iv e  ro o t only when x  cl #0t  j

bu t th a t under th is  co n d itio n  i t  does so fo r  a l l  t  .  When ?c a0i  >
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x
however, th a t  i s ,  a t  the nose , becomes i n f in i t e  a t  t  -  irQ

When 4ct  and b* b0 , the  ro o ts  a re  bo th  n eg a tiv e  (o r  complex);

when y t> 4 0t  and b > t c , however, they a re  bo th  p o s itiv e  (o r  complex; 

This exem plifies th e  appearance of many-valued so lu tio n s  a f t e r  the  onset 

of shock, and i s  a c le a r  in d ic a tio n  th a t  the  equations f o r  an id e a l  f lu id  

a re  in ap p licab le  across the  shook f ro n t .

The p ressu re  frfa/ty fo llow s from 4*2(2) and 4 * /(2) w ith  £(%) = U' . 

The p ressu re  a t  the p is to n  i s

«  f o O - f  y- r J A  rw , ( 3)

so th a t  [j>(*,**)J 2y r i s e s  l in e a r ly  w ith  'Z . (3 ) may be compared

w ith  4 , / z ( 2 ; .  

r C/J+°]$4,3 ^ r e f a c t io n s  produced by a moving p is to n .

The g en era l conclusions expressed in  §>$*(, become, f o r  an id e a l  gas 

w ith constan t y
oc > a0ir : ti =» o

£ (b) * % < (*o +  ^jr €0) t  : a, determined

by u -  £ (? )  in  4 - /( l)

(%-t €m) t  £ X  < “'o't * ^  de tem ined

z
z  a»t'x .e . Y+t t ( 1 )

Again, by 4-(9)> o when # s  — ?• b  U r $ say.

The gas cannot th e re fo re  follow  the p is to n  a t  speeds g re a te r  (num erically)
ithan M' .

A fte r tc , * = 4 ^  w i l l  no longer be the nose.
*



$4.3j P is to n  withdrawn a t  oon s ta n t speed

The case of s p is to n  withdrawn a t  oonstan t speed —V  * where 

V  <  l^11 t fo llow s immediately from the above. I t  i s  perhaps made 

c le a re r  by considering  f i r s t  the case of continuous a c c e le ra tio n  defined

b7 £  _ -V r
?  " T  + €  ( 1 )

which passes on to  the former when 6 van ishes. We e lim in a te  %
$

and^from 4* / (1) and (1 ) .  Thus, from (1)
-  6 £ ,

*  -  - J ^ v  (2J
and £ / Y  a € '£££■ — % ( 3)

°  e ! ’A v +  , b j r ( 2 )  (4)
4*/(1) then becomes, w ith  £ rep laced  by ^  *

B " ^ O + x ) ] *  (t+^Tli0z ) ( t+  J  * , (5)

where Z s  M,jy .

The p o s itio n  of the  p is to n  a t  tim e t* is  £ ( t)  where 

4 ( t ) / a , t  = *■„ /  f  ^  ~  1 I  ’ i y  i t s

v e lo c ity  £(k) = - V / 0 + e/fr) > "by (1>* The nose of the wave corresponds to
#  - 

'C -  O , in  o th er words £ —o *  * &0u . (5 ; th e re fo re

ap p lies  in  the reg ion  -I l(f- t^ ) < Z ^  0 of  % or

* . / f  ^  - ' J  <  ^  ^  * / « . t . w

A graph of Z  ag a in s t ycj a ^  constructed  from (5) between 

the l im its  (6) fo r  any chosen values of V/** and €[j~ shows the v e lo c ity

p r o f i le  of th e  wave a t  time t  . This i s  i l l u s t r a t e d  in  f ig *  31 i /  fo r  

1 ~ c*f, c*of f o-o , and V/a0 **- / f o r  convenience* The re la t io n s h ip

between th e  p ro f i le s  fo r  continuous and stepw ise a c c e le ra tio n  i s  c le a r  from 

the f ig u re .
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§4-32 Escape i n t o  a vacuum

The c a se  o f  exp an s io n  from r e s t  i n t o  a vacuum has been  a l r e a d y

m entioned . I f  £ h )  r e p r e s e n t s  th e  f l u i d  s u r f a c e  a t  tim e T  , 4  (9 )  
«

shows th a t  (  = -2a0 / (y- i )  , whereupon the so lu tio n  is

. , Z 2c-a0ir I- 2*.tl(r-,) < o.lr: u,= —  • - j —

The v e l o c i t y - p r o f i l e  i s  t h e r e f o r e  l i n e a r  th ro u g h o u t .  

I t  i s  i l l u s t r a t e d  i n  F ig .  f o r  y ~ / ' 4 .

Jfotrikrti'm  of
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£ x m n j ; o / v  i n t o  V A o u u n  : I d e a l . G a s

Vacwm

§4.33

.Also shown a r e  f / j > 0 > P / p c  , t / t q , c a l c u l a t e d  from

d / T ' f i  = c p/Pf  = K  = 1 3 b  +

The te m p e ra tu re  p r o f i l e  i s  p a r a b o l i c  f o r  any Y  •

At dctz-0 , ^  ~ ~2a01(y+,) , and so  4 , =  2a<) / (y+ i) ■

I t  f o l l o w s ,  t h e r e f o r e ,  t h a t  xlO a t  = O .

The v e l o c i t y  i s  t h e r e f o r e  c o n s t a n t  and e q u a l  to  th e  l o c a l  sound v e l o c i t y  

a t  th e  p la n e  o r i g i n a l l y  bounding  the  g a s .  M oreover in  t h i s  p la n e ,  by (2 )

f/j>°  = [ z  K r + o ]  ^  , ( 3 ) ®

ex em p lify in g  4 . 0 1 ( 2 j .

P i s to n  a c c e l e r a t i o n  c o n s ta n t  

The case

b  ~  ~  i ” /  > 0  a -n c i Co-n s f a m  t  / ( 1  ;

i s  of i n t e r e s t  by an a lo g y  w ith  t h a t  d is c u s s e d  in  H z -
[/̂ o]

Here T  = -  , <f = -  k * / 2/ , and 4 - / ( l ;  t h e r e f o r e  becomes"

= (a0 + u ) ( + + u f f )  . (2)

A c c o rd in g ly ,  i f  we w r i t e  ^  f o r  — 2*0 / (y+t) f

Y^ = ~ ( / - J 1 z f y f a t - x )  f
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which co r re sp o n d s  to  ^ .2 ( 2 ) ,  and a p p l i e s  a t  f i r s t  f o r  < &0 t

In  t h i s  r a n g e ,  (3 ;  has two r e a l  n e g a t iv e  r o o t s ,  o f  w h ich , however, on ly  th e  

(n u m e r ic a l ly ;  s m a l le r  i s  a d m is s ib le .  T h is  can  be s e e n  most e a s i l y  from  a 

g raph  in  th e  fa t ) -  p l a n e ,  as  i l l u s t r a t e d  i n  F ig .  4 . 3 3 : 1  . I n t h i s  g raph

th e  m otion o f  the p i s t o n  i s  r e p r e s e n te d  by 0/9/3 cj> , whose e q u a t io n  i s

PC = or i f  as  u s u a l  we d i s t i n g u i s h  t h e  c o o r d in a te s  of

the p i s t o n  by (£ , 'V)

t y e

R̂EFACTION -PRODUCED I n  A N

From each p o in t  we draw th e  s t r a i g h t  l i n e  ( 2 ; ,  a long  w hich  ov i s  c o n s ta n t

and e q u a l  to  —f ' t  . T h is  one -pa ram ete r  f a m i ly  of l i n e s  i s  bounded on th e

one hand by  the  l i n e  14,-0 , i . e .  . .As tt, d e c re a s e s  ( a l g e b r a i c a l l y ; ,

the  s lo p e  dfcjdy c o n t i n u a l l y  in c r e a s e s ,  p a s s in g  ( a t  A; when u  -  u*/ . = ~~ 7

though i n f i n i t e  v a lu e s ,  co r re sp o n d in g  to  u ^ a ^ o  , i . e .  to  a c o n d i t io n  

where sound waves a r e  p ro p ag a ted  reLther fo rw ard  no r  backward. T h is  c o n d i t i o n

and th e  v e l o c i t y  , th e r e f o r e  ap p ly  p erm anen tly  i n  th e  p la n e

oc -  x f =. — 2 * 1  / ( r + t f f  ®

F o r  s t i l l  more n e g a t iv e  v a lu e s  of h, , i s  n e g a t iv e :  sm a l l  waves a r e

p ro p ag a ted  on ly  backward. V/hen ^beyond 3  ; ,  th e  l i n e  v/hen ex tended
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downward passes  again  above (0 , 0 )  , g iv ing  r i s e  to  the spu rious,

num erically  la rg e r , so lu tio n  of (3 ). F in a l ly ,  when Hr ~ -2*0 / (y - t)  ( a t  C;, 

the l in e  touches and fo r  s t i l l  more negative  ^  passes below i t .

Wo so lu tio n  can th e re fo re  be found fo r  = —Za0 /(y^ ,)  %

This lim itin g  v e lo c ity , a  , reached when 'T = s  2a0 / (y ^ ,) f  

and <£ = = — -2a/ / ( r - ' f /  , corresponds by j to  ^ . = o

the p is to n  th e r e a f te r  sep ara tes  from the gas, whose surface  con tinues to  move 

a t  (*' in to  a vaouum.

The range of a p p lic a tio n  of (3) i s  th e re fo re  m odified as fo llo w s :-

(4)

x  i  b > r c ' '  j

As an example, l e t  ao = 3-3 x to^ c m ./se c ., f  = t o*  cm ./sec.

y  = M  .

Then f 3 f z , ^
T  = f‘6iTx/o see. J €  -  ~/'3&x/o c»n. , u -  —f&'S’x/o Cuy.jsee.t

-3
T( = 0-2JSx,o~J Sec. , ~ > *1 -  ~ 2 '7irX'o‘f' c~*.[s*e.

-J
The v e lo c ity  d is tr ib u tio n s  a t  i ’ =r /«o x to ,

A6"x , t * x / o  S(st 'z ')  and 2-o k /o~* ( > ' £ ' )  a re  shown in

F ig . ^ . 3 3 : 2 .
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Tig. 4.33:2. ' R a r e f a c t i o n  in  i d e a l ,  g a s  ( y  * 1-4,

Hg -  3 - 3 x 1 0 *  C~>js) B  = HiNX> F lS T O N  A C C E L E R A T E D  A T  1 0 *  Cm I S 1 .

fan G enera l c o n d i t io n s  f o r  e x i s t e n c e  o f  a "Sonic  p o i n t *1

The e x i s t e n c e  of a p o in t  oc, a t  w hich  th e  v e l o c i t y  rem ains  c o n s t a n t  

and eq u a l  i n  m agnitude to  th e  l o c a l  v e l o c i t y  o f  sound i s  n o t  c o n f in e d  to  

th e  p r e s e n t  case  of a un ifo rm ly  a c c e l e r a t e d  p i s t o n ,  n o r  even to  i d e a l  g a s e s ,  

b u t  may hold  in  any c a s e  o f  a p i s t o n  c o n t in u o u s ly  w ithd raw n , always p ro v id ed  

t h a t  i t s  v e l o c i t y  r i s e s  beyond a c e r t a i n  p o i n t .  F o r by e q u a t io n  

oc = (t )  when £ ( z )  + cl(t ) — O (1 )

I f  ( l )  has a r o o t  T/ , th e n  th e  v e l o c i t y  a t  ocf -  €(%) is  £ ( t , )  and i s

n u m e r ic a l ly  e q u a l  t o  ocfc) th e  l o c a l  v e l o c i t y  o f  sound. C l e a r l y ,  t h i s  

s i t u a t i o n  a r i s e s  on ly  when , i . e .  i n  r a r e f a c t i o n s ,  and a g a in  o n ly

p ro v id ed  I* I r i s e s  s u f f i c i e n t l y  h igh  f o r  ( l )  t o  have a r o o t .

I n  an i d e a l  g a s ,  ( l )  becomes

£(?,) = - 2 * . / ( y + i )  . (2)

F o r  example, suppose £  -  —f z  , so t h a t  £  = ~ i f z 2 , £  ~ >

i f  a c c e l e r a t i o n  ta k e s  p la c e  from r e s t .  Then > and

* /  = Z ( t - )  = -  f - f  (•

Thus, a l th o u g h  th e  com plete  s o l u t i o n  —  dependent upon a cu b ic  in  T — • would
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be lab o rio u s, we can see a t  once th a t  the gas v e lo c ity  i s  co n stan t 

and equal to  it , in  the plan6 .

' Expansion a g a in s t an unsupported massive p is to n

As a s l ig h t ly  more d i f f i c u l t  problem, we may consider the motion 

of a f lu id  expanding from r e s t  a t  a p ressu re  "p0 a g a in s t a p is to n , whose 

mass per u n it  area is  791 , the ex te rn a l p ressu re  being zero ,

iln  th is  case, i f  f ( t )  i s  the p re ssu re  a t  the p is to n ,

( 1)

by 4 (9)-

In te g ra tio n  of ( 1) w ith  re sp e c t to  % g ives

i  -  £ / ■ -  % . - & ] '  “  -  £  - 121# *
sin ce  £ = o when -r =• o

In te g ra tio h  of ( 1) w ith  re sp ec t to  £ g ives
zJL _

g -  i i ]  , ( S

sin ce  £ = o when <f -  o

I f  we e lim inate  I” and T  from by means of (2) and (3)> and

rep lace  £ by W' , there  r e s u l ts  a f te r  reduction
2 *Jr- oc

Y+1 i-f- 2*<pn l(y + ,)f0 
showing th a t u, i s  l in e a r  in  x  throughout the wave,

(4)

The motion of the p is to n  i s  determined by (2 ) ,  which on in te g ra tio n

gives
£ _ _ 2*° 2*o0*i 5 r  y+t j>0 7 ?

£ in creases  w ithou t l im it ,  but by ( 2) £ approaches the v e lo c ity

of escape in to  a vacuum.

The p ressu re  ffa/ t ’) i s  then given immediately by (4 ) and 4(9}- In 

p a r t ic u la r ,  th e  p ressu re  on the p is to n  by ( 1) and (2 ) i s

H e . * )  = * , [ > +  ^
r~ — Ytl

so th a t  Li*(€''r ) J 27 in creases  l in e a r ly  w ith  "O .



Comparison of (5 ) w ith  4*11 (2) shows th a t  the two equations a re  

id e n t ic a l  i f

c ~ IY+O fo
This id e n ti ty  i s ,  of cou rse , a lso  r e f le c te d  in  the l in e a r  r e la t io n s  (4 ) 

and 4.11 (3)« I t  fo llow s, th e re fo re , th a t  the analogue fo r  f  and tc<o 

of the motion d iscussed  in  §U'/I  above i s  th a t  of a f lu id  expanding 

a g a in s t a massive unsupported p is to n . This can in  f a c t  be deduced a t  

once from 4 .1  ( 2) and 4 , 1 (3 )? fo r  by d i f f e r e n t ia t io n  of 4 . 1 ( 3)

o *  , +  Y=L -  I  ,

7^/ y+, 5 *
whence £* /£  -  2 y 'i j . ( Gf* (7 ))

Integrating again, we g e t:-

£  =  M .  0 +  % £ )  , (8)
1«

the constan t having the same sig n  as £

Hence by 4 .1  ( 2)

- m i  =  j > ( i )  i f  £  < o  ( a

>*£ =® f i d )  i f  I  ^  (b

the oonstant being p o s i t iv e  in  each c a se . The boundary c o n d itio n  

(9 a ) c l e a r ly  corresponds to  the p resen t problem o f  expansion  a g a in s t  a 

m assive unsupported p is to n  o f  mass m , per u n it  area ,

(9b) corresponds to  the motion considered in  f  4*11 above, which would, th e re fo re , 

be re a lis e d  i f  the p is to n  were driven  in  by an e x te rn a l p ressu re  a t  a l l  times 

p ro p o rtio n a l to ,  and g re a te r  than , th a t  exerted  by the  gas on i t s  in n e r 

su rface .

Bxpansion a g a in st  a supported m assive p is to n

I f  the outward motion of the p iston  i s  opposed by a force per unit 

area, 4 , 4  ( i j  becomes

0 )

I f  T  i s  p rescrib ed  as a fu n c tio n  o f x , ^ , k>  e t c . ,  the com plete s o lu t io n  o f  

the problem depends on ly  on the d eterm ination  o f ffir ) from the d i f f e r e n t i a l



equation  ( l ; ,  and the subsequent a p p lic a t io n  o f 4 .1 ( 1 ) .  These op eration s  

can always be ca rr ied  out n u m erica lly , but as a r u le  a lg e b r a ic  s o lu t io n  w i l l  

not be p o s s ib le .  For exam ple, l e t  7* be c o n sta n t, -  say  the g r a v ita t io n a l  

fo r c e  on the p is to n .
y~f , mC<r~\)d<r _ /y-/ \ . >

Then ?  ~ ’ T -  f0r Zyi(r^  ~  » ( 2 >

where <r = / £ . But ( 2; cannot in  g en era l be2a0 ̂
in teg ra te d  in  f i n i t e  terms.

When P i s  not c o n s ta n t , the d i f f i c u l t i e s  are in crea sed . One im portant 

problem under t h is  head a r is e s  when th e  p is to n  sep a ra tes  two g a ses  i n i t i a l l y  

a t  r e s t  and a t  d if f e r e n t  p ressu res: ~K, f>* R eserving

c a p i t a l  l e t t e r s  fo r  the low -p ressure g a s , which l i e s  towards £  n e g a t iv e ,  

we h ave:- 2.r  2y

* *  «  r " .  (3 )

A n a ly t ic a l s o lu t io n  appears d i f f i c u l t ,  even when f 1 = y  (and so Ac -  a o)-

(3 )  may, however, be in teg ra te d  n u m erica lly , and the s o lu t io n  fo r  both  gases

com pleted by means o f  4 .1 ( 1 ; .

A shock must u lt im a te ly  develop in  the second g a s , and as i t  i s  c le a r
« * «

on p h y s ic a l grounds, or from ( 3) ,  th a t £  <  0 , 4 .1 (7 )  shows th a t the

shock w i l l  f i r s t  a r i s e  a t  the nose of the com pression wave. In  f a c t ,  s in c e

2 -  P~  0 and -  -  -~ ~ -£ , t h i s  happens a t  ( 'be , ) ,  where

a _
-* - c  = ^  = (r+,)[ + .-? .)  U )

For example, suppose Ao = icfr c m . / s e c . , r - /-f- , m  = 1 g . /om^.

Then

i o - Z  1°S 1° 7 1° 8 1° 9

^  (m nU see.) 25 2.5  0 .2 5  0 .0 2 5

faw -) 750 75 7.5  0.75

When m  ss o , — 0 , so  th a t a shock wave i s  generated  in s ta n t ly  on

r e le a s e ,  corresponding to  the f a c t  th a t 4  ̂ i s  now i n f i n i t e  and £„ no longer  

zero . The problem i s  th en  in tr a c ta b le  by the above a n a ly s is ,  and must be



3 7

d e f e r r e d  u n t i l  a f t e r  c o n s id e r a t io n  of th e  p r o p a g a t io n  o f  shock  waves. ( £  7-2)

I f  r  ~ y  , (and so A0 =. 4o ; ,  and i f

€  I H ~7J } = C ,  ^>/j>0 = £  , e q u a t io n  (3)

becom es:-  ^  ^

= ( / — d-rj f d C ) *  * — C-(/+ <tvjjdC)  'r~' . (5;*

T h is  has been  i n t e g r a t e d  n u m e r ic a l ly  w i th  r e s p e c t  to  d-^jdC  f o r  

c, — 0*1 f y  = /-*f , and th e  r e s u l t a n t  v a lu e  o f  drj[dC  i n t e g r a t e d  ag a in  

w i th  r e s p e c t  to  C • The r e s u l t s  a r e  shown i n  F i g .  4»3i1 w hich th u s

r e p r e s e n t s  the  m otion  o f  a r i g i d  m ass ive  p i s t o n  r e l e a s e d  between a i r  a t ,  s a y .  

1 atm. and 10 atm.

7'/?.

/  /

o-z0 0-1

y-i -  O-IS&ZThe s o l u t i o n  holds up to  *£ = t 0 , i . e .  C = c j

I f  th e  com pression  and r a r e f a c t io n v a v e s  were ig n o re d ,  th e  s o l u t i o n  would 

be s im ply

7  = z O - c ) C  - (Sj

C o m p a r is o n  shows t h a t  th e  e r r o r  i n  (6 )  becomes a p p r e c ia b le  when C > 3* to 2 

( 7j > 3* % x. /o ^ ) *



iilso  graphed in  F ig . 4-5:1 i s  equatioh 4 . 4( 5 ) ,  which i s  the lim itin g  

form of th e  in te g ra l  of ( 5) when C O , and i s  rep resen ted  in  terms of 

(~*j, C) by the  equation

7 = * ? { , - [ . +  (7)

I t  can be seen th a t (7 )  l i e s  between (6) and the  in te g ra l  of (5 ) fo r  f i n i t e

C , -  as would be expected.



5 The ro le  of d iss ip a tiv e  processes in a shook wave

We have seen that compressional waves in an id ea l compressible 

f lu id  become more steep ly-fronted  as they advance, and that in f in it e  

gradients of f lu id  v e lo c ity , pressure, density  ( and so a lso  in general 

temperature) must a r ise  by th is  process within a f in i t e  tim e. The 

appearance o f in f in it e  v e lo o ity  and temperature gradients depends, however, 

upon the id ea l nature of the f lu id , in  other words, upon the assumption 

that energy transferred by v is c o s ity  or thermal conduction across any 

m aterial layer nom al to the motion i s  n eg lig ib ly  small* In any 

rea l f lu id , the q u an tities of energy so transferred must, according 

to d a s s io a l  laws, increase with the v e lo c ity  and temperature gradients, 

the relation  between energy transfer and the appropriate gradient being 

described by a " coeffic ien t '* of v is c o s ity  or thermal conduction* 

Accordingly, no matter how small these co e ffic ie n ts  may be, the 

corresponding energy transfer must u ltim ately  become important when the 

gradients are supposed to inorease without lim it*  This supposition i s ,  

therefore, seen to contradict the assumptions on which i t  i s  based: 

v e lo c ity  and temperature d istr ib u tion s in rea l f lu id s  cannot in fa c t  

become discontinuous by the appearance of in f in it e  gradients* fiat her 

we may expect a stage to be reached in the development of the wave at 

which these gradients become so steep that the corresponding viscous  

and conductive tran sfer , n eg lig ib le  under le s s  extreme conditions, are 

su ff ic ie n tly  large to prevent further in ten sifica tio n *  A balance i s  

thus in the end struck between the inherent tendency towards 

discontinuity and the enhanced d issip ation  of energy which i t  involves*

On the other hand, i t  i s  c lear  tnat the relevant gradients at



equilibrium  w i l l  be greater, and the e ffe c t iv e  th ickness o f the shock 

front therefore le s s ,  the smaller the c o e ff ic ie n ts  of v isc o s ity  and 

heat conduction* For normal f lu id s ,  in which these c o e ff ic ie n ts  

are small, we may ttaus expect the front to  be thin* in  estim ate 

of the order of magnitude o f i t s  thickness ( i )  i s  in fa c t  e a s ily  made 

i f  we assume the gradient o f , say, v e lo c ity  to  have a constant value

throughout the front* For the rate of v iscous transfer i s  then
h. 2/
3 V , where 77 i s  the ordinary c o e ff ic ie n t  of "dynamical" v is c o s ity ,

and M/ the f lu id  v e lo c ity  behind the shook front r e la t iv e  to that ahead*
3

This rate of transfer must be comparable w ith and uAf>9 i f  Af> i s

the pressure d ifference aoross the fro n t, so that j j 2 pAj> , or fo r  a ir

£ -"v/ jo J J A f  j

i f  Af  i s  in atmospheres* This g ives

Aj> 2 20 100 1000

l  ( tn .x io1)  7 0  2 2  1 0  3

I f  heat conduction p artic ip a tes to  a lik e  degree these estim ates of t  

may perhaps be doubled. More preoise estim ates of t  are reviewed 

below j but i t  i s  already apparent that the shook fron t, at le a s t  in  

gases, i s  extremely thin* The conclusion oan be extended to  liq u id s  

of low v isc o s ity , such as ethyl ether, for which T)/'/p’ (and therefore t  ) 

i s  of the same order as in a ir 0 Even water should have a shock front 

only ten to twenty times thicker*

J 5*1 Entropy considerations

I t  i s  apparent from the above d iscussion  that tran sfer of energy by 

the d iss ip a tiv e  processes of visoous and thermal d iffu sio n , so fa r  from 

being n eg lig ib le  within the shook front where rapid changes of v e lo c ity ,
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pressure etc* take p lace , plays a c r i t ic a l  or determining ro le  in  th is  

region* I t  fo llow s, therefore, that the entropy of an element of  

f lu id  does not remain constant when the element passes through the 

shock front* This circumstance d istin gu ish es the shock wave 

fundamentally from the adiabatic waves out of which i t  develops* In 

these waves, the gradients of v e lo c ity  and temperature, though they 

may be appreciable, are too small to involve a s ig n ifica n t le v e l  

of d issip a tion : the entropy i s  therefore e f fe c t iv e ly  constant along

each stream -line. I f ,  however, the consequence of continued 

propagation i s  a steepening o f the wave (which we have seen, on 

mechanical grounds, to  be the case for  compressions! waves su itab ly  

supported by a p iston or the lik e  j , the importance of the irrev ers ib le  

d iss ip a tiv e  processes must continually  increase as the wave advances, 

u n til in  the end these processes become s u f f ic ie n t ly  io^ortant to  

prevent further steepening. When th is  stage has been reached, the 

entropy change experienced by any element o f  f lu id  in traversing the 

Shockwave must be sign ifican t*  Equation 3.1 (1 j then takes the 

more general form i .  e*

and the previous an a lysis , which depends upon the s im p lifica tion

the fundamental equations 3 ( i f  2 ,  3 ) and to  extend these by the inclusion  

o f terms dependent upon v iscous and thermal tran sfer .

The lin ear flow of a rea l f lu id , in  which v isc o s ity  and thermal 

conduction are appreciable, i s  described by the fo llow ing general

d )

S s  constant, ceases to apply. I t i s  then necessary to  return to

§ 5 * 2  General formulation fo r  a rea l f lu id



equations:

Equation of continu ity  ^  2m.
(Conservation of mas3 j ^  + û e ~ ~ °

Equation of motion ^  )
(Conservation of momentum) ?tr ^ Qx V<d?c ~ v 9 x ^ d x J

F irst thermodynamic law ^  ) -  v^-fATr)
(Conservation of energy) 1 t + r * t +  x

■+

where A i s  the c o e ffic ie n t  of thermal d iffu sio n , and p. a c o e ff ic ie n t  of 

v isc o s ity  rela ted  to the "ordinary” c o e ffic ie n t  tj by

t1 = i h
These equations may he w ritten

=

^  ^  9̂ /  2 m. \
P p fix  ^  0 x )

p T 2 f  =

The equation of continuity i s  id en tica l with 3(4-)* The other two 

equations are d istinguished by the terms in  A and [a. from equations 

■ $ (  5 , 6 ) , to which they reduce when  ̂ = j* .

In addition, we have equations 3(19 8 , 9, 10, 11, 12) as before, 

from which we may deduoe

r = r (f, P)

The independent Variables ^ , S are then to  be determined as

functions of x , i  by (5 , 6 ,  7* 8 ) , together with 3 ( 1 2 ) and appropriate 

boundary conditions*

Since 2$ oannot now be regarded as a constant, and u, are no



longer fu no tions of p a lo n e . We are  th e re fo re  unable to  take

advantage of equations 3*1(1) and 3*1(2), and the  complete so lu tio n

of the  v a r ia b le  -  s ta te  equations would p re se n t very  g re a t d i f f i c u l ty ,

even in  the  s im plest ca se s . In c e r ta in  circum stances, however, i t  i s

reasonable to  expeot th a t  th i s  complete so lu tio n , i f  i t  could be

obtained , would tend w ith  time tov/ards a steady  s ta te ,  in  which the

independent v a r ia b le s  j>, f>, $  (and so a lso  12 and T) would be fu n c tio n s

of a s in g le  independent v a r ia b le  x  — D t, where D i s  a oonstan t. Thus,

l e t  us consider again the motion of a f lu id ,  i n i t i a l l y  a t  r e s t  and a t

p re ssu re , d en s ity  e tc .  in d ica ted  by s u ff ix  0 , in to  which a p is to n

advances w ith a v e lo c ity  which a t  f i r s t  in c reases  but a f te r  a c e r ta in

time becomes steady a t a value /V. A shock wave w il l  form in  the

f lu id  a f t e r  a f i n i t e  time and a t  a f i n i t e  d is tan ce  from the  p is to n .

The shock f ro n t i s ,  as we have seen, a reg ion  in  which the g rad ien t

of v e lo c ity  ( fo r  example) i s  very  h igh. Behind th i s  reg ion  o f ra p id

tr a n s i t io n  the  v e lo c ity  w il l  change in  a much le s s  abrupt manner to

i t s  value a t  the p is to n . hVen the most g en tle  v e lo c ity  g ra d ie n t,

however, must r i s e  w ith  time u n t i l  i t s  f u r th e r  in crease  i s  lim ite d

by d is s ip a tiv e  t r a n s f e r .  I t  fo llo w s th e re fo re  th a t  , a t  some perio d

a f te r  the  p is to n  3peed has become stead y ,ap p rec iab le  v e lo c ity

g rad ie n ts  should be concentrated  w ith in  a narrow reg io n . In advance

of th is  reg io n , the f lu id  i s  e f fe c tiv e ly  a t  r e s t ;  behind, the v e lo c ity

w i l l  remain e f fe c t iv e ly  constan t up to  the p is to n  su rface  w ith  a  value

equal to  th a t  of the  p is to n  v e lo c ity  i t s e l f .  But under such

circum stances i t  i s  c le a r  th a t  the shock f ro n t w i l l  advance w ith
en tire  mol ion infill be steady -from 

constan t speed, J) l e t  us say, and th a t  th e /p o in t of view of an observer
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who t ra v e ls  w ith  th e  fron t*  In t h i s  even t, th e  wave v e lo o ity  D, 

to g e th e r w ith  the steady p re ssu re , den sity  etc* in  the reg ion  behind 

w i l l  depend only on th e  i n i t i a l  s ta te  o f the f lu id ,  and the  v e lo o ity  Wt 

of the  piston* A lte rn a tiv e ly , i f  we regard  th e  wave i t s e l f  as  a t  

r e s t ,  in  which oase the  und istu rbed  f lu id  passes in to  i t  w ith  v e lo o ity  

-D, we are  led  to  expect a so lu tio n  of the  general equations in  whioh 

f> *■, p e tc .  are funo tions only of x , and change w ith in  a  narrow range 

of x  from i n i t i a l  values j>0, p0 -e ta .  to  f in a l  va lu es  f , , u  a ^r^>9p, Vs.

r Q W ]
y 5©3 The s ta t io n a r y  p lane shook

In accordance w ith  the above argument we examine the fundamental

equations 5*2(1, 2, 3) fo r  s ta t io n a ry  so lu tio n s  of th e  type described*

In te g ra tio n  of 5*2(1) g ives immediately

a / v  =  =  A , S*tf , ( 1 )

whereupon we deduce from 5*2(2)

£ + t > - r &  -  w .  = J .  ( 2 )

Equation 5*2(3) becomes

and by means of (1) and 5*2(2) we oan in te g ra te  t h i s  to  g ive

+ zc .  (3)
(1 , 2, 3 ) may be rearranged as fo llow s

Li, =. Axr (4)
Mr 
dx>A v  25 = [*A ^

/—■ x dT£  +* 3-XS- v - c  ~ ~7 ~rA d̂ c.

(5 )

(6)

Since £  and j> are supposed known fu n c tio n s  of T  and (5#6)



c o n s ti tu te  two d i f f e r e n t ia l  equations to  determ ine T ,v  as funotions 

of pc . Their in te g ra tio n  i s  desoribed  below* For th e  moment, we 

note th a t  when A , th e  only oontinuous so lu tio n  of th e  problem

i s  the t r i v i a l  one:

T  » o o n s t,, v  a oonst«, eto*

th a t  i s ,  Tf T0 f vf =, % ,  e to .

I f ,  when A and ^  d i f f e r  from zero , a oontinuous so lu tio n  is

p o ssib le  of th e  type proposed, in  which u,,v eto. change from one set of 

x-independent v a lu es e to * to another suoh set a #, %>, eto*,

i t  fo llow s from (1 , 2, 3 ) th a t  these  must be connected by the three 

re la tio n s*

*' '  V,

# + ■ + ,  -  “f + t .
+  Av/ *  I*,* = + i v o

Of course, i f  the p o s s ib i l i ty  o f a  steady plane wave lead in g  from one 

uniform  reg ion  ( s u f f ix  0 ) to  another ( s u f f ix  1) i s  assumed, these  

equations oan be w ritte n  down from th e  laws of co n serv a tio n . Since 

% i s  supposed a known function  of v ,  equations (7, 8 , 9) w i l l  in  

general determ ine (a t le a s t  j one so lu tio n  k , ,v , ,  when 

are  p resc rib ed . This so lu tio n  i s  fo rm ally  independent of A and ^4 , 

However, in  th e  complete absence o f v is c o s i ty  and hea t conduction, and 

w ithout th e  p a r t ic ip a tio n  of ex traneous fo rc e s , no such so lu tio n  i s  

p h y s ica lly  p o s s ib le . For by (5 ) t h i s  would involve an issntropic 

re la t io n  o f th e  form



■which does not apply to  any known substance, and indeed i s  scarcely 

conceivable since i t  requires that v  should f a l l  t© ser© at the f in i t e  

pressure p = 3® Since (?) and (8 ) must nevertheless be s a t is f ie d  

by any steady -wave of the present type, i t  fo llow s that the flow oannot 

in fao t be isen tro p ic . In fa o t , equation (9) r e su lts  from the 

in tegration , with 5 ® 2 ( 1 , 2 ), not of eLE -  -  (though th is  would 

lead to the same equation) but rather of 5«2(3)i ! • • •  + TdS,
f t

where J TdS  = o , although Sf % SG ,
^a

§ 5*4- Structure of the stationary plane shook.

Integration of 5®3(4, 5 # 6 ) requires f i r s t  the specification of 

E(r,v) and For example, l e t  j>* ~  and E  ■ CVT  *,

where hK , Cv and y  « / *  7i7Z/cv  are constants (ideal gas with  

constant sp e c if ic  h ea ts). The integration  has been studied in th is  

specia l case by/Prandtl (ignoring ^ ), Hamel (Ignoring A ) , Bayleigh,
M  1 fcl

Taylor and Becker (taking both A and ^  in to  account)# In the main we 

follow Becker# For convenience, change to  the dimension le s s  

independent variab les At ., n i ' I , • a \ r
1 , 2  t ®  r  ,

Then s  T # and 5®3(5* 6 ) become 

t/*~  i / V  T  =

~ 2v +  ! F J  s  T t - l u -3  * Acv dyL

I t  i s  already c lear  that i f  A and ^  a lte r  in the same r a t io , the &-sc a le  

of the en tire wave a lso  a lte r s  in t h is  r a tio  (Taylor),



T*and d7jd?c can lie elim inated from ( 1 9 2 ), y ie ld in g

_ i t l iWr ^ i +  (2A+ ^ V - -  & < l ( v ' )  .
^ V  «At V *

■where

and Q (v')  s (y+i)v'  — 2 y v f =h >

but (3 ) dees not appear e a s ily  integrable in the general case*

A lternatively , we may elim inate T alone from ( 1 , 2)# obtaining

I t  i s  apparent from {k) that v j  and v '  are the root® o f s  6  f

so that

p o sitiv e  -d irection# Hence m  the f lu id  passes through the wave 

i t s  density increases# 3Lnil«rly i f  O0

I t  i s  c le a r  th a t  s in ce , by (4 ) w ith \  m 0 , dp/dr.  i#  always f in i t e ,  

the d ensity  tran sition  (and so a lso  therefore by ( 2 ) the teBoerature 

tra n sitio n ) i s  n ecessa r ily  continuous* fhe presence of v is c o s ity  thus 

prevents the appearance o f te»peraiure d isco n tin u itie s , even in the

When A * 0 , therefore, (k) oan be integrated at once to  give

compression* For, supposingJ  A > q 9 v  approaches % at 

V  at dc ^ f  ®o # But when A >o f th e  f lu id  v e lo c ity  i s  in  th e

As would be expected, th is  n ecessarily  represents a wave o f

en tire  absence of heat conduction#



IShen ytc = o (1) and ( 2) , (o r  3 ) , g ive

f ■ > ( - ■ - < ) .  (7 )

whence . . .  . (8)
iy + i)A c v  . 0 ~ 2'tf/ ) t* vl-y-'Vlll -j- (2~ulr i)&t.liS0 - 'v ' l

2 \  % '  V - V

In t h i s  case , however, a continuous d e n s ity  t r a n s i t io n  i s  no t guaranteed* 

For, i f  % > j> * , dtr'l<l? ev id en tly  heoomes in f in i t e  when v '  = ■§■*

In f a o t ,  (8) cannot hold even down t© -v = fo r  when , we

have
= (v;)l~ v , and so 

r ' = T: 'I f ,  then , T r i s e s  fu r th e r  f o r  v ' < i - v f  , i t  must th e r e a f te r  f a l l  again*

But, by (7 ), jg- i s  p o s itiv e  fo r  r* V -i/' ?>-&/* Henoe T must remain
t f ^constant beyond u  = / - -vt , whereupon v  must a lso  be constan t and

equal to  1/  beyond t h i s  point*  At v ^ i - v *  t th e re fo re , v  must ohange

disoontinuously  from /-w /, to  * The tem perature ohanges
r

continuously , though i t s  g rad ien t i s  d iscontinuous a t  T{ • The f lu id

v e lo c ity  and p ressu re  a lso  s u ffe r  abrupt changes*
J

I t  appears, th e re fo re , th a t  the presence of h ea t conduction, though 

s u f f ic ie n t  always to  prevent tem perature d is c o n tin u it ie s ,  may no t p reven t 

d is c o n tin u it ie s  in  d en s ity , p ressu re  and f lu id  v e lo o ity , when v iscous 

fo ro es  are  e n t ire ly  absent* The condition  fo r  such d is c o n t in u i t ie s  to  

appear i s  ev id en tly

Z v ’ > / >  Z v 'O I ,

which i s  s a t i s f i e d  provided

& £  < . (9 )
23 Hr-,)



But by 5 .3 (7 , 8 , 9)

c f  -  -X- • 2+ <Y-')/r>° , (10)
s ’ 5 6 " ')  ym1)%

where M0 = u'<-/a i s  Maoh's number la  the region 0  . (9 ) therefore

becomes

[ y ( S ~ y ) W l- l3 y ~ i ) ] [ y 1 rl<>-  / ]  > 0  .
% I

Henoe, e i th e r  t0o < ~  , •which may be r e je c te d  on p h y sica l grounds,

s ince W0 ?  / , or

n. > (h-<)lr(3-y) ■ (11 f
z 3y- i

For / <  ^  y(z-y) 9 ^ ere^o re > therm al conduction alone ensures

co n tin u ity  of a l l  the v ariab les#  For F]0 >  y (3 y )  * m  °^^e r  

hand, only the  tem perature rem ains continuous*

Since, as -will be shown below, u-lja,^ =* [(y+ofy^ + y - f j / f y  ,
[cf mo]

the c r i te r io n  f o r  appearance of d is c o n tin u it ie s  may be w ritte n

( 12)

y  = 1*0

7*

1.1

2±L
3 - y

1.2 1.4 1.6 1.8

n o 1.1 1.204 1.45 1.7 2.06

H o * 1.0 1.105 1.225 1.5 1.86 2.55

Only rather weak waves preserve complete continuity*

The integration of (1 , 2) cannot read ily  be effected  in  the 

general case when A and ps have arbitrary values* A solution  was
RJhowever discovered by Becker fo r  the specia l case where X = y^  cv * 

Thus i f  we try  w « a, Q.(v ) , where a, i s  a constant, as the so lu tion  of



(3), we require

Za% ^ f ( y + - 0 - * ( M + r ev ) +  T *  ■

whence A « 0 and so a*® 4r , leading to the solution (6)} or

and so
A » y^ev .

The so lu tio n  i s  then given by

hr

and so i s

* *77' 3* mm=m=a , " *

The shape of the  d en s ity  p r o f i le  i s  th e re fo re  id e n t ic a l  w ith  th a t  

(given by (6 ))  f o r  a non-conducting hut v isco u s  f lu id ,  h u t w ith  the 

sca le  o f *  in creased  in  th e  r a t io  y  J1, th a t  i s ,  X/f*ep H« Although 

the  equations cannot he in te g ra te d  in  corresponding fash ion  fo r  v a lu es  

o f o th e r  than y ,  i t  i s  then reasonab le  to  assuno th a t  th e

p ro f i le  w il l  in  such o th e r  cases be again s im ila r  to  (6 ) ,  bu t extended 

approximately in  the  r a t io  \jf*&if iU

The tem perature d is t r ib u t io n  corresponding to  (14) i s

Mo discontinuities appear, and, as in the case A * 0 , (1$)

necessarily represents a  wav# of compression# 

Since for diatomic gases y ^ v jX  i s  theoretically efual to  l / $ f 

the special case Tf^vfA * 1 corresponds closely to that o f  a
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diatomic gas*

The above an a lysis  e sta b lish es  the p o s s ib il ity  of stab le  

oompressional waves in a v iscous medium with or without the 

participation  of heat tran sfer , and j u s t i f ie s  the application o f  

5 *3 (7 * 8 , 9 ) to the steady s ta te s  on e ith er  sid e  of such a wave*

5 5*5 Thickness of the wave front in gases

According to  5*4(6) and 5. 4 ( 14) , V becomes equal to  v j  or 1/ /  

only when ~ ±  0 0 . y  departs appreciably from these va lu es,
[/&j]

however, only within a very narrow range of x* Thus, l e t  i  be

the range of 7c within which v  changes from

where '/m i s  a suivaoxy araaxx 1 race ion , e .g .  / i u .  

Then by 5*4(6)

CD

and by 5 *4 ( 1 4 )

However , 7T-t-t 3T = f , / f r  ,

(2)

Hence, in the case of (2 ) ,

f ' t  * v ^ n ^ i T  / — I

I f  /* '» 2*3 x  10 4  gnu/am. s e c . ,  1 = 772 am.^/gm.,

fo ~ 1*013 x  10° gm*/am* se c -2, y  * 1*4* values appropriate to  a ir  

at 1 atm. and 273°K, and i f  we take m = 1 0 , (3 ) g ives



5 2

JT 2 5 10 100 1000 2000

(, x 107(om) 425 138 73 21.3 6.6 4-7 ,

in  g en e ra l agreement w ith  the approximate estim ates  of $ 5*
p 3 i j  [S ]

The f ro n t th ickness may a l te rn a t iv e ly  be defined  (P ra n d tl , Becker) 

as the ^ -p ro je c tio n  of th e  in te rc e p t ou t by the asymptotes 

and v  s. -v* from the  tangent a t  the p o in t of in fle c tio n *  By 5*4 (1 4 ), 

t h i s  p o in t corresponds to  , and the slope of the  tangent

th e re  i s

The thickness Z i s  accordingly

2 t y _  . R + R  
/Xr») R - R  '

which in  terms of 7T becomes

/  *a*y ^  (jt-/)1 ( 5)
*  “  r+ ,'J  1*'J(r+ ')Tr+r -i ' 7T-!

This expression  g ives alm ost the same values fo r  a i r  as  (3 ) above

w ith m  = 1 0 , so that i t  may be taken in  p ractice to represent the

thickness of the region in  which some 8 /1 0  of the tran sition  i s  accomplished.

At the higher pressures, the wave-front thiakness thus calculated
Z/6‘6,736,&]

f a l l s  below the appropriate mean intermolecular d istance, so that the use of 

continuum p h ysics,as expressed in  the Navier-Stokes hydrodynamic equations
,  cn°]

5 .2 0 ,2 ,3 ) ,  i s  no longer s t r ic t ly  leg itim ate. Thomas, indeed, has recen tly

pointed out that i f  allowance i s  made fo r  the temperature variation  of

v isc o s ity  and thermal d if fu s iv ity ,  th is  objection i s  avoided. However, i t

i s  c lear in  any event that the shock front i s  fbr p ractica l purposes id ea lly

thin. A sim ilar conclusion applies to  liq u ids ( §  6. 42).

<§6 * The large-sca le  properties of the steady plane shook.

The above analysis estab lish es the p o s s ib il ity  o f steady plane

Gompressifcnal waves, in  which the f lu id  v e lo c ity , sp e c if ic  volume, e tc .

change w ithin  an extremely narrow thickness from uniform values e,bo"

'H fro n t of tUe, Wave- 'to nn oform Va-lms



behind i t .  These uniform values are  re la te d  by equations 5*3(7>8>9) » from 

which we deduce a t  onoe:-

( 1)a* = -  FEEV ,  V . \ J  „

(2)
£ , - £ *  = i ( f i s - f , )(■«.-*,)

From ( l ) ,  i t  a lso  follow s th a t

= v. ( f ,  ~ t- )  > ^ '
since T ^ - v ,  , and

=  a> ,-b)(i> ,+v,).  (4 )

I t  i s  g en e ra lly  more convenient to  regard the f lu id  in  f ro n t  of the 

wave, ra th e r  than the  wave i t s e l f ,  as a t  r e s t .  I f  the wave v e lo c ity  i s  then 3),

and the  f lu id  v e lo c ity  behind i t  ( in  the same sense) W p we have from ( l )

-  * .  M - f j I f o - v , )  (5)

hi, =  'l(fl - i° ) (y c - -o l) f ( 6 )

whence

-  Po/o (7)—  -  /  v '  /3 )  -  i -  * -  i -  -fp,

K2) = , J... = 3>H ,p0 (8)

Snd 2>Z-C o -W ,)1 = ( t> ~ f- ) lvo+-u') • ^
Equation (2) remains unchanged. I t  i s  already  evident th a t ,  

fo r  compression shocks (ym> v ,)9 fa > j>a , £) >  and Nt >0,

The f lu id  behind the  wave has th e re fo re  a h igher p ressu re  and in te rn a l  energy

than th a t  in  f ro n t ,  and is  moving forward in  th e  same sense as the wave.
, , 0*11 C7*,7f]

Equation (2) was discovered by Kankine and Hugoniot, and named by Hugoniot

the ’’dynamic a d ia b a tic ” , to  s t r e s s  i t s  analogy, but a lso  i t s  c o n tra c t ,  w ith

the  ordinary a d ia b a tic , which would apply to  is e n tro p ic  flow . Hinoe, however,

Hugoniot expressly  discounted viscous and therm al t r a n s f e r ,  h is  d e r iv a tio n  of

(2) i s  not fundam entally accep tab le . As we have seen, and as was re a lis e d
QhoI

by Rankine, and la te r  s tre ssed  by Rayleigh, th i s  equation depends in  f a c t  upon 

the presence of d is s ip a tiv e  fo rc e s , and th e re fo re  c o n tra d ic ts  the assumption



of constan t entropy im plied in  Hugoniot’s approach. The c o n tra d ic tio n

i s  c le a r  from the  form of (2 ) ,  which fo r  is e n tro p ic  processes would 

re q u ire  to  become th e  in te g ra l  of

M.E s= — j>d.ir . ( 1 0 )

I f  the wave i s  weak, however, th a t  i s ,  i f  V% , — / , e t c ‘

are  sm all, (2) ev iden tly  approximates to (1 0 ), and th e  flow becomes almost 

is e n tro p ic . At the same tim e, by (6 , 5 j i  h/f , f a l l s  to  zero , and D

approaches ) 9 the ve jL°city ^  of sound in  the undisturbed

f lu id .
& ]■I The Rankine-Hugoniot equation

Since i s  supposed a known fu n c tio n  of ^  and x' , 6(2)

c o n s ti tu te s  an equation which must be s a t i s f ie d  by • 6 (2 ,5 , and 6)

thus provide th ree  re la tio n s  between j>,} and 2> , so th a t  any

th re e  of th ese  q u a n tit ie s  a re  determined in  terms of the rem aining one.

For example, i f  the wave v e lo c ity  i s  measured, the p ressu re , d en s ity  and 

f lu id  v e lo c ity  behind the wave may be ca lc u la te d .

Equation 6 (2 ), expressed in  terms of > defines a curve in  the

( v , f ) -  p lane on which the term inal p o in t \ v, ) must l i e .  This Rankine-

Hugoniot (R .H .) curve passes through the i n i t i a l  p o in t a t  which

i t  touches the app rop ria te  "o rd inary” or equa1-entropy a d ia b a tic , since 

fo r  o < j ,i/j3— | I } 6(2) reduces to 6 ( l0 ) .  The fu r th e r  d iscu ssio n  of the

R .H .-curve, fo r m a te ria ls  which obey a simple equation of s ta t e ,  can be 

made e x p lic i t .  For id e a l gases i t  i s  p resented  in  d e ta i l  below.

In  the g en era l case , where the  form of £(ir,j>) remains unspecified , 

i t  i s  d i f f i c u l t  to  o f fe r  a correspondingly  simple and rigo rous treatm ent. 

Most or a l l  of the known p resen ta tio n s  f a l l  sh o rt in  th is  r e s p e c t .

However, w ith  the aid  of a sm all number of u n re s tr ic t iv e  assum ptions, which 

are  c e r ta in ly  f u l f i l l e d  in  the very g re a t m ajo ritycf r e a l  in s tan ces , we may 

make the argument reasonably  simple and conclusive .



Let 3  (y,j>) (where fo r  convenience we omit th e  s u f f ix  / ) be

any p o in t, o ther than  /) fv0,fo )  on the R .H .-curve! and l e t  y* be

the an g les , measured clockw ise, from the negative v^-axis to the secan t / t3  

tangent a t  3  to  the o rd inary  ad iab a tic  through JB t and the tangent to  the 

R .H .-curve a t  JB , re sp e c tiv e ly . For convenience, w rite  © ^  fa~*6 ,

ss fAyt <p , ip  ~ tew lf> . Here we make the f i r s t  assum ption,

namely

('$t) th a t  no two ad ia b a tic  curves in te r s e c t .

T hen

©  = i r h  ( i )

* - -m, - ^
?  -  - & L -

( 2)

w  3e/3j>-i(v-vc) o )

the s u f f ix  R.II. denoting d if f e r e n t ia t io n  along the R .H .-curve. Then

f - f  _ $ -  ®  .  t ~  ®  (4.) ‘
v 0- i r  "  2 9 £ f9 p - (v 0-v )  2 9 e f3 f

F u rth e r

rifv)KH = ti£)K+f’ "  +
= z ( V°-vK & ~ f )  = Z - lv . - v )/9/Tfy ' (5)

Then, when Id0~v I i s  s u f f ic ie n t ly  sm all, has the s ig n  of &-<p.

We now make the second assumption:

(b) th a t does no t change sign .

Then geom etrical co n sid e ra tio n s  show a t  once th a t  <P has the opposite

sign  to  l ^ v%) s  • Consequently, near C^cj^o) >

i f  > °  , (f*-5 1 A*)KH > ? (6)

i f  ( ^ t ^ ) s  < o , (^SI ^ ) RM 9  0  ; \

the signs of eq u a lity  applying when Q » <p , i . e .  a t  (%•,■£>).

In  the f i r s t  case, com pressional waves must correspond to  an increase  

in  entropy, and are th e re fo re  perm itted  on thermodynamic grounds; w hile



ra re fa c tio n  waves involve a spontaneous f a l l  in  entropy, and are therefor©

reversed . These conclusions a re  id e n t ic a l  w ith  those deduced e a r l i e r  from 

dynamioal arguments* Moreover, i t  i s  d e a r  th a t  th e  KH-curve c ro sses  the  

a d ia b a tic  through ( ) a t  th a t  p o in t. The two curves th e re fo re  have

co n tac t of a t  le a s t  the second order a t  ( V0Jj>o ) ,  as can be v e r if ie d  a t

the con tact i s  in  f a c t  of the second order may be confirmed as fo llow s. 

By successive d if f e r e n t ia t io n  of (5) along the  ;iH~curve, we have

The BH-curve th e re fo re  makes double con tac t a t  ( vo,f>o) w ith  th e

ap p ro p ria te  a d ia b a tic , and crosses over i t .

The above argument ho lds  from  ( "V9f j>9 , up to  th e  p o in t, i f  any,

where 29£’j9f? -  —w » ^  then becomes in f in i t e ,  and the subsequent

course of the  HH-curve cannot be analysed in  the g en era l case w ithout

excessive com plication, which obscures ra th e r  th an  c l a r i f i e s  the  question .

lie have not as y e t sp ec ified  the  signs of ( ty f& p  ) o r ( ) ,
1 ^

w hich  a re  not m a te r ia l  to  th e  p re c e d in g  d is c u s s io n .  i,s  a r u l e ,  however,

( 9 e /9 j>  = T (9 $ 'lo f ) v  w i l l  be ^  O , and ( 9 ^ /9 ^  w i l l  be < 0  .

thermodynamically im possible. In  the  second case , the p o s itio n  i s

once from (5>, s ince Vc—v  and e - f  are s e p a ra te ly  zero th e re . That

(7 )

( 8)

At ( Vt l f 0 j ,  th e re fo re , by (5>7,8) ,

(4S/Mv )kh s  O m ( d xS /4 v L) KM ,

= -  i  ^ f a  ■
(9)

when v- ~ v.

( 11)

Hence, a t  ( V* f j>b ) ,
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T hese c o n d i t io n s  a re  e q u iv a le n t  to  :> o , / 9 v  > 0

A lso , s  w i l l  be  p o s i t i v e ;  t h i s  i s  e q u iv a le n t ,  i n  view

o f th e  fo rm er c o n d i t io n s ,  to  a ^ -̂a^>â ^cs  ^ v e

th e n  th e  f a m i l i a r  fo rm , concave upward and r i s i n g  in  j> a s  v  

d e c re a s e s ;  and th e  co rre sp o n d in g  e n tro p y  in c r e a s e s  a lo n g  any  r a d iu s  

from  th e  o r ig in .  The _RH-curve i s  th e n  a ls o  concave upw ard, and r i s e s

( a t  every  p o in t  sav e  (vc , f Q)) more s te e p ly  th a n  th e  a d i a b a t i c s .

S  d e c re a se s  a lo n g  th e  e n t i r e  c u rv e , w i th  in c re a s in g  v  . T h is  i s  th e  

c a se  i l l u s t r a t e d  in  P ig .  6 .1 :1 .

©
Ft*. < o . l : i  ~Ra n k i n s  - J i u a o r t i o T  c u R v e  A r< n>

ORDINARY ATtiABATIcS ,  u h tn  < O > O f > 0 .

In  t h i s  c a s e ,  by 6 (5 * 6 ) ,

J> -N ' =  -V, J® % V, J5  0 . ,  (13 )

a c c o rd in g  as ■v/  ̂ -v0 , b e in g  th e  v e lo c i ty  o f  sound beh ind  th e  wave.

Thus,

4,-i- hi, g  JD ,a s  V, J t z o , (14 )

so  t h a t  i n f i n i t e s i m a l  w aves, e i t h e r  o f  com pression  o r r a r e f a c t i o n ,  can



Since f o r  an id e a l  gas, £  = ^ L. + c o n s t . ,  the fiH—1equation
r~/

becomes
7T+\

v° Att+ i ' ^

where we have w r itte n  7T f o r  fa/fo an<̂  ^  ^o r   ̂ Y^~! ) /  ( Y~~ I 

Accordingly,
El  -  H ~ El -  7T
£ 0  . To At  far+l

and by 6(5*6)

whereupon a lso

j y  _ f  X 7 T + ?
V  * + i  ’

K  _

* * J ( X + i ) ( A j t + i )

X +  A /
* 0 y / ( A + 0  ( A r m )

( 2)

(3)

(4)

(5)

and
H*-» H,Z __ £ P - M , f  _  (A-0 (7T->)

V  ”  ** ~ / W /  (6)

The entropy change i s  obtained by in te g ra tin g

j> M v)lr  * cv ( y ^  +  Q  ) :

/ / 4°  J ^ t /  Xrr+ 1
Since from (7)

*  ' *
=  y  • d . iT t i .  +  £ ,

* A « r _ L  a

_  « .  /  Tr-y-x ■ c jp

( 5 , - 5  ) =  . >  0  ( 8 )
^  3r ( W i ; f w . )  w

i t  is c le a r  once again  th a t S ^ $Q • The double con tac t of EH-curve 

and a d iab a tic  a t  Jr~ I i s  apparent from ( 8 j ,  and the  fa c t  th a t  the  

curves cross  fhere can e a s ily  be e s tab lish ed  by v e rify in g  th a t  Mzsfd j jz z= 0 

ct}$ fdn^ > O when 7T = 1 •

Approximate forms of the above equations fo r  weak, strong  and n early  

isotherm al waves re sp e c tiv e ly  a re  given in  § §  6 .2 2 , 6 .23 , 6.24*



B O

§h.2i R e la tiv e  magnitudes of J>y j-a,

From. 6 .2 (3 ) , t a*kl J> r i s e s  w ithout l im i t  as 7T i s  increased .

Again from 6 .2 (2 ,5 )   ,
2 -Ht l E t k  s i  , ^

V (X+07T ' ( 0

Thus W,-hAt > > in  accordance w ith  §§ 2 ,6 .1 .

As to N, and a s e p a ra te ly , i t  i s  c le a r  th a t  but the r e la t iv e

magnitudes of a and J> are le s s  obvious. By 6 .2 (2 ,3 )

5 . = -  — -  , (2 )
Af \lty+i)7r(rt + \)

so th a t
*2  _ (JT-OfTrAC)-,)-}']

Thus 3) = af , according as tt % ) = (y~0 /2 (y + ,) .

But //A ft-f) = 1 when X = -̂  ( /  ^  >/fr) = 1.62......

( i .e .  when y  = 4*23;« f o r  A < 1.62, and v ice versa.

Hence, f o r  y 2  4*23? 3) > , fo r  a l l  7r ( > f )

fo r  y  ;? 4 *23? (>  4/ * f o r  7T > / /A f l- r )
jD (= d, j •• tT = tjX(A-f ' )

{ <  A{ > *• 7T < ! j A( A- l )

I t  i s  c le a r  th a t  3? ^  a , always in  id e a l  gases. For media which 

follow an ad iab a tic  jp v 71 = co n s ta n t, w ith  7t > 4-23, however, i t  i s  

p o ssib le  fo r  Af to exceed J) up to  a p ressu re  defined by

j r  =  (n-o%(s(-n+,) . ( 4 )

Again, from 6 .2 (2 ,4 )?
N, _ (X-i)(rr-i)

'J(A+i)7r(rr+l) Ĉ )
The post-shook flow i s  thus subsonic or supersonic according as

tfGr,*) i  0 , where

j- s  tt%A(A~Z) -  jr(3)f-~SA-f-2 ) -f (A-/;2. (6)

I t  oan be re a d ily  shown th a t ,  i f  A > 3  , (/.# . 2 ) ,

•^ = 0 has always two p o s itiv e  r e a l  ro o ts ,  one of which i s  4  1, and one >  1. 

The flow i s  then subsonic fo r  JT le s s  than th is  la rg e r  ro o t, but supersonic 

th e re a f te r .  I f ,  however, \ <  3 { y  > 2 ) ,  the flow i s  always subsonio.



n  1.

The c r i t i c a l  p ressu re  r a t io ,  7TC > v a r ie s  w ith  y  as follow #.

Table 6 .2 1 ;1

y 1.0 1*1 . 1.2 1 *4 5/3 2

X OO 21 11 6 4 3

2.62 2.98 3.44 4.82 9.26 00

(4)

c ®
y£,22 Approximations fo r  JT-1  *  I .

Equations 6 ,2 (1 - 7 )  exp ress the v a r io u s o h a r a o ta r ia t io s  o f th e  wsve 

in  terms o f yr , and lead  a t  once to  the fo llo w in g  s e r i e s ,  s u ita b le  when 

JT— / <  I .

Vo = ^I " \  " i  * l + 1 7  ̂ -------- -- (2;

2  ,  „  g j j f r w o ' -  —  ( j )

5  = y (n- ° -  f y 6" ' ? *  T ^ W -

-  y * %(r*,) ( « - , ? +

& £  -  t = p ! f  -  m  w
0 I ' 2y*

SJK  -  % (̂ -  % < * - ' ? + —  - C 7)

.Fur com parison, the s p e c i f i c  volum e, tem perature, e to .  behind  

an a d ia b a tic  c o ip r e ss io n  wave, a cro ss  w hich th e  pressure ra ti©  i s  aga in  7T 

a re  g iv e n  by:

% =. = / -  i(n-,) + m  Or-,)* -  (r+0(*Y+,)/T J . .

£  = T . “  £  *  ^  * * & - . ) -  & & « ) * +9 * y y *y

s  = / +  & [ * % - , ]  = ( 14)/
"  y 4ry*

M

(9}



K ~ - °  -  - t  + i f r - , )  -    ( 1 2 )
dc 4y 2b y3

(13)s  = z  ( „ - , ) -  X£l („„■?■+ (y+oO r+ 1 )  .
7 *ri n7*

S,-S„ = 0  (14)

The q u an tity  \  in  ( l2 )  rep re se n ts  the f lu id  v e lo c ity  a t  the

re a r  of the wave (where '/’/  *■ *T), from the p o in t of view of an observer
rt»

t ra v e l lin g  w ith  the  wave f ro n t  ( i . e .  a t  &0 )• I t  th e re fo re  corresponds 

to hf,--3) in  (5)* S im ila rly , the q u an tity  d ^ -  in  (13)

rep resen ts  the decrease in  k in e tic  energy of a f lu id  p a r t ic le  in  passing

through the wave, from the standpo in t of th e  same observer; i t  thus

*• e zcorresponds to J> -  in  (6 ;.

I f  7T~ / i s  s u f f ic ie n t ly  sm all to  ju s t i f y  r e te n tio n  only of terms

in  7T—i , and i f  A t > z t r % > e tc .  these equations g ive

A d ia b a tic
Shock Wave Compression Wave

- % - f .  i < ? % )  I ®

* ( * « .  (1 6 )
® o  o

•0 ' ’o (17)

Ay v. /’»/ *y v r» / ( 16)

AS 0 [£ ,(* > w ’lCv /2y * \  F*J 4 ( 1 9 )

With the exception of J) , the d iffe ren ces  between shock and a d ia b a tic
3 j

waves are  of the order of ( *7— / ) or ) . The d iffe ren ce  in

3) i s ,  however, of order j t -  f . For sm all 77*—/ , , Tt , and

are  la rg e r  in  the shock wave than in  the a d ia b a tic  wave of equal p ressu re  

r a t io ,  bu t ID i s  sm aller.
• ^  . fir.w j
\ 6.23 A pproxim ations f o r  JT / .



T tr̂

% = »  _ _  f - S Z  f , _  *>~L -  +  -----------) (5)
aQ v \(*+t) ' 2Xir TX’rP' '

< -  *1  _ +   (6 )
^  " A A1 AJ*r

5 — s  £ i7 t  — y  &*.\ + $+i) ("tor~ 2 Xxjix ~̂ ) '
cv

For very in tense  waves, th e re fo re

2.

5  ✓v 7T

(7 )

: s  -  4  * n  ( s )

I  •  7  = T *  ~  T  = ¥  •"■t 0 T0 A r*r

i ~  J ¥ ,  •  J W *  ( , o >f - rt->yS, ■ '/3 S <")
^  ~ - m :, - -(WiFi*, <«)

^  (13) d A yu-\

(14)

Comparison w ith  6 .22(8-14 ) shows th a t ,  fo r  la rg e  7T , a l l  the  above 

q u a n titie s  (inc lud ing  * /« .  ) are la rg e r than in  the a d ia b a tic  wave of 

equal p ressu re  r a t io .  From these  comparisons i t  appears th a t  an 

ad iab atic  compression wave cannot in  general tu rn  simply in to  a shock wave 

of equal p ressu re  r a t io ,  w ithout fo r  example a change in  the  v e lo c ity

behind the  wave, in  other words, a r e f le c t io n  of some kind. This
Q5Q [tuo] r

circum stance, noticed by Stokes and Rayleigh, i s  d iscussed  fu r th e r  in  $  6.25

below.
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Most s ig n if ic a n t  i s  the f a c t  th a t  cannot be reduced in d e f in i te ly  

in  a s in g le  shock wave, however in te n se , but only down to  a l im it  equal to  

■Vo IK • This lim ited  com pression, which i s  in  sharp c o n tra s t  to  th e  

behaviour of ad iab a tic  waves, i s  a consequence of the entropy r i s e ,  and may 

be described as due to "superad iabatic"  heating . The volume oan of course 

be fu r th e r  reduced.by ensuing shock waves.

The wave and f lu id  v e lo c i t ie s  and the  tem perature and entropy r i s e  

w ithout l im it as n  i s  increased .

Approxima tio n s  fo r  y - l  ^  I

V/hen y  is  c lo se  to  1, as w i l l  be the  case w ith  complex m olecules, 

the ad iab a tic  cond itions approach the  iso th erm al, and we have the fo llo w in g :-

A diabatic  
Shock wave Wave

V  , / JL— /"v/ —' ZLur 0 )

~ T„ ~ X 1 1 ' (2 )

o
z

spT !+ L>7T
(3)

W y /Z - .-U  '/V

&a.

JZ (4)

/  (5)

TT-ir & 7r(2 -C .n )  (6)
tf2-Mo

( 7)j t —S  O O

Development of a shook from an a d ia b a tic  compression wave

I t  was .pointed out in  § 6.23 th a t  a shock couJ.d n o t in  general develop 

out of an ad ia b a tic  wave w ithout some sp ec ies  of re f le x io n . In  o th e r words, 

the process of in te n s if ic a t io n  of th e  shock no t only re p re se n ts  a consequence of

the steepening of the  ad iab a tic  wave, but in  tu rn  reac ts  upon and m odifies th is  

wave.
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For example, l e t  us suppose th a t  a p is to n  a c c e le ra te s  smoothly from 

r e s t  to  a v e lo c ity  H in  an id e a l  gas, a shock wave not y e t having formed. 

Then i f  t t  =■ fi/fa » where j>0 i s  the  o r ig in a l  gas p ressu re  and 'p(hf) the 

p ressu re  a t  the p is to n  f

E  = ( X - i ) [ n * * ' - i  J  . (1)
O

Let the p is to n  continue to  move w ith  v e lo c ity  K . The u ltim a te  p o s it io n  

w i l l  be one in  which a steady shock precedes the  p is to n , co n d itio n s  being 

steady  w ith  v e lo c ity  hf and p ressu re  , say , between the  p is to n  and shock. 

I f  7T1 ~ , then
r  ? W _ f i - O f r - , )  .

*o "  J(U , )&*'+<) ' ^
The values of hi g iven by ( l ;  and (2) are c le a r ly  no t in  g en era l equal.

To decide which i s  the g re a te r ,  consider the two fu n ctio n s
/

~ x u , ~ i  (3)

PC-!

E vidently , s ince , y ’ > y  fo r  s u f f ic ie n t ly  la rge  56. On the

o ther hand, when oc-\ < I , if  f* 5 »

V = f » M ~  ---------------- (5)
“  a

y  3 ~ t k x ) --------------- , (6)

so th a t ,  near 'K -  1, y  i f

£j. 3

i . e .  i f  ^  ~  , A < If , y > a~/3 . ( 7)

Provided, then , th a t  y > %  , there  w i l l  be a value JT0 , such th a t 

y 1 * y  fo r  3T< ?rc , while we may conclude (though by something s h o r t of 

a rigorous proof) th a t  y % "> y  fo r  a l l  JT > JTC . S im ila rly , i f  y  < %  > 

If1 > y  fo r  both  sm all and large 77* and th e re fo re  presumably fo r  a l l  ;

i f  y -  ^/s » the same conclusion a p p lie s , from co n sid e ra tio n  of the fo u rth -  

order terms in  (5>6)*



w

But y and J are both m onotonically in creasin g  fu n c tio n s  of X . 

Reverting then  to  equations (1 j and ( 2 ; ,  we find  th a t  (a) i f  y  ^  ^/z » 

then 7Tf < 7T , the  d iffe ren ce  between Jr' and t t  in c reasin g  w ith  bf;

h ile  (b) i f  y  > i s  again  le s s  than 3T provided W exceeds

a c e r ta in  c r i t i c a l  value , y ) say; but (o )  i f  bV ^  bfc , then JT ^  7T •

Gases (a ) and (b) imply a re f le c te d  ra re fa c t io n , case (c ; a r e f le c te d  

compression. In  the very sp e c ia l case bf = bfc , there  i s  app aren tly

no re f le x io n , and the shock develops w ithout re a c tin g  upon the p a re n t wave; 

but th i s  case cannot a r is e  in  tru e  id e a l  gases, fo r  which y  i s  always — ^/,3- 

The v a r ia tio n  of Afc w ith  y  i s  in d ica ted  by Tab le  6.25:1

- Table 6.25:1

y A
5/3 4 1 0

2 3 2.73 0.570

3 2 20.5 1.728

5 3/2 239.8 3.978

00 1 eO oO

.2C, Independent v a riab le  V,

I n terms of th e  independent v a r ia b le  <p = ^  !'V0 > the shock-wave 

equations become
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§ 4.27 Independent v a r ia b le  !D

In  some re sp e c ts  ID , b e k 6 the most e a s ily  measured of the la rg e -sc a le

shock-wave c h a r a c t e r is t ic s ,  i s  th e  most conven ient independent v a r ia b le .
2. 2,

In  terms o f £ 5 , the p r in c ip a l eq u ation s become:-

7T 2 (1 )
A

■v, / „  $-h A~i
/v ° ~ ~ ~ Is~

f t  T» “ ^  A’-J’
Wr -  i i /  /  [?  _  X  'I_  -  A (4)

§ i.2 i  Independent v a r ia b le  5 /  */ **• T

The ex p ressio n s in  terms o f  h/t , , a , or ^  , though e a s i ly

d er ived , are le s s  sim ple in  form , and are probably o f n ogreat p r a c t ic a l  

advantage.

Numerical va lu es  fo r  y  ~ 1 .4

The r e la t iv e l y  sim ple form o f  the eq u ation s o f  § § 6  .2  -  6 .2 8  make 

num erical e v a lu a tio n  stra ig h tfo rw a rd . Table 6 .2 9 :1  i s  th e r e fo r e  added 

m erely as an i l lu s t r a t io n .

I t  w i l l  be seen  th a t  th e  p o st-sh o ck  flow  becomes su p erso n ic  fo r  

3T > jt^ ^ .8  in  agreement w ith  Table 6 . 21 :1 -  The narrow l im it s  o f

v a r ia t io n  o f are ra th er  remarkable: th e  maximum &t JT ^  10

i s  a u th e n tic , as can be v e r i f ie d  a lg e b r a ic a lly .
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§C,3 ^hock  waves in  r e  a 1 g a s es ; a i r

Since even the most in ten se  shock waves involve only a moderate 

compression, the id e a l  gas equation

j>v = it 'RT (1)

may be applied  w ithout s ig n if ic a n t  e r ro r  to  r e a l  gases, provided Vq has 

normal v a lu es , and T0 i s  w e ll above the c r i t i c a l  tem perature. The 

assumptions of §  6 .2  become inadequate, however, because even a t  low 

tem peratures C r is e s  rap id ly  w ith Tt , and a t  higher tem peratures 

d is so c ia tio n  and f in a l ly  io n is a tio n  become im portant, and th e  in te rn a l  

energy depends on density . The number 7i in  (1 j likew ise ceases to be 

co nstan t.

For com pleteness, we summarise in  th is  sec tio n  the r e s u l t s  of 

various c a lc u la tio n s  fo r  a i r  a t  FTP, in  which account is  taken  of the 

above fa c to rs  to  a g re a te r  or le s s  degree.

a) Becker: D isso c ia tio n  and ionisat?_on ignored. An experim ental
f/se j Lm ]

equation fo r  Cv due to P ie r  and b ieg e l leads to

= M'l* + o .^ s r^ /o 'f r  , (2)

when r  d r  Sooo°Kn
[ 5 2 ]

b) Burkhardt: As above, but allowance made fo r  d is s o c ia tio n  and

io n isa tio n . P ressu re  range up to 4000 atm.

• &7J • ,u-c ) Davxes: As m
M  , •d) Bethe: As in  (b j.

C&°] £
e) Fuchs, Kynch and P e ie r ls :  As in  (by, but extended up to  5 x 10 atm .,

and ex trap o la ted  from th e re  to  in f in i ty .

The RH-curves, graphed fo r  convenience on a tfrp ) -diagram , are 

co llec ted  in  F ig . 6.3:1* Considering th e  nature of the  problem, they 

show very good agreement, and th e  general behaviour i s  probably no t in  

doubt. A mean curve has been superimposed, and the corresponding shock 

p ro p e rtie s  summarised in  F ig . 6 -3 :2 . Up to  j?( Coo atm ., B ecker's
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c a lc u la t io n s  a re  u s e f u l ,  a l th o u g h  T( i s  becom ing s e r io u s ly  o v e r­

e s t im a te d ,  due to  n e g le c t  o f  d i s s o c ia t io n .  Between 500 and 2000 a tm .,  

d i s s o c i a t i o n  becomes p aram oun t, and has th e  rem ark ab le  e f f e c t  o f ca u s in g  

th e  d e n s i ty  to  d ec re a se  w ith  r i s i n g  p r e s s u r e .  The s lo p e  o f th e  cu rve 

r e g a in s  i t s  norm al p o s i t i v e  s ig n  a t  f>t /of Coo a tm .,  b u t i s  a g a in  

re v e rs e d  by io n i s a t io n  o f  th e  L - s h e l l  and once more by io n i s a t i o n  of 

th e  K - s h e l l .  Above / o ^  a tm .,  th e  cu rv e  ap p ro ach es  p -  *Po

a s y m p to t ic a l ly .

.Although d i s s o c i a t i o n  and i o n i s a t i o n  low er th e  shock te m p e ra tu re s ,  

th e se  s t i l l  r i s e  to  a very  h ig h  le v e l  when exceeds 5 0 0  atm .

?*/(}. 6.3‘2 Smock -
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6 /a> Shock waves in  a f lu id  obeying th e  Tamman equation  
of s ta te  : e th y l e th e r

The behaviour of gases over a range of d en sity  i n  which th e  id e a l  

gas equation  becomes in a c cu ra te , can o f te n  be c lo se ly  d escrib ed  by th e  

van der Waals equation

(j> + * ) ( t r - 4 )  = 7v X T J

•where & and 4- a re , in  the  f i r s t  p lace  a t  l e a s t ,  co n stan ts  f o r  th e  p a r -
Qsg]

t i c u l a r  gas in  q u estio n , A s im ila r  equation

(j3**) (y-&) =■ KT, 
w ith  constan t K 9 re p re se n ts  the  behaviour of c e r ta in  l iq u id s ,  e .g .

e th y l e th e r  and carbon te tra c h lo r id e ,  up to  r e la t iv e ly  h igh  p re s su re s .

The so lu tio n  fo r  th ese  cases i s  th e re fo re  of in t e r e s t ,  and fo llow s

e a s ily  (Becker): Here ~  ^ ~  ^  > an<i

A F  ~ ~ C ytT -f- aA-v , (3)

so th a t

a.v +  co^.st. , (4 )

i f  Cv i s  regarded  as  co n stan t.

The EH- equation  i s  then

1) +  a v ] o = 5 (f,+ faX v'-v ,)

I f  we w rite T  s  j>-i-A , T  = v -  ,  (5) reduces to

(5)

^ ( T J r W )  = i f t+ T .)< X -V ) , (6)
whereupon, as before:

y> 7T+ A
Y° ATT-t I

(7)

where JT = 7 ? /7 ^  , A = (T+i)/(P~l) -  2 ^ + 1  =  2 ^ — / ^  
F = /+• K [cv  .
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Moreover, th e  a d ia b a tic s  a re
p

T V  = c o n s t• ,  (8)

so th a t

V =  V l F  ' (9)

Hence, corresponding to  6 .2 (2 ) , we have

I  ,  (iS )'. it  = rr ■ —  ■ (io)
T. Ur./ <  ATT-n

A lso, by 6 (5 ),

2  = r m m  ( i d
V A + \  ’

W, =  ( A - i) ( T T - i )

s/(?\+o(AJr+o ’

and equations fo rm ally  id e n t ic a l  w ith  6 .2 (5 -8 ) fo llow  easily®

The Tamman equation  (2) ap p lie s  to  e th y l e th e r  up to  a few thousand 

atm ospheres, and th e  shock wave p ro p e r tie s  were c a lc u la te d  by Becker using  

th e  above theory  over a much wider p ressu re  range . H is r e s u l t s  a re  

co rrec ted  and summarised in  Table 6 .4 :1 . At th e  h ig h er p re ssu re s  they  

must be considered  as q u a li ta t iv e  only .

Table 6 .4 :1 /



Table 6.4: 1

Shock waves in  e th y l e th e r  w ith  atm ,. Z  a 273°K>
In  equation (2 )a fr a 279,2, atm. a £  = 0*94 c m . 3 /g .^

K = 0.1001 cal./g .°K ;; a lso  mean = 0 ,564 c a l./g .^ K , 
so th a t  r „  1.215, /I -  10*28

s t .
: atm.

%
cm .^/g.

T -  273
0 0 n / s .

2>
n /s .

*> i
w/a, 1

0
0

: 1 1.36 0 0 0 1230
•

1230 i

: 100 1.35 1 .7 1.3 10.8 1260
•
••

: 1,000 1.27 16 13*1 96.5 1420 1520 I

: 10,000 1.07 114 84 539 2340
•
«•

: 20,000 1.03 211 123 820 3340 5600 •

: 60,000 1.00 393 200 1470 5590
*
#•

: 100,000 0.993 974 244 1920 7140
*
4

15000 :
«•

The flow  behind even in te n se  shocks i s  markedly subsonic.

(o/\\ Shock waves in  w ater

Water does not fo llow  the  Tamman equation , and no equation  of s ta te  

of simple a lg eb ra ic  form seems to  be a v a ila b le . Extensive 7")-d a ta
V, ^have, however, been measured and tab u la te d  by Bridgman, and th e  shock-wave 

p ro p e rtie s  may be evaluated  from th ese  by num erical methods. For t h i s  

purpose, we use th e  genera l thermodynamic r e la t io n

^  = (cr  ̂ )4T -(TfT-P%)dP- (1)

Since Cp(r) i s  known a t  f  = -f>o = 1  a tm ., we in te g ra te  along th e  follow ing 

path :

®) fc,  r= T „  fc T =  7; ,

b) T  = Tf , f  -  f a k  j> = f ,  ■



■h (2 )

(3)

T h is  g iv e s

£.-e. - j h hgT + ljv -T*&r.r,4 -  (tr.-te*),
' J  Ml

so t h a t  th e  RH- e q u a t io n  i s

jĉ dr +■ = j; (f>r £*)(%+v>) -
This can  he so lv e d  n u m e ric a lly  w ith  th e  a id  o f  Bridgman* s t a b l e s ,  w hich

[SB]
extend to  80°C and 12,000 K g./crn. . R e s u l t s  o b ta in e d  by Boring in  th i s  

way a re  shown i n  T ab le  6.41 j 1 * w hich a lso  in c lu d e s  an  e x t r a p o la t io n  due t o
cm

B u rk h a rd t.
c m

Table 6.41:1
X

Shock waves in  w a te r0 a 1 atm#, T0 -  288°K, V0 a 1 a007 cm* /& *
S u p e rco o lin g  assigned above j*t -  27*000

p,
: K^cm%

T ~ T' i 'o
O

% - v ;
cm.Vg*

K
m/ s .

2> !
19/ s .  :

: 1.03 0 0 0 1440 :

: 1,000 1.57 0.0387 62 1592 !

: 2,000 4«o4- 0.0683 116 1700 !

3,000 13.9 0.1272 250 1963 :

i 10,000 35.3 0.1818 423 2325 i

12,000 44.9 0.1964 483 2461 ;

: 18,000 68 0.221 630 2850 s

: 30,000 112 0.243 850 3500 ;

5 56,700 212 0.261 1220 m o  \

: 86,900 340 0.281 1560 5510 ;

: 97,600 405 0.291 1690 5740 !



Q

A curious s i tu a t io n  a r is e s  when exceeds 27,000 Kg./cm. • Beyond 

th i s  p re ssu re , l i e s  below th e  f re e z in g -p o in t a t  f, , as measured by
Z>fj

Bridgman* In  a s ta te  of eq u ilib riu m , th e re fo re , th e  w ater beh ind  such a 

shock would be p a r t i a l l y  s o l id i f ie d .  During has extended h is  c a lc u la tio n s  

to  cover th i s  p o s s ib il i ty *  The wave v e lo c i t ie s  a re  not g re a tly  d if f e re n t  

from those  of Table 6 .41 :1 , ‘which presume supercoo ling . In  any case , i t  

i s  doubtfu l whether th e re  i s  tim e in  p ra c tic e  fo r  f re e z in g  to  take  p la c e ,
Gm ]

though c e r ta in  observations of Schardin on w ater, and a lso  on carbon

te tra c h lo r id e ,  appear to  confirm th e  e f f e c t .
0°(x33]

Independent c a lc u la tio n s  by Kirkwood, using  th e  same data  and procedure,

agree very c lo se ly  w ith  those  of Table 6*41:1. More re c e n tly , a s e t  of
Q3t]

ca lc u la tio n s  by Penney and Dasgupta up to  50,000 Kg./cm .2 have been p u b lish ed , 

and are  shown fo r  comparison in  Table 6*41:2. d £  was in te g ra te d  along a 

s l ig h tly  d if fe re n t  path  from th a t  used by Dbring and Kirkwood, namely,

a) th e  a d ia b a tic  from ( ^of f 0 ) to  f> = j>t ,

b) thence to  ( ? ) a t  co n stan t -f> ,

This method i s  advantageous s in ce  th e  a d ia b a tic s  can be c lo se ly  re p re se n ted  

by equations of the form

Cf+ &) If — Qr̂ fr.
There 7* Penney's re su lts  d if fe r  s ig n if ic a n tly  from Daring's only in  

the range of extrapolation (-f> > 12,000 Kg*/cm*2) »

Table 6*41:2/



MTable 6 ,41 :2  

Shock waves in  w ate r. % -5 1 a tm ,, TQ « 293°K.

; +•
: Kg./cm.^
••

04
o 

I oi
0

v,
cm .^/g.

hft
vo/s. vo/ s .

Z> : 
•

V s * *
••

•

i 1,000 1.84 1.81 0.0389 62 1655
•

1591 :

: 4,000 11.1 10.2 0.1101 208 2106
•

1891 :

I 6,000 18.2 16.5 0.1403 288 2347 2052
•
: 10,000 34.5 29.7 0.1822 423 2750 2324 :

: 20,000 84 65 0.240 688 3517 2850

: 30,000 172 135 0.277 893 4109 3266 :

: 50,000
•e

380 305 0.317 1229 502*0 3493 :
••

§6,f2 Shock-front th ick n ess in  l iq u id s

I t  was shown in  §5 , by an approximate argument, th a t  the  re g io n  of 

p ressu re  r i s e  in  a gaseous or l iq u id  shock was extrem ely th in ;  and th i s  

conclusion was l a t e r  v e r i f ie d  in  d e ta i l  fo r  gases (§ 5 .5 ) . The use o f th e  

Tamman equation 6 .4(2) allow s th e  an a ly s is  to  be extended in  an obvious 

way to  l iq u id s ,  though h e re , because of th e  r e la t iv e ly  g re a te r  im portance 

of v is c o s ity , equation  5*5(1) i s  more su ita b le  than  5*5(2). The fo llo w - 

ing r e s u l t s ,  due to  Becker, confirm th a t  th e  shock-fron t th ick n ess  ( t )  in  

e thy l e th e r i s  n e g lig ib le ; and t h i s  w i l l  ev id en tly  rem ain tru e  f o r  a l l  

liq u id s  of normal v isc o s ity

f, (atm .) 100 1,000 10,000 100,000

to * £  (cm.) 52 5*3 0.65 0 .14

The remarks a t  the  end of §5*5 a re  re le v a n t here a ls o .

Shock waves in  so lid s

The th e o re t ic a l  study of shock waves in  s o lid s  i s  com plicated not only 

by the d i f f ic u l ty  of form ulating  a r e l ia b le  equation  of s t a t e ,  b u t a lso  by



th e  e x is te n c e  a t  m oderate  p r e s s u r e s  of a f i n i t e  r e s is ta n c e  to  sheer and 

th e  consequent ap p ea ran ce  o f  d i s t o r t i o n s !  a s  w e ll  a s  co m p re ss io n s !  waves* 

Below th e  y ie ld  p o in t ,  in  f a c t ,  th e  s t a t e  o f  th e  s o l i d ,  even when t h i s  i s  

i s o tro p ic ,  cannot be described  in  terras of two v a r i a b le s  only such  as 

( v, T ) .  On th e  o th e r  h and , th e  p r e s s u r e s  p r e v a i l in g  i n  p r a c t i c e  in  shook 

waves through s o l id s  a r e  f r e q u e n t ly  so h ig h  a s  to  j u s t i f y  n e g le c t  o f  th e  

y ie ld  s tre ss*  I n  e f f e c t  we th e n  r e g a r d  th e  s o l i d  a s  a  f lu id *

Even when t h i s  i s  n o t l e g i t i m a te ,  an  ap p ro x im atio n  can  b e  made, a t  

l e a s t  in  th e  c a se  o f  o n e -d im en s io n a l w aves, by means of tide fo llo w in g  

argument. L et , e2 , ^  be th e  sm a ll e x te n s io n s ,  p a r a l l e l  to  r e c t a n g u la r  

axes 0(jc,^,2), of an elem ent in  th e  ( i s o t r o p i c )  s o l i d ,  and X th e  norm al 

t r a c t io n  over th e  -p la n e  th ro u g h  t h a t  e lem en t. Then

x ~ t o  = +  v ® /  > e t0 ‘ h )
where ^  i s  the  i n i t i a l  h y d ro s ta tic  p re ssu re , and a re  Lame's

c o e f f ic ie n ts .  I f  m otion  o c c u rs  o n ly  p a r a l l e l  to  0%, th e  ta n g e n tia l 

t ra c t io n s ,  to g e th e r w ith  e ,, , are z e ro , and so

( x - f s  Y-^,Z-f>.) = . (2)

Accordingly, since  then  e ,  ** (ve- v  )jv-o , w here vo and v  a re  th e  sp e c ifio  

volumes befo re  and a f te r  s tra in in g ,

X-% = *g(\+2p.). (3)

On the  o ther hand, fo r  simple compression under h y d ro s ta tic  p re ssu re  *P to

the same f in a l  sp e c if ic  volume v  f t t » ^  a  (y0~ v )  / j ^

So 4h*t

r - h  = W
3 '

Thus _ ±tz ■ r \'
X - %  3 * + ^  3 ( - r) y ' i  ' / '  ‘  > ( 5 )

(cr s Taisso-n'S ratio') _



So f a r ,  th e re fo re , as th e  t o t a l  volume change i s  concerned, th e  r i s e  

in  a x ia l  s t r e s s  behind a m ild p lane shock wave in  an is o tro p ic  s o lid  

may be id e n t i f ie d  w ith  a h y d ro s ta tic  p re ssu re  r i s e  <r) tim es

as g re a t * In  o th er words, s in ce  ft i s  n e g lig ib le , and th e  q u an tity  

denoted by ft in  th e  fundamental theory  corresponds to  th e  a x ia l  s t r e s s  X > 

we may reg ard  the  compression ug-v i as approxim ately equal to  th a t  which 

would be produced, under otherw ise s im ila r  circum stances, by a h y d ro s ta tic  

p ressu re  ~P = ft (i-*~<r)/3 S ince o <(T< , t h i s  equ iva len t

pressu re  7* l i e s  between ^ ft and ft . I t  may be expected to  approach 

most c lo se ly  to  ft, in  th e  case of s o f t  m a te ria ls  l ik e  le a d , and to  be 

sm allest fo r  m etals such as copper or iro n .

In  f a c t ,  of course, the  s t r e s s  i s  not is o tro p ic  under the cond itions 

envisaged, and cannot be f u l ly  described  by a h y d ro s ta tic  p re ssu re  T • 

the s o lid  does not s a t i s fy  a two-param eter equation  of s t a t e .  The above 

treatm ent i s  th e re fo re  a crude one. However, we s h a l l  not be fu r th e r  

concerned w ith i t ,  s ince the p ressu res  of g re a te s t  in te r e s t  a re  f a r  above 

the normal y ie ld  p o in t, and may be regarded  as hy d ro sta tic*

,.57 The G-rhneisen-Debye equation  of s ta te

Shock wave p ressu res  in  so lid s  may e a s ily  r i s e ,  in  consequence of 

th e  sm all co m p ress ib ility , to  the  le v e l of 10^ atm. o r h ig h er. In form ation  

regarding th e  pressure-volum e-tem perature r e la t io n s  a t  th i s  le v e l i s  a t  

p resen t f a r  from complete. Although ex tensive s tu d ie s  on co m p ress ib ility
fa]

have been made fo r  many so lid s  up to  10-12,000 a tm ., and f o r  a sm aller 

number up to  50,000 and 100,000 atm0, th ese  p rovide as a ru le  only a s in g le  

isotherm  a t  Ta -  288°K; bu t fo r  a complete d iscussion  a s e r ie s  of such 

isotherm s would be necessary . However, i t  may be expected th a t  even



8 0

in ten se  shocks w il l  involve only moderate tem perature changes, a t  l e a s t  

in  th e  le s s  com pressible s o lid s , so th a t  th e  p ro sp ec t a r is e s  o f e x tr a ­

p o la tio n  from a s in g le  isotherm  by means of a s u ita b le  th e o re t ic a l  form 

of equation  of s ta te .

For t h i s  purpose, th e  Debye model should serve as a  reasonable 

approxim ation, according to  which th e  in te rn a l  energy i s  g iven

■by

£ =  £(■»)+■ 3n K T $ )[® 6>)/T] , (1)
-re,f&7're'C)L

where F(v) i s  th e  p o te n t ia l  energy -£o and zero p re ssu re , Q(-v) i s

the  Debye c h a ra c te r is t ic  tem perature , and

$ (x)  = 1  [ * & £ .  (2 )
& 'Jo e — I

i s  Debye1 s tran scen d en t.

From (1 ), w ritin g  3t fo r  <S>(-v) Jt  , we have

% =  * « * / » - * 8 'J

= -— I  •

The corresponding equation  of s ta te  i s  

IShen % i s  sm all,

Sty*) = / -  ^  -t ~  -h 0(?t£) ,

(3)

(4)

(5)

(6)



Table 6*51:1 in d ic a te s  the  course of S)(k)  and Cv j-n , w ith  1.987 

c a l . /  moZ, °K •
fos]

Table 6.51:1

© - 
T

(S3 cv l"*v 
(c a l ./m ol. 

°K)

©  _
T  ^ 5)(x)

Cvbi
(cal*/mo

°K)

0.0 1.000 5.955 1.0 0.67 5.67

0.1 0.965 5® 95 2.0 0 .44 4.92

0.2 0.933 5.94 ; 3.0 0.28 3.93

0 .4 0.86 5.91 4.0 0.18 3.00

0 .6 0.79 5.85 5 .0 0.12 2.20

0 .8 0.73 5»77

Typical values of © a t  1 atmosphere are  shown in  Table 6 ,51:2

Table 6*51:2 ^  ^

• S o lid ©  (°K) S o lid 0  (°K) !
•
•

: Pe 453 Ag
•

215 i

A1 398 Pb 88 I

: Cu 315 HaCl 281 ;

: Zn 235 KC1 230 !
«•

I t  i s  c le a r  th a t ,  a t  normal tem peratures and 1 atm, p re ssu re , % v a r ie s

from 0o3 (Pb) to  1 .6  (pe) but i s  u su a lly  o f th e  order of 1 . Over th e

range o  ̂ x  * 1 .6 , a  i s  varying q u ite  ra p id ly . The v a r ia t io n  in

= S'K (T^ )  f o r  T >  273°K> i s ,  however, much sm alle r, not

more than  10A even fo r  iro n , and g en era lly  w ell below th i s  f o r  th e  o ther 

m a te ria ls . D espite th e  pronounced v a r ia tio n  in  $  s th e re fo re , i f  i s  a 

f a i r  approximation to  regard  as l in e a r  in  T ,  w ith slope u n ity ,  i , e .  

to  assume
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3tiR%7 = f)(v )  +  3-nKT ,

•where A i s  independent o f tem perature. Then (4) becomes

f v  * fc-v) -  3 -n K T v ^ M  , (8)© Ov)

the  T-independent terms being c o lle c te d  in  £& ) . The approximate 

constancy of S T  a t  high p re ssu re s  depends on th e  fu r th e r  assum ption th a t  

<5>[v) does not become too  g re a t .  I t  i s  c le a r  from (4 ) , according to

■which

/* 0  3oC . .S , — = -  ”  7T ’ (9)v  0  ?T &

■where oC i s  th e  c o e f f ic ie n t of l in e a r  expansion and & th e  c o m p re ss ib ility , 

th a t 0 '  < O 9 so th a t  © r i s e s  as  the  s o lid  i s  compressed. The probable 

extent of t h i s  r i s e  may be gauged from (9 ), tak in g  in to  account th e  o rder 

of magnitude of 3dv0jK.cv  which f o r  th e  substances l i s t e d  above v a r ie s  only 

between 1 .8  and 2 .8  a t  288°K and 1 atm. Thus,

—  2 ~

©  v  ' ^
■V

But under iso therm al cond itions dufa % a t  10^ atm. f o r  WaCl and

^  0.05 fo r  Cu and Pe, the  o ther m a te ria ls  showing in te rm ed ia te  v a lu e s .

Hence ©  w il l  probably not in crease  by more than  about UOf& f o r  IfeCl, o r

more than  1(X;» fo r  Cu o r P e, a t  10^ atm. and 288% . This in c rea se  i s  not

s u ff ic ie n t  to  in v a lid a te  th e  argument, and in  a  shock wave of corresponding

pressu re  th e  volume decrease must be ra th e r  l e s s  th an  th e  above, and th e

tem perature g re a te r  th an  288%, so th a t  th e  e f fe c t  upon th e  approximate

l in e a r i ty  o f VfT should on th e  whole be sm aller th an  we have allow ed fear 

here .
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Equation (8) i s  of the  general form:

* f ( t0  -h * 0 ^ )

■where f(v )  and ffa )  a re  as y e t undeterm ined. I f ,  indeed, more th an

one isotherm  haeebeen ex ten siv e ly  s tu d ied , th e  equation  of s ta te  may be

te s te d ,  and the fu n c tio n s  /  and ^ evalua ted . Thus, i f  •/>, Cv)} j>%(y)
Qt>]

and / j  (v) a re  th e  isotherm s a t  Tf , T% and 7̂  , we must have

f r t x  _ JrJk -  -  f  m \
% ~ f3 ~ Tt -T3 ~  ’ <11>

mand then

M f ( v ) =  , (1 2 )
V  ' ' T —T•t •'I%

j-  i (v ) = t e l *  
v rr r,

(13)

However, i f  only one isotherm  i s  known, assumptions must be made' concerning 

the form of f  o r ^ • In  view of the comparative constancy of -v ©'/® 

among various s o lid s ,  th e  most reasonable procedure i s  to  tak e  £  as constan t 

This i s  equivalent to  assuming th a t  S^/k i s  independent of volume, and 

since both  cC and K must decrease w ith  v  th e  assumption i s  r a th e r  p la u s ib le , 

The equation of s ta te  may then  be w ritte n

f v  » £(-»)+ K T  y (14)

or more conveniently , s in ce  f  i s  d isp o sab le ,

j*v = f ( v )  +  K ( t-T 0) . (15)



B efore proceeding to  apply t h i s  equation , we note th a t  in  th e  

g eneral case given by (1) and (4 ),

£ s  > (16)

and th e  RH-equation th e re fo re  becomes:

= 2 Ck*-t')(v. - v>) ■

9
,.57/ Shock waves in  f lu id s  s a tis fy in g  a s im p lif ie d  Grhneisen-Debye 

equation  o f s t a t e

As we have seen, over a moderate range of tem perature th e  G-rtineisen- 

Debye equation  of s ta te  fo r  c ry s ta l l in e  s o lid s  may be taken  in  the  form:

over th e  req u ired  range of p re ssu re  a t  any convenient s in g le  tem perature, 

say a t  T0 . Measurements of t h i s  k ind  have been made fo r  a la rg e  number 

of so lid s  up to  p ressu res  of 10-12,000 a tm ., and f o r  a sm aller number up 

to  50,000 and 100,000 atm. I t  i s  th e re fo re  of value to  derive  th e  RH-

equation corresponding to  ( l ) .

/ v  = K C t-Tv) +  f(-v) , (1 )

where K  i s  a c o n s tan t, to  be evaluated  in  terms of th e  s p e c if ic  volume 

( v 0)  , l in e a r  expansion c o e f f ic ie n t (dc)  and co m p ress ib ility  0co)  under 

normal atm ospheric cond itions ( ^>=1 a tm ., i / = z / , , T = 7^ ) by

( 2 )

I f  (1) a p p lie s , f(v) may be determined by measurements of s p e c if ic  volume



Prom th e  general thermodynamic r e la t io n

*  Cv d r  - f  ( T ® - j , ) d < r  ,

we have, using  (1) ,

d e -  cv d T  + C K T . - f a ) ] &  , (3)

whence E  = %  Gh>~ f & ]  + KTo U v  - /# * - >  f  + a ^ t .  (4 )

The RH equation , r e la t in g  'ft to  Vj , i s  th e re fo re

v0
- K T . ^ + f  f(v ) v,) , (5)

A  /

which i s  a t  once e x p l ic i t ly  so lub le  fo r  f, • f c )  i s  ob tained  from th e  

isotherm a t  Tc , v iz .

j> = ; f e ) / v  . (6)

f jd^ rjv  may th en  i n  g eneral be eva lua ted  num erically  or g ra p h ic a lly , 

o r an em pirica l fu n c tio n  s u ita b le  f o r  ex tra p o la tio n  and a n a ly t ic a l  

in te g ra tio n  may be f i t t e d  to  (*) , Thus, f o r  example, th e  isotherm s

f o r  many s o lid s  can  b e  c lo se ly  rep resen ted  over th e  experim ental range by
//&,] 

the form:

t - f0+3
-ir  =  IT  .  —7— -----------

(7)

where >4,JB are  c o n s ta n ts . Then
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th e  equation  of s ta te  i s  accordingly  ;

(f’- f . ) v  = K(t-Tc) +  > (9)

and. th e  RH-equation ;

(10)

= L , t  -
o A A-icA1 A-*.

where x  = v o /’V, ■

Also

i s 3'B&oVo
K  = - j z r  ' (11)

Si.sz The Born-Bradburn Equation of S ta te

The Debye theory  r e s t s  upon an approxim ation involved  in  rep lac in g

the  n a tu ra l freq u en c ies  of th e  atomic l a t t i c e  by a continuous spectrum*

Attempts have been made by Born and co-workers to  r e f in e  th e  theory  by

considering  th e  a c tu a l modes of v ib ra tio n . In  p a r t ic u la r .  Born and 
Qz] Of]

Bradburn and Bradburn have re c e n tly  succeeded in  developing an equation

of s ta te  fo r  cubic c r y s ta ls ,  based upon the  assum ption of in te ra to m ic

a t t r a c t iv e  and re p u ls iv e  fo rc e s  p ro p o rtio n a l re sp e c tiv e ly  to  in v erse

powers ( w y7t ) of th e  in te ra to m ic  d is ta n c e , as in  th e  trea tm en t by 
C/ofl

Lennard-Jones and o th e rs  of th e  v i r i a l  c o e f f ic ie n ts  of gases* Bradburn*s 

equation , which i s  s t r i c t l y  ap p licab le  only above th e  Debye tem perature , 

takes th e  form

f r  =. V ( £ ) +  -n R G fo .T  , (1)

where
Zt23

f a  K j  -  / , (2)
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voo "being th e  sp e c if ic  volume a t  zero p re ssu re  and tem peratu re» T(€)

and C(e) a re  defined in  terms of th e  sub lim ation  energy (A ) , to g e th e r
O

w ith  th e  fo rce-law  exponents (7ntn )  and c e r ta in  l a t t i c e  sums ( ) which
[/3]

have been ta b u la te d  by Born and M isra. In  f a c t ,

Gfe) = c+3--"€+ K ?  (4)

inhere

Twt\, ( O

n

6fa-y>) C K ) ^

K '  S / -  . (7)
C  c »

From our remarks on the  Debye equation i t  may be expected th a t  G(€)
w ill vary l i t t l e  w ith £ « To confirm t h i s ,  we have c a lc u la te d  G(€) f o r

the follow ing elem ents: Fe, N i, A l, Cu, Zn, Cd, C, Pb, Sn, Na, using
, B°0 o
the  values of ™,n deduced by F tirth , and ex trap o la tin g  , K  where necessary  

from the  ta b u la te d  d a ta  of Born and M isra. The conclusion  i s  th a t  Q w i l l  

vary by le s s  than  10$ provided V v a r ie s  by le s s  th an
*

30fo fo r  Fe, Ni, A l, Cu, C

f o r  Zn.



In  the  case o f p b ,  Sn and Na, the  p erm issib le  v a r ia t io n  o f v  i s  very 

much g re a te r ,  G(C) being e f fe c tiv e ly  co n s ta n t. For Cd, G v a r ie s  

q u ite  ra p id ly , b u t t h i s  m etal i s  of le s s  p r a c t ic a l  i n t e r e s t .  These 

c a lc u la tio n s  a re  probably of sm all fundamental s ig n if ic a n c e , s in ce  th e  

values of a re  i l l -d e f in e d ;  bu t they in d ic a te  th a t  G may be r e ­

garded as constant w ithout serious e r ro r  over a range of v  corresponding 

to  extreme p ressu re  changes (sev e ra l hundred thousand atm ospheres) •

Bradburn* s equation then  tak es  th e  form:

f v  =  - i . - - 4. i -  e,Tr  v  -is

where a , c ., d  } C a re  constan ts  defined  in  terms of w,-n and A <,

I t  would now be p o ss ib le  to  evaluate  th ese  c o n s ta n ts , as F tirth  has done, 

by comparison w ith the  experim ental da ta  a t  low tem peratures and p re ssu re s . 

S ince, however, we propose to  apply equation (8) s p e c if ic a l ly  a t  h igh  

p re ssu re s , i t  seems p re fe ra b le  to  depart a t  t h i s  p o in t from the s t r i c t l y  

th e o re t ic a l  approach, and (using (8) merely as a guide) to  determ ine 

4 L 3 & 9 C ) 4 . 9 C  by re fe ren ce  c h ie f ly  to  such in form ation  as  i s  av a ilab le  

regard ing  behaviour in  the high p re ssu re  reg io n . By doing so , of course , 

we re lin q u ish  immediate contact w ith  th e  dynamical theory  on which (8) i s  

based. On the o th er hand, th e  inverse  power laws of fo rc e  can hard ly  be 

regarded as  more than a convenient approxim ation, so th a t  th e  exponents 

have in  any case no fundamental s ig n if ic a n c e ; and th e  procedure 

suggested ensures a t  le a s t  th a t  our equation  of s ta te  w i l l  approximate to

the  t ru th  in  th e  reg ion  of g re a te s t  immediate i n t e r e s t .  F irfe t, however,
a,]

we may sim plify  th e  p o s it io n , by tak in g  advantage of F tir th 's  conclusion  

th a t  ryi'v 3 to  s e t  A-~f , Then (8) becomes
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C i s  determ ined a t  once by th e  equation

g = _ v l t  = ? « &  . (10)
*7- K0

I t  i s  im portant to  n o tice  here th a t  th e  equation  has not been made to

f i t  o(0 and Ka s e p a ra te ly , bu t only th e i r  r a t i o .  Subsequent agreement 

w ith  e i th e r  c(0 or K0 may th e re fo re  be taken  as confirm ation  of th e  

r e l i a b i l i t y  of th e  equation . a  , £  , e  a re  now to  be determ ined by 

f i t t i n g  (9) fo r  example to  th re e  p o in ts  on an isotherm . I t  i s  n a tu ra l 

to  p lace  one of th ese  p o in ts  a t  atm ospheric p re ssu re , and another a t  

the  h ighest experim ental p re ssu re ; the  th i r d  may be a t  any convenient 

in te rm ed ia te  p re ssu re , bu t i t  i s  p a r t ic u la r ly  advantageous to  choose th i s  

th i rd  p ressu re  so th a t  the  corresponding d en sity  i s  a geom etric mean to  

the  former two; fo r  then  ct and ^  may be a t  once e lim inated  to g e th e r  

from the  th re e  equations, leav ing  a l in e a r  equation  in  e . This method 

i s  i l l u s t r a t e d  below fo r  the  case of le a d . Meantime, we proceed to  

derive th e  RH-equation corresponding to  (9)0

§6,53 Shock waves in  a f lu id  s a tis fy in g  a s im p lif ie d  Born-Bradburn 
equation o f s ta te

S ince, by 6*52(9),

= cv a t  +  f a -  f a ) d „ ,  ( 1 )

where Cv  i s  regarded  as co n stan t, the  RH-equation 6(2) i s :

which can e a s ily  be g en era lised  i f  / , and i s  a t  once so lu b le  f o r  *

N eglecting % , and w ritin g  <5 fo r  c/cv (G-rhneisen*s co n s ta n t) , we g e t



Q ()

t , f o -  -  c -  * ( % - 0 ( v * ~  v f )  ' (3)

G i s  dim ensionless and of th e  order of 2.

I f  i s  the p ressu re  which would produce th e  same volume -vf a t  ^  } 

we have (n eg lec tin g  % )

* ( i*  ~ i ( )  = h  vi + c ( i  ~ i j  • (4)

S u b s titu tio n  in  (3) g ives then

Since ^  i s  a known fu n c tio n  of vf 9 t h i s  equation  g ives ^  r a th e r  more 

e a s ily  than  th e  form er. Another form, advantageous when i s

sm all, i s

( - f r t i ) [  % - i  ( ■ » , - ■ » > ) ]  =

From (5) i t  i s  c le a r  th a t  th e  maximum d en sity  a t ta in a b le  in  a s in g le  

p lane shock i s

P,(~ x) = ? .( •+ % )  ~  2po . ( 7)

Pi 6***) woul d r e a l is e d  only in  a shock wave of i n f in i t e  pressure

r a t io .  The tem perature r i s e  in  any shock i s  given conveniently  by;

f /T'/ = * V _ c v ;V e 7 ;  ,

A 1'/ = * v < ~  e v 7 ’ + ,



o

so th a t

T .-T . »  ( f . - h H f c  ■ (8)

B e fo re  f i e . .  w ere re a c h e d , t h e r e f o r e ,  th e  te m p e ra tu re  w ould  a l re a d y  

have r i s e n  t o  values a t  w hich th e  equation  o f s t a t e  c o u ld  no longer he 

e x p e c te d  to  apply7.

J)  , bff ,  and Ef~ E0 fo llo w  a t  once i n  th e  u su a l manner*

The entropy change i s  o b ta in e d  from

T d S  = d E -h f< U  ,

whence, hy (1 ) and 6. 52(8 )

d S  = CV &  +  c  , (9 )

.so th a t

S - s .  = , (10)

and i s  independent of c , <£ 0

& J I  A diabatic  waves fo r  th e  same s t a t e  equation

The a d ia b a tic  d i f f e r e n t ia l  r e la t io n  i s ,  by 6*53(9),

T

whence

= — g  —
(D

~r~ ^/%r s  constan t (2 )

S u b stitu tin g  fo r  T  from 6*52(9), we get

f / p  = e fp G-h ap^~ cp  , (3 )

«here f  i s  th e  constant in  (2 ) . The ( f , T  ) - r e la t io n  fo llow s a t  once 

from (2, 3)«
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Prom (3) ,  the  v e lo c ity  of sound A i s  given by

A = (?f*fepjf -  -b(£~i)ep + (G - t)e .T . (4*)

The streaming v e lo c ity  or in  an a d ia b a tic  wave i s  th en

rf
ur =  ur* ±  J A d p /p  } ( 5 )

AT* being the  v e lo c ity  where p = p*.

S5" Shock and A diabatic  Waves in  Lead 

Equation of S ta te

The theory  of §£ 6 .52 , 6.53 w i l l  be i l l u s t r a t e d  in  some d e ta i l  

fo r  th e  case of lead#

At T0 = 288°K, we take

o(0 = 2 .9  x 10-5 p^-1

/CQ = 2*37 x 10~ ^  cm.2/dyne = 2*32 x 10"^ cm.2/K g .w t. (1)

p0 = 11.37 go/era.^

Then 6 = 3*23 x 10^ e rg /g . °K = 3*29 .Cl?.*
g.°K

= 0 o07718 c a l0/g .°K .
C*Q

Bridgman has determined th e  isotherm  a t  288°K up to  = 1 0 ^  Kg.wt/cm.2, 

where p  = 13*30 g ./crn .^ . y/e th e re fo re  f i t  th e  constan ts  a , , •£ , c , 

in  6.52(9) to  Bridgman1 s data  a t  p  = 11.37, 13*30 and 12.297 = / n .37x"7s.3o 

go/cm.5. At the l a t t e r  d e n s ity , ^  = 40,000 K g.w t./cm .2 . A ccordingly,

p  ,  ±  _  £ £ £ e
r T p* p

11.37 1.03 -83.28

12.297 40,000 +187.50

13*30 100,000 +494.12



whence

(c + 187.50)2 = (c  -  83*28)(c  + 494.12) , 

y ie ld in g

c = 2129.0 M -r t'™ .--.

Then I  = 2.3838

3£
&  ss 4 3 . 3 2  I C g ° ? f t * C r a *

g.*

The equation  of s ta te  deduced f o r  le a d  above i t s  y ie ld  p o in t and Debye 

tem perature i s  th e re fo re :

f v  = i-3.32 V - 2 ”5858  -  2129.0 V- 1  + 3 .297", (2)

in  u n its  of K g .w t./an .^ , crn.^/g and °K;.

This equation i s  found, in  f a c t ,  to  f i t  the  Bridgman isotherm  very  

c lo se ly  throughout i t s  e n t i r e  range. In  p a r t ic u la r ,  i t  g iv e s , a t  

288°K and 1 a tm .,

SCo = 2.43 x 10^ cm.2/lCg.wt. 

which shows s a tis fa c to ry  agreement w ith  th e  value assumed a t  th e  o u ts e t ,  

e sp e c ia lly  when i t  i s  considered  t h a t  th e  equation  i s  not s t r i c t l y  

ap p licab le  a t  MOP and i s  not intended fo r  use there,, The agreement 

in  ko (and so a lso  in  <x0 ) i s  an in d ic a tio n  th a t  th e  form of th e  

equation  of s ta te  6.52(9) i s  s u ita b le ,  and th a t  i t  may th e re fo re  now 

be used to  ex tra p o la te  Bridgman* s isotherm  up to ,  say 10^ Kg ./cm .2 .

The r e s u l t s  a re  shown i n  Table 6.55:1 and P ig . 6.55:1*
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R H -equation

A dopting  a  v a lu e  of = 6 .0  c a l./m o l* °K  = 1 ,235  K g .c ra ./g .°K , we 

have 6? = 2 ,6 6 5 , and can now e v a lu a te  6 ,5 3 (3  and 5 ) ,  o b ta in in g

k f a - o . o s i o z s - )  =  — z W r i  -  (3)

£  (V -  O-05-026-) = ^ 2  _ 0 ' 0 / 3 0 2  fe-V'  -
' '  L (A)

in  u n i t s  of KgoW t./cm. and cm *^/g. F ig* 6,55s1 a llo w s  a com parison  

to  b e  made betw een  th e  is o th e rm a l and RH p re ssu re -v o lu m e  r e l a t i o n s .

F /S . (o.SS:l Is o t h e r m a l . , A d ia b a t ic  a n d  S h o c k - w a v e  

/V, b ) ■ C a nnes f o r  L e a d

03
 Z&jfal'
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A ll  th e  shock p a ra m e te rs  may now he com puted, and  a r e  s e t  out in  

T ah le  6#55:1. The c a lc u la t io n s  e x ten d  up t o  P, > th o u g h  th e

m ajor te m p e ra tu re  r i s e s  a t  th e  h ig h e s t  p r e s s u r e s  show t h a t  in  t h i s  

r e g io n  th e  r e s u l t s  must b e  t r e a t e d  w ith  r e s e r v e .

