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Abstract

This thesis presents a series of complementary pieces of work, each related to chirality and
handedness in light-matter interactions. There is a particular focus on the electromagnetic helicity —
especially when viewed as a pseudoscalar density constructed from the electromagnetic vector
potentials which obeys a local continuity equation. A central theme is the ways in which matter
(both chiral and achiral) can act as “sources” of helicity, and the circumstances under which helicity
is locally conserved. This feature is connected by Noether’s theorem to the duality symmetry of the
free-space Maxwell equations — the invariance of the equations under an interchange between
electric and magnetic fields.

We begin by discussing free fields, and as the thesis progresses introduce various treatments
of matter involving both microscopic and macroscopic electrodynamics. The five chapters focusing
on original work (3, 5, 6, 7 and 9) are preceded by chapters introducing the necessary background
material and concepts.

The first piece of work is an examination of the difference between electromagnetic helicity
and electromagnetic chirality in polychromatic fields. The two quantities are proportional to one
another in monochromatic fields, but not in general. We explicitly calculate the two quantities for
some simple field configurations, and the origin and nature of the differences is discussed.

This is followed by a discussion of helicity and angular momentum radiated from elementary
multipole sources. We examine radiation from the simplest chiral source that can be constructed
from point multipoles, consisting of co-located oscillating electric and magnetic dipoles. This is
contrasted with the radiation from a rotating dipole, which is an achiral source of circularly polarised
light. The former is a net source of helicity, but not of angular momentum, and the latter a net
source of angular momentum, but not helicity.

We then move on to macroscopic electrodynamics, and consider the generation of helicity
at a dielectric interface. We provide and discuss expressions for the helicity fluxes when light is
incident on chiral dielectric interfaces, obtained from the Fresnel coefficients for chiral media.

Following this, we propose an extension to the definition of the helicity density within chiral
media. The standard definition of helicity within a dielectric is found to be unsatisfactory when the
medium is chiral — it produces an incorrect helicity-per-photon for left- and right-handed circularly
polarised light in the medium, and also is not locally conserved even when the medium is
macroscopically dual-symmetric. We present a modification to the definition of the density which
yields the correct helicity per circularly polarised photon within the medium, and find by inspection

that the new density is indeed locally conserved in a dual-symmetric chiral medium. Our definition is



then formally justified by using Noether’s theorem in order to derive the locally conserved quantity
associated with macroscopic duality symmetry in chiral media.

Finally, we conclude with an extension of a standard semiclassical treatment of molecular
light scattering to include higher-order multipole terms. These represent a higher-order correction
to the standard results, which should become appreciable when the ratio of scatterer size to the
wavelength of the incident light is around 1/10. Expressions for the scattered light from an arbitrary
scatterer are presented in terms of its polarisability tensors, with appropriate orientational
averaging to describe scattering from an isotropic fluid sample. The transformation of the results

under a change in multipolar origin is also examined, and they are found to behave acceptably.
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1. Introduction 1

Chapter 1 — Introduction

The fundamental theme running through this thesis is chirality. The work presented here
encompasses a variety of results related to the chirality of light and matter, and particularly to the
electromagnetic helicity — with special attention paid to the local continuity of helicity in free space,
and the ways in which this is modified by the presence of matter. The various pieces of original work
discuss different aspects of chiral light-matter interactions, and treat the matter in different ways:
the work in chapter 3 discusses electromagnetic helicity and chirality in free space, that of chapter 5
discusses radiation from point multipole sources, chapters 6 and 7 deal with macroscopic fields in
dielectric media, and finally chapter 9 involves a full semiclassical treatment of light scattering from
individual molecules. Because of this variety of situations and treatments, each section is preceded
by chapters which present the background material necessary to follow the subsequent work.

This chapter introduces some of the relevant concepts which serve as a starting point for all
the work mentioned above. Chirality (in the broad sense) is defined, and some elementary aspects
of chiroptical effects are discussed. We then turn to various aspects of chirality in electromagnetic
fields, presenting definitions of the electromagnetic helicity and chirality densities — which feature
heavily in the work reported in this thesis — as well as the angular momentum density. A few
features are highlighted which will play a role in subsequent the discussion: the ways in which
helicity and chirality densities relate to circular polarisation and spin-angular momentum of photons,
the issue of gauge-dependence in the helicity, and and the necessity of the C potential to ensure that

the helicity density is locally conserved.

1.1 Chirality in Light and in Matter

We begin with a definition of chirality, and a brief discussion of some common chiroptical
effects. An object is said to be chiral if it cannot be brought into coincidence with its mirror image by
some combination of rotations and translations, and the two distinct mirror-image forms of a chiral
object are called enantiomers. Left and right hands are a familiar pair of enantiomers — in fact, the

|II

word “chiral” originates from the Greek word meaning “hand”. The two enantiomeric configurations
are often referred to as left- and right-handed.

Because reflection interconverts between the two enantiomers, any odd number of
reflections applied to a chiral object will result in the opposite enantiomer. Spatial inversion is simply
a reflection in each of the Cartesian axes, and so (in three dimensions) inversion also interconverts

enantiomers. In other words, enantiomers are interconverted by parity transformations (i.e.

transformations that send x to —x).
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Furthermore, we may note that Maxwell’s equations are invariant under parity
transformations — as indeed is all of classical physics®. In the absence of parity-violating effects, the
only way that the chirality of a physical system can be important is if it interacts with another chiral
system. In this case, the relative handedness of the two generally leads to distinct behaviour. This is
of crucial importance in biology, as chiral molecules in biological systems are usually found in only
one enantiomeric form. This means, for example, that the left- and right-handed forms of chiral
drugs can have substantially different effects.

In addition to their differing interactions with other chiral molecules, the two enantiomers of
a chiral molecule interact differently with chiral electromagnetic fields. The most obvious
manifestation of chirality in light is circular polarisation, and the different interactions between
molecules and left/right-circular polarisations forms the basis of most chiroptical techniques. The
first such chiroptical effect to be observed was “optical rotation” — rotation of the plane of
polarisation of linearly polarised light after passage through a chiral sample [3, §1.2]. Linearly
polarised light can be viewed as an equal superposition of left- and right-circularly polarised light,
with the plane of polarisation specified by the phase difference between the two circular
components. A chiral sample will generally have a different refractive index for the two circular
components —so when linearly polarised light is incident, the phase difference between the circular
components is changed by an amount proportional to the path length through the sample. This
causes the plane of polarisation of the light to be rotated by an angle proportional this length. The
sense of rotation changes depending on which of the two enantiomers is predominant in the sample
—and the rotation vanishes entirely in a racemic mixture (a mixture containing equal proportions of
the two enantiomers).

The different refractive indices also lead to other chiroptical phenomena. Circular dichroism
refers to the differential absorption of left- and right-handed circular polarised light, with the effect
that incident linearly polarised light emerges from a chiral sample with some ellipticity. The other
side of the coin is differential scattering of the two circular components — which may either by
observed by comparing intensities of scattered left- and right- circular polarisations, or by detecting

a small amount of ellipticity in the scattering from incident linearly polarised light [3, §1.3].

! The laws of physics are not generally invariant under parity transformations; parity violation in the weak
nuclear force was famously demonstrated by Wu et al. in 1957 [1]. Because of electroweak unification, the
violation in principle also affects the electromagnetic forces that hold together atoms and molecules. This has
led to the prediction of very slight differences (femto to picojoules per mole) in the energy level spacing, and
hence the spectra, of opposite molecular enantiomers [2].
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All such effects have their ultimate origin in the differential scattering from left- and right-
handed chiral molecules. Molecular light scattering is discussed in detail in chapter 8, and this

provides background for the work and results reported in chapter 9.

1.2 Electromagnetic Helicity

Much of this thesis involves the discussion of various quantities connected with “chirality” in
electromagnetic fields. A natural form for such a quantity is a pseudoscalar density —i.e. a scalar
density that changes sign under spatial inversion (and therefore is oppositely signed for any two
mirror-image field configurations). It is always possible to construct a pseudoscalar quantity from a
given vector field by taking the dot product of the vector field and its curl. Such quantities have
found application in many branches of physics, as they are related to topological properties of fluid
flows. For example, in fluid mechanics, the dot product of the flow velocity with its curl is related to
the knottedness of vortex lines [4].

In electromagnetism, one such pseudoscalar is the electromagnetic helicity, which forms a
central part of this thesis. Throughout this thesis, we define the helicity density of the free

electromagnetic field by

1] [e 1| |e
h==| |[2A4-VxA+ @C-VXC ==| |1224-B- @C-D, 1.21
AR €o ARIZ €o

where B is the magnetic field vector, and D the displacement field. The vector A is the usual
magnetic vector potential, defined by V. X A = B, and C is the “electric” vector potential, defined
by2V X € = —D [5,6]. The helicity density is a Lorentz invariant pseudoscalar, which is locally
conserved in the free field. We also define the helicity flux density (the components of which give

the flux of h through an infinitesimal surface oriented in a given direction), by

1 €
v=-| |LExa+ PHxc| 1.2.2
AR €o

where E is the electric field vector, and H the auxiliary magnetic field vector. Together, h and v obey

a local continuity equation

doh
—+V-v=0, 1.2.3
Jt

which is further discussed in the next chapter. For the moment, we go on to consider the physical

interpretation of h.

2 This second vector potential is also sometimes defined as V X € = —E. We choose to define C in terms of the
displacement vector, as we will find this more convenient when extending the discussion of helicity from free
space into dielectric media. In free space, the two definitions merely differ by a factor of ¢,.
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1.3 Helicity and the Angular Momentum of Light

In particle physics, the helicity of a particle refers to the component of its spin angular
momentum in the direction of propagation. The electromagnetic helicity defined above is closely
related to this idea, even in classical physics. In order to see this, we examine the total angular

momentum density in an electromagnetic field, which is given by [7, §7]

1
L=r><p=c—2r><(E><H). 1.3.1
This quantity is often separated into “spin” and “orbital” parts, given by?
1
Lorpitar = E(EOEi(r X V)A; + cBi(r X V)(y), 13.2
1
S = E(EOE XA+ cB X (). 1.3.3

This separation is motivated by the fact that the form of (1.3.2) closely resembles an orbital angular
momentum operator. Following this analogy, the quantity is identified with the orbital part of the
angular momentum, and the remaining part of (1.3.1) with the spin angular momentum. However,
we note that the spin and orbital “parts” of the angular momentum, as defined above, are not
“true” angular momenta, as their quantum-mechanical forms do not obey the usual angular
momentum commutation relations [8].

Since the existence of orbital angular momentum in Laguerre Gaussian beams was pointed
out by Allen et. al in 1993 [9], a large body of work has grown up studying the properties of optical
orbital angular momentum [10].

It is mainly the spin part which concerns us in this work — we note that the spin angular
momentum density (1.3.3) is identical to the helicity flux density (1.2.2) [11]. A similar
correspondence is found with linear momentum density and the Poynting vector (i.e. the energy flux
density) [7, §6.7].

This isolation of a “spin” part of the total angular momentum holds even when, as above,
the fields considered are purely classical. If the fields are treated quantum mechanically, the
connection between helicity in the particle physics sense and the definition (1.2.1) becomes even

clearer.

1.4 Quantum Mechanical Form
The interpretation of the electromagnetic helicity can be further examined by considering its
guantum mechanical form, where the classical fields of (1.2.1) are replaced by quantum mechanical

field operators. The operators for the two potentials and fields are given by [12, §4.4]

3 Summation is implied over the repeated index i, which runs over the three cartesian components.
Throughout this thesis, Roman indices run over the three spatial dimensions.
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1
— h \2 ,
A(T, t) = z (m) ek,ldk,lel(k'r_“’kt) +h.c., 1.4.1
KA 0 k
h 1
Y €oC\2 .
C(rt) = Z (21/23) (k X ej3)axet® =KD + h.c., 1.4.2
kA
h 1
= Wy \2 :
ET = Z ek’l (2 I;/) idkle‘(k'r_“’kt) + h. C., 1.4.3
%) €0
1
B= Z(k X ey1) (26 Vo ) iy ekt 4 h 1.4.4
0 k

where A labels two orthogonal polarisations, ey ; and dy; are, respectively, the polarisation vector
and annihilation operator of each mode, and V is the quantisation volume. The abbreviation h. c.
stands for the Hermitian conjugate of the previous term. Substituting these definitions into (1.2.1),
and explicitly using circular polarised basis vectors, it can be shown that the total helicity over all

space for a localised field is [13]

Peotat = = /M A-VxA+ tﬂa VxCav| =Ny — M), 145
0 0

where Nk P ak +/— Qy,+ /- are the number operators for the two modes. In other words, the total
helicity is equal to A times the difference in photon number in the two circular polarisations. This
assignment of +# helicity to each of the polarisations shows the electromagnetic definition (1.2.1)’s
connection to the concept of helicity in particle physics, where the helicity of a particle refers to the

component of its spin angular momentum in the propagation direction.

1.5 The Use of the Potentials in Defining Electromagnetic Helicity

One striking feature of the definitions (1.2.1-2) is the explicit appearance of the potentials,
which means that the helicity density and flux at a point are gauge-dependent. The total helicity
(1.4.5), however, is clearly independent of gauge. The integral over all space of the product of a
longitudinal and a transverse vector field is zero [12, p. 147], and the curl of a vector field is always
purely transverse. The volume integral in (1.4.5) therefore serves to pick out only the transverse
parts of the potentials — and these are gauge-independent. In light of this, a gauge invariant local
density can be constructed by using only the transverse parts of the potentials in (1.2.1-2) [11].

Another prominent feature of the definition (1.2.1) is the presence of the C potential, in
addition to the more familiar A. This can be contrasted with a purely magnetic version introduced by

Woltjer in the study of “force-free” magnetic fields [14],
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€
hmagnetic = —OA -V X A. 1.5.1
Ho

If we replace the classical field A with the operator (1.4.1), we still find that for localised fields [15]

f Rmagnetic AV = A(Ni 4 — Ny ). 1.5.2
We have just emphasised that the total helicity is the gauge-independent quantity, and so it might
be thought that the two definitions (1.2.1) and (1.5.1) are equivalent. The key difference between
them is that the inclusion of the C potential allows the quantity h to be obtained from the duality
symmetry of Maxell’s equations. This is discussed in detail in the following chapter. Related to this, it
is only possible to write down a local continuity equation for h if the full definition (1.2.1) is used.

The situation is in some ways analogous to that of the electric and magnetic parts of the energy
. 1 . e .
density, w = 3 (e0E? + ngH?) —the correct total energy in an oscillating field can be obtained by

integrating either the electric or magnetic halves and cycle-averaging, but only the full density obeys

a local continuity equation.

1.6 Electromagnetic Chirality
As well as the helicity, we will consider another locally conserved pseudoscalar density called
the optical chirality. Its form is similar to the helicity density, but it is defined in terms of the fields

rather than the potentials — the chirality density and flux density are defined by

€
)(=?O(E-V><E+CZB-V><B), 1.6.1

2

€oC
f=T[E><(V><B)—B><(V><E)]. 1.6.2

The existence of this conserved quantity was originally pointed out by Lipkin in 1964 [16], although
Lipkin remarked that it appeared physically insignificant. It was reintroduced in 2010 by Tang and
Cohen, who proposed that it could be interpreted as a measure of local “chirality” in an optical field
[17]. They dubbed the quantity the optical chirality, and showed that the differential excitation rate
between two enantiomers of a chiral molecule in a monochromatic field is proportional to the
chirality density of the field in which they are immersed.

The electromagnetic chirality and helicity are very similar in form — in fact, one could obtain
the chirality density by forming a helicity density from the curl of the fields, rather than the fields
themselves [18]. This correspondence supplies intuition to the observation that, in monochromatic
fields, the chirality and helicity densities differ only by the constant ¢/w? [19]. In polychromatic
fields the situation is not so simple — the examination of this issue in more detail is the main subject

of chapter 3.
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1.7 Conclusion

This chapter has introduced the concept of chirality, and briefly discussed some of the main
chiroptical effects. We have also given definitions for the helicity, chirality, spin and orbital angular
momentum densities of the electromagnetic field, all of which are distinct quantities that capture
different elements of “handedness” and rotation in electromagnetic fields. In the following chapter,
we go on to consider the electromagnetic helicity in greater detail — examining its local continuity,

and its relation to symmetry transformations of the fields.
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Chapter 2 — Symmetries and Conservation

This chapter discusses the conservation of helicity and chirality. We begin with a
straightforward derivation of the continuity equations for the two quantities in free space, starting
from the definitions that were presented in the previous chapter. We then focus on helicity: having
established the local conservation of helicity, we re-examine this in the light of Noether’s theorem,
and draw attention to its connection with electromagnetic duality symmetry.

We then move on to consider the behaviour of helicity in the presence of charges and
currents. This breaks the duality symmetry, and helicity is not generally conserved — the continuity
equation acquires a source term related to the current density. Finally, we consider how the

definition of the helicity density is modified when describing the macroscopic fields in bulk media.

2.1 Local Conservation of Helicity and Chirality in Free Space
The previous chapter introduced the electromagnetic helicity (1.2.1-2). Helicity is locally

conserved in free space, and this fact is expressed mathematically by the continuity equation

oh
—+V-v=0, 2.1.1
ot

where h is the helicity density, and v the helicity flux density. This continuity equation can be

derived from the free-space Maxwell equations directly. These are given by

V-E=0, 2.1.2
V-B=0, 2.1.3
0B
VXE=——, 2.1.4
ot
VXB oF 2.1.5
X B = —_—. 1.
Ho€o ot
Starting with the definition of the helicity density (1.2.1), we take the time derivative to
obtain
oh 10 €
I _ 29 |Sor. g e p
at  20t| |y €0
1
— |- [22E.B— |aAT . yxE+ ”OH D- “Oc VxH|, 2.1.6
2 Ho Ho
T
where use has been made of—t =—Fa nd — = —V X E in the first term, and — = —H and aait =

V X H in the second. Similarly, we can take the divergence of the helicity flux density, using the

vector calculus identity V- (EXA) =A4A-(VXE)—E- (VX A)
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1 €
vl [2Exa+ Prxc
2 Ho €o

:l\/f:o(,q.(vxg)_13-(\7><A))+l @(c-(VxH)—H-(VxC)). 2.1.7
2 [Ho 2 |€o

Adding the time derivative and the divergence together gives

oh €o Ho
—+V-v=—|—E-B+ |[—H-D. 2.1.8
ot Ho €o

Finally, in free space B = ugH and D = €,E, so we have

oh
—+V-v=0. 2.1.9
ot

The local conservation of chirality can be similarly demonstrated, taking as a starting point
the chirality density and flux density [1]. Making use of the Maxwell equations to rewrite the curls of
B and E, we see that the time derivative of the chirality density is equal to

d €
—— |E-VXE B-VxB
32 | T ]

—E"[aE VXE+E aVXE+ 298 VX B+ c?B anB]
T2 lot ot © ot “F o

_ €9 JE 0B E 628+BB 6E+B 62E_60 6ZB+B 0°E 2110
2| ot ot at2 = 9t ot atz| 2 at? a2 |’ "
and the divergence of the chirality flux-density is given by
€oC?
V~T[E><(V><B)—B><(V><E)]
€oC?
=T[(V><B)-(V><E)—E-V><(VxB)—(VxE)-(VxB)
+(B-Vx(VxE)]
ec?[1  0°B 1 0°%E 0
=2 S o 2.1.11

|2 o 28 |7 T

from which the continuity equation immediately follows.

2.2 Electromagnetic Duality and the Conservation of Helicity

Whenever a physical system possesses a continuous symmetry, a locally conserved quantity
can be constructed by the application of Noether’s theorem. Conversely, when a conserved quantity
is recognised in a system it can be of interest to ask which symmetry the conservation is connected

to.
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The symmetry from which the local conservation of helicity may be derived is a symmetry between
electric and magnetic fields known as the duality symmetry’. The essential idea is that in free space,
Maxwell’s equations treat electric and magnetic fields “on equal footing”. More precisely, the form
of the equations is invariant under the following transformation, which mixes electric and magnetic
fields:

E' = Ecos0 + cBsin0, 2.2.1

1
B’=Bc059—zEsin9, 2.2.2

where 6 is any real (pseudoscalar) angle [2, §6.11]. There is, therefore, a certain arbitrariness in
what is labelled as an electric field and what as a magnetic field. Similarly, it is in a sense a matter of
convention to speak of matter as consisting of electric monopoles — the most we can say is that
every particle has the same ratio of electric to magnetic charge. A change of this ratio for all particles
would leave all observational predictions unchanged [2, p.274].

The conservation of helicity can be derived by considering an infinitesimal version of the
duality transformation [3]. When 8 is small, the transformation becomes

E'=E + 0B, 2.2.3
1
B' =B — EQE' 2.2.4

The fields themselves, however, are not usually taken as the dynamical variables when
electromagnetism is derived from an action principle, and so we require an expression for the
duality transformation in terms of the potentials.

One approach would be to include both the electric and magnetic vector potentials as
separate generalised coordinates at the outset, and consider an appropriate dual-symmetric
Lagrangian that contains both sets of potentials. This is the approach taken by Cameron and Barnett
in [4]. Written in terms of both potentials, the duality transformation is simply a mixing of the
electric and magnetic vector potentials, similar to the mixing of the electric and magnetic fields. In

infinitesimal form, it reads:
, u
A=A +\E€C, 2.2.5
€
C'=C—- |-0A. 2.2.6
u

It is also possible to work with the more usual Lagrangian, with only the scalar and magnetic

vector potentials as generalised coordinates, even though this is not itself strictly dual-symmetric.

1 This symmetry goes by many names in the literature — amongst others, the Heaviside-Larmor symmetry,
duplex symmetry and electromagnetic democracy. In this thesis it will be referred to as duality symmetry, and
the associated transformation as the duality transformation.
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Nevertheless, we may express the duality transformation in terms of these alone — this is the

approach taken by Calkin [3], and the one we shall present here. By applying the duality
transformation to the definitions of the potentials, VX A = B and — g—? — V¢ = E, we find that the

following equations must be satisfied for the changes in the potentials, 64 and §¢, under the duality

transformation:

1 1 (0A
V><6A=——9E=—9<—+V¢>), 2.2.7
c c ot
2(54)
ot V(6¢) = cOB = cOV x A. 2.2.8
The general solution to these two equations can be written
ox
o0p =—-60—, 2.2.9
¢ ot
0A=60Vy—0cVXZ, 2.2.10
where y is any scalar field, and Z is any vector field which satisfies
0z
—=A-V), 2.2.11
ot
VX (VXZ) = Ve 1a[aZ+V/1] 2.2.12
T c2 c29tlat ' -

Here, A is another arbitrary scalar field — it arises because the change in A under the duality
transformation involves only the curl of Z, and so we are free to add any irrotational field VA to our
definition of Z.

Note that we have written down the most general transformation of the potentials that
gives the duality-transformed fields. This means that the solution includes the possibility of a gauge
transformation of the potentials, and this is given by the scalar field y in the usual way. For the
remainder of this discussion we set y = 0, and focus on the changes to the potentials specific to the
duality transformation. Note also that, because of the relations above, we can identify VX Z =
—HoC.

To proceed further, we require the Lagrangian density in terms of the vector and scalar

potential. A suitable Lagrangian density for the free electromagnetic field is given by [5, §2.4]

1 1
L=—(60E-E——B-B). 2.2.13
2 Ho

Application of the duality transformation (2.2.3-4) does not leave this Lagrangian unchanged —
though it changes it only by a four-divergence, which does not affect the equations of motion.
Substituting (2.2.5-6) into (2.2.13), we find [3]

L' — L =2€ycOE - B, 2.2.14
where terms second order in the infinitesimal parameter 8 have been ignored. This may be written

as a four-divergence as follows [3]:
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L'—L=260c9<—3—f—v¢)-(\7xA)=eoce[%(—A-VxA)—v-(ExA+qb(v><A))].2.2.15

The quantity differentiated with respect to time is equal to negative of the magnetic half of the
helicity density, and the quantity in the divergence is the negative of the magnetic half of the helicity
flux density?.

We have shown that the duality transformation changes £ only by a four-divergence, but we
have not yet established a local continuity equation. In order to do this, we now make use of the
following form of Noether’s theorem: for a system described by R different scalar fields that

transform according to ¢, = ¢, + d¢,., the resulting change in the Lagrangian is given by

L' —L =i<a—L6¢r), 2.2.16
0x% \O¢br,q
where 4-vector notation has been used: a runs from 0 to 3 to label the four spacetime coordinates,
the comma denotes partial differentiation (¢, , = d¢p/9x%), and summation over both @ and r is
implied [6, §2.2]. If the transformation leaves the Lagrangian unchanged — or causes it to differ only
by a 4-divergence — this immediately results in a local continuity equation, and defines an associated
conserved quantity. We shall find that the right hand side of (2.2.16) provides us with the electric
half of the helicity continuity equation, and that equating (2.2.15) with (2.2.16) produces the final
result.
Returning to our 3-vector notation, for the electromagnetic field Lagrangian (2.2.16)

becomes
L' L—a aLS +6L 6A +c’)( oL 6 + oL 8A)
~0t\ag ¢ 0A 0x \9(0,¢) ¢ 9(0,A)

+i< oL 5b + oL .84 +i(a—L5 +6—L.5A) 2217
7\a(0,) " " 3(a,) ) 22009 * " am ) -

A locally conserved current density can be immediately read off by incorporating the four-

divergence L' — £ (2.2.15) into the right-hand side of (2.2.17) to give a local continuity equation. We
now show, by explicit evaluation of the derivatives of L, that the terms in the time and space
derivatives of the right hand side of (2.2.17) correspond to the electric half of the helicity density
and flux density.

In terms of the potentials, the Lagrangian reads

2 We note the presence of the additional term ¢(V X A), which did not appear in the definitions of spin-
angular momentum density or helicity flux density presented in the previous chapter. This term does not
contribute to the change in the Lagrangian density when integrated over all space, as V- ¢p(V X A) = ¢V -
(VX A) + (VX A) V. The first term is identically zero, while the second is the product of a transverse and a
longitudinal field, and therefore vanishes upon integration. Furthermore, when discussing local densities, we
always work in the Coulomb gauge, where the vector potential is transverse and the scalar potential vanishes
in free space, so this term does not appear. The term will be dropped in the remainder of this section.
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_1(e (v¢>)2+za—A v¢+(aA) _ L wxay 2.2.18
=2\ at) ) g ' -

and so the relevant derivatives are

oL
-y, 2.2.19
¢
6L_ (6A+V> 2920
oa o\ TV -
oL (6A_|_V ) 2991
a(vp)  °\at ¢ o
oL 1 9 1
— = _(VxA)?=—n,x(VxA), 2.2.22
00aA) ~ 2y 3 ) <A = e X (VX A)

where n is a unit vector in the a direction. The change in the Lagrangian density can therefore be

written as
r L—a(aL 8A>+a( oL zs,e1)+a L 54 +a< o 54)
T 0t \9A dx \9(0,A) dy \a(a,A) 9z \9(0,A)
a( o (6A+v ) \7><z) a( o 6A)+ Y [y +a< oL 5,4) 2.2.23
= oe\ el TV 9x \9(9,4) 9y \a(2,4) 9z\8(0,4) )

Noting that

oL 0A
7 5A—eo(a—+v¢) (—0cV x Z) = —6 D C 2.2.24

we see that the first term is the time derivative of the electric half of the helicity density. That the
other three terms correspond to the (negative of the) divergence of the flux density can be seen

from

L o 1
-6A =0 e—u—nax(VxA)-C=HC(VXA)XC-na=96(B><C)a
0

a(aaA) 0
= GJE(H x €)g. 2.2.25
€o

The change in the Lagrangian from Noether’s theorem can therefore be written

, Ho 0
L'—-L=0|—|—-=C-D+V-(HXC()]. 2.2.26
€o at

Equating this with the change given directly from the duality transformation gives

€o Ho 0 _
(A B)+ V- (ExA) e_ —g(C'D)+V'(H><C) =0, 2.2.27

Uo 0

which is the local conservation of electromagnetic helicity.
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The above discussion relates to classical field theory — the connection between helicity
conservation and duality symmetry can also be exposed succinctly using the quantum mechanical
formalism, as follows.

Operators corresponding to conserved quantities commute with the system’s Hamiltonian.
Any Hermitian operator, h, can also be used to generate a unitary transformation by

U= elfh, 2.2.28
parameterised by some 8. If such a unitary transformation leaves the Hamiltonian unchanged, then
it follows directly that the operator used to generate the transformation commutes with the
Hamiltonian [6, p. 31]. So to complement the discussion above, which began with the symmetry and
examined the conserved quantity associated with it, we may approach the issue the other way
around, as it were — using the helicity operator as the generator of an infinitesimal transformation of
the fields, and then examining the effect of the resulting transformation.

Generating an infinitesimal unitary transformation using the helicity operator, and applying

this to the electric and magnetic field operators, yields

eih\totalefe_iﬁtotale =F + cOB 2.2.29
eiﬁtotaleﬁe_ih\totale = P — EBE' 2.2.30
c

with ﬁtoml the helicity density operator, integrated over all space [7]. This is nothing other than the
infinitesimal duality transformation. The result is obtained by substituting the definitions of the
helicity, E and B operators (1.2.1, 1.4.3-4), taking the Taylor expansion of the exponentials to first-
order in 8, and applying the commutation relations for the creation and annihilation operators. The
full calculation is presented in appendix A.

An important benefit of recognising the relationship between helicity and duality symmetry
is that it provides some intuition of why helicity is generally not conserved in the presence of matter,
and under what special circumstances the conservation will continue to hold. Matter is made of
electric charges, not magnetic ones, and so the presence of matter breaks the duality symmetry.
However, as we shall see later, there are circumstances where a form of the duality symmetry
survives for the macroscopic fields even in the presence of a medium, and under these the helicity of

the macroscopic fields is conserved?.

3 We remarked earlier that it is, in a sense, a matter of convention to treat the charges in matter as purely
electric — the physically important condition being that all particles have the same ratio of electric to magnetic
charge. It is worthwhile to note here that the breaking of duality symmetry by matter would not be affected by
a more symmetrical choice of convention — for example, taking all charged particles to have half electric and
half magnetic charge. In this case, the asymmetry comes about because all charges have (say) positive electric
and positive magnetic parts, or negative electric and negative magnetic parts —and none have positive electric
and negative magnetic, or vice versa. It is the introduction of the fixed ratio which breaks the symmetry.
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2.3 Duality Transformations and the Rotation of Polarisation

Before turning to the continuity of helicity in the presence of matter, we make a brief
digression to discuss the physical effect of the abstract “rotation” between electric and magnetic
fields presented above. The conservation of angular momentum is connected by Noether’s theorem
to rotations. Helicity is closely connected to angular momentum, and also to rotations — though the
duality transformation presented above appears at first glance quite unlike a rotation.
To see an intuitive connection between this transformation and helicity, one can consider its effect
on a plane-wave. For a transverse plane wave, where the electric and magnetic fields are always
perpendicular to one another, the angle 8 in the transformation (2.2.3-4) — which parameterises the
mixing between electric and magnetic fields — corresponds to a physical rotation of the direction of
the electric and magnetic fields about the propagation direction by an angle 8. It is clear, then, how
the resulting quantity is related to the component of the angular momentum which is connected
with photon polarisation —that is, the spin angular momentum —in the direction of propagation.

We may mention also that the conservations of the spin and orbital parts of the free-field
angular momentum — as defined by L = %(eoEi(r X V)A; + cB;(r xV)(C;) and § = %(EOE XA+
cB x C) — are related to rotations of a sort. One might expect that the decomposition of total
angular momentum into spin and orbital parts would be related to a decomposition of the
generating rotation into separate transformations: the orbital angular momentum would be
connected with rotations of the positions field vectors (rotating the system while “parallel-
transporting” the field vectors), and the spin part with rotation of only the direction of the field
vectors. While the composition of these two transformations leads to an ordinary rotation
(corresponding to the conservation of total angular momentum), these separate rotations are not
symmetries of the free-space Maxwell equations, and they can be shown to violate the
transversality of the free fields. The infinitesimal transformations which do generate these quantities
correspond to performing the aforementioned “rotations”, and taking the transverse parts of the
result [8]. In this sense, they are the “closest approximation” to these rotations allowed by the free-
space Maxwell equations. As pointed out in [8], the fact that spin and orbital momentum
conservation are not related to exact rotations may not be entirely surprising, as neither the spin nor
the orbital parts are “true” angular momenta, in the sense that their components do not obey the

usual angular momentum commutation relations [9].
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2.4 Local Continuity of Helicity in the Presence of Charges and Currents

We now turn to the question of defining helicity in the presence of matter. As mentioned
earlier, the presence of matter breaks duality symmetry, so we will not expect the helicity to remain
a conserved quantity.

To begin with, we will examine the situation from the point of view of microscopic
electrodynamics, with all charges and currents written explicitly. We repeat the calculation
presented in the first section of this chapter, but employ the Maxwell equations with a charge

density p(r, t) and current density J(r, t). In other words, in place of (2.1.2) and (2.1.5) we have

V-E= ﬁ, 2.4.1
€o
0E
VXB :/.10]+‘u.0605, 2.4.2

while (2.1.3) and (2.1.4) remain unchanged.

Two of the identities used during the derivation in section 2.1 are modified by the presence

T

o . - . aD
of matter. First, if we treat the current density as consisting entirely of free current?, we have el

T
V x H—J7 inplace ofaait = V X H. The corresponding identity for the € potential also requires

modification, and becomes (;— = —H + g in place of— = —H. To express this latter identity, we

have introduced a new vector field g, which may be taken as any vector field which satisfies
V x g = JT. Note that in free space the distinction between D and DT was unimportant, whereas in
the presence of charges it is significant.

Using these identities, the time derivative of the helicity density then becomes

€o Uo
AT CT DT
at 26t Iuo ’
1 T . T T _ T _ Ko 7 Ko v o
_E ,uE A -VXE+ HD gD C -VXH+ C -J'1.2.4.3
0

The expression for the divergence of the flux density remains unchanged:

1 €
v 2 xat+ P
2 Ho €o

€ €
= |[2AT . (VX ET) — |-2ET.(VxAT) +
Ho Ho

Ho

Poce . wxm- &
€o

0 H (V X C). 2.4.4

This means that when we construct the continuity equation, we are left with the source term [1]

4 1n this section we will treat all charges and currents as free, and so D and E will only ever differ by a factor of
€. B and H differ likewise by a factor of y,.
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ah _1 nu'O T T T _1 :LLO
at+\7 V=2 Eo(c J'—g D)_2 Go(c (Vxg)+g-(VxO0)). 2.4.5

This term shows how matter can act as a source or sink of helicity. A word of caution must be
supplied in connection with the terms “source” and “sink”, as — unlike in the case of energy
continuity (for example) — there is not a sense in which the matter “gains” or “loses” helicity to
compensate for changes in the field. A similar calculation shows that the corresponding equation for
the continuity of chirality in the presence of matter is [1]

dy 1
E+V-f:—E(]-(VXE)+E-(V><])). 2.4.6

2.5 Continuity of Helicity in Media

To conclude this chapter, we consider the definition and behaviour of helicity within bulk
media, working in the context of macroscopic electrodynamics. We consider linear, lossless, non-
dispersive media, but allow the permittivity and permeability to vary in space. We also now assume

that there are no free charges or currents. Maxwell’s equations then read

V-D=0, 2.5.1
V-B=0, 2.5.2

0B
VXE=——, 2.5.3

ot

oD
VXH=—, 2.5.4

ot

with the constitutive relations

D = e¢(r)E, 2.5.5
B = u(r)H. 2.5.6

When writing the above, we have explicitly indicated the spatial dependence of €(r) and u(r); this
will be left implicit below for notational brevity.

We now again repeat the derivation of the continuity equation. Because we have no free
currents or charges, the form of the time derivative of the helicity density is unchanged from the

free-space case. However, the spatial variation of the permittivity and permeability adds extra terms

when the divergence of the flux density is taken. Using V - (\EE X A) =V (\E) -EXA+ \EV .

(E x A), etc., we obtain
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1 € u
-V-| FExXA+ [-HXC
2 u €

:%ﬁ(A.(VxE)—E-(VxA))+%\/g(c.(VXH)_H_(VXC))

1 € 1 U
+=V| |- |EXA+=V| [—|HXC. 2.5.7
2 U 2 €

This means that the helicity continuity equation acquires the source term

dh 1 € 1 7
—+V.-v==V| [-|EXA+=V| [—]|HXC. 2.5.8
at 2 U 2 €

We see that the generation or loss of helicity is directly related to changes in the ratio of the
permittivity and permeability. The situation can be clarified by consideration of a generalisation of

the duality transformation which applies to the macroscopic fields.

