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Introduction#

During 1924 and 1925 the w rite r  ca rr ied  out a se r ie s  

of experiments on the l i f t  and drag forces experienced by 

a cylinder ro ta t in g  in  an a i r  stream# In some of these 

experiments, notably those in  which the cylinder formed the 

core for a se rie s  of d isks , ce rta in  p e c u lia r i t ie s  were 

obtained, perhaps the most noteworthy being the very high 

l i f t /d r a g  r a t io  a t  ce rta in  speeds. This work formed part 

of a th es is  presented for the Ph.D. degree in  1926 and none 

of i t  appears in th is  rep o rt ,  but the above-mentioned 

re su l ts  indicated the p o s s ib i l i t i e s  of the sub ject.

The most obvious objection to the use of a ro ta tin g  

cylinder instead of an aero fo il  is  the high drag of the 

former, but i t  appears that th is  drag decreases a t the 

higher ro ta t io n a l  speeds. At any ra te  the p ro fi le  drag 

decreases, and i f  the l i f t  coeffic ien t can be made greater 

than 2IT i t  w il l  probably become very small.

To advance the problem i t  seemed necessary to find out 

how the p la in  ro ta t in g  cylinder produces a c ircu la tio n  and 

so a l i f t  fo rce . The f i r s t  point tackled was a determination 

of the pressure d is tr ib u tio n  round such a cylinder for a 

v a r ie ty  of speeds. The work was published by The Aero­

nau tica l  Research Committee (R. & M. No.1082) and forms 

P art 8 of the present paper. Considerable d i f f ic u l t ie s  

beset these experiments and were i t  necessary to repeat the 

work i t  would appear advisable to adopt the ind irec t method 

of placing a small s ta t ic  tube or p late  near the surface as
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was done in  the experiments described in  P art 10. As i t  

seems ce r ta in  th a t i t  is  the boundary layer (s tab le  or 

unstable) which controls the c irc u la t io n  th is  was the next 

region to be investiga ted . The re su l ts  are given in Part 

10. Measurements were also made in the boundary layer on 

a s ta tio n ary  cylinder (Part 1) and a study of these led to 

the boundary layer theory given in  Part 2. Parts  1 and 2 

have also been published by the A.R.C. (R. & M. No.1176).

The arithm etical method developed in Part 2 to solve the 

boundary layer equations seemed capable of extension, and 

when, as a r e su l t  of such an extension, a method of solving 

the general two-dimensional equations of steady viscous flow 

had been developed i t  was n a tu ra l to t r y  i t  out on the case 

of flow past a s ta t io n a ry  cy linder. The method seems to 

be applicable to any continuous boundaries with the exception 

of m ultiply connected unsymmetrical regions. The flow past 

a ro ta t in g  cylinder belongs to th is  category and so fa r  a 

so lu tion  for th is  case has not been achieved. I t  is  hoped, 

however, tha t i t  w il l  be possible to obtain solutions for 

th is  and other problems in the near fu tu re , but applications 

of these w il l  necessarily  be confined to  low values of 

Reynold's Number. Meanwhile, the experiments on the boun­

dary layer on a ro ta t in g  cylinder described in Part 10 give 

an ind ication  of the conditions close to the surface.

The process of so lu tion  as described in  Part 5 was 

laborious in the extreme, but i t  is  hoped that i t  w ill  be 

possible to obtain solutions for the cylinder for neighbouring 

values of Reynold's Number with much less labour by a method 

which is being t r ie d  out now by the w r i te r .
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To check the solu tion  obtained in Part 5 i t  was 

decided to measure the pressure d is t r ib u t io n  round a 

cylinder at as low a value of Reynold's Number as possib le . 

Using a i r  i t  was found impossible to get lower than R = 28 

and even th is  involved a cylinder diameter of 0.025 inches 

and a wind speed of 2 f t . / s e c .  so tha t the experimental 

errors are of necessity  la rge . With considerable trouble 

a hole about 0.003 inch diameter was d r i l le d  in the cylinder, 

but the th ro t t l in g  e f fec t  was so grea t as to render measure­

ments of pressure impossible. Hence much larger holes had 

to be used - holes large in  comparison with the cylinder 

diameter-and th is  necessita ted  a study of the e f fe c t  of the 

size of hole on the p ressure . This had to be done on 

larger cylinders, so th a t a ltogether a large range of 

Reynold's Number was covered (Part 6) .  The re su l ts  for 

the various cylinders form an in te re s t in g  se r ie s  in them­

selves and i t  was decided to combine them with those obtained 

elsewhere. To obtain the necessary corrections for the 

channel walls in  order to include re su l ts  on large cylinders,

a b r ie f  study of the wall e f fec t has been made in Part 7.

Parts 3, 4, 5, 6 and 7 are being published by the Aeronautical 

Research Committee (T 2680).

The above gives an idea of the order in  which the 

experiments were carried  out. I t  seemed b e t te r ,  however,

to connect up the various sections of the work in the manner

adopted in  the body of the paper.

For the f a c i l i t i e s  placed at h is  disposal the w riter 

is  deeply indebted to Professor J.D. Cormack whose in te re s t  

and encouragement have rendered possible the carrying out of 

th is  and other work of a like  nature.



PART 1.

EXPERIMENTS ON THE BOUNDARY LAYER OF A CYLINDER.

A large amount of information is  now available regard­

ing the flow of water or a i r  past a cylinder placed across

the stream so fa r  as the behaviour of the main body is  con­

cerned; but the conditions in  the layer close to the surface 

of the cylinder seem to be la rge ly  unknown.

Accordingly the present experimental and th eo re tica l  

investiga tion  was undertaken. The work deals mainly with 

the front portion  and i t  appears th a t in  the f i r s t  60^ or

so the boundary layer is s ta b le .  About the same time Mr.

Fage a t- th e  N.P.L. carried  out an investiga tion  on the con­

d itions  in  the region where the boundary layer breaks down 

and eddying commences.^ By th is  fortunate  coincidence the 

conditions are f a i r ly  well established throughout the whole 

boundary lay er .

The cylinder used by the w riter  for these experiments 

was of brass 4.5 inches in diameter, turned and ground true . 

The re su lt in g  surface was smooth but was not polished. The 

cylinder extended across the wind channel which is  approx­

imately 2 f t .  square. As i t  is  the boundary layer which is 

under consideration the re la t iv e  largeness of the cylinder 

compared to the channel dimensions can hardly  a ffec t  the 

r e s u l t s .  Since the boundary layer theory assumes a knowledge 

of the pressures and ve lo c it ie s  outside the skin the pressure 

d is t r ib u t io n  was f i r s t  obtained by d r i l l in g  a small hole in  

the cen tra l section  of the cylinder. As the cylinder could

R & M No. 1179,
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be ro ta ted  to any position  a comparison of the pressure in 

th is  hole with th a t  in  a s im ilar hole in  a p la te  on the 

channel w all, fo r various positions of the ho le , gave the 

required pressure d is t r ib u t io n .  This was done for channel 

speeds of 12.3 and 36 f t . / s e c .

The re su l ts  are given in Table 2 and shown p lo tted  in  

f ig .  1. No corrections have been applied to these figures 

and subsequent experiment showed that they are re ferred  to a 

pressure which is 0.02 Ç below the undisturbed s ta t i c  

pressure in  the channel. The values given fo r at the

foot of Table 2 were obtained by in teg ra ting  the drag com­

ponent of the pressure round the cy linder.

A small s t a t i c  tube about 0.6 mm. diameter was used to 

te s t  the constancy of the s t a t i c  pressure through the boundary 

laye r .  As was to be expected the re su l ts  showed tha t  the 

s t a t i c  pressure over distances of the order of 1 or 2 mm. is

p ra c t ic a l ly  constant and equal to the pressure on the surface

at the point considered. This s im plifies  the measurement of 

v e loc ity  as i t  is now only necessary to measure the to ta l  head 

a t  a point near the surface to obtain the ve locity , the 

s t a t i c  head being taken from the d is t r ib u t io n  of pressure as 

given on f ig .  1.

The method used to measure the to ta l  head was as follows:

A small open-ended or P i to t  tube was mounted on a micro­

meter arrangement so tha t the end of the tube could be 

traversed along the normal. Provision was made for mounting 

the arrangement in  any position  round the cylinder. The 

pressures were measured on an ordinary t i l t i n g  gauge manometer
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detec ting  pressure changes of about 0.0003 inches of water.

The P i to t  tubes were made by drawing a glass tube down to a 

diameter of about l i  mm*, and then drawing a sec tion  of th is  

down to the required diameter. The tube was then broken off 

and the ends ground square on a fine stone. As the diameters 

used varied from about 0.23 mm. upwards, th is  was a de lica te  

operation.

I t  was found desirab le  to f i l l  the tube with wax before 

attempting to  grind the end, thus preventing the bore becoming 

choked with chips, e t c . ,  which cannot afterwards be removed.

A great many of these tubes were made and te s te d .  I t  was 

found tha t i f  the bore was less  than about 0.1 ram., the 

damping e f fec t  produced v/as so g reat th a t the tube was prac­

t i c a l l y  useless when used in  conjunction with the usual 

t i l t i n g  manometer. With care, the wall thickness can be con­

tro l le d  and made about 0.05 mm., so tha t the overall diameter 

has a lower lim it  of about 0.2 ram. I f  the tube is  made oval 

a s l ig h t  advantage is  gained as the centre can then be brought 

s l ig h t ly  nearer the surface for a given area of bore. The 

most usefu l tube of a l l  those made, measured 0.36X0.45 ram. 

ex te rna lly . This permitted the velocity  to  be measured at 

0.18 ram. from the surface.

I t  was necessary to find i f  these small tubes gave an 

accurate measure of to ta l  head. This point has already been 

investigated  by Miss M. Barker (Mrs. Olauert)^ using a small 

p i to t  in  water but i t  was considered advisable to t e s t  the 

actual tubes being used in  a i r .  Accordingly, a number were

Proc, Roy. Soc. A, 101



compared a t  various v e lo c it ie s  with a la rge r  p i to t  tube about 
1 ' ■■

5 mm. diameter. I t  was found th a t  a t low v e lo c it ie s  the

smaller tubes tended to give higher pressures than the large

tube.

Let H =s pressure in small p i to t  tube.

p = the s t a t i c  pressure a t the point and 

oL = tube diameter.

Then H - p =

The large tube is  assumed to give a pressure of above

s t a t i c  pressure. . Hence i f  the tubes are connected to opposite 

sides of the manometer the l a t t e r  w il l  read H - p - or

• so we get

— i  (Manometer reading) Z

I t  is  only at low values of n)d/v th a t  w il l  d i f fe r

from 4. I t  is d i f f i c u l t  to get th is  low 'ud because reducing 

IT reduces the pressures being dea lt  with and: reducing d  in t ro ­

duces the damping trouble already mentioned, so that no great 

accuracy is possible in  the determination of by this

method. About 40 readings were taken with d if fe re n t  tubes 

at various v e lo c i t ie s .  The individual readings are sca ttered  

and uncertain  and the mean re su lts  as presented in  Table 1 are 

only given to show the corrections applied to the subsequent 

measurements of to ta l  head.
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TABLE 1

Mean A>dL 

f t .  V sec .
Mean
a>d/v)

Mean

0.004 25 0.64

0.006 38 0.61

0.009 56 0.58

0.013 81 0.54

0.018 113 0.52

0.025 157 0.50

% en a P i to t  is  placed with i t s  end in  a f ie ld  where the 

to t a l  head is  varying rap id ly  along the normal i t  may not he 

correct to assume that the pressure given by the tube 

corresponds to the to ta l  head at the centroid of the end. 

Involved with th is  question is  tha t of the e f fec t  of the 

proximity of the surface when the tube is  very close to the 

l a t t e r .  These points were investigated by exploring the same 

normal sec tion  with tubes of d if fe re n t  s iz e s .  (See Table 3 

and f ig .  4, 6 ” 6 0° .) .

I t  appears that the e rro r ,  i f  any, due to assuming the 

pressure in the tube equal to the to ta l  head at the position  

occupied by i t s  centre is  smaller than the experimental errors 

except when the tube is  p ra c t ic a l ly  touching the surface when 

i t  perhaps reads a t r i f l e  high.

The to ta l  head was measured along the normals a t  10 

degree in te rv a ls  from 0  = 10° to 0  s  90° with a channel speed 

of 12.3 f t . / s e c .  In each case the tube was placed p a ra l le l  

to the surface. In a l l  about 180 measurements were made with
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tubes varying in  diameter from 0.36 to  0.9 mm. The re su lts  

are given in  Table 3, p ra c t ic a l ly  a l l  the tabulated values 

being means of two or more readings. Table 3 also gives 

add itional measurements made a t  0=  50° with wind speeds of 

5.4 and 22.5 f t . / s e c .  V/here necessary, a l l  these re su lts  

have been corrected for the scale e ffec t already mentioned 

(Table 1 ). In most cases the correction  brought the re su lts  

obtained from d if fe ren t  tubes in to  closer agreement. The 

figures tabulated for tv, s  0 in  each case are taken from the 

measures of surface pressures (Table 2) since at the surface 

the s t a t i c  pressure and the to ta l  head are equal, the ve locity  

being zero. Table 3 also gives the v e lo c it ie s  corresponding 

to  the measured pressures.
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PART 2»

THEŒtY OF THE BOITNDARY LATER ON THE FRONT PORTION OF A 

CYLINDER AND A CCMPARISOW WITH THE EXPERDIENTS DESCRIBED

IN PART 1.

In a paper to the Royal Aeronautical Society in January 

1925 Bairstow gives the boundary layer equations as

^  =  O (3)
- ... - -      ■    ■     .............

where Tu ands are measured normal and tangen tia l to the surface, 

the component ve lo c it ie s  being w and

The so lu tion  th e re a f te r  given for a f l a t  p la te  is  based 

on the fac t  that can be neglected. In  the case of the

flow over the surface of a cylinder th is  assumption is no longer 

permissible in  fac t  turns out to be the contro lling  factor

in  the so lu tion  la te r  presented.

A step by step method of so lu tion  was used f i r s t  as 

follows Let A, B, C and D be four points on the corners of 

a small rectangle in  the boundary layer and 0 the centre point

+  0

C f  ®



-8-

Let ĉ îjù e t c . ,  be the values of the quan titie s  at 0 , 

and be the average of and .
Then

%  -  V ® l s  -T 1^ ’-

% z= q. t
(4)

%D ^  1/ /

where, for the moment, s and 'VL are the co-ordinates of A 

re la t iv e  to  0. Adding and re-arranging we get

1/ =  W -  -  -  (5)

We have from (1) a value of to  su b s ti tu te  in

(5). I f  Sy/TLb is  of the order un ity  we are ju s t i f ie d  in  

neglecting since i t  is neglected in forming (1) ,

By su itab le  combinations of (4) we obtain the obvious expres­

sions

H A s  =  C{,B _  -T 4- 3

^  (l/A + “Vd "■ Vte -  4 ^

Making these substitu tions  in  (5) i t  becomes

%  ^<w%. ^  .......

-  C l/A * ' %'D ^ 3  ( 6 )

where
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I f  a ve loc ity  d is t r ib u t io n  is  assumed throughout the 

boundary layer and the assumed f ie ld  divided in to  rectangles 

then the ve loc ity  at the centre of each rectangle can be 

calculated from the assumed values at the corners by means 

of (6) .  A second approximation can then be obtained by using 

the calculated cen tra l v e lo c it ie s  to compute new ^corner" 

v e lo c i t ie s .  The process is  repeated u n t i l  id en tica l  values 

are obtained on succeeding re p e t i t io n s .  S t r i c t ly  speaking 

the ve loc ity  w a t  each corner should be calculated from (8) 

a t each cycle of operations. For th is  purpose write (3) 

cLto "= —

and in teg ra te  graph ically  or mechanically. In p rac tice  the 

u> term had so l i t t l e  e f fec t  on (6) (tliroughout the region 

tr ied )  th a t  the in teg ra tio n  had only to be performed once in  

several cycles.

The above method was applied to obtain an approximate 

so lu tion  for the fron t portion of the cylinder. For th is  

purpose the radius was taken as un ity  (1 f t . )  and the channel 

ve loc ity  100 f t . / s e c .  As YD/v for the experiment already 

described was about 28,000, a value of V was used which would 

give the same Reynold's number. The in te rva ls  used for J  

correspond to 2 degrees and theTu in te rv a ls  are 0.002. The 

pressures round the cylinder are shown in  f ig .  1. For present 

purposes a good approximation to these values from 0 s  0 to 

Q ^ 35° is  p “ p. = 4 pV^(l « 3.5 sin^6 ) against p -  p©

= 4 F (1 -  4 sin'^B ) for a perfect f lu id .  Then, the 

ve loc ity  outside the boundary layer is

u  3 /vTsTs V sin  0 , and ^  ^  3.5 sin  0 cos 0
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I t  follows that

« 1/500, 1/28.6, 999 s in  Q cos8

A s t a r t  was made by assuming th a t  on the surface a 0, and at 

ort * 0.008, a or .

Many cycles were ca lcu la ted , the l a s t  two being shown 

in  Table 4 up to 0 = 20°. The upper figures in  the squares 

a t 0 = 4°, 8° ,  12°, e t c . ,  are assumed values of cĵ  obtained from 

previous t r i a l s .  Values of a t 8 = 0 and 0 = 20° as

obtained by graphical in tegrations are given in the outer 

columns. From these figures the values of q, a t 0 = 2°, 6°,

e t c . ,  were computed and then from these the lower values in

the other squares were obtained. The agreement with the 

assumed values indicates that the process has been carried  fa r 

enough. The so lu tion  was not extended fa r  round the cylinder 

since a new method of a ttack  suggested i t s e l f  as a re su l t  of 

an examination of the figures obtained in  the f i r s t  20 degrees.

I t  w il l  be noticed th a t  q;/ar at any d e f in ite  value of

/YU is  nearly independent of 0 . ,  i . e . ,  of S .

^  Assume then as a f i r s t  approximation th a t we can write

s  a>x where ir is  the velocity  outside the boundary layer
ji

and X is  a function of nru only. Also in the f i r s t  approximation 

neglect the term (Corrections are made at a la te r

stage for the errors introduced by these assumptions.)

Then we have

-=s -ox.  ̂ ^
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We also have

IP p/o ■=- p»o "IL ^  ^ (8 )

where V a channel speed, which on d ifferen tia tion  yields

^  - I f  (9)

Substituting these values in (1) and dividing by ir we get

( 10)

Multiply through by 2 dx/Anu and integrate obtaining

c  (11)

When

i > dx.yd'vw = O C =  “  7” *̂  '

Hence,

J yv. __

JL i:
3 dis

<io/dl

or

( 12)

/vu

Performing the integration and noting that when vu = 0, 3C = 0 

gives

oru %= (11)
This can be compared with the previous mechanical 

so lu tion  d ire c t ly ,  but i t  is perhaps b e t te r  to put i t  in  a 

form with the dimensional and non-dimensional parts separated
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as follows :

Put

h  —  ( P "To) 4 - p v

then we have from (8)

so tha t d-o/ds can be w ritten

— V   ^  V-fe.