The ( } ) - r e la t io n ,  which i s  of p a r t ic u la r  importance i n  studying

re f le x io n s , i s  drawn in  F ig . 7*3! 1*

A d ia b a t ic  Waves

6.54(2 ,3) become, fo r  lead ;

2-C C fT  O • 3"1& 3
/ v  = Ccr^$4. J ie . t/ T  = f W j .  , (5)

and

■j? 2-US' s-Ors-ss
y - = 6 * ^ . x p -H U3'3zp ~2/2<f .op  . (®)

For example, th e  a d ia b a tic  through T  = 288°K, p = 11.37 gm./cau^ i s

0.3'JiT3
v T  ~ 0 .7 3 4  ̂ <v T-v = O'bhzt f  > ' '

or

-4> 2{TXiT2
-£ = /-^6^p -h ^

This a d iab a tic  i s  drawn in  F ig . 6.55:1 f o r  comparison w ith th e  iso therm al 

and RH-curve through th e  same i n i t i a l  p o in t .  As would be expected, th e  

ad iab a tic  l i e s  between th e  o ther two curves. The r e la t iv e  tem perature 

changes under ad ia b a tic  and shock cond itions a re  shown in  F ig . 6 .5 5 ;2 .

The v e lo c i ty  o f sound A i n  m e tr e /s e c .  i s  g iv e n  by ;

A ~ h &3 j>v -f- 33tpf?0 j y  -f~ •&k6j7' ^



4,000

Ao/A3AT/c

2
By means o f (5) and (6) we can e a s i l y  ex p re ss  A  i n  te rm s o f p  a lo n e , 

b u t s in c e  A jp  canno t i n  g e n e ra l  be i n t e g r a te d  a n a l y t i c a l l y ,  t h i s  o f f e r s  

no p a r t i c u l a r  ad v an tag e . In  d e te rm in in g  th e  p r o p e r t i e s  o f an  a d ia b a t i c  

wave w ith  end c o n d it io n s  p * , f * ,  T *  we r a t h e r  p ro c e e d  a s  f o l lo w s ,

ta k in g  p a s  independen t v a r ia b le :

1) C a lcu la te T from (5)•

2) C a lcu la te f  from (6) or ( 2 ) .

3) C a lcu la te A from ( 9 )

C a lcu la te from 6«5A-(5) by num erical in teg ra tio n *

An example o f t h i s  procedure, as a p p lied  to  r a r e fa c t io n

r e f l e c t e d  th ro u g h  a s la b  o f  le a d  w i l l  b e  found  in  §  7*5 b e lo w .

A d i a 3 a t i c . as i d  S h o c k . - wave



Shock and a d ia b a tic  waves in  iro n

C alcu la tions s im ila r  to  those  made fo r  le a d  have been c a r r ie d  out 

fo r  iro n . Here, oco = 1.16 x 10”^ °K Ka = 5*826 x 10 7 cm.2/K g ., 

p 0 = 7*88 g ./cm .5 , a t T0 = 288°K. Then e  = 7.58 Kg.cm ./g.°K .

The 288°K isotherm  i s  known only to  30,000 K g./cm .^, where p  = 8 .0 1 4  

g ./cm . . The follow ing equation  of s ta te  g ives a good f i t  over th is  

range.

f>~i/ = 3iT0<}. 8v~2-  5'}y3S'v~l + (1)

(Kg./cm.2, c ra .^ /g ., °K). I t  y ie ld s , a t  288°K and 1 atm .,

K0 ~ 5*883 x 10-7 cm.^/Kg. 

w hich a g re e s  w e ll  w ith the v a lu e  assum ed. B ridgm an1 s  iso th e rm  may now 

be e x t r a p o la te d  to , sa y , 10^ Kg . / a n .2 . (T ab le  6 .5 6 :1 ) .

We tak e  Cv  = 5.3 cal./m ol.°K  = 4*05 Kg.cm./g.°K, so th a t  Q  = 1.874. 

The 5H( v  ) -equation  i s  then (Kg./cm.2 and cm .3/g0) ;

A  f o - 0 - 0 6 , 3 ? )  = ^  +  m -  ^ U C V ,  (2)
f /

from  w hich th e  shock p a ra m e te rs  can  be  d e te rm in e d  (T ab le  6 .5 6 :1 , P ig .  7 .3 :1 ) .  

The a d ia b a t i c s  a r e

7 V '‘*7* =  < w .  (3)

■ftp =  x  p  3i-0<j-$p — 2 q y 3 i~p ,

from -vtfiich A and ar can be deduced, as in  th e  case of le a d . Par example,

the ad iab a tic  through (1 a tm ., 288°K) has th e  constan t in  (4) equal to

2«-5*763, and th e  v e lo c ity  of sound a t  InTP would be 4660 V s * i f  th e  equation

were s t r i c t l y  ap p licab le  a t such low p re ssu re s .
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1 0  0

The p ro p e r tie s  of r a r e f a c t io n  or shock waves r e f le c te d  through a 

s lab  of iro n  when th e  shock waves of Table 6 0 56:1 f a l l  upon an in t e r ­

face . w i l l  be found in  §  7*5 below.'h
§C.i>*l Shock and a d ia b a tic  waves in  copper and aluminium 

Equations of s ta t e  of th e  form 6.52(9) have a lso  been developed 

fo r  copper and aluminium, m etals of some im portance in  connection w ith  

detonating  exp losives s in ce  they form th e  m a te r ia ls  of de to n a to r tu b es . 

The re le v a n t co n s tan ts  a re  c o lle c te d  in  Table 6 .5 7 :1 , which perm its  th e  

theory to  be f u l ly  ap p lied  to  Cu and Al whenever re q u ire d . D e ta iled  

shock and a d ia b a tic  wave c a lc u la tio n s  have n o t, however, as y e t been 

made f o r  th e se  m eta ls .

Table 6.57:1 "*

P hysica l co nstan ts  and c o e f f ic ie n ts  in  th e  s ta te  equation  fo r
copper and aluminium

(Kg./cm .^, g ./cm .^ , °K)

:M etal *0 *0 Po e d 1
•
•

c :
•
•

;Copper 1o67 x 10~5 7.18 x 10-7 8 .9 : 7 .84
••

929. 18:
••

2. 2325:
•

13,978!

: A lu- 
: minium

2.55 x 10-5 13.45 x 10“7 2.7 :21 .1 88, 074’:
•
•

1.7145:
•
•

181,38o!
•«

S&.5X Shock - and a d ia b a tic  waves in  sodium ch lo rid e

As an example of a non-m eta llic  cubic c ry s ta l l in e  s o lid ,  which may 

serve to  i l l u s t r a t e  th e  theory f o r  m ineral substances, we have chosen 

NaCl. At 2 8 8 %  0Co = 3.73 x 1CT5 V " 1,  K0 = 4 .124 x 10~6 cm.2/K g .,

p Q a  2.17 g ./cm o^., S O  th a t  e  a  12.514 Kg.cm./g.°K. The isotherm
M  ,  9i s  known to  100,000 Kg./cm. , and f i t s  th e  s ta te  equation

-y.frjr.27
e3t320V + 12-6-/IfT  ,

(1)



—6 2This g ives ko = 4 .29 x 10~ cm. /K g ., in  reasonable  agreement w ith  th e  

value assumed*

Table 6*58:1 contains th e  c a lc u la te d  shock v a r ia b le s ; th e , 

r e la t io n  in  p a r t ic u la r  i s  shown in  Fig* 7*3:1* The a d ia b a tic  equations 

could be evaluated  ex ac tly  as fo r  le a d  or iro n , i f  re q u ired , from the  

above data*
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7 Normal reflexion of steady plane shocks at material boundaries

When a  p la n e  shock wave ( s ^ )  p a s s e s  th ro u g h  a  medium (m) and 

f a l l s  n o rm ally  upon th e  i n t e r f a c e  betw een  M and  a  seco n d  medium ( n ) ,  

a  d is tu rb a n c e  ( S^ )  w i l l  be  t r a n s m i t t e d  th ro u g h  N, and a  f u r t h e r  

d is tu rb a n c e  (Sg)  r e f l e c t e d  th ro u g h  M. I t  i s  c l e a r  on p h y s ic a l  

g rounds t h a t  m ust be a  wave o f  co m p ressio n , and , m oreover, by  

th e  argum ents o f  § 3 * 2  s in c e  th e  in t e r f a c e  moves im p u ls iv e ly , t h a t  

3^ w i l l  be from  th e  o u ts e t  a  shock wave. S ^ , on th e  o th e r  h an d , may 

b e  e i t h e r  a  shock wave, o r  a  r a r e f a c t io n  wave, depending upon th e  

p h y s ic a l  p r o p e r t i e s  o f  M, N and i n  th e  most g e n e ra l  c a se  a l s o  upon th e  

i n t e n s i t y  o f  3 ^ .

S h o r t ly  b e fo re  th e  a r r i v a l  o f  3^a t  th e  i n t e r f a c e ,  c o n d i t io n s  a re  

a s  in d ic a te d  i n  F ig .7 :1 a ,  I n  medium N, and a ls o  i n  th e  t h i n  u n d is tu rb e d  

la y e r  o f  M, th e  v e lo c i ty  i s  z e ro  and  th e  o th e r  v a r ia b le s  have v a lu e s  

d is t in g u is h e d  as u s u a l by  s u f f ix  0 . B ehind 3 ^ , c o n d i t io n s  a re  a g a in  

c o n s ta n t ,  and r e p re s e n te d  by  s u f f ix  1 . F i g s ,7 :1b and 1c r e p r e s e n t

th e  p o s i t i o n  s h o r t ly  a f t e r  a r r i v a l  a t  th e  i n t e r f a c e .  A s te a d y  shock 

has d ev e lo p ed  in  N and a  shock o r  r a r e f a c t io n  h as  r e tu rn e d  a  l i t t l e  way 

in to  M. C o n d itio n s  in  N b e h in d  3 a re  d is t in g u is h e d  by s u f f ix  3 , and
3

are constan t up to  th e  in te r f a c e ,  which must i t s e l f  th e re fo re  move 

forward w ith  v e lo c ity  Immediately beyond th e  in te r f a c e ,  the

conditions in  M are  d is tin g u ish ed  by su ff ix  2 . In  a re f le c te d  shock 

(F ig .7 :1 c )  th ese  values are  m aintained up to  S2 > where they  change 

ab rup tly  to  ^ e t c .  Otherwise (Fig.7:1"b) the  values fcg, w2 , e tc .  

p e r s is t  back only to  a poin t which moves r e la t iv e  to  M w ith sonic speed 

th e r e a f te r  they  change smoothly to  ^ , 4*̂  , e tc .  a t the  nose of th e  

re f le c te d  ra re fa c t io n , which moves w ith v e lo c ity  . This i s



1 f; 4

M

I M P A C T  (  f > )  ^ r r £ R  I M P A C T ,  R E F L t C T E O  R A R C r A L r l O N , (  c )  A F T E R

S H O C K .



negative  fo r  JT( =fi//>0 sm all, but may be p o s it iv e  f o r  la rg e . For 

example in  an id e a l gas, th e re  i s ,  in  f a c t ,  a d e f in ite  value 7jr. of JTJ 9

i s  s ta tio n a ry  in  space in  the  plane o r ig in a l ly  occupied by the  f re e  

su rface . The v a r ia tio n  of j t & with X i s  shown in  Table 6 .2 1 :1 .

In  any case , the  g rad ien ts  in  the  ra re fa c tio n  decrease w ith tim e.

By th e  usual shock wave equations, and the  equation o f s ta te  f o r  H, we

e ith e r  of th e  shock equations or th e  ad iab a tic  wave equations to g e th e r  

with the  s ta te  equation fo r  M, a r e la t io n  i s  p rescrib ed  between Wg-ŵ  and 

Pg: th i s  may be c a lle d  th e  'RH(pw)- r e la t io n  or th e  R (pw )-re la tion

for. the  re f le c te d  wave, according to  the n atu re  of th e  wave. The form er 

ap p lies  in  th e  range p^ , 7t^< w^; th e  l a t t e r  in  the range p2< p ,

w2 >w^. Together, they form a  composite r e la t io n ,  which w il l  be re fe r re d  

to  as the  RHR( p w )-re la tio n  fo r  re f le c te d  waves. However, c o n tin u ity  

a t th e  in te rfa c e  req u ires  th a t

fo r  which w. = a . I f  jjr has t h i s  va lue , th e  nose of th e  ra re fa c tio n  1 1 1 9

I f  Sn i s  a shock, p0> p  ̂ and w < w ,; i f  a ra re fa c tio n , p < and w > w,,. 2 2 i 2 1 2 1 2 1

can now p rescrib e  a r e la t io n  between w  ̂ and p^: th i s  may be re fe r re d  to

as the RH( pw )-relation* fo r  the  transm itted  shock. S im ila r ly , by means

( 2 )

and
w3 w,2 (3 )

Two equations are  th e re fo re  a v a ila b le  to  determ ine Pg and Wg, 

whereupon th e  problem may be com pletely solved.

* Rankine-Hugoniot ** Riemann
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F ig . 7 : 2 . ___________- piAGRAKl FOK NORWAL.

I * C I Q £ H C £  . H A  :  K F F L .E C T E J) RA R E F A C T IO N S

A C  : K e fl-e c t e i  s h o c k s  . E F ,  £ f '  I  T / tA i f S t f  iT T F J )  

S h o c k s .

The a n a ly s i s  i s  "best i l l u s t r a t e d  g r a p h ic a l ly .  T hus, in

F ig .7 :2 ,  l e t  EA re p re s e n t  th e  R H (p w )-re la tio n  f o r  shocks in  Ivl,

and A(p^ , w^ ) th e  s t a t e  (su p p o sed  c o n s ta n t  in  sp ace) b eh in d  S •

Then th e  s t a t e  2 i s  d e f in e d  by some p o in t  on BAC, o f  w hich th e

branctjBA (w here p^  p ^ , vt > ) r e p r e s e n ts  r a r e f a c t io n s  i n  M

w ith  i n i t i a l  s t a t e  A, w h ile  AC (w here p „ > p  , w < w  ) r e p r e s e n ts
2 1 7 2 1

shocks in  M u nder th e  same i n i t i a l  c o n d i t io n s .  BA i s  d e f in e d  by

(Ij.)

i n  c o n ju n c tio n  w ith  th e  a d ia b a t ic  ( p , v ) - r e l a t i o n :

ctE — — j>du~ ( 5)



A. O' 6,

AG i s  d e f in e d  by

=  ~ s l ( \ - f ^ ( v r -v~) ( 6 )

in  c o n ju n c tio n  w ith  th e  R H (p ,v ) - r e la t io n

e %~Ei -  i  ( h + h )C v'~ v ^) ■ ^
The com posite  cu rv e  BAG, which may be c a l l e d  th e  HHR-curve th ro u g h  A,

though d e f in e d  by e n t i r e l y  d i f f e r e n t  a n a l y t i c a l  e q u a tio n s  above and

below  A, i s  c o n tin u o u s  to g e th e r  w ith  i t s  s lo p e  (and. c u rv a tu re )  a t  A,

as can  be se e n  by  r e f e r e n c e  to  § 6 .1 ;  th e  RH-and R -cu rv es  have i n  f a c t

double c o n ta c t and c ro s s  a t  A.

On th e  o th e r  hand , c o n d i t io n s  ( p ^ ,  w^) b e h in d  a re  n e c e s s a r i ly

re p re s e n te d  by  some p o in t  on th e  cu rve EF, th e  BH( p w )-cu rve  f o r  shocks

i n  N. T h is  cu rve  may l i e  e n t i r e l y  above o r  e n t i r e l y  below  EA, o r  may

even ( i n  e x c e p tio n a l  c a s e s  -  see  § 7 * ^ 4  below ) c ro s s  o v e r EA. I n  v i r t u e

of e q u a tio n s  (2 , 3 ) ,  c o n d i t io n s  betw een  and a re  th e r e f o r e  d e f in e d

by th e  p o in t  o f  i n t e r s e c t i o n  G o f  cu rv es  BAC and 2 F , I t  i s  c l e a r  t h a t

w h ile  S i s  n e c e s s a r i ly  a  shock ( s in c e  r a r e f a c t io n s  i n  N a re  r e p re s e n te d  
3

by  th e  a d ia b a t ic  c o n t in u a t io n  o f  FE below  th e  p r e s s u re  a x is )  S2  

may be o f  e i t h e r  ty p e ,  acc o rd in g  a s  G l i e s  above o r  below  A.

E v id e n tly ,  th e  HHR~curve BAC, i n  c o n ju n c tio n  w ith  a  s e r i e s  o f  HH- 

c u rv e s  EF f o r  v a r io u s  m edia ff, i s  s u f f i c i e n t  t o  so lv e  a l l  problem s 

r e l a t i n g  to  th e  norm al r e f l e c t i o n  o f a  shock o f  i n t e n s i t y  p^ i n  M*

In  o rd e r  now to  cover in c id e n t  waves o f  a r b i t r a r y  s t r e n g th ,  i t  i s  n e c e s s a ry  

on ly  to  supplem ent BAG by a  fa m ily  o f  such c u rv e s ,  p a s s in g  th ro u g h  th e  

v a r io u s  p o in ts  A on EA. The in t e r s e c t i o n  cf th e s e  EHR c u rv e s  w ith  th e  

w -ax is  r e p re s e n ts  c o n d i t io n s  a t  a  f r e e  s u r f a c e ,  i . e .  when N i s  a  vacuum; 

t h e i r  i n t e r s e c t i o n  w ith  th e  p - a x is  c o n d i t io n s  a t  a  r i g i d  b o u n d ary , i . e .  when 

N i s  in c o m p re s s ib le . P assage  from  a  l i q u id  o r  s o l id  to  a  g a s  and v ic e  

v e r s a  co rresp o n d  v e ry  ap p ro x im ate ly  to  th e s e  ex trem e c a s e s .



§ 7»01 C r i t e r io n  f o r  a  r e f l e c t e d  shock

The c o n d i t io n  t h a t  sh o u ld  be  a  shock wave i s  t h a t  (w ^< w ^).

T h is  c o n d i t io n  i s ,  so f a r ,  o f  an a  p o s t e r i o r i  n a tu r e .  I n  s o lv in g  an  

a c tu a l  p rob lem , we must b a se  o u r ch o ice  o f  e q u a t io n s  7(^+) o r  7(6) upon 

an assum ption  re g a rd in g  th e  n a tu re  o f  i f  th e  c o n c lu s io n s  c o n t r a d ic t

t h i s  a ssu m p tio n , th e  a l t e r n a t i v e  e q u a tio n  i s  to  be u se d . S in c e  th e  

a d ia b a t ic  and R K -re la t io n s  in v o lv e  th e  energy  fu n c t io n  E ,  i t  i s  n o t 

p o s s ib le  to  e x p re ss  t h e  c o n d i t io n  f o r ,  s a y , a  r e f l e c t e d  shock 

e x p l i c i t l y  i n  te rm s o f  th e  i n i t i a l  c o n d i t io n s  a lo n e , u n le s s  in d e e d  

E (p ,v )  i s  s p e c i f i e d .  The c r i t e r i o n  m ust t h e r e f o r e  rem ain  i n  g e n e ra l  

a  p o s t e r i o r i . However, in  p r a c t ic e  th e r e  i s  u s u a l ly  l i t t l e  d i f f i c u l t y  

i n  d e c id in g  th e  c h a r a c te r  o f  S g , and i n  d o u b tfu l c a se s  i t  may b e  

ex p ec ted  th a t  Pg w i l l  be c lo s e  t o  p ^ , so t h a t  th e  s o lu t io n  may b e  

c a r r i e d  ou t e q u a l ly  w e ll w ith  e i t h e r  e q u a tio n , s in c e  th e  two o v e r ­

la p p in g  c u rv e s  BA and AC a re  alm ost c o in c id e n t .  I f ,  in d e e d , th e  

cu rv es  a re  m onotonic as i n  P i g . 7 :2  (w hich  w i l l  u s u a l ly  and p e rh a p s  

alw ays be th e  ca se  in  p r a c t i c e ) ,  th e  c r i t e r i o n  f o r  a  r e f l e c t e d  shock 

may be ex p re ssed  d i r e c t l y .  P o r  th e n  th e  c o n d i t io n  t h a t  Sg b e  a  shock 

i s  e v id e n tly  t h a t  SF in t e r s e c t  th e  o rd in a te  th ro u g h  A a t  a  p o in t  

low er th a n  A i t s e l f ,  i n  o th e r  words t h a t :

W3 (f,) < U' . (1 )

The c o n d i t io n  f o r  a  r e f l e c t e d  r a r e f a c t io n  i s ,  s im i l a r l y ,

^ ( f . )  > u, • (2 )

I f  =  *r, ( 3 )

no r e f l e c t e d  wave a r i s e s ,  and h as  th e  same p re s s u re  r a t i o  a s  .

T h is  w i l l  r a r e l y  happen in  p r a c t i c e  w ith  two d i f f e r e n t  m edia, b u t a
(§7.1*)

c a se  where i t  does so i s  d is c u s s e d  below . In  such  c a s e s ,  u n le s s



t  r ' C;

in d e e d  c u rv e s  EA and EP c o in c id e  th ro u g h o u t t h e i r  le n g th  (w h ich  

canno t he ex p ec ted  e v e r  to  happen i n  p r a c t i c e )  th e y  must c ro s s  a t  

A, and th e  r e f l e c t e d  wave th e n  changes ty p e  a s  p^ p a s s e s  th ro u g h  th e  

v a lu e  d e f in e d  hy  e q u a tio n  ( 3 ) .

I t  i s  a lso  c l e a r  t h a t  when th e  c u rv e s  a re  m onotonic th e  r e l a t i o n s  

betw een M and N a re  in v e rs e :  i f  a  shock wave i n  ivi o f  i n t e n s i t y  p^

i s  r e f l e c t e d  a s  a  shock by  1'T, th e n  a shock o f i n t e n s i t y  i n  M i s

r e f l e c t e d  a s  a  r a r e f a c t io n  by  N.

§  1 ^  Normal r e f le x io n s  i n  an i d e a l  g as

The R H (pw )-equation  f o r  th e  in c id e n t  shock 3 i s  h e re  g iv e n  by

6 . 2 ( 4 ) ,  o r ,  s in c e  urt » , by

or = J '( \-0 v o . - ■ {

The H H R (pw )-re la tion  f o r  3^ i s  d e r iv e d  a t  once from  6 .2 (4 )  and 

4 ( 9 ) in  th e  form :

HHR-curves f o r  8 2 * The p r o p e r t i e s  o f  r e f l e c t e d  and t r a n s m i t te d  waves 

a re  th e n  de term ined  by th e  i n t e r s e c t i o n  o f  (2 )  w ith  th e  RH-curve f o r  

th e  a d jo in in g  medium. The in c id e n t  R H -re la t io n  and r e p r e s e n ta t iv e  

members o f  th e  RHR-family a re  s e t  ou t in  T a b le s  7 .1  :1 -4 , and drawn in  

P ig s .  7.1:1-14- f o r  each  o f  th e  fo llo w in g  g a s e s ,  assumed i d e a l ,  and 

i n i t i a l l y  a t  1 atm . and 288°K: H e, A, 02 , C02 , and f o r  p 1 = 2 , 5 ,  10,

( V e lo c i t i e s  w a re  m easured in  th e  d i r e c t i o n  o f  p ro p a g a tio n  o f 3 ^ ) ,

Prom (1 )  and ( 2 ) we may draw th e  H I-cu rve  f o r  3  and th e  fa m ily  o f

20 , 50, 100, 150, 200, 300, 4 00 , 600, 800, 1000 atm . The r e s u l t s  a r e ,



o f c o u r s e ,  on ly  approx im ate  a t  th e  h ig h e r  p r e s s u r e s ,  i n  v iew  o f  th e  

changes i n  s p e c i f i c  h e a ts  and th e  e f f e c t s  o f  d i s s o c ia t io n  and i& n is a tio n  

which must in  f a c t  accompany such h ig h  shock wave te m p e ra tu re s .

The HHR e q u a tio n  (2 )  r e p r e s e n t s  as  a  m onotonic f u n c t io n  o f  p2 , 

which d e c re a se s  c o n tin u o u s ly  from  wt +  when p^ =, 0

th ro u g h  ŵ  when p2 = p-j t o  0 when p2 s a t i s f i e s  ^  =; jft-O V ,

The monotonic na tu re  of w2 and the c o n tin u ity  of i t s  slope a t  p2 = p^ 

are e a s i ly  e s ta b lish e d , and th e  l a t t e r  p roperty  i s  in  any case im plied  in  

th e  fundamental theory  (se e  §§6 01 and 7)*
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c ' W lJ  7 • ̂  F ree su rface  J

7 .1 (2 ) becomes w ith Pg = 0

*r2 = o7(V- a - , > ( = (*, +  0  • (1 )

The subsequent motion i s  th e re fo re  id e n tic a l  w ith escape from 

pressu re  p  ̂ in to  a vacuum, save th a t  a v e lo c ity  i s  super imposed.

S ince , by 6 .2 (2 ,4 ) , i f  7rl = f»/fc ;

(A-jJo, __ J(A+,)7T' (n^X)
JT'-I (^ )

and i t  Can be shown ($  7.111) th a t  the  r ig h t s id e  of (j?) i s  n e c e s sa r ily  g re a te r  

than u n ity , i t  fo llow s th a t  W2 > 2w^, as compared w ith the  aco u s tic  case, 

where w  ̂ = 2w . @

Since the  nose o f th e  ra re fa c tio n  spreads backward w ith 

v e lo c ity  -a^ + w^, th e  o v e ra ll  length  o f th e  r a re fa c tio n  in c reases  

a t  constan t r a te  Aa^. The v e lo c ity  and o th er p ro f i le s  have been 

described  in

5 7 *111 Proof th a t  0̂ , A) j  (tt, — 1) ">■ I .
The p ro p o sitio n  holds provided

A * r #V  ( A  V  A - f i )tti —  / >  o t
which i s  t r u e ,  u n less  71’ l i e s  between

^  j  — (AVA-/-- 1)  i- Q^-t\-f~2.) -f~ uX J  .

Since jr, > 1, th e  p ro p o sitio n  f a i l s ,  th e re fo re , only i f

(AVA+a;VAA > ( \ + 3 \ +  2 /  ,

i . e .  i f  X^AV^A^/) < 0  ,

which i s  evidently impossible since A > 0 .



H -  T,. .J  ^ fco,/3i, 7/, /23,/2<fc7o 7*12 Rigid boundary

V/hen Wg = 0 , 7. 1(1>2) ,  to g e th e r  w ith 6 .2(2) g ive:

' . j JT, frr,-<-Aj  _

T v Xjt,+ i JXrri+T
where jra = .

On s im p lif ic a tio n , (1 )  leads to

Qi+x)^ -  /
^  2T, f-A

I f  we w rite  9 (2 ) may be ex h ib ited  in  th e  symmetricalX X

form:
A  = A +  - LJTZ' JT/ \+ i

B ut, by 6 .2 (1 )

<»3 24 = a’ s = 3 ± A
Att,-*-/

Hence, by (2 )
cp _  A -f

* ~ &+t)7Tt ’
so th a t

2!& (Ft*-X)(2rr,+X-i)
(A*X>7T, (AlT'-t-t)

A lso, elim inating. ^  from (4) ,

cp =
A -9,

which, i f  q £ s  j— <p̂  , can be ex h ib ited  in  the symmetrical form:

j .  _ j_ , _ L
9 ;  -  9 /  A -/ '

Again

__ f A *  a)w; -  / J  [ ty -h  A -/J
(A*/;jt, £r,*-A)

so th a t  -  5- _ &+7-)7r,-~ 1]f f r r ,* -A -J  ^

6 OA-mXAjTj-m )



A + t A+\ *

where D denotes th e  a lg eb ra ic  v e lo c ity  of a  wave r e la t iv e  to

th e  gas ahead of i t .  

Hence
S  _  ( A * l ) 7 T ,

2. - —r >TT-f-A

= J  T = 
a* a ' Air,+t

by 6.2( 2,3,1+). 

Consequently

(1C
so th a t 2a j  , (H

_  r* (A+i)£,~l ,and  ̂ ^  . (1 ,

I f  £«,= 4 ^ - / ,  (12) can be ex h ib ited  more sym m etrically as:

~si ~ ' s ; *  \  ■ ( 13
For th e  wave v e lo c ity  <̂2 r e la t iv e  to  th e  boundary, measured in  th e  

sense of we have

-  f£* 2yr' ^  *
Jft+t) (AtT'-h)  (15

8114 J  = ~ i 0 r  '  ̂ ( 16
— d,%[(Ke has a minimum equal to  i t  Jz(X~2)  [0 .9^428]

when 7vt = 0 ?~A~it)l2 A [2 .1 7 ].

A fu r th e r  q u an tity  of some in te r e s t  i s

M z = £ i- £, = c j T t -  T ,) .

By 6 .2 (2 ) and equation ( 8 ) ,  i t  i s  e a s i ly  shown th a t

_ (A+3)*r,-h A-1

A £ , ~ (X+,)(*,+ /) * ( 1 7 )

* The [bracketed] f ig u re s  correspond to  <y = 1.1+



1 2  6

Various u se fu l conclusion^ 'can  "be drawn from the 

above r e s u l t s .  Thus by equation ( 2 ) ,  as ^ - > 1 ,  > 1 a lso ; and

^  = nr  5 d .  = t o  , f 18x

The in te n s i ty  of weak waves i s  th e re fo re  doubled on re f le x io n .

However, as [8] ;  th e  in te n s i ty  of strong  waves

thus in creases  many-fold. On th e  o ther hand,

jr2- j r ,  =  -  < 0  . U.  j r a > 3r( > , ' .  ( 1 9 )
*•/'•  A

S im ila rly , as 77)—> 1, ¥ 2, - *  1 * 3z2^- —^  1; and as 77̂

f f ] ’ and 30 1  ^ , )  2 }  while
T  TA gain , a s  t t  —>  1 > ' t l  —>  1, -I* — >  1; and a s  7Tj —̂  oo ,

/   ̂ r fi i  oL /7 J j  w h ile  1 < «rx < ^  . The te m p e ra tu re  r i s e

in  th e  in c id e n t  wave i s  th u s  ap p ro x im ate ly  doubled f o r  any 7 7 ) .  ig a in ,  

a s  71) - >  1 , $2. ->  1 , and -vD^ —> * e ; w h ile  as  jrf —> oo f A,z A+i fy ]

and — and ~ d 2J<\o in c re a s e  w ith o u t l i m i t  a s

and [ ZJ W ]  re sp e c tiv e ly , though -  i  —> — [ 3

The meaning of these r e s u l ts  i s  more re a d ily  appreciated  from a 

s e le c tio n  of numerical v a lu es , such as are given in  Table 7*12:1 

fo r  A = 6 ( y  a 1 ,4 ) .
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§ 7*^21 C om parison o f  f j - 'P o  w ith  R udenberg*s **Im p u lss tro m d ic h te 11 

The e x p re s s io n  f ’s ~ fo  9 where

f t  s  t ,  + P,
pblt-jlki]

was p ro p o sed  by Rudenberg a s  a  m easure o f  th e  e f f e c t  on  a  p la n e  o b s ta c le  

o f a  shock wave b e h in d  which th e  p r e s s u r e ,  d e n s i ty  and f l u i d  v e l o c i ty  

w ere j?,, pt , ^ . The c o r r e c t  r e p r e s e n ta t io n  i s  j>-3r 'P >o aa  d e f in e d  i n  §J
„ 0»3

F o r an  id e a l  gas  and a  r i g i d  o b s ta c le ,  how ever, as D oring  h a s  p o in te d  o u t 

th e  two p re s s u re s  a r e  c lo s e ly  r e l a t e d .  Thus by ( 1 ) and 6 .2 (1 ,5 )  >

_ 0 r̂,-ht) (jrr i)
f ,  J r ,(* + n ,)

w h ile ,  by  7*12(2)

i s  -  r a +2) jti+- a j (jt- i) '
^  TTt (X-hJT, )

Hence j*s~ fo  _  — — .
fu rP o  (X+zyTT'-h A

When JT- 1 <$ 1 , t h i s  ap p ro ach es

When JTf ^>1, i t  app ro ach es  =  ( 1 f o r  y =  1

/  2/ 3  f o r  y  = 5/ 3

When A = 2 ( y  = 3 ) , th e  r a t i o  i s  1/ 2 ,  i r r e s p e c t iv e  o f  jt 

The r a t i o  i s  shown i n  T a b le  7.121 :1 and F ig .  7*121 :1 f o r  t y p i c a l  

v a lu e s  o f  y .  I t  can be seen  th a t  the Rudenberg e x p re s s io n  g iv e s  a  

c o r r e c t  q u a l i t a t i v e  acco u n t o f th e  e f f e c t ,  though s e r io u s ly  u n d e r­

e s t im a t in g  i t ,  ex cep t f o r  sm a ll y  and la r g e  TTf .



f  *7> C >

T ab le  7.121 :1 ®

as a fu n c tio n  of ji~ and y

1 . 0 1.1 1 .2 1 .4 1 .66 7

1 0 .5 0 .5 0 .5 0 .5 0 .5
1 . 2 0 .545 0 .540 0 .5 3 4 0 .5 2 6 0 .518
1 . 5 0 .6 0.585 0.57U 0 .5 5 6 0 .538
2 O. 6 6 7 0 .642 0 . 6 2 2 0.591 O. 5 6 2
3 0 .7 5 0 . 7 1 2 0 .680 0.633 0.591
4 0 .8 0 .752 0 .7 1 4 O. 6 5 8 0 . 6 0 7
5 0 .833 O.7 8 O 0.737 0 .6 7 4 O. 6 1 8

10 0.909 0 .8 4 0 0 .787 0 . 7 1 0 0 .640
2 0 0.953 0 .875 0.815 0.729 0 . 6 5 3
50 0 .9 8 0 .898 0 .8 3 4 0.742 0 . 6 6 1

100 0 .99 0.905 0 .8 4 0 0 .745 0 . 6 6 3
2 0 0 0.995 0 .910 0.843 0 .748 0 . 6 6 5
5 0 0 0 .998 0 .912 0 .845 0.749 0 . 6 6 6

1 0 0 0 0.999 0 .913 0 .846 0 .750 0 . 6 6 7
o O 1 0.913 0.847 0 .7 5 0 0 . 6 6 7

/•o

0 .9

0(3

3ooO /o o 200 7T.
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7.13 Compression of an id e a l gas between a r ig id  w all and a p is to n
[rzz. J2 /J

moving w ith constan t v e lo c ity  

The form of equations 7 .1 2 (3 ,7 ,1 3 ) enables us to  extend the an a ly s is

of J 7.12 to  th e  problem of repeated  r e f le c tio n s  in  an id e a l  gas compressed

against a r ig id  w all by a r ig id  p is to n  which moves with constan t v e lo c ity  V .

As u su a l, l e t  sufx ix  0 r e fe r  to  co n d itio n s  befo re  th e  p is to n  commences to  

move. When th e  v e lo c ity  V i s  suddenly communicated to  the  p is to n , a shock 

wave (S>j) tra v e rse s  the  gas, to  be r e f le c te d  in  tu rn  from w all and p is to n

as successive shock waves 30 . 3 - , , ---------- r —  S , ------------- . Let J ) . M2 9 3 ' ft n? *
be the  a lg eb ra ic  v e lo c i t ie s  of 8^ and of th e  gas behind i t ,  re sp e c tiv e ly ,

r e la t iv e  to  the  gas ahead; U , the  corresponding v e lo c i t ie s  r e la t iv e  to  

the f ix e d  w all, , ir e tc . denote q u a n titie s  behind S . F u rth e r , fo r
/ 7l  Tj,

convenience, l e t  jr, = £,//»„_, , 9* * ^ , Tn S \ /   ̂ = ,

k  = , %  = * C A c ,  -

T hai, hy the  equations o f § 6 .2 ,

^  ’ ( PArtli+l

^  ' ( 2 )

i t r  ’

T = (P 7T = 7T . fo'td .
"  ^  n 71 M„+, (1+)

However, we have a lso

4 2„+, 71 s 0 , 2 , ----------- (5)

= 3 * . +  V ,
71 = 2 / ------- (6 )

= 71 = 0, 2 , --------- (7)

-  0 , TV = 1 , 2 , -------------- (8 )

— 71-1

bvL1! 7t = 1, 2 , - ---------- (9)



1 3  1

From (9),
~ %  ,

and so , by (2 )  and (Z+),

?

*■» =

fon+ l
whence

(\+2)lT^r !

Equation ( 10) ,  th e re fo re , which is  ex ac tly  analogous to  7*12(2), 

ap p lies  not only to  the  f i r s t ,  bu t a lso  (a s  a recurrence formula) 

to  a l l  subsequent re f le x io n s . As in  5 7 . 12, we deduce:

<P -
A -?* -,

X  a

The b i l in e a r  recurrence formulae (10 ,11 ,12) can be w r itte n :

where Jrj 2 7^-1 , <pj = i~q>̂  , ^

Hence

A-bi +  7t7r/

( 10)

( 11)

( 12)

- L ,  -L + -L ,
K  M , (13)

J- - JL + _ L
^  A-i (1U)

J- = J -  +  J-
K  C  A ' (15)

- ( 16)

* ' H  - f  T t i p , '  X + f-t-T iJ T ,'

SA , = ~ 1 T l7 ' = T ~A? T '  ’ 'b y ^ -  (18)71+1 A  +  -h £  A + - \+ -n n ,



As examples of the  use of (16,17*18) we may w rite  down th e  va lues 

of j t ,  <p and S f o r  th e  f i r s t  few re f le c te d  waves:

jt = __ (Zy-i)^ -  (r-< )
(y~t)ir,+ r+t

7t2 = &+*)*rr z = (2r-i)7r, (r-t) ( 19)
(y„,) TT, -h I

7r -  ^r-<)

cp =
2 77T,

* 4  =
2Cy'i)7T, +- 2~Y

=
2 [(2y-i)*t, -  (y-i)]

etc,

Z(y~t)TT,+ 3 - y

= (S r-on ,-C r-0  (2°)

e te .

j  = — £ i s —
1  >-+! +(y-i)7r,

X -  ^x-ipr, -  (Y-I)
 ̂ '  2[(y_)„l+ l]  ^21)

3 (y-i )tt, -t~ 3~y

e tc .

Expressions fo r  > ^ 7,.#./ e tc ,  can be derived  as follow s from

( 2 ,9 , 16) .
4 ^  _  j _  _  n ir /J fA -t- i+b+Ayr,']

U V,*, (A-0*(jr,r) 2
( 22)

and so

.  [Ah -ffr* tyjt,*][ ̂ +1 -f- ']
r ™" = = [M, + (*+*)nn ' (23)



Z» = _ v, = P  -f/-/- -hn/JfA+i +&+-*}7rl1']
T° *° W " M  Q+0(An,'+A+,)

A recurrence form ula not involv ing  w, can a lso  be ob tained  f o r  t  :1 n
i t  i s ,  however, much le s s  e legan t and u sefu l than  (1 3 ,1 4 , 15) :

A+, ^  ^ / p Y v r O V * ^ . , }
a -I a v j v ,

2) and ^  are  now evaluated  as fo llow s:v\ + t 71+1

(-<)” , by (18)' and ( 22) ,
rr 7 (A-ojt,'

whence C-/)7* 5 n i ' =r ~

^2r,+, _ (\+0+Q<+ 2>i3w/

11 ( A - 077- /

d Zr̂  t _ ft+2-HpT, -  (Zn-i)

^ o y/fA-/-*) (Afr,-bi)

— ^2» _ A-f/ -f-2-xn-,'
F  ’  M-Oar/

  ^2^ __ 2?i7Tt -h A-t-l— Zrj

y rA-AO ( \J T , + - !  )

The follow ing re la t io n s  are re a d ily  deduced:



Also, by (27)

1 A » ,  I > , (33)

and by (28,30)

Also

The ab so lu te  v e lo c ity  of successive waves in  any one d ire c tio n  

th e re fo re  in c reases  by 2TJ/{\ -  1 ); bu t w hile re f le x io n  a t  th e  p is to n  

enhances <£, re f le x io n  a t  th e  w all reduces i t  (u n le ss  y > 3 ) *

The 'K-  re la tio n s h ip

From (1 6 ), we have

where V(n) i s  th e  gamma fu n c tio n , and fo r  convenience we have w ritte n  

at fo r  $ + i)/* r/ • {3k)  and (3 5 ), w ith ( 2i+), define  th e  f a - v  — T

r e la t io n s  fo r  th e  compression. Thus, th e  ?t~elirainants of these  equations, 

two a t a  tim e, rep lace  th e  ord inary  ad iab a tic

and might be ca lle d  the "dynamic ad iab a tic"  fo r  the  compression.

%  f 1 [x.) r  (j>c+ A-bi -f~n)

t°  Ffa+yt.)
{ 3 k )

and from ( 17)

c

r(jc-hX) r  (x-t~7i+o

F (xr-f-/ ) r(oe+A-f >1)
(35)

/ =  = Q > J p S '(%./%) 7 =  (vJ * * ) r ,  ( 36)

7i cannot be elim inated  e x p l ic i t ly ;  ho.vever, i f  ^ /a0 , and so JT( , are



sm all, then a±i
*»*

and 4-h t-w  a r e  b o th  la rg e , i r r e s p e c t iv e  o f

th e  v a lu e  of i t .  H ence, b j  th e  asym ptotic fo rm u la  f o r  r 6 0 ,

r*i*o+ \ + t  +-*) ~  (?c+"n) r  (x-H\)

r *  ( f c j - A  4 i j  s \ S » x * ’ r f a ) ,

so th a t

v  ~  d + Z )
Ah

S im ila rly ,

Then

tn * r  "

(-A
<i+ \ )  .

71 71 .
That i s ,  th e  o rd inary  a d ia b a tic  i s  c lo se ly  follow ed throughout th e  

compression*

I f  n  i s  a l s o  sm all, fro m  { 5 7 ,  38)

^ » / j>0 ^

Hence

v  -  V “Ho n.

and so a lso

T ~ T'n  '© /%/ 7|

(*»-*,) , 

( t - T j  -

(37)

(38)

( 39)

(**0)

(U1)

m

That i s ,  th e  p r e s s u r e ,  volume and te m p e ra tu re  changes produced by 

the f i r s t  wave a r e  approxim ately doubled in  th e  second, t re b le d  in  

the  th i r d ,  and so on.

When j t '  i s  n o t  sm all, and a re  no t connected b y  th e

ordinary  a d ia b a tic  r e la t io n  (3 9 )#  The changes in  -J>, t1 , T  in  successive 

waves can  be deduced a t  once from ( 1 6 ,  1 7 , 23, m ,  27 , 29 , 31).



^  C*+0(kht+i)
[K'Hx )

-T  , - * ( W )  r r

T~ l r ° "  X ( ^ ) t7r'

cI ssj +̂2*1 f f  (A+2^)a.Q f—I
2*+, ^ I T  U ~  ~ " JjTl

■J A fy+ij

 f *  V  ~  .
sx i& o

When n i s  la rg e , however, a fu r th e r  a p p lic a tio n  of th e  asym ptotic 

form ula fo r  the  T -function  g ives:

in  ^  71 Î Coc)
t°  r(x.+A-ti')

i-AV7X 71
< V

r ( x + \ )

v «. rc^,)
Apt having th e  same meaning as befo re  (i.e. ~̂ r, )

Hence
i y  V
Av* ~  Ahv„ ,

where
V-l
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C^n/fn) th u s  u l t im a te ly  fo llo w s  an  o rd in a ry  a d i a b a t i c ,  though n o t

t h a t  th ro u g h  • I t  i s  in d e e d  n a t u r a l  t h a t  t h i s  sh o u ld  b e  s o ,

s in c e  each  su c c e e d in g  shock wave h a s  a  s m a l le r  p r e s s u r e  r a t i o  th a n  i t s

p re d e c e s s o r ,  and th e r e f o r e  c a u se s  a  s m a l le r  e n tro p y  change

(e q u a t io n  6 . 2 ( 7 ) ) .  T h is  e n tro p y  change becom es i n  f a c t  v a n is h in g ly

sm all a s  th e  o rd e r  o f  th e  wave in c r e a s e s :  hence th e  ’’dynamic a d ia b a t i c ”

must i n  th e  end become in d i s t in g u is h a b le  from  an  i s e n t r o p i c .  From a

hydrodynam ic s ta n d p o in t ,  e q u a t io n  (1 8 )  shews t h a t  > 1 a s  n  ->&o

i r r e s p e c t iv e  o f  th e  v a lu e  o f ^  . The shock w aves, though t r a v e l l i n g

w ith  h ig h e r  and h ig h e r  v e l o c i t i e s  a s  t h e i r  o rd e r  r i s e s ,  d e g e n e ra te

s im u lta n e o u s ly  i n to  sound waves i n  th e  medium th ro u g h  w hich th e y  a re  
' *

p ro p a g a te d  .

A few  v a lu e s  o f  A f o r  y  = 1 J+ a r e  g iv e n  in  T a b le  7 .1 3 :1 . As. tt}  

becom es l a r g e r ,  A ap p ro ach es  The r e l a t i o n

b etw een  f n , ^  and 7^ i s  shown f o r  th e  same v a lu e s  o f  7Tf i n  

F ig s .  7*13:1 9 2 to g e th e r  w ith  th e  i s e n t r o p ic  a sy m p to te s .

T ab le  7 .1 3 :1  C

f f /« . * / A : Vfa0 A

0 .0 1 1 .0  : : 5 .3 4 50 8 . 7 3

0 . 5214. 2 1 .0 8  : : 7 .6 3 100 1 6 . 8 5

1 . 3 6 5 1 .59  :*: 10 .75 200 3 3 . 0

2 .1 8 10 2.31 : 17 .2 500 8 1 . 3

3 .2 7 20 3.91 s i 2k.k 1000 1 6 2 . 5

* I  am in d e b te d  to  S i r  G eo ffrey  T a y lo r  f o r  p o in t in g  o u t t o  me t h i s

e x p la n a tio n  o f  ( 5 2 ) .
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Lot P"- 
10 Po

Repeated reflection of shock-waves in an ideal gas w ith y  constant and 
equal to 1-4.

The broken curves, reading down, correspond to ^ = 1 0 0 0 ,  500, 200, 100, 50, 
20, 10, 5, 2. The points on each, reading from right to left, represent conditions 
behind the first, second, etc., waves. The full curve is the ordinary adiabatic.
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5-0

4 0

3-0

2 0

10

0 025 7-0 /■s2 0

Repeated reflection of shock-waves in an ideal gas w ith y  constant and 
equal to 1*4.

The broken curves, reading down, correspond to Try—1000, 500, 200, 100, 50, 
20, 10, 5, 2. The points on each, reading from right to left, represent conditions 
behind the first, second, etc., waves. The full curve is the ordinary adiabatic.

Fi g . J . I J i Z
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j  7 •1^  Normal r e f l e x io n  o f  s te a d y  p la n e  shocks a t  th e  in t e r f a c e  betw een
pzsl

two id e a l  g a se s

R e fe r r in g  t o  § 7 .1 ,  l e t  us suppose t h a t  th e  a d jo in in g  medium i s  a

second id e a l  g a s ,  i n i t i a l l y  a t  th e  same p r e s s u r e  (^»0 ) and te m p e ra tu re  (7 ^ )

a s  th e  f i r s t .  I t s  s p e c i f i c  volume a t  th e  o u ts e t  i s  i/J  and i t s  r a t i o  

o f s p e c i f i c  h e a t s  y ,  -E quation  7 .1 (2 )  i s  th e n  to  be ta k e n  i n  c o n ju n c tio n  

w ith  th e  R H (p ,w )- re la t io n  f o r  th e  second g a s ,  nam ely:

= y f a - O l / /  . . ( 1 )

T h is  e q u a tio n  p r e s e n ts  a s  a  m onotonic fu n c t io n  o f  w hich in c r e a s e s

from  0 when f >3 = j>0 » I t  i s  th e r e f o r e  c l e a r  t h a t  7 .1 (2 )  and e q u a tio n  (1 )

a re  bound to  p ro v id e  a  s in g le  s o lu t io n  ( t w) , w ith  i * > i o } ^  > 0 ,  when 

we s e t  ' f i  -  ^  j> and  =■ -  ** * T h is  s o lu t io n  c a n  be o b ta in e d  w ith o u t

d i f f i c u l t y  i n  p r a c t i c e  w ith  th e  a id  o f  a  g ra p h , o r  by  a  p ro c e s s  o f  

su c c e s s iv e  ap p ro x im a tio n , .though  n o t a n a l y t i c a l l y .  The ty p e  o f  wave 

r e f l e c t e d  depends upon w hether o b ta in e d  i n  t h i s  way, i s  ^  o r  <  j>( ;

or i n  o th e r  words w h eth er ^ r i s  <  o r  >  ^  . I n  v iew , how ever, o f  th e

m onotonic n a tu re  o f  end ^ , t h i s  c r i t e r i o n  can  be tra n s fo rm e d , a s  

in d ic a te d  i n  §7*01 . The c o n d i t io n  f o r  a  r e f l e c t e d  shock i s  th e n ,  

by 7 .01(1) and 7 .1 (1 ) ,

' / w W . - f c k  < , ( 2)
v/A JZk+f*

th a t  i s

(X-Q’Vp fo -O vJ
X %7r,-hi

which may be w ritte n

(x,-o[(y+opa- (r+opo'j ^ 2tv'pJ-rfij .

(3)
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Pour a lt e r n a t iv e s  then  a r is e :

( a ) YP* * Ypo’ and (Y+i)p0 < fy+OpJ  .

Then (4 ) i s  s a t i s f i e d  ir re s p e c tiv e  of and the  re f le c te d

wave i s  always a shock.

(b ) TPo > r  Po' and >  & + 0 ? l  .

Then (4) cannot he s a t i s f ie d  fo r  any JT,, and th e  r e f le c te d  wave i s  

always a ra re fa c t io n .

( c ) iypo * rpo ' i n i  (y^opo > (y + o pJ

Then (4) i s  s a t i s f i e d  fo r  7Tf ttIo , but not fo r  tt, >  7Tfo ,  where

jr  = f r - 'W -  fr-Ofl,
(r+op0 -  (r'+')f>J (5)

Thus f o r  7Tt < jt/9 } i s  a shock wave, but fo r  JTI >  JTto Sg i s  a  

r a r e fa c t io n .

(d ) rPo > r'Po’ i n t  (?+o p0 * (r+ o p j

Then fo r  TT, ^  7T/0 S£ i s  a r a r e fa c t io n , but fo r  7T, >*^0  i s  a  shock.

Gases (a )  and (b ) are e v id e n t ly  r e c ip r o c a l. Thus, th ey  show th a t  

i f  shock waves in  th e f i r s t  gas are always r e f le c t e d  as shock waves by the  

second, shock waves in  th e second w i l l  always be r e f le c t e d  as r a r e fa c t io n  

waves by th e  f i r s t ;  which i s  p h y s ic a lly  rea so n a b le . Gases ( c )  and ( d) 

are r e c ip r o c a l in  a s im ila r  se n se , but th e  e x is te n c e  o f  a  c r i t i c a l  in c id e n t  

pressure r a t io  ( tt/0 ) ,  a t which th e  r e f le x io n  changes ty p e , i s  somewhat 

su r p r is in g . I t  remains to  enquire whether t h i s  e f f e c t  should  be exp ected  

with a c tu a l g a se s . The n ecessary  c o n d itio n  fo r  i t s  appearance may be  

co n v en ien tly  w r itten :

y m  $  y V  and (y+ O ’M ^  ( y + 0 ’*'' t ( 6 )

where denote m olecular w e ig h ts , and the two upper or th e  two low er

s ig n s  are to  be taken to g e th e r . Exam ination o f  ta b u la ted  co n sta n ts  shows 

th a t (6 )  i s  not u su a lly  s a t i s f i e d ,  so th a t c a se s  ( a )  and (b )  form th e  r u le .
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H owever, th e  p o s s i b i l i t y  o f  s a t is f y in g  (6 )  i s  not exclu ded , i f  y  

and y  d i f f e r  s u f f i c i e n t l y .  Suppose, fo r  exam ple, th a t  y  = 1.1 and 

y t = 1 .6 6 7 . Then ( 6 )  req u ir es  th a t < 1 .5 1 5 ^ ,» I t

appears in  fa c t  th a t  ( 6 )  i s  s a t i s f i e d  by th e  fo llo w in g  p a ir s  o f  g a ses:  

neon w ith  a ce ty len e

argon w ith butane vapour or methyl c h lo r id e  vapour,
o

fo r  which approxim ate co n sta n ts  a t  1 atm. and 273 K and corresponding  

v a lu es  o f  , are g iv en  in  T able ~l Ah'A •

Table 7 .1 4 : 1 ®

G-as P 7f> (<Y+Of>

Neon 1.642 0 . 9 6 6 1.586 2.553

A cety len e 1 .28 1.190 1 .52 2.71 1 . 7 8  (w ith  He)

Argon 1 . 6 6 7 1.781 2 .9 6 4 4 .7 5 0

Butane vapour 1.11 2 .599 2.88 5 .4 8 1.51 (w ith  A)

Methyl c h lo r id e  vapour 1 .279 2.238 2 .8 6 2 5.10 1 .6 0  (w ith  A)

C alcu la tions fo r  th e  vapours a re  r a th e r  u n re lia b le , in  view o f th e  high 

c r i t i c a l  tem peratures and correspondingly la rg e  d ev ia tio n s  from th e  id e a l 

gas laws. For neon and ace ty len e , however, th e  e f fe c t  i s  probably a u th e n tic , 

and could perhaps be de tec ted  in  S ch lie ren  photographs by th e  re v e rsa l in  

sign of fa  I f  -  1 a t  jr/o: th e  wave and mass v e lo c i t ie s  do n o t, of course,

change s ig n , though the  r e f le c te d  wave in te n s i ty  vanishes a t  th e

c r i t i c a l  in c id e n t in te n s i ty .  The p ro p e rtie s  of tran sm itted  and re f le c te d

waves in  t h i s  system up to  jt( = 2 .5  are shown in  F ig . 7 . ii-j.: 1
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Tig 1'ih-G T eflex/on of WEAK SHOOKS IK ACETYLENE BY NEON,

~j>0  =  /  A ib n .  ̂ 7^  =  2 rJ 3 ° K  • S y m b o l s  A S  * t  7 e x f .

F o r th e  g r e a t  m a jo r i ty  o f  g aseous system s (6 )  f a i l s ,  and th e  

c o n d i t io n  f o r  a r e f l e c t e d  shock i s  th e n  sim p ly

y*i < y V  , (7 )

which may a ls o  be w r i t t e n :

o r

u 0-yn  k  , 1 9

I(3v0 H h )s I>

( 8 )

( 9 ),s i -. - -  ■ , - /s

F o r such system s th e  c h a r a c te r  o f th e  r e f l e c t e d  wave i s  ind ep en d en t o f  

th e  in c id e n t  shock p r e s s u r e .

The c o n d i t io n  th a t  th e  ty p e  o f  r e f le x io n  shou ld  change a t  jt/q i s  

e v id e n t ly  t h a t  th e  K H-curves f o r  th e  two g a se s  sh o u ld  c ro s s  a t  7T/0 . ( § 7 - o l )



§  7*141 E s tim a t io n  o f  y  f o r  b u ta n e  vapour

y  does n o t ap p e a r  to  have been  measured, f o r  b u ta n e  v ap o u r. 

However, P a r t in g to n  and S h i l l i n g  g iv e  f o r  o th e r  members o f  th e  

homologous p a r a f f i n  s e r i e s :

y
M ethane ( * 4 ) 1.310

E th an e 1.220

P ropane ( c 3 h 8 ) -

B u tane  *
( c 4 h i o }

-

P en ta n e (°5*12) 1.086

Hexane
w

1.080

whence by  i n t e r p o la t i o n x* 1 -155c3‘nJ'

yeH ^ 1-110 ̂ t o

T h is  e s t im a te may be co n firm ed a s  f o l lo w s . A ccord ing

e q u a t io n , w hich sh o u ld  p ro v id e  ample a c c u ra c y  f o r  o u r  p u rp o se ,

Where Te a r e  th e  c r i t i c a l  p re s s u re  and te m p e ra tu re .  The b o i l in g
o o c

p o in t  i s  273 K and we may ta k e  Tc to  be abou t 1 . 6 5  x  273 K. I f  T  = 273

th e n  (Tc. I t )  ~  4 .5 .  ^//>e may be  assum ed to  be  o f  th e  o rd e r  o f  1 / 3 0 .

Then, ta k in g  = 2 2 .7  c a l . /m o l  °K, we have y  s  1.11 a s  b e f o r e .



c
$ 7*1^2 A pproxim ate s o lu t io n s  f o r  weak r e f le x io n

H aving d e te rm in e d  th e  n a tu re  o f th e  r e f l e c t e d  wave in  advance b y  

7 . 1 4 ( 2 ) ,  we a re  i n  a  p o s i t i o n  to  choose th e  c o r r e c t  e q u a tio n  from  

7 .1 (2 )  and w ith  7 . 1ij( 1) to  so lv e  f o r  and j>x -j> s  . I n  g e n e r a l ,

th e  s o lu t io n  i s  c a r r i e d  o u t n u m e ric a lly  o r  g r a p h ic a l ly ;  b u t ,  i f  

^ 2  = ^2- / f t  i s  c lo s e  to  1 , an  ap p rox im ate  e x p l i c i t  s o lu t io n  can  be  u se d . 

T hus, l e t  fl^ - 1  a  x  1 .  Then, by  7 .1 4 ( 1 ) ,  w ith  ^  ^

*r2 s  V&'-OfyvJ . . .
yjA3T,JT2 - 1

i.e.

w h ile  by  7 . 1 ( 2 )

i . e .  ^  i __
A+t

E q u a tin g  ( 1 )  and (2 )  g iv e s  a t  o nce .

I f  # 2 * 1 , 7 .1 (2 )  g iv e s
f

*% => ts, +  [ i  ~ J

i . e .  ^z. = w, ~  / 3 J . ,  (x><.0 ) 9

so t h a t ,  a s  e x p e c te d , ( 2 ) h o ld s  f o r  any weak r e f l e c t e d  wave, o f 

w h ichever s o r t .



 ̂ .? r\! ,I

As an exam ple, we c o n s id e r  a  shock wave b e h in d  w hich th e  

p re s s u re  i s  2 atm . p ro cee d in g  th ro u g h  oxygen a t  NTP ( V0 = 699*8 c m V g .,

7  = 7 /5 ,  A = 6) and f a l l i n g  n o rm a lly  upon a rg o n  a t  UTP 

( i f j  = 581 .5  err? /g . ,  y* = 5 /3 ,  A1 a Ij.) 7*14(2) shows t h a t  th e  

r e f l e c t e d  wave i s  a  shock . However, f o r  i l l u s t r a t i o n ,  we have 

c a lc u la te d  b o th  p c r t s  o f  th e  EHR-curve f o r  r e f l e x io n s  th ro u g h  th e  oxygen, 

as w e ll a s  th e  M -c u rv e  f o r  t r a n s m is s io n  th ro u g h  th e  a rg o n . T ab le  7*142:1

sum m arises th e  r e s u l t s  which a re  shown a ls o  in  F ig .  7 * 1 4 2 :1 , I t  i s  c l e a r

from  th e  g raph  t h a t  th e  r e f l e c t e d  and t r a n s m it te d  waves px?e b o th  sh o c k s , 

and th a t  th e  g as  v e l o c i ty  and p re s s u re  betw een them  a re  ap p ro x im a te ly  

150 m . / s .  and 2 ,1 2  atm . E q u a tio n s  ( 1 )  and (2 )  g iv e ,  i n  f a c t ,

7TZ -* 1 5 % a + 0 .0 5 9 , whence — 'f’z ~  2 .1 1 8  atm . I f  th e  2 atm ,

in c id e n t  wave p ro ceed s  from  arg o n  to  oxygen, th e  HH- and B H R -re la tio n s  a re  

a s  g iv e n  i n  T ab le  7*142.2  and F ig .  7*142.2  The r e f l e c t e d  wave i s  now 

a  r a r e f a c t io n ,  and ( 1 ,2 )  g iv e ,  i n  f a c t ,  jta -  1 = % = -0 .0 5 9 ,  s °  t h a t

-  1 .882  a tm .,  i n  agreem ent w ith  F ig ,  7 .1 i |2 :1 .  ur%s. ^  a  1i+9 m ./s .

The w a v e - v e lo c i t i e s ,  d e n s i t i e s  and te m p e ra tu re s  a r e  e a s i l y  e v a lu a te d  

when % = h  h as  been  d e te rm in e d . T ab le  7*142:3  p r e s e n ts  a  com plete  

p ic tu r e  o f  th e  in c id e n t ,  r e f l e c t e d  and t r a n s m i t t e d  w aves. I n  (b )

J) and r e f e r  t o  th e  nose  o f th e  r e f l e c t e d  w ave.
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a
T ab le  7 .142 :1

2 atm . shock i n  oxygen r e f l e c t e d  by a rg o n . RH-and R H R (p ,w )--re la tionso 
fo r  t r a n s m it te d  (3 )  and r e f l e c t e d  (2 )  w aves. pQ = 1 atm . TQ = 273 K.

p = p w w P = P w w
2 3 2 3 2  3 2 3
( a tm .) ( m . / s . ) ( m . / s . ) ( a tm .) ( m . / s . ) ( m . / s . )

1 .0 330 0 2 .4 119 177

1 .2 288 34 .3 2 .8 79 212

1 .4 231 64 .2 3 .2 4+ 244

1 .6 220 9 0 . 8 3 .6 12 273

1 .8 191 115 4 .0 ( - 1 7 .5 ) 3 0 0

2 .0 165 138
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T ab le  7,1142:2 ^

As in  T ab le  7 .1 U2:1 ,  b u t in c id e n t  wave in  a rg g n , r e f l e c t e d  by  oxygen.
pQ = 1 atm . Tq = 273 K.

P2 = P3 w
2

w3
P2 = P3 W2 W3

( atm . ) ( m . / s . ) ( m . / s . ) ( a tm .) ( m . / s . ) ( m . / s . )

1 .0 275 0 2 .4 98 212

1 .2 240 41 .5 2 .8 63 254

1 .6 184 110 3 .2 32 291

2 .0 137 165 3 .6 4 325

4 . 0 ( -2 1 ) 356
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Table 7.142:3

R eflexion of a 2 atm. shock a t  oxygen-argon in te r f a c e .

(a )  Oxygen —» argon (R eflec ted  shock)

t  f,~t» Ti T* 5
(a tm .) (a tm .)  ( cm?/g.)  (cm ?/g .) ( cmVg.)  (°K) ( °K) ( °K)

2 .0  2.118 431 413 356 336 342 374

K  = = ^  = 4  -2>2 ^ 3 -^ 3
(m ./s .)  (m ./s .)  (m ./s . )  ( m ./s .)  ( m ./s .)  ( m . / s . )  ( m ./s .)

165 15 150 428 357 192 421

(b )  Argon —> oxygen (R eflec ted  ra re fa c tio n )

“A ^  7J 7^ 7^
2 .0  1.882 374 238 450 364 236 330

2)( = rf, ^ = ^ 3

137 12 149 413 355 218 417

The p ro p e rtie s  of re f le c te d  and tra n sm itte d  waves may be evaluated  

over a wide range (u p  to  f t = 1000 atm .) f o r  th e  four ty p ic a l  gases He,

A, 0^, OOg, regarded as id e a l ,  by means of th e  graphs o f R igs. 7 .1:1 “'4*

For th i s  purpose a l l  fo u r RH-curves have been drawn on each f ig u re , and th e  

approximate values shown in  Table 7*142:4 derived  from th e i r  in te rs e c tio n s  

with th e  HHR-farnily.
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T ab le  7 .1 4 2 :4

P ressure and gas v e lo c ity  a f te r  r e f le c t io n  in  id e a l  gases, 
Tq = 288°K. (U n its  atm. and m ./s*)

In c id en t 
wave in  
Helium

Transm itted  wave in  
Oxygen C02

p = 1 atm. o

Argon

*1 P2 W2 P2 w2 P2 W2
1,000 2,400 12,200 2,600 11,100 2,640 10,900

800 1,880 10,800 2,060 9,900 2,090 9,700

600 1,420 9,400 '1,560 8,600 1,580 8,400

400 950 7,700 1,049 7,000 1,060 6,900

300 710 6,600 780 6,100 790 6,000

200 480 5,400 520 5,000 530 4,900

150 350 4,600 390 4,200 400. 4,100

100 229 3,760 250 3,440 255 3,360

50 ’ 115 2,640 126 2,400 127 2,370

20 44 1,610 48 1,470 48 1,440

10 20 1,060 22 970 22 950

5 9 650 9.2 600 9.2 580

2 3 270 3 260 3 250

Oxygen Helium co2 Argon

1,000 289 11,320 1,170 7,450 1,207 7,340

800 230 10,130 934 6,650 965 6,550

600 175 8,760 700 5,750 721 5,670

400 116 7,150 467 4,700 480 4,640

300 89 6,220 350 4,050 359 4,010

200 59 5,020 232 3,290 238 3,250

150 44 4,340 178 2,860 182 2,820

100 29 3,550 118 2,340 120 2,300

50 16 • 2,470 59 1,600 61 1,570

20 7.3 1,530 23 990 23.5 980

10 4 .2 1,010 11.4 665 11.9 650

5 2.7 620 5.5 410 5.8 395
2 1.2 300 1.8 200 2 185 '



Jl f> 1.

T ab le  7 . 11+2;1+ (O o n td .)

I n c id e n t  T ra n sm itte d  wave i n
wave in  H elium  Oxygen Argon

co2

p1 P2 W2 P2 W2 P2 w2
1,000 232 10,050 850 7,260 1,01+0 6,800

800 180 8,970 680 6,500 830 6,080

600 11+0 7,800 507 5,620 616 5,260

1+00 90 6,300 3140 l+,600 1+12 l+,300

300 70 5,500 256 3,970 310 3,700

200 1+8 !+,l+50 170 3,21+0 207 3,020

150 35 3,910 128 2,790 155 2,590

100 21+ 3,160 85 2,270 101+ 2,120

50 13 2,180 1+2 1,580 52 1,1+60

20 . 6 1,3l40 17 980 21 900

10 3.8 900 8 .7 660 10.1+ 605

, 5 2.1+ 570 1+.1+ 1+10 5.2 380

2 1 260 1.8 200 2 11+8

Argon Helium Oxygen GOg

o o o 21+3 10,1400 836 7,210 980 6,760

800 191+ 9,260 667 6,1+30 775 6,020

600 158 8,070 502 5,570 581+ 5,230

1+00 98 6,600 31+0 l+,570 393 l+,290

300 72 5,660 250 3,930 290 3,680

200 50 l+,600 168 3,220 195 3,010

150 37 3,990 127 2,800 11+7 2,600

100 26 3,250 81+ 2,260 98 2,100

50 11+ 2,260 1+2 1,580 1+9 1,1+80

20 11.5 1,360 17 960 19.5 910

10 1+.0 900 8.8 61+0 9 .7 600

5 2.5 550 1+.2 I+10 1+.9 390

2 1 250 1.7 200 2 11+7
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5 7*2 Shock waves produced by th e  sudden re le a se  of h igh -p ressu re  gas 

A problem c lo se ly  analogous to  th a t  of re f le x io n  of gaseous shock 

waves a r is e s  when a w eigh tless diaphragm sep ara tin g  two gases a t  

d if fe re n t p ressu res becomes suddenly f re e  to  move. The case of a 

massive diaphragm was analysed in  § l±.5 , where i t  was seen th a t  a  shock 

developed in  the  low -pressure gas a f te r  a tim e p ro p o rtio n a l to  th e  mass 

of the diaphragm. Vfhen th i s  mass van ishes, th e  shock must form 

immediately on re le a se , and th e  problem then  d if f e r s  from th a t  of ^  7 . 11p 

only in  th e  absence of an in c id en t stream ing v e lo c ity  . The so lu tio n  

is  th e re fo re  determined by equations 7 »"l(2b) with ŵ  = 0 , and 7 . 1^0 )* 

to g e th e r with th e  matching cond itions 7 (2 ,3 ) . In  th e  (p ,w )-p lan e , 

we in te r s e c t  the EH-curve fo r  shocks in  th e  second gas with the R-curve 

fo r  ra re fa c tio n s  in  th e  f i r s t ,  drawir through th e  po in t ( p ^ ,0 ) rep resen tin g  

i n i t i a l  cond itions on the  h igh-pressure  s id e .

Let su ff ic e s  0 , 1 apply to  the i n i t i a l  s ta te s  of th e  two gases, and 

p be the in te r f a c ia l  p ressu re  a f t e r  re le a se . I f  A, A* have the  same 

meaning as in  $ 7 . 1̂ -* and 3T= ^

1 ,7r+t '1

where A s  1) j ( \ - 0  '/vvo , E v iden tly , when JT — 00 J

3T cannot become in f in i te  a lso , but must r a th e r  approach a  l im i t ,  which 

is  th e re fo re  defined  by

g u t  ^  A
AWi  '

th a t  i s ,  i f  Z b 77"-/ , by

Z*- A X'z — ft(ti-t-i) = o .

The d iscrim inan t i s  p o s itiv e , the  sum of th e  ro o ts  p o s it iv e , and th e i r



p ro d u c t n e g a t iv e .  Both a r e  th e r e f o r e  r e a l ,  and one and o n ly  one p o s i t i v e

Thus, (2 )  d e f in e s  a  s in g le  u p p er l i m i t

ifAX’+ i t r i  J  •

Shock waves w ith  an i n t e n s i t y  g r e a t e r  th a n  t h i s  can n o t be  produced  

in  th e  second gas by r e le a s e  o f  th e  f i r s t ,  no m a tte r  how h ig h  i t s

i n i t i a l  p r e s s u r e .  The l im i t in g  i n t e n s i t y  i s  f r e q u e n t ly  o f a  r a th e r

m odest o r d e r ,  as T ab le  7 .2 :1  w i l l  show.

T ab le  7 .2 : 1 ^

Itoim um  shock p re s s u re s  p roduced  in  a i r  by  r e le a s e  o f  v a r io u s  com pressed
g a s e s .  pQ = 1 atm . Tq = T^.

G-as: Argon A ir  CO2  H elium  H ydrogen

^max** 15.2 45.1 48.5 133 615

A b r i e f  t h e o r e t i c a l  t r e a tm e n t o f th e  p r e s e n t  p rob lem  h as  b een  g iv e n
B*t]

by T a y lo r ,  and shown to  e x p la in  s a t i s f a c t o r i l y  Paym an's wsh o c k -tu b e n
Dzfl

e x p e rim e n ts .
Z/46-J

The th e o ry  a ls o  p ro v id e s  an e x p la n a tio n  o f th e  i g n i t i o n s  w hich 

som etim es o ccu r when c o m b u stib le  g as  u nder h igh  p re s s u re  i s  su dden ly  

r e le a s e d  in to  th e  a tm osphere . S in ce  th e  gas must be coo led  by  ex p an s io n , 

t h i s  e f f e c t  ap p ea rs  a t  f i r s t  s ig h t  r a th e r  d i f f i c u l t  t o  u n d e rs ta n d .

However, v e ry  h ig h  te m p e ra tu re s  may be produced in  th e  a tm o sp h eric  shock 

which a r i s e s  a t  th e  i n s t a n t  o f  r e l e a s e ,  and th e s e  may w e ll be  s u f f i c i e n t  

to  i g n i t e  th e  e scap in g  gas by  th e rm a l d i f f u s io n .  F o r  exam ple, c o n s id e r  

th e  f r a c t u r e  o f  a  c y l in d e r  c o n ta in in g  hydrogen  a t  100 atm . and 0°G. 

A ccording to  ( 1 ) ,  an a i r  shock i s  developed  o f abou t 25 atm . p r e s s u re .

The co rre sp o n d in g  te m p e ra tu re , b y  6 .2 ( 2 ) ,  i s  ftXmost 1100°C, w hereas th e  

hydrogen i s  co o le d  i n  th e  a d ia b a t i c  ex p an sio n  o n ly  to  abou t -90°C .



§ 7 * 3  R e f le x io n  o f gaseo u s shock waves a t  l iq u id  and s o l id  b o u n d a r ie s

Problem s o f t h i s  ty p e  a re  so lv ed  by  i n t e r s e c t i n g  th e  RHR(pw)-c u rv e  

f o r  r e f l e c t e d  gas waves w ith  th e  RH( pw )-cu rve f o r  t r a n s m it te d  sh o c k s . 

Examples o f  th e  fo rm er have been  shown i n  P ig s .  7*1 :1 -4 , and o f  th e  

l a t t e r  a re  c o l le c te d  in  P ig .  7 .3 :1 .

3000

Zooo

5T

T i g . 7 .3 : 1  . T V i f t t i )  — Cu.rve,s J-oy shock Wavers

/71 liquids CV\U Soh'ds .

Prom th e s e  f ig u r e s  i t  i s  c l e a r  t h a t  s o l id  s u r fa c e s  a re  e f f e c t iv e l y  r i g i d  

to  gaseous shocks, even o f hundreds o f  a tm ospheres i n  i n t e n s i t y .  The 

p re s s u re  p£ a f t e r  r e f le x io n  may th u s  be  e s t im a te d  by th e  m ethod o f  §  7 .1 2 , 

and th e  p r o p e r t i e s  o f th e  t r a n s m it te d  sh o ck , in c lu d in g  th e  ( s m a l l)  i n t e r ­

f a c i a l  v e lo c i ty  w^, th e n  d e te rm in e d . A s im i la r  approx im ate  p ro ced u re  i s  

adequa te  f o r  l i q u id  t a r g e t s ,  i f  th e  in c id e n t  wave i s  n o t to o  in te n s e ;

Na.C£ (§(..&-»)

'  (St.*/)
feurJcluvrUi ) fU'tvi/h.iu-m

^  5 ( D o r i n j )
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otherw ise th e  genera l method must be used. Table 7 .3 :1  i l l u s t r a t e s  

th e  re flex io n , o f waves in  oxygen a t  l iq u id  and s o lid  su rfaces .
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§ 7 .4  R eflexion of shock waves in  liq u id s  a t gaseous, liq u id  and s o lid  
boundaries

C onditions a f t e r  transm ission  of a shock wave from a  l iq u id  to  a 

gaseous o r condensed medium are  determined in  the  usual way, th a t  i s ,  

by in te rs e c tin g  th e  RH(p,w)-curve fo r  th e  ta rg e t  medium w ith th e  

appropria te  EER-curve fo r  th e  l iq u id .  Prom th e  p o in t of view of th e  

l iq u id , an in te rfa c e  w ith a gas a t  normal p ressu re  may be t r e a te d  as 

a f re e  su rface , th e  p ro p e rtie s  of the tran sm itted  shock being 

subsequently determined from the  v e lo c ity  W£ of the  in te r f a c e .  At 

l iq u id - liq u id  and l iq u id -s o l id  boundaries, th e  re a c tio n  of th e  second 

medium upon th e  f i r s t  would req u ire  to  be taken in to  account from the  

o u tse t.

We have made no o r ig in a l d e ta ile d  c a lc u la tio n s  of EHR-curves fo r  

l iq u id s . However, fo r  comparison purposes, Table 7*4:1 i s  

included showing the  r e s u l ts  of c e r ta in  ca lcu la tio n s  by Doring on 

re f le x io n  a t liq u id -g a s  boundaries. -

Table 7.4:1

R eflexion o f shocks in  ethyl ether and water at an in terface  with a ir
(U nits atm., m ./s . and °C)

■ f t

Ethyl ether Water *

t z  ; ^ 2 A ^2 ;

1,000 2.10 : 192 0.1 1 .6 3 121+ 0 .0  :
2,000 3.52 : 3*4*4- 0 .8 2.*42 232 0.1 :
5,000 8.73 : 679 6.8 5.53 497 1 .4  :

10,000 18.6 : 1,062 22.6 12.1 834 4 .6  :
20,000 39.3 : 1 ,6 0 0 6 1 . 26.7 1 ,3 0 0 19. :
50,000 107 : 2,680 186.

100,000 238 : 3,950 390.
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§ 7*5 R eflexion of shock waves in  so lid s  a t  g ase o u s ,liq u id  and s o l id  
ooundaries.

S o lu tion  of problems under th is  head depends upon knowledge of 

the  RHS(p,w)-curve fo r  th e  so lid  ( l , i ) ,  whose i n i t i a l  s ta te  i s  defined 

by cond itions (p .|,A / ) behind th e  in c id en t shock.

V/hen th e  r e f le c te d  wave is  a r a re fa c tio n , as w ill  norm ally be 

the case w ith a gaseous o r l iq u id  ta r g e t ,  th e  (p ,w )-re la tio n  i s  obtained  

from 6 .5 4 (3 ,5 ), a s in d ica ted  in  $ 6 .55 .

For r e f le c te d  shocks, th e  RH-equation 7(7) i s  tre a te d  in  ex ac tly  the  

same way as th e  RH-equation fo r  the in c id en t shock, except th a t  th e  

” i n i t i a l  p ressu re” i s  now p  ̂ and i s  no longer n e g lig ib le . The labour 

of c a lc u la tio n  may, however, be very  m a te r ia lly  reduced by tak ing  

advantage of th e  form of 6 .5 3 (2 ). For 7 (7 ) , on ev a lu a tio n  of 

by means of th e  equation of s ta te ,  becomes id e n tic a l  w ith 6 .5 3 (2 ), 

except th a t  the su ff ic e s  0 , 1 are rep laced  by 1, 2 throughout. Let us 

c a l l  th i s  new equation (<&). Again, i f  ~P i s  th e  p ressu re  

corresponding to  1rz along the o r ig in a l RH-curve 6 .5 3 (2 ), equation 

6.53(2) also  holds w ith  Vj rep laced by -v% and by T5, G all 

th is  equation (^3). Then adding 6 .53(2) and (<X), and su b trac tin g  (^3), 

we ob ta in  the  simple r e s u l t  ( f0 n e g l ig ib le ) :

iz [ vi ~  f  = 1>vi -  % (T- h ) ( vo-'uz .) , ( 1)

from vfaich j>z may be quickly  ca lc u la te d  in  terms of s in ce  ? ( ? ,)

is  already known by equation (j3).

According to  ( 1 ) ,  becomes in f in i te  when

P i = P , ( ' +  % ) ’ ( 2 )

which has ex ac tly  the same s ig n ifican ce  as 6 .5 3 (7 ): th e  d en s ity

increases by a t  most a f a c to r  (1 + 2/<Sr) in  each of a sequence of
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shock w aves. I t  fo l lo w s , o f c o u rs e ,  th a t  ~P w i l l  p a ss  th ro u g h  an i n f i n i t e  

v a lu e  b e fo re  p2 re a c h e s  th e  l i m i t  d e f in e d  by  ( 2 ) .  However, th e  

r ig h t  s id e  o f  (1 )  rem ains f i n i t e ,  and s in c e  ~P may s t i l l  be fo rm a lly  

c a lc u la te d  beyond t h i s  p o in t  (th o u g h  i t  t a k e s  n e g a t iv e  v a lu e s ) ,

(1 )  can  be u sed  th ro u g h o u t, ex cep t i n  p r a c t i c e  c lo s e  to  pz ~ f>^ = Po 0 +

A pplying th e  above m ethods, we have d e te rm in ed  th e  KHR-curves 

f o r  th e  waves r e f l e c t e d  th ro u g h  a  s la b  o f  le a d ,  when th e  p la n e  shock 

waves o f  T able 6 .55 :1  p a s s  th ro u g h  th e  s la b  and f a l l  n o rm a lly  upon a  

t a r g e t  m a te r ia l .  The com posite  c u rv e s  a re  shown in  F ig .  7*5:1 and 

can be seen  to  jo in  sm oothly on th e  in c id e n t  ( p ,w ) -c u rv e ,  as  r e q u ir e d  

by th e  fu ndam en ta l th e o ry .

30O0

A

V 
is

2000

looo

The in t e r s e c t i o n  o f th e s e  cu rv es  w ith  th e  w -ax is  r e p re s e n ts  c o n d it io n s  

a t  a f r e e  s u r fa c e  ( a  gas a t  norm al p re s s u re  p ro v id es  a  v e ry  c lo s e  

app rox im ation  to  t h i s  c a s e ) ,  t h e i r  i n t e r s e c t i o n s  w ith  th e  p - a x is

K H  ( f o r )  -  C U R V E  F O R

I n c i d e n t  s h o c k s

IN  L E A D

~R(f>o) -  CURVES FOR

Reflected  rare  factn 

in  l e a d  .

RH (for) -  CURVES FOR

Re f l e c t e d  Sh o c ks  

in  l e a d  ,

o  o - S x i o 6  / o 6  1-5  x  / o 6  2 x / o 6

f  (*?H) — *
I . K e f l e x i o n  o f  s h o c k  n a v e s  i n  l e a d .
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c o n d it io n s  a t  a  r i g i d  boundary  ( f o r  example in  th e  h ead -o n  c o l l i s i o n  

o f two id e n t i c a l  w a v e s ) . The s t a t e s  o f th e  le a d  a f t e r  r e f l e x io n  in  

th e se  two extrem e c a se s  a re  sum m arised in  T ab le  7 .5 :1  .
2

As an  in te rm e d ia te  c a s e ,  we may c o n s id e r  a  317 ,000  K g./cm  shock 

in  le a d , em erging upon w a te r .  By means o f  F ig s .  7*5:1 and 7 .3 :1  

i t  can b e  deduced t h a t  a  71 ,000  Kg./crn^ shock advances in to  th e  w a te r ,  and th a t

th e  i n t e r f a c i a l  v e lo c i ty  i s  1 ,390  m ./s .  The s u r fa c e  d e n s i ty  o f
3 oth e  le a d  i s  12 .37  g ./c m  and i t s  te m p e ra tu re  i s  990 K. The te m p e ra tu re

of th e  w a te r ,  acc o rd in g  to  T ab le  6.U-1:1, i f  su p e rc o o lin g  i s  assum ed, w i l l

be about 560°K, so t h a t  th e  le a d  w i l l  s u b se q u e n tly  undergo a  f u r t h e r

( r e l a t i v e l y  slow ) f a l l  i n  te m p e ra tu re  by c o n d u c tio n  to  th e  w a te r .

E x a c tly  s im i la r  c a l c u la t io n s  f o r  i r o n  a re  sum m arised in  F ig .  7*5 :2

and co rre sp o n d in g  diagram s co u ld  be  c o n s tru c te d  i f  r e q u ire d  f o r  Cu,

A1 o r  NaCl by u se  o f th e  d a ta  o f  §§  6 .57  and 6 .5 8 .
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1

An experimental method fo r  determining the la rg e-sca le  
shock wave properties in  any medium

Provided the thermal and ca lor ic  equations of s ta te  o f the f lu id  

are known, and one la rg e-sca le  property of the shock wave, fo r  example 

i t s  v e lo c ity , can be measured, equations 6(2,5,6)  enable us to  ca lcu late  

the remaining p rop erties. I f  the equations of s ta te  are unknown, i t  i s  

s t i l l  p o ssib le  to  deduce the values of pressure ( ft ) ,  density ( f> ) 

in ternal energy ( £f ) and m aterial v e lo c ity  ( Nf ) behind the wave, 

together with the wave v e lo c ity  ( J5 ) i t s e l f ,  provided any two o f th ese  

can be measured. In p ra ctice , the wave and m aterial v e lo c it ie s  ( AJ ) 

are the only properties at a l l  read ily  suscep tib le  of d irect measurement. 

Thus, i f  the medium i s  transparent, D may be measured by Schlieren  

photography on a moving film ; while i f  the medium i s  opaque, i t  may s t i l l  

be p ossib le  to  record the time Jj- taken to traverse a known thickness & 

by d irect shadow photography, or by means of a high-speed chronograph 

connected to su itab le  e le c tr ic a l  contacts. /V; might a lso  in  favourable 

cases be measured by a shadow or Schlieren photograph e ith er  of the near 

surface of the medium, i f  the pressure there i s  su itab ly  maintained, or 

of indicator p a r tic le s  suspended in  the medium i t s e l f .  The prospects of  

measuring are probably most favourable when the shock i s  produced by 

transm ission from an adjoining medium. A r e f le c te d  wave w i l l  then proceed 

through th is  medium, and (u n til rarefaction  waves arrive from the boundaries 

of the system) the pressure w i l l  remain constant at the in ter fa ce , which 

w ill move forward with a v e lo c ity  equal to  that of the m aterial behind the  

transmitted shock. I f  JZ) and are measured in  some such manner, then  

we have at once
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t .  = f . +  p„ (1 )

(2)

(3)

Moreover, i f  Nf, 2> can be measured for a ser ie s  of shocks o f varying

in ten s ity  traversing the same m aterial in  the same i n i t i a l  s ta te  ( p0 ) ,

(1) and (2) enable us to  determine the HH-curve corresponding to  that s ta te ,  

and (3) then sp e c if ie s  the value o f E0 along the curve. F in a lly , l e t  

us suppose that the above ser ie s  o f measurements can be made far each of a 

number o f s ta te s  ( i> o ,  p0 )•  For example, po might be kept constant, and 

j>0 varied by adjusting the temperature T . Then i t  would be p o ss ib le  to  

evaluate as a function  o f ( v  ) fo r  an en tire  region of the ) -

plane ( in  the above example, for Voo  ̂ v  <c ? where i s  the sm allest 

volume attainable in  a s in g le  shock wave compression) • The fundamental 

equations thus provide a powerful means of studying the in tern a l energy 

of any m aterial in  a range o f pressure d if f ic u lt  o f access by other methods.

Experiments along these l in e s  do not appear as yet to  have been

made*

advantage o f the equations fo r  r e f le c t io n  at an in ter fa ce . Thus, l e t  

J> , Nt e tc . refer  to  the wave ( St ) under study, moving in  a medium (/ty) 

whose i n i t i a l  density i s  po • Let S( f a l l  normally upon the in terface  

between A7 and a second medium N , so chosen that the r e f le c te d  wave ( )

i s  a shock* A shock wave ( S § ) a lso  proceeds in to  N , whose i n i t i a l  

density i s  p j. Then, i f  denote the (algebraic) v e lo c it ie s  o f

•̂n >•3L, 3 ) * &nd of the m aterial behind i t ,  resp ectiv e ly , r e la t iv e  to

the m aterial ahead, and A^9 the corresponding v e lo c it ie s  r e la t iv e  to

§7-4t The n ecessity  fo r  d irect measurement of h/( can be avoided i f  we take



the undisturbed media A1, N ,  (the sign  of 2 / being p o s it iv e )  and i f

^ 7i 9 P-n are ’the pressure and density behind , we have at once, since

h  = h  *

f r h = (1)

2)jW3p; (2)

(3)

Eliminating j*, $ f ,  » and noting that ,  J32 *
2>/,s = < 2  

/w e get

= d3 u2pc~ M, N,Po ■ W

However,
P,/Po = ‘

Hence (4) becomes

W, _ Ut( d zP o-d ZPo)
d-t P A  +  p A i  wi

which can a lso  be w ritten:

(5)

^  I _  ^  ~ ̂ 2.) M  '

/V, may thus be ca lcu lated  without knowledge of the equations o f s ta te ,  

provided that ^  ^  and ^  can be measured, The three wave

v e lo c it ie s  should in  certa in  cases be measurable by the same method, for  

example Schlieren  photography in  the case of transparent media, i s  the  

v e lo c ity  o f the in terface  and may be measurable by a shadow or Sehlieren  

method. Under favourable circumstances i t  should evidently be p o ssib le  

to  determine a l l  four v e lo c it ie s  from a s in g le  photograph on moving f ilm .



The trace to  “be expected i s  of the type shown in  F ig . 7• 61:1 •

J J )irec fio n  o f  i C
*  M ohon  oj- f i l m-

The present method o ffers  l i t t l e  advantage in  the study o f non-reactive  

shocks, whose s ta b i l i ty  requires that should he constant in  space 

behind the wave fro n t, and therefore equal to  the v e lo c ity  of the rear  

surface of the medium. I t  w i l l  c lea r ly  be simpler to  measure th is  

v e lo c ity , together with , rather than to  measure and ^  •

The present method would s t i l l ,  of course, be u se fu l for  confirmation.

In the case of reactive  shocks, e .g . detonation waves, however, the 

conditions behind the wave front are en tire ly  d ifferen t. Here the m aterial 

v e lo c ity  N does not th eo retica lly  require to  remain constant in  space up to  

the rear surface of the medium behind the wave, and in  normal p ractice w i l l  

never do so . On the contrary, W , so far from remaining constant, decreases 

through bft , as we retreat from the wave fron t, and eventually changes s ign  

at a point between the front and the rear surface. The v e lo c ity  of th is  

surface therefore does not normally correspond to  N, : only when the wave

i s  a r t i f i c ia l ly  maintained at a v e lo c ity  greater than i t s  stab le  value w i l l  

these v e lo c it ie s  co incide. Accordingly, the method proposed above should be 

of value in  the experimental measurement o f /Vj (e tc . )  for  detonation waves.



Expressions fo r  , pf and corresponding to  (6) may e a s ily  

be deduced. They are

f t  = fc + (7)

P. = (8)

E  ^ £  + 3- + P » ^ ( ^ p j - d ipc)  (9)
2 pc,'dJM1Jr Pelfo^Jd,- WjJ+ftjWjwJ

The pressure, d en sitie s  and energies behind the transm itted and r e f le c te d  

waves can a lso  be at once deduced from the same four measurements, 'which 

thus provide information not only with regard to  the detonation wave and 

the shock or adiabatic r e la tio n  fo r  the detonation products, but a lso  with 

regard to  the shock wave in  the target m aterial.

There seems l i t t l e  doubt that the method could be su ccessfu lly  applied  

to  determine the detonation pressure in  gaseous exp losives. I t  appears 

w ell worth in v estig a tio n  fo r  liq u id s and so lid s  a lso . Although the 

d if f ic u lt ie s  in  th is  case would be much greater, the advantages o f a 

r e lia b le  measurement of pressure can hardly be exaggerated.



PART I I

STEADY PEAKE DETONATION WAVES
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H is to r ic a l  in tr o d u c tio n

The f i r s t  d eton atin g  e x p lo s iv e  was probably produced by B e r th o l le t ,  

when in  1788 he attem pted to  in cr ea se  th e  s tren g th  o f  gunpowder by r e p la c in g  

the s a ltp e tr e  w ith  potassium  c h lo r a te . The h is to r y  o f  d eto n a tio n  may 

however in  p r a c t ic e  be regarded as commencing in  1846, w ith  th e  d isco v ery  

of guncotton  by Sch&hbein and B b ttg er , and o f  n itr o g ly c e r in e  by Sobrero.

The unprecedented power and v io le n c e  (" b risan ce” ) o f decom position  in  n it r o ­

g ly c e r in e , fa r  su rp assin g  th o se  o f th e  t r a d it io n a l  blackpowder, induced  

Nobel to  devote many y ea rs  to  th e problem o f i t s  c o n tr o l * Meanwhile 

a t te n t io n  was b ein g  turned  to  th e  d esign  o f  o th er  e x p lo s iv e s  w ith  comparable 

perform ance, and by the end of th e century d eton a tin g  com positions o f  many 

d if fe r e n t  ty p es  were in  w idespread u se .

The reason s fo r  th e  su p e r io r ity  o f th e se  new e x p lo s iv e s  were not a t

once f u l ly  understood , though i t  soon appeared th a t th ey  must be sought

in  som ething more fundam ental than a mere in c r e a se  in  th e  h ea t o f  r e a c t io n
fa r ]

and the volume o f gas produced. The exp erien ce o f S p ren gel, who prepared  

d eton atin g  m ixtures from o x id is in g  and com bustib le su bstan ces which were 

sep a ra te ly  in cap ab le  o f d eto n a tio n , dem onstrated l ik e w ise  th a t  t h e ir  

behaviour d id  not depend e s s e n t ia l ly  upon th e  p resence o f  an u n sta b le  

m olecule; and though guncotton  and n itr o g ly c e r in e  are th em selves extrem ely  

s e n s i t iv e ,  in s t a b i l i t y  i s  not in  f a c t  a c h a r a c te r is t ic  fe a tu r e  o f h igh  

ex p losives,, Many such substances can be s a fe ly  m elted , and some even  

d i s t i l l e d ,  w ithout decom position .

The f i r s t  r e a l  in s ig h t  in to  th e mechanism o f  d e to n a tio n  was provided
& [n

by th e  experim ents o f  B e r th e lo t  and V i e i l l e  and o f  M allard and l e  C h a te lier

on ex p lo s io n  in  g a se s . I t  was found th a t  e x p lo s iv e  gaseous m ix tu res,



1 6> i

which had h ith e r to  been con sid ered  to  propagate stead y  r e a c t io n  on ly  by 

a q u ie t flam e, t r a v e l l in g  w ith  a v e lo c i t y  o f a t most a few  m etres per  

second, were capable o f decomposing in  an a lte r n a t iv e  and very d if f e r e n t  

manner. <c<t>o n s e t  

OF
Detonation

To I NT 
OF
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OnJ
F igure 8:1 which i s  taken  from a la t e r  paper o f D ixon, rep re se n ts  fo r

example th e  e x p lo s io n  o f  a cyanogen-oxygen m ixture ig n ite d  near th e  open

end o f  a g la s s  tu b e . The passage o f th e  flam e to  l e f t  and r ig h t  i s

recorded  upon a photographic f i lm  'which moves s t e a d i ly  upwarde A fte r

*running through p art o f th e  le n g th  o f th e  tube w ith  a low  v e lo c i t y  o f  

about 300  m . / s . ,  th e  flam e e x h ib it s  a ra p id  a c c e le r a t io n  and tr a v e r se s  

the remainder o f i t s  path  w ith  a v e lo c i t y  o f approxim ately 2700 m ./ s .  

V e lo c i t ie s  o f  a s im ila r  order were recorded  w ith  oth er gases* They 

proved to  be in s e n s i t iv e  to  v a r ia tio n s  in  the i n i t i a l  p ressu re  and 

tem perature, th e  circum stances o f  ig n i t io n ,  and th e  dim ensions or nature  

o f th e  co n fin in g  tu b e , whereas th e  lo?/ v e l o c i t i e s  c h a r a c te r is t ic  o f  

ordinary flam es were n o to r io u s ly  su b jec t to  in f lu e n c e  by th e se  f a c to r s .

A few  y ears a f t e r  the d iscovery  o f  d eton ation  in  g a ses  B e r th e lo t
m

dem onstrated, by measurements w ith  an e l e c t r i c  chronograph, th a t  v e l o c i t i e s  

o f  p ropagation  o f th e  same high order were a s s o c ia te d  w ith  th e  v io le n t  

decom position  o f  th e  new s o l id  and l iq u id  e x p lo s iv e s .  As in - th e  ca se  

o f g a s e s , th e se  h igh  v e l o c i t i e s  appeared to  be con stan t and c h a r a c te r is t ic  

fo r  each in d iv id u a l e x p lo s iv e , in  marked co n tra st t o  th e behaviour o f  th e

same e x p lo s iv e  when s e t  a l ig h t  by th e  a p p lic a t io n  o f  a flame* Under

such c o n d it io n s , a s w ith  blackpowder, decom position  propagated a t  speeds 

which were not on ly  o f a much low er order, but depended c r i t i c a l l y  upon 

the circum stances o f t e s t .

I t  th u s became c le a r  th a t e x p lo s iv e  decom position  o f  one and th e

same m ater ia l might proceed  a t  e ith e r  o f  two e n t ir e ly  d if fe r e n t  le v e ls *

The f i r s t  p r o c e ss , u su a lly  d escr ib ed  as "d e fla g r a tio n ” , was ch a r a c te r ise d  

by r e la t iv e ly  low  flam e speed, correspond ingly  slow  p ressu re  development

(  This Velocity is  e-xCeftrfanally k-iyk fo r fln Ordinary : ' i t  is  j

kortivtit , !oh i y  com p a r i  so * Ntfts tU<r.̂  0/ deton ation  )



w ith  m oderate or s l ig h t  b r isa n c e , and marked s e n s i t i v i t y  to  environ­

m ental c o n d it io n s . The second p r o c e s s ,  which we s h a l l  term " detonation" , 

in v o lv ed  h igh  speed o f p rop agation , sh a tte r in g  development o f  p ressu r e , 

and r e la t iv e  independence o f  e x te r n a l c o n d it io n s . Most g aseou s, l iq u id  

and s o l id  e x p lo s iv e s  w ith  th e  important ex cep tio n  o f gunpowder, were 

found, in  f a c t ,  to  be capable o f e i th e r  mode o f decom position .

The f i r s t  attem pts to  account q u a n t ita t iv e ly  fo r  th e  p ro cess  o f
m

d eton a tio n  in  g a ses  were made by B e r th e lo t , who comoared th e  wave v e lo c it y  

w ith  th e  mean m olecular v e lo c it y  in  th e  ex p lo s io n  p roducts; and by D ixon, 

who id e n t i f i e d  i t  w ith  th e  v e lo c it y  o f  sound in  th e  p roducts • The 

observed v e l o c i t i e s  o f  d eto n a tio n  w ere, o f  co u rse , much g rea te r  than  

e ith e r  m olecular or sound v e l o c i t i e s  a t  normal tem perature; and i t  was 

r e a l is e d  th a t th e  appropriate v a lu es  would be th o se  c a lc u la te d  a t  th e  

th e o r e t ic a l  tem peratures o f e x p lo s io n . V e lo c i t ie s  e stim a ted  in  t h is  

way were o f th e  co rr ec t order, and o f te n  remarkably c lo s e  to  th o se  observed . 

However, t h is  c lo s e  agreement was la r g e ly  fo r tu ito u s .  According to  th e  

p r e se n tly  accep ted  th eo ry , which i s  exp la in ed  in  d e t a i l  below  and has 

w ith sto o d  many search ing  t e s t s ,  the v e lo c it y  o f d e to n a tio n  must n e c e s s a r ily  

exceed  th a t o f sound in  the r e a c t io n  p rod u cts, which was in  gen era l o v er-  

estim ated  by Dixon through f a i lu r e  to  a llo w  fo r  d is s o c ia t io n  a t  th e  h igh  

p r e v a ilin g  tem peratures. One important a sp ect o f B e r th e lo t ’ s and D ixon’ s 

th e o r ie s  n e v e r th e le s s  d eserves n o t ic e .  In  each ca se , a t t e n t io n  i s  

fo cu ssed  upon the p rod u cts, ra th er  than  upon th e  undetonated g a s . I t  i s  

th e p h y s ic a l p r o p e r t ie s  o f  th e  products which determ ine how f a s t  th e  wave 

can be su p p lied  w ith  energy and th e r e fo r e  a t how h igh  a v e lo c i t y  i t  may 

p roceed . T his a s p e c t , though not e x p l i c i t l y  em phasised by e i th e r  in v e s t i ­

g a to r , i s  im p lic it  in  th e  work o f each , and i s  fundam ental to  th e  modern 

theory o f  d e to n a tio n .



The f i r s t  and e s s e n t ia l  s te p  towards t h is  th eory  was tak en  by 

Schuster in  a note co n tr ib u ted  to  D ixon’ s  pap er. S ch u ster  su ggested

an analogy betw een d eton a tio n  waves and th e  shock waves stu d ied
Q u i ]  m  [!3 'j] & W 4 ]

th e o r e t ic a l ly  by Riemann, Earnshaw, Rankine and Iiu gon iot, and observed
0*1]by Mach and o th e r s . An account o f  th e  theory o f  th e se  waves has been  

g iven  in  P art I ,  where i t  was shown th a t com pressional waves o f  f i n i t e  

am plitude, i f  s u ita b ly  m aintained in  any normal f l u i d ,  must s u f fe r  a 

p r o g ress iv e  in c r e a se  o f p ressu re  and v e lo c it y  g ra d ie n ts  in  the wave 

fr o n t ,  and in  th e  absence o f  therm al and v isc o u s  tr a n s fe r , soon become 

in f i n i t e l y  s te e p . The r e su lta n t  d is c o n t in u ity  or "shock" d i f f e r s  in  

many important r e s p e c ts  from th e  g en era tin g  a d ia b a tic  wave. In  

p a r t ic u la r , i t  tr a v e ls  a t su p erson ic  speed  and r a is e s  th e  entropy o f  

each elem ent o f f l u i d  in  p a ss in g  over i t .  I t  i s  n o t, however, s ta b le ,  

and in  th e absence o f  support must degenerate in to  a sound wave.

I f  th e medium i s  n o n -r e a c tiv e , such support can come on ly  from 

some ex ter n a l agency, fo r  example a p is to n  moving behind the wave. In  

a r e a c t iv e  medium support might con ceivab ly  be provided  by r e le a s e  o f  

chem ical energy w ith in  th e  wave i t s e l f .  S ch u ster’ s  su g g e stio n  assumes 

m  e f f e c t  th a t t h i s  i s  p o s s ib le .  I t  was f i r s t  e x p lo ite d  by Chapman, 

who found, however, th a t a stra igh tforw ard  a p p lic a t io n  o f  th e  R ankine- 

Hugoniot th eory  was in s u f f ic ie n t  to  determ ine a unique d e to n a tio n  

v e lo c i t y ,  such as was observed in  p r a c t ic e ,  though i t  d id  s e t  a low er  

l im it  to  th e  v a lu e  which the v e lo c i t y  might h ave. Thermodynamic 

co n sid era tio n s  le d  Chapman to  s e le c t  t h i s  minimum a s  th e  th e o r e t ic a l ly  

s ta b le  v a lu e , and although i t  has s in c e  appeared th a t h is  argument was 

at f a u l t ,  th ere  i s  now no doubt regard ing  th e  c o n c lu s io n , which was 

reached independently  and by an illu m in a tin g  hydrom echanical argument by



/ft,rtf , ,
Jouguet, and i s  a s so c ia te d  w ith  th e  names o f  both  workers. The Chapman- 

Jouguet theory  i s  in  e ssen ce  th a t accepted  today , and d e p ic ts  th e  stea d y  

d eton ation  wave as a " sta b le  r e a c t iv e  shock", th a t i s ,  as a shock wave 

o f the Rankine-Hugoniot ty p e , con tin u ou sly  in i t i a t in g  th e  undetonated  

e x p lo s iv e  in to  which i t  p roceeds, and i t s e l f  con tin u ou sly  su sta in ed  by 

the chem ical energy thus s e t  f r e e .

Perhaps the most im m ediately s tr ik in g  a sp ect o f th e  new theory was 

the f a c t  th a t i t  made p ro v is io n  a ls o  fo r  a second mode o f  flam e propagation  

ch a ra cter ised  by much lower v e lo c it y  and d is t in g u ish e d  in  se v e r a l funda­

mental r e sp e c ts  from the f i r s t .  At one s tr o k e , th e r e fo r e , th e  theory was 

able to  r e s o lv e  th e  c e n tr a l problem p resen ted  by th e d is c o v e r ie s  o f 1881, 

and to  a s s ig n  a d e f in i t e  and q u a n tita t iv e  meaning to  th e  terms d e f la g r a tio n  

and d eto n a tio n . The p r e c is e  nature o f th e  shortcom ings in  Dixon* s  

treatm ent were a lso  i l lu s t r a t e d  in  an unusually  c le a r  way. Thus,

Jouguet*s form u lation  o f  th e s t a b i l i t y  c o n d itio n  id e n t i f i e s  the wave 

v e lo c ity  w ith  th e  v e lo c ity  o f  sound in  th e  p rod u cts, but w ith  r e sp e c t  to  

an observer a t r e s t  in  th e undetonated e x p lo s iv e .  I t  i s ,  however, a 

p a r a lle l  co n c lu sio n  th a t the products them selves p o sse s s  a w e ll-d e f in e d  

forward v e lo c i t y .  The s l ig h t  y e t  important d iffe r e n c e  from Dixon*s 

conjecture i s  apparent.

The Chapman-Jouguet theory p erm its in  p r in c ip le  th e  ab so lu te  ca lcu ­

la t io n  o f d eton ation  v e l o c i t i e s ,  p r e ssu r e s , e t c . ,  su b jec t on ly  to  a 

knowledge o f th e  re lev a n t equations o f s ta t e  and thermodynamic fu n c tio n s . 

The im perfect s t a t e  o f knowledge o f  th e se  fu n ctio n s  in  1899, however, 

prevented Chapman from attem pting such ab so lu te  c a lc u la t io n s .  In stea d  

he made use o f the observed wave v e l o c i t i e s  fo r  a few  s e le c te d  gas



m ix tu res , in  con ju n ction  w ith  h is  th e o r e t ic a l  r e la t io n s ,  t o  ev a lu a te  

th e  s p e c i f i c  h ea ts  a t d eton a tio n  tem peratures, su bseq u en tly  employing 

th e va lu es  thus deduced to  compute th e  wave v e l o c i t i e s  fo r  o th er  

m ixtu res . The agreement was in  most c a se s  remarkably c lo s e ,  when we 

remember t h a t ,  in  th e  absence o f r e l ia b le  in form ation  regard ing  h igh  

tem perature eq u ilib riu m  c o n sta n ts , noth ing approaching an exact  

theraochem ical a n a ly s is  was then  p o s s ib le .  S im ilar  su ccess  a tten d ed
£*7J

th e  num erical a p p lic a t io n s  made by Jouguet, who a ls o  developed  and
M

co n so lid a ted  th e fundamental a sp e c ts  in  a s e r ie s  o f im portant p a p ers.

When th e u se  o f  quantum m echanical methods opened th e  way to  an

accu rate  determ ination  o f  thermodynamic fu n c tio n s  f o r  id e a l g a se s  a t

h igh  tem peratures, i t  became p o s s ib le  to  carry out a r ig o ro u s t e s t  of

the Chapman-Jouguet th eory , and to  employ i t  fo r  a b so lu te  c a lc u la t io n s

o f th e  d eto n a tio n  param eters. This was perform ed in  1930 by Lewis 
0°j3

and F r ia u f , whose r e s u l t s  w i l l  be ex em p lified  in  a l a t e r  s e c t io n .  The 

agreement betw een t h e o r e t ic a l  and measured v e l o c i t i e s  was fo r  th e  most p art  

w ith in  1 / .  In  a c a lc u la t io n  which makes no r e f  erencqdt any p o in t  to  

d ir e c t  o b serv a tio n  o f  e x p lo s iv e  perform ance, and in  which no a d ju sta b le  

co n sta n ts  w hatsoever are a v a ila b le ,  t h i s  l e v e l  o f  agreement must be  

regarded as prov id in g  very f in e  confirm ation  o f th e  th eory  fo r  gaseous  

e x p lo s iv e s .

There i s  noth ing in  th e  theory which r e s t r i c t s  i t s  a p p lic a t io n  to  

gaseous e x p lo s iv e s , or indeed  r e f e r s  a t  a l l  e ith e r  to  th e p h y s ic a l s t a t e  

o f the undetonated m a ter ia l or to  the k in e t ic s  o f th e  chem ical r e a c t io n .

On th e  contrary , a s we have seen , emphasis i s  la id  e s s e n t ia l ly  on th e  

p h y sica l p r o p e r t ie s  of th e  p ro d u cts. The fundam ental eq u ation s may thus  

be im m ediately a p p lied  to  condensed e x p lo s iv e s .  In  p r a c t ic e ,  however, 

two sep arate d i f f i c u l t i e s  a r i s e .
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(1) The theory  in  i t s  sim ple form r e fe r s  to  a one-d im ensional 

p r o c e ss , and assumes th e r e fo r e  th a t  th e wave fr o n t  i s  p la n e  and th a t  

no la t e r a l  m otion o f th e  products can occu r. T his w i l l  he tr u e  in  

p r a c t ic e  i f  th e  c y l in d r ic a l  ca r tr id g e  i s  co n fin ed  in  a r i g id  tu b e , or 

i f  i t s  d iam eter i s  s u f f i c i e n t l y  la r g e .  The f i r s t  c o n d it io n  i s  ra th er  

e a s i ly  f u l f i l l e d  in  gaseous e x p lo s io n s , where th e  d eto n a tio n  p ressu r es  

are on ly  a few  ten s  o f atm ospheres; hut no m a ter ia l envelope can  

provide r i g id  confinem ent fo r  s o l id  and l iq u id  e x p lo s iv e s .  The 

elem entary th eory  then  a p p lie s  on ly  to  c a r tr id g e s  o f la r g e  d iam eter, 

and allow ance must he made in  o th er c a se s  fo r  th e d ep ressio n  o f  v e lo c i t y  

hy la t e r a l  expansion .

(2) The very much h igh er  d e n s it ie s  a s so c ia te d  w ith  condensed  

e x p lo s iv e s ,  and th e consequent d i f f i c u l t y  in  determ ining th e  thermo­

dynamic fu n c tio n s  fo r  th e d eto n a tio n  p rod u cts, r a is e  s e r io u s  p r a c t ic a l  

problems in  num erical c a lc u la t io n , even fo r  a w e ll-c o n f in e d  c a r tr id g e .

I t  i s  on ly  in  recen t y ea rs  th a t a noteworthy advance has been made 

in  th e se  d ir e c t io n s .  E arly num erical s tu d ie s  by Becker o f the propa­

g a tio n  o f  th e  p lan e wave were r e s t r ic t e d  to  ex p ressin g  th e  wave v e lo c i t y ,

p ressure e t c .  in  terms o f  an assumed d eton ation  tem perature, on th e  b a s is

&o f a sem i-em pxrical equation  o f s t a t e  d es ig n ed  fo r  n itr o g e n . An in v e r se
Gtffl

procedure was used  by Schm idt, and subsequently  by se v e r a l o th er w orkers. 

In  view  o f th e  d i f f i c u l t y  in  form ulating  the eq u ation  o f  s t a t e ,  and th e  

r e la t iv e  ea se  o f  measuring th e  wave v e lo c i t y ,  Schmidt employed th e  

experim ental v e l o c i t i e s  to  e stim a te  th e  p r o p e r tie s  o f th e  p rod u cts, and 

thence t o  p r e d ic t  the behaviour o f o th er e x p lo s iv e s .  H is approach 

provided very  v a lu a b le  in form ation  o f  a g en era l ch a ra cter , and a ls o



un derlin ed  th e  p o s s i b i l i t y  o f  u s in g  th e detonating  c a r tr id g e  a s  a 

lab oratory  in  which to  study m atter a t  com binations o f p ressu re  and 

temperature probably a c c e s s ib le  by no oth er means. In  th e  l a s t  few  

y ea rs , more e la b o ra te  a tta c k s  have been  made on th e  problem by th e  

in v er se  method. However, t h i s  method (which was a lread y  proposed  

by Becker) in  i t s  most g en era l form r e q u ir e s  much more e x te n s iv e  data  

than are y e t  a v a ila b le .  In  th e  p resen t work, we use p u re ly  th e o r e t ic a l  

equations o f s ta te  fo r  g a ses  a t  h igh  d e n s i t ie s  t o  attem pt a b so lu te  

c a lc u la t io n s  fo r  la r g e  diam eter c a r tr id g e s  o f condensed e x p lo s iv e . The 

r e s u lt s  o f such c a lc u la t io n s  are  s u f f i c i e n t l y  encouraging to  warrant 

f a i t h  in  th e  gen era l soundness o f th e  approach.

The th eory  p erm its e s tim a tes  not m erely o f  th e  v e lo c i t y  o f  d e to n a tio n ,

but a ls o  o f  th e  t r a n s la t io n a l  v e lo c i t y  o f  th e  p ro d u cts, and o f  t h e ir

tem perature, p ressu r e , d e n s ity ,  energy and com p osition . Of th e se

q u a n t it ie s ,  on ly  th e  wave v e lo c i t y  can be e a s i ly  measured, but a ttem p ts

have r e c e n t ly  been made to  ev a lu a te  th e  o th e r s , e i t h e r  d ir e c t ly  as in

the ca se  o f product v e lo c i t y  and tem perature, or w ith  the a id  o f  a u x ilia r y

th e o iy  which r e la t e s  th e p r o p e r tie s  o f th e  wave to  th e  e f f e c t s  produced
' 72, 1*0,S 9 , 1 ,3 % )

in  i t s  environment o The r e s u l t s  o f such s tu d ie s  agree in  order o f  

magnitude w ith  the v a r io u s  th e o r e t ic a l  e s t im a te s , though th ey  are not 

y e t  s u f f i c i e n t ly  p r e c is e  or concordant to  make a d ju d ica tio n  p o s s ib le  

between th e s e .  There i s ,  however, every rea so n  t o  b e l ie v e  th a t  the  

theory p rov id es  a fundam entally co rrec t p ic tu r e  o f th e  p h y s ic a l p r o c e sse s  

in  a d eton atin g  c a r tr id g e , and th a t th e  behaviour o f  such c a r tr id g e s ,  

provided t h e ir  diam eter i s  s u f f i c i e n t ly  la r g e , can be not on ly  exp la in ed  

but q u a n t ita t iv e ly  p r e d ic te d .



The irn p erfectly  con fin ed  c a r tr id g e  i s  beyond th e  scope o f t h i s  t h e s i s .  

Some t h e o r e t ic a l  advance h a s , however, been made very r e c e n t ly  w ith  t h i s  

problem and w i l l  be r e fe r r e d  to  in  con n ection  w ith  the experim ental study  

o f maximum d eto n a tio n  v e l o c i t i e s .

