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PREFACE

In submitting the present Thesis in support of an application for
the degree of D. Sce, I should like to explain the circumstances in which
it came to be written.

After graduating in 1936, I carried out research work for three
years on gaseous ignition in the Natural Philosophy Department of
Glasgow University under the supervision of Professor E. Taylor Jones,
with a view to presentation of a Thesis for Ph.D. Part of this work
was published at the time in the form of three papers in the Philosophical
Magazine, copies of which are attached; and the Thesis would normelly
have been submitted in the autumn of 1939,

However, in June of that year, I was appointed to the Research
Department of the Nobel Lxplosives Company, Ltd., where research on
problems of ignition in gases was being actively pursueds I was given
the prospect of continuing my studies in this fields In view of this,
Professor Jones, who considered that I had already more than sufficient
material to support an application for the degree of Ph. D., was kind
enough to suggest that this be resedrved for a year or two with a view
to supplementing it from my continued work, and extending the application
to one for Do Sc. Since opportunities rather seldom arise in industrial
research of pursuing a single line of enguiry for a sufficient length of
time to form the basis for a Ds Sc. Thesis, I was glad to accept Professor
Jones! advice,

The dévelopmen’c of the war brought to a standstill many programmes of
long~term research, among these the one referred to, and my project had to
be gbandoned. In 1945, however, I was given the opportunity of working
on theoretical problems of detonation and of carrying out experimental

studies in the same field, The present Thesis is based upon research



conducted under this programme from 1945 to 1949 It consists of two
perts, the first dealing with plane adisbatic flow and shock waves in
non-reactive media, and the second with shock waves in reactive materials,
that is, with detonation waves.

In the first part, as explained in the Summary (§1), I have
endeavoured not only to describe my own contributions but also to present
a connected and sufficiently detailed account of the subject, within the
limitations implied by the title. I have made a point of providing
extensive numerical data both for reference and illustration at all
stages,

With regard to the second part, the position is slightly different.
The opening sections, which describe the classical development of the
hydrodynamic theory of detonation and its application to gaseoué
explosives, have been made as complete as possible, The remaining
sections, however, which form the latter half of the thesis, and deal
with detonation in condensed explosives, are devoted almost exclusively
to a record of my own calculations and experiments in this field.
Although a large amount of work is known to have been done on the subject
during the war, only a small part appears to have been published, and it
would seem premature to attempt any evaluation at the moment., In general,
therefore, the sections on condensed explosives should be regarded as
covering material available up to the summer of 1949, An exception is,
of course, made in regard to work carried out in the I.C.I, laboratories,
which though only recently, or in some cases not yet, openly published,
was known to me at the time of writinge.

Much of the originsl work described below has already appeared in the

form of papers, references to which will be found in §21., Other parts
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are in the course of preparation for publication in this form. Part of
the text has been taken from a chapter of some 50,000 wards on the theory
of detonation which I wrote in 1948 at the request of the Editor,
Professor CeEoHe. Bawn, Liverpool University, and of the Publishers,
Messrs. Butterworths, for a book on "The 3Science of Explosives",

shortly to be printed. Other secticns form part of three chapters which
I contributed to a forthcoming Oxford Monograph on Explosives.

The summary (§1) indicates in general terms those parts of the
Thesis for which originality is claimed. To make the matter as clear as
possible, however, a red rosette ( . ) has been attached to the heading
of such sections as are entirely or almost entirely novel, and also to
original equations, tables, etc. in sections based primerily on work by
others, The figures are, with a few obvious exceptions, all. original.

Acknowledgment of eassistance received frommy colleagues in
I.C.I. will be found in §1.3.

In further support of my application I submit herewith copies of the
following additional papers, 1lying outwith the scopé of this Thesis:

(1) The ignition of inflammsble gases by hot moving particles.
(Phile Mag. 23, {1 (1940)).

(2) The ignition of inflammable gases by hot moving particles II.
(Phil. Mag. 30, 437 (1940)).

(3) The conductiond heat in a medium generating or sbsorbing heat.
(Phil. Mag. 32, 384 (1941)k

(¥) Heating or cooling of a sphere in a well-stirred fluid.

(Proce Phys. Soc. 59, 50 (1947)).



@?B

(@38

@MB
@GB
@1B
@0DB

)

)

@# )

7

)

y

%

@# )
%

%

% %

%

%

%

%
@# )
E<MO B 8
( @# )
R
%

%

47-

11

%



vi

FLANE SHOCK AND DETONATION VAVES

o

Contents

§1 . Introduction and Summary.

§1.1 Numbering of sections, equations, tables and figures.

§1.2 List of principal symbols.

§1 .3 Acknowledgments.

PART I PLANE ADIABATT FLOW AND SHOCK WAVES

§2. Physical approach to the theory of shock waves.

§3. Mathematical aporoach to the theory of shock waves.

§3.1 TFlow from a region of constant entropy.

§3.2 CoBrdinates of point of onset of shock.

$3.3 Compression wave produced by a continuously accelerated

piston.

§3.4 Condition for simultaneous steepening of the entire wave.

§3.5 Development of the condition for simultaneous steepening.

§3.51

Unique solutions.

§3.6 Rarefaction waves produced by a moving piston.

§LL. Adiabatic waves in an ideal gas with constant specific heats,

$ 4.0

Sonic velocity in a rarefaction from rest.

§ L.1 Compression by a continuously accelerated piston.

S,
Su.12

Condition for simultaneous steepening.

Example of equation 3.5(1).

§LL.2 Compression produced by a piston moving with constant acceleration.

§ 4.3 Rarefactions produced by a moving piston.

$ 4.3
§4.32
§4.33
$i4.30

Piston withdrawn at constant speed.
Escape into a vacuum,
Piston acceleration constant.

General conditions f'or existence of a "sonic point".



§s.

§6.

.§ 4.4 Expansion against an unsupported massive piston.
§’4.5 Lxpansion against a supported massive piston.
The role of dissipative processes in a shock wave,
§5.1 Entropy considerations.
§ 5.2 General formulation for a real fluid.
$5.3 The stationary plane shock,
§5.4 Structure of the stationary plane shock.
§5.5 Thickness of the shock-front in gases,
The large-scale properties of the steady plane shock,
§6.1 The Rankine-ugoniot equation.
$6.2 Shock waves in an ideal gas with constant specific
heats: independent variasble 'f’, .
§6.21 Relative megnitudes of D, W,, a,, N+a,.
§$6.22 Approximations for -1 <&/,
§6.23 Approximations for I /.
§6.24 Approximations for Y- <&/,
$6.25 Development of a shock wave from an adiabatic
compression wave.
§6.26 1Independent veriable 7.
§6.27 1Independent varisble D.
§6.28 Independent variable W,E,a or T .
§6.29 Numerical values for ¥ = 1.4,

§6.3- Shock waves in real gases: air,

vii



§6.4 shock

waves in fluids obeying the Tamuan equation of state:

ethyl ether.

§e6.44
§6.2
8$6.5 shock
$6.51

§6.52
86.53

§6.54
§6.55
§6.56
§6.57
§6.58

Shock waves in water.

Shock-front thickness in liquids.

waves in solids.

The Grineisen-Debye equation of state.

§6.511 shock waves in fluids, satisfying a

simplified Grimeisen-Debye equation of state.

The Born-Bradburn equation of state.

Shock waves in fluids satisfying a simplified
Born-Bradburn equation of state.

Adjiabatic waves for the same state equation.
Shock and adiabatic waves in lead. -

Shock and adiabatic waves in iron,

Shock and adisbatic waves in copper and aluminium,

Shock and adiabatic waves in sodium chloride.

§7. Normal reflexion of steady plane shocks at material boundaries,

§7.01

Criterion for a reflected shock.

§7.1 Normal reflexions in an ideal gas.

§7.11

§7.12

$7.13

Free surface,

§7.111 A lemma,

Rigid boundary.

§7.121 Comparison of P,—P with Rudenberg's

*Tmpulsstromdichte",
Compression of an ideal gas between a rigid wall and a

piston moving with constant velocity,

viii



§ 7.14 1ormal reflexion of steady plane shocks at the interface
between two ideal gases,
§ 7.141 Estimation of ¢ for butane vapour,
§ 7.142 Approximate solutions for weak reflexion.
§ 7.2 Shock-waves produced by the sudden release of high-pressure gas.
§7.3 Reflexion of gaseous shocks at liquid and solid boundaries.
§7.4 Reflexion of shock waves in liquids at gaseous, liquid and solid
boundaries, |
§$7.5 Reflexion of shock waves in solids at gaseous, 1iquid and solid
boundaries.
§§ 7.6, 7.61 An experimental method for determining the large-scale

shock wave properties in any medium.

PART TT  STREADY PLANE LETONATION WAVES

§ 8. Historical Introduction.
§9. Elementary theory of the stable plane detonation wave.
$9.1 The Rankine-Hugoniot equation and the Chapman-Jouguet stebility
condition.
§9.2 The variation of entropy along the Ri-curve.
§9.3 Jouguet's rule.
§9.4 Further consideration of the CJ-condition.
§9.5 Summary of basis for computation in the CJ-plane,
§9.51 Evaluation of E-€,.
§9.52 The CJ-condition,
§9.53 Equations of state.
§9.54 Equilibrium conditions.
$10. Detonation in ideal gases,
§11. Detonation in real gases.
§11.1 Carbon monoxide/oxygen mixtures.

§11 .2 Detonation in dust-clouds.



§12. Detonation in low-density condensed explosives.
§12.1 Calculations and experiments on a low-density nitrocotton.
§13. Detonation in condensed explosives of normal bulk density:
introduction.
§13.1 Absolute calculations for condensed explosives of
normal density.
§13.2 Analysis of the product equilibria.
§13.21 Approximate solution for 2= +-Z- >2Z > m+-zz :
oxygen concentration assumed negligible.
§13.22 Approximate solution for Zsc+ yi >Z > m+% :
hydrogen concentration assumed negligible,
§13.23 Approximate solution for Z < s+ % !
pressure extremely high.
§13.24 Approximate solution for Z< x+%— :
hydrogen, oxygen and methane concentrations agaumed
negligible, '
. §13.25 Formation of NO.
§13.3 The equation of state.
$13.4 The RH-equation.
' §13.5 The CJ-condition and formal solution.
§13.6 Theory of real equilibrium, |
§14. lethod of calculation for an explosive yielding *entirely gas;eous
products.
§1L¥.1 Nitroglycerine,
8§14.2 Other oxygen-positive single compounds.
§14.21 NO-formation.
§14.3 Pentaerythritol tetranitrate.
§14.31 Pinal cycles in full calculations for PETN at

>1.5 and 0.75 g/cwd,



§15.

§16.

§17.

§1l4.4 Liquid methyl nitrate,
§1l+.5 Nitroguanidine.
§14.6 Propellent powders as detonating explosives,
Explosives whose products contain a oondensed phase: dintrodustioen.
§15.1 Formulation,
§15,11 Approximate representations of Bridgmen's isotherms.
§15.2 Markedly oxygen-negative single explozive compounda,
§15.21 HCN-formation in the products of TNT and tetryl.
§15.3 Cyclotrimethylenetrinitramine.
§15.L+ Liquid ethylene.
Caloulations for commercisal blasting explosives,
§16.1 Powders and semi-gelatines based on nitroglycerine,
§16,2 Gelatinous explosives based on nitroglycerine,
§16.3 Powders based on TNT,
§16.4 Discussion of the results for comuercial blasting explosives,
§16.5 gpecific volume of condensed phase in thermel equilibrium with
the product gases,
Experimental determination of meximum detonation velocities for
comuercial exploaives: introduction,
§17.01 The Dautriche method of measuring velocity of
detonsation,
§17.02 ¥odifications of the Dautriche method,
§17.1 Experimental determination of the maximum detonation velocities
in powders snd semi-gelstineca hssed on nitroglycerine.
§17.2 Experimental determinstion of the msximum detonation velocities
in gelatines based on nitroglycerine.
§17.21 The spontsne-us change from low to high veloeity
in Blasting Gelatine.

§17.22 3tability of low velocity in Blasting Gelstins,

X!



Xxii

§17.3 Experimental determination of the maximum detonation
, velocities in powders based on trinitrotoluene,
§18. 1MHxtures of explosive and inert material,
§18.1 Diluent entrained, but ebsorbing no heat from the reaction
products.
§18.2 Diluent entrained, and in thermal equilibrium with the reaction
products,
§18.3 Diluent in thermal equilibrium with the products,but not
entralned.
§18.4 Diluent neither entrained nor heated,
§18.5 PrIN/NaCl mixtures,
§18.6 Nitroglycerine/kieselguhr mixtures,
§18.7 Nitroglycerinq)Nacl mixtures.,
§18.8 Energy absorbed in compressing inert diluents.
§18.81 Theoretical estimates of heat-transfer to
inert diluents,
§18.9 The design of explosives with ultra~iow velocities of
detonation,
§19. Structure of the resction zone in a steady plane detonation wave:
introduction,
§19.1 Dbring's solution for an ideal gaseous explosive,
§19.2 Time- =nd distance-profiles for an ideal gaseous explosive,
§19.3 Structure of the reaction zome in s condenged explosive,
§19.4 Application to PETN. ’
§19.5 The source of the light recorded in photographs of
detonating explosives.
§19.6 The mechanism of propagation in condensed explosives,
§19.7 The effect on the detonation wave of warying the initial

hydrostatic pressure,



xii

§20. Normal incidence of a plane detonation wave upon the boundary
of an adjoining medium,
§ 20.01 Condition for forward movement of the rear of a
reflected rarefaction,
§20,1 Refleoted waves in the products of commercial blasting
explosives: products entirely gaseous.
§20.2 Reflected waves in the products of commercial blasting
explosives: products partly condensed,
§20.3 The "brigance" of a detonating explosive,
§20.4 Contact trensmission of detonation.

- § 21, References,




THE THH@ORY OF PLANE SHOCK AND DETONATTION WAVES

§1. Introduction and Summary

Thg dynamics of compressional and dilatational waves of finite
amplitude, and the formation of "shock waves", were first studied
theoretically by Earnshaw and by Riemann about the year 1860, The
theory was later developed by Rankine, Hugoniot, Rayleigh, Taylor and
others.

‘hen Farnshaw and Riemann published their researches, detonating
explosives had already been known for more than ten years, However,
it was left to Schuster, in 1880, to suggest a connection between shock
and detonation waves., Schuster's suggestion was first applied by Chapman
(1899) and by Jouguet (1901). The modern theory of detonation represents
a development of the ideas of these writers.

Tt is therefore logical, in any study of detonation, to provide first
some account of the theory of finite compressional waves and shock waves in
non-reactive media, TFor the purposes of a thesis concerned primarily with
the detonation process itself, this account might have been made rather
brief. However, since no full and connected presentation of the theory
of such non-reactive waves appeared to have been published, it was decided
to enlarge the scope of thevpresent work by discussing it at some length,
Part I therefore contains a redevelopment of this part of the subject.

Tt is restricted to problems of one-dimensional flow adjoining a region

of constant entropy, and only steady shock waves are discussed.



Within these limitations, however, it is much more detailed than any
prior treatment known to the writer=.

§§2 and 3 contain a general discussion of finite adiabatic waves and
the development of shock waves in a fluid with arbitrary equation of state,
Although the fundamental concepts are well-known, many of the particular
relations derived are believed to be new. For example, 58 3.2 =5
represent a generalisation of results given by Rayleigh.

In §4, the theory is applied to ideal gases, Here again, the basic
jdeas are familiar, but they are developed in more detail than previously,
and new matter has been added throughout. 88 L4.01, 4.12, 4.3, 4.34 and 4.5
are wholly new.