(15)

where V- * radius of cylinder and

-  —  --------  d £ i ,t« /(v-pO  d 0 ' "  (16)

Hence (14) becomes

- - v m   ( "»

For comparison with forms to be developed la te r  i t  is  

convenient to write th is

nrv-   (18)

The advantage of using ^  instead of cLo/ds is  tha t for

a given value of 0 , is  constant and independent of VD/i/ so

long as the pressure curve (fig# 1) is  unaltered .

A comparison of theory and experiment is  given in  f ig ,  3
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The experimental values of f ig .  3 have been reduced by 

putting  X s  and F s  $ u  and -L being

the appropriate values fo r  the sec tion  as given by (15) and

(16). (See Table 5 .)

The f u l l  l ine  represents the above approximate so lu tion , 

tha t is

-t

while the values obtained by the mechanical method (Table 4) 

are shown by arrows. I t  is  evident that the mechanical 

so lu tion  gives b e t te r  agreement with the observed values than

(17). This is  only to be expected considering the assump­

tions made in deducing (17).

A b r ie f  examination w ill  now be made of the terms 

neglected in  the previous theory, using where necessary the 

re su l ts  of the f i r s t  approximation.

The Term w From (3) and (7) we have

to = — C-̂ 5̂  dw, 1— Ç "X. (A/w, cinAJ 4 s  J a-w.

Re-writing (12) as

f e  =  J& :)  F ' M

where

Z Cx3-3sc-t 7-')

and su b s ti tu tin g  these values leads to

to
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where

■= Gc F'(x'^A»t -t- f  (’t)

Retaining th is  value of u> à<^Avu in  (1 ), equation (10) 

becomes

a.

Treating th is  as (10) was previously trea ted  yields 

f e  + A 4. 3  j  (PCX') .. (19)
3C-3C

The in teg ra l  in  (19) is  e a s ily  evaluated graph ically  

or by mechanical quadrature and once done i t  applies to a l l  

sec tions . This has come about because toèx^/à'vx^is l inear

with ôu/ès (see above). In the term to be dea lt  with next, 

th is  does not hold necessita ting  a separate in teg ra tio n  for 

every sec tion .

The term bx/^s In the ana ly tica l  so lu tion  above i t  was 

assumed that was equal to x.<io/ds - This can only

be regarded as a crude approximation. We sh a ll  now write

&  -  +  - " ( I f ) , .

the subscrip t indicating  the variable to be considered con­

s ta n t .  Considering YU as a function of s and x  we have

I # ) ,'X
=  — J

U-3C Js
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From the f i r s t  approximate so lu tion  we have

D iffe ren tia t in g  th is  and reca ll in g  that is  a function of 

S only leads to

and

so th a t

( c t^ \  ^  \  ̂ F(x^ j L  
vas  Av 71 k

and, the second approximation fo r is  given hy

b% ^  A% ^  7.A. F'Oc) ~ Â Ï

Inserting  th is  value in  the o r ig ina l d i f f e re n t ia l  

equation and proceeding as in the previous so lu tion  leads 

to the re su l t

cIyx.
-  J(-Jb) +

where
1*0

ac.
f ' W
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and

so th a t the f in a l  r e s u l t  is

/y\- - -JiM.)
Table 6 shovfs the d e ta i ls  of the numerical ca lcu la tion  

for various values of Ô . The data used is  given in  Table 

5 along with a l i s t  of the formulae used. The values 

obtained by ca lcu la tion  in Table 6 are compared with the 

experimental values in f ig ,  4 (see also f ig .  3 ). The d i f ­

ferences are generally  less than the experimental errors  to 

be expected except perhaps for 9 = 60°.

Readings were also taken a t Q = 50° with channel speeds

of 22.5 and 5.4 f t . / s e c .  The th eo re tic a l  values for these

speeds are e a s ily  deduced from Table 6 by neglecting the 

small changes inside the in teg ra ls  due to the s l ig h t  scale 

e ffec t on (see f ig .  1) .

The data used were

for

V a  22.5, Ô » 50°, -u = 31.5, = 864

and for

V 3 5 .4 , Ô = 60°, nj a  7 .5 , = 423

From these and the values of in  Table 6 for

Q = 50° the values given in Table 6A were eas ily  obtained. 

The re su l ts  as shown in  f ig ,  4 again give good agreement vdth 

experiment.
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Additional experimental evidence in support of the above 

so lu tion  has been obtained by A. Fage a t  The National Physical 

Laboratory in  connection with an investiga tion  carried  out by 

him on the conditions of flow in  the region where the boundary 

layer separates from the surface.^* Mr. Page's remarks are 

given in  the appendix.

The in te n s i ty  of surface f r i c t io n  at any point on the 

fron t portion  of a cylinder can be estimated by the methods of 

th is  paper. I t s  value is  e a s i ly  found to be

, f -  4fu =  p jA-ct-p.F
J aw. I

y 1̂/
showing tha t the skin f r ic t io n  is  proportional to p u '-V  

(c f .  Lanchester's Aerodynamics ^36). I t  is  thus possible to 

estimate the contribution to the drag co e ff ic ien t made by skin 

f r i c t io n .  Taking numerical values from theory (Table 6) from 

Ô » 0° to 0 2 60°, and using the experimental curves ( f ig .  5) 

to ca lcu la te  approximate values from 0 = 60° to 0 =s 90° the 

to t a l  in tegrated  skin f r ic t io n  drag for the fron t h a lf  of the 

cylinder was found to be

= 1.92 y  y /7D

The skin f r ic t io n  has become small a t 90° and the rea r  h a lf  

(90° to 270°) can contribute but l i t t l e  so tha t probably a 

close estimate to the to ta l  viscous drag is  given by

s  2 - ^  ^  7 1 ^ .  This is  small compared with the to ta l

The a ir-flow  around a c ircu la r cylinder in  the region where 
the boundary layer separates from the surface R & M.
No.1179.

This estimate has since been v e rif ied  by pressure d i s t r i ­
bution experiments round small cylinders, (See Part G ),
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drag a t normal values of Reynold's number but becomes impor­

tan t a t  «low values.

I f  the thickness 8 of the boundary layer is  defined as 

the distance from the surface in  which the ve lo c ity  a t ta in s  

95 per cent, of the outside ve loc ity , then

 ̂ ^   ̂ °  •' ‘ (21)

where c is  the value of for x  a 0.95 (see Table 6)

(21) can also be w ritten

A ,  =  c /Z  
4T "vTT VD

showing th a t  the r a t io  of the thickness of the boundary layer 

to  the radius of the cylinder is inversely  proportional to 

Reynold's number.

Conclusion. - I t  has been shown that the so lu tion  

obtained for the boundary layer equations holds for the flow 

over a cy lind rica l  surface throughout the region where the 

ve loc ity  over the surface is  increasing . There seems no 

reason to suppose tha t i t  would not hold for any smooth sur­

face provided the same condition was f u l f i l l e d  (two-dimensional 

flow being understood). For cylinders other than c ircu la r  

i t  is  probably b e t te r  to re ta in  cio/4s in  the various expres­

sions instead of fu . Where the ve loc ity  gradient cUi/ds become; 

small or negative the theory ceases to be valid  as th is  

quantity  appears under the root sign. In the case of the 

c ircu la r  cylinder the change in sign of is  associated

with a complete break down of the steady flow.
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The experimental v e lo c itie s  in  th is region are shown in  

f ig .  5. The hand which was previously the boundary layer has 

now become (at 0 ± 90°) very broad being in  fact the beginning 

of the eddy region behind the cylinder.
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PART

ARITHMETICAL SOLUTION FOR THE TWO-DIMRSIGNAL 

FLOW OF AN IIMVISCID FLUID.

There are in existence several methods of obtaining 

numerical so lutions to the two-dimensional flow of a perfect 

f lu id  fo r given boundary conditions. Part I4. of the present 

paper gives a method of obtaining a numerical so lution fo r 

viscous steady flow. To form an in troduction  to the method 

i t  i s  proposed to give another solution of the simpler problem, 

i l lu s t r a t i n g  i t  with examples bearing on the experimental work 

described in Part 6 ,

Solution of V  X  " O
In the f ie ld  of flow consider 

four points A,B,C, and D, placed 

on the corners of a small square 

with centre at 0 and sides equal 

to 2n, Let be the value of the 

stream function at 0, Then the 

values at the corners are by 

Taylor*s Theorem to th ird  order 

terms,
èX

( 1 )

By adding and dividing by L, we obtain.

è x.^ i y  

V " v

( 2 )

So tha t when

Thus, i f  we have approximate values of \  . Xg e tc .
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from an assumed f i e l d ,  we can c a l c u l a t e  th e  c e n t r a l  v a l u e  

from(3)a ,nd t h i s  c e n t r a l  v a l u e  w i l l  be i n  g e n e r a l  a  b e t t e r  j

a p p r o x i m a t i o n  th a n  t h e  c o r n e r  v a l u e s .  T im a ,  we can  g r a d u a l l y  

improve t h e  s o l u t i o n .

A c c o r d i n g l y ,  th e  p r e s e n t  m ethod o f  s o l u t i o n  i s  to  

d i v i d e  th e  f i e l d  i n t o  s q u a r e s  and assume v a l u e s  o f  ^  f o r  

e a c h  c o r n e r .  From t h e s e  c a l c u l a t e  the  c e n t r a l  v a l u e s  and  

t h e n ,  u s i n g  t h e s e  a s  th e  c o r n e r s  o f  a new s e t  o f  s q u a r e s ,  

f i n d  new v a l u e s  f o r  t h e  o r i g i n a l  c o r n e r s .  The p r o c e s s  i s  

r e p e a t e d  u n t i l  t h e  v a l u e s  r e c u r .

Judgment must  be e x e r c i s d & i n  s e l e c t i n g  th e  s i z e  

o f  s q u a r e .  I t  w i l l  be n o t i c e d  t h a t  th e  method i s  c o r r e c t  

t o  t h i r d  o r d e r  q u a n t i t i e s  bu t  n o t  to  f o u r t h  ( a s  may be 

s e e n  by w r i t i n g  th e  n e x t  term s  i n  T a y l o r ’ s T h eo rem .)  As 

th e  a p p r o x i m a t i o n s  g e t  c l o s e r ,  th e  s q u a r e s  s h o u l d  be r ed u c ed  

in  s i z e .  They a r e  e a s i l y  h a l v e d  by i n t e r p o l a t i n g  v a l u e s  

( u s i n g  3 )  i n  th e  diamond s q u a r e s ,  t h a t  i s  t h o s e  s q u a r e s  w h ic h  

a re  formed w i t h  t h e i r  d i a g o n a l s  v e r t i c a l  a s  shown d o t t e d  i n  

th e  f i g u r e  a n n e x e d .

In  p r a c t i c e  a d i f f i c u l t y
'<& ^

a r i s e s  when th e  s q u a r e s  a t  th e

\   ̂ edge  o f  the f i e l d  c a n n o t  be

\  /  a r r a n g e d  w i t h  t h e i r  o u t e r  c o r n e r s
xf * X

^ ^  on  th e  boundary;  .b u t  t h i s  i s  e a s i l y© © © ©
overcome by i n t e r p o l a t i n g  th e  v a l u e s  ( g r a p h i c a l l y  o r  o t h e r w i s e )  

or by b r e a k i n g  up the  r e g i o n  i n t o  s m a l l e r  s q u a r e s .

As an i l l u s t r a t i o n  o f  th e  method th e  f i e l d  c h o s e n  

i s  t h a t  produced  by th e  s o l i d  whose t r a c e  i s  two i n f i n i t e

p a r a l l e l  s t r a i g h t  l i n e s  j o i n e d  by a s e m i c i r c l e  ( s e e  f i g . 6 ) .
T h e ^ n e a r e s t  ap p ro a ch  t o  a t h e o r e t i c a l  s o l u t i o n  known t o

( l )
the a u t h o r  f o r  t h e s e  b o u n d a r i e s  i s  t n a t  by \ l i .M.Page,  tn e

d i f f e r e n c e /

( 1)
"Some Two d i m e n s i o n a l  Problems in  B l e c t r o s t a u i c s  and  

;i.7drodynarrlcë” P r o c . L o n .M a th .Soc .  1 91 2 * 1 5 .  p.  25 .
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d i f f e r e n c e  b e i n g  t h a t  t h e r e  t h e  l i n e s  a r e  j o i n e d  by  a c y c l o i d .

Two c a s e s  were  w o r k e d î -  

. ( a )  F l u i d  i n f i n i t e ,

(b )  F l u i d  bounded by a p la n e  a t  a d i s t a n c e  

o f  8 r a d i i .

Case ( a )  was somewhat l a b o r i o u s  to  s o l v e  a s  i t  

meant w o rk in g  o v e r  and o v e r  an e v e r  i n c r e a s i n g  number o f  

s q u a r e s  o f  i n c r e a s i n g  s i z e  u n t i l  no change  was produced  i n
■'Uîniu." «

th e  n e ig h b o u r h o o d  o f  th e  s e m i c i r c l e .  A c t u a l l y  th e  p r o c e s s  

was s t o p p e d  a t  80 r a d i i .  The s t r e a m l i n e s  o b t a i n e d  a r e  

shown f o r  t h e  i n n e r  p a r t  o f  th e  f i e l d  i n  F i g . 6 *.

The p r e s s u r e s  round the  s e m i c i r c l e  o r  r a t h e r  s e m i -  

c y l i n d e r  a re  e a s i l y  o b t a i n e d  and a r e  shown p l o t t e d  i n  

F i g  2 . The r e s e m b l a n c e  to  the  e x p e r i m e n t a l  p r e s s u r e s  

on the  f r o n t  h a l f  o f  a  c y l i n d e r  a t  h i g h  v a l u e s  o f  R  

i s  o b v i o u s .

Case (b )  was much e a s i e r ,  h a v i n g  a d e f i n i t e  

boundary  a b o v e .  The s t r e a m l i n e s  d i f f e r  b u t  l i t t l e  from  

F i g  1 . and th e  p r e s s u r e s  a r e  shown i n  F i g  %. F u r t h e r  

use  w i l l  be made o f  t h e s e  f i e l d s  in  Rapt 7 * -

A f t e r  th e  above  work was c o m p l e t e d  Dr Hague
(1)

d rew  t h e  w r i t e r ’ s a t t e n t i o n  to  a p a p er  by  A . 0 . M u l l e r  i n

w hich  th e  above  s o l u t i o n  o f  •= O i s  d i s c u s s e d  and
( 2 )

a s c r i b e d  to  Liebmann.

(1) ,
’’U b e r e in e  neue methods  ^ur J e ic h n u n g  d e r  F e l d b i l d e r

m a g n e t i s c h e r  K r a f t l i n i e n ” . A r ch iv  f u r  E l e k t r o t e c h n i k ,  
v o l . x v i i ,  p p . 5 1 0 ,  1 9 2 6 .

(2 ) ’♦Verfabren ^ur nummerischen Losung p a r t i e l l e r  
D i f f e r e n t i a l g l e i s h u n g e n  a we i t e r  Ordnung." S i t z u n g s -  
b e r i c h t e  d e r  B a y e r i s c h e n  Akademie d e r  W i s s e n o c h a f t e n , 1918,
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PART 1;. 

ARITHMETICAL SOAUTIOl'j POR THE TWO-DIMENSIONAL 

STEADY FLOW OF A VISCOUS FLUID.

The g e n e r a l  e q u a t i o n s  o f  t w o - d i m e n s i o n a l  m o t i o n  

o f  a v i s c o u s  f l u i d  are

è'o
c i>

I f  t h e  m o t i o n  i s  s t e a d y  and no e x t e r n a l  f o r c e s  a r e  a c t i n g

^  K -  o
An a l t e r n a t i v e  form f o r  t h e s e  e q u a t i o n s  i n  w h ic h  p 

h a s  been e l i m i n a t e d  i s

,o> ,  - à J tWe a l s o  have  ^ -

As in  p a r t  3  ̂ » c o n s i d e r  a sq u a re  in, t h e  f i e l d .

The r e l a t i o n  d e d u c e d  t h e r e  f o r  CI)  ̂ i s  q u i t e  g e n e r a l

so  t h a t  we h a v e  f o r  t h e  v a l u e s  o f  at\dL ^  a t  th e  c e n t r e  

of  the  square

M
JL 'VV,

(.2 )

^5'

neglecting th ird  order quan tit ie s  suitab le  combina­

tions of Equation 1 Part ^ give

Q -  C 4-^

-  (A  -+"D -  B -  c") -t  4 - ^

°  ^ - c  -^ 4 ^ ^
-4 4.■TA.

16)

( 1 )
In Lamb’ s "Hydrodynamics v  r  ~ 

above  i s  r e t a i n e d  h e r e .
H ^  . bu t  th e  form g i v e n



Then from 2, p and 6 , we g e t
C? 1

and from 6 and 7

>  -  >M -  > ; . . . . ( 8 )

These  a r e  th e  e x p r e s s i o n s  to  be used  i n  im p ro v in g  an
(Part 5)

assumed f i e l d  i n  v i s c o u s  f l o w  as(.JjUvas used  f o r  th e  p e r f e c t

f l u i d ,  th e  d i f f e r e n c e  b e i n g  t h a t  we m u st  now s t a r t  w i t h  

assumed v a l u e s  o f  ^  a s  w e l l  a s

In  many c a s e s  the  v a l u e s  o f  i s  known a l o n g  th e
1 .

b o u n d a r i e s  b u t  t h i s  i s  n o t  so w i t h  th e  v o r t i c i t y  and i t  i s  

n e c e s s a r y  to  use  some a d d i t i o n a l  method f o r  o b t a i n i n g  th e  

a p p r o x i m a t i o n s  to  ^  on 'the s u r f a c e  where t h e  f l u i d  

f l o w s  o v e r  a s o l i d .  C o n s i d e r  a s m a l l  p o r t i o n  o f  th e  s u r f a c e .  

For th e  moment ta k e  th e  a x i s  o f  dc a l o n g ,  and th e  a x i s  o f  

normal to  th e  s u r f a c e .  As a f i r s t  a p p r o x i m a t i o n  w r i t e

b  =  (9)
I f  i s  s m a l l  the  norm al  v e l o c i t y  t r  %

w i l l  be s m a l l .  Hence a p p r o x i m a t e l y  ^  O

so t h a t  % ^

Hence /  «  v ^ 2^ ^ ,

I n t e g r a t i n g  t w i c e  and a s s u m in g  t h a t  i s  z e r o  on

th e  s u r f a c e ,  we g e t

V * V 0.0 )

Let  Yi 3-nd Y a the v a lues  of  Y  when â  i s  , and

r e s p e c t i v e l y .  S u b s t i t u t in g  these  v a lu e s  in  and e l i m in a t i n g  

^  l e a d s  to

»  :  : 1111

T h i s /

1' Gape should be taken in applying the method where the boundaries 
form a r ig h t angle as the solution was based on Taylor s 
Theorem which w ill not apply to a d iscon tinu ity .
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T h i s  g i v e s  th e  r e q u i r e d  v a l u e  o f  t h e  s u r f a c e

v o r t i c i t y  i n  term s  o f  two v a l u e s  o f  I f  n e a r  th e  s u r f a c e .