2.6. Duality Symmetry in Bulk Media

It was mentioned earlier that the presence of matter breaks the duality symmetry of
Maxwell’s equations. However, the absence of free charge gives (2.5.1-4) the same form as the free-
space Maxwell equations (2.1.2-5). One can therefore define a generalised duality transformation in

terms of the macroscopic fields [10]

€
D’=Dcos€+\/;Bsin9, 2.6.1

B’=Bcos€—\/§Dsin9, 2.6.2

which leaves the forms of (2.5.1-4) unchanged. Because the permittivity and permeability can vary
in space, if the form of Maxwell’s equations is to remain unchanged we also have the requirement

that the gradient ofﬁ is zero. We can show this explicitly by applying the transformation to the right-

hand sides of the Maxwell equations. For the first equation we have

€ €
vV-D'=V- Dc059+\/l;Bsin9 =V \/; -Bsiné. 2.6.3

For the second, we similarly have

V-B’=V-<Bcos€—\/gDsintQ):—V(\/g)-DsinB. 2.6.4

For the third, we obtain
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1
VXE =Vx| Ecosf + E—BsinG =Vx<Ecos€+\/§Hsin9>
U

0B LoD [0 . dB’ [ .
——cos@+ |—sin@+|V [—]|XHsin0 =——+|V [— ]| XHsinf 2.6.5
ot € Ot € ot €

Finally, the fourth Maxwell equation becomes

, € oD €0B € )
VXH =VX| Hcos0 — |—Esinf |=—cos0+ |——sin0+V| |—|XEsinf
U at u at U

oD’ €
=—+V| |- |XEsin®. 2.6.6
at u

We therefore see that we expect the helicity to be conserved whenever the ratio \/E remains

constant. We shall return to this point in chapter 7, when we examine the definition of helicity
within a chiral medium — the idea that helicity should be conserved if the medium exhibits
macroscopic duality symmetry is used to motivate an extension to the definition which retains these

properties even in a chiral medium.

2.9 Conclusion
This chapter has examined the conservation of helicity, presenting a local conservation law in free
space, and showing how this is modified to become a local continuity equation in the presence of
matter. The conservation of helicity is related by Noether’s theorem to the invariance of Maxwell’s
equations under duality transformations that interchange electric and magnetic fields.

Even when the presence of matter breaks the duality symmetry, helicity can be locally

conserved when defined using the macroscopic fields within a medium — provided the “dual
symmetry” condition V (\E) = 0 holds.

The idea that matter acts as a source or sink of helicity will be made use of in chapters 5, 6
and 7. In the following chapter, we restrict our attention to free space, and discuss the differences

between helicity and electromagnetic chirality in polychromatic fields.
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Chapter 3 — Helicity and Chirality in Polychromatic Fields

The previous chapters have introduced the electromagnetic helicity and electromagnetic
chirality as conserved quantities of the free electromagnetic field. It was noted that in
monochromatic fields both quantities differ only by a constant — both being proportional to the
difference between the number of right- and left-circularly polarised photons in the field. However,
the constant of proportionality differs between the two — in particular, the chirality of a photon
depends on the photon’s frequency (it is proportional to the square of the photon frequency), while
the helicity does not.

This different frequency scaling is the reason that a simple proportionality between helicity
and chirality only holds in the monochromatic case, and it has important consequences when
evaluating and interpreting the two densities in polychromatic fields. In this chapter, we examine the
helicity and chirality densities in some simple polychromatic fields, and show how the presence of
multiple frequency components leads to differences between the two quantities. We treat three
examples of increasing complexity, beginning with the superposition of two circularly polarised
plane waves of different frequencies. We then move on to consider chirped pulses of circularly
polarised light, before finally discussing helicity and chirality in an “optical centrifuge” —a
superposition of two pulses of circularly polarised light of opposite handedness, one chirped up and
the other chirped down. The work presented in this chapter was published in [1], and this chapter

follows the paper.

3.1 Helicity and Chirality in the Superposition of two Plane Waves

The superposition of two plane waves of different frequencies is perhaps the simplest
example of a polychromatic field, but it is sufficient to illustrate the way that polychromaticity
affects the behaviour of the two densities. Consider two co-propagating circularly polarised plane
waves of opposite handedness, with frequencies w; and w,. Taking the waves to be propagating in
the z direction, the complex electric and magnetic fields can be written

E = Ege i1 (x + iy) + Eje~'¥2(x — iy), 3.1.1
Ey _; . Eo ivonr
B = 7e““’1”(—1x +y)+ 7e““’2”(1x +y), 3.1.2

with E, the peak electric field strength of each plane wave, x and y are unit vectors in the x and y

directions, andn = t — z/c. If the frequency difference is fairly small, then the superposition

wqtwsy
2

appears like a linearly polarised plane wave of frequency , with a plane of polarisation that

w1

rotates at frequency ;wz. This configuration is similar to the “optical centrifuge”, which will be
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discussed later — in an optical centrifuge, frequency chirps of the two waves cause the speed of the
polarisation plane’s rotation to increase with time.
In order to calculate the helicity density, we require expressions for the vector potentials 4

and C. As we are considering the free field, we may choose a gauge where the scalar potential is

zero, and obtain transverse choices for the 4 and C potentials from the relationships E = — Z—': and
B =— - 162 Z—i. Integrating the E and B fields with respect to time leads to the potentials
0
Eo iwinre Eo iwnr
A=—e ' (ix —y)+—e 2N (ix + y), 3.1.3
w1 o)
_ € Eo _in . € Ey _;, .
C=—-|——e 1 (x+iy)— |——e ' (—x + iy). 3.1.4
Ho W1 Ho W2
This results in a helicity density of
,( 1 1
h = €yE§ (— - —) (1 + cosn(w; + wy)), 3.1.5
w; W
and a chirality density of
foEg
X = - (w1 — w2)(1 + cosn(wy + wy)). 3.1.6

The most immediately striking feature of this result is that the helicity and chirality densities
have opposite signs: if the frequency of the left-handed wave is higher than that of the right-, then
the helicity is negative and the chirality positive, and vice versa when w, > w;.

The reason for this can be seen intuitively by considering the relationship between the helicity
density, chirality density and energy density in a circularly polarised plane wave. The ratio of helicity

density to energy density in a circularly polarised wave of frequency w is given by [2]

A1
L 3.1.7
w w

where h is the helicity density, w is the energy density and the positive and negative signs refer to
left- and right-handed waves respectively. This relationship is clearly compatible with the notion that
a circularly polarised photon carries a helicity of +#. By contrast, the ratio of chirality density to

energy density is

X4 3.1.8
w

which corresponds to a chirality of +Aw? per photon.

The origin of the difference in sign between the measures lies in this different frequency
scaling —increasing the frequency, while keeping the energy density constant, decreases the helicity
but increases the chirality density of a circularly polarised wave, and so the wave which makes the
dominant contribution in the two-wave superposition is different for the two measures. Another

way of putting this is that plane-waves of fixed energy density contain more photons if they are of
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lower frequency — and the helicity-per-photon is independent of frequency, while the chirality-per-
photon is not.

In writing (3.1.1) and (3.1.2), we stipulated that each of the two plane waves had the same
energy. If we had instead stipulated that each had the same the photon number (i.e. E? /w, =
EZ/w, ), then the cycle-averaged helicity density would be zero. In general, modifying the relative
intensities of the two plane waves will result in a field resembling an elliptically polarised wave with

a rotating major axis. The resulting helicity and chirality densities are

Ef E3 1 1
h = €p a)_l_a)_2+E1E2 (w—l—w—z) COS(T]((ul +(1)2) , 3.1.9
€
x == (Efwy — Efw, + Ey By (w; — wg) cos(n(w; + w3)), 3.1.10

where E; and E, are the peak electric field amplitudes of the right- and left-handed waves
respectively.
This allows one to construct superpositions where the helicity and chirality have the same

sign, or where one is zero and the other is not. For example, we see that the average helicity is equal

to zero if
E? E2
i 3.1.11
w1 Wy
and the average chirality is equal to zero if
E?w; = E2w,. 3.1.12

There are two intuitive ways in which the field might be thought to possess a sense of
rotation — the handedness of the “elliptical polarisation”, and the sense of rotation of the major axis.
We note that the conditions for changes in sign of helicity and chirality are not the same as those for
which the handedness of the “elliptical polarisation” changes (this is governed by which is larger of
E; and E,), nor do they correspond to changes of the sense of rotation of the major axis (which is
governed by which is larger of w; and w,). We also note that while certain amplitude scalings can
make either the average helicity or chirality separately 0, the only way to have both simultaneously
zero is to have both w; = w, and E; = E,, for which the superposition corresponds to ordinary
linear polarisation. The path traced by the electric field vector in three cases is illustrated in figure

3.1 below.
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Figure 3.1. lllustrative plots showing the path traced by the electric field vector in the x-y plane at a
point of fixed z, when two plane-waves are coherently superposed as described in the text. Plot (a)
shows the field given in (3.1.1), where both plane waves are of equal strength. Plot (b) shows an

example scaling where the average helicity is zero, and (c) where the average chirality is zero. For
. . . . 5
each of the plots, we use the somewhat impractical frequency relationship w, = - W2, SO that the

rotation is fast enough that the path can clearly be seen.

3.2 Helicity and Chirality in a Chirped Pulse of Circularly Polarised Light

We now move on to consider helicity and chirality in a chirped pulse. A chirped pulse is a
pulse in which the frequency increases or decreases as the wave progresses — the two situations are
referred to as an “up-chirp” and a “down-chirp”, respectively. A negative frequency chirp is
illustrated in figure 3.2.

A circularly polarised pulse with a linear frequency chirp can be represented by the fields [3]

E = Eo(x + iy)f (n)e~H(@on+bn®), 32.1
E .
B = — (=ix + y)f (n)e~(worbr), 3.2.2
C

where wy is the initial frequency, b is the chirp parameter (which governs the rate of the frequency

change), and f(n) is some envelope function which determines the shape of the pulse. For

_m-a)?
convenience we consider a Gaussian envelope, and set f(7) = e ¢2 , with a and ¢ the initial

central position and standard deviation of the envelope. The instantaneous frequency (which is

defined as the time derivative of the phase) is given by 2bn + w,.
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amplitude

time

Figure 3.2. A sine wave with a Gaussian envelope and a negative frequency chirp. The “chirp” means

that the instantaneous frequency of the pulse decreases as time passes.

It should be mentioned at this stage that the fields above are somewhat artificial, as they
describe an unbounded linear frequency chirp. In reality, chirped pulses are produced by delaying
the different frequency components of a source by different amounts [3], and so the chirp will
extend over only a relatively narrow spectral range, fixed by the bandwidth of the laser that
produces the pulse. For these fields to be physically reasonable, a and o will be such that the region
of the pulse with appreciable field strengths is appropriately narrow — and, importantly, far from the
point at which the instantaneous frequency becomes negative. This unphysical region of negative
frequency in the above expressions poses little problem for the calculation of the chirality density —
the chirality density at a point is local in the fields — but the issue becomes more subtle in the
calculation of the helicity, and the approximations built into (3.2.1-3.2.2) must be handled with care.

Calculating the chirality density using (1.6.1) and the fields above gives

E2e, _-o?
e o2 (2bn+ wy). 3.23

X =
Rather than being proportional to the frequency, as in the case of an unchirped plane wave, we see
that y is proportional to the instantaneous frequency. By differentiating with respect to 1, we find

that the maximum chirality density occurs at

_ 2ba—w, + \/(Zba + wg)? + 8b%a?

Nymax = b 3.2.4
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Note that the quadratic which results from differentiating the chirality density has two roots, but we
choose the higher one, as the lower root corresponds to a local minimum in the unphysical region of
negative instantaneous frequency. We can compare this with the position of maximum energy
density in the pulse, which occurs at the maximum of the envelope, n = a. The difference between

the two is equal to

—(2ba + wy) + \/(Zba + wy)? + 8b%0?
Nymax — @ = v . 3.2.5

We thus see that, for an up-chirped pulse, the maximum of chirality occurs after the maximum of
energy. This makes intuitive sense, as the instantaneous frequency of the chirped pulse is higher at
later times. This displacement is small: as typical examples of the frequency, pulse envelope and
strength of the chirp, we can consider a pulse lasting around 50 ps, with an initial wavelength of 800
nm and a final wavelength of 780 nm (these values are chosen to be of comparable magnitude to
those used in existing optical centrifuge experiments, such as [4]). This would correspond to o =
25ps, b ~ 6 X 1023572, and 2ba + w, = 2.36 X 10'°s~1, making the time between maxima
0.16ps.

A corresponding result is found for the helicity density: in an up-chirped pulse, the maximum
of helicity occurs slightly before the maximum energy — fitting with the observation in section 1 that
the helicity density for a given energy is higher at low frequencies. However, the explicit calculation
of the helicity density is more involved than the chirality density.

To begin, we require expressions for the vector potentials. Proceeding as in section 1, we
can evaluate the integrals A = — [ Edt and € = —eoczf Bdct. This can be accomplished using the

standard integral [5]

1 B*-ay
f e~ (ax?+2Bx+y) gy = _\/Ee I erf(\/Ex + ﬁ) , 3.2.6
2\Na Va

with the “error function” defined by erf(x) = %fox e~t*dt. The result remains valid for complex

exponentials —in this case, the definition of the error function is extended to complex variables by

a

analytic continuation. We are therefore free to make the identificationsa = — +ib, f == —; +
2
iwg) and y = —;, in order to obtain
_-a)? 2 B
A=—-Ey(x+ iy)f 202 e~ i(won+bn )dn = ——Eo(x + ly)\/7 Ca erf(\/En + \/—_) 3.2.7
a
_(m-a)*
C = —€ocEy(—ix + y)f “202 g~ i(won+bn? )dn
! Eo( + )f f + A ) 3.2.8
= —=¢€ocEy(—ix a er — 2.
2 0 0 Yy 77 \/'(,_l
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These error functions can in principle be evaluated numerically — for example, by using the

power series expansion [5]
erf(x) = 2 i(—l)kﬂ 3.2.9

_‘/Ek:o k' 2k + 1)’ o
and then the real parts of the potentials may be used to calculate the helicity. However, this
approach leads to problems connected with the unphysical nature of the fields (3.2.1-2). As
mentioned earlier, the helicity at a point does not only depend on the fields and field derivatives at
that point, and this means that the values of (3.2.1-2) at negative n (which do not represent the
physical system under consideration) still contribute to the helicity density at positive 7.
The error functions were evaluated numerically using Wolfram Mathematica, and the helicity
density obtained was found to exhibit rapid oscillations on top of a broader distribution (see figure
3.3). These oscillations reduce in prominence when the envelope is narrowed, or the centres of the
pulses are moved further from the regions of negative instantaneous frequency. Such oscillations
give the impression of an oscillatory function being added on top of the expected helicity
distribution — and they can in fact be removed entirely by subtracting an appropriate constant from
the potentials before the helicity is calculated.

One is always free to add or subtract a constant to the vector potentials — this is, in effect,
the simplest gauge transformation. While one may choose any constant without affecting the
physical fields, or the total helicity density, the choice can substantially affect the local density. This
can be clearly illustrated if one considers calculating the helicity density of a circularly polarised
plane wave, but adding a constant to the usually chosen A potential: one would find rapid oscillation
inthe A -V X A term, caused by the product of the oscillatory V X A and the added constant in A.
However, this freedom is rarely important, as when the fields are localised it is standard to choose a
gauge where the potentials approach zero at large distances.

Despite the fact that the E and B fields are localised, the potentials (3.2.7-8) do not

approach zero at large distances, as lirJP erf(x) = +11. Furthermore, because the limit has
xX—+oo

opposite sign when 711 approaches positive or negative infinity, no choice of constant will make the
potentials vanish at both = 0o and n — —o0. This behaviour is again connected with the unphysical
nature of an infinite linear frequency chirp. However, it is possible to choose a constant that makes
the potential vanish in one of the two limits. The appropriate choices of constants to remove the
rapid oscillation are found to be those that make the potentials of the up-chirped pulse vanish at

large positive times, and the potentials of the down-chirped pulse vanish at large negative times. It

1 Provided that the argument of x is always strictly greater than g, which is always the case for (3.2.7) with
large |n|.
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must be remembered that these are the large 1 limits in which the expressions for the respective
chirps are still physically sensible, so it seems reasonable to be concerned with the behaviour of the

potentials in these limits rather than the complementary ones.

(@) (b)

n—a(s) n—a(s)

Figure 3.3. The helicity density in an up-chirped pulse, calculated (a) using the potentials (3.2.7) and
(3.2.8), and (b) subtracting the n — oo limit from each of the potentials as described in the text. Plot
(a) exhibits rapid oscillations, which are removed by the choice of potentials in (b). The parameters
used in this illustration are standard deviation ¢ = 10s, central frequency w, + 2ba = 30 rad s?,
and chirp strength b = 0.5 s, and both densities have been normalised so that (b) has a maximum
of 1. For more realistic pulse parameters, the oscillations (which are of the order of the frequency)

are too rapid to be clearly resolved in a plot.

3.3 Approximate Potentials for a Chirped Pulse
Instead of using numerical methods to analyse the exact solutions given above, our analysis

can equally well proceed by making the following approximations for the potentials:

_m-a)? 2
(—ix + y)Ege~ 202 e~ i(won+bn?)
A= , 3.3.1
wo + 2bn
m-a)?
€0 (—x — iy)Egce” 207 e=i(won+bn’)
C~= |— 3.3.2
Ho wo + 2bn

These are simply the vector potentials of a circularly polarised plane-wave, but with the frequency in
the denominator replaced by the instantaneous frequency, and with the inclusion of the appropriate
frequency chirp and Gaussian envelope.

To check that these are reasonable approximations, we may examine the electric and

magnetic fields derived from these potentials:
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94 _-a? 2 in—a) 2bi
EE=—_"_=F i 202 o~ (won+bn?) | _ — 11, 3.3.3
o¢ = Folx +iy)e 207 e 72(wy + 2bm)  (wg + 22
1 dC E, _m-a? 2 in—a) 2bi
B =——_ =294 267 g~i(won+bn?) [ _ — 1]|.3.34
car - ¢ T ye 2te 2(wy + 2bm)  (wy + 2bZ

The first two terms in the square brackets are always much less than 1, because of the optical
frequencies in the denominators, showing that these potentials are indeed good approximations to
the exact vector potentials.
The helicity calculated from the approximate vector potentials is equal to
(m-a) 1

h=e¢yEfe o2 —— 335
oto¢ ¢ 2bn + w

and so the maximum helicity occurs at

2ba — wq ++/(2ba + wy)? — 8ba?
Nhmax = m , 3.3.6

where again, we have taken the higher root, as the lower one corresponds to a region of negative
instantaneous frequency. The difference between the maxima of helicity and energy density is then

given by

—(2ba + wy) ++/(2ba + wy)? — 8b202
Nhmax — A = 2 4b g , 3.3.7

confirming that the maximum of helicity occurs slightly before the maximum of energy.
The results of this discussion are summarised in figure 3.4, which shows the helicity, chirality
and energy density in a right-handed, up-chirped pulse, with parameters chosen to clearly illustrate

the different positions of the maxima.
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Energy Density
Chirality Density
Helicity Density

-1.x10-10 -5.x10~11 5.x10~11 1.x10-10
n—als)

Figure 3.4. Calculated energy, chirality and helicity densities for a positive-helicity circularly polarised
plane wave pulse, normalised so that each has a maximum of 1. The parameters used are a standard
deviation of @ = 0.2ns, a central frequency of wy + 2ba = 2.15 X 10%rad s, and a chirp strength
of b = 5.6 X 102 s2. These parameters describe a pulse significantly longer and broader in
frequency than the more realistic ones discussed in the text, but are chosen to illustrate the

behaviour.

3.4 Helicity and Chirality in an Optical Centrifuge

An optical centrifuge is a superposition of a left- and a right-handed circularly polarised
plane wave, as in section 1, but with each wave linearly chirped—one chirped up and the other
down. This means that the frequency difference between the two waves increases linearly with
time—and so if the resulting superposition is viewed as linear polarisation with a rotating plane of
polarisation, the angular speed of this rotation increases at a constant rate. These fields can be used
to excite molecules to very high rotational states, and even dissociate heavy molecules. The action of
an optical centrifuge in inducing molecular rotation can be analysed classically, as in the original
paper of Karczmarek et al [6], or viewed quantum-mechanically as driving the molecules up a
successive ladder of rotational transitions [7,8].

We can straightforwardly extend the reasoning of the previous sections to consider the

fields of an optical centrifuge. The fields are given by the real parts of

E = Eof (n)[(x + iy)eH{@on+bn?) 4 (x — jy)e=i(won-bn%)], 3.4.1

B = = f()[(—ix + y)e @m+07) 4 (ix 4 y)e-ilomron)] 342
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From these, it is straightforward to find the chirality density

8e B¢ _-a)?
= e o> bncos?(wyn). 3.4.3

C2
To find the helicity density, it is most straightforward to use the following approximations to

the potentials, similar to the approximations made in section 2.

_m-a)?
A~ A =Eje 202

fe _=)? [(—x — iy)e~H@on+tn®)  (x _ jy)e~ilwon=bn?)
C~C = [2Eyce” 202 [( Y) ) 3.4.5
Ho

—ix + y)e~i@ontbn®) (_jx _ y)e-ilwon=bn*)
( y) +( y) 344

wo + 2bn wo — 2bn

We then find?, using h = %(\/%Re[A’] *Re[B] — \/up€oRe[C'] -Re[E]),
0

(n—-a)?

—8eocEfe o2
h=
(wo + 2bn)(wo — 2bm)

The energy density in the centrifuge is given by

[bn cos?(won)]. 3.4.6

_-a)*
w =4E%eqe 0% cos?(wyn), 3.4.7

so we again have the result that the helicity and the chirality have opposite signs, with the chirality
dominated by the higher frequency wave and the helicity by the lower frequency one. Due to the
time-varying frequencies, the helicity and chirality densities are no longer proportional to the energy

density — the ratios are

h —2chy 348
w  (wo + 2bn)(wg — 2b7n)’ o
i 4.

Taking the ratio with the energy density in this way removes the effect of the pulse envelope

and the rapid oscillations at wg. This makes clear the main qualitative difference between the

21t would also be possible to use h = %(\/%Re[A'] *Re[VXA']+ \/’:—T’Re[C'] * Re[V x C’]). One
0 0

might argue that this is more self-consistent, as here we consistently use the approximate
potentials, rather than mixing between exact fields and approximate potentials. If we do this, we
obtain
8e.cE _(n—gl)2 8e cE _(n—gt)2
—O0€gCLye O €ocEfe o
h = bn cos?(w +
(o + 2bm) (g —26m) 1 % oD S 20y (w, — 22

[bwq sin(Rwgn)].

The first term is the same as before, and the second is much smaller, as it contains the squares of
the instantaneous frequencies in the denominator. This question does not arise for the single
chirped pulse considered in section 3: both procedures lead identically to (3.3.5).
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measures—they have opposite signs, and different dependences on the instantaneous frequencies

of the two beams.

3.5 Conclusion

This chapter has examined the helicity and chirality densities in various polychromatic fields,
and shown how the polychromaticity leads to significant differences between the two measures. It is
striking that the quantities, which both in a sense indicate the ‘handedness’ of the field, may differ in
sign in even simple cases. The easiest way to understand this is that the frequency dependence of
the two quantities can be a decisive factor when multiple frequency components are present, while
in the monochromatic case it leads only to each quantity being multiplied by a different constant.
This behaviour seems counter-intuitive if the helicity or chirality densities are thought of, in some
sense, as measures of the ‘amount’ of handedness in an electromagnetic field. However, there can
be no single property that captures this idea of handedness — it is impossible in general to define a
guantitative measure of chirality which applies to all geometrical systems and assigns opposite signs
to opposite enantiomers. To be precise, for any particular pseudoscalar measure that might be
supposed to indicate the ‘amount’ of chirality associated with a configuration of points, there will
exist chiral configurations for which the measure is zero. This can be seen by considering that (in
three dimensions) it is always possible to smoothly deform a configuration of points into its
enantiomer without passing through an achiral configuration on the way [9,10]. If the measure is a
continuous function of the positions of the points, it must pass through a zero during this
deformation, and therefore assign a zero to a chiral configuration.

In the absence of globally satisfactory criteria, any quantification of chirality—of the
electromagnetic field, or otherwise—must be performed with a view towards context and
applications. In connection with this, we may note that the helicity is more transparently connected
to physical quantities of the field, such as the spin angular momentum and photon number, than the
chirality [2].

Ultimately, interest in the measures discussed here is often connected to their usefulness in
describing the interaction of the field with matter. In the following chapter we pursue this line of
enquiry, presenting the results from multipolar electrodynamics that will be needed to discuss the

generation of helicity and chirality by charges and currents.
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Chapter 4 — Multipolar Electrodynamics

It is often convenient to describe localised distributions of charges and currents in terms of
their electric and magnetic multipole moments. In this chapter, we review the definitions of the
various multipole moments. We then discuss the radiation pattern from harmonically oscillating
multipole moments, which will be crucial for our later treatment of molecular light scattering in

chapter 9.

4.1 Electric Multipole Moments
In the following, we consider a distribution of a discrete charges, each located at position

T4, with charge q,. The charge and current densities are therefore given by

p() = ) 8(r—1)de 411

J(r) = Z S(r—1ry)q.r, 4.1.2

The electric monopole moment is simply the total charge, )., q4-

The electric dipole moment is the first moment of the charge distribution, defined by

Ug = Z Galay - 4.1.3
a

Note that if the system of charges is not neutral overall, then the electric dipole moment depends on
the origin from which the positions r, are measured — so ions (for example) do not have a uniquely
defined dipole moment. For general charge distributions, all multipole moments can vary under a
change of the molecular origin about which they are calculated, and in chapter 8 we will examine
these transformations in detail. This is important, as when predictions are made on the basis of
multipolar expansions, the associated behaviour of the predicted observables — which should not
vary with the arbitrary choice of molecular origin — can form an important check that the formalism
has been used consistently.

The “primitive” electric quadrupole moment is the second moment of the charge

distribution
e, = Z GaTaglap 4.1.4
a

We use the superscript “tr” to indicate that the expression 4.1.4 possesses a hon-zero trace. The
electric quadrupole moment enters into the expression for the energy of a charge distribution in an

external field though the term V_E, ©,;. Because the free electric field is divergence-free, the trace
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of this tensor does not contribute to this expression (and many others). For this reason, it is often

convenient to define the traceless electric quadrupole moment [1, §9.3],
1 2
Oap = EZ[BQaTaaTab - 6aanra] . 4.1.5
a
Finally, the electric octupole moment is the third moment of the distribution,

Qabc = Z GalagapTa, - 4.1.6
a

It is possible to define an analogous “traceless” electric octupole moment, which vanishes on

contraction between any pair of suffixes, as [2]
1 2 2 2
Qape = E [SQaraarabrac - 6aanracr - 6acQarabr - 8charaar ] 4.1.7
a

However, it has been pointed out by Raab [3] that this replacement is valid only in electrostatic
situations (in contrast to the traceless quadrupole moment, which is valid even for dynamic fields).
To give an example that illustrates why this is so, following Raab [3], the energy of an electric
octupole moment in an external electric field is proportional to V.V, E, Q5. The transversality of
the E field means that this vanishes on contraction between a and b, or a and ¢, but not necessarily
on contraction between b and c. An important case in which V, V, E, is always 0 is, of course, the

electrostatic case—where VX E =0 & VyE, =V Ep, soV,V,E, =V, V,E, = 0.

4.2 Magnetic Multipole Moments
Just as static electric multipole moments are constructed from localised static distributions
of charge, static magnetic multipole moments arise from localised steady distributions of current.

We define the magnetic dipole moment by
q
my = Zﬁ(ra XPaa, 4.2.1
a

where p, is the linear momentum of the at" charge. The magnetic quadrupole moment is defined

(3]

q
Mgp = z 37,:: [Tab(ra X pa)a + (ra X pa)arab] . 4.2.2
a
a

In a classical context, this definition may appear needlessly cumbersome, as the order of
multiplication is unimportant in the classical case. However, it becomes important if 7, and p,, are
treated as quantum-mechanical operators, as the position and momentum of the a® charge do not

commute.
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4.3 Multipole Moments and Parity Symmetry

The different multipole moments can be categorised by their behaviour under spatial
inversion, and time reversal. Time-reversal leaves all electric multipoles unaltered, but reverses the
sign of all magnetic multipoles — as it reverses the direction of motion of all charges, and with this
the sign of J.

Spatial inversion changes the sign of moments that contain an odd number of factors of
position and momentum, but leaves unchanged those with an even number of factors. It therefore
changes the sign of the electric dipole, electric octupole and magnetic quadrupole moments, but not
of the magnetic dipole or electric quadrupole moments. The higher-order multipoles follow the
same pattern, and so all can be classified as either parity-even or parity-odd.

The behaviour of the various multipole moments under parity transformations has
implications for the description of chiral radiators and scatterers. A chiral radiator must be neither
parity-even nor parity-odd — if it were described by only parity-even oscillating moments it would be
unaffected by spatial inversion, and if the moments were only parity-odd spatial inversion would
simply change the phase of all the oscillations by 7. A chiral radiator must therefore be described by
a combination of even and odd multipole moments — spatial inversion changes the sign of one group
but not the other, and so changes the relative phase between the two. Another use for the
classification of multipole moments by parity is that it allows for the symmetry classification of
multipole polarisability tensors, and a molecule may only support non-zero components of

polarisability tensors whose symmetries the molecule shares.

4.4 Radiation from Oscillating Multipole Moments

If the charge and current densities vary harmonically in time, then the distribution will act as
a source of radiation. The radiation from an arbitrary oscillatory distribution of charges can be
decomposed into the contributions from its electric and magnetic multipole moments.
Outside a localised distribution of charge and current, the scalar and vector potentials for a

harmonically varying source (in the Lorentz gauge) are given by [1, §9.1]

eilk|r-1"|-wt)

_ ﬁ ! 3.7

¢(r,t) = 47Tfp(r )—|T ] d>r 4.4.1
o ’ eilk|r-r'|-wt) i

A(r, t) = Ef](r )ﬁd Tr 4.4.2

where the “retardation” has been written in the spatial part of the exponential in order to
emphasise the harmonic time-dependence of the potentials. Far from the source (R > d), we can

approximate

r—v|=Jr2-2r-r+r?2x~r—-n-r, 4.4.3
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where n is a unit vector in the 7 direction, and r = |r|. To first order in kr, we also have

! ! 4.4.4
lr—r| r’ o
These approximations lead to the vector potential
eikr ] .
A(r,t) = Z—;)T " f](r')e_‘k"'r —lot g3y, 4.4.5

Finally, if the dimensions of the source are small compared to a wavelength, then k|r’| will be small
for the whole range of integration over the source, and the Taylor series

—ikn-r"  (—ikn-7r'")?

ikt = 1 4 + 4o 4.4.6
¢ 1 2!
will converge rapidly. We therefore write
ei(kr—wt) —ik)"
A(r,b) ::Z—O Z( m) f Ja) (- Y d3r. 4.47

T r
n=0

Carrying on the expansion gives the different multipole fields: n = 0 gives the fields of an oscillating
electric dipole, n = 1 the fields of an electric quadrupole and a magnetic dipole, n = 2 those of an
electric octupole and magnetic quadrupole, and so on.

The vector potential of an oscillating electric dipole is therefore

Lo ei(kr—a)t)

Ar,t) = f Jar') d3r'. 4.4.8

We can use integration by parts to explicitly write [ J(r") d3r’ in terms of the electric dipole

moment, and we obtain [1, p. 410]

j](r’) d3r' = —fr’(V’ Dd3r = —iwfr’p(r’) d3r’. 449
For the final equality above, we have used the continuity equation V' - J = — g—’;, and additionally the
fact that for a harmonically varying charge distribution g—’t’ = —iwp!. We recognise that the integral is

simply the electric dipole moment. Calling the dipole moment vector i, we have

Lo iwei(kr—wt)
A =———n 4.4.10

The electric and magnetic fields can then be found from

B(r,t) = VX A(r,t), 4.4.11
ic
E(r,t) =V X B(r,0), 4.4.12

1 This type of time-dependence may appear to be quite a special case. In particular, we can note that making
this substitution and then integrating the continuity equation over the charge distribution shows that, if the
distribution is localised, it must also be neutral [4, p.75]. However, the treatment can still be made general, as
any time-varying charge density can always be Fourier analysed into components with time-dependence of
this form [1 §9.1]. p(w) will no longer be the charge density, but the Fourier transform of the charge density.
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which give the well-known results

ifoC .\ ik? k
B(rt) = — ikr-ot) [ — _Jnxpu, 4.4.13
(r,0) ar © )tk
1 i(kr—wt) k? ik 1
E(r,t) =F60e T(nxu)xn+(r—2—r—3) (u—3n(n-w)|. 4.4.14

Note that while the field above is transverse (V - E(r,t) = 0 everywhere), it contains near-field

components parallel (as well as perpendicular) to the direction of observation. Its derivation from
(E(r,t) = %V X B(r,t)) means that it is only valid outside the source, where the current density is

zero. So even though the expression is valid for || smaller than a wavelength, we still require that
|| is larger than the dimensions of the source.

The next term in the expansion of the vector potential is

Lo ei(kr—wt)

A D) ~ .--+Ef(—ik)f1(r')(n ) A e, 4415

The integrand can be separated into a magnetic dipole contribution and an electric quadrupole

contribution using the vector triple product (r’ x](r’)) Xn[1,p.414]:
1 1
f](r’)(n ) d3r’ = fi(r’ xJ(r)) xn+ 3 JaHYm-r)+ (n-Ja)r'| d3r’ 4.4.16
The first term is equal to
1
fEM(r’) xnd3r', 4.4.17

with M(r") the magnetisation. For a point magnetic dipole located at the origin, with dipole

moment m, this “magnetic-dipole” part of the vector potential leads to the radiation fields

2

. k
B(r,t) = RO gitkr-wi) [— (n xm) x n|, 4.4.18
4 T
icuy ik?
E(r,t) = Kl pitkr-wt) <—) nxm. 4.4.19
4r T
The second term in (4.4.16) can be re-written using integration by parts as
1 iw
J-E JaHm-r)+ (n-J@)r']d3r = —7f r(n-r)p)d3r'. 4.4.20
The electric quadrupole part gives the fields:
iCkBHO ei(kr—wt)
B(r,t) = — - - f(n xr'Y(m-r)p@)d3r' . 4421

The integral over the charge distribution can be written in terms of its electric quadrupole moment

as
iCkBHO ei(kr—a)t)
8r

The electric fields are given by (keeping only terms 1% order in 1/r)

Ba(r, t) = - Eabcgg‘gnbnd. 4.4.22
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ic Czkzlloiei(kr_wt)
Ea = EV X B(r, t)a = 87-[-r [@g’énanckb —_ Ozri)nbk] 4423

Finally, we consider magnetic quadrupole and electric octupole radiation. This arises from
the third term in the expansion of the vector potential,

i(kr—wt) (_:1,\2
Ho €' (—ik)
A ’t z...-l-_
.6 a7 2

f](r’)(n )2 d3r + e 4.4.24

Similarly to (4.4.15), we find this time that the volume integral can be split into terms related to an
electric and a magnetic multipole moment — this time the electric octupole and magnetic
guadrupole moments.