F in a l ly ,  a t t e n t io n  has been  g iv en  t o  the m icroscop ic  s tru c tu re  o f th e  

d eton ation  wave, and the mechanism whereby r e a c t io n  i s  i n i t i a t e d  and 

tra n sfe r r e d  from one la y e r  o f  e x p lo s iv e  to  the n e x t. We have seen  th a t  

the la r g e - s c a le  p r o p e r tie s  o f th e  s ta b le  p lan e wave, may be s u c c e s s fu l ly  

d escrib ed  w ithout r e fe ren ce  to  such q u e s tio n s , w hich are th e r e fo r e  b e s t  

e lu c id a te d  by study o f  th e  behaviour o f  th e  e x p lo s iv e  under c o n d itio n s  

where a steady p lan e  wave does not d ev e lo p , or a t l e a s t  has not y e t  

d eveloped .

>
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§<j Elementary th eory  o f th e  s ta b le  p lan e d eto n a tio n  wave

Shock waves in  ch em ica lly  in e r t  m a ter ia ls  are u n sta b le ; th a t i s  to  

say, they  ten d  to  degenerate in to  sound w aves. This experim ental o b ser­

v a tio n  i s  a ls o  a fundamental consequence o f th e  Riemann th eory  d escr ib ed  

in  P art I ,  fo r  according to  th a t theory th e  development o f  a shock depends 

upon th e  f a c t  th a t each o f  a su c c e ss io n  o f  sm all com pression w aves, gen erated  

in  a normal f lu id ,  tends to  overtake i t s  p r e d e c e sso r s . I t  fo llo w s  th at any

r a r e fa c t io n  a r is in g  behind th e  r e s u lta n t  shock w i l l  a ls o  in  due course  

encroach upon th e  w avefront and so  reduce i t s  speed . Shock waves in  in e r t  

m a ter ia ls  cannot th e r e fo r e  remain stead y  u n le ss  supported by some such 

ex ter n a l agency as a p is to n  which pursues the wave a t  appropriate speed , 

and p reven ts th e development o f  r a r e fa c t io n s .
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In  a d eton atin g  e x p lo s iv e , c o n d itio n s  are e v id e n t ly  o th erw ise . 

F igure 9:1 i s  a photographic reco rd , ob ta in ed  w ith  a rotating-druTrc 

camera, o f  th e  p ro g ress  o f d e to n a tio n  along a c a r tr id g e  o f  a commercial 

b la s t in g  e x p lo s iv e . The v e lo c i t y  o f  th e  wave i s  in v e r se ly  p ro p o rtio n a l 

to  the s lo p e  o f th e  tr a c e , and can be seen  t o  reach  a steady va lu e  

alm ost im m ediately and to  r e t a in  th a t v a lu e  w ithout d e te c ta b le  v a r ia t io n  

throughout i t s  subsequent co u rse . A second s im ila r  c a r tr id g e  o f  th e  

same m ater ia l w i l l  show very c lo s e ly  th e  same v e lo c it y  a s  th e  f i r s t ;  

Table 9:1 i l l u s t r a t e s  th e  l e v e l  o f co n s is te n c y  found in  p r a c t ic e  w ith  

c a r tr id g e s  taken from normal m anufacture.

Table 9:1

V e lo c i t ie s  of d eto n a tio n  measured on a sample o f  24 
c a r tr id g e s  s e le c t e d  a t  random from manufacture oif' 

a commercial b la s t in g  e x p lo s iv e

(No. 23 o f Table 1 6 ,2 :1 )

2320 2470 2300 2330

2370 2480 2310 2530

2420 2480 2530 2380

2420 2480 2340 2 0 0

2430 2490 2349 2660

2470 2490 2340 2720 m e tr e /se c 0

Mean: 2508 m0/ s . Standard D ev ia tion : 89 m*/s*

C artridges s p e c ia l ly  prepared to  c lo s e  to le r a n c e  show alm ost p e r fe c t  

c o n s is te n c y . T h is behaviour, which i s  q u ite  c h a r a c te r is t ic  o f  d eton atin g  

e x p lo s iv e s , makes i t  c le a r  th a t s ta b le  waves in  r e a c t iv e  m ater ia l can and 

do r e g u la r ly  a r i s e ,  d e sp ite  th e  f a c t  th a t no supporting p is to n  i s  p resen t  

and r a r e fa c t io n s  must alw ays form in  th e  r e a c t io n  products 0 We are
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th ere fo re  le d  to  examine t h e o r e t ic a l ly  th e  p r o p e r tie s  o f such a s ta b le  

wave, once e s ta b lis h e d , and to  con jectu re  th a t the r e le a s e  o f chem ical 

energy w i l l  in  some way enable us to  a vo id  th e  co n c lu s io n  th a t r a r e ­

fa c t io n s  a r is in g  in  the products must n e c e s s a r ily  overtake the w a v e-fro n t.

We suppose a p lane d eton ation  wave to  advance normal to  i t s e l f  w ith  

con stant v e lo c i t y  D r e la t iv e  to  th e  unconsumed e x p lo s iv e . F igure 9:2  

rep resen ts  c o n d itio n s  in  th e  neighbourhood o f such a wave from th e  

standpoint of an observer who moves w ith  i t .

i
X *5

«.* W-B u,*W-J)

vo £. 
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F im  V  *  . S e c t i o n a l . D i a g r a m  o f  t h e  

S t e a b y  D e t o n a t i o n  W a v e  ,  f r o m  t h e  s t a n b p o i n t

OF AN O BSE RV C R ACCOMPANYING TH E W A V E .

Xs i s  p art o f  the s e c t io n  o f th e shock fro n t a t  any in s ta n t .  The reg io n  

to  th e r ig h t  o f X5 i s  occupied  by undetonated e x p lo s iv e , which flo w s  

in to  the wave fr o n t w ith  constant v e lo c ity  a0 = -J) . 7 e s h a ll  u se th e

su bscrip t 0 to  in d ic a te  c o n d itio n s  in  t h i s  reg ion ; thus -fa i s  the  

p ressure (freq u en tly  1 a tm .) , th e  tem perature (as a ru le  273°K or 

some neighbouring v a lu e ) , ir0 th e  s p e c i f i c  volume (so  th a t ~vo = ~  =. y r
0 fo
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where jo or A  i s  th e  c a r tr id g e  d e n s ity ) , and £ 0 th e  t o t a l  in te r n a l

in term olecu lar  p o te n t ia l)  and in tram olecu lar  (in c lu d in g  "chem ical" ) 

energy. To th e  l e f t  o f  X5 , r e a c t io n  p ro ceed s, and th e  v a lu e s  o f  

p ressu re , tem perature e t c .  w i l l  in  g en era l vary w ith  the d is ta n c e  from

any s e c t io n  XQdrawn through th e  undetonated e x p lo s iv e , w h ile  not con stan t  

in  sp a ce , remain a b so lu te ly  u n a ltered  in  tim e from th e  p o in t  o f v iew  o f  

th e  moving o b server . We u se  th e  u n q u a lif ie d  symbols 7", e t c .  to  

denote v a lu es  a t  an a rb itra r y  s e c t io n  X betw een Xs  and X / . C onditions  

in  the p lan e X f i t s e l f  are d is t in g u ish e d  by a su b scr ip t f • Beyond X, 9 

we do not assume th e wave to  be s tea d y . F in a l ly ,  l e t  AA'j JXe!  r ep resen t  

th e  boundaries o f a stream -tube o f  u n it  c r o s s - s e c t io n a l  area which  

tr a v e r se s  th e  wave.

Then we may apply th e  law s o f co n serv a tio n  o f m ass, momentum and 

energy in  in te g r a l  form to  the volumes bounded by th e  stream -tube and th e  

co n tro l s u r fa c e s , XoJX . T his le a d s  d ir e c t ly  to  th e  fo llo w in g  th ree  

equations

energy. £ 0 com prises both  extram olecu lar (th a t i s ,  k in e t ic  and

X s  . The wave i s  fu r th e r  supposed to  be stead y  from up t o  some 

p a r a l le l  s e c t io n  X, . That i s  to  say , c o n d it io n s  between X/ and

( 1)

(2)

(3)
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In  d eriv in g  the l a s t  two eq u a tio n s, i t  i s  assumed th a t th e r a te  o f  tr a n s fe r  

of energy by v i s c o s i t y  and h eat conduction  a cro ss  th e  c o n tr o l su r fa c e s  X0yX 

i s  n e g l ig ib le .  I t  i s  to  be noted  th a t t h i s  assum ption does not req u ir e

and X , bu t on ly  th a t  th ey  should  do so a t  th e se  s e c t io n s .  S in ce  th e  

r a te s  o f  t r a n s fe r  in cr ea se  w ith  the sp a c e -d e r iv a t iv e s  o f v e lo c i t y  and 

tem perature and s in c e  c o n d itio n s  are not on ly  stead y  but a ls o  sp a ce-  

independent to  th e  r ig h t  o f Xs ,  th e r e  i s  c e r ta in ly  no v isc o u s  or therm al 

tr a n sfe r  a cro ss  Xe » Equations (2 ) and (3) may thus be a p p lied  a t any 

s e c t io n  X a t which th e  g ra d ien ts  o f  v e lo c i t y  and tem perature are s u f f i c i e n t l y  

sm a ll. I t  w i l l  be shown below  th a t  t h i s  i s  probably tru e  a t  a l l  p a r ts  o f  

th e  stead y  zone except w ith in  th e a c tu a l th ick n ess  o f  th e  shock fr o n t ,  and 

th a t i t  i s  c e r ta in ly  tru e  in  p a r t ic u la r  a t  th e  bounding s e c t io n  X f *

Equation (1) a p p lie s ,  o f co u rse , w ithout r e se r v a tio n  a t any s e c t io n  in  th e  

steady zone, s in c e  t h i s  equation  i s  ex a ct even in  th e p resen ce  o f  v isc o u s  

and therm al e f f e c t s *

( 1 ) ,  ( 2 ) and (3 ) may e a s i ly  be transform ed in to  the fo llo w in g

Equations (A*)—(6) ®re of course identical in  form with those for non—reactive  

shocks derived in  P art I .  Equation (6) i s  th e  Rankine-Hugoniot (EH) eq u ation ,

v isco u s  and therm al e f f e c t s  to  van ish  throughout th e  r e g io n  betw een

w

(5)

(6)
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named ’’dynamic a d ia b a tic ” by H ugoniot,  who b e lie v e d  th a t  no tr a n s fe r  o f
fao]

heat occurred in  th e  wave. As a m atter o f  f a c t ,  i t  i s  on ly  th e  p a r t i c i ­

p a tio n  o f  d is s ip a t iv e  p r o c e sse s  such as  v isc o u s  and therm al d if fu s io n  

w ith in  th e  shock fr o n t th a t makes a r e la t io n  o f  th e  form (6) p o s s ib le ;  

in  th e  e n t ir e  absence o f such p r o c e s s e s , (6) would req u ir e  to  be r e p la c e d

by th e  tru e  a d ia b a tic  r e la t io n s h ip

J,B  = — j> 4v. (7 )

From (4) and (5 ) ,  we have a ls o ,  e lim in a tin g  v  ,

*.(•?»)'■■ =  (8 )

and e lim in a tin g  j> /

■ * £  -  -  \  -  ' - A / p -  0 )O
Moreover

-  * ( i>-i> *)(ijo+ v ) .

I t  i s  fr e q u e n tly  conven ient to  u se  a system  o f  re fe r e n c e  a t  r e s t  in

th e  undetonated e x p lo s iv e  ra th er than one which moves w ith  th e wave.

S in ce  th e se  two system s are in  con stant r e la t iv e  m otion, on ly  th e  

v e l o c i t i e s  are changed in  transform ing from one to  th e  o th er . L et W 

be th e tr a n s la t io n a l v e lo c i t y ,  measured a lg e b r a ic a lly  i n  th e  d ir e c t io n  

of advance o f  th e  wave, w ith  regard  t o  th e  new system , Then u>0 = -JZ) ,
^ —2) , and so (4 ) ,  ( 5 ) ,  (8 ) ,  (9) become

hf = (12)

IZW = ( f ~ f o ) v 0 ( 13 )

3  =  % .  • (14)

Equation (6 ) i s  unaffected.
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A lthough th e  undetonated e x p lo s iv e  i s  not in  thermodynamic eq u ilib r iu m , 

r e a c t io n  i s  r e s tr a in e d  by th e  low  tem perature and s u b s ta n t ia l a c t iv a t io n  

energy, u n t i l  th e  a r r iv a l  o f  th e  shock fr o n t Xs  . Between X$ and some 

la t e r  s e c t io n  Y , r e a c t io n  p ro ceed s, reach in g  eq u ilib r iu m  on ly  in  th e  

plane Y . In  th e  r e g io n  X^Y  , which we s h a l l  c a l l  th e  r e a c t io n  zone, 

th e  m a ter ia l p a sse s  through a s e r ie s  o f n on-equilibrium  s t a t e s ,  in  a manner 

which w i l l  depend upon th e  r e a c t io n -k in e t ic  eq u a tio n s . At Y , and 

su bseq u en tly , th e  s t a t e  v a r ia b le s  must s a t i s f y  th e  c o n d itio n s  fo r  thermo­

dynamic eq u ilib r iu m . There i s  noth ing a t th e  o u tse t  t o  in d ic a te  whether 

or not Y w i l l  f a l l  w ith in  f in  o th er words whether r e a c t io n  i s

com plete w ith in  the stead y  z o n e ,  but we assume, on th e  b a s is  o f  arguments 

to  b e developed la t e r ,  th a t Y c o in c id e s  w ith  X t , so th a t  th e  r e a c t io n  

and stead y  z o n e s  a ls o  c o in c id e . We must n o te , however, th a t t h i s  i s  not 

obvious a p r io r i ,  and th a t i t  need not n e c e s s a r ily  remain tr u e  ou tw ith  th e  

p resen t co n tex t o f  s tead y  p la n e  w aves.

Postponing d is c u s s io n  o f  th e  course o f  even ts w ith in  Xs-X/ , con sid er  

now th e  p lan e Xf , which se p a r a te s  th e  steady and non-steady r e g io n s , and 

in  which chem ical eq u ilib riu m  i s  a t ta in e d . The v a lu es  o f  th e  v a r ia b le s  

, v , , El a t Xf , to g e th er  w ith  JD , s a t i s f y  equations ( 6 ) ,  (1 1 ) ,

(1 2 ) . S in ce  JZ> appears on ly  in  (11) and only  in  (1 2 ) ,  we may s e t  

th ese  equations a s id e ,  le a v in g  ( 6 ) ,  which in v o lv e s  Ef depends,

o f co u rse , on the chem ical com position  and s t a t  e -v a r ia b le s  a t  Xf . However, 

th e  com position  i s  i t s e l f  e x p r e s s ib le  by th e  thermodynamic eq u ilib riu m  

co n d itio n s , in  terms o f th e  s t a t e - v a r ia b le s .  Equation (6) may thus be  

regarded as in v o lv in g  t ,  and a lo n e , and so d e fin in g  a r e la t io n  betw een

the v a lu es o f  th ese  two q u a n tit ie s  in  th e  p lan e X, . However, i t  e v id e n tly
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cannot le a d  t o  a unique s o lu t io n ,  such as experim ent su g g e sts  sh ou ld  

e x is t*  For t h i s  i t  i s  n ecessary  to  in trod u ce o th er c o n s id e r a tio n s  than  

th o se  im p lied  by th e  co n serv a tio n  laws* In  th e  l i g h t  o f  what has been  

sa id  above, i t  i s  not d i f f i c u l t  t o  fo r e s e e  th e  nature o f  th e s e  co n sid er ­

a t io n s .  Thus, i f  th e  sum o f  f l u i d  and sound v e l o c i t i e s  a t  exceeds  

th e wave v e lo c i t y  J) , r a r e fa c t io n s  which in  p r a c t ic e  must always a r is e  

behind th e  wave w i l l  overtake and encroach upon i t ;  under such circum ­

sta n c es  th e  wave cannot b e s te a d y . I f ,  on th e  o th er hand, th e  sum o f  

f lu id  and sound v e l o c i t i e s  a t f a l l s  sh ort o f J) , t h i s  must be tru e  

a ls o  fo r  some d is ta n c e  a t l e a s t  in to  th e  stead y  zon e. The energy r e le a s e d  

in  t h i s  p a rt o f  th e  zone cannot then  be a v a ila b le  to  support th e  wave, which 

w i l l  in  consequence be unable to  m aintain  i t s  assumed v e lo c ity *  From such  

c o n s id e r a tio n s , i t  would appear th a t  in  a s ta b le  wave th e  sum o f  sound and 

f l u i d  v e l o c i t i e s  a t  th e  end o f  th e  stead y  zone must equal the w ave-speed  

i t s e l f .  The c o n d it io n  fo r  s t a b i l i t y  v*as f i r s t  form ulated  in  t h i s  way by
w

Jouguet, and shown to  be id e n t ic a l  in  e f f e c t  w ith  th e  co n d it io n  proposed

e a r l ie r  by Chapman, which r e s te d  on arguments o f a d if fe r e n t  kind* S in ce

th e  Chapman-Jouguet co n d itio n  o ccu p ies  a c e n tr a l p o s i t io n  in  th e  th eo ry ,

and s in c e  we have not y e t  o ffe r e d  any but in d ir e c t  reason s fo r  b e l ie v in g

th a t i t  can in  fa c t  be f u l f i l l e d ,  we must proceed  to  examine in  somewhat

grea ter  d e t a i l  th e  c o n d itio n s  a t  th e  end o f  th e  stead y  zone. The p resen -  
. . . .  cta tx o n  m  $ 9*1  i s  la r g e ly  due to  Jouguet and B ecker.

&•/ The Rankine-Hugoniot eq u ation  and th e  Chapman-Jouguet 
s t a b i l i t y  co n d itio n

In  order to  avoid  unnecessary com p lica tio n , we s h a l l  in  th e  p resen t  

s e c t io n  assume th a t
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These c o n d itio n s  are u n r e s tr io t iv e  and should alm ost always be f u l f i l l e d  

in  p ra ctic e*  The a d ia b a t ic s , S  = co n sta n t, then form in  the (y>f>)~  

plane a n o n - in te r s e c t in g  fa m ily  of curves o f the fa m ilia r  ty p e , s lo p in g  

downward w ith  in c r e a s in g  V ,  and concave towards p o s it iv e  j> 0 The 

entropy 3 r i s e s  along any rad ius through

The EH-equation, as we have seen , a lso  d e f in e s  a r e la t io n  between j>, and 

Vf , w hich can again be represented  by a curve in  the {v ,)* )-p la n e . T h is  

curve i s  norm ally o f the same gen era l shape a s  the a d ia b a t ic s , th a t i s

( 2 )

th e  s u f f ix  EH d enoting  d if f e r e n t ia t io n  along the curve; we s h a l l  in  

f a c t  assume (2 )  to  h o ld  fo r  the p resen t d is c u s s io n . However, the

EH-curve, rep resen ted  diagram m atically  by CGFH in  F igure does

not in  gen era l approach the -f> -a x is  and i t  may in te r s e c t  the V  - a x is  

at a f i n i t e  va lu e  o f -v •

V

Th e  ~Ra n k i n e  -  M u c o n i o t  c u r  v t  ( z i i f i e R / i f W A r i o ) :

ORDINARY A D IA B A TIC S REPRESE NTED  B y  BROKEN L IN E S  ■



The point representing the undetonated e x p lo s iv e ,lie s  not on

the curve, as in the case of a non-reactive shook, but beneath it*

This becomes c lea r  when we r e f le c t  that in a reaction at constant 

volume, leading from A to G, the pressure must normally increase* 

Sim ilarly, a reaction at constant pressure, leading from A to  F, 

must noimally involve an increase in volume* I t  i s ,  of course , 

assumed that we are dealing only with exothermic changes*

According to the HH-equation, the sta te  of the products, in  

equilibrium at the end of the steady zone, i s  represented by some point 

on CGFH, but the equation i t s e l f  t e l l s  us no more than this*

However, by 9 .(1 1 )>  th e  v e lo c it y  o f a stead y  wave w ith  end s ta te  

( j. f t  ) i s

where 6 i s  the angle between the negative V-axis and the secant from 

A through ,/>/)• I t  i s  c lear , therefore, that no steady wave i s  

possible with end-state defined by a point on FG* On the other 

band, points on e ither CG or FH may conceivably represent steady 

waves; but evidently of very d ifferen t kinds* I f  the terminal point 

l i e s  on FH, the wave i s  one of rarefaction; i f  on CG, of compression 

and indeed involves pressures greater than those produced by reaction  

at constant volume* Moreover, the wave v e lo c ity  w il l  c lea r ly  be much 

larger in the la t t e r  case than in the former* At the ou tset, therefore, 

the theory makes provision, in a very simple manner, for two fundamentally 

different types of reaction wave, with properties, moreover, whioh 

c lo se ly  reproduce those observed in detonation and deflagration  

respectively* I t  i s  evident that the branch CG must correspond to  

detonation, and by 9*(12) the reaction products have a tran sla tion a l



v e lo c ity  in the same sense as the wave; sim ilarly  the branch FH must 

represent d eflagration , and i t  appears that the products move in the 

opposite sense* Summarising these resu lts:

Detonation Deflagration

j> / J  * /  <  * 0 ,  ^ > 0

D large D small

We now r e s tr io t  our attention  to GG-* Let ABB* be any secant 

through A, and 3  '(vf, where ^ , and l e t  A Z  be the

upward tangent from A* By the Rankine-Kugoniot equation,

e ! ~ e ° -  i (h '+ - fo ) ( -v 0~ v l‘)  ,

and so j  (j>,'+hH'v,- v , ' )  .

But every point on the RH-curve represents by assumption a them o- 

dynamically stable equilibrium sta te  of the material* In particu lar, 

3  and 3*  represent two such s ta te s , (as compared with A which does 

not)* The HH-relation (6) corresponds therefore to a non-reaotive 

shook in  m aterial whose in i t ia l  state i s  defined by B* This means, 

since that Moreover, i f  we suppose the change

represented by the stra igh t lin e  3 3 '  to  ,be executed reversib ly , then 

in such a change, by (6)

TM S = = o .
3 B '  3 3 '

in  f
I t  fo llo w s,/th e  f i r s t  p lace , that i f  the secant AB6 i s  supposed

to swing round u n til i t  co incides with the tangent AX ,  then
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ultimately by (6) or (7)*

Tds =  de+i>d-u- = o ,  (8)

so that the HH-curve touches at Z the adiabatic through that point* 

Secondly, by (7 ), mu3t  again be zero at some point on the chord 32?,

which therefore touches a member of the adiabatic fam ily between B 

and B** In view of our assumption regarding the shape of the 

adiabatic curves we conclud^that the adiabatic through B * r is e s  more 

steep ly  than the chord 33*, while the adiabatic through B r is e s  le s s  

steeply* Thus i f  i s  the angle between the negative v - a x is  and the 

adiabatio at any point on GG-, above X we have <f>6, and below X Cp<&, 

while at X  i t s e l f  < P ~ Since, however,

3 > -H ,  =  ■», J it.-*  6  ,  ( 9 )

and

, <10)

where i s  the v e lo c ity  o f  sound in  the p la n e  X;, the above conclusion

may be w ritten:

On CX J a,+-Nt >3> ( 1 1 )

On XGt t (12)

At X ,  H, =-2). (13)

But (13) i s  p rec ise ly  the condition which we have seen to be required 

on mechanical grounds in a steady wave, and the previous arguments 

can now be applied* Thus, i f  the end-state were represented by any 

point on CT, rarefactions arising  behind the wave would overtake and 

weaken i t ,  so that the tenoinal point would f a l l  towards X* I f  on 

the other hand the terminal point lay  on Z<5 , not a l l  the energy 

liberated at equilibrium would be available to  support the wave which



■would acco rd in g ly  lo s s  speed; in  t h i s  p r o c e ss , th e term inal p o in t  

would r i s e  towards / •  I f ,  however, the e n d -s ta te  i s  rep resen ted  by  

the p o in t Z i t s e l f ,  th ere  i s  no reason to  expect any change* I t  

appears, th e r e fo r e , th a t l ib e r a t io n  o f  chem ical energy does in  f a c t  

enable the co n d itio n  f o r  m echanical s t a b i l i t y  to  be f u l f i l l e d *

The above argument fu r th e r  shows th a t the con d ition  fo r  a 

steady wave may be expressed  by any o f the fo llo w in g  fo u r  eq u iv a len t  

eq u ation s:

W, ~ X) (1 4 )

££ <15)
-  f r M s  =  ^  • (1 7 )O /

(14“17) w i l l  be r e fe rred  to  a s  th e  Chapman-Jouguet (C j) s t a b i l i t y  con­

d it io n ,  and the p lane X| (term in a tin g  the stead y  zone ) a t  which they  

apply the G J-plans. Of the fo u r  eq u a tio n s , (1 5 ) and ( 1 7 ) are the  

most u s e fu l  in  a c tu a l computations*

§ 9 * 2  The v a r ia tio n  o f entropy a long the SH-curve

We have seen th a t the a d ia b a tic s  r i s e  more s te e p ly  than the secan t  

^ 83  a t p o in ts  J5 above Z , and l e s s  s te e p ly  a t  p o in ts  B below X #

The same i s  ob v io u sly  true o f  the HH-curve i t s e l f ,  assuming i t s  g en era l 

form to  be th a t shown in  F igure 9*1:1* The argument does n ot in d ic a te  

the r e la t iv e  s lo p e s  o f  the RH-curve and a d ia b a tic s*  S in ce , however, fo r  

any seca n t through A , $ > $ ,  i t  i s  c le a r  th a t  th e  a d ia b a tic  i s  e i th e r

always s te e p e r  than the HH-curve above X and l e s s  steep  below X  ; or

v ic e  versa* In the former c a s e , S must have a maximum a t  X , in  th e
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IbtKl̂ TlOIX ewyt&FY.

[3o]
l a t t e r  a minimum, as we p ass along Cl<$a Chapman based h is  ohoice o f  

the p o in t I  to  determ ine s t a b i l i t y  p a r t ly  on the fa o t  th a t t h i s  p o in t  

corresponds to  a minimum value o f D, and p a r t ly  on an argument intended  

to  prove th a t S has a maximum a t  I* The turning va lu e  i s ,  however,
on

in fa c t  a minimum, as the fo llo w in g  c o n s id era tio n s  w i l l  show* Along 

th e HH-curve by 9 . ( 6 )

t j s  = d e + p t *  =V

As we descend the arc C<5, v - v  and d v  are both  p o s it iv e ;  XS has 

th erefo re  the sign  o f 6-V? , where f  i s  the an gle between the n eg a tiv e  

V -a x is  and the HH-curve* dS  i s  thus n eg a tiv e  above Z  ,  but p o s it iv e  

below X ,  so th a t t h i s  p o in t corresponds to  an entropy minimum*

Equation (1 ) a ls o  shows afc once th a t 3 has a maximum at the low er p o in t

of tangency K on the d e fla g r a tio n  branch PH, where u - v < 0 . The changes

in S along the HH-curve are i l lu s t r a t e d  by F igure 9*2:1 which a p p lie s  to  

the case  o f  a gaseou s e x p lo s iv e , A -  1 g m ./ l i t r e ,  y ie ld in g  id e a l

b im olecu lar gaseous p rod u cts, independent o f temperature and p ressu re ,
It M .

w ith  a heat o f  rea c tio n  Q = 1000 cal/gm *

I I ........... ...................................................................................................................

»-oj---------- 1--:----— 1------------------ ----- ]—  "I  ;
I ' 1 l ira  n j r  1 HifeS!iifiii  r *

—  — 1— tarf— r  r  --r | i ; ':7 “ ~ ' r r ~ r
F‘ « 9 ' 2 : l [
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In th e  (^/O-diagram th ese  co n c lu s io n s  can be expressed  a s  fo llo w s:  

Above I  and below K, the HH-curve r i s e s  more s te e p ly  a t  each p o in t  

than the appropriate a d ia b a t ic . Between K and I  i t  r i s e s  

l e s s  s t e e p ly .  The a d ia b a tic , which touches the curve a t  I ,  

l i e s  beneath  i t  on e ith e r  s id e  o f  I ,  but in t e r s e c t s  i t  again  

below 1C, S im ila r ly , the a d ia b a tic  which has co n ta c t a t  K l i e s  

above the curve on e i th e r  sid e  o f  K, but c u ts  i t  a t  a po in t above 

I ,  F igure 9 , 1 s1 i l l u s t r a t e s  th e se  r e la t io n s .

I f  th e  heat o f  rea c tio n  i s  supposed to  become v a n ish in g ly  sm a ll,

I ,  K and A approach each o th er  and f in a l l y  c o in c id e  on th e  RH curve.

('The curve changes p o s it io n  a ls o ,  o f co u rse )# The on ly  s ta b le  wave i s  

then the sound wave whose v e lo c i t y  i s  d efin ed  by the common slop e  o f  

RH-curve and a d ia b a tic  a t A, The two tangent a d ia b a t ic s  in  th e l im it  

a lso  c o in c id e ; i t  i s  th ere fo re  c le a r  th a t in a n o n -rea ctiv e  shock  

the a d ia b a tic  through A touches and c r o sse s  the RH curve th e r e , ly in g  

below the curve to  the l e f t  o f  A and above i t  to  the r ig h t .  The v a r ia t io n  

o f S w ith  V a long the curve i s  then a s  shown by the broken l in e  in  

Figure 9 ,2 :1*  .An a n a ly t ic a l  proof o f  th ese  r e la t io n s  may be supp lied  

without • d iff ic u lty .

§  9 ,3  Jouguet *s ru le

The con clusion  exp ressed  by 9,1 ( i  i > 12) can be more sim ply s ta te d  in  

a referen ce  system  moving w ith  the w ave-front ,  In such a system ,

the v e lo c it y  o f flow  ahead o f the wave i s  -D; in  the p lan e X, , i t  i s  

ty -jD  £  Ut , Then

a?k C Z , la,J < d ( (1 )

XG  , M  . (2 )
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By a p r e o is e ly  s im ila r  argument, i t  can be shown th a t

Ok  T K ,  /«•,/ c  A , (3)

KH  , l« , |  >  a-, . ( 4 )

Waves whose term inal p o in ts  l i e  beyond I  or K have been termed "strong";
M

those corresponding to  IG- or FK "weak". E quations ( l )  -  (k-) 

can th ere fo re  be expressed  by saying th a t the flow  i s  su bson ic  behind  

a strong d eton ation  or weak d e f la g a t io n , but superson ic behind a 

weak d eton ation  or strong d e f la g r a t io n . As to  the wave v e lo c i t y  D, 

i t  i s  d e a r  th a t ,  under our assum ptions regarding the a d ia b a tic  fa m ily

In the moving re fe ren ce  system , th e r e fo r e , the flow  ahead o f the 

w ave-front i s  su person ic  in every detonation  and subson ic in  every  

d e fla g r a tio n .

the e n d -sta te  behind a stead y  wave. Such p o in ts  are excluded b ecau se, 

in  terms o f J o u g u et.* s  r u le ,  the flow  a t  r e la t iv e  to  the wave fr o n t ,  

i s  then su b son ic , and r a r e fa c t io n s  a r is in g  behind the stead y  zone w i l l  

pen etrate in to  i t .  Of course i f  we imagine the wave to  be supported

prevents the form ation o f  r a r e fa c t io n s , m etastab le  waves corresponding

~f) >  &Q tiern ( 5 )

(6 )

&6]
These r e la t io n s  are due in  the f i r s t  p la ce  to  Jouguet,

§ 9 * 4  Further co n s id era tio n  o f the Chapman-Jouguet con d ition

We have seen th a t p o in ts  B* above I  on the HH-curve cannot rep resen t

/ / ; by a p isto n  which moves w ith  the v e lo c ity  , d efin ed  by 3  and so
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to  p o in ts  above I ,  w ith  v e l o c i t i e s  g r e a te r  than the s ta b le  v a lu e ,  

oan be r e a l is e d ;  but such h y p o th e tic a l waves are o f  l i t t l e  p r a c t ic a l  

in te r e s t*

P o in ts  B below  I  have a ls o  been r e je c te d ,  but on e n t ir e ly  d i f f e r e n t

grounds* At such p o in ts ,  the flo7/ a t  X# r e la t iv e  to  the wave f r o n t ,

i s  su p erso n ic . R arefa ctio n s cannot then overtake the stead y  zone; but

fo r  the same reason the rea c tio n  energy cannot a l l  be made a v a ila b le  to

support the w ave-fron t. The above argument fo r  exclu d ing  B appears

to  have been f i r s t  advanced by Jost* Becker r e je c te d  B on v _

thermodynamic grounds; s in ce  the p o in t B* rep resen ts  a more

probable s ta te  than B« More e la b o ra te  thermodynamic reason s fo r  the

r e je c t io n  o f both  B and B and the s e le c t io n  o f I  have s in c e  been 
1>5*1

o ffered  by Scorah. Such argum ents, however, a s  J o s t  p o in ted  o u t, f a i l  

to  exp la in  c o n v in c in g ly  why a wave whose e n d -s ta te  i s  perturbed from I  

along IG- should tend to  return  towards the co n d itio n  rep resen ted  by I* 

Prom t h is  p o in t o f v iew , J o s t* s  own reasoning i s  to  be p referred .

The fo llo w in g  more d e ta i le d  d is c u s s io n , which i s  based upon a 

treatm ent g iven  by Dflring, p ro v id es  fu r th er  grounds fo r  exclu d ing  

the branch IG- and fo r  s e le c t in g  I ,  'and in  ad d itio n  c a s ts  co n sid erab le  

l i g h t  on the s tru ctu re  o f  the stead y  zone. As has a lread y  been 

in d ic a te d , we regard the d eton ation  wave a s  a shock fo llo w ed  by chem ical 

reaction*  The shock advances in to  the undetonated m a te r ia l, r a is in g  

t h i s  to  a h igh  p ressure and tem perature and so p r e c ip ita t in g  r e a c tio n ;  

the chem ical energy thus r e le a se d  serv es  to  m aintain  the shock, which  

because o f  the e s s e n t ia l ly  subsonic nature o f  the r e la t iv e  flow  behind  

i t  would otherw ise ra p id ly  degenerate in to  a sound wave* According  

to  th is  v iew , the shock and a tten d ant rea c tio n  are complementary and
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in sep arab le  a sp e c ts  o f  the detonation  wave. I t  has been shown, however, 

th at the region  o f pressure r i s e  in  an in ten se  shock in  g a ses  or  

l iq u id s  i s  extrem ely th in  -  o f  the same order a s  the in teratom ic d is ta n ce ;  

and t h i s  conclusion  appears a lso  to  hold  good fo r  s o l id s .  Within the  

time n ecessary  fo r  the wave to  tra v erse  th is  d is ta n c e  on ly  a few  

m olecular c o l l i s i o n s  can occur, whereas a la rg e  number o f such c o l l i s io n s  

w il l  o e r ta in ly  be requ ired  to  decompose the average m olecule in  a s o l id  

or l iq u id  e x p lo s iv e , even i f  we suppose the rea c tio n  com p lete ly  homogeneous.

In other words, the le n g th  o f the rea c tio n  zone must g r e a t ly  exceed the  

shock fro n t th ic k n e s s , w ith in  which no s ig n if ic a n t  chem ical change w i l l  

take p la c e . The steady zone then c o n s is t s  o f  a n o n -rea ctiv e  shock 

of n e g l ig ib le  th ic k n e ss , advancing in to  the v ir g in  ex p lo s iv e  w ith  v e lo c i t y  D, 

and changing the s ta te -v a r ia b le s  in  an e f f e c t i v e ly  d iscon tin u ou s manner

from th e ir  i n i t i a l  v a lu e s  j>c, —  to  f ‘s>v!r > fo llow ed  by a zone o f

chemical r ea c tio n  in which th ese  v a r ia b le s  change con tin u ou sly  from j>s—to

th e ir  eq u ilib riu m  v a lu es  f ,  .  Since the e n t ir e  zone i s  s tea d y ,

equations 9 .1  (1-1 4 )  are s a t i s f i e d ,  not o n ly  by ptr — but a ls o  by fs , and

likew ise by the v a lu e s  a t  any in term ediate planfc X. Equation 9 .1 (6 )  

with su b scr ip t § d e f in e s  an -curve on which the s ta te -p o in t  ( ,  )>$ )

must l i e .  S ince the shock i s  n o n -r e a c t iv e , t h i s  cu rve, represented  by 1$SLHA 

in Figure 9*4*1 j p a sses  through A. Equation 9 o1 (6 ) w ith  su b scr ip t  

1 d efin es the usual HH (v,^)-curve CXQ fo r  chem ioal eq u ilib r iu m . T h is  

curve does n o t p a ss  through A but l i e s  above i t .  L et u s suppose th a t  

steady d eton ation  proceeds w ith  a v e lo c i t y  D d efin ed  by th e  secan t A3'BJBS .
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v A L u e s  a t p c y  To - p e  £ x p l o s /y *  o f  F i o . S i t s l

Then by equation  9 * 1 0 0 *  s in oe  the -wave i s  stea d y , each p o in t (y ,j> ) 

rep resen tin g  a s ta te  o f incom plete r e a c t io n , and in  p a r t ic u la r  the p o in t  

(Ps'ts)* on s tr a ig h t  l in e  flBRBg In the lead in g  shock,

th e r e fo r e , the s ta te  p o in t i s  carr ied  "discontinuously"  from A to  B^, 

th e r e a fte r  subsid ing  a long ^ 5  to  3 1, -where eq u ilib riu m  i s  reached*

The s t a t e  p o in t cannot proceed co n tin u o u sly  w ith in  the stead y  zone to  

p o in ts  ly in g  on the secant between 2?7 and 3  , s in ce  such p o in ts  do n ot  

correspond to  s ta t e s  o f  thermodynamic eq u ilib r iu m . The on ly  co n ceivab le  

fu rth er  change i s  a d iscon tin u ou s one from B* to  B« Hov/ever, i t  has 

been shown th a t the s t a t e s  B stand in  the same r e la t io n  to  each o th er  

as the f in a l  and i n i t i a l  s t a t e s  in  a n o n -rea ctiv e  com pressional shock.

I t  fo llo w s  th a t B would rep resen t the f i n a l  s ta te  in  a n o n -rea ctiv e  

ra re fa c tio n  shock lead in g  from B7* In order th a t the s ta te -p o in t  

should move from B* to  B, th e r e fo r e , a r a r e fa c t io n  shock must in tervene*



A lte r n a t iv e ly  we m ight suppose th a t ,  a f t e r  rea c tio n  had proceeded some 

way, and th e r e p r e se n ta tiv e  p o in t had traversed  part o f  th e  step  

a r a r e fa c t io n  shock ca rr ied  the p o in t to  a p o s it io n  on AB, from  

which B might be reached by renewed compression* But w ithout th e  

in te r v e n tio n  o f  a r a r e fa c t io n  shock, B cannot be reached in  a stead y  

wave* S ince r a r e fa c tio n  shocks are norm ally im p ossib le  on both  

m echanical and thermodynamic grounds, we are J u s t i f ie d  in  d is q u a lify in g  

te im in a l p o in ts  B below I 0

No s ta b le  wave, th e r e fo r e , can have a v e lo c ity  g r e a te r  than th a t  

d efin ed  by I* DSring has extended the treatm ent to  exclude a ls o  the  

p o s s i b i l i t y  o f  a stead y  wave w ith  v e lo c i t y  l e s s  than the v a lu e  a t I*

In order to  take advantage o f  t h i s  argument, we s h a l l  assume th a t th e  

chem ical com position a t  any s ta g e  during rea c tio n  can be d e fin ed  by a  

s in g le  param eter c  « T his w i l l  n o t , o f  c o u r se , in  g en era l be p o s s ib le ,  

but i t  w i l l  be the ca se  i f  the combust ion p rocess  in v o lv e s  on ly  one 

elem entary r e a c t io n , fo r  example , or a l t e r n a t iv e ly  i f  a l l

ether p a r a l l e l  r e a c tio n s  proceed a t a r e la t iv e ly  much f a s t e r  speed, 

so th a t they  reach e f f e c t iv e  eq u ilib riu m  a t  every stage o f th e  process*

In t h i s  ev en t, we may suppose a l l  the s ta te  v a r ia b le s ,  in c lu d in g  th ose  

d efin in g  th e com position , to  be expressed in  terms o f and C .

The BH-equation then determ ines a one-param eter fa m ily  o f  KH~ourve3, 

w ith  param eter c  * I f  c  rep resen ts  the fr a c t io n  o f  an i n i t i a l  r ea c ta n t  

decomposed, then the KH-ourve c=o c o in c id e s  w ith  , the shock-wave

curve in  the undetonated exp losive*  I f  we fu r th er  assume th a t th e  

con cen tration  o f  t h is  rea c ta n t i s  n e g l ig ib ly  sm all in  any p r a c tic a b le  

equ ilibrium  s t a t e ,  the curve c=/ c o in c id e s  w ith  C-T3, th e  Hu-ourve 

fo r  equilibrium * Between th ese  two extreme curves w i l l  l i e  the r e s t  o f



the  EH-family, corresponding to  v a lu es o f c between o and / 0 Ctae 

member, defined  by c = c%f i s  drawn in  F igure 9«4:1* l*et us

p o s tu la te  a  steady wave w ith v e lo c ity  defined by the  upward tangent AT  

to  th i s  curve, and th e re fo re  le s s  than the value a t  I .  The s ta te -  

p o in t must then be c a rr ie d  in  the lead ing  shock from A over to  N, 

th e re a f te r  subsiding along NJ to  J .  The f ra c tio n  of the p r in c ip a l
y  4J,

rea c ta n t decomposed has now risen  to  C*. Values o f c la rg e r  than c

however, cannot be reached along NJAJ in o ther words the wave cannot
%be steady beyond the po in t a t  which c*e® The subsequent course of the 

re ac tio n  then takes p lace  in  a p a r t  of the wave which changes w ith  

tim e. We cannot, however, immediately dism iss the p o s s ib i l i ty  th a t  

the f i r s t  p a r t  of the wave, corresponding to  NJ, may be capable of 

independent steady propagation. For by p re c ise ly  the same argument 

as was used above we can show th a t the Chapman-Jouguet r e la t io n  N+t 

a p p lie s , n o t only a t  I ,  but a lso  a t  every p o in t of tangency J  on the 

in term ediate curves® This follow s from our assumption th a t  the r a te -  

determ ining p rocess i s  r e la t iv e ly  slow, so th a t a s ta te  of quasi­

equ ilib rium  ap p lie s  a t  each value of c* R arefactions a r is in g  behind 

the steady p a r t  of the wave are  th ere fo re  unable to  pen e tra te  it® 

However, reac tio n  w i l l ,  in  f a c t ,  proceed in the non-steady zone, giving 

r is e  u ltim a te ly  to  a second wave of compression which must develop 

in to  a second shock® tfhis shock, which moves w ith  supersonic v e lo c ity  

r e la t iv e  to  the  products w il l  be ab le , un like  the ra re fa c tio n s , to  

overtake and p en e tra te  the steady zone. Moreover, i t  follow s a lso  from 

the argument th a t  the  sum of stream ing and sound v e lo c i t ie s  exceeds the 

w ave-velocity a t every point on an in term ediate  RH-curve above the 

app rop ria te  po in t of tangency; but a l l  p o in ts  along NJ are  such upper
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p o in ts  on the corresponding EH-curves. Hence the secondary shook w il l  

not only p e n e tra te  in to  the steady zone but w i l l  propagate through 

to  the lead ing  shock, whose v e lo c ity  w il l  be thereby increased  u n t i l  

u ltim a te ly  the te rm in a l po in t reaches I* The p re sen t a n a ly s is  th e re fo re  

dem onstrates the im p o ss ib ility , under the conditions assumed,of steady 

waves w ith  v e lo c i t ie s  sm aller than th a t  defined by I ,  and provides 

ju s t i f ic a t io n  a lso  fo r  our assumption, made a t  the o u tse t, th a t the  end 

of the steady zone should coincide w ith  the plane in which chemical 

equilibrium  i s  re a l is e d . I t  i s  c le a r  too th a t  we may now complete 

the d iscussion  o f waves defined by such secants as  Since >3)

not only a t 3  but a lso  throughout 2 ^  the ra re fa c tio n  which was shown 

to  overtake the wave a t ^ w i l l  in fa c t  pen e tra te  to  i t s  head. F in a lly , 

we may s a t i s fy  ourselves th a t  a t  I  the vrnve i s  s ta b le ;  fo r  although 

a t  I ,  af+hf,*l>9 throughout IML R arefactions cannot, th e re fo re ,

penetra te  the wave, whose energy may n ev erth e less  aq l be made av a ila b le  

to susta in  the shock-fron t.

The above d iscussion  is  n a tu ra lly  ra th e r  id e a lis e d . However, 

i t  i s  not unreasonable to  assume tha t the reac tio n  ra te  in a 

condensed explosive i s  determined p r in c ip a lly  by the i n i t i a l  decomposition 

of the explosive m olecule, and in many cases even by a heterogeneous 

process confined to  the surface of g ra in s , and th a t  the subsequent 

reo rgan isa tion  of the gaseous decomposition products i s  achieved a t  a 

much more rap id  r a te .  ^gain the im p lic it assumption th a t  the  EH-family 

do not in te rs e c t  or possess an envelope is  probably w ell ju s t i f i e d  in 

p ra c tic e . I t  must, however, be emphasised th a t the argument whereby 

v e lo c it ie s  le s s  than normal are  excluded depends e n t i r e ly  on the absence 

of l a t e r a l  expansion behind X I f  such expansion occurs, as in p ra c tic e
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i t  always w i l l  do u n less  th e  c a r tr id g e  diam eter i s  ex cep tio n a lly  la rg e , 

l a t e r a l  ra re fa c tio n s  w i l l  spread in to  the  reac tio n  zone. In th i s  

case, shock waves are  not bound to  develop in the non-steady p a r t of 

the reao tion  zone, and a s tab le  wave may be e s ta b lish e d  w ith  v e lo c ity  

sm aller than th a t  defined by .41, However, the motion i s  no longer 

s t r i c t l y  one-dim ensional, and i t s  determ ination becomes much more 

complex, (See §17)*

We s h a ll  a lso  d e fe r u n t i l  §19 fu r th e r  considera tion  o f the wave 

p ro f i le  in a w ell-confined  c a r tr id g e , th a t  i s ,  of the v a r ia tio n  in 

p ressu re , density  e tc , throughout the steady zone. The genera l na tu re  

of th is  v a r ia tio n , however, i s  a lread y  c le a r . The p ressu re , d en s ity , 

mass v e lo c ity  and tem perature increase  ab ru p tly  in the lead ing  non­

re a c tiv e  shock; th e re a f te r ,  as  reac tio n  proceeds, towards equ ilib rium , 

the p ressu re  and d en s ity  decrease again to  th e i r  values in the

CJ-plane. The m ass-velocity  W, by equation 9(13) p ro p o rtio n a l to  the 

p ressu re , must then a lso  decrease throughout The tem perature,

on the o th er -hand, i s  determined ( a t  le a s t  fo r  a homogeneous explosive of 

low or moderate d en s ity ) p r in c ip a lly  by re lease  of chemioal energy, 

and should, th e re fo re , continue to  r is e  beyond in the reac tio n  zone.

§ 9*5 Summary of b a s is  fo r  computation in  the CJ-plane

In order to  determine conditions in the CJ-plane, we req u ire  to  

solve (a ) the th ree  conservation equations, together with, (b) the 

C J-condition, (c) the  equations of s ta te  and (d) the thenaodynamio 

equilibrium  conditions fo r  the p roducts,

§ 9,51 Evaluation of

The equations expressing conservation of mass and momentum are  pu re ly  

mechanical and req u ire  no fu r th e r  comment. In the  RH-equation, however,
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Ef-E0 must be evaluated  in  terms of the s ta te -v a r ia b le s#  For th is

purpose, we w rite

Er E0 -  (£ ,- £ * )  - ( £ „ - £ ? )  (£ * - £ * ) .  ( 1 )

The s u ff ix  1 re fe r s  throughout to  the a c tu a l GJ product com position, 

the s u ff ix  o to  the reactan ts#  The s ta r  (*) i s  used to  denote a 

chosen standard s ta te  of p ressu re  and tem perature, ty p ic a lly  (1 a tm .,

273°K) or (l a tm ., 2980K)* The th ird  b racket in  (1) thus rep re sen ts  

the in te rn a l  energy change v/hich would occur i f  the explosive were 

supposed to  pass a t  i t *  7*) in to  the  a c tu a l GJ-produots# In o th er

words, Eq-E 9 i s  the  d iffe ren ce  in  in te rn a l  energy of form ation (heat of
V %

formation a t  constan t volume) of re a c ta n ts  and CJ-products a t  T  , and 

i s  considered p o s itiv e  i f  heat i s  evolved in the re a c tio n « For convenience, 

we w rite  fo r  th is  q u an tity , so th a t

a, 3 £*-e* = (K- £u y  (£,*- £u>' (2)
where i s  the  in te rn a l energy of the c o n s titu e n t elements in  the s ta te  %

R epresentative values of E , when ^ 5(1 atm#, 2730K)> a re  c o lle c te d  

in Table 9.5151.

The f i r s t  b racket in  (1) rep resen ts  the increase  in energy of the 

GJ-products in  a hyp o th etica l non -reac tiv e  change from the s ta te  % to  

the s ta te  ( ^ ,  Tft )# However along such a p a th ,

<£E = CVJ,T +  (T ~ £ -j> )d v  . (3 )

Hence

*

and s im ila r ly  T^0

= J  [cv dT+tr^jj--f>)4v] ,

(5)
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Let 1 gnu of the  CJ-products contain 7i moles o f the f i r s t  m olecular 

sp ec ies , x  of the second, e tc . Then (4 ) can be evalua ted , 

i f  t h i s  oan^position i s  known, and a lso  the equations of s ta te  of these  

p roducts, v iz .

T  >-------------------------- )  = 0  (6)

T; noJ , r,07 >--------  )  = 0 ,

between *and ) . Xf *  co incides w ith  (r’f>9,TQ) 9 (5 ) i s  zero;

otherw ise i t s  evaluation  req u ire s  a knowledge of the  equations of s ta te  

of the explosive between *  and ).

I f  the products s a t is fy  an equation of s ta te  fo r  which 

(4 ) becomes
rt

£ - E? ~ L £ ' * T -  ( 8 )T
where Cv i s  the  mean s p e c if ic  heat from T  to  T ; i f  a lso  *  co incides 

w ith ( j>0jT0 ) the  RH-equation i s  then

= Zv ( rr ~ r o ) -^ ,  = . (9)

Whether th is  i s  tru e  or n o t, however, the gaseous phase in  the products 

w ill  be id e a l  a t  , since ~f> in  p ra c tic e  i s  almost always 1 atm.

This circum stance perm its a convenient transform ation of (4 ) . Thus 

in place of (3) we can w rite

d *  = [cv + Z ( T % - j > ) - ] J T - ( 10)

We in te g ra te  (a) from 7*to J , w ith  j> = j>*, and th e r e a f te r  (b) from 

p  to  -f> , w ith  Since the  product gases a re  id e a l over ( a ) ,
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this yields, for purely gaseous products

The f i r s t  in te g ra l  i s  the change in  energy from £  to  1 in the  id e a l 

gas s ta te ,  and may be w ritte n  I f  the products are  no t

e n t i r e ly  gaseous, (11) may s t i l l  be app lied  to  the gaseous phase*

C&)  and cv(t)  are  shown g ra p h ica lly  fo r  the p r in c ip a l  detonation  

product species  in F ig s. 9 .5 1 :1 , 2.

§ 9*52 The Chapman-Jouguet condition

The CJ-condition i s  expressed by any one of the  four equations 

9*1(14-17). In applying 9*1 (16 or 17)* ( ^ i / ^ / ) ^  should p roperly  

be c a lcu la ted  w ith  referenoe to  the most g eneral ise n tro p ic  change, 

th a t  i s ,  one in which the chemical composition does not remain constant
■ M

but v a r ie s  in  equ ilib rium  w ith  the changing s ta te -v a r ia b le s .  However, 

i t  may be expected th a t  the e f fe c t  upon ( ^ , / ^ / ^ . o f  the adjustm ent in 

equ ilib rium  w il l  be sm all provided th a t  the equ ilib rium  i t s e l f  i s  not 

unduly se n s itiv e  to  changes in p ressu re  and temperature* ( 2jaf /^ '^ / )s  

may then in  many cases be evaluated  as an a lg eb ra ic  function  of the 

s ta te -v a r ia b le s ,  thus perm itting  an a n a ly tic  statem ent of the CJ-condition 

(by means of equation 9«1(17))> and so allowing the C J-s ta te  to  be 

id e n tif ie d  d irec tly *  This i s  equivalent to  determ ining the p o in t of 

tangency I  (Fig* 9 .1 :1 )  w ithout p r io r  ca lcu la tio n  o f the HH-curve*

Examples of th is  procedure, which i s  u su a lly  ju s t i f i e d  in  p ra c tic e , 

w il l  be found below* Otherwise, i t  i s  b e s t ,  a s  a r u le ,  to  determine 

a po rtion  of the HH-curve near to  the CJ p o in t, which i s  then se lec ted  

g rap h ica lly  by drawing the upward tangent from {'V0i,'p0 )•

' 9*53 Equations of s ta te

These a re  expressed by 9 .5 1 (6 ,7 ), and must be s u ita b ly  form ulated fo r  

each type o f explosive.



§ 9*54 B quilibrium  co n d itio n s

The product composition i s  defined  as a function  o f  p ressu re  and 

tem perature by (I) a s e t of m a te ria l balance equations, expressing 

conservation of mass in a chemical change, and equal in number to  

the atomic spec ies  involved, to g e th er w ith  (JX ) a complementary s e t  of 

equilibrium , equations expressing the s ta tio n a ry  p roperty  of the Gibbs 

f re e  energy in  an equ ilib rium  change a t the given tem perature and 

p ressu re .

The detonation products may contain  so lid  or l iq u id  as w ell as  

gaseous phases. Consider, th e re fo re , an a rb i tr a ry  rep re sen ta tiv e  mass 

o f the t o t a l  p roducts, occupying a volume V= where are  the

volumes of gaseous and condensed phases re sp e c tiv e ly . Let V  contain
. .  J

/V* moles of the i  molecular species L* present, where /V, = 27/V* and 
0 $  i = f  *

l e t  V  contain  in a l l  Nc moles. We are  not norm ally concerned w ith  

e q u il ib r ia  in the condensed phase. Then, the s ta te  of the gases 

w il l  be oonpletely  described  by th e i r  uniform tem perature T and p ressu re  

to g e th er w ith  M ;* t
f re e  energy, we have

= -  Syd~T+ s ( 0

where

\
* [  0 / \ / ' j l  h i *

may th e re fo re  be ca lled  a " p a r t ia l  molar Gibbs fre e  energy", b u t 

i s  more commonly known as a ( p a r t ia l )  ohemical p o te n tia l .

The condition fo r  thermodynamic equilibrium  a t  p rescribed  

temperature T and pressu re  -f> i s  th a t ,  in  any in f in ite s im a l change 

in which r > t  remain constant and consequently only the N* vary ,

and i f  Q = i s  the app rop ria te  Gibbs
r ^ i  ? 3 1 1



o  r \  c x 4

= 0 • (3 )

By by (1) t h i s  ia ^ l ie s

27^c. dN ^ = o . (4)

Between the  s  gaseous species th ere  w il l  e x is t ,  say , t  re a c tio n s  

which are  rep resen ted  by l in e a r ly  independent chemical equations.

Let one of th ese  equations be

Z t . L i - 0 .  (5)

where denotes one mole of the i**1 sp ec ies , and 6̂  the number 

of moles of th is  speoies p a r t ic ip a tin g  in  the chosen re a c tio n ; some 

of the may of course be ze ro . Then in any small change a t  

constant T, j> in which only th e  species involved in  the reac tio n  (5) a re  

a ffe c te d , we have

d N . dN* jl /  s \

■ t = t = (6 )

For such a change, th e re fo re , (4 ) becomes

Z > . £ ;  = 0  , (7)

and a s im ila r  equation w il l  hold fo r  each of the o th e r r-i independent 

reactions*

However, by ( 1) ,

('hi)  = (2lf\ . (s)

In a s in g le  p e rfe c t gas

j ,T j  =  Al.-RT

so th a t

(9)



fW'J
ano consequently

= f \ ( Tl  +  K T & ^ f , (11)
O

where u. i s  a function  of T alone,
&6-J

A p e rfe c t gas m ixture i s  then defined as one in  which the p a r t ia l  

p o te n tia l  of each species i s  given by

H  =  / * /  (r ) + ,

where j> . =  j > N i / n  , and f f -  i3  the same function  as  in (11). For 

such an id e a l m ixture, th e re fo re , the equ ilib rium  condition (7) becomes

K T Z C .  L f .  = H  , (13)

T T  is  /  \ /̂ 7'TT<h) = K (t)  s  e
or

(12)

where the function  K (t)  i s  c a lle d  the equ ilib rium  constan t 

fo r  the reac tio n  (5)0 (13) may ev iden tly  be w ritten

T T ( N i )  = f y / f )  \  K ( t )  , (14)

which depends on ' f  , un less  indeed U&t =oo

In deriv ing  (13), (14)> we have assumed th a t a l l  the species

p a r tic ip a tin g  in (5 ) are presen t in the gaseous phase. I f ,  however,

ce rta in  of these  species are p resen t a lso  in the condensed phase,
s

th e i r  vapour p ressu res  w ill  freq u en tly  be small by comparison w ith  the  

to ta l  p re ssu re , and w ill  a lso  be almost independent of th is  p re ssu re .

Species p resen t in th e  condensed phase a re , th e re fo re , understood to  be 

disregarded in performing the operations denoted by 77 and in 

(13) and ( 14 ),



- "'t n (■•4 i

The equ ilib rium  co n stan ts  w ith  which we sh a ll  be concerned are

given in  Table 9«54i 1« L inear interpolation may be c a r r ie d  out on a
Xgraph o f logK against 7 -  ,

A ll gas m ixtures may be assumed to  become p e rfe c t a t  s u f f ic ie n t ly  

low p ressu re , and w i l l  then s a t is fy  equation (12) and i t s  consequences.

In the  general case of an im perfect m ixture, (12) does no t apply.

However, f o r  such a m ixture, we define a function  Y  ^7  equation

A / -  , (1 5 )

o
where i s  the same function  of T as befo re . f  i s  c a lled  the

fugacity  of the i ^ 1 species in  the m ix ture , and (13) must ev id en tly

(16)

now be rep laced  by

J T ( f ^  = k m .

We cannot, of course, w rite  bu t we may express the

equilibrium  condition (16) as
I-

J J  (NO =  ! ■ & , / * )  • K M > (17)
where

I  a  J J ( h / f c y  ( 1 8 )

In applying these equations, i t  i s  again understood th a t spec ies  

p resen t a lso  in  the condensed phase are d isregarded .

I t  remains only to id e n tify  the fu g a c it ie s  o r the corresponding

a c t iv i ty  c o e f f ic ie n ts  A. = • This can be done i f  the  equation of(f
s ta te  i s  known. Thus, by (8) and (15)

f I M i )  -  -L  f ? 5 )  , s
L W  U N. ~  -RT n . W )'t , ’R T ' ' - W c ' T , f , N j

But

- t  ■

Hence „ A
(V L sA ;)  _ _/_ f i t  _  J- .

I 9j> jT t Ni KT dKL f  (21)
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Moreover, s ince  the  m ixture becomes p e rfe c t f o r  sm all

/} .  - >  /  a s  j> - > 0  . ( 2 2 )

Consequently

t . A l =  ( 2 3 )
O '

An a l te rn a tiv e  expression fo r  A* i s  sometimes advantageous. I t  i s

obtained by in troducing  the Helmholtz fre e  energy F̂  = t

fo r  which by (1)

dFg *  - S y d T - f d V j  - t  Z ’p id fV ; ,  (24)

so th a t

(^ X s -r M
Using (15) as  befo re , we then have

V & A ;  /  _  -L h  ( 26)
9Tj ~ KTQNi f  *Tj

whence

^ A i  = ■ (27)

The in te g ra tio n s  in  (23) and (27) are to  be performed a t  constant 

tem perature and com position. Since

0  = / 2 T ) ) J . / 2 5 )  J 2 k  \
-  K’dHi>T,f,U} ( 0/> h :NL •

i t  can be seen a t  once th a t  the two in te g ra ls  are equivalent*

To evaluate (23) o r (27) , a knowledge of the equation of s ta te

fo r  the gaseous phase i s  necessary . I f  th i s  can be w ritten  in  th e  

form

j> = t ( T>7s>Nt) . (28)



so th a t  ^ h a s  the same value , say A, fo r  a l l  the species# I f  

A 5 f / j > ,  (17) then becomes

/  C ■

JTCNO  =  ( f )  • K & )  . (30)

Moreover, in such a case we may assume th a t

=  T j j N j  , (31)

the  d e riv a tiv e  rep resen tin g  p h y s ica lly  a simple increase  in the t o t a l  

quan tity  o f g as , a t  constant T , f -  The 4>y ( 23)

&  /? = f ( - t -  -  i  ) d j > . (32)Jo KNjRT t '  r

I t  i s  to  be noted th a t  i f  in  add ition  to  ( 28) we have a lso  Z Y . - o .  

as fo r  example in  the im portant watergas reac tio n

SixO + CO CO% ,

(30) and ( 14) become id en tica l#  The mixture thus behaves id e a lly  so 

f a r  as such rea c tio n s  are concerned#

In g en e ra l, i t  cannot be assumed a t the o u tse t th a t  w il l  

vanish e x p l ic i t ly  from the equation of s ta te ,  a3 requ ired  by (28)#

The jPugacity o f each species must then be evaluated sep a ra te ly  by 

(23) o r (2 7 ).

Equations (17)> to g e th e r w ith  the m a te r ia l balance equations 

rep resen ting  conservation of mass, provide the re q u is i te  inform ation 

fo r  determ ining the equilibrium  composition a t  any p rescribed  tem perature 

and pressure*
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•10 Detonation in id ea l gases

The fundamental theory has a p a r t ic u la r ly  simple and e x p l ic i t  form 

when the  detonation  products are assumed to  c o n s ti tu te  an id e a l gas 

m ixture whose s p e c if ic  heats  and chemical equ ilib rium  composition 

are independent of tem perature and pressure* >Since d en sity  in c reases  

during de to n atio n , th i s  w il l  u sually  imply th a t the o r ig in a l explosive 

was a lso  gaseous; bu t there  i s  no need to  assume th i s :  the p h y sica l

s ta te  b efo re  detonation i s  i r r e le v a n t ,  and the theory  w i l l  a lso  apply, 

fo r  example, to  atmospheric clouds of combustible p a r t ic le s  o r to  

explosive foams o r emulsions a t extremely low bulk density*

For s im p lic ity , we id e n tify  (T0, p0 ) w ith  (T*, p*)* The product 

gas equation of s ta te  i s

n being the  number of moles per gm. and R the gas constan t per mole*

pv = nRT

T & - +  then vanishes id e n tic a l ly ,  and since fu r th e r  Cy. i s  supposed 

co n stan t = 0# say, the RH-equation becomes, by 9*51(9)>

where y t ~ i-t-TiRjc, and % i s  the sp e c ific  volume which the  products 

would have a t  ( fo  ,71)*  In the  convenient n o ta tio n

(2) reduces to

The RH-ourve i s  thus a rec tan g u la r hyperbola, w ith  asymptotes

The curve ev id en tly  does not approach th e  t>-axis, bu t c u ts  the

y -a x is  where



The slope a t  any p o in t f a , f , )  i s

(?'+,) vt ~ (yr o vo 
w hile the  slope of the  ad iab a tio  a t  the same p o in t i s

t y ,  !h ) s  = -  y4 ; ✓

since we assume the equ ilib riu m  composition independent of Tf and -j> . 

The two curves th e re fo re  touch where

fa+Oft+Cr-Ojo = 2y,f, _ •£-£>
(jl+OV,-(Y'-tfr/o 2-V, Vo-V,

by adding the numerators and denominators* Thus the  BH- and 

ad iab a tio  curves touch a t ,  and only a t ,  the two p o in ts  o f co n tac t 

of the tangents from I t  may now re a d ily  be shown th a t  th e

RH-curve, ad iab a tic  and secant &B through an a rb itr a ry  p o in t B have

the r e la t iv e  slopes a lready  i l l u s t r a t e d  in  Figure 9*1s1•

By (8 ) , the  CJ-oondition fo r  s ta b i l i ty  i s
7T-I = ygr
J—cp q> *

whenoe

?r Cx+of-r,
E lim ination  o f  V  from (3 ) and ( 10) g ives

< f -  ^ ( 2 + Y , ) ? +  ~ + l  =  0 ,

from which the  values of 9  a t  the p o in ts  I,K  of tangency may be 

determ ined. The corresponding values of rr follow  from (10)* They 

are the ro o ts  o f:

7T2-  2 (b + 0 tt+ +1 ~ o .
? /+ •

Again, by 9(11) and (8 ) , (10)

ID ~ K  ~ -
r.fc^o 9  (7,+0 9 - y ,



E lim ination  of 7T; cp from (12) lead s  to  the follow ing quadratic  in

S a 3 ? / :

$  ~ 'yi [3 (y f+ 0 + y i j f  +  i =■° *

I f  SjS  are  the ro o ts  of (14)> then <5<5=/,froni whioh we conclude th a t  

D and D > the w ave-ve loc ities  corresponding to  I,K , are  r e la te d  by

j>2>' -  y ,i° v 0 .

Ihen th e  unreaoted m a te ria l i s  an id e a l  gas, th i s  r e la t io n  becomes:

jx d ’ = C y . / y j A *

=■ A° , </- y = y0 •
The v e lo c ity  of sound in  the undetonated gas i s  then a geom etric 

mean to  the  minimum v e lo c ity  of detonation and the maximum v e lo c ity  

of d e f la g ra tio n .

I t  i s  a lso  p o ss ib le  to  e lim inate  g> and tt from equations (3)>

(9 ) and ( 13 ) , y ie ld in g  the su rp ris in g ly  simple r e s u l t :

=  -2-2 /  T, (y,+<)

The gas v e lo c i t ie s  behind the waves of slow est detonation  and f a s te s t  

d e flag ra tio n  are th e re fo re  e q u a l .

In p ra c tic e , B i s  always la rg e  compared w ith  / 5 fo r  example 

i f  j>0= I ~ v 0 -  la-oc CuJ/g, = 80(1 Q, -  <*-£/<} > then 3  = /6*5'“

The follow ing so lu tio n  of (11 ) in  descending powers of B i s  th e re fo re  

u sefu l:

At I ,  —' = - J l  f , + ~J—------ --------------- 7
K ~yt+i L J

At k, a   -j
Vo y, y,+tL ' 2(y&$B J '

The corresponding values o f p ressu re , tem perature, mass v e lo c ity  and 

wave v e lo c ity  are



?■ 1 4

At I ,  £  „----* * [ ' * & --------------------J  ( 2 0

At K,

At I/rc =  J  (23)

*  *   - ]  ( * ) ®

^  % , ; s

4  =  Y ^ , [ l +  l ito v  J  ( 2 2 )

At  I  M  /  .L, X
o r K '  ^  = 1 6 ^  ( »

3>z 2%(r,+i) r  Yt *i £
At I » 7#«v0 "  y, L, "*m Ck+i)X  -* ( 26<

At  K,  == — / " / - —t  -------------1  . ( 2 7
YfcVo 2%(y,+-<)1 (?.+>)& J  v '

To a f i r s t  approximation, th e re fo re , we have the  so lu tio n  summarised 

in  Table 10:1* The num erical values rep resen t orders o f magnitude,

when
f 0 -  /  ab* . j 'Vo ^  !<ycrv c*J ($  , Tc = 3&t>*K , Yf -  / * 4  ,

O, = 1,000 cal/gm#, and C; = 0*33 cal/gm*°K* I t  can be seen

from the Table th a t  the product i s  equal to  Y,j>.-»0 , in

agreement w ith  (lf>)> and also  th a t  « Moreover TX H Y*'TK .
& / ]Table 10:1 J

Approximate p ro p e rtie s  of the s ta b le  detonation and f a s te s t  
d e flag ra tio n  in an explosive whose products form an id e a l gas

Steady Detonation F a s te s t D eflagration

vf Y,voI(y,+i) 5*102 cmVgm* ^ , fr r O (r ,fo  2. 10A omVgm

f, 2Q, f a - 01 Vo 30 atm* f°lfa,+0 0*4 atm.

Ti 2 v,r,lfa+Oc, 30000 k  JQ./r.fa+Oc, 1300°K

^  'fzfyfrrOKyv+0  1000 m/s —Jz4,far 0/(r,+0 “1°°°  W *

^  J2Q ,(y f-\)  3000 m/ s  50 m/s



I t  i s  a lso  of in te r e s t  to  compare the p ressu re  , and tem perature 

'Tf ,  reached in  the steady detonation  wave -with the va lues 

a tta in e d  in  explosion a t  constan t volume ( th a t  i s ,  a t  th e  p o in t G- in

Figure 9*1 !l)*  Assuming as befo re  th a t  i s  la rg e , we have T  ^  ,
C!

and -  ^7?7^/t>0 /v ( y , - , ) Q ,  f y a  : • Hence

t  ^  h i  r  / .  i j
i 7 ,-h i v  ' v

f ,  ^  2 + v

The detonation  p ressu re  i s  thus approxim ately twice the c o n s ta n t-  

volume explosion p ressu re . The tem perature, however, i s  only about 

10fo h igher than the const an t-volume va lu e . The source o f th is  

a d d itio n a l tem perature r i s e  i s  ev iden tly  to be found in  the  so -c a lle d  

"Kankine-Bugoniot" energy of compression rep resen ted  by the  term

on the r ig h t  of equation (2 ), We s h a ll  f in d  th a t  (28) 

and (29) are n o t r e s t r ic te d  to  detonation in  id e a l  gases, b u t remain 

approximately tru e  fo r  a l l  exp losives.

Equations (12) and ( 13 ) may a lso  be w ritte n

from which the Ohapman -  J  ougue t  condition  in the form

J> -  bJ,-ba.l

i s  c le a r ly  f u l f i l l e d .  The approximation l. 1£tl then gives
v/ ‘ Y,



Another in te re s t in g  s e r ie s  of re la tio n s ,e x p re s s in g  <pt ,  and

D in  te rn s  of J7 , can be derived  w ithout e x p l ic i t  use o f  the 

■RH-equation i t s e l f ,  By (9)

D etonation Shookqg ----------------  --------

(34a) ~  s  <pt =  2W ------  (?-')*> +  r+ i (34b)
° (Y/+07T, -  I (.y+i)7r. - t  Y - !

and so (35, ) ^  hi* = _ f^o (trr , f  2 fay, (3^ )
^  (y,+o*r, - /  (y+o*r, +- r - t

(36a) 3  = ^0^0 [fy+O^i-Q  2 !h+07r,+-y-tj (36b)
1 1

(37a) A4- =------ -------^ o r . V  fa y v .f r -m + Y - i]  (37b)
/ (y,+07r, — 1 iy-bOn, -j- Y-i

The corresponding r e la t io n s  in  a non-reac tive  shock have been se t

alongside fo r  comparison. I f  accented symbols r e fe r  to  the l a t t e r

case, w ith  y - y t and irl ^ / ,w e  conclude th a t ,  f o r  th e  same pressu re

r a t io  JTj ,

( * l ) \  Z  „  J L  ; m i x  . ( * L  2 . (38)®
U ;)  ? / -r- 1  ’ ("'•) 2 > \3>'J

A lte rn a tiv e ly , fo r  the same w ave-velocity  D,



§  11 Detonation in  re a l  gases

The so lu tio n s  of $10 give of course only an approximate account of

detonation  in r e a l  gases, though they in d io a te  the c o rre c t o rders  of

magnitude and provide very valuable guidance. Thus, since the

tem peratures and p ressu res  reached in detonating  gases amount only to a

few thousands of degrees and a few ten s  of atmospheres, the products may

s t i l l  sa fe ly  be regarded as a p e rfe c t gas m ixture and the id e a l gas

law 10(3) re ta in e d . In num erical c a lc u la tio n s  fo r  r e a l  gases, however,

we may no longer regard  the s p e c if ic  heats as co n s tan t, nor the

equilibrium  composition as independent of tem perature and p re ssu re .

Of these two com plications, the second i s  much the more se rio u s . I t  i s

a com paratively simple m atter to make allowance fo r  the v a ria tio n  of

Cy and y  , i f  we assume a fixed  se t of products, and the e a r l ie s t
[So]

ca lc u la tio n s  by Ohapman were s im p lified  in th is  way; fo r  example, a

balanced hydrogen-oxygen m ixture was assumed to reac t com pletely to

w ater vapour, whose d isso c ia tio n  was ignored. For such a ca lcu la tio n

equations 10(1, 2, 11) may be used a t  once in a process of successive

approximation. Thus, a value i s  assumed fo r  , whereupon y9 i s

also known; v  may then be evaluated from 10(11) and ft by 10(1 ) ,

A corrected  Tt i s  ca lcu la ted  from 10(2), and the process repeated  u n t i l

agreement i s  reached, D and W, are f in a l ly  given by 10(30 and 31),

Jouguet!s f i r s t  absolu te c a lc u la tio n s  followed e s s e n tia l ly  the above

procedure, and showed very enoouraging agreement w ith  the experim ental
fro]

detonation v e lo c i t ie s  determined by Dixon. That th is  d o s e  agreement was 

however, fo r tu ito u s , and due in f a c t  to  the approximate can ce lla tio n  of 

e rro rs  a r is in g  from the n eg lec t of d isso c ia tio n  on the one hand and the



use of in accu ra te  s p e c if ic  h ea ts  on the  o th e r , became c le a r  in
m

subsequent c a lc u la tio n s , f i r s t  by Jouguet h im self and l a t e r  by Zew/s
OnM . . X u , J o u .g u .& t 'S  C cC t& r

j  c a lc u la tio n s , which attem pted to  make allowance fo r  the d isso c ia tio n

e q u i l ib r ia ,  but were s t i l l  obliged to  use in c o rre c t therm al d a ta ,
&>7J

the agreement v/as poorer than befo re ; and Lewis and F ria u f  showed 

th a t  the use of accurate  sp ec ific  h ea ts  based on sp e c tra l  d a ta  d id  

not prevent se rio u s  d iscrep an cies  between theory  and experiment 

when d isso c ia tio n  was ignored. Comparison c£ the  second and fo u rth

columns of Table 11:1 shows the  order of e r ro rs  a r is in g  from th i s  

source, which leaves the ca lcu la ted  v e lo c ity  s ig n if ic a n tly  in excess.

A rig o ro u s  t e s t  of the theory req u ire s  th a t  account should be 

taken of the a c tu a l equ ilib rium  product composition a t  detonation 

pressure and temperature* The hydrodynamic equations are no t in 

themselves then s u f f ic ie n t  to  determ ine the p ro p e rtie s  o f 'th e  s tab le  

wave, bu t must be solved in conjunction w ith  the equations of 

thermodynamic equ ilib rium  which define the molar concen trations of 

the v ario u s  product species  as functions of tem perature and p ressu re .

I t  i s  d e a r  th a t  th i s  com plication does not a f fe c t  the  deteim inacy of 

the so lu tio n , since the m olar concen tra tions rep resen t merely so many 

a u x ilia ry  v a r ia b le s  which are defined (§9.54) by an equ ivalen t number 

of supplementary equations in terms of the s ta te -v a r ia b le s , and so 

may be in e f fe c t  e lim inated . Moreover id e a l equilibrium  co nstan ts  

are ap p licab le . I t  does add very m a te r ia lly , however, to  the  labour 

of computation since the  param eters Q,,, -  V?io, yt , and Cv  depend

on both  and Tf , and i t  i s  im possible to  obtain  an equation which 

does not contain  a t  le a s t  one of these param eters. A simple c y c lic a l 

method of so lu tion  cannot th ere fo re  be used. An a d d itio n a l d i f f ic u l ty



SnrJ
a r is e s  from the  f a c t  th a t  th e  Ghapman-Jouguet cond ition  cannot now 

s t r i c t l y  be expressed by 10(9 ) , s ince  10(7) does no t ho ld . However, 

both Jouguet and Lewis and F ria u f  found th a t  fo r  th e  m ixtures which they  

s tud ied  10(7) could be used , w ithout appreciab le  e r ro r .  Assuming th a t  

th i s  i s  so , we may proceed as fo llow s. P la u s ib le  values of -/> /-h, and 

Tf are chosen, and th e  corresponding product com position determ ined, 

to g e th e r with y  , cv 9 and may now be c a lcu la te d  from

10(8) and compared with th e  value given by 10(1). R etaining Tt 

unchanged, we now ad ju st 'PJ'n, u n t i l  agreement in  v  i s  reached, 

whereupon 7̂  i s  re c a lcu la te d  by 10(2), This process i s  repeated  fo r  

several assumed values o f T, and th e  re ca lc u la te d  values graphed ag a in st 

those assumed. I t  i s  then  p o ssib le  by in te rp o la tio n  to  a ssess  th e  tru e  

so lu tio n . F in a lly  jD and Wt are derived , e . g. from 10(30,31). This 

procedure i s  i l l u s t r a t e d  below by an o u tlin e  c a lc u la tio n  fo r  a  balanced 

mixture of carbon monoxide and oxygen.

The most c a re fu l ca lc u la tio n s  which have been published  on the  b a s is
Cic yJ

of th e  c o n s ta n t-c o m p o s it io n  a d ia b a t ic  a re  th o se  o f  Lewis and F r ia u f  f o r  

a  b a la n c e d  m ix tu re  o f  hydrogen and oxygen d i lu te d  w ith  v a r io u s  

p ro p o r tio n s  o f ex ce ss  hydrogen o r  oxygen, o r  w ith  i n e r t  gas (H e, A, N g ). 

Allowance i s  made f o r  ap pea rance  o f  th e  fo llo w in g  p ro d u c t s p e c ie s :  

h2° ,  H2 # 0H* ° 2 ’ H W ith He> A o r  N2 J d i s s o c ia t io n  o f  th e  0 2 and N2 

shou ld  be n e g l ig ib l e  a t  th e  p r e v a i l in g  te m p e ra tu re s  and p r e s s u r e s .

Table 11; 1 allow s the  v e lo c it ie s  so ca lcu la ted  to  b e  compared, on the 

one hand with experiment, and on th e  o th er with th e o re t ic a l  values fo r  

undissociated  explosion products HgO, ^2* ^2* 'I’̂ e

d isso c ia tio n  can be judged from columns 2 and 3 . The general 

agreement between columns 3 and I}, i s  very good, and fo r  m ixtures



Table 11 ; 1 

D etonation in  gaseous explosives

C alcu la tio n s by Lewis and F ria u f  »^o77 
O bservations by Lewis and F ria u f  
and by Payman and W alls. 03oJ

Explosive gas D (ca lc .)  m ./s . D( obs.) A T, K 2 .
D isso c ia tio n

ignored
D isso c ia tio n  
not ignored

m ./s . atm. °K m ./ s %

2Hr> + Og 3278 2806 2819 18.05 3583 1225 0.564

+ n2 2712 2378 2487 17.37 3367 1040 0.562

+ 3N2 2194 2033 2055 15.63 3003 870 0.572

+ 5N2 1927 1850 1822 14.39 2685 797 0.570

+ Og 2630 2302 2319 17.4 3390 1013 0.560

♦ 302 2092 1925 1922 15.3 2970 818 0.575

+ 502 1825 1735 1700 14.13 2620 747 0.570

♦ 2H2 3650 3354 3273 17.25 3314 1465 0.564

+ ifflg 3769 3627 3527 15.97 2976 1590 0.562

+ Si2 3802 3749 3532 14.18 2650 1595 0.575

+ 1 .5  He 3772 3200 3010 17.60 3412 1345 0.580

+ 3 He 3990 3432 3130 17.11 3265 1420 0.587

+ 5 He *4083 3613 3160 16.32 3097 1465 0.594

+ 2.82He 
+ 1.18 A

3012 2620 2390 16.68 3175 1074 0.590

+ 1.5 He
+ 1.5 A

)
) 27U1 2356 2330 17.11 3265 975 0.587

+ 1.5 A 2500 2117 1950 17.60 3412 890 0.580

+ 3A 2210 1907 1800 17.11 3265 788 0.587

+ 5A 1992 1762 1700 16.32 3097 715 0.594
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d ilu te d  w ith oxygen or n itro g en  might be described  as w ell-n igh

p e r fe c t .  In  view of th e  abso lu te  na tu re  of th ese  c a lc u la tio n s ,

no ad ju stab le  constan ts  whatever being a v a ila b le , and no reference

made a t  any s tag e  in  the  work to  param eters defined  by reference  to

explosive performance, th i s  c lose  agreement provides an unusually  convincing

dem onstration, both o f th e  co rrec tn ess  of th e  Chapman-Jouguet th eo ry ,

and of the  accuracy of th e  therm al da ta  employed,

When the  s to ich io m etric  m ixture i s  d ilu te d  w ith Og, Ng or A, th e

wave v e lo c ity  i s  depressed. This r e f le c ts  a reduction  i i^ o th  n j

and T} ( see equation  10( 30) ) .  D ilu tio n  with or lie again  involves

a drop in  tem perature, bu t t h i s  i s  more than  compensated by the

increase  in  tv ; the  w ave-velocity i s  th e re fo re  a c tu a lly  enhanced.

P a r t ic u la r ly  s ig n if ic a n t i s  the e f fe c t of lie; th a t  th e  v e lo c ity  should

r is e  with ad d itio n  of chem ically in e r t  m a te r ia l, provided only th a t  i t s

m olecular weight i s  small enough, must be regarded as a powerful

v in d ica tio n  of the  mechanical b a s is  o f th e  theory .

The agreement between ca lcu la ted  and observed v e lo c i t ie s  i s  le s s

c lose in  th e  case of m ixtures containing He or A than fo r  those

d ilu ted  with or Ng. The experim ental values are  due to  Lewis

and F r ia u f , who consider th a t they  may req u ire  s l ig h t  re v is io n .
0°ll

A lte rn a tiv e ly , Lewis and F riau f suggest th a t  d iscrepancies  of th i s

kind, which are .observed also  a t  la rg e  d ilu tio n s  w ith H  ̂ (se e  Table 11:1)

and always leave th e  observed v e lo c ity  in  d e fe c t, are due to  a decrease

in  re a c tio n  speed which i t  i s  claimed w ill  prevent equ ilib rium  being reached

nin  the w ave-fron t" . The f a i lu r e  to  a t ta in  th e  f u l l  th e o re tic a l  v e lo c ity

would then  r e f le c t  merely th e  incomplete na tu re  of the  e f fe c tiv e  re a c tio n . 
[s^ssj

Jo s t has examined th e  question in  some d e ta i l ,  and o f fe rs  e s s e n t ia l ly  the  

same explanation , though he r ig h t ly  lays s tr e s s  on th e  fa c t  th a t  re a c tio n



can n o t i n  any ca se  be supposed t o  re a c h  e q u i l ib r iu m  in  th e  w a v e -f ro n t 

(u n d e rs to o d  a s  th e  re g io n  o f  p re s s u re  r i s e ) ,  and t h a t  th e  th e o ry  does 

n o t r e q u ir e  t h i s .  To make J o s t ' s  p o s i t i o n  c l e a r  we may q u o te  a  s e n te n c e  

from  h i s  work:

" I t  i s  e a sy  to  im agine t h a t  i n  c e r t a in  (g a s )  m ix tu re s  th e

r e a c t io n  sp e e d , though  s t i l l  h ig h  enough to  m a in ta in  a  shock wave, i s

no lo n g e r  h ig h  enough t o  en su re  com plete  r e a c t io n  i n  th e  com bustion  z o n e " .

C o n s id e ra t io n  w i l l  show, how ever, t h a t  t h i s  fo rm u la tio n  i s  in c o n s i s t e n t

w ith  th e  Chapm an-Jouguet th e o ry  sk e tch e d  i n  a t  l e a s t  i f  we a re

d is c u s s in g  a  p e r f e c t l y  co n fin e d  c a r t r i d g e .  F o r  i t  h a s  b een  shown t h a t

d e to n a tio n  waves w ith  v e l o c i t i e s  l e s s  th a n  th a t  d e f in e d  by  chem ica l

e q u i l ib r iu m  cannot be  s te a d y  i n  such  a  c a r t r i d g e ,  b u t  must a c c e l e r a t e .

The e x p la n a tio n  p u t fo rw ard  by Lewis and T r ia t if  and by J o s t  i s

th e r e f o r e  to  be i n t e r p r e t e d  i n  t h i s  s e n s e , t h a t  th e  c o n d i t io n s  o f  p e r f e c t

l a t e r a l  confinem ent en v isa g e d  i n  th e  b a s ic  th e o ry  w ere n o t a l to g e th e r
[Sz,S3j

r e a l i s e d  i n  th e  e x p e rim e n ts . T h is  view  i s  ta k e n  "by Dibring, who c o n s id e rs  

th e r e f o r e  t h a t  th e  f u l l  t h e o r e t i c a l  v e l o c i t i e s  would be reac h ed  i n  tu b e s  

o f s u f f i c i e n t l y  w ide d ia m e te r ; a  p r e d ic t io n  w hich  does n o t ap p ea r t o  have 

been  t e s t e d  e x p e r im e n ta lly .
[8*3

J o s t  h a s  a ls o  pu t fo rw ard  an  a l t e r n a t i v e ,  though s im i la r  

e x p la n a tio n , b ased  on th e  f i n i t e  tim e  r e q u ir e d  to  e s t a b l i s h  s t a t i s t i c a l  

e q u i l ib r iu m  betw een  th e  t r a n s l a t i o n a l  and v ib r a t io n a l  d eg rees  o f  freedom  

in  a  p o ly a to m ic  m o lecu le . Remarking th a t  th e  r e a c t io n  en erg y  i s  i n  th e  

f i r s t  p la c e  l a r g e ly  ab so rb ed  in  m decu lar v ib r a t io n s ,  and o n ly  d i s t r i b u t e d  

in  th e rm a l m otion  a f t e r  a  la rg e  number o f  c o l l i s i o n s ,  J o s t  su g g e s ts  

t h a t  th e  e f f e c t iv e  energy  r e le a s e  may f a l l  below th a t  co rre sp o n d in g  to  

f u l l  s t a t i s t i c a l  e q u i l ib r iu m . I t  ap p ea rs  t h a t  t h i s  argum ent i s  s u b je c t  

to  th e  same c r i t i c i s m  a s  th e  p re c e d in g , and must a c c o rd in g ly  be



in te rp re te d  in  a s im ila r  way. Energy made a v a ilab le  by whatever 

mechanism behind th e  steady zone w il l  g ive r i s e  to  secondary shocks 

which w il l  in  due course overtake and in te n s ify  th e  prim ary shock.

Only when th e  confinement i s  im perfect, so th a t l a t e r a l ly  generated  

ra re fa c tio n s  invade th e  p roducts, w il l  t h i s  conclusion cease  to  apply .

The processes envisaged by J o s t may then w ell become o p era tiv e .

As we have seen, i t  i s  not s t r i c t l y  co rre c t to  apply th e  C J-condition  

in  the  form 10(8) when th e  product com position depends upon p ressu re  and 

ten p e ra tu re . Equation 9.1(17) i s  s t i l l ,  o f course, v a l id ,  b u t 

must be evaluated  under co nd itions where S alone remains co n s tan t, and 

not both  S and th e  various molar concen tra tions as in  equation  10(7).

I t  i s  p o ssib le  to  form ulate ( ]9v/ ) under th ese  general conditions;

however, i t  i s  probably sim pler in  the  p resen t case to  determine th e  

RH-curve i t s e l f ,  o r a t  le a s t  a sm all p a rt of i t  in  the  neighbourhood o f 

J (F ig .  9 .1 :1 ) ,  and th e r e a f te r  to  apply the G j-cond ition  in  the  form 

9.1(15) ra th e r  than  9 . 1( 17) ,  "by drawing th e  upward tangent from 

The EH-curve may be tra c e d  as fo llow s. (1 ) Choose a value of
C cnn jzcrsi ficny

(2) assume a corresponding T, and c a lc u la te  the  app rop ria te  equilibrium ^

whereupon 7i,j> and E-E0 -  J cv4 t  — Q may be found. Estimate ~tf from
To

th e  equation E -£ c -  -5 ) , and re c a lc u la te  T  =  j?v/-n'X f

th e re a f te r  repeating  the  process u n t i l  agreement i s  reached.

(3 ) Carry out a s im ila r  c a lc u la tio n  fo r  o ther values of .

* The rea c tio n  may perhaps remain "effectively** incomplete in  c e r ta in  

cases, even in  a w ell-confined  c a r tr id g e , fo r  example i f  th e  explosive 

contains an in e r t  d ilu e n t to  which hea t i s  lo s t  by therm al conduction

(Cf. §  17. 1, page 33b  )



$11.1  Carbon monoxide/oxygen m ixtures

A new s e t  of c a lc u la tio n s  have “been made f o r  dry  carbon-tHOnoxide/ 

oxygen m ixtures con ta in ing  v ario u s  p roportions o f  CO. She unreacted  

gas i s  supposed a t  2 5 °0  and 1 atm.

The f i r s t  c a lc u la tio n s  follow  th e  method o f th e  constaat-com position  

a d ia b a tic , as described  above. In  determ ining th e  equ ilib rium  

com positions, i f  i s  convenient to  consider a  mass (30 gm,) o f gas 

contain ing  one mole (28 gm,) o f GO d ilu te d  w ith y  moles o f 0^ , and 

re a c tin g  a t  ( f f f ) according to  th e  equation

C o  - t  j  0 Z ^  cCCo%+  K O  .

For m a te ria l b a lan ce , we re q u ire

+-2Z+1c ~  2 7 * ^  -

At e q u i l i b r i a ,
jr »

(3)

K,« = (4)

Kr£* = A  , (5)
£

where K % -  ~k0* ' h £ and ^ 5- -  a re  th e  id e a l  equ ilib riu m

constants o f th e  reac tio n s

0  ' (7 )

and j r  ~ -f> / h  j N -  °C-J~ j$-h £-f~ to .

^2 and w ill  be found ta b u la ted  in  Table 9.54:1 above.



A lgebraic determ ination  of £ , (c from (2 ) -  (5 ) depends

upon th e  so lu tio n  o f a cubic equation . For example, e lim inating

P t  ^ r we

In  p ra c tic e , i t  i s  sim pler to  proceed by a  c y c lic a l  method o f 

successive approxim ation. Thus, oC i s  assumed, whereupon {?, £ and K 

are computed in  tu rn  from ( 2 ) ,  (4 )  and ( 5 ) ,  and oC re c a lc u la te d  from ( 3 ) .

The c a lc u la tio n  i s  then  repeated  with an in term ed ia te  value o f *C, 

u n t i l  agreement i s  reached.

i s  determined by

<S, = cc (e .F .)^ (^ -,)C e .F .)Co^  K (e .F .) 0 , ( 9 )

where ( f , F.)^ , e tc .  a re  th e  molar energ ies of form ation of th eCoz

various species a t  ( 7^,^>0 ) from the  elem ents in  th e i r  standard  s ta te s ,

a lso  a t  ( % , f 0 ) :  th ese  energ ies a re  ob tained  from Table 9 .5 1 :1 ,

according to  which

= -  94 .0  K .cal/m ole, (£'E) = -  26.7 K.Cal/mole,COt Co

(p'F) 0 = + 58.9 K .cal/m ole.

Using ( 2 ) ,  we have, th e re fo re ,

= 6 7 .3 *  -  5 8 .9 *  K .ca l. (10)

The d e ta ile d  r e s u l ts  o f such ca lcu la tio n s  f o r  ^  s  0 .25 , 0 .5 , 1, 1 .5 , 

corresponding to  80, 66^/3, 50, 4 0 / 00 by volume resp ec tiv e ly , are  c o lle c te d  

in  Table 11 .1 :1 . For comparison th e  Table a lso  shows th e  

th e o re tic a l  w ave-properties i f  d is so c ia tio n  i s  n eg lec ted , so th a t ,  fo r  

example, GO + J0 2 — ^COg + ^C0, and C0 + §  02 — >  C02 + 0 ^
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E x p erim en ta l v e l o c i t i e s ,  due to  C am pbell, W hitw orth and Woodhead, a r e  a l s o  

in c lu d e d . I t  c a n  be seen  t h a t  d i s s o c ia t io n  p rod u ces  a  marked lo w erin g  

o f te m p e ra tu re , p re s s u re  and v e l o c i ty ,  and b r in g s  th e  l a t t e r  in to  v e ry  

f a i r  agreem ent w ith  th e  e x p e rim e n ta l v a lu e s .  In  p a r t i c u l a r ,  th e  

v a r i a t i o n  w ith  p e rc e n ta g e  CO i s  w e ll  rep ro d u ced .

In  o rd e r  t o  t e s t  th e  e r r o r  in v o lv e d  i n  c a l c u la t in g  )s

w ith o u t a llo w an ce  f o r  chem ica l change, th e  more r ig o ro u s  method 

d e s c r ib e d  on page h a s  been  a p p l ie d  t o  th e  b a la n c e d  m ix tu re  CO + -gOg* 

T h is  in v o lv e s  d e te rm in a tio n  o f  a  sm a ll a r c  o f t h e  Kff-curve around  th e  

p o in t o f  ta n g en cy  /  ( F ig .  9.1 :1 ) .  The c a l c u la t io n  i s  la b o r io u s ,  

s in c e  i t  i s  n e c e s s a ry  to  r e t a i n  f i v e  s i g n i f i c a n t  f ig u r e s  i n  o rd e r  to  

ach iev e  any a cc u racy  i n  . The r e s u l t s  o f  t h i s  c a l c u la t io n  a re  a l s o  

shown i n  T ab le  11 .1 :1 . I t  can  be seen  th a t  th e  d is c re p a n c ie s  a re  s m a ll ,  

p a r t i c u l a r l y  in  D ,T t and th e  C J -p ro d u c ts . The co n stan t-com pos i t  io n  

a d ia b a t ic  ap p ea rs  t o  p ro v id e  am ple a c c u ra c y  f o r  c a l c u la t io n s  o f  th e  

p re s e n t ty p e .
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c  &o 11 *2 D etonation in  dust clouds

Since th e  p h y sica l s ta te  of th e  unreacted explosive i s  i r r e le v a n t ,  

the  same treatm ent ap p lies  to  atmospheric clouds of explosive o r  

combustible d u s t. I t  may, of course, be necessary  to  allow  fo r  the  

presence of a  so lid  or l iq u id  phase in  th e  p roducts. This condensed 

phase may e i th e r  a r is e  in  th e  re a c tio n  o r survive from th e  dust 

o r ig in a lly  p re se n t. In  th e  former case , i t  w il l  be assumed to  have the  

same tem perature and stream ing v e lo c ity  as the product gases: th i s

assumption i s  ra th e r  le s s  r e l ia b le  in  th e  l a t t e r  case . The question  

i s  considered again  in  § 15 below. In  e i th e r  event, th e  volume 

occupied by the  condensed phase should be n e g lig ib le . With regard  to  

the C J-condition  fo r  a low -density  m ixture of gas and condensed p a r t ic le s ,  

i t  i s  perhaps most co rrec t to  regard  the  two phases as therm ally  

in su la te d : in  o ther words, th e  elementary ad iab a tic  change envisaged in

the C J-condition  w ill  be one involving the  gas alone. This fo rm ulation  

s im p lif ie s  th e  an a ly s is  and w il l  not as a ru le  g re a tly  a f fe c t  th e  f in a l  

r e s u l t s ,

The d i f f e r e n t ia l  equation o f a constant-com position ad iab a tic  i s

S ince, a t  th e  low p ressu res  involved, the  energy o f compression of the

where )t i Sj as u su a l, the  number of moles of gas p er gram t o t a l  p roducts.

dE ~ -  ĵ dnr . d )

condensed phase i s  n e g lig ib le , (1) leads to

( 2 )

I f  the  condensed phase i s  therm ally  in su la ted  in  th e  ad iab a tic  change, Cv 

is  the hea t capacity  of the H, moles of gas, so th a t  (2 ) becomes

(3)



where y  is  th e  r a t i o  o f s p e c i f i c  h e a ts  o f  th e  g aseous p h a se . 

O th e rw ise , &v  r e f e r s  t o  th e  t o t a l  p ro d u c ts  and (2 )  must be u se d .

As an example, we have c a r r ie d  out c a lc u la tio n s  fo r  a uniform 

mixture of 0 .2  gm. aluminium dust w ith 1 l i t r e  of a i r .  The A l, 

which i s  p resen t in  le s s  than balanced p ro p o rtio n s, i s  supposed to  

reac t q u a n ti ta t iv e ly  to  Al^O^ which condenses a t  1] to  sm all l iq u id  

d ro p le ts : allowance i s  made fo r  the  presence of Og, 0 , Ng and NO, 

according to  th e  e q u i l ib r ia

J02 ^  NO

The e q u i l ib r ia  a t  given ( 'f*, > Tf ) are  b e s t computed by an i t e r a t iv e  p rocess . 

Each such computation forms one stage  in  a general i t e r a t io n  involving 

the EH- and C J-equations. The f in a l  conclusions are shown in  Table 1 1 .2 :1 .  

I t  appears th a t  only minor d iffe ren ces  a r is e  from th e  use of equations (2 ) 

or (3 ) .

R e liab le  experim ental v e lo c i t ie s  and p ressu res  are not a v a ila b le .

The values of 3  measured on c o a l-d u s t /a ir  m ixtures a re  g en e ra lly  only 

about one-half as la rg e  as those quoted in  Table 1 1 .2 :1 ;  f u l l  v e lo c ity  

wi^l be most n ea rly  a tta in e d  when the dust i s  very f in e ,  both  because 

reac tio n  i s  then  completed more quickly  with consequent reduction  

in  l a te r a l  lo s s , and also  because th e re  i s  le s s  tendency to  seg reg a tio n .



Table 11.2:1

D etonation of a dust cloud consis 
d ispersed  in  1 ] 
( T0 = 273 Kj

A: equation 11 
B: equation 11

sting of 200 mg. aluminium 
- i t r e  a i r .
% = 1 atm .)

2(3)
2(2)

d * Products (m o l./k g .)OS \ / / Wave p ro p e rtie s
.p • •
^  . L iqu id . Gaseous H  Nt f , T, -v.l*.

n / s .  n / s .  atm. K:^1j2^3 • ^2 ^ ^2 NO
• •

A 2.49 H .36 1.07 23.03 1.34
• •• •

1810 765 21.7 3735 0.576

B : N onsign ifican t change 1815 80U- 22.7 3780 0.557



§ 1 2  D e to n a tio n  i n  lo w -d e n s ity  condensed  e x p lo s iv e s

When th e  d e n s i ty  o f  th e  d e to n a tio n  p ro d u c ts  exceeds a  few g n / l i t r e ,  

th e y  c a n n o t b e  supposed , even i f  s t i l l  e n t i r e l y  g aseo u s , to  fo llo w  

th e  i d e a l  g a s  law s. The developm ent s e t  o u t i n  § §  10 , 11 a p p l ie s  

th e r e f o r e  o n ly  to  e x p lo s iv e s  whose d e n s i ty  i s  o f  th e  o rd e r  o f  t h a t  o f  

a  g a s , t h a t  i s ,  i n  p r a c t ic e  t o  g aseous m ix tu re s , o r  a t  most to  e x tre m e ly  

d i l u t e  su sp e n s io n s  o f  condensed  m a te r ia l ,  f o r  exam ple d u s t c lo u d s  o r  

foam s. I n  a t te m p tin g  to  ex ten d  th e  f i e l d  o f n u m e rica l a p p l ic a t io n  o f  

th e  th e o zy  to  s o l id  and l i q u i d  e x p lo s iv e s  o f  norm al d e n s i ty ,  i t  i s  n a t u r a l  

to  commence by m odify ing  th e  id e a l  g as  e q u a tio n  i n  th e  manner p ro p o sed  by  

van d e r W aals, t o  a llow  f o r  th e  e f f e c t  o f  in te rm o le c u la r  f o r c e s .

S in c e , how ever, th e  d e to n a t io n  p ro d u c ts  have n o t m ere ly  a  h ig h  d e n s i ty  

b u t a l s o  a  h ig h  te m p e ra tu re ,  we may s im p lify  th e  van d e r W aals e q u a t io n  

to  t h a t  u se d  b y  A b e l, v i z . ,

- f> (v -o t)  =  7 l7 ? T  , ( 1 )

i n  w hich o n ly  th e  volume c o r r e c t io n  o f  ,tcovolume,f ot i s  r e ta in e d .

We re g a rd  OC a s  a  c o n s ta n t .  T h is  w i l l  e v id e n t ly  be l e g i t im a te  i n  

p r a c t ic e  to  a  f i r s t  ap p ro x im atio n , p ro v id e d  oC i s  s t i l l  sm a ll compared 

w ith  V*, i n  o th e r  words ( s in c e  o c ^ l c j ^ / g m . )  f o r  e x p lo s iv e s  whose d e n s i ty  

i s  o f  th e  o rd e r  o f  0 .1  gn/cnf* o r  l e s s .  T here a re  in d e e d  c e r t a i n  

condensed e x p lo s iv e  s u b s ta n c e s ,  f o r  example n i t r o c o t t o n s ,  whose 

p h y s ic a l  s t r u c tu r e  makes i t  p o s s ib le  to  c a r t r id g e  them  a t  d e n s i t i e s  

le s s  th a n  0.1  gn/cm ?. The e q u a tio n s  developed  in  t h i s  s e c t i o n  w ould 

be c lo s e ly  a p p l ic a b le  t o  such c a s e s ,  though th e  h ig h  l e v e l  o f  d i s s o c ia t io n  

p e rm itte d  by  th e  r e l a t i v e l y  sm a ll d e to n a tio n  p r e s s u re s  makes n u m e rica l 

work in v o lv e d . The c h ie f  i n t e r e s t  i n  th e  e q u a tio n s  a t t a c h e s ,  how ever, 

le s s  to  t h e i r  l i t e r a l  a p p l ic a t io n  th a n  t o  th e  u s e f u l  g u idance  w hich th e y  

a f fo rd  when used  w ith  s u i t a b l e  p re c a u tio n s  a s  a  f i r s t  ap p ro x im atio n  i n



the p r a c t ic a l  case o f exp losives o f normal density  (0 .5  -  2 gm./cm^).

The an a ly s is  i s  s im p lif ied  by the f a c t  th a t ^  i s  le s s  th an  o+oij 

and can be n eg lec ted  from the  o u tse t. The constant-com position  

ad iab a tic  i s  now defined  by

—  - j > d v  =  d t

since by (1 ) =* —"f* H O .  In  terms of ( 1 ) ,  th e  ad iab a ticT dT

becomes

- f e )  = i L  ,
\®v/$ ’V'—cC 

where y  ~ / -t ?iR[cv = °p /ov ,

s ince C^~Cv = -  = * 7?  b y ( 1 ) .

The Chapman-Jouguet co nd ition  9 - H 17) i s  then  ( being neglected)

/  — — — —— }
%+!

whereupon by equations (1 ) and ( 3 )

l (X +O v^T
T ^ d .  '

75 -  J £ L
— “ l-et/3 J  y

ir  / w  
K  = V y,

and th e  EH-equation becomes

^  ^  ^  .
2 r,

0*7]
Equations (3 ) -  (7) are  due to  T affanel and D autriche.

, y, , and of n a tu ra lly  depend on th e  chemical composition,

e ~ e *  =  J J ^ T =



which i s  in  tu rn  determined b j  th e  eq u ilib riu m  equations in  terms o f 

*p9 and Tt . Equations ( 3 ) ,  (4-) and ( 7 ) are  th e re fo re  to  be so lved , 

in  con junction  w ith the eq u ilib riu m  equations, by a  process of t r i a l  and 

e r ro r ;  J> and Nf are  then  found a t  once from (3 ) and ( 6 ) .

A lte rn a tiv e ly , and more c o r re c tly , as  in  th e  case o f gaseous 

exp losives, w ithout assuming the  constan t com position ad iab a tic ( 2) 

we may evaluate  the  Hg-curve, o r a s u f f ic ie n t  p a r t  o f  i t ,  p o in t by 

p o in t, and complete th e  so lu tio n  g rap h ica lly  by drawing th e  upward 

tangent from ( ) .

Approximate r e la t io n s  may again  be deduced between "ft, j 7] and 

the corresponding values j>v ,  reached in  a constant-volum e re a c tio n , 

i f  we assume th a t  th e  chemical com position does no t d i f f e r  g re a t ly  in  

the  two p ro cesses . Thus, provided Tf i s  reasonably c lo se  to  T  

we may w rite

? r £ v  % c, ( t - tv )  = . ? £ 5  ,

whence _
— ~  ^  /./ 9

ju s tify in g  the  assumption made.

Then, by ( 1 )  and (1*.)

^  JL9 At* ~  ^  2T-o Tv r,
pel]

These equations, which were derived above fo r  gases, th e re fo re  

hold approxim ately a lso  fo r  condensed explosives o f moderate d en s ity , 

and indeed i t  i s  no t d i f f i c u l t  to  see  th a t  they  w i l l  remain roughly 

tru e  i n  a l l  cases. The detonation  pressu re  i s  thus always about tw ice 

the p ressu re  reached in  re a c tio n  a t  constan t volume, a  circum stance 

which helps to  exp la in  th e  su p e rio r  b risau ce  o f detonating  as compared 

with d e flag ra tin g  exp losives. Again a t  low d e n s it ie s ,  where cC i s  

n e g lig ib le , ( 3 ) g ives
—. ' r» S _



w hile at h igh  d e n s it ie s  o( and vt must each approach V0 . A mean 

va lu e i s  th e r e fo r e

xr X  i t  ,

i  4  ' '
whence, by 9 ( 1 4 )

F in a l ly ,  we n ote  th a t w h ile  frft v a r ie s  o n ly  in d ir e c t ly  and to  a minor 

ex ten t w ith  th e c a r tr id g e  d en sity  A , 2> depends e2q > l ic i t ly  upon A  .

ex p lo s iv e ,u n d er  p e r fe c t  la t e r a l  confinem ent, f a l l s  w ith  d ecreasing  A  

hut cannot he reduced in  t h i s  way below a minimum v a lu e ,

which may he c a l le d  th e  nideal"  v e lo c i t y  s in ce  i t  corresponds to

d e n s it ie s  so low th a t th e  products behave l ik e  a p e r fe c t  gas ( c f ,

equation 1 0 (3 2 ) ) .  V e lo c i t ie s  c lo s e  to  th e se  id e a l v a lu es  have in

fa c t  been r e a l is e d  in  large-d ia m eter  c a r tr id g e s  o f  s o l id  e x p lo s iv e s

such as n itr o c o tto n  whose p h y sica l form makes i t  p o s s ib le  to  ca r tr id g e
x

them a t  extrem ely low d e n s it ie s  (down to  0 . 0 2  gn/cm ) ,  o r  w ith  l iq u id s ,  

fo r  example n itr o g ly c e r in e , d isp ersed  as em ulsions. As th e  d e n s ity  i s  

r a ise d , 3) in c r e a se s  a t  f i r s t  s lo w ly  and then  more r a p id ly , in
X

agreement w ith  ( 5 ) ,  Beyond ^4 ~  0 .5  gn/cm , th e  experim ental v e lo c i t y -  

d en sity  r e la t io n s h ip  i s  found, however, to  become alm ost l in e a r ,  whereas 

according to  ( 5 ) i t s  s lo p e  would con tin u ou sly  in c r e a se . This r e f l e c t s  

merely th e  l im ita t io n s  o f ( 1 ) a t h igh er  d en sities ,*  in  p r a c t ic e  OC 

cannot be expected  to  remain co n sta n t, but must ra th er d ecre a se , as the  

pressure r i s e s .  Equation (1 )  n e v e r th e le ss  g iv e s  a q u a l i ta t iv e ly  co rrec t  

exp lanation  o f the well-known e f f e c t  o f  packing d e n s ity  upon v e lo c i t y ,  in

According to  equation  ( 5 ) ,  the v e lo c i t y  o f  d eton ation  o f  a condensed



terms cf th e  p r o g ress iv e  departure o f  th e  products from th e  id e a l
OufJ 

gas s t a t e .

The approximate form ulae appropriate to  id e a l g a ses  p resen ted  in  

Table 10:1 admit o f  sim ple ex ten sio n  to  condensed system s obeying th e  

Abel equation  ( 1 ) .  For, i f  t h i s  equation  i s  assumed to  hold  down to  

low tem peratures and p r e ssu r e s , th e  equation  o f  s ta t e  i t s e l f ,  to g e th er  

w ith  th e  HH-equation and C J -co n d itio n , and t h e ir  va r io u s consequences, 

save o n ly  th o se  in v o lv in g  JZ>, are id e n t ic a l  w ith  th e  equations o f  §  10, 

provided rep laced  by f <K r e s p e c t iv e ly .  v/e are

thus ab le a t once to  deduce th e  approximate r e la t io n s  o f  T able 1 2 :1 .

T able 12:1

Approximate p r o p e r tie s  o f th e  s ta b le  d eton ation  and f a s t e s t  
d e f la g r a t io n  in  an e x p lo s iv e  whose products s a t i s f y  

j> (v-o() = -n'RT , oC con stan t
m

Steady D etonation  F a s te s t  D e fla g ra tio n

vi 0 .8  cmVgm. •) 2 x 10^ c m /r
r.fo

j>, -ZQ/fyr 0  5  x 10^ atm. -  Ĵ 0.. 0 .4  atm.
v6-oc 7,-hi

T  3000°K —  — "  2000°K
() f ,+ 0 C v  7 / y , + 0 c v

-1000 m /s .fti 2 $  ^  1000 n / s .  — J s q
v  ' y,+i v ' y,+,

J) 5500  m ./s .  1 0 . 0 6  m ./s .ve-oc v*2<$, Cy,— /)
The num erical v a lu e s  in d ic a te  orders o f  m agnitude, corresponding to  

the fo llo w in g  ty p ic a l  con stan ts: ~j>0 = 1 a tm ., t/0 = 1 cm^/gm.,

% = 300°K, y ,  = 1 . 2 5 , Q., = 1000 o a l/g m ., Cv = 0 .3 3  o a l gm

and oC = 0 .6  c m  /gm . I t  i s  in t e r e s t in g  t o  note th a t th e  maximum
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d e flag ra tin g  v e lo c ity  i s  p ro p o rtio n a l to  th e  i n i t i a l  p re ssu re , a r e la t io n  

rem iniscent o f the  fa m ilia r  law of burning of p ro p e lla n ts , although th e  

burning speeds observed in  p ra c tic e  f a l l  very f a r  sh o rt o f the 

th e o re tic a l  maxima.

Equations s im ila r  to  10(34-36) can a lso  be re a d ily  derived . They

are:
D etonation Shock

( 13a) V>~ *  _ QTTf -h Y+t ( 13b)
t v ~oC (r>+i)n, -  I (y+07t, +  y - t

, . f  , >•a - “'Xtt-O  x
(1l*a) hf, =---------  ;----------- ■ —---- 2---------------------------- (14b)

1 (y,+i)TT,-i (y+on + y - i

( 15a) 3 ?  = ^ t e o t C y f O i r - i ]  % [(?»)*,+Y -d  ( 15b)

The corresponding re la t io n s  fo r  non -reactive  shocks are again s ta te d  fo r  

comparison, and lead  a t once to  conclusions s im ila r  to  10(38,39).

§  1^1 C alcu la tio n s  and experiments on a low -density  n itro o o tto n

As an example of the  use of equations 12(3-7), we have c a r r ie d  out 

approximate ca lc u la tio n s  and experim ental measurements on a n itro c o tto n  

made by n i t r a t in g  cotton-w ool. With th i s  m a te r ia l, v/hlch contained 

13.1;, n itrogen  and 0.873 m oisture, and y ielded  0.29' • ash, i t  was 

possib le  to  reach mean c a r tr id g e  d e n s itie s  as low as 0.02 gm/cvc?.

