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Abstract

Nowadays, considerable research effort is addressed towards the mitigation of the effects of
climate change. The development and application of low-carbon solutions in geotechnical
engineering practice is essential for the mitigation of the effects of climate change. Under
unsaturated conditions, suction has a beneficial effect on the shear strength of soils but it may
easily vanish after intense rainfall. If suction can be maintained in the ground in the long term,
its effect can be taken into account in geotechnical design as a natural soil reinforcement, and
this can lead to low-carbon designs.

Capillary barrier systems can be used to prevent or limit the infiltration of water into the
ground, thereby maintaining suction in the long term. Capillary barrier systems are soil covers
made of a finer-grained layer overlying a coarser-grained layer. Under unsaturated conditions,
the coarser layer is typically at very low degree of saturation and the corresponding unsaturated
hydraulic conductivity is so low that it can be considered as impermeable. In these conditions,
rainwater is stored in the finer layer and subsequently removed by evapotranspiration or lateral
drainage.

Accurate modelling of the hydraulic behaviour of unsaturated soils is crucial for the
interpretation of the behaviour of capillary barrier systems. The first part of this thesis is
focused on the interpretation and modelling of the hydraulic behaviour of unsaturated soils.
A critical review of the interpretation of the hydraulic behaviour of unsaturated soils leads
to the identification of inaccuracies and inconsistencies in existing conventional hydraulic
constitutive models for the soil water retention curve (SWRC) and the soil hydraulic conduc-
tivity curve (SHCC). These inaccuracies and inconsistencies relate particularly to the very
high degree of saturation range and the very low degree of saturation range.

At very high values of degree of saturation, the apparent SWRC measured in a wetting test
in the laboratory may differ from the true SWRC, because of the occurrence of air trapping.
Analytical and numerical modelling of the phenomenon of gas trapping during wetting shows
that, once air trapping occurs, the apparent SWRC depends upon many aspects of the wetting
test conditions and is not a fundamental representation of the soil behaviour. The only correct
way to represent the occurrence and influence of air trapping during wetting within numerical
modelling of boundary value problems is to use the true SWRC in combination with a gas
conductivity expression that goes to zero when the gas phase becomes discontinuous.

At low values of degree of saturation, conventional models for the SHCC are typically
inaccurate. A new predictive hydraulic conductivity model, accurate for the full range of
degree of saturation is developed. The hydraulic conductivity is divided into two components:
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a bulk water component and a liquid film component; each of which varies with degree of
saturation or suction. This model is coupled with SWRC models improved at low degree of
saturation. Hydraulic hysteresis is subsequently introduced in the SWRC and SHCC by using
an original bounding surface approach. The new hydraulic models were validated against
experimental data. This set of hydraulic models forms a complete framework of hydraulic
constitutive models for unsaturated soil, which was implemented in the numerical finite
element software Code_Bright. Finally, these new models are applied to the numerical study of
the hydraulic behaviour of capillary barrier systems (CBSs). The new hydraulic conductivity
model is able to predict the behaviour of CBSs better than conventional models and the
numerical modelling highlights the role of liquid film flow, which is often neglected. Water
retention hysteresis is shown to have a significant impact on: i) movement and redistribution
of water within the finer layer of a CBS; ii) the phenomenon of water breakthrough across the
interface between the finer and coarser layers of a CBS and the subsequent restoration of the
CBS after infiltration at the ground surface ceases; iii) the prediction of evaporation from a
CBS into the atmosphere.

In the second part of this thesis, an original concept of multi-layered capillary barrier
systems is presented and analysed. The use of multi-layered CBSs may lead to a substantial
increase of the water storage capacity of CBSs, and hence their effectiveness. A simplified
method of analysis of multi-layered CBSs is developed and validated against results from
numerical finite element analyses and laboratory physical tests. Parametric analyses show the
impact of number of layers, materials thickness of the CBS and infiltration rate on the water
storage capacity of multi-layered CBS. Laboratory infiltration tests on different multi-layered
CBSs are performed demonstrating the efficiency of multi-layered CBSs and clarifying their
hydraulic behaviour.

In the third part of the thesis, advanced numerical thermo-hydraulic finite element analyses
and limit analyses are performed to assess the application of CBSs for suction control and
slope stability purposes in the long term. It is demonstrated that sloping CBSs are effective
at maintaining suction in the ground and preventing rainfall-induced slope instability for
different climatic conditions. In addition, the role of different parameters such as materials,
thickness of the CBS and slope height are assessed. In particular, it is shown that CBSs with
the finer layer made of a relatively fine material, such as silty sand, are more effective in dry
and warm climates due to their ability of storing water, which can subsequently be removed
by evaporation, whereas CBSs with a finer layer made of a slightly coarser material, such as
fine sand, are more effective in wet and cool climates due to their ability of diverting water
laterally down the slope. The effectiveness of solutions aimed to extend the application of
CBS to slope of any height, such as the use of multi-layered CBSs and the use of multiple
drains, is finally demonstrated.
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Chapter 1

Introduction

1.1 Motivation and aims

This research project is part of the network TERRE ("Training Engineers and Researchers to
Rethink geotechnical Engineering for a low carbon future") which is a Marie Skłodowska-
Curie Innovative Training Network funded from the EU H2020 Programme. TERRE aims to
develop novel geo-technologies to address the competitiveness challenge of the European con-
struction industry in a low carbon agenda, involving both universities and industrial partners
across Europe. Industry and research bodies in the construction sector have been investing
significantly in recent years to produce innovative low-carbon technologies. However, little
innovation has been created in the geo-infrastructure industry, which is lagging behind other
construction industry sectors. TERRE aims to close this gap through a network-wide train-
ing programme carried out by a close collaboration of Universities, Research Centres and
Industrial Partners (Figure 1.1). More information about the project TERRE is available on
http://www.terre-etn.com/.

Figure 1.1: Project TERRE partners.

1
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Nowadays, climate change is a very "hot" topic because it is considered the cause of
potential catastrophic scenarios prospected by the scientific community [1–3]. Climate
change and the rise of the mean earth temperature are partly related to the increase of the
concentration of greenhouse gases in the atmosphere. In particular, several studies proved
that the anthropogenic increase in greenhouse gas emissions, especially carbon dioxide
(CO2), is one direct cause of the climate change [1]. The concentration of CO2 in the
atmosphere increased from 280 ppm in 1750 to 440 ppm in 2015 and, consequently, global
mean temperature has continuously risen [1, 4, 5]. For example, 2016 was recorded as the
warmest year from 1880 [6].

Practices and activities in the construction field are considered the cause of a significant
component of the overall carbon emission. For example, the production of cement, which
increased by more than 700% from 1960 to 2016, generates almost 10% of the global carbon
emission [7]. In the geotechnical engineering field, cement is widely employed in many
applications (e.g. ground improvement by mixing and grouting). Thus, the development
and application of low-carbon solutions also in geotechnical engineering practice is essential
for the mitigation of the effects of climate change [8]. In general these solutions aim to
reduce or avoid the use of non-sustainable materials like concrete and steel and to reduce
or avoid the transportation of materials, which represents a significant source of carbon
emissions. In this sense, many research efforts have been addressed to the development of low-
carbon solutions for soil reinforcement [8]: chemical mixtures, geopolymers, geosynthetics,
microbial organisms, biopolymers etc. In this context, the research work here presented has
been addressed towards the use of a natural soil reinforcement: soil suction.

Although most textbooks on geotechnical engineering and most geotechnical design treat
the behaviour of soils in fully dry or fully saturated conditions, unsaturated conditions are
common in nature. Suction (i.e. negative pore-water pressure) occurs under unsaturated
conditions and exists in many real situations. Figure 1.2 shows typical pore-water pressure
profiles in the ground in (1) hydrostatic equilibrium, (2) during a downward flux at the surface
(e.g. rainfall) and (3) during an upward flux at the surface (e.g. evapotranspiration), under the
assumption of horizontal ground surface and horizontal water table. Below the water table
the soil is typically in saturated conditions, the pore-water pressure is positive (relative to
atmospheric pressure) and typically increases hydrostatically with depth. Above the water
table, pore-water pressure is typically negative (relative to atmospheric pressure) and follows
a hydrostatic profile in no-flux conditions (1), it is greater than hydrostatic in downward-flux
conditions (2) and it is lower than hydrostatic in upward-flux conditions (3). Immediately
above the water table there is a region where pore-water pressure is negative but the soil is
still saturated and, above this is a region where the soil is unsaturated.

The presence of suction may impart significant strength gains to soil but this effect is
generally neglected in geotechnical design because of its unreliability. Indeed, suction may
easily vanish (or be reduced) after a heavy rainfall event. This is the cause, for example, of
rainfall-induced slope instabilities. An existing slope which is stable thanks to the beneficial
effect of soil suction may become unstable after a heavy rainfall which causes reduction or
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Figure 1.2: Typical pore-water pressure profiles in the ground.

loss of soil suction. If, however, one could find a way to maintain significant suction values
in the ground even during rainfall and predict the minimum value of suction expected over
the design life, geotechnical design could take into account the maintenance of suction and
the effect of unsaturated conditions. In this way, soil suction could be used by geotechnical
engineers as a natural soil reinforcement. This can be potentially obtained by using soil covers
which avoid the infiltration of rainwater into the ground.

In the last few decades, the need of making efficient landfill cover systems has led to
development of different types of surface covering barriers mainly aimed to prevent the
infiltration of water into the underlying soil in order to avoid the contamination of the water
itself. Figure 1.3 shows three of the main conventional landfill cover systems: a monolithic
cover (Figure 1.3a), a compacted clay cover (Figure 1.3b) and a capillary barrier system
(Figure 1.3c).

Figure 1.3: Conventional landfill covers: (a) monolithic cover, (b) compacted clay cover and
(c) capillary barrier system.
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A monolithic cover is an evapotranspirative cover which consists of a single layer placed
directly over the waste [9]. In arid regions, the water content fluctuations are confined to the
upper metres of soil [10]. Thus, the monolithic cover, which is mainly used in arid regions, is
designed to store rainwater which is then removed by evapotranspiration. However, since the
thickness of the cover must be high enough that water content fluctuations are restricted to
the cover itself, very thick layers may be required for this type of cover.

A compacted clay cover [11] is made of a compacted clay layer, which acts as a low-
permeability barrier due to its very low value of saturated hydraulic conductivity (<10−9 m/s),
underlying a surface cover layer which is intended to protect the clay layer from erosion and
desiccation and to support plant growth. The rainwater is mainly removed by surface runoff.
This type of cover may be expensive [12] and its long-term performance may be undermined
by construction aspects [13] and cracking caused by desiccation and freeze-thaw cycling
[14–19]. If cracking occurs, the saturated hydraulic conductivity of the compacted clay layer
may increase by two or more orders of magnitude, compromising the effectiveness of the
barrier. In order to reduce costs and avoid cracking, the compacted clay layer may be replaced
by a Geosynthetic Clay Liner (GCL) although deterioration of the material may still be an
issue [12, 19–21].

A capillary barrier system [22, 23] is made of an upper finer-grained layer, typically
ranging from a fine sand to a low-plasticity silt, overlying a coarser-grained layer, typically
ranging from a gravel to a medium sand. Note that, in a capillary barrier, even the finer-grained
layer is considerably coarser than the main layer of a compacted clay cover. The coarser
layer of a capillary barrier system is typically at very low degree of saturation and hence
the corresponding unsaturated hydraulic conductivity, which decreases by many orders of
magnitude with decreasing degree of saturation, is also very low. Thus, the coarser layer acts
as an almost impermeable barrier and the rainwater is stored in the upper finer layer. The
rainwater stored in the finer layer is then removed by evapotranspiration or lateral drainage.
The coarser layer will continue to behave as an impermeable layer unless it reaches a critical
condition (breakthrough), which typically corresponds to high saturation of the finer layer
[23]. The coarser layer can be also substituted by a porous geosynthetic (e.g. a nonwoven
geotextile) but the sustainability of these geosynthetics requires further study, given their
possible ecotoxic effect on the environment from the leakage into the ground of additives and
residual products from degradation of polymeric or metallic materials [24–26].

Capillary barrier systems are often preferred to compacted clay covers for their low-cost
[12], possibility to use recycled low-cost materials [27] and high durability [14, 28–30]. The
high durability is due to the use of materials with low susceptibility to weather conditions (i.e.
negligible deformations upon wetting and drying) and to the low potential for surface runoff
and thus surface erosion, due to the use of a surface material (the upper finer-grained layer)
with relatively high saturated permeability. For these reasons, capillary barrier systems, in
which both the coarser and finer layers are made of soils or recycled materials, were selected
for this research.

Fully understanding the hydraulic behaviour of unsaturated soils is crucial for the inter-
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pretation and modelling of the behaviour of capillary barrier systems. Existing constitutive
models describing the hydraulic behaviour of relatively coarse-grained soils (gravel, sand
and silt) in unsaturated conditions have weaknesses at very low degree of saturation. These
weaknesses are particularly relevant in modelling the behaviour of capillary barrier systems
because the coarser layer is typically at very low degree of saturation. Reliable numerical
modelling of the ability of a capillary barrier system to act as a low-permeability barrier
therefore strongly relies on accurate prediction of hydraulic behaviour at very low degree
of saturation. Also water retention hysteresis, i.e. different soil water retention behaviour
between wetting and drying, needs to be included for accurate modelling. Water retention
hysteresis is important because a capillary barrier system may be subjected to multiple cycles
of rain and evapotranspiration.

Therefore, the initial aim of this work is the development of constitutive models able to
describe accurately the hydraulic behaviour of unsaturated soils, particularly addressing weak-
nesses of existing models at low degree of saturation and incorporating retention hysteresis.
The consequences of the use of these more accurate hydraulic constitutive models on the
predicted fundamental behaviour of capillary barrier systems will be studied numerically. In
addition, a deeper knowledge of the hydraulic behaviour of unsaturated soils will also lead
to a more accurate interpretation of the formation of trapped air, a phenomenon which often
occurs in unsaturated soils during wetting.

The second aim of this work is the study of the possibility of improving the water storage
capacity of capillary barrier systems using multiple layers, i.e. more than a single finer layer
and a single coarser layer. This will be done through an analytical, numerical and experimental
study.

The final aim of the project will be the investigation of the use of capillary barrier systems
that inhibit or reduce the percolation of water into the ground, thereby helping to maintain
high suction values in the ground in the long-term and reducing the risk of full saturation.
This could lead to enhanced soil strength and hence use of reduced soil quantities or lower
quality soils (e.g. recycled materials), leading to reduced embedded carbon. This concept will
be applied to the analysis of the prevention of rainfall-induced slope instability.

1.2 Objectives

Specific objectives of this research work are listed below:

• To carry out a critical review of the hydraulic behaviour of unsaturated soils. Aspects
like the role of bulk water, liquid film water and trapped air, which are often misunder-
stood or neglected in the literature, will be highlighted. This will lay the basis for the
development of improved hydraulic constitutive models for unsaturated soils.

• To develop a framework of improved hydraulic constitutive models for unsaturated soils
including the following key ingredients: distinct roles of bulk water and liquid film
water on the hydraulic conductivity, water retention hysteresis and gas conductivity.
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• To implement the new hydraulic constitutive models in the numerical Finite Element
code Code_Bright.

• To provide a more accurate and physics-based interpretation of the phenomenon of air
entrapment which occurs during wetting. This will be done through simple analytical
modelling and more complex numerical simulations.

• To assess, by means of numerical simulations, the influence of the new improved hy-
draulic constitutive models on the prediction of the fundamental behaviour of capillary
barrier systems. In particular, the role of bulk water and liquid film water will be
highlighted as well as the role of the water retention hysteresis.

• To develop a new simplified method of analysis of multi-layered capillary barrier
systems and validate the method through numerical FEM analyses and laboratory 1D
infiltration column tests on different multi-layered capillary barrier systems.

• To assess potential improvements in the water storage performance of multi-layered
capillary barrier systems. Particular attention will be given to the role played by the
different parameters, by performing a parametric study.

• To develop an ad hoc code in Matlab able to link thermo-hydraulic finite element
analyses performed with Code_Bright and limit analyses performed with the code
LimitState:GEO.

• To perform an advanced numerical study on the application of capillary barrier systems
for suction control and slope stability purposes when subjected to European weather
conditions. In particular, the role of different parameters like geometry of the underlying
soil, geometry of the capillary barrier system, materials and weather conditions will be
highlighted.

1.3 Thesis structure

This thesis is organised in 9 chapters, including this. The content of the next 8 chapters is
outlined below.

Chapter 2 provides the general research background for this thesis, including fundamental
concepts of unsaturated soils and a literature review regarding the hydraulic constitutive
modelling of unsaturated soils, the behaviour and application of capillary barrier systems and
the modelling of soil-atmosphere interaction.

Chapter 3 presents a critical review of the hydraulic behaviour of unsaturated soils and
describes the development and validation of new hydraulic constitutive models for unsaturated
soils, including improved modelling of hydraulic conductivity at low degree of saturation and
hydraulic hysteresis.
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Chapter 4 describes the numerical codes used in this thesis (i.e. Code_Bright and Limit-
State:GEO), the implementation of new hydraulic constitutive models for unsaturated soils in
Code_Bright and the development of a Matlab code linking Code_Bright and LimitState:GEO.

Chapter 5 presents an original interpretation of the phenomenon of air trapping in unsatu-
rated soils developed through analytical and numerical modelling.

Chapter 6 presents the results of numerical analyses involving the fundamental behaviour
of capillary barrier systems and investigates the impact of the use of the new hydraulic
constitutive models introduced in Chapter 3 on the response of capillary barrier systems.

Chapter 7 describes the working mechanism of an original concept of multi-layered
capillary barrier systems and presents a new simplified method for the analysis of their
hydraulic behaviour. Subsequently, the behaviour of these multi-layered CBSs is studied
analytically, numerically and experimentally.

Chapter 8 presents results from advanced numerical analyses regarding the application of
capillary barrier systems in the long term for suction control and slope stability purposes.

Chapter 9 summarises the key conclusions of this thesis and offers recommendations for
future work.



Chapter 2

Research background

In this chapter, the research background and the current state of the art are analysed and
presented in order to identify gaps in the literature and to provide the reader with sufficient
information required for understanding of the work presented in this thesis. In particular,
fundamental concepts and definitions about unsaturated soils are initially described since
they will recur throughout the thesis. A literature review of existing constitutive models
describing the hydraulic behaviour of unsaturated soils is then presented. The existing
state of knowledge about the fundamental behaviour and applications of capillary barrier
systems is subsequently described. Finally, the theoretical background about the modelling of
soil-atmosphere interaction is presented.

2.1 Fundamental concepts and definitions about unsaturated
soils

2.1.1 Surface tension, pore pressures and matric suction

Unsaturated soils are mixtures of three or more phases. In this work, the three phases
considered are: the solid phase (i.e. the soil grains), the liquid phase and the gas phase. The
liquid phase and the gas phase fill the void spaces. The liquid phase is an aqueous solution
mostly made of water with a small concentration of dissolved air (dissolved salts are not
considered in this work) and the gas phase is a mixture mostly made of dry air with a small
concentration of water vapour. Because of the coexistence of both liquid and gas phases
within the pores, the interface between the two phases assumes a significant role. When
considered at a continuum level, the interface behaves as an elastic membrane which is able
to exert a tensile pull. This property is commonly known as "surface tension" [31], expressed
as a force per unit length. The surface tension is the result of unbalanced intermolecular
forces exerted on water molecules which are located at the liquid-gas interface. As shown
in Figure 2.1, a water molecule within the liquid phase is subjected to intermolecular forces
acting uniformly in all directions, thus resulting in balanced forces. By contrast, a resulting
unbalanced intermolecular force directed towards the interior of the liquid phase acts on

8
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a water molecule located at the liquid-gas interface. This resulting intermolecular force is
equilibrated by the surface tension.

Figure 2.1: Intermolecular forces and surface tension

Because of the presence of surface tension at the liquid-gas interface, the pore-gas pressure
pg is not equal to the pore-liquid pressure pl if the interface is curved. The matric suction s

can be defined as:
s = pg− pl (2.1)

In Equation 2.1, it makes no difference whether pg and pl are expressed as absolute pressures
or relative to atmospheric pressure. However, in this thesis, there are situations where it
is necessary to be explicit about whether the values of pg and pl are expressed as absolute
pressures or relative to atmospheric pressure. Throughout this thesis, the symbols pg and pl

are used for absolute values of pore-gas pressure and pore-liquid pressure respectively.
The definition of matric suction must not be confused with the definitions of osmotic

suction and total suction [32]. Aitchison [33] proposed the following definitions:

• Total suction - The negative gauge pressure, relative to the external gas pressure on the

soil-water, to which a pool of pure water must be subjected in order to be in equilibrium

through a semipermeable (permeable to water molecules only) membrane with the

soil-water.

• Matric suction - The negative gauge pressure, relative to the external gas pressure on

the soil-water, to which a solution identical in composition with the soil-water must

be subjected in order to be in equilibrium through a porous permeable wall with the

soil-water.

• Solute (osmotic) suction - The negative gauge pressure to which a pool of pure water

must be subjected in order to be in equilibrium through a semipermeable membrane

with a pool containing a solution identical in composition with the soil-water.

Total suction is the sum of matric suction and osmotic suction. Flow of liquid water through
the soil (see Section 2.1.5) is driven by gradients of total suction (after accounting for elevation
differences). Total suction is also a relevant variable when considering a state of equilibrium
across a gas-liquid interface (see Section 2.1.2). In contrast, matric suction is a key variable
when considering both retention behaviour (see Section 2.1.4) and mechanical behaviour (see
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Section 2.1.6). Changes in pore liquid chemistry may also affect mechanical and retention
behaviour (particularly in clays), but these effects cannot be described simply by the use of
the same osmotic suction that is a component of the total suction governing liquid flow [34].
In this work, the contribution of the osmotic suction to liquid flow was neglected, because
the major focus was addressed to study of the hydraulic behaviour of coarse-grained soils
wetted by non-saline liquids. Therefore, the matric suction will be considered equal to the
total suction and both terms will be referred to simply with the term suction in this work,
unless differently specified.

The shape of the gas-liquid interface and matric suction are linked via the Young-Laplace
equation [35, 36], which can be derived by considering force equilibrium of an infinitesimal
element of the curved interface (see Figure 2.2):

Figure 2.2: Infinitesimal portion of three-dimensional liquid-gas interface

pg− pl = σs ·
(

1
r1

+
1
r2

)
(2.2)

where r1 and r2 are the principal radii of curvature of the interface, with the positive sign
when they are measured on the gas side of the interface, and σs is the surface tension
(σs = 0.07257N/m for an air-water interface at 20 ◦C [37]). When the gas-liquid interface is
in contact with a solid, like a soil grain, there is a certain contact angle between the interface
and the solid surface. The value of the contact angle (measured on the liquid side), which
depends upon the properties of the liquid, the gas and the solid, is very low (approximately
equal to 0◦) for an air-water interface in contact with a wetted soil grain (see Figure 2.3). It
follows that the gas-liquid interface is generally convex on the liquid side, and hence, from
Equation 2.2:

pg ≥ pl (2.3)

For most geotechnical applications, the gas is connected to the atmosphere, the pore-gas
pressure is considered equal to atmospheric and matric suction is identified as the negative
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Figure 2.3: Air-water interface in contact with soil grains

pore-liquid pressure relative to atmospheric. In this case, the pore-liquid pressure is negative,
relative to atmospheric pressure.

2.1.2 Air-water interaction

The liquid phase is typically a mixture of water (the major component) and a small concen-
tration of dissolved air. Under equilibrium conditions across a gas-liquid interface, the mass
concentration of air dissolved in the liquid phase depends upon the absolute air pressure
within the gas phase. At equilibrium, the mass concentration of air in the liquid phase ωa

l (a
dimensionless quantity) is governed by Henry’s law [38], which can be expressed as:

ω
a
l = pa ·

(
1
H

Ma

Mw

)
(2.4)

where pa is the absolute pressure of the air in the gas phase, Ma is the molecular mass of air
(Ma = 28.964kg/kmol), Mw is the molecular mass of water (Mw = 18.016kg/kmol) and H

is Henry’s constant [ML-1T-2].
The air concentration within the liquid phase may be non-uniform. For example, as

shown in Figure 2.4, the air pressure pa1 in a smaller gas bubble present in the liquid phase
is higher than the air pressure pa2 in a bigger gas bubble, due to the difference in curvature
of the gas-liquid interface surrounding the bubbles (see Equation 2.2). Thus, according to
Equation 2.4, assuming uniform temperature and liquid pressure, the mass concentration of
dissolved air in the liquid close to the smaller gas bubble is higher than that in the liquid close
to the bigger gas bubble. A gradient in dissolved air concentration drives diffusion of air
within the liquid phase from higher to lower dissolved air mass concentrations. The diffusive
flux of air within the liquid phase iiial [ML-2T-1] is governed by Fick’s law, expressed in this
case as:

iiial =−Da
l ∇(ρlω

a
l ) (2.5)

where Da
l [L2T-1] is the diffusion coefficient for the diffusion of air in the liquid phase and ρl

is the liquid density [ML-3]. The product ρlω
a
l represents the concentration of dissolved air

in the liquid phase, expressed as the mass of dissolved air per unit volume of liquid.
The gas phase is typically a mixture of dry air (the major component) and a small fraction

of water vapour. According to Dalton’s law, the behaviour of a particular gas in a mixture



CHAPTER 2. RESEARCH BACKGROUND 12

Figure 2.4: Air diffusion mechanism

of gases is independent of the other gases. Mathematically, Dalton’s law in this case can be
expressed as:

pg = pa + pv (2.6)

where pg is the pressure of the gas mixture, pa is the partial absolute pressure of dry air and
pv is the partial absolute pressure of water vapour. Each partial pressure is a fraction of the
total pressure, as follows:

pa = Xa · pg (2.7a)

pv = Xv · pg (2.7b)

where Xa and Xv are respectively the molar fractions of the air component and of the vapour
component.

The state of the water (i.e. solid, liquid or gas) depends on pressure and temperature,
as shown in the state diagram for water in Figure 2.5. Focusing only on the liquid and gas
states, the vaporization curve (AB) represents the set of pressure-temperature combinations
in which liquid water and gas water can coexist in equilibrium for a flat liquid-gas interface.
On the vaporization curve the water vapour is "saturated". Thus, the vaporization curve can
be described by a unique relationship between the saturated vapour pressure pv0 and the
temperature T . However, if the liquid-gas interface is curved, as happens with unsaturated
soils, the pressure of vapour in equilibrium with the soil water pv is lower than the pressure of
vapour in equilibrium with a flat liquid-gas interface pv0 (see Figure 2.5) [31]. In this case the
water vapour is "undersaturated". Relative humidity RH is defined as:

RH =
pv

pv0
(2.8)

The relationship between relative humidity RH and suction s for a state of equlibrium
across a liquid-gas interface is governed by Kelvin’s equation [31]:

RH = exp
(
− Mw

RT ρw
s
)

(2.9)

where R is the universal gas constant (8.314 J/(mol K)), T is the absolute temperature and ρw

is the density of pure water (998 kg/m3 at 293 K). The suction term s in Equation 2.9 is the
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Figure 2.5: State diagram for water

total suction but, as discussed in Section 2.1.1 above, in this thesis it was taken as the matric
suction, neglecting the role of osmotic suction.

Once the vapour pressure pv is known, the ideal gas law can be used to calculate the
vapour density ρv, as follows:

ρv =
pvMw

RT
(2.10)

A similar expression can be used to calculate the dry air density ρa, replacing pv and Mw with
the dry air pressure pa and the molecular mass of air Ma, respectively. The mass concentration
of vapour in the gas phase ωw

g is thus obtained as:

ω
w
g =

ρv

ρv +ρa
=

pvMw

pvMw + paMa
(2.11)

Similarly to the case of air dissolved in the liquid phase, the water vapour concentration
may not be uniform within the gas phase of an unsaturated soil. The gradient in vapour con-
centration drives the diffusion of water vapour within the gas phase, which can be expressed
by Fick’s law, as follows:

iiiwg =−Dw
g ∇
(
ρgω

w
g
)

(2.12)

where iiiwg is the diffusive flux of water vapour in the gas phase, Dw
g is the diffusion coefficient

for the diffusion of vapour in the gas phase and ρg is the gas density. The product ρgωw
g

represents the concentration of water vapour in the gas phase, expressed as the mass of vapour
per unit volume of gas.

2.1.3 Liquid water forms in unsaturated soils

In unsaturated soils, the liquid water exists in three forms: i) bulk water, ii) meniscus water
and iii) liquid film water (see Figure 2.6). The bulk water and the meniscus water are also
known as the capillary component of the water retained by the soil since their presence
is governed by the action of capillary forces, namely the forces of adhesion and cohesive
surface tension [39]. Adhesive forces are forces of attraction between the water molecules
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and other substances (e.g. the soil grain surface) and (cohesive) surface tension is due to the
unbalanced mutual attraction occurring between the water molecules located at the interface
between water and a different fluid (e.g. air), as described in Section 2.1.1. The liquid film
water represents the adsorptive component of the water retained by the soil grains because
adsorptive forces govern this phenomenon. In essence, adsorption is a surface phenomenon in
which substances from a gaseous or liquid solution (e.g. water molecules in the gas phase)
move onto a solid surface (e.g. a soil grain surface), to which they become bonded by means
of chemical or physical attraction forces [40].

Figure 2.6: Liquid water forms in unsaturated soils: bulk water, meniscus water and liquid
film water

The bulk water is the water present within liquid-filled voids, namely the same form of
water as in saturated soils. Meniscus water bridges, also called liquid bridges, are formed
at the inter-particle contacts surrounded by air-filled voids (see Figure 2.6). The properties
and the behaviour of the liquid bridges were initially analysed by the pioneering work of
Haines [41] and Fisher [42]. In particular, they found that dimensions and volume of a single
meniscus water bridge decrease with increasing suction.

As suction in the soil varies, the configuration of the liquid phase and of the gas phase
changes. Hence, the configurations of bulk water and meniscus water vary as well, as shown
in Figure 2.7 where a drying path (a-c) and a wetting path (d-e) are qualitatively represented.
Starting from an initial configuration where a pore is filled with bulk water (Figure 2.7a), as
suction increases, the curvature of the gas-liquid interface increases (Figure 2.7b) according
to the Young-Laplace equation (Equation 2.2). If suction increases beyond a certain value
corresponding to the maximum curvature of the liquid-gas interface that can be sustained at
the throat connecting two pores, the water may retreat from a pore which hence gets filled
with gas (Figure 2.7c). From this condition (Figure 2.7d), if the process is reversed and
suction decreases, the curvature of the gas-liquid interface decreases (Figure 2.7e). When the
curvature decreases to a value corresponding to the coalescence of the menisci surrounding a
pore filled with gas, the gas phase retreats and the pore gets filled with liquid (Figure 2.7f).
Therefore, an increase in suction generally corresponds to a decrease in the degree of saturation
(i.e. the volume fraction of voids filled with liquid) and, vice versa, a decrease in suction
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generally corresponds to an increase in the degree of saturation. Moreover, at the same suction
value, a pore can be either filled with liquid during drying (Figure 2.7b) or can be filled with
gas during wetting (Figure 2.7e). Thus, at the same value of suction, the degree of saturation
is generally higher during a drying process with respect to a wetting process. This effect, also
called "ink bottle" effect, is the main cause of water retention hysteresis, which is discussed
in Section 2.1.4.

Figure 2.7: Liquid-gas distributions during drying (a-c) and wetting (d-f), corresponding to
three different values of suction, s1 < s2 < s3

Thin liquid films generally cover the surface of unsaturated soil grains when pores are filled
with gas (see Figure 2.6), due to the adsorption forces. Unlike in geotechnical engineering,
the role of these liquid films is better understood in fields like hydrology, hydrogeology
and geochemistry. However, also in geotechnical engineering the liquid films can play an
important role, e.g. the description of the behaviour of unsaturated soils at low degree of
saturation.

In the very dry range, the process of adsorption was shown to be well represented by the
Brunauer-Emmett-Teller theory [43], which extended the Langmuir adsorption model from
the monolayer adsorption process to the multilayer adsorption process. This applies when
relative humidity is lower than 35%, which, at a temperature of 293 K, corresponds to matric
suction values greater than approximately 150 MPa, which is beyond the limit of interest of
this work. For lower values of matric suction, the adsorption process causes the formation of
multilayer films which can be seen as part of a thinned liquid phase. This can be described by
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the disjoining pressure isotherm [44], defined as:

Π(tFilm) = pg− pl (2.13)

where Π is the disjoining pressure, tFilm is thickness of the liquid film, pg is the pressure in the
gas phase and pl is the pressure in the bulk liquid phase. Using this definition, it follows that
the disjoining pressure in the case of planar liquid films (i.e. no capillary interactions) is equal
to the matric suction s. The disjoining pressure Π is made of different components linked to
different types of surface forces governing the physical phenomenon. The forces considered
in the study of thin films covering soil particles are generally ionic-electrostatic and molecular.
In this case, the disjoining pressure can be defined as the sum of two components [45], as
follows:

Π(tFilm) = Πe (tFilm)+Πm (tFilm) (2.14)

with Πe and Πm the ionic-electrostatic and the molecular components of the disjoining
pressure, respectively.

The ionic-electrostatic component of the disjoining pressure was studied by the the Nobel
Prize winner Langmuir [46]. He studied the problem of a planar film of an ionic solution
bounded by an infinitely extended planar charged substrate. The charge of the substrate
induces a high concentration of ions close to the surface due to Coulombic attractions. This
high concentration forces ions to diffuse away from the surface. This layer of surface charges
and counter-ions is called "diffuse double layer". Generally speaking, this problem is governed
by the Poisson-Boltzmann equation, from which Langmuir [46] derived an expression for
the thickness of the diffuse double layer, for a low-concentration symmetric ionic solution
bounded by a high-potential substrate. The expression derived by Langmuir is the following:

Πe (tFilm) =
εrε0

2

(
πkBT

eZ

)2 1
tFilm

2 (2.15)

where εr is the static relative permittivity of the liquid phase, ε0 is the permittivity of free
space, kB is the Boltzmann constant, T is the absolute temperature, e is the charge of an
electron and Z is the valence change.

The molecular component of the disjoining pressure is due to long-range van der Waals
attraction interacting between solid, liquid and vapour. Israelachvili [47] considered the
simple case of a thin planar liquid film adsorbed to a indefinetely extended flat solid substrate,
and in contact with undersaturated vapour. The whole system is assumed to be in contact with
a reservoir of liquid (the bulk water in the case of soils) at temperature T and liquid pressure
pl , such that Πm = pg− pl , where pg is the pressure in the gas phase. From considerations
about thermodynamic equilibrium, the following expression for the molecular component of
the disjoining pressure was obtained:

Πm (tFilm) =−
Asvl

6πtFilm
3 (2.16)
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where Asvl is the Hamaker constant for solid-vapour interactions via an intervening liquid
phase. The Hamaker constant Asvl , which represents interaction between macroobjects (e.g.
soil particles surface and liquid) due to short-range van der Waals forces, generally ranges
between −1×10−20 J and −1×10−19 J but, for natural soils, it is suggested to be assumed
as −6×10−20 J [48].

Equations 2.13, 2.14, 2.15 and 2.16 can be combined to describe the relationship between
the liquid film thickness and the matric suction in unsaturated soils, even though the effect
of shape and rugosity of the soil grains and the interaction between liquid films surrounding
different adjacent particles are neglected. The values of all the constants in Equations 2.15
and 2.16 are shown in Table 2.1. Figure 2.8 shows the relationship between the liquid film
thickness and suction (disjoining pressure), and the contribution of the ionic-electrostatic and
the molecular components, for a monovalent ionic solution (e.g. water) adsorbed to natural
soil grains at the temperature T = 20◦C. For film thicknesses greater than approximately 5 nm
(suction lower than approximately 100 kPa) the ionic-electrostatic component is dominant,
for film thicknesses lower than approximately 0.3 nm (suction greater than approximately
1×105 kPa) the molecular component is dominant. When the film thickness is approximately
between 0.3 nm and 5 nm (suction approximately between 100 kPa and 1×105 kPa), both the
ionic-electrostatic component and the molecular component are significant.

Table 2.1: Values of the constants related to the ionic-electrostatic and the molecular compo-
nents of the expression of the disjoining pressure (Equations 2.15 and 2.16)

Permittivity of free space, ε0
[
C2 J−1 m−1] 8.85×10−12

Static relative permittivity of water, εr 78.41
Boltzmann constant, kB

[
JK−1] 1.38×10−23

Electron charge, e [C] 1.60×10−19

Hamaker constant, Asvl [J] −6.00×10−20

Figure 2.8: Liquid film thickness as a function of the disjoining pressure for a monovalent
ionic solution (e.g. water) adsorbed to natural soil grains at the temperature T = 20◦C (after
Lebeau and Konrad [49])
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2.1.4 Water retention behaviour

The soil water retention curve (SWRC) describes the relationship between the water content
(in terms of volumetric water content θl , gravimetric water content θgl or degree of liquid
saturation Sl) and the matric suction s. The volumetric water content is defined as:

θl =
Vl

Vtot
(2.17)

where Vl is the volume of liquid and Vtot is the total volume of soil. The gravimetric water
content θgl is defined as:

θgl =
ml

ms
(2.18)

where ml is the mass of liquid and ms is the mass of solid. The degree of liquid saturation is
defined as:

Sl =
Vl

Vv
(2.19)

where Vv is the volume of voids or pore spaces. The volumetric water content θl and the
degree of saturation Sl are linked via the following equation:

Sl =
θl

Φ
(2.20)

where the porosity Φ is defined as:

Φ =
Vv

Vtot
(2.21)

Unless differently specified, where the term "water content" is used within this thesis it can
be taken to be the volumetric water content, defined by Equation 2.17.

Figure 2.9 shows qualitative SWRCs for different materials plotted as degree of saturation
Sl against suction s. Suction is plotted on a logarithmic scale, which is common for the
representation of SWRCs. In all cases, the degree of saturation Sl decreases with increasing
suction s. Starting from full saturation Sl = 1, as a soil is dried, the liquid retreats into
smaller and smaller voids, the gas-liquid interface becomes increasingly more curved and
the corresponding suction s increases accordingly (see Figure 2.7). Comparing the different
materials, because the void pores are much smaller in a finer material (e.g. a clay) than in
a coarser material (e.g. a sand), much higher values of curvature, and hence suction, are
required to reduce the degree of saturation to a particular value in a finer material than in a
coarser material.

For a given soil, the water retention curve is not unique, with different retention behaviour
during a drying path and during a wetting path [50]. This effect is known as water retention
hysteresis. In addition, water retention behaviour is affected by changes in the void ratio of the
soil. Figure 2.10 qualitatively shows, for a given soil, the water retention hysteresis and how
the void ratio affects the water retention behaviour. Three limit or boundary curves can be
identified: the "primary drying curve", the "main drying curve" and the "main wetting curve"
[51]. The primary drying curve represents a drying process which starts from full saturation.
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Figure 2.9: Qualitative soil water retention curves (SWRCs) for different materials

The main wetting curve represents a wetting process which start from dry conditions and ends
in general at a degree of saturation lower than 1 because of the formation of trapped air. The
main drying curve represents a drying process which starts from the end of a main wetting
process, namely from s = 0 but from a degree of saturation value in general lower than 1.
Moreover, "scanning curves" describe paths included between the limit curves, occurring
when drying or wetting are reversed at intermediate degrees of saturation.

Figure 2.10: Water retention hysteresis and effect of void ratio on the SWRC

As was mentioned in Section 2.1.3, the mechanisms of drying and wetting of a pore
are different (see Figure 2.7) and, for a given value of suction, the corresponding degree of
saturation during drying is greater than during wetting. This effect, also known as "ink bottle
effect" [50], is the main cause of water retention hysteresis in unsaturated soils. However,
other phenomena also contribute to the hysteretic retention behaviour of unsaturated soils
[52], like the hysteresis of the contact angle, the formation of trapped air during wetting and
change of soil structure during wetting and drying.

The contact angle of the gas-liquid interface in contact with moist soil grains is approxi-
mately equal to 0 but, during a first wetting process, when the soil grains are dry, the contact
angle values can be significantly higher [53].

During a wetting process, full saturation is often not achieved even though the applied
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suction becomes zero or negative (see Figure 2.10), due to the formation of trapped air which,
consequently has an effect on the wetting SWRCs [54–56]. During a wetting process, the
liquid phase enters the smaller pores of the soil first and subsequently the larger pores, and
the gas phase is consequently expelled. However, in order for the gas to flow out of the soil
during wetting, the gas phase must create continuous gas flow channels. When high degree of
saturation values are attained, exceeding 70-80% [56], larger pores filled with gas may be
surrounded by smaller pores filled with liquid and the passageway for the gas flow may be
blocked. From this point, further decreases in the applied suction result in an increase in the
gas pressure in the trapped air. In this situation, the gas is expelled only through the slow
process of diffusion of air in the liquid phase [57], driven by a gradient in the dissolved air
concentration between the pore liquid around the trapped air (higher concentration) and the
pore liquid adjacent to free air (lower concentration).

Finally, the hydraulic and mechanical behaviours of unsaturated soils are in general cou-
pled. In particular, changes of void ratio e, caused by volumetric straining (i.e. mechanical
behaviour), lead to different SWRCs, as shown in Figure 2.10 (i.e. mechanical behaviour in-
fluences hydraulic behaviour). In particular, if a soil with an initial void ratio e1 is compressed,
resulting in a smaller void ratio e2, the mean size of the pores decreases. Consequently,
according to Equation 2.2, higher values of suction are required to attain the same degree of
saturation [58].

2.1.5 Flow processes

The advective flux (volume flow rate through unit cross-sectional area) of liquid qqql and gas qqqg

through porous media (e.g. soils) is governed by Darcy’s law. For the liquid flux, this can be
expressed as:

qqql =−kl ·∇hl (2.22)

where kl is the hydraulic conductivity [LT-1] and ∇hl is the hydraulic gradient. In the absence
of osmotic effects, the hydraulic head hl is defined as:

hl = z+
pl

γl
(2.23)

where z is the elevation relative to an arbitrary horizontal reference datum and γl is the unit
weight of the liquid, defined as γl = ρlg where ρl is the liquid density and g is the gravitational
acceleration. Equations 2.22 and 2.23 can be applied also to the description of the advective
gas flux qqqg, replacing kl , hl , pl , γl and ρl with the gas conductivity kg, the gas head hg, the
pore gas pressure pg, the unit weight of gas γg and the gas density ρg, respectively.

The hydraulic conductivity kl is a property of soils which represents the ease with which
the liquid can flow through pores. For saturated conditions, the hydraulic conductivity is often
assumed to be constant for a given soil, although it actually varies with the porosity Φ [59].
By contrast, under unsaturated conditions, the hydraulic conductivity strongly varies also
with the degree of saturation Sl . The hydraulic conductivity depends on the number and the
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size of the continuous paths formed by the liquid. In particular, the more and larger are these
liquid paths, the higher is the hydraulic conductivity. It should be pointed out that, although
water movement through soils may also occur under the form of water vapour flow, this is not
related to the hydraulic conductivity kl because vapour flow is not governed by Darcy’s law.
Similar concepts apply to the gas conductivity kg.

Figure 2.11 shows the qualitative dependence of the hydraulic conductivity kl and the gas
conductivity kg on the (liquid) degree of saturation Sl and on the gas degree of saturation Sg,
which is defined as Sg = 1−Sl . Under saturated conditions (Sl = 1) the hydraulic conductivity
is equal to the saturated value kls. As Sl decreases from 1, the hydraulic conductivity falls
dramatically, because:

• the cross-sectional area of voids available for the liquid flow (the voids filled with
liquid) is reduced;

• the continuous liquid paths are restricted to smaller voids, because the larger voids are
the first to empty of liquid;

• the length of continuous liquid paths is increased because, in order to avoid pores filled
with gas, the tortuosity of these paths increases;

• the thickness of liquid films adsorbed to the soil grain surfaces reduces thereby reducing
the transport of liquid water within these liquid films.

Similar concepts apply also to the relationship between gas conductivity kg and gas degree of
saturation Sg (see Figure 2.11), where the saturated gas conductivity kgs is the gas conductivity
value in fully dry conditions (i.e. Sl = 0 or Sg = 1).

Figure 2.11: Typical hydraulic conductivity and gas conductivity curves as functions of the
(liquid) degree of saturation and gas degree of saturation

The soil hydraulic conductivity curve (SHCC) is the relationship between hydraulic
conductivity kl and either degree of saturation Sl or suction s. The SHCC is generally
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represented by the following expression:

kl (Sl) = kls · klr (Sl) (2.24)

where klr (Sl) is the relative hydraulic conductivity, which ranges between 1 (kl = kls) and 0
(kl = 0). Similarly, the relative gas conductivity krg is the ratio between kg (Sg) and kgs.

The advective movement of liquid in unsaturated soils is often described by Richards
equation [60], a non linear partial differential equation. Richards equation was obtained by
applying Darcy’s law to the liquid mass conservation under the assumptions of no phase
transfer (i.e. water storage or transfer in vapour form is ignored), non-deformable soil and
incompressible water. This equation can be written as:

∂θl

∂ t
=− ∂

∂x

[
klx (θl)

∂hl

∂x

]
− ∂

∂y

[
kly (θl)

∂hl

∂y

]
− ∂

∂ z

[
klz (θl)

∂hl

∂ z

]
(2.25)

where klx, kly and klz are the hydraulic conductivities in the x-, y- and z-directions respectively,
in the general case of anisotropic hydraulic conductivity. A similar equation can be written to
represent the gas flow, with corresponding assumptions of no phase transfer (i.e. air storage
or transfer in dissolved form is ignored) and non-deformable soil, although the effect of gas
compressibility does need to be included.

In addition to the advective flows of liquid water and gaseous air (each described by
Darcy’s law), also the following flow processes occur in unsaturated soils:

• flow of water vapour within the gas phase by advection of the gas phase;

• flow of water vapour within the gas phase by diffusion (see Equation 2.12);

• flow of dissolved air within the liquid phase by advection of the liquid phase;

• flow of dissolved air within the liquid phase by diffusion (see Equation 2.5).

2.1.6 Mechanical behaviour

In unsaturated soils, bulk water and meniscus water interact in a different way with the soil
skeleton, hence affecting differently the mechanical behaviour. The liquid film water has
generally a negligible effect on the mechanical behaviour of coarse-grained soils whereas it
can be significant for fine-grained soils [61].

The pressure in bulk water acts in the same way as in saturated soils, influencing both
normal and tangential forces at inter-particle contacts adjacent to liquid-filled voids. By
contrast, the pressure in meniscus water produces an additional stabilizing inter-particle force,
normal to the inter-particle contact, at each contact where a meniscus water bridge is present
(i.e. where voids are gas-filled), with no addition to the tangential force [62, 63].

Fisher [42] studied the force equilibrium in a meniscus water bridge connecting two
identical spherical soil particles of radius Rp in contact with each other (see Figure 2.12a).
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Figure 2.12b shows the dependency of ∆N upon suction s, where ∆N is the additional inter-
particle normal force due to the presence of the meniscus water bridge. As suction increases:

• more voids become gas-filled and the number of inter-particle contacts affected by
meniscus water bridges increases;

• the additional inter-particle normal force ∆N increases, but reaches a limiting value as
suction tends to infinity that is only 50% greater than the value of ∆N produced by a
meniscus water bridge at s = 0.

Figure 2.12: Equilibrium in the meniscus water bridge

To a first approximation, ∆N can be assumed to be constant when the meniscus water
bridge is present but it disappears when the surrounding voids become liquid-filled [62].

To describe the mechanical behaviour of unsaturated soils, Bishop [64] proposed a defini-
tion for a single effective stress σ ′:

σ
′ = σ − pg +(pg− pl) ·χ (2.26)

where σ is the total stress and χ is a function of the degree of saturation (χ = χ (Sl)), with
the following properties: χ (Sl = 1) = 1 and χ (Sl = 0) = 0.

The validity of the use of Bishop’s effective stress to represent the mechanical behaviour
of unsaturated soils was, however, first challenged by Jennings and Burland [65]. A single
effective stress is in fact unable to represent all the aspects of the mechanical behaviour of
unsaturated soils. Figure 2.13 qualitatively shows the change in void ratio e of two samples
of an unsaturated soil when wetted under two different values of constant total stresses σ .
When the soil is wetted under a relatively low total stress, the soil "swells", i.e. the void
ratio increases. When the soil is wetted under a relatively high total stress, the soil initially
swells but then the void ratio decreases [66]. The reduction of void ratio during wetting is
called "collapse" compression. The single Bishop’s effective stress is unable to represent the
collapse compression phenomenon.

A single effective stress would be able to represent only the effect of bulk water on the me-
chanical behaviour of unsaturated soils but it is unable to represent the role of meniscus water.
As suction increases within a single meniscus water bridge (pore-liquid pressure decreases),
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Figure 2.13: Volumetric behaviour upon wetting: swelling and collapse compression

the normal force at the inter-particle contact increases with no increase in the tangential force
(see Figure 2.12). This has the following effects on the macroscopic mechanical behaviour:

• Elastic strains: it causes compression of the grains and elastic compression of the soils
(like an increase in effective stress in saturated soils).

• Plastic strains: it has a stabilizing effect on the inter-particle frictional contact against
particle slippage because the normal inter-particle force increases but the tangential
force does not increase; this reduces the possibility of plastic strains (like a decrease in
effective stress in saturated soils).

• Shear strength: shear strength increases because the normal inter-particle forces increase
(like an increase in effective stress in saturated soils).

Collapse compression on wetting can be thus interpreted microscopically. When a soil is
loaded by increasing total stress, normal and tangential forces at the inter-particle contacts
increase and slippage (plastic strain) can occur. However, at some inter-particle contacts,
the presence of meniscus water bridges may prevent this slippage. This stabilizing effect is
lost during wetting because meniscus water bridges are replaced by bulk water. If wetting
occurs at relatively high value of total stress, the loss of inter-particle stability as meniscus
water bridges disappear is sufficient to bring the soil to a point of instability, slippage at
inter-particle contacts commences and collapse compression occurs. However, if the applied
total stress is relatively low, the tangential inter-particle forces are also low and slippage will
not occur even if the stabilizing effect of meniscus water bridges is lost during wetting. This
explains why collapse compression does not occur at relatively low values of applied total
stress.

Therefore, in order to represent the mechanical behaviour of unsaturated soils, the defi-
nition of two stress variables is required. Commonly, net stress σ − pg and matric suction
pg− pl are used [66, 67], although many other possible combinations of stress state variables
have also been proposed [68].

Many full mechanical constitutive models for unsaturated soils have been proposed since
the original Barcelona Basic Model (BBM) of Alonso et al. [69]; some of these employ net
stress and matric suction as stress variables [e.g. 69, 70] whereas others employ alternative
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pairs of stress variables [e.g. 62, 71–73]. However, in this thesis, the only aspect of mechanical
behaviour that is significant is the shear strength, and therefore the remaining review of
mechanical behaviour of unsaturated soils is restricted to shear strength.

Shear strength in unsaturated conditions is greater than that in saturated conditions and
it generally increases with increasing suction. Fredlund et al. [74] proposed the following
relationship to model the shear strength τ f of unsaturated soils:

τ f = c′+(σ − pg) tanφ
′+(pg− pl) tanφb (2.27)

where σ − pg is the net stress normal to failure plane, c′ and φ ′ are respectively the effective
cohesion and the effective friction angle for saturated conditions and φb is the friction angle
with respect to matric suction. In addition to the conventional Mohr-Coulomb for saturated
soils, the presence of the term (pg− pl) tanφb predicts a linear increase of shear strength with
suction, given that φb was prescribed to be a constant. The validity of this last aspect was
challenged by subsequent works [e.g. 75, 76], which showed that φb is not constant with
suction.

Figure 2.14 shows data of shear strength τ f against suction s at different values of applied
net stress σ − pg, obtained by Escario and Saez [75] for a clayey sand. It can be seen that the
relationship between τ f and s is clearly non linear and a constant value of φb is not appropriate
to represent the shear strength of unsaturated soils. For s = 0 the soil is in saturated conditions
and hence τ f increases approximately linearly with increasing σ − pg. As s increases, τ f

initially increases linearly with a slope approximately equal to φ ′, which is the effective
friction angle. Indeed, at relatively low values of suction, the soil is still saturated and only
bulk water is present. In these conditions, a variation in suction has the same effect as in
saturated conditions. Increasing suction, the presence of bulk water decreases, meniscus water
bridges are formed at the inter-particle contacts but the stabilizing inter-particle forces which
they generate reach a limiting value as suction tends to infinity (see Figure 2.12). Therefore,
as suction increases and the degree of saturation decreases, the slope of the τ f : s curves
decreases from the initial value φ ′.

Several other relationships representing the shear strength of unsaturated soils have been
proposed [e.g. 67, 74, 77–79]. Among these, Bishop and Blight [67] replaced the effective
stress in the conventional Mohr-Coulomb model with the Bishop’s effective stress defined by
Equation 2.26, thereby obtaining:

τ f = c′+[(σ − pg)+(pg− pl) ·χ] · tanφ
′ (2.28)

A good approximation of the parameter is χ = Sl [77]. This relationship (with χ = Sl) is able
to capture the non-linearity of the relationship between τ f and s and it is adequate to represent
the shear strength of unsaturated soils [80]. For this reason and for its simplicity, it will be
used in this thesis.
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Figure 2.14: Dependency of shear strength on suction (data for a clayey sand from Escario
and Saez [75])

2.2 Hydraulic constitutive models for unsaturated soils

The soil water retention curve (SWRC) and the soil hydraulic conductivity curve (SHCC) can
be expressed mathematically by different constitutive models. This section provides a review
of the main hydraulic constitutive models describing the SWRC and the SHCC, including the
effects of water retention hysteresis and trapped air.

2.2.1 Soil water retention curve

Conventionally, water retention models are empirical and their parameter values, for a given
soil, are typically calibrated with experimental data. The conventional water retention models
proposed by Brooks and Corey [81], van Genuchten [82] and Kosugi [83] are amongst the
most well-known. The three models all assume that as suction s varies, the degree of saturation
Sl varies between a maximum value Sls at s = 0 and a minimum value, the residual degree
of saturation Slr, as s tends to infinity, where Sls and Slr are both soil constants. Each of the
three models then gives the degree of saturation Sl at any specific value of s by:

Sl = Slr +Sle · (Sls−Slr) (2.29)

where Sle is termed the effective degree of saturation (with a value between 0 and 1). The
three models differ in the predicted variation of the effective degree of saturation Sle with
suction s.

The Brooks and Corey model can be expressed as:

Sle =

1 if s≤ sAE/AEX(
sAE/AEX

s

)n
if s > sAE/AEX

(2.30)

where the air entry or air exclusion value of suction sAE/AEX and n are parameters of the
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model (soil constants).
The van Genuchthen model can be expressed as:

Sle =

 1

1+
(

s
P0

)n

m

(2.31)

where P0, n and m are parameters of the model (soil constants). Parameters m and n are often
correlated as m = 1−1/n [82].

The Kosugi model can be expressed as:

Sle = Q
(

ln(s/sm)

σm

)
(2.32)

where Q is the complementary normal distribution function and sm and σm are parameters of
the model (soil constants).

For all three models, the maximum degree of saturation Sls is the degree of saturation
value at s = 0 and it is typically considered as Sls = 1 because it represents the saturated
condition. Sometimes, however, it is considered as Sls < 1 in order to represent situations
in which full saturation is not achieved at s = 0 during wetting, due to the formation of
trapped air. According to Equation 2.29 used in conjunction with Equation 2.30, 2.31 or 2.32,
the residual degree of saturation Slr is the value of Sl as s tends to infinity. More typically,
however, it is simply treated as a fitting parameter, to optimise the fit to the experimental
variation of Sl at intermediate values of degree of saturation.

Figure 2.15 shows an example of comparison between SWRCs obtained with the three
models described above, with model parameter values selected to provide approximate
matching. All the models lead to a similar shape of the SWRC. However, with the Brooks
and Corey [81] model the degree of saturation is constant (Sl = Sls) at low values of suction
and starts decreasing for s > sAE/AEX , at which the gradient of the SWRC is discontinuous.
By contrast, the van Genuchten [82] model and the Kosugi [83] model predict a SWRC
which decreases monotonically (i.e. the gradient is continuous) but it starts decreasing more
dramatically at suction values around the parameter sAE/AEX of the Brooks and Corey model.

All three of these empirical models for the SWRC can generally provide a good match to
the SWRC at high and moderate values of degree of saturation, but they cannot accurately
represent the SWRC at low values of Sl . In fact, these models predict that Sl tends asymp-
totically to a minimum value (i.e. the residual degree of saturation Slr), as suction tends to
infinity. However, experimental results [84], supported by thermodynamic considerations [85],
showed that the value of Sl reduces to zero at a finite value of suction of approximately 1 GPa,
regardless of the type of soil. In particular, at low degree of saturation when only meniscus
water and liquid film water are present in the soil, the SWRC decreases approximately linearly
with the logarithm of suction. Hence, some more recently proposed SWRC models are
specifically intended to extend the range of application to lower degree of saturation. Some of
these models involve new mathematical expressions [86] whereas others are modified forms
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Figure 2.15: Conventional SWRC models

of previous conventional models [84, 87–93].
Campbell and Shiozawa [84] modified the van Genuchten model and Rossi and Nimmo

[87] modified the Brooks and Corey model, both adding an extra-term in order to capture the
log-linear behaviour of the SWRC in the low degree of saturation range.

Fredlund and Xing [86] proposed a new expression able to capture the water retention
behaviour from saturation to complete dryness. According to this model, the SWRC can be
expressed as:

Sl =C (s)
Sls

{ln [e+(s/p0)
n]}m (2.33)

where p0, n and m are parameters of the model and C (s) is a correction function defined as:

C (s) =
ln(1+ s/sr)

ln [1+(1GPa/sr)]
(2.34)

The correction function C (s) forces the SWRC to drop slowly to Sl = 0 at s = 1GPa and the
parameter sr represents the suction at which the SWRC starts to drop approximately linearly
in a semi-logarithmic plot [86].

Fayer and Simmons [88] and Zhang [89] modified in similar ways both the van Genuchten
and the Brooks and Corey models, replacing a constant residual degree of saturation Slr with
a function decreasing with suction Slr (s). In particular, according to Fayer and Simmons [88],
this function can be expressed as:

Slr = ξ ln
(sdry

s

)
(2.35)

where ξ is a fitting parameter and sdry is the suction at oven dryness, i.e. sdry = 1GPa.
Therefore, joining Equations 2.29, 2.30, 2.31 and 2.35, the modified versions of the Brooks
and Corey model and of the van Genuchten model [88] can be expressed respectively as:

Sl =

Sls if s≤ sAE/AEX

ξ ln
( sdry

s

)
+
(

sAE/AEX
s

)n
·
[
Sls−ξ ln

( sdry
s

)]
if s > sAE/AEX

(2.36)
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Sl = ξ ln
(sdry

s

)
+

 1

1+
(

s
P0

)n

m

·
[
Sls−ξ ln

(sdry

s

)]
(2.37)

In the same way, Khlosi et al. [90] modified the Kosugi model introducing the residual
degree of saturation function of Equation 2.35 in Equations 2.29 and 2.32, leading to the
following expression:

Sl = ξ ln
(sdry

s

)
+Q

(
ln(s/sm)

σm

)
·
[
Sls−ξ ln

(sdry

s

)]
(2.38)

Figure 2.16 shows the qualitative comparison between the conventional van Genuchten
model (Equations 2.29 and 2.31) and the modified version proposed by the Fayer and Sim-
mons model (Equation 2.37), with Sls = 1 in both cases. The two SWRCs, which were
obtained using the same values for n, m and P0, are almost coincident at high and medium
values of degree of saturation. However, the Fayer and Simmons model is able to represent
effectively also the state at low degree of saturation, where the degree of saturation decreases
approximately linearly with the logarithm of suction down to a completely dry state [84].

Figure 2.16: Comparison between the van Genuchten [82] model and the Fayer and Simmons
[88] model

More recently, Peters [91] proposed an empirical model where the total degree of satura-
tion is split into the capillary and adsorptive liquid components, where the former represents
the component related to bulk and meniscus water and the latter represents the component
related to liquid film water. This model also solved some difficulties arising in the Fayer
and Simmons [88] model and in the Khlosi et al. [90] model for soils with wide grain-size
distributions. Since the model was not continuously differentiable at the connection point
between the capillary and the adsorptive regions, Iden and Durner [92] modified Peter’s model
introducing a different empirical expression for the adsorptive component.

2.2.2 Soil hydraulic conductivity curve

In contrast with the water retention models which are typically calibrated with experimental
data, direct measurements of unsaturated hydraulic conductivity are time-consuming, tech-
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nically complex and expensive and their use is therefore generally limited to the research
field or important projects. For this reason, most research effort has been addressed towards
the use of predictive models for the unsaturated hydraulic conductivity function (SHCC),
based on the SWRC properties. A direct physical link exists between the SHCC and SWRC
properties, namely they are both linked to the pore-size distribution. The size of a single pore
and the sizes of connections to neighbouring pores are important to determine whether, for a
given suction, a pore is filled with liquid or gas, thus controlling the SWRC, and the sizes
and connectivity of pores filled with liquid controls the hydraulic conductivity, i.e. the SHCC.
In most predictive models for unsaturated hydraulic conductivity, only one extra parameter
(other than those defining the SWRC) is needed to describe the conductivity function, which
is typically the saturated hydraulic conductivity kls.

Similar to the water retention models, many conventional models for the SHCC provide
realistic modelling of the variation of hydraulic conductivity at medium and high values of
degree of saturation but they do not perform well at low values of degree of saturation. Among
these, Burdine [94] and Mualem [95] proposed statistical models making use of the fact that
the unsaturated hydraulic conductivity depends on the pore-size distribution. They modelled
the soil pores as a bundle of cylindrical tubes, with each individual tube either filled or empty
of water with the liquid flow attributed to the former. In contrast with the Burdine [94] model,
the Mualem [95] model considers in a statistical way also the role of cylindrical tubes of
different diameter connected to each other along the flux direction. According to Burdine
[94], the relative hydraulic conductivity (see Equation 2.24) can be expressed as:

klr = Sle
2

∫ Sl

Slr

dSl

s2∫ Sls

Slr

dSl

s2

= Sle
2

∫ Sle

0

dSle

s2∫ 1

0

dSle

s2

(2.39)

whereas the Mualem [95] model can be expressed as:

klr = Sle
0.5


∫ Sl

Slr

dSl

s∫ Sls

Slr

dSl

s


2

= Sle
0.5


∫ Sle

0

dSle

s∫ 1

0

dSle

s


2

(2.40)

The Burdine model and the Mualem model were subsequently used in conjunction with
expressions for the SWRC. For instance, Brooks and Corey [81] substituted the SWRC
expression for Sle (see Equation 2.30) in the Burdine SHCC expression of Equation 2.39,
obtaining:

klr = Sle
3+2/n (2.41)

Similarly, van Genuchten [82] and Kosugi [83] used the Mualem SHCC expression (Equa-
tion 2.40) in conjunction with their expressions for the SWRC (Equations 2.31 and 2.32
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respectively). van Genuchten [82] obtained the following expression:

klr = Sle
0.5
[
1−
(

1−Sle
1/m
)m]2

(2.42)

whereas Kosugi [83] model for the relative hydraulic conductivity can be expressed as:

klr = Sle
0.5{Q

[
Q−1 (Sle)+σm

]}2
(2.43)

Fayer and Simmons [88] adapted the modified versions which they proposed of the Brooks
and Corey and van Genuchten SWRC models (Equations 2.36 and 2.37 respectively) to the
Mualem model for the SHCC.

Both the Burdine SHCC model and the Mualem SHCC model are inappropriate at low
values of degree of saturation where few if any pores are entirely filled with water and these
do not form continuous liquid paths. In these conditions, the liquid flow occurs only within
thin liquid films covering the surfaces of the soil particles and in meniscus water bridges at
the inter-particle contacts. While there were different studies trying to extend conventional
water retention models to the low degree of saturation range, the studies aimed to model the
hydraulic conductivity in the the low degree of saturation range where liquid flow occur in the
adsorbed liquid films covering the soil grain surfaces were initially poor. Rossi and Nimmo
[87] and Fayer and Simmons [88] simply replaced the effective degree of saturation with the
actual degree of saturation in the Mualem SHCC model. The first important contribution
in this sense was given by Tuller and Or [96]. They studied analytically the unsaturated
hydraulic conductivity due to liquid flow occurring within the liquid films covering the soil
grains and within the corners occupied by meniscus liquid water. The problem was studied at
the microscopic level and an upscaling algorithm was proposed. However, the model which
they proposed is mathematically very complex and it requires input data not easy to obtain,
like the pore geometries and the specific surface area. Peters and Durner [97] proposed a
hydraulic conductivity expression made of the linear superposition of a simple power-law
expression for the liquid film conductivity and a conventional Mualem model for the bulk
water conductivity. The model is not fully predictive and, in order to be used, it requires
additional empirical parameters calibrated with unsaturated hydraulic conductivity data at low
values of degree of saturation, which are difficult to obtain. Tokunaga [98] analytically studied
the problem of liquid flow occurring within liquid films in an idealized soil consisting of
identically-sized smooth spherical particles, coming up with an expression for the component
of the hydraulic conductivity related to liquid film flow, for the situation where none of the
voids are filled with bulk water and hence all of the particles are covered by liquid films.
According to this model, the liquid film component of the hydraulic conductivity kl

Film can
be estimated as:

kl
Film =

4π2ρlg(1−Φ)

µlD

(
εrε0

2

)1.5
(

kBT
Ze

)3(2σs

D
+ s
)−1.5

(2.44)

where ρl and µl are the liquid density and viscosity respectively, Φ is the porosity, D is the
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spherical particle diameter, σs is the liquid-gas interface tension, T is the absolute temperature,
Z is the ion valence change and εr, ε0, kB and e are physical constants shown in Table 2.1.
This equation, although is able to capture the functional relationship between kl

Film and s at
relatively low values of suction, cannot predict accurately the absolute values of kl

Film because
it contains many simplifying assumptions (e.g. perfectly spherical particles, smooth surface,
lack of consideration of increased liquid tortuosity due to the 3d shape of the particles) and
because of the uncertainty in the choice of some parameters (e.g. a representative value of D

for a natural porous medium).
Lebeau and Konrad [49] coupled the Kosugi model for the bulk water conductivity

(Equation 2.43) with a version of the liquid film conductivity model proposed by Tokunaga
[98] (Equation 2.44), which was improved at high values of suction and extended to wider
grain-size distributions. However, this model requires the measurement of SWRC data at
very high values of suction (i.e. as close as possible to 10 MPa). Also Zhang [89] adopted
the model proposed by Tokunaga [98] to model the liquid film component of the hydraulic
conductivity, introducing a correction factor which needs to be obtained experimentally. Peters
[91] proposed a model where the hydraulic conductivity is split into capillary and liquid film
components. However, a prediction from the SWRC cannot be done since two additional
empirical parameters are required to predict the film conductivity.

In conclusion, the literature analysed lacks a model able to predict accurately the hy-
draulic conductivity down to very low values of degree of saturation, which does not require
experimental data difficult to obtain and which is easy to apply. A model with these features
was developed in this work and it will be discussed in Chapter 3.

2.2.3 Water retention hysteresis

Several hydraulic models have been proposed with the aim of describing the soil water
retention hysteresis. Pham et al. [99] presented a detailed review of hysteretic water retention
models proposed until 2003. These models can be divided in two groups: the conceptual (or
physically based) models and the empirical models.

The conceptual hysteretic SWRC models are based on the domain concept. Among
the different domain models, the one proposed by Néel [100, 101] and firstly applied in a
hysteretic SWRC model by Everett [102] is probably the most used. It was assumed that
every pore in the soil is either filled or empty of liquid. In particular, when suction increases
to a certain value sp,d , the initially filled pore drains, whereas, when the suction decreases
to a certain value sp,w, the initially empty pore is filled with liquid. A domain is made of
a certain group of pores, whose properties are characterized by two infinitesimal ranges
of suction (sp,d ; sp,d + dsp,d) and (sp,w ; sp,w + dsp,w). When suction increases to a value
included between sp,d and sp,d + dsp,d the pores in the corresponding domain dries out of
water whereas when suction decreases to a value included between sp,w and sp,w +dsp,w the
pores in the corresponding domain are filled with water. The soil is seen as made of different
domains. If the state of a pore in a domain is assumed to be independent of the surrounding
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pores, the model is called an "independent domain" model [e.g. 102–108]. On the contrary, if
the effect of surrounding pore blockages against liquid and gas entry is taken into account,
and thus the state of a pore is dependent on the surrounding pores, the model is called a
"dependent domain" model [e.g. 109–111]. In a domain model, the degree of saturation of a
soil can be represented using the three dimensional diagram shown in Figure 2.17b. When
suction s reaches a maximum value smax all the pores are empty of water and the degree of
saturation reaches the minimum value Sl,min. When suction reaches a minimum value smin

all the pores are filled with liquid and the degree of saturation attains the maximum value
Sl,max. These two points represent the meeting points for the main wetting and the main
drying curves. According to this model, for s > smax or s < smin the SWRC is assumed to
be non-hysteretic. The water distribution function calculated at the point (s0

p,d,s
0
p,w), namely

f
(

s0
p,d,s

0
p,w

)
, represents the volume of pores which are filled at a suction of s0

p,w and dry at

s0
p,d . Since the suction at which a pore is filled with liquid is always lower than the suction at

which it dries, i.e. sp,d > sp,w, the water distribution function is zero outside the triangle ABC
in Figure 2.17b.

Figure 2.17: Schematic representation of (a) the main wetting and main drying curves and (b)
the corresponding Néel diagram (after Pham et al. [99])

According to this model [100, 101], the maximum degree of saturation Sl,max can be
expressed as:

Sl,max = Sl,min +
∫ smax

smin

∫ smax

smin

f
(
sp,d,sp,w

)
dsp,ddsp,w (2.45)

Figure 2.18 shows a main drying process and a main wetting process presented on the
Néel diagram. The main drying curve Sl,Md (s) can be thus expressed as:

Sl,Md (s) = Sl,min +
∫ smax

smin

∫ smax

s
f
(
sp,d,sp,w

)
dsp,ddsp,w (2.46)

whereas the main wetting curve can be expressed as:

Sl,Mw (s) = Sl,min +
∫ smax

s

∫ smax

s
f
(
sp,d,sp,w

)
dsp,ddsp,w (2.47)

A drying scanning curve Sl,d (s1,s) (not shown in the diagram) starting from suction s1 on
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Figure 2.18: (a) Main drying and (b) main wetting processes on the Néel diagram (after Pham
et al. [99])

the main wetting curve can be expressed as:

Sl,d (s1,s) = Sl,Mw (s1)−
∫ s

s1

∫ s

s1

f
(
sp,d,sp,w

)
dsp,ddsp,w (2.48)

whereas a wetting scanning curve Sl,w (s2,s) (not shown in the diagram) starting from suction
s2 on the main drying curve can be expressed as:

Sl,w (s2,s) = Sl,Md (s2)+
∫ s2

s

∫ s2

s
f
(
sp,d,sp,w

)
dsp,ddsp,w (2.49)

The function f
(
sp,d,sp,w

)
is calibrated over experimental data of the main wetting curve

and the main drying curve and at least a family of scanning curves (either drying or wetting).
An alternative domain diagram was also proposed by Mualem [106] in which the variables
sp,d and sp,w were replaced by the neck pore diameter r̄ and by the body pore diameter ρ̄ .

The first application of Néel’s domain model by Everett [102] represented the basis for
applications and new developments of physically based models. Poulovassilis [103] was
the first to apply Everett’s model on a porous material (i.e. glass beads). He divided the
suction range into n intervals and, consequently, the Néel’s diagram into (n2+n)/2 sub-areas,
each one representing an unknown. Since the two main curves provide only 2n equations,
the remaining (n2 + n)/2− 2n equations must be obtained through the scanning curves.
Philip [104] simplified the water distribution function f

(
sp,d,sp,w

)
introducing a "similarity

hypothesis" stating: "the distribution of geometrical relationships between wetting and drying
meniscus curvatures is independent of pore size". Using this hypothesis, the water distribution
function can be expressed as:

f
(
sp,d,sp,w

)
=

l (sp,w)h
(
sp,d/sp,w

)
sp,w

(2.50)

where l (sp,w) and h
(
sp,d/sp,w

)
are two additional functions. Using the similarity hypothesis,

the model requires fewer experimental data for calibration (i.e. only the main drying and
main wetting curves). Also Mualem [105] proposed a similarity hypothesis where the water
distribution function is the product of two independent functions h

(
sp,d
)

and l (sp,w), as
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follows:
f
(
sp,d,sp,w

)
= h

(
sp,d
)

l (sp,w) (2.51)

Based on this similarity hypothesis, Mualem proposed a series of other models [105, 106,
108, 111]. A more detailed review of each physically based model and their comparison can
be found in Pham’s works [99, 112].

The empirical hysteretic SWRC models are directly fitted to the observed shape of
the hysteretic SWRC, once the mathematical formulation is given. In recent years, they
found more applications than the physically based models, in particular when coupled with
mechanical models for unsaturated soils. In 1969, Hanks et al. [113] were the first to propose
the linear model. According to this model, once the boundary curves are defined, the scanning
curves are approximated by straight lines with a slope lower than the slope of the main curves
at the intersection point. This approach was used subsequently in other hysteretic water
retention models. Wheeler et al. [62] proposed a model coupling hydraulic hysteresis and
mechanical behaviour, in which the scanning curves were modelled as straight lines in the
semi-logarithmic plot Sl : lns. A similar approach was used subsequently also, among others,
by Khalili et al. [114] and by Nuth and Laloui [115].

In 1975, Dane and Wierenga [116] proposed an empirical "point" model representing
water retention hysteresis. According to this, the shape of a scanning curve is governed by an
empirical expression which is a function of the mutual distance between smin and smax and of
the position of last reversal point (i.e. suction and degree of saturation) compared to the two
boundary curves. This model found little application, because of its complexity.

Jaynes [117] proposed a "slope" model, which is a modification of the point model.
According to this model, the slope of a scanning curve is proportional to the slope of the
corresponding main curve at the same value of suction and the proportionality depends on the
mutual vertical distance (difference in degree of saturation) between the scanning curve and
the two main curves, in a plot where Sl is the vertical axis and s is the horizontal axis. The
slope of a wetting scanning curve dSl,w

ds can be expressed as a fraction of the slope of the main
wetting curve at the same suction value dSl,Mw

ds (see Figure 2.19a), as follows:

dSl,w

ds
=

[
Sl,Md (s)−Sl,w (s)

][
Sl,Md (s)−Sl,Mw (s)

] dSl,Mw

ds
(2.52)

The slope of a wetting scanning curve at a point on the main drying curve will be 0. However,
the slope of a wetting scanning curve will tend to the slope of the main wetting curve as the
wetting scanning curve gets closer to the corresponding main wetting curve. Similar concepts
apply to a drying scanning curve although, in this case, a correction must be introduced in
the corresponding equation for suction values lower than the air-entry value. This concept is
the precursor of more recent bounding surface hysteretic water retention models [118–120],
which however considered a proportionality factor depending on the horizontal distance
(difference in suction) between the scanning curve and the main curves instead of the vertical
distance (difference in degree of saturation).
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Figure 2.19: Empirical hysteretic water retention models: (a) Jaynes [117] model (b) Kool
and Parker [121] model and (c) Zhou et al. [119] model

Nimmo [122] proposed a semi-empirical hysteretic water retention model which requires,
as calibration data, the main drying curve and two points on the main wetting curve. The
model assumes that: (i) the ratio of the slopes of wetting and drying curves in the Sl : s plot
is a constant at any value of suction; (ii) the body-to-neck size ratio in the biggest pore of
the soil is equal to the ratio between air-entry and air-exclusion suction values, where the
former is the suction value at which the degree of saturation starts decreasing from 1 during
drying and the latter is the suction value at which the soil becomes saturated during wetting
(excluding the effect of air trapping). The model was, however, relatively complex to apply in
engineering practice.

In 1983, Scott et al. [123] proposed the scaling-down model. They modelled the main
drying and main wetting curves using the Gardner [124] model. The scaling-down model
was subsequently applied also by Kool and Parker [121] who instead used the van Genuchten
[82] model (Equation 2.31) to represent the main curves. In this type of hysteretic model,
the scanning curves are determined by scaling down the main curves. In particular, a drying
scanning curve starting from the reversal point (suction s0 and degree of saturation Sl0) is a
scaled version of the main drying curve, which is forced to pass through the reversal point. To
obtain this, in the description of the drying scanning curve the maximum degree of saturation
Sls is replaced by a fictitious value S∗ls, expressed as:

S∗ls =
Sl0−Slr ·

[
1−Sle,Md (s0)

]
Sle,Md (s0)

(2.53)

where Slr is the residual degree of saturation and Sle,Md (s0) is the effective degree of saturation
value on the main drying curve at the reversal suction value s0. Similarly, a wetting scanning
curve (see Figure 2.19b) starting from the reversal point (suction s0 and degree of saturation
Sl0) is a scaled version of the main wetting curve which is forced to pass through the reversal
point. In this case, to obtain this, the residual degree of saturation Slr is replaced by a fictitious
value S∗lr, expressed as:

S∗lr =
Sl0−Sls ·Sle,Mw (s0)

1−Sle,Mw (s0)
(2.54)



CHAPTER 2. RESEARCH BACKGROUND 37

where Sle,Mw (s0) is the effective degree of saturation value on the main wetting curve at the
reversal suction value s0. The scaling-down model has found many applications in numerical
codes, like HYDUS [125], SWAP [126] and UNSAT-H [127] for its relatively simple and
realistic form.

Unfortunately, the scaling-down model of Scott et al. [123] or Kool and Parker [121] may
predict unrealistic results when used to model cyclic variations of suction, leading to the
artificial "pumping effect" [128] that can move the scanning curves outside the main curves.
In order to solve this drawback, Parker and Lenhard [129] proposed a modification to the
model. This consisted in enforcing that the scanning wetting-drying loops must be closed, e.g.
after reverting a drying path going from a point A to point B, the subsequent wetting path
starting from B has to pass through point A. Let us consider an arbitrary wetting scanning
curve starting at point

(
s0,d−w,Sle0,d−w

)
, which is the most recent reversal point from drying

to wetting, and passing through point
(
s0,w−d,Sle0,w−d

)
, which is the reversal point from

wetting to drying of the previous drying path. Both Sle0,d−w and Sle0,w−d are expressed as
effective degrees of saturation. The wetting scanning Sle,w (s) curve can be expressed as a
scaled version of the main wetting curve Sle,Mw (s) (both expressed in terms of the effective
degree of saturation) to interpolate the two reversal point:

Sle,w (s) =

[
Sle,Mw (s)−Sle,Mw

(
s0,w−d

)]
·
[
Sle0,d−w−Sle0,w−d

]
Sle,Mw

(
s0,d−w

)
−Sle,Mw

(
s0,w−d

) +Sle0,w−d (2.55)

Similarly, an arbitrary drying scanning curve Sle,d (s) starting at point
(
s0,w−d,Sle0,w−d

)
,

which is the most recent reversal point from wetting to drying, and passing through point(
s0,d−w,Sle0,d−w

)
, which is the reversal point from drying to wetting of the previous drying

path, can be expressed as a scaled version of the main drying curve Sle,Md (s):

Sle,d (s) =

[
Sle,Md (s)−Sle,Md

(
s0,d−w

)]
·
[
Sle0,w−d−Sle0,d−w

]
Sle,Md

(
s0,w−d

)
−Sle,Md

(
s0,d−w

) +Sle0,d−w (2.56)

Although this model solved the artificial pumping effect of the Kool and Parker [121] model,
it has two drawbacks: (i) the prediction of wetting-drying loops which are always closed
may be unrealistic; (ii) when implemented in a numerical code, the model may require high
memory capacity because all the reversal points at all the positions of the numerical model
must be saved.

More recently, various "bounding surface"-based models were proposed to represent the
water retention hysteresis [118–120, 130]. In all these models, the slope of a scanning curve
(e.g. a drying scanning curve) in the Sle : s plot is proportional to the slope of the corresponding
main curve (e.g. the main drying curve) at the same effective degree of saturation. Unlike the
Jaynes [117] model, the proportionality factor depends on the horizontal distance (i.e. suction
difference) between the current point on the scanning curve and the corresponding point on
the main curve at the same effective degree of saturation: the closer the current state is to the
corresponding main curve, the more similar is the slope of the scanning curve to that of the
main curve. Li [118] was the first to adopt this type of bounding surface approach to describe
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the hysteretic SWRC behaviour. Zhou et al. [119] slightly simplified Li’s hysteretic SWRC
model by removing a varying "projection centre", which is needed to define the mapping
rule for the scanning curves, and locating it either at s = 0 for drying scanning curves or at
s =+∞ for wetting scanning curves. Gallipoli et al. [120] subsequently applied the Zhou et
al. hysteretic water retention model, in conjunction with the van Genuchten [82] model for
the main SWRC curves, in a coupled hydro-mechanical constitutive model. According to
Zhou et al. [119], the slope of a wetting scanning curve dSle,w

ds can be expressed as a proportion
of the slope of the main wetting curve dSle,Mw

ds at the same degree of saturation (both expressed
in terms of the effective degree of saturation) (see Figure 2.19c), as follows:

dSle,w

ds
=
(sw

s

)γw dSle,Mw

dsw
(2.57)

where sw is the image value of suction on the main wetting curve, namely the suction
corresponding to the main wetting curve at the same effective degree of saturation as the
current point on the wetting scanning curve. The parameter γw is a positive fitting parameter
which controls the gradient of the scanning curve: for γw = 0 the wetting scanning curve has
the same shape as the main wetting curve (with a fixed horizontal translation), for γw→+∞

the predicted wetting scanning curve tends to a horizontal straight line until it reaches the
main wetting curve. Similarly, the slope of a drying scanning curve dSle,d

ds and the slope of the
main drying curve dSle,Md

ds at the same degree of saturation are linked via:

dSle,d

ds
=

(
s
sd

)γd dSle,Md

dsd
(2.58)

where sd is the image value of suction on the main drying curve and γd is a positive fitting
parameter. Bounding surface hysteretic water retention models have the potential to be applied
extensively because they can predict realistic results, they have a relatively simple form, which
makes them also applicable in numerical codes and in coupled hydro-mechanical constitutive
models, and they need a maximum of two parameters (γw and γd) to describe scanning wetting
and scanning drying curves.

