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Abstract

Pulmonary and coronary hæmodynamics are strongly influenced by the rhythmic

motion of heart and lungs – studies show that coronary arterial flow drops to near 0

during systole and pulmonary flow increases during normal respiration. Several pre-

vious studies have attempted to capture this motion, and the effect it has on arterial

and venous blood flow. However, the method of inclusion of “external pressure” is

often ad hoc or requires tuning parameters that lack a physical meaning. For the

first time, we present a 1D model for blood flow in the pulmonary and the coronary

arteries and veins that is implemented using only physiological measured data. To

achieve this, we develop an existing 1D model for viscous blood flow in thin, elastic

walled arteries and veins to include an explicit dependence on a prescribed time-

varying external pressure. The arterial and venous sides are matched using a pair

of grand admittance matrices of a structured tree that were derived using the 1D

theory; one of the matrices encodes the effect of fluid pressure on venous flow and

the other the impact of external pressure. We extend the boundary condition used

to join arterial or venous segments to directly model vessel stenoses or trifurcations.

We use the model to simulate pulmonary blood flow during quiet respiration,

pneumothorax, and mechanical ventilation of adults. We find good agreement be-

tween our model results and reports from the literature.
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We develop a framework for building realistic coronary arterial and venous net-

works from a number of sources. We build several networks that have different

branching patterns and levels of detail, and quantify the impact on arterial flow and

pressure these have. The volume of the large vessel network in the reference configu-

ration is an important determinant of coronary flow. Further, we compare networks

with a simplified venous structure against a branching venous network in which the

right and left coronary arteries ultimately drain into the right atrium via the coro-

nary sinus, finding that the morphometry of the venous network is an important

determinant of arterial flow. We show that the model can be used to model vascular

rarefaction and microvascular stiffening, showing good agreement with reports from

the literature.
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Frequently Used Symbols

p(x, t): Fluid pressure, the pressure along the centreline of a cylindrical vessel

þ(t): External pressure applied to a vessel

ϕ(x, t): Transmural pressure the pressure across the wall between p and þ

q(x, t): Volumetric flow rate

A(x, t): Vessel lumen area in the current configuration

Frequently Used Abbreviations

LCA: left coronary artery, a large artery arising from the aorta,

LAD: left anterior descending, a large artery that supplies the anterior left ventricle,

LCx: left circumflex, a large artery that supplies the posterior left ventricle,

PLVA: posterolateral left ventricular artery, a large artery arising from the LCx that

supplies the posterior left ventricle,

RCA: right coronary artery, a large artery arising from the aorta,

PIVA: posterior interventricular artery, a large artery that supplies the interventricular

septum,

AVNA: atrioventricular nodal artery, supplies the atrioventricular node on the intera-

trial septum,

CS: coronary sinus, the largest vein; it drains into the right atrium,
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GCV: great cardiac vein, a large vein that drains the LAD; the main tributary of the

CS,

OVLA: oblique vein of the left atrium, a large vein that runs obliquely across the

surface of the left atrium,

MPA: main pulmonary artery, the main pulmonary artery that gives rise to the right

and left pulmonary arteries.
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Chapter 1

Introduction

1.1 A Brief Overview of the Cardiovascular System

The human cardiovascular system consists of the heart and a closed system of blood

vessels (arteries, arterioles, capillaries, venules, and veins). The heart, a hollow,

muscular pump, consisting of four chambers, drives the motion of blood throughout

the body. Deoxygenated blood arrives in the right atrium from the body, from which

it is pumped into the right ventricle and to the lungs via the pulmonary arteries to be

oxygenated and have carbon dioxide removed and expelled. The oxygenated blood

arrives back at the heart via the pulmonary veins, and is driven from the left atrium

into the left ventricle to the rest of the body via the systemic arterial system. All

tissues in the body must be continually supplied with oxygenated blood and have

deoxygenated blood removed. The heart muscle and the lungs must also be supplied

with blood – the lungs via the pulmonary circulation and the heart via the coronary

arteries and cardiac veins.

The lungs are attached to the ribcage and diaphragm by the pleural membrane,

2
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a double walled structure that surrounds the fluid filled pleural cavity [9]. During

normal respiration, the ribcage moves upwards and outwards, and the diaphragm out

and down, causing pleural cavity pressure to fall below atmospheric pressure [10,11].

This pressure drop causes the lungs to expand and air is drawn into them via the

airway. From the mouth or nose, air passes into the larynx, then trachea and left and

right bronchi which supply each lung. The bronchi divide to become bronchioles,

alveolar ducts, and alveoli. The alveolar ducts and alveoli are the main site of

gas exchange with the blood contained within pulmonary capillaries. This phase of

respiration is called inspiration, and is followed by expiration. During expiration, the

diaphragm and ribs move back to their resting position causing the pleural cavity

pressure to increase, the lungs to deflate, and the air to be expelled. Almost all of

the pulmonary circulatory system is buried within the lung tissues, so the majority

of the blood vessels are subject to changes in external pressure during respiration.

