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Abstract 

Nonlinear ultrasonic wave mixing has been shown to be a powerful method to detect 

and characterise damage or defects in materials. This technique has been used in a wide 

range of applications such as the non-destructive evaluation of material properties due to its 

higher sensitivity when compared to conventional, linear, ultrasonic techniques. This 

technique is based on an investigation of nonlinear behaviours in a material by using 

harmonic generation or nonlinear resonance, which are able to detect small scale defects or 

structural degradation, such as cracks, micro cracks, and material characterisation in the 

wider sense. Within the context of medicine, the detection of deep tissue injury, such as a 

pressure ulcer, could benefit from the capabilities of  nonlinear ultrasonic wave mixing 

methods. These wounds are currently detected late, leading to difficult treatments. Earlier 

detection over smaller areas based on difference, in properties relative to  neighboring tissue, 

means nonlinear ultrasound techniques could have a significant impact on patient recovery. 

The purpose of this thesis is to develop a platform which can detect nonlinearities of 

materials using nonlinear ultrasonic wave mixing techniques. In this study, two kinds of non-

linear wave mixing techniques are introduced for the detection of small particles distributed 

in a hydrogel phantom, a proxy for an injury area in the early stages of the development of 

a wound. Wave mixing was also applied to measure an accumulated change to material 

properties also known as physical aging. The results demonstrated an improved ability of 

non-linear wave mixing method over linear techniques to distinguish minuscule particles 

and to be able to monitor a slow rate of change in material properties, which would be used 

to monitor deep wounds under the skin such as pressure ulcers. 

The results clearly show that the summed frequency of a nonlinear wave signal can 

detect a range of microparticle sizes (70m, 100m and 150m) with higher sensitivity and 

resolution as compared to the linear echo ultrasound.  This is a factor of more than 10 

increase in the resolution of defect detection as compared to linear methods, allowing for 

earlier wound identification. 

In addition, the response of the nonlinear summed frequency interaction was 

captured with a 30 s sampling rate at 6.25 MHz.This system showed that the nonlinear 

ultrasonic technique was suitable to detect the physical aging of amorphous polymers at the 

annealing temperature. When the polymer structure underwent structural relaxation, the 

nonlinear wave mixing energy gradually increased due to the non-equilibrium state and then 

continually developed due to physical aging. The system is not only designed to detect the 

nonlinearities of soft material properties using nonlinear ultrasonic techniques, but also to 

enable its application to evaluate the accumulated change of material properties.   
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These experimental results suggest that nonlinear ultrasonic wave mixing technique 

may be useful for detecting small scale (early onset of) pressure ulcers developing deep in 

the skin.  The ability to observe physical aging in polymers, and the analogous behaviour of 

polymer physical aging and ulcer development, suggest it may be possible to monitor 

pressure ulcer development with nonlinear techniques. 
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Chapter 1 Introduction 

1.1 Pressure Ulcers 

 Pressure ulcers (PUs) are an injury frequently occurring in the elderly. Elderly people 

who have a spinal cord injury or limited ability to move are at risk of developing PUs. PUs 

occur on a patient’s skin when it is compressed between bone and soft tissue. The areas 

where PUs are generally found are the sacrum, the greater trochanter, the ischium, the heel 

and the lateral malleolus (Mak, Zhang and Tam, 2010). PUs are chronic wounds, affecting 

about 412,000 people developing a new pressure ulcer in the UK each year. In addition, the 

UK spends approximately £1.4bn - £2.1bn per year for PU treatment (Bennett, Dealey and 

Posnett, 2004). Thus, many researchers have been  developing an approach to prevent and 

detect them early (Goldman and Salcido, 2002; Schelkanova et al., 2015; Zhang, Osborn and 

Kalra, 2016; Kmiecik, Skotny and Detyna, 2017). Many of the techniques are commonly 

used in hospitals with limited staffing, under the control of a physician or a nurse. The 

evaluation and prevention of PUs are highly dependent on the expertise of health-care 

personnel (Ophir et al., 1991; Tsuji et al., 2005; Lienhard, 2010; Madsen et al., 2018). The 

classical prevention of PUs is that patients have to be manually turned nearly every hour in 

order to reduce pressure and high-risk areas (Swisher et al., 2015). While a variety of devices 

are used for monitoring PUs in the early stages, it would be better if a device with high 

sensitivity could alert nursing staff when a threshold of tissue stiffness is exceeded (Gefen 

et al., 2005).  

1.1.1 Conventional devices of PUs evaluation 

 Numerous medical electronic devices have been used for the evaluation of PUs.  The 

parameters that have been considered for evaluating PUs are blood perfusion, tissue 

impedance, surface interface pressure, and tissue stiffness.  

 Blood perfusion: The skin blood flow is a basic function to sustain the normal 

structure and function of the skin. The shift of blood flow is associated with decreased blood 

perfusion which can be directly measured by laser Doppler flowmetry and laser Doppler 

perfusion. These devices are based on the Doppler effect where a light pulse is sent to detect 

the movement of blood. The reflected signal from stationary tissue is the same as the incident 

signal while for moving blood, there are small differences in the frequency of the reflected 

signal. The scattered signal also depends on tissue properties such as density of tissue, skin 
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pigment and oxygenation such that the reflected signals are related to these properties as 

well. This technique is commonly used because it is a non-invasive and simple method. The 

measurement does not require injection, only transmitting and receiving transducers.  

Oscillations in blood flow in soft tissue can be used to  monitor the risk of pressure ulcers 

(Jan et al., 2011; Liao Burns and Jan, 2013). The technique of measuring skin blood 

perfusion has several advantages, including providing a non-invasive method to diagnose 

stages in the development of PUs based on microvascular function. However, one can see 

disadvantages in the fact that the altered blood flow will affect the evaluation and that the 

depth and volume of measurement is limited (Manorama et al., 2010; Fredriksson, Larsson 

and Strömberg, 2009).  

 Bioimpedance: Cells and tissues are complex structures contraining intracellular and 

extracellular fluids with specific frequency response to electrical stimulation. The fluid in 

cells and cell membranes can be represented by resistance and capacitance. These resistances 

and capacitances of the cell combine to give the electrical impedance of the tissue.  

Therefore, the frequency response of the electrical impedance of the tissue is strongly 

correlated to changing physiological properties and chemical status. Electrical impedance 

devices have been developed based on the fact that impedance is strongly associated with 

tissue health. The main advantage is that it uses a non-invasive technique providing a flexible 

electrode device (two or four electrodes) to detect tissue damage or PUs in real time and is 

an uncomplicated measurement on the skin surface area: two measuring electrodes and 

injecting current electrodes are placed over the wound with a coupling hydrogel layer on 

electrodes. Ulcer detection is improved when the detected impedance is compared to the 

normal value of a patient’s skin (Swisher et al., 2015).  

  Interface pressure: Surface pressure promoting PUs on the skin is developed inward 

into the bone.  The force is generally the result of friction between the skin and clothing or 

bed sheet, leading to damage on the skin. Moreover, the result can lead to a deep tissue injury 

under sustained loading conditions (Chan et al., 2015). In order to measure the distributed 

surface pressure, various kinds of pressure sensors (capacitive, piezoresistive, electro-

pneumatic) are used in an array on a seat or a mattress for detecting pressure, called a 

pressure-mapping system (Swain and Bader, 2002).  They have the ability to localise the 

loading point and identify loading conditions in various postures. Another advantage of 

measuring interface pressure is the imaging of pressure distribution on the surface or 

cushion. However, this measurement has some limitations because it cannot access multi-

axial forces which could mean that the pressure sensor array can only detect those forces 

occurring between loading and surfaces. These forces can only present contact stresses 
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without other shear stresses. The shear forces on the skin are known to develop and have 

been found to be clinically significant (Ferguson-Pell, 2005).    

 Tissue stiffness: According to recent research, sustained pressure between tissue and  

bone can develop either on the stresses on skin surface or within deep tissues. These stresses, 

especially within the tissue, have been reported to have values three to five times higher 

internally near a bony prominence than the pressure applied on the skin (Deprez et al., 2011). 

This pressure could deepen pressure ulcers in the tissue (Orsted, Ohura and Harding, 2010). 

Therefore, deep ulcers are very difficult to identify. However, Gefen et al., 2005 have shown 

that those kinds of ulcers can be characterised by stiffness and as a result, ultrasound 

elastography is used for detection. Their potential could be targeted to an ulcer area and used 

for diagnosis of the growth process. Because of that capability, various kinds of ultrasound-

based elastography techniques, such as static-elastography (Kallel et al., 1998; Konofagou 

and Ophir, 1998), sono-elastography (Lerner, Huang and Parker, 1990a; Parker, Doyley and 

Rubens, 2010), shear wave-induced resonance elastography (Hadj Henni et al., 2012)  vibro-

acoustography (Fatemi and Greenleaf, 1998;  Urban et al., 2011), and harmonic motion 

imaging (Konofagou and Vappou, 2012), have been applied for the characterisation of soft 

tissue pressure ulcers. Ultrasound-based elastography devices are noninvasive, safe and 

portable. 

1.1.2 Pathophysiology of PUs 

 The skin is an organ that protects the human body and controls body temperature. It 

can be separated into two layers, the epidermis and the dermis. The epidermis is the top layer 

of the skin with a thickness about 60 µm to 100 µm (Liao, Burns and Jan, 2013). The other 

layer is called the dermis, the thickest layer, which can be subdivided into two layers: the 

papillary layer and the reticular layer. The dermis is about 1 mm to 4 mm thicker than the 

epidermis.  The dermis layer has a rich blood vessel supply, while the epidermis layer lacks 

blood supply. The vessels which are in the dermis layer provide nutrition, oxygenation and 

thermoregulation and consist of three parts: superficial vascular plexus, deep vascular plexus, 

and subcutaneous vascular plexus (Liao, Burns and Jan, 2013). PUs are classified by 

National PU Advisory Panel (NPUAP) as standard stages shown in Figure 1-1. There are four 

stages, which are skin redness, partial loss, full thickness skin loss and full thickness tissue 

loss (Schelkanova et al., 2015). However, the degree of severity of  PU development depends 

on many factors, such as pressure, shear force, time, temperature, humidity, and other facors 

affecting interactions between the skin and the surface (Swain, 2005). 
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1.1.3 Shear and friction contribute to PUs development 

 Shear and friction play an important role in PU development. In combination with 

pressure (due to an external force) they can lead to damage in the underlying soft tissues, 

especially over a bony prominence (Orsted, Ohura and Harding, 2010). Shear stress is 

generated when a force is applied in a parallel direction to the surface of an object while the 

top of the object stays stationary. Shear stress causes object  deformation, quantified by shear 

stain. In addition, friction is a force which resists the movement of two objects that are 

touching. The friction contributes to shear stresses on the surface to hold the skin in place 

against the support surface while the rest of the patient’s body moves (Reger et al., 2010). 

These forces contribute to act on the body’s surface with forces to generate the damage and 

ischemia of the skin and deeper tissues, leading to the development of pressure ulcers.  

 The mechanisms of PU development depend on important factors including of 

prolonged pressure, shear stress, and blood circulation. Schelkanova el. al., (2015) 

summarizes that there are three mechanisms of PU improvement. The first mechanism is 

tissue damage, caused by extended pressure in areas which impair capillary perfusion and 

which then develop hypoxic tissue. The degree of tissue damage is dependent upon how 

much the pressure becomes nonuniform, and the pressure gradient developed in the nearby 

layers of the tissue. The second mechanism of PU development results from shear stress on 

the skin. Shear stress is an important factor that accelerates the development of pressure 

ulcers that result from the greater mechanical force on the areas. 

 

Figure 1-1: First stage of PUs appears red with lighter skin color.  The site may be tender 
painful and warm. Then the outer layer of skin is damaged or lost. The damage may extend 
beyond to a deep wound in stages three and four. Source: http://www.discovermymobility.com  

 

The shear forces on soft tissue occur when forces are applied in different direction to the 

same tissue area. The frictional force which is on the skin interface resists the movement of 

the body and the shear force at the rest of the tissue area distorts blood vessels which run 

http://www.discovermymobility.com/
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through the skin and the skeleton. The third mechanism involves blood circulation between 

the extracellular interstitium and terminal capillaries. An external force applied to the tissue 

results in changing interstitial pressure, interstitial fluid flow and concentration of molecules 

as well as damage to the transport of nutrients and waste product systems. This mechanism 

results in metabolic nonequilibrium in tissue that leads to tissue necrosis.  

According to the mechanism of PU development, friction and shear stresses can lead 

to superficial and deep Pus of skin. Superficial PUs are common on the skin surface and are 

caused by friction and shear stresses, whereas deep pressure ulcers (deep tissue injuries), 

which occur near bony prominences, are generated by tissue compression near bone. These 

compressions result in local occlusion in blood circulation supply which later develops into 

ischemic conditions that may result in cell death. Such PUs cannot be identified or observed 

by the evaluation of the skin, which may lead to more serious damage before detection. Deep 

muscle injury was studied in an animal model in which the force was applied to skin, 

resulting in cell death in muscle tissue. The study has revealed that loading 64 kPa on a pig’s 

skin for 4 hours caused muscle cell death and if it reached 107 kPa, skin injury may develop 

in 8 hours. Moreover, the highly curved bone surfaces caused concentrated loads and 

mechanical stresses on muscle tissues which lead to pathologic changes related with 

ischemia (Gefen et al., 2005). The consequence of ischemia and deformation in deep muscle 

injury was also studied in rats using a 6.3 Tesla magnetic resonance image (MRI) with T2 

weighted technique – T2 is transverse relaxation time used for tissue characterisation in MRI 

imaging.  An external pressure of 150 kPa was applied to a rat tibialis, resulting in necrosis 

to simulate PUs on the rat’s skin.  These results clearly showed an increase in the tissue 

stiffness of the skin and an increase in maximum shear strain (Mak, Zhang and Tam, 2010). 

Moreover, tissue death caused by the ischemic condition can induce surrounding tissue 

properties to change from their normal values. Young’s modulus and Poisson’s ratio are 

evaluated to determine the behavior of tissue under compression stress.  Results have shown 

that the PU region has high stiffness, with a ratio of about 1.8 to normal tissue (Deprez et al., 

2011). 

Although conventional ultrasound used for medical imaging can investigate PUs at 

local area, their capacity to do so is at a relatively high-pressure point. Gefen et al., 2005 has 

demonstrated that the ischemia where tissue connects with interface pressure from the skin 

is a main reason for tissue breakdown. This breakdown point was detected at a pressure of 

35 kPa (about 260 mmHg) and maintained about 60 minutes, resulting in a two-fold 

stiffening 



Chapter 1  6 

Bone

Tissue

Surface pressure
Compression stress

Shear stress capillaryBone

Tissue

Surface pressure
Compression stress

Shear stress capillary

 

Figure 1-2: When a gravity generates a force pulling a patient on to the surface, the opposing 
force produced by the surface can be divided into two components: a perpendicular 

component which results in pressure and a tangential component which results in shear 
stress. The shear stress and pressure which act on bony prominence produce the damage 
and ischemia of tissue. 

of tissue with cell death. An in vivo study applied 35 kPa of pressure on the thigh of an 

animal. A commercial ultrasound 35 MHz probe measured the tissue stiffness to detect 

deformations of the tissue. Significant differences in tissue stiffness were observed near the  

area where bone is cover by muscle layers (Deprez et al., 2011). However, Deprez et al., 

(2011) suggested that the value of 4.3 kPa is the pressure threshold making capillary 

collapse. If those pressures are maintained, interface pressures higher than the mentioned 

value are supposed to lead to tissue damage.  

Therefore, it would lower the risk for tissue death if a sensory device can clearly 

highlight when the threshold pressure has been exceeded for 15 minutes, the time to possibly 

prevent PUs in tissue and prevent compression leading to high tissue stiffness of greater than 

1.8 times the normal tissue value (Gefen et al., 2005). So the devices with capability to 

measure the changes in mechanical properties of tissue for the evaluation of pressure ulcers 

based on those time and pressue threshold  could  be beneficial for early detection in terms 

of their high sensitivity. 

1.2 Nonlinear ultrasonic methods 

 Nonlinear ultrasonic techniques are powerful ultrasound detection methods with 

ability to detect and characterise damage or defects in materials. These techniques have been 

used in industry for nondestructive evaluation (NDE), such as crack and micro-crack 

(Jingpin Jiao et al., 2014, Li et al., 2016) and fatigue (Jiao et al., 2017). An advantage of  the 

nonlinear ultrasonic technique is high sensitivity for evaluation of the smaller cracks or 

structural degradation than the conventional ultrasound technique (Li et al., 2016). This 
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technique is based on an investigation of nonlinear behavior in the material using a harmonic 

generation or nonlinear resonance which can possibly detect micro-defects (Jiao et al., 2017).  

1.2.1 Nonlinear wave mixing 

The nonlinear wave mixing method is an ultrasonic detection technique based on two 

incident waves interacting at a specific angle. Figure 1-3 is a schematic diagram of nonlinear 

wave mixing. It consists of two transducers generating two different frequencies sent to a 

specimen where their interaction occurs. At the interaction point, the resonant wave is  

produced if the resonance conditions are satisfied. This resonant wave which can be 

measured by a receiving transducer is related to nonlinearity the material’s. The advantage 

of nonlinear wave mixing is that it has not only high sensitivity for detection but also more 

flexibility for choosing the wave mode combination, operating frequencies and propagating 

directions (Zaitsev et al., 2006, Korneev and Demčenko, 2014). However, in order to 

implement this approach, the practical implementation of nonlinear wave mixing requires 

transmitting and receiving transducers which have a precise arrangement in the laboratory.  
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Figure 1-3 shows schematic of nonlinear ultrasonic wave mixing system. A typical system 
consists of two transmitted ultrasonic transducers and a receiving ultrasonic transducer all 

of which are installed on accurate rotation states (360 coarse, 5 fine). Experiments are 
undertaken with a piece of specimen immersed in water chamber without a bubble. Inclination 

angles 𝜽𝟏 and 𝜽𝟐 and distance from specimen to transducers are the geometrical parameters 

calculated by using Snell’s law.  w𝟏, w𝟐 are the frequencies of the excited waves generated 

by transducer 1 and 2 and k1 and k2 are the initial wave vectors, k3 is the resonance wave 

vector where   𝐤𝒊 = w𝒊/𝑪𝒊. 𝑪𝒊 is the phase velocity of the related wave, and i = 1, 2, 3. 
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1.2.2 Nonlinear modulation technique 

The nonlinear modulation method is based on nonlinear wave theory in which an 

input signal combines with two different frequencies. The basic principle is illustrated in 

Figure 1-4. The two sinusoidal signals with a fundamental frequency are applied to the same 

transmitter (Courtney et al., 2008). Then two frequencies passing through a transducer must 

generate harmonic waves (2rd, 3th or 4th harmonic frequency) which result from the sum and 

difference of those two fundamental frequencies. When these incident waves have interacted 

with nonlinearities of a sample (described in term of B/A),  the response of nonlinear signal 

appears in terms of the sum and difference of the excited frequency (Donskoy, Sutin and 

Ekimov, 2001).  The vibro-acoustic modulation method is a nonlinear modulation technique 

first introduced in the 1990s, and its principle is usually based on an association between the 

degradation and nonlinear ultrasonic parameters (Li et al., 2016). A sidelobe amplitude 

method (Donskoy et al., 2001), modulation index method (Courtney et al., 2008), damage 

index method and bispectrum analysis (Courtney et al., 2010) are examples of those 

techniques using a modulation method for acquiring quantitative characterization of micro-

damage. Courtney et al.  has illustrated the factors affecting the ultrasonic intermodulation 

crack detection technique. These results indicate that the defect of fatigue cracks causes 

increased nonlinearity, which can be obtained and analysed by bispectral signal processing 

techniques. Typically, the data are analysed by power spectral analysis based on magnitude 

of spectral signal, however, sometimes, some cases not only need magnitude spectral 

analysis buy also require the content of phase spectrum. The bispectral analysis provides  

information on relationships between magnitude of frequencies and phase components of 

signals.  Straka et al. have shown signal magnitude of intermodulation resulting from the 

number of the fatigue cycles and suggested that the intermodulation technique may possibly 

be used for the evaluation of fatigue damage. Duffour et al. have developed a detection 

technique probing an amplitude modulation of an ultrasonic vibration field called vibro-

acoustic modulation. When a mechanical vibrated signal propagates through a cracked 

specimen, the low-frequency structural vibration is added to that propagation as result to 

generate the sum and different of excited signals. These are used to evaluate the level of 

damage.      Donskoy et al.  have also proposed vibro-modulation and impact-modulation 

methods for NDE and detection of a fatigued specimen. Their measurement system 

combined between a pair of 20 kHz driving transducer and other impact vibration (5-30 Hz) 

generated by a hammer. Their results showed a high sensitivity to detect a crack in steel 

pipes.  
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 In the medical diagnostics of ultrasound, the nonlinear phenomena of tissue provides 

the possibility to improve accuracy with more precise information on the state of the tissue. 

Their advantages have been proposed in medical imaging (Ichida et al., 1987, Kim et al 

1990). Law et at., have determined the nonlinearity parameter (B/A) of various biological 

solutions and soft tissues using the thermodynamic and finite amplitude methods. The B/A 

parameter of tissue is correlated to the second harmonic response from tissue determined by 

a receiving transducer. The nonlinearity factor B/A is also depended on thermodynamic 

variation thus the B/A values are determined the change of sound velocity with temperature 

and pressure as expressed in next Chapter. Those values may be beneficial for differentiating 

normal and abnormal biological tissue such as fat, liver, muscle brain and heart muscle, 

which have advantage for the disease diagnosis and therapeutic application. In order to 

estimate the variation of nonlinear values of tissue, which may relate to pathologic changes 

of tissue, the nonlinear characteristics of tissue should be studied. 
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Figure 1-4 shows a schematic diagram of a nonlinear modulation technique. The system 
consists of two signal generators producing two sinusoidal signals. Their signals are 

summed and amplified before passing to a transmitter immersed immerging in water. w𝟏, w𝟐 
are the frequencies of the excited waves generated by generator A and B. A resonant wave 

might be generated by two incident waves , w𝟑, which are passed to a receiver, then recorded 

and processed by an oscilloscope and PC, respectively 

1.3 Aims and objectives 

A variety of linear methods have been proposed for PU detection but the techniques 

for evaluation and prevention of PUs is still restricted. These techniques mainly focus on the 

measurement of changing tissue properties of the skin. The breakdown of skin tissue is 

avoided by detecting tissue stiffness and loading time to identify where the tissue is at risk 

to PU development as described in section (1.1.3). In addition, a sustained compression load 
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can lead to deep tissue damage, subsequent tissue breakdown and eventually PUs. This area 

of high stress fields is investigated for PU localization at regions of interest in (Mak, Zhang 

and Tam, 2010; Luboz et al., 2014; Schäfer et al., 2015). If these high stress fields can be 

detected early in a very small area, it would allow for the detection and prevention of PUs 

in early stages of formation and could provide a method to monitor PU development as well. 

The purpose of this study is to develop a platform which can detect nonlinearities of 

materials using nonlinear ultrasonic techniques. The system is not only designed to detect 

the nonlinearities of soft material properties using nonlinear ultrasonic techniques, but also 

to enable the application to evaluate PUs for a small area at the early stages and the 

accumulation of changing material properties with time. The purposes of the study are to:  

1.3.1 Study the nonlinearity parameters using nonlinear ultrasonic techniques.  

1.3.2 Evaluate the energy of nonlinear wave from solid materials using nonlinear 

ultrasonic wave-mixing methods.  

1.3.3 Evaluate the energy of nonlinear wave on tissue-mimicking phantoms using 

nonlinear ultrasonic modulation methods.  

1.3.4 To utilise the nonlinear ultrasonic measurement for study a particle deflect simulating 

the PUs area. 

1.3.5 To utilise the nonlinear ultrasonic method for evaluating mechanical material 

properties. 
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Chapter 2 Background Theory  

2.1 Introduction 

In this chapter, the theoretical concepts of nonlinear ultrasonic wave mixing techniques are 

described. The chapter is divided into three sections; the first section briefly describes the 

elastic wave with wave equation propagating in media and Snell’s law which is used for 

evaluation of reflecting wave coefficients. The second section covers the basics of nonlinear 

ultrasonic techniques divided into the nonlinear ultrasonic wave mixing technique and the 

nonlinear ultrasonic wave modulation technique, different platforms with specific 

applications and measurements implemented in this thesis. The final section includes how 

to prepare tissue mimics or tissue phantoms which represent tissue with properties of the 

skin or organ. This chapter introduces background information on nonlinear ultrasonic 

techniques and their use in detecting and characterising damage in phantoms. 