I f  i t  i s  l e g i t i m a t e  to  p u t  -R. O i . e .  t o  assume ^

c o n s t a n t  t h r o u g h o u t  th e  n e i g h b o u r h o o d ,  v̂ e have th e

s i m p l e r  e x p r e s s i o n

I f  on th e  o t h e r  hand i t  i s  c o n s i d e r e d  n e c e s s a r y  

to  tak e  i n t o  a c c o u n t  th e  v a r i a t i o n  o f  Y* w i t h  X  i t  can  be 

done a s  f o l l o w s : -  By T a y l o r ’ s Theorem p u t

Where e t c .  a s  in   ̂ ( P a r t  _5)

I f  o  we have  by d i f f e r e n t i a t i o n

bu t  ^Y/^x. tJ and h en ce  i s  z e r o  f o r  a l l  v a l u e s  o f  X  

. \  ' 6 = t d L = r ^ = 0

s i m i l a r l y  by d i f f e r e n t i a t i n g  w i t h  r e s p e c t  to  we g e t

So th e  a p p r o x im a te  e x p r e s s i o n  f o r  Y  n e a r  the  boundary  i s

T  -
The c o e f f i c i e n t  c  i s  t h e  v a l u e  o f  -i 

when O » b u t  we have  a l r e a d y  s e e n  t h a t  t h i s  i s  e q u a l

to  . So to  d e t e r m i n e  ta k e  t h r e e  p o i n t s  i n  the

f i e l d  0 and n o t e  the

c o r r e s p o n d i n g  v a l u e s  o f  th e  s t r e a m  f u n c t i o n  Y  ̂ and "V 3

This  g i v e s  t h r e e  e q u a t i o n s  to  s o l v e  f o r  c  o r  ^   ̂

A l g e b r a i c a l l y  t h e  s o l u t i o n  i s  found to be

-  A - ^ ^ - 0

E v e r y  tim e a  new s e t  o f  v a l u e s  o f  Y and ^ have  b e e n  

found t h r o u g h o u t  the  f i e l d  (by 7 - a.nd 8 ) i t  i s  n e c e s s a r y  to  

f i n d  new v a l u e s  o f ^  a l o n g  th e  s o l i d  b o u n d a r i e s  by 1 1 ,  1 2 , 

an d /or  1^ ,

T h e /
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The vrhole p r o c e s s  m u st  be r e p e a t e d  u n t i l  th e  v a l u e s  

o f  Y  and ^  r e c u r  to  w i t h i n  what  i s  c o n s i d e r e d  a s a t i s f a c t o r y  

m arg in  t h r o u g h o u t  t h e  f i e l d .  T h is  m a r g in  Must be o n l y  a  

f r a c t i o n  (‘'say 1 /1 0  3 o f  t h e  a c c u r a c y  r e q u i r e d  in  th e  s o l u t i o n  

a s  th e  q u a n t i t i e s  o n l y  a p p ro a c h  t h e i r  l i m i t  s l o w l y .  The f i e l d  i 

can now be p l o t t e d  and th e  v e l o c i t i e s  o b t a i n e d ,  b u t  i f  

p r e s s u r e s  a r e  r e q u i r e d  a f u r t h e r  s t e p  i s  n e c e s s a r y .  T h i s  

s t e p  (w h ich  c o n s i s t s  o f  i n t e g r a t i n g  c e r t a i n  q u a n t i t i e s  a l o n g  

c h o s e n  l i n e s  i n  the  f i e l d )  i s  d e s i r a b l e  a s  i t  can be made 

to  g i v e  a c h e c k  on th e  s o l u t i o n .

Taking th e  s e c o n d  e q u a t i o n  o f  C w e  have

h e n c e

^   d h

I n t e g r a t i n g  be tw e en  A and B (two p o i n t s  on t h e  l i n e  x_= c o n s t )  

we g e t  G 0
Pb ^0^ -  X Pu —( i5 )

where = u. -t

S i m i l a r l y  from the  f i r s t  e q u a t i o n  o f  (4 ) we g e t  f o r  two

p o i n t s  on c o n s t .   ̂  ̂ I

The l a s t  two terms o f  t h e s e  e x p r e s s i o n s  t h e r e f o r e  

g i v e  the change  o f  t o t a l  head b e tw e e n  A and B. So t h a t  

knowing th e  t o t a l  head a t  a p o i n t  G i t  can be fou nd  a t  any  

o t h e r  p o i n t  D by  j o i n i n g  C and D by a p a t h  c o n s i s t i n g  o f  

s t r a i g h t  l i n e s  p a r a l l e l  to  the  oc o r  a x i s  and i n t e g r a t i n g

the above  e x p r e s s i o n s  g r a p h i c a l l y  a l o n g  th e  l i n e s .  I f  th e  

p a th  i s  c l o s e d  a s e v e r e  check  i s  o b v i o u s l y  o b t a i n e d  on th e  

p a r t  o f  t h e  f i e l d  t r a v e r s e d  by  t h e , p a t h .
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The Convergence of the Process.

In order to study the convergence of the process in 

one p a r t ic u la r  instance i t  has been applied a lgeb ra ica lly  

to the case of viscous flow between p a ra l le l  w alls .

A portion of such a f ie ld  is  shown below •

2>,

%

4 ,#
Yî

2..
*r,

y-'i.

The ana ly tica l solution (steady flow) is  Y 

where V = central ve locity  and 22  = distance between the 

w alls , X is  measured along the d irec tion  of streaming 

and ^  is  measured from the plane of symmetry normal to the 

w alls . The v o r t ic i ty  is  then ^  . The true values

of the various qu an titie s  in the figure in terms of the true 

cen tra l values ^  and Y -̂re

(17) 

. ' ( 18)

^  + 2 - ^ )  -  4 -* - g t

■V. ’

=  ' Y -*■ c - v » > ^ , + 4 - , v j ^ — 3 -  • • ( 19 )

nf-v~ Y- — -^ 1 -  — 4 )  " (20 )
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I t  is  now assumed th a t the cen tra l values are d i s ­

turbed so as to become'Ç+S , and . Thus we have the

values as shown a t the nine corner po in ts . By four a p p l i ­

cations of (7) & (8) of the main paper the values a t  E,F,G 

and H were then obtained and from these another application  

gave the following new centra l values.

y ' -  Y . * 4 -  " 4  (22)

whe re _

I f  we assume that A = o  then (21) becomes

^  ^  ^ •' "(23)

Further, take a case near the plane of symmetry so 

th a t  Ui is  small. Assuming tha t ^  also i s  small (2^) 

be come s

I t  is  evident that i f  is  very small the la s t  term

may be neglected and the f in a l  value ^  d if fe rs  from the 

true value ^  by a quantity  which is only one quarter of the 

o rig ina l disturbance or e r ro r .  I f  the l a s t  term is  g rea ter 

than ^  and the process i s  repeated, the values obtained 

w ill  be a l te rn a te ly  above and below the true value but w il l
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converge to  i t  i f  ^  is  a lg eb ra ica lly  g rea te r

• than — S . This gives

or <  J Z O "

Returning to (2^), the g rea tes t  possible value of 

is  Ê-'vu. S ubstitu ting  th is  leads to

^  ^  V  ~  Tfe ~  w

From th is  the conclusion may be drawn tha t i f  'vl- is  

small the c r i te r io n  fo r convergence near the walls is

A de ta iled  consideration of (22) leads to conclusions I 
of a sim ilar nature with regard to the c r i t e r i a  fo r  conver­

gence of Y  •

The in te rac tion  of the two re la tio n s  (21) and (22) 

may be considered by taking i n i t i a l l y  zero and find ing  the 

revised values of A and & a f te r  one round. These values 

again substitu ted  in (21) lead to c r i t e r ia  so sim ilar to 

those already deduced tha t i t  does not seem necessary to give 

the r e s u l t s .

The f in a l  conclusion regarding th is  p a r ticu la r  type of 

flow i s  that the process i s  convergent provided is

s u f f ic ie n t ly  small the value being indicated by the above 

re la tio n sh ip s .  The c r i t e r ia  given have nothing to do with 

the c r i t i c a l  value of Reynolds Rurnber associated with 

in s t a b i l i ty .  I t  does not seem l ik e ly  th a t the present method 

/  I can lead to any information on in s ta b i l i ty  as the terms

were omitted in i t s  derivation , steady flow being postu la ted .
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P a r t  5 "

VISCOUS FLOW PAST A CIRCULAR CYLINDER AT K  -  \ 0  

The m ethod d e v e l o p e d  in  P a r t  J4. h a s  b een  u s e d  t o  

form t h e  s o l u t i o n  o f  t h e  e q u a t i o n s  o f  s t e a d y  v i s c o u s  f l o w  p a s t  

a c y l i n d e r  b e tw e en  p a r a l l e l  w a l l s  8 d i a m e t e r s  a p a r t .  To 

s i m p l i f y  th e  a r i t h m e t i c  a s  f a r  a s  p o s s i b l e  the  f o l l o w i n g  , 

v a l u e s  vvere a d o p t e d .

V e l o c i t y  o f  u n d i s t u r b e d  f l o w  a 6 . 2 5 u n i t s / s e c .

C o e f f i c i e n t  o f  k i n e m a t i c  v i s c o s i t y  = v  = 6 . 2 5

R a d iu s  o f  C y l i n d e r  -  5 u n i t s

D i s t a n c e  b e tw e en  w a l l s  = 80 u n i t s

R e y n o l d ’ s Humber = R  = VCj/u = 10

S i n c e  th e  v o r t i c i t y  was assumed t o  be z e r o  a l o n g  

th e  s t r a i g h t  bou ndary  w a l l s  th e  s o l u t i o n  d e v e l o p e d  i s  r e a l l y  |

t h a t  p a s t  a s e r i e s  o f  c y l i n d e r s  a t  d i s t a n c e s  a p a r t  80 u n i t s  1; '

or  8 d i a m e t e r s .  The c i r c l e  o f  r a d i u s  5 p a s s e s  th r o u g h  th e

c o r n e r s  o f  12 s q u a r e s  o f  s i d e  u n i t y ,  th u s  s i m p l i f y i n g  th e  work.

With th e  above  v a l u e s  we g e t  from 7 and 8
2, = 4^ .V — 0.010 +

>  = ----
To b e g i n  th e  s o l u t i o n  a f i e l d  was assumed by c a l c u l a t i n g  

V a lu e s  from th e  e x p r e s s i o n s  f o r  th e  f l o w  o f  an i n f i n i t e  

i n v i s c i d  f l u i d  p a s t  a c y l i n d e r  o f  r a d i u s  20^ g r e a t e r  th an  th e  

a c t u a l  c y l i n d e r  to  a l l o w  f o r  th e  r e t a r d a t i o n  o v e r  t h e  s u r f a c e .  

T his  was c o r r e c t e d  to  s u i t  th e  s t r a i g h t  boundary  by the  method  

g i v e n  i n  B a r t  3 » The i n n e r  p a r t  was th e n  " f a i r e d "  to  the

c y l i n d e r ,  th e  s u r f a c e  v a l u e s  o f  ^  on th e  f r o n t  p o r t i o n  

b e in g  e s t i m a t e d  from the  boundary l a y e r  s o l u t i o n  i n  2 /

The assumed f i e l d  was s y m m e t r i c a l  in  f r o n t  and b eh in d  ( i . e .  

about the  ^ a x i s ) .

T h e /
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The expressions given above were then applied to the 

f ie ld  over and over again in  conjunction with 11, 12 and I 3 ,

The f ie ld  soon lo s t  i t s  symmetry. The process was

laborious, the more so as i t  had to extend from about 5

diameters up stream to 8 down stream. As the work

proceeded short cuts suggested themselves, such as , ex te r-  

polating  the next values from the run of the f igu res .

Another short cut used in the so lution was as fo llow s:- 

Suppose we s ta r t  with d ef in ite  values of ^  and Y and apply 

the method to find  the cen tra l values. From these we get 

new values with which the process normally would be recom­

menced. In the next cycle of operations the numerical 

value of the second term in equation (7) would not d i f fe r  

g rea tly  from i t s  value in  the f i r s t  cycle. Assuming then 

the second term to be constant at each point formula (7) 

becomes ^  ~ — C okst«u t .

An examination of the second cycle of operations now 

shows th a t i t  reduces to forming corrections to the second 

values of ^  by w riting  central values in each square which 

are means of the corner values of the increments obtained by 

the f i r s t  round. The process is  repeated u n t i l  the cor­

rections become small or zero when the f in a l  value of ^  

a t  each point is  obtained by adding the sum of the correc­

tions to the second value. The > values can be trea ted  

in  the same manner since to the same degree of approximation 

we can write Y = 'V-nv-Coh’stx . The fu l l  formulae IJ) & Ô 

are then applied as before and the process repeated.

The portion of the f ie ld  shown in F ig .8  i l lu s t r a te s  

the above. To avoid confusion only the corrections to the y
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values are shown. The method of forming these corrections 

is  indicated on the f ig u re . The fac t th a t  they decrease so 

slowly ind ica tes  that the values are s t i l l  a long way from 

the t ru th .  The f in a l ly  adopted values at the centre of 

th is  f i e ld  were ^  = 0.28 and Y -  2^.^.. The above approx­

imate method gives re su l ts  which are so close to those 

obtained by continuous application  of the fu l l  formulae as 

to completely ju s t i fy  i t s  employment at th is  stage of the 

so lu tion . The sheet from which the above example was taken 

was one of intermediate scale between the large scale d e ta i l  

close to the cylinder (see F ig .9 to main paper) and a 

small scale sheet extending to the outer boundary (see 

Table 8 ) .  To ensure continuity  the f ie ld s  dealt with 

on these sheets overlapped by several squares. The process 

described above was applied to each in turn  working out and 

then in , the a l te ra t io n s  being carried  forward from one 

sheet and incorporated in the next.

The actual number of applications of (?) and (8) made 

in the whole solution was about I 6OO but i f  short cuts like 

the above had not been taken possibly  5 or 10 times the 

number would have been required , say 10,000, As the number 

of points used in the whole f ie ld  was about 200, i t  appears 

tha t  a d irec t  application of th is  formula, ( i . e .  without any 

attempt at extrapolation) necess ita te s  about ^0 t r i a l s  per 

po in t. The solution obtained could ce r ta in ly  be improved, 

but some regions would then require the use of smaller 

squares which would add enormously to the work.

A portion of the work near the cylinder is  shown in 

F ig .9 . At greater distances la rg e r  squares were of course



perm issible. The key given explains the figures which show 

the degree of approximation obtained. Near the cylinder 

surface the squares were afterwards reduced as in Part J 

and in places again reduced, but th is  work is  not shown.

The outer parts  of the f ie ld  are given in skeleton in  

Table 8. Figs, 10 and 11 show the streamlines and v o r t ic i ty  

contours near the cy linder. Along the line  x = 10 the 

v o r t ic i ty  is  p ra c t ic a l ly  zero so tha t at th is  section the 

to ta l  head is  that in the undisturbed stream. Hence, 

in teg ra tin g  16 along 7 = 0, y = ^ , y = i | .  and y = 5 from 

th i s  section to the surface gives pressures on the surface. 

The pressures behind the cylinder were got by in teg ra tin g  

along y = 6 and then along x = 0, x x x from

the line  y = 6 to the surface. Several points were 

checked by in teg ra tin g  r igh t through the v o r t ic i ty  region 

from above. The re su l ts  are

0
P -Po

h  -  tev?-

0° 1.45
57 0.67
55 -0.4
90 -1.5

127 -1.6
145 -1.4
180 -1.5

From these the coeffic ien t of normal pressure drag is  

e a s ily  deduced and found to be 0,95•

I t  remains to find the viscous or skin f r ic t io n  drag. 

From Lamb* s Hydrodynamics we have
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Taking for the moment ol along the surface, th is  reduces to 

%= / u ^  is  now the tangen tia l force ,

but -= ^  since | ^  =  O

This can be in teg ra ted  to give the viscous drag and expressed 

as a coe ffic ien t i s  found to be for the present example 0.7h* 

Hence, the to ta l  drag co e ffic ien t found for a cylinder a t  

H = 10 is  0 ,9 5 + 0.7h -  say 1 .7 . The experimental value as 

found by E.F. Re I f  (R. & M, 102 j is  about 1,6 which is  

c e r ta in ly  a closer agreement than was to be expected con­

sidering  tha t the solution above has hardly been carried  

fa r  enough.
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P a r t  6 .

EXPERIMENTAI DETEHi'IINATION OE THE PRESSURES ROUND A STATIONARY 
CYLINDER IN AN AIR CURRENT THROUGHOUT A LARGE RANGE OE
REYNon%"'NmmR'.----------------------- -̂--------------------------------------

Many d e t e r m i n a t i o n s  o f  th e  p r e s s u r e  d i s t r i b u t i o n  

round a c i r c u l a r  c y l i n d e r  have been made in  v a r i o u s  l a b o r a ­

t o r i e s  b u t  t h e s e  have m o s t l y  b e e n  a t  r e l a t i v e l y  h i g h  v a l u e s  o f

R e y n o ld s  Number.

The t h e o r y  o f  th e  s u b j e c t  h a s  o n l y  been  d e v e l o p e d  f o r  

v e r y  low  s c a l e  v a l u e s  { < lO ) i f  we e x c e p t  t h o s e  t h e o r i e s

w hich  s e e k  to  r e p r o d u c e  th e  a c t u a l  c o n d i t i o n s  by p l a c i n g  

e d d i e s  b e h in d  th e  c y l i n d e r  i n  p o s i t i o n s  p a r t l y  d e t e r m in e d  by  

t h e o r y  and p a r t l y  by e x p e r i m e n t  (Karman, L e v y ,  e t c . )

P r e su m a b ly  th e  t h e o r y  w i l l  g r a d u a l l y  be c o m p le t e d  f o r  h i g h e r  

v a l u e s  o f  R  so t h a t  i t  seems d e s i r a b l e  to  f i n d  e x p e r i m e n t a l l y  

th e  p r e s s u r e  d i s t r i b u t i o n  f o r  a s  l a r g e  a range  a s  p o s s i b l e .

The p r e s e n t  s e t  o f  e x p e r i m e n t s  c o v e r  the  range  

b e tw e e n  R  — Z S  and R  -  n , o c t i  the  lov^er v a l u e s  b e i n g

o f  l e s s  a c c u r a c y  than t h e  o t h e r s .  For  e a c h  e x p e r im e n t  t h e

drag  due t o  th e  normal p r e s s u r e  h a s  b een  o b t a i n e d  by  

i n t e g r a t i o n .  At th e  l o w e r  v a l u e s  o f  R th e  v i s c o u s  s u r f a c e  

d rag  becomes  r e l a t i v e l y  l a r g e  a s  i s  shown by c o m p a r iso n  o f  

t h e s e  r e s u l t s  w i t h  the  t o t a l  drag  d e t e r m i n e d  b y  R e l f .