§5A presents the fundamental equations for the propagation and structure
of steady plane shocks in an arbitrary fluid. It is based, for the most
part, on an analysis by Becker, and novelty is claimed only in matters of

detail,

*Since Part I was written, an American text has been published
(R. Courant and K. Friedrichs, "Supersonic Flow and Shock Waves", New
Yorkljlfi in which the subject of non-reactive waves of finite amplitude
is discussed in great generality, However, as the scope of this work is
much wider than that of Part I of the present thesis, so its mammer of

treatment is much less detailed. Numerical applications are also entirely

om;tted. In consequence, there is very little overlapping between the

two texts.
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The large-scale properties of steady plane shock-waves are discussed in
§6. The treatment. in §6.1 of the Renkine-Hugoniot equation is more
systematic and rigorous than that given by Becker. In $86.2 - 6.28, the
important special case of an ideal gas has been investigated in much
greater detail than previously, and a large number of new relations noted,

88 6.3 - 6,42 include, for completeness, a summary of calculations by other
writers on the properties of shock-waves in air, ethyl ether and water.

§§ 6.5-0,19.53 discuss the propagation of intense shocks in solids and
heterogeneous media: these ten sections are(entirely original.

The normal reflexion of plane shocks at material interfaces is dealt
with in §7. The fundamental theory of "matching" is not new, but it is
presented in a more general form, and in much more detail than previously.
The contents of §87.01, 7.11, 7.111, 7.13, 7.4, 7.1, 7.142, 7.3, 7.5
and 7.6 are entirely original, and many of those of the remaining sections.

A large number of numerical applications have been made, |

Part IT is concerned with the theory of detonation in gaseous, liquid
and solid explosives. After a review of the history of the subject ( §8),

a rather detailed account is given (§8§9 - 9.4) of the fundamental large-

scale theory of the steady plane detonation wave in an arbitrary explosive,

In preparing this, we have made use of the work of Jouguet, Becker and

DBring, with certain refinements in detail. In §89.5 - 9.54 the theory

is developed in a form suitable for practical calculation with any appropriate
equation of state. The presentation here is much more general than any known to
the writer,

Application to ideal gaseous explosives is made in $10; the treatment is
fundamentﬁlly that of Jouguet and Crussard, but it has been improved in point

of rigour., In addition, a comsiderable number of new relations are given.

\



§11 reviews critically the calculations made by various workers on real
gaseous detonations. An original set of detailed calculations for carbon-
monoxide - oxygen mixtures is included ( §11.1), based on the most recent
thermochemical data, The treatment is extended to dust clouds ( §11.2)
and a numerical application given.

Detonation in low-density condensed explosives is the subject of §12,
where the equations of Taffanel and Dautriche are derived and their
limitations discussed., The equations are applied to a low-density
gun-cotton, and confirmatory experiments reported. Additional theoretical
relations are again given.

§813 and 13.1 contain a general discussion of the most important
practical field of application of the Chapman-Jouguet theory, that of solid
and liquid explosives at normal loading densities, After a detailed analysis
of the relevant chemical equilibria (§8$13.2 - 13.25), a product gas equation
of state is proposed, sufficiently simple in form to permit wide application
without prohibitive lebour, while at the same time sufficiently general to
serve as a first aporoximation to the behaviour of gases at detonation pressures
and temperatures ( §13.3).

The Ri-equation, CJ-condition and formal solution are developed in
terms of this equation of state in §§13.h, 13.5 and its consequences in
the theory of real equilibria analysed in §13.6.

8§81 - 14.6 descrive practical applications to typical condensed
explosives yielding entirely gaseous products. Detailed numerical
calculations are presented, which show that the theoretical wave velocities
for the model explosive agree very closely with those actually measured on
the real material, not only at a single loading density but over the entire

practical range.



§15 contains a detailed discussion of the additional problems raised
by the presence of a condensed phase in the products. The theory is
reformulated for such explosives ( $15.1) and applied in §§15.2, 15.3 to the
important cases of TNT, tetryl, picric acid end Cyclotrimethylenetrinitramine,
whose products may include free carbon. Cloée agreement between theory and

~practice is again found. §15.4 contains calculations for liquid ethyiene,
which recent experience has suggested may be capable of detonation.

The application of the theory is extended in §816 - 16.5 to a large
number of commercial blasting explosives representative of the entire range
of contemporary British menufacture,

8817 - 17.3 are concerned primarily with an experimental test of the
calculations for commercial explosives reported in 8§16 - 16.5. §17
presents, as basis for these experiments, a general qualitative discussion of
the stable detonation wave under imperfect lateral confinement; while
§§17.01, 17.02 describe certain innovations in the technique of vélocity
measurement, §817.1 - 3 then record experimental determinations of the
meximum wave velocities. Very good agreement is found with the theoretical
predictions of §816.1 - 16,3.

§18 returns to the question of explosive/inert mixtures. Approximate
analyses are given, based upon various alternative assumptions regarding
the behaviour of the inert diluent, and experimental and theoretical studies
designed to arbitrate between these are described (8818.1 - 18.8). The
bearing of this work upon the design of explosives with ultra-low
velocities of detonation is discussed in.‘§18.9.

Novelty is claimed for the whole of §813 - 18, except in a few instances

where acknowledgment is expressed in the text.



ts

§619, 19.1 contain an analysis of the reaction-zone structure in
plane gaseous detonation, based on work by Dbring. This theory is
extended in $19.2 , by inclusion also of the reaction-kinetic equations,
to determine the space- and time-profiles of the reaction-zone. A new
theory of the reaction-zone structure in condensed explosives is developed
in §19.3 and applied (§19.4) to the case of PETN at various cartridge
densities, Experimentalr evidence in support of the theory is reported in
§19.5. §19.6 contains a‘general discussion of the mechanism of propsgation
in eondensea explosives, with particular reference to the dual-velocity
effect: a theory of mechanism is then put forward, based on the structural
snalysis of §19.3, and supported by the effect of hydrostatic pressure upon
the detonation wave. §19.,7 develops the theory of this effect.

In conclusion, 8820-20,4 deal with the effects of the steady plane
detonation wave upon its environment., After a general analysis of normal
reflexion, parallel to that given for non-reactive shocks in §7 , the theory
is developed ( §20) in considerable detail for the case of ideal gaseous
products. With a few exceptions, the relations derived are new, and various
numerical applications are given. A corresponding development is then made
for condensed explosives whose products satisfy the Abel equation of state, or
alternatively the polytfoPe ;bv”: const.; with numerical examples as before.
These parsgraphs are also new, 8§20 concludes with the results of original
detailed calculations for normal reflexion, at various liquid and solid
boundaries, of plane detonation waves in typical commercial blasting explosives,
The necessary theory of reflected shock and rarefaction waves in the products of
such explosives is presented in §20.1 ,§20.2, with numerical applications.
§20.3 discusses measures of "brisance",

Pinally $20.4 considers the modifications necessary in the fundamental

theory of transmission when the target material is itself a detonating explosive,
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and formulates a theory of transfer of detonation from one explosive

to another,

Literatur'eﬁreferences‘_arekcollected in . §_21. SRR




§1 o1 Numbering of sections, egquations, tables and figures

The sections are numbered on the decimal systeme For the most
part, it has been possible to combine this with a logical subdivision
of the argument. Egquations, tables and figures are numbered afresh
in each section. In cross-references, equations are distinguished
by enclosing the equation number in plain brackets ( ), preceded by
the appropriate section number, except when the equation belongs to the
current section. The word "equation" is generally omitted in such
references. In the case of tables and figures, the plain btrackets are
replaced by a colon: thus table 7.142:4 is the fourth table of
section 7.142. The word "Table" or "Figure", and the section number
are always expresly stated in references. External references are
collected at the end (§21), and indicated in the text by a handwritten
figure in blue ink (or in red, when the reference is to the writers
own publication) above the line of text.

§1.2 List of symbols

The following list contains only those symbols which are in
frequent use throughout the text, and are not, therefore, as a rule
redefined in each section, A few of the symbols listed are used %o

represent other quantities in particular sections.

x distance coordinate
t time coordinate

$ pressure

P partial pressure
3.3, fugacity

T ebsolute temperature

w,w particle velocity
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> X

particle velocity with respect to material
ahead of wave.

wave velocity

wave velocity with respect to materi:al
ahead of wave

sonic velocity

specific volume

volume

density

internal energy/mass

entropy/mass

gaseous moles/mass

gaseous moles,

covolume/mass

moles of C09,C0, —----- per total mass.

high~temperature second virial coefficient
reaction energy/mass

true specific heats

mean specific heat at constant volume

ratio of specific heats

G+ 1)[(y—1) 3 @also thermel diffusivity

chegical potential; also viscosity

pressure ratio; also $/N

volume ratio; also specific volume of
condensed phase

proportion of explosive ingredient/mass

gas constant/mole
2R _ dx
I+ ¢ = A




K
T
Subseripts
-]
/
s
2
3
Sup erscripts
1
*

§1.3  Acknowledgments
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ideal equilibrium constant

real equilibrium constant

condition eshead of wave

condition behind shock wave, or at CJ-layer
of detonation wave

condition behind shock-front of detonation

wave
condition behind reflected wave

condition behind transmitted wave

quantities referred to unit mass of gaseous

phase alone

standard state
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ANE ADTABATIC FLOW AND SHOCK WAVES
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§2, Physical approach to the theory of shock waves
We imagine a column of flﬁid to be confined at rest in a rigid

cylindrical tube, impervious to heat and closed by a rigid impervious
piston. A velocity, small compared with that of sound in the undisturbed
fluid, is given to the piston. A compression wave of infinites‘imal
amplitude will then proceed through the fluid with the velocity of sound.
The fluid behind the wave front shares the (small) velocity of the piston,
and is also slightly compressed and heated. After an arbitrary interval
of time, the piston veloeity is increased by a further small amount.
A second sound wave then pursues the first, and, since it proceeds through
fluid which is moving forward and is alsoc slightly heated, will in general
tend to overtake the previous wave. If this process of stepwise accele-
ration of the piston is continued, a series of small waves will therefore
be genersted, each tending to overtake its predecessor. »It is evident
that an arbitrary continuous acceleration of the piston mey be considered
as the limit of such a discontinuous or stepwise process, and that the
continuous compression wave which is formed in front of the piston may

correspondingly be regarded as the limit of an infinite sequence of small

compression waves, each overtaking those which precede it. Finite compression

waves so generated and meintained must therefore necessarily become more
steeply fronted as they proceed, and in the absence of dissipative processes

end by becoming infinitely steep. Moreover, it mey be judged that from the

in8tant when the second infinitesimel weve overtakes the first an acceleration

will ocour in the wave front itself, whose velocity will accordingly increase
as the pressure immediately behind it rises.
We may pursue the argument a little further. If the piston, after an

initial period of acceleration, maintains a steady finite spéed, the process
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of intensification and acceleration of the wave front will continue.
Ultimately, (after certain processes discussed in more detail below), a
steady state will be established, in which the pressure and velocity are
corbant throughout the steadily expanding region between piston and wave
front. If a subsequent further acceleration of the piston were to occur,
a second steeply-fronted wave would of course pursue the first, and
ultimately overtake it. If, on the other hand, thé piston decelerates,
a rerefaction wave is produced, and this must in the end overtake the
wave front and reduce its intensity. dhether steady conditions are
resumed at a lower level, or the degeneration proceeds indefinitely
depends upon whether the piston velocity again becomes constant or falls
to zero.

Moreover, to conclude, it is apparent that if the piston is supposed
from the outset to withdraw from the tube rather then to advance into it,
s0 that a finite rarefaction rather than compression wave is produced, each
successive elementary wave must travel through fluid which is cooled end
set in retrograde motion by its predecessor, and wmust accordingly fall
further and further behind it. [Finite rarefaction waves so generated and
maintained must therefore necessarily become less steeply fronted as they
proceed, and the velocity of the wave front cannot exceed that of sound in
the ﬁndisturbed fluid. Of course, if the piston, after s period of
accelerated withdrawal, maintains a steady velocity, conditions at the
piston remain thereafter constant, and the wave merely becomes less and
less steep with time. A steady state is ncver realised, though over any
finite length of fluid conditions approach more closely to such = state.
If, on the other hand, the piston decelerates, compression waves advance
through the rarefied gas and must build up in the manner originally described.

Whether conditions near the piston quiesce to zero, or become once more
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steady at some intermediate level of rarefaction depends upon whether the
piston decelerates indefinitely or only to & presoribed extent.
Compression or rarefaction waves whose front is infinitely steep are

desoribed as shock waves. IHrom the above argument we therefore conolude

(a) . thet every finite compressioh wave, if suitably maintained, must
become more steep with time, and sooner or leter give rise to a
shock wave, and

(b) that every finite rerefaction wave must become less stecp with time,
and, over a continually greater portion of its length, degenerate
intoﬁa sound wave.

It is clear, however, thet the above oconclusions depend on the
assumption that the algebraic sum of sound and fluid velocities behind a
small compression wave exceeds that of the wave itself. Otherwise, the
opposite conclusions must hold, every compressional weve degenerating with
time and every rarefaction wave developing into a rarefaotion shock; while
in the criﬁical case where the sum of sound and fluid velocities is exsctly
equal to the wave velocity, shocks of neither kind will develop, finite

comprsssion or rarefaction waves of arbitrary profile propageting without chenge.
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B

§5_ Iia thema tica 1 approach

The one-dimensional or lineér flow of an ideal compressible fluid,
that is, one which exhibits neither wviscosity nor thermal conduction, is
described in the absence of bod.y-forces by the following three equations,
apert from the equations of state:

fquation of Continuity >F + Wi " V3x = (1)
(Conservation of liass) x

Bquation of kotion w9““ j

. v = .
(Conservation of liomentum) 95‘ * * (2)
First Thermodynamic Law 9/:‘ )
(Conservation of Energy) 7595 (%= +7BZ:=) =0. (3

Here w is the velocity,in the direction of the axis Ox, of the fluid
at position 2 at time t, v= '/P its specific volume, 1) its pressure, and
£ its internzl energy per unit mass.

If we represent the time-rate of change of any property for a chesen
Ziét' = §6+ u?— s and introduce the entropy S

per unit wess defined by T4S = dE-{--/wt—;r , where 7 is the absolute

element of fluid by

temperature, equations (1=3) may be written alternatively

i Pu

AE* Poy =0 (&)

do | 12 _ ‘

d{,——f—f’@x =0 (5)
48 .
@ ~ 0 (6

The entropy of sny chosen element of fluid thus remains constant,
though it mey vary from one element to another.

In addition, two relations will exist between E(or S),p, p end T.

These may be written:-

"Thermal"Equaton 7l> = Pl,T) (7)
of Jtate
"Galoric" Hquation E= E{@,T) (8)

of 3tate ,5' - 560/7—). (9)
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In practice, of course, the place of (8) is normally taken by the
equation

C—u’ = C'U'(PIT) (10)
which defines one specific heat, say that at constant volume (C,;), in terms
of pend T . (8) is then derived by integration of the thermodynamic

relation:
dE = CV4T+(75—T§$_)%§ , (11)
using (7).  From (7) and (9), we may deduce
S = S, #), (12)

whereupon the four dependent variables 1: s Po w, S are to be dete:mined

by the four equations (4,5,6,12) as fungtions of 2, ¥ - 4 can therefore

be regarded in general as a function of P and 'P s this function involving

the boundary conditions.

: : 54, 111]
§3.I Plow from a region of constant entropy :

In the particuler case, however, where S is initially uniform throughout

the fluid and therefore constant over all elements at all subsequent times,
? = tp) (1)
w= ulp), (2)

these relations again involving the boundary conditions.

3(12) ensbles us to write

and so also

Then 3(4)and 3(%)

become
%fi* P g‘”ff%i =0 (3)
2R BE-° ()
whence @uldp)* = i (Hh/p)s (5)
However, if # is small, 3(,2) give approximately

2pfot = ~poufox ena  Dufot = — F(4[de) %p/ox,

so thet to 2 first appréximation s
7 . (%) % % _ ? %
26 - (#f;)s o o0 o8 ( f’).s ox* |
Thus (d;,/,{f,)s - a2 (6)

where “‘6") is the speed of propsgation of infinitesimal compressions, that
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is, the velocity of sound.

