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Abstract

This thesis gives a complete description of the Grothendieck group and divisor class
group for large families of two and three dimensional singularities. The main results
presented throughout, and summarised in Theorem 8.1.1, give an explicit description of
the Grothendieck group and class group of Kleinian singularities, their deformations, and
compound Du Val (¢DV) singularities in a variety of settings. For such rings R, the main
results assert that there exists an isomorphism Go(R) = Z @ CI(R), and the class group
is explicitly presented.

More precisely, we establish these results for 2-dimensional deformations of global type
A Kleinian singularities, 3-dimensional isolated complete local ¢cDV singularities admit-
ting a noncommutative crepant resolution, any 3-dimensional type A complete local cDV
singularity, polyhedral quotient singularities (which are non-isolated), and any isolated
cDV singularity admitting a minimal model with only type cA, singularities. We also
provide an example of a large class of higher dimensional quotient singularities for which
this isomorphism does not hold, suggesting that this is a low dimensional phenomenon.

This work requires a range of tools including, but not limited to, Nagata’s theo-
rem, knitting techniques, Knorrer periodicity, the singularity category, and the computer-
algebra system MAGMA. Of particular note is the application of knitting techniques which
leads to independently interesting results on the symmetry of the quivers underlying the

modifying algebras of Kleinian and cDV singularities.
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Chapter 1
Introduction

Fundamentally, mathematicians are interested in the problem of classification which
guides many areas of mathematical research. Mathematicians have numerous ways of
measuring when objects are isomorphic (the same) or not isomorphic (different), and one
method commonly used is that of invariants. An invariant is a property of a mathematical
object, or a class of objects, which remains unchanged after the application of operations
or transformations. Often, invariants are not strong enough to determine when two ob-
jects are isomorphic; instead, they are useful for determining when two objects are not
isomorphic.

In algebraic geometry, one uses algebraic techniques to study geometric objects. In
particular, the algebra determines the geometry, and the geometry determines the algebra,
allowing for a rich study of both. The geometric objects of study are called algebraic
varieties (in our case affine schemes), and traditionally they are viewed as being the
set of solutions of a system of polynomial equations over an algebraically closed field.
The crossover between algebra and geometry can be seen through the association to a
commutative noetherian ring R the algebraic variety Spec R given by the set of all prime
ideals of R.

Suppose that we have two algebraic varieties X and X’. Naturally, one might ask, when
are X and X’ isomorphic? Or, more reasonably, when are X and X’ not isomorphic? A

good starting point for answering this question is to study the invariants of X and X’.

1.1 Motivation

When studying varieties, one quickly learns that singular varieties are much worse
behaved than non-singular varieties, but one also learns that this is precisely what makes
them interesting. This thesis is motivated by trying to understand when singular varieties
behave like smooth (i.e., non-singular) varieties. Specifically, we study the invariants

divisor class groups and Grothendieck groups (or K-theory) of certain singularities. These



2 CHAPTER 1. INTRODUCTION

are both interesting invariants which, as we show, are more intertwined than one might
expect. In general, neither is easy to compute. Theoretically, one can deduce the class
group from the Grothendieck group. The latter is often easier to compute, but we have
shifted the difficulty to the equally hard problem of extracting the class group from the
Grothendieck group.

To state our main results, we now swap to using more technical language; the relevant
terms are defined in Chapters 2 and 3. Let R be a 3-dimensional Gorenstein ring with
rational singularities. In favourable settings, Spec R admits a crepant resolution; however,
this does not always happen. When Spec R does not admit a crepant resolution, usually
one instead studies minimal models X — Spec R where X is allowed to be mildly singular.
At its root, this thesis is motivated by understanding how homologically similar minimal
models are to crepant resolutions. One tool for measuring this is the singularity category
D¢ (X) of X; see Chapter 7. The singularity category of X is trivial if and only if X is

smooth, so in general for minimal models, D (X) # 0.

Conjecture 1.1.1. Let R be a 3-dimensional Gorenstein ring with rational singularities

and X — Spec R a minimal model. Then K¢(Ds(X)) = 0.

This turns out to be connected to, and in fact determined by, problems in commutative
algebra. This motivates our focus on two and three dimensional commutative rings. Now,
let R be a normal noetherian integral domain and write CI(R) for the class group of R
and Go(R) for the Grothendieck group of mod R. Our goal in this thesis is to gain insight

into the following surprising question. When does
Go(R) =2 Z @ CI(R) (1.1.A)

hold? This turns out to be relevant to the smooth versus singular behaviour discussed
above, and is surprising because it is not typical behaviour in dimensions three and higher.
In this thesis, we look at when (1.1.A) is true, and some situations where it fails. We prove
that this isomorphism holds in a variety of different settings, for example: arbitrary cA,
singularities, arbitrary isolated ¢cDV singularities with noncommutative crepant resolu-
tion(s) (NCCRs), arbitrary c¢DV singularities with minimal model which has type cA,

singularities, amongst others. Our main results are summarised in Theorem 8.1.1.

1.2 Kleinian singularities

A quotient singularity has the form Y/G, where Y is a smooth variety, and G is a
finite! group of automorphisms of Y. Our main focus is on the quotient singularities

C"/G with G a non-trivial finite subgroup of SL(n,C). These quotient singularities are

IWe do not consider the infinite case in this thesis.
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both Gorenstein | | and rational | |. We mainly restrict to quotient singularities
C"/G in dimension 2 and 3.

Consider the 2-dimensional case, that is C*>/G where G is a non-trivial finite subgroup
of SL(2,C). These groups were classified by Klein: there are two infinite families and
three exceptional groups. These quotient singularities are called Kleinian or Du Val sin-
gularities®. Klein proved that the finite subgroups G of SL(2,C) are precisely the binary
polyhedral groups | |. This information is summarised in the three columns on the
righthand side of Table 1.1.

The (coordinate rings of) Kleinian singularities are defined to be the invariant rings
C[U,V]%. They are generated by three elements, subject to one relation. In other words,
each ring R is isomorphic to Clu, v, z|/(f) for some irreducible polynomial f. As a con-
sequence, each ring Clu, v, z]/(f) can be seen as functions on a surface in C?* defined by
the zero set of f. Each of these surfaces has a unique singular point at the origin; they

are isolated singularities.

1.3 The McKay correspondence

Consider a finite subgroup G of SL(2, C) and the natural 2-dimensional representation
w of G. Let pg,...,p, be all the irreducible representations of G where pg is the trivial
representation. Furthermore, let m; ; be the multiplicity of p; in w ® p;. With this setup
we give a description, following | |, of the McKay quiver associated to each finite
subgroup G of SL(2,C).

Definition 1.3.1. The McKay quiver of G, with respect to w, is the quiver (i.e., directed
graph) with vertices 0, ...,n corresponding to the irreducible representations po, ..., pp,

and m, ; arrows from vertex 7 to vertex j.

For Kleinian singularities, w is self-dual and so m, ; = m;, for all ¢, 5. The McKay
correspondence, due to John McKay in | |, shows that there is a one-to-one corre-
spondence between the McKay quivers of the finite subgroups of SL(2, C) and the extended
Dynkin diagrams. This is described in Table 1.1. The five (affine) extended Dynkin dia-
gram types, depicted in Figure 1.1, are A, (n>0) and D (n > 4) with n + 1 vertices, as
well as Eﬁ, E7, and Eg, where each extended vertex is shown as an empty circle. In each
extended Dynkin diagram, the extended vertex corresponds to the trivial representation

Po. The number at each vertex is the dimension of the corresponding representation.

2In the literature, these have many names such as rational double points or ADE singularities.
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Figure 1.1: The extended Dynkin diagrams | ]

By removing the extended vertex from an extended Dynkin diagram one obtains a
(simply laced) Dynkin diagram. A quiver is called Dynkin (respectively, extended Dynkin)
if the underlying graph is of ADE Dynkin (respectively, extended Dynkin) type.

From this correspondence it follows that each McKay quiver associated to a Kleinian
singularity is, in fact, the double quiver (see §3.5) of an extended ADE Dynkin diagram

| |. The corresponding diagram appears in the first column of Table 1.1.

Type G G| f

A, Cyclicn > 1, Zpiy n+1 "M 4w =0

D, | Binary dihedral n >4, BDyg,11) | 4(n —2) | 2(v® —2™) +u* =0

Es Binary tetrahedral, 7 24 i+ u? =0
E, Binary octahedral, O 48 23+ xvd +u? =0
Eg Binary icosahedral, 7 120 2 +vi+ut=0

Table 1.1: The Kleinian singularities and extended Dynkin diagrams
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1.3.1 The geometric McKay correspondence

The McKay correspondence can be interpreted from a geometric point of view; an
in-depth introduction to this may be found in | , Chapter 6|. As before, let G be
a finite non-trivial subgroup of SL(2,C) and R := C[U,V]%. The variety Spec R is a
Kleinian singularity with an isolated singular point at the origin. An important result in
algebraic geometry, due to Hironaka | |, states that every singular variety Spec R over
a field of characteristic 0 has a resolution of singularities. In other words, there exists a
non-singular variety X and a proper birational map X — Spec R. A minimal resolution
is a resolution f: X — Spec R through which any other resolution factors. We provide
a more in-depth discussion of resolutions of singularities in Chapter 3, with a particular

focus on minimal models and noncommutative crepant resolutions (NCCRs).

In general, a minimal resolution of a variety does not exist, but for surfaces, they do,
and they are unique. As such, it makes sense to talk about the minimal resolution of a
Kleinian singularity. In Figure 1.2, we illustrate the resolution of an A; Kleinian singular-
ity, where the resolution replaces the singular point at the origin by a circle (indicated in
red).

Figure 1.2: Resolution of the cone singularity A;

To the minimal resolution f: X — Spec R one can associate the exceptional divisor.
The exceptional divisor is a finite chain of curves. The arrangement of these curves is
encoded in the dual graph of the exceptional divisor, in which a vertex replaces each curve,
and an edge connects two vertices if the corresponding curves intersect. For example, the

curve configuration below on the left corresponds to the dual graph on the right.

/\r—\r_\/\/\/\» '\.
\o

It is well known that the resulting dual graph is always an ADE Dynkin diagram and that
any ADE Dynkin diagram can be realised as the dual graph of the minimal resolution of

some Kleinian singularity | |.
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1.4 Viehweg’s setting

In | |, Viehweg studies singularities of the form
Clu,v,x1,...,x,
A= [7 7(1117 7at]’
(uo — fi* -+ fi")
where f; € Cxy,...,z,] are irreducible and pairwise coprime, and each a; > 1. Such sin-

gularities are a generalisation of type A Kleinian singularities and we refer to singularities
of this form as being in ‘Viehweg’s setting’. In Chapter 4, we focus on singularities in

Viehweg’s setting, and prove the following results.
Theorem. Let A be the ring defined above, then
(1) CI(A) =2 Z%/(ay,...,a).
(2) If further the Krull dimension of A is two, then (1.1.A) holds, namely

Go(A) 2 Z o CI(A).

This has applications to deformations of Kleinian singularities, explained in §3.5, and

to cA, singularities in Chapter 6.

1.5 Compound Du Val singularities

Until now, we have mainly discussed the 2-dimensional setting. But in this thesis, we
do far more than just look at dimension 2. A natural question to ask is whether part
(2) of the above result generalises to higher dimensions, and a natural way to generalise
Kleinian singularities is to look at compound Du Val singularities. Intuitively, these are
3-dimensional analogues of Kleinian singularities.

For a variety X, write Ox for the sheaf of functions on the space, and for p € X write
O x,p for the completion of Ox ), at the unique maximal ideal. Formally, X is said to have

compound Du Val (¢DV) singularities if and only if every O xp is of the form

Cl[u, v, 7, y]]
(f(u,v,2) +yh(u, v, 2,y))

where Clu, v, z]/(f) is a Kleinian singularity and h is arbitrary. One source of such singu-
larities is C?/G where G is one of the finite subgroups of SL(3,C) described in (a) — (e)
below (see, e.g. | .
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(a) The cyclic group of order n. That is,

1 e 0 O

—(1,n—1,0) := < 0 ¢! 0 > , where ¢ = e2mi/(n+1)

n
0 0 1

(b) The dihedral group Dy, of order 2n. The group Dy, is generated by the matrices

<100 L[t

=(loco|.—=]2 s ¢
5 >

00 ) VP

€ 2 t s
where ¢ = €™/% s = e? 4 ¢ = “LV0 and t = e + ¢t = 15,
By | , Proposition 6.1], another source of ¢cDV singularities are rings of the form

Clu, v, z,y]/(uv — f(z,y)), which further justifies our interest in Viehweg’s setting of §1.4.

As is a common theme in this thesis, typically one studies ¢cDVs by reducing back to
dimension 2 (i.e., to Kleinian singularities). This is done via slicing by a generic hyperplane
section. Hence, a cDV is a threefold such that slicing by a generic hyperplane section yields
a Kleinian singularity. As discussed previously, such surface singularities have been studied
intensely and are well understood. Just as with Kleinian singularities, cDVs are classified
into ADE Dynkin type.
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In Chapter 6, we make the following conjecture and prove that both it and the isomor-

phism (1.1.A) hold for ¢DVs in various settings.

Conjecture 1.5.1 (=6.1.1). Let R be a local ¢cDV singularity. Then
Ko(CM R) = CI(R).

In addition, in §6.5, we provide evidence which supports the idea that (1.1.A) holds
for non-isolated ¢cDVs. Then, in Chapter 7, we prove that (1.1.A) holds for any isolated

cDV singularity which admits a minimal model with only type cA, singularities.

1.6 Organisation of the thesis

Chapters 2 and 3 contain background material, the first covers the more algebraic no-
tions and the second covers the more geometric material. In Chapter 4, we calculate the
divisor class group of rings in Viehweg’s setting and prove that (1.1.A) holds in dimension
two in this setting. These results are an extension of results already known in the local
setting to the much more difficult global setting. In addition, using these results we give a
description of the Grothendieck group of the centre of the deformed preprojective algebra
and prove that it is isomorphic to the description given in | |. In Chapter 5, we
introduce a knitting algorithm and prove independently interesting results on the symme-
try of the quivers associated to modifying algebras of all Kleinian and c¢DV singularities.
We use this symmetry in Chapter 6, where we prove results similar to those of Chapter 4
but for 3-dimensional local ¢cDV singularities, generalising the thesis of Navkal | .
Specifically, we prove that (1.1.A) holds for all isolated local ¢cDV singularities admitting
an NCCR. We also prove (1.1.A) in various other settings, and provide evidence for similar
results in the non-isolated case. In Chapter 7, we prove that (1.1.A) holds for any isolated
cDV singularity which admits a minimal model with only type cA, singularities, and verify
Conjecture 1.1.1 in this case. Finally, Chapter 8 ends with a summary theorem and some

speculations on symplectic reflection groups.

1.7 Notation and conventions

Throughout, we will work over the algebraically closed field C. Unless specified other-

wise, all rings will be noetherian. For a ring A, we write:
e mod A for the category of finitely generated left A-modules;

e proj A for the full subcategory of mod A consisting of left projective A-modules;
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e add M for the full subcategory consisting of all direct summands of all finite direct
sums of M € mod A;

e (—)*:=Homy(—,A): mod A — mod A°P;

e DP(A) for the bounded derived category of mod A;

perf A for the full subcategory of D”(A) of perfect complexes;

Dgg(A) :== DP(A)/ perf A for the singularity category of mod A;
o KE(A) = Ko(Dsg(A)) for the Grothendieck group of Dgg(A).
When R is a commutative ring, we further write:
e ()(R) for the field of fractions of R, where R is a domain;
e ref R for the full subcategory of mod R consisting of reflexive R-modules;
e CM R for the full subcategory of mod R consisting of Cohen-Macaulay R-modules;

e Homy(M, N) for the quotient of Hompg(M, N) by the set of all morphism factoring
through add R;

e CM R for the stable category of CM R, where the objects are the same as those of
CM R but the morphisms are defined as Homp (M, N);

e CI(R) for the divisor class group of R;
e Gy(R) := Ko(mod R) for the Grothendieck group of mod R;

) (~}0(R) for the reduced Grothendieck group.



10

CHAPTER 1. INTRODUCTION



Chapter 2
Commutative algebra preliminaries

This chapter contains a collection of technical tools from commutative algebra re-
quired for the results in this thesis. Specifically, it includes a brief introduction to Cohen-
Macaulay modules and Gorenstein rings, followed by a more thorough introduction to the
study of divisor class groups of normal noetherian integral domains and algebraic K-theory

with an aim towards defining Grothendieck groups.

2.1 CM modules and Gorenstein rings

Let (R,m) be a local ring and 0 # M € mod R. Then the depth of M is defined as
depthy M == min{i > 0 | Ext,(R/m, M) # 0}.

Maintaining that (R, m) is a local ring, the module M is called (mazimal) Cohen-Macaulay
(CM) if depthy M = dim R. This definition easily generalises to the non-local (i.e. global)
case. If R is a commutative noetherian ring, then M € mod R is CM if M, is CM for all
prime ideals p of R. Furthermore, R is a CM ring if R is a CM R-module.

For M € mod R, denote by add M the full subcategory of all direct summands of
all finite direct sums of M. For M, N € mod R let Homy(M,N) be the quotient of
Hompg(M, N) by the set of all morphisms factoring through add R. We write CM R for
the stable category of CM R, where the objects are the same as those of CM R, but the
set of morphisms between two objects M and N is defined to be Hom (M, N).

A commutative noetherian ring R is called Gorenstein if the localisation Ry, at each
prime ideal p, is a local ring which has finite injective dimension as an R,-module. It is

well known that a Gorenstein ring is a CM ring.
Example 2.1.1. Some well-known Gorenstein rings:
Clx, ..., zs), Clu,v,z]/(uv —2"), Clu,v,z,y]/(uv — xy).

11
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Definition 2.1.2. A commutative ring R is called equi-codimensional if all its maximal

ideals have the same height.

In this thesis, it is always the case that our rings are either finitely generated over C
or are localisations and completions at a maximal ideal of such rings. As such, the rings
we study are always equi-codimensional | , 13.4]. Furthermore, when they are CM,

they always admit a canonical module wg.

2.2 Normal rings and the divisor class group

An integral domain is called normal if it is integrally closed in its field of fractions
[ |. In our applications later, with some exceptions (such as 7" in Lemma 4.1.4 and

8 in Setup 6.4.1), the rings will be both normal and noetherian.

Example 2.2.1. The rings C[xzy, ..., z,] (see | , Example 1]) and C[z, y, 2]/ (zy — 2?)

(see | , Exercise 6.5]) are both normal rings.

Normal rings have many nice properties; we briefly mention some of them now. A
prime ideal p of an integral domain R is said to have height one if it is non-zero and there
does not exist any prime ideal q such that (0) € q C p. We give a method for determining
the height of an ideal later in this section.

Let K be a field and write K* = K\{0}. A mapping on K is called a discrete valuation
v: K* — Z if v is a homomorphism v(zy) = v(z) +v(y) and v(z +y) > min(v(z), v(y)).
Furthermore, the valuation ring of v can be formed; it consists of 0 and all x € K* such
that v(z) > 0.

Consider a 1-dimensional noetherian local integral domain (S, m) where m denotes the
unique maximal ideal of S. Let Q(S) be the field of fractions of S. Then the ring S is
called a discrete valuation ring (DVR) if there exists a discrete valuation v of Q(S) such
that S is the valuation ring of v. It is known (see, e.g. | |) that m is the set of all
z € Q(S) for which v(x) > 0. The following proposition (see | , Proposition 9.2])

gives an equivalent way of saying when a ring such as (S,m) is a DVR.

Proposition 2.2.2. Let (S,m) be a noetherian local integral domain of dimension one.
Then S is a discrete valuation ring if and only if there exists an element 7w € S such that

every non-zero ideal of S is of the form (7*), for some k > 0.

Now, consider a normal noetherian integral domain R with field of fractions Q(R).
Write X;(R) for the set of all height one prime ideals of R. In the terminology of | ],
such a ring R satisfies the conditions necessary to be a Krull domain | , III, Proposi-
tion 7.13]. As such, for each prime ideal p € X;(R) the localisation of R at p, denoted R,,
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is a DVR. The unique maximal ideal of R, is pR,. By Proposition 2.2.2, pR, is generated
by a single element, which we will denote 7r,.