All the models presented for the water retention hysteresis have a common weakness: they
are generally coupled with conventional SWRC models which, as discussed before, are not
able to predict accurately the hydraulic behaviour of unsaturated soils at low values of degree
of saturation. Moreover, although the hysteresis of the SWRC has been modelled extensively,
little research effort has been put into coupling hysteretic SWRC models with unsaturated
hydraulic conductivity models. When a SHCC model is used in conjunction with a hysteretic
SWRC model, the SHCC is typically considered non-hysteretic when expressed as a function
of the degree of saturation [31, 121, 131], i.e. as kl (Sl). By contrast, the SHCC presents a
highly hysteretic behaviour when expressed as a function of suction, i.e. as kl (s), due to the
indirect effect of the hysteresis in the SWRC.

Recently, Rudiyanto et al. [132] proposed a complete hydraulic model for unsaturated
soils accounting for hydraulic hysteresis and for improved modelling of SWRC and SHCC
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at low degree of saturation. In particular, they combined the model proposed by Peters [91]
and Iden and Durner [92] for the main SWRCs and for the SHCC and the model proposed
by Parker and Lenhard [129] to introduce water retention hysteresis in the SWRC and in the
SHCC. This model represents an interesting contribution towards a complete hydraulic model
for unsaturated soils, improved at low degree of saturation and including water retention
hysteresis. However, it is affected by some weaknesses: (i) the bulk water component
of the hydraulic conductivity is overpredicted at low degree of saturation (this aspect will
be discussed in more detail in Chapter 3); (ii) the liquid film component of the hydraulic
conductivity is not predictive, i.e. it needs SHCC data at very low degree of saturation to be
calibrated; (iii) the hysteretic water retention model proposed by Parker and Lenhard [129] is
affected by weaknesses discussed above. For this reason, a new hydraulic constitutive model
for unsaturated soils was proposed and it is described in Chapter 3.

Finally, the effect of air trapping during wetting has been included in several hydraulic
models [e.g. 121, 129, 133, 134]. All of them propose wetting curves which do not reach
full saturation even when suction is equal to zero. Although this represents a pragmatic and
useful approach, these wetting SWRCs are not realistic because they are based on the use of
an apparent suction, which is the suction imposed or monitored at the boundaries. However,
once the air is trapped, the pore-gas pressure in the trapped air bulbs increases with respect to
that imposed at the boundaries and the actual suction within the soil is consequently higher
than that applied and monitored at the boundaries. The apparent SWRC is therefore not only
a property of the material but also a result of the specific test conditions, like the degree of
saturation at the beginning of the wetting process [135], the rate of wetting and the physical
size of the test specimen or the boundary value problem. On the other hand, the actual SWRC
is only a property of the soil and reaches full saturation when suction is sufficiently decreased.
In order to fill this gap between the physics of the phenomenon of air trapping and the way it
is typically modelled, a new interpretation of the phenomenon will be discussed in Chapter 5
through the use of analytical modelling and numerical simulations.

2.3 Capillary barrier systems

2.3.1 Basic principles

In the last three decades, the need of making efficient landfill covers has led to development
of different surface cover systems aimed to prevent or limit the infiltration of water into the
underlying soil in order to avoid contamination. Among these, one of the most important is
the capillary barrier system [21].

A conventional capillary barrier system (CBS) is a geotechnical system made of two
layers, an upper finer-grained layer (FL), generally ranging from a sandy silt to a fine sand,
overlying a coarser-grained layer (CL), generally ranging from a coarse sand to a gravel,
placed over the landfill material or a generic original soil (see Figure 1.3c).

The working principle of a CBS [23] is based on the contrast between the hydraulic
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properties (soil water retention curve (SWRC) and soil hydraulic conductivity curve (SHCC))
of the two materials (see Figure 2.20). In saturated conditions, the hydraulic conductivity
of the coarser layer is typically many orders of magnitude higher than that of the finer layer.
By contrast, in unsaturated conditions, at relatively high values of suction the situation may
be significantly different. At a given value of suction, the coarser layer will typically be
at much lower degree of saturation than the finer layer, because of differences in the water
retention behaviour (see Figure 2.20a). As a consequence, the coarser layer will typically be
much less hydraulically conductive than the finer layer (see Figure 2.20b). Hence, prior to
significant water breakthrough into the coarser layer, it is this coarser layer that acts as the low
permeability barrier, as long as it remains at high suction values (low degree of saturation).
If these conditions are maintained, the infiltrating water is stored in the finer layer and then
removed by evapotranspiration and, if the barrier is sloped, lateral drainage.

Figure 2.20: Typical (a) water retention curves and (b) hydraulic conductivity curves for the
materials of a capillary barrier system

The conditions in which capillary barriers are effective (relatively high suction values at
the interface between coarser layer and finer layer) may be lost if sustained heavy rainfall
events occur. If a large amount of water is stored in the lower part of the finer layer, near the
interface between the two layers, suction decreases in that position. Equilibrium of the liquid
phase means that the matric suction s has to be continuous across the interface between the
two layers. Thus, as suction decreases at the bottom of the finer layer, it also decreases at
the top of the coarser layer. If this suction at the interface decreases sufficiently, the coarser
layer becomes hydraulically conductive (its hydraulic conductivity increases significantly),
breakthrough occurs and water starts flowing easily from the finer layer to the coarser layer
and ultimately into the underlying soil, making the capillary barrier system fail. Breakthrough,
which can be identified with a rapid increase of percolation into the coarser layer, can then be
defined as the moment when bulk water first forms a continuous liquid network in the coarser
layer and significant amounts of water start entering it [23].
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2.3.2 Water balance

The hydraulic behaviour of capillary barrier systems [136] is governed by the following water
balance equation (see Figure 2.21), applied to the finer layer:

P−ET = Ro f f +Br+LD+
d(WS)

dt
(2.59)

where P is the precipitation rate, ET is the evapotranspiration rate, Ro f f is the surface runoff,
Br is the percolation rate across the interface between the finer layer and the coarser layer
following water breakthrough, LD is the lateral drainage flow rate and d(WS)

dt is the variation
of the water storage in the finer layer WS over time. All the terms here can be expressed as a
volume (or as a mass) per unit time per unit plan area [LT-1] (or [ML-2T-1]).

Figure 2.21: Water balance for capillary barrier systems

Runoff Ro f f occurs when suction at the soil surface becomes equal to zero, which is
generally caused by maintaining a rainfall intensity higher than the saturated hydraulic
conductivity of the finer layer [137–139]. Typically, runoff is very limited for CBSs because
even the finer layer is made of a relatively coarse-grained material, which has a saturated
hydraulic conductivity higher than usual precipitation rates. Percolation Br, which occurs at
breakthrough, is the term that should be minimised, according to the aim of the barrier. Once
breakthrough occurs, water percolated into the coarser layer quickly reaches the underlying
soil. When a CBS is applied as a landfill cover, suggested limit values are 10 mm/year
percolation in semi-arid climates and 30 mm/year percolation for humid climates [140].
Lateral drainage LD, which occurs only in sloping CBSs, and water storage WS are the most
studied terms by researchers studying the fundamental behaviour of capillary barrier systems,
because maximising these will reduce the risk of significant percolation Br. These terms (LD

and WS) are analysed further in the following sections.

2.3.3 Horizontal capillary barrier systems

In a horizontal capillary barrier system (i.e. non-sloping) no lateral drainage occurs (LD = 0).
In addition, if runoff is considered negligible (Ro f f = 0) and the CBS is to be perfectly
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effective in preventing percolation (Br = 0), Equation 2.59 becomes:

P−ET =
d(WS)

dt
(2.60)

In these conditions, the only way to handle the rainfall water in wet periods (i.e. when
P > ET ) is using the storage ability of the finer layer. A significant research effort has been
addressed towards the evaluation of the "water storage capacity" (WSC) of CBSs, defined as
the maximum amount of water that can be stored in the finer layer before water breakthrough
occurs through the interface between finer layer and coarser layer. The water storage capacity
can be evaluated through the following steps (after Stormont and Morris [141]):

1. evaluate the SWRCs of the materials expressed in terms of volumetric water content,
θl (s);

2. evaluate the suction profile in the finer layer at breakthrough sbr (z), where z is the
elevation;

3. obtain the volumetric water content profile at breakthrough θl,br (z), by means of the
SWRC and the suction profile at breakthrough (i.e. θl,br (z) = θl,br (sbr (z)));

4. calculate the WSC, by integrating the volumetric water content profile at breakthrough
over the thickness of the finer layer t f , as follows:

WSC =
∫ t f

0
θl,br (z)dz (2.61)

where z is here the elevation starting from the interface between coarser and finer layer
(z = 0) and directed upward.

The understanding of the conditions at breakthrough (particularly the suction profile and
the corresponding volumetric water content profile in the finer layer) is a crucial point for
the assessment of the water storage capacity. For this reason, several experimental studies
have been carried out in order to identify the properties of the breakthrough phenomenon
[23, 138, 142, 143] and the key concepts are summarised below.

Before breakthrough, no significant movement of water across the interface between the
finer layer (FL) and the coarser layer (CL) was observed experimentally [23]. Significant
amounts of water start moving across the interface when the water filling the soil pores (i.e.
the bulk water) starts forming a continuous liquid path across the interface between the FL
and the CL [23]. In this thesis, as discussed later in Section 3.1, the point at which the bulk
water starts forming a continuous liquid path during a wetting process in an unsaturated soil
will be called the "bulk-water continuity" (BWC) point. From infiltration tests in different
capillary barrier systems, Stormont and Anderson [23] showed that the bulk water continuity
suction value of the coarser layer can be identified approximately as the bend in the main
wetting SWRC of the coarser layer at low degree of saturation (see Figure 2.20). They also
showed that the suction at the interface at the time of breakthrough does not vary with the
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infiltration rate (i.e. the vertical flow rate into the soil at the ground surface) since it is a
property of the material (the value of suction at the BWC point). At the bulk water continuity
point, the hydraulic conductivity of an unsaturated soil increases dramatically since water
starts flowing through the pores filled with bulk water. Thus, water breakthrough in a CBS
occurs when the suction at the interface attains the bulk water continuity suction value sBWC

of the coarser layer.
Unlike the suction value at the interface between F.L. and C.L. at breakthrough, the

suction profile in the finer layer at breakthrough depends on the infiltration rate [23, 138, 141].
Figure 2.22a shows, for a given pair of materials for the C.L. and the F.L., the suction profiles
in the finer layer at breakthrough corresponding to the application of different constant
infiltration rates i1, i2, i3 and i4 to a CBS initially at a relatively dry state. In these conditions,
when a water infiltration is applied from the surface at a constant rate i, water velocity at
all depths in the finer layer (at all times) must be less than or equal to i, because the entire
finer layer experiences monotonic wetting (i.e. no element of soil can have greater water
outflow at bottom than inflow at top). As breakthrough time is approached, water storage
capacity has been achieved at all depths within the finer layer (i.e. there is no net inflow to
soil elements at any depth in the finer layer) and hence the water velocity is now equal to the
infiltration rate i throughout the entire finer layer. Hence, according to Darcy’s law, at the time
of breakthrough, the product of hydraulic conductivity of the material of the finer layer kl, f

and hydraulic gradient ∂hl/∂ z must be equal to i at all depths in the finer layer. The suction
value at the interface is the BWC suction value of the coarser layer, regardless of the applied
infiltration rate (see Figure 2.22a). Thus, at the bottom of the F.L. the material of the F.L. will
be at a high value of degree of saturation and a correspondingly high value of kl, f , that is
much larger than the value of i. As a consequence, the value of hydraulic gradient ∂hl/∂ z at
this location must be much less than 1, i.e. almost zero, indicating a suction variation with
elevation that is indistinguishable from a hydrostatic variation. Moving upwards through the
F.L., the value of suction increases, according to the (almost) hydrostatic variation, and hence
the degree of saturation falls and so does the hydraulic conductivity kl, f . However, there will
typically be a significant part of the finer layer where the value of kl, f is still much larger
than the value of i, indicating that the value of ∂hl/∂ z is still much less than 1, and hence the
suction variation is still approximately hydrostatic. If the infiltration rate is very low (see i1
in Figure 2.22a), the situation described above will apply throughout the entire finer layer,
and the suction variation will be approximately hydrostatic right up to the ground surface. If,
however, the infiltration rate is higher (see i2, i3 and i4 in Figure 2.22a), there will come a
point on moving upward through the finer layer where it is no longer true to say that kl is
much greater than the water velocity i and hence the hydraulic gradient must start to become
significantly greater than zero i.e. the suction variation begins to diverge from a hydrostatic
profile. Moving upward, the suction profile may ultimately attain a suction value s∗ at which
the hydraulic conductivity of the F.L. reaches a critical value that is equal to the water velocity
i, i.e. kl, f (s∗) = i (see Figure 2.22b). At this point, Darcy’s law indicates that the hydraulic
gradient ∂hl/∂ z must have a value of 1. A hydraulic gradient of 1 corresponds to a situation
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where suction is not changing with elevation. Hence, from this point up to the ground surface
the suction remains constant at this value. Any decrease or increase of suction with elevation
from this point would lead to logical inconsistencies. Given that the nature of the SHCC
means that large changes of kl can occur for relatively small changes of suction in particular
for coarse-grained materials, the transition from a situation where kl is much greater than i

(quasi-hydrostatic profile) to a situation where kl is equal to i (constant profile) can occur
over a relatively small change of elevation. Hence, a simplified bi-linear suction profile is a
reasonable approximation of the true suction profile.

Figure 2.22: (a) Suction profiles in the finer layer at breakthrough for different applied
infiltration rates and (b) corresponding SHCCs

Stormont and Morris [141] and Khire et al. [144] performed parametric numerical analyses
on horizontal capillary systems to investigate the effects of different parameters on the water
storage capacity of CBSs and, more generally, on the hydraulic response of CBSs when
subjected to different weather conditions. Weather conditions were identified as a key variable:
cooler and wetter climates represent more demanding conditions for effective functioning
of CBSs and the winter period is typically critical because the total amount of rainfall is
often higher than in summer and the evapotranspiration is lower. The choice of materials for
the finer layer strongly affects the efficiency of the barrier: the use of coarse materials (e.g.
sand) or overly fine materials (e.g. clay) led to higher amounts of percolation into the coarser
layer whereas intermediate materials, such as silt, silty sand, sandy silts, loam, silt loam and
clayey sands were found to be the optimum for horizontal CBSs [141, 144]. Moreover, the
use of too fine-grained materials also generates other problems compromising the durability
of CBSs, like desiccation cracking and surface erosion [14]. For the coarser layer, the use
of materials with lower BWC values leads to an increased water storage capacity because
the suction profile in the finer layer at breakthrough will attain lower values of suction and



CHAPTER 2. RESEARCH BACKGROUND 45

hence higher values of degree of saturation. The thickness of the coarser layer was found
not to be an important parameter: Khire et al. [144] suggest a value of 30 cm whereas Yang
et al. [145] suggest a minimum value of sc,BWC/γl , where sc,BWC is the bulk-water continuity
suction value of the coarser layer and γl is the unit weight of liquid. On the other hand, the
thickness of the finer layer is an important parameter: in general, as the thickness of the finer
layer increases the water storage capacity of the CBS increases. However, the gain in water
storage capacity obtained by increasing the thickness of the finer layer is negligible beyond a
certain value. This thickness value depends on the material of the FL: the coarser the soil, the
lower is this thickness [141].

From experimental infiltration column tests, Yang et al. [145] suggested that, in order to
generate a sufficiently effective contrast in the hydraulic properties of the FL and CL, the
saturated hydraulic conductivity of the CL should be between 2 and 3 orders of magnitude
higher than that of the FL. With the same purpose, Rahardjo et al. [146] suggested that the
ratio between the bulk water continuity suction value of the finer layer s f ,BWC and the bulk
water continuity suction value of the coarser layer sc,BWC should be higher than 10. They also
suggested that sc,BWC should be lower than 1 kPa for effective operation of the CBS.

The behaviour of the CBS during and after breakthrough has also been studied. Experi-
mental research works show that breakthrough is always a relatively sudden phenomenon,
compared to the overall period of rainfall infiltration, even when the infiltration rate is low
and the time to breakthrough is correspondingly long. Figure 2.23 provides the result of a
one-dimensional infiltration laboratory test carried out on a capillary barrier by Stormont
and Anderson [23]. It can be seen that breakthrough, which occurred after approximately 48
days from the beginning of the experiment, was a very fast phenomenon if compared to the
duration of the experiment. During percolation into the coarser layer (from day 48 to day
57.7) the steady-state condition in the barrier was rapidly reached and the percolation rate
equalled the applied infiltration rate. After the infiltration was stopped (day 57.7), "restoration
of the barrier" was observed: the percolation into the coarser layer decreased until it ceased
and suction at the interface increased up to the suction value at which the bulk water in the
coarser layer became discontinuous and the corresponding hydraulic conductivity decreased
dramatically. In this thesis, this point is referred to as the "bulk water discontinuity" (BWD)
point, which is defined as the point at which the bulk water becomes discontinuous along a
main drying path (see Section 3.1). Similar to the BWC point (which is taken from a main
wetting SWRC), the BWD point can be identified as the bend in the main drying SWRC
at low degree of saturation. Beyond this point in the infiltration test (see Figure 2.23), no
changes in suction at the interface and water content of the coarser layer were observed
and a "static non-equilibrium condition" [147] was reached. In this condition the maximum
suction values that develop during drainage in the coarser layer are approximately the same
as those developed at the bulk water discontinuity point BWD. Although not in hydrostatic
equilibrium, this condition will persist for long time without other mechanisms of moisture
transport (i.e. liquid film flow or vapour flow). The time required for the restoration of the
barrier depends on the hydraulic properties of the materials: the coarser the soil, the faster is
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the restoration of the barrier [23].

Figure 2.23: Time history of the percolation rate into the coarser layer and suction at the
bottom tensiometer location (10 mm above interface) before, during and after breakthrough for
initial infiltration i = 3.2×10−8 m/s into a silty sand over pea gravel column (after Stormont
and Anderson [23])

The numerical simulation of the processes discussed above has often been performed
using conventional hydraulic constitutive models which are not accurate at low degree of
saturation (see Section 2.2). An improved hydraulic constitutive model at low degree of
saturation developed in this thesis (Chapter 3) was applied to the numerical study of the
fundamental behaviour of CBSs, as will be discussed in Chapter 6.

2.3.4 Sloping capillary barrier systems

Sloping capillary barriers have the capacity of diverting water laterally within the finer layer
(LD > 0 in Equation 2.59). Figure 2.24 shows a simplified model demonstrating how lateral
diversion works within the barrier when a uniform constant infiltration rate i is applied at the
surface and a steady-state condition is reached. At the top of the slope, infiltrating water starts
entering the finer layer, suction at the interface between finer and coarser layers is relatively
high since the water content is low, the coarser layer behaves as an impermeable layer and
water is diverted laterally down the finer layer due to the effect of gravity. Moving down
the slope, the amount of water flowing laterally within the finer layer increases. Hence the
water content at the base of the finer layer is greater than that up the slope, and the suction
at the interface decreases. If the suction at the interface decreases down to a point where
suction equals the BWC suction value of the coarser layer this becomes highly hydraulically
conductive (breakthrough occurs). Beyond that point, no more water can be diverted laterally
and infiltrating water becomes percolation into the coarser layer, i.e. in the lower part of the
slope the percolation into the coarser layer is equal to the infiltration rate [148]. The “diversion
capacity” QD,max of the barrier is defined as the amount of water flowing laterally per unit
thickness out of plane (i.e. units are L2/T) beyond the point where breakthrough commences
(see Figure 2.24). Therefore, QD,max represents the maximum quantity of infiltrating water
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that the barrier can divert. The “diversion length” LD of the barrier is the length in the
down-dip direction to a point where breakthrough commences and the barrier does not divert
any additional water [149].

Figure 2.24: Lateral water diversion in a sloping capillary barrier system (after Parent and
Cabral [150])

The first important study regarding the diversion capacity of CBSs was done by Ross
[148] who obtained a simple analytical upper bound solution for the diversion capacity QD,max

and the corresponding diversion length LD, expressed in the following relationships:

QD,max <
kls, f tanφs

αk
(2.62)

LD =
QD,max

i
<

kls, f tanφs

αki
(2.63)

where kls, f is the saturated hydraulic conductivity of the finer layer, φs is the slope angle, i

is the infiltration rate and αk is the sorptivity number of the finer layer, where Ross [148]
assumed that the SHCC could be described by an exponential relationship between hydraulic
conductivity kl and suction s (kl = klse−αks/γl where kls is the saturated hydraulic conduc-
tivity and γl is the unit weight of liquid). Ross’ solution was obtained under the following
assumptions: deep water table, very thick layers, linear approximation between the logarithm
of hydraulic conductivity and suction (kl = klse−αks/γl ) for the SHCC, inclined interface much
longer than the diversion length, constant vertical infiltration rate applied uniformly and
steady-state condition.

Steenhuis et al. [151] revised Ross’ solution using a different assumed form for the SHCC,
suggesting that the log-linear approximation of Ross may not be reliable for water contents
close to saturation (low suction values).

Stormont [152] expanded Ross’ solution in order to take into account the effect of
anisotropy in the hydraulic conductivity of the finer layer. Stormont’s solution, in terms
of both QD,max and LD, is a sum of two terms: the first is related to the diversion due to the
capillary barrier effect (similar to Ross’ solution) and the second refers to the anisotropy
of the finer layer. The latter term varies approximately linearly with the ratio between the
principal hydraulic conductivities of the finer layer.
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Oldenburg and Pruess [153] studied the behaviour of sloping CBSs numerically using the
finite difference method. They supported the theoretical solution of Ross, by comparing Ross’
predictions and numerical results obtained using the log-linear approximation for the SHCC.
The use of the log-linear approximation was validated by Webb [154] who obtained similar
results using the theoretical Ross’ formula and numerical analyses where the van Genuchten
[82] model was used for the SWRC coupled with the Mualem [95] model for the SHCC.

The validity and the reliability of Ross’ solution has also been proved experimentally,
although it was found to be slightly conservative (i.e. it slightly underestimated the value of
QD,max) [155–157].

As for the breakthrough condition for sloping barriers, different authors [150, 153, 158]
showed that the phenomenon is more complicated than the assumptions of Ross who, in
his steady-state analysis, assumed no percolation up to the diversion length and constant
uniform percolation (equal to the infiltration rate i) beyond the diversion length. In fact,
breakthrough in capillary barriers appears to be a more gradual phenomenon along the
interface. Moreover, Oldenburg and Pruess [153] showed that at breakthrough, percolation
greater than the infiltration rate tends to take place, thereby partially drying out the finer
layer. In this way, the barrier becomes effective again in the down-dip direction. Webb [154],
however, subsequently showed that this was due to the assumption of a shallow water table by
Oldenburg and Pruess [153].

Kämpf and Montenegro [159] proved the ability of capillary barriers at diverting water
by means of field tests, laboratory tests and numerical analysis. They found good agreement
between the different results, although they recognized that temperature effects need to be
considered moving from laboratory tests to field tests. They also pointed out that numerical
modelling is able to describe with reasonable accuracy the lateral diversion behaviour.

Zhan et al. [156] analysed the effects of studying the diversion process by means of
transient simulations instead of using solutions based on the assumption of steady-state
conditions. They carried out numerical infiltration tests on a slope for the case where
infiltration at a constant rate commences at the time t = 0. They recorded, from the beginning
of the test, the position where a significant amount of percolation occurred, which can be seen
as the diversion length in transient analysis but, in this case, this length is not constant. The
corresponding diversion length in transient analysis has a maximum value at the beginning
of the analysis which is limited by the length of the slope, and this diversion length then
decreases over time, tending to an asymptotic value that is slightly higher than that obtained
by Ross’ steady-state solution, which is recognized to be moderately conservative. A similar
result was obtained by Lacroix Vachon et al. [157] who also recognized a better agreement of
their asymptotic result with the steady-state model proposed by Parent and Cabral [150].

The model proposed by Parent and Cabral [150] to calculate the diversion capacity and the
diversion length of the sloping barrier uses a similar approach to that used by Ross but they
considered a more realistic representation of the suction profile at breakthrough. In addition,
unlike Ross’ model, any SHCC model can be used in their relationship. They ultimately
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obtained the following equations:

QD,max = kls, f tanφs

∫ s∗f

sBWC,c

klr, f (s)
γl

ds (2.64)

LD =
QD,max

i
(2.65)

where klr, f (s) is the relative hydraulic conductivity of the finer layer, sBWC,c is the bulk water
continuity value of the coarser layer and s∗f is the maximum suction attained in the finer layer,
which depends on the infiltration rate and the SHCC of the finer layer (see Section 2.3.3).

2.3.5 Multi-layered capillary barrier systems

The effectiveness of capillary barriers has been proved in arid and semi-arid climates but they
have been found to be ineffective in preventing water percolation in humid climates [160].
In order to improve the effectiveness of CBSs, in both horizontal and sloping configurations,
different non-conventional CBSs have been proposed (see Figure 2.25).

Figure 2.25: Non conventional capillary barrier systems: (a) capillary barrier with drainage
layer [161], (b) three-layer capillary barrier [162] and (c) dual capillary barrier [27]

Different studies demonstrated that the inclusion of an unsaturated drainage layer between
the finer layer and the coarser layer (see Figure 2.25a) causes a significant improvement of
the diversion capacity of sloping CBSs [29, 136, 149, 150, 156, 160, 161]. The drainage
layer must have high values of hydraulic conductivity for a range of suction from low to
moderate such that the diversion capacity QD,max expressed in Equation 2.64, now used for
the intermediate sand layer, is maximized. The most suitable material was identified as a
uniform, fine-to-medium grained sand that is generally coarser than the overlying finer layer
and finer than the underlying coarser layer.

The three-layer barrier of Figure 2.25b [162] relies on the inclusion of a compacted clay
layer under a classical capillary barrier. In wet periods, the upper capillary barrier may fail and
the compacted clay layer becomes useful in preventing downward water movement because
of its very low hydraulic conductivity even in saturated conditions; in dry periods, the upper
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capillary barrier is effective, the unsaturated hydraulic conductivity of the two upper layers
is so low as to prevent evaporation of water from the clay layer which, otherwise, might be
affected by desiccation cracking. Ng et al. [163] and Ng et al. [164] demonstrated that the
three-layer barrier is also very effective in diverting water laterally. Indeed, in wet conditions
the clay layer behaves as an impermeable layer and the coarser layer behaves as a transport
layer.

The concept of the dual capillary barrier (see Figure 2.25c) was firstly introduced by
Harnas et al. [27]. This barrier relies on a double capillary barrier effect at the interfaces
between a finer layer and an underlying coarser layer. The use of the dual CBS was shown to
lead to a higher water storage capacity [27] and to an increase of the diversion capacity [165].

Although the dual capillary barrier was shown to be more effective than a single capillary
barrier [27, 165], the role of the parameters affecting the gain in water storage capacity
obtained by layering was not clear. In this thesis, the concept of dual capillary barrier was
extended to multi-layered capillary barrier systems and it will be discussed in Chapter 7.
The role of the different parameters was identified through a parametric study. Moreover, a
simplified theoretical method for determining the optimum design of a multi-layered CBS
was proposed and validated by means of numerical simulations and experimental laboratory
tests.

2.3.6 Effect of water retention hysteresis

Water retention hysteresis is expected to be relevant in the modelling of the behaviour of
capillary barrier systems since they are subjected to multiple cycles of rain (wetting) and
evapotranspiration (drying). Nevertheless, surprisingly, water retention hysteresis is very often
neglected in the numerical analysis of capillary barriers. One of the very few contributions to
address this was by Zhang et al. [166], who demonstrated the importance of considering water
retention hysteresis in numerical modelling of capillary barriers. They modelled the SWRC
and the SHCC of finer and coarser layers during main wetting and main drying using the
van Genuchten [82]-Mualem [95] model whereas the scanning curves were modelled using
the Kool and Parker [121] scaling model. They concluded that the most important effects of
retention hysteresis on the behaviour of capillary barriers are:

• higher water storage;

• higher evaporation rate at the ground surface once infiltration stops (hence quicker
re-charge of storage capacity);

• lower percolation into the coarser layer.

Therefore, Zhang et al. [166] showed that water retention hysteresis has beneficial effects
for capillary barriers. However, given the lack of studies on this aspect, further investigation
is required. In this thesis, a new hysteretic hydraulic model (see Section 3.4) was applied to
the numerical study of CBSs (see Section 6.2), providing further insights into the significance
of water retention hysteresis for the performance of CBSs.
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2.3.7 Application of capillary barrier systems

As previously stated, capillary barriers have been mostly studied as landfill cover systems
[29] and, only recently, they have started to be seen as a means of controlling suction in the
ground [167]. Moreover, it was shown that CBSs can be constructed using low quality and
recycled materials, like recycled asphalt [165] and recycled concrete aggregates [168].

Recent studies have particularly addressed the application of CBSs for slope stabilization.
The stability of slopes is often achieved by the effect of suction, which imparts higher strength
to the soil, compared to fully dry and fully saturated conditions. However, suction may vanish
or greatly decrease after prolonged and heavy rainfall. In these cases, significant reductions
in shear strength may induce slope instability. Capillary barriers may represent an efficient
means to stabilize slopes against rain because of their ability of avoiding or limiting the
percolation of water into the underlying soil.

The effectiveness of CBSs for slope stability purposes was proven by Rahardjo et al.
[168–170] by means of three different field tests. They constructed CBSs in three different
areas in Singapore which had previously experienced rainfall-induced slope instabilities. They
monitored the slopes covered by CBSs and the original bare slopes with tensiometers and
piezometers. They showed that, compared to the original slopes, in all slopes covered by
CBSs lower values of pore-liquid pressure were maintained even during rainfall events, with
a consequent increase in the calculated factor of safety of the slopes.

Harnas et al. [165] carried out numerical analyses focusing on a particular case study and
they compared the results obtained from three models: slope without capillary barrier, slope
with a standard capillary barrier and slope with a dual capillary barrier (Figure 2.25c). They
showed that the use of both the barriers reduced the risk of slope instability and that the dual
capillary barrier was the most effective at maintaining suction in the original soil.

More recently, the concept of a Geobarrier system was introduced by Rahardjo et al. [171]
as an alternative retaining wall design. A Geobarrier system combines the concepts of a
geobag type of wall [172], which serves as a retaining wall, and a capillary barrier system,
which serves as a means to prevent water infiltration. This combined system, which can be
made of recycled low quality materials, has lower environmental impact, lower cost, better
aesthetics and shorter construction time than conventional retaining wall design. The proposed
system was constructed and monitored for a field study and analysed numerically [171]. It
was shown that suction in the compacted backfill was maintained also during rainfall and that
the local stability of the Geobarrier system was not affected by rainfall. Although promising,
this system still requires further research.

Although recent studies showed the potential of CBSs for suction control and slope
stabilization purposes, further research on this aspect is still required. In particular, the
following literature gaps were identified and were studied in the research presented in this
thesis:

• Advanced numerical modelling of the application of CBSs. The behaviour of capil-
lary barriers has been often studied numerically by means of simplified analyses, e.g.
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without considering water retention hysteresis, with a poor description of the hydraulic
behaviour of unsaturated soils at low degree of saturation and with poor modelling of
the complex phenomenon of soil-atmosphere interaction in the long term. Advanced
numerical modelling procedures covering all these aspects were used in the current
work.

• Role of the parameters. The roles of the different parameters affecting the application
of CBSs for suction control and slope stability (e.g. geometry of the slope, geometry
of the CBS, materials and weather conditions) have not previously been thoroughly
investigated, and they were analysed numerically in the current study.

• Application to wet and cool climates. Different studies have been carried out in order
to try to extend the applicability of CBSs to wet climates like those in Hong Kong
[164], Singapore [173] and some regions of China [174]. Although these areas are
characterized by high amounts of rainfall, the high temperatures mean that evaporation
rates are also very high. In the current work, the application of capillary barriers in
areas where the amount of precipitation is high and the amount of evapotranspiration is
low, due to relatively low temperature (e.g. in the UK), namely where the term P−ET

of the water balance equation (Equation 2.59) is higher than zero over the entire year,
was studied numerically.

2.4 Modelling soil-atmosphere interaction

The term soil-atmosphere interaction refers to all those phenomena of mass (liquid and gas)
exchange and energy exchange occurring between soil and atmosphere and to the many
phenomena affecting the state or the structure of the soil which are caused by environmental
and atmospheric conditions, e.g. desiccation cracking and freeze-thaw cycles. The term inter-
action means a bi-directional activity: the soil is directly affected by atmospheric conditions
but also the atmosphere is affected by the conditions of the soil. For instance, evaporation
into the atmosphere from a soil surface at high water content will occur at higher rate than
from a similar soil surface at lower water content and the incoming solar radiation will be less
reflected from a darker surface (e.g. a bare soil) than from a lighter surface (e.g. a grassed
surface).

Soil-atmosphere interaction plays a crucial role in many geotechnical problems although
is has been often treated with grossly simplifying assumptions. However, more recently the
geotechnical community understood the need for more accurate modelling of soil-atmosphere
interaction. For example, Blight [175] gave the 37th Rankine Lecture on the interpretation of
soil-atmosphere interaction and on the measurement of the different significant components,
Fredlund et al. [176] dedicated a chapter of their book to this topic and Elia et al. [177]
published an interesting review about modelling strategies of soil-atmosphere interaction with
particular reference to slope stability.
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This section provides the reader with an overview of key phenomena involved in soil-
atmosphere interaction, modelling approaches and effects on evaporation from soils.

2.4.1 Water balance and energy balance

Several phenomena of mass and energy transfer occur between the soil surface and the
atmosphere. Figure 2.26 shows the complex of key phenomena involved in the soil-atmosphere
interaction.

Figure 2.26: Soil-atmosphere interaction components

The water budget equation applied to a layer of soil between the surface and the water
table, which expresses the conservation of water mass, can be written as follows [175]:

P−
(
Int +Ro f f

)
= ET +Rech +

d (WS)
dt

(2.66)

where P is the precipitation rate, Int is the rate of water intercepted by the plant cover and does
not infiltrate the soil, Ro f f is the surface runoff rate, ET is the evapotranspiration rate, Rech is
the rate of water recharged to the water table and d (WS)/dt is the rate of increase of water
stored in the reference layer. The terms above are expressed in kgm−2s−1. Equation 2.66
represents a more general version of Equation 2.59. A budget equation could also be written
for the air mass but this, as well as advective gas flows occurring at the surface, will be
neglected in this discussion.

The evaporation process occurring at the soil surface consumes energy. In order for the
liquid water to evaporate, energy must be supplied and used in the form of latent heat of
vaporization. The energy balance applied to a surface layer of soil, which expresses the
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conservation of energy, can be written as follows [178]:

Rn−LeE−Hs−Gs +Hc =
dW
dt

(2.67)

where Rn is the net incoming radiation flux at the soil surface, Le is the latent heat of
evaporation, E is the evaporation rate, Hs is the sensible heat flux into the atmosphere, Gs is
the specific energy flux leaving the layer at the lower boundary, Hc is the convective heat flux
into the layer and dW/dt is the increase of energy storage per unit area in the layer over time.
The units of the terms above (including the product LeE) are W/m2 (or Jm−2s−1). Most of
the incoming solar radiation is transformed into an increase of internal energy. Subsequently,
this increase of internal energy is partitioned into an increase of soil temperature, surface
outward radiation, upward and downward heat convection and downward heat conduction.
The vaporization process requires a large amount of energy given the high value of latent
heat of vaporization of water. This large amount of energy is subsequently released through
condensation of water vapour in the atmosphere into precipitation. Therefore, the amount of
evaporation plays an important role in controlling the climate.

Evaporation E, sensible heat flux Hs and net incoming radiation Rn are discussed further
in the following sections. The transpiration phenomenon, i.e. water extraction from the soil
by plants, will not be discussed although it can often have a significant role.

2.4.2 Evaporation into the atmosphere

Evaporation and sensible heat flux into the atmosphere are the result of a complex inter-
action between atmosphere and soil surface. The key atmospheric variables governing the
phenomenon of evaporation and sensible heat flux are the atmospheric temperature Ta, the
atmospheric absolute humidity ρva and the wind speed va. ρva is the density of vapour in
the gas phase, namely the mass of water vapour per unit volume of gas. The key variables
regarding the soil surface are the surface temperature Ts and the surface value of absolute
humidity in gas-filled soil pores ρvs, which in turn is a function of the surface temperature Ts

and pore-liquid pressure pl and pore-gas pressure pg at the soil surface.
The problem of the evaporation into the atmosphere can be treated analytically if various

simplifying assumptions are made [178]. The various simplifying assumptions required
include: no phase changes; uniform density of moist air in the atmosphere; uniform diffusivity
coefficient of water vapour in the atmosphere; negligible impact of atmospheric gas pressure
variation on the compressibility of the moist air; and constant viscosity of the moist air.
The key equations for this simplified problem are the conservation of water vapour, the
conservation of moist air, the conservation of momentum and the conservation of energy.
The problem is analytically complex to solve for two reasons: (i) fluxes in the atmosphere
are turbulent and, in general, any set of equations of motion containing turbulent fluxes has
more unknowns than the number of equations, due to the presence of some higher order
moments; (ii) also the mean motion of the atmosphere involves phenomena of high complexity.
Nevertheless, the analytical problem can be further simplified while still obtaining meaningful
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results, with the following additional assumptions:

• in the atmospheric boundary layer, i.e. the lower part of the atmosphere between 500 m
and 2000 m thick, variations of temperature, humidity and wind speed in the horizontal
direction are negligible compared to those in the vertical direction;

• dimensional analysis can be applied to describe the turbulence in the lowest part of the
atmospheric boundary layer.

Using this approach, it can be demonstrated [178] that the profiles of mean wind speed
va (z), mean absolute humidity ρva (z) and mean temperature Ta (z) are all semi-logarithmic at
sufficiently low heights (i.e. up to approximately 10 m from the surface) whereas evaporation
E and sensible heat flux Hs are constant over height. Moreover, the following relationships
can be obtained for these profiles:

va (z) =
v∗
k∗

ln
(

z
z0m

)
(2.68)

ρva (z) = ρvs−
E

k∗vv∗
ln
(

z
z0v

)
(2.69)

Ta (z) = Ts−
Hs

k∗hv∗ρgacp
ln
(

z
z0h

)
(2.70)

where z is the height starting from the soil surface, k∗, k∗v and k∗h are respectively the Von
Karman’s constants for wind speed, water vapour and sensible heat, z0m, z0v and z0h are
integration constants (unit is [L]), ρga is the atmospheric gas density, cp is the specific heat
for constant pressure and v∗ is the friction velocity, defined from boundary layer theory as:

v∗ =
√

τw0

ρga
(2.71)

where τw0 is the shear stress at the surface due to the wind flow. The Von Karman’s constants
can be approximated as k∗ = k∗v = k∗h = 0.4 [178].

Figure 2.27 shows typical profiles of wind speed, absolute humidity and temperature in the
lower atmosphere. The profiles, which generally are semi-logarithmic in the lower atmosphere,
deviate from the semi-logarithmic trend very close to the soil surface. Thus, the integration
constants z0m, z0v and z0h can be interpreted as the intercepts of the semi-logarithmic profiles
at the values of va, ρva and Ta attained at the surface (see Figure 2.27), which in the case
of wind speed is always 0. The values of z0m, z0v and z0h depend on the surface roughness
(suggested values can be found in the literature for different types of surface). As stated above,
the semi-logarithmic trend of the profiles is valid only in the lower atmosphere (up to 10 m).
At higher elevations, these profiles deviate from the semi-logarithmic trend.

The evaporation rate E (in kg/m2s) and the sensible heat flux Hs (in J/m2s) can be estimated
if the following quantities are known: wind speed va1 at a height z1, absolute humidity ρva2

and temperature Ta2 at a height z2 and absolute humidity ρvs and temperature Ts at the soil
surface. In fact, using Equations 2.68, 2.69 and 2.70, the following relationships can be
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Figure 2.27: Profiles of (a) wind speed, (b) atmospheric absolute humidity and (c) atmospheric
temperature

obtained [178]:

E =
k∗vk∗va1

ln
(

z2

z0v

)
ln
(

z1

z0m

) (ρvs−ρva2) (2.72)

Hs =
k∗hk∗va1ρgacp

ln
(

z2

z0h

)
ln
(

z1

z0m

) (Ts−Ta2) (2.73)

From inspection of Equations 2.72 and 2.73, the driving forces of evaporation E and
sensible heat flux Hs can be identified. Both E and Hs increase linearly with wind speed va.
During a mean horizontal motion, the wind also creates vertical turbulent air fluxes which
cause air volumes at different vapour concentration and temperature to mix, thereby driving
evaporation and sensible heat flux into the atmosphere.

Evaporation E is also linearly proportional to the difference in absolute humidity between
the gas-filled soil pores at the soil surface ρvs and the atmosphere ρva. A difference in water
vapour concentration drives the evaporation flux from a zone at higher vapour concentration
(typically the soil surface) to a zone at lower vapour concentration (typically the atmosphere).
However, this relationship strongly depends on the water availability at the soil surface, more
precisely on the corresponding suction at the soil surface. Figure 2.28 shows the dependency
of the absolute humidity at the soil surface ρvs and the evaporation rate E upon suction s

at the soil surface, under the assumptions of constant absolute humidity in the atmosphere
ρva and constant wind speed va. The absolute humidity at the soil surface ρvs is related to
the suction at the soil surface s by means of Kelvin’s equation and the law of ideal gases
(see Equations 2.8, 2.9 and 2.10). Starting from s = 0, as suction in the soil at the surface
increases the absolute humidity in the soil pores at the soil surface ρvs decreases and the
evaporation rate, driven by the difference between ρvs and ρva, decreases accordingly. Thus,
the evaporation rate is higher if the soil surface is at lower suction and at higher degree of
saturation. The evaporation rate decreases as the soil surface progressively dries.

Similarly, the sensible heat flux Hs is linearly proportional to the difference between the
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Figure 2.28: Dependency of absolute humidity at the soil surface ρvs and evaporation rate
E upon suction s at the soil surface (k∗v = k∗ = 0.4, va1 = 3m/s, ρva2 = 0.00695kg/m3,
z1 = z2 = 2m, z0m = z0v = 0.001m and Ts = 293.15K)

temperature at the soil surface Ts and the temperature in the atmosphere Ta. Sensible heat flux
occurs intuitively from a zone at higher temperature to a zone at lower temperature.

2.4.3 Radiation

The net incoming radiation absorbed by the soil surface has an important role in the phe-
nomenon of evaporation. Most of the latent heat of evaporation required for the liquid water
to evaporate is given by the radiation.

The net incoming radiation absorbed from the soil surface Rn is the result of the combina-
tion of different terms and it can be written as follows [178]:

Rn = Rs (1−Al)+ εsRld−Rlu (2.74)

where Rs is the global short-wave solar radiation, Al is the surface albedo, εs is the emissivity
of the surface, Rld is the downward atmospheric long-wave radiation and Rlu is the upward
long-wave radiation from the soil surface.

The global short-wave solar radiation Rs which reaches the soil surface is strongly affected
by the latitude and the position of the Sun: higher at midday, null at night; on a yearly average
basis, higher at lower latitudes. The value of Rs is also affected by the presence of clouds,
which represent a cover for the surface from solar radiation, thereby reducing its effect. Part
of the solar radiation reaching the soil surface is then reflected into the atmosphere by the
surface: the reflected fraction is Rs ·Al whereas the absorbed fraction is Rs · (1−Al). The
surface albedo depends on the colour of the surface (e.g. snow, which is lighter, reflects more
than deep oceans, which are darker).

The downward atmospheric long-wave radiation Rld is the radiative flux emitted by the
atmosphere and absorbed by the soil surface. It is affected by humidity, cloudiness and in
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particular atmospheric temperature. It can be expressed as [178]:

Rld =CcloudεaσRTa
4 (2.75)

where σR is the Stefan-Boltzmann constant (5.67×10−8 W/m2/K4), εa is the emissivity of
the atmosphere in clear sky conditions, Ta is the atmospheric temperature and Ccloud is a
correction parameter for cloudiness.

The emissivity of the surface εs depends on the surface properties but it is generally close
to unity [178].

The upward long-wave radiation from the soil surface Rlu is the radiative flux emitted by
the surface and it can be written as:

Rlu = εsσRTs
4 (2.76)

where Ts is the soil surface temperature [178].

2.4.4 Modelling approaches

Three fundamental approaches can be adopted in numerical modelling of problems in geotech-
nical engineering that might involve soil-atmosphere interaction [177]. From the simpler, to
the more advanced:

• hydraulic modelling;

• thermo-hydraulic modelling;

• thermo-hydro-mechanical modelling.

Hydraulic modelling

The hydraulic modelling approach is the most simple but also the most used approach. Only
water and air balance equations are solved whereas temperature is assumed to be constant
and the soil is assumed to be non-deformable. Often, the problem is further simplified by
considering a uniform and constant gas pressure, and only the water mass balance is solved.
Further simplifications may involve neglecting water diffusion in the gas phase and dissolution
of air into the liquid phase. If also the liquid density is considered as a constant, the water
mass balance equation reduces to the Richards’ equation [60]. Given this uncoupled approach,
the evapotranspiration of water from the soil surface must be modelled as an input boundary
outflow at the ground surface. In this case, evapotranspiration must be estimated using
phenomenological interpretations and semi-empirical laws, which relate atmospheric and
vegetation conditions to the evapotranspirative flux imposed at the surface. In these models,
water budget and energy budget equations (see Equations 2.66 and 2.67) are not employed
explicitly (they are implicitly combined in estimating the applied evapotranspiration rate).

One of the most popular models introduced to estimate the evapotranspiration was intro-
duced by Penman [179]. More precisely, the model aimed to estimate the evaporation from
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an open-water surface or a completely wet land. According to this model, evaporation E is
expressed as:

E =
∆v ·Rn +

ρg · cp (pv0,a− pv,a)

ra
Le · (∆v + γps)

(2.77)

where pv,a and pv0,a are respectively the vapour pressure and the saturation vapour pressure
of air at some reference level, ∆v is the slope of the saturation vapour pressure curve pv0 (T )

at the atmospheric temperature Ta (i.e.
d pv0

dT

∣∣∣∣
Ta

), ρga is the atmospheric gas density, γps is the

psychrometric constant and ra is the aerodynamic resistance, which is an increasing function
of the wind speed. The psychrometric constant γps relates the partial pressure of water in the
gas phase to the gas temperature and it is defined as:

γps =
cp · pga

Le ·
Mw

Ma

(2.78)

where pga is the atmospheric gas pressure, Mw is the molecular weight of water and Ma is
the molecular weight of dry air. The aerodynamic resistance ra determines the resistance to
the transfer of heat and water vapour into the atmosphere as a function of wind speed va. For
instance, in Equation 2.72, the aerodynamic resistance is the following term:

ra =

ln
(

z2

z0v

)
ln
(

z1

z0m

)
k∗vk∗va1

(2.79)

In Penman’s model, the terms Gs, Hc and dW/dt of the the energy budget equation (Equa-
tion 2.67) are neglected.

Penman’s model was subsequently modified and improved. Monteith [180] modified
Penman’ model in order to introduce also the term Gs from the energy balance equation and
to consider the effect of transpiration. Therefore, the potential evapotranspiration ET , which
is the evapotranspiration which is obtained in case the soil surface is fully saturated, can be
estimated as:

ET =
∆v · (Rn−Gs)+

ρg · cp (pv0,a− pv,a)

ra

Le ·
[

∆v + γps ·
(

1+
rs

ra

)] (2.80)

In comparison to Equation 2.77, in Equation 2.80 the downward specific energy flux in the
soil Gs and the stomatal resistance rs are introduced. The parameter Gs is difficult to measure
and rs, which is the resistance to the transfer of heat and water vapour into the atmosphere
due to the presence of vegetation and depends on plant properties, is often unknown.

Priestley and Taylor [181] proposed a model in which the dependency on the observations
(excluding radiation) was removed. They observed that, after some time, an air mass moving
over a saturated vegetated surface tends to become vapour-saturated. In this condition, the
term (pv0,a− pv,a) in Penman’s equation becomes 0. Priestley and Taylor [181] proposed the
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following expression for the evaporation E:

E = αe ·
∆v ·Rn

Le · (∆v + γps)
(2.81)

where αe is an empirical constant which was found to be approximately equal to 1.26, with
similar values obtained for open water surfaces and lands covered by grass.

Other models were proposed [e.g. 182, 183] but, at the moment, the FAO Penmann-
Monteith method [184] is one of the most commonly used to provide realistic estimation of
evapotranspiration. According to this model, a reference evapotranspiration ET0 is initially
calculated from a reference surface, using the Penmann-Monteith equation (Equation 2.80).
The reference surface is a hypothetical wet grass crop with an assumed crop height of 0.12 m,
a fixed stomatal resistance of rs = 70sm−1 and an albedo Al = 0.23. Under these assumptions,
the reference evapotranspiration ET0 is calculated as:

ET0 =
0.408∆v · (Rn−Gs)+ γps

900
T +273

va,2m (pv0,a− pv,a)

∆v + γps · (1+0.34va,2m)
(2.82)

where, in this equation, ET0 is in mm day-1, Rn and Gs are in MJ m-2 day-1, T is in ◦C,
va,2m is the wind speed at 2 m height and is in m s-1, pv0,a and pv,a are in kPa and ∆v

and γps are in kPa ◦C−1. Once the reference evapotranspiration ET0 is calculated, the crop
evapotranspiration ETc is obtained by multiplying the reference evapotranspiration ET0 by
a correction factor (termed crop coefficient Kc) which takes into account differences from
the reference conditions in terms of leaf anatomy, stomatal characteristics, aerodynamic
properties and albedo, presence of pests and diseases, soil salinity, low soil fertility, water
shortage or waterlogging etc.

Thermo-hydraulic modelling

Thermo-hydraulic modelling involves the simultaneous resolution of the equations describing
the mass balances of both water and air and the energy balance. In this type of analysis, the
numerical problems is characterized by three unknowns in the soil: pore-liquid pressure pl ,
pore-gas pressure pg and temperature T . Even in this case, pg is often assumed as a constant
and equal to the atmospheric gas pressure. This modelling strategy can include different
multi-physics transfer phenomena in the soil: advective liquid flow, advective gas flow (if pg

is not assumed as a constant), water vapour diffusion in the gas phase, air diffusion in the
liquid phase, heat convection, heat advection, changes of phase (e.g. vaporization of liquid
water into the gas phase) etc.

The simultaneous resolution of mass balance and energy balance equations, with the
consequent prediction of pore-liquid pressure pl , pore-gas pressure pg and temperature T

at the soil surface, allows the simultaneous application of the water budget equation (see
Equation 2.66) and the energy budget equation (see Equation 2.67) at the soil surface to
represent the soil-atmosphere interaction. Equations 2.72 and 2.73 can be directly employed



CHAPTER 2. RESEARCH BACKGROUND 61

to model evaporation and sensible heat fluxes. It is worthy noting that, in this in case,
evaporation from the surface is not an input boundary condition but it is an output result of the
interaction between the soil surface and the atmosphere. Parameters representing atmospheric
conditions and surface type are the input parameters for the soil-atmosphere interaction in
this modelling approach.

This modelling approach is rarely used because of the complexity of the analysis and the
large amount of input data required [177]. Nevertheless, this approach is more accurate than
the basic hydraulic modelling approach, the dependency of the evaporation rate upon the
hydraulic state of the soil surface is considered and overly simplifying assumptions regarding
heat fluxes are not introduced. This approach will be used in the modelling of soil-atmosphere
interaction in this thesis.

Thermo-hydro-mechanical modelling

Thermo-hydro-mechanical modelling involves the simultaneous resolution of the equations
describing the mass balances of both water and air, the energy balance and the momentum
balance (i.e. equilibrium). In addition to the features of the thermo-hydraulic modelling, this
approach also includes the representation of the mechanical behaviour of soils and how this
is affected by thermal and hydraulic aspects. Fully coupled mechanical constitutive models
may include the influences of temperature, suction and degree of saturation on stress-strain
behaviour [185]. In turn, if soil deformation (i.e. mechanical behaviour) involves changes of
void ratio, this can cause changes in the hydraulic behaviour, affecting both water retention
behaviour (see Section 2.1.4) and hydraulic conductivity (see Section 2.1.5).

The introduction of the mechanical behaviour may have a significant impact also on the
soil-atmosphere interaction. For instance, periods of dryness and high temperatures can cause
desiccation cracking in the soil at the surface. This phenomenon has an important effect on
the increase of the hydraulic conductivity and changes in water retention behaviour of the soil
at a surface affected by desiccation cracking. The variation of properties like permeability
and water retention strongly affect the water transport around the soil surface, thus impacting
also evapotranspiration, runoff, heat flux etc.

This modelling approach, which is more relevant for fine-grained soils because they are
more affected by coupling phenomena like desiccation cracking, is even more complex than
the thermo-hydraulic modelling approach and will not be used in this thesis.

2.4.5 Effect of evaporation on soils

Several experimental and numerical studies addressed the response of soils during evaporation
[e.g 186–189]. Typical experimental tests are 1D column tests where evaporation is enhanced
by an imposed flux of dry (sometimes hot) air and/or a lamp placed at the top simulating the
solar radiation.

Han and Zhou [189] performed an evaporation test on a column of sand, starting from
relatively wet conditions in the soil and simulating solar radiation with a lamp placed at the
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top of the column. They also analysed the test numerically. Figures 2.29a and 2.29b show the
result of the predicted time history of water outflows from the soil surface in terms of total
evaporative flux, liquid flux component and vapour flux component arriving at the surface
(positive sign means upward flux), whereas Figure 2.29c provides a schematic interpretation
of the phenomenon of evaporation from soil. The liquid component and the vapour component
represent the water which reaches the soil surface during evaporation by means of a liquid
flux and a vapour flux respectively. The time history of evaporation can be divided into three
stages [186, 189].

Figure 2.29: (a) Time history of surface evaporation from soil (with (b) zoom at initial times)
(from Han and Zhou [189]) and (c) schematic interpretation

During stage I, the soil surface was relatively wet and the corresponding suction was low.
In this condition the evaporation rate was high (see Figure 2.28 about the relationship between
evaporation rate and suction at the soil surface in isothermal conditions). More precisely,
the evaporation rate increased during the first part of stage I, from the beginning of the test
until approximately 0.3 h, because the soil surface temperature increased due to the effect of
radiation. An increase of temperature caused an increase in vapour concentration at the soil
surface and hence an increase of the evaporation rate. On the other hand, the generation of
a temperature gradient in the soil at this stage, with higher values of temperature at the soil
surface and a decreasing trend with depth, caused a gradient in vapour concentration within
the soil, i.e. higher vapour concentration at the soil surface and decreasing with depth. As
a consequence, a downward vapour flux starting from the soil surface was generated (see
negative values of vapour flux in Figure 2.29a,b and the schematic diagram in Figure 2.29c).
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During stage I, the water outflow from the soil surface was supplied by an excess of upward
liquid water flux over downward vapour flux which evaporated directly at the soil surface.

In the transition between stage I and stage II, the liquid component of flow arriving at the
soil surface rapidly dropped almost to zero and the vapour component rapidly changed from
downward to upward.

During stage II, almost all the evaporation from the soil surface was supplied by an
upward vapour flow to the soil surface, whereas the liquid water flow to the soil surface was
almost nil (see Figure 2.29). During this stage, the evaporation from the soil surface gradually
decreased because the soil surface became drier and drier and suction at the soil surface
increased. During this stage, most of the phase change from liquid to vapour occurred in
the "vaporization zone" which was located under the soil surface (see Figure 2.29c). Above
this zone, a dry surface layer was generated, in which water transfer was mainly due to an
upward vapour flow since the hydraulic conductivity was zero or extremely low. Below the
vaporization zone, the degree of saturation was high and water moved upwards by means
of liquid flow. On the other hand, because of the high concentration of water vapour at
the location of the vaporization zone, vapour flow was also directed downwards from the
vaporization zone.

During stage III, the evaporation mechanism was similar to that described for stage II.
However, the location of the vaporization zone progressively moved deeper and the dry
surface layer progressively became thicker. Temperature and suction at the soil surface did
not significantly vary further during this stage but the suction at the ground surface attained
very high values. Therefore, at this stage, the rate of evaporation from the soil surface was
almost constant (slightly decreasing) but very low.

The interpretation of the response of the soil during evaporation can be further clarified
from the observation of the results obtained by Gran et al. [188]. They performed experimental
tests similar to those performed by Han and Zhou [189]. They also simulated the tests
numerically, comparing numerical and experimental results in terms of degree of saturation,
temperature and salt concentration profiles at the end of the test (12 days). The good quality of
the match between numerical and experimental results served as a validation of the numerical
model. Figure 2.30 shows the profiles of water and heat fluxes predicted numerically at
different times during the test.

Figure 2.30a shows the liquid water flux profiles at different times during the test. Ac-
cording to the pattern described above, at the beginning of the test water moved by means of
a liquid flux to the soil surface, where it evaporated. As the test progressed, a vaporization
zone progressively moved deeper in the soil. Above this zone, the liquid water flux was ap-
proximately zero whereas, below the vaporization zone, liquid water flowed upwards towards
the vaporization zone. The location of the vaporization zone can be identified as the sharp
variation (almost a discontinuity) of the liquid water flux in Figure 2.30a.

The pattern described above about the vapour flux during evaporation can be recognized in
the vapour flux profiles at different times shown in Figure 2.30b. At the beginning of the test,
a temperature gradient in the soil drove downward vapour fluxes from the vaporization zone
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Figure 2.30: Profiles during evaporation from soil of (a) liquid water flux at different times,
(b) vapour water flux at different times, (c) water fluxes at 12 days, (d) conductive heat flux at
different times and (e) total heat flux at different times, with positive sign indicating upward
fluxes (from Gran et al. [188])

located at the soil surface. Upward and downward vapour fluxes starting from the vaporization
zone occurred as this moved deeper because peaks of vapour concentration were attained at
the location of the vaporization zone.

Inspection of Figure 2.30c, which shows the liquid, vapour and total water flux profiles
at 12 days from the beginning of the test, clarifies the roles of liquid and vapour transfer
during evaporation from the ground surface. At a later stage during evaporation (12 days), the
total water flux was approximately constant with depth (to a maximum depth greater than the
location of the vaporization zone) and directed upwards. However, above the vaporization
zone the water transport is dominated by vapour flow and under the evaporation zone the
water transport is dominated by liquid flow.

Figure 2.30d and 2.30e show respectively the conductive heat flux and the total (conduc-
tive+advective) heat flux profiles at different times. Negative values means that the heat fluxes
are directed downwards. At the early stage of the test (until approximately 3.3 days) the
radiative flux provided at the top surface was transformed into an increase of temperature in
the soil. After 3.3 days, temperature profiles remained approximately constant in time as well



CHAPTER 2. RESEARCH BACKGROUND 65

as the total heat flux (see Figure 2.30e). However, above the vaporization zone, much greater
downward values of conductive heat flux occurred which were partially offset by upward
advective heat flux, i.e. heat related to the internal energy of vapour flowing upwards.



Chapter 3

Development of improved hydraulic
constitutive models for unsaturated soils

A review of existing constitutive models describing the hydraulic behaviour of unsaturated
soils (see Section 2.2) identified a lack of a SHCC model able to predict accurately the
hydraulic conductivity at low degree of saturation, once the SWRC and the saturated hydraulic
conductivity are known, and which includes water retention hysteresis.

This chapter initially provides a critical review of the hydraulic behaviour of unsaturated
soils and some key transition points on the SWRC and SHCC are identified and defined.
This serves as the physical basis for the selection of an appropriate SWRC model and the
development of a new SHCC model, which is presented and validated against experimental
data. This new SHCC model can be applied for relatively coarse-grained soils (i.e. gravel,
sand and silt). Subsequently, water retention hysteresis is introduced in the new model (both
SWRC and SHCC) using a bounding surface approach and also the water retention hysteretic
component of the new model is finally validated against experimental data.

3.1 Critical review of the hydraulic behaviour of unsatu-
rated soils

The definition and explanation of liquid-gas arrangement states at key transition points is often
unclear and inconsistent in the literature. For instance, the “residual degree of saturation” is
defined in different ways by different authors [190]: the horizontal asymptote of the SWRC
[81], the degree of saturation at s=1500 kPa [82], the degree of saturation corresponding to the
maximum amount of water in a soil not contributing to liquid flow [191] or simply a fitting
parameter [82, 83, 191]. In this thesis, the term "residual degree of saturation" will be used
only to refer to the fitting parameter for some SWRC models (e.g. the van Genuchten [82]
model) representing the horizontal asymptote of the SWRC. Similar lack of clarity applies
to the definition of the “water-entry” value [192, 193]. Therefore, it is important to give a
consistent and clear explanations and definitions of the different liquid-gas arrangement states
at key transition points on the SWRC and SHCC, as a basis for subsequent development of
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hydraulic constitutive models.
The SWRC of a soil is directly related to the liquid-gas distribution states. Figure 3.1a

shows typical main wetting curve, main drying curve and scanning curves in a semi-logarithmic
plot. Figure 3.1a shows also the relationship between SWRCs and pore-water forms in un-
saturated soils and some key transition points on the SWRCs are highlighted. As shown in
Figure 3.1a, different gas-liquid distribution states can be identified, depending on the degree
of saturation: they are defined as capillary state, funicular state and pendular state [194]. In
the capillary state, at low suction, the soil is saturated Sl = 1, all the pores are filled with liquid
water and only bulk water is present. For intermediate values of degree of saturation and
suction, in the funicular state, gas and liquid phases coexist. In this case, water is present in
the forms of bulk water, meniscus water bridges and liquid films. For low degree of saturation
and high suction, the soil is in the pendular state, all the pores contain air, there is no bulk
water left and water is present only in the forms of meniscus water bridges and liquid films.

Figure 3.1: Typical (a) SWRC and (b) SHCC, with key transition points indicated

Following a drying path starting from a saturated state (see the main drying curve shown
in Figure 3.1a), the soil is in the capillary state until suction is increased up to the air-entry
value (AE). At this point, air starts entering the voids, firstly into the voids with the largest
entry throats, and the soil enters the funicular state. As the suction increases from the air-entry
value, air breaks through into more voids, with smaller and smaller entry throats. The degree
of saturation gradually falls, mainly because the volume of bulk water decreases but also



CHAPTER 3. DEVELOPMENT OF IMPROVED HYDRAULIC CONSTITUTIVE MODELS FOR
UNSATURATED SOILS 68

because, although the number of meniscus water bridges and the area of particle surfaces
covered by liquid films both increase as new pores fill with air, the volume of each individual
meniscus water bridge decreases with increasing suction [42] and the thickness of the liquid
films also decreases with increasing suction [98]. When the degree of saturation reduces to the
air-continuity value (AC), the gas phase starts forming continuous gas paths within the soil.
At the bulk-water discontinuity point (BWD), although bulk water is still present in the soil, it
occupies so few voids that the bulk water no longer forms continuous liquid paths. Decreasing
the degree of saturation further, the bulk water-exclusion point (BWEX) represents the filling
of the last voids with air, so that there is no longer any bulk water, and this corresponds
to the transition from the funicular state to the pendular state. From this point onwards, a
large increase in suction corresponds to a small decrease in degree of saturation, due only
to the reduction in size of meniscus water bridges and reduction in thickness of liquid films.
Ultimately, the soil completely dries for a suction value sdry of approximately 1 GPa [84, 85],
although Lu and Khorshidi [195] have shown that this value ranges approximately between
0.5 GPa and 1 GPa for different soils, by means a water vapour sorption-based method used
to determine the maximum suction in the soil.

Similar concepts apply to a wetting path starting from a dry state (see the main wetting
curve shown in Figure 3.1a). At the bulk water-entry point (BWE), bulk water starts filling
the smallest voids, representing a transition from the pendular state to the funicular state. At
the bulk water-continuity point (BWC), sufficient voids are filled with bulk water to form a
continuous liquid path, whereas at the air-discontinuity point (AD) the gas phase becomes
discontinuous. Eventually, at the air-exclusion point (AEX), air is totally removed and the
soil enters the capillary state. When a main wetting SWRC is obtained experimentally, air can
remain trapped in the soil and complete saturation may not be reached even when zero suction
is imposed on the external boundary of the soil sample. In this case, the wetting SWRC
appears to be approximately horizontal from the point AD where the gas phase becomes
discontinuous, as shown by the dashed line in Figure 3.1a. However, this dashed line does
not represent true equilibrium states, because the trapped air is at elevated pressure (i.e.
the internal value of suction within the soil sample is greater than the value applied at the
boundary) and the trapped air is then expelled very slowly by the processes of air dissolution
and diffusion in the liquid phase. This aspect will be treated in more detail in Chapter 5.

Water retention hysteresis is clearly evident in the funicular state, mainly due to the
ink-bottle effect, hysteresis of the contact angle and air trapping (see Section 2.1.4). In the
capillary state there cannot be hysteresis because the soil is fully saturated (Sl = 1). In the
pendular state, where only meniscus water and liquid film water is present, water retention
hysteresis has been observed for certain soils, i.e. clays mainly consisting of expandable
minerals such as montmorillonite. For these soils, sorption and desorption of interlayer cations
require different energy levels, and thus different suctions [195]. For fine-grained soils mainly
consisting of non-expandable minerals (e.g. kaolinite) and for coarse-grained soils, water
retention hysteresis in the pendular state is absent or negligible [196].

Points AE, AEX, BWEX and BWE are directly related to the shape of the SWRC. AE
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and AEX can be identified as the points where the main drying curve and main wetting curve
respectively diverge from a fully saturated condition Sl = 1. Since the degree of saturation has
been shown to decrease approximately linearly with the logarithm of suction in the pendular
state (i.e. no bulk water) [84], BWEX and BWE can be identified as the points where the two
curves (in the semi-logarithmic plot) diverge from an approximately linear relationship at low
degree of saturation (see Figure 3.1a). In contrast, the points AC, AD, BWD and BWC are
not related to the shape of the SWRC. BWD and BWC are related to the shape of the SHCC
(see Figure 3.1b), as they represent transitions between states where bulk water flow occurs
(in which case this completely dominates the hydraulic conductivity) and states where liquid
water flow occurs only through liquid films. AC and AD are important in the variation of
gas conductivity, with the gas conductivity as zero for suction values lower than these points
because the gas phase becomes discontinuous.

In the literature, there is often no distinction between the bulk water-exclusion point
BWEX, bulk water-entry point BWE, bulk water-continuity point BWC and bulk water-
discontinuity point BWD (see Figure 3.1). They are all often defined as the “residual” point,
which is typically identified as the bend in the SWRC at low degree of saturation, when
plotted in semi-logarithmic form [190, 197, 198].

Liquid water flow in unsaturated soils may occur within continuous liquid paths formed
by the bulk water and/or by the thin liquid films, connected to each other at the inter-
particle contacts by means of meniscus water bridges (see Figure 3.2). Thus, the hydraulic
conductivity kl of unsaturated soils can be split in two components: the bulk water component
kBulk

l and the liquid film component kFilm
l . The film flow component is ignored in many

SHCC models, which assume that liquid water flows only through pores filled with bulk
water. This assumption is reasonable for very fine soils (e.g. clays) because, in these soils,
the role of the adsorbed liquid films becomes dominant over the bulk water only at very high
values of suction (typically >10 MPa for a clay). At these values of suction, the thickness
of the adsorbed liquid films, which decreases with increasing suction (see Figure 2.8), is so
small (typically <1 nm) that the attractive molecular forces between water molecules and
the surfaces of the soil particles impede any mobility of the water within the liquid films.
However, for coarser soils (e.g. sand), the role of adsorbed liquid films becomes dominant
at much lower values of suction than in fine-grained soils (typically <10 kPa for sands and
gravels), and at these values of suction the thickness of the films may be orders of magnitude
higher (typically >20 nm) (see Figure 2.8). In this case, the molecular attractions, strong only
in the first molecular layers next to the soil particle surfaces, do not impede the liquid film flow
[49, 96, 199]. In contrast with the hydraulic conductivity, the role of adsorbed liquid films in
water retention behaviour and mechanical behaviour is more important for finer-grained soils
than for coarser-grained soils [61].

The value of hydraulic conductivity depends on the number and the size of the continuous
liquid paths formed by the water. In particular, the more and larger are these liquid paths,
the higher is the hydraulic conductivity. Figure 3.1b shows typical main drying and main
wetting SHCCs in a log-log plot. The difference between these two curves is mainly due to
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Figure 3.2: Bulk water flow and liquid film flow in unsaturated soils

the water retention hysteresis, because the hydraulic conductivity variation generally shows
very little hysteresis when kl is plotted against Sl [31, 121, 131, 200]. In the capillary state,
the soil is saturated (Sl = 1) and thus, the hydraulic conductivity is equal to the saturated
value kls. In this condition, kFilm

l = 0 and kl = kBulk
l = kls. In the funicular state, as suction

increases, kBulk
l reduces from the saturated value, because the continuous flow channels

formed by bulk water are fewer and fewer and restricted to the smaller channels and voids.
Moreover, the lengths of the continuous flow channels also increase because the tortuosity of
these paths increases. Although kFilm

l is greater than zero in this condition, it is negligible if
compared to kBulk

l in almost all the funicular range. In the pendular state, no bulk water is
present within the soil. More precisely, it is at the bulk water-discontinuity point BWD during
drying that kBulk

l falls to zero or at the bulk water-continuity point BWC during wetting that
kBulk

l starts increasing from zero (see Figure 3.1b), because at these points the liquid paths
formed by the bulk water become respectively discontinuous or continuous. For suctions
above the bulk water-discontinuity point (during drying) or the bulk water-continuity point
(during wetting), the hydraulic conductivity is very small (several orders of magnitude smaller
than the saturated value) and related only to the liquid paths formed by the thin liquid films
connected by meniscus water bridges at the inter-particle contacts, so that kBulk

l = 0 and
kl = kFilm

l . Moreover, as suction increases, the hydraulic conductivity kl = kFilm
l decreases

(see Figure 3.1b), because the thickness of liquid films and the size of liquid bridges both
decrease with increasing suction.

3.2 Water retention modelling

As explained in Section 2.2.1, conventional SWRC models like the Brooks and Corey [81]
model (see Equation 2.30), the van Genuchten [82] model (see Equation 2.31) and the Kosugi
[83] model (see Equation 2.32) are not appropriate at low degree of saturation.

In this thesis, in order to model accurately the water retention behaviour of unsaturated
soils at low degree of saturation, the non-conventional modified version of the van Genuchten
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model (modVG) (see Equation 2.37) proposed by Fayer and Simmons [88] will be used
extensively as a reference SWRC model. In order to generalize the application of the new
proposed hydraulic conductivity model (see Section 3.3) and the new hydraulic hysteretic
model (see Section 3.4), also the modified version of the Brooks and Corey model (modBC)
[88] (see Equation 2.36) and the modified version of the Kosugi model (modK) [90] (see
Equation 2.38) will be considered.

A comparison between the performance of the van Genuchten (VG) model and the
modified van Genuchten (modVG) model is shown in Figure 3.3a, where the two models are
employed to fit experimental data in the full saturation range. The experimental data set is for
Shonai sand [201] and will be discussed in more detail in Section 3.3.2 (soil 6). The SWRCs
obtained with the VG model and the modVG model are almost coincident in the capillary
and funicular states, where both models fit the experimental data well. However, the modVG
model is able to represent effectively also the pendular state, where the degree of saturation
decreases approximately linearly with the logarithm of suction down to a completely dry state
[84].

Figure 3.3: Comparison between the hydraulic constitutive models and experimental data for
Shonai sand (experimental data from Mehta et al. [201]): (a) SWRC and (b) SHCC
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3.3 Hydraulic conductivity modelling

3.3.1 SHCC model

The Mualem [95] (M) model (see Equation 2.40) is commonly used to describe the SHCC, in
particular when it is coupled with the van Genuchten [82] model for the SWRC. In the Mualem
model, the soil is assumed as a homogeneous porous medium with a certain statistical pore
size distribution, which is indirectly related to the shape of the SWRC. The water is assumed
to flow only in bulk water-filled pores which are modelled as bundles of cylindrical capillary
tubes of different radii. If the Mualem model is coupled with the van Genuchten SWRC
model, the hydraulic conductivity kl is given by Equation 2.42. According to Equation 2.42,
once the SWRC is defined by the VG model, only one extra parameter is needed (i.e. kls) for
the description of the SHCC by the M model.

The accuracy of the Mualem model, when coupled with the van Genuchten model,
deteriorates as the degree of saturation decreases, failing completely when the degree of
saturation is so low that the bulk water is discontinuous. The model has two main weaknesses.
Firstly, the model is not able to represent the liquid flow occurring in the liquid films and in
the meniscus water bridges at very low values of degree of saturation. Secondly, applying
Equation 2.31 (the VG SWRC model) in Equation 2.42 (the M SHCC model), the hydraulic
conductivity goes to zero only when suction tends to infinity. This is physically unreasonable
if this model is used only to represent the bulk water component of the hydraulic conductivity,
as kBulk

l must, in reality, go to zero at the BWD point during drying and diverge from zero at
the BWC point during wetting.

Due to these shortcomings of the conventional M model, a new hydraulic conductivity
model, that is more accurate than the M model at low degree of saturation, is now proposed.
In the new model, the hydraulic conductivity kl is considered as the sum of two terms, as also
proposed by Peters [91]:

kl = kBulk
l + kFilm

l (3.1)

where the bulk water component of the hydraulic conductivity kBulk
l is related to the liquid flow

occurring within bulk water-filled pores whereas the liquid film component of the hydraulic
conductivity kFilm

l is related to the liquid flow occurring within the liquid films adsorbed to
the soil particle surfaces, which are inter-connected to each other by means of meniscus water
bridges at the inter-particle contacts.

The bulk water component of the SHCC kBulk
l is modelled with an expression similar to

the M model (Equation 2.42) but the variable Sle occurring twice in Equation 2.42 is replaced
by two different variables. The term

√
Sle occurring in the right hand-side of Equations 2.40

and 2.42 was introduced by Mualem [95] to model the increase of tortuosity and decrease of
connectivity between bulk water-filled pores with decreasing degree of saturation. According
to Equation 2.31 (VG or modVG SWRC models), Sle goes to zero only when suction goes to
infinity, which produces unreasonable results in Equation 2.42. In reality, the connectivity of
the bulk water is lost for suction values equal to or higher than the BWD point (drying) or the
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BWC point (wetting). Thus, a new term
√

SC
l is used instead of

√
Sle, where SC

l is defined by:

SC
l =

Sl−Sl,BWD

1−Sl,BWD
for drying (3.2a)

SC
l =

Sl−Sl,BWC

1−Sl,BWC
for wetting (3.2b)

where Sl,BWD and Sl,BWC are the values of degree of saturation at the BWD point and at the
BWC point respectively.

The second appearance of Sle in the right hand-side of Equation 2.42 derives from solving
the integrals in the right hand-side of Equation 2.40, in which Sl is substituted by the SWRC
van Genuchten model (see Equations 2.29 and 2.31). The term in the right hand-side of
Equation 2.40 was introduced by Mualem [95] to model the decrease of the number and size
of pores filled with bulk water with decreasing degree of saturation. Again, using Sle from
Equation 2.31 is unreasonable, because this implies that the quantity of bulk water goes to
zero only when suction goes to infinity. In reality, the volume of the bulk water is zero for
suction values equal to or higher than the BWEX point (drying) or the BWE point (wetting).
Thus, a new variable SB

l is used instead:

SB
l =

Sl−Sl,BWEX

1−Sl,BWEX
for drying (3.3a)

SB
l =

Sl−Sl,BWE

1−Sl,BWE
for wetting (3.3b)

where Sl,BWEX and Sl,BWE are the values of the degree of saturation at the BWEX and BWE
points respectively.

Thus, the bulk water component of the relative hydraulic conductivity can be expressed
with a new modified version of the Mualem model (modM model), as follows:

kBulk
l = kls

√
SC

l

[
1−
(

1−SB
l

1/m
)m]2

(3.4)

The values of Sl,BWD, Sl,BWC, Sl,BWEX and Sl,BWE (for use in Equations 3.2 and 3.3) may
be difficult to identify experimentally. Akin and Likos [202] identified the BWE point (which
they defined as the adsorption-capillary transition point) as the change in slope of water
sorption isotherms (i.e. curves of water content plotted against relative humidity obtained
in isothermal conditions). Values of Sl,BWD and Sl,BWC are particularly difficult to identify
experimentally, given that they should strictly be determined from high quality experimental
SHCC data at low values of Sl and this type of data is rarely available. However, in the
absence of more precise data, a simplified pragmatic procedure can be used, which assumes
Sl,BWD = Sl,BWEX and Sl,BWC = Sl,BWE . This simplified graphical procedure, which uses only
the SWRC, is similar to that suggested by Vanapalli et al. [203] and is illustrated in Figure 3.4.
With the fitted SWRC (based on the modVG model of Equation 2.37) presented in a semi-
logarithmic plot, the intersection point of the tangent through the inflection point of the main



CHAPTER 3. DEVELOPMENT OF IMPROVED HYDRAULIC CONSTITUTIVE MODELS FOR
UNSATURATED SOILS 74

drying curve and the straight line formed by the final linear portion of the main drying curve
defines a suction sBWD/BWEX (see Figure 3.4). The value of Sl,BWD = Sl,BWEX is then taken as
the value of Sl on the fitted main drying curve at the suction sBWD/BWEX (see Figure 3.4). A
corresponding procedure using the main wetting curve gives the value of Sl,BWC = Sl,BWE (see
Figure 3.4). Assuming Sl,BWD = Sl,BWEX means that SC

l = SB
l during drying and, similarly,

assuming Sl,BWC = Sl,BWE means that SC
l = SB

l during wetting (see Equations 3.2 and 3.3).
This simplified procedure is likely to underestimate the values of Sl,BWD and Sl,BWC and
overestimate the values of Sl,BWEX and Sl,BWE (see Figure 3.1), resulting in overestimation
of SC

l and underestimation of SB
l . These errors will therefore partially compensate when

Equation 3.4 is used to determine the value of kBulk
l .

Figure 3.4: Graphical procedure for simplified estimation of Sl,BWD, Sl,BWC, Sl,BWEX and
Sl,BWE

In order to model the liquid film component of the hydraulic conductivity kFilm
l , a pre-

dictive semi-empirical model is proposed (LF model). In the pendular state, where the
flow occurs only within the liquid films, the relationship between hydraulic conductivity
and suction has been shown to be approximately linear in the log-log plot, with a slope of
approximately -1.5 [91, 98]. As discussed in Section 2.2.2, the relationship for the liquid
film conductivity kFilm

l proposed by Tokunaga [98] (see Equation 2.44) is able to capture the
functional relationship between kl

Film and s at relatively low values of suction but cannot
predict accurately the absolute values of kl

Film because it is the result of many simplifying
assumptions. Therefore, maintaining the same functional form of Equation 2.44, the following
relationship is proposed:

kFilm
l =CFilm ·

(
aFilm + s

)−1.5
(3.5)

where CFilm and aFilm are model parameters (soil constants). Equation 3.5 represents the
liquid film component of the hydraulic conductivity as if the liquid film water was always
present in the soil. However, liquid film is gradually replaced by bulk water as suction
is reduced in the funicular state and hence kFilm

l should drop to zero at full saturation. A
pragmatic approach is simply to choose the value of the parameter aFilm so that kFilm

l is
negligible compared to kBulk

l at high values of Sl . aFilm is a dummy parameter, because it is
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needed simply to ensure that the predicted value of kFilm
l does not tend to infinity as suction

tends to zero, but its effect should be negligible in the range of suction where liquid films
govern the liquid flow [98]. The value of aFilm must be small enough that it does not affect
the linearity of the log-log plot at very low values of Sl (in the pendular range), but large
enough that the predicted value of kFilm

l is negligible compared to kBulk
l at high values of Sl .

Using a value of the parameter aFilm between sBWD/100 and sBWD/10 for drying and between
sBWC/100 and sBWC/10 for wetting is typically acceptable.

If high quality experimental SHCC data at low values of Sl are available for the particular
soil, these can be used to determine the value of the soil constant CFilm in Equation 3.5.
However, such data are rarely available, because the hydraulic conductivity in this range is
very low and thus not easy to measure. In the absence of such data, the value of CFilm can
be estimated from knowledge of a representative particle size of the soil and of the porosity
Φ. Tokunaga [98] showed analytically that, for a soil made of identical spherical particles of
diameter D, the value of kFilm

l varies linearly with (1−Φ)/D (see Equation 2.44). Hence, the
following relationship is proposed for the estimation of the parameter CFilm:

CFilm = XD
1−Φ

D
(3.6)

where D is a representative particle size for the soil and XD is a model parameter (a soil
constant). The effective particle size D10 is suggested for the parameter D, because liquid
film flow is likely to be predominantly controlled by the size of the smaller soil particles
(because of their high specific surface area). This was confirmed by finding a better statistical
correlation of experimental data from different soils when using D10, rather than when using
D50 or D90 (see Section 3.3.2). However, values of D10 are not always available (e.g. when
the fines content is high and hence D10 is very small) and, in this case, the value of D50 can
be used instead. The parameter XD accounts for factors not appearing in Equation 3.6, such as
differences in particle shapes, particle-size distribution and soil fabric between different soils.
However, the value of XD is expected to vary over a limited range for different coarse-grained
soils, and hence, in the absence of data to determine a soil-specific value for XD, a default
value, applicable to all coarse-grained soils, can be assumed. The choice of this default value
for XD will depend upon whether D10 or D50 is used for D in Equation 3.6, as described below
in Section 3.3.2.