In  th e  c a lc u la tio n s , d isso c ia tio n  was neg lected , and th e  equilibrium  

products computed on the b as is  o f  th e  w ater-gas re a c tio n  alone. The 

covolume oC was given the  value 1 . 0 1  cmVgm. in d ica ted  by manometric 

bomb experim ents; th i s  is  in  very close agreement also  with the values 

c a lc u la te d  by the method o f §  13.3 below. The conclusions are 

summarised in  T ab le  12.1:1 and P ig . 12 .1 :1 . I t  can be seen th a t  th e  

r a t i o s  TTAj) anĈ  p a r t i c u l a r l y  h /p v  a r e  o f  the expected order, and
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th a t ,  w hile h!t i s  independent of A , J) and r i s e  as A

i s  in creased . J>. must be c lo se  to  2,200 m ./s .» 7

Table 12 .1 :1^

N itro c o tto n  con tain ing  1 3 .1 / n itro g en

A  ( g n / ) 0.02 0.04 0.07 0.10 0.15 0.20

Tv  (°k ) 3080 3080 3080 3080 3080 3060

T, (°K) 3730 3730 3730 3730 3725 3725

r‘K 1.21 1 .21 1.21 1.21 1.21 1.22

f v  (a tm .) 221 452 807 1206 1910 2660

( a tm .) 446 914 1650 2400 3875 54+0

h / f a 2.02 2.02 2.04 2.00 2.02 2.05

( cm?/gm.) 28.0 14.2 8.28 5.96 4.10 3.19

A/, ( m ./s . ) 996 996 996 996 996 996

J )  (m ./s .)
' ■ v

2260 2310 2390 2460 2610 2760

■ 1
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too a

0-200

Contemporary photographic experim ents w ith  lo w -d en sity  n itr o c o tto n  

c a r tr id g e s , m ainly 1 inch  in  diam eter, showed v e l o c i t i e s  down to  1 ,100  

m ./s . I t  was concluded th a t th e se  “u ltr a -lo w 1’ v e l o c i t i e s  must be due 

to  f a i lu r e  to  r e a l i s e  the c o n d itio n s  o f  p e r fe c t  la t e r a l  confinem ent 

envisaged by th e  th eo ry , and a s e r ie s  o f  s p e c ia l  measurements was 

th erefore undertaken by the same method a t la r g e r  d iam eters, w ith the  

n itro co tto n  s p e c if ie d  above. A d e n s ity  o f  0 .0 3  gn/cm^ was chosen, and 

cartr id ges made up in  ce llop h an e s h e l l s  ( f o r  tran sp aren cy ), w ith

diam ete rs  o f  1 , 1 ^ /1 6 , 15/ l 6 ,  1 ^ / l6 ,  27/ l 6 ,  5 and 8 in c h e s .  A ll  th e
*!•

ca rtr id g es  were 2k  in ch es  lo n g , and were in i t i a t e d  by Cordtex fu se  ,

* P e n ta e r y th r i t o l  t e t r a n i t r a t e  i n  a  g u tta p e rc h a  o r  p l a s t i c  tu b e .
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a s in g le  strand  in  th e  low er diam eter c a r tr id g e s , four p a r a l le l  strands

taped to  a common detonator and in se r te d  at fou r  sym m etrical p o in ts  in

the end o f the ca r tr id g e  b ein g  used a t th e  h igh er diam eters to

a c c e le r a te  th e  development o f  a p lane wave. Photographic measurement

of th e v e lo c i t y  was made between the 16  and 22 inch marks.

A gain , th e  n itr o c o tto n  was cartr id g ed  a t th e  same d e n s ity  in  1 / 8 tt

in te r n a l diam eter s t e e l  tubes o f  w a ll and 38 -ton  b u rstin g  p ressu r e ,
tKCcmg

open a t both ends and p e r fo r a te d ^  generator with a s e r ie s  o f sm all h o le s  

to  perm it passage o f  l i g h t .  The tu b es su ffe red  an expansion o f  at most 

one or two thousandths o f  an in ch . P revious t e s t s  had shown rupture 

to  occur at A  = 0 . 2 5  gn/crn^, but very  l i t t l e  expansion at 0 .1 0  gn/cm^. 

This i s  in  agreem ent, as fa r  as i t  g o e s , w ith  th e d eton ation  p ressu res in  

Table 12 . 1 : 1 .

The experim ental r e s u lt s  are shown in  P ig . 12 . 1 : 2 .

25oo

/5oo

( £  " h a l l )

JOOO

5oo

5 8Z 3 6 7/o
J ) / A M E T E R  ( / r t fC f t  )  - - - - - - - - -

'Fi g . / Z . i : z  E x p e r i m e n t a l . d e t o n a t i o n

VELOCITIES OF NlTRoCOTTON (l3'l°lo N) } 0-03 jlcm.



E x trap o la tio n  of the v e lo c i t ie s  in  l ig h t ly  wrapped c a r tr id g e s  to  

in f in i te  diam eter y ie ld s  th e  lim itin g  v e lo c ity  marked in  P ig . 12.1 

The agreement i s  c lo se .



§13* D etonation in  condensed explosives of normal bulk d e n s ity : 
in tro d u c tio n

The loading d e n s ity  A o f explosives fo r  m ili ta ry  and c i v i l  

use f a l l s  norm ally between 0 .3 A Ĉ , and A cr , where i s  th e

maximum or c ry s ta l  d e n s ity  of th e  explosive m ate ria l i t s e l f .  Since 

in most cases A c?* ~  1-2 gm./cm , A  l i e s  w ith in  th e  range

0.3 -  2 .0  gm./cm^. (An exception i s  made, of course , in  th e  case o f 

heavy metal s a l t s ,  such as mercury fu lm inate o r lead  a z id e ) .

Table 12:1 perm its an estim ate  o f th e  o rder of magnitude o f d en s ity  

and pressure which we may then  expect to  a r i s e  behind th e  re a c tio n  

zone. I t  i s  c le a r  th a t product d e n s it ie s  as high as 2 gm./cn?  and 

corresponding p ressu res  of th e  order of 100,000 atm. w ill  no t be unusual. 

The tem peratures may reach sev e ra l thousands o f degrees. Numerical 

applications to  normal l iq u id  and s o lid  explosives depend, th e re fo re , 

on the form ulation o f equations o f s ta te  to  describe th e  products in  

a region of th e  s ta te  v a r ia b le s  f a r  outw ith th a t  which can be explored 

by any o rd inary  experim ental method, and in  which, moreover, th e  e f fe c t  o f 

gas im perfections on th e  thermodynamic e q u i l ib r ia  themselves req u ires  

to be considered. I t  would be remarkable i f  the  Abel equation 12(1) 

with constant oC provided more than a very rough d e sc rip tio n  of th e  

behaviour of gases under such extreme co n d itio n s.

Confronted with th ese  se rio u s  d i f f i c u l t i e s ,  the e a r l i e r  workers 

approached the  problem in  the  reverse  d ire c tio n . Renouncing th e  

attempt to  c a lc u la te  th e  d e tonation  param eters in  an abso lu te  fa sh io n , 

on the b asis  o f an e n t i r e ly  th e o re t ic a l  equation o f s ta te ,  as had been 

done fo r gaseous exp losives, th ey  proposed r a th e r  to  determ ine th is  

equation fo r  th e  products o f s e le c te d  h ig h -d en sity  explosives by 

means of th e  observed de tonation  v e lo c i t ie s  and th e i r  dependence upon 

cartridge d en s ity . The re su lt in g  equation  of s ta te  might then be used to



d efin e , a t  l e a s t  approxim ately, the remaining la rg e -sc a le  p ro p e rtie s  

of the wave, and a lso  to  estim ate such p ro p e r tie s , to g e th e r  w ith  the  

wave speeds them selves, fo r  o ther condensed exp losives.

I t  is  immediately c le a r  th a t  a rigorous an a ly s is  along th ese  l in e s  

would be extrem ely complex, s in ce , although the  thermodynamic fu n c tio n s  

are now known with high p rec is io n  fo r  id e a l gases, even a t  e lev a ted  

tem peratures (P ig s . 9 .5 1 :1 ,2 ) th e i r  c o rrec tio n  fo r  gas im perfections 

under th e  enormous p ressu res  of detonation  depends i t s e l f  upon a 

knowledge of th e  gas equation . This d i f f ic u l ty ,  however, though 

serious enough in  p ra c t ic e ,  does not in  p r in c ip le  prevent a so lu tio n . 

More se rio u s  i s  th e  f a c t  th a t  th e  problem of determ ining th e  equation 

of s ta te  from observed v e lo c i t ie s  fo r  a s in g le  explosive is  no t s t r i c t l y  

determ inate; fo r  i t  would req u ire  th e  evaluation  of a  function  of many

independent v a r ia b le s ,  say v(j>,T; ■*,---- ) 9 from experiments in  which

these v a r ia b le s  are  allowed to  assume only values defined by the  

v e lo c ity -d e n sity  r e la t io n :  J) — D(A) . P°r  a  complete so lu tio n ,

even i f  the s ta te  equation  were assumed independent of chemical 

composition (nf)> ;  ,  i t  would be necessary  to  provide an

ad d itio n a l degree o f freedom by perm itting  e i th e r  % or T0 a lso  

to  vary. A lte rn a tiv e ly , th e  com position of th e  explosive i t s e l f  might 

be continuously v a ried , but t h i s  would in troduce fre sh  com putational 

d i f f i c u l t i e s .

Short of such expedien ts, the problem in  i t s  inverse  form can be 

made tra c ta b le  only  w ith th e  a ss is ta n c e  o f  some sim plify ing  assumption 

regarding th e  form o f th e  equation  o f s ta t e .  This assumption must 

have th e  e f fe c t  of reducing th e  unknown fu n c tio n  to  a  fu n c tio n  o f a  

sing le  independent v a r ia b le . Thus, every equation o f s ta te  fo r  a



two-parameter substance can be expressed in  the fo m

a  ti-RT (1 )

by su ita b le  choice of th e  fu n c tio n  oC; but (1 ) i s  i t s e l f  too  general 

for our purpose u n t i l  some assumption i s  made concerning oC. For

example, we may assume th a t  oC i s  independent o f chemical com position, and

also

(9 « /lT )  s  O , i . e .  oC =  o ifa )  (2)
'IA

or
s  O , i . e .  <* =  << ( f ) .  (3 )

The sim plest p o ss ib le  assumption i s  th a t  im plied in  th e  o r ig in a l  Abel 

equation, namely,

oC = co n stan t (i+)

I t  i s  p o ss ib le  to  use th e  experim ental JZ ^j-curve f o r  any s in g le  explosive 

yielding e n t i r e ly  gaseous p ro d u cts, in  conjunction  w ith ( 2 ) ,  (3 ) or (4 ) ,  

to determine d .  The disadvantage of a l l  such inverse  procedures l i e s ,  

of course, in  th e  d i f f i c u l ty  of judging whether o r not the  re s u l ta n t  

equation of s ta te  i s  in  f a c t  a u th en tic . T his can be te s te d  in  general 

only by ( a) the inheren t p la u s ib i l i ty  o f th e  assumption made,

(b) the consistency  o f th e  equation of s ta te  w ith those s im ila r ly  c a lc u la te d  

for the products of o th e r ex p lo siv es, or a l te rn a t iv e ly  th e  success of

the equation in  p re d ic tin g  wave v e lo c i t ie s  fo r  o ther exp losives, and

(c) the accuracy o r otherw ise o f e s tim a tes , based on the equation , of 

e ffec ts  produced in  th e  c a r tr id g e  environment. In  th e  p a r t ic u la r  case 

of assumption (U ), however, which was made by Schmidt, and which 

enables the  equations of §  12 to  be ap p lied , we have an immediate t e s t  

in  the constancy of the  values of oC corresponding to  d if fe re n t loading 

d en sities . The covolumes deduced by Schmidt f a i le d  to  s a t i s fy  th is  

te s t .  Although th e  va lues of oC ex trap o la ted  reasonably w ell to  th e



corresponding van der Waals constan ts  a t  low d en sity , and a lso  v a ried  

ra th e r  l i t t l e  from one explosive to  another, so th a t they  might he used 

with f a i r  success fo r  p re d ic tin g  detonation  v e lo c i t ie s ,  a t  l e a s t  in  

explosives of s im ila r  com position, th e i r  rap id  decrease w ith r is in g  gas 

density  was much too la rg e  to  be reconciled  w ith th e  assumption of

constancy im plied  in  th e  use of equation 12(2). D isregarding th is
fa ]

o b jec tio n , however, Roth has used Schmidt fs r e s u l t s  to  make 

ca lcu la tio n s  f o r  a wide range o f exp losives. He a lso  took account 

of the  chemical e q u i l ib r ia ,  so th a t  the  method involved successive 

approxim ations; but no allowance was made fo r  the  m od ification  in  

the id e a l equ ilib rium  co n stan ts  im plied by the equation of s ta te .

Roth*s work has only re ce n tly  come to  hand.

These c a lc u la tio n s  are v i t i a te d  by th e  f a c t  th a t  they determine 

a v a riab le  covolume o(.(v) by means of a  theory  which assumes oC to  be 

co nstan t. However, i t  i s  no t d i f f i c u l t  ( §'\3»5) to  modify th e  equations 

of §12 in  such a way as to  allow fo r  dependence of ot on v  . I f  

(  3o</®T)v  = 0 ; th e  equations remain v a lid , provided is  

replaced by , where

kt h y  -  (^H^)Vs.Vi ' (5)
I t  i s  to  be no ted , however, th a t  though i s  s t i l l  equal to  / ~h >ipz/cv , 

th is  i s  no longer the  same th ing  as Cujc^ s ince ~ y iK / ( / — dot(d# ) #

The above m odification  h as , indeed, been made by Cook, who used i t  

as the  b a s is  f o r  inverse ca lc u la tio n s  of oc(v) from th e  observed v a r ia t io n  

of J) w ith A in  a  number of pure explosive compounds. I t  w il l  be 

seen th a t the system of equations of §  12, when modified as above, 

contain  a  d i f f e r e n t ia l  equation in  oC, and Cook* s method of successive 

approximation amounts to  determ ining the s in g u la r so lu tio n  of th i s  

system. Cook concludes th a t  th e  fu n c tio n  o((v) i s  independent of
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product c o n s ti tu tio n , and s ta te s  th a t  successfu l estim ates of JD 

have been made fo r  a wide range of exp losives. Moreover, s ince  th e  

computed de tonation  tem peratures vary  appreciab ly  among* the  cases 

s tud ied , the coincidence of i s  held  to  provide a p o s te r io r i

ju s t i f i c a t io n  fo r  ( 2 ) .  Cook indeed attem pted to  confirm  th i s  

by a  more general a n a ly s is , in  which allowance was to  be made f o r  a 

possib le  v a r ia t io n  w ith 7*; bu t we have seen th a t  th i s  i s  im possible,

and Cook’s argument was in  f a c t  f a l la c io u s ,  as appeared from subsequent
0*7,38]

correspondence on the  su b je c t.

The problem has been a ttack ed  along c lo se ly  s im ila r  l in e s  by
O il

C ald iro la . He concludes th a t  1/oC i s  l in e a r  in  l/ v  , but not 

independent of th e  explosive s tu d ied . H is estim ates of tem perature e tc ,  

a lso  d i f f e r  in  some cases ra th e r  sharp ly  from those  of Cook.

,  ®
$13.1 Absolute c a lc u la tio n s  fo r  condensed explosives of normal d en s ity  

In  the follow ing sec tions we s h a ll  describe th e  development o f 

methods o f c a lc u la tin g  th e  la rg e -sc a le  detonation  p ro p e rtie s  of condensed 

explosives a t  normal loading d e n s it ie s . These c a lc u la tio n s  are a b so lu te .

* in  the  sense th a t  they  r e s t  on e n t i re ly  th e o re tic a l  grounds, and involve 

n e ith e r a d ju s ta b le  co n stan ts  nor param eters defined  by appeal to  observation  

of explosive performance. I t  i s ,  of course, c le a r  th a t  attem pts to  solve such 

a problem must be more than u su a lly  te n ta t iv e ,  and th a t e f fe c tiv e  p rogress 

can be made only by considerable s im p lif ic a tio n  of a h igh ly  complex system. 

Thus, in  p a r t ic u la r ,  we make use of an equation of s ta te  which regards th e  

product gas molecule as a hard  in e la s t ic  sphere. The p ic tu re  which we 

sh a ll develop should th e re fo re  be regarded ra th e r  as a  model than as a 

rigorous d e sc rip tio n  of the  ac tu a l processes w ith in  a detonating c a r tr id g e . 

N evertheless, the  le v e l of agreement found to  e x is t  between the r e s u l ts  of 

such a form ulation  and experim ental f a c ts  may suggest th a t  th e  model



re ta in s  to  a considerab le  degree th e  most im portant fe a tu re s  o f  i t s  

su b jec t.

In  $13.2 , we p resen t th e  method of an a ly sis  of th e  chemical product 

e q u il ib r ia .  §§ 13.3 -  13.6 and §li+ are  then concerned with detonating  

explosives whose products are  e n t i re ly  gaseous a t  th e  Chapman-Jouguet p ressu re  

and tem perature. In  §13 .3 , th e  equation  o f s ta te  i s  d escrib ed . §§ 13. i+ and 

13.3 deal w ith th e  BH-equation and C .J-condition, while in  § 1 3 .6  the  theory  

of re a l e q u i l ib r ia  i s  developed, subject in  each case to  th is  equation of 

s ta te .  V/e then  proceed to  a p p lic a tio n s  (§11+). L a te r  sec tio n s  are  devoted to  

explosives whose products con tain  condensed m a te r ia l.

@
'13.2 A nalysis of th e  product e q u il ib r ia

Condensed detonating  explosives may be s in g le  chemical compounds, 

or m ixtures. In  the l a t t e r  case they  may con ta in  organic substances, as 

a ru le  composed of C, H, 0 and N only (such as n itro g ly ce rin e  and c e l lu lo s e ) , 

and inorganic s a l t s ,  which are e i th e r  rea c tiv e  ( e .g .  n i t r a te s )  o r  

non-reactive (c h lo r id e s , e t c . ) .  More r a re ly , elem entary substances 

(e .g . aluminium, carbon, l iq u id  oxygen) are in troduced . The products w i l l  

th e re fo re , in  g en era l, c o n s is t o f (a )  a s o lid  o r l iq u id  phase, formed ty p ic a l ly  

from carbon o r lead , to g e th er w ith m e ta llic  oxides o r carbonates and 

non-reactive substances surv iv ing  from th e  o r ig in a l  m ixture; and 

0>) a gaseous phase, in  which the  elements G, H, 0 , N w i l l  be p resen t in  v ario u s  

combinations.

I t  w il l  be assumed th a t  re a c tiv e  m e ta llic  s a l t s  transform  

q u an tita tiv e ly  in to  th e  corresponding oxides o r carbonates; e q u i l ib r ia  

involving such end-products are th e re fo re  ignored. A ll av a ilab le  

inform ation concerning th ese  e q u i l ib r ia  in d ica te  th a t  th e  assumption i s  sound. 

The an a ly sis  i s  th u s  reduced, in  a l l  bu t th e  most excep tional ca se s , to



a co n sid e ra tio n  of equ ilib rium  in  a  gaseous phase con ta in ing  compounds 

of C. H, 0 , N, w ith th e  p o ssib le  co-presence of condensed carbon.

Let rep resen t th e  atom conten t of any chosen mass o f

the gas and condensed carbon, taken  to g e th e r , and supposed to  y ie ld  th e  

follow ing products in  equ ilib rium  a t  j> and T

=  oCCdxi- fLCo + yC  +  -t O )

Then m a te ria l balance req u ire s

cC+ y +  C ^  (2 )

-h%€ -f  — = J  (5 )

2<*-hf +  S +  2 £ + --------- = 2  (4 )

* 7 + -------  ~  ^  ’ (5)

while, a t equilibrium ,

Uj ( 6)

= ir'pe*  (7)

TjC  = 3T€Z (8 )

T* K l  = t { , (9)

estc.j

where w Iz J e tc . are  th e  r e a l  equ ilib rium  co n stan ts  ( J  = IK ,  as in  

§9.51+ above) o f  th e  follow ing re a c tio n s

* o C j p ' Y should be d is tin g u ish ed  from o th e r q u a n titie s  rep resen ted  

elsewhere by th e  same symbols.
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C02 +Mx ^  Co ~hJ-f^O (10)

^  Co +  i ° r  (11)

CUu ^  C-t-2H r (12)

Co ==5- c-f j_o2 , ( u j

e tc .,

and JT s  ^*/N , N b  oC-f- p -f- 2 + -----------  being the  t o t a l  number

of gaseous moles.

Besides the e q u i l ib r ia  (10) -  (13)* th e re  w i l l  be o thers  involv ing  such

species as 0 , H, N, NO, HCN, NH^, and so f o r th .  C onsideration  of th e

appropria te  co n s tan ts  shows, however, th a t  d is so c ia tio n  o f Og, Hg a^d 

Ng w il l  be n e g lig ib le  even a t  th e  tem peratures of de tonation , because o f 

the  high p re v a ilin g  p re ssu re s . Formation o f NO from Og and Ng i s  

independent o f p re ssu re , a t  le a s t  under id e a l co n d itio n s, bu t w il l  be 

s ig n if ic a n t only f o r  markedly oxygen-positive exp losives, which are  r a re :  

the importance of NO i s  d iscussed  fo r  such cases in  § 13 .25 . Formation 

of HCN, NH and o th er polyatomic molecules i s  promoted by high p re ssu re , bu t
3

the re levan t equ ilib rium  co n stan ts  in d ica te  th a t  such product species 

w ill  norm ally be unim portant, except perhaps a t  th e  h ig h est c a r tr id g e  

d e n s itie s .

Accordingly we proceed by f i r s t  d isregard ing  a l l  p o ssib le  products 

except those mentioned e x p l ic i t ly  in  (10) -  (1 3 ) . V/hen the  major 

products have been th u s  determ ined, we can then  t e s t  a  p o s te r io r i  th a t  

th e  concen tra tions o f o th e r p o te n tia l spec ies  a re  in  f a c t  n e g lig ib le . 

Equations (2 )  -  (9 )  can be solved in  th e  most genera l case by throwing them 

in to  th e  form:

~rj -  * * /z  y (1J+)
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’ ‘ (15)

£ = 3 ^ *   ̂ (1 6)

5  =  Z - t * « + j l + U ) ,  (17)

6  = ^  , ( 18)

>  _  2 £  . ,
C  "  7 f  ’ (19)

together with (2 ) ( 3 ) *  Assuming a value for j} ,  we calculate oC,

£ , 2 ,  € ,  C and check in  ( 3 ) .  F in a lly , by (2 ) ,

If the explosive i s  "oxygen-positive" with respect to  the carbon 

and hydrogen, that i s  i f

Z > 2 * + y t z  (20)

(as in  nitroglycerin^, th is  procedure f a i l s ,  and we have instead the 

simple solution:

,* -  *  , $  = v /2 , £  = f  , ■*} = "7z ,

j! = y  = e  = C = o .

The products a re  thus OOg, HgO, Ng and excess Og* may be w r itte n  down 

a t  once. (NO-formation remains to  be considered).

I f  th e  explosive i s  oxygen-negative, bu t has s u f f ic ie n t  oxygen to  

transform  a l l  the  H to  HgO, and a l l  th e  0 to  CO, th a t  i s  i f

Z > (22)

(as  in  5BTN), th e  general procedure again f a i l s .  We must th en  omit 

the carbon-forming reac tio n s  (12) and ( 13) ,  whereupon the major products



are defined  by J  and J  a lone , The id e a l w ater-gas constan t K. i s  o f 1 2  1
the o rd er o f 9 a t de tonation  tem peratures, and th e  e f fe c t  of gas 

im perfections, according to  th e  theo ry  of § 13.6 below, i s  found to  in crease  

th is  markedly. The p roportion  € of Hg i s  th e re fo re  always sm all, even a t

low d e n s i t ie s .  £ i s  defined  by (7) and th u s  depends on Jg A r ,

Since th e  id e a l constant Kg i s  of the order of 20 -  1{0, th e  p ro p o rtio n  of 

Og c a lc u la ted  on an id e a l b a s is  w i l l  no t be la rg e , even a t  low d en sity ; 

the e f fe c t  of allowance f o r  im perfections i s  to  lower th e  C>2 s t i l l  f u r th e r .  

The a c tu a l c a lc u la tio n  i s  b e s t c a r r ie d  out by a c y c lic a l  p ro cess , based 

on (2 ) -  ( 7 ) ,  though approximate so lu tio n s  can be obtained by ignoring 

e ith e r  € o r , and. are given below in  §§ 13. 21, 13.22.

The g re a t m ajo rity  of B r it ish  commercial explosives f a l l  in to  one o r 

o ther of the above two ca te g o rie s .

When, as in  TNT and a la rg e  number of o th e r organic detonating  

compounds, th e  explosive i s  so d e f ic ie n t in  oxygen th a t

Z  < X .+  y /2  f

we must allow fo r  th e  po ssib le  form ation of f re e  carbon. The 

re la t iv e ly  low detonation  tem peratures which a r is e  w ith such explosives 

oblige us to  regard the C as condensed, and so to  apply equations 

( 2) -  ( 9 ) .  Approximate a n a ly tic a l so lu tio n s  can be ob tained  s u ita b le  

fo r c e r ta in  ranges: two of these  are  derived  in  §§13*23, 13*2l+*

However, such so lu tio n s  have a r e s t r ic te d  v a l id i ty ,  and in  general i t  

is  simpler and s a fe r  to  use an i t e r a t iv e  method based on (14) -  (1 9 ) .
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13*21 Approximate so lu tio n  f o r  >Z > * 0  + /̂z.

oxygen concen tra tion  (£ ) assumed n e g lig ib le

The equations of § 1 3 .2  become

0(4- p =.

<5> G = >/*

3.0 i - t  <T = z1 &

Tf o<e -  p S  f

whence

oc = T ( t . )  

p = x -  FCr,)

S =  Z-OC -FCr , )  

F =  x + \ ~ Z .  +  F(X,)

A/ — cC-f- S  +  € + 7j - x

where

^  )-Z  + 7  ?f(z-y -y/S-B-fa-trfz-lx) -yz lj; + (z-l-x)
n r ,)  = — ------ :---------------

When 1 f th i s  reduces to

^  =- Z —* —y / j  ;

(1)

( 2 )

(3 )

(4 )

(5 )

( 6)

(7 )

( 8) 

(9 )

• ( 10)

( 1 1 )
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P  Z x - H ^ - X  ,

£  =. V i  ,  ( 13)

<s =. o .

The sm allness of £  can he v e r i f ie d  from equation  13 .2(7)•

whence

0*0

r  'S'
» 13*22 Approximate so lu tio n  fo r  -f-y/2 g  > ^-f- y/3 : 

hydrogen co n cen tra tio n  (e ) assumed n e g lig ib le  

The equations are

cC+fi, = rc (1 )

<r = y/2 ( 2)

3«+p+S-f-2£ = Z

3; *  = 5

Cx ~*)-J(f ~ x ~*i,i) ~ ~ — J n ■ ( 5 )

For any p a r t ic u la r  va lues of x/^ ,z  ( 5) can be most e a s i ly  

solved by graphing 3 2  ag a in s t c t . In  th e  case o f BETH

the re la tio n s h ip  between <* and 32  can be rep resen ted  very  c lo se ly  f o r  th e  

relevan t range cc c  3 ) Taj

oC =  3-c* -  0.s?C,Tt  mole EETN , (6 )

Whereupon

P =  +  o -S tt7 l ,

<T = 4  , (8)
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f = .  ,  (9 )

and N = <L+̂ -h S + € +?J -11 + o-2cjTx . 0 ° )

§13.23  A ppnosim te so lu tio n  f o r  Z < x .+  ? /z  : p ressu re  ex treae ly  high

[ml
H. Jones has d e r i v e d  an a p p r o o c ia a te  s o l u t i o n ,  f o r  u s e  a t  tine h ig h est

l o a d i n g  d e n s i t ie s  in  TU T, whose p r o d u c t s  con ta in  f re e  carbon. We s h a l l

g en era lise  t h i s  so lu tio n  fo r  th e  e x p l o s i v e  0 ^ ,  ishere

«  ^  x+ 7k . ^

The products a re  supposed t o  be those  s ta te d  e x p l ic i t ly  i n  13-2(1 }.

Jones ta k e s  ,  b u t t h i s  need n o t be assueed a t  th e  o u ts e t .  She

equations a re  then. 1 3 .2 (2 -9 ), fro® which, e lis iin a tin g  sC t ft , y f 

I , £0 -*!„ C, we deduce

A r e 1 =  ( y e + e - V k ) [ f f ^ ( t t , + i ) - i l  m e* +
* L '  (2)

" i

Iff ar i s  s u f f ic ie n t ly  la rg e ,  th e  tern® in  6  be n eg lec ted , so

th a t

f - f j . ( 5 )

iher©

F  s  ^  f e + ' )  - w

i s  a  <qpadtaadfcic i n  f o  ,  flora. which

(5)
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I f  we denote t h i s  q u a n tity  by f  , then  th e  so lu tio n  fo r  7T very  la rg e  i s :

Ok)

.2 

TJ

h  \  -* y>  ( s ) ~

, ft -  £ £ _  T4 l - 3 f )  s. o
^  P  ■ -  7)3; ̂  • ( 9 ) r1

£ =  , and so , by 1 3 .2 W ,

* * *-?-* •= + V (10f
' 2(>+V») ' •l-T-Jit

^  X7u(§~l+V) ( 11) '
/+ -3 ;tv

2l y  ^
y  == *c -  y  -  * , (12)

(15)F in a lly , ^  •= W * ,

and

/V — ct-h j i - t  £ ■fm € Hh €  - t  “yj -h C — ( ^ + 2 ^  -f-2 u r ) f ^ (1^)

and i s  th e re fo re  co n s ta n t.

When id e a l co n stan ts  a re  used, from th e  ta b le s  o f ^  e t c . ,  su ita b ly

extrapolated, we have 

T( ° K)  1 ,000  2 ,0 0 0  5 ,0 0 0  4 ,0 0 0  5 ,0 0 0

F 1.70 5*55 ^*50 ^ #18

so that F > 1. With r e a l  co n s tan ts , th e re  i s  no guarantee th

i ,0 0 0

6,60



When F ^  1, both ro o ts  of (5 ) are  p o s it iv e ,  s in ce

(z~  \  s  (z -  M/%f +  Z y x F - r f F f c - , )

S im ila rly , when F <  1, the -  s ign  in  (5 ) corresponds to  a p o s itiv e  

ro o t, bu t th e  + sign  to  a  negative ro o t. In  e i th e r  case , however, th e  

-  s ign  must be taken . For, by (8 )

and 0 demands th e  + sign  in  (15) and so the -  s ign  in  ( 5 ) ,  i f  F >  1 ,  

Hence € and S  a re  both p o s itiv e  only when th e  -  sign i s  used in  (5)«

C and ft are then  a lso  p o s itiv e . By a s im ila r  argument, i t  fo llow s th a t  

oC and £  a re  p o s it iv e . The cond ition  fo r  a so lu tio n  i s  then  th a t  

y  >  0, I t  does not appear po ssib le  to  e s ta b lish  a lg e b ra ic a lly  th a t  t h i s  

i s  s a t i s f ie d ,  but i n  p ra c tic e  i t  has always been found to  follow , sub jec t 

to  ( 1 ) ,  which ap p lie s  to  a  la rg e  number of organic exp losives, such as 

TNT, t e t i y l ,  p ie r id  a c id , e tc .  I f  id e a l constan ts are used, the  

products of such exp losives can re a d ily  be evaluated  a t  any given 

tem perature and a t high p ressu res  by means o f th e  above theo ry , A 

se le c tio n  i s  shown in  Table 13 .23:1 .
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§13.2% Approximate so lu tio n  f o r  Z <  %/z :, 6, £ ,  C n e g lig ib le

The equations reduce to

( 0

= , IK,

3 ^+f. » % -y /;E

(2)

(3)

and.

whence

w T  /

-  ^  ( - /  + > /^ m ( * -  7 / 2 )  j ,

where 4 #  C and y  fo llow  a t  once.

I f  /? :$>/. th en

w

(5)
a»= <ST. as u su a l. /  ^  *

x  f2g-y’*V 4

r  =. * - # + ^

( 6)

(7)

(8)

"S3.25 Ptonaation o f  MO

The n e g lig ib le  Qg-contenfc In  th e  products o f  oxygen-negative 

explosives ensures t h a t  BO-fcarnation w i l l  toe n n t ^ a r t a n t .  Bor osygen-

p o s itiv e  ex p lo siv es , t h i s  I s  n o t n e c e ssa r ily  t r u e .  We nay, however, 

obtain, a  s u f f ic ie n t  estim ate  o f th e  le v e l  o f  BD-fcmafcion. i n  such oases 

toy applying th e  MO-equilitorisim;

to  th e  product M ixture as  determ ined w ithout re fe ren ce  to  BSD. ]
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are th e  numbers o f moles of 0^ , N2 already  determined in  th i s  

way, and A th e  r e s u lta n t  NO, th e  above approximate procedure g iv es:

A ^ %
hf- fX
A -  h K,(r) (2)

where has been ta b u la ted  in  Table 9 .5 4 :1 .

S in ce  th e  r e a c t io n  i s  equ im olecu lar, and th e  covolume v ery  l i t t l e  

a f fe c te d , id e a l  eq u ilib r iu m  co n sta n ts  may be used . I f

A S , E  = i/ij ,
(2 )  y ie ld s

A  =

K, J(E+1)K?+ H E -(e+ O K t
(3 )

i s  le s s  than  1 even a t  5,000°K, and E w ill  sca rce ly  ever r is e  as high 

as 1, In  g en e ra l, th e re fo re , / \  < 0 .75 , so th a t  a t  most one th i r d  of 

the n itro g en  i s  o x id ised . As a r u le ,  th e  f ra c tio n  i s  much le s s .  The 

v a r ia tio n  o f A  over a wide range of T and E i s  shown in  Table 13.25:1.

T able 13.25:1

*0 (no /n2 ) as a function  of T and 02/N2

\ t( ° k)

°2/ i \
1,400 2,000 2,500 3,000 3,500 4,000 5,000

0.1 0.63 6.28 15.15 35.2 55.3 75.3 111.2

0.2 0.88 8.90 21.6 51.0 81.6 113.6 170

1.0 2 .0 20.0 48.9 117 189 267 414

5.0 4 .4 i|4.5 109 256 412 570 890 ,



$13 .3 The equation  of s ta te

A gas o f in e la s t ic  sp h e ric a l molecules obeys th e  id e a l equation

f v  ~ * K r  ( 1)

when the  a t t r a c t iv e  fo rc e s  and c o l l is io n s  between molecules are both 

neg lig ib le , th a t  i s ,  a t  low d e n s it ie s .  The e f fe c t  o f  allowance f o r  

interm olecular a t t r a c t io n  and b in a ry  c o ll is io n s  i s  to  rep lace  (1 ) by 

the equation of van  der fa a ls

where a  and £  a re  c o n s ta n ts , th e  l a t t e r  equal to  fo u r tim es th e  volume 

of 1 gnu o f th e  sp h e ric a l m olecules. I f  a,!jrJL i s  sm all, (2 )  reduces to  

the Abel equation 12 (1 ). S ince a t  moderate p ressu res  a  i s  found to  d ecrease  

with r is in g  tem pera tu re , th e  A bel equation sh o u ld  b e  p a r t ic u la r ly  u sefu l a t  

high tem peratures and m odera te  p r e s s u r e s ,  which explains i t s  success in  

describing th e  behaviour o f  p r o p e l la n t  powder gases.

At h ig h e r  d e n s i t i e s ,  a llow ance  m ust be  made f o r  th e  e f f e c t  o f  c o l l i s i o n s  

between t h r e e ,  f o u r ,  e t c .  m o le c u le s . T oen t h i s  i s  done, th e  equation, becomes

------------) .  ( 3 )

The numerical c o e f f ic ie n ts  of powers o f  & jv  a r e  deduced from  p u re ly  

geometrical c o n s id e r a t io n s  o f  th e  im p o s s ib i l i ty  o f  o v e r la p p in g  i n  h a rd

id e n t ic a l  s p h e re s ,  and t h e i r  c a l c u la t io n  has no t b een  ex ten d ed  beyond th o s e
[m sj

shown in  ( 3 ) .  On th e  o th e r  hand, Lensard-Jones and Devonshire derive  an 

equation o f s ta te  f o r  dense gases in  th e  fo ra

ff+ffoT)h = *xr(/~ K i^ r ' .  w
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C m ,st]
H irsch fe ld e r, Stevenson and Eyring develop an e s s e n t ia l ly  s im ila r  

equation from geom etrical co n s id e ra tio n s  of f re e  volume, id e n tify in g  

f(-vyT )  w ith  ^ / ia2 The constant K i s  a pure number, whose value

depends on the  co n fig u ra tio n  of th e  c lo se ly  packed m olecules,

(i+) may th e re fo re  be regarded as th e  lim it towards which (3 ) approaches, 

when v  i s  sm all; i t  would be expected to  apply in  th e  neighbourhood of 

&jv -  2 J and th e  values which we s h a ll  c a lc u la te  fo r  h ig h -d e n sity  exp losives 

are ju s t  of t h i s  o rd er. However, th e  range of v a l id i ty  o f th e  equation  i s  

c le a r ly  r e s t r i c te d  in  both  d ire c tio n s : i t  cannot be r e l ia b le  fo r  sm all

values o f 4 (v  such as w ill  occur a t  lower loading d e n s it ie s ,  and on th e

o ther hand i t  cannot apply when 4/v' approaches K  (y$)>  Such o b jec tio n s  

do not a r is e  w ith equation (3 ) :  th e re  i s  no immediate lower den sity  l im it

to  i t s  a p p lic a tio n , and V may be in d e f in i te ly  reduced w ithout leading to  

any formal ab su rd ity . This suggests th a t i f ,  by means of a f u r th e r ,  

fo u rth -o rd e r, c o rre c tio n  (3 ) were made to  agree with (!+) a t o r about 

4/n/ ~ 2 j  (3 )  would be ap p licab le  over a wide range o f 4 /v  up to ,  and 

perhaps even beyond, th i s  value . H irschf e ld e r e t  a l .  propose, in  f a c t ,

to  in te rp o la te  between (3 ) and (I4.) by adding a f i f t h  s e r ie s  term 

em pirica lly  to  ( 3 ) and determ ining the  app rop ria te  c o e f f ic ie n t in  such a 

way th a t  th e  two equations agree a t  Sju- ~ 2 . The c o e f f ic ie n t depends

upon K. 7?hen K = O.7163 (corresponding to  body-centred cubic packing), 

the re su lta n t equation  i s ,  ap a rt from the term ^ /v 7' ,

j>v =  tiR T  (f-t- 4 / v  +

On the o ther hand, fo r  K = O.6962 (fa c e -c e n tre d  cubic packing),

(3) req u ires  no s ig n if ic a n t m odification , s ince i t  then  a lready  almost 

coincides w ith (4) around 4 /v  -  Z  . In  th is  case , the equation of s ta te  

becomes, a t  high tem peratures and p ressu res:
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j , v  -  -*Kt ( / +  i ( v  +  O - lZ S - i1/ * ' - *  C-2*-] 4 * /■ * * ). ( 6 )

However, equation  (5 ) has been used in  our c a lc u la t io n s ,  except where 

otherw ise s ta te d .

N eglect of o r  f(v,T) b rin g s  th e  equation  o f  s ta te  under

the form

f>v= nRT<r(t/v) . (7)

I f  t  i s  then  regarded as independent of T ,  we have

(W r  = r ( S l - ^  s 0 '  (3)
so th a t no account i s  taken  of the p o te n tia l  energy of in te rrao leo u la r

rep u lsio n . This i s  almost c e r ta in ly  le g itim a te  fo r  p ro p e lla n t powders

(A  ~  0.5 g/cm^) , and in  a b la s tin g  explosive c a r tr id g e  whose den sity

does not exceed 1 g/cm? th e  e r ro rs  should no t be too se rio u s . Even a t

higher d e n s it ie s ,  th e  n eg lec t of rep u ls iv e  fo rc e s  w il l  in  f a c t  have a

minor e f fe c t  on a l l  th e  c a lc u la te d  param eters except th e  tem perature,
,  3which w il l  tend  to  be exaggerated. Thus, a t  ZJ = 1.5 gn/cm , B rinkley 

estim ates an energy absorp tion  o f about 7^ In  in t  erm olecular rep u ls io n , 

with corresponding reduction  in  7”. Neglect of fc*,T) , however, 

may be p a r t ly  compensated, i f  we id e n tify  with th e  th e o re tic a l  second 

v i r ia l  c o e f f ic ie n t

i  ,  M r ) ,  M £ e > 7 ,  .  , <» ®
L d O h )  ->■»=■<*

ra th e r than  w ith the  van d e r Y/aals covolume co n s tan t. A s im ila r  procedure
m

was adopted by H irsch fe ld er and Roseveare, who were ab le  thus to  reach 

close agreement with experim ental Joule-Thomson c o e f f ic ie n ts .  However, 

whereas these  workers re ta in e d  th e  van der Waals £ in  a l l  terms of 

higher order than  &jv  , we s h a ll  use 3 fr )  throughout. I t  i s  no t 

claimed th a t t h i s  procedure has any Vigorous ju s t i f ic a t io n ,  but i t
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appears more c o n s is te n t w ith th e  Boltzmann model on which our 

equation (5 ) i s  based.

3(t)  v a rie s  w ith 7*, reaching a maximum when 7“̂  $000°¥L, However,

over a range of 2000 -  5000°K, th e  v a r ia t io n  i s  s l ig h t ,  and we take 

advantage of th is  to  sim plify  th e  a n a ly s is  by adopting a  mean molar value 

fo r  each (■ t^) product gaseous sp ec ie s . The manner in  which th ese  

values should be compounded f o r  a m ixture of gases r a is e s  fu r th e r  problem s. 

Several th e o re t ic a l  ru le s  have been form ulated f o r  determ ining th e  v i r i a l  

c o e ff ic ie n ts  of m ixtures in  terms of those  o f th e  components. I n  view 

of the  u n c e r ta in tie s  which a r is e  a t  o th e r p o in ts  in  the  th eo ry , i t  

seems s u f f ic ie n t  here to  adopt th e  s im p lest, th a t  i s , th e  l in e a r  method 

of combination. Then

, ( 10)i/
thwhere 71. i s  the  number of moles of th e  V  species in  1 gm. o f th e

products, and 3 .  i s  th e  high-tem perature second v i r i a l  c o e ff ic ie n t f o r  %
1 mole of t h i s  sp ec ie s . This would lead , i f  th e  th eo ry  were accu ra te  

a t a l l  o th e r  p o in ts , to  an exaggeration  o f ot and hence a lso  o f th e

ca lcu la ted  detonation  v e lo c ity . The values of 2?, necessary  fo r  our1/
work are c o lle c te d  in  Table



OnJTable 13 .3:1

Second v i r i a l  c o e f f ic ie n ts  a t  high tem peratures
(*vr 3000°K)

Gas 3 -  :
3 * : cm / mol, :

: Gas
B .

cnrVmol.

GGg ( ro ta t in g ) 63 : 14.0

C02 (n o n -ro ta tin g ) 37.0  : = °2 30.5

CO 33.1 : : N ; 2 33.9

h2o 7 .9  : : <3Lk 37.0

In  o rd er to  f a c i l i t a t e  th e  use o f th e  equations o f 

we r e ta in  th e  Abel form

f  ( v -  * )  =  7iK J  ,

whereupon

oc = i / ( > - > ;

and

where
_  77niBi

f  12,

( 11)

( 12)

(13)

( 14)

and vfa.) denotes th e  b racketed  se r ie s  in  (5 )  / .o r  ( 6 ) J  ; th a t  i s ,

t-t- n -f-  **2*7  1 f-f- . ( 15)

3 ^For compar iso n , th e  value o f oC in d ica ted  by (4 ) i s  , so th a t

dd/4-v = ^K(€f-v) 3 . ocjl and 4^/dir a re  graphed as  fu n ctio n s o f 

in  F ig . 13.3 : 1,  which i l l u s t r a t e s  th e  comparative behaviour of th e  

th ree  equations o f s ta te .  v(x)  i s  a lso  shown as a  fu n c tio n  o f  oc

fo r ( 5) and ( 6) in  F ig . 13.3 :2 .
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Fi g . 1 3 . 3 : 1

T l Q .  1 3 . 3 : 2



§ W .k  The_ RH-equation ^

In  consequence of 1 3 .3 (8 ), the  HH-equation takes the  form 

9 ,7( 9 ) ,  w hich ,since i s  n e g lig ib le , becomes

er £* = a £>°L %  = cJ t. - tJ - q, = i h f a - v , ) ,  ( 1)

C o )
where AEf re p re sen ts  the  d iffe ren ce  in  in te rn a l energy of th e  

products in  the id e a l gas s ta te  between T0 and Tf , and Q i s  

obtained from the  energ ies  of form ation, as explained in  § 9 .7 .

5 13 *5 The C J-conditjon  and formal so lu tio n

Since oC =s tx(-v), the  an a ly s is  of §  12 req u ire s  to  be s l ig h t ly  

modified. The constant-com position ad iab a tic  in  d i f f e r e n t ia l  form i s  now:

-f,dv = cvdr= + +(•-%)*»].
or

_ / 2 £  \ k f
M S r i ~  -> -<  ’ ( 1)

where

K  -  Cv  d v  ■ ( 2 )

07J
Equations 12(3-7) th e re fo re  continue to apply, provided y  i s  rep laced

by kf throughout. Thus:

a/. = (3 )/

(K+0-*P~r,

* =



3 6  6

» - & J W  ( 5 >

H- »  J ' - p  ■ (6 )7

5 - * , * =  t f r - T o )  ' (7 )

£ @
S13.6 Theory o f re a l  equ ilib rium

In  th e  p resen t se c tio n , as in  §9.5*4-, V , N , 3  r e fe r  to  an

a rb itra ry  mass of th e  products. The general theory has been presen ted

in  § 9 .54 . According to  equations 9 .54  (17 , 18, 27) equilibrium  in
*

the reac tio n

is  determined by

where

and

' ze i L . ^ o  ( 1)

1 J V  =  J - p i f i  k ( t) ,  ( 2 )

-  L i  = z e i (LAi ( 3 )

£  4- = ]v ( £ T ™ + i ¥ r ) d r -

However, s /v/er <t(pc) f (5)

where <r i s  defined  in  13.3( 15) and

x  =  5 ^ 5  = . (6 ) 
r  " v

Prom ( 5 ) ,  ( 6 ) ,

RT 9M-l V
JL &k -L -  -L —  

while j> ?V V V d V  '



sj  r* f*v• •- o  <r

oo
Hence

The same expression  can be derived , somewhat le s s  conveniently , from 

9.5*4(23).

(7) i s  independent of th e  form of o~(x) When tr i s  given by 

43.3(15), i t  becomes

t v  A- =  (r - i)  — +I ( 8 )

I f  Nl3. = , which w il l  be tru e  i f  a l l  th e  component gases have

the same v i r i a l  c o e f f ic ie n t ,  but may a lso  happen by accident fo r  a 

p a r t ic u la r  sp ec ie s , (7 ) reduces to  the  a c t iv i ty  fo r  a s in g le  gas, namely

r
L  A =  I doc — <r -j- <r— 1 (9 )J  PC i I )o

otherwise i t  does n o t, the  a c t iv i ty  of each species being a f fe c te d  by 

the o thers p re se n t,

The id e a l equ ilib rium  constant K(t) thus re q u ire s , by ( 3 ) ,  to  be 

m u ltip lied  by a  f a c to r  Z, where

- £ v x  = / W 2 ( 10)

and i s  the  fu n c tio n  on the  r ig h t of (9 ) .  The la s t  term  of (10)

is  due e n tire ly  to  d iffe ren ces  between th e  v i r i a l  c o e f f ic ie n ts ;  the  

second l a s t ,  however, survives (except fo r  equim olecular

reac tio n s, where - 0  ) even when th ese  c o e ff ic ie n ts  are  a l l  equal.

Both terms vanish of course a t low d en sity ; otherw ise, the id ea l constan t 

^  can be used only when th e  reac tio n  i s  equim olecular and th e  molar v i r i a l  

co e ffic ie n ts  are  equal. The function  £(x) i s  shown in  P ig . 13.3:2 fo r  

the s ta te  equation 13 .3 (5 ).



8

I t  has been assumed th a t th e 3 •  are a l l  independent o f  V.
On]

However, th e  h igh-tem perature c o e f f i c ie n t  fo r  COg i s  b e lie v e d  to
3change ab ru p tly  from 37 to  63 cm /m o l. as th e  d en sity  f a l l s  through

a c r i t i c a l  v a lu e  o f  0 .030  mol/cm . This in crea se  i s  due to  th e

p o s s ib i l i t y  o f  m olecular r o ta t io n  a t th e  lower d e n s i t ie s .

I t  i s  not e n t ir e ly  c le a r  ho?/ one should d e fin e  th e  c r i t i c a l  co n d itio n

in  a gaseous m ixture. For want o f  a b e t te r  th eo ry , we s h a ll  assume

that th e  change occurs when th e  volume o f  the m ixture as a whole reaches
/

a c r i t i c a l  l e v e l  V  . The in te g r a l in  equation  9*5^(27) must th en  be
/

evaluated  in  two p a rts  i f  V ^  V  , though th e r e s u lt  remains 

im m ediately e x p r e s s ib le  in  term s o f  <r and f- . Thus, l e t

^  =  3 ^  and 3  = B 0> J F -  Y '

3 ^ = 3 * ^  and 3  = 3 21 r * v '
2. **>2. s ’

Then, fo r  T~>  V * ,

L a ,  ) [ * ( £ ) - , J  < „ )

where J5. = f o r  C02 . Denoting th e r ig h t  s id e  o f  ( 11)  by

~F ^B(,)/ y  t fii / 2 ^ , we ■toon bave, fo r  V  ^  Y  ,

^  4 i = % °> )~  F ( v r“  ^  ^ ( t 1’ ’ ( 12)

CZ)
where = 3 ^  f o r  COg. For a s in g le  g a s , such as C02 , (11') and 

(12)  reduce to

.0)
L a  -  f ( f )  ,  r > r  O s )



Although th e  values of &/? f o r  s in g le  gases are not necessaiy  

fo r  our purpose, they have been c a lcu la ted  from ( 9 ) ,  ( 13) and (14) 

and appear in  Table 13 .6 :1 .

Table 13.6:1 ~

fo r  in d iv id u a l im perfect gasesL a 2 l ( £ )

V

( in  cmVmol.)

tn  A

oo2 CO H20 h2 °2 n2

10 87.0 56.0 1.58 4.96 43.1 60.6

11.1 64.5 39.9 1.32 3.94 30.9 43-1

12.5 45.7 27.7 1.09 3.05 21.6 29.6

14.3 33.3 18.8 0.89 2.35 14.9 20.1

16.7 24.1 12.0 0.71 1.75 9.70 13.1

20.0 17.5 7.48 0.55 1.28 6.11 7.97

25.0 13.2 4.4o 0.42 0.91 3.65 4.62

33.3 10.5 2.41 0.30 0.60 2.06 2.51

50.0 3.93 1.17 0.19 0.36 1.03 1.21

100 1.08 0.45 0.10 0.17 0.40 0.45
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§ 14 Method o f c a lc u la tio n  f o r  an explosive y ie ld in g  e n t i re ly  gaseous 
products

The method o f c a lc u la tio n  which we have adopted i s  as fo llow s.

Values o f T{ and fifa, are  assumed, and by means o f the  equ ilib rium  

equations th e  corresponding product gas composition i s  determined, 

allowing >*,, , c, , c and oc to  be estim ated . An approximate

value of kt i s  next derived  by assuming ^  = 0.75 v0 (Equation 12(10)) and 

using 13.5(2) and F igure 13 .3 :1 . Tt and are then  re ca lc u la te d  from 

equations 13 .5(7) and 13.5(4 ) ,  and compared w ith th e  values assumed.

I f  th e  discrepancy i s  marked, a  second cycle o f operations must be c a r r ie d  

out. When reasonably  c lo se  agreement i s  reached, which with experience 

w ill u su a lly  be the  case a f t e r  not more than  two cyo les , vf , cc and kf 

are estim ated more p re c ise ly  by means o f 13 .5(2 ,3) and Figure 13*3:1. This 

step  involves a  f u r th e r  process o f successive approximation. Tf i s  

then checked from 13.5(7) * w ith the  new value of k, • Agreement w ith in  

su ff ic ie n t l im its  w il l  u su a lly  be reached a t  t h i s  s tag e . S im ila r 

remarks apply to  ^  which i s  re ca lc u la te d  from 13• 5(U-) • A f in a l  cycle 

of operations commencing with adjustment o f th e  equ ilib rium  composition 

may be c a r r ie d  o u t, bu t as  a ru le  th is  i s  not necessaiy . L a s tly , 

when agreement has been reached, D  and are  obtained  from 13.5(5*6), 

or from the  fundamental equations.

« f
N itrog1y °e r ia e  ( G3H5°9N3)

The theo iy  was f i r s t  app lied  to  n itro g ly c e r in e , a  l iq u id  explosive
z

with the high n a tu ra l d en sity  of 1,6g/om • We assume, as in  a l l



subsequent c a lc u la tio n s  except where otherw ise s ta te d  th a t  Ta =  273°K 

and j}Q a 1 atm. The s l ig h t  oxygen exeess (^0 p e r mole) perm its us 

to  use th e  sim ple product so lu tio n  13.2( 21) ,  i . e .

 >• 3C02 +  2 ^ 0  + J 0 2 + 1 ^ 2

so th a t n, = 7*25/227 = 0.0319 mole/gm., and from th e  re lev an t 

heats  o f  form ation  GL a 1507 cal/©&. A lso , from Table 13 .3 :1 , 

t  = 0.832 cnrVgm. Heference to  the sp e c if ic  hea t d a ta  shows th a t

a t  constant volume (and  sub jec t always to  our s ta t e  equation , which 

discounts in term o lecu lar p o te n tia l  energy) th e  tem perature would 

reach about 4950°G. Adding 15/ to  t h i s  to  allow fo r  th e  3K- 

corapressional h e a t, we estim ate :

T , ~ 5700°]C*

whereupon c, = 0 ,,313k cal./gm .°K , c  s  0.3350 cal./gm .°K , and so

Yt = 1 .1 7 0 . v, ; oi and kf may now be ca lcu la ted  a t  once, as  fo llow s

v, % doCjdvj oC j l oC K
( a s sd .) {r (F ig .13..3:1) (Equ.13.5(2)) (B qa.13 .5(3))

0.50 0.602 0.551 0.514 0.^28 0.619 0.501+

0.505 0.607 O.5U6 0.517 0.430 0.624 0.503

T  , by 13. 5( 7 ) ,  i s  now 5640°K, and the  d iffe ren ce  of 60° from th e  

assumed value has a  q u ite  n eg lig ib le  e f fe c t  upon 7  ̂ e tc .  The product 

composition, s p e c if ic  volume, and tem perature are now a l l  co n s is ten t 

with each o th e r and with the th e o re tic a l equations. We may, th e re fo re , 

ca lcu la te  , hff and 3  by 13»5(4 ~6) ,  obtaining

f) » 199,000 atm.

Nf = 1,550 m ./s .

2) 3 8,060 m ./s .

re s u l ts  a re  c o lle c te d  in  Table 14 .1 :1 .
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The v e lo c i ty  o f de tonation  o f n itro g ly c e rin e  has been repeated ly  

measured: i t s  ex cep tio n a lly  high order i s  responsib le  fo r  a  c e r ta in

s c a tte r  in  th e  experim ental r e s u l t s ,  which however l i e  about a  mean value 

close to  8,000 m ./s . The most accurate  determ inations are probably
cm

those of K hariton and R atner, according to  which

J) s  7,500 + 500 m ./s .

I t  should be emphasised th a t  th e  method o f c a lc u la tio n  makes no use, a t  

any stage , o f measurements on explosive performance, and could in  

fa c t  have been equally  w ell app lied  in  th e  absence o f inform ation as to

whether n itro g ly c e r in e  were capable o f detonation  o r n o t. There i s

thus no guarantee whatsoever a t  the o u tse t th a t  c a lcu la ted  and observed 

v e lo c itie s  w i l l  even be o f th e  same order of magnitude. The f a c t  th a t  

they n ev erth e less  are  not only of th e  same order but coincide w ith in  

experim ental e r ro r  o f fe r s  strong  support to  th e  th eo ry . We s h a ll  

show th a t  c lo se  agreement of t h i s  k in d  i s  not confined to  n i t ro ­

g ly cerin e , bu t extends to  a  very  wide range o f explosives a t a l l  normal 

loading d e n s it ie s .

In  c lo se  thermochemioal re la tio n sh ip  to  n itro g ly ce rin e  i t s e l f  i s  

B lasting  G e la tin e , in  which th e  n itro g ly c e r in e  i s  g e lle d , and i t s  oxygen balance 

sim ultaneously brought c lose  to  ze ro , by ad d itio n  of a  sm all p roportion

of n itro c o tto n . B las tin g  G ela tine  i s  d iscussed  in  §  16 below, along

with o ther commercial detonating  exp losives.



§ i f f  2 O ther oxygen-positive s in g le  compounds

The number of fa m ilia r  oxygen-positive o r -balanced detonating

compounds i s  not la rg e ,  b u t i t  inc ludes n itro g ly co l ( C ^ H ^ O manni 'feô

h ex an itra te  ( C ^ ^ g N g ) ,  e iy th r i to l  t e t r a n i t r a t e  (CjJig012N^) and

te tran itrom ethane (COqNk) ;  and measured v e lo c i t ie s  a re  av a ilab le  f o r
[W,17]

a t  le a s t  the  f i r s t  two of th e se . C a lcu la tio n s , c a r r ie d  out a t  

p ra c tic a l  loading d e n s it ie s  by the same method as fo r  n itro g ly c e r in e  a r e  

again summarised in  Table 1l+.1:1. Agreement i s  good where comparison 

can be made.

Ammonium n i t r a t e  ( nH^NO^), which i s  an extremely im portant

ingred ien t in  mixed ex p lo siv es , and i s  oxygen p o s it iv e , should be

included in  the p resen t category . Although th is  substance i s  no t used as

an explosive by i t s e l f ,  and was in  f a c t  fo r  many years considered so

l i t t l e  capable o f  independent detonation  th a t i t  was freq u en tly  q u arried  out

of la rge  storehouses by means o f sm all b la s tin g  charges, th e re  i s  now

abundant evidence of i t s  power to  detonate when p resen t in  la rg e

q u an titie s  o r under strong confinement. Recent experiments have shown

th a t the v e lo c ity  a t  a 0.9 g./om^. reaches 1,500 m ./s . in  9-inch

diameter c a r tr id g e s . The c a lcu la ted  detonation  p ro p e rtie s  under p e rfec t
2

confinement are summarised in  Table 14.1:1 fo r  A  * 1 gm./cm •

We include a lso  th e  r e s u l ts  fo r  two concentrated aqueous so lu tio n s  

.of ammonium n i t r a t e . Such so lu tio n s  a r is e  in  c e r ta in  in d u s tr ia l
Cfr]

operations, and th e  95/5 m ixture has been found capable of de tonation .

I t  w ill be noted th a t  th e  tem perature and p ressure are bo th  h igher 

than fo r  th e  dry s a l t  a t  1 gm ./cn?. No experim ental v e lo c i t ie s  are 

availab le  fo r  comparison.



AnKoonium n i t r i t e  i s  a  le s s  f a m ilia r  b u t e a s ily  detonated  compound.

I t  i s  oxygen-balanced. The ca lc u la te d  p ro p e rtie s  are  shown in  Table 14 .1 :1 . 

I t  w ill  be seen th a t  th e  tem perature and pressure are  both much h ig h er 

than  fo r  ammonium n i t r a t e  which may help  to  exp lain  th e  r e la t iv e  ease o f

detonation  o f th e  n i t r i t e ,  A s in g le  experim ental v e lo c ity  of 4 ,900 m ./s ,
X G ‘ 3 ]

a t 0 ,8  g ,/cn r • has been recorded . I t  must be s a id  th a t  th i s  r e s u l t  i s
*

su rp ris in g ly  high and i f  au th en tic  would rank th e  n i t r i t e  w ith EETN as 

a b la s tin g  ex p lo s iv e .

§14.21 NO-formation

In  §§ 14.1 and 14 .2 , form ation o f  n i t r i c  oxide has been d isregarded .

The a n a ly s is  o f §  13.25 enables us to  t e s t  how f a r  th i s  w il l  a f fe c t  th e  

r e s u l ts .  Using a  h ea t o f form ation o f  + 21,4 K .ca l. ( absorbed) fo r  

one mole o f NO formed from * 2^2 9 we nave computed th e  values shown

in  Table 14.21:1 .
pp

Table 14.21 ;1 

E ffe c t o f  NO-formation upon J)

Explosive n% 2 too — 7 '
Qrf

N itrog lycerine 0 .1 7 4 -1 .50 —0.8

E ry th r ito l  t e t r a n i t r a t e 0.282 -2 .45 -1 .2

Maimitoi h e x a n itra te 0.326 -2 .80 -1 .4

Tetranitrom ethane 0.160 -7 .02 -3 .5

Ammonium n i t r a t e 0.007 —0.50 —0*25

The c o rre c tio n  i s  sm all, and s ince  i t  i s  doubtfu l whether sue* a  slow 

reac tio n  reaches eq u ilib riu m  in  th e  tim e av a ila b le , no change appears 

ca lled  fo r  in  th e  so lu tio n s  a lready  tab u la ted .
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P e n ta e ry th r i to l  t e t r a n i t r a t e  (C^HqO ^ ^ )

This im portan t, s l ig h t ly  oxygen-negative, explosive compound, 

to  which th e  a n a ly s is  of § 13 .2  t-V/  ̂ > z  > & +  Ufa ) ap p lie s ,

provides a  u se fu l comparison of theory  and experiment over a  wide range 

of loading d e n s ity , s ince  c a re fu l measurements of JD have been made from

A  = 0.21+1 to  A  ■ 1 .727  gm./cm5

In  the f i r s t  c a lc u la tio n s , id e a l equ ilib rium  constan ts  were used*

For th is  purpose, the product composition was evaluated  a t  four 

p ressu res, 20,000, 50,000, 100,000 and 200,000 atm ., f o r  each o f 

five  tem peratures, 3 ,000 , 4 ,000, 4 ,500 , 5,000 and 5,500°K. The 

composition ap p ro p ria te  to  any po in t in  t h i s  region could then  be 

estim ated a t  once by in te rp o la tio n  a t  each stage o f  th e  main c a lc u la tio n .

The f in a l  r e s u l t s  a re  shown in  d e ta i l  in  Table 14 .3 :1 , to g e th e r w ith 

the accepted experim ental wave v e lo c i t ie s .  Agreement i s  c lo se : th e re

appears to  be no system atic divergence, except a t  the  extreme upper end 

of th e  d en sity  range, where J) i s  very  se n s itiv e  to  s l ig h t  changes in  cc 

( a  v a r ia tio n  o f only  5f0 in  oC producing one of 10^ in  J) ) .  Agreement 

in  th is  region could indeed be inproved by using th e  s ta te  equation 

13 .X 6) in s te a d  of 13 . 3( 5 ) ,  "but the l a t t e r  provides a  c lo se r o v e ra ll f i t .

Considering th e  abso lu te  n a tu re  of th e  c a lc u la tio n , and the  unusual 

s e n s i t iv i ty  of D to  changes in  oC , the  agreement in d ica ted  by Table 14.3:1 

®ay be regarded as s tro n g  presumptive evidence o f th e  general co rrec tn ess  

©f the approach. However, th e  use o f id e a l equilibrium  constan ts  i s  

not s t r i c t l y  c o n s is te n t w ith  th e  equation o f s ta te  employed, and i t  i s  now 

necessary to  consider how f a r  th e  re s u l ts  are  m odified by allowing f o r  

gas im perfection in  accordance with th e  s ta te  equation.
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Por t h i s  purpose, we apply th e  theory  of § 13.6. Proceeding 

from the so lu tio n  a lready  ob ta ined , and making use of equations 13 . 6( 10)

©r 13*6(3,11 >12), and of P ig . 13 .3 :2 , we compute th e  fa c to rs  X/ 9 X2 

by which th e  id e a l w ater-gas and COg—d isso c ia tio n  constan ts  req u ire  to  be 

m u ltip lied . A re v ise d  equ ilib rium  com position a t  the assumed tem perature 

and p ressure can th en  be ob ta ined , leading in  tu rn  by the usual methods, 

in  which s p e c if ic  volume and covolume are  sim ultaneously re ca lc u la te d , to  

new estim ates o f tem perature and p re ssu re . The e n tire  procedure, 

commencing w ith  computation o f Xf and X2 , i s  then repeated , u n t i l  

a se t of s e lf -c o n s is te n t  values i s  reached, whereupon Af and J> 

may be f in a l ly  determ ined.

Complete c a lc u la tio n s  o f th i s  k ind have been made fo r  two d e n s i t ie s ,  

1.5 and 0.75 gm./cnr^. The work i s  lab o rio u s , and w il l  not be p resen ted  

in  d e ta il  h e re , though f o r  i l l u s t r a t i o n  •§ 14.31  o u tlin e s  th e  f in a l  

cycle in  each case . The v i r i a l  c o e ff ic ie n t of COg was assumed to  

change from 37 to  63 cm^./mol a t  1/  = 0 .7 5  cm?./gm. (se e  §  13*6 ) .

The re s u l t  o f allowance f o r  gas im perfection  i s  then  a marked increase  

in  the w ater-gas constan t Jf , so th a t  th e  hydrogen conten t i s  n eg lig ib le  

and the  approximate so lu tio n  of § 1 3 .2 .2  can be used, to g e th er w ith 

the follow ing r e la t io n s ,  whioh fo llow  from 13.22  (6  -  9 ) :

The f in a l  so lu tio n s  sire summarised in  Table 14 .3 :2 . I t  w ill  be 

seen th a t the tem perature , p ressu re , d en s ity , stream ing and wave 

v e lo c itie s  are  a f fe c te d  only to  a very  minor degree by the  refinem ents 

introduced. Since th e  changes are  so sm all, and the  assumption regarding

Q,| s  445.3 -  39.6 J2 ca l./m o le  BSTN

3 0)= 355.7 -  8 .6 0 ^  cm5./m ole PSTN

^ 2>= 276.2 + 6.66T2 cm3 ./mole KEEN

( 1 )

( 2)

(3 )

v u n certa in ,
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i t  does no t appear J u s t i f ie d  to  tak e  p a r t ic u la r  account o f the  change 

in  v i r i a l  c o e f f ic ie n t  f o r  00^* I f  we regard  th e  value o f 37 cm^. / mol 

as ap p licab le  a t  a l l  d e n s i t ie s ,  we may use equation 13*6( 10) and the work 

is  considerably  s im p lif ie d . The r e s u l t ,  as would be expected, i s  to  

redress th e  equ ilib rium  in  favour of C02 , and in  f a c t  i t  now appears 

th a t th e  simple com position defined  by

C5H8012N^ ------> 3C02 + i*H20 + 2C0 + 2N2 + 3W .2-K .cal. (k )

should apply a t  a l l  p ra c tic a b le  d e n s it ie s .  This i s  the composition which 

would be p red ic ted  by th e  follow ing simple ru le s :

(a ) ox id ise  a l l  th e  hydrogen to  HgO

(b) o g id ise  a l l  th e  carbon to  CO

(c )  ox id ise  th e  00 as f a r  as p o ss ib le  to  COg*

The u se fu l conclusion  th e re fo re  emerges th a t  th e  p ro p e rtie s  of oxygen- 

p o sitiv e  o r  m oderately oxygen-negative condensed explosives C H O N36 y  26 w

( g > *,+ y/g ) may be stud ied  on the b a s is  of these  ru le s  alone.

The f in a l  r e s u l t s  fo r  EETN a re  c o lle c te d  in  Table li+.3:3*
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§  14.31 F in a l cyc les  in  f u l l  c a lc u la tio n  fo r  PM f a t  1.5 and 0,75 g./om3 .

( 1) 1.5 g./om 3-.

The prev ious cycle  leads to  the  se t of values given in  th e  f i r s t  row 

of Table 1 4 .3 :2 . The proportions of Hg and 0g may be disregarded, 

whereupon th e  re a c tio n  per mole FETN agrees very c lo se ly  with equation 

14.3(4). Then, p e r mole PETN,

3 ^  3 3 x 63 + 2 x 33.1 + 4  x 7.9 + 2  x 33.9 

* 354.6 cm?,

3 ^  3 3 x 37 + e tc .  s  276.6 cm3 •

Also 7  ̂ S 0.540 X 316 a 171 cm^.

7 '  3 33 x 11 3 363 cm3 .

The values of & may now be ca lcu la ted  fo r  each species by equations 

13.3(7) and 13.X  12). They are

COg CO H2O H2 O2

U f i i  11.91 9.59 4.37 U-.88 8.76

I t  w ill  be noted th a t  th e se  values d i f f e r  among themselves much le s s

than the  corresponding values in d ica te d  by Table 13.6:1 fo r  th e  species considered

separate ly  a t  th e  mean molar volume a 15.55 om?./mol.: th i s

r e f le c ts  th e  allowance made fo r  the e f fe c t  on each gaseous species of th e  co-

presence of th e  o th e rs . We now have

A s A
J ,  = 2Jh. 3 20.7

^  - 4 ,Co

7  = = 0.156

At 7f 3 53OO0K and £  a 188,000 atm ., K, a 8.80 and Kr a  39.3, 

while 7r = 17,000. The product composition can now be ca lc u la ted

fey the method o f$ t3 .2 . , I t  i s  th a t  given in  Table 14 .3 :2 , so th a t th e



entire- so lu tio n  can; be* taken as. selfL-Mjosaisteiit

(2) 0«75 g»/omL

The penultim ate cycle  y re ld a lX ^  =-2„56, C0;:s -ZM^y- Og * 0 .
3

3 . 9 ^ r H2 s :  0 .  04~rnol/inol EEm* 7 ^  = ^30T‘cn p i.,  = 4 S 0 0 Q -a ta a .,.

7 ^  = -- ^W Tfcj Ytoick.leacL.to:- I f” a :  11.8%  = =1.707,. /< /=  6 .37^

/C2, 3 -19.0 , and Jf~ 3 3 , 650. The products are" now^hoses giveis^dn^TafelSi* 

14.3:2, which a re 1 v e ry  c lo se  to  the above; Goraplating^the ca icu la tiono

of y ĵ j>] and 7^ we again  f in d a lm a s t  identical~agreement~ and- W  m aybe 

evaluated, with th e  r e s u l ts  shown.

§ 14#4 L iquid methyl n i t r a t e  (CH^O^N)

The ru le s  enunciated a t  th e  end o f § 14.3 may be^applied-to-

th is  compound, which i s  in  the same category as. .EBBST; THhpresults-.

of c a lc u la tio n  a t th e  n a tu ra l  density  of 1.21 g./ca^L a re 's e t^ o u t:

in  the la s t  l in e  of Table 14.5:1* Agreement w ith  th e ■ experimental-..
[3$; *}go /3g]

velocity  ( i n  1i" diam eter) i s  very good.

§5l4*3 N itroguanidine ( GH^Cyi^)

In  view of i t s  marked oxygen defic iency  ( 2 < 0̂ + M/z ) ,  th is .  

compound might be expected to  f a l l  in to  the same c la s s  as TNT, t e t r y l  

and p ic r ic  a c id , w hich are d e a lt w ith  in  5  15.2 below. However, th e  

caspbbi^/hydrogen r a t io  i s  so low th a t  no equilibrium  product composition 

o b ta in in g  f re e  carbon can be found, a t  le a s t  a t  th e  low load ing . densities^  

(Gr2 -to 0 .6  g ./cm ^.) a t  w hich th e  e x p lo s iv e  i s  usually  employed. The 

products then  depend only on th e  w ater-gas equilibrium . R esults of 

caloulations fo r  the  density  range in  question are  co lle c te d  in  Table. 14 .5 :1 ,
tAfiOST' •‘'Cgather w ith th e  a v a ilab le  observations on wave v e lo c ity . The agreement

is-'good, p a r t ic u la r ly  s ince  th e  lim itin g  experim ental values may w ell be 

somewhat h ig h er th an  those tab u la ted .
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5 l4 .6  P ro p e llen t powders as detonating  explosives

P ro p e llen t powders are capable of detonating i f  th e  g r i s t  s iz e  

i s  s u f f ic ie n t ly  f in e  and the  confinement s u f f ic ie n t ly  good. Table 

14.6:2 summarises the  r e s u l t s  o f c a lc u la tio n  fo r  four powders a t  

low loading d en s itie s  . In  th ree  of th e  fo u r , Z >  *0** %  and in  th e  

fourth  Z n-hy/z  • The w ater-gas equilibrium  was th e re fo re  used. Only

one experim ental v e lo c ity  i s  a v a ila b le , but i t  agrees reasonably w ith th e  

ca lcu la ted  value: the maximum may w ell be even c lo se r .

Blackpowder ("gunpowder” ) i s  a lso  b e s t c lassed  as a p ro p e lla n t, though 

i t s  thermochemistry i s  very  d if fe re n t from th a t  o f the modern n itro g ly c e r in e  

and n itro c o tto n  powders mentioned above. There i s  as y e t no c e r ta in  evidence 

th a t blackpowder can detonate; however, i t  w il l  probably do so , i f  a 

s u ff ic ie n tly  la rg e  mass i s  in i t i a te d .  An approximate p ic tu re  o f  the  

wave which would then  be e s ta b lish ed  in  a  ty p ic a l b la s t in g  blackpowder i s  

given in  Table 1 4 .6 :2 . The products assumed were those
02 f]

experim entally measured, a f t e r  coo ling , by Noble and Abel. This i s ,  

of course, a  very  crude approximation, bu t i t  seems a l l  th a t  th e  case 

w arrants. The surviving sulphur and KNÔ  are assumed to  have absorbed 

no h ea t; th e  o th e r condensed products share th e  tem perature of th e  

gaseous phase. No very  r e l ia b le  therm al d a ta  a re  av a ilab le  fo r  

and K2S , and th e i r  sp e c if ic  h ea ts  were th e re fo re  id e n t i f ie d  

with those o f KgCO  ̂ and KCl. The sp e c if ic  h ea ts  o f HgS had a lso  to  be 

extrapolated , and an approximate value used fo r  the  molar covolume o f 

th is  gas.
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§  15 Explosives whose products con ta in  a condensed phase: in tro d u c tio n

So f a r ,  we have considered only explosives whose products form 

a homogeneous gaseous phase. Non-gaseous components may, however, 

appear in  the  p roducts, e i th e r  because c e r ta in  species a r is in g  ou t of 

the re a c tio n  e x is t  as so lid s  or liq u id s  a t  the p ressu res  and 

tem peratures concerned, o r  because th e  o r ig in a l explosive con tains 

chemically in e r t  in g re d ie n ts  which may form a  condensed phase in  th e  

products. Explosives such as TNT whose marked oxygen deficiency  

leads to  th e  presence of f re e  carbon a t  the  end of th e  steady zone, 

f a l l  in to  the  form er c la s s .  Examples of the l a t t e r  are found among 

commercial b la s t in g  exp losives, in  which non-reactive  substances are  f r e -
L m

quently inco rp o ra ted  fo r  various purposes, e .g . to  modify the  physica l 

s ta te  of th e  m ixture, to  provide a v eh ic le  fo r  l iq u id  components, 

to  reduce s e n s i t iv i ty  to  shock, o r  to  in c rease  th e  margin of sa fe ty  

when th e  c a r tr id g e  i s  f i r e d  in  an explosive atmosphere. The p o s s ib i l i ty  

of such a  condensed product phase r a is e s  various th e o re tic a l questions 

associated  w ith th e  process of h e a t- tra n s fe r  to  i t ,  i t s  entrainm ent, 

compression and p o ss ib le  change o f s ta te .

The case where non-gaseous components a r is e  out of th e  reac tio n  

appears r e la t iv e ly  s tra ig h tfo rw ard . We may, no doubt, assume therm al 

equilibrium  w ith th e  gases, and complete entrainment by them. There 

remains only th e  problem of compression o f th e  condensed phase.

When the  non-gaseous product i s  p resen t from th e  o u tse t as an 

in e rt d ilu e n t, we must f i r s t  decide to  what ex ten t i t  shares the  

velocity  W, 0f  th e  gases a t  th e  end of the  steady zone. I t  can be 

seen th a t  th e  answer to  th i s  question  may depend to  some extent on the  

g r is t  s ize  o f the  d ilu e n t,  when th is  i s  g ran u la r, and a lso  on i t s  d en sity .



The f in e r  and th e  le s s  dense th e  d ilu en t i s ,  th e  more probable complete 

entrainment w i l l  b e . An exact trea tm en t would involve an a ly s is  o f the  

mechanics' of a  polyphase system in  which chemical re ac tio n  i s  tak ing  

place and the  m ass-ra tio s  of th e  various phases vary . Such a n a ly s is , 

p a r tic u la r ly  a t  th e  p ressu res  and tem peratures concerned, would be 

extremely d i f f i c u l t  and i s  not attem pted here . In stead , we s h a ll  assume 

in  general th a t  complete entrainm ent occurs: thus th e  streaming v e lo c ity

is  common to  both d ilu en t and rea c tio n  products and th e i r  r e la t iv e  

proportions by w eight i n  any re p re se n ta tiv e  element o f volume are  th e re fo re  

the same a t  th e  CJ-plane as in  th e  undetonated m a te ria l. This assumption 

appears reasonab le , p a r t ic u la r ly  when (a s  i s  u su a lly  the case) the  

den sities  of the  two phases a re  comparable. The success o f our c a lc u la tio n s  

for mixed explosives such as am atols, where th e  more slowly reac tin g  

component i s  assumed to  remain " in  step” w ith th e  o ther during rea c tio n , 

i s  fu r th e r  w arrant f o r  extending the  same p r in c ip le  to  systems in  which 

c e rta in  components remain permanently in e r t .  Some more d ire c t  

eaqperimental evidence fo r  th i s  view i s  presen ted  below ($$18.5 , 1 8 .6 ).

The degree o f energy t r a n s f e r  by therm al conduction from the reac tin g  

gases to  n o n -reac tive  d ilu e n t has next to  be considered. Here, o f course, 

i t  i s  a  question , not of th e  u ltim a te  heat t r a n s f e r ,  bu t o f  the  ex ten t to  

which i t  proceeds w ith in  th e  steady zone. Once again , i t  i s  c le a r  th a t  

the g r is t  s iz e  of the  d ilu e n t, when th is  i s  g ran u la r in  form, w i l l  aiffect 

the answer to  such q u estio n s , and indeed approximate ca lcu la tio n s  ( §  18.81) 

suggest th a t  th e  degree of e ffe c tiv e  heat d iffu s io n  w ith in  a  p la u s ib le  

reaction time may vary appreciably  according to  th e  p ro p o rtio n , g r i s t  s iz e  

ajid thermal co n d u c tiv ity  o f the  d ilu e n t. We have ob tained  c e r ta in  

experimental evidence fo r  t h i s  view a lso  {§§ 18 .6 , 18.7)* In  many p ra c t ic a l



cases, indeed, th e  p ro p o rtio n  of in e r t  m ate ria l does not exceed 30 p er cen t, 

the average rad iu s  of th e  in e r t  p a r t ic le  i s  not le s s  than 0.1 mm., and th e  

estimated re a c tio n  time n o t  g re a te r  than  10 ft s e c .;  in  th ese  circum stances, 

thermal tra n s fe r  w i l l  he unim portant. This conclusion , f o r  which again 

there i s  d ire c t evidence ( §  1 8 .5 ), doe3 not a t  a l l  c o n trad ic t the  

p o ss ib ility  o f re a c tio n  p en e tra tin g  w ith in  th e  same period  to  the  cen tre  

a reac tiv e  p a r t ic le  of comparable s iz e , s ince the surface of such a  

p a rtic le  i s  co n s ta n tly  eroded as re a c tio n  proceeds. In  the ca lcu la tio n s  

described below, however, the consequences of assuming the  d iluen t on 

the one hand to  absorb no h e a t, and on th e  o ther to  reach thermal 

equilibrium  w ith th e  reac tio n  products, have in  most cases been worked 

out sep ara te ly .

F in a lly , we have to  consider th e  compression o f the  condensed phase, 

whether d ilu en t o r  re a c tio n  product. This w ill  a f fe c t  the  equations a t 

two p o in ts , f i r s t  d i r e c t ly ,  through the  sp e c if ic  volume of th e  condensed 

phase, and a lso  in d i r e c t ly ,  in  th e  estim ation  of the  energy content of t h i s  

phase. The q u an tity  req u ired  i s ,  of course, ( £' ~ £ > )cond. in  th e  

notation of  § 9 . 5 ,  and may be expressed g en era lly  by the in te g ra l

* r +  > (1)

i f  the condensed m a te ria l i s  regarded as a two-parameter f lu id .  In  th e  

re la tiv e ly  simple case of a  d ilu en t which absorbs no heat by d iffu s io n , 

and fo r  which shock re la t io n s  have been determined, th e  most r e l ia b le  

method of eva lua ting  (1 )  i s  to  id e n tify  i t  w ith  th e  energy change in  a  

shock leading from to  . This procedure should give a  c lose 

aPProximation to  the  t r u th ,  and i s  used in  3  18.8 below to  i l l u s t r a t e  the  

order of magnitude of ( 1 ) .  However, th e  r e s u l ts  o f such ca lcu la tio n s  show



'''■Tit

th a t the  energy in  question  i s  n eg lig ib le  fo r  a l l  normal cases. I t  i s  

then s u f f ic ie n t ly  accu ra te  to  regard  the  compression as iso therm al,

of low-t empe r a t  ur e (ft, v  ) -d a ta  such as those of Bridgman. These 

approximations a r e  a  consequence o f th e  low co m p ressib ility  of so lid s ; 

fo r l iq u id  d ilu e n ts  they  would be ra th e r  le s s  p rec ise . Even in  such 

a case, however, i t  i s  only when th e  p ressure and the p roportion  of

be im portant.

When th e  non-gaseous phase is  in  therm al equilibrium  w ith th e  gaseous, 

and e sp ec ia lly  when i t  i s  l iq u id ,  th e  c lo se s t approach would no doubt be 

to  regard both  phases as follow ing s im ila r  equations of s ta te .  The 

d is t in c tio n  could s t i l l  be drawn by ignoring th e  p a r t ia l  p ressu re  of 

the l iq u id , and excluding i t s  covolume; p h y sica lly , th e  f re e  volume o f 

the  liq u id  i s  then unavailab le  to  the gases, so th a t the phases remain 

d isc re te . For s im p lic ity , however, we have supposed th a t a condensed phase 

in  thermal equ ilib rium  w ith the  product gases re ta in s  I t s  standard  

density . § 16.5 below shows th a t th i s  i s  on th e  whole a  reasonable 

assumption. The volume in te g ra l  in  (1 ) then vanishes, so th a t Et~E* 

fo r  the  t o t a l  products may be expressed as

where Cv  inc ludes both phases. Since th e  e n tire  in te g ra l  (1) i s  

n eg lig ib le ; f o r  a  d ilu en t which absorbs no heat by d iffu s io n , (2 ) 

aPPlies in  every case , i f  such d ilu en ts  are simply regarded as  having 

zero heat cap ac ity .

and to  assig n  a  sp e c if ic  volume (<p) to  th e  condensed phase on th e  b a s is

in e r t  m ateria l p resen t are  both  high th a t  the exact le v e l of <p w i l l

(2)



§ 15*1 Form ulation fo r  explosives whose products include a condensed phase 

Throughout t h i s  and subsequent sec tio n s  we s h a ll  use accented 

symbols to  denote "ex ten siv e” p ro p e rtie s  o f the gaseous phase per u n it  

mass of th a t  phase. Thus, 35̂  i s  th e  sp ec ific  volume of the  gases, 

considered a lone , and th e  number o f moles of gas in  1 gm. of gas, 

whereas w, denotes, as h i th e r to ,  th e  number of gaseous moles per gm.

©f to ta l  p roducts. In  th e  same way, oC* would denote th e  gaseous 

covolume per gm. gas , hut s ince no confusion can a r is e  in  th i s  case

we sh a ll  omit th e  accen t, The equation of s ta te  of th e  product gases i s

then

= 71',-RT, . (1 )

Let 1 gm. o f equ ilib rium  products con tain  a mass m  of gas, and a  

mass f-M  of condensed m a te r ia l, of sp e c ific  volume <pf , which may be 

e ith e r  in e r t  d ilu e n t o r re a c tio n  product. Then

v, = > (2)

and ( 1) becomes

t . b r P )  =  * .* T, > (3 )

where

^  s  >»<✓*(/->» . (k )

The formal so lu tio n  of §  13.5 then  a p p lie s , provided only  th a t  ot i s  

replaced by ft th roughout. A tten tio n  must, however, be drawn to  the

following p o in ts :

(a) In  terms of the argument of §15 , we have d isregarded  th e  energy of 

compression of th e  condensed phase, th u s  perm itting  th e  equation 

to he ca rrie d  forw ard.



(b) Cv  i s  th e  h ea t cap ac ity  of 1 gm* of th e  t o t a l  products. Components 

not heated a re  regarded as having zero heat cap ac ity  in  forming .

711, however, as a lread y  s ta te d , i s  th e  number of gaseous moles only in  1 gm. 

of products.

(c) The adoption o f equations 1 3 .5 (1 ,2 ), w ith cC rep laced  by , im plies 

tha t the condensed phase follow s th e  same behaviour in  an elementary 

adiabatic change ( such as i s  envisaged in  th e  physica l ju s t i f ic a t io n  o f th e  

Chapman-Jouguet co n d itio n  -  §§ 9*1, 9 .1+) as i t  does in  the reac tiv e  shock 

change rep resen ted  by passage through th e  wave as a  whole. In  o th er words, 

i f  the condensed phase remains therm ally  in su la te d  up to  the  C J-plane, i t  

continues to  be so in  any sm all compression or ra re fa c tio n  a t  CJ; and v ice 

versa,, We have r e fe r re d  to  th i s  question  already  in  §  11.2.

Prom equations 1 3 .5 (1 ,2 ), th e  C J-condition  becomes

I t  is  th e re fo re  necessaxy to  evaluate . From (2,1+) we have

ft-to = k,t,
% -jl

where

In the event o f therm al equ ilib rium , when has been assumed equal to  <p , 

the value a t  s tandard  tem perature and p re ssu re , (7 ) reduces a t  once to



Otherwise, we make use o f the CJ -condition i t s e l f  to  w rite

= — Al. •  ̂ (9 )
d v . \-T>, df,'

and a m .  i s  to  be evaluated  approximatdy from th e  isotherm al 

compression d a ta . Experience proves th a t  th e  second term  on the  

righ t of ( 7 ) i s  n e g lig ib le  in  a l l  normal cases, so th a t ( 8 ) 

may sa fe ly  be u sed . Under extreme conditions when both ^  and !—>n a re  

high, as f o r  example in  a  l iq u id  o r cas^ exp losive, f re e  from a i r  and 

loaded with a la rg e  p ro p o rtio n  of in e r t  m a te ria l, o r when the 

com pressib ility  o f th e  d ilu e n t i s  very  h igh , i t  may be necessary

to  apply ( 7 ) and ( 9 ) ,  using a  c y c lic a l  method. However, in  such
31]

cases, the  com pressional energy would a lso  become s ig n if ic a n t .

The method o f s o lu tio n  i s  s im ila r  to  th a t  used fo r  purely  gaseous 

products. Thus, assuming values o f  7] and ,  we make a  f i r s t

estimate of th e  p roducts, and decide whether non-gaseous components 

w ill a r is e ,  in  a d d itio n  to  any which may surv ive as in e r t  d ilu e n ts .

An approximate kf i s  next obtained  by assuming vf = 0 .75%  an^ 

using ( 2 , 6, 8 ) w ith  =(P* 7and may then be rec a lc u la te d .

When approximate agreement i s  reached in  th is  way, we can proceed to  

improve the estim ates  o f and k, . This i s  performed as

before by a  c y c lic a l  p ro cess . <Pt i s  f i r s t  estim ated  in  terms o f

f, * S ta r tin g  then  from an assumed Vf , we derive v f  by ( 2 ) ,  read  

off oC and jd-vl* from F igure 13*3*1, deduce jS from (i+) and

f in a lly  re c a lc u la te  1/ by 13. 5( 3) (w ith  s u b s titu te d  fo r  o f) . 

i and a re  then  checked, and l a s t ly  htf and D evaluated .

In f  15*2, we d iscuss explosives whose products con ta in  condensed 

carbon. Commercial b la s t in g  exp losives, in  the products of most of which



a condensed phase occurs, are tre a te d  g en era lly  in  §16 . A more 

sp ec ia lised  d iscussion  of m ixtures of explosive and in e r t  m ate ria l i s  

given in  §  18,

§15.11 Approximate rep resen ta tio n s  of Bridgman1s isotherm s

Bridgman’ s isotherm s fo r  so lid  m ate ria ls  may be rep resen ted  by

equations of the type derived in  § 6 .52. An a lte rn a tiv e  form, which i s
[/zg]

convenient fo r  the  p resen t purpose i s

«  = ( 1 )
r  0 Aj>+3

where /) and. 3  are  constants fo r  each m a te ria l. and 3  are

l i s t e d  in  Table 15.11:1 fo r  the room-temperature isotherm  in  so lid s  

commonly encountered as non-gaseous products.

Table 15.11:1

Substance f t
( cm  ̂*/g •)

/) 3
( atm .)

NaCl O.i+61 1.805 20.1 x i< r

KC1 0.503 1.623* 3.47 " *

Graphite O.iii+5 1.201+ 6.57 "

Sulphur 0.521 1.579 5.67 •

'  Lead. 0.088 1.666 29.2 ■

* For pressures g re a te r  than 20,000 atm. o n ly .



§15*2  Markedly oxygen-negative s in g le  explosive compounds

In  the  p resent se c tio n , we d iscuss TNT (0 H O il ) ,  t e t r y l  (C H 0 N )
7 5 d 3 7 5 o 5

and p ic r ic  acid  ( W  as examples of s in g le  explosive compounds

C H O N  fo r  which Z < ooi-y/o.. These explosives are s u f f ic ie n t ly  »  y z hr
oxygen-negative and th e i r  carbon/hydrogen r a t io  is  s u f f ic ie n t ly  high 

fo r  f re e  carbon to  appear in  th e  products. In  determ ining the  product 

com positions, we have regarded th e  carbon as condensed a t  the 

re la t iv e ly  low detonation  tem peratures to  be expected from such 

explosives, and have th ere fo re  (§ 15) assumed i t s  d ensity  to  re ta in  the
■z

standard value of 2.25 gm./cm .

A se r ie s  of prelim inary  ca lcu la tio n s  were f i r s t  c a rrie d  out,

in  which d iffe ren ces  between the v i r i a l  c o e ff ic ie n ts  3 .  fo r  th e&

various product gases were ignored. This s im p lif ic a tio n  p e m its  

the  use of equation 9 .54 (30 ), so th a t id ea l equilibrium  constants 

can be used, provided the pressure ~j> i s  replaced by a mean fu g ac ity  f  . 

9.54(32) shows th a t  ^  must always exceed i>, and indeed, fo r  la rg e  , 

f / f  reaches very high values, as can be v e r i f ie d  from Table 13.<9:1. 

Under th ese  co nd itions, th e  equilibrium  analysis  of §  13.23 can be used, 

with id ea l co n stan ts . The products depend only on tem perature, and 

th a t  to  a s lig h t  e x ten t, as can be seen from Table 13.23:1 or in  more 

d e ta i l  from Table 15 .2 :1 . 6L i s  e ffe c tiv e ly  co nstan t. These 

circum stances f a c i l i t a t e  the ca lc u la tio n s , which re su lt  in  th e  values 

shown in  Table 15 .2 :2 .

The agreement i s  once again good though there  i s  a tendency to  

exaggerate th e  v e lo c ity  a t th e  h ighest loading d e n s itie s .
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In  th e  above prelim inary d iscussion  of TNT, t e t i y l  and p ic r ic  

ac id , the various v i r i a l  c o e ff ic ie n ts  were assumed id e n tic a l .  This' L>
i s  not s t r i c t l y  co n s is ten t with our general theo ry , and more d e ta ile d  

c a lc u la tio n s , p a r a l le l  fo r  those fo r  EETN { §  1 4 .3 ), w il l  now be 

described , in  which due allownace i s  made fo r  the d iffe ren ces  

between these  c o e f f ic ie n ts .  This involves the use of §  13.6, as 

described  in  §  14-.3, and proceeds from the so lu tio n s  a lready  obtained as 

s ta r t in g -p o in t.  In  determ ining the equilibrium  composition a t each 

stage , however, we d iscard  the  approximate analysis  of §  13.23, which 

i s  r e l ia b le  only a t the h ighest p ressu res , and employ th e  general 

i te r a t iv e  method ( § 13.20) , although u sefu l guidance i s  obtained from

§‘\3,2k- a t th e  higher loading d e n s it ie s .  One s lig h t s im p lif ic a tio n
3 chas been made, by tak ing  J%coz = 37 cm ./m ole throughout (C f. 3  1 4 .3 ).

The work w ill not be described in  d e ta i l .  I t  involved considerable

labour, th re e  o r fou r complete cycles being necessary in  most cases before

close  agreement was reached. For th i s  reason, we have had to  be content

with ca lcu la tio n s  fo r  TUT and t e t r y l  a t th ree  loading d e n s it ie s ,
3

0 .5 , 1.0 and 1,5 gm./cm . The f in a l  so lu tio n s  are s e t out in  

Table 15 .2 :3 . Comparison with Table 15.2:2 shows considerable change 

in  the  product com positions, which, moreover, now vaiy to  a marked degree 

with c a rtr id g e  d en s ity . D espite th is  f a c t ,  which merely emphasises the 

extreme u n certa in ty  of equilibrium  analysis  f o r  such a high negative 

oxygen balance, the  im portant wave param eters, p ressu re , v e lo c ity  and so 

fo r th , are r e la t iv e ly  l i t t l e  changed. There i s  no doubt, however, th a t  

agreement with th e  experim ental values of D has been m a te ria lly  improved, 

and must now be considered as very c lo se . The only s ig n if ic a n t divergence 

is  fo r  TNT a t the  lowest d en sity , where in  any case an e r ro r  by defect in  

the observed v e lo c ity , due to  im perfect confinement, is  most l ik e ly  to  occur.
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§15*21 HCN-formation in  the products of TNT and o f t e t r y l

In  th e  c a lcu la tio n s  of § 1 5 .2 , we have ignored HCN-forraation, though 

the products s e t out in  Table 15.2:3 might be expected, a t  d e n s itie s  below
z

1.0 g./cm  . to  y ie ld  an appreciable proportion  of HCN. R eliab le  values of 

the equilibrium  constan ts and v i r i a l  c o e ff ic ie n t are  lack ing , bu t we have 

obtained a t  le a s t  an estim ate of the probable le v e l of e r ro r  involved in
z

disregarding HON fo r  TNT a t 0 .5  g./cm  . ,  by using the id e a l constant 

(Table 9 .54 :1 ) and assuming a covolume

= i  & + * * } +  d *  = 28 Cm3-/ W -

The re s u lts  of Table 15.2:3 are modified only to  a minor degree.

Thus th e  products are : CO2 1.39, CO 19.5 , C 7 .9 3 , CH  ̂ O.56,

HCN 1.48, H20 4 .1 8 , H2 4 .9 5 , N2 5.87; the  tem perature i s  about 

3,100°K and the v e lo c ity  about 3,600 m ./s .



§15*3 C y c lo tr im e th y le a e tr in i t r a m ine (C^H^O^N^)  ( " c r n t n “)

A ccording  to  o x y g e n  b a la n c e , t h i s  im p o rtan t ■ ■ ■ ■ V  e x p lo s iv e  

f a l l s  in to  th e  c l a s s  o f  PETN (-Zas-z-X > z  > ) 9 d is c u s se d  i n

§14*3. I t s  oxygen d e f ic ie n c y  i s  however, c o n s id e ra b ly  g r e a t e r  

th a n  t h a t  o f  PETN o r  m ethyl n i t r a t e , a n d  c a lc u la t io n s  b ased  on th e  

method o f  §14*3 ( i n  which th e  p o s s i b i l i t y  o f carbon  fo rm a tio n  

i s  ig n o red ) le a d  to  t h e o r e t i c a l  d e to n a tio n  v e l o c i t i e s  g r e a t ly  (some 

25^o) i n  ex cess  o f th o se  o b se rv ed . On th e  o th e r  hand , when p r o v is io n  

i s  made f o r  th e  appearance  o f  f r e e  ca rb o n , by a p p ly in g  th e  m ethods o f  

§15*2, w ith  th e  e q u ilib r iu m  a n a ly s is  of § 1 3 * 2 0 , and th e  th e o ry  o f  

r e a l  e q u i l i b r i a  developed  in  §13*6, c o n s is te n t  s o lu t io n s  a re  

o b ta in e d , and th e  v e l o c i t i e s  ag ree  r a t h e r  w e ll w ith  o b s e rv a tio n  

(T ab le  15*3:1).

T h is  r a i s e s ,  o f  co u rse , th e  q u e s tio n  a s  to  w hether s im i la r  

c o n s is te n t  s o lu t io n s  in v o lv in g  f r e e  carbon  m ight a r i s e  w ith  PETN 

also© We have th e r e f o r e  a p p lie d  th e  same d e t a i l e d  p ro c e d u re  to  

PETN a t  1*5 g/cm ^. I t  a p p e a rs , i n  f a c t ,  t h a t  such a s o lu t io n  does 

e x i s t ,  and th e  r e s u l t s  a re  in c lu d e d  i n  T ab le 15*3:1* Ike  amount 

o f  ca rb o n  r e le a s e d  i s ,  how ever, ex trem ely  s m a ll, and  th e  d e to n a tio n  

wave p r o p e r t i e s  a r e  alm ost id e n t i c a l  w ith  th o s e  deduced i n  §14*3*

No r e v i s io n  i s  th e re f o r e  n e c e ssa ry  in  th e  ca se  o f PETN.

Table 15*3:1 also  includes the r e s u l t  of s im ila r  ca lcu la tio n s  

fo r  a c o rd ite  which f a l l s  in to  the same thermochemical category 

as CTMTN# The ca lcu la ted  v e lo c ity  i s  confirmed by a measurement 

rep o rted  in  the  l i t e r a tu r e .  When carbon form ation i s  neglected, 

the v e lo c ity  i s  9500 n /s .
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§J$4 L iquid  ethylene (C2H4 )

Explosions during polym erisation  of th is  m a te ria l suggest th a t 

i t  may be capable of detonation . We suppose the ethylene to  be 

i n i t i a l l y  a t 1 atm. p ressu re , and ju s t beneath i t s  b o ilin g  p o in t, 

169°K. The density  is  then 0*566 g./gm .^ The EH-equation may 

be evaluated by a id  of 9*51 (1)<> Thus E0*-Eo i s  th e  sum of th e  

la te n t  heat ( l )  a t  th e  b o ilin g  p o in t and the  energy in te g ra l  

f o r  ethylene vapour from 169 to  273°K a t 1 atm© Now the  vapour 

has been found to  follow  th e  s ta te -eq u a tio n s

f [ v -  i(T)] = n,KT J

â  =  0 -3 ^4 2 . — f'i iox>/o T  +  S -S 3 ^ x  to T

- * o * o * J T 3  +  2 2 *  +  ,

where

C(T) = 121 -fa ~ 7 . S o x  fo '/r  - 2 -26 x / 0* / t 2 c n ? ! f  .

From (1) and 9*51 (10), we have, in  a constan t-p ressure  change,

so th a t
r 3

E * -E Q = L + \<^r-tOtt.-nR -  O-O2.lf2.[l(2'J3)-{r0&lj] ,

x r^-j
since  1 atm© = 0*0242 cal./csn . With L = 115*5 cal/g©,

th is  y ie ld s

E * -E 0 =  13^3 CaL/j

Again, i s  the  d iffe ren ce  in  energy of form ation of

gaseous ethylene and of th e  detonation  products from C and H2 a t



i/°°]
273°K* The energy of form ation o f ethylene vapour a t  298®2°K i s  

12*496 -  2 x 0*2982 = 11.90 K*cal/mol

» 425 oal/g  

and, deducting 11 oal /g  to  reduce to  273°K, we ge t

£ * - £ ,*  = k'tf -  £ *  Col.fa;

r;%
where rep re sen ts  the energy of form ation of the products*

The usual s ta t  e-equation  13*3(5) i s  adopted fo r  the p roducts, 

so th a t

E ' - E *  =  /  (Cv ) d T .  (8)
J2'J3

Hence, from (6 , 7$ 8) th e  EH-equation i s
rT,

z f i  (* .-» ,)  = U<-v),dT +  E *-2?8-  (9)

E q u ilib r ia  The p o ssib le  products a re  C2H2, GH ĵ CH, 11%,

H, C, o f which C2H2, CH and H can be elim inated  by refe ren ce  to  the  

equilibrium  constants* Thus,

Cz 4  -»• yz i- e\+CCH^ , (10)

where

€ +  -  Z (11)

S-t y  = Z (12)

c f c )  = T* • (13)

i s  the constant fo r  th e  re a c t io n  C-t 2 Mz , as

defined in  §13*2 The so lu tio n  i s

£  = j - c  =  y - i  = / ------    ■
y *  v  , +  9 - h / r .



i s  c e r ta in ly  1, so th a t  a good approximation is

6= o , < = y  = / ,

■whereupon Ef a 570 cal* The c a lc u la tio n  i s  now completed 

in  the  normal way, g iv ing  = 1700°K, f) a 17,160 atm*,

V-, s  1.11 cm.Vg® = 1060 n /s ,  D = 2870 n/s*

I f  we had ignored methane form ation , and assumed th a t  

C2hlj. ->  ZC-t- ZH% , then Ef = 0 , and the so lu tio n  would be 

Tf = 820°K, -/> = 14,250 atm«, i> = 1*41 crn^/g* /V) = 717 V s 

D s 3540 n / s .  The former so lu tio n  i s  almost c e r ta in ly  much 

c lo se r to  th e  tru th ,  bu t i t  i s  noteworthy th a t  even complete 

neg lect of CH  ̂ leaves and D of th e  same order as befo re .



£16 C alcu la tions fo r  commercial b la s tin g  explosives

The methods of §§ 14, 15 have "been sy stem atica lly  applied to  a large 

number of modern commercial b la s tin g  exp losives. These are ra re ly ,  i f  

ever, s in g le  compounds, bu t co n sis t of m ixtures, more or le ss  in tim a te , 

of various m a te ria ls . A ty p ic a l composition w ill  con tain  (a )  an energy- 

and gas-producing complex, fo r  example fu e l + oxygen-carrier, which may 

or may no t be capable of independent detonation , (b) a " s e n s i t is e r " ,  

th a t  i s  a s e n s itiv e  detonating explosive, whose function  i s  to  ensure 

propagation, (c )  in e r t  m a te ria l, added fo r  various d ire c t or in d ire c t  

reasons. According to  the n a tu re  and p roportions of th ese  c o n s titu e n ts , 

which depend on the  purpose to  be served, and may not a l l  be p re sen t, 

the explosive f a l l s  in to  one or o th er of c e r ta in  ra th e r  loosely  defined 

c la s se s . We have c a rr ie d  out ca lcu la tio n s  fo r  rep re sen ta tiv e  members 

of a l l  the most im portant c la s se s . When th e  proportion  of in e r t  

m ateria l present is  a t  a l l  la rg e , and where th e  high lev e l of ca rtrid g e  

diameter necessary to achieve f u l l  v e lo c ity  suggests a r e la t iv e ly  long 

reac tio n  tim e, the  p o s s ib i l i ty  of thermal equilibrium  between d ilu en t 

and product gases has been allowed, and ca lcu la tio n s  made both on th is  

b a s is  and on th a t of zero heat t r a n s f e r .  Otherwise, in e r t  d ilu en ts  

are supposed to  absorb no heat by d iffu s io n . Complete entrainment of 

the d ilu e n ts  i s  assumed, and th e i r  compressional energy neg lected  

( see S$15, 18 .8). Since th e  compositions are a l l  c lo se  to  oxygen 

balance, the equilibrium  analysis  maybe c a rr ie d  out by the ru le s  

derived in  § 1̂ .3 , and i s  th e re fo re  stra igh tfo rw ard .

For convenience, the  explosives studied  may be grouped in  th ree  

main ca teg o ries :



(a )  N itrog lycerine-based  powders and sem i-gelatines

(b) N itrog lycerine-based  g e la tin e s

( c )  TNT-based powders.

These are d e a lt with in  tu rn  in  §§  16. 1, 16. 2 , 16, 3 , and th e  r e s u l ts  

d iscussed  in  § 16.1+.

§16.1 Powders and sem i-gelatinesbased on n itro g ly ce rin e

The compositions are s e t  out in  Table 16.1:1 and the r e s u l ts  of 

c a lc u la tio n  in  Table 16 .1 :2 .

§ 16.2 G elatinous explosives based on n itro g ly ce rin e

The compositions are given in  Table 16.2:1 and the r e s u l ts  o f 

c a lc u la tio n  in  Table 16 .2:2 .

§16.3  Powders based on TNT

The compositions are given in  Table 16.3:1 end the r e s u l ts  of 

c a lc u la tio n  in  Table 16 .3 :2 .
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B s s u lt s  a t  c a lc u la t io n  fo r  a l t r o a ly o s r la s  poadsrs and a a n i-g a la t ln a a

(1 )  d ilu a n t (IfcCl o r  Klaat lg a b r )  uahaatad during th s  m a c t io n t
(2 )  d l la t g t  S  t h w m i  x w l l lh r l< »  w ith  r o o t  io n  p roducts
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Table i 6«. 3 s i 

Yfeight -  % compositions of TUT -  poir/ders

Explosive TNT Ammonium
n i t r a te

C ellu lose Aluminium Sodium
chloride

D in itro -
naphtha-
lene

Minor
ingred­
ie n ts

38 3 86 9

39 12 68 20

¥> 12 70 3 15

12 79 9

42 15 76 9

43 15 79.8 5 0 .2

44 18 81.8 0 .2

43 21.3 78.7
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§  1 6 .4  D iscu ss io n  o f th e  r e s u lt s  f o r  commercial b la s t in g  ex p lo s iv e s

When th e above c a lc u la t io n s  were made, th e  on ly  a v a ila b le  

experim ental wave v e l o c i t i e s  were th o se  obtained  in  rou tin e  proof, which 

i s  ca rr ied  out on paper-cased  ca r tr id g e s  o f  sm all d iam eter, t y p ic a l ly  

1j in ch , in i t i a t e d  by an ordinary detonator. T y p ica l v a lu es  o f the  

v e l o c i t i e s  in  q u estion  are en tered  fo r  comparison in  th e  se c o n d -la s t  

column o f T ables 1 6 .1 :2 , 1 6 .2 :2 , 1 6 .3 :2 . I t  can be seen  a t once th a t  

th e  c a lc u la te d  v e lo c i t y ,  even on th e assumption o f therm al equ ilibrium  

between product g ases and any in e r t  m ateria l which may be p resen t, i s  

in  alm ost every case much h igh er than th a t norm ally a ttr ib u te d  to  th e  

ex p lo s iv e  in  q u estio n .

The on ly  ready exp lan ation  o f th ese  wide d isc r e p a n c ie s , apart from

g ro ss  error in  th e  th e o r e t ic a l  treatm en t, was to  be found in  th e e f f e c t
[t&JS, tso, ?2]

o f  cartr id ge  diam eter upon v e lo c it y  o f d eto n a tio n . I t  was known th a t th e  

v e lo c it y  o f most condensed e x p lo s iv e s  tended to  in crea se  w ith  th e ca rtr id g e  

diam eter, and an exp lanation  o f t h is  e f f e c t  had been proposed by Schmidt.

According to  Schm idt’ s exp la n a tio n , which has s in c e  been form ulated
M j

q u a n tita t iv e ly  by Jon es, f a i lu r e  to  a t ta in  f u l l  v e lo c it y  in  ca r tr id g es  o f  

sm all c a lib r e  i s  due to  la t e r a l  expansion  o f th e  d eto n a tio n  products, which 

in v o lv e s  a red u ction  in  th e  Chapman-Jouguet p ressu re . Confinement o f th e  

c a r tr id g e , fo r  example in  a heavy m etal tube, by r e s t r ic t in g  th e freedom o f  

expansion must cause th e wave v e lo c it y  to  approximate more c lo s e ly  to  i t s  

lim it in g  or th e o r e t ic a l  v a lu e , c h a r a c te r is t ic  o f a p lane wave. In crease  

in  th e  ca r tr id g e  diam eter w i l l  e v id e n tly  have a s im ila r  e f f e c t .  I f  t h i s  

exp lan ation  o f  the d iscrep a n cies  noted in  Tables 1 6 .1 :2 , 1 6 .2 :2  and 1 6 .3 :2  

i s  c o r r e c t , th e  th e o r e t ic a l  v a lu es o f  D  should be approached when the  

cartr id ge  diam eter i s  made s u f f i c ie n t ly  la r g e . Experiments d esigned  to



t e s t  th is  co n c lu sio n  have been made, by measuring th e v e lo c it y  o f  

d eton ation  o f  a la rg e  number o f  the ex p lo s iv e s  s tu d ied , in  un usu ally  

la r g e  c a r tr id g e s , up to  8|- inch diam eter and o f  p rop ortion ate le n g th .

These experim ents are d escrib ed  below -  1 7 .3 );  here i t  may

be s ta te d  th a t th ey  not on ly  confirm  the p red ic ted  diam eter e f f e c t  but show 

very s a t is fa c to r y  agreement between the lim it in g  v e l o c i t i e s ,  a tta in e d  in  

ca r tr id g es  o f  la rg e  d iam eter, and th e  th e o r e t ic a l  va lu es  c a lc u la te d  as  

above. This can be judged from Tables 1 6 .1 :2 , 1 6 .2 :2  and 1 6 .3 :2 , where 

th e maximam experim ental v e l o c i t i e s  are c o l le c t e d  in  th e  f in a l  column.

(N os. 1 , 12, 16, 26 , 28, 31 , 3 2 , 33 , 41 are taken  from subsequent 

measurements by th e  w r ite r 's  c o lle a g u e s ) .

Very l i t t l e  d e ta ile d  comment on the in d iv id u a l r e s u lt s  appears 

n ecessa ry . Where in e r t  m ater ia l i s  p resen t in  moderate p ro p ortion s, 

and i s  o f  normal g r i s t  s i z e ,  and where th e  rea c tio n  tim e may be expected  

to  be r e la t iv e ly  short ( f o r  example, in  Nos. 3 , 25 , 3 9 ) ,  experiment seems 

to  favour the assum ption o f  n e g l ig ib le  heat tr a n s fe r . Otherwise th e  

assum ption of thermal equ ilibrium  may be c lo se r  to  th e  tru th : n o tab le

examples are Nos. 2 , 11+. In  each o f th ese  c a s e s ,  the low ca r tr id g e  

d en s ity  may be supposed to  prolong th e  rea c tio n  tim e o f the n i t r a t e /  

c e l lu lo s e  complex, w hile  in  No. i l l  th e  high proportion  o f  NaCl and th e  u se  

of sodium, rather than ammonium, n itr a te  must improve th e  prospects o f  

heat tr a n s fe r . A ll  th ese  fe a tu r e s  are in  accordance w ith th e th e o r e t ic a l  

exp ecta tio n s o f §15* The on ly  outstanding d iscrepancy i s  in  No. 1 .

This e x p lo s iv e  i s  d is t in g u ish ed  from a l l  th e  o th ers fo r  which we have 

made c a lc u la t io n s  by the f a c t  th a t even in  ca r tr id g es  o f v ery  large  

diameter i t s  v e lo c ity  f e l l  fa r  short o f  th e  th e o r e t ic a l  maximum.

The same e x p lo s iv e , however, was a lso  d is t in g u ish e d  by th e  unusually coarse  

g r is t  o f th e  s o l id  rea c ta n ts , which were s e le c te d  w ith th e  express purpose



of l im it in g  th e v e lo c ity  o f d eton ation . .Te are th e r e fo r e  e n t it le d  to  

regard th e  r e s u lt s  in  t h i s  in sta n ce  as standing ra th er  in  confirm ation  

than otherw ise o f the th eory . Indeed, i f  the n itr o g ly c e r in e  alone i s  

assumed to  r e a c t , and th e  remaining c o n s t itu e n ts  behave as in e r t  

d ilu e n ts  absorbing no h ea t, th e  th e o r e t ic a l  v e lo c ity  i s  approxim ately

2 ,000  m . / s . ,  which i s  rather c lo s e  to  th e observed v a lu e .

§ 1 6 .5  S p e c if ic  volume o f condensed phase in  thermal equ ilibrium  w ith  th e  

product gases

As exp la ined  in  § 1 5 ,  i t  has been assumed th a t a s o l id  or l iq u id  

product phase in  thermal eq u ilib riu m  with th e  gaseous phase re ta in ed  i t s  

normal d en sity  appropriate to  1 atm. w ith 273°K. In  other words, the  

e f f e c t s  o f  com pression and therm al expansion were assumed to  c a n c e l.

The work on equations o f  s ta t e  fo r  condensed m a ter ia l, d escr ib ed  in  

6 .5  -  6 . 5 8  enables us to  t e s t  how fa r  t h i s  s im p lif ic a t io n  i s  

p erm iss ib le . Thus, fo r  sodium ch lo r id e , th e fo llo w in g  equation  

a p p lica b le  a t high p ressu res , has been derived

j><p = 312 .6  9>"1 53 -  529 .0  + 0.079U6 T  (1 )

in  u n its  o f t o n / in 2 . , cm ^./g . and °K. according to  ( 1 ) ,  <p remains 

constant at 0.1+61 cm Vg. v a lu es  o f f> and T  s a t is fy in g  th e  

l in e a r  r e la t io n

j> *  0.172 T  -1+6 ( 2 )

I t  w i l l  be found th a t the p o in ts  ( 7J , "p, ) corresponding to  th e  

already c a lc u la te d  detonation  tem peratures and p ressures fo r  commercial 

b la s t in g  ex p lo s iv e s  .and oxygen-negative com positions l i e  almost even ly  

disposed about th e l in e  ( 2 ) ,  although th ere  i s  a con sid erab le  spread.