Let v, denote the discrete valuation on Q(R) associated to R,, so v,: Q(R)* — Z
where Q(R)* is the group of invertible elements of Q(R). The above implies that, for any
z € Q(R)*, z has a unique factorisation z = ym,"*® for some v,(z) € Z and y € Ry

Theorem 2.2.3. Let R be a normal noetherian integral domain with field of fractions
Q(R) and let = be any non-zero element of Q(R). Then the following hold:

(1) vy(x) =0 for all but finitely many p € X;(R),
(2) x is an element of R if and only if vy(x) > 0 for all p € X (R),
(3) = is a unit of R if and only if v,(z) =0 for all p € X;(R),
(4) x is in the unique mazimal ideal pR, of R, if and only if v,(x) > 0,
(5) R = Opex, ()R-
Proof. For (1) - (4) see | , Theorem 6.2.1] and for (5) see | , Theorem 11.5]. O

We define class groups of a ring R using Weil divisors. The following definitions of
Weil divisors, principal Weil divisors, and the divisor class group can be found in many

places and many formats in the literature (see, e.g. | |, [ | [ -

Definition 2.2.4. Let R be a normal noetherian integral domain with field of fractions
Q(R) and X;(R) as before. The group of Weil divisors Div(R) of R is defined as the free
abelian group with basis X;(R).

In other words, it is the free Z-module

Div(R)= €P Z-p

peXi(R)

on X;(R). By Theorem 2.2.3, there is a homomorphism of groups
div: Q(R)™ — Div(R),

defined by
div(z) = Y vy(x)-p, (2.2.A)
pEX1(R)
where v, is the valuation associated with the DVR R,. In particular, Theorem 2.2.3(3)
implies that the kernel of div is equal to the group R*. It follows that there is an exact
sequence

0 — Ker(div) = R* = Q(R)* <% Div(R) — Cok(div) — 0. (2.2.B)
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We have the following result for any element of R.
Corollary 2.2.5. Forr € R, we have div(r) = 3", v, gy recp Vo (1) with all suchv,(r) > 0.
Proof. This follows immediately from Theorem 2.2.3(4) and (2.2.A) O

Definition 2.2.6. The class group of R is defined to be the cokernel of the homomorphism
div, and is denoted CI(R).

The exact sequence (2.2.B) becomes
0— R* = Q(R)* L% Div(R) — CI(R) — 0. (2.2.C)

The image of div is called the group of principal Weil divisors and is denoted Prin(R).
Thus, the divisor class group of R is the group of Weil divisors modulo the principal Weil
divisors.

The divisor class group measures the failure of a ring R to be a unique factorization

domain (UFD). Specifically,

Proposition 2.2.7. / , Proposition 6.2] Let R be a noetherian integral domain.
Then R is a UFD if and only if X = Spec R is normal and C1(X) = 0.

The Picard group Pic(X) can be viewed as line bundles up to isomorphism, which is
naturally a subgroup of CI(X). We do not require the language of line bundles in this
thesis, for further details on the topic see | , D- 66]. The following result may also be

found in Hartshorne; see | , Corollary 6.16].

Corollary 2.2.8. Let X be a noetherian, integral, separated locally factorial scheme. Then

there exists a natural isomorphism Cl(X) = Pic(X).

The remainder of this section contains other commutative algebra results required for

the work in this thesis. The following is elementary, see, e.g. | , Chapter 1].

Lemma 2.2.9. Let R be a ring and I an ideal of R. Then the one-to-one correspondence
between ideals of R that contain I and ideals of R/1 extends to a one-to-one correspondence

of prime ideals.

The height one prime ideals are crucial in the definition of the divisor class group. The
following theorem (see | , Theorem 1.8A]) gives a method for determining the height

of a prime ideal of a ring R.

Theorem 2.2.10. Let k be a field, and R be an integral domain which is a finitely gener-
ated k-algebra. Then for any prime ideal p in R, we have

ht(p) + dim R/p = dim R.



2.2. NORMAL RINGS AND THE DIVISOR CLASS GROUP 15

Now, we extend Lemma 2.2.9 in such a way that allows us to determine which prime
ideals are the height one prime ideals of R containing a non-zero element of R. The proof

of this theorem is somewhat more involved than one might expect.

Theorem 2.2.11. Let R be an integral domain, s € R a non-zero element and @: R —

R/(s) the quotient map. Then there exists a bijection
{height one prime ideals in R containing s} *% {height zero prime ideals in R/(s)}.
Proof. By Lemma 2.2.9, there is a bijection
{prime ideals in R containing s} <= {prime ideals in R/(s)}.

To begin, assume that p € Spec R with ht(p) = 1 and s € p. By definition, @.(p) = p/(s).
We want to show that ht(p/(s)) = 0. Assume ht(p/(s)) > 1. That is, that there exists
a prime ideal q/(s) € p/(s). This implies that (s) C q C p in R. Since s is non-zero we
have (0) € q € p, which tells us that ht(p) > 2. This is a contradiction since we assumed
that ht(p) = 1, and so ht(p/(s)) = 0.

Now, assume that q € Spec R/(s) with ht(q) = 0. We want to show that the preimage
of q has height one. Write p := @ '(q) = {r € R | ¢(r) € q}. Since R is an integral
domain, (0) C p is the minimal prime ideal of R. By Lemma 2.2.9, p contains s; as such
p # (0). It follows that ht(p) > 1. By Krull’s Hauptidealsatz | , Corollary 11.17],
every prime ideal minimal over (s) has height one. If ht(p) > 1, then there exists a prime
ideal p’ such that (s) C p’ C p. But this would imply that p’/(s) € p/(s) = q and that
ht(q) > 1, a contradiction. Thus ht(p) = 1. O

For our purposes a graded ring R = @, R; is a commutative ring with identity which

ieN
decomposes as a direct sum of abelian groups such that R,R; C R;;; for ¢,7 € N.

Lemma 2.2.12. If R = @ R,, is a commutative graded domain with Ry = k a field,
m>0
then R* = k*.

Proof. Let r =19+ ...+ r,, be invertible in R. Then there exists s = sy + ...+ s, in R
such that rs = 1. Assume that r,,,s, # 0. Then rs = ijo(ZZ:o r;iS;—;) with leading
term (7S)min = TmSn. Since R is a domain and 7, s, # 0, we have (rs),,., # 0. But
rs = 1 implies that (rs); = 0 for all j > 0, so n +m = 0. That is, n = m = 0 and hence
r,s € k. O

In the following (see | , Proposition 3.4]), let (t) be the cyclic subgroup generated
by t.

Proposition 2.2.13. Let T be a UFD and t an irreducible element in T'. Then the group
of units in T[t™] is T* x (t).
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2.3 Algebraic K-theory

This section includes the definitions necessary for studying algebraic K-theory and
Grothendieck groups. For a thorough exposition on the history of algebraic K-theory,
see | |. We begin by introducing additive categories, abelian categories, and exact
categories following | , Chapter 1].

A category C is called an additive category if the following properties hold:

1. C has a zero object,
2. for all XY € C, the direct product X x Y exists, and

3. for all X,Y € C, the set of morphisms X to Y has the structure of an abelian group

such that the composition is bilinear.

Let A an be additive category. A functor F': A — B is called additive if FI(A) &
F(B) — F(A® B) is an isomorphism for all A,B € A. Equivalently, F' is additive if
F(A® B) — F(A) @ F(B) is an isomorphism for all A, B € A. For more details on
additive functors see | , Tag 010M]. An abelian category is defined as an additive
category A in which all kernels and cokernels exist and the natural map Coim(a) — Im(a)
is an isomorphism for each morphism a in A. An ezact category is an additive category
together with a class of distinguished short sequences X — Y — Z, satisfying various
axioms (see, e.g. | |). These sequences are called exact sequences.

A full exact subcategory of an exact category A is a full additive subcategory B, which
is closed under extensions. That is, if 0 - X — Y — Z — 0 is exact in A and X
and Z are objects in B, then Y is also an object of B | , §4]. The importance of
full exact subcategories can be understood through the following two facts. First, kernels
of exact functors between abelian categories are full exact subcategories. Second, the
quotient category A/B can be built. This quotient category has the same objects as A,
it is abelian, and there is a canonical exact functor p : A — A/B with kernel equal to 5.
In the literature, full exact subcategories are also referred to as Serre subcategories and
the above functor p goes by multiple names, most common are Serre quotient or quotient
functor.

In this thesis, mod R denotes the category of all finitely generated R-modules and
proj R denotes the category of all finitely generated projective R-modules.

Remark 2.3.1. When R is a ring, mod R is an exact category with exact sequences being
all short exact sequences. Similarly, proj R is an exact category with exact sequences
being those short exact sequences that exist with all terms in proj R. In proj R every

exact sequence is split.


https://stacks.math.columbia.edu/tag/010M

2.3. ALGEBRAIC K-THEORY 17

In 1973, Quillen formulated higher algebraic K-theory, defining the higher K-theory of
an exact category. Following | |, we define the zeroth K-group of an exact category

as follows.

Definition 2.3.2. The zeroth K-group Ky(€) of an exact category £ is defined as the
abelian group generated by the objects [M] for each isomorphism class of objects of £ and

one relation [B] = [A] + [C], where A, B,C € &, for every exact sequence A — B — C.

Let R be a noetherian ring. In this case, mod R is an abelian category. In this thesis
we write Go(R) := Kg(mod R) for the K-group of the category of finitely generated R-
modules, and Ky(proj R) for the K-group of the category of finitely generated projective
R-modules. Following standard terminology, the group Go(R) is called the Grothendieck
group of R. In other words,

SZ[M]
((M] = [M'] + [M"])

Go(R) == Ko(mod R) =

for M € mod R, as the relations vary over all short exact sequences.

Remark 2.3.3. There is a canonical map Ky(proj R) — Go(R), which, by the resolution
theorem of | , 84, Corollary 2|, is an isomorphism if R has finite global dimension. In

general this map is not an isomorphism.
A general property of Grothendieck groups is the following.

Lemma 2.3.4. Let R be a ring, M € mod R, and consider a filtration by submodules

=0

Proof. To prove this, we induct on n. That this holds for n = 1 is clear. Now let n > 1

and consider the sequence
0— M — M — M/M; =0,
where [M] = [M;] + [M/M;]. This leads to a filtration
0= M;/My C My/M, C...C M,/My =M/M;

of length n — 1. So by induction,

—_

M) = ML)+ (MM = S M/ M), 0

i

Il
o
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Lemma 2.3.5. Let R be any noetherian ring. Then every element of Go(R) can be written
in the form [M] —n[R] for some n > 0.

Proof. Let L, N € mod R. Note that n[L] = [L®"] where n > 0, and ny[L] 4+ ny[N] =
[L¥™ @ N®"2] where ny,ny > 0.

Now, consider a general element Y m;[L;] —>_ n;[N;] of Go(R), where m;,n; > 0. This
can be rewritten as [BLI™] — [BN™]. For ease of notation denote [®LY™] by [X] and
[®N"] by [Y]. Hence [X] — [Y] is some general element of Go(R).

Now, taking the syzygy, there is an exact sequence
0—-QY - R"—=Y — 0,
so that [QY] — n[R] = —[Y]. Thus,

[X] = [Y] = [X]+ [QY] — n[R]

=[X & QY] —n[R].
Writing [M] = [X & QY] gives the desired form [M] — n[R]. O
Introduced below, the localisation and dévissage theorems of | | are important

tools that only work for abelian categories. The following result, due to Quillen in | ,

§5, Theorem 5|, gives a long exact sequence of K-groups.

Theorem 2.3.6 (Localisation). Let B be a full exact subcategory of the abelian category
A, A/B be the quotient category of A by B and let i: B — A and p: A — A/B denote

the canonical functors. Then there is a long exact sequence
B K (A/B) = Ko(B) 5 Ko(A) B Ko(A/B) — 0.

Quillen’s dévissage theorem | , 85, Theorem 4| gives conditions under which two

abelian categories have the same K-theory.

Theorem 2.3.7 (Dévissage). Let A be an abelian category and B a non-empty full subcat-
egory which is closed under subobjects, quotients, and finite products in A. Suppose that

every object M in A has a finite filtration
OZM()CMlC...CMn,lCMn:M

with M;/M;_y in B for each i. Then the inclusion functor induces a homotopy equivalence

Ki(B) = K;(A) for all i.
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2.4 Techniques: Nagata’s Theorem

We introduce a method for computing divisor class groups. Let W be a multiplicatively
closed subset of a normal noetherian integral domain R. Traditionally, Nagata’s Theo-
rem, Theorem 2.4.1 below, states there is a surjective group homomorphism CI(R) —
CI(W™'R) with kernel generated by the classes of prime divisors in X;(R)\X;(W™'R).
For more details on this, see | , Theorems 7.1 and 7.2].

In this section, we provide a more precise version of Nagata’s theorem, following | ,
Theorem 6.2.4]. This version details a method for computing the divisor class group of a
normal noetherian integral domain. Our results in Chapter 4 and Chapter 6 utilise the

techniques of this section.

Theorem 2.4.1 (Nagata’s Theorem). Let R be a normal noetherian integral domain with
field of fractions Q(R). Let r be a non-zero non-invertible element of R with div(r) =
ZpieXl(R) Vp, (1) pi, where p; is a height one prime ideal containing r for i = 1,... n.

Then the sequence of abelian groups

0= R* — Rir™* =5 @ 2Z-p; — CIR) — CUR[']) -0 (2.4.A)
i=1
s exact.
We include a variation of the proof given in | , Theorem 6.2.4], as the method

illustrated will be used for results in Chapter 4.

Proof. Clearly R* C R[r~]* C Q(R)*, and there is a commutative diagram

0 R* Q(R)* — I, Prin(R) 0
[5 H l"‘ (2.4.B)
0 —— R[r ¥ — Q(R[r'])* - Prin(R[r"!]) —— 0

with exact rows. Notice that this implies that o is surjective. This extends in the obvious

way to the following diagram:

0 (j Ker(a)
0 R* Q(R)* —& . Prin(R) 0
5 H o (2.4.0)
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By the Snake Lemma, Ker(o) = Cok(9), thus rewriting the first column of (2.4.B) gives
0 — R* — R[r '] — Ker(a) — 0. (2.4.D)

Notice that X;(R[r~!]) is the subset of X;(R) containing the prime ideals of height one
in R that do not contain r | , Exercise 2.2.15]. Therefore Div(R[r!]) can be viewed
as the free Z-submodule of Div(R) generated by prime ideals p in X;(R[r']). Take B to
be the projection onto Div(R[r™']) defined by

0, if
pr—>{ , Irep

p, otherwise.

Then the diagram

0

Prin(R) Div(R) ClI(R) 0
la lﬁ lgy (2.4.E)
0 —— Prin(R[r~']) —— Div(R[r"!]) —— CYR[r"!]) —— 0

commutes, and the rows are exact. We already know that both o and (3 are surjective.

Therefore 7y is surjective. This extends in the obvious way to the following diagram:

0 Ker(a) Ker(B) Ker(y)
| | |

0 Prin(R) Div(R) CI(R) 0 (24F)
l I b

0 —— Prin(R[r7!]) —— Div(R[r"!]) —— CUR[r"!]) —— 0
By the Snake Lemma, we obtain an exact sequence
0 — Ker(a) — Ker(p) — Ker(y) — 0. (2.4.G)

By definition, the group Div(R) is free on X;(R). Then, since the only height one primes
that contain r are py, ..., p,, the kernel of f is the free subgroup @;_, Z-p,. From (2.4.E),

we also get the following exact sequence
0 — Ker(y) — CI(R) — CI(R[r™!]) — 0. (2.4.H)

Splicing the sequences (2.4.D), (2.4.G), and (2.4.H) gives the sequence (2.4.A), as desired.
[

This result provides us with what should be a straightforward method for computing
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CI(R), where R is a normal noetherian integral domain.

2.5 Techniques: Algebraic K-theory

Computing class groups is a difficult task and, in some instances, K-theory is easier
to compute. In this section, we introduce a technique, originally described in | |, for
doing so. We will see several examples in Chapter 4 and Chapter 6 where this approach
works well.

As before, let R be a normal noetherian integral domain with field of fractions Q(R).
Each finitely generated R-module M has a well-defined class [M] in Go(R). The map
M — [M] is an additive function (see §2.3) such that any other additive function on
mod R factors through it. Define the rank map rkgz: mod R — Z as

rkr(M) = dimgr) (M ®r Q(R)).

Since this is an additive function, it induces a homomorphism Gg(R) — Go(Q(R)) where
Go(Q(R)) = Z. Under this definition rk(R) = 1, thus Go(R) decomposes as

Go(R) =Z - [R] ® Go(R), (2.5.A)

where (~}0(R) is the kernel of the homomorphism induced by the rank map and is called
the reduced Grothendieck group of R.
Let € be the full subcategory of all M such that M @z Q(R) = 0. Since localisation is

exact, € is an abelian category.
Lemma 2.5.1. If M € C and p € X1(R), then M, has finite length.

Proof. If p € X;(R) then R, is a 1-dimensional integral domain with unique non-maximal
prime ideal (0) and unique maximal ideal pR,. Since (M,)o) = M@ = 0, M, is only
supported at the maximal ideal. It follows that M, has finite length | , Chap-
ter 10.10]. O

In the situation of the lemma, we write [,(M,) for the length of the R,-module M,.

Lemma 2.5.2. Let R be a normal domain, p € X1(R), and a € R nonzero. Then we have
the equality (,(R,/(a)) = vy(a).

Proof. Since localisation is exact, R/(a) € €. The ring R, is a DVR with maximal ideal
pR, = (1,). Thus a = um, for some unit u € R, where by definition v = v,(a). Hence

G(Ry/(a)) = Ly(Ry/ (1)) = vp(a).
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Recall the group Div(R) from Definition 2.2.4 and the exact sequence (2.2.C). It
follows from Lemma 2.5.1 that there exists a map x: € — Div(R) given by

M) G(My)p).

peX1(R)

The map x is an additive function and we denote by the same letter the induced map
Ko(€) — Div(R). From the inclusion € C mod R there is an induced map on Grothendieck
groups Ko(€) — Go(R) whose image is Go(R).

We use the following important result (see | , Chapter IX, Proposition 6.6]) which
shows that there is an induced surjective map c¢: Go(R) — CI(R).

Proposition 2.5.3. Let R be a normal noetherian integral domain with field of fractions
Q(R). Then there exists a unique homomorphism c: Go(R) — CI(R) such that the dia-

gram

ldet(%) lx lc l (2.5.B)
Q(R)* —%, Div(R) —— CI(R)

commutes. Moreover, X and ¢ are surjective homomorphisms.

Proof. For full details of the proof, see | , Chapter IX, Proposition 6.6]. To see that
¢ is surjective let p € X;(R) and consider the R-module R/p. Then

(D)= 2,(6) Ju-r ;

The map Ky(C) — Div(R) — CI(R) factors through the map Ko(€) — Go(R) and
so induces a map v: Go(R) — CI(R). We wish to extend this result to give a more
precise description of the relationship between Go(R) and CI(R). In the following, we first

determine the generators of Go(R).

Lemma 2.5.4. Let R be a noetherian ring, then Go(R) is generated by modules of the
form [R/p] where p € Spec R.

Proof. This follows directly from | , Proposition 3.7]. O]
The next result is described in | | and included here for completeness.

Lemma 2.5.5. Let R be a noetherian integral domain, p € Spec R, and x € R\p. Then
[R/(p+xR)] =0 in Go(R).
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Proof. Since p is prime, there is a short exact sequence
0— R/p > R/p— R/(p+zR) = 0.

This implies that [R/p] = [R/p] + [R/(p + zR)]. Hence [R/(p+xR)] =0in Go(R). O

Since localisation is exact, it follows that Go(R) is generated by all [R/p] where p # (0)
is a prime ideal of R. That is, Go(R) = ([R/p] | ht(p) > 1). Now, denote by H the
subgroup of éo(R) generated by all [R/p] where ht(p) > 2. In the following proposition
we look at the restriction y: Go(R) — Cl(R) of the homomorphism ¢: Go(R) — CI(R)

from Proposition 2.5.3.

