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Abstract

The Standard Model of particle physics successfully describes the fundamental particles

and their interactions, but suffers from a few critical limitations which raise the

intriguing possibility of new physics beyond it. My dissertation focuses on the study

of phenomenologically important quantities in the Standard Model, particularly,

involving the high-precision first-principles calculations in the low-energy (∼ 1GeV)

regime of Quantum Chromodynamics (QCD), the SU(3) component of the Standard

Model. In this regime, since the QCD coupling becomes strong and the quarks and

the gluons are confined to bound states called hadrons, a perturbative expansion in

the coupling constant is not possible. However, the introduction of a four-dimensional

Euclidean space-time lattice allows for an ab-initio treatment of QCD and provides

a powerful tool - lattice QCD to study the low energy dynamics of the hadrons using

numerical simulations.

I have used existing methods of lattice QCD and developed new methods to study

the pseudoscalar and the vector mesons (quark-antiquark hadrons) made of valence

light (up and down), strange and charm quarks which are important final states in a

number of decay processes that are studied in experiments and are sensitive to new

physics. From the large time exponential behaviour of the meson correlators generated

on the lattice, I have extracted the masses and the decay constants (annihilation

amplitude) of the mesons. My results include the most accurate lattice QCD calculation

to date of the properties of the vector mesons φ and ρ. In lattice QCD calculations, the
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systematic uncertainty coming from the renormalisation constants relating the lattice

results to the continuum results can be crucial and therefore I have determined this

precisely to test expectations against perturbation theory.

Subsequently, we realised that the vector meson correlators can be used for the

calculation of the hadronic vacuum polarisation (HVP) contribution to the anomalous

magnetic moment of the muon, aµ. The anomalous magnetic moment of the muon,

shows a large discrepancy (∼ 3σ) between theoretical and experimental results,

putting the Standard Model to one of its most stringent tests. To complement the

plans for a four-fold improvement in its experimental uncertainty, this project aims

to improve the dominant contributions in the theoretical uncertainty coming from

the hadronic vacuum polarisation to ∼ 1%. I with my collaborators have developed

a new lattice QCD method to calculate the HVP, making a significant progress over

previous calculations by achieving an unprecedented precision (∼ 2%) in the total

HVP.

The quark flavour sector of the Standard Model is also a fertile ground to test

any new physics effect through the Unitarity test of the Cabbibo-Kobayashi-Maskawa

(CKM) matrix. Therefore, my aim was to perform a lattice QCD calculation of the

scalar and the vector form factors (over a large q2 region including q2 = 0) associated

with the D → Klν semi-leptonic decay. The central CKM matrix element, Vcs in

the Standard Model, is then calculated by comparing the lattice QCD results for the

form factors and the experimental decay rate.

For my research I have used publicly avalilable MILC HISQ configurations with

dynamical up, down, strange and charm quarks. For most of my calculations I have

used HISQ valence quarks except for the renormalisation of currents where for the

comparison between different lattice formalisms I have also used clover valence quarks.
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Chapter 1

Introduction to lattice QCD

The Standard Model of particle physics is so far the most successful theory to describe

the fundamental particles and their interactions. It has been supported by experiments

for over four decades. In July, 2012 CERN announced the discovery of a new particle

whose properties were in accordance with the Higgs boson, the last missing piece of

experimental evidence, and currently all experimental data indicate that the measured

particle is indeed the Standard Model Higgs. However, the inability of the Standard

Model to explain certain phenomena such as the amount of matter-antimatter asymmetry

in the Universe, or the hierarchical values of the masses and coupling strengths of the

fermions, has led physicists to design precision tests of the Standard Model in the

search for a more fundamental theory beyond it. Deviations from the Standard Model

are not only detectable by the discovery of new particles at high energy colliders,

but also can be unveiled in the comparison of high precision measurements of low

energy (∼ 1 GeV) observables in high luminosity experiments to the theoretical

Standard Model predictions for those observables. Given the limitations on available

experimental energies, this type of comparison at low energies provides a window

through which higher energy phenomena can be glimpsed and new physics can be

evidenced even before any new particle discovery in the LHC at CERN.
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The Standard Model is mathematically expressed in terms of gauge theories

and is represented by the gauge group SU(3) × SU(2) × U(1). Separately, the

gauge groups U(1) and SU(2) represent the theories of the electromagnetic and

the weak interactions respectively and due to the weak couplings these interactions

are calculable using the perturbation theory framework. However, the theory of

strong interaction, Quantum Chromodynamics (QCD), mathematically represented

by a non-abelian Lie group SU(3) shows contrasting features - the coupling strength

increases at low energies (∼ 1 GeV). Therefore, QCD is only amenable to a perturbative

treatment at energies sufficiently high (� 1 GeV) as the coupling is weak in this region

and ultimately for very high energies the quarks are asymptotically free. But in the

infrared region (∼ 1 GeV), due to the strong self-coupling of the “coloured” gluons,

the quarks and the gluons are confined inside the QCD potential to form “colourless”

bound states called hadrons. Therefore, in this energy limit, the phenomenon of

“colour confinement” makes it impossible to treat QCD perturbatively. We must

have mathematically well-defined non-perturbative ways to approach QCD in low

energies, the energy region which is very much relevant for different tests of the

Stanadrd Model.

Lattice gauge theory, proposed in 1974 by K. Wilson, provides the only successful

first-principle non-perturbative method to study QCD at low energies. In this chapter

I will discuss about the basics of lattice QCD for which I have consulted a few texts [1–

8] with additional references mentioned wherever needed.

1.1 Continuum Quantum Chromodynamics (QCD)

In QCD, the quarks are represented by the elementary matter fields and the gluons,

the mediator of the interaction between the quarks, are described by the gauge fields.
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The continuum QCD Lagrangian density is given by

LQCD = −1

4
F (a)
µν F

(a)µν + i
∑
q

ψ̄iγµ(Dµ)ijψ
j
q

+
∑
q

mqψ̄
i
qψ

i
q (1.1)

F (a)
µν = ∂µA

a
ν − ∂νAaµ − gsfabcAbµAcν (1.2)

(Dµ)ij = δij∂µ + ig
∑
a

λaij
2
Aaµ. (1.3)

Here, the ψiq(x) represent the quark fields (4-component Dirac spinor) for flavor q

and color i, Aaµ are the gauge fields, g represents the QCD coupling constant, fabc are

the structure constants and λai,j are the corresponding generators of the SU(3) Lie

group. γµ are the Dirac matrices satisfying the anti-commutation relation {γµ, γν} =

2gµν .

The expectation value of any QCD observable O is given by the following path

integral

〈0|O|0〉 =

∫
Dψ̄DψDAOeiSQCD[ψ̄;ψ;A]∫
Dψ̄DψDAeiSQCD[ψ̄;ψ;A]

. (1.4)

Here, the path integral runs over the fermion and the gauge fields and SQCD is

the continuum QCD action corresponding to the QCD Lagrangian in equation 1.1.

1.2 Lattice QCD

The real four dimensional world is a Minkowski one, but QCD is also well defined

in Euclidean space assuming it can be analytically continued from real time to the

imaginary time. The transformation from Minkowski to Euclidean space is obtained

through performing the analytical continuation by using the Wick rotation in the

time direction,

x0 → −ix4. (1.5)
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Such a rotation replaces the oscillating complex exponential in the integration in

equation 1.4 by a decaying exponential and thus allows us to use statistical methods

to calculate numerically the Green’s functions of QCD with a large number of degrees

of freedom. Since, a back transformation is not necessarily possible we have to directly

extract the results for the physical observables from Euclidean correlators which then

hold in Minkowski space too.

The vacuum expectation value for an observable O (with the spin and the color

indices suppressed) in Euclidean space, can be written as

〈0|O|0〉 =

∫
Dψ̄DψDAOe−SEG [A]−SEF [ψ̄;ψ;A]∫
Dψ̄DψDAe−SEG [A]−SEF [ψ̄;ψ;A]

(1.6)

where the denominator is for normalisation. SEG [A] and SEF [ψ̄;ψ;A] are the pure gauge

and the fermion actions ( in Euclidean space) respectively and given by

SEG [A] =
1

4

∫
d4xFµνF

µν (1.7)

SEF [ψ̄;ψ;A] =

∫
d4xψ̄ (γµDµ +m)ψ. (1.8)

In equation 1.6, the path integral is over all possible configurations where each

configuration denotes the values of the quark and the gluon fields at all the space-time

points in the continuum where the fields are defined. Therefore, solving this path

integral in a continuum theory is equivalent to solving an infinite number of integrals.

From now on, for Euclidean actions I will drop the superscipt index ‘E’.

In lattice QCD, this problem is removed by discretising the QCD action on a

hypercubic lattice with sites x = an, where a is the lattice spacing and n ∈ Z4. We

consider a finite volume four-dimensional space-time lattice of length L on which the

gluon fields are placed along the links and the fermions are restricted to the sites.

Therefore, the physics we can extract from this lattice will be in the energy scale

1/L to 1/a which automatically regularises the theory. In our calculation we consider

lattices on which mπL� 1 where mπ is the mass of the lightest propagating particle
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in the theory, the pseudoscalar meson π. Note that we usually consider lattices with

the same L in three spatial directions and a larger L in the time direction to determine

accurately the time dependence of correlation functions.

Figure 1.1: The fermions are placed at the sites and gauge field are along the links in
a space-time lattice.

1.3 Non-Abelian Gauge Fields on the Lattice

In lattice QCD simulations we need to preserve the characteristics of continuum QCD

such as gauge invariance and this can not be done by considering the continuum gauge

fields Aµ(x). Instead the lattice gauge fields are chosen to be a set of SU(3) matrices

Uµ(x) known as the “link” variables connecting x and x+ µ̂ in the µ direction where

µ can be any of the four space-time directions. These matrices are related to the

continuum gauge fields Abµ by

U(x, x+ µ̂) ≡ Uµ(x) = eiagλ
bAbµ(x+ µ̂

2 ) (1.9)

and

U(x, x− µ̂) ≡ U−µ(x) = e−iagλ
cAcµ(x− µ̂2 ) = U †(x− µ̂, x). (1.10)

Here, a is the distance between two lattice sites or the lattice spacing (assuming

homogeneous lattice) and µ̂ is the unit vector along the µ direction.
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Now, the pure gauge action can be written in terms of the gauge invariant closed

loops of Us. The simplest gauge action is called the “plaquette action” or“Wilson

action” and written as

SG =
6

g2

∑
x

∑
µ,ν

Re Tr
1

3
(1−W 1×1

µν ) (1.11)

where g is the bare coupling in the continuum QCD action and the Wilson loop W 1×1
µν

or the 1× 1 plaquette, is

W 1×1
µν = Uµ(x)Uν(x+ µ̂)U †µ(x+ ν̂)U †ν(x). (1.12)

For smooth fields the lattice gauge action in equation 1.11 differs from the continuum

action by terms ∼ O(a2). One can add larger Wilson loops e.g. 2 × 1 loops of the

gauge links with the right coefficients to cancel the O(a2) error in equation 1.11. For

my calculations I have used publicly available gauge configurations generated by the

MILC collaboration which are improved through O(αsa
2) [9].

1.4 Fermions on the Lattice

To form the simplest fermion action on the lattice, the continuum derivative in the

Dirac action is replaced by symmetrised finite difference with appropriate gauge links

inserted to maintain the gauge invariance.

ψ̄Dψ =
1

2a
ψ̄(x)

∑
µ

[
Uµ(x)ψ(x+ µ̂)− U †µ(x− µ̂)ψ(x− µ̂)

]
(1.13)

where all the variables are dimensionless and constructed from the continuum variables

by scaling with a.

mcont
q → 1

a
(mqa) (1.14)

ψcont(x) → 1

a3/2
ψ(n) (1.15)

ψ̄cont(x) → 1

a3/2
ψ̄(n). (1.16)
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Thus we can construct the following form of the simplest discretised version of

the fermion action called the “naive” action.

SNF = amq

∑
x

ψ̄(x)ψ(x) +
1

2

∑
x

ψ̄(x)γµ

×
[
Uµ(x)ψ(x+ µ̂)− U †µ(x− µ̂)ψ(x− µ̂)

]
(1.17)

≡
∑
x

ψ̄(x)MN
xy[U ]ψ(y). (1.18)

where the interaction matrix MN is

MN
i,j[U ] = amqδij +

1

2a

∑
µ

[
γµUi,µδi,j−µ − γµU †1−µ,µδi,j+µ

]
. (1.19)

Though the “naive” action preserves the chiral symmetry, it suffers from the

“fermion doubling” problem (discussed in the next section) and anO(a2) discretisation

error in the continuum limit.

The path integral in equation 1.6 is expressed on the lattice in terms of the lattice

fields ψ, ψ̄ and U . Then,
∫
D[ψ̄, ψ] denotes the Grassmann integration over all the

colour and the spin components of the fermionic fields at all the lattice points. And∫
D[U ] =

∫
ΠxΠµdUµ(x) (1.20)

stands for the integration over all the link variables with the “Haar measure”. Using

the correct boundary conditions on the lattice with the rules of Grassmann integration

the fermionic part of the path integral can easily be calculated.∫
D[ψ̄, ψ]e−S[ψ̄,ψ] = detM. (1.21)

After performing the Grassmann integral explicitly the path integral becomes

〈O〉 =

∫
D[U ]O[M−1[U ], U ] det(M [U ])e−S

latt
G [U ]∫

D[U ] det(M [U ])e−S
latt
G [U ]

. (1.22)

On the lattice the equation 1.22 represents a multi-dimensional integral over

real numbers and can be calculated using the numerical techniques of Monte-Carlo

integration.
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1.4.1 Fermion doubling problem

The naive fermion action has an exact symmetry under the following transformation

known as the “doubling transformation”:

ψ(x)→ ψ̃(x) ≡ γ5ρ(−1)xρψ(x) (1.23)

= γ5ρ exp(ixρπ)ψ(x). (1.24)

Here, ρ denotes any of the space-time directions and γ5ρ = iγ5γρ. The Dirac γ-matrix

conventions in Euclidean space are described in section 2.2.1. As a consequence of the

symmetry transformation in equation 1.24, any low energy mode ψ(x) of the naive

fermion is equivalent to another mode ψ̃(x) with the maximum allowed momentum on

the lattice, π/a. Since the doubling transformation is multiplicative and commutative,

in the continuum limit, the “naive” fermion action gives a propagator with 24 = 16

poles for each of the flavours i.e. 16 fermions referred as the “doublers”. This is

referred by the “fermion doubling problem” and the doublers are referred to as extra

“tastes” of the fermions. The “doublers” can be realised by looking at the free fermion

propagator in momentum space given by

M−1 = [iγµ sin(apµ)/a+m]−1 (1.25)

=
−iγµ sin(apµ)/a+m∑3
µ=0 sin2(apµ)/a2 +m2

(1.26)

where pµ is the discretised lattice momentum in the µ direction and lies between −π
a

and π
a
. Therefore the lattice fermion momenta are restricted to the periodic Brillouin

zone which is a 4D torus.

In equation 1.26, the sinusoidal functions vanish at the 16 points in a Brillouin

zone assigned by the following momenta p(1) = (0, 0, 0, 0), p(2) = (π, 0, 0, 0), ..., p(16) =

(π, π, π, π). Therefore, we get the continuum limit (a → 0) of the equation 1.26 by

expanding its right hand side in a Taylor series around those momenta given by

p = p(n) + k, where k is an integral multiple of 2π/a. This gives,

M−1(p) =
−iγ(n)

µ kµ +m

k2 +m2
+O(a2). (1.27)
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Here, γ
(n)
µ = ±γµ.

It shows that in the continuum a naive fermion with momenta close to the

maximum momenta allowed on the lattice gives rise to a total of sixteen low energy

tastes of the fermion.

1.4.2 Wilson Fermions

To remove the doublers, Wilson’s solution was to add a dimension five operator

arψ̄�ψ to the “naive” fermion action and thus to give infinitely heavy mass to

the extra fifteen “taste” species in the continuum limit such that they decouple.

Accordingly, the Wilson fermion action is written as [10]

SWF = mq

∑
x

ψ̄(x)ψ(x)

+
1

2a

∑
x,µ

ψ̄(x)γµ
[
Uµ(x)ψ(x+ µ̂)− U †µ(x− µ̂)ψ(x− µ̂)

]
− r

2a

∑
x,µ

ψ̄(x)γµ
[
Uµ(x)ψ(x+ µ̂)− 2ψ(x)− U †µ(x− µ̂)ψ(x− µ̂)

]
(1.28)

=
(mqa+ 4r)

a

∑
x

ψ̄(x)ψ(x) +
1

2a

∑
x,µ

ψ̄(x)

×
[
(γµ − r)Uµ(x)ψ(x+ µ̂)− (γµ + r)U †µ(x− µ̂)ψ(x− µ̂)

]
(1.29)

≡
∑
x,y

ψ̄xM
W
xyψy. (1.30)

The interaction matrix MW is written as

MW
x,y[U ] = δxy − κ

∑
µ

[
(r − γµ)Ux,µδx,y−µ + (r + γµ)U †x−µ,µδx,y+µ

]
(1.31)

with the rescaling

κ =
1

(2mqa+ 8r)
(1.32)

ψL =
√
mqa+ 4rψ = ψ/

√
2κ. (1.33)

The quark mass on the lattice can be given in terms of the lattice parameter κ as

mqa =
1

2

[
1

κ
− 1

κc

]
(1.34)
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where κ is called the “hopping parameter” and the “critical hopping parameter”

is κc = 1/(8r). This means that in free theory the quark mass becomes zero at the

critical value of the hopping parameter κc. However, κc depends on the lattice spacing

a in case of an interacting theory where Uµ(x) 6= 1.

The dimension five operator i.e. the term proportional to r in the Wilson fermion

action explicitly breaks the chiral symmetry at O(a), but removes the doublers. Due

to the addition of a term proportional to ‘r’ with the mass term, the quark mass

contains an additive renormalisation along with the usual multiplicative renormalisation.

This is implied by the fact that the renormalisation of κc does not depend on the

renormalisation of κ. There are a lot of ways to remove O(a) discretisation errors

without spoiling Wilson’s fix for the doublers. One such remedy is the construction

of the clover lattice fermion action.

1.4.3 The Sheikholeslami-Wohlert (Clover) Fermions

The clover action was proposed by Sheikholeslami-Wohlert [6] to remove the O(a)

artifacts in the Wilson fermion action SW without spoiling Wilson’s fix for the doublers

by adding another dimension five operator, the magnetic moment SW. And the

resulting clover action is

SSW = SW −
iaCSWκr

4
ψ̄(x)σµνFµνψ(x). (1.35)

The clover coefficient CSW can be calculated using perturbative or nonperturbative

techniques. For my project, I have been using the tadpole-improved clover action

with CSW = 1
u40

where the tadpole factor u0 is chosen to be the fourth root of the

plaquette. In this case, the quark mass on the lattice can be written as:

mqa =
1

u0

(
1

κ
− 1

κc

)
. (1.36)
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1.4.4 Staggered fermions

Staggering the “naive” fermion action by the trick of spin-diagonalisation [11] can

reduce the sixteen-fold doubling problem to four. The staggered fermion fields χ(x)

are defined by the local transformation

ψ(x) = Ω(x)χ(x) (1.37)

ψ̄(x) = χ̄(x)Ω†(x) (1.38)

known as the “staggering” transformation. Here each component of χ(x) is exactly

equivalent to every other component. And,

Ω(x) = γx44 γ
x1
1 γ

x2
2 γ

x3
3 . (1.39)

Here, the γ matrices have been applied at the lattice site x whose space-time

coordinates are described by x1, x2, x3, x4. This gives

1 = Ω†(x)Ω(x), (1.40)

αµ(x) = Ω†(x)γµΩ(x± ~µ) (1.41)

= (−1)x
<
µ (1.42)

where

x<µ = x0 + x1 + ...+ xµ−1. (1.43)

In terms of χ(x) the fermion action can be written as

SSF = amq

∑
x

χ̄(x)χ(x) +
1

2

∑
x,µ

χ̄xηx,µ

(
Uµ,xχx+µ̂ − U †µ,x−µ̂χx−µ̂

)
(1.44)

≡
∑
x,y

χ̄(x)MS
xyχ(y) (1.45)

with the matrix MS given by

MS
x,y[U ] = amqδxy +

1

2

∑
µ

ηx,µ

[
Ux,µδx,y−µ − U †x−µ,µδx,y+µ

]
. (1.46)

The fermion action has now been diagonalised in the spin space as all components

of χ(x) are equivalent to each other. Here, the γ matrices are replaced by the phases

12



Figure 1.2: This plot depicts the taste-changing interaction; a gluon with a momentum
π/a is emitted by one low energy quark and absorbed by another, therefore both the
quarks get tastes changed in this interaction.

ηx,µ = (−1)
∑
ν<µ xν . Since these phases depend only on the site indices and the

direction and do not have a spinor index, the different spin components of χ(x)

are decoupled. Due to these phase factors, the staggered action has translational

invariance under the shift by 2a. Thus, in the continuum limit, a 24 hypercube

is mapped to a single point and the sixteen “taste” degrees of freedom reduces to

four. Though the staggered fermion action preserves chiral symmetry, this formalism

suffers from O(a2) discretisation errors at the tree level due to the discretisation of

the derivative in the action and the taste-exchange interactions.

By adding a correction term ∼ a2, called the “Naik term”, to the derivative in

the staggered action, the finite difference approximation can be corrected [12]

∆µ −→ ∆µ −
a2

6
∆3
µ. (1.47)

The Symanzik improvement procedure removes the taste-exchange interactions (depicted

in Figure 5.1) in the staggered quarks at the lowest order in the perturbation theory.

In this procedure the the gauge link between two consecutive lattice sites is replaced

by a fattened link which includes a combination of 3-link, 5-link and 7-link paths

(shown in Figure 1.3) [13–16]. In effect, the gluon-quark vertex ψ̄γµUµψ + ..., in the

original action, is modified by a form factor fµ(q) that vanishes for the taste-changing

13



+ + + =

c1 (Fat link)c5 c7c3

Figure 1.3: Fat link smearings to remove the taste-change interactions in the staggered
quark action needed to form the Asqtad action - 1-link, 3-link, 5-link and 7-link path
(from left to right).

gluons. Such a form factor can be introduced in the action by replacing the links Uµ(x)

with fattened links FµUµ(x) where Fµ is the smearing operator defined by

Fµ =
∏
ρ 6=µ

(
1 +

a2δ
(2)
ρ

4

)∣∣
symm

. (1.48)

Here δ
(2)
ρ works as an approximation to the covariant derivative and gives

δ(2)
ρ Uµ(x) ≡ 1

a2

(
Uρ(x)Uµ(x+ aρ̂)U †ρ(x+ aµ̂)− 2Uµ(x)

)
+

1

a2
U †ρ(x− aρ̂)Uµ(x− aρ̂)Uρ(x− aρ̂+ aµ̂). (1.49)

This kind of link smearing is known as the “Fat 7” smearing. However, this kind

of link smearing gives rise to additional lattice artifacts. To remove the artifacts

additional 5-link term, known as “Lepage term” [15]-

FAsqtad
µ = Fµ −

∑
ρ 6=µ

a2(δρ)
2)

4
(1.50)

is included in the smearing, where

δρUµ(x)

≡ 1

a

(
Uρ(x)Uµ(x+ ρ̂)U †ρ(x+ µ̂)− U †ρ(x− ρ̂)Uµ(x− ρ̂)Uρ(x− ρ̂+ µ̂)

)
.(1.51)

This results in what is known as the “Asqtad” (a2 tadpole improved) action given

by

SAsqtad =
∑
i

ψ̄(i)[γµ(∆µ(V )− 1

6
δ3
µ(V )) +m]ψ(i) (1.52)

14



where

Vµ(x) = FAsqtad
µ Uµ(x). (1.53)

However, it is not sufficient to just remove the O(αs) taste-changing errors. We

need to suppress the one-loop errors too as they become important in the study of the

heavy quarks. Multiple smearings of the links guarantee suppression of the one-loop

correction to the taste-change interactions, but introduce new O(a2) discretisation

errors which grow with additional smearings and lead to a huge growth in the size of

the two-gluon vertices. To remove these problems while removing the taste-change

interactions from the one-loop, one uses the re-unitarised doubly smeared link operator

given as

Uµ(x) −→
(
Fµ −

∑
ρ 6=µ

a2(δp)
2

2

)
UFµUµ(x) (1.54)

≡ FHISQ
µ Uµ(x) (1.55)

where the operator U unitarizes whatever it is applied on.

