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0 Introduction

In this thesis we shall address two topics. The first is the existence of a particular
class of bicolimits of C*-categories and in particular the existence of balance tensor
products of module categories. The second is an approach to categorification of
Hecke algebras which includes looking at a categorical analogue of the induction and
restriction processes for representations of groups.

A brief overview of the content and structure of the thesis is as follows: In Chapter
1 we shall begin with some categorical definitions as well as fixing some conventions
and notation. In particular, we shall give a brief introduction to the theory of
2-categories and C*-categories. 2-categories are higher dimensional analogues of
categories in which one has not only objects and maps between objects, but also
‘maps between maps’ [1, 19]. A classical example is the 2-category of small categories,
functors and natural transformations. C*-categories were first introduced in [17]
and are a categorification of C*-algebras in the sense that a unital C*-algebra can
be viewed as a C*-category with one object. The category of Hilbert spaces and
bounded linear operators is a C*-category and more generally, for any C*-algebra
A, the category of Hilbert modules over A and adjointable linear operators is a
C*-category. (Hilbert modules are a generalisation of Hilbert spaces which can be
thought of as Hilbert C-modules. In a Hilbert module, the role of the complex
numbers is taken over by an arbitrary C*-algebra. More information can be found in
[22].) When studying C*-algebras, one is also interested in non-unital algebras and
this more general case can also be categorified by considering ‘non-unital categories’,
also called ‘semi-categories’. In this thesis we shall restrict our attention to the unital
case but in joint work with my supervisor in [1], we prove the result on bicolimits of
C*-categories presented here in the more general, non-unital setting.

Once we have the categorical setup in place, in Chapter 2 we shall look at bicol-
imits of C*-categories. The category of C*-categories and *-functors is both complete
and cocomplete [10] but once one starts restricting attention to C*-categories with
certain properties, the resulting category need no longer have these properties. In
particular, we are interested in C*-categories that have direct sums and are subobject
complete in the senses described in sections 1.3.2 and 1.3.3, the reason being that
these are properties possessed by C*-categories of Hilbert modules. The category
of such C*-categories does have direct products but does not posses arbitrary limits
and colimits, hence the need to consider a more general notion of colimit.

Bicolimits are a 2-categorical notion of colimits. There are several flavours of
2-categorical limits (and colimits), an introduction to which can be found in [20],
bicolimits being the weakest notion of 2-categorical colimit discussed within. The



result we shall prove here is that the 2-category of additive and subobject complete
C*-categories has bicolimits indexed by small categories, for which the coherence
maps for the diagram are unitaries (this condition should not be too restrictive since
it seems natural to ask for coherence isomorphisms to be unitaries when working in
the C*-setting). As a particular case, we shall show the existence of balanced tensor
products of module categories over a C*-tensor category in this setting. Module
categories are a categorical analogue of modules over a ring and several authors have
shown the existence of balanced tensor products in other situations. For example,
[12], [14] and [9] all discuss some other situations in which balanced tensor products
exist.

Next, in Chapter 3 we shall discuss categorical representation theory in which
a group G acts not on a vector space, but on a category. An introduction to this
topic can be found in [3]. We shall consider groups acting on C*-categories. The
main reason for doing this is that we are interested in categorifying Hecke algebras
and the induction-restriction adjunction for representations of groups is related to
these algebras. Hecke algebras can be though of as a generalisation of group rings.
One starts with a discrete group G and a subgroup H which satisfies a finiteness
condition called being ‘almost normal’ in G. To explain this, one needs the notion
of a double coset of H in G. This is a set of the form

HgH = {hgk|g € G, h,k € H}.

We then say that H is ‘almost normal’” in G if every double coset of H in G is a
finite union of left (or equivalently right) cosets. If H is a normal subgroup, then
even double coset equal to a left coset so any normal subgroup is almost normal.
A pair (G, H) for which G is a group and H is an almost normal subgroup is a
called a ‘Hecke pair’. Given a Hecke pair (G, H) there are various equivalent ways
to construct a complex star algebra, called the ‘Hecke algebra’ of the pair, denoted
H(G//H). One is to take the underlying vector space to be the space of functions

f has finite support mod H, }
f(hgk) = f(g) Vg€ G, hke H |

By finite support mod H, we mean that f(g) = 0 for all g outside of a finite set of
left cosets of H in G. The addition is then defined by

(f + )9 = f(9) + f'(9).
To define the product, we fix a set I' of representatives for G/H. Then one defines

(f = )9 =D _FnL ).

vyel

C(G)H*H .= {f LG (C‘



This is a finite sum because f has finite support mod H and one can show that it is
independent of the choice of coset representatives. Finally, the involution is defined
by

f(g) = fg™)

where the overbar denotes the complex conjugate.

Hecke algebras have a similar flavour to group rings and in the case that H is a
normal subgroup, the Hecke algebra is the group ring of the quotient group G/H.
One reason for the interest in Hecke algebras is that given a representation V' of the
group G, the Hecke algebra acts naturally on the space of H fixed points V. Given
feH(G//H) and v € V| the action is given by

o= f()(y-v).

vyel

A classical example of this is given by the Hecke operators of number theory and
their action on spaces of modular forms. More on this example can be found in [11].
Another important example of a Hecke algebra corresponds to the pair

G:PJF:{[(I) ﬂ :a,be@anda>0}

n-r;={|, }]:vez}.

This Hecke algebra was studied by Bost and Connes in [0] in which they define
its corresponding Hecke C*-algebra and study its connection to the Riemann zeta
function. We use this Hecke pair as one of our examples when looking at categorified
Hecke algebras.

The relation between Hecke algebras and induced representations is the follow-
ing: Given a Hecke pair (G, H), let us denote the trivial representation of H on the
complex numbers by C. From this representation, one can construct a representa-
tion of G, called the induced representation, denoted Ind%(C). The G-intertwining
operators from Ind%(@) to itself form a complex algebra with the product given by
composition of intertwiners, and this algebra is canonically isomorphic to H(G // H)°P,
the opposite algebra of the Hecke algebra. We describe this in detail in section 4.1
which we use as a roadmap for our categorification of Hecke algebras. The induction-
restriction adjunction plays an important role and this is our motivation for looking

and



at a categorical analogue of this. Having said that, it is not necessary to consider
induction and restriction of group representations to define Hecke algebras or their
categorification but it is of interest in its own right and gives us another point of
view from which to study them.

Finally, in Chapter 4 we looks at how, given a Hecke pair (G, H), one can con-
struct a C*-tensor category H(G//H) which is the analogue of the classical Hecke
algebra H (G //H) and consider a few specific examples. Other authors have also ad-
dressed this question. In [28], Zhu constructed a tensor category which is equivalent
to ours and in [2], Arano and Vaes take a different, more general approach to ours and
consider totally disconnected groups and compact open subgroups (we restrict our
attention to discrete groups) as well as considering multiple subgroups at the same
time. Our approach is to begin by constructing a C*-category of functions which
is analogue of the vector space Cy(G)**#. We then show that this C*-category is
equivalent to the categorical analogue of the intertwining operators from Ind%(C)
to itself. There is a natural tensor category structure on the C*-category of these
categorical intertwiners with the product given by composition and we pass this ten-
sor category structure to our category of functions to obtain our categorical Hecke

algebra.
One of the other points of view we shall consider uses so called ‘biequivariant
Hilbert spaces’ which are also used by Arano and Vaes in [2]. An ‘H-biequivariant

Co(G)-Hilbert space’, is a Hilbert space H together with a nondegenerate x-represen-
tation m : Cp(G) — L(H) and two commuting unitary representations A : H — U(#H),
p: H — U(H) such that

Me(f &) = M f) - A(8), oS- §) = pr(f) - pr(§)

forall k € H, f € Cy(G) and £ € H. Here the action on functions is given by left and
right translations, respectively. That is, A\e(f)(g) = f(k™1g) and pp(f)(g9) = f(gk).
We shall usually abbreviate ‘H-biequivariant Cy(G)-Hilbert space’ to ‘biequivariant
Hilbert space’.

Our Hecke category is equivalent to a certain category of biequivariant Hilbert
spaces. Using this point of view, we will show that the basic building blocks of the
Hecke category can be described in terms of finite dimensional unitary representations
of certain subgroups of H, specifically, subgroups of the form H, := H NtHt !,
t € G. This will allow us to describe the product in the Hecke category in terms of
representations of these groups.

One can also associate a complex algebra to a C*-tensor category by taking its
(complex) Grothendieck ring. For a Hecke pair (G, H), the classical Hecke algebra
H(G//H) is a quotient of the Grothendieck ring of H(G//H). When H is finite, the

9



Grothendieck ring can also be viewed as a subalgebra of H(G//H) in a natural way
although the inclusion map is not unital. In closing, we shall look at a few examples
of the Grothendieck ring of some Hecke categories.

1 Categorical definitions, conventions and nota-
tion

1.1 A note on set theory

Throughout, we shall mostly restrict our attention to small categories and will not
be doing anything delicate where set theory is concerned. However, for the sake of
definiteness, let us fix a framework. For our axioms of set theory, we shall take those
of ZFC as well as the axiom

U: For every set x there is a Grothendieck universe U such that x € U.

(A definition of ‘Grothendieck universe’ can be found in [5] where they are simply
called ‘universes’. Essentially they are sets which are models of ZFC.) Our approach
to size issues will be similar to that taken in [7] and [8]. We shall fix two Grothendieck
universes U and V with U € V and from this point onwards, by a ‘class’ we shall
mean a subset of V' and by a ‘set’ we shall mean an element of V. We will adopt
the convention that in a category, the class of morphisms between any two objects
must be a set. By a ‘small category’ we mean a category whose class of objects is a
set and conversely by a ‘large category’ we mean a category whose class of objects
is not a set. We shall call the elements of U ‘very small sets’ and shall use the prefix
‘very small” to mean that the underlying set of a mathematical object is a very small
set, e.g. a ‘very small Hilbert space’. The role of U is just to give us a concise way
of describing some natural examples of small C*-categories.

As another small matter, we count 0 as a natural number since it will usually be
more convenient to do so than not.

1.2 2-category theory
1.2.1 2-categories

2-category theory provides the framework that we shall use to discuss categorical
representation theory and for categorifying Hecke algebras. In a 2-category, one has
not only objects and morphisms but also ‘morphisms between morphisms’. We shall

10



only present the definitions and theory that we need but more about 2-category
theory can be found in [1], [24] and [19].

Definition 1.1. A 2-category A consists of the following:
e A class Ay of objects or 0-cells.

o A category A(A, B) for each pair (A, B) of objects, the objects f,qg,h,... of
these categories are called the 1-cells of A and the arrows o, 3,7, ... of these
categories are called the 2-cells of A. Given composable 2-cells o, f € A(A, B),
we denote their composition by B o a. We shall often refer to this as vertical
composition of 2-cells to distinguish it from horizontal composition of 2-cells

which s defined below.

o A functor
MA,B,C : A(B, C) X .A(A7B) — .A(A,C)
for each triple (A, B,C') of objects called the composition and written

(9, f) > gof
(6,a) — B xa.

In the case of 2-cells, we refer to this as horizontal composition.

o A functor I4:1 — A(A, A) for each object A (here 1 is the terminal category

with one object x and only the identity morphism). We denote 14(*) by 14 and
call it the identity of A.

These data are subject to the following axioms

e For all objects A, B,C, D, the following diagram commutes

lac,pyxMa,B,c
%

A(C,D) x A(B,C) x A(A, B) A(C, D) x A(A,C)

Mp,c,pX14(a,B) Ma,c,p

A(B, D) x A(A, B) Hasp » A(A, D)
e For all objects A, B, the following diagrams commute

11



1aca,Byx1a IpX1404,B)

A(A,B) x1 —— A(A,B) x A(A, A) 1x A(A,B) —— A(B,B) x A(A, B)
~ Ma,a,B o Ma.B,B
A(A, B) A(A, B)

A classical example of a 2-category is Cat, the 2-category of small categories,
functors and natural transformations.

Given objects A, B,C in a 2-category, 1-cells f,g,h,j, k,¢ and 2-cells o, 3,7,0
arranged as shown below

f

/\ m
\y \y‘
by the functoriality of M4 g we have the Middle Interchange Rule:

(0xp)o(yxa)=(0o7)x(foa)

With regards to notation, we will just write A € A rather than A € Ay, given
A,Be A by f: A— B we mean that f € A(A,B)andbya:f—g: A— B we
mean that « is a 2-cell from f to g where f,g € A(A, B).

Some authors distinguish between the case when the hom categories A(A, B)
can be any categories and the case when they are small categories, perhaps calling
these constructions ‘2-categories’ and ‘Cat-categories’ respectively. In all the cases
we consider, the hom categories will be small categories so we have chosen not to
make such a distinction.

Another possible option in place of 2-categories would be a more general con-
struction called a ‘bicategory’. The difference is that the composition is no longer
strictly associative, only associative ‘up to isomorphism’ and similarly the identities
are only identities ‘up to isomorphism’. All the bicategories we will encounter will
turn out to be 2-categories so we shall not give the definition here. One can read
more about bicategories, and in particular 2-categories in [1] and [19]. As discussed

<.

NS
o

>
~
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in [19], every bicategory is biequivalent to a 2-category, where ‘biequivalence’ is a
suitable notion of equivalence for bicategories. Therefore, one does not lose too much
generality by only considering 2-categories.

Whilst we shall only use the ‘strict’ notion of a 2-category and not the weaker
notion of a bicategory, we shall use a weak notion of morphism between 2-categories
called a ‘pseudofunctor’.

Definition 1.2. Given 2-categories A and B, a pseudofunctor or weak 2-functor
F:A—=B

consists of the following:

e A function

FO:A0—>B().

e For all objects A, B € A, functors

Fup: A(A,B) — B(Fy(A), Fy(B)).
e For all objects A, B,C € A, natural isomorphisms FAPC with components
F;}B’C :Fpe(g)o Fap(f) = Faclgo f).
e For each object A € A, an isomorphism 2-cell
Fi, 1) — Fya(ly).

These data are subject to the following axioms: Given 1-cells f: A — B, g: B — C
and h : C'— D in A, the following diagram commutes

B,C,D
Fh,g *IFA,B(f)

Fep(h)o Fpe(g) o Fas(f) Fgp(hog)oFap(f)

Lig, pm*FgC Froni’
FA,CO',D
Fep(h)o Fac(go f) nood » Fap(hogof)

For all 1-cells f : A — B in A, the following diagrams commute

13



A,A,B

OFAA 1A —>FAB OlA)

————— Fap(f
Fap(f

FA,B,B

Ly p(H*F
A,B A
FAB O 1F0

Fig*le, g
Lrys) o Fup(f) —————— Fpp(lp)o Fan(f —>FAB (Igo f)

\FAB /

In order to avoid cumbersome notation, we shall adopt the convention of also
denoting the function F{y and the functors F4 g simply by F' and we shall just write
F, s instead of FAfBC. Also, we shall often write F'A rather than F(A) and F'f
rather than F(f).

Definition 1.3. Given 2-categories A and B, a (strict) 2-functor
F:A—=B

is a weak 2-functor for which all the FABC and Fy, are identities.

We also have a weak 2-categorical version of natural transformations defined as
follows.

Definition 1.4. Given 2-categories A,B and pseudofunctors F,G : A — B, a
pseudonatural transformation or weak natural transformation

c:F—=d

consists of

o I-cellsos: F(A) — G(A) forall A€ A,

A

e natural isomorphisms o with components

BZG(f)OO'A—>O'BOF(f>, f e A(A, B)

for all pairs of objects A, B € A

14



such that for all composable pairs of 1-cells f : A — B, g : B — C in A, the
following diagram commutes

lay *UA B af’c*lF
Glg) o G(f)ooa —220 s Gg) o o0 F(f) Y oc 0 F(g) o F(f)
Gg,f*laA lac*Fg,f
o’A’C
G(go f)ooa gof > oco F(go f)

and for all A € A, the following diagram commutes

V\

1A [oNo) >O’AOF1A

Again, to reduce clutter in the notation, usually we shall just write o, instead of
A8
o

Definition 1.5. A (strict) 2-natural transformation is a pseudonatural trans-
formation whose coherence 2-cells are all identities.

We now have 2-categories, pseudofunctors and pseudonatural transformations
which are higher dimensional analogues of categories, functors and natural transfor-
mations. There is also a notion of maps between pseudonatural transformations.

Definition 1.6. Given 2-categories A and B, pseudofunctors F,G : A — B and
pseudonatural transformations o,p : F' — G, a modification

I'io—=p
consists of
o 2-cells
Ly:04 = pa

for each A € A

15



such that for each pair of objects A, B € A and each 1-cell f : A — B, the following
diagram commutes

G(f)oos —— apo F(f)
lG(f)*FA FB*lF(f)

G(f) o pa —L— ppoF(f)

The 2-categories, pseudofunctors, pseudonatural transformations and modifica-
tions fit into an even higher dimensional structure called a ‘tricategory’. We shall
not have need of this structure and even the axioms are rather unwieldy but one can
read more about tricategories in [10].

Furthermore, given 2-categories A and B, there is a 2-category Psd[.A, B] of pseud-
ofunctors from A to B, pseudonatural transformations and modifications. Pseudo-
natural transformations and modifications are composed in the obvious ways and the
full details can be found in [19].

Before moving on to biadjunctions, we comment that whilst we have endeavoured
to write out details of morphisms in diagrams in full in this section, we will often omit
details like horizontal composition with identity maps, particularly if the notation
would become excessively cluttered. For example, we might write the modification
axiom diagram as

G(f)oos —L— opo F(f)
'y I'p

G(f) o pa —ZL— ppoF(f)

We shall also sometimes leave out certain ‘decorations’ (e.g. superscripts/subscripts)
in the notation when we think that no confusion will occur and the diagram will be
less cluttered easier to read as a result.

1.2.2 Biadjunctions

A biadjunction is a particular notion of ‘weak’ adjunction between 2-categories.
There are other variations on this concept, some of which are discussed in [17] but
biadjunctions are fairly general and cover all the examples that we shall consider.

16



Definition 1.7. A biadjunction consists of the following data:

e 2-categories A and B,
e pseudofunctors F: A — B and U : B — A,

e pseudonatural transformations n: 14 — UF and £ : FU — 1p called the unit
and counit respectively,

e invertible modifications I' : 1p — & o Fnp and A : U ony — 1g. In other
words, the triangle identities

F— . pUF U—" L UFU
e 7
&r 43
1p 1y
F U

commute up to invertible modifications.
We say that F is left biadjoint to U and U is right biadjoint to F.

We haven’t explicitly defined the pseudonatural transformations 1z, F'n, {p, 17, nu
and U¢ in the triangle identity diagrams but they are all defined in exactly the way
one would expect.

Similarly to the classical case of adjunctions, one has the following:

Theorem 1.8. Given a biadjunction as in Definition 1.7, for each A € A and B € B
there is an equivalence of hom categories
wap:B(FA B) = A(A,UB)

which 1s pseudonatural in each variable separately.

These equivalences are defined on 1-cells by pa p(f) = U(f) ona and on 2-cells
by p(a) :=U(a) x 1,,

For each A € A and B € A, the functor

wA,B . .A(A, UB) — B(FA, B)
defined on 1-cells by 14 5(g) == Ep o F(f) and on 2-cells by Ya g(B) := le, x F(B) is

a quasi wnverse to Y4 B-

This result is well known but we couldn’t find a self contained proof in the liter-
ature so we present one in Appendix A. A more abstract proof should be obtainable
using the bicategorical Yoneda Lemma which is discussed in [19].

17



1.3 (C*-Categories

First introduced in [15], C*-categories are a categorification of C*-algebras in the
sense that a unital C*-algebra can be viewed as a C*-category with one object. One
can also consider ‘non-unital categories’; also called ‘semicategories’ to cover the more
general case. We do this in [1] although we shall stick to categories with identities
here. A good introduction to the theory of C*-categories is given by [25], we shall
just present the definitions and results that we need here. We begin with the notion
of a *-category.

Definition 1.9. A x-category is a category A which is enriched over the category
of complex vector spaces (with its usual monoidal structure) along with a functor

*: AP — A

This functor is the identity on objects and given a morphism f € A we write f*
rather than *(f) and call it the adjoint of f. Furthermore, it has the following
properties:

e [t is conjugate linear, that is given f,g € A(A, B) and o, € C
(af + Bg)" =af* +Bg".

e [t is an involution, that is x o x°P =1 4.

A classical example of a *-category is the (large) category Hilb of Hilbert spaces
and bounded linear operators. The full subcategory of very small Hilbert spaces is a
small x-category. There is also a small x-category hilb of very small finite dimensional
Hilbert spaces and (necessarily bounded) linear maps. Requiring the finite dimen-
sional Hilbert spaces to be very small is not particularly important but ensures that
hilb is a small category rather than just being equivalent to one.

Definition 1.10. Given x-categories A and B, a x-functor F : A — B is a linear
functor that preserves the involution. That is, given f,g € A(A, B) and o, 8 € C,

F(af + Bg) = aF(f)+ B8F(g)

and
F(f*)=F(f)".

We now come to the main definition of this section.

18



Definition 1.11. A C*-category is a x-category A such that:
e Fvery hom space is a Banach space,
e cvery morphism [ satisfies the C*-identity ||f* o fI| = ||f||?,
e cvery pair of composable morphisms g, f satisfies ||g o f|| < ||gll || f]],

e for every morphism f € A(A, B) there exists a morphism g € A(A, A) such
that f*o f =g*og.

It follows from the definition that for every object A € A, A(A, A) is a C*-algebra.
The last condition says that for every morphism f, the morphism f* o f is positive
in the sense of C*-algebras. This does not follow from the other axioms as shown
by an example in [25]. Both Hilb and hilb are C*-categories. More generally, for any
C*-algebra A, the (large) category Hilb of Hilbert A-modules and adjointable linear
operators is a C*-category. (Hilbert modules are a generalisation of Hilbert spaces
which can be thought of as Hilbert C-modules. In a Hilbert module, the role of the
complex numbers is taken over by an arbitrary C*-algebra. More information can be
found in [22].) For any very small C*-algebra A, the category of very small Hilbert
A-modules and adjointable linear operators is a small C*-category.

As with C*-algebras, we have the notion of a unitary in a C*-category.

Definition 1.12. A unitary in a C*-category is an invertible morphism u such that
* —1
ut=u.

In 2-categorical settings, when working with C*-categories it seems reasonable
to require that coherence isomorphisms be unitaries and when making 2-categorical
definitions when C*-categories are involved we will impose this extra condition.

Definition 1.13. Given C*-categories A and B and *-functors F,.G : A — B, a
C*-natural transformation is a natural transformation n : F' — G such that

{lnall - A € A}

1s a bounded set. We define the norm of n by
[n]] := sup [[nall.
AcA

We shall never consider any other type of natural transformation when consider-
ing C*-categories and therefore we shall usually just write ‘natural transformation’
in this setting with it being implicit that we mean a C*-natural transformation.
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Definition 1.14. A unitary natural transformation is a C*-natural transfor-
mation 1 such that all its components na are unitaries.

The small C*-categories, *-functors and (C*-)natural transformations are the ob-
jects, 1-cells and 2-cells of a 2-category C*-Cat. Moreover, given small C*-categories
A and B, C*-Cat(A, B) is itself a C*-category. Given a natural transformation
n:F—G:A— B, its adjoint n* : G — F is defined by (n*)4 := (n4)*, A € A.

We shall also need the following two results. The proofs can be found in [25], the
first is related to the fact that x-homomorphisms between C*-algebras are contractive
and the proof of the second is based on the GNS construction for C*-algebras.

Lemma 1.15. Let A and B be C*-categories and F : A — B a *-functor. Then

EHI < 1111]

for every morphism f € A.

Theorem 1.16. Let A be a small C*-category. Then there is a faithful x-functor
p: A — Hilb which is injective on objects.

In other words, every small C*-category can be identified with a subcategory of
Hilb and we shall refer to such a x-functor p : A — Hilb as an embedding of A into
Hilb.

Rather than working with general C*-categories, we are going to restrict our at-
tention to those that admit finite direct sums and which are subobject complete in
the senses described later in this chapter. The main reason for this is that these are
properties possessed by categories of Hilbert modules over a C*-algebra. In particu-
lar, considering subobject complete categories allows us to modify the definition of
the product of C*-categories in section 2.2 so that taking the maximal tensor product
of categories of Hilbert modules corresponds to taking the maximal tensor product
of C*-algebras (we discuss this in [1]). In fact, categories of Hilbert modules admit
more direct sums than just finite ones and in [I] we define a notion of countable
direct sum in a C*-category but we shall not consider them here.

1.3.1 Direct products of C*-categories

For the construction of bicolimits we shall require the direct product of C*-categories
and it will be useful to review them before discussing direct sums.
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Definition 1.17. Let I be a set and (A;)ier be an I-indexed collection of C*-
categories. Their direct product

114

il

is the C*-category whose objects are I-indexed collections (A;)ier where each A; € A;
and whose morphism spaces are given by

(H Ai) ((Adier, (Bi)ier) = {(fi)ier | fi + Ai = By, Szlel? || fil| < oo}

i€l

For each j € I, we have a projection *-functor

Wj:H.Ai—>.Aj

iel
defined in the obvious way which is full and surjective on objects.

We shall denote the n-fold direct product of a C*-category A with itself by A"
rather than [[;_, .A. We shall also need the following fact about the direct product
of C*-categories.

Lemma 1.18. Let I be a set and (A;)ier a collection of C*-categories. There is an
isomorphism of C*-categories

p: C-Add(B, [[ Ai) = [[ C*-Add(B, A))

iel iel
for each C*-category B.

Proof. Given a -functor I : B — [],.; A; we define ¢(F) := (m; 0 F');r and given a
natural transformation a: ' — G : B = [[,.; Ai we define ¢(a) := (15, xa);cr. The
collection (1, * a);es is bounded because « is uniformly bounded and hence p(«) is
a morphism in the direct product.

Now, given a collection (F; : B — A;);es of *-functors, we can define a s-functor
F : B = [],c; Ai on objects by F(B) := (F;(B))ic; and similarly on morphisms.
This is well-defined on morphisms because *-functors are contractive on morphisms
and hence given a morphism f : B — B’ in B we have ||F;(f)|| < ||f]| for all i € I
so that (F;(f))ier is a morphism in the direct product. By construction, F' is the
unique *-functor such that ¢(F') = (F}),cr and so ¢ is bijective on objects.
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Finally, given a pair of *-functors F,G : B — [],.; Ai and a bounded collection
(o : m; 0 F' — m; 0 G);eq of natural transformations we can define a natural trans-
formation o : F' — G by (ap); = (o;)p. Because each «; is uniformly bounded and
the collection (v );er is bounded, « is well defined. By construction it is the unique
natural transformation « : F' — G such that p(«) = (;)ier and hence ¢ is fully
faithful. O

1.3.2 Direct sums and additive completions

Our definition of a (finite) direct sum in a C*-category is the same as in the Ab-
enriched setting (where Ab is the category of abelian groups) with the minor extra
requirement that the projection maps are the adjoints of the inclusion maps.

Definition 1.19. Let (A;)},, wheren € N, be a collection of objects in a C*-category
A. A direct sum of these objects is an object @._, A; together with morphisms
ta, - Ay — @ A for eachi=1,...,n such that

n
* *
LAk Olpy = 57651%% and E [,A]. e} LA]' = 1@?:1,41.
j=1

where 0y 15 the Kronecker delta. The La;’s are called the inclusion maps and the
lej ’s are called the projection maps.

As is common practice, we shall refer to the object B}, A; as the ‘direct sum’.
We shall also denote the direct sum of two objects A and B by A® B. By convention,
we regard the direct sum of a single object as the object itself (with the identity map
as the inclusion map). The interpretation of the definition in the case n = 0 is that
the empty sum Z;;l LA, 0Ly, I8 equal to zero and hence the direct sum of no objects is
a zero object. As a matter of notation, we shall write A = 0 to denote that an object
A is a zero object, sometimes with it being implicit that some choice of zero object
has been made. When they exist, direct sums are both products and coproducts of
their factors and accordingly are unique up to unique isomorphism. In [I] we also
define a notion of countable direct sum in a C*-category but here we shall restrict
our attention to finite direct sums.

Definition 1.20. If a C*-category A admits a direct sum for every finite set (A;),
of objects, we say that A is additive.

To check that A is additive it is sufficient to check that it admits a zero object
and binary direct sums, i.e. it has a direct sum A @ B for every pair of objects
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A, B € A. Then n-fold direct sums can be constructed by repeated use of binary
direct sums.

We shall denote the 2-category of additive C*-categories, *-functors and natural
transformations by C*-Cats. We would denote it by C*-Add but we want to reserve
this for the case that our C*-categories are also subobject complete in the sense
discussed in the next section.

By making a choice of direct sum for each finite set of objects in A, we obtain

functors
EB AT = A

for each n € N. Given a morphism (f;)", : (4;)", — (B;)~, in A" we define

n n
@fz = ZLB]. o fjoly,
i=1

=1

Usually when we say ‘the direct sum’ of a collection of n objects or use the
notation @), A;, we have in mind that we have made a choice of direct sum functor
for n and mean the image of the collection of objects under said functor. It is not
of great importance but still probably worth keeping track of where we make such
choices.

A useful device is to identify morphisms between direct sums with matrices.
Given a morphism

f : @A] — @Bz
j=1 i=1

we have morphisms
fij ‘=ilp, © f Ola; - Aj — B;.

We can identify f with the m x n matrix (f;;) and conversely, given the matrix (f;;)
we can recover f as

f= ZLBZ' o fi; osz.
i7j

Under such identifications, composition of morphisms is given by matrix multiplica-
tion. We shall often implicitly identify morphisms between direct sums with their
corresponding matrices.

23



In an additive C*-category, for any object A € A and zero object 0, there are
canonical unitary isomorphisms 0 @ A =2 A ® 0 = A and no harm will come from
identifying these objects so we shall usually do this implicitly as a matter of conve-
nience. On a related note, although we won’t be considering infinite direct sums, a
useful notational convention will be to define

B

el
where [ is any index set and all but finitely many of the A; are zero objects as being
the direct sum of the finitely many nonzero factors. When we use this notation,
we shall not worry too much about the ordering of the factors. We will often need
to permute factors when doing computations and to avoid the notation becoming
too cumbersome, we shall do this implicitly and equate the permuted direct sums
with one another rather than keeping track of the canonical unitary isomorphisms
between them.

Similarly to the Ab-enriched case, x-functors preserve direct sums in the following
sense.

Lemma 1.21. Let A, B be C*-categories and F : A — B a x-functor. For any direct
sum @) A; in A, F(P;_, A;) along with the inclusion maps F(ta,), j =1,....n
is a direct sum of the F(A;) in B.

Proof. Because F'is a x-functor, it preserves all the identities in Definition 1.19 that
the F'(14,) need to satisfy. O

We note that given a morphism f : @Tzl A; — @), B; in A with corresponding
matrix (f;;), F'(f) corresponds to the matrix (F(f;;)).

Lemma 1.22. Let A, B be additive C*-categories and F : A — B a *-functor. Then
for every n € N there is a canonical unitary natural transformation

C:Fo@%@oF":AnéB.

Proof. This is immediate in the case n = 0. When n > 1, given an object (A4;)", € A",
we define

Cane, + F (EB Ai) — @F(Ai)
=1 =1

as the diagonal n x n matrix with the identity maps for the F(A;) on the diagonal.
Naturality follows from the fact that given a morphism (f;)", : (4", — (B,
in V", both F(._, f;) and @, F(f;) correspond to the diagonal matrix with the
F(f;) on the diagonal. O
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If there are multiple x-functors F, G, H . .. under consideration, we will denote the
canonical unitary natural transformations by ¢, (%, ¢ ... if we need to distinguish
between them.

The following two lemmas will be useful when checking that diagrams involving
direct sums commute.

Lemma 1.23. Let A, B,C be additive C*-categories and F' : A — B, G : B — C
x-functors. Then for any n € N, the following diagram commutes

GoFotp < » Go@oF™

CG

CGOF
@ OG” o Fn
=@o(GoF)"

Proof. This is immediate from the definition of the canonical unitary natural trans-
formations. [

Lemma 1.24. Let A, B be additive C*-categories, F,G : A — B x-functors and
a: F — G a natural transformation. Then for n > 1, given (A;)P, € A",

agr A, ¢ F (é Az) — G (é Az)
=1 =1

is the diagonal n X n matrix with the s, ’s on the diagonal.
Proof. For each 7 =1,...,n, by the naturality of a we have

agr A, © Fta) = Gea) o aa,.
Therefore, for i, = 1,...,n we have

G(ia;) o agy, a0 Flea) = G(ry,) 0 Glea;) 0 g

= 0ij v,

where 9;; is the Kronecker delta. ]
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Corollary 1.25. Let A, B be additive C*-categories, F,G : A — B x-functors and
a: F — G anatural transformation. Then given (A;)!, € A", the following diagram
commutes

n a@?:l Ag n
F(P_, Ai) ————— G(D;, 4)

F G
SCapm, S,

Diy XA
_—

Dimy F(4) Dimi G(4A)
Proof. This follows from Lemma 1.24 and the definitions of (¥ and (©. ]

An arbitrary C*-category can always be completed to an additive C*-category in
the following way.

Definition 1.26. Let A be a C*-category. We define the additive completion of
A, denoted A% as follows: Objects in A% are n-tuples (A;)"_,, n € N where each

A; € A. To define the morphism space we use an embedding p : A — Hilb and define
AP (A7, (By),) as the closed subspace

PP (A, B)) c B (@ p(4A;), @P(Bi)>

j=1 i=1

with the induced algebraic operations. (On the right hand side, B(X,Y") denotes the
bounded linear maps from X toY.)

The additive completion does not depend on the choice of embedding in the
sense that if two different embeddings are chosen, there is an invertible x-functor
between the resulting C*-categories (defined in the obvious way) which is necessarily
an isometry on the morphism spaces.

As usual, we can identify a morphism f : (A4;)7, — (B;)iz, in A® with a matrix
(p(fi;)) where each f;; is a morphism from A; to B; in A.

The category A® is an additive C*-category. The empty tuple is a zero object and
given objects A = (A;)j_, and B = (B;)7., in A%, the object (Ay, ..., Bn, A1, ..., By)
with the natural inclusion and projection maps is the direct sum of A and B. There

is an inclusion *-functor ny4 : A — A® which maps objects A € A to 1-tuples
(A) € A®.
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Lemma 1.27. Let A be an additive C*-category. Then there is an equivalence
&4 : .A@ i A

which 1s defined on objects by

Proof. We have already defined £4 on objects. To define £4 on morphisms, let
p : A — Hilb be the embedding used to define the morphism spaces in A®. Then,
given a morphism

(o(fij)) : (A3)fer = (Bi)ica

in A% we define £4((p(fi;))) = (fi;). Functoriality, as well as the fact that {4
preserves the involution, is fully-faithful and essentially surjective is immediate from
the definition. (]

A wuseful fact that we shall now prove is that we can extend the definition of
additive completion to *-functors and natural transformations to obtain a 2-functor

—9 . C*-Cat — C*-Catq
and this 2-functor is a left biadjoint to the forgetful 2-functor
U : C*-Catgy — C*-Cat.

We have already defined —% on C*-categories. Given C*-categories A, B and a
x-functor ' : A — B, we define F¥ : A% — B? in the following way: Given an object
(A, € A% we define F((A4;)7,) := (F(A;))",. To define F¥ on morphisms, let
p: A — Hilb and A\ : B — Hilb be the embeddings used to define the morphism
spaces in A% and B®. Then, given a morphism (p(fi;)) : (A4;)52, — (Bi)iz, in A®
we define F9((p(fi;))) := (A(F(fi;))) (this is well defined because p is faithful). That
F® is a s-functor is immediate from the definition.

Next, if « : FF' — G : A — B is a natural transformation and (V;)", € A%, we
define 04?9%)?:1 : FO((V),) = G®((Vi)1,) as the n x n diagonal matrix with the
maps A(ay,) on the diagonal. This defines a natural transformation a® : F® — G#
with naturality following from the naturality of . We have now defined —% on
objects, 1-cells and 2-cells and 2-functoriality is immediate from the definitions.
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Lemma 1.28. The inclusion *-functors ny : A — A% are the 1-cells of a 2-natural

transformation 1 : 1ow.car — U o =%,

Proof. Given C*-categories A, B and a x-functor F': A — B, the commutativity of
the diagram

A—F B

Ao % go

is immediate from the definitions. Similarly, if « : FF — G : A — B is a natural
transformation, the equality of 1,, *a and a®x*1,, is immediate from the definitions.
O

Lemma 1.29. The *-functors £4 : A® — A of Lemma 1.27 are the 1-cells of a
pseudonatural transformation & : =% o U — 1ow.catg, -

Proof. To prove this, we need to do the following:
1. Define a natural isomorphism
{p:Fola—&pgol®
for each #-functor F': A — B between additive C*-categories.
2. Check that the &g’s are natural in F'.
3. Check that the p’s satisfy the pseudonatural transformation axioms.

To that end, suppose F' : A — B is a *-functor between additive C*-categories and
(A, € A%, On the one hand

(Fo€a)(A)) = F (@ AZ)

and on the other hand

(65 0 FE)((A)iy) = EB F(A;).
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Therefore, we define

(fF)(Ai);.;l = C(Ai);;l P (@ Ai) i @ F(Az)
i=1 i=1

where ( is the canonical unitary natural transformation of Lemma 1.22. Naturality
of & follows from the naturality of (.

Next, to show that the £z’s are natural in F', we need to show that given a natural
transformation a : F — G : A — B, the following diagram commutes

a1
Fofy —2 s Go&y

¢r €q (1)

1e, xa®
€0 F® —5— 30G®
To that end, let (A4;)"; € A% and consider the following diagram

(Fol)((Ai)is)  cop,a  (Gola)((A)iny)
= F (D, A) =G (D, A)

F G
CCapn, S,

(€50 FO)(AN) _@tuon - (650 C) (A1)
=@, F(4) =D, G(A)
This commutes by Corollary 3.3 and hence (1) commutes and the {g’s are natural
in F.
Now, the pseudonatural transformation composition axiom says that given x-
functors F': A — B and G : B — C, the following diagram should commute

GOFOSAL) Golpgo F? £—G>§COG@OFEB
Id Id
GoFofy Sgor y &0 (GoF)®
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This follows from Lemma 1.23. Finally, the unit axiom says that given and additive
C*-category A, the following diagram should commute

£

&,

1g08a » a0 lye

This is immediate from the definition of &; ,. Therefore, the {’s satisfy the pseudo-
natural transformation axioms and hence we have a pseudonatural transformation
g : 1C*—Cat — U ¢ —® . D

Theorem 1.30. The 2-functor —% : C*-Cat — C*-Catg, is a left biadjoint to the
forgetful 2-functor U : C*-Catg — C*-Cat.

Proof. We have already defined the unit 1 and counit ¢ so we just need to define
invertible modifications I" and A that fit into the triangle diagrams

b
S N Y S U—" s Uoc-%0U
7
&
® 1y U¢
_® U

In fact both triangle diagrams commute and so we can take I' and A to be identi-
ties. Essentially this comes down to the fact that the unit maps objects to 1-tuples
containing the objects and the counit maps 1-tuples to the object they contain. Ex-
plicitly, to see that the left diagram commutes, let A € C*-Cat and consider the
diagram

A@ (WA)@ (A@)@

3
1,e A®D

AEB
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Then, given (A;)!, € A% we have

(Eae 0 (1)) ((Ai)isy) = Lo ((A)iLy))
= (Ai>?=1-

A similar argument holds for morphisms in A®. Similarly, to see that the right
diagram commutes, let B € C*-Catg, and consider the diagram

B—" . RB®
I 1953
B

Then, given B € B we have

(€ oms)(B) = &5((B))
= B.

Again, a similar argument holds for morphisms in B. Therefore, both triangle dia-
grams commute and hence —% is a left biadjoint to U. ]

A wuseful consequence of the existence of the biadjunction is that given a C*-
category A and an additive C*-category B, we can extend any *-functor F' : A — B
to the additive completion of A. More precisely, we have the following:

Corollary 1.31. Let A, B be C*-categories and F : A — B a *x-functor. If B is
additive, there is a *-functor F™ : A®Y — B such that FT ony = F.

Proof. We define F'* := £z 0 F®. Then, given A € A we have
(€0 F¥ oma)(A) = (€50 F9)((A))

= ¢5((F(A)))
= F(A).

A similar argument holds for morphisms and hence F*t ony = F. ]

Finally, we note that if (A;);c; is a collection of additive C*-categories, then their
direct product is also additive. If A = (A;);c; and B = (B;);er are objects in [[..; A,
their direct sum is (A; ® B;)ier with the natural inclusion maps.
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1.3.3 Subobject completions

Our approach to subobjects will be a little different than the usual categorical defini-
tion in terms of equivalence classes of monomorphisms (see [23] for example). Instead
we will define subobjects in terms of projections.

Definition 1.32. A projection in a C*-category A is a morphism p : A — A for
some A € A such that p = p* = p?.

Definition 1.33. We say a projection p : A — A in a C*-category splits if there
exrists a morphism s : B — A such that so s* = p and s* o s = 1. In this case, we
call B a subobject of A.

Definition 1.34. We say a C*-category is subobject complete if every projection
splits.

In subobject complete C*-categories, subobjects can be identified with summands
in direct sums. Specifically, if p: A — A is a projection then so is ¢ = 1 — p. Then,
if s, : B— Aand s, : C — A are splittings of p and ¢ respectively, A is a direct sum
of B and C with s, and s, as the inclusion maps.

This notion of subobject is slightly stronger than the usual categorical notion de-
fined in terms of equivalence classes of monomorphisms. For example, if we consider
the category Hilbe(o,17) of Hilbert modules over C'([0, 1]), then C([0, 1]) itself is an ob-
ject in Hilbeypoapy. If s : C([0,1]) = C([0,1]) is the map defined by s(f)(z) = zf(x),
then s is a monomorphism but its image does not correspond to any projection
p: C(]0,1]) = C([0,1]). In other words, C([0,1]) is not the direct sum of the image
of s and another Hilbert C([0, 1])-module.

Similarly to the case of direct sums, an arbitrary C*-category can be completed
to a subobject complete one in the following way.

Definition 1.35. Let A be a C*-category. The subobject completion of A, de-
noted Split(A) it the C*-category defined as follows: The objects are pairs (A, p)
where A is an object in A and p : A — A is a projection. Given objects (A,p) and
(B,q), a morphism f : (A,p) = (B,q) is a morphism f : A — B in A such that
qgofop=Ff.

The subobject completion is also referred to as the ‘idempotent completion’ or
‘Karoubi envelope’ of A (there is a slight technical difference in that a projection

is not only idempotent but also self adjoint but the construction is the same). The
morphisms in Split(A) also have the following equivalent characterisation.
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Lemma 1.36. The morphisms f : (A,p) — (B,q) in Split(A) are the morphisms
f:A— B in A such that qo f = f and fop=f.

Proof. On the one hand, if go f op = f then

gof=gqo(qofop)
=q¢*ofop
=gqo fop
=f

and similarly fop= f.
On the other hand, if go f = f and fop = f then

qofop=fop=/f.
O

We note that the identity map of an object (A, p) € Split(.A) is p and using the
above lemma we can see that the composite of two morphisms in Split(.4) is again a
morphism in Split(.A).

If A has direct sums then so does Split(A). The direct sum of (A, p) and (B, q)
is (A@® B,p ® q). The inclusion and projection maps are obtained by pre- and
post-composing the inclusion and projection maps of A @& B with p,q and p @ ¢ as
appropriate.

We also note that if (\A;);c; is a collection of subobject complete C*-categories,
so is their direct product. If p = (p;)ier : (Ai)ier — (As)ier is a projection in [ ], A,
and each p; is split by s; : B; = A;, then s = (s;) : (B;)icr — (A;)ier is a splitting of
P.

We shall denote the 2-category of additive, subobject complete C*-categories by
C*-Add. Similarly to the case of the additive completion, there is a 2-functor

Split : C*-Catg, — C*-Add

which is a left biadjoint to the forgetful 2-functor U : C*-Add — C*-Catg. We present
the details below and remark that nothing about the definitions or proofs that follow
depend on the existence of direct sums so C*-Catg could be replaced by C*-Cat
throughout. We have chosen to restrict our attention to additive C*-categories here
since this is the case we are interested in.

We have already defined Split on objects. In order to define Split on 1-cells,
let A,B € C*-Catg and let F' : A — B be a s-functor. We define a x-functor
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Split(F") : Split(.A) — Split(B) on objects by Split(F)(A,p) = (FA, Fp) and on
morphisms by Split(F)(f) := F(f). The functoriality of F' ensures that Ff is a
morphism in Split(B).