2.2 Elasticity 

2.2.1 The principle of linear elasticity 

Elasticity is an important physical property of a material which can be described as 

an ability for restoring its shape and volume when an external force is applied. The concept 

of the constitutive equation is normally derived from the linear theory of elasticity (Hooke’s 

Law). This relationship describes the response of a uniaxial material to an applied force in 

one direction. The response is characterised by the corresponding strain (𝜀 )  and stress ( 𝜎)  

𝜺 =  
𝜹

𝑳
 (2.1) 

𝝈 = 𝑬 × 𝜺 (2.2) 

where 𝐸 is Young’s Modulus (a material constant)  𝛿 is the deformation and Lis the original 

length. When hydrostatic pressure is applied to a material body, it produces an equal stress 

in every direction, leading to the deformation of its body or the change in the volume, 

characterised by the material’s  bulk modulus (K), which describes the ability of a material 

or substance to resist compression. A shear modulus (G) can be used to describe the 

relationship between shear strain and shear stress.  It can be expressed in term of Young’s 

modulus and Poisson’s ratio (𝜐) as well as the bulk modulus, 
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𝐾 = 
𝐸

3(1 − 2𝜐)
 (2.3) 

𝐺 = 
𝐸

2(1 + 𝜐)
  (2.4) 

Young’s modulus and Poisson’s ratio are also correlated to two parameters which are 

described by Gabriel Lamè, l  and  are the first and the second Lamè parameters providing 

an equivalent description of the elastic modulus and shear modulus respectively (Glozman 

and Azhari, 2010), 

l = 
𝐸𝜐

(1 + 𝜐)(1 − 2𝜐)
 (2.5) 

 = 
𝐸

2(1 + 𝜐)
 (2.6) 

 

2.2.2 Elasticity of soft tissue 

The elasticity of tissue is a relationship between stress and strain when external forces 

are applied to a body. The restoring forces in the tissue are responsible for deformation 

(shape change). Their response can be used to characterize the tissue and identify a 

pathophysiological disease of tissues such as coronary vessels, breast, kidney, liver, muscle 

and skin (Glozman and Azhari, 2010).  The elasticity of tissue is important in imaging. 

Developments in elasticity imaging have improved the quality of the images by applying 

external low frequency (100 - 300Hz) stimulus to induce oscillation within soft tissue. The 

motion is  subsequently measured by the Doppler instrument at 7.5MHz (Lerner, Huang and 

Parker, 1990). The motion and strain inside the tissue are evaluated to differentiate the tissue 

elasticity, and can also be applied to  tissue imaging (Yamashita and Kubota, 1995, 1996).  

Based on the externally applied vibration method, a vibrator is combined with a detecting 

transducer in one probe in order to improve and construct an image of Young’s modulus 

(Sandrin et al., 2002). Recently, elasticity of tissue has been used to characterise biological 

tissue because many diseases contribute to the change in the local elasticity (Glozman and 

Azhari, 2010). The estimation of tissue elasticity is used in clinical research for the 

evaluation of hepatic diseases, the stiffness of tissue surrounding arterial vessels, and 

properties of breast tissue (Umemoto et al., 2014). Numerous techniques have been 

developed to evaluate tissue stiffness. These techniques basically estimate static or harmonic 

motion by applying an external or internal mechanical stimulus whereby their measurements 

deal with the estimation of the small displacement and strain in tissue resulting from an 

external excitation (Konofagou and Hynynen, 2003). A variety of methods using different 
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stimuli such as static load, external vibrators and acoustic radiation force are used to deform 

soft tissue. In general, linear elastic methods have limited applicability.  For example they 

are unable to differentiate between normal and tumor tissue in the breast because of their 

similar elastic moduli (Wellman et al., 1999). To solve this, an alternative approach of 

interest is the use of nonlinear methods to estimate material properties directly (Mihai and 

Goriely, 2017). 

2.2.3 Nonlinear elastic tissue 

Normally, elastic tissue is linear if the stimulated force is proportional to the resulting  

displacement. The deformation of a homogeneous isotropic linear elastic material is 

characterized by Young’s modulus and the Poisson ratio. However, under large stimuli, their 

properties and responses are fundamentally nonlinear so that these mechanical responses 

cannot be represented by the usual two constants. In general, the nonlinear elastic response 

of tissue is defined by parameters representing the function of the deformation of tissue. 

These expressions describe the wave propagation of a finite-amplitude plane wave (Zheng, 

Maev and Solodov, 2000) 

𝑉 =  𝑐0(1 + 𝛽2𝑀) (2.7) 

where 𝑐0 is the velocity of sound, M =𝑢/𝑐0 is the acoustic Mach number, 𝑢 is the particle 

velocity, and 
2
 is the coefficient of the second-order acoustic nonlinearity. The equation 

shows that propagation speed, V, distorts during travel by a rate 
2
. Additionally, the 

expression for 
2

 depends on the pressure and density temperature (Bjørnø, 2010). Beyer, 

(1960) has also explained nonlinearity as the relation between pressure and density, 

expanded via Taylor’s theorem. His expansion shows two derivative terms, one with respect 

to acoustic pressure and a second with respect to temperature defined by constants A and B. 

The relationship is given in Equation (2.8). 

𝐵

𝐴
= 2𝜌0𝑐0 (

𝜕𝑐

𝜕𝑃
)

𝑇
+

2𝑐0𝑇𝜇

𝐶𝑃
(
𝜕𝑐

𝜕𝑇
)
𝑃
 

(2.8) 

The ratio of B/A is the wave-form distortion which can be used as an alternative to the  
2
 

nonlinear parameter. Here 𝜌0 is density, 𝐶𝑃 is the specific heat at constant pressure, T is the 

absolute temperature, amd µ is the volume coefficient of thermal expansion. The B/A value 

has been suggested for the characterisation of biological tissue because of their structural  



Chapter 2  14 

variation resulting from pathological condition (Law, Frizzell and Dunn, 1985). Moreover, 

values of B/A for biological materials have been published by various researchers, as 

summarized in (Bjørnø, 1986). 

2.3 Propagation of Elastic Wave in Media  

Elasticity characterises a material’s ability to restore its shape and volume when an 

external force is applied. The internal deformations involve the relationship between stress 

and strain in a given medium. Therefore the medium is called an elastic medium and the 

mechanical disturbances in an elastic medium are referred to as elastic waves. The elastic 

vibration and acoustic wave are used widely in ultrasonic applications such as ultrasonic 

imaging, ultrasonic non-destructive testing and especially in ultrasonic properties 

characterisation. Elastic vibrations and waves, therefore, are very important for evaluation 

processes of propagation in the medium. The media in this study is the tissue which can be 

assumed to be solid.  

2.3.1 Wave Equation for a solid media 

The wave propagating in a solid can be derived from Newton’s second law of motion. 

By considering a solid as a finite cubic volume, an element volume dx dy dz, the difference 

of force applied to its opposite face is equal to the product of mass and acceleration which 

can be expressed in terms of stress  and displacement u, whereas r is the density of the 

media. 

𝜌
𝜕2𝑢𝑥

𝜕𝑡2
=

𝜕𝜎𝑥𝑥

𝜕𝑥
+

𝜕𝜎𝑥𝑦

𝜕𝑦
+

𝜕𝜎𝑥𝑧

𝜕𝑧
 (2.9) 

By analogy, Equation (2.9) can be written for axes y and z. The stresses in the above equation 

can be calculated by using the Lame constant for stress-strain. Then the equation of wave 

propagation in an elastic medium can be written as follows 

𝜌
𝜕2𝑢𝑥

𝜕𝑡2
− (l + )

𝜕

𝜕𝑥
+ 𝜇∇2𝑢𝑥 = 0 (2.10) 

Where ∇2=
𝜕2

𝜕𝑥2
+  

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2
   is the Laplace operator, the dilatation  is defined as ∆ =

 
𝜕𝑢𝑥

𝜕𝑥
+

𝜕𝑢𝑦

𝜕𝑦
+

𝜕𝑢𝑧

𝜕𝑧
 and determines their changed volume as the wave propagates. However, for 

tissue the value of  is typically small because they are found to be approximately 

incompressible. 
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2.3.2 Refraction, Reflection and Transmission 

When an ultrasonic wave strikes a boundary of media, a possible interaction of 

refraction and transmission of the incident wave at the interface occurs. Generally, that 

interaction depends on the combinations of solid, fluid and vacuum of the two media. In this 

thesis, we consider the combination of water and solid as shown in Figure 2-1. Then an 

incident wave can generate longitudinal wave (P_wave) and transverse wave (S_wave), so 

we need to consider the phenomena of refraction and reflection. Here we calculate the 

geometry configuration of wave mixing where an ultrasonic wave interacts with water and 

solid material boundaries such as PVC, aluminum and tissue phantom. An incident 

longitudinal wave at the water-solid boundary (Figure 2-1) results in a reflected and 

transmitted longitudinal wave (P-wave) and a reflected and transmitted shear wave (S-

wave). Thus, there is a mode conversion between P- and S-waves for angles different from 

zero degree incidences. Their reflected angles are related by Snell’s law as follows:  

sin 𝜃𝑝𝑖

𝑐𝑝1
=

sin 𝜃𝑝𝑟

𝑐𝑝1
=

sin 𝜃𝑝𝑡

𝑐𝑝2
=

sin 𝜃𝑠𝑟

𝑐𝑠1
=

sin 𝜃𝑠𝑡

𝑐𝑠2
 (2.11) 

where the first index represents the mode conversion and the second index of the wave 

velocities indicates medium 1 or medium 2. 𝜃 is the angle of wave interaction where the first 

subscript p stand for longitudinal wave, s stand for shear wave and second subscript i , r and  

t indicate the incident,  reflected and transmited angle, respectively. 𝑐𝑝1, 𝑐𝑝2, 𝑐𝑠1, 𝑐𝑠2 are 

the velocities of longitudinal and shear wave in its respective medium. Based on Snell’s law, 

we consider the interaction of our experiment which consists of two mediums, water and 

solid as shown in Figure 2-1. When an ultrasonic wave propagates to the water and then 

interacts with a solid medium, the interaction response can be calculated by applying Snell’s 

law. When 𝜃𝑖 ,𝜃𝑟 are the incidence and reflected angle of the longitudinal wave in the water, 

𝜃𝑝, 𝜃𝑠  are the angle of refracted longitudinal and shear wave in solid respectively, and 

𝐼𝑝, 𝑅𝑝, 𝑇𝑝𝑝, 𝑇𝑝𝑠 are the intensity coefficients of the incident, reflected, transmitted 

longitudinal wave and transmitted shear wave. Those coefficients can be calculated by using 

equation (2.12). 
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Figure 2-1: a combination of water and solid can generate longitudinal and shear wave. 
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Equation (2.12) can be rewritten depending on whether longitudinal or shear wave incidence 

is considered. The components of the matrix 𝑎𝑖𝑗, 𝑏𝑖, 𝑐𝑖 have been shown by Ediguer et al. 

2006 expressed by equation (2.13, 2.14). 
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    (2.13) 

Then reflection and transmission coefficients of longitudinal and shear incidence wave can 

be evaluated by applying the Cramer’s rule depending on whether longitudinal or shear 

incidence is used (Franco et al., 2006).  
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  and 𝑐𝑖 =

[
 
 
 
 
 siqsin

siqcos

sisZ q2cos1

sisZ q2sin1− ]
 
 
 
 
 

 (2.14) 
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By using matrix a with b and c, and applying Cramer’s rule, we can summarise the equations 

by the evaluation of reflection and transmission coefficient as follows: 

𝑅𝑑 =
det[𝑎(1)]

det[𝑎]
, 𝑇𝑑 =

det[𝑎(2)]

det[𝑎]
, 𝑅𝑠 =

det[𝑎(3)]

det[𝑎]
, 𝑇𝑠 =

det[𝑎(4)]

det[𝑎]
 (2.15) 

where 𝑎(𝑖) is the matrix in which substitute by the ith column of matrix a by either b or c 

matrix and det[ ] is the determinant value of a matrix a.  

2.3.3 Ultrasonic dispersion 

Dispersion and attenuation of ultrasound are important material properties in non-

destructive test and ultrasonic material characterization (Weaver and Pao, 1981). Ultrasonic 

wave dispersion is a phenomenon in which the ultrasonic wave propagates through a medium 

containing randomly scattered particles. Their properties cause multiple scattering of the 

ultrasonic wave resulting in the phase velocity varying as a function of frequency  (Ye, 

1997). Attenuation of an ultrasonic wave occurs when the ultrasonic wave propagates 

through materials, and the amplitude of the ultrasonic wave diminishes with distance. Such 

materials cause absorption and scattering of the traveling wave.  Ultrasonic attenuation 

decreases the energy of the wave as it propagates through the material. Acoustic dispersion 

and attenuation techniques are generally based on broadband ultrasonic transmission have 

been applied in many applications introduced by (Sachse and Pao,1978). Through 

transmission and echo pulse mode measurements are examples of methods which have been 

used to evaluate ultrasonic dispersion and attenuation in the material (He, 1998). Those 

methods can be used for determining the phase velocity of a specimen. This velocity can be 

expressed by (Ping He, 2000) the following:  

1

𝑉𝑝(𝑓)
=

𝜃𝑠(𝑓) − 𝜃𝑤(𝑓)

2𝜋𝑓𝐿
+

1

𝑐𝑤
 (2.16) 

where 𝑉𝑝(𝑓) is the phase velocity in the specimen, 𝑐𝑤is the sound velocity in water, 𝜃𝑠(𝑓) 

and 𝜃𝑤(𝑓) are the phase spectrum calculated form the transmitted pulses with specimen 

𝑃𝑠(𝑡) and without specimen 𝑃𝑤(𝑡) when the immersion experiment is performed for 

measuring attenuation and dispersion, and  𝐿 is the thickness of the specimen. 

 The ultrasonic attenuation coefficient of a specimen (A) is acquired from the 

magnitude of an ultrasonic wave traveling before and after through the specimen. The 

combination of absorption and scattering in the specimen causes a decay rate of a wave when 
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propagating through the specimen. This attenuation coefficient is given by He and Zheng, 

(2001).    

𝐴 =
𝑙𝑛(𝑇)

2𝐿
+

1

2𝐿
ln (

𝑀1

𝑀2
) (2.17) 

In this study, if we know the density of specimen, the value of T can be calculated by 

equation (2.18) for substitution the term  𝑙𝑛 (𝑇) in equation (2.17), 

𝑇 = 4(𝜌𝑉𝑝)(𝜌𝑤𝑐𝑤)/(𝜌𝑉𝑝 + 𝜌𝑤𝑐𝑤)
2
 

(2.18) 

 where 𝜌 and 𝜌𝑤 are the density of the specimen and water. 𝑀1 and 𝑀2are amplitudes of the 

Fourier transform of a pulse reflected back from the front and back surfaces of a specimen. 

 Transducer diffraction effects can occur when the size of receiving and transmitting 

is a finite size. When a plane wave of an ultrasonic beam travels from the transmitting to 

receiving transducers, beam scattering causes a change of the phase and signal amplitude 

spectra of the received signals. The correction of diffraction effects can be investigated and 

compensated by (He and Zheng, 2001) 

𝐷𝐿 = 1 − 𝑒−𝑗(
2𝜋
𝑠

) [𝐽0(
2𝜋

𝑠
) + 𝑗𝐽1(

2𝜋

𝑠
)] (2.19) 

where  𝐷𝐿 is the diffraction correction value  by applying Lommel function expressed in 

(Rogers and Van Buren, 1974). This value varies on the single composite variable 𝑠 =

𝑧𝑐/(𝑓𝑎2) where z is the distance between transmitting and receiving transducer c is the 

speed of sound in material,  f  is ultrasonic frequency and  𝑎 is the radius of transducer.  

In this study, the through transmission mode was implemented for evaluating attenuation 

coefficient then the parameter 𝑠 can be given as following. 

𝑠𝑤 =
𝑧𝐶𝑤

𝑓𝑎2
  , 𝑠𝑠 =

(𝑧 − 𝐿)𝐶𝑤

𝑓𝑎2
+

𝐿𝑉𝑝(𝑓)

𝑓𝑎2
 (2.20) 

 

2.4 Nonlinear Ultrasound 

Nonlinear ultrasound is an ultrasonic non-destructive testing which can investigate or 

characterise a defect in materials. The characteristic of the system is the evaluation of 

additional frequency components occurring when an ultrasonic wave propagates and then 

interacts with a material’s defect. Their interaction is a cause of the frequency component 



Chapter 2  19 

generation called harmonic frequencies, used for a deflection identification. These 

harmonics are not shown in an excited signal which consists of the difference and sum 

frequencies; in contrary to conventional linear method which measures the amplitude and 

phase of the signal at the same excited frequency for measurement of transmission and 

reflection. This section provides a theoretical background to the nonlinear ultrasonic 

techniques as they relate to detecting and characterising material properties. 

2.4.1 Noncollinear ultrasonic wave mixing 

Noncollinear wave mixing is based on the interaction between two plane elastic 

waves that results in a third wave. When two elastic waves, w1 and w2, propagate in a solid 

and interact with each other, they produce a secondary wave called wave-mixing. The 

response of interaction is the sum and the different frequency w𝑔. 

k1

k2

kg

V

r' 

a 

 
Figure 2-2: Interaction of two plane waves in volume V of a nonlinear elastic material when 

k1 and k2 are wave vectors of the angular frequency w𝟏 and w𝟐 respectively. The kg is a 

resulting wave vector from the interaction with the sum or difference frequencies    (w𝒈 =

 𝝎𝟏 ± 𝝎𝟐) (taken from Korneev and Demčenko, 2014) 

The resonance interaction conditions have been studied in several combinations of ultrasonic 

waves (Korneev 1998, Korneev and Demčenko 2014). However, most combinations used 

for detection in solid material involve an incident shear wave interacting with a longitudinal 

wave to generate a longitudinal wave (Demčenko, Koissin and Korneev, 2014). The 

solutions of these interactions can be found in the literature (Korneev VA 2014,Wu 2017). 

Their interaction parameters consist of an interaction angle (a), scattering angle ()  and an 

amplitude coefficient (w).  Korneev and Demčenko, 2014 has shown and summerised all 

types of nonlinear scattering coefficient of two plane elastic wave resonant interactions 

which can be divided in to sum and difference frequencies of the two scattered waves as 

shown in (Table2-1). All ten types of elastic wave resonant interactions are possible and 

suitable to various applications of research (Croxford et al., 2009; Novak et al., 2012; 

Demčenko et al., 2012; Demčenko, Koissin and Korneev, 2014b; Ju et al., 2017). In order 
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to analyse nonlinear wave interactions, those parameters are computed with specific 

constants.The tangent of the scattering angle between 𝑘1 and 𝑘2 can be expressed as: 

𝑡𝑎𝑛(𝜓) =
±

𝑐1

𝑐2
𝑑 𝑠𝑖𝑛𝛼

±
𝑐1

𝑐2
𝑑 𝑐𝑜𝑠𝛼

  , (2.21)  

where d is the frequency ratio, and 𝑐1 and 𝑐2 are longitudinal and shear wave velocities 

propagating in material of density r ,given by Equation 2.22 

𝑐1 = 𝑐𝐿 = √
l + 2

r
 and    𝑐2 = 𝑐𝑆 = √



r
  . (2.22)  

The  frequency reatio d can be expressed as Equation (2.23)  

𝑑 =
w1

𝜔2
     and  𝛾 = √

𝜇

𝜆 + 2𝜇
 . 

(2.23)  

In addition, the relationships between the parameters depend on the type of interaction    

(Table 2-1: column 4 and 5). The interaction angle (a) is the angle between 𝑘1 and 𝑘2. For 

instance in the case of the interaction of two shear waves (interation 8), the sum of 𝑘1 and 

𝑘2 can only generated a longitudinal wave if they satisfy a resonance condition (Korneev 

and Demčenko, 2014).The angle a of interaction is given by: 

cos(𝛼) = 𝛾2 +
1

2
[
1

𝑑
+ 𝑑] [𝛾2 − 1] . 

(2.24)  

However, the expressions for the calculation interaction angle depend on the case of 

interaction as described in (Table 2-1: column 3). In addition the calcuation of the interaction 

angle and scattering angle also depend on range of values of the frequency ratio (d ),  

expressed in terms  dmin, dmax. Most interaction cases (Table 2-1) exist in a finite range 

between dmin and dmax, except for interaction cases 1 and 2, which grow as the frequency 

ratio d increases. 
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Table 2-1: Nonlinear scattering coefficients of two planes elastic wave interaction (Korneev 
and Demčenko, 2014) 

 Interaction 𝐜𝐨𝐬 𝜶 𝒅𝒎𝒊𝒏  𝒅𝒎𝒂𝒙  Scattering coefficient (w) 

1 𝐿(𝜔1) + 𝐿(𝜔2) 

→ 𝐿(𝜔1 + 𝜔2) 

1 0 ∞ 
𝐷𝐿

1 + 𝑑

2
(4𝐶1 + 2𝐶2 + 2𝐶3+𝐶4 + 𝐶5) 

≈ 𝐷𝐿(1 + 𝑑)(2𝑚 + 𝑙) 

2 𝐿(𝜔1) + 𝐿(𝜔2) 

→ 𝐿(𝜔1 − 𝜔2) 

1 0 1 
−𝐷𝐿

1 + 𝑑

2
(4𝐶1 + 2𝐶2 + 2𝐶3+𝐶4 + 𝐶5) 

≈ −𝐷𝐿(1 + 𝑑)(2𝑚 + 𝑙) 

3 𝐿(𝜔1) + 𝐿(𝜔2) 

→ 𝑆𝑉(𝜔1 − 𝜔2) 

1

𝛾2 −
1

2
(𝑑 +

1

𝑑
)  

(
1

𝛾2 − 1) 

1 − 𝛾

1 + 𝛾
 

1 
−𝐷𝑆

1 + 𝑑

4
𝛾2 sin 2𝛼 (2𝐶1 + 𝐶2 + 𝐶3) 

≈ −𝐷𝑠(1 + 𝑑)𝛾2 sin 2𝛼/2 

4 𝐿(𝜔1) + 𝑆𝑉(𝜔2) 

→ 𝐿(𝜔1 + 𝜔2) 
𝛾 −

𝑑

2
(
1

𝛾
− 𝛾) 

0 2𝛾

1 − 𝛾
 −

𝐷𝐿

𝛾3

sin 𝛼

1 + 𝑑
(𝐶1(3𝑑𝛾 + 2𝑞) + 𝐶2𝑞 … ) 

+𝐶3(𝑑𝛾 + 𝑞) + 𝑑𝛾𝐶5) 

≈ −
𝐷𝐿

𝛾3

sin 𝛼

1 + 𝑑
(𝑑𝛾 + 𝑞)𝑚 

𝑞 = cos 𝛼 (2𝑑𝛾 cos𝛼 + 𝑑2 + 2𝛾2) 

5 𝐿(𝜔1) + 𝑆𝑉(𝜔2) 

→ 𝐿(𝜔1 − 𝜔2) 
𝛾 −

𝑑

2
(
1

𝛾
− 𝛾) 

0 2𝛾

1 + 𝛾
 

 

 

−
𝐷𝐿

2𝛾3

sin 𝛼

1 + 𝑑
(𝐶1(3𝑑𝛾 + 2𝑞) + 𝐶2𝑞 … . ) 

+𝐶3(𝑑𝛾 + 𝑞) + 𝑑𝛾𝐶5) 

≈ −
𝐷𝐿

𝛾3

sin 𝛼

1 − 𝑑
(𝑑𝛾 + 𝑞)𝑚 

𝑞 = −cos 𝛼 (2 + 2𝑑 + 𝑑2) 

6 𝐿(𝜔1) + 𝑆𝑉(𝜔2) 

→ 𝐿(𝜔1 − 𝜔2) 

1

𝛾
−

1

2𝑑
(
1

𝛾
− 𝛾) 