Similarly, most of the blood vessels that supply the heart are buried within the

heart wall [12]. During systole, when the heart wall is contracting, blood pressure

and flow in the pulmonary and systemic increase. However, there is a paradoxical

coronary arterial flow drop during systole as the micro-vasculature is compressed and

blood flow into the small vessels is impeded [13, 14]. During diastole, as the heart

muscle relaxes and pressure within the wall drops, coronary blood flow increases as

the compression of the vascular beds eases [15].
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1.2 Mathematical Models of the Cardiovascular Sys-

tem

Mathematical models allow us to gain a deeper understanding of a rich array of

complex systems, from economies to swimming micro organisms [16]. The cardio-

vascular system is no exception. It is an immensely complicated system that is also

vital to life [17]. This vitality and complexity make cardiovascular modelling an

enticing challenge that has been growing area of scientific interest over the past half

century [18]. Cardiovascular modelling is of particular current interest, as cardiovas-

cular disease is one of the leading causes of death worldwide [19, 20]. Mathematical

models can be used to test hypotheses, predict previously uncertain outcomes, and

conduct experiments that would be otherwise unfeasible [16, 21].

Fluid dynamic models have a long history, stretching at least as far back as

Archimedes’ investigations of buoyancy some 2300 years ago [22]. Significant ad-

vancements have been made in the intervening years, by the likes of Castelli (fluid

motion in rivers), Euler (inviscid flows), Newton (viscosity and friction), Pascal (hy-

dostatics), Bernoulli (hydrodynamics), and Navier and Stokes (Navier–Stokes equa-

tions). Hæmodynamic modelling was pioneered in the 20th century by McDon-

ald [23], Womersley [24], and Pedley [25]. McDonald’s work was chiefly concerned

with pulsatile blood flow and associated pulsatile pressure changes. McDonald and

Womersley collaborated on the mathematical modelling of pulsatile flows. Womer-

sley applied mathematical and computational techniques to the analysis of arterial

blood flow, and described a dimensionless parameter that characterises the nature

of unsteady flows [26, 27]. Pedley pioneered research on fluid-structure interactions

in elastic walled tubes and the pressure drop within the lung [25]. Formaggia, Quar-
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teroni & Veneziani [28] give a more comprehensive overview of the current state of

the art.

Typically a cardiovascular modelling study focuses on a domain of interest, such

as the systemic circulation [29–32], the pulmonary circulation [2,33], or the coronary

circulation [34], modelling the regions outwith this domain via a lumped parameter

approach. Domains of particular interest are modelled in 3D, with 1D and 0D models

providing boundary conditions. Such models have been used to investigate aortic root

flow [35–37], heart valves [38,39], and flow within the ventricles [40]. At present, 3D

modelling of the entire cardiovascular system is not possible, due to the complexity

and scale of the system [34]. However, it has long been known that cardiovascular

flows can be considered quasi-1D, as the wavelengths of pressure pulses is much

longer than the diameter of blood vessels [41, 42].

The model presented in this thesis captures arterial and venous flow and pressure

in vessels that are subject to some external pressure. It is designed to be implemented

using only data that is either directly measurable or inferable from physiological mea-

surements, so can be used to model any arterial and venous system given sufficient

data. There are many predecessors to this model. Below, I describe some of the

most notable.

Olufsen [30,43,44] developed an arterial 1D flow model that uses the impedance

of a structured tree (a self similar binary tree that can be thought of as an average

description of a vascular bed) as the outlet boundary condition. Her model shows

a better pressure/flow phase relationship than models with a constant peripheral

impedance. One of the other key advantages of the structured tree is that the

impedance is calculated once at the beginning of a simulation, so several arterial

outlets can be characterised by different impedances from the same scheme.
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Mynard & Nithiarasu [34] present a 1D flow model for the coronary and sys-

temic circulations that includes the compression of the coronary vasculature by the

left ventricle, and an aortic valve that opens and closes based on local hæmody-

namics. The external pressure applied to the coronary vasculature is encoded in

their constitutive relation for vessel lumen area, as is done later in this thesis and

by Müller [31]. They use a locally conservative Galerkin method to solve the 1D

system of model equations. This Galerkin method is second-order accurate in time,

and is the finite-element equivalent of the Lax–Wendroff scheme used by Qureshi [3],

Vaughan [29], Olufsen [44] and ourselves.

Mynard & Nithiarasu also incorporate one-to-one and one-to-three vessel branch-

ing (mono- and trifurcations). Monofurcations enable the modelling of blood flow

through vessels with discontinuities in, e.g., lumen area or vessel material proper-

ties. The junction matching conditions presented later in this thesis were developed

independently from those of Mynard & Nithiarasu [34]. The left and right coronary

arteries are modelled explicitly, with both bifurcating into two tapering vessels with

the downstream boundary condition provided by a 0D lumped model of the remain-

ing arterial vessels, vascular beds, and cardiac veins. The left ventricle pressure

is time-varying and are scaled so that right coronary arterial vessels undergo less

compression than left coronary arterial vessels, and vessels buried deeper within the

myocardium are subject to larger external pressures than those near the surface.