To define Split on 2-cells, let o : FF — G : A — B be a natural transformation.
We define Split(a) : Split(F') — Split(G) by

Split(a)(ap) = Gpoaso Fp: (FA, Fp) — (GA,Gp).

To see that Split(«) is a natural transformation, let f : (A, p) — (B, ¢) be a morphism
in Split(A) and consider the following diagram.

FA—*" . FB

Fp Fq

FA—" FB

A ap

GA —C% . gB

Gp Gq

~ ~

cGA— ., gB
The centre square commutes by the naturality of o and the other two squares com-
mute because f is a morphism in Split(.A). Therefore, Split(«) is a natural transfor-
mation.
Given A € C*-Catg, there is an inclusion *-functor 74 : A — Split(.A) defined
on objects by n4(A) := (A4, 14) and on morphisms by n4(f) := f.

Lemma 1.37. The inclusion *-functors ny : A — Split(A) are the 1-cells of a
2-natural transformation 1 : 1o«cat, — U o Split.

Proof. Let A, B € C*-Catg, and let F': A — B be a *-functor. The commutativity
of the diagram
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Split(A4) —F o gplit(B)

is immediate from the definitions. Similarly, if « : F — G : A — B is a natural
transformation, the equality

1, * o = Split(a) * 1, ,
is immediate from the definitions. O

This 2-natural transformation is the unit of the biadjunction. Given A € C*-Add,
to define the component £4 : Split(A) — A of the counit, we need to choose a
splitting of each projection in A. Explicitly, given an object (A,p) € Split(A) we
choose a morphism s, : B — A in A such that s,0s; = p and s;0s, = 1p and define
£a(A,p) := B. For simplicity, we shall assume that s;, = 14 for all A € A so that

5./4("47 ]-A) = A
Then, given a morphism f : (A, p) — (B, q) in Split(A) we define {4(f) := s}ofos,.
To see that {4 is a *-functor, we first note that 1(4,) = p. Then

§a(liap) = s,0posy
:s;ospos;osp
= leap) © leaap)
= 1§A(A,P)‘

Next, let f: (A,p) = (B,q) and g : (B,q) — (C,r) be morphisms in Split(.A). Then
Ealg) o €alf) = s;ogossos,0 fosy
=s;0goqgofos,

=3 ogofosp

=Ealgo f).
That &4 preserves the involution is immediate and hence £ 4 is a x-functor as required.

Lemma 1.38. Let A € C*-Add, then &4 : Split(A) — A is an equivalence.
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Proof. That &4 is essentially surjective is immediate. To see that it is faithful, let
f:(A,p) = (B,q) be a morphism in Split(.A) such that £4(f) = 0. Then

f=qofop
=8408,0 fos,0s)
=s4000s),
= 0.
To see that €4 is full, let g : £4(A,p) — £a(B, q) be a morphism in 4. Then
§05,0G08,0p=15,08,085,0(08,085,05
= Sq © 1§_A(B,q) o g © 1§A(A7p) © 8;
=s5,0g08,
s0 s40g0s;: (A p)— (B,q) is a morphism in Split(A) and
SA(sqogos;):s;osqogos;osp
= leag) © 90 Leaan)

Therefore, &4 is also full and hence an equivalence. O

Lemma 1.39. The x-functors {4 : Split(A) — A are the 1-cells of a pseudonatural
transformation & : Split o U — 1o+.add-

Proof. To show this, we need to do the following:
1. Define natural isomorphisms
&p: Fo&y— &g o Split(F)
for all x-functors F': A — B between additive C*-categories.
2. Check that the {g’s are natural in F.

3. Check that the p's satisfy the pseudonatural transformation axioms.

To that end, let A,B € C*-Add and let FF : A — B be a x-functor. Given
(A, p) € Split(A), we define ({r)(ap) as the composite

Es(FA, Fp)

Fsyp SFp
(Fot)(dp) = FA= o olit(F) (A p).
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This is a unitary because
(8Fp o F'sp)" 08k o F'sy = Fs,0sp,05p,0Fs,
= Fs,oFpoFs,
= Fs,oFs,ols olFs,
= Lrogayap) © L(Foca)(an)
= L(roga)(an)
and similarly
8p, 0 F'sp o (sp, 0 F'sy)" = s, o F'sy0 F'sposp,
=sp, o Fpospy
= Leg(ra,rp) © Leg(rarp)
= leg(rarp)-
To see that £r is a natural transformation, let f : (A,p) — (B, q) be a morphism in
Split(.A). Then
(fF)(B,q) o(Fo&)(f)= s}quSqus;oFfoFSp
:S}ququfoFsp
= s}q oFfolkFs,
:S}qufonoFsp
= 8p,0 Ffosp,08p,0Fs,
— (€8 0 SPIE(F))(f) © (Er)ean

and hence &f is a natural transformation.
Next, to show that the £z’s are natural in F', we need to show that given a natural
transformation o : F' — G : A — B, the following diagram commutes

Fo&qy — 4 &40 Split(F)

axle , 1¢ 5 #Split(a) (2)

Goty — 4 50 Split(Q)

To that end, let (A, p) € Split(A) and consider the following diagram

37



Fsp SFp ¢s(FA, Fp)
(Fota)(Ap) ———— FA ——"— oSOl ()
(ID) e
Fp FA
Fp
FA
U 4 (Ap) (1) ax (I1I) »
GA
Gp
o G
(IV) &
(Gota)(Ap) — S ga o, £5(GA, Gp)

= (&8 0 Split(G))(4, p)-
Here, (I) and (III) commute by the naturality of «, (II) commutes because
Fposp,0sp,=FpoFp
and (IV) commutes because
SGp 0 Gpo Gp = sg, 0 Gp

= 84, © SGp © SGyp

= les(Gacp) © 5Gp

= Sep-

Therefore, (2) commutes and the {g’s are natural in F.
Next, the pseudonatural transformation composition axioms says that given x-
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functors F': A — B and G : B — C, the following diagram should commute.

GoFoéy — ¥ L Go &g o Split(F) S AN &c o Split(G) o Split(F)

GoFo&y SGor » & o Split(G o F)

To see that this is the case, let (A,p) € Split(A) and consider the following
diagram.

*

GFSP GSFp SE'Fp

GF(Ea(A, p)) —2 GFA BN G(p(FA, Fp)) 2 GFA % ¢.(GFA,GFp)

GF(EA(A,p)) o sy GFA e s &o(GFA,GFp)

This commutes because
* * . *
SGrp © GSrp 0 Gspp, 0 GF'sy = s, 0 GFpo GF's,
X *
= 8app 0 GFs,0GFs, 0 GFs,
*
= SGrp © GFs,olgpa
%
= Sgrp 0 GF's

and hence (3) commutes.
Finally, the pseudonatural transformation unit axiom says that given A € C*-Add,
the following diagram should commute

£a

&1 4

s €4 0 Split(14)

This is immediate from the definition of &; ,. Therefore, the {’s satisfy the pseudo-
natural transformation axioms and hence we have a pseudonatural transformation
5 : Spht olU — 1g+.add- 0

1g08&4
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Theorem 1.40. The 2-functor Split : C*-Catgy, — C*-Add is a left biadjoint to the
forgetful 2-functor U : C*-Add — C*-Catg.

Proof. We have already defined the unit n and counit £ so we just need to define
invertible modifications I' and A that fit into the triangle diagrams

Split —2M_, Split o U o Split U—"" 5 UoSplitoU
% %
Lspri &split " Ué¢
Split U

In fact, both triangle diagrams commute and we can take I' and A to be identi-
ties. This mostly comes down to our choice of splitting for the identity maps when
defining the counit. Indeed, the left diagram commute because if A € C*-Catq, and

(A, p) € Split(A) then
(Esplit(a) © SpLit(n.a)) (A, p) = Espiiea) (A, p), L(ap)
= (4,p)
and if £ : (A, p) — (B, q) is a morphism in Split(A) then
(Esptie(a) © SPLit(n.4))(f) = &sprirca(f)

=Llg o folay
= f.

Similarly, if B € C*-Add and B € B, then

(s ons)(B) = &(W, 1)
=B

and if g : B — C' is a morphism in B then

(€ 0m5)(9) = &6(9)

=1lcogolp

Therefore, both triangle diagrams commute and Split : C*-Catg, — C*-Add is a left
biadjoint to the forgetful 2-functor U : C*-Add — C*-Catg,. O
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Similarly to the case of additive completions, one consequence of the existence of
the biadjunction is that we can extend *-functors whose domain is an arbitrary C*-
categories to the subobject completion, provided the codomain is subobject complete.

Corollary 1.41. Let A € C*-Catg, B € C*-Add and let F : A — B a *-functor.
Then there is a *-functor F : Split(A) — B such that Fony = F.

Proof. We define F := &g o Split(F). Then, given A € A we have

(&g o Split(F) ona)(A) = (£ o Split(F)) (A, 14)
§3(FA, 1pa)
_ )

and given a morphism f: A — B in A we have

(&g o SplLit(F) o na)(f) = (&s o SpLit(F))(f)
&s(F'(f))
=1goF(f)oly
= F(f).

Therefore, Fony = F. [

2 Bicolimits and balanced tensor products of C*-
categories

In this section we shall show that C*-Add has all small (conical) category-indexed
bicolimits, at least when we restrict to the unitary setting in the case of diagrams.
We do this with a view to constructing the balanced tensor product of two module
categories but it is also of interest in its own right. The category of small C*-
categories and *-functors is both complete and cocomplete [10] but whilst C*-Add
does have direct products, it does not have arbitrary limits or colimits. For example,
there is no initial object. If A,B € C*-Add, F : A — B is a x-functor and B has
multiple zero objects then one can define another *-functor F’ : A — B by changing
the assignment of F' on zero objects. In particular, no A € C*-Add can be an initial
object. This leads us to consider a more general 2-categorical notion of colimit.

An introduction to different types of 2-categorical limit can be found in [20].
We have chosen to consider bicolimits which are the weakest notion of 2-categorical
colimit discussed there. In joint work with my supervisor in [1], we showed the
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existence of bicolimits in the more general setting of non-unital C*-categories which
admit a certain notion of countable direct sums. Here we shall restrict our attention
to unital categories with finite direct sums.

2.1 Bicolimits

To define bicolimits, we first need to define diagrams. We shall restrict our attention
to the unitary case since we are in the C*-setting.

Definition 2.1. Let Z be a small category which we view as a 2-category whose only
2-cells are identities. An I-diagram in C*-Add is a pseudofunctor D : T — C*-Add
whose coherence maps are unitary natural transformations. A transformation
between Z-diagrams D and E is a pseudonatural transformation o : D — E whose
coherence maps are unitary natural transformations.

Given Z-diagrams D and E, we write Tran(D, E) for the C*-category whose
objects are transformations ¢ : D — FE and whose morphisms are modifications I'
such that sup;c7 ||I'/|| < oo with norm ||T'|| := sup;z ||T'1]]-

Given A € C*-Add, there is a constant Z-diagram A(A) which maps every ob-
ject © € T to A and every morphism to 14. More generally, there is a 2-functor
A : C*-Add — [Z, C*-Add| defined on objects as above and on *-functors and natural
transfomations in the obvious way.

Definition 2.2. Let D : 7 — C*-Add be an Z-diagram. A bicolimit for D is an
additive, subobject complete C*-category L with a transformation o : D — A(L) that
induces equivalences of C*-categories

—o00: C*-Add(L, A) = Tran(D, A(A))
for every A € C*-Add which are pseudonatural in A.

By this notation, we mean that a x-functor F' : £L — A is mapped to the trans-
formation A(F') o o and a natural transformation o : F' — G : £ — A is mapped to
the modification A(«) * 1,. We shall use similar notational conventions throughout
for maps induced by pre- or post-composition by another given map. When they
exist, bicolimits are unique up to equivalence. This can be proved in a similar way to
the way one can prove the uniqueness of colimits in a category by considering their
universal property.

During our construction of bicolimits, it will be convenient to work with a certain
type of transformation.
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Definition 2.3. Let D be an I-diagram, A € C*-Add and 0 : D — A(A) a trans-
formation. We say that o is cofibrant if o;(X) = o;(Y) for I,J € Z, X € D(I),
Y € D(J) implies that [ = J and X =Y.

Definition 2.4. Given A € C*-Add and an Z-diagram D : T — C*-Add we write
Trancot(D, A(A)) for the full subcategory of Tran(D, A(A)) consisting of all the cofi-
brant transformations from D to the constant diagram A(A).

The following two lemmas are what allow us to pass between cofibrant transfor-
mations and more general ones.

Lemma 2.5. Let D : T — C*-Add be an Z-diagram and A € C*-Add. Given a
transformation o : D — A(A), there is a C*-category CF(A) as well as an equiv-
alence ¢4 : CF(A) = A and a cofibrant transformation CF (o) : D — A(CF(A))
such that A(¢p4) o CF(0) = 0.

Proof. Let A = [[;.7 Ob(D([I)) be the disjoint union of the objects sets of the D([).
We define CF(A) as the category whose objects are pairs (A, A) with A € A and
A € A and whose morphism spaces are given by

CF(A)(\A), (0, B)) = A(A, B).

Composition of morphisms is given by composition in A. We define the equivalence
¢4 : CF(A) — A on objects by ¢4(\, A) := A and on morphisms by ¢4(f) := f.
Next, we define the transformation CF (o) : D — A(CF(A)) as follows: For
each object I € Z, we define a s-functor CF(c); : D(I) — CF(A) on objects
by CF(0);(X) := (X,07(X)) and on morphisms by CF(c);(f) = o;(f). Given
a morphism a : I — J in Z we define the coherence unitary natural transforma-
tion CF (o), : CF(0); — CF(0);0 D(a) by (CF(0)s)x = (04)x for X € D(I).
Pseudonaturality of C'F(o) follows from that of ¢ and by construction we have
A(¢4) o CF (o) = 0. Finally, CF(0) is cofibrant by construction. O

The construction of C'F(A) depends only on the Z-diagram D and not on the
transformation o : D — A(A). Given a x-functor F' : A — B we can define a
s-functor CF(F) : CF(A) — CF(B) in the following way: On objects we define
CF(F)(\A) :== (\ F(A)) and on morphisms we define CF(F)(f) := F(f). Also,
given a natural transformation o : FF — G : A — B we can define a natural
transformation CF () : CF(F) — CF(G) by CF(a)a) = aa. These definitions
give us a 2-functor CF : C*-Add — C*-Add (which depends on the particular Z
diagram D under consideration).
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Lemma 2.6. Let D : 7T — C*-Add be an Z-diagram and A € C*-Add. There is an
equivalence of categories

A(p) 0 — : Trangg(D, A(CF(A))) = Tran(D, A(A))

which is 2-natural in A. (Here ¢4 : CF(A) — A is the equivalence defined in Lemma
2.5.)

Proof. Given a transformation ¢ : D — A(A) we have A(¢p4) o CF (o) = o so
A(p) o — is essentially surjective.

Now, suppose that p,w : D — A(CF(A)) are cofibrant transformations and
I': A(oa) o p — A(¢4) ow is a modification. This means that we have natural
transformations I'; : ¢4 0 pr = ¢4 0wy for all I € 7 and we can define natural
transformations I'; : p; — w; by defining (I';) x : pr(X) — w;(X) to be the unique
morphism in CF(A) that maps to (I';)x under ¢_4. Naturality of I follows from the
naturality of I' and faithfulness of ¢ 4. Explicitly, given a morphism f : X — Y in
D(I), by the naturality of I'; we have a commutative diagram

da0p1(f)
b0 pr(X) —2 Ga0pr(Y)

T'nx Ty
=64((T1)x) =¢a((T1)y)
paowr(f)
gbAow[(X) AT p_AOWI(Y>

and by faithfulness of ¢4 we have (I'))y o p;(f) = wi(f) o (I'7)x.

Similarly, because I' is a modification and ¢ 4 is faithful, the r 1 define a modifica-
tion I' : p — w. By construction, [ is the unique modification such that 154 ,) « =T
and hence A(¢4) o — is fully faithful.

Finally, to say that we have 2-naturality in A means that for all x-functors
F : A — B the following diagram commutes

A(CF(F))o

Trancof(D, A(CF(A))) Trancof(D A(OF(B)))

A(pa)o— A(¢p)o—

Tran(D, A(A)) > Tran(D, A(B))
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and for all natural transformations o : F' = G : A — B we have
Liags)o—) * (A(CF(a)) * =) = (A(a) * =) * Lia(ga)o-)-
This follows immediately from the definitions. ]

Now we come to the main theorem of this section which asserts the existence of
bicolimits of Z-diagrams in C*-Add. The proof is based on a method one can use
to show that categories of algebras for an algebraic theory are cocomplete using the
adjoint functor theorem and the initial object theorem, both of which are discussed
in [23]. Before we begin, we just need two more short definitions.

Definition 2.7. By the cardinality of a small category A, we mean the cardinality
of its set of morphisms. We shall denote the cardinality of A by |A|.

Definition 2.8. A strong limit cardinal is a cardinal k with the property that
2A < K for every cardinal \ < k.

Strong limit cardinals and other types of large cardinal are discussed in [15]. For
our purposes, we just need the fact that there exist arbitrarily large strong limit
cardinals as witnessed by examples in [18].

Theorem 2.9. Let Z be a small category and let D : T — C*-Add be an Z-diagram.
Then D has a bicolimit L € C*-Add.

Proof. By Lemma 2.6 it is sufficient to construct £ and a cofibrant transformation
0 : D — A(L) such that there are equivalences

— o0 : C*-Add(L,CF(A)) = Tranes(D, A(CF(A)))

for each A € C*-Add which are pseudonatural in A. Explicitly, the diagram
C*-Add(L,CF(A)) ——2— Trane:(D, A(CF(A)))

¢pa0— A(pa)o—

C*-Add(L, A) — » Tran(D, A(A))

commutes and since both vertical maps are equivalences, if the top horizontal map
is an equivalence, so is the bottom horizontal map.
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To that end, given A € C*-Add, let C'4 denote the set of all cofibrant transfor-
mations from D to A(CF(A)). Each C4 is nonemtpy because there is a cofibrant
transformation w : D — CF(A) with 1-cells wy : D(I) — CF(A) which map objects
X € D(I) to (X,0) € CF(A) where 0 is a zero object in A and which map morphisms
to the appropriate zero morphisms. The coherence unitary natural transformation
W : wy — wy corresponding to a morphism a : I — J in Z has components given by

the appropriate zero morphisms.
Now, let a = |Z],

and let xk be a strong limit cardinal greater than « - 3.

We will take x to be greater than the cardinality of the continuum and note
that this is automatic in nontrivial cases (i.e. when Z is nonempty and any D([)
contains a nonzero object). Next we fix a representative of each isoclass of additive,
subobject complete C*-categories of cardinality less than s and denote the set of
these representatives by S;. We then let

c=1J[ I]T A

A€eS, 7€C 4

and let ¢t : D — A(C) be the transformation defined by A(7,) ot = 7 where 7, is the
projection from C onto the factor associated to 7 € C'4. Explicitly, for each [ € 7
we have m, ot; = 77 and given a morphism a : I — J in Z we have 1, _xt, = 7,. The
pseudonaturality of ¢ follows from the pseudonaturality of the 7’s, and because each
T is cofibrant, so is t.

Next, let (t) be the sub-C*-category of C generated by the image of ¢. By this
we mean the following: The objects of (¢) are the objects in C of the form ¢;(X) for
some I € Z and X € D(I). The morphism space (t)(C, D) is the closed linear span
of the set of morphisms in C of the form fjo---o f,, where dom(f,) = C, cod(f;) = D
and each f; is one of the following:

1. t7(f) for some I € T and morphism f € D(I),
2. (tq)x for some morphism a : I — J in Z and object X € D(I),

3. an adjoint of one of the above types of morphism.
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The transformation ¢ : D — A(C) corestricts to a cofibrant transformation
t|A®) - D — A((t)). We then define £ := Split((t)®), the completion of () un-
der direct sums and subobjects. The cardinality of L is less than x. We shall return
to prove this in a separate lemma (see 2.16 below) and take it as a fact for the time
being.

The transformation /(") : D — A({(t)) induces a cofibrant transformation
o : D — A(L) by postcomposition with the inclusion functor ¢ : () — £ and we
claim that (£, 0) is a bicolimit of D. Let us first show that there is an equivalence
of C*-categories

— o0 : C*-Add(L,CF(A)) = Trane(D, A(CF(A))) (%)

for each A € C*-Add of cardinality less than x. It is sufficient to do this for all
Ae€s..

Now, if 7 : D — A(CF(A)) is a cofibrant pseudonatural transformation then
by the construction of C, the projection 7, : C — A onto the factor associated to 7
induces a *-functor II, : £ — A such that A(Il;)oo = 7. Therefore, (%) is essentially
surjective.

Next, let F,G : L — A be x-functors and let ¢ : F© — G be a natural trans-
formation such that A(¢) x 1, = 0. Then ¢,,(x) : F(07(X)) = G(07(X)) is 0 for
all I € Z and X € D(I). Since every object in L is a subobject of a direct sum of
such objects, it follows that ¢, = 0 for all L € £ and hence ¢ = 0. Therefore, (x) is
faithful.

To show that (k) is full, let I' : A(F) o 0 — A(G) o ¢ be a modification. Given
I €7 and X € D(I), we have a map (I'r)x : F(o7(X)) = G(o7(X)). We claim that
we can define a natural transformation 7 : /' — G by defining n,,(x) := (I'r)x and
extending this definition to direct sums and their subobjects. Because ¢ is cofibrant,
71 is well-defined. We shall leave the proof that n is natural to a separate lemma to
follow shortly. Then by construction we have n % 1, = I and hence (x) is full.

It follows that (£, o) is a bicolimit of D in the 2-category C*-Add.,, the sub-2-
category of C*-Add consisting of all additive C*-categories of cardinality less than k.
(Here we are viewing D as an Z-diagram in C*-Add_, by restriction of codomain.)

Now, suppose that A > k is a strong limit cardinal. By the same argument as
above, D viewed as an Z-diagram in C*-Add_ has a bicolimit (£, ¢’). By the same
argument as for £ (to follow the proof of this theorem), card(£’) < x and hence
(L', 0') is a bicolimit in C*-Add.,. Therefore £ ~ L' and hence (£, o) is a bicolimit
of D in C*-Add_,. Since A\ was arbitrary, it follows that there is an equivalence of
C*-categories

—o0: C*-Add(L, A) = Tran(D, A(A))

47



for each A € C*-Add and that (£, o) is a bicolimit of D in C*-Add.
Finally, with regard to pseudonaturality, given a *-functor F' : A — B, the
commutativity of the diagram

C*-Add(L, A) — =5 C*-Add(L, B)

Tran(D, A(A)) — = Tran(D, A(B))

follows from the associativity of composition of functors and horizontal composition
of natural transformations. Similarly, if n: FF — G : A — B is a natural transforma-
tion, the equality of the natural transformations

loox(nx—):(—00)o(Fo—)—=(—o00)o(Go—)
and
n*—=)*1 o, : (Fo—)o(—o00) = (Go—)o(—o00)

follows from the associativity of horizontal composition of natural transformations.
Therefore, the — o ¢ are 2-natural in A. O]

To complete our proof we just need to resolve the issue of the cardinality of the
bicolimit £ and the naturality of the maps 7, in the fullness section of the proof.
First let us deal with the cardinality of £. We shall make use of the following facts
about cardinal arithmetic whose proofs can be found in [18].

Lemma 2.10. Let «, 8 be infinite cardinals. Then o - 5 = max{c, B}.
Corollary 2.11. Let « be an infinite cardinal and n € N\ {0}. Then o™ = «.
Lemma 2.12. Let X be an infinite set, then | XN| < 21X1,

Lemma 2.13. Let (X;);cr be a (set indezxed) collection of sets. If k is an infinite
cardinal such that |I| < k and | X;| < k for all i € I, then

U

< K.
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Now, let us prove some results about the cardinalities of additive and subobject
completions of C*-categories.

Lemma 2.14. Let A be a C*-category with infinite cardinality, then
A% = | A].

Proof. Given objects A = (A;)j_; and B = (B;){2,, we can identify A®(A, B) with
m X n matrices (fi;;) where each f;; is a morphism in A from A; to B;. Let us
denote the set of m x n matrices with entries in mor(.A) by Mat,,«x,(A). Then we
can identify mor(A®) with a subset of

S= || Matyn(A).

(m,n)eNxN

Since |Mat,,xn(A)| = |A|™*™ = |A| for all (m,n) € N x N, we have |S| = |A| and
hence |A®| = |A|. O

Lemma 2.15. Let A be a C*-category with infinite cardinality, then
Split(A)] = AL
Proof. There is an injection
¢ : mor(Split(A)) — mor(.A)* = mor(A) x mor(A) x mor(.A)

given by mapping a morphism f : (4, p) — (B, q) in Split(A) to (p, f, ¢) in mor(A)3.
Since |mor(A)3| = |A]* = |A] we have |Split(A)| = |A]. O

Now we have all that we need to complete the cardinality section of the proof of
Theorem 2.9.

Lemma 2.16. The bicolimit £ = Split((t)®) in Theorem 2.9 has cardinality less
than k.

Proof. Since L := Split((t)®), where (t) is defined as in Theorem 2.9, by Lemmas
2.14 and 2.15 it suffices to show that |(t)| < k.

We recall that the objects of (t) are the objects in C (as defined in Theorem 2.9)
of the form ¢;(X) for some I € [ and X € D(I). The morphism space (t)(C, D) is
the closed linear span of the set of morphisms in V of the form f; o--- o f,, where
dom(f,) = C, cod(f1) = D and each fj is one of the following:
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1. t;(f) for some I € Z and morphism f € D(I),
2. (tq)x for some morphism a : I — J in Z and object X € D(I),

3. an adjoint of one of the above types of morphism.

We also recall that a = |Z|,

and k is a strong limit cardinal greater than « - # and ¢, the cardinality of the
continuum. For the sake of simplicity, we shall just consider the case - § > ¢ (this
is the situation in all nontrivial cases, i.e. when Z is nonempty and at least one
D(I) contains a nonzero object). Nothing essentially changes in the case o+ < ¢
except that the results we are using only apply to infinite cardinals so one has to
make minor modifications to several of the statements when finite cardinals are
involved. Alternatively, one can argue that since we make the assumption that x > ¢
regardless of the value of « - 3, showing that |£| < k when « - = ¢ also covers
the case a - < ¢ since taking a smaller ‘generating set’ for the category (t) cannot
increase its cardinality.

Now, let S be the set of morphisms in C of the form 1, 2 or 3 listed above. The
cardinality of the set of morphisms of the form ¢;(f) for some I € Z and morphism
f € D(I) is less than or equal to « -  because they can be identified with a subset
of

T = mor(Z) x (H mor(D([))>

by identifying ¢;(f) with (1;, f). Similarly, we can identify morphisms of the form
(ta)x for some morphism a : [ — J in Z and object X € D(I) with a subset of 7" by
identifying (¢,)x with (a, 1x) so the cardinality of the set of morphisms of this form
is also less than or equal to « - 3. Therefore, |S| < 4da-f =« - .

Next, the set of finite strings of elements of S can be identified with

U=]]s"

Now, |S™| =|S|" = |S| = a- § and hence |U| = « - 5. In general, not every element
of U will correspond to a string of composable morphisms in C but this does not
matter since we just want to compute an upper bound on the cardinality of (t).
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Given C, D € C, let U, p denote the subset of U corresponding to morphisms in
C(C, D) (that is the elements in U corresponding to composable strings of morphisms,
the composite of which has domain C' and codomain D). The linear span of Uc p
injects (noncanonically) into the set Vi p of formal linear combinations

n

Zcifi

i=1

where n € N, ¢; € C and f; € Ug p. We can identify Vi p with the set

[T xvep)

neN

and since |C X Upp| < [Cx U] =c¢-a-f = a-f we have |V p| < a- . Now,
(t)(C, D) is the closed linear span of Usp in C(C, D) which is first countable and
hence if f € (t)(C, D), there is a sequence in Ug p which converges to f. It follows
that [(¢)(C, D))] is less than or equal to the cardinality of the set of sequences in
Uc,p which is equal to |(Uc,p)N| < 2%7.

Now,

mor((t)) = [ (C.D).

(C,D)€eob((t))xob((t))

Since |ob({t))| < a8 and hence |ob((t)) x ob({(t))| < (a-B)? = a3 < 2*F it follows
that [{t)| < 2% < k. O

The final issue we need to resolve in the proof of Theorem 2.9 is the naturality
of the maps 7, defined in the fullness section of the proof.

Lemma 2.17. Given a modification T' : A(F) oo — A(G) oo as in Theorem 2.9,
the collection of maps n,,(x) = (I'r)x define a natural transformation n: F — G.

Proof. As noted in the proof of Theorem 2.9, each 7, (x) is well-defined because o is
cofibrant. So far we have defined the components of ) at the objects of (t) (as defined
in Theorem 2.9). If we can show naturality with respect to morphisms between such
objects then we can extend this definition to more general objects in £ = Split((t)¥)
to obtain the required natural transformation n : F© — G. Therefore, we need to
show that given a morphism ¢ : 0;(X) — o0,(Y) in £ that the following diagram
commutes:
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Flo1(X)) —2— F(0,(X))

Mo (X) Mo 7(Y)

Glor(Y)) —2 s G(oy (V)

The modification axiom for I' says that given a morphism a : I — J in Z, the
following diagram commutes:

IF*O'a

Fooy FoojoD(a)

'y 1—‘J

Gooy — 7% GooyoD(a)
If I = Jand g = o;(h) for some h : X — Y in D(I) then since I'; is a natural
transformation we have a commutative diagram

FOO’I(h)

— Flg)
Foo(X) 7, Foo(Y)

Tr)x Ty

= No;(X) =Nor(Y)

Goor(h)

= G(g)
Goor(X) 7, Goor(Y)

Now, we note that g* = (o;7(h))* = o7(h*) and so the same argument shows that we
have naturality with respect to adjionts of maps of this form.

Next, suppose that ¢ = (04)x : 07/(X) — o0;(D(a)(X)) for some morphism
a:1 — Jin Z and object X € D(I). Then by the modification axiom we have a
commutative diagram
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(1p*0a)x
= F((oa)x)
=F(g)

Fooy(X) —— Fooy0D(a)(X)

(Tr)x (Ty)
) (gwou)x (p@eo
=TNop(X) = G((0a)x) =MNo 7(D(a)(X))
= G(g)

Gooy(X) ——— GooyoD(a)(X)

Therefore, we have naturality with respect to maps of the form g = (o,)x. Since
0, is a unitary natural transformation we have g* = (0,)% = (04)x and hence it
follows from the commutativity of the above diagram that

Nor(x) © F1(9%) = G(9%) © Mo (D(a)(x))

and so we have naturality with respect to adjoints of maps of this form.

Next, naturality with respect to composites of maps of the form o;(h), (0,)x and
their adjoints follows from naturality with respect to each of the factors. Naturality
with respect to maps in the linear span of these composites follows from the linearity
of Fand G. Then, naturality with respect to morphisms in the closure of these linear
spans follows from the continuity of composition of morphisms and the continuity of
F and GG on morphism spaces.

Lastly, we need to extend our definition of 7 to all of £ = Split((t)®). Given
an object X = (o, (X)), € (t)¥ we define nx as the diagonal matrix with the
Moy, (Xz) O the diagonal. Naturality of these maps follows from the naturality of the
Ny, (Xz)'S- Then, given (X,p) € L where X € (t)® and p: X — X is a projection we
define 7x ) as the composite

F(X,p) 75 F(X,1x) 5 G(X, 1x) <2 G(X,p).
The naturality of these maps follows from the naturality of the nx’s for X € ()%
and the definition of morphisms in the subobject completion. O

This completes the proof of Theorem 2.9. As an example, we can explicitly
describe bicoproducts in C*-Add.

Definition 2.18. Let (A;)icr be a collection of additive, subobject complete C*-
categories. Their direct sum, denoted @,.; A; is the full subcategory of [[,c; Ai
whose objects are collections (A;)ie; with each A; € A; and all but finitely many of
the A; are zero objects.
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There are inclusion *-functors ¢; : A; — €,.; A; for all j € I defined in the natu-
ral way (one has to make a choice of zero object in A, for each i # j). Given A, € A;,
as a slight abuse of notation we shall sometimes write the object ¢;(A4;) € @,.; Ai
simply as A; when no confusion can occur.

Lemma 2.19. For each C € C*-Add, postcomposition by the inclusion *-functors
vj+ Aj = @, Ai induces an equivalence of C*-categories

¢ C*-Add (@ AZ-,C> =[] C-Add(A;,0).

i€l iel
These equivalences are 2-natural in C.

Proof. We define ¢ on *-functors by ¢(F') := (F o 1;);e; and on natural transforma-
tions by o(n) := (7 1,, )ier-

In order to show that ¢ is essentially surjective, let (F; : A; — C)ier be a
collection of *-functors. We define a *-functor F' : ,.; A; — C on objects by
F((Ai)ier) = B,c; F(A;) and similarly on morphisms. Then Fo; = F; for alli € [
and hence ¢ is essentially surjective.

To show that ¢ is faithful, let n : ' — G : @,.; A; — C be a natural transfor-
mation such that ¢(n) = 0. Then 7,4,) = 0 for all ¢ € I and A; € A;. It follows
from the fact that any (A4;)cr € @, Ai is a direct sum of the nonzero ¢;(A;)’s and
Lemma (1.24) that n = 0 and hence ¢ is faithful.

Next, to show that ¢ is full, let F,G : @,.,; Ai — C be xfunctors and let
(n; : F ot — Got)ier be a uniformly bounded collection of natural transforma-
tions. Because I and G are x-functors and each (4;)ier € P,¢; Ai is a direct sum
of the nonzero ¢;(A;)’s, F((A;)ier) and G((A;)ier) are direct sums of the nonzero
F(1;(A;))’s and G(¢;(A;))’s respectively. Therefore, we can define a natural transfor-
mation 7 : F' — G by defining 74,),., as the diagonal matrix with the appropriate
7M.,(4;)’s on the diagonal. Naturality of n follows from the naturality of the 7;’s and
by construction we have i x 1,, = n; for all « € I. Therefore, ¢ is full.

Finally, 2-naturality in C is immediate from the definitions. ]

Corollary 2.20. Let (A;)ier be a collection of additive, subobject complete C*-
categories. Then @, ; A; is the bicoproduct of the A;’s.

Proof. Viewing I as a discrete category (i.e. with the i € I as objects and only
the identity morphisms) then there is an I-diagram D : I — C*-Add defined by

D(i) := A;. Then, for each C € C*-Add there is an isomorphism of C*-categories
[[ C*-Add(A;,C) = Tran(D, A(C)).

el
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(This is immediate from the definition of a transformation.) The inclusion *-functors
i+ Aj = @,c; Ai define a transformation ¢ : D — A(€,.; A;) and by Lemma 2.19
there are equivalences

— o1 : C*-Add (@ Ai,C> = Tran(D, A(C))

el

which are 2-natural in C. Therefore, @ie 1 A; is the bicoproduct of the A;’s. O

2.2 Module categories and balanced tensor products

Module categories are the categorical analogue of modules. As with most categorical
analogues of algebraic situations, different variations are possible. In general one
has a categorical analogue of rings/algebras, in our case C*-tensor categories and
then one defines actions of these ‘categorified rings’ on categories. As with modules,
given such a categorified ring A, a right A-module category M and a left A-module
category N, one can ask whether a balanced tensor product M ® 4 N exists which
has properties mirroring that of the balanced tensor product modules over a ring.
Variations on this theme have been considered by several authors, for example [12],
[11] and [9] discuss some situations in which balanced tensor products exist. As
an application of the existence of bicolimits in C*-Add, we shall consider another
variation on this theme.

Before we discuss module categories, let us first recall how the balanced tensor
product of two modules can be constructed as a colimit. If A is a ring, M is a right
A-module with action map p: M x A — M and N is a left A-module with action
map A : A x N — N then the action maps correspond to group homomorphisms
7:M®A— Mand A : A® N — N where ® denotes the tensor product of
abelian groups. The balanced tensor product M ®4 N can then be constructed as
the equalizer of the action maps, in other words, as the colimit of the diagram

M®A@N —= M®N
A

in the category of abelian groups.

Our categorical replacements for rings, modules and the tensor product of abelian
groups will be C*-tensor categories, module categories and the maximal tensor prod-
uct of C*-categories respectively. The balanced tensor product of module categories
can then be constructed as a suitable bicolimit in C*-Add. First, let us review the
maximal tensor product of C*-categories and its relevant properties.
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Definition 2.21. Let A, B and C be x-categories. A bilinear *-functor from Ax B
to C is a functor F : A x B — C such that

F(f7) = (F()
for all morphisms f in A X B and the maps
F:AAA)xB(B,B") = C(F(A,B),F(A',B"))
are all bilinear.

If A, B and C are all C*-categories then we impose the usual requirement that
natural transformations o : FF — G : A x B — C between bilinear x-functors be
uniformly bounded. In this situation, similarly to the case of *-functors between
C*-categories, there is a natural C*-category structure on the category of blinear
x-functors from A x B to C and their natural transformations.

Definition 2.22. Let A, B,C be C*-categories. We denote the C*-category of bilinear
x-functors F' : A x B — C and their natural transformations by C*-Bilin(A, B;C).

Similarly to the case of C*-algebras, the maximal tensor product of C*-categories
is defined as a completion of an algebraic tensor product.

Definition 2.23. Let A, B be x-categories. Their algebraic tensor product AR B
is the x-category defined as follows: The objects are pairs (A, B) with A € A and
B € B, we shall denote objects by A ® B rather than (A, B). The morphism spaces
are defined by

AR B(A® B), (A ®B')):=A(A,A)® B(B,B)

where on the right hand side, the tensor product is the vector space tensor product.
Composition of morphisms is defined by

(feglo(ff@g)=(fof)®(90d)
and the involution is defined by
With these definitions, we have an obvious bilinear *-functor

R:AXxB— AR B.
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Definition 2.24. Let A, B be C*-categories. Their maximal tensor product
AR ax B is the C*-category whose objects are the same as AQB and whose morphism
spaces are the completions of the morphism spaces in A® B with respect to the norm

fl] = sup [[F(f)]]-
F: AB—Hilb

Here the supremum is taken over all x-functors F : A® B — Hilb.

Similarly to the case of C*-algebras, there is also a ‘minimal tensor product’; also
called the ‘spatial tensor product’ of C*-categories. We shall not use this construction
but the details can be found in [25] or [10].

One can also define n-fold tensor products in a completely analogous way. As
with the algebraic tensor product, there is a bilinear *-functor

Omax : A X B = A Qmax B.

The category of small C*-categories becomes a closed symmetric monoidal category
when equipped with the maximal tensor product [10]. We won’t need all of this
structure but we will need the maximal tensor product of x-functors. Given C*-

categories A, A', B, B’ and *-functors F': A — B, ' : A’ — B, the x-functor
F @max F' : A Quax A" —= B @max B’
is defined on objects by
(F @max F)(A® A") := F(A) @ F'(A).
Given a morphism of the form f® f/: AQ A’ - B® B’ in A Quax A’, we define
(F @max F)(f @ ) := F(f) @ F'(f").

We can then extend this definition to the whole of the maximal tensor product, first
to the algebraic tensor products of the morphism spaces by linearity and then these
maps have unique continuous extensions to the morphism spaces in the maximal
tensor product. This follows from the fact that the maps on the morphism spaces
in the algebraic tensor product are bounded with respect to the norms used to
define the maximal tensor product. This is because if p : B ®uax B/ — Hilb is an
embedding, then po (F Quax F') : A® A" — Hilb is a x-functor and given a morphism
g: AR A —- B® B in A® A" we have

lall = swp IGI 2 110 (F S FYOI = [F S FYGI

G:ARA'—Hi

We shall also need the following universal property of the maximal tensor product.
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Lemma 2.25. Let A, B and C be C*-categories. The bilinear -functor
Omax : AX B — A Qpmax B
induces an isomorphism of C*-categories
— 0 @max : C*-Cat(A @pay B,C) = C*-Bilin(A, B; C) ()
which is 2-natural in C.

Proof. To see that (x) is bijective on objects, let F': A x B — C be a bilinear -
functor. First we define a *functor F:A®B —C as follows: On objects we define
F(A® B) := F(A, B). For morphisms, we first define F' on the algebraic tensor
product of the morphism spaces using the universal property of the tensor product.
Explicitly, given a morphism of the form f ® g we define F(f ® g) := F(f,g) and
then we extend this to the algebraic tensor product by linearity.

To show that F' has a unique extension to the maximal tensor product, we need to
show that maps on morphism spaces are bounded with respect to the norm defining
the maximal tensor product. To that end, let p : C — Hilb be an embedding. Then
poF : A® B — Hilb is a *-functor and hence given a morphism f € A® B we have

1= sup %HGUNIEHpoﬁUNIZHfUNL

ARB—H

Therefore, F has a unique extension F : A ®@max B — C and by construction F is the
unique *functor such that F = F o ®pay. Therefore (x) is bijective on objects.

Now, given a natural transformation 7 : F o ®pax — G 0 Qpax, SiNCe @pax 1S
bijective on objects, we can define a natural transformation 7 : F' — G by

NA®B = 1)(A,B)-

To see that 7 is natural, let f: A® B — A’ ® B’ be a morphism in A Q. B. We
need to show that the following diagram commutes

F(A® B) — 2 F(A @ B

A®B TA/gB!

GA®B) — g ®B)
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If f is an elementary tensor in the algebraic tensor product this follows from nat-
urality of n. If f is a linear combination of elementary tensors this follows from
bilinearity of composition of morphisms and naturality with respect to elementary
tensors. Given a more general morphism f, there is a sequence of morphisms (f,,)nen
in the algebraic tensor product which converges to f. Then
s © Ff = asm o F(lm )
n—oo
= 77,4/@3/ O hIIl an
n—oo
= lim (nagp o Ffy)
n—oo

= nh_glo(an o 77A®B)

= (1im Gf) o naes

n—oo
= G(nh_{go fn) CNA®B
= G(f) O NA®B-

Here we have used the fact that composition of morphisms is continuous and F' and

G are continuous on morphism spaces. By construction, 7 : F — G is the unique

natural transformation such that 7 * 1o, = 1 and hence (%) is fully faithful.
Finally, 2-naturality means that for any *-functor F': C — D the diagram

C*-Cat(A ®pax B,C) —=— C*-Cat(A @max B, D)

—O0®max —O0Q®max

C*-Bilin(A, B;C) Fe-  y C*-Bilin(A, B; D)

commutes and for any natural transformation n : F — G : C — D and *-functor
H: A Quax B — C we have

(% 1) * Lo = 0% (LHomax)-

These equalities hold by associativity of composition of functors and horizontal com-
position of natural transformations. ]

If A, B € C*-Add, we can modify the definition of the maximal tensor product to
ensure we obtain a C*-category which is additive and subobject complete. It turns
out that it is sufficient to take the subobject completion of A ®,ax B.
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Definition 2.26. Let A, B € C*-Add. Their maximal tensor product denoted
A X, B is defined by

AR B = Split(A @ B).

We also modify the maximal tensor product of *-functors and natural transfor-
mations in this setting accordingly.

Definition 2.27. Let F : A — B and ' : A" — B’ be *-functors in C*-Add. We
define

F Ryax F' = Split(F @uax F') + ARpax A — B Ry B

Similarly, if « : F — G and o' : F' — G’ are natural transformations in C*-Add, we
define

a Ny @ = Split(@ Pmax @) 1 F Qmax F' — G Qmax G-
Lemma 2.28. Let A, B € C*-Add, then AX,., B € C*-Add.

Proof. Since A K., B is subobject complete by construction, we just need to show
that it has direct sums. Firstly, given (A, B), (4’, B') € A x B the direct sum

(AXB)® (AXB) @ (AXB)® (A KB

exists because M,y is bilinear and hence (A® A")X (B & B’) is a direct sum of these
factors. (The proof of this is the same as the proof of Lemma 1.21 which states that
s-functors preserve direct sums.)

Now, given (AX B, p), (A X B, p) € ARy B, we claim that
X:=(ARB)® (ARB)® (ARB)®(ARB),pe0p0a))

is a direct sum of these two objects. The inclusion are given in matrix form by

o O O

L(ARB,p) = and  vamp ) =

oo o3

~

!

and the projection maps by

Tamepy =@ 0 0 0) and tampyy=(0 0 0 p').
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Computing composites by matrix multiplication, one then finds that

T(ARB,p) © L(ARB,p) = P

= larBp)

T(ARBp) © WARB p) = P
1

= lawp p)
and
L(ARB.p) © T(ARB,p) + U(A'RB ) © T(amp p) =P B 0D 0E D
=1x.
Therefore, X is a direct sum of (AKX B,p) and (A’ X B’ p’) as required. ]

Given A, B € C*-Add, there is a bilinear *functor M.« : A X B — AX,.. B
defined as the composite

, Split (A @max B)
B ®max max B nA@l‘ﬂdXB
Ax B "5 AR T _ AR, B

where 74g,..5 15 the canonical inclusion x-functor. We then have the following
universal property of the maximal tensor product.