A b y e - p r o d u c t  o f  t h e s e  e x p e r i m e n t s  h a s  b e e n  a 

d e t e r m i n a t i o n  o f  th e  e f f e c t  o f  the  s i z e  o f  th e  h o l e  p i e r c e d  

i n  the  s u r f a c e .  Three s i z e s  o f  c y l i n d e r  were u s e d ,  n a m e ly ,  

a n d d i a m e t e r .  The f i r s t  two s t r e t c h e d  r i g h t  a c r o s s  

the  c h a n n e l  and th e  l a s t  was lo n g  compared w i t h  i t s  d i a m e t e r ,  

so t h a t  th e  f l o w  was assumed t w o - d i m e n s i o n a l  i n  a l l  c a s e s .

At t h e  lo w e r  v e l o c i t i e s  2 - 5  f t / s e c . ,  a  c l o s e  mesh  

w ire  was p l a c e d  o v e r  th e  mouth o f  the  c h a n n e l .  VvTiile

th i s /
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t h i s  c e r t a i n l y  h e l p s  t o  p ro d u ce  an e v e n  f l o w  i t s  p r im a r y  o b j e c t  

was to  i n c r e a s e  th e  s e n s i t i v e n e s s  o f  th e  p r e s s u r e  g a u g e  to  

v e l o c i t y  c h a n g e s ,  one s i d e  o f  t h i s  g a u ze  b e i n g  c o n n e c t e d  to  

a f l u s h  p l a t e  i n s i d e  th e  c h a n n e l  and th e  o t h e r  open to  th e  

a t m o s p h e r e .  The h ead  l o s t  in  th e  g a u z e  i s  t h u s  i n c l u d e d  

i n  th e  gauge  r e a d i n g  so t h a t  e v e n  a t  2 f t / s e c .  a  r e a s o n a b l e  

movement i s  o b t a i n e d .  T h is  gauge  was used  to  e n a b l e  the  

c h a n n e l  s p e ed  to  be a d j u s t e d  to  the  same v a l u e  d u r i n g  each  

p o s i t i o n  o f  th e  h o l e  in  th e  c y l i n d e r .  The a c t u a l  c h a n n e l  

s p e e d  was deduced  from th e  o b s e r v a t i o n s  t h e m s e l v e s .

S p e c i a l  a t t e n t i o n  was d i r e c t e d  t o  e n s u r i n g  t h a t  th e  

r e s u l t s  c o u l d  be r e f e r r e d  to  th e  t r u e  s t a t i c  p r e s s u r e .  T h is  

problem i s  bound up w i t h  the q u e s t i o n  o f  th e  i n t e r f e r e n c e  o f  

th e  c h a n n e l  w a l l s  w h ich  i s  d i s c u s s e d  i n  Part 7v A l o n g

b r a s s  tu be  d i a m e t e r  was su sp en d ed  a l o n g  th e  c h a n n e l  

c e n t r e  l i n e .  A g rou p  o f  s m a l l  h o l e s  were  d r i l l e d  i n  t h i s  

tube  a t  th e  s e c t i o n  t o  be a f t e r w a r d s  o c c u p i e d  by th e  c y l i n d e r .  

The p r e s s u r e  in  t h e s e  h o l e s  was th en  compared w i t h  t h a t  i n  

two s t a t i c  p l a t e s  A and B. P l a t e  A was f l u s h  w i t h  the  c h a n n e l  

f l o o r ,  the  h o l e  b e i n g  d i r e c t l y  under  the  c y l i n d e r  p o s i t i o n .  

P l a t e  B was a b o u t  3 f t .  up c h a n n e l  where the p r e s s u r e  would  

be u n a f f e c t e d  by the  p r e s e n c e  o f  th e  c y l i n d e r .  These  

c o m p a r i s o n s  were made a t  a l l  s p e e d s  w i t h  th e  gauze  on and o f f .  

The s t a t i c  tube  was th e n  removed and a co m p a r i so n  made b e tw e en  

p l a t e  A and p l a t e  B. T h is  was r e p e a t e d  w i t h  two d i f f e r e n t  

c y l i n d e r s  i n  p o s i t i o n .  I t  was found t h a t  the  p r e s e n c e  o f  

the  c y l i n d e r  c a u s e d  a f a l l  o f  s t a t i c  p r e s s u r e  a t  p l a t e  A.

This  i s  due Lo two c a u s e s ,  ( a ) I f  t h e r e  we re no c h a n n e l  

w a l l s  r e s t r i c t i n g  th e  f l o w  t h e r e  would  s t i l l  be an i n c r e a s e  

of  sp e ed  p a s t  the  c y l i n d e r  and h en ce  a drop o f  p r e s s u r e ,

(b) The p r e s e n c e  o f  th e  ch a n n e l  w a l l s  by " co m p ress in g "  the  

s t r e a m l i n e s  c a u s e s  a f u r t h e r  i n c r e a s e  o f  v e l o c i t y .  In o r d e r  

to red u ce  the  r e s u l t s  a p p r o x i m a t e l y  to  the  c o n d i t i o n  o f  

f r e e /
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f r e e  f l o w ,  i t  i s  n e c e s s a r y  t o  s e p a r a t e  t h e s e  two e f f e c t s .

For  th e  d i a m e t e r  c y l i n d e r  t h e  c o r r e c t i o n  i s  s m a l l  and 

th e  c o n s i d e r a t i o n  o f  i t  i s  g i v e n  i n  f a r t  7 # % E^r th e

s m a l l e r  c y l i n d e r s  i t  i s  o b v i o u s l y  q u i t e  n e g l i g i b l e .

Eor th e  a c t u a l  p r e s s u r e  d e t e r m i n a t i o n s  a t i l t i n g

gauge  was c o n n e c t e d  b e tw e en  p l a t e  A and th e  h o l e  i n  t h e

c y l i n d e r .  To e l i m i n a t e  the  e f f e c t s  o f  c r e e p  i n  t h e

v e l o c i t y  and p r e s s u r e  g a u g e s ,  t h e  p r e s s u r e  on the  f r o n t

g e n e r a t o r  (w h i c h ,  a f t e r  c o r r e c t i o n ,  i s  assumed t o  be-L^\/'*‘ )

was r ea d  a f t e r  e v e r y  f o u r t h  o r  f i f t h  r e a d i n g  and th e  i n d i v i d u a l  
of these

r e a d i n g s  i n  e a c h / g r o u p s  were a s  f a r  a s  p o s s i b l e  d i s t r i b u t e d  

round th e  c i r c u m f e r e n c e .  As th e  r e a d i n g s  a re  c a r r i e d  

r i g h t  round the  c y l i n d e r  any c o n s t a n t  e r r o r  in  Q i s  

e l i m i n a t e d  when means a r e  t a k e n .

The s m a l l  c y l i n d e r  ( d i a m e t e r . ^ " )  p r e s e n t e d  a s e t  

of  d i f f i c u l t i e s  o f  i t s  own. The g r e a t e s t  o f  t h e s e  was t h e  

t h r o t t l i n g  e f f e c t  o f  th e  n e c e s s a r i l y  s m a l l  h o l e  and p a s s a g e .  

T h is  was p a r t l y  g o t  o v e r  by d r i l l i n g  t h r e e  h o l e s  i n  l i n e  

a l o n g  a g e n e r a t o r ,  b u t  e v e n  t h e n  t h e r e  rem ained  t h e  c o n s t r i c t e d  

p a s s a g e  th r o u g h  th e  c y l i n d e r  i t s e l f  and s l i g h t  c h a n g e s  o f  

t e m p er a tu r e  c a u s e d  l a r g e  f l u c t u a t i o n s  i n  th e  gauge p r e s s u r e s .

A hand h e l d  n e a r  th e  cup o f  th e  ga u g e  c a u s e d  a r i s e  i n  

p r e s s u r e  due t o  th e  f a c t  t h a t  th e  expanded a i r  d i d  n o t  g e t  

away f r e e l y .  I t  was q u i t e  i m p o s s i b l e  to  work on w in d y  d a y s ,  

a f l a t  ca lm  b e i n g  n e c e s s a r y .  E v e r y  g u s t  o f  wind o u t s i d e  

the  b u i l d i n g  c a u s e d  f l u c t u a t i o n s  i n  p r e s s u r e  o f  th e  o r d e r  o f  

the  t o t a l  d i f f e r e n c e  b e i n g  m easured  a t  th e  l o w e r  e p e e d s .

Opening o r  c l o s i n g  o f  d o o r s  in  o t h e r  p a r t s  o f  th e  b u i l d i n g  

Was p a r t i c u l a r l y  o b j e c t i o n a b l e .  W^en i t  i s  r e c a l l e d  t h a t  

a t  2 f t / s e c .  i s  e q u i v a l e n t  to  a bead  o f  w a t e r  o f

about  0 . 0 0 1  i n c h . ,  the  d i f f i c u l t i e s  w i l l  be a p p a r e n t .  In

f a c t /
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f a c t  th e  s t y l e  o f  manometer  u s e d  i s  no l o n g e r  s u i t a b l e .  

N e v e r t h e l e s s  t h e  r e s u l t s  o b t a i n e d  a t  t h i s  s p e e d  a r e  g i v e n  f o r  

what  t h e y  a r e  w o r t h .  A f u r t h e r  c o m p l i c a t i o n  a r i s e s  from  

th e  f a c t  t h a t  t h e  p r e s s u r e  on th e  f r o n t  g e n e r a t o r  o f  th e  

s m a l l  c y l i n d e r  a t  low  s p e e d s  i s  no l o n g e r  -L p . For  

t h i s  r e a s o n  a s m a l l  p i t o t  tu b e  was p l a c e d  in  th e  c h a n n e l  

a b o u t  10 cm. ab o v e  th e  s m a l l  c y l i n d e r  and th e  p r e s s u r e  in  

t h i s  tu b e*m easu red  a f t e r  e a c h  grou p  i n  t h e  same way a s  th e  

f r o n t  g e n e r a t o r  p r e s s u r e  was m easu red  f o r  t h e  l a r g e r  

c y l i n d e r s .

In  a d d i t i o n  the  p r e s s u r e  on t h e  f r o n t  g e n e r a t o r  o f

the  s m a l l  c y l i n d e r  was compared w i t h  t h i s  p i t o t  f o r  a ra n g e

o f  w i n d - s p e e d s  b e tw een  2 and 10 f t / s e c .  These  r e s u l t s
H-Ho

a re  g i v e n  i n  Table  9> /  b e i n g  th e  o b s e r v e d  p r e s s u r e  d i f f e r e n c e  

b e tw e en  t h e  c y l i n d e r  and th e  p i t o t .

Table  ID g i v e s  the  r e s u l t s  o f  th e  p r e s s u r e  d e t e r m i n a ­

t i o n  f o r  a l l  t h r e e  c y l i n d e r s .  These p r e s s u r e s  have  been  

c o r r e c t e d  where n e c e s s a r y  a s  a l r e a d y  i n d i c a t e d  so t h a t  

t h e y  r e f e r  to  t h e  s t a t i c  p r e s s u r e  in  u n d i s t u r b e d  f r e e  f l o w .

S i z e  o f  H o l e .

Four d i f f e r e n t  s i z e s  o f  h o l e  were  used i n  th e  

d i a m e t e r  c y l i n d e r  and two i n  th e  . An a n a l y s i s  o f  t h e s e  

r e s u l t s  showed t h a t  f o r  e a c h  c y l i n d e r  t h e y  can  be b r o u g h t  

i n t o  s u b s t a n t i a l  agreem en t  i f  i t  i s  assumed t h a t  th e  

p r e s s u r e  i n s i d e  th e  c y l i n d e r  i s ,  n o t  th e  p r e s s u r e  a t  th e  

c e n t r e  o f  t h e  h o l e  i n  th e  s u r f a c e ,  b u t  t h a t  a t  a  p o i n t  h a l f  

way a l o n g  th e  h o l e  r a d i u s  to w a rd s  th e  f r o n t  o f  th e  c y l i n d e r .

In o t h e r  w o r d s ,  i f  0^ i s  th e  a n g l e  b e tw e en  th e  f r o n t  g e n e r a t o r  

and th e  c e n t r e  o f  the  h o l e ,  t h e n  the  m easured  p r e s s u r e  

c o r r e s p o n d s  t o  0  = where h o l e  d i a m e t e r ,

and 1) -  c y l i n d e r  d i a m e t e r .  Th is  c o r r e c t i o n  h a s  b een  

a p p l i e d  to  a l l  t h e  r e s u l t s  i n  Table  1 0 „ The p l o t t e d  r e s u l t s  

f o r  the  c y l i n d e r  (F i g . 1 2 j s eem  to  be s u f f i c i e n t  j u s t i f i c a t i o n  

f o r  t h i s  p r o c e e d i n g .  I t  i s  r a t h e r  s u r p r i s i n g  to  n o t e  how 

e v e n /
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e v e n  th e  r e s u l t s  o b t a i n e d  w i t h  a -J** h o l e  a r e  b r o u g h t  i n t o  

a g r e e m e n t  w i t h  t h o s e  from a h o l e .  These  remarks  

^ p p l y  to  th e  f r o n t  p o r t i o n  o f  t h e  c y l i n d e r .  B e h i n d ,  where  

th e  p r e s s u r e  g r a d i e n t  i s  s m a l l ,  t h e  c o r r e c t i o n  n a t u r a l l y  

makes l i t t l e  d i f f e r e n c e .  For  the,  s h o r t  r e g i o n  where th e  

p r e s s u r e  i s  r i s i n g  r a p i d l y  th e  e v i d e n c e  i s  i n c o n c l u s i v e .

The above  r e s u l t s  have b e e n  b r o u g h t  t o g e t h e r  i n  

F i g s . 15 and ilk a l o n g  w i t h  o t h e r s  from v a r i o u s  s o u r c e s .  The 

p r e s s u r e  c o e f f i c i e n t  p, i s  a f u n c t i o n  o f  0 and R  and so  i s  

shuwn by c o n t o u r s  i n  F i g  j J i ,  The s o u r c e s  o f  i n f o r m a t i o n  f o r  

the  v a r i o u s  p a r t s  o f  t h e  d iagram  a r e  g i v e n  by the  r e f e r e n c e  

l e t t e r s  down t h e  r i ^ t  s i d e  and a r e  a s  f o l l o w s .

A. P r e s e n t  r e p o r t  ( P a r t  6 ) E x p e r i m e n t a l .

Bj P r e s e n t  r e p o r t  ( P a r t  5 )  T h e o r e t i c a l .

C. Fresamt.  r e p o r t  ( P a r t  I j  G o r r e o t e d .

D.  P a g e ,  Communicated. ( S e e  R & M. N o . 1179> T . 2 6 4 4 * )

E. P a g e ,  Communicated ( U n p u b l i s h e d ) .

E. P a g e ,  R. & M. N o . 106 .

G. T a y l o r ,  R & M. N o . 1 9 1 .

H. P a r k i n ,  R .A .S .  J o u r n a l ,  N o . 2 0 4 .  V o l . x x x i .

I . Lamb, Hydrodynamic s .

In  d e a l i n g  w i t h  p u b l i s h e d  e x p e r i m e n t s  i t  h as  been  

assumed ( i n  th e  a b s e n c e  o f  a s t a t e m e n t  to  t h e  c o n t r a r y )  t h a t  

the  p r e s s u r e s  h a v e  n o t  been  p r e v i o u s l y  c o r r e c t e d  f o r  th e  

“compression-" i n t r o d u c e d  by t h e  c h a n n e l  w a l l s .  T h is  

c o r r e c t i o n  h as  been a p p l i e d  a s s u m in g  th e  v e l o c i t y  i n c r e m e n t  

to  be :s. - l l - —  where oT i s  th e  r a t i o  Of

Channel d e p t h  to  c y l i n d e r  d i a m e t e r .  (S ee  P a r t  7 ) *  - 

The r e s u l t a n t  c o r r e c t i o n  to  th e  i n d i v i d u a l  v a l u e s  o f  p, 

i s  ^ 6 * -  p t l  a p p r o x i m a t e l y .

T h is  c o r r e c t i o n  becomes c o n s i d e r a b l e  in  th e  c a s e  o f  

e x p e r im e n t s  s u c h  a s  t h o s e  o f  Eage w i t h  a c y l i n d e r  8^9 d i a m e t e r  

in a 4 f t .  c h a n n e l  w h ic h  o f  c o u r s e  were n o t  i n t e n d e d  f o r  th e  

p r e s e n t /
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p r e s e n t  p u r p o se  b u t  r e a c h  a h i g h e r  v a l u e  o f  R th a n  any  o t h e r  

known to  th e  w r i t e r .

Coming t o  t h e  o t h e r  end o f  th e  s c a l e  we h a v e  Lamb’ s 

s o l u t i o n  f o r  low  v a l u e s  o f  R . A d o p t in g  th e  n o t a t i o n  and 

c o n v e n t i o n  o f  t h i s  r e p o r t  th e  e x p r e s s i o n  f o r  th e  p r e s s u r e  

a t  t h e  c y l i n d e r  s u r f a c e  i s  fo u n d  to  b e : -

I t  h a s  been assumed t h a t  t h i s  s o l u t i o n  i s  v a l i d  up

t o  R  0 '4 - From h e r e  to  R ■= 2.5T

B a i r s t o w ’ s s o l u t i o n  would  be a p p r o p r i a t e  b u t  i t  d o e s  n o t

seem to  be p o s s i b l e  t o  g e t  th e  p r e s s u r e s  d i s t r i b u t i o n  from i t

w i t h o u t  a d d i t i o n a l  m a t h e m a t i c a l  i n v e s t i g a t i o n  a s  th e  a u t h o r s
( 1)

s t a t e  t h a t  t h e y  n e g l e c t  a  c o n s t a n t  t e r m ,  w h ic h  d o e s  n o t  

a f f e c t  t h e  t o t a l  r e s i s t a n c e  b u t  would  p r e su m a b ly  a f f e c t  th e  

i n d i v i d u a l  p r e s s u r e s .  As no i n f o r m a t i o n  i s  a v a i l a b l e  in  

t h i s  r e g i o n  th e  c o n t o u r s  on F i g  .Ik h ave  b e e n  d o t t e d  i n  by  

i n s p e c t i o n  and o f  c o u r s e  c a n n o t  be r e l i e d  on .

(1)
"The R e s i s t a n c e  o f  a C y l i n d e r  moving in  a V i s c o u s  F l u i d " .  

B a i r s t o w ,  Cave and Lang. P h i l . T r . A . V o l . 2 2 3 , p . 4 0 2 .
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Drag.