Vaughan [29, 45] extended the work of Olufsen to develop a new model for the

pulmonary circulation including arterial and venous flows and pressures, and to de-

rive a new boundary condition used to connect the arterial and venous sides. This

new boundary condition uses the grand admittance matrix related arterial to venous

flow using a Fourier decomposition of the 1D flow. It is upon this arterial/venous
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boundary condition that the one presented in this thesis is based. This boundary

condition allowed him to capture venous pulse wave dynamics.

Clipp & Steele [33, 46, 47] modelled 1D pulmonary arterial blood flow using

a flow-based inlet boundary condition, and a dynamic outlet boundary condition

intended to simulate the changes in vascular bed resistance that arise due to res-

piration. The boundary condition they use is impedance based, and they achieve

the respiration variation by modifying the steady component. This boundary con-

dition is based on an electrical analogue, so the parameters have no direct physical

meaning, and must be tuned to achieve good agreement with measured data. Using

this model, they showed that pulmonary arterial flow is insensitive to respiration

when using a pulsatile inflow to drive the simulation and that blood pressure does

vary with respiration. They validated these results against experimental data, using

isolated lamb lungs in airtight boxes in which negative pressures were applied to

simulate respiration; constant blood flow in these experiments was provided using a

pump. In these experiments they found that the constant blood flow does not vary

with respiration, but that blood pressure does.

Qureshi [3] developed and extended Vaughan’s [29] 1D flow model to improve its

ability to predict pulmonary arterial and venous blood flow and pressure dynamics.

He achieved this by improving the venous morphometry, physiological parameters,

and boundary conditions, and by extending the model to predict pressure drop across

vascular beds. He showed that this model can be used to simulated pulmonary blood

flow under healthy conditions, and can be used to accurate pulmonary pressures

and flow in, for example, pulmonary arterial hypertension by altering the model

parameters.
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Müller [31] developed a 1D flow model for the long veins that transport blood to

and from the human brain [31]. The derivation of the 1D model equations presented

by Müller are very similar to the ones seen here, as is their method of inclusion of

external pressure which varies in space and time. External pressure arises from sur-

rounding tissues, and is included in the 1D flow model via the relationship between

blood pressure and vessel lumen area known as a constitutive relation. Lumped pa-

rameter models are used for the vascular beds, the heart and pulmonary circulation.

No external pressure is explicitly included in the 0D description of the vascular beds.

Although the 1D models presented by Müller and me are similar, our applications

and boundary conditions differ greatly.

Zheng [48, 49] simulated arterial coronary flow in a patient-specific vasculature

using a measured pressure profile to provide the inlet boundary condition and the

vascular beds and coronary venous circulation were represented using a three-element

Windkessel model, a specific choice of lumped parameter model. They approximated

vascular bed compression by the myocardium by including an ad hoc pressure-drop

term in the large vessels. The parameters of the three element Windkessel must be

tuned to give a good fit to measured data.

All of the models discussed above are 1D flow models for which the authors have

made rational assumptions and approximations in order to linearise the Navier–

Stokes equations (as we will see shortly). These are linearised, not linear, models

that can and do exhibit non-linear behaviours.



CHAPTER 1. INTRODUCTION 9

1.2.1 Outlet Boundary Conditions and Small Vessel Models

For the work in this thesis we adopt a structured tree approach to modelling the

behaviour of blood in small vessels. A structured tree is self-similar binary tree,

composed of small vessel segments that are joined in series and parallel with each

other. A structured tree can be thought of as an average description of a vascular bed.

One can use a structured tree as either an outflow condition for an arterial model, or

as a boundary matching condition in a two-sided model (such as is presented here).

Structured trees are not the only possible choice of boundary condition. Another

common choice is the three-element windkessel. This is a lumped parameter (0D)

model that provides an outlet boundary condition to a 1D hæmodynamic model.

Unlike the structured tree, it is not physiologically motivated so the parameters used

are not physiologically meaningful, hence they must be tuned so that simulation

results fit to measured data. One of the major drawbacks of a using a windkessel

boundary condition is that it is inherently one-sided, that is they cannot be as a

boundary matching condition between an arterial and venous tree, so are unsuitable

if one wishes to study pressure wave propagation into a venous tree.

1.2.2 Arterial Wall Models

In this thesis, blood vessels are assumed to be axisymmetric tubes with thin, elastic

walls. However, it is worth noting that there are more complex models for vessel

walls such as that presented by Holzapfel, Gasser & Ogden [50], who developed a new

constitutive law to describe the passive mechanical response of a thick-walled artery.

We call this the HGO model. Artery walls are comprised of three distinct layers, the

intima, media, and adventitia. The HGO model explicitly includes the mechanical

contributions of the media and adventitia including the direction of collagen within
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the layers.