A comparison between the hydraulic conductivity models presented above is shown
in Figure 3.3b, which is plotted in terms of relative hydraulic conductivity klr, defined as
klr = kl/kls, with the models used to predict the bulk water component of the hydraulic
conductivity of the Shonai sand [201] (see soil 6 in Section 3.3.2) and to fit the liquid film
component. At high values of Sl , the conventional M model and the new modM+LF model
lead to very similar SHCCs but, as Sl decreases, greater differences arise between the two
models. In particular, around the BWC point the conventional M model tends to overestimate
the hydraulic conductivity (sometimes by several orders of magnitude), whereas the new
modM+LF model predicts much lower values of kl , because kBulk

l goes to zero at the BWC
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point. The overestimation of kl in this region by the conventional M model is most evident for
coarse-grained soils [204]. In contrast, at high values of suction the conventional M model
underestimates the hydraulic conductivity, because it does not take into account the role
of liquid film flow. Finally, it can be seen that in the new modM+LF model the hydraulic
conductivity is governed almost entirely by kBulk

l at relatively low suction values and almost
entirely by kFilm

l at relatively high suction values. The predicted transition between the two,
occurring around the BWC point, is sharper and more distinct for coarser soils.

Figure 3.5 shows a qualitative comparison between the predicted SHCCs for two fictitious
soils: a coarser-grained soil and a finer-grained soil. The coarser soil has a higher saturated
hydraulic conductivity but it desaturates at a lower value of suction and, thus, the liquid
film component of the hydraulic conductivity becomes dominant at a lower value of suction
than for the finer soil. Comparing the two soils in the suction range where the hydraulic
conductivity is governed by the liquid film component, it can be seen that, at the same value
of suction (points Af and Ac), the hydraulic conductivity is higher for the finer soil. At the
same value of suction, the thickness of the adsorbed liquid films is the same for the two soils
but the finer soil has a higher specific surface area and thus a higher number of liquid film flow
channels. However, at the two different suction values where the liquid film component of the
hydraulic conductivity becomes dominant over the bulk water component for the two soils
(points Bf and Bc), the hydraulic conductivity of the coarser layer (point Bc) is higher than
that of the finer layer (point Bf), because the thickness of the adsorbed liquid films at point
Bc for the coarser layer is considerably higher than that at point Bf for the finer layer. This
explains why considering the role of liquid films in hydraulic conductivity is more relevant
for coarser-grained soils.

Figure 3.5: Qualitative comparison between predicted SHCCs for a finer-grained soil and a
coarser-grained

At extremely high suction values, approaching sdry, the liquid film flow becomes so small
that water movement will be dominated by vapour flow (i.e. diffusion of water within the gas
phase) [91]. However, unlike the advective liquid water flux, which is governed by Darcy’s
law, the diffusive flux of water vapour in the gas phase is a different physical process and
it is governed by Fick’s law. Thus, water vapour flow cannot be included in the hydraulic
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conductivity kl . Some numerical codes, e.g. Code_Bright [205], allow the resolution of
coupled thermo-hydraulic problems in which water vapour diffusion is modelled by Fick’s
law whereas advective liquid flux is modelled by Darcy’s law. In this way, the two different
phenomena of advective liquid water flux and diffusive water vapour flux are both correctly
modelled.

It should be noted that the proposed new hydraulic constitutive model has a small element
of inconsistency, in that the modVG SWRC model predicts that the value of Sl reduces to
zero (i.e. no liquid water present in the soil) at a finite (but extremely high) value of suction
sdry, whereas the proposed modM+LF SHCC model predicts that the hydraulic conductivity
only goes to zero as suction tends to infinity. For most practical problems this inconsistency
has negligible effects because, at very high suction values approaching sdry, water movement
is governed by vapour diffusion.

Throughout this thesis, the reference improved models will be the modVG model for the
SWRC and the modM+LF model for the SHCC. However, similar hydraulic models improved
at low degree of saturation can be obtained starting from the conventional Brooks and Corey
[81] model and the Kosugi [83] model. For the SWRC, the modified Brooks and Corey model
(modBC) proposed by Fayer and Simmons [88] (see Equation 2.36) and the modified Kosugi
model (modK) proposed by Khlosi et al. [90] (see Equation 2.38) can be used. For the SHCC,
the new proposed model expressed by Equation 3.1 can be applied. In a similar fashion to
what was proposed for the modVG-modM model, kBulk

l can be calculated also for the modBC
and the modK model by replacing the variable Sle present in Equation 2.39 (for the modBC
model) and in Equation 2.40 (for the modK model), with the new variables SC

l and SB
l . Thus,

the term kBulk
l for the modBC model can be expressed as:

kBulk
l = kls

(
SC

l

)2 (
SB

l
)1+2/n

(3.7)

whereas, for the modK model, it can be expressed as:

kBulk
l = kls

√
SC

l

{
Q
[
Q−1 (SB

l
)
+σm

]}2
(3.8)

where SC
l and SB

l are expressed by Equation 3.2 and Equation 3.3 respectively. For the modBC
and the modK models, the liquid film component of the hydraulic conductivity kFilm

l is the
same as for the modVG-modM+LF model (see Equations 3.5 and 3.6).

3.3.2 Experimental validation

Data from the literature involving tests on 11 relatively coarse-grained soil samples were
used for experimental validation of the new hydraulic model modVG-modM+LF. Properties
of these soils (soil type, reference, saturated hydraulic conductivity kls and porosity Φ) are
shown in Table 3.1. The experimental data come from three different sources: one journal
paper [201], the unsaturated soil hydraulic database UNSODA [206] and an unsaturated
soil hydraulic catalogue [207]. Experimental data defining the SWRC and the SHCC were
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Table 3.1: General properties of soils 1-11

Soil
n. Soil type Reference* kls

[m/s] Φ
D10

[mm]
D50

[mm]
1 Sand N (4660) 7.240×10−5 0.460 0.0647 0.3013
2 Sand N (4661) 1.320×10−4 0.430 0.0722 0.3113
3 Sand N (4650) 6.791×10−5 0.380 0.0722 0.3195
4 Loamy sand N (4011) 2.176×10−6 0.419 0.0174 0.1121
5 Loamy sand N (4062) 1.508×10−6 0.320 0.0265 0.1041
6 Shonai sand Me 1.093×10−4 0.430 0.1317 0.3099
7 Sandy Loam N (4172) 3.738×10−6 0.420 - 0.0915
8 Silt Loam N (4182) 7.014×10−6 0.435 - 0.0296
9 Gilat Loam Mu 2.000×10−6 0.440 - -
10 Rehovot sand Mu 1.330×10−4 0.400 - -
11 Grenoble 3 sand N (4442) 5.000×10−5 0.385 0.1409 0.2859

* N (ID code): Nemes et al. [206]; Me: Mehta et al. [201]; Mu: Mualem [207].

available for all 11 soils. For soil 8, unlike the other soils, the SHCC data points were only
available in the kl : Sl plot, but they were converted to the kl : s plot by using the modVG
model for the SWRC. This operation was considered reasonable, because the modVG model
was able to fit the experimental SWRC points extremely well over the full range of suction
for this soil.

Experimental SHCC data in the suction range where hydraulic conductivity was governed
by the liquid film component (low values of Sl) were available for soils 1-10. For these soils,
the expression for kFilm

l given by Equation 3.5 (LF model) was fitted to the experimental
SHCC data points in the suction range where these points are aligned on a straight line with
slope -1.5 in the log-log scale, as shown in Figure 3.6 (which is plotted in terms of relative
hydraulic conductivity klr). In this fitting operation, the slope of the straight line in the log-log
plot was fixed a priori to -1.5 whereas the parameter CFilm was fitted. In all 10 soils, the
LF model fits the experimental data very well. This confirms the validity of Equation 3.5,
including the value of the exponent (-1.5). The resulting values of the parameter CFilm are
shown in Table 3.2. The units employed for CFilm in Table 3.2 are appropriate if suction s and
parameter aFilm are expressed in kPa and kFilm

l is required in units of m/s.
Among soils 1-10, values of D10 were available for soils 1-6 and values of D50 were

available for soils 1-8 (see Table 3.1). For each of these soils, the fitted value of CFilm

shown in Table 3.2 was combined with the soil porosity Φ and the appropriate value of
D10 or D50 to back-calculate a corresponding soil-specific value of the parameter XD (see
Table 3.2), by using Equation 3.6. The units employed for XD in Table 3.2 are appropriate
if suction s and parameter aFilm are expressed in kPa, representative particle size D (i.e.
D10 or D50) is expressed in mm and kFilm

l is required in units of m/s. When using D10, the
geometric mean of the 6 soil-specific values of XD listed in Table 3.2 was calculated as
2.35×10−9 mm.ms−1.kPa1.5 (see Table 3.2), and this is recommended as a general default
value of XD to use in Equation 3.6 (with a value of D10) in cases where experimental values of
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Figure 3.6: Liquid film component of the hydraulic conductivity (Equation 3.5) fitted to
experimental data in the range where the hydraulic conductivity is governed by the liquid film
component (soils 1-10)
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Table 3.2: Fitted values of CFilm and XD for soils 1-10

Soil
n.

CFilm

[ms-1.kPa1.5]
XD (D10)

[mm.ms-1.kPa1.5]
XD (D50)

[mm.ms-1.kPa1.5]
1 6.8420×10−8 8.20×10−9 3.82×10−8

2 4.0919×10−8 5.18×10−9 2.23×10−8

3 3.0120×10−8 3.51×10−9 1.55×10−8

4 3.9372×10−8 1.18×10−9 7.60×10−9

5 3.8297×10−8 1.49×10−9 5.86×10−9

6 2.7805×10−9 6.42×10−10 1.51×10−9

7 1.6153×10−7 - 2.55×10−8

8 1.5310×10−7 - 8.02×10−9

9 3.3616×10−8 - -
10 7.3879×10−10 - -

Default - 2.35×10−9 1.08×10−8

kl in the pendular range (low values of Sl) are not available. If a value for D10 is not available,
but D50 is known, the corresponding default value of XD is 1.08×10−8 mm.ms−1.kPa1.5

(see Table 3.2). However, it is preferable to use D10, if possible, because statistical analysis
showed that the variance in the D10 soil-specific values of XD shown in Table 3.2 is less
than the variance in the D50 soil-specific values of XD. The statistical analysis of the D10

soil-specific values of XD indicated a 95% confidence level that the value of XD for a soil
should fall between a lower bound of 0.2 times the default value and an upper bound of 5
times the default value.

Experimental and modelled SWRCs and SHCCs for all the 11 soils are shown in Fig-
ure 3.7, with the SHCCs plotted in terms of relative hydraulic conductivity klr. In the graphs
representing the SWRCs, the experimental points are compared to the conventional VG model
and the proposed modVG model, both fitted to the experimental SWRC points. In both cases,
the constraint m = 1−1/n was used and the parameter Sls was set as Sls = 1. Values of the
remaining model parameters are shown in Table 3.3. In the graphs representing the SHCCs,
the experimental points are compared to the conventional M model (coupled with the VG
model) and the new modM+LF model (coupled with the modVG model for the prediction of
kBulk

l ). In the kBulk
l component (i.e. modM) of the new SHCC model, the value of the param-

eter sBWD = sBWEX for each soil (see Table 3.3), and hence the value of Sl,BWD = Sl,BWEX ,
was obtained from the SWRC using the graphical construction described in Section 3.3.1 (see
Figure 3.4). In the kFilm

l (i.e. LF) component of the new SHCC model, the value of CFilm

was taken either as a fitted value, from Table 3.2, where SHCC data from the pendular range
were available (soils 1-10), or as a predicted value, calculated from Equation 3.6, using the
appropriate default value of XD (see Table 3.2) and the value of D10, where this was available
(soils 1-6, 11), or the value of D50 (soils 7, 8).

For soils where SWRC data were available in the pendular range (i.e. soils 3, 6, 9 and 10),
the modVG model fits the experimental data much better than the VG model (see Figure 3.7).
However, in the capillary and funicular ranges, the two models are indistinguishable.
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Figure 3.7: Comparison between experimental data and SWRC and SHCC models for soils
1-11
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Table 3.3: Model parameter values for soils 1-11

Soil
n.

n
(VG)

P0 (VG)
[kPa]

Slr
(VG)

n
(modVG)

P0 (modVG)
[kPa]

ξ

(modVG)
sBWD (modM)

[kPa]
1 1.4153 0.4524 0.0864 1.4643 0.4302 0.0125 50
2 1.7129 0.7469 0.0780 1.7820 0.7378 0.0096 12
3 2.1980 2.2553 0.0810 2.4487 2.2738 0.0108 40
4 1.6767 4.2589 0.1314 1.8519 4.2176 0.0204 40
5 1.3739 3.5386 0.0000 1.3739 3.5386 0.0000 400
6 3.9820 2.1749 0.0762 4.6368 2.1547 0.0105 4.70
7 1.2844 4.4385 0.0000 1.2844 4.4385 0.0000 200
8 1.2664 4.3745 0.0000 1.2664 4.3725 0.0000 600
9 2.4417 5.8514 0.1919 3.3255 5.6370 0.0287 14
10 3.1295 2.1529 0.0289 3.2450 2.1441 0.0038 8
11 6.3045 4.4563 0.2691 6.4199 4.4267 0.0232 6.48

Figure 3.7 also shows that in general the modM model predicts kBulk
l better than the M

model. Exceptions are soil 3 where the two models lead to very similar results and soils 1 and
2 where both models are not in a good agreement with the experimental data. This mis-match
for soils 1 and 2 is probably related to an underlying weakness of the Mualem approach or to
inaccurate experimental determination of the value of kls (note that the experimental values of
kl within the funicular range have not been used at all in determining the parameter values in
the M and modM+LF models). The difference between the M model and the modM model
may lead to significant differences of hydraulic conductivity for certain values of suction. For
instance, at the BWD point of soil 10 (s = 8kPa)), the conventional M model overestimates
the hydraulic conductivity by approximately three orders of magnitude, whereas for soil 9
at a very high suction of 10 MPa the conventional M model underestimates the hydraulic
conductivity by approximately 11 orders of magnitude.

Figure 3.7 shows that the liquid film branch of the SHCCs for the different soils is
very well modelled by Equation 3.5 when this is fitted to experimental data (i.e. using a
fitted value of CFilm). Moreover, it can be seen that, in absence of experimental data of
hydraulic conductivity at very low degree of saturation, kFilm

l may be predicted adequately by
Equations 3.5 and 3.6, if an appropriate default value of XD, presented in Table 3.2, is used.

For soil 11, experimental SHCC points were not available at very low degree of saturation
and the liquid film component of the SHCC model could only be predicted. This is an example
of how the predictive SHCC model should be used in the absence of experimental data.

3.4 Hydraulic hysteresis modelling

The improved models presented for the SWRC (see Section 3.2) and for the SHCC (see
Section 3.3) can be used only to represent a main drying or a main wetting process. In this
section, the models are extended to include the effects of hydraulic hysteresis, by using a
bounding surface approach. The extended hydraulic model requires the definition of the
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following elements:

• main drying and main wetting SWRCs;

• scanning retention curves;

• effect of hydraulic hysteresis on the SHCCs.

In this thesis, main drying (Md) and main wetting (Mw) SWRCs are modelled using
the modVG model as a reference model. However, the hysteretic water retention modelling
approach can also be applied to other models for the main SWRCs, such as the modBC model
and the modK model, as demonstrated within this section.

3.4.1 Initial modelling approach

The scanning curves are modelled using a bounding surface approach. In the initial modelling
approach, which is similar to that followed by Gallipoli et al. [120], the gradient of a scanning
drying curve

(
dSl

d logs

)
d

and the gradient of a scanning wetting curve
(

dSl
d logs

)
w

(in the semi-
logarithmic Sl : logs plot) at the point (s,Sl) are related to the corresponding gradient of the
main drying curve

(
dSl

d logsd

)
Md

or main wetting curve
(

dSl
d logsw

)
Mw

respectively:

(
dSl

d logs

)
d
=

(
s
sd

)γd
(

dSl

d logsd

)
Md

(3.9a)(
dSl

d logs

)
w
=
(sw

s

)γw
(

dSl

d logsw

)
Mw

(3.9b)

sd and sw are the image values of suction, namely the suction values corresponding to the
horizontal projection (at the same degree of saturation Sl) of the point (s,Sl) onto the main
drying curve or the main wetting curve (see Figure 3.8).

(
dSl

d logsd

)
Md

and
(

dSl
d logsw

)
Mw

are
respectively the gradients of the main drying curve and of the main wetting curve at their
image points (see Figure 3.8). The terms γd and γw are parameters of the model (soil constants)
for the scanning drying curve and scanning wetting curve respectively and they always assume
positive values. The closer is the current value of suction s to its image value, sd or sw, the
closer is the gradient of the scanning curve to the gradient of its corresponding Md or Mw
curve. The main curve thus represents an asymptotic limit for the corresponding scanning
curve.

The parameters γd and γw control the shape of the scanning curves, as shown in Figure 3.9.
As the value of γd or γw increases, the variation of the gradient of the scanning curve becomes
sharper. At the upper limit, i.e. γd → ∞ or γw→ ∞, the scanning curve is horizontal in the
Sl : logs plot until reaching the corresponding main curve. At this point, the gradient of
the scanning curve changes sharply and the scanning curve follows the corresponding main
curve. At the lower limit, i.e. γd = 0 or γw = 0, the scanning curve is exactly parallel to the
corresponding main curve (i.e. they have the same gradient) regardless of the distance of the
current suction value from the corresponding image suction value.
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Figure 3.8: Qualitative water retention a) drying scanning curve and b) wetting scanning
curve

Figure 3.9: Role of parameters a) γd and b) γw

Given that the differential term d logs can be written as:

d logs = log10 e · ds
s

(3.10)

Equation 3.9 can be expressed as:

log10 e · s ·dSl

ds
=

(
s
sd

)γd

log10 e · sd ·dSl

dsd
(3.11a)

log10 e · s ·dSl

ds
=
(sw

s

)γw
log10 e · sw ·dSl

dsw
(3.11b)

Simplifying Equation 3.11, the following expressions are obtained:

s
ds

=

(
s
sd

)γd sd

dsd
(3.12a)

s
ds

=
(sw

s

)γw sw

dsw
(3.12b)
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Equation 3.12 can be thus written in the following integral form:∫
s(γd−1)ds =

∫
s(γd−1)

d dsd (3.13a)∫
s(−γw−1)ds =

∫
s(−γw−1)

w dsw (3.13b)

By integrating Equation 3.13, the following expressions are obtained:

sγd

γd
=

sγd
d

γd
+Ad0 (3.14a)

−s−γw

γw
=−s−γw

w

γw
+Aw0 (3.14b)

where Ad0 and Aw0 are integration constants. Equation 3.14 can be simplified and written in
the following way:

sγd = sγd
d +Ad (3.15a)

s−γw = s−γw
w +Aw (3.15b)

where sd and sw are respectively the inverse function of the main drying curve sd = sd (Sl)

and the main wetting curve sw = sw (Sl), and Ad and Aw are integration constants which are
obtained by imposing the condition that the scanning curve passes through the reversal point
(s0,Sl0). In particular, the integration constants are obtained as:

Ad = sγd
0 − sd (Sl0)

γd (3.16a)

Aw = s−γw
0 − sw (Sl0)

−γw (3.16b)

Equations 3.15a and 3.15b define the scanning drying and scanning wetting curves respec-
tively, once the inverse function of the main drying curve sd (Sl), the inverse function of
the main wetting curve sw (Sl) and the position of the last reversal point (s0,Sl0) are known.
Closed-form solutions to Equations 3.15a and 3.15b can always be obtained if the main SWRC
can be inverted to a closed-form relationship (i.e. if sd (Sl) and sw (Sl) can be expressed by
closed-form relationships).

3.4.2 Revised modelling approach and application to modVG SWRC
model

Unfortunately, if the function representing the main SWRCs is not invertible to a closed-form
(i.e. if a closed-form expression for sd (Sl) and sw (Sl) cannot be obtained), Equation 3.15
can be solved only using iterative procedures, which may increase the computational effort
if the model is used in numerical codes. This is the case for the modified van Genuchten
(modVG) model (see Equation 2.37). In this case, however, a revised form of bounding
surface approach can be applied to obtain a closed-form expression for the scanning curve.
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In this revised form of bounding surface approach, the relationship between the gradient of
the scanning curve and the gradient of the corresponding main curve (see Equation 3.9) is
replaced by an equivalent expression in terms of the effective degree of saturation Sle instead
of the actual degree of saturation Sl:(

dSle

d logs

)
d
=

(
s
sd

)γd
(

dSle

d logsd

)
Md

(3.17a)(
dSle

d logs

)
w
=
(sw

s

)γw
(

dSle

d logsw

)
Mw

(3.17b)

As a consequence, revised versions of Equations 3.11 and 3.15 can be written by substituting
Sl with Sle. In particular, sd and sw in Equation 3.15 are respectively the inverse function
of the main drying curve sd = sd (Sle) and the main wetting curve sw = sw (Sle), now each
expressed as a function of the effective degree of saturation Sle. The function Sle (s) expressed
by Equation 2.31 can now be inverted to a closed-form, thereby obtaining:

sd = P0d ·
(

Sle
−1/md −1

)1/nd
(3.18a)

sw = P0w ·
(

Sle
−1/mw−1

)1/nw
(3.18b)

where P0d , nd and md are the parameters of the modVG model for the main drying SWRC and
P0w, nw and mw are the parameters of the modVG model for the main wetting SWRC. There-
fore, replacing the terms sd and sw in Equation 3.15 with those expressed by Equation 3.18
and after some algebraic manipulation, the following closed-form relationships describing the
scanning curve in terms of the effective degree of saturation Sle can be obtained:

Sle,d =

{
1+

[
(sγd −Ad)

1/γd

P0d

]nd
}−md

(3.19a)

Sle,w =

{
1+

[
(s−γw−Aw)

−1/γw

P0w

]nw
}−mw

(3.19b)

The integration constants Ad and Aw are calculated as:

Ad = sγd
0 −

[
P0d ·

(
S−1/md

le0 −1
)1/nd

]γd

(3.20a)

Aw = s−γw
0 −

[
P0w ·

(
S−1/mw

le0 −1
)1/nw

]−γw

(3.20b)

where Sle0 is the effective degree of saturation at the reversal point and it can be obtained
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from the actual degree of saturation at the reversal point Sl0 as:

Sle0 =
Sl0−ξd ln

( sdry
s

)
Sls,d−ξd ln

( sdry
s

) for drying (3.21a)

Sle0 =
Sl0−ξw ln

( sdry
s

)
Sls,w−ξw ln

( sdry
s

) for wetting (3.21b)

where Sls,d and ξd are the parameters of the modVG model for the main drying SWRC and
Sls,w and ξw are the parameters of the modVG model for the main wetting SWRC.

Thus, using Equations 2.29 and 2.35 and the terms Sle,d and Sle,w obtained from Equa-
tions 3.19a and 3.19b (with Ad and Aw given by Equation 3.20), the following closed-form
relationships describing the scanning curves in terms of the actual degree of saturation Sl can
be obtained:

Sl,d = ξd ln
(sdry

s

)
+Sle,d (s) ·

(
Sls,d−ξd ln

(sdry

s

))
(3.22a)

Sl,w = ξw ln
(sdry

s

)
+Sle,w (s) ·

(
Sls,w−ξw ln

(sdry

s

))
(3.22b)

The combination of Equations 3.19, 3.20 and 3.22 forms a simple but effective method to
include water retention hysteresis in the modVG SWRC model. This model is referred to as
the hysteretic modVG SWRC model throughout the remainder of this thesis.

The logic behind the revised modelling approach described in this section is that water
retention hysteresis is implicitly related solely to the effective degree of saturation Sle, which
can be considered an expression of the bulk water present in the soil. As a consequence, in
this revised modelling approach, water retention hysteresis is related solely to the bulk water,
in agreement with the description of water retention hysteresis given in Section 3.1.

If this new proposed hysteretic hydraulic model is implemented in a numerical code, the
following constraints are suggested:

ξd = ξw (3.23)

Sls,d = Sls,w = 1 (3.24)

Equation 3.23 ensures that water retention hysteresis is not present in the pendular range
and that main drying curve and main wetting curve never cross each other. Equation 3.24
guarantees that full saturation (i.e. Sl = 1) can always be achieved in the soil. In the literature,
the formation of trapped air occurring during wetting has been often modelled adopting a main
wetting SWRC which does not reach full saturation even at s = 0 (i.e. Sls,w < 1). However, as
discussed in Chapter 5, this wetting SWRC is not a fundamental representation of the soil
behaviour and depends on various aspects of the wetting test conditions. The real fundamental
main wetting SWRC should satisfy Equation 3.24 and, in numerical analyses, the effect of
trapped air should be captured according to a procedure discussed in Chapter 5.
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3.4.3 Impact on modM+LF SHCC model

The bulk water component of the SHCC kBulk
l is typically recognized as non-hysteretic when

plotted against the degree of saturation [31, 121, 131, 200], and thus hysteretic if plotted
against suction, due to the hysteresis in the SWRC (see Figure 3.10). In order to satisfy the
requirement that kBulk

l is non-hysteretic when plotted against the degree of saturation, the
following restrictions must be applied to the parameters of the modVG SWRC model, when
coupled with the SHCC model:

md (= 1−1/nd) = mw (= 1−1/nw) (3.25)

Sl,BWC = Sl,BWD (3.26)

Sl,BWE = Sl,BWEX (3.27)

which are typically realistic [51]. The relationship between kBulk
l and degree of saturation is

still given by Equation 3.4, which is the same for main wetting curve, main drying curve and
scanning curves under the assumptions of Equations 3.25, 3.26 and 3.27.

The liquid film component of the hydraulic conductivity kFilm
l is still given by Equation 3.5,

with aFilm and CFilm as soil constants, and thus the relationship between kFilm
l and s is

independent of wetting or drying. Consequently, kFilm
l is non-hysteretic when plotted against

suction s.
Figure 3.10 qualitatively shows the performance of the new hysteretic hydraulic modVG-

modM+LF model in the Sl : s plot, the kl : s plot and the kl : Sl plot, by simulating a virtual
sequence of wetting and drying paths (starting at point A and ending at point K). Results
in Figure 3.10 were obtained assuming Sls,d = Sls,w = 1, ξd = ξw and sdry = 1GPa. The
results shown in Figure 3.10 are valid for both the use of the initial modelling approach of
Section 3.4.1 (i.e. Equation 3.9) and the use of the revised modelling approach of Section 3.4.2
(i.e. Equation 3.17). Under saturated conditions (capillary state) and at very low degree of
saturation (i.e. in the pendular state) the water retention behaviour is non-hysteretic. Scanning
curves (e.g. A-B) reasonably describe the hysteresis in the water retention behaviour in the
funicular range.

The bulk water component of the hydraulic conductivity kBulk
l is non-hysteretic when

plotted against the degree of saturation Sl (see Figure 3.10c) whereas kBulk
l is hysteretic when

plotted against suction s (see Figure 3.10b) due to hysteresis in the SWRC. The liquid film
component kFilm

l is non-hysteretic when plotted against suction s (see Figure 3.10b). From
the physical point of view, the liquid film conductivity is related to the thickness of the liquid
films, which is solely a function of suction for a given soil. At very low degree of saturation,
i.e. in the pendular range, kFilm

l is non-hysteretic also when plotted against Sl because only
liquid film water and meniscus water are present and, in this condition, also the SWRC
is non-hysteretic. However, kFilm

l is slightly hysteretic in the kl : Sl plot at the transition
between bulk water-dominated hydraulic conductivity and liquid film-dominated hydraulic
conductivity (see Figure 3.10c), in particular for values of the degree of saturation between
the BWC/BWD points and the BWE/BWEX points, i.e. Sl,BWE/BWEX < Sl < Sl,BWC/BWD.
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Figure 3.10: Performance of the hydraulic hysteretic model: a) SWRC, b) SHCC plotted
against suction s and c) SHCC plotted against degree of saturation Sl

This prediction of the model has a physical explanation. Since Sl < Sl,BWC/BWD, bulk water
is not continuous and the liquid flow is governed by the liquid film hydraulic conductivity but,
since Sl > Sl,BWE/BWEX , a small amount of bulk water is present in the soil although it does
not contribute to liquid flow. The bulk water influences the hysteresis in the SWRC whereas
liquid film water and meniscus water do not have a hysteretic behaviour. Therefore, kFilm

l : Sl

is hysteretic because the bulk water still present in the soil contributes to the hysteresis in the
SWRC, although not to the SHCC. In other words, if kFilm

l was plotted against the component
of the degree of saturation only related to liquid film water and meniscus water, kFilm

l would
always be non-hysteretic.

3.4.4 Application to modBC and modK SWRC models

As mentioned above, the hysteretic approach of hydraulic modelling described in Sec-
tions 3.4.1 and 3.4.2 leads to closed-form expressions for any models characterized by
a SWRC equation for main drying and for main wetting curves which can be inverted to a
closed-form expression. If the initial bounding surface approach of Equation 3.9 is applied,
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it is the main drying/wetting curve expression for Sl that must be inverted to closed form,
whereas if the revised bounding surface approach of Equation 3.17 is applied, it is the main
drying/wetting curve expression for Sle that must be invertible to a closed form. The revised
hysteretic hydraulic modelling approach of Equation 3.17, which above is applied to the
modVG model (i.e. the reference model throughout this thesis), can be applied also to the
modified Brooks and Corey (modBC) model (see Equation 2.36) and the modified Kosugi
(modK) model (see Equation 2.38). For the hysteretic modBC model, the scanning curves in
terms of the effective degree of saturation are expressed as:

Sle,d =

1 if s≤ sAE

snd
AE (s

γd −Ad)
−nd/γd if s > sAE

(3.28a)

Sle,w =

1 if s≤ sAEX

snw
AEX (s−γw−Aw)

nw/γw if s > sAEX

(3.28b)

where sAE and nd are the parameters of the modBC model for the main drying SWRC,
sAEX and nw are the parameters of the modBC model for the main wetting SWRC, and the
integration constants Ad and Aw are obtained as:

Ad = sγd
0 −

(
sAE

S1/nd
le0

)γd

(3.29a)

Aw = s−γw
0 −

(
sAEX

S1/nw
le0

)−γw

(3.29b)

For the hysteretic modK model:

Sle,d = Q

 ln
(

sγd−Ad

s
γd
md

)
γdσmd

 (3.30a)

Sle,w = Q

 ln
(

s−γw−Aw
s−γw

mw

)
−γwσmw

 (3.30b)

where smd and σmd are the parameters of the modK model for the main drying SWRC, smw

and σmw are the parameters of the modK model for the main wetting SWRC and the constants
Ad and Aw are obtained as:

Ad = sγd
0 − sγd

md exp
[
γdσmdQ−1 (Sle0)

]
(3.31a)

Aw = s−γw
0 − s−γw

mw exp
[
−γwσmwQ−1 (Sle0)

]
(3.31b)

Equations 3.28 for the modBC model and 3.30 for the modK model are then combined with
Equation 3.22 to obtain the equations for the scanning curves expressed in terms of the actual
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degree of saturation.
Finally, as discussed for the modVG model, also the modBC and the modK hysteretic

water retention models can be coupled with the corresponding SHCC models (see Equa-
tions 3.1, 3.5, 3.7 and 3.8). In order to guarantee that kBulk

l is non-hysteretic in the kBulk
l −Sl

plot, in addition to the constraints given by Equations 3.26 and 3.27, the following restriction
must be applied within the modBC SWRC model:

nd = nw (3.32)

and in the modK SWRC model:
σmd = σmw (3.33)

3.4.5 Experimental validation

The hysteretic component of the new hydraulic model for unsaturated soils was validated
against experimental data coming from different sources in the literature.

Figure 3.11 shows experimental SWRC data for Tottori sand, obtained by Sakai and
Toride [208], covering the full range of degree of saturation and including scanning drying
and scanning wetting curves. The experimental data were fitted using the hysteretic modVG
model (the reference model in this thesis) (see Figures 3.11a,d), the hysteretic modBC model
(see Figures 3.11b,e) and the hysteretic modK model (see Figures 3.11c,f). The SWRCs are
shown in terms of the volumetric water content θl , which, assuming no deformation of the
soil, can be expressed as θl = θls · Sl where θls is the water content when the soil is fully
saturated. The primary drying curve and the main wetting curve were firstly best-fitted to
the corresponding experimental data. Note that the main wetting curve does not reach a
fully saturated condition as suction approaches zero, indicating the likely occurence of air
trapping (see Chapter 5). Subsequently, the scanning curves were fitted by imposing the
curves to pass through the previous reversal point and fitting Equations 3.19, 3.28 and 3.30 to
the experimental data, where only γd for drying and γw for wetting were the fitting parameters.
Table 3.4 shows the model parameters obtained with this procedure. In general, all three
models fitted well the experimental data for the primary drying and main wetting SWRCs
over the full range of degree of saturation, although the modBC model was slightly imprecise
around the air-entry value (i.e. the point on the primary drying curve where the degree of
saturation starts decreasing from 1) due to the prediction of a discontinuity in the gradient
of the SWRC at this point (see Figure 3.11e). The scanning curves were well fitted by all
three models, which are thus able to capture an entire scanning loop with a single pair of
parameters (γd for drying and γw for wetting). This showed that the new hysteretic approach
can be coupled with different SWRC models designed to work well at very low degree of
saturation (e.g. modified van Genuchten, modified Brooks and Corey and modified Kosugi).
In the remaining part of this section, only the reference hysteretic modVG model will be used.

Two slightly different versions of the hysteretic approach were described in Sections 3.4.1
and 3.4.2. The scanning curves predicted by the two different approaches are compared in
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Figure 3.11: Comparison between experimental data for Tottori sand (data from Sakai and
Toride [208]) and (a) modVG model ((d) zoom at low suction), (b) modBC model ((e) zoom
at low suction) and (c) modK model ((f) zoom at low suction)

Figure 3.12. For the initial approach (based on Equation 3.9 and described in Section 3.4.1)
an iterative procedure was required to calculate the scanning curves shown in Figure 3.12,
whereas for the revised approach (based on Equation 3.17 and described in Section 3.4.2) the
closed form expressions of Equations 3.19, 3.20 and 3.22 were used for the scanning curves.
Using the approach based on Equation 3.9, the best-fit values of γd and γw were 6.09 and 5.35
respectively, i.e. slightly different to the best-fit values when using Equation 3.17, which are
shown in Table 3.4a. Inspection of Figure 3.12 shows that the scanning curves predicted by
the two slightly different hysteretic approaches are indistinguishable. Therefore, the revised
approach (based on Equation 3.17), which is much simpler to apply to the modVG model
than the initial approach (based on Equation 3.9) is used throughout the remainder of this
thesis, as the hysteretic modVG model.

Figure 3.13 shows the comparison between the hysteretic modVG model and experimental
SWRC data for Wray sand obtained by Gillham et al. [209]. For this soil, different scanning
drying curves (see Figure 3.13b) and different scanning wetting curves (see Figure 3.13c) were
available. The modVG model was initially best-fitted to the main drying and main wetting
experimental curves (see Figure 3.13a). Subsequently, all the experimental scanning curves
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Table 3.4: Hysteretic SWRC model parameter values for Tottori sand (see Figures 3.11
and 3.12)

(a) Hysteretic modVG model

θls

Drying curves Wetting curves
Sls,d ξd P0,d nd γd Sls,w ξw P0,w nw γw

[-] [-] [-] [kPa] [-] [-] [-] [-] [kPa] [-] [-]

0.374 1.00 0.0107 2.90 7.77 6.25 0.92 0.0107 1.73 5.45 5.41

(b) Hysteretic modBC model

θls

Drying curves Wetting curves
Sls,d ξd sAE nd γd Sls,w ξw sAEX nw γw

[-] [-] [-] [kPa] [-] [-] [-] [-] [kPa] [-] [-]

0.369 1.00 0.0063 2.40 3.27 6.07 0.91 0.0063 1.28 1.94 3.23

(c) Hysteretic modK model

θls

Drying curves Wetting curves
Sls,d ξd sm,d σm,d γd Sls,w ξw sm,w σm,w γw

[-] [-] [-] [kPa] [-] [-] [-] [-] [kPa] [-] [-]

0.373 1.00 0.0117 2.96 0.221 6.10 0.92 0.0117 1.82 0.314 5.62

of a family, i.e. wetting or drying, were fitted by the hysteretic modVG model using a single
value for γd (for all scanning drying curves) or γw (for all scanning wetting curves). Note that
a single value of γd valid for all the family of the scanning drying curves was obtained by
best-fitting the hysteretic modVG model to all the scanning drying curves simultaneously and
a similar operation was done also for the wetting scanning curves to determine a single value
of γw. The parameter values are shown in Table 3.5. From Figures 3.13b and 3.13c, it can be
seen that the model provided a very good fit to all the scanning curves. Therefore, the use
of a single pair of values for the parameters γd and γw was sufficient to model the different
scanning curves starting from different reversal points, corresponding to different degree of
saturation values.

Table 3.5: Hysteretic modVG SWRC model parameter values for Wray sand (see Figure 3.13

θls

Drying curves Wetting curves
Sls,d ξd P0,d nd γd Sls,w ξw P0,w nw γw

[-] [-] [-] [kPa] [-] [-] [-] [-] [kPa] [-] [-]

0.301 1.00 0.0281 3.166 9.45 6.34 1.00 0.0277 1.834 5.46 5.30

Figure 3.14 shows experimental SWRC and SHCC data, obtained by Londra [210], in
three different plots, i.e. θl : s, kl : s and kl : θl , for three different mixtures of peat and perlite:
100% peat; 75% peat - 25 % perlite; 50% peat - 50 % perlite. The main drying and the main
wetting SWRC data were initially fitted by the modVG model. Given the value of the saturated
hydraulic conductivity kls, the SHCCs were predicted using the modM model (the LF model
was not used since no data were available at very low degree of saturation) and then compared
to the experimental data. The constraints given by Equations 3.23, 3.25, 3.26, and 3.27 were
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Figure 3.12: Comparison between the two different versions of the hysteretic modVG model
(initial version based on Equation 3.9 and revised version based on Equation 3.17), fitted to
experimental data for Tottori sand [208]

used in this case during the fitting operations in order to guarantee the absence of hysteresis
in the bulk water component of the hydraulic conductivity when plotted in the kl : θl plot.
The relevant model parameters are shown in Table 3.6. For these soils, little water retention
hysteresis was observed, as shown in Figures 3.14a,d,g. The main wetting and the main
drying experimental curves were fitted well by the modVG model. The maximum volumetric
water content θls was known, and thus fixed in the model, although the corresponding point
(at s = 0) cannot be shown in the semi-logarithmic plot. The predicted main drying and
main wetting SHCCs showed hysteresis when plotted against suction s but not when plotted
against the water content θl . These predicted SHCCs were in very good agreement with the
experimental data in both plots (i.e. against s and θl) and for all the three soil mixtures.

Table 3.6: ModVG-modM SWRC and SHCC model parameter values for different mixtures
of peat and perlite (see Figure 3.14) and for Edosaki sand (see Figure 3.15)

Soil
Drying curves Wetting curves

θls Sls,d P0,d Sls,w P0,w ξ n kls Sl,BWC/BWD

[-] [-] [kPa] [-] [kPa] [-] [-] [m/s] [-]

100%Peat 0.820 1.00 0.640 1.00 0.411 0.0346 1.89 2.22E-4 0.363
75%Peat

0.780 1.00 0.439 1.00 0.253 0.0376 1.90 5.84E-4 0.46
25%Perlite
50%Peat

0.750 1.00 0.253 1.00 0.167 0.0154 1.32 1.19E-3 0.26
50%Perlite

Edosaki
0.440 1.00 2.700 0.79 1.707 0.0191 2.67 4.40E-5 0.12

sand

The same operation described for the three peat-perlite mixtures was applied to Edosaki
sand (see Figure 3.15), with experimental data from Gallage et al. [211] and modVG-modM
parameter values given in Table 3.6. In this case, however, the maximum water content
obtained during main wetting was lower than that recorded on the primary drying curve due
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Figure 3.13: Comparison between experimental data for Wray sand [209] and hysteretic
modVG model: (a) main drying and main wetting curves, (b) scanning drying curves, (c)
scanning wetting curves

to the occurrence of trapped air. This led to a lower value of the hydraulic conductivity at
zero value of suction in the case of the main wetting curve compared to the primary drying
curve (see Figure 3.15b). This, however, did not have any effect of the SHCC when plotted
against the water content θl . Experimental SHCC data showed negligible hysteresis when
plotted against the volumetric water content θl . In general, the SWRCs were fitted well by
the modVG model although the constraints given by Equations 3.23 and 3.25 were used. The
modM model gave a good prediction of the SHCC data, although the values of hydraulic
conductivity were slightly underestimated.

Topp and Miller [212] obtained experimental data for aggregated glass beads, covering
primary drying, main drying and main wetting SWRC curves and SHCC curves (kl : θl),
a family of 5 scanning drying SWRC curves and a family of 6 scanning wetting SWRC
curves (see Figure 3.16). Primary drying, main drying and main wetting SWRC experimental
data were simultaneously fitted by the modVG model using the constraints given by Equa-
tions 3.23, 3.25, 3.26 and 3.27. The scanning curves were fitted by the hysteretic modVG
model using a single value of γd or γw for each family of scanning curves, as was described for
the Wray sand. The primary drying, main drying and main wetting SHCCs predicted using
the modM model were subsequently compared to the experimental data. The resulting model
parameters are shown in Table 3.7. The SWRC data were fitted reasonably well by the modVG
model applied to the primary drying curve, the main drying curve and the main wetting curve
(see Figure 3.16a). The quality of the fitting is slightly lower at low degree of saturation, due
to the constraints used on all the three SWRCs. The comparison between the predicted SHCCs
and the experimental data, plotted in terms of the relative hydraulic conductivity klr, showed
a good match in the full saturation range (see Figure 3.16b). However, a small amount of
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Figure 3.14: Comparison between experimental data for different peat-perlite mixtures (data
from Londra [210]) and modVG-modM model: 100% peat ((a) θl : s, (b) kl : s and (c) kl : θl),
75% peat - 25% perlite ((d) θl : s, (e) kl : s and (f) kl : θl) and 50% peat - 50% perlite ((g)
θl : s, (h) kl : s and (i) kl : θl)
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Figure 3.15: Comparison between experimental data for Edosaki sand [211] and hysteretic
modVG-modM model: (a) θl : s, (b) kl : s and (c) kl : θl

hysteresis in the SHCC experimental data was observed when plotted against θl . In particular,
at a given value of θl in the range of high degree of saturation values, kl obtained during
primary drying was slightly higher than that obtained during main wetting, which in turn was
slightly higher than that obtained during main drying (see Figure 3.16b). The predicted SHCC
was intermediate between these points (Figure 3.16b) and the error was very little. Similar to
what was observed for the Wray sand (see Figure 3.13), the use of a single value for γd and a
single value for γw led to a very good fitting of the scanning drying curves (see Figure 3.16c)
and the scanning wetting curves (see Figure 3.16d) for the aggregated glass beads. The only
exception for the scanning wetting curve 1. This scanning curve predicted by the hysteretic
modVG model followed the main wetting curve, leading to a slight underestimation of the
volumetric water content values (see Figure 3.16d). This was due to the poor fitting of the
main wetting curve at low degree of saturation (see Figure 3.16a).

Table 3.7: Hysteretic modVG-modM SWRC and SHCC model parameter values for aggre-
gated glass beads (see Figure 3.16)

(a) SWRC

θls

Primary drying Main drying Main wetting
θls Sls,d P0,d Sls,d P0,d Sls,w P0,w ξ n γd γw

[-] [-] [kPa] [-] [kPa] [-] [kPa] [-] [-] [-] [-]

0.609 1.00 3.969 0.90 3.898 0.90 2.452 0.0162 12.24 9.65 7.91

(b) SHCC
kls Sl,BWC/BWD

[m/s] [-]

3.30E-4 0.25
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Figure 3.16: Comparison between experimental data for aggregated glass beads [212] and
hysteretic modVG-modM model: primary drying curve, main drying curve and main wetting
curve ((a) θl : s and (b) klr : θl), (c) scanning drying curves (θl : s) and (d) scanning wetting
curves (θl : s)

3.5 Concluding remarks

In the first part of this chapter, a critical review of the hydraulic behaviour of unsaturated soils
was carried out, highlighting the roles of the different water forms (bulk water, meniscus water
and liquid film water) in the SWRC and SHCC. In particular, key transition points for the
water retention behaviour, hydraulic conductivity behaviour and gas conductivity behaviour
were identified and defined: air-entry (AE) point, air-exclusion (AEX) point, air-continuity
(AC) point, air-discontinuity point (AD), bulk water-discontinuity (BWD) point, bulk water-
continuity (BWC) point, bulk water-exclusion (BWEX) point and bulk water-entry (BWE)
point. This served as a physical basis for the development of new hydraulic constitutive
models for relatively coarse-grained (gravels, sands and silts) unsaturated soils.

A new hydraulic conductivity model for unsaturated soils was subsequently proposed. This
model is reliable, predictive, easy to apply and avoids inconsistencies present in conventional
models. The hydraulic conductivity is split into two components: the bulk water component
and the liquid film component. The bulk water component is modelled with a new modified
version of the Mualem [95] model (modM model), which is able to capture the fact that bulk
water flow ceases at a finite value of suction i.e. when the bulk water becomes discontinuous
within the soil. The bulk water component can be predicted simply from knowledge of the
saturated hydraulic conductivity kls and the SWRC, as in the conventional Mualem model.
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The liquid film component is modelled by a semi-empirical relationship (LF model). This
semi-empirical relationship involves the definition of a soil constant, which can be either
fitted to experimental SHCC data at low degree of saturation where liquid film governs the
flow process or, in the absence of these data, it can be estimated from knowledge of porosity
Φ and effective particle size D10. The formulation of this new hydraulic conductivity model
was developed coupling it with three different SWRC models improved at low degree of
saturation: the modified van Genuchten (modVG) model, the modified Brooks and Corey
(modBC) model and the modified Kosugi (modK) model. The modVG SWRC model is used
as a reference model for this thesis. The new model was validated against experimental data
from different soils.

Hydraulic hysteresis was subsequently introduced. ModVG, modBC and modK were
considered as models for the main SWRCs for the development of the formulation of this
hysteretic model. However, it was shown that the use of any SWRC model which can be
inverted in a closed-form expression will lead to scanning curves which can be expressed by
closed-form expressions. Scanning curves were modelled using a bounding surface approach.
Introducing certain parameter constraints in the hysteretic SWRC model means that the bulk
water component of hydraulic conductivity kBulk

l is assumed non-hysteretic when plotted
against degree of saturation Sl , whereas the liquid film component kFilm

l is non-hysteretic
when plotted against suction s. The new hysteretic hydraulic constitutive model was validated
against experimental SWRC and SHCC data from different soils. The model was able to
represent well the hysteretic hydraulic behaviour of relatively coarse-grained unsaturated soils
(gravels, sands and silts) over the full range of degree of saturation. The model is easy to
apply (it involves simple closed-form expressions), flexible (the same approach can be applied
with different expressions for the main drying and main wetting SWRCs) and it requires a
relatively low number of parameters (once the main SWRCs and SHCCs are defined, only a
single pair of additional parameters, γd and γw, are required for the definition of the scanning
SWRC and SHCC curves).

The simplicity of the new hydraulic models developed make them suitable for implemen-
tation in numerical codes, as was done successfully in Code_Bright in this thesis work (see
Chapter 4).



Chapter 4

Numerical codes

A major component of the research work done in this thesis was numerical. Hydraulic and
coupled thermo-hydraulic analyses involving unsaturated soils were performed using the
finite element code Code_Bright (see Chapters 5, 6, 7, and 8) whereas limit analyses applied
to the assessment of the stability of slopes in unsaturated conditions were performed using
the software LimitState:GEO (see Chapter 8).

This chapter provides an overview of the functioning of Code_Bright and the description
of the implementation within Code_Bright of the new hydraulic constitutive models presented
in Chapter 3. Similarly, the functioning of the software LimitState:GEO is subsequently
presented. Finally, the implementation of a new code, called CB-LS, is explained. The
code CB-LS was developed by the author to link the results from thermo-hydraulic anal-
yses performed with Code_Bright and limit analyses for unsaturated soils performed with
LimitState:GEO (see Chapter 8).

4.1 Code_Bright

4.1.1 Theoretical background

Code_Bright (CB) [205, 213] is a finite element code developed at the Universitat Politècnica
de Catalunya (UPC) in Barcelona. It is able to model numerically thermo-hydro-mechanical
processes in multi-phase geological media in a coupled way, including multi-physics processes
(e.g. diffusion of water vapour in the gas phase, advection of liquid water in the liquid phase,
dissolution and diffusion of air in the liquid phase etc.). Code_Bright works in combination
with the GiD system [214] for pre- and post-processing, where pre-processing refers to
the creation of the numerical model and post-processing refers to the visualization and the
processing of the output results. The software GiD is developed by the International Center
for Numerical Methods in Engineering (CIMNE) in Barcelona. The following versions of the
codes were used in this thesis: GiD v.13.0.4 and Code_Bright v.8.2.

In the formulation of Code_Bright, the simultaneous mutual interaction of a large number
of phenomena is considered. For instance, thermal expansion of water in the pores causes an
increase of the degree of saturation in partially saturated soils or an increase of pore-water

100
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pressure in saturated or almost saturated soils. Variation of temperature also affects vapour
diffusion and liquid viscosity, thereby affecting water transport processes. In addition, changes
of the hydraulic conditions affect the thermal response of soils, e.g. changes in the degree of
saturation significantly affect the thermal conductivity. Many other interaction phenomena
are considered in Code_Bright.

Three phases are considered in Code_Bright: solid (s), liquid (l) and gas (g). Three species
are considered: solid (s) (coincident with the solid phase), water (w) (as liquid water or water
vapour in the gas phase) and air (a) (dry air, as gas or dissolved in the liquid water).

The following assumptions are made in the formulation of Code_Bright:

• Dry air is considered as a single species (rather than separating into nitrogen, oxygen,
carbon dioxide etc.) and it is the main component of the gas phase. Henry’s law is used
to establish the equilibrium concentration of dissolved air in the liquid phase.

• The three phases are always in thermal equilibrium, i.e. at the same temperature.

• Vapour concentration is always in equilibrium with the liquid phase. Kelvin’s law
relates vapour concentration to the suction and temperature.

• State variables, also called unknowns, are: solid displacements uuu (three-dimensional
vector), liquid pressure pl , gas pressure pg and temperature T .

• Balance of momentum for the medium is reduced to the equation of equilibrium together
with a mechanical constitutive law relating stresses and strains. Strains are expressed
from displacements.

• Small strains and small strain rates are assumed for solid deformation.

• Balance of momentum for fluid phases and for dissolved species are reduced to consti-
tutive equations, i.e. Darcy’s law and Fick’s law.

• Physical parameters in constitutive laws (e.g. surface tension, dynamic viscosity, liquid
and gas density etc.) are expressed as functions of pressures and/or temperature.

Moreover, in Code_Bright it is also possible to consider the presence of dissolved salts in
the liquid phase and the presence of water inclusions in the solid phase but these were not
considered in this thesis and thus they will not be treated in the description of Code_Bright.

Four types of governing equations are implemented in Code_Bright: balance equations,
constitutive equations, equilibrium relationships and definition constraints. A summary of
these equations and the corresponding variables is given in Table 4.1.

Mass balance equations are written for the three species (solid, water, air). The equation of
the momentum balance is reduced to that of stress equilibrium. The energy balance equation
is written for the medium as a whole.

The mass balance of solid is expressed as:

∂

∂ t
(θs (1−Φ))+∇ · ( jjjs) = 0 (4.1)
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Table 4.1: Equations and variables in Code_Bright (after Olivella et al. [213])

Equation name Variable Equation number

Balance equations
Solid mass balance Φ 4.1
Water mass balance pl 4.3

Air mass balance pg 4.6
Stress equilibrium u̇uu 4.9

Internal energy T 4.10

Definition constraints
ε̇εε = 1

2 (∇u̇uu+∇u̇uut) ε̇εε 4.11
ωw

l +ωa
l = 1 ωw

l 4.12
ωw

g +ωa
g = 1 ωa

g 4.13
Sl +Sg = 1 Sg 4.14
iiiag + iiiwg = 0 iiiag 4.15
iiial + iiiwl = 0 iiiwl 4.16

Equilibrium restrictions
Henry’s law ωa

l 4.17
Kelvin’s law ωw

g 4.18

Constitutive equations
Liquid density ρl 4.21

Liquid viscosity µl 4.22
Gas density (gases law) ρg

Gas viscosity µg 4.23
SWRC Sl 4.24, 4.25

Darcy’s law (liquid and gas) qqql , qqqg 4.26, 4.27
Fick’s law (water and air) iiiwg , iiial 4.32, 4.34

Mechanical constitutive model σσσ

Fourier’s law iiic 4.36

where θs is the mass of solid per unit volume of solid [ML-3], Φ is the porosity and jjjs is the
flux of solid [ML-2T-1], which is expressed as:

jjjs = θs (1−Φ)
duuu
dt

(4.2)

The mass balance of water is expressed by the following relationship:

∂

∂ t

(
θ

w
l SlΦ+θ

w
g SgΦ

)
+∇ ·

(
jjjw
l + jjjw

g
)
= f w (4.3)

where θ w
l is the mass of water per unit volume of liquid [ML-3], θ w

g is the mass of water
per unit volume of gas [ML-3], Sl is the (liquid) degree of saturation, Sg is the gas degree of
saturation, jjjw

l is the total mass flux of water in the liquid phase [ML-2T-1], jjjw
g is the total mass

flux of water in the gas phase [ML-2T-1] and f w is an external supply of water [ML-3T-1]. The
total mass fluxes of water in the liquid phase jjjw

l and in the gas phase jjjw
g are each the sum of

three components: a non-advective (diffusive) component, an advective component due to the



CHAPTER 4. NUMERICAL CODES 103

fluid motion and an advective component due to the solid motion. Therefore, jjjw
l and jjjw

g are
expressed as:

jjjw
l = iiiwl +θ

w
l qqql +θ

w
l SlΦ

duuu
dt

(4.4)

jjjw
g = iiiwg +θ

w
g qqqg +θ

w
g SgΦ

duuu
dt

(4.5)

where iiiwl and iiiwg are the non-advective fluxes of water in the liquid and gas phase respectively
[ML-2T-1] and qqql and qqqg are the advective volumetric fluxes of liquid and gas respectively
[LT-1], relative to the solid skeleton.

The mass balance of air is expressed by the following relationship:

∂

∂ t

(
θ

a
l SlΦ+θ

a
g SgΦ

)
+∇ ·

(
jjja
l + jjja

g
)
= f a (4.6)

where θ a
l is the mass of air per unit volume of liquid [ML-3], θ a

g is the mass of air per unit
volume of gas [ML-3], jjja

l is the total mass flux of air in the liquid phase [ML-2T-1], jjja
g is the

total mass flux of air in the gas phase [ML-2T-1] and f a is an external supply of air [ML-3T-1].
The total mass fluxes of air in the liquid phase jjja

l and in the gas phase jjja
g are expressed as:

jjja
l = iiial +θ

a
l qqql +θ

a
l SlΦ

duuu
dt

(4.7)

jjja
g = iiiag +θ

a
g qqqg +θ

a
g SgΦ

duuu
dt

(4.8)

where iiial [ML-2T-1] and iiiag [ML-2T-1] are the non-advective fluxes of air in the liquid and gas
phase respectively.

The momentum balance is reduced to the equilibrium of stresses if the inertial terms are
neglected:

∇ ·σσσ +bbb = 0 (4.9)

where σσσ is the stress tensor [ML-1T-2] and bbb [ML-2T-2] is the vector of body forces.
The energy balance equation for the porous medium is written as follows:

∂

∂ t
(Esρs (1−Φ)+ElρlSlΦ+EgρgSgΦ)+∇ ·

(
iiic + jjjEs + jjjEl + jjjEg

)
= f Q (4.10)

where Es, El and Eg are the internal energies (per unit mass) of the solid phase, the liquid
phase and the gas phase respectively [L2T-2], ρs, ρl and ρg are the densities of the solid
phase, the liquid phase and the gas phase respectively [ML-3], iiic is the energy flux due to
heat conduction through the porous medium, jjjEs, jjjEl and jjjEg are the energy fluxes due to
advection of solid, liquid and gas respectively [MT-3] and f Q is an internal/external energy
supply [ML-1T-3].

Different definition constraints are used in Code_Bright. The compatibility of deforma-



CHAPTER 4. NUMERICAL CODES 104

tions is expressed by the following definition constraint:

ε̇εε =
1
2
(
∇u̇uu+∇u̇uut) (4.11)

where ε̇εε is the strain rate tensor and u̇uu = duuu/dt is the solid displacement rate (the solid
velocity). The strain rate tensor ε̇εε is used in the mechanical constitutive model where it is
related to the stress rate tensor σ̇σσ .

Since the liquid phase is made of water and dissolved air, the following definition constraint
is used:

ω
w
l +ω

a
l = 1 (4.12)

where ωw
l is the fraction of water in the liquid phase (i.e. mass of water per mass of liquid)

and ωa
l is the fraction of dissolved air in the liquid phase (i.e. mass of dissolved air per

mass of liquid). Note also that ρl = θ w
l +θ a

l , ωw
l = θ w

l /ρl and ωa
l = θ a

l /ρl . Similarly, the
following definition constraint for the gas phase is used:

ω
w
g +ω

a
g = 1 (4.13)

where ωw
g is the fraction of water in the gas phase (i.e. mass of water per mass of gas) and ωa

g

is the fraction of dissolved air in the gas phase (i.e. mass of dissolved air per mass of gas).
Note also that ρg = θ w

g +θ a
g , ωw

g = θ w
g /ρg and ωa

g = θ a
g /ρg.

Since the volume of voids is occupied either by the gas phase or by the liquid phase, the
following definition constraint is used:

Sl +Sg = 1 (4.14)

The concept of binary diffusion [215] applied to the diffusive fluxes in the gas phase is
expressed by the following definition constraint:

iiiag + iiiwg = 0 (4.15)

which means that the diffusive flux of water vapour in the gas phase is balanced by an opposite
and equal diffusive flux of air in the gas phase. A similar definition constraint is used for the
liquid phase:

iiial + iiiwl = 0 (4.16)

The concentration of species in phases is governed by equilibrium restrictions: Henry’s
law and Kelvin’s law. Henry’s law governs the concentration of dissolved air in the liquid
phase and, in Code_Bright, it is expressed as:

ω
a
l = pa ·

(
1
H

Ma

Mw

)
(4.17)

where pa is the partial pressure of air in the gas phase, Ma is the molecular mass of air, Mw is
the molecular mass of water and H is Henry’s constant [ML-1T-2]. Note that Equation 4.17
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coincides with Equation 2.4. In Code_Bright, default values for these parameters are: Ma =

0.02895kg/mol, Mw = 0.01802kg/mol and H = 10000MPa.
Kelvin’s law governs the concentration of water vapour in the gas phase and, in Code_Bright,

it is expressed in terms of the vapour density in the gaseous phase θ w
g as:

θ
w
g =

(
θ

w
g
)0 exp

(
−(pg− pl)Mw

R(T +273.15)ρl

)
(4.18)

where
(
θ w

g
)0 is the vapour density in the gaseous phase in contact with a planar gas-liquid

interface (i.e. when pg− pl = 0), R is the universal gas constant (8.314 J/(mol K)) and T is
the temperature in ◦C. Making use of the law of ideal gases,

(
θ w

g
)0 is calculated as:

(
θ

w
g
)0

=
pv0Mw

R(273.15+T )
(4.19)

where pv0 is the vapour pressure in the gaseous phase in contact with a planar gas-liquid
interface. The value of pv0 is calculated by the following empirical relationship:

pv0 = 136075exp(−5239.7/(273.15+T )) (4.20)

where pv0 is expressed in MPa and T is expressed in ◦C.
Constitutive equations describe the behaviour of the materials and relate dependent

quantities (e.g. Sl , qqql , qqqg, iiic, iiiwg etc.) to the unknowns (i.e. uuu, pl , pg and T ). The relevant
constitutive equations for this thesis are discussed in Section 4.1.2.

Code_Bright allows the user to solve full thermo-hydro-mechanical problems or more re-
stricted problems, e.g. a hydraulic problem. In this thesis, the mechanical part of Code_Bright
was not used (the soil was assumed to be rigid). It follows that Equations 4.1, 4.2, 4.9 and 4.11
were not considered, the porosity Φ was treated as a constant equal to the initially assigned
value and all the terms duuu/dt appearing in Equations 4.4, 4.5, 4.7 and 4.8 were considered
equal to 0. Most simulations in this thesis, with the exception of those presented in Chapter 5,
were performed excluding the solving of the air mass balance equation and, consequently,
Equations 4.6, 4.7 and 4.8 were not considered. In this case, the pore-gas pressure pg was
considered as uniform and constant and it was assigned at the beginning of the analyses, and
the presence of dissolved air in the liquid phase was excluded (i.e. ωa

l = 0 and ωw
l = 1).

Some of the simulations in this thesis were performed excluding the solving of the energy
balance equation and, consequently, Equation 4.10 was excluded. In this case, the tempera-
ture T was considered as uniform and constant and it was assigned at the beginning of the
analyses, and the presence of the water vapour in the gas phase was automatically excluded
(i.e. ωw

g = θ w
g = 0, ωa

g = 1 and iiiwg = 0).

4.1.2 Constitutive equations

Code_Bright allows the user to choose among a large number of constitutive models. In this
section, only the constitutive models relevant for this thesis are presented.
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The phase properties relevant to the numerical simulations presented in this thesis are:
the specific heat of solid phase Cs, liquid density ρl , liquid viscosity µl , gas density ρg and
gas viscosity µg. Default laws and parameter values for the phase properties suggested in
Code_Bright and by Olivella et al. [216] were used in this thesis and they are shown in
Table 4.2. Since the phase properties were not changed in the different analyses, they will
not be shown again in the rest of this thesis. Specific heats of water and air, which depend on
the corresponding phase (i.e. solid, liquid or gas), are internally modelled in the code and
cannot be set by the user. It should be noticed that the physical properties in Code_Bright are
functions of the different unknowns (i.e. pg, pl and T ).

Table 4.2: Models for phase properties

Solid phase specific heat Cs = 1000Jkg−1K−1

Liquid density ρl0 = 1002.6kgm−3

ρl = ρl0 exp(β (pl− pl0)+αT [◦C]) (4.21) β = 4.5×104 MPa−1

pl0 = 0.1MPa
α =−3.4×10−4 ◦C−1

Liquid viscosity A = 2.1×10−12 MPas
B = 1808.5K

µl = Aexp
(

B
273.15+T [◦C]

)
(4.22)

Gas density - law of ideal gases Ma = 0.02895kg/mol
Dissolved air concentration - Henry’s law for dry air Mw = 0.01802kg/mol

H = 10000MPa
Gas viscosity A = 1.48×10−12 MPas

B = 119.4 ◦C
C = 0.14
D = 1.2×1015

µg =
A
√

273.15+T [◦C](
1+

B
273.15+T [◦C]

)(
1+

C−Dk
pg

) (4.23)

k: intrinsic permeability

Different models are available in Code_Bright for the definition of the soil water retention
curve (SWRC). In this thesis, two models were used: the conventional van Genuchten
[82] (VG) model and the modified van Genuchten (modVG) model proposed by Fayer and
Simmons [88]. In Code_Bright, every constitutive law is identified by the the definition of
two codes: ICL and ITYCL. The code ICL identifies the type of constitutive law (e.g. for the
SWRC ICL=6). The code ITYCL identifies the specific model used for the constitutive law
(e.g. for the VG model ITYCL=1, for the modVG model ITYCL=17). For every constitutive
law, a maximum of 10 parameters can be defined, consecutively ordered from P1 to P10. For
all the constitutive laws used in this thesis work and presented below, the list of parameters to
be used in Code_Bright and the corresponding units are shown in Table 4.3.

The VG model (ICL=6, ITYCL=1) is expressed as:

Sle =
Sl−Slr

Sls−Slr
=

(
1+
(

pg− pl

P0

)1/(1−m)
)−m

P0 = P̄0
σs

σ̄s
(4.24)

where Slr, Sls, P0 and m are parameters of the VG model (see Section 2.2.1). In CB, the
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Table 4.3: Parameters for constitutive models in Code_Bright

model P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

SWRC - VG P̄0 σ̄s m Slr Sls - - - - -
Eq. 4.24 [MPa]

[
N
m

]
[-] [-] [-]

SWRC - modVG P̄0 σ̄s m Slr Sls sdry ξ0 - - -
Eq. 4.25 [MPa]

[
N
m

]
[-] [-] [-] [MPa] [-]

Intrinsic k11,0 k22,0 k33,0 - - - - - - -
permeability, kkk

[
m2
] [

m2
] [

m2
]

Rel. hydr. conduct.
- -

m Slr Sls - - - - -
krl , Eq. 4.29 [-] [-] [-]

Rel. gas conduct.
-

Ag λg Sgr Sgs - - - - -
krg, Eq. 4.30 [-] [-] [-] [-]

Diffus. water in gas D n τ0 - - - - - - -
iiiwg , Eqs. 4.32,4.33

[
m2Pa
sKn

]
[-] [-]

Diffus. air in liquid D Q τ0 - - - - - - -
iiial , Eqs. 4.34,4.35

[
m2

s

] [
J

mol

]
[-]

Thermal conduct. λdry λsat (λsolid)0 λgas λliq a1 a2 a3 - -
iiic, Eqs. 4.38,4.39

[
W

mK

] [
W

mK

] [
W

mK

] [
W

mK

] [
W

mK

]
[-] [-] [-]

parameter P0 is a function of surface tension σs, which in turn is a function of temperature
T . The parameter P̄0 represents the value of P0 measured at a certain temperature and σ̄s

represents the value of σs measured at the same temperature. If the user sets σ̄s = 0, P0 is
considered as P0 = P̄0. In Code_Bright, the constraint suggested by van Genuchten [82],
m = 1− 1/n, is used. The parameters P6, P7 and P9 of this model are used to model the
influence of the variation of porosity Φ on the SWRC but, since in this thesis the soil was
considered as non-deformable and the porosity as a constant, these parameters were not
considered.

The modVG model (ICL=6, ITYCL=17) is not presented in the User’s Guide of Code_Bright
but it is implemented in the code. The model is expressed as:

Sle =
Sl−ξ0 ·Slr ln

(
s

sdry

)
Sls−ξ0 ·Slr ln

(
s

sdry

) =

(
1+
(

pg− pl

P0

)1/(1−m)
)−m

P0 = P̄0
σs

σ̄s
(4.25)

where ξ0 and sdry are two extra parameters compared to the VG model. The parameter
sdry represent the suction value at which the degree of saturation Sl decreases to zero (see
Section 2.2.1) and, in this thesis, it was always considered as sdry = 1000MPa. Comparing
the version of the model implemented in Code_Bright (Equation 4.25) to the expression of
the modVG model given by Equation 2.37, the product ξ0 ·Slr coincides with the parameter ξ .
In the rest of the thesis, only the value of the parameter ξ will be given.

Liquid and gas advective flows are modelled in CB using Darcy’s law. The liquid flow qqql
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is modelled as:
qqql =−

kkkkrl

µl
(∇pl−ρlggg) (4.26)

and the gas flow qqqg is modelled as:

qqqg =−
kkkkrg

µg
(∇pg−ρgggg) (4.27)

where kkk [L2] is the intrinsic permeability, krl is the relative hydraulic conductivity, krg is the
relative gas conductivity and ggg is the gravitational acceleration.

The intrinsic permeability kkk (ICL=7), which is treated as a tensor in Code_Bright, can
be modelled in different ways. In this thesis, the intrinsic permeability was modelled as
constant and isotropic. The code ITYCL=1 was used and the intrinsic permeability values in
the three principal directions k11,0, k22,0 and k33,0 were considered as k11,0 = k22,0 = k33,0 = k.
In Code_Bright, the parameters P4 and P5 of this model are used to model the influence
of the variation of porosity Φ on the intrinsic permeability but, since in this thesis the soil
was considered as non-deformable and the porosity as a constant, these parameters were not
considered. The intrinsic permeability k is related to the saturated hydraulic conductivity kls

via the following relationship:
k =

µl

ρlg
kls (4.28)

In this thesis, two models were used for the relative hydraulic conductivity (ICL=14):
the conventional Mualem (M) model, used in conjunction with the VG model, and the new
modified Mualem (modM) model + liquid film (LF) model, used in conjunction with the
modVG model. The M model was already present in the original version of Code_Bright
whereas the modM+LF model was implemented in this thesis work and its implementation is
described in Section 4.1.5. The M model (ITYCL=1) is expressed as:

krl =
√

Sle

(
1−
(

1−S1/m
le

)m)2
(4.29)

By default, the term Sle in Equation 4.29 coincides with that obtained from the SWRC
(Equations 4.24 and 4.25). However, the user can re-define the term Sle to be used in
Equation 4.29 by prescribing different values for Sls and Slr (see Table 4.3) from those used
for the SWRC model. As will be shown in Section 4.1.5, this approach was used to distinguish
the conventional M model and the new modM model for the modelling of the bulk water
component of the hydraulic conductivity.

In simulations where the air mass balance equation was solved (see Chapter 5), the relative
gas conductivity (ICL=19) was modelled using a power-law expression (ITYCL=6), which
can be written as follows:

krg = AgSge
λg (4.30)



CHAPTER 4. NUMERICAL CODES 109

where Ag and λg are model parameters (soil constants) and Sge is expressed as:

Sge =


Sg−Sgr
Sgs−Sgr

if Sg ≥ Sgr

0 if Sg < Sgr

(4.31)

where Sgr and Sgs are respectively the residual gas saturation and the maximum gas saturation.
By default, these parameters are considered as Sgr = 1−Sls and Sgs = 1−Slr, but the user
can choose different appropriate values (see Table 4.3).

Diffusive (non-advective) fluxes of water vapour in the gas phase and of dissolved air in
the liquid phase are modelled in CB using Fick’s law. The diffusive flux of water vapour in
the gas phase iiiwg (ICL=11) is modelled as:

iiiwg =−
(
τ0ΦρgSgDw

g III
)

∇ω
w
g (4.32)

where τ0 is the tortuosity factor, Dw
g is the diffusion coefficient for the diffusion of water in

the gas phase and III is the identity matrix. In this thesis, the diffusion coefficient Dw
g was

modelled using the following constitutive law (ITYCL=1):

Dw
g = D

(
(273.15+T [◦C])n

pg

)
(4.33)

where D and n are model parameters. The tortuosity factor τ0 was considered as a constant. In
this thesis, the values suggested by Olivella et al. [216] for these parameters (i.e. the default
values in Code_Bright) were used: D = 5.9×10−6 m2s−1K−nPa, n = 2.3 and τ0 = 1.

The diffusive flux of air in the liquid phase iiial (ICL=12) is modelled as:

iiial =−(τ0ΦρlSlDa
l III)∇ω

a
l (4.34)

where τ0 is the tortuosity factor and Da
l is the diffusion coefficient for the diffusion of air in

the liquid phase. In this thesis, the diffusion coefficient Da
l was modelled using the following

constitutive law (ITYCL=1):

Da
l = Dexp

(
−Q

R(273.15+T [◦C])

)
(4.35)

where D and Q are model parameters. The tortuosity factor τ0 was considered as a constant.
In this thesis, the values suggested by Olivella et al. [216] for these parameters (i.e. the default
values in Code_Bright) were used: D = 1.1×10−4 m2s−1, Q = 24530Jmol−1 and τ0 = 1.

The energy flux due to heat conduction iiic is modelled using Fourier’s law. This is
expressed as:

iiic =−λ∇T (4.36)

where λ is the thermal conductivity of the porous medium. The thermal conductivity λ

depends on the porosity Φ and on the degree of saturation Sl . The dependency on the degree
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of saturation (ICL=20) was modelled using the following law (ITYCL=1):

λ = λsat
√

Sl +λdry

(
1−
√

Sl

)
(4.37)

where λsat is the thermal conductivity in fully saturated conditions (i.e. Sl = 1) and λdry is
the thermal conductivity in fully dry conditions (i.e. Sl = 0). The dependency of the thermal
conductivity on porosity (ICL=9) was modelled using the following law (ITYCL=1):

λdry = λ
(1−Φ)
solid λ

Φ
gas (4.38a)

λsat = λ
(1−Φ)
solid λ

Φ
liq (4.38b)

where λsolid , λgas and λliq are respectively the thermal conductivities of the solid phase,
the gas phase and the liquid phase. The thermal conductivity of the solid phase λsolid was
modelled as follows:

λsolid = (λsolid)0 +a1T +a2T 2 +a3T 3 (4.39)

The thermal conductivity of the solid phase depends on the mineralogy, e.g. quartz min-
erals have higher thermal conductivity (7.7 Wm−1K−1 [217]) than clay minerals (between
1.3 Wm−1K−1 and 3 Wm−1K−1 [218]). In this work, since mainly relatively coarse-grained
soils (e.g. sand), more likely to be made of quartz minerals, were analysed, the thermal
conductivity of the solid phase was assumed to be as (λsolid)0 = 7.7Wm−1K−1 [217] and
not dependent on temperature, i.e. a1 = 0, a2 = 0, a3 = 0. The thermal conductivity of the
gas phase was considered as λgas = 0.024Wm−1K−1 and the thermal conductivity of the
liquid phase was considered as λliq = 0.6Wm−1K−1 [217]. In Code_Bright, no values were
assigned to the parameters λdry (P1) and λsat (P2) (see Table 4.3) because they were calculated
using Equation 4.38. The parameters λdry (P1) and λsat (P2) must be considered only in case
no values are assigned to the parameters (λsolid)0, λgas and λliq.

4.1.3 Boundary conditions

One-dimensional and two-dimensional simulations were performed in this thesis work. Bound-
ary conditions are incorporated in Code_Bright by assigning a mass flux or an energy flux at
the boundary nodes of the mesh, directed perpendicular to the boundaries. This process is
applied even when the required boundary condition is a prescribed value of an unknown (e.g.
pl , pg or T ), as described below. Two types of boundary conditions were used in Code_Bright:
"standard" boundary conditions and "atmospheric" boundary conditions. The sign convention
for all boundary conditions is: positive sign for fluxes entering the model, negative sign for
fluxes leaving the model.

Standard boundary conditions

Standard boundary conditions for mass fluxes are made of the combination of three terms.
The following equation represents the boundary condition for the mass flux of air in the liquid
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phase ja
l :

ja
l = (ωa

l )
0 j0

l +(ωa
l )

0
γl
(

p0
l − pl

)
+βl

(
(ρlω

a
l )

0− (ρlω
a
l )
)

(4.40)

where the superscript 0 stands for the parameter values assigned at the boundary nodes whereas
the parameters without the superscript 0 are the actual values at the boundary nodes, ωa

l is the
mass fraction of air in the liquid phase, ρl is the liquid density, pl is the liquid pressure, j0

l is
the prescribed mass liquid flow and γl and βl are two parameters termed leakage coefficients.
The first term in the right hand-side of Equation 4.40 represents the mass flow which takes
place when a mass flow rate (in this case liquid) is prescribed at the boundary. The second
term represents the mass flow which takes place when a phase pressure (in this case liquid)
is prescribed at the boundary. The third term represents the mass flow which takes place
when a species mass fraction (in this case air in liquid) is prescribed at the boundary. For
realistic numerical predictions, only one of the three terms shown in the right hand-side of
Equation 4.40 should be activated at any given time: if a mass flow rate is prescribed at the
boundary the following parameters should be used γl = 0 and βl = 0, if the liquid pressure
is prescribed at the boundary the following parameters should be used j0

l = 0, γl 6= 0 and
βl = 0, if a species mass fraction is prescribed at the boundary the following parameters
should be used j0

l = 0, γl = 0 and βl 6= 0. The leakage coefficient γl represents the "strength"
with which the boundary liquid pressure is prescribed: an extremely high value of γl may
lead to numerical difficulties (matrix ill conditioning) whereas a low value of γl may produce
inaccurate prescriptions of the liquid pressure at the boundary. An appropriate value for γl can
be obtained easily by means of a few trials. Similar concepts applies to the leakage coefficient
βl representing the "strength" with which the boundary species mass fraction is prescribed. If
a negative value is assigned to the parameter γl , only outflow is allowed and it occurs when
pl = p0

l whereas, for pl < p0
l , an impermeable boundary condition is automatically assigned

(i.e. j0
l = 0).

Similar concepts are applied to the other possible boundary conditions for mass fluxes.
The mass flux of water in the liquid phase jw

l at the boundary is calculated as:

jw
l = (ωw

l )
0 j0

l +(ωw
l )

0
γl
(

p0
l − pl

)
+βl

(
(ρlω

w
l )

0− (ρlω
w
l )
)

(4.41)

The mass flux of air in the gas phase ja
g at the boundary is calculated as:

ja
g =

(
ω

a
g
)0 j0

g +
(
ω

a
g
)0

γg
(

p0
g− pg

)
+βg

((
ρgω

a
g
)0−

(
ρgω

a
g
))

(4.42)

The mass flux of water in the gas phase jw
g at the boundary is calculated as:

jw
g =

(
ω

w
g
)0 j0

g +
(
ω

w
g
)0

γg
(

p0
g− pg

)
+βg

((
ρgω

w
g
)0−

(
ρgω

w
g
))

(4.43)

where γg and βg are leakage coefficients for the boundary gas fluxes. Note that in the other
chapters of this thesis the symbols γl and γg are defined as the unit weights of liquid and
gas whereas only in this chapter they represent the leakage coefficients. This inconsistency
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in the definition of γl and γg in this thesis was considered acceptable, in order to use the
conventional symbol for unit weight throughout the majority of the thesis while also, in this
chapter, maintaining consistency with the parameter definitions used in Code_Bright.

The boundary condition for the energy flux je is calculated as:

je = j0
e + γe

(
T 0−T

)
+Ea

l ( ja
l )+Ew

l ( jw
l )+Ea

g
(

ja
g
)
+Ew

g
(

jw
g
)

(4.44)

where, similar to the boundary conditions for mass fluxes, j0
e is the energy flux prescribed at

the boundary, T 0 is the temperature prescribed at the boundary and γe is the corresponding
leakage coefficient. In addition, the terms Ea

l

(
ja
l

)
, Ew

l

(
jw
l

)
, Ea

g
(

ja
g
)

and Ew
g
(

jw
g
)

are the
advective energy fluxes related respectively to the fluxes ja

l , jw
l , ja

g and jw
g . For realistic

numerical predictions, only one of the terms j0
e and γe shown in the right hand-side of

Equation 4.44 should be activated at any given time.

Atmospheric boundary conditions

The "atmospheric" boundary conditions are used in Code_Bright to perform advanced simula-
tions modelling soil-atmospheric interactions (see Section 2.4).

In CB, the parameters used to model the atmosphere are: atmospheric temperature Ta [◦C],
atmospheric gas pressure pga [MPa], atmospheric relative humidity RHa [-], net incoming
radiation Rn [Jm−2 s−1], cloud index In [-], rainfall P [kgm−2 s−1] and wind velocity va

[ms−1]. Two strategies can be used in Code_Bright to model the variation of these parameters
with time: interpolation and simulation. According to the first strategy, i.e. interpolation, the
user defines a list of data points in terms of times and corresponding parameter values, and the
code automatically applies a linear interpolation of the parameter values between the different
data points. According to the second strategy, i.e. simulation, the variation of the atmospheric
parameter values with time can be modelled using the following sinusoidal law:

x(t) = xm + xa sin
(

2π
t− ta

da

)
+ xd sin

(
2π

t− td
dd

)
(4.45)

where x(t) is the value of the generic atmospheric parameter at time t, xm is its mean value,
xa is its annual amplitude, xd is its daily amplitude, ta is the start of the annual variation,
td is the start of the daily variation, da is the duration of a year and dd is the duration of a
day. Equation 4.45 is characterized by the superposition of two sinusoidal functions: one
simulates the annual variation of the atmospheric parameter and the other one simulates its
daily variation.

In addition to the simulation and interpolation strategies, the variation of the radiation Rn

can be also calculated using a model implemented in Code_Bright. According to this model
[219], the radiation is an output result and measured data of radiation are thus not needed.
Radiation is calculated according to Equation 2.74, which is here reminded:

Rn = Rs (1−Al)+ εsRld−Rlu
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where Rs is the solar radiation, Rld is the downward atmospheric long-wave radiation, Rlu

is the upward long-wave radiation and both albedo Al and emissivity εs are calculated as
functions of the degree of saturation of the soil at the ground surface:

Al = Ald +(Ald−Alw)
(
S2

l −2Sl
)

(4.46)

εs = 0.9+0.05Sl (4.47)

where Ald and Alw are the dry and wet albedos respectively.
The upward long-wave radiation from the soil surface Rlu is calculated as given by

Equation 2.76, that is:
Rlu = εsσRTs

4

where Ts is the soil surface temperature (i.e. temperature at the boundary nodes) and σT is the
Stefan-Boltzmann constant (5.67×10−8 Wm−2K−4).

The downward atmospheric long-wave radiation Rld is calculated as a function of atmo-
spheric temperature Ta and atmospheric absolute humidity ρva, as follows:

Rld = σRT 4
a

(
0.605+0.048

√
1370ρva

)
(4.48)

In Equation 4.48, ρva must be expressed in units of kg/m3. Note that the temperatures Ts and
Ta appearing in Equations 2.76 and 4.48 regarding radiative fluxes are expressed in units of K
in order to be consistent with the format used by Code_Bright whereas in the rest of the thesis
temperatures are expressed in units of ◦C unless stated otherwise.