Following the treatment used in [4, p.75] for the electric quadrupole/magnetic dipole term,

we begin with the continuity equation

v+ 0 4.4.25
] at - ) e
or, for our harmonically varying distribution,

V-] =iwp. 4.4.26

We then multiply by the tensor function of position ', 7' .7’ 4, and integrate over space, to obtain
jrl;rc’réV&](r’)a d3r' = iwjr’br’cr'dp(r’) d3r’ 4.4.27
Using integration by parts, the left hand side can be re-written as
j rrergViJ (r) g d3r' = j Vi, (rrdrg (r))d3r’ — f](r’)ava(rérc’ré) a3r'. 4.4.28
The first term on the right hand side of (4.4.28) can be converted into a surface integral by Gauss’

theorem, and this will vanish if there is no current at the surface. Evaluating the derivatives in the

second term, by using V.15, = 8,5, allows (4.4.27) to be rewritten as
J](r’)brc’ré + ] () erpry + ] grprl 37" = —iw f r' 1’ ap() d3r'. 4.4.29
The volume integral on the left hand side is equal to the electric octupole moment of the charge

distribution, and we will shortly relate the right hand side to the integrand in (4.4.24). First, in order

to bring out the magnetic quadrupole part, we make use of the fact that

3
f](r’)brc’ré —J@")eryrg dir' = fréeabceaef](r,)erfl d’r' = _%EabcMad 4.4.30

and similarly,

' .0 ' ../ ! 3
f](r )brcrd —J(r )drbrc d’r' = — ﬁeabdMac- 4.4.31
(if all charges have the same mass, m). We can combine now the three results (4.4.29), (4.4.30) and

(4.4.31) in order to re-write the integral in the vector potential expansion (4.2.24). We begin by

adding them together:



4. Multipolar Electrodynamics 41

j JGr)rirh d3r

1
= 3 [ S A TG4 T i+ Gty — i)

+ Jprirg = J @) arprd)d3r’

= _iw%chd - %EabcMad - %EabdMac 4.4.32
We can then see that the integral in (4.2.24) is equal to
, B | 1 1
f]a(r Inprpnery d°r' = _lngabcnbnc - ﬁedabMdcnbnc - %Edachbnbnc
1 1
= —iw gQabcnan - EedabMdcnan 4.4.33

From this, we obtain the following form for the radiated magnetic field:

Uok? 1riw 1 Y 41 P
B(r,t) = (VX A) = “4r 2 ?Qabcnbnc + ;EdabMdcnbnc] Eefael(kr ©t) > 3 4.4.34

As we are working in the far-field, we drop the :—’; term, leaving us with the following radiated

magnetic and electric fields:

ik3 iw 1
) Ho ] 4435

Ba(rr t) = ez(k-r—wt 8mr €abcMp ?chendne + Eecdfoendne

ic
Ea(r' t) = EV X B(r; t)a

iugck? ettkr=—wt) ia)Q N 1 u ]
= — - nonyn.n —E€, nonyn.n
81 r 3 bcd"ta'*b’tc’td m ebced'tatbtc’td
N iugck? ettkr—wt) [in N 1 ” ]
- nyn —E€ nyn
81 r 3 abc'*b'‘c m abd™dc'tb'tc
pock? ettkr—wt [wQ i M w 0
= — —_— = nyn, ——Ee€ nyn, — — nonyn.n
81 r 3 abc'tb'tc m abd™dc'*b'tc 3 bcd"ta'*b'tc’td

l
+ _EebcMednanbncnd]
m
,uock3 ei(kr—a)t)
8w

w i
(5ab - nanb) [_ § chdncnd + a ebceMedncnd : 4.4.36

4.5 The Near-Zone and Intermediate Fields

The above derivations focused on the fields far from the source compared to the
wavelength. This meant that the only terms retained in the field strengths were those that fall off
with distance no more rapidly than % Such fields are transverse plane waves — they are often
referred to as the “radiation” fields, for this reason.

We now briefly examine expressions for the fields of electric and magnetic multipole

moments that are valid everywhere outside the source, even at short distances.
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The vector potential of the electric dipole (4.4.10) is in fact already valid at all distances [1], and so in
order to obtain the full fields we need simply retain all terms in (4.4.11) and (4.4.12). From this, we

obtain the well-known expressions

iy .. ik? k
B(r,t) = — itkr—wt) [~ _ X W, 451
(r,0) ar ¢ 2R
E(rt) = Lei(’”“"” k—z (nxp xn+ (i — l) (p=3nn-w)|. 4.5.2
’ 4me, r rz r3
For the next term in the expansion of the vector potential, we use

Lo ei(kr—a)t) 1
A, ~ -+ ——(— _ ik)f](r')(n ) d3r e 453

4r T T

In order to describe the near-field, we must not make use of approximations (4.4.3) and (4.4.4).

Because of this, we see that in addition to the term (— %) present in (4.4.15), the near-field

. . . 1
expression contains another term. The added term, which goes as — can be shown to emerge from

(4.4.2) by a fuller treatment which involves expanding E and B in terms of spherical harmonics [1,
§9.3]. The details of this are not presented here, but we note that it does not rely on the
assumptions (4.4.3) and (4.4.4), and so (4.5.3) is valid even close to the source. This vector potential

leads to the magnetic dipole fields:

Bo itr—an [ ik 1

B(r,t)=Ee T(nXm)xn+<r—2—r—3)(m—3n(n-m)) ) 454

icuy . ik* k
E(r,t) = T’:el(kr—wt) <7 — T_2> nxm, 4.5.5

and electric quadrupole fields
iCk3Mo ei(kr—wt)
By(r,t) = — - €apcOlnyng. 4.5.6
ic

E, = EV X B(1r,t),. 4.5.7

4.6 Angular Momentum in a Circularly Polarised Plane-Wave

We now make a small digression to discuss an important situation where the intermediate-
zone fields cannot be entirely neglected, regardless of distance. This is the case with calculations
involving the angular momentum of light.

The angular momentum density of an electromagnetic field is given by

1 1
]=C—2r><p=c—2r><(E><H), 4.6.1

and it is clear that the component of this in the propagation direction is zero for any plane-wave, as

(E x H) points in the direction of propagation, while 7 is perpendicular to it. However, it is well
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known that circularly polarised plane-waves carry angular momentum in the direction of
propagation, and that this is associated with photon spin.

This apparent paradox is related to the unphysical nature of a plane-wave of infinite extent,
coupled with the use of a local angular momentum density which is defined so as to give the correct
total angular momentum after integration over the entire field.

There are many ways of resolving it. One is to explicitly acknowledge that the field is
localised. For a wave propagating in the z direction, one can introduce an envelope to localise it in
the x-y plane. It can be shown that any envelope which keeps the E and B fields divergence-free
necessarily introduces components that do not propagate in the z-direction. These give rise to the
expected angular momentum content [1, p.350]. Note that no such problems occur when calculating
the energy or helicity densities of a circularly polarised plane-wave, despite the fact that these
densities also do not have well-defined total values when integrated over an infinite plane wave.

The difference between angular momentum and energy/helicity is that calculation of the
angular momentum flux from a radiating object (that is, the angular momentum flux to order Tiz)
requires consideration of more than just the % “radiation” components of the fields — the riz terms of
the fields must be considered as well [5]. This can be seen by a simple scaling argument: because the
angular momentum has an extra factor of r compared to the linear momentum, - terms in the
angular momentum can arise from multiplying the r_2 terms of E by the - terms of H (and vice-
versa), and these will not fall off fast enough to be neglected in the far-field limit. A riZ term in the
Poynting vector (for instance) can only arise from the multiplication of two % terms, one from the E

field and one from the H field, and so it is only the % “radiation field” components which are

necessary to find the radiated energy flux.

4.7 The Overall Field Radiated by an Oscillating Charge Distribution
We now draw the above results together to write down the fields far from an arbitrary,
harmonically oscillating charge distribution. If the distribution is resolved into a collection of point

multipole moments, then the total electric field radiated is equal to [4, p. 77]

2 i — . .
_ [lo(lJ elkr wt Okm lk =0 lk ~0kin.
E(r: t)a - 4 (5ab nanb) .ub + Ebcdmc ng — Gbcnc 5 €pcaMce MeNg
nr 3 2c
kZ

- ? Ql())cdncnd + - ]:

where terms have been shown up to electric octupole/magnetic quadrupole order. ji® is the electric

0

dipole moment, m " the magnetic dipole moment, @2C the traceless electric quadrupole moment,
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Qgcd the electric octupole moment and ﬁ?:in'the magnetic quadrupole moment. The tildes indicate
that the moments may be complex (allowing for fixed phase differences between them), and the
superscript 0’s indicate that the time-dependence is excluded from the moments. This notation will
become important in chapter 8, where we will find it necessary to distinguish between the induced
multipole moments in 4.7.1, and multipole moment operators. The magnetic fields can be obtained

from

1
Ba = EeabcnbEC. 4.7.2
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Chapter 5 — Elementary Models of Helicity Sources

The previous chapter reviewed multipole radiation generally. We now use some of these
results to examine the helicity and angular momentum radiated by simple point multipole sources.
From symmetry considerations, it is clear that only a chiral radiator can be a net source of helicity.
Chiral sources can be constructed from combinations of point multipole moments because the
different multipole moments have varying behaviour under parity transformations. We begin by
discussing the simplest example — the combination of an electric and a magnetic dipole aligned along
a common axis — and in section 5.2 we go on to calculate the helicity radiated from such a source. In
section 5.3 we contrast the helicity distribution with that of a closely related achiral source: a
rotating electric dipole. Finally, in 5.4 we consider the angular momentum radiated by the two
sources, and contrast this with the helicity. The “chiral” dipole, which lacks inversion symmetry, is a
net source of helicity but not of angular momentum — while the rotating dipole is a net source of

angular momentum but not of helicity.

5.1 Multipole Moments and Parity Symmetry

The different multipole moments have distinct behaviours under parity transformations. It is
clear from the definitions given in the previous chapter that under a parity transformation (i.e. a
transformation sending the positions of all charges from x, to —x,), the electric dipole, electric
octupole, and magnetic quadrupole moments of a charge distribution change sign. The electric
guadrupole and magnetic dipole moments, however, remain unchanged.

The simplest model of a chiral radiator described by point multipoles is given by a
combination of an electric and a magnetic dipole, both driven at the same frequency. If we restrict
ourselves to the case where the two dipoles are aligned, then the electric and magnetic dipole
moments may be parallel, anti-parallel, or may have some other phase difference between them. A
parity transformation has the effect of changing the sign of the electric, but not the magnetic, dipole
moment, and therefore transforms the radiator into its distinct “enantiomer”. We can see, then,
that the difference between the two enantiomers here lies in the phase difference between the
moments: changing enantiomers changes the relative phase of the electric and magnetic moments
by .

A model physical system that gives rise to this sort of behaviour is a small helical coil of wire.
Applying an electric field clearly induces an electric dipole moment in the coil, by driving charges up
the coil. In addition, the associated motion of the charges causes a current to flow around the wire,

giving rise to a magnetic dipole moment. An oscillating electric field will therefore induce both
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oscillating electric and magnetic dipoles in the coil. Furthermore, as the electric dipole moment

depends on charge positions and the magnetic dipole moment on charge velocities, the two
moments will be + g out of phase depending on the handedness of the coil. This sort of chiral

response was observed in the 1920s by Lindman, using coils of wire in the microwave regime [1] —in
hindsight, these experiments can perhaps be seen as an early (crude) construction of what would
now be called a metamaterial. The ability of this simple induced-dipoles model to accurately
describe the response of such a system has been investigated more recently, using short terahertz
pulses to investigate its time-dynamics [2].

A similar structure is found naturally in the optically active molecule hexahelicene, consisting
of six connected benzine rings that form a helix. In chapter 8 we will discuss how the ability of an
electric field to induce both an electric and a magnetic dipole moment — with associated phase
difference — is important in the description of optical activity in many cases, even when it is not
associated with such an intuitive geometrical explanation.

In this chapter, we explicitly examine and contrast the helicity and the angular momentum
radiated from such sources. We find that they are a net source of helicity, but not of angular
momentum. By contrast, a rotating electric dipole (which can be thought of as a superposition of

two orthogonal electric dipole moments with a i% phase difference) is a net source of angular

momentum, but not of helicity. These properties are related to the inversion and rotational
symmetries of the sources. The calculations on the helicity radiated by such a compound dipole have

been reported in [3].

5.2 Helicity Radiated from a “Chiral” Dipole

To examine the helicity flux radiated by such chiral sources, we begin with some general
remarks on the fields radiated by oscillating electric and magnetic dipoles. The angular distribution
of the radiated power is the same for both electric and magnetic dipoles — what differs between the
two is the polarisation pattern. In chapter 3, we saw that the electric field vectors in the far-field for

the two types of oscillating dipole are given by

2
Eelectric(r: t) = L elkr=—wt) k_ @ xp) x7|, 5.2.1
4meg T
—UyC . k?
Eagnetic(r,t) = :;; gllkr=wt) <7> 7 xm, 5.2.2

where p and m are the electric and magnetic dipole moments at t = 0, and # is a unit vector in the

r direction. If the dipoles both lie along the same direction, then the polarisations of the two
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radiation fields will be perpendicular, and it is then clear how a phase difference between the two
can introduce ellipticity when they are summed to give the overall scattered field.

If the two dipoles are in phase (or anti-phase), then the far-field light will have a linear
polarisation. The polarisation direction will be oriented at plus or minus 45 degrees to the dipoles’
axis, depending on which of the two “enantiomeric” configurations the source takes —in other
words, on whether the dipoles are in phase or anti-phase. Despite this geometric chirality, the
scattered light has linear polarisation everywhere, and there is no far-field optical helicity. If there is
a /2 phase difference between the dipoles, however, then the polarisation will be circular
everywhere, and there will be a net flux of helicity.

We will now calculate this helicity flux explicitly. For definiteness, let us take the dipoles to
be aligned along the z axis, with a phase difference of « between them. Then we may take u = |u|Z

and m = |m|2e'?, and the electric and magnetic fields in the far-field are given by

2

1 . k — dlm|
E(T, t) = Eel(kr_wt) TSiTL@ [—Hl,ul + ge‘“] 5.2.3
0

c . k?
B(r,t) = % ellkr—wt) TsinB

_ Olm| .
—mm——;w , 5.2.4

where 8 and ¢ are unit vectors in the 8 and ¢ directions. The far-field parts of the 4 and C

potentials can be found from the fields by inverting

r oAT
E'=———, 5.25
Jat
B = 1 oc 5.2.6
T epc?ot’ o
Making use of the harmonic time-dependence of the fields, we have
i
AT = ——ET, 5.2.7
)
i€yc?
C=- B. 5.2.8
1)

As we are here only interested in the radiated helicity, we may use the far-field expressions (5.2.3)

and (5.2.4). These result in the (far-field) vector potentials?

i ) k ,\ ~ .
AT = yr—— pllkr—wt) ;sin@[@l,ul — lm|/ce'@], 5.2.9
i . k ~ - .
C= Eel(kr“"t);sine[q)lul +8|m|/c e™]. 5.2.10

! Note that despite the notation, these expressions are not divergence-free at all points. The full potentials AT
and C are transverse, but in (5.2.9-10) only the 1/r terms are retained. The same is true of the radiative E and
B fields (5.2.3-4). The far-field parts of the transverse fields and potentials (taken alone) are not transverse
themselves.
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Finally, we can calculate the helicity density and helicity flux densities using these potentials. The

helicity density is given by

1 [e 1
h== |°Re[A] - Re[Vx A] + = [“2Re[C] - Re[V x C]
2 |Uo 2 |€o

3

=T33 sina |u||m|sin? @, 5.2.11
and the flux density is given by
1 e 1
v == |2 Re[E] X Re[A] + = f@Re[H] x Re[C]
2 Mo 2 |€g
3
=~ Tgn22 sina |u||m| sin? 6 7. 5.2.12

Note that no cycle-averaging is necessary here — the density and flux density are both time-
independent for all values of « in this system. Furthermore, both the electric and magnetic parts
give the same contribution to the helicity density and flux.
We therefore see that the total radiated helicity through a spherical surface of radius r,
centred on the dipole, is equal to
T 3 21
_ _ k MOC . ) 2 ..
v-ds = —— > sina |u||m| sin® 6 r°sinfdo do
s o lémer 0
3

kuoc T
=— i in® 0 df
8 sina |,u||m|f0 sin

ck3
- L H sina |u||m| 5.2.13
6m

III

We can also calculate the power radiated by the “chiral” dipole. The cycle-averaged

Poynting vector is equal to

_ 1 . ck* ,  Aml?\
S=R€[§EXH]=W |,u| + 2 sin“ 07 5.2.14

This is simply equal to the sum of the power radiated by the electric and magnetic dipoles
individually, and is independent of the phase difference between them.

Iflﬂc| = |u|, the fields radiated by the electric and magnetic dipoles are of equal amplitude,
and a /2 phase difference between the dipoles will cause the polarisation of the radiated light to
be circular everywhere. This is reflected in the ratio of helicity flux to energy flux densities, which is

given by

= - . 5.2.15
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When a = ig, the ratio is equal to ?%, consistent with a helicity of +A per photon. The power

distribution and polarisation pattern are illustrated in figure 5.1.

Figure 5.1. lllustration showing a surface of constant intensity radiated by a “chiral” dipole, as
described in the text, with arrows indicating the polarisation of the radiated light. The radiation is
circularly polarised everywhere (including in directions which do not lie in the x-y plane), and always
has the same sign of helicity. The figure uses a = g; a choice of a = — g would reverse the sense of

the circular polarisation.

5.3 Helicity Flux from Rotating Dipoles

The situation can be contrasted with that of a rotating electric dipole, which can be
conveniently modelled by two oscillating, perpendicular electric dipoles with a /2 phase difference.
In this case, circularly polarised light is radiated, but there is no net flux of helicity, as the light
radiated in opposite directions has opposite helicity [4]. However, this time there is a net flux of
angular momentum from the source.
Explicitly, if we take the dipoles to lie along the x and y axes, then we can write down the radiated

electric field using (5.2.1-2) and the complex dipole moment

u=|u|@+ oip)eiwt, 5.3.1
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where ¢ = +1 is a parameter determining the sense of rotation of the dipole. The total radiated
electric and magnetic fields are then given by

s

yy— ei(kr_“’t)(a[cos 6 cos ¢ + gi cos 0 sinp] + P[—sin¢p + gicosP]), 5.3.2
0

Erotating (r,t) =

poclul

k? . —~ ~
Brotating (T, t) = yy— e‘("r—“’t)(e[sin¢ — oicos ] + P[cos O cos P + gicosOsinp]). 5.3.3

As in the previous section, these far-field forms are sufficient in order to determine the radiated

helicity. The two associated vector potentials are given by

i
A;I:otating = _ZEZotating
k . _ ~
= le‘(""r_“’t)(e[—i cos 8 cos ¢ + o cos 6 sin @] + P[isin¢g + o cos ¢p]) 534
4meqcr
i€yc?
Crotating = _T rotating
_ klul

yy— ei(kr_“’t)(@[—i sin¢g — o cos @] + p[—icos B cos ¢ + o cosH sin ¢>]) 5.3.5

The helicity density is therefore equal to

1[ |€o Ho
2 ERe[Azotating] ) Re[Brotating] - e_oRe[Crotating] : Re[EOErotating]
ck3 25 cos @
_ tolul ’ 536
16m2r?
and the flux is
1( |e c?k3 2g cosf
2| £ Re[E] x Re[A] + [*2Re[H] x Re[C] | = HolK 7 5.3.7
2\ (o €0 16m2r?

We see that the radiated helicity has opposite sign for 8 < g and 6 > g We obtain a helicity density

of oh per photon at the “north pole”, and —o# per photon at the south pole, with zero helicity
radiated along the equator [4]. The situation is illustrated in figure 5.2, which indicates the
polarisation in various directions alongside a surface of constant intensity.

That there is no net helicity flux is to be expected purely from the symmetry of the source:
the rotating electric dipole is achiral, and cannot be a net source of helicity. However, unlike the

chiral dipole, it lacks rotational symmetry, and indeed we will see it radiates angular momentum.
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Figure 5.2. lllustration showing a surface of constant intensity radiated by a rotating electric dipole,
as described in the text, with arrows indicating the polarisation of the radiated light, and the central
arrow the sense of rotation of the dipole. The radiated light has opposite helicities in the positive and
negative z-directions, and is linearly polarised in the x-y plane. In all other directions it has an

elliptical polarisation (not shown).

5.4 Angular Momentum Radiated by the “Chiral” Dipole and Rotating Electric Dipole

As well as considering the helicity radiated from “chiral” and rotating electric dipoles, we can
consider the total angular momentum of the radiated light. In the far-field, both of these sources
produce fields locally resembling circularly polarised plane waves, and so all of the radiated angular
momentum can be attributed to the spin-angular momentum of these waves. The helicity is related
to the component of spin angular momentum in the direction of propagation, and so if the helicity
flux is calculated in two different positions, the direction about which the angular momentum is
measured changes. By contrast, if the flux of a given component of angular momentum is calculated,
the direction about which the angular momentum is measured does not change as the point of
observation is moved. For example, if a radiation pattern has a positive helicity flux in both the x and

—x directions, then the flux of x-component-of-angular-momentum will have opposite signs in the
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two directions. By this and similar reasoning, we might expect that suitably symmetric configurations
which radiate a net helicity will radiate a net zero angular momentum, and vice versa.

As well as arguing based on the propagation direction and angular momentum content of
the plane waves in the far-field, we can calculate the radiated angular momentum from the
radiation fields directly. The angular momentum density and flux density is given by [5]

l=¢yr X (EXB), 5.4.1

M, = l5 E? lB2 — €yE4E —iB B 5.4.2

ab €pcdlc 2 da | €0 +'u €oLgLg M dPa |- .
0 0

Note that as angular momentum is a vector quantity, its flux density is a tensor: the component M,
represents the flux of the b component of angular momentum passing through an infinitesimal
surface element oriented in the a direction.

For the fields (5.2.3-4) and (5.3.2-3), E, B and r are always mutually perpendicular, and so
we can see that the quantity I is always zero. This is because we have so far only considered the
radiation fields — it is another manifestation of the complications associated with the angular
momentum of plane-waves, discussed in chapter 4. We conclude that in order to calculate the
angular momentum and its flux, it is necessary to consider the near-field components as well.

Using the relevant expressions from chapter 4 (4.5.1-2, 4.5.4-5), the full electric and magnetic fields
of oscillating, co-located electric and magnetic dipoles are given by
—k?  ik\1

i(kr—wt) K’ e 1 3 5.4.3
e T(nxu)xn+ 2733 (u—3n(n-w)+ ——— 7| nxm|54

1
E(x,t) = yy—
0

k? ik

Uo o k? ik 1
B = —ellkr-wt) [ 4 —)pn x —(Mmx X (
(x,t) 47Te el +r2 nxu+ " (nxm)xn+

2 r_3) (m—3n(n- m))] .5.4.4

We can now complement our earlier analysis of the helicity by considering the Cartesian
components of angular momentum radiated in various directions by the compound dipole. The
electric and magnetic fields, including near-field components, are found by substituting u = |u|Z
and m = |m|e'®Z into (5.4.3-4), and from this it is straightforward to explicitly evaluate components
of Mgy,.

Rather than reporting these components directly, it is more informative to examine the
fluxes of the x, y and z components of angular momentum radiated in the r direction. These may be
obtained from the Cartesian components of M by

M, = My, sinf cos ¢ + My, sin 6 sin ¢ + M, cos 6
M,.,, = My, sin6 cos ¢ + M,,,, sin 6 sin¢ + M,,, cos
M,, = My, sin6 cos ¢ + My, sin@sin¢ + M,, cos 6. 5.4.5

The cycle-averaged M,., is equal to
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1 . .
|m||;1|(k+k3 2) sin a cos? @ sin 6 cos ¢ (Cz |m|2+|y|2)c05951n931n¢

M,, = , 5.4.6
™ 8m2eyc rt 16m2ey 1>
and so the radiated flux of x-component of angular momentum is
k3 m sin a cos? 0 sin 8 cos
Mrad — Im||ul ¢> & 47

8m2eyc1r?
From the cos ¢ dependence, we see that opposite angular momentum fluxes are observed in the
positive and negative x directions, and so no net angular momentum about the x axis is radiated
from the source. The problem is azimuthally symmetric, and so similar expressions are obtained for
the y component.
For the zcomponent, we find

|m||p|(k + k372) sin a sin? 6 cos 8
8m2eycrt

M,, = , 5.4.8

(with no cycle averaging necessary this time). The radiated component of this flux is given by

k3|m||u| sin a sin? @ cos @

Mrad = ) 5.4.9

8m2eyc 12
We see that this time the angular momentum has opposite signs in the upper and lower
hemispheres, and again that no net angular momentum is radiated by the dipole.

We now turn to the rotating dipole (a problem considered in [5]). The angular momentum
radiated from a rotating dipole can be calculated by again substituting the fields (5.4.3-4) into
(5.4.2), but this time with the complex electric dipole moment (5.2.1), and the magnetic dipole
moment set to zero.

As the source rotates about the z axis, it is the z component of angular momentum that is of
interest. Using 5.4.9, the radial flux of angular momentum in the z direction is given by

|u|? sin? 0 (k313 + 2kr — k3r3) cos 2(kr + ¢ — wt) + 2k3r3 — 1) sin2(kr + ¢ — wt))

M,, = Toeqm2rs .5.4.10
After cycle-averaging, this reduces to
M, = WSO K 5411
rz 16m2eqr? '
Integrating this over a sphere centred on the dipole shows the radiated angular momentum to be
fzn d¢p fﬂ |”1|26:n€ Ok 2 cino o = l’g::, 5.4.12

with equal fluxes radiated into the two hemispheres above and below the dipole. In contrast, we

saw that the helicity flux has opposite sign in each hemisphere, and no net helicity is radiated.
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Conclusions

This chapter examined the fields emitted from a chiral source of circularly polarised light —
an electric and magnetic dipole with a £ /2 phase difference — and contrasted these with an achiral
source of circularly polarised light — a rotating electric dipole. Both the helicity and angular
momentum radiated by the sources was considered: the former was shown to be a net source of
helicity, but not angular momentum, while the latter was a net source of angular momentum, but
not helicity. One point emphasised by this is that helicity is a chiral observable, whereas angular
momentum is not. In order for a source to be a net emitter of helicity it is necessary (but not
sufficient) that it lacks inversion symmetry.

It is also notable that, as discussed in chapter 4, calculating the radiated helicity required
only the % field and potential components, whereas the radiated angular momentum required near-
field contributions, and thus involved much greater complexity. The explicit dependence of the
angular momentum on the %3 radial components of the field mean that care must be taken in the

use of far-field and quasi-plane-wave approximations. The two examples given here show another

context in which the difficulties of localising electromagnetic angular momentum become apparent.
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6. The Generation of Helicity at a Dielectric Interface

This chapter discusses the generation of helicity during reflection and transmission at the
surface of a dielectric. It was noted in chapter 2 that if a system is not dual-symmetric then the total
helicity is generally not conserved. We can see the helicity non-conserving properties of dielectric
interfaces intuitively: left-circular polarised light is turned into right-circular polarised light by
reflection in a mirror. From the point of view of the local continuity equation for helicity, spatial
variation of the ratio € /u is a necessary condition for the “source” side to be non-zero; it is the
variation of this ratio which breaks the system’s macroscopic duality symmetry.

In this chapter we explicitly derive expressions for the helicity flux across various interfaces
for incident light of arbitrary polarisation and incidence angle. We initially consider the boundary
between vacuum and a chiral medium, with the corresponding results for an achiral surface easily
obtained by setting the chirality parameter to zero. The presence or absence of material chirality
leads to qualitatively different reflection and transmission effects, and a comparison between the
different cases is presented. Results for the transmission and reflection Fresnel coefficients at a
chiral interface have been reported previously in the literature [1,2]. The novel work in this chapter
is to cast the known results which follow from these transmission and reflection coefficients
explicitly in terms of the helicity fluxes from chiral interfaces, and to analyse the situation with

reference to the local continuity of helicity.
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6.1 Reflection at Vacuum-Chiral Boundaries

Figure 1 Reflection and refraction at a vacuum-chiral interface. The p, s and k directions are marked
for the incident, reflected and transmitted waves. The diagram shows a material with a positive
chirality parameter, so that the positive helicity transmitted wave is refracted more than the

negative helicity wave.

Consider an interface between the vacuum and a lossless isotropic chiral medium, as shown
in Figure 1. Reflection and transmission at an achiral interface is most often described by
decomposing the incident, reflected and transmitted waves into components polarised parallel and
perpendicular to the plane of incidence (referred to as “p” and “s” polarisations). The reflected and
transmitted field amplitudes for each polarisation are related to the incident amplitudes by Fresnel
coefficients, derived from the boundary conditions on the fields at the interface [3, §7.3].

For the analysis of helicity generated at reflection and transmission, it is more convenient to
work in a circular basis, and rather than writing coefficients for the p and s polarisations we work
with transmission and reflection coefficients for the two circular polarisations. The circular

polarisations with positive and negative helicity are represented by the complex polarisation vectors
\/—15 (p; +is) and % (p; — is) for the incident wave, and \/—15 (p, —is) and \/—15 (p, + is) for the
reflected wave.

This basis is particularly useful when considering chiral media, as they generally rotate the

polarisation of the light that they reflect and transmit. This means that an s polarised incident wave
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can give rise to p polarised transmitted and reflected waves, and vice versa — so the p-s basis does
not bring the same simplifications that it does for isotropic achiral interfaces.

Furthermore, when linearly polarised light travels through a chiral medium, its plane of
polarisation rotates. Only circularly polarised waves propagate unchanged (albeit with different
refractive indices for the two polarisations), giving a compelling reason to decompose the light on
the chiral side of the boundary into left- and right- circular polarised components rather than s and p
components. Derivations of the Fresnel coefficients for chiral media are presented in [1], and they
are also reported in [2].

Because the refractive indices differ for the two polarisations, they will generally have
different angles of refraction and k vectors — we designate the two angles of refraction 8%, and
wavevectors k... The generic situation — with an incident wave, a reflected wave and two
transmitted waves of opposite helicity — is sketched in figure 1. We choose a coordinate system such
that the interface’s normal lies in the z-direction, and the incident wave travels in the positive z-
direction. Further choosing the x-z plane to be the scattering plane, we see that if the k vectors of
the incident and transmitted waves make angles 8, 8 and 8~ with the surface normal, then the
unit vectors in the p and s directions for each wave are

P; = cosOX —sinb 2, Dy =cosf*x —sinf* 32,
s=9. 6.1.1
For the reflected wave (which travels in the opposite direction) the p and s directions are given by
P, =cos@X+sinb z,
s=9. 6.1.2
This convention is chosen so that p; and p,- coincide at normal incidence — but note that for the
incident wave P; X § = k; , while for the reflected wave § x P, = k,.. The k vectors are,

accordingly,

k; = ky(sin@ X + cos 6 2), 6.1.3
k, = ky(sinf X — cos 0 2), 6.1.4
ki =ki(sin0*x + cos6*2,) 6.1.5

Using these definitions, the (complex) electric fields may be written

1, . .
i i (3. o (5. _ia i(kjr-wt)
B =— (EL i +8) + EL(p; — i8) ) e , 6.1.6
1 .
E" = E(Ei (B, — i8) + EZ(P, + i8))e'lkr=wb), 6.1.7

Et . Et .
Et = X (P, +i8)eilker0t) 4 = (f_ — i§)eik-1-00), 6.1.8
V2 V2
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where Ei/r/t and EY/7/t are the complex amplitudes of the incident/reflected/transmitted field in

the positive and negative helicity polarisations. The corresponding H fields for each plane wave are

given byH=\/§E><E,

Hi—— < (ELG = D) + EL(S + ipy) ) elkim—o0) 6.1.9
V2 |1 '
T 1 Je T(_d_in T(_oLin i(—kyr-wt)
H" = 7 |u (EL(—8 —ip,) + ET (-8 + ip,) )e'kr , 6.1.10
H =L SEL - ip,)eite 00 1 |SEL(s 4 ip_)eilh-T-wD), 6.1.11
V2 K U
Calculating the helicity flux also requires expressions for the vector potentials. As in chapter
6, we find these by inverting E = — % and H = — Z—f, using the harmonic time dependence of the

fields and potentials to obtain

i

A=——E, 6.1.12
w
i

C=——H. 6.1.13
w

Finally, the reflected and transmitted electric field amplitudes are related to the incident by the

following Fresnel coefficients [2]*

3 (1-z%)(at+a”)

T (@t+Z2)A+Zra )+ (@ +Z)A + Zpat)’

2Z.(at —1D(a” +1

Toy = r - ) ~ ) , 6.1.15

(a*+Z)A+Zya )+ (a+Z,)A+ Zyah)
2Z.(at+D(a” -1

r_= r( X ) , 6.1.16

(at+Z)A+Za )+ (@ +Z)A + Za™)

2(Z, + D(a~ +1)

Ty_ =T_4 6.1.14

£ = , 6.1.17
(@t +Z2)A+ Zra )+ (@ + Z)(A + Zpat)
2(Z, + D(at +1
t__ = (Z + D(a ) ) 6.1.18
(a*+Z)YA+Za )+ (@ +Z,)A + Z.a™)
2(Z. — D(a” -1
ty_ (Z, ~ D@ ) 6.1.19

- (at+Z)A+Za )+ (a=+Z)A + Zpat)’

B 2(Z, — 1)(a* — 1) 10
M T )+ Za )+ @ +Z)A 1 Z.ah) -+

1 Note that in [2], Chern labels the +/- polarisations by the sense of rotation of the electric field, not by the
helicity, and so the labels for the reflected waves are assigned oppositely to those in this chapter. This means
that his r,, is equal to our r_, and our 1, hisr_, etc.
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. cos*
where we have made use of a shorthand notation a* = s

, and Z,. is the ratio of the impedances

Ko
€0

on the different sides of the interface, Z, = . The reflected and transmitted amplitudes are

related to the incident by the matrices

EX] [+ Ts- EL
[EZ:I o [T_+ T'__] |:E£ 6.1.21
E-f- _ t++ t+— E_l|_
EE]_[t_+ t__] Ei 6.1.22

6.2 The Helicity Flux at Reflection and Transmission

We now have gathered together explicit expressions for the incident, reflected and
transmitted electric and magnetic fields at a vacuum-chiral interface, for arbitrary incident
polarisations and angles, so we may straightforwardly calculate the helicity flux from the interface.

The cycle-averaged helicity flux density is given by

1 € 7
v=—-Re| [FEXA"+ [-HXC"|, 6.2.1
2 U €

which is valid in both chiral and achiral media. To calculate the net flux of helicity through a surface
enclosing the interface, it is sufficient to consider only the z-component of v: we may (for example)
take our surface to be a cuboid, and the fluxes in the x and y directions will cancel on opposite faces.

Using the fields on the vacuum side of the interface, the z-component of (6.2.1) is simply

1 ; ;
vyac = — i(lEHZ — |Ei

|2
w _[Ho

— |ELI? + |EZ|?) cos 6. 6.2.2
This is, of course, just the appropriate projection of the intensities of the different circular polarised
components onto the z direction (the reflected intensities enter with opposite sign, as the reflected
positive/negative helicity waves travel in the negative z direction). Note that both the electric and
magnetic parts of (6.2.1) must be included in order to obtain this result: the cross-terms between
the incident and reflected fields in one half cancel with those of the other. We may use the Fresnel

coefficients (6.1.14-6.1.20) to write this explicitly in terms of the incident amplitude,
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1 |e . . . . . .
v = » M_ZOEHZ - |E5|2 - |7‘++Ei + T+_Ei|2 + |T_+E3r + T__Ei|2) cos 9 6.2.3
1 EO .2 L2
=~ O (JEL - b2 + BT -2, )
W Mo

+ (EiEi* + Ei*Ei)(r_J,r__ — r++r+_)) cos@.

On the medium side, we similarly obtain

1 |e
ved = — |—(|Et)? cos 8 — |EL|? cos07), 6.24
w |u

where again both parts of (6.2.1) must be used. Using (6.1.22) to write the transmitted amplitudes in

terms of the incident gives
1 [e ; . . .
pmed — - ;(|1:++E_lF + t+_EL|2 cosft — |t_+Ei + 1:__Ei|2 cos 9_) 6.2.5

1 [e/, .. '
=% ;(|Ei|2(ti+ cos 0% —t2, cos87) + |EL|* (£2_ cos 6+ — t2_cos67)

+ (EiEi* + Ei*Ei)(t++t+_ cos@t —t__t_, cos 9‘)).

The net flux of helicity from the interface is given by v"¢4 — prac,

The final remark necessary to relate these expressions to properties of the medium is an
expression for the two angles of refraction in terms of medium properties. In the following chapter,
it will be demonstrated that the phase refractive index for the two polarisations in a chiral medium is

given by

3
I+
I

ue
—— (1 £ Bk), 6.2.6
Ho€p

where f is the chirality parameter (see section 7.1). With this, we may relate the incident and

transmitted angles by using Snell’s law. For the vacuum-chiral interface, we have

sinf = n, sin6%, 6.2.7
+ _ sinf
6+ = arcsin — 6.2.8
+
Uo€Ep Sin? 6 629
pe(l + pk)*’ o

showing explicitly how the chirality of the medium enters into the above formulae.
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6.3 Linear Incident Polarisation

When the incident light is linearly polarised |Ei| = |Ei , and the expressions for the helicity

flux on either side reduce to
1 e . Lk k.
vyac = = —0(|E5,|2(r_2_ —12) + (ELEL + EL EL)(r_yr—_ — r++r+_)> cos 6. 6.3.1
Uo

The polarisation of the incident light is governed by the relative phase between EL and E%. Without
loss of generality, we may take E to be real and write EX. = ELe®, for some constant phase ¢. We

then obtain

vac _ 1 e i20.2 2
v == I1_E+ r2 —ri +2cospr_ (r_—ryy))cosb, 6.3.2
0

where ¢ = 0 and ¢ = m correspond to incident p and s polarised light, respectively.