I f ,  th en , (2 )  i s  taken to  apply to  a l l  condensed p roducts, the assumption  

of § 1 5  i s  on th e average not unreasonable. Of cou rse, t h i s  argument i s



q u a lita t iv e  o n ly , s in c e  (1 )  a p p lie s  in  th e  f i r s t  p la ce  on ly  to  NaCl 

and i s  not e x p l i c i t l y  designed  fo r  high tem peratures. N ev er th e le ss , 

support i s  g iv e n  to  th e  procedure fo llow ed  in  our c a lc u la t io n s .

I f  appropriate equations o f  s ta t e  were a v a ila b le  fo r  th e actu a l condensed  

products in  any g iv en  c a se , a more p r e c ise  treatm ent would be p o s s ib le .  

However, the c o r r e c t io n  thus in troduced  would, as we have seen , be on 

th e  average sm a ll, and more d e ta ile d  co n sid era tio n  o f  i t  appears out 

o f  p lace  a t  th e  moment.



§ 1 7  Ikcpsrim ental d e te rm in a t io n  of maximum d e to n a t io n  v e l o c i t i e s
f o r  com mercial e x p lo s iv e s : in t ro d u c t io n

R efe ren ce  has a l re a d y  been made in  Si 6 , 4  to  th e  e x p e rim e n ta l f a c t  

t h a t  v e l o c i ty  of d e to n a tio n  in c re a s e s  w ith  c a r t r id g e  d ia m e te r  when 

o th e r  c irc u m sta n c e s  a re  c o n s ta n t ;  and an e x p la n a tio n  in  g e n e ra l 

te rm s was m en tioned , acco rd in g  to  w hich a t  s u f f i c i e n t l y  la rg e  d ia m e te rs  

the  v e lo c i ty  should  app roach  an upper l i m i t ,  w ith  w hich t h e o r e t i c a l  

e s t im a te s  based on a o n e-d im en sio n a l a n a ly s is  may be l e g i t im a te ly  

compared.

I t  i s  beyond th e  scope o f t h i s  t h e s i s  to  a tte m p t any q u a n t i ta t iv e  

tre a tm e n t o f th e  im p e rfe c t ly  co n fin ed  c a r t r id g e .  However, th e  two 

c o n t r ib u t io n s  in  t h i s  d i r e c t io n  w hich have r e c e n t ly  been p u b lish e d  

proceed from  e n t i r e ly  d i f f e r e n t ,  n o t to  say  c o n t ra d ic to ry ,  p rem ise s , 

and i t  does n o t ap p ea r th a t  e i t h e r  can be re g a rd e d  a s  com plete . A 

b r i e f  q u a l i t a t i v e  rev iew  of th e  f a c to r s  in v o lv ed  i s ,  th e r e f o r e ,  

d e s i r a b le ,  b e fo re  we proceed  to  d e s c r ib e  e x p e rim e n ta l measurem ent of 

the l im i t in g  v e l o c i t i e s  f o r  r e p r e s e n ta t iv e  b la s t in g  e x p lo s iv e s .

The fun d am en ta l th e o ry  d is c u s s e d  in  §§9 -9*4- r e f e r s  to  an ex p lo s iv e  

under p e r f e c t  l a t e r a l  confinem en t. I t  can be seen , how ever, t h a t  th e  

c o n d itio n s  o f th e  th e o ry  a re  s a t i s f i e d  p ro v id ed  no s ig n i f i c a n t  l a t e r a l  

expansion o ccu rs  w ith in  th e  r e a c t io n  zone. F o r th e  p ro p ag a tio n  o f  th e  

wave i s  c o n t ro l le d  e n t i r e l y  by c o n d itio n s  in  th e  la y e r  w here th e  

Chapman-Jo uguet c o n d itio n  a p p l ie s .  Between s h o c k -fro n t and G J- la y e r ,

W + a >D, so t h a t  energy can be p ropagated  fo rw ard  o r  backw ard to  

m ain tain  o r  reduce  th e  wave. T h is reg io n  a c c o rd in g ly  becomes steady,, 

At th e  G J - la y e r ,  however, Wf-t- fr, -  jD , so th a t  c o n d itio n s  f u r t h e r  to  

the r e a r  can have no e f f e c t  upon the  p ro p ag a tio n  o f th e  s te a d y  zone.

I t  i s  c l e a r ,  t h e r e f o r e , th a t  l a t e r a l  expansion  beh ind  th e  G J -la y e r



cannot a f f e c t  the propagation; on the o ther hand, i f  expansion were 

to  occur w ith in  the r ea c tio n  zone, th is  must reduce the OJ-pressure 

and so lea d  to  a decrease in  the w a v e -v e lo c ity .

Such expansion w i l l  a lso  e n ta il  a co n v ex ity  o f  the w ave-front 

toTfards the undetonated e x p lo s iv e 0 Close to  the ca rtr id g e  a x is ,  

however, the wave w i l l  s t i l l  be approxim ately p lane, and the reduced  

v e lo c it y  o f th e wave as a whole w i l l  equal the v e lo c it y  of propagation  

in  t h is  a x ia l  core when a steady s ta te  i s  again e s ta b lish e d . This 

v e lo c i t y  depends on the degree o f expansion, of the core w ith in  the  

rea c tio n  zone, which in  turn w i l l  depend on (1 )  the diam eter (d )  

of the c a r tr id g e , ( 2 ) the nature o f the co n fin in g  envelope, i f  any 

and (3 ) the le n g th  of time {%) required fo r  rea c tio n  in  any element 

of ex p lo s iv e  to  reach e f f e c t iv e  com pletion.

C onsidering, f i r s t ,  bare ca r tr id g e s  o f a g iven  e x p lo s iv e  a t  f ix e d  

loading d e n s ity  but v a r ia b le  ca r tr id g e  diam eter, we conclude th at 

the f u l l  v e lo c i t y  w i l l  be r e a l is e d  on ly  in  la rg e  d iam eters. As the 

diam eter i s  reduced, the stead y  v e lo c ity  w i l l  d ecrea se , a t  f i r s t  

s low ly , afterw ards more and more ra p id ly , u n t i l  i t  reaches a l e v e l  so 

low th a t propagation from la y e r  to  la y e r  becomes im p o ssib le . We are 

thus led  to exp ect a diam eter ( )  below which detonation  cannot p e r s is t ,  

and a second, la r g er  and l e s s  p r e c is e ly  d efin ed , diam eter { d 2) a t  

which maximum stead y  v e lo c it y  has been fo r  p r a c t ic a l purposes a tta in e d .  

Sxperiment amply confirm s th ese  p r e d ic tio n s .

Again, the e f f e c t  o f  encasing  a ca rtr id g e  o f  any chosen diam eter  

between and d must in  g en era l be to in cr ea se  i t s  v e lo c i t y  towards 

the maximum; d f and d2 w i l l  a ls o  be reduoed. The graph o f v e lo c i t y  

against diam eter should thus move as a whole (though not n e c e s s a r ily



w ith o u t change o f sh ap e ; tow ards th e  v e lo c i ty  a x i s .  'hen th e  oase 

i s  s u f f i c i e n t l y  th in  f o r  l a t e r a l  shocks to  p e n e tr a te  i t  in  a tim e 

s h o r t  compared w ith  th e  r e a c t io n  tim e 'E, i t s  e f f e c t  w i l l  be predom in­

a n t ly  i n e r t i a l ,  and shou ld  th u s  depend r a t h e r  on th e  d e n s ity  o f th e  
[82]

case  m a te r ia l  th an  on i t s  c o m p re s s ib i l i ty :  f o r  exam ple, 1 mm. o f le a d

sh o u ld  a s  a r u le  prove more e f f e c t iv e  confinem ent than  th e  same

th ic k n e s s  o f s t e e l .  The v e lo c i ty  w i l l  a ls o  in c re a s e  w ith  the  case

th ic k n e s s .  However, when t h i s  becomes so g r e a t  t h a t  th e  l a t e r a l

shock r e q u ir e s  a tim e com parable w ith  T' to  p e n e tr a te  i t ,  th e
&2]

c o m p re s s ib i l i ty  m ust p la y  an im p o rtan t r o l e .  Und e r  such c irc u m s ta n c e s ,

s t e e l  w i l l  p ro b a b ly  be more e f f e c t iv e  than  le a d .  Y/hen th e  p e n e tra t io n

tim e exceeds “T , th e  case  i s  e q u iv a le n t to  an i n f i n i t e  b lo c k , and

f u r t h e r  in c re a s e  in  i t s  th ic k n e s s  w i l l  have no e f f e c t .  In  consequence

of th e  c o m p re s s ib i l i ty  o f th e  c a s e , how ever, f u l l  v e lo c i ty  i s  n o t y e t

a l to g e th e r  a t t a in e d .  We, th e r e f o r e ,  conclude th a t  th e  mere a d d i t io n

of m e ta l to  a sm a l1 -d iam eter c a r t r id g e  canno t r a i s e  th e  v e lo c i ty

beyond a d e f i n i t e  l e v e l ,  w hich may f a l l  d i s t i n c t l y  s h o r t  o f  th e  maximum
0*2

■value r e a l i s e d  in  la rg e -d ia m e te r  b a re  c a r t r id g e s .  E xperim en ta l 

co n firm a tio n  o f th e s e  p r e d ic t io n s  i s  a lso  a v a i la b l e .

F in a l ly ,  c irc u m stan c es  o f d ia m e te r  and confinem ent b e in g  e q u a l, 

the maximum v e lo c i ty  w i l l  be more n e a r ly  approached , th e  s h o r te r  th e  

r e a c tio n  tim e X  . T h is  a s s i s t s  u s  to  u n d e rs ta n d  ( a )  why i s

sm all f o r  pure ex p lo s iv e  compounds (o f  th e  o rd e r  o f  1 cm. o r  l e s s  f o r  

n i t r o g ly c e r in e ,  and 1 in c h  f o r  c a s t  TNT) whose r e a c t io n  time must be 

r e l a t i v e ly  s h o r t ,  and much l a r g e r  ( in  some c a ses  a s  h ig h  a s  8-12 in c h e s )  

fo r  many com m ercial b la s t in g  e x p lo s iv e s  w hich c o n s is t  o f m ix tu re s  o f



o x id a n ts  and f u e l s  in  c o a rse  g r i s t  s i z e s ,  and must r e q u ir e  a r e l a t i v e l y  

lo n g  tim e to  r e a c t ;  (b )  why th e  i n t e r v a l  ( dt , d 2 ) and th e  co rresp o n d in g  

range o f  s ta b le  v e l o c i t i e s  a re  a ls o  much g r e a t e r  in  th e  l a t t e r  case  than  

in  th e  fo rm e r; and (o )  why a l l  g r a n u la r  e x p lo s iv e s ,  b u t p a r t i c u l a r l y  

m ix tu re s ,  show an in c re a s e  in  v e lo c i ty  a t  any chosen d ia m e te r ,  and a 

d e c re a se  in  b o th  and d 7 ? a s  th e  g r i s t  s iz e  o f th e  r e a c t iv e  

components i s  red u ced .

A r ig o ro u s  q u a n t i t a t iv e  tre a tm e n t o f s ta b le  d e to n a tio n  in

im p e r fe c t ly  co n fin ed  c a r t r id g e s  would in v o lv e  th e  s e a rc h  f o r  s te a d y

s o lu t io n s  o f th e  hydrodynamic e q u a tio n s  a p p l ie d  in  co n ju n c tio n  w ith

s u i ta b le  e q u a tio n s  o f s t a t e  to  th e  r e a c t in g  m a te r ia l  and to  th e  c a se ,

to g e th e r  w ith  th e  r e a c t io n - k i n e t i c  eq u a tio n s  and th e  second lav/ o f

therm odynam ics. The o n e-d im en sio n a l approach  w ould re q u ire  to  become

th re e -d im e n s io n a l. Such a tre a tm e n t would be e x c e p tio n a lly  complex,

even i f  a l l  th e  n e c e ssa ry  in fo rm a tio n  were to  hand. A ttem pts to

ta c k le  th e  problem , th e r e f o r e ,  depend on s im p l i f i c a t io n s  o f one k in d  o r
[gz]

an o th e r . The th e o ry  advanced by Jo n e s , f o r  exam ple, depends upon a  

number of a ssu m p tio n s , th e  p r in c ip a l  e f f e c t  o f w hich i s  to  r e s t r i c t  

a p p l ic a t io n  to  cases  where th e  a x i a l  expansion  i s  sm all w ith in  th e  

re a c tio n  zone, and th e  v e lo c i ty ,  th e r e f o r e ,  approaches i t s  maximum 

value . A more fundam enta l o b je c tio n  to  Jones* th e o ry , how ever, i s  

th a t  the  O J-p lane i s  assumed to  c o in c id e  w ith  th e  end o f th e  r e a c t io n  

zone. When th e re  i s  no l a t e r a l  expansion , B e r in g ’s a n a ly s i s  ( § 9 * 4 )  

shows th a t  t h i s  i s  c e r t a in l y  true ,, However, a s  was m entioned  in  § 9 o !:, 

i t  need n o t rem ain t r u e  u nder c o n d itio n s  o f im p e rfe c t confinem en t.



The G J- la y e r  can n o t, o f  c o u rse , in  any c irc u m sta n c e s , f a l l  o u tw ith  

th e  r e a c t io n  zone; b u t i t  may w e ll f a l l  w ith in  i t  i f  l a t e r a l  expansion  

p re v e n ts  th e  fo rm a tio n  o f secondary  shocks in  the  n o n -s te a d y  p a r t  o f 

th e  r e a c t io n .  The e f f e c t  o f im p e rfe c t confinem ent i s  then  to  d iv id e  

th e  co u rse  o f r e a c t io n  in to  two p a r t s ,  on ly  the  f i r s t  o f  w hich i s  

e f f e c t iv e  in  su p p o rtin g  th e  wave. We may say t h a t ,  so f a r  a s  th e  

wave i s  co n ce rn ed , r e a c t io n  i s  a r r e s te d  a t  an in te rm e d ia te  s ta g e ,  

co rresp o n d in g  to  on ly  p a r t i a l  r e le a s e  o f the t o t a l  chem ical energy*

Of c o u rs e ,  i t  i s  n o t n e c e s s a r i ly  im p lied  t h a t  r e a c t io n  f a i l s  in  th e  

end to  com plete i t s e l f ,  bu t m ere ly  th a t  i t  does no t do so w ith in  the 

s tead y  zone. w hether th e  r e a c t io n  c o n tin u e s  behind  th e  s te a d y  zone 

o r  w hether i t  r a p id ly  fa d e s  o u t ,  le a v in g  unconsumed e x p lo s iv e , i s  

i r r e l e v a n t  to  th e  p ro p ag a tio n  o f  the  v/ave, though i t  may be o f g r e a t  

im portance in  d e te rm in in g  o th e r  a s p e c ts  o f perform ance (See § 1 8 .9  

below ). There i s ,  how ever, e x p e rim en ta l ev idence to  show th a t  

unconsumed ex p lo s iv e  does in  f a c t  f r e q u e n t ly  s u rv iv e  d e to n a tio n  in  

p o o rly  co n fin e d  c h a rg e s .

The above argum ent i s  s ta t e d  in  i t s  s im p le s t te rm s , and i t  m ust 

no t be tak en  to  mean t h a t  th e  f i r s t  p a r t  o f  th e  r e a c t io n  fo llo w s  e x a c tly  

the  same c o u rs e ,  i r r e s p e c t iv e  o f th e  s ta g e  a t  w hich i t  i s  " in te r r u p te d " .  

The e f f e c t iv e  energy  r e le a s e  d e te rm in es  th e  te m p era tu re  and p re s su re  a t  

the s h o c k - f ro n t ,  and so  the  i n i t i a l  r e a c t io n  sp eed , on w hich in  tu rn  th e  

ra te s  o f su b seq u en t r e a c t io n  (and ex p an s io n ) depend. We m ust suppose 

th a t  a b a la n c e  i s  reach ed  between th e se  v a r io u s  In te rd e p e n d e n t p ro c e s s e s ,  

when, in  any g iv en  s e t  o f c irc u m s ta n c e s , a s te a d y  wave i s  form ed. The 

p r in c ip a l  pu rpose o f t h i s  d is c u s s io n ,  however, i s  to  s t r e s s  t h a t  th e



v e lo c i t y  o f  a poorly  confined  ca r tr id g e  w i l l  f a l l  below i t s  maximum 

va lu e  not m erely because o f  the d ir e c t  m echanical e f f e c t  o f  the  

expansion, as considered in  Jones* th eory , but a ls o  because a sm aller  

proportion  o f the chem ical energy i s  no?7 a v a ila b le  to  support the wave*

the ca r tr id g e  i s  f ir e d  from one end, and the mean v e lo c i t y  measured 

over a sh ort le n g th  a t  any chosen "run-up” d is ta n c e  from the  

in it ia to r *  This i s  done by in s e r t in g  in to  the ca r tr id g e , a t  the  

beginning and end o f the sh ort le n g th , the two e x tr e m itie s  o f a le n g th  

of standard detonating  fu se ,  whose v e lo c i t y  i s  known* The waves 

in i t ia t e d  in  turn a t  e i th e r  and o f the fu se , and tr a v e l l in g  along i t  

in  op p osite  d ir e c t io n s ,  meet a t  a p o in t whose p o s it io n ,  determined by

the sharp cu t produced on a lea d  p la te  p laced  under the fu s e , a llow s  

the requ ired  mean v e lo c i t y  to  be c a lc u la te d .

Thus, in  Fig* 17*01:1, l e t  AB be the ca r tr id g e  and SPG- the fu s e , whose 

len g th  i s  2L and whose m id-point i s  F* and l e t  the wave-meet l i e  a t  a 

distan ce x, from F when EG- has len g th  d* Then, i f  G i s  the v e lo c it y  

of the fu se  and D the mean ca rtr id g e  v e lo c ity  over EG,

§17*01 The D autriche method o f  measuring v e lo c ity  o f detonation

In the normal D autriche method o f  measuring d eton ation  v e lo c i t y ,fed

L + x ,
C

A L-JC _  ^  _ _ _  ^
( 1 )

so that

D (2 )

This method depends, among oth er th in g s , on the assumption th a t  

X See j>. UifZ-
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o f  yneusurinc j ve locity o f  d e to n a tio n  .

th e  c o n d itio n s  o f i n i t i a t i o n  a t  E and G- a re  i d e n t i c a l ,  so t h a t  any 

tim e - la g  in tro d u c e d  a t  one o f th e se  p o in ts  i s  c a n c e lle d  by an eq u a l 

la g  a t  th e  o th e r .  V/hile t h i s  may be tak en  f o r  g ra n te d  when th e  

d e to n a tio n  v e lo c i ty  i s  s te a d y , i t  i s  u n l ik e ly  to  be t ru e  "when the  

v e lo c i ty  i s  e i t h e r  in c re a s in g  o r  d e c re a s in g  over EG-. In  the  fo rm er 

o ase , D "will tend  to  be o v e re s tim a te d  and in  th e  l a t t e r  u n d e re s tim a te d . 

I t  i s  a l s o  assumed t h a t  d e to n a tio n  p ro ceed s -with th e  c o n s ta n t  s ta n d a rd
m

v e lo c i ty  a long  th e  t-wo arms o f th e  f u s e .  E xperien ce  shows, how ever,

th a t  th e  fu se  may d e to n a te  u n sy ra in e trica lly  (because  o f the  p ro x im ity  o f

the d e to n a tin g  c a r t r id g e )  u n le s s  i t s  g e o m e tr ic a l d is p o s i t io n  i s  c a r e f u l ly

c o n t ro l le d .
c$17*02 M o d if ic a tio n s  o f  th e  D au trich e  method

(1 ) In v e rse  .D autriche method

The d i f f i c u l t i e s  m en tioned  above sh o u ld  n o t a r i s e  ?m th th e  method 

of Eig* 17*02:1 . H ere, th e  c a r t r id g e  i s  i n i t i a t e d  a t  b o th  en d s, b u t 

a t i n s t a n t s  s e p a ra te d  by a known tim e i n t e r v a l :  t h i s  i s  done by means
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of a le n g th  o f d e to n a tin g  fu s e  of known v e l o c i ty ,  connec ted  to  th e  

two i n i t i a t o r s  and f i r e d  .a t  a chosen d is ta n c e  from i t s  c e n t r e .  The 

wave-meet in  th e  c a r t r id g e  i s  reco rd ed  by a m e ta l p la te  p laced  

u n d ern ea th .

I t  i s  c l e a r  th a t  th e  c a r t r id g e  should  n o t r e a c t  upon th e  fu s e .  T hat 

p ick -up  la g s  shou ld  a ls o  be e lim in a te d  depends on th e  f a c t  t h a t  th e  

d e to n a tio n  wave i s  headed by a shock. When two such waves o f  

d i f f e r e n t ,  b u t n o t too  d i s s im i la r ,  i n t e n s i t i e s  m eet, i t  seems re a so n a b le  

to assume th a t  a  m e ta l p la te  w i l l  r e c o rd  th e  p o s i t io n  of th e  p o in t 

of c o l l i s io n  o f th e  s h o c k - f ro n ts .

I f  th e  fu se  i s  i n i t i a t e d  a t  a d is ta n c e  d from  i t s  c e n tre ,  and 

i f  the wave-meet l i e s  a t  x from  th e  c a r t r id g e  m id -p o in t, i t  can 

e a s ily  be shown th a t  th e  mean v e lo c i ty  D over a le n g th  2x a t  th e  c e n tre



of the c a r t r id g e  i s

D  —  v c  c j  d  . ( 1 )

The m easured d is ta n c e  x i s  th e re fo re  p ro p o r t io n a l  d i r e c t l y  to  th e  

unknown v e lo c i ty  D, w hereas in  th e  norm al method i t  i s  in v e r s e ly  

p ro p o r t io n a l  (e q u a tio n  17*01(2 ) ) .  I f ,  th e r e f o r e ,  th e  fu se  i s  

i n i t i a t e d  a t  such a d is ta n c e  from  i t s  c e n tre  th a t  th e  l i m i t  o f  th e  

reco rd in g  p la te  co rresp o n d s to  th e  h ig h e s t  v e lo c i ty  to  be ex p ec ted , 

the wave-meet m ust n e c e s s a r i ly  f a l l  on th e  p l a t e .  The method i s  

thus com plem entary to  th e  norm al m ethod, and i s  p a r t i c u l a r l y  s u i te d  

to  the  m easurem ent o f low v e lo c i t i e s *

The method v?as te s te d  by u s in g  i t  to  tim e s ix  o f a b a tc h  o f  tw elve 

o a r tr id g e s ,  th e  rem ainder b e in g  tim ed by th e  norm al m ethod. The 

r e s u l t s ,  -.which need n o t be d e ta i le d  h e re ,  were com ple te ly  s a t i s f a c to r y .

(2 ) Sem i-con tinuous P au tC rich e  method

In  s tu d y in g  th e  e f f e c t  o f d ia m ete r and i n i t i a t i o n  upon the  

d e to n a tio n  v e lo c i ty ,  u nder c irc u m stan c es  where t h i s  may a l t e r  a long  th e  

c a r tr id g e  l e n g t h , i t  i s  d e s i r a b le  to  have e i t h e r  a  con tin u o u s re c o rd  

or a t  l e a s t  a  re c o rd  s u f f i c i e n t l y  c lo s e  to  con tin u o u s f o r  a l l  m a jo r 

v a r ia t io n s  in  v e lo c i ty  to  be d e te c te d .  For sm all c a r t r id g e s ,  the  

high-speed camera p ro v id es  an id e a l  s o lu t io n ;  b u t f o r  la rg e  ch arg es  

the camera cannot be used w ith o u t damage. P u re ly  g e o m e tric a l 

d i f f i c u l t i e s  o f a r ra n g in g  th e  fu se  and m e ta l p la te s  p re v e n t more than  

a few re c o rd s  b e in g  taken  by the  norm al D au trich e  method from any 

single  c a r t r id g e .

The arrangem ent o f F ig . 17*02:2 was d ev ised  to  overcome th e se  

d i f f i c u l t i e s .  I t  r e p re s e n ts  on ly  one, though perhaps th e  m ost co n v en ien t, 

of sev e ra l v a r i a n t s  o f the  same id e a . HE i s  th e  c a r t r id g e  u nder
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study: i t s  i n i t i a t o r  a t  B i s  oonneo ted  to  one end o f th e  d e to n a tin g

fuse s t ra n d  BAGD. G ross s t r a n d s  a l l  o f  le n g th  2L, m arked a t  t h e i r  

m id -po in ts  and ta p e d  to  le a d  p l a t e s ,  p a ss  from  chosen p o in ts  on th e  

c a r tr id g e  to  chosen p o in t s  on th e  fu s e ,  The minimum s e p a ra t io n  o f  th e  

p o in ts  o f  a tta ch m en t on BE i s  d e term ined  by th e  d is ta n c e  o v er ■which 

l a t e r a l  p ro p a g a tio n  can succeed  betw een th e  fu se  s t r a n d s ;  t h i s  r a r e l y  

exceeds h a l f  an in c h  in  a i r .  The le a d  p l a t e s  may s ta n d  on edge i f  

n ecessa ry . In  s e le c t in g  th e  co rresp o n d in g  in t e r v a l s  on GD, we ta k e  in to

account th e  h ig h e s t  and lo w e s t v e l o c i t i e s  ex p ec ted  a long  BE,

BaCD i s  i n i t i a t e d  n e a r  th e  m id -p o in t A o f  BG, though th e re  i s  no



need f o r  p r e c is io n  in  f ix in g  A* L e t us suppose t h a t  th e  c u t on th e

ti71" p la te  i s  a t  a d is ta n c e  xn from  th e  p o in t  o r ig i n a l l y  covered  by th e
Hi

m id -p o in t o f  the  c r o s s - s t r a n d ,  ^  b e in g  p o s i t iv e  i f  m easured

tow ards th e  c a r tr id g e ,,  L e t t n be th e  tim e , from  some a r b i t r a r y  z e ro , 

fo r  th e  wave in  BE to  re a c h  th e  end o f  th e  s t r a n d ,  and th e  

d is ta n c e  a lo n g  GD between some a r b i t r a r y  z e ro , f o r  example A, and th e  

o th e r end o f the  same s t r a n d .  Then, e v id e n t ly ,

/ !  + t  -t _  a  , L ~ ^ ? i  (2 )/ tv 0  n z 7- ^  ,

■where and A2  r e p r e s e n t  t im e - la g s  ̂ supposed in d ep en d en t o f  n .

C onsequently ,

2 ) =   __ ----------------   , (3 )
71 -t (a  ̂-  4^ ,̂)

where Dp i s  th e  mean v e lo c i ty  o v er th e  le n g th  d^ betw een th e  ends o f 

the (n -  1 and n^*1 s tra n d s*

A t e s t  o f  th e  method was made w ith  th r e e  15 in c h -lo n g  c a r t r id g e s  o f 

a coal-m in ing  e x p lo s iv e . One x s  tim ed by th e  p re s e n t  m ethod, over 1-gr 

inch i n t e r v a l s ,  th e  o th e r  two by a h ig h -sp eed  cam era, which p ro v id es  a 

continuous record ,, In  one o f th e se  l a s t  two, c o n d itio n s  in  th e  

Dautriche t e s t  were s im u la te d  by in s e r t in g  a s e r i e s  o f d e to n a to rs  

a t i-g-inch in t e r v a l s  down th e  s id e  o f th e  c a r t r id g e .  The r e s u l t s  w ere:

Camera; no d e to n a to rs  i n s e r t e d : mean o f 10 v e lo c i ty  m easurem ents

over 1-g-inch in t e r v a l s  1847 m ./s*  (S tan d a rd  d e v ia tio n  86 m „ /s ,)

Camera; d e to n a to rs  in s e r t e d : mean o f 10 as  b e fo re  1850 m ./s .

(SoDo 135 m ,/s „ )„

D a u tr ic h e : mean o f 10 a s  b e fo re  1850 mc/ s 0 (S«D* 191 m#/s«  )•

The method i s  e v id e n tly  s a t i s f a c to r y .  I t  w ill  be no ted  a ls o  th a t



the  p re sen ce  of 10 fu lm in a te  d e to n a to r s  had no e f f e c t  a t  a l l  upon th e

v e l o c i t y .

A f u r t h e r ,  and r a t h e r  i n t e r e s t i n g ,  t e s t  was made on a "zeb ra"

charge c o n s is t in g  o f a l t e r n a t e  l a y e r s  o f  t e t r y l  and the  ex p lo s iv e

(" P o la r  V ik in g ") used  above. T h is  c a r t r id g e  was tim ed by b o th  cam era

and D a u tr ic h e  method s im u lta n e o u s ly . D e ta i l s  and r e s u l t s  a re  shown in

F ig . 17o02:3* I t  w i l l  be seen  th a t  the  D au tric h e  method p ro v id e s  a

very u s e f u l  p ic tu r e  o f th e  p ro g re s s  o f  th e  w ave. The sm all

/ ' thd is c re p a n c ie s  th a t  rem ain a re  s i g n i f i c a n t .  So long  a s  th e  (n -1 )

and n^k c r o s s - s t r a n d s  m eet th e  c a r t r id g e  a t  p o in ts  where th e  v e l o c i t i e s

are eq u a l, th e  D au tr ic h e  re c o rd  i s  f a i t h f u l .  When th e  v e lo c i ty  a t

"tinthe end o f th e  n s tra n d  exceeds th e  o th e r ,  th e  t im e - in te r v a l  i s  

u n d eres tim a ted : t h i s  happens a t  each  p assage  from P o la r  V iking  to  t e t r y l

C onversely , on p assag e  from  t e t r y l  to  P o la r  V ik in g , w ith  drop in  v e lo c i ty  

the in t e r v a l  i s  o v e re s tim a te d  to  the  same e x te n t .  The d iv e rg en ce  o f  th e  

two re c o rd s  i s  a b ru p t in  th e  fo rm er c a se , where in  f a c t  th e  v e lo c i ty  

change i s  a ls o  a b ru p t ;  in  th e  l a t t e r  case th e  v e lo c i ty  changes more 

slowly and th e  d iv e rg en ce  i s  a l s o  c a n c e lle d  more slowly* These f e a tu r e s  

are ex p la in ed  i f  we suppose the  t r a n s f e r  o f d e to n a tio n  from c a r t r id g e  

to fuse to  in v o lv e  a t im e - la g ,  w hich in c re a s e s  a s  th e  c a r t r id g e  v e lo c i ty  

f a l l s .  I f  t h i s  e x p la n a tio n  i s  c o r r e c t , t h e  t im e - la g s  in  q u e s tio n  d i f f e r  

by about A m icroseconds in  th e  p re s e n t c a se .

A p p lic a tio n  o f the  method to  study  o f B la s t in g  G e la tin e  in  la rg e  

diam eters i s  r e f e r r e d  to  below ( § 1 7 « 2 l) .
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§  1 / .1  hxp e r im e n ta l  a e te rm in a teo n  of the  maximum d e to n a t io n  v e l o c i ty
in  ponders and s e m i-g e la t ir .e s  based or] n i t r o g ly c e r i n e :

(a )  E x p lo siv e  5 (T ab le  (23 s h o ts  f i r e d )

S o u tin e  p ro o f  o f  t h i s  co a l-m in in g  ex p lo s iv e  i s  c a r r ie d  o u t on 

1-1 in  oh d ia m e te r  c a r t r id g e s  c o n fin e d  on ly  in  p ap er s h e l l s ,  and th e  

•velocity  then  l i e s  betw een 1 ,900 and 2 ,200 m */s. a s  compared w ith  

t h e o r e t i c a l  v a lu e s  o f  3,100  -  4-jOOO m . / s .  (T able 1 6 . 1 : 2 ) .

In  o rd e r  to  make an im m ediate t e s t  o f th e  su g g e s tio n  th a t  v e l o c i t i e s  

of th e  o rd e r  o f th o se  c a lc u la te d  shou ld  be r e a l i s e d  in  la rg e -d ia m e te r  

c h a rg es , th e  e x p lo s iv e  was lo ad ed  in  ’weighed inc rem en ts  a t  a d e n s i ty  

of Oo98 g»/cmJ in to  fo u r  ca rd b o a rd  tu b e s ,  each  5 in c h  d ia m e te r  by 1Oj 

inch long* These were l a id  on hard  e a r th  and b u t te d  end to  end*

The com posite c a r t r id g e  was i n i t i a t e d  by a fu lm in a te  d e to n a to r  

in s e r te d  a x i a l l y  a t  one end, and th e  wave v e lo c i ty  m easured by th e  

D autriche met od (see  § 1 7 * 0 1 } , b o th  on th e  su r fa c e  and a t  th e  a x i s ,  

a t  a " ru n -u p ” d is ta n c e  o f  90 cm* from  th e  d e to n a to r*  The v a lu e s  

reco rded , 3 7 5 0  and 3780 m ./s * , a g re e  c lo s e ly  and a re  o f p r e c i s e ly  th e  

th e o re t ic a l  o rder*

A s h o r te r  c a r t r id g e  o f th e  same d ia m e te r  (ru n -u p  28 cm*) gave 

3670 m0/ s 0

In c o n f irm a tio n , a f u r th e r  5 - in c h  d ia m e te r  sh o t was f i r e d ,  made 

up from s ix  c a rd b o a rd -c a se d  charges  o f th e  s o r t  d e s c r ib e d . A more 

ce rta in  e s t im a te  o f th e  a x ia l  v e lo c i ty  was secu red  by u s in g  a  m o d ified
M

Dautriche arrangem ent (Fig* 17*1 J l )  in  w hich the pick-up detonators were 

butted  a g a in s t  th e  c e n tre s  o f  th e  c a r t r id g e  ends, and th e  charge f i r e d  

ou the a x is  a t  a p o in t 7*5 from i t s  c e n t r e ,  and th u s  7 2 * 0  and 87*0 

c®* r e s p e c t iv e ly  from  the  two ends* T his arrangem ent p ro v id es  a measure



o f  th e  mean v e lo c i ty  over th e  15 cm. in t e r v a l  from  72 to  87 cm: the  

r e s u l t  was 3>900 m ./s . The c u rv a tu re  o f th e  wave a t  th e  two

e x t re m it ie s  o f th e  c a r t r id g e  was a lso  .measured by a t ta c h in g  a u x i l i a r y  

D au tric h e  a sse m b lie s  in  the  manner shown in  F ig . 1 7 .1 :1 .

/yg. /7./.V

r \/0/7 £ ~ a < i 3y
/V7£77-/o£r

At 72 cm. th e  a x is  le d  the  p e r ip h e ry  by 3*7 m ic ro s e c .,  and a t  87 cm.

by 3.1 m ic ro se c ; th e se  tim es co rrespond  to  d is ta n c e s ,  p a r a l l e l  to  the

ax is, of 1 .4 4  and 1.21 cm. On the  o th e r  hand, a s p h e r ic a l  wave
[ ! V J I(° ,V ]

spreading from th e  d e to n a to r  would have an a x i a l  le a d  o f on ly  0 . 2 5  to  

^•3 Cm., so t h a t  th e  above v a lu e s  m ust r e p re s e n t  a perm anent c u rv a tu re  

0x bhe wave, due to  l a t e r a l  expansion .



To com plete th e  s tu d y , c a r t r id g e s  o f  2, 3 > 4  and 8-g- in c h  d ia m e te r  

and p ro p o r t io n a te  le n g th  were f ire d *  The mean v e l o c i t i e s ,  to g e th e r

w ith  th o s e  a lre a d y  m e n tio n e d ,a re  c o l le c te d  in  Fig* 17*1: 2.

Sooo

A
kooo

3 o o o

2ooo

1ooo

Cartridge- diAme.te.r (inch) ->

No (o FULMINATE DETONATOR . EFFECT OF DIAMETER .

These exp erim en ts  e n t i t l e  u s  to  conclude th a t  th e  v e lo c i ty  of 

Explosive 5 ap p roaches a v a lu e  o f ab o u t 4 ,000 m */s. in  la rg e  c a r tr id g e s *  

The l im it in g  v e lo c i ty  i s  th u s  in  good agreem ent w ith  th e  th e o r e t i c a l  

value*

In co n firm a tio n  o f th e  above work on l i g h t l y  cased  c h a rg e s , and o f



the gen era l theory o f cthnfinement, a s e r ie s  o f  ca r tr id g es  were prepared  

by load in g  the powder d ir e c t ly  in to  lead  tu b es, 18 inch  long and 

1, 1^, 2 in ch  in te r n a l diam eter, w ith  g - in c h  th ick  w a ll .  The D autriche 

detonators passed  through corks in  the tube w all* The mean v e l o c i t i e s  

were 3 ,3 0 0 , 3 ,700  and 3 ,7 5 0  m ./s .  r e s p e c t iv e ly ,  from which i t  again  

appears th a t in  s u f f i c i e n t l y  well-cdknfined charges D approaches the  

th e o r e t ic a l v a lu e .

^b) E xp losive 6 (Table 1601 :1 ) (21 sh o ts )

This com position i s  not g r e a tly  d if f e r e n t  from the l a s t ,  and i t  

was considered  s u f f i c ie n t  to  measure the v e lo c ity  in  8^ -in ch  diam eter  

cardboard tubes and 1^-inch  lea d  and s t e e l  tu b es. The la rg e  

cartr id ges were erected  v e r t i c a l ly  and f ir e d  from the top , fou r  

Dautriche a ssem b lies  being attached  sym m etrically  round the b a se 0 

The mean o f 16 such r e s u lt s  was 3 ,800  m . / s . , in  c lo s e  agreement w ith  

theory; the lea d -ca sed  charges gave a mean o f  3 ,490  (12 sh o ts )  and 

the s te e lfc a s e d  3 ,5 1 0  (5 s h o ts ) .

(c) Explosive 3 (Table 16. 1 : 1) (2 sho ts)

The v e lo c it y  in  1^-inch  paper s h e l l s  i s  u su a lly  1 ,800 -  1 ,950  

m«/s. a t  the standard e n s ity  o f O. 6 5  g ./cm .^ . In 8 -|-in ch  diam eter  

cardboard tu b es, a f t e r  a run-up o f 87 cm. the v e lo c ity  was found to be 

2,840 m ./s* which agrees w ith theory*

(a) E xp losive  14 (Table 1 6 .1 :1 )  (5  sh o ts )

Measurements were made on 1-jr, 2, 3~2. ar>d 5 ^ /l5 - in c h  diam eter  

cardboard-cased charges o f  appropriate le n g ta . Mean r e s u lt s  (o f  

2 in eaob ca se ) were 1 ,7 2 5 , 1 , 9 3 0 , 2 ,0 4 0 , 2 ,070 m0/ s . , in d ic a tin g  a



maximum v e lo c i t y  o f about 2,100 m0/ s . ,  -which a gress c lo s e ly  -with the  

value o f  2 ,020 m ./s .  ca lcu la ted  fo r  thermal eq u ilib riu m  w ith  the 

NaOl p r e se n t, but f a l l s  w e ll  below the f ig u r e  o f 3 ,020 ra*/s0 

corresponding to  zero heat tr a n s fe r . Of co u rse , the h igh percentage  

o f  s a l t  makes the assumption o f thermal tr a n s fe r  more reasonable than 

u su a l, fo r  a la r g e  in e r t /e x p lo s iv e  r a t io  in v o lv e s  not on ly  a low er 

u ltim ate  temperature but a ls o  a f a s t e r  tim e-ra te  o f heat tr a n s fe r , so  

th a t a la r g e r  proportion  o f the f in a l  tr a n s fe r  has taken p lace  w ith in  

any s p e c if ie d  time (See § 1 8 .8 1  below ). Moreover, the sodium 

n it r a t e / f u e l  r e a c tio n  i s  l e s s  r e a d ily  in it ia te d  than that between 

fu e ls  and ammonium n it r a t e ,  a f a c t  no doubt r e la te d  to the endothermic 

nature o f  the NaNÔ  decom position i t s e l f .  I t  i s ,  th e r e fo r e , q u ite  

p o ss ib le  th a t the s a l t  has had tim e to absorb a su b s ta n tia l amount o f  

heat b efore the n itr a te  has entered  f u l ly  in to  r e a c tio n . In th a t  

event, we cannot expect to ach ieve the f u l l  th e o r e t ic a l v e lo c i t y  no 

matter how la r g e  a ca r tr id g e  we use (Of. fo o tn o te  to  § 1 1 ) .

( e ) E xp losive 2 (Table l 6 , 1 ; l ) (2 sh o ts )

Two is o la te d  experim ents on 8-g-inch diam eter c a r tr id g e s , one a t  

1.15 and the o th er a t  1o0M g*/cra^, gave 3 , 3 0 0  and 3>000 m o/s. r e s p e c t iv e ly .  

Comparison w ith  the th e o r e t ic a l  f ig u r e s  o f § 16„1 appears on th e whole 

to favour therm al eq u ilib riu m , but the maximum experim ental v e lo c i t y  may 

not have been reached: the proportion  o f s a l t  i s  moreover s u b s ta n t ia l .

( f )  E xp losive  22 (Table 1 6 .1 :1 ) (12 sh o ts )

This ex p lo s iv e  was f i r s t  loaded in paper and cardboard s h e l l s  o f  

14, 'i'k and 2^ /16- in c h  diam eter, a t  1 . 3 2  g ./cro?, but gave unusually  

erratic  r e s u l t s ,  a lthough  the h ig h e s t  recorded v e lo c i t y ,  6 , 5 0 0  m©/s0, 

was of the th e o r e t ic a l  order (se e  Table 16*1:2 ). A fr e sh  b atch  o f powder



was th e re fo r e  m ixed and f i l l e d  d i r e c t l y  in to  1, 1y and 2-§--inch

le a d  tu b e s ,  o f - - i n c h  w a ll .  C o n s id e rab le  p a in s  w ere taken  by c a r e f u l

m easurem ent o f  th e  tu b e s ,  and in c re m e n ta l lo a d in g ,  to  ach iev e  a c c u ra te

and c o n s ta n t d e n s ity  (1 .5 5  g « * / c A l t h o u g h  th e  v e l o c i t i e s  m easured

were no more r e g u la r  than  b e fo re ,  th e y  in d ic a te d  a  maximum betw een

6,900 and 7 ,000  m . / s , ,  so th a t  th e  agreem ent i s  h ig h ly  s a t i s f a c to r y *
w

T his e x p lo s iv e  i s  awl^ard to  h an d le , s in c e  th e  heavy p re s s in g  n e c e s sa ry  to  

produce th e  s ta n d a rd  d sn s ity  o f  1 ©55 g o /ck/  te n d s  to  b re a k  down th e  

porous k ie s e lg u h r  s t r u c tu r e  and a llo w  th e  n i t r o g ly c e r in e  to  soak o u t.

(g ) E x p lo siv e  11 (T able 1 6 .1 ;1 )  (3 s h o ts )

T h is  com position  was loaded  a t  the  s ta n d a rd c b n s i ty  o f 1 .23 g./onr^ 

in to  le a d  tu b e s  o f  1-y, 2 and 2$ in c h  d ia m e te r , w ith  1 - in c h  w a ll .  The 

v e l o c i t i e s  were r e s p e c t iv e ly  4 ,1 3 0 , 4 ,550 and 4 ,790 m ./s«  A l a r g e r  

number o f c a r t r i d g e s ,  and p ro b ab ly  some o f l a r g e r  d ia m e te r , would be 

re q u ire d  f o r  a  p re c is e  e s tim a te  o f  th e  l im i t in g  v e lo c i ty ,  b u t th e  

p re se n t r e s u l t s  e x tra p  o i l  e w e ll to  th e  c a lc u la te d  value o f 5 , 1 5 0  m . / s .  

(Table 1 6 .1 :2 ) .

(h ) E x p lo s iv e  10 (T ab le  16» 1 :1 ) (10 s h o ts )

T his e x p lo s iv e  ’was f i r e d  a t  1 .15 g . /c n f1 in  cardboard  tu b e s  o f  

d iam eters 1 , 2 , 3 ,4  and 6 in c h . Only two c a r t r id g e s  o f each  s iz e  were 

made, b u t they v;ere v e ry  c a r e f u l ly  load ed  and th e  p a i r s  o f  r e s u l t s  ag ree d  

"well. The mean v e l o c i t i e s  were 1 ,900 , 2 ,2 6 0 , 3 ,2 6 0 , 4 ,200 and

4,300 m ./s .  a t th e  d ia m e te rs  m entioned . The f i r s t  two v a lu e s  su g g e s t

a l im i t  of ab o u t 2 , 5 0 0  h u / s . ;  above 2 - in c h  d ia m e te r , however, a f r e s h  

increase ap p ea rs  to  ta k e  p la c e , and th e  l im i t in g  v e lo c i ty  in  la rg e  

diam eters i s  e s tim a te d  to  be abou t 4,400 m ./s .  in  s a t i s f a c to r y  agreem ent

oho tn e o i e u re a l f ig u r e  o f  4 ,450  m ./s .  T h is b eh av io u r su c re s  to.



th a t  th e  r e a c t io n  may o ccu r in  two s t a g e s ,  th e  second o f which g iv e s  

e f f e c t iv e  su p p o rt to  the -wave on ly  in  ca rtr id g es  o f more than 2 - in c h  

diam eter. A lte r n a t iv e ly , the p rocess o f in i t i a t io n  may change a t  

that l e v e l  in  a way d iscu sse d  a t  g rea te r  len g th  below ( §19<>6).

( i )  E xp losive  7 (Table 1 6 .1 :1 ) ( 3 4  sh o ts )

T his ex p lo s iv e  was f ir e d  a t  the same d e n s ity  and in the same 

cartr id ge  d iam eters as the l a s t ,  and s im ila r  precautions were taken 

to ensure con sisten cy*  The gen era l behaviour was very s im ila r  to  th a t  

of E xp losive  10, though the v e l o c i t i e s ,  as would be exp ected , were 

rather lower* In 1 , 2 , 3 , 4  and 6 in ch  ca r tr id g es  they  were 

1,530 , 1750, 2 ,260 , 2,730 and 3 ,100  m ./s .  The f i r s t  two va lu es  

suggest a l im it  o f  about 2 , 0 0 0  m * /s .,  but in la r g e r c a r tr id g e s  the  

v e lo c ity  r i s e s  w e ll  beyond t h is  l e v e l ,  and prom ises to  approach a 

lim it  o f about 3 ,650  in  p e r fe c t  confinement* I t  i s  c le a r  th a t more 

massive charges would requ ire to  be f ir e d  in  order to e s tim a te  t h is  

l im it  p r e c is e ly ,  but i t  w i l l  e v id e n tly  f a l l  between the two th e o r e t ic a l  

l im its  o f Table 1 6 . 1 :2 .

A s e r ie s  o f experim ents has been made to a s s e s s  the degree o f  

reactive  p a r tic ip a tio n  of the various in g red ien ts  in  sm all c a r tr id g e s ,  

and the importance o f heat tr a n s fe r  to those which remain in e r t .

The method c o n s is te d  in  varying t h e ir  g r i s t  s iz e s  in d iv id u a lly , w h ile  

keeping the ca r tr id g e  d e n s ity  and diam eter and the com position  

constant. The r e s u lt s  are shown in  Table 17®1s1•



T ab le  17*1:1

E x p lo siv e  7 . t j — in ch  d ia m e te r  b a re  c a r tr id g e s .,  = 1»13 g»/cm .^

G r is t  s iz e s
Batch
number

immonium
n itr a te

Sodium
ch lo r id e C e llu lo se

Mean D 
u u /s .

St, Dev 
m ./s .

1 0 G 2115 4
2 G G F 2315 4
3 G F 0 2015 1 6

4 r% F F 2355 12
5 ¥ G 2215 15
6 F G F 2570 30
7 F F G 2,205 15
8 F F F 2235 11

I t  was u n fo r tu n a te ly  n o t p o s s ib le  w ith o u t g r e a t ly  in c re a s e d  la b o u r  

to  make th e  v a r i a t io n  in  g r i s t  s iz e  a s  wide as  was d e s i r e d .  The 

"coarse"  m a te r ia ls  were caugh t on a 60 B . S « 3 .  s ie v e ,  th e  " f in e "  passed  

on 80 3 # 3 ,3 . s ie v e .  The v a r i a t io n s  in  v e l o c i ty  a re  th e re fo re  sm a ll. 

However, th e re  i s  no doubt t h a t  in c re a s e  in  f in e n e s s  o f  e i t h e r  n i t r a t e  

or c e l lu lo s e  s e p a r a te ly  r a i s e s  th e  v e lo c i ty ;  Yfhen b o th  a re  made 

f in e r  s im u lta n e o u s ly , th e  r i s e  i s  more m arked, S ed u ctio n  in  s iz e  

of the NaGl te n d s  to  red u ce  D, The m ost o u ts ta n d in g  c o n t r a s t  i s  n a t u r a l l y  

between b a tc h  3> c o n ta in in g  c o a rse  r e a c ta n ts  and f in e  d i lu e n t  (D = 2013 

m*/so) and b a tc h  6 , c o n ta in in g  f in e  r e a c ta n t s  and c o a rse  d i lu e n t

(D = 2570 n u /s .  )•

I f  we re g a rd  th e  d e p re ss io n  of v e lo c i ty  below th e  maximum a s  due 

e n t ir e ly  to  in v a s io n  o f  th e  r e a c t io n  zone by th e  GJ- la y e r  

(see § 1 7  ab o v e), i t  would ap p ea r t h a t  th e  n i t r a t e / 0e l lu lo s e  complex 

c o n trib u te s  o n ly  abo u t o n e - f i f t h  o f i t s  r e a c t io n  energy to  m a in ta in  th e  

*

*  S e e  f>. 3 5 7 .



-wave in  1^ -inch  bare cartr id ges#  S im ilar remarks apply to  a l l  the 

e x p lo s iv e s  stu d ied  in  th is  section *

§17#2 Experim ental determ ination  o f  the maximum detonation  v e l o c i t i e s  
in  g e la t in e s  based on n itr o g ly c e r in e  

[34,/2c^s]
I t  i s  -well known th a t n itr o g ly c e r in e  g e la t in e s  may detonate a t  

one or o th er  o f two d is t in c t  l e v e ls  o f  v e lo c i t y  ( ^  2 ,000 , ~  6 ,000  m,/s<> 

r e s p e c t iv e ly )  according to circum stances* In a l l  previous experim ents 

known to the w r ite r , the ca rtr id g e  diam eter was m aintained constant  

and a tte n tio n  focussed  upon the e f f e c t s  o f the in i t i a t o r  and o f  the  

physical s t a t e  ( fo r  example, the degree o f  a e r a tio n ) o f the ex p lo s iv e  

in d ec id in g  which v e lo c ity  l e v e l  was a tta in ed ,, E v id en tly , theory  

should be compared w ith  the "high v e lo c ity "  ra th er than w ith  the "low", 

and in two of the fou r e x p lo s iv e s  o f th is  c la s s  fo r  which we have made 

measurements the h igh  v e lo c i t y  ’was ex p ressly  s e le c te d  fo r  study by 

using a pow erful detonator which ensured i t s  development. In the  

other two c a s e s ,  however, the e f f e c t  o f in i t i a t o r  was examined over  

a wide diam eter range#

(a ) E xp losive  30 (Table l6 « 2 ; j ) (10 sh o ts )

Charges 1^ /8 , 1^ /2 , 2 , 5 and 6^/8  inch  in  d iam eter, loaded in  

paper and cardboard sh ells , were f ir e d  'with a powerful detonator*,

The mean v e l o c i t i e s  recorded were 5 ,3 0 0 , 5 ,4 0 0 , 5*850, 5 ,750  and

6,020 m*/s# r e sp e c tiv e ly #  More numerous measurements would be 

desirable fo r  a p r e c ise  estim ate  o f D^ax* but t h i s  must e v id e n tly  be 

about 6,000 m ,/so  or s l i g h t ly  h igh er, Eor comparison, two charges 

in 1^/2 and 2V 2~ in ch  diam eter lead  tubes gave 5 ,720 and 5 ,920  m*/s# 

Agreement w ith  theory (Table 1 6 *2 :2 ) i s  sa t is fa c to r y #



( b ) E x p lo siv e  36 (T able 1 6 . 2 :1  ; ( 6  s h o ts )

The v e lo c i ty  was m easured in  1p, 2, 2 y -in c h  d ia m ete r le a d  tubes#

Two c a r t r id g e s  o f each  s iz e  w ere u sed , one i n i t i a t e d  by a d e to n a to r  

of m oderate  s t r e n g th ,  th e  o th e r  by a pow erfu l d e to n a to r#  T his 

v a r ia t io n  in  i n i t i a t o r  had no s i g n i f i c a n t  e f f e c t  u n d er th e  good confinem en t 

p rov ided  by th e  le a d ;  th e  means were 5 8 6 0 , 6 1 -4 0 , 6 3 6 0  m # /s# , w ith  a 

p ro b ab le  maximum of ab o u t 6,6(30 m#/s# The th e o r e t i c a l  v a lu e  was 

6,520 m#/s# (T able 1 6 ,2 :2 ) .

(c )  E x p lo siv e  25 (T ab le l 6 # 2 : l ) (75 s h o ts )

A r a th e r  com prehensive s tu d y  was c a r r i e d  o u t on t h i s  ■ ■ ■ ■ ■ ■  

exp losive#

A p re lim in a ry  experim ent was made w ith  a 7 - in c h  d ia m e te r  c a r t r id g e ,  

two days o ld ,  cased  in  ca rd b o ard  and i n i t i a t e d  by a m oderate d e to n a to r  

(No. 6  fu lm in a te )#  The v e lo c i ty  was m easured a t  s ix  p o in t s ,  10,

2 0 , 3 5 , 5 0 , 6 0  and 8 5  cm# from  th e  d e to n a to r , and was a lm o st c o n s ta n t 

a t  5 , 7 0 0  m#/s« w hich i s  c lo se  to  th e  p re d ic te d  maximum of 5 ,850 m#/s#

At the o th e r  end o f  the  d ia m e te r  ra n g e , |; - in c h  c a r t r id g e s ,  two days o ld , 

f ire d  s u c c e s s f u l ly ,  b u t  ^ /8 - in c h  c a r t r id g e s  f a i l e d  to  p ro p ag a te  

d e to n a tio n , even w ith  a heavy p rim er c o n s is t in g  o f  b la s t in g  g e la t in e  

f i r e d  a t  h ig h  v e l o c i ty .

Two sam ples o f  th e  e x p lo s iv e , each  c o n ta in in g  170 lb .  were then 

drawn from  c u r r e n t  m anufactu re  and c a r t r id g e d  on two c o n se c u tiv e  days#

In view o f th e  known tendency  f o r  g e la t in o u s  e x p lo s iv e s  to  change t h e i r  

behaviour on s to r a g e ,  i t  was c o n s id e re d  e s s e n t i a l  t h a t  a l l  th e  c a r t r id g in g  

be done a s  n e a r ly  a s  p o s s ib le  a t  th e  same tim e ; and s im i la r ly  f o r  the  

f ir in g . The e f f e c t  o f sm all d i f f e r e n c e s  in  age a t  th e  d a te  o f f i r i n g

"as m inim ised bv s to r in g  th e  c a r t r id g e s  f o r  th re e  weeks b e fo re  use*



T his programme, how ever, made i t  n e c e ssa ry  to  budget in  advance f o r  

the e x p e rim en ta l req u irem en ts#  The f i r s t  sam ple was used to  make a 

s e r ie s  o f c a r t r id g e s  d i s t r i b u t e d  even ly  o v e r th e  d ia m e te r  range from 

J - in c h  to  5 in c h ; th e  second to  p ro v id e  an a u x i l i a r y  supply  o f 

c a r t r id g e s  around 2 - in c h  and below ^ /4 - in c h ,  where maximum am b ig u ity  

was th o u g h t l i k e l y  to  d ev e lo p . its i t  tu rn ed  o u t ,  t h i s  supp ly  m et th e  

needs o f  th e  experim en t v e ry  w e ll .

The c a r t r id g e s  were wrapped in  waxed p ap e r, and s to re d  in  an u p r ig h  

p o s it io n ,  each  in s id e  a c lo s e ly  f i t t i n g  card b o ard  tube to  p re v e n t 

defo rm ation . B efore u se , th e  cardboard  was removed. The f i r i n g  

occupied fo u r  d ay s, and was c a r r ie d  ou t w ith  (1 ) a N o.6 fu lm in a te  

d e to n a to r , o r  ( 2 ) a  pow erfu l "B riska" d e to n a to r^  plus B lasting G elatine.

The r e s u l t s  a re  b e s t  summarised g r a p h ic a l ly  (F ig , 1 7 -2 :1 ) ,  and le a d  

to  the  fo llo w in g  c o n c lu s io n s ,
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(1 } Belov. 1 inch  d ia m e te r , i t  i s  d i f f i c u l t  to  o b ta in  h ig h  -v e lo c ity , 

and below / / 1 - i n  oh d i f f i c u l t  to  produce s ta b le  d e to n a tio n  a t  all®

(2 ) From. 1 to  1 y -in o h , in c lu s iv e ,  low v e lo c i ty  2 ,500 m ./s « )  o r

h ig h  v e lo c i ty  (^ 5 > 0 0 0  m . / s .  ) oar? be o b ta in e d  a t  -w ill, a c c o rd in g  to  th e

|5X*3utiUkiSjL dt" Ji-®

, Jl

(3 j j?i)0fve 1 v 2 - iB 3 h , o n ly  th e  h ig h  v e lo c i ty  i s  s t a b l e ,  and f u r t h e r

in c re a se  in  d ia m e te r  produces o n ly  a  m oderate f u r t h e r  r i s e  in  v e lo c i ty .

T h e o re t ic a l  comment on th e se  f e a tu r e s  i s  re s e rv e d  u n t i l  §  19*6

below. I t  i s  c l e a r ,  how ever, t h a t  the  e x p e rim en ta l maximum -  abou t 5>800

m ./s .  -  i s  in  c lo se  agreem ent w ith  th e  p r e d ic t io n  of § 1 6 . 2 .

(a )  F ioplosive 37 (T able 16 .2 i1  ) (4 4 sh o ts )

The b e h a v io u r  in  norm al c a r t r id g e  s ic e s  of t h i s  ex trem ely  im p o rtan t

ex p losive  ( " B la s t in g  G e la t in e ” ) was known to be s im i la r  to  t h a t  o f  th e

l a s t .  The e f f e c t  o f d i f f e r e n t  i n t e n s i t i e s  o f prim ing and o f  age and
$$, tMc J

a e ra tio n  had been r a th e r  e x te n s iv e ly  s tu d ie d , b u t  l i t t l e  i f  any a t t e n t i o n

paid to  th e  in f lu e n c e  o f c a r t r id g e  d ia m e te r . I t  was, th e r e f o r e ,  d ec id ed

to exp lo re  t h i s  f i e l d  a long  th e  same l in e s  a s  f o r  th e  p rev io u s  e x p lo s iv e .

The experim ent was conducted  a s  b e fo r e ,  ex cep t th a t  the  .sm aller c a r t r id g e s

were s tu d ie d  by means o f a m ov in g -film  cam era, w hich i s  more in fo rm a tiv e

than the D a u tr ic h e  d e v ic e ; th e  l a r g e r  charges  had to  be tim ed by th e
«]

D autriche m ethod, b u t  a c ro s s -c h e c k  was p ro v id ed  a t  1 /4 - in c h  d ia m e te r , . 

where b o th  m ethods were a p p lie d  s im u lta n e o u s ly . A wide ran g e  o f  d e to n a to rs  

was used , from  No.1 fu lm in a te  (a  v e ry  sm all d e to n a to r )  to  th e  pow erfu l 

Driska ty p e .



F ig u re  17*2:2 su m m a rise s  th e  r e s u l t s ,  and le a d s  to  th e  fo llo w in g  

conclu sions,,
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(1) At y  in c h  d ia m e te r , a s te a d y  low v e lo c i ty  canno t be o b ta in e d . 

Attempts in  t h i s  d i r e c t io n  r e s u l t e d  e i th e r  in  a r i s e  to  h ig h  v e lo c i ty  o r 

(more u s u a l ly )  in  f a i l u r e .  S teady h ig h  v e lo c i ty  i s  c o n s is te n t ly  produced 

by the B piska d e to n a to r*

(2) From 7/8  to  2 - in c h , in c lu s iv e ,  a s te a d y  low o r h ig h  v e lo c i ty  can 

°e produced, acc o rd in g  to  th e  d e to n a to r  used*

(3) Above 2 - in c h , on ly  th e  h ig h  v e lo c i ty  i s  s ta b le ;  e/en when as
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weak an i n i t i a t o r  £ 3  a No«1 fu lm in a te  d e to n a to r  i s  u se d , the  h ig h  v e lo c i ty  

i s  a tta in ed ©

(if) The h ig h  v e lo c i ty  v a r ie s  v e ry  l i t t l e  over th e  e n t i r e  d ia m e te r  

ran g e , i f  we ex cep t th e  im m ediate neighbourhood o f 2 - in c h , where th e  

mechanism of spon taneous t r a n s f e r  from the  low to  h ig h  le v e l  i s  e v id e n tly  

ju s t  becoming o p e ra t iv e ,  and where we sh o u ld , th e r e f o r e ,  ex p ec t 

o c c a s io n a l anomalous in te rm e d ia te  resu lts©

The m easurem ents have n o t been ex tended  below -g-inch d ia m e te r , 

b u t an experim ent wiith a p l a s t i c  "B la s tin g  G e la t in e " ,  w hich d e to n a te d

a t  7, 600, 7 >480, 7*440 m . / s .  in  ^ /4 ,  ^ /8  and V 4 “in c h  b a re  c h a rg e s , and
*2

f a i le d  on ly  a t  - y i6 - in c h ,  su g g e s ts  th a t  th e  h ig h  v e lo c i ty  i s  l i k e l y  to

p e r s i s t  down to  s m a lle r  d ia m ete rs  than  \  inch#

Two f u r t h e r  ex p erim en ta l p o in ts  in  connec tion  w ith  B la s t in g

GaJabxne a re  uxscussed  xn & 17® 21, § M  *22; and th e  phenomenon of d u a l

v e lo c ity  in  $19*6. Here we may n o t ic e  f i n a l l y  t h a t  the  l im i t in g

experim en tal v e lo c i ty  i s  abou t 7*800 rn * /s . , w hich m ust be reg a rd ed  a s

.agreeing w e ll w ith  th e  t h e o r e t i c a l  v a lu e  o f 7*370 m*/s* P a r t  o r a l l  o f

the d if f e re n c e  i s  in  f a c t  p ro b ab ly  due to  an ex p e rim en ta l d e n s ity  somewhat

g re a te r  than  th e  v a lu e  o f 1 .45  g*/cm? assumed in  th e  c a lc u la t io n s .

R ^S17»21 The spon taneous change from  low to  h ig h  v e lo c i ty  in  B la s t in g  G e la tin e

Since i t  i s  a rea so n ab le  c o n je c tu re ,  confirm ed in  o th e r  s im i la r  c a se s  
[lie,]

by d i r e c t  ex p erim en t, th a t  th e  v e lo c i ty  i n i t i a t e d  in  the im m ediate

neighbourhood o f  a -weak d e to n a to r  i s  low in  every  c a s e , and su b seq u en tly

r is e s  to  th e  h ig h  le v e l  on ly  in  c a r t r id g e s  above 2 - in c h  in  d ia m e te r , i t  

becomes of i n t e r e s t  to  d is c o v e r  w hether the  change ta k e s  p la ce  sm oothly o r  

abrup tly . The q u es tio n  would be more e a s i l y  answered i f  c a r t r id g e s  o f 

large d iam ete r and adequa te  le n g th  cou ld  be f i r e d  in  f r o n t  o f the  h ig h ­

speed cam era, b u t  t h i s  . s no t possible©  home i n f o rm ation , however, xs



G

p ro v id ed  b y  an e x te n s io n  o f th e  D gu triohe m ethod, d e sc r ib e d  above 

(S  17*12 /> w hich p ro v id es  a  sem i-con tinuous re c o rd  o f th e  p ro g re s s  o f 

th e  w s te ,

ih e  method was a p p lie d  to  th re e  c a r t r id g e s ,  o f  d ia m e te rs  V /K t  2 and 

2 r / l 6  in c h , fo u r  weeks o ld  and f i r e d  by a Ii0„6 fu lm in a te  d e to n a to r  * The 

r e s u l t s  a re  shown in  F ig . 17*21:1. where th e  o r ig in  co rresp o n d s  to  passage 

of th e  wave th ro u g h  a s e c tio n  2^/2 - i n c h  from th e  d e to n a to r .  I t  i s  c l e a r  

th a t  th e  t r a n s f e r  to o k  p la ce  r a t h e r  a b ru p tly ,  c e r t a in ly  w ith in  a le n g th  

o f 1**/2 - i n c h  along  th e  c a r t r id g e  s u r f a c e .  The 1 ^ /4 - in c h  s h o t m a in ta in e d  

low v e lo c i ty  th ro u g h o u t i t s  le n g th ,  as would be expec ted  from F ig , 17*2:2 .

y / /= f c .g  ^ - r ^ o a

/ v i s

■ ̂  ^  ~ -  ̂  —o  F t* -?  - r-t/O & t: ^ / » c ~

f t q .  I 7 . Z ! : !



§17«22 S t a b i l i t y  of th e  low v e lo c i ty  in  B la s t in g  G e la tin e

Xn o rd e r  to  t e s t  w h e th e r the  low v e lo c i ty  in  g e la t in e s r e p r e s e n ts  

a perm anen tly  s t a b l e  c o n d it io n , a column o f  B la s t in g  G e la t in e , lV 2 - in c h  

in  d ia m e te r  and 18 f e e t  lo n g , was ex tru d ed  in  one p ie c e ,  and s to re d  f o r  a

f o r tn ig h t .  I t  was l a id  o u t on th e  ground in  a s tn s g h t l i n e  and

i n i t i a t e d  by a  N o.i fu lm in a te  d e to n a to r  a t  one end. The v e lo c i ty  was

m easured a t  1/2, 2 ^ /4 , 41/ 2 ,  $ /K> 111/2 »  131/ 4 ,  1 5  and 17 f e e t

from th e  d e to n a to r .  The r e s u l t s  a re  shown in  T able 17®22:1.

T ab le  17*22:1 z '}

Run-up V e lo c i ty  Run-up V e lo c i ty
( f t . )  ( m . /a . )  ( f t . )  ( m . / s . )

i  2,360 93A  2,390
2 f 2,390 1 l1 /2  2,310
k i  2,360  1 3 / 4  2 ,360
6i  2,270  15 2,350
8 2,360  17 2,310

These f ig u r e s  appeared  to  e s ta b l is h  the s t a b i l i t y  o f  lo w -v e lo c ity  d e to n a tio n  

in B la s tin g  G e la tin e  o f s u i ta b le  d ia m e te r , e t c .  I t  was a f te rw a rd s  

suggested , how ever, th a t  th e  D au trich e  a tta c h m e n ts  m ight have m a in ta in ed  

and s t a b i l i s e d  the  d e to n a tio n . Two f u r th e r  s t r i n g s  o f  e x p lo s iv e , 1^ /2  

inch d ia m e te r and 13^/2  f e e t  lo n g , were f i r e d  a s  b e fo re ,  a f t e r  12 d$rs 

s to rage . The i n i t i a l  v e lo c i ty  was m easured by a few D au trich e  a sse m b lie s  

d is tr ib u te d  ov er th e  f i r s t  few f e e t .  The v e lo c i ty  a t  the  rem ote end was 

measured by an e l e c t r o n ic  ch ronoscope. S ince the  p ick -u p  used  w ith  t h i s  

instrum ent i s  n o n -e x p lo s iv e , th e  o b je c tio n  m entioned above can h a rd ly  

apply to  such m easurem ents. In  any c a s e 5 th e  wave had t r a v e l le d  

unsupported f o r  abou t 10 f e e t  b e fo re  reac h in g  the  p o in t  a t  w hich t h i s  f i n a l  

Measurement was made. The r e s u l t s  a re  shown in  Table 17®22:2.



Table 17*22:2
Shot Method

1

1
2
3
4  

13

D au tric h e

Chronoscope

it

t t

2,470
2,600
2,130
2,780
3 ,370

2
1
2

13

D au trich e

Chronoscope
tt

2,510
2,410
2,570

M easurem ents by  the chronoscope on 1-g-foot le n g th s  c u t  from  th e  
s t r in g s  b e fo re  u se  gave v e l o c i t i e s  o f 2 ,460 , 2 ,640 m „ /s . r e s p e c t iv e ly *

Shot 1 i s  iryb lusive  f o r  the  p re s e n t  p u rp o se . The f o u r  D au tric h e  

reco rd s  th e m se lv es , how ever, show i r r e g u l a r i t y ,  w hich i s  no doubt due 

to the com parative f re s h n e s s  and r a th e r  uneven c o n to u r  of th e  c h a rg e . 

Shot 2 p ro v e s , a s  f a r  a s  t h i s  i s  p o s s ib le  w ith  a s in g le  chronoscope 

measurement, t h a t  B la s t in g  G e la tin e  can u n d er s u i ta b le  c o n d itio n s  

detonate  w ith  a s tead y  v e lo c i ty  o f  around 2,500 m ./s*  ov er a t  l e a s t  

13 f e e t  o f  a  1 /  in c h  d ia m ete r c a r t r id g e .

T h e o re t ic a l  comments on th e  c o l le c te d  r e s u l t s  f o r  B la s t in g  G e la tin e  

are^made below in  519*6

1 17.3 E x p erim en ta l d e te rm in a tio n  of th e  maximum d e to n a tio n  v e lo c i ty

which compares '.veil w ith  th e  t h e o r e t i c a l  v a lu e  o f 4 ,0 6 q (T able 16*3*2,/•

in  powders based  on t r i n i t r o t o lu e n e

(a )  E x p lo s iv e  39 (T able 1605 •1 ) (12 s h o ts )

In 1 , 1V 2 and £ /z - ix ia h  d iam ete r le a d  tu b e s  t h i s  e x p lo s iv e  gave 

3,760, 4 ,1 7 0 , 4 ,300 im /s*  w hile  81/2 - in c h  d ia m e te r  ca rd b o a rd -c a sed  ch a rg e s  

detonated a t  4 ,260 m ./s .  The maximum i s  e v id e n tly  j u s t  ov er 4 ,300 m ./s * ,

In lV 4 ~ in c h  p ap er s h e l l s ,  th e v e lo c i ty  was on ly  2,400 m ,/:



(b )  E x p lo siv e  44 (T ab le 16*5:1 ) (9 s h o ts )

1 /  1 -Tne v e l o c i t i e s  in  1 , 1 / 2 , and 2 / 2 - in c h  le a d  tu b e s  were 4 , 450 , 

4 ,8 0 0 , 5 ,110  m ./s .  w ith  a p ro b ab le  maximum o f ab o u t 5 , 250 m ./s .  Theory 

p re d ic ts  5 ,060  m , / s ,  (T able 1 6 .3 :2 ) .

(c )  E x p lo s iv e  42 (T able 1603 ; 1 ) (16  s h o ts )

T h is  e x p lo s iv e  was lo ad ed  in  5/ 8 , ^ / 8 , 11/ 4 ,  2 , 3 - in c h  p a p e r  s h e l l s ,  

and in  5 ~ inch  card b o ard  tu b e s ; th e  two sm a lle s t  s iz e s  were tim ed by 

the camera and th e  th re e  l a r g e s t  by the  D au tric h e  m ethod. A check was
A

prov ided  by tim in g  h a l f  o f th e  1 / 4 - in c h  c a r t r id g e s  by one method and 

h a lf  by th e  o th e r .  The r e s u l t s  w ere , in  o rd e r ,  3 ,7 8 0 ; 4 ,1 1 0 ; 4 ,500

(D a u tr ic h e ) , 4 ,600  (cam era); 4 ,6 0 0 ; 4 ,8 4 0 ; 4 ,860  m . / s . ,  in d ic a t in g

a maximum of 4 ,9 0 0  m0/ s . , a s  compared w ith  the  th e o r e t i c a l  f ig u r e  o f 

4 ,900  m , / s .  i f  the  alum inium  is  assumed to  r e a c t  in  the  s te a d y  zone 

(Table 1 6 „3 :2 J .

(d )  E x p lo siv e  45 (T able 1603:1 ) (45 sh o ts )

T his i s  an oxygen-balanced  m ix tu re  o f ammonium n i t r a t e  and TINT.

I t  i s  an e x p e rim e n ta l com position , r a th e r  ■ ■ H  th a n  a

commercial TUT powder, m ,  and was s e le c te d  f o r  a s tu d y  o f th e  e f f e c t

of n i t r a t e  g r i s t  s iz e  upon th e  v e lo c i ty  in  c a r t r id g e s  o f sm all d ia m e te r .

TUT pow ders, such a s  4 4 , a re  p rep a red  by more o r l e s s  p r o tr a c te d

m illing  to g e th e r  o f th e  in g r e d ie n ts ,  and th e  v e lo c i ty  in  c a r t r id g e s  o f
[ i t ]

normal d ia m ete r then  in c re a s e s  w ith  the  m i l l in g  tim e . In  term s o f th e  

theory o u tl in e d  in  § 17 , t h i s  i s  no doubt due to  th e  enhanced f in e n e s s  

of the n i t r a t e  and i t s  more in t im a te  a s s o c ia t io n  w ith  the  Tiff. A ccording 

to th i s  th e o ry , we shou ld  expect the  v e lo c i ty  a t  any chosen d ia m e te r  

to r is e  tow ards th e  t h e o r e t i c a l  maximum as the  g r i s t  s iz e  i s  red u ced . 

Moreover, we should  ex p ec t the  v e lo c i ty  to  in c re a s e  w ith  c a r t r id g e



d ia m e te r  tow ards th e  same maximum when g r i s t  s iz e  and in tim a c y  o f m ixing

are  m a in ta in e d  co n s tan t*

P r e c is e  c o n tro l  and assessm en t o f g r i s t  a re  d i f f i c u l t  in  a m ille d

p ro d u c t. In  o rd e r  to  t e s t  the  th e o ry ,  we have, th e r e f o r e ,  worked

w ith  m ix tu re s  p re p a re d  a t  a te m p era tu re  above th e  m e ltin g  p o in t  o f  th e

TNT. G rind ing  can be la r g e ly  avoided  in  t h i s  p ro c e s s : th e  f i n a l

p roduct c o n s i s t s  of n i t r a t e  g ra in s  co a ted  w ith  TNT, and th e  g r i s t  o f th e

n i t r a t e  shou ld  be s im i la r  to - i f  n o t id e n t i c a l  w ith ,  t h a t  o f th e  m a te r ia l

o r ig in a l ly  in tro d u c e d .

In  th e  f i r s t  ex p erim en t, th e  c o a r s e s t  f r a c t io n  from a  n i t r a t e  sample
*

was caught on a  No.60 B r i t i s h  S tandard  s ie v e  and s e t  a s id e .  The rem a in d er 

was then  b a l l - m i l l e d  and th e  f r a c t io n  p a s s in g  a 1 7 0  B , 8 * S .  s ie v e  a ls o  

s e t  a s id e .  The c o a rse  and f in e  f r a c t io n s  were then  mixed s e p a r a te ly  

w ith  TNT a t  80°G, T ab le 17*3:1 sum m arises the  v e l o c i t i e s ,  and shows th e  

rem arkable c o n t r a s t  between th e  two pow ders, w hich d i f f e r  o n ly  in  n i t r a t e  

g r i s t  s i z e .

T ab le  17*5:1

21,3 TNT/78,7 ammonium n i t r a t e .  A  = 0 ,9 3  go/caP

E f f e c t  o f n i t r a t e  g r i s t  s iz e

D iam eter D e to n a tio n  V e lo c i ty  (m */s« ) *

( in c h ;

7/ 8
1
1 V 4  
11 /a
2

Coarse j P ine  \

* # 
1,2*00 : 3*800 ;
1,700 : 4 ,200  ; 
1,7^C : k , v y ,  : 
1 ,870 ; w J / j  : 

1 »jTj  ■ ^ 2o2p * • ♦

% Sm  f*- SS*jf



The v e lo c i ty  o f th e  m ix tu re  c o n ta in in g  f in e  n i t r a t e  c l e a r ly  

app roaches a l i m i t  o f  4 ,500  -  4 ,8 0 0  m » /s4 com paring w e ll w ith  th e  

t h e o r e t i c a l  f ig u r e  o f  4 ,500 m ./s*  The v e lo c i ty  o f th e  co arse  m a te r ia l  

in  d ia m e te rs  up to  1 ^ - in c h  i s  a p p a re n tly  app roach ing  a l i m i t  o f abou t 

2,200 m o /s . ,  w hich may be compared w ith  th e  v a lu e  o f  2 ,1 6 0  m ./s*  

c a lc u la te d  on th e  assum ption  th a t  th e  n i t r a t e  rem ains i n e r t .  In  th e  

s in g le  2 - in c h  c a r t r id g e  w hich i t  was p o s s ib le  to  f i r e ,  how ever, th e  v e lo c i ty ,  

commencing a t  th e  l e v e l  o f  1 ,975 m ./s .  w hich f a l l s  in  l i n e  w ith  th e  

r e s u l t s  f o r  sm a lle r  c h a rg e s , ro s e  ra p id ly  to  2 ,825 m0/ s .  .Although i t  

seems v e ry  p ro b ab le  t h a t  t h i s  b eh av io u r im p lie d  two le v e l s  o f  v e lo c i ty  

in  the  c o a rse  m ix tu re , i t  has n o t been p o s s ib le  to  s tu d y  th e  q u e s tio n  

in  g r e a te r  d e t a i l ,  because  o f th e  la b o u r  in v o lv e d  in  s e p a ra t in g  a 

la rg e  q u a n t i ty  o f co a rse  n i t r a t e *

In  th e  second ex p erim en t, a  sample o f  n i t r a t e  was d iv id e d  in to  

the fo llo w in g  f r a c t i o n s  "caugh t on 3 0 " ,  30 -6 0 , 60 -85 , 85 -100 , 100-170,

170-200 and " th rough  200" Bo S. S. The f r a c t io n s  were hot-m ixed w ith
A C

TMT in  th e  b a la n c e d  p ro p o r tio n s , and th re e  c a r t r id g e s ,  v 16- in c h  d ia m e te r ,

& ~ 0*959 ge/cm ^, p re p a re d  from  each, o f  w hich one was f i r e d  by a sm a ll

d e to n a to r , one by a  B risk a  d e to n a to r ,  and one by a p o w erfu l prim er*

The v e l o c i t i e s  showed no s ig n i f i c a n t  v a r ia t io n  w ith  i n i t i a t o r ,  and we 

quote on ly  th e  mean v a lu e  a t  each  g r i s t ,  namely

B .S .S . Gaught on 3 0 , 30 -60 , 60 -85 , 85-100 , 100-170, 170-200  Through 200

B(m*/so) 1345, 1W 3, 1515, 2330, 3000, 3943 4190

I t  i s  c l e a r  t h a t  v e l o c i t i e s  app roach ing  th e  maximum may be reac h ed , 

even in  sm a ll c a r t r i d g e s ,  by s u f f i c i e n t  re d u c tio n  in  th e  n i t r a t e  g r i s t  

size*



18 M ix tu re s  o f e x p lo s iv e  and i n e r t  m a te r ia l
t b t i ]

I t  i s  found t h a t  when c a r t r id g e s  o f c o a l  m ining e x p lo s iv e s  a re  

su b m itted  to  a  t e s t  o f t h e i r  power to  i g n i t e  firedam p when suspended  

in  a  m e th a n e -a ir  a tm o sp h ere , th e  in c e n d iv i ty  in c re a s e s  w ith  v e lo c i ty  

o f d e to n a t io n ,  o th e r  r e le v a n t  p a ram e te rs  such  a s  th e  t o t a l  energy  

r e le a s e  b e in g  m a in ta in e d  c o n s ta n t .  T h is  o b se rv a tio n  may be th o u g h t 

to  im ply t h a t  th e  shock-wave s e n t  o u t by a suspended c a r t r id g e  p la y s  

an im p o r ta n t p a r t  in  th e  mechanism o f ig n itio n . In  any e v e n t, i t  s u g g e s ts  

th a t  enhanced s a f e ty  w i l l  be  a s s o c ia te d  w ith  low d e to n a tio n  v e lo c ity *

I t  w i l l  b e  shown below  th a t  th e  m ost e f f e c t iv e  method o f red u c in g  th e  

v e lo c i ty  i s  to  lo ad  th e  e x p lo s iv e  w ith  n o n - re a c t iv e  m a te r ia l*

A gain, in  th e  same co n n e c tio n , i t  lias long  been known th a t  the  

s a f e ty  o f a  d e to n a tin g  ex p lo s iv e  i s  in c re a s e d  by w rapping i t  in  a 

sh e a th  o f f i n e l y  ground i n e r t  powder* We may c o n je c tu re  th a t  th e  e f f e c t  

i s  due to  e x t in c t io n  of any in c ip ie n t  flam e by th e  c lo u d  o f  f in e  p a r t i c l e s  

developed from  th e  sheath*

The two p r in c ip le s  a r e ,  in  f a c t ,  combined in  a l l  B r i t i s h  " P e rm itte d "  

ex p lo siv es  by  in c o rp o ra tin g  a  s u b s ta n t i a l  p ro p o r tio n  (10 -  30/3) 

common s a l t  in  th e  com position  i t s e l f ,  and v e ry  r e c e n t ly  c o a l m ining 

e x p lo s iv e s  whose s a f e ty  when u n sh ea th ed  i s  e q u iv a le n t  to  th a t  o f a 

t r a d i t i o n a l  sh ea th e d  ex p lo s iv e  have been s u c c e s s fu l ly  d es ig n ed  by  

in c lu d in g  la rg e  q u a n t i t i e s  o f s a l t  in  the  e x p lo s iv e  fo rm u la .

D e to n a tin g  com po sitio n s  w hich c o n s i s t  of sim ple m ix tu re s  of r e a c t iv e  

and i n e r t  m a te r ia l  a r e ,  th e r e f o r e ,  of g r e a t  p r a c t i c a l  in t e r e s t*

The th e o r e t i c a l  problem s connected  w ith  such  m ix tu re s  have a lre a d y  

been d is c u s se d  in  i? 15, where i t  was s t a t e d :



(1 ) t h a t  th e  com pre3sion& l energy  ab so rb ed  by th e  d i l u e n t  cou ld

be d is re g a rd e d  in  a l l  norm al c a s e s ,

(2 )  t h a t  th e  d i l u e n t  m igh t be assumed to  be co m p le te ly  e n tra in e d

by th e  e x p lo s iv e  p ro d u c ts ,

(3 ) t h a t  th e  d i l u e n t  should  rem ain e f f e c t iv e l y  co ld  w ith in  r e a c t io n

tim es  of norm al o rd e r ,  p ro v id ed  th e  p ro p o r tio n  p re s e n t w ere 

m oderate and i t s  g r i s t  s iz e  n o t u n u su a lly  f i n e ;  b u t t h a t  

o th e rw ise  a b so rp tio n  o f h e a t by th e  d i lu e n t  m igh t become 

im p o rta n t .

A part from  th e  g e n e ra l  su ccess  o f c a lc u la t io n s  (§§16 ,1  -  16 ,A ) b a se d  on 

th e se  p re m ise s , ev idence f o r  them was postponed  and i s  c o l le c te d  in  th e  

p re s e n t  and fo llo w in g  s e c t io n s .

The g e n e ra l  m ethods o f c a lc u la t io n  used  in  § 1 6  may, of c o u rse , 

b e , and were th e r e ,  a p p lie d  in  p a r t i c u l a r  to  m ix tu re s  o f e x p lo s iv e  

and i n e r t  m a te r ia l ,  However, s im p l if ie d  a n a ly se s  can be developed , 

which a re  o f advan tage in  c o n s id e r in g  th e  ex p erim en ta l ev idence f o r

(2 ) and (3 ) above ♦

18,1 D ilu e n t e n t ra in e d ,  b u t ab so rb in g  no h e a t  from  th e  r e a c t io n  p ro d u c ts  

In  th e  f i r s t  p la c e ,  we s h a l l  assume th a t  th e  d i lu e n t  i s  co m p le te ly  

e n tra in e d , b u t  ab so rb s  n e i th e r  th e rm al n o r co m p ressio n a l energy  v /ith in  

the steady zone. Then a rough e s tim a te  of i t s  e f f e c t  upon th e  

v e lo c ity  may be o b ta in e d  by c o n s id e r in g  th a t  th e  fo rw ard  k in e t i c  

energy o f th e  r e a c t io n  p ro d u c ts  m ust be reduced  in  th e  r a t i o  m :1, 

where m i s ,  a s  u s u a l ,  th e  p ro p o r tio n  by w eigh t of e x p lo s iv e  p r e s e n t ,

<'*re sh o u ld , th e r e f o r e ,  ex p ec t th e  v e lo c i ty  to  be  ap p ro x im ate ly  p ro p o r t io n a l  

to



A lthough  t h i s  argum ent i s  c ru d e , the, r e s u l t  i s  in  f a c t  r a th e r  

w e ll confirm ed  by th e  fo llo w in g  more d e t a i l e d  ap p ro ach . In  the  

n o ta t io n  o f $15<*1

k , + t  \ m W , K i  

1 1  =  '

Now, l e t  us im agine t h a t  th e  e x p lo s iv e  component were c a r t r id g e # alone, 

a t  a lo a d in g  d e n s ity  A&} s a y . U sing th e  s u f f ix  e to  i d e n t i f y  th e  

v a r ia b le s  f o r  t h i s  c a s e ,  we have

-  4 * /  F n rfn i7) = SiSrTJ ..

Moreover

' A ' t ' r

k,+l

whence, by  15*1(2 ) ,

S im ila r ly ,

/ % [i ~ +*
fc f-h  f

—  - h o C  V i  T  ° v .

However, jT= Tf ; ”* / a  ^ lo se  ap p ro x im atio n , on th e  c o n d i t io n s

assumed* Hence, by 15*1 (6# 8 ) ,  ^  i s  th e  same fu n c t io n  o f  a s  k t 

i s  o f it . I t  fo llo w s  from  (4 ,5 )  t h a t  -  <*e  > ®

provided  o n ly  t h a t

i d .  *
e  /  ~  0 - > n ) ^ q > i

S ub jec t to  ( f y ,  we th en  have



and

f ,  =  h  ■ ( 8 )

In  o th e r  w ords, th e  Q J-p re ssu re  i s  equ a l to  t h a t  o f th e  e x p lo s iv e  

a lo n e , and th e  d e to n a tio n  v e lo c i ty  tim es th a t  o f th e  e x p lo s iv e

a lo n e , c a r t r i d g e !  a t  23e> where 2le i s  d e f in e d  by ( 6 )

E q u a tio n s  (6 , 7) were s ta te d  (w ith o u t p ro o f)  by H. Jo n es  in  an
[ s  l'\

u n p u b lish e d  memoir* They enab le  D to  be q u ic k ly  c a lc u la te d ,  

p ro v id ed  JZ)e , ^ > e  a re  known a s  fu n c tio n s  o f A c >  and ( p t  a s  a fu n c tio n  

of £  . Y/e s h a l l ,  a s  u s u a l ,  assume <pt to  be de term ined  w ith  

s u f f i c i e n t  accu racy  by is o th e rm a l com pression m easurem ents# i s

u s u a lly  a v a i la b le  from  ex p erim en t. The on ly  u n c e r ta in ty  then  a t ta c h e s  

to  w hich m ust be  c a lc u la te d .  However, by ta k in g  advan tage  o f

the b a s ic  e q u a tio n

”/e  = > (9 )

and th e  f a c t  th a t  hfe depends much l e s s  th an  on th e  eq u a tio n  of

s ta t e  em ployed, we may m inim ise th e  e r r o r  i f  we u se  th e  e x p e rim en ta l 

vahues of in  ( 9 )

§18°2  D ilu e n t  e n tra in e d ,  and in  th e rm al e q u ilib r iu m  w ith  r e a c t io n  p ro d u c ts

In  t h i s  case  th e  d i lu e n t  cau ses  a d e p re ss io n  o f th e  v e lo c i ty  by 

sharin g  n o t on ly  th e  k in e t i c  energy  of th e  p ro d u c ts  b u t a lso  t h e i r  h e a t  

energy. y/e m ig h t, th e r e f o r e ,  expec t J) to  be reduced  in  th e  r a t i o

in  o th e r  words t h a t  D should  be ap p ro x im ate ly  p ro p o r tio n a l  to  HU 

No w orthw hile  s im p l i f ic a t io n  of the  g e n e ra l  th e o ry  su g g e s ts  i t s e l f  

in the p re s e n t  c a s e ;  b u t c a lc u la t io n s  c a r r ie d  ou t by th e  methods of 

§15.1 confirm  th e  above e x p e c ta t io n ,  a s  w i l l  be seen  below ( §  i S . p } .



§ 18*3 D ilu e n ts  in  th e rm al e q u ilib r iu m  w ith  th e  p ro d u c ts , b u t n o t e n tra in e d  

A ccording to  th e  argum ents of §§ 18o1 , 18# 2 , we shou ld  ex p ea t D

in  t h i s  ca se  to  be once more p ro p o r t io n a l  to  Jin. 9 In  o th e r  w ords, th e  

p re s e n t  case  sh o u ld  im ply a D (m )-re la t io n  r a th e r  s im i la r  to  t h a t  o f 

$ 1 8 .1 , and i t  may be d i f f i c u l t  on th e  b a s is  o f v e lo c i ty  m easurem ents 

a lone to  a r b i t r a t e  betw een th e  two# However, in d ep en d en t ev idence 

( I | l 8 # 5 ,  18#61J g iv e s  much more su p p o rt to  th e  assum ptions o f §  18.1#

§ 1^*4 D ilu e n t n e i th e r  e n tra in e d  n o r h ea ted

I f  th e  d i lu e n t  rem ained uncom pressed a t  i t s  o r ig in a l  s p e c i f i c  

volume q? , i t  would c o n s t i tu te  m ere ly  an i r r e g u l a r  envelope f o r  th e  

ex p lo s iv e  com ponent, whose v e l o c i ty  would, th e r e f o r e ,  co rresp o n d  to  a 

load ing  d e n s i ty

As m i s  d e c re a se d , D then  f a l l s  more s lo w ly  than  d?*t, and cannot 

become l e s s  than  th e  " id e a l"  v e lo c i ty  D̂_ o f th e  e x p lo s iv e  com ponent, 

co rresp o n d in g  to  ze ro  density #

I f  we a llo w  f o r  com pression of th e  d i lu e n t  from <p̂ to  <pf 9 th e  

c r o s s - s e c t io n  a v a i la b le  to  th e  e x p lo s iv e  o r i t s  p ro d u c ts  in c re a s e s  

through th e  s te a d y  zone in  th e  r a t i o

Z  a [ / - .  ( 2 )

I f  the  b a s ic  eq u a tio n s  a re  then  w r i t te n  down, i t  w i l l  be found t h a t  

the problem  co rresp o n d s e x a c tly  to  t h a t  o f th e  e x p lo s iv e  component 

c a r t r id g e !  a t  A JZt in  o th e r  words a t
M _________ ^  ' f

A  ~  /  -  ( < - > » ) & %

Since <Pt < <?0 , l> i s ,  t h e r e f o r e ,  somewhat reduced  by compression of th e

d i lu e n t,  a s  would be expec ted . However "D s t i ! 1 d e c re a se s  more



s lo w ly  than  Jm , and i s  s t i l l  bounded below by Dj_.

I t  w i l l  be shown t h a t  experim en t d e c i s iv e ly  r e j e c t s  th e  a l t e r n a t i v e s

p re s e n te d  by th e  p r e s e n t  s e c t io n ,  

c  ®§ 1 8 ,3  Pffll/K aCa m ix tu re s

A s e r i e s  o f c a lc u la t io n s  were f i r s t  made by  th e  method o f §  1 8 ,1

f o r  m ix tu re s  o f  PEST and NaCl, a t  a  lo ad in g  d e n s i ty  of 1 ,0  g ./a m .^ ,

and c o n ta in in g  from  1 to  100;;- PETN by w e ig h t. The p rocedu re  a t  each  Tit was

to  assume a v a lu e  f o r  <?l s whereupon A ^  was known by 18 , 1 ( 6 ) and

-j>t frcm  18 , 1 ( 8 , 9 ) ,  in  term s o f  th e  e x p e rim en ta l d a ta  f o r  was
[ 2 / ]

then r e c a lc u la te d  frcm  B ridgm an 's iso th e rm , and th e  p ro c e ss  re p e a te d  u n t i l  

c o n s is te n c y  was reac h ed , D was f i n a l l y  o b ta in ed  from 18,1 (7)*

Table 18 ,5 :1  shows tine r e s u l t s ,

An experim en t was d esig n ed  to  t e s t  th e  th e o ry . A sample of 

NaCl was d iv id e d  bp means of B r i t i s h  S tandard  Screen S cale  ( B , S , S , )  

s ie v e s  in to  f iv e  f r a c t io n s  ran g in g  from  ”3 0 -4 4  3 , 3 , S ." to  "p a ss in g  

200 3 , 3 , 3 , " ( t h e  numbers r e f e r  to  meshes p e r  l i n e a r  in c h ) .  Each f r a c t i o n  

was mixed w ith  PETI; in  f iv e  d i f f e r e n t  p ro p o r t io n s  up to  70'fo NaCl,

(M ixtures c o n ta in in g  h ig h e r  p e rc e n ta g e s  o f NaCl f a i l e d  to  p ro p a g a te ) .

The tw en ty fiv e  m ix tu re s  were c a r t r id g e !  in  1pr" d ia m e te r  p ap er s h e l l s ,  and
•Z

as n e a r ly  a s  p o s s ib le  a t  a s ta n d a rd  e n s i ty  o f 1 .00  gm./cm. , and two 

c a r t r id g e s  of each  t e s t e d  f o r  v e lo c i ty  w ith  a  h ig h -sp e e d  cam era.

Table 1 8 .5 :2  g iv e s  th e  mean v e lo c i ty  f o r  each mix. I t  w i l l  be seen 

th a t  the  d e n s i t i e s  v a r ie d  s l i g h t l y  w ith  m> and f o r  com parison p u rp o se s , 

a sm all c o r re c t io n  was a p p lie d  to  b r in g  a l l  th e  d e n s i t i e s  to  1 .00  

g ./cn r’. The c o r re c te d  v a lu es  a re  a l s o  g iven  in  T able 1 8 .5 :2 ,

In sp ec tio n  shows th a t  1) was a lm ost independen t of NaCl g r i s t  s i z e ,
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excep t f o r  a s ig n i f i c a n t  drop when th e  f i n e s t  s iz e  -was used  in  c o n ju n c tio n  

w ith  a h ig h  p ro p o r tio n  o f  d i l u e n t .  I t  may, th e r e f o r e ,  be in f e r r e d  

th a t  in  g e n e ra l no e f f e c t iv e  th e rm a l t r a n s f e r  to  th e  s a l t  p a r t i c l e s  

o ccu rred , s in c e  any such  t r a n s f e r  would c e r t a in l y  be s e n s i t iv e  to  t h e i r  

to t a l  s u r fa c e  a r e a ,  w hich v a r ie d  in  t h i s  experim en t by a f a c t o r  o f a t  

l e a s t  f iv e  to  one. The mean v e l o c i t i e s  over a l l  g r i s t s , a n d  a ls o  th e  

e s tim a ted  maxima f o r  co a rse  NaOl, a re  graphed in  F ig u re  1 8 .5 :1 ° to g e th e r  

w ith  th e  t h e o r e t i c a l  v a lu e s  of t a b le  18„5 : 1 > w ith  w hich th e y  s tan d  

in  v e ry  f a i r  ag reem en t.

C u r v e s  A , B , C  r c p r e s t u t  

l^ e c r r e t ic a l  v e lo c i t i e s  t C a lc u la te d

a s s u m i n g  :

(A)
llCnt if  ay1 sje-t ,

( " B )  e , - n t - r a . i t \n \e n k  b u t  n o  h e a t

I r a n c j - e r f  ,
( C )  b a t t  e n t r a in  m c n t  a n d  b e a t /  I

t r a  n e j - c r  .

Joints 0 indicate Cycler i mental 
velocities extrapolated -fox Coarse
N a C l  • a n d  p o in t s  ©  m e a n  

experimental velocities over­
all NaCl fr ir ts .

Fraot i-o-n (bn) by rva jk t TETN  >

F i g . 1 8 . 5 : 1  Te t n  [ N a d  n r r r u K e s . A  = b o o y . f c * ? .



F or com parison , F ig u re  18*5:1 a ls o  c o n ta in s  th e  v e l o c i t i e s  

c a lc u la te d  on th e  assum ptions o f 18 »1* The agreem ent i s  poor*

I t  m ig h t, how ever, be argued th a t  t h i s  i s  due to  th e  sm all c a r t r id g e  

d ia m e te r  u se d . To d isp o se  o f t h i s  p o in t ,  a f r e s h  b a tc h  o f 30 PETN/

70 NaGl c o n ta in in g  a l l  g r i s t s  was p re p a re d , and f i r e d  in  1~r'*,

2 ^ /8 "  and 2*^ /16 " d iam ete rs*  The v e l o c i t i e s  a t  1.C0 g a/cisr> were 

2270 , 24-50 and 2400 m «/sa r e s p e c t iv e ly ,  showing th a t  th e  e f f e c t  of 

d ia m e te r  i s  sma l l ,  and th e  v e lo c i ty  does n o t approach  th e  v a lu e  

in d ic a te d  by §  18*1. Agreement w ith  Table 18*5:1 , on th e  o th e r  hand, 

i s  even c lo s e r  th an  b e fo re ,  so th a t  p a r t  a t  l e a s t  of th e  sm all 

d isc re p a n c y  rem ain ing  in  F ig . 18 .5 :1  i s  due m ere ly  to  th e  sm all 

d ia m e te r  o f  th e  c a r t r id g e s  u sed .

In  view of th e  ex p erim en ta l ev idence re g a rd in g  g r i s t  s i z e ,  i t  was 

n o t s t r i c t l y  n e c e ssa ry  to  c a r r y  out c a lc u la t io n s  by §  18*2 o r  § 18*3* 

However, F ig u re  18 .5 :1  c o n ta in s  th e  v a lu e s  p re d ic te d  by § 1 8 .2 , in  

o rd e r  to  i l l u s t r a t e  th e  ap p ro x im ate ly  l i n e a r  v a r ia t io n  o f D w ith  m, 

r e f e r r e d  to  in  t h a t  sec tio n *  Agreement w ith  th e  e x p e rim en ta l v a lu e s  

i s ,  as  ex p ec ted , v e ry  p o o r.

The above s tu d y  su g g e s ts  th a t  i n e r t  m a te r ia l  may n o rm ally  be 

regarded  a s  e n tra in e d  by th e  d e to n a tio n  p ro d u c ts ,  b u t ab so rb in g  no

h ea t from  them w ith in  a s ig n i f i c a n t  time*
v ,

18*6 N itro g ly c e r in e /k ie s e lg u ir r  m ix tu res

A f u r t h e r  t e s t  was made w ith  m ix tu re s  o f n i t r o g ly c e r in e  and 

k ie s e lg u h r .  Since th e  p r a c t ic a b le  c a r t r id g e  d e n s i t i e s  v a r ie d  

sh a rp ly  w ith  co m p o sitio n , th e  ex p lo siv e  component be ing  in  t h i s  case 

a l i q u id ,  th e  e x p e rim en ta l d e te rm in a tio n s  o f v e lo c i ty  were c a r r ie d  o u t 

f i r s t ,  and c a lc u la t io n s  then made, by th e  m ethods o f $18.1 e t c ,  a t  the



lo a d in g  deB 3itd .es a c t u a l l y  used*

BrxpeEimesta1 : M ix tu re s  c o n ta in in g  70 , 60 , 50 and 2*0^

m itrc g ly  c e r in e  were p re p a re d  on a  100 lb ,  s c a le  in  an i n d u s t r i a l  

s i x e r ,  and c a r t r id g e !  in  p a p e r and c a rd b o a rd  tu b e s  1 ^ / l6 ,  2 ^ /8  and 

6 ‘/ 4  in c h  d ia m e te r  5 th e  le n g th  b e in g  in  each  case  ab o u t s ix  tim es 

th e  d iam ete r*  The l a r g e s t  tubes., w hich were used  in  o rd e r  to  

■permit a  r e l i a b l e  e x t r a p o la t io n  to  i n f i n i t e  d ia m e te r , w ere f i l l e d  

f i r s t ,  s in c e  on ly  m oderate p re s s u re s  can be a p p lie d  in  hand lo a d in g  

to  such  w ide tu b e s ,  ar«d i t  was e s s e n t i a l  to  m a in ta in  a c o n s ta n t  

d e n s i ty  a t  a l l  th re e  d ia m e te rs  f o r  each  m ix tu re . An in c rem en t 

occupying abou t 4* p la ced  in  th e  tube and pushed in  a s  t i g h t l y  

a s  p o s s ib le  w ith  a  5*!”d ia m e te r  wooden ro d . The d e n s i ty  o f t h i s  

in c rem en t m s  c a lc u la te d  from  i t s  le n g th , and th e  rem ain d er o f th e  

tube lo a d ed  a t  t h a t  d e n s i ty  in  sm all increm en ts*  The same d e n s i ty  

m s  th e n  u sed  in  th e  s m a lle r  c a r t r id g e s *  By v e ry  c a r e fu l  c o n tro l  o f 

tiie  in c re m e n ta l w eig h t and le n g th ,  i t  was p o s s ib le  to  re a c h  a  h ig h  

deg ree  of p re c is io n  in  th e  d e n s i ty .  T his depended, o f c o u rse , upon 

an a c c u ra te  knowledge o f th e  tu b e  s e c t io n .  The 6" card b o ard  tu b e s  

used  w ere o f an e x c e p tio n a lly  r e g u la r  shape and s i z e :  th e y  were

c i r c u l a r  to  b e t t e r  than  0*7: •> ar!d th e  v a r ia t io n  in  s e c t io n a l  a re a  

from  end to  end 'did n o t exceed 0 .8 ;a* Under such c o n d i t io n s ,  th e  

d e n s i ty  was known to  w ith in  + _ 0*5. t  a p re c is io n  n o t in  g e n e ra l easy  

to  a ch iev e  ex ce p t in  a c c u ra te ly  m achined m eta l tubes*

The v e l o c i t i e s  were m easured by th e  D au trich e  method* The 

means a re  shown in  T ab le 1 8 .6 :1 , to g e th e r  w ith  th e o r e t i c a l  v a lu e s
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computed on th e  a l t e r n a t iv e  assum ptions o f  § § 1 8 .1 ,  18«2. In

u s in g  th e  th e o ry  o f §  18.1 i t  i s  n e c e ssa ry  to  know e,) f o r

th e  p u re  ex p lo s iv e *  The f a c t  th a t  n i t r o g ly c e r in e  i s  a  l i q u id  makes 

t h i s  d i f f i c u l t  to  o b ta in ,  though i t  c o u ld  be done by u s in g  em ulsions 

c o n ta in in g  sm all p ro p o r t io n s  of o th e r  m a te r ia l*  S ince th e  on ly  

in fo rm a tio n  o f t h i s  k ind  a v a i la b le  r e l a t e d  to  r a th e r  sm all c a r t r id g e  

d ia m e te rs , was deduced by analogy w ith  PETN, v«hich i s  o f

s im i la r  c o n s t i t u t i o n .  I t  i s  found , in  f a c t ,  th a t  th e  maximum 

e x p e rim e n ta l v e l o c i t i e s  o f  m ost pure e x p lo s iv e  compounds can be 

c lo s e ly  r e p re s e n te d  down to  0 .5  g ./cm ^ by

= 3>e 0 - o ) +  3 a n & - 0  ,  (1 )

and f o r  lo w er d e n s i t i e s  a  re a so n a b le  e s tim a te  may b e  made by 

e x t r a p o la t in g  g ra p h ic a l ly  to  th e  id e a l  th e o r e t i c a l  l i m i t  -21 

a t  23e s= 0 .



The com parison between  experim en t and th e o ry  i s  b e s t  judged from  

F igure  18 * 6 :1 , w hich in c lu d e s  a ls o  r e s u l t s  f o r  A rc tic  Dynamite (75 

n i t r o g ly c e r i n  e /25  k ie s e lg u h r )  and f o r  pure n i t ro g ly c e r in e *  As a 

consequence o f  th e  r a p id  in c re a s e  in  d e n s i ty  w ith  p e rc e n ta g e  n i t r o g ly c e r in e ,  

th e  v a r i a t io n  o f v e lo c i ty  i s  p a r t i c u l a r ly  d ram atic*  However, i t  i s  

w e ll rep ro d u ced  by th e  th e o ry  of §§  1 8 .1 , 18*2® The b eh av io u r a t  

40 and 50  p e r  c e n t  g u h r, (and the  f a i l u r e  a t  h ig h e r  guhr c o n te n ts )  no 

doubt r e f l e c t  an a p p re c ia b le  t r a n s f e r  of h e a t  to  the  g uh r, w hich i s  

in  a v e ry  f in e  s t a t e  o f d iv is io n *

T able 18 ,6 :1  

N i t ro g ly c e r in e /k ie s e lg u h r  m ix tu re s

f o l i / Q r A ( g . / c ® ? )
D ( m . / s . )  a t  d ia m e te r L im it D c a lc . (m e /s* )

11/ 16 " 2 1 / 8 » 61/4 " m ./s . $ 18.1 $ 1 8 .2

1 0 0 .9 9 2800 3300 3960 4080 4220 3650

60 O.6 3 2250 2400 2450 2460 2910 2300

50 0 .45

00r
- 1750 1850 1860 2230 1650

b o 0 .3 3 F a ile d F a ile d F a ile d - 1750 1200

18*7 N itro g ly o  e rin e /N aC l m ix tu re s

T h e o r e t ic a l : M ix tu res of n i t r o g ly c e r in e  and common s a l t  a r e

of g re a t  p r a c t i c a l  i n t e r e s t ,  because  of t h e i r  e x te n s iv e  a p p l ic a t io n  in  

the desig n  o f c o a lm in in g  ex p lo siv es*  The extrem e s e n s i t i v i t y  o f



I b h , lb  b j

n i t r o g ly c e r in e  makes i t  p o s s ib le  to  o b ta in  s ta b le  p ro p ag a tio n  in  

b a re  c a r t r id g e s  o f m oderate d ia m e te r  1 in c h )  o v er a  v e ry  wide range 

o f c o m p o sitio n , from  pure n i t r o g ly c e r in e  down to  2 o r  3 p e rc e n t by  

w eight th e  ex p lo siv e*

B H H H H H H H H H H H B *  A ccording to  th e  th e o ry  of s s  1 8 .1 , 1 8 .2 , we

should  ex p ec t such  ex trem ely  d i lu te d  m ix tu re s  to  have u n u su a lly  low 

v e l o c i t i e s  of d e to n a tio n ,  and t h i s  i s  found in  p r a c t ic e  to  be th e  

c a se : s t a b l e  waves w ith  v e l o c i t i e s  a s  low a s  bOO m ./s .  have been

observed .

The lo a d in g  d e n s i t i e s  w hich a re  r e a d i ly  o b ta in e d  in  p r a c t ic e  v a ry  

w ith  p e rc e n ta g e  s a l t .  .Then t h i s  i s  low (up to  20%), th e  powder 

d e n s ity  i s  1 .2  -  1 .4  g ./cm ^ j beyond 20>o, th e  m ix tu re  i s  f lo o d e d  w ith  

n i t r o g ly c e r in e  (NG-) and th e  d e n s i ty  r i s e s  r a p id ly  to  a maximum o f abo u t 

1*8 g i/a a ?  a t  3 0 /  ^ 5  t h e r e a f t e r  i t  su b s id es  tow ards 1 .6  g ./cn r^ , th e  

d e n s ity  of l i q u id  NG- i t s e l f *  We have made c a lc u la t io n s  by the  

methods o f § §  1 8 .1 , 18*2  f o r  a wide range of b o th  m and A  ,

pay ing , how ever, m ost a t t e n t i o n  to  th e  re g io n  o >̂  < 0 .2 ,  w hich i s  

of g r e a t e s t  p r a c t i c a l  i n t e r e s t .  The r e s u l t s  a re  b e s t  summarised 

g ra p h ic a l ly :  F ig . 1 8 .7 i 1 shows th e  v a r ia t io n  o f D w ith  m f o r

A  1 ,0 ,  1 .2 ,  1 .3 ,  1 .4  g ./cm ^ , acco rd in g  to  th e  a l t e r n a t iv e  a ssu m p tio n s  

of §§ 1 8 .1 , 18 .2  re g a rd in g  h e a t t r a n s f e r .  The most im p o rtan t

p a r ts  of th e  cu rv es  a r e ,  o f c o u rse , those  below  m = 0 ,2 ,  s i n c e , f o r  

h ig h e r v a lu e s  of m ,4  r i s e s  beyond 1 .4 ;  th e  e n t i r e  c u rv e s , how ever, 

are  drawn f o r  com ple teness.

As a check  upon th e  approxim ate th e o ry  of $ 1 8 .1 ,  th e  v e lo c i ty  was 

a lso  c a lc u la te d  by th e  g e n e ra l m ethod, ad o p tin g  th e  same assum ptions
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re g a rd in g  en tra inm en  t  e t c , ,  f o r  a few s e le c te d  v a lu e s  o f m and A  .

The r e s u l t s  ag reed  c lo s e ly  w ith  th o se  o f P ig ,  1 8 ,7 :1 .

C a lc u la t io n s  were a l s o  made f o r  two n itro g ly c e r in e /N a G l 

m ix tu re s  c o n ta in in g  sm all p ro p o r tio n s  o f k ie s e lg u h r ,  which w ere u sed  

in  e x p e rim en ta l work d e sc r ib e d  below . The v e l o c i t i e s  a re  in c lu d e d  

in  P ig , 1 8 ,7 :3  below .

E x p e r im e n ta l; P o r com parison w ith  th e  above c a lc u la t io n s ,

a s e r i e s  of v e lo c i ty  m easurem ents was u ndertaken  on m ix tu re s  c o n ta in in g  

5, 7> 10, 15> 25 and 30 ; n i t r o g ly c e r in e ,  g e l a t in i s e d  w ith  a p p ro p r ia te  

sm all p ro p o r tio n s  of n i t r o c o t to n ,  The method of p re p a r in g  th e  

c a r t r id g e s  and c a r ry in g  o u t the  m easurem ents was a s  d e sc r ib e d  in  § 1 7  

above. As u s u a l ,  p a r t i c u l a r  c a re  was taken  to  ensu re  t h a t  th e  lo a d in g  

d e n s ity  -was a c c u ra te ly  known and c o n s ta n t f o r  each  m ix tu re ; and 

v a r ia t io n  between m ix tu re s  was in  th e  p re s e n t c a s e ,  a ls o  red u ced  to  

a minimum: f o r  t h i s  p u rp o se , m inor a d d i t io n s  o f k ie s e lg u h r  were made

to the  25 and 30;A m ix tures#  ./here i t  was n e c e ss a ry  to  p a ss  from  one

sample o f NaCl to  a n o th e r , th e  g r i s t  d i s t r i b u t io n s  were m atched a s  

c lo se ly  a s  p o s s ib le .  These p re c a u tio n s  should  a s s i s t  to  make th e  

r e s u l t s  com parable th ro u g h o u t the  e n t i r e  s e r i e s .

The ex p erim en ta l v e l o c i t i e s ,  m easured a t  th e  l a r g e s t  d ia m ete rs  

by the  D au tric h e  m ethod, checked by an e le c t ro n ic  m icrosecondm eter, and a t  

the s m a l le r  s iz e s  by a h ig h -sp eed  cam era, a re  graphed a g a in s t  d ia m e te r  

in  P ig , 1 8 ,7 :2 , The curves f o r  15 > 25 and 30 'jo NG- a re  o f a r a th e r  

in t e r e s t in g  shape. Up to  m o d e ra te ly  la rg e  d ia m e te rs  ( ^  A in c h ) 

the v e lo c i ty  tends in  each case tow ards a l im i t  which t i e s  w e ll b en ea th  

the th e o r e t i c a l  v a lu e  based upon th e rm a l in s u la t io n  o f th e  s a l t  (though  

above th a t  co rrespond ing  to  therm al e q u i l ib r iu m ) .
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At the  l a r g e s t  d ia m e te rs , however, c o n s id e ra b ly  h ig h e r  v e l o c i t i e s  were 

reco rd ed , approach ing  r a th e r  w e ll to  th e  upper th e o r e t i c a l  l i m i t .  T h is  

fe a tu re  i s  re m in isc e n t of th e  b eh av io u r of n i t r o g ly c e r in e g e la t in e s  

d escrib ed  in  §  17, and appears to  in d ic a te  th e  p resen ce  o f two

v e lo c ity  l e v e l s .  P ig . 18 .7 :3  summarises the  r e s u l t s .
% ■

18.8 Snergy absorbed  in  com pressing in e r t  d i lu e n ts

In  § 1 5  i t  was s ta te d  th a t  the  com pressional energy  o f an 

in e r t  d i lu e n t  w hich abso rb ed  no h e a t by conduction  c o u ld  oe ap p rox im ate ly



a s s e s s e d  by assum ing th e  d i lu e n t  to  have passed  th ro u g h  a n o n - re a c t iv e  

shock to  th e  G J-p ressu re  j> .  The energy  in  q u e s tio n , w hich i s  

e q u iv a le n t to  a decrem ent -  in  th e  h e a t o f r e a c t io n  , i s  then

g iv en  by

S'Q-, h it'O-̂ yOPc-v, ) . 0 )

I t  may be assumed th a t  D w i l l  be n e a r ly  p ro p o r t io n a l  to  th e  s q u a re - ro o t

o f the  rem ain ing  energy . N um erical r e s u l t s  f o r  the  com m ercial

e x p lo s iv e s  and a s e le c t io n  of the e x p lo s iv e - in e r t  m ix tu re s  co n s id e re d

above a r e  shown in  T able 1S«8;1 . I t  can be seen th a t  th e  e r r o r  in

D i s  in  f a c t  u n im p o rtan t: on ly  in  th e  p e rm itted  g e l a t in e s  does i t

exceed 1.5. and in  no case i s  i t  a s  la rg e  a s  th e  ex p erim en ta l

u n c e r ta in ty  in  D i t s e l f ,  

c ^o 18.81 T h e o re tic a l  e s t im a te s  o f h e a t - t r a n s f e r  to  i n e r t  d i lu e n ts

In  a tte m p tin g  to  e s tim a te  t h e o r e t i c a l l y  th e  h e a t - t r a n s f e r  to  an 

in e r t  d i l u e n t  w ith in  th e  r e a c t io n  zone, we m eet th e  fo llo w in g  

d i f f i c u l t i e s .
. [ « * , * 7 . 3 1 ]

(a )  The r e a c t io n  tim e i s  known on ly  from  in d i r e c t  ev id en ce , and 

c e r t a in ly  cannot be r e l i e d  upon to  b e t t e r  than an o rd e r  of m agnitude.