The calculation of the solar radiation Rs takes into account the time of the day and of the
year, according to the following relationship:

Rs =


πR̄S

2ds
sin
(
(t− tm +0.5ds)π

ds

)
if tm−0.5ds ≤ t ≤ tm +0.5ds

0 otherwise
(4.49)

where ds is the time span between sunrise and sunset, tm is the time at noon and R̄S is the daily
solar radiation, which is calculated by the following empirical expression:

R̄S =
∫ tm+0.5ds

tm−0.5ds

Rsdt = RA (0.29cosϕl +0.52In) (4.50)

where ϕl is the latitude, In is the cloud index (=1 for a clear sky, =0 for a completely clouded
sky) and RA is the daily solar radiation in the absence of the atmosphere, calculated as:

RA = S0rs

[
dd

π
cosϕl cosδs sin

(
πds

dd

)
+ds sinϕl sinδs

]
(4.51)

where S0 is the solar constant (=1367 Jm−2 s−1), rs is the ratio between the average distance
between the sun and the earth and the distance at a given time t, dd is the duration of a day
(=86400 s) and δs is the declination of the sun. The parameters ds, rs and δs are calculated as



CHAPTER 4. NUMERICAL CODES 114

follows:

ds =
dd

π
arccos(− tanϕl tanδs) (4.52)

rs = 1.00011+0.034221cos
(

2π
t− t0

da

)
+0.00128sin

(
2π

t− t0
da

)
+0.000719cos

(
4π

t− t0
da

)
+0.000077sin

(
4π

t− t0
da

) (4.53)

δs =−δs,max sin
(

2π
t− ts

da

)
(4.54)

where da is the duration of a year (=365.241 days=3.15568×107 s), t0 is the time at the 1st
of January, ts is the time when autumn starts (21st of September for the northern hemisphere)
and δs,max is the maximum declination of the sun (=0.4119 rad=23.26◦).

Once the atmospheric parameters are defined, the different mass and energy fluxes at
the boundary can be calculated as a result of the soil-atmosphere interaction. In this type of
analysis, the boundary fluxes are output results. The calculation of the different mass and
energy fluxes at the boundary is presented below.

- Air flux

The mass gas flux at the boundary qg is calculated as:

qg = γg (pg− pga) (4.55)

where γg [ms] is the leakage coefficient for gas flow, pg is the gas pressure at the boundary
nodes and pga is the atmospheric gas pressure assigned by the user. As far as the parameter γg

is concerned, the use of γg = 0 implies boundary impermeable to gas flow, whereas a large
value of γg will ensure pg ≈ pga, i.e. a value of gas pressure at the ground surface equal to the
prescribed value of atmospheric gas pressure. Note that, unlike the term qqqg used previously
(e.g. in Equation 4.27) which is a volumetric flux, the term qg in Equation 4.55 is a mass flux,
in consistency with the convention used in Code_Bright. The air flux is then calculated as:

ja = ω
a
g qg =

(
1−ω

w
g
)

qg (4.56)

- Water flux

Evaporation E (expressed in CB as positive when it is a flux from the atmosphere into the
soil) is calculated using the following aerodynamic diffusion relationship:

E =
k∗2vaψ(
ln

za

z0

)2 (ρva−ρv) (4.57)

where ρva and ρv are respectively the absolute humidity (calculated by relative humidity RH

and temperature T ) of the atmosphere and at the boundary node, k∗ is the Von Karman’s
constant (=0.4), va is the wind velocity, ψ is the stability factor (which, if different from 1,
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takes into account deviations from the logarithmic profile of wind speed with height), z0 is
the roughness length and za is the screen height at which the different atmospheric parameter
values (including va and ρva) are measured. Equation 4.57 is similar to Equation 2.72
presented in Section 2.4.2. However, in Equation 4.57, the stability factor ψ is added and
the following assumptions are implicitly made: k∗v = k∗ = 0.4 and z0v = z0m = z0. These
assumptions are typically reasonable [178].

The advective mass flux of vapour in the gas phase is calculated as:

jw
g =


ω

w
g qg if pg > pga

ρva

ρga
qg if pg ≤ pga

(4.58)

where ρga is the atmospheric gas density and qg is the mass flux of gas given by Equation 4.55.
Surface runoff jsr is calculated as:

jsr =

γl (pl− pga) if pl > pga

0 if pl ≤ pga

(4.59)

where γl is a leakage coefficient (it must be negative and must have a high absolute value in this
case). Note that the use of the leakage coefficient γl in Equation 4.59 valid for the atmospheric
boundary condition is different from the use of the leakage coefficient γl in Equations 4.40
and 4.41 valid for the standard boundary condition. According to Equation 4.59, no runoff
occurs if pl ≤ pga (s > 0) whereas runoff occurs when pl ≈ pga (s≈ 0) and, in this case, the
infiltration in the soil is the result of an applied liquid pressure at the boundary instead of an
applied flux.

The total flux of water at the boundary is thus calculated as:

jw = P+E + jw
g + jsr (4.60)

- Energy flux

The sensible heat flux Hs (positive when directed into the soil) is calculated as:

Hs =
k∗2vaψ(
ln

za

z0

)2 ρgaCa (Ta−T ) (4.61)

where Ca is the specific heat of the gas. Equation 4.61 is similar to Equation 2.73 presented in
Section 2.4.2. However, in Equation 4.61, the stability factor ψ is added and the assumptions
k∗v = k∗ = 0.4 and z0v = z0m = z0 are implicitly made.

The convective heat flux Hc is calculated as the sum of the convective components related
to liquid water, vapour and air:

Hc = hv
(
E + jw

g
)
+hl (P+ jsr)+ha ja (4.62)
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where hv, hl and ha are the free energy of vapour, liquid water and air, which depend on
temperature.

The total energy flux at the boundary is thus calculated as:

je = Rn +Hs +Hc (4.63)

A summary of the parameters needed for the modelling of the atmospheric boundary
condition in Code_Bright is shown in Table 4.4.

Table 4.4: Parameters for atmospheric boundary condition in Code_Bright

Parameters Unit Parameters Unit

Atmospheric parameters General parameters
Atm. temperature, Ta

◦C Latitude**, ϕl rad
Atm. gas pressure, pga MPa Time when autumn**, ts s
Atm. relative humidity, RHa - Time at noon**, tm s
Radiation*, Rn Jm−2 s−1 Roughness length, z0 m
Cloud index**, In - Screen height, za m
Rainfall, P kgm−2 s−1 Stability factor, ψ -
Wind velocity, va ms−1 Atm. gas density, ρga kgm−3

Dry albedo**, Ald -
Wet albedo**, Alw -
Leakage coeff. for gas, γg kgm−2 s−1 MPa−1

Leakage coeff. for liquid, γl kgm−2 s−1 MPa−1

* Only needed if radiation data are provided by the user.
** Only needed if radiation is calculated according to the model present in Code_Bright.

4.1.4 Numerical approach

In Code_Bright, the system of partial differential equations shown in Section 4.1.1 is solved
numerically [205]. The finite difference method is used for time discretization whereas the
finite element method is used for spatial discretization. The time discretization is linear and an
implicit integration scheme is used. Four times are considered in this time discretization: two
consecutive time steps tk and tk+1 and two intermediate times tk+θ and tk+ε , where 0≤ θ ≤ 1
and 0≤ ε ≤ 1. Given that the numerical problem is non-linear, the Newton-Raphson iterative
method is used to solve the system of governing equations.

The mass balance equation of solid (Equation 4.1), unlike the other balance equations, is
solved using an explicit integration scheme and intermediate times are not needed because
variations of porosity are expected to be slow. Thus, values at the time tk are used for porosity.

For the other balance equations (Equations 4.3, 4.6, 4.9 and 4.10), the residuals for a
single finite element are calculated as:

rrr
(

XXXk+1
)
=

dddk+1−dddk

tk+1− tk +AAA
(

XXXk+ε

)
XXXk+θ +bbb

(
XXXk+θ

)
= 000 (4.64)

where rrr is the vector of residuals, XXX is the vector of the unknowns calculated at a certain time
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(i.e. XXX = (uuu, pl, pg,T )), ddd is the storage or accumulation term of the balance equations, AAA is
the conductance term and bbb is the sink/source term. The residuals are calculated at the time
tk+1, the storage or accumulation terms at the times tk and tk+1, the conductance terms at the
time tk+ε and the unknowns multiplying the conductance terms and used in the sink/source
terms are calculated at the time tk+θ . The application of the iterative Newton-Raphson
solution method is written as:

∂ rrr
(
XXXk+1)

∂XXXk+1

(
XXXk+1,l+1−XXXk+1,l

)
=−rrr

(
XXXk+1,l

)
(4.65)

where l indicates the iteration. The values of θ and ε are chosen by the user: the default values
θ = 1 and ε = 1 were used in this thesis, which correspond to a fully implicit integration
scheme.

In terms of the space discretization, the concept of cell is used in Code_Bright (see
Figure 4.1). Once the space is discretized with a mesh defined by the user, made of nodes
and elements, the code assigns a cell to each node of the mesh. The cell is centred on the
corresponding node (see node i in Figure 4.1) and it is made of fractions of the different
elements which share this node. The standard Galerkin method is used for application of
the finite element (FE) method. The balance equations are written for each cell associated
to each node. In Code_Bright, the unknowns uuu, pl , pg and T are nodal quantities whereas
many dependent variables, such as degree of saturation Sl , intrinsic permeability k, relative
hydraulic conductivity krl , relative gas conductivity krg, thermal conductivity λ etc., are
elemental quantities. When a balance equation is solved for a cell, the contributions of the
different elements to a single cell are summed. As a result, a sort of "average" of the elemental
quantities are considered for each nodal cell. Further information about how the different
terms appearing in the balance equations are treated from the numerical point view can be
found in the work of Olivella et al. [205].

Figure 4.1: Schematic representation of the cell used in Code_Bright (after Olivella et al.
[205])

Hydraulic conductivity kl and gas conductivity kg are elemental quantities. Different
options are available in Code_Bright for the calculation of kl and kg, depending on the value
assigned to the parameter IOPTPC.

• If IOPTPC=0, the elemental kl is calculated from the elemental suction. This means
that the elemental suction is firstly calculated as the average of the suction values at
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the nodes of the element. The elemental degree of saturation is then calculated as a
function of the elemental suction. The elemental hydraulic conductivity kl is finally
calculated as a function of this elemental degree of saturation. The derivative of the
hydraulic conductivity ∂kl/∂Sl is calculated as a function of the elemental degree of
saturation.

• If IOPTPC=-1 (default option), the elemental kl is calculated from the average nodal
degrees of saturation. This means that nodal value of degree of saturation are calculated
at each node of the element as a function of suction at the same node. The elemental
degree of saturation is then calculated as the average of the nodal degrees of saturation.
The elemental hydraulic conductivity kl is finally calculated as a function of this
elemental degree of saturation. The derivative of the hydraulic conductivity ∂kl/∂Sl is
calculated as a function of the elemental degree of saturation.

• If IOPTPC=-2, the elemental kl is calculated from the average nodal relative perme-
abilities. This means that nodal degrees of saturation are calculated at each node of
the element as a function of suction at the same node. Nodal hydraulic conductivities
are then calculated at each node of the element as a function of the nodal degree of
saturation. The elemental hydraulic conductivity kl is finally calculated as the average
of the nodal hydraulic conductivities. The derivative of the hydraulic conductivity
∂kl/∂Sl is calculated as a function of the elemental degree of saturation, which is
calculated as the average of the nodal degrees of saturation.

• If IOPTPC=-3, the elemental kl is calculated from the average nodal relative permeabil-
ities (applies also for derivatives). The elemental hydraulic conductivity kl is calculated
as for IOPTPC=-2. However, in this case, the derivative of the hydraulic conductivity
∂kl/∂Sl is calculated differently. The nodal derivatives of the hydraulic conductivity
are calculated at each node of the element as a function of the nodal degree of saturation.
The elemental derivative of the hydraulic conductivity ∂kl/∂Sl is calculated as the
average of the nodal derivatives of the hydraulic conductivity.

• If IOPTPC=-4, the elemental kl is calculated from the maximal nodal relative perme-
ability. This means that nodal degrees of saturation are calculated at each node of
the element as a function of suction at the same node. Nodal hydraulic conductivities
are then calculated at each node of the element as a function of the nodal degree of
saturation. The elemental hydraulic conductivity kl is finally calculated as the maximum
of the nodal hydraulic conductivities. The elemental derivative of the hydraulic conduc-
tivity ∂kl/∂Sl is taken as the same as the nodal derivative of the hydraulic conductivity
of the node with the maximum nodal hydraulic conductivity.

• If IOPTPC=-5, the elemental kl is calculated from the minimal nodal relative perme-
ability. This means that nodal degrees of saturation are calculated at each node of the
element as a function of suction at the same node. Nodal hydraulic conductivities are
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then calculated at each node of the element as a function of the nodal degree of satura-
tion. The elemental hydraulic conductivity kl is finally calculated as the minimum of the
nodal hydraulic conductivities. The elemental derivative of the hydraulic conductivity
∂kl/∂Sl is taken as the same as the nodal derivative of the hydraulic conductivity of the
node with the minimum nodal hydraulic conductivity.

The same options described above for the hydraulic conductivity kl apply also to the gas
conductivity kg.

In the analyses performed, the options IOPTPC=-1, IOPTPC=-2 and IOPTPC=-3 lead
to negligible differences. The default option IOPTPC=-1 was used in most of the analyses
because it leads to correct results in shorter computing times. However, in some particular
"extreme" cases the option IOPTPC=-3 should be preferred. For instance, when simulating
water breakthrough from the finer layer to the coarser layer of a CBS, subsequent to the
application of a very high infiltration rate and with the coarser layer at very high values of
suction, IOPTPC=-1 leads to numerical problems whereas it was found that IOPTPC=-3 leads
to more reliable results. These results are not shown in this thesis. A comparison between the
results obtained with options IOPTPC=-1 and IOPTPC=-3 is in general always suggested.

The FE mesh for space discretization can be generated automatically by Code_Bright,
according to the user preferences. For 1D and 2D problems, either triangular or quadrilateral
mesh elements can be used. Both structured meshes and unstructured meshes were used in
this thesis work. A structured mesh is characterised by a regular topological pattern and it is
defined as a mesh where all inner nodes have the same number of elements around them. An
unstructured mesh is characterised by an irregular topology. Typically, quadrilateral elements
are used in structured meshes and triangular elements are used in unstructured meshes.

The size of the elements of a structured mesh can be defined in different ways. One
of these, used in this thesis, consists of assigning the number of elements that are required
along a given orientation. Practically, the number of elements is assigned in each boundary
line and this number must be the same for all lines that are opposite to each other on each
surface. A mesh refinement gradient can be defined for each line in order to concentrate or
enlarge the size of the elements towards the two ends of the lines. In Code_Bright, the mesh
refinement along a direction is defined by assigning a pair of numbers along a boundary line
(e.g. 0.2/-0.3) with a given orientation. The first number is the concentration weight related to
the initial extremity of the line, the second number is the concentration weight related to the
final extremity of the line. If the weight is positive the elements will be concentrated (smaller
elements) towards the extremity of the line; if negative, the elements will be enlarged. As
a reference for the values given in this thesis, the orientation of the mesh refinement will
be left/right and down/up, meaning that, in the following chapters in which FE meshes are
described, the first number will refer to left or down sides and the second number will refer to
right or up sides. As the magnitude of the weight increases, the difference between element
sizes will be greater.

The size of the elements of an unstructured mesh can be defined as the average side length.
The maximum value of the size can be assigned by the user. In addition, it is possible to
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assign different sizes to different boundary lines. This means that in the vicinity of these
lines, the unstructured mesh elements will be approximately of that size. The transition
between different sizes at different locations can be controlled by means of a given parameter.
Increasing this parameter, the transition between the mesh sizes at different locations is faster.

4.1.5 Implementation of the new hydraulic conductivity model for un-
saturated soils

In this thesis work, changes and new developments were introduced in Code_Bright, which is
written in the programming language Fortran. Given the potential and all the possible features
that CB provides, the code is big and complex. The changes and new developments of the
code resulted in substantial work, involving many different components of the program. In
this section and in Sections 4.1.6 and 4.1.7, changes and new developments in the code are
described only qualitatively. For users accessing the modified source files of Code_Bright, all
changes and new developments done in this thesis work were marked by the text "!RS" plus
the corresponding date (e.g. "!RS 25/07/18") written next to the corresponding commands, in
order to facilitate the tracking of these changes.

The new hydraulic conductivity model modM+LF presented in Section 3.3.1 (see Equa-
tion 3.1) was implemented in CB. The bulk water conductivity of the new model kBulk

l (modM)
(see Equation 3.4) can be used in the original version of the code using appropriate parameters
for the conventional Mualem model whereas the liquid film component of the new hydraulic
conductivity model kFilm

l (see Equation 3.5) was implemented in this thesis work.
The modM model for the bulk water component of the hydraulic conductivity (see

Equation 3.4) can be used in the original version of Code_Bright by choosing an appropriate
value for the parameter Slr (P4) of the Mualem model (ICL=14, ITYCL=1) (see Equation 4.29
and Table 4.3). Indeed, assuming that Sl,BWD = Sl,BWEX for drying and Sl,BWC = Sl,BWE

for wetting, as suggested in Section 3.3.1, the modM model can be obtained by imposing
Slr = Sl,BWD/BWC as the value of the parameter P4 in the conventional Mualem model (ICL=14,
ITYCL=1). This will ensure that kBulk

l goes to zero when the degree of saturation falls to the
value of Slr = Sl,BWD/BWC specified in the Mualem model. This will always occur at a finite
value of suction if the modVG model is used for the SWRC, but it will also occur if the VG
model is used, provided that the value of Slr specified in the M model is greater than the value
of Slr specified in the VG model.

The LF model for the liquid film component of the hydraulic conductivity (see Equa-
tion 3.5) was implemented in Code_Bright. A specific subroutine (i.e. a sub-unit of the
code), called "liquid_permeability", is dedicated to the calculation of the relative hydraulic
conductivity krl . Therefore, the liquid film component of the relative hydraulic conductivity
kFilm

lr was introduced in this subroutine, using the following equation:

kFilm
lr =CFilm

r ·
(

aFilm + pg− pl

)dFilm

(4.66)
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where CFilm
r , aFilm and dFilm are three new material parameters introduced in CB for the LF

model. The parameter aFilm coincides with that shown in Equation 3.5. The parameter dFilm

is the exponent -1.5 in Equation 3.5. However, in the model implemented in Code_Bright, the
user has the possibility to choose any value for the parameter dFilm. The coefficient CFilm

r is
related to the coefficient CFilm of Equation 3.5 by the following relationship:

CFilm
r =

CFilm

kls
(4.67)

where kls is the saturated hydraulic conductivity, which is related to the prescribed intrinsic
permeability k via Equation 4.28.

In the same subroutine dedicated to the calculation of the relative hydraulic conductivity,
also the partial derivatives of the relative hydraulic conductivity with respect to liquid pressure
∂klr/∂ pl , gas pressure ∂klr/∂ pg and temperature ∂klr/∂T are calculated. These are used by
the iterative solving algorithm implemented in the code. Using the additivity rule and the
chain rule of derivatives and given the form of the new modM+LF model (see Equation 3.1),
the following relationships are calculated:

∂klr

∂ pl
=

∂kBulk
lr

∂Sl

∂Sl

∂ pl
+

∂kFilm
lr

∂ s
∂ s
∂ pl

(4.68)

∂klr

∂ pg
=

∂kBulk
lr

∂Sl

∂Sl

∂ pg
+

∂kFilm
lr

∂ s
∂ s

∂ pg
(4.69)

∂klr

∂T
=

∂kBulk
lr

∂Sl

∂Sl

∂T
+

∂kFilm
lr

∂ s
∂ s
∂T

(4.70)

Since kBulk
lr is an explicit function of Sl whereas kFilm

lr is an explicit function of s, their partial
derivatives are calculated respectively with respect to Sl and s, i.e. ∂kBulk

lr /∂Sl and ∂kFilm
lr /∂ s.

The terms ∂kBulk
lr /∂Sl , ∂Sl/∂ pl , ∂Sl/∂ pg and ∂Sl/∂T were already present in the original

version of Code_Bright. The term ∂kFilm
lr /∂ s was written as:

∂kFilm
lr

∂ s
=CFilm

r ·dFilm ·
(

aFilm + pg− pl

)dFilm−1
(4.71)

and the remaining terms were written as:

∂ s
∂ pl

=−1 (4.72)

∂ s
∂ pg

= 1 (4.73)

∂ s
∂T

= 0 (4.74)

Other changes in other parts of the code were made in order to guarantee consistency
between the values of suction s adopted in the LF model and the values of the degree of
saturation Sl adopted in the modM model. When elemental values of Sl were used in the
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modM model, elemental values of suction of s at the same time (e.g. tk+ε ) were used in the
LF model, calculated as the average of the nodal values for each element. Similarly, when
nodal values of Sl were used in the modM model, nodal values of suction s at the same time
were used in the LF model.

Finally, Table 4.5 shows the list of parameters, and the corresponding units, needed in
order to use the modM+LF model implemented in Code_Bright.

Table 4.5: Parameters for the modM+LF model implemented in Code_Bright

ICL ITYCL P2 P3 P4 P5 P6 P7

14 1
CFilm

r m Sl,BWC/BWD Sls aFilm dFilm

[MPa−dFilm
] [-] [-] [-] [MPa] [-]

4.1.6 Implementation of the new hysteretic hydraulic model for unsat-
urated soils

Hydraulic hysteresis was introduced in Code_Bright using the bounding surface approach
described in Section 3.4. Water retention hysteresis was implemented for use in conjunction
with the van Genuchten model (ICL=6, ITYCL=1, see Equation 4.24) and the modified
van Genuchten model (ICL=6, ITYCL=17, see Equation 4.25). A new subroutine called
"hyst_liquid_saturation" was written in the code with this purpose. Some assumptions on the
material parameters were made in the implementation of water retention hysteresis:

• For both the VG model and the modVG model, the maximum degree of saturation is
the same for drying and wetting, i.e. Sls,d = Sls,w = Sls;

• for both the VG model and the modVG model, the slopes of the main drying curve and
the main wetting curve are the same, i.e. md = mw = m;

• for the VG model, the residual degree of saturation is the same for drying and wetting,
i.e. Slr,d = Slr,w = Slr;

• for the modVG model, the main drying curve and the main wetting curve coincide in
the pendular state, i.e. ξd = ξw = ξ ;

• for the modVG model, the suction at oven-dryness is fixed and equal to sdry =

1000MPa.

The input variables of this subroutine are the material parameters (i.e. P̄0d , P̄0w, σ̄s, m, Sls, γd

and γw for both models, Slr for the VG model, ξ for the modVG model), history variables
about the previous hydraulic state, i.e. at the previous time step, (s0 and Sl0) and the current
values of the unknowns (T , pg and pl). The output variables of this subroutine are the liquid
degree of saturation Sl and its derivatives with respect to temperature ∂Sl/∂T , pore-gas
pressure ∂Sl/∂ pg and pore-liquid pressure ∂Sl/∂ pl at the current time step.
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Figure 4.2 shows a schematic flow chart regarding the functioning of the subroutine
hyst_liquid_saturation. This subroutine is called by the program only if water retention
hysteresis is activated in the model. The activation of water retention hysteresis is identified
by the value attained by a flag parameter iopthys (=1 for the hysteretic model, =0 for the
non-hysteretic model). An appropriate value is assigned to iopthys in an external code, called
"Transb", which reads the information of the model created in the program GiD and generates
input files for Code_Bright accordingly. Changes were made to the code Transb in this thesis
work, so that the model is considered hysteretic (i.e. 1 is assigned to iopthys) if ITYCL=1
(VG model) or 17 (modVG model), γd > 0 and γw > 0, otherwise the model is considered non-
hysteretic (i.e. 0 is assigned to iopthys). Therefore, the new subroutine hyst_liquid_saturation

is called only if iopthys=1, otherwise the non-hysteretic models already implemented in
Code_Bright are used.

The subroutine hyst_liquid_saturation firstly checks the current suction value: if s < 0 the
soil is in saturated conditions and the following quantities are calculated Sl = Sls, ∂Sl/∂ pl =

∂Sl/∂ pg = ∂Sl/∂T = 0. In this case, before exiting the subroutine, the history variables s0

and Sl0 are updated with the corresponding current values, i.e. s0 = s and Sl0 = Sl , for use of
the subroutine in the next time step.

If the suction value is s > 0 the soil is in an unsaturated condition. The parameter P0d and
the parameter P0w are firstly initialized as follows:

P0w = P̄0w
σs

σ̄s
(4.75a)

P0d = P̄0d
σs

σ̄s
(4.75b)

and the derivatives ∂σs/∂T and ∂σs/∂ pl are calculated. The calculation of σs, ∂σs/∂T and
∂σs/∂ pl is done in a different subroutine which was already present in the original version of
Code_Bright.

The value of the parameter Slr0, which represents the corresponding residual degree of
saturation at the previous time step, is then assessed: if the VG model is used, the material
parameter assigned by the user Slr is directly employed whereas, if the modVG model is used,
Slr0 is calculated as a function of suction:

Slr0 = Slr for the VG model (4.76a)

Slr0 = ξ ln
(

sdry

s0

)
for the modVG model (4.76b)

The parameter Slr0 is then used to calculate the effective degree of saturation at the previous
time step Sle0, as follows:

Sle0 =
Sl0−Slr0

Sls−Slr0
(4.77)

The parameter Sle0 is used subsequently for the calculation of the integration constants Aw or
Ad .

At this point the subroutine recognizes if the current hydraulic state is on a wetting curve
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Figure 4.2: Implementation of the subroutine hyst_liquid_saturation for the hysteretic soil
water retention models in Code_Bright
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or a drying curve. If the current value of suction is greater than the previous value of suction,
i.e. s > s0, the current hydraulic state is on a drying curve, otherwise it is on a wetting curve.
The integration constant, Aw or Ad , is calculated accordingly:

Aw = s−γw
0 −

[
P0w ·

(
S−1/m

le0 −1
)1−m

]−γw

for wetting (4.78a)

Ad = sγd
0 −

[
P0d ·

(
S−1/m

le0 −1
)1−m

]γd

for drying (4.78b)

The effective degree of saturation Sle is then calculated as:

Sle =

1+

[
(s−γw−Aw)

−1/γw

P0w

]1/(1−m)

−m

for wetting (4.79a)

Sle =

1+

[
(sγd −Ad)

1/γd

P0d

]1/(1−m)

−m

for drying (4.79b)

Also some partial derivatives are calculated at this point, i.e. ∂Sle/∂ s, ∂Sle/∂P0d or
∂Sle/∂P0w, ∂Ad/∂P0d or ∂Aw/∂P0w and ∂P0d/∂σs or ∂P0w/∂σs (see Equations 4.88, 4.89, 4.90
and 4.86). These derivatives are used at the end of the subroutine for the calculation of ∂Sl/∂T ,
∂Sl/∂ pg and ∂Sl/∂ pl .

Subsequently, the residual degree of saturation at the current hydraulic state is assessed,
depending on the model used:

Slr = assigned parameter Slr for the VG model (4.80a)

Slr = ξ ln
(sdry

s

)
for the modVG model (4.80b)

The actual degree of saturation Sl is finally calculated as:

Sl = Slr +(Sls−Slr) ·Sle (4.81)

For the modVG model, Equation 4.80b used with Equation 4.81 coincides with:

Sl = ξ ln
(sdry

s

)
+
(

Sls−ξ ln
(sdry

s

))
·Sle (4.82)

Also the partial derivative of ∂Slr/∂ s is calculated at this point (see Equation 4.91), depending
on the model used.

In the subroutine the derivatives ∂Sl/∂T , ∂Sl/∂ pg and ∂Sl/∂ pl are calculated in the
following way:

∂Sl

∂T
=

∂Sl

∂Sle

∂Sle

∂P0

∂P0

∂σs

∂σs

∂T
(4.83)

∂Sl

∂ pg
=

∂Sl

∂Sle

∂Sle

∂ s
∂ s

∂ pg
+

∂Sl

∂Slr

∂Slr

∂ s
∂ s

∂ pg
(4.84)
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∂Sl

∂ pl
=

∂Sl

∂Sle
·
(

∂Sle

∂ s
∂ s
∂ pl

+
∂Sle

∂P0

∂P0

∂σs

∂σs

∂ pl

)
+

∂Sl

∂Slr

∂Slr

∂ s
∂ s
∂ pl

(4.85)

where P0 = P0d for drying and P0 = P0w for wetting and Slr is calculated using Equation 4.80a
or 4.80b depending on the model used. The derivatives ∂σs/∂T and ∂σs/∂ pl are calculated
in a different subroutine which was already present in the original version of Code_Bright.
The derivatives ∂ s/∂ pl , ∂ s/∂ pg and ∂ s/∂T are calculated according to Equations 4.72, 4.73
and 4.74. Given Equations 4.75a and 4.75b, the derivative ∂P0/∂σs is calculated as:

∂P0

∂σs
=

P̄0

σ̄s
(4.86)

where P̄0 = P̄0w for wetting and P̄0 = P̄0d for drying. Given Equations 4.79a and 4.79b, the
partial derivative ∂Sle/∂ s is calculated as:

∂Sle

∂ s
=−

 s

P0w ·
(

S−1/m
le −1

)1−m


−γw−1

·

m ·S1+1/m
le ·

(
S−1/m

le −1
)m

P0w · (1−m)

 for wetting

(4.87)

∂Sle

∂ s
=−

 s

P0d ·
(

S−1/m
le −1

)1−m


γd−1

·

m ·S1+1/m
le ·

(
S−1/m

le −1
)m

P0d · (1−m)

 for drying

(4.88)

The derivative ∂Sle/∂P0w for wetting and ∂Sle/∂P0d for drying are calculated as:

∂Sle

∂P0w
=

m ·S1+1/m
le ·

(
S−1/m

le −1
)1+γw/n

·
[
− ∂Aw

∂P0w
+

γw

P0w

(
s−γw−Aw

)]
(1−m) · γw ·P−γw

0w

(4.89a)

∂Sle

∂P0d
=−

m ·S1+1/m
le ·

(
S−1/m

le −1
)1−γd/n

·
[
− ∂Ad

∂P0d
− γd

P0d
(sγd −Ad)

]
(1−m) · γd ·P

γd
0d

(4.89b)

where the derivatives of the integration constants ∂Aw/∂P0w for wetting and ∂Ad/∂P0d for
drying are calculated as:

∂Aw

∂P0w
= γwP−γw−1

0w

(
S−1/m

le0 −1
)−γw·(1−m)

(4.90a)

∂Ad

∂P0d
=−γdPγd−1

0d

(
S−1/m

le0 −1
)γd ·(1−m)

(4.90b)

Given the definition of the parameter Slr for the VG model (Equation 4.80a) and the modVG
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model (Equation 4.80b), the following derivatives are calculated:

∂Slr

∂ s
= 0 for the VG model (4.91a)

∂Slr

∂ s
=−ξ

s
for the modVG model (4.91b)

Finally the derivative ∂Sl/∂Sle is calculated as:

∂Sl

∂Sle
= Sls−Slr (4.92)

and the derivative ∂Sl/∂Slr is calculated as:

∂Sl

∂Slr
= 1−Sle (4.93)

Outside the subroutine hyst_liquid_saturation, Code_Bright was modified in order to get
the history variables s0 and Sl0 tracked and saved throughout the code. Two arrays are used
with this purpose: "hystvc" is used to save and update the history variables for elements and
"hystvn" is used to save and update the history variables for nodes.

In CB, initial conditions are assigned in terms of the unknowns (pl , pg and T ) whereas
the initial dependent variables, such as the degree of saturation Sl , are calculated as functions
of the unknowns. Unlike non-hysteretic models, for hysteretic water retention models the
relationship between Sl and s is not unique. Thus, assigning initial conditions for pl , pg and
T in the numerical FE model is not sufficient to calculate the initial degree of saturation Sl .
The history variables s0 and Sl0 are updated and saved at each step during the simulations.
However, the initial values need to be assigned by the user for the first step of the analysis.
Therefore, by means of a modification to the code, the degree of saturation at the beginning of
the analysis is initialized using the subroutine hyst_liquid_saturation with values of s0 and Sl0

assigned by the user as material parameters. In the particular cases in which the user wants to
prescribe the initial hydraulic state to be located on the main wetting curve or on the main
drying curve, the use of the following initial values for s0 and Sl0 is suggested:

• for the VG model, on the main wetting curve, s0 = 1000MPa and Sl0 = Slr;

• for the VG model, on the main drying curve, s0 = 0MPa and Sl0 = Sls;

• for the modVG model, on the main wetting curve, s0 = 1000MPa and Sl0 = 0;

• for the VG model, on the main drying curve, s0 = 0MPa and Sl0 = Sls;

Finally, Table 4.6 shows the list of parameters, and the corresponding units, which are
needed in order to use the hysteretic water retention models implemented in Code_Bright.
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Table 4.6: Parameters for the hysteretic water retention models implemented in Code_Bright

model P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

VG (ICL=6, P̄0d σ̄s m Slr Sls P̄0w γd s0
* Sl0

* γw

ITYCL=1) [MPa]
[

N
m

]
[-] [-] [-] [MPa] [-] [MPa] [-] [-]

modVG (ICL=6, P̄0d σ̄s m ξ Sls P̄0w γd s0
* Sl0

* γw

ITYCL=17) [MPa]
[

N
m

]
[-] [-] [-] [MPa] [-] [MPa] [-] [-]

*These parameters are used only to initialize the model at the beginning of the analysis

4.1.7 Other minor changes to Code_Bright

Other minor changes were made to the code in this thesis work and they are briefly listed
here.

• The water retention model proposed by Zhang [89] improved at low degree of saturation
was initially implemented in Code_Bright. However, it was subsequently not used
because the gradient of the SWRC is discontinuous at the transition between funicular
state and pendular state. The SWRC modVG model proposed by Fayer and Simmons
[88] was used instead.

• The non-hysteretic SWRC modVG model (ICL=6, ITYCL=17) (see Equation 4.25),
already present in CB, was slightly modified. In detail, the following condition was
added in the model: for s > sdry, the degree of saturation is zero, i.e. Sl = 0, as well as
the different derivatives, i.e. ∂Sl/∂ pl = ∂Sl/∂ pg = ∂Sl/∂T = 0.

• Code_Bright gives the user the possibility to choose between different methods of
how the relative hydraulic and gas conductivities of an element are calculated (see
Section 4.1.4). With one of these methods, the relative conductivity of an element
is supposed to be calculated as the minimum of the nodal conductivities, i.e. krl =

min
(
krl,n1,krl,n2, ...

)
and krg = min

(
krg,n1,krg,n2, ...

)
, where krl,ni and krg,ni are the rel-

ative hydraulic and gas conductivities of the i-th node in a specific element (see
IOPTPC=-5 in Section 4.1.4). However, this method worked only for the relative
hydraulic conductivity krl but not for the relative gas conductivity krg. Some minor
changes were subsequently introduced in Code_Bright to calculate also krg according
to this method.

• An error in CB regarding the application of the linear interpolation strategy for the
variation of the atmospheric parameters (see Section 4.1.3) was identified. A simple
example is used to present the error that was identified in Code_Bright and how it
was solved. Let us consider the time history of an atmospheric variable x(t), defined
by means of linear interpolation between three points (x1, t1), (x2, t2) and (x3, t3), and
two consecutive numerical time steps tA and tB, with one of the defined points being
intermediate between tA and tB, i.e. tA < t2 < tB (see Figure 4.3). The average value of
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Figure 4.3: Schematic representation of the calculation of an atmospheric variable x between
time steps tA and tB

the parameter x, i.e. x̄, is considered in Code_Bright in the time interval between time
tA and tB. Given that xA and xB are the values of the generic atmospheric parameter at
the times tA and tB respectively, in the original version of Code_Bright, this average
value x̄ was calculated as:

x̄ =

xA + x2

2
(tB− tA)+

x2 + xB

2
(tB− tA)

tB− tA
= x2 +

xA + xB

2
(4.94)

Equation 4.94 is clearly wrong because the time interval length (tB− tA) is used in both
terms of the numerator whereas it should be (t2− tA) for the first term and (tB− t2) for
the second term. The corrected version of Equation 4.94 is:

x̄ =

xA + x2

2
(t2− tA)+

x2 + xB

2
(tB− t2)

tB− tA
(4.95)

In Code_Bright, a more generalized form of Equation 4.94 was present and, in this
work, it was corrected with a more generalized version of Equation 4.95.

4.1.8 Validation of the implemented constitutive models

The validity of the implementation of the new hydraulic constitutive models, i.e. the hydraulic
conductivity model (see Section 4.1.5) and the hysteretic water retention models (see Sec-
tion 4.1.6), was ensured by means of various numerical tests. In this Section, one of these
tests is presented.

A one-dimensional hydraulic simulation, with constant temperature T = 20◦C and con-
stant pore-gas pressure pg = 0.1MPa, was performed considering a 10 cm-thick sample of
soil, shown in Figure 4.4. The material hydraulic behaviour of the soil was modelled using
the modVG-modM+LF model including water retention hysteresis. The material parameters
are shown in Table 4.7. The initial condition for the model was a uniform distribution of pore-
liquid pressure with pl = 0.08MPa, which corresponded to a suction value of s = 0.02MPa.
Given the values of s0 and Sl0 shown in Table 4.7, the corresponding initial degree of saturation
was equal to Sl = 0.6565.
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Figure 4.4: Geometry and mesh of the numerical model

Table 4.7: Material parameters for the numerical validation of the models implemented in
Code_Bright

Φ [-] 0.45 s0
* [MPa] 0.01

P̄0d [MPa] 0.01962 Sl0
* [-] 0.685

σ̄s [N/m] 0 γw [-] 3
m [-] 0.5 k [m2] 2.775E-9
ξ [-] 0.0268 Sl,BWC/BWD [-] 0.35
Sls [-] 1 CFilm

r [MPa-1.5] 3.147E-10
P̄0w [MPa] 0.00491 aFilm [MPa] 3E-5
γd [-] 3 dFilm [-] -1.5

*These parameters are used only to initialize the model at the beginning of the analysis

Several cycles of wetting and drying were simulated applying the same time history of
pore-liquid pressure pl(t) at the top and at the bottom boundaries simultaneously. For each
cycle, a liquid pressure value was firstly applied at the boundaries. This liquid pressure
was maintained until a steady-state condition was reached, which consisted of a uniform
distribution of pore-liquid pressure and degree of saturation throughout the soil sample, with
the internal liquid pressure in equilibrium with the value applied at the boundaries. At this
steady-state condition, the hydraulic gradient was ∇hl = 1 and, according to Darcy’s law (see
Equation 2.22), the vertical volumetric liquid flow was ql =−kl , where kl is the hydraulic
conductivity and the negative sign of ql means a downward flux. Therefore, at this steady-state
condition, the value of the downward liquid flow coincided with the hydraulic conductivity,
which was a function of suction s and degree of saturation Sl . After reaching a steady-state
condition, a different pore-liquid pressure was applied at the boundaries and a new hydraulic
cycle was started. Twelve cycles of wetting and drying were modelled starting from the initial
hydraulic state A and ending at the final hydraulic state M (see Figure 4.5).

In order to check the validity of the implementation of the new hydraulic constitutive
models implemented in Code_Bright, the hydraulic states at the steady-state conditions
obtained with the numerical simulations were compared with the hydraulic paths simulated
analytically using the same material parameters. Figures 4.5a and 4.5b show this comparison
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in terms of the SWRC and the SHCC respectively. It can be observed that the different cycles
involved main drying curve, main wetting curve and scanning curves covering the full range
of degree of saturation. The exact coincidence of the analytical predictions and the numerical
results confirmed the validity of the implementation in CB of the new models for hydraulic
conductivity and water retention hysteresis.

Figure 4.5: Comparison between the hydraulic paths simulated analytically and numerically
with Code_Bright, in terms of (a) the SWRC and (b) the SHCC

4.2 LimitState:GEO

4.2.1 Theoretical background

LimitState:GEO (LS) [220] is a commercial software developed at LimitState Ltd in Sheffield,
which adopts limit analysis, specifically the upper bound theorem, through a Discontinuity
Layout Optimization (DLO) method, to assess failure mechanisms and corresponding factors
of safety for a wide variety of geotechnical problems. More precisely, the solution is presented
in terms of a failure mechanism and an "adequacy factor". The adequacy factor, which can be
applied either to loads or to material strength parameters, is the factor by which loads must be
increased or strength parameters must be decreased for the system under consideration to reach
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a failure condition. The software is able to assess multiple scenarios and to consider multiple
multiplicative partial factors in agreement with modern design codes such as Eurocode 7. In
this work, LS was used to model and analyse the stability of unsaturated slopes by means of
two-dimensional models. The version LimitState:GEO 3.5 was used in this work.

Limit analysis is rigorously based on the theorems of plasticity. The upper bound theorem
of limit analysis [221] is used as the calculation method in LS. Soils are modelled as rigid-
perfectly plastic materials. According to the definition given by Chen and Scawthorn [221],
the upper bound theorem of limit analysis states: "the soil mass will collapse if there is
any compatible pattern of plastic deformation for which the rate of work of the external
loads exceeds the part of internal dissipation". Therefore, this method firstly involves the
identification of a compatible failure mechanism. Subsequently, for a given compatible failure
mechanism, the rate of work done by external loads (including self-weights) is equated to
the internal dissipation caused by plastic deformations. As a result, the adequacy factor for
loads is identified for given material strength parameters or, alternatively, the adequacy factor
for material strength parameters is identified for given loads. The application of the upper
bound theorem of limit analysis leads to an upper bound of the exact load adequacy factor,
i.e. the predicted load causing failure is higher than the exact one, or to a lower bound of
the exact strength adequacy factor, i.e. the predicted strength parameters causing failure are
lower than the exact ones. However, the closer the prescribed failure mechanism is to the
exact mechanism, the closer the predicted solution is to the exact solution.

LimitState:GEO adopts the Discontinuity Layout Optimization (DLO) numerical pro-
cedure, developed by Smith and Gilbert [222], which is an optimization technique used to
work out potential failure mechanisms and the corresponding adequacy factors. It firstly
involves the definition of a number of potential lines of discontinuity or slip lines, produced
by the connection of various nodes, which represent the boundaries between different moving
rigid blocks of material. Subsequently, all the compatible potential failure mechanisms are
assessed and the critical failure mechanism is identified as the one which minimizes the
energy dissipation, as shown in the example of the analysis of the undrained stability of the
footing in Figure 4.6. In other words, the DLO method automates the conventional use of
upper bound limit analysis by hand calculations. Unlike the traditional hand calculations, a
very high number of slipping rigid blocks can be considered with this approach and a more
accurate solution is thus generally obtained.

The accuracy of the solution depends on the number and spacing of the nodes defined in
the model. The use of a higher number of nodes increases the number of possible potential
failure mechanisms, and thus the accuracy of the solution, but increases the computational
effort. Simple tests regarding the grid refinement can be done to obtain convergence of the
solution.

Compared to the use of "element-based" methods (e.g. finite element method), the DLO
method generally provides a strong solution to problems involving failure with much lower
computational costs, fewer numerical difficulties and simpler models [222].
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Figure 4.6: Discontinuity Layout Optimization applied to the analysis of the undrained
stability of a footing (from LimitState [220])

4.2.2 Description of the model properties

LimitState:GEO offers a large variety of options, material models, element types and condi-
tions. Only the ones used in this thesis work are discussed in this section.

The geometry of the model is firstly created. The geometry is created by defining the
boundaries of the solid elements (2D polygons defining a body of soil). From the assigned
geometry, a grid is automatically created by the program when the simulation is launched.
The user can adjust the density of the grid nodes or the grid node spacing using appropriate
parameters.

External boundaries are used to assign conditions on the displacement field whereas
internal boundaries are used to divide different solids, e.g. to define the interface between
different materials. Two types of external boundaries were assigned in this work: free and
fixed. A free boundary is free to displace in any direction whereas, for a fixed boundary, only
displacements parallel to the boundary are permitted. If sliding occurs along a fixed boundary,
the material properties of the solid will be considered. If sliding occurs along the interface
between two materials (i.e. the internal boundary) the properties of the weakest materials
will be considered. Alternatively, specific material properties can be defined at the internal
boundaries, e.g. representing a geosynthetic present between two materials.

Different materials models can be used in LS (Mohr-Coulomb, tension and/or compression
cut off, rigid and engineered elements). In this work, only the Mohr-Coulomb material model
was used. According to this model, the material is modelled as rigid-perfectly plastic with
Mohr-Coulomb yield criterion and associative plastic flow. This type of material is defined by
the following properties: unit weight γs, effective cohesion c′ and effective friction angle φ ′.

The Mohr-Coulomb model is defined by the following relationship:

τ f = c′+
(
σ − p f

)
tanφ

′ (4.96)

where τ f is the shear strength, σ is the total stress normal to the slipping surface and p f is
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the pore fluid pressure. Unsaturated conditions are not directly modelled in LimitState:GEO
and the Mohr-Coulomb criterion is not appropriate for unsaturated conditions. However,
LimitState:GEO gives the user the possibility to define a spatial distribution of pore fluid
pressure p f in the model and within LS it is implicitly assumed that both total stress σ

and pore fluid pressure p f are expressed relative to the atmospheric pressure (rather than as
absolute pressures). Therefore, if, for a situation involving unsaturated conditions, it can be
assumed that the pore gas pressure pg is uniform and equal to atmospheric pressure, then by
replacing the distribution of pore-fluid pressure p f in LS by the distribution of the negative
product of suction s and degree of saturation Sl , i.e. −s ·Sl , Equation 4.96 becomes:

τ f = c′+(σ − pg + s ·Sl) tanφ
′ (4.97)

Equation 4.97 coincides with the shear strength criterion for unsaturated soils proposed
by Bishop and Blight [67] (see Equation 2.28) where the following assumption is made
χ = Sl [77]. This model was shown to be adequate at describing the shear strength of
unsaturated soils [80]. Therefore, in this thesis work, unsaturated conditions were considered
in LimitState:GEO by replacing p f with the negative product −s ·Sl , under the assumption of
uniform pore-gas pressure pg = 100kPa.

In LS, pore fluid pressures can be modelled by defining a water table or by defining a pore
fluid pressure regime within a zone of the model. The water table option was not used in this
work. The pore fluid regime involves the definition of a distribution of pore-fluid pressure
within a certain zone of the model. The following pore fluid pressure regimes are available:
constant potential, constant pressure, interpolated grid and aquiclude. Constant potential
consists of a linear variation of pore-fluid pressure along the vertical direction by means of
two parameters, i.e. slope and intercept of the distribution at a datum level. Constant pressure
is self-explanatory and it consists of a uniform pore-fluid pressure over a certain zone of the
model. The interpolated grid, which was used extensively in this thesis, involves the definition
of the coordinates of grid nodes and the assignment of a fluid pressure value to each grid node.
The spatial distribution of pore fluid pressure between grid nodes is then calculated using a
bilinear interpolation algorithm. For the final regime, the pore fluid pressure within a zone
affected by an aquiclude is zero and this condition is used to prevent the code checking for
continuity requirements of pore fluid pressure. LS checks that effective stresses are continuous
in the model and, consequently, if total stresses are continuous also pore fluid pressures must
be continuous. Discontinuities of pore fluid pressure across an interface are treated by adding
artificial internal forces (or total stresses) in order to re-establish the continuity of effective
stresses but this in general leads to unexpected results. The aquiclude can be used to prevent
LimitState:GEO from generating these artificial internal forces and to admit discontinuities
in pore-fluid pressure. This can be applied for instance to the modelling of a retaining wall
which separates zones of soils at different pore fluid pressure values.

For the interpolated grid option of defining a regime of pore fluid pressure (as used in this
thesis), an interpolated grid is made of a number of grid nodes regularly spaced along the
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horizontal and the vertical directions. An interpolated grid is defined in LS by the following
quantities: the spatial coordinates of the origin of the grid x0 and y0, the spacing of the grid
points in the x-direction, dx, and in the y-direction, dy, the number of division of the grid
in the x-direction, nx, and in the y-direction, ny, and a matrix of pore fluid pressure values
associated to each grid node. The interpolated grid can be defined directly in the program or
an external file containing the relevant parameters can be imported. A bilinear interpolation is
operated in order to calculate the pore fluid pressure at intermediate positions between grid
points. Considering four grid points (x1,y1), (x1,y2), (x2,y1) and (x2,y2) (see Figure 4.7), the
pore fluid pressure in a generic position (x,y) internal to these four grid points, p f (x,y), is
calculated. A linear interpolation is firstly operated in the x-direction:

p f (x,y1) =
x2− x
x2− x1

p f (x1,y1)+
x− x1

x2− x1
p f (x2,y1) (4.98a)

p f (x,y2) =
x2− x
x2− x1

p f (x1,y2)+
x− x1

x2− x1
p f (x2,y2) (4.98b)

Subsequently an interpolation is applied in the y-direction:

p f (x,y) =
y2− y
y2− y1

p f (x,y1)+
y− y1

y2− y1
p f (x,y2) (4.99)

Figure 4.7: Interpolated grid

The interpolated grid was used extensively in this work because it allows the assignment
of a generic spatial distribution of pore fluid pressure (or negative product of suction and
degree of saturation). However, the application of a pore fluid pressure distribution with
values different from zero at the soil surface produces unreliable results. In LS, the soil
surface is seen as a boundary where pore-fluid pressure is equal to zero. Therefore, pore fluid
pressure values different from zero at the soil surface are treated as discontinuities and external
artificial total stresses are generated by the code, thereby leading to incorrect results. In the
commercial version of LimitState:GEO, this problem can be avoided with two strategies. The
first strategy consists of the application of surface loads equal and opposite to the stresses
which the code is expected to generate artificially [223]. For instance if a pore fluid pressure
value of -10 kPa is applied at the boundary, a surface load of -10 kPa must be applied at the
same boundary, where the negative sign stands for tension and thus a load directed towards
the exterior of the model. This strategy can be complicated to apply if pore fluid pressure
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varies significantly along a surface boundary. This would imply the discretization of the
boundary into a number of different boundaries, with a different load applied to each of them
depending on the average value of pore fluid pressure within that section of boundary. A
second strategy consists of the creation of a very thin layer of fictitious material on top of
the surface boundary and in the application of the aquiclude to this layer. In this way, no
artificial forces are generated at the external boundaries and pore fluid pressure distributions
varying at the boundaries can be considered. However, the creation of this artificial layer
can sometimes lead to numerical difficulties in the solving algorithm. In this thesis work, a
non-commercial version of LimitState:GEO was used, developed by the staff at LimitState
Ltd. In this non-commercial version, the generation of the artificial external forces at the
external boundaries is suppressed, i.e. pore fluid pressure values different from zero at the
external boundaries are not treated as discontinuities.

4.3 Link code CB-LS

4.3.1 Motivation

Code_Bright, described in Section 4.1, is a finite element code which was used in this the-
sis work to perform hydraulic and coupled thermo-hydraulic simulations. In particular, as
described in Chapter 8, this code was used to simulate the thermo-hydraulic response of
slopes when subjected to realistic atmospheric conditions. The stability of these slopes, highly
dependent on the attained values of suction and degree of saturation, could be potentially
assessed in Code_Bright performing coupled thermo-hydro-mechanical analyses. However,
modelling the failure of slopes using finite element analyses is relatively complex and com-
putationally demanding [222]. On the other hand, limit analysis represents a strong and
reliable tool in the assessment of the stability of slopes. Potential failure mechanisms and
corresponding factors of safety can be easily identified and the computational effort is often
relatively small. However, realistic critical hydraulic conditions (i.e. distributions of suction
and degree of saturation) need to be used in limit analysis codes such as LimitState:GEO in
order to asses the stability of slopes when subjected to realistic weather conditions. Therefore,
in this work, a code called "CB-LS" was written with the purpose of linking finite element
thermo-hydraulic analyses including soil-atmosphere interaction performed with Code_Bright
and limit analyses for slope stability performed with LimitState:GEO.

The following procedure was adopted in this work. Finite element thermo-hydraulic analy-
ses of slopes, including soil-atmosphere interaction, were firstly performed with Code_Bright.
Various critical hydraulic conditions at various specific time steps (e.g. after a heavy rainfall
event) were considered. At these time steps, spatial distributions of suction (calculated as
pg− pl) and degree of saturation were exported to external files (extension .txt). These files
were then read by the link code CB-LS which generated a corresponding interpolated grid
of the quantity −s ·Sl and exported the information of this grid to an external file (extension
.csv). This file containing the information for the interpolated grid was finally imported to
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LimitState:GEO, to be used as the "pore fluid pressure" in that code, in order to perform limit
analyses for the assessment of the stability of unsaturated slopes.

The finite element mesh in CB and the interpolated grid in LimitState:GEO cannot be
treated in the same way (see Figure 4.8). In CB, values of pore-liquid pressure pl and pore-gas
pressure pg are nodal quantities and values of degree of saturation Sl are elemental quantities.
In LS, the values of −s ·Sl are only assigned to the grid nodes. Moreover, the finite element
mesh can have irregular shapes, elements aligned along different directions, gradients in the
mesh spacing etc. The interpolated grid must be made of regular quadrilaterals, aligned along
the x- and y-directions and with regular spacing along x and y. Therefore, an algorithm was
implemented in the CB-LS code with the purpose of assigning values of −s ·Sl to the LS grid
nodes by interpolating or extrapolating the values of suction and degree of saturation in the
CB finite element mesh.

Figure 4.8: Code_Bright finite element mesh and LimitState:GEO interpolated grid

4.3.2 Development of the code

This section describes the structure and the functioning of the CB-LS code and gives instruc-
tion on how to use it.

The CB-LS code was written in Matlab. The structure of the code is made of eight different
parts which are presented below. For the sake of clarity, the terms nodes and elements will
refer to the CB finite element mesh whereas the terms grid and grid points will refer to the LS
interpolated grid for pore fluid pressure (or −s ·Sl).

1) Definition of the input data

Input data for the CB-LS code are initially read. External input data files and the CB-LS
code should be all located in the same folder. Input data are: some Code_Bright files with
related information, uniform and constant value of the pore-gas pressure pg adopted in the
FE analyses in CB, coordinates of the boundaries of the finite element model, parameters
defining the grid in LimitState:GEO and names of input and output files.
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Five Code_Bright files are read by the CB-LS code. One is called "root.dat" and contains
the name of the Code_Bright model created by the user. Two of them are input files for CB
called "root_gen.dat" and "root_gri.dat", where "root" stands for the name of the CB model
assigned by the user. These two files are used to read information about the finite element
model such as number of nodes, number of elements, nodes belonging to each element and
element types (triangular or quadrilateral). The other two files include output information
about nodal pore-liquid pressure values (post_file_n) and elemental degree of saturation
values (post_file_e) respectively and they need to be generated manually by the user. The
following procedure can be used for the generation of post_file_n:

• Open finite element model with GiD > go to the post-process mode > click on "Window"
> click on "View results" > select an appropriate time step in the window "Step:" >
select "Contour Fill" in the window "View:" > select "Liquid Pressure" > click "Apply"
> close the window "View Results & Deformation" > click on the command "List
Entities" > choose Nodes > select all the nodes in the mesh > click "Esc" > in the
window "List Entities" which has just appeared, click "List" > click "View text" > a
window like that shown in Figure 4.9a appears, select all the content of the window
(Ctrl+A) > copy the content (Ctrl+C) > open a new text file (e.g. with Notepad) > paste
the previous content (Ctrl+V) > save the file.

The following procedure can be used for the generation of post_file_e:

• Open finite element model with GiD > go to the post-process mode > click on "Window"
> click on "View results" > select an appropriate time step in the window "Step:" >
select "Contour Fill" in the window "View:" > select "Liq Sat Deg" > click "Apply"
> close the window "View Results & Deformation" > click on the command "List
Entities" > choose Elements > select all the elements in the mesh > click "Esc" > in the
window "List Entities" which has just appeared, click "List" > click "View text" > a
window like that shown in Figure 4.9b appears, select all the content of the window
(Ctrl+A) > copy the content (Ctrl+C) > open a new text file (e.g. with Notepad) > paste
the previous content (Ctrl+V) > save the file.

In spite of their description, these two procedures for the generation of the files post_file_n
and post_file_e are simple and quick to apply.

The files post_file_n and post_file_e are made of repetitive blocks of data, one for each
node or element. In Figure 4.9a, the repetitive block of post_file_n is made of 17 lines
whereas, in Figure 4.9b, the repetitive block of post_file_e is made of 22 lines. These two
numbers must be specified as input data in the CB-LS code because they are used to read the
files post_file_n and post_file_e.

The position of the boundaries of the finite element model are specified by means of the
coordinates of the corner points of the geometrical model (see Figure 4.10). In other words,
the boundaries are the segments connecting these corner points. These corner points must be
defined in a consecutive order, either clockwise or counter clockwise. Figure 4.10 shows an
example of the model of a slope where the corner points are ordered consecutively clockwise.
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Figure 4.9: Nodal output for post_file_n and elemental output for post_file_e

Figure 4.10: Corner points of the FE model of a slope

Parameters for the generation of the LS grid must be defined: the spatial coordinates of
the origin of the grid x0 and y0, the spacing of the grid points in the x-direction, dx, and in
the y-direction, dy, and the number of divisions of the grid in the x-direction, nx, and in the
y-direction, ny.

Finally, the names of the input files to be read and of the output file to be written are
specified.

2) Importation of the finite element mesh data

The link code CB-LS initially reads the file root_gen.dat to identify the number of nodes and
elements of the FE mesh. Subsequently, it reads the file post_file_n to obtain the coordinates
of each node and the associated pore-liquid pressure values. The file root_gri.dat is then
read to identify the type of each element (triangular or quadrilateral) and the mesh nodes
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belonging to each element. Finally, the file post_file_e is read to associate the values of degree
of saturation to each element.

3) Identification of the boundaries

In this part of the code, the mesh nodes at the boundaries are firstly identified. Subsequently,
for each boundary node, the two adjacent boundary nodes are identified (see Figure 4.11).
Information about the boundary nodes will be used in the extrapolation of s and Sl for grid
points lying outside the finite element mesh.

Figure 4.11: Boundary nodes

Given two consecutive boundary corner points A and B, defined as input data, with
coordinates (xA,yA) and (xB,yB) respectively, the boundary line connecting the two points is
defined by the following equation:

y = yA +
yB− yA

xB− xA
(x− xA) (4.100)

which is valid for min(xA,xB) < x < max(xA,xB). A generic mesh node with coordinates
(x,y) belongs to this boundary if it satisfies Equation 4.100 in the range min(xA,xB)< x <

max(xA,xB). In the code CB-LS, the boundary nodes of the finite element mesh are identified
by comparing the coordinates of every mesh node to each boundary according to the procedure
just described.

For each boundary node, the two adjacent boundary nodes are then identified and saved.
To do this, each element (e.g. I and II in Figure 4.11) which contains a given boundary node
(e.g. 2 in Figure 4.11) is scanned. For each of these elements (e.g. I), the two nodes (e.g.
1 and 3) adjacent to the reference node (e.g. 2) are checked: if one of these nodes is also a
boundary node (e.g. 1), this node is associated to the reference boundary node as an adjacent
boundary node.

4) Conversion of elemental degrees of saturation into nodal degrees of saturation

Values of degree of saturation are associated to the mesh nodes using the elemental values.
The nodal degree of saturation Sl,ni of a generic node i is calculated as the average of the
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degree of saturation values of the elements including node i:

Sl,ni =

nei

∑
j=1

Sl,e ji

nei
(4.101)

where Sl,e ji is the value of the degree of saturation of the generic element j which includes
node i and nei is the number of elements which include node i. This operation is applied to all
the mesh nodes.

5) Creation of the interpolated grid for LimitState:GEO and correlation with the finite
element mesh of Code_Bright

The interpolated grid to be used in LimitState:GEO is firstly created: spatial coordinates are
assigned to all the grid points according to the parameters defining the grid (i.e. x0, y0, dx, dy,
nx and ny).

Subsequently, each grid point is associated to a FE mesh element. An individual grid
point is associated to a specific mesh element if it is included in the same mesh element. The
inclusion of a grid node in a given element is verified according to the following procedure
(see Figure 4.12). The coordinates of the points at the intersections between the segments
connecting the mesh nodes of an element and the horizontal line (i.e. parallel to x-axis) passing
through the grid point G are calculated (I1 and I2 in Figure 4.12, but also two further points I3

and I4 not shown in Figure 4.12). The segments connecting the mesh nodes of an element
are represented by an equation of the same form as Equation 4.100. If all the intersection
points lie outside the segments (see Figure 4.12a), the grid point G is not associated to the
given element because it is located outside the element. If two intersection points I1 and I2

lie within the segments but both are on the same side of point G (see Figure 4.12b) (i.e. if
(xI1− xG) · (xI2− xG)> 0), the grid point G is not associated to the given element because it
is located outside the element. If two intersection points I1 and I2 lie within the segments and
are on opposite sides of point G (see Figure 4.12c) (i.e. if (xI1− xG) · (xI2− xG)≤ 0), the grid
point G is associated to the given element because it is located within the element.

Figure 4.12: Association between grid points and mesh elements

This procedure is applied to all grid points. If a grid point cannot be associated to any
mesh element it is treated as a grid point external to the finite element mesh. The distinction
between internal grid points and external grid points is important: an interpolation procedure
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is applied for the calculation of the values of pl and Sl for the internal grid points whereas an
extrapolation procedure is applied for the external grid points.

6) Interpolation for internal grid points

The values of pl and Sl for an individual internal grid point are calculated by spatially
interpolating the values at the nodes of the associated element. The algorithms of this
interpolation are different for a triangular element and a quadrilateral element.

Within a given triangular mesh element, a certain quantity f (which represents either pl

or Sl) is assumed to vary linearly in the space according to the following equation:

f (x,y) = a0 +a1x+a2y (4.102)

where a0, a1 and a2 are three coefficients. Given the coordinates of the three mesh nodes
(x1,y1), (x2,y2) and (x3,y3) and the values of the quantity f at these three nodes, f1, f2 and
f3 respectively, the coefficients a0, a1 and a2 can be calculated with the following system of
equations: 

a0

a1

a2

=


1 x1 y1

1 x2 y2

1 x3 y3


−1

·


f1

f2

f3

 (4.103)

Once the coefficients a0, a1 and a2 are calculated for each triangular element and for both pl

and Sl , Equation 4.102 is used to calculate the values of pl and Sl at the internal grid points
associated to the triangular elements.

For quadrilateral elements, a bilinear interpolation algorithm for quadrilateral elements
was implemented. In spite of the terminology of bilinear interpolation, this algorithm involves
in general non linear relationships. Figure 4.13a shows a generic irregular quadrilateral mesh
element made of the mesh nodes P1, P2, P3 and P4. The position of a grid point G internal
to the element is defined by means of the parametric coordinates t and s, which represent
the percentage along the different sides to point G (see Figure 4.13a), with 0 ≤ t ≤ 1 and
0 ≤ s ≤ 1. With reference to Figure 4.13a, point G is identified by the intersection of the
segments AB and CD. Points A and B are located respectively on the segments P1P3 and P2P4

at distances from P1 and P2 which are given by the lengths of the corresponding segments
multiplied by the parameter t. Similarly, points C and D are located respectively on the
segments P1P2 and P3P4 at distances from P1 and P3 which are given by the lengths of the
corresponding segments multiplied by the parameter s.

Given the coordinates of the nodes P1, P2, P3 and P4, i.e. (x1,y1), (x2,y2), (x3,y3) and
(x4,y4), the coordinates of the points A, B, C and D, i.e. (xA,yA), (xB,yB), (xC,yC) and
(xD,yD), can be expressed in a parametric form as follows:

xA = x1 +(x3− x1) · t (4.104a)

yA = y1 +(y3− y1) · t (4.104b)
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Figure 4.13: Interpolation for irregular quadrilateral elements

xB = x2 +(x4− x2) · t (4.105a)

yB = y2 +(y4− y2) · t (4.105b)

xC = x1 +(x2− x1) · s (4.106a)

yC = y1 +(y2− y1) · s (4.106b)

xD = x3 +(x4− x3) · s (4.107a)

yD = y3 +(y4− y3) · s (4.107b)

The coordinates of the point G, i.e. (xG,yG), can be thus obtained in two different ways,
either with respect to points A and B and the parameter s:

xG = xA +(xB− xA) · s (4.108a)

yG = yA +(yB− yA) · s (4.108b)

or with respect to points C and D and the parameter t:

xG = xC +(xD− xC) · t (4.109a)

yG = yC +(yD− yC) · t (4.109b)

Combining Equations 4.104a,b, 4.105a,b and 4.108a,b, a quadratic equation can be
obtained:

At2 +bt +C = 0 (4.110)

where the coefficients A, B and C are calculated as follows:

A = (x3− x1)(y4− y2)− (y3− y1)(x4− x2) (4.111)

B = yG(x4− x2− x3 + x1)− xG(y4− y2− y3 + y1)+(x3− x1)y2

−(y3− y1)x2 + x1(y4− y2)− y1(x4− x2)
(4.112)

C = yG(x2− x1)− xG(y2− y1)+ x1y2− x2y1 (4.113)
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In the general case, the two solutions of Equation 4.110 are given by:

(t1, t2) =
−B±

√
B2−4AC

2A
(4.114)

Among the two solutions of Equation 4.114, only one is of interest for this interpolation
algorithm: it must be real and 0≤ t ≤ 1. If the vertical uprights are parallel (see Figure 4.13b),
the coefficient A (see Equation 4.111) is zero, Equation 4.110 is reduced to a linear equation
and t is calculated as:

t =−C
B

(4.115)

Once the parameter t is obtained, the parameter s can be calculated by inverting Equa-
tion 4.108b and replacing the terms yA and yB with Equations 4.104b and 4.105b, thereby
obtaining:

s =
yG− y1− (y3− y1)t

y2 +(y4− y2)t− y1− (y3− y1)t
(4.116)

Given the values of the quantity f (which represents either pl or Sl) at the mesh nodes P1,
P2, P3 and P4, i.e. respectively f1, f2, f3 and f4, and once the parameters t and s are known,
the value of the quantity f at the grid point G, i.e. fG, is interpolated as:

fG = f1 · (1− s) · (1− t)+ f2 · s · (1− t)+ f3 · (1− s) · t + f4 · s · t (4.117)

After the interpolation algorithms for both triangular and quadrilateral elements are applied
to calculate pl and Sl , the quantity −s ·Sl = (pl− pg) ·Sl is calculated at each internal grid
point.

7) Extrapolation for external grid points

LimitState:GEO uses also grid points located outside the model to interpolate the pore fluid
pressure (or −s ·Sl) within the model. Therefore, when LS operates a bilinear interpolation
between the external grid points and the internal grid points, the values of pore fluid pressure
(or −s · Sl) assigned to the external grid points must lead to realistic distribution of pore
fluid pressure (or −s ·Sl) in the areas within the model next to the boundaries. The values to
be assigned to the external grid points are calculated using an extrapolation algorithm (see
Figure 4.14).

Given an external grid point G close to the model boundary (see Figure 4.14) and sur-
rounded by 8 other grid points (from A1 to A8), some of the segments connecting G to the
surrounding grid points intersect the boundaries (e.g. GA1, GA2 and GA8 in Figure 4.14).
Given a point Bi resulting from the intersection between GAi and the boundary, with i between
1 and 8, the value of the quantity f (which represents either pl or Sl) at the grid point G for the
i-th connection, i.e. fGi, can be calculated. The quantity fGi can be obtained by extrapolation
from the values of f at Ai and Bi, respectively fAi and fBi. Considering all the different
connections which intersect the boundaries, the values of f at the grid point G, i.e. fG, can be
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Figure 4.14: External grid points

calculated as the weighted average of the values for the different connections fGi, as follows:

fG =

∑
i

fGi/dGBi

∑
i

1/dGBi

(4.118)

where dGBi is the distance between the grid point G and the point Bi. This weighted average
takes into account the distance between G and the intersection points at the boundaries Bi, so
that lower distances have higher weights in the average.

Each connection which intersects the boundaries is assessed in the link code CB-LS. Each
connection is compared with each boundary segment defined by two adjacent mesh nodes.
Given the connection shown in Figure 4.15a, where B1a and B1b are two adjacent boundary
mesh nodes, the spatial coordinates of the point B1 are firstly calculated as:

xB1 =
(xB1ayB1b− yB1axB1b)(xG1− xA1)− (xB1a− xB1b)(xG1yA1− yG1xA1)

(xB1a− xB1b)(yG1− yA1)− (yB1a− yB1b)(xG1− xA1)
(4.119a)

yB1 =
(xB1ayB1b− yB1axB1b)(yG1− yA1)− (yB1a− yB1b)(xG1yA1− yG1xA1)

(xB1a− xB1b)(yG1− yA1)− (yB1a− yB1b)(xG1− xA1)
(4.119b)

The quantity f is then calculated at the point B1, i.e. fB1 , by interpolating the corresponding
quantities at the points B1a and B1b, i.e. fB1a and fB1b , as follows:

fB1 = fB1a +

√
(xB1− xB1a)

2 +(yB1− yB1a)
2√

(xB1b− xB1a)
2 +(yB1b− yB1a)

2
· ( fB1b− fB1a) (4.120)

Finally, the value of fG1 is calculated by extrapolation from the values of f at the points B1

and A1, i.e. fB1 and fA1 , as follows:

fG1 = fA1 +

√
(xG1− xA1)

2 +(yG1− yA1)
2√

(xB1− xA1)
2 +(yB1− yA1)

2
· ( fB1− fA1) (4.121)
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Figure 4.15: Extrapolation for connections intersecting the boundaries (a) in one point or (b)
in two points

In case a connection intersects two boundaries (see Figure 4.15b), fG2 is calculated by
extrapolation from the values at the two intersection points B2a and B2b on the boundaries, i.e.
fB2a and fB2b , as follows:

fG2 = fB2b +

√
(xG2− xB2b)

2 +(yG2− yB2b)
2√

(xB2a− xB2b)
2 +(yB2a− yB2b)

2
· ( fB2a− fB2b) (4.122)

After the extrapolation algorithm is applied to calculate pl and Sl , the quantity −s ·Sl =

(pl− pg) ·Sl is calculated at each external grid point.

8) Creation of the output file to be imported by LimitState:GEO

At the end, the link code CB-LS generates a file (extension .csv) according to the format
required by LimitState:GEO for the definition of interpolated grids, including the values of
−s ·Sl at all grid points. This file can thus be imported into LS for limit analysis of problems
involving unsaturated conditions.

4.3.3 Validation

The validity of the implementation of the new CB-LS code was verified with various tests. In
this section a simple validation test is described.

A finite element mesh was initially created with Code_Bright (CB). The finite element
model, shown in Figure 4.16, consisted of a square with sides of unit length, which was
discretized with a mesh of 30x30 elements. Units are not shown because they were not
relevant for this test. Uniform distributions of degree of saturation and pore-gas pressure were
assigned to the elements, with Sl = 1 and pg = 0. Values of pl were assigned to each mesh
node according to the following distribution:

pl(x,y) = sin(2πx+π/2) · sin(2πy+π/2) (4.123)

where x and y are the generic spatial coordinates of the mesh nodes. Equation 4.123 represents
the product of two sinusoidal distributions, along x and y respectively. The relevant output
files to be read by the link code CB-LS were then generated.
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Figure 4.16: Code_Bright (CB) mesh and LimitState:GEO (LS) grid used for the numerical
validation test

An interpolated grid to be imported in LimitState:GEO (LS), shown in Figure 4.16,
was subsequently created according to the parameters x0, y0, dx, dy, nx and ny shown in
Figure 4.16. It should be noted that the corresponding parameters specified for the CB mesh
are only indicative of the position of the mesh nodes since they are not used for the mesh
generation. The positions of the points of the LS grid, which was intentionally bigger than
the finite element mesh, were not coincident with the position of the finite element nodes so
that the values of the quantity −s ·Sl were calculated by interpolation and extrapolation.

The code was finally run and the distribution of the quantity−s ·Sl obtained for the LS grid
by means of interpolation and extrapolation processes was compared with the corresponding
distribution assigned to the finite element mesh. The unit of −s ·Sl is not shown because it
was not relevant in this test.

Figure 4.17 shows the comparison between the distribution of the quantity−s ·Sl assigned
to the CB finite element mesh (Figure 4.17a) and the distribution of the quantity −s · Sl

calculated for the LS grid (Figure 4.17b). In Figure 4.18, these distributions are compared
at different sections. These results showed a perfect coincidence between the distribution
assigned to the CB mesh and the distribution calculated for the LS grid, both for the internal
grid points (e.g. Figures 4.18b and 4.18e) where the interpolation procedure was applied and
for the external grid points (e.g. Figures 4.18a, 4.18c, 4.18d and 4.18f) where the extrapolation
procedure was applied. The results of this test confirmed the validity of the implementation
of the new link code CB-LS.



CHAPTER 4. NUMERICAL CODES 148

Figure 4.17: Comparison between (a) the distribution of the quantity −s ·Sl assigned to the
CB finite element mesh and (b) the corresponding distribution obtained for the LS grid

Figure 4.18: Comparison between the distribution of the quantity −s ·Sl assigned to the CB
finite element mesh and the corresponding distribution obtained for the LS grid at different
sections: (a) y=0.0, (b) y=0.5, (c) y=1.0, (d) x=0.0, (e) x=0.5 and (f) x=1.0



Chapter 5

Modelling of air entrapment

Chapter 3 identified key transition points in the soil water retention curve (SWRC) and
soil hydraulic conductivity curve (SHCC) and used this as the basis for the subsequent
development of a new hydraulic constitutive model. The main areas of focus in developing the
new hydraulic constitutive were accurate representation of the SWRC and SHCC at low values
of degree of saturation (including the role of film flow in the SHCC), in combination with the
influence of hysteresis in the retention behaviour. These aspects of hydraulic behaviour were
considered of central importance in accurate numerical modelling of the behaviour of capillary
barrier systems, which is the main focus of the second half of this thesis (Chapters 6, 7 and 8).
The initial identification of key transition points in the SWRC and SHCC also led, however, to
separate considerations of the hydraulic behaviour at the opposite extreme of the full range of
degree of saturation, i.e. at very high values of Sl . In particular, it led to some interesting new
developments in understanding and modelling of the phenomenon of air-entrapment during
wetting to high values of degree of saturation, which are presented in this chapter.

This chapter presents results of analytical and numerical modelling of the phenomenon of
air-trapping during wetting, which provide new insights into the differences that will occur
between the true SWRC (which represents the fundamental behaviour of the soil) and the
apparent SWRC measured in a wetting test performed in the laboratory (which is shown to
be affected by various aspects of the test conditions). This has important implications for
how to correctly perform numerical modelling of hydraulic behaviour involving wetting at
high values of degree of saturation. Although this is not relevant to the numerical modelling
of capillary barrier systems, presented in Chapters 6, 7 and 8, it is relevant to numerical
modelling of a range of other problems in geotechnical engineering.

5.1 Introduction

Full saturation is often not achieved for an unsaturated soil subjected to wetting, because
of the phenomenon of air trapping [56]. As described by Peck [54], Poulovassilis [55] and
Stonestrom and Rubin [56], air trapping affects the measured soil water retention curve
(SWRC). The occurrence of air trapping means that, during a wetting process, an unsaturated
soil may not reach full saturation even though the applied suction becomes zero or negative.

149
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During a wetting process, the liquid phase enters the smaller pores of the soil first and
subsequently the larger pores, and the gas phase is consequently expelled. In order for the gas
to flow out of the soil during wetting, the gas phase must form continuous gas flow channels.
When high values of degree of saturation are attained, larger pores filled with gas may however
be entirely surrounded by smaller pores filled with liquid, so that the passageways for gas
flow become blocked, as shown in Figure 5.1. At this point, which corresponds to the air-
discontinuity point (see Section 3.1), the gas conductivity becomes zero, because the gas
phase is discontinuous [224]. From this point, further decreases in the suction applied to
the boundary of a soil sample result in an increase in the gas pressure in the trapped bulbs
of air. In this situation, the only way for gas to continue to be expelled is through the very
slow processes of dissolution of air within the liquid phase and then diffusion of dissolved
air within the liquid phase [57]. Diffusion of the dissolved air is driven by a gradient in the
dissolved air concentration between the liquid phase around the trapped air bulbs (higher
concentration) and the liquid phase adjacent to continuous air voids or adjacent to an external
atmospheric boundary (lower concentration).

Figure 5.1: Formation of trapped air

Several SWRC models that attempt to include the effects of air trapping have been
proposed [121, 133, 134]. All of them involve wetting curves which do not reach full
saturation even when suction is reduced to zero. Although this seems a sensible and pragmatic
approach, these wetting SWRCs are not a fundamental representation of the soil behaviour,
because they are based on use of an apparent suction sext , which is the suction imposed or
monitored at the external boundary of a soil sample. However, once the air becomes trapped,
the pore gas pressure pg in the trapped air bulbs is and remains greater than the gas pressure
pg,ext imposed at the boundary of the sample (unless the very slow process of diffusion of
dissolved air has finished) and the true suction s internally within the soil is therefore higher
than sext .

The apparent SWRC, of Sl plotted against sext , is not a property of the material, because
it is also affected by various aspects of the wetting test conditions, such as the degree of
saturation at the start of wetting [135], the size of the soil sample and the precise time-history
of the variation of sext applied to the sample boundary. In contrast, physical arguments
suggest that, for a main wetting curve, the true SWRC, of Sl plotted against the true suction
s internally within the soil (based on the gas pressure within the trapped air bulbs), is a
fundamental property of the soil (at least for a non-deformable soil). For high values of degree
of saturation, above the air-discontinuity point, the apparent SWRC measured in a laboratory
test will only coincide with the true SWRC if the test is performed extremely slowly, so that
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at each measurement point sufficient time is allowed for the very slow process of diffusion of
dissolved air to have finished, so that the value of gas pressure within any trapped air bulbs pg

has equalized with the externally applied gas pressure pg,ext .
Physical arguments also suggest that the true SWRC will reach full saturation at a positive

value of s. The arguments run as follows. Firstly, if, when the externally applied suction
is zero (sext = 0 and hence pg,ext = pl), trapped air temporarily exists within a soil sample,
then the curvature of the gas-liquid interfaces (and the constraints imposed by satisfying the
contact angle condition if an interface comes into contact with a soil particle) would mean
that the gas pressure pg within trapped air bulbs would be higher than the pore liquid pressure
pl , irrespective of whether a trapped air bulb entirely filled a soil void (so that gas-liquid
interfaces come into contact with surrounding soil particles) or was sufficiently small to
form an occluded bubble entirely surrounded by water, as also discussed in Section 2.1.1.
This means that pg would be greater than pg,ext and this pressure difference would drive
dissolution of air from the trapped air bulb and subsequent diffusion of dissolved air to the
external boundary. This diffusion of dissolved air would only cease once the trapped air
had completely disappeared. Hence, with an externally applied suction of zero, the only
possible final state after diffusion of dissolved air has finished (representing the true SWRC)
is a fully saturated condition. In fact, further consideration of this logic suggests that the
true SWRC should reach full saturation at a positive value of suction corresponding to the
pressure difference across a spherical gas-liquid interface corresponding to the largest sphere
that could fit within the largest voids of the soil.

The first aim of the study of air-trapping described in this chapter was to demonstrate the
significance of air-trapping through an analytical model representing wetting of an infinitesi-
mally small soil element (with no diffusion of dissolved air) and to show the corresponding
differences between the apparent SWRC and the true SWRC for this idealized situation.
The second aim was to show, through numerical modelling of realistic wetting tests on soil
samples of finite size, that the apparent SWRC, of Sl plotted against sext , is not a fundamental
property of the soil and to demonstrate how various aspects of the wetting test conditions will
influence this apparent SWRC. The third and final aim was to show that correct representation
of the influence of air trapping during wetting within numerical modelling of boundary value
problems can only be achieved by using the true SWRC in combination with an unsaturated
gas conductivity expression that goes to zero at the air-discontinuity point.

5.2 Analytical model of wetting of an infinitesimal element

5.2.1 Analytical model

An analytical model for the wetting of an infinitesimally small element of soil (without
diffusion of dissolved air) is considered first, to demonstrate the potential impact of air
trapping on the apparent SWRC. The approach taken is to assume that the true SWRC, of
Sl plotted against the true internal suction s within the soil, is defined and to then calculate
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the apparent SWRC, of Sl plotted against sext , to demonstrate how this differs from the true
SWRC. In the interests of simplicity, the soil element is assumed to be incompressible, to
avoid any complications caused by changes of element volume induced by changes of suction.

For an infinitesimally small element, liquid flows from the boundary of the element to
the interior of the element occur instantaneously, which means that the pore liquid pressure
within the interior of the element pl is always identical to the liquid pressure applied at the
boundary. If the degree of saturation Sl of the element is less than the degree of saturation at
the air-discontinuity point Sl,AD, the gas phase is continuous within the element, meaning that
gas flows from the interior of the element to the boundary also occur instantaneously, and
hence the pore gas pressure within the interior of the element pg is identical to the gas pressure
imposed at the boundary pg,ext . However, once the degree of saturation attains or exceeds the
air-discontinuity value Sl,AD, gas flow between the element interior and the boundary is no
longer possible, meaning that pg and pg,ext can take different values (given that diffusion of
dissolved air is excluded).

For this situation, the true internal suction s and the externally applied suction sext are
defined as:

s = pg− pl (5.1)

sext = pg,ext− pl (5.2)

For values of Sl below Sl,AD, pg and pg,ext are identical, hence s and sext are identical and the
apparent SWRC (Sl plotted against sext) is the same as the true SWRC (Sl plotted against s).
However, for values of Sl above Sl,AD, pg and pg,ext differ, hence s and sext are not the same
and the apparent SWRC is different to the true SWRC.