The drag produced by the normal pressure has been 

calcula ted  from the experimental pressures given in  Table 10, 

The re su l ts  are given in  the form of a coe ffic ien t =

Drag-r fDLV*^ in  Table 11. Fig.15 shows the values p lo tted  

on log^^R . The to ta l  drag coeffic ien t as determined by 

E.F, Relf by force measurements is  also shown. The d i f ­

ference between the two i s  the skin f r ic t io n  drag and is  

shown chain dotted.

In Part 1 i t  i s  estimated tha t the skin f r i c t io n  drag 

is  equal to and th is  value is  also p lo tted  in F ig . lJ

showing a reasonable agreement with the above. The values 

obtained by the a r ithm etica l solution of the fundamental 

equations in  Part 5 sire also  shown and used to produce the 

curves.
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PART 7.

e f f e c t  of the GHAmSL WALLS ON THE FLOW PAST 

A CYLINDER.

The p r e s e n c e  o f  p a r a l l e l  c h a n n e l  w a l l s  above  and  

b e lo w  a h o r i z o n t a l  c y l i n d e r  ,by p r e v e n t i n g  t h e  e x p a n s i o n  o r  

b u l g e  o f  t h e  s t r ea m  l i n e s  i n c r e a s e s  th e  m e a n v e l o c i t y  p a s t  

th e  c y l i n d e r .  An e s t i m a t e  o f  t h i s  i n c r e a s e  h a s  b een  made 

in  R. & M N o . 1018 by  c o n s i d e r i n g  t h e  f l o w  o f  an i n v i s c i d  

f l u i d  p a s t  a r o t a t i n g  c y l i n d e r .  I f  T  i s  t h e  r a t i o  o f  

c h a n n e l  h e i g h t  to  c y l i n d e r  d i a m e t e r  th e n  th e  mean i n c r e a s e  in  

v e l o c i t y  i s  t h e r e  e s t i m a t e d  t o  be a b o u t  1 0 0 / 1̂ .  T h i s  v a l u e  

seems to  be too  lo w  f o r  a s t a t i o n a r y  c y l i n d e r .  T h i s  i s  

p r o b a b ly  due to  the  e d d y i n g  r e g i o n  b e h in d  th e  c y l i n d e r  

p r e v e n t i n g  th e  s t r e a m l i n e s  from c l o s i n g  f o r  some d i s t a n c e .

I t  i s  e v i d e n t  t h a t  t h i s  w i l l  produce  a l a r g e r  "bulge"  a t  t h e  

c y l i n d e r .  T h is  i s  shown by a f i e l d  o b t a i n e d  i n  P a r t  5 «.for 

th e  f l o w  p a s t  t h e  s o l i d  shown i n  F i g . 6 g The b u l g e  o f  th e  

s t r e a m l i n e s  a t  v a r i o u s  d i s t a n c e s  a c r o s s  th e  s e c t i o n  o f  t h i s  

f i e l d  th ro u g h  th e  c e n t r e  o f  t h e  s e m i - c i r c u l a r  arc  i s  shown 

i n  F i g .1 6 #, V.hen tv/o p a r a l l e l  b o u n d a r i e s  were  p l a c e d  a t  

d i s t a n c e s  o f  8 r a d i i  from th e  a x i s  and th e  s o l u t i o n  

r e p e a t e d  th e  in c r e m e n t  in  v e l o c i t y  a t  v a r i o u s  p o i n t s  a c r o s s  

t h i s  s e c t i o n  was found to  be a b o u t  1% a g r e e i n g  w i t h  t h a t  

g i v e n  i n  F i g . 16»  T h is  f i g u r e  a l s o  shows th e  b u l g e  g i v e n  

by t h e  e x p r e s s i o n  o b t a i n e d  by Levy f o r  th e  f l o w  p a s t  a 

c y l i n d e r  w i t h  a v o r t e x  p a i r  b e h i n d  i t .

To o b t a i n  f u r t h e r  e x p e r i m e n t a l  i n f o r m a t i o n  the  

decrem en t  i n  p r e s s u r e  on the  c h a n n e l  w a l l  e x a c t l y  b e lo w  th e  

c e n t r e  o f  th e  c y l i n d e r  due to  th e  p r e s e n c e  o f  th e  l a t t e r  was 

Pleasured w i t h  th e  f o l l o w i n g  r e s u l t s .



- 45-

C y l . D i a . A p A e v '^ From F i e l d i n  PigJ&. ]

i n
r P r e s s . D e c r e m e n t .

K
Ye  IJhcaemen t  •

............. %

0 . 8 7 5 30 3 1 . 5 0 . 7 1.1 1.8
3 . 1 5 8 '2 16 8 1.0 6"0 7*0

T h is  v e l o c i t y  in c r e m e n t  may be d i v i d e d  i n t o  two 
p a r t s  and a r i s i n g  from d i f f e r e n t  c a u s e s .  The f i r s t

i s  th e  i n c r e a s e  i n  v e l o c i t y  w h ic h  would  have e x i s t e d  

a t  t h i s  p o i n t  had t h e r e  been  no c h a n n e l  w a l l s  a t  a l l  and th e  

s e c o n d  i s  t h a t  p ro d u ce d  by th e  c o m p r e s s i o n  o f  t h e  f l o w

p ro du ced  by th e  w a l l s .  The l a s t  t h r e e  co lum ns  g i v e  the  

v a l u e s  computed from the  f i e l d  w h ich  i s  shown i n  F i g .  1 .  &.G 

In p l o t t i n g  t h e s e  v a l u e s  i n  F i g . i f e  i t  h a s  been  assumed t h a t  

so t h a t  th e  p l o t t e d  v a l u e  i s

ITien th e  p r e s s u r e  d i s t r i b u t i o n  h a s  been  m easu red  on  

a l a r g e  c y l i n d e r  i n  a s m a l l  c h a n n e l  and th e  t r u e  drag  

c o e f f i c i e n t  f o r  t h e  c y l i n d e r  a t  t h i s  R  i s  known, we can  

deduce a  v a l u e  f o r  th e  c o r r e c t i o n  to  th e  mean v e l o c i t y .

Such a  c a s e  i s  t h a t  g i v e n  i n  Part 1. : : . P a r k i n s  i n  Toronto

h a s  a l s o  c a r r i e d  o u t  a s e r i e s  o f  e x p e r i m e n t s  on c h a n n e l  

w a l l  i n t e r f e r e n c e  f o r  c y l i n d e r s  o f  v a r i o u s  l e n g t h s  e t c .

H i s  r e s u l t s  f o r  t h e  c y l i n d e r  sp a n n in g  th e  c h a n n e l  a r e  a l s o  

shown i n  F i g . l 6 # >

A f t e r  c o n s i d e r i n g  th e  somewhat i n c o n s i s t e n t  e v i d e n c e  

a v a i l a b l e  i t  was d e c i d e d  t o  a d o p t  th e  f o l l o w i n g  p r o v i s i o n a l  

v a l u e  f o r  t h e  c o r r e c t i o n

For  a  c y l i n d r i c a l  body  o f  any  c r o s s  s e c t i o n  p r o v i d e d  

the d i m e n s i o n  in  the  d i r e c t i o n  o f  t h e  f l o w  i s  s m a l l  compared  

to th e  h e i g h t  o f  th e  c h a n n e l  'Ô  i s  n e a r l y  e q u a l  to  

This can be s e e n  by r e p l a c i n g  th e  c h a n n e l  w a l l s  by im ages  o f  

the body .  The e f f e c t  o f  th e  n e a r e s t  image on one s i d e  w i l l
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be to  g i v e  an a d d i t i o n a l  v e l o c i t y  i n c r e m e n t a n d  a t  t h e  

same t im e  a  s i m i l a r  in c r e m e n t  i s  b e i n g  produ ced  on th e  

o t h e r  s i d e .  So t h a t  t h e  a v e r a g e  in c r e m e n t  g i v e n  by t h e  

c h a n n e l  w a l l s  i s  o f  t h e  same m a g n i t u d e  a s  t h a t  e x i s t i n g  a t  

th e  p o s i t i o n  o f  th e  c h a n n e l  w a l l s  i f  t h e s e  were  rem oved .

Thus e i t h e r  o f  t h e s e  i n c r e m e n t s  i s  h a l f  t h e  t o t a l  a s  o b t a i n e d  

i n  t h e  c h a n n e l  by th e  above  method o f  m e a s u r i n g  th e  p r e s s u r e  

in c r e m e n t  on t h e  w a l l  o p p o s i t e  the  s e c t i o n .  F or  a  body  l i k e  

an a e r o f o i l  w h ich  h a s  a s m a l l  wake ,  t h i s  s h o u ld  g i v e  a  

f a i r l y  r e l i a b l e  method o f  m e a s u r in g  th e  c o m p r e s s i o n  c o r r e c t i o n  

p r o v i d e d  t h e  body sp a n s  t h e  c h a n n e l .  E or  a body w i t h  a  

s e c t i o n  l o n g  i n  t h e  d i r e c t i o n  o f  f l o w  ( s u c h  a s  t h a t  i n  F i g . & } 

w i l l  be g r e a t e r  th a n  .

-f+ + + +  
+++

+
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part 8.

THE PRESSURES ROUND A CYLINDER ROTATING IN AN 
AIR CURRENT.

The d i f f i c u l ty  of measuring the pressure a t  a point 

on the surface of a ro ta tin g  cylinder is  considerable^ and 

the re su l ts  cannot be regarded as having a high degree of 

accuracy. To get the information required , i t  is necessary 

to have some means of opening a small valve in  the surface 

of the cylinder for a small portion of every revolu tion , 

when the hole comes round a d e f in ite  position  re la t iv e  to 

the d irec tion  of the undisturbed airflow . Thus, the 

pressure of the a i r  inside the cylinder is made approximately 

equal to the pressure on the surface at the part where the 

hole is open. This pressure can be measured by being t ran s ­

ferred  through the cylinder spindle to a pressure gauge.

The f i r s t  type of valve t r ie d  was unsu itab le . I t  con­

s is ted  of a small lea ther pad operating l ik e  a f lu te  stop on 

the inner surface of the cylinder. I t  was found tha t th is  

produced an a l te ra t io n  of pressure (positive or negative, 

depending on a va r ie ty  of factors) inside the cylinder by 

acting as a small pump. I t  was impossible to allow for 

th is  as i t  was very e r r a t ic .

Apparatus. - The arrangement f in a l ly  adopted is  shown 

in  Fi%8. 17 and 18.

]
I t  might have been b e t te r  to have used a small s t a t i c  

tube placed near the cylinder as is  described in Part 10, 
but towards the end of the cylinder there would have been 
the d i f f i c u l ty  of being ce rta in  tha t the tube was along 
the a ir  d irec tion .
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k  small s te e l  plunger (p) in .  diameter works in 

a brass cylinder (F ig .18). A hole d r i l le d  through both 

is  opened and closed by the movement of the plunger.

The plunger is  moved by a lever on a spindle which 

passes through the end of the pressure chamber. At th is  

point a cam W  projecting  above the surface of the 

ro ta t in g  cylinder comes in to  contact with a fixed stop, 

thua opening the ho le . A spring (S) is  used to close 

the hole when the cam leaves the s top . D iff ic u lty  was 

experienced in keeping the bearing a i r  t ig h t  where the 

small spindle passes through the end of the a i r t ig h t  

sec tion . This was overcome very simply by adopting a 

suggestion made by Mr. Ping, the foreman mechanic in the 

lab o ra to r ie s .  The bearing was tapped and the spindle 

threaded and screwed through i t .  As the spindle only 

ro ta te s  about 20®, the small ax ia l movement produced is  

not su ff ic ie n t  to a ffec t the measured pressure. The 

whole u n it  can be mounted anywhere along the ro ta tin g  

cylinder and so various sections can be explored (F ig .11).

The pressure is transferred  through the main spindle 

and a mercury sea l to the Chattock gauge, the other side 

of which was connected to a hole in  a p la te  on the inside 

of the channel. A correction was afterwards applied for 

the difference between the pressure at th is  p la te  and the 

true s t a t i c  pressure of the a ir  approaching the cylinder. 

This difference was subsequently determined by placing a 

s t a t i c  tube a t several positions ju s t  ahead of the cylinder. 

The small pressure produced at these points by the cylinder
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was ca lcu la ted  by the usual formula fo r the flow of a 

perfec t f lu id  past a cy linder, an# applied as a correction 

t e  the measured d ifference between the p la te  pressure and 

the s t a t i c  tube pressure.

Fig* 17 shows the arrangement of the cylinder in  the 

channel. The gap at the lower end was about 4 mm. That 

a t  the top was s l ig h t ly  g re a te r ,  but th is  can only a f fec t  

s l ig h t ly  the re su l ts  as no pressure measurements were made 

above mid-channel. To support the stop in  an e ffec tive  

manner a rod was introduced as shown on the side of the 

cylinder where the pressure was being measured. As i t  was 

thought tha t changing th is  rod to the other side might 

a f fec t  the flow a dummy rod was kept in  position  as shown 

and changed over when the support rod was changed.

Measurements of angle were in  a l l  cases made to the 

point a t  which the cam made contact with the stop as th is  

point was d e f in i te ly  known. Obviously the valve w il l  not 

close when the cam leaves the stop , but the point at which 

i t  does close w il l  depend on the speed of the cylinder, the 

s trength  of the spring, e tc .  Further, even i f  the point 

of closing was determined, i t  is  not ce rta in  th a t the 

pressure inside the cylinder w il l  s e t t l e  down to the pres­

sure a t  th is  po in t. I t  may tend to come to an average 

over the arc throughout which the valve is  open. These 

considerations indicated tha t i t  would probably be 

advisable to determine the ”lag” (tha t i s ,  the angle between 

the point of contact and the point a t which the pressure 

was measured) from the observations themselves, by
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cempaping the re su l ta n t  in tegra ted  pressure over the whole 

surface with the re su l ta n t  previously measured on the 

balMiee (R. & M. 1018).^‘

As th is  involved a considerable amount of experimental 

work, i t  was decided to keep the cylinder speed the same in  

a l l  experiments so tha t one determination of the angle of 

*lag” would su ff ic e .  The speed chosen was 1,400 r/m.

This involved varying the channel speed from 19.2 to 4.8 

f t  . / s e c .  to get a range of values of v/V from 1 to 4. The 

s top , which consisted of a hardened s te e l  p in , was placed 

so as to open the valve a t the required position , and i t s  

distance from the cylinder adjusted so tha t when the 

cylinder was ro ta ted  slowly by hand the angle of turn ( ^ 9  ) 

throughout which the cam was in contact with the stop was 

about 5®. The actual ^ 0  was recorded in  each case and 

a mean taken for each experiment. The angle ( ê , ) 

throughout which the cylinder was turned to bring the hole 

from the up-wind generator of the cylinder to the position  

when the cam f i r s t  touched the stop was measured. The 

cylinder was then ro ta ted  at 1,400 r/m. and the channel 

ve loc ity  brought to the required value.

Simultaneous readings were taken of the pressure and 

the channel speed. The channel flow was then stopped and 

the pressure again read with the cylinder ro ta tin g  a t the 

same speed as before. The difference between the two 

readings was divided by where V is  the actual

Experiments on the a i r  forces on ro ta t in g  cylinders. 
By A. Thom. .
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measured channel speed.

The above procedure was adopted to eliminate the 

een tr ifuga l pressure produced in  the column of a i r  from the 

cylinder centre to the surface and the s l ig h t  pumping action 

which an i n i t i a l  experiment had demonstrated was s t i l l  

present even with the plunger type of valve. This pumping 

was probably caused by a s l ig h t  lack of symmetry in the 

passages to and from the plunger.

The above method, however, introduces another source 

of error because with a perfec t valve the measured pressure • 

should be increased (numerically) by the cen trifugal 

pressure in tegrated  throughout the radius of the cylinder. 

But more than th is  is contained in the correction . The 

pressure measured in  s t i l l  a i r  includes the cen tr ifuga l 

pressure due to  any ro ta t io n  imparted to the a i r  by the 

cylinder. Hence the re s u l t  is  higher by the amount of the 

pressure produced by the ro ta t io n  of the external a i r .  An 

experiment carried  out in s t i l l  a i r  with the stop open gave 

the following re su l ts
TABLE 12.

revs./m in .
P

■pressure lbs . / f t .
J2_ X lû"'

600 0.088 2.45
680 0.120 2.59

960 0.230 2.49
1,040 0.277 2.56

1,200 0.370 2.56
1,300 0.443 2.54

1,400 0.493 2.51
1,480 0.558 2.54
1,550 0.595 2.46

Mean - - - 2.52
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The cen tr ifug a l pressure in tegrated  throughout the 

radius Y is  p = tTr%r‘*‘/n>p-^3600.

Since or a 4 cm., and p a 0.00234, f/ou- = 2.21 ^  10 ^

whereas the mean from the above Table is  a 2.52 x  10 ^ .

The experimental value corresponds to a radius of 4.26 

cm#, and indicates that a layer of a i r  a t le a s t  0.26 cm.

th ick  is  in  motion outside the cy linder.

The calculated pressure due to a 4 cm. a t  1,400 

r . /m . is  a 0.434 lb ./f t?"  , leaving 0.059 for the pressure 

due to the motion of the a i r .

A rough experiment on the ve locity  close to the 

cylinder ro ta t in g  in s t i l l  a i r  a t  1,400 r ./m . was carried  

out with a small p i to t  and s t a t i c  tube about 0.9 mm. 

diameter. The re su lts  are shown in  Fig. 23. I t  w il l  be 

seen tha t the velocity  a t distances g rea ter than 2 cm. from 

the surface is  too small to measure, being probably less  

than 1 f t . / s e c .  (See sslso Parf 2>)

The cen tr ifugal pressure due to th is  annulus of moving 

a i r  was estimated from Fig. 23 by p lo ttin g  and

in teg ra tin g , and found to be about 0.03 Ib . / f tT  , which is  

as near to the measured value (0.059) obtained above as can 

be expected considering that an erro r of 2 per cent, in  the 

cylinder speed would a ffec t th is  figure by 0.017.

The to ta l  e f fe c t  on the measured pressures (the l a t t e r  

being pressure with wind on minus pressure with wind off) is  

th a t the r e s u l t  is too high by an amount 0.059 lb ./ft?" , 

th a t  is  2 is  high by an amount 0.059-4- SCyV?"

This somewhat uncertain  correction has not been made 

for a reason to be explained l a t e r .
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Exploration of Pressure over the whole Surface at

'^/v = &. ~ With a wind speed of 9.6 f t  . / s e c . ,  the pres­

sure was measured as described above at about 90 points

over the lower h a lf  of the cy linder. These points lay  on

four sections d is tan t  from the lower end 29.5, 16.2, 9.7 

and 1.2 cm. The re su l ts  are given in  Table 13, and are 

shown on Fig. 19 with the correction  for lag applied. This 

correction  was obtained as follows

The to ta l  force along two axes ( = 90® and = 180®)

was obtained by in teg ra ting  p' cosG  ̂ and p's in 8, g raphically , 

The re su l ts  are shown in Table 14 where is  the 

force coe ffic ien t on the cylinder in  a d irec tio n  0^= 90*and 

is  the force coe ffic ien t in  a d irec tio n  0^ = 180®.