There are two main kinds of arteries identified in the medical literature – elastic

and muscular [12]. Elastic arteries are typically of larger diameter and are located

close to the heart. They feature higher proportions of elastic components in the

middle layer of the arterial wall than muscular arteries [51]. The aorta, and carotid

and illiac arteries, for example, are considered to be elastic. Muscular arteries tend

to be of smaller diameter and further away from the heart – the middle wall layer

contains a higher proportion of smooth muscle cells. Such a distinction may motivate

the use of different wall models in 3D arterial flow models, such as at the aortic root

[52]. Arteries exist on a continuum from elastic-to-muscular based on the proportion

of elastic and muscular components in the arterial wall [51].

1.3 Organisation of This Thesis

We present a mathematical and computational model for 1D blood flow and blood

pressure in a two-sided arterial-venous tree. The sides of the tree are joined using

a boundary condition derived using a structured tree description of a vascular bed.

We are able to specify the lengths and radii of all large arteries and veins, as well

as the flow or pressure at the inlet of the large arterial tree, the pressure at the

outlet of the venous tree, and external pressures that may be applied to the tree

by the movement of surrounding tissues. We apply this model to the coronary and

pulmonary circulatory systems in health and disease.

This thesis is organised into six chapters. This, the first chapter, gives an overview

of the cardiovascular system, motivates modelling attempts, and discusses some of

the history of cardiovascular modelling. In Chapter 2, we derive the model equations

for flow in large and small blood vessels. In Chapter 3, we adapt a two-step Lax–
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Wendroff scheme for flow in a vessel, as well as establishing any boundary conditions

needed in the model. These boundary conditions include a novel scheme that allows

us to include branching from one-to-many vessels. Chapter 3 contains simulations

with a toy model, and shows that the model behaves in self-consistent and intuitively

reasonable ways. In this chapter we also model pulmonary flows during respiration,

capturing the flow change during inspiration reported in the literature. The first

half of Chapter 5 deals with coronary arterial networks, and how to implement a

patient specific network in the model. We then simulate blood flow in a variety of

networks to quantify the impact that network modelling choices have on simulated

blood flow and and pressure, as well as in physiologically realistic scenarios of health,

vessel stenosis, and microvascular stiffening. Chapter 6 summarises our findings, and

suggests directions for future research.

1.4 Contributions of This Thesis

The main contributions of this thesis is the development of a 1D mathematical model

for physiological flows in large arteries and veins that are subject to some periodic

external pressure that need not have the same period as the pressure pulse. This

model is implemented using only parameters and data that are directly measurable or

inferable from measured data. We also develop novel boundary matching conditions

that allow for the inclusion of one-to-many branching. The model presented here can

be easily adapted to patient specific data, including many branches of the coronary or

pulmonary arterial and venous network. Our simulation results show good qualitative

agreement with reports from the medical literature, with other modelling studies, and

are self-consistent.



Chapter 2

Hæmodynamics

In this chapter, we formulate a 1D mathematical model for blood flow and pressure

in a two-sided network of large arteries and veins that have a time dependent external

pressure imposed upon them. In vascular networks, large arteries are joined to large

veins via many generations of small arteries, arterioles, capillaries, venules, and veins;

this collection of small blood vessels is known as a vascular bed.

The computational domain of this model is comprised of large and small vessels.

Large vessels are those in which we model blood flow explicitly on a per-vessel ba-

sis, and small vessels are modelled via a structured tree description. Large vessels

comprise the first few generations of the arterial and venous sides, and small vessels

comprise the remaining vessels. In large vessels, we solve the 1D governing equations

numerically for all temporal points in a given interval, and for all spatial points in

the computational domain.

Almost all of the pulmonary or coronary vasculature lies within the organs that

they supply with blood. As the heart and lungs both move during the normal course

of their function, the embedded blood vessels are subject to some spatio-temporally

12
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varying external pressure. The model presented in this chapter encodes external

pressure as a fundamental assumption.

The model presented here was developed independently of others presented in

the literature. We explicitly include external pressure that is applied to all vessels in

the small and large arterial trees using physiologically motivated modelling. Other

models that include external pressure, for example, those of Clipp & Steele [33,46,47],

Müller [31], Duanmu [48, 49]. These are discussed in more detail in Chapter 1. For

now, it suffices to highlight that our model differs significantly from these. Clipp &

Steele and Duanmu et al. include external pressure by altering a pressure component

in the boundary condition in order to fit their simulation results to data; Müller [31]

and Mynard & Nithiarasu [34] include an explicit external pressure term in their 1D

equations for flow, but do not include such a term in their 0D boundary conditions.

The main contributions of this chapter is the extension of 1D model equations to

include time-varying external pressure and the derivation of the novel admittance

matrix that encodes external pressure applied to the vascular beds.

2.1 Blood

Viscosity is a measure of a fluid’s resistance to deformation at a given rate. New-

tonian fluids are those with constant viscosity. Non-newtonian fluids are not New-

tonian: their viscosities change at a non-constant rate with increasing deformation.