Therefore, the new “Highly Improved Staggered Quark (HISQ)” discretisation [17]

of the fermion action is ∑
x

ψ̄(x)(γ.DHISQ +m)ψ(x) (1.56)

where

DHISQ ≡ ∆µ(W )− a2

6
(1 + ε)∆3

µ(X) (1.57)

(1.58)

with

Wµ(x) ≡ FHISQ
µ Uµ(x) (1.59)

Xµ(x) ≡ UFµUµ(x). (1.60)

In Chapter 3, I will show in comparison with the clover action, how small discretisation

errors are from the HISQ action. In Chapter 4, I will compare some results from

15



another lattice collaboration, European Twisted Mass, to show further how using

the HISQ action we have a much smaller discretisation error in compared to their

twisted-mass formalism [18].
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Chapter 2

Lattice formulation with staggered

quarks

In this chapter I will discuss some details about a practical calculation of important

hadronic quantities (in this case, mesonic quantities). I have referred to a few books

and articles [1–7,11,19–21] to prepare this chapter of my dissertation with additional

references mentioned wherever appropriate.

Any standard lattice calculation to extract expectation values of mesonic observables

involves the following few steps.

2.1 Generation of the gauge field configurations

The numerical simulation starts from generating a large number (∼ 1000) of independent

gauge configurations in a Monte-Carlo process. The gauge configurations include the

background gauge fields with the effect of dynamical quarks embedded in them. The

starting point is to explicitly perform the Grassmann integration over the fermion

fields in the equation 1.22. The i-th gauge configuration is generated with the
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probability density

p[Ui] ∝ (Πf detMf [Ui])e
−SG[Ui] (2.1)

for a large ensemble, where Mf is the lattice fermion action for a flavor f of the

dynamical quarks. To obtain the expectation value of an observable the gauge

configurations are averaged over. Updating the gauge fields in the Markov process

requires an iterative solution for an equation involving the fermion action which

makes the inclusion of the dynamical quarks in the simulation expensive. Therefore,

sometimes for less expensive calculations, the determinant of the fermion action

is taken as a constant (preferably, 1) and the effects of the dynamical quarks are

neglected which is known as the “quenched approximation”. However, the exclusion

of the dynamical quarks leads to large systematic uncertainties.

For this dissertation, I have used publicly available gauge configurations generated

by the MILC collaboration [22] using the one-loop Symanzik Improved gauge action [23]

and the HISQ [17] fermion action. These ensembles include the effects of up, down,

strange and charm dynamical quarks though the masses of up/down (light) quarks

are taken to be the same (Nf = 2 + 1 + 1). The MILC configurations have three

major characteristics that make them excellent- huge statistics, dynamical quarks at

physical masses and vacuum polarisation effects from the c quarks included. I have

mainly used three lattice spacings a ∼ 0.09 fm (fine), ∼ 0.12 fm (coarse) and ∼ 0.15

fm (very coarse) for my projects (not all of them for all calculations; particular cases

will be discussed separately). The lattice spacings have been set using the Wilson

flow parameter w0 [24, 25]. Also, on each lattice spacing I have used the light quark

masses down to the physical one (ml ≡ mu = md ' ms/27) and up to ml = 0.2ms and

multiple volumes at one particular ml and a. The details of these gauge configurations

are depicted in Figure 2.1 and are described in Table 2.1.
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Figure 2.1: This plot depicts the MILC HISQ Nf = 2 + 1 + 1 ensembles used in my
calculations; the horizontal axis shows the square of the lattice spacings used and
the vertical axis gives the square of the pion masses which are proportional to the
dynamical light quark (up/down) masses used in the simulation.

2.1.1 Autocorrelation

While generating the gauge configurations, to get the equilibrium distribution of

independent ensembles, one has to take care of the “thermalisation” to achieve

equilibrium in the Monte-Carlo process. This affects the beginning of the Monte-Carlo

chain and cuts-off some starting configurations. Another important aspect affecting

reliable calculations is the presence of “autocorrelation” among the configurations.

By definition, the “autocorrelation” is the correlation of a given time series rt with

itself at a time separation T , given by the following equation

R(T ) =
〈(rt − 〈rt〉)(rt+T − 〈rt+T 〉)〉

〈rt〉〈rt+T 〉
. (2.2)

In any stationary random process we expect the autocorrelations to fall off exponentially

with T/τ , R(T ) ∼ e−T/τ where τ is known as the “autocorrelation time” which is
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Table 2.1: Sets of MILC configurations used here with their β = 6/g2 [22], w0/a
for w0 = 0.1715(9) fm fixed from fπ [25] (w0/a values were determined by Craig
McNeile), Ls/a, Lt/a, (HISQ) sea quark masses- ml, ms and mc in lattice units [22].

Set β w0/a Ls/a Lt/a Nconf amsea
l amsea

s amsea
c

1 5.8 1.1119(10) 16 48 9947 0.01300 0.0650 0.838
2 5.8 1.1272(7) 24 48 1000 0.00640 0.0640 0.828
3 5.8 1.1367(5) 36 48 997 0.00235 0.0647 0.831
4 6.0 1.3826(11) 24 64 1053 0.01020 0.0509 0.635
5 6.0 1.4029(9) 24 64 1020 0.00507 0.0507 0.628
6 6.0 1.4029(9) 32 64 1000 0.00507 0.0507 0.628
7 6.0 1.4029(9) 40 64 331 0.00507 0.0507 0.628
8 6.0 1.4149(6) 48 64 998 0.00184 0.0507 0.628
9 6.3 1.9006(20) 32 96 1000 0.0074 0.037 0.44
10 6.3 1.9330(20) 48 96 1000 0.00363 0.0363 0.430
11 6.3 1.9518(7) 64 96 660 0.00120 0.0363 0.432

different for different observables. The autocorrelation among the gauge configurations

can be reduced by blocking the series and averaging over the configurations in a block.

The autocorrelation is not a significant issue in my calculations as I have not used

finer than ∼ 0.09 fm lattices and this has been tested in references [26, 27].

2.1.2 Rooted staggered dynamical quarks

As previously discussed, the staggered quark action gives rise to four different tastes of

the quarks, which is also true for the dynamical quarks. This adds more complication

in simulating the fermion determinant as the effect of multiple tastes has to be

considered. To eradicate the extra three tastes, it is a practice to take the fourth-root

of the fermion determinant which is known as “rooting”.

The fermion matrix M in the presence of the taste-changing interactions is a 4×4

matrix in the taste-space. The justification of the rooting comes from the fact that in

the continuum limit the tastes should represent the same fermion and for the improved

staggered quarks the taste-changing interactions are small. Under these conditions,

the fermion matrix M is diagonal in taste-space with all the diagonal elements the
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same, and represented as

M =


M1 0 0 0
0 M1 0 0
0 0 M1 0
0 0 0 M1

 (2.3)

so that

4
√

detM = det(M1). (2.4)

There have been numerous tests that show the staggered quarks work as expected [17,

28,29].

2.2 Choice of the lattice fermion action and the

operators

I have used the relativistic Highly Improved Staggered Quark (HISQ) action to

describe all the dynamical and the valence quark flavours in my simulations. Using

staggered quarks has its advanteges - reducing the number of the “tastes” to four,

with added bonus of having a remnant chiral symmetry which forbids the generation

of an additive mass renormalisation. Another reason for low-cost simulations is, of

course, that we deal with one spinor component here instead of four. In Chapter 3 I

will compare the HISQ action with an unstaggered quark action, clover, by studying

some of the properties of the vector meson φ.

2.2.1 Point-split operators

All the four staggered tastes propagate in the staggered quark loop. To form a meson

we need to choose the staggered operators carefully such that all the γ matrices

cancel out to give an overall ±1 phase in front of the staggered correlator. Therefore,

sometimes we need to use non-local meson operators, for example, point-split operators
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which uses gauge links to connect two different lattice sites. The gauge links in the

operator are gauge-fixed in the MILC code (Coulomb gauge, in our case), although

the operators are gauge-invariant.

The spin of the operator, γn determines what JPC it couples to and the total

γ matrix content representing the staggering transformation is given by the taste

operator γs. γn represents the complete set of spinor matrices given by

γn ≡
3∏

µ=0

(γµ)nµ (2.5)

where nµ = xµmod2 and xµs are the space-time indices of the lattice site x. Similarly,

γs can be any of the γns with or without implicit gauge links representing point-split

operators and local operators respectively. The spin-taste operator for the staggered

quark is represented by γn ⊗ γs1.

We have used the Dirac γ matrices with the following convention

γt =

[
1 0
0 −1

]
; γi =

[
0 σi
σi 0

]
. (2.6)

The Dirac matrices are traceless and satify the following properties.

γ†µ = γµ, (2.7)

γ2
µ = 1, (2.8)

{γµ, γν} = 2δµν , (2.9)

γ2
5 = 1 (2.10)

where

γ5 = γ4γ1γ2γ3. (2.11)

From equation 2.8, we get

Ω(i+ 2µ̂) = Ω(i) (2.12)

for any direction µ̂. This means the staggering transformation depends only on the

site and whether it is an even or odd site.
1The notation ⊗ is only used as a notation here and does not represent an outer product. Also,

the two matrices γn and γs act on two different spaces and they remain decoupled.
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2.3 Generation of quark propagators

I have used publicly available MILC codes (versions 7.7.5, 7.7.10, 7.7.10a and 7.7.11)

to calculate the lattice propagators, specifically using the KS spectrum application to

handle the HISQ quarks and clover invert2 to handle the clover quarks. MILC uses

the γ5 diagonal Weyl basis of the γ matrices and its sign convention of γ2 is minus

the standard convention along with the opposite convention for the projectors. This

gives,

ψMILC = γ5ψusual. (2.13)

The mesons are generated combining a quark propagator and an antiquark propagator,

which we obtain by starting from a source (say η). Then we solve the inhomogeneous

Dirac equation: Mx = η with certain boundary conditions using the Congugate

Gradient (CG) [30] method. There are a wide variety of options for the source in the

MILC code. The propagators are generated in a succession of steps- defining a base

source and then modifying it with appropriate source operators to achieve the correct

source interpolating operator. It is followed by the inversion of the many-millions by

many-millions fermion matrix (2 × 2× spin indices × color indices × spatial indices

× time indices) such that the propagator started from the source propagates to the

sink point. At the end appropriate operators are multiplied at the sink to achieve the

correct sink interpolation operator and a complete correlator.

Since, the staggered fermion field χ(x) is diagonal in spin space, we have

χ(x)χ̄(y) = g(x, y)1spinor, (2.14)

where g(x, y) is the staggered fermion propagator with one-spinor component.

Relating the staggered fermion propagator with to naive fermion propagator we

have

〈ψ(x)ψ̄(y)〉ψ = g(x, y)Ω(x)Ω†(y). (2.15)
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Figure 2.2: Two-point meson correlators: a) quark-line connected, b) quark-line
disconnected.

This result indicates the complete gauge field independence of the naive-quark

spinor structure. For naive quarks, if the quark propagator from x to y is denoted

by G(x, y) then the antiquark propagator from x to y is expressed as γ5G
†(x, y)γ5.

For the staggered quarks, if g(x, y) denotes the quark propagator from point x to y,

then the antiquark propagator from x to y is denoted by (−1)
∑
µ yµgg†(x, y). Here,

yµ denotes the site index at point y for a direction µ.

2.4 Computation of the correlation functions

This step involves combining the appropriate quark propagators and other structures

in spin-space to form the optimal mesonic correlation functions corresponding to the

particles and the matrix elements which are being studied.

2.4.0.1 Two-point meson correlation function

Different topologies of the quark paths between the source and the sink give rise to

two kinds of diagrams (not Feynman diagrams) for the two point correlation function

(depicted in Figure 2.2): the quark-line connected and the quark-line disconnected

diagrams. The disconnected diagrams are only obtained for flavour singlet mesons.

A general (naive) two-point meson correlator can be written as the expectation value
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of the product of the meson interpolating fields φB(x) and φ̄A(x0) i.e.

G2pt
BA(t; ~p) =

∑
x

e−i~p.(~x− ~x0)〈0|φB(x)φ̄A(x0)|0〉 (2.16)

Here, φ̄A(x0) creates a meson at the lattice site A represented by the space-time

indices x0, then the meson propagates to the lattice site B represented by the space-time

indices x; at B the meson is annihilated with the field φB(x).

In case of mesons, the interpolating operators are given by

φB(x) = ψ̄2(x)ΓBψ1(x) (2.17)

φ̄A(x0) = ψ̄1(x0)ΓAψ2(x0). (2.18)

And the two-point correlator in terms of the fermionic fields can be written as

G2pt
BA(t; ~p)

=
∑
x

e−i~p.(~x− ~x0)〈ψ̄2(x)ΓBψ1(x)ψ̄1(x0)ΓAψ2(x0)〉 (2.19)

=
∑
x

e−i~p.(~x− ~x0)〈(ψ̄2(x))
a
(ΓB)ab(ψ1(x))b(ψ̄1(x0))

c
(ΓA)cd(ψ2(x0))d〉. (2.20)

We get the equation by writing it as a matrix multiplication, where summations

over all matrix indices, ‘a,b,c,d’ are implied. Now by rearranging the matrix elements

we can write

G2pt
BA(t; ~p)

=
∑
x

e−i~p.(~x− ~x0)〈(ψ2(x0))d(ψ̄2(x))
a
(ΓB)ab(ψ1(x))b(ψ̄1(x0))

c
(ΓA)cd〉 (2.21)

=
∑
x

e−i~p.(~x− ~x0)〈S2
da(x0, x)(ΓB)abS1

bc(x, x0)(ΓA)cd〉. (2.22)

Here, S1 and S2 are naive quark propagators, related to staggered quarks propagators

by equation 2.15.

Equation 2.22 now generates a trace over the colours and the spins and can be

written as (for simplicity, take x0 = 0 as the correlators are invariant with respect to

translation)

G2pt
BA(t; ~p) = −

∑
x

e−i~p.~x〈Tr (S2(0, x)ΓBS1(x, 0)ΓA)〉 (2.23)
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Equation 2.19 generates only the connected correlator C2pt
BA(t; ~p) if ψ1(x) 6= ψ2(x)

i.e. the two quark flavours are different. Otherwise, the equation 2.19 can be

Wick-contracted to give the disconnected correlator as well which can be written

as

D2pt
BA(t; ~p) = −

∑
x

e−i~p.~x〈Tr (S2(0, 0)ΓB) Tr (S1(x, x)ΓA)〉. (2.24)

For staggered quarks we can make a correlator with local operators only if ΓA =

ΓB = Γ, where Γ is any local operator. We can use different ΓA and ΓB if one of

them is non-local, for example, point-split operators. For the correlators made from

staggered quarks the spin part gives only a phase factor depending on the site.

Since staggered quark loops carry four tastes, they have to be divided by a factor

of 4 before any analysis is performed. Also, in our calculations, for each staggered

propagator, the correlator is multiplied by a factor of 2 as the MILC code has a

factor of 2 missing from the symmetric finite difference operator in the HISQ action,

so all the propagators are a factor of 2 too large. The 2 factors cancel with the

inverse of number of taste in a meson correlation function made of staggered quark

and antiquark.

2.4.1 The staggered operator phases

The correlation function using staggered quarks needs to have a total taste 1 i.e. when

written in terms of naive quarks the γ matrix trace is not zero. That is achieved by

choosing appropriate spin-taste operators at the source and the sink. The spin part

of the staggered quark correlator gives an overall position-dependent phase which can

be calculated systematically by the Wick-contraction and taking γ matrix traces for

the naive correlator.

For example, the local pion (or any local pseudoscalar Goldstone meson) correlator

is generated by tying two propagators, both of which are generated with a γ5 ⊗ γ5
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source operator. In the naive quark basis this correlator becomes

〈J5(x)J5(0)〉 = 4Tr(|g(x, 0|2) (2.25)

where the trace is on colours; g(x, 0) is the staggered quark propagator from x to 0

and the overall phase of the correlator is positive with no position dependence.

For the local ρ meson (or any local vector meson) using γi ⊗ γi operator, the

staggered quark correlator becomes

〈Ji(x)Ji(0)〉 = 4(−1)xiTr(|g(x, 0|2). (2.26)

For calculating the disconnected diagrams for the vector meson (flavour singlet

vector meson) we have to use the one-link point-split vector as it is the taste-singlet

operator in this case. The connected correlator made from γi⊗1 gives an overall phase

(−1)
∑
µ(xµ+i) in the MILC code, whereas the disconnected correlator gives an overall

phase of (−1)x
<
µ . x<µ has been defined in equation 1.43. µ represents the direction

of the link in the point-split operator and ν represents all space-time directions with

indices smaller than µ.

2.4.2 Random wall source

As previously mentioned, the inverter for the fermion matrix solves an inhomogeneous

Dirac equation: Mx = η for x(j) where M is the fermionic matrix M(i, j) and η(i)

is the source vector. The solution

x(j) =
∑
i

g(i, j)ηi (2.27)

describes the fermion propagation from all points i (source) to any point j (sink) on

the lattice with g(i, j) as the inverse fermion matrix or the propagator. The simplest

source used in the simulation is a point source, which is basically a delta function

at one point on one time slice t0/a on the lattice. For increased statistics, I have

used a random color wall source [31, 32] which is spread over all the sites on a single
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time slice (equivalent to (L/a)3 number of point sources). Furthermore, multiple such

independent time slices have been used to improve the statistics.

The random wall source at the time slice t0/a is defined as

η(it) =

{
eiθ for it = t0,

0 for it 6= t0.

where θ is a uniform random phase. That means, the random colour wall is a random

number with modulus one for each colour for each site on a time-slice.

Using the random wall source with staggered quarks, the correlator becomes

〈x†(j)x(j)〉 =
∑
i

g(i, j)ηi
∑
k

g†(k, j)η†k (2.28)

since

〈η†(i′)η(i)〉 = δii′ . (2.29)

The source random numbers when combined with themselves for i′ = i contributes

to the signal. For all other sites the average is zero and contributes only to the noise

in the correlator. In the MILC code, the random wall source is used as the base source

and then the appropriate phases and operators as described before are multiplied with

the base source to produce the modified source. This is then used as the source vector

for the calculation of the propagators. I have used the subset ‘corner’ mask with the

random wall source for specific calculations where I dealt with the clover-staggered

combined correlators. The subset corner mask has the support at the origins of the 24

hypercubes inside the lattice, meaning, at all other points the source is null. Whereas

this reduces the statistics (still good enough for our calculation), we do not need to

worry about the position dependent staggering transformations and the overall phases

of the operators as only the even sites contribute.

2.4.3 Twisted boundary condition

In lattice simulations, historically, periodic boundary conditions (PBC) have been

used to realise non-zero momenta. A fermion field ψ(p) satisfying the PBC in the µ̂
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direction is defined as:

ψ(p+ Lµµ̂) = ψ(p) (2.30)

where Lµ is the spatial length of the lattice in the µ̂ direction. Using the PBC

the momentum change achieved is quantised by an amount 2πnµ/Lµ where nµ is an

integer.

However, to study the momentum dependent form factors where one needs to

simulate the non-zero momentum propagators with tuned momenta, it became more

essential to achieve an arbitrary momentum. It is done by defining a fermion field

which satisfies the twisted boundary condition [33,34] (TBC) given by

ψ(p+ Lµµ̂) = eiθµψ(p). (2.31)

Now, this allows us to access any momentum θµ/Lµ in the µ direction with an

arbitrary shift.

The momentum twist to the propagator is reflected in the two-point correlator as

follows

C2pt
BA(t;~0) =

∑
x

e−i~p.~x〈ψ̄θ22 (x)ΓBψ
θ1
1 (x)ψ̄θ11 (0)ΓAψ

θ2
2 (0)〉 (2.32)

= −
∑
x

e−i~p.~x〈Tr
(
S̃θ22 (0, x)ΓBS̃

θ1
1 (x, 0)ΓA

)
〉. (2.33)

Usually the Dirac matrix inverters in the simulation code use the PBC for simplicity,

therefore, the question is how to realise the TBC in the correlators using PBC Dirac

inverters.

We can find one such fermionic field, ψ(p), satisfying the PBC which can be related

in the following way to the field, ψ′(p), satisfying the TBC:

ψ′(p) = eiθµpµ/Lµψ(p). (2.34)

To realise the correlators in terms of ψ′(p), the relation 2.34 has to be implemented

in the fermion action and the matrix inversion.
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Figure 2.3: Three-point meson correlators: a) quark-line connected, b) quark-line
disconnected.

The momentum introduced by the TBC can be tested by studying the dispersion

relation. Unlike the zero-momentum correlators for the pseudoscalar mesons made of

a single quark flavour, the correlators generated with momentum have oscillating

pieces. More complications arise while smearing the twisted fields or combining

momentum twist with a point-split operator using staggered quarks [35].

2.4.4 Three-point correlation functions

A general three-point correlation function of meson operators and bilinear currents

has the form

G3pt
CBA(~q, ty; ~p, tx)

=
∑
x,y

e−i(q.y+p.x)〈ψ̄3(y)ΓCψ2(y)ψ̄2(x)ΓBψ1(x)ψ̄1(0)ΓAψ3(0)〉 (2.35)

=
∑
x,y

e−i(q.y+p.x)〈Tr (S3(0, y)ΓCS2(y, x)ΓBS1(x, 0)ΓA)〉. (2.36)

The three-point functions also have two topologically different diagrams- the

quark-line connected and the quark-line disconnected diagrams as shown in the figure

2.3. The cases I studied did not have the quark-line disconnected diagrams. I have

used the “sequential source technique” [36] to make the three-point correlators which

will be discussed in more detail in Chapters 3 and 5.
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2.5 Operator renormalisation

Before we can extract the expectation values of physical meson observables from

lattice operator matrix elements, we have to properly match them to a continuum

regularisation scheme. This is because the renormalisation depends on the scheme

and scale, and the lattice and continuum regularisation schemes are different. TheMS

scheme [37] with dimensional regularisation are used as the most common renormalisation

techniques in continuum QCD, whereas the lattice itself plays the role of the ultraviolet

regulator in lattice QCD. The lattice spacing puts a cutoff on the allowed momenta

and higher than π/aµ momenta are discarded where aµ is the lattice spacing in the

µ direction. To convert any lattice operator Ôlatt to the corresponding continuum

operator Ôcont we need a matching factor Z.