Proposition 2.5.6. Let R be a normal noetherian integral domain. Then the map y s

surjective and induces an isomorphism
Go(R)/H = CI(R).

Proof. Let X1(R) be the set of height one prime ideals of R and p € X;(R). By Proposi-
tion 2.5.3, ¢ is surjective. Notice that, for all p € X (R), we have [R/p] € Go(R). Hence
v is also surjective.

First, we show that H is in the kernel of y. Let a € Spec R such that ht(a) > 2. Tt

follows that R R
([5)= 2, o) Ju=o

where the second equality comes from the proof of Proposition 2.5.3. Thus, H C Kery.

Hence v induces a surjection Go(R)/H — CI(R). To prove the statement, we next
construct a left inverse of this induced map. Consider B: Div(R) — Go(R)/H defined by
p — [R/p] + H. We first claim that this factors through CI(R). This requires us to show
that Prin(R) C Ker 3.

Let a € R be non-zero. Then div(a) = 3 c v, (g Vo(a)[p]. Since R is a domain the
short exact sequence

0—-R-*R—R/(a) =0

implies that [R/(a)] = 0, and also that [R/(a)] € Go(R). Hence in the quotient Go(R)/H,

0=[R/(a)]+H= > (R/(a)[R/p]+H (by Lemma 2.3.4)
peX1(R)

= Z vp(a)[R/p] + H (by Lemma 2.5.2)
peX1(R)

= B(div(a)).



24 CHAPTER 2. COMMUTATIVE ALGEBRA PRELIMINARIES

Thus Prin(R) C Ker(B) giving an induced map B: CI(R) — Go(R)/H. Moreover, by
inspection poy = idéo(R)/H? so the surjection y: GO(R)/H — CI(R) is an isomorphism.
O]



Chapter 3
Noncommutative minimal models

This chapter provides a brief introduction to resolutions of singularities, Auslander-
Reiten (AR) theory, minimal models, and noncommutative crepant resolutions (NCCRs).
In addition, we introduce a large class of examples of singularities coming from | |.
The discussion of minimal models covers material required in Chapter 7, while the discus-
sion of NCCRs and the brief introduction to the Homological Minimal Model Programme
(MMP) involves background information for §6.3. We do not provide many of the techni-
cal details of the Homological MMP, but we provide suitable references for those wishing
to know more about the technicalities. We also note that, throughout this thesis, our

approach to minimal models and resolutions of singularities will be noncommutative.

3.1 Resolving a singularity

Resolving the singularities of a variety Y consists of finding a smooth (i.e., non-singular)
variety X such that there is a proper, birational morphism f : X — Y. Such a map f is
called a resolution of singularities of Y. A major result, due to Hironaka in | |, states
that every singular variety over an algebraically closed field of characteristic 0 admits a
resolution.

With the existence of such resolutions, one might ask if there is a ‘best’ resolution
such that X is as ‘close’ to the original space Y as possible. This question leads to the
notion of a minimal resolution. A minimal resolution is a resolution f: X — Y such that
any other resolution of Y factors through f. In dimension 2, which covers the case of
Kleinian singularities and their deformations, a minimal resolution always exists and is
unique | , Theorem 5.9]. Unfortunately, as we move to higher dimensions, this is not
necessarily the case; minimal resolutions might not exist. This led Reid to introduce the
notion of ‘crepancy’ in | |. If f: X — Y is a resolution of Y, then f is called crepant
if the pullback along f of the canonical divisor of Y is the canonical divisor of X.

For resolutions of Kleinian singularities, the notions of crepancy and minimality coin-

25
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cide, so Kleinian singularities admit a unique crepant resolution. But, in higher dimen-
sions, crepant resolutions do not always exist, and when they do, usually they are not

unique.

Remark 3.1.1. Recall the quotient singularities C" /G of §1.2 where G is a finite subgroup
of SL(n,C).

(a) When n = 2, the singularities are precisely the Kleinian singularities. As discussed

above, a crepant resolution always exists and is unique.

(b) When n = 3, the singularities always admit a crepant resolution but it is usually no

longer unique | .

(¢) When n > 4, such quotient singularities do not necessarily have crepant resolutions,

e.g., the group %(1, 1,1,1); see | , Example 2.28|.

The fact that crepant resolutions of cDV singularities may not be unique and, in fact,

may not exist at all led to the notion of a minimal model, introduced in the next section.

3.2 Minimal models

The basic idea of a minimal model f: X — Spec R, where Spec R is an isolated
complete local ¢DV singularity (see §1.5), is that crepancy is more important than X
being smooth. Since X is not necessarily smooth, f may not be a resolution. As such,
one is asking for a crepant morphism f where the singularities of X are not ‘too bad’.

Formally, minimal models are defined as follows.

Definition 3.2.1. Let f: X — Spec R be a crepant projective, birational map, where R
is complete local and X has at worst Q-factorial terminal singularities. Then f is called

a minimal model of Spec R.

It is well known that, for a threefold Spec R which is a ¢cDV singularity, minimal models

exist, and there are only finitely many of them | |. Indeed, Gorenstein terminal
singularities are precisely the isolated ¢cDV singularities | |. For such hypersurfaces,
factorial is equivalent to Q-factorial (see, e.g. | , Theorem 2.11]). In the next section,

we study modules that have an intimate relationship with minimal models and allow us

to completely understand minimal models of such threefold singularities.

3.2.1 Maximal modifying modules

When R is a commutative ring, we write (—)* for the functor Homg(—, R): mod R —

mod R and call an R-module M reflexive if the natural map M — M** is an isomorphism.
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Denote by ref R the full subcategory of mod R consisting of reflexive R-modules. Assume
now that R is complete local. We call an R-module M basic if the indecomposable direct
summands M; of M are mutually non-isomorphic. The following definition of (maximal)

modifying modules was first given in | , Definition 4.1].
Definition 3.2.2. Let R be an isolated complete local ¢cDV singularity, then
(1) a module M € ref R is called a modifying module if Endg(M) € CM R;

(2) amodule M € ref R is called a mazimal modifying (MM) module if M is modifying
and, furthermore, if M @Y is modifying for Y € ref R, then Y € add M;

(3) if M is an MM R-module, then Endg(M) is a mazimal modification algebra (MMA).

In other words, M is an MM module if
add M ={Y €ref R | Endg(M & Y) € CM R}.

Consider an MMA of the form A := Endg(M), where M = Mq@®M,®- - -B M, is a basic
MM R-module, with My = R and M, ..., M; the non-free indecomposable summands of
M. All MMAs are derived equivalent and any algebra derived equivalent to an MMA is
also an MMA | , Corollary 1.17].

To each minimal model of an isolated complete local cDV singularity, Donovan-Wemyss
| | associate a corresponding finite-dimensional algebra, called a contraction algebra.
Although contraction algebras have deformation-theoretic origins, their role in this thesis
comes from the study of MMAs. With this approach, we define contraction algebras
following | , Definition 2.11].

Definition 3.2.3. Given a minimal model f: X — Spec R of an isolated complete local
cDV singularity, let A := Endr(M) be the corresponding MMA'. Then the contraction
algebra of f is the stable endomorphism algebra

t
Acon = End (M) = End, (@ M;») = A/AeA,
j=1

where e is the idempotent in A corresponding to the summand R of M.

It is useful to keep in mind that just as A can be presented as a quiver with relations (see
§3.5) so too can A.,,. The quiver corresponding to Ao, has the same vertices and relations

as those in the quiver of A, except the vertex (and hence the relations) corresponding to

In the context of this thesis, the correspondence of an endomorphism ring such as A to an MMA is
best understood through the one-to-one correspondence discussed later in §3.6. For now, just know that
this correspondence exists.
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R are not included. As an example, consider the case of t = 3; then we have the following

corresponding quivers.

1502 1532
() [)

0 — 3 0 3
(a) Quiver of A (b) Quiver of Acon

Note that, for cDV singularities, the contraction algebra corresponding to a minimal
model is finite-dimensional and its quiver is known to be symmetric | , Proposi-

tion 3.2.10]. These quivers can arise from Auslander-Reiten theory, introduced next.

3.3 Auslander-Reiten theory

The AR-theory introduced in this section will be useful later as it leads to a systematic
method for computing the quiver of an MMA and allows us to determine Grothendieck
groups of complete local rings of finite CM-type.

Let C be an indecomposable CM R-module. Then, an Auslander-Reitein (AR) se-

quence ending in C' is a short exact sequence
0—+A—B i> C—=0

in CM R such that every map D — C' in CM R which is not a split epimorphism factors
through f.

As a consequence of AR-duality, it is known (see, e.g. | , Theorem 3.2|) that
AR-sequences exist in CM R when R is complete local and isolated singularity. Given
this existence, it is possible to attach a quiver to CM R called the AR-quiver. It is a
graph constructed from the isomorphism classes of the indecomposable CM R-modules and

certain maps between them. To define the AR-quiver, we follow | , Definition 5.2].

Definition 3.3.1. The Auslander-Reiten (AR) quiver I' of CM R has vertices that are in
one-to-one correspondence with the isomorphism classes of indecomposable CM R-modules

M. To determine the arrows, for each M consider the AR-sequence which ends at M, say
0= 1(M)—=NL M=o (3.3.A)

When R is complete local, we can uniquely decompose the module N into indecomposable
modules as N = @2:1 Mi@m"'. Then, for each 7, there are m; arrows from M; to M in the
AR~quiver of CM R.
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Remark 3.3.2. Consider the ring S := C[U, V] and a finite subgroup G of SL(2,C). It
is known (see, e.g. | |) that the AR-quiver of S is isomorphic to the McKay quiver
of G from §1.3. In higher dimensions, CM R usually has infinitely many indecomposable

modules, whereas the McKay quiver only has finitely many vertices.

Now, suppose that R has finite CM type. Then for each indecomposable module
M, ...,M; € CM R, consider the AR-sequence 0 — T(M;) — L; — M; — 0. Expressing
[M;]+[t(M;)]—[L;] in terms of [My], ..., [M,] gives a tuple (ag,, . . ., ar;) of integers. These
tuples, as j varies between 1 and ¢, form the AR-matriz Y: Z! — Z!' (for more details,
see | , Definition 2.3|). The next theorem was originally proven in | |, but the

form included here can be found in | , §1].

Theorem 3.3.3. Let R be a complete local ring with a dualising module and suppose that

R is of finite CM-type. Then there is an isomorphism of abelian groups
Go(R) = Cok Y,

where Y: 7t — 7' denotes the AR-matriz.

3.4 Noncommutative crepant resolutions

The notion of a smooth noncommutative minimal model, called a noncommutative
crepant resolution, was first introduced by Van den Bergh in | , Definition 4.1]; for

full details and references, see | |.

Definition 3.4.1. Let R be a normal Gorenstein domain. A noncommutative crepant
resolution (NCCR) of R is a ring of the form Endg(M), where M is a non-zero reflexive
R-module, such that Endg(M) has finite global dimension, and further is maximal Cohen-

Macaulay as an R-module.

In noncommutative algebraic geometry, NCCRs are one of the nicest kinds of resolu-
tion. The following is a standard example (see, e.g. | , Example 1.1]) of an NCCR,

which covers quotient singularities.

Example 3.4.2. Let V be a finite-dimensional vector space and G a finite subgroup of

SL(V). Write S := Sym(V) and R := S¢. Then Endg(S) is an NCCR of R. By a result
of Auslander | : | (see also | , Theorem 3.2]), it turns out that Endg(S) is
isomorphic to the skew group ring S#G introduced later in Definition 3.5.2.

Another example is that of the suspended pinch point.
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Example 3.4.3. (The suspended pinch point) Consider the ring

R C[u,v,x,y]‘

(uv — 2%y)

Then Endr(R® (u, ) ® (u, 2%)), Endg(R® (u, ) ® (u, 7y)), and Endg(R& (u,y) ® (u, y))
are all NCCRs | , Example 3.11].

The noncommutative Bondal-Orlov conjecture asks if all NCCRs of a fixed R are
derived equivalent. In | , Theorem 1.5|, the following holds more generally, but we

restrict to normal Gorenstein domains as they suffice for our purposes.
Theorem 3.4.4. Let R be a Gorenstein normal domain of dimension d.
1. When d =2, all NCCRs of R are Morita equivalent.

2. When d =3, all NCCRs of R are derived equivalent.

Recall that there are some situations in which resolutions of singularities exist and are
unique. In the case of NCCRs, they do not necessarily exist, and if they do exist, they are
usually not unique up to isomorphism. The best we can hope for is unique up to Morita

equivalence.

Example 3.4.5. The ring
CI:“? ,U7 w? y]

(wo — 2+ )
has no NCCR (see, e.g. | , Theorem 1.3]) and, by Theorem 3.4.4(1), the ring

Clu, v, z]

(uv — x?)

has unique NCCR (up to Morita equivalence).

3.4.1 Cluster-tilting objects

Full details on Calabi-Yau algebras and cluster-tilting theory can be found in many
places in the literature, see, e.g. | |, | |, | |, or | |. For our purposes,
we outline the connection to NCCRs here. Let k be a field. A k-linear Hom-finite exact
category C is d-Calabi-Yau (d-CY) if there exist functorial isomorphisms

DExtE (X, Y) = Extd(Y, X)

for all X,Y in C where D := Homy(—, k). An important class of objects in these categories

are cluster-tilting objects, defined in the following way.
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Definition 3.4.6. Let M be an object of an exact category C.
(1) M is rigid if Ext;(M, M) = 0.

(2) M is mazimal rigid if M is rigid and, moreover, if M @Y is rigid for some Y € C
then Y € add M.

(3) M is a cluster-tilting object of C (or simply, cluster-tilting) if it is rigid and further-
more if Exty(M,Y) = 0 for some Y in C then Y € add M, and also if Ext}(Y, M) =0
then Y € add M.

Equivalently, M is a maximal rigid object of C if
addM ={Y €C|Ext;(M @Y,M @Y) =0},
and M is cluster-tilting if
add M = {Y € C | Ext;(M,Y) =0} = {X € C | Ext;(X, M) =0}.

The most common example of cluster-tilting objects comes from invariant theory.

Example 3.4.7. Asin §1.2, let G be a finite subgroup of SL(n, C) and R = C[[zy, . .., z,]]°.
If R is an isolated singularity, then the R-module C[[xy,...,x,]] is a cluster-tilting object
in CM R; see | , Theorem 2.5].

Just as minimal models and their corresponding MMAs are much more general than,
and actually include, the case of NCCRs for ¢DV singularities, in certain ways modifying
and maximal modifying modules are much more general than rigid and maximal rigid
modules. In fact, when R is 3-dimensional with isolated singularities, modifying modules
recover the notion of rigid modules and MM modules recover the notion of maximal rigid
modules | , Proposition 5.12].

The following result, due to | , Theorem 5.2.1], gives a correspondence between
NCCRs and cluster-tilting objects.

Theorem 3.4.8. Let R be an isolated Gorenstein singularity of dimension d > 2. Then
a CM R-module M gives an NCCR if and only if it is cluster-tilting.

Recall the precise description of Go(R) given in Theorem 3.3.3. This description was
based on the AR-matrix ¥ and requires the very strong assumption that R has finite
CM type. In | , Proposition 7.28|, Navkal extends Theorem 3.3.3 by dropping the
finiteness assumptions, at the cost of assuming the existence of a cluster-tilting object.
Fix a basic cluster-tilting object My & ... 6 M; € CM R with My = R. For j > 0 consider

t 1 0._
O—>Lj—>~~~—>Lj—>Lj._Mj—>0
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the higher AR-sequence ending in M; (for definition, see, e.g. | , §6.3]). Express-
ing >°;_(—1)Y[Li] in terms of [My), ..., [M;] gives a tuple (aj, ..., ay;) of integers. These
tuples, as j varies between 1 and ¢, form the higher AR-matriz Q: Z' — Z'*1 (for more de-

tails, see | , §6.3]). The next theorem was originally proven in | , Theorem 1.3|.

Theorem 3.4.9. Let R be a Gorenstein complete local ring of dimension 3 over an al-

gebraically closed field, which has isolated singularities and admits a cluster-tilting object
(equivalently, an NCCR). Then,

Go(R) = CokQ

where Q: 7 — 7 denotes the higher AR matriz.

The main result in | | uses the above to explicitly describe Go(R) in the case
of type A ¢DVs which admit NCCR(s). Later, we go further: in §6.3, we show that our
results in Chapter 5 allow us to describe Go(R) for any cDV singularity R that admits an
NCCR, and in §6.4 we also describe Go(R) for all cA, singularities regardless of whether
they admit an NCCR, and regardless of whether they are isolated.

3.5 The deformed preprojective algebra

One way to get larger classes of examples from Kleinian singularities is by studying
not just the singularities themselves, but also their deformations. These deformations
are important not only in geometry but also in representation theory and Lie theory.
Deformations of Kleinian singularities were studied by Crawley-Boevey and Holland in
[ | using deformed preprojective algebras, which we now recall. In general, these

are noncommutative i.e., not-necessarily-commutative rings.

First, we recall the notions of quivers and path algebras. Let @ be a (finite) quiver,
that is, @) is a directed graph consisting of finitely many vertices and arrows. Say there are
n + 1 vertices, then each vertex is labelled : = 0,...,n, and each vertex ¢ has the trivial
loop e;: © — i. Let ¢ be an arrow, then the head of ¢ is the vertex where ¢ points to and
is denoted h(c). The tail of ¢ is the vertex where ¢ starts and is denoted ¢(c). Informally,
we think of ¢ as a map c¢: t(¢) — h(c). The set of vertices is denoted Qg and the set of
arrows by Qp; both are finite. Fix a field k.

Definition 3.5.1. The path algebra kQ of the quiver () is the associative k-algebra with

k-basis given by all trivial loops and non-trivial paths in ). Multiplication is given by
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concatenation of paths?:

0, otherwise. i 0, otherwise. 0, otherwise.

pq::{p.q, it h(p) =ta) {p, if t(p) =i pei::{p, if h(p) = i

for all paths p and ¢. In addition, for 4, j € Qg, we have
el = e and eie; =0 (i #j).

Notice that the e; are orthogonal idempotents in £Q) so the sum of the e;’s is the identity
element of k(Q), denoted 1,9. A relation in a quiver () is a k-linear combination of paths
in @), each with the same head and tail. Relations can be thought of as telling us that
following a specific path p is the same as following a specific path ¢. The specified relations
generate a two-sided ideal of kQ. Denote a quiver ) with a set of relations R by (Q, R)
and the path algebra of an associated quiver with relations by kQ/(R).

The double quiver of the quiver (), denoted (), consists of the vertices and arrows
c: t(c) = h(c) of Q, together with a new arrow ¢*: h(c) — t(c) for each original arrow c.
Let kQ be the path algebra of Q. The deformed preprojective algebra is defined in | ,

§2] as the associative algebra

Q) = kQ/ (Z[C, 1= m) :

cEQ1 1€Qo

where A = (A;)ieq, € K¢ is a weight, ¢* is the double arrow of the arrow ¢, and [c, ¢*] is the
commutator cc* — c¢*c. The preprojective algebra 11 := T1° is a special case of the deformed
preprojective algebra where A = 0. We write II* when the choice of @ is clear.

Given an extended Dynkin diagram, choose an orientation to produce a quiver. The

double quivers are depicted in Figure 3.2.

TN N A f
N, 7 S S
(a) Type A, (b) Type D, (c) Type Eg
RN A RN N

(d) Type Er () Type Eg

Figure 3.2: Double quivers of ADE type

2Throughout this thesis a concatenated path such as pg means “p then ¢”.
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3.5.1 Deformations of Kleinian singularities
As before, let S := C[U,V] and R = S be a Kleinian singularity.

Definition 3.5.2. Suppose G is a group acting on a ring S. The skew group ring S#G is
the free S-module with elements of G as a basis where multiplication is extended linearly
by the rule (rg)(sh) = r(g - s)gh for r;s € S and g,h € G. Here g - s is the image of s

under the action of g.