1 − 𝛾

2
 

1 + 𝛾

2
     

𝐷𝑠

2𝛾3(1 − 𝑑)
(𝐶1(2𝑞𝑑 − 𝛾2 cos 2𝛼 + 𝛾𝑑 cos𝛼))… 

              −𝐶2𝑞𝛾 cos 𝛼   + 𝐶 3 𝛾
2𝑠𝑖𝑛2𝛼 + 𝐶5𝑑𝑞) 

≈ −
𝐷𝑠

2𝛾3

𝑚

1 − 𝑑
(2𝑑𝛾 cos 𝛼 − 𝑑2 − 𝛾2 cos 2𝛼) 

𝑞 = 𝛾 cos 𝛼 − 𝑑 

7 𝑆𝑉(𝜔1) + 𝐿(𝜔2) 

→ 𝐿(𝜔1 + 𝜔2) 
𝛾 −

1

2𝑑
(
1

𝛾
− 𝛾) 

1 − 𝛾

2𝛾
 

∞ 𝐷𝐿

2𝛾3

sin 𝛼

1 + 𝑑
(𝐶1(3𝑑𝛾 + 2𝑞) + 𝐶2𝑞 … ) 

                           +𝐶3(𝑑𝛾 + 𝑞) + 𝑑𝛾𝐶5) 

≈
𝐷𝐿

𝛾3

sin 𝛼

1 − 𝑑
(𝑑𝛾 + 𝑞)𝑚 

𝑞 = cos 𝛼 (2 + 2𝑑 + 𝑑2) 

8 𝑆𝑉(𝜔1) + 𝑆𝑉(𝜔2) 

→ 𝐿(𝜔1 + 𝜔2) 
𝛾2 −

1

2
(𝑑 +

1

𝑑
)  

(𝛾2 − 1) 

1 − 𝛾

1 + 𝛾
 

1 + 𝛾

1 − 𝛾
 𝐷𝐿

1 + 𝑑

2𝛾2
(𝐶1 cos 2𝛼 + 𝐶2𝑐𝑜𝑠2𝛼 − 𝐶3𝑠𝑖𝑛

2𝛼) 

≈ 𝐷𝐿

1 + 𝑑

2𝛾2 𝑚 cos 2𝛼 

9 𝑆𝐻(𝜔1) + 𝑆𝐻(𝜔2) 

→ 𝐿(𝜔1 + 𝜔2) 
𝛾2 −

1

2
(𝑑 +

1

𝑑
)  

(𝛾2 − 1) 

1 − 𝛾

1 + 𝛾
 

1 + 𝛾

1 − 𝛾
 

𝐷𝐿

2𝛾4(1 + 𝑑)
(𝐶1(2𝑑 + cos 𝛼(1 + 𝑑2))… 

    +𝐶2𝛾
2 cos 𝛼(1 + 𝑑2) 

≈
𝐷𝐿

2𝛾4(1 + 𝑑)
[𝑚 𝛾2cos 𝛼(1 + 𝑑)2 …    

+𝑛(2𝑑 + cos 𝛼(1 + 𝑑2      − 𝛾2(1 + 𝑑)2))] 

10 𝐿(𝜔1) + 𝑆𝐻(𝜔2) 

→ 𝑆𝐻(𝜔1 − 𝜔2) 

1

𝛾
−

1

2𝑑
(
1

𝛾
− 𝛾) 

1 − 𝛾

2
 

1 + 𝛾

2
 

𝐷𝑠

2𝛾
[𝐶1 cos 2𝛼(2𝑑𝑐𝑜𝑠𝛼 − 𝛾) − 𝐶2𝛾𝑐𝑜𝑠𝛼 + 𝐶5𝑑] 

≈ 𝐷𝑠[2𝑚(𝑑 − 𝛾 cos 𝛼) − 𝑛𝑑𝑠𝑖𝑛2𝛼]/4𝛾 
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Table 2-2: Mechanical properties of specimen used in the nonlinear wave interaction 
analysis.(taken from Catheline, Gennisson and Fink, 2003; Demčenko, Koissin and Korneev, 
2014) 

Material r(kg/m3) l(GPa) (GPa) 𝑙(GPa) 𝑚(GPa) 𝑛(GPa) 

PVC 1350 3.64 1.83 -33.45 20.88 -15.86 

Agar 1086 2.25 0.9 23.936 -12.032 -6.4 

  

Another important parameter of the nonlinear interaction is the scattering amplitude 

coefficient (w) also a function of the frequency ratio (d). The resonant scattering amplitude 

coefficient can be calcuated using the expression (Table2-1: column 6).  

𝑤 = 𝐷𝐿

1 + 𝑑

2𝛾2
𝑚 cos 2𝛼 

(2.25)  

In addition, the following equation is used for the computation of the scattering coefficient. 

𝐷𝐿 =
𝑑

4𝜋(𝜆 + 2𝜇)
(
𝜔1

𝑣𝑙
)
3

 

 

  
(2.26)  

The Equations  in Table 2-1 permit us to detemine the resonance conditions of the nonlinear 

interaction of two waves. Here, these expressions are used for an analysis of nonlinear wave 

interactions which can be applied in various interaction cases with the material properties. 

In order to calculate (w), (a) and (𝜓), the material properties need to be specified to 

implement the Equations in Table 2-1. An example of solid material properties is shown in 

Table 2-2. Those value are elastic constants represent the relationship of stress and strain,  

which can be used to define  a two-dimensional (6×6 matrix) state of stress called 

constitutive relationship. Normally, the elastic constant elements of the constitutive matrix 

are expanded by Talor series. For the nonlinear interactions in this study, we use Lamè 

constants 𝜆, 𝜇 as second order elastic constants and 𝑙, 𝑚, 𝑛 are third order elastic constants. 

Those constants have been widely used for acousto-elastic measurement methods (Egle and 

Bray, 1976; Kostek, Sinha and Norris, 1993). In this study, these properties are an example 

of analytical estimation of the nonlinear wave interaction in PVC and Agar materials. The 

estimation results not only show the relationship between  ratio of two interacting waves  

and the angle of  interaction  but also the scattering amplitude coefficient. 
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2.4.2 Collinear  ultrasonic wave mixing  

2.4.2.1 Bispectral analysis 

Bispectral analysis is a method which is powerful for identifying the weak 

nonlinearities in non-destructive testing such as micro-cracks and fatigue damage. This 

technique has been demonstrated by Donskoy et al, 2001 using the modulation of a high 

frequency ultrasonic wave and low frequency vibration to probe the response of the sum and 

difference frequencies. This method has also been used in the analysis of nonlinear acoustic 

characterization (Worden et al., 2008). Generally, the bispectrum is the Fourier transform of 

the second-order spectrum signal that results in a frequency 1-frequency 2-amplitude 

correlation (Courtney et al., 2010).  In order to understand the bispectrum method used for 

the analysis of nonlinear wave modulation, a one dimensional nonlinear elastic wave is 

considered first. The equation can be expressed as shown in Equation (2.27). 

𝜕2𝑦(𝑥, 𝑡)

𝜕𝑡2
= 𝑐2

𝜕2𝑦(𝑥, 𝑡)

𝜕𝑥2
+ 𝑐2𝛽

𝜕2𝑦(𝑥, 𝑡)

𝜕𝑥2

𝜕2𝑦(𝑥, 𝑡)

𝜕𝑥2
 (2.27)  

𝑦(𝑥, 𝑡) =  𝜂𝑦0(𝑥, 𝑡) +  𝛽𝑦1(𝑥, 𝑡) (2.28) 

where 𝑦 is the particle displacement, x is the distance wave travels in time t,and c is wave 

speed. 𝑦(𝑥, 𝑡) combines the linear and nonlinear particle displacement, 𝑦0 and 𝑦1, 

respectively with linear components, (𝜂 ) and ( 𝛽 ).The displacement y in Equation (2.27)  

can be  rewritten in Equation (2.28), and the propagation of 𝑦1 over distance x is assumed  

to be. 

𝑦1(𝑥, 𝑡) = 𝑥𝑓(𝜏) (2.29)  

 𝜏  is a propagation time in which a particle moves along a distance x,  𝜏 = 𝑡 − 𝑥/𝑐. Then 

the input system consists of two sinusoidal frequencies,  

𝑦(𝑥, 𝑡) = 𝐴1 𝑐𝑜𝑠( 𝑓1 𝑡 − k1𝑥) + 𝐴2𝑐𝑜𝑠( 𝑓2 𝑡 − k2𝑥) (2.30)  

where 𝐴1, 𝐴2 are amplitudes of the harmonic wave, 𝑓1, 𝑓2 are central harmonic frequenies, 

and  𝑘𝑖 are the wavenumbers 𝑘1=𝑓1/𝑐, 𝑘2 = 𝑓2/𝑐. The function 𝑓(𝜏) can be caculated by 

substituting Equations (2.30, 2.29 and 2.28) into (2.27) (Li et al., 2016). After substituting, 

𝑓(𝜏)can be expressed as  
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             𝑓(𝜏) = −
𝐴1

2𝑘1
2

8
 𝑐𝑜𝑠(2𝑓1𝜏) −

𝐴2
2𝑘2

2

8
 𝑐𝑜𝑠(2𝑓2𝜏) 

                            +
𝐴1𝐴2𝑘1𝑘2

4
 [cos( (𝑓1 − 𝑓2)𝜏 − cos (𝑓1 + 𝑓2)]        

 

(2.31)  

Then, 𝑦(𝑥, 𝑡) can be derived as Equation (2.32) 

            𝑦(𝑥, 𝑡) =  𝑦0(𝑥, 𝑡) + 𝑦1(𝑥, 𝑡) 

                           = 𝐴1 𝑐𝑜𝑠( 𝑓1 𝜏) + 𝐴2𝑐𝑜𝑠( 𝑓2τ) 

                           +𝑥𝛽 {−
𝐴1

2𝑘1
2

8
 𝑐𝑜𝑠(2𝑓1𝜏) −

𝐴2
2𝑘2

2

8
 𝑐𝑜𝑠(2𝑓2𝜏)      

+
𝐴1𝐴2𝑘1𝑘2

4
 [cos( (𝑓1 − 𝑓2)𝜏 − cos (𝑓1 + 𝑓2)] } . 

 

(2.32)  

According to Equation (2.28), the response consists of 𝜂 and  𝛽 representing linear and 

nonlinear acoustic coefficients. The nonlinear coefficient  𝛽 multiplies the second harmonic 

(2𝑓1) frequency component. The 𝛽 value can therefore be calculated from the second 

harmonic component. 𝐴1, 𝐴2 , 𝑓1 , 𝑓2 , ∅1 and ∅2 are defined respectively as the amplitudes, 

frequencies and initial phases of the sinusoids. The powers pectrum of 𝑦(𝑥, 𝑡), Equation 

(2.32), can be expressed in the frequency domain by using the Fourier transform. 

             𝑌(𝑥, 𝑓) = −i
𝛼 𝐴1

2
𝛿( 𝑓1 − 𝑓)𝑒𝑗∅1 − i

𝛼 𝐴2

2
𝛿( 𝑓2 − 𝑓)𝑒𝑗∅2 

                                 −i
𝛽𝐴1

2

4
𝛿( 2𝑓1 − 𝑓)𝑒𝑗∅1 − i

𝛽𝐴2
2

4
𝛿( 2𝑓2 − 𝑓)𝑒𝑗∅2 

                                 +i
𝛽 𝐴1𝐴2

2
𝛿( 𝑓2 − 𝑓1 − 𝑓)𝑒𝑗(∅2−∅1)                    

                                 −i
𝛽 𝐴1𝐴2

2
𝛿( 𝑓2 + 𝑓1 − 𝑓)𝑒𝑗(∅2+∅1) 

 

(2.33)  

According to the interaction of ultrasonic waves, the nonlinearity of material causes 

harmonic waves at 2𝑓1, 2𝑓2 and sidebands at the sum and difference frequency 𝑓1 + 𝑓2 and 

𝑓1 − 𝑓2. Note that the signals resulting from the nonlinearity are related in phase to those that 

generated them by relationships 𝑓3 = 𝑓1 + 𝑓2. These spectral components result from the 

constant phase differences associated with 0 = ∅1 + ∅2 − ∅3, called quadratic phase 

coupling. This can be considered an indication of second-order nonlinearities in the system 

and offers an approach for differentiating signals at a specific frequency. 

 The general linear power spectrum will provide the Fourier transform of the second-

order cumulant without  phase information. For higher-order spectral density,the bispectrum 

is the result of Fourier transform of the third-order cumulant-generating function wih the 

quadratic phase. This phase has been used  effectively by Courtney et al., (2008) for 

evaluating  the quadratic phase coupling types of nonlinear effects in mechanical systems.  
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 For a random input signal 𝑦(𝑡), the bispectrum is expressed by   

𝐵(𝑓1, 𝑓2) = 𝐸[𝑌(𝑓1) 𝑌(𝑓2)  𝑌
∗(𝑓1 + 𝑓2 )] . (2.34) 

To make clearly describes the validity of the bispectrum for the identification of quadratic 

phase coupling, The ∅3 term is substituted to  ∅1 + ∅2 in Equation (2.25), thus 

             𝑦(𝑥, 𝑡) = 𝛼 𝐴1 𝑠𝑖𝑛(2π 𝑓1 𝑡 + ∅1) + α 𝐴2 𝑠𝑖𝑛(2π𝑓2 𝑡 +  ∅2) 

                           −β
𝐴1

2

4
cos[2𝜋(2𝑓1)𝑡 +  2∅1]        

                           −β
𝐴2

2

2
cos[2𝜋(2𝑓2)𝑡 +  2∅2]  

                         + β 𝐴1 𝐴2 cos[2π (𝑓2 − 𝑓1)𝑡 + (∅2 − ∅1  
)] 

                           −β 𝐴1 𝐴2 cos[2π (𝑓2 + 𝑓1)𝑡 + ∅3] .   
 

 

 

 

(2.35)  

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Chapter 3 Material and Method 

3.1 Introduction 

 This chapter provides detailed information on the experimental setup used to perform 

the nonlinear ultrasonic measurement in this thesis. This section is focused on how the 

hardware setup and experimental procedures were implemented as well as the parameters 

affecting the ability of experimental measurement system. The chapter is organised as 

follows: 

Section (3.2) describes the experimental non-collinear wave mixing setup and the 

required apparatus are shown for implementations.  

Section (3.3) describes the instrumentation used for the collinear wave mixing 

experiment, including details of the setup parameters. 

Section (3.4) contains details of the processes for preparing the tissue phantom.  

Section (3.5) presents the technical data of ultrasonic traducers used for this study.  

3.2 Non-collinear wave mixing experimental setup 

 The non-collinear wave mixing measurement was conducted for the detection of the 

scattered wave amplitude based on two ultrasonic wave interactions. The interaction 

condition, as shown in Table 2.1, was selected for measurement, depending on the condition 

described by Demčenko et al. 2014. To reach a suitable condition point, an analysis of the 

nonlinear wave interaction was performed for acquiring interaction parameters. Also, an 

arrangement of ultrasonic transducers with a specific geometry was implemented. This 

section not only describes the method to calculate important parameters which are used for 

evaluation of the non-collinear wave interaction point but also includes the method for 

transducer arrangement.    

3.2.1 The nonlinear wave interaction analysis 

 For nonlinear wave interaction analysis, there are minimally three parameters we 

need to calculate: the interaction angle (a), scattering angle ()  and the amplitude 

coefficient (W).  We must evaluate these parameters for a specific material.  For this analysis,  

we chose polyvinyl chloride (PVC) because it is a common material, the properties of which 

(such as density, elastic constants and acoustic velocity) have been studied in detail. 

According to Table 2.1, the combination  SV(w1) + L(w2) → L(w1+w2)  (case #7 ) was 

selected for interaction analysis because the combination of the diffeent wave modes  can be 
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easily distinguished, and applied to the third-order elastic constants of PVC, with their values 

as shown in Table 2.2. Those constants were taken to calculate the interaction parameter in 

the following steps: 

1) Finding the interaction angle using Equation (2.24) with the substitution from 

Equation (2.23). The angle a of interaction relates to the frequency ratio and the 𝛾  

parameter. 

2) Calculation of scattering angle using Equation (2.21).  

3) Evaluation of scattering coefficients as a function of frequency ratio by 

implementation of Equation (2.25, 2.26). 

 

Figure 3-1: The nonlinear interaction of case 𝑺𝑽(𝝎𝟏) + 𝑳(𝝎𝟐) → 𝑳(𝝎𝟏 + 𝝎𝟐) was shown after 
implementation via Equations 2.25 and 2.26. When shear wave and longitudinal wave 
propagated and interacted in a material, the interacted angle and scattered angle of those 

wave were shown by black graph (a) and blue graph () and the colelation with the 
apmlitude coefficient (red graph). The interation of wave can be defined by a frequency ratio 
(d) with having the relationship an interaction angle, a scattering angle and an amplitude 

coefficient for example at 1.5 frequency ratio, the interaction point would be coccured at a = 

90,  = 70 and the coefficient of signal amplitude equals – 0.6  106  (m-3). 

The result of the implementation of Equation (2.25 and 20.26) are shown in Figure 3-1 which 

includes the interaction angle (a), scattering angle ()  and amplitude coefficient (w) as a 

function of frequency ratio (d). The interaction graph is used for predicting where an 

intersected zone exists, for example, for  f1 = 2.5 MHz, if the frequency ratio (d) is 1.5 times 

of f1,  then the frequency (f2) equal 3.75 MHz, with interaction angle and scattering 

 

w 

w
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coefficient determined on the graph. When the resonance condition (d = 1.5, a = 90,  = 

70 and w = -0.6 m-3) mentioned above is satisfied, the two incident waves   (the shear and 

longitudinal waves) interact at an area in which the material displays nonlinear mechanical 

properties; and a mixing wave can be produced with a combined frequency and its 

propagation related to those of the interaction angle and scattering coefficient. The third 

wave, therefore, results from a sum-frequency shear and longitudinal wave and can be taken 

as a sensing signal used for detecting nonlinearities of a material or physical aging. The third 

wave intensity can be used to indicate how much nonlinearity contributes to the material 

properties. The third wave frequency equals f1 + f2, which result from the combination of 

shear and longitudinal waves. In order to get the wave mixing energy, the fundamental signal 

recorded by a receiving transducer needs to filtered and calculated as shown next in the 

section. 

3.2.2 Geometry for wave mixing configuration 

 In order to reach resonant condition for wave mixing, all of the ultrasonic transducers 

(transmitter and receiver transducers) were arranged with specific angles to the specimens. 

A particular geometry configuration is shown in Figure 3-2 which consists of angles and 

distances of transducers. Those angles of the geometry can be calculated by Snell’s Law 

which describes the relationship between incident angles and reflected angles on a specimen. 

Snell’s Law relates the ratio of the sines of the incident angle and refracted angle, as shown 

in Equation (3.1).  Other parameters are the distance the waves travel along their paths, which 

was evaluated base on trigonometric ratios. An example of Equation (3.2), distance J1 equals 

distance D1 divided by 𝑐𝑜𝑠𝜃1. Thus, the angles and distances using for transducer 

arrangement were calculated as shown in Figure 3-2. 

 The three ultrasonic transducers are arranged per Equations (3.1, 3.2). According to 

the combination of shear and longitudinal wave mixing, we can compute the incident angles 

(q1S and q2L) of the specimen because the angles depend on wave velocities in the specimen 

as described in (Demčenko, Koissin and Korneev, 2014). Then the distance between 

transducers and specimen (Z1 and Z2) are determined. Z1 and Z2 are related to the 

incident angles q1S and q2L, respectively. We must also calculate the distance Tr between 

the pump wave sources and the distance R between receiver Rx and the specimen surface. 

The parameters defining the geometry utilized are listed in Table 3-1 for both PVC and 

PMMA specimens. The geometry for PVC is shown in Figure 3-3 for a specimen thickness 

of 9 mm. 
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Figure 3-2 Through-transmission measurement mode set up. The image shows the 
arrangement of the nonlinear ultrasonic wave mixing for through-transmission 
measurement mode. Blue and purple lines mark the ultrasonic path signals from 
transmitters, and dashed lines denote the secularly reflected wave. The wave mixing signal 
is transmitted to the receiver sensor as shown by a red line. 

 

𝑠𝑖𝑛𝜃1

𝐶𝑙1
=

𝑠𝑖𝑛𝜃2

𝐶𝑙2
 

(3.1)  

J1 =
D1

𝑐𝑜𝑠𝜃1
 

(3.2) 

 

Table 3-1: Geometrical parameters  used for setup the nonlinear ultrasonic wave mixing 
measurement. 

Material f1 

MHz 

f2 

MHz 

fr 

MHz 
qi1 

deg 

qi2 

deg 

Z1 

mm 

Z2 

mm 

PVC 

PMMA 

2.5 

4 

3.75 

6 

6.25 

10 

52 

36 

31 

25 

25 

15 

40 

20.5 
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Figure 3-3: The three transducers are arranged on 9mm PVC with specific angles and 
distances (as shown in Table 3-6). The interaction occurs between two transmitted waves 

which refract from 32 (q1s) and 53 (q2L) angles. This point where different frequencies are 
mixed generates the third frequency, and their scattered wave can be probed by a receiver 
transducer. 

 

3.2.3 Measurement setup 

 A non-collinear wave mixing system consists of three parts, namely: ultrasonic 

transducers, signal generators, and recording devices. A schematic diagram of a system of 

nonlinear ultrasonic wave mixing measurement is shown in Figure 3-4. The system operation 

started with two function generators (Aim TTi, TG5011) producing an RF burst, sent to RF 

power amplifier (TOMCO, BTM205-AlphaSA) to drive two ultrasonic transducers. Both 

transducers had a broadband frequency with a central frequency of 5 MHz used for 

excitation. A receiver transducer was a broadband transducer also with a central frequency 

10 MHz. According to the interaction of ultrasonic wave mixing analysis and the resonance 

condition of shear wave, transducer 1 has a central frequency (f1) of 2.5 MHz and the 

longitudinal wave of transducer 2 has a central frequency (f2) of 3.75 MHz.  

A refracted angle of the shear wave was 52 in PVC and driven by a burst of 20 cycles of 

rectangular pulse and a nominal refraction angle of the longitudinal wave was 31 with a 

driving burst of 20 cycles. The inclined transducers were adjusted manually by a rotary stage 

(Newport, M-481-A). A longitudinal receiver with a resonance frequency of 6.25 MHz was 

used with operation at the pulse-echo mode.  

Tx1 

Tx2 

Rx 
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Figure 3-4 shows the arrangement of the nonlinear ultrasonic wave mixing for echo mode 
measurement. Blue and purple line mark the ultrasonic path signals from transmitters, and 
dashed lines note the secularly reflected wave. The wave mixing signal is reflected to the 

receiver sensor as shown by an orange line. A 400S width pulse was excited by the 
function generator, sent through the power amplifier and oscilloscope for pumping 
(Transmitter 1,2) and acquiring (Receiver) by the ultrasonic transducers. A high-
performance oscilloscope acquired the echo signal for the receiver programmed for 
recording the signal. 

Synchronised operation between driving and acquiring signal was controlled by a triggering 

pulse generator with a frequency 20 Hz and 400 s width. In that time, the two RF power 

amplifiers can drive generating shear and longitudinal waves propagated in the material.  

After mixing, a third longitudinal wave occurred and was measured by an oscilloscope 

(Agilent technologies, Infiniium 548330 MSO). Those signals were acquired with 62500 

point resolution based on MATLAB programming through GPIB communication. Finally, 

signal information was further processed on the PC.  

GPIB Pulse 
trigger 

Con.A 

Con.A 

w2 

w3 

w1 

Water 

Material 

Transmitter1 Transmitter2 

Receiver 
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3.3 Collinear wave mixing 

 A wave mixing method interacted with the incident direction of two ultrasonic waves 

can be classified as non-collinear wave mixing (described in Section 3.2) and collinear wave 

mixing. In this section, the collinear wave mixing method applied to detect the nonlinearity 

of material is described with a detail of the experimental apparatus.  