ZÔlatt = Ôcont. (2.37)

For lattice actions preserving symmetries, the renormalisations are simplified.

For example, the staggered quarks have both the vector current renormalisation ZV

for the conserved vector current and the partially conserved axial vector current

renormalisation ZA equal to 1 because they have enough chiral and flavour symmetry

for that. Indeed all the lattice actions have enough symmetry for ZV equal 1 for some

vector current.

The staggered action posseses a remnant chiral symmetry, i.e. symmetry under

the following transformation

ψ → eiθ(γ5
⊗
γ5)ψ. (2.38)

As a consequence, on the lattice the HISQ action has a temporal axial current

that obeys the PCAC relation [38]. The PCAC relation is,

∂µA
µ = (mq1 +mq2)P (2.39)

with mq as the bare valence quark mass and P local pseudoscalar density. Since
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mqP is conserved, the corresponding current does not require any renormalisation

and consequently the decay constants are absolutely normalised.

Historically, the lattice renormalisation factors have been calculated using lattice

perturbation theory [39,40], but it leads to significant systematic uncertainties. With

the reduction of the other sources of errors such as the discretisation effects and the

chiral extrapolation, it is now one of the limiting factors in the accuracy obtained

from lattice QCD calculations. Therefore, I have used completely non-perturbative

techniques to calculate the vector current and the axial vector current renormalisations

for the HISQ and the clover actions using the automatically normalised staggered

pseudoscalar currents. This will be discussed in detail in Chapter 3.

2.6 Analysis of the correlation functions

The time-dependent two-point correlation functions can be analysed by fitting them

to known fit forms and thus the meson mass and the decay constant can be extracted.

A general two-point function is expressed as the expectation value of the product of

the operators.

G2pt
BA(t; ~p) =

∑
~x

e−i~p.(~x− ~x0)〈0|χB(x)χ̄A(x0)|0〉 (2.40)

where the source-sink time separation, t > 0.

Now by inserting a complete set of normalised energy eigenstates

|0〉〈0|+
∑

n 6=0,~q,s

|n, ~q, s〉〈n, ~q, s| = 1 (2.41)

in equation 2.40 we get the two-point correlator as

G2pt
BA(t; ~p) =

∑
x

e−i~p.~x〈0|χB(x)|n, ~q, s〉〈n, ~q, s|χ̄A(x0)|0〉. (2.42)

Here, 〈n, ~q, s| represents the n-th eigenstate with momentum ~q and spin s. Using

the time evolution in the equation 2.42 we end up with

G2pt
BA(t; ~p) =

∑
n,s

e−En(t−t0)〈0|χB(x0)|n, ~p, s〉〈n, ~p, s|χ̄A(x0)|0〉. (2.43)
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Therefore, from equation 2.43, for the same interpolating field χA = χB the general

form of the two-point function is [1–3]

G2pt(t; ~p) =
∑
n

a2
ne
−En(t−t0) (2.44)

after absorbing the normalisation factors in the n-th state amplitude an. Here,

n represents the number of the excited state and n = 0 represents the ground state

of the meson. The correlator amplitude for the n-th energy state, an can be related

to the decay constant of the meson, f , when properly normalised and En gives the

energy of the n-th excited state, E0 being the mass of the meson, m, if the meson is

at rest. Ideally the series has infinite number of states, but the data are not generally

good enough to extract the heavier state masses accurately.

We are mostly interested in the extraction of the ground state properties from

the two-point fits and the heavier states are included to improve the accuracy of the

ground-state.

The actual fit forms I have dealt with are a lot more complicated than that in

equation 2.44. Due to the use of periodic boundary conditions the two-point correlator

becomes of the form

G2pt(t; ~p) =
∑
n

a2
n[e−Ent + e−En(T−t)]. (2.45)

where T/a is the time length of the lattice. The second term in equation 2.45

represents the meson propagation from the time boundary in the opposite direction

as the first term.

2.6.1 Staggered quark oscillations

The two-point correlator form is further complicated due to the presence of oscillations

from one time slice to the next time slice on the lattice in the case of staggered quarks.

This oscillation shows up from time doublers arising in the doubling transformation
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(in equation 1.24). Since the summation in the correlator expession is on the spatial

indices, the extra (−1)xρ vanishes for the spatial coordinates when averaged over odd

and even sites. But the (−1)t phase still remains in the correlator expression and

produces the oscillation. This extra state couples to the opposite parity state to that

of the non-oscillating state. Therefore, the full two-point correlator function in the

presence of PBC and staggered quark oscillations has the following form

G2pt(t; ~p) =
∑
n

a2
n(e−Ent + e−En(T−t))

+(−1)t
∑
no

a2
no(e

−Eno t + e−Eno (T−t)). (2.46)

Here, no numbers the oscillating states present in the correlator. ano and Eno are

the corresponding amplitudes and energies respectively.

This oscillation is present in any two-point correlators made up of two staggered

quarks with an exception of the pseudoscalar mesons made of one type of quark only

(for example, a neutral pion) at rest.

In a similar way, the three-point correlators also contain oscillating pieces and

their general form for staggered quark correlators is

G3pt(t;T ) =
∑
n1,n2

an1an2V
nn
n1n2

(e−En1 t + e−En2 (T−t))

+(−1)t
∑
n1o,n2

an1oan2V
on
n1on2

(e−En1ot + e−En2 (T−t))

+(−1)T
∑
n1,n2o

an1an2oV
no
n1n2o

(e−En1 t + e−En2o(T−t))

+(−1)t+T
∑

n1o,n2o

an1oan2oV
oo
n1on2o

(e−En1ot + e−En2o(T−t)). (2.47)

Here, t is the current insertion time on the lattice and T is the separation between the

source and the sink (see Figure 2.3). The three-point correlators have oscillations at

both ends and, n and o indices in the three-point amplitude V indicate whether the

amplitude corresponds to the non-oscillating or the oscillating state. The three-point

amplitude is needed for my calculations of the renormalisation constants in Chapter 3

and the form factor calculation in Chapter 5.
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2.6.2 Fitting correlators

To extract the mass and the amplitudes from the correlators my strategy was to

use the constrained curve fitting [41] method using Bayesian Statistics. I have used

publicly available fitting packages written by G. Peter Lepage, the “Corrfitter” and

the “lsqfit”, to analyse the two-point and the three-point correlators.

The basic principle is to minimise χ2 defined by

χ2 =
∑
t1,t2

δG(t1)δG(t2)

σ2
t1t2

. (2.48)

Here,

δG(t) = Ḡ(t)−G(t) (2.49)

where G(t) is the fit function and Ḡ(t) is the correlator data and

σ2
t1t2

= 〈G(t1)G(t2)〉 − Ḡ(t1)Ḡ(t2) (2.50)

represents the correlation matrix.

However, I had to deal with multiexponential (multiple energy states) fits of a

large number of fit parameters an, En and, V nn, V on, V no, V oo. Minimising the χ2

naively leads to very unstable fit results. Therefore, we take a different approach

by specifying reasonable priors (coming from earlier works or particle data listing or

from general physics arguements) for all the fit parameters and then construct an

augmented χ2 by trusting these priors as additional data.

χ2
aug ≡ χ2 + χ2

prior (2.51)

where,

χ2
prior ≡

∑
parameters

(fit value− fit prior)2

prior width2 . (2.52)

Then, χ2
aug is minimised to get the best fit. The test of whether the data knows

anything about a parameter is whether it returns a result that is more accurate
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than the prior information. Generally, I have fitted up to seven exponentials (i.e.

the 7th energy state) to get a stable result (mean value) for the ground and lower

excited states with χ2/degree of freedom < 1 typically, though in most of the cases

the result is stable after the 2nd or 3rd exponential. Even if we are allowed to consider

any arbitrary number of exponentials with their priors, the higher excited states are

allowed to take unrealistic masses and typically not determined at all.

Another measure of a good fit is the “quality of the fit” or the “Q-value”. Assuming

the null hypothesis is valid, the “Q-value” represents the probability that, given a

model, the observed sample result is at least as far off the prediction as the real data

is -

Q =

∫∞
χ2/2

tn/2−1e−tdt∫∞
0
tn/2−1e−tdt

. (2.53)

For a good quality fit the accepted Q ∈ [0.1, 1].

I have used simultaneous fits of the two-point and the three-point correlators to

extract the three point amplitudes. The simultaneous fits of the correlated data let

us take into account the correlation correctly and calculate a complete error budget.

I will discuss more about fitting later for specific cases.

2.6.3 Effective mass

The ground state meson mass can be estimated by looking at the “effective mass”

using the meson correlator. The effective mass is defined as

meff(t) = ln

[
G2pt(t)

G2pt(t+ 1)

]
. (2.54)

For large t, we expect the excited state contamination in the meson two-point

correlators to go away and only the ground state to dominate. Therefore, the effective

mass plot with t shows a plateau after the first few time slices on the lattice. This

value of the effective mass at the plateau is estimated as the mass of the meson which

is then used as the ground state meson energy (at rest) prior in the fitting.
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2.7 Determining lattice uncertainties

In a lattice calculation, it is crucial to give a reliable total uncertainty to physical

observables. The lattice uncertainties are broadly classified into two categories - the

statistical uncertainty and the systematic uncertainty. The statistical uncertainties

arise from stochastic evaluation of the path integrals in the Monte-Carlo simulations

and can be estimated from the fitting code. These statistical uncertainties fall off as

1/
√
N , where N is the number of independent gauge configurations, therefore, they

can be reduced by simply generating a larger ensemble size. To reduce the correlation

coming from the random sampling, while generating the gauge configurations (generated

by the MILC collaboration in this case), it is usual to skip a few configurations

in-between two accepted configurations and/or generate uncorrelated configurations

using different random number seeds in the Monte-Carlo process.

In a lattice QCD calculation, apart from the statistical uncertainties introduced

by the Monte-Carlo simulation, systematic uncertainties also appear due to different

lattice artifacts, which can also be estimated from the data. For a reliable estimation

of the lattice uncertainties, we have to consider and estimate all of the lattice artifacts

described below.

2.7.1 Finite lattice Spacing

Lattice actions have discretisation effects due to the finite lattice spacing. To reduce

this artifact, one can choose smaller and smaller lattice spacings, but ends up with

the problem of “critical slowing-down” [42–44]. The computation time needed for

generating the independent gauge configurations for the finer lattices with a constant

physical volume increases rapidly.

A much more cost-effective way is to carry on our simulation on multiple lattice

spacings which allows us to achieve a controlled continuum extrapolation (to a→ 0)
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and extract the continuum physical results. Also, we formulate highly improved

lattice actions (such as the HISQ action [17] as discussed before) with smaller discretisation

effects, by adding higher dimensional operators.

To know the correct extrapolation fit form we can determine the order at which the

lattice artifacts appear by studying the expansion in powers of the lattice spacing of

the discretised action. This is done with the help of the Symanzik effective field theory

where the Symanzik Lagrangian is formed by combining the continuum Lagrangian

and the lattice artifacts.

LSym = LQCD + Ldisc (2.55)

where Ldisc contains all the local higher order operators Op allowed in the lattice

action by its symmetries.

Ldisc =
∑
p

adp−4cpOp. (2.56)

Here, dp is the dimension of the operator Op and cp is the coupling and scale

dependent dimensionless short-range coefficient. Now, for an example, let us consider

a dimension-five operator in the lattice action, which in fact breaks the chiral symmetry

of the lattice action. We can see from the equation 2.56 that a discretisation term

∼ O(a) is present in the lattice action in this case. Therefore, for chirally symmetic

lattice actions, no O(a) discretisation is present.

Similarly, using the Symanzik effective theory order-by-order we can deduce the

continuum extrapolation form for the HISQ action -

〈O(a)〉 = 〈O(0)〉+
∑
i

cia
2i. (2.57)

Therefore, for the HISQ, the discretisation effects come in as even powers of a with

〈O(0)〉 as the expectation value of the observable in the continuum.
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2.7.2 Unphysically heavy light quark masses

In lattice simulations with the dynamical quarks, the computation cost is dominated

(∼ 90%) by the inversion of the fermion matrix which isO(106×106). The computation

time grows inversely with some power of quark mass and the computation speed is

governed by the light quark (up/down) masses. Therefore, for easier computation, we

use heavier than physical light quark masses with almost physical strange and charm

quark masses in the sea. In some cases, the observables have strong dependence on the

light quark mass, which introduces large systematic uncertainties in the calculation.

Therefore, I have taken u and d quarks with several masses (mu = md with estimated

isospin effects) down to the physical ones (ml ≡ mu = md ' ms/27) and up to

ml = 0.2ms. With all the different ml we can interpolate smoothly to the physical

(chiral) limit using chiral perturbation theory (ChPT), an effective theory [45–47] of

QCD at low energies, to correct for small mistunings in ml and ms. Simultaneously,

the finite lattice spacing effects can be included in the ChPT Lagrangian.

2.7.3 Finite lattice volume

The effects of finite volume can be reduced significantly by using a larger volume,

especially for lighter quarks. For a single hadron in a periodic box of size much larger

than itself, the finite size effect falls off asymptotically as e−mπL [48] where mπ is

the mass of the pion. Ideally, we should take mπL > 4 for any hadron to fit its

Compton wavelength inside the lattice and make the finite volume effects negligible.

The study of finite volume effects can be performed systematically using ChPT for

a finite box [49, 50]. I will discuss more on this in Chapter 4 for the calculation of

the hadronic vacuum polarisation contribution to the anomalous magnetic moment

of the muon.
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Part II

Non-perturbative renormalisation

of currents and meson spectroscopy
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Chapter 3

Non-perturbative renormalisation

of currents and meson spectroscopy

3.1 Motivation

The precise calculation of the weak decay matrix elements of heavy-light mesons

from lattice QCD is crucial for the flavour physics program of overdetermining the

Cabbibo-Kobayashi-Maskawa (CKM) matrix elements [51,52]. Any violation of CKM

unitarity would indicate the existence of new physics beyond the Standard Model.

A good test of lattice QCD is the comparison of the results using different quark

formalisms. The results for the B and Bs meson decay constants for different quark

formalisms are summarised in Figure 3.1, and the tension with experiment for fB is

shown. Heavy quarks have been extensively studied using non-relativistic formalisms,

although relativistic formalism for these quarks are now possible. Two of the most

used nonrelativistic methods are the NRQCD [53] and the Fermilab [54] formalisms.

The HPQCD collaboration have obtained separate results using NRQCD b quarks [55]

and HISQ b quarks [56], both combined with HISQ light quarks, whose fBs values

are consistent within their ∼ 2% uncertainties. The systematic uncertainties for the
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two methods are very different, with the NRQCD b quark case having a significant

contribution from the uncertainty in the current renormalisation. By contrast, the

HISQ action has a remnant chiral symmetry which means that its temporal axial

current is normalised. There is hence no such uncertainty for HISQ b quarks. However,

in this case the total systematic uncertainty is dominated by the discretisation errors.

An alternative method from the Fermilab lattice/MILC collaborations uses heavy

clover b quarks [57, 58]. This method also gives a reasonably consistent result but

with much larger uncertainties. Here we test the method [59] for determining the

current renormalisation in this formalism to see if the estimate of the uncertainties

from that source is robust.

 150  175  200  225  250  275  300
fBx

 / MeV

PDG av BR(B-> ) 
+ PDG av Vub 

HPQCD NRQCD
1302.2644

HPQCD NRQCD
1202.4914
HPQCD HISQ 1110.4510
FNAL/MILC 1112.3051

ETMC Lattice2013
ALPHA 1210.7932

fB fBs fB,expt-av

fB+

fB0

u, d sea
u, d, s sea

u, d, s, c sea

Figure 3.1: In this plot the lattice results for the B and BS meson decay constants
fB and fBs using different formalisms with two, three and four flavours of sea quarks
have been compared with the experimental average for fB. The dotted vertical lines
represent the the world averages of all the lattice results for fB and fBs . This plot
has been borrowed from a talk by Prof. Christine Davies.
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3.2 Background

The renormalisation constant (Z) needs to be calculated as accurately as possible

for the currents which are not conserved in any particular lattice formalism. The

renormalisation constant beyond the tree-level is an ultraviolet quantity as it allows

for the difference between the gluon radiation in the continuum and on the lattice

where the lattice works as an ultraviolet regulator. Therefore, Z can be calculated

using QCD perturbation theory and practically up to O(αs) by equating the one-loop

scattering amplitude between on-shell quark states in the continuum and on the

lattice [60].

In the Fermilab formalism [54] while generating the heavy-light mesons (for example,

B and D) [57, 58] a heavy quark generated with the Fermilab action is tied in a

two-point correlator with another light quark generated using the clover [57] or the

Asqtad [58] action. In doing these calculations for the Fermilab heavy quarks it was

noticed [61] that the heavy-light current renormalisation differed very little at O(αs)

from the geometric mean of the appropriate heavy-heavy (hh) and light-light (ll)

vector currents. Specifically, the Fermilab Lattice/MILC collaborations calculated the

temporal axial current renormalisation (ZA4) in one-loop perturbation theory and the

local vector current renormalisation (ZV 4) using non-perturbative techniques. They

claimed
ZA4

hl
= ρ
√
ZV 4

hh
ZV 4

ll
(3.1)

i.e. the heavy-light temporal-axial current renormalisation is equal to the geometric

mean of the heavy-heavy and light-light temporal vector current renormalisations

with a multiplication factor ρ, with ρ very close to 1.

ρ can be expanded in the following perturbation series,

ρ = 1 + ρ(1)αs + ρ(2)α2
s + . . . (3.2)

From one-loop perturbation theory Fermilab/MILC found ρ(1) to be very small
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(typically it is < 4π × 0.01) if the heavy quark mass is not too large (see Figure

3.4). Because of this they further assumed that ρ(2) and higher orders were also small

making ρ close to unity. The renormalisations ZV 4
hh

and ZV 4
ll

can be determined

fully non-perturbatively in lattice QCD by demanding that the vector form factor

is unity between two identical mesons at rest. Thus equation 3.1 gives rise to the

possibility that ZA4
hl

could be determined with small uncertainties if it can be shown

that ρ is indeed close to 1 to all orders in perturbation theory. In practice the region

of small values of ρ(1) extends up to the b quark mass in the Fermilab formalism for

at least the fine lattices with a < 0.1 fm. That means essentially the relations 3.1 and

3.2 hold good for “light” heavy quarks and in this limit the Fermilab action becomes

the standard tadpole-improved clover action.

However, for the hypothesis that ρ is very close to 1 to be true, each term in

the perturbation series beyond one-loop needs to be determined. A large part of the

perturbative Z comes from the self energy of the individual quark legs and this part

will cancel in ρ. This only guarantees that beyond one-loop all the ρ coefficients will

have a reasonably small value, but not that they should be as small as ρ(1). If this

hypothesis is not true to all orders of the ρ coefficients it can limit the precision of the

heavy quark observables in the Fermilab lattice simulation by a significant amount

(since Fermilab assumed it to limit their uncertainty).

It will be more useful if we can show that the hypothesis does not depend on a

particular light quark formalism. Therefore, my aim was to test completely non-perturbatively

how much ρ differs from 1. The ‘heavy-light’ current in my calculation has been

made of a clover quark (representing the Fermilab formalism) and a HISQ quark

(state-of-the-art staggered quark) [17], both tuned accurately to the strange quark

mass [25, 56], following the suggestion in [51]. We use the absolute normalisation

for the HISQ-HISQ temporal axial current (as a consequence of the remnant chiral

symmetry of the HISQ action) to renormalise both the HISQ-clover and the clover-clover
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temporal axial currents. We do it by claiming the physical meson properties to be the

same for all the lattice quark formalisms. Then by determining the appropriate vector

currents in equation 3.1 we can extract a non-perturbative value for ρ in equation 3.2

in this case and test it against the hypothesis that it should be close to unity. We

are also able to study the clover-clover renormalisation factors and compare ZA4 and

ZV 4 for this case.

From the same s quark propagators generated for this calculation we can also

make the φ (ss̄ vector meson) correlators. And we can study the φ meson mass and

decay constant for the cases where the φ is made purely of the clover quarks or purely

of HISQ quarks, or made of one of each. We can then compare the approach to the

continuum limit of each of the results. This tests whether the same continuum limit

is reached and how the discretisation errors in the clover and the HISQ formalisms

compare.

3.3 Formalism

In our calculation for determining ZA4 for the clover-clover (cl-cl) and HISQ-clover

(H-cl) currents I have made the cl-cl and the H-cl ηs mesons from binding two clover

or one clover and one HISQ strange quarks (as depicted in Figure 3.2). The ηs is a

pseudoscalar meson made of a strange and an anti-strange quark which does not exist

in the real world. 1 The ηs is particularly easy to make on the lattice [25] and we do

not allow it to decay there by only including the connected correlator, making it an

ideal pseudoscalar meson for testing and tuning purposes. The two-point HISQ-HISQ

(H-H) ηs correlators are also generated (Figure 3.2), with both the local Goldstone

operator with spin-taste γ5 ⊗ γ5 for the pseudoscalar current and the nongoldstone

1In the real world the ηs can annihilate, and therefore, mixes with light-light pseudo scalar
mesons. The results are two particles called the η and η′. We do not allow the annihilation to
happen on the lattice. So, it is well-defined there.
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Figure 3.2: In the diagram ‘a’ two strange HISQ quarks are generated at time t0 on
the lattice with a pseudoscalar or a temporal axial current. They propagate to a later
time t on the lattice and are destroyed at that time with another current with the
same ‘taste’. Similarly, in the diagram ‘b’ and ‘c’ the clover-clover and HISQ-clover
correlators are represented.

opertaor with spin-taste γ5γ4 ⊗ γ5γ4
2 for the local temporal axial current. We need

the same operator at both the source and the sink to make the two-point correlator.

Due to the presence of the PCAC (partially conserved axial current) relation [62],

the appropriate (non-local) H-H temporal axial current is absolutely normalised and

so is the decay constant (fηs) derived from the γ5⊗ γ5 pseudoscalar operator. We get

the temporal axial cl-cl and H-cl current renormalisation factors ZA4
cl−cl

and ZA4
H−cl

using the relations

ZA4
cl−cl

f cl−cl
ηs = fH−H

ηs , (3.3)

ZA4
H−cl

fH−cl
ηs = fH−H

ηs . (3.4)

An alternative method, but one that we do not use, would be to set the cl-cl decay

constant corresponding to the physical value of 181.14 MeV obtained in [25]. Because

2Staggered mesons contain different tastes; by definition the taste operator γ5 corresponds to the
Goldstone operator. All other taste operators are known as the non-Goldstone operators for the
pseudoscalar. In the spin-taste operator notation the cross product ⊗ is traditionally used and it
only implies general matrix multiplication.