Dynamic viscosity, µ, is the constant of proportionality that relates a force per unit

area applied to a fluid to its local shear velocity. Kinematic viscosity, ν, relates

dynamic viscosity and fluid density ρ, ν = µ/ρ. The bulk or volume viscosity of a

suspension of particles in a fluid, e.g. cells in blood, is the dynamic viscosity of the

whole suspension at length scales much greater than those of the fluid particles.
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Blood is comprised of deformable particles (red blood cells, platelets, etc.) sus-

pended in a viscous fluid (plasma). The largest blood cells (leucocytes) have an

unstressed diameter of approximately 22 µm [25]. Blood is incompressible [53], as

blood plasma and all blood cells are incompressible.

The contents of all blood cells are viscous and non-Newtonian, hence whole blood

must be non-Newtonian, regardless of scale. At sufficiently large scales, blood can be

considered to be Newtonian, however this doesn’t hold for the radius scale of small

vessels. Hence, we consider these scales separately.

Whole blood viscosity is impacted by many factors including hæmatocrit level,

blood temperature, plasma viscosity, erythrocyte deformability and aggregation, and

shear-rate [54–56]. Under normal physiological conditions, none of these — bar shear-

rate — vary on the time-scales of a breath or heartbeat, so we hold these factors

constant. According to Litwin & Chapman [54], shear-rate varies with vessel lumen

size and shape, amongst other quantities.

Shear-rate is the rate of blood flow velocity of adjacent streaming layers

γ =
4q

πr3
,

in a cylindrical pipe of radius r and volumetric flow rate q for Poiseuille flows. Max-

imum shear-rate is found at the wall of a vessel [57]. As shear-rate varies with

lumen radius and shape, blood viscosity must also vary with distance from a vessel’s

centreline. Including such variations is outwith the scope of this study. Under nor-

mal physiological conditions, the shear-rate at the vessel wall increases from about

10 s−1 in the largest veins to about 2000 s−1 in the smallest arteries.

Lee et al. [1] present a graph of the relationship between shear-rate and bulk

viscosity; this is reproduced in Fig. 2.11. The data shown are averaged from the
1Using WebPlotDigitizer, V.4.1, A. Rohatgi
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Figure 2.1: Reproduction of Fig. 2 from Lee et al. [1] illustrating the relationship

between whole blood viscosity and increasing shear rate in healthy patients of body

temperature 37.5◦C and hæmatocrit corrected to 0.4. The red dot shows the chosen

value for dynamic viscosity µ.

21 healthy control subjects with hæmatocrit normalised to 0.4. Hæmatocrit is the

proportion of blood cells by volume in the total blood volume [58]. As can be seen

from the figure, bulk viscosity decreases sharply as shear-rate increases from 1 s−1

to 100 s−1, and considerably more slowly from 100 s−1 onward. The physiologically

realistic range of shear-rate in large vessels is above 10 s−1. The drop in bulk vis-

cosity between 0.1 s−1and 10 s−1 is 20mPa s, where as the drop between 10 s−1 and

1000 s−1 is 4mPa s; the mean gradient of the curve between these points is -2.4 and

-0.003, respectively. Since the change in bulk viscosity is so small across the expected

physiological range 10 s−1 to 2000 s−1, we choose to assume that bulk viscosity is con-

stant under normal physiological conditions regardless of the large vessel in which

blood is flowing. In order to set a value for bulk viscosity, following Lee et al. [1], we

fix the hæmatocrit at 0.4 and blood temperature at 37.5◦C, which are both within

physiological norms. We must also choose a value of shear-rate that defines the
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bulk viscosity; for consistency with other models [2, 30, 43, 59], we choose 100 s−1.

The dynamic bulk viscosity of the blood we describe here is µ = 4.503 mPa s (to 4

significant figures (s.f.)), as per the data from Lee et al. [1].

We assume that all blood is homogeneous, but blood in large vessels (radius >

0.5 mm) is Newtonian and blood in smaller vessels is non-Newtonian (radius between

0.5 mm and 0.05 mm), i.e. the dynamic viscosity is allowed to vary with shear-rate.

As shear-rate varies with lumen radius, we take lumen radius as a proxy for shear-

rate. For model simplicity, we assume that the shear-rate (and hence viscosity)

within a small vessel is constant, but it need not have the same as the shear-rate

as its parent or daughter vessels. Intra-vessel variations in viscosity in very small

vessels (the smallest arterioles and venules, and capillaries) are outwith the scope

of this study as the 1D model that we will shortly derive lacks the necessary local

details.