Since the group G acts naturally on the free algebra C(U, V'), we can form the skew
group algebra C(U, V)#G. For more details, see | , §3.7].

Let A be a weight, that is A = (A;)ieq, € C®, and let ¢ == ﬁ >_gec 9 be the average
of the group elements; eq is an idempotent and an element of C(U, V)#G. We can identify
the centre of the group algebra Z(CG) with C®. Under this identification there exists
a unique z), in Z(CG) such that the trace of z, on p; is (dim p;)A;; for a more in depth

explanation see | |. Asin | |, define

C(U, V)#G
UV =VU =\

SMNQ) = and  OMQ) = ¢S ep.

Just as with II*, we frequently write S* and O when the choice of Q) is clear. We can
filter S* with U and V in degree 1 and elements of G in degree 0, and this restricts to
a filtration of O™ | |. With these filtrations we can consider the associated graded
rings gr S* and gr O*. Crawley-Boevey—Holland prove the following result in | ,

Lemma 1.1].

Lemma 3.5.3. With the above filtrations, there are isomorphisms:
grS* = SH#G  and grO* = R.

This means that S* can be viewed as a deformation of S#G, and O as a deformation of
R. Crawley-Boevey—Holland determined many ring theoretic and homological properties
of these deformations; see | , Lemmas 1.2 and 1.3]. Provided G is non-trivial, the
ring S* is always noncommutative and, in general, O is also noncommutative. For us, O*
will always be commutative and has Krull dimension 2 since below we will only consider
the case when A -8 = >~ A;0; = 0, see | , Theorem 0.4(1) and (5)]. Here, 8; is the
dimension of the corresponding representation at vertex i (see §1.3).

To determine many of the properties alluded to above, the following result is due
to Crawley-Boevey—Holland | , Theorem 0.1], who prove that deformations S* are

Morita equivalent to deformed preprojective algebras II*.

Theorem 3.5.4. There is a Morita equivalence between S* and 1I*. This induces an

isomorphism O = egI ey.
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3.6 Homological Minimal Model Program

For this thesis, as we do not require much knowledge of the inner workings of the
Homological MMP, we just give a very brief overview. At a very high level, the goal of the
Homological MMP is to find the ‘best’ (i.e., simplest) approximations of singular spaces.
These ‘best’ approximations are precisely the minimal models.

Although geometric by nature, the Homological MMP provides a purely algebraic out-
put, lifting the correspondence of §1.3 from dimension two to threefold cDV singularities.
In | , Corollary 6.9], Wemyss shows that for an isolated complete local cDV singu-

larity R, there is a one-to-one correspondence

basic MM R-module minimal models
<—— .
fi: X; = Spec R

generators

Wemyss then considers the situation where the minimal models of Spec R are smooth. In

this case, the above correspondence reduces to the following one-to-one correspondence

basic cluster-tilting crepant resolutions
objects in CM R fi: X; — Spec R

Now, suppose there is an MMA of the form Endg(M), where M is a basic MM module
with My = R and My, ..., M, the non-free indecomposable summands of M. By the above
bijection, M is in one-to-one correspondence with a minimal model f: X — Spec R. This
extends to a bijection between the indecomposable summands of M and the (exceptional)

curves in the corresponding minimal model. The bijection is illustrated in Figure 3.3.

Qpec R

Figure 3.3: One-to-one correspondence of non-free indecomposable summands of a basic
MM module M and the (exceptional) curves in the corresponding minimal model.
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Chapter 4
Viehweg’s setting

In this chapter, we study rings of the form

Clu,v, 1, ..., Ty)
A= AL 4.0.A
w7 ) oA
where the f; € Clzy,...,x,] are irreducible and pairwise coprime and each a; is at least

one. In particular, each f; is non-constant. Such rings form part of Viehweg’s setting
(see §1.4). In this chapter we compute the divisor class group of A in general, and the
Grothendieck group of A when n = 1. The main result, Theorem 4.2.2, asserts that in the
global setting, when n = 1, the isomorphism (1.1.A) holds for A. In §4.3, we apply these

results to the centres of type A deformed preprojective algebras.

4.1 Determining class groups using Nagata’s Theorem

In this section, we determine the divisor class groups of A, as above, using Nagata’s

theorem (Theorem 2.4.1). To begin, we require the following.

Lemma 4.1.1. The scheme X = Spec A is reduced and irreducible (equivalently, A is an

integral domain) and it is normal.

Proof. Every hypersurface in affine (n + 2)-space is a complete intersection. Complete
intersections are CM and they are normal if and only if the singular locus has codimension
at least two | , 11, Proposition 8.23|. By the Jacobian criterion, the singular locus is
included in the locus (v = v = 0). This subvariety has dimension (n +2) —3 =n — 1.
Therefore, the singular locus has codimension at least (n+ 1) — (n — 1) = 2 in X. Hence
A is a normal ring.

We next claim A is a domain. Since A is a normal ring, it automatically decomposes
into a product of normal domains A = A; @ ---® A,, | , Exercise 9.11]. We claim

m = 1. Consider U; = {u # 0} = SpecClu*! xy,...,x,], (which is connected since

37
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this ring is a domain). Similarly, Us = {v # 0} is connected. Then these are open sets

contained in the smooth locus of X. Thus we have the following two facts:
(a) The complement to U = U; U Us has codimension 2 in X.

(b) Uy N Uy £ 0.

Fact (a) is true since X \ U is defined by v = v = f"* - -+ f{* =0, and so is a hypersurface

in C". Fact (b) can be seen by taking u = v = 1 and finding a point in YV = {z; |
P =1,

Since U; and U, are connected and their intersection is nonempty, U is connected.
Since U is smooth and connected, it is irreducible. Indeed, all stalks of points in U
are regular local rings, which are domains. For any point lying on the intersection of
irreducible components, the local ring at that point is not a domain: it has as many
minimal prime ideals as the number of irreducible components (see part (2) of | , Tag
00ET]). Hence U is contained in some irreducible component Y of X = Spec A (see,
e.g. part (1) of | , Tag 004W]). But the irreducible components of Spec A are the
Spec A;, and so U C Spec A; for some 7. Since A is a hypersurface, it is equidimensional;
see the remarks following Definition 10.134.1 of | , Tag 00S8]. This implies that
dim Spec A; = n + 1 for all 7. Given that we have shown that dim X ~\ U < dim X — 2, it
follows that m = 1. m

Note that © € A is a non-zero element and observe that

41
Al = Clu™, v, 21, 2] :(C[uil,xl,...,xn].

(v=u"tf1" . .. ")

Therefore, A[u~'] is a UFD. As such, every prime ideal of height one in A[u~!] is principal
| , Theorem 20.1].

Lemma 4.1.2. The units in Alu™'] are C* x (u).

Proof. From the above A[u™]* = Clu*!, zy,...,2,]*. Now, take Q = Clu,z1,...,z,] and
q=u, so Q¢ '1* = Alu']*. By Proposition 2.2.13, Q[¢7']|* = Q* x (q), thus

Al = Clu, 21, . .., 1, x (u).
By Lemma 2.2.12, Clu, x1, ..., 2,]* = C* and the result follows. [

This result leads to the following description of the units of A.

Lemma 4.1.3. The units in A are C*.
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Proof. By Lemma 4.1.1, A is a domain, so the natural ring homomorphism A — Afu™!]
is injective. Since homomorphisms preserve units this induces an injective map A* —
Alu=1]*. Using this together with Lemma 4.1.2, if a € A, then a = Au* for some A € C*
and some k € Z. Necessarily, u* is a unit in A, since @ and A are both units.

Since f; is not constant it has a root ¢ which is equal to (¢i,...,¢,). Now the ring
homomorphism @ : A — A/(u, 7, — ¢y, ..., 2, — ¢,) = C[v] sends u to 0. Thus @(u*) =

@(u)* = 0, hence u* cannot be a unit unless k = 0, since homomorphisms preserve units.

Hence £ =0, so a = A and thus A* = C*. O]
For the following result consider the ring

Clv,xq, ..., 2]

(f* - )

Lemma 4.1.4. There are finitely many prime ideals of height zero in T, and they are all
of the form (f;) for some i.

T:=A/(u) =

at

Proof. Suppose that I is a height zero prime ideal in 7. Necessarily, fi* ... f" isin [.
Hence there must be some f; € I, which implies that (f;) € I. But T/(f;) = C[””’C(lf—l)m,
with f; irreducible. Therefore T'/(f;) is an integral domain and so (f;) is a prime ideal of

T. Since I has height zero, (f;) = I. This shows that (f;) is a height zero prime ideal, and

all height zero prime ideals are of this form. O]

Lemma 4.1.4 allows us to give a precise description of the height one prime ideals of
div(u) where div is defined in §2.2.

Lemma 4.1.5. The only prime ideals of height one appearing in div(u) are p; = (u, f;).
Proof. Notice that the ideal p; = (u, f;) is a prime ideal in A since

Clu,v, 21, ..., 2]

A/ng((uv_ {11‘“ gi)
:C[U,ZL’I,...,xn]/(fi)

)t h

which is an integral domain since f; is irreducible. Furthermore, Clv,z, ..., x,]/(fi) is

the coordinate ring of a hypersurface in A", thus dim A/p; = n. By Theorem 2.2.10
ht(p;) + dim A/p; = dim A,

hence ht(p;) = 1. Hence the (u, f;) are height one primes of A, which under A — A/(u) =
T clearly map to (f;).
By Lemma 4.1.4 the (f;) are all height zero prime ideals of A/(u), hence under the

bijection in Theorem 2.2.11, it follows that the only height one prime ideals of A containing



40 CHAPTER 4. VIEHWEG’S SETTING

u are those of the form p; = (u, f;). By Corollary 2.2.5 these are precisely the height one

prime ideals appearing in div(u). O
By Lemma 4.1.5 it follows that div(u) = > ._, bi(u, fi) for some positive integers b;.

Lemma 4.1.6. Let a; be the exponents in the defining equation of the ring A and b; the
coefficients defined above. Then b; = a;.

Proof. Without loss of generality, we may assume ¢ = 1. The proof for ¢« > 1 is similar.
Set p; = (u, f1). We begin by showing that v, f52 ... fi" ¢ p;. The methods for proving
this for v and f" are slightly different.

First we show that v ¢ p;. Suppose that v € p;. Then A/py = A/(u, f1,v) is
isomorphic to C[zy,...,2,]/(fi1) which is an integral domain since the f; are irreducible.
It is a ring of dimension n — 1. Therefore, by Theorem 2.2.10, (u, f1,v) = p; is a height
two prime ideal of A. This contradicts the fact that ht(p;) = 1, thus v ¢ p;.

Next, we show that f32 ... f" & py. If f32... f € p; then there exists some 7 such that
fi € p1. Without loss of generality, we may assume fo € p;. Then A/p; = A/(u, f1, f2)
is isomorphic to Clv, xy, ..., 2,/ (f1, f2). As before, factoring by f; gives a domain since
fi1 is irreducible. By assumption fy ¢ (f1). By Theorem 2.2.10, the Krull dimension of
A/pq is (n — 1) minus the minimum of the heights of the prime ideals containing f; in
Clv,xq,...,2,)/(f1). Since the latter ring is a domain and f; is not a unit in this ring,
the height of all prime ideals containing (f;) is at least one. Hence, the Krull dimension
of A/p; is at most n — 2. This implies that (u, f1, f2) = p; is not a height one prime ideal
of A. Again, this is a contradiction, thus fy & p;.

By definition, the element u € A, can be written as sm,’ 1™ for some unit s € A
and vy, (u) as defined in Theorem 2.2.3. Thus v, fs, ..., f; are all units in A,, and u =
v L. f*. This has two consequences. First, p1A,, = (u, f1)Ap, is generated by fi.

So m,, = fi. Second,

w= fE T ),
and thus, vy, (u) = a;. The proof that v,,(u) = a; for i > 1 is identical. O
By Lemma 4.1.6, div(u) = S_1_, ai(u, fi).
Theorem 4.1.7. Let A be as in (4.0.A). Then

Cl(A) 2 Z%/(ay, ..., ar).

Proof. Together, Lemmas 4.1.2, 4.1.3, and 4.1.6 imply that the exact sequence (2.4.A) can

be rewritten as

0— A =C* — C* x {u) — éZ(u, fi) — Cl(A) — Cl(A[u"']) — 0.
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Since A[u~!] is a UFD, Proposition 2.2.7 says that the class group of A[u™'] is trivial.

Hence the above sequence becomes

0—-C* —C* x(uy — @Z(u, fi) — Cl(A) — 0.

i=1
Splicing gives the short exact sequence

¢
0 — Z{u) > @ Z(u, f;) — Cl(A) — 0
i=1
where 1 is given by u + div(u). By Lemma 4.1.6, div(u) = >_'_, a;(u, f;). This simplifies

to the short exact sequence
0—7Z 2% — Cl(A) — 0
where y is given by 1 — (aq,...,a;). It follows that

Cl(A) =Z%/(ay,. .., a). O

4.2 The K-theory of A

In this section, we use algebraic K-theory to compute the divisor class group of type
A Kleinian singularities. In the local case, the isomorphism (1.1.A) was already known
to hold by | , Lemma 13.3]. In fact, it is known to hold for any 2-dimensional
local integral domain. But here we consider global situations. As such, the result in

Theorem 4.2.2 is new and covers a wider range of rings.

Recall that Go(R) := Ko(mod R), where mod R is the category of finitely generated
left R-modules as in §2.3. The ring A, as in (4.0.A), is equal to

Clu,v, 21, ..., 2y)

(wo — fx1,...,2,))

Proposition 4.2.1. Let m be a mazimal ideal of A. Then [A/m] =0 in Go(A).

Proof. By Hilbert’s Nullstellensatz every maximal ideal m of A is of the form
m=(u—a,v—>bxy—cp,...,T, —Cp)

for some a, b, ¢y, ...,¢, € C. Suppose b = 0, and consider the ideal p = (v, 21 —cq, ..., T, —
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¢n). Notice that this is a prime ideal of A since
Al(v,x1 —c1y .oy — ) = Clu],

which is an integral domain. Thus, by Lemma 2.5.5, [A/m] = [A/p + (u — a)A] = 0. The
case of a = 0 follows by symmetry. Hence we can suppose a # 0 and b # 0. In particular,
since m is a maximal ideal of A, ab — f(cy,...,¢,) = 0. So, f(c1,...,¢,) # 0.

In order to prove the statement it suffices to find a prime ideal p such that v — b ¢ p
but p+ (v —b)A = m. Consider the ideal p := (z1 — 1, ..., 2, — ¢,). Setting A := ab # 0,

A/(xl—cl,...,xn—cn)%%

>~ Clu,u™ "]

where the latter isomorphism is given by v —» %u‘l. This quotient is an integral domain,

so p is a prime ideal. Furthermore,

p+(w—>bA=(ry—ci,...,0p —cp) + (v—>b)A

=@W—=>bxy—c1,..., Ty —Cp).
Now we need to show that n := (v — b,x; — ¢q,...,2, — ¢,) equals m. Observe that
A/n = C, which is a field. Thus n is a maximal ideal of A and by Lemma 2.5.5, [A/n] = 0.
Since n C m and n is maximal, it follows that n = m. Thus [A/m] = 0, as desired. O

At the outset, we were not expecting the following result.

Theorem 4.2.2. Let A be as in (4.0.A). If A has Krull dimension 2 then (1.1.A) holds,
that s,
Go(A) =Z & Cl(A).

Proof. By Proposition 4.2.1, [A/m] = 0 for all maximal ideals of A. Since A is 2-
dimensional and equidimensional, all of its maximal ideals are height two prime ideals.
Thus, by Proposition 2.5.6, Go(A) 2 C1(A). Recall that Go(A) decomposes as in (2.5.A)

via the rank map. Hence

Go(A)=Za éo(A)
=27 d Cl(A). H

In future sections we will evidence other situations in which (1.1.A) holds. In particular,

we will prove that there exists an isomorphism (1.1.A) for certain local cDV singularities.



4.3. K-THEORY OF DEFORMED PREPROJECTIVE ALGEBRAS 43

4.3 K-theory of deformed preprojective algebras

The techniques of §4.1 and §4.2 work especially well for surfaces coming from deformed
preprojective algebras. The main result of this section gives an explicit isomorphism
between the description given in | , Theorem 10.2| of the Grothendieck group of the
centre O* of the deformed preprojective algebra of a type A quiver and our computation

of the Grothendieck group coming from Theorem 4.2.2.

The results in | | are for general extended Dynkin type. Here, we restrict to
extended Dynkin type A. Recall from §3.5.1 the rings S* and O* where A = (A, ..., An).

The ring O* has Krull dimension 2 and, assuming A - § = 0, it is a commutative ring.

The (finite) root system of type A is the root system of the Lie algebra sl,, ;. The Car-
tan subalgebra of this Lie algebra can be realised as the vector space ) of diagonal matrices
of trace zero. Therefore, the dual space of b is h* = Spanc{ro,...,mn}/(ro+- - -+rn). Inside
this complex vector space we have the weight lattice L = Spany{ro,...,m}/(ro+---+7ry)
and the root lattice ) spanned by the set of simple roots A = {rg —ry,...,7v_1 — rn}.
The associated root system is ® = {r; — ;|7 # j}. Let (—, —) denote the natural pairing
between h* and h. Now, given a weight A € b, we define &) = {x € ®|(x,A) = 0} and
Qx = Spany @, in Q. Write v; := Ao+ -+ + A; where i =0,...,n.!

In | , Lemma 10.1], Crawley-Boevey—Holland show that for all i > 0,

K;(proj 8") = K;(8") = K;(C)%.

They go on to give a full description of Ko(O*) and Go(O"). Set w= (A1, ..., A,), which is
the weight vector A without the weight at vertex 0. Quillen’s localisation (Theorem 2.3.6)

gives a short exact sequence
Go(IT*) & Go(IT) — Go(O*) — 0. (4.3.A)

Let t; be the class of the finitely generated projective module I1*e; in Go(IT*). By | ,
§10], since TT* has finite global dimension, it follows that Gy(II") is a free abelian group
with basis ¢; where ¢ = 0,...,n. The simple [I*-modules are in bijection with the vertices
i of the quiver of IT* such that A; = 0 | , Lemma 6.1]. Write I for the vertex set
of these vertices and denote the corresponding simple modules by S5;. These S; have a

resolution over II* given by

0— e, — EB Me; — Mte; — S; — 0. (4.3.B)
a: j—ri

in @

!This is the same as in Appendix A, just shifting the index by —1.
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From this resolution it follows that the image of S; in Gg(II*) is 2¢; — ¢;_1 — ;1. This

leads to the following result.
Theorem 4.3.1. Let A = (Ag,...,Ay). Assume that A -d = 0 and that \; > 0 for all

vertices 1t =1,...,n. Then

N/
G O?\ — @1:0 7
0(O") (2t —tisa —tiya | A =0)

and the rank of Go(O") is n+ 1 — |I].

Proof. This is precisely the result given in | , Theorem 10.2] when A - & = 0 for
some o € ®. When A - « # 0 for every o € &, O is Morita equivalent to IT* by | ,
Corollary 6.9] and I = (). In this case, the left most term of (4.3.A) is zero and the map
Go(IT1*) — Go(O") is an isomorphism. O

In other words, Go(O") = Go(IT")/Im(¢) where the map @ is as in (4.3.A), which
describes the image of each II*-module S;. Using Theorem 4.1.7 we give a Lie-theoretic

description of the class group of O
Lemma 4.3.2. Let L and Q) be as above. The class group of O is isomorphic to L/Qy.