When the incident light is linearly polarised, any transmitted or reflected helicity must be
due to the chirality of the medium. We see from the coefficients (6.1.15-6.1.16) that in an achiral
medium 7, = 1__, and so the above flux is zero.

The flux on the medium side reduces to
1 |e .
pmed — -~ ;Eiz((t_ZH +ti_+2cosptypty )cosOt — (t2_+t2, +2cospt__t_,)cosf),6.3.3

which similarly vanishes in achiral media.

6.4 Achiral and Dual Symmetric Interfaces

In achiral median, = n_and 87 = 6, so many of the Fresnel coefficients (6.1.14-6.1.20)
are greatly simplified. In particular, we see thatr,, =r__,t,, =t__andt,_ = t_, (as they must,
because an achiral medium does not distinguish between the two circular polarisations). The fluxes

therefore reduce to

1 |e 12 ;12
vgac=a M—Z(|Ejr| — |E| )(1—rf++rf_)c050, 6.4.1

pmed = % £(|Ei|2 — |E£|2) (t3, —t2)cosOt. 6.4.2

In this case a net radiated helicity evidently requires an imbalance between positive and negative

helicity incident waves.
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The conservation of helicity at dual-symmetric interfaces is also apparent from the Fresnel
coefficients (6.1.14-6.1.20). If the vacuum-chiral interface is dual-symmetric, then /;—" = \/%, and so
0

Z,=1.Wethenhaver,_=r_,=t,_=t_, =0,and

1 |e : -
vpee == [ (|gE P - r2) - B (- 12) ) cosd, 6.4:3
o |Ho
med _— €o i2(¢2 + E2(e2 -
vyt = — H_(|E+| (¢34 cos0%) — |[EL|"(t2- cos 6 )). 6.4.4
0

The total flux of helicity from the interface is equal to
1 |e ) .
pmed _ yrac — = f{|Ei|2((1 —r2.)cosf —t2, cosf) — |EL|2((1 —12_)cosf —t%_cos 9_)}.6.4.5
0

Consideration of the Fresnel coefficients shows that this is identically zero. When Z, =1,

the positive helicity reflection and transmission coefficients reduce to

et 2 6.4.6

r++_a++1' a4+ 1 o

We can examine the term multiplying |Ei|2, noting that
2 at

(1—-rfy)cosf = Wcos 0, 6.4.7
t2 ot = * ot = da” 6 6.4.8

f4c0S607 = @+ 12 cosf™ = @ 1 12 cos @, 4.

cos@*

where in the last step we have used the definition at = . . The term therefore vanishes, and a

os6

212
corresponding result is obtained for the coefficient of |Ei| from the expressions for r2_ and t2_.

We therefore see that when \/;—70 = \E the net helicity flux is identically zero.
0

6.5 Chiral Negative Refraction

The expression (6.2.6) for the refractive index in a chiral medium carries the implication that
if |Bk| > 1, the refractive index will become negative for one of the circular polarisations [4]. As will
be discussed in chapter 7, the chirality parameter is extremely small for even highly optically active
substances. The realisation of such chiral negative refraction is currently confined to carefully
engineered metamaterials, and in the GHz or THz region of the spectrum (see for [5], or [6]). A
negative refractive index leads to a variety of novel propagation effects — the “negatively refracted”
wave remains on the same side of the normal as the incident wave, and its phase velocity and k-

vector are anti-parallel rather than parallel [4].
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It has been a tacit assumption in the calculations above that this situation does not arise.
The presence of negative refraction does not fundamentally change the situation, but alters the
geometry somewhat, and this requires some modifications to the definitions of the s and p unit
vectors (6.1.1). We sketch briefly below how the above calculations would be altered if one of the
waves were negatively refracted.

We shall consider the case where the chirality parameter f is positive. Then, when |Bk| > 1,
the wavevector k_ will point in the opposite direction. If we continue to define 8~ as the angle that
k_ makes with the positive z direction, then the definitions (6.1.3) remain valid, but we now have

p_=—cosf X +sinf” 2, 6.5.1
and normal incidence corresponds to @ = 87 = 0,0~ = m. The situation is shown schematically in
figure 2.

This redefinition of p_ affects the fields Et, and the corresponding A potential. Furthermore,
for a plane wave passing through a negative-index material we have? H = \/EE x k. The

transmitted H-field therefore becomes

1 e , .
H' = N \/; [EL(3 — ip etk — EL(3 + ip_)elk-T-0D)], 6.5.2

where, compared with (6.1.9), the sign of the second term has been reversed. The helicity flux on

the medium side becomes
1 |e
pmed == ;(|E£|2c059+ + |Et)? cos87), 6.5.3

but it should be stressed that the change of sign in the second term (compared to (6.2.4)) is merely
because of the change of meaning of 8~ when the wave is negatively refracted. The projection onto
the positive Z-direction is now given by — cos 8~ instead of cos 87, so cos 8~ enters the expression
with opposite sign. The negatively refracted wave still contributes negatively to the helicity flux.
Finally, the Fresnel coefficients (6.1.14-6.1.20) are derived from the continuity of the
tangential components of E and H, and the resolution of the fields into normal and tangential
components encounters the same issue of the redefined 68 ~. Because 8~ is now the obtuse angle
shown in figure 2, the appropriate resolutions of E and H into normal and tangential parts now use

cos(m — 87) in place of cos(87). In (6.1.14-6.1.20) we must therefore also replace each occurrence

2For plane waves in an ordinary dielectric E, H and k form the three basis vectors of a right-handed coordinate
system. In a material with a negative refractive index, however, the opposition of k-vector and Poynting vector
means that they form a left-handed one. For this reason, materials with a negative index of refraction are
sometimes referred to as “left-handed” materials. This terminology has not been used here to avoid confusion,
as this use of the term “left-handed” has nothing to do with material chirality.
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of a~ with —a ™. These various changes do not fundamentally affect the arguments or conclusions of

the other parts of this chapter, which apply equally well for positive and negative refraction.

Figure 2 Negative refraction at a vacuum-chiral interface with a positive chirality parameter. The
wavevector of the negatively refracted wave points towards the interface, and so makes an obtuse

angle with the positive z direction.

6.6 Conclusions

In this chapter we have demonstrated how the local continuity of helicity applies at a
dielectric interface, and how the Fresnel coefficients for chiral and achiral interfaces provide specific
examples of the more general observations about helicity and duality symmetry made in chapter 2.
This chapter has exclusively been concerned with helicity fluxes, and we have seen that applying the
flux definition (6.2.1) within a chiral medium has presented no obvious problems. In the following
chapter, we go on to examine the helicity density within a chiral medium in greater detail, and find
that here the extension to chiral media is not so straightforward — we will see that it requires
modification from the form presented in chapter 2 if it is to be conserved at dual-symmetric

interfaces.
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Chapter 7 — Helicity within Chiral Media

In chapter 2, we took the definitions of the helicity density, h, and flux density, v, within a

1 €

h== \/:AT-B—\/EC-D ) 7.0.1
2\ |u €
1 € 7

V== —EXA+ [—-HXC|. 7.0.2
2\ |u €

It might be wondered why, when generalising the definitions to apply within a medium, the auxiliary

dielectric medium to be

fields enter in the combinations that they do. From a certain point of view, the ultimate reason is
that — just as the vacuum helicity density is connected to the dual-symmetry of the free-space
Maxwell equations — the quantity defined above is connected by Noether’s theorem to a generalised
“duality transformation” of the macroscopic fields within the medium, which (for certain material
parameters) leaves the macroscopic Maxwell equations invariant. In this chapter, we will examine
the helicity within a chiral medium, and argue that in this case the definition of the helicity density
given above requires modification. An examination of the consequences of the definition (7.0.1) in
chiral media has not been undertaken before — and we show that, in chiral media, it does not
possess many properties we would expect of the helicity density. In particular, we find that the
helicity per circularly-polarised photon within the chiral medium is not A, that the helicity does not
travel at the group velocity of the light, and — perhaps most tellingly — that helicity is not generally
conserved at a dual-symmetric interface if the media concerned are also chiral. The first two
observations strongly imply that something is wrong with the above definition, and the last confirms
that the quantity h above is indeed not the locally conserved density connected by Noether’s
theorem to macroscopic duality symmetry in a chiral medium.

The issues identified above can be remedied by introducing into h a term which is
proportional to the electromagnetic energy density and the chirality parameter of the medium. We
motivate this modification by showing how it corrects the first two unsatisfactory observations, and
then formally justify it through the application of Noether’s theorem. The main arguments
presented here, and the proposed modification, are reported in [1]. But before describing these in
detail, we begin with a few words on the description of chiral media within the framework of

macroscopic electrodynamics.
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7.1 Electromagnetic Wave Propagation in Chiral Media
Chiral media exhibit different refractive indices for left- and right-handed circularly polarised
light. When dealing with the macroscopic fields within a chiral medium, this difference can be
described by a modification of the constitutive relations within the medium, introducing a
pseudoscalar “chirality parameter” which is connected with the strength of the chiral response.
There is not complete agreement as to how exactly the relations should be modified, though the
different proposed forms lead to equivalent results for small chirality parameters.
In this chapter, we use the Drude-Born-Federov (DBF) constitutive relations?,
D =¢€e(E+[VXE), 7.1.1
B = u(H + SV X H), 7.1.2
with the chirality parameter 8, which has the dimensions of length. To see how this modification
leads to the description of a chiral material, we can consider the wave equation for the E field

obtained with these constitutive relations. Taking the curl of the electric field, we find

(VXE) = 9B _ (aH+ anH) 7.1.3
=% - MG AV %) o
Taking the curl again, and using Maxwell’s equations (2.5.4) to express the curls of H in terms of D,
VX (VXE)= anH+ Vx(anH> = 62D+ anzD 7.1.4
-k ath ac) )= M TPV 5z ) o

Substituting the constitutive relation (7.1.1) into V - D = 0 shows that, in the absence of free charge,

the E field is still transverse within the chiral medium. Therefore, we also have

Vx (VXE)=V(V-E)—V?E = -V?E. 7.1.5
Putting this together with (7.1.4) gives
V2E = 62D+ VXaZD 7.1.6
= Moz AV 57 ) o

Finally, we use (7.1.1) once more to express (7.1.6) entirely in terms of the E field, leading to the

wave equation

0%(E + BV X E) 0%(E + BV X E)
at? pV x at2 )

VZE = ,ue<

! n addition to the Drude-Born-Federov relations, there is an alternative set — the symmetrised Condon
. . OH dE —
relations —givenby D = €E — g > B = uH + 95 For monochromatic fields, these can be shown to be

equivalent to the DBF relations with appropriate redefinitions of the constants €, u and g [2]. A third set has
been advocated by Bassiri et al. [3], D = €E + iéB, B = uH — iéuE. These do not lead to precisely equivalent
predictions, but the differences in observable quantities (for example, the reflectance at an achiral-chiral
interface) depend only on terms second order in the chirality parameter [2]. Small chirality parameters are
typical in organic chemistry — even a large specific rotation of ~1000°'mm™" (as is found in solutions of
AgGa$;) corresponds to a 8 of the order 1071%m [2].
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0°E 0°E 0°E
=pe\ 57 +2PVX -5 + VXV X——

ot dt?2 dat2
= 82E+2 V X 0°E 2VZaE 7.1.7
N ot2 B Fra —B at2 "

The § dependent terms lead to different propagation for left- and right-handed circularly

polarised waves. Substituting
E, .
E=—(X + ip)eikz—wt), 7.1.8
V2

we obtain

—k?E = pe(—w?E F 2 w?kE — [?w?k?E),

- k? = pe(w? £ 2Bw?k + B?w?k?), 7.1.9
leading to the dispersion relation
= L 7.1.10
Vie(1 £ k)’
and a phase refractive index
Nyt = Jurer(1 £ Bk), 7.1.11

where the relative permittivities and permeabilities are defined €, = €/€y and w,- = u/u,- The
group refractive index for the two polarisations can similarly be found — calling the group velocities

Vg+ and the group indices ng ., we obtain

Jw 1
Vgy = = 7.1.12
+ =9k T Vi x Bl
c
E—+— Jure-(1 £ Bk)2. 7.1.13

So the constitutive relations (7.1.1-2) lead to the behaviours one would expect in a chiral medium:
left- and right-handed plane waves have different phase and group velocities, and the difference is

determined by the chirality parameter (3.

7.2 lllustrating the Problem — Helicity per Photon and Group Velocity of Circularly Polarised Light
The first problem with the “naive” definition of h is revealed if we examine the relationship
between helicity density and energy density for circularly polarised plane waves propagating within

a chiral medium. The energy density within a chiral medium is given by [4]
1/1

1
w=—(—D-D+—B-B). 7.2.1
2 \e 7

For the left- and right-handed plane waves,

E, .
E=—(X + ip)eikz—wD), 7.2.2
V2
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E
\/3 —( F ix)eilkz-w), 7.2.3
D= e—((1 + BKR)X + iP(Bk + 1))elkz-wt), 7.2.4
= \/_%‘/6_”((1 + BK)Y — (Bk £ 1)ix)elkz-w0), 7.2.5
E, Eq veu(l + Bk) .
A= fEdt = ——(—ixt etz = = "~ 2 (_jx +y)eilkzwd
o ( y) =5 . (-ixty)
E
0 Ve ((ﬁk + 1)y — (1  Bk)ix)eilkz—wD 7.2.6
V2 k
f Hdt =2~ 5(—@ T R)eiti-o0 = EOE 1 4 piim— Bk + DR)ellE0D 727
p V2k

where the expressions for D and B follow from the constitutive relations. (Note thatV X A =

+kA = B,V X C = +kC = —D). The (cycle-averaged) energy density is therefore equal to

o .1 NERYG: 1 .
Wi—Re[E(ED'D +;B-B)]—§<T[(1iﬁk)2+(ﬁki1)2]+;B'B>

1
=3 (eE2[1 + 2Bk + B?k?] + €EZ[1 + 2Bk + B%k?]) = eEE(1 £+ Bk)?, 7.2.8

while the helicity density from definition (7.0.1) is equal to
h, =Re|=| |€aT. B \/ﬁc p || =R Ege(z k+2)+E06(2 k+2)
1—92# € _2620)'3_ Zwﬁ_

€
= E¢ Z(Ek +1) 7.2.9

Taking the ratio of energy density to helicity density gives
s = ! 7.2.10
wf wPBk+1)’ o

which is not equal to the expected i%.

By contrast, the ratio of the helicity and energy flux densities is consistent with a helicity of
+h per photon. The energy flux density is given by the usual Poynting vector S = E X H. The cycle-

averaged energy flux density is therefore

€
S = Re[E x H*] =E§\/;2, 7.2.11

while the average helicity flux density is

1/ |e U 1 . [e.
v=Re|z| [mTEXA"+ |-HXC" ||=+—Ej |-Z. 7.2.12
2\ (u € w 7
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Taking the ratio of energy and helicity flux densities for the circularly polarised waves gives

vZ 1

=t 7.2.13
S_

S

as would be expected for a helicity of +# per circularly polarised photon. This appears to indicate
that it is the helicity density, and not the flux density, which requires modification within a chiral
medium.

Finally, we may observe that the helicity as defined by (7.0.1-2) does not travel at the group
velocity of the light within a chiral medium. To see this, one can evaluate the speed of travel of
helicity by dividing the helicity flux density by the helicity density.

vt 1 ~ 1 ~
WGk D e

1
T Jer(1+pK)?’

7.2.14

which is not equal to the group velocity v,

7.3 Helicity Conservation at a Dual-Symmetric Interface

In chapter 2, §2.6, it was shown that Maxwell’s equations within a dielectric medium are
invariant under a generalised duality transform, provided that V (\/%) =V (\E) = 0 throughout

the region under consideration [5]. The modified constitutive relations (7.1.1-2) do not affect this
argument, and so the same conclusion holds within a chiral medium.

In chapter 2, we also showed — by starting with the expressions (7.0.1-2) — how the local
continuity of helicity in an achiral dielectric medium can be expressed by the equation

dh 1 € 1 U
—+V-v==V| [-|EXA+=V| [—|HXC. 7.3.1
at 2 J7i 2 €

This is consistent with the connection between helicity conservation and the generalised duality
symmetry, as the right hand side vanishes when V (\/E) =V (\/%) = 0, turning the continuity

equation into a local conservation law.
However, repeating the derivation of chapter 2 with the Drude-Born-Federov constitutive

relations (7.1.1-2), while keeping the helicity density and flux definitions (7.0.1-2), gives

oh € 1
E+V V= fE B+fH D+ - V ;E A+2V<\/E>H><C 7.3.2

Under the achiral constitutive relations, the first two terms (which arise from the time derivative of
the helicity density) are equal and opposite. However, under the Drude-Born-Federov relations they

instead reduce to



7. Helicity within Chiral Media 71

€ [0
—|-E-B+ |[-H-D = H-VXE—-E-VXxH), 7.3.3
o o )

which is in general non-zero. This contribution to the “source” side of the continuity equation (7.3.2)
persists even when the V (\/%) =V (\/g) = 0, leading to the conclusion that — if the definition

(7.0.1) is adopted — helicity is not generally conserved in a chiral medium even if the medium is dual-
symmetric. This indicates that the density defined by (7.0.1) is not related by Noether’s theorem to

macroscopic duality symmetry in a chiral medium.

7.4 Modifying the Helicity Density

The considerations above suggest modifying the helicity density to

€ 7
—AT-B—\/:C-D +./ ) 7.4.1
\/; . eupw

This modification, by construction, will remove the unwanted “source” term \/euS(H - VX E — E -
V X H) from the continuity equation in a dual-symmetric interface. This is because it is precisely
opposite to the time derivative of the additional term /eyuSw. We can use the DBF constitutive

relations to show
01

d 1 1
—Ww = D-D B B D-D B-B
Ve gpw = e 55 (Z0 D+ B B) = e B( T )
1
= /€ B( D- VxH—;B VXE)
= JeuB((E+ BV XE)-VXxH—(H+pVXH) VXE)
=, JeuB(E-VXH—-H-VXE). 7.4.2
The modification also produces the correct ratio of helicity to energy density for circularly

polarised plane waves. Using the energy density (7.2.1), we find that the helicity density for a

circularly polarised wave becomes
€ € k
h'* = E3—(Bk + 1) +/enBeE; (1 + Bk)* = E; — (Bk £ 1 E3(1 + Bk)—
ow(ﬁ + 1)+ /euBeEs(1 + Bk) ow(ﬁ 1)+ PeEg(1 £ B )a)
€ € €
= Eg —(Bk £ 1) + BkEG(1 £ Bl) — = Eg —(2pk £ 1 £ pk?)
€ €
= iE@;(iZﬁk + 1+ p%k?) = iE&Z(l + Bk)2. 7.4.3
We therefore find that

pt o[RS (Ep?] g
— = 5 —=x—, 7.4.4
wT eEf(1 £ Bk) w

as expected. We similarly arrive at the expected group velocity,
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1., €4
v “wtu” ! 2 7.4.5
= = Z. .
WE O E2E (14 pK)2  Ver(l £ pk)?
w

7.5 Noether’s Theorem in a Dual-Symmetric Chiral Medium
The motivating arguments above can be given formal justification by applying Noether’s

theorem to the Lagrangian describing a system in which €, u and 8 are functions of position, but the
dual-symmetry condition V (\/%) =V (\/%) = 0 holds everywhere. In the absence of free currents

and charges the generalised duality symmetry holds, and we use Noether’s theorem to identify the
conserved quantity which corresponds to this. We note that e(r), u(r) or f(r) may vary in space as

rapidly as desired, and so our treatment applies equally well to interfaces between different media,
provided that the ratio \E always remains constant. We also assume that dispersion and loss can

always be neglected (that is, the functions €(7) and u(r) are real and frequency independent). For
notational clarity, we will leave the position dependence of €, i and § implicit in the calculations
below.

Guided by the form of the energy density (7.2.1), we write the Lagrangian density of our

system (in the absence of free currents and charges) as

1/1 1
£=—<—D'D——B~B). 7.5.1
2 \e u

The choice of Lagrangian is justified in appendix B where it is shown, in conjunction with the DBF
constitutive relations, to lead to the correct field equations in a chiral medium. As discussed in

chapter 2, the infinitesimal duality transformation in a medium is given by

€
D'=D+86 ,t_lB' 7.5.2

B'=B — HJgD, 7.5.3

with 8 an infinitesimal parameter. Substituting the duality transformation into the Lagrangian

density, we find the change in £ to be
L’—L=£D-B 7.5.4
NG )
with terms of 2" order and higher in @ neglected. While the duality transformation does not leave
the Lagrangian (7.5.1) unchanged, we find — as in chapter 2 — that the change in the Lagrangian can

be written as a 4-divergence,
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r—r=25p (vxa =20 E( 4 _y anA) (V x 4)
~ Ve =20 [\mor TV VXSG

d
=Gﬁ[a(—A'VxA—ﬁ(VxA)Z)—V-(ExA+¢>(V><A))]. 7.5.5

This is similar to the 4-divergence from chapter 2 (2.2.15), and it was there noted that the
terms in the time and space derivatives corresponded to the magnetic parts of the helicity density
and flux density. Here, because of the DBF constitutive relations, we find the extra term —3(V x A)?
in the time derivative. Recognising that V X A = B, we see that this term is proportional to the
magnetic half of the energy density. Indeed, it is the magnetic half of the additional term \/eufw
which we have suggested is added to the helicity density in a chiral medium.

As in the free-space case, we find the term ¢(V X A) in the flux density, which we omit from

here on as it does not contribute to the total change in the Lagrangian (for further discussion, see
chapter 2). We also note that the right-hand side of (7.5.5) is only a four-divergence |f\f is position

independent — this is, of course, the condition for macroscopic duality symmetry.
To proceed further, we make use of Noether’s theorem. We express the change in the

Lagrangian as

ror= z > s 756
axa a(prtx a Pr.ap (prﬁ ,8<aaxB a(pr,aﬁ erl o

and then by subtracting the 4-divergence (7.5.5) from both sides, we may read off a local continuity
equation?.

In three-vector notation, keeping only the derivatives that are not trivially zero, (7.5.6)

becomes
. d[adL A 4+ oL - 5(0,4) + d oL 1 o oL
AT a(9,4) x\0(0,4) at|9(a,A)
+ 0 oL 5A i 0A |+ i 8A 0 [ oL 0A 7.5.7
dy \a(a,4) at[a(a,A4) 0z \0(0,4) at|a(0,A) ' -

2 The expression for the change in the Lagrangian is more complicated here than that given in chapter 2. This is
because, by virtue of the curls of the fields which appear in the DBF constitutive relations, the Lagrangian
(7.5.1) contains second derivatives of the potentials (these are shown explicitly in (7.5.14) below). This
modifies the form of the Euler-Lagrange equations (which are usually presented assuming the Lagrangian
contains only first derivatives of the coordinates), and therefore also the expression for the conserved current.
A fuller discussion and derivation of the result is presented in appendix C.
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To evaluate this, we require explicit expressions for the changes in the potentials under the duality
transformation, 8¢ and 84, as well as the relevant derivatives of the Lagrangian with respect to the
potentials. We obtain these by following a similar approach as was presented in chapter 2. To begin
with, we see from the duality transformation equations (7.5.2-7.5.3) that the following must be

satisfied by 8¢ and 64

U u i (0A dA
B =B—-06|-D>Vx6A=—-0|-D=86 —(—+V¢>+BV><—>, 7.5.8
€ € e \dt ot

D'=D+06 EB (84) V(& 0(54) =6 EB—G EV A 7.5.9
= + ; =>€<—a—— (d)) ,BV 9t )— ’[_,{ = ’[_,{ X A. .

The general solution to these two equations can be written

5 = —9 2% 7.5.10
¢ - at ) D
u
64 = 0Vy + H\E C 7.5.11
where y is any scalar field, and C is any vector field which satisfies
oc _ 1V><A aV +62A+ anZA 7.5.12
ot u pe ¢ at2 A atz )’ e
J0A dA
VxC—e(V¢+ +3ant) 7.5.13

As in chapter 2, we see that y is associated with an ordinary gauge transformation, and that the
vector potential C is associated with the duality transformation. As we are only interested in the
duality transformation, we set y to O for the remainder of this derivation.

In order to write down the required derivatives of the Lagrangian, we express the Lagrangian

in terms of the potentials 4 and ¢,

1 oA\ 1
L= 2< ( V¢———,8V ) —;(VxA)2> 7.5.14
_1 (V )2+26A v +(aA)2+2 (an ) Vo + 2 (anA) aA+ Z(anA)Z
_26¢ at¢at B ¢+2p at atﬁ ot
1
——(VxA)2>.
u
The relevant derivatives are therefore
oL
— =0, 7.5.15
¢
oL aA+V + (anA) 7.5.16
94\ at ¢+h ot -

oL oa_ . -
vy \ac T ¢+B< XE) >
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ot __ 1 09 \% AZ—1 VxA 7.5.18
3(0,A) ~  200(0,A) ¢ A = e x (VXA 5
oL 9A\> 0A A\ 0A
3(0,4) (0, A)[ b (Vx5;) +ﬁ€(vx_> Vo +he(Vxgr) o

= 2 x(anA) x V xaA— x[ (anA)+V +6A]7519
where n is a unit vector in the a direction. The results (7.5.15-7.5.18) may be compared to (2.2.19-
22), from which they differ only by the two 8 dependent terms in (7.5.16) and (7.5.17), and by the

replacement of € and py by €(r) and u(r). We also require expressions for the derivatives of 64,

,uaC
8A=0 7.5.20
€ot’
u
5(0,4) = Q\E 9,C, 7.5.21

where we have made use of the dual symmetry condition V\E = 0 in writing the final line.

We obtain the components of the helicity density and flux density by examining each term

of (7.5.7) in turn. Examination of the time derivative shows

0L s+t 5(,4)
0A a(0,4) ¢

=9\/_<Z‘?+v¢+/3(\7x2—'4>> C - 0./eupn, x [,8(V><A)+v¢+—] 9,C
= 9[0 c+9\/_/3 D-D, 7.5.22

as
—6./eupn, x [B(VXA)+V¢+ ] 9,C = efﬁ n, x [D]- 8,C

= —0./€ —n xd,C- D=-0./¢ —V><C-D 7.5.23
up c ta a up E ( )

This is equal to the electric half of the helicity density, with an added term proportional to the
electric half of the energy density.

For the flux density, we examine the space derivatives,

oL 6[ 0L

——— 84— —|—=| 54
0(0,4) dt [9(9,A)

- C. 7.5.24
Veu

As the scalar triple product (4 X B) - C is invariant under cyclic permutations of the arguments, we

=ginax(VXA)'C'l'H\/g%[Eﬁnax[ﬁ(VXA)-I—VQ')-l-Z—[tl]

can re-write this as
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9\/%_#(8><C)a+9\/e_u(%[ﬁ2(v><}l)+ﬁv¢+ﬁg—ﬂ xc)a
:ng((iB—ﬁD)xC)
ZQ\E(GB_BVXH)XC)

= 9\/%(}1 X C)g 7.5.25

where Maxwell’s equations have been used to write D = V x H, and the constitutive relations have
been used in the final step.

We finally put the two expressions for L' — L, (7.5.5) and (7.5.7), together to obtain

e€ra _ [mgo
ﬁ[a(—A-B—BBZ)—V-(ExA+¢B)]—\E[a(—D-C+ﬁ D-D)+V-(H><C)],7.5.26

which can be rearranged to form the local conservation law

a| e u 1 1 € u
—| |-A-B— [-C-D+RB./ (—D2+—Bz> +V. —E><A+\[:H><C =0. 7.5.27
atﬁ \/; Ben € u u €

This proves that the helicity density is indeed modified in the manner suggested in section 7.4. We
see that the flux density is unchanged from (7.0.2), but the density is modified according to (7.4.1).
An alternative derivation of this result, which varies a dual-symmetric Lagrangian density over both

A and C, is presented in [6].

7.6 Conclusions

This chapter has examined the helicity density within a chiral medium, and has argued that
the presence of material chirality requires that the definition is modified to include a term
proportional to the energy density and the chirality parameter of the medium. In terms of the fields

in the medium, the full definition is given by

1| (e u 1 1
h=—=||-A-B— |-C-D+pf, (—D2+—BZ) . 7.6.1
2 \ﬁ \/; Ben € 7

This differs from the standard definition of helicity within an achiral dielectric medium, (7.0.1), by
the addition of the chirality-dependent term %ﬁ@ GDZ + %BZ). The flux density, by contrast,

remains unchanged from its achiral value, and is given by

1 € u
v=—| [FEXA+ [-HXC . 7.6.2
2\ |u €
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This conclusion is suggested by the requirement that the helicity-per-photon for circularly
polarised light within a chiral medium remains +#, and the requirement that the total helicity is
conserved in dual-symmetric conditions — neither of which are satisfied by (7.0.1). It may be
ultimately justified because the quantities (7.6.1) and (7.6.2) form the conserved current

corresponding to macroscopic duality symmetry within a chiral medium.
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Chapter 8 — Semiclassical Electrodynamics

The remainder of this thesis focuses on molecular light scattering, and this chapter presents
some of the key background necessary to follow the subsequent chapter’s work. We present the
apparatus used for a semiclassical treatment of molecular light scattering in terms of molecular
polarisability tensors which describe the scatterer.

We begin with a derivation of the multipolar Hamiltonian from the minimal coupling form by
means of the Power-Zienau-Wooley transformation. This multipolar Hamiltonian then forms the
starting point for a perturbation-theory treatment of linear light scattering, which leads to explicit
guantum-mechanical expressions for a series of molecular polarisability tensors. We then examine
how these results may be refined and extended to cover scattering in regions of absorption through
the inclusion of complex frequencies, and also Raman scattering through the use of the appropriate
transition matrix elements. The final, general results for the polarisability tensors are summarised in
section 8.10. In section 8.11 we go on to introduce the Stokes parameters as a convenient way to
describe the scattered light and its polarisation.

We then examine the behaviour of the polarisability tensors under a change of the origin
about which the multipole expansion is taken — the tensors are not invariant under such a
transformation, although predictions of observable effects will be. Finally, we briefly discuss some
ways in which the property tensor components are constrained by the symmetries of the scatterers
which they describe, and how inference of polarisability tensor components therefore provides

information about molecular structure.

8.1 From the Minimal Coupling to the Multipolar Hamiltonian — The PZW Transformation

For a system of a charges, the minimal-coupling Hamiltonian is written

. 2

o (ﬁa—qu(xa)) 'SP I SRPU S ESURSS I

fmin COHP-:Z +—f¢(r)p(r)d r +—H60E ) +—B2() | a3r8.1.1
- 2mg, 2 2 Ho

where P, is the canonical momentum of the a® charge, q, is the charge of the at" charge and x,
its position, 4 is the vector potential, ¢ the scalar potential, p the charge density and ET and B the
transverse electric and magnetic field operators?. The first term, therefore, represents the kinetic
energy of the charges, the second term their potential energy and the third term the energy of the
field. Note that this expression presupposes the Coulomb gauge. Note also the infinite self-energies

in the Coulomb term, and the lack of retardation.

I Throughout this chapter we will use Greek letters to label charges, and Roman letters to label vector or
tensor components. Repeated Roman indices are to be understood as implicit sums in the usual way.
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When describing the interaction of light with molecules, a key simplifying feature is that the
dimensions of the molecules are almost always small compared to the wavelength of the incident
light. This mismatch of length scales invites the use of the multipolar series discussed in chapter 4.
One might hope that if the charge distribution can be described by a multipolar series, the total
energy of the system could be written in terms of the energy of the electric dipole momentin an
external field, the energy of the magnetic dipole, and so on — and that for a sufficiently compact
distribution of charge, an accurate description would require only the first few terms to be retained.
In a static field this would be straightforward — but the complication in a dynamic field, of course, is
that the field and the molecule can interact. This makes the separation into “external field” and
molecule difficult, and strictly speaking the two must be treated together as one quantum-
mechanical system [1]. How, then, could such simplifications be brought into the above
Hamiltonian?

It is possible to cast the above Hamiltonian into a form that explicitly brings out the
multipole moments by means of a unitary transformation known as the Power-Zienau-Wooley
transformation [2]. The transformed Hamiltonian is defined by

I’_I‘mult. — U‘—lﬁmin.coup. ﬁ’ 8.1.2
with
i

U =exp [E,f P@")-A(r) d3r’] 8.1.3

where P is the electric polarisation field. Explicitly, for an overall neutral collection of point charges

at positions r,, we take
1
P(r) = Z ?'aqaf S(r—ury)du. 8.14
0
a

For each charge, the contribution to the polarisation field is uniformly located on the line connecting
that charge to the origin, and is directed along this line with a magnitude proportional to the charge
and its distance from the origin. We can visualise this way of describing a point charge at r, by
considering the continuous limit of a line of electric dipoles along the line connecting the charge to
the origin. In the limit of a very large number of equally spaced dipoles, the positive and negative
charges of the adjacent dipoles cancel, and all that is left are the charges q, at r, and -q,, at the

origin.

2 This is like an electric version of the “Dirac string”, which represents a magnetic monopole as one
end of a long chain of magnetic dipoles. There is one important difference — the Dirac string is half-
infinite, and leads to a magnetic monopole [3 §6.12], whereas the polarisation density given here
lies along a finite line segment. So for each charge at r,, there is a corresponding charge of opposite
sign at the origin. This leads to no problems for a collection of charges which is neutral overall. In
fact, this treatment can also accommodate systems which are not neutral overall — a polarisation
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8.2. Proving the Polarisation Density is Acceptable
We can also show explicitly that this is an acceptable choice for the polarisation density with
the equations
Ppouna (1, t) = =V - P(r,t) 8.2.1

and

=

~

0P _
Ja ) =—-+VxM. 8.2.2

A formal solution for P can be constructed the via a Fourier transformation. If the charge
density is taken to consist of a collection of point charges each at position r,(t), and we choose to

account for all of the charge density as “bound” charge, then we have
Prouna @) = ) 4o8(r = 7 (©)) 8.2.3
a

The Fourier transform of this charge distribution is given by

pt) =5 [[[ %Y aubtr = ru@) ar

1 .
— —ikrg(t) 8.2.4
3/2 Z qat o
21 -
Writing the exponential as a power series gives
2
N 1 . (_ik "Ta (t))
p(k,t) =WZ da (1—lk'Ta(t)+T+'“ 8.2.5
a

We consider only atoms or molecules which are electrically neutral, and the first term — which
involves a sum over all the charges in the atom — is therefore equal to zero. Removing it, and taking
out a factor of —ik.r,(t) from the remaining terms, gives

. . . 2
BRt) = z —ik - T4(t) 0 (1 L (ke e®) | (k- ra(®)” ) 626

3 | |
~ o2 2! 3!

The sum in brackets can be re-written as an integra over an auxiliary parameter u,

—ik . 1 il . 2
ﬁ(k,t)=ZMqaf (1+(—ik-ra(t))u+( k- ra(t)w +--->du
a 0

2m3/2 2!

_. . 1
_ Zlk—r“(t)qaf e-ikTaugy, 8.2.7
- 0

27T3/2

field is always defined with respect to a reference charge distribution, usually taken to be zero
everywhere. Charged systems are described simply by altering this reference charge distribution to
place the negative of the net charge at the origin [4, p.281].
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When the u integration above is performed, each term is divided by its power of u, restoring the
original denominators. The upper limit of integration gives the previous line, and the lower limit
evaluates to 0, as after integration each term contains at least one factor of wu.

If the inverse Fourier transformation is now be performed, it is seen that the result can be written as

the divergence of some quantity — which we may identify with the polarisation field, P. The inverse

—ik-r ro .
o 3/2ﬂfz E“ “f e~ ikratqy okT g3 8.2.8
T2

To write this as a divergence, we note that the only part of this expression which depends on r is the

transformation is

exponential in the inverse transform. Differentiating the expression with respect to r; will therefore
only have the effect of introducing a factor of ik;. The factor ik in the dot product ik - r can
therefore be re-written by simply differentiating the whole expression with respect to r. Writing in

terms of components

r L .
p(r)— d ﬂf Z 2 f “k'ra“due"”d3k‘ 8.2.9
- rl
l

Evaluating the inverse Fourier transform gives

P =y - [Z e | o0 - ura)du]

1
=-V- Zraqaf 6(r—ura)du], 8.2.10
0
a

so the term in square brackets is the polarisation.