In the example considered here, wetting is assumed to occur with the gas pressure imposed
at the element boundary held constant at atmospheric pressure (pg,ext = patm), with patm taken
as 100 kPa, and the pore liquid pressure pl gradually increased from a negative value relative
to patm. At the air-discontinuity point (Sl = Sl,AD, s = sAD) where air trapping commences,
the value of pg within the trapped air bulbs is equal to patm. Beyond this point, the value of
pg within the trapped air bulbs increases and it can be related to further increases of Sl by
applying the ideal gas law to the fixed mass of gas within the trapped air bulbs (given that
diffusion of dissolved air from the trapped air bulbs is excluded):

pg = patm
1−Sl,AD

1−Sl
= patm + patm

Sl−Sl,AD

1−Sl
(5.3)

Equation 5.3 assumes no change in the total volume of soil voids within the element (i.e.
the soil is assumed to be incompressible) and constant temperature. As a consequence of
Equation 5.3, comparing Equations 5.1 and 5.2 gives:

s = sext + patm
Sl−Sl,AD

1−Sl
(5.4)
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or:
sext = s− patm

Sl−Sl,AD

1−Sl
(5.5)

If the true SWRC is known, the procedure to determine the apparent SWRC, for values of sext

below the air-discontinuity point (sext = s = sAD, Sl = Sl,AD), where air trapping commences,
is as follows:

• Consider a value of true internal suction s slightly lower than the air-discontinuity value
sAD and calculate the corresponding value of degree of saturation Sl from the equation
of the true SWRC.

• Insert the values of s and Sl in Equation 5.5 to calculate the corresponding value of
externally applied suction sext . The value of Sl and the value of sext now provide the
coordinates of a point on the apparent SWRC.

Repeat the process for gradually decreasing values of s to determine the complete curve of Sl

plotted against sext , defining the apparent SWRC.

5.2.2 Analytical results

Figure 5.2 shows true SWRCs (continuous lines) and apparent SWRCs (dashed lines) calcu-
lated using this procedure for two soils; one representative of a sand and one representative of
a clay. In each case, the true SWRC was modelled using the van Genuchten [82] model, with
the parameter values for the two soils given in Table 5.1. For both soils, the van Genuchten
parameter Sls, giving the maximum value of degree of saturation on the true SWRC, was
selected as Sls = 1. This means that the true SWRCs in Figure 5.2 tend to a fully saturated con-
dition as s tends to zero. As previously noted in Section 5.1, physical arguments suggest that
the true SWRC for a main wetting curve should actually reach a fully saturated condition at a
positive value of suction, however use of the conventional van Genuchten expression (which
mathematically leads to Sl = 1 only at s = 0 but practically leads to Sl ≈ 1 for s≤ sAE/AEX )
is adequate to illustrate the influence of air trapping on the apparent SWRC. For both soils
shown in Figure 5.2, the value of the air-discontinuity degree of saturation, where air trapping
commences, was taken as Sl,AD = 0.85, which represents a typical value according to the
literature [51, 99]. Hence, in both cases, the apparent SWRC diverges from the true SWRC at
Sl = 0.85 in Figure 5.2. This occurs at sAD = 1.90kPa for the sand and sAD = 185kPa for the
clay.

Table 5.1: Constitutive laws and parameters used for the materials in the analytical model
(only SWRC) and in the numerical models (all parameters)

Material
Φ k P0 σs m Slr Sls Ag λg Sgs Sgr

[-] [m2] [MPa] [N/m] [-] [-] [-] [-] [-] [-] [-]

sand 0.40 3E-12 0.003 0 0.6 0.02 1 1 10/3 1 0.15
clay 0.38 1E-16 0.160 0 0.3 0.30 1 1 10/3 1 0.15
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Figure 5.2: Infinitesimal element without diffusion of dissolved air: comparison of true
SWRC (Sl : s) and apparent SWRC (Sl : sext), for (a) sand and (b) clay

Figure 5.2 shows that, for both soils, the apparent SWRC is significantly different to the
true SWRC, with Sl reaching a maximum value significantly less than 1 as sext is reduced
towards zero, demonstrating the influence of air trapping. Inspection of Figure 5.2 also shows
that the effect of air trapping is noticeably different for the sand and the clay. The apparent
SWRC is almost horizontal for sext < sAD for the sand, whereas the apparent SWRC shows
a noticeable increase of Sl for sext < sAD for the clay. This is because the compression of
the trapped air, as pg increases above pg,ext = patm, is very small in the case of the sand and
more significant in the case of the clay. In the case of the sand, pg = patm = 100kPa (as an
absolute pressure) at the point where air trapping commences (s = sext = sAD = 1.90kPa) and
pg = 101.88kPa (s = 1.88kPa) at the end of wetting when sext = 0. This increase of pg, from
100 kPa to 101.88 kPa, causes only a very small amount of compression of the trapped air.
In contrast, for the clay, pg increases from pg = patm = 100kPa at the onset of air trapping
(at s = sext = sAD = 185kPa) to pg = 195kPa at the end of wetting when sext = 0, and this
increase of pg is sufficient to cause significant compression of the trapped air.

The apparent SWRC curves shown in Figure 5.2 assume no diffusion of dissolved air
from the trapped air bulbs, in order to give a first demonstration of the effect of trapped air for
an idealised situation. If dissolution of air and diffusion of the dissolved air was included in
the analysis of these infinitesimally small soil elements, the apparent SWRC would always
be identical to the true SWRC, because diffusion of dissolved gas from the interior of the
element to the boundary of the element would occur instantaneously in an infinitesimally
small element.
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5.3 Numerical modelling of wetting tests on samples of fi-
nite size

5.3.1 Numerical model

Numerical modelling of wetting tests on soil samples of finite size was performed, to provide
more realistic simulations of the impact of air trapping and to investigate how various aspects
of wetting test conditions would influence the apparent SWRC. It must be mentioned that
the numerical simulations presented in this section do not represent realistically the common
experimental procedures adopted to characterise the SWRC but they may be representative of
wetting processes occurring in the field.

Multi-physics numerical modelling was performed with Code_Bright. Advective liquid
flow (see Equation 4.26) and gas flow (see Equation 4.27), governed by Darcy’s law, were
included in all analyses, whereas diffusion of dissolved air within the liquid phase (see
Equation 4.34), governed by Fick’s law, was included in some analyses but not in others, in
order to assess its influence. Diffusion of water vapour within the gas phase was not included,
because it would always be insignificant compared to liquid water flow at the high values of
Sl occurring in the simulations. The concentration of dissolved air in the liquid phase was
governed by Henry’s law (see Equation 4.17) and the density of the gas phase was governed
by the law of ideal gases. Isothermal conditions were assumed and the soil was assumed to
be non-deformable. The default values were used for the phase properties parameters (see
Table 4.2) and for the diffusion coefficient Da

l (see Equation 4.35).
The numerical simulations represented one-dimensional wetting tests performed on soil

samples of height 100 mm, with wetting applied from both top and bottom of the samples. The
numerical model is shown in Figure 5.3. Taking advantage of symmetry, the finite element
model had a height of 50 mm, with wetting applied at the top boundary and an impermeable
boundary (to both liquid and gas flows) at the bottom (representing the mid-height of the soil
sample). The lateral boundaries were also impermeable to both liquid and gas flows, to give
a one-dimensional situation. The FE mesh was characterised by 100 quadrilateral elements
in the vertical direction with a refinement mesh gradient of 0/0.05 (finer towards the upper
boundary).

Simulations were performed with two different soils; one representative of a sand and
the other representative of a clay. The true SWRC for each soil was represented again by
the van Genuchten [82] model (see Equation 4.24) and the function for the relative liquid
conductivity krl was given by the Mualem [95] model (see Equation 4.29). The relative gas
conductivity krg was given by Equations 4.30 and 4.31. Constitutive parameter values used
for the two soils are given in Table 5.1.

For both soils, the values of Ag in Equation 4.30 and Sgs in Equation 4.31 were taken as
Ag = 1 and Sgs = 1 and the value of the exponent λg was taken as 10/3 [225]. Equation 4.30
used in conjunction with Equation 4.31 predicts that the gas conductivity falls to zero when
the degree of gas saturation Sg decreases to a value Sgr. The parameter Sgr therefore represents
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Figure 5.3: Numerical model

the degree of gas saturation at which the gas phase becomes discontinuous, which corresponds
to Sgr = 1− Sl,AD. Sgr = 0.15 was assumed for both soils, corresponding to Sl,AD = 0.85.
Relative liquid and gas conductivity curves for the sand and the clay are shown in Figure 5.4.

Figure 5.4: Relative liquid conductivity krl and relative gas conductivity krg plotted against
degree of liquid saturation Sl , for (a) sand and (b) clay

Figure 5.5 shows the variation with time of the suction sext applied at the top boundary
of the numerical model. At this top boundary, the gas pressure pg,ext was held constant at
atmospheric pressure patm, with patm taken as 100 kPa, and the liquid pressure pl,ext was
applied as a negative value relative to patm, with the value of pl,ext controlled in a stepwise
fashion, so that the value of sext reduced in a series of decrements. Each value of sext was
applied for a fixed interval of time. This fixed time interval for each value of externally
applied suction was 6 hours for the sand (see Figure 5.5a) and 600 hours for the clay (see
Figure 5.5b). These time intervals were selected as sufficient to allow complete equalization
of pore liquid pressure pl throughout the soil sample (see Section 5.3.3) and were considered
representative of what might be used in practice for laboratory determination of SWRCs for
samples of sands and clays respectively.

Figure 5.5 shows that, for each of the two soils, the specific values of externally applied
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Figure 5.5: Time history of suction applied at the top boundary sext for (a) sand and (b) clay

suction sext followed two different sequences, in different simulations. For the sand, for path
1, the initial value of sext was 6 kPa and the subsequent values of sext were 2 kPa, 0.6 kPa and
0.2 kPa before a final step to sext = 0, whereas for path 2 the initial value of sext was 10 kPa
and the subsequent values were 3 kPa, 1 kPa and 0.3 kPa, before a final step to sext = 0 (see
Figure 5.5a). For both path 1 and path 2, after the first decrement of sext (to sext = 2kPa in
path 1 or to sext = 3kPa in path 2) the value of sext was still above the air-discontinuity value
for the sand, sAD = 1.9kPa (see Figure 5.5a), whereas after all subsequent decrements the
value of sext was below sAD. Similarly, for the clay, for path 1 the initial value of sext was
600 kPa and the subsequent values of sext were 200 kPa, 60 kPa and 20 kPa before a final step
to sext = 0, whereas for path 2 the initial value of sext was 1000 kPa and the subsequent values
were 300 kPa, 100 kPa and 30 kPa, before a final step to sext = 0 (see Figure 5.5b). Again,
the values of sext after the first decrement (sext = 200kPa in path 1 or 300 kPa in path 2) were
above the air-discontinuity value for the clay (sAD = 185kPa), whereas all subsequent values
of sext were below sAD. The intention of using paths 1 and 2 was to investigate the effect of
the precise sequence of values of externally applied suction sext on the apparent SWRC.

The numerical models analysed in this section differ in two respects from common
procedures used in laboratory experiments to determine the SWRC: i) the dimensions of the
soil sample; ii) the fact that in these numerical models pore liquid pressure and pore gas
pressure are both applied at the same boundary of the soil sample (meaning that, during a
wetting test, gas has to exit at the same boundary as water is entering), whereas in typical
laboratory tests pore liquid pressure and pore gas pressure are applied at opposite boundaries
of the soil sample. The differences in sample dimensions would not affect the qualitative
nature of the results presented in this section, only the timescales, whereas the application of
pore liquid pressure and pore gas pressure at the same boundary or at opposite boundaries is
more fundamentally significant, and this is discussed at the end of Section 5.3.5.
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5.3.2 Numerical modelling results: apparent SWRC

Figure 5.6 shows the results of the numerical simulations on the sand (Figure 5.6a) and the
clay (Figure 5.6b), with the apparent SWRC that would be determined from the wetting test
represented as the average degree of liquid saturation of the soil sample Sl at the end of each
6 hour (sand) or 600 hour (clay) time interval plotted against the value of externally applied
suction sext . The average degree of liquid saturation of the soil sample Sl was calculated as the
spatial integral of the degree of saturation over the sample divided by the area of the sample.
For each soil, results from 4 different numerical simulations are presented, corresponding to
path 1 and path 2, each with diffusion of dissolved air included or excluded. The insets within
Figure 5.6a and Figure 5.6b show the results of the final stages of the numerical simulations
with sext plotted on a linear scale, rather than the logarithmic scale of the main figure, allowing
the inclusion of results for the final wetting stage to sext = 0. Also shown in Figure 5.6 for
each soil is the true SWRC (the smooth continuous curve), which also represents the apparent
SWRC for an infinitesimally small element when diffusion of dissolved gas is included (see
Section 5.2.2). Finally, the apparent SWRC from the analytical model of the infinitesimally
small element when diffusion of dissolved air is excluded is shown by the smooth dashed
curve.

Figure 5.6: Apparent SWRCs, obtained from the numerical analyses for (a) sand and (b) clay,
compared against analytical results for an infinitesimal element

Inspection of the numerical modelling results for the sand in Figure 5.6a shows very
different results for path 1 and path 2, whereas inclusion or exclusion of diffusion of dissolved
air made very little difference. For path 1 and path 2, the apparent SWRC of Sl plotted against
sext in Figure 5.6a is almost horizontal from the value of sext applied immediately before sext
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was first reduced below the air-discontinuity value of suction sAD = 1.9kPa. For example,
with path 2, the apparent SWRC is almost horizontal from the point sext = 3kPa, because the
next decrement of sext was to sext = 1kPa, which was less than sAD. Air trapping within the
soil sample occurred immediately sext was reduced below sAD, because a thin zone of soil
with s < sAD, and hence with discontinuous gas phase and gas conductivity of zero, formed
immediately at the boundary of the soil sample, preventing any subsequent flow of gas from
the remainder of the sample (even though in the majority of the sample s remained greater
than sAD and hence Sl remained less than Sl,AD). Once air trapping commenced in the sand
sample, Sl showed very little further increase, because subsequent increases of gas pressure
pg in the trapped air were so small that they caused only very small amounts of compression
of this trapped air (similar to the infinitesimally small sand sample discussed previously). The
behaviour shown in Figure 5.6a means that the final average value of degree of saturation Sl

in a sand sample of finite size wetted to sext = 0 may be substantially less than the local value
of degree of saturation at which air trapping occurs at that location Sl,AD. Also, the fact that
the results of the numerical simulations shown in Figure 5.6a are very different for paths 1
and 2 clearly means that, for sand samples, the apparent SWRC is highly dependent on the
precise sequence of values of applied suction sext .

Figure 5.6b shows that, for the numerical simulations of the clay samples of finite size,
the value of Sl increased substantially as the wetting test progressed beyond the point where
air trapping commenced. In common with the infinitesimally small element of clay discussed
previously, the significant increase of Sl after air trapping commenced was a consequence
of compression of the trapped air, caused by substantial increase of gas pressure within the
trapped air. Figure 5.6b also shows relatively similar results for path 1 and path 2 (compared
to the sand samples in Figure 5.6a), whereas inclusion or exclusion of diffusion of dissolved
air made more difference to the results for the clay samples than it did for the sand samples.
Inspection of Figure 5.6b shows that the relatively small difference between the results for
path 1 and path 2 for the clay samples is attributable to the significant increase of Sl after air
trapping commences (so that it matters less where the apparent SWRC diverges from the true
SWRC).

5.3.3 Numerical modelling results: gas and liquid pressures

Figure 5.7 shows the variation of pore gas pressure pg and pore liquid pressure pl predicted
in the numerical simulations of the sand samples (Figures 5.7a and 5.7b) and the clay samples
(Figures 5.7c and 5.7d), with the applied time-history of sext given by path 1 in both cases.
Within Figure 5.7, values of pg and pl are shown for points A and B (see Figure 5.3), where
the former was at the top surface of the numerical model (representing the external boundary
of the soil sample, where values of pg,ext and pl,ext were applied) and the latter was at the
bottom surface of the model (representing the mid-height of the soil sample). Results for
point B are shown for the two different simulations, with diffusion of dissolved air either
included or excluded.
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Figure 5.7: Time histories of liquid pressure pl and gas pressure pg at positions A and B, for
path 1 applied to (a-b) sand and (c-d) clay

Comparison of the values of pl at points B and A in the sand sample (Figure 5.7b) shows
that the time interval of 6 hours used for each wetting stage was more than sufficient to
ensure equalisation of pore liquid pressure pl throughout the sand sample (particularly for the
later wetting stages, when Sl was high and the value of liquid conductivity was so high that
equalisation of pl occurred within a few minutes). Similarly, Figure 5.7d shows that the time
interval of 600 hours was sufficient to ensure equalisation of pl throughout the clay sample in
each wetting stage.

Inspection of Figure 5.7a shows that, for the first wetting stage, with sext = 2kPa, the
time interval of 6 hours was almost sufficient to produce equalisation of pore gas pressure
pg throughout the sand sample, because the value of sext was slightly above sAD and hence
gas flow was possible (even if the value of gas conductivity was much lower than the value at
Sl = 0, see Figure 5.4). The almost complete equalisation of pore gas pressure throughout the
sample explains why the apparent SWRC for path 1 almost coincides with the real SWRC
at sext = 2kPa in Figure 5.6a. However, for all subsequent wetting stages, with sext < sAD,
air trapping had occurred and there was no dissipation of pg at point B within each 6 hour
time interval when diffusion of dissolved air was excluded and negligible dissipation of pg

even when diffusion of dissolved air was included (see Figure 5.7a). The excess values of
pg within the soil sample explain why the apparent SWRC diverged from the real SWRC in
Figure 5.6a for these lower values of sext .

Inspection of Figure 5.7c shows that, for the clay samples, even during the first wetting
stage, with sext = 200kPa, so that sext was slightly above sAD and air trapping had not formally
commenced, dissipation of the pore gas pressure at point B had only partially occurred within
the time interval of 600 hours, because the gas conductivity was so low. Hence, the apparent
SWRC does not coincide exactly with the real SWRC at sext = 200kPa in Figure 5.6b, even
though air trapping has not formally commenced. For all subsequent wetting stages, with
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sext < sAD, air trapping had occurred and there was no dissipation of pg at point B within each
600 hour time interval when diffusion of dissolved air was excluded (see Figure 5.7c). For
the clay samples, inclusion of diffusion of dissolved air did make a noticeable difference to
the dissipation of pg at point B (see Figure 5.7c), but the diffusion was insufficient to achieve
complete equalisation of pore gas pressure within each 600 hour time interval.

5.3.4 Numerical modelling results: factors influencing diffusion and
dissolved air

Diffusion of dissolved air had greater influence on the wetting tests on clay shown in Fig-
ure 5.6b and Figure 5.7c than on the wetting tests on sand shown in Figure 5.6a and Figure 5.7a.
This can be attributed to two different factors. Firstly, in the wetting tests on clay, each value
of sext was maintained for 600 hours, compared to only 6 hours for the wetting tests on sand,
meaning that there was simply more time for diffusion of dissolved air in the tests on clay.
Secondly, the values of excess gas pressure within the trapped air, which drive the diffusion
of dissolved air, were always less than 2 kPa during the tests on sand (compare the values
of pg at points B and A in Figure 5.7a), whereas the values of excess gas pressure within
the trapped air were substantially greater during the tests on clay (see Figure 5.7c). This
second factor would suggest that, after air trapping commenced, diffusion of dissolved air
would dissipate excess pore gas pressure more quickly in tests on clay than in tests on sand.
Additional numerical simulations were performed to investigate the relative importance of
these two factors.

Figure 5.8 shows the results of numerical simulations of wetting tests on sand for path
1 with each value of sext maintained for either 6 hours (the original simulations shown in
Figure 5.6a) or 600 hours (a new set of simulations). With each wetting stage lasting 600
hours, Figure 5.8 shows that diffusion of dissolved air had a small but noticeable impact on
the apparent SWRC, whereas there was negligible impact of diffusion of dissolved air when
each wetting stage lasted only 6 hours. However, even with each wetting stage lasting 600
hours, the influence of diffusion of dissolved air during the tests on sand (Figure 5.8) was still
much less than in the tests on clay (Figure 5.6b). This means that the higher values of excess
gas pressure within the trapped air during tests on clay are of considerable importance, in
reducing the time required for dissipation of excess gas pressures in trapped air by diffusion
of dissolved air.

The fact that, after air trapping commences, dissipation of excess gas pressures by diffusion
of dissolved air occurs more slowly in tests on sands than during tests on clays means that,
counter to normal practice, after air trapping commences (at high values of Sl), wetting tests
on sand samples should be performed more slowly than wetting tests on clay samples if full
equalization of both pl and pg throughout the sample is to be achieved. This is, of course, in
contrast to the situation at lower values of Sl , when the gas phase is continuous, where it is
tests on clay samples that need to be performed slowest, because of the lower values of liquid
conductivity for clays.
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Figure 5.8: Apparent SWRCs: influence of the time duration of each value of applied suction,
for path 1 applied to sand

5.3.5 Influence of the method of suction application

The analytical modelling results shown in Figure 5.2 and the numerical modelling results
shown in Figures 5.6, 5.7 and 5.8 are all from simulations where wetting was achieved by
holding the externally applied gas pressure pg,ext constant at atmospheric pressure and then
increasing the externally applied liquid pressure pl,ext , with values of pl,ext negative relative
to atmospheric pressure. This represents a typical wetting situation in the field and also the
type of wetting applied in some laboratory tests. However, other laboratory tests make use
of the axis translation technique [226], where elevated values of pg,ext and pl,ext are applied,
to ensure that both are above atmospheric pressure. In addition, when the axis translation
technique is employed, wetting or drying is often achieved by holding pl,ext constant and
varying pg,ext . For example in a typical pressure plate test [227] to determine the SWRC, pl,ext

is maintained constant at atmospheric pressure patm and wetting is achieved by progressively
reducing the value of pg,ext towards patm. It is important to investigate whether this different
method of applying suction in a laboratory test would affect the apparent SWRC when air
trapping occurs.

Figure 5.9 shows the results of analytical calculations (for an infinitesimally small soil
element) and numerical simulations (for the sample of finite size shown in Figure 5.3), for
wetting tests on the clay, using two different methods of suction application. In one case pg,ext

was maintained constant at atmospheric pressure and pl,ext was varied (the simulations shown
previously in Figure 5.2b and Figure 5.6b) and in the other case pl,ext was maintained constant
at atmospheric pressure and pg,ext was varied (new simulations, representing typical pressure
plate tests). All numerical modelling results shown in Figure 5.9 had the same variation of
sext with time, given by path 2 in Figure 5.5b. The smooth continuous curve in Figure 5.9
is the true SWRC, which also represents the apparent SWRC for an infinitesimally small
element when diffusion of dissolved gas is included (see earlier). For all other analytical
and numerical simulations shown in Figure 5.9, diffusion of dissolved air was not included
(to maximise the impact of the change of method of suction application). Note that, for the
infinitesimally small element without diffusion of dissolved air, Equations 5.3, 5.4 and 5.5 no
longer apply if the externally applied suction is reduced by maintaining pl,ext constant.
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Figure 5.9: Influence of method of suction application (pg,ext = constant or pl,ext = constant)
on apparent SWRC, for path 2 applied to clay (diffusion off unless stated otherwise)

Inspection of the results in Figure 5.9 shows that the method of suction application has a
major impact on the apparent SWRC. With diffusion of dissolved air not included, when the
externally applied suction was reduced by maintaining pl,ext constant, the value of Sl remained
constant after air trapping commenced (for both the infinitesimally small element and the
sample of finite size), whereas, as shown previously, when the externally applied suction was
reduced by maintaining pg,ext constant, the value of Sl increased after air trapping commenced.
In the latter case, as discussed previously, after air trapping commences, the increase of pl

produces an increase of gas pressure in the trapped air, leading to compression of this trapped
air, whereas this effect does not occur when externally applied suction is reduced by keeping
pl,ext constant. Thus, the method of suction application is another aspect of the wetting test
conditions that will affect the apparent SWRC once air trapping commences.

As stated in Section 5.3.1, unlike the numerical models analysed in this section where
pore liquid pressure and pore gas pressure were applied at the same boundary of the soil
sample, in typical laboratory tests pore liquid pressure and pore gas pressure are applied at
opposite boundaries. In these numerical analyses, the amount of trapped air is likely to be
overestimated compared to typical laboratory tests because all the air present within the sample
remains trapped once the suction applied at the boundaries is lower than the air-discontinuity
value. Conversely, when pore liquid pressure and pore gas pressure are applied at opposite
boundaries, water infiltrates into the sample from the boundary where pore liquid pressure is
imposed while a significant amount of air will still flow out at the opposite boundary where
pore gas pressure is imposed, even though the applied liquid pressure corresponds to a suction
value lower than sAD. Therefore, in absence of diffusion, the SWRC obtained by applying
pore liquid pressure and pore gas pressure at opposite boundaries is likely to be more similar
to the SWRC estimated for the infinitesimal element of soil (see Section 5.2). Nevertheless,
the findings obtained from the numerical analyses may be relevant for different real field
conditions, such as an intense water infiltration from the ground surface into a soil layer at
low degree of saturation (e.g. sand) underlain by a saturated soil layer (e.g. clay).
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5.4 Concluding remarks

At high values of degree of liquid saturation Sl , the apparent SWRC measured in a wetting
test in the laboratory (Sl : sext) may differ from the true SWRC (Sl : s) within the soil sample
due to the occurrence of air trapping. Trapped air is formed when the gas phase becomes
discontinuous and the gas pressure within the trapped air will be in general higher than the
externally applied gas pressure unless the very slow process of diffusion of dissolved air has
finished. Due to the occurrence of air trapping, the apparent SWRC will typically not reach
a fully saturated condition as the externally applied suction sext is reduced to zero whereas
physical arguments indicate that the true SWRC will reach full saturation at a positive value
of internal suction s.

Analytical and numerical modelling of the phenomenon of air trapping were carried out.
The results of the analytical modelling within an infinitesimally small soil element (without

any diffusion of dissolved air) can be summarised as follows.

• If wetting is produced by increasing the externally applied liquid pressure, the gas
pressure within the trapped air increases as sext is reduced towards zero, leading to
compression of the trapped air and hence increases of Sl after air trapping commences.

• Increases of Sl due to trapped air compression will be much greater in a test on clay
than in a test on sand, because higher values of excess gas pressure within the trapped
air are generated in a clay, because the air trapping commences at much higher values
of suction in a clay than in a sand.

The results of numerical modelling of wetting tests on soil samples of finite size can be
summarised as follows.

• The apparent SWRC is the result of a particular boundary value problem whereas the
true SWRC is a fundamental representation of the soil behaviour.

• The apparent SWRC measured in a wetting test will depend upon many aspects of the
wetting test conditions, including: the size of the soil sample; the method of suction
application (whether the axis translation technique is employed and whether wetting
is produced by increasing the externally applied liquid pressure or by decreasing the
externally applied gas pressure); the precise sequence of values of externally applied
suction; and the time duration used for the application of each value of external suction.

The results lead to the following conclusions.

• The apparent SWRC measured in a wetting test in a laboratory applies only to the
specific boundary value problem of this laboratory test and should not be used in
numerical modelling of other boundary value problems.

• The only correct way to represent the occurrence of air trapping is to use the true
SWRC in combination with a gas conductivity expression that goes to zero at the
air-discontinuity point.
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• Measurement of the true SWRC in a laboratory test is likely to be problematic for the
final part of the main wetting curve, at high values of Sl , when air trapping occurs.
The time scales required to achieve this are unlikely to be feasible, in particular for
sands because equalization of pore gas pressure within trapped air bulbs by diffusion of
dissolved air is much slower in samples of sand than in samples of clay.

Given that laboratory measurement of the final part of the true SWRC for a main wetting
curve (at high values of Sl) may not be feasible, it may be best to simply infer a shape for
the final part of the curve, based on reliable measurements for the rest of the main wetting
SWRC (before air trapping occurs) and information on the shape of the main drying curve at
high values of Sl . For example, it might be assumed that the form of the main wetting curve
at high values of Sl is simply given by a horizontal translation of the main drying curve in the
standard semi-logarithmic plot of Sl against s.



Chapter 6

Numerical study of the fundamental
behaviour of capillary barrier systems

The new hydraulic conductivity model and the new hysteretic hydraulic model presented
in Chapter 3 and implemented in Code_Bright (see Sections 4.1.5 and 4.1.6), were used to
study numerically the fundamental behaviour of capillary barrier systems. In particular, the
implications of using these more advanced hydraulic constitutive models were highlighted.
This chapter shows the results of numerical simulations performed with Code_Bright, where
the roles of improved hydraulic conductivity modelling at low degree of saturation (see
Section 6.1) and hydraulic hysteresis (see Section 6.2) on the hydraulic behaviour of capillary
barrier systems are highlighted. In addition, numerical simulations performed to identify the
minimum water storage capacity of CBSs are shown in Section 6.3. The numerical modelling
presented in this chapter is all for one-dimensional problems i.e. use of CBSs on a horizontal
ground surface.

6.1 Application of the new hydraulic conductivity model
to the study of the fundamental behaviour of capillary
barrier systems

Numerical simulations of one-dimensional infiltration tests on a capillary barrier were per-
formed with the new hydraulic constitutive models (modVG-modM+LF) and with the con-
ventional (VG-M) models. Hydraulic hysteresis was not considered in this set of simulations.
The aims of these analyses were: i) to show that the new improved hydraulic models are
able to describe better the properties of the breakthrough condition from the finer layer to the
coarser layer, ii) to assess the role of liquid films in the behaviour of CBSs and iii) to assess
the role of vapour diffusion in the phenomenon of water breakthrough from the finer layer to
the coarser layer of CBSs. In the analyses, the solid phase was considered as non-deformable
and the gas phase as non-mobile. Thus, constant and uniform values of displacements of
the solid phase (uuu = 0m) and gas pressure (pg = 100kPa) were imposed. The influence
of vapour diffusion within the gas phase was investigated by performing two versions of
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each simulation: the first with vapour diffusion not considered and the second with vapour
diffusion included. In the analyses in which vapour diffusion was not included, isothermal
conditions were imposed with a constant and uniform value of temperature (T = 20◦C) and
water transport occurred only through the liquid phase. In the analyses in which vapour
diffusion was included, conditions were non-isothermal and water transport occurred through
liquid water advection in the liquid phase and through vapour water diffusion in the gas phase.

6.1.1 Description of the numerical models

The numerical model was a vertical column of soil made of two layers: an upper layer,
0.5 m thick, representing the finer layer (F.L.) of a CBS and a lower layer, 0.75 m thick,
representing the coarser layer (C.L.) (see Figure 6.1a). The thickness of the coarser layer was
unrealistically high in order to have the bottom boundary sufficiently far from the interface
so that the phenomenon of breakthrough was not affected by any influence of the bottom
boundary.

A structured mesh made of quadrilateral elements was used for the CBS. The mesh of
the coarser layer was divided into two parts: from the bottom boundary (0 m) to a height of
0.25 m, 20 uniformly spaced elements were used in the vertical direction; from a height of
0.25 m to the interface with the F.L. (0.75 m), 120 elements were used in the vertical direction
with a mesh refinement gradient of 0/0.04 (finer toward the interface). The mesh of the
finer layer was characterised by 60 elements in the vertical direction with a mesh refinement
gradient of 0.1/0.1 (finer towards the two ends).

The materials forming the two layers were each modelled by defining the hydraulic con-
stitutive models (SWRC and SHCC), porosity and intrinsic permeability. In addition, in the
analyses in which vapour diffusion was included, the parameters modelling the thermal con-
ductivity and the vapour diffusivity were also defined. Each of the two layers was considered
as a uniform material. The parameters chosen to model the finer layer were representative of a
silty sand whereas those of the coarser layer were representative of a pea gravel. The finer layer
was modelled using the conventional van Genuchten-Mualem (VG-M) model because, in the
analyses, this layer was never at very low degree of saturation. The coarser layer was modelled
using the following combinations of models: i) van Genuchten-Mualem (VG-M); ii) modified
van Genuchten-modified Mualem (modVG-modM); and iii) modified van Genuchten-modified
Mualem + liquid film (modVG-modM+LF). For the modVG-modM+LF modelling, three
different values of XD were used: the default value of 2.35×10−9 mm.ms−1.kPa1.5, a value 5
times larger than the default value 1.175×10−8 mm.ms−1.kPa1.5 and a value 5 times smaller
than the default value 4.7×10−10 mm.ms−1.kPa1.5. The default value of XD was used in
the majority of simulations, but some specific simulations were also performed using val-
ues for XD 5 times larger and 5 times smaller than the default value, to explore the impact
of uncertainty in the choice of the value for this parameter. The parameter values of the
materials are shown in Table 6.1 and the SWRCs and SHCCs are shown in Figures 6.1b
and 6.1c respectively. The intrinsic permeability values k shown in Table 6.1 were equivalent
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to saturated hydraulic conductivity values of kls = 3×10−6 ms−1 for the finer layer and
kls = 1×10−2 ms−1 for the coarser layer (see Equation 4.28). The bulk water-continuity
value of suction of the coarser layer was sBWC = 0.7kPa and it was identified using the the
simplified graphical procedure described in Section 3.3.1. Given sBWC, the corresponding
degree of saturation Sl,BWC shown in Table 6.1 was obtained from the SWRC expression
of the coarser layer. The values of the parameter CFilm

r were calculated from knowledge of
the parameters XD, D10, Φ and kls (see Equations 3.6 and 4.67). The parameter values used
for the thermal conductivity and the vapour diffusivity were the default values discussed in
Section 4.1.2.

Figure 6.1: Properties of the numerical model: (a) mesh, (b) SWRC models and (c) SHCC
models

The initial condition for the numerical analyses was a hydrostatic pore-liquid pressure
profile, with pl = 100kPa (s = 0kPa) at the bottom boundary, pl = 87.5kPa (s = 12.5kPa)
at the top, and a linear variation between. In this initial condition, the coarser layer was at
very low degree of saturation (lower than Sl,BWC). In the non-isothermal analyses, performed
when vapour diffusion was included, an initial uniform temperature profile was applied with
T = 20◦C.

For the bottom boundary condition, a constant value of the pore-liquid pressure equal to the
initial value was imposed, namely pl = 100kPa (s = 0kPa). For the top boundary condition,
a constant value of vertical liquid water flux (the infiltration rate) was imposed. In order to
assess the influence of the infiltration rate, two values of water flux were considered: i1 =

1×10−6 m/s and i2 = 1×10−8 m/s. The value of i1 was chosen so that it was comparable
with the saturated hydraulic conductivity of the finer layer (kls = 3×10−6 m/s) whereas i2
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Table 6.1: Material parameter values for the numerical analyses

Material
Physical parameters

Φ k D10

[-] [m2] [mm]
F.L. 0.38 3.081E-13 -
C.L. 0.30 1.028E-9 5

SWRC parameters
P0 σs m Slr ξ Sls

[MPa] [N/m] [-] [-] [-] [-]
F.L. VG 3.263E-3 0 0.505 0.1842 - 1
C.L. VG 1.709E-4 0 0.590 0.0313 - 1

C.L. modVG 1.709E-4 0 0.590 - 0.00294 1

SHCC parameters
m Slr Sl,BWC Sls CFilm

r aFilm dFilm

[-] [-] [-] [-] [MPa-1.5] [MPa] [-]
F.L. M 0.505 0.1842 - 1 - - -
C.L. M 0.590 0.0313 - 1 - - -

C.L. modM 0.590 - 0.165 1 - - -
C.L. modM+LF

default XD
0.590 - 0.165 1 9.892E-13 1.454E-4 -1.5

C.L. modM+LF
0.2×default XD

0.590 - 0.165 1 1.978E-13 1.454E-4 -1.5

C.L. modM+LF
5×default XD

0.590 - 0.165 1 4.946E-12 1.454E-4 -1.5

Thermal conductivity* Vapour diffusivity*

λsolid λgas λliquid D n τ0[
W

mK

] [
W

mK

] [
W

mK

] [
m2Pa
sKn

]
[-] [-]

F.L. 7.7 0.024 0.6 5.9E-6 2.3 1
C.L. 7.7 0.024 0.6 5.9E-6 2.3 1

*Only used in analyses in which vapour diffusion in the gas phase was included

was two orders of magnitude smaller than i1 and representative of a low rainfall intensity. In
the non-isothermal simulations, performed when vapour diffusion was included, a constant
temperature equal to T = 20◦C was applied at the bottom boundary and at the top boundary.

6.1.2 Results and discussion

Three sets of results are presented in this section.
In the first set, the results of numerical analyses obtained with three different hydraulic

models describing the coarser layer (i.e. VG-M, modVG-modM and modVG-modM+LF)
were compared. In these simulations, vapour diffusion was not included and the default
value for XD (i.e. 2.35×10−9 mmms−1 kPa1.5) was used for the liquid film component of
the hydraulic conductivity. The comparison between these results highlights the role of the
hydraulic conductivity model used for the coarser layer.
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In the second set, the role of the uncertainty on the choice of the value of the parameter
XD is highlighted by means of a sensitivity analysis, where results obtained considering three
different values for the parameter XD are compared. Vapour diffusion was not included in this
group of results.

In the third set, the comparison of different results obtained with and without vapour
diffusion highlights the role of vapour diffusion in the hydraulic behaviour of capillary barriers
during water infiltration. In these analyses, the default value for XD was used for the liquid
film component of the hydraulic conductivity.

Role of the hydraulic conductivity model

The results of the numerical analyses of the infiltration process in a CBS are presented here
in order to highlight the influence of the SHCC models used for the coarser layer and the
influence of the liquid film conductivity, which is commonly neglected. In these analyses,
the default value for XD was considered for the liquid film component of the hydraulic
conductivity.

In this set of analyses, the fitted value of Slr of the coarser layer in the VG model is close
to 0 and therefore the VG and modVG models lead to very similar SWRCs (see Figure 6.1b).
Hence, the choice between them does not significantly affect the results of the analyses in
this case and all the differences which are shown below are attributable to the use of different
SHCCs, rather than to the use of different SWRCs. The results shown in Figures 6.2, 6.3
and 6.4 are for the simulations in which vapour diffusion was excluded, but vapour diffusion
was found to have negligible effect in most cases, as discussed later.

Figure 6.2 shows the predicted time histories of the effective vertical velocity of the liquid
phase (flow rate per unit plan area) predicted at the interface between the finer and coarser
layers, obtained using different infiltration rates at the top boundary and different hydraulic
constitutive models for the coarser layer. In all the simulations, the effective water velocity at
the interface is initially equal to zero. A wetting front then starts moving downwards from
the ground surface until it reaches the interface (located at 0.5 m below the top boundary).
The suction at the interface then decreases and some time later water starts moving across the
interface (breakthrough). The estimated times at breakthrough are indicated by symbols in
Figure 6.2. Soon after breakthrough, the water velocity across the interface becomes equal to
the infiltration rate applied at the surface (see Figure 6.2).

It can be seen from Figure 6.2 that the predicted breakthrough takes different forms,
depending on the infiltration rate and on the model used to describe the hydraulic behaviour
of the coarser layer. At the lower infiltration rate i2, the use of the conventional VG-M
model to describe the behaviour of the coarser layer results in prediction that breakthrough
would be a relatively gradual phenomenon. In contrast, when the new modVG-modM or
modVG-modM+LF models are used for the coarser layer, the numerical simulations show
breakthrough as a relatively sudden phenomenon at both infiltration rates. These predictions
with the new models are a better qualitative match to experimental observations [23], which
show that breakthrough is always a very sudden phenomenon, irrespective of the infiltration
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Figure 6.2: Time histories of water velocity across the interface predicted with different
hydraulic models, for infiltration rates (a) i1 and (b) i2

rate. Inspection of Figure 6.2 also shows that, particularly at the lower infiltration rate i2, use
of the conventional VG-M model results in prediction of an earlier time to breakthrough than
is predicted by the new modVG-modM or modVG-modM+LF models. This means that the
conventional VG-M model predicts a lower water storage capacity of the finer layer prior to
breakthrough than the new models.

The analysis of the suction profile at breakthrough is very important in the study of a
CBS because it allows the water content profile at breakthrough to be obtained by means
of the SWRC, and this allows the water storage capacity of the barrier to be calculated,
where the water storage capacity is defined as the maximum amount of water that can be
stored in the barrier before breakthrough occurs [141] (see Section 2.3.3). According to
experimental observations, starting from initial conditions when the barrier is generally at
low water contents (relatively high suction values), the rainwater infiltrating from the surface
causes changes in the suction profile in the finer layer. The infiltrating rainwater is initially
stored entirely within the finer layer, which causes the water content to increase and the
suction to decrease. When the suction at the interface approaches the BWC value of the
coarser layer, this becomes hydraulically conductive and water breaks through from the finer
layer to the coarser layer (see Section 2.3.3).

Figures 6.3a and 6.3b show the suction profiles at the time of breakthrough predicted by
the numerical analyses for infiltration rates i1 and i2 respectively. Also shown, for comparison,
are the initial suction profile and a simple empirical suction profile in the finer layer at the time
of breakthrough. The latter was obtained by imposing the BWC value of the coarser layer
(0.7 kPa) at the interface and above this a hydrostatic profile up to a limiting suction value
corresponding to the suction at which the hydraulic conductivity of the finer layer is equal
to the applied infiltration rate (this limiting suction is reached only in the case of the higher



CHAPTER 6. NUMERICAL STUDY OF THE FUNDAMENTAL BEHAVIOUR OF CAPILLARY BARRIER
SYSTEMS 172

infiltration rate i1) (see Figure 2.22). Various authors [e.g. 141] observed experimentally that
the suction profile in the finer layer at the time of breakthrough was always very close to
this empirical approximation. From Figures 6.3a and 6.3b, it can be seen that the use of the
conventional VG-M model leads to results that are different to the experimental observations
from the literature and, again, these differences are more significant for low infiltration rates.
In particular, with the VG-M model, breakthrough is predicted when the suction value at the
interface is higher than the BWC suction value of the coarser layer and, furthermore, this
predicted suction value at the interface varies with the infiltration rate (whereas experimental
observations indicate that the suction value at the interface at the time of breakthrough
is independent of infiltration rate). By contrast, these inconsistencies with experimental
observations are not seen if the new modVG-modM or modVG-modM+LF models are used
for the coarser layer. The numerical results for the suction profile in the finer layer at the
time of breakthrough (see Figures 6.3a and 6.3b) are then almost identical to the simple
empirical suction profile at breakthrough, which was reported to be a good approximation of
experimental observations. Using the modVG-modM model, breakthrough is predicted to
occur when the suction at the interface exactly reaches the BWC value of the coarser layer,
when bulk water starts forming continuous liquid networks across the interface. In addition,
the liquid film flow, included in the modVG-modM+LF model, does not affect the suction
profiles in the finer layer at the time of breakthrough (see Figures 6.3a and 6.3b).

Figure 6.3: Suction (a, b) and degree of saturation (c, d) profiles at breakthrough predicted
with different hydraulic models, for infiltration rates i1 and i2

The liquid film component of the SHCC may, however, affect significantly the suction
profile in the coarser layer at the time of breakthrough. Using the modVG-modM model, the
predicted suction profile in the coarser layer at the time of breakthrough is identical to the
initial suction profile (see Figures 6.3a and 6.3b), because only bulk water flow is included
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in the model and this does not start across the interface until the time of breakthrough. By
contrast, when the modVG-modM+LF model, which includes the liquid film flow, is used,
the predicted suction profile in the coarser layer at the time of breakthrough is substantially
different to the initial suction profile, particularly at the lower infiltration rate (see Figure 6.3b),
because even before breakthrough of bulk water occurs, a small amount of water flows across
the interface through the continuous liquid film networks. This causes a very small increase
in the degree of saturation in the coarser layer immediately below the interface (almost
insignificant, as shown in the degree of saturation profiles in Figures 6.3c and 6.3d) but a large
decrease in suction (Figures 6.3a and 6.3b). This is explained by the shape of the SWRC at
low degree of saturation (below Sl,BWE), where a small increase of Sl corresponds to a large
decrease in suction. The predicted changes in the suction profile in the coarser layer prior
to breakthrough may have important consequences when CBSs are used for suction control
purposes [e.g. 170].

The values of Sl predicted in the finer layer with the VG-M model are smaller than those
predicted by the new models (see Figures 6.3c and 6.3d). This can be explained by the
fact that, with the VG-M model, breakthrough occurred earlier and at higher suction values.
Therefore, the water storage capacity of the CBS predicted with the VG-M model is lower
than that predicted with the new models.

Figure 6.4 shows suction and degree of saturation profiles at different times during
infiltration, before and after breakthrough, obtained with the different hydraulic models for
the coarser layer and for the infiltration rates i1 and i2. In general, as time goes on, water is
initially stored in the finer layer with the degree of saturation increasing and suction decreasing.
After breakthrough occurs, the wetting front starts moving downwards in the coarser layer.
Before breakthrough (t=20 h and 23 h for i1, and t=445 h and 1000 h for i2), the different
models lead to almost coincident profiles in the finer layer of the CBS for both infiltration
rates. By contrast, after breakthrough, the VG-M model results in higher suction values, and
hence in lower degree of saturation values, in the finer layer. For the high infiltration rate i1
(see Figures 6.4a and 6.4b), the degree of saturation profiles in the coarser layer predicted
before breakthrough coincide with the initial profiles according to all the hydraulic models.
After breakthrough, the VG-M model predicts a faster propagation of the wetting front in
the coarser layer and in a lower increase in the degree of saturation. The modVG-modM
model and the modVG-modM+LF model lead to almost identical results. Similar concepts
apply to the case of the low infiltration rate i2 (see Figures 6.4c and 6.4d) but, in this case, the
effect of liquid film conductivity is not negligible because the modVG-modM model and the
modVG-modM+LF model lead to different results in terms of suction profiles in the coarser
layer, but the differences are negligible in the degree of saturation profiles. In this case, as
observed above, suction profiles in the coarser layer are affected by the liquid film flow before
breakthrough occurs. After breakthrough, the bulk water flows in a similar way between
the modVG-modM and the modVG-modM+LF models, as suggested by the same degree
of saturation profiles, whereas the presence of the liquid films affect the suction profile at
depths within the coarser layer greater than the position of the wetting front. Thus, modelling
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correctly the hydraulic behaviour of unsaturated soils may have significant implications also
in the study of the liquid flow in soils initially at low degree of saturation.

Figure 6.4: Suction (a, c) and degree of saturation (b, d) profiles at different times for
infiltration rates i1 and i2

Role of the parameter XD

In order to highlight the role of the parameter XD, used for the liquid film conductivity of
the coarser layer, in the modelling of water infiltration in a CBS, the results of the numerical
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analyses obtained considering three different values of the parameter XD are here compared.
This sensitivity analysis shows the role of the statistical uncertainty in the choice of value
for the empirical parameter XD (see Section 3.3.2). The three values used for XD were: the
default value of 2.35×10−9 mm.ms−1.kPa1.5, 1.175×10−8 mm.ms−1.kPa1.5 (i.e. 5 times
larger than the default value) and 4.7×10−10 mm.ms−1.kPa1.5 (i.e. 5 times smaller than the
default value). The values of XD 5 times larger than the default value and 5 times smaller than
the default value are respectively the expected maximum and minimum value of XD with a
statistical confidence of approximately 95%. The results shown in Figures 6.5 and 6.6 are for
the simulations in which vapour diffusion was excluded.

Figure 6.5 shows the predicted time histories of the effective vertical velocity of the liquid
phase predicted at the interface between the finer and the coarser layers, obtained using the
infiltration rates i1 and i2 and different values of XD for the liquid film conductivity of the
coarser layer. At high infiltration rates (see Figure 6.5a), the results obtained with the three
different values of XD are almost indistinguishable. At low infiltration rates (see Figure 6.5b),
using the higher value of XD (i.e. XD = 5×default), the predicted breakthrough is slightly
less sudden, as there is a small but detectable gradual increase in the predicted velocity
(due to liquid film flow) before the sharp increase in the predicted velocity as breakthrough
occurs (when flow of bulk water commences in the coarser layer). The difference due to this
uncertainty in the value of XD in the new modVG-modM+LF model is however much smaller
than could be attributed to use of the conventional VG-M model (see Figure 6.2b).

Figure 6.5: Time histories of water velocity across the interface predicted using different
values of XD, for infiltration rates (a) i1 and (b) i2

Figure 6.6 shows the suction and degree of saturation profiles at breakthrough predicted
using the infiltration rates i1 and i2 and different values of XD for the liquid film conductivity
of the coarser layer. At high infiltration rates (see Figures 6.6a and 6.6c), the predicted suction
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and degree of saturation profiles are very similar for all three values of XD. For the lower
infiltration rate i2 (see Figures 6.6b and 6.6d), differences between the suction and degree of
saturation profiles predicted with different values of XD are more significant. In particular,
suction and degree of saturation profiles in the finer layer are unaffected by the value of XD

whereas differences can be seen in the coarser layer, in particular with reference to the suction
profile. This was expected, because of the previous conclusion that, at the lower infiltration
rate, film flow significantly affects the predicted suction profile in the coarser layer at the time
of breakthrough (compare the modVG-modM and modVG-modM+LF curves in Figure 6.3b).
The influence on the degree of saturation profile is however relatively small (see Figure 6.6d).

Figure 6.6: Suction (a, b) and degree of saturation (c, d) profiles at breakthrough predicted
using different values of XD, for infiltration rates i1 and i2

Role of vapour diffusion

The results previously shown were obtained without modelling water vapour diffusion in
the gas phase. As mentioned before, the role of vapour diffusion in the hydraulic behaviour
of CBSs during infiltration was investigated by performing two versions of each numerical
simulation, with vapour diffusion either included or excluded, as shown in Figures 6.7 and 6.8.

Figure 6.7 shows the time histories of the water velocity across the interface obtained
with and without vapour diffusion, for the different hydraulic models and the infiltration rates
i1 and i2. For the cases in which vapour diffusion was activated, the volumetric water flow
across the interface was the sum of the advective liquid water flow and the diffusive water
vapour flow. It can be seen that water vapour flow has no noticeable effects on these results.

Figure 6.8 shows suction and degree of saturation profiles at breakthrough obtained with
and without vapour diffusion, for the different hydraulic models and the infiltration rates i1
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Figure 6.7: Comparison between time histories of water velocity across the interface predicted
with and without vapour diffusion, for different models and different infiltration rates

and i2. As observed for the time histories of the water velocity across the interface, vapour
diffusion has negligible effects also on most suction and degree of saturation profiles at
breakthrough. Vapour diffusion has no noticeable effects in the simulations where the coarser
layer was represented by either the conventional VG-M model or the new modVG-modM+LF
model. In both these cases, although only small amounts of liquid water flow into the coarser
layer occurs prior to breakthrough, even these small liquid water flows are much greater than
the water flows due to vapour diffusion [91]. The effect of vapour diffusion has a small but
noticeable effect on the suction profiles employing the modVG-modM model particularly for
the low infiltration rate (see Figure 6.8e). With this modVG-modM model, the value of kBulk

l

reduces to zero at the BWC point and there is no liquid film flow. This means that, with this
model, vapour diffusion is the only possible mechanism for water flow into the coarser layer
prior to breakthrough.

Although the simulations demonstrated that, with the coarser layer represented by either
the conventional VG-M model or the new modVG-modM+LF model, vapour diffusion has no
noticeable effect on the behaviour of a CBS subjected to a constant rate of infiltration, this
does not mean that vapour diffusion will be unimportant in all problems involving unsaturated
soils. In particular, water vapour diffusion is likely to be of crucial importance in highly
non-isothermal problems, such as nuclear waste disposal [185] and also evaporation from
soils [188].
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Figure 6.8: Comparison between suction (a, b) and degree of saturation (c, d) profiles at
breakthrough predicted with and without vapour diffusion, for different models and the
infiltration rates i1 and i2

6.2 Application of the new hysteretic hydraulic model to
the study of the fundamental behaviour of capillary bar-
rier systems

Numerical one-dimensional simulations of infiltration and evaporation processes in a capillary
barrier were performed with the purpose of assessing the role of hydraulic hysteresis in the
fundamental hydraulic behaviour of CBSs. Surprisingly, water retention hysteresis is often
neglected in the numerical modelling of the hydraulic behaviour of CBSs but, as will be shown
in this section, it may have a significant role. In detail, the effects of water retention hysteresis
on i) water redistribution within the finer layer, ii) breakthrough and post-breakthrough
conditions and iii) evaporation from the ground surface, were studied. This was achieved
by comparing results obtained by modelling the hydraulic behaviour of both finer layer and
coarser layer using only the main wetting curve, only the main drying curve and the full
hysteretic model (i.e. main wetting, main drying and scanning curves).

In these analyses, the solid phase was considered as non-deformable and the gas phase as
non-mobile. Thus, constant and uniform values of displacements of the solid phase (uuu = 0m)
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and gas pressure (pg = 100kPa) were imposed. The simulations involving the study of the
effects of water retention hysteresis on i) water redistribution within the finer layer and ii)
breakthrough and post-breakthrough conditions were isothermal and a constant and uniform
distribution of temperature was imposed, with T = 20◦C. The simulations involving the study
of the effects of water retention hysteresis on iii) evaporation from the ground surface were
non-isothermal and vapour diffusion in the gas phase was also considered in this case.

6.2.1 Description of the numerical models

The model analysed was a vertical column of soil made of two layers: an upper layer,
0.5 m thick, representing the finer layer (F.L.) of a CBS and a lower layer, 0.75 m thick,
representing the coarser layer (C.L.) (see Figure 6.9a). The thickness of the coarser layer was
unrealistically high in order to have the bottom boundary sufficiently far from the interface
so that the phenomenon of breakthrough was not affected by any influence of the bottom
boundary.

Figure 6.9: Properties of the numerical model: (a) mesh, (b) initial conditions (c) SWRC
models and (d) SHCC models

A structured mesh made of quadrilateral elements was used for the CBS. The mesh of
the coarser layer was divided into two parts: from the bottom boundary (0 m) to a height of
0.25 m, 20 uniformly spaced elements were used in the vertical direction; from a height of
0.25 m to the interface with the F.L. (0.75 m), 120 elements were used in the vertical direction
with a mesh refinement gradient of 0/0.1 (finer toward the interface). The mesh of the finer
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layer was characterised by 150 elements in the vertical direction with a mesh refinement
gradient of 0.05/0.1 (finer towards the two ends).

The materials forming the two layers were each modelled by defining the hydraulic con-
stitutive models (SWRC and SHCC), the intrinsic permeability and the porosity. In addition,
in the thermo-hydraulic simulations, the parameters modelling the thermal conductivity and
the vapour diffusivity were also defined. Each of the two layers was considered as a uniform
material. The parameters chosen to model the finer layer were representative of a fine sand
(see experimental data in Section 7.4) whereas those of the coarser layer were representative
of a gravelly sand [197]. The hydraulic behaviour of the materials was modelled using the
modVG-modM+LF model, with the liquid film conductivity parameter CFilm

r obtained using
the default value of parameter XD. In the simulations, the hydraulic behaviour of both the
finer layer and the coarser layer was modelled using three different SWRC models: only
the main wetting curve (W), only the main drying curve (D) and the full hysteretic model
(i.e. including the main wetting curve, the main drying curve and the scanning curves) (H).
The comparison of the results obtained using these three models highlights the role of water
retention hysteresis in the modelling of the fundamental behaviour of CBSs.

The parameter values of the materials are shown in Table 6.2 and the SWRCs and SHCCs
are shown in Figures 6.9c and 6.9d respectively. The intrinsic permeability values shown in
Table 6.2 are equivalent to saturated hydraulic conductivity values of kls = 1.36×10−4 m/s
for the finer layer and kls = 7.6×10−2 m/s for the coarser layer (see Equation 4.28). The
values for the parameter CFilm

r were calculated from knowledge of parameters XD, D10, Φ and
kls (see Equations 3.6 and 4.67). The parameter values used for the thermal conductivity and
the vapour diffusivity are the default values discussed in Section 4.1.2.

The numerical simulations performed can be divided into three different stages. In stage
1, the effect of hydraulic hysteresis on the water redistribution occurring in the finer layer
after a period of intense rainfall was analysed. In stage 2, the effect of hydraulic hysteresis on
the behaviour of a CBS at breakthrough and post-breakthrough was analysed. In stage 3, the
effect of hydraulic hysteresis on evaporation from a CBS to the atmosphere was studied.

In stage 1, isothermal simulations (T = 20◦C) with vapour diffusion excluded were
performed. Initial hydraulic conditions imposed for stage 1 are shown in Figure 6.9b. They
consisted in a hydrostatic pore-liquid pressure profile in the coarser layer, with a linear
variation between pl = 100kPa (s = 0kPa) at the bottom and pl = 92.5kPa (s = 7.5kPa) at
the interface, and a uniform pore-liquid pressure profile in the finer layer, with pl = 75kPa
(s = 25kPa). The corresponding initial degree of saturation profile (see Figure 6.9b) was
automatically fixed when only the main wetting curve (W) or only the main drying curve (D)
was used because, in these cases, the relationship between s and Sl was unique. By contrast,
when the full hysteretic (H) model was used, the initial degree of saturation profile was
obtained by imposing the history parameter values as s0 = 1000MPa and Sl0 = 0 for both the
coarser and the finer layer, which corresponded to initial hydraulic states on the main drying
curves. In theory, these initial degree of saturation profiles were different when the models W,
D and H were used but, since relatively initial high suction values were imposed (for these
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Table 6.2: Material parameter values for the numerical analyses

Material
Physical parameters

Φ k D10

[-] [m2] [mm]
F.L. 0.410 1.398E-11 0.1
C.L. 0.382 7.812E-9 2.7

SWRC parameters
P0d P0w σs m ξ Sls γd γw

[MPa] [MPa] [N/m] [-] [-] [-] [-] [-]
F.L. W - 3.34E-3 0 0.812 1.47E-3 1 - -
F.L. D 5.85E-3 - 0 0.812 1.47E-3 1 - -
F.L. H 5.85E-3 3.34E-3 0 0.812 1.47E-3 1 9 9
C.L. W - 4.60E-5 0 0.604 1.82E-3 1 - -
C.L. D 1.65E-4 - 0 0.604 1.82E-3 1 - -
C.L. H 1.65E-4 4.60E-5 0 0.604 1.82E-3 1 4 4

SHCC parameters
m Sl,BWC/BWD Sls CFilm

r aFilm dFilm

[-] [-] [-] [MPa-1.5] [MPa] [-]
F.L. 0.812 0.15 1 3.22E-9 1.454E-4 -1.5
C.L. 0.604 0.15 1 2.24E-13 1.454E-4 -1.5

Thermal conductivity* Vapour diffusivity*

λsolid λgas λliquid D n τ0[
W

mK

] [
W

mK

] [
W

mK

] [
m2Pa
sKn

]
[-] [-]

F.L. 7.7 0.024 0.6 5.9E-6 2.3 1
C.L. 7.7 0.024 0.6 5.9E-6 2.3 1

*Only used in numerical analyses of stage 3

soils), the CBS was initially almost dry with all the models, and all the hydraulic states were
in the pendular state, where hydraulic hysteresis is negligible. In this way, the initial degree
of saturation profiles were in essence coincident for all 3 cases. The only exception was at
the bottom of the coarser layer where, in a layer a few centimetres thick, the initial degree
of saturation values were in general high and the corresponding profiles of initial degree of
saturation were different for the W, D and H models. However, this difference in the degree
of saturation profiles at the bottom of the C.L. did not affect the results of the simulations,
because the bottom boundary was placed sufficiently far below the interface between the two
layers that initial conditions close to this bottom boundary had no effect on the results in
the finer layer or the upper part of the coarser layer. A discontinuity in suction was initially
present at the interface between finer and coarser layer in order to have a hydrostatic profile
with s = 0kPa at the bottom in the coarser layer and very low degree of saturation in the
finer layer. However, this discontinuity had little effect on the simulations of water transport,
because both layers were initially almost dry.

In stage 1, a liquid water flow varying with time was imposed at the top boundary (soil
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surface). As shown in Figure 6.10a, a high infiltration rate (a mass flow rate per unit plan area
of 2×10−1 kgs−1m−2 corresponding to a volumetric infiltration rate per unit plan area i of
approximately 2×10−4 m/s) was imposed at the top boundary for 5 minutes. The infiltration
was then stopped (0 kgs−1m−2) allowing the water to redistribute in the finer layer until
almost no further redistribution was predicted. During this period of redistribution, a standard
boundary condition of zero liquid flux was applied, rather than an atmospheric boundary
condition (see Section 4.1.3). As a consequence, there was no evaporation from the ground
surface, which simply acted as an impermeable boundary. After 10 days, this cycle was
applied again, i.e. 5 minutes of intense infiltration rate (2×10−1 kgs−1m−2) and then no
infiltration until 20 days. In this stage, the amount of water entering at the top boundary was
not enough to cause water breakthrough across the interface. A fixed pore-liquid pressure
pl = 100kPa (s = 0kPa) was imposed at the bottom boundary. In this stage, the effect of
water retention hysteresis on the redistribution of water occurring in the finer layer after a
period of intense rainfall was analysed.

Figure 6.10: Time history of the liquid water flow applied at the top boundary during (a) stage
1 and (b) stage 2

In stage 2, the simulations continued from the end of stage 1 (t=20 days). Therefore,
also for stage 2 the analyses were isothermal (T = 20◦C) and water vapour diffusion was
excluded. Given that the initial conditions for stage 2 consisted of the final conditions of stage
1, they differed between the analyses in which the models W, D and H were used. The bottom
boundary condition in stage 2 still consisted of a fixed pore-liquid pressure pl = 100kPa
(s = 0kPa). At the top boundary (see Figure 6.10b), a relatively slow infiltration rate was
applied (1×10−4 kgs−1m−2, corresponding approximately to i = 1×10−7 m/s) for 20 days
(from t=20 days to t=40 days). During this time period, breakthrough occurred with all the
models (i.e. W, D and H). At t=40 days, the infiltration was stopped and the simulation was
run for other 20 days (from t=40 days to t=60 days) in which post-breakthrough conditions
and restoration of the CBS (see Section 2.3.3) were analysed.

In stage 3, non-isothermal simulations were performed in which water vapour diffusion
was included. Initial hydraulic conditions were the same as imposed in stage 1 (see Fig-
ure 6.9b). In addition, an initial uniform temperature profile, with T = 25◦C was prescribed. A
fixed pore-liquid pressure pl = 100kPa (s = 0kPa) was again imposed at the bottom boundary.
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An atmospheric boundary condition was imposed at the soil surface (top boundary), consisting
of multiple cycles of rain and evaporation, as shown in Figure 6.11. Each cycle, lasting 12
hours, was composed of 30 minutes of intense rainfall (P = 1×10−2 kgs−1m−2, correspond-
ing approximately to i = 1×10−5 m/s) and 11 hours and 30 minutes of evaporation. The
evaporation and the different boundary heat fluxes were the result of the assigned atmospheric
parameters shown in Table 6.3, where z0 is the roughness length, za is the screen height, ψ

is the stability factor, ρga is the atmospheric gas density, Ta is the atmospheric temperature,
pga is the atmospheric gas pressure, RHa is the atmospheric relative humidity, Rn in the
radiation and va is the wind speed. These atmospheric parameter values are representative of
summer weather conditions in Cagliari (Italy) and the choice of these parameter values will
be discussed in more detail in Chapter 8. 20 cycles of rain and evaporation were simulated,
for a total duration of 240 hours, by means of which the effect of water retention hysteresis
on the evaporation from the CBS to the atmosphere was analysed.

Figure 6.11: Time history of the rain applied at the top boundary during stage 3

Table 6.3: Atmospheric parameters used for numerical analyses during stage 3

z0 za ψ ρga Ta pga RHa Rn va

[m] [m] [-] [kg/m3] [◦C] [MPa] [-] [J m-2s-1] [m/s]

0.001 2 1 1.1883 25.5 0.1 0.65 325 3.14

6.2.2 Results and discussion

In this Section the results of the numerical simulations of stage 1, stage 2 and stage 3 are
presented.

Stage 1: water redistribution

Numerical simulations of stage 1 were performed to analyse the role of water retention
hysteresis during water redistribution occurring within the finer layer after intense rainfall
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events. With this purpose, short but very intense rainfall events were followed by long periods
where no rain was applied (see Figure 6.10a).

Figure 6.12 shows suction and degree of saturation profiles obtained at different times
in stage 1, using the main wetting curve model (W), the main drying curve model (D) and
the full hysteretic model (H). The results at 4 key times are shown in Figure 6.12: t=5
minutes which is at the end of the first intense rainfall event (Figures 6.12a and 6.12b), t=10
days which is at the end of the water redistribution period following the first intense rainfall
event (Figures 6.12c and 6.12d), t=10 days and 5 minutes which is at the end of the second
intense rainfall event (Figures 6.12e and 6.12f) and t=20 days which is at the end of the water
redistribution period following the second intense rainfall event (Figures 6.12g and 6.12h).

At the end of the first intense rainfall event (t=5 minutes) (see Figures 6.12a and 6.12b), a
sharp wetting front is located at a height of approximately 1.10 m. Above this wetting front,
the soil is almost saturated whereas, below the wetting front, the CBS is approximately in the
initial conditions. This type of infiltration pattern is typical of high ratios of infiltration rate
compared to unsaturated hydraulic conductivity [137, 198], i.e. high values of i/kl where i is
the infiltration rate and kl is the unsaturated hydraulic conductivity. At this time (t=5 minutes),
the results obtained with the H model coincide with the results obtained with the W model
because only wetting occurred. Slightly higher suction values are predicted with the D model
close to the soil surface.

After the first intense infiltration event, water redistribution occurs within the finer layer.
After 10 days, further water movements are negligible. At this time, different suction profiles
(Figure 6.12c) and degree of saturation profiles (Figure 6.12d) are predicted with the different
models. The suction profile in the finer layer obtained with the hysteretic model (H) is
intermediate between the profiles obtained with the main wetting model (W) and the main
drying model (D). However, a different pattern is found in the degree of saturation profiles
in the finer layer. In contrast with the profiles obtained with the W model and the D model,
which show Sl monotonically decreasing from the interface to the surface, the degree of
saturation profile obtained with the H model is decreasing from point A (the interface) to
point B, increasing from point B to point D and again decreasing from point D to point E
(the surface). These profiles obtained in the finer layer with the H model can be interpreted
more clearly if plotted in the s : Sl plane and compared with the adopted SWRCs of the finer
layer, as shown in Figure 6.13a. From the observation of this graph, it can be seen that the
hydraulic states of the soil at the heights between point A and point B lie almost on the main
wetting curve, between point D and point E they lie almost on the main drying curve and
between point B and D they lie on different scanning curves. The following interpretation can
be given. During the initial intense rainfall event, the soil in the upper part of the finer layer
(from point D to point E) initially reaches high values of degree of saturation and low values
of suction. When infiltration is stopped, the water in this zone starts flowing downwards and
the soil in the upper part of the finer layer significantly dries out and suction significantly
increases, and hence the soil included between points D and E moves along scanning drying
curves and onto the main drying curve (see the scanning drying curve followed by the soil at
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Figure 6.12: Suction (a, c, e, g) and degree of saturation (b, d, f, h) profiles at different times
during stage 1
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point D, indicated by a dashed line in Figure 6.13a). A similar process occurs in the soil at
heights between points B and D but, in this case, the first wetting does not cause high values
of degree of saturation and the subsequent increase of suction due to drying is not sufficiently
high for the hydraulic states to reach the main drying curve (see the scanning drying curve
followed by the soil at point C, indicated by a second dashed line in Figure 6.13a). Therefore,
the hydraulic states of the soil at heights between point B and point D are located on different
scanning curves. Finally, the soil at heights between point A and point B experience only
main wetting paths because these points have experienced only monotonic wetting.

Figure 6.13: Interpretation of the s : Sl profiles in the finer layer at times (a) t=10 days and (b)
t=20 days during stage 1

At the end of the second rainfall event (t=10 days and 5 minutes) (see Figures 6.12e
and 6.12f), the soil in the upper part of the finer layer is almost saturated and, below a sharp
wetting front, the suction and degree of saturation profiles are approximately coincident with
those obtained before the beginning of the rainfall event. As a consequence, the finer layer
shows a complex variation of degree of saturation (see Figure 6.12f) with very high values of
Sl at the top (above the wetting front), moderately high values of Sl at the bottom (caused by
the redistribution of water during the previous dry period) and lowest values of Sl within an
intermediate zone.

At the end of the second water redistribution period (t=20 days) (see Figures 6.12g
and 6.12h), the patterns obtained in the suction and degree of saturation profiles are similar to
those obtained at t=10 days. The graphical interpretation in the s : Sl plot of the hydraulic
states of the soil in the finer layer is shown in Figure 6.13b. In this case, the higher amount of
water stored in the finer layer leads to higher values of degree of saturation and lower values
of suction, but the phenomenon of water redistribution within the finer layer of the CBS can
be interpreted in the same way as at t=10 days.

Generally speaking, the modelling of water retention hysteresis leads to significantly
different predictions of the redistribution of water in the finer layer of a CBS after intense
rainfall events than is predicted by using a unique SWRC (irrespective of whether this unique
SWRC is a main wetting curve or a main drying curve). Given that rainfall events produce
mainly wetting in the soil, it might be expected that the main wetting curve alone would be
adequate to model the situation of stage 1. However, the redistribution of water generates
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wetting in certain portions of the finer layer and drying in other parts of the finer layer. This
explains why the use of the hysteretic model leads to different results compared to the use of
only the main wetting curve. Moreover, in contrast with what might be expected, the degree
of saturation profiles obtained with the H model are not intermediate between the profiles
obtained with the W model and the D model. Finally, the use of the H model leads to the
prediction of a more uniform water distribution in the finer layer compared to the W and D
models (see, in particular, Figures 6.12d and 6.12h).

Stage 2: breakthrough and post-breakthrough

Numerical simulations of stage 2 were performed to analyse the role of water retention
hysteresis on the prediction of water breakthrough from the finer layer to the coarser layer of a
CBS and the subsequent restoration of the barrier occurring after breakthrough. Starting from
the final conditions of stage 1, rainfall was applied for 20 days during which breakthrough
occurred (see Figure 6.10b). After the rain was stopped, further 20 days were simulated to
analyse the post-breakthrough and restoration phase.

Figure 6.14 shows the time histories of the downward liquid flows occurring across the
interface between finer layer and coarser layer, predicted with the W model, the D model
and the H model. The times at breakthrough and at restoration are marked by the symbols in
Figure 6.14. The times at breakthrough were identified as the the times at which the water
velocity across the interface first dramatically increases whereas the times at restoration were
identified as the times at which water infiltration across the interface almost stops. It should
be noted that significantly different times at breakthrough are predicted with the different
models: the earliest is obtained with the W model, the second with the H model and the latest
with the D model. Accordingly, the highest water storage capacity is predicted with the D
model and the lowest with the W model.

Figure 6.14: Time history of liquid water flow rate across the interface during stage 2

Figure 6.15 shows the suction and degree of saturation profiles at breakthrough (solid
lines) and at restoration (dashes lines) obtained with the different models. Figure 6.16 shows
the positions of the hydraulic states s : Sl of the soil in the coarser layer at the interface, at
breakthrough and at restoration, in comparison with the main drying curve and the main
wetting curve of the coarser layer. As expected, when the W model and the H model are
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used, the suction at the interface at breakthrough is equal to the BWC value of the coarser
layer (see Figures 6.15a and 6.16). However, using the D model, the suction at the interface
at breakthrough is equal to the BWD point of the coarser layer (see Figures 6.15a and 6.16)
because, in this case, only the main drying curve is used and the BWD point represents the
point at which the bulk water component of the main drying SHCC increases from zero. From
these suction values at the interface, the suction profiles are approximately hydrostatic in the
finer layer, with the exception of the upper part of the profile predicted with the W model
which deviates from the linear trend (see Figure 6.15a). Although the suction profiles in
the F.L. at breakthrough obtained with the W model and the H model are almost coincident,
the corresponding degree of saturation profiles are different because the water redistribution
followed different patterns during stage 1. Consequently, the water storage capacity predicted
with the H model is slightly higher than that predicted with the W model.

Figure 6.15: Suction (a) and degree of saturation (b) profiles at breakthrough and restoration
during stage 2

After infiltration was stopped and the water flow across the interface ceased, at restoration,
the suction at the interface and the suction profiles in the F.L. predicted with the W model and
the D model remain approximately the same as they are at breakthrough (see Figures 6.15a
and 6.16). By contrast, the suction at the interface predicted with the hysteretic model (H)
moves from the BWC value of the coarser layer at breakthrough approximately to the BWD
value of the coarser layer at post-breakthrough (see Figures 6.15a and 6.16). Consequently, the
suction profile predicted with the H model is almost coincident with the profile predicted with
the W model at breakthrough whereas it is almost coincident with the profile predicted with the
D model at restoration (see Figure 6.15a). This increase of suction at the interface occurring
after water breakthrough ceases was observed experimentally by Stormont and Anderson



CHAPTER 6. NUMERICAL STUDY OF THE FUNDAMENTAL BEHAVIOUR OF CAPILLARY BARRIER
SYSTEMS 189

Figure 6.16: Interpretation of the s : Sl points in the coarser layer at the interface at break-
through and restoration during stage 2

[23] and it was identified with the restoration of the capillary barrier (see Section 2.3.3 and
Figure 2.23).

Therefore, whereas the W model may be adequate to represent the hydraulic behaviour
of the CBS up to breakthrough it is not able to represent correctly the post-breakthrough
and restoration conditions. On the other hand, the D model is able to capture the restoration
conditions but it is unable to correctly represent the hydraulic behaviour of the CBS at
breakthrough. Only the hysteretic model is able to represent adequately both the breakthrough
conditions and the restoration of the CBS after infiltration at the ground surface ceases.

Stage 3: effect of evaporation

Stage 3 was simulated numerically to study the effect of hydraulic hysteresis on the prediction
of evaporation to the atmosphere from a CBS. The CBS, which was initially almost dry, was
subjected to 20 cycles of 30 minutes of rain and 11 hours and 30 minutes of evaporation (see
Figure 6.11) simulating relatively hot and dry weather conditions (representative of summer
conditions in Cagliari, Italy).

As results of the simulations, Figure 6.17 shows the time histories of (a) evaporation,
(b) cumulative evaporation, (c) water breakthrough across the interface, (d) mean degree of
saturation Sl of the finer layer and (e) cumulative inflows and outflows in the finer layer. The
cumulative evaporation was obtained by integrating the evaporation over time. The mean
degree of saturation of the finer layer was obtained by integrating spatially the degree of
saturation over the depth of the finer layer and subsequently dividing it by the thickness of the
finer layer. The cumulative flows in Figure 6.17e were obtained by integrating over time the
inflow from the top surface (i.e. rain minus evaporation), and the outflow from the finer layer
across the interface with the coarser layer (i.e. breakthrough), and the difference between
cumulative inflow and cumulative outflow was finally calculated.

In the first 7 cycles (0 h<t<84 h), the evaporation fluxes predicted with the W and D
models almost coincide whereas the evaporation predicted with the H model is, in cumulative
terms, significantly higher (see Figures 6.17a and 6.17b). In each cycle, the evaporation
predicted with the W and D models is indeed initially high but it rapidly decreases whereas
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Figure 6.17: Time histories of (a) evaporation, (b) cumulative evaporation, (c) water break-
through across the interface, (d) mean degree of saturation Sl of the finer layer and (e)
cumulative inflow and outflows to/from the finer layer during stage 3
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the evaporation predicted with the H model remains relatively high during almost all the
evaporation periods (see Figure 6.17a). These different evaporation patterns can be better
understood by an inspection of the corresponding degree of saturation profiles at the beginning
of a cycle (e.g. t=72.5 h) and at the end of the same cycle (e.g. t=84 h), as shown in
Figures 6.18a and 6.18b. At the beginning of a cycle, when the evaporation rate predicted by
all the models is relatively high (see Figure 6.17a), the degree of saturation values at the soil
surface predicted with all the models are relatively high (see Figure 6.18a). By contrast, at the
end of a cycle, when the evaporation rate predicted with the H model is relatively high but
that predicted with the W and D models is extremely low (see Figure 6.17a), the degree of
saturation at the surface predicted with the H model is moderately high whereas that predicted
with the W and D models is very low, approaching zero (see Figure 6.18b). This agrees with
the interpretation of the evaporation from soils given in Section 2.4.2, according to which the
evaporation rate is higher from wetter soil surfaces (see Figure 2.28) [178]. In other words,
with the H model the water distribution is predicted to be more uniform in the finer layer
compared to the W and D models, according to which most of the water is stored close to the
interface (see Figure 6.18b). With the H model, the higher availability of water close to the
surface causes higher evaporation rates being sustained for longer times.

Figure 6.18: Degree of saturation profiles at different times during stage 3: (a) t=72.5 h, (b)
t=84 h, (c) t=228.5 h and (d) t=240 h

For subsequent cycles (in particular for t>120 h), the evaporation rate predicted with the
W model follows the same patterns as before whereas the evaporation rate predicted with the
D model coincides with that predicted with the H model (see Figures 6.17a and 6.17b). This
can again be better understood by observing the degree of saturation profiles at the beginning
of a cycle (e.g. t=228.5 h) (see Figure 6.18c) and at the end of the same cycle (e.g. t=240 h)
(see Figure 6.18d). At the beginning of the cycle, relatively high values of degree of saturation
at the surface were predicted with all the models (see Figure 6.18c) as well as relatively high
evaporation rates (see Figure 6.17a). In this situation, a higher amount of water is in general
stored in the F.L. with respect to the initial cycles (compare Figures 6.18a and 6.18c) and the
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water stored close to the surface predicted with the D model is now much higher, even higher
than that predicted with the H model. Consequently, at the end of the cycle (see Figure 6.18d),
the degree of saturation values predicted with the D and H models at the surface both remain
relatively high whereas the degree of saturation value predicted with the W model at the
surface is very low, approaching zero.

The time histories of the cumulative inflow at the soil surface (see dotted lines in Fig-
ure 6.17e) reflect the evaporation patterns described above because these time histories
represent the difference between the cumulative rain and the cumulative evaporation. There-
fore, in the first cycles, the cumulative inflows predicted with the D model and with the W
model are coincident and they are higher than that predicted with the H model. For subsequent
cycles, when a higher amount of water is stored in the finer layer, the cumulative inflows
predicted by the D and W models gradually diverge, whereas the cumulative inflows predicted
by the D and H models differ by a fixed amount.

The outflow from the finer layer through the interface (i.e. water breakthrough from
the finer layer to the coarser layer) (see Figure 6.17c and the dashed lines in Figure 6.17e)
is a result of the effects of the evaporation and of the water storage capacity of the CBS.
Breakthrough is predicted to start after a lower number of cycles with the W model and, in
each cycle, a higher total volume of water flows from the finer layer to the coarser layer. This
is due to the low cumulative evaporation and low water storage capacity of the CBS when
the W model is used. Comparing the predictions of the H model and of the D model, water
breakthrough predicted with the H model starts one cycle earlier than water breakthrough
predicted with the D model because a higher water storage capacity of the CBS is predicted
with the D model. After breakthrough started with both the H model and the D model, in
each cycle a similar amount of cumulative water outflow is predicted because the cumulative
evaporations are similar with both models.

The mean degree of saturation of the finer layer (see Figure 6.17d) is a reflection of
the difference between the inflow and the outflow in the finer layer (see the solid lines in
Figure 6.17e). In the initial cycles, as predicted by all the models, the mean degree of
saturation of the finer layer starts increasing because the cumulative rain is higher than the
cumulative evaporation and water breakthrough does not occur. In the initial cycles, the mean
degree of saturation of the finer layer is predicted to increase more rapidly with the D and W
models than with the H model, as a result of the different patterns of evaporation described
above. When the water storage capacities of the CBS are attained (higher with the D model,
intermediate with the H model, lower with the W model), the variations of the mean degree of
saturation of the finer layer predicted with the different models become stable with an overall
constant trend where, in each cycle, an initial increase due to the applied rain is followed by a
subsequent decrease due to evaporation and water breakthrough.

In general, compared to the use of the main wetting curve alone or the main drying curve
alone, the use of the full hysteretic model leads to significantly different predictions of the
thermo-hydraulic response of the CBS when subjected to cycles of rain and evaporation.
Therefore, the lack of consideration of hydraulic hysteresis in the simulation of the cyclic
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behaviour of CBSs may lead to unreliable results. Higher evaporation rates are in general
predicted using the H model, as also confirmed by the results of Zhang et al. [166]. Moreover,
the water storage capacity and the percolation into the coarser layer predicted with the H
model are intermediate between those predicted with the W model and those predicted with
the D model.

6.3 Minimum water storage capacity of capillary barrier
systems

The water storage capacity (WSC) of a capillary barrier system, namely the maximum amount
of water that can be stored in the finer layer before water breakthrough occurs through the
interface between finer and coarser layer, is strongly affected by the infiltration rate, as
discussed in Section 2.3.3. In general, the water storage capacity of CBSs increases with
increasing infiltration rate if this infiltration rate is applied continuously until breakthrough.
In this section, it is shown that the water storage capacity associated to a high infiltration
rate cannot be relied upon, because an amount of water less than this may produce a delayed
breakthrough (some time after infiltration at the ground surface has stopped). The only amount
of water that can be stored in the finer layer in the long-term is the minimum water storage
capacity. This minimum water storage capacity is that corresponding to the application of a
very low constant infiltration rate.

6.3.1 Numerical model

One-dimensional numerical simulations of infiltration processes in a capillary barrier were
performed with different infiltration rates applied for different periods of time. In these
analyses, a uniform and constant distribution of temperature was considered, the solid phase
was considered as non-deformable and the gas phase as non-mobile. Thus, constant and
uniform values of displacements of the solid phase (uuu = 0m), gas pressure (pg = 100kPa)
and temperature (T = 20◦C) were imposed.

The model analysed was a vertical column of soil made of two layers: an upper layer,
0.8 m thick, representing the finer layer (F.L.) of a CBS and a lower layer, 0.75 m thick,
representing the coarser layer (C.L.). The thickness of the coarser layer was unrealistically
high in order to have the bottom boundary sufficiently far from the interface so that the
phenomenon of breakthrough was not affected by any influence of the bottom boundary.