46



the discretisation effects seen in the H-H values of fηs are so small this would make

little difference, at most 0.5% on set ‘1’ in Table 3.1. Another definition can be

Zalt
A4

cl−cl
mcl−cl
ηs f cl−cl

ηs = mH−H
ηs fH−H

ηs . (3.5)

Zalt
A4

H−cl
mH−cl
ηs fH−cl

ηs = mH−H
ηs fH−H

ηs . (3.6)

This definition is the one in which we choose the matrix element of the axial current

to match.

In the H-cl case, because the ηs mass mηs is not exactly the same as the tuned

value there is a difference between matching decay constants and matching matrix

elements. Because the difference in mass is a discretisation effect we have chosen

to match the decay constants. The differences between doing this and matching the

matrix element fηsmηs are as large as 6% on set ‘1’ in Table 3.1 and act in the direction

of making ZA4 smaller than that quoted.

The decay constant of a meson is defined as the matrix element between the meson

and the vacuum of the temporal axial current that couples to the W boson when the

meson is at rest and, therefore, for the ηs (on the lattice) the decay constant is given

by

〈0|A4|ηs(0)〉 = mηsfηs . (3.7)

From this equation we can extract the decay constant fηs as

fηs = a0

√
2

mηs

(3.8)

where a0 is the ground state amplitude for the temporal axial current operator.

The temporal axial current is absolutely normalised for the H-H current and due

to the PCAC relation it is related to the local pseudoscalar current density 〈P 〉 as

follows

∂4A
4 = (ms +ms)〈P 〉. (3.9)
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Here, ms is the lattice valence strange quark mass. Let us consider the matrix

elements for both sides of equation 3.9 between the ηs state and the vacuum. Then

we apply equation 3.7 and the following equation:

〈0|P |ηs(0)〉 = b0

√
2mηs (3.10)

where b0 is the ground state amplitude for the local pseudoscalar operator.

Thus we obtain fηs in the H-H case as follows

fH−H
ηs =

2msb
H−H
0

mH−H
ηs

√
2

mH−H
ηs

. (3.11)

mηs , a0 and b0 are extracted from the two-point correlator fits described later in this

chapter.

In the absence of the PCAC relation for the clover action, we use the temporal

axial current and then the un-normalised decay constants for the cl-cl and the H-cl

mesons can be defined as

f cl−cl
ηs = acl−cl

0

√
2

mcl−cl
ηs

, (3.12)

fH−cl
ηs = aH−cl

0

√
2

mH−cl
ηs

(3.13)

To obtain the renormalisations for the H-H, cl-cl, and H-cl temporal vector currents,

we demand that the vector form factors between two identical hadronic states at rest

(zero momentum transfer) would be unity i.e.

ZV 4
qq
〈Hq|V 4

qq|Hq〉 = 2MH × f+(0) = 2MH . (3.14)

We force the vector form factor f+(0) to be 1 in this case in this equation.

Here, V 4
qq is the lattice version of the local temporal vector current, |Hq〉 is

the hadronic state. The matrix element is extracted by fitting the two-point and

three-point correlators simultaneously. Together with the previously discussed two-point

correlators, we calculate the three-point correlators described in Figure 3.3 using the

same HISQ and the same clover strange propagators.
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The three point correlators are generated using a local temporal vector current

operator γ4 inserted between two clover propagators or one clover and one HISQ

propagator and γ4⊗γ4 inserted between two HISQ propagators at time t on the lattice.

These three-point correlators are generated using the “sequential source technique”.

The clover spectator s quark (the bottom one in Figure 3.3 with no current insertion)

is generated at the source time t0 and propagates to the sink time t0 + T . At this

sink timeslice the generated propagator is treated as the source and an extended s

propagator (HISQ or clover) is generated back in time to any time slice t on the

lattice. Then a third HISQ or clover s quark generated from the same t0 source and

propagated to time t is tied with the extended propagator via a local temporal vector

current to make the three-point correlator. Here, t0 < t < T and T � Lt where

Lt is the temporal length of the lattice. The detailed derivation of the three-point

correlator generated using the “sequential source technique” and a random wall source

at t0 will be given in chapter 5.

Here, an important point is that we have chosen the spectator quark to be an

unstaggered quark which is the clover in this case. This is because if we use all

three staggered propagators to form the three-point correlators we need to take the

tastes into account and must have the total taste 1. Since, we want to use the local

operators only, using the local temporal vector current operator would not give a

total taste 1 for the same mesons at either end and the three-point function would

vanish. For all the three currents- H-H, cl-cl and H-cl, the interpolating fields are the

same (Goldstone ηs) at both the source and the sink.

Using a relativistic normalisation of states, the matrix element of the lattice

temporal vector current between the ground state ηs mesons at rest is given by 2E0V00

where V00 is the ground state nonoscillating-nonoscillating three point amplitude from
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Figure 3.3: Different three-point meson correlators we need to calculate: the clover
spectator s quark is generated at the source time t0 and propagates to the sink time
t0 + T . At this sink timeslice the generated propagator is treated as the source and
an extended s propagator (HISQ or clover) is generated back in time to any time slice
t on the lattice. Then a third HISQ or clover s quark generated from the same t0
source and propagated to the time t is tied with the extended propagator via a local
temporal vector current to make the three-point correlator. Here, t0 < t < T and
T � Lt, where Lt is the temporal length of the lattice.

the fit and E0 is the ground state energy of the meson. Therefore, we get

〈Hq|V 4
qq|Hq〉

2mηs

= V00. (3.15)

And,

ZV 4 =
1

V00

. (3.16)

Once we obtain the relevant ZA4s and ZV 4s accurately we can calculate ρ completely

non-perturbatively from equation 3.2 and test the Fermilab hypothesis precisely.

In addition to making the pseudoscalar meson ηs we can use the same s propagators

to make a vector meson φ with the vector current operator γi⊗γi for the H-H case and

γi for the cl-cl and H-cl case. Here i denotes the spatial direction of the current and

we average over all three independent directions for better statistical precision. From

analysing the φ two-point correlators we can extract the mass mφ and the ground

state amplitude aφ0 , and from them the decay constant fφ of the φ meson using

fφ = aφ0

√
2

mφ

. (3.17)
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We can also make these correlators with the H-H, the cl-cl and the H-cl currents and

at the continuum limits of mφ and fφ we can compare the different lattice formalisms,

HISQ and clover, and their approach to the continuum.

3.4 Lattice simulation

The lattice simulation was done on the MILC HISQ (same action as used for the

valence quarks [17]) Nf = 2 + 1 + 1 ensembles of gauge configurations at widely

differing values of the lattice spacings 0.15 fm, 0.12 fm and 0.09 fm as described in

Table 2.1 and in Figure 2.1 in chapter 2. They include the effects of the u, d, s

and c quarks in the sea using the HISQ formalism (mu = md) and also use a gluon

action improved fully through O(αsa
2) [22]. We can therefore expect the gluon fields

to have very small ‘intrinsic’ discretisation errors, which is useful for studying the

discretisation errors of the meson correlation functions made on these configurations

using different quark formalisms. For the calculation of the renormalisation constants

we use a subset of these ensembles with three different lattice spacings, namely, sets

‘1’, ‘4’ and ‘9’ with heavier than physical dynamical light (u/d) quarks.

For the complete calculation of the φ properties using the H-H φ I have used a

more complete set of ensembles including three ensembles with three different lattice

spacings and physical dynamical light quarks (sets ‘3’, ‘8’, and ‘11’). I have also

tested for the finite volume effects on the three emsembles with different volumes at a

dynamical light quark mass in between the first two and at a specific lattice spacing

(set ‘5’, ‘6’, and ‘7’). The relative lattice spacings were fixed using the w0 parameter

and fπ was used to fix the overall scale [25].

For the Z factor calculation, we have chosen the ensembles which haveml/ms ≈ 0.2,

and therefore a relatively modest lattice size of around 3.5 fm to achieve an acceptable

numerical speed. Since we are going to calculate the meson correlation functions made
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paper [63]). In this plot, in the unit of m
[0]
1 a, the masses of the valence strange quarks

we use fall in the range 0.03− 0.07.

purely of strange quarks, the fact that ml/ms is larger than the physical value is not

an issue. We expect the sea quark mass effects to be small and the same for the

different valence quarks we use, so this should not affect our comparison.

We have chosen the strange quark as the valence quark as its mass falls within the

light quark mass region where the claim for the smallness of the one-loop coefficient

of ρ holds. This can clearly be seen from Figure 3.4 [63]. On these ensembles we

have carefully tuned the s quark mass for the HISQ quarks through an analysis of

the fictitious pseudoscalar meson known as the ηs. However it can be studied on the

lattice and its properties, the mass and the decay constant, can be related to the

properties of the K and π [25]. From these studies, we find the mass of the ηs in the

continuum and the chiral limits to be mηs = 0.6885(22) GeV. On every ensemble we

tune the valence HISQ quark mass to give this value for the ηs meson mass, given the
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Table 3.1: This table lists the parameters used for calculating the propagators. the
configuration details for the sets are given in Table 2.1 in chapter 2. We call sets 1
and 3 as ‘very coarse’; sets 4-8 as ‘coarse’ and set 9 and 11 as ‘fine’. In this table
the second column gives the tuned valence s quark masses; the third column lists the
clover u0 values; the fourth and the fifth columns give the tuned κ values for clover
quarks, and the last two columns denote the number of time sources used on each
configuration nt and the source-sink separation used for generating the three-point
correlators T for each t0.

Set ams
HISQ,val u0 κs

Clover,val 1− 6× u0 × κ nt T/a
1 0.0705 0.85535 0.14082 0.277298 12 9, 12, 15, 18
3 0.0678 - - - 12 -
4 0.0541 0.86372 0.13990 0.274993 16 12, 15, 18, 21
5 0.0533 - - - 16 -
6 0.0533 - - - 16 -
7 0.0533 - - - 16 -
8 0.0527 - - - 16 -
9 0.0376 0.874166 0.13862 0.272939 16 16, 19, 22, 25
11 0.0360 - - - 16 -

value of the lattice spacing described in Table 2.1. The tuned values of the valence s

quark masses on each ensemble are listed in Table 3.1.

For the clover simulation, I started with the same tuned strange valence mass on

each ensemble that was used for the HISQ propagators. Then the hopping parameter

κ (defined in Section 1.4.2) on each ensemble was tuned accurately to get mηS = 0.689

GeV.

We have,

m2
ηs ∝

(
1

κ
+ C

)
(3.18)

where, C is a constant. I have chosen three κ values initially and then from the m2
ηs vs.

1/κ plot (given in Figure 3.5), I have obtained the required tuned κ values precisely

on each ensemble which are given in Table 3.1 along with the other simulation

parameters,

m2
ηs ∝ ms (3.19)

ams =
1

u0

(
1

κ
− 1

κc

)
. (3.20)
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coarse lattice; m2

ηs vs. 1/κ plot.

I have used the delta function random color wall sources with the subset corner

mask and the point sink. The corner mask restricts the values of the source on each

lattice site after the source is constructed by setting the nonzero values only on the

corners of each 24 hypercubes. To increase the statistics we use many (listed in Table

3.1, nt being its number) evenly-spaced time sources per configuration. The starting

time slice of these sources are chosen randomly and differently for each configuration

to reduce the autocorrelation in the meson correlators. Moreover, we can reduce the

autocorrelation by binning the correlators between adjacent configurations. This has

been tested for our data, but finally was not required [26]. Since the clover quark

simulation is four time more expensive than the HISQ simulation, we have used

only half as many configurations in the clover case compared to that of the HISQ

case (listed in Table 2.1). Furthermore, we calculated the three-point correlators for

multiple values of the source-sink time separation T , both odd and even, (given in

54



Table 3.1) to increase the statistics, as this increases the amount of the data without

increasing the number of the parameters. It also lets me get T dependence as well as

t dependence.

To generate the clover propagators the standard tadpole-improved space-time

symmetric clover action [3] has been used. In the clover action the gluon fields,

Uµ, are divided by a tadpole parameter [64], u0, for which we use the fourth root of

the plaquette. The values of u0 are listed in the Table 3.1 with the other simulation

parameters.

To generate the mixed H-cl correlators, the HISQ quarks with only one spin

component have been converted back to a naive propagator with four spin components.

This was done by the reverse staggering transformation while generating the extended

source at the time T . Then the naive propagator could be simply tied to a clover

propagator to generate the mixed three-point correlators. The complication in this

reverse transformation can arise from the site-dependent staggering matrices. However,

this complication has been removed by using a subset corner mask which caused only

the origins of the 24 hypercubes to contribute in the correlators and always gave a

unity reverse transformation Ω matrix.

3.5 Data analysis and fits

The two-point Goldstone ηs correlators have zero imaginary parts i.e. they can be

obtained by simply squaring the modulus of the propagators and then summing

over a time-slice (taken care of by the random wall formalism) to project onto

zero momentum. The properties of the meson such as the mass and the decay

constant are extracted from the multi-exponential fits of the two-point correlators

using Bayesian techniques [65]. In these fits, the fit parameters are the logarithm of

the ground state energy, the logarithms of energy differences (both for the oscillating
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Figure 3.6: An average two-point correlator for H-H ηs on the ml/ms = 0.2 coarse
lattice.

and the non-oscillating states) and amplitudes which are allowed to be of either sign.

In general, for the relativistic staggered quarks, the fit function is mathematically

expressed as a sum of two functions, one of hyperbolic nature and another with

oscillations [26], and is given by equation 2.46.

But, in the case of the Goldstone ηs meson, no oscillations were observed due to

the equal masses of the valence quark and the antiquark. So, in our case we can write

the H-H ηs two-point correlators (example shown in Figures 3.6 and 3.7 for the coarse

ensemble) in a simplified form as given by the equation 2.45.

In this calculation we have obtained very high statistics which is clear from the

effective mass plot in Figure 3.8. The non-goldstone H-H ηs correlators and the H-H

φ correlators have oscillating opposite parity contributions, therefore, they still follow

the more general fit form in equation 2.46.

For the fitting, we have chosen the full time range except the first and the last 3 to
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Figure 3.7: An average two-point correlator for H-H ηs on the ml/ms = 0.2 coarse
lattice in vertical logscale.

5 timeslices to minimise the excited state contamination in the ground state energy

and amplitude.The parameters we fit are the energy, the amplitude and the difference

in the energies for the oscillating and the non-oscillating states (wherever applicable).

As priors I have assigned a log-normal distribution to the energy parameter biased

via χ2
aug which forces the parameters to be positive and thus, significantly improves

the stability of the fit. We fit up to the 7th exponential and the final results are

taken from this, although the ground state fits are reasonably stable after the 3rd

exponential. The mean values of the fit results with N exponentials are used as

priors for the fit with N + 1 exponentials.

In the case of the cl-cl and the H-cl ηS mesons, we generated a 2 × 2 matrix

of two-point correlators (shown in Figures 3.9 and 3.10), using four combinations of

the operators γ5 and γ5γ4 at the source and the sink. Fitting the 2 × 2 matrix of

correlators simultaneously with multiexponential Bayesian [65] fitting methods helps
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Figure 3.8: Example plots for the effective mass of the H-H (top) and the cl-cl
(bottom) ηs mesons on the ml/ms = 0.2 coarse lattice.
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us to obtain a more precise ηs ground state. The ground state amplitude of the ηs

meson is extracted from the symmetric correlators arising from the use of the operator

γ5γ4 at both ends which relates to the temporal axial current. The general fit form

for the cl-cl symmetric ηS correlators is the same as in equation 2.45, while for the

antisymmetric correlators (with γ5 at one end and γ5γ4 at the other) it is

G(t) =

nexp∑
k=0

a1
ka

2
k(e
−Ekt − e−Ek(T−t)). (3.21)

Here Ek, t and T carry the same meanings as before. a1
k and a2

k give the amplitudes

at the source and sink respectively for the k-state of the meson. In addition to these

symmetric and antisymmetric correlators, the H-cl ηS mesons include oscillations and

the fit form for the oscillating symmetric correlators becomes the same as in equation

2.46.

The antisymmetric H-cl ηS correlator is similarly fitted with the form

G(t) =

nexp∑
k=0

a1
ka

2
k(e
−Ekt − e−Ek(T−t))

−(−1)t/a
nexp∑
ko=0

a1
koa

2
ko(e

−Ekot − e−Eko(T−t)). (3.22)

The cl-cl and the H-cl φ mesons are built with only symmetric operator combinations

at both ends with the operator being the local vector. The H-cl φ meson correlators

contain oscillations whereas the cl-cl φ does not. Therefore, the fit form for the cl-cl

φ correlators is the same as for the cl-cl symmetric ηs and is given by the equation

2.45. Similarly, the H-cl φ is fitted with the equation 2.46, the same fit form used for

the H-cl ηs.

The amplitudes of the three-point correlators are extracted from the simultaneous

fits of the two-point and three-point correlators. For the H-H three-point current we

have a H-cl ηs at both the source and the sink. Therefore, this three-point correlator
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has oscillations at both its ends and its fit form can be written in similar way to

equation 2.47.

G3pt(t;T ) =
∑
i,j

aibjV
nn
ij (e−Ea,it + e−Eb,j(T−t))

− (−1)t/a
∑
i′,j′

aoi′bj′V
on
i′j′(e

−Eoa,i′ t + e−Eob,j′ (T−t))

− (−1)t/a
∑
i′,j′

ai′boj′V
no
i′j′(e

−Ea,i′ t + e−Eob,j′ (T−t))

+ (−1)t/a
∑
i′,j′

aoi′boj′V
oo
i′j′(e

−Eoa,i′ t + e−Eob,j′ (T−t)). (3.23)

The notations used in this equation are as follows. By, i, j we denote the number

of exponentials (nexp) for the normal states of the mesons a at the source and b at

the sink, whereas i′, j′ denote nexp for the oscillating meson states. a and b are the

normal state amplitudes at the source and sink and for oscillating state amplitudes

we use ao and bo. When used as subscripts a and b denote whether we are talking

about source or sink. E and Eo are the energies of the normal and oscillating states

of the mesons and their subscripts in the equation are self-explanatory. V represents

the three-point amplitudes and the superscripts n and o represent non-oscillating and

oscillation states at the source and sink and we have a 2× 2 combination for that.

For the cl-cl currents the three point correlators do not show any oscillations and

the fit function in the simplest form [51] is given by

G3pt =
∑
i,j

aibjVij(e
−Ea,it + e−Eb,j(T−t)). (3.24)

The three-point correlators in case of the H-cl local vector current has an oscillatory

contribution at the sink (H-cl ηs), but not at the source (cl-cl ηs). The fit function

in this case (for H-cl ηs at the sink and cl-cl ηs at the source) can be mathematically

expressed as

G3pt(t;T ) =
∑
i,j

aibjV
nn
ij (e−Ea,it + e−Eb,j(T−t))

− (−1)t/a
∑
i′,j′

ai′boj′V
no
i′j′(e

−Ea,i′ t + e−Eob,j′ (T−t)) (3.25)
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Figure 3.11: The ratios of the average three-point correlator to the average two-point
correlator show a plateau at the same value for four different T s, T = 12, 15, 18, 21
(using cl-cl current on the ml/ms − 0.2 coarse ensemble)

where the distance between the source and the sink is taken as T and the local vector

current is inserted between the source and the sink at a distance t from the source.

ai and bj are the same two-point amplitudes used earlier and the same for the cl-cl

and the H-H cases. All other notations carry the usual meanings as described earlier.

We end up with ai = bi for the H-H and cl-cl currents since we have the same ηs at

both the ends. The part Vij of the three-point amplitude corresponds to the matrix

element of the local vector current between the mesons at the source and the sink.

Note that we shift the source time to t = 0 for all correlators.

ZV 4
qq

is well-defined since the ratio of the average three-point correlator to the

average two-point correlator gives a plateau with the same value over a time range T

(the cl-cl case is shown in Figure 3.11 with a plateau value of ∼ 4.81) for all the four

T values used in the simulation for each t0. Thus ZV 4 was obtained for the cl-cl, the

H-H and the H-cl local vector currents and listed in Table 3.6.
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I have used the same ηS priors for all the three cases - H-H, cl-cl and cl-H since

we expect all lattice formalisms to give similar results on the lattice for physical

quantities (small differences may arise from the discretisation effects). The ηs priors

(energies in units of GeV; the prior widths in the paranthesis) for the non-oscillating

piece used in the fits are given by

log(Eηs
(0)) = log(0.65(22)) (3.26)

log(Eηs
(n) − E

ηs
(n−1)) = log(0.48(24)) (n > 0) (3.27)

aηs(0) = 0.01(1.0). (3.28)

where log(Eηs
(0)) and log(Eηs

(n) − E
ηs
(n−1)) are respectively the ground state energy and

the energy difference between two consecutive states fed as log-normal distributions

in the fit. And aηs(0) is the ground state amplitude. The priors are same for all lattice

spacings.

For the H-cl oscillating priors for ηs, following a similar notation, I have used

aoηs(0) = 0.01(0.5) (3.29)

log(Eoηs(n) − Eo
ηs
(n−1)) = log(0.48(24)) (n > 0) (3.30)

log(Eoηs(0)) = log(Eηs
(0)) + (0.33(22)). (3.31)

For the three point amplitudes we assign

V nn = 0.01(5.0), V on = 0.01(1.0), V oo = 0.01(1.0). (3.32)

The φ priors for the H-H, the cl-cl and the cl-H currents using a similar notation as

before are given as follows

log(Eφ
(0)) = log(1.10(4)) (3.33)

log(Eφ
(n) − E

φ
(n−1)) = log(0.76(38)) (n > 0) (3.34)

aφ(0) = 0.01(1.0) (3.35)

aoφ(0) = 0.01(1.0) (3.36)

log(Eoφ(n) − Eo
φ
(n−1)) = log(0.76(38)) (n > 0) (3.37)

log(Eoφ(0)) = log(Eφ
(0)) + (0.55(22)). (3.38)
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In most of the fits I have used an svdcut 3 of 10−8, though I used an svdcut of

10−6 for fitting the cl-cl three-point functions. I have obtained excellent fits with a

χ2 per degree of freedom 4 between 0.5− 0.9 and p-values between 0.7− 0.9 using the

above mentioned priors and fit range described before.

3.6 Results

3.6.1 The properties of the ηs and the discretisation effects

The valence strange quark masses and the clover κ have been tuned accurately to

get the correct ηs mass. We have also used the same HISQ and clover propagators

for making the H-cl correlators. From this procedure we get a different (slightly

higher) ηs mass which is a discretisation effect and so this difference should vanish in

the continuum. Table 3.2 lists the ηs masses, the ground state amplitudes and the

decay constants for all three correlator formalisms and on all three ensembles relevant

to the calculation of the Z factors. The lattice spacing dependence of the ηs mass

difference between the Goldstone H-H case and the H-cl case is shown in Figure 3.12

and extrapolated to the a = 0 continuum limit where the difference vanishes (up to

the uncertainty).