8.3. Applying the Transformation to the Hamiltonian
Having obtained an explicit form for the unitary operator (8.1.3), we can proceed to apply it

to the Hamiltonian (8.1.1) In order to do this, we make use of the identity

R 1 1
eABe~A = B ) —1214 8 “VAIlAIlA B
Be™t =B +[A,B] + 5[4 [4B]] + [A, |4, [A,B]” T 8.3.1
which holds for any operators 4 and B [5, p.308]. We will consider the terms of (8.1.1) one at time,

starting with the P2 term. To begin with, we evaluate U~p,U. using (8.3.1) The second term of

(8.3.1) is the commutator

[%Jﬁ(r’) 'ﬁ(r’)d3r”ﬁai] B [%f <Z ’"aCIaf‘S(T' —ura)du) -A(r") d3r’,ﬁai]- 8.3.2
- 0

This commutator will be non-zero, as the canonical electron momenta p, do not commute with the

charge positions #,. The commutator between p, and #, is given by
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[ﬁai,fﬂj] = —iRBap0y), 8.3.3
and, more generally the commutator between the momentum and a function of the position is given

by [5 p.279]
i}
[p’\ai’f(fai)] = _ihﬁf(ﬁxi): 8.3.4
a;

where there is no sum over i implied on the right hand side.

We may remove the sum in (8.3.2), writing

i (o o —mom)rra

i 1 R
= [Efraiq“f S —ury)dud;(r") d3r’,ﬁai], 8.3.5
0
where again there is no sum over i in the last line. We have restricted the sum over j in the dot

product raj/i,-(r’) to only the case i = j, as the different components of # and p commute. We drop

the sum over a for the same reason — the positions and momenta of the different particles

commute. Evaluating (8.3.5) using (8.3.4) gives

a ! N ! !
_F{f raiqaj §(r' —urg)duA;(r') dsr}
a; 0

1 ~ 1 0 R
= —qajj S(r' —ury)dud;(r") d3r' — jraiqaf FS(r’ —ury)dud;(r')d3r’ 836
0 0 a;i

Note that this commutes with U, and so all higher order terms in the expansion (8.3.1) of the
transformed momentum are 0. We therefore have

U™l U
1 1 0
=P, —jj Qo0 —ury)dud;(r")d3 ’—fraiqaf FcS(r’ —ury)dud;(r)d3r'" 8.3.7
0 0 @

In order to perform the second integral, we can change the variable that the delta function is

differentiated with respect to. This can be done by making use of the fact that

d d
raiaTaiS(r’ —ury) = u£6(r’ —ury), 8.3.8
and
! a !
Em '5(1‘ —ury) = —u 57 S(r' —ury). 8.3.9
(X} ]
We first add and subtract
19
Te Qe | =— 8@ —ury)dud;(r)d3r’ 8.3.10
1 o 01y,

to get
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1
UT'PU = Py, + 6ijqq ff (' —ury)duA;(r')d®r’'
+ra]qaff —6(r —ury)dud;(r)d3r'
+ra]qaff 6(r —urg)duA;(r')d3r’
~Ta;qa ff —5(r’ —ury)duA;(r)d3r’ 8.3.11
0 araj
Now, we apply (8.3.8) to term 2 of (8.3.11), and (8.3.9) to terms 3 and 4 to get
1
U™'Py,U = Py, + qq ff S(r' —ury)duA;(r")d3r’
0
1 d
+qafj u—é‘(r’ —ury)du A;(r")d3r’

e [0

+ra].qaff uar,d(r’ —ury)du A;(r)d3r’ 8.3.12
0 j

/)d3 !

We can now perform the integrals on the first term, and perform the r’ integrals on the final 2 terms:

d
UT'PU = Py, + quAi(rg) + 1y, qaff ud(r' —ura)du A @Hd3r’'

d
— ra.qafj uS(r' —ury)du— A;(r")d3r’
) 0 ar]

1 d 9]
= Pai + qqAi(re) — Ta;qa fj;) us(r' —ury)du a_T}IAi(r’) - 67‘]-’ J] D d3r'
1d
= Qg ff — (uS(r" —ury))du A;(r")d3r’
o du
1 9
—rajqaff ua ,6(1" —ury)du A;(r)d3r'
+ra1qaff ,5(r —ury)duA;(r")d3r'. 8.3.13
Now, note that
) g ) (VxA) B (r") 8.3.14
7 - = —Ejk (VXA ) = —Eijk BE(T), -3
r; oy
so we finally obtain
1
U‘lPaiU = Py, + qaAi(ry) + Ta;jqa ff ud(r' —ur,)du sijkBk(r’)d3r’. 8.3.15
0

Going back to vector notation,

1
U™IP,U =P, + q,A(ry) + q, ff ud(r' —ury)du (ry x B(r"))d®r'. 8.3.16
0
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Using this result, and the fact that the unitary transformation (8.1.3) commutes with A(r,), the first
term in the minimal coupling Hamiltonian then becomes

U_1 (Pa - qu(ra))z U = (U_I(P(x - qu(Ta))U)Z
2m B 2m

_ 1 ! ! ! 3,.7 i
= P, + q,A(ry) + q, ffo ub(r' —ury)du (re X B(r'))d?r’ — q,A(ry)

2m T ff ub(r' —ury)du (Py - (rg X B(r")) + (rq X B(r")) - Po)d®r
1 2
+ % (qa f —fo ub(r' — ury)du (ry X B(r’))d3r’>

= P—é - f B(r').M@").d3*r" + i(q ffluS(r’ —urg)du (ry X B(r’))d3r’)2
2m ' ' 2m\ ") J, “ “ ’

We next move onto the second term of the minimal coupling Hamiltonian, which gives the
Coulomb energies of the charges. This commutes with the transformation (as the scalar potential
and charge density both commute with the polarisation and vector potential), and so is not
modified. Finally, we turn to the third term, which gives the free-field energy. The magnetic field also

commutes with the vector potential, so is unmodified, but the electric field does not — the relevant

commutator is given by [6, p 145]
[A(r,0), ET(r',1);] = ——zth(r r") 8.3.17
where 6T is the transverse delta function. This is defined such that, for any vector field F,
f F,(r)8fi(r —rd3r = FF (), 8.3.18
where FT is the transverse part of F. Using this identity with the transformation U gives
U‘lEiT(r)U — e—i/hfP(rl).A(r/)d3rlEiT (r)ei/hfP(rl).A(r/) d3rs
=E/ (r) - %f P[4, ET )] d°r + - 8.3.19

Note that all further terms are zero, as the commutator between A and E commutes with A.

Evaluating the expression using the commutator gives

1
El'(r) - S—f P(r’)jé‘l-Tj(r’ -r)d3r

0
T 1or
=Ef(r) ——PT(r); 8.3.20
€o
What we actually require is
U-TET’U = (U1ETU)?

2 1
= ET* — ZET.PT + S PT’. 8.3.21
€o 0
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The first term is the same as in the minimal coupling Hamiltonian. The second gives the potential
energy of the charges in the transverse E field, and the E field can be Taylor-expanded to yield the
multipole expansion. The third does not affect the atom-light interaction, as it only contains terms
associated with the electron positions — it gives a change to the atomic energy levels [6].

Finally, the complete multipolar Hamiltonian is

2
a

= [ B M@ +5 [ p0a @ + 5 [ BT+ :—0§<r)2d3r

1
—fET(r’).PT(r’)er’ +—fPT2d3r’
2¢,

2
+ % <qa f folud(r’ — urg)du (ry X B(r’))d3r’> :

This can be partitioned into [5, p. 269]

1 2

i — i i i7 T4 3344/

Hmultipolar — Hmol. + Hrad. + Hinter. + 2¢ fP d>r ’
0

with
2

. pP; 1 , N 13
Hpo. —ﬁ‘l'zfp(r )p@)d r,

—~

1 - 1
Hyqq. = _f ‘SOET(T)Z + —B(r)2d3r,
2 Ho

—

Hinter. = —jET(r’).PT(r’)dzr’ —JB(r’).M(r’)d?’r’

1 1 2
+ —(qa f f ub(r' — ury)du (ry X B(r’))d3r’> .
2m 0
The first two terms give the energies of a free molecule and free field, while the third term can be

cast into a multipole series by writing the appropriate multipolar expansion of the PT and M fields [6

p. 157].

8.4. The Barron-Gray Potentials

If the electromagnetic field is treated as a classical field, rather than a quantum mechanical
operator, then there exists a much faster way to recast the minimal coupling Hamiltonian into a
multipolar form, due to Barron and Gray. By making a suitable choice of gauge, it is possible to

immediately arrive at the multipolar form (8.3.22) [7]. We choose the potentials
1 1
P(r) = pg —1,E4(0) — Erarbvia(O) - grarbrcvbvcEa(O) + -, 8.4.1

1 1
Aa(r) = _EfabcrbBc(O) - §EabCTdeVdBC(O) + ---. 8.4.2
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If the E and B fields can be Taylor-expanded, then these potentials lead to the correct E and B fields
by construction, as

a

0
ot

1
_Va¢(r) - = Ea(O) + rbvia(O) + ErbrcvbvcEa(O) + -, 8.4.3

1
VxA,([r) = B,(0)+nV,B,(0) + ETchVchBa(O) + - 8.4.4
[8, p. 84]. (Note that to arrive at (8.4.3) we have had to make use of the Maxwell equation V X E =

—dB/0t). Substituting the definitions (8.4.1-8.4.2) into the minimal-coupling Hamiltonian (8.1.1)

immediately produces the multipolar Hamiltonian [7],

~

2
1 2 A 1 A A oY
Hmultipolar = z 2;;1 + Z qu d)(xa) + Ef EOET (T ) + M—BZ(T )d3r + z Qa 4)0 - .uaEa(O)
a 0
a a a

1. 1
— MgBa(0) — §®abvaEb 0) - EmabvbBa(O)

15 1@
_gQachcvia(O) -t E ab Ba(O)Bb(O) . 8.4.5

When comparing this result to (8.3.22), it will be noted that the Hamiltonian above is
missing the term E%PTZ. Strictly speaking, one should make the gauge transformation not to the
0
Hamiltonian, but in the Lagrangian from which the Hamiltonian is derived [9]. Obtaining a
Hamiltonian from this new Lagrangian, with the old gauge function taken as the canonical
coordinates, produces the correct multipolar Hamiltonian (8.3.22). The origin of this subtlety is that

changing gauge changes the definition of the canonical momentum. We may also note that the

ELZPT2 term is similarly absent if the derivation of section 8.3 is repeated with the fields treated
0

classically, rather than quantum mechanically — and it is a semi-classical approach we adopt for the

present work.

8.5. Perturbation Theory for a Molecule in a Radiation Field

Having cast the Hamiltonian into multipolar form, we can proceed to calculate the scattering
of light by a molecule in a radiation field. We will adopt a semi-classical approach, where the atom is
treated quantum mechanically, but the light is treated classically. This is reasonable if the energy of
the incident light is small compared to the binding energy of the electrons in the atom — the external
light field can then be treated as a small perturbation to the free molecular Hamiltonian. The
expectation values for the various multipole moment operators can then be evaluated for the
perturbed states. Finally, the radiation from the molecule is calculated by treating these expectation

values as though they describe the multipole moments of a genuine classical oscillating distribution
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of charge, and then applying the methods of chapter 2. The presentation below mainly follows
Barron’s book on molecular light scattering [8].

The molecular wave functions are the solutions of the Schrodinger equation

G,
(Hpree + V) = iﬁalp, 8.5.1

with the unperturbed Hamiltonian
hZ
Hfree = — ﬁvz + z qa $(Xe), 8.5.2
[24

and the perturbation

1. 1 ~
V= _#aE (0) maB (0) Y abv Eb(O) __mabvbB (0) - Qabcvcvia(O) -

1. @
—5 Xab B,(0)B,(0) — - 8.5.3

This perturbation expresses the interaction energy as a series of electric multipole moments
multiplying electric fields and field gradients, a series of magnetic multipole moments multiplying
magnetic fields and field gradients, and finally a series of diamagnetic terms which are second order

in the magnetic field or field gradients. Explicitly, the Coulomb term of the free Hamiltonian is equal

e
Z o (Xs) = ZZ Z el 8.5.4
4n60|xa - xp|’

where the sum extends over all electrons and nuclei. Note that the exclusion in the second sum

to

explicitly removes the self-energies, and the factor of a half compensates for the double-counting of
each pair of charges.

Suppose that we know the complete set of unperturbed molecular energy eigenfunctions,
which we shall denote 1, and that each has an energy eigenvalue fiw,,. A general solution of the

Schrédinger equation for the free molecule can then be written in terms of this basis as
b= Z cppQeiwnt 8.5.5
n

for some (possibly complex) coefficients c,. When the perturbation is applied, the 12 will no longer
be eigenfunctions. The solutions of the time-dependent Schrodinger equation with the perturbed
Hamiltonian can still be written in the form above, but the coefficients c,, will now be time-
dependent. As the perturbation is small, we write each new energy eigenfunction as the
corresponding old eigenfunction, with the addition of some (time-dependent) contributions from

the other old eigenfunctions,

Py = {IIJ% + Z cm(t)w%} e~l@nt, 8.5.6
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To proceed further, we assume that these time-dependent terms will all be first order in the
perturbing fields, or their derivatives. This gives us the following ansatz for the eigenfunctions of the
perturbed Hamiltonian:

Yn = {wﬁi + Z Ym|amngEa(0) + bmn,E2(0) + mn, Ba(0) + din, B2 (0) + emng, VaEy (0)

m#n
+ fmnabvagg(o) + _,,]}e—iwnt 8.5.7

and our task is now to determine the coefficients a, b, etc. In writing the above, we have used
complex electric and magnetic fields, defined by £ = E%e~®t and E = Re[E], etc. In the following
development we will sometimes need to distinguish between real and complex forms of certain
guantities; for the remainder of this chapter and the next we will denote complex fields, multipole
moments and polarisability tensors using a tilde.

Substituting the above expression into the Schrodinger equation with the perturbed

Hamiltonian, and rearranging to place the perturbation on the left-hand side, gives

. a ! ! !
lhalp n— Heree',, = V' . 8.5.8
Using the fact that the fields have time-dependence e ~i“t, and their conjugates have dependence

et we have
L0 0
lha@b n = hwp Py

D P8t Fa®) + byun Fa(0) + mn Ba(0) + dyun, B (0) + epung, VaF (0)

m+n

+ fmnabvaﬁgF (O) + - ]} e—iwnt

+ hw Z l/)r(r)’L[amnaEa(O) - bmnaEZ(O) + Cmnaga(o) - dmnagct(o)
m#n

+ €mny, VaEp(0) = frnng, VaEp (0) + -] e~ iont 8.5.9

The second term of (8.5.8) becomes, using the Schrédinger equation for the free molecule,

Hfreelpg = ha)nll}g,
Hfreell’,n = {hwnlpg

D 50 Fa(0) + By, B (0) + Cun Ba(0) + dyun, B (0)

m#n

+ emnabvagb 0) + fmnabvaglj 0) + ] e twnt 8.5.10
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So the left-hand side of the perturbed equation is equal to
L0, ,
lha‘/) n- Hfreelp n
= {h z l/)gl[(wnm + w)amnaEa(O) + (wpm — w)bmnagé(o) + (Wpm

m+n

+ (‘))Cmnaga (O) + (Wpm — w)dmnagg (0) + (Wpm + w)emnabvagb (0) + (wpm

- (‘))fmnabvag;(o) + - ]}e—iwnt 8.5.11

where w,;, = W, — Wy,. The right-hand-side is equal to
' . - 1 1 . .
V= (~aEa(0) ~ MaBa(0) = 50uVaEs (0) — 5 MaVoBa(0) — 2 QuncVeToEal0) — -+ ) 10

+ Z lpr% [amnaEa(O) + bmnagé(o) + Cmnaga(o) + dmnagg(o) + emnabvagb (0)

m#n
+fmnabvaEg(0) + "']}e_iw"t 8.5.12

If we keep only terms linear in the fields, we lose all the terms in curly brackets except the

first®. Then, writing the real fields in terms of the complex ones, we obtain
* * 1
V9 = 5 (e (B0 + E*o(0)) = g (Ba0) + B*o(0)) = 5 00 (VaF (0) + Va3 (0))

1 ~ - ~ - -
— Ty (V5Ba(0) + V,520) - = < Qave (Ve Ea(0) + V.V, E5(0))

_ ..)lpge—iwnt 8.5.13

Putting the left- and right-hand-sides together, we finally have

{h Z lpr?l[(wnm + (‘))amnaEa(O) + (wnm - w)bmnagé(o) + (Wpm + w)cmnaga(o) + (Wnm

m+n

- w)dmnagé(o) + (wnm + w)emnabvagb (0) + (wnm - O‘))fmnabV(JLE'Z;F (0)

+ ...]}e_iwnt

= 2 (1 (Ea0) + 4 @) ~ 70 (Bu(0) + B, (0))
1. 1
~50a (v E,(0)+V Eb(O)) 5 (VbB (0) +V,B; (0))
%Q (v V,E,(0) + V,V,E (0)) )¢ge—iwnf 8.5.14

3 Note that by keeping only terms linear in the fields, we have gotten rid of all the “diamagnetic” terms in V —
we shall return to this point later.
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If we multiply by gb](-’* and integrate, the orthogonality of the 10 removes the sum over m, and we

are left with
h[(wnj + w)ajnaEa(O) + (wnj — w) JTlaE (0) + (wnj + “))Cjnaga(o) + (wnj — ) JnaB (0)
+ (wnj + ®)ejn,, VaEp(0) + (0 — @) fing, VaEp(0) + -+ |e~i@nt

s 1
— 30as (VaEy(0) + VaE; (0)) =g (V5B4(0) + V,55(0))

2 Qave (VT Ea0) + VLT, E(0)) - - ) Impe it 8.5.15

By equating the coefficients of the different field and field-derivative terms, we arrive at the

following expressions for a, b, etc.

A, = lag n) 8.5.16
@ Zh(w]n a))
in L 8.5.17
@ Zh(wjn+w)
Cin =M, 8.5.18
@ Zh(wjn—w)
in _ i) 8.5.19
@ Zh(a)jn+a))
i|®
Cny = _Ufaslm) 8.5.20
6h(w]n (u)
i|®
Finay = 1Oap ) 8.5.21

6h(a)]-n + w)
and so on. With these, we are finally in a position to write down the expectation values of the
various multipole moment operators with the perturbed eigenfunctions. It is these expectation

values which we will use to calculate the radiated fields.

8.6. Expectation Values of Induced Electric Moments

When expectation values of the multipole moment operators are taken using the above
perturbed wavefunction, the result may be expressed as a sum of molecular polarisability tensors,
each multiplying the fields or field derivatives at the molecular origin. As an example of how these
emerge, we shall go through the steps leading to the extraction of the electric-dipole-electric-dipole

polarisability tensor in detail. The expectation value of the electric dipole moment is equal to
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= @ lgln’) = (0] + Zjen st lls £ 0)1 + o2, 001 +

- eionta (|n>+zm¢n—2‘m“‘b'”> Ep(Q)m) + e P E3(0)fm) + - ) e tont

Awm 2h(Wmn+w)
= (nligln) + y, A £ ) 4 ("'2“ el ”)' 'E3(0) + -
(nlap )l i) - (n |.ub 1)l AaIn) -
+j:tn 2wy — ) Er(0) + 2, 2oy, + ) E,(0) + -
(|, [} mlicIn)(lagIm) £ (|, [ mlfcIn)laqIm)
j:an:tn 4h? (wj” B a))(a)mn —w) BOFO j::;:tn 4h? ((‘)J'Tl - w)(wmn + w) B (DD
(nlipljYmlacIn)laqm) o (nlip [ mlicln)GlagImy -
jinzmm 4h? (a)jn + w)(Wmn — ®) Ep(0E0) + j¢;¢n 4h2 (wjn + 0) Wy, + ©) £y (0)E(0)
4 8.6.1

The first line shows the terms obtained from multiplication of (n| in the first bracket by the second,
and the second line the terms from |n) in the second bracket by the first. The remaining terms are

second-order in the fields, and if we disregard these, then we may use the fact that

Map NG lagIny = (lipIn)* (n|iglj)* to write the first two lines as
n|fdgm)y(m|iy|n) - n|dq Im)y(m|fip|n) -
(nlﬁaln>+z< | g lm)(m|fy| )Eb(o) Z< | g Im)(m|fy| )Eb(0)+
m+n

Zh( mn—w) Zh( Wmn + )
m#n
(nldqlj) Glapln) £:(0) Z(nlualj) UlapIn) E,(0) + - 8.6.2
T 2h(wjn, — ) = 2h(wjn + )

Relabelling j to m in the second line and cross-multiplying to collect terms in £}, (0) and E};(0) gives

nlian) + z (nliq|m)m|ay n)(@mn ;h?l: <7_l|lz)a2|)7n)*(m|ﬁb|n)*(wmn )Eb(o)
N z (nlualm)(mlub|n>(wmn2;(z) +inl)pt2(1)|1) Ulay|n) (wmn + @) £:(0), 8.63

m#n

which can be written in terms of the real and imaginary parts of the transition multipole moment

products as

(nlfigIn) + Z wmnRe[(n|figIm)(m|fi,|n)] + iwIm[(n|fi,|[m)(m|f,|n)] ~

h(wmn - w?) Eb ©)

Z wmnRe[(n|dg[m)m|ip|n)] — iwIm[(n|d,|m)(m|d,In)]
h(wmn - w?)

E;(0) 8.6.4

m#*n
Finally, we may use the relationships £}, (0) + E;(0) = 2E, and ég—f = E to obtain an expression

purely in terms of real quantities:
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Ep(0)

P Z 2wmnRe[(n|dq|m)(m|ip|n)]

— 2
— h(wmn w?)

N Z —Im[(n|fqlm)(ml|i, In))E, (0) — Im[(n]agIm)(ml ity n)1E; (0)
mEn h(wrznn - wZ)

200 Rel(nl g )l )] 2lml(nlig m)mIy|n)] 1
= (nlftglm) + mz Mol —aty () mz Rt~y (0865

1 . .
Note that the factors of w and = have been placed in the second term in order to ensure

that the two prefactors have the same dimension. These prefactors are, respectively, the symmetric

and the anti-symmetric real electric-dipole-electric-dipole polarisability tensors,

2 wmnRe[(n]dg|m)(m|i,In)] 8.6.6

— (wmn - wZ) ’

o = -2 wlm[(nlgalmxnzllﬁbln)] 867
= (win — w?)

If more terms are included in the series 8.6.1, then coefficients a,b,c etc. involving higher
multipole moments enter in an exactly analogous way, and the induced electric dipole moment can

be written as a series in these polarisability tensors:

1. 1 1 ,
fla = aapEp(0) + agyp ZEb (0) + GapBp(0) + Ggp Bb 0)+3 Aa beVpEc(0) + Agpe5— 3% VbEc(O)

+ .o
with the polarisability tensors 8.6.8
2 wmnRe[(n|fg[m)m|m,n)] 8.6.9
— .6.
— (wmn w?)
, 2 O wlm[(n]|dq |m)(m|f, [n)]
G'ap =5 (wza ~ o) 8.6.10
m#n mn
_ Z wmnRe[(nlﬁalm)(m|@bc|n)] 8.6.11
abc (wrznn - wZ) o
m#+n
_ 2 wlm[(nlﬁalm)(m|@bc|n)] 8.6.12
abc (wrznn — w?) -

m#n

Note that the factors of 1/3 have appeared with the electric-dipole-electric-quadrupole
polarisabilities, because of our definition of the traceless quadrupole moment. We have also omitted
the permanent dipole moment (n|fi, |n) from the expression for fi,, as this will not contribute to the
radiation.

Repeating the same procedure, similar expressions can be obtained for the higher multipole

moments:
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A s (mlacl)y =, . mlacli) = .\
(n|8as|n’) = | (nl + ;—Zh(wjn =y EEO0 4 ERES B O +  [uy <|n>
(mlacln) - (mlacIn)
minm@(o)lm)"‘mﬂ(o)lm) +>

1 1 ,
- Ac abE (0) Acab E (0) + DcabB (0) Dc ab B (0) + Cab cdv Ed(o) + Cab cd V Ed(o) +-

where we have defined the additional tensors Cyy, g and Dy . in the obvious way:

wmnRe[(n]0 g [m)(m|Beq|n)]
Caped = Z PE— 8.6.14
m#n
a)lm n|04p|mHm|0.4|n
oy Z [{ (|wj2:n| _)((U 2)l ca|n)] 8.6.15
m:tn
_ 2 wmnRe[(n|fg [m){m|0pyc|n)] 8.6.16
abc L (wrznn — wz) -
_ z wlm[(n|ig|m)(m|8)|n)] 8.6.17
abc L (wfnn — wz) h

Note that here the property tensors involving mixed moments and the time derivatives of
fields enter with minus signs. This is because the A tensors are defined with the electric dipole
moment operator first, and if we wish to write our final polarisability in that form, the step
equivalent to (8.6.2) will involve taking the complex conjugate of the first line, not the second, which
causes the primed property tensor to enter with the opposite sign. The same thing happens with
D', pc: because the magnetic dipole moment is conventionally written first in the D tensors, it is the
first rather than the second line in the equivalent of (8.6.2) that must be conjugated.

Later we shall also require the electric octupole moment, which is given by

~ 1.
(n'|Qabe|n’) = Ba,ancEa(0) — Btli,achEd (0) 8.6.18
with

wmnRe[(nlfgIm)(m|Qpca|n)]

Bgbca = Z - (w%:l—wz) : 8.6.19
m+n

wlm[(n|f, | m¥m|Qpeq|n

B'apca = Z [ “Zl A LQM| ) 8.6.20
(wmn — @?)

m+n

8.7. Magnetic Moments
The induced magnetic dipole and quadrupole moments follow similarly, though there is a

slight subtlety regarding the appearance of the diamagnetic susceptibility tensors.

--8.6.13
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It might appear that these contributions, which in the multipolar Hamiltonian are second-order in
the magnetic field or its derivatives, were abandoned by our insistence on only retaining terms first-
order in the fields in equation (8.5.7). However, the magnetic multipole operators appearing in the
Hamiltonian are not the ones we require to calculate the radiated fields, as they are defined using
canonical momentum. To give an example, the magnetic dipole moment of a collection of a classical

point charges is defined by
q
my = Z ﬁeabcrabpac . 8.7.1
a

When we wish to apply this in our present context, and “promote” m, r and p to quantum
mechanical operators, the question arises of whether the P in this definition refers to the kinetic or
the canonical momentum of the charges. As the purpose of our dipole moment operator is that its
expectation values will be used as a stand-in for the classical dipole moment when calculating the
radiated field, it seems clear that it is the kinetic momenta of the charges which should enter.
However, as mentioned earlier, the magnetic moment operators which appear in the multipolar
Hamiltonian contain the canonical momenta.

Moving from canonical to kinetic has the effect of reintroducing the diamagnetic
susceptibilities, as we will now show. The “kinetic” magnetic dipole moment operator, for example,

can be obtained from the “canonical” dipole moment,
Scanon. — 9a N
mg - meabcrabpac ’ 8.7.2
a
by replacing the momentum with the kinetic momentum as follows:
~ kin. _ Qo n (a
mam - Z 2 €abcTay, (pac - QaA(ra)c)- 8.7.3
ma
a

In order to interpret this, note that in the Barron-Grey gauge (which we used to derive the

multipolar Hamiltonian), the vector potential A is given by

1 1 1
A(ra)c = _EecderadBe (0) - §6cderadrafoBe(O) - gecderadrafragiVgBe (0) - 8.7.4

We therefore have

. kin. _ E Ao .
mg = mginen — > Eabcrab(_QaA(ra)c)
my
a

2

- Z q - 1

= mganon. + ﬁ €abcTay (_ E EcderadBe 0) - § Ecderadrafvae (0)
a

1

- § EcderadrafragvagBe (0) + o ) 8.7.5

Which can be re-written, using the identity €,5:€cqe = 0adOpe — OaeOpd, aS

fganon. +X§%)Bb(0) + X(d) VB, (0) — - 8.7.6

ab,c
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with the diamagnetic susceptibility tensors

2
d
X = z 473 (TayTay = Ta0an) 8.7.7
o (04
2
da
Xibe = 0. e Uty = T e 8.7.8
(04
a

and so on. This means that the expectation value of the magnetic dipole moment which must be

used to calculate the radiated fields is

kin. (nlaplj) (nlaplj) 2| s canon.
(| |n') = <n|+;—2h(wjn S EOU S B+ g )

(mlip|n) (mlaplny - @
] sl g 5
2 (o — @) o O+ oy e (Olmd 4+ o+ (nlxay By (0)
m#+n
+ X5 VeBy(0) + -+ [n) 670

where only terms first-order in the fields have been retained — with this approximation, we have

(n' |Xab)Bb O)|n'y = (n|)(ab)Bb (0)|n), etc. The development then proceeds exactly as in the electric
case, but the polarisability tensors which multiply magnetic fields or field derivatives will contain —in
addition to the sums over matrix elements of the (canonical) magnetic multipole operators —an

additional diamagnetic contribution. The induced magnetic dipole moment is therefore given by

1 1, 1
(n'|mE™|n') = GpaEp(0) — ZGl,)aEb(O) + XapBp + ZXabBb(O) + §Da,bcvic(O)

1 .
+ %Dla,bcvic(O) + - 8.7.10
where we have defined the symmetric and anti-symmetric magnetic susceptibility tensors

W Re[(n|Mg |m){(m|m,|n
Z mnRe[(n|Mg |m)(m|m, n)] z4a 1| (e, Ty — T265) 1) 8.7.11

(wmn - w?)

m#n

wlm[{n|m m){m|mi,|n
4y = —2 [(n| 2a| )(2| My |n)] 8712
h (wmn_w)

m#n
A similar calculation can be performed for the magnetic quadrupole moment. However, the
lowest order analogous “diamagnetic” contribution to mk‘” depends on )(m B.(0) [10, p. 47, eq.

2.104]. Because of the three factors of 7, in )(ga)b, each of the order of the molecular dimensions,

the contribution will be small enough that it can be neglected in the next chapter’s work. A more
systematic discussion of the relative sizes of different multipolar contributions to the scattered light

is given in section (8.12).
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8.8. Complex Polarisabilities and Complex Multipole Moments

We have taken special care in the preceding section to express our final results purely in
terms of real fields and field derivatives, multiplied by real polarisability tensors. However, for the
calculation of the radiated fields from a collection of oscillating multipole moments, it is often useful
to express the moments and fields in complex form, as was done in chapter 2. In order to do this, we
seek complex polarisability tensors, which are to multiply the complex electric and magnetic fields in
order to produce the expression for a complex multipole moment — the physical multipole moment
being given by the real part of this.

As the induced moments are all linear in the fields, this rewriting can be accomplished
straightforwardly — all that is required is to replace the real E and B fields in expressions such as
(8.6.8) with their complex equivalents. By inspecting the result, we are immediately led to the

definitions of the complex polarisability tensors

dab =Qgp — iaélb 8.8.1
Aa,bc = Agpc — iA;;,bc 8.8.2
Gap = Gap — iGLy 8.8.3
etc. The expressions for the induced complex moments then become
5 o ~ = 1. -
fq = QapEp 0) + GabBb(O) + §Aa,bcvic(0) + - 8.8.4
@ab = Az,abgc(o) + D':,abgc(o) + Cab,cdvcgd(o) + - 8.8.5

Note that where minus signs appeared with the primed property tensors, the corresponding

complex tensors are complex-conjugated.

8.9. Extension to Regions of Absorption

So far, the treatment has assumed that no light is absorbed by the sample. This assumption
is tacitly made at the outset by the semi-classical description, as can be seen by the evident absence
of spontaneous emission: when there is no field, there is no perturbation, and all energy eigenstates
will simply evolve under the free Hamiltonian, and will therefore be stable.

Of course, this can only be valid if the frequency of the incident light is far from any of the
transition frequencies in the molecule. A rigorous treatment of the behaviour near resonance would
require a quantum-mechanical description of the light field, but spontaneous emission (and also
absorption) can be introduced into the semiclassical model in a slightly ad hoc manner by the use of
complex frequencies (see [8, §2.6.3]).

We restrict our attention to the case where decays between different excited states are not
appreciable: the states decay only to a ground state of infinite lifetime. We can then associate with

each state |n) one decay rate, [},. The procedure is then to insert — by hand, as it were — a damping
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term that causes the excited state populations to decay exponentially at this rate. In other words,

1
we require that the amplitude of the state |n) must fall off as ez " As the time dependence of
each state vector is given by e~i®nf  this requirement can be met simply by introducing complex

frequencies, defined by

By = Wy — 51 8.9.1

The introduction of such complex frequencies into the above polarisability tensors requires a
little care, as complex conjugates were taken of the complex polarisability tensors in expressions
(8.8.4-8.8.5), solely in order to ensure the correct signs of the real property tensors when multiplied
by the real fields. Accordingly, after we have substituted w,, = ®,,, we do not wish for the conjugate
of @,, to be taken in these expressions. We therefore define a further set of property tensors, for

use with complex frequencies:

c"ia,bc =Agpc + iAZz,bc 8.9.2
Gab = Gpq + iGpq 8.9.3
etc.* We then have
- . = U 1. -
fq = QapEp 0) + GabBb(O) + §Aa,bcvic(0) + - 8.9.4
@ab = c"zc,abgc(o) + ﬁc,abgc(o) + Cab,cdvcgd(o) + - 8.9.5

and so on, where the complex conjugates in (8.8.4-8.8.5) have been replaced with scripted property
tensors.

Note that in the complex property tensors of the previous section, the real parts were
associated with the symmetric (or for mixed moments, symmetric-type) polarisability tensors, and
the imaginary parts with the antisymmetric-type tensors. The treatment of near-resonance
phenomena involves the addition of complex frequencies to each part, so the separation of these
new property tensors into symmetric-type and anti-symmetric-type parts no longer coincides with

their separation into real and imaginary parts.

8.10. Raman Scattering

The present formalism can be slightly modified to also describe Raman scattering — that is,
the case where the final state of the molecule is not equal to the initial state, and the scattered light
is not of the same frequency as the incident.

To deal with Raman scattering, we replace the expectation values that we have been

considering with transition dipole moments such as

4 The labelling of the indices in the definition of §,, may appear counterintuitive. This convention exists to give
an intuitive order of indices in the expression for mo’;m'. Equation (8.11.4) reads fﬁolém' = G EX(0) + -
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(m'|figIn’) + (m'|fgn’)"

_ (m|dplj) (mlgplj) I

(klap|n) (klfplny ., o
+Z 2h(w O — Eb(0)|k)+mEb(0)|k)+...>e tycoc. 8.10.1

The first term is independent of the applied fields and oscillates with time-dependence e ~{®nmt and
its conjugate oscillates with e "i@mnt_ Together, they can therefore be interpreted as describing the
emission associated with spontaneous decays from the higher to the lower of the two states [11, p.
202].

The other terms can be divided into two categories: those with time-dependence
e~ Hw-omn)t and those with dependence e ~{-@~@mn)t = ol(@=®nm)t (31o0ng with their complex
conjugates). The former describe transitions from state n to state m, while the latter describe
transitions from state n to state m [11]. If we restrict our attention to transitions with n as the initial

state, and m as the final, we are left with

m k)k n) . m n) . .
o — [ e RN 1) S U DGl oty o102
2h(wyy — W) Zh(a)-m + a))
k=n ]

j*m

We can also form a complex polarisability tensor appropriate for Raman scattering,
analogous to (8.8.1). To do this we consider, instead of the n — m part of (m'|fi,|n") +
(m'|figIn")*, twice the n — m part of just (m'|fiy|n"). This means we drop the complex conjugate in

(8.9.2) and multiply by 2, which leaves us with

m kXkliyn) - .
= (m|uq kX Iubl ) (0)+z< m|iy,|)){lualn >Eb(0)+ pmiComt 8103
k+n h(wkn h( ]m+ )
This allows us to define the polarisability tensor,
m iy n m| iy )l g In
amn = Z (m|pa|N)lapln)  (mldy /) lpaln) 8.10.4
S h(wjn—a)) h(wjm+a))
for which
g = (@i Ep(0) + - e~ E@mat, 8.10.5

The complex transition moment defined here oscillates with time-dependence e~ l@-@mn)t and
reduces to the Rayleigh case for m=n. Note that in going from (8.10.3) to (8.10.4), we have dropped
the k = m term from the first sum and the j = n term from the second. This is a good
approximation, as the discarded quantity,

((mlugIm) — (nlugIn))(mluy|n) - iwmy)
o — o) E,(0)e t, 8.10.6
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is proportional to the difference between the permanent dipole moments of the two states [8, p.
109].

As in the Rayleigh case, the Raman transition polarisabilities can be extended to regions of
absorption by the introduction of complex frequencies, the imaginary parts of which contain the
damping rates. However, the requirement that a real electric field produces a real multipole
moment implies the condition

Aap (W) = Ay (—w), 8.10.7
sometimes referred to as the “crossing relation”. This implies that both the complex frequency and
its complex conjugate must enter the polarisability tensors, resulting in expression such as

mn (mlaq|j){lapIn) | (mliylj)lpaln)

a - ~ ~x%
ab S fl((,()]n - (JJ) h(w]m + (1))

8.10.8

Further discussion of this point can be found in [13].