Proof. Combining Theorem 4.1.7 and Theorem A.0.3,
t
ClOM = Z% /(ay,. .., a) = @Z sif(a1s1 + -+ asy).
i=1

Decompose [0,n] = |_|;:1 I;, where x,y € I; if and only if v, = v,. Then |[;| = a;. So we
define the map L/Qy — CI(O*) by r; + s; if i € I;. Then the relation ro + -+, =0
becomes a1s1 + - -+ a;s; = 0 and the relations generated by (), are just saying that r; and

r are mapped to the same thing if and only if v; = v;. Thus, it is an isomorphism. [J

Recall that ¢; denotes the class of IT*e; in Go(IT*). If the minimal imaginary root is
& =", 8; then, since @ has underlying type ;‘\, we have §; =1 forall e =0,...,n. In
this case, the rank map on Gg(O") sends ¢; to 1 (more generally, it sends a vector w to
w - ). The kernel is spanned by all elements t; —¢;. Write P for the Z-lattice spanned by
these elements, so that P is the kernel of the rank map. By Theorem 4.3.1,

» o Zt;
G O}\ ~ @1:0 ?
O( ) (2'[;, — ti—l - ti+1 | }\1 — 0)
P
(2t; —tici —tiy1 [ A =0)

=27Z®

where the copy of Z in the second line is the image of the rank map. We define an

isomorphism L — P by r; — t; —t;_1.
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Lemma 4.3.3. Assume that A\; > 0 for allt=1,...,n. The isomorphism L — P extends
to an isomorphism L/Qx = P/(2t; —t;_1 — tiz1 | A = 0).

Proof. Note that if A; > 0 for all 1 <4 < n, then @), is the lattice generated by all r; —r; 1
for all ¢ with v; = v;_1. This is the same as all 7 such that A; = 0. Moreover, the image of
r; — r;—1 under the map L — P is 2t; —t;_1 — t;41. It follows that the image of (), under
the isomorphism L — P is precisely the submodule generated by all 2t; — t;_ — ;1 for
A; = 0. m

Combining Theorem 4.3.1, Lemma 4.3.2, and Lemma 4.3.3 gives our main result in

this section.

Corollary 4.3.4. Let Q be type A and assume that Ai >0 foralli=1,...,n. Then
Go(O") = Z @ CI(O"),

with CL(OM) = L/Q\ = P/(2t; — ti.y —tiiq | A = 0).

4.4 Limitations of techniques

Initially, the techniques used and described in this chapter appear to be quite promis-
ing. It is possible to use Theorem 2.4.1 to compute the divisor class group of the Kleinian
singularity of type Ds. Using this method, the class group of such an (undeformed)
Kleinian singularity is Z /27 @ Z/2Z. Unfortunately, the method does not appear to work
for I:N)n where n > 4. The difficulty occurs in the first step of the process, trying to prove
that an appropriate localisation of the ring is a UFD.

Not only does the use of Theorem 2.4.1 become more complicated when moving past
type A surfaces, but as we will see in Chapter 6, computing class groups and Grothendieck
groups becomes far more difficult in higher dimensions, where there is a significant increase
in the amount of information one needs to track. These challenges aside, we still lift the

results of this chapter to various rings in dimension 3.
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Chapter 5
Knitting

In this chapter, we compute the quiver of Endg(&D,.; Vi) when R is a Kleinian singular-
ity and {V;};cs is a subset of the CM R-modules. The main result, Theorem 5.2.1, asserts
that the quiver is always symmetric. This fact will be a crucial ingredient in computing
the K-theory of ¢cDV singularities in §6.3.

We use AR-theory and an application of the knitting algorithm to compute these quiv-
ers. In §3.3 we introduced AR-sequences and AR-quivers, remarking that, in dimension
two, the AR-quiver of ADE surface singularities coincides with the McKay quiver. Knit-
ting on this AR-quiver allows us, in Theorem 5.2.4, to give an exact description of the
possible number of arrows between vertices in the quiver of Endg(D,.; Vi)-

The AR-quivers studied in this chapter are described in Figure 5.1.

47
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CHAPTER 5. KNITTING
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Figure 5.1: AR-quivers with underlying extended ADE Dynkin diagram where, in each case, the left and right hand sides are identified

and in type A all vertices labelled ¢ are identified.
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5.1 Khnitting algorithm

Let (Aag)o be the set of vertices of the extended ADE Dynkin graph A,g, and I C
(Aafr)o a subset which contains the extended vertex 0. Set I't := e;Ile; = Endg(@,.; Vi)

where II is the preprojective algebra of A, ey = > ., €;, and R is a Kleinian singularity.

iel
Then I'; can be written as a quiver with relations, where the vertices are in bijection with
I and the number of arrows between vertices in the quiver of I'; is determined using the

following knitting algorithm (see, e.g. | , Corollary 3.3], | -

Knitting Algorithm 5.1.1. Let j € I and consider the AR-quiver with underlying graph
AW

1. Draw the translation quiver and circle each vertex in I. For example, for 57 with

I =1{0,2,5} the translation quiver with circled vertices is as follows.

(: )

[ [ [ [

Rt

2. Starting in the leftmost occurrence of the vertex j, at this vertex j write 1 with a

box around it and write 0 at all other vertices in the same column. Call this the

first column.

3. Consider now the second column, which is the next column to the right of the first
column. Then, for each vertex k£ in the second column, if there is an arrow from
vertex j to vertex k in the translation quiver, write 1 at this vertex k. Otherwise,

write 0 at this vertex k.

4. Assume that the first [ > 2 columns of the translation quiver have been filled. Then,
to fill in the (I + 1)*-column, proceed as follows: the value at a vertex r (in column
[+1) is equal to the sum of all the values at vertices s in column [ where there is an
arrow from vertex s to vertex r in the translation quiver, minus the value at vertex r
in column [ — 1. If any value is circled, then consider it to be equal to 0 (the square

box at vertex j is not considered circled).

5. Repeat step (4) until a value of —1 occurs, then stop.
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6. For each vertex ¢ € I, write 7, for the sum of the non-negative values at all vertices
¢ in the translation quiver. The values at these vertices in the translation quiver

should be circled since 7 € I.

The vertex j with the boxed 1, the vertices with circled values, and with the —1 can all be
used to obtain exact sequences which have various universal properties (see, e.g. | ,
4.4]). For our purposes, it suffices to solely pay attention to the circled values. This

becomes apparent in the following result; for further details, see | , 84].

Theorem 5.1.2. For each vertex it € I, the value of r;; in the above calculation is precisely

the number of arrows from vertex j to vertex i in the quiver of I'y.

Remark 5.1.3. This result fixes j and applies the knitting algorithm to produce ;. It
is also possible to fix 7 and knit to obtain 7; ;, but this requires us to adapt the algorithm
slightly. We do this as follows: Step (2) begins in the rightmost column of the translation
quiver, and we move left. Step (3) and Step (4) are similar but are achieved by moving
from right to left. As in Step (5), we stop when a —1 occurs. Step (6) is also similar,
that is, for each ¢ € I, write r; ; for the sum of the non-negative values at all vertices ¢ in
the translation quiver. Just as before, for each vertex 7, the value of 7; ; is precisely the

number of arrows from any vertex ¢ to vertex j in the quiver of I7.
We illustrate both algorithms in the following example.

Example 5.1.4. Consider the AR-quiver of 56 with vertices labelled 0,...,6 as in Fig-
ure 5.1d. Let I = {0,1,3} and suppose we want to determine the number of arrows from
vertex 0 to some vertex ¢ in the quiver of I';. We start the knitting algorithm by drawing

the translation quiver from Figure 5.1d, omitting any labels.

NANINSINS

e —> 06 —> 0 —> 0 —> 0 —> 0 —> 0 —> 0 —>0

A WANANWAN
NSNS\ NS

e —> 06 —> 0 —> 0 —> 0 —> 0 —> 0 —> 0 —>0

SNNTNTN

Since we are calculating the number of arrows out of vertex 0 in the quiver of I';, we
will start the knitting calculation in the leftmost column of the translation quiver and
add more columns to the right as needed. Now, circle all positions corresponding to the
vertices in /. In this example, we circle vertices 0, 1, and 3 repeatedly. In the position of
vertex 0 in the first column place a boxed 1, and in all other vertices in the first column,

write 0.
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OF
e)e

NV
e
NV

The first column is completely filled in, so we move to the second column. By Step (3),
since there is an arrow from vertex 0 to vertex 2, write 1 as the value at vertex 2 in the
second column. All other vertices in the second column have no arrow from vertex 0, and

so write 0 at all other vertices in the second column.

OF
)e

NV
e
NV

With the first two columns filled, we proceed to Step (4) to calculate the third column.
In the following illustration the red vertices and arrows are those under consideration.
Observe that vertex 0 in column 3 (the red circled a) has an arrow coming from vertex 2
in column 2 (the red 1) and the value of vertex 0 in column 1 (the red boxed 1) is 1. So,
following the instructions in Step (4), as indicated by the calculation of a below, vertex 0

in column 3 has a value of 0.

0F -

Y
e
NV

Similarly, in column 3 the values at vertices 1 and 3 are both 1 (notice that they are

also circled) and the values at 4 and 5 are both 0 (these vertices are not circled).
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0F
JS(e

Y
e
NV

)
)

Next, we repeat Step (4). Since the circled 1’s behave as zero, in this example the —1

appears in vertex 2 in column 4 of the translation quiver.

o
202

0—>20

e

Y
e

For Step (6), suppose that ¢ = 1, then sum the values in all occurrences of the circled
vertex 1 in the translation quiver. We see that r¢; = 1. Similarly, 7o = 0 and 793 = 1.
Hence, there is precisely one arrow from vertex 0 to vertex 1 in the quiver of I'; and one
arrow from vertex 0 to vertex 3 in the quiver of I7.

Now, to determine the number of arrows to vertex 0 in the quiver of I'; we repeat the
knitting algorithm but start at vertex 0 in the rightmost column of the translation quiver

and move left. The result of Steps (1)—(5) is summarised by the following diagram.

For Step (6), sum the circled values at each occurrence of the chosen vertex i to see
700 =0, 710 =1, and 739 = 1. Thus, in the quiver of I';, there is one arrow from vertex 1

to vertex 0, and one arrow from vertex 3 to vertex 0.
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5.2 Knitting results

In Example 5.1.4 there is a striking symmetry appearing between the knitting calcu-
lations which go left to right and those which go right to left. In fact, combining the final
calculations in Example 5.1.4 gives the following, where the dotted line represents a line

of reflection.

With this depiction it becomes clear that, for i, j € I where I = {0, 1,3},
# arrows j — ¢ in the quiver of I'y = r;;
= sum of values at circled ¢ from centre to right
= sum of values at circled i from centre to left
=7
= # arrows ¢ — j in the quiver of I';.
We use and extend this symmetry in the main result of this chapter, Theorem 5.2.1. For

type A, the line of reflection looks visually different from the one above. In particular, it is

diagonal. Despite this visual difference, it is still a line through the original boxed vertex.

0 —>1 — —> —> — () —
I Lol
n— (0 — — —> *>n —>
[ |y

|
|
v

v €— 3 «— O <— = <— N
-« ~<—H<—»~<—w<—w
>
|
N

!
!
!
!
!
!

P
. ‘7’.
<«
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The main result of this chapter shows that the quiver I'; is always symmetric. That

is, the number of arrows from i to j equals the number of arrows from 5 to 7.
Theorem 5.2.1. For any I C (Aug)o, 755 = 75, in the quiver of I'y.

Proof. 1f @ = j, then there is nothing to prove as r;; = 7;;. So, assume ¢ # j. Then
the number of arrows r; ; from vertex ¢ to vertex j in the quiver of I'; can be calculated
via the knitting algorithm starting in the leftmost column and moving right. In exactly
the same way, the number of arrows r;; from vertex j to vertex ¢ in the quiver of I'; can
be calculated via the knitting algorithm starting in the rightmost column and moving
left. As explained above (see, e.g. | ]), the AR-quiver of ADE surface singularities
coincides with the McKay quiver, which, in Figure 5.1 is visibly symmetric. Hence, 7; ;
can be obtained from 7;; by reflecting in the line through the original boxed vertex, and

vice versa. Therefore, r; ; = r;; for all 4, j € (Aag)o in the quiver of I';. O

The final result, Theorem 5.2.4, together with intersection theory, is sufficient to obtain
the full quiver of I';. However, we refrain from stating the quivers explicitly since in §6.3
we are only concerned with the number of arrows in to and out of vertex 0 in the quiver

of I';. To state the final result of this chapter, we require the following lemma.

Lemma 5.2.2. Let A = A,, and consider A,g. Then, for any I C (D)o, the quiver of
I'; is the double of the extended Dynkin diagram of type Ajj—1 (the extended diagram has

|I| vertices), possibly with some loops.

Proof. Write I = {ig,i1,...,0s,...,0,} Where ig < i3 < -+ < iy < -++ < ip,. In this

calculation, we wish to determine the number of arrows in to and out of vertex iy € I.

Below we will consider subscripts mod m + 1, so 4,11 = %9, etc. For ease of reading,
=

we omit all arrows in the translation quiver. The result of Steps (1)—(5) of the knitting

algorithm is as follows:

11 - @ 0 z"H
RO

lst1 1 0 0

ok

0

where —1 < b < 1. Indeed, regardless of which vertices are in I, the first time a circled
value of 1 will occur will be at vertex i,_; or vertex i,y (where the subscripts are taken
mod m + 1). The values at all vertices from there on become 0 or —1, as indicated by

the blue lines above. In fact, if || > 3 then the only vertices which end up potentially
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having arrows coming from vertex ig in the quiver of I'; are i5_1, i, and 7,,1. Hence, for
any i, € I where ¢, is distinct from 45_1, ¢5, and 751, there are no arrows from vertex 75 to
vertex 7, in the quiver of I';. Thus we need only consider the vertices i,_1, 15, and 5.
By inspection, if i5_1 = i541 (which can happen if s = 0 or s = m since the subscripts
are mod m+1) then there are two arrows from vertex i, to vertex is_; = is;; in the quiver
of I'; and potentially one loop at vertex i, in the quiver of I';. While, if 51 # i,,1 then,
in the quiver of I';, there is one arrow from vertex 7, to vertex i,_;, one arrow from vertex

1s to vertex 14,1, and potentially one loop at vertex ¢5. Hence, the quiver is as stated. [

This result is best understood through an example.

Examples 5.2.3. In this example we look at the two situations mentioned in the proof.

The first is when i, = 75,1 and the second is when i, 1 # 74.1.

1. To see what occurs when i,_1; = i, consider the AR-quiver K4. Suppose I; = {0, 1}
and I, = {0,2}, where in both cases iy = 0, and is_; = i, is either 1 or 2

respectively. After running the knitting algorithm, we obtain the following.
Q 0> 0 [1]-1 »@» 0
v v
0 1 -1
v v
1>0->0
v v
-1 -1
(a) I = {07 1} (b) I = {072}

Figure 5.2: Circled values for varying I in A4

As demonstrated by Figure 5.2a, there are two arrows from vertex 0 to vertex 1 in
the quiver of I';; and no loops. As for the quiver of I';,, from Figure 5.2b, there are

two arrows from vertex 0 to vertex 2 in the quiver of I';, and one loop at vertex 0.

2. To see what occurs when i, 1 # i,,1 consider the AR-quiver ;&5. Suppose I3 =
{0,1,4} and I, = {0,2,4}. In both cases i; = 0 and i5,1 = 4, and i, is either 1 or
2 respectively. Again, the knitting algorithm gives the following.

T ngeo

1
v v v
1 @ 0 1 @»—1
(- (-
(a) I3 = {0’ 1’4} (b) Iy = {Oa 274}

Figure 5.3: Circled values for varying I in A;
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From Figure 5.3a, there is one arrow from vertex 0 to vertex 1 and one arrow from
vertex 0 to vertex 4 in the quiver of I';, and there are no loops. As for the quiver of
I';,, from Figure 5.3b, there is one arrow from vertex 0 to vertex 2, one arrow from

vertex 0 to vertex 4, and one loop at vertex 0.

Now, we state the final result. Recall that extended Dynkin diagrams are McKay
quivers, and are often drawn with the dimension 9, of the corresponding irreducible rep-

resentation (see §1.3).

Theorem 5.2.4. Let I C (Aug)o and suppose that j € (DNag)o. Then the number of arrows
ro; from vertex 0 to vertex j in the quiver of I't is either 0, 1, or 2. Furthermore, roj; = 2

if and only if I ={0,j} and 5; = 1.

Proof. We prove this via case-by-case analysis, where Theorem 5.2.1 halves the amount of
work necessary, allowing us to determine only the number of arrows out of vertex 0 in the
quiver of I';. In addition, in each of the following cases several vertices are interchangeable,
which, again, lessens the amount of work required. We will note where this occurs. In the
knitting computations below, formally, we say that vertices below vertex i are ‘cut off’

when the algorithm produces 0’s in all rows below vertex .

1. Consider the AR-quiver ,&n as in Figure 5.1a. This case is covered by Lemma 5.2.2.

2. Consider the AR-quiver D4 as in Figure 5.1b. We consider all subsets I C (Aug)o =
{0,1,2,3,4} which contain 0. Notice that vertices 1, 3, and 4 are effectively inter-
changeable so that I = {0, 1} gives the same circled values in the knitting calculation
as [ ={0,3} and I = {0,4}. Furthermore, I = {0, 1, 3} gives the same circled values
in the knitting calculation as I = {0,1,4}. In addition, if 2 € [ then all vertices
other than vertex 0 in the knitting calculation are cut off, and so we get the same

circled values for I = {0,2, ¢} where e is any list of numbers 1, 3, and 4.

1]

F
o/ 1

(a) I={0,1} (b) I ={0,2,e}
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AL s
IO Gy

(¢) I =1{0,1,3} (d) I =1{0,1,3,4}

-1

Figure 5.4: Circled values for varying I for D

From Figure 5.4a it follows that for I = {0, 1} there are two arrows from vertex 0 to

vertex 1 in the quiver of I'; (i.e. o1 = 2) and one arrow from vertex 0 to itself.

We collate this information in the table below, where the first column corresponds
to the subset I C (A.x)o and the first row to vertices 7 € (Aux)o. The values in
the table are the number of arrows 7y ; from vertex 0 to vertex j in the quiver of I';.
In particular, a value of zero has three different implications. The first, denoted 0,
means j € [ and ry; = 0. The second, denoted 0, means j ¢ I so that ry; = 0. The
third, denoted 0, means j is possibly in I and, if j € I, then ry; = 0.

0[1[2]3T4
{0,1y [1]2]0]0]0
{0,2,8} |0|0]1|0]0
{0,1,3} |o|1]0|1]0
{0,1,3,4} [0 1]0|1]1

Hence, the number of arrows from vertex 0 to any vertex j € (Aug)o in the quiver

of T’y is always 0, 1, or 2.

3. Consider the AR-quiver 65 with vertices labelled as in Figure 5.1c. We consider all
subsets I C (Aax)o = {0,1,2,3,4,5} which contain 0. If 2 € I then all vertices other
than vertex 0 in the knitting calculation are cut off and so we get the same circled
values in the knitting calculation for I = {0,2, e} where o is any list of numbers
1,3,4, and 5. If 3 € I then vertices 4 and 5 in the knitting calculation are cut off.
Thus, the circled values for I = {0, 3, e} where e is any list of numbers 4 and 5 in
the knitting calculation are the same. Similarly, the circled values for I = {0, 1,3, ¢}
where e is any list of 4 and 5 are the same. It follows that we need only consider

the specific cases shown in Figure 5.5.



o8

NN
0\30/1\:;/0@
(g) I ={0,1,4}

s
o
)

0> 1~ >0 >-1

1;1 >
OANGARO
lofROIRO

(i) I ={0,4,5}
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_
0 1TF 0

1

(G) I =A0,1,4,5}

Figure 5.5: Circled values for varying [ for 55
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As before, in the following table the first column corresponds to the subset I C
(Aa)o and the first row to vertices j € (Aaq)o. The values in the table are the
number of arrows ry ; from vertex 0 to vertex j in the quiver of Iy where 0, 0, and

0 are as above.

0[1[2[3T4]5
0,1y [1]2]0(0[0]0
{0,2,¢} [0]0]1 01]0
{0,3,¢} (0|00 |1]0]0
(0,4} |[1]0]0|0]2]0
{0,5} [1]0]0|0]0]|2
{0,1,3,8} [0 1]0|1]0]0
{0,1,4} (0|10 110
{0,1,5} [0|1]0|0]0]|1
{0,4,5} [1]0]0|0]1]1
{0,1,4,5} [0|1]0]0]1]1

Hence, the number of arrows from vertex 0 to any vertex j € (A.g)o in the quiver

of I’y is always 0, 1, or 2.