In large vessels, we assume that blood is homogenous and Newtonian. Fåhræus &

Lindqvist [60] and Martini [61] observed that Poiseuille’s law does not apply to blood

flow in glass tubes below about 150 µm in radius — the apparent viscosity of blood

shows a marked decrease as bore radius decreases from 150 µm to 5 µm. Pries et

al. [62,63] used a network-based approach to study the rheological behaviour of blood

flow in rat mesenterty micro-vessels; these results were compared with mathemati-

cal model predictions. According to Secomb & Preis [64], apparent blood viscosity

decreases with decreasing radius down to 20 µm before beginning to increase precip-

itously. The apparent viscosity increases sharply with decreasing radius in the range

10 µm – 2.5 µm; this is the radius range of capillaries [5]. According to Secomb &

Preis [64] “[a] substantial fraction of the flow resistance in microvascular networks

resides in vessels with [radii] in this range”, which is consistent with conclusions from

other studies [65,66]. All of the above radii are given in the reference configuration.
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While arteries and veins feature strictly diverging or converging branches [4, 7],

the same cannot be said of capillary beds [5]. Because of the divergence of arterial

branches, and converging of venous branches, these can be represented using a struc-

tured tree. Capillaries within a bed converge and diverge without clear structure,

so cannot be modelled via a structured tree. Because of this constraint, structured

trees do not include any vessels with radius < 10 µm. The miniumum radius of

vessels within the structured trees is controlled by setting rmin. The chosen values

are discussed in Chapters 4 & 5. In general, decreasing rmin leads to an increase in

computational time.

Pries et al. [62] presented a study to determine the dependence of effective viscos-

ity on vessel diameter and hæmatocrit in living tissue. Effective viscosity is defined

as the viscosity calculated from Poiseuille’s equation for the observed pressure drop

along the vessel, the average vessel diameter, and the vessel length. The study com-

bines experimentally measured hæmatocrit and flow velocities, and mathematical

models of blood flow. The deviations between measured and predicted hæmat-

ocrit and velocity were used to refine the assumptions made in their simulations.

The study yields a parametric description of effective in vivo viscosity as a function

of vessel diameter and hæmatocrit:

µv(r) =

[
1 + (µ∗(r)− 1)

(1−H)C(r) − 1

0.55C(r) − 1

(
r

r − 0.55

)2
](

r

r − 0.55

)2

in which µv(r) is the in vivo viscosity, H ∈ [0, 1] is hæmatocrit, r is vessel radius in

µm,

C(r) =
(
0.8 + e−0.15r

)( 1

1 + 2 · 5−11 · r12
− 1

)
+

1

1 + 2 · 5−11 · r12
,

and

µ∗(r) = 6e−0.17r − 2.44e−0.12r0.645 + 3.2.
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Figure 2.2: Surface of effective viscosity given independent variables hæmatocrit and

vessel radius. The ranges of radius and hæmatocrit chosen given physiologically

realistic values.

The diameter of all vessels in the network in which this viscosity law is applied are

found during the computation, so it is straightforward to find C and µ∗. Fig. 2.2

shows a surface depicting the relationship between predicted effective viscosity, hæ-

matocrit, and vessel radius. The effective viscosity function µv(r) has a vertical

asymptote at r = 0.5 µm. However, the minimum reference radius of a human blood

vessel is approximately 4 µm, so this should not impact the computed viscosity in

any vessel.

We have chosen the bulk viscosity to be µ = 4.503mPa s in large vessels for

H = 0.4, and a function with which to compute the viscosity in small vessels for

given radius. The human aorta has a typical radius on the order of 104 µm; the

largest vessels that we model is the left pulmonary vein with a typical radius of

5000 µm. The smallest vessels that we include in the large tree have radii on the
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order of 500 µm. The function µv predicts viscosities of 2.818, 2.812, 2.811 mPa s (4

s.f.), respectively. However, the Newtonian bulk viscosity should be applied in all of

these vessels, and there is an large discontinuity that is physiologically unrealistic.

In order to deal with this discontinuity, scale the function µv so that the predicted

viscosity in large vessels (for now, those with radius above 600 µm) is µ = 4.503

mPa s and define the function

µ(r) :=

4.503 µv(r)
µv(600)

, within the structured tree,

4.503 outwith the structured tree.

In summary, whole blood is a non-Newtonian fluid, but it is often appropriate to

assume that it is Newtonian for physiological shear-rates, thus allowing the use of a

simplified model. In order to reconcile these with each other, we use a scaled, radius

dependent model for viscosity in small vessels and a constant value for viscosity in

large vessels.

2.2 Fluid Dynamics of Large Vessels

In this section we derive the governing equations for fluid motion within a large vessel

network. Large vessels are those in which we explicitly solve the governing equations

for all spatial and temporal points in the computational domain.

Our approach follows that of Olufsen [67], Vaughan [29], and Qureshi [3]. Olufsen’s

work [30,43,44,67] is based on that of Barnard et al. [68] and Peskin [69]. Vaughan

[29] and Qureshi [2, 3, 59, 70] builds on Olufsen’s. These approaches takes us from a

3D system in cylindrical polar coordinates to a 1D problem via a series of rational

approximations. The contents and contributions of these are discussed in Chapter 1.