In Figures 3.13 and 3.14 the effective amplitudes, i.e. the ratios of the correlator

to its ground state for the Goldstone H-H and cl-cl ηs, have been compared on two

different lattice spacings. We can clearly see from these plots that the excited states

of the two-point correlators almost die down from around lattice time ∼ 10 as the

effective amplitude approaches unity. At small times the H-H and cl-cl have different

3In a least squares fitting technique, for the Singular Value Decomposition (SVD) of the
correlation matrix, if an eigen value of the matrix is smaller than an assigned number called svdcut
then that eigen value is substituted by the svdcut and the matrix becomes more singular.

4The number of degrees of freedom in a least square Bayesian fit equals the number of fit
parameters subtracted from the total number of the pieces of data and the priors.
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Figure 3.12: This plot shows the difference in mass between the Goldstone H-H ηs
and the H-cl ηs is a discretisation effect which goes away in the continnum.
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Figure 3.13: This plot compares the effective amplitude i.e. the ratio of the correlator
to its ground state for the Goldstone H-H and the cl-cl ηS on the ensemble set ‘4’. We
can clearly see from here that ground state in both correlators dominates for large
lattice time ≥ 10.
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Figure 3.14: This plot compares the effective amplitude i.e. the ratio of the correlator
to its ground state for the Goldstone H-H and the cl-cl ηS on the ensemble set ‘9’. We
can clearly see from here that ground state in both correlators dominates for large
lattice time ≥ 10.

effective amplitudes, they become equivalent at larger times. And the fact that they

match with each other away from the mid-plateau region confirms that the excited

state contributions enter both sets of correlators in a similar way. Note that the H-H

correlators are more precise because for the cl-cl calculation on these ensembles only

half of the configurations compared to the H-H calculation have been used. If we use

same number of configurations in the H-H and cl-cl case, the uncertainties would be

similar and we do not gain more precision from the fact that clover quarks have four

spin components.

From the plots in Figures 3.13 and 3.14, another interesting observation is that the

statistical uncertainties in the correlators i.e. the noise increases with the increasing

source-sink time separation. The variance of the meson correlator is a correlator made

68



Table 3.3: The results for the properties of the H-H Goldstone ηS on the physical
point lattices: the lattice mass, the mass in GeV, the ground state amplitude and the
lattice decay constant (only statistical uncertainties are given).

Set amηs mηs (MeV) a0 afηs

3 0.526517(59) 688.62(363) 0.2776(1) 0.1393(1)
8 0.423049(37) 688.71(363) 0.2059(1) 0.11150(3)
11 0.304839(30) 684.83(366) 0.13320(3) 0.08060(1)

of two quarks and two antiquarks. For two different quark flavors a and b

Signal ∼ exp (−Mabt)

Noise ∼ exp (−(Maa +Mbb)

2
t)

Signal

Noise
∼ exp (−(Mab −

Maa +Mbb

2
)t) (3.39)

Therefore, the noise increases with the number of time slices when there is a mass

difference between the two quarks. But it is usually expected that the signal-to-noise

ratio is constant for a pseudoscalar meson containing quarks of the same mass, for

example, ηs. However, when the quark masses are the same the Wick contraction

has both direct and crossed terms. If we ignore the effects of crossed terms and the

interaction between the two mesons then the ground state energy of this system is

equal to twice the mass of the meson which controls the signal. But the two effects

i.e. no cross terms and no interaction between the mesons, cause the mass controlling

the noise to fall below the mass controlling the signal, thus giving an exponential fall

in the signal-noise ratio even in case of ηs [26].

For H-H correlators, the ηs and the φ have been studied on a more complete set

of ensembles. On ensembles with physical dynamical light quarks the ηs results are

given in Table 3.3 and the three different volume results are shown in Table 3.4. We

should note that even if we use the PCAC relation and relate the pseudoscalar current

operator to the temporal axial current operator, we do not actually form an ηs using

the PCAC temporal axial current. This current for HISQ is point-split, therefore
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Table 3.4: The results for the properties of the H-H ηS for three volumes on ml/ms =
0.1 coarse ensemble: tuned valence strange quark masses, the lattice mass, the mass in
GeV, the ground state amplitude, the lattice decay constant and the decay constants
in GeV.

Set mval,tuned
s amηs mηs (MeV) a0(ηs) afηs fηs (MeV)

5 0.0533 0.42665(9) 689.0(1) 0.20810(12) 0.11257(4) 184.5(1)
6 0.0507 0.41572(14) 671.3(2) 0.20767(40) 0.11110(17) 179.4(3)
6 0.0533 0.42637(6) 688.5(1) 0.20763(8) 0.11243(5) 181.6(4)
6 0.0534 0.42687(15) 689.3(2) 0.20736(48) 0.11230(19) 183.7(3)
7 0.0533 0.42641(4) 688.6(1) 0.20777(7) 0.11249(3) 181.7(1)

Table 3.5: The results for the properties of the local non-Goldstone H-H ηs meson
(taste γ5γ4): lattice mass, un-normalised decay constant and the temporal axial
current renormalisation.

Set Action amηs afηs/ZA4 ZA4

combination
1 H-H (γ5γ4 ⊗ γ5γ4) 0.5605(3) 0.14094(19) 1.0147(37)
4 H-H (γ5γ4 ⊗ γ5γ4) 0.4396(2) 0.11355(15) 1.0039(13)
9 H-H (γ5γ4 ⊗ γ5γ4) 0.3157(1) 0.08303(8) 0.9981(11)

very complicated to calculate and also unnecessary as we can form the pseudoscalar

current easily. However, to explicitly test the temporal axial current we use the

local non-Goldstone operator as discussed in earlier sections. The masses of these

mesons are slightly heavier than the masses of the Goldstone mesons, though both

are formed with the same tuned s quark mass. The masses and the un-normalised

decay constants for these non-Goldstone ηs mesons are given in Table 3.5. From

comapring these un-normalised decay constants with the ones from H-H Goldstone

ηs decay constants we have extracted the temporal axial current renormalisations

given in Table 3.5.
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3.6.2 Results for Z factors

The results of the ZA4 and ZV 4 factors for the H-H, the cl-cl and the H-cl currents

are given in Table 3.6. We see from Table 3.6, that the values of ZA4 and ZV 4 are

close to each other for the H-H, cl-cl and H-cl formalisms. Since the HISQ action

posseses a remnant chiral symmetry, the equality of ZA4 and ZV 4 for the H-H case is

natural. However, the clover action does not have chiral symmetry, yet the difference

of these two renormalisations is negligibly small on the very coarse lattice. Another

point to note is that ZA4 calculated from equations 3.3 and 3.5 differ slightly which

is a discretisation effect.

3.6.3 Results for ρ factors

In Table 3.6 we have now all the ingredients for testing ρA4 and ρV 4 . Using our results

for ZA4
H−cl

and ZV 4
H−H/cl−cl

and equation 3.1 we can determine ρA4
H−cl

. We have extracted

ρV 4
H−cl

also from a similar relation written as ZV 4
H−cl

= ρV 4
H−cl

√
ZV 4

cl−cl
ZV 4

H−H
. Our

results of ρA4
H−cl

and ρV 4
H−cl

are listed in Table 3.6. They are indeed close to 1, with

a maximum deviation of ∼ 3% on the very coarse lattice. This is consistent with the

Fermilab hypothesis and ρA4
H−cl

and ρV 4
H−cl

are even closer to each other on the finer

lattices.

Our results for ρA4
H−cl

have been compared to the Fermilab/MILC results for

the clover-Asqtad mixed action using their one-loop perturbative coefficients at two

different values of the clover quark masses (shown in Figure 3.15). The equivalent

perturbative results for the H-cl could be different because the asqtad and the HISQ

are different formalisms. Therefore, we can only compare our results with the Fermilab

results qualitatively. We find that ρA4 and ρV 4 from our calculation and the Fermilab

calculation have similar values and behave in the similar way with respect to lattice

spacings. On the finer lattices, our non-perturbative result agrees with the perturbative
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Figure 3.15: Our results for ρA4
H−cl , plotted against the square of the lattice

spacings are compared to the one-loop results from the Fermilab-MILC for the mixed
clover-Asqtad currents with the clover charm (crosses) and the clover light (open
circles) quarks.

result to within 1%, whereas our result is 2% away and the perturbative result is 1%

away from unity. Assuming that the H-cl perturbative results will behave in the same

way to the clover-Asqtad case, we have confirmed that all higher order ρ coefficients

should be small.

We performed a similar analysis and the comparison of the non-perturbative

results for ρV 4
H−cl

with Fermilab/MILC results is depicted in Figure 3.16. We draw

a similar conclusion that in this case also the ρ coefficients are small for each order

in the perturbation series.

We used two completely independent lattice formalisms, HISQ and clover, to get

Z4
A and Z4

V or ρ4
A and ρ4

V . Therefore, our results are completely robust.
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Figure 3.16: Our results for ρV 4
H−cl , plotted against the square of the lattice

spacing, are compared to the one-loop results from the Fermilab-MILC for the mixed
clover-Asqtad currents.
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3.6.4 Mass and decay constant for the φ

So far I have used two different independent relativistic formalisms HISQ and clover,

combining them into three correlators. It is worth comparing the discretisation errors

coming from these fomalisms and for this purpose I have made the vector meson φ

from one valence ss̄ pair where both of them are HISQ quarks, both of them are

clover quarks and then mixing one HISQ and one clover quark. I have used the same

strange propagators as in the case of the ηs and studied the two-point φ correlators

as before to extract the mass of the φ meson (mφ) on each ensemble. We calculate

the decay constant fφ using the equation

fφ = ZV 4 × a0

√
2

mφ

(3.40)

where a0 is the ground state amplitude of the two-point correlators. Since these are

vector correlators, we do find oscillations in the case of the pure HISQ formalism

unlike for the ηs. The φ correlators are a lot noisier than the ηs correlators, giving

rise to larger uncertainties in the φ meson properties compared to the η properties.

mφ and fφ are listed in Table 3.7 as calculated on the ml/ms = 0.2 ensembles. To

test the effects of the masses of the light dynamical quarks in our φ results we also

use a more complete set of ensembles for the H-H case: the φ results on the physical

ml ensembles are given in Table 3.8. The results for the φ on the three volumes with

ml/ms = 0.1 are given in Table 3.9 showing negligible volume dependence. Figure

3.17 indicates negligible finite volume dependence of the ηs and φ masses. Therefore,

we do not need to worry about the finite volume correction in this case whereas later

we will see this becomes important in case of the vector mesons made of light valence

quarks.
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Figure 3.17: This figure shows negligible finite volume dependence of the ηs and φ
masses on the ml/ms = 0.1 ensemble. Here 0.2 has been added to mηS so that it can
be shown clearly on the same plot with mφ.

3.6.5 Continuum extrapolation of φ properties

A good way to compare the discretisation errors is to study the mass gaps between

the ηs and the φ with the lattice spacing for different formalisms and then to perform

the continuum (a = 0) extrapolation to test whether all the schemes give the same

physical result.

The fit function used to extrapolate the results from the H-H case is

f = c0 + cl ×mls + cs ×∆mηs + c2 × (λa)2 + c4 × (λa)4 + c6 ×O(λa)6). (3.41)

Here, the fit parameters are the coefficients c0, cl, cs, c2, c4, and c6. The fit

form (in powers of lattice spacing) replicates the form of the discretised action. For

example, in this case there are no odd powers of the lattice spacing in the fit function

as the HISQ action does not contain them. Also, in the fit results we can find c2 is

negligibly small as HISQ action is O(a2)-improved. λ is the relevant QCD scale in

our calculation which has been taken between 200−400 MeV to get the best fit. The
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priors for c0 has been taken as 0.24(12) and for the rest of the coefficients in equation

3.41 the priors were taken as 0(1). The best fit results have been obtained with a

χ2 = 0.3− 0.5 and p-value of 0.5− 0.7.

Here,

mls =
((2×msea

l +msea
s )− (2×mphys

l +mphys
s ))

mphys
s

; (3.42)

∆mηs = m2
ηs,phys −m2

ηs,obtained. (3.43)

The term ‘mls’ in the fit corrects for the heavier than physical sea light quark

mass effects and the term ‘∆mηs ’ corrects for the valence s quark mass mistuning

effects (difference from the physical mass), though they are very small. We do not

have any term in the fit ∼ O(αsa) since the HISQ action is improved to have no

O(αsa) discretisation and we tested for it by intentionally adding this term.

For the cl-cl and H-cl cases, in the fit function, we need to add odd powers of (λa)

as well. The fit function in these cases looks like

f = c0 + cl ×mls + cs ×∆mηs + cα × αsa+ c2 × (λa)2

+αs(λa)3 + c4 × (λa)4 + c6 ×O(λa)6). (3.44)

The priors are similar to the H-H case. Here, the major contributions come from the

terms O(αsa) and O(αsa
3). Here also, the best fits have been obtained with a χ2 =

0.3− 0.5 and p-value of0.5− 0.7. The uncertainties we get in the extrapolations are

correlated and account for both the fitting uncertainties and the statistical uncertainties.

From the extrapolation plot of mφ − mηs in Figure 3.18 we see all the three

methods of calculating correlators agree in the continuum limit as expected. The

H-H discretisation errors are much smaller than the cl-cl and the H-cl discretisations.

The accurate H-H results show a value in the continuum limit which is higher than

the experimental value. The φ is not a “gold-plated meson” 5, having a strong decay

5Gold-plated mesons are well-characterised in experiments as they have narrow width with no
strong two-body decay mode.

79



 280

 300

 320

 340

 360

 380

 400

 0  0.005  0.01  0.015  0.02  0.025

m
-m

s (M
eV

)

a2 (fm2)

Clover-HISQ
Clover-Clover

HISQ-HISQ
Experimental

Figure 3.18: mφ−mηs calculated with the different quark formalisms and extrapolated
to a = 0.

to KK and further study is needed to uncover what the impact of this decay channel

is on our results for mφ and fφ. Another physical quantity we have used to compare

discretisation errors is the φ decay constant. This is also plotted as a function of the

lattice spacing in Figure 3.19 with an extrapolation to the continuum for all the three

formalisms. As before, we find that all the discretisations agree in the continuum

and again the H-H case shows the smallest discretisation errors. In the H-H case, the

lattice fφ result in the continuum match with the experimental result obtained from

Γ(φ→ e+e−) [66] up to 1.5σ.

For calculating the experimental value of the decay constant, we consider the

φ→ e+e− decay where the decay width (ignoring the spread in its mass from its full

width) is given by [67]

Γ
(
φ→ e+e−

)
=

4π

3
α2

QED

f 2
φ

mφ

e2
h (3.45)
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Figure 3.19: fφ calculated with different quark formalisms and extrapolated to a = 0.

where αQED ≈ 1/137; eh = strange quark charge = −1/3 (in units of e); the

experimental value of the average partial width Γ(φ→ e+e−) = 1.27± 0.04 keV and

the experimental value of the mass of the φ = 1019.455± 0.020 MeV [68]. Therefore,

the experimental value of fφ is 228.56± 3.70 MeV.

mφ and fφ results computed on the ml/ms = 0.2 lattices are not accurate because

the sea light quark mass we have been using is much heavier than the physical one.

Therefore, in our calculation, the φ meson decays into virtual KK̄ which are much

heavier than the real kaons, giving rise to the difference between the lattice and the

experimental results for the mass and decay constant of the φ meson.

To see how the masses of the dynamical light quarks impact our calculation, I

have calculated the H-H φ correlators with physical dynamical light quarks. When

extrapolated to the continuum using the same fit form as in equation 3.41, in this

case mφ and fφ perfectly agree with the experimental results (shown in Figure 3.20).
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3.6.6 Comparison of statistical uncertainties

Comparison of the statistical uncertainties coming from the H-H and the cl-cl methods

has given the results as expected. The generation of one clover strange propagator

costs ∼ 4 times as much as that for one HISQ propagator combined with the fact that

a clover propagator requires 16 times more storage compared to one HISQ propagator.

However, the statistical uncertainties are similar in φ meson masses for the HISQ and

the clover discretisations on the coarse and the fine lattices. This is shown in Figure

3.21) where the statistical uncertainties have been represented as the percent errors

in the φ masses.

This is in line with the expectation from comparing the naive and the staggered

quarks where the spin degrees of freedom for naive quarks is completely redundant.
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Figure 3.20: On the top: mφ −mηs calculated with the H-H formalism and with two
different masses of msea

l - physical and one-fifth ms and extrapolated to a = 0. At
the bottom: fφ calculated with the H-H formalism and with two different masses of
msea
l - physical and one-fifth ms and extrapolated to a = 0
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number of configurations are used for calculation. We do not gain anything more in
terms of the precision from using the four spin components of the clover quarks.
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Part III

Muon g-2
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Chapter 4

The anomalous magnetic moment

of the muon and lattice QCD

4.1 Motivation

The anomalous magnetic moment of the muon, aµ, defined as the fractional difference

of its gyromagnetic ratio from the naive value of 2, i.e. aµ = (g − 2)/2, is a result of

the interactions of the muon with a cloud of virtual particles. It has been measured

with an impressive accuracy of 0.54 parts-per-million (ppm) [69] in experiment (BNL

E821): 11, 659, 208.9(54)(33) × 10−10, thus providing the most stringent test of the

Standard Model. Theoretically, aµ has been calculated (11, 659, 180.2(49) × 10−10)

with an even better precision of 0.42 ppm, but surprisingly, shows a tantalising

discrepancy of about 3σ [70–73] with the experimental result. This could be an

exciting indication of the existence of new virtual particles beyond the Standard

Model. Improvements of a factor of 4 in the experimental uncertainty (Fermilab

E989) are expected, and improvements in the theoretical determination would make

the discrepancy (if it remains) really compelling.

In the SM, aµ receives contributions from Quantum Electrodynamics (QED)
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Figure 4.1: The hadronic vacuum polarisation contribution to the muon anomalous
magnetic moment is represented as a coloured blob inserted into the photon
propagator (represented by a wavy line) that corrects the point-like photon-muon
coupling at the top of the diagram. This diagram is taken from [74].

for virtual leptons, from Electroweak (EW) theory for virtual gauge bosons and

from Quantum Chromodynamics (QCD) for virtual hadrons. The QED contribution

(largest) and the EW contribution (tiny) have been calculated with high precision

and have little impact on the overall theoretical uncertainty in aµ as listed in Table

4.1. The theoretical uncertainty is dominated by the QCD contributions, mainly by

the lowest order hadronic vacuum polarisation (HVP) (0.36 ppm), aHVP,LO
µ (depicted

in Figure 4.1). aHVP,LO
µ is currently determined most accurately from dispersion

relations, using experimental input from the cross-section for e+e− to hadrons with an

uncertainty of 0.7% [71,73] and this is the best accepted result for aHVP,LO
µ . However,

if aHVP,LO
µ can be calculated to better than 0.5% from first-principles lattice QCD

calculations, we could improve on this result. The ETM Collaboration presented the

first Nf = 2 + 1 + 1 lattice calculation for the connected HVP contribution to aµ with

an uncertainty of 4% including the systematics from their lattice fits [18].

With an aim in mind to achieve a 1% uncertainty in aHVP,LO
µ , for this dissertation,

we have developed a new lattice QCD method to calculate the HVP contribution to

aµ which is a significant improvement over previous methods used by other lattice

collaborations.

Another hadronic contribution to aµ whose determination can have significant
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Table 4.1: This table shows the contributions to the overall theoretical uncertainty
in aµ coming from QED, EW and QCD. QCD contributions involve the hadronic
vacuum polarisation (HVP) at the lowest order (LO), higher order (HO) HVP and
the hadronic light-by-light contribution (HLBL).

Contribution Result (x 10−10) Error
QED (leptons) [70] 11658471.8 0.00 ppm
HVP(LO) [71,73] 692.3 0.36 ppm
HVP(HO) [71,75] -9.8 0.01 ppm
HLbL [76] 10.5 0.22 ppm
EW [77] 15.4 0.02 ppm
Total SM 11659180.2 0.42 ppmExpectations for muon g-2!

6/26/14!B. Casey, muon g-2!3/36! 3!

spin 

B 

(g-2)/2 = 0  

spin 

B 

 e+ 

 e- 
(g-2)/2 ~ 1x10-3   

 q 

 q 
(g-2)/2 ~ 1 x 10-7  

 W+ 

 W- 
 Z 

(g-2)/2 ~ 1 x 10-9  

 ?? 

Have to add all 
radiative corrections 
to get it correct 

(g-2)/2 ~ ?  

Sub ppm 
measurement is 

sensitive to 
corrections beyond 

the weak scale  

Figure 4.2: Lepton in an external magnetic field ~B- its spin precesses around ~B.

effect on the theoretical uncertainty in aµ is from the hadronic-light-by-light diagrams [76,

78]. Detailed reviews on muon g − 2 can be found in references [79,80].

4.2 Definitions

An elementary fermion has an intrinsic magnetic moment ~µ proportional to its spin

~S (depicted in Figure 4.2) and given by

~µl = gl
Qe

2ml

~s (4.1)

(in units of ~ = c = 1) where e is the fundamental electric charge, and ml is the

fermions mass.

In free Dirac theory the Landé g-factor is exactly 2, representing the tree level
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Figure 4.3: Tree level fermion-photon interaction vertex.

vertex of fermion’s electromagnetic interaction (shown in figure 4.3).

In the presence of interactions, the vertex gets radiative corrections (indicative

diagrams in Figure 4.4 [80]) which can be calculated order-by-order in α ≡ e2

4π

from weak-coupling perturbation theory for the QED contributions. Additionally

the hadronic contributions can be calculated using a semiphenomenological or a

non-perturbative approach, discussed later in this chapter.

The fundamental electromagnetic interaction of the fermions can be represented

by a matrix element of the electromagnetic current between incoming and outgoing

fermion states represented by |p1, s1〉 and |p2, s2〉 respectively. Here, p is the momentum

index and s denotes the spin. The matrix elements due to Lorentz invariance and the

Ward-Takahashi identity, take the following form

〈p2, s2|ψ̄γµψ|p1, s1〉 = ū(p2, s2)
(
γµF1(q2) +

iσµν

2m
qνF2(q2)

)
(4.2)

where u(p1, s1) and ū(p2, s2) are the spinors, qν = (p1−p2)ν is the space-like momentum

transferred by the photon to the fermion, and the two form factors F1(q2) and F2(q2)

retain all the information about the interaction [80]. In the limit q2 → 0, F1 gives

the fundamental electric charge e and F2 is defined as:

F2(0) =
g − 2

2
(4.3)
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Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3

Figure 4.4: Representative diagrams for QED, EW, hadronic corrections to
fermion-photon naive interaction vertex (diagram taken from reference [80]). The
upper level diagrams are due to QED corrections with the left most one known as the
Schwinger term. The diagrams in the mid-level get corrections due to electroweak
interactions of muon, and the diagrams at the bottom arise from the hadronic
corrections.

or the “anomalous magnetic moment” of the fermion.