Lemma 2.29. Let A,B,C € C*-Add. The *-functor K. : A X B — A X.« B

induces an equivalence of C*-categories
— 0 Moy : C*-Add(A Ry B,C) = C*-Bilin(A, B;C)
which is pseudonatural in C.

Proof. This follows from Lemma 2.25 and Theorem 1.40 which states that Split is a
left biadjoint of the forgetful functor U : C*-Add — C*-Cat. [

Next, we shall recall the definitions of C*-tensor categories, module categories
and their morphisms. It is not necessary for the categories in these definitions to be
additive or subobject complete but we shall restrict our attention to such categories
when we come to prove the existence of balanced tensor products.
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Definition 2.30. A C*-tensor category consists of the following data:

e A C*-category A.

A bilinear x-functor

:Ax A=A
(A,B)— A® B

A designated object I € A called the tensor unait.

A unitary natural transformation o : ® o (R X 14) = ® o (14 X ®) called the
associator.

unitary natural transformations A : I @ — — 14 and p: — R I — 14 called the
left and right unitors respectively.

These data are subject to the following axioms:

o Forall A,B,C,D € A, the following diagram commutes

aa,B,c®lp

(A®BY®C)® D (A® (BRC)® D —2222 , A® (B®C)® D)

QA®B,C,D 1a®ag,c,p

(A® B)® (C® D) fAnoop » A® (B® (C® D))

e Forall A, B € A, the following diagram commutes

(A®I)® B faLn » A® (I ® B)

pA®lp 1a®AB
A®B

Both Hilb and hilb are C*-tensor categories with ® being given by the Hilbert
space tensor product and I = C (the components of the associator and unitors are
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the obvious maps). More on C*-tensor categories can be found in [20]. There, an
extra technical condition is placed on the tensor unit but this does not play a role in
what we shall do so we have omitted it from the definition.

We also have the following notions of morphisms for C*-tensor categories.

Definition 2.31. Let A and B be C*-tensor categories with tensor units I and J
respectively. A tensor functor F : A — B is a *-functor, together with a unitary
t:J — F(I), and a unitary natural transformation f : ® o (F x F) — F o ®.
These data satisfy the following azioms: For all A, B,C € A, the following diagram
commautes.

(F(A)® F(B)) ® F(C) 22229 pa @ By F(C) — 222, (A0 B)® C)

QF(A),F(B),F(C) F(aa,B,c)

1pa)®BB,c Ba,BoC
FA)@ (F(B)® F(C)) ————= F(A) @ F(B(C) ———— F(A® (B®())
For all A € A, the following diagrams commute.

JoFA) Y L p e FA) FA) e J —9% s pA) e F(I)
AF(A) Br,a PF(A) Ba,1
F(A) «— ) prg A FA) «— Y piag)

Definition 2.32. Let A, B be C*-tensor categories with tensor units I and J respec-
tively, and F,G : A — B tensor functors. A monoidal natural transformation
from F to G is a natural transformation n : F' — G such that the diagram

J
F(I) z » G(I)

commutes, and for all A, B € A, the following diagram commutes.
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F
Pas

F(A) ® F(B) F(A® B)
NA®NB NA®RB
G(A) ® G(B) — 22, G(Ae B)

Although not necessary for what follows, we remark that a C*-tensor category can
be viewed as a bicategory (i.e. a ‘weak 2-category’) with one object. In a similar way,
aring A (with a identity) can be viewed as an Ab-enriched category with one object
(where Ab is the category of abelian groups). Then a left A-module can be viewed as
an Ab-enriched functor from A to Ab and an A-module homomorphism can be viewed
as a natural transformation between such functors. The category of A-modules can
therefore be identified with the functor category [A, Ab]. The definitions of left A-
module category and their morphisms, called ‘module functors’, mirror this in that
a left A-module category can be viewed as a pseudofunctor from A to C*-Cat and a
module functor between two A-module categories can be viewed as a pseudonatural
transformation between such pseudofunctors. In the categorical setting, we also have
module transformations between module functors which correspond to modifications.
We shall just present the definitions that we need but more on module categories in
the algebraic (as opposed to C*) setting can be found in [13].

Definition 2.33. Let A be a C*-tensor category. A left A-module category
consists of the following data:

o A C*-category M.
o A bilinear x-functor

R :AXM—=> M
(A, M) — A M

o A unitary natural transformation o : ® o (@ X 1pg) = @0 (14 x ®) called the
assoctator.
o A unitary natural transformation A : I @ — — 1 called the unitor.

These data are subject to the following axioms:

e Forall A,B,C € A and M € M, the following diagram commutes
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@A B,c®lpm

(A®B)®C)® M (A® (BRC) oM —2299", Ag (B C)® M)

QAQB,C,M la®ap,c,m

QA B,CRM

(A® B)® (C ® M) y A® (B® (C ® M))

e Forall Ae A and M € M, the following diagrams commute

QA T, M

Ao oM © (I M)
(I®A ar AM A@M)

m)%

Right A-module categories are defined in a similar way.

Definition 2.34. Let M and N be A-module categories. An A-module functor
is a x-functor F : M — N along with a unitary natural transformation

f:Fo®—®o(lyxF)
such that for all A, B € A and M € M, the following diagrams commute

F((A® B)® M) 242 pA g (B o M) 2222, Ag F(B® M)

BAagB,M 14®B8,m

QXA B, F(M)

(A® B)® F(M) » AR (B® F(M))
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Br,m

F(I® M) > @ F(M)
F(Aw) AR()
(M)
If there are multiple module functors F, G, H, ... under consideration, we will
denote their coherence transformations by g%, 3%, %, ... respectively.

Definition 2.35. Let M, N be A-module categories and F,G : M — N A-module

functors. An A-module transformation is a natural transformation n : F — G
such that for all A € A and M € M, the following diagram commutes

IBF
F(Ao M) —"+ A® F(M)

NAQM 1a®@nnm

G

B ar
GA® M) — 5 A® G(M)

The A-module categories, A-module functors and A-module transformations
comprise a 2-category Mod 4 which is essentially Psd|.A, C*-Cat]. (In general, if B
and C are bicategories then Psd[B,C] is just a bicategory but if C is a 2-category,
then so is Psd[B,C].)

Given a ring A, a right A-module M and a left A-module N, the universal
property of M ®4 N is related to A-balanced maps. To define the balanced tensor
product of module categories, we need their categorical analogue. We first recall that
if G is an abelian group, then a function ¢ : M ® 4 N — G is A-balanced if

gp(m " a, n) = <p(m, a- n),
p(m+m’,n) = p(m,n) +p(m',n),
<)0(7n7 n+ n/) = <)0(7n7 n) + @(m’ n,)

for all m,m’ € M, a € A and n,n’ € N. The universal property of M ®4 N is that
for any abelian group G, there is a bijective correspondence between the set of group
homomorphisms from M ®4 N to G and the set of A-balanced maps from M x N
to G. A group homomorphism ¢ : M ®4 N — G corresponds to the A-balanced
map Y o®,: M X N — G where ®4: M x N - M ®4 N is the (A-balanced) map
(M,N)+— M ® N.

The categorical analogue is defined as follows:
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Definition 2.36. Let A be a C*-tensor category, M a right A-module category,
N a left A-module category and C a C*-category. Then an A-balanced functor
F : MxN — C is a bilinear *-functor together with a unitary natural transformation
B:Fo(®x1y)— Fo(ly x®) such that for al M € M, A,Be€ A and N € N
the following diagram commutes

) F(an,a,BX1N) BM, A9 B,N
K

F((M®A)® B, N F(M ® (A® B),N) F(M,(A® B)® N)

BM®A,B,N F(lpmXxaa,B,N)

BM,A,BON

F(M® A, B® N) >» F(M,A® (B® N))
When there are several A-balanced functors F, G, H, ... under consideration, we
shall denote their balancing transformations by B, 3%, B¥, ... respectively.

Definition 2.37. Let F,G : M x N — C be A-balanced functors. A natural trans-
formation n : F' — G is called A-balanced if the following diagram commutes for
alMeM,Ac Aand N e N

F
/BIM,A,N

F(M®A,N) F(M,A® N)

NTM®A,N MM, AQN

G

ﬂjthN
GIM® A N) ———— G(M,A® N)

We shall denote the C*-category of A-balanced functors from M x N to C and
the A-balanced transformations between them by Bal 4(M, N;C).

2.3 Balanced tensor products

We now have all the definitions in place to show the existence of balanced tensor
products in C*-Add. As mentioned earlier, in the following theorem we shall as-
sume that the C*-tensor category and module categories are additive and subobject
complete.

To motivate the proof, we recall a construction from homological algebra (see
[27] for example). Let A be a ring, M a right A-module and N a left A-module. If
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® denotes the tensor product of abelian groups and we abbreviate the p-fold tensor
product A® A® ---® A to A® we have an abelian group G, := M ® A% ® N for
all p € N (the interpretation in the case p = 0 is that Go = M ® N). Then for each
p>1andi=0,...,n we have ‘degeneracy maps’ 0; : G, = G,_1 defined by

m-a Q@ay @+ Qa,dn if i =0,
O(MPa1®---®a,®n) ' =(m--Qa; a1 Q- @n f0<i<p,
ma Q- Qap_1 @a,-n ifi=p.

Combining these maps we have a diagram

Ao 0o 1o)
é’ MOA®ASN —3 M®A®N —3 M®N
s 02 n

in the category of abelian groups which corresponds to the so called ‘bar complex’.
(The bar complex itself has the same objects but has a single arrow from G, to
Gp_1 for each p > 1 which is the alternating sum of the 9;’s.) We can truncate this
diagram, leaving just the last two terms

0
M®A®N?O§ M®N
1

and the coequaliser of this truncated diagram is the balanced tensor product M ® 4 N.
The idea in the categorical case is to do something similar but truncating to leave the
last three terms. Then, the bicolimit of the truncated diagram will be the balanced
tensor product of the module categories.

As a matter of notational convenience, in the proof we shall abbreviate X, to
X. We shall also identify multilinear *-functors with linear *-functors out of the
maximal tensor product as in Lemma 2.29. We should be a little careful since we
only have an equivalence of functor categories rather than an isomorphism but no
harm will come of such identifications here.

Theorem 2.38. Let A be a C*-tensor category, M a right A-module category with
action map p : M x A — M and N a left A-module category with action map
A Ax N — N. Then there exists an additive, subobject complete C*-category
MRy N and an A-balanced functor Xy : M x N — M X4 N that induces equiva-
lences of C*-categories

— oy : C*-Add(M K4 N, C) = Baly (M, N;C)

for all C € C*-Add. These equivalences are pseudonatural in C.
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Proof. Let Z be the opposite of the 2-truncated presimplicial category. That is, Z is
the category with three objects 2,1 and 0 and the morphism sets are generated by
morphisms 0; : n = n — 1 for 0 < ¢ < n subject to the relations 0; 0 9; = 0;_1 0 0;
for i < j.

Then we have an Z-diagram D : 7 — C*-Add corresponding to the truncated bar
complex

MRARARN —f MEARN — MRN
for M and N. That is, we define
D(0) .= MXWN,
D) =MXAXN,
D2) =MXAKAXN.
With regard to morphisms, we shall denote D(0;) by d;. In degree 1 we define

do = D(8y) := pRid,

and in degree 2 we define

dy = D(&) = id X @ Kid,

Finally, we define
D<az © aj) = D(aj_l o 31) = dz ¢} dj

if i < jand D(1,) = 1pg) for all n € 7.

In general, we don’t have D(0;_1) o D(0;) = D(0j-100;) for i < j. Therefore, we
also need some nontrivial coherence unitary natural transformations which we define
as follows:

Daoﬂo =alKid:dyody — dy Odl,
‘Dalﬁo =id : dl ] do — do @) dg,
Dahal =idXa: dl o dl — dl ¢} dz.
All the other coherence maps for D are identity maps. The only instances of the

pseudofunctor axioms are satisfied trivially (since the only 1-cells in Z are the iden-
tities) and so D is an Z-diagram.
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Now, by Theorem 2.9, the bicolimit of D exists and we shall denote it by MX 4N
We claim that M X 4N is the balanced tensor product of M and N. To show this,
we first need to equip M X4 N with an A-balanced functor

Xy M x N — M X4 N
(M,N)— MX4N
Part of the data of the bicolimit is a universal cocone o : D — A(M X4 N) and we

define X4 as the bilinear *-functor corresponding to oy. We also need to define a
balancing unitary natural transformation with components

Bruan: (M@A) Ky N —- MKy (A® N)
where M € M, A€ Aand N € N. We have unitaries
(@) oram o1 (M, A, N) = oo(M @ A, N)
and
(Ué’lg)(M,A,N) co (M, A,N) — og(M,A® N)
and so we define Sy a N 1= (Ué’lg)(M,A,N) o (Jég)g)(_]\szN). Let us show that these maps

satisfy the A-balanced functor axioms. To do this, we need to show that for all
Me M, A Be Aand N € N, the following diagram commutes

oo(onm, 4,8 X1N)

oo((M ® A)® B,N)

+ oy(M & (A® B), N)
BMeA,B,N
O'Q(M X A, B® N) Bm,A0B,N

Bz, A,BON

v ~

oo(M,A® (B® N)) « 242N 5 (M, (A® B)® N)
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This follows from the commutativity of the following diagram

oo(M ® A) ® B, N)

10
(05, )M, A,BeN

-

O'Q(M,A ®

oo(an,a,BX1N)

oo(lmXaa, B,N)

(B® N)) «

~

» 0o(M ® (A® B),N)

1,0y-1
(‘780 )M,A®B,N

® B, N)

10
(05, )m,40B,N

Each cell commutes by the pentagon axiom for pseudonatural transformations. There-

fore, X 4 is an A-balanced functor.

We want to show that for each C € C*-Add, we have equivalences of C*-categories

— oKy : C*-Add(M K4 N, C) = Baly(M,N;C)

which are pseudonatural in C. Since M X 4 N is the bicoimit of D, we have equiva-

lences
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which are pseudonatural in C. Therefore it is sufficient to construct equivalences
¢ : Tran(D, A(C)) = Balyg(M, N;C)

which are pseudonatural in C and such that —oX 4 = g o (—o0c). To that end, given
a transformation 7 : D — A(C) we define an A-balanced functor p(7) : M x N — C

as follows: The underlying functor is 7y and the balancing isomorphisms are given
by

Baran = (Ty0) (w,an) © <T§(;Q)(-A1“,N) 1o(M @ A, N) = 79(M, A® N).

By the same argument as for X 4, these maps satisfy the A-balanced functor axioms.

Next, given a modification I' : 7 — p we define p(I") := I'g. We want to show that
this is an 4-balanced transformation. Therefore we need to show that the following
diagram commutes:

BTQ
(M@ A N) —=22 o 7(M,A® N)

(To)mea,N (Co)m, AN

0]

o
po(M ® A, N) —=— 1o(M,A® N)

This follows from the commutativity of the following diagram which in turn
follows from the modification axiom.

1,0y—1

(30 (T3,

(M ® A, N) —2 AN, 0 (A, A, Ny — 20 (MA@ N)
(To)(mea, Ny (1) (ar,4,8) (To)(a, A0 N)
(Héf)&&LA,N) (u%’lg)(M,A,N)

MQ(M®A7N> ML(M7A7N) MQ<M7A®N)

Therefore, ¢ is well defined on morphisms. Functoriality is immediate from the
definition of composition of modifications.

To see that ¢ is essentially surjective, let F' : M x N' — C be an A-balanced
functor. We shall construct a transformation 7 : D — A(C) such that F' = (7). We
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define

TQC:F
TlZ:FOdO
TgiZFOdOOdo.

We then need to define coherence unitaries that satisfy the pseudonatural transfor-
mation axioms. Firstly, we define

10._ 9.
Tao .—ld.Tl—>7'QOd0,
1,0 . .
Tal .—ﬁ.Tl%TQOdl.

Here § is the balancing unitary for F.
We also define

mti=id: = Fodyody — Fodgody=r od,
Tt =l (@Rid) i 7y = Fodgody = Fodyodi =m ody,
75t o= B # Lygiamia i 2 = Fodgody — Fodyody =1 0ds.

Here « is the coherence unitary for the module category M.
Next, we define

20 _ .20 . (10 2,1
T80080 — Togoon "= (7_30 * 1d1) ©To
20 _ .20 . (10 2,1
T91090 — TOpody “— (Tao * 1g,) 0 Tay
20 20 . (10 2,1
7—81081 - 7—81082 T (7-81 * 1d2) © 7—32 :

Finally, we define 71" := 1., for each n € Z. To see that these maps satisfy the

pseudonatural transformation axioms, we first note that the unit axiom is satisfied

trivially because all the maps are identities.
The nontrivial cases of the composition axiom diagrams are of the form

Tg’; 7%;9
T, ——— 10 D(9;) ——— 1o D(9;) 0 D(0))
id D3,
Tz%;%a-
T2 ! > TQOD(&O@-)
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For i < j the commutativity is immediate from the definition of D(0; o 9;). For the
case (i,7) = (0,0) this follows from the commutativity of the following diagram.

T2

:TQOdOOdo

72

2,1

1,0
oo oy
=id TloD(ao) =id TQOD(ao)OD(ao)
% —_ v
:TQOdQOdO :TQOdOOdO
2,1,0
1350,80
= aid
2,0
Top0d0
= aid

To o} D(ao O 80)

:TQOdOOdO

In the case (i,7)
diagram

7

:TQOdOOdl

= (1,0) this follows from the commutativity of the following

1,0
TBO T51
T2 =id TloD(ao) B TOOD(al)OD(ao)
2 1 0
:TQOdOOdO :Tgodoodo :TQOdlodo
2,1,0
id D51,30
= id
2,0
To1 08¢
T2 =p TQOD(aloao)
= TQ (6] do (¢] do

Finally, in the case (i, )

following diagram

:Tgodlodo

= (1,1) this follows from the commutativity of the
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2,1

o o
Ty = alXid T1 © D(al) = To © D(@l) e} D(al)
2 1 0]
:TQOdQOdO :Tgodgodl :TQOdlodl
2,1,0
id D31,61
= idX«a
T2 B B 190 D(0) 0 0y)
——— > 1podyods >
:TQOdOOdO - :TQOdlodg

2,0
To1001

This diagram commutes because 7 is an .A-balanced functor and because Tgl’% 0, = Bof
by definition. It follows that 7 is a transformation and by construction ¢(7) = F,
therefore ¢ is essentially surjective.

To show that ¢ is faithful, suppose that 7, u : D — A(C) are transformations and
I': 7 — p a modification such that ¢(I') = Iy, = 0. By the modification axiom the
following diagram commutes

n,0

Ty ———— 10 D(f)

foralln € Z and f:n — 0. If I'y = 0 it follows from the fact that /L?’Q is a unitary
and hence invertible that I', = 0 for all n € Z and thus I' = 0.

To show that ¢ is full, let 7, pu : D — A(C) be transformations and n : (1) — ¢(u)
an A-balanced transformation. We shall construct a modification I' : 7 — p such
that (I') = I'g = n. Firstly, we define I'y := n. We define I'; as the composite

1,0 1,0y
o =)~ 1

71 —(;> TQOD(aO) s MQOD(80> E—

and we define I'y as the composite
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2,1
Tag

7y ()" ()
Ty — 110 D(0p) N 70 © D(0p) © D(0y) L> fo © D(0y) o D(0p) #80—> w10 D(0p) "o

To show that I' is a modification, we need to show that for all morphisms f:m —n
in Z the following diagram commutes

Fon
f

Ty ———— T 0 D(f)

T'm 'n

Mﬂvﬂ
Hm — fin © D(f)
We shall consider the nontrivial cases one by one. When (m,n) = (1,0) and
f = 0y this follows from the commutativity of the following diagram which is imme-

diate.
7‘5(’)*
T > To o D(80>
1,0
TBO
TQ @) D(ao)
U] 7
1o © D(0o)
()™t
HLQ ~
4 5
258 - > g © D(p)

When (m,n) = (1,0) and f = 0, this follows from the commutativity of the
following diagram
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1 > TQOD(al)

~

> 1o © D(91)

Here (I) and (III) commute by the definition of the balancing transformations for
(1) and ¢(u) and (II) commutes because 7 is an A-balanced transformation.

When (m,n) = (2,1) and f = 0, this follows from the commutativity of the
following diagram which is immediate

7



Ty ? 710 D(a())
2,1 1,0
Tao Too
TlOD(ao) TQOD(ao)OD(ao)
7479
6]

()~
H10 D@o) Ko © D(ao) © D(ao)
()" ()"
'szyl ~
~ B,
[ 0 e K10 D(a())

When (m,n) = (2,1) and f = 0, this follows from the commutativity of the
following diagram
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" (I11) "

H2

Here (III) commutes because by the naturality of  and the other cells commute by
the pseudonatural transformation composition axiom. Omitting the cells (I) and (V)
yields the diagram for the case (m,n) = (2,0) and f = Jy 0 0.

When (m,n) = (2,1) and f = 0y this follows from the commutativity of the
following diagram
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1,0
4 P To © D(ao) © D(82>
D o 0
710 (80) =TpO0 D((?l) o D(ao)
(111)
T57 IB
" (1V) !
B
(g™
(V) i
v s o © D() 0 D(0y)
o D(0, ’ B
p1.© D(0o) = pg 0 D(y) o D(d)
()~

» 11 0 D(02)

Here, (I), (II), (VI) and (VII) commute by the pseudonatural composition axiom,
(III) and (V) commute by the definition of the balancing transformations for ¢(7)
and ¢(p) and (IV) commutes because n is A-balanced. Omitting the cells (I) and
(VII) yields the diagram for the case (m,n) = (2,0) and f = 0y o Os.

Finally, the case (m,n) = (2,0) and f = 0y o 9, follows from the commutativity
of the following diagram
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Here (I) and (IV) commute by the pseudonatural transformation composition axiom
and the commutativity of (II) and (III) was shown above. We have shown that I" is
a modification and by construction we have ¢(I") = 7. Therefore ¢ is full.

With regard to pseudonaturality, given a x-functor F' : C — D, the commutativity
of the diagram

Tran(D, A(C)) S N Tran(D, A(D))

Bal4(M,N;C) S LN Bal4(M,N; D)

is immediate from the definitions. Similarly, if « : ¥ — G : C — D is a natural
transformation, the equality of the natural transformations

lyx(ax—):po(Fo—)—=¢o(Go—)
and
(a0 =)x1ly: (Fo—)op—=(Go—)op

is immediate from the definitions. Therefore the ¢’s are 2-natural in C. O
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The balanced tensor product M K4 A is unique up to equivalence. This can be
proved by considering its universal property, similarly to the case of bicolimits.
Similarly to the classical case, we have the following:

Lemma 2.39. Let M be a left A-module category. Then AKXy M ~ M.

Proof. Tt is sufficient to construct an A-balanced functor X4 : A x M — M that
induces equivalences of categories

— o4 : C*-Add(M,C) = Bal4(A, M;C)

for all C € C*-Add. To that end, we define X4 as ® : A x M — M, the module
action of A on M with balancing transformation «, the associator of ®. That X 4
is balanced follows from the module category axioms.

To show that we have an equivalence of categories

— oy : C*-Add(M,C) = Bal (A, M;C)

let F': Ax M — C be an A-balanced functor with balancing transformation 3. We
define a *-functor F' : M — C on objects by F(M) := F(I, M) and on morphisms

by F(f) == F(11, f).
Then, given (A, M) € A x M we have
Folu(A M) =F(I,A® M).

We have a natural isomorphism 7 : FoX, — F whose (A, M) component is

-1
51,A,M

F(I, A M) 22 p(1 e A, M) L0400,

F(A, M).

This is an A-balanced natural transformation because of the commutativity of
the following diagram.
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FoRu(A® B, M)

F(l7,04,B,0m)

=F(I,(A® B)® M)

-1
fBI,A@B,]M

()

FoRu(A B® M)
= F(I,A® (B® M))

-1
BI,A,B@M

~ Flasl <4
FI®(A® B), M) — 22 b1 @ Ay @ B, M) — 242" b1 A, B@ M)
(1I)
F(Aagn:1m) FOa®Lp.1ar) (III) F(Aa,lBgm)
F(A® B, M) O . F(A,B® M)

Here, (I) commutes because F' is A-balanced, (II) commutes by the tensor cate-
gory unit axioms and (IIT) commutes by the naturality of . Therefore, FoR,~F
and hence — o X 4 is essentially surjective.

Next, to show that — o X 4 is faithful, suppose that n : F — G : M — C is
a natural transformation such that n * 1g, = 0. Then gy = 0 for all A € A,
M € M. In particular, gy = 0 for all M € M. By naturality of n we have a
commutative diagram

F(An)

F(I ® M) F(M)
NneomMm M
G o M) —N s ao)

and since F'(Ayr) is invertible, it follows that 7y, = 0 and hence n = 0. Therefore,
— o X4 is faithful.

Finally, to show that — o X 4 is full, let n : FF o X4 — G o K4 be an A-balanced
natural transformation. We define a natural transformation 7 : ' — G by defining
Ny as the composite

FOH

F(M) F(I® M) ™% G e M) S22 G,

To show that (77 * 1g,)am = nanm we want to show that the following diagram
commutes
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FoRA(A, M)  Fogk, FoRuI,A® M)
_
— F(A® M) = FI®(A® M))

nA,M NIi,AM

GO&A(Aa M) G(A;X}@]\/I) Go g.A(IaA@)M)
— G(A® M) " G (A® M)

This follows from the commutativity of the following diagram.

F(A4ey)

()

FoR4(A\;'®1v)

FogA(A, V) :F()\Zl®1v) FO&A(I(@A, V) F(a) FogA([,AQ@V)
_ _

=F(A®V) =F((I®A)eV) =FI®A®V))

nAV (H) NIQA,V (IH) N1,AQV

GoRa(A\'®lv)

GoMA(A V) =a0y'ely) GoN(I®AYV) G(a) GoNA(I,ARV)
_— —_—

=GA®V) =G((I®A)eV) =GUI®A®V))

(IV)

G\ aby)

Here (I) and (IV) commute by the module category unit axioms, (II) commutes by
the naturality of n and (III) commutes because 7 is A-balanced. Therefore nxlx, =7
and hence — o X 4 is full. O

If (N)ier is a collection of left A-module categories then their direct sum €, ; N;
inherits a left A-module structure in a natural way. The balanced tensor product
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commutes with direct sums in the following sense.

Lemma 2.40. Let M be a right A-module category and (N;)icr a collection of left
A-module categories. Then M B4 (P, N;) = @,c; M RN

Proof. This follows from the fact that for all C € C*-Add, we have equivalences of
C*-categories

C*-Add <M X4 (@M) ,c) ~ Bal 4 (M,@M;c>
el el
~ [] Bala(M, N C)
i€l
~ [[ C*-Add(M R4 N;; C)

iel

~ C*-Add (@M xyw,c) .

icl

The equivalences

Bal 4 (M, @N};C) ~ H Bal (M, N;;C)

il i€l

are induced by the inclusion sfunctors ¢; : N; — @, N; with an A-balanced
functor F': M x @,.; N; — C being mapped to I o (15 x ¢;). The proof that this
is an equivalence is similar to that of Lemma 2.19. O

3 Categorical representation theory

In this section, we shall given the definitions we need from categorical representation
theory, an introduction to which can be found in [3]. In particular, we are interested
in groups acting on C*-categories. Due to the similarity between modules over a
ring and representations of a group, the definitions are similar to those of module
categories and their morphisms. In the classical case, one can always restrict the
action of a group G to a subgroup H and this process has a left adjoint whereby
one constructs a representation of GG from a representation of H. We shall discuss
the categorical analogues of these processes and show that they are biadjoint to one
another. Before we begin, let us first fix some notational conventions. Throughout,

85



G will always denote a discrete group, H a subgroup of G and we shall denote the
identity element of G' by e. We shall use the same notation for a representation and
its underlying vector space so we shall simply refer to a representation V' of G where
V is a complex vector space and we shall denote the action of ¢ € G on v € V by

g-v.

3.1 (G-categories

To motivate the categorical definitions, we shall remark on a categorical way of fram-
ing representations of a group. A group G can be considered as a category with one
object, the morphisms of which correspond to the elements of G and the composi-
tion rule given by the multiplication in the group. Then a complex representation
of G can be viewed as as a functor from G to the category Vect of complex vector
spaces. Natural transformations between such functors correspond to intertwining
operators, that is linear maps between the underlying complex vector spaces that
commute with the actions of G. Therefore, one can identify the category Rep(G)
of complex representations of G with the functor category [G, Vect]. As a matter of
notation, given V, W € Rep(G), we shall denote the space of G-intertwiners from V'
to W by Homg (V, W).

In a similar way, one can consider a group as a 2-category with one object, the 1-
cells of which correspond to the elements of G and the only 2-cells are the identities.
One can then define the action of G on a C*-category as a pseudofunctor from G
to C*-Cat, although ultimately we shall restrict our attention to additive, subobject
complete C*-categories. As usual, since we are in the C*-setting, we shall require
that the coherence maps be unitaries.

Definition 3.1. Let G be a group and V a C*-category. An action of G on V
consists of the following:

1. *-functors my : YV — V), for allt € G.
2. Unitary natural transformations s, @ ms 0 mp — Ty, for all s,t € G.
3. A unitary natural transformation € : 1y, — me.

These data are subject to the following axioms: For all r,s,t € G, the following
diagram commutes
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:U’r,s*lﬂ't
TMp OMg Oy ———— Typg O Ty

17rr *s,t Hrs,t

Hr, st R
Tp O Tt > Trst

For allr € G, the following diagrams commute

1y, %€ exlr,
Ty _— Ty O Te Ty _— Te O Ty
Mr,e Me,r
1n, Lr,
Ty T

We call such a category V with an action of G a G-category.

If there are different categories V and W being acted upon by G, we will often de-
note the corresponding *-functors and unitary natural transformations by 7}, uzt, g¥
and m)¥, pufy, € respectively. Given two G-categories V and W, our analogue of an
intertwining operator between representations is a pseudonatural transformation be-
tween the corresponding pseudofunctors, rephrased as follows.

Definition 3.2. Let V and W be G-categories. A G-intertwiner from V to W
consists of a x-functor

0:V->W
together with unitary natural transformations
0;:m 00 = 0om)

for all t € G such that for all s,t € G, the following diagrams commute

(©s),v
a¥or)V o@—>7r oQorm)/ —>@o7r om)

ke onY,

est

7 o® » o)
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Oe
™oO »y Oom)

We shall also refer to the G-intertwiner itself as ©, hopefully it should be clear
form the context whether the G-intertwiner or its underlying x-functor is being re-
ferred to.

Finally, rephrasing the definition of a modification, we have the following:

Definition 3.3. Let ©,® : V — W be G-intertwiners. A G-natural transforma-
tion

kK:© = o

s a natural transformation such that for all t € G, the following diagram commutes
’ﬂ'WKZ
o ——— aVod

[SH Dy

K’ﬂ.V
Oon) ———— don)

As in the case of module categories, there is a 2-category of G-categories, G-
intertwiners and G-natural transformations which is essentially the pseudofunctor 2-
category Psd[G, C*-Cat]. Ultimately, we shall be restricting our attention to additive,
subobject complete G-categories. We shall denote the 2-category of such categorical
representations of G by REP(G) and given V, W € REP(G) we shall denote the
C*-category of G-intertwiners from V to W and G-natural transformations between
them by Homg(V, W).

3.2 Induction and restriction
3.2.1 Classical theory

Before describing categorical induced and restricted representations, let us recap
some of the classical theory.
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If G is a group and H a subgroup of GG then any representation V' of G restricts to
a representation of H which we denote by Res% (V). Furthermore, any intertwining
operator ¢ : V. — W in Rep(G) yields an intertwining operator

Res% () : Res% (V) — Res%(W).
Together with the restricted representations, this defines a functor
Res%, : Rep(G) — Rep(H).

This functor has a left adjoint which maps a representation V' of H to the induced
representation Ind% (V) of G. The induced representation can be constructed in
various different yet equivalent ways, three of which we shall now describe. We shall
base our main categorical approach on the first, function based approach since this
is the approach we shall use to construct categorical Hecke algebras but we shall also
compare with categorical versions of the other constructions. Our first construction
of the induced representation is the following:

Definition 3.4. For V € Rep(H), we define the induced representation Ind% (V)
of G as follows: The underlying vector space is the space of functions

{f:G =V |f has finite support mod H, h - f(gh) = f(g) Vg € G,h € H}.

To say that f has finite support mod H means that f(g) = 0 for all g outside a finite
set of left cosets of H in G. The action of G on Indg(V) s given by

(t-f)lg)=f(t""g), tgeq.

This construction can be viewed as the space of fixed points in a representation
of H. Specifically, if we denote the subspace of the space of functions f : G — V
with finite support mod H by Cy (G, V), then there is an action of H on this space
defined by

(h-f)(g):==h-f(gh), [feCu(G)V), geG, heH.

The induced representation can then be described as the space Cy (G, V) of fixed
points of this action, along with the action of GG described above.

Definition 3.5. Given an intertwiner ¢ : V- — W in Rep(H), we define the induced
intertwiner Ind% (o) : Ind5 (V) — IndS (W) by

Ind7 () (f)(t) = o(f(1)), fe€ndj(V) teq.
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Therefore we have a functor
Ind% : Rep(H) — Rep(G)

and it is well known that this functor is a left adjoint to the restriction functor.
Another approach is to construct Indg(V) as a direct sum of isomorphic copies
of the underlying vector space.

Definition 3.6. For V € Rep(H), we define the induced representation Ind% (V)
of G as follows: We fix a set T' of coset representatives for G/H and define the
underlying vector space as

D

vyel

where each YV is an isomorphic copy of (the vector space) V.. We write the elements
of YV as yv where v € V. The action of G on Ind$§(V) is given by

t-yv:=+'(h-v), ted
where h € H and ~' € T' are determined by ty = +'h.

One thinks of the summand vV as a space of formal translates of elements of V'
by the element v € I'. One can define a G-intertwiner

o P = CulGv)?

vyel

h='-v if g=~h € yH,
p()(9) = {

0 otherwise.

Our final approach to induced representations uses the fact that we can identify
representations of H with (left) modules over the complex group ring C[H]. We can
also view C[G] as a right C[H]-module with the action given by multiplication in the
group ring and under these identifications we have the following characterisation of
the induced representation.

Definition 3.7. Let V' be a left C[H]-module. The induced C[G]-module is con-
structed as follows: The underlying vector space is C[G|@cim V' and the C[G]-module
structure is induced by left multiplication on the left tensor factor.
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Let us denote the element in C[G] corresponding to g € G by [g]. One can define
an isomorphism of C[G]-modules/representations of G

V:ClGloV = Cy(G, V)

h=t-v ifx=gh¢c gH,

0 otherwise.

(gl @ v)(2) = {

Let us briefly check that this is well defined. Given k € H, [gk] @ k™! -v = [g] ® v in
C[G] so we should have ¥([gk] ® k™' - v) = ¢([g] ® v). This is the case because,

(k7 ew) it e =gkt € gkH = gH,

0 otherwise

V((ghl @ k™" v)(z) = {

kO v if =gkl € gH,
0 otherwise

B h=t-v ifx=ghecgH,
o otherwise

= ¥(lg] @ v)(2).

Therefore, 9 is well-defined. Let us also check that ¢ is a G-intertwiner. Givent € G
we have

h=t-v ifr =tgh € tgH,

(0

{0 otherwise
{hl cv  ift7le = gh € gH,
(0

0 otherwise

Therefore ¥ (t - ([g) @ v)) =t - ¥ ([g] ® v) and hence 1) is a G-intertwiner.
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3.2.2 Restricted and induced G-categories

In this section we shall construct the induced G-category of an H-category V as a
category of functions analogous to Cx (G, V) and see how this can be viewed as a
direct sum and balanced tensor product similarly to the classical case. Before we do,
let us briefly define and fix notation for the restricted H-category of a G-category.

Definition 3.8. Let V be a G-category. We define the restricted H -category
Res% (V) as follows: The underlying C*-category is V. The action of H is given

by

for each k € H. The coherence unitary natural transformations are defined by

Res(V
Mk,e( )= H}:,z
for all k,¢ € H and
gRes(V) — EV.

Often we shall simply denote Res (V) by V when no confusion should occur.

Now, given an H-category V), to construct the induced G-category, we first need
to define a categorical version of the vector space Cy (G, V). We shall need our cate-
gories to have zero objects for this and although not strictly necessary for everything
that follows, from this point onwards we shall assume that all our G and H-categories
are additive and subobject complete.

Definition 3.9. Let V be an H-category. We define Cy(G,V) to be the category
whose objects are functions

X:G —=obV

of finite support mod H, meaning that X(g) = 0 for all g € G outside a finite set of
left cosets of H in G. The morphisms o : X — Y are functions

a: G —= morV

such that for all g € G, a(g) is a morphism from X(g) to Y(g).

This is an additive C*-category with direct sums and subobjects being defined
pointwise.
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Definition 3.10. Let V be a G-category. A fixed point or G-equivariant object
(V,(p))) of V consists of an object V €V together with unitaries

pf (V) =V

called trivialisers for all t € G such that for all s,t € G, the following diagram
commutes

ws(pY
ryom(V) —=P (v
(ps,t)v oY
Py
Tst(v> = > V

To avoid cumbersome notation, when it will not cause confusion we shall denote
a fixed point (V, (p})) simply by V. Hopefully it will be clear from the context
whether it is the fixed point or its underlying object which is being referred to.

Definition 3.11. Let V be a G-category and let V. and W be fized points. A mor-
phism of fixed points f : V — W is a morphism in V between the underlying
objects that commutes with the fixed point trivialisers. Explicitly, for all t € G, the
following diagram commutes:

Since each m; is a *-functor, the composition of two morphisms of fixed points is
again a morphism of fixed points and hence we have the following:

Definition 3.12. LetV be a G-category. The associated category of fixed points,
denoted V, has the set of fized points for V as objects and morphisms of fized points
as arrows.

In general, given an object V' € V there may be more than one set of trivialisers
that equip it with a fixed point structure, that is, there may be distinct fixed points
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with the same underlying object V. These need not be isomorphic in the category
of fixed points. For example, one can give Vect a trivial G-category structure and
then a fixed point (V, (p;’)) is a representation of G on V and the category of fixed
points is Rep(G). Since we may have distinct fixed points with the same underlying
object of V, in general V¢ is not identifiable with a subcategory of V.

Lemma 3.13. Let G be a group and V a G-category. The fized point category V<
is an additive, subobject complete C*-category.

Proof. First let us show that V& is a C*-category. Since linear combinations of
morphisms of fixed points are again morphisms of fixed points, V¢ inherits a complex
vector space structure on its morphism sets from ). The morphism spaces are
also complete since the m;’s are continuous on morphism spaces and composition
of morphism is continuous in each argument. Explicitly, if (f, : V — W),en is a
sequence of morphisms of fixed points with limit f : V — W, we need to show that
the following diagram commutes

i (f
(V) — 2w
24 ‘ptw (*)
v ! W

for all t € G. We have

pi om(f)=p o m(lim f)
= lim(p;" o m(fn))
= lim(f, o p;)
= (lim f,) o p;’
=fon/

and hence (*) commutes.
The fixed point category is also closed under taking adjoints of morphisms. If
f 'V — W is a morphism of fixed points then for all ¢ € G, the following diagram
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commutes

i (f
(V) — D w)

g BPYV
s W

f

Taking adjoints yields a commutative diagram

where we have used the fact that the p’s are unitaries and m; preserves adjoints. It
follows that

pl om(f*) = fropl

and hence f* is a morphism of fixed points from W to V.

For additivity, we need to show that the fixed point category has finite direct
sums. It is sufficient to prove the existence of binary direct sums. Given two fixed
points (V, (pY)) and (W, (p!)) in V¢ we define

V(o) & (W.(p)")) == (V& W, (™))

where p}®" is the composite

Tt

(Ve W) —2 (V) @ m(W)

ot @i Vaw
Here (7' is the canonical isomorphism between direct sums defined as in Lemma
1.22. The inclusion and projection maps are the inclusion and projection maps for
the underlying object V @& W.

We need to check the fixed point axiom holds. This follows from the commuta-
tivity of the following diagram.

95



ms(py @my")

ms(m (V) & mp(W)) (Vo W)

(I Ceoymony (1) Tow

TgOTE
v,W

msom(VeW) ——— myom(V) & my 0 my(W)

2 2

ms(V) © ms(W)

Wspy @Wspyv
BTk

(Bst)vew (III) (s.t)v@(us.)w (IV) oY @}

st v

Tot(V) @ mee (W)

-

sy VoW

4 w
psteapst

7rst(V ©® W)

The triangle (I) commutes by Lemma 1.23, the square (II) commutes by naturality
of ¢™, (II) commutes by Lemma 3.3 and (IV) commutes because (V,(p;)) and
(W, (p}¥)) are fixed points. Tt is immediate that the inclusion and projection maps
are morphisms of fixed points and hence (V@&W, (p; ®")) is the direct sum of (V, (p}))
and (W, (V)

We also need to check that V¢ has a zero object. Since each ; is linear, it
preserves zero objects and hence any zero object 0 of V), along with the zero maps
p? : m(0) — 0 is a fixed point. The fixed point axiom diagrams necessarily commute
since all arrows are the zero map. Given any fixed point (V;(p;)), the zero maps
0 — V and V — 0 are morphisms of fixed points between (V,(p})) and (0, (p?))
since both morphisms is the fixed point morphism axiom diagram are the zero map.
Therefore, (0, (p?)) is a zero object in V.

Lastly, we need to show that V¢ is subobject complete. To that end, let (V, (p}))
be a fixed point and let p : (V, (p))) — (V, (pY)) be a projection in V. To construct
a splitting of p, let f : W — V be a splitting of p in V, that is f o f* = p and
f*o f=1w. Then we have a fixed point (W, (p}")) where p}" is the composite

Tt }’ *
7Tt(W> ﬂ Wt(V) P_) Vv f—> W.

To see that the fixed point axioms hold, consider the following diagram
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msomt(f) s(py’) ms(f*)
s o (W) msom(V) —————— 7m5(V) —————— m (W)
(I10)
. (p) )
ms(V)
(ks,t)w (I) (nst)v (IT) pY (IV) pY
v
p f*
(V)
~ Tat ~ é/; <~ N <~
7yt (W) Uy a (V) 4 , v ! , W

The rectangle (I) commutes by the naturality of p,, (II) commutes because V' is
a fixed point, (III) commutes because f o f* = p, (IV) commutes because p is a
morphism in V¢ and (V) commutes because

[rop=[frofof*
=1y o [*
—

Therefore, the p;"’s satisfy the fixed point axioms. That f is a morphism of fixed
points follows from the commutativity of the following diagram

Tt Y *
W) — D vy — sy Iy
(1) (I11)
. 1
*) " (11) p d
1%
(V) & >V
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Here, (I) commutes because

pof=fofiof
= 1W @) f
=/
(IT) commutes because p is a morphism in V¢ and (III) commutes because f is a

splitting of p. Therefore f : (W, (p/V)) — (V, (p))) is a splitting of p in V¢ and hence
V¢ is subobject complete. ]

The process of taking fixed points is 2-functorial, being defined on G-intertwiners
and G-natural transformations as in the following two lemmas.

Lemma 3.14. Let V, W be G-categories and © : V — W a G-intertwiner. Then ©
induces a *-functor

0% V¢ 5> Wwe
defined on objects as follows: Given a fized point (V. (p})) € V¢ we define

o5V, () = (01, (V)

where for each t € G, p?(v) s the composite

e(py)

P @om (V) s O(V).

" o 0(V)

Proof. Let us first show that ©F is well-defined on objects. We need to show that
for all s,t € GG, the following diagram commutes.

= (o)
WV orVoO(V) —————= 7V o O(V)

(e Lo

oV
pst( )

7 o O(V) > O(V)
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We can expand this diagram as follows:

Fl944 WoO(pY
om0 (V) M v o g o P (V) TR 1 o 0(v)
(es)ng(v) (II) (es)v
w vy Oomy (o)) V
(H&ew) (I) OQornlonm/(V) ———5 Oon)(V)
@((Ml},t)v) (III) 0(pY)
‘ ©a)v ) C108) -

7o O(V) Oomh(V)
Now, (I) commutes by the G-intertwiner axioms, (II) commutes by naturality of
O, and (IIT) commutes because V is a fixed point. Therefore, the whole diagram
commutes as required.