 

3.3.1 Measurement setup 

The collinear wave mixing measurement system is based on two ultrasonic transducers used 

for excitation and receiver. The transmitter is used to drive two different sinusoidal 

frequencies (f1, f2) sent to a specimen, then nonlinearities in the specimen generate a third 

wave (f3) detected by receiver transducers. The major components (Figure 3-5) consist of;  

1) a function generator (Aim TTi, TG5011) for generating signals, and (2) RF power 

amplifier (TOMCO, BTM205-AlphaSA) for driving RF signals, and (3) an oscilloscope 

(Agilent technologies, Infiniium 548330 MSO) for collecting the signal data. The operation 

of the system started when the driving frequency f1 (4.5MHz, 10cycle) and driving frequency 

f2 (6.75MHz) was generated by a function generator of 500mVp-p amplitude. Before signals 

were sent to an exciting transducer, their signal was amplified by a 50dBm RF power 

amplifier. Two-component longitudinal waves propagated through the material, and 

interaction between the two excited waves with the nonlinearities of material generates a 

nonlinear ultrasonic wave. This third longitudinal wave was detected by the receiver and 

passed through a recorded oscilloscope. The functional oscilloscope was controlled by 

MATLAB programming. The MATLAB toolbox can communicate with the oscilloscope 

via GPIB communication. The instrument control toolbox has provided a function to 

configure, control, and acquire data from oscilloscope by writing code.  In order to approach 

this, the Agilent oscilloscope needs a driver for GPIB communication and open MATLAB 

toolbox by type “tmtool” at the MATLAB command line. 
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Figure 3-5: The collinear wave mixing system was performed in the water tank in order to 
avoid the physical contact problem. The impedance between transmitter, receiver, and the 
material has the lowest physical contact impedance because of the water impedance.   

 

Figure 3-6: The signal which was picked up form receiver transducers  consists of the 

fundamental frequency (w1 and w2) difference and summing frequency (w2 - w1,w2 +w1) and  the 
2nd harmonic of fundamental frequencies.   
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3.4 Tissue mimicking phantom 

 Tissue phantom is an essential tool for studying the behaviour of a soft tissue for 

response to physical energy such as ultrasonic wave, microwave, laser and light. Their 

properties should provide the same physical properties as the tissue which include some 

specific acoustical, thermal and optical properties. The tissue mimicking phantom is an 

emulated biological tissue material with important properties for general purposes (Cao et 

al., 2017) namely:  1) evaluating the performance of the devices for response of the soft 

tissue; 2) certifying the efficiency of the development of new devices or methods;  3) training 

physicians to understand the behaviour of those devices. 

 

3.4.1 Acoustical phantom properties 

 Medical ultrasound imaging has been wieldy used for various applications which are 

essential to verify the performance of acoustic phantoms. The relevant acoustic properties 

of mimicking phantoms parameters are the speed of sound (c), the acoustic impedance (z), 

and the acoustic attenuation (a) which should have values similar to soft tissues. For 

instance, the phantom in this study has a speed of sound about 1560 m/s, the same as the 

average speed of sound in soft tissue (Culjat et al., 2010).The phantom in this study was not 

only used for evaluating the deflection of ultrasonic waves when they strike a small particle 

but also used for mimicking the pressure ulcer as a lesion. An important example of acoustic 

properties of some typical soft tissues is shown in Table 3-2. 

Table 3-2: Acoustic properties of some tissues (taken from Culjat et al., 2010). 

Material Velocity(m/s) Density(kg/m3) 

Attenuation 

(dB/cm MHz) 

Acoustic     

Impedance(MRayl) 

Air 

Blood 

Brain 

Breast 

Cornea 

Fat 

Kidney 

Liver 

Muscle 

Tendon 

Soft tissue 

Water 

330 

1584 

1560 

1510 

1587 

1478 

1560 

1595 

1574 

1670 

1561 

1480 

1.2 

1060 

1040 

1020 

1076 

950 

1051 

1060 

1050 

1100 

1043 

1000 

0.00040 

1.68 

1.62 

1.54 

1.71 

1.40 

1.64 

1.69 

1.62 

1.84 

1.63 

1.48 

- 

0.2 

0.6 

0.75 

- 

0.48 

1.0 

0.5 

1.09 

4.7 

0.54 

0.0022 
 



Chapter 3  35 

The phantoms are basically made of a composite material consisting of the matrix, solvent, 

scatterers and other materials. Much research has shown that various chemical materials can 

be efficiently used for phantom such as  agar (Rajagopal, Sadhoo and Zeqiri, 2015), PVA 

(Fromageau et al., 2007), PVCP (Cortela et al., 2015), PAG or hydrogels (Choi et al., 2013; 

Sun et al., 2015). The advantages and disadvantages of those materials for phantom design 

have been reviewed by Fonseca et al., 2016. In this thesis, a hydrogel was used to design the 

phantom because of ease of preparation and optical transparency. Details can be found in 

(Shieh et al., 2014; Guntur and Choi, 2014; Sun et al., 2015) 

3.4.2  Hydrogel tissue phantom 

 The N-isopropylacrymide (NIPAM) is a polymer gel with a controlled “cloud point”. 

The cloud point shows the ability for changing a structure from a hydrophilic structure when 

the temperature is below the cloud point, and to a hydrophobic structure when the 

temperature is above the cloud pint.  The NIPAM-based hydrogel phantom is a reusable 

phantom made of crosslinking copolymerization of N-isopropylacrylamide (NIPAM) and 

N,N’methylenebisacrylamid (MBAm). The fabrication of the gel consists of chemicals 

shown in Table 3-3. Gel preparation was started with acrylic acid (AAc) an amount of 0.44 

mL, dissolved with  150mL of degassed water. In order to adjust the cloud point to 52 C, 

AAc was added. After the AAc completely solidifies in water then 9 g of NIPAM was added 

into the solution and then stirred at room temperature until complete dissolution of NIPAM. 

The 0.375 g of MBAm and 0.195 g of ammonium persulfate (APS) were added to their 

solution for acting as the initiator for crosslinking. Then the solution was slightly stirred at 

room temperature until uniform. Finally 0.4 ml of N,N,N,N’tetramethyLethy-

lenediamidiamine (TEMED) for polymerization agent was added to the mixture solution. 

Table 3-3: Combination of NIPAM-based hydrogel phantom (taken form Shieh et al., 2014). 

Components Quantity 

Degassed water 

AAc 

NIPAM 

MIBAm 

APS 

TEMED 

150ml 

0.44ml 

9g 

0.375g 

0.195g 

0.4ml 

Before the solutions began the polymerization processes, they were poured in molding 

containers of dimensions 504030 mm to allow the polymerization processes  
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completely at room temperature. The container case was made of 3D printing materials (the 

blue) with a port for pouring the solution in the mold. Two sides of their mold  were covered 

with a small sheet of plastic (0.17mm) and then they were compressed by two acrylic frames 

and mounted by hex bolts and nuts as shown Figure 3-7.  

 

Figure 3-7: The mimicking tissue phantom has two transparent sides for propagating of the 
ultrasonic beam. The NIPAM solution was poured at the pouring port and then closed it after 
completed polymerization. 

3.4.3 Thermal tissue phantom 

 A phantom having specific thermal properties was needed in some special medical 

applications, for example high intensity focused ultrasound (HIFU) and laser and microwave 

ablations. Their properties should be able to exhibit the ablation process during the thermal 

lesion formation. The thermal properties of these kinds of phantoms are specific heat, 

thermal conductivity, thermal resistivity, and diffusivity. However those thermal properties 

may be allowed in some parameters included with acoustic properties.  Holt and Roy, (2001) 

reported using the phantoms having thermal properties for studying bubble boosted heating 

using focused ultrasound. The PVA and agar were proposed to make thermal tissue phantom 

with some added chemicals to adjust the specific heat and thermal conductivity. In addition, 

hydrogel phantoms with thermal properties have been proposed to be an effective thermal 

phantom for demonstration of thermal lesion formation in ultrasonic ablation as described 

in section 3.4.2 NIPAM-42 and NIPAM-52 are hydrogel materials that are optically 

  acrylic  frames   container  frames 

  pouring port 
  hex bolts 
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transparent at room temperature, become opaque when heated to 42 C and 52 C 

respectively, then become transparent again when cooled to room temperature.  

 

 

 

Table 3-4: the ingredients of PVA and agar used for 
thermal phantom (Holt and Roy, 2001). 

 

 Combination PVA agar 

agar powder  - 18g 

polyvinyl alcohol 20 g  - 

water 600 ml 600ml 

methyl paraben 750mg 750mg 

graphite powder 65g 65g 

1-propanol 18ml 48ml 

Figure 3-8: The low cost phantom having thermal properties is shown on above image. The 
combination of agar and graphite powder including chemicals as show in Table 3-4 can 
provide specific thermal properties of phantoms. 

 

 

Table 3-5: Thermal properties of biological tissue  
compared with NIPAM thermal phantom (Shieh et al., 
2014). 

 

  

Thermal 

conductivity Specific heat  

(W/m K) (J/g K) 

Human liver 0.572 ±0.009 3.628±0.078 

Brain -  3.86 

Water 0.547 4.18 

NIPAM-42 0.6 ±0.02 3.365±0.160 

NIPAM-52 0.6 ±0.03 3.431±0.233 

Egg white 0.59± 0.06 4.27±0.365 

 

Figure 3-9 shows the transparent thermal phantom (NIPAM-52) with thermal conductivity 
and specific heat compared with biological tissue. Those specific properties provide the 
ability to change optical transparency when the temperature reaches the cloud point. 
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3.5 Transducer 

 The immersion ultrasonic transducers chosen in this experiment were a single 

element longitudinal wave transducer. Both the transmitter and the receiver transducers were 

a broad-band Piezoelectric Transducer. The transmitter transducer was used at a frequency 

of 10 MHz with unfocused transducer (flat type) and 50 interfacing impedance. For the 

receiver transducer, a focused transducer at 10 MHz (spot type) was chosen for probing the 

reflected signal because it can focus on a specific area with improved sensitivity. Both 

transducers were taken from Olympus Company and more detail is shown Table 3-6. 

Table 3-6: The summarised transducer parameters for use in this experiment  

Frequency           

(MHz) 

Element size   

(mm) 

Focus range   

(mm) 

Near field        

(mm) 

Type Model 

1 12.7 15.24 -20.32 26.44 flat V303 

5 8.2804 15.24 -59.69 75.31 flat V326-SU 

10 9.525 15.24 - 120.65 150.72 flat V327-SU 

10 9.525 25.4 150.72 focus V327-SU-F1.00 

 

3.6 Conclusion 

This chapter reviewed two non-linear ultrasonic wave mixing techniques which were used 

for this study with some essential materials such as phantoms and transducers. There are 

basically two techniques for wave mixing: non-collinear and collinear wave mixing. Those 

techniques have specific arrangements with different abilities for practical measurement. 

The non-collinear ultrasonic wave mixing is based on two wave interactions with a opposite 

direction. The two inclined transducers were fixed with specific angles in order to reach 

resonance condition of wave interaction, thereby generating a third wave. The third wave 

was used for the evaluation material of properties. In the collinear wave mixing technique, 

the wave interaction occurs in the same transducer and then generates the sum and difference 

wave harmonics with unique properties. Additionally, the construction of a hydrogel 

phantom was described for tissue mimicking phantom used to simulate the deflected signal. 

The phantom was made of transparent hydrogel with the similar acoustic properties of the 

tissue. Finally, the ultrasonic transducer models were summarised, including important 

information for the experimental setup. 
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Chapter 4 Analysis of second-order nonlinear 
wave interactions 

4.1 Introduction 

  The elasticity of tissue describes the tissue’s ability to deforms and recover its 

original shape when external forces are applied. The responses of tissue are deformation 

(shape change) or the propagation of shear wave in it. This response can be used to 

characterize the tissue and identify a pathophysiological disease of tissues such as coronary, 

breast, kidney, liver, muscle, and skin (Glozman and Azhari, 2010). However, some studies 

have indicated the drawback of linear elasticity and suggested that using nonlinear elastic 

properties detection may be a promising solution.  For example, Wellman et al., (1999) 

reported that the linear elasticity might not differentiate a fibroadenoma (a starting state of 

tumour) from a normal invasive ductal carcinoma even though their moduli differ by about 

2.5 times with a large strain excitation. They also reported that it might not be possible to 

distinguish between abnormal and normal tissues. Therefore, they proposed that nonlinear 

elastic properties might be more suitable for this problem.  

 Nonlinear material properties are defined as anharmonicity caused by intrinsic 

imperfections in the properties of the material. This behavior occurs when the microstructure 

of the material interacts with a propagating wave, leading to nonlinear vibration and 

distortion of elastic wave propagation. Here the nonlinearity of the material is an intrinsic 

property of the elastic material. Nonlinear soft tissue properties have been studied for 

medical diagnostic purposes (Jiang et al., 2015; Koo, Cohen, and Zheng, 2011; Oberai et al., 

2009). However, there have been few works on the nonlinear elastic properties of tissue. 

Law, Frizzell, and Dunn, (1985) evaluated nonlinear elastic parameters (B/A) of tissue using 

thermodynamic and finite-amplitude methods. Erkamp et al. (2004) determined the 

nonlinear elastic properties of phantom materials using force-displacement data assuming 

incompressible materials. Destrade, Gilchrist and Saccomandi, (2010) reviewed the third 

and fourth-order constants which are useful for acousto elasticity studies in incompressible 

soft solids. 

 The nonlinear behavior of tissue results from various factors and is characterized by 

acousto elastic and stress-stain relationships (Van Den Abeele, Johnson and Sutin, 2000; 

Van Den Abeele et al., 2000). The acousto elastic effect occurs when the elastic wave 

changes its speed while traveling in the material as a result of nonlinearities. The nonlinearity 

parameters of materials have been widely used for the investigation of third-order elastic 



Chapter 4  40 

constants of tissue (Liu et al., 2007; Dunn, 1986; Law, Frizzell and Dunn, 1985). The 

classical theory behind the nonlinear wave equation and the third-order elastic constants has 

been described by (Murnaghan, 1937), which described basic nonlinear phenomena based 

on stress-strain relations at equilibrium with virtual deformation of the elastic material. The 

useful summary of all possible nonlinear interactions of plane waves with an elastic solid is 

given in (Korneev VA, 2014; Korneev, 1998). Specifically, they reviewed ten combinations 

of second-order nonlinear interactions as described by nonlinear elastic constants. These 

interactions are used for nonlinear wave mixing evaluation. However, using nonlinear wave 

mixing for evaluation requires specific interaction conditions between the two incident 

waves.  They must satisfy certain conditions to generate a mixing wave with an amplitude 

that is related to the properties of the damaged region.  In addition, the combination signal 

generated from the mixing of the two waves is a fairly complex wave which requires 

interpretation. Therefore, to apply nonlinear wave mixing effectively in practical 

applications, the combination of the two nonlinear waves must be analysed with variation 

conditions. 

 In this section, we first study the sufficient conditions of two wave interactions to 

generate a third wave by applying the third order material constants to specific cases. Next, 

to predict the various interactions, Monte Carlo is used to estimate the material constants. 

The simulation would be benefit for the further set up nonlinear wave mixing study.  

 

4.1.1 The five constants of elastic nonlinearity 

 When an acoustic wave propagates through an elastic material, the wave motion can 

be described by the displacement of a small cube. Their propagation in the medium is the 

result of a disturbing force from a compression wave. The equation of motion can be 

expressed in the following:       

𝜌
𝜕2𝑢𝑖

𝜕𝑡2
=

𝜕𝜎𝑖𝑘

𝜕𝑥𝑘
 

(4.1) 

𝜌
𝜕2𝑢𝑖

𝜕𝑡2
−

𝜕𝑢𝑖

𝜕𝑥𝑘
2 − (𝜆 + 𝜇)

𝜕2𝑢𝑘

𝜕𝑥𝑘𝜕𝑥𝑖
= 𝐹𝑖   , 

(4.2) 

where  𝑢 is a displacement vector, 𝜆 and 𝜇 are Lamè parameters and 𝜎𝑖𝑘 is stress tensor. 

After the stress tensor is substituted in (4.1), the equation of motion is second order (4.2).  

Korneev and Demčenko, (2014) described the stress tensor (𝐹𝑖) using Equation (4.3). 
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𝐹𝑖 = 𝐶1 [
𝜕2𝑢𝑠

𝜕𝑥𝑘
2

𝜕𝑢𝑠

𝜕𝑥𝑖
+

𝜕2𝑢𝑠

𝜕𝑥𝑘
2

𝜕𝑢𝑖

𝜕𝑥𝑠
+ 2

𝜕2𝑢𝑖

𝜕𝑥𝑠𝜕𝑥𝑘

𝜕𝑢𝑠

𝜕𝑥𝑘
] 

                   + 𝐶2 [
𝜕2𝑢𝑠

𝜕𝑥𝑖𝜕𝑥𝑘

𝜕𝑢𝑠

𝜕𝑥𝑘
+

𝜕2𝑢𝑘

𝜕𝑥𝑠𝜕𝑥𝑘

𝜕𝑢𝑖

𝜕𝑥𝑠
] + 𝐶3

𝜕2𝑢𝑖

𝜕𝑥𝑘
2

𝜕𝑢𝑠

𝜕𝑥𝑠
 

                       + 𝐶4 [
𝜕2𝑢𝑘

𝜕𝑥𝑠𝜕𝑥𝑘

𝜕𝑢𝑠

𝜕𝑥𝑖
+

𝜕2𝑢𝑘

𝜕𝑥𝑖𝜕𝑥𝑘

𝜕𝑢𝑖

𝜕𝑥𝑠
] + 𝐶5

𝜕2𝑢𝑘

𝜕𝑥𝑖𝜕𝑥𝑘

𝜕𝑢𝑠

𝜕𝑥𝑠
 

 

(4.3) 

Constants A, B and C, introduced by Landau and Lifshitz, are related to the parameters above 

by: 

𝐂𝟏 = 𝛍 + 
𝐀

𝟒
,  𝐂𝟐 = 𝛌 + 𝛍 + 

𝐀

𝟒
+ 𝑩, 𝐂𝟑 = 

𝐀

𝟒
+ 𝑩, 𝐂𝟒 = 𝐁 +  𝟐𝐂 ,

𝐂𝟓 = 𝛌 +  𝐁   

(4.4) 

The constants of Murnagham and those of Landau are related by the following; 

𝒍 = 𝑩 + 𝑨,           𝑨 = 𝒏  

          𝒎 =  
𝑨

𝟐
+ 𝑩, 𝑩 =  𝒎 −

𝒏

𝟐
   

             𝐧 = 𝐀,                     𝐂 = 𝐥 − 𝐦 +
𝐧

𝟐
 

where 𝑙, 𝑚 , 𝑛 are nonlinear elastic constants of the third order proposed by 

Murnagham. 

(4.5) 

4.1.2 Nonlinear interaction of elastic waves 

 When two elastic waves, with frequencies w1 and w2, propagate in a solid and 

interact with each other producing a third wave,  this is called wave-mixing. The interaction 

produces a third wave with frequency  w3 given by the sum or difference of frequencies. The 

conditions for such a resonant interaction are: 

w𝟑 = w𝟏 ± w𝟐 (4.6) 

𝑘3 = 𝑘1 ± 𝑘2 (4.7) 

𝒌 =
w

𝒄
 (4.8) 

Equations (4.6) and (4.7) show the combination of frequencies and wave directions. The + 

sign relates to the case of the summed resonant frequency and the – sign relates to the case 

of the difference resonant frequency. Therefore, Equation (4.6) describes the frequencies of 

the scattered wave and Equation (4.7) describes its direction of propagation. When 

considering the wave propagation in a solid medium, a variety of different resonance 

interactions are possible because of the existence of two velocities.  In order to have the 

resonance conditions, the interaction angle (a), scattering angle ()  and amplitude 

coefficient (w) need for calculation and implementation the equation drescribed in section 

2.4.1 .  
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4.2 Materials and Method 

In this section we discuss how the ten cases for two wave interactions were 

implemented using Equations (2.21, 2.22, 2.23 and 2.24), as summarised in Table 2-1. The 

interactions between the shear and longitudinal waves produced a resultant wave whose 

frequency depended on the frequencies of the interacting waves, for example  𝐿(𝜔1) +

𝐿(𝜔2) → 𝐿(𝜔1 − 𝜔2), where the interaction produced a resultant wave with frequency 

given by the difference of the two interacting wave frequencies. The MATLAB program 

was used to implement the equations with the material constants. The first step in the 

programming process was to define the material parameters 𝜆 , 𝜇 , 𝑙, 𝑚 , 𝑛, r. In order to 

define the dmin and dmax values, the value of 𝛾 was calculated using Equation (2.23). The 

values of the frequency ratios dmin and dmax set the range within which a resonant 

interaction occurs between the two waves. Their values for each interaction case depend on 

the value of 𝛾 used in the equations in column 3 and 4 of Table 2-1. Next, the longitudinal 

and shear velocities (𝑐1 and 𝑐2) were calculated by Equation (2.22). Then the interaction 

angle (a) was calculated by substitution of  𝛾, dmin, and dmax in Equation (2.24).  The 

interaction angle then allows us to find the scattering angle () by inserting the values for  

𝑐1, 𝑐2, a, dmin and dmax in Equation (2.21). To determine the amplitude coefficient (w), the 

parameter DL needs to be calculated from Equation (2.26).   After that, the values of the 

parameters DL , 𝛾, a, dmin, dmax and m were substiuted in Equation (2.25) to find the 

amplitude coefficient. Finally, the interaction angle (a), scattering angle ()  and amplitude 

coefficient (w) were calculated  with  an expression as described in Table 2-1. In this study, 

the general wave interaction was considered, and then applied to PVC by substituting the 

material constants specific to PVC as given in Table 2-2. 

The implemented equations vary depending on the details of the interaction, as shown 

in Table 2-1. For example, in interaction case#5, the dmin value is zero and dmax is equal 

2 𝛾/(1+ 𝛾). The interaction angle (a) was calculated based on  𝛾 – d/2  ((1/ 𝛾) -  𝛾)  

and a material constant of Murnagham (m) was used to calculate the amplitude coefficient 

(w). Finlly the interaction angle (a), scattering angle ()  and amplitude coefficient (w) were 

plotted versus the frequency ratio (d) for values between dmin and dmax. 

In order to calculate the uncertainty associated with the wave interaction in a material, 

the Monte Carlo method was applied to the simulation where the material properties were 

assumed to follow the normal distribution. The Monte Carlo method is a mathematical tool 

that propagates uncertainty associated with the input.  The input uncertainty is modelled 

according to a specific distribution such as normal, log, uniform etc. Of order 1000 random 



Chapter 4  43 

draws from the input distributions produce an output distribution from which we extract the 

uncertainties.   

4.3 Numerical results 

4.3.1 Interaction of wave in an elastic material  

 From Section 2.4 in Chapter 2, the ten cases of nonlinear interactions are 

implemented to calculate the interaction angle, scattering angle, and scattering coefficient 

for polyvinyl chloride (PVC) with having a set of analysis parameters as follows: l=3.64 

GPa,   = 1.83 GPa, l = 33.43 GPa, m = 20.88 GPa,   n = -15.86 GPa, and r = 1350 kg/𝑚3. 

Those are the third-order elastic constants which have been found in (Mohabuth et al., 2019), 

Demčenko, Koissin and Korneev, 2014a, Taylor and Rollins, 1964). Amplitude coefficients 

w (red), interaction angle a (black) and scattering angle  (blue) for all possible ten 

interactions cases from Table 2-1 are shown in Figure 4-1-10 as functions of the frequency 

ratio (d ).  