0 0  The therm al d i f f u s i v i t y  o f  th e  d i lu e n t  i s  n o t p r e c i s e ly  

known, and w i l l  n o t in  any case  be c o n s ta n t ,  o v er th e  tem p era tu re  ran g es 

concerned.

(c )  The c o n d itio n  a t  th e  su rfa c e  of a d i lu e n t  p a r t i c l e  cannot be 

r e l i a b ly  s ta t e d ,  and must f r e q u e n t ly  invo lve  m e ltin g , which in v a l id a te s  

a s tra ig h tfo rw a rd  a p p l ic a t io n  of o rd in a ry  d i f fu s io n  th e o ry .



gable 16.3;1
^ f'fec t -upon, d eton ation  v e lo c ity  o f energy  lo ss  in  

com pressing In ert d ilu e n t

'E xplosive a P1
t o n /  in? •

-Ql
c a l /g .

Ql
c a l /g .

% c o rre c tio n  
to  D

2 0 .7 4 243 5 .2 510 -  0.51
3 0 .3 8 107 1 .16 683 -  0 .09
5 0 .9 0 263 2 .6 5 793 -  0.17
6 C.3 227 3 .95 739 -  0 .2 7
7 o . 6; 267 9 .3 5^3 -  0 .83
s 0 .d 6 300 4 .7 723 -  0 .33
9 0 . 30' 190 9 .8 367 -  1 .3 4

10 0 .8 4 336 6 .5 721 -  0 .4 5
14 0 .4 0 156 5 .0 434 -  0.58
15 0 .6 9 140 3 .0 583 -  0 .26
16 0 .7 0 337 12.2 645 -  0 .9 4
22 0 .7 5 912 32.3 1,130 -  1 .43
25 0 .69 630 34 .3 784 -  2 .19
26 0 .7 4 635 29.8 789 -  1.89
39 0 .8 0 275 5 .6 635 -  0 .4 4
t|0 0 .8 5 233 3.1 772 -  0.20

IEB0raC l 0.01 4 0 .0 1 4 14.1 -  0.05
0.02 8 0 .043 28 .2 -  0 .0 8
0 .0 5 20 0 .207 70 .6 -  0 .1 5
0 .1 i|0 0 .6 5 141 -  0 .23
0.2 80 2 .32 282 -  0.41
0 .3 120 4 .5 8 424 -  0 .5 4
0 .5 213 8 .9 706 -  0.63
0 .7 320 10 .8 988 -  0 .5 5
0 .9 450 6 .0 1,271 -  0 .2 4



(d ) The d i lu e n t  may c o n ta in  a s u b s t a n t i a l  p ro p o rtio n  of 

f in e  p a r t i c l e s ,  to  whose s iz e  th e  method o f s ie v e  a n a ly s is  can o n ly  

p ro v id e  an u p p er l im it*

I t  i s  c l e a r  t h a t  p r e c is e  e s tim a te s  o f h e a t t r a n s f e r  a re  o u t o f

th e  q u e s tio n . However, th e  d i f f u s i v i t y  'w ill  d e c re a se  w ith  r i s e  o f 

te m p e ra tu re , and th e  p re sen ce  o f  a the rm al irape^dance and a re g io n  

of m e ltin g  a t  the  s u rfa c e  can on ly  reduce th e  h e a t t r a n s f e r .  Thus, i f  

the p ro p o r tio n  o f " f i n e s ’* i s  sm a ll, and i f  we use a low te m p era tu re  

v a lu e  f o r  th e  d i f f u s i v i t y ,  assume tem pera tu re  c o n t in u i ty  a t  the  

s u r fa c e  and ig n o re  l a t e n t  h e a t ,  and t r e a t  the  p ro d u c t g a se s  a s  a  -w ell-

s t i r r e d  f l u i d ,  we shou ld  a r r i v e  a t  an u p p er l i m i t  to  th e  energy

tra n s fe r re d , w ith in  any g iv en  r e a c t io n  tim e.

The problem  w i l l  be f u r t h e r  s im p l if ie d  by re g a rd in g  th e  d i l u e n t  a s  

composed o f id e n t i c a l  s p h e r ic a l  p a r t i c l e s ,  plunged a t  tim e ze ro  in to  a

f i n i t e  mass o f 'w e l l - s t i r r e d  f l u i d  a t  the  C J-tem pera tu re*  The s o lu t io n ,
[ / z z j

which h a s  been g iven  by th e  w r i t e r ,  e x p re sse s  th e  f r a c t io n  F o f th e  

f i n a l  h e a t  t r a n s f e r ,  accom plished w ith in  any tim e t ,  in  term s o f  

d im en sio n le ss  v a r ia b le s  'fE.Kitjci and (*r= c , jc t  , where c, a r e

the  d i f f u s i v i t y ,  ra d iu s  and h e a t  c a p a c ity  o f  th e  p a r t i c l e s ,  and cz th e  

h ea t c a p a c i ty  o f  th e  f l u i d .  F ig u re  18*81:1 summarises t h i s  so lu tio n *
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Fig.12’.^:1 Variation of F with r  for various values of w. From left to right the curves 
correspond to u> =  1000, 500, 400, 300, 200, 100, 50, 20, 10, 5, 2, 1, 0'5, 02, 0.

Y/e s h a l l  assume a mean s p e c i f i c  h ea t 0* 275 c a l . /g #  f o r  th e  f l u i d  

and 0 .375 c a l . /g o  f o r  th e  d ilu e n t*  These a re  o f th e  c o r r e c t  o rd e r  f o r  

ty p ic a l  p ro d u c t g a se s  and fo r  NaOl r e s p e c t iv e ly .  Then

u r  =  0 ^ 3 3  . ( O

We ta k e  K -  0*025 o m ^ /sec ., and a, = 0 .0 1 9 , 0 .0 1 0 , 0.0055 cm .,

co rrespond ing  to  mean r a d i i  o f  s p h e r ic a l  p a r t i c l e s  in  the  s ie v e  ran g es  

30 -  60, 60 -  100, 100 -  200 B .S.S . F may now be read  o f f  from 

F ig . 1 8 .8 1 :1» f o r  each  o f th e se  r a d i i ,  in  co n ju n c tio n  w ith  tim es of 

1 , 5  and 10 |l s e c . ,  and f o r  v a lu e s  o f  m = 0 , 9 ,  0 .8 ,  e t c .  down to  

0 .0 5 . The r e s u l t s ,v /h ic h  cover th e  e n t i r e  p r a c t i c a l  range , a re  c o l le c te d  

in  T able 1 8 ,8 1 :1 . The p ro p o rtio n  o f the  t o t a l  h e a t a c tu a l ly  t r a n s f e r r e d ,  

and th e  co rresp o n d in g  drop in  D a re  then g iven  by:

&  . f a ,  _  . / r  f ( 2 )

W - ' h !

I t  can be seen th a t  i f  >n ^  O' y , and i f  the  d i lu e n t  g r i s t  i s  no t
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a p p re c ia b ly  f i n e r  than  100 B .3 .3 . ,  the  re d u c tio n  in  'v e lo c ity  canno t 

exceed  abou t 2 .5 ;-. In  -view of the  extrem e assum ptions  made, we may 

ex p ec t i t  to  be much l e s s  than  t h i s  in  p r a c t i c e .  On th e  o th e r  hand, 

e x p lo s iv e s  c o n ta in in g  la rg e  p ro p o r tio n s  o f d i l u e n t ,  even of r e l a t i v e l y  

c o a rse  g r i s t ,  may w e ll s u f f e r  a m ajor d e p re ss io n  o f v e lo c i ty  by th e rm al 

t r a n s f e r  to  th e  i n e r t  component« These c o n c lu s io n s , w hich a re  a s

p re c is e  as  th e  p re s e n t  a n a ly s is  a d m its , s tand  in  s a t i s f a c t o r y  agreem ent 

w ith  th e  ex p e rim en ta l ev idence a lre a d y  rev iew ed .

1 8 .9  The d es ig n  o f e x p lo s iv e s  w ith  u l t r a - lo w  v e l o c i t i e s  of d e to n a tio n  

I t  was m entioned  in  § 1 8  th a t  th e  achievem ent of v e ry  low 

d e to n a tio n  v e l o c i t i e s  was a problem  o f p r a c t i c a l  im portance in  th e  

d es ig n  o f co a l-m in in g  e x p lo s iv e s .

The v e lo c i ty  f a l l s ,  o f c o u rse , w ith  d e c re a se  in  lo a d in g  d e n s i ty .  

However, n o t on ly  does t h i s  p rov ide  no u s e f u l  s o lu tio n  to  th e  p r a c t i c a l  

p rob lem , s in c e  an e x p lo s iv e  o f ex trem ely  low d e n s ity  (even i f  one 

co u ld  be m anu fac tu red ) would have c o rre sp o n d in g ly  low power in  th e  

b o re h o le , b u t i t  does n o t answ er even th e  t h e o r e t i c a l  q u e s tio n  o f 

r e a l i s i n g  u l t r a - lo w  wave v e l o c i t i e s :  a s  shown in  §12, D canno t be

d e p re s se d , by mere re d u c t io n  in  d e n s ity ,  below th e  '’i d e a l ” v a lu e  

Dj_, w hich f o r  norm al e x p lo s iv e s  such a s  n i t r o g ly c e r in e  w i l l  be o f th e  

o rd e r  o f 2,^.00 m ./s .

On th e  o th e r  hand, i t  ap p ea rs  from § 1 8 .1  t h a t  d i l u t io n  w ith  

i n e r t  m a te r ia l  does p rov ide  a method o f a c h ie v in g  v e l o c i t i e s  w e ll below 

Dj_. T his can be em phasised by c o n s id e r in g  e q u a tio n s  18.1 (6 ,7 ,8 )  f o r  

T n .4  1 , S ince then  A ^  i s  sm a ll, so a ls o  i s  -fa, and we can re p la c e

by <p0 and J ^ b y  JZt, whereupon

„  .  7 * 2 3  r ,  >



and so

2> =  J). (2)

A <to may be g iven  a ty p i c a l  v a lu e  o f 0 .6  f o r  l i g h t l y  p re s se d  pow ders; 

th en

F o r exam ple, i f  m = 0 .0 1 , D == ^  600 m ./s*  T h is  c o n c lu s io n

i s  w e ll  borne ou t in  p r a c t ic e ,  s in c e  s ta b le  wave v e l o c i t i e s  o f  600-  

700 m ./s .  have in  f a c t  been re c o rd e d  w ith  n i t r o g ly c e r in e /d i lu e n t

th en  become im p o rta n t ,  th e  p ro b a b le  e x is te n c e  o f an a c t iv a t io n  

th re s h o ld ,  d is re g a rd e d  in  our tr e a tm e n t ,  may be expec ted  to  d e f in e  a 

lo w er l i m i t  o f v e lo c i ty  below w hich s ta b le  p ro p ag a tio n  canno t tak e  

p la c e .  Q uestions o f " s e n s i t i v i t y "  o r  th e  c o n d it io n s  u n d er w hich 

p ro p a g a tio n  f a i l s ,  a r e ,  however, o u ts id e  th e  scope o f  t h i s  th e s i s .

In  the  above d is c u s s io n ,  th e rm al t r a n s f e r  to  th e  d i lu e n t  has 

been ig n o re d . How, i t  i s  p ro b ab le  ( § §  18 .5 , 1 8 .6 , 18.7? 1 8 ,8 1 ) t h a t  

t h i s  t r a n s f e r  can be c o n t ro l le d  by s u i ta b le  cho ice  o f  g r i s t ,  and cou ld  

be made s u b s t a n t i a l  when th e  p ro p o r tio n  o f d i lu e n t  i s  h ig h ; and any 

such  t r a n s f e r  m ust le a d  in  p r a c t ic e  to  a re d u c t io n  in  D. Hence, 

from  th e  s ta n d p o in t  o f a c h ie v in g  low v e l o c i t i e s ,  i t  m ight seem more 

n a tu r a l  to  c o n s id e r  th e  m ost fav o u rab le  c a s e ,  t h a t  o f the rm al 

e q u ilib r iu m . However, i f  th e  d i lu e n t  i s  perm anen tly  i n e r t ,  u l t r a -  

low v e l o c i t i e s  can be secu red  only  a t  the  c o s t  of power, and th e

(3 )

[ 6 6 , / U ]
m ix tu re s  c o n ta in in g  a few p e r  c e n t of th e  e x p lo s iv e  component.

E quation  (3 )  can n o t, of c o u rs e , be expec ted  to  app ly  a t  

i n d e f i n i t e l y  sm all v a lu e s  o f m. A part from  th e  f a c t  th a t  j>0 w i l l



resultant explosive, however in teresting th eo retica lly , would be

u se less  in b lasting  p ractice . In practica l applications, therefore,

i t  i s  necessary to use a diluent which i s  inert only in what concerns

the detonation wave, but is  capable of releasing a usefu l measure

of energy at a la te r  stage. But from th is  point of view, the diluent

must evidently be supposed to  absorb an in sign ifican t quantity of

heat during the primary reaction . The system envisaged above i s  in

lin e  with such assumptions, and there seems no reason to doubt that in

small cartridges a two-stage reaction , in  which the shock-front i s  
by

supported only/the f i r s t  stage, can in  fa c t  take place*



§19 Structure of the reaction zone in a steady plane 
detonation wave; introduction

In § 9  we have presented the fundamental equations for a 

steady plane detonation wave in any m aterial, and have described in  

general terms the structure of the wave. According to th is  theory 

the detonation wave i s  a "reactive shock", that i s ,  a shock wave 

propagated through the unconsumed exp losive, and sustained by the 

ensuing chemical reaction . In §9® 4 the oonsequsnoes o f th is  view 

have been further developed, and i t  has appeared that the pressure, 

density and translational v e lo c ity , a fter  an abrupt r ise  in the 

leading shock front, subsequently decline throughout the reaction  

zone to th eir  values in the CJJ-planej the temperature, however, may 

be expected to r ise  continuously, as reaction proceeds in a homogeneous 

exp losive, above the le v e l  to which i t  i s  suddenly carried in the 

shook front. The sum of translational and sound v e lo c it ie s  must 

exceed the wave v e lo c ity  D throughout the reaction zone, and 

esp ecia lly  a t i t s  head, fa ll in g  to equality with D only in the 

0J-planeo

In order to carry out a more detailed  analysis of the reaction  

zone structure, we must return to equations (4 ) to (6 ) of § 9 » which 

apply at any section in the steady zone. A complete determination 

would involve the search for time-independent solutions of these 

equations, together with the chemical k in etic  equations and the 

appropriate equations o f sta te  not only for the orig in al e^>losive 

and for i t s  f in a l equilibrium products but a lso  for the reacting 

mixture at every intermediate stage. Without in the f i r s t  place



attempting th is ,  however, i t  i s  possible to sim plify the problem i f  

we make the same assumption as in § 9 ®A, namely that the composition 

i s  determined by one parameter only in addition to the state  

variables j> and T. For then the d istrib u tion  of pressure, density  

and so forth  through the steady zone may be evaluated in  terms 

of th is  s in g le  parameter without reference to the reaction k in e tic s ,  

which are involved only in relating  the d istribution  to time or 

distance co-ordinates. As was pointed out in §9*k> the assumption 

proposed i s  not unreasonable in the case of a condensed explosive.

I t  i s  le s s  re lia b le  in gases, where the reaction i s  e ssen tia lly  

homogeneous and extremely fa s t ,  and several participating processes 

may have comparable ra tes . However, since the use of the ideal 

gas equation permits a simple approximate treatment, we sh a ll indicate  

the consequences of carrying forward the same sim plifying assumption 

to th is  case a lso .

§ 19o1 DQrin^s solution fo r  an ideal gaseous explosive

As usual, the subscript 0 refers to the undisturbed exp losive, 

and the subscript / to the CJ-plane, while unqualified symbols 

are attached to an arbitrary section  within the steady zone® Conditions 

insnediately behind the shock front are distinguished by subscript s  .  

Then, from Table 10:1  we have at onoe, to  a f i r s t  approximation

V = ^ TA,
d )

, =  = - j L  m
' '  vc (r,+ovo I2'

7■ = (3 )
' (y.+oc, (r.-oh+'fc,



and of course,

&,+- bft = j ) .

On the other hand, immediately behind the shook fron t, where no 

reaction has taken p lace, by §b.Z3,

% = 7.+I

f s  =

rs =

2px
(Yo+>)vv

2j>-
(r*+o%co

2d
Yd+ 'l

7 J 2 7o(Yo-1) ,

and i t  can ea sily  be seen that ds+Ws>D,> I f  we now further assume

c, , 7c= 7, = /  , then

* ?  = g r =  f  = 2 *

k  = &  = 2
£  W,

These equations re la te  the values of e tc , a t the two 

extrem ities X^,X, of the steady zone® The pressure and streaming 

v e lo c ity  are Just twice as large in the shock front as at the 

CJ-plane0 The temperature i s  one-third to fo u r-fifth s  as higho 

The greatest variation i s  in the density which, i f  y  = />2 for  

example, f a l l s  by a ratio  of s ix  to one from to Xf 0 At any 

intermediate section , where a fraction c  of the f in a l release of

chemical energy has occurred, the ISi-equation may be w ritten , to



the same approximation as before;

-  cQj -  ■ 1̂^)

TShen j>,v-0 and Q,f are eliminated from ( 1 4 ) hy means of ( 1 , 4 ) and 

9(11) there resu lts

— = y -  JT ĉ 
v, y (15)

whereupon

U - i .  . (16)

, 0 . ?  T  _ .
( a , )  = t , -  y  ' 0 7 )

(15)“(17) e g r e s s  the manner of variation of i^ e tc #  within the

steady zone; they were derived by Ddring by a more conplicated method#

I t  i s  easy to  see that v  increases throughout with and W, decrease,

T on the whole increases, but reaches a maximum value (y+i)Tt[j+y when

c = (3-y)(y+t)jif , thereafter declining again s lig h tly  to 7J . always

exceeds D for  c<i, though i t  may not always change monotonically#
N+a

In fa c t , i f  y  < {l-\fpj)l2 = 1 *44* • *•• % j  passes through a maximum 

equal to where 2/i^ c  = y->+\fy+i • Figure 19*1*1

il lu s tr a te s  the way in which the pressure, temperature etc* vary with  

the fraction  c fo r  Y = 1*2*
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§19*2 Time- and d istan ce-p rofiles for an ideal gaseous explosive

The above case i s  naturally much id ea lised . I t  would be quite 

possible to  carry out more detailed  calcu lations of the same so rt, 

making due allowance for changes in composition and so forth , for  any 

system whose sta te  can be defined by three variables only: •

For example, Ddring suggests the case o f e le c tr o ly tic  gas, assuming 

that the only participating process i s

^1.+ ""*■ ^2° '

However, the neglect of reactions involving H, 0 and OH would certa in ly  

have a substantial effect upon the numerical r e su lts , which would 

therefore be no more reliab le  than those derived from the id ea l theory. 

But i f  au xiliary  reactions are to be taken into account i t  becomes



impossible to determine the wave structure without reference to the 

k in etic  equations themselves* Although such a complete analysis  

could in princip le be made, i t  would evidently be laborious* On 

the other hand, i f  we r e s tr ic t  ourselves to the ideal case, an 

approximate idea of the nature of the space- and time- d istributions  

may be reached* For th is  purpose i t  i s  necessary to complete the 

solution  19o1 (1 5 > 1 6 , 1 7 ) by evaluating c as a function of time 

or distance* We use a system of spaoe-coordinates travellin g  with  

the wave, the origin  being fixed in the shock-front and the p o sitiv e  

y-direotion  towards the reaction products* Sinoe the wave i s  steady, c , 

and so a lso  etc* are functions of  ̂ only* In the moving

reference system the m aterial a t fj has translational v e lo c ity  

u = j ) -w  , so that the reaction k in etic  equation may be written

d erivative , that i s ,  the rate o f change o f c for  each m aterial element

represent the fraction  consumed from one of the species o r ig in a lly  

present, in which the reaction i s  monomolecular then,

(1 )

where F i s  supposed known, and (dc/dt) represents the usual "massboundH

as i t  moves across the section v » However, i f  c i s  taken to

(2 )

where

(3)

Z i s  an approximately constant frequency factor and A the activation  

energy per mole* In a constant-volume reaction (2) beoomes



and in such a reaction , proceeding from Ts  to 7J ,

rr T  = Ct - ts ) ( , - c) ,  (5)

so that, by (4 )

1%) = (^)

in*,-siJ
The appropriate solution i s

Z f » & ( € ) -  & « ' ) + e ‘[8 (? r i , ) - E l ( t - i . ) ,>] , (7 )

where <f = /?/^7 , e tc* , and
3C

= J  ^

According to (7) , T (t) approaches T, along a sigmoid curve,

whose point of in flex ion  i s  located at T , where fdT  \ — o , that 

i s ,  where

■ ( 9 )

i f  <  > 4 , (9 ) leads approximately to

f ' = ^  / ,  ( 1 0 )

whereupon the f i r s t  and la s t  terms on the right o f (7 ) may be 

neglected at the point of inflexion* To the same approximation, we 

replace fzifoby e in the other terms, so that

Z t  =  =  ^  *f*-Ts ( 1 1 )
A(Tr T ,) e

For small values of (  , the in flex ion  i s  very sharp, almost the 

entire oourse of the reaction being confined within an extremely short



tim e-interval on eith er side of t - t ' ,  When is  larger, the 

acceleration  w i l l  tend to be rather le s s  abrupt. Examples are 

shovai in Figure 19*2:1

irO O O

k

3ooa

2o oo

J o o o
2ooo
sSfX

T ,

i  A z A
x

y A  T3 « ,
/ 3 o ,o o o  z o o  o f s -  t f i ' l
z !,SOO 10
3 13 S o  II-n  -

‘t 34'O 00 2,00 0 *75" i>~
5 1+0,000 Z .000 10

irooo f r o o o to o  o
Zt

Fig / ? -  Z :I . Th? R i s e  is TenpeRATuRS in a c o n s t a n t -  v o l u m e

ftD lflBATIC  t h e r m a l  e x r u o s io n .

I t  i s  d e a r  from (6) or (7 ) that a single curve can be used 

to describe the course of T in a l l  const an t-'volume adiabatic 

thermal explosions for which and Z have the same values0 The 

in i t ia l  temperature, as expressed by , does not a ffec t the curvature 

of th is  curve at any given T, but merely se le c ts  the point on i t  

corresponding to t  = 0 . In ether words, £ determines only the length



j /

o f the induction time t  . When v  i s  large (Ts sm all), i  w il l  

he r e la t iv e ly  long; when €s i s  small (T5 la r g e ) , r e la t iv e ly  short.

The above considerations refer to a constant-volume reaction, 

and are not therefore s t r ic t ly  va lid  for the detonation wave.

However, the general nature of the resu lts  w il l  remain unaffected.

Since T, as represented by 19*1(17)* i s  not far from lin ea r  in c,

( 2 ) and 19 . 1 ( 1 5 * 1 7 ) lead approximately to

( S t)  = ■B Z  (7 - t ) ^ /RT’ (12)
? (  A

where B varies only between aB<̂  progress o f the

reaction i s  therefore modified only to a secondary extent by the 

departure from constant-volume conditions. la  an example we have 

taken Y = 1 .2 , A s  30,000 cal./m ol T; = 3>50O°K, and evaluated c 

by numerical methods as a function of Zt, where t  i s  measured from 

the instant at which the m aterial element under consideration passes  

through the shock-front. The pressure, temperature, e tc . are then 

derived immediately from 19*1 (1 5> 1 6 * 17 )> a^d the space-distribution  

from ( 1 ) in the form

The various p ro file s  are shown in F igs. 19*2:2 and 19*2:3* They 

must be regarded as i l lu s tr a t iv e  only. The presence of an appreciable 

induction time is  a consequence of the particular values o f Y, A and 

T, used: i f  A were only 20,000 ca l./m ol. say, or Y = 1.A, T,

remaining unchanged, there would be no sign ifican t induction period*

The "reaction time” i s  extremely short: i f  Z ^  10^S i t  i s  of
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-9 - t5order 10 J sec . The corresponding reaction zone length- 10 cm*

Of course, i f  Z and A are of the order sp ec ified , i t  is  inevitable

that the reaction time should be of th is  order, in view of the very

high in i t ia l  temperature produced in the leading shook* There i s  no

d if f ic u lty  from a physical standpoint in accepting a reaction time even
-9 5as short as 10 '  sec. since 1Cr vibrations can occur in th i3 time;

-5
nor in accepting a reaction zone length of order 10 cm,, since th is  

w ill  contain some 100 mean free paths. For comparison, the thickness 

o f the leading shook i s  of order 10  ̂ cm. a n eg lig ib le  length on the
/if.

sca le  of F ig . 19*2:3* For Z < JO , the reaction time and zone 

width would be greater, and the shock-thickness re la tiv e ly  even le s s  

important.

I t  may be noted that the zone-width i s  considerably le s 3 than D x 

the reaction time. This is because Iff i s  high throughout most of  

the zone; by i f  7 0 = ^ i® almost as large as D

immediately behind the shock-front, and F igs. 19*2:2, 3 show that 

D-W does not become large u n til  we approach the GJ-plane.

§ 19*3 Structure of the reaction-zone in a condensed explosive

Analysis of the reaotion-zone structure for a condensed explosive 

presents much greater d i f f ic u lt ie s .  Bven i f  we sim plify the problem 

by assuming perfect homogeneity at every stage, i t  i s  a formidable 

task to supply an equation of state which w ill  describe the reacting  

m aterial as i t  passes continuously from the original liq u id  or so lid  

explosive to the appropriate equilibrium products. I t  i s  not, indeed, 

d if f ic u lt  to derive equations p ara lle l to 9 «1 (15 » 1&> 17 ) on the basis



o f  the Abel equation with constant covolume, and the resu ltant
[#fl

wave structure i s ,  broadly speaking, very sim ilar to that shown in 

Fig. 19o1:1o However, most condensed explosives have a granular 

structure, and the marked e ffec ts  of grain s ize  upon the behaviour of 

the detonation wave make i t  appear probable that reaction frequently  

con sists  in surface burning o f the grains. liven apparently 

homogeneous liqu ids such as nitroglycerine may decompose heterogeneously 

from reaction n uclei provided by minute d iscon tin u ities  of one kind or 

another, for example gas bubbles. In such oases, the p a rtia lly  reacted  

m aterial w ill  consist of so lid  or liqu id  fragments burning in a gaseous 

atmosphere which is  constantly augmented by the products of th e ir  

decojaposition. The temperatures of the two phases at any stage w ill  

certa in ly  d if fe r , and i t  i s  not even certain that they share the same 

tran sla tion a l v e lo c ity . Compression of the unreaoted p artic le s  a lso  

requires to be taken into account. Under such circumstances, the 

assumption of a homogeneous process i s  evidently a poor approximation.

We shall rather assume that, at any intermediate stage in the 

reaction of a typical element of explosive, part of the element has 

been transformed into gaseous products in effective  chemical 

equilibrium, while the remainder i s  3 t i l l  in i t s  original condensed 

sta te . It w ill further be assumed, in conformity with the arguments 

of 5 ^ 1 8 .6 , 18.7# 18.81, that thi3 unreaoted portion, though i t  may 

have absorbed energy by compression, has not been sign ifican tly  heated 

by thermal d iffustion from the hot gases. F inally, in keeping with 

the assumptions .made at the GJ-plane, we shall regard the condensed



0

and gaseous phases in any section  as sharing a common v e lo c ity  W, 

so that conservation of mass, momentum and energy may be expressed 

by the usual simple equations,,

At the seotion corresponding to W, le t  a fraction c of the 

explosive have reacted and reached equilibrium, so that a fraction  

7n = c.(i-'mo) by mass of the element is  gaseous, where mQ i s  the

mass of gas (a ir ) present in unit mass of the undetonated material*

Exoept when 0 is  very sm all, m is  indistinguishable from C , but 

the use of m allows the equations to be applied up to the shock- 

front* We also  assume, fo r  s im p lic ity , that the composition of 

the reacted phase is  independent of 0 : th is  w il l  not of course,

in general be true, but the sim plification  should not seriously  

a ffe c t  the results* Then, i f  accented s;ymbol3 refer  throughout to  

properties of the gas phase, reckoned per unit mass of that phase, 

and $,(p  are the internal energy and sp e c if ic  volume of the 

d ilu en t, the BH-family i s

7n( £ -  b 'nt v ) +Q~-*)(s - $ n t p ) = cQ.( + ifa+foX-Uc-v) . (1 )

I f  we now regard the diluent as having traversed a simple shook

from j>0 to j> , then

?_S/vrp = ify H ^ X V o -V ) ■ ^

In view of the r e la t iv e ly  small com pressibility of liquids and so lid s ,  

and the assumption of n eg lig ib le  heat transfer, th is tern w il l  in 

any oase be a minor one, except perhaps at small c , and the above 

rough formulation s im p lifie s  ( l ) ,  which with the relations

X  = ’V 'o V  , (3)



1/ ~ m'v'-h (/-~>nj(p  ̂ M

becomes

^  (£~E.'Nrp) = 00,'+ ify-rfe)[™0V0

By means of the equations of sta te  for the gas phase, (5) can now 

be expressed in terns o f -j> and v', whereupon the intermediate 

EH-equation relating  j>, v  follow s from (4 ) , provided <p(i>) i s  

known*

(5) can be sim plified  when c=0, or when m i s  not very small©

In the former case, which corresponds to conditions immediately 

behind the leading non-reactive shock, we 3et 7n=7rt0 , whereupon

E-Z'mr  =  iCf*f . ) (vJ-v’).  ( 6 )

This i s  id en tica l with the BH-equation for shocks in the gas (a ir )  

o r ig in a lly  present* I f  th is  gas behaves id ea lly , with constant 

sp e o if ic  heat ratio  Y, then (6 ) becomes

v ’ _  ^ 4 . + x
<  '  A t/k  +- 1 ( 7 )

where A 5  ty+oJ(y-0* Vhen j*/j>0 / , (7) reduces to

2/  = V / A  . (8)

According to the present assumptions, therefore, the gas pockets su ffer

only a moderate compression in the shock-front, and must therefore 

reach extremely high temp eratures0



Again, when m i s  not very small, wi = c , and w©/>i i s  n e g lig ib le , 

whence

E -  E'NTp =  <2, +  A 4 + W & -< P .“ c 6 ''-% )]• (9)

In particu lar, whe C = 1 and so irr» v ,  th is  becomes

Ef ~ ~ +  2  ( f+ M fa o -v )  , ( 10

which i s  the usual BEhequation for equilibrium*

Mien the BH-family o f curves has been drawn, by means of (6) and 

(9 ) ,  the pressure, density and streaming v e lo c ity  are obtained as 

functions of C by in tersectin g  the family with the tangent to the 

f in a l curve (c = 1). The gas phase temperature is  determined from

-p, t/ 1 and the equation of s ta te . The temperature reached by shock- 

wave compression, according to ( 2 ) ,  in the p a r tia lly  reacted explosive  

partio^ les can be estimated from f>, i f  an equation of sta te  i s  

assumed for  the oondensed explosive material©

§ 19*4 Application to PSTN

The analysis of §19*3 has been applied to PETN. The equation of 

sta te  used for  the gaseous phase in the reacting material i s  13 .3 (5 ), 

i . e .

f ( v ’- a )  = r lu T  , (1 )

where n* i s  the number of gaseous moles per gm* of gas, and & i s  a

function of ir* defined as in 13©3 (12-15)* Subject to th is  sta te  
/ /

equation, E — E NT1> i s  a function of temperature only, provided e ith er  

that the product composition i s  independent of temperature and pressure,



2,000 2,500 3,000 3,500 4,000 4,500 5,000 5,500

488 658 834 1,014 1,197 1,38? 1,575 1,765

463 649 831 1,020 1 ,2 0 6 1,391 1,577 1,765

or that the oovclune □. Is iM efeadaai of composition* The former 

condition i s  w ell fu lfill© !, i® explosives of approximate oxygen 

balance over an adequate range o f  The (E* ,T )-relation  i s

found, in fa c t ,  to  be c lose ly  lin ear for PETN between 2,000 and 

5,50C°K, and can be represented over that range by

£ -  E273 «  0*371 T “  2 11 &U./f- (2)

The follow ing values indicate the accuracy of f i t ,  which ju s t i f ie s  

extrapolation to , say, TQ,0Q0°K

T(°K)

Equation ( 2 )

In (2 ) , we elim inate T by means o f (1 ). Then , i f  % i s  neglected

and Q/ se t = 1,412 o a l ./g .  (Table 14*3:3)# % = O.5 6 5  onV s, the

RH-equation 19*3(9) becomes

6*^lPx/o^
-f> Ain.) _ ^ 3q( ^  0,2j?2ir_ SaSSgy W

c
The RH(pv)-equation follow s from (3 ) and 19*3(4)* To aatisaata *

the compression was regarded as isothermal# and in the absence oJT 

relevant data PETN was assumed to compress l ik e  HaCSl* fh m

(Of* 5 1 5 .1 1 ),

'p'fr *

*  -■ ° « r  * w '

where i s  in atm* This appi*oxifttatio» i s ,  of cruras * crwte* but it.

probably introduces only minor errors*
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The calcu lations were made over the range of c at A = 0.5 >

0<>75 and 1.0 g./om?. The EH-families are shown in F igs. 19.4:1,2,3*  

To complete each fam ily, i t  was s t i l l  necessary to draw the curve 

C = 0 , defined by 19*3 (6 ) ,  or by 19 . 3 (7 ) i f  the gas (a ir ) o r ig in a lly  

present can be taken as idealo However, the theoretical temperatures 

in the gas-pockets at the shock-front turn out to be so extreme that 

the ideal gas equation i s  quite inadequate, and account has even to be 

taken of d issociation  and ion ization . For a ir , we, therefore, use the 

data of $ 6 . 3 * whereupon 19 . 3 (7 ) i s  replaced by the pressure-density  

relation  of F ig. 6 .3 :2. <p follow s from (4) and v  from 19.3(4) with 

iD. The Hli-curves are drawn in F igs. 19.4s 1*2,3*

5x io

2  Z/ • o

7,o. JQ. 1+ / R h — Fo’? ron/f/io/v /« T E T N  , .3 = O -S y jc * ,3



Shock

o-J

r i G  7?H - b i a g *>#/>] f o k  D S T o n & T i c M  /n VETH  # A  =  0-75* y/e*n3.

PET/V t A ~  t’O gjc



The in tersection s of the KH-family with the tangent to G as 1 

determine ftv  e tc , as functions of 0. Fig* 19*4 : 4  i l lu s tr a te s

the course of these functions for 23 = 1*0 g./cm?; the other two

loading d en sities  give sim ilar p r o file s . Numerical values for a l l  

three d en sitie s  are oolleoted  in Table 19.4s 1* For comparison, the 

tab le  a lso  inoludes values calculated from equations 19 ( 15 , 16 , 1 7 ) 

with y = 3 9  an order o f value for the adiabatic index 

suggested by various workers* I t  oan be seen th a t the behaviour o f  

V, ~j* and w at the higher loading d en sities  approaches that of  

the id ea lised  homogeneous material with 7  = 3* The temperature in  

the gas phase, however, behaves in quite a d ifferen t manner, fa ll in g  

from an extremely high le v e l in the shock-front to the equilibrium  

value Ty at the GJ-plane* In fa c t , according to the present theory, 

the gaseous temperature is  determined principally  by compression, 

and only to a minor extent and in the rear of the reaction zone by 

release of chemical energy*

Conditions in the shock-front have a lso  been calculated for  

A » 1 .2 5  and 1 .5  g*/<wu^> though the rest of the structure has not been

analysed in d eta il for these d en sitie s . Table 19.4*2 summarises the 

shook-front variables over the range of A considered, and shows how 

they compare with the CJ-values*

An estim ate of the temperatures produced by compression of the 

condensed phase can be made by following the lin e  of thought which led  

"to 19.3(2)* The temperature o f the explosive fragments at any section  

where the pressure i s  j> w i l l  then be the shock temperature corresponding 

to />* Of course, we do not have the requ isite physical data for  

PETN to enable such temperatures to  be properly calculated* However,
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Table l ^ ^ ‘ Z

Conditions at the shock-front ( su ffix  s ) and at the CJ-plane 
( su f f ix  I ) in  lETI'T. p denotes overall density and 

p' density of gaseous phase alone

2  ̂ (gm./cnr*) 0.5 0.75 1.00 1.25 1.50

D  (m ./s .) 3,670 4,520 5 ,560 6,800 8,150

Ts (°K) 173,000 312,000 570 ,000 850,000 1,160,000

( W *  ( °K> 344 423 620 1 ,070 1,935

Tc (°K) UJOO 19,000 29,000 50,000 65,000

T, (°K) 5,000 5,060 5,150 5,220 5,340

%  ( atm.) 45,400 88,000 160 ,900 2 75 ,000 427,000

f ,  (atm.) 21,300 41,900 73,800 121,000 188,000

( m./ s .) 2,500 2,600 2,920 3,250 3,520

(m ./s .) 1,175 1,240 1,340 1,430 1,550

f y f , = ^ /u , 2.13 2.10 2.18 2.77 2.77

Ps'/pJ 8.58 7.30 6.42 7.05 6.95

Ps/A 3.05 2.40 2.08 1.92 1.77

? J A 1.47 1.38 1.31 1.27 1.23

Ps/p, 2.08 1.74 1.59 1.51 1 .4+



con sisten tly  with equation (if), they may he very roughly assessed by

comparison with those already derived for NaGl (§6*58)* I f  the

NaGl s a t is f ie s  a sta te  equation

jl _  (5 )j>q> = a,q> - c e p  + &T, '

where a , b , c , e are constants, and i f  we assume that the expansion 

c o e ffic ie n t  and com pressibility of PETN at NTP are equal to  those for  

N ad , and that the pressure along the isotherm through NTP i s  the same 

function of <p/ <Pa for both substances ( a l l  which assumptions are

consistent with (4 ) ) ,  then the state equation for PETN i s

kf><p = (&kT^)<p e 7 ; (6 )

where k i s  the ra tio  o f d en sities  at NTP, that i s ,  k = 1*77/2*17 =

0o815* Now, by equation*6«53 (6 ,8 ),

I ■ 4*CJ- 1 X 1 - 0
,<■

C L* ~ ' f

where T i s  the shock temperature corresponding to (pond. G = e / c v  i s  

Grflneisen’s constant. But i f  NaGl and PETN are compressed through 

the same ratio  <P/%> the right side of (7 ) has, by (6 ) , the same 

value in each case. So a lso  has e / 9? . Consequently,

(7)

7* _ f  — ___-(%.
t e t n  °  G  2 {  cp ’)

Tn*ul To G' ~ 2 ( ^ - 1)

where G■ refers to  Nad and G to PETN. Since G = 3 and G /G =

1/3 ,  we conclude that G<vi . By means of the shock-wave 

data previously tabulated for NaGl, the comp re ssional heating

T  — T  of the explosive fragments can be estimated for eachCOKt̂  0

(8)



pressure. The resu lts  are included in Tables 19*4:1, 2 and 

Fig* 19*4:4* They cannot be expected to have more than a 

q u a lita tive  s ign ifican ce , but they certain ly  suggest only a s lig h t  

compressive heating, except at the highest loading densities*

The enormous shock-front a ir  pocket temperatures shown in Table 

19*4:2 must be treated with reserve. In formulating the present 

theory we have taken account of the heterogeneous nature of the 

explosive only in one sense. That i s  to say, the presence of two 

phases i s  recognised and allowed for , but the f in it e  s iz e  of the 

unit o f each phase -  the explosive p a rtic le  or gas pocket -  i s  

disregarded* This means, in e f fe c t ,  that from a hydrodynamic 

standpoint the material i s  treated as homogeneous, although sa tisfy in g  

the equation of sta te  prescribed by i t s  actual heterogeneous 

structure* Such a procedure cannot be expected to give a re lia b le  

description of events which take place within distances o f the order 

o f  the explosive grain size* I t  i s  true that such experimental 

estim ates as have been made of the reaction zone length suggest an 

order of magnitude many times (in  the case of mixed explosives very 

many tim es) greater than the grain diameter; however these estimates 

are uncertain.

To remove th is  shortcoming would require a d eta iled  analysis  

of the sm all-scale processes within each explosive grain and the 

adjoining gas pockets: we cannot attempt th is at the moment*

N evertheless, there seems in fa ct no reason to doubt that the 

picture presented above is  q u a lita tive ly  correct* In p articu lar,



there are good grounds for believ ing that extremely high temperatures 

w il l  arise  in the a ir  pockets* Thus, both theory and experiment
4

agree in attributing temperatures of the order of 3 0 ,0 0 0 ° K  to the 

luminous a ir  waves produced beyond the end o f a detonating cartridge 

( §  2 0 ) *  I t  is  d if f ic u lt  to avoid the conclusion that a ir  pookets, 

in which repeated reflexions must oocur, w il l  reach considerably 

higher temperatures* This in turn suggests that a s ig n ifica n t part of 

the lig h t  given out by a granular explosive detonated under water 

(to  e l imi nate external luminous shocks) may arise from compression 

of the a ir  pockets* Recent experiments which tend to support th is  

view are described in §195, below. I t  w ill also be shown (§19*7)  

that the fa ilu re  o f detonation in loose ly  packed cartridges under s ta t ic  

a ir  pressures o f 50 to 100 atm. can be accounted for by the present 

theory, and indeed might be though to require some such theory to 

explain them*

5 1 9 .5  The source of the ligh t recorded in photographs of detonating 
explosives

I t  i s  now generally recognised that a large part of the lig h t  

arisin g  from the detonation of a oondensed explosive cartridge i s  due 

to the system of shock waves produced in the surrounding a ir . l$hen 

the a ir  i s  replaced, for example, by water, the to ta l luminosity is  

greatly  reduced, and may even be en tire ly  suppressed. The high-speed 

camera records shown in F ig. 19*5:1 of B lasting Gelatine detonating 

in  a ir  and water i l lu s tr a te  th is  e ffe c t .
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The light s t i l l  reaching the camera -when atmospheric shocks are 

eliminated, has been rather freely assumed to arise from the chemical 

reaction; and indeed a measurement of the reaction time has been 

proposed by several workers in terms of the breadth of high-speed 

camera traces, such as that shown in Fig* 1 9 * 5 Even i f  the 

light were due to reaction, however, we should have no guarantee 

that i t s  duration corresponded to the reaction time: i t  might well

be either longer or shorter; and in fact i t  appears unsafe to assume
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that the lig h t  from a granular explosive i s  n ecessarily  associated  

with reaction at a ll*  § §  19«3 > have shown reason to expect very

high temperatures in the air-pockets, before reaction commences, and i t  

i s  at le a s t  possib le that the lig h t comes partly (or even en tire ly )  

from these0

In order to te s t  th is suggestion, composite oharges were made 

by loading common sa lt  (NaGl) and a p la stic  explosive (cyclotrimethylene' 

trinitram ine plus f iller  ) in alternate layers in a oe llu lo id  tube*

The successive layers of NaGl were of increasing length* The charges 

were enclosed in wide w ater-filled  g lass tubes and fired  in a side-on 

p osition  in front of the highspeed camera* Pig* 19®5:2 shows a 

typ ica l record* Contrary to what might at f ir s t  glance be supposed, 

the intense streaks of lig h t correspond to the layers of NaGl and 

not to those of explosive*

I t u o H c n c ? e c. K '  n *

T&t̂ ei K c e ^  ^ce ^  Ha.cc ***'
 V>

o n

At*.Shock

12, o-6' 1-0 blj. 2*o
3-0 3.o 3*2. C*r\,

N e-ter j a c k e t .

T i n s .

v

~FlC_ H



This is  made clear by reference to the key printed above the reoord*

The streaks f a l l  o ff  in in ten sity  with distance through each layer  

of NaGl* I f  we suppose that they represent the passage of a shook 

through the s a lt  layer, then the v e loc ity  of th is  shock also  f a l l s  

with distance* The layers of explosive give very fa in t wave- 

traces, leading (s ig n ifica n tly ) from the t a i l  of one sa lt  streak to the 

nose o f the next, at high and steady speed; propagation fa ile d  beyond 

2 cm* of salt* There i s  no lig h t  from the water shock, but the 

fa in t p a ra lle l lin e  lying beneath the primary wave trace may be due 

to the impact of th is shock on the outer g la ss  tube (perhaps rendered 

l uminous by the presence of a ir  bubbles on the g la ss);  the 

tim e-interval involved is  o f the correct order*

That the lig h t  emitted by the s a lt  layers arose within the depth 

o f the s a lt  and not merely on i t s  surface was confirmed by fir in g  

two further shots, sim ilar to the above, in one of which the sa lt  

was blackened by mixing i t  with one percent of lampblack* The records, 

shown in Fig* 19 .5s3# were placed close together on the same film , so 

that circumstances of emulsion speed and development were id en tica l;  

and in f aot the general le v e l of in ten sity  is  the same in each*

The blackened s a lt ,  however, contributes much le s s  lig h t than the 

translucent material* Very fa in t explosive traces and reflexions  

at the g lass tube appear on the negative: these are so in d istin ct

that they have been lo s t  in printing* It w il l  be noted that the 

explosive picked-up through 1.3 cm* of s a lt ,  but fa iled  through 1*5 cm*

A f in a l demonstration, perhaps even more strik ing than the above, 

was provided by fir in g  three cartridges pointed head-on towards the
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camera** The end of each cartridge remote from the detonator and 

nearest to the lens was butted t ig h tly  against a small |- in o h  th ick  

block of Perspex* Since only th is  end surface i s  viewed by the 

oamera, water confinement i 3 then unnecessary, and the sloping lin e s  in 

Figures 1 9 b,  o represent the la tera l a ir  shocks: they are cut

short by the lim ited  size  of the mirror,* Between these la te r a l traces 

i s  a dark space, where the undetonated layers o f explosive obscure .the 

approaching wave0 This can become v is ib le  only when i t  reaches (or 

nears) the end o f the charge* Fig* 19o5 »Aa, whioh corresponds to a 

cartridge of the p la stio  explosive alone, shows p ractioally  no l ig h t  

from the detonation wave: the d iffuse splash some SOfiaeo* la te r  i s  due

to impact on the mirror* However, when a |- in o h  layer of NaCl i s  

interposed between explosive and Perspex (Fig* 19*5:4o) a most intense 

band of lig h t i s  recorded. Fig* 19*5:4b provides in teresting  

confirmation: in th is  case the explosive was butted d irectly  against

the Perspex, but a ser ie s  of p a ra lle l scores were f i r s t  made on i t s  

end surface. These produce bright flash es o f lig h t  when the wave 

reaches them*

* In order to avoid damaging the len s , the cartridges were actually  

fired  downwards, and a 2f5°-mirror used to r e f le c t  the lig h t:  but

th is  does not a ffec t the argument*
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For comparison, F ig , 19*5*W i s  a s im ilar  record of a cartridge  

o f  the granular explosive PETN, This produces a band o f l ig h t  

comparable -svith that ar isin g  from the sa lt  in F ig . 19«5s4£*

The s ig n ifica n ce  o f these photographs hardly requires emphasis.

No appreciable l ig h t  i s  em itted by the reaction  in the p la s t ic  

ex p losive , ■whose texture almost precludes the presence of a ir  pockets; 

but copious l ig h t  i s  emitted by the non-reactive NaGl, which o f course 

oontains abundant a ir-p ock ets. When a ir-sp aces are a r t i f i c ia l l y  

introduced in to  the p la s t ic  exp losive , i t  becomes luminous. F in a lly ,  

a granular ex p lo siv e , l e s s  brisant than the oth er, emits in tense ligh to  

I t  would be premature, on the b a s is  of these experiments a lon e, 

to  suggest that none of the lig h t  recorded from detonating condensed 

exp losives i s  due to  the chemical reaction . Instances may be 

immediately quoted, such as the liq u id  n itro g ly cer in e , where a (rdtkes faint) 

luminous wave i s  observed in the (apparent) absence of a ir  bubbles. 

However, the observations which we have reported make i t  probable th a t, 

a fte r  atmospheric shocks have been suppressed, a great part at le a s t  

o f the remaining lig h t  from a granular explosive i s  due to compression 

o f the a ir  pookets between the explosive gra in s . This confirms the 

theory of S l 9 *3 > and sim ultaneously oasts doubt on any estim ate  o f  

reaction  time in terms o f the duration of lum inosity .

§ 19 .6  The mechanism of propagation in condensed exp losives

I t  i s  p o ss ib le , as we have seen, to give a reasonably convincing  

and q u an titative  th eo re tica l account of the la rg e-sca le  properties o f  

the stab le  detonation wave in condensed ex p lo siv es, and even to attempt 

an an a lysis  of i t s  structure, without reference e ith er  to the mechanism



o f  reaction  or to the means whereby i t s  in i t ia t io n  i s  transferred  

from one layer  to the n ext. On these aspects opinion i s  d ivided.

A view commonly h eld , w ith regard at le a s t  to  granular exp losives, 

i s  that reaction  i s  in it ia te d  by some means on the surface o f the 

exp losive gra in s, and th ereafter  spreads inward at a rate determined by 

the temperature and pressure© In d e ta i l ,  the process then resembles 

the burning of a propellant, although from a macroscopic viewpoint th is  

process must be regarded as taking place w ithin some such wave-struoture 

as i s  described in §19*3* This heterogeneous theory of a "deflagration  

w ithin a detonation" has been developed in p articu lar  by Eyring and 

ooworkers, who show th at, i f  temperature and pressure are assumed 

constant, the corresponding rate-law  i s  o f tw o-thirds order, and the 

to ta l reaotion time d ir e c t ly  proportional to  the grain radius. Apart 

from th is  qu antitative p red iction , which fin d s some experimental 

support, the fa c t that increased fin en ess leads in general to a r is e  in  

v e lo c ity  ( c f .  § 17*3 (d )) supports the heterogeneous theory.

With regard to the precise  means whereby the explosive grain i s  

in i t ia t e d , Eyring quotas evidence fo r  the view that in it ia t io n  oommenoes 

w ith "hot-spots" produced by compression or grinding at the poin ts o f  

contact between gra in s. On th is  theory, the reaction  time w il l  depend, 

not only on the average grain s iz e ,  but a lso  on the e ff ic ie n c y  o f  

in i t ia t io n  of each grain , as represented by the number of contact 

p o in ts . Such a varia tion  of reaction  time w ith e f f ic ie n c y  o f in i t ia t io n  

may, of course, be postu lated in general, whether the mechanism depends 

on contact e f fe c ts  or not. For example, the two a ltern a tiv e  v e lo c i t ie s



observed w ith n itrog lycerin e  g e la tin es  (§17*2 ) and recen tly  a lso  w ith  

hydrogen p eroxid e-fu el mixtures and granular exp losives can be 

explained i f  we assume that reaction  may be in it ia te d  in two d if fe re n t  

ways, one of which requires a higher energy input than the other but 

lead s to  a more rapid reaction . For example, l e t  us suppose that in  

a detonation wave o f low v e lo c ity  and therefore a lso  low shock 

pressure, in i t ia t io n  of each exp losive element takes place on the su rface , 

e ith e r  by fr ic t io n  and impact, or by thermal conduction from pockets 

o f gas ra ised  to very high temperatures in the leading shock. The 

reaction  i s  then heterogeneous, and proceeds at a r e la t iv e ly  low rate  

determined la r g e ly  by the process of heat d iffu s io n  in to  the explosive  

element. In moderate cartridge diameter, th erefore, we may expect 

(§17) only a small part of the heat of reaction  to be se t  free in  

advance of the GJ-plane, and the detonation v e lo c ity  to be "locked” a t a 

low le v e l .  its the cartridge diameter i s  increased , th is  low v e lo c ity  

may be expected to r i s e ,  and in she absence o f any a ltern a tiv e  mechanism 

o f irifciation, should continue to  do so in a smooth manner u n t i l  a t  

s u f f ic ie n t ly  large diameters the f u l l  hydrodynamic v e lo c ity  i s  almost 

atta in ed . However, considering the processes w ith in  the shock zone 

in  more d e ta i l ,  we oan presume that small shock waves w i l l  pass through 

the g ra in s , and that the in ten sity  o f these "microshocks" w i l l  depend 

n atu ra lly  upon that o f the wave as a whole. I t  i s  c le a r , therefore  

th a t, in addition to  the lo c a lised  surface heating produced by impact, 

f r ic t io n  and contact with hot surrounding gas, each element of explosive  

w i l l  now su ffer  a more or le s s  homogeneous energy increase due to  the 

passage of these microshocks. I f ,  now, as the cartridge diameter i s



increase^ the v e lo c ity  and so the pressure a t  the w ave-front r is e

to such a le v e l  th at th is  homogeneous energy absorption i s  su ff ic ie n t

to  in i t ia t e  rea ctio n , the decomposition of the element may be expected

to complete i t s e l f  in a r e la t iv e ly  much shorter time than before*

A small advance beyond the diameter a t which th is  process f i r s t  becomes

operative should then lead to an abrupt shortening of the reaction

zone th ick n ess, and a consequent ex p lo ita tio n  by the wave of the reaction

energy to  a much f u l le r  degree than would otherwise have been p o ssib le

in such diam eters. An immediate consequence of th is  w i l l ,  o f course,

be a sudden r is e  in v e lo c ity  to a value probably l i t t l e  short of the

th eo r e tic a l l im it .  I t  i s  a lso  c lea r  th a t, in diameters greater than

the c r i t i c a l  diameter ju st defined, only the higher v e lo c ity  w i l l  be

s ta b le , the lower va lu e , even i f  temporarily estab lish ed  by the u se ,

say , o f  a weak primer, changing spontaneously in to  the higher as a

consequence o f  the change o f the mechanism suggested*

I t  i s  not claimed that the above theory of the tw o-velocity  e f fe c t

i s  n ecessa r ily  the correct one; but i t  does appear to s ta n d  in

agreement w ith  a l l  presently  ava ilab le  evidence, and in p articu lar

cw ith the experimental r e su lts  of iM 7#2 , which have since been found 

to  apply q u a lita tiv e ly  a lso  to granular exp lo siv es.

With regard to the lik elih o o d  of the above meohanisms operating in

p r a c tic e , we have now a certa in  amount o f th eo re tica l evidence. Thus,
l/39j

Ratner concluded th at temperatures s u f f ic ie n t ly  high to  ensure rapid  

reaction  should be expected from shock waves tr a v e llin g  in liq u id  

exp losives with the high v e lo c ity  o f detonation 7,000  -  8,000  m ./s . ) ;  

but th is  conclusion would not apply i f  the v e lo c ity  were of the order of



2,000 m ./s* Again, in granular ex p lo s iv es, our own ca lcu la tio n s  

@19*4 ) o f  the temperatures produced by compression in the explosive  

grains make i t  appear rather u n lik e ly  th at in i t ia t io n  o f each grain i s  

e ffe c ted  in th is  -way, except perhaps at the higher loading d en sities*

On the other hand, i f  the a ir  pockets are in fa c t  ra ised  to transient  

temperatures (Ts ) o f the order o f 10^ to 10^ degrees in  the shock-front, 

they may -well serve as reaction  n u c le i, or "hot sp o ts ’1* Of course, 

though the temperature o f such a nucleus i s  high, i t s  heat capacity  

i s  sm all, so that a r e la t iv e ly  much lower compromise temperature (T0 ) 

w i l l  be in s ta n tly  estab lish ed  at the a ir -ex p lo s iv e  interface* In 

the case of two so lid s  of known thermal properties independent of 

temperature, one o f which i s  heated and placed in contact w ith the 

oth er , th is  compromise temperature i s  e a s ily  evaluated* R eliable  

ca lcu la tion  i s  out o f the question in our case, but by making the 

fa ir e s t  p ossib le  assumptions regarding the mean thermal parameters 

we have deduced fo r  PLTN the values of T0 shown in Table 19*4*2*

They are about one-tjieth of Ts , but s t i l l  very high* L it t le  

s ig n ifica n ce  can be attached to th e ir  absolute va lu es, which in any 

case would tend rapidly to f a l l  in consequence of the abrupt cooling  

o f  the gas phase by expansion, as indicated in P ig . 19*4*4* But 

they cer ta in ly  do not disoourage the view that gas pockets may serve 

as reaction  n u cle i in low -ve loc ity  propagation*

Rather str ik in g  experimental evidence on th is  question has recen tly  

been reported by Gurton, who fin ds that the low v e lo c ity  in certa in  

exp losives i s  inh ib ited  by subjecting these to hydrostatic a ir  pressures 

of l e s s  than 100 atm. I t  can be foreseen that pressures o f th is  low



order w i l l  have l i t t l e  e f fe c t  upon the CJ-variables in condensed 

e x p lo s iv es , where the pressures involved are enormously grea ter .

N either, we may suspect, w i l l  the energy input in to  the exp losive  

grains them selves in  the shock-front be appreciably altered,, As 

Gurton p oin ts out, the only part of the system l ik e ly  to be a ffec ted  

i s  the gas pockets* In the fo llow ing seo tion , we present a 

d eta iled  a n a ly s is  by which these expectations are confirmed.

§19.7 The e f fe c t  on the detonation wave of varying: the in i t i a l  
hyd rostatic  pressure

We consider a granular ex p losive , occupying a fixed  cartridge  

volume, part o f which i s  taken up by the grains o f explosive  

them selves, and the remainder by pockets o f a ir  between the gra ins.

(Under the term "air” i s  included any other gas which may in  exceptional 

cases replace the normal atmosphere). We are concerned with the 

e f f e c t  of varying the hydrostatic pressure of th is  a ir ,  without 

changing the o v era ll cartridge volume: as when the cartridge i s

enclosed in a porous wrapper and the surrounding atmospheric pressure  

i s  e ith e r  raised  or lowered.

Assume, in the f i r s t  p la ce , that the products of detonation form 

an id ea l gas w ith constant Y and composition independent o f  

temperature and pressure. The a ir  i n i t i a l l y  present i s  supposed a lso  

id e a l ,  w ith the same Y0 Thewfi f  1 cm? o f the undetonated cartridge  

contains mkl gm. o f  explosive and gm. o f a ir ,  and Q/ i s  the heat

lib er a te d  by 1 gm. of exp losive , the terminal RH-equation i s ,  when

= { } ,( * * - * , )  + Y  , ( 1 )

where v  = {/& and Y = ’yn ^ ^ " c T0} c being the s p e c if ic  heat



o f  the produots. The CJ-condition is

2  =  —  • ( 2 )r + i  v J

Elim inating Vf , we have

f ,  = 2 a V (y -,)  . (3 )

Although we are prim arily concerned with granular ex p lo s iv e s , the above 

argument a p p lies  to a gaseous detonation i f  m = 1.  For such a case,

however, A  oc j>0 i f  -j?o i s  not too high , so that

f ,  to  > W

ju stify in g  the n eg lect of in ( 1 ) and (2J. I t  fo llow s at once 

th at the values of hff and D are independent o f in an id ea l

gaseous ex p losive . This conclusion , together w ith (<?*.)> are w ell
7/2,7

oonfirmed by Manson*s d e ta iled  ca lcu la tio n s for  various gases .

Returning to  the granular exp losive , we can now r e la te  ^ to 

Let the superscript ° refer  to conditions when f>0 = 1 atm. Thus,
O / ^  |

A  i s  the cartridge density at 1 atm ., and j>0 = 1 . Then, a t j>0 atm .,

A  = 0 - 9 S n‘’/ i °)So , ( 5 )

where <p0 i s  the sp e c if ic  volume o f the explosive component alone, 

and §o the i n i t i a l  density  o f the gas f i l l e r ,  in each case at fa  „

The explosive i s ,  however, n eg lig ib ly  compressed at any p racticab le  f>0 , 

so that we may w rite <po = <p° = 9  , say. I t  w i l l  a lso  be assumed



th at the a ir  remains id ea l up to f?0 , whence

<*. = t o ' K -  (6 )

F in a lly , i f  A  ^  0.05 g./cm ?, we may se t  *7°=  1.

Then (5 ) g iv es

£  =  i +  0 - 9 A ° ) Sf o t o  ,  C7)

which i s  the required r e la t io n . I t  may be expected to apply rather  

c lo se ly  to an explosive cartridged at A ° ^  o.1 g./car* and subjected  

to  pressures not exceeding 100 atm.

As an example, take A °  = o-ob g ./cm .^ , <p -  q06 cm .3/g. 

(gu n-cotton ), <$)> = 1.293 x 10  ̂ g ./cm .3 ( a ir ) ,  f Q = 80 atm. Then

Pi/j?* = 2 .66 . I t  appears that the e ffe c t  o f ra isin g  p0 by a fa c to r

o f  80 i s  to  r a is e  -f> by a fa c to r  o f about 2^ only. I t  w i l l  be 

noticed  that fo/j*, i s  s t i l l  n e g lig ib le , ju stify in g  (1 , 2 ) . This w i l l  

remain tru e , even when j>0 i s  very large , fo r  then, by (7 ),

w ith  the numerical values chosen. (Of course, the so lu tion  cannot 

apply rigorou sly  when ^  i s  too large , because of the fa ilu r e  o f ( 6 ) ) .

As to  D and f , they are s t i l l  independent o f -f0 , to  the same 

ap proximation.

The above id e a lise d  theory was v e r if ie d  by d e ta iled  ca lcu la tio n s, 

according to  the methods o f § 13 , fo r  a n itrocotton  containing 13*45£> N^, 

and cartridged a t 0 .0 6 g./cra? at N.T.P. Table 19*7-1 shows the r e s u lt s ,



at 1 atm* “ — 100 atm*, together w ith the pred ictions o f the approximate 

theory, which i s  quite w ell confirmed* The conclusions may be 

summarised as fo llow s

In an explosive whose density does not exceed 0*1 g./am*^, W'

and D are unaffected  by varying between 0 and 100 atm* At
7

gaseous d e n s it ie s , j?t v a r ies  in proportion to  j>a i a t 0.1  g*/cm 

much more slow ly .

These conclusions g ive no grounds for  expecting % to have any marked 

e f f e c t  upon the propagation* However, when we tran sfer  a tten tion  from 

the GJ-plane to the shock-front, a very d ifferen t picture emerges*

Since, as we have seen, j>, ^j>o t  and sin ce  i t  i s  c lea r  that

where ~f*s i s  the shock-front pressure, the theory o f §19  i s  ap p licab le ,

according to which

*  =  S  ;  2 .
t ,  • W, •

This may be confirmed by a d e ta iled  a n a ly s is , which we omit here. 

Consequently, fo r  gaseous ex p lo s iv es , and a lso  for  condensed exp losives  

o f  low d en sity , the shock pressure var ies in the same ra tio  as the 

CJ-pressure, when f>a i s  altered* This means, of course, that f s/f>0 i s  

independent o f fo r  a gaseous exp losive , but depends markedly on "£> 

fo r  a granular explosive a t 0*1 ge/cm*^ In fa c t ,  in  the la t t e r  case ,

from (7 , 8 ),

o r , approximately,



No\7, according to  19*3(8), i f  a ir  behaves id e a lly , the compression 

r a tio  of the a ir  pockets in an in ten se shock-front i s  approximately 

'/A , irresp ectiv e  of •£,. Consequently,

% /T a = f s / X f .  (11)

5  = M + ( l - ?*• )£.  (12)

With the same nuraerioal values as b efore , /do. The shock-

front a ir  temperature i s  thus reduced in a r a tio  somewhat le s s  than, 

but o f the same order a s , that through which j>0 i s  ra ised . The a ir  

pocket var iab les a t the shock-front, according to  the above equations, 

are included in Table 19*7:<1*

In deriving these valuea, the a ir  has, o f course, been treated  as 

an id ea l gas w ith constant ra tio  of sp e c if ic  heats. We have seen ,

however, ( § 6 .3 )  that th is  approximation involves major errors a t high

shock in t e n s it ie s .  The 3hock-front variab les have, th erefore, been 

reca lcu lated  fo r  "/j, = 1 atm ., using the method of § 1 9 * 4 , and the

data of §  6.3 . N itrocotton was assumed to compress lik e  starch , fo r  

whioh an iso  th em  i s  a v a ila b le . The amended values of and 7̂

are shown in Table 19*7:1; f>s and h/s  are almost unchanged, but Ts  i s

g rea tly  reduced. U nfortunately, the data of §  6 .3  do not apply when 

d if fe r s  from 1 atm. In order to obtain comparative f ig u res , we

have assumed that w i l l  be reduced in the same ra tio  at any higher  

pressure ~f0 as i t  i s  at = 1 atm.

F in a lly , a ten ta tiv e  estim ate has been made, as in §19*6, o f the



compromise temperatures Tc produced at the surface of the n itroootton  

fibres* These are ind icated  in the l a s t  column of Table 19<>7*1*

At high loading d e n s it ie s ,  f]  i s  no longer proprtional to A  ,  and

equation (7) can hardly be expected to apply accurately* On the other

hand, s in ce  K /a *  i s  now sm all, j*,/j>° approaches unity  fo r  moderate 

values o f j>0 , so that the error in (7 ) i s  u n lik e ly  to  be ser io u s .

This was confirmed by making d eta iled  ca lcu la tio n s  for  PETN a t 0*75 

and 1 ,5  g*/cm.^ (at N IP), w ith ~ 1 atm* and 80 atm* The

G J-variables are shown in Tables 19*7*2, 3> together w ith values  

p red icted  by (7)0 The shock-front variab les were a lso  estim ated, as  

fo r  the n itro co tto n , f i r s t  with a ir  as an id ea l gas w ith constant T, 

and then by means of the accurate shock ch a ra cter is tic s  o f Fuchs e t  

a l .  Tables 19®7*2, 3 summarise these ca lcu la tion s also*

The above stud ies appear to  provide a sa tis fa c to ry  explanation of 

the fa c t  (quoted in §19*6) that detonation may be in h ib ited  in granular 

exp losives of moderate or low d en sity  by applying an i n i t i a l  hydrostedio 

a ir  pressure of 50-100 atm, The GJ-variables are r e la t iv e ly  l i t t l e  

a ffec ted  by such pressures, u n less indeed the cartridge density i s  

extremely low; but the pressure-ratio  across the shock-front and 

the consequent temperature r ise  in the a ir  pockets depend c r i t ic a l ly  

upon

In conclusion , i t  w i l l  be appreciated that the high v e lo c ity  o f  

detonation , i f  propagated by a '’homogeneous” mechanism, should be 

independent of i n i t i a l  hydrostatic  pressure, Gurton fin ds that th is  

i s  in fa c t  the case.



Table 19*7;1

N itroootton (13*45/° N2 ) oartridged at 0 ,06  g 0/oni.^ and detonated  
at various a ir  pressures*

A: d eta iled  ca lcu la tion s
B: id ea lised  theory

I n i t ia l GJ-plane : J Shock-front

/ 'k-,(atmj
,  A ,

.. Catm;
N, : 

(m ./s* ): (n u /s* ) ♦ (atm) (m * /s .)
Ts

(°K)
T „ -ro

(°G l

1 A

B

1,450 1,020 i 2,390 • 2,975 

: 2,900

2,090

2,040

29,700

150,000

20h0

5 A 

B 1,600 1,020 : _2.*39Q i 3,200 2,040

6,550 

_ 33,000

89 4

10 A

B . 1,730 1,020 : 2,390  _ v 3,500 2,040

3,580

18,000

631

20 A 

B 2,050 1,020 : 2,390 _ : 4,100 2,040

2,100

10,600

454

: 50 A

B 2,5.20 . 1,020 : 2,390 J 5,840 2,040

1,210

6,120

321

80 A 

B

3,420  

3 , 9 0 0  _

910 ; 

1,020 :

2,370

2,3_9P .7,800 __ 2,040

989

4,990

290

100 A
i
l B 1,020 : 2.390 : 8.940 2,040

912

4,160

272



Table 19*7:2

PETN cartridged a t 0 .75 g./orn^ and detonated at various a ir  pressures.

A: d e ta iled  ca lcu la tion s
3s id ea lised  theory

: I n i t ia l GJ-plane Shock-front

(atm)
,  £

. (atm) . . .
N,

(m ./s . ) (ni,/s*J (atm)
Ws , 

(m ./s.J
Ts

(°K)
t c - t 0

(°0l_.

i 1 A 

• B

4-1,900 1,240 4,520 89,400

83,800

2,650

2,480

317,000

3,800,000

18,600

• 5 A 
s

B 42,100 1,240 .. 4,520 84,200 2,480

63,300

760,000

7,700

10 A

B 42,300 1,240 4,520 84,600 2,480

32,000

384,000

5,200

20 A 

B 42,700 1,240 4,520 85,.400 2,480

16,200

194,000

3,470

50 A 

B 44,000 1,240 4,520 . 88,000 2,480

6,650

79,800

1,920

80 A 

B

47,600

45,200

1,250 

1,24P

4,730

4,520 90*400 2,480

4,280 

' 51 , 300.

i p o

100 A 

: B 46,100 1,240 ..A#52p 92,200 2,480

3,480

41,800

1,230



Table 1 9 .7 :5

PETN c a r t r id g e d  a t  1 .5  go/ora^ and d e to n a te d  a t  v a r io u s  a i r  p r e s s u re s .

A; d e ta i le d  c a lc u la t io n s  
B: id e a l is e d  th e o ry

I n i t i a l G J-p lane S h o ck -fro n t
, to  s 
(a tm ; / ^  \ _ (atm ) _(m ./s. )

3>
.(nu /s*)

, t s
(atm ) .

Hs 
(m o /s .)

7?
(oK) (°0 )

1 A

B

188,000 1,550 8,150 426,000

5 76 ,000

5 ,510

3-J.OO

1 , 160 ,000  

1 7 , 107 ,000

6 8 ,1 0 0

5 A 

B 188 ,100 1^30__ _ _8,_150 576,200 5 , 1 0 0 .

252 ,000  

5 ,4 2  A, 000

2 8 ,g 50

10 A

B 188,200 1,350 8xi5_0_ . 576,400 5 ,100

116 ,000

1 , 712 ,000

1 9 ,000

20 A 

B .188 ,500 1,550 8,150 577,000 5 ,1 0 0

5 8 ,1 0 0

857 ,600

12,680

50 A 

B 189 ,200 1,550 8 ,150 578 ,400 . 5 ,1 0 0

25,400 

544-, 400

7 ,0 5 0

80 A 

B

191 ,100

190,000

1,555

1,550

8 ,2 6 0

8,150. 580,000 5 ,1 0 0

14-,700 

216 ,100

5,140

:
100 A

B 190,600 1,550 _ 8,15 0_ 581,200 5 ,1 0 0

11 ,8 0 0

J.71*3°o

A,?82



' 20 Normal in c id e n c e  o f a  p lane d e to n a tio n  wave upon th e  'boundary o f  an 
a d jo in in g  medium

In  § 7  th e  b eh av io u r o f n o n - re a c t iv e  shocks a t  m a te r ia l  b o u n d arie s  

was d is c u s s e d . The g e n e ra l a n a ly s is  a p p l ie s  a ls o  to  r e a c t iv e  shock waves, 

t h a t  i s ,  to  d e to n a tio n  waves. Thus, when a  d e to n a tio n  wave S{ i n i t i a t e d  

w ith in  a  volume o f  e x p lo s iv e  reac h es  i t s  s u r fa c e  a  shock wave 5  ̂ w i l l  in  a l l  

c a s e s  p ro ceed  in to  th e  su rround ing  medium w hether t h i s  be g a s , l i q u id  o r  s o l id .  

At th e  same tim e , a  wave Sz  w i l l  be r e f l e c te d  in to  th e  d e to n a tio n  p ro d u c ts ;  

w hether t h i s  i s  a  shock o r r a r e f a c t io n  w i l l  depend upon th e  p h y s ic a l p r o p e r t i e s  

o f th e se  p ro d u c ts  and o f  th e  environm ent.

The system  o f waves a r is in g  a t  th e  s u rfa c e  o f an ex p lo siv e  c a r t r id g e  i s  

n a t u r a l ly  co m p lica ted  by th e  c y l in d r ic a l  form  and f i n i t e  d im ensions o f  th e  

c a r t r id g e .  As d e to n a tio n  p roceeds along i t s  le n g th ,  a  l a t e r a l  shock wave o f  

c o n ic a l  sh ap e , s im i la r  to  th e  head  wave a s s o c ia te d  w ith  a  b u l l e t  in  f l i g h t ,  

p a s se s  outw ard in to  th e  su rround ing  medium, w hile  a  co rresp o n d in g  d is tu rb a n c e  

sp read s  th ro u g h  th e  d e to n a tio n  p ro d u c ts . The subsequent th re e -d im e n s io n a l 

n o n -s tead y  flow  w i l l  be ex ceed in g ly  com plex. However, i f  th e  zone o f 

i n i t i a t i o n  i s  assumed to  be s u f f i c i e n t ly  rem ote f o r  s te a d y  c o n d itio n s  to  have 

become e s ta b l is h e d ,  and i f  th e  r e a c t io n  zone i s  s t i l l  reg a rd ed  as o la n e , an
[i*]

approx im ate  tre a tm e n t becomes p o s s ib le .  A gain , when th e  p la n e  d e to n a tio n

f r o n t  a r r iv e s  a t  th e  ex tre m ity  o f  th e  c a r t r id g e ,  a  te rm in a l shock p roceeds

in to  th e  a d jo in in g  re g io n . T h is  wave w i l l  a t  f i r s t  a ls o  be p la n e , and

in dependen t o f th e  l a t e r a l  shock, though su b se q u en tly  i n t e r a c t in g  w ith  i t .

An app rox im ation  to  th e  s t a t e  o f a f f a i r s  a t  th e  end o f  th e  c a r t r id g e  may be 
[ ^ 3 2 ]

made by d is re g a rd in g  l a t e r a l  e f f e c t s  and assuming th a t  th e  d e to n a tio n  wave 

h as  i t s e l f  proceeded so f a r  from  th e  zone o f i n i t i a t i o n  th a t  c o n d itio n s  a re  

un ifo rm  th roughou t th e  space beh ind  th e  G J-p lan e . Even when t h i s  i s  n o t 

t r u e ,  th e  th e o ry  should  app ly  im m ediately  a f t e r  a r r i v a l  o f  th e  d e to n a tio n



wave a t  th e  end o f  th e  c a r t r id g e .  In  th e  p re s e n t s e c t io n ,  we s h a l l  

show how th e  i n i t i a l  n o tio n  i s  determ ined  f o r  th e  case  of norm al p la n e  

in c id e n c e .

S h o r t ly  b e fo re  a r r i v a l  a t  th e  s u r f a c e ,  c o n d i t io n s  a re  as in d ic a te d  in  

F ig u re  2 0 :1 a . In  th e  bounding medium and th e  sm all s t r i p  of und eto n ated  

ex p lo s iv e  th e  v e lo c i ty  i s  z e ro , and th e  o th e r  v a r ia b le s  have v a lu e s  

d is t in g u is h e d  as u su a l by s u f f ix  0 . Behind th e  d e to n a tio n  wave, c o n d itio n s  

a re  ag a in  c o n s ta n t and th e  v e lo c i ty ,  p re s s u re ,  e t c .  have t h e i r  C J -v a lu e s , 

r e p re s e n te d  by s u f f ix  1 . We d is re g a rd  th e  r e a c t io n  zone s t r u c tu r e  and th e  

more extrem e c o n d itio n s  te m p o ra r ily  r e a l i s e d  w ith in  i t ,  which in  v iew  o f  

th e  b r i e f  r e a c t io n  tim e can have on ly  a  t r a n s i e n t  e f f e c t  upon th e  m otion . 

F ig u re s  2 0 :1 b ,c  re p re s e n t  th e  p o s i t io n  s h o r t ly  a f t e r  a r r i v a l  a t  th e  s u r f a c e .

A s te a d y  p la n e  shock 5^ has developed i n  th e  second medium (^7), and a  

d is tu rb a n c e  5^ which may be e i th e r  a shock o r  a  r a r e f a c t io n  h as  re tu rn e d  

a  l i t t l e  way in to  th e  p ro d u c ts .  C o n d itio n s  i n  beh ind  ^  a re  

d is t in g u is h e d  by s u f f ix  3 , and a re  c o n s ta n t up to  th e  m a te r ia l  boundary , 

which must i t s e l f  th e re fo r e  move forw ard  w ith  v e lo c i ty  . Im m ediately  

beyond th e  boundary , th e  p ro d u c t v a r ia b le s  a r e  re p re se n te d  by  s u f f ix  2 . In  

a  r e f le c te d  shock ( F ig .  20 :1 c ) th e se  v a lu e s  a re  m ain ta ined  up to  , where 

th e y  change a b ru p tly  to  th e  C J-v a lu e s . O therw ise (F ig .  20 :1b) th e  v a lu es  

e t c .  p e r s i s t  back to  a  p o in t which moves w ith  v e lo c i ty  — . -f- i*r2 • 

t h e r e a f t e r  th e y  change c o n tin u o u s ly  to  th e  C J-v a lu e s  a t  th e  nose  o f th e  

r e f l e c t e d  r a r e f a c t io n  which moves w ith  v e lo c i ty  w, . By 10(33)

t h i s  i s  i n  g e n e ra l n e g a tiv e . W hether th e  r e a r  o f th e  r a r e f a c t io n  moves 

backw ard o r  fo rw ard  depends on c irc u m stan c es: th e re  w i l l  i n  f a c t  be a  

v a lu e  o f h i t ,  f o r  which i t  rem ains f ix e d  ( = -*rz ) .  F o r exam ple,

when th e  p ro d u c ts  behave l i k e  an id e a l  gas w ith  c o n s ta n t r a t i o  y  

o f s p e c i f i c  h e a t s ,  i t  can be shown ( § 2 0 . 0 1 ) t h a t  th e  p o in t in  q u e s tio n  moves



T fK O D U O T S  I E%Pf o S l y £  I I

OT- O

TPi-RS  e T  (M ) ^Dista^eeT R 0 J 3 U  C T S

F i d .  Z o :  l  M o r tn /IL  I r f C i D c r / c t  o f  f l  T l / ) n £  D e t o n / i t , o n  w » y £

ON TH E  l3oura>0R Y  OF A n  /k D j-Q iN in  <n n e j m s n .  (<*■■) B £ F O K £

in i f i n e r  . Cl) f f t £ r  x n i p /i c t  : f t c F i . e c  rex  r a r e f a c t i o n  . ( c - j  a f t e r

i n c i d e n c e  : K E F L .e c .T g n  S h o c k  .  f j ) i » ( i R s i i o n N T i c .  7



T h is  w i l l  c e r t a in ly

happen w ith  condensed e x p lo s iv e s  in  a i r  where

c a s e , th e  g r a d ie n ts  o f p re s s u re  e t c ,  i n  th e  r a r e f a c t io n  d e c re a se  w ith  tim e . 

I f  S2 i s  a  shock , th e n  h > h  and < lrJf ; i f  a  r a r e f a c t io n ,

By means o f th e  norm al shock wave e q u a tio n s  we may now ex p ress  th e  

f l u i d  v a r ia b le s  b eh in d  in  term s o f any one such v a r ia b le  and th e  

c o n d itio n s  ahead o f  ^  . In  p a r t i c u l a r ,  a  r e l a t i o n  a r i s e s  betw een 

and ,  in v o lv in g  and th e  e q u a tio n s  o f s t a t e  o f  th e  second medium.

sh o ck . S im i la r ly ,  th e  v a r ia b le s  b eh in d  Sz and c lo se  to  th e  m a te r ia l  

boundary a r e  e x p r e s s ib le ,  by means e i t h e r  o f th e  shock-wave e q u a tio n s  o r 

th e  Riemann a d ia b a t ic  wave eq u a tio n s  in  term s o f any one such v a r ia b le  and 

th e  c o n d it io n s  ahead o f Sz . I n  p a r t i c u l a r ,  a  r e l a t i o n  e x i s t s  betw een ^  

and , in v o lv in g  th e  C J-v a lu e s  and th e  s t a t e  e q u a tio n s  f o r  th e  r e a c t io n  

p ro d u c ts .  T h is  may be r e f e r r e d  to  as th e  'Rhfyur) - r e l a t i o n  o r  th e  

R(jx*r) - r e l a t i o n  f o r  th e  r e f l e c t e d  wave, acco rd in g  to  th e  n a tu re  o f  t h i s  

wave. However, c o n t in u i ty  a t  th e  s u r fa c e  o f s e p a ra t io n  re q u ire s  t h a t

j (though  th e  rem ain ing  v a r ia b le s  w i l l  change d is c o n tin u o u s ly

a c ro s s  th e  s u r fa c e )  • Two e q u a tio n s  a re  th e n  a v a i la b le  to  de te rm in e  

and AJj, , whereupon th e  problem  may be com p le te ly  s o lv e d .

The a n a ly s is  i s  b e s t  i l l u s t r a t e d  g ra p h ic a l ly  in  th e  -p la n e .

T h is  may be r e f e r r e d  to  ( .§ 7 )  s s  th e r e l a t i o n  f o r  th e  t r a n s m it te d



A <h> 
c , } 6

F, ZO : Z F O R

I h c / o t ? / i - c £  .  H A  :  r e f l e c t e d  r a r e f a c t i o n s

A C  : R E F L E C T E D  S M O C K S  . E F t £ f ' : T R A r f S N )  i T T E D

S m o c k s  .

T hus, i n  F ig u re  20:2  l e t  A (p ,,k l')  r e p re s e n t th e  c o n s ta n t s t a t e  b eh in d  

th e  d e to n a tio n  wave. Then c o n d itio n s  b eh in d  S2 a re  d e f in e d  by some 

p o in t on th e  curve #/?C o f which th e  p a r t  FA above A (w here

% < f ,  7 ty>z ^  Nt )  r e p re s e n ts  r a r e f a c t io n s  in  th e  p ro d u c ts  w ith  i n i t i a l  

s t a t e  p re s c r ib e d  by A , w h ile  th e  p a r t  AC  below  A  (w here 

w2,</V'/ ) r e p re s e n ts  shock waves in  th e  p ro d u c ts  under th e  same i n i t i a l  

c o n d i t io n s .  The com posite cu rve &AC, which may be c a l le d  th e

curve  th rough  A , a lth o u g h  d e fin e d  by d i f f e r e n t  eq u a tio n s  above and 

below  A , i s  co n tinuous to g e th e r  w ith  i t s  s lo p e  and c u rv a tu re  a t  A  ; 

t h i s  fo llo w s  from  th e  fundam ental shock and a d ia b a t ic  wave eq u a tio n s  o f  

P a r t  I .  (The RH- and ~R- cu rv es  have in  f a c t  double c o n ta c t  and c ro s s  

each o th e r  a t  A ) . On th e  o th e r  hand, c o n d itio n s  ( j>3 , ) beh ind

a re  n e c e s s a r i ly  re p re s e n te d  by  some p o in t  on th e  cu rve  EF , th e  

RRtyhr) -c u rv e  f o r  shocks i n  th e  t a r g e t  medium. The s o lu t io n  i s



t h e r e f o r e  determ ined  by th e  p o in t  o f  i n t e r s e c t i o n  G of th e  two c u rv e s .

I t  i s  c l e a r  th a t  w h ile  ^  i s  n e c e s s a r i ly  a  shock ( s in c e  r a r e f a c t io n s  in

th e  ta r g e t  a re  re p re s e n te d  by th e  a d ia b a t ic  c o n t in u a t io n  o f  FE below  th e

p r e s s u r e - a x is ) 7 S2 may be o f e i t h e r  ty p e ,  acco rd in g  a s  G l i e s  above o r  

below  A  .

E v id e n tly  th e  #tffr-curve i n  c o n ju n c tio n  w ith  a  s e r i e s  o f

Rhf -c u rv e s  EE f o r  v a r io u s  t a r g e t  m a te r ia ls ,  i s  s u f f i c i e n t  to  so lv e  a l l  

problem s r e l a t i n g  to  th e  norm al r e f l e c t i o n  of p la n e  d e to n a tio n  waves in  th e  

s e le c te d  e x p lo s iv e . The in t e r s e c t io n  o f  RAC w ith  th e  * r-ax is  

r e p re s e n ts  c o n d it io n s  a t  a  f r e e  s u r f a c e ,  t h a t  i s ,  when th e  t a r g e t  i s  a  

vacuum; i t s  i n t e r s e c t i o n  -with th e  ^> -ax is r e p r e s e n ts  c o n d itio n s  a t  a  

r i g i d  boundary , t h a t  i s ,  when th e  t a r g e t  i s  in c o m p re ss ib le . P assage

from  a  condensed ex p lo s iv e  to  a  gaseous atm osphere and from  a  gaseous

e x p lo s iv e  to  a  l iq u id  o r  s o l id  t a r g e t  co rresp o n d  v e ry  ap p ro x im ate ly  to  

th e s e  extrem e c o n d i t io n s .

The c o n d it io n  th a t  S2 should  be a  shock wave i s ,  so  f a r ,  o f  an 

a  p o s t e r i o r i  n a tu re ;  in  so lv in g  an a c t u a l  problem , we must b ase  o u r  

c h o ic e  o f RH- o r  ^ - e q u a t io n  on an assum ption  re g a rd in g  th e  n a tu re  o f  

^2 . I f  th e  co n c lu s io n s  c o n t ra d ic t  t h i s  assum ption  th e  a l t e r n a t iv e  

e q u a tio n  i s  to  be u sed . However, i n  p r a c t ic e  th e re  i s  u s u a l ly  v e iy  

l i t t l e  d i f f i c u l t y ,  and in  d o u b tfu l c a se s  i t  may be ex pec ted  th a t  ^  

w i l l  bq6 lo s e  to  j>t , so th a t  th e  s o lu t io n  may be c a r r i e d  o u t e q u a l ly  w e ll 

w ith  e i t h e r  RH- o r  ^ -e q u a tio n ,  s in ce  f o r  p o in ts  c lo s e  to  A  th e  two 

o v e rla p p in g  cu rv es  a re  a lm ost c o in c id e n t .  A lthough th e  g e n e ra l 

c r i t e r i o n  f o r  shock r e f l e c t i o n  must b e  o f  an a  p o s t e r i o r i  n a tu re ,  i t  

can be p u t in  a  sim ple and conv en ien t form  i f  we assume th e  two 

in t e r s e c t i n g  cu rves to  be m onotonic. F or th e n  th e  c o n d it io n  th a t  Sz  

be a  shock i s  e v id e n tly  t h a t  EF in te r s e c t  th e  o rd in a te  th rough  A a t  a



p o in t  low er th a n  A i t s e l f ,  in  o th e r  words th a t

( 1 ) '

I f  (f<) ~ , no r e f l e c te d  wave a r i s e s ,  and S, h as  th e  same p re s s u re

r a t i o  as th e  d e to n a tio n  wave.

From th e  fundam ental shock and a d ia b a t ic  wave fo rm u lae , th e  

RHRfyrt) -e o u a t io n  i s
?<

i f  f z < f ,  ( 2a )

« i - K “  \  z

/  , i f  ■ (2b)

( 2 a ) i s  t o  be ta k e n  i n  c o n ju n c tio n  w ith  th e  a d ia b a t ic  (ftp )  - r e l a t i o n ;  

( 2b ) w ith  th e  Rh(pfp) - r e l a t i o n  :

E x ~ E ,  =  i C t o . +  h ) ( v r i / t ) .

I f  th e  p ro d u c ts  c o n s t i tu te  an id e a l  g as  w ith  c o n s ta n t y , ( 2 )  becomes

i f  (3 a )( —a
) *

rf '  Jh+o%+ (y-Of,

At a  f r e e  su r fa c e  f x — 0 , whence

The subsequen t m otion i s  th u s  i d e n t i c a l  w ith  t h a t  o f a  com pressed gas 

r e le a s e d  from  r e s t  in to  a  vacuum, save th a t  a  v e lo c i ty  N( i s  superim posed . 

I t  can  e a s i l y  be shown th a t  (#x > Z t y . The r a r e f a c t io n  f r o n t  sp re a d s  

backw ard a t  a  speed — /V, , which i s  n e c e s s a r i ly  p o s i t i v e .  The v e lo c i ty  

p r o f i l e  i s  l i n e a r  w ith in  th e  wave, whose o v e ra l l  le n g th  in c re a s e s  a t  th e  

c o n s ta n t r a t e  (Y+O&JCy-i).



A t a r i g i d  boundary , Urx * O , and so by (5b ) and 10(8,31) we 

deduce

( 5 ~ 'L  = 2 K - < f  t ( 5 )
Y3’ix y-i

where JT( = f , / f .  , n x 5  .

I f  JT, $> I , t h i s  g iv e s  a s  an upper l i m i t

J71Z
_  5Y+/ + S n 7 1+ 2y+,  (6 )“--------------- * - J

4 y

which v a r i e s  on ly  betw een 2 ,6 2  and 2 .2 8 . On th e  o th e r  hand, i f  jtj- /  / ,

( 5 ) le a d s  to  2 ( ^ - 1) ; t h a t  i s

t x - f .  =. 2 ^ „ ) ,  (7 )

though t h i s  c a se  would h a rd ly  a r i s e  i n  a  r e a l  ex p lo s iv e  g a s . ( 6 ) and ( 7 )
[/32J

were g iv e n  by P fr ie m . I t  i s  in t e r e s t i n g  to  compare ( 6 ) w ith  th e  co rresp o n d in g  

l i m i t  f o r  t o t a l  r e f l e c t i o n  o f a  n o n - re a c t iv e  gaseous shock, nam ely 

( e q u a tio n  7 •12( 2 ))

sr. =
K-\

w hich can  r i s e  to  v e ry  h igh  v a lu e s  when y  i s  c lo s e  t o  1 . The p re s s u re s  

produced  on a  r i g i d  o b s ta c le  by gaseous d e to n a tio n  waves a re  d i s t i n c t l y  

l e s s  th a n  th o se  produced by n o n - re a c t iv e  gaseous shocks o f  th e  same 

i n t e n s i t y .  A nother u s e fu l  com parison may be made betw een th e  p re s s u re  

d e te rm in ed  by ( 5 ) and th e  q u a n t i ty  i  = j * , —  f >0 -h f>, W , Z  , w hich was 

p rop o sed  by Ruderiberg a s  a  m easure o f th e  e f f e c t  o f  a  shock wave upon a  

r i g i d  o b s ta c le .  By e q u a tio n s  10(34, 3 5 ) , we have

1  = 7 ■ (8)

When 7Tt i s  la r g e ,  th e r e f o r e ,



I t  th u s  ap p ea rs  t h a t  R uderiberg 's e x p re s s io n , w h ile  in e x a c t ,  p ro v id e s  

a  u s e fu l  q u a l i t a t i v e  m easure o f  th e  e f f e c t .

The v e lo c i ty  J)2 9 r e l a t i v e  to  th e  d e to n a tio n  p ro d u c ts ,  o f  th e  shock 

r e f l e c te d  from  a  r i g i d  w a ll  i s  e a s i l y  found by  means o f  th e  fundam ental 

e q u a tio n  6 (8 ) ,  which a p p l ie s  e q u a lly  to  r e a c t iv e  and n o n - re a c t iv e  w aves. 

In  f a c t ,  s in c e  th e  mass v e lo c i ty  beh in d  th e  r e f l e c t e d  shock i s  —/l 

r e l a t i v e  to  th e  f l u i d  ahead , we have

" • A K p , = % -+ ,  .

A lso

D M ,A  = h - t .  h  f t .

Hence ^  = -  j - f a - i )  = ~  0 - % ) & - , )  .

S u b je c t t o  th e  ap p rox im ation  1 0 (3 2 ,3 3 ) , t h i s  g iv e s

§ *  =• “  =  ,

where y  = ^yjCy-f-O • wave v e lo c i ty  r e l a t i v e  to  r e s t  i s

~ , and so

( -  0 . 3 1 , r  = 1
a f -| ( — 0 .3 5  1.1
Z * - , -  + ( -  0.1|0 1 .2

y+1 • ( _ 0 M 1  1 ^

( -  0 .79  3

The te m p e ra tu re  b eh in d  th e  r e f l e c te d  wave may be de te rm in ed  

ap p ro x im ate ly  by s e t t i n g  ^=■2*5', i t  v a r ie s  from  Tf when y  = 1 ,0  

to  1 .88  7̂  when y  = 3 .



•)£ToH^T

T v (3 . 2 0 : 3 .  ~Fr o n t A l  C o l l i s i o n  O F

T N o  D e t o n a t i o n  W A vF S  iN  C 2 N z ~t  2 .

( j ) i X o N  , T H / L .  T Z A N S .  ( / ) )  2 0 0  , >?/6~ (1^ 0 3 ) )

F ig u re  2 0 :3  shows a  c l a s s i c a l  p h o to g ra p h , by  D ixon , o f  t h e  c o l l i s i o n  

o f  two d e to n a t io n  waves i n  czNz'i~ 2 0 2 : by  m easurem ent o f  th e  s lo p e s  we

f i n d  ~ —o - f S  , c lo s e  t o  th e  p o in t  o f  r e f l e x i o n .

I n  g a se o u s  e x p lo s iv e s ,  th e  d e to n a t io n  p r e s s u r e  ■/> i s  u s u a l ly  much 

l e s s  th a n  100 atm . The s tr e a m in g  v e lo c i ty  b e h in d  th e  shock  t r a n s m i t t e d  

i n t o  a  s o l i d  t a r g e t  i s  t h e r e f o r e  v e ry  s m a l l ,  1 -2  m . / s .  a t  m o st, so  t h a t  

su ch  t a r g e t s  may b e  re g a rd e d  f o r  a l l  p r a c t i c a l  p u rp o se s  a s  r i g i d ,  i n  

c a l c u l a t i n g  th e  p r o p e r t i e s  o f  th e  r e f l e c t e d  w ave. 'The v a lu e  o f  

th u s  o b ta in e d  may th e n  be  u s e d  to  d e te rm in e  th e  t r a n s m i t t e d  wave p a ra m e te rs  

i f  t h e s e . a r e  r e q u i r e d .  ..hen th e  t a r g e t  i s  a  l i q u i d ,  i t s  g r e a t e r  

c o m p r e s s ib i l i ty  in v o lv e s  a  somewhat h ig h e r  v a lu e  o f  , p e rh a p s  a s  much as 

10 m . / s . ,  so  t h a t  th e  r e f l e c t e d  wave i s  m o d if ie d  t o  a  s l i g h t l y  g r e a t e r  e x t e n t .  

F o r  most p u rp o s e s ,  how ever, th e  c o r r e c t i o n  w i l l  be u n im p o r ta n t .



3 3

7/hen th e  t a r g e t  i s  n e i t h e r  vacuous n o r  r i g i d ,  ( 3 )  m ust he  s o lv e d  i n  

c o n ju n c t io n  w ith  th e  - r e l a t i o n  f o r  t h e  t a r g e t  m a te r i a l .  F o r

exam ple, l e t  t h i s  h e  an  i d e a l  g a s  w ith  c o n s ta n t  = y o and i n i t i a l  s t a t e  

(?<> > fco j T0)  . Then , by G.2(A),

urz ~ J 2 vv . ' (1 6 )
>/6¥  (y0-'>f>0

V/e c a n n o t g iv e  an e x p l i c i t  s o lu t i o n  o f  (3 )  and  ( 1 6 ) ,  though  th e y  a re  

e a s i l y  h a n d le d  n u m e r ic a l ly  o r  g r a p h i c a l l y .  As an e x a m p le , F ig u re  20:i+ 

shows th e  ^ tftf-cu rve  f o r  e l e c t r o l y t i c  gas  2H2 + 0 9 .

-v tooo

1 5 0 0

1000

Air

500

0 10

FiQ. 2 0 *  4 . 'R e r i -b X .io H  o f  A  g a s e o u s  x ^ r c w / j r / o / v  

W A V t /3 Y A  /v /12)T O //» /nG  XT>£AL G A S

and w ere ta k e n  from  Lew is and F r i a u f  ( s e e  T a b le  1 1 :1 ) and  y  

was assum ed c o n s ta n t  w ith  th e  v a lu e  o f  1 .236 deduced  from  T a b le  11:1 

hy  means o f  e a u a t io n  1 0 (3 6 ; .  An ap p ro x im ate  cu rve  l o r  2G0 + Op i s  a ls o



drawn ( j  == 1 . 212 ) ,  to g e th e r  w ith  th e  R h -c u rv e s  f o r  shock v/aves in

helium , a i r  and carbon d io x id e , reg a rd ed  as id e a l  w ith  c o n s ta n t y .

I n  th e  case  o f  2G0 + O2 a l l  th e  r e f l e c te d  waves a re  r a r e f a c t io n s ;  

i n  th e  o th e r  case^ o n ly  th a t  produced  by a  helium  t a r g e t .

The c r i t e r i o n  f o r  a  r e f l e c t e d  shock can  be g iv e n  e x p l i c i t l y .

By ( 1 ) ,  ( 16 ) and 10(35) i t  i s

&&
z a  (Wjr' t J i-i  ~  2 A m  (17)

(70+i>r + y - i

where A  i s  th e  o r ig in a l  d e n s ity  o f th e  e x p lo s iv e  g a s ,  and po t h a t  

o f th e  t a r g e t  g a s .  d o r exam ple, i f  y  = 1 .2  and y 0 = 1 .4 , we require 

6>po >  //^\ , ( 1 7 ) may ag a in  be compared w ith  th e  co rresp o n d in g  e q u a tio n  f o r

a  s tro n g  n o n - re a c t iv e  in c id e n t wave (7 .li+ (3 )  w ith  JTj l a r g e ) :  a p a r t  from

th e  f a c to r  2 , th e  e q u a tio n s  a re  i d e n t i c a l .

We may a lso  c o n s id e r  th e  e f f e c t  o f red u c in g  th e  t a r g e t  p re s s u re  

( le a v in g  th e  e x p lo s iv e  a t  1 a tm .) .  I f  J7) and JT3 H JT(7T% S  a re

b o th  assumed la rg e ,  b u t 7Tz * I , i s  r e la te d  t o  by th e  e q u a tio n

*  n ' +  £ 0 - ( * * % ) * ]  > ( 18 )

i n  which o n ly  and v a ry , and th e  f b r a c k e tJ  approaches 1 a s  > 0 , 

T hus, a lth o u g h  ^3 f a l l s  w ith  , th e  r a t i o  M .  r i s e s  tow ards th e

maximum

-  ( k ' d  h W  ■ ( , 5 >

The co rresp o n d in g  tem p era tu re  r a t i o  13 / 7  ̂ i s  equal to

and may e v id e n tly  reach  very  h igh  v a lu e s  when j >0 i s  sm a ll. F or exam ple, 

i f  j>/«.„ = 7 , y  = 1 . 2 , % = i.U , ( t /r 0) ~  500. The second f a c t o r

in  ( 19 ) depends on ly  on th e  t a r g e t  g a s , and shows t h a t ,  f o r  sm all



f 3 * -  % . +  , ) ,  (2 0 )

where i s  th e  m o lecu la r w eight o f th e  t a r g e t .  S im ila r ly

t 3 *■ n . ( y a- o .  Qic] ( 2 1 )
We s h a l l  r e f e r  to  th e s e  e q u a tio n s  ag a in  below . T ay lo r has d e r iv e d  s im i la r

e q u a tio n s  fo r  th e  expansion  o f  a  s la b  o f com pressed g a s . T ab le  20:1

i l l u s t r a t e s  th e  e f f e c t  o f  red u c in g  ^  in a  case  where j>f = 21 a tm .,

-  5 h 0 - 3 .7 8 , jo  = 1 -4 , 7 = 1 .2 .  The l a s t l i n e  o f  th e

T ab le re p re s e n ts  th e  l im i t  ;as %  — 0 .

T ab le  20:1

fa / fa 7 i/r . ^ 3 1*0

1 8 8 2 .2 9 2 .1 8 2 .6 5

J0 “1 3 .3 33 6.4+7 4 .4 3 5 .3 4

1Cf2 1 .07 107 18.83 7 .9 7 9 .6 0

1 0 -3 0.235 235 4)0.1 11.9 14.2

0 0 2790 dO.8 4 4 .0

In  condensed e x p lo s iv e s ,  th e  id e a l  gas eq u a tio n  cannot be u se d  and 

an a c c u ra te  c a lc u la t io n  would as u s u a l r e q u ire  to  be b ased  upon more 

complex e q u a tio n s . Such c a lc u la t io n s  a r e  ex em p lified  below . However, 

a s  i n  e s tim a tin g  th e  G J -v a r ia b le s  fo r  th e  stead}?- d e to n a tio n  wave, 

g e n e ra l  gu idance can ag a in  be o b ta in e d  by  th e  u se  o f  th e  A bel e q u a tio n  

12(1) w ith  c o n s ta n t  cdvblume(°C). The -e q u a tio n  f o r  r e f l e c t e d

n o n - re a c t iv e  shocks i s ,  by 1 2 (1 4 ),

W2 = N, -  ( f i r O j rw  ' (2 2 )

F o r a d ia b a t ic  w aves, - j ? ( - v - - c i -  c o n s t . ,  and so

% z , -(y-t-0 ^
As — . y v  (V'—oC)  ( 2 3 )

whence =  _ 2 _  . ( 21+)



The ’Rfytrt) - e q u a tio n  f o r  r e f l e c te d  r a r e f a c t io n s  i s  th e r e f o r e

«• = -  <h b ^ ) ~ !  (2 5 )1 I y - , L  v, -v  ̂ J   ̂ J >

7 - 1

= i w

I t  i s  t o  be n o te d  th a t  i s  no lo n g e r l i n e a r  in  &2. At a  r i g i d  t a r g e t

o in  ( 2 2 ) .  I f  hft and v  — cl a re  now ex p re ssed  in  te rm s o f 3Tf

by  1 2 (1 3 ,1 4 ) , e q u a tio n  (5 )  i s  reco v e red . The c o n c lu s io n s  deduced from  

t h a t  e q u a tio n  f o r  th e  case o f  a  gaseous e x p lo s iv e  may th e r e f o r e  be  exp ec ted  

to  rem ain  a t  l e a s t  q u a l i t a t i v e l y  v a l id  in  th e  more g e n e ra l  c a se . A gain , 

a t  a  f r e e  s u r f a c e ,  f ^ - o  i n  ( 2 6 ) ,  whereupon

, < « > ®

a s  b e f o r e .  The v e lo c i ty  o f  escape i s  th e re f o r e  a lso  in d ic a te d ,  to  an 

o rd e r  o f  m agnitude, by  th e  id e a l  gas e q u a tio n . However, ( 2 7 ) s e r io u s ly  

o v e re s tim a te s  w2, i n  consequence o f th e  v e ry  crude ap p ro x im atio n  in v o lv ed  

i n  th e  use o f a  c o n s ta n t  oC,

I t  i s  much more c o n v e n ie n t, and a t  th e  same tim e  p ro b ab ly  more 

a c c u r a te ,  to  assume t h a t  th e  p ro d u c ts  fo llo w  a  p o ly tro p ic  e q u a tio n

f t /  -  (2 8 )

E q u a tio n s  o f  t h i s  ty p e  w ith  3 a re  a p p l ic a b le  to  th e  p ro d u c ts  o f  t y p i c a l  

condensed e x p lo s iv e s ,  and n  may in  f a c t  be ta k e n  to  rem ain app ro x im ate ly  

c o n s ta n t down to  q u i te  low p re s s u re s ,  say a  few thousand  a tm ospheres.

The e r r o r  i n  ex ten d in g  th e  e q u a tio n  even to  zero  p re s s u re  shou ld  no t 

t h e r e f o r e  be s e r io u s  f o r  th e  p re se n t s e m i-q u a n ti ta t iv e  t r e a tm e n t.

S u b je c t to  (2 8 ) ,  however, th e  p ro d u c ts  behave l i k e  a  p e r f e c t  gas w ith  

r a t i o  j t  o f s p e c i f i c  h e a t s ,  and th e  th e o ry  o u t l in e d  above can th e re fo re  be



ta k e n  ov er w ith o u t change. Thus, i f  we s e t  71 = 3 , th e  v e lo c i ty  o f  

escape in to  a  vacuum i s  by ( I4.)

*rz *\s JfNt ^  J )  . ( 29)

S in ce  a  norm al gaseous atm osphere approx im ates to  a  vacuum from  th e  

p o in t  o f view o f a condensed e x p lo s iv e , i t  appea rs  t h a t  th e  s tream in g  

v e lo c i ty  beh ind  th e  te rm in a l shock se n t ou t in to  such an atm osphere must 

be c lo s e  to  th e  d e to n a tio n  v e lo c i ty  D i t s e l f . The a tm o sp h eric  shock

wave v e lo c i ty  w i l l  th u s  somewhat exceed J) , a  p r e d ic t io n  w e ll confirm ed  

in  p r a c t i c e .  More d e ta i le d  guidance i s  s u p p lie d  by  e q u a tio n  ( 1 8 ) .  

N e g le c tin g , t o  a  f i r s t  app rox im ation , th e  te rm  i n  M i l t ,  , we h av e , 

w ith  y  =5 7t -  3 9

* 3  = ~  WVkW/a f  = _ s !  . rq (y+ ,) (30)
to  2 U J  2RT' W f ) ,

$

and so a ls o

3  „  r ja a > ( 2 ? -  = ( 3 1 )
2 U J  2/?t  ^ r» ; '

a s  i n  ( 2 0 ) and ( 2 1 ) .  ( 3 0 ) and ( 3 1 ) re p re s e n t  l im i t s  when ^ —> 0  ;

th e  co rresp o n d in g  l im i t  o f i s  D w hile  th e  v e lo c i ty  1>3 o f  th e  

t r a n s m it te d  shock approaches (r.+0T>i2 F o r h ig h e r  p r e s s u re s ,  a

second ap p rox im ation  to  JT3 i s

*3 = 5 ■ (3 2 )
T ab le  20:2  shows th e  e f f e c t  o f  j>0 upon th e  p r o p e r t ie s  o f th e  a i r  wave 

t r a n s m it te d  from  an ex p lo s iv e  f o r  which ?t= 3 , J) = 7500  m ./s .  and 

A  = 1 . 5  gn/cm , w h ile  Table 20:3  a llow s th e  b eh av io u r o f v a r io u s  

atm ospheres to  be compared. The n um erica l v a lu e s  can n o t, o f c o u rse , 

be ta k en  as  p r e c i s e ;  in  p a r t i c u l a r ,  th e  n e g le c t  o f  r i s e  in  s p e c i f i c  

h e a t  w ith  te m p era tu re  must in v o lv e  a  g ro ss  e x a g g e ra tio n  o f  ^  ; 

i*3 > u3 an(  ̂ -^3 v/iH  a l s0  he u n d e re s tim a te d , s in c e  71 i n  f a c t  d e c re a se s

w ith  t -  However, even th e se  id e a l i s e d  c a lc u la t io n s  a re  s u f f i c i e n t  t o  show 

%  §.(j. F/y. 1^ . 5 : / a . .



th e  o rd e r  o f p re s s u re  and te m p era tu re  in  th e  a tm o sp h eric  shock, and th e  

manner in  which th e se  q u a n t i t i e s  depend upon D , WQ} y o and . I t  i s

c l e a r  t h a t ,  w h ile  ^  and J) v a ry  r a th e r  l i t t l e ,  and 7^ depend

c r i t i c a l l y  upon th e  n a tu re  and p re s s u re  o f  th e  g a s .  j>3 i s  alw ays sm all

by  com parison w ith  , b u t J~3 as a  r u le  g r e a t ly  exceeds . The 

ex trem ely  h igh  t h e o r e t i c a l  shock wave te m p e ra tu re s  su g g est in  f a c t  t h a t  

th e  in te n s e  lu m in o s ity  accompanying d e to n a tio n  o f condensed e x p lo s iv e s  

i s  i n  la r g e  m easure due to  t h e  a t te n d a n t a i r  waves. As rem arked in  S 1 9 . 5 , 

t h i s  has been  ex p e rim e n ta lly  confirm ed by f i r i n g  c a r t r id g e s  w ith in  a  sh e a th  o f  

w a te r , when th e  l i g h t  e m itte d  i s  v e ry  much reduced ; even in te n s e  shocks in

w a te r  produce o n ly  a  m oderate te m p era tu re  r i s e .  In  re o v e r , a cco rd in g  to

( 3 0 ) and ( 3 1 ) th e  te m p e ra tu re s  reach ed  i n  gaseous t a r g e t s  in c re a s e  w ith  y0 

o r  ,/e shou ld  th e re fo re  expect a  g iven  e x p lo s iv e  to  produce th e

most in te n s e ly  lum inous waves i n  monatomic g ases  o f  h igh  m o lecu la r w e ig h t. 

F i n a l l y ,  from  (3 2 ) i t  ap p ea rs  th a t  th e  lu m in o s ity  should  be enhanced by 

red u c in g  th e  a tm o sp h eric  p r e s s u re ,  bo th  because  th e  shock te m p e ra tu re s  must 

in c re a s e ,  and a ls o  because io n i s a t io n  w i l l  be f a c i l i t a t e d  by re d u c t io n  in  

p r e s s u r e .  M uraour h as  d isc u sse d  th e s e  consequences o f  th e  th e o ry  ( i n  

numerous p a p e r s ) ,  and shown them to  be confirm ed in  p r a c t i c e .  M uraour and
L " U

c o l la b o r a to r s  have a p p l ie d  th e  above p r in c ip le s  to  th e  s u c c e s s fu l  d e s ig n  o f  

ex trem ely  b r i e f  and in te n s e  l i g h t  f la s h e s  f o r  h ig h  speed  photography.
g

F o r exam ple, i t  i s  found th a t  f l a s h e s  w ith  an i n t e n s i t y  o f o rd e r  5 x  10 

c a n d le s , b u t l a s t i n g  onl3r a  few m icroseconds, can  be o b ta in e d  from  sm all 

q u a n t i t i e s  o f h ig h -v e lo c i ty  ex p lo s iv e  d e to n a tin g  i n  a  s u i ta b le  atm osphere .