These are not the l i f t  and drag coeffic ien ts  but are 

force coeffic ien ts  re fe rr in g  to axes inclined to the l i f t -  

drag axis a t an angle equal to the lag . Mean values for 

the cylinder as a whole were obtained by p lo ttin g  and

Jfejj on the span and in teg ra ting . These are given in  the 

l a s t  l ine  of the Table. The f in a l  re su ltan t  for the whole 

cylinder is  1.84 inclined at an angle = 90®.5.

The re su ltan t  as measured on the balance (R. & M, No. 

1018) was 2.06 inclined at 104®, so tha t the mean correction  

for lag is  104*10 -  90?5 = 13?5. The valve is  thus seen to 

have been open for an arc of a t le a s t  13®. I f  the pressure 

read is  the average over the open arc , then the valve was 

presumably open for twice th is  angle. This would also have 

the e ffec t of f la tten in g  the peaks in  the pressure curve 

and since the la rges t peak produces l i f t  the measured l i f t
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would be low# Any leakage or rebound of the valve would 

have- a s im ila r e f fe c t ,  so tha t the low value of the 

re su l ta n t  force obtained is p a r t i a l ly  explained.

The value obtained for the above mean angle of lag 

is  probably correct within ±  2®, which is  s u f f ic ie n t ly  

close when i t  is  considered tha t the lag probably varies 

s l ig h t ly  from point to point due to a v a r ie ty  of causes, 

among which may be mentioned

(a) Variations in  the se t t in g  of the stop.
(b) Differences in the s t i f fn e s s  of the stop

supports a t d if fe re n t  p o s it io n s .

These, by a l te r in g  the impact of the blow delivered 

to the cam, would a l te r  the time of closing . The mean 

lag for each section was estimated from the above value 

by assuming i t  to be proportional to the mean arc of con­

ta c t  AB (see page 48) for the sec tion . Values so 

obtained are shown in  Table 14, where they are used to 

obtain the l i f t  and drag at the various sections (co ls . 10 

and 11) from K^^sin and Kjj = - cos (f> . These

are shown p lo tted  on Fig. 24. I t  w ill  be seen that the 

d is t r ib u t io n  of l i f t  and drag along the span is not uniform 

except possibly for a short distance in  the centre. The 

l i f t  would appear to  drop to zero a t the end of the cylinder. 

That th is  drop is  not altogether the re su l t  of a f a l l  in  

ve loc ity  towards the end is  shown by the comparatively 

normal value of the pressure at the front stagnation point 

on the end section  (about ) ,  indicating  a f a l l

in  ve loc ity  of only about 10 per cent.
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From the curve showing the d is t r ib u t io n  of l i f t  along 

the span i t  is  possible to calcula te  the approximate d is ­

t r ib u t io n  of induced drag. Thus, i f  x  is  measured along 

the span and to is  the down ve loc ity  produced by the t r a i l in g  

vortices  a t a position  x* we have

Z x r  -x'-x (1)

where a  % radius of the cy linder. can be determined

approximately a t  a l l  points along the span from Fig. 24 and 

the value of w for any point determined by a graphical 

in teg ra tio n .

The only d i f f i c u l ty  of the operation is  th a t  cL«o 

becomes in f in i te  when x  = x ' . As an example of the method 

adopted to  overcome th is  d i f f ic u l ty ,  the ca lcu la tion  for 

the ve loc ity  a t sec tion  2 where = 16.2 w il l  be considered 

in  d e ta i l .  Fig. 25 shows dto plo tted  on x. for th is  

sec tion . To avoid the region where the curve tends to 

in f in i ty ,  two points A and B were chosen a t  equal d is ­

tances from the ordinate a t x  a x ' . The area under 

A B is  taken as being approximately equal to the area under 

the part of the curve between A and B for the following 

reason.

Throughout the small region considered is  con­

tinuous and may be w ritten  with su ff ic ien t  accuracy

•= 'VV- -t- (2)

Where % a x  - x  , and/vw , ^ , and are constants.
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From X « * e to X » + e , where e  is  the distance of 

A and B from the ordinate a t  x  a* x* , the contribu tion  to w

olV
of th is  part becomes \ ( ^ / g  4  -t <jy2S^dx

which reduces to

W, -

The ordinates a t  A and B are respec tive ly  

+ -W- -

so tha t the area under the line  A B is  also . The

curve can thus be in tegrated  by planimeter. The re su lt in g  

values of the induced drag obtained in th is  manner are given 

in  Table 14 and i l lu s t r a te d  in Fig. 24.

The above method of ca lcu la ting  the induced drag 

neglects the presence of the channel w alls . A method of 

allowing for the walls at the end of the cylinder was in d i­

cated by Mr. C.N.H. Lock.

Suppose tha t every t r a i l in g  vortex in  the channel is 

one of an in f in i te  se rie s  of s t ra ig h t  vortices equally 

spaced a t  distances apart , where is  the distance 

between the channel w alls . Since the l i f t  d is tr ib u tio n  

curve is  symmetrical every vortex towards one end of the 

cylinder is accompanied by one of equal strength symmetrically 

placed towards the other end. Evidently the re su lt in g  

double se rie s  gives the e ffec t of the end w alls . The 

ve loc ity  produced at any point by a single series  is  given 

by Lamb ("H y drody nam icsA rt.156 (4 ) ) ,so tha t the to t a l  

e f fec t a t  any point is  e a s ily  obtained by a graphical
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in t« g ra tio n , as previously described.

The expression previously given for cbo in  (1) now 

beemes

t to

This expression was in tegrated  g raph ica lly  along the 

length of the cylinder for various values of x '  , using 

values of bU,^/bx from Fig. 24. The re su lt in g  values of 

u> were then used to ca lcu la te  the induced drag for the 

various sec tions. These values are given in  Table 14 and 

Fig. 24 along with those previously obtained by neglecting 

the walls e n t i re ly .

The to t a l  induced drag for e l l i p t i c  l i f t  d is t r ib u t io n  

as calculated by the usual expression is (span)^

m 0.26. I t  w il l  be seen tha t  while the value obtained 

neglecting the walls (0.28) is  near th i s ,  tha t obtained by 

allowing for the end walls is  very much lower (0 .08).

The p ro f i le  drag (the difference between the observed 

drag and the induced drag) is higher towards the ends than 

a t  the cen tre . This maybe due to (1) experimental e r ro rs ,  

(2) fa u l ty  method of ca lcu la ting  the induced drag, or (3) 

an actual higher p ro f i le  drag due to a greater eddying near 

the w alls.

Determination of Pressure round the centre Section a t 

Various Values of . - The second series  of experiments 

consisted of determining the pressure round the centre 

section  at various values of 'vr/v .

As a change in cylinder speed would involve a
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of the angle of lag , i t  was decided to 

keep the cylinder speed the same as in  the previous 

experiments (1,400 r ./m .)  and to use d if fe re n t  wind speeds.

The speeds adopted were: 19,2, 6.4 and 4.8 f t . / s e c .

To complete the s e r ie s ,  the pressure round the s ta tio n ery  

cylinder was obtained by ro ta t in g  the cylinder 10® or 20® 

a t a time and measuring the pressure a t  speeds of 12.5 and 

24 f t . / s e c .  Thus, with the experiment already described, 

pressure curves have been obtained at the following values 

of 't j /v î-  0, 1, 2, 3 and 4.

The experiments a t  the lower wind speeds ( i . e . , ‘o /v  

3 3 and 4) are n a tu ra lly  less accurate than the o thers , as 

the pressures are low a t these speeds and the errors due to 

pumping in  the valve, e t c . ,  are r e la t iv e ly  la rge .

An estimate of the lim its  w ithin which the errors 

should l i e  has been made and is given in  Table 13 along 

with the re su l ts  corrected for lag . The pressure curves 

obtained are p lo tted  on Fig. 20. The l i f t  and drag obtained 

from these curves by in teg ra ting  p' cos & and |o‘s in 0  are 

given in  Table 4, together with an estimate of the e r ro rs .

In the case of "o/V = 2 an estimate has already been 

made of the induced drag . Assuming th a t a t  other 

values of the l i f t  d is tr ib u tio n  curve re ta in s  the

same shape the induced drag w il l  be proportional to  

On th is  assumption columns 9 and 10 of Table 15 have been 

computed and are p lo tted  in Fig. 22. The negative p ro f i le  

drag found a t = 3 and 4 is  not necessarily  a v io la t io n  

of the law of the conservation of energy, since work has
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to be done ro ta t in g  the cy linder. In view, however, of 

the d i f f i c u l t i e s  of the experiment and of the scmewhat 

uncerta in  assumptions, i t  would be unwise to place much 

confidence in these r e s u l t s .

With each experimental curve has been p lo tted  a 

th eo re tic a l  curve giving the same l i f t .  These show the 

pressure which would obtain in  a perfec t f lu id  having a 

c irc u la tio n  corresponding to the l i f t  in tegrated  from the 

observed pressure curve and have been calculated from

V — C 'Z* 9 4r ,

The observed pressure curves for the various values 

of u/v have been collected in Fig. 21. Examination of 

the curves shows several in te re s t in g  fea tu res . There is  

f i r s t  of a l l  the fa c t  th a t  the curves a l l  a t ta in  about the 

same maximum, namely, ^ P V ^ .  This is  more remarkable than 

a t  f i r s t  appears because the correction  to the pressures 

mentioned on page 50 has not been made. The numerical 

values of th is  correction  are as follows ;-

% 0 1 2 3 4

Cor. to
ev^ 0 -0.14 -0.54 -1.2 -2 .2

With th is  correction applied, the curves would no 

longer have a common maximum of , but the maximum

would vary. The conclusion to be drawn would seem to be 

th a t  the ro ta tin g  cylinder is surrounded by a layer of a i r



-58-

whîch clings to the surface and, remaining the same whether 

there is  a general ex ternal t ra n s la t io n a l  v e lo c ity  or not, 

takes no d i re c t  p ar t  in  th is  external c irc u la tio n .

Apparently, therefo re , the ex ternal c ircu la tio n  produced 

in  the a i r  flowing past is d if fe re n t  from and additional 

to the annulus of moving a ir  measured and shown in  Fig. 23.

The curves in  F igs. 19 and 20 as they stand are r e a l ly  the 

pressures round the surface, not of the cylinder hut of the 

annulus above mentioned, produced by placing the ro ta tin g  

cylinder in  a current of a i r .  That th is  is  so w il l  be seen 

when i t  is  reca lled  th a t  the values tabulated  and p lo tted  

are the difference between the pressures measured with the 

channel running and with i t  stopped.

I t  w il l  be noticed from Fig. 20 tha t in  the experimental 

curves the maximum pressure occurs e a r l ie r  than in the 

th e o re t ic a l ,  especia lly  a t the higher values of . • The

discrepancy is made g reater  by a correction for induced 

downflow as a downflow w ill  make such phenomena occur l a t e r ,  

unless the downflow angle is negative. In f a c t ,  the local 

conditions are such as would accompany a larger c irc u la tio n  

than tha t  used in p lo tting  the th eo re tica l  curves. The 

same tendency is apparent when we examine the value of the 

minimum pressure except in the case of v / y  = 1. So tha t 

generally  the conditions over the front h a lf  of the cylinder 

correspond with a higher c ircu la tion  than th a t  given by 

in teg ra ting  the l i f t  fo rces.

The sharp r i s e  in  pressure on the centre sec tion  at 

= 2, about 200®, is  in te res ting  (Fig. 19). I t  w ill
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be seen tha t i t  occurs at the position  in  which the 

th e o re tic a l  curve is  a maximum, th a t  is  where the line  

separating the flow over the top of the cylinder and the 

under flow would be expected to meet the cy linder. 

Experiments by the w riter^  on the flow past a cylinder a t  

' '^ /\/ = 2, show tha t th is  l ine  probably meets the cylinder 

in  th is  region and fu rthe r  show^ th a t i t  divides the wake 

in to  two regions, one of positive  and the other of negative 

v o r t ic i ty .  Apparently, turbulence tends to equalise the 

pressure from about 140® to 190® and again from 210^ to 

280®; but these two regions are at d if fe ren t  pressures 

corresponding to the two halves of the wake. At other 

values of \ j /v  the separation is not v is ib le ,  but the 

tendency towards a constant pressure is apparent.

All the curves show a sudden r is e  in pressure a t about 

100®. This is  merely the usual breakdown which tends to 

occur with diverging stream lines, in th is  instance probably 

allowing a tongue of high pressure from the rear to intrude 

under the high ve loc ity  a i r  above the cylinder.

In s t i tu te  of Engineers and Shipbuilders in Scotland, 
1924-25.

Ph.D. Thesis (Unpublished).
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?m 9.

EXPERIMENTS ON THE BOUNDARY LAYER OF A CYLINDER 

ROTATING IN STILL AIR.

The apparatus used in  th is  experiment was tha t 

prepared to investiga te  the boundary layer on a ro ta t in g  

cylinder in  an a i r  current {Part 10) and hence the 

cylinder used (4# inches diameter) was mounted in  the 

2 f t .  wind channel. Measurements close to the surface 

could not be made at the higher ro ta t io n a l  speeds due to 

v ib ra tion  troub les . A prelim inary experiment gave the 

values shovm in  Table 16. These were obtained by a 

P i to t  and s t a t i c  tube mounted 8 mm. apart so as to be 

the same distance (n) from the surface and to be approx­

imately p a ra l le l  to the tangent. The P i to t  tube was of 

glass 0.63 mm. outside diameter and the s t a t i c  tube was 

aluminium tube fla ttened  t i l l  the minor axis of the sec tion  

(placed normal to the surface) was about 0.5 ram.

The re su l ts  are shown p lo tted  in Fig. 26. I t  w ill 

be noticed that the v e lo c it ie s  at corresponding distances 

are r e la t iv e ly  lower at the higher ro ta t io n a l  speeds. In 

other words the boundary layer is th icker at low speeds.

The weakness in the above method of measurement l ie s  

in  the method of obtaining the s ta t ic  pressure. In 

measurements of ve locity  in  the boundary layer on a 

s ta tio n ary  surface i t  appears to be ju s t i f ia b le  to assume 

the s t a t i c  pressure constant along the normal. As the
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surface is  approached the ve lo c ity  f a l l s  so tha t even i f  

the curvature is appreciable the cen tr ifuga l pressure 

remains small. li/hen dealing with the surface layer on 

a ro ta t in g  cylinder the s ta t ic  pressure gradient along 

the normal due to cen tr ifuga l force may require consideration 

since the v e lo c it ie s  near the surface are high. Thus the 

exact position  of the s t a t i c  tube may be important and 

probably i t  should be curved so as to be p a ra l le l  to the 

surface.

To get over these d i f f i c u l t i e s  and to get an idea 

of the magnitude of the changes in  pressure due to c e n tr i ­

fugal force i t  was decided to measure the to ta l  head only 

and to ca lcu la te  the s t a t i c  pressure. This pressure was 

assumed to be below atmospheric pressure by the cen trifugal 

pressure of the c irc u la tin g  a i r  outside the point considered 

and so (reckoning atmospheric pressure zero) a t radius Vj 

i t  is  given by
e j f  cLr (1)

This expression contains v  the quantity  sought thus 

introducing a d i f f ic u l ty  which can be circumvented e ith e r  

by (a) a step by step in teg ra tion  or (b) taking an assumed 

ve loc ity  d is t r ib u tio n  to ca lcu la te  the s ta t ic  pressure end 

revising  the ca lcu la tion  when the velocity  has been 

obtained. Method (b) was used outside 5 mm. from the 

surface. From 5 mm. inwards the following step by step 

method was used At radius V: l e t  the to ta l  head be 

Hy and the pressure be p, « At radius = oq-

l e t  these quan tities  be and - Sp . Theh by
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Bernoulli*s equation we have

'^ 1 =  P-l") .« . .  . .  (2)

and from the centr ifugal  e f fec t
n. *U

"  •• (3)

Hence

 =  i - K - h )  +

or

Thus i f  the ve locity  and pressure are known at any . 

section and the d i s t r ib u t io n  of to t a l  head has been measured 

the velocity  at  a section jus t  inside is found from (4) and 

the pressure from (2), These give the information necessary 

for the next s tep .

Table 17 shows the resu l ts  of t o t a l  head measurements 

made vfith a small glass tube (diameter = 0.36 mm.) the 

ro ta t io n a l  speed of the cylinder being 820 r/m. A 

graphical in tegra t ion  of (1) using the velocity  measurements 

in Table 16 gave the pressure at n a 5 mm. as being

= - 0.0089 l b s . / f t . 2 The resu l ts  of the step by step 

ca lcu la tion  from n -  5 mm. to the surface are given in  

Table 18. I t  is evident that the pressure gradient though 

small is appreciable. The veloci t ies  are dotted on to
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Fig. 26 along with those found using the somewhat crude 

P i to t  and s t a t i c  tubes.

1 knowledge of the torque necessary to ro ta te  the 

cylinder would enable the eddy v isco s ity  to be found from 

the ve loc ity  g rad ien t. The cylinder used in  the present 

experiment being too heavy for the balance used previously 

for torque experiments th is  could not be obtained d ire c tly ,  

In R. & M. No.1018, the w rite r  gave the re su l ts  of some 

torque experiments on cylinders and spheres. Using the 

formula and values given there the torque required to 

ro ta te  the cylinder of the present experiment a t 820 r/m 

is  about 5.4 10"^ f t .  lb s .  per f t .  length of cylinder.

Evidently

doT

where

fju 3 coe ffic ien t of .eddy v isco s ity  

^  = length of cylinder.

Taking àc^/à-r from a p lo t of the values found in  Table 18 

the following values of jji were obtained

(ram.) .1 .2 .4 .7 1.0 1.5 2 3 4

^ t . s e c .
0.47 0.38 0.79 1.9 3.8 4.7 7.4 12 27

These values are p lo tted  in  Fig. 27 A. The accepted value 

of the coeffic ien t of v iscos ity  for a ir  a t 15® C is 

yLL = 0.378 X 10 slugs f t . / s e c .  Thus, close to the 

cylinder ^  is approximately equal to /L  showing tha t 

turbulence is probably absent. From n = 0.4 mm. outwards
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i t  appears th a t the turbulence increases s te a d i ly  for an 

in d e f in i te  d is tance .
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P R R T  \ 0 .

EXPERIMENTS ON THE BOUNDARY LAYER OF A CYLINDER 

ROTATING IN AN AIR CURRENT.

As yet there is  no s a t is fa c to ry  theory giving the 

l i f t  experienced by a ro ta t in g  cylinder in  an a i r  stream. 