(5) therefore yields

P ,
], adpfp (7)
U, being the velocity of the fluid where its density is £ - Then by

(3) or (&)

un-u,

:gfi + Wt az)gi =0
and similarly g_% 5 (“'t")%fc =0 , (8)
?9-% + (uiA)g-‘i =0
so that p, -ﬁ and w are propagated at a speed wuz*xa . If we now chdose
the + sign in (7) and (8), corresponding to the propagation of a compression
or rarefaction wave in the positive x-directiovn, we can see immediately
fhat those parts of the wave profile where P 1is greatest advance most
rapidly, provided always that w+a increases with P> in other words that
a/P + da/iF is positive. By (6,, this condition becomes[JJ
(43/4v*)s >0 (9
Subject then to (9), -density gradients in the direction of 4 become more
negative with time. Thus a steeply-fronted gompression wave advancing along
Ox will become more steep, while if the density falls off behind the wave
it will fall off less rapidly as the wave proceeds. On the other band, if
(4?/4-.,‘): <o , the opposite conclusions wust follow.
Again, choosing the - sign in (7) a2nd (8), corresponding to the
propagation of a wave aiong - 0x , we conclude that those parts of the wave
profile where P is greatest retreat wost rapidly, provided that 4-~-a
decreases as p inoreases, in other words that (9) holds good as before.
In conoclusion, thérefore, subject to (9) compression waves in ideal

fluids must become more steeply fronted, and rarefaction waves less steeply

fronted, as they proceed. Only in a material for which
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@%[4s*)g = O ,  that is, in which the (%)~ adiabatics

are straight lines 75 =Av+B , will finite elastic waves propagate
without chenge of fom{hﬂ This condition is not normally fulfilled by any
known substance. In all normal cases (9) apolies, though unusual
conditions may perhaps exist under which (dzﬁ /401)5 is <o.

In that event, only rarefaction, and not compression, shocks would be possible.

&

§32 coordinates of point of onset of shock

It remains to show that density gradients which increase by the above
process become infinite within a finite time. e proceed from 3.1 (5
with the + sign and pfox <0 , ‘and examine the variation of 9)0/996
with £, when p itself remains constant. Regarding p,t' as indepdndent

variables we have 2
2 % _ °p ., % 2=

5, o = ot T o, '
But — /‘) 2x
° = o 95P+ 73%
2 2 - 2% ¥
Hence %, 5-5 = 5—5[/ + (W+a) "‘E‘,.

- - (—E) (u—f—a) c1)

By 3.1(9), the right side is <O , which confirms that the wave

does steepen. bioreover, integration of (1, gives
e %) 4, ’
* ’+(@"’)t=; 4,0( +a). T (2)

whence it aprears &t once that pfdx becomes infinite when
t = tc = 3 / 7
_af:)t: . $(u+4)

Cile. t= ’
S et e g g,g)(— Vox)imo (3)

in other words (since the demaminator is positive)after a positive finite

time. The corresponding distance traversed is of course wt; .



§3.3 Compression wave produced by a continuously accelerated piston

We mey, Ffor example, apply the above analysis to the fluid (initially
at rest) ahead of a plane piston, which commences to move along Ox from
X =0 att=0 . Let f('c) be the x-coordinate of the piston at

time T, and suppose that f‘,=0 and & 20 . Then by 3./(6), w is

é’ [4e]

constant and equal to when % and t are related by

2-& = E+x)(t-T) , 1>, (1)
where & is the value of @ at (7). However, & is determined by
3.1 (1,6,7) as a function of £, so thet, #(t) being prescribed, (1) is
an algebraic equation from which é (and thus «) may be evaluated as a
" function of x and t. p and P then follow. The procedure is
legitimete provided (1) yields a unique solution for « . This wil] cease
to be so, however, at (tc,xc) when two neighbouring lines of the
set (1, corresponding to adjacent values of T, intersect. The condition
for this to happen is that (1) should be consistent at (xc,tc) with its
T - derivative, namely
—£ = (Erx)lt-z) - (é+a),

in other words, that

o« ’ R
| {c.: T+ é‘_'-& ’ (2)
whereupon :
X = 5—/— 0(,“5-['%) : ‘%@
€ £+ (3)

.

Por example, let 7T =0, so that =& =0.

Theh t= oA (E+rk), = = & [(E+&,) = ot, (&)

[
represents the limit beyond which a single valued solution is impossible

at the nose of the wave. Beyond tc , therefore, the gradients of w,p,P

become infinite at the nose. Since o, = 4, , the velocity of sound

in the undisturbed fluid, and o, = %. % ) (i) may be written
(-] [-]
a? fat s
xr = Qa {- = ] 4 VT
¢ LR é;[;.;. Eg _4,‘_‘_9] b (51‘

a, dpe
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which is clearly in agreement with = 3.2(3), since fo = - %g’%)tao

&
§3.‘? Condition for simultaneous stecpening of the entire wave

It is not, however, necessary that multiple-valued solutions should
first appear at the nose. The condition for this is that &%, /dT >0
for all T . On the other hand, if &f,[dT =0 for every T,
infinite gradients appear only at the nose, and the entire wave front
becomes vertical simultaneously. [From 3.3(2) we can deduce the manner in

whigh the piston must move for this to occur at 1, « Thus

T+ 'gfz = tc = constant (1)

end since & is e known function of €, (1) constitutes a differential
equation for & . The solution is completed below for the partiouler
case of an ideal gas with constent specific heats. Of oourse, if the
piston accelerates only up to r=1'< 1, in the manner prescribed
by (1), thereafter moving a constant speed, only the pert of the wave
generated before z=7' will become verticsl st E£= t;g ; the part generated
subsequent to 7' will be characterised by ﬁniform fluid welogity
and will thus remein flat up to ¢=£, . If, however, the piston
meintains its acceleration according to (1) up to £, , the fluld originelly
ocoupying the region O < % < &,T, must be compressed to infinlte denslty
at t=1, .

From 3.3(4) it is clear that when é';s © , ft=o0 =2, ;
so that in an ideal fluid a discontihuity is instantly generated by a2 piston

which commences to move imward with finite velocity.
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$3.5 Development of the condition for simultaneous steepening.

The condition 3.-4(1) can be developed as follows.

By 3./(7), if « and p apply at the piston et time <,

. i
g = | ’ «dpfp
Hence
3 d

3.4 (1) may therefore be written

be
2”‘_% &,Zpac(t-c—'tz)i = ©
In other words
'looc’t;’l:] = constant. (1)

An example of this relation will be found in §4.I2 below.

B

§3.5'I Unique solutions

If on 3./(7, we superimpose ény ;Jther relation between, say # and a ,
we define a unique solutiovn. For example, if the flow velocity is sonic,
both w and a4, together with/ etoc., are determined in ﬁerms of —}:,JPO
(cf. §4.c>/ below).

@ [Generalisation of RKagleigh , //,oj
§3.6 Rarefaction .aves Produced by a loving Piston

Equation 3.3(1) is equally applicable when ¢ is negative, and
allows the general nature of the motion to be unuerstood. Thus, for
T<o we suppose the piston at rest, so that £=0= E , X =4, .
Consequently x > a,t correspohds to w = é =0 .

The nose of the wave therefore advances at speed a, .
Again if t>T>o0, E(t) < £(z) <0, and so
) < o < [é;/— o, ]t (1)

where o, = oé(é:) %X a, unless é‘,:o + In general

o

.

OC(«E';) < a, since fa< 0 . DBetween the pistoh at f(‘b) » therefore, and
a point which moves with constant speed &+o, , «=E(z) is determined
by 3.3(1) in the menner described above. 'his leaves only the region

(éo-f-oco)-[— < x < at to be accounted for. Within this region,
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xR
" Ead

which corresponds to £ =0 =7, the reletion between ¢, and w is given
by 3.3(4) as:

2= [uralw]t, (2)
W is therefore linesr in 2 within this region, provided « is linear
in w, a oondition whioh it is shown below requires the adilabatio 3./ (1)
to have the form

b ometi ok anet, (3)

The condition ig fulfilled by en ideal gas.

Of course, if t"'o = 0 , o that the piston wocelerates smoothly
from rest, o =a, and the region in questioh disappuara.

A further complication may be introduced if $(w') = 0 for a finite
negative value «' of w. In this event the gas oannot follow the plston
at speeds beyond w'; if ~£€>-4 for = =T  , the motlon is identloal
with that which would take plsce if é= w' ror o' . If *é z-u
from the outset, the motion is thus equivalent to expsnsion into s voouum.
In this case, sgain, &£, will in general be = 0 , s0 thaet the reglon
(4) vanishes and (2) fills the entire field wh <o <at,

[14]

Adiabatic waves in an ideal gas with constent specific heats

The important exsmple of an idesl gss with constant specific heets

serves to illustrate the above more general enalysis, and permites slgebraioc

solution in certain cases. 3(7) pecomes
P = nRpT , (1)
where 7 ig the number of moles per unit mese snd R 1s the ges constent
per mole. 3(10, 11, reduce to
¢, = constant (2)
AdE = C,d4T (3)
and so 3(6) is
£ = T+ = -, ny
C,T + conot, (-—7-6—7_,)? + @nof., (&)

where v= [+ 7:?/0,, is the ratio of specific heats.
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3(9) and 3(12) become

S= €€ (7p"7) + constant . (5)

S = €, ta(pp?) + constant, - (6)
and 34(1) is therefore | |

b= @R)pT, | (7)

f/’o being the pressure where the dénsity is £ .
3./(6) is then
&= piRT = vblp = v )op" " = 4, (F /Po)‘y—’; - ®)
and J3./(7) accordingly

£ v
wngez Bafh)5 ] e Zf(B)3 ) 22 2 (amay). )

For propagation along #)Ox , with u,=0 , the differential equations
3.1(8) then take the form:
ufot + @+ Flu)Pufox =0
T+ 2a
or afor + (54~ ?‘?)9“/97‘ =0,

Equation 3J(9) becomes

——

(10) -

2
y(v+)Pp >0,
which is certainly satisfied. Thus rarefaction waves will degenerate,

but cowpressional waves will develop into shock waves. The process of

steepening at a chosen level P, w,P, & is represented by
% _ (e fox), ) )
Px I+ B2 (bpfor) -1 (11)
so that the gradients at this level become infinite after a time.
‘ 2 )
= = 2 _u fﬁié
® 7S S (L C L

§4.a/ Soniec velocity 4n a rarefaction from rest.

If in 4(9), we choose the + sign and set 4,=0 , u+a=0 ,

easily deduce
- 2“0 .
u = _—
Y+ (1)
2

whence ‘ﬁ/f», - __2__')73'7 ' (2

Y+
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Thus, in any rarefaction starting from rest, the pressure has a constant
value defined by (2, wherever tie wvelocity is sonic. (2, is analogous
to Reynolds’ well-known relation for the minimuwn throat pressure in a
nozzle. Reynold5’ pressure-ratio is, hﬁwever, the square root of that
defined by (2). _
[4o]

Compression by a continuously accelerated piston.

As an example of §lf » if the suffix 4 refers to conditions at

"t=0=7 in the gas at rest in front of a piston which advances according

to &= §(r) , the gas velocity « will be = £@)at a point » at time £

determined by the algebraic equation

z- &) = [ao-/- )—Z;’ E(‘t)](i‘~1:) . (1)

The corresponding pressure P is defined by 4(9), which becomes
: 2
- (-0 €(x) 75 ;
penfopioLg®

This solution will not be valid at the level w= £(x) ©beyond (,,=.)
where 2a,+ (r-0¢(z) @

t,= t+ (r+v E(z) (3)

[2“07"()’”) é(f):l[z“o'/_(y*l) é(‘ﬁ):’ i

= & - 52
x, () + 2lye) En) (A)JE

c

In particular, the conditions at the nose of a wave producéd by a piston

.

accelerating smoothly from rest at T=o are found by setting T=€=¢§=o.
Then (1) beoomes 2= a;,f ;
the equation of a sound wave, and (3) amd (i) give:~

z, = aofc = 24:'/(’)/4-1){ [/‘:] &’-J (5)

a generalisation of a formla given by Rayleigh and Becker for the
partioular case &= ’zlj'cz. The process of steepening at the nose for
t< f.’c is represented by, for example,
Wufay = Gulox),
1+ (5t
= 2&; , | (6) i

O+0ét - 2a,
with similer equations for 9p/8x and 2p[ox -

Y
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From (3), At Jde >0 for all 7T  provided

2 i &
298 > [Zag+G-0E]E . (7)

This will certainly be true if & €0 , that is, if the acceleration

of the piston does not increase with time., Infinite gradients then
appear first at the nose.

Condition for siBultaneous steepening.

Pinally, we may enquire, as in §3'4' s in what manner the piston
must move, so that the entire wave become precipitous at i’f—i’c .
This clearly requires, by  4./(3),

2a0 (-0 E() _ 4 for all 7,
o+ €(x) ¢

the solution of which is found to be

T+

P 1Y |
N Ao I+
= — ~T Y
£(z) v [(/ /b)) — /] (1)
2
24 ft, Y
~) = ole [ _Ty_Y(_ T\
E(“) aot: + Y~-1 [El t‘_’) 2 (’ t—c) J, (2)
whereupon x, = at, , as would be expected.
C . [140]
Elimination of & and 7 Detween (1), (2) and 4.1(1) gives
o § = 2 Got-x \
w= £ = 3o (3)
so that ,for +< f_,u must be linear in %; which is otherwise obvious

from 4./(1), since, when %, and X, are common to all parts of the
wave, 4.(1) gives in general
x,~x = (a,+ 7iz’1w)(£;~t),
where i;,xc ar.'e now independent of «, and in particular
x, = Gt,
whence (3) follows at once.

The necessity for a linear (u,x)- relation forms in fact the
starting point for Rayleigh's derivation of (2). A linear relstion
between w and » cannot, however, be taken in general as a criterion for
the entire wave-front to become vertical simultaneously. In general,
we must use J4(1). The linear u(x)}relationship is appropriate only

g . .
for fluids/p.‘lf;hich # is linear in 4 , as it is for example in an ideal
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ges with constent vy (equation i (9). But by 3-/(7) this requires
Qa . Mv .
—P% = const. whereupon &= const. X P o .., 80 that the adiabatic

relation 3./(1) must be of the form

$= M.pw'+ const (&)

[rua] .
as remarked by Rayleigh and mentioned in §3.6: above.

@ o
§h.lz Example of Equation 3.5(1).

The analogue of 34(4) for an ideal gas with constant 7y is easily
\
. Y .
found to be P [t-z| = constant , (1)
~ (1)
+ being the pressure on the piston. $ % is therefore linear in T.

Is .
This/)onfirmed by the above analysis, since when 4.//(1) applies  4./.(2)

becones

—~2y
_/> = o (,_ 'L'/fo) e (2)

[ue, ]
§4.2 Compression produced hy a piston moving with constant acceleration.

In order to solve 4/(1) explicitly for u=£ in terms of = and t ,
we require first to solve it as an algebraic equation in 7 . This will
not in general be possible analytically, so that 4./(1) has to be treated
numeriocally. In this event, it is more convenient to proceed in the
opposite direction by drawing the straight lines 4.(1) in the (x,#)- plane
for succeséive values of 7 , whereupon 2 velue of T (and so of 4 can be
assigned to each point (x,£) . In the special case ¢ =%fz" , however,

the analytical solution is possible. For then

§= W2, T= uff so that
4.1(1) becomes
x-Wl2f = G+ u)(t- /f) (1)
Writing t, = 200/(ye0f we get
yu = -, (=g ) £ Va3 (1=t )75 2fy(a,t-) (2)

It is clear that this provides a single positive root only when x<d4,t ;

but that under this condition it does so for all * . ihen =471

(-4
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*
however, that is, at the nose , d«/fx becoues infinite at f= to .

When 7> 4t eand <%, , the roots are both negetive (or complex);
when x>a.t and t >t, , however, they are both positive (or complex,.
This exemplifies the apjearance of many-valued solutions after the onset
of shock, and is & clear indication thet the equations for an ideal fluid
are inepplicable across the shock front.

| The pressure P(xt) follows from 4.2(2) and 4./(2) with £(1) =w .

The pressure at the piston is P

Y-/ —’)"rl
G O e Life]™, (3)
so that [P(£7)]* rises linearly with = . (3) may be compared
with  4.12(2;.