 

Figure 4-1: Interaction case #1 

𝑳(𝝎𝟏) +  𝑳(𝝎𝟐) → 𝑳(𝝎𝟏 + 𝝎𝟐) 

 

Figure 4-2: Interaction case #2 

𝑳(𝝎𝟏) + 𝑳(𝝎𝟐) → 𝑳(𝝎𝟏 − 𝝎𝟐) 

 

 

Figure 4-3: Interaction case #3 

𝐿(𝜔1) + 𝐿(𝜔2) → 𝑆𝑉(𝜔1 − 𝜔2) 

 

Figure 4-4: Interaction case #4 

𝐿(𝜔1) + 𝑆𝑉(𝜔2) → 𝐿(𝜔1 + 𝜔2) 
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Figure 4-5: Interaction case #5 

𝑳(𝝎𝟏) + 𝑺𝑽(𝝎𝟐) → 𝑳(𝝎𝟏 − 𝝎𝟐) 

 

Figure 4-6: Interaction case #6 

𝑳(𝝎𝟏) + 𝑺𝑽(𝝎𝟐) → 𝑺𝑽(𝝎𝟏 − 𝝎𝟐) 
 

 

Figure 4-7: Interaction case #7 

𝑺𝑽(𝝎𝟏) + 𝑳(𝝎𝟐) → 𝑳(𝝎𝟏 + 𝝎𝟐) 

 

Figure 4-8: Interaction case #8 

𝑺𝑽(𝝎𝟏) + 𝑺𝑽(𝝎𝟐) → 𝑳(𝝎𝟏 + 𝝎𝟐) 
 

 

Figure 4-9: Interaction case #9 

𝑺𝑯(𝝎𝟏) + 𝑺𝑯(𝝎𝟐) → 𝑳(𝝎𝟏 + 𝝎𝟐) 

 

Figure 4-10: Interaction case #10 

𝑳(𝝎𝟏) + 𝑺𝑯(𝝎𝟐) → 𝑺𝑯(𝝎𝟏 + 𝝎𝟐) 
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All the simulation results are shown above. The results for each case are similar to those 

found in the previous study (Korneev and Demčenko, 2014; Korneev, 1998). The results of 

case#1 and case#2 (Figure 4-1,2) show that the interaction and scattering angles are zero. 

Only the amplitude of the mixed wave resulting from the two collinear waves 

𝐿(𝜔1) and 𝐿(𝜔2) is visible in these plots. Figure 4-1 shows that the resonance range of 

amplitude coefficients is in the range 0 to 5 and the amplitude coefficients are negative. The 

result of this interaction is a summing frequency (𝜔1 + 𝜔2).  The amplitude coefficients for 

the simulation of two collinear waves are related to 2m + l, the constants of Murnagham. 

While case#2 (Figure 4-2) has a positive amplitude coefficient value with a frequency ratio 

in the range 0 to 1, the combination of interaction is a difference frequency (𝜔1 − 𝜔2) of 

original frequencies. This interaction case is also related to the third order elastic constants 

2m + l. Figure 4-3 (case#3) shows the shear wave with difference frequency from two 

longitudinal waves where the resonance condition varies in a range between 0.3 to 1 of the 

frequency ratio. The scattering angle takes on values from 0 to 60 while the interaction 

angle ranges from 0 to 180. When the interaction angle is equal to the scattering angle, the 

amplitude coefficient is near a maximum peak.  In this case the scattering angles are related 

to the 𝜆 and 𝜇 constants. Figure 4-4 shows the result of longitudinal wave interact with shear 

wave 𝐿(𝜔1) + 𝑆𝑉(𝜔2) → 𝐿(𝜔1 + 𝜔2) allowed at frequency ratio 0 to 2. Their condition 

starts with interaction and scattering angles equal to 60 and 0 respectively. A frequency-

ratio value of 1.2 causes the interaction coefficient to be zero. This interaction case is 

reciprocal to interaction case#7 𝑆𝑉(𝜔1) + 𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2) as shown in Figure 4-7 

with the same interaction result. Interaction coefficients of both cases are related to m, l and 

µ material constants but in case#7 the coefficient value is negative while in case#4 it can be 

positive or negative. Figure 4-5 and Figure 4-6 show the interaction result obtained from the 

same input combination wave ( 𝐿(𝜔1) + 𝑆𝑉(𝜔2) ) but give the longitudinal wave for 

interaction case#5 and shear wave for case#6. For case#5, the interaction coefficient varied 

in narrow frequency-ratio range of 0 to 0.7 with negative value of coefficients. However, the 

frequency-ratio values cause two zero points for the interaction coefficients for case#6. 

Case# 8 and 9 interactions involved shear horizontal and shear vertical waves and have more 

complicated dependence on constants m and n. Finally, the remaining interaction (Figure 

4-10), is one in which a longitudinal wave mixes with a shear horizontal wave. The variation 

of interaction and scattering angles of case#10 were the same pattern as the interaction 

case#6, but the interaction coefficient is a mirror image. 
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4.3.2 Interaction of wave in aging polymer and hydrogel 

  Regarding the previous ten wave interaction cases, we can predict the combination 

of two wave interactions which is beneficial to various applications. For example, in this 

study, the two wave interactions in polymer and hydrogel material are considered for 

observing physical aging behavior and microparticle deflection in the hydrogel. The 

important factors to be considered are the range of interaction angle, the ratio of frequencies, 

and the amplitude of the interaction coefficient. For instance, in the case of physical aging 

in polymer, the shear and longitudinal wave interaction are chosen, because the different 

wave modes are easy to differentiate during setup and their interaction angle is about 90. 

Then the interaction case should be case#7 𝑆𝑉(𝜔1) + 𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2) . Whereas, we 

should use the collinear interaction for hydrogel material, as it has low ultrasonic wave 

velocities and the interaction result is sum frequencies. The case#1 interaction is possible   

𝐿(𝜔1) +  𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2). The nonlinear wave amplitude coefficient of both cases is 

shown in following: 

𝑤(𝑐𝑎𝑠𝑒#1) = 𝐷𝐿

1 + 𝑑

2
(4𝐶1 + 2𝐶2 + 2𝐶3+𝐶4 + 𝐶5) 

≈ 𝐷𝐿(1 + 𝑑)(2𝑚 + 𝑙) 

(4.9) 

  𝑤(𝑐𝑎𝑠𝑒#7) =
𝐷𝐿

2𝛾3

sin 𝛼

1 + 𝑑
(𝐶1(3𝑑𝛾 + 2𝑞) + 𝐶2𝑞 + 𝐶3(𝑑𝛾 + 𝑞) + 𝑑𝛾𝐶5) 

≈
𝐷𝐿

𝛾3

sin 𝛼

1 − 𝑑
(𝑑𝛾 + 𝑞)𝑚 

(4.10) 

𝑞 = cos 𝛼 (2𝑑𝛾𝑐𝑜𝑠𝛼 + 1 + 2𝛾2𝑑2) (4.11) 

𝐷𝐿 =
𝑑

4𝜋(𝜆 + 2𝜇)
(
𝜔1

𝑣𝑙
)
3

 (4.12) 

𝑑 =
w1

𝜔2
     and  𝛾 = √

𝜇

𝜆 + 2𝜇
 (4.13) 
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Figure 4-11: The amplitude of the collinear wave resulting from the interaction in soft solid.  
When two longitudinal waves are applied to hydrogel material, their propagation is 
combined then travels through the specimen.  

 

 

Figure 4-12: Noncollinear wave interaction between shear and longitudinal waves. 
The calculation used the third-order material constant (m) as estimated by Monte Carlo. 
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 Figure 4-11 shows numerical results for case#1 ultrasonic wave interaction, as 

implemented via MATLAB. The amplitude coefficient of two collinear waves interacting to 

produce a third wave that propagates in a soft material, indicating that the amplitude varies 

with frequency ratio. It can be seen that both interaction angle (a), scattering angle () are 

zero, indicating the collinear nature of the wave interaction. The results show an exponential 

correlation between the frequency ratio and the amplitude coefficient. The calculations of 

the wave combination in case#1 are shown for the agar material properties listed in Table 

2-2. This calculation is based on the configuration arrangement (see Chapter 3) which uses 

the immersion ultrasonic measurement method. These calculations use the Monte Carlo 

method to randomly sample the constants, such as m and l, with defined errors 5%, over 

1000 iterations. The nonlinear amplitude coefficient varies from 0.2 to - 0.2 with units of   

m-3, for the frequency ratio in the range 0 – 5. The results show how the variation of material 

constants affected the amplitude coefficients. Greater variation is seen with an increased 

frequency ratio.  

 Figure 4-12 shows the numerical result for wave interaction case#7 implemented for 

PVC material with Monte Carlo random estimation of the material constants.  The effect of 

variation of the material properties causes the change of interaction and scattering angles 

when two waves interacted together in PVC. The distributions of the interaction and 

scattering angles are equivalent and were quite narrow over the full range of 𝑑 as can seen 

in black and blue graphs in Figure 4-12. Whereas the distribution for the amplitude 

coefficient  w (red graph) is wider for large values of the frequency ratio 𝑑. That mean that 

uncertainty in the material properties leads to greater deviation of the amplitude coefficient, 

which varies between -5.5 to -9 in units of m-3. Clearly, the variation of material properties 

would affect the amplitude coefficient ins both case of experiments at high values of 

frequency ratio. We assumed a uniform distribution for the random sampling of the third 

order constants 𝜇 , 𝜆 , 𝑚 with defined errors of 10%, 10% and 5% respectively. 

The variation of amplitude coefficient, interaction angle and scattering angle were 

affected by the uncertainty of material properties.  This propagation of uncertainties is 

simulated using Monte Carlo method as shown by Figure 4-11 and Figure 4-12. Clearly, the 

findings indicate that when the material properties have a variation, the resulting amplitude 

of two wave interactions exhibit larger fluctuations at the large value of frequency ratio. 
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4.4 Discussion and conclusions 

 This study implemented the nonlinear wave interaction in solid materials. Ten wave 

interaction cases proposed by a previous study were applied for the calculation of amplitude 

coefficients, interaction and scattering angles. The calculation results agree with the study 

of V.A. Korneev which listed the ten possible interaction cases. Interaction case# 1-2 show 

collinear interactions while the remaining eight cases are all non-collinear wave interactions. 

Most of interaction cases are proportional to the third order material constant.  However, 

some cases depend on different combinations.  For example, the interaction of  𝐿(𝜔1) +

 𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2) is proportional to 2m + l. Other case combinations relate to the third 

order constants 𝜇 , 𝜆 , 𝑚 such that 𝑆𝑉(𝜔1) + 𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2), as shown in section 2.3. 

 Application using these nonlinear waves interaction cases have been discussed in 

various studies, for instance  Jiao et al., (2017) used 𝑆𝑉(𝜔1) + 𝑆𝑉(𝜔2) → 𝐿(𝜔1 + 𝜔2)  for 

fatigue crack detection which was an effective method for the quantitative measurement of 

fatigue cracks. Thanseer, Metya and Sagar, (2017); Escobar-Ruiz et al., (2014) also used a 

combination of two shear waves for the evaluation material properties. In addition, the 

mixing 𝑆𝑉(𝜔1) + 𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2) case was used by Demčthe, Koissin and Korneev, 

(2014b), for the measurement of physical aging in polymers and also monitoring the epoxy 

cure processes. Moreover, collinear wave combinations are widely used for application in 

crack detection, degradation and deflection in material (Li et al., 2016; Jingpin et al., 2015; 

Jingpin Jiao et al., 2014; Liu et al., 2012). Those findings suggest that there are a few 

nonlinear wave interaction cases widely used for material characterisation such as interaction 

case#1, case#7 and case#8. For the case of collinear 𝐿(𝜔1) 𝑎𝑛𝑑 𝐿(𝜔2) interactions we do 

not need to arrange a specific angle for the incident wave interaction. In practice, the two 

different frequencies are applied to the same transmitter. With the shear 𝑆𝑉(𝜔1) and 

longitudinal 𝐿(𝜔2) wave combination, we need to compute the incident angles: they need a 

large angle and a small angle for the interacting wave. However, its interaction only relates 

to one constant (m).  For the two shear wave interaction case, 𝑆𝑉(𝜔1) + 𝑆𝑉(𝜔2) →

𝐿(𝜔1 + 𝜔2), the different wave modes of the incident and interaction waves makes them 

easy to distinguish.  

 As discussed in previous sections, two combinations of incident wave are chosen to 

study the physical aging in polymer and hydrogel: interaction case#1, and case#7.  Figure 

4-11 shows analysis of longitudinal and longitudinal collinear wave interaction in a hydrogel 

material. These results can be explained by the fact that the amplitude coefficient of wave 

interaction varied widely for large values of the frequency ratio due to variations in the 

values of the third-order material constants, m, and l.  
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Their variation was in the range 0.2 to -0.2 (in dimension length 10-3). These results implied 

that the 𝐿(𝜔1) 𝑎𝑛𝑑 𝐿(𝜔2) interaction mode would be able to detect the varied material 

constant at the upper frequency ratio. In addition, when comparison with practical 

experiment reported by Courtney et al., (2008) are made the simulation results agree with 

the experiment of those studies when the variation amplitude of ultrasonic interaction signals 

was performed by using changing the excitation frequency in the region of 468-475 kHz 

with a fixed frequency with material. Their results were highly responsive in the upper 

frequency regions.   

 Figure 4-12 shows the calculation of the two wave interactions in a case 𝑆𝑉(𝜔1) +

𝐿(𝜔2) with material constants for polyvinyl chloride (PVC). The effect of varying the 

material constants was simulated by Mote Carlo with a variation of 5 %. The results are 

shown for the interaction angle, scattering angle and amplitude of the scattering coefficient. 

The trend is similar to that of Section 6.3.1(case#7). In this case, the combination was 

proportional only to the material constant m. The trend shows the interaction angle (a) and 

scattering angle (𝜓) varied in a narrow range over the whole range of simulation, similar to 

the result in case#7. While the variation of constant m affected the whole range of interaction 

and scattering angle, the amplitude coefficient (w) of wave interaction has a tendency to 

increase in variation. This deviation varied wildly with the upper frequency ratio. These 

findings imply that the amplitude coefficient of wave interaction would have a high 

sensitivity to change in material properties at the high frequency range.  
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Chapter 5 Nonlinear ultrasonic wave mixing to 
evaluate detection of particles  

 In this chapter, the advantages of the nonlinear wave mixing technique are applied 

to the measurement of small deflecting particles distributed in a hydrogel phantom. The 

collinear wave mixing is implemented using broadband ultrasonic transducers. The 

measurement system was setup using two ultrasonic transducers arranged in the through 

transmission mode. In order to avoid the acoustic impedance effect, this system was 

implemented in a water tank with a moving stage for supporting the phantom mold. The C-

scan image was made using MATLAB programing for controlling and calculating nonlinear 

wave mixing energy. Different sizes of particles were used to generate a deflected signal 

from a phantom. The measurement results indicated that nonlinear wave mixing has a high 

resolution for detecting small particles as compared to the classical ultrasonic method. Last 

but not least, the position of the deflecting particles was determined from the collinear wave 

mixing, which can clearly locate the particles in the phantom.           

5.1 Introduction 

5.1.1 Tissue elasticity   

Generally, a material elasticity explains its ability to return its original size and shape 

after excitation from an external force or stress. For tissue, elasticity is also the ability to 

deform and to recover its original shape when exposed to pressure. The characterisation of 

tissue elasticity has been studied for medical diagnosis (Huang et al., 2019; Ben Amar, 2018; 

Washburn, Onishi and Wang, 2018;Wells and Liang, 2011). The elasticity modulus has a 

significant correlation with various diseases when the local tissue elasticity has been 

categorized and detected (Jorba et al., 2019; Umemoto et al., 2014). The basic principle of 

elastography involves observing the tissue response, in the form of deformation or shape 

change, to external forces. This deformation is also useful for ultrasonic imaging, which can 

provide the density distribution in the tissue, showing tissue nonhomogeneities. Through this 

method, the variation depends on compression force to drive the non-linearity in tissue 

elasticity. Much research has focused on this approach for tissue characterization of diseases 

rather than for the linear method. For instance, Krouskop et al., (1998) evaluated the non-

linearity of breast tissue elasticity in response to different values strain and investigated the 

strain distribution in their tissue. When abnormal tissue is diseased, it tends to be stiffer than 

in neighbouring areas. Linear methods are not as efficient at distinguishing stiffness between 
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normal and diseased tissue in some tumor cases. Sinkus et al. (2006) evaluated nonlinear 

parameters of tissue using ultrasound. Their evaluation was implemented on tissue 

mimicking phantom to determine the nonlinear parameters of the tissue by detecting the 

second harmonics present when nonlinearity occurs. However, this method relied on small 

applied strain values for the various tissue types, making it difficult to distinguish normal 

and diseased tissue. 

 

5.1.2 Acoustic incident on a spherical object 

To investigate the acoustic radiation force on a particle, we study the principle of 

acoustic scattering off of a spherical object. This interaction is modelled by a plane wave as 

evaluated by (Marston, 2007). Basically, the transducer generates the acoustic wave in the 

form of an acoustic beam which can applied in medical imaging, material characterization 

and particle manipulation. For example, the acoustic tweezer is based on an acoustic beam 

trapping a particle using a standing wave. Such a surface acoustic wave device is utilized as 

an acoustic actuator. The acoustic beam is coupled into a microchannel chip to generate an 

acoustic standing wave at a resonance frequency of the piezoelectric substrate. The standing 

wave intensity depends on the acoustic energy density for different driving voltage signals. 

This acoustic beam which appears in the inner microchannel promotes the streaming velocity 

of small beads and can manipulate them (Witte et al., 2013). The properties of the beam are 

important to predict what happens when the acoustic wave is incident upon a sphere. The  

excitation of resonance will depend on the beam parameter such as radius of spherical 

particle (a), sound speed (c), wave vector (k), axial distance (z) and pressure amplitude (P0). 

This scattering has been described in detail by (Marston, 2006). He derived the acoustic 

beam which excites a particle in an ideal fluid by using the Bessel beam principle. The 

acoustic beam pressure, based on the Bessel function, is given by 𝑃𝐵(𝑅, 𝑧) =

 𝑃0exp (𝑖𝐾𝑧)𝐽0(𝜇𝑅) and 𝜇 = 𝑘 sin (𝛽), when 𝑃0 is the axial amplitude, z is the axial 

coordinate, 𝑅 = √𝑥2 + 𝑦2 is the transverse coordinate, 𝐽0 is a Bessel function, 𝐾 =

√𝑘2 − 𝜇2 . Then, the acoustic pressure is calculated by the real part of 𝑃𝐵(𝑅, 𝑧)exp (−𝑖𝜔𝑡). 

The pressure ulcer can be modelled as a small sphere.  Deep PUs, which occur under the 

skin are generated by a peak pressure of a local area and lead to deep tissue injury described 

in Section (1.1.3). The value of 4.3 kPa of tissue compression pressure is reported as the 

main reason for tissue injury and induces a tissue stiffness increase of 3.3 fold from normal 

values when compared to the surrounding tissue (Gefen et al., 2005; Deprez et al., 2011). In 

addition, the study also showed that the peak pressure area was located approximately 4 mm 

in the tissue layer under  
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the ischial tuberosites during wheelchair use (Mak, Zhang and Tam, 2010). Then a threshold 

pressure and peak pressure area would be a key factor for the early detection of pressure 

ulcers. Considering the peak pressure area, if it is assumed to be a small area less than 4 mm, 

it would be useful for early detection. The small object that occurrs in deep tissue causes a 

change of local tissue stiffness and results in different non-linearity of tissue properties, 

which would be characterised by nonlinear wave mixing. Collinear wave mixing is widely 

used to characterize damage in materials and structures.  Here, we apply this to detect small 

defects based on the principle of acoustic scattering on a spherical object taking advantage 

of the properties of collinear wave mixing, including high sensitivity.  This has been used to 

detect micro-cracks or degradation and small defects (Jingpin Jiao et al., 2014). According 

to basic principles, collinear wave mixing techniques are based on the detection of the non-

linearity of the material using the harmonic generation, which is correlated to the non-

linearity of the material (Novak et al., 2012; Liu et al., 2012; Jingpin Jiao et al., 2014; Li et 

al., 2016). Therefore, the use of collinear wave mixing is promising to evaluate non-linearity 

in material and might also be applied for evaluating deep tissue injury in a small area. In the 

study described below, we are interested in the use of collinear wave mixing to detect the 

small spherical object in soft media which represents damaged tissue. Throughout this 

experiment, the collinear wave mixing system was used. 

5.2 Material and Methods  

5.2.1 Collinear ultrasonic wave mixing setup 

 In this experiment, non-linear collinear ultrasonic wave mixing, was used in 

ultrasonic through-transmission mode. Collinear ultrasonic wave mixing is based on two 

fundamental frequencies transmitted through the same transducer. The nonlinearity of the 

transducer results in the combination of the signals and the generation of a harmonic wave 

including the sum and difference frequencies to excite a sample (Figure 5-1). When these 

incident waves have interacted with nonlinearities of a sample, the response of the nonlinear 

signal appears in a term of the sum and difference of the exciting frequencies. The system 

of collinear ultrasonic wave mixing was described in Section 3.3. The measurement system 

is integrated with a moving stage, as shown in Figure 5-2 having X and Y-axis controllers. 

Their motion is programmed using MATLAB command passing through the motorized 

linear actuator (ZABER, T-LSR300B) with a high resolution of 0.496 m/ step. 

 The measurement system consists of “sending” and “receiving” transducers. Both 

transducers are broadband piezoelectric transducers having a central frequency of 5 MHz 
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and 10 MHz for excitation (Tx) and receiver (Rx) (see Section 3.5). The driving frequencies 

have two fixed fundamental frequencies of 4.5 and 6.75MHz sent to the same transducer. 

The pumping frequencies were applied in 20 cycle tone bursts for producing a non-linear 

wave mixing frequency of 11.25 MHz. A function generator (Aim TTi, TG5011) was used 

to generate both frequencies using a special function to create and adjust the frequency 

(Waveform Manager Plus v4.0). For example, the expression to create a waveform is “sin 

(((omg×1.5) – omg)/100) ×t2 +(omg ×t)”, where omg = 2f. This program containing this 

expression was uploaded via USB connection to the function generator.  

The combination of frequencies (w1,w2) was produced at the transmitter and sent to 

the specimen. When two waves interacted at the lesion area, a nonlinear medium, the result 

was the production of a group of new frequency components. The frequency spectrum is 

shown in Figure 5-1(b) when two original frequencies w1 and w2 interacted with the material. 

Because of material nonlinearity, the wave can generate a to second harmonic or mix in sum 

and difference frequencies which can then be used for the evaluation and characterisation of 

material properties. 

 

(a) 

 

 

 

 

 

 

 

(b)  

Figure 5-1: (a) A schematic diagram of the collinear measurement system. The wave mixing 
is generated when two different frequencies are sent to the same transmitter and the 
interaction between the nonlinearities of materials and the two incident waves generates 
sum and difference frequencies as shown in (b). 
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Figure 5-2: (a) The moving stage for supporting tissue phantom. Ultrasonic transmitter (Tx) 
is arranged on the opposite side of the receiver transducer (Rx) with a supporting stage in 
the middle of both transducers. The motorized linear actuators are used for driving in the 
Y_axis and X_ axis. The stage and transducers are immersed in the water tank. (b) The top 
view of moving stage.  (c) The stage without specimen. 

5.2.2 Tissue phantom and particle size preparation 

A tissue phantom is a device used to mimic tissue properties. The relevant acoustic 

properties of mimicking phantom are the speed of sound (c), acoustic impedance (z), and 

acoustic attenuation (a), chosen to be similar to soft tissues. Examples of those properties 

were explained in Section 3.4. In this study we use NIPAM, which has the following 

advantages: 1) easy fabrication at room temperature, 2) it is a transparent material making it 

easy to avoid inducing an air bubble in the gel, and 3) the acoustic properties are the same 

as soft tissue (Sun et al., 2015; Shieh et al., 2014).  

A phantom of 543 cm dimensions was designed with and without particles dispersed in 

the middle of the gel. We use four sizes (40 m, 70 m, 100 m, 150 m) of aluminium-

coated solid barium titanate glass microspheres (BTGMS-Al-4.2, Cospheric) in the 

phantom. The particles were suspended in deionised water containing 0.1% Tween® 20. 

Tween® 20 is a nonionic detergent widely used in biochemical experiment. For this study, 

we used them to prevent the beads from sticking together and/or binding to the substrate 

surface.   The beads in the phantom in this study mimics the pressure ulcer or lesion and 

X,Y_axis 

Tx 

Rx 

(c ) 

(b) (a) 
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deflect the ultrasonic wave. Important examples of acoustic properties of some typical soft 

tissue are shown in Table 2.3. The NIPAM was prepared at room temperature in an acrylic 

mold covered on two sides by clear plastic sheets for transparency. In order to avoid leaks, 

the acrylic mold and covering sheets were sealed with silicon glue.   