We also need to define ©F on morphisms. Given a morphism f : V — W in V¢,
we define ©(f) := O(f). To show that O(f) is a morphism of fixed points, we need
to show that for all ¢t € GG, the following diagram commutes

7TWO
W ooV) W o)
£ e
o(v) N ew)
We can expand this diagram as follows:
TI'WO
W oov) T W o o)
(©1)v (©n)w




The top square commutes commutes by the naturality of ©; and the bottom square
commutes because f is a morphism of fixed points. Therefore, ©(f) is a morphism
of fixed points. n

Lemma 3.15. Let V, W be G-categories, ©,® : V — W be G-intertwiners and
kO :—= & a G-natural transformation. Then there is an induced natural transfor-
mation

k0% = o¢
defined by
K= ky O(V) = V), VeV

Proof. We just need to show that for V € V, x$ is a morphism of fixed points. Then,
naturality will follow from the naturality of k. We need to show that for all k € H,
the following diagram commutes

7TW K
Y o O(V) ) Y o ®(V)

p:)(V) pf(V)

o(V) v >y &(V)
We can expand this diagram as follows:

7TW K
Y o O(V) % Y o ®(V)

(Or)v (Pr)v

Qomf(V) ———— dom)/(V)

O(py) ®(p))

@6/) iid » d(V)
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The top square commutes because x is a G-natural transformation and the bottom
square commutes by the naturality of k. Therefore, ky is a morphism of fixed
points. O]

Lemma 3.16. There is a 2-functor
(—)¢ : REP(G) — C*Add

defined on G-categories as in Definition 3.12, on G-intertwiners as in Lemma 3.14
and on G-natural transformations as in Lemma 3.15.

Proof. First, let us show that (—)“ preserves composition of 1-cells. Given G-
intertwiners © : V — W and ® : W — X and V € VY, the underlying objects of
(®00)4(V) and (®“ 0 0%)(V) are both ® 0 O(V) so we just need to show that both
fixed points have the same trivialisers. Let us denote the trivialisers for (® o ©)% (V)
by p; and the trivialisers for (¢ o ©%)(V) by p, (t € G). Then by definition, for
each t € G, p; is the composite

Orod;

¥ o ®oO(V) doBon)(V) —Z— doO(V)

and on the other hand, p} is the composite

pY 0Oy

T odoB(V) — 25 oV 0 O(V) ®00(V)

Therefore, p; = p} and hence (® 0 ©)% (V) = (&% 0 OF)(V).
Next, given a morphism of fixed points f : V — W in V¢ we have

(®o©)(f) = 2oO(f)
= (290 0%)(f)

by definition. Therefore, (® 0 ©)¢ = &% 0 O so that (—)¢ preserves composition of
l-cells. The fact that (—)¢ preserves identity 1-cells follows immediately from the
definition.

Lastly, we need to show that the maps between hom-categories are functorial, that
is, given composable G-natural transformations x and A we have (k0 \)¢ = k% o \C.
Again, this follows immediately from the definitions. ]

Our next step in constructing the induced G-category of an H-category V is to
define an H-category structure on Cy(G,V) which is the analogue of the action of
H on Cy(G,V) given by

(h-f)g)=h-[f(gh), [feCu(GV) geG heH
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Definition 3.17. For an H-category V, we define an H-category structure on Cy (G, V)
as follows: For each k € H, we define the x-functor

7SOV Cu(G V) = Cr(G,Y)

on objects by

and on morphisms by

The unitary natural transformations

Cu(GV) . Cu(GV) Cu(G,V)
Fie * T © Ty

are defined by

Y ke H

Cu (G, .
(et “x(9) = (i o)xorey = 7 0 7) (X(gkt)) — mry (X (ght)).
The unitary natural transformation

8CH(G,V Cu(G,V)

[

) : IdC’H(G,V) — T
is defined by

Cu(G,
e M (g) = %y : X(g) — 7V (X(g)).

Cu(G,V : , Cu(G,V
Lemma 3.18. The x-functors 7th( ) and unitary natural transformations uh’Z( )
and 91 (GV) constitute an H-category structure on Cy (G, V).
Proof. We need to show that the following diagrams commute
#CH(G,V)
c :
T H(va) o ,R_CH (va) 1) ﬂ_CH(G7V) h.k ,ﬂ_CH(G7V) o ,ﬂ.CH(va)
h k ¢ 7 T ¢
Cy(G, Cy(G,V
pCr (@) pCEE) (%)
HCH(G,V)
Cu(G)V) Cu(G)V) h, ke N Cy(G,V)
Th © The ? Thie
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C(G,V) CH(G,V)
WI?H(QV) e“H 71_g’H(G,V) o 71_eCH(G,V) 7T(JH(G,V) e“H WSH(G’V) o 7TCH(G’,V)

h h
MCH(GJ/’) Cp(G,V)
1d h,e d e,h
Cu(G,Y Cu(G)Y
7CH(G) (@)

(%)
for all h, k,¢ € H. This follows from the fact that each Mﬁgf (@) i5 constructed using
u}iq and “#(@Y) is constructed using ¥ and these maps satisfy the H-category

axioms. For example, if we consider the diagram

Cy(GV)

CH(G,V) CH(G,V) CH(G7V) uh,k CH(G,V) CH(G,V)
_
T, O Ty, O Ty (X) T O Ty (X)
CH(G,V) CH(G,V)
Hi e hik,t
#CH(G,V)
C’H (G7V) CH(va) h,kt N CH(va)
T, O My (X) ” Thie (X)

each arrow is a G-indexed collection of morphisms in V. For g € GG, the g component
is

v
7 onY o n¥ (X(ghkl)) —* 5 ¥ o 7Y (X(ghkt))
N o
Y
o my(X(ghkt)) i » e (X (ghkt))

and this diagram commutes because the uzq’s satisfy the H-category axioms. There-
fore, the diagram (%) commutes. The details for the other two diagrams (xx) are
similar. [

We now come to our definition of the induced G-category for an H-category V.

Definition 3.19. Given an H-category V, we define the induced G-category Indg(V)
as follows: The underlying C*-category is the category of H-fized points Cy (G, V)2,
For each t € G, we define functors

MV oy (@ V)T = Cy(G V)
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on objects by
m" Y (X)(9) =X ().
We shall also denote Wind(v)(X) by t-X. For each k € H, we define pt* by
P (9) =Pt g).
We define Wind(v) on morphisms by

m" (@) (g) = alt'g).
For all s,t € G, we have

Ind(V) Ind(V) _ _Ind(V)
7Ts © T = Tgt

and

7_‘_Ind(V) —1d

[

v

and we define the unitary natural transformations ui?td ) and &™) gs the identity

natural transformations.

The *-functors ﬂind(v) preserve direct sums ‘up to isomorphism’ as in Lemma
1.21, in fact something slightly stronger is true.

Lemma 3.20. Let V be an H-category. The x-functors Wind(v) commute with direct
sums, that is, for allt € G and X; € Ind$(V), i =1,...,n, we have

() - x
=1 =1

Proof. Firstly, given t € H, for all g € G we have
[t : (EB X)] (9) =EPXi(k ')
i=1 i=1
- |&rx|w
i=1

Now, for each k € H and g € G, pf?ﬂxi (g) is the composite

104



X.
@p, (g

_ o), @, Xi(9)

) 2 . . . . .
where (" is the canonical unitary natural transformation for preservation of direct
n X,
i=1 2(

(@, X (k) — s @, (X (gh)

sums by mY. Therefore, pz@ g) is the composite

X,
®py, Lt 1g)

4
n - "k n —
™ (D=, Xi(t ™' gk)) » D (Xi(t gk)
which is equal to ¢ - p?yﬂxi (g9). It follows that

1=1 1=1

@?:1 Xi(t™'g)

]

Next we shall look at how we can decompose objects in Ind% (V) into direct sums
of simpler objects in a way that essentially amounts to the fact that Ind% (V) can be
constructed as a direct sum, similarly to way that an induced representation can be
constructed as a direct sum as in Definition 3.6.

Lemma 3.21. Every object X € Cy (G, V) is isomorphic to a direct sum

Dx
i=1

where each X; € Cy (G, V) is supported on a single left coset r;H, r; € G.

Proof. The object X is supported on finitely many left cosets r H,...,r, H where
each r; € G. For each 1 = 1,...,n, we define X; by

X(g) ifgenrH,
X(g) = g ) Hoer
0 otherwise
and for each k € H,

sz(g) - pi((g) lf g € TiHa
k 0 otherwise.

The pkxi are well defined due to the nature of the H-action on Cy (G, V), in particular
the fact that the translation part of the action only permutes function values within
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the left cosets. Furthermore, the p?i satisfy the fixed point axioms because the pi
do. It then follows that we have a canonical isomorphism

a:X;éXi
=1

consisting of the canonical isomorphisms
a(g) : X(g9) = @ Xilg).
i=1

Finally, v is a morphism of fixed points by construction. O

Lemma 3.22. If X € Cyx (G, V) is supported on the coset rH, then
X =m"(Y)

for some Y € Cy(G, V)" supported on the identity coset. (Here we are making a
choice of coset representative r € G for rH.)

Proof. We take
Y = 9(X)
which is supported on the identity coset by construction. Then

rind (Y) = W},nd o 7T7I£(% (X)

= X.
]

Lemma 3.23. Let X € Cy (G, V)™ be an object supported on the cosetsr H, ... x,H.
Then

X = é Wi?d(Yi),
i=1

where each Y; is supported on the identity coset.
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Proof. By Lemma 3.21 we have an isomorphism

a: XS GB X,
i=1
where each X; is supported on r; H. As in Lemma 3.22, we then take

so that Y, is supported on the identity coset and we have an isomorphism

a:XiéXi
=1

— éw};d(Yi).
=1

]

Next, we shall see how, given an object X € V), we can construct an element of

Cr(G, V) which is supported on a single left coset and that such objects are the
building blocks of Ind% (V).

Lemma 3.24. Let V be an H-category, X an object of V and r a fized element of
G. There is a fived point 6%, € Cy (G, V)H which is supported on rH defined by

555{( )i {ﬂ'}jl(X) ifg=rherH,

0 otherwise

and for each k € H, pii(H 15 defined by

5X (MV _1> ifg=rherH,

0 otherwise.
Proof. Given k € H,
w5 (9) = Y (6 (9k)
B {ﬂ'}: o ﬂ&k),l(X) ifg =rh e rH,

0 otherwise
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5%, .
so p,* is a map from to 6%, as required.

We just need to show that the p’s satisfy the fixed point axiom, that is, for all
k,¢ € H, the following diagram should commute

CHGV(5 )

CH(GV)

]?H(G V) ZCH(G,V)((si(H) T, Pe CH(GV (5 )
ukc,’,?’(c’v) pe (*)
Cu(G,V) p
kZH( (5XH) - > O

For fixed h € H, the rh component of this diagram is
Ho (hiey—1
Yy om) o W&ké)_l(X) —————— o W&k)_l(X>

.“"):’ 0 12

(hk)—1
V Y X 'ukf,(hkl)*l R X
WOW(hu)—l( ) r T (X)
This diagram commutes because V is an H-category and hence (x) commutes. [

We note that the choice of coset representative for rH is part of the data defining
62, and we shall write d7; instead of 62

Definition 3.25. We call a fixed point of the form in Lemma 3.24 a canonical
fixed point.

Lemma 3.26. Let V be an H-category, r € G and X € Cyx(G,V)¥ a fived point

supported on rH. Then X is isomorphic to the canonical fized point 55(;) defined as
in Lemma 3.24.

Proof. We have an isomorphism
a: 5:( h(,r) —+ X

defined by

0 otherwise

X ifg=rherH,
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in Cy(G,V). To show it is an isomorphism in the fixed point category Cy (G, V)
we need to show that it commutes with the fixed point trivialisers, that is, for all
k € H, the following diagram commutes

Cu(GY) (X)) T #HGV) () Cr(GYV)
T, <‘5rH > E— P (X)
Pk Pk <*)
X(r a
5ﬂ§) > X

For fixed h € H, the rh component of this diagram is

T Py 1
T © Thy-1(X(1)) Y (X(rhk))
”Z,(hk)—l s
v P
7y (X(7)) > X(rh)

and this commutes because it is the rh component of the diagram

Cy(G,V) x

T p _1
Cu(GY) . _Cu(GY) K =1 _Cy(G,V)
—_—
T O T (hk)-1 (X Ty (X)
Cy(G,V)
B (hiy—1 o
Cu(G,V) Pra
, h— .
T, (X) » X

which commutes by the fixed point axiom. Therefore, the diagram (*) commutes. [

Corollary 3.27. Let V be an H-category, X € Cyx(G, V) and T a set of coset

representatives for G/H. Then X = P, 5,%7).

Proof. This follows from Lemmas 3.21 and 3.26. O
The content of the following two lemmas is that given r € G and X,Y € V), the

morphisms « : 67 — 0Y in Cy(G, V) correspond to morphisms a : X — Y in V.

109



Lemma 3.28. Let V be an H-category, X, Y € V, a : X — Y a morphism and
r € G. Then

rH

o (g) = {ﬂ}jl(a) ifg=rherH,

0 otherwise
where g € G defines a morphism of ﬁxed pomts L 6% — 0Yy. Furthermore, if
a,b: X =Y are morphisms in V, then =y zf and only zfa =b.

Proof. To show that 0%, is a morphism of fixed points, we need to show that for all
k € H the following diagram commutes

ﬂ_kH(GV)( a

7CnEV) (5% ) ) CnlGV) (g7,

6(1
X rH Y
57‘H ? 57‘H

Since 0%, and Y}, are supported on rH, we just need to check that for each g € rH,
the following diagram commutes

Cy(G, V)(

Cu(GV) T )N (e N
rC OV (5X ) (g) eI Cu (G 5y ) ()
Pk(9) pr(9)

5(1
5%, (9) (9 » 0% (g)

For g =rh € rH, this is the diagram

nYorY . (a)
k (hk) 1
7 o (X) S oy oy ()

v v
P (hiy—1 Hh,(hiy—1
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and this commutes by the naturality of F‘X (hk)-1-

Finally, let a,b : X — Y be morphisms in V. Since ) is an equivalence,

a.(r) = 7¥(a) = 7Y (b) = 8y (r) if and only if a = b. Therefore, §%; = & if
and only if a = b. ]

Lemma 3.29. Let V be an H-category, X, Y € V, r € G and o : 5%, — 0¥ a
morphism of fived points. Then there exists a : X =Y in 'V such that o = 6%y
Proof. If we consider the morphism «a(r) : 7¥(X) — 7Y(Y), since 7Y is an equiva-
lence, there is a unique morphism a : X — Y in V such that a(r) = 7¥(a). Now,
because « is a morphism of fixed points, for all h,k € H, the following diagram
commutes

CH(GY) / ex m HO @) rh) cnay), oy
(07 ) (rh) S (0, ) (1 R)
PO (rh) PO (rh)
a(rh)

0% (rh) > O (rh)

This is the diagram

v v nY (a(rhk)) v v
T © Wy (X) ———— o7 (V)

v v
P (hiey—1 B (hiy—1

a(rh
Y (X) e (V)

Setting k = h™! yields the commutative diagram

™ (a(r))

= ”:71 orY (a)

nY o ml(X)

v
thl,e

a(rh
o (X) s (Y)

By the naturality of 4}, , we also have a commutative diagram
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10wl (X) ———— mom/(Y)

v v
/L}L_l,e

7Y (X) s L (V)
By comparing this with the previous diagram we can see that
a(rh) o (py-1.) y = mp-1(a) o (k1)

and since (u}f_l e) is invertible we have
°) x

alrh) = 1)~ (a).

It follows that o = 0¢%,. O

3.2.3 The 2-functors Res% and Ind%

Similarly to the classical case of restriction and induction of representations, re-
striction and induction of G- and H-categories are 2-functiorial. In this section we
shall define both 2-functors starting with restriction which is mostly a case of fixing
notation.

Definition 3.30. Let V, W be G-categories and © : V — W a G-intertwiner. We
define the restricted H-intertwiner Res%(0) : ResG (V) — Res% (W) as follows:
The underlying *-functor is © and the coherence unitary natural transformations are

Resfj (@) = O : m ™" o Resfj () — Resfj(0) o (™"
for each k € H.

Often we shall denote Res$(©) by © when no confusion should occur.

Definition 3.31. Let V, W be G-categories, ©,P : V — W G-intertwiners and
k0O — & a G-natural transformation. We define the restricted H-natural trans-
formation Res (k) : Res$(©) — Res$(®) by Res$ (k) = k.

As with restricted H-categories and H-intertwiners, we shall often just write x
instead of Res% (k).
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Definition 3.32. We define the restriction 2-functor
Res% : REP(G) — REP(H)

on objects by mapping a G-category V to Resg(V) as in Definition 3.8, on 1-cells
by mapping a G-intertwiner © to Resg(@) as in Definition 3.30 and on 2-cells by
mapping a G-natural transformation to Res% (k) as in Definition 3.31.

The 2-functor axioms follow from the fact that the definitions of the restricted
G-categories, G-intertwiners and G-natural transformations just involve forgetting
some structure.

Now we turn our attention to defining the induction 2-functor

Ind% : REP(H) — REP(G).

We have already defined the object map which sends an H-category V to the in-
duced G-category Ind$ (V) so the next task is to define Ind$ on 1-cells, that is,
H-intertwiners.

Lemma 3.33. Let V, W be H-categories and © : V — W an H-intertwiner. Then
© induces a G-intertwiner

nd%(O) : Ind% (V) — Ind5 (W)

defined on objects by mapping X € Ind% (V) to O(X) € Ind5(W) where O(X) is
defined by

0(X)(9) :=0(X(9)), ge€G,
o(X) . ,
and for each k € H, g € G, p, "’ (g) is the composite

Wllc/v O@(X(gk‘)) (Or)x(gk)
Cy(G)V)
=T, (0(X))(9)

o) O(X(g))
O o) (X(gk)) ——— = O(X)(g)

The coherence unitary natural transformations
Ind%(0), : thnd(w) 0 Ind%(©) — Ind%(©) o Wind(v), ted,

are the identity natural transformations.
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Proof. The underlying C*-categories of Ind% (V) and Ind% (W) are Oy (G, V)" and
Cu(G,W)H and the same argument as in Lemma 3.14 shows that © induces a *-
functor

nd%(0) : Cp(G, V)T — Cu(G, W)?

defined on objects as in the statement of this lemma. Then, if a is a morphism in
Cu(G, V)| we define Ind$(©)(a) by

Indf; (©)(a)(g) := O(alg)), ge€G.

Again, by the same argument as in Lemma 3.14, this is a morphism of fixed points.
To make Ind%(0) a G-intertwiner, we just need to define unitary natural trans-
formations

Ind$(0), : 71" 0 Ind%(©) — Ind%(©) o m™¥,  te G
that satisfy the G-intertwiner axioms. Given X € Ind%(V), we have
) 6 Ind% (0)(X) = Ind% (©) o m" ™ (X)

since

for all t,g € G and similarly p’;@(x)(g) = pg(t'x) (g) forallt,g € Gand k € H. A
similar argument holds for morphisms and hence

M 6 Ind% (©) = Ind%(©) o 7"

for all t € G. Therefore, we define Ind% (0), to be the identity natural transformation
for all t € G. O

Lemma 3.34. Let V and VW be H-categories, ©,® : V — W H-intertwiners and
k:© — ® an H-natural transformation. Then k induces a G-natural transformation

Ind% (k) : Ind%(©) — Ind$(P)
whose component for X € Ind% (V) is defined by
Indf; (r)x(9) = rx(g) : O(X(9)) = ®(X(9)), g€G.
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Proof. The naturality of Ind% () follows from the naturality of x. To show that
Ind% (k) satisfies the G-natural transformation axiom, we need to show that for all
t € G, the following diagram commutes

Ind%(©)

" o Ind%(0) —2 Tnd$ () o 1Y)

nd(V)y q Ind% (k) 1nacy
T Ind (x) HA )

Ind§ (@),

) 6 Ind$ (@) Ind% (®) o 7"

This follows from the fact that given X € Ind%(V)), for all t € G

" dS (r)x (9) = Kxp-1g)
= K(tX)(g)

= Indg(n)ﬂindm(x) (9)

along with the fact that Ind%(©), and Ind%(®), are the identity natural transforma-
tions. ]

Lemma 3.35. There is a 2-functor
Ind% : REP(H) — REP(G)

defined on objects by mapping an H-category V to Indg(V) as in Definition 3.19, on
1-cells by mapping an H-intertwiner © to Indg(@) as in Lemma 3.33 and on 2-cells
by mapping an H-natural transformation k to Indg(/ﬁ) as in Lemma 3.34.

Proof. We need to show that the 2-functor axioms are satisfied. Firstly, given an
H-category V we have Ind%(1y) = Lingg (vy- This is immediate from the definition of
the induced G-intertwiner in Lemma 3.33. Next, given composable H-intertwiners
as shown below

Uu © 4y LN V1Y

let us show that Ind%(® o ©) = Ind$(®) o Ind5(©). On the one hand, given
X € Ind%(U), Ind%(® 0 ©) = (& 0 ©)(X) where

(®00)(X)(9) = (200)(X(9)), g€,
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and for all k € H, g € G, pgbO@)(X) (g) is the composite

®(Ok)o(Pr)e (®00) (P (9))
Yo ®0O(X(gk)) ——— PoOonH(X(gk)) ———— PoO(X(g)) (x)

On the other hand, Ind%(®) o Ind%(©)(X) = ®(O(X)) where
2(O(X))(g) = 2(6(X(9))) = 2o O(X(g)), ge€C

and for all k € H, g € G, pf(e(x))(g) is the composite

@ p@(X)
o ® o O(X(gk)) — 2 s donY o 0(X(gh)) G 0(X(g))
()
Since ® (pS(X)> is the composite
() O(p(9))

dor)oO(X(gk)) ——— PoOony(X(gk)) ——— ®0O(X(g)),
the composite (x) is equal to (#*) and hence
Ind% (@) o Indf(0)(X) = Indfj(® o ©)(X).
Next, given a morphism o € Ind% (), we have
Indf(® 0 ©)(a)(g) = @ 0 O(a(g)) = Indj(®) o Indf(©)(a)(9), g€
and hence Ind%(® o ©)(a) = Ind$(®) o Ind%(0)(a). Therefore,
Ind%(® 0 ©) = Ind%(®) o Ind%(O).
Finally, we need to show that the maps
Ind$ : Homy (V, W) — Homg(Ind$(V), IndS (W)

are functorial. This follows immediately from the definition of Ind% on H-natural
transformations. O

The function based approach to induced G-categories is the main one we shall
work with moving forward but we shall also briefly look at how they can be con-
structed in different ways mirroring the alternate definitions 3.6 and 3.7 of induced
representations.
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First, we shall look at a direct sum construction analogous to definition 3.6. For
this we need a little bit of notation. If V is an H-category, I' is a choice of coset
representatives for G/H and v € T', we write vV to denote an isomorphic copy of
V. We shall write the objects of ¥V as vV where V € V and the morphisms as
~vf 9V — AW where f:V — W is a morphism in V. We then have a C*-category
@D, cr 7V which is equivalent to Cy (G, V)", the underlying C*-category of Ind% (V).

Lemma 3.36. There is an equivalence of C*-categories

0: P = Cu(G V)

vyel

defined on objects by

O((VV,)er) == EP Sk

vyel

and on morphisms by

VJQ veF 6}9(&ﬁ

vyel

(Here N ” and 5fH are defined as in Lemmas 3.24 and 3.28 respectively.)

Proof. Firstly, © is essentially surjective by Corollary 3.27, it is faithful by Lemma
3.28 and lastly, it is full by Lemma 3.29. ]

We can define a G-category structure on @761“ vV in a similar way to the action
in the analogous construction of induced representations. Firstly, given ¢t € G, we
define a x-functor

W?W : @7V—> @w

vel’ vyel

in the following way: To define WSB " on objects, first let v € ' and V € V. We
define

1@V (V) = y'ml (V)

where 4" € T" and k € H are determined by ty = ~'k. (Here, by vV, we really mean
its image under the inclusion *-functor ¢, : vV — @%F vV.) More general objects

117



are direct sums of such objects and we extend this definition to them in the obvious

A% . . ..
way. We define 7TtEB 7" on morphisms in a similar way.

Now, let s,t e G,ye€Tand V € V. If /,4" € " and k,{ € H are determined by
ty=~k and sy =~"¢
then
7@ o (V) = 1PV (x) (V)
— '(xf oY (V).
On the other hand,
T2V (V) = AT (V).

We define a unitary

% % %
(h2) =k 7@ 07V (V) 2V )

and extend this definition in the natural way to more general objects to obtain a
unitary natural transformation

D . oY DV @DV
My - 7T§B S — T -

We also have a unitary

(), =ev i qV = 2@ (V)

and we extend this definition to more general objects in the natural way to obtain a
unitary natural transformation

BV 1d - 7OV,

That these maps satisfy the G-category axioms follows from the fact that V is an
H-category. Therefore, the above sfunctors and unitary natural transformations
constitute a G-category structure on @wer V.

Next, we want to define unitary natural transformations

0,: 007" 5 7V o g
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for all ¢ € G so that the *-functor © of Lemma 3.36 becomes a G-intertwiner from
D, er YV to Ind% (V). Again, we first consider objects of the form vV. Then

©orPV(yV) = 0(1Y (V)

(V)
- 5,ylkH

and
7T){nd(V) o @(’YV) . (5¥H)

where v/ € I and k € H are determined by ty = v'k. Given g € G,

50 g = d T e (V) i g ='h ey H,
vH 0 otherwise

and

(V) ity =l eqH,
o otherwise

) (V) if g =ty =~kl €+ H,
0 otherwise

= - (V) if g=~'he~'H,
0 otherwise.

Therefore, we define (0,),1 by

1y )v if g=+'he~'H,
(@t)'yV(g) = ok .
0 otherwise.

That the ©,’s satisfy the G-intertwiner axioms follows from the fact that V' is an
H-category. In summary, the G-category €. - is equivalent to IndG (V).

Let us also briefly discuss how the induced G-category can be constructed as a
balanced tensor product in a similar way to the tensor product construction of the
induced representation. We shall mostly focus on how to construct the underlying C*-
category and make a few remarks about the G-category structure could be defined.
Our categorical analogue of the group ring C[G| will be the C*-tensor category of
finite dimensional G-graded Hilbert spaces so let us first define those.

119



Definition 3.37. A G-graded Hilbert space is a Hilbert space H that decomposes
as a direct sum

H=EPH,

geG

If H and K are G-graded Hilbert spaces, a morphism of G-graded Hilbert spaces
¢ H — K is a bounded linear map that preserves the grading. That is, if v € H,
then p(v) € K.

The G-graded Hilbert spaces and their morphisms form a C*-category Hilbg.
Similarly, there is a C*-category of finite dimensional G-graded Hilbert spaces and
their morphisms which we shall denote by hilbg. Both Hilbg and hilbg are additive
and subobject complete with direct sums and subobjects being formed pointwise
(e.g. (H®K), =H,® K, where on the right hand side, & denotes the Hilbert space
direct sum).

The category hilbg also has a natural C*-tensor structure. Since it has the flavour
of a convolution product, we shall denote it by * rather than ®. Given H, K € hilbg,
we define

H+K:=PPH 2K,

geG teG

where on the right hand side ® denotes the usual Hilbert space tensor product. The
grading is given by

(K K)g =P H: @ Kiny.

The tensor unit is the copy of the complex numbers sitting in degree e and the
associator and unitors are defined in the obvious way.

In order to construct induced G-categories as a balanced tensor product, we want
to identify G-categories with hilbg-module categories in a similar way to the way we
can identify representations of G with modules over the complex group ring C[G].
First, let us consider how to define a GG-category structure on a hilbg-module category
V. To do this, we shall introduce the following notation: Given ¢t € G, we define the
G-graded Hilbert space C; by

C ifg=t,
(Ct)g:{ .

0 otherwise.
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We won'’t give all the details but the idea is to define the G-category structure on V
by defining

(V) =C,oV, VeV.

On the other hand, if W is a G-category, the idea behind defining a hilbg-category
structure on W is the following: If H € hilbg and V € V then we define

dim(Hg)

HeV =@ f ')

geG =1

We remark that given morphisms ¢ : H — K in hilbg and f : V' — W in V, defining
YR f:HRV = K® W essentially amounts to choosing bases for H and K so that
one can identify bounded linear maps with matrices. For example, we can define
G-graded Hilbert spaces C} for n € N and ¢t € G in a similar way to C; and we can
identify a bounded linear map ¢ : C} — C}* with an n x m matrix (a;;). Then, given
a morphism f:V — W in V we define

o = (! (D) : B (V) = Dl (W),

Again, whilst we won’t go through the details, we remark that the 2-category Modpip,,
of hilbg-module categories, module functors and module transformations is biequiv-
alent (see below) to the 2-category REP(G) of G-categories, G-intertwiners and G-
natural transformations. Let us briefly give a few definitions to clarify what we mean
by a ‘biequivalence’.

Definition 3.38. Let A, A’ be 2-categories and F,F' : A — A pseudofunctors.
A pseudonatural transformation o : F — F' is a pseudonatural equivalence if
there exists a pseudonatural transformation o' : F' — F and invertible modifications
A:cd'ooc—1pand N :co00" — 1p.

Definition 3.39. Let A and A’ be 2-categories. A biequivalence between A and
A’ consists of the following:

o 2-functors FF: A— A and F' : A" — A.

e Pscudonatural equivalences o : F' o F' — 14 and o' : F o F' — 1 4.
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Given a hilby-module category V, the basic idea behind constructing the induced
hilbg-module category is to define the underlying C*-category as the balanced tensor
product hilbg My, V. Here, the right hilbg-module category structure on hilbg is
given by the tensor category structure on hilbg.

To compare this construction to the above direct sum construction of the induced
G-category we shall introduce a bit of notation. We can view hilby as a sub-C*-
category of hilbg. Given a set of coset representatives I' for G/H and v € T', we
denote the full sub-C*-category of hilbg consisting of objects of the form C, ® H,
H € hilbg by ~hilbg. As a right hilbg-module category, ~vhilby is equivalent to
hilby and as a right hilbg-module category, hilbg is equivalent to the direct sum
@%F ~vhilby;. Then we have equivalences of C*-categories

hl|bG Igh”bH V= (@ ’thle> &hiIbH 1%

~yel

= @’yh”b]{ X,hiIbH V

vyer
=PV
~yerl’

>~ Ind% (V)

We haven’t checked all of the details but hilbg Xy, V should inherit a left hilbg-
module category structure from the natural left hilbg-module category structure on
hilbg. Under the identification of hilbg-module categories with G-categories, one
should then find that hilbg My, V is equivalent as a G-category to Ind% (V).

3.3 The induction restriction biadjunction

In this section we shall show that the 2-functor Ind% is a left biadjoint to Res%.
Before we do, let us briefly recall the definitions of the unit and counit of the classical
induction restriction adjunction

G
Ind%

Rep(H) Rep(G)

PR S
Resﬁ
In the function based approach to induced representations, the unit

1 : 1Rep(rr) — Res% o Ind%,
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is defined as follows: Given V € Rep(H), ny : V — Res%Ind% (V) is defined by

nv(v)(g) ==

gt-v ifgeH,
0 otherwise

where v € V. To define the counit
¢ : Ind% o Res$ — 1grep()

we choose a set of coset representatives I' for G/H. Then, given W € Rep(G),
& : Ind$Res% (W) — W is defined by

Ew(f) =Y _v-f(v), [ €mdjResf(W).

vyel

The definition is independent of the choice of coset representatives for G/H. If ¥ is
another set of coset representatives for G/H, then given o € 3, 0 = «h for a unique
v€T and h € H. Then if f € Cx(G, W),

o- f(o) =~h- f(vh)
=v-f(7)

and hence

Yoo flo) = v f().

oEY vyel’

We define the unit and counit of the biadjunction in a completely analogous manner,
starting with the unit.

Lemma 3.40. Let V be an H-category. There is an H-intertwiner
ny : VY — Res@IndS (V)
whose underlying *-functor is defined on objects by
m(V) =y,

the canonical fixed point defined as in Lemma 3.24 and on morphisms by

defined as in Lemma 3.28.
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Proof. We need to equip 7, with coherence unitary natural transformations
Mk - W,Icnd(v) ony = nyomy, ke&H,

that satisfy the H-intertwiner axioms. (We have chosen to denote these maps by 7y
rather than (ny); to prevent the notation from becoming too cluttered.)
We need to do the following:

1. Define the components of each 7. This means we need to define unitaries
nd
(me)x =m0 1 (X) = v 0 Y (X)

for each X € V. Because the underlying C*-category of Res$Ind% (V) is
the category of fixed points Cy(G, V)", each (n)x should be a unitary in

Cu(G,V) which commutes with the fixed point trivialisers for W,ind(v) o ny(X)
and ny o Y (X).

2. Check that the (7;)x’s are natural in X.

3. Check that the n;’s satisty the H-intertwiner axioms.

In order to define (n;)x for k € H, X € V, let us first recall the definitions of
) oy (X) and gy o 7V(X). On the one hand 7, o ny(X) = k - 6% where

R K,

0 otherwise

and for each ¢ € H, the trivialiser p?dﬁ ;g (@Y (k-63%) — k- 6% is defined by

‘ Yo ifge H
o (g) = {<M” g 1k>x =

0 otherwise.

) (X)) .
On the other hand, ny oy (X) = 0,7~ is defined by

v, [ em(X) iged,
5H (9 ) = .
0 otherwise

=Y (X)

7TV 7TV .
and for each ¢ € H, the trivialiser ij : WEH(G’V) (5; (X)) — 04 )'is defined by

m (X) (u" . ) if g€ H,
pt (g) = VAT e

0 otherwise.
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Therefore, we define (n)x : 1" 0 ny(X) — my o 7Y (X) by

1
v, if ge H,
(Mk)x(9) = <Mg ’k)X g

0 otherwise.

First, let us check that this is a morphism of fixed points. To do this, we need to
show that for all £ € H and g € G the following diagram commutes

Cyg(GV)

m O (-6 (9) " w{ OV (57 (g

pe(9) pe(g) ( 1)

( k)X( ) 7rV
(k- 6%)(g) It > 55 (g)

Since the functions are supported on H, we just need to check this for all g € H (for
g ¢ H, the arrows are all zero maps). Then by definition, (1) is the diagram

-1
va1
NN s Y AT I R

“Zeflgflk “nglgfl
—1
/"V_1
W;j_lk(X) (5-11) b 7'(';_1 o/ (X)

and this commutes by the G-category axioms.
Next, to show naturality in X, we need to show that given a morphisma : X — Y
in V, the following diagram commutes

Tnd(V) m oy (a) Ind(V)
1 k n
. o Ny (X) > T ony(Y)
(M) x (me)y
v nyomy () v
nv o (X) >y oy (V)

125



To do this, we need to show that for all g € GG, the following diagram commutes

Moy (a)(9)

M o (X)) (g) s 1M oy, (Y) (9)
(nk)x(g) (nk)y (9)
nyvom) (&) (g)

>y omy (Y)(g)

ny oy (X)(9)

We only need to check this for ¢ € H and in this case, this is the diagram

v W:—lk(a) v
g1 (X) > Tg-1,(Y)
H;El,k u;ﬁllyk
W;jiloﬁ,\:(a)
W;},l o/ (X) : ﬂ;},l o/ (Y)

and this commutes by the naturality of u;l k-
Lastly, we need to check the H-intertwiner axioms. First let us check the compo-
sition axiom. This says that for all k,¢ € H, the following diagram should commute

Ind(V) Ind(V) e Ind(V) Vv Nk Vv Vv
Uy om, ony — —— T onNyomy — > NYOom, oTy,
Ind(V
“k,tz( ) Mx,e (2)
Ind(V) ke N Vv
Wke 9] nv 4 nV o 7Tk€

To do this we need to show that for all X € V and g € G, the following diagram
commutes

) M)y (x)(9) v
(kg ) 5;{() (g) (kne)x (9) (k? ) 517;}/()()) (9) 7 (X) 5H,‘: };(X)(g)
Id 52”’“ £>X (9) (3)

(ke - 5%) (9) (o) » 571 (g)
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Again, we just need to check this for ¢ € H. Then by definition, (3) is the diagram

-1 -1

wo- _
T (X) — 2 7 ol (X) — 25 7, o) o m)(X)
Id Mk,
vV ooy Ho~1 ke Y, Vix
7797119(( ) 7 g1 0 Tre(X)

which commutes by the H-category axioms.
The other H-intertwiner axiom is the unit axiom which says that the following

diagram should commute
Ny
/ \ 0
V) o ny Tle

Ind

> Ny 0T,

To do this, we need to show that for all X € V and all g € G, the following diagram

commutes
07 (9)
%
Id 5H (9) (5)
(e) x (9) V(X
) . » o5 (g)

e- 05 (g

Again, we only need to check this for g € H. Then by definition, (5) is the diagram

W;),l (X)
/ \
pti,
W;,l (X)

r my oy omy (X)

which commutes by the H-category axioms. Therefore (4) commutes and 7, is an
H-intertwiner. [
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Lemma 3.41. The H-intertwiners
ny: V — Res%Ind$(V), V € REP(H)
defined in Lemma 3.40 are the 1-cells of a pseudonatural transformation
n : Irep(ay — Resfllndg.

Proof. We need to define unitary natural transformations n"""V for all V, W € REP(H)
with components

ng”" : ResGInd%(©) oy — my 0O, O € Hompy(V, W)

that satisfy the pseudonatural transformation axioms.
To do this, we need to do the following;:

1. Firstly, each ng,w should be a 2-cell in REP(H), that is, an H-natural trans-
formation. Therefore, to define ng’w, we need to:

(a) Define unitaries
(™) + ResiInd5;(©) o my(X) = my 0 O(X)

for all X € V. Since the underlying C*-category of Res$Ind% (W) is
the category of fixed points Cy (G, W), each (n(‘;’W>X should be a mor-
phism in Cy(G,W) which commutes with the fixed point trivialisers for
Res§Ind%(0) o ny(X) and my 0 O(X).

(b) Check that the (ng’W>X’s are natural in X.

(c¢) Check that the H-natural transformation axiom holds.
2. Then we need to check that the ng’w’s are natural in ©.

3. Finally, we need to check that the pseudonatural transformation axioms hold.

In order to define 3" for © € Hompy(V, W), let us first recall the defini-
tions of Res$Ind%(0) o ny(X) and my o O(X) for X € V. On the one hand,
Res%Ind% (0©) o ny(X) = ©(63%), which is given by

OorY (X) ifge H

0(d3; = g ’

©)(9) {O otherwise

and for each k € H, the trivialiser pf(‘%) : W,CCH(G’W) (0(65)) — O©(d7) is defined as

: 00%) [y :
follows: For g € H, p, "’ (g) is the composite
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Ok

My -1, —
MY oOom) (X) —2— @omfoml, L (X) T

©om) . (X)

and for g ¢ H, pg(ég)(g) is the zero map.
On the other hand, ny o O(X) = 62()(), which is given by

5@(){)(9) _ W;;,l O@(X) 1fg € H,
H 0 otherwise

o(X)
and for all k, the trivialiser piH : 7T,§H (@W) ((52()()) — (52(X) is defined as follows:

For g € H,
o) V.V %
P (9) = prgrg=r f T 0 Mg 0 O(X) = o 0 O(X)
59X )
and for g ¢ H, p,” (g) is the zero map.
Therefore, we define (ng’w) by
X

(™) (o) = {@91); ifg el

0 otherwise.

We need to show that this is a morphism of fixed points. To do this, we need to
show that for all £k € H and g € G, the following diagram commutes

Chy(GV v, W
H( )(TI

Tk 6" )x@) ey (o
= >7TkH( )(51{( )> (9)

7 1V (0(5%)) (9)

X o(X)
o (g) PO
(ng’w) (9) o(x
0(5%)(9) 2 » 05 ()

Since the functions are supported on H, we only need to check this for g € H (for
g ¢ H, all the arrows are zero maps). Then by definition, this is the diagram

129



O, 1,1 -
7'('};\} 0Bo Wx,lg,l(X) M W,ZV o leylg,l 0 O(X)

Ok
©o 7r}€) o WZ,lg,l(X) Hg g—1g—1
Mg p—1g—1
" O
O©om, i (X) » myra 0 O(X)

This diagram commutes because © is an H-intertwiner and hence <ng’w) is a
b's

morphism of fixed points.

Next we need to show that ng’w is an H-natural transformation. Naturality
follows from the fact that each (©,-1)"" is natural. To show that it is H-natural, we
need to show that for all £ € H, the following diagram commutes

v.w

Wllfnd(w) o Res$Ind%(0) o ny — T W,ind(w) onwo0B
n,oInd$ () O omk
nV,W
Res%Ind% (©) o ny o 1y = > myoOomy

To do this, we need to show that for all X € V and ¢g € G, the following diagram
commutes

v, W
0 o ResInd$(0) 0 my(X)(9) — =225 a0 oy 0 O(X) (9)

(nkoInd (©)x) x (9) (Okomk)x (9)

5™ ) x(9)

Res§Ind{;(©) o ny o mf (X)(9) > w0 © ol (X)(g)
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Again, we only need to check this for ¢ € H. In this case, by definition this is the
diagram

v (0-11) Y
©om, 1, (X) > Molay, © O(X)
T
,Ut;,ll’k ﬂ-;/yl OW]ZVO@<X)
O
~ (9971)—1 ~

G)OW;,l o/ (X) ———— W;’\fl 00 omY(X)

and this commutes because © is an H-intertwiner.

Next, let us show that the ng’w’s are natural in ©. We need to show that given
0,9 € REP(V,W) and an H-natural transformation x : © — &, the following
diagram commutes

ResGIndG (k

Res%Ind%(©) o ny ) Res%Ind% (®) o ny

ng,W nc\;,W
nw © © “ > My 0 O

To do this we need to show that for all X € V and g € G, the following diagram
commutes

Res§Indf (k) (x)(9)

Res%Ind%(0©) o my(X)(g) y ResGInd%(®) o my(X)(g)
(18”) (@) 2™ x (9)
(mwk) x (9)
nw o O(X)(g) > mw 0 O(X)(g)

131



We only need to check this for ¢ € H. In this case, by definition this is the
diagram

g1 (X)

Oorm) (X) ——— dor)

(0-1)" (2,-1)"

W;/,l 0O(X) —F—— 7r 0 d(X)

and this commutes because x is an H-natural transformation.

Finally, we need to show that the ng’w satisfy the pseudonatural transformation
axioms. The pentagon axiom says that given H-intertwiners © : V — W and
® W — X, the following diagram should commute.

WX v, W

Res$IndS (®) o ResGIndS (©) oy —=— ResGIndS (®) oy o0 © —2— nyo P o0 O
Id Id
nV,X
Res%Ind% (P o ©) 20 > Ny o PoO

This follows immediately from the definition of the coherence unitaries for ® o ©.
The unit axiom says that the following diagram should commute

P

n
RGSHIHdG 1]; ony s > 1y © 1V

and this follows immediately from the definition of nf‘;v. ]

Next, we need to define the counit £ : Inngesg — lRrep(q). First, we need to
define G-intertwiners &, : Ind§Res% (V) — V for all V € Rep(G). To check one of
the axioms we shall need the following lemma.

Lemma 3.42. Let V be a G-category and let V € VE. Then for allt € G,
(tre)v = (p)-
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Proof. Givent € G, the fixed point axiom says that the following diagram commutes

(Be)v py
v Pt
7/ (V) > V
That is,
pl o (pl) = pi o (uie)v
and left multiplying both sides of the equation by (p;)~! yields the result. ]

Lemma 3.43. Let V be a G-category. There is a G-intertwiner
& IndGResG (V) — V

whose underlying x-functor is defined on objects by

&(X) =Py (X))

vyel

where T is a set of coset representatives for G/H and on morphisms by

&v(a) = P (al).

vyel
Proof. We need to equip &, with coherence unitary natural transformations
Gimoby = &om™Y, ted

that satisfy the G-intertwiner axioms. (As with the unit we have chosen to denote
these maps by & rather than (£y); to avoid the notation becoming too cluttered.)
We need to do the following:

1. Define unitaries
(E)x : 1) 0 Ep(X) = & o m" M (X)

for all t € G, X € Ind%Res%(X).
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2. For each t € GG, check that the (&)x’s are natural in X.