As a  l i g h t  so u rc e , t h i s  arrangem ent i s  th e re fo re  in  th e  same c l a s s  w ith  

e l e c t r o n ic  d e v ic e s  such as th e  "M egalite” o r  ’’S ie f la sh * '♦



T ab le  20:2

The e f f e c t  o f  a tm o sp h e ric  p r e s s u r e  on th e  te r m in a l  a i r  shock  wave 
from  a  co n d en sed  e x p lo s iv e ,  whose p ro d u c ts  fo llo w  t h e  a d ia b a t i c  
fn r 3 -  c o n s t . ,  D=  75OO m . / s . ,  21 =~1.5 crr/cm5 , ,  T0 = 2 8 3 %  

_ _ _ _ _ _____   ( a nd so -p, -  2 1 0 ,0 0 0  a tm .)_______  ^

to ts "3 T3

( a tm .)
V

( a tm .) ( m , / s . ) ( m . / s . ) (°K )

1 635 635 66I4O 7970 3 0 ,8 0 0

10"1 727 72 .7 7100 8520 3 5 ,1 0 0

10“2 772 7 .72 7320 8780 37 ,*400

794 0 .7 9 4 7*4-20 8910 38,300

0 813 0 7500 9000 39 ,500

T ab le  20:3

T erm in a l shock wave t r a n s m it te d  t o  v a r io u s  gases  by th e  condensed  
________ e x p lo s iv e  o f  T ab le  2 0 :2 . T0 = 288°K, f<, = 1 atm . _____

T a rg e t g as
" ,

(g n /m o l.)
To i s

( a tm .)
"3

( m . / s . ) ( m . / s . )
r3

(°K )

Hydrogen 2 .0 2 1.41 51.6 7 ,120 8,560 2 ,810

A ir 2 8 .8 1 .4 0 635 6,640 7 ,970 30,800

C h lo rin e 70 .92 1 .34 1395 6,350 7 ,420 58,800

H elium 4 .0 0 1 .63 109 7 ,050 9 ,2 6 0 7 ,8 0 0

Neon 20.2 1.642 500 6 ,7 2 0 8,870 35,300

Argon 39.88 1 .667 939 6 ,5 0 0 8 ,6 5 0 68,000

K rypton 82.92 1.689 1809 6,240 8,400 134,000

Carbon d io x id e 4 4 .0 1 .30 897 6,520 7 ,5 0 0 34,000

Methane 1 6 .0 4 1 .3 1 0 357 6,800 7 ,850 14,100

E thane 3 0 .0 6 1.220 614 6,630 7 ,350 17,800

Propane 44 .08 1.155 847 6,530 7 ,050 17,900

B utane 58.10 1.110 1067 6,450 6,800 1 6 ,3 0 0



A c c u ra te  n u m e r ic a l  c a l c u l a t i o n s  o f  t h e  t r a n s m i t t e d  and r e f l e c t e d  

waves i n  any p a r t i c u l a r  c a se  in v o lv e  no f u r t h e r  d i f f i c u l t y  o f  p r i n c i p l e ,  

b u t  r e q u i r e  a  knowledge o f  th e  e q u a t io n s  o f  s t a t e  o f  p r o d u c ts  and t a r g e t .
[$2aJ

Jo n e s  h as  c a r r i e d  th rough  such c a lc u la t io n s  f o r  th e  case  o f  FETN in  a i r ,  

u s in g  th e  s t a t e  e q u a tio n  f o r  th e  p ro d u c t g a se s  which he deduced from  

ex p e rim en ta l d e to n a tio n  v e l o c i t i e s .  M is r e s u l t s  a t  two c a r t r id g e  

d e n s i t i e s  a re  shown in  T a b le  2 0 :4  f o r  com parison w ith  T ab le  2 0 :2 .

D e sp ite  th e  a p p re c ia b le  d is c re p a n c ie s  which a re  o f  th e  s o r t  e x p ec ted , 

i t  w i l l  be  seen  th a t  th e  id e a l is e d  th e o ry  p re s e n ts  a  q u a l i t a t i v e l y  

c o r r e c t  p ic tu r e  o f  th e  p ro c e s s . I n i t i a l  a i r  shock wave v e l o c i t i e s
M

have been  a c c u ra te ly  measured, by G ybulski f o r  PETIT a t  A  = 1.51 and

1 .17  gm/cm . They s ta n d  in  v e ry  f in e  agreem ent indeed w ith  p r e d ic t io n s  

b ased  on Jones* th e o ry .

T a b le  2 0 :4

P r o p e r t i e s  o f th e  t e r m in a l  a i r  wave beyond PETIT c a r t r id g e s  
________a t  two s e le c te d  lo a d in g  d e n s i t i e s  (H .Jo n es)

A J) ( o b s . ) Nt f , " j h

gm/cu? ( m . / s . ) ( m . / s . ) ( a tm .) ( m . / s . ) ( a tm .) ( m ./  s . )

1 .503 74-30 1£60 206 ,000 7 ,760 850 8 ,900

0 .9 6 6 5407 1£10 78,200 6 ,5 0 0 600 7 ,5 7 0

The same p ro c e d u re  may be a t  once a p p l ie d  t o  l i q u i d  t a r g e t s  -  

o r  t o  t a r g e t s  w hich a r e  s o l i d  u n d e r  norm al c o n d i t io n s ,  p ro v id e d  th e y  a re  

re g a rd e d  a s  b e h a v in g  l i k e  l i q u i d s  u n d e r t h e  enormous p r e s s u r e s  p ro d u ce d  by  

b r i s a n t  e x p lo s iv e s .  To d e te rm in e  c o n d i t io n s  on no rm al in c id e n c e ,  we 

need  o n ly  i n t e r s e c t  th e  - c u rv e  f o r  th e  d e to n a t io n  p ro d u c ts  w ith

th e  -cxxrve f o r  th e  t a r g e t  m a t e r i a l .  ouch t a r g e t  shock  c u rv e s

w ere c o l l e c t e d  above i n  P i g .  7 * 3 :1 ,  and a re  red raw n  i n  P ig .  2 0 :5 ,  t o g e th e r  

w ith  J& K - c u r v e s  f o r  th e  p ro d u c ts  o f  f o u r  im p o r ta n t b l a s t i n g  e x p lo s iv e s ,  

nam ely , No. 22 o f  T ab le  1 6 .1 :1 ,  N os. 25 , 37 o f  T a b le  1 6 .2 :1  and  No. h k  o f  

T a b le  1 6 . 3 :1 .



Tig. Zo:5~ K e f  I a c tio n  o f  d t i 'o n u tio r i  w a v e s  in f 0lLr C om m ercia l

e x p l o s i v e s  . 7 /ie R H R -  c u r ve .  Z Z , ZiT,  S ' ] , UJf t 'cfc r to fcc

Com p o s t  h  on S_____ S '/m  it a. r  '.•/_____ n u m b e r e d  _______ fa b le r s_____ / £ . / : /  } Up . 2 : 1} IG . 3 :  I

The Circle On Cack is  H\<z C T —boinC .

The m ethod w hereby th e s e  "RtfR - c u rv e s  w ere d e r iv e d  i s  s e t  ouu i n

20.1 «, 2 0 .2 .  The n a tu r e  o f  th e  r e f l e x io n s  and t h e  o r d e r  o f  ^  

and  can  be re a d  from  P ig .  2 0 :5 ,  and th e  rem a in in g  t a r g e t  v a r i a b l e s

deduced  fro m  t h e  shock-w ave e q u a tio n s  and t a b l e s  o f  §§ 6.1+1, 6 .5 5 ,  6.56 

and 6 . 5 8 . F o r  exam ple, w ith  e x p lo s iv e  Ho, 37 ° f  T a b le  1 6 .2 :1  ( .b la s t in g

G e l a t i n e ) ,

7fr-fjet h
( a tm .)

j+3
( m ./  s ,)

*3
f / \( m . / s . )

t3- t0

(°C )

I r o n 278 ,000 615 5 ,5 9 0 150

Lead 260,000 725 3 ,1 6 0 1,015

NaOl 173 ,500 1 ,370 5 ,6 8 0 1 ,285

W ater* 109 ,000 2 ,915 5 ,4 5 0

* b y  e x t r a p o la t io n .



I t  can be seen th a t  even an i r o n  t a r g e t  i s  f a r  from r ig i d  under 

such a  blow ; th e  v a lu e s  o f co rresp o n d in g  to  — o } which 

approx im ate to  2 ,5 fc, ( i n  agreement w ith  e q u a tio n  ( 6 ) )  would be r e a l i s e d  

on ly  in  th e  f r o n t a l  c o l l i s i o n  o f two d e to n a tio n  w aves. T h is  e x p la in s  

th e  su c c e ss  o f th e  D au tric h e  method ( §  1 7 .0 1 ) .

The p o ssib ilit} ? - o f app ly ing  r e f le x io n  te c h n iq u e s  in  m easuring th e

C J -v a r ia b le s  has a lre a d y  been d isc u sse d  in  §  7*6*

0
§ 20 ,01  C o n d itio n  f o r  forw ard  movement o f  th e  r e a r  o f  a  r e f l e c te d  

r a r e f a c t io n

As s t a t e d  i n  § 2 0 ,  th e  r e a r  o f th e  r a r e f a c t io n  moves w ith  v e lo c i ty  

. . B u t, by 1 ^ 9 ) ,

-"■/ = -  y y  f v - * , ) . 0 )

U sing  1 0 (3 3 ), we deduce

b c .1 2- t. h = t _  y±i
a , ' rly-t) y~i v f r /  ' (  )

C onseq u en tly ,

>  -  h  < 3y-;
yfy+O-J

y-/
(3 )

T h is  c r i t i c a l  r a t i o  f a l l s  from  u n ity  when y  = 1 th rough  8/27  when 

y  ss 3 t o  zero when y  = °o .



20.1 R e f le c te d  w aves i n  th e  p ro d u c ts  o f  com m ercial b l a s t i n g  e x p lo s iv e s : 
p r o d u c ts  e n t i r e l y  g a se o u s '

The e q u a tio n  o f  s t a t e  used i s  1 3 .3 (5 ) ,  s'o t h a t ,  a s  i n  § 1 9 * 4 , we 

may w r i te :

£-£, = Cfr-Tj) (1)
where £ i s  a  c o n s ta n t ,  of th e  n a tu re  o f a  mean s p e c i f i c  h e a t ,  f o r  any 

p a r t i c u l a r  e x p lo s iv e . The 7?/f-equation  f o r  r e f l e c t e d  shocks i s  

th e n  e x p re s s ib le  d i r e c t l y  in  te rm s o f j>3i /  :

j > \ ~  i ( vr v ) J  = iT i . (2 )

By means o f  (2 )  and th e  s t a t e  e q u a tio n , we can  compute a s  a  f u n c t io n

of v 2 , whereupon th e  - r e la t io n  20(2b) fo llo w s  a t  o nce .

The a d ia b a t ic  r e l a t i o n ,  by (1 )  i s

td T  = —'pd'v f (3 )

w hich , w ith  th e  s t a t e  e q u a tio n , g iv e s  a f t e r  re d u c tio n

= ~  v  ^ 1 , v  + + ( J - o j f a  ■+ w t . ,  ( k )

where

? * > + ¥ ■  ( 5 )

and
,2

<r-l
DCo

x, and <r(x) b e in g  d e fin e d  a s  i n  eq u a tio n s  1 3 .3 ( i4 ,1 5 ) .  (4 )  can  be

w r i t t e n  ■

i y  -  ( y - 'h
f-v  = dnu^r. r e  '  ,

which reduces  c o r r e c t ly  to  th e  f a m i l ia r  id e a l  a d ia b a t ic  when V  i s  

la r g e ,  s in c e  th e n  <T —> f and ^  —> o . The fu n c tio n s  <r and. ^  a re

shown in  F ig .  13*3:2 above.



To determ ine t#2 f ro m 2 0 (2 a ) ,  we r e q u ire  in  te rm s o f  v .

T h is  can be o b ta in e d  e i t h e r  by d if f e re n c in g  th e  &j>) - t a b l e  o r  more 

a c c u ra te ly  from

=  ~ t , ) ,  ( 8 )

u s in g  F ig .  1 3 .3 :1 . The in t e g r a t i o n  20(2a) may th e n  be perform ed  

n u m e ric a lly . In  p r a c t ic e ,  i t  was found p o s s ib le  t o  f i t  th e  a d ia b a t ic  

o v e r a  wide range  by an eq u a tio n  o f th e  form

f  = c  ,  ( 9 )

w here TBjĈ Or a re  c o n s ta n ts ,  most co n v e n ie n tly  determ ined  by  m atching th e  • 

e q u a tio n  a t  th r e e  p o in ts  whose v a lu es  o f V  form  a  g eom etric  p ro g re s s io n  

(C f . §  6 .5 2 ) .  S u b je c t to  ( 9 ) ,  th e  v e lo c i ty  of sound ou i s

4, = f ( 1 0 )

and

2
^ 2  =  +  77, ( * > - * * )  , (1 1 )

i n  e q u a tio n  o f  th e  same form  as  f o r  an  id e a l  g as  w ith  c o n s ta n t r a t i o  

o f  s p e c i f i c  h e a t s .

E x p lo s iv e  1|4 (T a b le  1 6 .3 :1 )

E q u a tio n  (9 )  becomes ( a tm .,  cm3 . / g . )

f  = 22,325 v " 2" 6627 + 1188 (1 2 )

and th e  com posite -cu rv e  i s  drawn i n  F ig* 20:5*

E x p lo siv e  37 (T a b le  1 6 .2 :1 )

(9 )  becomes

f  = 20,200  i f 3 ,39  + 4930 (1 3 )

and th e  7ZMZ-cu rv e  i s  shown in  F ig . 2 0 ;5 .



2 0 .2  R e f le c te d  waves i n  t h e p rod u c ts  o f  commercial b l a s t i n g  e x p lo s iv e s :  
p roduc ts  p a r t l y  condensed

The p re s e n t d is c u s s io n  i s  l im i te d  to  cases  where n o n - re a c t iv e

m a te r ia l  i s  p re se n t i n  th e  o r ig in a l  ex p lo s iv e  and su rv iv e s  in  th e  p ro d u c ts .

As p re v io u s ly  ( §  15 e t c . ) ,  we assume th e  d i lu e n t  co m p le te ly  e n tra in e d ;

we s h a l l  a ls o  assume t h a t  i t  rem ains c o ld , n o t  o n ly  in  th e  r e a c t io n  zone,

h u t a ls o  d u rin g  th e  subsequent shock on r a r e f a c t io n .  T h is  e x t r a p o la t io n

o f  ou r e a r l i e r  argum ents ju s t i f y in g  n e g le c t  of th e rm al t r a n s f e r  can  be

a c c e p te d  o n ly  i f  th e  tim es  in v o lv ed  a re  s h o r t .  I t  i s  to  be re g a rd e d ,

th e r e f o r e ,  as fo c u ss in g  a t t e n t i o n  upon th e  flow  im m ediately  a f t e r  im pact on

th e  t a r g e t :  t h i s  shou ld  be s u f f i c i e n t  to  determ ine a t  l e a s t  th e  i n i t i a l

b e h a v io u r .

v / e  might a lso  s a f e ly  ig n o re  th e  co m pressiona l energy o f  th e  condensed 

phase ( § 1 8 .8 1 ) ,  s in c e  th e  p re s s u re s  in v o lv ed  a re  n ev er more th a n  2 .5  

However, i f  accen ted  symbols r e f e r  as  u su a l to  p r o p e r t ie s  o f  th e  gaseo u s 

p h a se , reckoned  p e r  u n i t  mass o f  th a t  p h ase , and i-,<p a re  th e  i n t e r n a l  

energy  and s p e c i f i c  volume o f  th e  d i l u e n t ,  we have f o r  r e f l e c t e d  shocks

'* * (£ -E f ) +(!-**)($-$,) «  , ( 1 )

and a lso

1/ -  Tn-v'-h (2 )

Vf -  , ( 3 )

where i s  th e  p ro p o r tio n  by w eight o f ex p lo s iv e  in  th e  o r ig in a l  m ix tu re .

I f  we now re g a rd  th e  d i lu e n t  as  hav ing  passed  th ro u g h  a  sim ple shock from  

f ,  t o  f  , th en

= 2 ( 9 ,- ? )  • (4 )

F o r r e l a t i v e l y  in c o m p ressib le  d i lu e n ts ,  p re s e n t in  m oderate p ro p o r t io n s ,  th e



te rm  i s  in  any case  a  minor one, b u t th e  u se  o f  (It) should  remove most 

o f  th e  s l i g h t  e r r o r  in v o lv ed  in  sim ply  n e g le c tin g  con ip ressio n a l en erg y .

(1 )  th e n  becomes

E, ~ 5  (t+1>,) ( * ! —» ')  * (5 )

We may th e n  ap p ly  to  th e  gas phase a lo n e  th e  th e o ry  a lre a d y  developed  

in  $ 2 0 .1 .  v  i s  a f te rw a rd s  o b ta in ed  f ro m (2 ) , <p b e in g  f i r s t  computed 

in  te rm s o f ^  : f o r  t h i s  purpose th e  iso th e rm a l - r e l a t i o n

w i l l  u s u a l ly  be a c c u ra te  enough, though th e  s h o c k - re la t io n  may be u sed  i f  

a v a i l a b l e .

The rem ainder o f  th e  -com p u ta tio n  i s  e x a c tly  as b e fo re .

R e f le c te d  r a r e f a c t io n s  a re  s im i la r ly  d e a l t  w ith . In  t h i s  c a s e ,  

th e  a d ia b a t ic  becomes

-f- (/-Tvijdt — —'j? d v  . ^

By an ap p rox im ation  o f th e  same o rd e r  as ( h ) , we may id e n t i f y  d t  w ith  —j>d<f>, 

whereupon (6 )  g iv e s

d £  = - j> d ir  . ( 7 )

A f te r  v(j> )  h as  been  de te rm in ed , v  i s  c a lc u la te d  by ( 2 ) ,  and wz  o b ta in e d  

from  2 0 (2a) e i t h e r  by num erical in t e g r a t i o n  o r  more c o n v e n ie n tly  by

f i t t i n g  an e q u a tio n  o f  th e  form  20,1 (9 )  to  th e  - a d ia b a t i c ,

and u s in g  2 0 .1 (1 0 ,1 1 ) .

E x p lo s iv e  22 (T ab le  16 .1 :1 )

2 0 .1 (9 )  becomes
-3 97-  11,050  v  + 6150, (8 )

and th e  -c u rv e  i s  drawn in  P ig .  2 0 :5 .

E x p lo siv e  25 (T ab le  1 6 .2 :1 )

2 0 .1 (9 )  i s

j> = 8 ,850 + [^250 (9 )

and th e  T.HK-cu rv e  i s  drawn in  P ig .  2 0 :5 .



20 .3  The " b r i sance11 of a  d e to n a t in g  e x p lo s iv e

The th e o ry  o u tl in e d  above w i l l  e v id e n t ly  be re le v a n t  i n  a tte m p tin g  

to  account f o r  and to  p r e d ic t  th e  p r a c t i c a l  e f f e c t s  produced  by d e to n a tin g  

e x p lo s iv e s .  These e f f e c t s  have b een , as a  r u l e ,  r a th e r  lo o s e ly  in c lu d e d  in  

th e  term " b r is a n c e "  o r s h a t te r in g  power. I t  has been  custom ary to  r e p r e s e n t  

t h i s  by some conven ien t p aram eter which would d e sc r ib e  a t  l e a s t  q u a l i t a t i v e l y
m

th e  e f f e c t  upon t a r g e t  m a te r ia ls .  Thus K ast p roposed  as  an index  o f b r is a n c e  

th e  q u a n t i ty  where f  = ^ 7 / 2 7 3 ,  k  b e in g  1 atm . and 7^ th e

"gas volume" ( th e  volume occupied  by one gm. o f p ro d u c ts  a t  IOTP); in  o th e r  

w ords, J- = Tt , K a s t’ s b r is a n c e  has th e  dim ensions o f p re s s u re  x v e l o c i ty .
m

B ecker co n s id e re d  th a t  a more n a tu r a l  index  would be 7* i t s e l f ,  which may 

be w r i t t e n  T aking in to  accoun t no t on ly  th e  h y d r o s ta t ic  p re s s u re
1

b u t a ls o  th e  "dynamic" p re s  su re  p,hf, , we o b ta in  P.udenberg1 s e x p re s s io n

- N , )  f which app roaches th e  CJ P i to t - p r e s s u r e ,  and i s  th u s  

more a p p ro p r ia te  to  re p re s e n t e n d -b r is a n c e , c h i le  th e re  i s  l i t t l e  doubt 

t h a t  such in d ic e s  a re  u s e fu l  gu ides  to  rierform ance th e y  are  open to  

c r i t i c i s m  in  a tte m p tin g  to  ex p ress  th e  e f f e c t  upon an e x te rn a l  medium w ith o u t 

r e fe re n c e  to  th e  p r o p e r t ie s  of t h i s  medium i t s e l f  and t h e i r  r e c ip r o c a l  e f f e c t  

upon th e  d e to n a tio n  p ro d u c ts . A more s ig n i f i c a n t  index  must r e f e r  t o  th e  

system  as a  w hole, and not m erely  to  th e  e x p lo s iv e . I t  th u s  becomes c l e a r  

t h a t  th e  b r is a n c e  o f  a  s e le c te d  e x p lo s iv e  w i l l  depend upon i t s  env ironm ent, 

and th a t  th e  o rd e r  of b r is a n c e  o f two e x p lo s iv e s  may even be d i f f e r e n t  w ith  

r e fe re n c e  to  d i f f e r e n t  t a r g e t s .  The obvious p aram eter to  re p re s e n t b r is a n c e  in  

a  g iv en  ca se  i s  th e  p re s s u re  ~f>z betw een th e  r e f l e c t e d  and t r a n s m it te d  w aves.

I f  i t  i s  th e n  d e s ire d  to  a s s ig n  a c h a r a c t e r i s t i c  index  to  each e x p lo s iv e , 

t h i s  may be ap p ro x im ate ly  i d e n t i f i e d ,  a t  l e a s t  f o r  t a r g e t s  of a. p a r t i c u l a r  

ty p e , w ith  th e  v a lu e  o f co rresp o n d in g  to  some s ta n d a rd  t a r g e t  o f  t h a t  ty p e ,

Bor exam ple, i f  we a re  c h ie f ly  concerned w ith  a t ta c k  upon ^ e t a l s , an



a p p ro p r ia te  index o f r e l a t i v e  b r is a n c e  would be th e  p re s s u re  produced in  

a s e le c te d  s ta n d a rd  m e ta l. The same index  would no t n e c e s s a r i ly  

rem ain  a p p ro p r ia te  w ith  re fe re n c e  to  h ig h ly  co m p ress ib le  t a r g e t s .

L et us fo r  in s ta n c e  adopt an i r o n  t a r g e t  as  s ta n d a rd , A ccording 

t o  F ig u re  20 :5  th e  -cu rv e  f o r  shock waves in  i r o n  i s  alm ost l i n e a r ,

w ith  eq u a tio n

At '= A f  . ( 1 )

The s lo p e  a t  th e  -cu rv e  fo r  r e f l e c t e d  waves i n  th e  p ro d u c ts

i s ,  by 2 0 (3 b ), -A , I n f ,  , o r approxim ately . . A f i r s t  e s t im a te

o f  j*z i s  th e r e f o r e  g iven  b r̂

/ %  = N ,( 2 - f2 . / f c ) ,  ( 2 )

t h a t  i s ,

2j>t =
r-r- t+ A V A  '  (3 )

where = 2 .2  x 10 ^ m ./se c .a tm . =  2 .17  x 10”^ c n r \s e c . /m .g .  f o r

i r o n .

The th e o ry  o f  tra n s m is s io n  a t  an in t e r f a c e  i s  a lso  r e le v a n t  to  th e  

problem  o f i n i t i a t i o n  by a  shock o r  d e to n a tio n  wave em erging from an  

a d ja c e n t medium. We s h a l l  r e tu r n  to  t h i s  q u e s tio n  below ( §  2 0 .1+).

H ere i t  i s  s u f f i c i e n t  to  p o in t ou t th a t  s u c c e s s fu l i n i t i a t i o n  under such 

c irc u m stan c es  w i l l  depend, no t s im ply  upon th e  i n t e n s i t y  o f  th e  shock 

em erging from  th e  i n i t i a t o r ,  bu t r a th e r  upon th a t  o f th e  shock produced  in  

th e  r e c e p to r .



$  2 0 .4  Contact tran sm ission  o f  detonation

When th e  ta r g e t  m ateria l i s  i t s e l f  an e x p lo s iv e  capable o f  d e to n a tio n , 

th e  a n a ly s is  of §  20 req u ires to  be m od ified . Of cou rse , i f  r e a c tio n  in  

the ta r g e t  medium ( ‘'recep tor” ) could be d isregarded , we might proceed  

e x a c t ly  as b efo re: th e  )-curve fo r  waves r e f le c te d  through th e

products o f  d eton ation  in  th e  f i r s t  ex p lo s iv e  ( th e  "primer") would then  be 

in te r se c te d  w ith th e SH(^v)-curve fo r  n on -rea ctiv e  shocks in  th e  re c e p to r .  

For example, i f  th e  ta r g e t were an id e a l g a s , equation 2 0 ( l6 )  would be

used; w h ile  i f  th e  recep tor  were granular we should proceed from equation

1 9 .3 (7 ) ,  or more g e n e r a lly  from 1 9 .3 (6 ) .  S in ce , as w i l l  be in d ic a te d  

below , n e g le c t  o f rea c tio n  cannot in  any case be j u s t i f i e d ,  th e id e a l is e d  

equation  1 9 .3 (7 )  i s  q u ite  accurate enough to  i l lu s t r a t e  th e  r e s u lt s  o f  

t h i s  procedure. Assuming j>0 and / , we have, from  1 9 .3 (3 ,4 ,7 )

v* ~ 9  a =  A  =  ( 1 )
% -<?, %' 7*+/

where a l l  the v a r ia b le s  r e fe r  to  the recep tor m ater ia l. The RH.(^><v)- 

r e la t io n  i s  then a t once found to  be

+ ( r ^ ) % ( f ) ]  ■ (2 )

I f  we d isregard  th e  d iffe r e n c e  between cp3 and cpo 9 and s e t  y o = 1 .4 ,

(2 )  becomes

"3  = • ( 3 )

F o r  exam ple, w ith  Vc = 1 cm V g., %  = ®*5 cm / g . , and i n  u n i t s  o f  

m ./s .  and atm .,

Uj =  lc -5 jf3 . (i+)



C o n s id e ra tio n  a t  once shows, how ever, t h a t  r e a c t io n  i n  th e  re c e p to r  must 

p a r t i c i p a t e  i n  th e  a c tu a l  p ro c e ss  o f  t r a n s m is s io n . F o r  o th e rw ise  we 

sh o u ld  he o b lig e d  t o  app ly  th e  above a n a ly s is  t o  th e  p ro p a g a tio n  o f  th e

d e to n a tio n  wave over any s e c t io n  in  a  s in g le  e x p lo s iv e  c a r t r id g e  ----

w ith  absu rd  r e s u l t s ,  s in c e  th e  ) -cu rv e  ju s t  d e r iv e d  co rresp o n d s  to  th e

H H ( ) - c u r v e  C = 0 i n  F ig .  9 .4 :1 ,  and e v id e n tly  canno t p ass  th rough  th e  

C J -p o in t .  We must th e re f o r e  s e le c t  a  p h y s ic a l ly  more re a so n a b le  H H (^ ^ )-  

r e l a t i o n  f o r  th e  t r a n s m it te d  wave. I t  i s  c le a r  t h a t ,  to  avo id  th e  o b je c t io n  

j u s t  r a i s e d ,  th e  co rresp o n d in g  cu rve  in  th e  ( ) - p l ane  must p a s s  th ro u g h  

th e  p o in t  o f  tan g en cy  I  on th e  f i n a l  ) -c u rv e  (F ig .  9 .4 : 1 ) .

T h is  su g g e s ts  a t  once t h a t  th e  most lo g i c a l  {y ,j*  ) - c h a r a c t e r i s t i c  to  ch o o se , 

when th e  r e c e p to r  i s  u unde rp  rimed" ( t h a t  i s ,  when th e  i n i t i a l  t r a n s m it te d  

wave v e lo c i ty  f a l l s  sh o r t o f t h e  s ta b le  v a lu e) i s  th e  lo cu s  o f p o in t s  o f 

c o n ta c t  o f  th e  p e n c il  o f ta n g e n ts  from  A(ia0 , ) to  th e  fa m ily  o f  EH -curves

w ith  p aram ete r G. From a  p h y s ic a l s ta n d p o in t ,  t h i s  cho ice  im p lie s  t h a t  th e  

t r a n s m it te d  w ave, though advancing w ith  le s 3  th a n  th e  s ta b le  v e lo c i ty  a n i 

th e r e f o r e  bound to  a c c e le r a te ,  does so in  a  con tinuous manner and has  a  

h ig h  d eg ree  o f q u a s i - s t a b i l i t y  a t  th e  o u ts e t .

I n  th e  ca se  o f  an id e a l  gaseous r e c e p to r ,  we can  d e term in e  th e  ) -

c o n ta c t  lo c u s ,  and th e  r e l a t i v e  ) -c u rv e , a n a ly t ic a l l y .

F o r , s in c e  th e  G J-c o n d itio n  a p p lie s  a t  eveiy  p o in t  on t h i s  lo c u s  ( §  9 .4 ) ,  

i t s  e q u a tio n  i s  no o th e r  th a n  1 0 (9 ) , which in  th e  p re s e n t  n o ta t io n  

becomes

(5 )

whereupon

( 6 )



a s  i n  10(35a-). (6 )  ex ten d s from 0 ) to  th e  r e c e p to r  C J -p o in t ,

and l i e s  e n t i r e l y  below th e  co rresp o n d in g  n o n - re a c t iv e  PH -curve, s in c e  

by  10(38) th e  v a lu e  o f  ^  f o r  any i s  on ly  1 /J2L tim es  th e  v a lu e  f o r  

i n e r t  sh o ck s. I t  fo llo w s  th a t  th e  t r a n s m it te d  p re s s u re  fy  and 

v e lo c i ty  a re  g r e a te r  th a n  would, be th e  case  i f  r e a c t io n  were ig n o re d ; 

w h ile  i s  l e s s ,  so th a t  th e  e n try  o f r e a c t io n  makes th e  r e c e p to r  a  more 

r i g i d  t a r g e t .  These co n c lu s io n s  a re  p r e c i s e ly  what we sh o u ld  expec t 

on p h y s ic a l  g ro u n d s .

In  th e  case  o f  "o verp rim ing” , th e  HH-curve j u s t  d e r iv e d  e v id e n t ly  

canno t a p p ly . The s im p le s t ch o ice  i n  t h i s  c a s e  i s  th e  ) - r e l a t i o n  

co rre sp o n d in g  to  th e  upper b ranch  10 ( F ig .  9 .Ip: 1) o f  th e  te rm in a l  

) -c u rv e  i t s e l f .  I t s  e q u a tio n  i s  found t o  b e  ( ^  ^> )

where “p i s  th e  C J -p re s su re .  The s lo p e  o f ( 7 ) a t  th e  C J -p o in t i s  tw ic e  

t h a t  o f ( 6 ) ,  so  th a t  th e  com posite cu rve  has a  d isc o n tin u o u s  g ra d ie n t  

t h e r e ;  b u t th e r e  i s  n o th in g  in h e re n t ly  u n reaso n ab le  in  t h i s .  I n  f a c t ,  

i t  i s  p ro b ab le  t h a t  th e  mechanism o f  b u ild -u p  from  a  c o n d itio n  o f  u n d e r-  

p rim in g  i s  b a s i c a l l y  d i f f e r e n t  from  th a t  o f  ’’bu ild-dow n” a f t e r  o v e rp rim in g .

(C f .  § 9 .1+).

F o r condensed  e x p lo s iv e  t a r g e t s ,  a lth o u g h  an a n a ly t ic a l  t r e a tm e n t i s  

n o t r e a d i ly  a v a i l a b l e ,  th e  t r a n s m it te d  H h (^ ^ ) -c u rv e  f o r  underprim ing  may 

be  d e r iv e d  n u m e ric a lly  by  draw ing th e  p e n c i l  of upward ta n g e n ts  to  th e  

fa m ily  o f HH( v , f  ) - c u rv e s ,  i f  th e s e  have been  d e te rm in ed . The 

cu rve  f o r  overprin ting  i s  o b ta in e d  a t  once from th e  te rm in a l

) - c u rv e .  An an i l l u s t r a t i o n ,  t h i s  has been  done w ith  th e

cu rv es  o f  F ig .  1 9 .4 :2 , f o r  PSTN a t  1 .0  g ./cm 5 . The com posite R H ( ^ ) - c u r v e  

i s  shown i n  F ig .  2 0 .4 :1 ,  th e  post-w ave v a r ia b le s  f o r  q u a s i - s ta b le  

d e to n a tio n  in  t h i s  ex p lo s iv e  a re  c o l le c te d  i n  T able 2 0 .4 :1 .



35t>o

3o o o

*>'

^  2£ibo

2 o o o

1 5 0 0

lo o  o

S o o

0
0  t o  j l .  , 5

V / a t m . )  ►

ri<s. 2 o .J f - : l  T e t h  p r i w e j )  b y  t * o

C O M E f l C I B L  E X P L O S I V E S  . •  - C X -  P o w r *

T ab le  20 j +-:1

Q u a s i- s ta b le  d e to n a tio n  waves in  PETN, / \  = 1 .0 g/cm ^.

C la ss  o f 
d e to n a tio n

C
cm ^/g .

h
atm .

^3
m ./s . m. /  s .

0 .2 0.808 13,000 500 2,620
U nder­

prim ed 0.1+ • 0.790 28,000 770 3,660

0 .6 0.771 l^j-,000 1,009 l+,400

0 .8 0.763 59>.ooo 1.1.1.88.. -5^000

(C J) 1 .0 0.760 7I+.000 1 , 31+0 5,560

0 . 69U 100,000 1,760 5,730
O ver-

prim ed 0.656 125,000 2,080 6,060
1.0

0.628 150,000 2,370 6 , 1+00

0.607 175,000 2,630 6,720

\
\x

k
V
%

■ ° A -

/  /  
/ f

V

V
\ *

\o \7 - \

/ /( /
P /

\ o
\X

A++
\

\
\

N

Ay/
\

\
\

\
\

\
\

\
\

\



A ccording to  th e  p re se n t th e o ry , ' c o n d itio n s  im m ediate ly  a f t e r  norm al 

im pact o f  a  d e to n a tio n  wave in  a prim ing e x p lo s iv e  (ivi) upon th e  su r fa c e  

o f PETN c a r t  r id g e d  a t  1 g./crrf*. a re  determ ined  by th e  in t e r s e c t i o n  o f  th e  

H H (/W ) -c u rv e  o f  P ig .  20 ,4 :1  w ith  th e  a p p ro p r ia te  RBR-curve f o r  r e f l e c te d  

w aves i n  th e  p ro d u c ts  o f  M. Two such cu rv es  have been  redraw n from  P ig ,  2 0 :5 , and 

th e  t r a n s m it te d  wave v a r ia b le s  a re  shown in  T able 2 0 .4 :2 .

T ab le  2 0 .4 :2  

PSTN a t  1 .0  g/crn^. prim ed by E x p lo s iv es  57 , 44

P rim e r
In c id e n t wave T ran sm itted  

r e a c t iv e  wave
T ra n sm itte d  

n o n - re a c t iv e  wave

; N, 
atm ., :m ./s .

A
m ./ s .

t s
atm. m ./s .

J>3
m ./s .

+s
atm .

^  ; a
m ./s .  :m ./s .

No. 37
(T a b le  1 6 .2 :1 )

159 , 0 0 0 :1 ,500 7 ,370 115 ,000 1,960 5,943 98 ,000 2 ,1 7 0 :4 ,5 6 0

No. 4+
(T a b le  1 6 .3 :1 )

68,000 | l , 172 4 ,5 0 0

ooo5

1 ,230 5,160 50 ,000 1,600 *3,380

The re c e p to r  i3  c o n s id e ra b ly  overprim ed by E xp losive  37 , and s l i g h t l y  

underprim ed  by E x p lo siv e  44. The r e f l e c te d  wave in  each case  i s  a  

r a r e f a c t io n ,  v e ry  weak w ith  E x p lo siv e  44 . The c o n d itio n  f o r  no r e f l e c te d  

wave i s ,  o f  c o u rs e , th a t  th e  prim er C J-p o in t l i e  on th e  re c e p to r  KB -c u rv e ; 

w h ile  th e  c o n d it io n  f o r  e x a c tly  b a lan ced  prim ing i s  th a t  th e  two C J -p o in ts  

c o in c id e .  The l a t t e r  c o n d itio n  i s  n a tu r a l ly  s a t i s f i e d  a t  ev ery  s e c t io n  

i n  a  s in g le  e x p lo s iv e  c a r t r id g e .

F o r com parison , P ig .  20 .4 :1  a ls o  3hows th e  t r a n s m it te d  KB-curve f o r  

n o n - re a c t iv e  w aves, d e fin e d  by  e q u a tio n  (2 )  above. The co rresp o n d in g  waves 

t r a n s m it te d  by E x p lo s iv es  37 , 44 a re  ag a in  summarised in  T ab le  2 0 .4 :2 .

The a l t e r n a t iv e  s o lu t io n s  d i f f e r  r a th e r  w id e ly , and i t  ap p ea rs  t h a t  a  c r u c ia l  

experim en t co u ld  e a s i l y  a r b i t r a t e  betw een them , i f  t h i s  were th o u g h t n e c e s s a ry . 

However, th e re  seems l i t t l e  doubt th a t  th e  r e a c t iv e  wave th e o ry  must be 

c lo s e r  to  th e  t r u t h .
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The Ignition of Inflammable Gases by Hot Moving Particles.

B y S t e w a r t  P a t e r s o n ,  M.A., B .Sc., Metcalfe Research Fellow, 
Glasgow University *.

1. Introductory.
T h a t  the igniting power of heated solid particles introduced into an 
inflammable gas will diminish with increasing speed of motion through 
the gas can be deduced from the observations of several writers f , but 
no quantitative determinations of the influence of speed seem as yet to 
have been published.

In view o f the practical importance o f this matter, especially in con­
nexion with accidents from explosion in mines, as well as its general 
interest, it was thought desirable to undertake measurements o f the effect

* Communicated by Prof. E. Taylor Jones.
f  Wullner and Lehmann, Ann. Min. Belg. vi. p. 9 (1880). Couriot and 

Meunier, Ann. Min. Belg. xiii. p. 91 (1908). White and Price, J. Chem. Soc. 
cxv. pp. 1479, 1501 (1919). Mason and Wheeler, J. Chem. Soc. cxxi. p. 2089 
(1922). Burgess and Wheeler, “ Safety in Mines Research Board Paper 40,” 
p. 7 (1928) ; paper 54, p. 10 (1929) ; paper 02, p. 11 (1930). Coward and 
Wheeler, S. M. R. B. paper 53, p. 19, 23 ff. (1929). Silver, Phil. Mag. (7) xxiii. 
p .  041 (1937).



Mr. S. Paterson on the Ign ition  o f

of speed, which, with theoretical observations upon them, are described 
in the present paper.

2. Experimental Arrangement.

The particles used were small platinum  and quartz spheres, and the  
m ethod consisted, briefly, in heating these pellets in a horizontal tube 
furnace and shooting them  by means o f compressed air into a vessel con­
taining explosive gas ; the speeds were previously determined with a 
ballistic pendulum.

Fig. 1 illustrates the arrangement finally adopted as m ost suitable 
for the purpose of the experiments.

Fig. 1.

_ _  M
f r o m  g a s o m e t e r

Flame
t r a p

rom  pump

/ Z /J7J.7A/J/ . / / / / / I K  ^  -

Semi-diagrammatic view of apparatus.

The explosive gas was contained in a horizontal tube G o f pyrex glass, 
80 cm. long and 4 cm. in diameter. The tube was closed at the end A  
by a conical cap o f wood, which fitted tightly  over a conical brass sheath  
and contained a plug o f w et asbestos wool to receive the pellet. The 
other end bore a brass cap with a circular opening 1 cm. in diameter, 
which could be closed by the rotary shutter S. The vertical side-tube E  
served as an indicator of successful ignition by the m oving particle : 
the flame which spread through E could readily be observed, whereas 
the flame in G, travelling with the ball, was much more rapid.

The pellet under examination was heated in a quartz (fused silica) 
tube Q, clamped within the furnace F. In order to secure a wide range 
of speed, and accurate aiming, the quartz tube, whose function is to
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direct and accelerate the pellet, m ust have a bore very little (usually 
about 10 per cent.) greater than the diameter o f the pellet, and as long 
a “ muzzle ” as possible. A glance at the calibration curves o f fig. 2 
will show the relative importance of this muzzle-distance when higher 
speeds are required. 2-foot tubes were finally employed, corresponding 
to a muzzle o f  about 45 cm. The question o f cooling in the muzzle has 
been considered. (Section 5, p. 10.)

Various m etals have been used for the furnace-winding—nichrome, 
molybdenum, kanthal, and platinum. An efficient and economical 
furnace was finally constructed on the “ cascade ” principle due to  
Harker * : its heating elem ent is a platinum-wound alundum tube
(12 in. X in.) protected by a wider coaxial “ Kanthal A 1 ” coil, also 
m ounted on an alundum tube and generously lagged. The furnace 
consumes about 330 w atts at 1300° C. and was used up to that tem pera­
ture for over 300 hours w ithout injury. It has been taken up to 1500° 0.

The quartz tube Q was joined by rubber to a glass “ T ’’-piece, having  
a tap Z on the horizontal arm. Through this tap the pellet could be 
introduced into Q and afterwards viewed by an optical (Wanner type) 
pyrometer, which faced in the direction of the arrow R. Silver j  has 
explained that this type o f instrument m ay be used under our conditions. 
As a check the pyrometer was compared with a standard thermocouple, 
and found in perfect agreement over the range used (800° C .-13000 0.). 
Temperatures given below are therefore direct pyrometer readings. The 
question o f how far these readings correspond to the temperature of the 
pellet when it enters the explosive mixture is considered in Section 5, p. 10.

The compressed air was generated in a reservoir C (equipped with  
a 60 lb./sq. in. gauge P), and released through Q by the tap T. Consistent 
speeds were obtained only when the rate of release did not vary, and a 
spring tap was therefore used : it  was simply a strip o f spring brass bound 
down across the pressure lead by a rotary switch. This tap reduced the 
variation in speed at any given pressure to A 1 Per cent. A ball-valve W  
prevented excessive loss of air from C.

For sim plicity in operation, the shutter S and tap T were electrically 
connected, by a device somewhat similar to that used by Silver J. When 
S had just completely uncovered the entrance to G, it  closed a circuit 
through the solenoid M, and the attraction o f M on a soft iron rod was 
communicated to the switch o f T by a slack chain. To eliminate auxiliary 
switches, the components o f T were themselves placed in the solenoid 
circuit.

* Harker, Proc. Roy. Soc. (A) lxxvi. p. 235 (1905).
f  Silver, loc. cit. p. 640.
* Loc. cit. p. 639.

B 2
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To filter out the pellet from its propelling air. which was found to disturb  
ballistic measurements and presumably tended to dilute the explosive 
mixture, as well as being itself capable of producing ignition *, three 
baffle-plates B were introduced between S and Q. Experience showed 
that three plates were sufficient, when placed at least 8 cm. apart, the 
extreme plates being 10 cm. from S and Q respectively. The accurate 
aiming j  permitted the use of such small apertures that the air which 
passed through B had a scarcely measurable effect on the pendulum. 
Each plate was furnished with a device which perm itted adjustment 
of the position (and size) o f the aperture to compensate for bends developed 
in Q by the heating. A shield D was erected over the plates in order to  
trap the ball if it failed to pass through : the gap indicated at H  in fig. 1 
is necessary, to allow the puff of air an alternative (and wider) exit.

3. Experimental Procedure.
The pressure gauge on 0  was first calibrated in terms of speed for a 

number of convenient muzzles. A ballistic pendulum was used (in place 
of G), the pellet being caught in a plug of plasticine on the bob and the  
deflexion recorded by a graduated thread drawn through a smooth  
hole. Fig. 2 shows a specimen calibration.

As a check this was repeated after each experiment proper. I t  was 
done with the furnace cold : variation of speed with temperature is not 
to be anticipated, in view o f the small coefficients o f expansion o f quartz 
and platinum.

In ignition experiments the pellet was inserted through tap Z and 
pushed carefully into the chosen position with a quartz rod. Its tempera­
ture and propelling pressure were adjusted to suitable values, and the 
explosion-vessel filled with gas by displacing the air. Taps X , V, Y , Z 
were then closed in that order, and S (and thereby T) opened. I f  an 
explosion occurred ;i;, the condensed water was evaporated from G by  
a current of air before refilling with gas.

Ignition was recorded by a cross, non-ignition by a circle, on a plane 
whose coordinates were speed (abscissa) and temperature. W hen the  
available ranges of these variables had been covered, the appropriate 
region of the plane was divided roughly into two parts, one containing 
crosses only, and corresponding to ignition, the other circles only, corre­
sponding to non-ignition. I t  was possible to draw a curve separating 
these regions, and this curve was taken to represent approxim ately the  
relation between speed and igniting temperature.

* Experiments on the igniting power of hot air are at present in progress.
f  The " spread ” at A did not exceed 1 cm. ; the distance AQ exceeded 

1 metre.
|  There was seldom any ambiguity.
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4. Results.

Coal-gas-air mixtures were used throughout, Silver having shown * 
that methane-air required inconveniently high temperatures. I t  is 
hoped that the observations on coal-gas will apply at least qualitatively

Fig. 2.

70

6 0

?5  cm ^

,40

6 04 0 5 0ZO
P

3 0
P r e s s u r e  in ibs./sq.in

7 0
ibs.rere s s u

2 mm. platinum.

to other explosive mixtures and in particular to fire-damp. The following 
analysis o f the gas used was kindly supplied by Glasgow Corporation :—

H 2. CH4. CO. N 2. CO,. GnHm. 0 2. Total.
Per cent. . 50-1 18-8 18-4 6-5 3-4“ 2-3 0-5 100-0

(A). Platinum 8y)heres.— The slope of the characteristic curve was 
found to decrease as the pellet diameter was increased. For diameters 
greater than 4 mm. this slope was so small that a temperature range of

* Loc. cit. p. 641.
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only some 50° could be covered. As the pyrometer cannot detect differ­
ences much less than 10°, the curves were very vague. Our first results 
apply, therefore, to  3-5 mm. platinum spheres, and are shown in fig. 3.

It is to be understood that the region on the left o f  any characteristic 
corresponds to ignition, that on the right to non-ignition. In other words, 
there is at each temperature a limiting speed, defined b y  the curve, 
beyond which ignition is not obtained *. The characteristics are approxi­
m ately linear, the curve for 9 per cent, coal-gas has a smaller slope than  
that for 7 per cent., and the “ minimum ” ignition temperature is about

Fig. 3.

o
9 2 0

9 0 0

Q .
E
3  8 8 0

S- 8 6 0

84-0
2 0 2 5 3 0 3 5

Sp eed in m e t r e s / s e c o n d .

3 5 mm. platinum: coal-gas-air.

the same lor each mixture. The form taken by the curves when both  
temperature and speed were very high could not be determined, owing 
to limitations of speed.

2 mm. platinum spheres were next examined ; this proved to be the  
most convenient size. W e have seen that large spheres give flat and there­

* .By suitable choice of temperature and speed, ignition can be delayed until 
the pellet is arrested at the asbestos target, whereupon flame spreads back 
through G to 8. Though this fact is implied in the curves of figs. 3 and 4, it 
is thought worthy of mention, as a convincing demonstration of the effect 
of speed upon igniting power.
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fore inaccurate characteristics ; in the same way pellets o f less than 2 111111. 
diameter have characteristics which are equally indefinite because they

Fig. 4.
1300
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E0)-p
00
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qua rt  z

000
6 0 7 02 0  3 0  4 0  5 0

Sp ee d in metres  J  second.

2 mm. spheres: coal-gas-air.

are so steep. The high speeds (over 100 metres/second) available at 
60 lb./sq. in. w ith 1-5 mm. platinum  spheres could not, unfortunately, 
be put to any use. W ith the 2 mm. pellets, a 9 per cent, mixture was
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first examined. The characteristic is shown on fig. 4, together with sub­
sequent results for other mixtures. The 9 per cent, characteristic covers 
the entire available range of speed (0-64- metres/sec.) and over 300° ol 
temperature (980° C.-13100 C.), and summarizes the results o f 290 shots.

(Similar curves were derived for 0. 7. 8. 12, 14, 16, and 20 per cent, 
coal-gas : the effect of concentration was found to be very marked (fig. 4). 
The same features, how'ever, can be noted in fig. 4 as in fig. 3 : the curves 
are all linear except for an initial “ tail ”— they all rise from approxi­
m ately the same minimum temperature, and their slope decreases, as 
the concentration is raised from the lourer lim it of inflammability (5-6  
per cent.) to wards its value for maximum flame-speed (about 20 per cent.).

When the limiting speed (that is, the greatest speed which will perm it 
ignition at a given temperature) is graphed, for any chosen temperature, 
against percentage gas in mixture, a curve is obtained, which rises as 
concentration increases, but shows a distinct tendency to flatten out at 
16-20 per cent. (fig. 5). Tins prompts one to enquire whether, for greater 
concentrations, the curve may descend again. 25, 26, 28, 30, and 32 per 
cent, mixtures wrere tried, in order to decide the question. A difficulty  
was, how'ever, foreseen. When the shutter S is opened, diffusion at once 
smooths out the discontinuity of concentration, so that every m ixture 
from pure air to the gas in G is to be found in this region. Provided we 
are using a concentration less than 20 per cent., the above results show' 
that the diluted mixtures are all less ignitable, and so any ignition can 
safely be recorded as an ignition of the gas in G. B ut if  the curves of  
tig. 5 descend beyond 20 per cent., and if G contains a mixture beyond  
this strength, then some of the diluted mixtures will be, not less, but more 
ignitable. Hence an explosion may take place under conditions which  
would not ignite the mixture in G. This explosion will, o f course, traverse 
the (richer) gas in the tube (supposed below the upper lim it o f inflam m a­
bility— about 32 per cent.), and unless the flame-speed is lowr, i. e., the  
mixture v'ell beyond 20 per cent., it will be difficult to say whether the  
flame is accompanying the pellet or merely following it. The turbulence 
and heating produced by the pellet will evidently exaggerate this difficulty 
bv increasing the normal speed of the flame.

That the curves of fig. 5 do descend again was proved quite clearly by 
explosions in 28 and 30 per cent, mixtures. These were difficult to 
ignite by direct action of the -pellet; they behaved in much the same way  
as t and 8 per cent, except that, even when a non-ignition was obviously  
to be recorded, a green flame started at the shutter, as far as could be 
judged at the moment of passage of the pellet, and floated along the tube 
in its w ake. Counting this as a non-ignition, 30 per cent, could not be 
ignited at 10 metres/sec. even at 1300° C. 28, 26, and 25 per cent, 
mixtures behaved very erratically, as indeed the above argument would
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anticipate. I t  appeared useless to look for real characteristics at these 
concentrations. One point, however, was tested. I f  the explosions 
with these rich mixtures are often due (as there is little doubt) to the 
diluted gas at the shutter, then the characteristic in which every sort of 
ignition is counted as an £‘ ignition ” should coincide with that appropriate 
to the m ost ignitable m ixture, and so will not be very different from the 
20 per cent, curve. This was found approxim ately true. The curves for 
“ shutter-ignition ” in 25, 28, 32 per cent, were all more or less the same, 
and coincided roughly with that for 20 per cent. ; they seemed to suggest

F i g .  5 .
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2 mm. platinum: coal-gas-air.

that 21 per cent, m ight be (slightly) more ignitable than 20 per cent. 
In fig. 5 the broken lines indicate what is probably the course o f the curves 
above 20 per cent. ; but except near 30 per cent, they are very uncertain.

(B) Quartz Spheres.— On account of their fragility and irregular shape 
these have not been used to the same extent as platinum. I t  was found, 
however, that good spheres could easily be made in the carbon arc, and 
results for 2 mm. quartz are shown (by a broken line) in fig. 4. Very 
high speeds could be commanded, but were of little use, as the character­
istics rose much more steeply than in the case of platinum. It will be 
noticed that the m inim um  ignition temperatures of the two mixtures
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used coincide, just as was found with platinum ; moreover, wliat is more 
interesting, these minimum temperatures are the same lor the two sub­
stances : this agrees with. Silver’s * result. At high speeds, however, 
quartz and platinum show marked differences in behaviour.

Note on “ Ageing ” of Spheres.
It  had been noticed throughout the work with 2 mm. platinum spheres 

(of which five were used) that the older spheres were always more efficient 
in igniting than the new. A characteristic was sketched for a new pellet 
and found approximately parallel to the corresponding curve o f fig. 4, 
but displaced upward, except at the lower end, through about 40°. Similar 
improvements with platinum wires are on record | .  It is thought probable 
that some connexion exists in the present case between the increased 
igniting power and the conspicuous surface-changes which took place. 
Before use the platinum spheres were polished and metallic in appearance. 
After a few ignitions they took on a milky aspect, as though the surface 
had been ruffled. Through long use their colour changed to dark grey  
and finally to a grey-black. The surface looked very rough under a low  
magnification. (The track on a photographic plate of the “ aged ” 
sphere was much brighter than that of a new sphere at the same tem pera­
ture and speed.)

Sufficient work has not been done with quartz to detect such an im prove­
m ent if  it exists ; but the surface undergoes a rapid change, becoming 
opaque after a few ignitions.

5. Cooling of Spheres.
As was pointed out above, the use of baffle-plates requires that the  

pellet traverse about 40 cm. of air between heating-tube and explosion - 
vessel. I t  is obviously important to know whether any considerable 
cooling takes place in this interval, and, if  so, whether it depends on the 
speed of transit. The question will first be considered theoretically.

The heat-losses from a sphere moving in a fluid are due to :

(a) Radiation.
(b) Conduction-convection.

(a) The radiation loss from a heated surface m ay be expressed as 
<e(rATf, where o  is Stefan’s constant ((5'6)10~12 w att/cm .2. °K.4), A the  
area and Ts the absolute temperature of the surface, and e a  factor 
depending on the surface and also on Ts. The maximum value o f e is,

* Loc. cit. p. 644 ; fig. 3.
t  Thornton, Phil. Mag. (6) xxxviii. p. 615 (1919) ; Shepherd and Wheeler,

S. M. R. B. paper 36, p. 19 (1927).
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of course, 1, when the surface is perfectly black f for polished platinum  
at 1600° K . International Critical Tables give 0-197 *. W e shall probably 
be safe, therefore, in adopting the value e =  0-5 as an upper lim it in our 
case. The loss per sq. cm. is then <(2-8)10~12(1573)4 w atts at the upper 
lim it (1573° K .) o f our temperature range,

in e., loss/cm .2 sec. <4-08  calories.

For a 2 mm. sphere, therefore,

(1H
Iossee < 0 -5 0 2  cals./see. at

The speeds used varied from 103 to 6.103 cm./sec. and the gap was 40 cm., 
to which m ust be added a further 30 cm. in the cold muzzle. Thus the 
tim e of cooling varied from 0-07 to 0-0117 sec. W ith the exception o f the  
6 and 30 per cent, m ixtures, however, the minimum speed at 1573° K . 
was over 2.103 cm./sec., and so the tim e of cooling less than 0-035 sec. 
Hence the heat-loss (H R) from radiation was always less than 0‘0176 cal., 
and usually much less than this.

If, now, the surface temperature T s. be identified w ith that o f the 
sphere as a whole (see below), a loss o f 0-0176 cal. will produce a tem pera­

ture drop — zlT. =  —  s m  being the mass and c1 the specific heat
TTZĈ

o f the sphere. For a 2 mm. platinum sphere, m — 0-093 gm. As to cv 
Landolt-Bornstein f  give, for platinum  :

0-1000° C. : c i=0-0377 cal./gm. °K.
0-1177° C. : cq =0-0388 cal./gm. °K.

whence cx at 1100° C. is approxim ately 0-045 cal./gm. °K. International 
Critical Tables J give

C l= (7 2 j ( l9 ? 2 )  ' [35'89+ <5'23)10’ ¥ ]  °al'/gm ' °K ’
at Centigrade temperature 6 : this expression leads to a value of 0-0386 at 
1100° C. Adopting 0-04 as a probable least value in our range, we have, 
finally,

(6) The loss by conduction-convection is not so readily estim ated. In
the first place it m ust be stated that all the results, experim ental and
theoretical, which we shall use refer to conditions where a steady heat-
field has been set up ; however, the consideration that our pellet emerges

* Vol. v. p. 243.
f  Phys. Chem. Tabellen.
J Vol. v. p. 93.
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from the heating-tube in a sheath of hot air suggests that the estim ates 
of heat-loss on the assumption of steady flow are not likely to he too  
small.

The only available data on the convective cooling of spheres refer to  
diameters of the order of 1 cm. and relatively low temperatures and 
speeds ; we have recourse, therefore, to the Similarity Principle, in order 
to render them applicable. Considerations of similarity show * th a t the  
heat-loss per second from a sphere of radius a at temperature Ts (absolute) 
to a fluid at Tx , when the state is steady and natural convection relatively  
small, is

= «A (T ,-T „M (K e, S i ) .................................. (1)

Ic being the thermal conductivity of the fluid, and i/<(Re, St) some un­
known function of the Reynolds number (Re) and Stanton number (SC t- 
k, Re, St must be calculated for the appropriate temperature, which is 
usually taken as T = i ( T A.-}-Tw) ;i;.

K inetic theory allows us to write St =  const, for a given gas, and in  
particular we have Ŝ  =  1*35 § for diatomic gases (e. g., air),

i. e., fc =  l-35 ixcp, and so (1) becomes

= « ^ ( T  - T J f l R e ) ........................................ (2)

f  being some unknown function. Boussinesq, w ith certain sim plifying  
assumptions, derived </> theoretically ; he gave ||

~  ^ W ^ k i c p W ( T ~ T J' ) ,

J IT __________ __ ___
i. e., =  [4 V 1 ‘ 3 )  V R e *

which implies that

^ (R e)= 8-26V R e.

* See Davis, Phil. Mag. (6) xliv. p. 940 (1922).
, _2 Wap   h

ptT ’ flcp’ ere V=velocity, p=density, p .= (dynamical)
viscosity, and c^^sp. heat (const, press.), of the fluid.

t  Nusselt, Zeits. d. Ver. deutsch. Ing. p. 685 (1917): Davis, Phil. Mag. (6) 
xli. p. 902 (1921). 8

§ Eucken, Phys. Zeits. xii. p. 1104 (1911); Langmuir, Phys. Rev. xxxiv. 
p. 404 (1912); Fage and Falkner (Aero. Res. Com. R. and M. no. 1408 (1931)) 
give S i= l-30  as a mean experimental value.

|| Journ. de Math. (6) 1, iii. p. 308 (1905), etc. We have written pcv for 
Boussinesq’s “ C.”
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Compan* verified this form of <f> from Re =  2100 to Re =  8300, and 
M itchell’s f  results support the same conclusion, though he did not 
him self accept it, over a range o f 1800 to 53,000. Our own values of 
Re are smaller (190 to 1500), but it is very unlikely that the above form  
will be departed from at these values : in the case of cylinders, the 
V R e-law  fails, i f  it  fails at all, only when Re becomes very large ;i;. W e 
therefore adopt

<mc
-fa  =Aa/xcp(T«—T j V R e ,  .................................. (3)

A being a constant derivable from Compan or Mitchell. I t  follows that

where px, cx refer to the sphere, at T„

- ( y ) r S \ / ^ v -<T*-T. )- • • • (4)
For Cp, fx, p we have adopted the expressions § (T = absolu te te m p .=
£(T.+TJ)

cp =  0-2272(1+ 0-0002 T),

(15)10-6T3/2
p,--

124-fiT

p  =  ( l - 2 9 3 ) 1 0 - » ( - ^ ) .

B oth Mitchell and Compan used copper spheres, and their range of  
temperature was com paratively low and narrow. Under these conditions, 
CpVp'P is alm ost constant, w ith a mean value o f 0-0001138 at T =  360.

dT
cx m ay be taken as 0-1 and px is 8-93. Inserting M itchell’s values of * |),

(ajX>

a , V, and Ts—Tw, we find B  =  2-72 (cf. Boussinesq : 2-789). The agree­
m ent w ith Boussinesq is striking, but both estim ates are almost certainly 
exaggerated. The theoretical figure refers to conditions of zero viscosity ; 
but the boundary layer m ust reduce heat-transfer below Boussinesq’s 
value. Indeed a comparison of his expressions for the loss from cylinders

* Ann. de Chim. et de Phys. xxvi. p. 545 (1902).
f  Edin. Phil. Trans, xl. p. 47 (1901-4).
% Davis, Phil. Mag. (6) xli. p. 903 (1921).
§ Langmuir, loc. cit. pp. 404-405.
II Uncorrected for radiation, which seems relatively small.

Boussinesq, loc. cit. p. 297.
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with the experimental data of King * shows an exaggeration o f about 
65 per cent. Again, Hughes t  has recorded a considerable increase in  
heat-loss when the sphere is suspended (as in M itchell’s experim ents) in 
a relatively narrow pipe. I t  seems probable, therefore, that B is less than  
2-72 ; but if  we adopt that figure, then

=  2: l ^ . / w V  ( T - T J ....................... (4')
\ dt / r PiCi V a3

an equation applicable to all cases of spheres in (unbounded) fluids under 
steady conditions of forced convection. Let us apply (4') to  the 2 mm.

/  dT  \
platinum spheres. Since the cooling is small, we -write ( d T s) =  A t ;

and zh = 40/V  (the convective cooling begins only after emergence, cf. p. 11). 

T —T
- had a max. value 1 0 \ /10, and appropriate values o f a, p, /a, cP,

y  V

cv  Pv are: a = 0 - l ,  p=(3-716)10~4, /a =  (4-09)10-4, cp=0-270, ^ = 0 -0 4 4 ,  
p1=21-37.
Hence - (d T s)c<12°-2.

The maximum radiation drop was 4°-3. These m axim a do n ot really 
occur together, so that their sum, i. e., 16°-5 is greater than the greatest 
drop to be expected. In the opinion of the writer it is considerably 
greater.

Compan’s results can also be used to evaluate the constant B  o f (4) : 
the result is 0-448, which is much smaller than M itchell’s figure. The fact 
that Compan used a wider pipe may partly account for the difference ; 
at any rate, the value of our convective drop based on his work would be 
2°-0 instead of 12°-2.

It  remains to justify the above assumption of uniform temperature 
throughout the pellet. We make use o f Fourier’s $ well-known solution  
for symmetrical heat flow in a solid sphere, when tire surface loss is pro­
portional to the excess surface temperature T s—T . I t  is

T(r, Q -T , 2pa  J
T0—T lcx n=1

of™ hL - A i  •
a e P'c' «*

e nr  e«cosec e n — cos en  

a 1

* King, Phil. Trans. (A) ccxiv. p. 405 (1914). 
t  Hughes, Proc. Univ. Durham Phil. Soc. viii. p. 189 (1930).
|  TMorie Anal, de. la Chaleur, ch. v.
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where T(r, t) is temperature of shell, radius r, at tim e t ; T 0 the (uniform) 
temperature o f sphere when / =  0 ; kx the thermal conductivity of sphere ; 
p[T (a, t )—T o o ]  the heat loss per unit area per second, and en the w th -fve  
real root o f the equation

e cot e =  l  — .
k x

Now p —p e-\-pR (convection and radiation), where

  dUc/dt

=0-0003020VV from (3), (4'),
w ith a maximum value o f 0-02340 at V = 6 0 0 0  ; and

_  dTLJdt 
47ra2(Ts—T^)

^ e o i T s t - T * )

T .- T ^

=  eoT ,* /(T ,-T - ),

and while this is not constant we can regard it as being so, with its greatest 
value, viz., 0-00315 (at Ts =  1573, ^ = 2 9 3 )

.-. p ^ 0-0266 .

As to  k x, we have no data for high temperatures, but theoretically k  is 
independent o f T for m etals. Assuming 7  ̂=  0-17, we have for e the 
equation : e cot e =  1-0-0157 ; the first two roots are : ^  =  12° 20' and 
e2 =  257° 39'. The second term of the series is found to be minute com­
pared with the first, even for 7 =  0, r = 0. Consequently,

• e P ’ h e tS i n  ,

T —T^ 2pa a t e p^ ‘ a*t
T 0 Tot kx €jr eicosec e] — cos ej

a

Hence if  Tc is the core-temperature

Tq- T .  =  100
T ?—T^ sin ej ' 99 -3 ’

There is thus, in our experiments w ith 2 mm. platinum spheres (and 
a fortiori with larger sizes) never more, and generally much less, than  
1 per cent, drop in surface-temperature as compared with core-tempera- 
ture.

The above analysis suggests that the cooling during flight is not o f such 
a magnitude as to vitiate our experimental results. In particular it
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may be observed that the effect increases with decrease of speed, so that 
the slower ball is, if  anything, cooler than the faster ball. There is, there­
fore, no question of the effect of speed upon ignition being due to cooling.

The theory has been tested in three ways :—
(1) Calorimetric measurements were made by shooting the ball into  

a small brass vessel, placed beyond the baffles, and connected to a 
thermocouple. No difference in heat-loss could be detected between a 
15 metre/sec. and a 30 metre/sec. ball after traversing the same stretch  
of air (the apparatus was accurate to \  per cent.).

(2) Ignition curves were derived in the usual way with the m outh of 
the heating tube removed to (if cm. instead of 40 cm. from the explosion  
tube. The curves coincided with those formerly obtained at 40 cm. 
This indicates that the heat-loss at 40 cm. was of such a magnitude that  
(assuming it to be proportional to the distance traversed) an increase of  
50 per cent, was unobservable. The original heat-loss, itself, m ay  
therefore be taken as negligible.

(3) Direct photographic record was made of the temperature o f the 
pellet surface during flight, byr shooting it across the field o f a wide angle 
lens. A series of tracks, on one plate, corresponding to  the same speed o f  
flight (indicated by curvature), but different temperatures, allowed the  
cooling to be estimated. Differences of 20° produced a noticeable change 
in intensity, and it could be said with conviction that no such cooling 
occurred.

G. Theoretical.
The factors which may be supposed to affect the ignition of a gas by  

a hot moving surface are so many, and in some cases so obscure, that a 
complete theory is probably out of the question. To begin w ith, the  
hydrodynamical problem of fluid flow round a sphere, except in the ideal 
case of zero viscosity and subcritical speeds, is exceedingly complex. 
It is true that viscosity-effects in gases are small at a distance from solid  
surfaces ; but they become important in the boundary layer adjoining 
these surfaces, and it is precisely with such a layer that we are concerned ; 
moreover, the speeds employed have often been above the critical lim it 
for stream-line flow' ; in other words, ignition spreads through a turbulent 
va Ice, and the conditions of continued propagation m ay be thereby  
complicated. When the hydrodynamical equations are taken in con­
junction with, the equations of heat transfer, they present a problem  
which cannot in general be solved exactly. Its solution, however, would 
lie of doubtful value for our purpose, as we m ay expect the conditions o f  
fluid-flow and heat-transfer to be modified if  not transfigured by the 
chemical reaction. This reaction in turn is far from simple, when initiated, 
as in our case, by an incandescent surface. Flow' far the ignition is purely
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thermal and liow far it depends on adsorption at the surface we do not 
know.

The following theory is a “ thermal ” one, developed along the lines 
followed by Silver *, i .e .,  on the assumption that extinction is due to  
over-rapid loss o f heat to the unburnt gas. The process of ignition is 
considered to occur in the viscous boundary layer surrounding the sphere : 
we therefore regard the sphere as at rest in, and at the same temperature 
as, the im m ediately adjoining gas, but losing heat at a rate dependent 
(as indicated in section 5 above) on its real velocity through the distant 
gas, and proportional to its temperature excess over that gas. This 
implies a surface temperature gradient which is similarly proportional; 
and we further assume w ith Silver, though this m ay perhaps be questioned, 
that the same gradient persists for a small, but finite distance out into the 

92T
gas, i. e., that — -  = 0  at the surface, n  being a norma] vector. 

on2.
Let us assume the rate of heat-transfer (total) to be given by equation (3) 

of section 5, i. e., by

dH
gfl =Aap,Cp (Ts—T J \ /R e

W e assume also spherical sym m etry, and therefore adopt a uniform

surface gradient ~  given by : 
on

whence « -------C ( T . - T . , ^ / g

in which C =  is a numerical constant with a probable value of
(l-35)Lr

* Loc. cit. p. 649.
f  See page 12. 0T
% It is interesting to note that essentially the same expression for —  is

obtained by assuming the temperature to fall uniformly from Tg to in the 
thickness of the boundary layer; for this thickness is of the order of

* / (see Prandtl, Handbuch der ExperimentalphysiJc, iv. 1, p. 36).
V Vn
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about O’6 (B oussinesq: 0-8358). This gradient is assumed to hold
throughout a shell o f thickness S. The rate o f loss o f heat from this shell 
is therefore

47r(a+S)2C&

i. e., 87rĈ S(Ts- T a3) ,
v p

which m ust be equated to the rate of development of heat through  
reaction in order to define a critical condition for flame. This heat o f

reaction is, in Silver’s notation, l-7rx2(jQerAIIir£{x)dx, where T(a) by our
Ja

assumption is = T s—C(Tg—Tco) \ /  —~ ( x — a ) .  In order that the variable
V  Clfl

part m ay be relatively small and the integral reduce to 47ra28/3Qe_A/RT«,

we require SC \ /  —̂  sm all: in other words, S must be small compared 
p a

with the thickness of the boundary layer (CV^l), which is otherwise 
evident. Equating these heats,

STrGkV'pjfMiT-T^  (1)

In this equation, IcVpfrx will vary little with temperature in our range 
[^(T^fl-Tw) = 783  to 933] for any one explosive mixture : for air the  
variation is only between (I P 38)1 O' 5 and (14-27)10—5 ; it will vary to  a 
greater extent w ith the mixture strength, but still not enough to  vitiate  
our (chiefly qualitative) applications of (1). Again, Q is a characteristic 
of the reaction, which we suppose the same in each case. Hence

SttL C V pIp- qe regarded as a single constant D. In the resultant 

equation, viz.,
D(Ts- T a))V1/2 = ^ 3/ V A/RTs, ................................... (2 )

)3 depends only on the concentration (for a given reaction), A  is regarded 
as constant, and R  is the gas-constant per gram-molecule.

Comparison with Experiments (on Coal-Gas).
( a )  I f  the mixture (j8 ) and V, Tot are kept constant, (2) gives 

as/2 oc (Ts—T00)eA/RTs.

/ T —T \
We suggest, therefore, that log ^  *- 3/2 wiU vai7  linearly w ith 1/Tf
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A
and that the “ grad ient” will be — -  -. Inserting Silver’s results, we find

R

M rp  __ 'T'
-1  °

a 
2A

the gradient seems more n e a r l y  — , B ut the value of A is uncertain.
R

(6) I f  T8, Too, and a are constant, and the mixture (fl) variable, then

y  « /32.

consists o f two factors, the constant C o f the integrated van ’t Hoff 
isochore w; =C e_A/RT and a factor /  which depends on the concentration 
of the m ixture. W hile /  is unknown unless the kinetics o f the reaction 
are com pletely specified, it  m ay be taken as varying from zero at a 0 per 
cent, m ixture through a maximum to zero at a 100 per cent, mixture. 
Since, therefore, V  a  / 2 we have qualitative agreement w ith our experi­
m ental curves o f fig. 5.

(c) Keep j8, a, T constant, as in the principal series of explosions. 
Then

writing

have

V  n r ________- ________« —2 A /R .T  .

( T - T J 2

R T, n R T  q
=  cL , we

2A 2A

Now

y  a  ___   e-1/®.
{ 0 -0 J *

Bf  =  t 8 ^  n  w hen  T > = 1300

and =  when T =1600.
' lb

^  varies only a little, and we m ay write V a  — e~lie= v  (say). W hen?

is plotted against Q, it  gives a curve o f the well-known frequency shape,
ddwhich is linear (approx.), w ith — positive, between 8 = 0T and 8 = 0-4,

i. e.. between

T — ^A an(j T =
T*“  lOR ' i o r ’
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I f  we take A as 10,000 * and R as 2, the lim its become : Tg= 1 0 0 0  °K. 
and Tg =  4000 °K. These include our range o f temperature. The theory  
therefore accounts for the linear form and the direction of the character­
istics in figs. 3 and 4 ; it  m ust be pointed out, however, that the value o f A  
here assumed, while probably sound, is not that suggested by paragraph
(a) above.

As to the slopes o f the characteristics, they can be obtained from our 
theory in terms of the current coordinates V and Ts ; for evidently

dV  = 2V f  A
dTs TV \  RTg T. /

2 V /4 7 0 0  ^
^ I T S /

Fig. 6.

0-8

9

0-4

0-2

0-2 0 - 4
u

Graph of v— A e~i/e.

on the present assumption. The slopes have been calculated from this 
expression for the points on the curves of fig. 4 where Ts= 1423  (except 
6 per cent.). They are all o f the same order of magnitude as those dis­
played in fig. 4 ; in m ost cases the discrepancy is small, but in some it  
amounts to as much as i  50 per cent. No system atic variation is apparent. 
The same remarks apply to fig. 3.

* Cf. Silver, loc. cit. p. 652.
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(d) ft, Ts, Too constant. Then

Voc a3.

This relation is difficult to test, for unless the diameters of our spheres 
are very nearly equal there is no temperature at which points are known 
for both characteristics. Tor example, the 2 mm. platinum curves begin 
at about 1000° C., and those for 3-5 mm. platinum, owing to lim itations 
of speed, have not been extended above 930° C. B y extrapolation we 
have estim ated the lim iting speed for a 3-5 mm. sphere at 1020° C. in 
7 per cent, coal-gas-air to be about 35 metres per second. The observed 
value for a 2 mm. sphere is 10 metres per second. These figures suggest 
rather Voc a2 than Voc a3.

(e) Our theory makes no provision for the nature of the surface, nor 
the m aterial o f the sphere. I t  is therefore probably unable to explain  
the difference in behaviour of quartz and platinum, and the “ ageing ” 
of the platinum  spheres.

(/) Tinally, keeping ft, V, and a constant, let us examine the effect on 
Ts of varying T*. From (2),

5T, _  1
j A

RTV
(T —TT 2 ' « 0

A dT 1
I f  T- = 5000 , as before, T6. =  1300, T^ = 300 , then — = — - .  Thus T^,

r  " a i^  2

Ts should have variations o f the same order, but in opposite directions.
The explosive mixture was heated to above 200° C. in the hope of detecting
this effect, but (Ts)min for the 2 mm. platinum  spheres did not change by
an observable am ount from its value when T was the normal room-

00

temperature (20° C.). The question calls for more detailed examination.
In  conclusion we m ay say that, while the above theory accounts for 

m ost of the prominent features of ignition by hot particles, it leaves a 
good deal to  be desired in other respects. Improvement is perhaps to  
be expected when the mechanism o f heat-exchange and reaction at the 
surface are more precisely known, and the temperature distribution  
around a m oving sphere has been com pletely analysed in the light of 
contemporary knowledge of boundary layers and turbulent flow. The 
fact that speed has such a pronounced influence upon ignition precludes 
any purely surface theory of the effect : the mechanism o f transference 
(whether “ thermal ” or “ chain ” ) m ust play a part. B ut the conditions 
at the surface, though not the only factors, are, in the writer’s opinion, 
o f prime importance.
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7. Summary.
(1) A survey of the literature of ignition by hot surfaces suggests that 

the speed of relative m otion of gas and surface is a factor determining 
whether ignition takes place ; it is further surmised that increase of speed 
results in decrease of igniting power.

(2) An apparatus for examining the effect of speed when the surface 
is that of a small sphere is then described in detail.

(3) The results obtained with this apparatus are given. They apply  
to coal-gas-air and may be summarized as follows :—

(a ) There is a minimum ignition temperature, for a given size of sphere, 
below which ignition has not been obtained. This temperature appears 
independent of the richness of the mixture, o f the “ age ” of the sphere, 
and of its material, as far as this lias been varied (quartz and platinum). 
It  is well above the ignition temperatures by the more usual sources of  
ignition.

( b )  For temperatures above this minimum, ignition is regularly observed, 
provided that the speed does not exceed a critical value. When th is 
value is exceeded ignition does not take place.

(c) This critical speed is a function of the temperature : it  increases 
as the temperature is increased, according to a roughly linear relation.

(id) The slope of the temperature-critical speed characteristic decreases 
(i. e., the critical speed for any given temperature increases) as the rich­
ness of the mixture is increased from its value at the lower explosive lim it. 
The slope reaches a minimum value at a concentration somewhat in  
excess of that corresponding to maximum flame-speed ; and subse­
quently increases as the m ixture-strength is further raised towards its 
upper explosive limit.

(e) The characteristics for fused silica (“ quartz ” ) spheres rise more 
steeply than those for platinum  spheres of the same size, but the minimum  
ignition temperature is the same as before, and shows the same constancy 
with varying mixture-strength.

(/) The platinum spheres are found to improve their igniting power 
with use.

(;g) The initial temperature o f the mixture appears to have no effect 
(over a range of 200° C.) on the m inimum  igniting temperature o f a platinum  
sphere (2 mm.).

(4) The question of cooling suffered by the spheres before entry into  
the mixture is examined theoretically and experimentally. The effect 
is concluded to be negligible in the present experiments.

(5) A theory is given which explains qualitatively the main features 
of the work ; the points mentioned in (3) (e), (/), (g), above do not find
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an explanation in this theory, which is of an excessively simple nature. 
Suggestions for im provement are made.

The experiments were conducted in the Research Laboratories of the 
Natural Philosophy Departm ent at Glasgow University, under the 
supervision of Professor E. Taylor Jones, and I  am glad to have this 
opportunity o f expressing m y indebtedness to him for constant help 
and encouragement. I  wish also to thank Imperial Chemical Industries, 
Ltd., who suggested the j)roklem, for permission to publish, and for 
a personal grant. To Dr. G. Green I am obliged for m any valuable 
references.
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In  this paper further experiments are described on the ignition of inflam­
mable gases by hot moving particles.

1. Introduction.
Previous work f  on the ignition of coal-gas-air, hydrogen-air, and 

pentane vapour-air mixtures by platinum  and quartz spheres had shown 
the existence of a definite minimum temperature to which any given  
sphere m ust be raised before it was capable, under the experimental 
conditions, o f igniting a given mixture. This temperature depended 
upon the nature and strength of the mixture, and upon the diameter 
of the sphere. The observation j  that it depended also, to a marked 
degree, upon the speed o f  relative motion of gas and sphere, increasing 
apparently w ithout lim it as the speed was raised, cast doubt on the 
original conception § of an '' instantaneous ignition temperature ’ ’ 
(i. e., one corresponding to infinite speed o f  flight), and focused attention  
rather upon low relative speed. Experiments have therefore been made 
with particles m oving more slowly (at 1-2 metre/sec.) than heretofore, 
and the observed ignition temperatures, which correspond in every case 
to the above speed, form the subject of this report. They are lower, 
and in some cases considerably lower, than those previously determined 
for higher speeds.

2. Experimental Arrangement.
Really low and easily controlled and measured speeds might be secured 

by suspending the chosen sphere at rest, heating it inductively, and

* Communicated by Professor E. Taylor Jones.
f  R. S. Silver, Phil. Mag. (7) xxiii. p. 633 11937). S. Paterson, ib. (7) xxviii. 

p. 1 (1939).
j  Paterson, loc. cit.
§ McDavid, Journ. Chem. Soc. cxi. p. 1004 (1917); Silver, loc. cit., p. 636.
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passing a current of explosive gas over it. Such a method, which recalls 
the work of various authors on hot wire ignition, has m any advantages, 
but the disadvantages are also pronounced. Apart from obvious problems 
of suspension and rapid replacement of one sphere by another at the 
same temperature, inductive heating is restricted to conductors, and the  
cases of moving gas and moving sphere are equivalent only when elaborate 
precautions are taken to ensure uniformity of the gas stream.

Fig. 1.

Pyrometer

□
Water

Semi-diagrammatic view of apparatus.

The technique used consisted simply in heating the sphere in a vertical 
tube furnace and dropping it through a shutter into the explosive m ixture ; 
by abbreviating the drop, one could command speeds as low  as 1 metre/sec. 
Details will be gathered from fig. 1. The furnace F  was a small blind  
T-tube of alundum, wound with “ Kantbal A1 ” strip and lagged with  
alundum and asbestos wool. (The tube was moulded on a waxed former, 
and the method of winding is shown in the figure.) The experim ental 
sphere A was supported against the vertical furnace wall w ithin a quartz
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tube Q of appropriate bore which passed loosely through the side-arm of 
the “ T .” Since this arm inclined at about 20° to the horizon, the sphere 
autom atically took up the required position when inserted in Q. and could 
then be dropped clear by withdrawing Q a fraction of an inch. This 
simple m ethod allows constant observation with a pyrometer through Q ; 
and it eliminates speed as a variable factor, since the speed of entry into 
the gas depends only on the (fixed) distance AB. In all our experiments 
this distance was 7-3 cm., and the speed of entry therefore T2 metre/sec., 
which probably represents about the lower limit of speed available in 
th e present method, since it does not appear possible to make a higli- 
temperature vertical tube furnace much shorter than 10 cm.

The explosion vessel E was a vertical pyrex tube (3-5 x 4 0  cm.), fitted, 
as in the former experiments, * with brass sheaths, wooden target T, 
perforated cover B , and rotary shutter S. Asbestos wool was at first 
used in T to catch the spheres, but water was ultim ately substituted, 
for reasons to be explained. The cover cap B and shutter S became 
very hot from their inevitable proxim ity to the furnace ; it was suspected  
that this caused a lowering of the ignition temperature, and a water-cooled 
cap was constructed, dependent on natural convection to a large tank : 
this worked admirably, the shutter never becoming more than slightly  
warm to the hand.

The experimental procedure is sufficiently obvious : when the chosen 
sphere had been heated to the required temperature, S was opened and 
Q slightly withdrawn. After a little practice this could be accomplished 
very quickly, and it was not thought necessary to " mechanise ” the 
shutter. In  the event of ignition occurring (there was never any 
ambiguity) the condensed water was evaporated from E by a current 
o f air before the next trial.

3. Experimental Results.
As in the previous work, m ost of the experiments were made with 

spheres of platinum  and quartz, though alumina, porcelain, alundum, 
slate, titanium  oxide, and nickel, as well as several complex slags were 
also used. E xcept in the cases of platinum  and nickel, these spheres 
were fashioned in a carbon arc ; and only a lim ited number of substances 
lend them selves to  this treatment. The explosive mixtures were 
coal-gas-air, hydrogen-air, methane-air, and pentane-air

A. Coal-gas-air : variation of ignition temperature with diameter of sphere : 
quartz spheres.

As soon as it was found that quartz spheres moving through 10 per cent, 
coal-gas-air at 1-2 metre/sec. gave lower ignition temperatures than those

* Paterson, loc. cit.
2 12
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previously recorded, the relation between these temperatures and the 
diameters of the spheres was reinvestigated. Fig. 2 enables the results 
to be compared with those of Silver for the same mixture (10 per cent.) 
but higher speed (4 metre/sec.). The general shape of the curve is 
unchanged, but the temperatures are considerably lo w er ; and th is fall 
is greatest for the smaller spheres. As the efficiency of quartz has been  
found to decrease slightly w ith use (see par. I  of this section), it  m ust be 
stated that the curve refers to new and highly polished spheres.

Fig. 2.
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Sphere diameter (mm.).
Quartz spheres : coal-gas-air.

The curve for 20 per cent, coal-gas-air under present conditions is 
also reproduced in fig. 2. I t  is similar to the 10 per cent, characteristic, 
but does not coincide w ith it. This raises the question o f variation w ith  
mixture strength.

B. Goal-gas-air : variation of ignition temperature with percentage gas 
in mixture : quartz, alundum, and platinum spheres.

The effect of mixture strength, in the case of 2 mm. spheres, is illustrated  
hi fig. 3. A regular decrease of ignition temperature occurs as the
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percentage varies from its lower explosive lim it to the value for maximum  
flame-speecl. Thereafter, the decrease is small and may not he signi­
ficant ; but there certainly appears to he no increase (cf. the writer, 
loc. cit. p. 8). Reference m ay here be made to the writer’s previous 
work in which a series of curves * was derived connecting the ignition  
temperature and speed o f platinum and quartz spheres for various 
strengths of mixture. These curves appeared to converge at low  
speeds to a single point on the temperature axis ; it was suggested, 
in other words, that the “ minimum ” ignition temperature did not 
depend on mixture strength. However, the lowest speeds then used 
were o f the order of 10 metre/sec., and the apparatus was not designed

Fig. 3.
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2 mm. spheres : coal-gas-air.

for/use even at this level. The curves referred to, instead of “ tailing off ” 
at 1000° C., require, in fact, to be extended downwards, and at the low  
speed now in use a pronounced variation of ignition temperature with  
mixture strength is still apparent.

In  connexion with the curves of fig. 3 two remarks m ust be made. The 
platinum curve refers to a sphere which had been used for a long time 
w ith the asbestos target (see section 2 above), and was found, in fact, to have 
acquired a coating of fused asbestos. Under these conditions the sphere 
behaved with great consistency ; but its performance became more

* Loc. cit. p. 7, fig. 4.

ERRATUM.
In  3 p 441 circles refer to platinum, oblique crosses to  a lu n d u m , point* 

and  vertical crosses to  quartz .  The  a u th o r  is obliged to Mr. (> o .  Morris. l ,S e .  
for d raw ing  th is  omission to his notice.
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erratic when the coating was removed. The oehaviour ot clean platinum  
spheres has indeed several remarkable features, which will be described 
later (par. H). The quartz curve was also obtained with an ' ' o l d ” 
sphere. In this case (as in all others described, except the above) a water 
target had been substituted for the asbestos, so that no coating was formed; 
but the igniting power of quartz spheres, as already remarked, decreases 
slightly (10-20°) with use, before reaching the stable values o f fig. 3. 
Thus, the two isolated points, which represent the lowest ignition tem ­
peratures recorded, refer to freshly made spheres. Further details o f this 
effect are again given in par. I.

I t  is perhaps also worth recording that the ignition temperature of 
a coal-gas jet. with which the explosion tube was replaced, corresponded 
with the lowest pmnt on the appropriate curve o f fig. 3. There is appar­
ently no particular virtue in the fact that our explosive m ixture was 
normally enclosed in a tube.

C. Hydrogen-air : variation of ignition temperature with sphere diameter :
Qi'-artz spheres.

'Results for 10 per cent, hydrogen-air corresponding to those of fig. 2 
arc displayed in tig. I. The relationship between sphere diameter and 
ignition tem perature is o f the same general type. Silver’s curve * at 
4 metre/sec. in a 20 per cent, mixture is again included for comparison. 
I f  the ignition tem perature varies with mixture strength in the same w ay  
as for eoa!.-gas-air-—which is probable,—so that a 20 per cent, m ixture 
is more easily ignited than a 10 per cent., the effect of speed m ust be even 
greater than tig. 4 would suggest. In view  of the violence of explosion 
in richer hydrogen-air mixtures, however, a percentage-variation curve 
has not been sought w ith the present apparatus.

D. 31 ethane-air : quartz and platinum spheres.
In addition to coal-gas-air and hydrogen-air, mixtures of air w ith  

methane and pentane vapour were examined by Silver. Methane-air 
he showed to have very high ignition temperatures : the 8 per cent, 
mixture could not be ignited by a 6-5 mm. platinum sphere below 1200° C. f  
The above work on coal-gas and hydrogen gave hope that this figure 
might be reduced under the present conditions, and a 10 per cent, mixture 
was chosen in the belief that it would be, if  anything, more easily ignited  
than the 8 per cent, t  Failures, however, were recorded up to 1100° C. 
with a 5-5 mm. platinum sphere, and up to 1115° C. with a 5 2 mm

* Loc. cit. p. 647, fig. 5. 
j Loc. cit. p. 644. 
j; See, however, p. 454.
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quartz. The small vertical furnace is relatively inefficient, and 1120' C, 
represents its safe limit. The actual ignition temperatures were therefore 
not determined ; but it seems that they are still conspicuously high.

E . Pentane vapour-air: variation of ignition temperature with sphere
diameter: platinum spheres.

The relation between ignition temperature and sphere diameter for 
a 3 per cent, pentane-air mixture is recorded, along with Silver’s results 
at 4 metre/sec., in fig. 5, which recalls figs. 2 and 4 : the new curve is again

Fig. 4.
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Sphere diameter (mm.).
Quartz spheres: hydrogen-air.

similar to the old but beneath it, and the difference is again greatest 
for the smaller spheres.

F . Pentane-air: variation of ignition temperature with mixture strength : 
platinum, quartz, and nickel spheres.

4 mm. spheres were used in this case, in order to work at a temperature 
suitable for the furnace. Mixtures containing 1£, 2, 3, 4, 4 f, 5 per cent, 
pentane were examined, but no appreciable variation of ignition tem ­
perature could be detected. The results are best summarized in a table
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(Table I.). I t  will be seen that the overall variation for any one sphere 
substance is about 10°, which scarcely exceeds the error of measurement.

Fig. 5.
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Sphere diameter (mm.). 
Platinum spheres: 3% pentane vapour-air.

T a b l e  I.

Per cent. 
[ C5H12.

4-0 mm. 
Pt (old).

4-0 mm. 
Ni.

4-0 mm. 
quartz.

1 4 .......... 1030° C. 1025° C. —

2 ............ 1035 1030 1035° C.

3 ............ 1030 1020 1020

4 ............ 1035 1030 1030

*4.......... 1030 1030 1030

5 ........... 1030 1025 —
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W e m ust conclude th a t  th e  ignition  tem p era tu re  under p resen t conditions 
does n o t depend upo n  m ix tu re  streng th . The effect o f sphere substance 
will be discussed directly.

G. Coal -gas-a i r , hydrogen-a ir  an d  pen tane -a i r  : effect o f  sphere  substance  
u p o n  ign i t i on  temperature.

Silver’s resu lts * for these m ix tu res referred  to  spheres o f q u artz  and  
p la tinum  a t  4 m etre/sec., and  th e  effect of sphere substance u n d er such 
conditions w as re la tive ly  very  small. H e suggested, how ever, th a t  th is  
m igh t be due to  coincidence.

Table I I .

Material of sphere. 10 per cent, 
hydrogen.

10 per cent, 
coal-gas.

Platinum  (old, asbestos-coated)..................... 810° C. 915° C

Platinum  (old, c lean )........................................
(12 per cent.) 

820 915
Platinum  (polished).......................................... > 8 7 5 > 1070

900N ick e l................................................................... 815
Quartz (new) [Si02] .......................................... 800 880
Alumina [A120 3] ................................................ 880
Alundum ............................................................. 810 900

P o rc e la in .............................................................
(12 per cent.) 

810 870
S la te ..................................................................... 825 895
Titanium oxide [T i02] 2-1 m m ........................ 825 890
Tephroite [2MriO . Sif)2] ................... 825 900
Fayalite [2F e0 .S i0o] T 8 m m .......................... 835 860
FeO. ALO„ 2-1 mm ............................. 825 890
[35MnO, 25Si02, 40FeO] 1-9 m m .................... 830 895

Sphere diameter (unless otherwise stated), 2 mm.

I t  will be seen from  fig. 3 th a t, although quartz  spheres a t  1 m etre/sec. 
in  coal-gas-air are unquestionab ly  m ore efficient th a n  asbestos-coated 
p la tinum , th e  agreem ent is again  rela tively  close ; and  it  ex tends to  
alundum , as th e  curves show. T he pen tane  results of T able I ., w hich 
cover th e  explosive range, cast d oub t in  th is  case also on th e  existence 
of any  im p o rtan t v a ria tio n  w ith  sphere substance.

The question  has been exam ined for 10 p er cent, coal-gas-air an d  
10 p er cent, hydrogen-air over a  m ore extensive range of m aterials. 
Spheres of approx im ate ly  2 m m . d iam eter were m ade in  th e  arc from

* L o c . c it .
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four slags of suitable m elting-point and  surface-tension : teph ro ite
(2MnO .S i0 2), fayalite  (2 F e 0 .S i0 2). F e 0 .A l20 3. and  a te rn a ry  m ix tu re  
containing 35MnO. 25Si02. 4-OFeO * ; titan iu m  oxide (T i0 2), glazed 
porcelain; and alum ina were also used, and  slate gave excellent spheres 
w ith a high polish ; a  2 mm. nickel sphere was tu rn e d  on th e  la th e  ; 
and  results were of course already  know n for q u artz  and  alundum , and  
also for p la tinum  w ith  and  w ithou t asbestos coating. T able I I .  su m ­
m arizes th e  ignition tem pera tu res of 10 per cent, hydrogen-air and  10 p er 
cent, coal-gas-air by  th is fairly  rep resen ta tive  collection, an d  will give- 
some idea of the  relative im portance or un im portance of sphere substance.

The surfaces were exam ined m icroscopically before use, an d  exh ib ited  
wade differences in condition ; some (<?. g., alundum ) were crystalline, some 
rough b u t app aren tly  am orphous, some so highly polished (quartz, 
porcelain) th a t  i t  was alm ost impossible to  focus on th e  surface itse lf ; 
the  nickel sphere rap id ly  acquired  a th in  and  adheren t oxide film. The 
significance (if any) of these differences m ay  also be gauged from  T able I I .  
I t  will be seen th a t  p la tinum  form s an  exceptional case, and  th e  behaviour 
of p la tinum  spheres, which is unusually  in teresting , deserves fu rth e r  
m ention.

H . “ Age ing  ” o f p la t in u m  spheres.

I t  was noticed in previous work f  th a t  the  igniting pow er of p la tin u m  
spheres in coal-gas-air increased w ith  use. This effect reappeared  early  
in the  presen t experim ents, b u t on a m ore im pressive scale. Thus, 
though an old 2 m m . sphere (" 2-0 D ):) gave consistent ignition  a t  
920° C. in 10 per cent, coal-gas-air, a new specim en (2*0 F) failed repea ted ly  
a t tem pera tu res up  to  1070° C., and  could p robably  be tak en  m uch higher 
w ithou t effect ; for a larger sphere (2-5 A), also new, failed  in  each o f 
28 successive shots a t  tem pera tu res ranging from  935° C. to  1070° C. 
A fter repeated  use, however, 2-0 F  becam e as efficient as 2-0 D  ; an d  2-5 A, 
as would be expected, surpassed them  both .

I t  was th o u g h t a t first th a t  an  exp lanation  could be found  in  th e  ac tion  
of the  asbestos ta rg e t. As th e  experim ent proceeded, various rem arkab le  
colour changes took  place in the  p la tinum  surface, and  i t  w as estab lished  
beyond doub t th a t  these were due to  th e  ta rg e t. A sbestos consists o f 
a num ber of complex silicates, some of w hich (e. g., crociclolite) are read ily  
fusible ; m inute fragm ents adhere to  th e  glowing p la tinum  surface.

* The ferrous slags became magnetic during treatm ent, so th a t they  were 
presumably reduced in the arc.

f Paterson, loc. cit. p. 10. Gf. also Thornton, Phil. Mag. (6) xxxviii. p. 624 
(1919). White andPrice, Journ. Chem. Soc. cxv. p. 1263 (1919). Shepherd and 
Wheeler, Safety in Mines Research Board Paper, xxxvi. p. 19 (1927).
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an d  sp read  o u t upon it when th e  sphere is replaced in  the  furnace. As th is 
process resu lts in  th e  form ation of a su b stan tia l asbestos coat, it  will no t, 
perhaps, ap p ear surprising th a t  a new and  clean p la tinum  sphere should 
behave differently  from  one which has been long in  use.

T he effect, how ever, canno t be explained in th is  w ay. To begin w ith , 
if  th e  im provem ent is due solely to  asbestos deposition, i t  should d is­
ap p ear w hen th e  deposit is rem oved. The p la tinum  spheres were 
cleaned easily and  thoroughly  by  washing in  hydrofluoric acid, an d  fresh 
accretion  was p rev en ted  by  substitu ting  a w ater ta rg e t for th e  asbestos 
wool. B eyond a loss of consistency, th e  results w ith  2-0 D and  2-0 F  
(in 10 p er cent, coal-gas-air) showed little  change : the  spheres were 
still capable, on occasion, of producing ignition a t  as low a tem p era tu re  
as before, and  never failed to  do so above 950° C. ; th ere  was no suggestion 
of a  re tu rn  to  the  1070° C. level. As a m a tte r  o f fact, i t  is now know n th a t  
changes occur in  th e  p la tin u m  surface, and  an  im provem ent takes place 
sim ultaneously  in  its  igniting pow er w hen no asbestos is p resen t and  
no deposit w hatever is form ed. The surface, which originally p resen ted  
th e  appearance, even under considerable m agnification, of a  com pact 
an d  b righ tly  reflecting sheet of m etal w ith  a conspicuous " h igh-ligh t,” 
becom es dull and  m ilky to  the  eye and  reflects very  diffusely. W hen 
m agnified i t  now  shows an extrem ely  line p ittin g  or etching : the  general 
effect could be described as tinselled. This change is n o t due e ither 
to  th e  sudden  cooling w hen th e  sphere is dropped, or, as m ight be suggested, 
to  th e  reaction  a t  its surface during ignition ; i t  can be produced sim ply 
b y  heating  th e  sphere for a few hours in a quartz  tube  a t  1000° C. On th e  
o ther hand , a  sphere whose polish has been destroyed in th is or any  o ther 
w ay, m ay  be resto red  to  th e  original condition, w ith  its  lu stre  even 
enhanced, b y  heating  for a sim ilar period at  a  bright orange  in the  tip  
of a  cap illary  coal-gas flame ; lower tem pera tu res are, however, ineffective.

I t  seems possible to  correlate these surface changes d irectly  w ith  th e  
changes in  igniting power, which, like them , continued to  occur afte r the  
asbestos deposition h ad  been elim inated. T hus a new and  b righ tly  
polished sphere (2-0 G) failed to  ignite 10 per cent, coal-gas-air a t  940° C., 
965° 0 ., 985°  C., and  1000° C. Three days la ter, i t  succeeded a t  970° C., 
an d  finally a t  940° G. : th e  surface was now unm istakab ly  tinselled, 
tho u g h  still b righ t. Again, 2-0 F , whose asbestos coat h ad  been rem oved 
revealing a tinselled  surface, gave consistent ignition (of th e  sam e m ixture) 
a t  920-940° C. I t  was hea ted  for some tim e to  a low red  in  th e  flam e-tip, 
w ithou t, how ever, recovering its polish ; nor h ad  its  igniting pow er 
decreased. A fter tw o hours a t  a b righ t orange, the  surface, while ra th e r  
g ranu lar in  appearance, was h ighly lustrous and  en tire ly  w ithou t p itting . 
Failu res w ere now  recorded a t  1000° C., 1000° C., 1060° C., and  success 
only a t  1095° C. ;. th e  sphere failed repeated ly  a t  960° C., b u t in  th e  end
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produced ignition abou t 990° C. I t  was found to  be still b rig h t and  
lustrous, b u t w ith  finer m arkings in evidence. A fter a  fresh  tw o h o u rs’ 
orange hea t in th e  flam e-tip (which, rem oved the  m arkings), 2-0 F  gave 
im m ediate ignition a t  1095° 0., w hich m ay  be regarded  as a probable 
upper lim it for even a new  ” sphere ; b u t i t  failed consistently  a t  
1020° 0.-1050° 0. I t  was now steeped a t  1020° 0. in  th e  furnace for 
4-| hours, w hereupon i t  succeeded a t  once a t  1015° C. and  970° C., and  
was found to  have resum ed its  fam iliar tinselling. T he en tire  cycle 
of ageing and  rejuvenation  was rep ea ted  once more, and  could ap p aren tly  
be repeated  w ithou t lim it.

This effect has n o t been stud ied  so closely in  th e  case of hydrogen-air, 
b u t there  is no d oub t th a t  i t  exists here too. A new  an d  polished sphere 
(2-0 H) succeeded in  igniting  10 per cent, hydrogen-air a t  890° C., b u t 
failed a t  850° C. A fter a very  few tria ls, however, ignition was p roduced  
as low as 820° C. A t th is stage th e  surface was still ap p aren tly  polished, 
b u t fine division could be seen under th e  microscope ; a successful sho t 
a t  935° C. in 10 per cent, coal-gas-air show ed th a t  th e  ageing applied  
to  th is m ix ture  also. 2' 0 H  was now  h ea ted  for tw o hours to  b rig h t 
orange in th e  flam e-tip, exam ined and  re te s ted  in  10 per cent, coal-gas-air. 
The surface had  lost its  tinselling an d  acquired  th e  “ g ranu lar ” lustrous 
appearance. I t  failed a t 1015° C. and  1010° C. to  ignite  th e  coal-gas 
m ixture, and  a t 875° C. an d  860° C. in  10 p er cent, hydrogen-air. Success 
was then  recorded a t  890° C., 860° C., and  la te r  a t  820° C., th e  original 
ignition tem pera tu re  for old spheres.

The effect is well m arked  in  p en tan e  vapour-air. A 3 per cent, m ix tu re  
was used, and  could be ign ited  very  consistently  a t  tem p era tu res  above 
1030° G. by  4-0 A, an  old p la tin u m  sphere w ith  characteristically  tinselled  
surface. 4-0 B, w hich was new  and  polished, failed a t  1065° C. and  
1110° C. ; i t  succeeded a t  1155° C., b u t failed again tw ice a t  1120° C. 
N ex t day, how ever, ignition  was im m ediately  produced  a t 1040° C., 
and  th e  usual tinselling could be detected . (4-0 B was still som ew hat 
inferior to  4-0 A in  10 p er cent, coal-gas-air.) A fter four h o u rs’ in tense 
heating  in th e  flam e-tip , TO B, whose surface was now lustrous and  
‘‘ fused ” in appearance an d  w ith o u t a trace  of tinselling, failed repea ted ly  
a t  1120° C. to  ignite th e  pen tane-a ir m ix ture . The cycle is therefore 
complete.

Failure was also recorded up  to  1040° C. in  10 per cent, coal-gas-air ; 
th is m ay be com pared w ith  th e  figure of 840° C. for " old ” spheres, again 
exem plifying th e  effect in coal-gas.

I . “ Age ing  ” of  quartz  spheres.

Changes in igniting pow er of th e  k ind  described appear to  be peculiar 
to  p la tinum  : no im provem ent w ith  use was detected  in an y  of th e  o ther
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m ateria ls. Thus, a  2 mm. alundum  sphere, w hich ignited  10 p er cent, 
coal-gas-air a t  905° C. on its  first tria l, still failed consisten tly  a t  900° C. 
a fte r its  fiftieth . The surface change, w hich seem ed to  am oun t chiefly 
to  roughening of th e  crysta l faces by  fracture , h ad  h ad  no effect upon  
perform ance. In  th e  case of quartz , which was perhaps th e  m ost con­
sis ten t a n d  efficient igniting  substance exam ined, n o t only could no 
im provem ent be detected , b u t a definite though  slight d e terio ra tion  took 
place. F resh  q u artz  spheres of 2 m m . d iam eter m ay  be relied upon, 
u n d er p resen t conditions, to  ignite  10 per cent, coal-gas-air a t  880° C. ; 
a fte r prolonged use th e y  can be tru s te d  no t to  do so, and  will perhaps 
fail a t  895° G. or 900° C. This seems, however, to  be th e  lim it  o f th e  
effect.

A  sim ultaneous microscopic change occurs in th e  quartz  surface, w hich 
loses its  alm ost perfect in itia l polish and  is gradually  frac tu red  and  
roughened u n til i t  ends b y  resem bling sandpaper.

Since th is  p ap er is in tended  to  record th e  above observations ra th e r  
th a n  to  exp lain  them , th e y  have been described as far as possible w ithou t 
com m ent. T heoretical approach  to  th e  problem s of in itia tio n  an d  
p ropaga tion  of flame is difficult, and  th e  suggestions w hich follow m ust 
therefore  be regarded  as m ore th a n  usually  ten ta tiv e .

A n app rox im ate  th e rm al th eo ry  of ignition by  hea ted  spheres was p u t 
fo rw ard  b y  Silver *, and  found to  agree, as fa r as could be judged, w ith  
his experim ents on d iam eter-tem pera tu re  varia tion . The m odifications 
in troduced  la te r  f  to  allow for speed of m otion did no t affect th is agreem ent. 
I t  is in teresting  to  see how  far th e  p resen t results, to  w hich th e  modified 
th eo ry  is d irectly  applicable, m ay be correlated  w ith  those of Silver.

According to  th e  modified theory , a linear re la tion  should ex ist betw een

rad ius of th e  sphere, and  T,rj in itia l tem pera tu re  of th e  explosive gas ; 
in  fac t,

Y being th e  speed of m otion and  E  an  activa tion  energy. T he resu lts 
contained  in  figs. 2, 4 , 5 do satisfy  a linear re la tion  of th is  ty p e  ; an d  th ey  
determ ine values of E , which, while consistently  higher, are in very  reason­
able agreem ent (Table I I I .)  w ith  those derived from  Silver s w ork on th e

4. Discuss ion .

Y = lo g e j^ and  X =  1/T,, where Tg and  a  denote tem p era tu re  and

Y = / ( V ) - | .  X, ( I )

* Loc. cit. p. 648.
|  Paterson, loc. cit. p. 16.
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sam e com bustible gases. M oreover, th e  ac tiva tion  energies to r 10 per 
cent, and  20 per cent, coal-gas-air coincide, as presum ably  th e y  ough t 
to  do ; and  th e  displacem ents parallel to  Y  of th e  (X, Y) curves con­
s tru c ted  from  Silver’s and  th e  p resen t figures respectively  agree, n o t only 
in  sign b u t also in order of m agnitude, w ith  those p red ic ted  b y  (1). F or, 
s in c e /(V ) is of th e  fo rm : Const. —1/2 logc V. an d  th e  ra tio  of speeds 
used b y  Silver an d  th e  w rite r was r^ 4 , th e  (constant) difference in  o rd inate  
of th e  tw o curves for a single explosive m ix tu re  should  be o f th e  o rder 
of one u n i t ; which, in  fact, i t  is.

So far, then , as concerns our p resen t results, and  those of Silver a t  
com parable speeds, th e  th eo ry  is satisfactory . I t  was fu rth e r show n * 
to  be capable of explaining th e  w rite r’s experim en ta l re la tion  betw een 
speed and  ignition  tem p era tu re  for a  num ber of coal-gas-air m ix tures. 
U nfortunately , howrever, th e  value of E  requ ired  w as m uch sm aller

T a b l e  I I I .

Explosive mixture. Sphere. E (Silver). E  (Paterson).

10 per cent coal-gas-air. . . 2-0 mm. quartz. 35,000 41,000
20 per cent, coal-gas-air . . 2-0 mm. quartz. — 41,000

10 per cent, hydrogen-air . 2-0 mm. quartz. — 49,000
20 per cent, hydrogen-air . 2-0 mm. quartz. 39,000 —

3 per cent, pentane-air . . . 2-0 mm. platinum. 33,000 35,000

Values of E (cal.) derived from : loge = /(v )—~ E/Tg.

(about 10,000 cal.) th a n  those of T able I I I .  This difficulty was noticed 
a t th e  tim e. I t  m ight, perhaps, be explained in  term s of th e  asbestos 
coating, w hich m ust have existed  in  th e  speed-tem peratu re  experim ents ; 
b u t we have seen th a t  asbestos-coated, an d  indeed all except new  or 
“ re juvenated  ” p la tin u m  surfaces, behave a t  low speeds very  m uch like 
q u a rtz . Now th e  q u artz  resu lts o f fig. 3 requ ired  an  ac tiv a tio n  energy 
of 41,000 cal. I t  is, therefore, reasonable to  expect th a t  th e  p resen t 
m ethod  would lead  to  a sim ilarly  h igh value for coated  p la tinum .

Three m ajor criticism s of th e  th eo ry  can be m ade. I t  regards ignition  
as determ ined b y  a  balance of conduction and  reaction  in  th e  b o undary  
layer, though  conduction alone m ust provide a balance w hen th ere  is no 
reaction ; i t  focuses a tte n tio n  on th e  sphere surface an d  ignores th e  ho t

* Paterson, loc. c it .
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w ake, w hereas one m ight easily argue th a t  th e  re lative im portance 
lies in  ju s t th e  opposite q u a rte r  ; and  it  neglects th e  agency of diffusion 
o f active particles com pared w ith  th a t  of h ea t transfer. N ow  th e  tendency  
of recen t research  has been to  lay  g rea ter and  g rea ter stress on diffusion 
o f active partic les an d  to  suggest th a t  it  m ay  even outw eigh th e rm al 
conduction  in  controlling flame.

I t  is possible, following L andau  *, to  develop an  a lte rn a tiv e  th eo ry  
in  which both  diffusion of chain-carriers and  conduction of h e a t are ta k e n  
in to  account, and  h i w hich th e  h o t wake, regarded  as a cylindrical source 
o f each, is considered to  be responsible for ignition. This th eo ry  does no t, 
ap paren tly , succeed, any  m ore th a n  th e  form er, in  reconciling all our 
experim en ta l facts ; b u t if ignition  does originate in  th e  ho t wake, there  
is am ple reason for failure ; for th e  wake behind a sphere changes its 
charac ter com pletely w ith in  a very  m oderate  range of R eynolds num ber. 
According to  Moller f , who exam ined photographically  th e  wake behind  
a  sphere of rad ius r  m oving th rough  fluid in  a vessel of cross-section 412, 
“ perfectly  sm ooth lam inar flow occurs (when r/1 =  1/20) up  to  R e—300 J. 
I f  R e is g radually  increased to  450, th e  lam inar flow, though  it  still p e r­
sists, is d istu rbed , a t  first occasionally and  la te r regularly , by  th e  fo rm a­
tion  of eddies. B eyond R e = 4 5 0  (r/1 =  1/20), these eddies commence 
to  d etach  them selves as vo rtex  rings. T hey separate  unsym m etrically , 
an d  so give th e  im pression of being iinked in a k ind  of vo rtex  chain. 
Above Re =  1000 (r/1 =  1/8) th ere  appear from  tim e to  tim e discrete 
eddies, w hich, as R e is fu rth e r increased, progressively supersede th e  
chain vortices, u n til a t  ab o u t R e= 1 5 0 0  th e  fluid contains only  discrete 
eddies form ing a  “ v o rtex  s tre e t.” The vortex  stree t does n o t prove 
stab le  : th e  vortices soon u n ite  in  cloudy balls, which again  show a 
definite p e riod ic ity .” N ow th e  resu lts described h i th is  pap er refer to  
values of R e n o t g rea te r th a n  30 ; those of Silver to  th e  range 30-150 ; 
while in  th e  speed-tem peratu re  w ork Re varied  betw een 190 an d  1500. 
I f  th e  h o t w ake p lays a determ ining role in  ignition, th is  role will alm ost 
certa in ly  change its  ch a rac ter w ith  th a t  of th e  wake ; an d  i t  will n o t th en  
be surprising  th a t  a  th eo ry  which presupposes a sim ple cylindrical wake 
should fail to  reconcile experim ents m ade under such w idely divergent 
conditions of flow.

The re su ltan t ignition  criterion, w hich is derived in  th e  A ppendix, is of 
th e  sam e general form , viz.,

T J V ^ A  aa. e - E' /T, , ........................................ (2)

* Chem. Rev. xxi. p. 245 (1937) ; J . Chem. Phys. vii. p. 112 (1939). 
t  Phys .  ZS .  xxxix. p. 57 (1938).
% ReEE2Vr/v (Reynolds number), where v is the kinematic viscosity.
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as its  predecessor, though  th e  sm all positive num bers x, y ,  z  have different 
values. These values depend to  a considerable ex ten t 011 th e  assum ptions 
m ade ; our p resen t criterion runs

Tj°V3 < A a 7.e -B' /T* ..............................................(3)

A is, o f course, independent of T s, V, a  ; and  E ' is a  sum  of various 
activation  energies. W ithou t discussing th is  som ew hat precarious 
theory  a t  g rea ter length, we m ay rem ark  th a t  it  is capable of explain ing 
S ilver’s and  th e  w rite r’s d iam eter-tem pera tu re  resu lts to  th e  ex ten t 
th a t  our original th eo ry  explained them . W ith  one reservation  *, 
however, as m uch can be said of any  th eo ry  w hich leads to  th e  form  (2). 
Values of E ' derived from  (3) for th e  d iam eter-tem p era tu re  w ork are 
shown in Table IV . ; th e  coal-gas-air speed-tenrperature  experim ents, 
as before, require a re la tively  sm aller figure, around  30,000 cal. This 
is no t surprising, for i t  seems im probable th a t  th e  deriva tion  of (3) 
should hold beyond R e ~ 4 0 0  : th e  wake changes too profoundly . W e need  
no t assum e, of course, th a t  th e  wake is u n im p o rtan t a t h igher R eynolds 
num bers; nevertheless, its  influence, w hich was supposed to  arise from  
quiescence and  a  high concentration  of h ea t and  in itia l centres, m ay  be 
thou g h t likely to  decrease as i t  becomes tu rb u le n t and  sca tte red . I n  
th is  case th e  sphere surface m ay be d irec tly  responsible for ignition, 
and some such th eo ry  as was -previously p u t forw ard, m odified to  tak e  
account of chain-carrier diffusion, will be app rop ria te .

T a b l e  IV .

Explosive mixture. Sphere. E ' (Silver). E ' (Paterson).

10 per cent, coal-gas-air . . 2-0 mm. quartz. 87,500 98,000
20 per cent, coal-gas-air . . 2-0 mm. quartz. — 97,500

10 per cent, hydrogen-air . 2-0 mm. quartz. — . 120,000
20 per cent, hydrogen-air . 2-0 mm. quartz. 105,000 —

3 per cent, pentane-air ..  . 2-0 mm. platinum. 78,000 86,000

nn 10
Values of E ' (cal.) derived from loge =cf>(V)—E '/T ?.

Cb

In  connexion w ith  th e  effect of sphere substance upon  ignition, and  
th e  “ ageing ” of p la tinum  an d  quartz  spheres, i t  is necessary  to  explain  
w hy every substance used, including p la tinum , gave roughly  th e  sam e

* The Y-displacement explanation (p. 450) will apply only if x j y z^2 ; this 
is fulfilled by (3).