8.11. Final Expressions

Drawing all of the preceding discussion together, we can write down very general
expressions for the induced multipole moments, which can describe Rayleigh or Raman scattering
from plane-wave illumination at transparent or absorbing frequencies. The scattered light is
expressed in terms of the induced multipole moments, as in chapter 2. Each moment is given by a
series of polarisability tensors which multiply the incident fields or field derivatives, and we give a
guantum-mechanical expression for each tensor in terms of sums over transition matrix elements of
the multipole moment operators.

The complex scattered fields, at a distance R far from a collection of multipole moments

oscillating with frequency w, are

2 ikR . .
- Uow* e ~ A2 1 IR ik . ik o A
Egeattered = R (8ab — RaRp) [Mb + Eebcdmlc(m'Rd ~ 3 OncRe — Z_CEbcdmlgén'ReRd
k. . .
— szcdRcRd + ] 8.11.1
and
pscattered 1 D [scattererd
Ba = ;EabcRbEa . 8112

with k = %, and R a unit vector in the R direction. The multipole moments are given in terms of the

incident fields at the molecule by

1

BapcaVaVeEp(0) + EEC(ZZZVCBS(O) +--8.11.3

N -

- - 1. -
g = d@qpEP(0) + GopBP(0) + §Aa,chbEg(0) +

~0ki1’l.
m a

L 1. _ o
= gabEI())(O) + §Da,bcvcEl())(0) + XabBl(J)(O) + 8.11.4
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0oy = AcapEQ(0) + CapcaVaEQ(0) + D 0 B2(0) + - 8.11.5
MOy = DI EL(0) + -+ 8.11.6
ngc = gd,abcgg(o) + - 8.11.7

The superscript O indicates that the time-dependence is excluded from the quantity: we have i, =

fgle~wt FE = EQe @l etc. For Raman scattering, w = w,.

The relevant polarisability tensors are defined

(mliqlj)jlap n) N (mlap [/}l a|n)

dqp = — — , 8.11.8
’ jEmMn h(wjn N w) h(wjm + w)
Aa,bc _ (mlﬂay>0|®bc|n) n (m|®lf*])<]|#a|n> ' 8.11.9
jEmn h(wj" - w) h(wjm + w)
Ay = z (m|®b~c|1)(1|ualn) s (m|Uali)</|@bc|n)’ 61110
jEmn h(wjn - w) h(wjm + w)
Gy = Z (m|#a~|1>(]|mb|n) N W""ﬁl’)("“a"‘) ’ 81111
jEmn h(wj" - w) h(wjm + w)
Gy = (mlmilj)(ll.ubln) N (mlﬂzlli)Olmaln) ’ 81112
jEmn h(wj" B w) h(wjm + w)
Bupea = (mlﬂa!{>(]|chd|n> 4 (m|Qbic1|])<]|.ua|n) ' 81113
jEmn h(wjn N w) h(wjm + w)
B ped = Z <m|Qbifi|]><]|P-a|n> 4 (m|HaP3(]|chd|n) ' 81114
jEmn h(wjn - w) h(wjm + w)
b 1y (nBululn) (Bl Bl s
3 jEmMn h(wjn B w) h(wjm + w)
Dape = <m|ma~|]>(]|®bc|n> (m|®bi!f)<]|m“|n) 8.11.16
jEMN h(wjn - w) h(wfm + w)
Dape = (m[Osclj)lRaln) <m|m‘ﬂf)(]|®bcln) , 8.11.17
jEmn h(wjn B w) h(wjm + w)
Do = (mlﬁaflj)glfﬁbcln) (mlmlf*lj)glﬁaln) 81118
jEMnN h(wj" B w) h(wim + w)
D (mlfﬁtflj)(ilﬂaln) (mlﬁal]?(jlﬁbcln) 8.11.19
jEmn h(wjn N w) h(wfm + w)
g (mlmg |[j)jlmpln) (mlm plj){jlma[n) z F "
= + + -6, . 8.11.20
Xab oy h(a)’]n _ (1)) h(ajm + w) 4 4m, (mlraarab abTa |Tl>
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8.12. Stokes Parameters of the Scattered Light

We complete the above treatment by considering how to construct explicit expressions that
describe the scattered light field. In the far field of the scatterer, this will be a plane-wave
propagating in the radial direction, with polarisation and intensity varying as a function of scattering
angle.

There are a number of ways to mathematically specify the polarisation state of a
monochromatic plane-wave. One convenient description is in terms of Stokes parameters, which are
differences between the intensities of various polarisation components. For a wave traveling in the z

direction, we define the Stokes parameters®

So = ExEx + E,E;, 8.12.1
S, = ExEx — E,E;, 8.12.2
S, = —EyE; — E,Ey, 8.12.3
S3 = —i(ExE; — E Ey). 8.12.4

So is equal to the total intensity, while S; is equal to the difference in intensities that would be
transmitted through horizontally and vertically oriented polarisers. S, is the corresponding
difference for diagonal and anti-diagonal polarisers, and finally S5 is the difference for opposite
circular polarisers [8, §2.3]. Together, these specify any pure state of polarisation, and are of
practical convenience as their determination requires only intensity measurements.

The different Stokes parameters can be straightforwardly obtained from the definitions
above and equation (8.11.1). As the intensities depend on products of the field strengths, the result
will be a series of terms each containing a product of two polarisability tensors.

The relative size of these terms can be estimated by the fact that the multipole moment
operators each contain factors of the molecular dimensions, and the derivatives of the electric field
bring down factors of k. The terms can therefore be grouped into a hierarchy of sizes, each
approximately a factor of kyr smaller than the last, where 7 is the size of the molecule. The largest
terms, “zeroth-order” in kqr, will depend on products of components of the & tensor: we will refer
to these as the a? terms. The next largest, of first-order in k,7, will depend on products of & and 4,
or & and G. The fact that the “aA” terms enter at the same order as the “aG” terms can be seen
immediately from the fact that the electric quadrupole and magnetic dipole moments enter into a
multipolar expansion at the same order: the a4 terms effectively contain the product of three
electric dipole moments and an electric quadrupole moment, while the G terms contain three

electric dipole moments and a magnetic dipole moment.

5 Some conventions use different numbering, or define some parameters with different signs.
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This level of multipolar accuracy is where most standard treatments of optical activity end,
and it is the next order of terms that will concern us in the following chapter. The “second-order”
scattering contains terms involving the products of the tensors normally associated with optical
activity: A%, G? and GA. It will also contain products of the a tensor with property tensors
associated with electric-dipole-electric-octupole and electric-dipole-magnetic-quadrupole
polarisabilities: @B and aD ™. Finally, at the same order as the electric-dipole-magnetic-quadrupole
product are the products of two magnetic dipole moments, or a magnetic dipole and an electric
guadrupole, so we must also consider contributions from ay and aD.

For self-consistency, all of the terms that enter at a given multipolar order must be
examined together. One reason for this requirement is that the predictions of scattering intensities
should be independent of the point within the molecule about which the multipolar expansions are
taken — though the individual polarisability tensors themselves are not. In light of this, we will next
review how the various multipole moment operators, and the associated polarisability tensors,

behave under a change of molecular origin.

8.13. The Polarisability Tensors and Changes of Molecular Origin

It is obvious from the definitions of the multipole moments that, in general, their values
depend on the point about which the multipole expansion is taken. Multipolar expansions are
usually made about some convenient point — be it the centre of mass, centre of charge, or some
other point selected by the symmetries of the charge distribution. However, this choice is arbitrary,
and any physical predictions made from a multipolar treatment should not depend on it. We will
explicitly check that the scattering predictions made in the subsequent chapter are independent of
the choice of molecular origin about which the multipolar expansions are taken, and in order to do
this we must first examine how the various multipole moments behave under a change of molecular
origin.

The electric dipole moment is defined by
Ha = Z Ao, 8.13.1
a

with 7, and q,, the position and charge of the at" charge. If the molecular origin is shifted from 0 to
a new position, d, then the electric dipole moment calculated with this new centre is found by

replacing 1, with 1, . — dy, leading to
.u,a ZZQa(Taa _da) =Ha _daZQa- 8.13.2
a a

We see that, unless the system is electrically neutral, the dipole moment changes when the

molecular origin is changed. The change in the other moments is found the same way. Now



8. Semiclassical Electrodynamics 103

specialising to a neutral system for simplicity, the origin-shifted electric quadrupole moment is given

by

1
@’ab = EZ Qa[s(raa - da)(rab - db) - 5ab(rac - dC)(rac - dC)]
a

3 3
= Oy — E.uadb - E.ubda + Sapticdc. 8.13.3

Finally, we have the octupole moment,
Q,abc = Z Qa(raa - da)(rab - db)(rac - dc)

- Qabc +d dbﬂc +d dc.ub + db cla — ach deac - chabr 8.13.4

where @, is the primitive electric quadrupole moment,
Qup = Z GalayTay - 8.13.5
a

which appears because of the primitive (by which we mean “not-traceless”) definition we are using
for the electric octupole moment (see chapter 4, §4.1).

In general, for the electric series, the lowest non-vanishing moment is origin-independent:
the monopole moment (i.e. the total charge) is always origin independent, the electric dipole
moment is origin independent for any neutral system, the electric quadrupole moment is origin
independent for any system with no electric dipole moment, and so on.

The magnetic moments are similar, with transformations given by

q .
- z 27701(0( €ave(Fay — dp)Pa, 8.13.6
a

dpPa, - 8.13.7

_ Qo
2m,
a
The kinetic magnetic dipole moment operator is modified slightly by the addition of the diamagnetic

susceptibility, and transforms as

q
min’ ZZ . 6abc(rab db)pac+z a (raa dg)(Tay, — dp) — —d)25ab)3b(d)

= mkin — z - eabcdbpac + Ay DB, (d), 8.13.8

where A)(é‘é) = )(é‘;) )(ab) For the magnetic quadrupole moment operator, we have

m’ab = Zﬁeacd [(f'ab - db)(?ac - dc)ﬁad + (?ac - dc)ﬁad(f‘ab - db)]
a
a
q
=Mgp + Zﬁeacd(Zdbdcr)ad - dc(rabpad + padrab) - Zdbracpad)
a

4 q
=Mgp — §dbma + Z 37,:; €acd (Zdbdcpad - dc(rabpad + padrab))
a
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q
=mgy, — 2dym, + E —3;{ eacd(Zddepad - dc(rabpad + padrab) + dbracpad) 8.13.9
a
a

and corresponding expressions for the kinetic moments obtainable by replacing p with mv. This
replacement allows us to write some of the terms of (8.13.9) in terms of time derivatives of the

electric moments: the kinetic magnetic quadrupole transformation can also be written [13]

. . . 2 1 d . 1 o
mgi)n = m’(ﬁan' - Zdbmlc‘;m' + Z § Eacddb chavad - § Eacddc E de + § 5abdc€dec Z Qaradvae 8.13.10
a a

In principle there is also a diamagnetic term that will contribute to mgf,"", but this does not concern
us at the order to which we will be working in the next chapter.

Using these expressions, we can straightforwardly derive the changes in the molecular
polarisability tensors when the molecular origin is shifted. Just as we have written the changes in the
multipole moments in terms of the unshifted multipole moments, we can write the changes in the
property tensors in terms of unshifted property tensors. The electric property tensors transform as
follows (we use a superscript t to denote the “transformed” property tensors calculated with the

molecular origin shifted to d, as a prime could cause confusion with with the primes denoting the

symmetric-type real polarisability tensors in expressions such as (8.6.6-7)):

Agp = Aap 8.13.11
- - 3 3 B
Agpe = Aape — Edbaac - Edcaab + Spcdaaq 8.13.12
- - 3 3 5
‘"Aa,bc = ‘Aa,bc - Edbaca - Edcaba + 5bcdd0(da 8.13.13

- - 1 - 1 - 1 -
Ctgb,cd = Cab,cd - E dd"qc,ab - E dc‘/qd,ab + § 6cdde‘/qe,ab

1 1 3 3 3 3 3
- EdbAa,cd - EdaAb,cd + Zdbddaac + Zdbdcaad + Zdaddabc + Zdadcabd

- Edcddb dedae - E 5cddade&be - E 5abdddedec - 5 5abdcdeded

1 _
+38apdedeca + SapOcadedses 8.13.14

B phea = Bapea — dbﬁﬁfﬁé - dcl‘L(zt,gi - dd“i%)c +dcdgQap + dpdaQoc +dpdcdgq  8.13.15
The derivations of these expressions depend only on the transformation properties of the electric
multipole moment operators, so they are valid for both Rayleigh and Raman polarisabilities, whether
real or complex, at transparent or at absorbing frequencies.

Corresponding expressions for the property tensors which depend upon magnetic moments
are a little more complicated to derive, and we restrict our attention to Rayleigh scattering at

transparent frequencies for simplicity. In order to transform these, we will need to make use of the

equality, referred to by Barron as the velocity-dipole transformation [8, p. 93]
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(m|pgIn) = imwpy, (M7, n). 8.13.16
This follows from the commutation relation f‘aﬁfree — ﬁfreef”a = %ﬁa, when both sides are

multiplied by (m| on the left and |n) on the right. This allows the terms in the transformation of i,
that depend on the canonical momentum to be rewritten in terms of the position, and so the

changes in the shifted magnetic property tensors can be expressed in terms of the unshifted electric
ones. For example, we can use the transformation to write the transformation of the real unprimed

Gap (8.6.9)

2 o OmnRe [(nliig ) (m [y, — B 7 epeadea| )
Z (wrznn - w?)

2 wmnRe [(nlﬁa|m> (m |Za2qTaa EbcddcpAad| n)]

h (w%m - w?)

2 o WhnRe [inlialm) (m[Se 3 ducheadeng| )]

h w2, — w?
= (winn )

whnRe l(nlualm)(mludln)]
G Ebcddc fl Z

2
(l) — W
LT (@)

1 2 O Whnlml(nlfigIm)(mliyIn)]
= Gap + 5€pcaldc 7 2 2 .
h (Wpn — w?)

8.13.17

m+n

We can re-write the second term as

1 2 " (hn — 0® + 0?)Im[(nl|igIm)(m|fiq|n)]
_6dedCE ((1)2 _ (1)2)
m#n mn

1

1
= S €peade 2 Il dalm)mlam) = €pcadewga 8.13.18

m#n

Making use of the completeness relation® gives Y., ., Im[{n|f,Im)(m|iy|n)] =

Yomzn IMm[(n|dgf4|n)], which vanishes as (n|i,fiz|n) must be real. We therefore have

1
——ebcddcwa{ld. 8.13.19

Géb = Gap >

The imaginary part similarly transforms as

wlm [(nlfalm) (m |- Lo 515 €pcadcbe, | n)]
ab sz

Gt
ab = (wmn - wZ)

m=#n
, 1 2 WmpImli(n|dy|mXmlig|n)]
= + _Ebcddcg

((‘)rznn - wZ)

m+n

51n this context we may use the completeness relation despite the exclusion of n from the sum, as the term
(n|fgIn)(n|i,In) will be purely real, and will not contribute to the expression.
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, 1 2 O wwmgRe[(n|dy|m)(m|ig|n)]
= Ggp + Eebcddcﬁ (02, — w?)
m#n mn
, 1
= Gab + Eebcddcwaad- 8.13.20

Finally, using the definitions G,;, = Ggp — iGLp and &gy, = g, — iy, we readily see that the result

can be written in terms of the complex polarisability tensors
a1 _
Gab = Gab - Elwebcddcaad. 8.13.21
For the scripted tensor, G, = Gp, + iGp,, We have
ar  ® 1. . = 1. -
Gap = Gap + Elweacddc(abd + labd) =Gap + Elweacddcadb' 8.13.22

where the final step follows from the symmetry of a;sand the antisymmetry of ;4.

For D, . we similarly obtain

3 3
Dé,bc =Dgpc — Echba - Edcha + 5bcdfoa

1 , 3., /3., ,
— Eweadedd <— e,bc + Edcaeb + Edbaec - 6bcdfa€f)' 8.13.23

We similarly have

3 3
" 2 wlm [<n |ma - ZanTaaeadeddpaJ m> <m |®bc - Z.Ubdc - Zﬂcdb + 5bc#fdf| TL)]
Da,bc = _E Z

2 _ 2
— (winn — ?)

3. 3 1 3 3
= Da,bc + EdCGba + Edcha - Sbcdfoa — Eeadeddw (Ae,bc — Edcaeb - Edba’ec + 6bcdfaef) 8.13.24

We therefore find that (using Dy pc = Dg pe — iDg pe, €tC.),

- 3 . 3 . ~
Dta,bc = Dgpc — Edcgab - Edbgac + 5bcdfgaf

1 e 3. 3 5
+ Eeadeddlw (Ae,bc - Edcaeb - Edbaec + 5bcdfaef): 8.13.25

and

~ 3 . 3 . ~
z)ta,bc =Dgpc — EdCGba - Edcha + 6bcdfoa

1 . 3 3 5
+ Eeadeddlw <_‘Ae,bc + Edcabe + Edbace - 5bcdfafe) 8.13.26

Finally, the magnetic susceptibility tensor gives

E (‘)mnRe [<n |ma - ZanWaaEacddcpa,J m> <m |mb - ZanTaaebefdepaf| n>]

(w72nn - w?)

+x™., 81327

Applying the velocity dipole transformation, and a little manipulation, gives
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2 w , 1 _ .
Xap = Xav + h Z %Re [_lwmnf €perdelnlgIm)(m|is|n)
m¥*n (wmn o )

. 1 . _
— lWpm E €acadc(nlfiqglmKmlm,|n)

1 R R t
- wnmwng Eacdebefdcde<n|.ud|m)(m|ﬂf|n)] + X(m)ab

2 wrznn 1 R R 1 . R
= Xab 2 2 Im [_ Ebefde<n|ma|m>(m|ﬂf|n> -5 Eacddc<n|.ud|m)(m|mb|n)]
hm¢ (winn — w?) 2 2
0)3 1 n R t
+ (a),znnnina)z) Re [Z Eacdebefdcde<n|.ud|m)<m|.uf|n)] + X(m)ab
12 w? . R . R
= Xab Im| eperde(n|iy|m)(m|iig|n) + €qcadc(nliq|lm)(m|iy,|n)]

T 9oh (W2 — w2)
thin(wmn w?)

3
Wmn 1 A~ A t
- (wznn —w?) Re [E eacdebefdcde(nl.ud|m)(m|ﬂf|n>] + X(m)ab

1 !
= Xap t Ew(fbefdera + €acadcGap)

2 w3 1 A ) )
> [Z facdfbefdcde(nhld|m)(m|yf|n)] + ™" 813.28

The remaining sum may be expressed in terms of a ¢ as follows:

3
2 Winn

1 R N
R 2 Wl — ) |7 cacacherdedetnliamimly |n)]

2 wihn—wr+w? Tl . .
= 7 Z Wmn ?:)2 —w?) Re [Z Eacdebefdcde(nl.ud|m)<m|”f|n)]
m#n mn

2 1 1
= E z wmnRe [Z Eacdebefdcde(nl/,td|‘m)<m|/,tf|n>] + Z wzeacdebefdcdeadf 8.13.29

m#*n

We can see that the first term is in fact equal to 0 by reversing the velocity-dipole transformation,

and making use of the closure of the molecular states:

2 1 R R
n Z wWmnRe [Z eacdebefdcde<n|.ud|m)<m|.uf|n>]

m+n

2 1
= 7 Z wmnRe [Z Eacdebefdcde(nmdlm> <m

z Qafar n>]
a
Z Qaﬁf n>]
[24
A Z qaDy n>] 8.13.30
a

But we may also reverse the transformation on the first matrix element,

m+n

2 i1
% Z Re [_EZ €aca€perdcde(nlfiglm) <m

m#n

2 i1
=ER6 3 €acd€pefdcde (N
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2 1 R R
7 z wmnRe [Z Eacdebefdcde<n|.ud|m>(m|.uf|n>]

m#n

2 1 R R
= " wnmRe [Z Eacdebefdcde(nl.ud|m><m|.uf|n>]

m#*n

2 i1
= ERe —1 eacdebefdcde n

| <m|nf|n>]

n>] 8.13.31

2 i1
= ERe -3 €acd€pefdcde (N

[04
Adding half of (8.13.30) and (8.13.31) together gives

L Zx:(hxﬁf n>]

i1 _ 1
= %Re [n_11 eacdebefdcde(—lh@deaqa)] = Re [E

1 i1
ERe —) Eacdfbefdcde n

1
Z EacdebeddcdeZaqa , 8.13.32

and Z£,q, = 0 if the molecule is neutral. We therefore finally have

1 , 1 t
Xop = Xap + Ew(fbefdera + €acadcGap) + 2 w2€qca€perdedeaar + x™ 8.13.33
Similarly, the antisymmetric part gives
Z wlm [< ZanTaaeacddcpadl m) <m |mb - ZanTaa Ebefdepaf| n>]
ab - 2 _ 2
hm:tn (wimn — @?)

. Z S [—iw L epopds(nlialmy(m|a;|n)
YL (@ = 0?) mn g Cher Gty
. 1 . _
- lwnmz €qcadc(nliigImXm|my,|n)
1 o W
- wnmwng eacdebefdcde(nl.ud|m)(m|nuf|n>]
! 1 1
= Xab + Ewebefdera - Eweacdchdb

O)(Dmn 1 R A
" Z @i —o) ™ [Z eacdebefdcdm'#d|m>(m|#f|n)] 8.13.34

This time we can relate the remaining sum to a&f,

(L)O)mn 1 ) A
h Z (wmn - w?) @i o)™ [Z EaCdebefdcde<n|#d|m>(m|.uf|n>]

2 w2, — w? + w? 1
=z Z —w mnz > Im [_ Eacdebefdcde<n|ﬂd|m><m|ﬂf|n)]
hmin (Wi — w?) 4

2 1 1
= ‘“E Z Im [Z Eacdfbefdcde(nmd|m)(m|ﬁf|n)] + wzz Eacdebefdcdea&f 8.13.35

m+n
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Applying the closure of the molecular states and the hermiticity of the dipole moment operator, we
find that the expression in square brackets is entirely real, and therefore vanishes. The overall
transformation is therefore
ot , 1 1 1, ,
Xap = Xap T Ewebefde(;fa - Eweacdchdb + Z w Eacdebefdcdeadf 8.13.36

Finally, we may express the result in terms of the complex tensor ¥4, = Xap — iXap

St 5 1 A ~ 1, ~ (m)t

Xab = Xab + Elw(_ebefdegaf + Eacdchdb) + Z(‘) Eacdebefdcdeadf +x ab 8.13.37

In summary, and with analogous derivations for the other property tensors, we have [10,

§3.7]
~ ~ iw
Gap = Gap — 76bcddcdad 8.13.38
3 =~ l(lJ ~
gab = Gap + 76acddcadb 8.13.39

~ ~ 3 . 3 . ~
Dtg,bc =Dgpc — Edcgab - Edbgac + Sbcdfgaf
1 ) - 3 3 B
+ E‘Eadeddlw (Ae,bc - Edcaeb - Edbaec + 5bcdfaef) 8.13.40
=t ~ 3 . 3
Z)a,bc = Dapc — Echba - Edb Geq + Sbcdfoa

1 i 3 3 ~
- Eeadeddlw ("/le,bc - Edcabe - Edbace + 6bcdfafe> 8.13.41

~(m) t =(m) 2iw - iw ~(tr) ~ 2 ~
Da,bc =D a,bc + T ebdedcddaae - ?ebdeddAa,ce - chGab + §6bcdd6ad 8.13.42
~ et =~ 2iw B iw - ~ 2 ~
D,%)C = D(m)a,bc - T ebdedcddaea + ? ebdeddc’qug - chgba + § 6bcddgda 8.13.43

5 5 iw ~ ~ 1 5 _di ;
Xéb = Xab + 7 (eacdchdb - Ebcddcgad) + szeacdebefdcdeadf + AXall)amagnetlc 8.13.44

with

2
~di ic _ 2
Aot = A |Gy = d) Gy = ) = B (1, — )| m)
a
a
9a

4m,
a

(m|1a Tay — a7 ). 8.13.45

8.14 Symmetries of Tensors and Molecules

Different molecular symmetries can preclude or permit different scattering effects. This is
immediately apparent from the above formalism: because the various polarisability tensors depend
on the sums of multipole moment operators, any symmetries in the charge distribution of the

molecule (and therefore in the wavefunctions describing the different molecular states) directly set
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limits on which polarisability tensor components a molecule with such symmetries can in principle
support.

A particularly clear application of these ideas is the fact that an isotropic fluid of achiral
molecules cannot support scattering which depends on property tensor products that change sign
under spatial inversion. Because spatial inversion is a symmetry of the sample, it follows that any
physical properties or effects cannot change under spatial inversion of the sample. Any terms that
depended on (say) the product aG would be replaced by —aG, and the requirement that the
scattering remains unchanged would mean aG = —agG, ie. aG = 0.

Not every achiral molecule is symmetric under spatial inversion — some are symmetric under
spatial inversion followed by some proper rotation — and it may seem as though the above argument
would not preclude non-zero contributions from aG in this case. Indeed it does not, provided that
the molecules are oriented. If, however, the molecules are distributed with random orientations in
an isotropic fluid, the bulk system will be symmetric under spatial inversion, and the above
argument holds. In this case, the restrictions fall on the orientational average of the fourth-rank
tensor formed by the direct product of @ and G.

More generally, if a rotation (proper or improper) is a symmetry operation for a molecule,
then it follows that the components of any molecular response tensors must be unchanged under a
coordinate transformation corresponding to this rotation. Tables showing the restrictions on various
tensor components in different symmetry groups have been compiled by Birss [14, adapted by
Barron in 8]. It can be shown, for example, that only molecules belonging to chiral point groups can
support a non-zero trace G,

Finally, we note that we can categorise the primed and unprimed property tensors by their
behaviour under time reversal [8, p. 218]. Noting that B, E and the magnetic multipole moments all
change sign under time-reversal, while E, B and the electric ones do not, we can infer the time-
reversal behaviour of the property tensors from expressions such as (8.8.4). Because the unprimed
and primed property tensors multiply the fields and their time derivatives respectively, they will
each have opposite properties under time reversal: a,, is even under time reversal while @y, is odd,

G4p is odd while G/, is even, and so on. The situation is summarised in table 8.1.
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Property Tensor Multipole Space Time
Operators Inversion Reversal

Aap a,a Even Even

Gap a,m Odd Odd

Agbe i, Odd Even
Cab,ca 0,0 Even Even
Dap,c 0,m Even Odd

Xab m,m Even Even

B bca a,0 Even Even
Dgzz pn,M Even Odd

111

Table 8.1. Summary of the unprimed real property tensors, showing their behaviour under spatial

inversion and time reversal, as well as the multipole moment operators on which they depend. The

primed tensors have the same properties under spatial inversion, but transform oppositely under

Conclusion

time reversal.

This chapter has been a relatively detailed exposition of the semi-classical theory of linear

molecular light scattering, treating Raleigh and Raman scattering with or without absorption. The

central results are the forms of the molecular polarisability tensors (8.10.8-20), and the expressions

for the changes in the polarisability tensors under a change of multipolar centre (8.12.11-15) and
(8.12.38-45). These results form the starting point for the following chapter, which presents the

next-multipole-order correction to the standard expressions used to analyse optically active

molecular light scattering.
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Chapter 9 — Second-Order Scattering

The previous chapter presented a semi-classical treatment of molecular light scattering,
where the scattered fields are given in terms of a series of tensor polarisabilities that describe the
oscillating multipole moments induced in the molecule. The property tensors (8.11.8-20) contain
matrix elements of the molecular multipole moment operators, and so the tensors appearin a
hierarchy of sizes corresponding to the moments on which they depend.

Various levels of approximation can therefore be obtained by truncating the series of
property tensors at an appropriate point. The simplest is to keep only the electric dipole-electric
dipole polarisability, &, (this is equivalent to keeping only the electric dipole term in the Multipolar
Hamiltonian (8.4.5)). We will refer to the resulting electric field intensity, which depends on the
product a?, as the “zeroth-order” component of the scattered light.

Extending this one order further requires keeping terms in the scattered intensity that
depend on the products aG and aA. These “first-order” terms are responsible for natural optical
activity [1].

In this chapter we examine the second-order correction to these results. This involves the
retention of a number of additional terms in the intensity — the products G2 and A?, as well as
products of a and higher property tensors. Unlike the first-order correction, these terms are
independent of the chirality of the molecules, but still give information about their structure. It is
this extension of the treatment to second-order which is the novel contribution of the present work.

We present the second-order contribution to the Stokes parameters of the scattered light
from an isotropic sample. Making use of the rather general property tensors (8.11.8-20) allows the
treatment to cover both Rayleigh and Raman scattering, in transparent or absorbing regions. We
also examine the special case of Rayleigh scattering without absorption.

Finally, we confirm that the results are independent of the origin about which the multipolar
expansions are taken, as a check of the validity of the general procedure. It is demonstrated that
truncation of the full multipolar series to second-order should not affect the origin independence of
the results, provided that all contributions at second-order and below are considered together.

The results and calculations of this chapter are presented in [2].

9.1. Second-order Scattering
The central result of the previous chapter’s labours was an expression for the scattered

electric field from an arbitrary molecule in terms of its multipole polarisability tensors. We saw in
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Chapter 3 that the scattered electric field from a collection of oscillating multipole moments in the

far-field is given by

2 ,ikR [
~nscattered #0(1) e kin. 5 lk 0 P lk 7R R
E? W((Y —R,R)) [Hb +=€pcam?  Rq— 3 — 0 R: - e —€pcalMoe ReRg
k2
—— 0% R.Ry+ - 9.1.1
6 bcdcNd ’ o
where
[scattered _ E’-O“a”e”d —iwt 91.2
s — P e ) A,
fiq = fige™t", 9.1.3

etc. Here R is the position vector of the point of observation, R is the corresponding unit vector, ji,,
mg“”' etc. are the complex induced moments, and k and w are the wavenumber and frequency of
the scattered light. In the case of Rayleigh scattering, these are equal to the those of the incident
light, k¢ and w,. For Raman scattering between molecular states |f) and |i), we have w = wq — wy;.
The induced multipole moments may in turn be written in terms of the incident fields and the

molecular property tensors as

1 1. _
A9 = @, EL(0) + GapB2(0) + = Aabcvi 0+ BapeaVaVeEQ(0) + = Dg;;gv B2(0) + - 9.1.4

il = GapEQ(0) + 1Da beVeEp(0) + ZapBY(0) +- 9.1.5
Oap = AcapES(0) + CapcaVaEQ(0) + De,ap B2 (0) + -+ 9.1.6
MYy = DI EL(0) + -+ 9.1.7
Qove = BaancE(0) + -, 9.1.8

leading to an explicit expression for the scattered light in terms of the incident light and the
properties of the scatterer.

In order to apply these formulae both the series of terms in (9.1.1), and those in (9.1.4-8)
must be truncated. Some care must be taken over this: if an expression for one of the Stokes

parameters of the scattered light is required, this will involve a product of two components of

= d _ . L . . .
Foscetere , and it is the series of terms in this expression that must be truncated at a given size — not

those of the individual expressions for ﬂa, (E)ab, and so on. In order to keep track of the sizes of the

different contributions, it is helpful to introduce a dimensionless parameter A4, and write (9.1.4-8) as

Ao&abEb (0) +Al abBb(O) +5 AlAa bcviO(O) + = /12 abcdvdV Eb (0) += AZD(m)V EI())(O)

a,bc

. 9.1.9

~ Okin.

=116 E°(0)+3,125 V.E2(0) + A%%,,BY(0) + -+ 9.1.10
gab b 3 a,bcVctp XabDp it

@gb = Alﬂc,abgg(o) + Azéabjcdvdgé)(o) + lzﬁc,abg(f‘)(o) + e 9111
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Mgy = AZDIM EQ(0) + -+ 9.1.12
ngc = Azﬁd,abcgg(o) + e 9.1.13

If the molecules are of size d, then each successive power of A approximately indicates an extra
factor of ~k,d, as —relative to the term before it — each has an extra spatial derivative of an
incident field vector (which brings down the factor k), along with an extra factor of charge position
in the transition multipole moments that define the relevant property tensor (which will be of the
order of some characteristic molecular length scale d).

If only terms of order A° are retained, this is equivalent to making the electric dipole
approximation. Retaining terms of order A* produces the standard description of optical activity,
where the optically active response is related to the additional terms involving the products a4 and
aG [1, §3.5.4]. As noted in the previous chapter, proceeding to order A2 requires retaining G2 and
A? terms, as well as the products aB, ay, aD, aD™ and aC.

In order to write the terms required in a succinct way, we write the Stokes parameters in the

far field as
s¢ = fr, EaEp 9.1.14
with ¢ running from 0 to 3 for the four parameters. f¢  is given by
fous = 0aOp + PaPs 9.1.15
fiap = 0a0p — ap 9.1.16
fouy = —0,Pp — Paby 9.1.17
frap = —10a®p + igOp, 9.1.18

where 8 and (f) are unit vectors in the 8 and ¢ directions. (9.1.15-18) and (9.1.1) can be substituted
into (9.1.14) to explicitly give the contributions to the Stokes parameters, which can then be
grouped according to the property tensors on which they depend. This results in the following

expression for the “zeroth-order” contribution,

1 I
s¢ “ =KRe [E dab&;dffachE;]' 9.1.19
2,,2
where we have defined the constant K = :7:2“;2. We similarly find the “first-order” contributions,

a—-A 1 ~ e 7 ok ik ~ 7 * o Tk

S¢ = KRe [§ aabAc,deffachVdEe + ?aabc’qc,defé'adEbEcre] ’ 9.1.20
- ~ ~ * o D* 1 ~ Ak o D*p

$¢70 = KRe | asGlafsackBi + = CavGiabect frae FoFaly 9.1.21

familiar from the usual description of optical activity. Finally, we have the “second-order”

contributions — which include products of the usual optical activity tensors
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- 1 rt A r % lk e q * o Dxp
S? 4 = KRe [EAa,bcAd,efffadvicveEf + EAa,chqd,efféaevicEde

k2 L L
+ EUqa,bc‘/qd,efEaffbeRcEde]'

- 1 A * D o 1 ~ A% D - I Ed lk ~ 3 * D DO*D
Sg 4= KRe [§ GabAc,deffachvdEe + §gabAc,deEfagRgffchbvdEe + ?Gabﬂc,deffadeEcRe
ik . . o
+%gabCﬂc,deEfagRgffdebEcRe]'

1. .
EGabgcdfg‘aeEechbEde

G-G 1 A x D D*
S¢ = KRe EGachdffacBde +

1 ~ . o o*D D
* FgabngEaeffcghfsegEbEdeRh]' 9.1.24

as well products of the higher-order tensors and the electric-dipole electric-dipole polarisability,

- 1 ~ D * r P k2 ~ T * ooxD D
S? B = KRe |:g aabBC,defffachVdVeEf - ZaabBc,deffEadEbEcReRf] ) 9.1.25
2-C = KR * C: E, R,V E; 9.1.26
Sg - e 3 Xap cd,efffac bftdVelf | e
#-D = KR * D E,B:R +1~ D; E V4Ese.roR 9.1.27
5{ € 3 Tap c,deffad bPc e Baab c,deffaf bVdLe€crglhig|, L
a-0™ _ prelta 5 f. VB + Ka, D E,Ererq R.R 9.1.28
Sf - € Eaab cde ffac bVe d+2_caab c,deffaf bEc€raghelig|, L
a—-x __ 1 ~ ~k =~ D =
s ©~ = KRe EaachdfxaeEdeEechf . 9.1.29

These expressions give the Stokes parameters if the scattered light at an arbitrary angle from an
oriented sample. We now go on to consider the more usual case of scattering from an isotropic

sample of randomly oriented molecules.

9.2. Scattering from an Isotropic Sample

If a sample is sufficiently dilute, then interference effects can be ignored and the total
scattered intensity can be taken a simply the sum over the contribution from each scatterer. If the
sample is also isotropic, then summing over the contribution from each scatterer simply involves
averaging the expressions (9.1.19-29) over all possible molecular orientations.

First, we note that for an isotropic sample the only relevant angle is the angle between the
incident and scattered light, as the problem is symmetric under rotations around the incident beam
direction. This means that, if we take the incident light as traveling along the z-direction, we can fix

the angle ¢ without loss of generality, and only consider variations in 8. We choose ¢ = %,

restricting us to the y > 0 region of the y — z plane. The arrangement is shown in figure 9.1.
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-

L &Y
X

Figure 9.1. The scattering plane, with coordinates as described in the text. Unit vectors in the x, y

and r directions are marked, as is the scattering angle 6.