3. Check that the G-intertwiner axioms are satisfied.

In order to define the unitaries (& )x, let us first recall the definitions of 7 0&,(X)
and &y o wind(") (X) for X € Ind§Res (V). On the one hand,

7o &p(X) =7V (@w )

yel

and on the other hand
&om™ M (X) =@ Y((t-X)(7))

~yel

= @W;/(X(t_l

vyerl
To define (&;)x we also need the fact that for each v € I, we have
ty =~k

for some v € I and k, € H. The subscript on k, is just to remind us of the
dependence of k., on 4'. We define (§)x as the composite

. [@ m*;<x<v>>] @y e X0

vyel vyel
Dy
— @ (X
vyel
=P, (Xt k)
y'el’
@/-L / k.,
— P oy, (X(t''ky))
~v'er
@pk v
——— P X))
~'el’

where (™ is the canonical unitary natural transformation for the preservation of
direct sums by the x-functor 7.
Let us show that the (§;)x’s are natural in X. To do this we need to show that

given a morphism « : X — Y in Ind§Res (), the following diagram commutes
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Y oy (a)
m) o &y(X) . » )y 0 &y(Y)

(ée)x &)y

Ind(V) (Oé)

e om (X) T g oV (Y)

Expanding this diagram using the definitions and adding some extra internal arrows
yields the following

Y [®,er 7Y (@())]
(B, 7 (X(7)) o » 7 | @B T (Y ()
o (1) o
v M v @yer ﬂ-tVOﬂ-’]y;(a(’Y)) N v M v
@»yer Ty O, (X(7)) ? @yer Ty O T, (Y (7))
Dpt,~ (II) Dty
D, er 7 (X(7)) @, 00) D, cr 7 (Y())
=D er W;}/kwl (X(EYky)) =Boer ”3%, (™)) =P ep W,];,kvl (Y(t'9k,))
M’;/lyk,yl (III) u’;/lyk,yl
. ‘;’ L D, er ﬂ’\Yj,Oﬂ}:,y/ (a(t k1)) . V" iy
@fy’EF 7T’y/ © Trk,yl (X(t ,y kl’y/)) ” ®’Y/€F ﬂ-’y/ o 7Tk,‘,y/ (Y(t /y k’Y’))
oL, (IV) ooy,
VV 1 @’YIGF W,‘Y},(a(tfl’y')) VV _1_y
D er 7 (X () > Dyer T (YY)

Now, (I) commutes by the naturality of ¢ (IT) commutes by the naturality
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of the p;,’s, (III) commutes by the naturality of the u;,{,w’s and (IV) commutes

because « is a morphism of fixed points. Therefore, the (§)x’s are natural in X.
Next, let us show that the &;’s satisfy the G-intertwiner axioms. Firstly, the

composition axiom says that for all s,t € GG, the following diagram should commute.

7TVO7T2)O£V e Wﬁofv

s

&t

2

Vv Ind(V)
T, o &yom Est

£s

~ ~

Ind(V Ind(V Hs,t Ind(V
&;O?Tsn()omn() 55\)07%?()

To do this, we need to show that for all X € Ind%Res%(V), the following diagram
commutes

e ong o &y(X) (“S—t)x> 7T;}t o &y(X)

s

(§e)x

71'2,} o&yo thnd(v)(X) (€st)x (1)

(gs)X

~ ~

£ o Wind(v) o ﬂ_gnd(v) (X) (ps,t)x £ o ngd(\/) (X)

When we expand this diagram, we shall need to write some of the terms in different
ways. In particular, for each v € I', we have

by = ’7,]{57’
for some 7/ € I" and k, € H and for each 7' € I' we have

S’yl — ’y”é,y//
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for some 4" € I" and ¢,» € H. Furthermore, for each v € I', we have
sty = sv'ky
= 7//67// k'Y"
Although we are not expressing it explicitly in the notation, the k., in the expression
above depends on 7" since 7' does (because the map ' — ~” defined by v"H = sy'H

is a bijection from I to itself). Then, expanding (1) using the definitions yields the
following

137



7Y om | @ ™ (X(7))] % @, er 7 (X()]
=7V on) o&(X) =y 0 &(X)

s

~

¢t

2

7V [ D,er 7 o ) (X(1))]

\%
(Tst

@Ht,’y

~

7Y [ D,er 7B (X ()] +

D, cr 7 0™ (X(7))
= 7Y D er T, (X R))]
@M;/lykwl
_ Dpst,
| @ o, (X (k)] e
GBPIW
) [@yer ™ (X(flV/))} D cr 4, (X (7))
=7/ o&yo wi“d(v)(X) - GB’Y”EF WK’%"’W (X((st) 717" Cyrky))
¢
@yer 77;/ o W“‘Y}’ (X<t_17/)) EBN;/}’ZW” b
Db 1
D, er T (X(E 1Y) M
5 v v -1
== @’Y"EF W,lyj/lg " (X(t_ls_l’}//g,y//)) @’Yﬂer Tr'}’” © ﬂ-é.y//k.y/ (X((St) Y E”/”kv’))
Y
69#’;'};5 ”
@’YNEF 7[_,]/;// e} WZ” (X(tilsil’y//g,y//)) EBpew,, k,yl
Doe_,,
D er (X s719")) ” \ D T (X((st)719"))
=¢&po Wind(V) o ,ﬁgnd(v) (X) —¢&yo Wi?d(V) (X
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To show that this commutes, let us first remove the (’s from the equation. By
Corollary 3.3 we have a commutative diagram

7Y om | @ ™ (X(1)] — 7Y |, e 7 (X()]
: 4 (3)

@#s,t
D, er 77 om0 (X(7)) ——— D,er ™ 0 7Y (X(7))

Next, if we consider the diagram

v
(Ts
7Y | @,er 7 0w (X(7))] > @, oY o mY(X())
Dt~ Dht,y
| er (X (7)) o Dyer ! 0 TH(X(7))

% _
= Y [ @y e, (X (k) = @ o mh, (Xt k)

-1 —1
@D
®#7,,k,yl H’Y/,k,yl

~

v
_ (s _
Y Dyer o (X(E k)| — @Y o o, (X(t Ty ky))

EBPIC,Y/ @Pkﬂ/,
~ Cﬂ—;} 1
[ xe) Dy o TUX(Y)

then each of the squares commutes by the naturality of ™ so that

Y _ _ Y
C "o @pkw’ © @HV’TIC»Y/ © @Ut,’y = @pk;// © M’Y’%k'y/ © @ﬂt,’y OC °. (4)

Substituting (3) and (4) into (2) yields
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v, .V
4775 O7|'t
mYom | @er ) (X(7))] > @er ) 0w 0TV (X(7))
¢t l
@, cr Y o Y (X(7))] e
¢
D, cr ) om0 Y (X(7)) D, er T 0 T (X (7))
@Nt,’y
B e o Y (X(1) y
— st,y
— @’y’EF Vo W,ly}/k’yl (X(t 17’/@/))
eau;l’k’v’ 4
v D er 7, (X(7))
ep Lol omy (X(t'Yk.,)) e .
697 . ! Iw( ( ! - 69v”el“ W]V}”Zv”kw' (X((s) 17"67”]97’))
GBPkW,
@W,EF 71';) o W,‘Y), (X(t'4")) GB'LL;/}’[W”]C"//
GB,LLS’,Y/
D, er T (X () M
S v Y —1. 1
@y e o (K k)
vy
GBM;I}’Z’YH
@7”€F Tr})/}” © ﬂ-}} ” (X(t_ls_lﬁyﬂg'}/“)) EBpé’yN k’yl
Y
Dpe_,
S
o Id -
D ver (Xt s719")) » D T (X((st)719"))

The top left triangle commutes by Lemma 1.23 and so we just need to check the rest
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of the diagram commutes by checking this for a typical summand in the direct sum.
This follows from the commutativity of the following diagram. We have omitted the
subscripts from the k’s and £’s to avoid the diagram becoming too cluttered.

v
Hs t Id
nY omy oY (X (7)) 7% o mY (X(7)) 7% 0wy (X(7))
v
MX’Y (I) Hoty (H) ‘“;}t,’v
T2 (X (7))
v Vv sty v -1 v v
g O ﬂtw(x(v)) ”l},tw _ 7rv , (X(til’y/k))) (M’Y”Lk‘) Trv,/ o WV(X(t_ls_lfy”[k)) Horrg g Trst’Y (X('Y))
=aYo ﬂv,k(X(tfl’y/k)) —uv sv'k e k — ﬂ.v”lk(x(tfls—l,yuek))
s s k — —

v o = ﬂ'}yj//gk (X(t 15 I’YNEk)) 7

_ - _ v -1
(%) (1) (%0 ) = (1) ™ () () (V) Wi

v v v —1.7 v -1
Ky oyt Tt OTp (X(t™'k)) (H //y[) f‘}}.k
Try o ﬂ'"y}, o ﬂkj (X(t‘l,ylk)) [ERELLRAEEN _ ﬂ—V/S/Z . ﬂ—}j(X(t—ls—l,Y//ek)) 2l ﬂ'\yj” ° 71-}} o ﬁ,‘cj(X(t_ls_l')//fk)) _ Tk ﬂ-"yj” ° ﬂ-%c (X(t‘ls_l'y”fk))
Y
1o (VD) 7 (VII) o3 (VIII) oX
v v -1,/ v -1
Ky 1 0 /(X(t Y )) (78 pX

mYom (X(t1y) — sy U)oy, oy (ka5 170) P, k()

= W)Y),,Z(X(tflsfly”ﬁ))

The squares (I), (IIT), (IV) and (V) commute by the G-category axioms, the com-
mutativity of (II) is immediate, (VI) and (VII) commutes by the naturality of the
p’s and (VIII) commutes by the fixed point axioms. Therefore, (2) commutes and
the coherence 2-cells satisfy the composition axiom.

Lastly, we need to show that the coherence 2-cells satisfy the unit axiom which
says that the following diagram should commute.

&y

v Evslnd(v)

&e Ind(V)

>€VO7T5

Wzofv

Therefore, we need to show that for all X € Ind%Res% (), the following diagram
commutes.
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Ind(V)
y \
Ind(V )

7T OSV fvoﬁe

Expanding this diagram using the definitions are adding some extra internal
arrows yields the following

B, er 7Y (X(7)
=&y (X)
€ Id
0 = ap " (1)
w2 (@ er ¥ X)) ¥ . - x @ (X))
[@rcrmxon] e, Dr o (X() —2T s @ L w¥(X() — s @ ¥ on¥(X() —2
= 7Y 0 &p(X) =&y omV(X)

The triangle (I) commutes by Corollary 3.3 (one side of the square in the corollary
has collapsed since one of the functors is the identity functor), (II) commutes by the
G-category axioms and (III) commutes by Lemma 3.42. O

As one would expect, although we made a choice of coset representatives for G/ H
when defining the G-intertwiner &, : Ind§Res% (V) — V), the definition only depends
on the choice up to isomorphism.

Lemma 3.44. Let V be a G-category and
&, &, IndSResG (V) — V

G-intertwiners defined as in Lemma 3.43 using the sets of coset representatives I’
and X for G/H respectively. Then &y, is G-naturally isomorphic to £,.

Proof. We shall define a G-natural isomorphism Wy, : &, — &,. To do this, we need
to do the following;:

1. Define unitaries
(Ty)x : Ep(X) = &(X)
for all X € Ind$Res& (V).
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2. Check that the (¥y)x’s are natural in X.
3. Check that the G-natural transformation axiom holds.

To define (Uy)x for X € Ind§Res$ (V), we first note that for each o € ¥ we have
o =ym,

for some v € I" and m, € H. The subscript on the m,, is just to remind us of the
dependence of m, on . Then, on the one hand

&(X) =P (X(0)

ceY

=P, X(rm,))

vyel

and on the other hand

&(X) = Pl (X().

yel’
Therefore, we define the unitary (¥y)y : £L,(X) — £, (X) as the composite
D,er W, (X(ymy)) ek,
!
= &H(X)

Now let us show that the (¥y)x’s are natural in X. We need to show that given a
morphism a : X — Y, the following diagram commutes

ek, D™ (X(7))
_

7Y ory (X(ym,
@'yel‘ ol my( (7 )) :fv(X)

(‘I’V)x (‘I’V)Y

Ev(X) v Ev(Y)

Expanding this diagram using the definitions and adding an extra internal arrow
yields the following
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Does 7 (X(0)) Doex 7o (Y(0))

e, (a(ymy))

=D er T, X(ym,))  ———— =D, (Y(m,))

= &H(X) =&u(Y)

@/"7}”7 @H;}n'y

v \;, enyomy_ (a(ymy)) v ;;

®76F Ty © T, (X(ymy)) ’ @wer Ty O T, (Y (v,m,))
oY (pX.) e (p¥.,)
@’yEF WK(XCV)) omY (a(v)) . @761“ WK (Y(7))
= &H(X) =&(Y)

The top square commutes by the naturality of the Mﬁm’S and the bottom square
commutes because « is a morphism of fixed points. Therefore, ¥y, is a unitary natural
transformation.

Lastly, let us show that Wy, satisfies the G-natural transformation axiom. We
need to show that for all ¢ € GG, the following diagram commutes

Vol Ty Y
Ty © 5]) 7 Ty © Sy
& &t
/ Ind(V) Uy Ind(V)
§yom — &yom

To do this, we need to show that for all X € Ind%Res%(V), the following diagram
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commutes

7Y 0 &,(X) Wx Vo6 (X)
€)x (€)x (*)
& om Y (X) —X o o mV(X)

When we expand this diagram, we shall need to write some of the terms in different
ways. In addition to writing o = ym, as above, for all ¢ € ¥ we have

to =o'k,
for some ¢’ € 3 and k,» € H and for all v € I' we have
ty =~y

for some 4" € I and ¢,, € H. Then, expanding (*) using the definitions and adding
some extra internal arrows yields the following

145



7 [@oen 7 (X(0)) e ko
Bhy ey Do, 7Tt r7 Y
= | @, er o, (X(ym))| s | @ Y 0 (X(gm,)) | —— -
= 7Tt oy
=7y 0 &, (X)
o @ ¢ (11) o
@ ey 7]—2/ o 7T37}<X(0->> DU m M ®pX A
7 7 Y ornYorY (X(ym i YoV (X
@ oY (X(3m,) Orer i oy © o, (X(77) Brer i 0 (X()
S it
:@Nt,'ymry (III) Hty (IV> B
D,es LX) | L
Vv @Ht'y,nw v v @PZ(M @'yel—‘ 7Tt’y( (,}/))
Drer i, (X(7m3)) Drer ity 0mn, XOma)) ———= v ()
= @a/eE WZ’k ,<X(t_10,ka/)) ver Tty !
@M;’l,k ’ @‘u;z//
@O’EE T © 7T}ci,/ (X(t_lo-lk'ﬂ/)) (V) Gav’el“ 7'(');/ o} WZ/ (X(t_l"}/g,y/))
oox oo
B, cn X1 10) . ) S
o Vv X 1.7 “//,m,y/ v v 1 @Pm’y, @MGF 7T7/<X(t v ))
o ®’Y/€F 7T’Y’m7/( (t gl m'}’/)) _— ®’7,€F 7T,Y/ o) ﬂ-m'y/ (X(t Y mfyl)) _— g nd(V) (X)
= @] ’ﬂ'
— g0 n™V (X) s

Now, (I) and (II) commute by the naturality of e (III) commutes by G-category
axioms and (IV) commutes by the naturality of the p,,’s. To show that (V) com-
mutes, we consider the following diagram which examines a summand in (V). Here
we need to keep track of some primed versus unprimed elements because we need to
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write the coset representative o in several different ways, namely we have

g = ym,
=t'9l,m,
and also
o=t "'k,
= t_l")//m,y/ ko./
so that

E,YIW”L,y = My kal.

Therefore, primed and unprimed ~’s may appear in the same expression and although
it is not explicit in the notation, each v depends on ' and vice verse because the
map v +— 7' defined by vH = tyH is a bijection from I" to itself. Using these
identifications and adding some extra internal arrows to the diagram for a typical
summand in (V) in the preceding diagram we obtain the following
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Tom, (X(ym))
— .V -
=Tyt m, (X(t~'y'lym,)) Tt 7T2{Y o7r,]fbW (X(ym,)) o 2 Xe)
- - - 7 Ty, 04
- Tr)‘{}/m,ylka.l (X(t 1’}/m7/k(7/)) :'u’ylll’«,\//,'mm, - ﬂ-’];lz,y/ o ﬂ.wa (X(t 17/57/7717)) Ty
=, (Xt 0'k))
-1
ne, (VII) Mot
X
Id (V1) 7T)Y}/ o ﬂ}i, o W%,Y (Xt lymy)) ————— le)/ o ﬂ}i, (X(t~190,))
He_,,m
e (VIII) o
% -1,/
T . (X(E Y Lymy))
’Yf»y My vy Y H;/lyg / '/T»‘y}/ O’]‘r};/ (X(t7171£7/m7)) pf "
— ym y'm rm _
= Wy, (XA Morkr)) —— T — (X))
! =# =Y, v X(t— 14/ k =Pm_,k v
v 1 vk = 7r'y’ o ’/Tm,yzka/( ( Y My U/)) mrk g
=Ty, (Xt 0'kor))
M;/l,ko_, :u;llTﬂ,y/-,ko_/ (IX) M;ni{/,kg/
1% 1% -1, —1
Mo O T, (Xt 0'kq)) Fotim XI 1d
Y Vv —1.0 — W;;’ Oﬂ-;il/,yl © 7rI\c;a/ (X(tilry/m'y’ko’)) ( )
= 7T’y/mw/ ° ﬂ—ka.l (X(t Y m'y’ka’))
o, (X) P
'u’;'l,m ’ szl ,
_ ~ B . B
T, (X (1 M) mY oy (X(t'my)) (X (t1"))

Now, (VI) and (IX) commute by the G-category axioms, (VII) and (III) commute
by the naturality of the p’s and (VIII) and (IX) commute by the fixed point axioms.

Therefore, (V) in the previous diagram commutes and hence (%) commutes.

Lemma 3.45. The G-intertwiners
& IndGResG (V) =V, V€ REP(G)
defined in Lemma 3.43 are the 1-cells of a pseudonatural transformation

5 : Inngesg — 1REP(G)-

Proof. Similarly to the unit, we need to do the following;:

148

O



1. Define G-natural isomorphisms
oW @06, — &y oIndGRes$(O)
for all V, )W € REP(G) and © € Homg(V, W).
2. Check that the fV "Wog are natural in ©.

3. Check that the pseudonatural transformation axioms hold.

First, we need to define the components of %’W. Given X € Ind%Res$(V), on the
one hand

© o &H(X

EBW

yel

and on the other hand
&y o Ind%Res% (0)(X) = @ WKV o

vyel
Therefore, we define (g,w) as the composite
X

0@, W (X(1)| " @, @0 (X (1) 22 B, 0 O(X (7).

Naturality follows from the naturality of (® and the (@7)71’5.

To show G-naturality, we need to show that for all ¢ € G, the following diagram
commutes

7V o® oy, gO—> 7V 0 £y o Ind%Res% (0)

£400y Ind% (0)co&

vV, W
Oo&yo Wind(v) —>5@ &y o IndHResH(@) o wﬁ“d(")

To do this, we need to show that for all X € Ind%Res%(V), the following diagram
commutes

(5™ )x

7V 00 o &y(X) 7V 0 &y o Ind$Res% (0)(X)

(gtoet)xh k(Ind%(@)togt)X

&
00 &y om M (X) {87y, &w o Ind§Resf (0) o m "M (X)
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For this, we shall need the fact that for each v € I we have

ty =~k

for some v € I and ky € H. Then, expanding the diagram using the definitions
and adding some extra internal arrows yields the following

00 | @, er 7Y (X(7))]

w w
¢® ®(O,) ! 7 | B er ™ 0 O(X(7))
Y | @B, er @0 7Y (X(7))] e )
=Y 00 0&y(X) = 7V 0 &y 0 IndG ResS (0)(X)
o, 0y et (IV) o
C‘zrz/voO
(e, "
o) | D, er WK(X(V))} (II) D,er Y 0O 0¥ (X(7)) D, er Y oY 0 O(X (7))
Cﬂ-y ®Oy Dhit
(VI) W
o D, cr 7y © O(X(7))
© 7y omY(X < Oon)onY(X 7
(@, oY (X () Dyer @0 ol (X(7) B OX(t )
D,y Drt,y
(V) ' 69#;/111“ ’
© [EBWGF ﬂ%(XW))} o D, cr O ol (X(7))
—— ’ D, crnl om0 OX( k)
v 1y @O0y (X(t k) ver Ty e, V'ks
=0 [@,cr wh, (X(t k)] yer @0y, ;
(VIII)
ent (VII) ounll, @O,
@[ Voml (Xt Wk < QoY ony (Xt~ vk 2(0,)” Woor) (X(t- 4k
D ermyomy (Xt k)| ———— @perOomyom (X(t7ky)) — " Dyermy 0O oy (Xt y'ky))
X X
By (IX) oor, (X) O
O [ ®yermy (X(E7) e s(0,)”" @, w0 OX(171Y)
®, | @ er O 0 TU(X(t71)) —

=00& om V) (X)

= &y o IndGRes(0) o ﬂ%nd(v)(X)

Then (I) and (IIT) commute by Lemma 1.23, (II) commutes by Corollary 3.3, (IV),
(V), (VII) and (IX) commute by the naturality of the (’s, (VI) and (VIII) commute
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by the G-intertwiner axioms and (X) commutes by the naturality of the (@7/)_178.

Therefore, %’W satisfies the G-natural transformation axiom.
To show naturality in ©, we need to show that given ©,® € Homg(V, W) and a
G-natural transformation x : © — @, the following diagram commutes

O o0&y : > Pody
& &
G G Inngesfl(n) G G

To do this, we need to show that for all X € Ind%Res%(V), the following diagram
commutes

Key, (X)

O o &y(X) > @ o &y(X)
(€™« (&™)«
n G esG R)X
£ 0 IndS ResG (0)(X) —dileiIx e o 1ndS ResG (0)(X)

Expanding this diagram using the definitions and adding an extra internal arrow
yields

O @, ™ (X(7)| —— ® @, 7 (X(7))]

¢® ¢®
4 . 4
D, r O (X(y) —————— D, op LoV (X(7)
B(0,)7" B(Py)

D,cr ™ 0OX(7) ——— @, er ™) 0 B(X(7)

~yel' "y

151



The top square commutes by Corollary and the bottom square commutes because
is a G-natural transformation. Therefore, the gng’s are natural in ©.

Lastly, we need to check the pseudonatural transformation axioms. The com-
position axiom says that given G-intertwiners © : V — W and ® : W — X, the

following diagram should commute

PoOo&y d > PoOo&y
&
® o &y o IndGResS (O) 3694
&
Ex 0 Ind%Res$ (B) o IndGRes%(O) —94—— €4 o IndGRes% (P 0 O)

To check this, we need to show that for all X € Ind§Res (), the following diagram
commutes

® 00 o&y(X) d » ® 0O o&y(X)
(&™)«

Do&yo IndéResg(@)(X) (60:0)x
(& )x

Ex 0 IndGResf (P) 0 Ind§ResS (0)(X) ——4— €4 0 IndGResé (P 0 ©)(X)

Expanding this diagram using the definitions and adding some extra internal arrows
yields the following
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®o0 (@, (X()) u 00 |D, ™ (X(7))

\
7

= 00 o&(X) = ® 00 o&H(X)
c© (1) (o0
1D, er @\; ™ (X(7)) a 4 [EBA,EF ®o @VO 14 (X(v))]
®(0,)7"

@ |@,er Y 0 O(X())]

(1I) ©(,)7!
= ® o &y 0 Ind%Res%(0)(X)
C@

D,er om0 O(X(7)) - » D,er om0 O(X(v))

B(P,) " (HI) ®(2,) 7!
D, er 5 0 20 O(X(v)) 1 D, er ™ 0 20 O(X(v))

_—
= &y 0 IndGRes$ (@) o Ind§Res (0)(X) = &y 0 IndRes$ (P 0 ©)(X)

Now, (I) commutes by Lemma 1.23, (IT) commutes by the naturality of (* and the
commutativity of (III) is immediate. Therefore, the composition axiom is satisfied.

Finally, the unit axiom (shown below) holds since all the arrows are identities by
definition.
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SY

PRV
38

Ly o &y 1

> &y o IndGRes% (1y)
]

Following on from our earlier observation in Lemma 3.44 that the choice of coset
representatives for G/H only mattered up to isomorphism when defining the &,’s, we
note that using a different set of coset representatives yields an isomorphic counit.

Lemma 3.46. Let V be a G-category and
£ ¢ IndeResg — lrep(q)

pseudonatural transformations defined as in Lemma 3.45 using the sets of coset rep-
resentatives I' and 3 for G/H respectively. The Wy, defined in Lemma 3.44 are the
2-cells of an invertible modification ¥ : £ — &.

Proof. We just need to check the modification axiom which says that given a G-
intertwiner © : YV — W, the following diagram should commute

Wy

© o0&, » © oy
& &t
¢, 0 Ind%ResG (©) — 2 ¢y, 0 IndGRes% ()

To show this, we need to check that for all X € Ind%Res% (), the following diagram
commutes

(Tv)x

©0&H(X)

> ©0&y(X)
(&)x (&)x
(Tw)x

&, 0Ind%Res% (0)(X) —X— & 0 IndGRes% (0)(X)
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For each o € X, we have
o = vky

for some v € I' and k£, € H. Then expanding the above diagram using the definitions
and adding some extra internal arrows yields the following

C) [@aEE W};}(X(U))] ot o o {@ . W}Y;(X(’y))}
=0 | @, cr 7%, (X(11,))] = O |@,er 7Y oY (X(7ky))| — i o)
— 00 ¢),(X) Y
@ Q) ¢® (IT) c®
Byes O 0¥ (X(0)) ousl, ook,
— @, 00, (X(1hy)) Brer @ omy o ml, (X(1ks) ——— Brer @ 0 (X (1)
®(0,) 7" |=@(0k,) (I11) (6,1 (IV) ®(0,) !
JARYC
Oren o0 OX(7) 56n ek Dyerm 00(X(7))

D, -1y 0 O(X(7ky)) ﬁs@@ ¥ om0 O(X (k) —3 @B
=&y 0 Ind%Res% (0)(X)

ver Ty Oeo”k (X(vky)) —

=¢&pyo IndHResH(@)(X)

Now, (I) and (II) commute by the naturality of ¢®, (III) commutes by the G-
intertwiner axioms and (IV) commutes by the naturality of the (6,)"’s. Therefore,
the modification axiom is satisfied. [

Now that we have defined the unit and counit, all we need to do to show that
induction and restriction are biadjoint processes is to show that the biadjunction
triangle identities hold up to invertible modifications.

Lemma 3.47. There is an invertible modification
A 1Resg - Resg(f) © nRest

whose component at V € REP(G) is defined as follows: Given X € V, (Ay)y is the
composite

Ev }a},e
X — WZ(X) &) WgOW;j(X).
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Proof. For each V € REP(G), Ay should be an H-natural transformation from
lResc (1) tO Res% (&) o NResG (v)- Given X € V, we have

RS 6) 0 o (X) = Res ()53
= WZ o W:(X)

(Here we are using the convention of taking the identity element e as the coset
representative for H. If we had taken a different representative h € H, the expression
would be 7} o 7}, (X) but the proof would remain the same.) Therefore, we define
(Ay)y as in the statement of the lemma.

Let us first check this defines an H-natural transformation. Naturality follows
from the naturality of ¢ and ;ﬂée. To show H-naturality, we need to show that for

all k € H, the following diagram commutes.

A
7TI]<:/ © 1Resg(V) — Trl)cj © Resg(fy) © nResg(V)

Id Nko&k

A
1Resg(V) © ﬂ-l‘cj — Res%(&» © nResg(V) © ﬂ-}cj

To do this, we need to show that for all X € V), the following diagram commutes.

(Av)
T © Inesg 1) (X) ——% 7 o Resfj (&) o MRes¢ (1) (X)

1d (Mkolr) x

(Av)
1Resg(V) © WZ(X) — Resg(fv) O MResG (V) © W:(X)

Expanding this diagram using the definitions and adding some extra internal arrows
yields the following

156



Y (X) -1 o) oy (X)

= ﬂ-l]s} o 1Res2(V)<X)

(1)
» Hk,e (II) Lk
VVX Hice Y S X
Wk( ) 7 My © 7Te( )
Mok (IV) Mok
~ -1 ~
1d (I1T) ¥ om)(X) P » w7 omy ol (X)
Hk,e
He,k (V) :piﬁ
~ —1 ~
! (X) » w0l (X)
Id N71
1) nok (VII) ok
= (Y) L 7o oml(X)

v %ﬂ'gowk(X)—>
= 1Res%(V) O Ty (X)

The commutativity of (III) is immediate and all the other cells commute by the
H-category axioms. Therefore, each Ay is an H-natural transformation.

Lastly, we need to check the modification axiom, we need to show that given
© € Homg(V, W), the following diagram commutes

A
Resf7(0) © Lpeg ) ——— Res(0) o Res (&) © Mpesg 1)
1d oW ogl W

A
1Resg(W) o R‘esg(Q) —— Resi(ﬁW) o nResg(W) © Resfl(@)

To do this we need to show that for all X € V), the following diagram commutes
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(Av)
Resg(@) © 1Resg(V) (X) — Resg(@) o Resg@l}) © ﬁResg(V)(X)

14 (R Voel™)

(Aw)e(x)
—

1Resg(W) © Resg(@)(X) Resg (€W) o nResg(W) © Resg(@)(X)

Expanding this diagram using the definitions and adding an extra internal arrow
yields the following

O(X) hel ©om) oy (X)
o ———> Oor/(X) ——— o o
= Res};(0) o 1Resg(V) (X) = Res};(0) o Resy; (&) o TIRes& (V) (X)
(€)™
Id (@)t WZV 0B®o W;}(X)
(©e)7!
O(X) j pee 7V or!VoO(X)
o —=—— o O(X) ’ o .
= LResc () © Res(0)(X) = Resp7(§w) © NMrest o1y © Resp(©)(X)

Both cells commute by the H-intertwiner axioms and hence the modification axiom
is satisfied. 0

Lemma 3.48. There is an equality of pseudonatural transfomations
]'Indg - flndg © Ind%(”)
Proof. Given V € REP(H) and X € Ind%(V), we have

5Indg(1;) © Indfl(nv)(X) = flndg(v) (0%)
— ﬂ_(land(V) o Wind(V) (X)

= X.
A similar argument shows that given a morphism o : X — Y in Ind% (V) we have

51ndg(1/) © Indfl(W)(Q) = Q.
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Combining the results of this section, we have the following:

Theorem 3.49. The induction 2-functor Ind$, : REP(H) — REP(G) is a left biad-
joint to the restriction 2-functor Res$ : REP(G) — REP(H).

Corollary 3.50. Let V be an H-category and VW a G-category. There are mutually
quasi muverse equivalences

ey : Home(Indg (V), W) = Homy (V, Resf (W)
and
Yy : Homy (V, Res%(W)) = Homg(Ind% (V), W)
defined on objects by
0y w(0) = Res$(O) o ny
and
by w(®) = & o Indf (D).

Proof. This follows from Theorem 3.49 and the fact that in a biadjunction one has
canonical hom category equivalences as detailed in Lemma A.2. ]

4 Categorical Hecke algebras

4.1 Classical Hecke algebras

In this section we shall outline some of the classical theory of Hecke algebras. Our
main reference for Hecke algebras is [21], in which the algebra is constructed in
a different way to the one we shall present below but it is completely equivalent.
Hecke algebras are constructed using the data of a group G and subgroup H where
H satisfies a certain finiteness condition relative to G to be described shortly. Hecke
algebras are similar in structure to group rings, in fact, when H is a normal subgroup
of G, the Hecke algebra of the pair (G, H) is the group ring of the quotient group
G/H. In order to describe Hecke algebras, we first need a few definitions.

Definition 4.1. Let G be a group, H a subgroup and v € G. We define the double
coset HxH by

HzxH = {hxk|h,k € H}.
We denote the set of double cosets of H in G by H\G/H.
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As with cosets, two double cosets are either identical or disjoint. Every double
coset is a disjoint union of left (or right) cosets. In the case that H is normal in
G, the double coset HxH is equal to the coset xH so for normal subgroups, double
cosets and cosets are the same thing.

Definition 4.2. Let G be a group and H a subgroup. We say H is almost normal
in G if every double coset of H in G is a disjoint union of finitely many left cosets.
If H is almost normal in G, we call the pair (G, H) a Hecke pair.

In particular, a normal subgroup is almost normal since every double coset is
equal to a single left coset. We note that it would be equivalent to define the almost
normality in terms of right cosets. This is because if

n
HxH =| |xH, x€G,
i=1
then
n
Hy'H=| |Ha.
i=1
Thus if HxH is a disjoint union of finitely many left cosets, Hx~'H is a disjoint
union of finitely many right cosets and vice versa.
Similarly to group rings, there are a few equivalent ways one can construct the
Hecke algebra for a Hecke pair. We shall describe it as a space of functions with a

convolution product since this is the approach we shall take when constructing our
categorical analogue.

Definition 4.3. Let (G, H) be a Hecke pair. The Hecke algebra, H(G//H) is the
x-algebra defined as follows: The underlying vector space is the space of functions

f has finite support mod H, }

HxH .__ .
Cu(Q) = {f‘G_”C’ f(hgk) = f(g) Vg € G, h,k € H

By finite support mod H, we mean that f(g) = 0 for all g outside of a finite set of
left cosets of H in G. The addition is defined by

(f + )g) = fg) + f'(9)

To define the product, we fix a set I' of representatives for G/H. Then we define

(f = )9 =D FnL ).

vyel
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(This is a finite sum because f has finite support mod H.) The involution is defined
by

f(g) = flg™")
where the overbar denotes the complex conjugate.

The definition of the product does not depend on the choice of coset represen-
tatives for G/H. This is because if 3 is another set of coset representatives, for
each o € ¥, there is a unique v € I' and h, € H such that ¢ = vh,. Then given
f,f' € H(G//H) and g € G we have

Y f@)f' (o) =) f(vhy) F' (b g)

oY vyel

¥ ICITHCE

~el

To see that the product is well-defined, let f, f' € H(G//H). We first note that fx* f’
has finite support mod H because f’ does. Next, if g € G and k € H, then

(f = ) gk) =D F) (v gk)

vyel

=> fNfFK

= (f = f)(9)-

Finally, to see that (f * f')(hg) = (f * f')(g) for all ¢ € G and h € G, we shall use
the following lemma.

Lemma 4.4. Let f, f' € H(G//H), g € G and let T be a set of coset representatives

for G/H. Then
=> fgnf(v!

vel

Proof. Let 3 be a set of coset representatives for G/H. Then the set
Q:={g'o|ocex}
is also a set of coset representatives for G/H because the map

v:G/H—G/H
cH v g 'aH
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is a bijection with inverse xH + gxH. Then

(f = f)g) =D flo)f'(c7'g)

oceY

= flg)f'(w™).

weN

Finally, if T" is any choice of coset representatives for G/H, then for each w € ) there
is a unique v € I' and h, € H such that w = vyh, and

(f= )9 =D flgw)f'(w™)

weN

=" flgvhy) f'(h5'y)

vyel

=> flgnf(7h.

vyel

From this we can see that if f, f' € H(G//H), h € H and g € G then

(f  [))(hg) =D F(hg)(v™)

yerl’

=> flgn(r™

vyel’

= (f* f)(9)-

Combined with our earlier observations, we have (f * f")(hgk) = (f * f")(g) for all
h,k € H and g € G. Therefore, the product in H(G//H) is well-defined.
Similar computations also show that the involution is anti-multiplicative, i.e.

frefm==07 ff eNG/H),

and that the unit is the characteristic function of H. We also note that a basis for
the underlying vector space of H(G//H) is given by the characteristic functions of
the double cosets.

Since we will frequently need to sum over a set of coset representatives for G/H
when working with Hecke algebras it will be useful to have some notation for this. To
that end, from this point onwards I' will always denote a set of coset representatives
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for G/H. Later on when we look at a categorical analogue of H(G//H), we shall
consider I' to be fixed throughout the exposition. The construction will not be
completely independent of the choice of coset representatives but as one might expect,
making a different choice of coset representatives will not matter up to isomorphism.

Part of the reason for the interest in Hecke algebras is that if V' is any represen-
tation of G, then H(G//H) acts on the space V¥ of H-fixed points. The action is
defined by the formula

Foo=S"f)(r-v),  feEHGH), veVH, (+)

vyel

This does not depend on the choice of coset representatives for G/H. If ¥ is another

choice of coset representatives then for each o € ¥ we have o = ~vh, for a unique
ve&€Il'and h, € H. Then

Y f@)a-v) =Y f(yh) (V) - v)

oEY yer

= Z f(rhy) (v - (hy - v))

yel’

=Y f(y-v).

yel’

A classical example of this is given by the Hecke operators of number theory and
their action on spaces of modular forms. More on this particular example can be
found in [11].

We shall also consider a different point of view by identifying fixed points with
certain intertwining operators. We can do this using the following lemma and the
induction-restriction adjunction.

Lemma 4.5. Let V € Rep(H) and let C denote the trivial representation of H on
the complexr numbers. There are mutually inverse isomorphisms

s : Hompy(C,V) S VH
and

t: V7T = Homy(C,V)

defined by s(0) := 0(1) and t(v)(a) == av, v e V1 a e C.
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Proof. Firstly s is well defined because given h € H,

h0(1) =0(h-1)

0
o(1)

Next, t is well defined because given h € H,
h- (t(v)(@)) = h- (aw)
=a(h-v)
= t(v)(a)
=t()(h- ).

Finally, it is immediate from the definitions that s and ¢ are mutually inverse. [

In particular, if V' € Rep(G) then Homy(C,Res%(V)) = V. Combining this
with the induction-restriction adjunction we have the following:

Lemma 4.6. Let V € Rep(G) and let C denote the trivial representation of G on
the complex numbers. Then there is an isomorphism

p : Homg(Ind%(C), V) = vH

defined by p(0) = 0(dy) where §y is the indicator function of H. There is a linear
map

defined by

which is the inverse to p.

Proof. We recall that if W € Rep(H) then the unit ny : W — Res%Ind$ (W) of the
induction-restriction adjunction is defined by

mw (w)(g) = 0 otherwise.

{g_l-w if g€ H,
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In particular,

a ifge H,
0 otherwise

ne(a)(g) = {

and hence n¢(1) = .
We also recall that the counit &y : Ind$Res% (V) — V is defined by

&)=Y v f()

yel’

and that we have mutually inverse isomorphisms

wYc,v - Homg(Indg(C), V) i HOmH ((Cu R‘esg(v))
0 — Res% () o ne

and

ey : Homp (C,ResS (V) = Homg(Ind% (C), V)
¢ = & o Indf(9).

We define p as the composite

Home (Ind$(C), V) 2% Homy (C, ResG (V) = VH
and g as the composite

VE L Hompy (C, ResS (V) 22% Homg(Ind$(C), V)

where s and t are defined as in Lemma 4.5.
Given # € Homg(Ind$(C), V) we have

p(0) = (s o pcv)(0)
= s(Res(6) o ne)
= Res$(6) o ne(1)
=0(0n).
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Also, given v € VH and f € Ind%(C) we have

q(v)(f) = (dey o ) (v)(f)
= (&v o Ind5 (t(v)))(f)

= 3" (G ) ()

vyerl

=7 (M)

yerl’

=Y - (f())

vel’

=> fN(-v).

vyel
Finally, p and ¢ are mutually inverse by construction. O

As a particular case, we note that given a Hecke pair (G, H), the underlying
vector space of H(G//H) is Ind%(C). Therefore, by Lemma 4.6 there is a vector
space isomorphism

p : Homg(IndS (C), Ind% (C)) = H(G//H).

The space Homg(Ind$(C), Ind%(C)) has a natural complex algebra structure with
addition defined by (6+¢)(f) := 0(f)+¢(f), f € Ind%(C), and multiplication given
by composition of intertwiners.

Lemma 4.7. The map
p : Homg(Ind%(C), Ind%(C)) — H(G//H)
defined as in Lemma 4.6 (with V = Ind%(C)) is an algebra anti-isomorphism.

Proof. Let f, f' € H(G//H). We need to show that
pla(f)oq(f)) = f=f

where ¢ : H(G//H) — Homg(Ind%(C), Ind%(C)) is the inverse to p defined as in
Lemma 4.6.
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Now,

Then, for g € G we have

yerl’

= (= f)(9).
Therefore, p(q(f') o q(f)) = f * f" as required. O

For any V € Rep(G), the algebra Homg(Ind%(C),Ind%(C)) acts on the vector
space Homg(Ind%(C), V') by precomposition. Under the above identifications of the
algebra Homg (Ind% (C), Ind% (C))°P with H#(G// H) and Homg (Ind%(C), V) with V¥,
the same argument as in Lemma 4.7 shows that this is the same action of H(G//H)
on VH defined by (x).

Before looking at a categorical version of Hecke algebras, we shall briefly look at
one other way to construct the Hecke algebra. We recall that the underlying vector
space of H(G//H) is the space of functions

Cu(GYFFH = {f G C f has finite support mod H, }

f(hgk) = f(g) Vg € G, h,k € H
If we let C.(G/H)™ denote the space of functions

{f . G/H = C f has finite support, }

’ f(hgH) = f(gH)VgH € G/H, h € H

then there is a vector space isomorphism

¢ Cy(G)TH = o (G/H)!
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defined by ¢(f)(gH) := f(g). Via this isomorphism, we can pass the algebra struc-
ture from H(G//H) to C.(G/H)!. Given f, f' € C.(G/H)!, the product is defined
by

(f = f)gH) =Y f(yH) f' (v 'gH)

vyel

and the involution is defined by f*(¢H) := f(¢g~'H). We shall use the notation
dmem to denote the characteristic function of HtH/H in C.(G/H)®. We are using
the same notation to denote the characteristic function of HtH in Cx(G)#*H but
since Cy(G)*H and C.(G/H)" are canonically isomorphic, hopefully the context
will make clear which is meant and this will not cause any confusion. We will refer
to both constructions as ‘the Hecke algebra’ and use both for computations.

4.2 The Hecke category
4.2.1 Definition of the Hecke category

Given a Hecke pair (G, H), we shall construct a C*-tensor category which is the
analogue of the Hecke algebra H(G//H). An equivalent tensor category has also
been described by Zhu in [28] and we shall look at a few ways of constructing equiv-
alent tensor categories. Other approaches to categorification of Hecke algebras are
possible such as the more general approach of Arano and Vaes in [2]. There the
authors consider totally disconnected groups and locally compact subgroups as well
as considering multiple subgroups at the same time. In the previous section, we
noted that the underlying vector space of H(G//H) was the space of fixed points
Ind% (C)* where C denotes the trivial representation of H on the complex numbers.
To get a categorical analogue, we give hilb a trivial H-category structure (i.e. 71" is
the identity for all £ € H and all the coherence maps are identities) and define the
underlying C*-category of our construction as Indfl(hilb)H :

Before defining a C*-tensor category structure on Ind% (hilb)?, let us describe the
objects of Ind% (hilb)*. To begin with, the underlying C*-category of Ind% (hilb) is
the category of fixed points C (G, hilb)H . Its objects are functions X : G — ob(hilb)
of finite support mod H (i.e. functions supported on finitely many left cosets) along
with unitaries p3 : 7T,§H (G:hilb) (X) — X for all k£ € H which satisfy the fixed point
axiom. We recall that given g € G,

m P X) (9) = mi™ (X (gk)) = X(gh).

168



Therefore, pX consists of unitaries pi(g) : X(gk) — X(g) for each g € G. In this
setting, the fixed point axiom says that for all k,/ € H and g € G, the following
diagram commutes

X
X (ght) —2Y X (gk)

Pr(9)

The G-category structure on Indg(hilb) is defined on objects by
m X () = (X ()

where (t - X)(g) = X(t7'g) and pi*(g) = p(t7'g) for all t,g € G. Then
Ind% (hilb)? is the C*-category of H-fixed points in Ind%(hilb). This means that

an object in Ind$ (hilb)? consists of an object (X, (pX)) € Ind% (hilb) along with

unitaries péx’(pi()) : ) (X (pX)) = (X, (pX)) for all £ € H which satisfy the

fixed point axiom. To avoid cumbersome notation and for another reason that will

become apparent when we consider biequivariant Hilbert spaces later, we shall write
(X,(07))

A rather than p, . In particular, for all / € H and g € G, we have a unitary
AX(g) : X(£7'g) — X(g). Then the fixed point axiom says that for all £,m € H and
all g € G, the following diagram commutes

AX (e tg)

X((tm)"tg) X(t~'g)

X
A (9) Aeto)

X(9)

Furthermore, each A\X is a morphism in the category of fixed points Cy (G, hilb).
Therefore A} commutes with pi for all k,¢ € H. This means that for all k,¢ € H
and g € G, the following diagram commutes
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pr(L7g) P (9)

1 AF(9)
X(g) —— X(9)

In summary, an object in Ind% (hilb)? consists of a function X : G' — ob(hilb) of
finite support mod H (meaning supported on finitely many left cosets), along with
unitaries px(g) : X(gk) — X(g) and A\¥(g) : X({71g) — X(g) for all k,¢ € H and
g € G such that the above diagrams commute.