/40
qu.3 Rprefactions produced by a moving piston.[ ]

The genersl conclusions expressed in §3.6 become, for an ideal gas

with constant ¥
x > a,t : u=0

u determined

.

)< x < (a,+ Z}’f’,)‘l‘

by u = é(’c) in 4.4(1)
(4,+ ¥ E)bec x < a,t : u determined
) z apt~X .

Lee. w= =Yt TE (1)
Again, by 4(9), F=o0 when ° = ‘—_2719’_ = u' ; 58y
The gas cannot therefore follow the piston at speeds greater (numerically)

, 4]
than o« .

After i’c s x=4a&1 will no longer be the nose.

L
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.§4’.3I Piston withdrawn at constant speed

The case of e piston withdrewn at constent speed =V , where
V < |#'| | follows immediately from the above. It is perhaps made
clearer by oconsidering first the case of continuous acoceleration defined
b
’ ;. W |
T+€ (1)

which passes on to the former when €  vanishes. e eliminate <

£ . B &
and, from 4 1(1) and (1)  Thus,from (1)
—€e€ .
. T = v (2)
and EIV = €tn TZE ~-T (3)
= by (2, b,
lf /(1) then becomes, w:.th 5 replaced by W ,
|4 .
zlat = 3 5[tz el (W L2+ S E), ()
where Z= /v .
The position of the piston at time € 1s &(f) where
(et = L{ge 2 _ ] by (3); s
4 {7 é/l_ ’ ’ Y )I v

velocity é(e) = —-V/(/+ é/b) s by (1. The nose of the wave correéspondsg to

T = O , in other words u = € =0 and 2= a,f |, (5, therefore

applies in the region —If(1+$) <z<0 of Z o

Yie /+ €, )
A,Zt&" _?/EEJ- H’I< f& </ Of' ’c/d,f . (6)

b graph of Z  sgeinst sc/q ¢ oonstructed from (5) betwecn
the limits (6, for eny chosen values of V/a, snd €/  shows the velooity =
profile of the wove st time £ .  This is illustrated in rig. #:3/!/ for
€/ = 9-4,0.01 , 0-0 , and V/ﬂ, = [ for convenience. The relationship

between the profiles for continuous and stepwise scoelcrstion is clesr from

the figure.
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3
downward passes again above (0,0) , giving rise to the spurious,
nurerically larger, solution of (3,. Finally, when u = —2a, /(y—-:) (at ¢,
the line touches x=—£_f’l“, and for still more negative wu  passes below it.

No solution can therefore be found for w < u' = -2a, /(7—-1) .

This limiting velocity, u! s reached when z=1'=2 2za, /(y-,)f

and £ = & = -—24,"/(7-1)7 , corresponds by 4(9) +to ;bf=o;

the piston thereafter separates from the gas, whose surface continues to move

r .,
at ®w into a vacuum.

The range of application of (3) is therefore modified as follows:-

z 2 . !
—zf e x <at Yy t<z W

_.f,t'(t._’%:')dx<aoﬁ , 06. tE>z',

R e v, N

As an examplé, let a, = 3-3x 104' cm./sec., f = /08 cm./sec.z,
')/ = /‘4 .
Then ‘
' 2 ! - 4
, &€ =-186xw0 em. u' = ~16-5x,0" 0 [sec.,

-3
/Z”z /- 65 x t0  sec.
T,

-3
= 0.275xi0 sec. , %,= £ = =378 em. , u, = —2.7$‘x/o’f'c..../5'¢c.

-3
The velocity distributions at t= ro0x10,
- ‘ -3 - .
/-5 x 10 3(47') , 16Sxe (=7') end . 2.0 x 10 3 (>z') are shown in

Fig. 4.33:2.



S C
|
S < 6, .+, S Q.. -
= ®8$') TIMU V-5BKW;;WXW69BWYB
% / * %
* % 73 *
n ' * 1 $ '
% % | * x 1
* % ) *
n *
0O N ' # $
3A $
"% + [ * [ $ [ *
- 8
% % * '
- @'B o
P@ST #" A@ %
)) O P+ N- 0 T8
)t r %
& @T < H @
* I)l 1 R

S,

)

+

a

H

&$;C 5

%

N

KK



34

be laborious, we can see at once that the gas velocity is constant

and equal to «, , in the plane x =2 .

§$4- Expansion against an unsupported massive piston

As a slightly more difficult problem, we may consider the motion
of a fluid expanding from rest at a pressure y3 égainst a piston, whose
mass per unit area is M ,» the external pressure being zero.

+In this case, if 75(5) is the pressure at the piston,

mé < p(é) =p (i ) (1
by 4(9)-
Integration of (1) with respect to T gives
fo Zefiynpo] Ve 2. (@
since f =0 when T=0 .

3

Integratioh of (1) with respect to & gives
=2 Y-H

()'*!)(%’;’oé-f-/) > { £+/) = & [r+ . Ef] (3)

since £&=0 when =0 .

If we eliminate & and T from 4/(1) by means of (2) and (3), and

replace & by « , there results after reduction

2 at-
w= Y+i ++ 2a°7n/(y+,)?° ’ (Ll-)

showing that « is linear in 2 throughout the wave.

The motion of the piston is determined by (2, which on integration

gives

R ;3;025 [1+ L. Fe ]m} (5)

£ inoreases without limit, but by (2) € approsches the velocity ~2a,/G-1)
of escape into a vacuum.
The pressure 7(x,t) is then given immediately by (4) and 4(9). In

particular, the pressure on the piston by (1) and (2) is

bler) = pfir W ha] W (6)

2a,  © )

- XH .
so that [—}S (511;)] 2y increases linearly with T .
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Comparison of (5) with 4«11 (2) shows that the two equations are

identical if

oo ZZeem :
e T ot (7)

This identity is, of course, also reflected in the linear relstions (L)
and 4e11 (3). It follows, therefore, that the analogue for & and £<o
of the motion discussed in §4-/l above is that of a fluid expanding
against a massive unsupported piston. This can in fact be deduced at

once from 4.4 (2) and 4.1(3), for by differentiation of Le1(3)

o= s+ XL _ 2.t (0 & G- € . —{
' 7 Y+ Ez
whence g/E = Zyé"/(z,,c.f- G-0€) . (cf. 4.1 (7))
Integrating again, we get:- .
> Y- & =
£ = Gnet (/-f- Z,‘E) =, (8)

the constant having the same sign as é' .
Hence by 4.1 (2)
~mé& = p(§) if £ <o (a
mE = p(&) f E>o, s
the constant m being positive in each case. The-boundary condition

(98) clearly corresponds to the present problem of expansion ageinst a
massive unsupporited piston of mass m per unit area.

(9b) corresponds to the motion considered in § .11 above, which would, therefoz;e,
be realised if the piston were driven in by an external pressure at all times
proportional to, and greater than, that exerted by the gas on its inner

ey surface.

§‘}:5 Expansion against a supported massive piston

If the outward motion of the piston is opposed by a force P per unit
area, 4.l (1) becomes
“ , e
mé = P-p [ Gl &+ ]V, (1)

If P is prescribed as a function of T, £, ¢ etc., the complete solution of

the problem depends only on the determination of 5(1:) from the differential



-
wat

equation (1), and the subsequent application of 4.1(1). These operations
can always be carried out numerically, but as a rule algebraic solution will
not be possible. For example, let 7P be constant, - say the gra‘vitational

force on the piston.

2
m dao Y g mle=)de /vy \
Then P-4 v_z)'/(y-/) B -2_4:41 ) P f’ v l-1) (T?: ) 4¢ ’ (2/
where - = I+ )i’:-_.l £ . But (2) cennot in general be
ao

integrated in finite terms.
When P is not constant, the difficulties are increased. (ne important
problem under this head arises when the piston separates two gases initially
at rest and at different pressures: /f, f. (7 < Po) < Reserving
capital letters for the low-pressure gas, which lies towerds I3 negative,
we have:- ‘f_%[-r ' 2y

mé = Rli-SLe] g [ g] (5)

‘hnalyticel solution appears difficult, even when /"= ¥y (and so A = a,).

(3) may, however, be integrated nuuwerically, and the solution for both gases
completed by means of Le1(41.

A shock nust ultimstely develop in the second gas, end as it ig c¢lear
on physical grounds, or from (3), that 5 <0 , 4.1(7) shows that the
shock will first arise at the nose of the compression wave. In fact, since
éo =0 and go = - t;—;—g y  this hapuens at ( F,, %, ), where

2m 14:
{r+) ('f."_E ) (l*')

For example, suppose 4 = Ix 10t cn./sec., =14, m = 1g. /om?’.

- xc = Actc

Then
6 7 8 9
BT (dmefeat) 1T 100 40" 0
t,  (mitlisec.) 25 2.5  0.25 0.025
~x, (em.) 750 75 7.5 0.75
¥hen m=0, . =0 , so that a shock wave is generated instantly on

. .

release, corresponding to the fact that 4: is now infinite and f‘, no longer

zero. The problem is then intractable by the sbove analysis, and must be
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Also graphed in Fig. 4.5:1 is equatioh 4..(5), which is the limiting
form of the integral of (5) when C-> 0 , and is represented in terms of

(77, C) by the equation 2

o Y+ -'I_':y .
= ¢+ B~ [ir <] f. (7)
It cen be seen thet (7) lies between (6) and the integral of (5) for finite

c » - as would be expected.
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§ 5 The role of dissipative processes in a shogk wave

We have seen that compressional waves in an ideal compressible
fluid become more steeply-fronted as they advance, and that infinite
gradients of fluid velocity, pressure, density ( and so also in general
temperature ) must arise by this process within a finite time., The
appearance of infinite velocity and temperature gradients depends, however,
upon the ideal nature of the fluid, in other words, upon the assumptien
that energy transferred by viscosity or thermal conduction across any
material layer normal wo the motion is negligibly small, In any
real fluid, the quentities of energy so transterred mmst, according
to classical laws, increase with the velocity and temperature gradients,
the relation between energy transfer and the appropriate gradient'being
descoribed by a "coefticient" of viscosity or thermal conduction.
Accordingly, no matter how small these coefficients may be, the
corresponding energy transfer must ultimately become important when the
gradients are supposed t0 increase without limit. This supposition is,
therefore, seen to contradict the assumptions on which it is based:
velocity and temperature distributions in real fluids cannot in fact
become discontinuous by the appearance of infinite gradients, Rather
we may expect a stage to be reached in the development of the wave at
which these gradients become so steep that the corresponding viscous
and conductive iransfer, negligible under less extreme coﬁditions, are
sufficiently large to prevent further intensification, A balance is
thus in the end struck between the inherent tendency towards
discentinuity and the enhanced dissipation of energy which it .’t.zwelves{ml}MJ

On the other hand, it is clear that the relevant gradients at
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equilibrium will be greater, and the effective thickness of the shock
front therefore less, the smaller the ocoeffiocients of viscesity and
heat oonduction. For normal fluids, in which these coefficients

are small, we may thus expect the front to be thin. An estimate

of the order of magnitude of its thickness () is in fact easily made
if we assume the gradient of, say, velocity to have a oconstant value
Pufdx throughout the fromt. For the rate of viscous transfer is then
%77 uz/é, where 7 is the ordinary coefficient of "dynamical" viscosity,
and » the fluid velocity behind the shock front relative to that ahead,
This rate of transfer must be comparable with E’pus and udp, if 4f is

the pressure difference across the frent, so that Krvi;l /JzPA]b s or for air

t~ o /[Vap, (1)
if Af is in atmospheres, This gives
Af (atm.) 2 20 100 1000
{ (om.x 10—7) 70 22 10 3

If heat conduction participates to a like degree these estimates of €
may perhaps be doubled, lMore precise estimates of £ ere reviewed
below; but it is already apparent that the shock front, at least in
gases, is extremely thin. 'I'he oonclusien can be extended to liquids
of low viscosity, such as ethyl ether, for which 7}/\/? (and therefore )
is of the same order as in air, Even water should have a shock front
only ten to twenty times thiocker.
§ 541 Entropy considerations 7,14

It is spparent from the above discussion that transfer of energy by

the dissipative processes of viscous and thermal diffusion, so far from

beinlg negligible within the shock frent where rapid changes of veloocity,




pressure etc, take place, plays a oritical or determining role in this
region. It follows, therefore, that the entropy of an element of
fluid does not remain constent when the element passes through the
shock front, 'I'his circumstance distinguishes the shock wave
fundamentally from the adiebatic waves out of which it develops. In
these waves, the gradients of velocity and temperature, though they
may be appreciable, are too small to involve a significant level
of dissipation: +he entropy is therefore effectively constant along
each streesm~-line, If, however, the consequence of continued
propagation is a steepening of the wave (whioh we have seen, on
mechaniocal grounds, to be the case for compressional waves suitably
supported by a piston or the like), the importance of the irreversible
dissipative processes must continually inorease as the wave advances,
until in the end these processes become suffiociently important te
prevent further steepening. Wnen this stage has been reached, the
entropy change experienced by any element of fluid in traversing the
shock wave musi be significsnt. Equation 3,1(1) then takes the
more general form 3{12), i.e,

'f:’ = 'l)(f!, s), (1)
and the previous analysis, which depends upon the simplification
S = constant, ceases to apply. It is then neceawsary to return to
the fundamental equations 3(1, 2, 3) and to extend these by the inclusion
of terms dependent upon viscous and thermai transfer,

§ 5.2 Genmeral formulation for a real fluid

The linear flow of a real fluid, in which viscosity and thermal

conduction are appreciable, is desoribed by the following general




equations:

Equation of continuity 2 3

(Conservation of mass) ,)7; + ax v;—:‘; =0 (1)
Equation of motien Pu % _ 2 du

(Conservation of momentum) 27 % 9 Vo 7’9,5(1‘" 2 (2)
First thermodynamic law £, 22 (2L

(Conservation of energy) at' /D ) 9x( Qx) (3)

+ v ’37:)

where A is the coefficient of thermal diffusion, and p & coefficient of
viscosity related to the "ordinary" coefticient 7 by

p= %77 (&)
These equations may be written

%H), - (5)

du, | 2
AL A 6)

FaS = 2OT) 4 pfls )’ @
The equation of continuity is identical with 3(4 ).  The other two
equations are distinguished by the terms in A and p from equations
o3 ( 5, 6), to which they reduce when A=o0= M

In addition, we have equations 3(7, 8, 9, 10, 11, 12) as before,
from jnhich we may deduce

T = T(j>, p) (8)

The independent variables +$,p,«,S are then to be determined as
functions of x,t by (5, 6, 7, 8), together with 3(412) and appropriste

boundary oconditions.

Since 8 cannot now be regarded as a constant, p and w are no



longer functions of P alone, We are therefore unable to take
advantage of equations 3.1(1) and 3.1(2), and the complete selutien
of the variable - state equations would present very great diffioculty,
even in the simplest cases. In certain circumstances, however, it is
reasonable to expeot that this complete solution, if it oould be
obtained, would tend with time towards a steady state, in which the
independent variables -, P, w, S (and so also E and T) would be functions
of a single independent variable ax — Dt, where D is a constant, Thus,
let us consider again the motion of a fluid, initially at rest and at
pressure, density etc. indicated by suffix O, into which a piston
advances with a velocity which at first increases but after a certain
time becomes steady at a value W. A shock wave will form in the
fluid after a finite time and at a finite distance from the piston.