5.2.3 Experiment procedure  

 The collinear ultrasonic wave mixing was carried out by exciting the transmitter 

transducer with two fixed frequencies (f1 = 4.5 MHz and f2 = 6.75MHz). The two fixed 

frequencies with 20 cycle pulse from the function generator were sent to an RF amplifier in 

order to drive the transmitter. The driving frequencies f1 and f2 led to the generation of 

sideband frequencies at the sum and difference resonances of 11.25 MHz and 2.25MHz 

because of non-linear effects in the transducer and devices.  In this experiment, the summed 

frequency was used for detection from the received signal because it has a stronger signal 

amplitude than the difference signal (see in Figure 5-7). First, the mixing signal was sent to 

samples with and without particles by using the receiver transducer arranged in the through 

transmission mode, and then the non-linarites of the sample modulate the mixing signal. In 

order to extract the non-linear information from the received signal, the raw signal combined 

by the two fundamental frequencies (see Figure 5-8) was filtered with a Kaiser window filter 

providing narrowband filtering and easy-to-change filtering parameters. After the filtering 

processes, only non-linear wave mixing at the summed frequency is present in the peak-to-

peak amplitude. The energy from non-linear wave signals can be calculated using the peak-

to-peak amplitude (Demčenko, Koissin and Korneev, 2014), and the variation of the energy 

amplitude relates to the non-linearity of the sample.  

 In order to evaluate the deflection from the sample, a C-scanning mode was 

performed at 0.25 mm steps in x and y-directions.  The system set up described in section 

5.2.1 was executed on the specimen with and without particles by C-scanning image. Not 

only the particle reflection was investigated by the gel, but the comparison of the linear and 

collinear ultrasonic measurement also was evaluated by using the same system setup. 

5.3 Experimental results and discussion 

5.3.1 NIPAM phantom properties investigation 

 The properties of the phantom were validated on a NIPAN phantom with dimensions 

504030 mm. The properties validated were the velocity, attenuation, and density of the 

NIPAN phantom. First, the velocity of sound in the phantom was measured  
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Figure 5-3: The phase velocities measurement system. Ultrasonic through transmission 
mode is applied to a specimen with d thickness and the distance between both transducers 

is L . 

using  through transmission methods for evaluation of the velocity of a longitudinal wave in 

the phantom as shown in Figure 5-3. This system of measurement is based on a phase-

spectrum method. The velocity can be measured from the phase velocity data of the received 

ultrasonic signal at a frequency 5 MHz.  An  ultrasonic pulse was transmitted with and 

without the phantom to allow the determination of the phase velocity in the NIPAM 

phantom. The pulse spectra were caculated using the Fourier transform method, then the 

spectra were compared with and without the specimen inserted. The spectra was used to 

calculate the phase based on the Equation (2.8) described in Chapter 2. The calculation 

results were then ploted (see Figure 5-4). Then, the attenuation coefficients were measured 

using the same experimental setup. The attenuation coefficient was obtained from the 

different amplitude spectra of the transmitted pulse with and without specimens. The mehod 

to evaluate the phase velocity and attenuation coefficient is described by He and Zheng 

(2001).  

 Figure 5-4 illustrates the velocity of an ultrasonic wave in NIPAM gel when a 5 V 

(Peak-Peak) ultrasonic pulse was directly applied to a transmitter, then the propagated signal 

from the phantom is measured by the receiver based on the system measurement shown in 

Figure 5-3. A slight increase of phase velocity was observed in a water tank at room 

temperature (21 C) assuming a water velocity of 1482.3 m/s (Zell et al., 2007). An 

ultrasonic pulse propagated through the water as show in Figure 5-4 (a) in blue line while 

the red dash was the ultrasonic pulse propagating through a NIPAM specimen. Both pulse 

were used to determind the phase velocity of a pulse in a NIPAM specimen by using 

Equation (2.8). After calculation, the Figure 5-4 (b) shows the phase velocity curve when 

the ultrasonic pulse passes through the gel. From the graph, the phase velocity of sound in 

the NIPAM phantom was about 1547 m/s at a frequency of 5 MHz. These values are similar 
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to those of human muscle tissue as found in previous research (Culjat et al., 2010), but higher 

by 0.5 %. However, comparison to other phantom materials shows this velocity is the same 

as in bovine serum albumin (BSA) and egg white (Shieh et al., 2014). The NIPAM prepared 

in this experiment has densities in the range 1.057 – 1.12 g/cm3 as listed in Table 5-1. It 

could be used for mimicking muscle and possibly for representing breast tissue, which also 

may be beneficial for high intensity focused ultrasound (HIFU) for ablation. 

  

Figure 5-4: The phase velocity dependence on NIPAM when an ultrasonic pulse is dispersed 
the NIPAM phantom. The transmitted pulse propagates with specimen (red dot) and without 
specimen (blue line) and inserted show in (a). The mechanical property of the gel cause to 
change in the phase of the ultrasonic pulse, related to the velocity as calculated by Equation 
2.8 (b). 

  

Figure 5-5: The amplitude spectrum for 5 MHz ultrasonic wave testing. The amplitude 
spectrum of an ultrasonic pulse when it travels through (a) the water media and then (b) 
when it is attenuated from propagation through the NIPAM phantom as well. The attenuated 
signal is used for calculation based on Equation 2.9 and 2.10, the result of which are shown 
in (c). 

The attenuation coefficient of NIPAM was determined using the amplitude spectrum 

after Fourier transform of the signal, which consisted of through-phantom and reference 

signals. The intrinsic attenuation coefficient value at 5 MHz was about 0.8dB/cm as 

measured at 21 C as shown in Figure 5-5. The result shows that their attenuation value is 

lower than the previous report about 1.9dB/cm at 5 MHz (Shieh et al., 2014). They 

demonstrated the NIPAM to make tissue phantom for thermal ablation therapy by 

(a) 

(b) 

(c) 

(a) (b) 
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ultrasound. The NIPAM phantom with a cloud point temperature have fabricated, the 

acoustic attenuation was about 0.54dB/cm MHz.  

 The phantom densities of many composite materials (see Section 3.4) can be 

determined based on Archimede’s principle. Fifteen thousand millilitres of degassed water  

(𝜌𝑤𝑎𝑡 = 1000 𝑘𝑔/𝑚3) were prepared in the eureka chamber at room temperature. Then, 

the phantom density was evaluated by finding the weight and volume of the sample floated 

in the chamber. Table 5-1 shows the summary of results for the velocity, attenuation and 

density values of the phantom. In order to simulate a defect in the phantom, different sizes 

of particles were arranged in the phantom during the phantom preparation processes. The 

particles are distributed in the middle of a 504030 mm dimension mold (Figure 5-6). 

 The fabricated phantom described above is a reusable hydrogel phantom which was 

designed for the deflection of ultrasonic signal using dispersed particles that represent 

defects.  

Table 5-1: The density, velocity of NIPAM phantoms used for this experiment are 
summarised. Particle are embedded in the phantom and detected by signal deflection. 

Phantom Density (g/cm3) Velocity (m/s) Beads (m) 

Ph01 1.120 1547 - 

Ph02 1.067 1512 3000 

Ph03 1.057 1515 100 

 

  

Figure 5-6: (a) The NIPAM tissue phantom in a 504030 mm dimension mold. (b) The 
dispersed particles in the NIPAM gel can be seen when 10x magnification is used and 
generate reflected signals when they interact with the wave mixing signal.  

(a) (b) 

Bead 
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This type of phantom is based on NIPAM, and some chemicals which make the phantom 

transparent; one can observe the particles in the gel. In addition, phantom transparency 

allows the identification and removal of bubbles in the gel. 

5.3.2 Response in frequency and time domain 

 In these experiments, two driving frequencies were used for exciting an ultrasonic 

transducer with a fixed frequency. The driving frequencies 𝜔1,  𝜔2 were fixed at 4.5 MHz  

 

Figure 5-7: The frequency spectrum of two fixed driving frequencies (𝝎𝟏,  𝝎𝟐)  can generate 

sidebands of sum (𝝎𝟏 +  𝝎𝟐) and difference (𝝎𝟐 −  𝝎𝟏) frequency. The sum frequency is 

used for this experiment. 

 and 6.75MHz, respectively. The amplitude of frequency spectrum with sidebands at the sum 

and difference frequency were detected by the receiver transduce and are shown in Figure 

5-7. The sum of collinear frequencies is11.25 MHz.  

 The combination of the raw signal is shown in Figure 5-8 in the time domain. The 

interaction begins with two fundamental frequencies generated together by a function 

generator, then amplified and passed through the same transducer. According to the 

nonlinearity of the equipment, such as the amplifier and transducer, the nonlinearity of the 

system might affect the mixing frequencies in the same way as the material nonlinearity.  

 The two different fundamental frequencies of the ultrasonic wave reinforce the 

amplitude when they mix. Figure 5-8 (a) shows that two frequencies with a different phase 

w1 

w2 

w1 + w2 

w2 - w1 
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are combined at the transducer. When ten cycles of both frequencies have interacted, the 

combined response of each cycle is added, leading to an increase in the peak amplitude.  

However, the changing amplitude is dependent on the phase difference of the two waves. 

The consequence of the combination is the generation of a sideband frequency as show in  

 

Figure 5-8: Collinear ultrasonic wave mixing signal with the raw signal as picked up by the 
receiver transducer. When two different fundamental frequencies are combined, the mixed 
signal is shown in (a). In order to remove unwanted sideband frequencies, the combined 
signal was filtered by a bandpass filter, resulting in the signal shown in (b).   

frequency spectrum (Figure 5-7). The receiver picks up the combination frequencies as the 

raw signal show in Figure 5-8(a). The combination consists of the summed fundamental 

frequency (𝝎𝟏 +  𝝎𝟐) and the difference fundamental frequency (𝝎𝟐 −  𝝎𝟏). In this study, 

the summed frequency is used because it is stronger than the difference frequency. The 

summed frequency (11.25 MHz) was analysed after filtering the raw signal with a bandpass 

filter (Figure 5-8 (b)). 

5.3.3 Distance-amplitude correlation of particles 

 The location of the particles significantly affects the amplitude of the received signal 

when the radiating beam from transmitter interacted with the particles. The amplitude of the 

wave scattered off of the particles varies with distance along z-axis. In a typical far-field 

distribution the field intensity drops by 6 dB every twice the distance from the transducer 

due to beam spread alone. With particles and phantom present, additional attenuation caused 

further changes in the amplitude. Not only does the depth of the beam from the transducer 

have an effect on the received signal amplitude, but so does the particle size, which affects 

the scattering and causes changes in the amplitude. So in this experiment, the amplitude 

(a) 

(b) 
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(peak-to-peak) received from the reference phantom was measured versus depth of the 

transducer. In addition, particle size was varied in order to determine the effect on the 

received signal amplitude.  

 Figure 5-9 shows that the depth of the ultrasonic beam from the transducer affects 

the received signal when the collinear wave mixing signal was applied to the NIPAM 

phantom with particles. The 4.5 MHz and 6.75MHz ultrasonic waves with 10 cycle burst 

were mixed at the same transducer. In order to have the far-field position of the ultrasonic 

beam interacted with the particle strongly, the position of Tx transducer was about 22 mm 

based on the far-field distribution curve shown in Figure 5-9(b). The ultrasonic field 

propagates from the transmitter at 6.75MHz as shown in Figure 5-10. Along the z-axis, as a 

function of distance from the transmitter, we find a distribution of peaks. The location of the 

transmitter was chosen so that the scattering off of the particle occurs at a peak in the far 

field distribution.      

 

 

 

Figure 5-9: (a) The schematic diagram shows the arrangement for the through-transmission 
method used for determining the effect of the distance and particle size. The transmitter 
location depends on the pressure distribution curve. Tx is located at a high-pressure peak 
with a fixed distance of 15 mm from the surface of the phantom. Panel (b) shows the 
magnitude of the on-axis velocity of the 10 MHz, 9.524mm diameter transducer as a function 
of the depth in the water-NIPAM phantom gel. 
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Figure 5-10: The 2D image of the near field distribution for a 10 MHz, 9.524mm diameter 
planar piston transducer generating into water. 

  

Figure 5-11: The effect of distance of a particle and particle size on the received signal 
amplitude after scattering off of the particle.  

 

5.3.4 The deflection of particles 

 The deflection from beads distributed in NIPAM gel is investigated by a collinear 

signal. Ten cycles of two ultrasonic frequencies are applied to the phantom and the scattered 

wave is measured by x-y axis scanning. The experimental setup is shown in the schematic 

diagram of Figure 5-9(a), with more detail given in Section 5.2.1. In order to avoid 

impedance effects, the measurement was carried out in a water tank with a moving stage to 
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support the phantom mold. Four phantom specimens were created, each with different sizes 

of aluminum-coated solid barium titanate glass microspheres           

(BTGMS-Al-4.2, 30 -150 µm, Cospheric) in the gel. The particles are located in the middle 

of the phantom, whose thickness is 15 mm. The C-scan image is performed to detect a defect 

particle.  The ultrasonic C-scan produces a two-dimension image because the ultrasonic 

transducer is moved along the X -Y axes over the specimen being inspected. The display 

shows the peak of signal response within a given time interval as a function of transducer 

position.  The scanning step is performed with 60  60 steps and a resolution of 0.25 

mm/step. The data acquisition automatically picks up each step and stores the measurement 

in the memory for later processing. 

 Figure 5-12 shows a C-scan image using a collinear ultrasonic signal when the initial 

signal was reflected from the particles. It is clearly seen that when the collinear wave 

produced by mixing interacts with particles, the result is a generated reflected signal of 

magnitude around 1.8 - 2.6 mV peak-peak (the blue dot). The polarity of the reflected signal 

was negative when the wave strikes a particle because of the increased attenuation due to 

the higher density of the microspheres as compared to the gel. When the material densities 

were high, there was increased reflection of the ultrasonic signal and therefore less 

transmission.  This results in the received signal having a negative polarity, as shown in 

Figure 5-13. When the reflected signal was studied closely, and it was noted that there was 

a base signal level that corresponded to transmission through gel only.  The transmitted 

signal decreases from this base signal level to a lower point when there scattering off a 

particle. That would be the result induced by the nonlinearity of the particles. 
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Figure 5-12: The nonlinear ultrasonic wave mixing method, C-scan, is performed on a NIPAM 

phantom with 150 m particles distributed throughout the gel. The C-scan image is performed 
in the X_Y axes with 60 x 60 steps and 0.25mm resolution for each step. The blue circles show 
the scattering of the nonlinear wave of the particle. 

 

Figure 5-13:  For the focusing area defined in(Figure 5-12), we plot the nonlinear wave signal 
that results from scattering off the particles.  Scattering points result in a negative peak 
when compared to the base signal level. 
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Figure 5-13 shows a C-scan image of the focusing area defined in the pre-scan image (from 

Figure 5-12). The pre-scanning image has a resolution of 0.25mm/step. the C-scanning was 

repeated experiment by adjusting the scanning step to a resolution of 0.1mm/step with 60 by 

60 steps and the same the setup in all other respects. The image from the particle phantom 

shows higher resolution (Figure 5-13) than the previous scan. However, the scan covers a 

smaller area, 6 mm2, compared to 15mm2 with the scan using a resolution of 0.25mm/step ( 

Figure 5-14). 

 

Figure 5-14: The nonlinear wave mixing scanning image shows the reflected result from the 

150 m particle size with resolution of 0.25mm/step. The marker point provides a reference 
for the scanning the phantom. 

 The effect of particle size was investigated with different size particles distributed in 

the phantom. To find smallest particle size which nonlinear wave mixing can detect, the 

measurement was carried out on 150m, 100m and 70 m particle sizes dispersed in 

NIPAM gel phantom. There are two resolution scanning steps: 0.25 mm/step and 

0.1mm/step. 

 Figure 5-15 (a) shows C-scanning with a step size of 0.25mm of the nonlinear wave 

mixing signal reflected off of 100 m sized particles in the middle level of the phantom mold 

(see Figure 5-9 (a)). The results clearly indicate the presence of the particles (dark blue 

areas). The visible decease in nonlinear wave mixing energy when the initial wave interacts 

Marker point 
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with the particles shows that the nonlinear wave mixing method has enough sensitivity to 

image 100 m size particles. Moreover, the nonlinear wave mixing signal strongly reflected 

when we re-scanned using 0.1mm step resolution (Figure 5-15 (b)). Figure 5-16 shows the 

nonlinear wave mixing signal C-scan image for 70 m particles in the phantom. As in the 

previous experiment, the reflected signal from the particle is represented by dark blue areas 

(lower amplitude) in the nonlinear wave mixing scan. However, the image quality has a low 

resolution resulting in difficulteis to differentiate the particles. 

  

Figure 5-15: Nonlinear ultrasonic C-scan image of the NIPAM phantom with distributed 100 

m particles: the pre-scanning results were performed with a resolution step size of 
0.25mm/step (a), and then the focusing area was located for repeating the C-scan (b) with 
0.1mm/stem resolution. The scanning area was 15 square millimeters for 0.25 mm/step 
whereas it was 6 square millimeters for the 0.1 mm step resolution. 

 

Figure 5-16: Nonlinear ultrasonic C-scan image of the NIPAM phantom with distributed 70 

m particles: the pre-scanning results were performed with a resolution of 0.25mm/step. 
The scanning area was 15 square millimeters. 
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5.3.5 Comparison of linear and nonlinear ultrasonic technique 

 One of the objectives of this study is to compare the linear and nonlinear ultrasonic 

measurement methods for wave deflection off of small particles. The comparison is carried 

out on the same tissue phantom with particles. The result of this experiment benefits from 

the strength of the nonlinear ultrasonic method for the detection of the deflected signal from 

minuscule particles and also its ability to evaluate nonlinearity in a tissue phantom. 

 The experimental setup was described in Section 5.2.1 with a 15mm thick tissue 

phantom diffused by 150 m particles. The collinear wave imaging was performed using C–

scanning at 0.25 mm steps in the x and y directions in a water tank at room temperature with 

a supported specimen. This setup also was used for linear through ultrasonic transmission 

mode with 6 MHz frequency, 10 cycle bursts and the nonlinear method using the collinear 

technique with 4.5MHz and 6.75MHz. 

 The C-scan image for the deflected signal using the linear ultrasonic measurement 

technique is shown in Figure 5-17 (a). The non-linear wave mixing results are illustrated in 

Figure 5-17(b) with the same experimental setup. The reflected signal is represented by the 

peak-to-peak amplitude for the wave deflected from the particle, as shown by the blue spots 

as mentioned previously. As before, we observed a decrease in the signal due to scattering 

and also clearly saw that the linear signal at 6 MHz is rather weak when compared to the 

nonlinear technique at 4.5MHz + 6.75MHz. The intensity of the initial wave generated from 

linear ultrasonic signal is around 0.5 (normalized peak-peak amplitude (App)) whereas it is 

about 2 (normalized App) for nonlinear wave mixing. The nonlinear wave mixing results 

generated a stronger signal with higher contrast indicating the location of the particles than 

the linear method. The contrast from the linear method gives low-quality of information to 

distinguish the locations of the dispersed particles. In addition, it is clear that the nonlinear 

wave mixing shows differentiation between the background level of the signal and the peak 

signal (Figure 5-17 (b)). These results are consistent with earlier research which suggests 

that the nonlinear wave mixing has higher sensitivity. These techniques are proposed for the 

quantitative characterization of a small defect (Li et al., 2016). It appears that the high 

contrast image from the nonlinear wave mixing method is from the higher frequency that 

results from the summed frequency, which is possible due to the nonlinear effect in the 

mixing. This is similar to a numerical study of non-linear wave mixing which found after 

the wave interaction, the wavefront increases the width, interval, and peak-amplitude of the 

group pulse. These increases may be the cause of the increase in the image contrast (Sun, Li 

and Li, 2016). This result suggests that this behavior may be used to evaluate a minuscule 

defect in material with high sensitivity, with an ability to differentiate small particles. 



Chapter 5  69 

 

 

 

Figure 5-17: The C-scan image comparing between linear ultrasonic 6 MHz (a) and non-
linear ultrasonic wave mixing (b) of two fundamental frequencies (4.5MHz and 6.75MHz).  
The experiment was performed on the same system measurement with phantom as well. 
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Figure 5-18: The C-scan image of linear and non-linear ultrasound comparisons.The C-scan 
image compared between linear ultrasonic 6 MHz (a) and non-linear ultrasonic wave mixing 
(b) of two fundamental frequencies (4.5MHz and 6.75MHz). The experiment was performed 

on the phantom with dispersed 70 m particles. Some particles had not completed 

distribution due to the electrostatic force showing in the circle area. Both techniques were 
able to detect a vast congregated particle; however, the nonlinear wave mixing illustrated 
more contrast. 
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Figure 5-18 shows the C-scan image for a phantom with dispersed 70 m particles. The 

scanning uses the same setup parameters as the previous experiment. However, for the 

dispersing particles in the phantom, the dispersion is incomplete in that some particles 

congregate together. The results of the C-scan image show that the nonlinear wave mixing 

result gives high contrast when compared to the linear method. The response of the particle 

congregation is shown in Figure 5-18 (a) and (b) however, the non-linear wave mixing gives 

significantly higher contrast in the reflected signal from the particle. The nonlinear wave 

mixing occurs at the summed frequency of 11.25 MHz in the measurement. In addition, 

some particle scattering produced a reflected ring surrounding the particle with an intensity 

of 0.2- 0.6 (normalized App).  This ring may be generated when nonlinear wave interacts 

with a particle which causes the vibration of the particle and then generates a resultant wave 

that propagates outward from the particle forming the ring. The oscillated wave would be 

from the nonlinearity of particles due to the particle behaves nonlinear hysteretic. The initial 

wave is distorted by their nonlinearity and then create associated harmonics, duplication of 

a wave of different frequencies and change in resonance frequencies(Van Den Abeele et al., 

2000; Van Den Abeele, Johnson and Sutin, 2000). 

5.3.6  The response of the local defect area 

 A traditional ultrasonic method was used to detect a material defect based on an 

interaction between a linear wave and a defect area, as a result of amplitude and phase 

variation of the input signal. However, for the small defect, a high initial energy to activate 

the defect is required.  This section describes an attempt to overcome this problem using the 

concept of a nonlinear ultrasonic resonant defect, which is associated with anharmonicity of 

the material. The principle properties of a nonlinear material are dependant on the stiffness 

of the nonlinear material and the strain which results from a local variation of the wave 

velocity and waveform distortion leading to higher harmonic generation (Van Den Abeele, 

Johnson and Sutin, 2000). The variation of the nonlinearity effects can be used to identify 

and localize the defect or the nonlinearity of the material. The oscillation driving the 

specimen with a defect particle generated a natural frequency (resonance) of the defect or 

damaged area called a local defect resonance.   

 In this experiment, the collinear wave mixing nonlinear signal was used for local 

excitation of particles representing the defect in the gel. The receiver transducer measures 

the higher harmonic response of the defect at the resonance frequency. The experiments were 

carried out with 100 m particles dispersed in the gel phantom at driving frequencies of 4.5 

MHz and 6.75 MHz with 10 cycle bursts. 
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Figure 5-19: 2D images of local response to the collinear wave mixing.  

 

The response pattern to the collinear wave mixing signal is shown in Figure 5-19 (a). It was 

noted that the driving frequency intensely affects the energy amplitude of the summed 

frequency for interaction with the local defect point (a particle). The amplitude at the local 

defects show significant reflection with lower amplitude (blue color) at the position P1 and 

P2 as indicated in the x-y coordinate system.  Figure 5-19 (b) shows the tendencies of 

collinear wave mixing response for the normal area (no defect) when performing C- scanning 

image. It is seen that the level-plane of amplitude (Energy) varies around 0.8 (normalized 

App) at the normal level plane. The summed frequency wave responds to the local defect as 

illustrated in Figure 5-19(c). The local response efficiently generates a signal with negative 

peak at 0.4 (normalized App), which is out of the normal level plane. Obviously, the 

amplitude of the response signal is significantly different when compared to the normal level 

plane indicated by P1 and P2 location. 
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 Figure 5-20 shows the vibration of the particle at a local defect. The collinear wave 

exciting signal not only generates the local deflected signal but also causes the vibration at 

the local area. When we consider closely the defect area, we found that the vibrations at the 

local area are from vibration of the particle. It was noted that the wavefront propagated along 

a horizontal plane. The response of the vibrated wave was likely homogeneous over the 

deflected area. The wave origin appears in the middle of the defect and propagates outward. 

The origin of the defect was the location of the particle, which can be identified by looking 

the amplitude of the reflected wave. The variation of the magnitude of the reflected wave 

over the local defect was in the range 0.8 -0.4 mVpp as shown in Figure 5-20(b). It indicates 

that the normal level of magnitude varies in the range 0.8 -0.9 mVpp and rapidly decreased 

to 0.3 mVpp 14 mm along the x axis. This is the location of the particle and the origin of the 

vibration.  