4.2.2 The tensor category structure

In section 4.1 we noted that there is a vector space isomorphism
Homg (Ind% (C), Ind$(C)) = Ind% (C)?

and when Homg(Ind% (C), Ind$(C)) is viewed as a complex algebra with multiplica-
tion given by composition of G-intertwiners, this yields an algebra isomorphism

Homg (Ind%(C), Ind% (C))°P = H(G//H).
In this section, we shall show that there is an equivalence of C*-categories
Homg (Ind$ (hilb), Ind% (hilb)) ~ Ind% (hilb)?

Since Home (Ind% (hilb), Ind% (hilb)) has a natural tensor category structure with the
tensor product given by composition of G-intertwiners, we shall use this equivalence
to define the tensor product on Ind% (hilb)”. One could also directly define a tensor
product on Ind% (hilb)” which is the analogue of the convolution product

(f= 1)) =D ()

vyel

in H(G//H). Both methods have their advantages and disadvantages in terms of
checking axioms. Using the equivalence also has the advantage of giving us two
different points of view in the long run.

To prove the equivalence Homg (Ind% (hilb), Ind% (hilb)) ~ Ind$ (hilb)”, we just
need to show that given a G-category V), there is an equivalence of C*-categories
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Homy (hilb, Res% (V) ~ V. Combining this with the induction restriction biad-
junction in the case V = Ind%(hilb) will then yield the result. To make the compu-
tations a little easier, we shall work with a strict, skeletal C*-tensor category which
is equivalent to hilb.

Definition 4.8. We define the C* tensor category Mat as having the natural numbers
as objects and given m,n € N, the morphisms from m to n are the n x m complex
matrices. The involution is given by taking the conjugate transpose and composition
of morphisms is given by matriz multiplication. The tensor product is defined on
objects by m @ n = mn and on morphisms by taking the Kronecker product of
matrices.

The category Mat also has direct sums defined by m@n := m+n. An equivalence
of C*-tensor categories

F : Mat = hilb
is given by
F(n):=C", neN

with F' defined on morphisms by mapping a complex n X m matrix to the same matrix
viewed as a linear map from C™ to C™ using the standard bases. (The coherence
maps for F' are the obvious ones.)

As with hilb, we shall view Mat as an H-category by giving it a trivial H-category
structure. Similarly to the classical case, we shall first show that given an H-category
V, there is an equivalence of C*-categories

Homy (Mat, V) ~ V7.

Then, if V is a G-category we can combine this with the induction-restriction biad-
junction to obtain an equivalence

Homg(Ind% (Mat), V) ~ V.

We shall proceed by constructing *-functors S : Hompg(Mat,V) — VH and
T : VE — Homp(Mat, V), the analogues of the linear maps s : Homy(C,V) — V#
and t : V' — Homp(C, V) of Lemma 4.5, and then show that they are quasi inverse
to one another.
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Lemma 4.9. Let V be an H-category. There is a x-functor
S : Homy(Mat, V) — V¥

defined on objects by

with
pe) = (Op)1 1 1 0 O(1) = O(1)
forallk € H.
Proof. We need to do the following:
1. Check that S is well-defined on objects.
2. Define S on morphisms.
3. Check that S is a *-functor.

First, let us show that S is well-defined on objects. We need to show that for
each © € Hompy(Mat, V), the pg(l)’s satisfy the fixed point axioms. That is, for all
k,¢ € H, the following diagram should commute.

oy
VoV =Ty
mpomy 0O(l) ——— 7 0 O(1)

Vv
(“kl)e 1
(1) o) =(Op)1
Pre

=(Ore)1

7, 00(1) > O(1)

This follows from the fact that © is an H-intertwiner and hence S is well-defined on
objects.

Next, to define S on morphisms let ©,® € Homy(Mat, V) and let k : © — & be
an H-intertwiner. Then we define S(k) := k1. To show that this is a morphism of
fixed points, we need to show that for all k£ € H, the following diagram commutes.
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©
Pk(l)

=(Or)1
mo0(l) — 0(1)

7r}jl-€1 K1
P2
v =(®r)
Ty o®(l) — O(1)
This follows from the fact that x is an H-intertwiner and hence S is well defined on
morphisms.
Finally, the fact that S is a x-functor is immediate from the definitions. [

Next, we need to construct a *-functor 7' : V¥ — Homy(Mat, V). To check one
of the axioms we shall need the following lemma.

Lemma 4.10. Let V be an H-category and let V € VH. Then

pr = (ep)!
Proof. By Lemma 3.42, we have (u?, )y = m)(py), and by the H-category axioms
(1¥o)v = ¥ (ey)~!. Therefore, 7¥(pl) = 7Y (ey;)~" and since 7} is an equivalence,

pe = (ep) 7" O
Lemma 4.11. Let V be an H-category. There is a x-functor
T : V" — Homy(Mat, V)

defined on objects in the following way: Given a fived point V € VH  we define
T(V)(n) = @V, n € N.
i=1

On the right hand side, we are viewing V' as an object in'V by forgetting the trivialisers
oy, k€ H. Given a morphism (a;;) : m — n in Mat, we define

T(V)((ai;)) = (aijlv).

For each k € H, we define the coherence unitary natural transformation

r(w)

LY
T(V)g:m oT(V) — (Vo Wl';/'at

as follows : For each n € N, (T'(V)y),, is the composite
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=Y Vv
n ¢k n @p n
e (D=, V) ——— D (V) ——— DV
Proof. We need to do the following:
1. Check that T is well defined on objects. To do this we need to:

(a) Check that T'(V) is a »-functor for each V € V.
(b) Check that the T'(V'),’s are natural in n.
(c) Check that the T'(V);’s satisfy the H-intertwiner axioms.

2. Define T' on morphisms.
3. Check that T is a *-functor.

Given V € VI that T(V) is a *-functor is immediate. Given k € G, to show that
T'(V), is natural in n, we need to show that given a morphism (a;;) : m — n in Mat,
the following diagram commutes.

7TVO (227
7V o T(V)(m) L@ v vy )
(T(V)k)m (T(V)k)n
T(V)((@ij))
T(V)(m) » T(V)(n)

This follows from the commutativity of the following diagram
Vv m ¥ ((aijlv)) Vv n
m (Dil,V) ——— m (B, V)

v v

G Sk

2 2

ai‘T(V 1
D, (v)

®py ®py

m (aijly) n
DLV : » @iy V
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The commutativity of the top square is immediate and the bottom square commutes
because

(@ px) © (ai;my (1v) = (aypx)
= (aylv) o (& py)
Therefore, the T'(V),’s are natural in n.

To show that the T'(V')’s satisfy the H-interwiner axioms, firstly we need to show
that for all k£, ¢ € H, the following diagram commutes

Y om) oT(V) L 7y, 0T (V)
T(V)e
i oVT(V) T(V)ke
T(V)k

T(V) d s T(V)
To do this, we need to show that for all n € N, the following diagram commutes

(”Z”-’)wan)

7y o) o T(V)(n) mr, 0 T(V)(n)
(T(V)e)n
) o T(V )(n) (T(V)ke)n
(TWV)k)n
T(V)(n) N T(V)(n)

This follows from the commutativity of the following diagram.
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my omy (D, V) : > Thy (D=, V)
(H) g“}c}e
n n @}Lv’ n v

ﬂ-l\c} (@i:l V) (I1I) @i:l Wll) o W})(V> — @i:l WIKZ(V)
¢E -

DL, (V) (IV) ® oY,
®p)
D,V E > DV

Here (I) commutes by Lemma 1.23, (II) commutes by Corollary 3.3, (III) commutes
by the naturality of (™ and (IV) commutes by the fixed point axiom.
Next, the unit axiom says that the following diagram commutes

V)

7V o T(V) T y T(V)

To prove this, we need to show that for all n € N, the following diagram commutes
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(V \

This follows from the commutativity of the following diagram

SV

7roT

e¥ oY Id
V
(e ®pd n
(@1 1 V) @z 1 e (V) 4 @i:l V

The left triangle commutes by Corollary 3.3 and the right triangle commutes by
Lemma 4.10. Therefore, the T'(V'),’s satisfy the H-intertwiner axioms and hence T
is well defined on objects.

Next, we need to define 7' on morphisms. Given a morphism f:V — W in V¥,
we define an H-natural transformation T'(f) by

:éf, n € N.
i=1

Let us check that this does indeed define an H-natural transformation. To show
naturality, we need to show that given a morphism (a;;) : m — n in Mat, the
following diagram commutes

T(V)(m) — 2 7(v)(n)
T(f)m T(f)n
T(W)(m) — 25 (W) (n)

By definition, this is the diagram
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D,V % D,V
& f &f

m (asjlw) n
D W — D W

and this commutes because

(@ f) azyl\/ (a'ijf) aUlW (@ f)

Therefore T'(f) is natural in n.
We also need to show that T'(f) satisfies the H-natural transformation axiom.
We need to show that for all £ € H, the following diagram commutes

T(V)k

7T}€/ oT(V) T(V)

T(f) T(f)

7o T(W) — Wk )

To do this we need to show that for all n € N, the following diagram commutes

o T(V)(n) T(V)(n)

T(f)n T(f)n
7Y o T(W)(n) — 2y (117 ()

This follows from the commutativity of the following diagram
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14

v
n ¢k n ®p n
71—]‘: (@i:l V) ? EBi:l WX(V) - » DV

=1

Y (@, f) oy (f) ®f

v
¢k ®py

(B, W) ——— @, m (W) D W

The left square commutes by the naturality of C”I‘f and the right square commutes
because f is a morphism of fixed points. Therefore, T'(f) satisfies the H-natural
transformation axiom and hence T is well-defined on morphisms.

Finally, that T" is a x-functor is immediate from the definitions. ]

Lemma 4.12. The *-functors

S : Homy(Mat, V) — V7
and

T : V¥ — Hompy(Mat, V)

defined in Lemmas 4.9 and 4.11 are quasi inverse to one another, that is, SoT = Id
and T o S = 1d.

Proof. Firstly, given (V, (p))) € VI,

(SoT)(V.(pi) =TV (px (1) = (V. (p))

and given a morphism f:V — W,

(SoT)(f) =T =T

Therefore, S oT = Id.
Next, we shall construct a unitary natural transformation « : Id — T o S. To do
this, we need to do the following:

1. Define a unitary H-natural transformation ag : © — (17 o S)(0) for each
© € Homp(Mat, V). This means we need to:

(a) Define a unitary (ag), : O(n) — (170 S)(©)(n) for all n € N.
(b) Check that the (ag),’s are natural in n.
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(c¢) Check that the (ag),’s satisfy the H-natural transformation axiom.
2. Check that the ag’s are natural in ©.

Given an H-intertwiner © : Mat — V and n € N, on the one hand we have

(10 5)(©)(n) = P S(6) = P el

and on the other hand, since n = @;_, 1 in Mat,
= (EB 1) .
i=1

o O@Ly _ @Le
""" V= em) — (T'05)(©)(n)

Therefore, we define

To show that the (ag),’s are natural in n, we need to show that given a morphism
(a;j) : m — n in Mat, the following diagram commutes

O(m) Ot@) > O(n)
(@e)n
(T 0 5)(©)(m) =22 (1 5)(0)(n)

By definition, this is the diagram

@, 6(1) —rewl gy (1)

whose commutativity is immediate. Therefore, the (ag),’s are natural in n.
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To show that ag satisfies the H-natural transformation axiom, we need to show
that for all £ € H, the following diagram commutes

C)
7y 0O d > O

(T05)(O)

7y o (T o S)(O) (T o S)(O)

To do this, we need to show that for all n € N, the following diagram commutes

7V 0 O(n) Ok s O(n)

(ax@)n (x@)n

((ToS)(©))n,

;o (T'o 5)(©)(n) (T'0 5)(©)(n)

This follows from the commutativity of the following diagram

Ok

M 0O (DL 1) »0(Bin 1)

)4

Ce ka o® Ce
v
n Cﬂ n @ n
(@1, 0(1) ———— @, 1 o0(l) — 2 — P, 0(1)

The triangle commutes by Lemma 1.23 and the other cell commutes by Corollary
3.3. Therefore, ag satisfies the H-natural transformation axiom.

Finally, we need to show that the ag’s are natural in ©. To do this, we need to
show that given H-intertinwers ©,® : Mat — V and an H-natural transformation
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k:© — & the following diagram commutes

© N > P
ag ap
(T0 9)(0) =22 (T'0 5)(®)
Therefore, we need to show that for all n € N, the following diagram commutes
O(n) fn > O(n)
(ae)n (ag)n
(ToS)(K)n
(T 5)(©)(n) (T'0 5)(®)(n)

By definition, this is the diagram
0@ 1) —— (B 1)

¢® ¢®

D, 0(1) —*— P, (1)

and this commutes by Corollary 3.3. Therefore, the ag’s are natural in ©. It follows
that « is a unitary natural transformation from the identity to 7o S and hence S

and T are mutually quasi inverse *-functors.
In particular, if V is a G-category we have an equivalence

Homp (Mat, Res% (V) ~ V.

In this case, we can combine this with the induction-restriction biadjunction to obtain

an equivalence

Homg (Ind$;(Mat), V) ~ V.

Explicitly, if we introduce the shorthand g for the canonical fixed point 6} in

Cr(G,Mat)# (defined as in Lemma 3.24), we have the following:

182



Lemma 4.13. There are mutually quasi inverse equivalences
P : Homg(Ind$ (Mat), V) = VA
and
Q : V7 = Homg(Ind% (Mat), V)

defined on objects as follows: Given © € Homg(Ind$(Mat), V),

P(©) = (06n). ("))
where

@ o 7_{_ind('\ﬂat) <5H)

P = (B1)sy = Y 0 O(0m) — O (dn)
= H

Given V € V1,
QV) =& o Indjy(T(V))
where for X € Ind%(Mat) we have
X()
&odf(T(V)(X) =P [PV
~ver i=1

Proof. We recall that by the induction-restriction biadjunction, we have mutually
quasi inverse equivalences

Omaty : Homg(Ind$ (Mat), V) = Homy(Mat, Res$ (V)
O — Resg(@) O MMat

and

Umaty : Hompg(Mat, Res% (V) = Homg(Ind$ (Mat), V)
® &) o IndS(P)

where 1 and £ are the unit and counit of the biadjunction respectively. Therefore,
we define P as the composite
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¥Mat,V

Homg (Indé (Mat), V) 2% Homy, (Mat, Res$ (V)) —5— VH

and () as the composite

PMat,V

VL Homp(Mat, Res$ (V) —= Homg(Ind$ (Mat), V)

where S and T are defined as in Lemmas 4.9 and 4.11 respectively.
Unpacking the definitions, given © € Homg(Ind%(Mat), V) we have

P(©) = 50 pmat,v(©)
= (@Mat,v(@)(l ( e D )
_ (Resg () 0 (1), <pResH(e>onMat(1)>>

as in Lemma 4.9.
Now, fumat(1) = 6z and hence Res%(0) o nyat(1) = ©(0y). Then, by definition
Res%(@)onMat(l)

Pr is the composite
v Oor Ind(Mat) o nMat(l) Tk ©o TMat © 7T,II:;/Iat(l)
7y 00 o nNvat(l) o =1d
Tk — 0o 7TInd(I\/Iat)(d ) N =0Oo nMat(l)
=1/ 00(g) k i
= 0(dy) = O(dn)

which is just (O)s,, as required.
On the other hand, given V € V¥ we have

Q(V) = Mat,y © (V)
— & 0 ndS(T(V)).

Given X € Ind%(Mat) and g € G we have

Ind (T(V))(X)(9) = T(V)(X(9))

and in general, given Y € Ind$Res$ (V) we have

:@T,];(Y

yel’
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Therefore,

& o Indf(T(V))(X) = P« (IndF(T(V)(X)(7))

vel’
X()
_ %
- @ Ty @ 4
~er i=1
as required. O

As a particular case, on taking V = Ind%(Mat) we obtain an equivalence
Homg(Ind$ (Mat), Ind%(Mat)) ~ Ind% (Mat)*.

Since induction and taking fixed points are 2-functorial and hence preserve equiva-
lences, we have Ind%(Mat) ~ Ind% (hilb) and Ind%(Mat)# ~ Ind% (hilb). Combined

with the fact that if W ~ W and X ~ X’ are equivalent G-categories we have
Homg(W, &) ~ Homg(W', X”), it follows that
Homg (Ind$ (hilb), Ind% (hilb)) ~ Ind% (hilb)* .

More generally, for any G-category V there is an equivalence

Homg (Ind$ (hilb), V) ~ V.

4.2.3 The convolution product

Since Homg (Ind% (hilb), Ind$ (hilb)) has a natural C*-tensor category structure with
the tensor product given by composition of intertwiners, we can use the equivalence

Homg (Ind (hilb), Ind$ (hilb)) ~ Ind% (hilb)

to define a tensor category structure on Ind%(hilb). To that end, let us briefly
describe how to pass a tensor category structure via an equivalence.

If Ais a C*-tensor category, B is a C*-category and F : A - Band K : B — A
are mututally quasi inverse equivalences then we can define a C*-tensor category on
B as follows: Given B,C' € B we define

B®C = F(K(B)® K(C))

and we define the tensor unit J of B as F'(I) where [ is the tensor unit of A.

To define the associator and unitors, let w : 14 — KF and v : FK — 15 be
unitary natural transformations. Then, given B, C, D € B, we define the associator
ap,c.p as the composite
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F(KF(K_(B)®K(C))®K(D>) PO, bR (B) ® K(C)) © K(D))
—(B®C)®D
—2 L, F(K(B)® (K(C)® K(D)))
Fuasw)  FE(B)® KF(K(C)® K(D)))

=B® (C®D)
Similarly, we define the left unitor A as the composite
F(KF(I)® K(B ol
(K@ KB ptan o

=J®B
Y pR(B)
% B
and the right unitor pg as the composite

FK(B)® KF(1)) - paase),

ey F(K(B)®I)

L FK(B)
% B
One then checks that these maps do indeed satisfy the tensor category axioms but

we omit the details here.
One also finds that upon defining unitaries 84 5 as the maps

F(KF(A)®@ KF(B))  pup1ew

F(A® B)

=F(A)® F(B)

for A, Be Aand 1:=1d:J — F(I), F becomes a tensor functor from A to 5.
Since the linear map p : Homg(Ind%(C), Ind%(C)) — H(G//H) of Lemma 4.6

is an algebra anti-isomorphism, we shall pass the opposite tensor category structure

from Homg(Ind% (hilb), Ind% (hilb)) to Ind% (hilb)”. Also, since the tensor product

on Ind% (hilb)* will have the flavour of a convolution product, we shall denote it by

X Y, X,Y € Ind%(hilb) rather than X ® Y.
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We shall determine an explicit formula for X %Y, again, it will be easier to work
with Mat rather than hilb. To clarify some of the notation in what follows, we recall
that the objects of Mat are natural numbers so that given X € Ind%(Mat)? and
g € G, X(g) is natural number which one thinks of as a substitute for a Hilbert
space of dimension X(g). We also recall that the tensor product in Mat is given by
m ® n = mn and direct sums are defined by m & n := m + n, where m,n € N.

Definition 4.14. We define the tensor product on Ind%(Mat)? by
XxY :=P(Q(Y) o Q(X))
where P and Q) are defined as in Lemma 4.185.

Before computing an explicit formula for the product, we can immediately de-
scribe the tensor unit.

Lemma 4.15. The tensor unit I of Ind%(Mat)¥ is defined by
1 ifge H,
I(g) = {

0 otherwise

with \i(g) and pi(g) the appropriate identity map for allk € H and g € G.

Proof. This follows immediately from Lemma 4.13 since the tensor unit is the image
of the identity G-intertwiner on Ind%(Mat) under the equivalence

P : Homg(Ind% (Mat), Ind% (Mat)) = Ind% (Mat)*.

Now, with regard to the product, since

Q(Y)oQ(X) = flndg(lvlat) © Indg(T(Y)) ° flndg(Mat) © Indfl(T(X)),

to determine an explicit formula for X * Y we need to compute the image of this
G-intertwiner under P. Therefore, we need expressions for (X * Y)(g), g € G and
for the trivialisers AZ*Y and pi*Y, k € H. We shall break down the computation
into a series of lemmas.

Lemma 4.16. Let X € Ind%(Mat)?. Then
flndg(Mat) © Indfl(T(X))((SH) =X

where on the right hand side we are viewing X as an element of Ind% (Mat).
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Proof. We recall that by definition, T(X) : Mat — Res$Ind$(Mat) is the H-
intertwiner defined by

T(X)(n) = éX, n € N.

Therefore, Ind$(T(X))(6x) is the element
U € Ind$Res%Ind% (Mat)

defined by
U(g) = T(X)(dxr(9))
)X ifged,
10 otherwise
with

pij(g) : 7_{_]IcndResInd(Mat) (U(gk)) N U(g), ke H,g ca

defined as the composite
SH
Py (9)

7]_]ICndlf{esInd(Mat) oT(X)(éH(gk)) & (X) o 7T_Ilﬁnd(Mat)((SH(gk)) :—Id> T(X)(CSH(.Q))

This means that

0 otherwise

{A§ if g € H,

0 otherwise.

We then have
§1ndg(|v|at) © Indg(T(X))(5H) = §1ndg(Mat)(U)
_ @ 7T’IyndResInd(Mat) (U(’)/))

vyel
— 71_IndResInd(l\/Iat) (U(e))

e

= X.
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We note that we didn’t actually need the pJ’s in the proof of the lemma, however,
we will need these and similar formulae later on so it will be useful to state them
here for reference.

Lemma 4.17. Let X, Y € Ind%(Mat)? and let
Z = &1006 (M) © INAG(T(Y)) © Eai (mary © Ind5 (T(X)) (65) € Indf;(Mat).

Then

Z(g) =EPX() @Y 9

yel’

forall g € G, and

pE(9) = Pldxe) @ pf (v '9).

vel’
forallk e H, g € G.
Proof. By Lemma 4.16,

flndg(rvlat) © Iﬂdg(T(Y)) © §Ind§(Mat) © Indg(T(X))(5H) = flndg(Mat) © Indg(T(Y))(X).
Let us first compute
Ind%(T(Y))(X) € Ind%Res%Ind% (Mat).

If we denote V = Ind$(T(Y))(X) then

and

189



We then have

Z = &qg (mar) (V)

= DAV ()

~vel
X(7)
— ,Nlnd(Mat Y
- D
X(7)
_ ﬂ_Ind(Mat) (Y
Q&

Therefore,

X ()
- PPV

vel' =1

X(7)
PPy

vyel' =1

=@DX @Y.

yel’

The pZ’s are computed in a similar fashion. By definition, we have

X()
t=PPn”

yel i=1

Therefore,

X()
Y9 =P P9

yel' i=1

For each v, the map
X(v)
Do
i=1
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is represented by the diagonal matrix

ox (v g)

G
which is the Kronecker product of Idx(,) with pY (y7g). Therefore,
pE(g) = Pldxe) @ p¥ (v'9)
~€er
as required. O
The object Z € Ind$(Mat) is the underlying object of X+ Y € Ind$ (Mat)”, that
is,

(X xY)( @X )®Y(yg), ged

yel

and

mY(9) =Pldxy @y (17'9), keHgeq.
el

To complete the description of X %Y, we need to compute the A\X*¥’s. To aid the
computation, let us introduce the notation

O = &1mag (Mat) © Indf (7(X))
P = fIndg(Mat) © Indg(T(Y))

and let
UV=poO
= 51ndg(|v|at) © Indg(T(Y)) ° flndg(Mat) °© Indfl(T(X)).
Then the AX¥*Y’s are the components of the coherence maps
U, : 7T’I:d(l\/m) oW — T o W}I{nd(Mat)
at dg, that is,
A — (0,5, t Ind(Mat) o U(y) = Vo Ind Mat) (5H)

As per the definition of composition of G-intertwiners, these are the composites
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nd(Ma () nd(Ma 2(© nd(Ma
r 00 6 § 0 O(5yy) L @ o 7™M 6 O(5,) T, o @0 M (5,).  (x)

To compute this composite, we need to compute the ©;’s and ®;’s. These are the
maps

EnaG (va © T M) 6 nd G (T(X))

(€ )mag (T(X)) - W/ind(Mat) © flndG(Mat) © Indg(T(X)) - Ind(M
" " = flndg(Mat) °© Inde(T(X)) O Ty, (Mat)

and

E1mat (ary © T M) 0 nd(T(Y))

Ind(Ma
= E1nag (vap) © dF(T(Y)) 0 ™M

Ind(Ma
(fk)lndg(T(Y)) CT Mat) o €1ndS (Mat) © Indg(T(Y)) —

respectively.

Lemma 4.18. For each t € G, the coherence map

IndResInd(Mat)

. _Ind(Mat)
§ oy ° flndg(Mat) — 51ndg(|v|at) O Ty

is defined by
Ind(Ma - Ind(Ma Ind(Ma - Ind(Ma -
Ew =P o (171 @Y o m M (W (e hy)) — @AM (W)
vy el y'el’ vy er
where W € Tnd%;(Mat) and the h., € H are defined by
ty=+h,, ~el.
Proof. In general, for a G-category W and

&y - IndGResE (W) — W,
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Ind

the coherence maps (&)w : ¥ o EH(W) — & o, N4 (W) are the composites

o [@ wmww»] D e (W)

~er ~vel
ouY, W
—— P W)
~yel'
= D (W yh,)
~'el

1
w
© (uwl‘h'y’)

——— = P om! (Wt vhy))

y'el’
@ﬂ}?‘,’p}b’vl W )
¥ 1.7
L @y W),
~y'el
In the case that WW = Ind%(Mat), the first three maps are identities because ﬂind(Mat)
. . Ind(Mat) Ind(Mat) Ind(Mat)
commutes with direct sums and 7, o s = Tps for all r,s € G.

Therefore, in this case (&)w reduces to

Ind(Ma —
P =M o (1)

.
~y'el
as required. O

By Lemma 4.16, we have O(dy) = X so the map
(®r)o@y) : T M 0 ® o O(0y) = & o m ™Y 6 O(6y)
in (%) is the map
(@)% = 1M 0 B(X) = @ o 1 MY (X).

Lemma 4.19. With the notation as above,

(@1)x(9) = Do, () @ N, (7 g)

y'er
where the h. € H are defined by

ky=~hy, ~yeT.
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Proof. By Lemma 4.17,
@ X(7)®@Y(y g).

vyel
Let V = 7,"™® 6 (X)), then

EBX k).

yel

For each v € T', we have
ky ='hy
for some 4" and h. € H that depend on . Therefore, we have
@ Xy @Yk g)

~yel'
= P XV hy) @ Y (')
~y'el
k? 1 'h )
-b b Y
~y'el i=1

Furthermore, if W = ® o Ind(Mat)(X), then

W(g) =P Xk ") aY( g

yerl
X (k')
yell =1

Now,

7_‘_’Igrld(l\ﬂai‘.) ° @(X) . @ o W}E:nd(Mat) (X)

(Pr)x = (&) maS (r(v))(x) -V =W

Let us denote U = Ind%(T(Y ))(X) € Ind%Res%Ind% (Mat). Then by Lemma 4.18,

Ind(Ma _
= T (Mat) ph,y/<k 17/)’



By definition

X(gk)
=T(Y) (pX(9) o | P W
i=1
Therefore,
X(k~y'hy)
Ind(Ma — Ind(Ma —
P Mo (k) = @™ Ty (o, ) o [ DAY,
~y'er y'er =1
X(k~ 1y k)
_ Ind(Mat) X /7.—1_1 Ind(Mat) \ Y
—EBF Ty [T(Y) <ph7/(k5 w))]o @1 MY
v'e i=

(1)

Let us first consider the term
mi M T0y) (0, (7)) |
We note that
P, (K719") X (K1Y hay) = X (K1)

is a matrix (p3 (k~'v');;) and
Y

X (k=1 hoyr) X (k=1v)
T(Y) (pi,(k_lvl)): D vy- Py
7=1 1=1

is (represented by) the matrix (a;;) defined by
ai = pi,(k7'9)i; - 1dy.

Therefore,

e [T(Y) (pﬁ,(k‘lv’))} (9) = (pii, (k™19 Idv(wlg)) -
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This is the Kronecker product of py, (k~'v') with Idy (-1, and hence

A MO TT0Y) (0, (6719)) | (9) = %, (6717 @ Tdy ).

Next we consider the term

X (k™ 1’Y’h,yl )
Ind(Mat) Y
@ Ty /\’w :
i=1

This is (represented by) the diagonal matrix

Ind(Mat)
~! AZ/
Ind(Mat
v ( : ))\E/
Hence
X(k~'yh.y) A{// (Y 'g)

Ind(M
@ Lo ( at))\Y~/ (9) =
i=1

which is the Kronecker product of IdX(kflfy’hﬂ{,) with /\{/

X(k‘fl’y/h,yl)

M, ()

(v/~'g) and so

Ind(Ma —
B N (9) =Tk @A, (7 9).

=1

Substituting (2) and (3) into (1) yields

(@0)x(9) = P =Ml (K719)(9)

Xk~ hy)

=D | 10 (6,070 [ )0

D

=1

Ind(Mat)
,yl

A (9)

- @ [(Pi,(k_17/) ® IdY(7'—1g)) o (IdX(k—l.y/hv,) ® )\2:/ ('y'_lg)ﬂ

y'el’
=@, )N, ()
y'er
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as required.

We also need to compute the map
)
®or Ind(Mat 0 O(5n) (Ok)s ®o00Oo WIIgnd(Mat)(é‘H)

in (x).

Lemma 4.20. With the notation as above,

B(O)5,(9) = P A (1) @ ldy 51y

yel’

forallke H, g @G.

Proof. Let us denote

V=0do ﬂllcnd(Mat) 0 O(0p)

and
W =do00om ™95,
Then
V = @ @ Ind Mat
yell' =1
so that
X(k~1ly
-D 69 Y(1'g)
yell  i=1
- PXE YR
yel’
and
X()
W = @ @ 7_‘_Ind(Mat)Y*
yel' =1
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so that

X()
W) =P PyYnry

yel' =1

= PxX @Y 9

vyerl

The same argument as in Lemma 4.19 with ©, in place of ®; and dg in place of X
shows that

(@k)5H = )\i(
Therefore,
(O)sy, = fIndg(Mat) © Indg(@Y)(AkX)-

Then, by first using the definition of {;,q¢ (vay) and then of Ind%(7(Y)), we have

E1nag (vary © IAG(T(Y))(NY) = €@ w9 [Ind§(T(Y)) (M) (7)]

yel’

= @ [TV ()] @)

vyel

Now,
() s X (k1) = X(7)

is a matrix (AX(7);;) and

X (k1Y) X(v)
TV B Y+ DY

is (represented by) the matrix (AX(7);; - Idy). Therefore,

7rLnd(l\/lat) [T(Y)(AkX(W))} (9) = (\* ('V)z'j : IdY(v*g))

This is the Kronecker product of A\X(7) with Idy(,-14 and hence
m MO [TY)(AF ()] (9) = A (7) @ Ldy (o).

198



By substituting this expression into (4) and evaluating at g € G, it follows that

P(O1)s4 (9) = Emmagy mary © Indiz (T(Y))(AF)(9)
= @™ [T(Y) (N ())] (9)

vyel

— @ AX () ® Tdy (-1

~er
as required. O
Corollary 4.21. Let X, Y € Ind$(Mat). Then

A (9) = DG 0 K, 7N @ N, (o)
y'er
for all k € H and g € G, where the h,, € H are determined by
ky=~"hy, ~veT.

Proof. This follows from Lemma 4.19 and Lemma 4.20 since A\xX*Y is the composite

of the maps determined in these lemmas. O

Combining the results of this section, we arrive at the following explicit descrip-
tion of X %Y.

Lemma 4.22. Let X, Y € Ind%(Mat)?. Then X Y is defined by

(X *Y)( EB XYYk lg), ged
vyel
with
Y (g) = Pldxqy @ oy (vg), keH, geG
yerl’
and

Y (g) = BN ook (@A (Vlg), keH ged

~v'el’
where the h. € H are determined by

ky=~hy, ~veT.
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Although we haven’t quite shown it here, exactly the same formulae define a

tensor category structure on Ind$ (hilb)”. In this case, the tensor unit I is defined
by

I(g) = C iftgeH,
9= 0 otherwise

with A} (g) and pk(g) equal to the appropriate identity map for all k € H and g € G.
Thus we arrive at our categorical analogue of the Hecke algebra H(G//H).

Definition 4.23. Let (G, H) be a Hecke pair. We define the Hecke category
H(G//H) as the C*-tensor category whose underlying C*-category is Ind% (hilb)?
and whose tensor category structure is defined as above.

Of course, part of the data are the associator and unitors which we haven’t
explicitly described. We won’t need formulae for them so we have omitted writing
them down but they can be computed using similar methods to those above, or
one can just infer what they must be directly. For example, one can infer what
the associator must be by comparing products (X *Y) %« Z and X * (Y % Z) for
X, Y, Zc H(G//H).

We conclude this section by noting that for any G-category V, the C*-tensor
category Homeg(Ind% (hilb), Ind% (hilb)) acts on Home(Ind% (hilb), V) by postcompo-
sition. It follows that V! is naturally a H(G//H)-module category, similarly to the
way that a space of H-fixed points is a module over the classical Hecke algebra.

4.2.4 Biequivariant Hilbert spaces

In this section, we shall describe biequivariant Hilbert spaces with a view to iden-
tifying elements of Indg(hilb)H concretely with certain biequivariant Hilbert spaces.
Using the biequivariant Hilbert space point of view highlights the symmetry of
the construction of the objects in the sense that when we constructed an object
X € Ind% (hilb)?, the pX’s came first and then the A\X’s came afterwards but in the
biequivariant Hilbert space picture, both are introduced at the same time and play
identical roles.

The biequivariant Hilbert space picture gives us a natural way of defining an
involution on the category analogous to the involution on the Hecke algebra. It also
lends itself to describing the building blocks of the category in terms of double cosets
and unitary representations of certain subgroups of H.

In a sense, the biequivariant Hilbert space picture is a ‘two-sided’ picture with
two representations, A and p of H per object. There is also an equivalent ‘one-sided’
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picture where the objects of study are so called ‘equivariant Hilbert spaces’. We shall
also look at equivariant Hilbert spaces and use this point of view to compute some
examples for specific Hecke pairs (G, H). Both of these points of view are discussed
in a more general setting in [2].

In terms of the classical Hecke algebra, the relationship between biequivariant and
equivariant pictures is like the relationship between the constructions of H(G// H)
using the vector spaces

Cou(QYH*H = {f G C ‘ f has finite support mod H, }

f(hgk) = f(g) Vg € G, h,k € H
and

has finit t
CC(G/H)H:{f:G/H%(C f has finite support, }

' F(hgH) = f(gH) YgH € G/H, h € H
For reference, we recall that if f, f/ € Cy(G)?*H the product is given by

Ng)=>_ fNF(vg) (1)

yel

and the involution is given by f*(g) = f(g~!). On the other hand, if f, f' € C.(G/H)",
the product is given by

(f * = f(yH)f (v 'gH) (2)

yel

and the involution is given by f*(gH) = f(¢g~'H). An algebra isomorphism
p: Cr(G)H = c(G/H)!

is given by ¢(f)(gH) := f(g)-

With that in mind, let us begin our discussion of biequivariant Hilbert spaces.
In several of the following definitions, G could be any locally compact topological
group (some instances of the word ‘finite’ would need to be replaced by ‘compact’)
but we shall restrict our attention to the discrete cases, i.e. throughout our group GG
will have the discrete topology.

Definition 4.24. An H-biequivariant Cy(G)-Hilbert space is a Hilbert space H
together with a nondegenerate x-representation m : Co(G) — L(H) and two commut-
ing unitary representations A : H — U(H), p: H — U(H) such that

Ae(f €)= M) - Mel(€), pe(f - &) = pi(f) - pr(E) (%)
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forallk € H, f € Co(G) and & € H. Here the action on functions is given by left and
right translations, respectively. That is, \,(f)(g) = f(k7tg) and pr(f)(g9) = f(gk).
The condition (x) is called the covariance condition.

A morphism of H-biequivariant Co(G)-Hilbert spaces is a bounded linear map
a : H — K that commutes with the action of Co(G) and the representations A
and p. We shall denote the C*-category of H-biequivariant Co(G)-Hilbert spaces by
Co(G)—H-H—MOd.

We shall usually just refer to ‘biequivariant Hilbert spaces’ rather than ‘H-
biequivariant Cy(G)-Hilbert spaces’ for brevity. We can also view the commuting
representations A and p as a single representation m of H x H with 7z := A o py.
If there is more than one biequivariant Hilbert space under consideration, we will
distinguish the actions with superscripts where necessary, e.g. A\*, \*. A classical
example of a biequivariant Hilbert space is £*(G) with the action of Cy(G) given
by pointwise multiplication and the representations A and p given by left and right
translation respectively, that is,

Me(£)(9) = f(k7g),  pe()(g) = flgh), ke H geG, fel(q)
Definition 4.25. Let H € Cy(G)-H-H-Mod. The fibre H, of H at g € G is defined
by

Hy:=0,-HCH,
where 0, denotes the characteristic function of g.

Since the action of Cy(G) is nondegenerate, there is a canonical unitary isomor-
phism

gp:Hi@Hg

geG

of Hilbert spaces and we shall often implicitly identify these two spaces. We note
that in order to specify the action of Cy(G) on a biequivariant Hilbert space, we can
specify the fibres since this determines the action of the characteristic functions dg,
g € G and hence the action of Cy(G). By construction, the action of Cy(G) preserves
the fibres but the representations A and p do not. Since

Me(Op-14 - &) = Me(Or-14) - Ni(§)
= 59 ) )\k(f),
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A maps Hy-1, into H,. Similarly, p, maps Hg, into H,. Conversely, requiring
that the Ay and pp map the fibres in this way ensures covariance with respect to
the characteristic functions d,, g € G and hence that the actions are covariant with
respect to all f € Cy(G). In what follows it will be useful to have some notation for
the restriction of the A\; and py to these domains and codomains. We will shortly see
that Ind% (hilb)? is equivalent to a sub-C*-category of Cy(G)-H-H-Mod and so in
keeping with the notation chosen for Ind% (hilb)*, we shall denote these restrictions

by

Me(9) : Hig-1g — Hg
and

pi(9) : Hor = Hg.

We note that we can specify the representations A and p by specifying the maps
Mi(g) and pi(g) for all k € H, g € G.
Similarly, given a morphism

a:@?—[g %@ICQ,

geG geG

because o commutes with the action of Cy(G), o maps H, into Ky. We shall denote
this restriction of « by

a(g) : Hg = K.

In order to specify a morphism « of biequivariant Hilbert spaces, we can specify the
components «(g), g € G, provided that they define a bounded linear map on the
algebraic direct sum.

To identify Ind$ (hilb)? with a sub-C*-category of Cy(G)-H-H-Mod, we need to
define some extra properties that a biequivariant Hilbert space may possess.

Definition 4.26. Let H € Cy(G)-H-H-Mod. We define the support of H as the
set of all g € G such that Hy, # 0. We say that H has finite support mod H if
its support is contained in the union of finitely many left cosets. We shall denote
the C*-category of H-biequivariant Co(G)-Hilbert spaces with finite support mod H
by Co(G)-H-H-Mody.

We say that H is locally finite dimensional if the fibre H, is finite dimen-
sional for each g € G. We denote the C*-category of locally finite dimensional
H -biequivariant Co(G)-Hilbert spaces by Co(G)-H-H-Mod” .

We denote the C*-category of locally finite dimensional H-biequivariant Cyo(G)-
Hilbert spaces with finite support mod H by CO(G)—H—H—Mode.
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Lemma 4.27. There is an equivalence of C*-categories
F - Ind$ (hilb)? = Cy(G)-H-H-Mod!,

defined as follows: Given an object X € Ind$ (hilb)?, the underlying Hilbert space
of F(X) is defined as @gGGX(g), the fibre at g € G being the summand X(g).
The unitary representation \F'X) is defined by /\kF(X) (9) == M(g) and the unitary
representation pP'®) is defined similarly.

Given a morphism o : X — Y, we define F(«a) by F(a)(g) := a(g).

Proof. First, let us check that F is well defined on objects. Firstly, F/(X) is locally
finite dimensional because each X(g) is and it has finite support mod H because
X does. Next, to see that A is a unitary representation, we recall that for all
k.0 € H and g € G, we have a commutative diagram

M (k—1g)

X((k0)~'g) X(k™'g)
AX
)\ﬁ{(g) A (9)
X(9)
It follows that Ag(x) o )\f(x) = )\kFg(X) as required. For similar reasons, p”®) is a

unitary representation. To see that the unitary representations A% and pf'X)
commute, we recall that for all k£, ¢ € H and g € G, the following diagram commutes

P (k~tg)

X(k~1gl) X(k™'g)
AX(g0) A(g)
pX(9)

X(gt) - > X(g)

It follows that Af(x) o pf(x) = pg(x) o Af(x) as required. Finally, the covariance
condition holds because for all k € H and g € G, A\X(g) maps X(k™'g) into X(g)
and pX(g) maps X(gk) into X(g). It follows that

MO (Gi1y-€) = 8y - Ap N E) = AL (G1,) - A O (€)
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and

P O €)= 849 7€) = pi ) (Gp) - iy T (E)

forall k € H, g € G and £ € F(X), where 9, denotes the characteristic function of
t € G. Therefore, F' is well-defined on objects.

Next, we note that F'is well-defined on morphisms because a morphisma : X — 'Y
commutes with the trivialisers for X and Y and for each g € G, a(g) is a map from
X(g) to Y(g). Therefore, F'(«) commutes with the unitary representations on F'(X)
and F(Y) as well as the actions of Cy(G).

To see that F' is an equivalence, we note that we can define a quasi inverse

K : Cy(G)-H-H-Mod!, — Ind% (hilb)*

to F'in a completely analogous way to the way we defined F'. That is, given an object
H € Co(G)-H-H-Mod, we define K(H) by K(H)(g) := Hy, A (g) := AH(g) and
pf(ﬂ)(g) = pit(g) for g € G, k € H. Then, given a morphism o : H — K in
Co(G)-H-H-Mod?,, we define K(a)(g) := a(g), g € G. Essentially, reversing the
arguments that show that F' is well-defined shows that K is well-defined and it is
immediate from the definition that it is a quasi-inverse to F. O

It follows that the formulae of Lemma 4.22 define a tensor category structure on
Co(G)-H-H-Mod!,. We remark that in this picture, the tensor unit Z has D,cnC
as its underlying Hilbert space and M and p” are the left and right regular represen-
tations of H respectively. We shall also denote this C*-tensor category by H(G//H).

The biequivariant Hilbert space picture gives us a natural way to define an in-
volution on H(G//H) which is the analogue of the involution on the Hecke algebra
H(GJ/H). To do this, we first need to define an involution on a C*-tensor cate-
gory. For this, we also need to define an anti-tensor functor F' : A — B between
two C*-tensor categories. Rather than give a formal definition, we shall just say
that this is essentially the same thing as a tensor functor with the exception that
F(A)@ F(B)=2 F(B® A) for all A, B € A.

Before we give the definition of an involution on a C*-tensor category A. We
note that there is some potential confusion with the notation we have chosen, in
particular, we are going to overload the notation f* for a morphism f € A which
is already being used to denote the adjoint of f. The reason we have done this
is that the notation mirrors the notation for the involution on a x-algebra and in
what follows, we won’t be considering any involutions of morphisms or adjoints of
morphisms so the potentially confusing notation f* won’t appear anywhere outside
of the definitions.
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Definition 4.28. An involution on a C*-tensor category A is a contravariant,
anti-tensor functor

I-A— A

such that I o I = 1d. For A € A, we write A* rather than I(A), similarly, given a
morphism f we write f* rather than I1(f).

Before we proceed, we remark that we haven’t actually fully checked that the ‘in-
volution’ we are about to define on H(G // H) satisfies the above definition completely
although we are confident that it does. Instead, we shall just prove the results that
we require. In order to define our involution, let us first introduce some notation for
dual Hilbert spaces and contragredient representations.

Definition 4.29. Let H be a Hilbert space, we denote the dual space of H (i.e. the
Hilbert space of continuous linear functionals on H) by H.

Given a unitary representation w of H on H, the contragredient representa-
tion T of H on H is the unitary representation defined by

Th(P)(§) = p(m—1(€), w€eH, €A
We can now define the involution on H(G//H).

Definition 4.30. Let H € H(G//H). We define H* € H(G//H) as follows: The
underlying Hilbert space is H with the fibres defined by H*(g) := H(g™1), g € G (more
precisely, the subspace of H isomorphic to H(g=1)). The unitary representations of
H are defined by N := p" and p™" := K.