The shock froﬁt is, as we have seen, a region in which the gradient

of velocity (for example) is very high, Behind this region of rapid
transition the velocity will change in a much less abrupt mamner to
its wvalue at the piston., Lven the most gentle velocity gradient,
however! must rise with time until its further increase is limited

by Vdissipative transfer, It folleows therefore that , at some peried
after the piston speed has become steady,appreciable velocity
gradients should be concentrated within a narrow region. In advance
of this region, the fluid is effectively at rest; behind, the veloocity
will remain effeotively censtant up to the piston surfase with a value
equal to that of the piston velocity itself, But under sush
ciroumstances it is olear that the shock front will advam;e with

entire molion will be Steady from HKe
constant speed, D let us say, and that the/point of view of an observer
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who travels with the front. In this event, the wave veloolty D,

together with the steady pressure, density eto. in the region behind
will depend only on the initial state of the fluid, and the velooity W)
of the piston. Alternatively, if we regard the wave itself as at
regt, in which case the undisturbed fluid passes into it with velooity
=D, we are led to expect a solution of the general equations in whioch

P, w,p etc. are functions only of x, and change within a narrow range

of x from initial values #,,~-D, p, -eto. to final values

/ho, &
§ 5.5 The stationary plane shook'”*%")

In accordance with the above argument we examine the fundamental

equations 5.2(1, 2, 3) for stationary solutions of the type desoribed,

Integration of 5.2(1) gives immediately
M/‘U = Gwtb., = A, Say
whereupon we deduce from 5,2(2)

: do  _
%.’_-k._.r,d;" - M. 3,

W

Equation 5.2(3) becomes

- 4 vd/d du 2
£ dp o A0 2n (RS,

and by means of (1) and 5.2(2) we oan integrate this to give

E-I-lbv-;—i'-ui‘-;»vh-)»%g = @t = C,

Ax
(1, 2, 3) may be rearranged as follows

A

nw= Av
z

L]

My

E+ Bv-4Av—c %

Since £ end p are supposed known fumctions of 7 and v,

) W= NI":D: g fe.

(5,6)

(1)

(2)

(3)

(&)
(5)
(6)



constitute two differential equations to determine T,v as functions
of %2, Their integration is desoribed below. For the moment, we
note that when A=o=pm , the only gontinucus solution of the problem
is the trivial one:
T = oonst,, vV = oonat,, eto.
that is, 7, =7T,, v, = 7,, etc.
If, when A and m differ from 2zero, a oontinuous solution is
possible of the t&pe proposed, in which w,v eto, chsnge from one set of
x~-independent values w,, v, eto. to another such set «,,7v, ete,,

it follows from (1, 2, 3) that these must be conneoted by the three

relations:
4 . Y (7)
7, v,
2 U z (e)

“ = 2
",’7" + +' = vo + f@
E+ by, + ‘é-u,z s Eyr f;u,-# éwf (9)

@ comrse, if the poasi:bility of a steady plane wave leading fram one
uniform region (suffix O) to another (suffix 1) is assumed, these
equations can be written down from the laws of oonservation, Since
E is supposed a known function of P, ¥, equations (7, 8, 9) will 4n
general determine (at least) one solution «,,u,,p, when «,,v,, F,
are presoribed, This solution is formally independent of \ and p ,
However, in the ocomplete absence of viscosity and heat conduction, and
without the participation of extraneous forces, no such solution is
physically DOSsiblgf g Por by (5) this would involve an isentropic
relation of the form

b= B-Av, (10)



which does not apply to eny known substance, and indeed is scaroely
oonoeiveble since it requires that v should fall te zere at the finite
pressure p = B Sinée (7) and (8) must nevertheless be satisfied

by any steady wave of the present type, it follows that the flow oannot
in fact be isentropic, In fact, equation (9) results from the
integration, with 5.2(1,2), not of dE =~ pdv (though this would

lead to the same equation) but rather of 5.2(3), 1.6, 4E=~pdv+7TdS,
where .{_ S’TdS =0 , although S %

§5.4 Structure of the stationary plene shook.
Integration of 5.,3(4, 5, 6) requires first the speoification of
E(rv) ema p(T,v)s For example, let P= %T and E =CT = pv/F-»
where %R, C, and y = /+ nR/C, are constant: (ideal gas with
constant speocific heats). The integration has been studied in this
Rankine, 11277 [os] (e
special case by/Prandtl fignoring p), Hamel (ignoring A ), Rayleigh,
Tayloﬁgand Beok:ezgg (taking both A and w 4into acoount), In the main we
~ follow Becker, TFor convenienoe, change to the dimensionless

independent variables 4 Vo oy

f/

v'e 3V, brgb, T2 ZFT
Then $%'= 7' and 5.3(5, 6) become

2 !
V- T - %-u Ax (1)
oyt L, zeA* A 47’
7T~ ——z-[v —~2v' 4 4'5"] = /-4?,,‘;); (2)

It is already clear that if A and u alter in the same ratio, the x-seale
of the entire wave also alters in this ratio (Taylor).
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7'ana AT'[dx can be eliminated from (1, 2), ylelding

A dw Ae
- ;;5.“’ =t @A+ pC)w /‘-‘5, = QW)
where W = ‘u'd"f'/d?é
and Ql') = (v = 290"+ Zﬁ;«u)gﬁ

but (3) does not appear easily integrable in the general ease,
Alternatively, we may eliminate T';lona from (1, 2), obtaining
/“‘cv‘”’z;l - A %’ = %ﬁ? QE').
It is epperent from (4) that 7, end ' are the reots of Q&) =0,
so that
') = - (‘)’*»){1«'@;1/')(1/; vl')

When XA = O, therefore, (4) oan be imsguted st onoe to give

0eh . Vv v - n|v-v/|
2" 1/. = ‘U
As would be expeoted, this necessarily repressntg a wave of
4>y And

compreuion. For, wpposing //4>a, 7' spproaches 1!9' at x==50 and
v, ‘at %= 40, But when As=0, the fluld velocity is in the
positive x ~direotion. Henoe as the fluid pssses through the wave
its density increases. Smilerly if A<0,

It is clear that since, by (4) »ith 1= 0, dﬂ'/d»:%; is always finite,
the density transition (and so also therefore by (2) the tempsrature
transition) is necessarily continuous, The presence of visessity thus
prevents the appearance of temperature discontinuities, even in the

465
entire absence of heat conduction.

(3)

(&)

(5)

(6)
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When pm=o (1) and (2), (or 3), give

d ! ' ;! ! ! t
;{:i' = ([—- 21/)%1: = g—f\”(y-f—:)(wo-*v')(v -, ) ’ (7)
whence | , , , \ (8)
(y#)Ae, (=29 ) bn [~ ' + =)l [0 -v']
ZA ° )‘ - _Up,— 'l)"

In this case, however, a continuous density transition is not guaranteed.
For, if V,'> é > 'V,', dv’/d,,g evidently becomes infinite when v = %o
In fact, (8) cannot hold even down te v = %, for when -u'-_4/—1/,'(> %) , we

have 2 z
4
@)-2' =6')-7",
and se

4 ’

T o= T . :
If, then, T rises further for v'</—v,' , it must thereafter fall again,
But, by (7), g—};’ is positive for 7, > v >v, Henge T must remain
constant beyond v'= /—vl' » whereupon v'must also be constant and
equal to —u,' beyond this point. At ¥'=/-v,", therefors, v must change
disoohtinuously from /-v,', to 1),' « The temperature changes

[
continuously, though its gradient is discontinuous at 7 . The fluid

velocity and pressure also suffer abrupt changes.

[740,13¢]
It appears, therefore, that the presence of heat conduction, though

sufficient always to prevent temperature discentinuities, may net prevent
discontinuities in density, pressure and fluid velocity, when viscous
forces are entirely absent., The condition for such discontinuities to
appear is evidently

I/ [
2v) > 1 > Zv,
whioh is satisfied provided

. ;
.o_ﬁz < 3!"' . , (9)
B 4 (Y—- t) '
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But by 5.3(7, 8, 9) ; §
cat Yy 2+ -0, , (10)
B 20-) -+ ymZ)*
where /M, = “'o/ao is Mach's number in the region O . (9) therefore
becomes |
1 2
[y (3-7)M, ~(37~f)]f7”70 -1] >0,

Hence, either /'?:4 ‘,;,' , Which may be rejected on physical grounds,

since M,z/, or

™
>

o,

2 @:
n > Gy-0ly(-y) . (11)
2 3y-1 .
For 1< M, < r(-vy) ? therefore, thermal conduction alone ensures
3y-1
oontinuity of all the varisbles. For /> —4—— , en the other

Y(3-v)
hand, only the temperature remains continuous.

Since, as will be shown below, u,[a; = [(‘Y-I—I)P/'k + v-1]/2 ,

the oriterion for sppearance of discontinuities may be written [¢. o]
P Y+
57 iy (12)
Y = 1.0 1.1 1.2 14 1.6 1,8
M, > 1.0 104 10 204 1.43 1e7 2,06

Plho> 1.0 14105 1,225 1.5 1,86 2,35

Only rather wesk waves preserve complete continuity. ,

The integration of (1, 2) oannot readily be effected in the
general case when 1 and p have arbitrary values. A solution was
however discovered by Beckexl'?]for the special oase where A= yuc, .

Thus if we ’#ry w= aQ(v'), where a is a constant, as the solution of



(3), we require
A A Af,_2
22 Py - alehpe + 45 = ]2
vwhence A= O and so a= _-%; , leading to the sclution (6);2 or
a= /‘)/»?fuy and

228 1) - hepe) 4 48 w0,

and so
A= ype, (43)
The solution is then given by
v'%“-" E W o= ;%Q[v’) = = %%”(%’=W9(1' Ly;’) , (1)
and so is
Wi dy . whlvic byl (15)
v, -7,
The shape of the density profile is therefore identical with that
(given by (6)) for a non~conduoting but visoous fluid, but with the
scale of » inoreased in the ratio y i1, that is, /\/péy $10 Altheugh
the equations cannot be integrated in ocorrespending fashien t'er values
of Afpe, other than y, 1t is then ressensble to assume thet the
profile will in such other oases be sgsin similer to (6), but extended
approximately in the ratio A [pe, 1.
The temperature distribution corresponding to (14) is

No discontinuities appear, and, as in the case A =06, (15)
necessarily represents a wave of compression,

Since for ddatomic gases ype, [\ 1s theeretically equal te 7/6,
the special case ypc, [l =1 cerresponds dlossly to thet of &



ot
peb

diatomic gas,.

The abeve analysis establishes the possibility of stable
oompressional waves in a viscous medium with or without the
participation of heat transfer, and justifies the application eof
5¢3(7, 8, 9) to the steady states on either side of such a wave.

§5.5 Thickness of the wave front in gases

According to 5.4(6) and 5.4.(14), v' becomes equal to -u,' or v,'

only when x = * o0, 1/‘ departs appreciably from these values,
[754]
however, only within a very narrow range of x. Thus, let € be
the range of » within which v’ ohanges frem
[ ' ' ! /
; (‘UD -1”;) +° 1.” + ; ('Vo'—‘ll,')
where !f; is a suitably small fraction, e.g. 1/10.

Then by 5¢4(6)

{ - (7'——?)7?' :j_"’ o (m-1) , (1)
and by 5.4(14)

C= Gl S ebm). @
However | " -"-;i;‘:'—:: = 1%}3 , where T = 'f,/,],‘ ,
wd A = [ 3‘5 [Gr 4 y-i] (See § 6.z below)

Hence, in the case of (2),

{ - 2rptnfn (7 Z+i (3)
o (”"")J(yﬁ):r-r y—1 -

If o= 2,3 x 10""' gm. /om, 8sec., v, = 772 anoz'/gn-,

6

4 = 1,013 x 10° gm./om. sec.?, Y = 1.4, values appropriate to air

at 1 atm, and 273°K, epd if we take m = 10, (3) gives
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T 2 5 10 100 1000 2000
£ x 10/om) 425 138 73 21.3 6.6 e,

in general agreement with the approximete estimaties of § 5.

[13¢] 5]
The front thickness may alternatively be defined (Prandtl, Becker)

!

as the x-projection of the intercept cut by the asymptotes -v'=.w;

and v'= v,' from the tangent at the point of inflection. By 5.4 (14),

this point corresponds to v'= vGQH;' » and the slope of the tangent

’

there is
~ A6 (fr_ f‘)
Zpy
The thickness £ is accordingly
¢ = 2y | Surdw
Are) Ty 7

which in terms of 7 becomes

_ 2y [ [EZ T Xyl () 5
t - i vV P (¥4I + =i T—1 (5)

This expression gives almost the same values for air as (3) above

, (&)

with m = 10, so that it may be taken in practice to represent the
thicknéss‘of‘the region in which some 8/10 of the transition is accomplished.
At the higher pressures, the wave-front thickness thus calculated
falls below the appropriate mean 1nte1nolecu1ar distance, so thgiéﬁtgquse of
continuum physics,as expressed in the Havier-Stokes hydrodynamlc equations
(172

5.2(1,2,3), is no longer strictly legitimate. Thowmas, indeed, has recently

pointed out that if allowance is made for the temperature variation of

bviscosity and thermal diffusivity, this objection is avoided. However, it

~ is clear in any event that the shock front is for practical purposes ideally

thin. A similar conclusion applies to liquids (§ 6.42).

The large=-scale properties of the steady plane shogk.

The above analysis egteblishes the possibility of steady plane
compressiénal waves, in which the fluid velocity, specific volume, etc.

change within an extremely narrow thickness from uniform values ub;ua, etec.

" fyout of fhe wave 4o u-nifo-rm values w,,v,, ete.
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behind it. These uniform values are related by equations 5.3(7,8,9), from

which we deduce at once:-

v, v

Y-v,

!
E—Eo = z(hrt)(@~v)
From (1), it also follows that

(2)

uy(us-1) = 9, (h~1.) , (3)
since V>V, and
Wimu? = Gto,). (8)
It is generally wore convenient to regard the fluid in front of the
wave, rather than the wave itself, as at rest. If the wave velocity is then D,

and the fluid velocity behind it (in the same sense] W, we have frou (1)
D = v, \/(-h.i-ﬁo) / (1/0;.7)7} (5)
W, =  JG-t) (=) , (6)

whence
T o= =% = i-Rp (7)
WD = (b~h)v, , ie. (h=h,)= DN,p, (&)
ond D (o-w,)t = (hte)(nr ) (9)

Equation (2) remsins unchanged. It is already evident that,
'for compression shocks (-u.7'v,), f'>f>° , E,> E, and NW,>0,
The fluid behind the wave has therefore a higher pressure and internal energy
than that in front, and is moving forward in the same asense as the wave.
(371 (7879]
Equation (2) was discovered by xankine and Hugoniot, and nsmed by Hugoniot
the "dynamic sdiabatic", to stress its analogy, but also its contragt, with
the ordinery adiabatic, which would apply to isentropic £low. since, however,
Hugoniot expressly discounted viscous and the mal transfer, his derivation of
(2) is not fundamentally acceptable. As we huve scen, and as was reslised
(4o]

by Renkine, and later stressed by :ayleigh, this equation depends in fact upon

the presence of dissipative forces, and therefore contradiots the assumption

!



of constant entropy implied in lugoniot's apuroach. The contradiction

is clear from the form of (2), which for isentropic processes would

require to become the integral of

AE = —pdv . (10)
If the wave is weak, however, that is, if fy —I 79:/,_,.- I ete.

4

are small, (2) evidently approximetes to (10), and the flow becomes almost

isentropic. At the same time, by (6, 5,, W . falls to zero, and D

1

approaches U, /...(9/4%', )5 » the velocity a, of sound in the undisturbed
(-]

fluid.
N " - [5]
ggg_; The Rankine-Hugoniot equation

Since £ is supposed a known function of £ and v, 6(2)
constitutes an equation which must be satisfied by v,% . 6(2,5, and 6)
thus provide three relations between 7,,v,, W, and D , so that any
three of these quabtities are determined in terms of the remaining one.

For example, if the wave velocity is measured, the prissure, density and
fluid velocity behind the wave may be calculated.

Equation 6(2;, expressed in terms of '1/,,75, » defines a curve in the
(v,$) - plane on which the terminal point (¥,,# j must lie. This Rankine-
Hugoniot (R.H.) curve passes through the initial point (%,75., Js at which
it touches the ap.ropriate " ordinary" or equal-entropy adiabatic, since
for o<‘h/1,°-| < |, 6(2) reduces to 6(10j. The further discussion of the

. RWH.~curve, for materials which oLey a simple equation of state, can be
made explicit. For ideal gases it is presented in detail below.

In the general case, where the rorm of E(v,7b) remains unspecified,
it is difficult to offer a correspondingly simple znd rigorous treatment.
Most or all of the known presentations fall short in this resPect..

However, with the aid of a small number of unrestrictive assumptions, which

are certainly fulfilled in the very great majority o real instances, we may

make the argument reasonably simple and conclusive.