Considering an isotropic sample requires taking the rotational averages of the products of
polarisability tensors found in the above expressions. The required averages can be written as a sum
of rotationally invariant combinations of the tensor components,

(Tavc..) = labc...apy... Tapy..., 9.2.1
where (Tg,.... ) denotes the rotational average of a tensor T, and Igp¢. gy ... is constructed so that
the contraction on the right hand side gives the appropriate sum of rotational invariants [3]. Further
details are given in appendix D, along with expressions for Ipc _apy ... fOr tensors up to rank 6.

The resulting expressions are fairly cumbersome, and were evaluated by computer-assisted algebra.
This was performed with Mathematica in conjunction with VEST (Vector Einstein Summation Tools),
a symbolic tensor algebra package which allows for the easy implementation of user-defined
replacement rules (described in [4]). This functionality was used to simplify the expressions,

implementing rules derived from Maxwell’s equations and the plane-wave forms of the incident
light. The curls of E and B were evaluated by VX E = —Z—f and V X B = pgy€ Z—f, with the plane-
wave forms of E and B used to evaluate the time derivatives and to express B in terms of E. The
spatial derivatives of the fields were similarly removed by replacement rules implementing equalities
such as V;E; = §;, iTij. The property tensor components themselves were grouped into rotational
invariants, defined with reference to the set of rotational invariants used to define the ly5¢ gy ...-

This procedure results in a large sum terms, each consisting of the product of a pair of incident

electric field components and a rotational invariant (along with trigonometric functions of the
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scattering angle). The field products were expressed in terms of the incident Stokes parameters by

the relations

1
ExEx = > (So + S1), 9.2.2

.1
EJE; = 5 (So—S1), 9.2.3
EE; = —5(52 —iS3), 9.2.4
EJE; = —5(52 +iS3). 9.2.5

This provides the desired expressions for the scattered Stokes parameters (9.1.14) in terms of the
incident parameters (9.2.2-5), the scattering angle, and (rotationally invariant combinations of) the

molecular property tensor components.

9.3. Results and Discussion

The general expressions for the contributions to each Stokes parameter from each property
tensor product, written in terms of rotationally invariant combinations of the tensor components,
are given in appendix E (adapted from [2]). Here we explicitly examine the overall form of the
contributions for Rayleigh scattering from a non-magnetic scatterer. The restriction to Rayleigh
scattering means that the scripted property tensors are simply equal to the complex conjugates of
the unscripted ones. Furthermore, if the scatterer is non-magnetic, then it will be symmetrical under
time reversal, and we may conclude that all time-odd property tensors vanish (See Chapter 8 §11).

Putting these facts together, the complex property tensors are simplified to:

Aap = Agp

Aa,bc = Aa,bc

c’qa,bc = Aa,bc
Gab = _iGc,lb
=
gab - lea

Cav,ca = Cab,ca

Ba,bcd = Ba,bcd = Ba,bcd
~ Ly

Da,bc - _lDa,bc

~ o

D0L,bc - lDa,bc

a,bc a,bc

B — i

a,bc a,bc
Xab = Xab 9.3.1-9.3.12

With these simplifications, the second-order contribution to the Stokes Parameters can be written
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So = KSo[A+ B’ cos + Ccos?6 + D" cos® 0] + KS; sin? 8 [E + F"' cos 6] 9.3.13
S; =KS;[G+ H'cos@ +1cos?0 +]" cos®0] + KSysin®6 [K + L" cos 8] 9.3.14
S, = KS;[M' + N cos 8 + 0’ cos? 6] 9.3.15
S3 = KS3[P' + Q cos8 + R’ cos? 0], 9.3.16

where A, B, C, etc. are constants formed from rotationally invariant combinations of property tensor
components, and the primes and double-primes indicate a grouping of the coefficients into three
categories. Explicit expressions for these constants in terms of the simplified property tensors (9.3.1-
12) are given in appendix E.

This grouping into three categories reflects the property tensors on which the coefficients
depend. The unprimed coefficients contain contributions involving tensor products A%, GA, G2, aB
and D™ The singly-primed coefficients contain contributions of the form A%, GA, G2, aC, aD
and ay. Finally, the doubly-primed coefficients contain contributions A2 and AC. A knowledge of
these 18 coefficients represents the most information that one could obtain from an idealised
polarimetry experiment, where the incident polarisation and scattering angle can be arbitrarily
varied and the scattered polarisation and intensity measured.

It should be noted that the zeroth-order contribution has the same angular dependence as
the second order contribution from the unprimed coefficients. This means that it is not sensible to
consider the unprimed second-order coefficients on their own — but also that the zeroth-order
scattering can be included in the above expressions by simply making a suitable addition to the
definition of the unprimed coefficients. The first-order contribution, on the other hand, depends on
different Stokes parameters — the first-order contributions to the scattered S, and S; depend on the
incident S3, and the contributions to the scattered S, and S5 depend on the incident Sy and S;. Ina
sense, the optically active nature of the first-order contribution makes it different in kind to both the
zeroth- and second-order contributions.

That said, the singly primed and doubly primed coefficients both have different angular
dependencies to the zeroth-order contribution, and depend on different Stokes parameters to the
first-order contribution. This means that they can (in principle) be individually determined by a
polarimetry experiment. Of the 18 coefficients only 16 are independent of one another, and
between them they depend on 20 different isotropic invariants, so it is not possible to infer the
value of each invariant from the coefficients. This is unsurprising, as the invariants themselves are
not observable quantities (they depend on the origin about which the multipolar expansions are
taken, see below). The coefficients themselves, however, are independent of the origin, and it may
be possible to construct a simpler set of origin-independent combinations of the invariants, the

values of which could be determined from the coefficients.
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Finally, we briefly comment on the expected size of these corrections. As mentioned earlier,
each factor of A corresponds approximately to the incident wavevector times the molecular length
scale. The applicability of this extended treatment thus depends on the scatterer falling in an
intermediate size, between kyd < 1, where the electric-dipole approximation is sufficient to
describe the achiral scattering, and kod > ~1/10, where it would be more appropriate to use Mie
theory for scatterers with simple shapes (see [5], for example), or numerical approaches for more
complicated cases.

For scatterers as large as kod = 1/10, we might expect the additional contributions (9.3.13-
16) to be around 1% of the size of the leading electric dipole contribution, with the neglected third
and higher-order corrections together contributing additional changes of around 0.1%. The upper

end of validity of the treatment presented here therefore likely overlaps with other approaches.

9.4. General Origin-Independence of the Procedure

It was shown in the previous chapter that the multipole moments of a charge distribution
generally depend upon the point which is taken as the origin of the multipolar expansion, and that
this “origin-dependence” gives rise to a similar dependency in the multipole polarisability tensors.
If we want to make use of the formalism developed above, it is clear that the predictions related to
observable quantities (such as the scattered electric field strength) should be independent of any
arbitrary shift in the molecular origin that is used to calculate the polarisability tensors. Insofar as
the full multipolar series is retained, this “origin independence” must be exact. However, if the
multipolar expansions are truncated at a given order to obtain an approximate expression for (say)
the scattered E-field, then there is no reason to expect exact origin independence. If such an
approximation is useful, though, one would still expect that any changes caused by a shift in
molecular origin will be “small” — more precisely, that they can be ignored at the level of accuracy to
which the expressions are truncated.

We will discuss this issue in some detail here, and will demonstrate that the results of the
above procedure only meet this condition when all of the “second-order” contributions which we
have identified are considered simultaneously.

First we consider the induced multipole moments, and show that these transform in the

correct way when the property tensors and incident fields are appropriately transformed?. We then

1t should perhaps be emphasised that this is not quite a tautology. The induced moments are obtained from
expectation values of the multipole moment operators acting on the perturbed wavefunctions (8.5.7). While
the multipole moment operators by definition transform correctly, the perturbed states —in our
approximation — will also transform (as they have been obtained using our truncated multipolar Hamiltonian).
It is therefore worthwhile to explicitly check that the expectation values do not transform in an unacceptable
way.
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go on to consider the effect of these transformations on the expression for the scattered light

(9.1.1).

9.5. Transformation of the Induced Moments
Consider repeating the calculations of the previous chapter which lead to (9.1.4-8), but with
the centre about which the multipole expansions are taken moved to the point d rather than the

coordinate origin. The induced electric dipole moment, for example, would be
- U 1 . - 1 .. -
A = 2°a,E)(d) + 2G4, BY(d) + 5 214G, Vo EQ(d) + 2 4B o VaV o (d)

1 oyt -
+§/’LZD(’") V.B(d) + -, 9.5.1

a,bc
where the primes denote that a property tensor is defined about the new multipolar centre d (not to
be confused with the primes denoting the symmetric and antisymmetric parts of complex
polarisability tensors, as in (9.3.1-12)). The effect that this shift has on the multipole moment
operators, and the property tensors, is given in the previous chapter, § 8.13. In addition to this, we
have adjusted the point at which the incident fields are evaluated — we must consider the field
strengths at d, rather than at the coordinate origin.

The effect of this latter change can be most clearly understood by considering a Taylor
expansion of the incident fields. The centre displacement d will be at most of the order of the

molecular dimensions, and so will be much smaller than a wavelength. We can therefore write

1
E(d)q = E(0)q + AdyV,E(0)q +522dpd VpVeE(0)g + -, 9.5.2

where, as before, each factor of A indicates that a term will be smaller than the last by
approximately a factor of k, times the characteristic length scale of the molecule. The 1's appearing
in this expression can be used in conjunction with those in (9.5.1), and show which terms should be
consistently retained under truncation to a given order of A.

Beginning with the induced electric dipole moment, we substitute the expressions for the

shifted property tensors (8.13.11-15, 8.13.38-45) into (9.5.1) to obtain
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, L ~ iw - =
ﬁg = lloaabEg (d) + Al (Gab - 7 EdedCaad) Bl()) (d)
3

1../. .3 ~ _
+ 5/11 (Aa,bc - Edbaac - Edcaab + 8bcddaad) VbE(?(d)

15/~ . . . N _
+ gﬂ.z (Ba,bcd - dbAflt,ZZi - dCAElt,ZL - ddAEIL:"I;)C + dcddaab + dbdda’ac
+ dbdc&ad) VaVEp(d)

1 ~ 2iw - lw ~
+ 5/12 (D(m)a,bc + T Ebdedcddaae - ? EbdeddAglt,g - chGab

2 . _
+ §6bcddGad> V.B(d) + . 9.5.3

Here Affz)c is defined identically to A ., but with the primitive electric quadrupole moment
operator Qgp = Eata,Ta,qa in place of the traceless electric quadrupole moment Oqp. We can use

the Taylor-expansion above for E (d),, and the corresponding one for B(d),
1
B(d), = B(0), + AdpV,B(0), + ElzddeVbVCB(O)a + -, 9.5.4

in order to write [12’ in terms of the unshifted property tensors and the fields at the coordinate
origin. This finally allows us to express the transformed induced dipole moment in terms of the
untransformed induced dipole moment, and therefore to verify that the transformation matches the
origin-transformation expression derived in the previous chapter. In the case of the dipole moment,
the transformed and untransformed moments should simply be equal.
. . . . . ~0' .
Substituting the Taylor expansions into the expression for fi; above, and keeping terms up

to A2, gives
ﬁg =20 [dabEl()) (0)]
1|5 70 ~ lw ~ ) RO
+ 1 aabdc Vch (0) + Gab - 7Ebcddcabd Bb (0)

3 3 -
+ <Aa,bc - Edbaac - Edcaab + 5bcddaad) vig (0)]

lw -
+ AZ [(Gab - 7 ebcddcaad) deVeBl()) (O)

1 3 3 -
+ 3 (Aa.bc - Edbaac - Edcaab + 5bcdd“ad) daVyVaEP(0)

1 -
+ 3 (Bapea — dpAYcq — gAY pe + dedgagy + dpdgage + dpdeagq)VaV ED(0)

1 (m) 2iw lw tr
+ E (Da_bc T Ebdedcdd Age — ? EbdeddAa,ce - chGab

2 -
+3050daGEF™ ) VB O)| 955
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The terms involving Kronecker deltas will all be zero, due to the transversality of the E and B fields.

Furthermore, by relabelling some indices, and making use of the fact that?

VoEp = VpE, + iwegp:Be, 9.5.6
we can see that all of the extra terms cancel out, and we are left with
~0' 05 0 175 B0 At £0 A2 50 A2 AM g F0O
fqg =2 dapEp (0) + 4 GapBp (0) + ?Aa,chbEc (0) + g Ba,bcdvchEb |r=0 + ? Da,bcchb (0)
+ o=l 9.5.7

That is to say, the induced electric dipole moment remains unchanged, as would be expected from
the transformation expressions derived in the previous chapter.

Similar calculations can be carried out for the other induced multipole moments. We again
expect the transformations to match those of the previous chapter: that is, we expect to find that
the expressions for the transformation of the induced moments, calculated from (9.1.10-13) and the
transformation of the property tensors, match those derived from the transformations of the
moments directly. The explicit calculations closely follow the method above, and are presented in
appendix F — here we simply present the results

. okin.’ __ gkin. iw

my  =my  + 7€abcdb/11ﬂ2, 9.5.8
~0’ ~0 1 3 3 -
Oap = Ogp +4 <_§.uadb - E.“bda + 6ab.ucdc) 9.5.9
ngc = Qabc + Az (dadbﬁc + dadcﬁb + dbdcﬁa - daébc - dbéac - dcéab)l 9.5.10
in . 2iw iw ~ ; 2 ;
fkin — pkin. | 32 (—Teacddbdcﬁd + 5 CacadcQyg — 20, TE™ + §5abdcm’;‘"-) . 9511

In these expressions, the induced moments on the right should be understood as standing for the
expressions (9.1.10-9.1.13), with terms retained up to 12. These transformations indeed match those

presented in section 8.13 (with the sums over charge momenta that appear in the transformations
__ okin. ~ ki . R . . .

of MY and m’ézn' expressed as the time derivatives of the induced electric multipole moments).

We have therefore explicitly demonstrated that the semi-classical approach preserves these

transformations up to second order in A.

9.6. The Scattered Light under a Change of Origin
We now turn to the scattered electric field. When the origin of the expansion is translated

by d, we have the following expression for the scattered light in the far-field:

2 This follows from the Maxwell equation €,,.V,E, = iwB,, when both sides are multiplied by €,4, and use is
made of €4pc€aqe = pabce — Opebea-
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~nscattered’ wZeik(R—ﬁ-d) in.! lk !
greattered =MO—(5ab RqRp) | 2903 + 21 _Ebcdﬁigk —/11—@ ¢ Re
41R
ik km k2 =0 !
— 22 _Cebcdmce R4R, — A2 chd R.Rg + - |. 9.6.1

Substituting in the transformations of the moments (9.5.8-11) gives

2 ik(R-R-d
~Oscattered’ _ ,LlO(A) e ( )

a - ATR

~ A~ 1 _nkin. iw - ~
((Sab - RaRb) |:/10 + /1 _Ede ( 0 + ?Ecefde[.l?) R
ik 3 3. N ~
-t (9 Mbd .ucdb + 5bc#ddd) R,
ik 200 - in
(mce 3 chgd dfll + ECfgdeeg Zdemc

- 2 §ood k™ ) R,R,

K2 i i i _ _ o
— 22 3 (Opeq + dpdcily + dpdafic + dedaily — dpQcqg — deQpg — daQpe )RRy

+ ] 9.6.2

If we also Taylor expand the phase factor,
. S ) . 1 ~ ~
ek(R-Rd) = oikR (,10 — MikdRg — 2 5 k*dRody Ry + - ) 9.6.3

then algebraic manipulation reveals that (9.6.2) is identical to the original expression (9.1.1).

This is easiest to verify order-by-order in A. At 1°, we simply have

,uowzelkR

4nR
which is just the 1° part of (9.1.1). At A1, we have

(8ap — RaRy)[2°8D), 9.6.4

‘an)ZelkR

ki iw - ~
W(é‘ab Rb)/1 [ Ebcd( or +7€cefde.u)g> Rd

ik 3 3. . L 0
3 (®bc 2 Slpde — E.ucdb + 5bc.uddd) R, — ikd R ji} |, 9.6.5

where the final term arises from the product of the A° term in square brackets in (9.6.2) and the A*
term in the Taylor expansion (9.6.3). First, note that the term involving 6, vanishes, as

((Sab — ﬁa}?b)%cﬁc vanishes for unit vectors R. Then, expanding the products €bcd€cef = OaeObf —
8afOpe, Writing k = w/c, and re-labelling dummy indices appropriately, we find most of the terms

cancel and we are left only with

ﬂowzelkR

4R

km PN lk )
(8ap — RaRp)A* [ €pcaml  Rg ——=0%.R, ] 9.6.6

the A1 part of (9.1.1).

Finally, at A2 we have
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pow?e kR ik

4R

~ kin.

(8ap — RaRyp)2? | =€ —frik"n'+21£6 d.deTi —ige d:Q, +2d,m
ab a™b 2c bcd ce 3 cfghe“fity 3 cfg“f eg elltc

2 i\ A A
-3 acedfm’;m') R4R,
k? ~ ~ - A A
+ 5 (_chd — dpdcflg — dpdgfic — dcdgfly + dpQcq + dcQpg + ddec)RcRd
i

i ~ 1 . okin. w -0\ A
—lkngg EEde mg +7ecefde,uf Rd

ik 3. 3 . . ko
- ? (G)bc - E.ubdc - E.ucdb + (Sbc.uddd) Rc) - ?chcdde:ub . 9.6.7
Again, expanding the products of Levi-Civita symbols and relabelling dummy indices, as well as using

the definition 89, = %ch - %%c@dd and the symmetry of Q,., we find that most of the terms

cancel, leaving

#szelkﬁ’

; 2
(o~ R |- S eoca W~ G| 968
the A2 part of (9.1.1).

The main point to be noted about this procedure is that, in order to guarantee origin-
independence at a given order of 4, it is necessary to include the contributions of all multipoles up to
that order. This feature is seen both in the treatment leading to (9.5.7-11) — where, for example,
cancellation between the transformations of B and of D™ was required in order to give the correct
transformation of ﬁg —and also in the calculations of this section, where the cancellation of origin-

dependent terms in higher orders relied on the presence of corresponding lower-order terms (that

were brought up to higher orders in A by the Taylor expansion (9.6.3)).

9.7. Conclusions

This chapter has presented the correction to the usual expressions describing light scattering
from an isotropic fluid sample when the next order of terms is retained in the multipolar expansion
describing the scatterer. While the additional terms are insensitive to the scatterer’s chirality, they
do provide information about its shape and structure. In order to make use of the multipolar
approach in a consistent manner, it is necessary to retain all of the additional contributions that
occur at each order. One way in which this is apparent is that the results are invariant to a change in
the molecular origin about which the expansions are taken only if all of the “second-order” terms in

the Stokes parameters are included.
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Conclusion

This thesis has examined a number of problems connected with light-matter interactions,
particularly related to their description in terms of electromagnetic helicity. Here we briefly
summarise and comment on the main findings from each section.

In chapter 3 we examined the distinction between electromagnetic helicity and
electromagnetic chirality in polychromatic fields. In monochromatic fields these differ only by a
constant factor, and the distinction is largely unimportant. However, even in the simplest
polychromatic case of a superposition of two plane waves we found that these densities can have
strikingly different properties: they may have opposite sign, or one may average to zero while the
other does not. This behaviour can be understood in terms of the different frequency scaling of the
two quantities — monochromatic light has a helicity of +# per photon, but a chirality of +Aw?. This
difference becomes important when the field is polychromatic, and can be used to understand the
guantities’ behaviours in more complicated settings such as optical pulses.

In chapter 5 we discussed the helicity and angular momentum radiated from a “chiral”
dipole, consisting of a co-located electric and magnetic dipole oscillating out of phase —and we
compared these with the fields radiated from a rotating electric dipole, which acts as an achiral
source of circularly polarised light. The main point made was that the helicity density is a
pseudoscalar, and so a net flux of helicity is only possible for a chiral source. We also noted that the
angular momentum fluxes require near-field components to be retained, while the helicity can be
calculated straightforwardly just from the radiation fields.

In chapter 6 we turned to the helicity flux originating from interfaces between vacuum and
chiral media. Using the Fresnel coefficients appropriate for a chiral medium, it is straightforward to
demonstrate the conservation of helicity when the medium is dual symmetric by checking the
helicity fluxes on either side. The helicity fluxes obtained in non-dual symmetric situations can be
related to the properties of the interface — both the change in € and u at the interface, and the
chirality parameter of the medium.

While the expressions used for the helicity flux in chapter 6 were unproblematic, chapter 7
examined more carefully the definition of the helicity density within a chiral medium. The
constitutive relations necessary to describe a chiral medium modify the energy density by a chirality
dependent term, and so it is clear that the helicity-per-photon for circularly polarised light inside a
chiral medium will not be +# unless the definition of helicity is correspondingly modified. This was
put on firm footing by applying Noether’s theorem within a chiral medium where the ratio

€(r)/u(r) is constant everywhere. Such a medium is macroscopically dual-symmetric, and we can



Conclusion 128

identify a conserved quantity with this symmetry. The free-space helicity is the conserved quantity
associated with duality symmetry of the free-space Maxwell equations, and so we argue that
whatever quantity is associated with such duality symmetry in the chiral medium is the correct
generalisation. We found that our “modified” helicity density is indeed the associated conserved
quantity.

Finally, in chapter 9 we presented the results of a second-order correction to general
expressions for molecular light scattering from an isotropic fluid sample. Higher-order corrections to
the scattered Stokes parameters were given in terms of rotationally invariant combinations of the
molecular property tensors. Unlike the first-order terms, these are insensitive to the chirality of the
scatterer — but unlike the leading-order dipole term, their dependence on higher-order multipole
moments means that they depend on the finer structure of the scatterer’s shape. We examined in
more detail the special case of Rayleigh scattering from a non-absorbing sample, and found that
while some of the extra contributions shared the same angular dependence as the leading-order
electric dipole scattering, others had distinct dependences. In principle, constraints on these
combinations of higher-order polarisabilities is the most that could be extracted from a polarimetry
experiment.

The work in this thesis has examined electromagnetic helicity in various contexts. A theme
running throughout has been the analysis of helicity as a locally continuous quantity, with associated
density, flux and “sources” — and the connection between duality symmetry and helicity
conservation. This point of view elucidates a number of the phenomena discussed in the thesis, and
provides links between the fundamental description of the electromagnetic field, the electric and

magnetic responses of matter, and the concept of chirality more broadly.
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Appendix A — The Helicity Operator as the Generator of the Duality Transformation

In this appendix we prove equations 2.2.29 and 2.2.30, which show that the helicity operator
generates the duality transformation when applied to the electric and magnetic field operators. The

electric and magnetic field operators are given by

1

- hwy \2 .
ET = Z €k (—k) idk,—lel(k'r_“’kt) + h.c. , A1l
! ZEOV
kA
1
B= ka ( ) iler=wkt) 4 p, A2
( ekl) ZEOV(,L)k lak,le C.

The unitary transformation generated by the total helicity operator is given by
ei@flmmz =1+ iefltotal + e, A.3
and for an infinitesimal duality transformation only the term first order in 8 need be retained.
Applying this transformation to the electric field operator, and again working to first order in 0, gives
elheotal ET e =10Mtotal = (1 + iRyg1q;)ET (1 — i0Rs0par) = ET + i0[Rrorar ET]. A4
The commutator is easiest to evaluate by writing the helicity operator in terms of difference

between the number operators for left- and right-handed photons,

Reotar =1 ) Ny = N A5
k
=Y af . - 6] G A6
k
We then make use of the commutation relation for the creation and annihilation operators,
[@kn @ 2] = St s A7
[ﬁTk'A, ﬁTkI'AI] = [ﬁk'l, ak',l’] = 0. A.8

Because the mode operators for different k vectors commute, the only terms that contribute to
[flmtal, E'T] are those with k = k’. Explicitly writing the ET operator’s sum over polarisations in

terms of the circular basis, we have

1
hw;\2 ol
~ =T1 _ ~ PR N k PPN (k' r-—w,rt —
[htotal,E ] = Z:(a,H_ak+ ak,_ak’_),z e’ 1 (260V) iay e ( K' )+ h.c.| =
k', A

N[ =

hw
Z<26 I;/) [h(ak+ak+ ak ak ) ek+lak+el(kr wit) +ek lak el(kr wkt) +h C] A9
0

This can be evaluated by further application of the commutation relations, and the identity

[4B,C] = A[B,C] +[4,C]B. (s0 [N, 4, /-] = =y and [N, el | = al ).
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N[ =

hw ) ) ,
N =T] — k PN i(kr-wit At —i(kr—wit PN i(kr—wit
[htoml,E ] = E h(ZE V) (—ek,+lak,+e ( KD — ex-idy e ( kD 4 ey_idy_e ( k)
0
k

i~ —i(kr—-wit
t ey 1a; _e ( k )).

Recognising that
k x €p+ = —iek7+, A. 11
k x ek,_ = iek,_, A.12

we finally have

N| =

~ - h
[Reotar, ET] = Z h (2:);> ((k X ey )lk+ ellkr—wit) (k x ey, - )ak e~ i(kT—wit)
- 0

+ (k X ek'_)(’l\k’_ei(k'r_wkt) (k X ek+)ak e l(k-r—a)kt))

N[ =

hw . .
= Z h (2601;/') ((k X ek'+)dk,+el(k'r_“’kt) + (k X ek,_)dk,_e‘(k'r_‘”kt)) — h.c. A.13

So

i6[hcorar, E"] = 6 Z h (2
K

N[ =

) (l(k X ek+)ak ez(kr wkt)l(k X ey _ )ak eL(kr wkt)) + h.c.

1
h 2 . _
- "CZ(" X exz) (—) iGyae'®T=@) + h.c. = OcB A 14
~ N2V g
Similar working gives
A 1/2
[hcotar B] = Z (—> [h(@,t,+@k,+ - @,t’_&k,_), (k X ey, )iy, eikT=okd)
2 ZEOV(JJR

+ (k X ek,_)idk_e"(""“"kt) + h. C.]

h
=;(260V(1)k> [h(ak+ak+ ak ak )ek+ak el(k'r—wkt)

- ek,_dk_ei(k'r_‘”kt) + h. C.]

A 1/2
=Z (26 Vaw ) (e i T + g _aTy e T
0 k
k

- ek’_ak_ei(k'r_wkt) + ek’+d1’k—e—i(k'r—(ukt))

L hoo\Y? . .
iG[htotal, B] =i0 Z (m) (—ek,+c’ik+e‘(k'r‘“’kt) — ek,_dk_e‘(k'r‘“’kt) — h. C.)

NII—\

s i(ker- A ilker— (7%
=0 Z (ZEOVa)k) (—iep g *T=2) —je, @, elkT=wt) 4 p ) = —~E A.16
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Appendix B — Obtaining the Maxwell Equations within a Chiral Medium from a Lagrangian

In the main body of chapter 7, we presented the Lagrangian (7.5.1) as a starting point in
order to arrive at an expression the helicity density using Noether’s theorem. In this appendix, we
justify this choice of Lagrangian by showing that the Euler-Lagrange equations, in conjunction with
the constitutive relations (7.1.1-2), correctly give Maxwell’s equations in a chiral medium (in the
absence of free charges and currents).

Some care must be taken, as the Lagrangian (7.5.14) contains second-order derivatives of
the generalised coordinates, and this necessitates a slight modification of the usual Euler-Lagrange
equations [1, p. 192]. The Euler-Lagrange equations for a Lagrangian including 2" derivatives are, for
fields ¢,.,

oL 0 0L N 0 0 0L _
0p, 0xq 0Py q e 0xq axﬁ a(pr,aﬁ

0, B.1

where summation over the repeated index «a is implied, and the Greek indices a and 8 run over
0,1,2,3 fort,x,y,z. The sum over f3 is written explicitly, as the condition § = a is necessary to avoid
double-counting the mixed derivatives in the sum.

The Lagrangian (7.5.14) depends on the scalar potential only through V¢, so the Euler-

Lagrange equation associated with the scalar potential reduces to

0 oL B.2

dx, 0V, '

Using the expression for 63L¢ (7.5.17), we see that this indeed corresponds to the Maxwell equation

a
for the divergence of D:

Y oL A aA+V + (V aA) V-D=0 B.3

Vo =-V-€| — X—]|=V-D=0. :

v S\ TV TA V> 5

For the r component of the vector potential, we have the Euler Lagrange equation

0 oL 0 oL 0 0 0L

- ————+——=———=0. B.4
0x,0(0,4;) 0to(A,) 0tdxy 0,4,

Using the expressions for the derivatives of £ (7.5.16, 7.5.18, 7.5.19), we obtain

—aixa[ina><(VxA)]—%[e(Z—':+V¢+ﬁ(VxZ—':)>]

a ad 5 d0A d0A
+af)_xa[_6ﬁ nax<VxE>—ﬁenaxV¢—ﬂenaXE]=0. B.5

The second term is straightforwardly seen to be D. The first and last terms can be simplified as
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d
Ena X

1(V><A) 2 anzA v2? o4
U h ot? pe ot € ot?

ol o a)—egr (0 A g O, 074
= x[_l_,t( X )—Eﬁ ( Xw>—ﬁ€ a—ﬁém]

—Vx[ 1(V><A)+ 6D] B.6
- 'u ﬁat ) .

where in the final step we have grouped some of the terms together as D. Moving this to the other

side of (B.5), we see that the Euler Lagrange equation is

D=V><E(V><A)—BD]. B.7

This equation — which should be thought of as an equation of motion for the potentials
though the relation D = ¢(—A4 — V¢ — BV x A) —is in fact an expression of the Maxwell equation

V x H = D. This is because the constitutive relations require
1 1
H=—-B—-—-BVXH, B.8
u u

and this is only consistent with (B.7) above if V. X H = D. As in the free-space case, the remaining
two Maxwell equations (V- B = 0 and V x E = —B) follow as identities from the definitions of the

potentials.
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Appendix C — Noether’s Theorem for a Lagrangian with 2" Derivatives

As well as altering the Euler-Lagrange equations, the presence of second derivatives in the
Lagrangian alters the form of the conserved current in Noether’s theorem. If a Lagrangian contains
second derivatives of the generalised coordinates, then the change in the Lagrangian under an

infinitesimal variation of the coordinates is

oL oL
6L = 30 S + o 6@+ Z 9 SPrap C.1

T Bra Pr af
where, as in (B.1), the sum over f is written explicitly, and the condition § > a introduced to avoid
double-counting of the mixed derivatives. As in the first derivative case discussed in chapter 2, the

Euler Lagrange equations can be used in order to write this as a four-divergence. One obtains

0 [ ]
E E — or |, C.2
axa a(pr(x a rap’ ax[)’ a@r af "

where the derivatives act only on terms within the subsequent brackets. This can be seen to be

equivalent to (C.1) with the application of the Euler-Lagrange equations
aL ad d~L d d dL

- + - = 0. C.3
a§0r axa a(pr,a Bra axa axﬁ a(pr,aﬂ

We will consider the three terms of (C.2) in turn. Taking the first, we have

9 [ oc ]_ 9 E)L] L 0L

0% |00ra | 0% |00 a) T T 0pre

(ot N0 0 or . o oL ca
aq’r Bzaaxa axB a(pr,aﬁ r a(pr,a Pria .

oL .
where the Euler-Lagrange equations have been used to re-write —[ ] The second term is equal

0xg [00ra
to
9 oL 5g0r3 = 9 oL &Prﬁ"'z 5g0ra3 C.5
0xq ﬁzaafpr,aﬁ ’ 0xq Bzaaq’r,aﬁ B>aa rap
Finally, the third term becomes
N 8pr| = — A 8¢pr — 2| 6¢prq. C.6
= 0xq | 0xp |0 qp] ] = 0% 0Xg [0Qrqp ]| = 0xg 0@y ap] ’
We may swap the labels @ and f in the final term of (C.6), and use 0@, o3 = 09, g4, to obtain
N N T P R oSN B0 P SN T PR
0x,4 axﬁ B(praﬁ 0x, axﬁ aq;mﬁ 0x, 6(pryaﬁ_ '

B=<a - - T - Bza - T Lza
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Note that interchanging the labels has also interchanged the condition on the sum. We have likewise

interchanged the condition on the first term of the right-hand-side of (C.7), as

a 0 | oL g 9 | oL
Z'B SA Gy dxg [6(/) 5] S = Zﬁ>“ax dxg [aq)r B] S¢r.

It is then clear, from summing (C.4), (C.5) and (C.7), that

0 | L N 5 0 oL ]
8¢ Prp — A %
axa aqor a " Fra 0y a3 rk f=a axﬁ agor,aﬁ "
0L —6 —6 + )
P P E Prap
aQOr T Dra T, ﬁ>aa B r.ap

proving (C.2).

C.8
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Appendix D — Rotational Averaging of High-Rank Tensors

Here we reproduce the proof leading to the expressions given in chapter 8 for the rotational
average of tensors up to rank 6. The discussion presented below follows the proof given [1, §A2].
When given explicitly, the components of molecular property tensors are always specified with
respect to some particular coordinate axes. We shall refer to this coordinate system as the
“molecule frame”. However, measurements on the molecule will usually be described in some other
coordinate system. We will refer to this as the “lab frame”. Throughout this appendix, we will refer
to coordinates in the lab frame by Roman indices, and those in the molecule frame by Greek indices.
In general, the lab frame and the molecule frame will be related to one another by some rotation,
and so the components of a property tensor T in the two frames will be related by [1]

Tapc.. = RaaRppRey - Tapy... D.1.1
where R is a direction cosine matrix: the entry R, g, for example, is defined as the cosine of the angle
between the a axis and the § axis.

If we have a sample of randomly oriented molecules, and each molecule contributes to the
overall response incoherently?, then to derive the bulk response of the sample we may simply
average equation (D1.1) over all possible molecular orientations. The relationship between the
molecule and laboratory systems can specified by the three Euler angles® 8, ¢ and y, and the

average over these may be written

1 27 n 2m
(Tape. ) = Wfo do fo sin6 df L dx RaaRppRey - Tapy..
= (RaaRupRey - )Tapy.. D.1.2
So if we wish to compute the “averaged” response tensor (T, ), we require the average of the
product of direction cosines,
Labe..apy.. = (RaaRppRey - ). D.1.3
The result can be computed by explicitly writing the direction cosine matrices in terms of the
Euler angles and evaluating the required integrals, although this procedure becomes quite
cumbersome for high ranks. Alternatively, the average can be found in a systematic way for tensors

of arbitrary rank using a method given by [2]. The quantity I45¢. apy.. is by construction rotationally

1 This is always the case in Raman scattering, where the frequency shift means that the scattered
light from each individual molecule does not have a consistent phase relationship to the incident. It
is also the case in Rayleigh scattering from dilute enough samples, where the average distance
between scatterers is large compared to the coherence length of the scattered light.

20 and ¢ are the usual polar and azimuthal angles, which give the relative orientation of the z-axis
of the second system to that of the first. y completes the description of the second system by
specifying a right-handed rotation about this new z axis.
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invariant, and — according to a result of [3] — may be written as a sum of products of isotropic
tensors in the laboratory and molecule systems.

The isotropic tensors of a given rank are of a fairly limited variety. The only isotropic tensor
of rank two is 6,3, and the only isotropic tensor of rank 3 is €,4.. An isotropic tensor of higher rank
can clearly be constructed by taking the direct product of § and € tensors, and further isotropic
tensors can be found by permuting the indices. Matters are simplified by the following result, proved
by [3], and also more directly by [4]: for a given rank and dimension, the set of tensors constructed
in this way always spans the isotropic tensors of that rank and dimension. That is, any isotropic
tensor can be written as a linear combination of products of 6’s and at most one €. It is clear that

only one € is ever required: if more than one € were to appear, the result could always be re-written

using
€abc€def = Sad(abeacf - 6bf5ce) — ge (6bd5Cf - SDfSCd) + 845 (8pabce — Opebiea)- D.1.4
Now, suppose we construct such a set of basic isotropic tensors (which we call “isomers”),
and label them f1, f2 ... f™. The theorem by Weyl is the statement
(Iabc...aﬁy...) = z Cmnﬁz?gc..f;lﬁy... D.1.5

mmn
and our task is now to determine the coefficients ¢™". As the isomers are (of course) isotropic,

(f"y = fT, and we can write

fch = (fgbc..) = <Iabc...aﬁy...>fgﬁy... D.1.6
o)
farbc... = Z Cmnfargc..fc;lﬁy... f;ﬁy... D.1.7
mn
If we contract this with another isomer, f,,., we obtain
fch...ftfbc... = Z Cmnfargc..fc;lﬁy... f(;ﬁ]/...fasbc... D.1.8
mn

Calling the number fye fiye.. = S™ (and noting that flye. fipe.. = figy. fipy.)r We have

ST = Z cmnsmssnr, D.1.9

mn

S can be viewed as a matrix of size equal to the number of isomers. If the ¢™" are also viewed as a
matrix of coefficients, we can write the above in matrix notation simply as

S =SCS, D.1.10
from which we can deduce (provided that S is invertible)

sTl=c. D.1.11

So, if we can construct a suitable S, we can then invert it to obtain C and hence obtain an expression

for (Iabc...aﬁy...>-
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Constructing S is a simple enough matter: it involves writing down all the possible isomers of
a given rank, and then performing the various possible pairwise contractions to obtain each element
of S. A slight complication is that the isomers obtained by permuting the indices will not always form
a linearly independent set: in this case one can obtain a simpler expression for the rotational
average by choosing a linearly independent subset. There are in general different ways to make this
choice — a systematic method is given in [2], but we will not pursue the details here.