Given a morphism o : H — K in H(G//H), we define o* : K* — H* by

a*(9)(€) = p(alf), ¢ek, Een.

Let us also show that H* satisfies the covariance condition so that the involution
is well-defined on objects. Before doing this, we remark that once this is done, the
fact that a* commutes with the unitary representations on K* and H* follows from
the fact that o commutes with the unitary representations on I and H, so a* is
indeed a morphism of biequivariant Hilbert spaces.

Lemma 4.31. Let H € H(G//H). Then H*, defined as in 4.30, satisfies the covari-
ance condition.
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Proof. We need to show that for all k € H and g € G, A\}*' maps H*(k™'g) into
H*(g) and p}t" maps H*(gk) into H*(g).

To show that A¥" maps H*(k~'g) into #*(g), we need to show that p maps
H(g~'k) into H(g~'). To that end, let ¢ € H(g~'k). Then ¢ = (—,§) for some
¢ € H(g k) and hence

Since p}t maps H(g 'k) into H(g™!), we have p}(¢) € H(g™'). It follows that
ol (p) € H(g™ ) as required.

Similarly, to show that p}’" maps H*(gk) into H*(g), we need to show that ¥
maps H(k~1g~1) into H(g~!). The proof is identical to the A\}" case. O

Given H € H(G//H), it is immediate from the definition that (H*)* = H. The
other property that we want to prove is that given H,K € H(G//H), we have
(H* % K*) = (H = K)*. This is the content of the following lemma. In the proof we
shall use the fact that one can canonically identify the dual of a direct sum with the
direct sum of the duals and the dual of a tensor product with the tensor product of
the duals. At certain points, we shall do this implicitly for notational convenience.

Lemma 4.32. Let H,K € Co(G)-H-H-Mod. There is a unitary
Brux : (H**«K*) = (H*K)"
defined as follows: For each g € G, Bux(g) is the composite

BN, (Vg hH@ef ( LN

P (gt @ K(3'hayr) — yPHE g @ K(Y)
y'el’ y'el’
- »@PKE) @HE g
y'el
o @]C g1y
y'el

where the second map is the canonical isomorphism that swaps the tensor factors and
the v/ € I' and hy € H are determined by

9y =7"hy, ~eT.
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Proof. We recall that on the one hand,

(H* =K )(9)=EPH () @K (v 'g)

~yel

- PHEH K )
vyel

=P H(E g ) @ K(vhy)
~'el’

where the 7 € I" and h., € H are determined by
g 'y =~hy, ~veT.
On the other hand,
(KxH)"(g) = (KxH)(g~)

=P L) oHH g )

v el

N@IC )@ H(y1g™)
~y'el

~PH(H g ) @K[H)
v el

so Bux(g) maps (H* x K*)(g) into (K x H)*(g9). To show that S is a mor-
phism of biequivariant Hilbert spaces, we need to show that it commutes with
the unitary representations on H* * K£* and (I * H)*. First, let us show that

)\,(;C*H)* o Bux = Bux o AR for all k € H. To do this, we need to show that
for all g € GG, the following diagram commutes

(H 5 K7) (1) P (K x H) (k 1)

AL (g) AR (g) (%)

(M %K) (g) — 209 (K w1 (g)
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We recall that
MR g) = BN () o it () @ AF (V)

vy el

=P NG R @ A, (971

y'er

where the £, € H are determined by
ky=~"C,, ~el.

and

KxH)* -
A (g) = pF (g7

= Pldgzy @ o (7.

vyel’

Therefore, if we consider a typical summand, showing that (x) commutes essen-
tially boils down to showing that the following diagram commutes

H(v 1) @K(g k) o

— B )‘Z;://z’y, (" tg~ k)®ph’yng’y/(’)’//)

= 7'[(67, h’Y” 7//71971]{) ® K(,)///h,y,,fvl) s H(’y”_lg‘lk) ® IC(”)/”)
= H(C Y 1k) © K(g17/0y)

— (%)
PG DAE, (R, (07 PO

H(,y/—l) ®’C( -1 l) m(7l171971)®m(7/,) N2
il i N H(v”‘lg_l) ® IC(’Y”)
— H(h 7// 1 —1) ®’C( "h, ”>

where v, 7" € I" and ¢/, h,» € H are determined by
ky =7y, g7 ="hy.
Now, the composites in the first tensor factor are equal because
%oﬁo@: pk o)\#“ OVH/

~

_ H o \H
- pk © )\h,yl/&//
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and the composites in the second tensor factor are equal because

K  _ K
ph,yu © pf,yl - IOh,Y//E,Y/'

Therefore, (**) commutes and hence so does (x). It follows that

(KxH)* _ H*kC*
AL oBux = PurxoN "

for all k € H. The proof that p0™™" o 8y, = By 0 pHK" for all k € H is similar.
Therefore, By is a morphism of biequvariant Hilbert spaces. [

These are all the properties of the involution that we require. To show that we
really have defined an involution in the sense of Definition 4.28 one would have to
check that the anti-tensor functor axioms hold. At a glance, this appears to be true
and it would be surprising if it wasn’t although we haven’t checked all the details in
full.

We also remark that given H € H(G// H), we expect H* to be a conjugate object
to H in the sense of [26]. Although we won’t go into this in detail, we shall give the
definition of conjugate objects followed by a brief discussion on the case of H*.

Definition 4.33. Let A be a C*-tensor category with tensor unit I, and let A € A.
An object A* € A is said to be conjugate to A if there exist morphismscy : [ — ARQA*

and cg : I — A* ® A, called the coevaluation maps, such that the composites
-1

P2 1A®c2
A— AR —— AR (A*® A)

and

—1
Xp A% A

c®1 A
(A@AVRA — 5 T@A—"3 A

—1

Pax 1a*®c1
A —— AR —— A" ® (AR AY)

*

Ok 4 ax 5@1ax A
LA A RARA — S TR A s A
are identities. Here c; and ¢ denote the adjoints of the coevaluation maps, they are
called the evaluation maps.

If every object in A has a conjugate object, then A is said to be a C*-tensor

category with conjugates, or a rigid C*-tensor category.

Conjugate objects are also referred to as ‘dual objects’.

The category of finite dimensional Hilbert spaces is a classical example of a rigid
C*-tensor category. If V € hilb, then the dual space V is conjugate to V. To define
the coevaluation maps, let {e; : i = 1,...,dim V'} be an orthonormal basis for V' and
let {€;} be the dual basis. We then define ¢, : C = V@V by ¢1(1) := X0V e, ®@ 7
and ¢y : C = V@V by c(l) = Z?i:nfvéi ® e;. These definitions do not depend
on the choice of basis for V. The adjoints of these maps are defined on elementary
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tensors by ¢l (v® ) := ¢(v) and c;(p®0) == p(v),vEV, o € V. It is not too hard
to check that these maps satisfy the conjugate equations and hence V' is conjugate
to V.

There are analogues of these maps in H(G// H) which should satisfy the conjugate
equations. We shall describe the evaluation maps. We recall that for the tensor unit
7 € H(G//H), we have

T(a) —
(9) 0 otherwise.

{(C ifge H,

Also, given H € H(G//H) we have

(H+H")(9) =P HO) @H (v '9)

vyel’

= PHH @ H(g ).

~yel

One can define a morphism of biequivariant Hilbert spaces e; : H+xH* — Z as follows:

First, given h € H and an elementary tensor £ ® ¢ € H(v) ® H(h~17y) we define

e1(§ ® ¢) == p(N1(€)) € Z(h) = C.

We then extend this definition to (H * H*)(h) in the obvious way. This defines
er(h) : (H*H*)(h) — Z(h) for all h € H. Finally, we define e;(g) := 0 for all
g ¢ H. One can then show that this commutes with the unitary representations on
H x H* and Z so that e; is a morphism of biequivariant Hilbert spaces. The other
evaluation map ey : H* x H — 7 is defined similarly. The adjoints to these maps
cp =€) L = H+xH" and ¢ := e : L — H* * H should be defined analogously
to the hilb case and these maps should satisfy the conjugate equations although we
haven’t checked the details.

Next, we shall describe the building blocks of the category H(G//H). To that end,
let us first fix some notation. We shall denote the category of unitary representations
of a group K by URep(K) and the category of finite dimensional unitary represen-
tations by urep(K’). Given a hilbert space V, we shall denote the group of unitary
operators on V' by U(V). When no confusion shall occur, we shall identify a unitary
representation with its underlying Hilbert space, simply writing V' € URep(K) for
example. We shall also need induced representations and we shall work with a di-
rect sum construction. Since we are working with discrete groups, the definition is
essentially identical to 3.6 except that we need to take the Hilbert space direct sum
rather than the vector space direct sum.
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Definition 4.34. Let K be a discrete group, L a subgroup and V € URep(L). We
define the induced representation Ind% (V) € URep(K) as follows: We fix a set
Y of coset representatives for K/L and define the underlying Hilbert space as

@UV

ceX

where each oV is an isomorphic copy of (the Hilbert space) V. We write the elements
of oV as ov where v € V. The action of K on Ind% (V) is given by

k-ov:=0'(l-v), keK
where ¢ € L and o' € X are determined by ko = o'f.

Although we chose a set of coset representatives in the definition, a different
choice of representatives yields a unitarily equivalent representation. One thinks of
the elements of oV as formal translates of elements of V' by the element o € . It
will be convenient to have some slightly different notation for the chosen set of coset
representatives 3. In that regard, we shall write [0] € K/L to denote that o is one of
our chosen coset representatives. Then, for example, we would write the underlying
Hilbert space of Indf (V) as @[U]EK/L oV rather than @, _;,0V. As in the case of
complex representations, we have an induction restriction adjunction

Now, returning to our Hecke pair (G, H), we shall describe the building blocks
of H(G//H). The subgroups of H defined below will play a central role in the
construction.

Definition 4.35. Given t € G, we define the subgroup Hy of H by
H,:= HNtHt".

Given t € GG and a finite dimensional unitary representation H;, we can construct
a biequivariant Hilbert space supported on the double coset HtH in the following
way: We first note that there is a transitive action of H x H on the double coset
HtH given by (h,k) - x = hxk™! and that the stabilizer group of ¢ is

Stab(t) = {(h, k) C H x H|h = tkt™'}.
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The group H, is canonically isomorphic to Stab(t) via the map

¢ : Hy — Stab(t)
hs (h,t 'ht)

Therefore, we can identify H; with a subgroup of H x H and we shall do this implicitly
in what follows. Then, if V € urep(H,), the representation Ind};*" (V) of H x H can
be made into a biequivariant Hilbert space in a natural way. The representations A
and p are defined by

)\h(g) = (h> 6) &, ph(f) = (6, h) &

for h € H, ¢ € Indj;*" (V). To define the action of Cy(G), we use the isomorphism

v (H x H)/H, = HtH
(h, k)H, — htk™".

If we construct Indj;*” (V) as the direct sum

B (v

[(e,8)]€(H x H)/Ht

then the fibre at at3~! is the summand («, 3)V. This gives us an action of Co(HtH)
on Indj;*” (V) and defining the fibre at g ¢ HtH to be 0 extends the action to
Co(G). It follows from the definition of the action in the induced representation that
A, maps the fibre at h=1t to the fibre at ¢ and p;, maps the fibre at th to the fibre at
t for allt € G, h € H so that the covariance condition is satisfied. We also note that
since V' € urep(Hy), this construction is locally finite dimensional. We shall shortly
see that such biequivariant Hilbert spaces are the building blocks of H(G//H) and
hence we shall introduce some notation for them.

Definition 4.36. Let V' € urep(H;). We denote the biequivariant Hilbert space
Indj (V) by XYy, where the action of Co(G) and unitary representations A and
p are as described above.

We remark that the chosen representative t for the double coset HtH is part of
the data defining ¥, -

Lemma 4.37. Let H € Cy(G)-H-H-Mod?, be supported on the double coset HtH.
Then H is isomorphic to XY, for some V € urep(Hy).

213



Proof. As a Hilbert space, we define V' := H;. We then define a representation
w:Hy — U(V) by

wh = (An o pe1pe)|v, h e H,

(the ‘|y’ denotes the restriction to the subspace V' of H). Since ps-15, maps H; into
Hp-1; and A\, maps Hjp-1; into H;, wy, does map H, into itself as required. Given
h,k € H;, we have
AR © Pi=1ht © Ak O Pi—1pt = Ap © Ak © Pp—1pt © P14t
= Ahk © Pr-—1hkt
and hence wy, o wp = wyy so that w is a representation.

To construct an isomorphism from x¥,; = IndthH(V) to H, we view H as a
representation 7 of H x H with m, 1) = A 0 pg. Since there is an isomorphism

¢:(Hx H)/H, = HtH
(o, B)Hy > a1

and H is supported on HtH, we have a canonical unitary isomorphism
H = @ H(xtﬂ71 .
(. B)|€(HxH)/Hy

Then by the induction-restriction adjunction, the inclusion map ¢ : V. — H in
URep(H;) corresponds to a map i : Xy;z — H in URep(H x H). If we define
Indj;* " (V) as the direct sum

D (v
[(a.B)|€(H x H)/Hy
then ¢ is the map
@ 7T(Oé7/3)|v : @ (Oé, B)V — @ chtﬁ*l
(. B)E(HxH)/H; [(B)]€(HxH)/H; [(B)]€(H X H)/H{

This follows from the definition the counit of the induction restriction adjunction and
the fact that 7, g) = Ay © pg maps V = H; into H,s-1. This map is a unitary since
cach (a5 |y is a unitary with inverse 741 5-1y ’Ham—l' Furthermore, ¢ preserves the
fibres by construction and hence commutes with the action of Cy(G). Therefore, 7 is
an isomorphism of biequivariant Hilbert spaces from Y, to H. O
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Corollary 4.38. Let H € Co(G)-H-H-Mod!,. Then H is isomorphic to a finite
direct sum of objects of the form x5 .

Proof. This follows from the fact that H has a canonical decomposition into a finite
direct sum of biequievariant Hilbert spaces which are each supported on a single
double coset. [

We can also describe the involution on H(G// H) in terms of these building blocks.

Lemma 4.39. Let t € G and (n,V) € urep(H,). Then (Xju)* = Xyjy-1y, where
(w,W) € urep(H,) is the representation with underlying Hilbert space V and the
action w given by

Wh = Tgpe—1, h - Htfl.

Proof. Since (xY,5) is supported on HtH, (x¥,5)* is supported on Ht " 'H. The

fibre (X Y1)t is (X¥r)e = V and the action w of Hy,-1 on V is given by

for h € H,~1. The result then follows from Lemma 4.37. O]

Definition 4.40. Given V € rep(H;), we denote the biequivariant Hilbert space
(X¥en)* defined in Lemma 4.39 by Xyr-157-

These decompositions will be useful when computing explicit descriptions of the
product in H(G//H) when we come to look at specific examples. Before doing this,
we shall compare biequivariant Hilbert spaces with their ‘one-sided’ counter part.

4.2.5 Equivariant Hilbert spaces

As mentioned above, equivariant Hilbert spaces are in a sense, a ‘one-sided’ counter-
part to biequivariant Hilbert spaces. As we shall see, the category Cy(G)-H-H —Modf{
is equivalent to a category of equivariant Hilbert spaces with similar properties, and
the objects of this category can be decomposed in a similar way to their biequivariant
counterparts.
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Definition 4.41. An H-equivariant Cy(G/H)-Hilbert space is a Hilbert space
H together with a nondegenerate x-homomorphism m : Co(G/H) — L(H) and a
unitary representation A : H — U(H) of H such that

M (f - &) = A(f) - An(§)

for all f € Co(G/H) and & € H. Here the action on functions is given by left
translation, that is \y(f)(tH) = f(h='tH).

A morphism of H-equivariant Co(G/H)-Hilbert spaces is a bounded linear map
a:H — K that commutes with the action of Co(G/H) and the representation A. We
denote the C*-category of H-equivariant Co(G/H )-Hilbert spaces by Co(G/H)-H-Mod.

We shall usually just write ‘equivariant Hilbert space’ rather than ‘ H-equivariant
Co(G/H)-Hilbert space’ for brevity. If there is more than one equivariant Hilbert
space under consideration, we will distinguish the actions with superscripts where
necessary, e.g. At <.

Definition 4.42. Let H € Cy(G/H)-H-Mod. The fibre H;y at tH € G/H is
defined by

Hipg = 5tH -H C H,
where 0 1S the characteristic function of tH.

As with H-biequivariant Cy(G)-Hilbert spaces, there is a canonical unitary iso-
morphism

gp:?—[i@%%{

vyel’

of Hilbert spaces. The action of Cy(G/H) preserves the fibres and A\, maps Hj-1,5
into H;y due to the equivariance condition. We shall denote this restriction of A, by

Ah(tH) c Hp—1em — Hin.

As with biequivariant Hilbert spaces, we can specify the action of Cy(G/H) by spec-
ifying the fibres and ensure that the covariance condition holds by requiring that A
maps Hp-1,7 into H,g forall h e H, t € G.

Similarly, given a morphism

(07 @H’YH_)@KvH

vyel vyerl
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a maps H.pg into K, g because o commutes with the action of Co(G/H). We shall
denote this restriction of a by

a(yH) : Hyg = Kyn.

We can specify such a morphism a by specifying bounded linear maps a(vH) for all
vH € G/H, provided they define a bounded linear map on the algebraic direct sum.

Definition 4.43. Let H € Co(G/H)-H-Mod. We define the support of H as as
the set of all tH € G/H such that Hig # 0. We say that H has finite support
if its support is a finite set. We denote the C*-category of compactly supported H -
equivariant Co(G/H)-Hilbert spaces by Co(G/H)-H-Mod..

We say that H is locally finite dimensional if the fibres H,y are finite dimen-
sional for all tH € G/H. We denote the C*-category of locally finite dimensional
H -equivariant Co(G /H)-Hilbert spaces by Co(G /H)-H-Mod” .

We denote the C*-category of locally finite dimensional H -equivariant Co(G/H)-
Hilbert spaces with finite support by Co(G /H)-H-Mod! .

Similarly to biequivariant Hilbert spaces, we can construct an equivariant Hilbert
space supported on HtH/H from a finite dimensional unitary representation of the
group H; = HNtHt™'. The group H acts transitively on the space HtH/H via the
action h - *H = hxH and H; is the stabiliser group of the coset tH. Then given
V' € urep(H,), the induced representation Indj; (1), whose action we shall denote
by A, becomes an equivariant Hilbert space in a natural way. The fibres are defined
using the isomorphism

v:H/H, — HtH/H
hH; — htH.

Explicitly, if we write the induced representation as the direct sum

@ oV,

[c]leH/H:

the fibre at otH is the summand oV. This defines an action of Co(HtH/H) and
defining the fibre at *H to be 0 for tH ¢ HtH extends the action to Co(G/H). It
follows from the definition of the action in the induced representation that A\, maps
the fibre at h™'xH into the fibre at #H for all h € H, tH € G/H. Therefore, the
covariance condition is satisfied.

Definition 4.44. Given V € urep(H;), we denote the equivariant Hilbert space
Indj} (V) by nfuy, where the action of Co(G/H) is as described above.

217



We remark that the choice of representative ¢ for HtH is part of the data defining
NYg- Similarly to the biequivariant cases, these equivariant Hilbert spaces are the
building blocks of Cy(G/H)-H-Mod.

Lemma 4.45. Let H € Co(G/H)-H-Mod! be supported on HtH/H. Then H is
isomorphic to nY, g for some V € urep(H,).

Proof. As a Hilbert space, we define V := H,z;. Then A7 restricts to a representation
of H; on V, the covariance condition ensures that A\ maps H;y into Hy for all
h € H;. To define an isomorphism from n};,; to H, we identify H with the direct
sum of its nonzero fibres via the canonical unitary isomorphism

He P How

[c]leH/H:

The inclusion map ¢ : V' — H in urep(H;) corresponds to a map i : 0¥,z — H in
urep(H) via the induction-restriction adjunction. Writing the induced representation
as a direct sum, ¢ is the map

@ )\H‘V @ oV — @ HotH-

[cleH/H; [c]leH/H; [cleH/H;

This follows from the definition of the counit of the induction restriction adjunction
and the fact that A\, maps V = H;g into H,.g. This is a unitary with inverse
Bloler/H N 1|4, Which preserves the fibres by construction. Therefore, H = nyy, ;.

O

Corollary 4.46. Let H € Co(G/H)-H-Mod!. Then H is isomorphic to a finite
direct sum of objects of the form n},; where t € G and V € urep(Hy).

Proof. This follows from the fact that H has a canonical decomposition into a finite
direct sum of equivariant Hilbert spaces, each of which is supported on HtH/H for
some t € G. 0

Next, we shall show that there is an equivalence of C*-categories
Co(G)-H-H-Mod!, ~ Cy(G/H)-H-Mod/.

We shall break the proof up into a series of lemmas.
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Lemma 4.47. There is a *-functor

F : Cy(G)-H-H-Mod/

& — Co(G/H)-H-Mod]

defined on objects as follows. We fix a set I' of coset representatives for G/H. Given
H e CO(G)—H—H—Mode, for each v € I we define K,y := H. and define

F(H) =K :=PKu.

yel

this also determines the action of Co(G/H). To define the unitary representation
N leth € Handy € T. Then h™'vH = +'H for a unique v € T. We define
NC(vH) as the composite

ny’ P?{L_lhwl(h_l’Y) 1y A () 7_[7
_ h—1 _—
- ’Ch_l’yH v - IC’yH

Proof. First, let us show that F' is well-defined on objects. To that end, consider
H € CO(G)-H—H-Modé/H. Then H has finite support mod H and is locally finite
dimensional, therefore I = F'(H) has finite support and is locally finite dimensional.
The covariance condition also holds by construction.

To show that A\* is a representation, let h, i’ € H,let v € T and let h™'vH = ' H
for v/ € I'. We need to show that Ay (yH) o AN (v H) = NS, (vH). Firstly, \f(vH) is
the composite

Hoy pﬁflhv’(hilv)ﬁ H, 1 A v
— IChfl,yH h=ly — IC'yH
Then let A'~'y'H = 4"H so that A\ (7/H) is the composite
H,y// p’yﬂ’*lh/'yu(hlil’yl) H ) AZL{’('Y,) H’Y'
- s Hpyry ———
= Ich’_lfy’H A = ’C'y’H
and A}, (vH) is the composite
L R @) A () M,
= Kh/—l'y’H _— ,;"[(hh/)fl7 _— - K "
= Ic(hh’)*lﬂyH Y

If we consider the following diagram
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\ H — ! (’YI) \ H'Y/
o ’C 7 h! 1,Y/ 7 o ’C
= KNw)-1yH = Kp-1yH

(D) (11)

H n—1
PPty (RR) 1)

H —1
pyflh'y’ (h™1y)

p?f—lhh/ﬂ/// ((hh/)_I'\/)

N )\;}L{l(h_l'y) . v

AT

H

,
= Kyn

then (I) commutes because p™ is a representation, (II) commutes because A\ com-
mutes with p*, and (III) commutes because A\* is a representation. Therefore, the
whole diagram commutes. The upper right hand composite is AX (yH) o AN (v'H) and
the lower left hand composite is AN, (YH) so that AN(vH) o AN (Y H) = A&, (vH).
Therefore, Af o AKX, = \K,, and A\* is a representation. This shows that K is an
H-equivariant Cy(G/H)-Hilbert space and hence F' is well defined on objects.

Next, we need to define F' on morphisms. Given H, H' € Co(G)-H-H-Mod!, and
a morphism o« : H — H, we define F'(«) by

Fla)(yH) = al(y), ~el.

F(a) commutes with the action of Cy(G/H) by construction and it commutes with
the unitary representations on F'(#) and F'(H’) because a commutes with the unitary
representations on H and H’'. It is then immediate from the definition that F' is a
*-functor. ]

Lemma 4.48. There is a *-functor
G : Co(G/H)-H-Mod! — Cy(G)-H-H-Mod?,

defined on objects in the following way: Given H € Co(G/H)-H-Mod!, we define
Ki = Hig for allt € G and define

GH) =K =K.

teG
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this also determines the action of Co(G) on F(H). The unitary representation \* is
defined by

Hy M
Ne(t) = NHeH) = et = e

for allh € H, t € G. The unitary representation p* is defined by

Kipy . . Hum Hin
Ph (t) T IdHtH =Ky - =K,

Proof. First, let us show that G is well-defined on objects. If H € Cy(G/H)-H-Mod/,
then H has finite support and is locally finite dimensional, hence K = G(H) has finite
support mod H and is locally finite dimensional. Next, AX is a representation because
A is and it commutes with p* since AN (tk) = A(¢) for all h,k € H, t € G, and
P (s) is an identity map for all £ € H, s € G. Finally, the covariance condition is
satisfied by construction and hence G(H) is a biequivariant Hilbert space. Therefore,
G is well-defined on objects.

We also need to define G on morphisms. Given a morphism « : H — H' in
Co(G/H)-H-Mod, we define G(«) by

G(a)(t) == a(tH)
for allt € G. Then G(a) preserves the fibres by construction. It intertwines p“* and
p¢H) since G(a)(th) = G(a)(t) for all h € H, t € G, and pf(m (t) and pf(H )(t) are
identity maps. Furthermore, G(a) interwtines A4 and A¢*) because a intertwines

A and M. Therefore, G() is a morphism in Cy(G)-H-H-Mod?,. Finally, it is
immediate from the definition that G is a *-functor. O

Theorem 4.49. The *-functors
F : Cy(G)-H-H-Mod!, — Cy(G/H)-H-Mod!
and
G : Co(G/H)-H-Mod! — Cy(G)-H-H-Mod?,
defined above are quasi-inverse to one another, that is, FF o G = 1d and G o F' = 1d.

Proof. Let us first construct a unitary natural transformation from the identity func-
tor on Co(G/H)-H-Mod/ to F o G. Given H € Co(G/H)-H-Mod!, (F o G)(H) has
fibres

(FoG)(H)yn = G(H), = Hom, €T
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Now, if h € H,v €' and h™'vH = v'H for v/ € I, the component AgFOG)(H) (vH) of

the representation \(F°@ ™) ig the composite
G(H) -1
; P15 (A1) 2SO
G(H), s, 3y, 00 G(H),

= (FoG)(H)h1ym = (FoG)(H)yu

which is just the map
A#(’YH) : Hh—l'yH — H'yH

since piﬁ?‘%,(hilv) is the identity map and )\S(H) (v) = At (yH). Therefore, (FoG)(H)

is just the canonical decomposition of H into the direct sum of its fibres and the
canonical unitary isomorphisms

me: M= @My, M e Co(G/H)-H-Mod]

vel’

assemble into a unitary natural transformation n: Id — F o G.

Next we need to construct a unitary natural transformation from G o F' to the
identity. Let us first describe (Go F)(H) for H € Co(G/H)-H-Mod!. For eacht € G,
let us denote the v € I' such that tH = vH by ~;. Then the fibre (G o F)(H), is H.,

and

(G o F)(H) =ED(G o F)(H),

teG
-
teG
Next, given h € H and t € G, the map )xéGOF)(H) (t) is the composite
—1
H'yh—lt pvflh“fh—1t(h %;—lh_l M () H,
= (G o F)(H)p-1 " = (Go F)(H):

Finally, for t € G and h € H, we have (G o F)(H)y, = (Go F)(H): = H,, and
o 0(0) (G o F)(H)im = (G o F)(H),

is the identity map.
Now, given H € Cy(G)-H-H-Mod?,, we define a unitary

E (GoF)H) S H
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e,

ault) =220 _ oy, ~ M

We note that since tH = v, H, t~ 'y € H so that £x(t) is well defined.

Let us check that & is an isomorphism of biequivariant Hilbert spaces. By
construction, &, preserves the fibres and hence commutes with the action of Cy(G).
To show that &3 intertwines the p’s, we need to show that for all h € H and t € G,
the following diagram commutes

(G o F)(H)y —2 34,

pELGoF)(’H)(t) p#(t)

(Go F)(H), ——— H,

By definition, this diagram is

P 1y (®)
H%—>Ht

which commutes because p™ is a representation.
To show that & intertwines the \’s, we need to show that for all h € H and
t € G, the following diagram commutes

En(h™'t)

(GoF)((H)p1y ————— Hp

MG AH(8) (%)

(GoF)(H), — 9,

By definition, this is the diagram
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plt (h=1t)

Thy, _1
h t
H’Vhflt Hhilt
Pty (R 1)
e P, -1y
H}Fl% ATE()
M ()
H
~ pt—lyt(t) ~
H% > Hy
and this commutes because
H H H H H H
.o opt = opt, opt
Py Ly )‘h p'Yt 1h'7h—1t >‘h Py Ly p’Yt 1h7h—1t

_ M H
=\ o Pithy, 1,

Therefore (%) commutes and hence & intertwines the \’s. Since &3 intertwines the
action of Cy(G) and the unitary representations, it is a morphism of biequivariant
Hilbert spaces.

Finally, we need to show that the unitaries

& (GoF)(H) S H, H e Cy(G)-H-H-Mod!,

define a unitary natural transformation £ : G o F = Id. To show naturality, we
need to show that given H, K € C’O(G)—H—H—Modlfq and a morphism « : H — K, the
following diagram commutes

(GoF)(H) — =D (GoF)(K)
€2 £ ()
H @ y K

We can do this by showing that for each t € GG, the following diagram commutes
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Eu(t) Ec(®)
Ht ot > Kt
By definition, this is the diagram
", () s K,
PZ{_LH () Pt—1,Yt ()
Ht ) > lCt

which commutes because a commutes with the p’s. Therefore, (x) commutes and
the & define a unitary natural transformation £ : G o F = 1d. [

Given t € G and V' € urep(H;), G(niri5) = Xyr- This is because given h € Hy,

)\}C:(n)“/ItH) o i(&%tH) _ )\Z}-/ItH‘

Via this equivalence, Cy(G)-H-H —Mod{{ inherits a tensor category structure. The
tensor unit is F/(Z) where Z is the tensor unit of Cy(G)-H-H-Mod?,. This is the equiv-
ariant Hilbert space 1, where tr denotes the trivial one dimensional representation
of H. The product, which we shall denote by * rather than ®, can be described as
follows:

Lemma 4.50. Let H,K € Co(G/H)-H-Mod!. The fibres of the product H x K are
given by

(H 5 K)on = D Hom © Koo

vyel
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Fork e H and § @1 € Hyg @ K141 the action of k is given by

M€ @ n) = NEHE) @ Amay, ()
where v € T' is determined by

kvH = ~'H.

In particular, if kvH = vH the action is given by

NEFRE @ n) = A€ © Ny (n)-
Proof. The product is defined by

Hx+K:=F(GH)*G(K))

where F' and G are the equivalences defined in Lemmas 4.47 and 4.48 respectively.
If we consider G(H) * G(K) € Cy(G)-H-H-Mod/,, the fibres of G(H) * G(K) are
given by

G(H)*G(K)y = P G(H)y @ G(K)y-1g

vyerl

= @ Hog @ Ky-14pm

yerl

and the unitary representations are defined by

G(H)*G(K
pr " (g) = 14,

and

AP0 (g) = @m@(” (7)o o7 (h )] @ AL (7 )

y'el’

= @ >‘ ) ® S = lky(’}/ilg)
y'er

= PN H) © Ny (7 9H)
y'el

where k € H, g € G, and the 7' € I and h,» € H are determined by
ky =~"ho.
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Now, the fibres of F(G(H) * G(K)) are given by

F(G(H) * G(K))gn = (G(H) * G(K)),

g
where 7, € I' is defined by gH = ~,H. Therefore,

F(GH) % G(K))gn = @ Hon © Kyoryn

~yel

- EB Hon @ Ky-1gm-

~yel'
Finally, given £ € H and a € I'; we have
)\F(G(H)*G(K))(QH) _ )\G(H)*G(K)(a) o pG(H)*G(IC)(h_la)

k k ’y_lk'y’

_ )\f(H)*G(’C) (a)

= PN GH) @ My, (Y aH),

y'el

In a similar way, we can define an involution on Cy(G/H)-H-Mod! by
H* = F(G(H)").
It can be described explicitly as follows:

Lemma 4.51. Let t € G and (7, V) € urep(H,;). Then (niy)* = njy, 1y where
(w,W) € urep(H;) is the representation with underlying Hilbert space V and the
action w given by

Whp = ﬁthtfla h S Htfl.

Proof. This follows immediately from Lemma 4.39 combined with the fact that
G (Mhen) = X O

Definition 4.52. Given V' € rep(H;), we denote the equivariant Hilbert space (0}, 5)*
—t
defined in Lemma 4.51 by nl‘gt,lH.

Whilst not necessary for what follows, we remark that we can pass from H(G// H)
or any of our equivalent C*-tensor categories to a complex algebra by taking the so
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called (complex) ‘Grothendieck ring’ of the C*-tensor category. This is a slight
extension of the definition of the Grothendieck group of an additive C*-category A.

The main ingredient in the definition of the Grothendieck ring is the definition
of the Grothendieck group of a commutative monoid. The idea is that the forgetful
functor from the category of abelian groups to the category of commutative monoids
has a left adjoint which maps a commutative monoid M to its Grothendieck group,
denoted K(M).

There are various different ways to construct K (M) explicitly. One way is to
define an equivalence relation on M x M by (mq,ms) ~ (ni,ng) if there exists
k € M such that m; + ny + kK = mo + ny + k. One thinks of the pair (mq,ms) as
the formal difference of m; and msy and the element £ is needed in case M is not
cancellative. Then K (M) is the set M x M/ ~ with the addition defined by

[(m1, ma)] + [(n1,n2)] := [(m1 + 11, My + n2)].

One can check that this is well-defined and does indeed define an abelian group. The
identity element is [(0,0)] where 0 is the identity of M and the inverse of [(mq,m2)]
is [(mg, m1)]. The unit n of the adjunction is defined by

e s M — K (M)
m +— [(m,0)]

Now, if A is an additive C*-category, we can define a commutative monoid M (.A)
whose elements are the isomorphism classes of A and whose addition is defined by
[A] + [B] := [A® B], A, B € A. Then the Grothendieck group of A, denoted K (A),
is the Grothendieck group of M(A). If A is also a C*-tensor category, then K (.A)
has a ring structure with multiplication defined by [A] - [B] := [A ® B]. This is the
Grothendieck ring of A. By definition this is a Z-algebra but we can always turn it
into a complex algebra by extension of scalars. Furthermore, if A has an involution,
we can define an involution on K(A) by [A]* := [A*].

We shall denote the complex Grothendieck ring of H(G //H) or any of our equiva-
lent C*-tensor categories by K(G//H). We will actually work with Cy(G/H)-H-Mod/
for the purpose of doing computations. If we compare the formula (2) for the product
in the Hecke algebra with the formula in Lemma 4.50 for the fibres in the product
in Co(G/H)-H-Mod/ then we can see that there is an algebra homomorphism

v K(GJ/H) = H(G//H)

defined by ¢ ([H]) (¢9H) := dim H,p. Since [n§, ;] maps to the characteristic function
of HtH/H, this is a surjective homomorphism and hence H(G//H) is a quotient of
K(GJ/H). Let us state this as a lemma for future reference.
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Lemma 4.53. There is a surjective algebra homomorphism
v : K(G//H) = H(G//H)
defined by  ([H]) (gH) = dim Hy.

Ift € G and V,IW € urep(H,), then nl,; © niy = nisyy and this determines
the addition in K(G//H). We shall now look at some formulae for determining the
product. First we have some direct consequences of Lemma 4.50.

Corollary 4.54. Let n};,ny € Co(G/H)-H-Mod! with V,W € urep(H). Then

W~ VOW
77H*77H =NH

Proof. There is only one nonzero fibre in the product, namely

(i = e = () @ () wr
— VoW

and in this case the formula for the action of &k € H 1is

M(E@N) = M(E) @ M), €€V, meW.
]

Corollary 4.55. Let t € G and let nYy, n,; € Co(G/H)-H-Mod! with V € urep(H)
and W € urep(H,). Then

~ V‘Ht®W
77H * 77HtH = NHtH

where V |y, denotes the restriction of V' to Hy.

Proof. Since 6y * g = Omepr in the classical Hecke algebra, ny; * nyy;; is supported
on HtH. Therefore, we just need to determine the representation of H; on the fibre
at tH. The fibre is

(M5 * Migarr)err = @(UZ)WH ® (n%H)TltH
~yel’

= ()i ® (i)

which is equal to V' ® W as a vector space. For h € H; the action on the fibre is
given by

M(E@m) = Xe(§) @ An(n), €V, neW.
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Therefore, the representation of H; on the fibre at tH is V|g, ® W and

v, . w _ VigeWw
Ng * Mg = Mmeg -

In general, it is not true that

w V ~  WeVh,
Natg * Mg = Naeg -

The product is still supported on HtH and the fibre at tH is

(Mo * i) = D s )t ® (0f)y-rem
~yel

= (Mo )en @ ()

which is equal to W ® V' as a vector space. If we assume for simplicity that ¢ € T,
then by Lemma 4.50 for k € Hy, the action is given by

M(E®@M) = Me(§) @ M1pe(), E€W, nelV.

Whilst the representation of H, on the first tensor factor is W, the conjugation in
the second tensor factor may result in a representation of H; that is not isomorphic
to V|g,. The following is an example of this.

Example 4.56. Let H = 7Z /27 x 7Z/27Z and consider the group homomorphism
0 :72)27 — Aut(H)

where (1) acts by permuting the factors, that is, ¢(1)(a,b) = (b,a) for each
(a,b) € Z/2Z x Z/27Z. Then let G be the semidirect product H x, Z/27Z and
let £ = ((0,0),1) € G. As set of coset representatives for G/H is given by I' = {e, t}
and since H is normal in G, the double cosets are just the cosets and the classical
Hecke algebra H(G//H) is the group ring of G/H = Z/27Z.

Because H is normal in G, the group H, = H N tHt™ ! is equal to H and
since H is abelian, the irreducible representations of H are the characters. Let us
denote by xa3, the character on H where (1,0) € H acts by multiplication by «
and (0,1) € H acts by multiplication by 8 where a, € {1, —1}. If we consider the
product 731 * 1" in Co(G/H)-H-Mod!, this is supported on HtH = tH and the
fibre at tH is

(Mirem * M~ e = EB(WE?E)WH ® (g™ )y-1em
yel’
X1,1 X1,—1

= (Mgip)tn @ (g E
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which is equal to C ® C as a vector space. By Lemma 4.50, for (a,b) € H; = H, the
action is given by

A(a,b) (5 & 77) = )\(a,b) (5) ® /\xfl(a,b)x(n)'

By the construction of the semidirect product G,
t_l(a7 b)t = 90(1)_1(a, b) = (b’ a)>
hence

Aap) (€@ N) = Nap) (&) @ Apa) (1)

In particular,

A1, ® 1) = A1,0(§) @ Ao,y (1)

=£{®(-n)
=—({®n)
and
A0)(E®@nN) = A0,1)(§) @ Aa,0)(n)
=£{Q®m.
Therefore,
Mier * M = Mgl

but x11 ® x1,-1 = x1,-1 Z X—1,1 and hence

X1,1 X1,—1 X1,180X1,—1
Noea * Ny Nl

This is also an example of a Hecke pair for which the classical Hecke algebra
H(GJ/H) is commutative, but (G //H) is not.
Given H,K € Cy(G/H)-H-Mod/, computing the product H * K involves com-
puting the representations of of the groups H; on the fibres (H * K)¢z. We shall
now look at how these representations can be decomposed as a direct sum of sub-
representations. This is similar to the way that an equivariant Hilbert space can be

decomposed as a direct sum of representations of H, each of which is supported on
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a single double coset. To this end, we fix a subset A; C I of representatives for the
double coset space H,\G/H. Given any 6 € A, the space

@ H'yH & ’C’y—ltH

[|€H.H/H

is a subrepresentation of H; on (H * K);y and

(H * IC)tH = @ @ H’yH &® ]CA/—%H.

0€EA: [y|eH0H/H
We can describe this decomposition in terms of certain subgroups of H;.
Definition 4.57. Fort € G and 0 € A, we define the group Hs, C H by
Hs; = HsNH,=HNSHS ' NtHt .

The group Hs; maps HsH ® K514 into itself. We recall that the induced rep-
resentation Indggt(H(;H ® Ks-147) can be described as the Hilbert space direct sum

@ o(Hsg @ Ks-1417)
[c]€eH¢/Hs

where each o(Hsy ® Ks-1457) is an isomorphic copy of Hsy ® Ks-145, the elements of
which we write as ov where v € Hsg ® Ks-—1,5. For k € H,, the action 7 is given by

m(ov) = o' AR (v)

where the coset representative o’ € Hy, and ¢ € Hy; are determined by ko = o'(.
We then have the following:

Lemma 4.58. For each 0 € A, there is a unitary equivalence of representations

FIndf (Hon @ Ksoum) = @D Han @ Ky,
ly|€H:0H/H
Proof. For each [o] € H;/Hs; we define v, € I' by
oc0H =~,H.

so that

@ Hym @ Ky = @ Hon ® }C'ygltH'

heHSH/H [o]eH:/Hs,
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The inclusion map

v Hsn @ Ks—vm — @ Hon @ Ky-141

[YJ€eH.sH/H

in urep(Hs,;) corresponds to an Hi-equivariant map

L Indgg,t(HgH & /C(gfltH) — @ Hym & /CvﬂtH
(V]eHSH/H

in urep(H;) via the induction-restriction adjunction. This is the map
@ )\Z"[*IC : @ U(H(SH ®IC5*1tH) — @ H"{JH ®IC’)/;115H'
[o]€He/Hs, [0]€H¢/Hs, [o]€H,/Hs,

This follows from the definition of the counit of the adjunction and the fact that
MR maps Hsy @ Ks-145 into H,, @ IC%;%H. This map is a unitary because each
MK s and hence

Indg;t (Hon @ Ks-1411) = @ Homg @ Ky-11m.
[WeH6H/H

[
Corollary 4.59. Let H,K € Co(G/H)-H-Mod!. The fibres of the product H K are

given up to isomorphism by

(H K)o = €D Indjj! (Hon © Ks-1017)-
IYAN
4.3 Examples

To end with, we shall look at a few examples of K(G//H) for some Hecke pairs.
In order to avoid a little clutter in the notation, we shall write 1}, to denote the
element [n};,;] € K(G//H). Our first example involves the symmetric groups.

4.3.1 The Hecke pair (S,,S,_1)

In this section, we shall look at the structure of (G //H) for the Hecke pair (G, H)
where G = S,,, H = 5,1 (n > 2). (Specifically, we mean the copy of S,_; inside S,
which fixes n.) Before computing the categorical product, let us briefly review the
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structure of the classical Hecke algebra H(G//H). A set of coset representatives for
G/H is given by

where (n,n) is the identity permutation.
Lemma 4.60. The double coset space H\G/H consists of two double cosets, H and

X =Ht,H
n—1

= | |tH.
i=1

Proof. Since H = HeH is a double coset, to show that
X =Ht, H
n—1
i=1
we just need to show that every other coset t;H, i € {1,...,n — 2} is a subset of X.
For each such i, (i,n — 1) € H and

(i,n — 1)tn,1H =

Therefore, t;H C X and hence

X =~Ht,1H

n—1

=| |t:H.

=1

Lemma 4.61. The algebra structure of H(G//H) is determined by
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Proof. In general,

Since there are only two double cosets, we just need to compute the values when
g = e and when g = t,,_;. Firstly,

(0x % 6x)( Z dx (t;

Since

1 otherwise,

0 ifis=n,
dx (t:) :{ .

we have (0x * dx)(e) =n — 1. Next,
(6x * 6x)(t Zéx )0x (titn-1).

Since the ¢'th summand is 0 if i = n or n—1 and 1 otherwise, (dx *dx)(t,—1) = n—2.
Therefore,

]

Since there are two double cosets, H and X = Ht, 1H, to compute the product
in the categorical Hecke algebra IC(G//H) we need to determine the representation
of H on the fibre at H and the representation of H; , on the fibre at ¢,,_1H. As
part of this computation, we need to know the group H,;, , which is the stabiliser of
the coset t,,_1 H under the translation action of H.

Lemma 4.62. Fori € {1,...,n — 1}, the group H;, = H Nt;Ht; ' is the copy of
Sn—g in S, which fixes i and n. In particular, H,, | is the copy of Sn,—2 in S, that
firesn — 1 and n.
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Proof. H is the copy of S,_; in S, which fixes n and t;Ht; ' = (i,n)H(i,n) is the
copy of S,,_1 in S,, which fixes i. Therefore

H, = HNt;Ht;*
is the subgroup of .S,, which fixes ¢ and n. ]

In order to use the formula in Corollary 4.59 to compute the fibres in the product,
we also need sets of representatives A, and A, _, for the double coset spaces H\G/H
and H;, ,\G/H. The are two double cosets in H\G/H, namely H and X = Ht, 1H
so we take A, = {e,t,_1}. To choose our set A, _,, we need to know how what the
double cosets in H;, ,\G/H are.