The vibrations can be understood by considering the interaction of the particle with 

the standing wave as described by the theory of acoustic radiation forces on particles.  The 

ultrasonic wave creates a standing wave in the gel in the direction of the acoustic wave. If 

the particle is at a node of the standing wave, it was trapped and remains stationary. 

However, if the particle is not located at a node, it will vibrate and generate local movement 

(Yamakoshi and Noguchi, 1998; Knoop and Fritsching, 2012). Our experimental results 

agree with findings from the previous experiment (Section 5.3.5). The particle is assumed to 

undergo movement via the ultrasonic pressure field in the near field, at 15mm. The 

oscillation of a particle can be calculated as described by Wei et al., (2014).  

 

 

Figure 5-20: 2D-images of vibration mode for the local deflect area  (P1 and P2) when 
zoomed in around the reflected area.  

 

(a) (b) 
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5.4 Summary 

 The collinear wave mixing ultrasound was successfully implemented for evaluating 

the particle deflection in a tissue phantom. The ultrasonic through-transmission mode was 

set up with an x-y axis moving stage for supporting the hydrogel phantom. Different driving 

frequencies of 4.5Mz and 6.75MHz were used to generate a summed frequency nonlinear 

wave mixing signal used to evaluate the deflected signal. 

 In order to generate the deflected signal, different microparticles (70m, 100m, 

150m) were distributed in the tissue phantom, which was made from NIPAM hydrogel. 

This kind of gel has many advantages for the proposed work, such as easy preparation, 

transparent material and acoustic properties similar to human muscle.  The gel properties 

were verified before use. 

 The results clearly showed that the nonlinear wave signal can detect the 

different particles with higher sensitivity and resolution when compared to the linear 

ultrasound. The results of a C-scan from the nonlinear signal provide evidence that the high-

resolution image of the deflected small particle can be measured by the nonlinear wave 

mixing technique. In addition, utilizing particles with size similar to ulcer, our results suggest 

it may be possible to detect a small size of pressure ulcer (70m) deep in the tissue with 

nonlinear techniques. 
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Chapter 6 Nonlinear ultrasonic wave mixing for 
evaluating physical aging in polymers 

 Physical aging is the behaviour of polymers when they are exposed to high 

temperature. The aging mechanisms cause their properties to change. They become rigid, 

brittle, and dense. In this Chapter, non-linear ultrasonic wave mixing, a nondestructive 

technique, was used to evaluate the physical aging of polyvinylchloride (PVC). The system 

consists of two transmitters sending an ultrasonic signal to a specimen. The propagated 

signals from both transducers interact with each other in the material with specific angles. 

The result is a generated third wave highly sensitivities to material properties that can be 

applied for physical aging evaluation. This technique has the ability to detect the changing 

of material properties. It was found that the physical aging is more pronounced after 

rejuvenation and quenching processes and that the nonlinear wave mixing energy increased 

dramatically during annealing processes. 

6.1 Introduction 

Amorphous thermoplastic polymers such as polyvinylchloride (PVC) and 

polymethylmethacrylate (PMMA) are widely used in industrial applications including the 

medical device industry (Nouman et al., 2017; Zemljič et al., 2019; Girija, 2019), due to 

their competitive costs, simple processing, biocompatibility, and good mechanical 

properties. However when the polymers are exposed to temperature (up to 70 C), they lose 

their properties and become rigid, brittle, and dense because the temperature causes a 

reduction in molecular weight (Jin, Li and Torkelson, 2017). This is a serious problem for 

these materials, affecting the material performance, especially for polymers. The prediction 

of their properties while aging, as they perform their functions, is important to prevent risk, 

especially in water and gas distribution networks (Gedde et al., 1994). In addition, in order 

to control the quality of medical devices made from a polymer material, the guidance of 

polymer medical devices (ASTM D3045) has been issued to guarantee that their properties 

can be stored for an extended period without any decrease in performance and efficacy when 

their devices are used. This procedure is called the Simplified Protocol for Accelerated 

Aging which was based the Arrhenius model with an applied activative energy for driving 

the reaction (ASTM committee D20, 2003; Gillen and Celina, 2016). 

  



Chapter 6  76 

Physical aging is not a new subject, and has been known and thoroughly studied. The 

aging of material has been studied in many research fields, especially polymer science. Most 

of the amorphous polymers demonstrate physical aging which would be affected by the 

density, stiffness, and brittleness of polymer (Kucera, Felton and McGinity, 2013). When an 

amorphous polymer is exposed to high temperature over that of the glass transition 

temperature, it results in a loss of strength and increased stiffness, leading to brittleness and 

breakage. The glass transition temperature (Tg) is essentially the melting point of the 

polymer when it changes form a solid to a rubbery stage and then when its temperature is 

cooled down to the beta transition temperature (T), the polymer returns to the glassy stage 

again.   This process, known as physical aging, leads to structural relaxation, which is a 

reorganisation of the material’s structure after heating. This behaviour can be observed 

below Tg and significantly affects the polymers mechanical properties. This causes 

amorphous polymers to change their properties when annealed at a specific aging 

temperature below Tg and, as a consequence, leads to changes in the molecular mobility of 

polymers. This phenomenon can be characterised by thermodynamic quantities, local 

structure, free volume kinetics, and crystallization (Hutchinson, 1995; Cangialosi et al., 

2013). Struik (1977) reported the basic aspects of the physical aging phenomenon. The report 

described the concept of free volume when the polymers are quenched from the equilibrium 

to the non-equilibrium state, their volume clearly displays a decrease of specific volume as 

a function of time. This is a consequence of the decrease of the free volume of materials and 

leads to their loss of molecular mobility as a result of aging. Hutchinson (1995) published a 

review paper of physical aging of polymers which included numerous phenomenal aspects. 

Based on dilatometry and calorimetric methods, he summarised the physical aging behaviour 

in microstructural aspects and also clearly described the thermodynamic state of polymers. 

Cangialosi et al., (2013) provided a critical review of physical aging in polymer and polymer 

nanocomposites. They explained the fundamentals of physical aging, summarised the 

methods to monitor physical aging, and also focus on two methods for evaluating the aging 

of glassy polymers and polymer nanocomposites. The aging induced changes in the 

dimensional and mechanical performance of materials involved in physical aging have been 

widely discussed in industrial literature.  

 Various techniques have been used to evaluate physical aging including differential 

scanning calorimetry, creep deformation, dilatometry and dynamic mechanical spectroscopy 

(Hutchinson, 1995). For example, the basic principle of differential scanning calorimetry is 

applying a constant heat rate with two chambers, the specimen and reference chambers. The 

chamber with specimen consumes more energy than other. This energy difference is called 

the specific heat which is evaluated as a function of temperature (Drzeżdżon et al., 2019). 
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Creep deformation is based on the tensile test where a constant force is applied to the 

materials. Then, an increase in the stress-stain curve at the yield stress can be represented by 

physical aging (Fairhurst, Thommen and Rytka, 2019). Another dilatometry method has 

been used for aging measurement since the 1930s. The measurement involves the 

dimensional change of a specimen under the fixed temperature then observing the deviation 

of length with temperature (Hunkel, Surm and Steinbacher, 2018). However, many of the 

mentioned methods are destructive techniques of physical aging inspection and the detection 

method is limited. For example, calorimetry needs some specimens for heating and 

evaluating physical aging. In addition, the tensile test measured yield stress deformation has 

been found to vary with frequency (Demčenko, Akkerman, et al., 2012). It should be noted 

that those techniques are not practical for evaluation in field inspections and also are suitable 

for physical aging investigation in the laboratory and they would be the non-destructive 

measurements.  

 Ultrasonic wave velocity and attenuation have been widely used for investigation of 

acoustic mechanical properties of the polymer (Perepechko and Golub, 1973; Pouet and 

Rasolofosaon, 1989; Koda et al., 1993; Higazy et al., 1994). In those studies, a longitudinal 

and transverse sound wave was used for evaluating the properties of polyvinyl chloride and 

other polymers in terms of sound velocity, attenuation, and dispersion of the ultrasonic wave 

and also the elastic modulus (Koda et al., 1993). The characterisation of aging of a polymer 

via ultrasonic wave has been reported for the study and comparison of the tensile creep 

compliance with various kinds of dynamic measurement techniques such as a tensile non-

resonance method (0.01 – 60Hz), audio frequency flexural resonance (100Hz – 4 kHz) and 

the ultrasonic wave propagation technique (1-5MHz) (Read et al., 1992).  

However, Demčenko et al., (2012) showed that the classical tensile compliance test 

for PVC physical aging has loss their values at the wide range of aging time (10-8 – 106 s) at 

23 C. They also proposed that the non-linear ultrasonic technique has high sensitivity for 

material characterisation in terms of physical aging. A pipe of PVC was investigated for 

physical aging after the quenching process then linear and non-linear ultrasonic 

measurements were performed to detect the state of physical aging of PVC. Moreover, not 

only can nonlinear acoustic techniques be applied to measure physical aging processes of 

thermoplastics, but they can also be used for the monitoring of epoxy curing processes as 

well (Demčenko, Koissin and Korneev, 2014). The literature shows that if nonlinearity of 

PVC during aging occurs after quenching and annealing processes below Tg, then non-linear 

ultrasonic wave mixing is observed with annealing time dependence only. However, 

increasing the annealing temperature leads to accelerated physical aging. In addition, few 

studies have reported on the non-linear ultrasonic wave mixing for physical aging 
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acceleration in PVC with varying annealing temperature (Read et al., 1992) (Demčenko, 

Akkerman, et al., 2012).  

According to histology of tissue studies of compressive pressure on rats, skin and 

muscle tissue cannot tolerate high mechanical loads. When the skin and tissue are loaded by 

13.3 kPa for seven days on the tibialis areas (Mak, Zhang and Tam, 2010), the observed 

results showed that this pressure cause deep tissue ischemia then develop tissue damage and 

PUs. During the time for PU development, there are a lot of changes in tissue properties, 

beginning after six hours with tissue ischemia, after 48 hours with degeneration of muscle 

fibers because of increasing of nuclei, at 72 hours atrophic and hyperprophic muscle fibers 

are present, at 96 hours muscle fibers are replace by fibro-fatty tissue and become tissue 

necrotic, then at 168 hours muscle fibers become severely necrotic. This progressive 

development of PUs is time dependent during the loading on skin tissue and contributes to 

stages of PU development. In addition, the level of ischemic tissue causes not only an 

increase in the acoustic backscatter coefficient of tissue but also to an increase in the acoustic 

velocity (O’Donnell, Mimbs and Miller, 1981; O’Brien et al., 1981). This would be a 

condition for monitoring each stage of PU development.   

 In this work, we studied non-linear ultrasonic wave mixing techniques used for 

material characterisation. The measurement system was set up in the laboratory with high 

precision and quality devices:  transducers, oscilloscopes, power amplifiers, and computer 

(see Chapter 3). After understanding the non-linear wave mixing system, we applied it to the 

investigation of physical aging acceleration in polyvinyl chloride (PVC). This behavior of 

polymer is time dependent and analogous to the behaviour of polymer physical aging and 

ulcer development. Last but not least, the system could be used for characterising damage in 

materials and structures because of the system’s sensitivity. 
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Figure 6-1 The aging phenomenon usually occurrs between glass transition temperature 
 𝑻𝒈 and beta transition temperature 𝑻𝜷. When the temperature exceeds 𝑻𝒈, there is a 

change stages the solid to the rubbery stage. Cooling below 𝑻𝒈 results in a transition to 

the solid stage with aging occurring. 
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6.2 Material and method  

6.2.1 Experimental setup 

 The non-linear ultrasonic wave mixing for physical aging evaluation is shown in 

Figure 6-2.  It consisted of two transmitters sending an ultrasonic signal to a specimen. The 

propagated signal from both transducers interacts with each other in the material with 

specific angles. The result of the interaction is a third generated wave which can be detected 

by the ultrasonic receiver. This wave has high sensitivity and can be used for the detection 

of non-linearity of material quality.  In this experiment, this signal was applied to the 

evaluation of physical aging in polymers. In order to reach the wave mixing condition, the 

geometry configuration of the transducer was first setup depending on the wave interaction 

combination then according to the geometry configuration parameters leads to the 

experimental setup (see Chapter 3 for non-linear wave mixing experimental setup). The 

specimen was arranged in a horizontal position with parallel to transducers, in order to 

confirm the specimen balance, a level balance scale bubble tool was used for horizontal 

verification while the experimental setup. 

 

 

 

 

  

𝑣𝑓 ,  𝜌𝑓 

𝜆,  𝜇,  𝜌, 𝑙,𝑚, 𝑛 

Figure 6-2 ; Non-linear ultrasonic wave mixing measurement system,  

when two waves interact and meet the resonance condition, a mixing wave (w3) is 

generated. The reflected wave propagates at a specific angle which can be detected by 
the receiver transducer.  
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In order to avoid the acoustic impedance effect (Lee, Lahham and Martin, 1990), the 

measurement was performed under water, coupling in a glass chamber as shown in Figure 

6-5. When the through-transmission mode was needed, the receiver was arranged on the 

bottom of the specimen. For working in this mode, the wave mixing signal was stronger than 

in the pulse-echo mode (a receiver picked up the reflected signal on top). 

 The hot plate with adjustable temperature was installed for controlling temperature 

of the water in the chamber with water circulation by a magnetic stirrer for temperature 

stabilization.  

 The inclination angles of transmitter 1 and transmitter 2 can be adjusted precisely by 

using rotation stages with 360 coarse and 5 fine. Both transducers were attached to the 

adapter tube and mounted on the rotation stage. The length of the tube is suitable for the 

arrangement of the geometry configuration. 

 The driving parameters for the pump wave sources were described in Section 3.2.3. 

The pumping frequencies of both transducers are chosen in relation to the interaction angle, 

scattered angle, and amplitude coefficients to produce an ultrasonic wave mixing signal as 

described in Section 3.2.1.    

  

6.2.2 Experimental procedure 

 PVC sheets were prepared as specimens for the experiments. In order to fit in the 

glass chamber, the dimension of the PVC sheets are 80 x 100 x 9 mm. All PVC was supplied 

by Oroglas company with glass transition temperature Tg 80 C, the beta transition 

temperature T -50 C (Struik, 1977). The PVC samples were heated to 10°C above Tg for 

60 minutes to erase the thermomechanical history and the temperature was checked 

immediately. The temperature was measured to be 90°C by Fluke Ti85 Instrument. Next, 

heated specimens were quenched in an antifreeze liquid of temperature -34 C for 20 

minutes. The cooling temperature was maintained by an immersion cooler (JULABO 

FT402). After that, the quenched PVC sheets were placed into a water bath, where the 

nonlinear ultrasonic measurements were performed with a 30 s sampling rate. A magnetic 

stirrer was used to maintain a uniform temperature distribution in the water chamber. Data 

were collected for one hour at each of the following four annealing temperatures: 24C, 

26C, 28C, and 30C.  
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6.3 Results and discussion 

6.3.1 The simulation 

 In this section, a simulation was performed to predict how the waves interact and 

propagate in water and the PVC specimen interface. The two main parts in the simulation of 

the ultrasonic displacement are due to linear wave propagation and non-linear wave 

interactions. For each case, the system has a certain setup involving the frequency ratio of 

two initial waves, inclination angles, and specific material properties (see Chapter 3). The 

simulation was based on the distributed point source method (DPSM) developed for 

ultrasonic field radiation simulation of a fluid - solid interface using Green’s function for the 

displacement calculation at the interface layer. The DPSM concept is that the front surface 

of a transducer has a small number of point sources dispersed surrounding the transducer 

area. These sources generate the ultrasonic field distributed through the two layers. The 

implementation details of the DPSM are clearly described by Banerjee, Kundu and 

Alnuaimi,  (2007). By using this approach, the nonlinear elastic field can be calculated 

including both horizontal and vertical displacements. The following summarises the 

procedure for the simulation. First the geometry of two transducers was created using a grid 

as described in DPSM method. Then the point-source strengths were computed at the 

interfaces layer by using global matrices at two excitation frequencies. Finally, the nonlinear 

forces propagating to the solid were calculated along with the linear elastic fields  

(Demčenko et al., 2019). The numerical results show the directions of linear and nonlinear 

wave reflections from the interface. The direction of the two ultrasonic waves from different 

sources propagate from the water medium and reflect on the boundary surface of the PVC 

specimen. We first consider the vertical displacement of the field (Figure 6-3).  When a 

driving source TR1 generates the ultrasonic wave, the displacement propagates to the 

interface boundary and was transmitted to the specimen as a shear wave (SV, blue line), 

which propagates along direction  k1, as defined in Section 2.4.1.   
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Figure 6-3: The horizontal and vertical displacement of the linear ultrasonic field. Panel (a) 
highlights the direction of linear ultrasonic wave propagation.  Panel (b) shows the resonant 
point.   

For source TR2, the longitudinal (LV, green line) and shear wave (SV, green line) were 

generated after transmission through the boundary. For non-linear waves we ensured 

condition 7 of Table 2.1 was satisfied.  Therefore, the shear wave and longitudinal wave 

produce a resonant longitudinal propagated wave (LV), along the direction of k3. This 

resonance point can be clearly seen in Figure 6-4 (b). We note that the interaction point is 

located in the middle of the specimen (z is about 5 mm). This is an expected result that would 

be required for practical measurement. 

 We also consider the ultrasonic energy densities of the waves propagating from a 

source to the boundary. The numerical results show that the displacement value and pressure 

intensities are in the range 0.2 – 0.8 m and 0.5 – 2 MPa, respectively. 

  

Figure 6-4: Interaction of non-linear ultrasonic waves. (a) The interference of two primary 
ultrasonic waves. (b) The resonant point of the non-linear interaction.  

The linear and nonlinear ultrasonic wave propagation was evaluated to understand the 

direction and behavior from the horizontal and vertical viewpoints. When two primary 

ultrasonic waves with frequencies 2.5 MHz and 3.75 MHz meet with each other, the mixed 

wave at frequency 6.25 MHz was generated. Figure 6-4 (a) shows that when longitudinal 

and shear wavefronts combine, the wave interference can be observed clearly. The 

a b 

a b 
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TR2 

TR1 
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LV 

SV 

SV Resonant 
point 
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interference region is limited to the region of overlap of the two waves. The area of 

interference shows a high intensity of displacement in the range of 0 – 0.01 m. After 

interference, and as a result of non-linear wave mixing, a third wave with frequency equal 

to the sum or difference of the two fundamental frequencies, propagates at 90 with weak 

intensity of 0.01 m (see Figure 6-4(b)). Clearly, the simulation indicates that the non-linear 

wave of 6.25 MHz was created in the area for detecting physical aging and the generated 

non-linear wave can be received by a transducer. In addition, it can be seen that the non-

linear wave mixing energy is attenuated by 2 dB from the linear interaction because of the 

interaction processes. The results also suggest that the transducer used to pick up the signal 

should have high sensitivity and the amplifier should provide a good signal to noise ratio.        

6.3.2 Experimental results 

6.3.2.1 Experimental system and received signal determination 

The practical setup for non-linear ultrasonic wave mixing is shown in Figure 6-5 and consists 

of TRx1 and TRx2 (ultrasonic transmitters) with a central frequency of 5 MHz used for 

driving the ultrasonic signal. A 10 MHz broadband ultrasonic transducer was used for the 

receiver. The inclination angle of TRx1 and TRx2 are 52 and 32 respectively (see section 

3.2.2).  The angles combined with the geometry of the setup and the frequencies of the 

waves, result in a nonlinear ultrasonic signal.  When the specimen was placed at the 

interaction point, the resultant wave was changed based on the properties of the specimen.  

The resultant wave then has information about the material and can be detected by the 

receiver.  According to the geometry configuration and resonance condition parameters, the 

pumping frequencies f1 and f2 are fixed at 2.5 MHz and 3.75 MHz and when the 

measurement system satisfies the resonance condition, the resonance frequency was 6.25 

MHz picked up by a 10 MHz transducer. The through-transmission mode with the receiver 

arranged (receiver on the bottom) under the specimen was chosen in order to avoid the loss 

of signal from the reflection. However, the pulse-echo mode can be also be used for 

measurement, depending on the arranged area, with advantages and disadvantages for both 

methods (Wrobel and Pawlak, 2007). 
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Figure 6-5: The non-linear ultrasonic wave mixing experimental setup is performed in a 
water chamber. The measurement system consists of the transmitting transducers (TRx1, 
TRx2) and receiver transducers at fixed incident angles. The aluminum frame is used for 
holding the rotation states attached to the adapter transducer tubes. In the chamber, a 
stand provides specimen support while the measurement is performed. 

 

A magnetic stirrer stabilized water temperature in the chamber, however it took time to reach 

a constant temperature because of the heat transfer effect. Another important fact was the 

precision of temperature control while the non-linear ultrasonic wave mixing was measuring 

the physical aging. Fluctuations in water temperature in the chamber made the non-linear 

wave mixing signal unstable due to the high sensitivity of the system.  

  

Figure 6-6: Received non-linear wave mixing signal when pumping frequencies are 
2.5MHz(f1) and 3.75 MHz(f2). (a) The raw signal picked up from the receiver, (b) the non-linear 
wave mixing signal after filtering the raw signal, and (c) the frequency spectrum. 
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Figure 6-6 (a) shows the raw signal received from a transducer which is derived by fixed 

frequencies f1 and f2. The amplitude of sum-frequency 6.25MHz as shown in Figure 6-6 (b) 

generated by wave mixing was filtered with a Kaiser window filter providing narrowband 

filtering and easy-to-change filtering parameters. This non-linear wave mixing signal was 

applied for physical aging detection. The amplitude was more sensitive to changed material 

properties so that the non-linear wave mixing energy was calculated to represent the trend 

of the changed signal. The energy of the non-linear signal can be found in the frequency 

domain by 𝑃(𝑡) = ∫ 𝑋(𝑡)2𝑑𝑡
𝑡2

𝑡1
, when X(t) is the non-linear signal value in the time domain, 

t1 and t2 are a time period of action time (Changping et al., 2004). In practice, the raw signal 

can be measured without signal filtering because the non-linear wave mixing signal was 

superimposed in the raw ultrasonic signal. 

  When the resonance condition of non-linear wave mixing was satisfied, the raw 

signal contains a non-linear wave mixing component. Then the raw signal is filtered and 

processed on the computer to study the properties related to physical aging.  

6.3.2.2 Physical aging signal  

 For the physical aging measurement in a PVC sheet, the experimental procedure 

described in Section 4.2.2 was implemented. The experiment was carried out at four 

annealing temperature points of 24C, 26C, 28C, 30C. Figure 6-7 shows a normal graph 

of non-linear wave energy (E) during 24C annealing. In the beginning, when a quenched 

specimen was placed in a water chamber, its temperature is lower than that of water.   

 

Figure 6-7: Non-linear wave energy when performing the physical aging process in one 
hour. The graph shows the normalised nonlinear wave energy during the physical aging 

process at   24 C annealing. The wave energy was calculated from a peak-to-peak nonlinear 
wave component of 6.25 MHz. 
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This temperature difference leads to a rapid change in the properties of the specimen and 

results in the spike observed in the measured nonlinear ultrasonic wave energy. The 

specimen was inserted in the water and the signal began at the peak in the normalized energy.  

Then, we observed a trend of decreasing nonlinear ultrasonic wave energy simultaneous with 

a decrease in temperature difference between the specimen and water and associated 

decrease in heat exchange. Therefore, the energy of the nonlinear ultrasonic wave decreased, 

with this trend ending when the specimen temperature becomes equal to that of water. This 

temperature equilibrium is seen in Figure 6-7 when the energy of the nonlinear wave 

becomes lowest, which was observed after approximately 7 min for PVC, the same as 

reported by (Demčenko, Koissin and Korneev, 2014). Further, the nonlinear wave energy 

started to increase due to the physical aging in the PVC. While measuring the physical aging 

process during annealing, the water temperature in the chamber should be constant. 

Fluctuating water temperature induces fluctuations in the non-linear wave mixing signal as 

shown in Figure 6-8.  The graph demonstrates steps in the wave mixing energy during 

physical aging. The reason for this behaviour is the effect of altered temperature on the 

molecular mobility of the material, causing the non-linear wave mixing signal to change 

accordingly.  