A structured mesh made of quadrilateral elements was used for the CBS. The mesh of
the coarser layer was divided into two parts: from the bottom boundary (0 m) to a height of
0.25 m, 20 uniformly spaced elements were used in the vertical direction; from a height of
0.25 m to the interface with the F.L. (0.75 m), 120 elements were used in the vertical direction
with a mesh refinement gradient of 0/0.1 (finer toward the interface). The mesh of the finer
layer was characterised by 120 elements uniformly spaced in the vertical direction.
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The materials forming the two layers were each modelled by defining the hydraulic
constitutive models (SWRC and SHCC), the intrinsic permeability and the porosity. Each of
the two layers was considered as a uniform material. The same material properties used in the
simulations presented in Section 6.2 were used for these analyses. The parameters chosen to
model the finer layer were representative of a fine sand whereas those of the coarser layer were
representative of a gravelly sand (see Table 6.2). The hydraulic behaviour of the materials
(see Figures 6.9c and 6.9d) were modelled using the full hysteretic modVG-modM+LF model,
with the liquid film conductivity parameter CFilm

r obtained using the default value of the
parameter XD.

In all the simulations, initial conditions consisted of a hydrostatic linear distribution of
pore-water pressure in the coarser layer, with pl = 100kPa (s = 0kPa) at the bottom of the
model and pl = 92.5kPa (s = 7.5kPa) at the interface, and a constant value of pore-water
pressure in the finer layer, with pl = 75kPa (s= 25kPa). The value of pl = 100kPa (s= 0kPa)
was set as a bottom bottom boundary condition. The initial suction and degree of saturation
profiles were similar to those shown in Figure 6.9b but, in the analyses presented in this
sub-section, the finer layer is thicker.

Four different simulations were performed and different top boundary conditions were
applied for each of them. In the first and second simulations, a constant low infiltration
rate i = 1×10−7 m/s and a constant high infiltration rate i = 5×10−5 m/s were respectively
applied at the top boundary for a duration sufficiently long to cause water breakthrough at
the interface between finer and coarser layer. With these two simulations, the water storage
capacity of the CBS associated to the two corresponding constant infiltration rates was
determined.

Subsequently, two further simulations were performed to assess the role of water redistri-
bution on the water storage capacity of the CBS. In the first of these two analyses (path 1),
the high infiltration rate i = 5×10−5 m/s was applied for a duration of 0.8 hours, such that
the total volume of infiltrated water was lower than the water storage capacity obtained from
the simulation where a continuous low infiltration rate i = 1×10−7 m/s was applied. After
0.8 hours the infiltration at the top boundary was stopped and the hydraulic behaviour of the
CBS was monitored during redistribution of water, with an impermeable boundary condition
at the ground surface.

In the fourth and last simulation (path 2), the high infiltration rate i = 5×10−5 m/s was
applied over four time intervals, each with a duration of 0.333 hours (i.e. 0-0.333 hours,
5-5.333 hours, 10-10.333 hours and 15-15.333 hours). These periods of infiltration were
alternated with four time intervals in which no infiltration rate was applied (i.e. 0.333-5
hours, 5.333-10 hours, 10.333-15 hours and 15.333-30 hours) i.e. an impermeable boundary
condition at the ground surface. In the intervals in which no infiltration rate was applied, the
hydraulic behaviour of the CBS was monitored during redistribution of water within the CBS.
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6.3.2 Numerical results

Figure 6.19 shows the results of the two simulations in which two different constant infiltration
rates were applied at the surface, a low infiltration rate i = 1×10−7 m/s (Figures 6.19a
and 6.19b) and a high infiltration rate i= 5×10−5 m/s (Figures 6.19c and 6.19d). In particular,
Figures 6.19a and 6.19c show the time histories of the water velocity applied at the surface
(orange lines) and recorded at the interface between finer and coarser layer (blue lines)
whereas Figures 6.19b and 6.19d show the corresponding cumulative liquid flows, calculated
by integrating the time histories of liquid velocity over time. In addition, Figures 6.19b
and 6.19d also show the difference between the cumulative flows applied at the surface and
the cumulative flows recorded at the interface (black dashed lines). The water breakthrough
at the interface starts after approximately 472 hours for i = 1×10−7 m/s and 1.523 hours for
i = 5×10−5 m/s.

In both Figures 6.19b and 6.19d, the difference between the cumulative flow at the surface
and at the interface initially increases like the cumulative flow at the surface, because a
negligible amount of water initially flows across the interface. When breakthrough occurs,
the percolation rate across the interface rapidly increases up to the applied infiltration rate
(i = 1×10−7 m/s in Figure 6.19a and i = 5×10−5 m/s in Figure 6.19c). After breakthrough,
the difference between the cumulative flows at the surface and at the interface becomes
approximately constant because the percolation rate at the interface approximately equals
the infiltration rate at the surface. Therefore, the approximately constant values attained
by the differences between the cumulative flows at the surface and at the interface can be
seen as the water storage capacities of the CBS respectively for the applied infiltration rate
i= 1×10−7 m/s (black line in Figure 6.19b) and i= 5×10−5 m/s (black line in Figure 6.19d).
It can be seen that, as expected, the water storage capacity of the CBS obtained with the
higher infiltration rate i = 5×10−5 m/s, which is 0.288 m, is higher than that obtained with
the lower infiltration rate i = 1×10−7 m/s, which is 0.170 m.

Note that the spikes present in the time histories of liquid velocity at the interface in
Figures 6.19a and 6.19c are the results of solving challenging numerical problems but they
do not have a real physical relevance. In particular, in the numerical simulations, when the
wetting front propagating within the F.L. reaches the interface with the C.L., the suction
significantly drops at that location compared to the initial value and a very sharp hydraulic
gradient across the interface is attained. This causes a sudden increase of liquid velocity
across the interface although the hydraulic conductivity of the C.L. is still very small (i.e.
breakthrough has not occurred yet). After this sudden increase of liquid velocity, the hydraulic
gradient across the interface becomes rapidly smoother and the liquid velocity suddenly drops
and it remains very small until breakthrough. This numerical effect has a negligible impact
on the cumulative flows (see Figures 6.19b and 6.19d).

The higher water storage capacity obtained with the application of the higher infiltration
rate i = 5×10−5 m/s is clarified by inspection of Figure 6.20, which shows the profiles of
suction (Figure 6.20a) and degree of saturation (Figure 6.20b) obtained in the finer layer at
breakthrough. As already discussed in Section 2.3.3, higher values of suction are attained
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Figure 6.19: Time history of liquid velocity (a-c) and cumulative liquid flow (b-d) at the
surface and at the interface for the applied continuous infiltration rates i = 1×10−7 m/s and
i = 5×10−5 m/s

in the upper part of the finer layer when the lower infiltration rate is applied. Consequently,
lower values of degree of saturation are attained in the upper part of the finer layer, and hence
a lower water storage capacity, when the lower infiltration rate is applied.

Figure 6.20: Profiles of suction (a) and degree of saturation (b) at breakthrough obtained for
the applied continuous infiltration rates i = 1×10−7 m/s and i = 5×10−5 m/s

The higher water storage capacity obtained with a higher constant infiltration rate may not
be a reliable quantity for design purposes, due to the effect of water redistribution occurring
within the finer layer after the water infiltration at the surface is stopped. In order to analyse
this effect, two additional simulations were performed, considering infiltration path 1 and
infiltration path 2 described earlier.

Figures 6.21a and 6.21b show the results of the application of infiltration path 1, in
terms of the time histories of the water velocity applied at the top surface and predicted
at the interface (Figure 6.21a) and the corresponding cumulative flows (Figure 6.21b). In
this simulation, the higher infiltration rate i = 5×10−5 m/s was applied for a duration of
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0.8 hours and subsequently stopped (see orange lines in Figures 6.21a and 6.21b). The
total amount of infiltrated water was slightly lower than the water storage capacity (WSC)
obtained with the application of the constant lower infiltration rate i = 1×10−7 m/s, i.e.
WSC

(
i = 1×10−7 m/s

)
= 0.170m. It can be seen that, in this situation, no noticeable water

breakthrough is recorded even after redistribution of water in the finer layer occurs.

Figure 6.21: Time history of liquid velocity (a-c) and cumulative liquid flow (b-d) at the
surface and at the interface for infiltration path 1 (a-b) and infiltration path 2 (c-d)

Figures 6.21c and 6.21d show the results of the application of infiltration path 2, in terms of
the time histories of the water velocity applied at the top surface and recorded at the interface
(Figure 6.21c) and the corresponding cumulative flows (Figure 6.21d). In this simulation, four
time intervals in which the high infiltration rate i = 5×10−5 m/s was applied for a duration of
0.333 hours were alternated with four time intervals in which no infiltration rate was applied
(see orange lines in Figures 6.21c and 6.21d). In this case, the total amount of infiltrated water
was lower than the water storage capacity obtained with the application of the constant higher
infiltration rate i = 5×10−5 m/s, i.e. WSC

(
i = 5×10−5 m/s

)
= 0.288m, but higher than

WSC
(
i = 1×10−7 m/s

)
= 0.170m. It can be seen that, in this situation, significant water

breakthrough occurs at the interface between the finer layer and the coarser layer, during the
period of water redistribution after the end of the final period of rainfall.

From these results, it is evident that if the total amount of water infiltrated in the finer
layer is lower than the water storage capacity obtained with a very low constant infiltration
rate, no significant water breakthrough occurs across the interface between finer layer and
coarser layer, regardless of the water infiltration time sequence and the redistribution of water
taking place in the finer layer. An amount of water higher than the water storage capacity
obtained with a low constant infiltration rate can be injected into the finer layer by means of a
relatively high infiltration rate, and this amount of water may be temporarily maintained in
the finer layer. However, subsequent redistribution of water within the finer layer may result
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in a delayed breakthrough at the interface between the finer layer and the coarser layer.

6.4 Concluding remarks

Subsequent to the successful implementation in Code_Bright (see Chapter 4) of the new
hydraulic constitutive models for unsaturated soils (see Chapter 3), these models were applied
to the numerical study of the fundamental behaviour of CBS.

The results obtained from simulations of one-dimensional water infiltration tests in which
only main wetting curves were considered (i.e. no hysteresis) can be summarised as follows.

• The new hydraulic conductivity model is able to predict the phenomenon of water
breakthrough from the F.L. to the C.L. of a CBS much better than the conventional van
Genuchten-Mualem model.

• The new hydraulic conductivity model is able to capture the role of liquid film flow,
which is often neglected. This can have a significant influence on the variation of
suction in the C.L., even prior to breakthrough, particularly for a low infiltration rate.
Moreover, it can affect the velocity of water propagation in the C.L. after breakthrough.

• The variability of the parameter XD within a realistic range of values (i.e. within a 95%
confidence interval) has a negligible effect on suction and degree of saturation profiles
at breakthrough in the finer layer. In the coarser layer, this variability of XD affects the
suction and degree of saturation profiles only at low infiltration rates.

• Water vapour diffusion has negligible impact in these water infiltration tests.

The impact of hydraulic hysteresis on the behaviour of CBSs was assessed by means of
specific one-dimensional simulations in which rainfall, redistribution after rain ceases and
evaporation were simulated. The key results can be summarised as follows.

• The inclusion of water retention hysteresis leads to significantly different predictions
of the redistribution of water in the finer layer of a CBS after intense rainfall events,
compared to predictions employing a unique SWRC, resulting in a more uniform
distribution of water in the finer layer.

• Only the full hysteretic constitutive model is able to represent successfully both the
condition at breakthrough and the condition at restoration of the CBS.

• Hydraulic hysteresis has a major impact on the prediction of evaporation from a CBS
into the atmosphere, because the hysteresis leads to higher water availability in the soil
close to the ground surface and hence to the prediction of higher cumulative evaporation.

Simulations of one-dimensional water infiltration tests considering different applied
infiltration paths show that, for design purposes, the only reliable water storage capacity of
the CBS, which does not result in delayed breakthrough in the long-term, is that obtained with
a low constant infiltration rate. This water storage capacity can be approximated by the water
storage capacity obtained with a hydrostatic suction profile in the finer layer at breakthrough.



Chapter 7

Multi-layered capillary barrier systems:
analytical, numerical and experimental
study

Under certain conditions, conventional capillary barrier systems may be highly inefficient
in storing water and this strongly depends on the materials used and on the thickness of
the layers. In this chapter, the use of multi-layered capillary barrier systems as a means to
improve the water storage capacity is analysed. The interpretation of the hydraulic behaviour
of multi-layered CBSs is initially given. A simplified analytical model for estimating the
water storage capacity of multi-layered CBSs was developed and it is subsequently presented.
The simplified model was then validated with the results of rigorous numerical FE analyses
and these two approaches, simplified model and numerical FE analyses, were used to perform
a parametric analysis of the water storage capacity of multi-layered CBSs. Finally, laboratory
column infiltration tests on multi-layered CBSs were carried out in order to validate the use
of the simplified analytical model and to show experimentally the improved water storage
capacity of multi-layered CBSs.

7.1 Working principle of multi-layered capillary barrier sys-
tems

As already mentioned, the water storage capacity (WSC) of a capillary barrier system is defined
as the maximum amount of water which can be stored in the barrier before breakthrough
occurs. The study of the suction profile s(z) at breakthrough in a CBS is very important
because, from this, the corresponding degree of saturation profile and eventually the water
storage capacity can be obtained, as was shown in Section 2.3.3 (see Equation 2.61). The
suction profile (and hence the degree of saturation profile) in the finer layer at breakthrough
depends on the properties of both the finer layer and the coarser layer and on the infiltration
rate applied at the surface, as was discussed in Section 2.3.3 (see Figure 2.22).

For relatively low infiltration rates, the suction profile in the finer layer at breakthrough

199



CHAPTER 7. MULTI-LAYERED CAPILLARY BARRIER SYSTEMS: ANALYTICAL, NUMERICAL AND
EXPERIMENTAL STUDY 200

is approximately hydrostatic. As the infiltration rate i increases, the suction profile tends to
deviate from the hydrostatic profile, reaching a maximum suction value equal to s∗f at the top of

the finer layer, such that kl, f

(
s∗f
)
= i, where kl, f is the hydraulic conductivity function of the

finer layer [23, 141]. Since the hydraulic conductivity decreases with increasing suction, as the
infiltration rate increases, the maximum suction value reached in the finer layer s∗f decreases.
Consequently, the degree of saturation at the top of the finer layer at the time of breakthrough
increases as the infiltration rate increases and the water storage capacity therefore increases
with increasing infiltration rate. However, as shown in Section 6.3, the design of a CBS
cannot rely on the water storage capacity obtained considering high infiltration rates. Only
an amount of water lower than the WSC corresponding to very low infiltration rates can be
sustained by the barrier in the long term. If an amount of water higher than this value is
applied by means of a high infiltration rate, and the infiltration is then stopped, breakthrough
will eventually occur, some time after the infiltration at the ground surface has ceased in
absence of evapotranspiration (see Section 6.3). Thus, the only reliable value for the WSC is
that calculated for a low infiltration rate, i.e. assuming a hydrostatic profile in the finer layer
at breakthrough. The influence of the infiltration rate is assessed in the numerical analyses
presented in Section 7.3.2.

The term multi-layered capillary barriers refers to CBSs made of the alternation of a
given number of finer and coarser layers. If only one finer layer and one coarser layer are
considered, a conventional single capillary barrier is obtained. The use of multi-layered
CBSs may lead to a significant increase of the water storage capacity, in particular for low
infiltration rates. In order to explain this effect, a qualitative comparison of suction and degree
of saturation profiles at breakthrough between a conventional single capillary barrier (SCB)
and a multi-layered capillary barrier (MCB) is shown in Figure 7.1, for a low infiltration rate.
In this example, the MCB is made of two coarser layers (C.L.) and two finer layers (F.L.).

Figure 7.1: Qualitative comparison of suction and degree of saturation profiles at breakthrough
for a single CBS (blue) and a multi-layered CBS (red), at a relatively low infiltration rate
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For the SCB in Figure 7.1, it can be seen that at breakthrough a large quantity of water is
stored in the lower part of the finer layer, immediately above the interface between the finer
layer and the coarser layer, where the degree of saturation is generally equal to 1. This applies
to a thickness t∗f where suction is lower than the air-exclusion value of the finer layer s f

AEX .
The thickness t∗f is thus calculated as:

t∗f =
s f

AEX − sc
BWC

γl
(7.1)

where sc
BWC is the bulk water-continuity value of the coarser layer and γl is the unit weight of

liquid water. It is worth noting from Equation 7.1 that t∗f is solely a property of the materials of
the coarser and finer layers. Above this thickness t∗f , the degree of saturation of the finer layer
starts decreasing and hence less water is stored far from the interface. In general, increasing
the thickness of the finer layer of a capillary barrier leads to an increase of the WSC, but the
gain in the WSC becomes lower and lower as the thickness of the finer layer is increased
beyond t∗f . Eventually, no significant gain in WSC is obtained by increasing this thickness of
the finer layer beyond the height where suction attains the bulk water-entry value of the finer
layer.

For a MCB, breakthrough is the time at which bulk water starts entering the lowest coarser
layer of the barrier. The suction profile at breakthrough of a MCB is different from that of a
SCB. Although in the lowest finer layer the suction profile is the same as in the corresponding
part of the finer layer of a SCB, in an intermediate coarser layer suction typically drops and
it is approximately uniform within the coarser layer (see Figure 7.1). In a finer layer above
this intermediate coarser layer, the suction profile is continuous at the interface and again
hydrostatic within at least the lower part of this upper finer layer [27]. Comparing the degree
of saturation profiles of the SCB and the MCB in Figure 7.1, since the intermediate coarser
layer in the MCB is typically at low degree of saturation, part of the water storage capacity
of a MCB is lost, because of the replacement of some finer material with the intermediate
coarser layer. However, this may be more than compensated by the increased storage capacity
of the upper finer layer, which is now at much lower suction (and hence much higher degree
of saturation) than the corresponding part of the finer layer of a SCB, as a consequence of the
presence of the intermediate coarser layer. Thus, the study of a layered capillary barrier is
based on weighing these two factors: i) reduction of WSC due to the low degree of saturation
in the intermediate coarser layers; ii) increase of WSC due to the potential increase in the
degree of saturation in the finer layers overlying intermediate coarser layers.

If relatively high infiltration rates are applied, the situation may be significantly different,
as shown in the qualitative comparison between a SCB and a MCB in Figure 7.2. In this case,
the suction profile of the SCB is initially hydrostatic up to the value s∗f , beyond which it is
constant. The corresponding degree of saturation remains high over the entire thickness of the
single finer layer of the SCB and the WSC is higher than that obtained with lower infiltration
rates. In this case, if a coarser layer is introduced in the barrier, part of the WSC is lost within
the intermediate coarser layer but no significant gains are obtained in the upper finer layer,
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where the degree of saturation was already high. Although the WSC calculated with reference
to high infiltration rates is not reliable in the long term and should not be considered for
design purposes (as stated earlier), the effect of the infiltration rate in MCBs is analyzed in
Section 7.3.2.

Figure 7.2: Qualitative comparison of suction and degree of saturation profiles at breakthrough
for a single CBS (blue) and a multi-layered CBS (red), at a relatively high infiltration rate

7.2 Development of a simplified method for the analysis of
multi-layered capillary barrier systems

In this section, a simplified calculation method for multi-layered capillary barriers is proposed.
This simplified calculation method involves three steps:

1. determine whether the basic condition for possible use of multi-layered capillary barriers
is satisfied;

2. simplified method for a preliminary optimum layout;

3. final verification considering the influence of the infiltration rate.

Step 1: Basic condition for possible use of multi-layered capillary barriers

In Section 7.1, it was shown that, for a conventional SCB, if the thickness of the finer layer
t f ,SCB is less than the critical thickness t∗f , given by Equation 7.1, the entire finer layer will
be in a fully saturated condition at breakthrough and there is no possibility of increasing the
WSC by additional layering. Consequently, if the thickness of the finer layer of a SCB (t f ,SCB)
is such that:

t f ,SCB ≤ t∗f =
s f

AEX − sc
BWC

γl
(7.2)
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the barrier should not be layered. In this case, the degree of saturation is equal to 1 over the
entire thickness of the finer layer of the SCB and the insertion of a new coarser layer leads
to a decrease of the WSC. However, t f ,SCB > t∗f does not necessarily mean that the barrier
should be layered. The higher the ratio t f ,SCB/t∗f is, the more likely it is that a MCB will have
higher WSC than a SCB.

Step 2: Simplified method for a preliminary optimum layout

If the thickness of a SCB is such that t f ,SCB > t∗f , the use of a MCB can be considered. In
order to find the optimum solution in terms of number and thickness of layers, an iterative
procedure for the calculation of the WSC must be used. In particular, the ratio between the
water storage capacity of a general multi-layered capillary barrier WSC and the water storage
capacity of the corresponding single capillary barrier WSCSCB must be assessed by varying
the number of layers in the MCB. This iterative procedure can be executed using numerical
methods (e.g. FE), but these can be highly time-demanding and expensive. To avoid this
issue, a simplified method is proposed. A simplified suction profile at breakthrough s(z)

under constant infiltration rate i is assumed to be valid for MCBs, as shown in Figure 7.3.

Figure 7.3: Simplified suction profile at breakthrough for multi-layered CBSs

In the finer layers, the suction profile is assumed hydrostatic up to the value s∗f , beyond
which it is constant. This bilinear suction profile within each F.L. agrees with the physical
description of the suction profile at breakthrough for single CBSs given in Section 2.3.3. The
suction value at the bottom of the lowest finer layer is the bulk-water continuity value of
the coarser layer sc

BWC. At the bottom of all the other finer layers, suction is equal to the
constant suction value in the intermediate coarser layers, namely s∗c . The constant suction
value in the coarser layers s∗c is such that kl,c (s∗c) = i, where i is the applied infiltration rate.
The reason why a constant suction profile with s = s∗c is expected within the intermediate
coarser layers at breakthrough is similar to the reason why the suction profile in the finer layer
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of a SCB at breakthrough tends to become constant in the upper part (see Section 2.3.3). At
breakthrough, the water velocity at all depths within a MCB (except the lowest coarser layer)
is equal to the infiltration rate i and the suction within the intermediate coarser layers must be
a constant value (corresponding to a hydraulic gradient of 1) and this constant value of suction
s∗c must be such that kl,c (s∗c) = i. Given this suction profile at breakthrough s(z) and the main
wetting soil water retention curves of the materials Sl (s), the degree of saturation profile at
breakthrough Sl (z) can be obtained. Finally, given also the porosities of the materials φ , the
water storage capacity is calculated as:

WSC =
∫

ttot

φ (z) ·Sl (z)dz (7.3)

where ttot is the total thickness of the barrier, excluding the lowest coarser layer. The
method can be used in hand calculations or can be implemented easily in simple commercial
software (e.g. Matlab or Excel) and it allows the storage capacities of MCBs with different
numbers of layers to be calculated simply and quickly. It can also take into account the
effect of the infiltration rate i. At this step, however, suction profiles at breakthrough should
be calculated considering a low infiltration rate. The validity of the method is shown in
Section 7.3, by means of a comparison with results obtained using numerical FE analyses, and
in Section 7.4, by means of a comparison with experimental results obtained from laboratory
column infiltration tests on multi-layered CBSs.

Step 3: Final verification considering the influence of the infiltration rate

After the optimum layout of the barrier is chosen according to Step 2, the influence of the
infiltration rate i must be assessed. Although the WSC calculated in correspondence of
high infiltration rates is not reliable (see Section 6.3), it is suggested that the behaviour of a
MCB under different infiltration rates is assessed because there may be situations in which a
temporary water storage greater than the water storage capacity does not necessarily lead to
water breakthrough. For instance, when evaporation from the ground surface occurs after a
period of high intensity rainfall has ceased this may take water out of the barrier sufficiently
quickly to prevent subsequent breakthrough even if the amount of water briefly stored in the
barrier exceeds the WSC determined for a low infiltration rate. Hence, in this case, it can be
beneficial to have a CBS with a high storage capacity under high infiltration rate, even if this
storage capacity cannot be relied upon long-term.

The behaviour of MCBs under high infiltration rates can be assessed again using the
simplified approach, but with a different suction profile for each value of i (see previous step).
The simplified approach performs very well at low infiltration rates but it may be slightly
conservative at relatively high infiltration rates (see Section 7.3.2).
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7.3 Numerical and simplified analysis of multi-layered CBSs

In this section, the behaviour of multi-layered capillary barriers is studied numerically using
the simplified approach and the rigorous finite element (FE) approach. In particular, several
analyses were performed to assess the influence of number of layers, material properties,
thickness of the barrier and infiltration rate on the water storage capacity of multi-layered
capillary barriers. Moreover, a comparison between the results obtained using the simplified
approach and those obtained using numerical FE analyses is shown in order to validate the
use of the simplified approach.

7.3.1 Description of the models

Multi-layered capillary barriers were analysed using two approaches: the simplified approach
and the numerical FE approach. The simplified approach is described in Section 7.2. Numeri-
cal simulations of one-dimensional infiltration tests on MCBs were carried out by means of
Code_Bright. Only isothermal liquid water transport was considered in the analyses, with the
solid phase considered as non-deformable and the gas phase as nonmobile. Thus, constant
and uniform values of temperature (T = 20◦C), displacements of the solid phase (uuu = 0m)
and gas pressure (pg = 100kPa) were imposed.

Different geometrical layouts were analysed. All the models were vertical columns of soil
made of equal numbers of finer and coarser layers. In all models, the bottom coarser layer was
30 cm thick and all intermediate coarser layers were 5 cm thick. Five values were assigned
to ttot , the total thickness of the barrier excluding the bottom coarser layer: 35 cm, 70 cm,
125 cm, 160 cm and 250 cm. The layering factor (κ) is defined as the number of coarser layers
or finer layers (the same number) present in the barrier (e.g. the layering factor of a SCB is
equal to 1). The layering factor was varied from 1 to 14. The thickness of each individual
finer layer t f for each layout of the barrier is:

t f =
ttot− (κ−1) · tc

κ
(7.4)

where tc is the thickness of the intermediate coarser layers.
Since only liquid water transport was considered in the analysis, the materials forming the

two layers were modelled by defining the hydraulic constitutive models (SWRCs and SHCCs)
and the porosities Φ, each of which was considered to be constant and uniform within a layer.
Table 7.1 shows the parameters of the materials and Figure 7.4 shows the SWRCs and the
SHCCs.

The finer layers were modelled by the conventional VG-M model whereas the coarser
layers were modelled by the modVG-modM+LF model (using the default value XD =

2.35×10−9 mmms−1 kPa1.5, see Section 3.3.2). Water retention hysteresis was not included
in these models because only infiltration tests characterised by a constant infiltration rate
were simulated. For this type of simulations, only the definition of the main wetting curve is
required.
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Figure 7.4: SWRCs and SHCCs of the materials used in the analyses

Three pairs of materials for the finer and coarser layers were considered for this study:
"Materials 1 (M1)", "Materials 2 (M2)" and "Materials 3 (M3)". For Materials 1, the material
properties were taken from Khire et al. [144], with the finer layer a silty sand and the coarser
layer a pea gravel. For Materials 2, the material properties were taken from Stormont and
Anderson [23], with the finer layer a silty sand and the coarser layer a pea gravel. For Materials
3, the finer layer was a fine sand [143] and the coarser layer was a gravelly sand [197]. The
corresponding values for the parameter t∗f (see Section 7.1) were: 50 cm for Materials 1,
11 cm for Materials 2 and 3 cm for Materials 3.

In the numerical models, initial conditions and boundary conditions were applied. The
initial condition was a hydrostatic pore-water pressure profile, with pl = 0kPa (s = 100kPa)
at the bottom boundary. In this initial condition, the coarser layers were at very low degree of
saturation, less than Sl,BWC. Two types of boundary conditions were imposed in the model:
the value of pore-water pressure was imposed at the bottom boundary whereas a constant
vertical water flux (the infiltration rate i) was imposed at the top boundary. The pore-water
pressure imposed at the bottom boundary was equal to the initial value, namely pl = 0kPa
(s = 100kPa). In order to assess the influence of the infiltration rate on the problem, several
values of the infiltration rate i imposed at the top boundary were considered.

7.3.2 Results and discussion

Results obtained from numerical FE analyses and simplified analyses are presented in terms
of variation of the water storage capacity WSC with the layering factor κ , considering the
influence of the total thickness of the barrier above the bottom coarser layer ttot , material
properties and infiltration rate i. Moreover, comparisons between the numerical approach
and the simplified approach in terms of water storage capacities and suction profiles at
breakthrough are shown.
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Table 7.1: Properties of the materials

Material
Physical parameters

Φ k D10

[-] [m2] [mm]
M1 F.L. 0.45 2.78E-13 -
M1 C.L. 0.32 1.03E-9 5.0
M2 F.L. 0.41 3.08E-13 -
M2 C.L. 0.33 1.34E-9 2.5
M3 F.L. 0.41 2.78E-11 -
M3 C.L. 0.38 7.81E-9 2.5

SWRC parameters
P0 σs m Slr ξ Sls

[MPa] [N/m] [-] [-] [-] [-]
M1 F.L. VG 1.962E-2 0 0.324 0.022 - 1

M1 C.L. modVG 1.709E-4 0 0.590 - 2.75E-3 1
M2 F.L. VG 3.270E-3 0 0.505 0.171 - 1

M2 C.L. modVG 3.504E-5 0 0.600 - 6.66E-3 1
M3 F.L. VG 1.258E-3 0 0.750 0.000 - 1

M3 C.L. modVG 3.856E-5 0 0.507 - 6.10E-5 1

SHCC parameters
m Slr Sl,BWC Sls CFilm

r aFilm dFilm

[-] [-] [-] [-] [MPa-1.5] [MPa] [-]
M1 F.L. M 0.324 0.022 - 1 - - -

M1 C.L. modM+LF 0.590 - 0.107 1 9.89E-13 1.45E-4 -1.5
M2 F.L. M 0.505 0.171 - 1 - - -

M2 C.L. modM+LF 0.600 - 0.150 1 1.50E-12 3.00E-5 -1.5
M3 F.L. M 0.750 0.000 - 1 - - -

M3 C.L. modM+LF 0.507 - 0.091 1 2.37E-13 3.00E-5 -1.5

Figure 7.5 shows how the water storage capacity varies with the layering factor, consider-
ing different materials and different values of the total thickness of the barrier without the
bottom coarser layer ttot . In the graphs on the right (Figures 7.5b,d,f), the absolute values of
the WSC are plotted against the layering factor whereas the ratios between the water storage
capacity WSC and the water storage capacity of the corresponding single capillary barrier
WSCSCB are plotted against the layering factor in the graphs on the left (Figures 7.5a,c,e). In
Figure 7.5, the infiltration rate applied in all the analyses is i = 1×10−7 m/s. The (piecewise
linear) continuous lines refer to results obtained using the simplified approach whereas the
symbols refer to results obtained using the numerical approach.

Values of WSC/WSCSCB higher than 1 in Figure 7.5 mean that the multi-layered barrier
has a higher water storage capacity than the conventional single capillary barrier. The higher
the ratio WSC/WSCSCB, the more benefit is gained by layering a barrier. It can be seen
that, in certain cases, the use of multi-layered barriers leads to a decrease of the WSC (e.g.
Materials 1, ttot = 35cm) whereas, in other cases, the WSC may be increased substantially by
the layering effect (e.g. Materials 3, ttot = 250cm). When WSC/WSCSCB is lower than 1, the
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Figure 7.5: Water storage capacities (b,d,f) and ratios between water storage capacity and
water storage capacity of a corresponding single capillary barrier (a,c,e) plotted against
the layering factor, for a fixed infiltration rate i = 1×10−7 m/s, varying thickness ttot and
materials, obtained from simplified and numerical analyses
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reduction in the WSC due to the low degree of saturation in the coarser layers is greater than
the increase in WSC due to the reduction of suction in the upper finer layers caused by the
introduction of intermediate coarser layers (see Section 7.1).

All the WSC/WSCSCB curves going higher than 1 in Figure 7.5 reach a peak corresponding
to the "optimum layering factor" κopt . For a layering factor higher than the optimum, the
curves start decreasing because the reduction of the WSC due to the low degree of saturation
in the coarser layers starts outweighing the increase of the WSC due to the reduction of suction
in the finer layers. For given materials, the maximum achievable value of WSC/WSCSCB

increases with increasing total thickness of the barrier, in agreement with the discussion in
Section 7.1, because in thick SCBs the upper part of the finer layer is in general at low degree
of saturation and its contribution to the WSC is small. With the introduction of additional
coarser layers, suction in the upper part of the barrier may be reduced so that its contribution
to the WSC is recovered.

The variation of water storage capacity with the layering factor strongly depends on the
materials that the capillary barrier is made of. A coarser layer with high bulk water-continuity
value of suction and, in particular, a finer layer with low air-exclusion value of suction (i.e.
low value of t∗f ) and low bulk water-entry value (e.g. Materials 3) produces the possibility of
a large increase of WSC of a multi-layered capillary barrier compared to a single capillary
barrier. On the other hand, for a coarser layer with low bulk water-continuity value and, in
particular, for a finer layer with high air-exclusion value (high value of t∗f ) and high bulk
water-entry value (e.g. Materials 1) it is unlikely to be worth using a multi-layered barrier
unless the barrier is very thick. However, this does not mean that Materials 1 would be a less
desirable combination than Materials 3. Observing the absolute values of WSC in the graphs
on the right in Figure 7.5, it can be seen that, for a given thickness ttot , the maximum WSC

achieved by layering with Materials 3 is lower than the WSC of a SCB made of Materials
1. This means that for finer layers in horizontal capillary barriers, although finer-grained
materials like silty sands (e.g. represented by Materials 1) are preferred in terms of WSC,
if the availability of materials is limited to coarser-grained materials like fine sands (e.g.
represented by Materials 3) the WSC may be increased substantially by means of layering the
capillary barrier, in particular if the thickness is high. In this way, recycled or low-cost coarse
grained materials (e.g. recycled pavements or construction materials) can be exploited for
potential use in CBSs.

The influence of the infiltration rate on the water storage capacity of multi-layered capillary
barriers is shown in Figure 7.6. This figure shows different curves representing WSC and
WSC/WSCSCB against the layering factor κ , for a fixed value of ttot = 125cm but considering
different materials and infiltration rates. In all the right hand graphs (Figures 7.6b,d,f), it
can be seen that the WSC increases as the infiltration rate increases, although the higher
WSC related to high infiltration rate is not reliable as discussed in Section 6.3. On the
other hand, the possible benefit achieved by additional layering, as indicated by the ratio
WSC/WSCSCB in the left hand graphs, is always greatest for the low infiltration rates. For
instance, the WSC of a layered capillary barrier made of Materials 3 at its optimum layering
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factor κopt = 9 is approximately 4.4 times higher than the WSCSCB under a low infiltration
rate (i = 1×10−8 m/s), whereas WSC is 20% lower than WSCSCB under an extremely high
infiltration rate (i= 1×10−4 m/s). Considering that the gain obtained for low infiltration rates
by layering is much greater than the loss obtained at high infiltration rate and remembering that
the WSC obtained at high infiltration rates is not a reliable value since it does not represent the
realistic water storage capacity of a CBS, this would suggest that there would be considerable
benefit to using a multi-layered capillary barrier if using Materials 3 with ttot = 125cm.

Figure 7.6: Water storage capacities (b,d,f) and ratios between water storage capacity and
water storage capacity of a corresponding single capillary barrier (a,c,e) plotted against the
layering factor, for a fixed thickness ttot = 125cm and varying infiltration rate i and materials,
obtained from simplified analyses

From the comparison between the results shown in Figure 7.5 obtained using the numerical
and the simplified approaches, it can be seen that the simplified analyses lead to WSC values
approximately equal to those obtained from numerical analyses, where different values of
layering factor, thickness ttot and materials are considered. Moreover, a comparison between
these two approaches was also done varying the infiltration rate i, as shown in Figure 7.7 and
in Figure 7.8.
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Figure 7.7: Comparison between suction profiles at breakthrough obtained from numerical
analyses and simplified analyses, for a fixed thickness ttot = 70cm, varying the layering factor
and the infiltration rate

In this case, the capillary barrier was modelled with Materials 3, the total thickness was
fixed as ttot = 70cm, the layering factor κ was varied between 1 and 6 and three values of the
infiltration rate i were considered: i= 1×10−7 m/s, i= 2.7×10−5 m/s and i= 1×10−4 m/s.
Figure 7.7 shows the suction profiles obtained above the lowest interface between finer layer
and coarser layer at the time of breakthrough. At low infiltration rates, the simplified method
predicts very well the suction profiles at breakthrough for the different layering factors. As
the infiltration rate increases, the profiles obtained using the simplified method match less
accurately those obtained from numerical analyses, although still reasonably well. The
simplified method becomes slightly conservative at high infiltration rates, as the suction
values obtained using the simplified approach are slightly higher than those obtained from
the numerical analyses, leading to lower values of degree of saturation. Figure 7.8 shows
the corresponding curves of WSC and WSC/WSCSCB against the layering factor. The curves
obtained with the simplified method match very well the curves obtained from FE numerical
analyses. This suggests that the simplified method is effective at predicting the water storage
capacity of layered capillary barriers, under a wide range of infiltration rates.
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Figure 7.8: Comparison between water storage capacity curves plotted against the layering
factor, obtained from numerical analyses and simplified analyses, for a fixed thickness
ttot = 70cm and for different infiltration rates

7.4 Laboratory experimental study of multi-layered capil-
lary barrier systems

In the previous sections of this chapter, it was shown that the use of multi-layered capillary
barrier systems may lead to a significant increase of the water storage capacity, the parameters
affecting the problem were analysed and a simplified analytical method for the prediction of
the water storage capacity of MCBs and for their design was proposed. This was done by
comparing the results obtained using rigorous FE simulations and the simplified analyses. In
this thesis work, these results were also validated experimentally. Water infiltration tests on
different instrumented MCBs were performed with two aims: i) to show the water storage
capacity of multi-layered CBSs, ii) to validate the use of the simplified calculation method
described in Section 7.2.

7.4.1 Description of the experimental programme

The experimental programme involved two main stages:

1. characterization of the materials;

2. column infiltration tests on one conventional single CBS and three multi-layered CBSs.
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In the first stage, the properties of two materials used for this experimental work, a fine
sand as a finer layer material and a sandy gravel as a coarser layer material, were characterized
by specific tests. In particular, the properties analysed were:

• grain-size distribution;

• compaction and relative density;

• solid specific gravity;

• porosity;

• saturated hydraulic conductivity;

• soil water retention curve.

The characterization of the soil water retention curve required the design, manufacturing and
installation of a hanging column apparatus. The characterisation of the material properties
was done in order to use the simplified calculation method to predict the results of the column
infiltration tests on the multi-layered CBSs.

In the second stage, column infiltration tests were performed on a conventional single
CBS and on three multi-layered CBSs. This second stage involved different work steps:

• design, manufacturing and installation of the column and its components, including
new manufactured low-cost tensiometers for measurements of suction;

• design, manufacturing and installation of an electronic data acquisition system;

• calibration of the instruments;

• set-up of the column infiltration tests on the conventional single CBS and three multi-
layered CBSs;

• running the column infiltration tests on the various CBSs.

Four different column infiltration tests were performed. The same materials and the same
total height of the CBS were considered in the different tests, but different layering factors
(i.e. the number of pairs of layers in a CBS) were adopted: 1 (single CBS), 2, 3 and 5. In each
test, the water storage capacity of the CBS, the suction profile and the water content profile at
breakthrough were measured and compared with the predictions of the simplified method.

7.4.2 Basic properties of the soils

Two materials were used in this experimental study: a fine sand as a finer layer material
and a sandy gravel as coarser layer material. The fine sand was ordered from "Derbyshire
Aggregates Ltd" [228] (Product name: 110 Sand Dried 0.1-0.3mm) whereas the sandy gravel
was ordered from "A-Grip Systems Ltd" [229] (Product name: Brittany Bronze 1-3mm).
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The grain-size distributions of both materials were obtained by sieve tests [230] and they
are shown in Figure 7.9. Both materials are relatively uniform with the majority of grains
between 0.1 mm and 0.3 mm for the fine sand and between 1 mm and 3 mm for the sandy
gravel (as quoted by the suppliers). The grain-size distributions of the two materials were
chosen in order to guarantee that no transport of the finer material should have occurred across
the coarser material due to liquid flow. For this purpose, the rules for filters suggested by
Sherman [231] were adopted. When the infiltration tests were performed on the different
multi-layered CBSs, the water which flowed out from the column after breakthrough was
always clean, and this confirmed that no finer material was transported through the coarser
layer by the liquid flows.

Figure 7.9: Grain-size distributions

The soils were prepared to values of dry density ρd which were consistent across the
different tests (i.e. constant head permeability tests, water retention tests and main column
infiltration tests). The possible range of dry density values were therefore preliminary assessed
for both materials: the maximum achievable dry density ρd,max was determined according to
the specifications of ASTM International [232] (D4253) whereas the minimum achievable
dry density ρd,min was determined according to the specifications of ASTM International
[233] (D4254) and the results are shown in Table 7.2. In the permeability, retention and
column infiltration tests, only a low energy of compaction could be applied for the preparation
of the soils to avoid damage to various mechanical components and to the soil containers.
The compaction consisted of hand-tamping the surface of the soil, which was always dry
during compaction, by means of a flat disk with a handle. Therefore this compaction method
was reproduced before performing all the other tests in order to identify a value of the dry
density which could be achieved with this compaction method and which was then adopted
in all the other tests. As a result, it was decided to use the following values as target dry
densities consistently for all the following tests: ρd = 1570kg/m3 for the fine sand and
ρd = 1600kg/m3 for the sandy gravel. The corresponding relative density values Dr were
then calculated from:

Dr =

1
ρd,min

− 1
ρd

1
ρd,min

− 1
ρd,max

(7.5)
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The results are shown in Table 7.2. For the aims of this experimental study, the relative density
of the materials was not important in terms of absolute values but it was necessary that the
compaction, and hence the dry density, was consistent in all tests.

Table 7.2: Dry densities of the materials: maximum ρd,max, minimum ρd,min, target ρd and
relative density Dr

ρd,max ρd,min ρd Dr

[kg/m3] [kg/m3] [kg/m3] [%]

Fine sand (F.L.) 1695 1500 1570 39
Sandy gravel (C.L.) 1653 1553 1600 48

The specific gravity of the soil solids Gs was measured using a water pycnometer, accord-
ing to the specifications of ASTM International [234] (D854-14). Each test was repeated
three times to ensure consistency between the different results. From these tests, the values
Gs = 2.65 for the fine sand and Gs = 2.60 for the sandy gravel were obtained. The porosity
values Φ corresponding to the initial dry densities used in the different tests were calculated
according to the following equation:

Φ = 1− ρd

Gsρl
(7.6)

where the value of the liquid density was ρl = 998kg/m3. The resulting porosity values were
Φ = 0.41 for the fine sand and Φ = 0.38 for the sandy gravel.

The saturated hydraulic conductivities of the two materials were measured by means of
constant head permeability tests for granular material, following the specifications given by
ASTM International [235] (D2434-68). Figure 7.10 shows the apparatus used for the tests.
The bottom part and the top part of the permeameter were filled with cobbles and metallic
woven mesh disks were placed between the cobble fillings and the tested material. The soil
was poured into the permeameter and compacted in layers of 2.5 cm by hand-tamping to the
target dry density (i.e. ρd = 1570kg/m3 for the fine sand and ρd = 1600kg/m3 for the sandy
gravel). The soil sample was then saturated according to the specification given by ASTM
International [235]. Subsequently, water tanks with constant water levels were connected to
the lower valve and to the upper valve. The water level in the water tank connected to the
lower valve was always higher than the water level in the tank connected to the upper valve.
Therefore, water flowed into the sample from the lower valve and out of the sample from
the upper valve. When a steady-state condition was reached, indicated by stable readings of
the water level in the manometers, the saturated hydraulic conductivity was calculated from
measurements of water flow and hydraulic gradient, according to ASTM International [235].
For each test, four different values of hydraulic gradient were applied and, for each value of
hydraulic gradient, the test was performed two times. Thus, a total of eight measurements of
saturated hydraulic conductivity kls were made for each soil. The results of the different tests
were highly consistent and the following average values of saturated hydraulic conductivity
were obtained: kls = 1.36×10−4 m/s for the fine sand and kls = 2.04×10−2 m/s for the
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sandy gravel.

Figure 7.10: Constant head saturated hydraulic conductivity test

The properties of the two materials discussed in this section are summarized in Table 7.3.

Table 7.3: Physical properties of the materials

D10 ρd Gs Φ kls

[mm] [kg/m3] [-] [-] [m/s]

Fine sand (F.L.) 0.085 1570 2.65 0.41 1.36E-4
Sandy gravel (C.L.) 1.56 1600 2.60 0.38 2.04E-2

7.4.3 Soil water retention curves

Equipment and procedure

The main wetting and main drying SWRCs of the fine sand and the sandy gravel were
measured by performing hanging-water column tests [236]. Before the hanging-water column
tests were performed, the hanging-water column apparatus was designed, manufactured and
set up. Figure 7.11 shows schematically this apparatus. The soil sample was placed and
compacted within a plastic chamber (see details of the chamber later) which was located at
a height of 3 m from the floor. The soil sample chamber was connected to a burette filled
with water by means of a flexible nylon hose. The burette was linked to a vertical metallic
rod by means of a clamp so that the vertical position of the burette might be easily varied. A
graduated scale was attached to the vertical rod in order to obtain readings of the difference in
the vertical height ∆Hw between the water level in the burette and the mid-height of the soil
sample. When the burette, the hose and the bottom of the chamber were filled with water and
the valve at the bottom of the burette was open, the water pressure was continuous in all the
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apparatus. Hence, at equilibrium, the suction s at the mid-height of the soil sample was:

s = ∆Hw · γl (7.7)

where γl is the unit weight of liquid. The suction in the soil sample was thus controlled
by moving vertically the burette. Changes in the volume of water in the soil sample were
monitored over time by recording the water volume changes in the burette. Changes in the
average volumetric water content were calculated by dividing the measured changes in the
volume of water by the volume of the soil specimen. During the tests, cling films were applied
on the top parts of the soil sample chamber and the burette in order to limit evaporation.

Figure 7.11: Hanging water column test apparatus

Figure 7.12 shows the soil sample chamber used for the SWRC tests. The chamber, made
of transparent acrylic, was manufactured by the technical staff at the University of Glasgow
by drilling and gluing together different acrylic parts. The chamber was divided into two parts
by an intermediate acrylic perforated disk. The lower part was filled with water during the test
and it was connected to the burette by means of a flexible nylon hose fitted to the bottom end
of the chamber. The lateral neck in the lower part of the chamber was designed to be linked to
a pressure sensor in order to carry out simultaneous calibrations of pressure sensors during
the SWRC tests. However, the lateral end was closed during the tests and the calibration of
the pressure sensors was carried out in a different way (see Section 7.4.4). The upper part of
the chamber contained the soil sample. The intermediate perforated acrylic disk supported the
soil in the upper part of the chamber and, due to the presence of holes of approximately 1 mm
diameter drilled through the thickness of the disk, the liquid phase was continuous across the
disk, between the upper part and the lower part of the chamber.

A circular filter paper, a silt filter and the soil sample were sequentially placed above the
perforated disk. The filter paper was placed directly on the disk with the aim of preventing
transport of solid material from the upper part to the lower part of the chamber. The silt filter,
introduced by Stanier and Tarantino [237], acts as a simple high air entry filter. This filter,
when fully saturated, allows the flow of water but not the flow of air, thereby maintaining
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Figure 7.12: Soil sample chamber used for the SWRC tests

suction at the bottom of the soil sample that is placed on the filter. The silt filter remains
saturated as long as the suction remains lower than the air-entry value of the filter. Preliminary
tests were carried out on the silt filter and showed that the air-entry value was greater than
20 kPa, which is greater than the range of suctions applied in the SWRC tests performed in
this work. The silt filter has three advantages over commercial high air entry porous ceramics:
i) it is inexpensive (only the cost of a small amount of silt); ii) the hydraulic conductivity is
greater than conventional porous ceramics, and hence lower equalisation times are required
[237]; iii) given that the surface of the silt filter is rougher than the surface of a porous ceramic,
the filter ensures a better contact with the grains of the soil specimen and limits possible wall
effects, i.e. it reduces the risk of large pores developing at the interface between filter and soil
specimen that would prevent suction being transmitted to the sample [237]. To make the silt
filter, the following steps were performed:

1. the chamber was connected to the burette by means of a flexible nylon hose;

2. all the system (i.e. burette, hose and soil sample chamber) was saturated, by raising the
burette, with the level of water just above the intermediate acrylic perforated disk;

3. the valve at the bottom of the burette was closed;

4. the filter paper was placed over the intermediate disk;

5. a prescribed quantity of liquefied silt slurry was poured into the chamber;

6. the silt was allowed to settle on the filter paper, producing a 1 cm-thick filter (Fig-
ure 7.13a);
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7. the valve at the bottom of the burette was reopened allowing the water left in the
chamber to drain and flow into the burette (Figure 7.13b).

The initially dry soil sample of mass M0,dry was finally poured directly onto the silt filter and
compacted by hand-tamping to the target dry density (i.e. ρd = 1570kg/m3 for the fine sand
and ρd = 1600kg/m3 for the sandy gravel) (Figure 7.13c). In the test on fine sand, the soil
sample was 5.2 cm thick whereas in the test on the sandy gravel, the soil sample was 4 cm
thick.

Figure 7.13: Steps for the preparation of the soil specimen in the chamber: (a) preparation of
the silt filter during deposition, (b) finished silt filter and (c) preparation of the soil sample
through pouring and compaction

Once the SWRC apparatus was set up and the soil specimen was prepared, the SWRC
test was started. For each material, the main wetting SWRC was obtained first, starting from
oven-dry conditions and finishing at an applied suction value of s = 0kPa. The process was
then reversed to obtain the main drying SWRC. Although both the main wetting and the
main drying SWRCs were obtained, the main wetting SWRC was of major interest in this
case because the column infiltration tests, discussed in Sections 7.4.4 and 7.4.5, involved
monotonic wetting. The SWRC tests were performed by the following procedure:

1. The hanging column apparatus was set up and the soil specimen was prepared.

2. The difference in water level ∆Hw (see Figure 7.11) was initially high, i.e. an initially
high value of suction was applied to the specimen, given by Equation 7.7.

3. Enough time for equalisation of pore-water pressures within the sample was allowed,
namely until changes of water volume in the burette were negligible. During this
process, the elevation of the burette was continuously adjusted to keep the horizontal
elevation of the water surface in the burette at the original position because water flow
into the soil (for main wetting) or from the soil (main drying) caused slight variations
of the water level in the burette.

4. After equalisation, the change of volumetric water content ∆θl in the soil specimen (>0
during wetting, <0 during drying) was calculated as the change in the water volume
in the burette divided by the total volume of the soil specimen V0. The change of
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volumetric water content ∆θl was then added to the previous volumetric water content
(which was 0 at the beginning of the test) to obtain the current volumetric water content
θl . The current imposed suction s and the current measured volumetric water content
θl represent one point on the SWRC.

5. The burette was then moved to a new position, i.e. ∆Hw was reduced during main
wetting or increased during main drying, in order to impose a new value of suction
s in the soil specimen. Steps 3 and 4 were then repeated. During main wetting this
procedure was repeated until reaching ∆Hw = 0 (i.e. s = 0).

6. At the end of the main wetting process, the water level was brought above the surface
of the soil sample (∆Hw < 0 and thus s < 0) in order to expel as much trapped air as
possible and time for equalisation was allowed.

7. The main drying process was then started. Steps 3, 4 and 5 were repeated but, in this
case, the initial volumetric water content was high, at each new step ∆Hw was increased
(s was increased) and ∆θl < 0.

8. The main drying process and the test finished at an appropriately high value of suction.

9. At the end of the test, the moist soil specimen, or a sub-sample of it, was weighed
to obtain the mass M1,wet , then oven-dried and weighed again to obtain the dry mass
M1,dry. Given that the initial mass of the entire dry soil specimen in the test chamber
was M0,dry, the volumetric water content of the soil specimen at the end of the test
θl, f in,c was calculated as:

θl, f in,c =

(
M1,wet−M1,dry

)
·
(

M0,dry

M1,dry

)
ρl ·V0

(7.8)

The value of θl, f in,c calculated with this equation should be theoretically equal to the
final value of the volumetric water content determined in the test θl, f in,0.

Results

As discussed above, for each material, the main wetting curve was characterised first and the
main drying curve was then characterised by reversing the application of suction at s = 0kPa.
Therefore, the main drying SWRC test must be interpreted as a continuation of the main
wetting SWRC test.

The results of the SWRC tests are here presented in terms of the SWRC data, obtained as
the volumetric water content at the end of each equalisation time period plotted against the
corresponding applied suction.

Figure 7.14 shows the experimental main wetting curve (MW) and main drying curve (MD)
obtained from the test on the fine sand (Figure 7.14a) and on the sandy gravel (Figure 7.14b),
with suction s plotted on a linear scale. In addition, Figure 7.14 also shows another pair of
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curves for each material: the corrected main wetting curve (MW corrected) and the corrected
main drying curve (MD corrected), which take into account the evaporation that occurred
during the tests.

Figure 7.14: Results of the SWRC tests on (a) the fine sand and (b) the sandy gravel: original
main wetting (MW) and main drying (MD) points and corrected main wetting (MW corrected)
and main drying (MD corrected) after adjusting for the effect of evaporation

Although both the burette and the soil specimen chamber were covered by cling films in
order to limit evaporation, the evaporation still had an important role because the duration of
the test was relatively high: 44 days for the fine sand and 50 days for the sandy gravel. At the
end of the main drying SWRC test, the volumetric water content θl, f in,0 in the soil specimen
obtained from tracking the changes in the volume of water in the burette was compared with
the volumetric water content θl, f in,c obtained from oven-drying the soil sample and working
out the final volumetric water content with Equation 7.8. For both soils, the value of θl, f in,0

was significantly greater than θl, f in,c. The latter can be considered the real volumetric water
content at the end of the test whereas the former wrongly includes in the soil specimen all the
water evaporated during the test. In order to take into account this effect, a correction was
applied to the MW and MD curves.

The correction procedure applied to the MW and MD curves can be described as follows.
The total volume of water evaporated during the test Vw,evap, f in was calculated as:

Vw,evap, f in =
(
θ f in,0−θ f in,c

)
·V0 (7.9)

where V0 is the volume of the soil specimen. The evaporation was assumed to occur from both
the burette and from the soil specimen surface. The evaporation from the burette was assumed
to occur at a constant rate of ievap ·Aburette, where ievap is the constant rate of evaporation per
unit area of evaporating surface and Aburette is the internal area of the burette (i.e. the area
of the free water surface). A similar concept can be applied to the soil specimen surface,
but only when the volumetric water content is relatively high, or the suction relatively low.
Indeed, as discussed in Section 2.4.2, the evaporation from a soil surface is similar to that
from a free water surface only when the soil surface is at low values of suction, or at high
values of degree of saturation. For simplicity, it was assumed that the evaporation rate from
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the soil specimen surface was zero when the suction was greater than the BWC point during
wetting and greater than the BWD point during drying, whereas it was assumed to be equal
to ievap ·A0 when the suction was lower than the BWC point during wetting and lower than
the BWD point during drying, where A0 is the surface area of the soil specimen. Given t = 0
the time at the beginning of the test, tBWC the time when the bulk water-continuity point is
attained in the soil specimen during the wetting part of the test, tBWD the time when the bulk
water-discontinuity point is attained in the soil specimen during the drying part of the test and
ttest the time when the test ends, then tBWC < tBWD < ttest since the main wetting SWRC was
characterised before the main drying SWRC. The following equation can be thus written:

Vw,evap, f in = ievap ·Aburette · ttest + ievap ·A0 · (tBWD− tBWC) (7.10)

In Equation 7.10 the total volume of evaporated water Vw,evap, f in is split into two components:
the water evaporated from the burette throughout the duration of the test ttest and the water
evaporated from the soil specimen, assumed to occur for a duration tBWD− tBWC, namely
when the suction was lower than the BWC point during wetting and lower than the BWD
point during drying. Equation 7.10 can be inverted to work out the rate of evaporation ievap,
as follows:

ievap =
Vw,evap, f in

Aburette · ttest +A0 · (tBWD− tBWC)
(7.11)

The volume of water evaporated at any point during the test Vw,evap can be finally written as a
function of time t as follows:

Vw,evap (t) =


ievap ·Aburette · t if t < tBWC

ievap ·Aburette · t + ievap ·A0 · (t− tBWC) if tBWC < t < tBWD

ievap ·Aburette · t + ievap ·A0 · (tBWD− tBWC) if t > tBWD

(7.12)

The readings of the volume of water in the soil specimen obtained during the test were
corrected by subtracting the estimated volume of water evaporated at each value of time.

Figure 7.15 shows, for (a) the fine sand and (b) the sandy gravel, the time histories of
the volume of water in the soil specimen obtained at the end of each equalisation stage,
corrected and non-corrected, and the time history of the evaporated water predicted using
Equation 7.12. The time histories of the applied suction are also shown for information. For
both materials, a main wetting path was applied first, and hence the volume of water in the
soil specimen initially increased while decreasing values of suction were applied. A main
drying path was then applied, and hence the volume of water in the soil specimen decreased
while increasing values of suction were applied. The predicted volume of evaporated water
increased monotonically during the test although the increase was much more evident at
intermediate times, i.e. for tBWC < t < tBWD than at the beginning of the test, i.e. t < tBWC, or
at the end of the test, i.e. t > tBWD. In the first case, the evaporation was assumed to occur
from both the burette surface and the soil specimen surface whereas, in the second and in the
third case, the evaporation was assumed to occur only from the burette. Given that the internal
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area of the burette (1.539 cm2) was much smaller than the area of the soil specimen (43 cm2),
the calculated evaporation rate from the soil specimen surface, expressed as a volume of
evaporated water per unit of time, was much greater than that from the burette. The corrected
values of the volume of water in the soil specimen are thus lower than the non-corrected
values and this difference increases with the amount of evaporation and thus with time. A
similar pattern about the difference between the corrected and non-corrected versions of the
SWRCs can be observed in the results shown in Figure 7.14.

Figure 7.15: Time histories of the volume of water in the soil specimen (non corrected and
corrected), evaporated water and applied suction, for (a) the fine sand and (b) the sandy gravel

The use of this correction method produced values of evaporation rate ievap that were of
the same order of magnitude for the test on the fine sand and the test on the sandy gravel:
ievap = 1.14×10−9 m/s in the test on the fine sand and ievap = 1.94×10−9 m/s in the test
on the sandy gravel. To asses the reliability of the estimation method, the calculated values
of ievap were compared to the value obtained from a simple test. A flask with an inner area
of 5.72 cm2 was filled with water and the top was covered with a cling film, as was done
for the burette and the soil specimen chamber. The flask was placed for 347 days in the
same laboratory environment where the SWRC tests were performed. During this time the
volume of water in the flask was regularly monitored in order to calculate the evaporation rate.
The average evaporation rate was ievap = 1.16×10−9 m/s, which is extremely close to the
value estimated in the test on the fine sand and of the same order of magnitude as the value
estimated in the test on the sandy gravel.

The corrected values of volumetric water content were used for the SWRCs. For the
fine sand, the corrected experimental data were used to directly calibrate the parameters of
the modVG SWRC model, which was used to represent the SWRCs of the material. The
comparison between the corrected experimental SWRC data and the modVG SWRC model
for the fine sand is shown in Figure 7.16a and the resulting model parameters for the fine sand
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are shown in Table 7.4. The value of θls obtained during the main wetting (MW) test for the
fine sand, i.e. θls = 0.392, was slightly lower than the value of porosity Φ = 0.41 obtained
from a previous test (see Table 7.3), suggesting the occurrence of air trapping. The use of a
value of θls lower than the value of porosity, i.e. a maximum degree of saturation lower than
1, is relevant to the use of an apparent SWRC (see Chapter 5). At the beginning of the main
drying (MD) test, the volumetric water content was similar to the value of porosity obtained
in a previous test (in particular slightly higher), i.e. θls = 0.423, suggesting the achievement
of fully saturated conditions.

Figure 7.16: SWRCs of (a) the fine sand and (b) the sandy gravel: corrected experimental
data and modVG model

Table 7.4: Parameters of the modVG SWRC models

θls ξ P0 m sBWC sBWD

[-] [-] [MPa] [-] [kPa] [kPa]

Fine sand MW 0.392 5.319E-4 3.508E-3 0.840 5.1 -
Fine sand MD 0.423 8.940-3 5.532E-3 0.826 - 8.9

Sandy gravel MW 0.319 3.361E-3 1.000E-4 0.642 0.3 -
Sandy gravel MD 0.319 7.675-3 3.331E-4 0.828 - 0.5

For the sandy gravel it was necessary to use an indirect procedure to determine appropriate
values for the modVG model parameters, because the values of suction were so low that the
variation of suction and hence degree of saturation over the height of the soil specimen was
significant. This meant that a plot of the average volumetric water content in the specimen
against the suction imposed at the mid-height of the soil specimen (as represented by the
experimental data in Figure 7.16) was not the same as the true SWRC, which is the relationship
between θl (or Sl) and s at a material point. In most cases, specimens as small as those used
in these SWRC tests can be considered as material points, rather than having a finite height,
committing negligible errors. However, for very coarse materials, this approximation may
lead to noticeable errors. In the case of the fine sand (see Figure 7.16a), the soil specimen
was considered as a material point and the modVG SWRC model was simply best-fitted to
the experimental SWRC data points.
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In the case of a soil as coarse as the sandy gravel (see Figure 7.16b), the soil specimen
could not be considered as a material point and a different procedure for the calibration of
the modVG SWRC model was used. At the end of each equalisation stage, the liquid phase
was assumed to be in equilibrium and hence a hydrostatic suction profile was assumed within
the soil specimen. This suction profile consisted of the value γl · (∆Hw− t0/2) at the bottom
of the soil specimen, the value γl · (∆Hw + t0/2) at the top of the soil specimen and a linear
variation in between, where t0 is the height of the soil specimen and ∆Hw is the vertical
distance between the water level in the burette and the mid-height of the soil specimen. Using
this suction profile and assuming that the SWRC is known, the volumetric water content
profile in the soil specimen was obtained. The average volumetric water content in the soil
specimen was then calculated by integrating the volumetric water content profile over the
height of the specimen and dividing by the total height of the specimen t0. This calculated
average volumetric water content was compared with the measured average volumetric water
content. The parameters of the modVG SWRC model for the sandy gravel were calibrated
iteratively by best-fitting simultaneously the calculated values of the average volumetric water
content to the measured values of the average volumetric water content, for all suction steps.
This best-fitting operation was performed independently for the main wetting SWRC and
for the main drying SWRC. In Figure 7.16b, the dashed lines represent the modVG model
predictions of average volumetric water content θl,av plotted against suction at the mid-height
sav, which are directly equivalent to the experimental results, whereas the solid lines represent
the corresponding true SWRCs at a material point. Values of the modVG model parameters
for the sandy gravel are given in Table 7.4. The value of θls obtained during the main wetting
(MW) test for the sandy gravel, i.e. θls = 0.319, was lower than the value of porosity Φ = 0.38
obtained from a previous test (see Table 7.3), suggesting the occurrence of air trapping. The
same value of θls was recorded at the beginning of the main drying (MD) test.

It should be noticed that, for both materials, the main wetting and the main drying SWRCs
(see Figure 7.16) do not coincide at low degree of saturation thereby exhibiting hysteresis.
This is in contrast with the analysis of the hydraulic behaviour of unsaturated soils presented
in Section 3.1, where it was discussed that water retention hysteresis is typically negligible in
the pendular state. The difference between the MW SWRC and the MD SWRC was probably
due to the fact that, during the tests, the soil specimens did not reach full hydraulic equilibrium
conditions at low values of degree of saturation. Since the hydraulic conductivity at low
degree of saturation is extremely low, reaching full hydraulic equilibrium conditions would
have probably required extremely long times, much longer times than those actually waited.
In the pendular state, the water content at equilibrium should probably have been greater
than measured during MW and lower than measured during MD. This error is expected to
have little consequence for the application of the hydraulic properties of the materials to the
prediction of the results of the column infiltration tests, because, at the time of breakthrough,
the suction values at all levels in the column were expected to be less than or equal to the bulk
water continuity point for the relevant material.

Once the SWRC properties and the saturated hydraulic conductivities (see Table 7.3) of
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the materials were characterised, the SHCCs were predicted using the modM+LF model (see
Section 3.3) coupled with the modVG SWRC model. The parameters of the modM model, i.e.
m, θls, ξ , sBWC and sBWD, are shown in Table 7.4. For the estimation of the parameter CFilm

of the LF model, the values of the parameters D10 and Φ shown in Table 7.3 and the default
value of the parameter XD = 2.35×10−9 mmms−1 kPa1.5 were used. The resulting SHCCs
are shown in Figure 7.17.

Figure 7.17: Predicted SHCCs of (a) the fine sand and (b) the sandy gravel

7.4.4 Column infiltration tests: equipment and procedure

Test procedure

After the material properties were characterised, one-dimensional column infiltration tests
were performed on a conventional single capillary barrier and three different multi-layered
CBSs, characterised by different layouts. In particular, with the total height of the CBS fixed
at 1 m, excluding the 10 cm thick bottom coarser layer, four different CBSs were tested, with
layering factors κ = 1, κ = 2, κ = 3 and κ = 5, as shown in Figure 7.18. In all the tests, the
coarser layers were 10 cm thick whereas the thickness of the finer layer depended upon the
layering factor κ according to Equation 7.4.

Figure 7.19 shows a schematic diagram of the column set up. The dry soil was placed
in a cylindrical transparent acrylic tube and compacted in 2.5 cm-thick sub-layers by hand-
tamping the soil to the target dry density values (i.e. ρd = 1570kg/m3 for the fine sand and
ρd = 1600kg/m3 for the sandy gravel), which were consistent with the saturated hydraulic
conductivity tests and the SWRC tests. After compacting each 2.5 cm-thick sub-layer, an
initial controlled amount of water was sprayed over the soil surface of each sub-layer with
the purpose of preparing the CBS at an initial controlled water content profile. In particular,
each column was prepared with an initial water storage which was approximately 80% of the
predicted water storage capacity at breakthrough. It was necessary to start the tests with a
substantial quantity of water already within the barrier, because a low infiltration rate was
subsequently applied (high infiltration rates may lead to unreliable estimations of the water
storage capacity, as shown in Section 6.3) and excessively long test durations had to be
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Figure 7.18: Layouts of the multi-layered capillary barrier systems prepared for the infiltration
tests

avoided (if starting from dry conditions with a low infiltration rate, the duration of the test
would have been very long). This initial amount of water was distributed non-uniformly
over the height. In particular, knowing the SWRC properties of the materials, the water was
distributed over the height with the aim of achieving a hydrostatic suction profile in each
finer layer, with the volume of water within each finer layer corresponding to 80% of the
value expected in that layer at breakthrough. The coarser layers were initially dry. Numerical
simulations demonstrated that suction and volumetric water content profiles at breakthrough
obtained with these initial conditions coincide with suction and volumetric water content
profiles at breakthrough obtained starting from fully dry conditions. The initial volumetric
water content profiles are shown in Figure 7.20. The initial water storages of the different
CBSs were: 4224 ml for κ = 1; 6319 ml for κ = 2; 7658 ml for κ = 3; and 5525 ml for κ = 5.

A slow and constant flow (corresponding to an infiltration rate between 1.22×10−7 m/s
and 1.38×10−7 m/s) was applied at the top of the column by means of a peristaltic pump
(see Figure 7.19). More specifically, a liquid flow was driven to a small reservoir on top of
the column. From this reservoir, five tubular wicks made of filter paper transferred the water
to a filter paper disk, placed over the column surface in order to guarantee a uniform water
infiltration from the top of the column. A similar water supply system (peristaltic pump,
reservoir, tubular wicks and filter paper disk) was used by Stormont and Anderson [23] for
laboratory infiltration tests on CBSs. A reservoir was connected to the bottom of the column
to collect any water outflow occurring after breakthrough. Each test was run until water
started being collected at the bottom of the column, indicating that water breakthrough across
the lowest finer layer-coarser layer interface had occurred. The bottom reservoir was regularly
weighed.

The column was instrumented with a maximum of 8 tensiometers (designed and manufac-
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Figure 7.19: Schematic diagram of the column infiltration set up

tured in this thesis work) and a maximum of 8 water content sensors, all placed at different
heights in the column, by means of which suction and volumetric water content were respec-
tively recorded over time. In order to acquire automatically readings of suction and volumetric
water content, the instruments were connected to a PC by means of a signal conditioning
box, working as a power supply and output signal amplifier, and two data loggers. Thus, time
histories and profiles at breakthrough of suction and volumetric water content were obtained.
Also the water storage capacity of each CBS was obtained by monitoring the amount of water
that had flowed into the column until breakthrough. The top of the column was covered with
a cling film to limit evaporation.

At the end of each test, before disassembling the set up, samples of soil were taken from
the column at different heights. This was done by accessing the lateral ports present in the
vertical sides of the column for installation of the instruments. At the end of the test, while
water kept being injected from the top of the column at the same constant rate as that used
during the test, different lateral ports at different heights were opened and soil samples were
extracted by scraping the lateral soil surface with a knife. The samples were subsequently
oven-dried in order to work out the final volumetric water contents.

Sensors and electronic system

The volumetric water content in the soil was monitored using ECH2O EC-5 water content
sensors [238]. The EC-5 sensor has two 5 cm-long probes which form a large capacitor. One
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Figure 7.20: Initial volumetric water content profiles: layering factors (a) κ = 1, (b) κ = 2,
(c) κ = 3 and (d) κ = 5

probe acts as a positive plate and the other probe acts as a negative plate, thereby creating an
electro-magnetic field in the space between the probes [239]. The space between the probes
is filled with soil which acts as a dielectric material with a certain dielectric conductivity. The
capacitor charge, which is converted to an output voltage by the sensor circuitry, is directly
related to the dielectric conductivity of the soil. The dielectric conductivity of the soil, in turn,
is directly related to the volumetric water content [240]. Therefore, the output voltage reading
of the EC-5 sensor is related to the volumetric water content in the soil.

The pore-water pressure in the soil was measured using PX26-005DV differential pressure
sensors made by Omega Engineering Inc. [241]. These pressure sensors have two ports and a
hose filled with a liquid or a gas can be connected to each port. A piezoelectric diaphragm
placed inside the sensor is used to measure the difference in pressure between the liquids or
gases present in the two ports. In particular, the piezoelectric diaphragm deforms and the
direction and magnitude of the deformation depends on the difference in pressure between
the two ports. If excited with a certain input voltage, the diaphragm will produce an output
voltage. The sign and the absolute value of the output voltage will depend on the direction
of the deformation (i.e. in which port the pressure is greater) and on the magnitude of the
deformation (i.e. the absolute value of the difference in pressure). In this thesis work, since
the aim was to measure the soil suction, one port was connected to a tensiometer filled with
water in hydraulic equilibrium with the soil water at a given location, hence subjected to the
soil pore-water pressure, whereas the other port was left open to atmosphere, hence subjected
to atmospheric pressure. The difference of the two was the corresponding soil suction.

To acquire the readings from the pressure sensors and from the volumetric water content
sensors, an electronic system was designed and set up in collaboration with the Electronic
Services team of the School of Engineering of the University of Glasgow. Figure 7.21 shows a
schematic diagram of the electronic system. The electronic system was set up for a maximum
number of 8 pressure sensors and 8 water content sensors. A single power supply provided an
input voltage of 12 Vdc. The pressure sensors required an input voltage of 10 Vdc whereas
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the water content sensors required an input voltage of 3 Vdc. Therefore, two attenuators were
used to decrease the supplied power to these target values of input voltage. For the range of
pressures applied, the output voltage of the pressure sensors was in the range of −30 mV to
30 mV whereas the output voltage of the water content sensors was in the range of 300 mV to
1200 mV. These ranges of output voltage were too low compared to the resolution of the data
loggers used in this system. Therefore, amplifiers were used to amplify the output signals of
the sensors to a maximum of 10 V and a minimum of −10 V, which are the maximum and
minimum values of voltage that can be read by the data loggers. Two data loggers were used,
one for the pressure sensors and one for the moisture content sensors. The data loggers, which
worked as analogue-to-digital converters, were NI USB-6001 DAQ devices purchased from
National Instruments [242]. The two data loggers were connected to a personal computer and
they were controlled by the PC based software LabVIEW.

Figure 7.21: Schematic diagram of the electronic system

LabVIEW [243] is a software for the development and use of applications that require
test, measurement and control and it uses a graphical programming language named G. A
graphical program was developed in LabVIEW for the acquisition and processing of data from
the sensors. According to this program, the output signals from the sensors were initially read
with a specified frequency, between 3 and 60 readings per minute. Each instrument output
signal (a voltage) was processed and converted to the corresponding physical quantity (i.e.
pressure or volumetric water content) by using calibration relationships obtained previously.
These data were plotted in real-time on the monitor of the PC for monitoring purposes and
saved on data files in order to be re-used and analysed.

Calibration tests on the pressure sensors were firstly performed by applying a set of water
pressure values to one port, P2, while leaving the other port, P1, open to the atmosphere.
Subsequently, the same set of water pressure values were applied to port P1 while leaving
port P2 open to the atmosphere. The water pressure was applied to a port of the sensors by
connecting a burette filled with water to the port by means of a flexible nylon hose. The entire
system of burette, hose and sensor port was filled with water. The water pressure applied to
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the port of the sensor was varied by adjusting the difference in height between the pressure
sensor and the water level in the burette. Figure 7.22 shows the results of the calibration tests
on 8 different pressure sensors. As a reference, the difference between the pressure applied
to the port P2 and the pressure applied to the port P1 was considered as positive. It can be
seen that all the measurements taken with the different sensors can be very well interpolated
by a linear relationship. A linear law was therefore used as calibration relationship between
the output voltage and the pressure, in which the parameters of the linear relationship were
calibrated by best-fitting the calibration test data, as shown in Figure 7.22. The data shown in
Figure 7.22 refer only to the first 8 sensors used. During the whole experimental work, some
pressure sensors were damaged and replaced, and thus new calibration tests were performed
for the new sensors. Moreover, between each column infiltration test and the following one,
the calibration tests were performed again to check that no variation in the behaviour of the
sensors occurred during the tests, e.g. due to a plastic deformation of the internal diaphragm.
When working correctly, the behaviour of the pressure sensors was always well represented
by a linear calibration relationship, similar to those shown in Figure 7.22, and it was very
clear when a sensor had been damaged and required replacement.

Figure 7.22: Calibration of the pressure sensors

Calibration tests on the volumetric water content sensors were performed by measuring
the output voltage values of each sensor when inserted in soil specimens at different controlled
volumetric water contents. Specifically, different containers were filled with fine sand prepared
at different volumetric water contents. Each water content sensor was inserted into each
soil specimen and the output voltage values of the sensors were acquired. The volume and
wet mass of each soil specimen were measured. By oven-drying samples of the soils, it was
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possible to work out the mass of water, the volume of water and finally the volumetric water
content of the soils in each container. Therefore, for each water content sensor, a value of
output voltage was related to the corresponding value of volumetric water content. The same
operation was also done for the dry soil (i.e. θl=0). The results of the calibration tests on 8
water content sensors are shown in Figure 7.23. In agreement with the technical specifications
provided by the producer, the response of the sensors can be represented well by a linear
relationship in the range of values of volumetric water content in the soil, i.e. from θl=0 to
θl=0.4. Therefore, a linear calibration relationship was used with the parameters obtained by
best-fitting the calibration test data, as shown in Figure 7.23.

Figure 7.23: Calibration of the volumetric water content sensors

Assembly of the column and the external components

For the column infiltration tests, the column and associated external mechanical components
were designed and assembled in collaboration with the Mechanical Services team of the
School of Engineering of the University of Glasgow. The function of the column was to
sustain the column of soil and to allow the instrumentation of the column of soil.

The soil was prepared inside a transparent acrylic cylindrical tube (see Figure 7.24), 1.2 m
high, with an outer diameter of 200 mm and a wall thickness of 3 mm and consequently an
inner diameter of 194 mm. The base of the column, glued to the bottom of the acrylic tube,
was a 2 cm-thick acrylic plate with a hole drilled in the middle in order to drain any water that
percolated to the bottom of the column.

In order to instrument the column of soils with tensiometers and volumetric water content
sensors, 28 lateral ports were made symmetrically along two opposite vertical sides of the
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Figure 7.24: Details of the column

tube, 14 on each side, as shown in Figure 7.24. Holes of 52 mm diameter were first drilled
in the acrylic tube. Some components made of acrylonitrile butadiene styrene (ABS) (i.e. a
thermoplastic polymer) were then designed and 3D-printed and glued in the drilled holes.
In particular, each of these 3D-printed components had a thicker central boss (diameter of
50 mm) and a thinner external flange (diameter of 70 mm), with a central circular hole of
21 mm diameter. Four bolts were glued in fours smaller holes spaced around the central hole
(see Figure 7.24). The thicker central boss was inserted in the hole drilled in the acrylic
column and glued in the space between the external flange and the column wall. The heads of
the bolts were on the internal side of the column whereas the threaded shanks were on the
external side of the column. Within the central hole of the 3D-printed component, an O-ring
was installed.

The central hole of this port served as an access to other fitting components, which
could be inserted in this hole. Three types of fitting components were made: a closing plug,
the fitting component for the volumetric water content and the fitting component for the
tensiometer.

In any given column tests, some of the 28 lateral ports were not used for tensiometers
or volumetric water content sensors. These un-used lateral ports were closed during the
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column infiltration test with blank plugs, shown in Figure 7.25. This plug, a 3D-printed ABS
component, involved a thicker central boss (diameter of 21 mm) and a thinner external flange.
The central boss was fitted inside the central hole of the lateral port of the column in order to
close it during the column test. Fours holes in the plug matched the locations of the four bolts
of the lateral port of the column. When the plug was inserted into the lateral port, the holes of
the plugs matched the bolts, and nuts were screwed from the exterior to fix the plug in the
lateral port. The O-ring in the lateral port formed a hydraulic seal at the contact between the
lateral port and the plug. However, problems of water leakage would not have been expected
even if the O-ring had not been installed, because negative values of pore water pressure were
always maintained in the soil during the infiltration tests.

Figure 7.25: Details of the plug

Installation of the water content sensors in the soil column required the design and
manufacture of specific components, shown in Figure 7.26. This fitting component was again
a 3D-printed ABS object. This fitting component had a similar shape to the closing plug but it
was made with a rectangular hole in the middle. The water content sensor was inserted in this
central hole and glued in the hole. The water content sensor and its fitting component were
then inserted in the lateral port of the column. Similar to the plug, the mechanical stability
of the water content sensor was guaranteed by tightening the nuts on the bolts whereas a
hydraulic seal was formed by the O-ring in the gap between the fitting component and the
hole of the lateral port of the column. When inserted in the column, the 5 cm long sensor
probes were located within the soil for their whole length.

For the measurement of suction in the soil, a tensiometer was designed and manufactured
in this thesis work. The tensiometer was then glued to a fitting component for insertion in
one of the lateral ports of the column. Details of the tensiometer and of the corresponding
fitting component are shown in Figure 7.27. The tensiometer body was manufactured from
a transparent acrylic cylinder, 20 mm in diameter and 40 mm in length. Two cylindrical
holes were drilled in the cylinder, one in the longitudinal direction and one in the transverse
direction, and they were connected to each other to form an internal chamber. On one
end of the cylinder, connected to the internal chamber, a disk-shaped socket was formed,
17.5 mm in diameter and 7.14 mm deep. A porous ceramic plate was glued in this socket.
The porous ceramic plate, purchased from Soilmoisture [244], was 7.14 mm-thick, had a
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Figure 7.26: Details of the fitting component for the water content sensor

diameter of 15.88 mm, a nominal air-entry value of 50 kPa and it was classified as high flow
(high hydraulic conductivity). The porous ceramic was glued to the tensiometer around its
perimeter using a rigid epoxy resin from Araldite according to the procedure suggested by
Vanapalli et al. [245]. The internal surface of the porous ceramic was in contact with the
internal chamber of the tensiometer. The openings in the tensiometer obtained from drilling
the internal chamber in the transverse direction were threaded. A hose adapter with an O-ring
was screwed in the lower opening whereas a plug with an O-ring was used in the upper
opening.

To use the tensiometer, it was initially put in de-aired water for sufficient time (at least 24
hours) to saturate the porous ceramic. Still keeping the tensiometer under water, a pressure
sensor was connected to the lower end by means of a short hose connected to the hose adapter
(see Figure 7.27). The upper end of the tensiometer was then closed by screwing in a male
plug. Finally, the tensiometer was removed from the water and it was ready to be used. In
this condition, the internal chamber was completely filled with de-aired water and the porous
ceramic was saturated. When placing the ceramic in contact with moist soil, the water in the
soil, in the ceramic and in the internal chamber of the tensiometer creates a continuous liquid
path. Therefore, at equilibrium, the water pressure in the internal chamber equals the water
pressure in the soil. Suction can be maintained in the tensiometer as long as no air flows into
the internal chamber (the phenomenon of cavitation is not considered because it occurs at a
value of suction much higher than the range of values attained in this work). During operation,
the upper male plug and the hose adapter were covered by vacuum grease in order to prevent
any possible entrance of air into the tensiometer.

Before being applied to the column infiltration tests, each tensiometer was tested. A
thin layer of silt slurry was applied on the porous ceramic and it was progressively dried by
tapping the surface with a dry tissue which progressively adsorbed the water from the silt
layer. During this process, the pressure in the water chamber was continuously monitored
with a pressure sensor. Each test was stopped and considered successful when values of
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Figure 7.27: Details of the tensiometer and of the corresponding fitting component

suction greater than 20 kPa were reached, which is much greater than the values of suction
expected during the infiltration tests. This tensiometer design was cheap and it proved to be
reliable at relatively low values of suction. However, it was the result of long iterative work,
with several earlier designs of tensiometer not functioning as expected.