Lemma 4.63. For n > 3, the double coset space H;, \G/H consists of 3 double
cosets, H, t,_1H and

Proof. Since H;, _, C H, we have Hy;, ,eH = H. Next, since H; , is the stabiliser
group of ¢t,,_1H, we have H;  t, 1H =1,_1H. To show that

Y = H, t,oH

n—2
=| |t:H.
i=1

we need to show that the remaining cosets t;H, i € {1,...,n — 3} are contained in
Y. For each such ¢ we have (i,n —2) € H;,_, and

(t,n —2)t,—oH = (i,n —2)(n — 2,n)H

=(i,n—2,n)H
= (i,n)(ti,n —2)H
=t;H.

Therefore, t,H C Y and hence
Y =H;, t, oH

n—2

i=1
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In light of this, for n > 3 we take A, |, = {e,t,_1,t,—2}. (In the case n = 2,
H,, , and H are the trivial group and the double coset space H,, ,\G/H is just the
coset space G/H so we can take Ay, | = {e,tp_1}.)

Before considering the case of general n, let us compute the product in K(S4, S3).
A generating set for the algebra is given by elements of the form 7}, and n% where
V' is an irreducible unitary representation of H = S3 and W is an irreducible unitary
representation of Hy, = Ss.

Let us first recall the representation theory for S3 and Sy. S3 has three irreducible
representations, the one dimensional trivial and sign representations which we shall
denote by tr and sgn respectively and the 2-dimensional standard representation
which we shall denote by std. (In general, for n € N, the standard representation of
Sy, is the complement of the trivial representation in the permutation representation.)
The character table of S5 is

el (1,2)](1,2,3)
tr |1 1 1
sgn | 1 -1 1
std | 2 0 -1

S5 has two irreducible representations, the one dimensional trivial and sign repre-
sentations. Its character table is

el (1,2)
tr |1 1
sgn | 1 -1

We can now compute the products of the elements in the generating set and
product a multiplication table. Our convention for the multiplication table is that
the left factors are listed in the left hand column and the right factors are listed in
the top row, although it will actually turn our that the algebra is commutative in
this case.

Lemma 4.64. The multiplication table for the categorical Hecke algebra H(S4//Ss),
minus the identity element %, is
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e 5 n¥ nx.
A 3o e n
mid | Rt |l g + e ni + 0y ni + 0¥
o | sen s N+ me ng 4 e
77X nX nX _'_ 77X tr sgn tr sgn
+Nx T Nx +nx +Nx
sgn tr tr sgn nlst.%n + ni}d 77}-} + U?}d
Nx Nx Nx +7x N e N e
+nx +Nx +Nx +Nx

where X = HtsH = H(3,4)H.
Proof. Firstly, by Corollary 4.54 we have

V. W VeWw
N *Nyg =Ny

so we need to compute the tensor products of the nontrivial irreducible represen-
tations of S3. To do this, we shall compute the characters case by case for the
nontrivial representations. In general, the character of the tensor product is the
pointwise product of the characters.

Case 1: V =sgn, W = sgn.
The character of sgn ® sgn is
(1,-1,1)-(1,-1,1) = (1,1, 1).

This is the character of the trivial representation so sgn ® sgn = tr and hence

sgn sgn

sgn®sgn
Mg * Mg

Case 2: V =sgn, W = std.
The character of sgn ® std is

(1,-1,1)-(2,0,—-1) = (2,0,—1),

which is the character of the standard representation. Hence sgn ® std = std and

sgn std _  sgn®std __  std

Case 3: V =std, W =sgn
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Using the symmetry of the tensor product of representations we have

std sgn _ _std®sgn _ sgn®std __ _std
Mg *MNg ="My =Ny =Ny -

Case 4: V = std, W = std.
Lastly, we compute the character of std ® std. This is

(2,0,—1)-(2,0,—1) = (4,0,1)
=(1,1,1)+ (1,-1,1) + (2,0, —1).

Therefore, std ® std = tr & sgn @ std and

std std _  std®std __ _tr sgn std
Mg *Mg =g =Ng + Mg + g -

So far, the multiplication for the categorical Hecke algebra, minus the identity ele-
ment 74, is as follows:

sgn std
Ny Ukis

sgn tr std
N Ny Ny

niad | nnd |0+ i+

Next we need to compute products of the form n}; * n%¥. By Corollary 4.55 we
have
Vig, W
ngRNx =Nx 0

and by Lemma 4.62, Hy, is the copy of Sy inside S, that fixes 3 and 4. We can
compute the representation V|g, @ W for the different V' and W' case by case. Since

nt is the identity of the categorical Hecke algebra, we only need to consider nontrivial
V.

Case 1: V =sgn, W = tr.
In this case

Vi, ©W = V|g, .

The restriction of the sign representation of H to H,, is the sign representation of
H,,. Therefore,
sgn sgn

g w0k =0y
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Case 2: V =std, W = tr.
As in Case 1,

Vi, ©W = V|, .

The restriction of the standard representation of H to H;, is the 2-dimensional rep-
resentation with character

(2,0) = (1,1) + (1, -1).

Therefore, this representation is isomorphic to tr @ sgn and hence

R0 =nx + X
Case 3: V =sgn, W = sgn.
As noted above, the Vg, is the sign representation and since sgn ® sgn = tr we
have

sgn sgn

Ng *7x :773?

Case 4: V =std, W = sgn
Lastly, std| H,, ®sgn is the representation with character

(2,0)-(1,—-1)=(2,0) = (1,1) + (1,-1)

which is the character of tr @ sgn and hence

std sgn

sgn
Mg *Nx

=nx +0% -

Adding these cases to the multiplication table we have

sgn std tr sgn
Ui Ui Nx Nx
sgn tr std sgn tr
Ul Uis Ul Nx Nx

nyd | mid |l + 0+ e

sgn sgn

n% +nx | 0% +nx

Next, we consider products of the form 7% * n};. Similarly to the products of the
form n}; x n%¥, these are supported on the double coset X (since dx * 0 = dx in the
classical Hecke algebra). The fibre at t3H is

4
(77}/‘(/ * nl‘;)tsH = @(n)%/)tzH ® (n}/I)ti_th,H

=1
= (1% )tsz @ (M)
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which is W ® V' as a Hilbert space. By Lemma 4.50, for h € H;, the action is given
by

A ®@mn) = A(§) ® )‘tglhtg (1)

Since H;, = Sy and t3 = (3,4), the elements of H;, commute with ¢35 so the action
reduces to

A(§®@mn) = Au(€) ® An(n).

Therefore, the representation of Hi, on the fibre at t3H is W ® Vg, . Since
W@ Vly, = Vg, ®W, we have

el =y
= "
= N * 1Y -
So far the multiplication table is
Ul Ui % .
M| N i e %
mat |t | g gt EaEt | % 0t | a% k"
nx || ok Enx
nx | n% nx + 0%

Finally, we need to compute products of the form n% x n%. We need to determine
the representation of H on the fibre at H and the representation of Hy, on the fibre
at t3H. To compute the fibre at H, we can use the formula

(n¥ *n¥)e = @D Indfi, ((nX)su ® (X )s-111) (1)

[ J<TANS
from Corollary 4.59. We recall that A, C I' is a set of coset representatives for
H\G/H = H\G/H so we can take A, = {e, t3}. Since the fibres of nk and n¥ at
eH = H are zero and

Htg,e = Ht3 NH,

= HNtsHty' NeHe™!

= HNtyHt;'

=,
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the expression (1) reduces to
(nx * % )i = Indgg, ((0X)esmr @ (10X )egr)-
For h € Hy,, the action of h on (n%),z @ (WY )t is given by
A€ ® 1) = M) © Aot (1), @)

By Lemma 4.62, H;, = H Nt3Ht;" is the copy of Sy in Sy that fixes 3 and 4 and
since t3 = (3,4), h commutes with ¢3. Therefore (2) reduces to

A€ @n) = An(€) @ An(n)
and the fibre at H is
Indz, (V @ W) = Indg(V @ W).

There are two possibilities for each of V' and W, the trivial and the sign representation
of Sy. Therefore, V@ W is either the trivial representation (when V = W) or the
sign representation (when V' # W). There is a standard formula for computing the
character of the induced representation and one finds that the character of Indgi (tr)
is

(3,1,0) = (1,1,1) + (2,0, —1)
SO
Indg?(tr) = tr & std.
Similarly, one finds that the character of Indgz(sgn) is
(3,-1,0) = (1,~1,1) + (2,0, 1)
SO
Indgg(sgn) =~ sgn @ std.

Therefore, the fibre at H is isomorphic to tr & std when V' = W and sgn & std when
V#£W.

We also need to compute the representation of H;, on the fibre at t3H which is

(77X * 77X tsH = EB IndH(;t 77X sH ® (77X )o-tu5m)- (3)
(5€At3
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We recall that A, C I' is a set of representatives for Hy,\G/H and by Lemma 4.63
we can take Ay, = {e, ts,t3}. Since (nk)x and (n¥)y are zero, the only nonzero
summand is the term with § = o, therefore (3) reduces to

Ht, Htr
IndHt;ts((n)‘é)tzH ® (n_‘;[(/)tQhH) = IndHt;tS ((n)‘?)hH ® (77}4(/)7531{)'

Now, by Lemma 4.62, H,, = H N tgHtgl is the copy of S5 in S; which fixes 2 and
4 and Hy, = HN tgHt?)_l is the copy of Sy in Sy which fixes 3 and 4. Therefore,
Hy, ., = H,, N Hy, is the trivial group S; and hence

Hyg

IndHt%ts((n)‘?)tzH ® (77)‘?/%31{) = Indgf((n}?)tﬁ ® (77;4(/)1531{)'

Furthermore V' and W, and hence all the fibres of % and n¥ , are one dimensional.
It follows that (0% ),z @ (MY )i,z is one dimensional and therefore the fibre at t3H is

Indgf (tr).
One finds that the character of this representation is
(27 O) = (15 1) + (17 _1)

o Indgf (tr) = tr & sgn. Combining this with that above, we have

PV = L AV =W
X X sgn 5 r sgn -
m ok R AV AW

Therefore, the complete multiplication table is

n i n% "
Mg | M Ui nx. %
mat | st | 0 g g n% + 0 n% +nx
tr sgn tr sgn ng + ni"}d 77?1 + nlsHtfd
77X nX 77X + 77X tr sgn tr sgn
+0x T 1x +Nx TNy
sgn tr tr sgn 77155% T+ ni}d i + n%d
Nx Tx x +7x tr sgn tr sgn
+Nx +Nx T Nx +Nx
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More generally, we can compute the product in (S, S,_1) for n > 4 in a similar
way.

Lemma 4.65. For n > 4, the multiplication table for the categorical Hecke algebra
K(S,//Sn-1) can be summarised as

v/ w
NH Nx
/
v VeV Vls, ,@W
N Wz Ub'
S — Sn—
w | wevis, , Indg"~ (WeW’) Indg" 2 (Wls, ,0W's, ;)
Nx | Nx Nu +Nx

where X = Ht, 1\H =H(n—1,n)H, V,V' € urep(H) and W, W' € urep(H;, ,).
Proof. Firstly, by Corollary 4.54, for V, V' € urep(H) we have

V.oV VeV
Ng *Nyg =Ny -

Next, by Corollary 4.55, for V' € urep(H) and W € urep(H;, ,), we have

Vg, W
1% w _ t3
N *Nx = Nx .

Products of the form 7% *n}; are supported on X (since dx *dy = dx in the classical
Hecke algebra) and the fibre at ¢, H is

n

(0N * 0o, = @(n)‘/}/)tzH ® (nl‘§>t;1tn_1H
1=1

= (ngg)tn—lH ® (U}L/I)H

which is equal to W @ V' as a Hilbert space. For any h € H; , the action is given
by

A(E@n) = A(§) ® )‘t;ilhtn_l(n)- (4)

By Lemma 4.62, H; _, is the copy of S,,_2 in S,, that fixes and n — 1 and n and
tn—1 = (n — 1,n). Therefore, h commutes with ¢,_; and (4) reduces to

A ®@mn) = An(€) ® An(n).
It follows that

% W®V‘th_

nY x Ny =1y "
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For products of the form n% * n¥, the fibre at H is

n

(nx *1¥ ) = @D 0X)n ® X )1 m

=1

which is isomorphic to

B mdfi, ((n¥)sn ® (0¥ )s-121) (5)

d€A,

by Corollary 4.59. We recall that A, C I' is a set of representatives of the double
coset space H\G/H = H\G/H and so we can take A, = {e,t,_1}. Now, (n¥)g and
(n¥) i are zero so the only nonzero summand is the term with § = ¢,,_;. Furthermore,

th717e — th71 ﬂ He
- th71 N H
= th—l

which by Lemma 4.62, is the copy of S, 5 in S,, that fixes n — 1 and n. Therefore,
(5) reduces to

md ()it @ ()i yar) = Indg" 2 (V @ W)

n—1s

giving the description of the fibre at H.
We also need to compute the fibre at ¢,y H which is

n

(0% * 13 et = D0t ® X)) 10, 1t

i=1

By Corollary 4.59, this is isomorphic to

Dy (%)sn @ OX )5, 1) (6)
AN

n—1

where A, | C I' is a set of representatives of Hy, ,\G/H and

H§,tn_1 — H§ ﬂ th—l
= HN6HS "Nty 1 H(t,_) "
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By Lemma 4.63, we can take A, _, = {e,t,_1,l,_2} and since (n¥)g and (¥ )m
are zero, the only nonzero summand in (6) is the term with § = ¢,_» and hence (6
reduces to

Hy,
Indth_;tn_l ((n)‘/(')tn—2H ® (ny)tn—Qtn—lH)

Hy, _
= IndHt ' 1 ((n)‘é)tn—QH ® (ny)tn—lH»

n—2:tn—

Now, by Lemma 4.62, H; , = HNt, {H(t,_1)~" is the copy of S, _» in S, that
fixes n — 1 and n, and Hy, , = H Nt, oH(t, )~ ' is the copy of S, 5 in S, that
fixes n — 2 and n. Therefore, H;, ,; , = Hy, , N H,;, , is the copy of S,,_3 in S,
that fixes n — 2,n — 1 and n.

By Lemma 4.50, for h € H;, ;. ., the action on (n%)s, g @ (N% )i, .z is given
by

M€ @n) = An(€) @ Aty _n)-the, o (1) (7)

Now, t,—o = (n —2,n) and Hy, ,:, , is the group of permutations of {1,...,n — 3},
therefore t,,_» commutes with A and hence (7) reduces to

A ®@mn) = Au(€) @ An(n). (8)

Here the second tensor factor is the fibre (n¥);,_,m of n%¥ which is equal to W as
a vector space and hence in the second tensor factor we have the representation
W|th,2,tn,1 = W|Sn—3‘

With regard to the first tensor factor, we can express the representation of
Hy, y4, = Suz on (n%):, _,m in terms of the representation V = (n%),,_,u of
H; , =5,_5. We recall that

(V)

'r])‘? = Indgtn_1

as a representation of H. We can construct this by fixing a set X of coset represen-
tatives for H/H;, , = S,_1/Sn_2, we shall take

Y={s;=(,n-1)]j=1,...,n—1}

where (n — 1,n — 1) is the identity. We then define

Indgtn_1 (V) = @UV

ceY
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as a vector space where each oV is an isomorphic copy of V', the elements of which
we write as ov, v € V. For h € H, the action is defined by

An(ov) = o' (Ak(v))
where ¢’ € ¥ and k € H;, , are determined by ho = o’k. The action of Co(G/H)
on 7Y% is determined via the isomorphism
0:H/H, = Ht, \H/H
oH, ,+—ot, 1H.
Specifically, the fibre at tH is zero if t ¢ Ht, 1H and it is the summand oV where

o € X is determined by ot, H = tH if t € Ht, {H. In particular, the fibre
(7]}/()%72 g 1s the summand s,V since

Sotn1H=mn—-2n—-1)(n—1,n)H
=(n—-2,n)H
- tn_gH.

Returning to (8), this means that in the first tensor factor, & = sqv for some v € V.

NOW, if h e th—2»tn—1 = On—3 then
hsy = h(n —2,n— 1)
=(n—-2,n—-1)h
= Sgh

and hence

An(§) = An(sav)
= So(An(v)).

Therefore, the representation of S,,_3 on the first tensor factor is isomorphic to Vg, ..
An intertwining operator is given by

0 : 82V -V
SoU > 0.
It follows that the representation of Hy, ,; , = Sn_3 on (n%)t, o @ (MY )i, a 18

isomorphic to Vg, , ® W/g, , and hence

Hy, _
(77)‘2' * n?(/)tan = IndHt : ((n;/()tn—QH ® (n¥>tn—1H)

n—2tn—1
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Combined with description of the representation on the fibre at H, we have

Sp_ Sp_
v w IdgTlvew) Indg"2(Vls, _;0Wls, _,)
Nx *Nx =Ny +Nx

Combining all the above, the multiplication table for the categorical Hecke algebra
can be summarised as

v/ w’
N x
!
\% V®Vl V|Sn72®W
Nu N Nx
Sph— Spn—
w | wevis, , Indg" " (WeW’) Indg" 2 (Wls, ,0W'ls, ;)
Nx | Nx Nu +x

4.3.2 The Bost-Connes algebra

To end with, we shall briefly look at the Bost-Connes algebra which is the Hecke
algebra H(G//H) where

G:P(é[:{[(l) Z} :a,be@anda>0}

n-r;={|, i]:vez}.

This algebra is studied in detail in [6] but we shall just look at a presentation of the
classical algebra and some related computations in the categorical algebra K(G//H).
Before we look at a presentation for H(G//H), let us comment on why (G, H) is

[(1) b € G, with a,b € Q and a > 0, the double coset H [(1) ij H

consists of elements of the form

e R e |

|1 n+b+ma
10 a

and

a Hecke pair. If
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where m,n € Z. Now, if ¢,d € Q with ¢ > 0, then the coset [1

ool 1=l

where n € Z. If we then write a = p/q with p,q € Z and ged(p,q) = 1 we can see
b+ia

CCZ] H consists of

elements of the form

0 (1) Hforv=0,...,p—1.

The algebra H (G // H) has a basis {ex } indexed by the double cosets X € H\G/H.
In order to describe a presentation of the algebra, we shall introduce the following
notation:

that H [1 Z] H is the disjoint union of the cosets

e For n € N, we define p,, :=n~'/?ex, where

1 0 10
x-aft [

e For v € [0,1) C Q, we define ¢, := ey~ where

I v L v
Y — _
X _H{O 1]H_[0 1}}1.

One then has the following, which is Proposition 18 in [(].

Proposition 4.66. The elements p,, €., n € N, v € [0,1) C Q generate the involu-
tive algebra H(GJ/H) and the following relations give a presentation of H(G//H).

(a) up, =1, Vn € N.

(b) fnm = tin fom, Y1, m € N.

(¢) it = Hry pn if ged(n,m) = 1.

(d) € = ey, €y = EnEp V771,72 € [0,1).
(€) €y pin = tnEny, VR €N, v €[0,1).

(f) pney iy =2 > &, VneN,ye[0,1).
66[071)7
né=vy mod Z
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In order to do some computations in (G //H) we shall introduce some notation.
Since H and all its subgroups are isomorphic to the integers, when computing the
categorical product, the only representations we really need to consider are characters
on the integers. Let us introduce the notation

- Hres

for n € N. Given a double coset HtH, the stabiliser group H; is nH for some
n € N and an element of the categorical Hecke algebra supported on HtH is of the
form ny;,; for V € urep(nH). Given 0 € T = {z € C : |z| = 1}, we shall write
Xo € urep(nH) to denote the one dimensional representation of nH on C where the

[1 n
generator

0 1] of nH acts by multiplication by o. We shall also introduce the

notation

tho = [(1) Z], a,be Q,a>0.

We then have something of a categorical analogue of Proposition 4.66 in the
following:

Proposition 4.67. The following relations hold in K(G //H).

(a) () «ny =30 ", ¥n € N, where the o; are the n distinct n-th roots of
as.
(b) m, *nx, =y, ¥m,n € N,

(¢) (0)" *nx, =, g and 0y (03" = gy, when ged(m,n) = 1.

Xag Xaqgag

(d) (77?)((0'0* = 77?)((&—7 and 77;((0:/11 * 77X’Y2 = 77X’Yl+’¥27 v7771772 € [07 1)

(€) M5 %0, = Ny, o A0 Y, %N\ = My g for alln €N, 5 € [0,1).
o o * XaonB
() me «nXa s (mC) = > 0w ” forallneN, v €[0,1).
5€[0,1),
ndzef)gmo)dz

Proof. (a) We first note that

1 0] 1 o _,
0 n| |0 1/n| O™
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Therefore, by Lemma 4.51, (n¥%)" = nj; i+ We also note that

n—1

HtoqmH = |_| LifnamH.
=0

The group Hy,,,, is nH so that on the fibre (nX); | u = (M, 1)t/ H;

)

1 C e . . .
tp1 = lo ﬂ acts as multiplication by @. Since p*u, =1 in H(G//H), there is
only one nontrivial fibre in the product (ny*)* * n;((i , namely

n—1

() =) = W, i @ )ty

n—1
- @(n§i):z/n,l/nH ® (n;({i)toa”H'
1=0

To compute the representation we can use the formula

(X)) = @D Indfy, ()50 @ (X2 )51 9)
0€A,

from Corollary 4.59. Now, (7} )* is supported on the double coset Hty 1/, H and
we may choose d = g1/, as our representative of this double coset. Then 9)
becomes

()" iy ) = Indpy,  0X)5 o © 00X)ist

= Indgto,l/n75 (UEC(Z):O’l/nH ® (nicfi)t(),l/nH.
Since

HtO,l/nae = Ht(),l/n m He

. . 1
we just need to compute the action of ¢, ; = [0 ZL] on

(n;((i);ko’l/nH ® (77,>)<(i)t0,1/nH'
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We have

)\t'n,l (5 ® 77) = >\tn,1 (é) ® )\t_l 1t0,1/n (77)

O,l/nt"*
and
1 b [1 0] [1 n][1 O
oa/mtrttorm=1o nllo 1| |0 1/n
_ 1 n][1 0
[0 n| [0 1/n
!
01
=t
so that
)\tn,l(g ® 77) = )\tn,l (5) ® >\t1,1(77)
= ® fn
=apE@n.
Therefore,

(X)X, ) =Tndgg (X, ® (X))t

Ol/n

= IndeXaﬁ
=D
i=1

where the o; are the distinct n-the roots of @f. In summary,

(nx 77Xn @ nxc” .

In particular, if o = 3 then

(X)) *nx = @ M

where the (; are the distinct n-th roots of unity.
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(b) Since fiypfin = fimn in H(G//H), there is only one nontrivial fibre in the product,
namely

(n;%o:n * n;((i)to,mnH = (n?)%o:n)to,mH ® (n;((i)to,nH'

The stabiliser group Hy, .. is H so to compute the representation on this fibre

1 1} We have

we just need to compute the action of ¢1; = lo 1

)\tl,l (5 ® 77) = )\tl,l (5) & )\t&,lmtlyltoym (77)

and
_ 1 0 1 1][1 0
lomtritom = 0 1/m] [0 1] {o m}
I O
10 1I/m| [0 m
_ 1 m
- 0 1
:tm,l
so that
>‘t1,1 (£ ® 7]) = )\tl,l (5) @ )\tm,l (77)
=al® ["n
= af™E .
Therefore,

Xa XB8 __  Xapm
X, * X, = X -

We note that these 2 factors do not commute since

XB Xa __ XBam
Nx, * X = X
Xapm

7é NXm

— X XB
="Nx,, *x,-
(c) In the classical algebra, €% = em,,,, n and

m—1

Hto1mH = |_| tijm,mH.
i=0

253



When ged(m,n) = 1, one has
* *
€xmEXn = €Xn€x,,
= €Htg pymH

and

m—1

HtO,n/mH = |_| tz/m,n/mH
1=0

It follows that (9" )* * 1. = i | o H ¥ ny is supported on the double coset
HtynmH and the fibre at 4o/, is

()" %1 Dttt = (X2 )1y s putr @ (X 0,010
= (nIX{atoyl/mH>t0,1/mH ® (n;((i)to,nH

Since Hy,, ., = mH, we just need to compute the action of ¢,,; on this fibre.

We have

)\tm,l - )\tm,l (5) ® )‘t*1 mim,1to,1/m (77)

0,1/
and
O oot ml[r o0
foaymtmttorm=1g- g 1|0 1/m
St m]fr 0
[0 m] |0 1/m
!
N 0 1
=t
so that
)\tm,l = )\tm,l(g) ® )\tl,l (77)
=ag ® fn
=apien
and hence

Xa \* XB __ . XaB
(nxm) X = MHtg pymH
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When we reverse the order of the factors, 77;((‘1 * (x> )" is also supported on the
double coset Htg,,/mH. The fibre at to,,/m,H is

*

0%, (0, Nttt = (0 i1 © (055,

= (n?{i)to,nH ® (nﬁato,l/mH)tovl/mH

and again, we just need to compute the action of t,,1 € Hy, , m- We have

)\tm,l (g ® 77) = /\tm,1 (5) ® /\t&;tm,ﬂo,n (77)

and
4 [t o0t m]f1 o0
fopltmrton = 0 1/n| [0 1]]0 n
1 m][1 o0
o _O 1/n]1 10 n
- 1 mn
o _O 1
- tmn 1
so that
At'm,,l (é ® ,r]) = A757’:’1,,1 (g) ® At'mfn,,l (n)
= p"E@ay
= p"a"E@n
and

XB Xa \* __ . XBmamn
nx, * (nx.)" = NHtg "

The equality (n%%)* = ny~, follows from the fact that ey, = ex-~. To compute
77_)%11 * ni‘(‘%, we note there is only one nontrivial fibre in the product, namely

(773((‘?11 * n;((aWQQ)t(’qu'm),lH = (ﬂ?ﬁﬁ)tn,ﬂ ® (77;(((;22%72»11{'

Since Ht(“ﬂ +72)1

= H, we just need to compute the action of ¢, ; = [(1) ﬂ on this
fibre. We have

>‘t1,1(§ ® 77) - )‘t1,1 (5) ® >\t_1

Y151

t1,1ty 1 (77)
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and

_ 1 -1 11 1 Y1
1 _
L [0 1 ] [0 1} [0 1}

o

=t
so that
)‘t1,1(§ ® 77) = )‘t1,1 (6) ® )‘t1,1(n)
= o1§ @ agn
=0 N
and
Xaq Xag Xovpag

77){"/1 * 77)(72 = 77X’Y1+"/2 .
There is one nontrivial fibre in the product 7¥? * 7y’ , namely

(773((0"7 * n§i)tn7,nH = (n?{oﬁ/)tw,lH ® (n_;((i)to,nH

: . 11 :
Since H;, . = H, we just need to compute the action of t;, = [O 1] on this
fibre. We have

)‘t1,1 (5 ® 77) = )‘t1,1 (f) ® )‘t;lltlyltml (77)

= )‘t1,1 (5) ® )‘t1,1 (77)
=af ® fn
=abf®n

so that

Xa XB __  XapB
Mx~ *Nx, = Moty H-

Similarly, there is one nontrivial fibre in the product n_?(i * 1%y, Namely

(n_;((i * 77A>)<(O;L’Y)tn"/,nH = (n_))((i)to,nH ® (77A>)<(O;”’y)t"'\/71H'
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We have

/\tl,l (g ® 77) = /\t1,1 (5) ® Ata’itl,lto,n <n)

and
_ 1 0 1 1( |1 0
lontiton = | l/n] {0 1} [0 n}
|11 1 0
10 1/n| [0 n
1 n
10 1
so that
)\tl,l (5 ® 7]) = )\tl,l (5) @ )\tn,l (77)
= pBE®any
= pa"{ @«
and hence

XB Xoo __ XBam
Nx, * Nxny = NHt,,., H*

(f) The underlying Hilbert space of the product is isomorphic to

n—1
DX o ® (1) @ )i

-
I

1

@ o X8
(n;((n)to,nH ® (n§(7)t'y,1H ® (nHﬁto,l/nH>ti/n,1/nH'
0

3
|

i

If we consider { @ 7@ w € (MY )9 @ (Mx5)ty 0 @ <n;<1§to,1/nH)ti/n,1/nH’ then

Atl,l(é_ ® 77 ® w) = )\tl,l 5 ® )\ta;tl,lto,n (77 ® CL))

(€)
= )‘t1,1 (5) ® )\tn,l (77 @ LU)
= )‘t1,1 (g) ® )‘tn,l(n) ® Atfylltmlt%l (w)
(€)

v

=X, (§) @ A,y (1) @ Ag, (W)
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Since t11 € Hy,,,, tn1 € Hy,, and t,,1 € Hy, ), . 1t follows that A, (£ @0 B W)

. . N . X .
is also in (01X )ee, 10 © (N33 )ty 1 H @ (nHio,l/nH%i/m/nH and the representation of H
on

n—1

[e% (og Xﬁ
@(n§n)t0,nH & (TI;(('Y)t'y,lH ® (,r]HBtO’l/nH)ti/n,l/nH'
1=0

is a direct sum of n 1-dimensional representations.

We have
>‘t1,1 (f @ n ® LU) = )‘t1,1 (5) ® Atn,l (77) ® )\tn,l (w>
= o' Pw
= ao"BERN R w.
Since
1 0] [1 ~][1 i/n
tO,ntv,lti/n,l/n = n:| |:O 1:| |:O 1/n:|

é

LAk
1 i/n+ ’y/n}
0 1

it follows that

X X XB \*k __ XaonB
My, *Nxy * (nxn) = E Nys -

4€[0,1),
ndé=ymodZ

O

Whilst the computations mirror those in Proposition 4.66, it may not be the case

that we have found a generating set and presentation for (G//H).

4.4 Maps between H(G//H) and K(G//H)

Earlier, in Lemma 4.53 we noted that for any Hecke pair (G, H), there is a surjective
homomorphism

v: K(GJ/H) = H(G//H)
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defined by ¢([H])(gH) := Hypu. To finish, we shall make some remakes about when
there is an algebra homomorphism

¢ H(G)H) — K(G//H)

such that ¢ o is the identity.

In general, there is no such unit preserving algebra homomorphism. We can see
this by considering the Hecke pairs (S, S,,—1) for n € N. We recall that there are two
double cosets, H and X = H(n—1,n)H and that in H(S,,//S,_1), the multiplication
is determined by

For n > 4, the multiplication table for (S, //S,-1) is

" W
Nu Nx
!
v Ve’ Vis,_,®W
Ubzs N Nx
S, = Sy
w | wevis,_, Indg"— (WeW’) Indg" " 2(Wls, ,0W'ls, ;)
Nx | Mx N + N

If we suppose that ¢ : H(S,//Sn-1) = K(Sn//Sn-1) is a unital algebra homomor-
phism then it maps dy to n%. If the identity map on H(S,//S,_1) is to factorise
through ¢, we must have ¥(dx) = 3=n¥ for some finite dimensional unitary rep-
resentation W of H,_1,). Then, since ¢ is an algebra homomorphism we must
have

n—2
(0= 1+ 2L — (0= 1)+ (- 2)3%)
= (0x * 0x)
= P(0x) * ¥ (0x)
1

_ w w

dimw X dmw ¥
B 1 Indg"~ L (Wew) N Indg"~2(Wls, _,@Wls,_;)
~ (dim W)2 T Ix

This means that Ind§::; (W & W) must be isomorphic to a direct sum of copies of the
trivial representation of S,,_1. However, for any choice of W, the trace of an (n — 1)
cycle in Indg::; (W @ W) is zero and hence this cannot be a direct sum of copies of
the trivial representation. Therefore, there cannot be such a unital homomorphism
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v. From this, we can also see that in general there is no homomorphism ¢ from
H(G//H) to K(G//H) which maps elements of the form dg;y to elements of the
form 7}, ;. Such a map would have to map the identity element to ny; for some
V' € urep(H) with the property that V@V = V. However, this means that V' would
have to be the trivial representation so that n}; is the unit of K(G//H) making v a
unital algebra homomorphism.

Although no unital homomorphism exists, as noted in [28], for any Hecke pair
(G, H) for which the group H is finite, there is a non-unital algebra homomorphism
Y H(GJH) — K(G//H) through which the identity factorises defined by

1 re;
V(6mim) = @anHa

where reg denotes the left regular representation of H;. The main point is that for
any finite group K, the character y of the regular representation is given by

(k) = {|K| if k= e,

0 otherwise

and the constructions of the representations in the product result in representations
which have characters that are 0 away from the identity so that they are isomorphic
to direct sums of regular representations. This is explained in more detail in the
following lemma.

Lemma 4.68. The additive map
v H(G//H) = K(G )/ H)
defined by

1 reg

V(Omem) = mnHtHa

1s multiplicative.

Proof. Given g%, My € Co(G/H)-H-Mod!, by Corollary 4.59 the fibres of the
product 15y * My are given up to isomorphism by

O 5 ) i = D 10, () (5) )
JAN;
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By Lemma 4.50, for any 6 € Ay, h € Hsy and £ @ € (Niap)sy © (Mion the

action is given by

)s-rum

A(E@m) = An(§) ® As-1p5(n).

Therefore, the character x of this representation of Hj, is given by

i e reg e
x(h) = {dlm (Mrror) s @ (nHyH)afltH i h—e,

0 otherwise.

The character of the induced representation of H, is also 0 away from the identity, as
is the character of the direct sum of such representations. Therefore, the represen-
tation of H,; on the fibre (15, * 0 H)t ,; 1s isomorphic to a (possibly empty) direct
sum of copies of the regular representation of H;.
We also have the formula
reg reg reg

(Uﬁgch * nHyH)tH = @ (nHwH)»yH ® (WH;,H)THH
~yel'

for the fibres of the product. Therefore, to compute the number of (isomorphic)
copies of the regular representation of H;, we just need to compute the dimension of
this space and this is equal to

> 1 Ho| Spen (YH) | Hy| Sy (v tH) = |Ho| |Hy| (Sran * Orryn) (LH).

yel

Since the dimension of the regular representation of H, is |H,|, the number of copies

of the regular representation in the fibre (15, * Uy H)tH is equal to

|H.| [Hy|

I (Omar * Omym ) (LH).

It follows that in C(G//H), we have

1 re 1 re,
V(0mer) * V(0myn) = mnHiH * @nHiH

1 re.
— Z (O * 5HyH>(tH)|?’nH§H
[tleH\G/H !

= ¢(5HQ:H * 5HyH)-

Therefore, 1 is multiplicative. O
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Finally, by considering the Bost-Connes algebra, we shall see that in general, when
H is infinite, there is no additive and multiplicative map ¢ : H(G//H) — K(G//H)
that factorises the identity when composed with the natural projection map.

We recall that in H(G//H), we have elements ju, := n~'/2ex, where

10 10
xomn [} =]t %
and that for all n € N, p} % p, = 1. We also recall that in K(G//H) we have
(X )" * n;‘fn = >" my', Vn € N, where the o; are the n distinct n-th roots of
a@f (here x, denotes the character on H = Z where the generator [(1) ﬂ acts by
multiplication by ¢ € T).

If a map ¢ : H(G//H) — K(G//H) with the required properties did exist then
we would have ¥ (1) = diélUng where U is a finite dimensional unitary representation
of H. Similarly, for all n € N we would have ¢ (p,,) = m
a finite dimensional unitary representation of H.

Now, for each n € N, in K(G//H) we have (n)‘?;)* xny = ny" where W, is some
finite dimensional unitary representation of H. Each V,, is a direct sum of characters
on H and for any character x,, we have (7X°)*n¥* = 37" 1" where the o; are the
n distinct n-th roots of @a = 1. Therefore, W,, has a subrepresentation isomorphic

to @?zl XUz"
Since pf * p, = 1 in H(G//H), we must have

17)‘?; where each V,, is

1 W, 1 Vi * 1 Vi
n (dim Vn)QnH B (n1/2 dimV, nX") A2 dim v, X
= P(p) * P (pn)
= Yk * fin)
= (1)
1
~ dim Ung

in (G//H) for all n € N. However, this means that U has a subrepresentation
isomorphic to x, for every nth root of unity o for all n € N. This is impossible since
U is finite dimensional and hence no such 1 exists.

262



A Biadjunctions and hom category equivalences

The result in this appendix is folklore and an analogue of a classical result in category
theory but we couldn’t find a self contained proof in the literature so we present one
here.

Definition A.1. A biadjunction consists of the following data:
e 2-categories A and B,
e pseudofunctors F: A — B and U : B — A,

e pseudonatural transformations n: 14 — UF and £ : FU — 15 called the unat
and counat respectively,

e invertible modifications I' : 1p — &g o Fnp and A : U ony — 1g. In other
words, the triangle identities

F—™ . pUF U—" L UFU
7 v
&r (3
1p 1y
F U

commute up to invertible modifications.
We say that F' is left biadjoint to U and U is right biadjoint to F'.

Lemma A.2. Given a biadjunction as in Definition A.1, for each A € A and B € B
there is an equivalence of hom categories

Pap:B(FA,B) = A(A,UB)
which 1s pseudonatural in each variable separately.

Proof. We define P4 g on 1-cells f: FA — B by Pap(f) :=Uf owx and on 2-cells
a:f—gby Pyp(a):=Uaxl,,. This is a functor since
PA,B(1f> = Ulf * 1WA
= 1Uf * 1wA
= 1ufow,

= 1PA,B(f)
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for all 1-cells f : FA — B and
Pyp(foa)=U(foa)xl,,

= (UB *1y,) o (Uax1,,)
= Pag(8) o Pap(B)

for all pairs of composable 2-cells «, (.
A quasi-inverse

Qap: A(AUB) — B(FA,B)

is defined on 1-cells h : A — UB by Qa p(h) := &g o Fh and on 2-cells v : h — k by
Qa,B(7) == 1l¢, * Fy. This is a functor for similar reasons to P4 .
To show that P4 p and Q4 p are quasi-inverse to one another, we need to define

natural isomorphisms « : Id = QapoPapand A:1d = Py poQap. To define k,
we first note that given f : FA — B we have

QapoPap(f)=E o F(Ufowa).
Therefore, we define k5 : f — Qa5 o Pap(f) as the composite

. *1 gy, lep*fUfw
f Lp*xAg fogFAOFwAugBOFUfOFWAwgBOF(UfOWA)

where A : 1p — {poFw is the modification from the bidajunction, £ is the coherence
isomorphism for the pseudonatural transformation §{ and Fyy,,, is the composition
coherence isomorphism for the pseudofunctor F'. To show that x is natural, we need
to show that for every 2-cell o : f — g, the following diagram commutes

f = > g

Qa,BoPa B(a)
QapoPap(f) BT AR Qapo Pap(g)

Expanding this diagram using the definitions of k¢, k,, Qa5 © Pap(a) and adding
some extra arrows we obtain the following diagram
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1pxA g (I> l1gxAy
v axl v
(EppcFwy)

@) O > @) O
folraoFuwa —orie, e, Y §rpa o Fuwy
gf*leA (II) fg*lF‘wA

v le ,*FUaxlp,, Y
B A

(] @) T ——— @) o]

€0 FU o Fup Sy €50 FUgo Fuoy
Lep*FUfuwy (III) lep*Fugwy
e Leg*F(Uaxly ) Y

§po F(Ufowa) §po F(Ugowa)

Now, (I) commutes by the middle interchange rule for 2-cells in a 2-category, (II)
commutes by naturality of the coherence maps for £ and (III) commutes by natu-
rality of the coherence maps for F. Therefore, (10) commutes and « is a natural
isomorphism from Id to Q4,5 o P4 5.

The definition of A is similar. Given h: A — UB we have

PypoQap(h) =U(lgo Fh)owy
and we define A\ : h — P4 g o Qa p(h) as the composite

AB*lh

h

UvaFh*lwA
X

1 *w; b
Utgowypoh —2" UtgoUFhowy U(ép o Fh)owy

where A is the modification from the biadjunction, wy, is the coherence isomorphism
for the pseudonatural transformation w and Ug, rp, is the composition coherence
isomorphism for the pseudofunctor U. A similar argument to the one for x above
shows that this defines a natural isomorphism A : Id = P4 poQa p. Therefore, Py p
and )4 p mutually quasi inverse functors.
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With regard to pseudonaturality, there are psuedofunctors
B(F—,B),A(—,UB) : A®®* — Cat
and to say that the equivalences
Pyp:B(FA, B) = A(A,UB)

are psuedonatural in the first variable means that the P4 p’s define a pseudonatural
transformation

P_p:B(F—, B) — A(—,UB).

This means that for all 1-cells f : A — A’ in A we need to define coherence 2-cells,
i.e. natural isomorphisms

Prp: A(f,UB) o Py — PypoB(Ff,B)

that satisfy the pseudonatural transformation axioms. Given a 1-cell g : FA" — B
in A, on the one hand

A(f,UB) o Py p(g) =Ugowa o f
and on the other hand
PypoB(Ff,B)(g) =U(go Ff)ouwa.

Therefore, we define (Py ), as the composite

1 g*w_l Ug rrxlew
Ugowag o f i SN UgoUFfowy SRR U(go Ff)owa.

To show that Py p is a natural transformation we need to show that for all 2-cells
a:g— g in A, the following diagram commutes

.A(f,UB)OPA/’B(OZ)
_

A(f,UB) o P ,5(9) A(f,UB) o Py 5(g')

(Pf,B)g (Pf,B) g (11)

Pa,poB(F f,B)(a)

PypoB(Ff,B)(g) » PapoB(Ff,B)(g)

Expanding this diagram using the definitions and adding an extra arrow yields the
following:
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Uaxl, aro¢

Ugowa o f » Ug' owyr o f
lgry” (D lygrr!
e Ua*lUFfowA P e
o o AN o o
UgoUFf wA:Ua*me*hAUg UFfowu
Ug,Ff*lwA (II) Ug’,Ff*l“-’A

Ulgo Ff)ows ——4 U(g' o Ff) 0wy
Then (I) commutes by the middle interchange rule and (IT) commutes by the natu-
rality of the coherence isomorphisms for U. Therefore, (11) commutes and Py p is a
natural transformation.
Next, the pseudonatural transformation pentagon axiom says that given 1-cells
f:A— A and f': A — A” in A, the following diagram should commute

A(*,UB)f/’f*l
_

A(f.UB) o A(f',UB) o Pars A(f' f,UB) o Par

1Py p

-

A(f, UB) OPA/’BOB(FJU’B) Pf’of,B

Pf)B*l

~

PA,BOB(FfaB)OB(FflaB)

~

PagoB(E(f o f), B)

This follows from the commutativity of the following diagram

1*B(F7,B)f/’f
_—
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Ugowwofof
Wy
UgoUFj\:'owA/of
Uy e
U(goFfYows of
wy

U(goFf'YoUF fouwa

Ugors Fy

2

UlgoFf'oFf)owa

wf

(IT)

U

9,

(I11)

Ug rsrors

Ff!

Id > Ugowgrno flof

u)flof

UF) . M
UgoUFf o UFfows — 2 Ugo UF(f'o f) owa

UgoU(Ff oFf)owa

Ug,r('of)

2

U(lgxFy ¢)

> U(go F(f'o f))owa

Here, (I) commutes by the psuedonatural transformation axioms, (II) commutes by
the middle interchange rule (both composites are U, g * wy), (III) commutes by
pseudofunctor axioms, (IV) commutes by the definition of UF} ;s and (V) commutes
by the naturality of the composition coherence isomorphisms for U.

The pseudonatural transformation unit axiom says that for all A € A and B € B
the following diagram should commute

1A7

OPAB

P, B

> PABOBFlA,

This follows from the commutativity of the following diagram.
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Ugowgy
=U(golra)owa

=Ugolypaowa

—1

lugUip, | = Ug,IFA

~

Id UgoU(lpa)owa

lyg*U(F1,) | = U(1g)*U(F1 )

Ug,F1,

W1A

» UgoUF1 0wy » U(go Fly)owy

Ugowpoly

By definition, (UF');, is the composite

A

U- U(F
Lopa 22 110, 259 0y,

and hence the left hand triangle commutes by the pseudonatural transformation
unit axiom. Then, by the pseudofunctor unit axioms, 1y, * Uy, = U, 11F , and since
1y, = U(1,) the right hand commutes by the naturality of the composition coherence

isomorphisms for U. Therefore, the equivalences
Pup:B(FA B) = A(A,UB)

are pseudonatural in the first variable. The proof that they are psuedonatural in the
second variable is similar. O

The fact that it is equivalent to define biadjunctions in terms of such pseudonat-
ural equivalences of hom categories is also folklore. We couldn’t find a self contained
proof in the literature but it should follow from the bicategorical Yoneda Lemma
which is discussed in [19].
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