Let B (v p) (where for convenience we omit the suffix , ) be
any point, other then A (u, ) on the R.H.-curvei end let 6, @, ¥ be
the angles, measured clockwise, from the negative w=axis to the secant AB , the

tengent at B to the ordinsry sdiabatic through B , and the tangent to the

ReHicurve at B , respectively. For convenience, write & = 7.8
_:"f = Tangp , @ z Tan?¥y . Here we make the first assumption,
namely

(a) that no two adiabatic curves intersect.

Then
. r* 1)
®= 33 W
_ E/Qv + L o'
$ = ) el &) , | (2)
- () _ oepvrp-ilp)
¥ (”‘U)RH oEfop-%lr-v,) y 6. (3)
the suffix R.H. denoting differentiation along the R.H.-curve. Then
y-¢ _ _¢-©¢ | ¥-0© W)
Uo7~ 295/9p ~(¥rv) 206]5p
Furtsher J
s
U RH ~ (dv)KH'I' P o= ‘3’(”0"")? + Fi(f"'#‘)
! ® - @ . .
E(vo—v)(@~?) = Z-(?/,—V)/gf/gﬁ (5)

Then, when Iv°~v[ is sufficiently small, T@%)ﬁu has the sign of 0~
We now make the second assummtion:
(b) that (?lf;/?v”)s does not change sign.
Then geometrical considerations show at once that #—~¢  has the opposite
sign to (9"75/9112)5 . Consequently, near (-z/‘,,?évo) ,
if (9%/5%). >0, @s/dv),,, <o ; f (6)
it (0p[a)s <o, (45[dv)e, Z 0
the signs of equality applying when #=¢@ , i.e. at (v, %).
In the first case, compressional waves must correspond to an increase

in entropy, and are therefore permitted on thermodynamic grounds; while
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rarefaction waves involve a spontancous fall in entropy, and are therefore
thermodynamically impossible. In the second case, the position is
reversed. These conclusions are identical with those deduced earlier from
dynamical arguments. Moreover, it is olear that the RH-curwve orosses the
ediabatic through ( 7, Po ) at that point. The two curves therefore have
contact of at least the second order at ( ¥,,$, j, s ocan be verified at
“once from (5), since Y-v #nd 6B~Y eore separately zero there. That
the contact is in fact of the second order may be confirmed as follows.

By suocessive differentiation of (5) along the at-curve, we have

Tﬂts_l_ %iﬁ = ~‘2£¢+‘§,-(Vo-ﬂ)j__g+-é? (7)
= ‘L(y'”)d‘@/dv-
s  Ldards AT ds 1
T4 424745 4 AT ds —;(v,-v)%~é%g. (8)
4% ( V,,po J» therefore, by (5,7,8),
Fsld)g, = - 4 20 lds | (10)%

But, by (4), when v=7v,, Y= ¢ =6, we have
Aty = @), = C%5,), = -Clo); (1)

Hence, at ( 7, ,4 />

&

s .
@5y, = 10, (12)%
The RH-curve therefore mzkes double contact at - (v,,}so) with the

appropriate zdisbatic, and crosses over it.

The above zrgument holds from ( ¥, $, , up to the point, if any,
where _295“/9ﬁ= VoV . f then becomes infinite, and the subsequent
course of the ZH-curve cannot be anzlysed in the genersl case without
excessive complication, which obscures rather than clarifies the guestion.

iie have not as yet specified the signs of ( 9p/ov Jg or 5 95/’2} )1, ,
which are not masterizl to the preceding discussion. 4is z rule, however,

(26/2p,, = T (95hp), #illbe >0 , and ( 9 [dv j, will be <O .
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Since for an ideal gas,

o b

y + const., the RH-equation
~/
becomes
3 oA (1)
Yo Amr+ g 1
where we have written 7 for $/p, end A for ( Y+ ) / (y-=1 )
Accordingly,
Eo . T.; a:’ A+
and by 6(5,6)
a, P
_’_VJ = (A-—l)(ﬂ'—,) (4)
a, V(A'f'l)(/lﬂ'-f— l)
whereupon also
D-v, T, (5)
2, V(Aﬂ)(/\!r-n)
and uoz““:z - Dz—' CD—N:)Z _ (""') (771-!) .
ar al - Aar+g

(6)

The entropy change S-S, is obtained by integrating

ds= (dE + pdv)fr = c(y R4 ‘i;ﬁ )

S—S, (7N
f - £, A
[14e] Cy 14 pr o + L.
Since from (7)
4 (5-5) = Gdlr)
jr -

>0
Flrar) Drrto)
5" >S5, o

(8)
it is clear once again that

The double contact of RH-curve

and adisbatic at =1 is spparent from (&), and the fact that the

curves cross there can easily be established by verifying that d".s‘/dnl—..:o s
A5 [dn® >0  when T =1

Approximate forms of the above equations for weak, strong and nearly

isothermal waves respectively are given in §§ 6.22, 6.23, 6.24.



PN

60

§6.21 Relative magnitudes of D, W, 4, W, +a,

From 6.2(3), D>4a,, and D rises without limit as 77 is increased.

Agein from 6.2(2,5)
W T4+A \
% = O < (1)

7

9

Thus N,-f—a, > D , in accordance with §§ 2,601,
As to W, and 4 separately, it is clear that W<D; but the relative

magnitudes of a . and D are less obvious. By 6.2(2,3)
2 . D (2)

a, = VCEDELIEED) ’

s0 that
2-at _ (.77-/)[77/\(/\—')—1]
D* @Amr+0)*® (3)
Thus D g a, s according s :rr§ //,\(,\_,) = (7-1)1/2(7.,;,).
But //A(A-1) = 1 when A = -2‘(1—;-\/3") = 1.62.....

(i.e. when § & 4e23j. For A < 1.62, (/A(A)>] and vice versa.

Hence, for Yy < 4.23, D >a,, for all I (>] )

for vy > 4-23, (>4, , for T > t[A0-1)
Di=a, 5 « gz ([A0R~)
(ca, » « 7<1[A0-1)

It is clear that D> a, aiways in ideal gases. TFor media which
follow an adiabatic 7511-'t = constant, with 71 > L4.23, however, it is
possible for :.a, to exceed D up to a pressure defined by

I = (7'-')2/2[n+/) . )
Again, from 6.2(2,4),

ﬂ' _ (/‘-/)(ﬂ—/) )
4, -\)()\-f-l)ﬂ(fr-f—/\) (5)

The post-shook flow is thus subsonic or supersonic according as
{(ﬂ‘,l) So » Where
f =z 7A0-3) - a(BF-30r2) + A-0° (6)
It cen be readily shown that, if A>3, (ie. y<2 J,
jc =0 has always two positive real roots, one of which is < 4, and one > 1.

The flow is then subsonic for Jr less than this larger root, but supersonic

thereafter. If, however, A<3( Y>2), the flow is always subsonic.
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The critical pressure ratio, J, varies wlth Yy o followa.

Table 6.21:1

Y 1.0 1, 1.2 1k 5/3 2
A 00 21 14 6 ke 3

M, 262 298 bk kB2 9.26 o9

: ¢t 87]
§fﬁ% Approximations for Jr—i < | ,[

Equations 6.2(4-7) express the verious chareote istios of the wave

in terms of Jr , and lead at once to the following series, sultable when

r—=| < |
;fi = 1—7’(17—-/)-# %{,(ﬂ-/)i %%’%&(rr-l)‘s* ' 1)
R R R @gy’(mo’s —
2 5 e M- Qs Sy — ()
—go’ = ’;','(fr-f)- %1("_’)14_ iz-*?')z(n-/)za—: —— (&)
E—;-‘g = - 4 "%;f(rw) - %';5’(74,,){77-;)"4. —_— (5
%—- = ”“ff;’”f = Ly~ Lalr)'y %,(w)’-——a (6)
5'—;-? - %(n.,)’.. %1;';. (s . (7)

Fur compsrison, the specific volume, teumpersture, ete. behind

an adisbetic compression wave, seross which the pressure retio is sgsin W,

are given by:

- ﬂ Y = J - ‘I.- T~ ﬁi - ﬁ-g (af!) 4 P

; e - O, G,
£ _ T : !
Z= = L A Yt ooy = Yot Grayty Yot (o)}
° ° 4. Y ‘;;1. * ‘73 - égl
D v (5 z 2
= = s+ 72 = e By~ 0 (r s O#) Bysy 3 .
40 /,[ ’] zyb ‘) =?;=_"(ﬁ ’}+ - 4)?7’*’ éy;;)s.% ‘Q'ﬁ@/
N, pod
o= = 1J'rzy

a

— = Liy-) - 14 * - ’
- :] $6-1) %pm) + (V*gf;”(;r,,) —— (34,
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W, -a, = ~[+ ;{,(JT—-«) - E‘.'; (7,--,)1,,. 6’4’1) (32-/-1)(”_’)3___ — (12)

1 2 2 2 \

wou alchY 2o WS Gy, @eo(Sysn) | . (13)
a, a, Y 273 /2 3
7

5-5 =0 (14)

The quentity #,—4, in (12) represents the fluid velocity at the
rear of the wave (where '/’/Pea 11')', irom the point of view of an observer
travelling with the wave front (i.e. at &, j. It therefore corresponds
to W=D in (5).  Similarly, the quentity a7 (a,—#,)" in (13)
represents the decrease in kinetic energy of a fluid particle in passing
through the wave, from the standpoint of the same observer; it thus

2. 2 :
corresponds to D — @-M,) in (6.
If Jr~1 is sufficiently smell to justify retention only of terms

in 7r—1 , and if 4p = p-$, , etc. these equations give
/

Asdiabatic
Shock Wave Compression Wave
-~ 2 L @t ) Laps,) (45
A5 _ 4T _ 244 It (4 vt
£ T, 4 > () v (%) (16)
] Ly W, t l /4
gaeam o L) () -
D-a, )"H a[,/ Y+ A;”/
4, ( ) 27( 'I’-) (18)
48 =t (8p/, o)
v ZZYI ( ”}"’) I (19)

With the exception of P , the differences between shock and adiabatic
waves are of the order of ( T—1/ )3 or (4p/pe )3 . The difference in
D is, however, of order T-1 . For small 77— , vU,, 7/, and W,
are larger in the shock wave then in the adiabatic wave of equal pressure

o ratio, but 2D is smaller.

[Cfb'sj
§623 Approximations for I >/
v o_ L AL ALy }:—_l. . , (1)
. v T AT 3 TNt ¥t T T
1 7 at 2 2 ‘
Fo=2 s S0 m N Ay —
2 s S s s (2



2 . (A (2t - L l
2, VA (/+ 2x st ) (3)
._'!‘!. = Q- /=~ _ A 3 . .
A, -0 AA+1) (’ z)n+ £\t ) (&)
[ ) \/‘ T 204 _ 4A%3 _ (5)
a, = T NA(s (l—- 2y g-,\’-ﬂ1-+ )
agl-ul A At (A% ¢
oﬁo" - e X* Ao +— (6)
I Q
S o lm - yld+ @' (Gt T (W)
v
For very intense waves, therefore
Yo A T+!
£, 7, T oaz ~ AT 7”--71’ (9)
D A, \/ Y .
ae Aty 2y T (10)
M ~ ,_—JT- — FE \
a, (A AOs) Yly+1) (11)
W=D [ - _ T | _
R Y7 ) (-0 \/ZY(Y-H) | (12)
2 z
< —:' ~ /-\:*'.Tr = 2o (13)
4 A Y+
S-S \
J_E_L’ ~ b (1)

Comparison with 6.22(&-1.) shows that, for lerge i, all the above
quentities (including Dfa, ; are larger than in the adiabstic wave of
equal pressure ratio. From these comparisons it appears that an
adiabatic compression wave cannot in general turn simply into a shock wave
of equal pressure ratio, without for example a change in the velocity
behind the wave, in other words, a reflection of some kind. This

[156] [tuo]

circumstance, noticed by Stokes and Rayleigh, is discussed further in § 6.25

below.
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Most significant is the fact that ¥, cannot be reduced indefinitely
in a single shock wave, however inte‘nse, but only down to & limit equal to
Y, /A - This limited compression, which is in sharp contrast to the
behaviour of adisbatic waves, is a consequence of the entropy rise, and may
be described as due to "superadiabatic" heating. The wolume can of course
be further reduced.by ensuing shock waves.

The wave and fluid velocities and the temperature and entropy rise

_ without limit as 7 is increased. |

§6.21f£&p;groximations for Y-1<|

When y is close to 1, as will be the case with complex molecules,

the sdiebatic conditions approach the isothermel, and we have the following:-

Adiabatic
Shock wave Wavye
Y / L

7, ™~ & vr (1)

E _ T _ at .

?O - To - Z" N / / (2)

2 T A .

. T (3)

W, ‘ Vo — L ' ’gw I .

a "~ v (%)

D-w, A V

2 ! ~ "/;r" l (5)
[»]

A 2 .

“o—:; T~ ’}‘r &7(2- &dr) (6)
ao

» S-S, ,

; c. 0 © (7)
i@ v

§4.25 Development of a shock from an adizbatic compression wave

It was pointed out in § 6.23 that a shock could not in genersl develop
out of an adiabatic wave without some species of reflexion. In other words,
the process of intensification of the shock not only represents a conseguence of

the steepening of the adiabatic wave, but in turn rescts upon and wodifies this

wave.
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For example, let us suppose that a piston accelerates smoothly from

rest to a velocity W in an ideal gas, a shock wave not yet having formed.
Then if

m = p/p, , where $ 1is the original gas pressure and p(W) the
pressure at the piston

o
W _ Aty .
a, = (/ll)[ﬂ' ——,], (1)
Let the piston continue to move with velocity W

The ultimate position
will be one in which a steady shock precedes the piston, conditions being

f
steady with velocity W and pressure 75, say, between the piston and shock.
it a's p'/p, s then

!! - 6*‘06#142 .

Qo JO+)Osr'+1)

(2)
The values of W given by (1, and (2) are clearly not in general egual
To decide which is the greater, cénsider the two functions
Y = x;é:k- 1, (3)
' X1 .
Y = Tl (4)
Evidently, since As>1/,

y'>y for sufficiently large %.

other hand, when 2x-1 </, if p= ’/(/\4-:) )

On the

plx-1) - t‘__t:)(,( ot t(,_@(z-g)(xﬂ) o (5)

o
!

[A('X'-I) - b———ﬂ)(‘x-l) + ?-LI-) (’X—l) _— ’ (6)
x =1, y< ¥y if

3—__&(’— ) P4 -g:ﬂ ’
4 3

so that, near

ie€a if }A. > é 3 A < l{- s 1 >$73 . (7}
Provided, then, that < >%/3 , there will be a value I , such that
Yy for < 77, i

» while we may conclude (though by something short of
a rigorous proof) that y'>y for all mw=>J, . Similarly, if y< §fz ,
y’ >y for both small and large 77 and therefore presumebly for all 77 ;
if = 5/3 , the same conclusion applies, from consideration of the fourth-
order terms in (5,6)
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But ;7 and ?' are both monotonically increasing functions of =z .
Reverting then to equations (1, and (2), we find that (a) if < 5/3,
then 77 < 7 , the difference between J7' and J7 increasing with W;
while (b) if ¢ > 3 7' is again less than 57 provided W exceeds
a certain critical value, W.(Y) say; tut (c) if W< W, then s
Cases (a) and (b) imply a reflected rarefaction, case (¢ a reflected
compression. In the very special case W = W, , there is apparently
no reflexion, and the shock develops without reacting upon the parent wave;
but this case cannot arise in true ideal gases, for which 7y is always £ 5/5

The variation of A, with vy is indicated by Table 6.25:1

Table 6.25:1

Y A , hf:/a.o
5/3 L 1 0

2 3 2.75  0.570
3 2 20.5 .  1.728
5 32 239.8 3.978
) 1 o 09

§6.26 Independent variable v,

In terms of the independent varisble @z % /'"o s the shock-wave

equations become

7=z b/ = A=9@ 1)

bo = Remy ‘ (1)

5-:{ = ZZ = ‘_‘Lz - /‘- - 3
Eo T,  ar T 7 }ﬁ/ ’ (2)

2 A

A, Ag—i ' (3)

' .‘1/.’. = —_ —i\:’— » | . Y

a, 0-¢) dg—r ()

D—W, _ Aq .