Inflam m able Gases by Hot M oving Particles. 453

m inim um  ignition tem p era tu re , bu t in th e  case of p la tinum  ignition could 
be p reven ted , even a t  a  tem p era tu re  several hundreds of degrees higher, 
by su itab le  p re -trea tm en t of the  sphere. I t  is tru e  th a t  the  surface 
roughening w hich was observed to  accom pany im provem ent w ith  the  
p la tinum  spheres im plies a  larger increase in surface reaction  th a n  in h ea t 
transfer, an d  therefore, according to  our original theory , a fall of ignition 
tem p era tu re . B u t sim ple explanations in term s of roughness or sm ooth­
ness do n o t ap p ear possible, since quartz  spheres w hich became as rough 
as th e  p la tin u m  (and were originally far sm oother) showed no im prove­
m en t—in fac t, a  slight deterioration . Again, artificial roughening was 
found  to  have  no effect upon  the  ignition tem perature.

T he fac to r in  L andauts th eo ry  which m ay be supposed to  express the  
effect o f sphere substance and  surface condition is th e  active partic le  
density  n 0. I t  can read ily  be verified from  the  A ppendix, if  i t  is no t 
obvious a  pr ior i ,  th a t  an  iso therm al increase in n 0 m ust reduce the  
ign ition  tem p era tu re , and  vice versa.  Now, a p a rt from  changes in the  
ac tiv a tio n  energy E 2 of th e  surface reaction, n Q will evidently  depend upon 
th e  freedom  -with w hich active products of th a t  reaction are allowed 
to  escape from  th e  surface, in o ther words, upon th e  degree of adsorption 
of such p roducts 011 th e  surface itself. If, then , we assum e th a t  th e  ra te  
of reaction  was approx im ate ly  equal for all the  surfaces used, and  th a t  
adsorp tion  was, except for platinum , negligible, we can u n d erstand  w h y  
th e  ignition  tem p era tu re  d id no t v a ry  widely w ith  sphere substance. 
On th is  view, th e  unusual behaviour of new or “ rej uvenated  ” p la tin u m  
m ust be ta k e n  to  ind ica te  a high degree of adsorption  of active particles ; 
and  th e  process of ageing,” during w hich the  p latinum  ignition te m ­
p e ra tu re  fell to  th e  level com m on to  o ther substances, m ust be in te rp re ted  
as a  slow poisoning of the  adsorptive surface. This poisoning can 
ap p a ren tly  be hastened  by m oderate heating  in a quartz  tube, and 
rem oved b y  continued  exposure a t  bright orange to  a coal-gas-air flame ; 
i t  coincides w ith  a small-scale fractu re  or tinselling of th e  surface.

These suggestions seem to  fall in line w ith the  well-known exceptional 
ca ta ly tic  and  adsorp tive properties of p latinum  A In  particular, it  m ay 
be claim ed th a t  th ey  offer a sim pler and  more convincing exp lanation  
of th e  im provem ent in  igniting power th a n  th a t  p u t forw ard by T horn ton  
and  o thers 'j*, according to  w hich fresh p la tinum  would fail to  cause 
ignition  because th e  reaction on its  surface was too rap id  to  be capable 
o f spreading. The exact n a tu re  of th e  chain-carriers which are adsorbed

* See, e. g., Mellor, ' Inorganic Chemistry,’ vol. xvi.
f  Thornton, Phil. Mag. (6) xxxviii. p. 618 (1919). White and Price, J . Chem. 

Soc. cxv. p. 1257 (1919). Mason and Wheeler, ib. cxxi. p. 2083 (1922); cxxv. 
p. 1869 (1924). Coward and Guest, J. Amer. Chem. Soc. xlix. p. 2479 (1927).
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is uncertain  ; however, th e  fact th a t  th e  surface becomes so rough, and  
th a t  it  can be aged by  heating  in  an  air-filled silica tube , an d  re juvena ted  
by  intense heating in a coal-gas-air flame (during w hich th e  tem p era tu re  
a tta in ed  appears g reatly  increased by  surface com bustion) m ay  suggest 
th a t  th ey  include oxygen atom s *.

One fu rther point requires com m ent,—the  varia tion  of ignition  te m ­
perature  w ith percentage com bustible gas in  m ix ture . H ere, very  little  
can be said. The records of such varia tion , w hen ignition was produced 
by passage th rough  ho t tubes | ,  or in to  ho t vessels J, b y  sudden com ­
pression §, by  various kinds of electric discharge ||, and  b y  ho t wires, &c.^[, 
do no t lead to  any  general conclusion. In  some cases ignition  occurred 
m ost readily  w ith  th e  w eakest m ixture, in o thers w ith  th e  strongest, 
in others again there  was a m inim um  ignition tem p era tu re  a t  an  in te r ­
m ediate strength . Our observations on coal-gas-air and  pen tane-a ir 
have already been described, b u t it does no t seem easy to  p u t an y  in te r ­
esting construction upon them  a t the  m om ent.

•5. /Sum mar y .

1. F u rth e r experim ents are described on the  ignition of gases by 
hot moving spheres. A dropping technique enabled lower speeds 
(P2 m etre/sec.) to  be used th a n  heretofore,

2 . The results are as follows

(a) Ign ition  tem pera tu res of 10 per cent, and  20 p er cent, coal-gas-air 
and  10 per cent, hydrogen-air by  quartz  spheres, an d  of 3 p e r  cent, p en tane  
vapour-air by  p la tinum  spheres v a ry  w ith  sphere d iam eter in  a m anner 
sim ilar to  th a t  previously recorded. The ac tu a l tem p era tu res  are, 
however, lower, especially for th e  sm aller sizes of sphere.

* Of. Hall, J . Amer. Chem. Soc. xxii. p. 494 (1900). Roberts, Phil. Mag. 
(6) xxv. p. 270 (1913).

f  Mitscherlich, Z.S. Anorg.  Chem. cxxi. p. 65 (1922), &c.
X Mason and Wheeler, J . Chem. Soc. cxxi. p. 2081 (1922); cxxv. p. 1871 ff. 

(1924). Mardles, Trans, Far. Soc. xxvii. p. 681 (1931). Navlor and Wheeler, 
J. Chem. Soc. p. 2460 ff. (1931) ; p. 1240 (1933) ; &c.

§ Falk, J. Amer. Chem. Soc. xxviii. p. 1527 (1906) ; xxix. p. 1548 ff. (1907). 
Dixon, J. Chem. Soc. xcvii. p. 661 (1910). Dixon and Crofts, ib. cv. p. 2036 
(1914). Dixon, Harwood and Higgins, Trans. Far. Soc. xxii. p. 267 (1926).

|| Coward, Cooper, and Jacobs, J. Chem. Soc. cv. p. 1069 (1914). Thornton, 
Proc. Roy. Soc. (A) xc. p. 272 (1914) ; xci. p. 17 (1914) ; xcii. pp. 9, 381 (1915). 
Wheeler, J. Chem. Soc. cxvii. p. 903 (1920). Coward and Meiter, J . Amer. 
Chem. Soc. xlix. p. 396 (1927), &c.

*\\ Thornton, Phil. Mag. (6) xxxviii. p. 624 (1919). Coward and Guest, 
J . Amer. Chem. Soc. xlix. p. 2479 (1927).
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(b ) In  th e  case of coal-gas-air, a  continuous decrease of ignition te m ­
p era tu re  occurs as th e  m ix tu re  stren g th  is raised from  its lower to  upper 
explosive lim it. This applies to  spheres of alundum , quartz , and  asbestos- 
coated  p la tinum . No v a ria tion  w ith  m ix tu re  s tren g th  of th e  ignition 
tem p era tu re  of pen tane-a ir by  p latinum , quartz , or nickel spheres could 
be observed.

(c) The high level of th e  ignition tem p era tu re  of m ethane-a ir was 
confirm ed ; b u t de tailed  records are still lacking.

(d ) The effect o f sphere substance on th e  ignition  tem p era tu res  of 
10 p er cent, coal-gas-air and  10 per cent, hydrogen-air was exam ined 
for an  extensive range of m ateria ls ; except in th e  case of p la tinum , 
th is  effect appears to  be of secondary im portance.

(e) The ignition  tem pera tu res of coal-gas-air, hydrogen-air, and  pen tane- 
a ir m ix tu res b y  fresh p la tin u m  spheres are very  m uch higher th a n  by 
m ost o ther substances ; p la tinum , how ever, im proves w ith  use, un til 
th is  difference has practica lly  d isappeared. I ts  surface becomes sim ul­
taneously  “ tinselled .” This process of “ a g e in g ” m ay  be accelerated  
b y  soaking a t  red  h e a t in a quartz  tube  ; conversely, th e  sphere is 
“ re ju v en a ted  ” and  its  tinselling rem oved by  prolonged exposure a t 
a b rig h t orange to  a coal-gas-air flame.

( / )  C om parable changes do n o t tak e  place w ith  th e  o ther substances 
used  ; in  p a rticu la r, a slight deterio ra tion  is observed in  quartz .

3. As fa r as can be judged, th e  theo ry  already  offered is capable of 
correlating th e  resu lts sum m arized in  2 (a) w ith  w ork by Silver a t  som e­
w h a t g rea te r speeds. Difficulties connected w ith  its sim ultaneous 
applica tion  to  th e  w rite r’s experim ents a t  high speeds lead to  th e  fo rm ula­
tio n  o f an  a lte rn a tiv e  theory , based  on L an d au ’s analysis and  expressly 
restric ted  to  low R eynolds num bers. I t  is shown th a t  th is  th eo ry  is also 
capable of th e  above correlation, as well as offering a reasonable account 
o f 2  ( d ) ,  (e), ( / ) .  S im ultaneous application  to  high-speed w ork is now, 
of course, o u t of th e  question, and  for such work a parallel theo ry , perhaps 
of th e  previous ty p e , w ould be required.

I  w ish again to  th a n k  Professor E . T aylor Jones for constan t encourage­
m en t an d  advice ; also Messrs. Im p eria l Chemical Industries, L td ., 
who ex tended  m y  research g ran t and  gave perm ission to  publish. The 
experim ental w ork was done in  th e  R esearch L aboratories of th e  N atura l 
Philosophy D ep artm en t a t  Glasgow U niversity , and  I  am  g reatly  indeb ted  
to  Mr. W illiam  R eid  for m any  helpful suggestions bo th  in these and 
in  th e  previous experim ents.
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A p p e n d i x .

Ap p l i ca t i on  of  La ndau ' s  Theory  * to ign i t ion by  H o t  Wakes .

W e regard  the  hea t w hich has passed from  th e  sphere b y  conduction 
in to  its  boundary  layer f  as canalized in  a narrow  cylindrical w ake o f 
indefinite length  b u t constan t rad ius r 0. The cylindrical w ake is th e reb y  
raised to  a m ean tem p era tu re  T ,. I t  is also supposed to  be enriched  w ith  
active particles, th e  p ro d u ct o f surface reaction  w ith in  th e  boundary  
layer : these are presen t in  concentration  n 0. The cylindrical w ake 
therefore constitu tes a  source of th e  ty p e  proposed by  L andau . The active 
particles now diffuse outw ards ; each generates Q u n its  o f h e a t in  u n it  
tim e, and  th ey  increase in  num ber a t  a  ra te  proportional to  th e ir  d ensity  ; 
while the  tem pera tu re  is determ ined th rough  conduction of h e a t and  
its generation by th e  active particles. U nder these conditions, i t  can 
be shown by  a linear transform ation  ;j; th a t  L an d au ’s m ath em atica l 
s ta tem en t of th e  problem  m ust lead to  non-dim ensional solutions for 
relative tem pera tu re  and  concentration  of the  form

( n  T —T w\ ,  r  D  a r 0" k Q r0 h i Q ~|
W 'T r - T j  j_r0 ’r<?' ’ D ’ D ’ f c f t - T j J *  ' 1 '

where r 0 is th e  radius of th e  source, cc, D th e  branching  an d  diffusion 
coefficients o f th e  active particles, and  k, k th e  therm al and  therm om etric  
conductivities of th e  gas ; / j  2 being definite, absolute functions. I t  
follows th a t  L an d au ’s ignition criterion, viz., th a t  th e  ax ial tem p era tu re  
shall never fad, will define a  critical re la tion  of th e  form

7r(Tj T J a r02 k 
D ’ D ( 2 )

in w hich ^  is a  th ird  absolute function.
L andau’s analysis, w hich assum es fu rth er th a t  D = k, leads, in  fac t, to

&(Ti T  ) olv 2a re la tion  betw een th e  dimensionless quan tities n  _  an(j o  ̂ wp icp

m ay be w ritten , over a wide range,

Qr0X  ^ D ’  {6)
K  being an  absolute constan t.

Neglecting factors w hich do n o t v a ry  w ith  a,  V .  T g, we m ay  reasonab ly  
replace Qa b y  an  expression of th e  ty p e  T 1~ ‘e~El/aTl, an d  if  we suppose

* Loc. cit.
f  Thermal and hydrodynamical boundary layers may be assumed to  coincide, 

since Prandtl’s number ~ 1  for gases.
t  Of., e. g., Davis, Phil. Mag. (6) xliv. p. 920 (1922), for method.
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th e  ra te  of creation of active particles by  th e  surface to  be independent
a2 r 1(of th e  speed of m otion V, n 0 will tak e  some such form  a s  t  --e~E,/llT*.

V r02
The m ain  difficulty is to  iden tify  r 0 and  T x. F rom  our in itia l assum ption 
th a t  all th e  h ea t transferred  by  convection is em ployed in  raising a 
cylindrical w ake of rad ius r 0 to  a  m ean tem pera tu re  T x, we can deduce, 
w hen To, is negligible, th a t

r ^ T j ^ a ^ R e - * .................................................. (4)

I f  th is  p ic tu re  is com pleted by  m aking all the  gas contained in the  
b o undary  layer flow in to  th e  sam e cylinder, and  if the  tem p era tu re  and
velocity  profiles w ith in  th e  layer are assum ed linear and  coincident
(which is legitim ate), i t  can also be shown th a t

r j f T ^ ^ T jR e -4 ..................................(5)

Consequently, T p ^ T ,,  (0)

and  r ^ a  R e - i .................................................. (7)

In sertin g  (6) an d  (7) in  (3), and  substitu ting  for Qw0a the  form s proposed 
above, we o b ta in  a lim iting relation which, w hen due allowance is m ade 
for th e  tem p era tu re  varia tion  of 1c, D, and  v, reduces to

T]°V3= A a 7e~E/T* ..................................... (8)

A is a  constan t, independent of a,  V, T r
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T h e  Conduct i on  o f  H e a t  i n  a  M e d i u m  Generat ing Hea t .

B y S t e w a r t  P a t e r s o n ,  M.A., B.Sc., 
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Int roduc ti on.

T h e  problem  of th e rm al conduction is frequen tly  com plicated in practice 
by  local generation  or absorp tion  of heat. This happens, for exam ple, 
w hen h ea t energy is d issipated  th ro u g h o u t th e  m edium  by th e  passage 
of electric curren t, or w hen it  is genera ted  or absorbed in  a change of 
s ta te  such as fusion or chem ical reaction . C ertain  p a rticu la r cases 
have been discussed f , in which th e  ra te  of generation  d id no t depend 
explicitly  on th e  tem p era tu re , and  th e  classical m ethod  of sources provides 
th e  basis for a more general trea tm en t, under th e  sam e conditions ; 
bu t when large tem p era tu re  differences occur and  when th e  ra te  of 
generation  depends m arkedly  upon tem p era tu re , as in m ost problem s 
of chem ical physics where heat conduction  plays a p a rt, such assum ptions 
ev iden tly  'cannot lie m ade. I t  is still possible, however, to  derive 
explicit solutions of a very  general k ind  w hen th e  ra te  of generation  is 
a linear function  of tem pera tu re , p rovided th e  m edium  behaves as a 
solid w ith  constan t therm om etric  conductiv ity . Since these conditions 
m ay  be tak en  as a first approxim ation  to  th e  t ru th  in m any  cases of 
p rac tica l in terest, th e  corresponding solutions will perhaps be useful.

P a r t  I .— I n f i n i t e  S o l i d .

The conduction of h ea t in an  infinite hom ogeneous isotropic solid, 
in w hich h ea t is being generated  or absorbed, m ay be represen ted  as a 
rule by  th e  equations :

!_» = k v ^ + G ( x .  y ,  z, t ; 0), t > 0, [  aU ^  % ^

d-+(f>(x. y ,  z), w hen t -^0 ,  )

w here k is th e  therm om etric  conductiv ity , 9 the  tem p era tu re  a t the  
p o in t (x , y ,  z) a t  tim e t, and  G some specified function  of th e  independen t

* Communicated by Prof. E. Taylor Jones.
t  E. a.. Awberv, Phil. Mag. (7) iv. p. 629 (1927) ; Orstrand, Wash. Acad. 

Sci, J. xxii. p. 530 (1932).
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variables x, y ,  z, t and  also of 6. cj>{x, y ,  z) represen ts th e  in itia l tem pera-
92 92 92

tu re , supposed given, and  V 2 the  Laplacian  opera to r 9^ + 9^ + 9^2- 

We shall solve these equations in  th e  case where

G(a, y , z , t ;  d ) = f ( x ,  y ,  z,  t ) + g ( t )  . 6.

Consider first th e  equations :

! = k V 20 + / ( W , ( M > 0 ,  j  a U  w >  ( 1 )

y,  z), 0, )

The solution, which m ay be ob tained  by  th e  m ethod  of sources, o r o th e r­
wise, is :

1
(47TKt)Sl*

00 ^00 ,.00 — a)*

00 —  co-7 — 00
6 ( ol, ft, y)e m  d<y. dft d y

t 1 r 00 r00 /-00 _  ~ a)*1
CO-' — 00 J  — 00+ J 0 J .  J  I / ( « ■  f t  *  - ) «  *  *  4f> ( 2)

The first term , which will be denoted  by  dv  represen ts th e  solution w hen 
there  is 110 generation of heat.

T urning now to  th e  proposed equations, viz.,

I  *  *. « + *  w •». 0 0 , )  aU Xi 9i z m
6-*f>(x,  y ,  z) ,  t - ^ 0 ,  J

f  fWdr
set 6— v(x,  y ,  z, t) . e J 0 

Then r  m ust satisfy

9?; -  f £/(t)<Zt I
— = K \ 7 * v + f ( x ,  y ,  z,  t )e Jo m, t > 0, I all a, y, z, . . (4)

v-^<f), t - > 0, J
and  it  can readily  be seen th a t, if .it does so, 6 will sa tisfy  (3).

B u t the  solution of (4), by  (2) above, is

— f g{r)dr
r t  e  f<xi .<xi 00 Z ( 3 — a)»

V=l>1+ J  0 -  t ) P '2 J J _ J _ „ ^ f t  y’T)e • (5)
Hence the  solution of (3) is
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T he corresponding solutions for flow of h ea t in tw o and  one dim ensions 
can read ily  be deduced from  (6). T hey  contain  one, or tw o, less space

in teg ra tions and  one, or two, less powers of ———372 an d
( ^ T T K t f l 2  —  T ) ] 1 /2  •

T he solution for th e  case of spherical sym m etry  can also be deduced 
from  (6). I t  is form ally  sim pler, how ever, to  derive it, by  a well-know n 
m ethod , from  th e  solution for a sem i-infinite solid whose bounding 
p lane is m ain ta ined  a t  zero tem p era tu re . This will be done in th e  sequel. 
T he solu tion  is

Jo1 re '1 r00 r  _(r" p)1 _.Jf+p)*~l
•» —e-  am J dp

— I g{r)d,T
rt JO r<*> [- (r —P)» _ (f + p)»-|

+ J o [ W ^ - T ) f J , p / ( p ’ t )  L ' r ‘ K<!~ ' > dTd?- CO

<j>{r) an d  f ( r ,  t) corresponding to  th e  f ( x ,  y ,  z) an d  f ( x ,  y ,  z, t ) o f equations 
(3)-

V arious in teresting  resu lts can be deduced for p a rticu la r cases from
(6) an d  (7). Thus, i f / a n d  g are co n stan t in  space and  tim e, th e  solutions 
are

f  pfjt r00 r<*> l(x-a)'

• f  e^ r T (r~ p}’ (r+p)*-]
an d  g = -g ( e « - l ) + ),( w ) 1;2 J o P ^ .(p )^  «  - e  «  J dp. (9)

P a u t  I I .— S e m i - i n f i n i t e  S o l i d .

W hen th e  solid is in any  w ay bounded, in  add ition  to  th e  equations (3), 
w hich will now  app ly  only over a lim ited  range of th e  space co-ordinates, 
we shall have a surface condition. W hen, as in  m ost p ractical cases, 
th is  condition can be expressed by  th e  vanishing of a linear function  
of th e  - tem p era tu re  an d  norm al tem p era tu re  grad ien t a t  th e  surface, 
th e  general  problem  can be reduced, by  th e  m ethod  o f P a r t  I., to  the  
corresponding general  problem  w ithou t generation of heat. For, if  
(R) denote th e  range of x, y ,  z com prised by  th e  solid, and  n th e  norm al 
vecto r draw n inw ard  from  a p o in t on th e  bounding surface, th e  equations 
will th en  be of th e  form  :

= KX720 + f ( x ,  y ,  z : t ) + g ( t )  . 9, t > 0, in (R), jdt i
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f giOdr
The te rm  g(t)& can be rem oved by th e  su b stitu tio n  6 = v e J0 , w ith o u t 
otherwise altering the  form  of th e  equations. W e there!ore consider :

• (ID

( 1 2 )

(13)

the  solution of (11) is v = d 1-\- w(x ,  y ,  z, t — r , r ) d r  ; for th is  satisfies
dv

th e  first two equations of (11), as can be verified, and  ift1 -  4l2vJr lJ}3
071

B8 r* d
= ^ d n  J o dn W X̂} V’ Z’ t ~ T’

—0 2 f w(x,  y ,  z, t — r,  t) (7 t+ 0 3' 
j o

=  “ ^ 1 + 0 3 ^  +  J o( 0 i ^ ~ 02^ ^ - >O as n - * 0, £;>b.

Since (13) are of th e  form  (12), we have therefore reduced  th e  general 
solution of (10) to  th a t  o f (12), i. e ., of th e  corresponding general  problem  
w ithout generation of heat.

The three cases com m only discussed are those in  w hich
(a) the  surface tem p era tu re  is prescribed,
(■b) there  is no h ea t loss th rough  th e  surface, and
(c) there is a h ea t loss by rad ia tion  in to  a m edium  a t  tem p era tu re  

ip(x, y ,  z, t).

dv
— = /cV 2v + f ' ( x ,  y ,  z, t ), t > 0, in (R), 

v->cf), t - > 0, in (R),
dv

^ 1 dn ~ 0 2'y+ 03/“>O, n - > 0, £> 0

—  f  g ( T ) d r  —  f  o ( t ) cI t

where / ' = / .  e  J  0 , 03'=  03 . e J 0

f)8
Nowr, if —  =kV % , t > ® ,  in (R)>ot

dx^(f>, t - > 0, in  (R),

- 02^ i + 0 3, ^°-- ^ - * 0, t > 0

and  w(x,  y ,  z, t, A) satisfies
duj
— = kXJhv, t > 0, in (R), 
ot

w->f ' (x ,  y ,  z, A), t - + 0, in  (R),

3zo
ibi x------0 9«;->O, n - > 0, £ > 0

on
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The first case corresponds to  f f x ,  y ,  z, £)=s 0, th e  second to  

ifj2(x, y ,  z, t ) ^ 0 ^ i j j 3{x, y ,  z, t),

th e  th ird  to
ip2{x, y ,  z, t) fj3{z, y ,  a, t)
ifjfx,  y ,  z, t) ifjfx,  y ,  z, t)ifj(x, y ,  z, t)

hk  being th e  hea t-tran sfer coefficient of th e  surface, w here k  is th e  th erm al 
conduc tiv ity  of th e  solid. The app ro p ria te  form s of (12) and  (13) are 
obvious. W e conclude w ith  solutions for these th ree  cases in  th e  semi- 
infinite solids defined by  x >  0 and  r  > a .

{a) Prescr ibed  surface t emperature  : (1) , r > 0 .

The equations (10) become 

36
dt

= KX72d + f ( x ,  y , 2, t )+ g { t )8 ,  t > 0, x > 0 ,  

8->cf)(x, y ,  z),  t - > 0, # > 0, 

d-->ifj(y, z, t), x - . >-0 -f-, £> 0

all y ,  z, . . (14)

an d  th e
P  g (.r )d r  | ~  r t  ~1

solution is therefore 6 = e J 0 I # i+  J w ( x , y , z , t — r , r ) d r J , w here

dt

and

= k x\J'281, t > 0 ,  x > 0 ,

81-+<f), t - +  0 , « > 0,  ̂ a ll y ,  z, . . (15)

  — I g { r )d r

d ^ i f s e  *'° , a;—>0 -)-, £> 0

d
•5- w(x,  y ,  z , t, A t >  0, £ > 0, 
dt

-  PffWrfr \ all y ,  z.  . . (16)
w-^ f ( x ,  y ,  z,  \ ) e  j 0  , t - ^ 0 , x > 0 ,  

w - * 0 ,  x - > 0  +  , £ >0

F rom  th e  know n solutions of these equations we deduce

g ( r ) d rf  g(r)dr -  f\  . .
JO  r rt p i  0 CO CO cc I (a ; - g )» r  aa; " I

T i ^ F i  J .  L L /(a> A y- T)e_ 4K(,' ' ) L

Z (x  — d ) 1

x d r  dv. d/3 d y
-00  -00  -00   £.yX  —  U,r  p

+  ^ j  J  J  <!>(*> P>Y)e~ m  I 1 " 6 *  J d v d f l d y

-  ( T 0(r)dT
f t p  J o  r °° rOT s'-Ki/ —P)* + (z —r)‘

+ x \  \s7sT I m ~ r) d r d f i d y C  . (17)
Jo (t — T) ‘ J —oqJ —00 J
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The corresponding solutions for flow in  tw o an d  one dim ensions can, 
as before, be readily  deduced from  th e  general solution.

(2) r>a.
The equations are :

% dr2 *>0’ r>a> )
0->0(r), £->0, r>a, ;• • • (1®)

6 —>-0 (£), r — , t p > 0. ]

S ubstitu ting  rd—u, r=a-\-x, we have

'di==Kdx2 + (a+ x)f(a+ x> t> 0 > x > 0 >

u —y{a-\-x}(f)(ci-\-x}, t—̂0, 

u - H M f j ( t ) ,  £ - > ( ) - { - ,  £ > 0 ,

th e  solution of w hich can be ob tained  from  (17). R ev ertin g  to  th e  original 
variables, we get

f a(r)dr - f  g{r)dr
e J o  f  r t e  J o  r- ( r -p )»  (r—2«+p)*~j

e  =  i o l T V j r r J .  pf(p> T > J  d r d p

I  .00 p  (r—p)« ( r - 2 q + p ) H  r t  -  J o

+ W*)apcf>(p) [ e 4Kt ~ e 4K< J dp-{-a(r—a) J ̂  (JZ~Tjm dr\
. . . (19)

The solution for an  inf ini te  solid w ith  spherical sy m m etry  o f flow can
also be deduced from  (17). In  th is  case, th e  equations are

I  ( » '« ) + / ( ’•. t ) + 9 W .  t > 0 , r > 0 ,  l  (2 0 )
#->0(r), £->0, r>0 J

which reduce, w ith  r8=u, to

du d2u ..
Bt ==Kd f2 + r ^ r ’ t > 0 ,  r > 0,

u->r<f>(r), £->0, r > 0, 

u-+0, r -> 0+ ,  £ > 0.

The solution of th is can be w ritten  down from  (17), an d  leads to  th e  
expression for 8 given in (7) above.
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(6) N o  surface  loss : (1) : r > 0.
E q u atio n s (10) are now :

rift
— =  K'S/id + f ( x ,  y> z> t ) +g { t ) 6 ,  t > 0 ,  x > § ,  

8~*<f>{x, y , z), t - > 0, x > 0 ,  

dd5 >0, a? —>-0 —{—, t^>0.
dx

all y , z .  . . (21)

) *
(12) an d  (13) ta k e  sim ilar form , b u t w ithou t the  h e a t generation  term s. 

T heir solutions can be w ritten  down b y  th e  fam iliar m ethod  of ex tending  
th e  solid w ith  sym m etrical tem p era tu re  field beyond x = 0  ] an d  th e  value 
of 8 is found  to  be

j q(t)(It — j g(r)dr
J O  f  r ig  JO -co co co Z (s-a)» oa;

6= { l o l L L / (a’ A y> T)e" 1K<“ T> [ l+ e ' K<‘" ')]
x d r  dv. df3 d y

1 r00 r°° Z(g—a)» p  o«~i 'j+  3̂72 J o  J  J  0( a ’ &  y ) e ~  w  dp  d y j .  .

Solutions for tw o- an d  one-dim ensional flow follow as before.

(2) r > a .

(10) becomes

( 2 2 )

2 O + flW  t>0> r>a’

8-^uf)(r), £->-0, r > a ,  

dd-— —>0, r — , £ > 0  
dr

w hich transfo rm s, w ith  r8=u- ,  r = a - \ - x ,  in to

(23)

du
dt

3*̂2h
+ ( a + x ) f ( a + x > t ) + g { t ) u ,  £ > 0, x > 0 ,

u->(a-{-x)(f)(a-\-x), £->0, £>0,
du  u  - , ^

 —>0, a;—>0-f-, £ > 0 .
dx  a

(24)

/

T he solu tion  of equations (24), w hich rep resen t linear flow w ith  ra d ia ­
tio n  in to  a  m edium  a t  zero tem p era tu re , can be ob ta ined  from  case (c), 
equation  (27) below. In  term s of th e  original variables 8, r  i t  is :

/ « "’’h i  f«
' P (p)

_ ( r — pi* _ ( r — 2 a + p ) * \  2  f ° °  J  ( r + p + g - 2 g ) »e -Lg 4K< )---- e a m
/  aJo

d l l  dp
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— I g ( r ) d r
rte JO r<* r /  (r-p)» . (r—2ffl+p)‘\ 2 f® _ l (y+P+S-2a)‘ -]

+  j  d / ( p > T )  ( 6  4K« - " ) + e  m ~ r )  ) ~ a j 0 e  *  n t ~ r )

x d r d p j .  . . (25)

(c) Radiation into medium at prescribed temperature : (1) re>0.
E quations (10) become in  th is  case 

*  d d
—  = K S j W + f { x ,  y ,  z, t )+g {t )B,  t > 0, x > 0 ,

6-*<f>(x, y ,  z), £->0, . r > 0, all y ,  z f . (26)

^  — h[8—ijj{y, z, £)]->0, £ -> 0- f , £ > 0  J
and equations (11), (12), (13) can be w ritten  down a t  once. T he solution
of (12), and  hence also of (13), can be ob tained  by  m eans of th e  a p p ro ­
p ria te  G reen’s function  *, and  the  solution of (26) finally derived in th e  
form  :

P g ( r ) d r  -  [ T g (r ) d r
J O  f  r i p  J O  f co .00 co r- I(s-a )V  a x  \

9=  (5S5® { J„ i  J  _ / “■A y’T) [ e_ ,Kl‘- ’,( 1 + c ~“‘- rt)
r°° (* +  a +  S)» +  (V -P)' +  (e-y )*  - ]

— 27iJ e 5^=3 d n f o d a L d p & y

1 r®  r® r® r  sq e -°)* /  a * \

+ ^ L . L J _ / (“' A y )p  "  ( i+ e _ 3 )
r°° _ . c _  (g + a + S )1+ (y - P ) , +  ( z - r ) a “ I

— 27iJo e m  d H d a d p d y

— f  g(r)dr
d e  J0 r® r® r® lC ■ (*+§)*+(i/-P)*+(z-y)*

x d r dp  d y  d£  j  . . . (27)

Two- and  one-dim ensional solutions follow easily.

(2 ) r > a .
E quations (10) are now  :

30 1 3̂
d i = K r d r 2 (r6) + f ( r > t ) + 9 i t ) p, t > ® ,  r > a ,  )

8-*f>(r), £->0, r > a ,  [ ,  . . . (28)
39

—A[0—0 (£)]->0, r - > a + ,  £ > 0

* See Carslaw, ‘ Conduction of H eat in Solids,’ 2nd ed., p. 184, for this 
function.
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which become, w ith  r d = u ,  r = a - \ - x ,

du
dx

h + ~  
a

u->(a-\-x)(f>(af-x) ,  t -+0 ,  x > 0 ,

>0, x —>-0-)-, $ > 0.
ha

u  — i(f{t)
h +  -  a

T he solu tion  of these equations, ob tained  from  (27), leads to  th e  
following value of 8 :

g(j)dT
(r-p)» (r -2 « + p )a\

f -  f (
q J  0 f d e  0 | /  v r /  v t r/ \

p/(p’ **- > )

e~(A+“) 'L±M - r ) Za) df \^ d r d p

+  £1/21 p^p)
_(r —p)a

e w  + e

—  2

(r 2a+p)' 
m

- f T, J 0

_ 2f 7, + ^ J „ e
g (r ) d r

+ a'*J07 r v F ^ lT)Io (r+ t - a^ ~ {i+s)t

P _  (r+ P  +  £ -2 a )*  ' at * iKi.

F _  ( » ■ + §  ~a)'

«*  e ^ J  d p

M t - r )  d r  d £  \ . . ( 2 9 )
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A B S T R A C T .  A solid sphere of uniform initial temperature is heated or cooled in a 
finite mass of fluid, well stirred and externally insulated. Temperature continuity is 
assumed at the surface. Solutions are presented suitable for all values of time, radius 
and conductivity, and of the ratio of heat capacities of sphere and fluid. Numerical 
results are given, and certain mathematical relations noted.

§1. SE R IE S  S O L U T IO N

A s o l i d  sphere of radius a , diffusivity k ,  heat capacity cx and tem perature zero 
is plunged at tim e t =  0 into a mass of fluid of heat capacity c2 at tem perature 
T 0. T h e  surface tem perature of the sphere is assum ed equal at all subse­

quent tim es to tha t of the fluid, which is so well stirred or of such high conductivity 
that its tem perature is always uniform  throughout. T h e  outer boundary of the 
fluid is im pervious to heat.

T h en  the tem perature T  at a distance R  from  the centre of the sphere is 
determ ined by

7) P)2
^t ( R T )  =  K ^ - 2( R T ) ,  R < a ,  t >  0 ,

d R 2

T  =  0 ,  R  <Za, t  =  0 ,  

T = T ' ,  R  =  a, t >  0,

r  = r 0, t = o,
3><c1 d T _  dT_ 

a d R  C'2 dt ’ f> 0,

(1)

where T'( t )  is the tem perature of the fluid.
For convenience, let R / a  =  r, i<t/a2=  t ,  R T j a T ^ ^ u ,  T ' I T 0=a u ' ; also cx{ct ^-uo. 

T h en  the equations are

du d2u
r<1> T>0>

M. —  X ,  /  —  V ,

u =  0 ,  r < l ,  r  =  0 ,  u =  0 ,  r  =  0 ,  all t ,  *  . . , . . . ( 2 )

„ ( d u  u \
\ d r ~ r )  +

If p =  -  s2 is the Heaviside operator d/dr,  these equations transform  into 
d̂ u 
dr2

u =  u', r =  1, T > 0 ,

u' =  1, T  =  0 ,

u =  0 , r  — 0, all t , >■

o
'II r =  1,

oAG

—  = — s^u u =  0 , r  =  0,

r=1-
(3)
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T he solution is readily found to be

s2 sin rs
3zv(sins —scoss) + s2sins  .......... '  '

=  f(s)/F(s), say.

T h e  poles sn of u are the roots of

5 cot 5=  1 + s2j3zu,........................................ .......... (5)

and apart from  a simple pole at zero consist of real and distinct pairs, positive and 
negative. T h e  solution (4) therefore transform s into

n  f ( S) , o  *  f ( sn)  —  j.2t
«= M l  ' P(c \ e n ■a-*-o"\s ) n = l sn ^  \ sn)

r ® sin rsn . e ~
ffence n ■ T 2^j . . i \ . 9 /o > (b)zv + 1 i s m ^  3(w + 1) + s^fizv v

w here sn is the nth positive non-zero root of (5). T h e  corresponding fluid 
tem perature is

1 ao e~snr
u' = {u)r^ x — — ■ rr— w ; ' .......... (7)

w r zo+1 ! 3(w + l) + $"/3«; v ’

T he above formal solution can be justified by verifying that (6) and (7) do in
fact satisfy (2).

W hen t  — co, u = u’r = rl(w+  1), as is required. T h e  fraction F  of the final 
heat transfer which has taken place by tim e t is therefore

F =  1 - l / ( w + l ) ’.............................................................

that is,
2 «>„ e ~ snT

3 w  x 1 +  s 2 I 9 z o ( 1  +  w )  ’ .................

(5), (6) and (7) correspond, for the present condition of uniform  initial tem ­
perature, to the general series solution given by Peddie (1901). W hen the fluid 
has infinite heat capacity, that is, when the surface tem perature of the sphere 
is m aintained at T0, they reduce to

2 “ , sin mrr , . u = r + - y i( - \ ) n—-— e~nn\ ................... ........(10)

u' = 1,

which is a familiar case. (9) then becomes
A co e -n*n*T

 (11)

T h e  nth root sn of (5) can be seen from  a graph of the functions tan s and 
5/(1 +s2/3w) to lie betw een mr and (n +  ^)7r. For »< (V 3ai/7r) — sn approaches 
(n +  |) tr  as n is increased, thereafter returning towards mr ; thus, if zo is small, 
sn approaches mr from the outset. sn can be calculated w ithout difficulty by
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successive approxim ation. I f  n!w is sufficiently large, the following expansion 
is also u se fu l:

3zv 9w2(w + 2)
S« ~ m + SCr ~ (m, f  + .............................(12)

T h e  first three roots, which are m ore than we shall require, are presented in 
table 1 for a wide range of w.

T able 1. T he  first three positive roots of .v co ts= l + s2J3co

w ■S'2 sz w S2 •̂ 3

00 4-712 7-854 10-996 5-0 4-236 7-296 10-329
1000 4-492 7-722 10-899 2-0 3-972 6-938 9-940

500 4-490 7-720 10-895 1-0 3-726 6-681 9-714
400 4-487 7-719 10-893 0-5 3-506 6-502 9-576
300 4-486 7-716 10-890 0-2 3-312 6-376 9-487
200 4-485 7-713 10-885 0-1 3-233 6-330 9-454
100 4-479 7-702 10-866 0-05 3-188 6-307 9-439

50 4-464 7-674 10-830 0-02 3-161 6-293 9-430
20 4-421 7-601 10-759 0-01 3-152 6-290 9-426
10 4-352 7-490 10-573 0-0 3-142 6-283 9-425

T h e  series in (6), (7), etc. no doubt always converge. T he  rapidity of conver ­
gence, however, varies m arkedly w ith r . T h u s in (7), if 1, the exponent 
— s2nr  increases num erically by a factor of at least (2n +  l)ir2, and the entire series 
is negligible, so th a t u = rj(zv + 1), u' = l/(zv + l )  and F = l ,  irrespective of w  ; 
but when r < l ,  the speed of convergence falls off very quickly, at least two term s 
being required for r  =  OT, eleven for r  =  O'Ol and over one hundred  for r  =  O'OOl. 
Since for certain purposes it may be necessary to consider values of t  as low as, 
say, 10~30, the series solution evidently cannot be regarded in practice as covering 
m ore than a fraction of the range.

§2. A L T E R N A T IV E  S O L U T IO N S

W e retu rn  to (4), substitu te — q2 for s2, and expand in powers of e~q. T h is  
gives

U  =  ~ ^ +  _  3 -  ( g - ( l - r ) g  _  e - ( l + r ) g  +  Q e ~ & ~ m  _  Q e ^ + m  +  _  j  .....................( 1 3 )

and

M' = gW 3 fg- 3 ^ {1 + ( g - 1^  + g ( g - 1>~4a+- ^ ........................<14>
where

( p - 3 w q - 3 w  
^  q2 + 3wq — 3zv'   ̂ 2

Since e~29 transform s into 1 — e r f l /v V , we may expect tha t the bracketed 
term s beyond the first two in (13) and the first in (14) will be negligible w hen
1 —erfl/V r is small, say <0*1%  for r ^ O T . T h en  (13) and (14) should be 
suitable for calculation precisely in the range in which (6) and (7) are unsuitable.
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In  order to obtain an approxim ation for sufficiently small t ,  we may expand 
q2i(q2 + 3zoq — 3zv) in descending powers of q, and in terp ret operators of the type 
q - n e - A q  jn term s of H artree’s repeated error function integrals (H artree, 1939). 
Thus, if P=3zv,

q2e-a±m
q2 + Pq- P

 (16)
where

$»(*)= 1{£¥%
J  X

and
<J>0(̂ c) =  1 — erf x.

W hen r =  1, the term s in 1 +  r are relatively small, and the first approxim ation 
to u' is

u' = 1 - P . 2 V ^  + ( P + P 2)t - . . .   (17)

F or sufficiently small zuVr,  say < 10~2, these expansions are useful, particularly 
(16), w hen r 4 , 1, bu t they do not cover the  required range. W e shall therefore 
derive alternative expressions.

T h e  term s in e~(X±r')q from  (13) transform  into

M7Tl  J77i J

respectively, where a, /3 are the roots of /u.2 +  3w/x — 3ro =  0, and M  is a path  in the 
jLt-plane from  coe~wIi to ooe^4 passing a finite distance to the righ t of |a |a n d |/? |.  
T h e  term s therefore yield

U —  ~ ^ { a [£ l - r ( « )  ~ ^ l + r ( « ) ]  ~ E l+r(P)]}>   ( 1 8 )

where

TTZJm’ l̂  — X

%3T—x y \

= e - ^ G(_z__ _ * V ;) ,

(19)

where
G(z)=ez (1 — erf z).

(18) and (19) give a first approxim ation to u. I t  can be fu rther simplified for 
particular ranges of r or w. T hus, if r is small, (18) becomes

^ ~ vt ’}•   (20)
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T h e  relative tem perature uj r  at the centre is obtained at once from  (20). 
Again, if r  is nearly 1, the first bracketed term  in (13) will, for small r , be large 
com pared w ith the second, so that

u  —    (21 )

A first approxim ation to the fluid tem perature is obtained from  the first term  
of (13), or by setting r — \  in (21). T hu s

{«£■„(«) -/3£„(/3)}:  (22)

Finally, w hen w — 0,

u ~ E U 0 ) - E 1+r( 0)
f 1 + r  1 - r

=  e r t— p —err p t  , , , ,
2 V t 2 V t  (23)

3(9 cosh 5 — sinhg) 
q2 sinh q

= — 3 r+  6V/t/7 t+  12V/r % (t>1 "  ( ^ )

(23) and (24) correspond to (10) and (11). (24) converges very rapidly
indeed for t^CO'I, giving F =  6 V7t/V —3 r  to better than 1 in 30,000, while for 
r ^ O ' l  two term s at m ost are required of the series in (11).

No m atter how small 1 — r  is, short of being absolutely zero, the expressions 
given by (18), (21) and (23) tend  to zero w ith r , as required. O n the o ther hand, 
( 2 2 ) ,  which is of course continuous w ith ( 2 1 ) for r >  0 ,  tends to unity  as t  approaches 
zero. T h e  solutions thus correctly reproduce the required continuity for r > 0  
and discontinuity  at r  =  0. I t  is not the least advantage of the operational m ethod, 
as rem arked by Jaeger (1945), tha t this is made possible in cases like the present 
w ithout any special analytical device.

I t  is of in terest to confirm that the second term  in (14) is in fact negligible. 
T h is  term  transform s into

6w f eft*T~2fi/A2dfji
m JM ( ^ - a ) V - ^ ) 2 "

W e may resolve the integrand into partial fractions, and integrate the term s in 
(/x — a)~2 and ([a — j8)-2 by parts. T h ere  results

+ f T f  jW  ~ a2(“ -  -  I )}Ep) -  [Vi -I- “-(a -  fi)(lJjT -  1 )]-E-j(/3)

L et a = | (  —3za +  V/9zi;2+12zi;) and j3=^( — 3zv — V9zv2 + 12zv). Clearly 0 < o c < l 
and /3 < 0 . Values of a and fl for a wide range of w are shown in table 2. If, then, 
t <0*1, 1 / V t - o c V t  and 1 / a/ t  —jSvV are of the order of 3, or greater. Hence, 
using the asym ptotic series for erf, we have

E M ^ e - ^ / V ^ l l V r - p V r ) .  f
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T able 2. T he  roots a, j3 of x l + 2wx — 0

w a P w a P

1000 0-9997 — 3001 5-00 0-9410 -15-94
500 0-9993 —1501 2-00 0-8730 -  6-873
400 0-9992 -1201 1-00 0-7913 -  3-791
300 0-9989 -  901-0 0-50 0-6861 -  2-186
200 0-9983 -  601-0 0-20 0-5307 -  1-131
100 0-9967 -  301-0 0-10 0-4179 -  0-7179
50 0-9934 — 151-0 0-05 0-3195 -  0-4695
20 0-9839 -  60-98 0-02 0-2168 -  0-2768
10 0-9693 -  30-97 0-01 0-1583 -  0-1883

T he  factor e~llr already guarantees tha t the term  in E 2(a) in (23) is negligible ; 
and the same can at once be shown to be true of the rem aining two term s in virtue 
of the cancellation of the potentially large fi3.

T hus, for r ^ O 'l ,  u is given to a close approxim ation by (22), that is by

u '— ~— jg(ae<xJT(l +  e r faVr) — j3P'T(1 - f e r f /3v/r)}, ’  (27)

and F  follows from  (8).
By an argum ent precisely similar to the above, it can be shown that for t ^ O ‘ 1 

the term s in (13) beyond the first two are also negligible. So also, of course, is 
the second itself if r  is near to 1.

§3. N U M E R IC A L  R E S U L T S

u! and F  have been com puted for w =  1000 to w - 0  and r = 1 0 -12 to t =  1. 
(27) was used for r ^ O T , and (7) for r ^ O 'l .  A com parison betw een the two types 
of solution is thus provided at r  =  O'l. I t  will be seen from  table 3 that the agree­
m ent is close, considering tha t only four-figure tables were used. T h e  course of 
F  is shown in figure 1. H ere an additional check was made at w = 0, r = OT and 
0-01, (11) yielding F = O 7 7 0 5 , 0-3084 and (24) F  =  07705, 0-3085. Finally, 
as an illustration, the tem perature field was calculated for w =  l ,  r = 1 0 -4, 10-2, 
10_1 by (18) and for t  =  0 " 1 ,  1 by (6). Very close agreem ent was found  at t  =  0 ’ 1 .  

T h e  distribu tion  is shown in figure 2. Except at the centre u\ r  rises tem porarily 
above its final value.

§4. A P P E N D IX

Several interesting relations em erge from  the above. T hus, from  (9), since 
F->0 as r->0,

* 1 1
n = l ^  +  9w(l + w )  ~  6(1 + w ) ’ .........

sn being the nth positive non-zero root of (5). 2  l /n 2 =  7r2/6 is of course a special
case, given by (11).

Again, from  (11) and (24),

1
2  n2 6 > J l -  12V45®, ( £ ) } ................(29)
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Figure 1. Variation of F  with r for various values of w.  From left to right the curves 
correspond to w>=1000, 500, 400, 300, 200, 100, 50, 20, 10, 5, 2, 1, 0-5, 0-2, 0.
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Figure 2. Variation of ujr with r for w = 1 and various values of r.
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T h is  yields, very closely, for 0 < x < l ,

CO p -  n 2X 2   v

~ v'’'*+ 2  <30)
and

+  (31)
By differentiating (29) and (30) with regard to x, or integrating from  x  to 00 

a series of useful form ulae can be derived. F o r example,

!   <32>
and

®  e ~ n ' X  7T4 772X  2 \ / t t  x 2 , /  « 7 r \

^~Tir  = 90 6~ + ~~3~X ~  4 +  7r̂  ^  ?  3( v ^ /  ’ ........... ^

the series term s on the righ t of (32) and (33) being negligible for 0 < X 1 .  (32) is 
a particular case of “ Poisson’s Id e n tity ” .
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CONDUCTION OF H E F T  FROM L O C A L  SOURCES'

/N Pi MEVlUty G BNBRAT/n G OR /b&SOR&tNQ Ji E A T .



Conduction o f  h ea t  from l o c a l  s o u r c es  i n  a 
medium g e n e r a t i n g ~ o r  a b so r b in g  h e a t .

ABSTRACT

An i n f i n i t e  or s e m i - i n f i n i t e  medium, in  which h ea t  i s  g e n e r a te d  

or absorbed a t  a r a t e  p r o p o r t io n a l  t o  th e  tem p eratu re ,  i s  p la c e d  

at  te iaperature  zero  i n  c o n t a c t  w i th  a p e r f e c t  co n d u ctor  of  f i n i t e  

h e a t  c a p a c i t y  a t  a h ig h e r  tem p era tu re .  E x p r e s s io n s  are  d e r i v e d  f o r  

th e  subsequent  b eh av iou r  i n  l i n e a r  and s p h e r i c a l  c a s e s ,  and a p p l i c a ­

t i o n s  s u g g e s t e d .



( 2 )

I f  H £ £ ( * )  ^ J o *i' e' d x  d e n o t e s  the Lap laee

tra n sfo rm  o f  u, , t h e s e  e q u a t io n s  t r a n s fo r m  i n t o

3 *  =

AT —  = ~ f  , % -  o

whose s o l u t i o n ,  f i n i t e  a t  i s

-  cioC 

f>+ aiur

where

oC  = .

i s  then  d eterm ined  by th e  i n v e r s e  transform

-I (• f t - * *

M- = 1  A )  = ’

I S)

U, -  S    , (4 )

(5 )

-£+«(«- r ’ (6 )

where L p a s s e s  from X(f>)=~*> t o  o and t o  the r i g h t  of

the z e r o s  o f  ctw ,

The s u b s t i t u t i o n

-^>-f- WoC =■ X  j

e n a b le s /



( 3 )

e n a b le s  us to  w r i t e

11 ~ &
J  (W  i4't) r

O r - X I  , ( 8 )

where

, f X i -  (x+ tr t)J \+  .
T ~ ^ d \

Jw A
( 9 )

IK  ~ \ e
2nLjM

At -  6c-f mt) JX :b bL—J-Ji
( 1 0 )

and M i s  t h e  c o rr esp o n d in g  con tou r .  We may denote  oc-t-wz by y

and ~  by .

and K  -  J ' y ( s ) d s ‘
Then by th e  s u p e r p o s i t i o n  t h e r e o n ,  J  = j  cpfe)ds- 

where

r 
;0

n
X

e __
2jy-l

{ \ s - y J X
e < a

H - i s ~ f t k s
2 ^ s f  ' e

(11

and s i m i l a r l y

Y W  =
L+j t L J  / y

dX
dX

UT
zJirs

e
( 1 2 )

Hence, f i n a l l y ,  from ( 8 ) ,  ( 1 1 ) ,  ( 1 2 ) ,

Li- ~

wyfz
e ___
2dn o

X  _  i s  1 - f t - y / n s
s i,x jr'/i/e ^ (13)

I t /



(4)

I t  can be conf irmed b y - t h e  d i r e c t  s u b s t i t u t i o n  th a t  (13 )

s a t i s f i e s  tn e  c o n d i t i o n s  o f  the  problem.

An a l t e r n a t i v e  form o f  the s o l u t i o n ,  which i s  more co n v en ien t

i f  f > o  , can be o b t a in e d ,  e i t h e r  from (13)  by u s in g  two r e l a t i o n s

g i v e n  by H o r e n s t e i n ,  or more d i r e c t l y  from the  t r a n s f o r m  ( 4 ) .
2 .

F or ,  i f  f  s. fA.'t-Ji t (6 )  becomes

U, -  f ~ p x l  —r—  * • (14)

By r e s o l v i n g  i n t o  p a r t i a l  f r a c t i o n s ,  we e a s i l y  deduce

t o

+  ( 1 5 ,

When t h e r e  i s  no g e n e r a t i o n  o f  h e a t ,  j  = tv/2 . an<l (15)  r e d u c es

* =  f l6 )

f h e  same e x p r e s s i o n  can be d e r iv e d  w i t h  r a t h e r  more t r o u b l e  from 

( 1 3 ) ,  or o f  cou rse  d i r e c t l y  from (4)  w i t h  aL*\Jf .

A s e r i e s  s o l u t i o n  s u i t a b l e  f o r  l a r g e  v a l u e s  o f  ocjzJz can be 

o b ta in e d  as  f o l l o w s .  By ( 4 ) ,

« ,=  t M%. v  0 7 )

where

e- * f

V  ~ f+ ts J f - h J l  0 8 )

W r i t in g  ^ f o r  Jj» , and expanding in  n e g a t i v e  powers o f   ̂ , we have

Quart. /?/,/,/. matks. 3 } 183 • êe also S ~P*terse-n , ik>. jt , 3o£T



(5 )

where

— ~x^
v  " ('■h El % l+ 2 x <i'f- — )  , (1 9 )

3 ,  s  -  w  

3 % = t * - M

3 S = 2 M » ~ J  ( 2 0 )

3^ ~ ur^— SMttf'-hJi'1

e t c .

u, = e  [ * & 3jz + ^ j ^ C 2^ ) -  i ’W rc(2/ r ) -

*
i f ,  i n  Hartree*  s n o t a t i o n ,

r«o
i V / r  fz) = J z i* '‘e<-fc(-z)dz ,

and V e r fc - f e )  = e*fc(z)

Simee ,  when z  i s  l a r g e ,

i ^ e r f c f e )  / v  j z . ( 2 z )  \ e % t

( 21 )

V?r

th e  s e r i e s  (21)  o o n v erg es  r a p i d l y  f o r  / * Vhen ~ o , (21)

red n e es  to

f Mz r  ^ 1
u  = e L ' *  * * J  (22)

= £ / -  2« \/ |"  +- Q * -H )t  +    J  .

( 2 2 ) /
. 7r"oc- Manchester Lit ~Plut Soc- So t Sb ÔSCt).



( 6 )

(22)  c o n v erg es  r a p i d l y  f o r  sm al l  .

In  what f o l l o w s ,  we s h a l l  assume Tc> o f 

Then i t  i s  c l e a r  from (2 2 )  t h a t  the s u r f a c e  tem perature  commences by 

f a l l i n g ,  i r r e s p e c t i v e  o f  the  v a l u e  o f  i f  , From p h y s i c a l  c o n s i d e r ­

a t i o n s ,  however,  i t  must s u b s e q u e n t ly  r i s e  a g a i n ,  in  consequence of  

the  g e n e r a t i o n  o f  h e a t ,  i f  Jf>o. A lthough  i t  appears  d i f f i c u l t  to

d e f i n e  th e  t u r n i n g - p o i n t  i n  g e n e r a l  term s ,  th e  b e h a v io u r  may be
%

i l l u s t r a t e d  by a s p e c i a l  c a s e ,  c o r r e sp o n d in g  to  UM . f o r  then

and th e  s u r fa c e  tem perature  i s  t h e r e f o r e ,  by ( 1 5 ) ,

which has  a s i n g l e  root  ** 0 . 4 3 5 .

As an example ,  l e t  us suppose a co ld  e x p l o s i v e  gas  to  be brought  

i n  c o n ta c t  w i th  a h o t  m e t a l l i c  f o i l .  Heat w i l l  be g e n e r a te d  i n  the  

gas a c c o r d in g  to an A arhenius  f u n c t i o n  o f  tem perature ,  which we may 

r e p r e s e n t  v e r y  r o u g h ly  by the l i n e a r  e o u a t io n

where

The t u r n i n g - p o i n t  i s  d e f in e d  by

(24)

G T
(25)

i f  6) i s  d e f in e d  by

q r 0 = A e

where/



a t z  c f 2where n  ^  to K[sec , p r o v id ed  the  c o n d i t i o n  ar = 4 / /  i s  s a t i s f i e d ,

we may then  e x p e c t  the s u r f a c e  temperature  to commence r i s i n g  a f t e r  a 

time t  d e f in e d  by t h a t  i s ,  by

Q f  /v/ o-2  (2V)c

By ( 2 6 ) ,  t h i s  red u c e s  to

J. ~tz^
T /v  o .2 x io  T e  , ( 2 8 )

O ' o

Assuming 1̂ 0 , 0 0 0  c a l / m o l e ,  we have the f o l l o w i n g  v a r i a t i o n  o f  f  ,

which may be i d e n t i f i e d  w i t h  the  l a g  t ime f o r  i g n i t i o n .

T0 (°K) 5000  400  0  300 0 2000  1000  700 500

■te C» e )  1 0 ” 7 2x l 0 -7  5x l O ' 7 1 0 -5  1 0 '1 1 0 S 1 0 7

I t  i s  c l e a r  th a t  i g n i t i o n  i n  any normal s e n s e  r e n u i r e s  a f o i l  

tem perature  o f  the order  o f  faoeK, which i s  a p h y s i c a l l y  r e a s o n a b le

l e v e l .  S in c e  Q must e v i d e n t l y  be 'W  , th e  c o n d i t i o n  i m p l i e s
A A

which co rresp o n d s  to  a foil^F t h i c k n e s s  o f  t h e  order  o f  l0~ 3  em#

A lthough  t h i s  exaoa.ple i s  a r a t h e r ,  crude one, i t  does  i l l u s t r a t e  the  

p o s s i b i l i t y  o f  a u s e f u l  a p p l i c a t i o n  o f  the  p r e s e n t  a n a l y s i s .  ho

doubt t h i s  would be more p r o f i t a b l e  i n  the  c a se  o f  condensed e x p l o s i v e ,

where c o n v e c t i v e  e f f e c t s  are a b s e n t .



( o )

(2 )  S p h e r ic a l  c a s e .

I f  K d e n o te s  a r a d i a l  c o - o r d i n a t e ,  we suppose the r e g io n  ~R > 

w it h  thermal c o n s t a n t s  k  , K , t o  be i n i t i a l l y  a t  zero  tem perature .

The r e g io n  i s  f i l l e d  w i t h  a p e r f e c t  con d u cto r  i n i t i a l l y  a t

tem perature  T  • C o n d i t io n s  b e i n g  o t h e r w is e  a s  b e f o r e ,  we have

2 1  .  K X 2 f e h  r - r  TP 4- dt K »r % > X > a / T>o/

T  -  o , J i > CK, t  - 0 ,

T  ~ T', K =  t  (29 )

£  | T  = c ' ^ l '  = -£>o

r ' =  r0 ,

where £* i s  th e  hea t  c a p a c i t y  o f  the  p e r f e c t  conductor  per  u n i t  area  o f  

th e  i n t e r f a c e .

For  c o n v e n ie n c e ,  s e t  'K -a  s % y , l^T/a.T0 = n j T 'fr0 5 a /
^/k s  and k f t c-c' = ar . Then

H = o  J ' i  - 6  ; a = i/ , ^ - o ;
w Y f s _  f t )  = e ^ '  x  =  o  ( 3 0 )

a.) ' '

u ~ I ■ , % = O

In  th e  same manner as  b e f o r e ,  we f i n d

—c£%
IA =

'b-h 0/
s o  t h a t

£r   ( 3 i )
-£+ £ *

/h -

I f

• (32)



(9)

I f  now . an<i M +  ~  2  K  , (32)  Idgcomes' <1/ cl

X
*  = kH\

T-h^w* T ° Z7ri J T-I-Sm ^  ’ (33)

where

/3 s  x/^^/C . (34)

Comparison w i th  ( 5 ) ,  (6)  shows t h a t  T f T 0 i s  then  o b ta in e d  from

the  l i n e a r  s o l u t i o n  by m u l t i p l y i n g  by k TT1 and r e p l a c i n g  % by
/

and if by /f-f- . Thus, i f  we s e t  £  -  tC
3 ~ Cf- As J

(13} y i e l d s  :

mtT & e
T0 :k s-*/* ^ / 2 j e  ^  f 3 5 )

0

and i t  can be v e r i f i e d  by s u b s t i t u t i o n  in  (29)  t h a t  t h i s  s a t i s f i e s  the  

c o n d i t i o n s  o f  th e  problem^.

R e l a t i o n s  co r r esp o n d in g  t o  ( 1 5 ) ,  ( 1 6 ) ,  (21)  (22)  can be w r i t t e n  

down in  the same way. For example, by ( 1 5 ) ,

r  z(&-~)
T / t 0 =  I  e  a . < £ - £ ) « “  \ f c ( ^ - e . J r )

*(*■'-?) )
+  ( * + f ) e  <*fcL ik+ U 'c)\i , ( 3 6 )

2- r Wp rov id ed  & = ^  ^ ^  >o. O th er w ise ,  (35j  may be used.

(3 6 )  i n c l u d e s ,  when J f -0  , the i n t e r e s t i n g  c a s e  o f  a p e r f e c t l y  

co n d u ct in g  sphere h ea ted  or c o o l e d  i n  an i n f i n i t e  medium. She 

s o l u t i o n ,  c u r i o u s l y  enough, does  not  seem t o  have been  g iv e n  p r e v i o u s l y .



(10

A g a in ,  f o r  l a r g e  f e - * , ) I Z y l z  , (2 1 ) becomes

r  „ * . t i} i^esfc j ~ ]  ,

where is  d e f in e d  by (So) with M  r e p la c e d  by H +  w/<t 

Sim ilarly, by (S B ),

%  t * +  * ) Z [ f  -  2crJ%  +  (or1-  <£- t-J i)T+-   J (38)o
r

The remarks c o n c er n in g  the v a r i a t i o n  o f  T i n  th e  l i n e a r  ca se

a p p ly  e q u a l l y  t o  th e  s p h e r i e a l  problem. We may i l l u s t r a t e  the

b eh a v io u r  o f  T  by a s p e c i a l  e a s e ,  co r re sp o n d in g  now to  L -  o , t h a t  
2

i s ,  t o  ^  ~ **/*. -  f t  • Prom ( 3 6 ) ,  by l e t t i n g  & approach ze ro ,  

we deduce ,

T ' r e -  2£ 1“ e  iQi-zeje e& e -  -± ]  ,
T0 (39)

where,  a s  b e f o r e ,  <> = W r / 2  . ^ s  would be e x p e c t e d ,  (3 9 )  r e d u c e s  

to  (23)  when t h e  r a d i u s  a, <x>
3 c p

S i n c e  #*r = , where c,p are  t h e  s p e c i f i c  h e a t  and d e n s i t y  o f

the  medium (t z x *) and c f,p c o r r e sp o n d in g  q u a n t i t i e s  f o r  the  source

and s i n c e  we r e q u i r e  a**- > 4  , (39)  cannot a p p ly  to  any s o l i d  sphere
~2

in  a g a s ;  f o r  such s y s t e m s ,  a*r /o . However, i t  i s  p o s s i b l e  

f o r  t w  to  exceed  4 i n  th e  e a s e  o f  a l i q u i d  or s o l i d  e x t e r n a l  

medium. For  example , aluminium s p h e r e s  i n  n i t r o g l y c e r i n e  would g i v e  

a**r . I f  we take  t h i s  v a lu e  f o r  i l l u s t r a t i o n ,  (39)  has  a

minimum a t  £e ^  3  , so  th a t  Adopting a t y p i c a l  v a lu e

o f  0 . 0 1  c ^ j s e c  f o r  K , and r e q u i r i n g  t h a t  £c +  I ^  f o r  e x p l o s i o n ,



(11)

e x p l o s i o n ,  we con c lu d e  c * r C o c ^ C 1 , whereupon ^  ^  7i • Then

/fro f and so & KJi  ~  . However, f o r  n i t r o g l y c e r i n e ,

G ~  10  ̂T0 1z, 20/6̂ x> Ito ky eGua^j[0n ( 2 6 ) .  Hence,  f i n a l l y ,  b&v*K .

The a n a l y s i s  t h e r e f o r e  s u g g e s t s  th a t  an aluminium sphere  o f  r a d i u s  1mm. 

w i l l  i g n i t e  n i t r o g l y c e r i n e  i f  r a i s e d  t o  a tem perature  o f  about  3oO°G.

The r e s u l t  i s  p e r f e c t l y  r e a s o n a b le ,  s i n c e  n i t r o g l y c e r i n e  i n  b u lk  i g n i t e s  

a t  about 200°Q.



ON CERTAIN TYPES OF SOLUTION

OF T H F  E Q U A T I O N  O F  H E / ) T  c o n d u c t i o n .



On certa in  types o f so lu tion  of the equation of heat conduction 

Let Z; ir) s a t is fy  the equation

j  = v 1/  = f - t f  -f- I  ( 1 )•> •Jxjc J z z
For certa in  purposes, p a rticu larly  in connection with the propagation 
of a ooundary of fu sion , e t c . ,  i t  i s  o f in tere st to  discover so lu tion s  
of (1 ) which permit the equation:

= constant (2 )

to be solved e x p lic it ly  in  the form:

&'&) • (3)

This suggests the examination of so lu tion s o f the type

1  = i ( C )  > (4)

where C = , (5)

and f̂, (p , Iff are functions to be determined. To save rep etitio n , 
Roman ca p ita ls  denote arbitrary constants throughout.

0 )  Linear system f  = JfCfa/r)] ; ^  .

(a ) Let C 2 oc?1 t n  . Then, by ( 1)

That i s  ? ,7n j_
I "  _ x x  ' ’ - M v - O C ’1
4 '  m ' C + i  ' (7)

Consequently n ~ O or ~>n -  —2?t .

I f  in. -  ~2-*v ^ o , we may without lo s s  o f gen era lity  take 

71 = ” 2 > whereupon in =■ / and

J * / / '  = (8)

Then P  = (9)

and so
/ £ )  = 3 ~ f ( C / 3) +  C .  (10)

7i = o y ie ld s  the t r iv ia l  case

J f q  = + s  = -4*-#-b , i n )

which may be regarded as a lim itin g  form of (1 0 ) .



2

The only so lu tion s o f (1 ) o f the form 

are th erefore

j- = 3 e -,‘/ 6 v ^ ¥' c  > ( 12)

/ *  ' W S .  (13)

(b ) To g en era lise , l e t  now C = .

Here = <pV / '  and P V /  +  '•>

where the dot s ig n if ie s  d if fe r e n tia t io n  w ith respect to  #  or £ . 
Consequently, by (1 )

g y - j fff
< j ,v  ’ (14)

I f  we denote /  / ^ ' by &C^)  , then

0* ~ > 6t  = .
Consequently

9vrflx = r<i>et , (15)

and from (14) and (1 5 ) , a fter  some reduction, we have

qj* (f V  V '  q? q> <p' ’

which i s  o f th e  form: f , ( ^ ) - f j k )  = f s ( b ) - b  £ ( * )  ■

I t  fo llow s that e ith er  -f or -f i s  a constant. That i s ,J i *2

9 9  = o r  tj/ -  f f t y  , (17)

In the former ca se ,

(p(prh(p<p = 2 3 q>cp a  2cpfi2/(p ;

so that /  f,c) = O . Also

<P ~ C? ‘S , <P = (!-&)(C%+7>), (18)

and we lo se  no gen era lity  in  se ttin g  3  = 0  > so "that

9  = C%+J) . (19)

Then ^9 / 9  = 9 / 9  > (20)
3

whence <i> = - E W  , If) = l / 2 j ( e t - h F )  , ( 2 1 )
_ 2

and we may, without lo s s ,  take b  -  2C .



Finally, by (14), (18) and (21) ,
£C

J I I  = ~
which leads to

r w  -  - f f » ( 2 2 )

f ( < )  = ~Pe*f [ ( )  $  . ■ (23)

Thus, when cpcpfcp = constant, the only so lu tio n  i s

^  = T e* f ( ^ s ) )  ^  • ( 22*-)

/  = T W gj. (25)

i s  again a t r iv ia l  lim itin g  case.
2 .2,

I f  f =  , f3(k) = 2/1 and I f / - B e 1 . (26)

Also, by ( 1k) t

m - * * ? * ■  f  ■

so that

9  — ^ 29  = £ 9 / 9  •
/

* 1 / -r / —C
The term Cep/cp can be removed by s e t t in g  9 = x  > 30 we may

take C -  O , g iving

Then by (27)

which im plies

Ax>
9  = 3D e -f- £ e  . ( 28)

/  / f  -  o , (2 9 )

:f = F C +  G . (30)

C ollecting  (2 6 ), (28) and (3 0 ) , we conclude th at when <f*/y = constant,

the only so lu tio n  is
r r A% -Ay. -1 _

^ = e  Q s J  +  ^  • (31)

^ may be imaginary, in  which case 7* and Q, are complex.

The only so lu tion s J [$ > & )¥ & )]  of j~t  -  f x% are

therefore: (2 4 ) , (23) and (3 1 ) .



( 2 ) C ylindrical system f f y t )  -  ]  ; f t  =

Let C H q > (-t)V (t) .

Then a /c ) = f ' f r '  _ y V - V V - r f V   ̂ (32)

and (15) leads to

* 2 2 .  j? -  ( & - £  ) +  - &  +  1- -*•£. )  (33 )tf, “ V tp /  L qt3- q> cp r  r  <p v  cp/ J '

whence <p<p = 5<j>5’ _££ 9  = ~ / ?  <y .
6 /~J3 ,

In the former case, 9  = C<P , 9  = c O - n ) ( - f + n )  ,

and me may take 15 -  o , C -  I ,  whereupon

9  = 0 , 9  = i , 9  = . ^32f)

Then, by (33)

0 = ( 3- % - % ) +  7 ' “ 7 5 ^ ;  '

so that J) =• O , g iv ing  9 = 7*’ . Also

9 9 =  t p = - £ t f 3 , 9 =  > / j 2£ (t+ -R ) ■

we may take f  — 2 , whence

F in a lly , by (32) y

£ "  f  r* _ _ o y _

which leads to

^  = T B i ^ t £ o ) + q - '

z /9lfAgain, i f  \p = -  ft y  f ip> -  J5e~~ , and

/ ' / / '  = - 2 C  ^  (36)

(37)

/ " A '  = - S L .  -f-9 9 / y  ( j 8)

so that



l-C* 2- / TThe term, CCp fcp can be removed by su b stitu tin g  9 s  x  > so l'na^

we nay without lo s s  take a  ~ o  . The so lu tion  o f  (39) i s  then

9  = D T j/ t* )+ £ r  rof a ) ,  ( 40 )

where and are zero-order B essel functions of f i r s t  and second kinds
resp ec tiv e ly .

F in a lly , by (38) ,

r / f  = o ,

so that £  = G C + 'R  • (41)

C ollecting  the r e su lts ,

/  = e^f l t [T’TJfty) + Q Y B(Arj] +  -R . ( « )

/) may again be imaginary, with 7* Q  complex.

"When A -  0 , we have the t r iv ia l  lim itin g  case

/  = T U f  -t- Q. . (43)

(3 7 ) , (42) and (43) represent the only so lu tion s f [ ( p ( + )  V '(b)]

4  = / ryt- .

(3 ) Spherical system f  » £(-/, (r) ~ £ [C (r ,lr )]  ) f t  ~ ■

As before, le t  C ^ tyC?) WCb) . The cy lin d r ica l so lu tion
a p p lies , except that l/ f  must be replaced by 2/>  in  (32) and (3 3 ) .
(35) fo llow s as before, but ( 36) becomes

f"!f' = - 2 < -  |  , (*4}

which leads to
rx

1  Jt+ R ~ “(t-fK) - f f r  j t   l . a+ T e r f1j = J - h Q  . (2f5)

Again, i f  (jj ~  A  , (39) becomes

9 -f -  3  9  -  ^ V  = c<p%> ,

and the term may be removed as before, so th a t  we take C =- O j
whereupon

9  = £dc  -f- . (47)



6

(41)  s t i l l  ap p lies, and so

A \
$  -  —  q  e  ^yJ  d- ~R . ( 4 8 )

may again be imaginary, with complex ~P, Q, .

"When A  -  O , we have the t r iv i a l  lim iting  case

1  = z  +. . ( « )
*■' •/*

(45), ( 48) and (49) are the only solutions

£  CtyO*) y ( k )  J  of f  =. f  -h
JYr  Y Jr  '

0



F R om  G/9 T / o N  b F  A B o u n d a r y  o f  f u s i o n .



PROPAGATION Of A BOUNDARY Of fUSIQN.

G eneral Theory

We c o n s id e r  a volume o f  m a t e r i a l ,  d iv id e d  i n t o  two r e g io n s  1 and 

each  o f  d e n s i t y  p ,  by a moving s u r fa c e  S 9 on  S a change o f  phase o c c u r s ,  

a t  a d e f i n i t e  tem p eratu re  (which we may taice t o  be z e r o )  and w ith  a b so r p ­

t i o n  or  l i b e r a t i o n  o f  a l a t e n t  h e a t  p e r  u n it  m ass. I f  kf9 Kt a.TQ 

th e  tem p era tu re ,  therm al c o n d u c t iv i t y  and d i f f u s i v i t y  o f  phase 1 ,  and 

$ • k  * K, c o r r e sp o n d in g  q u a n t i t i e s  fo r  p hase  2 ,  th e  s u r f a c e  S  i s  the  

i so th e r m a l

S u b s c r ip t s  d en ote  p a r t i a l  d i f f e r e n t i a t i o n .

The c o n d i t io n  f o r  a s im p le  s o l u t i o n  i s  th u s  se e n  a t  onee t o  be t h a t  

ff. , A s e p a r a t e l y  s a t i s f y/ A

f o r  exam ple, in  th e  o n e -d im e n s io n a l  e a s e s  o f  l i n e a r ,  a x i a l l y  sym m etrica l  

o r  s p h e r i c a l l y  sym m etrica l f lo w ,  we r e q u ir e

SiC'*, ‘ 0 1  s* a )

and th e  boundary c o n d i t io n  on t h i s  s u r fa c e  i s

-  k » ± L p / r ^ vi' / / — -&/

(3 )

z

(4)

w here/

A



m

where +  i s  th e  a p p r o p r ia te  sp ace  c o -o r d in a te *

i n  a d d i t io n ,  9 , , 9 ^  m ust, o f  c o u r se  s a t i s f y

( 0 , ) ,  == • ( e p e . K J \  ,

/ 1 f I/  - j m h i o h  f o r  th e  above o n e -d im e n s io n a l  o a s e s  become

7109s).

■ j

where 7t = 0 ,  1 ,  2 in  the  th r e e  c a s e s ,  r e s p e c t i v e l y .

P a r t i c u l a r  s o l u t i o n s

we c o n s id e r  s o l u t i o n s  o f  the form

8 -  *> ' ( , £ )

£  = ( P t O K ^
*

I t  h a s  been shown e lse w h e r e  th a t  th e  o n ly  such  s o l u t i o n s  are;

/  '7* + 3  \
A -  ( -™ 7 = = = -  ) +• ?>
17 KYfc+C) 'K-(t+C)

A K.fc. r  —A't'l

L in e a r  c a s e  \  B ~ +

a

A x i a l l y   ̂ q 

sym m etrical \

c a se &

) + C
A E L  \ m ( j t  + £ )

-A^Kt f  . j l  „
a. / &xe::J + )  +  c r=, ( / ’ •Pj + W

L

* S e e  addi t ional  f>aper (Jo)

(5 )

( 6 )

(7}

fa)

O )

( 1 C ) -

(11)

( 1 2 )

( 1 3 )

(14)



(5 J

symmetrical

S p h e r i c a l l y  ( S  - * }_  JW p i ^ (15 J
L  +  * W K Ct 4 8 ) j ^

. r ^ . — .  ^ / 3 SL + c & j +  2 )  ( 1 6 1

c a s e  I   ̂ ~ "+ + & { 1 7 }

o f  t h e s e  we must d i s c a r d  the  t r i v i a l  s o l u t i o n s  ( 1 1 ) ,  (14)  and (1 7 ) ;  

and a l s o  (12)  and ( 1 6 ) ,  which cannot be made to  s a t i s f y  ( 4 ) .  (4 )  i s ,

however,  s a t i s f i e d  by ( 9 ) ,  (12)  and ( 1 5 ) ,  and a l s o  by ( 1 0 ) ,  i f  e i t h e r  6  

or C i s  z e r o .

S o l u t i o n  ( IQ ) ,  which was mentioned by S t e f a n ^ \  d e f i n e s  a boundary  

o f  f u s i o n  moving w i th  c o n s t a n t  speed .  I t  i s  o f  r e s t r i c t e d  i n t e r e s t ,  

f o r  example ,  c o n s id e r  the  s o l u t i o n

p ~/7/V - /7/r c)

'' ^  — / ]   ̂ V- >/9K,k

T h is  d e s c r i b e s  the  b eh a v io u r  o f  a s e m i - i n f i n i t e  s o l i d ,  whose
. -—/?'■/'

i n i t i a l  tem p eratu re  i s  S. * &(jl - /) * and whose s u r fa c e  tem perature a t
z

w*v0  i s  &_ Kz, ^ e~-/) * However, 6  and £ m ust, by ( 2 ) ,  s a t i s f y

âCAa — k,e/ K ,  ~ t - p
( 1 9 )

( 9 ) ,  (12 )  and (15)  d e f i n e  bou n d ar ies  o f  f u s i o n  whose p o s i t i o n

v a r i e s  l i n e a r l y  w i t h  the square root  o f  the  t im e ,  measured from an

a p p ro p r ia te  zer o .  s o l u t i o n s  based on (9 )  a r e ,  in  f a c t ,  well-Known,
(2  )

and correspond to  problems o f  some importance .  (18)  and (15)  a l s o

y i e l d  s o l u t i o n s  of  p r a c t i c a l  i n t e r e s t ,  which do not appear t o  have  

been s tu d ie d .

A



(4)

p r o p a g a t io n  o f  a Boundary o f  Fus ion  from a l i n e  source  o f  heat  

Let 6? u n i t s  o f  h ea t  he g e n e ra te d  per u n i t  t im e ,  per u n i t f  l e n g t h  o f  

the  l i n e  ^ o  # in  an i n f i n i t e  f u s i b l e  s o l i d ,  whose i n i t i a l  tem perature  

i s  -  (9 , r e f e r r e d  t o  the m e l t i n g  p o in t  a s  z e ro .  a  c y l i n d r i c a l  boundary 

o f  f u s i o n ,  + *  say ,  then  advances  i n t o  the  s o l i d .  L e t  s u f f i c e s

1 ,  Z r e f e r  to  the s o l i d  and l i q u i d  p h a ses  r e s p e c t i v e l y .  We assume  

a s o lu t io n :

( 2 0 )

( 21 )

whereupon

ni t ' )  = «  f~t~ ( 2 2 )

sa y ,  c* a c o n s ta n t  to  be determ ined

Then

(23)

C£i  * °
(24)

(25)

A ls o

Thus/

(Z(o)

(2€r)



Again,  by ( 2 ) ,  (£2) and ( 2 6 ) ,

, - ° ? M Z , a  - * % < ,  , i
^ « C jl 1 - * ,* - * ■  „ Z.fLS (28)

*+

where L % p  ar© th e  l a t e n t  h e a t  and d e n s i t y  o f  the m a te r ia l*  ( 2 3 ) ,  (24)

( 2 5 ) ,  (27)  and (28)  det  ermine /), 6 , c  ,_2> and<*. E l i m i n a t i n g  /? , £s , c . ,

j )  , we h ave ,  f o r  <x :

1/ — K, *
Q I, <S>«. __ L p * .

^  +  ~ *  ( 2 9 )

The l e f t  s id e  o f  (29)  d e c r e a s e s  m o n o t o n i c a l l y  from % « ■  when °c ■■ o  to  

— oo when < * © o . Hence th e  e q u a t io n  h a s  a lw ays  one,  and o n ly  one,

r e a l  p o s i t i v e  root* In terms o f  the  r o o t ,  th e  s o l u t i o n  i s :

J2_
4 .  '  10T

a s  an example ,  c o n s id e r  an i c e - w a t e r  system ,  f o r  which
o 2

Water: £ = 0 .0 0 1 4 4  Gal/cm. s e c .  K . K = 0 . 0 0 1 4 4  cm / s e c *
z a.

o  2  y

I c e :  = 0 . 0 0 5 3  Cal/em. s e c .  • X ( = 0 . 0 1 5 5  cm / s e c .

and L p  ( i c e )  = 7 3 .6  Galjcm3 .

Suppose/

(30 )



and

i
oC 0 .0  6637 ena/sec2.

ft s 1 . 6 8 1 ° '  5 = 2 ° .  C - 1 3 1 . 7 ° ,  j >  = 4 3 . 7 3  .

The c o r r e sp o n d in g  texaperature p r o f i l e s  are  shown in  f a b l e  1.

h
(Cm/sec'  

0 . 0 2 4  

03394  

04158  

04799  

05367  

05879  

06351  

06637  

0 9248  

1128  

1302  

1456  

1783  

2059

Table  1

&9L
( ° C)  

196.  6 

1 1 7 . 6  

7 5 .5 6  

4 8 .7 8  

30 .00  

1 6 .1 2  

5 .5 1  

0

(°C)

0

0 . 8 1 9 6  

1 .2 3 6 2  

1.4780  

1 .6 3 1 2  

1 .8 3 1 9

1.  9178



( 7 )

l a  p r a c t i c e ,  s i n c e  9^ r i s e s  i n d e f i n i t e l y ,  a boundary o f  v a p o r i s a t io n  

must f o l l o w  the boundary o f  f u s i o n ,  The t h e o r y  c ou ld  be ex tended to  

c o v e r  t h i s  i f  the e f f e c t  o f  p r e s s u r e  on the  b o i l i n g  p o in t  and l a t e n t  heat  

were ignored* Although t h i s  i s  not  l e g i t i m a t e  i n  the  c a s e  d e s c r i b e d ,  the  

s o l u t i o n  w il l  be i n c lu d e d  f o r  i t s  g e n e r a l  i n t e r e s t *  I f  s u f f i x  3 r e f e r s  

to  th e  vapour s t a t e ,  we assume i n  a d d i t i o n  to  (SO),  (£ 1 } :

f h # a  th e  b o u n d a r ie s  o f  v a p o r i s a t i o n  and f u s i o n  are  <* f t  . + „ <* J~£.i*. * 2*
*&y» whereupon (£3 )  and (£ 4 )  a p p ly ,  and a l s o :

where i s  t h e  b o i l i n g  p o i n t ,  r e f e r r e d  t o  the  m e l t i n g  po in t  a s  zero*

(£5 )  h o l d s  a s  b e f o r e ,  w h i l e / 7 and k a must be s u b s t i t u t e d  f o r  C and ir  

(£?*)♦ {£8*} i s  r e p l a c e d  by  two s i m i l a r  e q u a t i o n s ,  i n v o l v i n g  Z /2 and

have th us  e i g h t  r e l a t i o n s  t o  d e term in e  /? ,/3 , c  * 2) • F  *G* °£* > e( *<3.
I l l a i n a t i o n  o f  th e  s i x  c o e f f i c i e n t s  l e a d s  t o  the  f o l l o w i n g  s im u lta n eo u s  

e a o a t io n s  f o r  ^

(31)

(32)

(33)

L
 X- 5
knr

(35)

'fixes*/



(a)

These cou ld  he s o lv e d  c y c l i c a l l y  i n  a numerica l  c a s e .  T h is  has  not  

been c a r r i e d  out f o r  the  system  i c e - w a t e r - s t e a m ,  in  v iew  o f  the  

p h y s i c a l l y  unreal  assu m pt ion s:

P r o p a g a t io n  from a p o i n t  s o u r c e .

h e t  u n i t s  o f  h e a t  be g e n e ra te d  p er  u n i t  t ime a t  '■n. o  , the  

c o n d i t i o n s  b e in g  o t h e r w is e  a s  b e f o r e .  (X s p h e r i c a l  boundary  

p ro ce e d s  outward. we assume the  s o l u t i o n :

! , . * [ & ■  j J ' X k L  - F = ] - e' L  ■+ a z J k Jz j

r  V  j j .  ^ / c - £ = .  7 - 3
= C [  - y —  «• -  2

Then

c

w M l e  ^ e ,  T>e,_

A  * “S'* <

Thus^

(36)

( 3 7 )

( 3 8 )/? (fc ) = ^ J  t

say ,  and

{ E L  ^  - % =  ] '  }

A l s o ,  as  b e f o r e ,

fc> * ®  ,  (41

£. . Jill: r —  .7 X- * (42 )



0  - h - T t  , /DCU| p ^  cOVvO ^

* -  * % /v - T T  k ^  r
f 13 )

P r o i n  ( 2 ) ,  ( 3 9 ) ,  ( 4 0 ) ,  ( 4 2 ) ,  ( 4 3 ) ,  w e  o b t a i n  t h e  f o l l o w i n g  e o n a t i o n  

f o r  c< :

x  r n n  _  * .« .  @  =■’

0 ) h e  l e f t  s i d e  a g a i n  d e c r e a s e s  m o n o t o n i c a l l y  f r o m  r f t o  -  ° o  a s  <  

i n c r e a s e s  f r o m  0  t o  * G  .  H e n c e  ( 4 4 )  h a s  a l w a y s  o n e  a n d  o n l y  o n e  r e a l  

p o s i t i v e  r o o t ,  e  h a v e  t h e r e f o r e  d e r i v e d  a  s o l u t i o n  f o r  p r o p a g a t i o n ,  

f r o m  a  p o i n t  s o u r c e  w h o s e  s t r e n g t h  i n c r e a s e s  a s  , f t  .

ff h e  s o l u t i o n  m a y  b e  r e a d i l y  e x t e n d e d  t o  c o v e r  t h e  c a s e  i n  w h i c h  t  

( o r  m o r e )  s u r f a c e s  o f  p h a s e  -  c h a n g e  a r i s e .  f h e  a n a l y s i s  i s  s i m i l a r  

t o  t h a t  i n d i c a t e d  a b o v e  f o r  t h e  c y l i n d r i c a l  s y s t e m .

A p p e n d i x .

P r o o f  t h a t  t h e  f u n c t i o n s  i n  ( 2 9 )  a n d  ( 4 4 )  d e c r e a s e  m o n o t o n i c a l i p  

f o r  <*. o  •

C o n s i d e r  / ( o c . )  =:  su S L  ( -  o c )

o L f  p c . r  • /  >v - ' ■ ° y  ~7 o c

ol^ I  = ** [_£ lv J =

f h e n
— C o



(10)

I t  f o l l o w s  a t  o n c e  t h a t  t h e  f u n c t i o n  o n  t h e  l e f t  o f  ( 2 9 )  d e c r e a s e s

<o
m o n o t o n i c a l l y *  I t s  v a l u e  i s  /^ tT a t  0  a n d  - ° Q  a t  .

Again. l e t  F i « )  ^  ~

( - )  -  t  £  ^  oH ^  "  j
x

— <3t* / \-    J  {ac)t yoo^.

then dj ^  = — 3*. M* < o . But ^ ( «o) -- o

H e n c e  J  a n d  s o  ^ / o f o c ^ 0  * 1 *  f o l l o w s  a t  o n e s  t h a t  t h e  f u n c t i o n  o n

t h e  l e f t  o f  ( 4 4 )  d e c r e a s e s  m o n o t o n i c a l l y ,  I t s  v a l u e  i s ^ ^ a t  0  a n d  

• « o a t  o  •

R e f e r e n c e s ,

( 1 )  S t e f a n ,  W i e d .  A n n .  4 1 .  7 2 5 ( 1 8 9 0 ) ;  4 2 .  2 6 9 ( 1 8 9 1 ) .

( 2 )  C a r s l a w  a n d  J a e g e r .  C o n d u c t i o n  o f  H e a t  i n  S o l i d s .  O x f o r d

1947, iR. 71, 227.



R/iPiLLY CONVERGENT SERIES FOR

C*
V  2r ~-nx
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*o 2
R A P I D L Y  G O N V i & & f l I T  S E R I E S  F O R  JJ n *£'*'* „ T

#fs /
I L T L G - R A L  A D D  o < ; X £ / .

C onsider  th e  s e r i e s

3 ? 4 V nV , C1)
71 = /

where 7* i s  zero  o r  a p o s i t i v e  o r  n e g a t iv e  i n t e g e r .  i s  a convergent

s e r i e s  of p o s i t i v e  terms f o r  a l l  . The convergence i s  r a p id  i f  % i s

l a rg e ,  bu t may become very  slow when % i s  sm a ll .  I t  i s  th e  o b je c t  of t h i s  

no te  to d e r iv e  a l t e r n a t i v e  s e r i e s  f o r  s ^ a l l  converge r a p id ly

f o r  sm all pc»

Let 5 ^(j>) = J be the Laplace

tran s fo rm  of $  (%) . Then, in  p a r t i c u l a r ,
2-t

5  = .  S P ; ,  . ( y

s in ce  the terms a re  a l l  p o s i t i v e  and th e  r e s u l t a n t  s e r i e s  converges,

w r i t in g  j? = ^  , we have, then ,

S9 = j -C r K O r t j , )  ~  (3 )

The in v e rs e  t ran s fo rm s  o f  the term s in  ( 4 ) a re  f a m i l i a r ,  lead ing  a t  

once to

■J- 2-/
oO ^ .1  . !■ ■ r* ' » •“"Tl. JT / v

V x ) h  ■S£** = - i + i g  + J S ’S e J* . ( 5 ;

(5 )  i s  a s p e c ia l  case of P o is s o n ’ s I d e n t i t y .  I t s  r a t e  of convergence i s  

ex trem ely  rap id  when X- i s  sm all.  Thus, f o r  o<X£/ * the  s e r i e s  terms on 

the r i g h t  a re  n e g l ig ib l e ,  and



2

to  b e t t e r  th a n  1 p a r t  in  10 ,000 . (6 ) may be w r i t t e n

f y *  =• z(j?rle»j} - i)  , (7)

whence

^ «* a
£  c / -* ;s z y :* =  f  ■

y -> /  '  ^
(8 )

L e t ,  now,
oO_ »o ,*0

7 * 2 - /
'z z

so th a t  ,
2 . - 2

* , W  ■
and „ <■*>z

$ o  e~2 ^ z  = * - **•/(*; h  z - r f c f a ) .

2
T h e n ,  (5 )  can  be w r i t te n

V » J  ■ % ? } , ( % ) ■  {s)
f

However, th e  fo llo w in g  re c u r re n c e  form ula can  be e s ta b l is h e d  by in d u c tio n  

Z r $ . r (») = - 2 z § _ ^ z )  +  ( z )  ,  (10)

whereupon

( 2 & t * $ ( far/Jx)  = J v * ! - J * ) ]

= C?Jx) $_r (w r /J x )  . (11 )

Thus, fo r  exam ple,

$ , ( ! § )  ~  £  ■ (12)

Then in t e g r a t i o n  of (9 )  from  X> to  oo , which i s  le g i t im a te ,  s in ce  a l l  th e  

term s a re  p o s i t i v e ,  and th e  r e s u l t a n t  s e r ie s  co n v erg en t, g iv es

f - v ^ f . (13 )

A second in te g r a t io n  le ad s  to

V x) = i ~ * f  + i ■ (14J



3

and in  g e n e ra l (V ^ o

2v-/ 2r r  j?, ~B % r*-/ t? -7S  (pt) s  Z TT I '— T     + ----------- ~f~ (rO  —    7
“2y L l 2?(o f a  n  (far')Y~'ll. t*2d

v  2r-/ V -j
-f (-0 VTr 2-----^L*'—. ^  (i.()  x

2 IX

- «  &where J2^ i s  the y  -  B e rn o u lli  number.

(15)

For exam ple, tak e  t -  2  , and -?£ — / . Then

=. e  -f~ e = 0 . 3 6 9 0  to  fo u r  p la c e s ,  w h ile  the

r ig h t  s id e  of ( 1 4 ) i s
oO

/. o#23 -  /-6 4 4 ?  ■/- / - ' S / 6  — 0  2S~oo - t  % Jr7j§„3 (*Jr)

=5 0'3&<jo ~f"

Thus, even when ?o = / the 5 6 - s e r i e s  i s  n e g l ig ib le .  The advan tage of (14J

i s  r e a l i s e d ,  o f  c o u rse , only  fo r  sm a lle r  v a lu e s  o f pi.
«■»- 2ir_ ,

The ^im portance of TrfejxJ 7Z §_(lY ^  ca n be judged by expanding

in  descending  powers o f ^  : the  f i r s t  term  i s  th en

so t h a t  jr(2 & )2r~'2? i s  o f  the  o rd er of
( x / j r ) 2nr' z  . e ~7r ^  

which i s  always n e g l ig ib le  fo r  o ^ y c ^ - f  .

( 9 ) .  may a ls o  be d i f f e r e n t i a t e d  re p e a te d ly  w ith  r e s p e c t  to  %. L et
n*-l - t

(-1) §r(x) h ^  jjr ,  e  , r »  / .

Then, b y ( l l ) ,  f o r  >*2 / ,

~ 2 & f~ 2 '

and f i n a l l y

, i 5 r h . m - -  & T r , l ( ' 4 ) l  ■ < m

y



Hence ( f Z l )

c  _ -  i& .J F — f . 4? f~d_ e~z  1 (-.o')
*■ i x ( 2 & ) * r* ' r ' , / ^ z 2r 4 = 2 2- ■

V5T
w hich may be w r i t te n ;

nV1

#9 /  7 *T“2 jc 2

where D i s  W eber's p a ra b o lic  c y l in d e r  fu n c tio n

S ince  th e  f i r s t  term  in  the  a sy m p to tic  expansion  o f 3 S r(z )  i s  e

the  r a t i o  of th e  s e r i e s  in  (19) to  th e  rem ain ing  term  i s  o f o rd e r

fb jr1 \Y 
l&L t  X )  * ^

T h is  i s  of th e  o rd e r  o f  10”^  or sm a lle r ,  p rov ided

(20)

w hich i s  e q u iv a le n t to

r S ^
Evaluating  (21) fo r  7* in  terms of X>, we conclude th a t 

<• _ l2 i
* -  =  ^  ( 4 / * 1  , ’ - « / »  ( 2 2 )

to b e t t e r  th an  1 in  10 ,000 , p ro v id ed

x  £  0 .7  0 .62  0 - 5 2  0 .4 5  0 .38  0 . 3 2  0 .28

when y  » 1 2 3  4  5 6 7

*  £ 0 . 2 3  0 .2 2  0 .2 0  0 . 1 8  0 . 1 6  0 .15

when r  = 8 9 10 11 12 13 , e t c .
2t+i >

Since we have n e g le c te d  th e  f a c to r  Z LL/l** , w hich d e c re a se s  w ith  r is in g  

7* , the  ran g e  i s  a c tu a l ly  somewhat w ider f o r  th e  la rg e r  v a lu e s  o f Y  .

Example ; r  -  If , x  = 0 .4 . .
00 %U- —0'£+ 7t *  >

Z yi e  =  359*2 from  th e  f i r s t  6 term s

SJ>-4) = 359-2 from  (22)

By w r i t in g  y I*01* in  th e  above r e l a t i o n s ,  we o b ta in  a co rresp o n d in g
00

s e t  of approxim ate ex i^ressions f o r f -  o) ± ii ± 2 i ................................ ^ w h e n



5

y z - 10 • exam ple, from  ("13)?

I  £ ,  H  '=• Jk ~  ~ igr +  i}  ’ ( 23)

and from  ( 1 8 ) ,

( 2w

w hich i s  independen t of } f ( z i o ) f and f o r  7*=/ g iv e s
1 z

Z '  Z > l l t' ' (25 )

*  BfnrnC'k  . 7 £ ,e ^  <?f Xxfa'tte, Sey/es Z 1̂  EM. f .  !b~o.

*f* ,%̂rC. M.a-v.c l\es"te-r <LUr. JX.M. Sere. go ff$~ )



S E R I E S  E X P A N S IO N

O F  A  C L A S S  O F IN T E G R A L S .



S E R I E S  E X P A N S I O N  O f f  A  C L A S S  O F  I N T E G R A L S .

( 1 )  c 
I t  w a s  s h o w n  b y  W e b e r  t k a t ,  i f  j * > o ,  a n d  j f a y / Z )  s a t i s f i e i

t h e  e q u a t i o n

S f ^ + = ¥  ( ! )J O x2- <dz J '

t k e n

oo -  *  __ (3c -  *  A  f r - y /

X  S J  J  ̂ ^  d t f j p d y
~eO

fs  — SCrrfA,) e  j O x j y . z )  . ( 2 )

I n  t k e  p r e s e n t  n o t e ,  w e  d e r i v e  a  m o r e  g e n e r a l  e x p r e s s i o n  f o r  t k e  

i n t e g r a l  I ,  a p p l i e a b l e  w k e n  ( 1 )  i s  n o t  s a t i s f i e d .

L i n e a r  C a s e .

_ o O  ,  .2 -

r
X  S  I / W e  . (3)

S u b s t i t u t e  =  j c  -** a n d  e x p a n d ,  t k e  i n t e g r a n d  i n  p o w e r s

o f  £ ,  i n t e g r a t i n g  t e r m  b y  t e r m .  T k e n ,  s i n o e  f o r  ^  =  0 , 1 , 2 , --------

oo JU
.00

. 2 .

f S c t e  = ; I ?2~ V W  = o  (4)
2 2* tC

w e / h a v e

■n'f
i =  - £ / % • * -  *  , (5 )

■>*-o IZ **

where/



( 2)

w h e  r e

A . ( 6 )

a n d  o < f <  i . H e n e e ,  p r o v i d e d  'K ~ ^ o  a s  * — > 00,
2*

■ °  *  ( 2 - ;  ( 7 )

x  ■ * * ? z  z n .

I n  p a r t i e u l a r ,  i f  /  (x )  =  \ j f a )  .  t i s i e n  J  6 0  =  ^  f ( * )  , a n d  8 0

X ~ Z j j r j S , (8)

t h e  l i n e a r  e a s e  o f  W e b e r ' s  t h e o r e m .  A s  a n o t h e r  e x a m p l e ,  s u p p o s e  f  

s a t i s f i e s  t h e  d i f f u s i o n  e o u a t i o n : -

= Afyx.h) . (9)

3 * 2” '  ^  3 P  ’ ( 1 0 )

a n d  s ® ,  b y  ( 7 ) ,

J M c(.  ~  2 y / n j 4 . * ^ 5 C y  ^  J ( 1 1 )

w h i e h  i s  a  f a m i l i a r  r e s u l t .  A g a i n ,  l e t  /  s a t i s f y  t h e  w a v e  e q u a t i o n

/  = AZX , (1 2 )

s o  t h a t

-  A2"  « * " /
« x 2n 9 t ‘“ ’ d 3 (

T h e n /



(3)

T h e n

J
& , t)e *<(* = *vs? | ^ 7  IJ & 9 ( 1 4 )

—oO

■ i f j < ™
_CL U

) e 4f*Ax
dsZ 1 5 )

( 1 5 )  m a y  b e  e x h i b i t e d  i n  a  m o r e  s y m m e t r i c a l  f o r m ,  w i t h o u t  a n y  r e a l  l o s s  

i n  g e n e r a l i t y ,  b y  s e t t i n g  A « /  =  w h e r e u p o n

V £. I
-&-<*) r

jC * ,k )e  doc ( 1 6 )

( 1 6 )  c a n  b e  r e a d i l y  v e r i f i e d  f r o m  t h e  f a s t  t h a t ,  w h e n  A = / ,  f  m u s t  

h a r e  t h e  f o r m

J-fc,kr) = Cp(vc-h{r)+ 1J/£c-t) .

I f  j{vc)  i s  a  r e p e a t e d  d e r i v a t i v e  o r  i n t e g r a l  o f  t h e  e r r o r  f u n c t i o n ,  

( 7 )  m a y  b e  s u m m e d ,  l e a d i n g  t o  a  u s e f u l  s e r i e s  o f  r e s u l t s .  T h u s ,  d e f i n e

f*
i j ? )  a  * & ( * )  3  % e~*V*r

90

§ / * )  = 

f j ~ )  3

t '?  4-r &(x)

( 1 7 )

)
)
)
) 1 , 8 , 3 , —  ( 1 8 )

)

■r =

T h e n ,  i f  5- =  o  ,  

v e r i f i e d  t h a t

+ 1 ,  ± 2 ,  ,  a n d  % ( * )  s  ( ~ ) Sj s  ( * )  ,  i t  m a y  b e

= i t t o . ( 1 9 )

w h e r e /



(4)

- z
w h e r e  z  s  x, .  H e n c e ,

F r o m  ( 1 8 )  a n d  ( £ 0 )  w e  t h e n  d e d u c e

d 2* x  ,  . \5'hZy' J *

f * J * )  =  £ % l * )  ■ ( 3 0 )

' i r V M '  f 2 1 )

T h e m ,  b y  ( 7 ) ,

r"° <&-«>'
I $ / * ) e  - <£ f —= = = , ) , ( 2 2 )

J-.o  S (l + l a l f t 2 2 s { f , T J X )

w h i e h  i s  a  T a y l o r  s e r i e s ,  y i e l d i n g

(pc~c()
lo( = •  .

Q + itp fl2

w h e r e  5  =  0 , - 1 ,  - 2 , -----------

( 7 )  i s  a l s o  p a r t i c u l a r l y  c o n v e n i e n t  i f  f  i s  a  p o l y n o m i a l .

C o n d i t i o n s  f o r  r a i l i d i t y  o f  ( 7 )

T k e  a b o v e  t r e a t m e n t  i s  p u r e l y  f o r m a l .  I t  i s  l e g i t i m a t e ,  p r o v i d e d

( a )  I  e x i s t s ,  a n d

( b )  ^ 2a—>  o ,  a s  n —> ° c  .

T h e  c o n v e r g e n c e  o f  t k e  s e r i e s  2  i n  ( 7 )  d o e s  n o t  n e c e s s a r i l y  g u a r a n t e e  

t h a t  7?2 ^ — >  o  ; a l t h o u g h  i n  g e n e r a l  t h i s  m a y  h e  s a f e l y  a s s u m e d .  O f  

e o u r s e ,  i f  2  i s  u n i f o r m l y  c o n v e r g e n t  f o r  a l l  x % i t  c o n v e r g e s  t o  I  •

B u t  t h i s  c o n d i t i o n  i s  n o t  n e c e s s a r y ,  a s  i s  s h o w n  b y  t h e  e x a m p l e  £(* ) ~ 

f o r  w h i c h  i t  d o e s  n o t  h o l d ,  a l t h o u g h  — > o  .  T h e  f o l l o w i n g  t h e o r e m

c o v e r s  m a n y  e a s e s  o f  t h e  a b o v e  t y p e .

I f /



(5)

Jtn ) 2 m /  W  \
I f  j  (y )  <  / j  [ C - t - 3 ^  J f o r  a l l  y  a n d  >v > m  ,  w h e r e  / ? , _ S ,  c ,  ^  

a r ©  i n d e p e n d e n t  o f  ^  a n d  tl ,  a n d  ^  ^  # t h e n  >  o  .  T h e  p r o o f

i s  s o m e w h a t  t e d i o u s  T a u t  s t r a i g h t f o r w a r d .

G e n e r a l  C a s e .

L e t  j ' ( p )  h e  a n y  s c a l a r  p o i n t  f u n c t i o n ,  a n d  l e t  dir  h e  a n  e l e m e n t  o f
/ V

s p a e e  a t  t h e  p o i n t  p .  T h e n  i f  v  i s  a n y  f i x e d  p o i n t ,
/ V

r  =  £ v Jy  < y ,  c » 3 )

w h e r e  t h e  i n t e g r a l  i s  t a k e n  t h r o u g h o u t  t h e  w h o l e  o f  s p a c e ,  ( 2 3 )  

g e n e r a l i s e s  W e b e r 1 s  r e s u l t ,  a n d  m a y  b e  p r o v e d  f o r m a l l y  a s  f o l l o w s .  I n

t e r m s  o f  r e c t a n g u l a r  C a r t e s i a n s ,  t h e  i n t e g r a l  I  i s

/ °  r* r°° ? {* -« /
I *  J  J I ^  y  .

— *0 -  oO ̂ -,0

I f  we s u b s t i t u t e  oc ~ x - t  £ - J h ^  ,  p  = y  +  ,  y  =  z - f -  C / ^ T  ,  a n d

e x p a n d  t  h e  i n t e g r a n d  i n  p o w e r s  o f  <£,  tj , C ,  w e  o b t a i n

3/ r  po

j  = f y / ^ r z i  , <2 *>
O 2«

w h e r e

pO

& ( t h + n%+ (h T f 6t>1-s) 4**ilAt , (25)
— mO

9
a l l  o d d  p o w e r s  o f  C ? € &c,) b e i n g  d i s c a r d e d  a t  o n e e  i n  v i r t u e  o f  

e q u a t i o n  ( 4 ) .

C z e ^ T f  m a y  n < p w  b e  e x p a n d e d ,  r e t a i n i n g  o n l y  t e r m s  o o n t a i n i ]

e v e n /

/



2 j ,  2* Zv*
e v e n  p o w e r s  o f  I  ,  ?j a n d  C» T h e  c o e f f i c i e n t  o f  ?  ^  n  i s

za  ^
t t y  tty, liC  ^ d y H 9 z y

a n d  t k e  c o r r e s p o n d i n g  i n t e g r a l  i s ,  b y  ( 4 ) ,

= jr*  - ■ (26>

C o n s e q u e n t l y ,

j  ~  & ________ o2* /

** ^  &  d’3 >9 p ' * z r

■jf'r- ^  2>t
*  I r f ’ ^  f a ' ? ’* )  > ^27J

a n d  ( 2 3 )  f o l l o w s  a t  o n c e .

I f  V f  =: A f  ,  ( 2 3 )  s h o w s  t h a t

I  “  e  ( 2 8 )

w h i c h  i s  W e b e r *  s  r e s u l t  ( 2 ) .  A g a i n ,  i f  V f  =  A ^ / / 9 ^  ,

\  r
J =  / ( S y , z  , t +  Xp)  , ( 2 9 )

w h i l e ,  i f  V j 1 =  ,
2.

1 =  ' W / l f ^ 0 i  =  ̂ j / f r / y . z . O e ^ f r r .  ( 2 0 )

a  r e l a t i o n  w h i c h  i s  s o m e w h a t  l e s s  o b v i o u s  t h a n  ( 1 5 ) ,  N o  g e n e r a l i t y  i s  

l o s t  b y  s e t t i n g  A =  / =  ^  ,  w h e r e u p o n

o f l  _ , /  X.

T f  -zfc-«o r°° ,  >
_  U rrl-fC x ,-^ ^ ^ )^  4/x, ( 3 1 )

— oO -  00

C o n d i t i o n s /



(7)

Conditions for validity of (£3).
( 2 3 )  w i l l  i n  a l l  n o r m a l  o a s e s  h o l d ,  i f  t k e  s e r i e s  c o n v e r g e s ;  k u t  

a  r i g o r o u s  p r o o f  i n  a n y  p a r t i c u l a r  i n s t a n c e  m u s t  d e p e n d  u p o n  e x a m i n a t i o n

o f  "K9 •  I t  m a y  h e  p r o v e d  t k a t  a  s u f f i c i e n t  c o n d i t i o n  i s*7%

I 3 * " / Zn,

Iw b H  < 4 6 e ;
f o r  a l l  y , z  a n d  *,>7n9 w h e r e  f  <  a n d  / ? ,  f t ,  c  * % a r e  i n d e p e n d e n t

O f  71}  C .

R E F E R ®  C E

( 1 )  C r e l l e ' s  J .  4 9 .
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■I lirf>)i)il from R.ESl'.ARCH 3 (1950)

One dimensional Flow behind a Steady Plane 
Detonation.

Acc or ding to the accepted theory of plane detona­
tion, the equilibrium reaction products have a well 
defined initial forward velocity fCL which together 
with their acoustic velocity rrL and the velocity D of 
the wave itself satisfy the Chapman-Jouguet (CJ) 
relation

I Id I)
Considerations of momentum show1 that the products 
must subsequently decelerate. The steady reaction 
zone is therefore followed by a rarefaction which will 
become less steep with time. The structure of this 
rarefaction has been analysed by Taylor- and 
Pfriem3. If detonation is initiated at x — 0, t — 0, 
and moves with constant velocity D, 1he flow is 
defined by

x — (IP -1 • a) t .... (2)

where l i d IT do j c

and q is the density corresponding to IT. Equation 
3 is to be supplemented by the adiabatic relation. 
In particular, if this has the form

j1 — constant :< oy . . . . (4)

equation 2 becomes
IT '2D
ITj ' ' ' (7 T 1) IK: 1)1 . . . .

In the present note we arc concerned with the 
motion of a typical material clement, in other words 
with the ‘ Lagrangian’ solution. This is defined by

IT
AIK<1 IT AIK

(It It ' " D.v
which by equation 5 reduces to

dW y — 1 
t , Hdclt y + 1 ’

Integration of equation 7 gives 
dx

W)

.(G)

•(7)

dt = IT= IK,
-  t- 

1
....(8)

where t0 is the instant at which the chosen clement 
traverses the CJ plane. A second integration yields

x
Dtn I Dll

1 a j l \  -!(y
1 jA i,

• • ••(9J
which is the required particle path. According to 
equations 8 ancl 9, the particle decelerates and re­
verses its direction of motion at (x\ I’) where
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Dt0 D
The locus of turning-points 
thus a straight line

. . ..(10)
_1 Wa -'IS -

a j   (11)
in the (x, t) plane is

as is otherwise obvious from 
If we use the well known 

D
W'l =  y +

and write v =  (y — 1 )/(y + 
W

v w - = (I -I- V) 

2v = (I + v) "

■ID 1 ....(12)
equation 5. 
approximations

m a'
I ' 7 •• • -(>3)
1), these results become

/„) _1 . . . . ( 14)
1 - t- (1 -

•••■(15)
2*' .  r
/^0 =- to 

which in turn for almost 
(v ~ 0) approach

(, + v)S G)
isothermal conditions

e=2-l 18
2x' _
B t r  to

.. . .(19)
If motion is prevented at 

x = 0, for example by 
enclosing the explosive in 
a tube rigidly sealed at 
the plane of initiation, the 
particle remains at rest 
after reaching x'. If the 
tube is open, equations 8 
and 9 continue to apply 
while the particle returns 
through its initial position 
Dt0 and ultimately passes 
out at the open end.

Wave speed photographs 
of detonating gases fre­
quently contain, in addition 
to the straight edge which 
indicates the steady velocity 
of the wave front, a

0-50

family of curved lines corresponding to much lower 
velocities and generally taken to define the move­
ment of the luminous products4. An unusually fine 
example, due to Bone and Fraser5, is reproduced 
in Figure /a. The locus of turning-points on the 
curved paths is, in fact, a straight line of which the 
slope is one half that of the wave trace as predicted by 
equation 16. The comparison can, however, be 
carried further by using equation 15 and assigning 
a value to y : Figure 1 b was drawn in this way with 
y = 1-2 (a probable value). The theory is well con­
firmed, since the two figures may be almost exactlv 
superimposed.

S .  P a t e r s o n

Imperial Chemical Industries Ltd 
Nobel Division, Research Dept 

Stevens ton, Ayrshire
{Received December 49/9)
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v = //rr when 7 = 12
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ON CERTAIN INTEGRALS IN THE THEORY OF 
HEAT CONDUCTION*

By STEWART PATERSON (I.C.I. (Explosives) Limited, Stevenston, Scotland)

In a recent note1 W. Horenstein evaluates the integrals

(p == j '  x~3/2 exp ^---   b2x^dx, (1)

r  ( . a ?  \
\p ~  I x~1/2 exp ( — b2x J dx. (2)

0 \  *

in terms of the tabulated exponential and error functions. The evaluation of the more 
general integral, viz.

from which (j> and ip are easily derived, was given by Riemann.2
Integrals of the above type arise in the solution by classical methods of various 

heat conduction problems. It is the purpose of this note to point out that treatment 
of many such problems by the Heaviside “operational” or equivalent Laplace trans­
form method leads directly and naturally to the required solution in tabulated func­
tions.

Thus, to take a simple case, the classical solution of

k

dd l d2e
dt 4 da2

-  b2d; 0 -+O, /->0,  6 ( 3 )

* Received Nov. 24, 1945.
1 W. Horenstein, Quart. Appl. Math. 3, 183-184 (1945).
2 B. Riemann, Partielle Differentialgleichungen, 2nd ed., 1876, p. 173.
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(where 6 is a function of a and t) will be
6 =  aTr~1/2cf).

If, however,
/ » 50

e~pt6{a, t)dt,
o

equations (3) transform into
d29 1
 = 4(p T b2)Q\ d —> —; a ■—> 0 T (4)
da2 P

which lead at once to
6 = p ~ x exp [— 2a\/ ( p  + b2)]. (5)

The inversion theorem for the Laplace transform then gives
J /» 7+i<» __________

9 = — ; I X-1 exp [kt — 2ay/(X +  62)]c/X,
2IT t d y-

(6)

along the usual contour.
By a series of obvious and natural steps,3 it is easy to show that this is equal to

92ab / •  7 ' + i ° °  g /»  7 " - f - i c c

I X-1 exp [XL— 2(a +  6f)\/X]rfX H 7 I X-1 exp [X/ — 2(a — bt)\/k]dk,
% )  y f  —  t o o  4 t 7 T Z  i s  y r f — i o c

t 1 - erf + WT)] +e- f [ l - erf ( t t  “  WT)]’2

and it can be verified that this satisfies (3).

* H. Jeffreys, Operational methods in mathematical physics, Cambridge, 1931, p. 70.