The final results for the averages of the relevant direction cosine products are:

SabOcd /a4 -1 -1 80(,86)/6

(Iabcdaﬁy(S) = | 8acOpa -1 4 -1 60{]/6[35 D.1.12
8aa6pc -1 -1 4 8a50py
€apcOde /3 -1 -1 -1 1 0 €apyOse
€apalce -1 3 -1 -1 0 1 €aps0ye
Eabe6cd _1 _1 3 0 —1 —1 Eaﬂ66y6
(Iabcdaﬁyé‘> = s s D.1.13
€acdOpe 1 -1 0 3 -1 1 €ays0Be
€aceOba 1 60 -1 -1 3 -1 €ayelps

€adeObc 0 1 -1 1 -1 3 60{6663]/
(Iabcdefaﬁygez) presented overleaf.
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(Lzbcdefaﬁy&e{) =

SabOcales
SanOceSar
S8abOcrbae
S8acOpales
8acOpeSar
8acObfOae
8aaOpcOer
8aaOpedcr
8aaOprOce
8aeOpcBar
8aeOpades
8aeOpfOca
SafOpcOae
Safbpadce
SafOpelica

SapSysde
OapOyedsg
SapSy;Ose
SayOpsde
Sy Opedsg
SayOpgFse
Sas0pydes
Sas0pedyg
Sas0pBye
SaeOpyBst
SacBpsdyg
SaeBpsOys
SagOpyse
8478858y c
807880y
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APPENDIX E

In this appendix we present the full expressions for the rotationally averaged “second-order” contributions to the
stokes parameters s¢, as described in Chapter 9. The results are stated in terms of rotationally invariant contractions
of tensor components, labeled M,, whose definitions are given immediately following the expressions. As they are
rather long, the contributions are broken up according to their dependence on different polarisability tensors, and
further by their dependence on either scripted or unscripted tensors.

The ‘e — o’ terms are

1 -
(s¢*)=KRe (—A?_O‘) ,

with

40

AS™ = Sy (=M, + 14My — Ms3)
+ SO COS2 0 (3M1 —-2Ms + 3M3)
+ Sl Sil’l2 0 (3M1 — 2M2 + 3M3) s

A% = Sy (=3M, + 2M; - 3Ms)
+ 81 cos? 0 (=3M; +2My — 3M3)
+ Sosin? @ (=3M, +2M, — 3M3) ,
AS™ = Sy cos0 (—=6M; + 4My — 6M3)
AS™ = S3cos 0 (10M; - 10Ms3), (E.1)

with the rotational invariants defined

ro—a ~ <%
Ml = Oéaaabb,

ro—a ~ o~
M35~ = daptgy

M§™ = Gap@y,. (E.2)
The ‘A - A’ terms are
1 - - -
A-A\ _ A-A A-A A-A
(s87) = KRe [7560 (Ag"+ B+ & )] : (E.3)

with

Af=A = Sy (3My + 3Msy)

+Sg cos? 0 (-9M; — 9M,)

+ 51 sin? 0 (9M, + 9M>) ,
AdA =81 (-9M; - 9My)

+ 51 cos? 0 (-9M; — M)

+ S sin? 0 (9M, + 9My)
1:1‘24_‘4 = Sycos6 (-18 M7 — 18M>),
A=A = Sy cos 6 (14My — 14My)

B4 = Sy cos 0 (24Ms — 60My)

+ S cos® O (—40M3 + 16My)

+ Sy sin? 0 cos 0 (—40Ms + 16My)
Bf‘_A = Sy cosf (-32M3 — 4My)

+ 51 cos® 0 (40M3 — 16 M)

+ S sin? 0 cos @ (40Ms — 16 M) ,
B34 = Sy (36 M3 + 6My)

+ Sy cos? 0 (44 M3z — 26 M)

+1S3sin? 0 (28 M3 + 14My)
B4 = S5 (28 M + 14M,)
+ 83 cos? O (84 M3 — 42M,)
+18,sin? 0 (-28 M3 — 14M)



with the rotational invariants

O = Sy (3Ms5 + 3Ms)
+ Sg cos? 0 (—9Ms5 — 9My)
+ 8y sin? 0 (=9Ms — 9Ms)
CAA = 81 (<9M5 - 9Mg)
+5; cos? 0 (-9M5 — 9Mg)
+ Sosin? @ (—9Ms5 - 9M)
C3 4 = Sy cos O (~18M; — 18 M)
C4A = Sscos 0 (14Ms — 14Mg) ,

TA-A W% i i
— *
Ml = C?Aa#leC,bc’

A-A wh
A G ~ -
M2 = cha,bcAb,am

MfiA = wcow Aa»ab”(z{cfbm
MfiA = wcow Aa,bcﬂz:am
N = e
M(?_A - “ %7170%:10'

The ‘G - A’ terms are

with

c2

] 1 (164, 5G-A, AG-A . G-
(s¢74) = KRe| - (AF~" + B¢+ CE4 + DE) |,

360

AS = Sy (2M - 4My)
+ Sy cos? 0 (~6 M, + 12M)
+ S sin? 0 (=2M; +4M>)
AGA = 81 (2M - 4M)
+ 5y cos® 0 (2M, — 4My)
+Sosin? 0 (6M, — 12My) ,
AT = Sy cos 0 (4M, - 8 M),
A = S3cos6 (~12M),

C§4 = Sycos (12Ms) ,
CE A =8 cosh (-4Ms +8Mg)
CFA = Sy (~2M5 + 4M)
+ S5 cos? 0 (—-2M5 + 4Mg)
+1S5sin? @ (~6Ms5 + 12Ms) ,
CG~A = S5 (~2M5 + 4Mg)
+ 53 cos? 0 (6 M5 — 12Mg)
+18y sin? 0 (~=2M5 + 4Mg) ,

BS~4 = Sycosf (-12My)
BE4 = 8 cos O (~-8Ms + 4My)
BS A = Sy (~4Ms + 2My)
+ 85 cos?  (—4Ms + 2My)
+1S3sin? 6§ (—4Ms + 2My)
BY™ = S5 (~4Ms + 2My)
+ S5 cos? 0 (12M3 — 6My)
+1Sysin? O (~12M3 + 6My) ,

DS~ = Sy (4M7 - 2Mg)

+Sp cos? 0 (~12M7 + 6 Myg)

+ S sin? 0 (~12M5 + 6Mg)
DSA = 81 (4My7 - 2My)

+ S cos? 0 (4M7 — 2Mg)

+ Sy sin? 0 (4M7 — 2Mg)
D§A = Sy cos 0 (8 My — 4Myg)
DS = S3cosf (12Mg),
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with the rotational invariants

. iwo ~

G-A * ~
M1 = 2 eabcA%bdchy

~G-A _ 1Wo i*
MQ = CTEU‘bcA

- iw

G-A 7%
M3 = geabc%,bdacdv

- iw
NG-A

- =
4 = Eeabc a7bdeC7

The ‘G - G’ terms are

with

a7bdecv

rG-A lwg A% ;
M5 = 2 EabCAa7bdng7

rG-A lwg A+ ;
M6 = CTGQbCAa’bdgdc,

~ oA _ lw o
M7 = gﬁabcda’bdgcd

S GoA _ 1w S o
MS —gﬁabc a,bdgdc'

G-G 1 AG-G | pG-G | ~AG-G
(s ):KRe[ﬁ(A§ + B¢ + C¢ )],

A§C = Sy (=M, + 14My — Ms3)

+Spcos® 0 (3M, — 2My + 3Ms3)

+ Sy sin? 0 (=3M; + 2M, - 3Ms),
AS=C = 81 (3My — 2M; + 3Ms)

+ 87 cos? 0 (3M7 —2M>5 + 3M3)

+ S sin? 0 (=3M; + 2Ms — 3M3),
AS=C = Sy cos 0 (6My — AM; + 6 M)
A§C = S3cos0 (10M; — 10Ms3),

BS™¢ = Sy cosf (~20My + 20Ms) ,
BY=Y = 8, cosf (~12M + 8 M5 — 12M)
BSY = S, (=6 My + 4 M5 — 6Mg)
+ S5 cos? 0 (—6 My + 4M;5 — 6 M)
+1S5sin? 6 (=6My + 4 M5 — 6 M) ,
BS~C = 83 (2My — 28 M + 2M)
+ S5cos? 0 (~6 My + 4Ms5 — 6 M)
+1Sysin® 0 (6 My — 4 M5 + 6 M)

C§™C = Sy (~My7 + 14Mg — M)

+Sg cos® 0 (3M7 — 2Mg + 3My)
+ Sl sin2 0 (3M7 - 2M8 + SMg) s

élG_G = Sl (3M7 - 2Mg + 3M9)

+ Sl 6082 0 (3M7 - 2Mg + 3M9)
+ Sosin? 6 (3M7 — 2Mg + 3My) ,

C~’2 -G = Sg cosf (6M7 - 4Mg + 6M9)
C§=Y = S5cos0 (10M7 — 10My)

with the rotational invariants

- 1~ =,
M]_GG:C?GQQGZ)M

oy 1~ =,
MEG:C—QGabG

- 1~ =,
M$C = gGabia,

The ‘e — B’ terms are

(Sg

ab

a-B

):KRe[

G- 1~ g% G- 1 g%

Mf G = ?Gaagblﬂ Mg G = ?gﬂ@gbb’

~ 1 -~ -

G-G *

M5 = CigG@b ab>
1

- S - 1 -~ -
G-G _ * G-G _ *
Mﬁ = gGabgba7 Mg = ggﬂbgba'

~ 1 ~ =~
G-G _ *
MS = ggab ab

5010 (e +B?_B)]’
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with
AG™B = Sy (6M, — 36 My + 6 M3 — 16M,)
+ S cos? 0 (=18 My — 4My — 18 M5 + 48My)
+ 8y sin? 0 (~10M; + 4My — 10M3 + 8My) ,
AS™B = 8, (10My — 4M; + 10M3 — 8M,)
+ 51 cos? 0 (10M; — 4My + 10M3 — 8My)
+ Sysin? @ (18My + 4My + 18Ms — 48M,)
AS™B = S5 cos0 (20M, — 8 My + 20M3 — 16M,) ,
AS™B = S5cos0 (28 M +28Ms3) ,

with the rotational invariants

a-B _ W0 ~ %
Ml - 2 aaaBb,bcu
a-B _ wo ~ %
M2 2 aabBa beer

Mo B =205, B

aabBb accer
C
c,aber

-B _ WO -
M4 =2 abB

The ‘a - C” terms are

a-C
KRe
S ( 1260

with
A37C = Sycos @ (=6 My + 30My — 12M3)
+ 8y cos® 0 (10M; — 8 My + 20M3)

+ 8 sin® @ cos @ (10M; — 8My + 20M3)

AS™C = Sy cosO (=6 M, + 2M, + 16M3)
+ 5 cos® 0 (~10M, + 8My — 20M3)

+ S sin? 0 cos 0 (~10M; + 8Ms, — 20Ms) ,

with the rotational invariants

B§™P = Sy (6 M5 + 6 Mg — 36 M7 — 16 M)

+ S0 cos? 0 (~18 M5 — 18 Mg — 4 M7 + 48 My)

+ 5 sin? 0 (=18 M5 — 18 Mg — 4 M7 + 48 Mg)
B?_B = Sl (10M5 + 1OM6 - 4M7 - 8M8)

+ 51 cos? 0 (10Ms5 + 10Mg — 4M7 — 8 My)

+ Sy sin? @ (10Ms + 10Mg — 4M7 — 8Ms)
BB = 8, cos 6 (20M5 + 20 M — 8 M7 — 16 M)
BS™B = S3c086 (~28Ms + 28 M),

“ra—B ~ *
Mg™" = 2 YaaBp pecs
~a-B W~ o
M6 gaab‘%a,bcu
ra—B w . 7%
M7 = gaab‘%b,acc

ra—-B _ W 7%
MS = gaa}y@c’abc.

aC)
)

AS7C = Sy (2M; - 3M, + 18M3)
+ S5 cos? 0 (~18 My + 13My — 22M3)
+1S3sin? O (~14M; + TMs + 14M3)
AS7C = S5 (~14M + TMs + 14Ms3)
+ 83 cos® 0 (42M; - 21 M, — 42M3)
+1Sy8in? O (=14 M, + TMs + 14Ms3) |

ra-C _ WWo - =
Ml - 2 aaacbc,bcv

“ra-C _ WWo *
M2 - aabcac be

The ‘a — D’ terms are

with

Ag‘_D = Spcosf (-6 M7 + 6My — 6M3)
AP = Sy cosf (~2M — 2My + 2M5 — 4My)
AgiD = SQ (—Ml - M2 + M3 - 2M4)

+ Sy co8? @ (M — My + Ms — 2My)

+1S3sin® @ (My + My + 3Ms — 6My)
AS™P = Sy (M, + My — Ms + 2My)

+ S5 cos? 0 (=3M; - 3Ms + 3Ms — 6My)

+1Sysin® 0 (=3M, — 3My — My + 2My) ,
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with the rotational invariants

ra—D iw ~ Sk
My = §€abcaab9d,cd7

ro— lw ~ %
M, b= 7€abcaad-@b,cd7
fw (E.23)
~ro— 0 ~ %
M3 b cTeabcaadDb,cd
“ro— in ~ ™ %
M4 D = cjeabcaadede'
The ‘a— D™’ terms are
m 1 ~ m ~ m
a-D a-D a-D
- KRe| — (A +B ] E.24
(85 ) € [ 120 ( 3 13 ) ( )
with
Ag_Dm = S[) (M1 — 8M2 + 6M3 + M4 - 6M6) Bg_Dm = SO (—Mg — MlO + 6M12)
+ S cos? 0 (=3M; + 4Mo + 2Ms — 3My — 2Mg) + S cos? 0 (3Mg + 3Myg + 2M15)
+ Sl sin2 0 (M1 - 2M3 - M4 + 2M5 - 2M6) s + Sl sin2 0 (3Mg + 3M10 + 2M12) N
ASDP™ = Gy (=M + 2Ms + My — 2Ms + 2Mg) BO™P" = Gy (=Mg + 2My — Myg + 2My — 2My5)
+ Sl 0082 % (—Ml + 2M3 + M4 - 2M5 + 2M6) + Sl COS2 0 (—Mg + 2M9 - M10 + 2M11 - 2M12)
+ S() SiIl2 0 (3M1 - 4M2 - 2M3 + 3M4 + 2M6) N + So sin2 0 (_MS + 2M9 - M10 + 2M11 - 2M12) s
AgiDm = SQ cosf (—2M1 + 4M3 + 2M4 — 4M5 + 4M6) s BQ‘X?DW = SQ cosf (—2Mg + 4M9 - 2M10 + 4M11 — 4M12)
Ag™P™ = Sycos 0 (2M, - 2M, +8Ms) By™P" = Sycos0 (~AMy7 = 2Ms + 8Mp + 2M10 - 8Mny)
(E.25)
with the rotational invariants
~ra—D™ in - ~ (m)* ~ra—D™ iw ~ =~ (m)*
M1 b - CTGachéabD;d; > M7 b - geabcaab@£7d; )
~a—D™ i(JJ - ~ * ~ra—D™ IUJ - ~ *
M b= T;eabcaang::C)l ) Mg b= geabcaab@;fd) )
Mél_Dm = MToeabcdabD((;Zg*a Mg_D = %%bcdab@fg‘z*,
C ’ C s
itw itw N (E.26)
Mf_D = T;Gabc&adDé,n(Z*a Mﬁ)_D = ijabc&adgézg*,
~ 1w = (m)s ~ _pm  lw C ~(m)=
Mg b= T;eabcaadDé’dz s My b= geabcaadgé,dg
“ra—-D™ iwp ~  ~/(m)= “ra—D™ lw ~ H(m)*
M6 b CTeachéadDd bz 3 M12 b™ - geabcaad@§7b2 .
Finally, the ‘a — x’ terms are
1 -
a=X\ _ T ACX
(sg ¥) = KRe(GO A; ) ) (E.27)
with
AS7™X = Sycos0 (10M; — 10M3),
AS™X = 8 cos@ (6 My +4My — 6Ms)
ASTX = Sy (=3M; + 2My — 3Ms3)
+ 83 cos® 0 (-3M +2M> - 3M:
’ (=30My +2M; = 3Ms) (E.28)

+1S3sin” 0 (3M; — 2My + 3Ms3)
ASX = S5 (=M + 14My — Ms3)

+ S5 cos? 0 (3My — 2My + 3Ms)

+1S9sin? 0 (3M; — 2M> + 3M3),



with the rotational invariants

MO‘ X =
N
X

We also give the explicit expressions for the coefficients A, ..
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1

aaaXbba
C

~ ~%
B AabXab
C

L (E.29)

1

~ ~%
cgaabxbw

., R which appear in equations (9.3.13-9.3.16). The

use of the simplified property tensors (9.3.1-9.3.12) mean that the expressions above are much simplified, and so we
do not use a shorthand for the rotational invariants, but write them in full.

E=-K=—

N =

The unprimed coefficients are

1
= Z (_aaaabb + 13aabaab)
kO

7560

(6Aa abAc be t 6Aa bcAb ac)

60 (4€abc abdG 8€abcAa,bdG:jc)

3

(-2G,,, Gy, + 224G, Gy, - 2GL,G,)

120 2

Bb bee —

600‘abBa,bcc - 32aabBc,abc)

5040

ko .
120 (2€abcaadD1§ u; 12€abcaadD((17bz ) s

40 (Saaaabb + aabaab)

ko
+ % ( 86abc a bdch + 166abc a bdec)

ko
+ -28 aaB cc_28 aBa cc+56 chac
5040( aaBo b b Bap aabBe,abe)
(m)’ (m)’
120 (46abcaadDb cd +4€abcaadDd be

- 26abcaaleS dz )a

% (=6qqapy = 20ap0iap)

7560 a,abAcpe — 3644 bcAbac)

3158 (8eabcAapaGrg — 16€apc AapaGly,.)

120 (126, Gy ~ 8Gl, Gl +12G G
+ 5011)00 (400040 B pec + 240a Ba pec — 320tab Be,abe )
+ 1];:86( - 4€abcaale§Zg, - 8€abc04adD(([;3,

+ 8eabcaaleS dgl)

C=

Q=

1
40
2

7560

(304aaabb + aabaab)

( 18Aa abAc bec — 18Aa7bcAb,ac)

ko
+ ( 126abc a, bdG cd T 246(11)0 a bdec)

360 (E.30)

(6G1,Grp, — 4G, Gop + 6G L, Gh,)

120 2
ko
+
5040c¢

(_36aaaBb,bcc - 44aabBa,bcc + 96aabBc,abc)

+ ?(())C (_eabcaaleszg + 8€abcaadD((£Zg ) )

1
E ( 3aaa Qpp —
2

7560

G=1= aabaab)

( 18Aa abAc bec — 18Aa7bcAb7ac)

60 (4€abc abdG 8€abcAa,bdG:jc)

" 360¢
(E.31)

(6G. .Gy, — 4G, Gy + 6GL GLL)

120 2

Bb bee T 12aabBa bee ~

5040 16aabBc,abc)

ko
120

(m)’
+ 4€abcaadDb7dc )

’ ’
m m
( 26(11)(:04(1(11)2703 - 4eabcaadD(g,b2

1
-_— (10aaa Qpp —

40 10aabaab)

a, abAc be — 28Aa,bcAb,ac)

7560

+L( 2eape A 1aGly)
360 (E.32)

(20G", Gy, — 20G", Gy

120 120¢2
ko
5040c¢

+

(_56aaaBb,bcc + 560[abBa,bcc - 32aabBc,abc)

(m)’
+ — 120c (4eabcaadDb cd 16€abcaadDb,dc )



The singly-primed coefficients are

a, abAc be —

P =

L1
60c?

B = 7?20 (244000 Acbe = 6040 pcAbac)  H =

360 (—24€apcAa baGle)
+ 3002 (20G5,Gh - 20G0,Gly)
1220 (~60aaChe.be + 280abClac.be)

+ 1;;)002 (—12€abcaale,J,cd)

" chQ (10caaxss — 10aapXap) 5
2

o = 7520 (=36 A4,abAc pe + 6A0,cAb ac)

ko
+ % ( 8€abc a bdch + 4€abc a bdeC)

(6G,,Gy, +6G 1, Gy — 4G, Ghy)

120 120c2
k2
+ Mo
1260
k
LM
180¢

(2aaacbc,bc + 15aabcac,bc)
(_2€abcaadD£7cd)

+ @ (_SaaaXbb - aabXab) B

kg
7560

(28Aa,abAc,bc + 14Aa,bcAb,ac)

ko
+ ( 8€ab('Aa bdG(»d + 4€abrAa bde(')

360

* oo 2( ~2G! Gy — 2G1, Gy + 28G", Gl

2

1260

( 14aaacbc be + 21aabcac bc)

180 (2€abcaadDb cd)

(_aaaXbb + 13aabXab)

Finally, the doubly-primed coefficients are

D/l — FII — —J" — _LII
_ kg
7560

4A(1 CA ac
7560 peAbac)

ko
+ — ( 166abc a bdch + 8€abc a bdec)

360
120 — (12G, Gy + 12GL, Gl = 8GL,Ghy)
2
1260 ( 6aaacbc be t 18aabcac bc)
+ F((;C (_4€abcaadD},),cd)
1
+ @ (_604aaXbb - 2Oérszab) 3
o K
0= 7560 (44Aa,abAc7bc - 26Aa7bcAb7ac)

I

k
~40Aq b Acpe + 16Aq b0 Ap ac) + —
( ablleb beAAbac) 1260

ko
+ % ( 8€abc a bdch + 4€abc a bdec)

+ 13002 (0G4aGly + 0G0, Gly — 4G7,G,)
1220( 1844 Che,pe = 9apCac,be)
+ % (—2€abetaaDy cq)
+ é (—3@aaXbb — CabXab) s
kg
=0 (-84 A4 abAcpe — 4244 beAb ac)
360 (24€apeAa paGlhg = 12€abe Aa a Gl
. 12302 (6G, Gy + 6GL, Gl — 4G, Gh)
1220 (420044 Che,be — 63045 Clc,pe)
+ ﬁ (=6€abctaaDy cq)
+ 02 (B3aaaXbb + CtabXab) -

2

(10aaacbc,bc + 12aabcac,bc) .
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Appendix F — Transformations of the Induced Multipole Moments under a Change of Multipolar

Origin

This appendix explicitly shows the algebra leading to the expressions (9.5.8-9.5.11),
demonstrating up to order A2 that the transformation properties of the polarisability tensors do

indeed lead to the correct transformations of the induced multipole moments.

F.1 The Magnetic Dipole Moment
The (kinetic) magnetic dipole moment is given by

~0kin
a

= 1 (Gap) E2(d) + = /12 apcVeER (d) + 2270, B(d) + -+ F.1.1
and should transform according to

~0kin !

O™ = ot _ qu“ €abcp Ve, +/12A~(d)Bb(d) F.1.2

Using the expressions for the transformations of the individual property tensors leads to

~0kin
a

=M (gab +— 5 Eacdd adb) EY(d)

1,(~ 3 3
+ §’1 Da,bc - Edcgab - Edbgac + 6bcdfgaf

3

1 ) - N 3 B -
+ E Eadeddlw (Ae,bc - E dcaeb - E dbaec + 5bcdfaef)> VcEt? |r=d

3 1 5
+ /1 (Xab + = (eacdd Gdb Ebcddcgad) + szeacdebefdcdeadf
+A)?§‘f,))§8(d) L F.1.3

Substituting the Taylor expansions for the E and B fields and omitting terms of order higher than 12
gives

Okin

TG = 11 (Gas + 5 €acadltian ) (E(D)y + AdTeE(D),)

1 ,(~ 3 3
+ 51 Da,bc - Edcgab - Edbgac + Sbcdfgaf

3

1 ] - B 3 5 -
+ E eadedd lw (Ae,bc - E dcaeb - E db Qec + 6bcdfaef)> VCEI(]) (0)

~ 1 B @)\ =
+ A (Xab + = (Eacdd Gdb Ebcddcgad) + szeacdebefdcdeadf + AXc(lb)> BS(O)



Appendix F 147

in. l(l) -
= mgk + 21 <7€acddcadb)E(0)b + 22 (gab +—= > Eacdd adb>d V.E(0),

1 ) 3 3
+ 51 _Edcgab - Edbgac + 5bcdfgaf

3

1 ) - N 3 B -
+ _Eadeddlw (Ae,bc - E dcaeb - E dbaec + 6bcdfaef)> VCEI()J (0)

2

1 -
+ 42 ( (€acadcGap — €pcadcGaa) + = 7? 2€qca€perdcdedar + A)(éb)>38(0) + -

Re-labeling various indices gives

> Cacadelap ) deVeE(0)y

mgkm A ( Eabcdbacd) E(0)q + 22 (gab +

1.,( 3, . 3 .
+§A _Edegad _Eddgae

1 . 3. 3 o
+ Eeabcdb lw (Ac,de - E deacd - E ddace) VeEd (0)

1 -
+ A2 ( (€abcdpGea — €ancdpGac) + = 7¢ %€ach€aerdcdedps + A)?((ld)> B3(0) + -

~ okin. fw 1{ 5 70 17 /0 ’11 7 =0
=mg + 7Eabcdb/1 @cqbq(0) + 217GqB4(0) + ?Ac,devdEe =0

(gab +— > €acalc adb)d V.E(0)p

1.,(3 . 3 . 1 _ 3. 3 ”
+ 5/1 _Edegad - Eddgae + Eeabcdblw (_Edeacd - Eddace) VeEd (0)

2 1 ~(d)\ Bo
+ A (_Edbcdbgac) + - (1) Eacbedefd d abf + A)(ad Bd(O) + -
The latter terms all cancel. To demonstrate this, we again make use of V,E;,, = V, E, + iw€yy, B, to

obtain
1. . 1, o 1. . 1 _
(_Edegad - Eddgae) VeEd (0) = _EdegadveEd (0) - Eddgae (VdEe(O) + lweechc(O))
1 . 1. . _
= _EdegadveEd (O) - _degad(veEd (0) + lwedech(O))
- egadV Ed(O) - edec egadB (O)

iw
- egadV Ed (0) - _ecbddbgach (0) F.1.6
The first term cancels with the first term of line 2 above, and the second with the first term of line 4.

We similarly have

1 1 1 1 -
E Eabcdbiw <_ E de&cd dd“ce) \ Ed (0) - Eacdd iw ( deddb - E db&de> VeEl(J) (0)
1

) 1 ~ 1 . 1 .
= Eeacddcw) (— Edeadb> V.E(0) + Eeacddcuu (—Edbade) (VpEe + iweepsByr)

F.1.4

F.1.5
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1

. 1 ~ 1 . 1. .
= Eeacddclw (— Edeadb> V.E2(0) + Eeacddclw (—Edeadb> (VeEb + lwebefo)

1 - 1
= Eacddciw (_ E deddb) VeEl())(O) + Z wzeacdebefdcdeddef F.1.7
The first term cancels with the corresponding term in line 2 of (F.1.5), and relabelling indices reveals
the second to be
1
szeacdebefdcdeadef = szeacbefeddcdeabed = _szeacbedefdcdeabed: F.1.8

which cancels with the corresponding contribution from the transformed diamagnetic susceptibility.

We therefore finally have

3 1
~0km.

lw 1| ~ &0 175 pO A 0 2 (@)
=mg + 7611176‘1b/1 @cqEq(0) + A7 GqBg(0) + ?Ac,devdEe 0 |+4 A¥ . B 0)

~Okin.

iw
=g+~ €ancdp B + 207YB, (0), F.1.9

where in writing the sum in brackets as ji we have neglected terms of order A2 and above. (F.1.9) is
indeed the correct transformation of the magnetic dipole moment (8.13.7), although with the sums

over charge momenta expressed as the time derivative of the oscillating induced dipole moment.

F.2 The Electric Quadrupole Moment

The electric quadrupole moment is given by

@gb = Alﬂc,abgc@ (0) + Azéab,cdvdgc(‘)lr=0 + Azf)c,abg(?(o) + F.2.1
and should transform as
~, ~ 3 3 5
Oap = Ogp — E#adb - Eﬁubda + Sapilcd,- F.2.2

Using the transformations of A, C and D (8.13.13, 8.13.14, 8.32.41) and the Taylor expansions

(9.5.2, 9.5.4), and keeping only terms up to A2, gives
ping only p g
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: 3 3 3 5

ng = Al (C’qc,ab - Edaabc - Edbaac + 6abddadc) (E(O)c + AdeveE(O)c)
(A 1, 1 1 - 1 1
+ 4 (Cab,cd - E dd‘/lc,ab - E dc‘/ld,ab + § 6cddedqe,ab - E dbAa,cd - E daAb,cd
B 3 5 3 5 3 5 B

+ Zdbddaac + Zdbdcaad + Zdaddabc + Zdadcabd - Eacddbdeaae

1 1 o1 o1 i
- E 6cddadeabe - E ab dddeaec - E 6ab dcdeaed + § 8abdeAe,cd
+ BapBeadedy ey ) VaEQ(0)

~ 3 . 3
+ A2 (Dc,ab - E db Gac - E daGbc + 6ab dfoc

1 ) 3. 3 5 -
+ 2 €cgedqliw (_C’qe,ab + 2 dp@ge + 2 da@pe — 5abdfafe)> BCO (0). F.2.3
Making use of the transversality of the E field to remove some of the delta functions,

it - 3 3 5
@21, = /11 (‘Ac,ab - Edaabc - Edbaac + Sabddadc) (E(O)c + AdeveE(O)c)
2 (A 1 - 1 - 1 . 1 . 3 B
+1 (Cab,cd -3 daAcap — 2 deAgap — 2 dpAaca — 2 daApca + 2 dpdqQqc

- 3 ., 3 - - -
+ Zdbdcaad + Zdaddabc + Zdadcabd - Egabdddeaec - E(Sabdcdeaed

1 ~ -
+ §6ab deAe,cd> VdEg (0)

~ 3 . 3
+ A2 <Dc,ab - E db Gac - E daGbc + 5ab dfoc

1 ] 3 3 N ~
+ 2 €cqedalw (_‘Ae,ab + 2 dp@ge + 2 dqQpe — Sabdfafe)> B(,(‘) (0). F.2.4

We then re-write the above as
o =0 . o1f 3, . 3. _
Gab = G)ab + 4 (_ Edaabc - Edbaac + 6abddadc) E(O)c

~ 3 3 B
+ /12 (‘Ac,ab - E daabc - E db Xac + 5abddadc) deveE(O)c

102 (=L g, gy — ey ap — ~ Ay o — = Aoy g + > dpdyd
2 dYtc,ab 2 cYtd,ab 2 bla,cd 2 a‘lb,cd 4 b“d“ac

3 5 5 3 B B B
+ Zdbdcaad + Zdaddabc + Zdadcabd - §6abdddeaec - §6abdcdeaed
1 - -
+ §5ab deAe,cd> VdEg (0)

3 3 . _
+ 12 <—§db6ac — EdaGbc + 8apdGpe

3 3 3
+ =g dgiw (—cﬂe,ab 2 dyige + > dafipe 5a,,dfdfe)) B0(0), F2.5
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where 1109, includes terms only up to A2. Finally, we use fi; = A°@,, E2(0) + A1G,p,BY(0) +
Al ~ .
?Aa_bCVbEg(O) to write
o ~o . a1( 3. 3 3
Oap = Ogp + A _E.uadb - E.ubda + Sapficd.
(s~ 3. 3 _
+1 (‘Ac,ab - Edaabc - Edbaac + 8abddadc) deVeE(O)c
S 1. 1 . 3 3 3 5
+ 1 (_ Eddc'qc,ab - Edcﬂd,ab + Zdbddaac + Zdbdcaad + Zdaddabc
3 1 1 3 o
+ Zdadcabd - Egabdddeaec - E‘sabdcdeaed) VdEc (0)
,1 _ 3. 3 1\ =
+1 Eecdeddlw <_‘Ae,ab + Edbaae + Edaabe - abdfafe) Bc (0): F.2.6

where the expression A1 (—%ﬁadb - %ﬁbda + Sabﬁcdc) contains terms up to order A2. Finally, we

may use iwe€ q3.B. = V4E, — V,E, in the last line, and we then find that the remaining terms all

cancel.
o ~o . f 3. 3 ~
Oap = Ogp +4 _E.uadb - E#bda + Sapilcdc
(s 3. 3. ~
+ 1 (‘Ac,ab - Edaabc - Edbaac + 6abdeaec) ddVdE(O)c
S 1, 1 3 3 3 ~
+ 2 (_ Eddc’qc,ab - Edcc’qd,ab + Zdbddaac + Zdbdcaad + Zdaddabc
3 1 1 ~ o
+ Zdadcabd - E‘sabdddeaec - §5abdcdeaed) VdEc (0)
,1 3. 3. .
+1 Edd <_°’qe,ab + Edbaae + Edaabe - 6abdfafe) (VdEe - VeEd)

~ o 3. 3 5
= Yap + 1 <_§:uadb - E.ubda + 6ab#cdc)

1 . 3 3
+ /12 (E c’qc,ab - Z dadbc - Z db dac + Sabdedec> ddvdE(O)c

1 3 3 3 _

+ /12 (_ E dc‘/qd,ab + Z dbdcaad + Z dadcabd - E 6ab dddeaec
1 -

- E 5abdcdeded) VdEg (0)

1 3 3 B
+ /12 Edd <_‘=’qc,ab + Edbaac + Edaabc - abdfafc) VdEc
,1 3. 3 N
+ 4 Edc ("qd,ab - Edbaad - Edaabd + 5abdf“fd) V4E.
=0° + A1 L ad—2ad + Sypiod, ) + A2 e ddd,, — 6., d.d.d v,E2(0)
ab zlua b 2.“b a abMclc 2 ab“d%e%ec 2 ab“c“eed d&c

1
+ 22 Edc(aabdedec + 8gpdo@pg)V4E,. F.2.7
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We are finally left with

3 3
G)ab - 2b + A (_Eﬂadb - E.ubda + 8ab/"cdc> : F.2.8

F.3 The Electric Octupole Moment
We now turn to the electric octuple moment. We have
Qave = A*BaavcEG(0) + -+, F.3.1

and expect the transformation

Qabc - Qabc +d dbﬂc +d dcﬂb + db c:“a ach dbéac - dc@ab' F.3.2

This is very easily verified to order A2 — substituting the transformation of @d abe (8.13.15) gives
% = 2*(Baave — daApy — dpAyne — A AS 1), + dypdeliaq + dad@ap + dadpliac ) ES(0)

= Qabc + /12 (dadbﬁc + dadcﬁb + db dcﬁa - daébc - db éac - dcéab)l F.3.3

with the last line retaining terms only up to A2.

F.4 The Magnetic Quadrupole Moment

Finally, we consider the magnetic quadrupole moment. We have

~0km

= 22D E9(0), F.4.1

c,ab

and expect the transformation

i . 2
~ okin.’ kin. kin. E P
Mgp =Mgp 2db mg + § €acd db dc AaVay; —

1 d . 1 o
§Eacddc E de + §6abdcedec Z qaradvae .F.4.2
a

Substituting the transformation for pm (8.13.43) into (F.4.1) gives

c,ab
~0kln _ 2 (mm) 2iw - ] ~(tr) ~ 2 ~ =0
=A°(D c,ab — Teadedbddaec + 3 eadeddc’qc be 2dbgac + §6abddgdc EC (O)
2iw
= ml‘;zn + AZ <_T€adedbddﬂ + — 3 Eadeddee Zdbfflzm + = 3 5abddffl§m> F.4.3

where the replacement of property tensor-electric field products by induced moments is correct to

order A2. Relabelling the indices to bring the expression into correspondence with (F.4.2) yields

2iw lw ~
mkin 4 22 (—Teacddbdcud 5 acadcQyg — 20" + 36abd m’gm). F.4.4

We see that we have recovered the transformation (F.4.2), though with the sums over electron

momenta expressed as the time derivatives of the induced oscillating multipole moments.
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