In order to install the tensiometers in the column, ABS fitting components were 3D-printed
(see Figure 7.27). These fitting components had a shape similar to the fitting components
for the water content sensors. In the case of the fitting components for the tensiometers,
the central hole was circular. The tensiometer was placed in the central hole and glued to
the fitting component. The tensiometer could then be installed in the column, with the end
where the porous ceramic was attached going into the lateral port of the column. As before,
mechanical stability was guaranteed by screwing the nuts on the bolts passing through the
holes of the fitting component whereas a hydraulic seal was formed by the O-ring in the lateral
port of the column. Once the tensiometer was inserted, the surface of the porous ceramic was
flush with the interior of the column wall and in direct contact with the soil. Before being
installed in the column a thin layer of silt slurry was placed on the surface of the porous
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ceramic in order to ensure a better contact with the soil and the pore water to limit possible
wall effects [237].

7.4.5 Column infiltration tests: results and discussion

The results of column infiltration tests on one conventional SCB (κ = 1) and three different
multi-layered CBSs (κ = 2, κ = 3 and κ = 5) are presented in this section.

Time histories of water inflows and outflows

Figure 7.28 shows the time histories of the cumulative water inflow and water outflow
(expressed as volumes of water) for the four column infiltration tests. The water inflow
into the column was monitored by regularly weighing the water reservoir from where the
water was pumped to the top of the column by the peristaltic pump (see Figure 7.19). The
water outflow from the column was monitored by regularly weighing the water reservoir
placed at the bottom of the column for outflow collection. In all tests, the water inflow was
approximately constant over time and the average values of the infiltration rates, expressed as
a volume per unit time and as a volume per unit area per unit time, are shown in Table 7.5.
Water outflow from the bottom of the column only started after breakthrough across the lowest
interface between finer and coarser layers occurred. After breakthrough occurred, the outflow
rate quickly tended to equalise with the inflow rate. The times at breakthrough tbreak were
obtained by inspection of a variety of results, as discussed later.

Table 7.5: Average infiltration rates during the experimental tests

κ = 1 κ = 2 κ = 3 κ = 5

Q [ml/h] 14.7 13.0 13.9 14.7
i [m/s] 1.38E-07 1.22E-07 1.31E-07 1.38E-07

Time histories of suction

Figure 7.29 shows the time histories of suction recorded by the tensiometers placed at
different locations in the different multi-layered CBSs (the locations of the tensiometers are
indicated in the diagram of the column inserted in each sub-plot). The heights z are expressed
directed upwards with the origin at the lowest interface between finer layer and coarser layer.
Seven tensiometers were used in the tests on the CBSs with κ = 2 and κ = 5 whereas eight
tensiometers were used in the tests on the CBSs with κ = 1 and κ = 3. Only the suction in
the finer layers was monitored. The suction in the coarser layer was not monitored because it
was difficult to guarantee the continuity of the liquid water between the porous ceramic and
the sandy gravel. For the application of the simplified calculation method (see Section 7.2)
and for the assessment of the water storage capacity, it is of more interest to assess the suction
profiles at breakthrough in the finer layers because most of the water storage capacity is
related to the water stored in these layers.
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Figure 7.28: Time histories of the cumulative water inflow and outflow during the infiltration
tests: (a) κ = 1, (b) κ = 2, (c) κ = 3 and (d) κ = 5

For the single CBS (κ = 1) (see Figure 7.29a), the suction values at z = 80cm, z = 72cm
and z = 57cm were initially equal, suggesting a constant initial suction profile in the upper
part of the finer layer. Subsequently, they started decreasing consecutively and at distinct
times, at z = 80cm first, at z = 72cm second and at z = 57cm third. The times at which
suction starts decreasing at these locations can be seen as the times at which the propagating
wetting front hits the corresponding tensiometers. Distinct times can be observed because in
the upper part of the finer layer the water content was initially very low (see Figure 7.20a),
the unsaturated hydraulic conductivity was very low and the propagating wetting front was
thus sharp. After decreasing, these suction values became approximately constant and very
similar at the different levels, suggesting that a constant suction profile was attained again
in the upper part of the finer layer. By contrast, the suction values at z = 38cm, z = 23cm,
z = 16cm, z = 8cm and z = 1cm started decreasing later and approximately at the same
time. Moreover, the difference between these suction values remained approximately constant
over time and proportional to the difference between the heights. Therefore, rather than the
propagation of a sharp wetting front, this indicates that a steady state gradient of suction was
maintained in the lower part of the column, with the suction values at different levels in this
lower part all decreasing together. In particular, the difference in suction was the consequence
of a quasi-hydrostatic profile, i.e. the proportionality between the difference in suction ∆s and
the difference in heights ∆z was given by ∆s = γl ·∆z. Therefore, a quasi-hydrostatic profile
was always maintained in the lower part of the finer layer and this profile simply translated
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Figure 7.29: Time histories of the measurements of suction during the infiltration tests: (a)
κ = 1, (b) κ = 2, (c) κ = 3 and (d) κ = 5

towards lower values of suction over time. The time at breakthrough can be identified as the
time at which the suction values at lower heights stopped decreasing and attained a constant
trend (tbreak = 133h).

For the CBS with κ = 2 (see Figure 7.29b), the suction values recorded in the upper
finer layer (z = 87cm, z = 80cm, z = 65cm and z = 57cm) initially decreased approximately
contemporaneously since the water contents at these heights were initially relatively high
(see Figure 7.20b) as well as the initial hydraulic conductivities. Therefore, there was not the
propagation of a sharp wetting front but almost a contemporaneous decrease of suction at
the different locations. The suction values in the lower finer layer remained initially constant
while water was initially propagating in the upper finer layer, and they started decreasing
later than those in the upper finer layer. This indicates that the presence of the intermediate
coarser layer acted as a capillary break before breakthrough occurred across the intermediate
coarser layer. Breakthrough occurred when the suction values in the upper finer layer stopped
decreasing and attained approximately constant values. After water breakthrough across the
intermediate coarser layer occurred (approximately at t = 60h), the suction values in the lower
finer layer (z = 38cm, z = 23cm and z = 1cm) started decreasing almost immediately. With
similarity to the intermediate coarser layer, the time at breakthrough in the lowest coarser
layer can be identified as the time at which the suction values in the lower finer layer stopped
decreasing and attained a constant trend (tbreak = 135h). Also in this case, the suction profiles
in the finer layers were approximately hydrostatic.
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The interpretation of these results can be extended to the time histories of suction obtained
in the tests on the CBSs with κ = 3 (see Figure 7.29c) and κ = 5 (see Figure 7.29d).

Time histories of volumetric water content

Figure 7.30 shows the time histories of the volumetric water content at different locations of
the different multi-layered CBSs. For each test, the different coloured curves represent the
measurements of different water content sensors located at different heights in the CBS. The
locations of the water content sensors are shown in the diagram of the column inserted in
each sub-plot. In addition, the corresponding initial volumetric water contents (see symbols
at t = 0h) and the corresponding final volumetric water contents (see symbols at the end of
the tests) are shown for comparison. The initial volumetric water contents correspond to the
values of the volumetric water content used during the initial preparation of the column (see
Figure 7.20). To obtain the final volumetric water content, soil samples were extracted from
the lateral ports at the end of the tests, before disassembling the columns. These soil samples
were then weighed, oven-dried and weighed again to work out the corresponding mass of
water and mass of solids, and hence the volumetric water content in the column (knowing the
porosity of the soil in the column).

Figure 7.30: Time histories of the volumetric water content measured by the water content
sensors (solid lines), initial water contents (symbols at t = 0h) and final water contents
(symbols at the final times of the tests) for the different infiltration tests: (a) κ = 1, (b) κ = 2,
(c) κ = 3 and (d) κ = 5
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Theoretically speaking, the volumetric water contents recorded by the sensors at the
beginning of the test (solid lines at t = 0h) should match the initial volumetric water content
values (symbols at t = 0h) and the volumetric water contents recorded by the sensors at the
end of the test (solid lines at the final times) should match the final volumetric water content
values (symbols at the final times). In many cases, the initial and final volumetric water
contents recorded by the sensors did not match the independently determined initial and final
volumetric water contents. There may be a degree of uncertainty in the initial water contents,
due to possible water redistributions occurring within the columns between the set-up time
and the beginning of a test when monitoring commenced. It is expected, however, that the
measurements of final water contents, obtained from the soil samples taken from the column
at the end of the test, were accurate and reliable. Hence, the measurements of the water
content from the water content sensors were considered unreliable, at least in terms of the
absolute values. Nevertheless, they still provided sensible results even if only in terms of the
variation of volumetric water content with time. Possible causes of the unreliable response of
the volumetric water content sensors were:

• instability of the connection between the water content sensors and the signal condi-
tioning box, i.e. a stereo 3.5 mm Jack connector;

• poor homogeneity of the water content distribution in the volume of soil affecting the
sensor measurement, e.g. a discontinuity of water content at the interface between finer
layer and coarser layer and, within the same layer, high variation of water content in a
little volume of soil;

• poor contact between the sensor probes and the soil, e.g. formation of air gaps between
the probes or unrepresentative soil conditions in the soil immediately adjacent to the
sensor probes (disturbance caused by the presence of the sensor probes);

• influence of the boundary effects at the outer edge of the soil column;

• for sensors located in the coarser layer, fingering [192] (i.e. unstable non-homogeneous
wetting front propagation during infiltration into layered soils) may occur and cause
local inhomogeneities in the water content.

Although the electronic system was designed to connect a maximum of 8 water content
sensors, one was damaged during the calibration operations. Thus, seven water content sensors
were used in each test. Although it is advised [238] not to use these water content sensors in
very coarse soils such as a sandy gravel because it may lead to unreliable measurements, one
sensor was always placed in the bottom coarser layer at z = −6cm (see Figure 7.30). The
purpose of this sensor was only to relate the time at breakthrough across the lowest interface
to the measurement of an increase of the water content in the bottom coarser layer. In the tests
on the CBSs with layering factors κ = 1 (see Figure 7.30a) and κ = 2 (see Figure 7.30b), it
was possible to record an increase of the water content whereas no significant increases in
water content in the bottom coarser layer were recorded by the sensors in the tests on the
CBSs with layering factors κ = 3 (see Figure 7.30c) and κ = 5 (see Figure 7.30d).
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From the observation of the results for the single CBS (κ = 1) (see Figure 7.30a), a similar
pattern described for the time history of suction can be identified. Consecutive and distinct
increases of the water content at the higher locations (z = 80cm first, z = 57cm second and
z = 38cm third) can be observed. This suggests the downwards propagation of a sharp wetting
front. By contrast, at a lower location in the finer layer z = 23cm, which was initially at a
greater value of water content and hydraulic conductivity, the water content increased almost
at the same time as at z = 38cm. At z = 16cm and z = 1cm the water contents remained
always approximately constant because the initial degrees of saturation were close to the
maximum saturation Sls.

For the CBS with κ = 2 (see Figure 7.30b), the water contents at the heights z = 87cm,
z = 80cm and z = 65cm started increasing almost at the same time since the water contents
at these heights were initially relatively high (see Figure 7.20b) as well as the initial hydraulic
conductivities. Therefore, there was not the propagation of a sharp wetting front but almost a
contemporaneous increase of the water content at the different locations. The water content
at z = 23cm started increasing later than at z = 87cm, z = 80cm and z = 65cm indicating,
as discussed earlier, that the intermediate coarser layer acted as a capillary break until water
broke through the intermediate coarser layer. At z = 57cm and z = 1cm, the water contents
remained approximately constant because, also in this case, the initial degrees of saturation
next to the interfaces with the underlying coarser layers were close to the maximum degree of
saturation Sls.

A similar interpretation can be given also to the results of the other two tests κ = 3 (see
Figure 7.30c) and κ = 5 (see Figure 7.30d). However, for the test with κ = 5, also the water
contents at locations next to the interfaces with the coarser layers (e.g. z = 1cm) increased
because the initial water content values were all relatively low (see Figure 7.20d).

These results of volumetric water content measured by the water content sensors must be
treated with caution because the quality of the measurements was significantly affected by the
weaknesses mentioned earlier. These measurements can only provide sensible information
about the time variation patterns but the absolute values are unreliable. On the other hand,
the suction measurements through tensiometers were reliable and convincing and they were
hence treated with confidence.

Suction and volumetric water content profiles at breakthrough

For each test, the time at breakthrough was identified by comparing the different results
shown in Figures 7.28, 7.29 and 7.30. Given that the water breakthrough into the lowest
coarser layer is a relatively sudden phenomenon (see Section 6.1), when the outflow from
the CBS starts, the outflow rate quickly attains the applied infiltration rate. From the time
histories of the outflow shown in Figure 7.28, the times at breakthrough tbreak can therefore
be estimated as the intersection between the horizontal axis and the extrapolation of the linear
trend of the cumulative outflow established after breakthrough. From the time histories of
suction shown in Figure 7.29, the time at breakthrough tbreak can be identified as the time
at which the suction recorded close to the lowest interface between the finer layer and the
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coarser layer stops decreasing and starts following approximately a constant trend. From the
time histories of the volumetric water content shown in Figure 7.30, the time at breakthrough
tbreak can be estimated as the time at which the volumetric water content in the lowest coarser
layer starts increasing (only detectable for κ = 1 and κ = 2). These three interpretations
of the phenomenon of breakthrough led to consistent values of the times at breakthrough:
tbreak = 133h for κ = 1, tbreak = 135h for κ = 2, tbreak = 75h for κ = 3 and tbreak = 126h for
κ = 5.

Figure 7.31 shows the suction and volumetric water content profiles at the time of break-
through for the four infiltration tests. In particular, the symbols represent the experimental
data points obtained from the column infiltration tests. The suction data points were obtained
from the readings of the tensiometers at the time of breakthrough tbreak. The volumetric water
content data points were obtained from tests on soil specimens extracted from the lateral ports
of the column at the end of the test and then oven-dried to work out the volumetric water con-
tent, as discussed earlier in this section. The blue dashed lines represent the profiles obtained
using the simplified calculation model presented in Section 7.2. The bulk water-continuity
value of the coarser layer was sc

BWC = 0.3kPa; the constant suction values in the intermediate
coarser layers, which depend on the applied infiltration rate, were s∗c = 0.259kPa for the test
with κ = 2, s∗c = 0.258kPa for the test with κ = 3 and s∗c = 0.258kPa for the test with κ = 5;
the maximum values of suction in the finer layers at breakthrough, which depend on the
applied infiltration rate, were s∗f = 4.55kPa for the test with κ = 1, s∗f = 4.57kPa for the test
with κ = 2, s∗f = 4.56kPa for the test with κ = 3 and s∗f = 4.55kPa for the test with κ = 5.
The volumetric water content profiles were obtained from the suction profiles using the main
wetting (MW) SWRC modVG models presented in Section 7.4.3.

Comparing the experimental results at breakthrough (symbols) and the results of the
simplified model (blue dashed line), it can be seen that, in general, the simplified model is
able to capture the general trend of the suction profiles and the water content profiles. At
breakthrough, the experimental suction data points tend to be aligned on hydrostatic profiles
for suction lower than s∗f and to be approximately constant in the upper part of a finer layer
where suction attains the value of s∗f (see Figure 7.31a). However, the model always slightly
underestimates the suction values at locations where the suction profiles are hydrostatic, due to
a difference between the suction values predicted at the interfaces between the finer layers and
the underlying coarser layers. This difference between the suction values obtained from the
model and those obtained from the experiments is always approximately the same among all
the different tests, that is approximately 0.4 kPa. As a consequence of the fact that the suction
profiles at breakthrough were slightly underestimated by the simplified model, the volumetric
water content profiles at breakthrough were slightly overestimated by the simplified model
with comparison to the experimental data (see Figure 7.31). It should be also remembered that
the experimental values of θl are less reliable than the experimental values of s (see earlier).

The difference between the suction value at the interface between finer layer and coarser
layer predicted with the model and that obtained from the experiments, approximately 0.4 kPa,
can be explained by referring to Figure 7.32. Figure 7.32a shows a photograph of an interface
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Figure 7.31: Suction and volumetric water content profiles at breakthrough for the different
infiltration tests: (a,b) κ = 1, (c,d) κ = 2, (e,f) κ = 3 and (g,h) κ = 5

between a finer layer and a coarser layer at an early stage of an infiltration test, namely at a
much earlier time than the time at breakthrough. After the CBS was set up with an initial
amount of stored water that was lower than the water storage capacity of the CBS, the upper
few centimetres of each coarser layer, immediately below the interface with a finer layer,
quickly became damp. This occurred in all four tests and at all the different interfaces between
a finer layer above and a coarser layer underneath. This damp zone was always approximately
4 cm thick (see Figure 7.32a). After being formed, this damp zone did not extend further until
water breakthrough across the interface occurred. The formation of this damp zone can be
interpreted by the schematic diagram shown in Figure 7.32b. Given that the materials for
the finer layer and for the coarser layer have significantly different grain sizes, the coarser
layer may be contaminated to some extent by soil grains from the finer layer when the latter is
spread and compacted on the coarser layer. When this happens, the finer material occupying
the large pores of the coarser material will be at a high value of degree of saturation, similar
to that in the finer material above the theoretical interface. The theoretical interface can
be considered the design interface or the potential interface if no contamination of material
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occurred. When the finer material contaminates the coarser layer, the phenomenon of water
breakthrough from the finer layer to the coarser layer will start at a greater depth than the
theoretical interface because the water will create continuous liquid paths in the finer material
occupying the larger pores of the coarser material. The depth of an effective interface can be
defined as the maximum depth reached by the finer material in which the water can create
continuous liquid paths within the finer material above the theoretical interface. In this case,
water breakthrough will start when suction attains the bulk water continuity value of the
coarser layer sc

BWC at the effective interface instead of the theoretical interface. Therefore,
the effective suction profile at breakthrough in the finer layer will have a similar form to
the theoretical suction profile but its origin will be at the effective interface. As a result, the
difference in suction between the theoretical profile and the effective profile at a given height
is γl ·∆z where ∆z is the vertical distance between the theoretical interface and the effective
interface. In these tests, identifying the thickness of the damp zone in the coarser layer as
the depth of contamination ∆z, the difference in suction between the theoretical profile and
the effective profile is approximately 0.4 kPa. This value is exactly the difference in suction
between the profiles obtained with the simplified model and the experimental profiles in
Figure 7.31, thereby confirming the interpretation of the phenomenon just described.

Figure 7.32: Contamination of coarser layer at the interface: (a) photograph during experiment
and (b) schematic representation

In order to take into account the difference between the theoretical interface and the
effective interface, a correction was introduced in the simplified model. With the corrected
model (see orange solid lines in Figure 7.31), the origins of the suction profiles in the finer
layers were simply moved lower into the coarser layer by 4 cm. As a result, at a given height
where the suction profile is hydrostatic, the suction obtained with the corrected model was
approximately 0.4 kPa greater than the suction obtained with the non-corrected model. It
can be seen that the suction profiles obtained with the corrected model were all in very
good agreement with the experimental data, thereby confirming the validity of the simplified
model and the correction introduced to take into account the contamination of material at the
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interface.
The volumetric water content values at breakthrough obtained with the corrected model

were in general lower than those obtained with the non-corrected model and matched well the
experimental data points. However, both the models underestimated the constant value of the
volumetric water in the upper part of the single capillary barrier (see Figure 7.31b), which led
to an underestimation of the water storage capacity. This difference between the simplified
models and the experimental data must be probably attributed to a poor characterization of the
SWRC and/or the SHCC of the fine sand around the bulk water-continuity value. Moreover,
the maximum volumetric water content in the finer layers obtained close to the interfaces with
the underlying coarser layers was slightly underestimated by both models in all the tests (see
Figure 7.31b,d,f,h). This was probably due to the presence of a lower amount of trapped air in
the column infiltration tests than in the SWRC tests and/or to differences in the porosity of the
soil prepared for the infiltration tests with respect to the value obtained during the preliminary
tests.

Water storage capacities

Figure 7.33 shows the water storage capacities of the different multi-layered CBSs obtained
from the column infiltration tests (black symbols), plotted against the layering factor κ .
In particular, Figure 7.33a shows the absolute values of the water storage capacities WSC

whereas Figure 7.33b shows the ratio between the water storage capacity of the generic
multi-layered CBS, WSC, and the water storage capacity of the corresponding single CBS,
WSCSCB. The WSC values of the four different CBSs tested in this work were obtained by
summing the initial water storages used during the preparation of the soil columns and the
volumes of water infiltrated in the soil columns until the times at breakthrough tbreak. For
comparison, also the water storage capacity curves obtained by applying the simplified model
(blue dashed line) and the corrected version of the simplified model taking into account the
contamination of the coarser material with the finer material (orange solid line) are plotted in
Figure 7.33. In general, the experimental results confirm the interpretation of the hydraulic
behaviour of multi-layered CBSs. Indeed, as already described in Sections 7.1 and 7.3, the
experimental results show that a significant gain in the WSC was obtained by layering the
CBS. The experimental results show that the WSC of the single CBS (κ = 1) was increased by
approximately 30% by using a layering factor of κ = 2 and by approximately 40% by using a
layering factor of κ = 3. Moreover, experimental results also show that the gain in the WSC

does not increase indefinitely with increasing κ , because the effect of the potential increase
in the degree of saturation in the finer layers overlying intermediate coarser layers becomes
outweighed by the reduction of WSC due to the low degree of saturation in the intermediate
coarser layers. This is clearly shown by the fact that the WSC decreases from κ = 3 to κ = 5.

Figure 7.33a also shows that both the models are able to capture relatively well the WSC

of multi-layered CBSs. Differences between the experimental results and the results obtained
with the models are mainly related to a non-perfect characterization of the SWRCs and the
SHCCs. This was particularly evident in the calculation of the WSC of the single CBS, which
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Figure 7.33: Water storage capacities (a) and ratios between the water storage capacity and
water storage capacity of the corresponding single capillary barrier (b) plotted against the
layering factor for the different infiltration tests

was underestimated by both models. The underestimation of the water storage capacity of
the single CBS was the major cause of differences between the experimental curves and the
curves from the models, when plotted in terms of the ratio WSC/WSCSCB in Figure 7.33b.

7.5 Concluding remarks

In certain conditions, horizontal conventional CBSs may be highly inefficient at storing water
because most of the water is stored in the lower part of the finer layer, close to the interface
with the underlying coarser layer, whereas the remaining soil in the F.L. is at low degree of
saturation. In such conditions, the use of multiple layers may lead to an increase of water
storage capacity.

A simplified approach for the analysis of multi-layered CBSs was proposed. It consists of
the definition of a schematic suction profile at breakthrough, depending on infiltration rate
and hydraulic properties of the materials, from which the corresponding profile of degree of
saturation at breakthrough, and hence the water storage capacity, can be obtained by knowing
the SWRCs of the materials. The accuracy of this simplified approach was validated against
numerical results of FE analyses and experimental results of laboratory physical tests.

Parametric analyses performed with numerical FE simulations and the simplified method
showed the following:

• the gain in WSC obtained by layering may be significant in certain conditions;

• the existence of an optimum layering factor which maximises the gain in water storage
capacity;

• the gain obtained by layering increases as the thickness of the CBS increases and if
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coarser-grained materials are used, in particular for the finer layer;

• although a high infiltration rate may limit the benefit of using multi-layered CBSs, the
WSC obtained using a high infiltration rate is unreliable and should not be adopted.

The behaviour of multi-layered CBSs was finally investigated by means of physical
laboratory tests involving column infiltration tests on different CBSs with different layering
factors. All the equipment used was designed and manufactured in this work, including
tensiometers. These laboratory tests showed that:

• each intermediate coarser layer acts as a "hydraulic break" between different finer layers
until breakthrough occurs into that individual coarser layer;

• the suction profile at breakthrough is affected by contamination of the coarser layers
from particles of the finer layers;

• suction and water content profiles at final breakthrough into the lowest coarser layer,
and hence water storage capacities, obtained from the experimental tests on the CBSs
matched well those predicted using the simplified method, after introducing a correction
for the contamination of the coarser layers;

• the gain in WSC obtained by layering was significant;

• there is an optimum layering factor which maximises the gain in water storage capacity.



Chapter 8

Numerical study of the long-term
application of capillary barrier systems
for suction-control purposes

8.1 Introduction

In the previous chapters, the fundamental behaviour of capillary barrier systems was analysed
considering relatively simple numerical models (i.e. only one-dimensional analyses) and
conditions (e.g. constant liquid flow or constant atmospheric conditions applied at the soil
surface). These analyses were performed to study the impact of the new hydraulic constitutive
models for unsaturated soils presented in Chapter 3 on the fundamental behaviour of capillary
barrier systems (Chapter 6) and to analyse the behaviour of non-conventional multi-layered
capillary barrier systems (Chapter 7). The aim of this chapter is to study numerically the
long-term application of capillary barrier systems for suction-control and slope stability
purposes. Given that the use of CBSs may potentially prevent or limit the percolation of rain
water into the underlying soil, relatively high values of suction may potentially be maintained
in the underlying soil in the long-term. This can have implications on different geotechnical
problems such as slope stability [170], which will be analysed in this chapter.

The analyses presented in this chapter are characterised by a greater level of complexity
than those presented in previous chapters. The systems modelled in these analyses included
not only the coarser layers (C.L.) and finer layers (F.L.) of the CBSs but also the underlying
soil (U.S.). The impact of the use of CBSs for suction-control was analysed in the long
term, by modelling several years of realistic weather conditions. These weather conditions
were modelled considering the soil-atmosphere interaction and using atmospheric parameters
calibrated against real atmospheric data. These atmospheric conditions were representative of
a relatively dry and warm European climatic area (Cagliari, Italy) and a relatively wet and
cool European climatic area (London, United Kingdom).

Two types of models were analysed: one-dimensional and two-dimensional. The one-
dimensional models were used to study the behaviour of horizontal (i.e. unsloping) CBSs
whereas the two-dimensional models were used to study the application of CBSs for slope
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protection. For both types of models, advanced FE thermo-hydraulic multi-physics simulations
were performed in order to analyse the long-term thermo-hydraulic behaviour of CBSs when
subjected to realistic weather conditions. In addition, for the two-dimensional models, limit
analyses were performed to assess the impact of the use of CBSs on slope stability.

Several simulations were carried out with the aim of highlighting the role of different
parameters. The roles of atmospheric conditions, materials of the CBS, thickness of the
CBS and height of the slope were studied. In addition, alternative solutions to improve the
efficiency of CBSs, such as the use of multi-layered CBSs and multiple drains in sloping
CBSs, will be explored in this chapter.

Section 8.2 provides a description of the numerical models employed. Section 8.3 presents
the results of the one-dimensional analyses, in which the application of horizontal CBSs is
studied, and Section 8.4 shows the results of the two-dimensional analyses, representing the
behaviour of sloping CBSs when applied to slope stability. Finally, some concluding remarks
for this chapter are presented in Section 8.5.

8.2 Numerical models

One-dimensional analyses were performed to study the long-term performance of horizontal
capillary barrier systems when used for suction control purposes. Two-dimensional analyses
were performed to study the long-term performance of sloping capillary barrier systems used
for slope stability purposes.

For both one-dimensional and two-dimensional models, thermo-hydraulic FE simulations
were performed with Code_Bright, in which also the diffusion of water vapour within the gas
phase was considered and the atmospheric conditions were modelled using the atmospheric
boundary conditions described in Section 4.1.3.

For the two-dimensional models, output hydraulic data, i.e. suction s and degree of
saturation Sl , at some specific times critical for the stability of the slope were exported
to LimitState:GEO to perform limit analyses. The data transfer between finite element
analyses with Code_Bright and limit analyses with LimitState:GEO was done according
to the procedure described in Section 4.3. By means of the limit analyses, it was possible
to determine the stability of the slope in critical weather conditions, in terms of failure
mechanisms and associated factors of safety.

8.2.1 Geometry

In this section, the geometry of the different models is described.
In terms of the geometry, three different one-dimensional models, or soil columns, were

considered, as shown in Figure 8.1. The first model consisted of a vertical column representing
solely the underlying soil (see Figure 8.1a, "No CBS"). The height of the column, 20 m, was
chosen to minimize the impact of the position of the bottom boundary on the soil response
close to the surface. This choice was done as a result of preliminary tests in which different
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columns characterised by different heights were analysed. It was shown that using a column
with a height equal or greater than 20 m has a negligible impact on the soil response close
to the surface, which is the location of interest for this study. In the second model, the
underlying soil, which is still modelled as in Figure 8.1a, is overlain by a CBS, as shown in
Figure 8.1b which is a zoomed view of the top part of the model. The total thickness of this
CBS is tCBS = 60cm, the thickness of the coarser layer (C.L.) is 20 cm and the thickness of
the finer layer (F.L.) is 40 cm. The third model (see Figure 8.1c) is similar to the second model
(Figure 8.1b) but the finer layer is 80 cm thick and, given that the thickness of the coarser
layer is fixed to 20 cm, the total thickness of this CBS is tCBS = 100cm. The comparison
between the results obtained with these three different geometries was used to assess the role
of the CBS and the impact of the thickness of the finer layer on the results.

Figure 8.1: Geometry and mesh of the 1D models: (a) model with no CBS, (b) model with
CBS of a thickness of tCBS = 60cm (zoomed view) and (c) model with CBS of a thickness of
tCBS = 100cm (zoomed view)

The FE mesh was made of quadrilateral elements. In the vertical direction, in all three
one-dimensional models, the underlying soil was made of 70 elements: 10 elements from
z = 0m (the bottom boundary) to z = 16.5m with a mesh gradient of 0/0.5 (finer upwards),
10 elements from z = 16.5m to z = 18.5m with a mesh gradient of 0/0.4 (finer upwards) and
50 elements from z = 18.5m to z = 20m with a mesh gradient of 0/0.1 (finer upwards). The
coarser layer was made of 10 elements with a mesh gradient of 0.7/0.7 (finer towards the
boundaries). In the model shown in Figure 8.1b, the finer layer has 26 elements in the vertical
direction: 16 elements from z = 20.2m (interface with the coarser layer) to z = 20.55m
with a mesh gradient of 0.6/0.6 and 10 elements from z = 20.55m to z = 20.6m (surface)
with a mesh gradient of 0/0.2. In the model shown in Figure 8.1c, the finer layer has 26
elements in the vertical direction: 16 elements from z = 20.2m (interface with the coarser
layer) to z = 20.95m with a mesh gradient of 0.6/0.6 and 10 elements from z = 20.95m to
21m (surface) with a mesh gradient of 0/0.2. The mesh close to the top boundaries was very
fine because the atmospheric boundary conditions caused high gradients in the state variables
(i.e. pl and T ) close to the surface. For all the one-dimensional models only two elements
were modelled in the horizontal direction (which is the minimum required by Code_Bright).
The general validity of this mesh was assessed by a number of preliminary tests. In particular,
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different mesh refinements were considered and it was verified that the results obtained with
the mesh described above showed negligible differences when compared with those obtained
with finer meshes.

Different geometries were considered for the two-dimensional models, as shown in
Figure 8.2. In two models, only the underlying soil was considered (see Figures 8.2a and 8.2b).
The geometry of the underlying soil is a slope characterised by an angle of 35◦. For the
purpose of this thesis, this slope angle could not be too low otherwise the original slope would
not be affected by rainfall induced instability problems. On the other hand, the slope angle
could not be too high otherwise also the CBS would not be stable. As a rule of thumb, CBSs
can be applied for slope stability purposes for slope angles intermediate between the friction
angle of the underlying soil (i.e. 20◦ in these analyses) and the friction angle of the materials
of the CBS (40◦ in these analyses). This rule must be seen just as an indicative guidance. Two
slope heights were considered: Hs = 6m (see Figure 8.2a) and Hs = 10m (see Figure 8.2b).
The lateral boundaries are located 10.5 m from the top of the slope and 10.5 m from the toe
of the slope (see Figures 8.2a and 8.2b). For both of these models, the bottom boundary was
located at 20 m below the ground surface, taken from the bottom of the slope. This height is
the same used for the one-dimensional models (see Figure 8.1a). The choice of the location
of the bottom boundary followed the same logic adopted for the one-dimensional models.
The location of the lateral boundaries was chosen by means of preliminary tests in which it
was verified that, next to the lateral boundaries, the response of the soil was approximately
the same as obtained with corresponding one-dimensional models, meaning that far field
conditions were recovered at the lateral boundaries.

Different models in which a capillary barrier system is used to cover the slope surface
were created (see Figures 8.2c, 8.2d, 8.2e and 8.2f). In all these models, the underlying
slope is identical either to the model shown in Figure 8.2a or to that shown in Figure 8.2b.
Figures 8.2c, 8.2d, 8.2e and 8.2f only show a zoomed view of the central part of the model,
where the slope is covered by a CBS. In the model shown in Figure 8.2c, the 6 m-high slope
presented in Figure 8.2a is covered by a sloping CBS of a total thickness of tCBS = 60cm,
like that shown in Figure 8.1b for one-dimensional analyses. The slope is totally covered
by the CBS whereas at the top and at the toe the CBS covers the horizontal underlying soil
surface only for a short length, approximately of 1.3 m. At these locations, the CBS terminates
with sloping surfaces, with an angle of 35◦. The model shown in Figure 8.2d is similar to
that shown in Figure 8.2c but the CBS, which is still 60 cm thick, is applied to the slope of
height Hs = 10m. In the two-dimensional model shown in Figure 8.2e, a 100 cm-thick CBS
equal to that of the one-dimensional model shown in Figure 8.1c is used to cover the slope
of a height of Hs = 10m. Finally, in the two-dimensional model shown in Figure 8.2f, the
10 m-high slope was covered by a multi-layered CBS (MCB) with a layering factor of 2 and
a total thickness of tCBS = 60cm. In this MCB, the thickness of the finer layers is 27.5 cm,
the thickness of the bottom coarser layer is 20 cm whereas the thickness of the intermediate
coarser layer is 5 cm. All quoted layer thicknesses for MCBs on slopes refer to vertical
dimensions (e.g. see inset of Figure 8.2f), rather than thicknesses measured perpendicular to
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Figure 8.2: Geometry and FE mesh of the 2D models: (a) model with slope height Hs = 6m
with no CBS, (b) model with slope height Hs = 10m with no CBS, (c) model with slope
height Hs = 6m with CBS of thickness tCBS = 60cm, (d) model with slope height Hs = 10m
with CBS of thickness tCBS = 60cm, (e) model with slope height Hs = 10m with CBS of
thickness tCBS = 100cm and (f) model with slope height Hs = 10m with multi-layered CBS
of thickness tCBS = 60cm
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the slope.
As discussed in Section 2.3.4, sloping CBSs may potentially transport water down the

slope due to the effect of gravity. For this reason, a drain should be placed at the toe of the
slope with the purpose of collecting any water transported by the sloping CBS. Figure 8.3
shows a schematic representation of these drains, as expected in reality (insets on the left)
and as modelled in Code_Bright. This figure shows the presence of two drains: a bottom
drain and an intermediate drain. The bottom drain was present in all the models whereas the
intermediate drain was considered only in one model in order to assess the influence of the
presence of an intermediate drain in a sloping CBS. In reality, these drains are tubes which
collect water transported from the finer layer and divert it away. The lateral sides and the
bottom side of the tube in contact with the coarser layer are closed and impermeable whereas
the upper part in contact with the finer layer is perforated. In this way, the water can percolate
from the finer layer into the drain where it is diverted away. Around the drain, geotextiles can
be placed at the interface between the finer layer and the coarser layer in order to convey the
water directly into the drain and avoid water breakthrough into the coarser layer around the
drain. In the numerical FE models, the drains were modelled by applying particular surface
boundary conditions to some specific mesh elements in the coarser layer, whose location is
highlighted by the dashed red line in Figure 8.3. These drainage surface boundary conditions
can be seen as a surface liquid water outflow occurring orthogonal to the 2D plane. This
out-of-plane outflow ql was modelled by the following expression:

ql =

0 if s > sc
BWC

γw ·
(
s− sc

BWC

)
if s≤ sc

BWC

(8.1)

where s is the suction in the drain element, sc
BWC is the bulk-water continuity value of suction

of the coarser layer and γw is a leakage coefficient. Equation 8.1 suggests that when the
suction in the drain element s is greater than sc

BWC, the drain is inactive and no out-of-plane
water flow occurs. When s attains the value of sc

BWC, the drain starts working and the water is
removed from the drain element as long as s≤ sc

BWC. By imposing a high value to the leakage
coefficient γw, the suction in the drain element remains approximately constant s≈ sc

BWC as
long as water enters the drain. Practically speaking, as long as the suction at the interface
between F.L. and C.L. is greater than the BWC value of the coarser layer, the water is stored
in the finer layer and the drain is inactive, whereas, when the suction at the interface attains
the BWC value of the coarser layer, water breakthrough from the finer layer into the coarser
layer occurs but this water is removed out of the model by the drain elements.

The finite element meshes adopted for the two-dimensional models are shown in Fig-
ures 8.2 and 8.3. The capillary barrier systems and the upper part of the underlying soil, from
the surface to a depth of 3.5 m, were modelled with quadrilateral elements whereas the lower
part of the underlying soil was modelled with triangular elements in order to avoid the use
of highly distorted mesh elements. Two principal orientations of the quadrilateral elements
can be identified: perpendicular to the soil surface and parallel to the soil surface. In the
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Figure 8.3: Modelling of the drains

underlying soil, the mesh was finer moving vertically from the bottom boundary to the top
boundary. The mesh spacing of the quadrilateral elements in the orientation perpendicular to
the soil surface was the same as used in the one-dimensional models, for both the underlying
soil and the single CBSs. For the multi-layered CBS (see Figure 8.2f), the mesh spacing for
the lower coarser layer was the same as used for the other models. The lower finer layer was
modelled with 9 elements in the perpendicular orientation with a mesh gradient of 0.6/0.6
(finer towards the edges). The intermediate coarser layer was modelled with 6 elements
and a mesh gradient of 0.6/0.6. The upper 5 cm-thick sub-layer of the upper finer layer was
modelled with 10 elements with a mesh gradient of 0/0.2 (finer towards the soil surface)
whereas the remaining thickness of the upper finer layer was modelled with 9 elements with
a mesh gradient of 0.6/0.6. In the orientation parallel to the soil surface, the mesh becomes
finer moving from the lateral boundaries towards the slope and, in the centre of the model,
it becomes finer moving from the middle towards the toe and the top of the slope. In the
underlying soil, along the lateral horizontal edges not covered by the CBSs, the mesh is made
of 14 elements along the parallel orientation with mesh gradients of 0/0.4 down the slope and
0.4/0 up the slope. In the locations where the underlying soil is covered by a CBS, the same
mesh spacing in the parallel orientation was used for both the CBS and the underlying soil.
At the top and at the toe of the slope, in the parts where the CBS is horizontal, the mesh was
made of 14 elements with mesh gradients of 0.2/0.35 at the top and 0.4/0.5 at the toe. The
mesh of the slope was made of 48 elements in the parallel direction with a mesh gradient of
0.25/0.18. In the model with the multiple drains, the mesh of the slope was slightly different:
both above and below the intermediate drain the CBS was made of 30 elements in the parallel
orientation, with mesh gradients of 0.25/0.18 and 0.32/0.18 respectively.

The geometries of the two-dimensional models created with LimitState:GEO for limit
analyses were the same as those created for the FE analyses in Code_Bright. Figure 8.4
shows an example of the geometry of a LimitState:GEO model (i.e. CBS with Hs = 10m
and tCBS = 60cm) and the corresponding grid used for limit analyses. In the underlying
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soil, the grid spacing along both the x-direction and y-direction was 0.4453 m, except for a
sub-layer of 50 cm under the surface. In this sub-layer the grid spacing was much smaller,
i.e. 0.08906 m along both the x-direction and y-direction. The grid spacing in the coarser
layer is 0.04453 m along both the x-direction and y-direction. The grid spacing in the finer
layer is 0.08906 m along both x-direction and y-direction. Note that in thin or irregular
shapes, such as the the 50 cm thick sub-layer in the underlying soil, the coarser layer and
the finer layer, the LS grid will not be spaced regularly because the code will automatically
adapt it to the irregular elements, while maintaining a regular spacing of the grid nodes lying
on the boundaries. A fine grid in the coarser layer and in the finer layer was necessary to
capture failure mechanisms involving the CBS. A fine grid in the upper part of the underlying
soil close to the surface was necessary to capture shallow failure mechanisms. Deep failure
mechanisms could be modelled with a coarser grid.

Figure 8.4: LimitState:GEO grid

The general validity of the FE mesh for the two-dimensional models was assessed by
some preliminary tests. In particular, different mesh refinements were considered and it was
verified that the results obtained with the mesh described above showed negligible differences
when compared with those obtained with finer meshes. In a similar manner, the validity of
the limit analysis grids was verified by ensuring that finer grids led to negligible differences
in the results.

8.2.2 Materials

Four different materials were considered in this numerical study. The material properties
used for the underlying soil were representative of a silt. The material properties used for
the coarser layer were representative of a gravelly sand. Two materials were considered for
the finer layer, with properties representative of either a fine sand or a silty sand. From the
comparison of the results obtained considering these two materials, it was possible to assess
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the role of the material properties of the F.L. on the response of the system.
The material parameters used for the FE models are shown in Table 8.1 and the SWRCs

and SHCCs are shown in Figure 8.5. The hydraulic behaviour of the fine sand, silty sand and
gravelly sand was modelled using the modVG-modM+LF model. The hydraulic behaviour of
the silt was modelled using the modVG-modM model, i.e. without the liquid film conductivity
component, because in such a fine material the liquid film conductivity is negligible or
becomes significant only at very high values of suction, beyond the range of interest for this
study. In this particular case, since the parameter ξ of the modVG model is ξ = 0 for the silt,
the modVG model coincided with the VG model. Hydraulic hysteresis was modelled in all
the materials using the bounding surface approach presented in Section 3.4.

Figure 8.5: Hydraulic properties of the materials: (a) SWRCs and (b) SHCCs

The thermal conductivity and the vapour diffusivity were modelled respectively by
Fourier’s law and Fick’s law (see Section 4.1.2).

The material parameters for the limit analyses in LimitState:GEO were the unit weight
γ , the friction angle φ ′ and the effective cohesion c′. The parameter values adopted in these
analyses are shown in Table 8.2. The values adopted for the unit weight reflect the porosity,
the specific gravity and the range of degree of saturation expected during intense rainfall
events. The friction angle values used for the materials of the CBSs, i.e. fine sand, silty sand
and gravelly sand, are close to the upper bounds of the range of possible values for these
materials [246], corresponding to a high relative density state. This is however a reasonable
assumption because the materials of the CBS are designed to be compacted on site, and hence
the degree of compaction is controlled by the designer. A relatively low value of friction angle
was used to represent the silt [246], which represents a natural material already present on site.
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Table 8.1: Material parameter values for the FE numerical analyses

Material
Physical parameters

Model Φ k D10

[-] [m2] [mm]
Fine sand modVG-modM+LF 0.411 2.77E-11 0.17
Silty sand modVG-modM+LF 0.411 1.11E-12 0.034

Gravelly sand modVG-modM+LF 0.382 7.81E-9 2.73
Silt modVG-modM 0.480 3.80E-14 -

SWRC parameters
P0d P0w σs m ξ Sls γd γw

[MPa] [MPa] [N/m] [-] [-] [-] [-] [-]
Fine sand 2.31E-3 1.21E-3 0.072 0.779 6.79E-3 1 8 8
Silty sand 1.16E-2 6.05E-3 0.072 0.779 1.36E-2 1 8 8

Gravelly sand 1.93E-4 6.45E-5 0.072 0.688 3.27E-3 1 6 6
Silt 1.124E-1 2.52E-2 0.072 0.186 0.00E-3 1 2 2

SHCC parameters
m Sl,BWC/BWD Sls CFilm

r aFilm dFilm

[-] [-] [-] [MPa-1.5] [MPa] [-]
Fine sand 0.779 0.18 1 9.54E-10 4.0E-5 -1.5
Silty sand 0.779 0.22 1 1.19E-7 2.0E-4 -1.5

Gravelly sand 0.688 0.16 1 2.21E-13 1.5E-7 -1.5
Silt 0.186 0.00 1 - - -

Thermal conductivity Vapour diffusivity
λsolid λgas λliquid D n τ0[

W
mK

] [
W

mK

] [
W

mK

] [
m2Pa
sKn

]
[-] [-]

Fine sand 7.7 0.024 0.6 5.9E-6 2.3 1
Silty sand 7.7 0.024 0.6 5.9E-6 2.3 1

Gravelly sand 7.7 0.024 0.6 5.9E-6 2.3 1
Silt 7.7 0.024 0.6 5.9E-6 2.3 1

Finally, a small value of effective cohesion (i.e. c′ = 0.1kPa) was assigned to all materials in
order to avoid numerical instabilities in the analyses.

8.2.3 Initial conditions, boundary conditions and modelling of the at-
mosphere

The response of the models presented in Sections 8.2.1 and 8.2.2 was analysed when subjected
to realistic atmospheric boundary conditions. In particular, two different climatic conditions
were considered in this study: Cagliari (Italy) and London (United Kingdom). The former
was chosen because it is representative of a European dry and warm climate whereas the latter
was chosen because it is representative of a European wet and cool climate. Historical data for
the weather in Cagliari were obtained from the meteorological office of the Italian air force
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Table 8.2: Material parameter values for the limit analyses

Material
γ φ ′ c′

[kN/m3] [◦] [kPa]

Fine sand 17 40 0.1
Silty sand 19 35 0.1

Gravelly sand 16 40 0.1
Silt 19 20 0.1

(Servizio metereologico Aeronautica Militare [247]) whereas data for the weather in London
were obtained from the meteorological office of the UK Government (Met Office [248]).

The atmospheric data processed for the modelling of the atmospheric boundary conditions
were air temperature Ta, wind speed va, atmospheric relative humidity RHa, cloud index
In, radiation Rn and precipitation P. The average monthly values of these parameters were
calculated for years 1981-2010 and they are represented by the histograms in Figures 8.6a-l.
In order to be modelled in Code_Bright, these data, with exception of the net radiation,
were fitted by yearly sinusoidal distributions, represented by the solid lines in Figures 8.6a-h
and 8.6k-l. The parameter values for the yearly sinusoidal distributions, shown in Table 8.3a,
were obtained by fitting this distribution (see Equation 4.45 with xd = 0) to the atmospheric
data. The net radiation was modelled using the model implemented in Code_Bright and
discussed in Section 4.1.3 (see Equations 2.74 and 4.46-4.54).

Figures 8.6m,n show daily rainfall data for particularly wet 10-year periods for each
location, i.e. 1984-1993 for Cagliari and 1993-2002 for London.

Table 8.3b shows the general parameters used for the modelling of the atmospheric
conditions. See Section 4.1.3 and Table 4.4 for further information about the atmospheric
boundary conditions and the description of the different parameters. The parameter values
shown in Table 8.3b are representative of: sites at the latitudes of Cagliari and London
respectively, starting times for the analyses at midnight of the 1st of January, neutrally stable
atmosphere, soil surface roughness and surface albedos representative of a surface covered by
short grass.

Three different analysis stages were considered for the modelling of the atmospheric
boundary conditions. In all these three stages, the quantities related to the energy transfer and
evaporation (i.e. air temperature Ta, wind speed va, atmospheric relative humidity RHa, cloud
index In and net radiation Rn) were modelled by sinusoidal yearly time variations (see black
lines in Figures 8.6a-j). The three analysis stages differed for the modelling of rainfall, as
explained below.

1. For the first 20 years of analysis (stage 1), only the presence of the underlying soil is
considered, representing the stage before the construction of the CBS; rain P is applied
according to the sinusoidal yearly distributions shown in Figures 8.6k and 8.6l.

2. For the subsequent 10 years of analysis (stage 2), the CBS is included in the models
(only those which consider the presence of a CBS), representing the stage after the
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Figure 8.6: Measured data and modelling of atmospheric conditions for (a,c,e,g,i,k,m) Cagliari
(Italy) and (b,d,f,h,j,l,n) London (UK)
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Table 8.3: Parameters for the atmospheric boundary conditions

(a) Atmospheric parameters
Cagliari London

xm xa ta [s] xm xa ta [s]

Ta [◦C] 16.70 7.64 1.058E+7 10.98 6.69 9.935E+6
va [m/s] 3.593 0.598 2.618E+7 2.911 0.366 2.741E+7
RHa [%] 0.729 0.068 2.386E+7 0.777 0.074 2.227E+7

In [-] 0.664 0.126 9.556E+6 0.579 0.130 2.490E+7
P∗ [kgm−2 s−1] 1.180E-5 8.062E-6 2.004E+7 2.318E-5 5.178E-6 1.884E+7

(b) General parameters
Cagliari London

ϕl [rad] 0.6845 0.8990
ts [s] 2.28096E+7 2.28096E+7
tm [s] 4.32E+4 4.32E+4
z0 [m] 0.001 0.001
za [m] 1.5 1.5
ψ [-] 1 1

ρga [kgm−3] 1.2 1.2
Ald [-] 0.2 0.2
Alw [-] 0.2 0.2
γg [kgm−2 s−1 MPa−1] 1E+6 1E+6
γl [kgm−2 s−1 MPa−1] -1E+6 -1E+6

construction of the CBS; rain P is applied according to the sinusoidal yearly distributions
shown in Figures 8.6k and 8.6l. In the models in which only the underlying soil is
considered (e.g. Figures 8.1a, 8.2a and 8.2b), this stage represents a repetition of stage
1 for a further 10 years.

3. For the final 10 years of analysis (stage 3), rain is applied to the soil surface (either
underlying soil or CBS) using the daily rainfall data shown in Figures 8.6m and 8.6n.

The first two stages were preliminary stages needed to set up realistic conditions in the
underlying soils and in the CBS, whereas only stage 3 was of interest for this study. In
particular, stage 1 was used to set up realistic initial thermo-hydraulic conditions in the
underlying soil in relatively short computational times. Similarly, stage 2 was used to set up
realistic initial thermo-hydraulic conditions in the CBS after construction (in the models in
which a CBS was present) in relatively short computational times. Finally, stage 3 was used
to analyse the response of the models to more accurate time histories of rainfall, characterised
by a particularly wet 10-year sequence of recorded daily data.

Initial conditions and bottom boundary conditions used for the analyses in which the
weather of Cagliari was simulated were different from those in which the weather of London
was simulated.

For the weather of Cagliari, it was shown that the application of the weather conditions
described in stage 1 for a sufficiently high number of years (i.e. cycles) will ultimately lead to
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a situation in which the soil state quantities and the surface mass and energy fluxes follow
the same cyclic behaviour every year. This is obtained because, after a certain number of
simulated years, the yearly cumulative evaporation equals the yearly cumulative rain. The
bottom boundary was modelled as impermeable to liquid water and energy flux, in both
the one-dimensional and two-dimensional models. In the long term, this bottom boundary
condition was consistent with the fact that, after a certain number of years, major cyclic
variation were predicted close to the soil surface whereas negligible variations were predicted
at greater depths. The impact of the location of the bottom boundary was analysed by
means of preliminary tests in which it was verified that variations of the state quantities in
the very long term (i.e. >10000 years) were negligible close to the bottom of the model.
The lateral boundary conditions, only relevant to the two-dimensional models, were also
modelled as impermeable to liquid flow and heat flow because they were located sufficiently
far from the slope to achieve one-dimensional conditions, as also verified by means of some
preliminary numerical tests. For both the one-dimensional models and the two-dimensional
models, the initial conditions for the underlying soil were chosen in order to minimise the
number of years required to attain a cyclic annual response of the underlying soil, i.e. to
minimise the time required to achieve conditions in which the yearly cumulative evaporation
equals the yearly cumulative rain. These initial conditions consisted of i) a hydrostatic pore-
liquid pressure profile with pl = −15MPa (s = 15.1MPa) at the bottom of the model and
ii) a homogeneous temperature profile with T = 19.65◦C. The initial reversal point for the
underlying soil, needed to identify the degree of saturation from suction if the hysteretic
model is used (see Section 4.1.6), was given by s0 = 16.5MPa and Sl0 = 0.2671. The initial
conditions of the materials of the CBS, when this was introduced in stage 2 of the analysis,
were representative of a relatively dry state. In particular, a homogeneous initial distribution
of pore-liquid pressure, i.e. pl = 90kPa (s = 10kPa) for the gravelly sand and for the fine
sand and pl = 80kPa (s = 20kPa) for the silty sand, and a homogeneous temperature profile
with T = 19.65◦C were adopted.

For the weather of London, the approach used for the weather of Cagliari would lead to
results of little significance for this study. Over a year, the cumulative amount of rain would
always be greater than the cumulative amount of evaporation. Therefore, the application of
an impermeable bottom boundary condition, regardless how deep it is, provokes an overall
increase of the water stored in the model until reaching a situation in which every winter the
underlying soil becomes fully saturated and suction at the surface becomes equal to zero.
This situation will not make sense in the logic of this study, because the aim of the CBS is
maintaining relatively high values of suction during extreme rainfall events. If the beneficial
effect of suction is lost for each ordinary rainfall event, the use of a CBS will not make sense
because a slope will not be stable even before the application of a CBS.

For the weather of London, the bottom boundary condition was modelled as impermeable
to heat flow, but a constant pore-liquid pressure of pl = 0.247MPa (s = −0.147MPa) was
applied. In hydrostatic conditions, the latter corresponds to a position of the water table of
approximately 15 m above the bottom boundary, i.e. 5 m below the surface of the underlying



CHAPTER 8. NUMERICAL STUDY OF THE LONG-TERM APPLICATION OF CAPILLARY BARRIER
SYSTEMS FOR SUCTION-CONTROL PURPOSES 263

soil for the one-dimensional models and 5 m below the lower part of the slope for the two-
dimensional models. In other words, the idea of the model was to fix approximately the
location of the water table at a certain depth, although this might vary depending on the
atmospheric conditions, i.e. during winter the overall water flux is directed downwards and
the level of the water table is higher whereas during summer the overall water flux is directed
upwards and the level of the water table is lower. This represents a situation where the mean
level of the water level is set by conditions in a deep aquifer, within which lateral drainage can
occur. By preliminary specific tests, it was verified that the location of the bottom boundary
was deep enough to have a negligible effect on the response of the system close to the surface.
The lateral boundaries were modelled as impermeable to liquid and heat flows. Also for
the weather of London, the initial conditions for the underlying soil were chosen in order to
minimise the number of years required to attain an annual cyclic response of the underlying
soil. These initial conditions consisted of i) a hydrostatic pore-liquid pressure profile with
pl = 0.247MPa (s = −0.147MPa) at the bottom of the model, consistent with the bottom
boundary condition, and ii) a homogeneous temperature profile with T = 6.32◦C. The initial
reversal point for the underlying soil was given by s0 = 1000MPa and Sl0 = 0.0 (i.e. initial
states were on the main wetting curve). The initial conditions of the materials of the CBS,
when this was introduced in stage 2 of the analysis, were representative of a relatively dry
state. In particular, a homogeneous initial distribution of pore-liquid pressure, i.e. pl = 90kPa
(s = 10kPa) for the gravelly sand and for the fine sand and pl = 80kPa (s = 20kPa) for the
silty sand, and a homogeneous temperature profile with T = 6.32◦C were adopted.

The time period of interest in these simulations was that represented by stage 3 of the
analyses, i.e. the particularly wet 10-year period in which rainfall was applied according to
daily recorded data. Therefore, the results shown in Sections 8.3 and 8.4 will refer only to this
stage and the initial time t = 0 will refer to the beginning of stage 3. It is worth stressing the
fact that, for both sets of simulations (with the weather of Cagliari and London), the initial
conditions used for the models (at the start of stage 1) are not of primary importance for stage
3 of the analyses because more realistic initial conditions in the underlying soil and in the
CBS at the start of stage 3 were initialised by means of stages 1 and 2 of the analyses.

Finally, an apparent form of inconsistency in the choice of the time variation of the
weather conditions in stage 3 must be discussed. In this stage, the rain was modelled using a
daily "resolution", i.e. daily values of rainfall height were transformed into daily values of
constant water fluxes, whereas all the atmospheric parameters regarding evaporation and heat
flux at the surface were modelled using a yearly sinusoidal variation, which is less accurate.
This can be potentially far from the reality, e.g. temperature excursion from day to night is
typically significant. This choice was done as a result of some preliminary numerical tests.
In particular, different simulations were performed in which the weather conditions were
modelled using the following time resolutions: i) daily resolution of rain and daily resolution
of evaporation and heat flux, ii) daily resolution of rain and yearly sinusoidal variation of
atmospheric parameters related to evaporation and heat flux and iii) yearly sinusoidal variation
of rain and yearly sinusoidal variation of atmospheric parameters related to evaporation and
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heat flux. From the comparison of the results obtained with these three approaches, it was
observed that:

• modelling rain using a daily resolution had a major impact on the predicted response of
the system;

• modelling evaporation and heat flux using a daily resolution had a minor impact on the
predicted response of the system;

• modelling rain using a daily resolution slightly increased the computational time;

• modelling evaporation and heat flux using a daily resolution enormously increased the
computational time.

As a consequence of these results, it was decided to adopt a daily resolution for rain, because
it leads to more accurate results with a minor impact on the computational times, and a
yearly sinusoidal variation for the atmospheric parameters related to evaporation and heat
flux, because the error of neglecting the daily resolution is small but the impact on the
computational times is enormous.

The lateral and bottom boundaries of the LS:GEO models for limit analysis were mod-
elled as fixed, that is only displacements parallel to the boundary were permitted. The top
boundaries were modelled as free, meaning that movements both parallel and perpendicular
to the boundaries were permitted.

8.3 Application of horizontal capillary barrier systems: 1D
models

In this section the results of the one-dimensional FE thermo-hydraulic analyses are presented.
These models are representative of CBSs on horizontal ground. Ten different simulations
were performed combining the different weather conditions, materials and thicknesses of the
finer layer of the CBS presented in Section 8.2. The list of the one-dimensional analyses
performed is shown in Table 8.4. All the results shown in this section refer to stage 3 of the
analyses (see Section 8.2.3) and the initial time t = 0 corresponds to the beginning of stage 3.
In particular, the initial time t = 0 corresponds to midnight of the 1st of January (1984 for
Cagliari or 1993 for London).

Figure 8.7 shows the time histories of rain, evaporation into the atmosphere, surface
runoff, net infiltration at the surface and water breakthrough into the coarser layer obtained
for the different models, as a consequence of the application of the weather conditions of
Cagliari (Figures 8.7 a-e) and London (Figures 8.7 f-j). Net infiltration was obtained as the
sum of rain, evaporation and runoff, where the positive sign means a water flow entering
the soil surface (e.g. rain) whereas the negative sign means a water flow leaving the soil
surface (e.g. runoff). Evaporation typically assumes negative values (i.e. water leaving the
soil surface) but, occasionally, it may assume positive values (i.e. water entering the surface)
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Table 8.4: Summary of the 1D analyses

Analysis ID Weather
CBS

material F.L. tCBS [cm]

Cag_NOCBS Cagliari No CBS
Cag_FS_60 Cagliari Fine sand 60

Cag_FS_100 Cagliari Fine sand 100
Cag_SS_60 Cagliari Silty sand 60

Cag_SS_100 Cagliari Silty sand 100
Lon_NOCBS London No CBS
Lon_FS_60 London Fine sand 60
Lon_FS_100 London Fine sand 100
Lon_SS_60 London Silty sand 60
Lon_SS_100 London Silty sand 100

when the absolute humidity of the atmosphere is greater than that at the soil surface. Water
breakthrough into the coarser layer was obtained as the sum of liquid water flow and vapour
water flow occurring across the interface between the finer layer and the coarser layer of
the CBS, where the positive sign means an upward flow whereas the negative sign means
a downward flow. Figure 8.8 shows the water flows of Figure 8.7 expressed in cumulative
terms, obtained by integrating over time the water flows shown in Figure 8.7.

In the 10-year period analysed, the total amount of rainfall in London was almost twice the
amount in Cagliari (see Figures 8.8a and 8.8f), i.e. approximately 7575 mm in London and
4297 mm in Cagliari. Although the amount of rainfall in the long term is significantly different
between Cagliari and London, extreme rainfall events are comparable at these locations. In
particular, the daily rainfall was above 60 mm (a mean intensity of 6.94×10−4 kg/s/m2 in
Figure 8.7a or 8.7f) on three different days in Cagliari over the 10 year period and on two
different days in London. The most critical rainfall event in Cagliari consisted of a daily
rainfall of 73.8 mm on 7th of March 1985, corresponding to the time t = 1.18274years in the
analyses, whereas the most critical rainfall event in London consisted of a daily rainfall of
63.4 mm on 1st of January 1998, corresponding to the time t = 5.00214years in the analyses,
after a particularly wet period. Further results will be shown at these particular critical rainfall
events.

The maximum peaks of evaporation rate attained with the weather of Cagliari are higher
than those attained with the weather of London (see Figures 8.7b and 8.7g), as a consequence
of drier and warmer summers. However, the cumulative evaporation obtained from the
different models with the weather of London is in general slightly greater than that obtained
with the weather of Cagliari (see Figures 8.8b and 8.8g). This might seem counter-intuitive
but it can be explained as follows. Although the potential for evaporation is greater in Cagliari,
due to a warmer and drier weather, the amount of rainfall is greater in London. Hence, in
London, a higher amount of water is in general available for evaporation whereas, in Cagliari,
the evaporation rate is high after rainfall but it rapidly drops after the soil surface dries out.

Common points can be observed in the time histories of cumulative evaporation obtained
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Figure 8.7: Time histories of (a,f) rain, (b,g) evaporation, (c,h) runoff, (d,i) net infiltration
into the soil surface and (e,f) water breakthrough into the coarser layer obtained from one-
dimensional simulations for the weather conditions of (a-e) Cagliari and (f-j) London
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Figure 8.8: Time histories of cumulative flows of (a,f) rain, (b,g) evaporation, (c,h) runoff,
(d,i) net infiltration into the soil surface and (e,f) water breakthrough into the coarser layer
obtained from one-dimensional simulations for the weather conditions of (a-e) Cagliari and
(f-j) London
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with the weather of Cagliari and London (see Figures 8.8b and 8.8g). The cumulative
evaporation obtained from the CBSs with the F.L. made of fine sand is lower than the
cumulative evaporation predicted from both the underlying soil (in the model without CBS)
and from the CBSs with the F.L. made of silty sand. This can be explained by the fact that,
after rain ceases, in a relatively coarse material such as fine sand, the rainwater flows rapidly
downwards due to the effect of gravity and the soil surface tends to dry relatively quickly after
rainfall ceases. Consequently, the evaporation rate from a dry soil surface is generally low
(see Section 2.4.2). Conversely, higher values of degree of saturation are generally maintained
at the soil surface when the silty sand is used as a material for the F.L. The cumulative
evaporation is consequently higher than that obtained with the fine sand and comparable with
that obtained with the underlying soil, which is made of silt.

Increasing the thickness of the finer layer has opposite effects on the cumulative evapora-
tion for the cases where fine sand or silty sand are used for the F.L. of the CBSs. For the fine
sand, a higher thickness of the F.L. results in a lower cumulative evaporation because most of
the water, which is stored close to the interface with the C.L., is located further from the soil
surface, which results in drier conditions and higher values of suction at the ground surface.
Conversely, for the silty sand, a higher thickness of the F.L. results in a higher cumulative
evaporation because, in this case, the water storage capacity strongly increases with increasing
thickness of the F.L. and, hence, the water available for evaporation increases.

For both weather conditions, surface runoff never occurs when a CBS is modelled on
top of the U.S., regardless of the material used for the F.L, because the saturated hydraulic
conductivity of the materials used for the F.L. is much greater than the maximum infiltration
rate (see Figures 8.7c, 8.7h, 8.8c and 8.8h). Without a CBS, a very small amount of runoff is
predicted with both weathers of Cagliari and London, as a consequence of particularly intense
rainfall events. It must be acknowledged that the amount of runoff, which is related to the
ratio between the rainfall intensity and the saturated hydraulic conductivity of the soil at the
surface, might be higher if a more accurate resolution (e.g. hourly) for the rainfall was used
because it would capture the possibility of shorter but more intense rainfall events.

Given that the amount of rainfall is fixed for a given location (Cagliari or London) and
that runoff can be considered as negligible for the different models, the net infiltration is a
direct reflection of the effect of evaporation (see Figures 8.7d, 8.7i, 8.8d and 8.8i). In the
simulations in which the cumulative evaporation is higher, the cumulative net infiltration is
lower. It must be noted that for the weather of Cagliari (see Figure 8.8d), the cumulative
net infiltration has a general increasing trend for the simulations in which the F.L. is made
of fine sand whereas it has a general constant trend for the simulations in which the F.L. is
made of silty sand or in which no CBS is present. This suggests that, for the models with no
CBS or with a CBS having the F.L. made of silty sand, the amount of evaporation and rain
are approximately balanced in the long term whereas, for the models with a CBS having the
F.L. made of fine sand, the amount of evaporation is always lower than the amount of rainfall
over the long term. Conversely, for the weather of London (see Figure 8.8i), the amount of
evaporation is lower than the amount of rainfall over the long term for all the models.
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In all the models with a CBS and with the weather of London (see Figures 8.7j and 8.8j),
water breakthrough into the coarser layer and subsequently into the underlying soil occurs
at several times. In particular, a higher cumulative breakthrough occurs when the F.L. is
modelled with the fine sand compared to silty sand. As discussed before, a higher thickness
of the F.L. leads to a lower cumulative breakthrough when silty sand is adopted for the F.L.
whereas it leads to a higher cumulative breakthrough when fine sand is adopted for the F.L.
Similar aspects can be observed with the weather of Cagliari (see Figures 8.7e and 8.8e)
although the cumulative amounts of breakthrough are in general lower than those predicted
with the weather of London. Moreover, it can be seen that the only CBS able to prevent water
breakthrough for all the duration of the analysis is that with the F.L. made of silty sand and
with a thickness of tCBS = 100cm, but only when adopted with the weather of Cagliari.

To evaluate the impact of the presence of the CBS on the hydraulic response of the
underlying soil, Figures 8.9 and 8.10 show the time histories of suction and degree of
saturation respectively predicted at the surface of the underlying soil (i.e. interface between
C.L. and U.S. in the presence of a CBS) for all the different models. It must be noted
that, in Figure 8.9, suction is plotted on a logarithmic scale. In the models without a CBS
(Figures 8.9a, 8.9f, 8.10a, and 8.10f), strong seasonal fluctuations of suction and degree of
saturation occur at the soil surface. In summer, relatively high values of suction and low values
of degree of saturation are predicted although these peaks are more extreme for Cagliari,
where summers are drier and warmer. Conversely, in winter, relatively low values of suction
and high values of degree of saturation are in general predicted as a consequence of wetter
and cooler weather conditions. Both in Cagliari and London, suction is often above 10 kPa
also during winter although some critical rainfall events cause the suction to drop down to
very low values, approaching 0 kPa. For the weather conditions of Cagliari, this occurs twice
(i.e. t = 1.182years and t = 3.102years) whereas, for those of London, this occurs five times
(i.e. t = 0.783years, t = 5.001years, t = 8.808years, and t = 9.601years). At these times,
the surface of the soil attains fully saturated conditions Sl = 1 (see Figures 8.10a and 8.10f).

By introducing a CBS (see Figures 8.9b-e, 8.9g-j, 8.10b-e and 8.10g-j), suction and degree
of saturation in the underlying soil exhibit a more stable trend, with fewer and less extreme
peaks and troughs. Hence, when the underlying soil is covered by a CBS, seasonal fluctuations
of suction and degree of saturation in the underlying soil are reduced. Also the temperature
variation (not shown) is more stable. The CBS indeed limits both the percolation of water
into the underlying soil and the evaporation from the underlying soil. The more stable trend
of s and Sl is more evident in Cagliari, where water breakthrough into the underlying soil
occurs fewer times than in London. Moreover, in London, values of degree of saturation at the
top of the underlying soil are generally greater than in Cagliari, and hence values of suction
generally lower. This is related not only to the fact that London is characterised by a wetter
and cooler climate but also to the fact that in London the imposed bottom boundary condition
results in a water table relatively close to the soil surface.

In Cagliari, it can be seen that the CBSs having fine sand as a material for the F.L. (see
Figures 8.9b,c and 8.10b,c), regardless of the thickness tCBS, are not able to prevent water
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Figure 8.9: Time histories of suction at the surface of the underlying soil obtained from
one-dimensional simulations for the weather conditions in (a-e) Cagliari and (f-j) London

breakthrough at the most extreme rainfall events (i.e. t = 1.182years and t = 3.102years). At
these times, suction vanishes, i.e. s≤ 0kPa, and full saturation is achieved, i.e. Sl = 1 at the
top of the underlying soil. Conversely, a CBS with silty sand as the F.L. (see Figures 8.9d,e
and 8.10d,e), is more effective at maintaining suction in the underlying soil. For the CBS with
silty sand and a thickness of tCBS = 60cm, breakthrough occurs and low values of suction are
attained, i.e. between 3 kPa and 10 kPa at the top of the underlying soil, although suction does
not fully vanish. The CBS with a thickness of tCBS = 100cm is highly effective at preventing
breakthrough, and maintains relatively high values of suction and low values of degree of
saturation at the top of the underlying soil at all times.

In London, all the CBSs considered in these simulations are unable to maintain relatively
high values of suction and low values of degree of saturation at the top of the underlying soil
(see Figures 8.9g-j and 8.10g-j). In all these models, full saturation is attained and suction
vanishes at different times.

Figure 8.11 shows suction (a,c) and degree of saturation (b,d) vertical profiles at the end of
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Figure 8.10: Time histories of degree of saturation at the surface of the underlying soil
obtained from one-dimensional simulations for the weather conditions in (a-e) Cagliari and
(f-j) London

the most critical rainfall events in Cagliari (a,b) and London (c,e), for all the one-dimensional
models analysed. The most critical time for Cagliari is at t = 1.18274years, at the end of
the most intense rainfall event corresponding to the 7th of March 1985, whereas the most
critical time for London is at t = 5.00214years, at the end of the most intense rainfall event
corresponding to the 1st January 1998. In this figure, the reference height at 0 m corresponds
to the location of the surface of the underlying soil and, hence, the underlying soil is located
at negative values of height whereas the CBSs are located at positive values of height. The
insets in the different sub-plots are zoomed views of the profiles in the CBS and at the surface
of the underlying soil.

For the simulations with the weather of Cagliari (see Figures 8.11a,b), the different suction
and degree of saturation profiles are approximately similar in the underlying soil at heights
between −4 m and −20 m approximately. These correspond to high values of suction and low
values of degree of saturation. The situation is significantly different close to the underlying
soil surface. Without a CBS, the underlying soil reaches almost fully saturated conditions



CHAPTER 8. NUMERICAL STUDY OF THE LONG-TERM APPLICATION OF CAPILLARY BARRIER
SYSTEMS FOR SUCTION-CONTROL PURPOSES 272

Figure 8.11: (a,c) Suction and (b,d) degree of saturation profiles obtained at the end of the
most critical rainfall event from one-dimensional simulations for the weather conditions in
(a,b) Cagliari and (c,d) London
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at locations between 0 m and −0.75 m, with values of suction between 0 kPa and 7 kPa, as
a consequence of the massive infiltration of rainwater. A sharp wetting front divides this
almost saturated area from the remaining underlying soil at low values of degree of saturation.
This sharp wetting front is identified by a sharp decrease of degree of saturation and a sharp
increase of suction. As discussed above, both the CBSs having fine sand as a material for the
F.L. are not effective at maintaining high values of suction in the underlying soil. Suction and
degree of saturation profiles obtained with these CBSs at heights between 0 m and −0.5 m
are approximately similar to those obtained without CBS. The only difference is represented
by the location of the wetting front which, for these CBSs, is higher (i.e. −0.5 m) than that
without CBS (i.e. −0.75 m). Conversely, the CBSs having silty sand as a material for the
F.L. are more effective at maintaining higher values of suction in the underlying soil. In the
model with a thickness of tCBS = 60cm, the underlying soil is almost saturated at heights
between 0 m and−0.25 m but higher values of suction are maintained compared to the models
without a CBS or with the CBSs made of fine sand. In the model with tCBS = 100cm, water
breakthrough in the underlying soil never occurs and, even during the most critical rainfall
event, the underlying soil is at low values of degree of saturation and high values of suction.
The better performance of the CBSs made of silty sand at maintaining higher values of suction
in the underlying soil is a consequence of the higher water storage capacity, as can be seen
from the degree of saturation profiles in the F.L. in Figure 8.11b. When silty sand is used,
higher values of degree of saturation, and thus higher water storage capacities, are predicted
in the F.L. compared to the use of fine sand. Moreover, comparing the upper part of the F.L.
of the two CBSs with tCBS = 100cm, it can be seen that the F.L. made of silty sand is able to
store a higher amount of water than the F.L. made of fine sand. Therefore, a higher thickness
of the F.L. is beneficial for the CBS made of silty sand whereas it is detrimental for the CBS
made of fine sand because, in the latter case, an increase of the thickness of the F.L. does not
add significant extra water storage capacity but leads to a reduction of the evaporation from
the F.L. into the atmosphere.

For the simulations with the weather of London (see Figures 8.11c,d), the suction profiles
at heights between approximately −3 m and −20 m are linear and the degree of saturation
close to Sl = 1 at the most critical time. The profiles are approximately hydrostatic for the
models with CBSs with a F.L. consisting of silty sand, corresponding to a location of the
water table (i.e. s = 0kPa) at approximately −5 m. Without a CBS or with a CBS with the
F.L. consisting of fine sand, the location of the water table is higher, approximately at −4 m,
as a consequence of the higher amount of downward water filtration. Close to the surface,
suction values in the soil predicted without the CBS are very small, between s = 0kPa at 0 m
and s = 3kPa at −1 m. The CBSs made of fine sand, with both thicknesses tCBS = 60cm and
tCBS = 100cm, and the CBS made of silty sand with a thickness of tCBS = 60cm are not able
to limit the decrease of suction in the top metre of the underlying soil, which attains even
small negative values at the interface between coarser layer and underlying soil. The use of
the CBS having the F.L. made of silty sand with a thickness of tCBS = 100cm leads to the
prediction of slightly higher values of suction in the underlying soil at locations between 0 m
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and −2 m although suction still attains the value of s = 0kPa at the top of the underlying soil.

8.4 Application of capillary barrier systems to slopes: 2D
models

This section presents the results of the two-dimensional FE thermo-hydraulic analyses of
slopes and limit analyses for slope stability. Fourteen different simulations were performed
combining different weather conditions, materials and thicknesses of the finer layer and slope
heights. In addition, the effects of the use of multiple drains along the height of the slope and
the use of multi-layered CBSs were investigated. The modelling of all these different aspects
is described in Section 8.2. The list of these fourteen two-dimensional analyses is shown in
Table 8.5. The comparison of the results obtained from the different simulations highlights
the general role of the CBS applied for slope protection and the roles of the different key
parameters and conditions.

Table 8.5: Summary of the 2D analyses of slopes

Analysis ID Weather
Hs CBS

Drain
[m] type material F.L. tCBS [cm]

Cag_10_NOCBS Cagliari 10 No CBS - - -
Cag_10_SCB_FS_60_SD Cagliari 10 Single Fine sand 60 Single
Cag_10_SCB_FS_100_SD Cagliari 10 Single Fine sand 100 Single
Cag_10_SCB_SS_60_SD Cagliari 10 Single Silty sand 60 Single
Cag_10_SCB_SS_100_SD Cagliari 10 Single Silty sand 100 Single

Lon_10_NOCBS London 10 No CBS - - -
Lon_10_SCB_FS_60_SD London 10 Single Fine sand 60 Single
Lon_10_SCB_FS_100_SD London 10 Single Fine sand 100 Single
Lon_10_SCB_SS_60_SD London 10 Single Silty sand 60 Single
Lon_10_SCB_SS_100_SD London 10 Single Silty sand 100 Single

Cag_6_NOCBS Cagliari 6 No CBS - - -
Cag_6_SCB_FS_60_SD Cagliari 6 Single Fine sand 60 Single

Cag_10_SCB_FS_60_MD Cagliari 10 Single Fine sand 60 Multiple
Cag_10_MCB_FS_60_SD Cagliari 10 Layered Fine sand 60 Single

8.4.1 Effect of thickness and materials of the CBS in Cagliari

This section shows the results of five two-dimensional simulations. In all these simula-
tions, the weather conditions of Cagliari were considered and the slope height was Hs =

10m. One of the five models was the bare slope, i.e. no CBS. The other four models
included single capillary barrier systems with a single drain at the bottom of the slope
and with the following materials for the finer layer and thickness of the CBS tCBS: fine
sand with tCBS = 60cm, fine sand with tCBS = 100cm, silty sand with tCBS = 60cm and
silty sand with tCBS = 100cm. These five models correspond to the following analyses
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shown in Table 8.5: Cag_10_NOCBS, Cag_10_SCB_FS_60_SD, Cag_10_SCB_FS_100_SD,
Cag_10_SCB_SS_60_SD and Cag_10_SCB_SS_100_SD.

Figure 8.12 and Figure 8.13 show contours of degree of saturation and suction respectively
at the end of the most critical rainfall event, i.e. t = 1.18274years, for the different models.
It must be noted that these are views only of the central upper part of the models, where the
slope is located. The insets in Figures 8.12 and 8.13 are zoomed views of the toe of the slope
for the models with CBSs. In the absence of the CBS (see Figures 8.12a and 8.13a), the soil
surface is fully saturated down to a depth of approximately 80 cm, where a sharp wetting
front separates the overlying saturated zone at very low values of suction from the underlying
zone at lower degree of saturation (Sl ≈ 0.27) and high values of suction. In the presence of
the different CBSs (see Figures 8.12b-e and 8.13b-e), the soil under the footprint of the CBSs
is in general maintained at lower degree of saturation even during the most critical rainfall
event, unlike the lateral areas not covered by the CBS. However, close to the toe of the slope,
breakthrough has occurred into the C.L. and into the underlying soil in the models shown in
Figures 8.12b-d and 8.13b-d, causing an increase of the degree of saturation and decrease of
suction in very small areas of the underlying soil under the footprint of the CBSs. The only
exception is represented by the model with the CBS having the F.L. made of silty sand and
a thickness of tCBS = 100cm (see Figures 8.12e and 8.13e) in which no water breakthrough
occurs throughout the simulation, even at the toe of the slope.

In the two CBSs having the F.L. made of fine sand (Figures 8.12b,c), the lower part of the
F.L. close to the interface with the C.L. attains high values of degree of saturation (Sl > 0.99)
whereas the upper part attains low values of degree of saturation. In the CBS having the F.L.
made of silty sand and the thickness of tCBS = 60cm (Figure 8.12d), the F.L. is almost all
fully saturated whereas the degree of saturation attains lower values in the F.L. of the CBS
having the F.L. made of silty sand and a thickness of tCBS = 100cm (Figure 8.12e).

Figure 8.14 shows the suction and degree of saturation profiles at the end of the most
critical rainfall event. Three different sections along the slope height were considered: toe
(section A-A), middle (section B-B) and top (section C-C). The location of these sections are
shown in Figures 8.12 and 8.13. In these profiles and in all the profiles shown in the remainder
of this section, the reference height of 0 m is located at the surface of the underlying soil,
i.e. at the interface with the C.L. in the models in which a CBS covers the slope surface.
Without the CBS, as identified in Figures 8.12a and 8.13a, the upper part of the underlying
soil, approximately 80 cm thick, is fully saturated and suction approaches very low values,
between 0 kPa and 6 kPa, at all sections (see Figure 8.14). When a CBS is used, high values of
suction and low values of degree of saturation are maintained in the middle and top sections.
In the models with the CBSs having the F.L. made of fine sand, with both tCBS = 60cm
and tCBS = 100cm, and in the model with the CBS having the F.L. made of silty sand and a
thickness of 60 cm, low values of suction and almost full saturation are attained at the toe
section in a very small depth of the underlying soil close to the surface. By contrast, high
values of suction and low values of degree of saturation are maintained at the toe section in
the model having the CBS made of silty sand and a thickness of tCBS = 100cm. Based on
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Figure 8.12: Degree of saturation contours at the most critical rainfall event, i.e. t =
1.18274years, for the different models
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Figure 8.13: Suction contours at the most critical rainfall event, i.e. t = 1.18274years, for
the different models
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the minimum values of suction attained and on the extension of the areas of underlying soil
affected by the reduction in suction and increase in degree of saturation, the silty sand is more
effective than the fine sand as a material of the F.L. in these analyses. Moreover, for both
materials, the use of a thicker F.L. improves the effectiveness of the CBS.

The impact of the CBSs on the hydraulic response of the underlying soil over time can be
better understood by observing Figure 8.15, which shows the time histories of suction and
degree of saturation obtained at the points a (toe), b (middle) and c (top). These points are
located 5 cm under the surface of the underlying soil when measured perpendicularly to the
ground surface. The locations of these points are shown in Figure 8.12 and 8.13. It can be
seen that, when a CBS is used, the fluctuations of s and Sl due to rain and evaporation have a
lower amplitude than in the absence of a CBS. At points b and c, all the CBSs maintain high
values of suction and low values of degree of saturation even during rainfall, i.e. when the
model without CBS attains very low values of suction. At the toe of the slope (point a), the
two CBSs having the F.L. made of fine sand are unable to prevent a significant decrease in
suction in two intense rainfall events whereas the CBS having the F.L. made of silty sand
and a thickness of 60 cm is ineffective on one occasion, i.e. the most critical rainfall event.
As discussed before, only the CBS having the F.L. made of silty sand and a thickness of
tCBS = 100cm is able to maintain high values of suction and low values of degree of saturation
in the underlying soil at all sections and for all the time analysed.