ﬂo - ? )qz._[ (5)

M;— “'1 (A—l) (I-—il) 6

a;> Ag- (6,

"
<
§\
€
+
£
>

— Cy P~1 (1)
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‘;‘)b’\

§6.27 Independent variable D

In some respects 2 , bein . the most easily measured of the large-scale
shock-wave characteristics, is the most convenient independent veriable.

2
In terms of & = JJ/at , the principal equations become:-

T = 1’1/,[)0 = (/\"")AJ"I (1)

3+ A~ _

—1.11/,‘1o = _._37__’ ‘ (2)

£ _ L _ 4 - [O+93-~1 ][5+ 1=1] .
_f:; - 7; - ag" )"7.5 (3)

A N A
A, A'(ﬁ @) (4)

§6.2? Independent variable W, E, & or T,

The expressions in terms of W,, £, a, or 7 , though easily

derived, are less simple in form, and are probably of nogreat practicel

advantage.

S

§£27 Humerical velues for ¢y = 1.4

The relatively simple form of the equations of §§6.2 - 6.28 make
numerical evaluation straightforward. Table 6.29:1 is therefore added
merely as an illustration.

It will be seen that the post-shock flow becomes supersonic for
T=Z T, ~ 4.8 in agreement with Table 6.21:1. The narrow limits of
variation of (h/,—;—a,)/:D are rather remarkable: the meximum at JIJ7 ~ 10

is authentic, as can be verified algebraically.
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§¢.3 Shock waves in real geses : air

Since even the most intense shock waves involve only a moderate

compression, the ideal gas equation
;/w = »RT (1)

may be applied without significant error to real gases, provided 7, has
normal values, and 7, 1is well above the critical temperature. The
asgumptions of § 6.2 become inadequate, however, because even at low
temperatures C, rises rapidly With 7 5 and at higher temperatures
dissociation and finally ilonisation become important, and the internal
energy depends on density. The number 2 in (1, likewise ceases to be
constant.

for completeness, we summarise in this section the results of
various calculations for air at wiP, in which account is taken of the
above factors to a greater or less degree.

5]

a) Becker: Dissociation and ionisation ignored. An experimental

_ [138] [154]

equation for C,, due to Pler and siegel leads to

(2)

?

/ - -3
T(E—b273) = 478 + 0 45x10 T Calfmol.%
when T F 3000°K-
_‘ (53]
b, Burkhardt: As above, but allowance made for dissociation and
ionisation. Pressure range up to 4000 atm.
\, LY .
¢; Davies: 4s in (bj-
.\ a1
d) Bethe: ~ As in (b).
x oL 6
e) Fuchs, Kynch and Peierls: As in (b), but extended up to 5 x 107 atm.,
and extrapolated from there to infinity.
The RH-curves, graphed for convenience on e (p,p )-diagram, are
collected in Fig. 6.3:1. Considering the nature of the problem, they
show very good agreement, and the general behaviour is probably not in

doubt. A mean curve has been superimposed, and the corresponding shock

properties sumuarised in ¥ig. 6.5:2.  Up to f;av oo atm., Becker's
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§4'x} Shock waves in a fluid cbeying the Tamman equation
of state : ethyl ether

The behaviour of gases over a range of density in which the ideal
gas equation becomes inaccurate, can often be closely described by the
van der Waals equation

GF+8)(r-4) = nRT, (1)

where 4 and £ are, in the first place at least, constants for the par-

: : : - . [15¢]
ticular gas in question. A similar equation

| Fra)(v-¢) = KT, (2)
with constent 4, £, K, represents the behaviour of certain liquids, e.g.
ethyl ether and carbon tetrachloride, up to relatively high pressures.
The solution for these cases is therefore of interest, and follows

)
easily (Becker): Here G—c, = 7"9%225 = K , and

AE = 6,dT +(TH~pv = CAT+adv . (3

so that
E = C, T+ av + const., (&)
if C, is regarded as constant.

' The RH~ equation is then

1 v
[%’—’ [;1>+a)(v- t)+ m»]o = é(f’,*f%)(‘”r’vl). (5)

If we write P = p+a, V= v-4 , (5) reduces to

2 (FV-BY,) = 3(F+R)(T-T), (6)

whereupon, as before:

Y_ I+h (7)
Voo NI+
where I = f/o , N = (T1+I)/(f1—~/> = 2%%4 = 25&__,
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Moreover, the adiabatics are

?VF = conste., (8)

Hence, corresponding to 6.2(2), we have

so that

Lofg- 2w

7, vV,) 22 T AT+
Also, by 6(5),
2 _ NIT+) . (11)
4, N+ 2

W, - - (1T-1) ’ (12)
a JO+DNTT+1)

and equations formally identical with 6.2(5-8) follow easily.

Q

The Temman equation (2) applies to ethyl ether up to a few thousand
atmospheres, and the shock wave properties were calculated by Becker using

the above theory over a much wider pressure range. His‘ results are

corrected and summarised in Table 6.4:1. At the higher pressures they

must be considered as gualitative only.

Table 6.k4: 4



Table 6oll': 1

Shock waves in ethyl ether with ;f:, =1 atm., Vo = 2]3°K.
In equation (2), & = 2792 atm., ¢ = Q.94 cm.345-,

K = 0.1001 cal./g.%; also mean Cp = 0,564 cal./g %K,
so that "= 1.215, A = 10.28
Dok U LT Temrs W L D&
:  atm. ;cm.z’/g‘.: o : o : ws. : m/s. : w's. :
11136 + 0 + 0 1 0 i 1230 : 1230
4007 1435+ 17+ 1e5 i 10.8 1260
1,000 1 1.27 1 16 i 1544+ 96.5 1420 1520
© 10,000 : 1,07 : 11k i 8  t 539 2540
© 20,000 : 1.03 & 214 D425 i820 i 3340 5600
. 60,000 1 1.00 1593 1200 470 . 5590
: 100,000 : 0,995 + 97k : 2 1920+ 71k : 15000

The flow behind even intense shocks is markedly subsonie,

64 Shock waves in water

Water does not follow the Tamman equation, and no equation of state
of simple algebraic form seems to be available. Extensive (,v,7)-data
have, however, been measured and tabulated by Bridgm[z;jﬂand the shock-wave
properties may be evaluated from these by nmumerical methods. For this

purpose, we use the general thermodynamic relation

= - p2v v _ v
A€ = (G-pZ2)dr ~ (152 Pop)dp . (1)
Since %(T) is known at $ = 4 =1 atm., we integrate along the following
path;

a) P= o, T=T, 6 T=1,
b) T:T;, 'P:»ﬁok»}&_—.'fa’,



This gives

7 1
E-E, = '/7€cﬁ)/’=Pi‘T i jf(v— 7 %g')rs'f,d’f’ - (ﬁ‘vf—#’v‘)! (2)

so that the RH- equation is

Joar + [0-TZ)ap = §Gompo) (it v,). 3)

This can be solved mmericelly with the aid of Bridgmen's tables, which
[x3]
extend to 80°C and 12,000 Kg./cm.2. Results obtained by Déring in this

way are shown in Table 6.41:1, which also includes an extrapolation due to
(53]
Burkhardt.

153
Pable 6.41:1 1

Shock waves in water, P, =1 atm., 7, = 288°K, Y, = 1,007 cm.?’[g.
Supercooling assumed above P = 27,000 Kg./om.2.

S T S I
Ko em” o cmad/ g m/s. : m/s.
% 1.03 : 0 : 0 i 0 : 1440 i
g 1,000 % 1457 P 0,037 62 : 1592 ;
g 2,000 : L. Ok : 000683 : 116 : 1700 :
% 5,000 % 13.9 L ouz72 250 i 1963
10,000 3543  0.1818 1 W3+ 238
% 12,000 : 4h.9 : 041964 : 483 : 2461 :
% 18,000 % 68 P 0uz21 ; 60 2850 1
30,000 112 023 i 850 i 3500
% 56,700 g 212 : o 0.261 1 120 i ues0 .
86,900 340 : o8t i 1560 1 5510
t 97,600 : b5 P oowet o+ 16%0 i smo .
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A curious situstion arises when # exceeds 27,000 Kg./cm.z. Beyond
this pressure, /() lies below the freezing-point at £, as measured by
Bridgman.[lq In a state of equilibrium, therefore, the water behind such a
shock would be partially solidified. Dbring has extended his calculations
to cover this possibility. The wave velocities are not greatly different
from those of Table 6.41:1, which presume supercooling. In any case, it
is doubtful whether there is time in practice for freezing to take place,
though certain observations of Schardir?u;i water, and also on carbon
tetrachloride, appear to confirm the effect.

[r01,23]

Independent calculations by Kirkwood, using the same data dnd procedurse,
agree very closely with those of Table 6.41:1. ilore recently, & set of
calculations by Pemney and Dasguptg 33;) to 50,000 Kg./cm.2 have been published,
and are shown for comparison in Table 6.41:2. d£ wes integrated along a
slightly different path from that used by Dbring and Kirkwood, namely,

a) the adiabatic from (%,%,) to p=p, ,

b) thence to (v,,$, ) at constant 5.

This method is advantageous since the adiabatics can be closely represented
by equations of the form

(Pt a)v” = amat., (%)
where n~7. Pemey's results differ significantly from Dbring's only in
the range of extrapolation (£ > 12,000 Kg./cm.2).

Table 6.41:2/
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[131]

Table 6.41:2

Shock waves in water. ﬁ, =1 atm,, /, = 29_’5°K.

o P T-h T -y oW, L e i D
Kg./cm.Z; ) o em /g, s wis. o w/s. . n/s.
L 1,000 5 1.8k + 1.1 10,0389 : 62 : 1655 i 1591
: 16-,000 i 1141 :: 10.2 :0.1101 :: 208 : 2106 : 1891 E
© 6,000 i 18.2 i 165 : 0.403 : 288 ; 2347 ; 2052 E
f 10,000 + W5+ 29.7 1044822 : k23 i 2750 2324
© 20,000 1 8k  : 65  10.40 : 688 : 357 E 2850 }
: 30,000 472 1135  10.277 : 893 & 4109 % 5266 g
§ 50,000 :380 1305  :0.317 : 1229 : 50k g 3493 {

e oo
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Scaz Shock-front thickness in liquids

It was shown in §5, by an approximate argument, that the region of
pressure rise in a gaseous or liquid shock was extremely thin; and this
conclusion was later verified in detail for gases (§5.5). The use of the
Tammen equation 6.4(2) allows the analysis to be extended in an obvious
way to liquids, though here, because of the relatively greater importance
of viscosity, equation 5.5(1) is more suitable than 5.5(2). The follow-
ing results, due to Becker[fjconfim that the shock-front thickness (£) in
ethyl ether is negligible; and this will evidently remain true for all
liguids of normel viscosity

P, (atm.) 100 1,000 10,000 100,000

0% € (cm.) 52 5.3 0465 0uik

The remarks at the end of § 5¢5 are relevant here also.

&
§¢.5 Shock waves in solids

The theoretical study of shock waves in solids is complicated not only

by the difficulty of formulating a reliable equation of state, but also by



the existence at moderate pressures of a finite resistance to shear and
the consequent appearance of distortional as well as compressional waves.
Below the yield point, in fact, the state of the solid, even when this is
isotropic, cannot be described in terms of two variables only such as
(%, 7). On the other hand, the pressures prevailing in practice in shock
waves through solids are frequently so high as to Jjustifly neglect of the
yield stress, In effect we then regard the solid as a fluid.

Even when this is not legitimate, an approximation can be made, at
least in the case of one-dimensional waves, by means of the following
argument. Let €, e,, €&, be the small extensions, parallel to rectangular
axes O(x,},z), of an element in the (isotropic) solid, and X the normal
traction over the 72—-1)15116 through that element. Then

X-p, = Me+e,+e5) + 2pe, etc. (1)
where %, is the initisl hydrostatic pressure, and A, pu are Lamé's
coefficients. If motion occurs only parallel to Ox, the tangentisl
iractions, together with e,, e;, are zero, and so

(X=to, Y=to,Z=ps) = (A+2p,4,))e, . (2)
Accordingly, since then e = (U,-v)fy, , where v, and v are the specific

volumes before and after straining,

X-4, = %(A+2f¢). (3)

On the other hand, for simple compression under hydrostatic pressure P to

the same final specific volume 7, e=¢e = ¢ = @~ V)/.?-v, ,
So that

- = Y- 2
P-#. v (A+ %) (%)
?'— o 3A+2 f 5/4 L
Thus Pote . a2 | e N
X-?" 3)(-1"514. 3'6..,7‘) ~ 2I/3 /f' g = :;3 3 (5)
2

(a" z Poisson's vatio) '
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So far, therefore, as the total volume change is concerned, the rise
in axial stress behind a mild plane shock wave in an isotropic solid
may be identified with a hydrostatic pressure rise (+@)/2(i— o) times
as great, In other words, since #, is negligible, and the quantity
denoted by ;S, in the fundsmentsl theory corresponds to the axial stress X,
we may regard the compression 7,-7 as approximately equel to that which
would be produced, under otherwise similar circumstances, by a hydrostatic
pressure P= A0+c)[3(-0). Since 0 <0< é , this equivalent
pressure P lies between -é* p, and 4 . It may be expected to approach
most closely to P, in the case of soft materials like lead, and to be
smallest for metals such as copper or iron.

In fact, of course, the stress is not isotropic under the conditions
envisaged, and cannot be fully described by a hydrostatic pressure P
the solid does not satisfy a two-parameter equation of state. The above
treatment is therefore a crude one. However, we shall not be further
concerned with it, since the pressures of greatest interest are far above
the normal yield point, and may be regerded as hydrostatic.

(4] [wz,49]
The Gr¥meisen-Debye equation of state

Shock wave pressures in solids may easily rise, in consequence of
the small compressibility, to the level of 105 atm. or higher, Information
regarding the pressure-volume-temperature relations at this level is at
present far from complete. Although extensive studies on compressibility
have been made[/é]for many solids up to 10-12,000 atm., and for a smaller
number up to 50,000 and 100,000 atm., these provide as a rule only a single

isotherm at 7 = 288°K; but for a complete discussion a series of such

isotherms would be necessary. However, it may be expected that even



intense shocks will involve only moderate temperature changes, at least

in the less compressible solids, so that the prospect arises of extra-

polation from a single isotherm by means of a suitable theoretical form

of equation of state,

For this purpose, the Debye model should serve as a reasonable

approximation, according to which the internal enmergy £(v,7) is given

by
F= Flyy+ 3mRTY[0W[T],

referred

where F(v) is the potentisl energy ) 40 #K and zero pressure,

the Debye characteristic temperature, and

@(ac) = ‘—?'3 £d$
x Vo e —l

is Debye'!s transcendent.

From (1), writing = for ®@)[r , we have

1

c, = g"f; = 37:R[@—9c@']

= 37173[4-9—- ;53:-‘

The corresponding equation of state is

$= ~Fl)- RT @(1') @[@( )/-,-] _

When % is small,

ey = 1~ 2+ 2 + 064,

cv = 5" 4~ ->.26—z 4
= 955 [1 Z + Olx )]7‘

(1)
@(—v-) is

(2)

(3)

(%)

(5)

(6)



Pable 6.51:1 indicates the course of 2(2:) and C,[n , with K= 1.987

cal./ mol. %K.

(48]
Table 6.51:1

ST O/ S I [ Oyt
s : : X : : : %K)
0.0 5 1,000 i 54955 & 1.0 5 0,67 E 5.67 %
P 0i i 0,965 i 5.95 & 2.0 0ol hoz
P02 1 00933 i 5.9k 1. 3.0 0,28 3.95
C 0w+ 0.86 1 5.91  + kO i 0.8 3,00
S 06 1 079+ 585 & 5.0 i 0wz % 2,20 %
© 08+ 0,73 i 57T

Typical values of ® at 1 atmosphere are shown in Table 6.51:2

Table 6.51:2 2!