4. Consider the AR-quiver 66 with vertices labelled as in Figure 5.1d. We consider all
subsets I C (Aag)o = {0,1,2,3,4,5,6} which contain 0. Notice that vertices 5 and
6 in the knitting calculation are interchangeable so that, in the knitting calculation,
I = {0,5} gives the same circled values as I = {0,6}, and I = {0,1,5} gives the
same circled values as I = {0,1,6}. In addition, if 2 € [ then all vertices other
than vertex 0 in the knitting calculation are cut off and so we get the same circled
values in the knitting calculation for I = {0,2, e} where e is any list of numbers
1,3,4,5, and 6. We continue on in this way where, if 3 € I, then vertices 4, 5 and
6 in the knitting calculation are cut off. Hence, the circled values are the same for
I = {0,3, e} where o is any list of numbers 4,5 and 6. If 4 € I then vertices 5 and
6 are cut off, giving the same circled values for I = {0,4, e} where e is any list of
numbers 5 and 6. Therefore we need only consider the specific cases illustrated in

Figure 5.6, where we have used similar shortened notation to before.
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(i) I = {0,5,6}
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NN
SN SN

0\30/1\?/0@
(h) I ={0,1,5}

Figure 5.6: Circled values for varying I in 56
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This leads to the following table where 0, 0, and 0 are as above.

0[1[2[3[4]5]6
{0,17 [1[2(0l0]0[0]0
{0,2,¢} |O]O|1l0]|0]0]0
{0,3,¢} [O|0O]O|1]0|0]0O
{0,4,} [1]0]0|0]1]0]0
{0,5} [1]0]0lo]0|2]0
{0,1,3,8} (0| 1[0 |1]0|0]0O
{0,1,4,¢} |0|1|0|0|1]0]0
{0,1,5} [o|1]0|0]0|1]O
{0,5,6} [1]0]0|0]0|1]1
{0,1,5,6} [0 1[0 |0]0|1]1

61

Hence, the number of arrows from vertex 0 to any vertex j € (Aug)o in the quiver

of I’y is always 0, 1, or 2.

5. Now consider the general case of D, for n > 7. As previously, the shape of the AR-

quiver splits the analysis into the following cases, where the values in the columns

are obtained by extending the knitting calculations vertically.

011123415 n—2/n—1|n

{0,1} 112{0]010]0 0 0 0
{0,2, 0} 0(0]1,10]0]0 0 0 0
{0,3, e} 0(0]011]07]0 0 0 0
{0,4, ¢} 1101070110 0 0 0
{O,n—2e} |1[{0|0[0]0]|0 1 0 0
{0,n -1} 110(0]0(0]0 0 2 0
{0,1,3,e} 0[1/0]1]010 0 0 0
{0,1,4,} 0(1]010]1]0 0 0 0
{0,I,n—2,¢} |O|[1|0[0]0]|O0 1 0 0
{0,1,n—1} |O[1|0[0]|0]|O 0 1 0
{Oon—1,n} |1{0|0[0]0]|0 0 1 1
{0,I,n—=1n}|O|[1|0[0]0]|O0 0 1 1

6. Consider the AR-quiver E(, with vertices labelled as in Figure 5.1e. We consider all
subsets I C (Aag)o = {0,1,2,3,4,5,6} which contain 0. If 1 € I, then all vertices

other than vertex 0 in the knitting calculation are cut off and so we get the same

circled values for I = {0,1, e} where e is any list of numbers 2,3,4,5, and 6. If

3 € I, then vertex 2 is cut off so that the circled values of {0,2,3} are the same as
those of {0,3}. We continue on in this way. Thus, the circled values for I = {0,4, ¢}



62

CHAPTER 5. KNITTING

where e is any list of numbers 2, 3,5, and 6 are the same. Finally, if 5 € I, then ver-
tex 6 in the knitting calculation is cut off. Hence we only need to consider the subsets
{0,1,0},{0,2},{0,3,0},{0,4,0},{0,5,0},{0,6},{0,2,5,0},{0,2,6}, {0,3,5, e}, and
{0,3,6,e}. These are shown in Figure 5.8 where we have used similar shortened no-

tation as above.

NPy o§yo JfoRol
1] - 1] -
e, OO
\0/ \0/ \1/’ \1/ \0/ \0
/N SN SN S N S NS
0 0 0 0 1 0 0

(a) I =1{0,1,0} (b) I = {0,2}

o

0 0 0 0
1] {0 (0) (1) (0) (0) (0)
0>1>1>0>0>0>0 a
NSNS NS
0 1 0

=

P NN AN
0 0 1 -1 0 0
(C) I = {0,3,0} (d) I = {0,4,0}
0 0 0 1 0 0
\/\/\ JUNG N SN SN

BB

0>1->1->0>0->0=>20

po04

(e) I ={0,5,0} (f) 1 ={0,6}



5.2. KNITTING RESULTS

et

e

(a) I ={0,2,5, e}

0 0 0
BROJO1050.

0>1>1>0>-1

AL

(c) I ={0,3,5,e}
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G

\/\/\/\

@/\@/WE/

b) I ={0,2,6}

0 0 0
[1] {03 () (1) (0) (0)
0>1->1->0->0->0

\/’\/’\

@”@“@”

d) I ={0,3,6,e}

Figure 5.8: Circled values for varying I for E6

The table is as follows

0[1[2[3[4]5]6
{01, [O[1[0]0[0[0]0
{0,2} [1]0[2/0]0l0]0
{0,3,¢} [0O|0]O|1]0|0]0O
{0,4,¢} [O]|0]O|0O]|1|0]0
{0,5¢} |0]0|0OlO]|0]1]0
{0,6} |[1/0]0l0]0|0]2
{0,2,5,e} [0 0[1]0]0|1]0
{0,2,6} |1]0o|1]0|0]o0]1
{0,3,5,e} [0 0[0|1]0|1]0
{0,3,6,¢} |00 |0 |1]0 1

Hence, the number of arrows from vertex 0 to any vertex j € (A.g)o in the quiver

of I'; is always 0, 1, or 2.

7. Consider the AR-quiver E; with vertices labelled as in Figure 5.1f. We consider all

subsets I C (Aug)o = {0,1,2

,3,4,5,6,7} which contain 0. If 1 € I then all vertices

other than vertex 0 in the knitting calculation are cut off and so we get the same cir-

cled values for I = {0, 1, e} where e is any list of numbers 2,3,4,5,6, and 7. We con-

tinue on in this way. Hence, the circled values for I = {0, 2, e} where o is any list of
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numbers 3,4, 5,6, and 7 are the same. If 3 € I, then the circled values for I = {0, 3, e}
where e is any list of numbers 4, 5, 6, and 7 are the same. If 4 € I, then the circled val-
ues for I = {0,4, e} where e is any list of numbers 5 and 6 are the same. If 5 € I, then
vertex 6 in the knitting calculation is cut off. Hence we only need to consider the sub-
sets {0,1,0},{0,2,0},{0,3,0},{0,4,0},{0,5,0},{0,6},{0,7},{0,4,7,0},{0,5,7, 0},
and {0, 6, 7}. These are shown in Figure 5.10 where we have used similar shortened

notation as above.

SR NY Y- \y W0

0->0->20 - 0->0->0 0 0 0

/N SN S

0 0 0 0 0 0

\0/ \0/ \O \O/ \0/

/N SN S SN N

0 0 0 0 0 0 0

(a) I ={0,1,e} (b) I ={0,2,e} (c) I ={0,3,0}
SQ¥oly RN lENy RS i Ny oY
0/ \1/ \0/ \0 0/ \1/ \0/ \1/ \0/
NSNS NS NSNS NS N SN
0>0~->0->1->1->0->-1 0>0->0>»>1—>1>1>0->0->0=>20
@;{@i}i{)@ /\/\1/\0/\0/
/ \ S \ / N >:Oj< >E< : i >:O:< >:(D
0 0 0 0 0 0 0 0 0

(d) I ={0,4,e} (e) I ={0,5,0}
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NN
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<:KO/°\Z/°\ e
<:< NSNS >:>
NN
<:< NSNS >:>
NN
<:< NSNS >i>
NN
<:< NSNS >:>
NN

(a) I = {0,6}

1
SNPONPONPONpL
/’\\ /’\\ /’\\ /’\\
\\,/ \\ \\,/ \\//
<:5 SC? S:? §:?0\0
\\,/ \\,/ \\,/ \\,/
/’\\ /’\\ /’\\ /’\\
0 0 0 1 -1
(b) I ={0,7} (c) I =1{0,4,7,}

:QJoNy NS R\ oNy oWy oY

// \\,/ \\,/ \\ // \\// \\,/ \\,/
\\ /’\\ /”\\ /’\\

N N SN
AN AN AN I A VAN

ﬂﬂﬁ o e

) I =1{0,5,7,0} ) I={0,6,7}

\H/H>:> (j:
/N
N\ >3> <:<
/N

o
o
o

\ }:ngo\ -
g
g

/
N
/
N

(e}
o
[an}

Figure 5.10: Circled values for varying I for E,
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The table is as follows

0[1]2[3[4[5]6]7
{0,1,¢f [O|1[0|0[O0[0]O0]0
{0,2,8} |0|0|1]0|0]0|0]0O
{0,3,e} |0|0]0|1|0]0|0]0O
{0,4,0} |0|0]0]|0|1]|0|0]0O
{0,5,¢} [1|0]0|0]0|1]0]0
{0,6} |1/0]0lojolo|2]o0
{0,7}v |lojofololo]olo]1
{0,4,7,6} |00 ]0]0|1]0]0]1
{0,5, 7,0 |0 0]0]|0|0[1]0]1
{0,6,7% |olo]o]o0]0 11

Hence, the number of arrows from vertex 0 to any vertex j € (Aag)o in the quiver

of I'y is always 0, 1, or 2.

. Consider the AR-quiver Eg with vertices labelled as in Figure 5.1g. We consider
all subsets I C (A.x)o = {0,1,2,3,4,5,6,7,8} which contain 0. If 1 € I, then all
vertices other than vertex 0 in the knitting calculation are cut off and so we get the
same circled values for I = {0, 1, o} where o is any list of numbers 2,3,4,5,6,7, and 8.
We continue on in this way, where if 2 € I, then all vertices other than 0 and 1 are cut
off in the knitting calculation. If 3 € I, then all vertices except 0, 1, and 2 are cut off.
If 4 € I, then vertices 5,6, 7, and 8 are cut off. If 5 € I, then vertices 6,7, and 8 are
cut off and if 6 € I then vertex 7 is cut off. Hence, we need only consider the subsets
{0,1,0},{0,2,0},{0,3,0},{0,4,0},{0,5,0},{0,6,e} {0,7},{0,8},{0,6,8, e}, and

{0,7,8}. These are shown in Figure 5.13 where we have used similar shortened

notation as above.

W s oo @ 0@ e
0 /13311 /\/\
0 0 0

0 0 0

SN SN S

0 0 0 0 0 0 0
NS NN N SN S
0>0>0 0>0>0>0 0>0>0>0>0
0/’ \0 O/’ \O/' /\/\
\0/’ \0/ \0 \/\/

(a) I ={0,1,e} (b) I ={0,2,e} (c) I ={0,3,0}
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/1\ /0\ /0 /1\ /0\ /0\
0 1 0 0 1 0 0
\/\/\71 \/\/\/

0 1
@i}:‘i{}i{ /\/\/\
>0>0 S:ES:ESE
N S
7N \/\/\/

0 0 0

(a) I ={0,4,e} (b) I ={0,5,e}

BESORSORSORSO
1 0 0 0
JON N N SN
0 1 0 0 0
NN SN SN S
0 1 0 0

cNSoyolooRyolyoy

/\/\/\/\/\/\/
\/\/\/\/\/\/\
0 1 0 0 1 0 0
SN N N S N NS NS
0 0 1 0 1 0 0
NN N N SN SN SN
0>0>0>0>0>1>1>1>0>0>0>0>0>0
/\/\/\/\/\/\/

@”@”@”@”@”@“@

d) I =1{0,7}
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cNyoRsoNsoNscy

/ \ / \ / \ / \ /
\ / \ / \ / \ /S \
/ \ / \ / \ / \ /

0/ \1/ \0/ \0/
\O/ \1/ \0/ \0
0/ \O/ \1/ \0/

SN N N

(c) I ={0,7,8}

Figure 5.13: Circled values for varying I for Eg
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The table is as follows

0[1[2[3]4]5[6]7]8
{0,1,e¢f [O|1]0]0]0[0][0]0]0
{0,2,8} |0|0|1]0]0]0l0]0]0
{0,3,e} |0|0]0|1]0|0l0]0]0
{0,4,} [O]|0]O|0O]1]0]0|0]0O
{0,5,¢} [0]|0]0|0]O|1]0|0]O
{0,6,¢} [0]|0]0|0]0|O]1]0]0
{0,72 [1]0]o]ololo]o|1]o0
{0,8} |olo|olojojololo]|1
{0,6,8,0} [0 |0 [0|0|0]0]|1]0]1
{0,7,8} [o|ojojo]olo]o|1]1
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Hence, the number of arrows from vertex 0 to any vertex j € (A.g)o in the quiver

of I’y is always 0 or 1.

Using case-by-case analysis, the statement follows.

]

In the following chapter, we use these results to calculate the K-theory of ¢cDV singu-

larities.
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Chapter 6
Compound Du Val singularities

In this chapter, we study local cDV singularities and investigate their class groups
and Grothendieck groups. Our focus here is on the local; considering the category of all
non-local ¢cDV singularities would, in particular, include the category of all smooth affine
3-folds, and it is not reasonable to expect to be able to compute even the class group
in such generality. We remark that local cDVs are automatically hypersurfaces; see §1.5.

Therefore a singularity being ¢DV implies it is Gorenstein and hence CM.

6.1 Conjecture and generalities

The main results of this chapter consist of proofs of both (1.1.A) and the following

conjecture in various general situations.

Conjecture 6.1.1. Let R be a local cDV singularity. Then
Ko(CM R) = CI(R).

The following lemma will be useful.

Lemma 6.1.2. For any local ring R there is an exact sequence of groups
0 — ([R]) = Ko(CM R) = Ko(CM R) — 0. (6.1.A)

Furthermore, this sequence splits if R is a local integral domain. Hence, in that case,
Ko(CM R) 2 ([R]) & Ko(CM R) where ([R)) = Z.

Proof. For details on this, see | , Chapter 3]. We have ([R]) = Z since integral
domains have a rank function sending the equivalence class of R to 1. O]
It is known (see, e.g. | , Lemma 13.2]) that for a local ring R,

71
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so we use these interchangeably. To prove that both (1.1.A) and Conjecture 6.1.1 hold

will also require the following.

Lemma 6.1.3. Let R be a local integral domain. Then Ko(CM R) = CI(R) if and only if
Go(R) = Z @ CI(R).

Proof. Assume Ko(CM R) = CI(R). By Lemma 6.1.2, since R is a local integral domain,
Ko(CM R) = ([R]) ® Ko(CM R). Under our assumption, this implies

Ko(CM R) = Z @ CI(R).

Therefore, using the equality (6.1.B), Go(R) = Z & CI(R).

Now, assume Go(R) = Z & CI(R). Again, by Lemma 6.1.2, since R is a local integral
domain, we also have Go(R) = Z & Ko(CM R). Cancelling Z factors, Ko(CM R) = CI(R)
follows. O

This shows that Conjecture 6.1.1 is equivalent to the isomorphism (1.1.A).

Remark 6.1.4. As stated, Lemma 6.1.3 requires R to be an integral domain. We will see

the importance of this requirement in §6.4.

6.2 Symmetric quivers for cDV singularities

In this section we apply our results from Chapter 5 to quivers of modifying algebras

for ¢cDV singularities. We require the following technical setup.

Setup 6.2.1. Let R be a complete local ¢cDV singularity, and M = My & M, & --- B M,
any basic modifying module, where My = R and the M, are the non-free indecomposable

summands of M. Set A = Endg(M).

We can present A as a quiver with relations, where the vertices are labelled O, ..., ¢
corresponding to the modules My, ..., M;. In general, the quiver of a ring Endg(M)
where R is a Gorenstein 3-fold is not symmetric. However in the ¢DV Setup 6.2.1, the
main result of this section, Theorem 6.2.5, proves that the quiver of A is symmetric. To
do this requires the ‘slicing’ technique as explained in | .

From §3.6, we know A is derived equivalent to some X in a crepant partial resolution
f: X — SpecR. Briefly, the idea is that we ‘slice’ X — Spec R by a generic central
element g € R. By Reid’s general elephant principle | , Theorems 1.1 and 1.14], this
slicing gives

X, X

[ &

Spec(R/g) —— Spec R
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In particular, R/g is an ADE singularity and ¢ is a partial crepant resolution. This slicing
technique behaves very nicely; it allows us to consider both M € CM R and M/gM €
CMR/g, and for g generic, A/g is isomorphic to Endg/,(M/gM). Furthermore, this
extends to indecomposable summands of M and M/gM; that is, the summand M; slices
to M;/gM; for i = 0,...,t | , §5.3]. By the McKay correspondence M;/gM; is

precisely one of the CM modules corresponding to a vertex in an ADE Dynkin diagram.

Lemma 6.2.2. Let A be as in Setup 0.2.1. Then the quiver of A/g is symmetric, where

g is a generic central element.

Proof. Write rad R for the radical of R. As explained in | , Lemma 5.19]', and as

above, for generic g € radR, R/g is a Kleinian singularity. Furthermore
A/g = Endgy(M/g).
By Theorem 5.2.1, the quiver of A/g is symmetric. ]

It is known (see, e.g. | , §1]) that the number of arrows between two vertices is
given by the dimension of the corresponding Ext group of the vertex simples. Let S;

denote the simple modules corresponding to vertices i = 0,...,t.

Lemma 6.2.3. Let A be as in Setup 6.2.1 and g a generic central element. The action of

g on Exty(S;,S;) is trivial for i # j. Furthermore,
dim Ext} ,,(S;, S;) = dim Exty (S}, ;)

Proof. As explained in | , Theorem 7.35], elements of Ext} (.S;,5;) can be thought of

as equivalence classes of short exact sequences
0—=95 —-B—=5—0.

By construction, it suffices to show that gB = 0 for any such module B.

Now, write rad R for the radical of R, which is equal to the unique maximal ideal since
R is local. Then necessarily g € rad R, since if g ¢ rad R then g would be a unit and
we would have R/g = 0. Furthermore, by | , Corollary 5.9], rad R C rad A so that
g € rad A. It follows that ¢5; = 0 and ¢S; = 0. Since S; is simple, either gB = 0 or
gB = S;. If ¢B = S;, then multiplication by ¢ gives an isomorphism B/S; = S; — S;.
However, i # j, so this is a contradiction. Hence, gB = 0 and B is a A/gA-module. Hence
the first statement holds.

ITheir statement is for type A, but their proof is general.
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It follows that the extension
0=+8—=B—=5—=0

of A-modules is automatically an extension of A/g-modules, so the second statement holds.
O

Remark 6.2.4. Lemma 6.2.3 is not true if i = j.
Now we prove the main result of this section.
Theorem 6.2.5. Let R and A be as in Setup 6.2.1. Then the quiver of A is symmetric.

Proof. By Lemma 6.2.3, provided i # 7,

Hence, the quiver of A/g is the same as the quiver of A, possibly removing some loops.

Combining with Lemma 6.2.2, it follows that the quiver of A is symmetric. O

6.3 Isolated cDYV singularities with NCCR

The main result of this section, Theorem 6.3.6, uses our results from §6.2 to prove that
both (1.1.A) and Conjecture 6.1.1 hold for isolated cDV singularities admitting NCCR(s).
This extends results of Navkal | | to cover any ADE type, not just type A. Crucially,
we do not need to rely on manipulating the precise form of the equation defining R. For

this section, we maintain the following setup.