There seems, however, to be general agreement th a t  the 

c irc u la tio n  is  affected  la rge ly  by the eddies generated 

on the surface. I t  was accordingly decided to  explore 

the surface layer. The cylinder used was of brass 4§ 

inches diameter. The channel speed throughout was kept 

a t about 8 f t . / s e c .  and the ro ta t io n a l  speed a t 820 r/m 

giving a r a t io

Surface Sneed _  g 
Wind Speed

The low ro ta t io n a l  speed was adopted to avoid 

v ib ra tion  troub les . To obtain uniformity with previous 

experiments the above r a t io  was chosen, and th is  fixed 

the channel speed.

The method adopted was to measure the to ta l  head and 

the s t a t i c  pressure separately , i . e .  at d if fe ren t  times.

The P i to t  tube was of g lass 0.45 mm. x 0.36 mm. external 

measurements at the end. The to ta l  head was compared with 

the pressure in  a hole in  the channel wall some distance 

up-wind. . The pressure in th is  hole was afterwards compared 

with the pressure on the front generator of the cylinder 

(when s ta tionary ) and the to ta l  heads recorded in  Table 19, 

and p lo tted  in  Figs. 28, 29 and 30, are re ferred  to th is
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fron t generator pressure (H^). The same remarks apply 

to the s t a t i c  pressure so th a t  the recorded pressure would 

he zero at a point of zero ve loc ity  i f  there were no loss 

of head.

The apparatus used was id e n tic a l  with th a t  employed 

for the investiga tion  of the boundary layer on a s ta t io n a ry  

cylinder described in  Part 1. and the P i to t  tube corrections 

discussed there apply also to the present experiment. The 

corrections for the tube used are shown in  Pig. 28A from 

which i t  is  seen tha t a t high and low v e lo c it ie s  the correc­

t io n  is  n eg lig ib le . These values were deduced from Table 1, 

P art 1.

Measurements of to ta l  head and s t a t i c  pressure were 

made along lines normal to the surface a t Ô = 0®, 20®, 40®, 

60®, 80®, 90®, 100®, 120®, 160®, 200®, 240®, 280®, and 320® 

where Ô is  measured from the up-wind d irec tio n . On the 

sections a t 0 = 240®, 280®, and 320® at a short distance 

from the surface the ve loc ity  changes sign being no longer 

in  the same d irec tion  as the ve loc ity  of the cylinder 

surface . This necessita ted  exploring these sections with 

the P i to t  tube in both d irec tio n s . The re su l ts  for the 

tube facing the reversed velocity  are given in Table 20 

and w ill  be found p lo tted  with the others in  Figs. 28, 29 

and 30. At the point on the sections where the two 

d irec tions give the same pressure the s t a t i c  pressure should 

also have an iden tica l value, unless the reversa l of the 

tube causes a change in  the flow. The agreement is as 

good as can be expected at Q = 280®, and 0  = 320®, while
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wMle a t 0 = 240® exploration with the tube in  i t s  normal 

position , has not been carried  fa r  enough.

With the above exception no attempt has been made to 

make the tube face the a ir  d irec tio n  beyond placing i t  

p a ra l le l  with the tangent to the surface and th is  should be 

kept in  mind when examining the curves of v e loc ity  obtained.

A preliminary estimate of the ve lo c ity  having been 

made a t each point on every sec tion , the corrections to the 

to ta l  head were obtained from Fig. 28A (see Table 19).

The corrected values are shown in F igs. 28, 29 and 30, along 

with the s t a t i c  pressure. The f in a l ly  adopted v e lo c it ie s  

are given in  Table 22 and are shown p lo tted  in  Fig. 31. I t  

is seen tha t in  most cases the ve loc ity  tends to approach 

the circum ferential ve loc ity  of the cylinder as the surface 

is  approached. Fig. 32 shows contours of constant ve lo c ity  

throughout the region explored the figure being d is to rted  

by enlarging the boundary layer in order to show the l a t t e r  

more c lea r ly . In a previous paper the w riter  showed 

contours of v e loc ity  round a ro ta tin g  cylinder a t  the same 

ra t io  of circum ferential speed to wind speed namely Z. , 

but in tha t case the apparatus used could not be brought 

nearer the surface then about 0.7 rad ius . Fig. 33 has 

been constructed by combining the re su l ts  of the two 

experiments. There is  s t i l l  an annular region not covered 

by e ithe r  experiment. The contours have been dotted 

through th is  region. A few iso la ted  readings indicated 

tha t these dotted contours are approximately correct but 

fu rther experiment is required to complete th is  region.
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The v e loc ity  curves in  Fig. 31 were in tegrated  and 

the in te g ra l  curves used to p lo t the streamlines shown 

in  Fig . 35.

Equation 14, P art 4, can he rew ritten

=  -  - 3 ^  -* ■ ■ (1)

In the present experiment, taking along the surface 

and taking the normal value of ^  for a i r ,

was found to be neg lig ib le  compared to so th a t  i f

the flow close to the surface can be represented by (1) 

the v o r t ic i ty  is  given by — . The numerical

re su l ts  obtained by th is  expression are given in  Table 23 

and shown as contours in  Fig. 34 the sign adopted being 

shown on the l a t t e r  diagram. In Part 9 i t  appears tha t 

for a cylinder ro ta ting  in s t i l l  a i r  the e ffec tive  co­

e f f ic ie n t  of v isco s ity  increases rap id ly  with the distance 

from the surface, so tha t i t  is  possible th a t  in  the 

present case the l a s t  term in  (1) may become appreciable. 

For th is  reason the re su lts  obtained for the v o r t i c i ty  are 

not above suspicion.

I t  is  in te re s t in g  to compare the s t a t i c  pressure 

close to the surface as obtained by the small s t a t i c  tube 

with that obtained in Part 8 by other means. This com­

parison is  shown in Fig. 36. Unfortunately d if fe re n t  

cylinder diameters were used in  the two experiments. The 

re su l ts  obtained in Part 8 show the large influence of the 

end w alls . This influence w il l  of course depend on the
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T a b l e  2 ,

F r e s s u r e  D i s t r i b u t i o n  round C y l in d e r

6
P i =

VD* A'G ity^ ec

0 1 .0 0 1 .0 0
5 0 . 9 8 0 . 9 7

10 0 . 9 1 0 .8 9
20 0 .5 8 0 . 6 0
30 4-0.15 4-0.13
40 - 0 . 3 7 - 0 . 4 4
50 - 0 . 9 0 - 0 . 9 6
60 —1 .3 0 - 1 . 4 5
65 - 1 . 4 0
70 - 1 . 4 6 - 1 . 7 1
75 - 1 . 4 2
80 - 1 . 3 1 - 1 . 5 7
85 - 1 . 2 4 -
90 - 1 . 2 2 - 1 . 4 1

100 - 1 . 2 3 - 1 . 3 0
110 - 1 . 2 5 — 1 .1 8
120 — 1 .2 4 - 1 . 1 1
130 - 1 . 2 5 - 1 . 0 7
140 - 1 . 2 7 - 1 . 0 7
150 — 1 » 30 - 1 . 0 6
160 - 1 . 3 3 - 1 . 0 5
170 - 1 . 3 6 - 1 . 0 3
180 - 1 . 3 4 - 1 . 0 2

A  " 0 . 6 4 0 , 4 9

éÿi$ggjgggg0



TABLE 3.
Total Head near the Surface of a Cylinder in an A ir Stream.

V =  12 3
e =  10°
d = Q - A

V =  12-3 
6 =  20° 
d =  0-4

V =  12- 
6 =  30° 

d — 0-4  —

3

0 -6

V =  12- 
d =  40'  

d =  0- 4  —

3

0-6

n H - H o ? n H - H o 9 n H - H o q n H - H o q

0 —0-016 0 0 - 0 - 0 7 7 0 0 —0-158 0 0 —0-250 0
0  18 —0-014 1-3 0-18 —0 - 052 4 -6 0-18 —0-082 8 -0 0-18 —0-195 6 -8
0 -26 —0-008 2-6 0-26 —0-042 5-4 0-28 —0-064 8 -9 0-28 —0-125 10-3
0 36 —0-005 3-0 0-40 - 0 - 0 2 6 6-6 0 38 - 0 - 0 4 4 9-8 0-41 —0-079 12-0
0 54 —0-004 3 -2 0-54 ■^0-019 7-0 0-48 —0-036 10-1 0-55 —0-045 13-1
0 73 —0-002 3-4 0-73 —0-012 7-4 0-59 —0-015 11-0 0-84 —0-007 14-3
0 91 - 0-002 3-4 0-91 —0-006 7-7 0-76 —0-004 11-4 1-34 +  0-002 14-6

V =  12-3 V =  12-3 V =  12-,3 V =  12- 3
9 =  50° e ^  60° 6 -  60° e =  70°

d = 0-4 — 0 ■6 d = 0-4 — 0-6 =  0 - 9 d == 0-4 — 0-6

n H - H o ? n H - H o q n H - H o q n H - H o q

0 - 0 - 3 4 5 0 0 —0-422 0 0-45 —0-131 15-6 0 —0-438 0
0-18 —0-237 9-5 0-18 —0-322 9-2 0-56 —0-101 16-4 0-18 —0-409 4-9
0-28 —0-177 11-9 0-21 —0-303 10-0 0-67 —0-058 17-5 0-34 —0-323 9 -8
0 45 —0-095 14-5 0-28 —0-243 12-1 0-89 —0-023 18-3 0-35 —0-184 14-6

"0-61 - 0 - 0 4 4 15-9 0-37 —0 - 022 13-6 1-11 - 0-010 18-6 0-91 —0-060 17-8
0-80 —0-009 16-8 0-50 —0-127 15-8 1-33 —0-001 18-8 1-22 —0-014 18-9
1-22 +  0-001 17-1 0-75 - 0 - 0 5 0 17-7 For comparison 1-44 —0-002 19 2

1-13 —0-004 18-8 with values by 2-15 +  0-004 19-3
smaller tube.

V =  12-3 V =  12-3 V =  22-6 V =  5-4
d =  80° 0 =  90°' e =  50° d =  50°

d = 0-4 — 0 •6 d =  0-58 d =  Q- 4 d =  0-4

n H - H o ? n H - H o q n H - H o q n H - H o q

0 —0-424 0 0 —0 • 405 0 0 - 1-20 0 0 —0-064 0
0-18 —0 • 409 3-6 0-28 —0 ■ 395 2-9 0-18 —0 - 678 21-0 0-18 —0-059 2-1
0-28 —0-403 4-2 0-41 - 0 - 3 9 6 2-8 0-28 - 0 - 4 9 0 24-4 0-28 —0-050 3 - 5
0-40 —0-367 6-9 1-10 —0 - 380 4-6 0-38 - 0 - 2 7 3 28-0 0-38 —0-040 4 -5
0-90 —0-259 11-8 1-46 —0-313 8-8 0-59 —0-094 30-6 0-55 —0-029 5-4
1-22 —0-144 15-3 1-80 —0-275 10-5 0-79 —0-022 31-5 0-75 —0-015 6-4
1-67 - 0 - 0 6 1 17-512-4 —0-192 13-4 1-20 0 , 31-8 0-96 —0-007 6-8
2-10 —0-016 18-5 3-8 —0-021 18-0 1-20 —0-001 7-3
2-55 - 0-010 18-7 5-0 +  0-005 18-6
3-2 —0-002|18-8

V =  Channel speed (ft./sec.).
6 =  Angle from front generator.
d =  External diameter of pitot tube (mm.).
n =  Distance of centre of tube from surface (mm.).

H —Ho =  Pilot head less head on front gemerator (lbs. ft.).
q =  Deduced velocity at tube (ft./sec.).

All measurements of head have been corrected for the scale efiect shown 
- in Table 1.
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T a b l e  5 .

Summary  o f  D a ta  f o r  C a l c u l a t i n g  Boundary L ayer  V e l o c i t i e s .

V = C b a r r e l  v e l o c i t y  = 1 2 . 3  f t . / g e o .
r  = C y l in d e r  R a d iu s  = 0 .1 8 7 5  f t .

V  = 0 .0 0 0 1 6  f t . ^ / s e o .

a  p . ! E i  
6  0

^ ^  1 d p i

2 ^ i  -  d 0

3  / i  -  P i  dh  

2 h^ d 9

/ Vh 

\  r v
J 1 -  P i  
.....................

10 i 0 . 8 9 - 1 . 2 0 0 .3 2 * 1 . 8 4 - 0 . 0 4 5 869
80  ! 0 . 5 9 - 2 . 2 5 0 . 6 4 1 . 7 5 - 0 . 3 8 845
30 1 0 . 1 3 - 2 . 9 8 0 . 9 3 1 .6 0 —0 , 6 6 810
40  1 -0 .3 8 —3 « l o 1 .1 7 1 .3 3 - 1 . 7 1 756
50 1 - 0 .9 0 —2 .iVO 1 .3 8 1 . 0 0 - 4 . 3 5 640
60 1 - 1 .3 0 - 1 . 8 5 1 .5 2 0 . 6 0 - 1 6 . 5 496

1 ............................ ___________

1 s t  app rox

2nd ap n rox

E x p la n a t io n  o f  T a b le  6 .

F t ( x )  = 1 -  / -  ( x  -  3x  + 2)
 ̂ 3

r-  v ̂  -  y^c + 2
’ i  I »  = Æ

n T \ X P \  (x)dx  ̂ M = 3 \ ù?(x)dx
F 'l(x )  j  1

x==x

Fl(3[) 3  ̂ 1-p]^ dh P
f  ( x )  = X   N =  1 \ f ( x ) d x

Fi^(x)

x~* 1
r

2 h2 d6 J
x=x

P ' { x )  = 1 i  / -  ( x  -  3x  + 8 + a  + Î!) P (x )  = \ p „ ' ( x )  d x
V! 3

I ^ /n = /  p / x )
V V

1/= V j l - P i



TABLE 6.
Calculation of Boundary Layer Velocities for  V =  12 3 ft. j sec.

d X = 0 0-1 0-2 0-3 0-4 0-5 0-6 0-7 0-8 0-9 0-95

i
1
?

/- (%)
/ — x ¥ '  {x) dx  =  

(p (x) =  
M =

/  W =y l  0
f  f  (x) dx  

%
x^ - 3 x  +  2 =

0-866
0
0
0
0-26
0

0-145

2-00

0-939
0-088
0-0045
0-005
0-26
0-0094

0-144

1-701

1-032
0-188
0-0192
0-019
0-26
0-036

0-142

1-408

1-154
0-296
0-046
0-040
0-25
0-077

0-136

1-120

1-316
0-420
0-090
0-072
0-24
0-128

0-126

0-864

1-55
0-565
0-155
0-100
0-213
0-182

0-111

0-626

1-90
1-735
0-248
0-143
0-174
0-232

0-090

0-416

2-48
0-952
0-390
0-157
0-078
0-269

0-065

0-244

3-66
1-250
0-613
0-193
0-021
0-273

0-038

0-112

7-18
1-75
1-04
0-173
0-101
0-219

0-013

0-029

14-23
2-25
1-51
0-128
0-001
0-150

0-004

0-001

N = 0-007 0-007 0-006 0-006 0-006 0-005 0-004 0-003 0-002 0-001 0
— 3% +  2 4 - M  +  N = 2-26 1-97 1-68 1-39 1-16 0-844 0-594 0-376 0-192 0-051 0-017

10° F /  {x) = 0-81 0-87 0-95 1-04 1-14 1-33 1-59 2-00 2-80 5-4 9-4
F 2 M  = 0 0-084 0-175 0-274 0-383 0-51 0-65 0-83 1-07 1-48 1-84

w (mm.) = 0 0-03 0-06 0-10 0-14 0-18 0-23 0-29 0-38 0-52 0-66
q (ft./sec) = 0 0-4 0 8 1-2 1-6 2-0 2-4 2-8 3-2 3-6 3-8

N = 0-06 0-05 0-05 0-05 0-05 0-04 0-03 0-02 0-014 0-005 0-001
— 3% +  2 +  M +  N = 2-32 2-01 1-72 1-43 1-15 0-88 0-62 0-39 0-204 0-055 0-018

20° ¥'o{x) = 0-81 0 86 0-94 1-03 1-14 1-31 1-56 1-97 2-71 5-2 9-1
F., (%)' = 0 0-083 0-17 0-27 0-38 0-50 0-64 0-82 1-05 1-44 1-79
n (mm.) = 0 0-03 0-06 0-10 0-14 0-18 0-23 0-30 0-38 0-52 0-65

q (ft./sec.) = 0 0-8 1-6 2-4 3-1 3-9 4-7 5-5 6-3 7-1 7-5

N . .. = 0-09 0-09 0-09 0-09 0-08 0-07 0-06 0-04 0-02 0-01 0
— 3% +  2 +  M +  N  = 2-35 2-05 1-76 1-47 1-18 0-91 0-65 0-41 0-21 0-06 0-017

F'o (%) = 0-80 0-85 0 92 1-01 1-13 1-29 1-52 1-91 2-68 5-0 9-4
30° Fo {x) 0 0-082 0-17 0-27 0-37 0-50 0-64 0-81 1-04 1-41 . 1-78

ii (mm.) = 0 0-03 0-06 0-10 0-14 0-19 0-24 0-30 0-39 0-53 0-67
q (ft./sec.) = 0 1-2 2-3 3-5 4-6 5-8 6-9 8-1 9-2 10-4 10-9

N = 0 25 0-25 0-24 0-23 0 -J22 0-19 0-15 0-11 0-065 0 - 022 0-007
%» — 3% +  2 +  M +  N  = 2-51 2-21 1-91 1-61 1-32 1-03 0-74 0-48 0-255 0-072 0-024

40° l ' \  {x) = 0-77 0-82 0-89 0-97 1-07 1-21 1-43 1-77 1 2-44 4 • 6 7-9
Fa (%) = 0 0-080 0-165 0-268 0-370 0-48 0-616 0-776 0-99 0-34 1-65

n (mm.) = 0 0-03 0-07 0-11 0-15 0-20 0-25 0-32 0-41 0-55 0-68
q (ft./Se.c.) = 0 1-4 2-9 4-3 5-8 7-2 8-6 10-1 11-3 13-0 13-7

N = 0-63 0-63 0-62 0-59 0-55 0-482 0-392 0-283 0-165 0-058 0-018
x^ ~  3x +  2 +  M +  N = 2-89 2-59 2-29 1-97 1-65 1-32 0-982 0-656 0-355 0-108 0-035

50° F 2î ') = 0-72 0-76 0-81 0-88 0-95 1-06 1-24 1-51 2 - 06 3-72 6-54
Fa {x) = 0 0-074 0-152 0-236 0-328 0-429 0-544 0-681 0-86 1-15 1-40

n (mm.) = 0 0-035 0-072 0-112 0-156 0-204 0-259 0-32 0-41 0-56 0-67
q (ft./sec.) = 0 1-7 3-4 5-1 6-8 8-5 10-2 11-9 13-6 15-3 16-1

N = 2-40 2-39 2-34 2-25 2-08 1-82 1-49 1-07 0-626 0-219 0-066
-  3;y +  2 +  M +  N == 4 -66 4-35 4-01 3-62 3-18 2-66 2-08 1 -44 0-816 0-269 0-083

F-2 (A:) 0-57 0-59 0-61 0-64 0-69 0-75 0-85 1-02 1-36 2-37 4-25
60° Fg {x) = 0 0-058 0-118 0-181 0-247 0-319 0-399 0-493 0-611 0 • 798 0-964

n (mm). = 0 0-036 0-072 0-111 0-152 0-196 0-245 0-303 0-376 0-490 0-593
q (ft./sec.) = 0 1-87 3-74 5-6 7-5 9-4 11-2 13-1 15-0 16-8 17-8
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T a b le s .