A large blood vessel is assumed to be an axisymmetric tube with infinitesimally
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thin, compliant walls. Large vessels have fixed and finite arc length, L, as vessels are

tethered to surrounding tissues. Large vessels are allowed to taper, i.e. the distal

radius may be less than the proximal radius in the reference configuration. Each

point within the vessel is described by (r, x, θ) with r ∈ [0, R(x, t)), x ∈ [0, L], and

θ ∈ [0, 2π). Here, R(x, θ, t) denotes the variable radius of the tapering vessel at a fixed

x position along the tube for all time t; so the lumen area A(x, θ, t) = πR2(x, θ, t)

follows. Let the velocity field of the fluid be

u = [ur(r, x, θ, t), ux(r, x, θ, t), uθ(r, x, θ, t)],

where the subscript r, x, or θ represent the radial, axial, and angular components of

the velocity field in cylindrical polar coordinates. Let p(r, x, θ, t) be pressure within

the blood vessel and p0 be a constant reference pressure.

We assume that fluid flow is laminar and swirl-free; i.e. there is no motion in

the circumferential direction. Further assume that flow is axisymmetric. Together,

these render flow and fluid pressure to be independent of the angular component

θ. The velocity field becomes u = [ur(r, x, t), ux(r, x, t)], subscripts r and x denote

the radial and axial components of the velocity, respectively. Furthermore, blood

pressure, radius, and area in the current configuration become p(r, x, t), and R(x, t)

and A(x, t), respectively.

A key difference between the work described in this thesis and its predecessors is

that we include a dynamic external pressure that can be applied to any or all vessels

in a vascular network. The transmural pressure is the pressure difference that acts

across the wall, defined as

ϕ(R(x, t), x, t) := p(R(x, t), x, t)− þ(t). (2.1)

The transmural pressure is the difference between the fluid pressure at the inner

surface of the vessel wall and the external pressure on the outer surface. The inner
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surface of the vessel occurs at radius R(x, t). There is a radial pressure gradient

between the pressure at the centreline and the pressure at the innermost surface of

the wall. The external pressure þ(t) is given. We assume that external pressure is

constant on the length scale of a single vessel segment, where a segment runs between

two successive junctions. This is not a necessary assumption, and one can follow

Müller [31], who derives similar governing equations but with an external pressure

that varies in both space and time. Müller developed his model with an emphasis

on modelling flow in the long veins that supply drain blood from the brain; it is

reasonable to expect that these segments have much greater length-to-radius ratios

than those for the coronary circulation, as their function is primarily to transport

blood, rather than to supply an organ. Our model is intended to model blood flow

and pressure in the coronary and pulmonary circulations, both of which are comprised

almost exclusively of vessels that are far shorter than those seen in Müller’s. Further,

as we derive governing equations for a single vessel, and solve them for each vessel

individually we are free to prescribe a different external pressure for each vessel

present. The reference pressure is set as p0 := min(þ(t)) and occurs at some time t =

τ . The reference radius and lumen area also set at time τ : R(x, τ) = r0(x), A(x, τ) =

A0(x). Fig. 2.3 shows a typical vessel segment in the reference configuration with

the vessel lumen marked, as well an illustration of the relationship between reference

radius and length along the vessel. The x = 0 end of the vessel is typically referred

to as the proximal end (hence r0(0) is the proximal reference radius), and the x = L

end as distal.

We define blood pressure as the fluid pressure along the centreline of each vessel,

it is denoted p(0, x, t).

As blood is viscous, we apply the no-slip boundary condition, i.e. the velocity of

the fluid at the wall is the same as the velocity of the wall. We consider the axial and
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x

r

L

r0(0) r0(L)r0(x)

Figure 2.3: Cartoon of a single vessel segment with axial and radial directions shown

in dotted lines. The length of the segment, L, is shown. Additionally, the relationship

between reference radius and length along the vessel is indicated. The vessel lumen

— cross-sectional area contained within the walls — is shown in grey.

radial components of the velocity separately. As vessels are longitudinally tethered,

there is no axial movement of the wall, but the wall does experience motion in the

radial direction. This gives the no-slip boundary condition

[ux(r, x, t)]r=R(x,t) = 0, [ur(r, x, t)]r=R(x,t) =
∂R

∂t

∣∣∣∣
(r,x)

. (2.2)

2.2.1 Continuity Equation

We impose the incompressibility condition in cylindrical polar coordinates,

∇ · u =
1

r

∂

∂r
(rur) +

1

r

∂uθ
∂θ

+
∂ux
∂x

,

and given the above simplifying assumptions, we drop all θ-dependant terms to yield

(2.3)
∂ux
∂x

+
1

r

∂

∂r
(rur) = 0,
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a 2D equation. To obtain the 1D analogue, integrate over the cross-section to get

0 =

∫ R

0

∫ 2π

0

(
∂ux
∂x

+
1

r

∂

∂r
(rur)

)
r dθ dr

= 2π

(
∂

∂x

∫ R

0

rux dr + [rur]R −
∫ R

0

ur dr +

∫ R

0

ur dr

)
=

∂

∂x

(
2π

∫ R

0

rux dr

)
+ 2π [rur]R . (2.4)

Using the no-slip boundary condition to evaluate the second term of (2.4) yields

2π [rur]R = 2πR
∂R

∂t
= π

∂R2

∂t
=
∂A

∂t
, (2.5)

and defining volumetric flux as

q(x, t) = 2π

∫ R

0

uxr dr (2.6)

allows us to write (2.4) as
∂q

∂x
+
∂A

∂t
= 0 (2.7)

the 1D continuity equation.