4.3 Experimental Status

The pioneering experiments to measure muon g − 2 started at CERN [81] over five

decades ago and the last of the sets was carried out three decades ago resulting in

a 7 ppm mean experimental uncertainty in aµ. These experiments were followed by

E821 at BNL between 2001-2004, which reduced the uncertainty to 0.54 ppm [69].

aexp
µ = 11659208.9(63)× 10−10. (4.4)

E821 used high intensity primary proton beams whose collision with a fixed target

generates decay pions which are unstable and decay into muons and neutrinos. The

longitudinally polarised high energy forward decay muons are then fed into a storage

ring with a constant magnetic field ( ~B). While circulating with almost the speed of

light the muons continually decay to positrons and neutrinos.

µ+ → e+ + νe + ν̄µ. (4.5)
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Figure 4.5: Indicative diagrams to show the muon’s spin and “Larmor precession”
within the storage ring. This diagram is taken from reference [79].

While the neutrinos fly away undetected, the positrons are detected by detectors

distributed around the storage ring. While circulating around the storage ring, the

muon’s spin vector precesses around ~B, and the phenomenon, known as “Larmor

precession”, is characterised by an angular frequency ~ωa. In the horizontal plane, the

muons execute a relativistic cyclotron motion and the cyclotron frequency is given

by ~ωc (represented in Figure 4.6). Due to the presence of the muon’s anomalous

magnetic moment aµ, the spin precession frequency ~ωs is slightly larger than ~ωc and

the difference is defined as ~ωa,

ωc =
eB

mµγ
(4.6)

ωs =
eB

mµ

big(
1

γ
+ aµ

)
(4.7)

ωa = ωs − ωc = aµ
eB

mµ

(4.8)

where γ is the relativistic Lorentz factor corresponding to the orbital speed of the

muons in the ring, v.

Now, to retain the muons in the ring, an additional electric field ~E is also applied

in perpendicular to the plane of muon orbit using an electrostatic focusing system.
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Figure 4.6: This figure shows the sinusoidal modulation in the time distribution of
the decay positrons in the storage ring. This diagram is taken from [79].

It has been shown [79,82] that this modifies equation 4.8 as follows.

ωa =
e

mµ

(
aµ ~B − [aµ −

1

γ2 − 1
]~v × ~E

)
(4.9)

By choosing a “magic” momentum for muons, 3.094 GeV/c (c is the speed of light

in the vacuum), the effect of ~E vanishes from equation 4.9 and we get back equation

4.8. Therefore, for precise measurement of aµ from experiment one has to measure

a frequency ~ωa, and a magnetic field ( ~B) precisely from this experiment. The muon

mass mµ is measured from another experiment on muonium.

The angular frequency ~ωa is accurately determined from the sinusoidal modulation

in the time distribution of the decay positrons (shown in Figure 4.6) observed with

electromagnetic calorimeters [69,83,84]. More details about the experiment E821 can

be found in references [69, 79,83–85].

The forthcoming muon g-2 experiment at Fermilab (E989) [86,87] and at J-PARC

(E34) [88] expect to reduce the uncertainty in aµ to 0.14 ppm starting in 2017/18.

E989 uses the same electromagnet from the BNL experiment and the same principle

with a magic momentum, but with muons of much higher intensity. The J-PARC

experiment does not require the electrostatic lensing or the magic momentum concept
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Figure 4.7: The left diagram shows the pie-chart for different contributions and the
diagram on the right indicates the uncertainties in calculating these contributions.
We can clearly see that the dominant contribution to aµ comes from QED whereas
the theoretical uncertainty gets its dominant contribution from the hadronic vacuum
polarisation. This diagram is taken from reference [89].

as an ultra-cold muon beam is utilised [88].

4.4 Theoretical status

From Table 4.1 we can see that the dominant contribution to aµ comes from QED

whereas the theoretical uncertainty gets dominant contribution from the hadronic

vacuum polarisation. This is depicted in Figure 4.7) (taken from reference [89]).

4.4.1 QED contribution

The QED contributions can be calculated order-by-order in (α
π
) from perturbation

theory since the coupling α, the fine structure constant, is much less than 1 [79,89,90]:

α = 7.2973525698(24)× 10−3 (4.10)

and

aQED
µ =

∞∑
n=1

anµ

(α
π

)n
. (4.11)

The leading order QED contribution (depicted in Figure 4.8) known as the Schwinger

term [91] has the dominant contribution in aµ. The QED diagrams have been
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Figure 4.8: Leading order QED contribution (Schwinger term) [91]

calculated up to the fifth order in α [92] and the calculated result is

aQED
µ = 11658471.8846(37)× 10−10. (4.12)

The uncertainty achieved in this calculation is ∼ 0.3 parts-per-billion (ppb). The

leading contribution to aµ at the sixth order has been estimated [92] to

aQED
µ [6-loop] ∼ 0.8× 10−12 (4.13)

which is twice the size of the uncertainty in aQED
µ up to the fifth order.

4.4.2 EW Contribution

The electroweak contributions, though very small (from Table 4.1), still need to be

calculated unambiguously as they are altogether of size 3σ and without counting it

the deviation of the theory from the experiment would have been 6σ. It was possible

to make convincing predictions of aEW
µ after the Electroweak Standard Model had

been renormalised by ’t Hooft in 1971 [79]. But aµ being a physical quantity can

also be directly calculated in unitary gauge which is particularly easy as only the

physical particles appear in the diagrams and the diagrams exhibiting Higgs ghosts

and Faddeev-Popov ghosts are absent. Since the gauge bosons W±, Z and Higgs (H)
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Figure 4.9: Visualisation of optical theorem

are much more massive than the relevant energy scale of aµ, a perturbative treatment

of the electroweak contribution is possible [79, 89].

Neglecting the tiny terms O(m2
µ/M

2
W,Z), and combining the W and Z boson

contributions, the results for aEW
µ in one loop and two loops are [79,89,90]

aEW
µ [1-loop] = 19.482(2)× 10−10 (4.14)

aEW
µ [2-loop] = −4.07(21)× 10−10. (4.15)

The contribution due to the Higgs mass is ∼ 10−14 [79, 89] and the leading

logarithms for the three-loop contribution ∼ 10−12 [90] are, therefore, not included

at the current level of precision.

4.4.3 Hadronic Contributions

The hadronic contributions enter aµ at the order (α
π
)2 known as the lowest order

“hadronic vacuum polarisation (HVP)”, aHVP,LO
µ (represented by Figure 4.1).

At low energy this contribution is not calculable in perturbation theory. To

date aHVP,LO
µ is best known from a semi-phenomenological approach using the optical

theorem and dispersion relation with the e+e− → hadrons experimental cross sections.

In this method,

aHVP,LO
µ = α2

s

∫ ∞
4m2

π

dsK(s/m2)σtot(s) (4.16)
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where s is the center-of-mass energy and σtot(s) is the total cross section of e+e− →

hadrons. The integration kernel is given by [79]

K(s) =
3s

m2
µ

( s2

2− s2
+

(1 + s2)(1 + s2)

s2

(
ln(1 + s)− s+

s2

2

)
+

(1 + s)

(1− s)s
2 ln(s)

)
. (4.17)

Here, the major sources of uncertainties come from the experimental inputs and

the numerical integration. Above the cutoff mcut ≥ 2 GeV, perturbation theory is

used to calculate this integral. Hagiwara et. al. [71] calculated the value to be

aHVP,LO
µ = 694.9(4.3)× 10−10. (4.18)

There is a spread between different semi-phenomenological approaches using different

experimental data, which is expected to be resolved with the new data coming from

BES-III. Since the dominant contribution to the theoretical uncertainty in aµ arises

from the theoretical calculation of aHVP,LO
µ , for this dissertation I have concentrated

on the first principle theoretical calculation of aHVP,LO
µ using lattice QCD.

The higher order diagrams, for example, diagrams at (α
π
)3 including higher order

hadronic vacuum polarisation can be calculated using the same technique [79].

aHVP
µ [α3] = −8.85(9)× 10−10. (4.19)

4.5 HVP from lattice QCD: our formalism

On the lattice, aHVP,LO
µ associated with a given quark flavour, f, is obtained by

inserting the quark vacuum polarisation Π̂ into the photon propagator [93,94] (shown

in Figures 4.1 and 4.10).

a
(f)
µ,HVP =

α

π

∫ ∞
0

dq2f(q2)(4παQ2
f )Π̂f(q

2) (4.20)

where α ≡ αQED and Qf is the electric charge of the quark flavour f in units of
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Figure 4.10: Representative HVP contribution to the muon anomalous magnetic
moment is given as a shaded blob inserted into the photon propagators represented
by a wavy line.

e. We have not considered the disconnected diagrams at this point so the result is

flavour-diagonal. Here, we need the renormalised vacuum polarisation function,

Π̂(q2) ≡ Π(q2)− Π(0) (4.21)

and f(q2) is a known analytic function of four-momentum squared, given by

f(q2) ≡ m2
µq

2A3(1− q2A)

1 +m2
µq

2A2
(4.22)

where

A ≡
√
q4 + 4m2

µq
2 − q2

2m2
µq

2
. (4.23)

f(q2) is strongly peaked around q2 ∼ m2
µ/4 ∼ 0.003 GeV2 and so is the integrand

in equation 4.20. However, extrapolating from higher values of q2 to near zero values

of q2 leads to model uncertainties.

To get around this issue we have developed a new method [95] in which the HVP

contribution is expressed as a Taylor series of a small number of derivatives of the

vacuum polarisation function Π̂ evaluated at q2 = 0.

The quark polarisation tensor is the Fourier transform of the vector current-current

correlator. For spatial currents at zero spatial momentum

Πii(q2) = q2Π(q2) = a4
∑
t

eiqt
∑
~x

〈ji(~x, t)ji(0)〉 (4.24)

with q the Euclidean energy. Time-moments of the correlator give the derivatives at
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q2 = 0 of Π̂ [8]:

G2n ≡ a4
∑
t

∑
~x

t2nZ2
V 〈ji(~x, t)ji(0)〉

= (−1)n
∂2n

∂q2n
q2Π̂(q2)

∣∣∣∣
q2=0

. (4.25)

Here we need a renormalisation factor ZV for the lattice vector current which is not

conserved in our HISQ simulation. Note that time-moments remove any contact terms

between the two currents. G2n is easily calculated from the correlators calculated in

lattice QCD, remembering that time runs from 0 at the origin in both positive and

negative directions to a maximum value of T/2 in the centre of the lattice.

Defining

Π̂(q2) =
∞∑
j=1

q2jΠj (4.26)

then

Πj = (−1)j+1 G2j+2

(2j + 2)!
. (4.27)

Using Padé approximants [96] 1 instead of Taylor approximation allows us to deal

with high momenta. To evaluate the contribution to aµ we replace Π̂(q2) with its [2, 2]

Padé approximants derived from the Πj [95]. We perform the q2 integral numerically.

The Padé approximation and numerical integration have been performed by codes

written by G. Peter Lepage for our (HPQCD) collaboration.

4.6 Lattice simulation

We calculate the light (u/d) and strange (s) quark propagators using the HISQ [97]

discretisation on HISQ gauge configurations (given in table 4.2 and shown in figure

2.1) generated by the MILC collaboration [98, 99] with dynamical light (up/down),

strange and charm quarks (Nf = 2 + 1 + 1). We have used three lattice ensembles

1The [m,n] Padé approximant of a function f(x) is a ratio of polynomials in x, of order m in the
numerator and n in the denominator, whose Taylor expansion is the same as that of f(x) through
order xn+m.
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with lattice spacings a ≈ 0.15 fm (very coarse), 0.12 fm (coarse) and 0.09 fm (fine),

determined [27] using the Wilson flow parameter w0 [24]. At each lattice spacing we

have three values of the average u/d quark mass (ml): one fifth and one tenth the s

quark mass (ms) and the physical value (ms/27.5). We tune the valence s quark mass

accurately [59] using the mass of the ηs meson (688.5(2.2) MeV) [27], as discussed in

Chapter 3. At ml = ms/10, at one lattice spacing ∼ 0.12 fm, we have three different

volumes to test for finite volume effects. These sets correspond to a lattice length in

units of the π meson mass of MπL = 3.2, 4.3 and 5.4. In addition we de-tuned the

valence s quark mass by 5% (set 6) to test for tuning effects.

I first tested our method with the calculation of the s quark connected HVP

contribution to aµ and for this the s quark propagators are combined into a correlator

with a local vector current at either end which is dominated by the vector meson φ at

large time. We use the random colour wall source created from a set of U(1) random

numbers over a timeslice for improved statistics. The source and the sink ends are

summed over the spatial sites on a timeslice by the use of the random wall and set

the spatial momentum to zero. I have found the local vector current renormalisation

constant (ZV,ss) completely non-perturbatively with 0.1% uncertainty on the finest

ml = ms/5 lattices [59] (details in chapter 3).

Similarly, to obtain the light quark connected contribution to HVP, I have combined

the light quark propagators using a local vector current to form the local light vector

connected correlators (dominated by vector meson ρ). The same renormalisation

constants, calculated for strange correlators as in reference [59], have been used to

renormalise the light vector correlators . We ignore the mass dependence of the ZV s

since it is less than 0.1% - O([ams/π]2αs) and therefore negligible compared to our

statistical errors. The charm quark contribution (connected) to aHVP,LO
µ has also

been calculated from the previously obtained moments [100] and the bottom quark

contribution is calculated using NRQCD in [101] using the same formalism. The HVP
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also gets contribution from the disconnected correlators, though expected to be very

small. I will cover this topic later in this chapter.

We should note that these are the same vector meson correlators which are mainly

used to extract meson properties such as masses and decay constants. In Chapter 3

we have shown how accurate our strange vector meson correlators are by extracting

the most accurate φ meson properties to date. Similar checks are performed for the

light vector correlators by extracting the properties of the ρ meson from the two-point

light correlators.

4.7 Handling light vector correlators [74]

The light quark contribution in aHVP,LO
µ is the most significant part, being 12 times

larger than that for the strange quark, in part because of a factor of 5 from the

electric charges. Though the extension of our method [95] to calculate alight
µ,HVP is

straightforward, poor signal-to-noise ratio in this case significantly increases the

statistical uncertainties in the time moments [95]. The signal in this case is controlled

by the light quark vector meson pole ρ and the noise by the pseudoscalar meson π. The

signal to noise ratio for the vector correlators degrades exponentially with increasing

time slices. This increases the uncertainties in the Taylor coefficients Πj, particularly

for higher j values.

We have overcome this issue by calculating the time moments from the reconstructed

correlators using the best fit parameters for time slices larger than t∗ instead of using

the original correlators. This constrains the uncertainties in the correlators at larger

times without underestimating them, therefore giving a much better precision in the

time moments. I have used the data-fit hybrid correlator as follows:

G(t) =

{
Gdata(t) for t ≤ t∗ from Monte Carlo,

Gfit(t) for t > t∗ from multi-exponential fit.
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for t∗ = 1.5 fm = 6/mρ. I have tested different values of t∗ starting from t∗ = tmin

to pick up a t∗ such that we get ∼ 70% of the result from Gdata. We get the same

results to within ±σ/4 with t∗ = 0.75 fm.

4.7.1 Gaussian smearings

Furthermore, we have improved the fit uncertainties by using Gaussian smearings [102–

105] at both the source and the sink and fitting a 2 × 2 matrix of correlators using

simultaneous Bayesian fitting. The smearing is chosen to have an improved projection

onto the ground state vector meson ρ and thus reduces the excited state contamination

in the smaller time slices. This gives us a larger plateau for extraction of the meson

mass and ground state amplitudes (as depicted in Figure 4.11).

A 2×2 matrix of vector meson correlators is formed from all four combinations of

two meson operators with zero three momentum for the source and sink. One meson

operator is the local vector current operator denoted by “loc” and another is a vector

current operator with Gaussian covariant smearing applied to the quark field using

operator

1 +

[
r2

0D
2

4n

]n
n→∞→ exp

(
r2

0.D
2

4n

)
. (4.28)

Here, D2 is the covariant Laplacian operator, r0 is the parameter for the width

of the Gaussian function or the smearing radius and n is the number of iterations

to achieve the smearing. The smearing operator iteratively constructs a Gaussian

function and an extended source. Since we are using staggered quarks and require

the current-current correlator for a specific staggered taste, we use a stride-2 covariant

operator i.e. the difference operator is defined for grid spacing twice the lattice spacing

a instead of only a.

The parameters r0 and n have been chosen to get the fastest overlap with the ρ
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Figure 4.11: In this plot the ratio of the vector correlator to its ground state i.e.
the effective amplitude for the first few time slices is shown for all four source
and sink smearing combinations. We can clearly see that the plateau (around 1)
is achieved much faster for the smeared correlators compared to the non-smeared
(loc-loc) correlator (in red points). This plot corresponds to the coarse lattice with
physical ml.
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Table 4.3: This table summarises the best values of the smearing parameters used in
my calculation for each lattice spacing - the smearing radius r0 and the number of
iterations n for each r0.

Set ∼ a (fm) r0 n
Very coarse 0.15 3a 20
Coarse 0.12 3.75a 30
Fine 0.09 4.5a 40

ground state ∼ e−mt + e−m(T−t), where m is the ρ mass and T is the temporal length

of the lattice. For the best choice of r0, only the ground state will be present in

principle, and the effective mass

Meff(t) =
1

N

C(t)

e−mt + e−m(T−t) (4.29)

will converge to 1 within 2 to 4 timeslices on the lattice. The number of iterations n is

chosen for each r0 to approximate the Gaussian smoothly. For insufficient iterations

the behaviour of Meff(t) is different when compared to more iterations when the shape

remains similar with the increase of n. In practice, I only optimised smearing on one

lattice spacing and scaled the rest.

Table 4.3 summarises the best values of the smearing parameters used in my

calculation.

Using smearings I have achieved a∼ 25-30% gain in precision in alight
µ for∼ 20-25%

increase in the computation cost.

4.7.2 Data analysis and fits

The fit form for the light vector meson correlators is similar to equation 2.46 as

discussed in Chapter 3 and given by:

Gij(t) = a3

nexp∑
k=0

b
(k)
i b

(k)
j (e−E

(k)t + e−E
(k)(T−t))

−(−1)ta3

nexp∑
ko=0

dkoi d
ko
j (e−E

ko
o t + e−E

ko
o (T−t)). (4.30)
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The indices i and j stand for meson source and sink respectively. The analysis of

the strange meson correlators has been discussed in Chapter 4. In equation 4.30, the

first sum is over JPC = 1−− vector states coupling to vector operators. The second

sum is over the opposite parity states arising from the staggered quark oscillations.

nexp represents how many excited states are considered in the fitting and it is normally

7 in my fits, though the fit stabilizes after 3-4 exponentials. I have used the Bayesian

fitting technique [65] and set wide priors (in units of GeV) as follows: For first sum,

log(E(0)) = log(0.75(38))

log(E(k) − E(k−1)) = log(1.0(5)) (k > 0)

log(b
(0)
loc) =

{
log(0.14(14)) (k = 0),

log(0.42(42)) (k > 0)

b(0)
sm, b

(k)
sm = 0.01(1). (4.31)

using the same notations as in previous chapter. We have assigned analogous priors

for the second sum as well, but with

log(E(0)
o ) = log(1.2(6)). (4.32)

With these priors I have achieved an excellent fit with χ2 per degree of freedom

standing between 0.5-0.9. In terms of ‘loc’ and ‘sm’ indices the definition of our Gfit(t)

used in equation 4.28 gives

Gfit(t) ≡ Gloc,loc |t→∞ (4.33)

= a3

nexp∑
k=0

b
(k)
locb

(k)
loce

−E(k)t

−(−1)ta3

nexp∑
ko=0

dkolocd
ko
loce
−Ekoo t. (4.34)

Gfit(t) has been reconstructed using the best fit parameter.

From these two-point correlator fits I have extracted the mass Mρ and ground

state amplitude a0 for the ρ meson. The decay constant for ρ is extracted from

fρ = a0ZV 4

√
2

Mρ

. (4.35)
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Our results for these are listed in Table 4.6 and shown in Figure 4.17 with

comparison to previous lattice values.

4.7.3 Additional systematic uncertainties

The ρ is not a gold-plated particle and decays to two pions in the continuum, which

doesn’t happen properly on our lattices with heavier than physical light quark masses.

Since, 80% of the light quark vacuum polarisation contribution comes from the ρ

meson pole, much of the light quark mass dependence comes from that of the ρ. In

handling the light quark vector current-current correlators we found that mρ and fρ

(Figure 4.17) show small finite spatial volume and finite lattice spacing effects on

these lattices. Therefore we need to understand ρ better on the lattice and correct

for the finite volume effects. We can remove these effects by rescaling the coefficients

with the appropriate powers of the ρ mass [18]. Additional systematic uncertainties

come from the fact that we are using staggered quarks which give rise to additional

tastes of the pions other than the Goldstone one and there exists mass splittings

between these tastes on the lattice.

An important contribution to be handled is that from the photon coupling to

π − π. It is the π − π contribution that that has potentially large finite volume

contributions and those can be corrected for relatively simply. This is a scalar QED

calculation in which π+π− couple to a photon. The issue there is that the finite

volume effects are suppressed in our calculation by the staggered effects which mean

that other tastes of pion are heavier than the Goldstone, so we will really need to go

to finer lattices to see them. To remove this effect on our lattices, we first remove this

ππ contribution on each lattice using one-loop, staggered quark, finite-volume chiral

perturbation theory [74, 106]. And then restore it from one-loop continuum chiral
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Figure 4.12: This figure is a representative diagram of the disconnected contribution
to aHVP,LO

µ . Here the two coloured blobs are made of light-light, strange-strange and
light-strange currents and interact with each other via exchange of gluons.

perturbation theory, with physical π mass. The scaling of Π̂latt
j in this way gives

Π̂latt
j → (Π̂latt

j − Π̂latt
j (ππ))

[
m2j,latt
ρ

m2j,expt
ρ

]
latt

+ Π̂cont
j (ππ) (4.36)

where Π̂cont
j (ππ) = 70× 10−10.

The finite volume correction has been mainly done by G. Peter Lepage and is

detailed in reference [74].

4.8 Disconnected correlators

The quark-line disconnected contribution to the HVP (depicted in Figure 4.14) is

suppressed by mq. Since ∑
f=u,d,s

Qf = 0, (4.37)

for Qf being the charge of quark flavour f , the disconnected contribution to aHVP,LO
µ

vanishes if mu = md = ms [94], therefore, it is expected to be very small in reality.

In chiral perturbation theory the only terms that contribute are the π − π ones and

this gives a factor of 1/10 between the connected and the disconnected pieces (as we

showed in [107].
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On the lattice we calculate the disconnected correlators of the following form

(4.14):

Gdisc(x0 − y0) = −ZV 〈

∑
~x

Tr[γkD
−1(x, x)])(

∑
~y

Tr[γkD
−1(y, y)]

〉
The disconnected correlators are extremely noisy and historically other lattice

groups (for example [108]) found it challenging to achieve a signal or a small uncertainty.

Therefore, our target is to calculate a conservative upper bound for a systematic error

from neglecting the disconnected contribution.

I have first applied the “all-to-all” propagator method [108] to calculate the

disconnected light and strange correlators (assuming the charm and bottom quarks

have negligible disconnected contributions). I have used 50 stochastic noise vectors

on each configuration with one-link taste-singlet spatial vector currents for (light -

strange) or (l − s) on both sides. It is appropriate to use (l − s) currents as we can

see from equations 4.39 and 4.40.