Setup 6.3.1. Let R be an isolated complete local cDV singularity which admits an NCCR
A = Endg(M), where M = My® M; & - - - ® M, is basic, My = R, and the M; are non-free

indecomposable submodules of M.

Now, we compute the Grothendieck group of a ring R as in Setup 6.3.1. We remark
that, by Theorem 3.4.8, M is automatically cluster-tilting. Hence, the approach of | ]
is applicable.

Theorem 6.3.2. Let R and A be as in Setup 6.5.1. Then
Go(R) = 780+,

Proof. Assume R is an isolated d-dimensional Gorenstein complete local ring with NCCR
A. Write Sy, ...,S; for the simple left A-modules. Following | , Proposition 7.15],
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the rows of the higher AR-matrix Q in Theorem 3.4.9 can be written as?,

d
Q=) (1) dim(Ext} (S}, ).
i=0
Since R is Gorenstein and A is an NCCR, it follows that A is d-CY; for further details,

see | , Proposition 2.4(3) and Theorem 3.2(3)]). Hence, there are natural isomorphisms
Ext} (S5, 91) = DExt} (51, 5;),

where D := Homg(—, k). Returning to Setup 6.3.1, where d = 3,

3

Qi =) (=1) dim(Ext} (S;, 1))

=0

= —dim Ext} (S}, S;) + dim Ext} (S, S;) — dim Ext} (S;, S;) + dim Ext{ (S}, S))

= — dim Hom, (S}, S;) + dim Ext} (S}, S;) — dim Ext} (S}, S;) + dim Hom, (S}, S))
(by CY duality)

= dim Ext} (S}, S;) — dim Ext} (S}, S)) (by Schur’s lemma)

Since R is a ¢DV singularity, by Theorem 6.2.5, this is zero, since it is known (see,

e.g. | , §1]) that Ext' between simple modules determines the arrows in the quiver.
Hence QO = 0, so by Theorem 3.4.9,

Go(R) = Cok(0) =zt O

Remark 6.3.3. Note that the proof of Theorem 6.3.2 shows, that under the hypothesis
of the theorem, dim Ext},(S;, S)) = dim Ext} (S}, S;) for all 4,7, and [.

The use of ‘¢’ both here and in §4.1 has been done intentionally to highlight the exis-
tence of a relationship between Go(R) and CI(R). To prove that (1.1.A) holds in this set-
ting we need to describe CI(R) in a similar fashion to Go(R). This is done in Lemma 6.3.5.

To prove this, we require the following general result, see | , Lemma 4.2.1].

Lemma 6.3.4. Let f: X — Spec R be a projective birational map between normal noethe-
rian schemes such that, in codimension two, f is an isomorphism. The pushdown functor
f« restricts to an equivalence between the category of reflexive X -modules and the category

of reflexive R-modules.

From §3.6, recall that the non-free indecomposable summands of an MM module N

(such as the fixed M in Setup 6.3.1) are in one-to-one correspondence with the exceptional

2Where Navkal writes n we write d — 1, and our indices begin at 0 instead of 1.
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curves in the corresponding minimal model(s) of R. Thus, if N = Ny@® - -- & N; is an MM

R-module, then there are precisely ¢ exceptional curves.
Lemma 6.3.5. Let R be an isolated complete local cDV singularity, then Cl(R) = Z®".
Proof. By the Homological MMP (see §3.6), there exists a minimal model f: X — Spec R

corresponding to N. This minimal model may or may not be a crepant resolution. Since
R is a ¢DV singularity, f is an isomorphism in codimension 2 | , Lemma 4.2.1|. So,

Lemma 6.3.4 gives a group isomorphism
Cl(X) —— CI(R)

via pushdown f,. It is known (see, e.g. | , 11.6.16]) that there exists an isomorphism
Cl(X) = Pic(X) since the singularities of X are locally factorial. This extends to a third
isomorphism Pic(X) = Z% by | , Lemma 3.4.3|. Combining,

Cl(R) = Z%',

where t is the number of curves above the origin. O]

The above result holds for a more general setting than Setup 6.3.1, since it only requires
N to be an MM R-module. This includes, as a special case, the situation where M is a
cluster-tilting object. We will need this greater generality in Chapter 7.

Now, we prove that both (1.1.A) and Conjecture 6.1.1 hold when R is any isolated
cDV singularity admitting an NCCR, (equivalently, admitting a crepant resolution).

Theorem 6.3.6. Let R be as in Setup 6.3.1. Then Conjecture 6.1.1 and (1.1.A) both
hold, that is,
Ko(CMR) = CI(R) and Go(R)=Za CIR).

Proof. We prove the second isomorphism as follows. Combining Theorem 6.3.2 and
Lemma 6.3.5, both Go(R) and CI(R) can be described by the number of non-free in-

decomposable summands of the cluster-tilting module M, so

GO(R) ~ ZEB(H—l) ~ 7@ Z@t
~ 7@ CI(R).

The first isomorphism then follows from Lemma 6.1.3. O

6.4 Arbitrary type A cDV singularities

In this section, we focus on arbitrary complete local cDV singularities of type A. In

particular, this covers cDV singularities with and without NCCRs and also ¢DV singulari-
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ties that need not be isolated. Unlike the previous section, we do not require the existence
of an NCCR (equivalently, crepant resolution), as the techniques here are very different.
For example, the results of this chapter heavily depend upon Knérrer periodicity. As
such, this section generalises the results of | | in two directions, (1) existence of a
cluster-tilting object is no longer required, and (2) the singularities are not necessarily
isolated.

The fact that we study type A cDV singularities means we specifically know the equa-
tion in question. In the main result of this section, Theorem 6.4.6, we prove that both
(1.1.A) and Conjecture 6.1.1 hold for 3-dimensional singularities R as described in the

following setup.

Setup 6.4.1. Define § and R as

o Cleall . Clwvey]
(f) (uv = f)
where f = fi"*--- f*, fi € C[[z,y]] and the f; are irreducible and pairwise coprime and

each a; is at least one.

We remark that R is a complete local cDV singularity of type A, and all ¢cDV singu-
larities of type A have this form (see, e.g. | , §11.1, Morse Lemmal). Furthermore,
while § is not an integral domain, R is an integral domain. This subtle fact affects how
we approach proving that (1.1.A) and Conjecture 6.1.1 hold under Setup 6.4.1.

Let p; := (f;)/f be the minimal prime ideals of 8. Since 8, is a 0-dimensional Artinian
ring with unique maximal ideal m; := p;8,,, any finitely generated §,,-module M is a finite-
dimensional 8, /m;-vector space | , Chapter 2|. Hence, by | , Proposition 6.10],
M must have finite length as an §,,-module. Moreover, the length of M as an 8,,-module
is equal to the dimension of M as an 8,, /m;-vector space. In other words, dims, /m,(M ®s
8p,) = Lp, (M ®s 8,,). We abbreviate this notation, using the fact that 8§ ®s 8,, = 8, (see,
e.g. | , Proposition 3.5]). Hence £, (8 ®s 8,,) = £y, (Sy,)-

In the following result, we extend the equivalence of dimension and length, asserting

an equivalence between ¢, (8,,) and @; in the polynomial f.

Lemma 6.4.2. (,,(8;,) = a;.

Proof. Let 8, p;, and m; be as defined above. Since 8, is a local ring it follows that ¢,,(8,,)
is the smallest r such that m] = 0, where r € N. By definition of m;, this is the smallest
r such that f/ = 0in 8,,. This occurs if and only if there exists some g ¢ p; such that
gff = 0s. That is, gf] € (f) where g ¢ (f;). Since C[[u,v]] is a UFD, necessarily r = a;.
Therefore ¢,,(8,,) = a;. O

Lemma 6.4.3. Let 8 be as in Setup 6.4.1. Then Go(8) = Z%".
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Proof. Let M € mod$8, then M,, € modS§,,. The length function ¢,,: mod8 — Z is an
exact functor on mod 8, so ¢, induces a group homomorphism p: Gy(8) — Z% given by

[M] — (Lo, (My,), ..., Ly, (M,,)). This homomorphism is surjective since

Spi/pisma if ¢ :j>

, otherwise.

(S/Pz’>pj = Sp]-/Pz'Spj =

So that 8/p; — (0,...,0,1,0,...,0) where the 1 is in the i*® position.

To show that p is an injective homomorphism recall from Lemma 2.3.5 that every
element of Gy(8) can be written as an element of the form [M] — n[8] for some n > 0.
Suppose that [M] — n[8] € Ker(p). Then under p

[M] = n[8] = (£y, (Mp,) — 1Ly, (Sp,), - -+ s by (My,) — 1y, (Sp,)) = 0.

By dévissage (see Theorem 2.3.7), choose a prime filtration 0 = My C M; C --- C My = M
of M. Then £, (M,,) is equal to the number of times 8/p; appears as a factor in the
chosen filtration of M. Furthermore, Lemma 2.3.4 tells us that any element of Gg(8)
is equal to the sum of all factors of the chosen filtration. By | , . 260], since
8 is a complete noetherian local ring, it is excellent. Hence, by | , Lemma 13.4],

automatically [8/m] = 0. Combining these facts gives

t t

i=0 i=0
Hence

t

(M) = 3 65, (M45)[8/p

= >0t (8,)18/p1 (since (1] — n[S] € Ker p)
= 1> £,(8,)[8/p] = n[S].

1=0

Thus [M] —n[8] = 0 so ker(p) = 0, hence p is injective. Therefore p is an isomorphism,
giving Go(8) = Z%". O

Lemma 6.4.4. Let & be as in Setup 6.4.1. Then

K()(C_MS) = Z@t/(ah s 7at)'
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Proof. Since § is a local ring, by Lemma 6.1.2, there is an exact sequence
0— ([8]) = Ko(CMS) — Ko(CM8) — 0.

Since 8 is not an integral domain this sequence is not necessarily split. However, we still
have an isomorphism Ko(CMS§) = Ko(CM8)/([8]). Since Ko(CMS§) = Kp(mod8) :=
Go(8), it follows that

Ko(CM 8) = Go(8)/([8]). (6.4.A)

By Lemma 6.4.2, ¢,,(8) = a;, so that under the group homomorphism p of Lemma 6.4.3,
[8] = (a1,...,a;). Combining this with (6.4.A) gives the desired isomorphism. O

The following relies on Knorrer periodicity from | | which provides us with an

equivalence between the CM S-modules and the CM R-modules.

Corollary 6.4.5. Let R be as in Setup 6.4.1. Then
KO(C_M:R) = ZEBt/(a’lJ s 7at)'

Proof. By Knérrer periodicity CMR =2 CM S | , Theorem 3.1], so the result follows

immediately from Lemma 6.4.4. m

Notice that under the isomorphism p of Lemma 6.4.3; it is not true that Go(8) =
Z & Ko(CMS8). That is, (1.1.A) does not hold for 8, verifying Remark 6.1.4. However,
by Lemma 4.1.1 R is an integral domain, so we can compute Go(R) using Ko(CM 8) =
Ko(CMR).

Theorem 6.4.6. Let R be as in Setup 6.4.1. Then Conjecture 6.1.1 and (1.1.A) both
hold, that is,
Ko(CMR) 2 CI(R) and Go(R) = Z @ Cl(R).

Proof. By Corollary 6.4.5
Ko(CMR) = Z8/(ay, ..., ar).

Then, similar techniques to ours in Theorem 4.1.7 shows that our class group result also

holds in the complete local case (see, e.g. | , Proposition 4.3|), so that CI(R) =
Z%/(ay,...,a;). Hence there is an isomorphism Ko(CM®R) = CI(R). Furthermore, by
Lemma 6.1.3, since R is an integral domain, Go(R) = Z @& CI(R) follows. O

6.4.1 Failure of isomorphism (1.1.A) in higher dimensions

Viehweg’s setting is motivated by deformed Kleinian singularities; as such, we would

expect them to behave in a similar way to Kleinian singularities. Our results show that the
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existence of the isomorphisms (1.1.A) is a two and three dimensional phenomena. Specif-
ically, it does not hold for the general Viehweg setting, as the following counterexample

demonstrates.
Example 6.4.7. Let

C[x7 y7 Z] (C[u7 /U7 'TJ y? Z]

B = and C:=

Ty — 22 wo = oy — 22’

Both B and € are integral domains (see Lemma 4.1.1) so we do not need to worry about
the issues of Remark 6.1.4. By Theorem 4.2.2, Go(B) = Z&Cl(B) and Ko(CM B) = CI(B)
which is isomorphic to Z/27Z. Using Knorrer periodicity | , Theorem 3.1], we have
Ko(CM B) = Ko(CM €). Hence,

Co(C) =2 Z @ Ky(CMC)
=7 @ Ko(CMB)
= 7@ Cl(B)
=27 ®L/2Z.

But, by Theorem 4.1.7, CI(€) = 0, so clearly G¢(C) % Z & CI(C).

6.5 Polyhedral singularities

In this section, we apply the results of Brown and Lorenz | | to show that (1.1.A)
holds in the setting of polyhedral quotient singularities Z,, for all n, Dy, for n < 100, T,
O, and 1. These are the subgroups of SL(3,C) as given in §1.5. In particular, this gives
examples of non-isolated cDV singularities of a variety of ADE types where (1.1.A) holds.
Although these quotient singularities admit an NCCR, they are all non-isolated, and so
the techniques of §6.3 do not apply.

Let G be a finite subgroup of SL(3,C), S = C[X, X5, X3], and write R := SY. The
main result of | , 80| gives a description of the Grothendieck group Go(R) of finitely
generated R-modules. As noted at the end of | |, Lorenz implemented a computer
programme, using GAP3, which computes the Grothendieck group of invariant rings.
Following his approach, we used MAGMA to implement such a programme (see Appendix B).
Through our implementation, we have gathered evidence of the existence of a relationship
between Go(R) and CI(R) in numerous settings, including many not described in the
previous chapters. We parse through the relevant data in the cDV setting now, with some
other settings being described in §8.2.

An element g € G is called a pseudoreflection on V if dime(V9) = n —1 | ,
Chapter 2, §2.6]. Let J be the normal subgroup of G generated by the pseudoreflections
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on V. Then there exist isomorphisms
CI(R) = HY(G/J,(S7)*) = Hom(G/J,C*).

For details, see | , §4.4]. In our case, J is trivial since G is a subgroup of SL(3,C).

These isomorphisms give a straightforward way of computing CI(R). Let G* =
G/|G, G| denote the abelianisation of G, where |G, G| denotes the commutator subgroup.
Then it is well known that Hom(G/J, C*), the Pontryagin dual of G/J, is isomorphic to
G, Hence, CI(R) = G,

Proposition 6.5.1. Consider R := S, where G is either a polyhedral quotient singularity
Ly, for all m, Ds, forn <100, T, O, orl as given in §1.5. Then R is a non-isolated cDV
singularity where (1.1.A) holds. That is, Go(R) = Z @ CI(R).

Proof. For the cyclic group given in (a), R = Clu, v, z,y]/(uv — 2™). This is a special case
of §4.1 and §6.4 so that, by Theorem 4.1.7, CI(R) = Z/nZ. This is also clear from the
fact that CI(R) = G*". Furthermore, by Theorem 6.4.6, Go(R) = Z & Z/nZ.

For the subgroup Ds, given in (b), for all even n, CI(R) & G*® =~ Z /27 & 7./27 and
for all odd n, CI(R) & G*> = Z/27. For D,, where n < 100 we use MAGMA to compute the
Grothendieck group of R. In all such cases, for even n, Go(R) 2 Z & Z /27 & 7./27 and
for odd n, Go(R) 2 Z & Z/27.

While the subgroups given in (a) and (b) correspond to infinite families of subgroups,
the subgroups given in (c), (d), and (e) (T, O, and I, respectively) are three specific
groups. So, we can use MAGMA to compute the Grothendieck group and class group of R
when G is one of T, @, or I. In fact, the calculation of CI(R) for such rings is also clear
from the McKay quiver using the number of one-dimensional representations calculated
in | , §2|. In the McKay quiver of T there are 3 one-dimensional representations, and
the only group of order 3 is Z/3Z, hence the class group is Z/3Z. Similarly, in the McKay
quiver of @ there are 2 one-dimensional representations and the only group of order 2 is
Z/2Z. Finally, in the McKay quiver of I there is 1 one-dimensional representation and the
only group of order 1 is the trivial group.

We use the generators defined for each of the subgroups T, O, and I as input for the
programme of Appendix B. The output data from this code gives Go(R). We collate this
data in Table 6.1.
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Group G Order Go(R) CI(R)
Cyclic n Z&Z/nZ Z/nZ
Dihedral D, | 2, n < 100 even | Z & Z/2Z & Z/2Z | Z/2Z & 7,/2Z
Dihedral Dy, | 2n, n < 100 odd ZSZL)2Z 727
Trihedral T 12 VASYARYS Z]3Z
Octahedral O 24 7 ®L/27 7]27.
Icosahedral I 60 Z 0

Table 6.1: Data for finite subgroups of SL(3,C) given in §1.5(a) — (e)

Comparing the data of the third column against the data of the fourth column shows
that, for each G considered, Go(R) = Z & CI(R).

]



Chapter 7
Minimal models

In this chapter, we study (noncommutative) minimal models and investigate their class
groups and Grothendieck groups. Our focus here is on proving that (1.1.A) holds for a

ring R as in the following setup.

Setup 7.0.1. Let f: X — Spec R be a minimal model where R is an isolated complete

local ¢cDV singularity and X has only factorial (equivalently, Q-factorial) cA, singularities.

This setup includes all isolated cDV singularities that admit an NCCR (§6.3), and also
arbitrary isolated cA, singularities. To prove that (1.1.A) holds in this setting, we require
the language of minimal models and MM modules of §3.2 as well as the Homological
MMP notions discussed in §3.6. In this language, f is a minimal model with only type A
singularities.

We set some notation. Under Setup 7.0.1, by the bijection given in §3.6 we auto-
matically have a corresponding basic MM R-module M = My ® M; & --- & M,, with
My = R and My, ..., M, the non-free indecomposable summands of M, such that X is
derived equivalent to A = Endg(M). Let D"(coh X) and perf X be as in §1.7. From
this derived equivalence, it follows that DP(coh X) is equivalent to DP(mod A). Write
Dgg(X) := DP(coh X)/ perf X and define Kg&(X) as the Grothendieck group of the idem-
potent completion of D (X); for full details, see [I’S, Property 0].

The first result of this chapter is an application of Lemma 6.3.5 to Setup 7.0.1, giving

a description of the class group of R based on the number of curves above the origin.

Lemma 7.0.2. Let X and R be as in Setup 7.0.1. Then
Cl(R) = Z%".

Proof. This follows immediately from Lemma 6.3.5. m

As X and A are derived equivalent, it will be particularly useful to have a description
of Ko(proj A) which is similar to that of CI(R) given above.

83
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Lemma 7.0.3. Let A .= Endg(M) as above. Then
Ko(projA) = &+,

In particular, Ko(proj A) is torsion-free.

Proof. Since R is a local ring, Ko(projA) is based by the classes of finitely generated
projective A-modules | |. Furthermore, M is a basic MM module with ¢ 4+ 1 inde-
composable summands and these summands are in bijection with the indecomposable
projective A-modules. Hence Ko(projA) = Z&(t+1), O

In the next result, we determine Kg¥(X). Later, we will see that this result allows us

to prove that there exists an isomorphism Ko(X) = Go(X), even though X is not smooth.

Lemma 7.0.4. Let X be as in Setup 7.0.1, then

K¥(X) = @D Ko(CM Ox,,)),
Jj=1

where {p1,...,pn} are the singular points of X. Furthermore, KE(X) = 0.