In general, the CBSs are able to limit significantly or prevent totally the percolation of
water into the underlying soil during a particular rainy period for the location of Cagliari.
In order to understand the working principle of these sloping CBSs, Figure 8.16 shows the
absolute liquid velocity and degree of saturation profiles within the CBSs at the toe, middle
and top sections, at the end of the most critical rainfall event. The insets in Figures 8.16a-c
are zoomed views of the absolute liquid velocity profiles in the finer layer. The direction
of the liquid velocity is mainly orientated in a direction parallel to the interface between
the F.L. and the C.L. Hence, the lateral water diversion of the CBS (see Section 2.3.4),
which is given by the integral of the downslope component of water velocity profile over the
perpendicular cross-section of the F.L. can be approximated by the area under under the liquid
velocity profiles in the F.L. in Figures 8.16a-c multiplied by a constant (the cosine of the slope
angle). From the comparison between the liquid velocity and the degree of saturation profiles
obtained in the F.L. for the CBSs made of fine sand and those made of silty sand, two different
working mechanisms can be identified. The finer layers made of fine sand are characterised by
relatively low values of degree of saturation over most of their depth (the degree of saturation
is high only in a thin region close to the interface with the C.L.) and relatively high downslope
liquid velocity values in the thin layer at high degree of saturation, i.e. high lateral water
diversion. By contrast, the finer layers made of silty sand are characterised by relatively high
values of degree of saturation over their entire depth and low downslope liquid velocity values
over their entire depth, i.e. low lateral water diversion. This means that the key response of
the CBSs having the F.L. made of fine sand is to divert rainwater laterally down to the drain
located at the toe. On the other hand, the key response of the CBSs having the F.L. made of
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Figure 8.14: Suction (a-c) and degree of saturation (d-f) profiles at different sections in
the underlying soil at the end of the most critical rainfall event, i.e. t = 1.18274years, for
different models
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Figure 8.15: Time histories of suction (a-c) and degree of saturation (d-f) at the points a (toe),
b (middle) and c (top) for different models

silty sand is to store water in the F.L. and subsequently remove it by evaporation, as occurs
for the horizontal CBSs. For the finer layers made of fine sand, most of the water is diverted
in a thin zone close to the interface with the C.L. where the degree of saturation is high, as
shown by the liquid velocity profiles. For these CBSs, the values of degree of saturation and
liquid velocity significantly increase moving down the slope (i.e. from section C-C to section
A-A), as a result of the increase of the amount of diverted water. By contrast, the increase
in degree of saturation and liquid velocity from the top to the toe is less significant for the
finer layers made of silty sand because the lateral water diversion plays a minor role. For
the finer layer made of fine sand, using a higher thickness does not lead to a significantly
improved performance of the CBS because the upper part of the F.L. remains at low values of
degree of saturation and contributes little to the lateral water diversion capacity of the CBS, as
shown by the comparison between the profiles obtained for tCBS = 60cm and tCBS = 100cm.
By contrast, increasing the thickness of the F.L. when this is made of silty sand leads to a
significant improvement of the performance of the CBS because the upper part of the F.L.
significantly contributes to the water storage capacity, as shown by the comparison between
the degree of saturation profiles obtained for tCBS = 60cm and tCBS = 100cm.

Given that the behaviour of a sloping CBS having the F.L. made of silty sand is similar to
that of a corresponding horizontal CBS due to its limited lateral diversion capacity, the results
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Figure 8.16: Absolute liquid velocity (a-c) and degree of saturation (d-f) profiles at different
sections in the CBS at the most critical rainfall event, i.e. t = 1.18274years, for different
models
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observed from the two-dimensional models of sloping CBSs qualitatively confirm the results
obtained from one-dimensional models of horizontal CBSs (see Section 8.3). As observed
for the one-dimensional models, the 100 cm-thick sloping CBS having the F.L. made of silty
sand never leads to water breakthrough into the underlying soil at any sections whereas the
corresponding 60 cm-thick sloping CBS leads to water breakthrough at the toe at the most
critical rainfall event.

The impact of the four CBSs considered in this section on the stability of the slope
was assessed by performing limit analyses with LimitState:GEO. Different models were
considered for the limit analyses. The first model was represented by the bare slope (BS),
i.e. with no CBS. This model was used to assess the stability of the original slope when a
CBS is not constructed. For each FE model with a CBS, two different LS:GEO models were
considered:

• one model represents the whole system which is the slope covered by a CBS (CS),
hence made of the CBS plus the underlying soil (CS-CBS+U.S.), in which the overall
stability is assessed;

• the other model consists of the slope covered by a CBS, in which only the stability of
the underlying soil is assessed (CS-U.S.).

In other words, the same distribution of the product −s · Sl (from Code_Bright) was used
in these two models but the difference is that in the latter model the CBS is not modelled
in LS:GEO and only the stability of the underlying soil is assessed. The reason for this
distinction is related to the fact that LS:GEO only shows the failure mechanism with the
minimum corresponding factor of safety. As will be shown, many failure mechanisms are
restricted to the CBS and, in these cases, the stability of the original slope would be hidden
by failure mechanisms involving the CBS. Therefore, the latter model was considered to
investigate the effect of the CBS on the stability of the original slope.

Most results of the limit analyses in this and in the following sections are presented in
terms of the factor of safety (FoS). Considering that the shear strength was modelled by the
relationship proposed by Bishop and Blight [67] (see Equation 4.97), the factor of safety is
here defined as:

FoS =
tanφ ′

tanφlim
=

c′

clim
(8.2)

where φlim and clim are respectively the limit friction angle and the limit effective cohesion
which together would cause collapse (i.e. for FoS=1). Note that FoS is therefore a scaling
factor which acts simultaneously on φ ′ and c′.

Figure 8.17 shows the failure mechanisms and the corresponding FoSs at the end of the
most critical rainfall event for three models analysed. The model in Figure 8.17a refers to the
model with no CBS using degree of saturation and suction contours shown in Figures 8.12a
and 8.13a whereas the models shown in Figures 8.17b and 8.17c refer to the model with
the CBS having the F.L. made of fine sand and a thickness of tCBS = 60cm. The degree of
saturation and suction contours shown in Figures 8.12b and 8.13b are used for the models
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shown in Figures 8.17b and 8.17c. The BS model has a shallow failure line passing though the
fully saturated area (see Figure 8.12a). The corresponding FoS is lower than 1, i.e. FoS=0.82,
suggesting that, without a CBS, the slope is unstable at the end of the most critical rainfall
event. The use of a CBS significantly improves the stability of the original soil, as shown by
the CS–U.S. model (see Figure 8.17c), thanks to the higher suction values maintained in the
underlying soil. The failure line is much deeper and the corresponding FoS was enormously
higher than 1 (FoS=52). For the CS-CBS+U.S. model, the stability of the CBS becomes more
critical than that of the U.S. The failure mechanism of the model CS–CBS+U.S. involves
only the C.L. and the F.L. of the CBS but the corresponding FoS is higher than 1 (FoS=1.29)
which corresponds to a stable condition.

Figure 8.17: Collapse mechanisms at the most critical time, i.e. t = 1.18274years, for
the models: (a) bare slope, (b) slope covered by the CBS (fine sand tCBS = 60cm) and (c)
underlying soil with hydraulic conditions of the slope covered by the CBS

Figure 8.18 shows the FoSs of the three models analysed above in 9 different critical
rainfall events. It can be seen that in two events (i.e. 1.18274 years and 3.10203 years) the
FoS of the BS is lower than 1. Introducing the CBS, the underlying soil is now permanently
stable with corresponding FoSs always very high, above 40. The stability of the CBS is almost
unaffected by the weather conditions, indicated by an approximately constant trend of the FoS,
always higher than 1. This stable trend is related to the fact that the suction values attained in
the materials used for a CBS, which are generally coarse-grained soils, are typically relatively
low. The stability of the CBS is thus hardly affected by variations in suction and hence
weather conditions. For these materials, the stability is mainly related to the shear strength
parameters, i.e. φ ′ and c′, and the value of φ ′ is often high for this type of materials. These
shear strength parameters of the CBS materials are affected by fewer uncertainties and by a
minor variability compared to the impact of suction on the shear strength of the underlying
soil. The prediction of the minimum values of suction attained in the underlying soil is often
the result of predictive methods characterised by a higher number of uncertainties compared
to laboratory and field tests used to characterise the shear strength parameters of the CBS
materials.

The histogram in Figure 8.19 shows the minimum factors of safety obtained for all
the different models analysed in this section. The collapse mechanisms obtained for the
different models including CBSs (not shown) are all similar to those shown in Figures 8.17b
and 8.17c, which were obtained for the model with CBS having the F.L. made of fine sand
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Figure 8.18: Time histories of the factor of safety for the models for 9 critical rainfall events:
bare slope (BS), slope covered by the CBS (fine sand tCBS = 60cm) (CS-CBS+U.S.) and
underlying soil with hydraulic conditions of the slope covered by the CBS (CS-U.S.)

and a thickness of tCBS = 60cm. From the comparison of the FoSs obtained for the BS
model and CS-CBS+U.S. models, it can be seen that all the CBSs are effective at maintaining
the stability of the slope, which, without the use of any of these CBSs, would be unstable
during intense rainfall events. The factors of safety of the underlying soil when covered by
a CBS (CS-U.S.) obtained for the different models are very high and similar to each other.
Therefore, although water breakthrough into the underlying soil occurs in three of these
models (see Figures 8.12b-d and 8.13b-d), only a very small area of the U.S. is affected by
significant decreases in suction and the stability of the slope is thus unaffected by these events
of breakthrough. All the CBSs are stable at the most critical rainfall events, with similar
factors of safety included between 1.16 for the model with silty sand and tCBS = 60cm and
1.32 for the model with silty sand tCBS = 100cm. The minimum factor of safety for the CBSs
with fine sand is less affected by the thickness of the CBS, i.e. FoS=1.29 for tCBS = 60cm
and FoS=1.31 for tCBS = 100cm. The higher sensitivity of the minimum factor of safety to
tCBS observed for the CBS having the F.L. made of silty sand is due to the higher range of
suction values attained by a material such as silty sand. At the end of the most critical rainfall
event, the CBS with silty sand and tCBS = 60cm experiences lower values of suction than the
CBS with silty sand and tCBS = 100cm (see Figures 8.13d and 8.13e). For the CBSs with
tCBS = 60cm, the factor of safety is lower when silty sand is used for the F.L. than when fine
sand is used, because the friction angle of the silty sand (φ ′ = 35◦) is less than the friction
angle of the fine sand (φ ′ = 40◦), see Table 8.2.

8.4.2 Effect of thickness and materials of the CBS in London

Similar to the results shown in Section 8.4.1, this section shows the results of five two-
dimensional simulations, in which the slope height was Hs = 10m but the weather con-
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Figure 8.19: Minimum factors of safety obtained for the different models

ditions were representative of London. One of the five models was the bare slope, i.e.
no CBS. The other four models included single capillary barrier systems with a single
drain at the bottom of the slope and with the following materials and thickness: fine
sand with tCBS = 60cm, fine sand with tCBS = 100cm, silty sand with tCBS = 60cm and
silty sand with tCBS = 100cm. These five models correspond to the following analyses
shown in Table 8.5: Lon_10_NOCBS, Lon_10_SCB_FS_60_SD, Lon_10_SCB_FS_100_SD,
Lon_10_SCB_SS_60_SD and Cag_10_SCB_SS_100_SD. From the analysis of these results,
and comparing with what was observed in Section 8.4.1, in which the same models were
analysed with the weather of Cagliari, it is possible to understand the effect of different
climatic conditions on the application of CBSs for slope protection.

Figure 8.20 and Figure 8.21 respectively show the degree of saturation and suction
contours at the end of the most critical rainfall event, i.e. t = 5.00214years, for the different
models. It must be noted again that these are views only of the central upper part of the
models, where the slope is located. Compared to the results obtained for Cagliari, the degree
of saturation values in the underlying soil are in general always relatively high even in
the areas little affected by intense rainfall events. This is due to the different initial and
boundary conditions adopted for the models considering the weather of London. The initial
and boundary conditions were representative of a situation in which the location of the water
table was relatively high, i.e. 5 m below the ground level from the lower part of the slope in
hydrostatic conditions, and oscillating around this equilibrium position in different seasons.
Although the values of degree of saturation are in general relatively high in the underlying
soil, suction may still attain significant values which may assume a crucial role in the slope
stability.

In the absence of a CBS (see Figures 8.20a and 8.21a), very low values of suction are
attained close to the soil surface down to a depth of approximately 1.7 m, where an almost
fully saturated area is underlain by soil at lower degree of saturation and higher values of
suction. In the presence of the different CBSs (see Figures 8.20b-e and 8.21b-e), higher values
of suction are maintained in the soil underlying the CBSs even at the end of the most critical
rainfall event, unlike the lateral zones not covered by the CBS. However, close to the toe of
the slope, breakthrough has occurred into the C.L. and into the underlying soil in the models
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Figure 8.20: Degree of saturation contours at the most critical rainfall event, i.e. t =
5.00214years, for the different models
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Figure 8.21: Suction contours at the most critical rainfall event, i.e. t = 5.00214years, for
the different models
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with thinner CBSs (tCBS = 60cm) shown in Figures 8.20b,d and 8.21b,d. This causes a slight
increase of degree of saturation and in particular a decrease of suction in very small areas of
the underlying soil under the CBS. By contrast, no water breakthrough has occurred in the
models with the thicker CBSs (tCBS = 100cm) (see Figures 8.20c,e and 8.21c,e).

Suction and degree of saturation contours obtained within the CBSs at the end of the most
critical rainfall event (see Figures 8.20b-e and 8.21b-e) are similar to those obtained at the
most critical rainfall event in Cagliari (see Figures 8.12b-e and 8.13b-e) and hence similar
considerations made in that case apply to these results.

Figure 8.22 shows the suction and degree of saturation profiles in the underlying soil at the
end of the most critical rainfall event in the three reference sections: toe (section A-A), middle
(section B-B) and top (section C-C). Without the CBS, as also identified in Figures 8.20a
and 8.21a, the upper part of the underlying soil, approximately 1.7 m thick, is fully saturated
and suction approaches very low values, between 0 kPa and 6 kPa, at the middle and top
section. At the toe section, this zone of full saturation and very low values of suction extends
beyond a depth of 3 m. When a CBS is used, high values of suction and low values of degree
of saturation are maintained in the middle and top sections at the end of most critical rainfall
event. At the toe section, in the models with the thinner CBSs (tCBS = 60cm), low values of
suction and almost full saturation are attained in a very small area of the underlying soil close
to the surface, regardless of the material used for the F.L. By contrast, high values of suction
and low values of degree of saturation are maintained at the toe section with the two CBSs
with a thickness of tCBS = 100cm.

A higher thickness of the CBS improves the effectiveness of the CBS for both materials
considered. Considering the two CBSs of a thickness of tCBS = 60cm and based on the
observation of the extension of the area of underlying soil affected by significant decreases
in suction and increases in degree of saturation, the fine sand is more effective than the silty
sand as a material for the F.L. This is in contrast with what is observed from the simulations
with the weather of Cagliari (see Figure 8.14), according to which the silty sand was shown to
be more effective as a material for the F.L. The reason for this difference between the results
observed for the weathers of Cagliari and London is related to the two different working
mechanisms of the CBSs made of fine sand and silty sand and how they interact with weather
conditions. As described in Section 8.4.1, the CBS having the F.L. made of silty sand works
in a manner more similar to horizontal CBSs, in which the water storage capacity plays an
important role because rainwater is stored in the finer layer and removed by evaporation in
the periods between rainfall events. The CBS having the F.L. made of fine sand has a low
water storage capacity but it is more effective in diverting water laterally down the slope. The
usefulness of a high water storage capacity (relevant to the CBS with silty sand) is strongly
related to the general amounts of rain and evaporation (because these influence how much
water is already likely to be stored in the CBS before an extreme rainfall event occurs) whereas
the usefulness of a high lateral water diversion capacity (relevant to the CBS with fine sand) is
strongly related to the maximum rainfall intensity [148], and hence to extreme rainfall events.
In Cagliari, which is characterised by a relatively dry and warm weather, a CBS made of
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Figure 8.22: Suction (a-c) and degree of saturation (d-f) profiles in different sections in the
underlying soil at the most critical rainfall event, i.e. t = 5.00214years, for different models

silty sand works better because a high amount of evaporation and a relatively low amount of
rainfall means that a large proportion of its high water storage capacity is typically available
when an extreme rainfall event occurs. In London, which is characterised by a relatively wet
and cool weather, a CBS made of silty sand is not effective because the amount of evaporation
is always much lower than the amount of rainfall, so much of the high water storage capacity
is already filled even before an extreme rainfall event occurs. These observations also agree
with the results obtained for the horizontal CBSs (see Section 8.3). In London, where the
extreme individual rainfall events are comparable or less extreme than the extreme rainfall
events recorded in Cagliari (i.e. maximum daily rainfall values of 63.4 mm for London and
73.8 mm for Cagliari), a CBS made of fine sand works better on a slope because it uses the
high lateral water diversion capacity.

Figure 8.23 shows the time histories of suction and degree of saturation obtained at the
points a (toe), b (middle) and c (top). These points are located 5 cm under the surface of
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the underlying soil when measured perpendicularly to the ground surface. The locations
of these points can be seen in Figure 8.20 and 8.21. As already observed in Section 8.4.1
for the weather of Cagliari, when a CBS is used the fluctuations of s and Sl due to rain and
evaporation have lower amplitudes than those obtained in the absence of a CBS. They indeed
exhibit almost a constant trend. At points b and c, all the CBSs maintain relatively high values
of suction and full saturation is not reached even during rainfall. At the toe of the slope (point
a), the CBSs of a thickness of tCBS = 60cm are unable to prevent a significant decrease in
suction in all the duration of the analyses whereas the CBSs of a thickness of tCBS = 100cm
are able to maintain high values of suction and to avoid full saturation in all the underlying
soil for all the time analysed.

Figure 8.23: Time histories of suction (a-c) and degree of saturation (d-f) at the points a (toe),
b (middle) and c (top) for different models

The slope stability of the models discussed in this section was assessed using LS:GEO.
As was done in Section 8.4.1, LS:GEO was used to assess the stability of the bare slope (BS)
and, for each model with a CBS, the stability of the whole model (CS-CBS+U.S.) and only
the underlying soil (CS-U.S.).

Figure 8.24 shows the time history of the factors of safety obtained at the end of thirteen
intense rainfall events. The LS:GEO model bare slope (BS) uses the results obtained from
the FE model Lon_10_NOCBS whereas the two LS:GEO models CS-CBS+U.S. and CS-
U.S. use the results obtained from the FE model Lon_10_SCB_FS_60_SD (i.e. the model
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with the CBS having the F.L. made of fine sand and a thickness of tCBS = 60cm). From
inspection of Figure 8.24 it can be seen that the bare slope is predicted to be unstable (FoS<1)
in many rainfall events in the 10-year period analysed. The failure mechanisms of the bare
slope always involve the instability of a shallow portion of soil, which is directly affected
by significant decreases in suction, similar to the mechanism shown in Figure 8.17a. The
application of the CBS plays an important role for the slope stability. It can be seen that, as a
result of the application of the CBS, the original slope is always stable (FoS>1.26), as shown
by the CS-U.S. model. The collapse mechanisms related to the CS-U.S. model are similar to
that shown in Figure 8.17c, involving deep areas of underlying soil. As observed for Cagliari
(see Figure 8.18), the stability of the CBS becomes more critical than that of the U.S. Indeed,
the failure mechanism of the model CS–CBS+U.S. involves both the F.L. and the C.L. of the
CBS, with a collapse mechanism similar to that shown in Figure 8.17b, and the corresponding
FoS is always higher than 1 (FoS>1.26) which suggests a stable condition. Moreover, this
factor of safety exhibits a constant trend over time suggesting that the weather conditions
have little influence on the stability of the CBS.

Figure 8.24: Time history of the factors of safety for the models for 13 intense rainfall events:
bare slope (BS), slope covered by the CBS (fine sand and tCBS = 60cm) (CS-CBS+U.S.) and
underlying soil with hydraulic conditions of slope covered by CBS (CS-U.S.)

Figure 8.25 shows a comparison of the minimum factors of safety obtained for all the
models analysed in this section. It can be seen that all the CBSs represent an effective method
of slope stabilization, as a result of corresponding factors of safety always greater than 1.
On the other hand, the minimum factor of safety of the bare slope is 0.66. The different
CBSs lead to similar minimum factors of safety of the underlying soil (model CS-U.S.). The
minimum factor of safety of the CBS having the F.L. made of silty sand and a thickness of
tCBS = 60cm is slightly lower compared to the values obtained for the other CBSs because the
silty sand is modelled with a lower value of friction angle than that used for the fine sand (see
Table 8.2) and the minimum values of suction attained in the F.L. (see Figure 8.21d) are lower
than those obtained with the corresponding CBS with tCBS = 100cm (see Figure 8.21e).

It must be noted that the small amount of water breakthrough into the underlying soil that
occurred in some models does not significantly affect the stability of the slope.
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Figure 8.25: Minimum factors of safety obtained for the different models

8.4.3 Effect of the slope height

The aim of this section is to show the effect of the slope height on the application of capillary
barrier systems for slope stability. The results of two two-dimensional simulations are
shown in this section: a bare slope and a slope covered with a single CBS having the
F.L. made of fine sand and a thickness of tCBS = 60cm, with a single drain at the toe of
the slope. Weather conditions of Cagliari were considered. For both models, the slope
height was Hs = 6m, which is different from that considered in the models presented in
Sections 8.4.1 and 8.4.2, i.e. Hs = 10m. The two models correspond to the following
analyses shown in Table 8.5: Cag_6_NOCBS and Cag_6_SCB_FS_60_SD. The results
shown for these models will be systematically compared with the results obtained from the
corresponding models characterised by a slope height of Hs = 10m, i.e. Cag_10_NOCBS
and Cag_10_SCB_FS_60_SD, already presented in Section 8.4.1.

Figure 8.26 shows the suction and degree of saturation contours at the end of the most
critical rainfall event, i.e. t = 1.18274years, for the models with and without a CBS. The
contours predicted in the model without a CBS are very similar to those obtained for the
corresponding model with a slope height of Hs = 10m (see Figures 8.12a and 8.13a). This
consisted of a sharp wetting front located at a depth of approximately 80 cm separating the
upper soil, fully saturated and at very low values of suction, and the lower soil, which is at
low values of degree of saturation and high values of suction. In the model with the CBS (see
Figures 8.12c,d), low values of degree of saturation and high values of suction are maintained
under the CBS along the whole length. By contrast, water breakthrough into the underlying
soil is predicted at the toe of the corresponding model with a slope height of Hs = 10m (see
Figures 8.12b and 8.13b).

Similar comments can be made by observing Figures 8.27 and 8.28. In particular, Fig-
ure 8.27 shows the suction and degree of saturation profiles at the end of the most critical
rainfall event, i.e. t = 1.18274years, at the three reference sections A-A (toe), B-B (middle)
and C-C (top). From this figure it can be seen that, in contrast with the bare slope where very
low values of suction and high values of degree of saturation are attained in the top metre
of soil at all sections, the CBS is effective at preventing water breakthrough and hence at
maintaining high values of suction and low values of degree of saturation in the underlying
soil at all sections. Figure 8.28 shows the time histories of suction and degree of saturation at
the points a, b and c, located at the toe, middle and top sections respectively at a depth of 5 cm
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Figure 8.26: Slope height HS = 6m; (a,c) degree of saturation and (b,d) suction contours at
the end of the most critical rainfall event, i.e. t = 1.18274years, for the models (a,b) with no
CBS and (c,d) with CBS

below the surface of the underlying soil, measured perpendicular to the ground surface. The
comparison between the bare slope (BS) and the covered slope (CS) confirms the effectiveness
of the CBS at maintaining high values of suction and low values of degree of saturation during
all the 10-year period analysed.

Figure 8.29 shows the absolute liquid velocity and degree of saturation profiles obtained
within the CBS at sections A-A (toe), B-B (middle) and C-C (top). From the observation of
these profiles it is evident that the effectiveness of the CBS at preventing breakthrough relies
on the lateral water diversion capacity of the CBS. This is clearly represented by an increase
of the water diverted laterally from the top to the toe of the slope, shown in the form of an
increase of the degree of saturation and absolute liquid velocity. At all these sections, the
coarser layer remains at very low values of degree of saturation and no significant amount of
water enters it.

As described in Section 2.3.4, the diversion length of a CBS, i.e. the length in the down-
dip direction to a point where breakthrough commences and the barrier does not divert any
additional water, is related to the slope angle, weather conditions, materials of the CBS
and thickness of the F.L. As already stated above, the same CBS (fine sand for the F.L.
and thickness of tCBS = 60cm) under the same weather conditions (Cagliari) led to water
breakthrough into the underlying soil at the toe when applied to a slope with a height of
Hs = 10m whereas it does not cause any water breakthrough when applied to a slope with
a height of Hs = 6m. In the two cases the diversion length was the same. However, in the
higher slope (Hs = 10m) the distance between the top of the slope and the bottom drain is
greater than the diversion length of the CBS whereas in the smaller slope (Hs = 6m) the
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Figure 8.27: (a) Suction and (b) degree of saturation profiles at the end of the most critical
rainfall event, i.e. t = 1.18274years, at the sections A-A (toe), B-B (middle) and C-C (top)

distance between the top of the slope and the bottom drain is lower than the diversion length
of the CBS. Therefore, according to the results shown so far, the application of CBSs whose
main working mechanism is lateral water diversion are proved to be effective for relatively
small slopes but they may be potentially non suitable to protect tall slopes. Solutions for
extending the applicability of such CBSs to taller slopes and the corresponding results are
presented and discussed in Sections 8.4.4 and 8.4.5. In contrast, it seems likely that a CBS
whose main working mechanism is based on water storage (e.g. a CBS with silty sand as
the F.L. operating under the weather conditions of Cagliari, as discussed earlier) may work
almost as well for taller slopes as it does for lower slopes.

Limit analyses were performed considering the two models discussed in this section,
both with a slope height of Hs = 6m. For the model with the CBS (CS), two limit analysis
models were analysed: the whole model (CS-CBS+U.S.) and only the underlying soil (CS-
U.S.). The minimum factors of safety obtained from these models were compared with those
obtained from the corresponding models with a slope height of Hs = 10m. The results of this
comparison are shown in Figure 8.30. The main points identified in Section 8.4.1 regarding
the stability of the slopes in the models with Hs = 10m apply also to those with Hs = 6m.
The minimum factors of safety obtained for the models BS and CS-CBS+U.S. are hardly
affected by the slope height. The failure mechanisms of both these models are almost planar
(see Figures 8.17a and 8.17b) and affected very little by the slope height. Conversely, the
stability of the underlying soil in the models CS-U.S., which are characterised by deep failure
mechanisms (see Figure 8.17c), is significantly affected by the slope height. In particular, the
factor of safety decreases with increasing slope height. Nevertheless, the factors of safety are
very high in both cases.
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Figure 8.28: Time histories of (a,c,e) suction and (b,d,f) degree of saturation at the points a
(toe), b (middle) and c (top)

8.4.4 Effect of the use of multiple drains

In Section 8.4.2 it was shown that, particularly in a wet and cool climatic area such as London,
CBSs which work mainly by diverting water laterally (e.g. CBSs with fine sand) should be
preferred to CBSs which work mainly by storing rain water in the F.L., which is then removed
by evaporation (e.g. CBSs with silty sand). However, in Section 8.4.3 it was discussed that
CBSs working mainly by diverting water laterally may not be effective at preventing water
breakthrough into the underlying soil when applied to tall slopes, due to limits in the water
diversion length. A possible solution to this limitation is to use multiple drains placed in the
CBS at intermediate heights. The idea behind this solution is to reduce the distance between
the top of the slope, where the lateral water diversion starts, and the drain, where the water is
collected, to make it lower than the maximum diversion length of the CBS. In other words,
the intention is that in the CBS below an intermediate drain the ability of diverting water
should be fully restored, because all the water transported from the section of slope above is
collected by this intermediate drain.

This section shows the results obtained from three simulations. In all these simulations,
weather conditions of Cagliari were considered and the slope height was Hs = 10m. One of the
three models was the bare slope, i.e. no CBS. The other two models included single capillary
barrier systems, both having the F.L. made of fine sand and a thickness of tCBS = 60cm. In
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Figure 8.29: (a) Absolute liquid velocity and (b) degree of saturation profiles at the end of
the most critical rainfall event, t = 1.18274years, at the sections A-A (toe), B-B (middle) and
C-C (top)

Figure 8.30: Comparison between the minimum factors of safety obtained with slope heights
of Hs = 6m and Hs = 10m for different models

one model, only a single drain was modelled at the toe of the slope whereas in the other model
two drains were modelled, one at the toe of the slope and one at an intermediate location (see
Figure 8.3). These three models correspond to the following analyses shown in Table 8.5:
Cag_10_NOCBS, Cag_10_SCB_FS_60_SD and Cag_10_SCB_FS_60_MD. In this section,
for simplicity, these three models will be referred to as no CBS, single drain and multi-drain
respectively. The results from the first two of these three models were already presented and
discussed in Section 8.4.1. Therefore, this section will focus only on the comparison with the
results obtained from the multi-drain model Cag_10_SCB_FS_60_MD.

Figure 8.31 shows the degree of saturation contours at the end of the most critical rainfall
event for the models with CBSs with a single drain and multiple drains. Compared to the CBS
with a single drain, which leads to water breakthrough into the underlying soil at the toe of
the slope, in the model with multiple drains low values of degree of saturation are maintained
in the underlying soil at the end of the most critical rainfall event. This can be explained by
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observing the degree of saturation contour in the CBS at the location of the intermediate drain.
At this location, all the water diverted by the CBS in the upper part of the slope is collected
by this intermediate drain. Below this, the F.L. of the CBS is again at low degree of saturation
suggesting that the lateral water diversion capacity is fully restored below the intermediate
drain.

Figure 8.31: Degree of saturation contours at the end of the most critical rainfall event, i.e.
t = 1.18274years, for the models with CBSs with (a) a single drain and (b) multiple drains

Figure 8.32 shows the time histories of suction and degree of saturation obtained in the
underlying soil at point a, which is located in the underlying soil at the toe of the slope,
at a depth of 5 cm measured perpendicular to the underlying soil surface. The location of
this point is shown in Figure 8.31. It can be seen that, using the CBS with a single drain,
water breakthrough into the underlying soil occurs in two intense rainfall events, as suggested
by the low peaks of suction and high peaks of degree of saturation. By contrast, no water
breakthrough into the underlying soil occurs in the model with multiple drains, as suggested
by the stable trend of suction, at high values, and degree of saturation, at low values.

Figure 8.33 shows the absolute liquid velocity and degree of saturation profiles in the
CBSs at four different sections. The location of these fours sections are shown in Figure 8.31.
These sections are located progressively from section A-A at the toe of the slope, section B-B
beneath the intermediate drain, section C-C above the intermediate drain and section D-D at
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Figure 8.32: Time histories of (a) suction and (b) degree of saturation obtained in the
underlying soil at the toe of the slope (point a)

the top of the slope. Comparing the results obtained for the single drain model and the multi-
drain model, it can be seen that the profiles above the intermediate drain (Figures 8.33c,d,g,h)
are approximately coincident, meaning that the water is diverted laterally in the same way
at these locations. Beneath the intermediate drain (Figures 8.33a,b,e,f), the models with a
single drain and with multiple drains lead to significantly different results. The degree of
saturation and the absolute liquid velocity profiles obtained with a single drain attain much
greater values than those attained with multiple drains. Indeed, unlike the model with a single
drain, in the model with multiple drains all the lateral water diversion capacity is restored
beneath the intermediate drain because the water transported from upwards is collected into
the intermediate drain. Therefore, the CBS can be seen as divided into two parts which work
separately, one above and one below the intermediate drain.

Defining LCBS the length of the CBS, measured from the top to the toe of the slope and
defining LD the diversion length of the CBS, a CBS with a single drain is efficient at preventing
water breakthrough into the underlying soil if the following condition is verified:

LCBS ≤ LD (8.3)

In the numerical model with a single drain, water breakthrough occurs into the coarser layer
and hence into the underlying soil because the condition expressed by Equation 8.3 is not
verified. For a CBS in which a number of ndrains drains are present in the CBS, all spaced
uniformly, the condition for the prevention of breakthrough becomes:

LCBS

ndrains
≤ LD (8.4)

which means that the total length of the CBS can be divided in different parts introducing
different drains. For this reason, in the numerical model with multiple drains analysed in this
section (ndrains = 2), no water breakthrough occurs into the coarser layer and hence into the
underlying soil. Theoretically, this concept can be extended to any number of drains and, thus,
to slopes of any height.

Figure 8.34 finally shows the minimum factors of safety obtained for the different models
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Figure 8.33: (a-d) Absolute liquid velocity and (e-h) degree of saturation profiles at the end
of the most critical rainfall event, i.e. t = 1.18274years, at four different sections

analysed in this section. It can be seen that the results obtained from the single drain model
and those obtained from the multi-drain model are approximately identical. The small amount
of water breakthrough that occurred at the toe of the slope in the single drain model does not
affect the failure mechanism and the corresponding factor of safety. However, for taller slopes
with a single drain, water breakthrough may affect larger areas of underlying soil and, hence,
also the failure mechanism and the corresponding factor of safety. On the other hand, the use
of multiple drains along the height of the slope should guarantee the stability of slopes of any
height.

8.4.5 Effect of the use of multi-layered CBSs

A method to extend the applicability of sloping CBSs to higher slopes by means of the use of
multiple drains was discussed in Section 8.4.4. An alternative method consisting of the use
of multi-layered sloping CBSs is discussed in this section. The idea of using multi-layered
CBSs was already analysed and discussed in Chapter 7 with reference to the water storage
capacity of horizontal CBSs. In this section, the application of multi-layered CBSs for slope
protection purposes is analysed.
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Figure 8.34: Minimum factors of safety obtained for the different models

This section shows the results obtained from three simulations. In all these simulations,
weather conditions of Cagliari were considered and the slope height was Hs = 10m. One of
the three models was the bare slope, i.e. no CBS. The other two models included a single
capillary barrier system and a multi-layered CBS. The geometry of the multi-layered CBS is
shown in Figure 8.2. The material used for the finer layers of both CBSs was the fine sand
and the total thickness was equal to tCBS = 60cm. A single drain was located at the toe of
both the CBSs. These three models correspond to the following analyses shown in Table 8.5:
Cag_10_NOCBS, Cag_10_SCB_FS_60_SD and Cag_10_MCB_FS_60_SD. In this section,
for simplicity, these three models will be referred to as no CBS, single CBS and multi-layered
CBS (or MCB) respectively. The results from the first two of these three models were already
presented and discussed in Section 8.4.1. Therefore, this section will focus on the comparison
with the results obtained from the multi-layered CBS model Cag_10_MCB_FS_60_SD.

Figure 8.35 shows the degree of saturation contours at the end of the most critical rainfall
event for the single CBS model and for the multi-layered CBS model. Compared to the single
CBS, which leads to water breakthrough into the underlying soil at the toe of the slope, in
the MCB model low values of degree of saturation are maintained in the underlying soil at
the end of the most critical rainfall event at all points under the footprint of the CBS. Two
insets are present in Figure 8.35b, showing zoomed views of the contours at the toe of the
slope (inset I) and at an upper location between the top and the middle of the slope (inset II).
In inset II, it can be seen that the upper finer layer of the MCB attains high values of degree
of saturation whereas the other three layers, i.e. intermediate and lower coarser layers and
lower finer layer, attain very low values of degree of saturation. This suggests that, at this
location, all the rainwater is transported only by the upper finer layer. From the observation of
inset I, water breakthrough from the upper finer layer into the intermediate coarser layer, and
then into the lower finer layer, occurs in the bottom few metres of the slope. The rainwater
which enters the lower finer layer in this lower part of the slope is then diverted laterally by
the lower finer layer. In proximity of the toe, where the CBS is horizontal, all the rainwater
still transported by the upper finer layer breaks through the underlying layers of the CBS and
finally enters the drain. Similarly, the small amount of water diverted by the lower finer layer
is directly collected by the drain located at the toe.

The effectiveness of the multi-layered CBS is confirmed also by the observation of
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Figure 8.35: Degree of saturation contours at the end of the most critical rainfall event, i.e.
t = 1.18274years, for the models with (a) a single CBS and (b) a multi-layered CBS

Figure 8.36, which shows the time histories of suction and degree of saturation at point a,
which is located in the underlying soil at the toe of the slope. The location of point a, shown
in Figure 8.35, is at a depth of 5 cm measured perpendicular to the underlying soil surface. It
can be seen that water breakthrough into the underlying soil occurs in two intense rainfall
events in the single CBS model. By contrast, no water breakthrough into the underlying soil
occurs in the model with the multi-layered CBS, as suggested by the stable trend of suction,
maintaining high values, and degree of saturation, maintaining low values.

Figure 8.36: Time histories of (a) suction and (b) degree of saturation obtained in the
underlying soil at the toe of the slope (point a)

In order to understand how the sloping multi-layered CBS is more effective than the
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sloping single CBS at preventing water breakthrough into the underlying soil, the absolute
liquid velocity profiles and the degree of saturation profiles at the end of the most critical
rainfall event in the two CBSs are compared in Figure 8.37. Five different sections are
considered in this figure, progressively from section A-A at the toe to section E-E at the
top. The locations of these sections are shown in Figure 8.35. In the single CBS, values
of absolute liquid velocity (Figure 8.37a) and degree of saturation (Figure 8.37b) increase
from the top of the slope (section E-E) in the down-dip direction until section B-B. Beyond
B-B, the absolute liquid velocity and degree of saturation profiles in section A-A (toe) are
approximately coincident with those obtained in section B-B, hence suggesting that at section
B-B the water diversion capacity of the single CBS is reached and no further water can be
diverted laterally. Hence, additional rainwater at that location results in water breakthrough, as
can be observed in higher values of degree of saturation in the C.L. obtained at sections B-B
and A-A compared to the other sections. A different pattern can be observed for the profiles
of absolute liquid velocity (Figure 8.37c) and degree of saturation (Figure 8.37d) obtained
in the multi-layered CBS. Moving from section E-E (top of the slope) down to section C-C,
the degree of saturation and absolute liquid velocity in the upper finer layer increase whereas
no water is transported in the other layers, which remain at relatively low values of degree
of saturation. All the rainwater is thus diverted by the upper finer layer between sections
E-E and C-C. At sections B-B and A-A, the absolute liquid velocity and degree of saturation
profiles in the upper finer layer remain similar to those obtained in section C-C suggesting
that at section B-B the upper finer layer reaches the diversion capacity and does not divert
any extra water. Therefore, from section B-B downwards, all extra rainwater breaks through
into the intermediate coarser layer and then into the lower finer layer. Indeed, at section B-B
the degree of saturation in the lower finer layer starts increasing although the liquid water
velocity is still negligible. From section B-B to section A-A, the degree of saturation in
the lower finer layer increases as well as the absolute liquid velocity. Therefore, between
section B-B and section A-A also the lower finer layer starts diverting rainwater laterally,
in addition to the water diverted by the upper finer layer. Therefore, the functioning of this
sloping multi-layered CBS can be seen schematically as follows:

• at the top of the slope rainwater is diverted laterally by the upper finer layer;

• when the diversion capacity of the upper F.L. is attained, breakthrough into the underly-
ing coarser layer and then into the lower finer layer occurs;

• from this point, in addition to the upper finer layer which keeps diverting an amount of
water equal to the diversion capacity, the lower finer layer starts diverting water;

• this mechanism is expected to be replicable for multiple layers, i.e. for a layering factor
greater than 2.

According to this mechanism, the diversion capacity of the multi-layered CBS analysed in
this section is expected to be approximately twice that of the single CBS, considering that the
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contribution of the upper part of the F.L. of the single CBS to the lateral water diversion is
negligible.

Figure 8.37: (a,c) Absolute liquid velocity and (b,d) degree of saturation profiles at the end of
the most critical rainfall event, i.e. t = 1.18274years, at five different sections, (a,b) for the
single CBS and (c,d) for the multi-layered CBS

Figure 8.38 shows the minimum factors of safety obtained from limit analyses of the
different models considered in this section. It can be seen that changing from a single CBS
to a multi-layered CBS does not affect the stability of the underlying soil (CS-U.S.) since
the collapse mechanism with the simple CBS is not influenced by the little amount of water
percolation that occurred into the underlying soil. However, for taller slopes covered by a
single CBS, water breakthrough may affect larger areas of underlying soil, and hence the
failure mechanism and the corresponding factor of safety. On the other hand, the use of
multi-layered CBSs may guarantee the stability of taller slopes compared to the single CBS
by preventing water breakthrough into the underlying soil. In the models CS-CBS+U.S.,
the failure mechanism involves only the CBS, for both the models with a single CBS and a
multi-layered CBS. The corresponding factors of safety for the two CBSs are very similar
and both greater than 1.
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Figure 8.38: Minimum factors of safety obtained for the different models

8.5 Concluding remarks

In this section, the long-term behaviour of CBSs and application to slope stability were
studied numerically using thermo-hydraulic FE analyses coupled with limit analyses. Realistic
weather conditions of two representative European climatic zones were considered: Cagliari
(Italy), having a dry and warm climate, and London (UK), having a wet and cool climate.
For both these cities, records of a particularly wet 10-year period were used to model the
rainfall whereas average annual cycles of other atmospheric conditions controlling evaporation
and radiation were used. The hydraulic behaviour of the materials was modelled using the
new hydraulic constitutive models for the hydraulic conductivity and hydraulic hysteresis
presented in Chapter 3. Two different sets of analyses were performed: one-dimensional
analyses, representative of horizontal CBSs, and two-dimensional analyses, representative
of sloping CBSs applied for suction control and slope stability purposes. For each of these
sets of analyses, different parameters and conditions were considered and the corresponding
results were compared to assess the role of the materials of the CBS, thickness of the CBS and
weather conditions. In addition, for the two-dimensional analyses, the role of slope height,
use of multiple drains and use of multi-layered CBSs were also considered.

The key results obtained from the one-dimensional analyses, which are representative of
horizontal CBSs, can be summarised as follows:

• without the use of a CBS, the original underlying soil close to the ground surface often
attains fully saturated conditions during intense rainfall events, resulting in frequent
and extended losses of suction;

• the evaporation into the atmosphere from the finer layer of a CBS made of silty sand is
typically greater than that from a finer layer made of fine sand;

• percolation into the underlying soil is greater when fine sand is used for the F.L. instead
of silty sand, because of the lower amount of evaporation and the lower water storage
capacity;

• under the weather conditions of London, breakthrough into the underlying soil regularly
occurs with all the CBSs analysed, as a consequence of the higher overall amount of
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rainfall compared to the overall amount of evaporation, and suction in the underlying
soil often decreases to zero;

• under the weather conditions of Cagliari, the amount of evaporation is comparable to
the amount of rainfall; however, breakthrough occasionally occurs with certain CBSs
during particularly intense rainfall events;

• silty sand is better than fine sand as a material for the F.L. of a horizontal CBS, due to
the higher amount of evaporation and the higher water storage capacity;

• a greater thickness of the F.L. of a horizontal CBS is beneficial if the F.L. is made of
silty sand because it leads to a higher water storage capacity;

• a greater thickness of the F.L. of a horizontal CBS is detrimental if the F.L. is made of
fine sand because it leads to a reduction of the amount of evaporation and the increase
of water storage capacity is negligible ;

• under the weather conditions of Cagliari, all the CBSs analysed help to limit the loss of
suction and the depth of soil affected by loss of suction; however, only one CBS was
effective at preventing breakthrough and at maintaining high values of suction and low
values of degree of saturation at all times, i.e. the CBS with the F.L. made of silty sand
and with a thickness of tCBS = 100cm.

The results of the two-dimensional analyses of slopes can be summarised as follows:

• without the use of a CBS, suction vanishes during several rainfall events in an area of
soil close to the ground surface, causing the bare slope to be unstable, under the weather
conditions of both Cagliari and London;

• generally speaking, unlike the horizontal CBSs (one-dimensional models), all the
different sloping CBSs were proven to be an effective way to prevent or limit the
percolation of water into the underlying soil, to maintain high values of suction in the
underlying soil and to maintain the stability of the slope even during intense rainfall
events;

• the main working principle of CBSs having the F.L. made of fine sand is to divert water
laterally down to a drain, where the rainwater is collected; the effectiveness of these
CBSs is mainly related to the occurrence of extreme rainfall events; in an European
context, they can be effective both in dry and warm climates (e.g. Cagliari) and in wet
and cool climates (e.g. London);

• the main working principle of CBSs having the F.L. made of silty sand is to store
rainwater in the F.L. and release it to the atmosphere by evaporation, similar to the
working principle of horizontal CBSs; the effectiveness of these CBSs is mainly related
to the overall amount of rainfall (not simply the severity of extreme rainfall events) and
evaporation; in an European context, they can be efficient in dry and warm climates
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(e.g. Cagliari) but not in wet and cool climates (e.g. London) where the overall amount
of rainfall is greater than the overall amount of evaporation;

• the thickness of the F.L. has a major impact when silty sand is used for the F.L.
because, as this thickness increases, the water storage capacity increases accordingly;
the thickness of the F.L. has a minor impact when fine sand is used for the F.L. because
the upper part of the F.L. does not contribute to the lateral water diversion;

• CBSs are more efficient at preventing water breakthrough into the underlying soil
when applied to smaller slopes (i.e. Hs = 6m in these analyses) than taller slopes (i.e.
Hs = 10m in these analyses);

• the application of CBSs can be extended to slopes of any height by placing multiple
drains along the height of the slope; in this way, the CBS can be divided into dif-
ferent parts, each of which must divert water for a shorter distance compared to a
corresponding CBS with one drain at the bottom;

• multi-layered CBSs are more efficient at diverting water laterally and, hence, at limiting
and preventing water breakthrough into the underlying soil; each finer layer starts
diverting water when water breakthrough from the overlying finer layer occurs, while
the latter keeps diverting the maximum amount of water corresponding to the water
diversion capacity;

• all the CBSs analysed in this thesis are effective at preventing rainfall induced instability
of the slope in the long-term;

• once a CBS is used to cover the slope, the stability problem becomes controlled by
the stability of the CBS; however this is less sensitive to weather conditions and it is
mainly influenced by the shear strength properties of the materials (i.e. friction angle),
which are typically good for the materials used for the CBS and can be controlled and
established during the construction of the CBS (i.e. by means of compaction).



Chapter 9

Conclusions and recommendations

9.1 Conclusions

The reduction of carbon emissions due to anthropogenic activities is one of the most important
research challenges of our time because of the impact of the concentration of CO2 in the
atmosphere on climate change. Since a significant component of carbon emissions is due to
the production of cement, which is widely used in many applications within geotechnical engi-
neering, the development and application of low-carbon solutions in geotechnical engineering
practice is essential for the mitigation of the effects of climate change. The conclusions of
this PhD project, funded by the EU H2020 programme via the Marie Skłodowska-Curie
Innovative Training Networks (ITN-ETN) project TERRE, should therefore be viewed in this
context.

Under unsaturated condition, soil suction may impart significant strength gains to soil but
this effect is generally neglected in geotechnical design because of its unreliability. Suction
may easily vanish (or be reduced) after a heavy rainfall event. This is the cause, for example,
of rainfall-induced slope instabilities. Geotechnical engineers can take advantage of the
effect of suction as a natural and green soil reinforcement if a system able to limit or prevent
rainwater infiltration into the soil is applied. For this purpose, the application of capillary
barrier systems (CBSs) was analysed in this thesis. A CBS is a soil cover made of a finer
layer overlying a coarser layer. The coarser layer of a CBS is typically at very low degree of
saturation and hence the corresponding unsaturated hydraulic conductivity is also very low.
Thus, the coarser layer acts as an almost impermeable barrier and the rainwater is stored in the
upper finer layer. The rainwater stored in the finer layer is then removed by evapotranspiration
or lateral drainage. The coarser layer will continue to behave as an impermeable layer unless
it reaches a critical condition (breakthrough), which typically corresponds to high degree
of saturation of the finer layer. Advantages of capillary barrier systems are low cost, high
durability, simplicity of installation and possibility to use low-quality or recycled materials.

The working principle of capillary barrier systems is fundamentally related to the hydraulic
behaviour of unsaturated soils. A correct knowledge and modelling of the hydraulic behaviour
of relatively coarse-grained materials (i.e. gravel, sand and silt), in particular at low degree of
saturation, is crucial for accurate interpretation and prediction of the behaviour of capillary
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barrier systems.
The research work carried out can be divided in three general parts. In the first part, new

constitutive models describing the hydraulic behaviour of unsaturated soils were developed,
validated against experimental data, implemented in a numerical FE code and applied to the
study of the fundamental behaviour of CBSs. In the second part of the work, non-conventional
horizontal multi-layered capillary barrier systems were analysed from a theoretical point of
view, with a new simplified analytical method, with subsequent validation by numerical FE
analyses and laboratory physical tests. In the third part of the work, the long-term application
of horizontal and sloping CBSs for suction control and slope stability purposes was studied
numerically using FE analyses and limit analyses.

9.1.1 Modelling of the hydraulic behaviour of unsaturated soils

Inaccuracies in the interpretation and modelling of the hydraulic behaviour of unsaturated
soils were identified by a critical literature review. These inaccuracies particularly regarded
the hydraulic behaviour at very high degree of saturation, with the formation of trapped
air during wetting, and at very low degree of saturation. A more accurate and physically-
based interpretation of the hydraulic behaviour of unsaturated soils was consequently given.
Key transition points in the SWRC and in the SHCC were identified and defined: air-entry
(AE) point, air-exclusion (AEX) point, air-continuity (AC) point, air-discontinuity (AD)
point, bulk water-discontinuity (BWD) point, bulk water-continuity (BWC) point, bulk water-
exclusion (BWEX) point and bulk water-entry (BWE) point. This served as the physical basis
for a rigorous interpretation and modelling of the phenomenon of air entrapment and the
development of a new predictive hydraulic conductivity model, intended for use over the full
range of degree of liquid saturation Sl , particularly for coarse-grained soils.

Air entrapment

At high values of degree of liquid saturation Sl , the apparent soil water retention curve
(SWRC) measured in a wetting test in the laboratory (Sl plotted against the externally applied
suction sext) may differ from the true SWRC (Sl plotted against the internal suction s within
the soil sample). This is because of the occurrence of air trapping within the soil, when the
gas phase becomes discontinuous, and the fact that the gas pressure within the trapped air
will then be higher than the externally applied gas pressure unless the very slow process of
diffusion of dissolved air has finished. Due to the occurrence of air trapping, the apparent
SWRC will typically not reach a fully saturated condition as the externally applied suction
sext is reduced to zero. In contrast, physical arguments indicate that the true SWRC will reach
full saturation at a positive value of internal suction s.

Analytical modelling of air trapping within an infinitesimally small soil element (without
any diffusion of dissolved air) demonstrated how the apparent SWRC can differ from the true
SWRC. If wetting is produced by increasing the externally applied liquid pressure (rather
than by decreasing the externally applied gas pressure), this results in increases in the gas
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pressure within the trapped air as sext is reduced towards zero, leading to compression of the
trapped air and hence increases of Sl after air trapping commences (even when diffusion of
dissolved air is excluded). The analytical modelling demonstrated that these increases of Sl

after air trapping commences will be much greater in a test on clay than in a test on sand,
because higher values of excess gas pressure within the trapped air are generated in a clay,
because the air trapping commences at much higher values of suction in a clay than in a sand.

Numerical modelling of wetting tests on soil samples of finite size (involving simulations
where diffusion of dissolved air was included and simulations where this diffusion was
excluded) showed that, once air trapping commences, the apparent SWRC measured in a
wetting test will depend upon many aspects of the wetting test conditions. These include:
the size of the soil sample; the method of suction application (whether the axis translation
technique is employed and whether wetting is produced by increasing the externally applied
liquid pressure or by decreasing the externally applied gas pressure); the precise sequence of
values of externally applied suction; and the time duration used for the application of each
value of external suction. Hence, the apparent SWRC is the result of a particular boundary
value problem (the wetting test on the soil sample), rather than a fundamental representation
of the soil behaviour. In contrast, the true SWRC is a fundamental representation of the soil
behaviour.

Given that the apparent SWRC measured in a wetting test in a laboratory applies only
to the specific boundary value problem of this laboratory test, this apparent SWRC is not
applicable to any other boundary value problem. Hence, the apparent SWRC from the
laboratory test should not be used in numerical modelling of other boundary value problems.
The only correct way to represent the occurrence and influence of air trapping during wetting
in numerical modelling of boundary value problems is to use the true SWRC in combination
with a gas conductivity expression that goes to zero at the air-discontinuity point.

Measurement of the true SWRC in a laboratory test is likely to be problematic for the final
part of the main wetting curve, at high values of Sl , when air trapping occurs, because this
can only be done by performing the test extremely slowly, such that diffusion of dissolved air
has finished for each value of externally applied suction. The time scales required to achieve
this are unlikely to be feasible. This is particularly true for sands, because the numerical
simulations presented here indicate that equalization of pore gas pressure within trapped air by
diffusion of dissolved air is much slower in samples of sand than in samples of clay (because
it is the excess gas pressures in the trapped air that drive the diffusion of dissolved air and
these excess gas pressures are much lower in sand samples than in clay samples). Given
that laboratory measurement of the final part of the true SWRC for a main wetting curve (at
high values of Sl) may not be feasible, because of the excessive time scales required once air
trapping occurs, it may be best to simply infer a shape for the final part of the curve, based on
reliable measurements for the rest of the main wetting SWRC (before air trapping occurs).
Information on the shape of the main drying curve at high values of Sl may also be useful.
For example, it might be assumed that the form of the main wetting curve at high values
of Sl is simply given by a horizontal translation of the main drying curve in the standard
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semi-logarithmic plot of Sl against s.

Hydraulic constitutive models for unsaturated soils and application to capillary barrier
systems

Conventional hydraulic constitutive models for unsaturated soils (e.g. Brooks and Corey [81],
van Genuchten [82] and Kosugi [83]) are not adequate to represent the hydraulic behaviour
of unsaturated soils at low degree of saturation. More recent models for the SWRC and
for the soil hydraulic conductivity curve (SHCC) have been proposed, some of which are
intended to improve the performance at low degree of saturation. However, among these
models, those for the SHCC are mathematically complex [96], not predictive [91, 97] or
involve parameter values that must be determined from experimental data that are difficult to
obtain with sufficient accuracy [49]. Moreover, hydraulic hysteresis has not previously been
satisfactorily included in hydraulic constitutive models improved at low degree of saturation.

A new hydraulic conductivity model which is reliable, predictive, easy to apply and
avoids some inconsistencies of conventional hydraulic conductivity models (e.g. the van
Genuchten-Mualem model) which are apparent at low values of Sl was proposed in this thesis.
In the new model, the hydraulic conductivity is split into two components: the bulk water
component and the liquid film component. The bulk water component is represented by a
new modified version of the Mualem [95] model, i.e. modM model, able to capture the fact
that bulk water flow ceases when the bulk water network becomes discontinuous. As in the
conventional Mualem model, the bulk water component of hydraulic conductivity in the new
model can be predicted simply from knowledge of the saturated hydraulic conductivity kls

and information about the SWRC. The liquid film component of hydraulic conductivity is
represented by a semi-empirical relationship (LF model). This relationship involves a soil
constant that can either be evaluated by fitting experimental values of hydraulic conductivity
in the low degree of saturation range (where water flow is only in the liquid films) or it
can be estimated from the effective particle size D10 and the porosity Φ. This means that,
in the absence of experimental measurements of hydraulic conductivity under unsaturated
conditions, the new model can be used to predict the SHCC over the full range of Sl based
solely on knowledge of the SWRC and the values of kls, D10 and Φ. This new SHCC model
was coupled with improved versions at low degree of saturation of the SWRC models of
Brooks and Corey (i.e. modBC), van Genuchten (i.e. modVG) and Kosugi (i.e. modK). The
modVG-modM+LF model was used as the reference model for the remainder of the thesis.
The new model was validated against experimental data.

Hydraulic hysteresis was subsequently introduced using an original bounding surface
approach coupled with the SWRC and SHCC models improved at low degree of saturation.
In the new hysteretic hydraulic constitutive model, main wetting and main drying SWRCs
can be modelled using any of the models modVG, modBC or modK. Scanning curves were
modelled using a bounding surface approach, which leads to simple closed-form expressions
for the scanning curves. Introducing certain parameter constraints in the hysteretic SWRC
model means that the bulk water component of hydraulic conductivity kBulk

l is assumed non-
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hysteretic when plotted against degree of saturation Sl , whereas the liquid film component
kFilm

l is non-hysteretic when plotted against suction s.
The new hysteretic hydraulic constitutive model was validated against experimental SWRC

and SHCC data from different soils. The model was able to represent well the hysteretic
hydraulic behaviour of relatively coarse-grained unsaturated soils (gravels, sands and silts)
over the full range of degree of saturation. Moreover, the model is easy to apply (it involves
simple closed-form expressions), it is flexible (the same approach can be applied with different
expressions for the main drying and main wetting SWRCs) and it requires a relatively low
number of parameters (once the main SWRCs and SHCCs are defined, only a single pair of
additional parameters, γd and γw, are required for the definition of the scanning SWRC and
SHCC curves). In addition, the simplicity of the model makes it suitable for implementation
in numerical codes.

The new hysteretic hydraulic constitutive models for SWRC and SHCC (hysteretic
modVG-modM+LF) were successfully implemented in the numerical finite element software
Code_Bright. After implementation, the new hydraulic constitutive models were employed to
assess the impact that their use has on predictions of the fundamental behaviour of CBSs.

From simulations of one-dimensional water infiltration tests in which only main wetting
curves were considered (i.e. no hysteresis), it was shown that the new hydraulic conductivity
model is able to predict the phenomenon of water breakthrough from the finer layer to the
coarser layer of a CBS much better than the conventional van Genuchten-Mualem model.
Moreover, the new model is able to capture the role of the liquid film flow, which is often
neglected in numerical modelling. The simulations presented in the thesis show that the liquid
film flow can have a significant influence on the variation of suction in the coarser layer of
a capillary barrier system, even prior to breakthrough, particularly at low infiltration rates.
The new hydraulic constitutive model is expected to find many other applications in situations
where liquid flow occurs in coarse-grained soils at very low degree of saturation, such as
during evaporation from a ground surface consisting of a coarse-grained soil.

The impact of hydraulic hysteresis on the behaviour of CBSs was assessed by means of
specific one-dimensional simulations in which rainfall, redistribution of water after rain ceases
and evaporation were simulated. It was shown that inclusion of water retention hysteresis
leads to significantly different predictions of the redistribution of water in the finer layer
of a CBS after intense rainfall events, compared to predictions employing a unique SWRC.
The full hysteretic constitutive model leads to a more uniform distribution of water in the
finer layer after redistribution than a non-hysteretic model. The reason why use of a unique
SWRC based on the main wetting curve is not adequate, even when there is no evaporation
or other removal of water from a CBS, is that redistribution of water within the finer layer
after rainfall ceases means that the upper part of the finer layer experiences drying during this
redistribution.

The numerical study of CBSs also demonstrated that only the full hysteretic constitutive
model is able to represent successfully both the condition at breakthrough (with suction at the
interface attaining the BWC point of the coarser layer) and the condition at restoration of the
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CBS (with suction at the interface attaining the BWD point of the coarser layer). Finally, it
was shown that hydraulic hysteresis has a major impact on the prediction of evaporation from
a CBS into the atmosphere, because the hysteresis leads to higher water availability in the soil
close to the ground surface and hence to the prediction of higher cumulative evaporation.

9.1.2 Multi-layered capillary barrier systems

In certain conditions, horizontal conventional capillary barrier systems may be highly inef-
ficient at storing water, depending on the material and the thickness of the finer layer. In
particular, prior to breakthrough, the degree of saturation may attain high values only in a
small part of the finer layer immediately above the interface with the coarser layer whereas the
remaining portion of the finer layer remains at low degree of saturation. The contribution of
the upper part of the finer layer to the water storage capacity is thus small. In these conditions,
increasing the thickness of the finer layer leads to negligible improvements in the water
storage capacity.

The use of multi-layered CBSs, made of the alternation of multiple finer layers and coarser
layers, may lead to a substantial increase in the water storage capacity. Compared to the use of
a single CBS, the insertion of an intermediate coarser layer induces a reduction in the suction
profile at breakthrough above this intermediate coarser layer and, hence, a corresponding
increase of the degree of saturation in an overlying finer layer. The insertion of an intermediate
coarser layer may therefore lead to an increase of the water storage capacity of the CBS. The
intermediate coarser layer itself is, however, typically at very low degree of saturation, and
part of the water storage capacity of a multi-layered CBS is therefore lost, because of the
replacement of some finer material with the intermediate coarser layer. The design of the
layout of a multi-layered CBS must always weigh these two counter-acting factors.

A simplified approach for the analysis of multi-layered CBSs was proposed in this thesis.
This simplified approach first consists of the definition of a schematic suction profile at
breakthrough, depending on the infiltration rate and the hydraulic properties of the materials
of the CBS. Subsequently, from the schematic suction profile, the degree of saturation profile
at breakthrough is obtained using the SWRCs of the materials. The water storage capacity of
the CBS is then obtained by integrating the degree of saturation profile over the thickness of
the CBS. This simplified approach can be easily used for hand-calculations or automatized
in a simple commercial software (e.g. Excel or Matlab). Moreover, with this simplified
approach, expensive and time-consuming FE analyses can be avoided. The accuracy of this
simplified approach was first validated against the results of numerical FE analyses and then
against experimental results of laboratory physical tests on different multi-layered CBSs.

Parametric analyses were performed to assess the performance of multi-layered CBSs and
the impact of different parameters (i.e. number of layers, thickness of the CBS, materials and
infiltration rate) on the water storage capacity. These parametric analyses were performed
using both the simplified method and rigorous FE simulations, with the two methods leading
to similar results. Generally speaking, it was shown that the use of multi-layered CBSs may
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lead to a significant increase of the water storage capacity under certain conditions. The
maximum gain in water storage capacity which can be achieved by layering increases with
increasing thickness of the CBS and with the use of coarser materials, in particular for the finer
layer. For each multi-layered CBS, there is an optimum number of layers which maximises
the gain in water storage capacity. Adopting a number of layers greater than the optimum
will reduce the water storage capacity because the beneficial effect of the additional water
stored in the finer layers is outweighed by the detrimental effect of the replacement of some
material of the finer layer with material of the coarser layer at lower degree of saturation.
The application of a high infiltration rate may limit the benefit of using multi-layered CBSs
but it was shown that the prediction of water storage capacity of a CBS subjected to a high
infiltration rate is unreliable and should not be adopted (breakthrough may occur some time
after the high infiltration rate is stopped due to water redistribution).

The behaviour of multi-layered CBSs was finally analysed by means of physical laboratory
tests. The basic properties of the materials used (i.e. grain size distribution, relative density,
solid specific gravity, porosity, saturated hydraulic conductivity and soil water retention curve)
were firstly determined by means of appropriate tests. A hanging column apparatus was
designed, manufactured and set up for the determination of the SWRCs. The main physical
model tests consisted of one-dimensional column infiltration tests on four different capillary
barrier systems characterised by different layering factors, i.e. 1 (single CBS), 2, 3 and 5,
where the layering factor is the number of coarser layers or finer layers (same number) in
the CBS. The columns were instrumented with tensiometers and water content sensors for
recording suction and volumetric water content respectively. All the equipment, including
column, external components for instrument installation, tensiometers and data acquisition
system, was designed, manufactured and set up in-house specifically for this project. The
infiltration tests were conducted by applying a constant infiltration rate at the top of the
column until breakthrough occurred at the bottom of the column. Records of suction over time
along the height of the CBSs showed that intermediate coarser layers act as "hydraulic breaks",
meaning that the suction profile beneath an intermediate coarser layer is unaffected by the
infiltration process until breakthrough across this coarser layer occurs. Suction and volumetric
water content profiles recorded at breakthrough for the different multi-layered CBSs matched
well those predicted using the simplified method, after introducing a correction to take into
account the small amount of contamination of material of the finer layer into the coarser
layer. Similarly, the water storage capacities of the different multi-layered CBSs were in good
agreement with those predicted with the simplified method, thereby confirming the validity
of the method. As suggested by the numerical and simplified analyses, the experimental
tests confirmed that using multi-layered CBSs may lead to a significant increase of the water
storage capacity. The water storage capacity initially increases with increasing layering
factor until reaching a maximum, corresponding to the optimum layering factor. Beyond the
optimum layering factor, the water storage capacity decreases with increasing layering factor.
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9.1.3 Long term application of capillary barrier systems for suction
control and slope stability

The application of capillary barrier systems for suction control and slope stability was finally
studied numerically. The aim was to analyse the performance of CBSs and the response of the
underlying soil in the long term (i.e. decades) when subjected to realistic weather conditions.
In particular, the aims of the analyses were: to understand if the use of CBSs may represent
an effective solution for maintaining suction in the ground and preventing rainfall-induced
instability; to assess the role of the different parameters involved in the problem; and to
explore alternative design solutions for improving the performance of CBSs. The application
of CBSs was studied in this context with reference to European climates. To capture the
variability of the climate within Europe, two different climatic areas were considered: Cagliari
(Italy), which is representative of a relatively dry and warm European climate, and London
(UK), which is representative of wet and cool European weather. A wide range of European
climatic areas have conditions intermediate between these two cases.

Several numerical models were analysed. These models included both the bare underlying
soil and the underlying soil covered by different types of CBS. One-dimensional models
and two-dimensional models were analysed. The former were representative of a horizontal
(non-sloping) ground whereas the latter were used to model slopes. Different thicknesses of
the CBS (60 cm and 100 cm) and materials of the finer layer (fine sand and silty sand) were
considered. The atmospheric conditions were modelled using measured historical data of
the weather conditions of Cagliari (Italy) and London (UK). In particular, after setting up
realistic initial conditions in the underlying soil and the CBS through preliminary simulations
of simplified atmospheric conditions for 30 years, the subsequent response of the different
models to particularly rainy 10-year periods was analysed.

The thermo-hydraulic response of the soil was analysed using advanced thermo-hydraulic
finite element simulations with Code_Bright (CB) whereas the stability of the slope was
assessed using the limit analysis software LimitState:GEO (LS:GEO). Limit analyses in
LS:GEO were performed using hydraulic conditions (i.e. contours of suction and degree of
saturation) from CB. A Matlab code was written ad hoc to link CB and LS:GEO. This code
imports the suction and degree of saturation contours obtained from CB and creates a new
interpolated grid of the product −s ·Sl , which is finally exported to LS:GEO. This product
is used to model the effect of unsaturated conditions on shear strength with the strength
relationship of Bishop and Blight [67] (assuming χ = Sl in the effective stress expression of
Bishop [64]).

From one-dimensional analyses it was possible to understand the behaviour of horizontal
CBSs applied for suction control purposes. Generally speaking, horizontal CBSs were shown
to be a relatively ineffective solution in a European context. They do limit the amount of water
infiltrating into the underlying soil, thereby reducing the depth of soil affected by significant
reductions of suction and reducing the frequency of occurrence of suction losses. Nevertheless,
water breakthrough occurred with most CBSs, leading to significant reductions or loss of
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suction in a shallow zone of the underlying soil, in particular for the climatic conditions
of London. The only CBS that was effective in completely preventing breakthrough and
maintaining suction throughout the analysis was the CBS having the F.L. made of silty sand
and a thickness of the CBS of 100 cm, when applied in the climatic conditions of Cagliari.
Compared to fine sand, silty sand was shown to be more effective as a material for the finer
layer of horizontal CBSs, for two reasons: it leads to a higher water storage capacity; and it
leads to higher amount of evaporation because the soil surface is typically at higher degree
of saturation than that of the F.L. made of fine sand. Increasing the thickness of the CBS is
beneficial when silty sand is used as a material for the F.L. because it leads to a higher water
storage capacity. By contrast, increasing the thickness of a F.L. made of fine sand beyond a
certain limit is detrimental because it has a negligible effect on the water storage capacity but
it leads to a reduction of evaporation.

On the basis of these results, horizontal CBSs are unlikely to find wide application for
suction control purposes in a European context. Their application should probably be limited
to arid and semi-arid climatic areas.

Sloping CBSs may find application for slopes made of relatively weak materials being
at risk of rainfall-induced slope instability. The slope angle of these slopes should not be
too low, otherwise the slope would be stable without the CBS, and should not be too high,
otherwise the CBS itself would be unstable. As a rule of thumb, the slope angle should be
between the friction angle of the material of the underlying soil, i.e. the lower bound, and
the friction angle of the materials of the CBS, i.e. the upper bound. It follows that use of
materials with higher friction angle for the CBSs will extend their range of application.

From two-dimensional analyses it was possible to assess the applicability of sloping CBSs
for suction control and slope stability. Generally speaking, unlike the horizontal CBSs, all the
different sloping CBSs were proven to be effective at preventing or limiting the percolation
of water into the underlying soil, to maintain high values of suction in the underlying soil
and to maintain the stability of the slope even during intense rainfall events, for the different
weather conditions analysed. In some models, a small amount of water breakthrough into
the underlying soil was predicted at the toe of the slope but this did not affect the stability of
the slope. If CBSs are used for suction control and slope stability purposes, a small amount
of water breakthrough into the underlying soil can be thus tolerated without affecting the
slope stability, as long as this breakthrough affects only a small area of underlying soil and
the potential failure mechanisms do not involve this area.

Depending upon the material used for the finer layer, two key working principles of
sloping CBSs were identified. Using a finer material for the finer layer, such as a silty sand,
the lateral water diversion ability of the CBS is limited and the behaviour is hence similar
to that of a horizontal CBS, i.e. rainwater is stored in the finer layer and released into the
atmosphere by evaporation. Using a coarser material for the finer layer, such as a fine sand,
rainwater entering the finer layer is diverted laterally in the down-dip direction due to the
effect of gravity. A drain is placed at the toe of the slope with the purpose of collecting this
diverted water. If the CBS is perfectly effective, all rainwater is diverted to the bottom drain
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and water breakthrough never occurs. Given that the amount of water diverted increases in the
down-dip direction, if the lateral diversion capacity is attained at a location higher than that
of the drain, the CBS cannot divert any additional amount of water and, beyond that point,
any further rainwater becomes percolation into the coarser layer (i.e. breakthrough occurs).
The effectiveness of the former type of CBS, with the finer layer made of finer materials,
strongly depends on the overall climatic conditions and on the balance between long-term
rain and evaporation. This type of CBS is more effective if applied in regions with a warm
and dry climate where the amounts of evaporation and rain are comparable. For this type
of CBS, using a thick finer layer is typically beneficial because they are characterised by a
higher water storage capacity. The effectiveness of the other type of CBS, with the finer layer
made of slightly coarser materials, is little affected by the overall climatic conditions but it
strongly depends on extreme rainfall events. It can be applied in regions with both a warm
and dry climate and a cool and wet climate, as long as rainfall events are not too extreme. For
this type of CBS, using a thick finer layer, such as 100 cm, does not improve significantly the
water diversion capacity because most of the water is diverted within a thin sub-layer of the
finer layer, next to the interface with the coarser layer.

All the sloping CBSs were shown to be effective for suction control and slope stability
for slopes of height up to 10 m. However, it was shown that the effectiveness of CBSs at
preventing water breakthrough decreases with the increasing slope height, in particular for
CBSs whose main working principle is lateral water diversion. For higher slopes, water
breakthrough might involve large volumes of underlying soil and hence affect the stability
of slopes covered by CBSs. For this reason, two solutions aimed to widen the range of
applicability of CBSs to higher slopes were analysed and discussed: the use of multi-layered
CBSs and the use of multiple drains.

It is possible to increase the diversion length of a CBS by introducing multiple finer and
coarser layers, as was done for horizontal CBSs. When the finer layer is made of a relatively
coarse material, such as fine sand, high flow rates may be attained but the part of soil actively
diverting water is limited to a thin sub-layer next to the interface with the coarser layer.
Beyond a certain thickness, the upper part of the finer layer gives negligible contribution to
the water diversion capacity. By introducing multiple coarser and finer layers, this water
diversion mechanism can be replicated within sub-layers at the bottom of each finer layer. At
the top of the slope, the upper finer layer firstly diverts water down-dip until a point where
the water diversion capacity of the upper finer layer is attained. Beyond this point, the upper
finer layer cannot divert any extra amount of water and further rainwater enters the underlying
coarser layer and the next finer layer. The underlying finer layer is thus "activated" at this
point and starts diverting water laterally until a point where the diversion capacity of this finer
layer is attained. This mechanism is then replicated for the different layers. With this solution,
the diversion length of a multi-layered CBS with a layering factor of 2 may be up to twice
that of a corresponding single CBS, that of a multi-layered CBS with a layering factor of 3
may be up to three times that of a corresponding single CBS.

The previous solution of using multi-layered CBS is effective at widening the range of
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application to taller slopes but it requires the use of additional quantities of material for
the construction of different layers. In order to apply sloping CBSs to slopes of any height
avoiding the construction of very thick CBSs, multiple drains may be placed along the slope
height at different locations. In a sloping CBS with a single drain at the toe, water must be
diverted from the top of the slope to the bottom drain and this distance can be very long.
Using multiple drains, the whole CBS can be seen as divided into multiple CBSs. Each of
them must divert water for a shorter distance, that is the distance between two consecutive
drains. This is possible because the water diversion capacity of the CBS is fully restored
beneath each intermediate drain. Each drain therefore collects only the water diverted by the
part of the CBS on the section of slope up to the next drain.

As mentioned above, all the CBSs tested under both Cagliari and London climatic con-
ditions were effective at preventing rainfall-induced slope instability. Without the use of a
CBS, the analysed bare slopes were unstable in critical rainfall conditions and they were
characterised by shallow failure mechanisms. The application of CBSs made the original
slopes stable, with very high factors of safety. All the CBSs were also always stable but
characterised by lower factors of safety than those related to the underlying original slopes.
After the application of CBSs, the problem of the stability became thus controlled by the
stability of the CBS. However, CBSs are typically made of relatively coarse-grained materials,
having good mechanical properties and shear strength little affected by variability of suction
and thus weather conditions. In other words, unlike the stability of slopes made of weak
fine materials which rely on the effect of suction, the stability of the CBSs mainly relies on
the value of friction angle, which is characterised by fewer uncertainties compared to those
involved in the prediction of suction. In addition, the friction angle of the materials used
for the CBS can be controlled during construction because the friction angle of these coarse
materials strongly depends on the degree of compaction and void ratio.

9.2 Recommendations for future work

As often happens, while answering the initial research questions other ideas and further
research questions turned up. This final section presents ideas, opportunities and suggestions
for further research work regarding the topics addressed in this thesis.

9.2.1 Modelling the hydraulic behaviour of unsaturated soils

A conceptual and numerical interpretation of the phenomenon of air entrapment was given in
Chapter 5. An experimental validation of these findings would provide a more solid base to
this conceptual and numerical interpretation. An experimental campaign might involve tests
at the macroscopic scale and at the microscopic scale. Tests at the macroscopic scale could
consist of reproducing in the laboratory the SWRC tests which were simulated numerically
in Chapter 5. Tests at the microscopic scale would involve measuring the gas pressure in
bulbs of trapped air and comparing these measurements with the numerical and analytical
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predictions. Measuring directly the gas pressure within trapped air is likely to be complicated.
Indirect measurements might however be feasible. Ideas for indirect measurements might
involve the use of X-Ray Computed Tomography or microscopic imaging techniques to
reconstruct the shape of the interfaces between trapped air bulbs and the surrounding water.
From knowledge of the shape of these interfaces and of the pore-water pressure and by using
the Young-Laplace equation (Equation 2.2), the gas pressure within the trapped air could be
obtained. In addition, a numerical study of suitable boundary value problems could be carried
out in order to show the consequences of incorrect constitutive modelling of air trapping
(i.e. use of an apparent SWRC), compared to correct constitutive modelling (true SWRC
combined with a gas conductivity curve going to zero at AC/AD point).

The liquid film component of the new hydraulic conductivity model presented in Sec-
tion 3.3 was calibrated using experimental data of hydraulic conductivity plotted against
suction at very low degree of saturation. The concept of liquid film flow is still poorly
known or understood in the geotechnical engineering community. In addition, measuring
the hydraulic conductivity at low values of degree of saturation is in general complex and
time-consuming. As a consequence, the availability of experimental hydraulic conductivity
data at low degree of saturation is still very poor. It would be very helpful to improve the
experimental techniques for characterization of hydraulic conductivity at low degree of satu-
ration, to design apparatuses able to distinguish liquid water flow and water vapour flow at
low degree of saturation and to enrich the availability of data of hydraulic conductivity at low
degree of saturation.

The hydraulic behaviour and the mechanical behaviour of unsaturated soils are in general
coupled. The full hydraulic constitutive model presented in Chapter 3, including improve-
ments of SWRC and SHCC at low degree of saturation and hydraulic hysteresis, is complete
from the hydraulic point of view but it was used only considering rigid materials. The new
hydraulic constitutive model could be used in conjunction with existing mechanical constitu-
tive models for unsaturated soils, such as the Barcelona Basic Model [69] which is already
implemented in Code_Bright. Numerical analyses of suitable boundary value problems could
be performed in order to assess the impact of the new full hydraulic constitutive model on the
mechanical behaviour of unsaturated soils.

9.2.2 Multi-layered capillary barrier systems

A new concept of multi-layered CBS was analysed in Chapter 7, focusing on the water storage
capacity. It would be interesting to study also the recharge ability of these multi-layered CBSs
after rainfall ceases. The expectation is that the use of multiple layers can have a beneficial
effect also on the recharge ability as a consequence of an increase of the total amount of
evaporation. In a multi-layered CBS, the water is initially stored in the upper finer layer and,
if breakthrough occurs from this finer layer into the underlying coarser layer and the next
finer layer, the water starts being stored in the underlying finer layer and so on. Therefore,
compared to a single CBS of the same total thickness, where most of the water is stored next
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to the interface with the bottom coarser layer, a higher amount of water is in general stored in
the upper part of a multi-layered CBS. This is expected to mean that the soil surface maintains
lower values of suction for longer time and, consequently, a higher amount of evaporation will
occur. This expected behaviour should be verified with numerical simulations and validated
against experimental tests.

Similar to what was done for the water storage capacity of horizontal multi-layered CBSs,
it would be interesting to develop a simplified method for the estimation of the lateral water
diversion capacity of sloping multi-layered CBSs. An approach similar to that used by Parent
and Cabral [150] (see Section 2.3.4) for the estimation of the diversion capacity of single
CBSs could be adopted for multi-layered CBSs. The approach of Parent and Cabral [150]
consists of the calculation of the lateral water diversion capacity of a single CBS starting
from the knowledge of a simplified suction profile at breakthrough. In a similar manner, a
schematic suction profile at breakthrough for sloping multi-layered CBSs could be developed
(similarly to what was done for the simplified suction profile at breakthrough for horizontal
multi-layered CBSs) and used for calculation of their water diversion capacity.

9.2.3 Long term application of capillary barrier systems for suction
control and slope stability

The numerical analyses regarding the long-term performance of CBSs showed that they can
be potentially used for suction control purposes and slope stability in a European climatic
context and the roles of different parameters and conditions were analysed (see Chapter 8).
However, some aspects must still be studied prior to extensive application in the construction
field.

Durability is typically recognised as an advantage of capillary barrier systems. However,
an aspect which should be assessed with more attention is the risk of surface erosion. The
main cause of surface erosion is generally the generation of surface water runoff, which may
transport soil particles. In the cases analysed, the materials of the finer layer were coarse
enough not to generate runoff. However, erosion could be also caused by the impact of
raindrops on the soil surface. This risk should be analysed and, if it reveals to be a serious
problem for the durability of CBSs, potential solutions should be studied, such as the use of a
surface protection layer (e.g. a vegetated layer).

The capillary barrier systems analysed in this thesis were bare. Vegetation can be however
present on the soil surface and may have a significant impact on the hydro-mechanical
behaviour of soils. The growth of vegetation may change the SWRC and SHCC properties of
the soil by modifying the void ratio and changing the soil structure. Shear strength typically
increases due to the presence of roots. In addition, vegetation affects water extraction from
soil. On one hand, it reduces the amount of evaporation by covering the soil surface exposed
to the atmosphere. On the other hand, the vegetation is able to extract water from the soil and
release it into the atmosphere by transpiration. The relevance of these aspects to capillary
barrier systems should be studied.
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From the results of preliminary numerical analyses, it was discussed that modelling
rainfall by using a daily resolution was more appropriate than using a yearly resolution. This
was valid in particular for the CBSs having the finer layer made of fine sand, whose efficiency
is limited by the occurrence of extreme rainfall events. The use of time resolutions smaller
than daily for the rainfall application were not investigated because of the lack of rainfall
data at small time resolution in the particular time periods analysed and because of the high
computing time requirements. The effect of the use of smaller time resolutions, e.g. hourly or
sub-hourly, should be studied, perhaps focusing on single extreme rainfall events.

All the long-term applications of CBSs analysed were virtual case studies useful to isolate
and assess the role of the different parameters considered. At this point, it would be useful
to try to assess the application of CBSs on real case studies. For instance, it could be useful
to consider a slope which collapsed in the past due to the effect of rainfall, for which data
of materials, geometry and weather conditions are available, and to try to reproduce the
effect of the application of CBSs on the stability. Moreover, it is important to perform field
tests. Field tests on the application of CBSs have been already performed but they usually
involved artificial and/or small-sized slopes [168–170]. Field tests should be expanded to the
application of CBSs to big natural slopes.

One of the main future challenges is the development of specific design methods for the
application of CBSs for suction control. The numerical analyses carried out in this thesis
for the study of the long-term application of CBSs can be considered advanced and hence
characterised by a degree of complexity often far from that used in engineering practice. In
order to make the application of CBSs for suction control more appealing in the construction
industry, simple design methods should be developed. The simplification of the design method
should involve three aspects: material behaviour, method of analysis and modelling of the
weather conditions.

Finally, the suitability of CBSs for other applications in geotechnical engineering should
be addressed, for problems where maintaining suction in the ground and using its beneficial
effect on shear strength can have an impact on geotechnical design. For instance, CBSs might
be potentially constructed around foundations to maintain suction beneath the foundation
footprint. In this way, consideration of the effect of suction on shear strength might lead to
the design of smaller foundations. The construction of a CBS on top of the ground behind a
retaining wall might prevent rainwater infiltration into the retained soil, thereby leading to a
smaller earth pressure on the retaining wall and hence to a reduction of the required size of
the wall.
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