Using the same noise for l and s currents (the method suggested in [108]) I have

found a 40% reduction in the uncertainty compared to the l quark case alone (seen

from Figure 4.13), though no signal was obtained which is consistent with [108]. One

can use spectral decomposition of the propagator with diluted noisy estimators [109]

or the method of distillation [110] for obtaining a good signal for the disconnected

correlators. But these methods are too expensive with our configurations and beyond

the scope of my dissertation.

To get an estimation for the disconnected contribution in our calculation we

collaborated with the Hadron Spectrum collaboration. We combined their light

quark disconnected correlators with a clear signal generated using the distillation

method [111, 112] and our methods of calculating HVP [74, 95]. Of course, these

correlators have been calculated at heavier than physical light quark masses and

using distillation, a method that relies on computing the correlator directly using
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sources made from a basis of vectors spanning the space of the smoothest quark

fields [107]. Therefore, these correlators have been normalised by the connected

correlators generated by the Hadron Spectrum Collaboration using the same method

of distillation.

At large time the disconnected light-light correlator is given by the difference

between the ω and the ρ (assuming ρ dominance)

2Dll,gs = −f
2
ρmρ

2
e−mρt +

f 2
ωmω

2
e−mωt (4.38)

where Dll,gs is the ground state for the l/l disconnected correlator.

Following the notation from reference [112], the total disconnected correlator

would be

D = Dll +Dss − 2Dls (4.39)

≡ Dl−s ×Dl−s. (4.40)

where Dll is disconnected l/l piece, Dss is disconnected s/s piece and Dl−s is the

(l − s)/(l − s) disconnected piece.

We have to take time moments for this total D to calculate the total disconnected

contribution to aHVP,LO
µ .

In figure 4.14, we show the ratios (Rff ′) of the Hadron Spectrum disconnecetd

correlators (described in equation 4.39) to their connected light-light correlators, both

generated with the same operators. As expected all the ratios are negative and Rll

has the largest magnitude while Rss is the smallest. This plot also shows the ratio

we need to calculate the disconnected contribution to HVP.

Then using our method of time moments and the fit techniques [74,95], we obtain

an estimation of the total quark-line disconnected contribution to aHVP,LO
µ from a

clear signal for the first time. It is −0.15% of the light quark connected contribution

with an uncertainty of 1% of that connected contribution coming from the ππ effect

at heavier masses [107]. After our work has been published, another calculation of
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Figure 4.14: Ratios of disconnected correlators, Dff ′ , to the connected correlator C ll,
as a function of time in lattice units. Open black circles show the combination of
disconnected correlators needed for the hadronic vacuum polarisation contribution to
HVP , described by equation 4.38

the disconnected contribution to aHVP,LO
µ was done by RBC/UKQCD [113] with the

light quark masses close to the physical values and the result −9.3(33)(23) × 10−10

(statistical and systematic uncertainties in the parentheses) is consistent with our

estimation.

4.9 Results for aHVP,LO
µ

Table 4.4 gives the values of the Taylor coefficients Πj (in equation 4.26) in units of

GeV2j for the i-th moment on each configuration for the connected s-quark contribution

to aHVP,LO
µ . The errors given include the statistical and the systematic (correlated)

uncertainties from setting the lattice spacing using w0. The estimates of the connected

contribution from s-quarks to aHVP,LO
µ are also given for each of the [1, 0], [1, 1], [2, 1]

and [2, 2] Padé approximants [95].

We fit the results of asµ using the [2, 2] Padé approximants from each configuration
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set to a function of the form

asµ,lat = asµ

×
(
1 + ca2 (aΛQCD/π)2 + cseaδxsea + cvalδxval

)
, (4.41)

where ΛQCD = 0.5 GeV and

δxsea ≡
∑

q=u,d,s

msea
q −mphys

q

mphys
s

, δxs ≡
mval
s −mphys

s

mphys
s

. (4.42)

The discretisation effects are handled by ca2 . The fit from all 10 of our configuration

sets is excellent, with a χ2 per degree of freedom of 0.22 and p-value of 0.99.

Using our method we have achieved [95] an unprecedented uncertainty of 1.1%,

for the strange quark connected contribution to aHVP,LO
µ (shown in the Figure 4.15)

asµ,HVP = 53.41(59)× 10−10. (4.43)

Here the lattice spacing uncertainty alone contributes ∼ 1% and needs to be

improved to achieve a better precision. We found that the finite volume effect was

negligibly small whereas the valence HISQ strange quark mass de-tuning effect was

significant.

Our result for asµ,HVP in the continuum limit agrees with the subsequent lattice

results by the ETM [114] and RBC/UKQCD Collaborations [115, 116] (shown in

Table 4.5). However, using the HISQ quarks we have very small discretisation

effects in our calculation compared to what ETMC has obtained which is clear from

Figure 4.16. The charm quark contribution (connected) to aHVP,LO
µ has also been

calculated from the previously obtained moments [100] and found as 14.42(39) ×

10−10. This piece could have been extracted with a similar precision of ∼ 1%

by improving the calculation of ZV,cc following the same procedure for calculating

ZV,ss [59]. However, given the small value of acµ, the uncertainty is not significant.

Table 4.5 gives a comparison of our results for asµ,HVP and asµ,HVP with ETMC and

RBC/UKQCD lattice calculations and the existing most accurate other calculations.
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Table 4.5: Comparison of our results for asµ,HVP and acµ,HVP [95] with ETMC [114]
and RBC/UKQCD [115,116] lattice calculations and the results using the dispersion
relation and the experimental results on e+e− → hadrons or τ decay (dispersion
relation for strange is just an estimate).

a
s/c
µ dispersion Our results ETMC RBC/UKQCD

+ experiment (preliminary)
asµ 55.3(8)x10−10 [71, 95] 53.41(59)x10−10 53(3)x10−10 53.1(9)x10−10

acµ 14.4(1)x10−10 [117] 14.42(39)x10−10 14.1(6)x10−10 -

Table 4.6: Here we list the masses of pion amπ and that of ρ meson amρ in lattice
unit obtained from the light connected vector meson correlators. ZV,s̄s is the vector
current renormalisation [59] [74].

Set amπ amρ ZV,s̄s
1 0.236430(90) 0.6669(18) 0.9887(20)
2 0.166170(70) 0.6113(51) 0.9887(20)
3 0.101720(40) 0.5978(44) 0.9887(20)
4 0.189380(80) 0.5268(38) 0.9938(17)
5 0.134920(80) 0.4945(83) 0.9938(17)
6 0.134150(50) 0.4866(51) 0.9938(17)
7 0.134010(60) 0.4848(49) 0.9938(17)
8 0.081620(40) 0.4732(27) 0.9938(17)
9 0.14062(10) 0.3849(39) 0.9944(10)
10 0.09850(10) 0.3507(42) 0.9944(10)

Table 4.6 lists the meson properties extracted from the light quark vector correlator

analysis such as the pion and ρ meson masses. The time moments calculated from

the correlators and the light quark connected cntribution to HVP alight
µ are given in

Table 4.7. Our results for the ρ meson properties are shown in Figure 4.17 with a

comparison to previous lattice results.

Our results agree well with the experimental results for physical light quark masses

and using HISQ the discretisation effects are much smaller in our calculation than in

other lattice results.

Our results for the Taylor coefficients Πj for the light quark connected vector

correlator on each ensemble are listed in Table 4.7. At the same time, in Table 4.7
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Figure 4.18: The connected contribution to the muon anomaly aµ from the vacuum
polarisation of u/d quarks, both uncorrected and rescaled (corrected), for the three
lattice spacings, and the three light-quark masses are shown. δml represents the
deviation of the valence light quark mass used on each ensemble from the physical
light quark mass. The dashed lines are the corresponding values from the fit function,
using the best-fit parameters. The gray band for the corrected results shows our final
result, 598(11)× 10−10, after chiral-continuum extrapolation.

we also list the estimation for alight
µ for different Padé approximants after correcting

the time moments and then the final results for aHVP,LO
µ .

Our results for alight
µ are shown in Figure 4.18. The rescaled values are independent

of ml/ms, a
2, the finite volume effects. Fitting the corrected results as a function of

a2 and msea yields a result of alight
µ = 598(11) × 10−10 including 1% QED and 1%

isospin uncertainties.

We fit the corrected results of alight
µ using the [2, 2] Padé approximants from each

configuration set to a function of the form

alight
µ,lat = alight

µ ×
(
1 + ca2 (aΛQCD/π)2 + cseaδxsea + cvalδxval

)
,

where ΛQCD = 0.5 GeV.
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Table 4.8: This table gives our results for the contributions to the HVP coming from
each of the flavour separated connected and the disconnecetd pieces and then the
final result for total aHVP,LO

µ from our lattice simulation.

Contribution Result (x 10−10)

light, conn 598(11) (including 1% for each
of QED and isospin effects)

strange, conn 53.4 (6) (1403.1778)
charm, conn 14.4(4) (1403.1778,

1208.2855)
bottom, conn 0.27(4) (1408.5768)
disconn. 0(9) take 1.5% as uncertainty;
(estimate) contribution negative

Total 666(6)(12)

The discretisation effects are handled by ca2 as before. The fit from all ∼ 10 of

our configuration sets is excellent, with a χ2 per degree of freedom of ∼ 0.9 for the

corrected data and ∼ 0.6 for the uncorrected data. The [2, 2] Padé approximants

converged to a better than 0.2% and therefore contributed negligibly to the total

uncertainty. In our calculation we have removed the systematic uncertainties except

for the QED and the isospin breaking effects which are reasonably taken as ∼ 1%

each. The total uncertainty which is less than 2% is dominated by these systematic

errors.

4.10 Result for total aHVP,LO
µ

Table 4.8 shows the contributions to HVP coming from the connected contribution

for each of the quark flavours and the disconnected pieces.

Therefore, our estimation of the entire HVP contribution to the anomalous magnetic

moment of the muon is

aHVP,LO
µ = 666(6)(12)× 10−10 (4.44)

including all the systematics (with 1% QED and 1% isospin uncertainties).
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Figure 4.19: In this plot I have compared our result for aHVP,LO
µ with that from other

lattice and non-lattice results. We can clearly see that our (HPQCD) result is ∼ 3.5σ
away from the result that we should have found if there is no new physics.

Figure 4.19 shows that our result for aHVP,LO
µ agrees well with previous lattice

result 674(28)×10−10 [18] and the non-lattice results - 694.9(43)×10−10 [71], 690.8(4.7)×

10−10 [106], 681.9(3.2)×10−10 [119] and 687.2(3.5)×10−10 [120]. Though we have not

yet achieved the level of precision comparable to phenomenology, the spread between

the phenomenological results is of the same size as the uncertainty in our result.

It is interesting to see the implication of our result compared to the experimental

scenario. Let us assume there is no new physics beyond the Standard Model. Then the

question is what value of aHVP,LO
µ we expect to get. Subtracting the QED [70] and the

EW [77] contributions from the experimental value of total aµ we get 721.7(6.3)×10−10

which should be the value of the total hadronic contributions in the absence of new

physics. If we subtract the other hadronic contributions such as hadronic-light-by-light

(10.5(2.6)×10−10) [73] and higher order HVP (−8.85(9)×10−10) [71,75] from this value

then we expect aHVP,LO
µ to be 719.8(6.8)×10−10 if no new physics exists. Interestingly
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we observe a 3.5σ deviation of our result from this expected value (shown in Figure

4.19), still we can not claim new physics unless the uncertainties in our calculations

are reduced to ∼ 0.5%.
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Part IV

Flavour physics with HISQ
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Chapter 5

Semileptonic meson decay:

D → Klν

5.1 Motivation

The flavour changing weak interactions between quarks via emission of W bosons can

be parametrised in terms of the Cabbibo-Kobayashi-Maskawa (CKM) unitary matrix

in the Standard Model given by [121,122]

VCKM =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 . (5.1)

Precise and independent determination of each of the CKM matrix elements is

crucial to test the Standard Model stringently, and any deviation from unitarity would

signal the existence of physics beyond the Standard Model.

The unitarity of the first row has already been precisely tested giving [66]

|Vud|2 + |Vus|2 + |Vub|2 = 0.9999± 0.0006. (5.2)

Here Vub has negligible contribution, Vud has been measured with 0.02% accuracy

from experiment and theory, and Vus has been determined with sub-percent level
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accuracy combining experimental measurement and lattice QCD results. Also, the

unitarity of the first column has been tested precisely (although not as precisely as

the first row):

|Vud|2 + |Vcd|2 + |Vtd|2 = 1.000± 0.004. (5.3)

However, it has not been possible so far to test the second row unitarity with a

similar precision. At present what we have is [66]

|Vcd|2 + |Vcs|2 + |Vcb|2 = 1.024± 0.032. (5.4)

The same is true for the second column unitarity checks in which case we have so

far obtained

|Vus|2 + |Vcs|2 + |Vts|2 = 1.025± 0.032. (5.5)

The uncertainties in the unitarity checks of the second row and second column of

the CKM matrix are dominated by that of |Vcs|, the central CKM matrix element.

This element is calculated from studies of the semileptonic meson decays involving

charged flavour changing current from c to s by combining the experimental decay

rate with the vector form factor calculated from lattice QCD [121, 122]. However,

currently the uncertainty in |Vcs| is dominated by the lattice uncertainty in the form

factors. For precise determination of |Vcs| we need to achieve a lattice computation

of the form factors with similar precision as the experimental decay rate. In the past,

simulating the c-quarks on the lattice posed a challenge as the c-quark was heavier

than the lattice cut off. Therefore, the NRQCD or the Fermilab heavy clover action

was used to simulate the charm quark on the lattice. Using such an effective theory,

the first unquenched calculation of D meson semileptonic decays with Nf = 2 + 1

was done by the Fermilab lattice and MILC collaborations [123] and was a pioneering

work as it predicted the shape of the form factors with ∼ 10% uncertainty even before

any experiment was done in this sector.
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Using effective theory gives large systematic uncertainties arising from the perturbative

determination of the heavy-light current renormalisations. With the development of

the relativistic HISQ formalism [17] which removes all O(amc)
2 and O(αs(amc)

2)

artifacts and the availability of HISQ lattices with a ≤ 0.15 fm, it has been possible

to simulate the c-quark relativistically.

Among various works carried out by HPQCD collaboration, the study of the

D and Ds meson leptonic decays [62] and D meson semileptonic decay [35, 36] are

noteworthy. Among some of the important works done by other collaborations, those

of the Fermilab lattice collaboration and ETMC [123, 124] are worth mentioning. In

the latest study of D meson semileptonic decays by the Fermilab lattice and MILC

collaborations [125] on HISQ Nf = 2 + 1 + 1 lattices, they have calculated the scalar

form factor at the zero q2 exchange (from D to K meson) limit to extract |Vcs|.

With a large worldwide experimental program providing flavour physics data-

LHCb and NA62 at CERN, BES-III in Beijing, KLOE-2 in Frascati and KOTO at

J-PARC (Japan); and the forthcoming Belle-II at J-PARC- the development of new

and continued refinement of existing lattice QCD methods is required to attain precise

theoretical predictions that can match the increasing precision of the experimental

data.

For my dissertation I have studied the semileptonic D → Klν decay on HISQ

Nf = 2 + 1 + 1 lattices. In contrast to the work done by the Fermilab lattice and

MILC collaboration [125], I have calculated both its scalar and vector form factors

over the whole range of physical kaon momentum instead of only at the maximum

kaon momentum. However, I have only used the scalar form factor at the zero

momentum exchange (from D to W boson) limit to extract |Vcs| for the purpose of this

dissertation, though in future this study will be extended to include all experimental

momentum bins and their correlations, following reference [35].
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Figure 5.1: The diagram represents the three-point correlator for the D → Klν
semileptonic decay (on the top) and the two-point correlators for the D and K mesons
(at the bottom).

5.2 Formalism

Let us consider the matrix element of the D → Klν semileptonic decay by the

charged electroweak current (in Figure 5.2). In the one W exchange approximation,

the amplitude becomes

〈K−l+ν|JW |D0〉 =
GF√

2
Vcsv̄(l)γµ(1− γ5)u(ν)

〈K−|ψ̄sγµ(1− γ5)ψc|D0〉. (5.6)

whereGF is the Fermi constant and the amplitude has been factorised into leptonic

and hadronic parts. The leptonic part can be straightforwardly evaluated whereas

for calculating the hadronic part

〈Hµ〉 = 〈K−|s̄γµ(1− γ5)c|D0〉

we need to rely on the non-perturbative method of lattice QCD. 〈Hµ〉 gets a contribution

only from the vector current Vµ for pseudoscalar to pseudoscalar decay and can be

parametrised in different ways. We will consider one of those where it can be written

in terms of the scalar and vector form factors f0(q2) and f+(q2). Here, qµ = pµD−pµK is
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Figure 5.2: The diagram represents the D → Klν semileptonic decay by charged
electroweak current with one W exchange.

the exchanged 4-momentum from D with a 4-momentum pµD to K with a 4-momentum

pµK with the difference carried away by the W boson. The parametrisation can be

written as

ZV,t × 〈K−|V µ|D0〉 = fD→K+ (q2)[pµD + pµK −
M2

D −M2
K

q2
qµ]

+fD→K0 (q2)
M2

D −M2
K

q2
qµ (5.7)

where, MD and MK are the masses of the D and K mesons respectively. In our

setup, we give momentum to the strange quark inside the K meson.

The local vector current using our lattice formalism, HISQ, is not conserved.

Therefore it requires a matching factor ZV to obtain the continuum result. For easier

calculation of the ZV factor and a better signal I have used only local temporal vector

current and calculated ZV,t from 〈Slatt〉 and other kinematic factors. The complete

non-perturbative calculation of ZV,t reduces systematic uncertainties significantly over

neglecting higher-order terms in the perturbative calculation; as demonstrated in

Chapter 3. The scalar current using HISQ is perfectly renormalised when multiplied

by the lattice quark mass [36].

For calculating ZV,t we consider the kinematics at q2 = q2
max = (MD −MK)2 i.e.
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~pK = ~0. Under this condition, equation 5.7 becomes

ZV,t × 〈K−|V 0|D0〉 = fD→K+ (q2)[MD +MK − (MD +MK)]

+fD→K0 (q2)(MD +MK) (5.8)

= (MD +MK)× fD→K0 (q2
max) (5.9)

Now, the scalar current amplitude is parametrised as

〈K−|S|D0〉 =
M2

D −M2
K

m0c −m0s

fD→K0 (q2) (5.10)

Inverting this equation the scalar form factor for different q2 can be extracted.

fD→K0 (q2) =
(m0c −m0s)〈K−|S|D0〉

M2
D −M2

K

(5.11)

Plugging in the fD→K0 (q2) values from equation 5.11 into equation 5.9 we can

extract ZV,t. For different kinematic combinations we can extract the vector form

factor fD→K+ (q2) by plugging in the fD→K0 (q2) values from equation 5.11 into equation

5.7. In this way we can cover the full physical range of q2 starting from q2
max where

the momentum exchange is maximum i.e. K meson is at rest down to q2 = 0 where

K gets the maximum possible momentum in the opposite direction to the leptons.

Under the condition that ~pD = ~pK or momentum exchange ~q = ~0, i.e. in the

center of mass frame of the decay leptons, we get

〈K−(pK)|ψ̄s~γψc|D0(pD)〉 = 2~pDf
D→K
+ (q2)

〈K−(pK)|ψ̄sγ4ψc|D0(pD)〉 =
m2
D −m2

K

q
fD→K0 (q2). (5.12)

Therefore, f0(q2) corresponds to the exchange of a scalar particle and f+(q2) is

associated with a vector particle exchange.

The differential decay rate is dominated by the vector channel in the vanishing

lepton mass limit [126] and we get

dΓ(q2) =
G2
F |Vcs|2

192π3m3
D

dq2λ(q2)3/2|f+(q2)|2 (5.13)

where λ(q2) is the phase-space term.
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My goal is to calculate f+(q2 = 0) i.e. the vector form factor precisely from lattice

QCD such that |Vcs| can be extracted with high precision. In future I plan to compare

the experimental decay rate to lattice results over all q2 bins rather than only q2 = 0

limit [36,123–125] and calculate |Vcs|, however, for the purpose of this dissertation, I

will continue to exploit the kinematic relation f+(q2 = 0) = f0(q2 = 0) to calculate

|Vcs|, although I am doing the full analysis.

5.3 Lattice setup

The scalar and local temporal vector current amplitudes of the D → Klν semileptonic

decay are extracted from the three-point correlation functions on lattice. In this set

up a zero momentum D meson is created at time t0 +T on lattice, after it propagates

to time t on lattice, the current (scalar or local temporal vector) is inserted at time t

which changes the flavour c inside the D meson to flavour s to create a K meson and

emit a W boson. Therefore, in our simulation an s-quark propagator runs from t0 to

t whereas the light quark (spectator quark) propagator runs from t0 to t0 + T . The

K propagates from time t to time t0 on the lattice and is annihilated at that time,

where, t0 < t < t0 + T . The c-quark propagator is generated from t0 + T considering

the value of the light quark propagator at this particular time slice as the source

of the c propagator. This approach is known as the “sequential technique” and the

propagator generated in this way is called as the “extended propagator”.

The values of t0 have been chosen randomly to reduce autocorrelation and for

each configuration multiple values of t0, uniformly placed on the lattice, have been

used to get better statistics. To increase the statistics further, multiple values of the

source-sink separation T have also been used for each t0 value.

The K gets momentum pK , which has been generated using twisted boundary

conditions (as described in chapter 2) for the s-quark propagator. To access the whole
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range of momentum transfer and generate several kinematics, K is given different

momentum twists using twisted boundary conditions including that tuned to generate

q2 = 0 kinematics.

5.3.1 Staggered phases

As previously discussed, staggered quarks have four tastes running in the correlator

loop. To get a non-zero expectation value of the scalar and vector current operator

matrix elements, we need to choose correct combinations of operators at the source,

sink and current insertion point such that the correlator becomes taste-singlet. For

generating the scalar current amplitude, the current carries spin-taste 1⊗1. We keep

the spin-taste at the K-meson annihilation point the same for both scalar and vector

currents as we want to use the same strange propagators in both cases. This end has

the spin-taste content γ5 ⊗ γ5. To nullify the tastes, the simplest choice of operators

for the D meson end is the Goldstone pseudoscalar operator γ5 ⊗ γ5.

For the local temporal vector current, at the current insertion point I have used

the γt ⊗ γt operator. As mentioned before, the same K meson propagators are used

in this case as well, therefore we have a spin-taste operator γ5⊗ γ5 at this end. Now,

to cancel the overall taste the simplest operator choice at the D meson end would be

the local non-Goldstone operator γ5γt⊗γ5γt which generates a D meson with slightly

different mass. To use these three-point correlators we need to make Goldstone and

local non-Goldstone two-point D correlators and Goldstone two-point K correlators

as well.