Proof. Since R is complete local, D (X) is automatically idempotent complete | ,
Lemma 3.1|. This and the fact that X has only isolated singularities implies that Dgg (X)) =

@?ZlC_M@X’p]. by | , Theorem 3.2(2)]. Therefore
KE(X) = @ Ko(CM Oy, ). (7.0.A)
j=1

Recall that X has only factorial cA, singularities. This implies that all the local rings
@X,pj are isolated cDV singularities of type cA, which are UFDs. Furthermore, these are
precisely the rings R of Setup 6.4.1 with ¢ = 1 and a; = 1. Hence, by Lemma 6.4.4, for each
j=1,...,n we have Ko(CM @X,pj) = Z and so KO(C_M(/Q\Xﬁp].) =0 foreach j =1,...,n.
Combining with (7.0.A), Kg(X) = 0. O

Remark 7.0.5. This result shows that Setup 7.0.1 provides a suitable setting for X to
behave as if it is smooth. As mentioned in Conjecture 1.1.1, this is expected to occur more

generally.

Now, recall the language of contraction algebras from §3.2.1. Let e be the idempotent in
A corresponding to the summand R of M. Then eAe = Endg(R) = R and A/AeA = Aoy

By | , Example 2.9|, there is a recollement of categories

mod Acop ¢ mod A ﬂ mod R, (7.0.B)
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where inc is the inclusion functor and e(—) := Homy(eA, —); both are exact. In fact,
by | , Proposition 2.7], mod A, is a full exact subcategory of mod A and e(—) is
naturally equivalent to the quotient functor mod A — mod A/ mod A,,. Hence, mod R =
mod A/ mod Acon. By Theorem 2.3.6, it follows that (7.0.B) lifts to K-theory giving a long

exact sequence ending with
... = Ki(mod R) — Ko(mod Acon) = Ko(mod A) — Go(R) — 0. (7.0.C)

In particular, Ko(mod A) — Gg(R) is surjective.

Theorem 7.0.6. There is a composition of surjections 0: Ko(projA) — Ko(mod A) —

Go(R). Furthermore, © is an isomorphism.

Proof. By |’S, Lemma 1.10], there is an exact sequence of K-theories ending with

Ko(X) 22 Go(X) = KE(X) — 0, (7.0.D)

where PD is the canonical morphism induced by perf X C DP(X). Since X is derived

equivalent to A, by Lemma 7.0.3 and Lemma 7.0.4 it follows that there exists a surjection
72D =~ K (proj A) — Ko(mod A),

where Ky(proj A) is torsion-free. In addition, from (7.0.C), there automatically exists a
surjection

Ko(mod A) - Go(R)

Composing these surjections gives a surjection
0: Z®) s Go(R).

Now, suppose 0 is not an isomorphism. Since Ker 0 is a subgroup of Z®+1) it cannot

have torsion. Thus, Ker 0 has rank at least one, so that, from the short exact sequence
0 — Ker® — Z®*D — Go(R) — 0,

the rank of Go(R) must be strictly less than ¢ + 1.
But, by Proposition 2.5.3, Z & CI(R) is always a quotient of Go(R). By Lemma 7.0.2,
CI(R) = Z®!, therefore Go(R) has Z®*+V as a quotient. In particular, the rank of Go(R)

has to be at least t + 1, a contradiction. Hence, & must be an isomorphism, giving
Go(R) = 78D, O

Combining Lemma 7.0.2 and Theorem 7.0.6, the main result of this chapter is an

immediate corollary.
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Corollary 7.0.7. Let X and R be as in Setup 7.0.1. Then (1.1.A) holds, that is,
Go(R) = Z @ CI(R).

Additionally, the next two corollaries follow immediately from Theorem 7.0.6.

Corollary 7.0.8. Let A be as above, then Ko(projA) = Ko(modA). In particular,
Ko(mod A) is based by projectives and is finitely generated.

Corollary 7.0.9. Let X and R be as in Setup 7.0.1. Then the canonical morphism PD
of (7.0.D) is an isomorphism. That is,

Ko(X) 2 Go(X).

Remark 7.0.10. If A has finite global dimension (equivalently, X is smooth) then Ko (X') =
Go(X). Corollary 7.0.9 is interesting precisely because Ko(X) = Go(X) even when X has

infinite global dimension.



Chapter 8
Conclusion

We conclude this thesis with a summary of the proven results. Superficially, the results
of this thesis can be viewed as computing class groups and Grothendieck groups of Kleinian

and compound Du Val (cDV) singularities. On a deeper level, we do a number of things.

(1) We extend (locally) known results in dimension 2 to a global setting.
(2) We give results in dimension 3 for both isolated and non-isolated cDV singularities.

(3) We prove fundamental and independently interesting results for surface singularities

and their quivers.

(4) Finally, in Chapter 7, we show that MMAs behave precisely as they were designed
to behave. That is, they behave as if they are smooth.

8.1 Summary Theorem

The following theorem simply summarises all the results of this thesis relevant to the

isomorphism (1.1.A).

Theorem 8.1.1. There exists an isomorphism Go(R) = Z @ CI(R) when
(1) dim R = 2 and R has only type A Kleinian singularities,
(2) dim R = 3 and R is an isolated complete local cDV singularity admitting NCCR(s),
(3) dim R = 3 and R is an arbitrary type A complete local cDV singularity,

(4) dim R = 3 and R is an isolated complete local cDV such that there exists a minimal

model f: X — Spec R where X has only factorial cA, singularities.

(5) R =S, where G is a polyhedral quotient singularity Z, for all n, Da, for n < 100,

T, O, or 1 as given in §1.5.
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Proof. (1) is Theorem 4.2.2, (2) is Theorem 6.3.6, (3) is Theorem 6.4.6, (4) is Corol-
lary 7.0.7, and (5) is Proposition 6.5.1. O

8.2 Speculations

Another interesting class of quotient singularities comes from a finite group acting
symplectically on a symplectic vector space. Such quotient singularities play an important
role in representation theory e.g., in the theory of rational Cherednik algebras introduced

by |
Then G acts on b, so it also acts on the complex vector space V = h @ h*. Such complex

|. Specifically, let G be a subgroup of GL(h) generated by complex reflections.
reflection groups G were classified by Shephard-Todd in | |. A special case is the
symmetric group S,, which can be thought of as a real reflection group acting on its
reflection representation b.

Using the MAGMA code in Appendix B we calculate the Grothendieck group, reduced
Grothendieck group, and class group of R = C[V]®» for suitable values of n. As we have
seen throughout this thesis, the Grothendieck group retains interesting representation

theoretic and geometric interpretations.

n | Go(R) Go(R) CI(R)
2 |ZoZ)2Z 7./27. 7.)27.
3 |Z®Z/6Z 7./67 7,)27.
4 |ZOZ/2Z&7/12Z 7./27. & 7.]127 7./27.
5 | Z®Z/2Z ® Z/60Z 727 & 7./60Z 727
6 |Z®L/2Z ®L/6Z ® L/60Z 7)27. ® 7/67 © Z/60Z 7./27.
T | ZOZL/2ZDL/6Z & Z/A20Z 7.)27. @ 7./6Z7 ® 7.]420Z 7,)27.
8 | ZOL2LSL 2L L/122HT/840Z | 7.)27. & 7.)27. & 7./127. & Z./S40Z | 7./2Z
9 | ZOZ/2ZDL)6LBL)12ZDZL /25207 | Z)2Z.B L6 LS L/ 12Z S L)2520Z | Z./2Z
10 | ZOZ)2ZSL/2ZDZL/6LOL)60ZD | Z/22 O L/2Z O L/6Z S Z/60Z & | Z./27Z
Z/252OZ Z/25QOZ

Table 8.1: Data for R := C[V]%" where S, is the symmetric group on n symbols

The data in Table 8.1 are examples where (1.1.A) clearly is false. Nonetheless, the

data contains intriguing information. We give the following conjecture, where V' = § & b*.
Conjecture 8.2.1. The reduced Grothendieck group of C[V]" has order n!.

In Table 8.2, we include data for the exceptional irreducible complex reflection groups
(that is, the Shephard-Todd groups) where m is the Shephard-Todd number and — denotes

I

no data; for further details, see, e.g. | |. The data seem to exhibit interesting

phenomena as well.
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m | Go(R) Go(R) Ci(R)

4 [ZoL/24L 7.]247, 7./37.

5 |Z®L/3LO L)L D L)247 7./37. & 7/37. & 7/ 247. VARYAYARY/

6 |Z®Z/2L L)AL 7.)27. & 7. 247, 7./67

7T |Z®L/3LO L)L D L)247 7./37. @ 7./67. & 7./ 247. VARYAY ALY/

8 | Z®Z/AT & 7)247 YALYA=YAPYY/ 7./47.

9 |Z®Z/2LSL/AL & L/AST 7.)27. & 7./AT. & 7./487. VARYAY ALY/

10 | Z & Z)127 & 7.,)247 ZJ127. & 7/ 247. 7.)127,

11| Z®Z/22 & L)127 & 7./487 7.)27. & 7.)127. & 7./487. 72207127

12 | Z®Z)27 & Z/247 7.)27. & 7. 247, 7)27.

13 | Z&Z)2Z & L/27 & T/A8L. 7)27. & 7./27. & 7./48T. 727 & 7).

14 | Z® Z/6Z & 7247 ALYASYAPYY/ 7./67

15 | Z & 7/27. & L./67. & 7./ ASL. 7.)27.& L/67. & Z/A8T. 7./27. & 7./67.

16 | Z & Z/57. @ 7/ 1207 Z/57. & 7./ 120 Z./57.

17 | Z® Z)10Z & 7./120Z ZJ10Z & Z./120Z 7.)10Z

18 | Z & Z/15Z & 7./120Z ZJ15Z. & Z./120Z 7.)157

19 | — - -

20 | Z® Z/3Z & Z,/120Z Z./37. & 7./ 120 YARY/

21 | Z® Z/6Z ® Z,/120Z Z/67. & 7./ 120Z 7./67.

22 | Z® 727 & 7,/]120Z 7.)27. & 7./ 1207. 7)27.

23 | Z®L)2L ® L)27 & L/30Z 7)27. & 7./27. & 7./30Z 7.)27.

2 | Z®L)2L® L)2L & L./847 7.)27. & 7./27. & 7./847. 7.)27.

25 | Z®L/3L® L)L L)T27 Z./37.& L/37. & L] 2. 7./37

2 | Z®Z/6Z® L)L L)T27 7./67. & L/67. & L] T2. 7./67

27 | Z® ZJ6Z & L/6Z & 7/ 180Z 7./67. @ 7./67. & 7./ 1807. 7)27.

28 | ZDZL/2ZDL)2LDL)2LDL)2LD | )27 & L/27. & T.)27 & 727 & | Z.)27 & Z./27.
7./67. & 7.)127. & 7./ 247, 7./67. @ 7.)127. & 7./ 247.

29 | ZOL)2LBL)2LBL)2LHL) 20D | Z)2Z & L)27. & T.)27 & L)2Z & | Z/27.
7.JAZ. & ZJ167 & Z/240Z. 7.JAZ. & ZJ16Z & Z/240Z.

30| Z @ Z/2Z & Z)27 & Z)60Z & | Z/27 & L/27.& Z./60Z & Z/240Z. | Z./27.
7./2407

31| — - -

32 | — - -

33| Z @ Z)22 ® )27 & L/27 & | Z)2Z & L/2Z. & L)2Z & L/36L.& | Z/27.
7./367 & Z./360Z 7./3607Z

34 | — - -

35| Z & Z/2Z & LJ6Z & Z)12Z & | Z)2Z & L/6Z & Z./12Z & Z./360Z | Z/27.
Z./360Z

36 | — - -

37 | — - -

Table 8.2: Data for Shephard-Todd groups
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Appendix A

The centre of the deformed

preprojective algebra

Let Q be a quiver and @ be the double of ). From §3.5, recall that the deformed

preprojective algebra is defined to be

Q) = kQ/ (Z[d, o - Z 7\i€i> )
ceQ1 1€Qo
where d = ¢* is the double of the arrow ¢, Qg is the set of all vertices, and Qp is the
set of all arrows. We refer to A = (A;);eq, as the parameters. In this appendix, we only
consider quivers with underlying extended Dynkin type ;‘:n, which have n 4+ 1 vertices
labelled i = 0,...,n, and arrows ¢; : i — (i + 1) and d; : (¢ + 1) — 4. This quiver is shown
in Figure A.1.

dy da
dO c1 7 co 7 eee dl—l
ﬂ 02\‘
0 )
\ ci
n Cn— Cn—2 dz
d n<—n-—1¢+—" .
-~
dn—1 dn—2

Figure A.1: Dynkin diagram A,

In this case the defining relations are d;_1¢;_1 — ¢;d; = Aje; for all © € Qq. In addition,
throughout this appendix we will assume that Zier A = 0.

In this appendix we consider the spherical subalgebra eylI*e, and give an explicit
description of egIIeq as a ring of the form A defined in Chapter 4. By Theorem 3.5.4,

QQH)\GQ = O)\.
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Proposition A.0.1. The elements

U = CoC1 * -+ Cn—1Cn,
v = dndn—l cee dldo, and

Tr = ngo
generate egll’ey.

Proof. First, notice that u, v, and x each start and end at vertex 0, so they are contained
in eglT*eg. As explained on page 611 of | |, there is a filtration { F}, | degree k > 0} of
the deformed preprojective algebra IT* which is uniquely defined by putting the e; in degree
zero and the arrows in degree one. This restricts to a filtration of eqII*ey. Furthermore,
by Lemma 3.5.3 it follows that the associated graded algebra of egII*e is egII%ey which is
isomorphic to the type A, Kleinian singularity Clu, v, z]/(uv—z"+) | , Theorem 0.1].
By inspection, we know that the images of u, v, and = generate eyII%¢.

Let B be the subalgebra of eylI*ey generated by w,v, and x. We need to show that
B = ¢yII'ey. Define a filtration G, on B by restriction, that is, a filtration G = F}, N B.
Then the associated graded map grB — gregll*ey = eyll%, is an embedding. It is also
surjective by assumption. Hence grB — egIl%; is an isomorphism, and so B < egIl’ey is

an isomorphism using | , Corollary 7.6.14]. [
To give a presentation of the ring eqIT*ey requires the following technical result.

Lemma A.0.2. If j > 1, then
J
CoCyp * dej e d1d0 = (Codo) . H(Codo — (}\1 4+ ...+ )\k)eo).
k=1

Proof. We begin with the base case. Let j = 1, then we have

CoCldldg = (Cng)(Codo — 7\160)

— (codo) TT (codo — (At + ... + A)eo).

k=1

So, the base case holds. Now, assume that the following holds for some j > 1, namely

J
CoCy * dej s d1d0 = (Codo) : H(Codo — (}\1 + ...+ )\k)eo).

k=1

We want to show that it holds for 7 + 1. Observe, that

cocr -+ cjdjr - didy = coler - -+ cjyrdjs - - - dy)do.
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By the induction hypothesis applied to the vertex 1, we rewrite this as
J
Co [(Cldl) . H(Cldl — (7\2 + ...+ 7\]{+1)€1)] do.
k=1

Using the relation docyo — c1d; = A1eq, we substitute each ¢ydy with docg — Are;. Therefore,

Co [(cldl) -k]i[l(cld1 — A+ ..+ Akﬂ)el)} do

J
= C |:(d0C0 — 7\161) . H (doCO — 7\161 — (7\2 + ...+ }\k+1)€1):| dg.
k=1

Since e dy = dyeg, the above is

J
= (Codo)(COdo — 7\160) . H (Codo — 7\160 — ()\2 + ...+ 7\k+1>€0)
k=1

Jj+l
= (Codo) . H (Codo — (}\1 + ...+ )\k)eo).
k=1
So, our claim holds for j + 1. O

We are most interested in the j = n special case of Lemma A.0.2, which asserts that

UV = CoCp -+ Cnlp - - - drdp
= (Codo) . H (Codo — (}\1 + ...+ Ak))
k=1
n+1

It follows that there is an induced map R — egII*ey, where

_ Clu, v, 2] |
" (uv _ kﬁi(:c Mt +7\k)))

The following is the main result of this appendix.
Theorem A.0.3. The map R — eyll’ey is an isomorphism.

Proof. The ring R is a 2-dimensional ring of the form A defined in Chapter 4, so by
Lemma 4.1.1, it is an integral domain. By | , §0], eoIT*eq is also a 2-dimensional
integral domain.

Proposition A.0.1 shows that the map R — eyII’ey is surjective. Let a be the kernel
of this map. Since eyIl*ey is a domain, a is a prime ideal. If ht(a) = m then, by Theo-
rem 2.2.10, dim egIT*ey = dim R —m. In other words, 2 = 2 —m, thus ht(a) = 0. However,

R is a domain, so the only height zero prime ideal is 0. Hence, R = eyII’e,. O
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Appendix B

Computing the Grothendieck group
using MAGMA

The MAGMA code below computes the Grothendieck group (and divisor class group) of
rings R = S¢, such as those discussed in this thesis. Below, the input variable G is always
a subgroup of GL(n,C) = GL(h). The function Groth can compute the Grothendieck

group and class group in two settings:
1. (G, 1), then Groth computes the Grothendieck group of the invariant ring C[h]¢.

2. (G, 2), then Groth computes the Grothendieck group of the invariant ring C[h ®h*]%,

where h* is the dual of h. This code is useful where G is a complex reflection group.

NaturalRep:=function (G, ) 8
CR:=CharacterRing (G);
if eq 1 then
trCl:=[Trace(Classes(G)[i]1[3]) : i in [1..#Classes(G)]1];
V:= CR ! trCl;
elif eq 2 then
trCl:=[Trace(Classes(G)[1i]1[3]) : i in [1..#Classes(G)]1];
trClInv:=[Trace (Transpose(Classes (G) [i]1[3]1~(-1))) : i in [1..#
Classes(G)]1]1;
h:= CR ! trCl;
hdual:= CR ! trClInv;
V:= h + hdual;
end if;
return V;

end function;

e
; Groth:=function (G, ) s
V:=NaturalRep (G, ) g
g:=[*x];
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for i in [1..Ngens(G)] do

Append (g, G.1i);
end for;

cl:=SubgroupClasses (G);

table:=CharacterTable (G) ;

1:=#cl;
repSubgrp:=[**];
norm:=[*x];
h:=[*x*x];
nh:=[*x];

trivH:=[*xx];

repSubgrp:=[h‘subgroup
1l:=#repSubgrp;

for i in [1..1] do

norm[i] :=Normalizer (

end for;

k:=[1;
sirr:=[];
vh:=[];

extpow:=[];

aHsum:=1[];

aH:=[1;
aHG:=[];
induced:=1[];
ps:=1[];

for i in [1..1] do

h in ¢l | Order(h‘subgroup) ne 1];

,repSubgrp[il);
h[i] :=CharacterTable (repSubgrp[i]) ;
nh([i] :=CharacterTable (norm[i]) ;

sirr:=[char: char in nh[i] |

repSubgrp[i]), Restriction(char,

W:=Restriction(V, norm([i]);

blh:=[char : char in nh[i] |

InnerProduct (Restriction( char,

repSubgrp[il)) eq 0)1;

blhchar :=[InnerProduct (char,

vh:=&+ blhchar;

InnerProduct (PrincipalCharacter (

repSubgrp[il)) eq 0 1;

(InnerProduct (char, W) ne 0) and (

W) *char

repSubgrp[i] ), PrincipalCharacter (

char in blh];



~

80

81

82

83

92

if vh[1] le 1 then

t:=[ x
end if;
p:=[[0]]

aH:=&+[(-1)~(j-1)*Symmetrization(vh, p[j])

11

aHG:=[aH * char

cat [[1

x in Generators(repSubgrpl[il]) 1;
Append ("ps, t[11);

for elt in aHG do

Append (T induced,

end for;

list:=[InnerProduct (induced[k], table[j]) : j in [1..#tablel,

1..#induced]];
A:=Matrix(Integers (), #induced, #table, list);

end for;

groth := [0

abGroth:=AbelianGroup (groth) ;

k in [1..3j]] : j in [1..Degree(vh)]];

char in sirrl];

Induction(elt, G));

j in [1..(#table - #ElementaryDivisors (A))]]

ElementaryDivisors (A);

F:=TorsionSubgroup (abGroth) ;

sg:=sub<

pseudorefl:=NormalClosure (

[

! p : p in psl >;

B

sg);

classGrp:=AbelianQuotient (G/pseudorefl) ;

return groth,

end function;

F,

classGrp;

cat

97
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