 

Figure 6-8: Fluctuating non-linear wave mixing energy for an annealing temperature            

of 27 C. 

When the thermodynamic state of a glass polymer is considered, a polymer molecule usually 

has a randomly coiled shape, internal energy (entropy) is very low. When the temperature is 

higher than Tg, the configuration seems to be a slightly extended chain and indeed looks like 

stretched state. Then the material would tend to return to the unstretched state and reduce 

the specific volume with time  (Hutchinson, 1995). In the equilibrium state, the molecular 
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mobility is high. They are then quenched immediately into a cool liquid below Tg, producing 

an amorphous polymers would have in a nonequilibrium state with low molecular  

 

Figure 6-9: Effect of thermal annealing on non-linear wave mixing energy during the 

physical aging process at 60 minutes. The annealing temperatures were 24 C, 26 C, 28 C, 

and 30 C. 

mobility. The mobility then gradually approaches equilibrium. This process is physical aging  

(Struik, 1977). 

6.3.2.3 Effect of thermal treatment of PVC on non-linear wave mixing signal 

 The effect of the annealing temperature on PVC mechanical properties is shown in 

Figure 6-9 when the PVC specimen is cooled down from 100 C to the annealing temperature 

(24 C, 26 C, 28 C, and 30 C). We observed different minima in the non-linear wave 

mixing energy after quenching. The result indicates that the trend of non-linear wave mixing 

started to increase slowly as a function of elapsed time. The lowest minimum occurs for the 

highest annealing temperature (30C), where there is a maximum temperature gradient 

between water and the quenched specimen. The slope of all curves slowly increases, as can 

more easily be seen with a log time scale. 

 The behavior as presented in Figure 6-9 is linked to the volume relaxation concept 

described by Struik (1977). His studies showed that a quenched process was the result of the 

volume relaxation involved in the transition from equilibrium to the non-equilibrium glassy 

state. The effect of this is a decline of free volume present in the PVC and an associated 

change in the polymer modulus, the molecular mobility of material, and the polymer density 

(Cugini, 2015). Consequently, measurement of the modulus of the material demonstrates 
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how the material ages with time, and therefore leads to an understanding of the non-linear 

wave mixing signal behavior. Figure 6-9 shows that the lowest amplitude of non-linear wave 

mixing energy is 0.15 a.u at an annealing temperature of 24C, whereas it is 0.08 a.u at 30C. 

This implies that the higher annealing temperature causes more reduced free volume in PVC 

(the density increases) than the lower temperature.  This is the reason for the shifted lowest 

point of non-linear wave mixing energy as a function of temperature.  

 The non-linear wave mixing signal amplitude is plotted a function of time. The aging 

was studied for about 60 minutes and the measurement was performed after the specimen 

was quenched. During physical aging, the non-linear wave mixing signal increased slowly 

with time. It was caused  by the decreasing free volume when a polymer approaches 

equilibrium, which agreed with the previous work by Ricco and Smith (1990).  They 

evaluated the physical aging of polycarbonate during stress relaxation with an applied a 

constant strain. Their results showed that μ (rate constant) was about 1.37 at 30°C and that 

it increased progressively with the temperature and became approximately 2.13 at 110°C. 

6.3.2.4 Physical aging acceleration determination  

 The aging rate of PVC as show in Figure 6-10 for different annealing temperatures 

is difficult to see, given the scale of the plot. The measurement results are scaled by the 

maximum peak-to-peak amplitude to normalized results (𝐴𝑝𝑝/𝐴𝑝𝑝
𝑚𝑎𝑥 ). The non-linear wave 

mixing curve from the physical aging processes with different annealing temperatures (see 

Section 6.3.2.3) has a shift following quenching of the specimen before the aging processes 

begin. The shift clearly moves vertically as a function of temperature. When the curves are 

shifted to a common reference point, they show different slopes which can be fitted by linear 

functions (see Figure 6-10). The slope represents the physical aging rate which slowly 

increases with annealing temperature. This behavior is due to an increase of the polymer 

densification and the stiffness because of the free volume decrease when a polymer returns 

to equilibrium state described by free volume theories proposed by Struik L.C.E., (1977). 

This behavior is similar his experiments on the strain tensile creep test of PVC. His results 

also indicated that the physical aging rate of PVC, a shifting creep compliance curve, can be 

described by a shift creep rate which has been evaluated at 40 C annealing temperature as 

a function of elapsed time.  

From Figure 6-10, it is clear that there is an increase of slope due to thermal annealing 

temperature leading to an increase in non-linear wave mixing energy. The results show that 

the modulus of slopes were about 147 10-6 to 38310-6  in units of energy per time, and 

they gradually increased with the annealing temperature. 
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Figure 6-10: Normalised non-linear wave mixing energy curve fitted by a polyfit MATLAB 
function. 

This rate may be detected by non-linear ultrasonic wave mixing techniques while the 

molecular mobility changes with time during the physical aging process (Kalfus, Detwiler 

and Lesser, 2012). The small slopes (see Figure 6-9) and their changes with annealing 

temperature resulted from changes in polymer mobility. As the mobility increased, the rate 

of molecular recovery to equilibrium increased which resulted in accelerated aging as a 

function of temperature (Ricco and Smith, 1990). In Figure 6-11: the aging rate was plotted 

on a log time scale as a function of temperature for all annealed temperature, as suggested 

by Struik. As seen in Figure 6-11 (a), the annealing temperature affects aging acceleration.  

   

Figure 6-11: (a) the non-linear wave mixing intensity of PVC  during physical aging 
processes as a function of logarithmic time with different annealing temperatures. (b) The 
annealing temperature dependence of aging slope coefficients as extracted from the aging 
slope.  

When the annealing temperature of the water was increased, aging acceleration also 

increases. The rate of aging is directly related to molecular mobility and molecular mobility 

b a 
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is tied to the annealing temperature.  After quenching, the PVC gradually approaches 

equilibrium at a fixed annealing temperature. This fixes the polymer mobility and therefore 

the aging rate. From Figure 6-11(b), it is clearly seen that when the annealing temperature 

increases this leads to an increase in the aging rate. The non-linear wave mixing slope 

coefficient was about 0.042 (in arbitrary units of amplitude per time) at annealed temperature 

of 24 C, with an exponential increase with annealing temperature, reaching 0.126 (in 

arbitrary units of amplitude per time) at 30 C. 

6.3.2.5 The comparison of experiment and theoretical model 

 The accelerated physical aging in PVC sheets shown in Figure 6-11 displayed an 

exponential increase with increasing annealing temperature. In order to confirm the 

experimental result, a comparison with a model is needed. The Arrhenius model (commonly 

used in physics and science research) is introduced for the evaluation of physical aging and 

to provide a comparison of the results. The Arrhenius equation is used to describe the 

temperature dependence of the acceleration constant for an elementary chemical reaction 

(Petrou, Roulia and Tampouris, 2002). 

𝑘𝑎 = 𝑒𝑥𝑝 (−
𝐸𝑎

𝑅𝑇
) 

(6.1) 

where  𝐸𝑎 is the Arrhenius activation energy, R is the gas constant ( 8.314 Jmol-1K-1) ,   

 ka is the Arrhenius rate constant, and T is the absolute aging temperature in Kelvin. The 

activation energy is the energy required for the macroscopic reaction to occur and is the 

kinetic energy the molecules need to have to overcome bonding. In order to validate the 

experimental results with the Arrhenius model, the 𝐸𝑎 value must be estimated by using the 

real value from the experimental results.  Then values from the Arrhenius model can be 

calculated. The (ka) constants were calculated by Equation (6.1) and then the initial 

activation energy is assumed to be 300 kJ/mol that is close to the value presented by  

(Bauwens-Crowet et al., 1969).  The calculation results are showed in Table 6-1. When the 

annealing temperature can perform by controlling the water temperature in the chamber, the 

annealed temperature is in lower range between 24C to 30 C with 2 C for a step. 

Table 6-1: The experimental results from the non-linear wave mixing technique  and 
calculated constants from the Arrhenius model. 

Annealing (C) 24 26 28 30 

Experiment (ke) 0.042 0.0473 0.0718 0.1267 

Arrhenius model (km) 12.56 21.59 36.88 62.46 
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The data from the table was used to determine the activation energy by minimizing the 

objective function.  

objective function = min ∑(𝑘𝑒 − 𝑘𝑚)2 
(6.2) 

After minimization by Equation (6.2), the result of minimum 𝐸𝑎 was 377 kJ/mol. This value 

is consistent with the value of 318 kJ/mol found in the literature (Havriliak and Shortridge, 

1989). So then, the estimated value of the activation energy, 377 kJ/mol, was substituted to 

Equation (6.1) for finding ka as a function of temperature. 

The comparative results from non-linear ultrasonic wave mixing and Arrhenius 

model are shown in Figure 6-12: showing the result calculated by the model are plotted and 

superimposed to the non-linear wave mixing curve (red line). When active energy of 300 

kJ/mol was used for calculation (the assumed value), the model is rather unsatisfactory as 

shown in (a). The modeling curve showed a tendency to rise at the initial temperature where  

  

Figure 6-12: The comparison between the theoretical model and non-linear ultrasonic wave 

mixing data. (a) when activation energy Ea of 300 kJ/mol.  (b) the activation energy of 377 

kJ/mol. 

the experiment data start slowly increases at 26 C. However, both curves increase with 

increasing annealing temperature.The calculated result shows very good agreement with 

experimental data as shown in (b), using an activation energy of 377 kJ/mol. The modeling 

results are similar to the experimental data, with only a minor difference at annealing 

temperatures around 29 C. 

  Havriliak and Shortridge (1989) evaluated the effect of the k-constant value when 

the tensile stress experiment was performed on PVC specimen and the yield stress was 

measured. The results of their experiments showed that an activation energy of 76 kcal/mol 

(318 kJ/mol) is consistent with the observed yield stress for annealing temperatures from   

 -40 C to 25 C.  

b 
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 The results of our experimental study are in good agreement with the Arrhenius 

model as shown in Figure 6-12(b), and indicate an activation energy of 377kJ/mol, nearly 

equal to the energy of 318 kJ/mol as cited in (Havriliak and Shortridge, 1989). It should be 

noted that for higher annealing temperatures, the activation energy can be lower. Havriliak 

and Shortridge, (1989) found that the activation energy of kinetic aging of uPVC at an 

annealing temperature of at 65 C was 115kJ/mol.  

6.4 Summary 

 The non-collinear ultrasonic wave mixing based technique using ultrasonic 

transducers was implemented for physical aging investigation of polyvinylchloride. This 

behaviour can be observed below the glass transition temperature and significantly affects 

the polymer’s mechanical properties. The system of measurement consists of two 

transmitters sending an ultrasonic signal to a specimen. The propagated signal from both 

transducers interacted with each other in the material with specific angles. The result of the 

interaction was a generated third wave which is used for physical aging detection (receiver). 

This system was used to evaluate physical aging for a specimen sheet of PVC. First, a 

specimen was heated in an oven above the glass transition temperature Tg for 60 min and 

immediately quenched in antifreeze liquid (at -34 C). The heating step erased the thermo-

history of the polymer. The quenched specimen was then placed into a water bath, where 

two sources, at 2.5 and 3.75 MHz, generated initial waves. The response of the nonlinear 

sum-frequency interaction was captured with a 30 s sampling rate at 6.25 MHz.  The system 

shows that the nonlinear ultrasonic technique is suitable to detect the physical aging of 

amorphous polymers at the annealing temperature. When the polymer structure underwent 

structural relaxation, the nonlinear wave mixing energy gradually increased due to the non-

equilibrium state and then continually developed due to physical aging. In addition, the 

gradient of the nonlinear wave mixing energy increased exponentially with annealing 

temperatures, showing the potential for high sensitivity. In order to confirm the experimental 

result, the Arrhenius model was used for comparing with the experimental value of physical 

aging and the comparison showed that the calculated result is in very good agreement with 

experiment data as show in Figure 6-12 (b). In summary, this method can be beneficially 

applied for the evaluation of physical aging due to its high sensitivity to changes in the 

structural relaxation in polymers and agrees with the physical aging theory. 

In addition, the experimental results suggest that this method can detect changing 

material properties with time dependence, such polymer aging. The behaviors of polymer 

aging and pressure ulcer formation are the progressive processes with time dependence. In 
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addition, previous studies have shown that ultrasonic characterization of wound tissue  

revealed an increase in the velocity of sound as a function of wound age (O’Brien et al., 

1981). The behavior of polymer aging and the wound of ulcers are roughly analogous. With 

further development, nonlinear wave mixing may prove to be an efficient tool to detect 

pressure ulcer formation. 
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Chapter 7 Conclusion and Future Prospects 

 In this chapter, all findings are summarised, potential applications which could be 

explored in the future, and end with conclusions. 

7.1 Summary and conclusion 

 Nonlinear ultrasonic wave mixing can perform ultrasonic non-destructive testing 

which has been used for the investigation and characterisation of defects and micro-cracks 

in material structures. Because of its high sensitivity, nonlinear ultrasonic wave mixing is 

more powerful than conventional ultrasonic techniques. The characteristic of the system 

involves the evaluation of additional frequency components occurring when an ultrasonic 

wave propagates and then interacts with a material’s defect. This interaction results in the 

generation of the frequency components called harmonic frequencies, used for defect 

identification. These harmonics are the sum and difference frequencies characteristic of 

nonlinear wave mixing. In contrast, conventional linear methods observe the amplitude and 

phase of the signal limited to the same excited frequency for measurement in the 

transmission and reflection signals. There are two categories of wave mixing when 

considering the incident direction of the transmitted ultrasonic waves: collinear and non-

collinear wave mixing. Both types of nonlinear wave mixing have been implemented in this 

study for the characterisation of materials. 

 This thesis has successfully applied the concept of nonlinear wave mixing 

measurement for the detection of a small particle in a hydrogel phantom and the physical 

investigation of the aging of amorphous thermoplastic polymers. The system consists of 

three broadband ultrasonic transducers arranged at specific angles in order to achieve a 

particular interaction mode for the non-collinear wave mixing method, while collinear wave 

mixing is performed with one transmitter and a receiver transducer (see Chapter 2 and 

Chapter 3).   

 In Chapter 4, the second-order nonlinear wave interaction equations were discussed 

as was their implementation in the MATLAB program for simulation. The numerical results 

(see Section 6.3.1) show the ten interactions of nonlinear wave mixing. All the simulation 

cases were carried out including third order material properties representing PVC and agar. 

Each of the ten cases simulated were shown to have a specific characteristic. Amplitude 

coefficients (w), the interaction angle (a), and the scattering angle () , are the parameters 

of the wave interaction simulation which relate to the frequency ratio (d). These results are 
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beneficial for the determination of the resonance condition of the two wave interactions in 

the material. Longitudinal and shear waves are the fundamental waves for the various 

combinations. The results of case#1 and case#2 (Figure 4-1,2) show that the interaction and 

scattering angles were zero. Only amplitudes appear for the two collinear waves  

𝐿(𝜔1) and 𝐿(𝜔2) which are mixed. The amplitude coefficients for the simulation of the two 

collinear waves are related to the third order constants 2m + l. In non-collinear wave 

interaction case#3 and case#4, the scattering amplitude is related to m.  For case#9 and 

case#10, the combination of shear horizontal waves depends on the constants m and n. In 

addition, two of the interaction cases were chosen for specific analysis. The mixing  

𝑆𝑉(𝜔1) + 𝐿(𝜔2) was selected for the analysis of wave interaction for the cases of physical 

aging, whereas the mixing 𝐿(𝜔1) +  𝐿(𝜔2) was chosen for the hydrogel material.  Both 

interaction cases are proportional to third order constants that describe the material; however, 

they depend on different combinations.  For example, the interaction   𝐿(𝜔1) +  𝐿(𝜔2) →

𝐿(𝜔1 + 𝜔2) is proportional to 2m + l while the other combination is related to the third order 

constants 𝜇 , 𝜆 , 𝑚 such that 𝑆𝑉(𝜔1) + 𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2)  as shown in section 2.3. 

 In Chapter 6, longitudinal and shear waves were generated in order to achieve the 

nonlinear interaction case  𝑆𝑉(𝜔1) + 𝐿(𝜔2) → 𝐿(𝜔1 + 𝜔2). In addition, the numerical 

simulation was conducted to understand how the two waves interact. The simulation details 

and parameter set up were described in Section 4.3. The visual simulation results indicate 

clearly where the waves propagated and interacted in the specimen. Not only was the 

direction of wave travel displayed but the point at which the two waves combined was 

located. The simulation results were beneficial to have before the experiment was performed 

as the results illustrate the optimal geometry and configuration of the experimental set up. 

From the simulation results including the analytical wave interaction, the geometric 

configuration of the experimental set up was determined and described in Section 3.2. 

Nonlinear ultrasonic wave mixing was performed in a water chamber to avoid an impedance 

effect with water circulation system. The result of the interaction of the two incident waves 

was the generation of a third wave which was then used for the detection of the physical 

aging of the polymer. The system showed a high correlation between the nonlinear energy 

as measured by the receiver transducer and the aging processes that occurs after quenching 

at a fixed annealing temperature. When the polymer structure underwent structural 

relaxation, the nonlinear wave mixing energy gradually increased due to non-equilibrium 

effects and then continually developed due to physical aging. In addition, the gradient of the 

nonlinear wave mixing energy increased exponentially with annealing temperatures, 

showing the potential for high sensitivity. In order to confirm the experimental result, the 
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Arrhenius model was used for comparison with the experimental results for physical aging.  

This comparison showed that the calculated result agrees very well with this experimental 

data (see Section 4.3.2.5).  

 The application of nonlinear ultrasonic wave mixing was illustrated in Chapter 5 to 

investigate the deflection of a small particle distributed in a hydrogel phantom. Collinear 

wave mixing, a nonlinear wave mixing technique, was implemented by using a moving X_Y 

stage with the ability to execute a C-scan image. Different driving frequencies of 4.5Mz and 

6.75MHz were used to generate a summed frequency used for the evaluation of nonlinearity 

of the phantom. In order to simulate the deflected signal, different microparticles (70m, 

100m, 150m) were distributed in the tissue phantom, which was made from NIPAM 

hydrogel. This kind of gel has many advantages for this work, such as simple preparation, 

transparency of the material and acoustic properties similar to those of human muscle.  These 

properties of the gel were verified using the phase velocity and attenuation method. From 

the C-scan of the collinear wave mixing it can be clearly seen that the nonlinear wave signal 

can detect the small particles by deflection. The advantage of the nonlinear wave mixing 

method was demonstrated by direct comparison with results from the linear ultrasound 

technique, revealing higher sensitivities and better resolution than the linear pulse echo 

ultrasound method. The results of a C-scan of the nonlinear signal provide evidence that the 

high-resolution image of the deflected small particle can be measured by the collinear wave 

mixing technique. In addition, the vibration of the particles in the hydrogel phantom was 

detected by the collinear wave mixing technique with zoomed-in C-scan image. 

 

7.2   Future prospects 

 Future applications of the nonlinear wave mixing technique may be applied to a 

pressure ulcer mimicking phantom designed to simulate the early stages of pressure ulcer 

growth. The tissue phantom designed for particle detection, as described in Section 5.2.2, 

can be changed to mimic a deep tissue injury phantom. This phantom might have three areas 

which can represent: a bone, a region representing a developing pressure ulcer, and the 

neighbouring healthy tissue. 

7.2.1 Deep tissue injury phantom 

 The tissue phantom used in Chapter 5 to study the deflection of small particles only 

represents the nonlinearity of the material from various sizes of particles.  However, it does 

not address how the injury develops.  In the case of deep pressure ulcers, the tissue injury 
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develops in the deep muscle layer under bony prominences which results in a continued 

compression of the tissue. The development process of the deep injury under the surface 

provides important information on local tissue properties. To observe the deep tissue injury, 

the phantom might be set up as shown in Figure 7-1.  The phantom should have the correct 

mechanical properties to represent three regions: bone, ulcer and healthy tissue. For instance, 

the Young’s modulus of bone, ulcer and tissue are 10 GPa, 90 kPa and 50 kPa respectively 

(Deprez et al., 2011). Additionally, the compressed force on the bone area is a main factor 

in the development of a deep pressure ulcer. Therefore, this compression should be 

implemented in the phantom to adequately mimic the deep-surface pressure ulcer behaviour. 

 

Figure 7-1: A schematic diagram of the deep tissue injury phantom, which would simulate 
the deep tissue injury and allow study of the development of the deep tissue injury. 

7.2.2 Collinear wave mixing with a burst delay time 

 The implemented collinear wave mixing technique described in Section 5.2 has a 

fixed intersection of the two waves. It does not allow the interaction position to be adjusted 

along the length of specimen, as both driving waves were mixed in the same transmitter 

transducer to generate the nonlinear wave mixing combination. The use of two transducers 

located on opposite sides of the specimen would permit this (see Figure 7-2). Transducer #1 

is both a transmitter and a receiver.  In order to separate the high voltage driving signal from 

power amplifier and the echo signal from receiver, the preamplifier should have the ability 

to block the high voltage from the power amplifier so that the input state of preamplifier 

might be a high voltage protection circuit (Choi et al., 2014). This system can allow the 

intersection of wave mixing to occur at different locations throughout the specimen. This 

would permit scanning the whole specimen with the nonlinear wave mixing signal.  

Bone 

Pressure ulcer 

Healthy tissue 

Compression 
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Figure 7-2: The schematic diagram of collinear wave mixing with adjustable delay burst 
time.  The excited transducers are located on opposite sides, but one of them is also used 
to receive the echo signal and then pass through the preamplifier. The position where the 

two waves (w1 and w2) interact can be changed by adjusting the delay time for stimulating 
transmitter1. 

7.2.3 High intensity focusing ultrasound for physical aging  

For the physical aging, the specimen used for evaluation must be heated in order to 

allow the annealing processes. The specimen is generally incubated at a temperature above 

Tg, before the measurement. Moving the specimen between an oven and the measurement 

place is not convenient. It would be better to avoid the need to move the specimen from the 

measurement location. The measurement system should be able to perform both heating and 

detecting the physical aging by focusing the heat to a specific point in a specimen and then 

continuously evaluating the physical aging. 

High intensity focused ultrasound (HIFU) involves focused ultrasound in which  

energy is focused into a small area for heating and abolishing the target. The intensity of 

ultrasound is related to the heat admission resulting from absorbed ultrasonic energy in the 

medium along the propagation distance. The heat sources can be calculated by using the 

nonlinear parabolic Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation which has been 

described in (Fan et al., 2017; Canney et al., 2010). Therefore, the temperature in the 

material can be estimated in the heating processes. In this, HIFU can remotely penetrate to 

heat the material, focused on the local area. The HIFU with physical aging measurement 

system is shown in Figure 7-3. The system combines the non-linear wave mixing technique 

with HIFU for heating the polymer specimen. The wave mixing setup was described in 

Chapter 3, with the addition of a receiver and HIFU generator in a single transducer. The 

measurement processes start with HIFU induction of heat in a specimen to evoke the aging 

processes, then the non-linear wave mixing measurement is performed.  
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Figure 7-3: HIFU for thermal annealing temperature for physical aging measurement. The 
transducer 1 and 2 perform non-linear wave mixing whereas another transducer functions as 
both receiver and heat generator. 

The high intensity focused ultrasound usually uses ultrasonic frequency more than 200 kHz 

with intensity between 1000-10000 W/cm2, to ensure sufficient thermal effect (Fei et al., 

2018)(Liu et al., 2013). When the ultrasonic wave propagates through viscoelastic polymer 

materials, they absorb ultrasonic energy  via the particles in the polymer, inducing the 

heating effect (Price, White and Clifton, 1995). This mechanism results from cavitation, the 

fast increase and collapse of the particles of polymer, resulting not only in a generated shock 

wave but also producing shearing oscillation in the polymer structure. Those mechanisms 

cause vibration of the polymer chain in a restricted area, resulting in the generation of heat. 

Fei et al.,( 2018) demonstrated the use of HIFU to increase the temperature of an amorphous 

polyethylene terephthalate (PET) specimen. They show that 2W of HIFU at 1.1 MHz with a 

diameter of 64.0mm and focal length of 62.6 mm can induce the temperature of PET increase 

to the Tg of PET (at 87.9 C). This knowledge would be useful for applying physical aging 

measurement, especially for localized annealing processes. 
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