: Solid : © (%) : Souia : @ (%)
; Fe : 453 : Ag : 215 :
: Al : 398 : Po : o8 :
.: Cu 315 : ifaCl : 281 :
; zn : 235 : KC1 p 230 :

It is clear that, at normal temperatures and 1 atm. pressure, X varies
from 0.3 (Pb) to 1.6 (Fe) but is usually of the order of 1., Over the
range o< x < 1.6, is varying quite rapidly. The varistion in
Colmn = 3R %(Tﬁb) for 7> 273%, is, however, much smaller, not
more than 10 even for iron, and generally well below this for the other
materials, Despite the pronounced variation in & » therefore, it is a
fair aporoximation to regard T as linear in 7, with slope unity, i.e.

to assunme



3.RIT = Alw) + MRT, (7)

where A is independent of temperature, Then (L) becomes
b = fl) - FInRTv %%’) : (8)
the T-independent terms being collected in _7':(-:/) . The approximate
constancy of &7 at high pressures depends on the further assumption that
®(v) does not become too great. It is clear from (L), according to
which

/

o
0|®

? o
=—-5$— = —'E b (9)

where & is the coefficient of linear expansion and K the compressibility,
that ©'< 0 , 80 that ® rises as the solid is compressed. The probable
extent of this rise may be gauged from (9), taking into account the order
of magnitude of 3«1},/‘:% which for the substances listed above varies only

between 1,8 and 2.8 at 288% and 1 atm. Thus,

4—6—)/\/—'2@‘

©® v

But under isothermal conditions dvfy ~ 0.2 at 105 atm, for NaCl and

~ 0,05 for Cu and Fe, the other materials showing intermediate values.
Hence @ will probebly not increase by more than about LOj for NaCl, or
more than 107 for Cu or Fe, at 10° atm. and 288%€. This increase is not
sufficient to invalidate the argument, and in a shock wave of corresponding
pressure the volume decrease must be rather less than the above, and the
temperature greater than 288%, so that the effect upon the approximate

linearity of J7 should on the whole be smaller thsn we have allowed for

here,



Equation (8) is of the general form: )
pv = ff)+90).T , (10)
where f(v} and #(v) are as yet undetermined. If, indeed, more than
one isotherm hawe been extensively studied, the equation of state may be
tested, and the functions £ and g evaluated., Thus, if AN ?g-.,)
6

and Pj(v) are the isotherms at 7, , 7, and 7; , we must have

2:"7"2- - -7 = Q r

= = . 1)
?2“7’3 T"Té ( )
and then b
__I__ — 7;‘#2 - 7;- 4 2
‘ v ft) = e (12)

(13)
However, if only one isotherm is known, assumptions must be made' concerning

the form of f or 4 . In view of the comparative constency of + 0/

among var-ipus s0lids, the most reasonable procedure is to teke 7 as constant.
This is equivalent to assuming that J3«/s is independent of volume, and
since both « and K must decrease with v the assumption is rather plausible;
The edua.tion of state mey then be written

pv = Ffl)+ KT, (14)

or more comveniently, since # is disposable,

Py = flr+ K(-T,). (15)
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Before proceeding to apply this equation, we note that in the

general case given by (1) and (4),

E"’ 7’—'(1/) - gl (?+F') 2 (16}

and the RH-equation therefore becomes:

/ Ofv, @ )
F@,) = Flws) + [+ F (0)] @L(;f) ~[t+ Fo)] @(; ) .

(17)

By

= E/'(#"'f’cn) (—u,,—-v,) .

i

§6 51 Shock waves in fluids satisfying a simplified Griineisen-Debye
equation of state

As we have seen, over a moderate range of temperature the Griineisen-
Debye equation of state for crystalline solids may be taken in the form:
#v = KO-T.) + (), (1)
where K is a constant, to be evaluated in terms of the specific volume
(vo) , linear expansion coefficient (o) and compressibility (4X,) under
normal atmospheric conditions (f=1 atm., v =179, T=7,) by

K= u(t) - 2% @

T/o K,

If (1) applies, f(v) may be determined by measurements of specific volume
over the required range of pressure at any convenient single temperature,
say at 7,. Measurements of this kind have been made[l é%or a large mumber
of solids up to pressures of 10-12,000 atm., and for a smaller number up
to 50,000 and 100,000 atm. It is therefore of value to derive the RH-

equation corresponding to (1).
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From the general thermodynamic relation
AE = CdT + (ng’n;b)d«f ,

we have, using (1),

df = ¢,dT +[KT, - f»] %l}’ p (3)
& Jfm% t
whence F = ﬁ[}v—f(v)] + KT buv — [f(v) 5 + comot, ()

The RH equation, relating #, to v, is therefore

)
¢, e o [ 7o, de '
X [73,1),-][(11,)] -KT, b % + L ’f () > = Lz‘(f’v"'#’o) (v"" v), (5)

which is at once explicitly soluble for 75'-; . f(v,) is obtained from the

isotherm at 7, , viz.
/f> = f(v)/v ) (6)

-;’l
Ivo‘fahr[v may then in general be evaluated mumerically or graphically,
or an empirical function suitable for extrapolation and analytical
integration may be fitted to ;’,—f(v) » Thus, for exeample, the isotherms

for meny solids can be closely represented over the experimental range by
[72¢]

the form:

v . TBFB
Alb—p.)+B (7)

where A, B are constants. Then

fo)fs = o+ DB (8).

A,



the equation of state is accordingly :

(f—fo v = K(T'To)"' M—%—) ; (9)

Av-v,

and the RH-equation :

—"- Lle-) [ Cbmt,) =

(10)
= -’S—-Tz: 2 —G’)B &«(—-—-—-.’)x
'Uo A-x
B
[K@ x)*.’?]("") ’
where x = Vofv,
Also
3BokoVo
K = A_, ' (11)

§¢.52 The Born-Bradburn Equation of State

The Debye theory rests upon an approximation involved in replacing
the natural frequencies of the atomic lattice by a continuous spectrum.
Attempts have been made by Born and co-workers to refine the theory by
considering the actual modes of vibration. In particular, Born and
Bradburg/zgmd Bra&burrlzggxave recently succeeded in developing an eguation
of state for cubic crystals, based upon the assumption of interatomic
attractive and repulsive forces proportional respectively to inverse
powers (M,n[) of the interatomic distance, as in the treatment by

704]

Lennard-Jones and others of the virial coefficients of gases. Bradburn's

equation, which is strictly applicable only above the Debye temperature,
takes the fom

pv = F(g)+ aRGE).T (1)

where
— "—m‘—

(Yo, VR »(2)



V,, being the specific volume at zero pressure and temperature. F(&)
and G(¢) are defined in terms of the sublimation energy (/1), together
with the force-law exponents (m,» ) and certain lattice sums ( S‘Z ) which

031
have been tabulated by Born and Misra. In fact,
-
3

me) - 02 55) HONS )

/+&
G(g) = ¢+ 3. 1+KE (&)
where
n
2-m
A= 2. (o)™ , (5)
. G(M—'h) (Sh )71-7»;
B= 5, ¢c=%4, (6)
and
K—'E’ / - (m—:)S 5’"“ . . (D
-0 5.7 Swn.

From our remarks on the Debye equation it may be expected that G(¢)
will vary little with & . To confirm this, we have calculated G(€) ror
the following elements: Fe, Ni, Al, Cu, Zn, Cd, C, Pb, Sn, Na, using
the values of mm deducec_l by Fﬁrthcfljand extrapolating S;, K where necessary
from the tebulated data of Born and Misra. The conclusion is that G will
vary by less than 10j% provided ¥ varies by less than

30% for Fe, Ni, Al, Cu, C
15% for Zn.
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In the case of Pb, Sn and Na, the permissible variation of v is‘very

much greater, G(£) being effectively constant. For Cd, G varies

quite rapidly, but this metal is of less practical interest. These
calculations are probably of small fundamental significance, since the
values of m,m are ill-defined; but they indicate that G may be re-
garded as constant without serious error over a range of Vv corresponding
to extreme ’pressure changes (several hundred thousand atmospheres).
Bradburn®!s equation then takes the fomm:

pv = f‘{, - ',%at +eT (8)

where a, ¢, ¢, d,e are constants defined in terms of =m,m and /1.
It would now be possible to evaluate these constants, as Fﬁrtk?gas done,
by comparison with the experimental data at low temperatures and pressures.
Since, however, we propose to apply equation (8) specifically at high
pressures, it seems preferable to depart at this point from the strictly
theoretical approach, and (using (8) merely as a guide) to determine

as £, c,d,e by reference chiefly to such information as is available
regarding behaviour in the high pressure region. By doing so, of course,
we relinguish immediate contact with the dynamical theory on which (8) is
based. On the other hand, the inverse power laws of force can hardly be
regarded as more than a convenient approximation, so that the exponents
M,n have in any case no fundamental significance; and the procedure
suggested ensures at least that our equation of state will approximate to
the truth in the region of greatest immediate interest. Firkt s however,
Wwe may simplify the position, by taking adventage of FWrth's conclusiona,}
that m~ 3 to set dA=(. Then (8) becomes

+
‘/>/P = ap —cp+eT, (9)



e is determined at once by the equation

_ % _ 3k Vo .
€= ~Vor = '-;g:' (10)

It is important to notice here that the equation has not béen made to
fit o, and K, separately, but only their ratio. Subsequent agreement
with either o, or k, may therefore be taken as confirmation of the
reliability of the equation. a, £, ¢ are now to be determined by
fitting (9) for example to three points on an isotherm. It is natural
to place one of these points at atmospheric pressure, and another at

the highest experimental pressure; +the third msy be at any convenient
intermediate pressure, but it is particularly advantageous to choose this
third pressure so that the corresponding density is a geometric mean to
the former two; for then a and ¥ may be at once eliminated together
from the three equations, leaving a linear equation in e¢ , This method
is illustrated below for the case of lead. Meantime, we proceed to |
derive the RH-equation corresponding to (9).

§¢.53 Shock waves in a fluid satisfying a simplified Born-Bradburn
equation of state

Since, by 6.52(9),
- (4
dE = CvdT +(—1;1-'1"%;'I)dv, (1)

where L‘v is regarded as constant, the RH-equation 6(2) is:
Y, %

. Cy ‘ / " ! . :
—e‘(fl-u'-k-"b).f_a‘ z—%)(-‘l%‘_;l;‘)-l’c(%-') —~_/ ) = i(ﬁf’—#b)(uo"”l)) (2)

which can easily be generalised if 4% [ , and is at once soluble for 75, o

Neglecting #, , end writing G for efc, (Gréneisen's constant), we get



BLr-Stv)] = cG-0G~4,) - a(§-)(54-5¢) - (3)

G is dimensionless and of the order of 2.

If P; is the pressure which would produce the same volume v, at 7o ,

we have (neglecting P )
alfe-Lc) = v+ c(3-3,) (4)
Substitution in (3) gives then
b Lo~ Stou)] = Gel-$)(5-4,)-(§-DE - (5)

Since 7, is a known function of v, , this equation gives ¥ rather more
easily than the former. Another form, advantageous when H-F; is
small, is

\ G-t )2~ 5 Gv)] =

- (6)
- 5064 ofiH 52 e)

From (5) it is clear that the maximum density stteinsble in a single

plane shock is

By = &("*"zé) ~ 20, . (7)

P Gmay) Would be realised only in a shock wave of infinite pressure

ratio. The temperature rise in any shock is given conveniently by:

-1 -
—f‘—u, = Ay -cv +eT, ,

-

~/
7’1""/ = a4y, —cv +eT,

s



so tnad

7T, = G-p)v]e - (®)

Before P,(M“) were reached, therefore, the temperature would already
have risen to velues at whica the eguation of state could no longer be
expected to apvrly.
D, W, axd E-~E, follow at once in the usual manner.
The entropy change S,—S5, is obtained from
Tds = dE+pde,

whence, by (1) and £,52(8)

= dT 4
ds = ¢, 2+ e 77 (9)
so that
L [L.(Y @
SSe = G &[EG) ], (10)

and is independent of a, &, ¢, d ,

§2

(54 Adiabatic waves for the same state equation

The adiabatic differential relation is, by 6.53(9),

AT | de
T = G - ! (1)
wnence
=
7+ = constant (2)

Substituting for 7 from 6.52(3), we get

¢
tlo = efpS+ap’—cp, (3)
where f is the constant in (2). The (#, T )-relation follows at once
frml (2,3)0



From (3), the velocity of sound A is given by
2
A= Ctlap); = €L+ -vep +(G-t)eT. (&)
The streaming wvelocity w in an adiabatic wave is then

wr—w*i:jp Ad/ (5)
= P* PIP 2

w* being the velocity where p= P*

§6.6’5‘ Shock and Adiabatic Waves in Lead

Bquation of State

The theory of $§ 6.52, 6.53 will be illustrated in some detail

for the case of lead.

At T, = 288%, we take

o

%, = 2.9 x 1072 1
K, = 2,37 x 10712 cn.Z/dyne = 2.32 x 1076 cm.2/Kg .t . (1)
P = 11.37 go/cn.?
Then € = 3.23 x 400 arg/g. %K = 3.29 Eg.wt.om.
g.°K
1] = 0,07718 cal./g.%kK.

Bridgman has determined the isotherm at 288% up to 757; = 100 Kg.wt/ em.2 s
where p = 13.30 g./cm.j. Ve therefore fit the constants a, ¢, c ,

in 6.52(9) to Bridgmen's data at p = 1157, 13.30 and 12,297 = ,,/u-737x13-30
go/cm.B. At the latter density, Pi = 40,000 Kg.wt./cm.z. Accordingly,

288¢

P P £- 5
11637 1403 -83.28
12.297 40,000 +187,50

13.30 100,000 +49h.12



whence

(c + 187.50)% = (c - 83.28)(c + h9ke12) ,

yielding
Kg.whb.cm b
Cc = 2129.0 -5—3_——-—
e
Then 4 = 2.5858
36
4= L3.32 Kg.wt.cm,
g.(:

The equation of state deduced for lead above its yield point and Debye

temperature is therefore:

-2,5858 1

- 2129.0 ¥+ 34297, (2)
in units of Zg.wt./cn.2, cn.)/g and %,

fnf = L3.32 v

This eguetion is found, in fact, to fit the Bridgman isotherm very

closely throughout its entire range. In particular, it gives, at

288% and 1 atm.,

6

K = 2.45 x 10° cm.2/rg.wk.

o
vhich shows satisfactory agreement witn the value assumed at the outset,
especially when it is considered that the equation is not strictly
applicable at WIP and is not intended for use there., The agreement

in x, (and so also in «,) is an indication that the form of the
equation of state 6.52(9) is suitable, and that it may therefore now

be used to extrapolate Bridgman's isotherm up to, say 106 Kg./ cm.2.

The results are shown in Table 6.55:1 and Pige. 6.55:1.
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All the shock parametei's may now be computed, and are set out in
Table 6.55:1. The calculations extend up to f,, ) s though the
ma jor temperature rises at the highest pressures show that in thisl
region the results must be treated with reserve.

The ( P W, )~relation, which is of particuler impoartance in studying

reflexions, is drawn in Fige. 7.3:1.

Adiabatic Waves

6.54(2,3) become, for lead:

2-66%

Tv = Gnst. 5 ie. 770'3753:: et , (5)
and
2665 2-5858
—_f—;— =  Guet. x P + 43-32P ——2/27-OP . (6)

For example, the adiabatic through 7 = 288°K, p = 1137 gme om.? is

0-375°3 s

vT = 07349 4 7‘1/2‘ = 04424 , (7
or

,/, 2-66% 2.5888

—P = /-4béf3 + 43~32F — 2129.0p . (8)

This adisbatic is drawn in Fig. 6.55:1 for comparison with the isothermal
and RH-curve through the same initial point. As would be expected, the
adisbatic lies between the other two curves, The relative temperature
changes under adisbatic and shock conditions are shown in Fig. 6.55:2.

The velocity of sound A in metre/sec. is given by:

A* = 351-63pv + 33/080[v + 25.649T . (9)



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