Skeleton S o lu tion  fo r Viscous Flow Past a Cylinder,

Upper figu res are values of ^
Lower figu res are values of ^

I V
!

-41
i ' \ I 1-33 1 -25 •; -17 : -9 i -1 +7

___L___J___
' ; :

+15 i+23 1+31 - + d:
■ I f  ;

j 1 J1 ' -------

«
1___ _

0
250

1 I
0 j 0 [ 0  1 0 

250 j 250- j 250 j  250
0

250

rf
! 0 
250

0
250

i
0 1 0 10 

250 i250 |250

32
i . . . 0.01

184

1
0 j 0 

183 J 183,

T
0 I 0

184 I 187
0

1 189^9
0

193.1
0

194.8
0 I 0

198.01199.C

!
0
200

24 0.06
120

0.08
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Table t l .

Cylinder
diameter

I
Wind Speed

..............— r ......  ..... ...............
VD/u 1 Normal 

I pressure 
j Drag C o effic ien t,

mm. f t . / s e c . L
0.66 2.1 28 1 0.51

0,66 5.2 70 1 ' 0.44

0.66 18.6 250 1 0.50

0.66 35.7 484 0.47

3.2 ■ 2.2 144 0.52

8.2 5.6 360 0.48

3.2 18.6. 1240 0.438

3.2 39.2 2500 0.456

22.2 6.3 2900 0.43

22.2 18.6 8500 0.561

22.2 37.3 17000 0.600

M.
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(3>ocioô i'cocoTtiO'-iCit'Oe5'OOcoœ(3>i:D co-#coooS30-̂ (M'*«oc'C;i-:;fO!Ocoaooc3H I—, 1—1 I—H I—I I—' 1-4 71 (71 71 71 71 CO CO CO

71 71 71 CO 1 l7l7171717IC071C0'-l7IC0i
OlOt-t-OOOt-l— (OOlOCOaOlOlOOr-li-lt-Ttl 
( N - 4 i E - 0 0 0 0 1 > - > # 7 1 ' - i i - H i - i O O O O r - i i - ‘ O O

I I M  M  M  M  I M  +  + 1

-i;il-çilOi-IC0Tjl«5O-'!tlTtlC04tlI>(ül0--iC0l0rfl -■icoiot-œO'-Hcoiot-Oi-Hcoict-Oîi—icolo r—( f—( I—I 1-4 f—, 1-4 71 71 71 71 71 CO CO CO

O O i - 4  7 1  7 1  7 1  0 0 0 0 0 0 0 0 0 - 4 0 0 0 0

+  I I 1 I 1 i M  I I I 1 I 1 I I I +  +

COCOCOC<JtM(MOlOCCC<Ï̂O!:OlO'̂ C<ï<MlOTj4CO f-HCOlOtsOOrHCClOlsC5i—iCOiOt'CirHr-fCOiO r-i 1—4 f—I r4 i-4 D4 CQ (?'l ffO CO CO CO

îOC50t>COI>COO-1fM(MOOOC5î.D»-<t>OiOOO 
0-0 03 OOCHf—II—(i—4r4f-4i-4i—4i—I O O O O O O 03
I I 1 M  i i M  I I, I I M  I +  + 1

O71'+7171C0OOC-0Qt'O-41>C0OC04fl05(O 71C01I5£-C30-4-4 71 CO(Oa5—171ÇDaS7lTfllfîO -4i-4i-4i-4r-4-4ï-4(717l7171 CO CO CO

-4l0OC0C0'(#O-4û04(l«0717100C01>t't'-̂ -41OC5C3 
00 7171lÔlOlÔ'4lo\71r4''-4lÔr4Ô(ÔoÔÔOOO
+  M  M  M  M  I i l  1 I M  i I I +  +

OOGOT|l-*04tlOOO'#4#COOO-71-4C0 71.00t—ooco,-V-. I -  _LI ^  ^  ^  ^  ^  ^  ,Q71 71 71 71 71 71 71 CO eO CO COTicouot-ooooi-iiiaïoiio

t 71 71 71 -4 1

D - 4  7 l 4 * l 1 0 t 0 4 t f 7 1 - 4 - 4 0 0 0 0 0 0 0 0 0

1 1 I. 1 I I I 1 I I I. 1 I- j. +  +

KO lO -j' O. CO: 4# -il 4tl CO 71 4}l lO O O !0 lC0iat-05i-IC0lQI>O-4C0l0 I -4 —s -4 1-4 71 71 71 71 71 CO CO CO-

r

I 71 -il iO 17 CO o 17 -il -ü 7171. <-4 1-4.1-4 -40000000 0-4 i
I 1 I, i i  i !, 1 M - n i -  11; f  I I I + +

‘cocO'^oiaor-icrcoiM-ffoI o. OCt Cï o o i-H ÇO 00. oI I-H I-H r-4 CS| (M (M 03 et
CO CO CO lO CO CO CO



o
t-

I

J X
CO g 1>

i  II■-S

I ÎS

gOy W

}i
LS ^

II
• i

A

UO »C O O «O (N (N lO o CO
O O O O O

I> (X) K5 00 00 O O -4 1—I O
O O O O O

1

v’«!<
sq lO 71 CO 00 <N OQ r-H (N
Ô Ô Ô Ô Ô

(M CO Kl -ii H CO CO (C CO -f
O O O O O

O ÎO O Kl 00o 00 00 CO t>
d  —4 -4 o  -4

+
ë!
Il
s-

Cl o o l> tH o 0  0 - 4  1-4 0

1
Kl

0 -ii -ji d CO CO

1? O O d £— t- 
Kl 4i 4i ÿi 4i

Kl
o Kl O 00 -ii Ô 00 00 O O O

CO 00 d Kl -iio  00 o  t> 00

d  -4 -4 o  —4

00 CO 00 00 -4 -4 -4 d -4 o
o  o  o  o  ô
1 1 +  +  +

d OO o CO -iio 00 Cl t- 00
d  -4 -4 o  -4

-4Kl d t- d .g 
Cl CO Cl -4 5

g

o’
%

i-4 d CO -ü ^

cS ^

I I

11

cS

bJ) &0 ®
l l ï
H 'Xl'̂

I l  A

'k{

1
I

10

I

g  g

II a

o  t -  o
CO CO Kl 1-4 00 
0  0  0 - 4 - 4

^  o 

g  A
CO o  Kl 

© l o o r - c o

I i
o  d  CO - f

<D '•ÿ -ii d  Kl Kl CO d  CO -4
o  o  o  o  o  

+ 1  1

^  *  

i l

r -  t -  -#
o O O - 4 d

o  o  o  o

;
d  d  t -  Kl
o  o  o  -4 d

1

o  o  o  o  o
-H-H 44-H-H

-ti d  d  Kl CO CO -4 -4
o  o  o  o  o

1 4-

1
Kî
o  -4 d  -ii

1

1 ô  ô  ô  ô

4

-4 o

o  d  CO CO

15
8-

o  d  Cl Cl -4 
o 00 d  Cl 00 Cl

1

ïï
M

5

-ti o  COICI CO o  -4 I>
o  o  d  CO CO

o  -4 d  CO -ü

i t i dg d  CO -fi 00

ô i t
Cl Cl CO -fi 

d  ^

k<
o

H



i
i
%! W ! — : G

i;! 
t\
J-'i ! iOj

h

i f
(2:1

I
V

§:6:

II

Il

C3i

C: I
:i£'

11O:
t:
J  ;

5'
1̂ 

s;
VJ;

Fi SI wi!

Si
?  i c (  '-t\ Wi

h ;

ü

vOi

-T

; I

i - i

^  i
0

o
^ ...

1 d
4 -, Q
A, ■<i

W , —
a) ---- " ■'.

gsi» ^ o

o

V.9 ^ ^ '9
6 '

Is’ î1 '. *
i o

_  O f O — JI
<r r") rO eu cj

0-

“ i

si
—t

ii 1

i
r ?  11

or* ■ 1i °
i ?

XicJ
! O

— oJ I/: '-"J cr, . ' ■ 1,
o

i i
t; § 
â  ^

■£i

i
u:

J
VrV ' 
((!
d<̂r-W:2C

o:ü::lîi
-r

I

g:

U

ï

IU.

CO
Kl
g!
il
i

5
«i
II

t ::i I SI ?
r i- .

S

I%:
J

h

- O joT 3 *"’% T T
; o

îo

—4

u

(D
A
Si

i t
L.o;

f"

o «7
<
0 o r
r,
\) s t O

___ i

f -I *n\K)
y t 1 ' i c

___ i_
-j

V, 5Cf
fw § ÿ V

O
O
y

<r
cr*

1

k)
y \

r ]

O

r J
n

1 : 1
!<u •

P— t-'
! H

-o
; 1 : 
; <;

<r■ !; «'}

' 7 '

L..i

? .S.J

? f:

%-</5f.'

A.

(0

rrt5
4»<T>

- i0  I
1
-•> ;

— W

9J
r
0
1

•.'V ' f
t f ——
2 : M Y
' t

0 "W  " -V
V
r '

W
«3 -i- iJ

Ç g 4 ' ?
J  _

’'J 'n ' 3
>■ cr*
8

-•J
f . V R  ■

N - t
1

tS  ' 0" r
T ' î T
3 F' *7 r
l'-'i

i

V t

P r %

4T V
< 3^ £  ■

o

'.nO

o'1*r,

i')
'"5

T
JO
■/)
r
V2

I;

o:
„J i

ii
il

31
...îj

r i

S ̂c w
o  rrv

i î

" ^

Ç « :

9i. 
1 î

ii
-iJ

j ;

kd



-J X î H  T i A- #  S  t-\3 I eL^LR. \ 9
: (rf 
# 1 ^  •<

*-is;s~;t
msTA-K&̂ i : f  À#Mr3.o.%:e?4̂ % ■•

9«;x<yT:;; • ''
TpT«(L. «r^&Q ■ TX: „ ;-3“ffîA5̂ vri
■ Cc!{%%c P\.T'5T ; z'T T̂  Ac . 1%À )

0  =  o " 0  * 20

O - I S + 0 I 6 C , 0 * 0 0 0

3 1 •lOO • 0 0 4

' 4 u • û C i T 1 * 0 0 4

•GO * 0 4  C 1 0 0 9

• b i T • 0 3 3 1 0 0 9

l ' l 7 • 0 ( 4 1 0 0 9

l ' C • 0 0 % 1 • ÔOÔ

l ' I • 0 0 2 . ! 0 * 0 1

o  • O •OO 1 1 O-CTD

A - 4 •cm  1 1 crnri

• o n  t ! çm -o

0'\CO

"024.

• 0*00

'O O  (

0 ( 2 7 1 0-002
•o%9 1 -00 3
•o&c 1 '00 5"

1 *047 1 '00 5"
•03 f i • OO L

i •0 (9 j • 00*7
• û l S j 'O O  %

■ <r04 I • an 9
'CX>C 1 -009
• OO » i '£T04
'00 9, 004

ü i a.b

012
C ' ù l

-0 -0 0  %
— O ' CÎO c

u ii
Pt I L

I '

• -  c  o s  3 !Ob'2 0*00 I o  • 05“ I
4, O O O  3

' CTO / 022

013o l 6

o ( b
• 00 7 • ÜO (

o IG
~  0'(jo l 0 0 ( .

H o 'OO3 o%y i

0  » S o H  ^  ' i O

4^ ?.t

V- l o

G 3

O Obi

00 7

OON
CrP4. I

O —  o - 1 4  ( Il 0 ' \ s 1 —  0 ' V 0 0 0 • 00 f -  0 * i û  1
o —  o ' 0 * 5  "7 ! - I V ; 1 —  0- C»h .b -  o  -  C  ' ^ 3
o -  0  0 5 % I ' - , ^ 3 1 — 0 ' < - J o > 5 0 —  0 ■ 0 y  9

-  o o i  % j - 5 4 I — ■ 0 • 015 0 . -0  ' C l 5
a- - t  O  • o r »  L 1 " ^ 4 1 —  0.  O ' O  c 0 -  O '  C T )  5
o •004 j \  ' c r - o ! - ^  0 ' O o  1 ü —  Ô * C T C  1
a • 0 * 0  5" i 1 * 4  0 1 t  O" T O  ( p - t  0 • 0 * 0  }
o 004 i 1 - t  <5-O ' O  i u - t O - ' O O  J

• 00 5 " 1 l a ! -  Ci ■ 00 1 0 —  O - O G  1
1 4 - 3 1 -  0 00 5 ü —  C  - T O  3



% 9 COV̂TD,

OBSO

LOp"'

I H-Hjj •nrv

0 ^  %%o

■■: &W3. 'T
A H H-Ha

- ' /yvwAfv-.
1- 0 -0 .̂  ̂ [ o ÛO 1

_ u ^ . x .
j Or.p.%9 . O' ' -C 047

[;'/■■' vl 
i 0 0(0  f - O 107 j

■ '■■ (;Vi>S. ■ 1 — À O >* ■ i ; o  oro f 1 -  0 -GS4 jj - p ' i p-pio f -  o- 09 % 1
— o ,09 5 ;; —' O • O t 2 - o  - on 1 j - O OS ill "1 !' -p  0

j ! ( 0 059 ;
n' 'Sri j -  O - O ..vl i. o 1■ I . . . ■ . ■ ■ ! I";  ̂ V  l. -O OS 0 i -:o-pio .; -  O r- 0 9 o  1

:■ \14 ' 1 - A - p 11 j „, vO '. ; 1 -p 'O ii.if - 0  0  6 0 ] 6 00 4 ‘ i - 0 - 0  64 1
i- lo : ' D 'Ftco ' o 1 O.'On-O '43 ! - o ■o Z S L P m e j -  O O A 11
f  w in O -OD L: j o j i - Û - o n ,; o 065 - O c: Tlj
2.-0 i -t o-ob o ; o ! -t Ô-CTO 3 ii : 1-4: 1 - 9 -O I'l l' O 'C r o i i ~ O O [ s !
IH ! H o- -'-O I 1 o 1 -t 6 -(% f i' 4-1 ! - 0 -020 ! <>. i - G 0 2 0 i

1 -  o ' :ro Î ' ; — o -cro { ;■ GO - 0 -0 2 1 O  ' -o -o i \  ]
e -  li-.oA  - = 2 0 r.

*vu .i -  H i-J f i

O 1% H- O 07 C. o OCR ; 4, 0- Ô G% jj O' ( 4 7 OM3% i t OO 4 [ T O• I 3 4  j
•17 u () -0 25  : - o to i ^ o - 0 ( =r |: • w .

' ; -• iO'i } ' ^ 4 HJ4G I
-3L 0 •ci . r  J • 009 r - o - 9 14  |! •32 Ci:% 1 - or) 4 ij •07  3 j
• S4 —o 0 5 (  1 0D9 ■ ~ O' 0 60  j: •4L H Ô ' Oi l i ' 010 1 -+ o • 0 (7
•7 3 ; -■o 0(dA  î - 0D9 1 -  o -0 7  3 • 60 -  ^ 00 4 ' -0 :0 : -  O • 0 ( 4  !

V-09 ' —o 0 ^ 7  I •09% a  o • 0 7  5  II 'Â'- — O' 0 3  i ; - co j ; - 0- 03 4 1
1-94 o 0 5 2  I •cm 9 1 - c - r.c. 1 1 Î L —' o CC.7 1 ' .TO 2- 1 - o 0 64 }
3-8 —o CTAO I ' 0 ( 0 ! -  O CM 4 I; 3 0 — Q 107 -9 1 cTï'T 1 ~ P ' 0 7  l !
G L :-t 0 OO 3 ! • O i 0 i - o Criil :' 4 -4 -  o 07 f f . '  crc % i -  o •07 6 :
1-4- ; -+ Ù OO 4 0 1 0 -  o (TO C 2 -- o 07 6 j — o 07 S '

Ü -  2 . 4 0 " r) ^  Z. 8 0 "
i.

nrv i :4 - H. .

0 -1% - t o  04  6 1 o  • 007 I  c - c % 4 r 0 -1% {•+ 0-04 5 1 • O'O 4 ! -V 0  ■ 0 Vr C.
•3/ : ' oso } •Of 0 j -04% II •3 ! 1 -i- 0 • 044 1 ' 0 I 0 1 -t 0 • 0 39
•4} -032 1 -OIÔ j 0 2 2 •4 1 | T  0 .0 2 5  ! -004 1 -t O'OI 6
GL 4 0 0 t i -0 10 I -OO 1 ■S'L U- Ü - C 17 1 ■CO 9 r d - 0 t 0

• 6% - 0 - 0(1 ; -Ô04 i — • 0 2 0 1 •5 J H- c -0 3 /  1 •OÜC , «»0 -07 0
- >4 4 2- o • oâ  3 1 -90S i -  - 0 4 1 Ii V • I — 0 ' 043  j ■ 005 1 -♦ O '047
1-3% — O ' 0 4  5 ( 007 I . 0 4 % 1 I-44 1 — Û . 0 b u . 00 4 ! ^  0 057
(4 4 - o  651  1 ■COG 1 — 054 G 7‘l

7 -4
1-1

' -  0 0 5 1 I
: - 0  C4i  I
i ..- ' r  : ‘r.H :

•O04 
« c o l  
• o o l

j -♦O' 0.55
! -  0  o t r r  
: - 9 -a 5 6

1 1
0  * -3 z o ' ' 1

■ ''jC'i—' 1 1 Î';■
'W- , u. H-H:- i:

i;
O'(7 4 ' 0 007 I 0-165 j:

. - V l • 114 CM C ! • 1 04 i.
• 4 1 i -Gbl • 0 04 1 • '-' 1) 0 ||
5 6 , -OIL : ’ 00 c 1 •Oil L

-  ̂0 ■ 00% ! • cm j  i Û • CO Ù 1}
— O' •.'• 0 'Ï '; !-.' Ü 0 1- O' 009 Ii

:'2-- " 0 -0 I 4 ---- 1- o t s n  ::
___^ 6 .-71.2:314..] -0  o il  ^



■n

ZO

3 -  ZArO'

0'&<%
\ * n
I'G  
^^Z 
3 -0  
4 ' 4  
iT % 
1 -  4

OSSD,
H -H d

-O'O t l
— O'Ot^
—  O 'OÇ b
— oyo'i'e 
- 0  05 %
— O 'O  I & 
-O 'O  ^ 5

O'O" o

i

'Ü'CTO-O I
o oot; I
O ’OO %

WrH»

0'0% 1
- o-OS’4 

I — O «0 % i>
-  O'Ô  %
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