5.3.2 Correlators using random wall sources

Let us say that φ†D and φK are respectively the D meson creation and K meson

annihilation operators, and S is the lattice current. Therefore, φK = ψ̄lγ5ψs, φ
†
D =
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ψ̄cγ5ψl, S ≡ ψ̄sψc is the scalar current and V0 ≡ ψ̄sγ4ψc is the local temporal vector

current.

Therefore the scalar current amplitude after applying the staggering transformation

becomes [36]

〈φK(x)S(y)φ†D(z)〉 =
1

4
(−1)

∑
µ y

<
µ (−1)

∑
µ z

<
µ

×Tr[g†s(y, x)gc(y, z)gl(z, x)]. (5.14)

Here, the ‘g’s are the staggered quark propagators and the summations have the

following definition

y<µ =
∑
ν<µ

yν , (5.15)

z<µ =
∑
ν<µ

zν . (5.16)

Here µ and ν represent space-time directions.

Also, x0 ≡ t0, y0 ≡ t, z0 ≡ t0+T . The trace is over colours only. In this calculation

we are using the same random wall source for the light and strange quarks.

Therefore the three-point correlation function becomes

C3pt(t0, t, T, ~pk) =
1

L3

∑
~x,~y,~z

ei~pk.(~z−~x)〈φK(x)S(y)φ†D(z)〉

=
1

L3

∑
~x,~y,~z

exp(i~pk.(~z − ~x))
(1

4
(−1)

∑
µ y

<
µ (−1)

∑
µ z

<
µ

×Tr[g†s(y, x)gc(y, z)gl(z, x)]
)
. (5.17)

We use random colour wall sources to gain better statistics and in this case the

trace in equation 5.17 becomes

〈Tr[g†s(y, x)gc(y, z)gl(z, x
′)η†(~x)η(~x′)]〉. (5.18)

In the sequential approach the light quark propagator is generated with the source

1√
L3

∑
~x′ η(~x′) and the s quark propagator is generated from the source 1√

L3

∑
~x η(~x)ei~pK .~x.
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These give us after fermion matrix inversions the following propagators for the

light and s quarks -

gRwall
l (z, t0) ≡ 1√

L3

∑
~x′

gl(z, x
′)η(~x′) (5.19)

and

gRwall
s (y, t0, ~pk) ≡

1√
L3

∑
~x

gs(y, x)η(~x)ei~pk.~x. (5.20)

The sequential c-quark propagator is generated by starting with a source∑
~z

∑
µ z

<
µ g

Rwall
l (z, t0)

at the time slice t0 + T and then inverting the fermion matrix. The sequential c

propagator is written as

gseq
c (y, t0, T ) ≡

∑
~z

∑
µ

z<µ gc(y, z)g
Rwall
l (z, t0). (5.21)

In terms of the sequential propagator the three-point correlator for scalar current

becomes -

C3pt,scalar
Rwall (t0, t, T, ~pk) =

∑
~y

exp(i~pk.~y)
1

4

∑
µ

y<µ 〈Tr[g†s
Rwall

(y, t0, ~p)g
seq
c (y, t0, T )]〉(5.22)

Similarly we can deduce the three-point correlator for the local temporal vector

current using the sequential source technique, but now for lattice current V = ψ̄sγtψc.

We get an overall phase factor (−1)t+T in the three-point amplitude and the correlator

with random wall sources look like

C3pt,scalar
Rwall (t0, t, T, ~pk) =

∑
~y

exp(i~pk.~y)
1

4
〈Tr[gRwall

s

†
(y, t0, ~p)g

seq
c (y, t0, T )]〉. (5.23)

In the case of the local temporal vector current, the extended charm propagator

is generated as

gseq
c (y, t0, T ) ≡

∑
~z

(−1)t0+Tgc(y, z)g
Rwall
l (z, t0). (5.24)

To extract the three-point amplitudes for both currents we also need to construct

the two-point correlators for D and K. We should note that we need both Goldstone
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and non-Goldstone D mesons in our calculation. The two point correlator for the

Goldstone and non-Goldstone D meson is given as

C2pt
D (t0, t) =

1

L3

∑
~x,~y

〈φD(~y, t)φ†D(~x, t0)〉 (5.25)

with the Goldstone operator φD,gold(~y, t) = ψ̄cγ5ψl and the nonGoldstone operator

φD,nongold(~y, t) = (−1)tψ̄cγ5γtψl.

And the two-point correlator for the K meson is given by

C2pt
K (t0, t; ~pk) =

1

L3

∑
~x,~y

exp(i~pk.(~x− ~y))〈φK(~y, t)φ†K(~x, t0)〉. (5.26)

5.3.3 Momentum twists

To cover the whole range of physical kaon momentum we undertake the lattice

calculation of the form factors at four different q2 values starting from q2
max where

~pK = ~0 to q2 = 0 where the kaon gets the maximum momentum in the opposite

direction to the decay leptons. The two intermediate values of momentum used

in my calculations are 2q2
max/3 and q2

max/3. Starting from these q2 values with

q2
max = (MD −MK)2 we can deduce what momentum the K meson gains and what

momentum twists we apply to the s-quark propagators in MILC code.

For q2 = 0 case, the kaon gets 3-momentum-

p̄K =

√
(M2

D +M2
K)

2

4M2
D

−M2
K

=
MD −MK

2MD

(5.27)

with the corresponding momentum twist (same twist applied in the x, y and z

directions) in the MILC code is

θ =
L

π
√

3

√
(M2

D +M2
K)

2

4M2
D

−M2
K , (5.28)
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where L is the spatial length of the lattice. The momentum twist θ in the MILC code

is given in units of π/L and I have used the same θ for all the three spatial directions.

Therefore, ~p2
K = (π/L)2 × 3θ2.

For q2 = 2q2
max/3, kaon momentum and the momentum twist are given by

p̄K(latt) =

√
(M2

D +M2
K + 4MDMK)

2

36M2
D

−M2
K (5.29)

and

θ =
L

π
√

3

√
(M2

D +M2
K + 4MDMK)

2

36M2
D

−M2
K . (5.30)

For q2 = q2
max/3, we use the following values for the kaon momentum and the

momentum twist.

p̄K(latt) =

√
(M2

D +M2
K +MDMK)

2

9M2
D

−M2
K . (5.31)

And

θ =
L

π
√

3

√
(M2

D +M2
K +MDMK)

2

9M2
D

−M2
K . (5.32)

5.4 Simulation details

For this project I have used publicly available MILC HISQNf = 2+1+1 configurations

with three different lattice spacing values ∼ 0.09 fm (fine), ∼ 0.12 fm (coarse),

∼ 0.15 fm (very coarse) and the physical values of the dynamical quark masses.

This calculation is an improvement over the previous calculation done by HPQCD

with Nf = 2 + 1 Asqtad quarks [35]. Also, in my calculation I have used the

local temporal vector current for easier renormalisation and better statistics over

the one-link spatial current used in reference [35]. The details of these configurations

are given in Table 5.1.
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Table 5.2: The bare masses of the valence quarks and “Naik” ε for the c-quarks [128,
129] for the configurations used in this calculation. The valence light quark mass
amval

l is taken to be the same as amsea
l whereas amval,tuned

s is obtained by tuning the
valence strange quark mass [127] to give the mass of the ηs meson to be 0.6885(22)
GeV [127]. We get the tuned valence charm quark mass amval,tuned

c by tuning the
mass of the ηc meson mηc = 2.9863(27) GeV [127].

Set Ls/a Lt/a amval
l amval,tuned

s amval,tuned
c ε

3 36 48 0.00235 0.0678 0.8605 -0.1162
8 48 64 0.00184 0.0527 0.643 -0.2336
11 64 96 0.0012 0.036 0.432 -0.1162

The adjustable parameters in this calculation are the bare valence quark masses

and the ε parameter for HISQ [17] to improve the “Naik” term (εN) for charm quarks.

The valence light quark mass amval
l is taken to be the same as amsea

l whereas amval,tuned
s

is obtained by tuning the valence strange quark mass [127] to give the mass of the ηs

meson to be 0.6885(22) GeV [127]. We tuned the valence charm quark mass amval,tuned
c

to get the mass of the ηc meson mηc = 2.9863(27) GeV [127]. ε vanishes rapidly for

decreasing masses of the quarks, therefore is taken as zero for the light and strange

quarks. For heavier charm quarks ε is given by

ε = εN − 1 =
(4−

√
(4 + 12×mtree/(cosh(mtree)× sinh(mtree))))

(sinh(mtree))
2 − 1. (5.33)

Here, “mtree” is the tree level quark mass given by

mtree = [1− (3.0/80.0)×m4
c + (23/2240)×m6

c

+(1783/537600)×m8
c − (76943/23654400)×m10

c ]mc. (5.34)

The values for these adjustable parameters in our calculation are listed in Table 5.2

The inversion for the strange propagators for each of the ~pKs is the most expensive

part of this calculation as the used zero momentum light propagators were previously

generated by Rachel Dowdall for a separate project. While generating charm propagators

the stopping condition (using the relative error instead of the absolute errors in the
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CG method) has been tested using the “truncated solver” method to achieve the

convergence.

5.5 Fits and data analysis

The two point heavy-light D and K meson correlators have the fit forms described

in equation 2.46. The ground state probability of the D/K meson is extracted as

(aDo )
2

=
|〈0|χD|D〉|2

2MDa3

(aKo )
2

=
|〈0|χK |K〉|2

2MKa3
. (5.35)

Here, χD and χK are the interpolating operators for the D and the K mesons

respectively; a is the lattice spacing.

The three-point correlators (for both the scalar and vector currents) have oscillations

at both ends and can be written as in equation 2.47.

Here, we have taken 0 ≤ t ≤ T and T � Lt such that any contributions from the

meson propagating in the opposite direction from the boundary due to the periodic

boundary condition can be neglected. Otherwise, it will tremendously complicate the

fit form of the three-point correlator.

We use Bayesian fitting methods [65] to simultaneously fit the two-point and

three-point correlators for multiple T s with all correlations among errors taken into

account to extract the three-point amplitude V nn. Since using all T values does

not increase the number of fit parameters, but increases the amount of data, we

get much better statistics from simultaneous fitting and much more precise ground

state observables for the mesons. We use both even and odd T values which further

improves the fit uncertainties.

Here, the scalar current amplitude is

〈K|S|D〉 = 2
√
MDEKV

nn,scalar
00 . (5.36)
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And the vector current amplitude is given by

〈K|V |D〉 = ZV × 2
√
MDEKV

nn,vector
00 . (5.37)

And using equations 5.36 and 5.10 we extract f0(q2). Putting the values of f0(q2)

and ZV in equation 5.9 we can extract f+(q2).

For the first sum in equation 2.46 (and for ~pK = ~0) we have used the priors as

(energy in the units of GeV)

log(EK
(0)) = log(0.48(5))

log(EK
(n) − EK

(n−1)) = log(0.40(20)) (n > 0)

aK(0) = 0.01(1.0)

log(ED
(0)) = log(1.80(18))

log(ED
(n) − ED

(n−1)) = log(0.40(20)) (n > 0)

aD(0) = 0.01(1.0). (5.38)

The notation is the same as used in the previous chapters. We have assigned

analogous priors for the second sum as well, but with

log(Eo
D/K
(0) ) = log(ED/K(0) + (0.23, 0.12)). (5.39)

For the three point amplitudes we assign

V nn
scalar = 0.01(5.0), V on

scalar = 0.01(15.0)

V no
scalar = 0.01(15.0), V oo

scalar = 0.01(15.0)

V nn
vector = 0.01(10.0), V on

vector = 0.01(10.0)

V no
vector = 0.01(10.0), V oo

vector = 0.01(10.0). (5.40)

The energy priors for other kaon momenta ~pK are given following the dispersion

relation E2 = ~p2
K +m2.

The time range I have used for fitting two-point correlators is [tmin, Lt − tmin],

where tmin for very coarse, coarse and fine lattices are 3, 4 and 5 respectively. To fit

the three point correlators on very coarse, coarse and fine lattices I have used time

ranges [3, T −3], [4, T −4] and [6, T −6] respectively. The fits are generally consistent

within a range of tmin values.
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Figure 5.3: MD vs. nexp plot on the coarse lattice.

5.6 Results

In this calculation for each ensemble I have first run the q2
max jobs while I have also

generated the zero momentum D and K two-point correlators. I have extracted the

meson properties like masses, decay constants separately from only two-point fits and

from simultaneous fits of two-point and q2
max three-point correlators. As discussed

before, the simultaneous fits give much better precision in the ground state meson

properties and the final results are taken from these fits.

While extracting meson ground state properties, I have fitted starting from number

of exponentials nexp = 2 up to nexp = 7 to get a stable fit with a χ2/dof < 1. For the

D and K meson properties, I have achieved this from the 3rd exponential fits and

hence, this value is taken as our result. The behaviour of these results with number

of exponentials is shown in Table 5.3 and Figures 5.3 and 5.4.

This huge number (∼ 200) of parameters are sometimes difficult to fit using the

simultaneous fitting. Therefore I have also tested with sequential fitting where the
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Figure 5.4: aD0 vs. nexp plot on the coarse lattice.

two-point results are fed as priors to the three-point fits and thus give better stability

with much less difficulty. The results extracted from both types of fits are consistent

with each other.

The results for the masses, ground state amplitudes and the decay constants of

the Goldstone and the non-Goldstone D mesons used in my calculation and of the K

meson are listed in Tables 5.4 and 5.5.

Note that the vector current renormalisation factor ZV is independent of the

momentum of the spectator quarks and sea quark masses as shown in [35].

From the q2
max three-point correlators, only f0(q2) has been extracted as under this

condition the term containing f+(q2) in equation 5.7 gets cancelled. As q2 becomes

smaller, the kaon energy EK gets higher, since in the D meson rest frame

q2 = M2
D −M2

K − 2MDEK (5.41)

with q2
max = (MD −MK)2 and physical region q2

max ≥ q2 ≥ 0. Covering this whole

physical region of q2 I have set three more q2 values and calculated the scalar and

vector form factors at these q2 values. The values of q2 we aimed for, the momentum
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Figure 5.5: Check for relativistic dispersion relation on all lattice ensembles: the
square of the speed of light in free space c2 vs. the kaon momentum ~pK .

twists applied in the MILC code, the kaon momenta and energies generated from

these using twisted boundary conditions and the amplitudes of these states are given

in Table 5.6.

From this calculation I have tested the relativistic dispersion relation as it is only

approximate on the lattice. We check the deviation of the square of the velocity of

light

c2(~p) =
E2
K(~p)−M2

K

~p2
(5.42)

from 1 for different kinematics and on all ensembles.

Generally, on the lattice we expect to get violations O(αS(pa)2). Table 5.6 and

Figure 5.5 show that in my calculation the relativistic dispersion relation is violated

by 1 − 2% which is within our expectation. However the statistical uncertainties

increase in the fitted results for the kaon energies with non-zero momenta.

As we progress towards the q2 = 0 limit, the kaon two-point correlators and

the three-point correlators get noisier. Therefore, fitting them smoothly is often a
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Figure 5.6: This plot shows the q2 dependence of the form factors f0(q2) and f+(q2)
with q2 on the very coarse lattice. The blue crosses represent f+(q2) values and the
blue pluses show the values for f0(q2).

challenge, especially for the fine lattice and some tricks need to be applied. I have

tested several techniques - binning of data, using a shorter fit time range, fitting

different number of T s, skipping few time slices, increasing svdcut up to 10−5 and

obtained the optimum fits with acceptable precision.

The scalar and vector form factors are extracted from the simultaneous fits of

all data - including two-point and three-point correlators for all q2 values on each

ensemble. Generally the vector current is noisier and hence the vector form factor

f+(q2). The results for the form factors are listed in Table 5.7 and their q2 dependence

is shown in Figures 5.6, 5.7, 5.8 and 5.9.

We can now perform the continuum extrapolation on f0(q2) and then extract Vcs

using the experimental decay rate which is equal to f0(q2 = 0)× |Vcs|. Note that we

have f0(q2 = 0) = f+(q2 = 0). I have used f0(q2 = 0) instead of f+(q2 = 0) since it

is less noisy. In future I intend to use f+(q2) directly and calculate Vcs for every q2
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Figure 5.7: This plot shows the q2 dependence of the form factors f0(q2) and f+(q2)
with q2 on the coarse lattice. The green triangles represent f+(q2) values and the
green stars show the values for f0(q2).
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Figure 5.8: This plot shows the q2 dependence of the form factors f0(q2) and f+(q2)
with q2 on the fine lattice. The red circles represent f+(q2) values and the red triangles
show the values for f0(q2).
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Figure 5.9: This plot shows the q2 dependence of the form factors f0(q2) and f+(q2)
with q2 on all the lattice ensembles together. The red circles represent f+(q2) values
and the red triangles show the values for f0(q2) on the fine lattice; the green triangles
represent f+(q2) values and the green stars show the values for f0(q2) on the coarse
lattice; and the blue crosses represent f+(q2) values and the blue pluses show the
values for f0(q2) on the very coarse lattice.
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Figure 5.10: f0(q2 = 0) vs. the square of the lattice spacing: continuum extrapolation
to a = 0 of f0(q2 = 0).

experimental bin. Figure 5.10 shows the extrapolation of the f0(q2 = 0) against the

square of the lattice spacing to the continuum limit a = 0. From the values of the

scalar form factors at q2 = 0 on three different lattice spacings, we are able to make

a smooth continuum extrapolation with the fit form for the HISQ action

f = c0 + cl ×mls + cs ×∆mηs + c2 × (λa)2 + c4 × (λa)4 + c6 ×O(λa)6).. (5.43)

Here, the fit parameters are the coefficients c0, cl, cs, c2, c4, and c6. The fit form (in

powers of lattice spacing) replicates the form of the discretised action. For example,

in this case there are no odd powers of the lattice spacing in the fit function as HISQ

action does not contain them. Also, in the fit results we can find c2 is negligibly small

as the HISQ action is O(a2)-improved. λ is the relevant QCD scale in our calculation

which has been taken between 200−400 MeV to get the best fit. The prior for c0 has

been taken as 0.24(12) and for the rest of the coefficients in equation 3.41 the priors

were taken as 0(1). The best fit results have been obtained with a χ2 = 0.3− 1.1 and

p-value of 0.2− 0.8.
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Here,

mls =
((2×msea

l +msea
s )− (2×mphys

l +mphys
s ))

mphys
s

; (5.44)

∆mηs = m2
ηs,phys −m2

ηs,obtained. (5.45)

The term ‘mls’ in the fit corrects for the heavier than physical sea light quark mass

effects and the term ‘∆mηs ’ corrects for the valence s quark mass mistuning effects

(difference from the physical mass), though they are very small.

We extract the continuum results for the f0(q2 = 0) to be 0.754(56) which is also

taken to be the value of f+(q2 = 0) and is consistent with references [35, 125].

We use the experimental input f+(q2 = 0)× |Vcs| = 0.719(8) from CLEO-c [130];

f+(q2 = 0) × |Vcs| = 0.717(10) from BaBar [123]. We take their average as f+(q2 =

0) × |Vcs| = 0.718(8) and finally calculate |Vcs| to be 0.952(46) which is consistent

with reference [35].

In future, to get better precision I will increase the statistics on the finer lattices.

Also, I will compare the form factors with each q2 experimental bin and use a

Z-expansion following the reference [35].
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Chapter 6

Conclusion and Outlook

In this dissertation, I have calculated some phenomenologically important quantities

in the Standard Model using the first principle non-perturbative methods of lattice

QCD. These quantities involve some crucial tests of the Standard Model to find any

hint of new physics beyond it.

Following a brief introduction to the subject in Chapters 1 and 2, in Chapter 3, I

have discussed about the pseudoscalar and the vector mesons made from the strange

quark-antiquark pairs. The highlight of this chapter is my results for the mass

and decay constants of the vector meson φ which are the most accurate results to

date. I have not considered the quark-line disconnected contributions here since

they are very small. It is supported by the fact that our results for the physical

dynamical light quark masses perfectly match with the experimental results for mφ

and fφ. Furthermore, I have calculated the local temporal axial current and the local

vector current renormalisation constants completely nonperturbatively with 0.1%

uncertainty on the fine lattice. I have confirmed that the Fermilab formalism [61]

for calculating the axial vector current in the mixed perturbative-nonperturbative

method is robust. This chapter also includes my results on the comparison of the

discretisation errors between the HISQ and clover formalisms from their approach to
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the continuum for the φ meson mass and decay constant. As expected, the calculation

showed that the HISQ action has much smaller discretisation compared to the clover

action [59].

In Chapter 4, along with my collaborators, I have developed a new lattice QCD

method to calculate the hadronic vacuum polarisation (HVP) contribution to the

anomalous magnetic moment of the muon, aµ [95]. We have achieved an unprecedented

uncertainty of ∼ 2% in the total HVP contributions to aµ [74]. Our result for

aHVP,LO
µ is the first lattice calculation to include the effects of the Nf = 2 + 1 + 1

HISQ dynamical quarks at their physical masses and, at the same time, to take the

finite volume effects and other systematics into account. Although we have made

a significant progress in this, we have not yet achieved the precision comparable to

the semi-phenomenological results of aHVP,LO
µ (∼ 1%). However, the spread between

different non-lattice results is of the same size as the uncertainty in our lattice result.

We obtain a 3.5σ deviation in our result of aHVP,LO
µ from that we expect in the absence

of any new physics beyond the Standard Model. However, before we can conclude if

there is a new physics effect we would have to increase the precision comparable to

the experimental precision. In future, in collaboration with the MILC we are going

to use a larger ensemble size (10, 000 on ∼ 0.15 fm lattice with physical dynamical

light quark mass) to improve the statistical uncertainty in the light quark connected

pieces. We also need to understand the ρ meson better on the lattice which can be

done by using larger volume and finer lattices at the physical mass of the dynamical

light quark. This requires ∼ 7 fm lattice to reduce the finite volume effects below

1% for the continuum ππ contribution. Moreover, we have to achieve an improved

precision in the disconnected diagrams using an improved algorithm on MILC lattices

and to calculate the QED and isospin corrections.

In Chapter 5, I have studied theD → Klν semileptonic meson decay and calculated

its scalar and vector form factors over the whole physical q2 region covering the q2 = 0
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point. Combining the vector form factor at the q2 = 0 with the experimental decay

rate I have found the central CKM matrix element |Vcs| as 0.9523(500) which is

consistent with [35]. For this calculation I have used the kinematic relation that

the vector and scalar form factors at q2 = 0 are equal and extracted the continuum

limit of the scalar form factor after a continuum extrapolation. Though within the

scope of my present calculation I have not achieved the level of precision in the |Vcs|

similar to that quoted in [35], my D → Klν form factor calculation is the first to

have been performed on the Nf = 2 + 1 + 1 HISQ MILC ensembles with the physical

light quark masses covering the full physical q2 region. In future, instead of using

the f0(q2 = 0) to extract f+(q2 = 0), I will use the z− expansion to extract |Vcs|

from all the experimental q2 bins with bin-to-bin correlations taken into account,

following [35]. Also, using the statistics on the fine lattices I will be able to increase

the precision in our result as it is mainly dictated by the fine lattices due to the

very small discretisation in the HISQ action. Moreover, my ongoing calculation also

includes heavier dynamical light quark masses in the simulation to test the light quark

mass effects.
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