We non-dimensionalise this by defining characteristic flow, length, and radius

scales Q0, L0, R0, respectively, so q = Q0q̄, x = L0x̄, r = R0r̄, where the overbar

denotes a dimensionless quantity. Further, note that area is non-dimensionalised so

that A = R2
0Ā.

Upon substitution into (2.7) and dropping the overbars for notational simplicity,

we have the non-dimensional 1D continuity equation

∂q

∂x
+
∂A

∂t
= 0. (2.8)
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2.2.2 The x-momentum Equation

Using the above swirl-free and axisymmetric assumptions, the Navier–Stokes equa-

tions in cylindrical polar coordinates become

(2.9a)
∂ur
∂t

+ ur
∂ur
∂r

+ ux
∂ur
∂x

= −1

ρ

∂p

∂r
+ ν

(
∂2ur
∂r2

+
1

r

∂ur
∂r
− ur
r2

+
∂2ur
∂x2

)
and

(2.9b)
∂ux
∂t

+ ur
∂ux
∂r

+ ux
∂ux
∂x

= −1

ρ

∂p

∂x
+ ν

(
∂2ux
∂r2

+
1

r

∂ux
∂r

+
∂2ux
∂x2

)
,

as there is no dependence on an angular component.

Blood vessels are naturally much greater in length than in radius, i.e. R0 � L0

and so we define ε := R0/L0 � 1.

Further, the maximum velocity of the compliant vessel wall in the radial direction

is ur as the walls undergo little transverse motion. Hence, we may assume that typical

radial fluid velocity is much less than typical axial velocity (ur � ux) in large blood

vessels. Following Barnard [68], let U0, V0 be characteristic fluid velocities in the axial

(x) and radial (r) directions, respectively. We may write V0 � U0, so ε = V0/U0 � 1.

Then we write L0 = R0U0/V0.

We define the scalings

ux = U0ūx, ur = V0ūr, t =
L0

U0

t̄, p = ρU2
0 p̄

in which non-dimensional quantities are denoted by an overbar. Using these, we

non-dimensionalise Eqs. 2.9, and upon dropping overbars we obtain

(2.10a)
∂p

∂r
= −ε2

{
∂ur
∂t

+ ur
∂ur
∂r

+ ux
∂ur
∂x
− 1

R

(
∂2ur
∂r2

+
1

r

∂ur
∂r
− ur
r2

+ ε2
∂2ur
∂x2

)}
,

(2.10b)
∂ux
∂t

+ ur
∂ux
∂r

+ ux
∂ux
∂x

= −∂p
∂x

+
1

R

(
∂2ux
∂r2

+
1

r

∂ux
∂r

+ ε2
∂2ux
∂x2

)
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where R = R0V0/ν , and R is Reynolds number.

As ε � 1, (2.10a) implies that ∂p/∂r = O(ε2) � 1. This result is similarly

found by Barnard [68]. This result along with the axisymmetry assumption imply

that fluid pressure only varies axially and temporally, i.e. p = p(x, t). As the radial

dependence has dropped from p, it must drop from ϕ, too. Henceforth, ϕ = ϕ(x, t) =

p(x, t)− þ(t).

External pressure, þ(t), depends on time alone as we assume spatial variation on

the length-scale of a single vessel is negligible. The current analysis is valid for a

single vessel segment, not a network. The theory that is being developed allows for

a different external pressure to be applied to every vessel in the network, so that the

external pressure can be made to vary on the whole organ scale.

Furthermore, the final term of (2.10b) is negligible and the equation becomes

(2.11)
∂ux
∂t

+ ur
∂ux
∂r

+ ux
∂ux
∂x

= −∂p
∂x

+
1

R

(
∂2ux
∂r2

+
1

r

∂ux
∂r

)
.

We seek a 1D version of the above and achieve this by integrating over the cross-

section ∫ 2π

0

∫ R

0

(
∂ux
∂t

+ ur
∂ux
∂r

+ ux
∂ux
∂x

)
r dr dθ

=

∫ 2π

0

∫ R

0

(
−∂p
∂x

+
1

R

(
∂2ux
∂r2

+
1

r

∂ux
∂r

))
r dr dθ.

Evaluating the integrals in θ gives

(2.12)
2π

∫ R

0

∂ux
∂t

r dr + 2π

∫ R

0

(
ur
∂ux
∂r

+ ux
∂ux
∂x

)
r dr

= −2π

∫ R

0

∂p

∂x
r dr + 2π

1

R

∫ R

0

(
∂2ux
∂r2

+
1

r

∂ux
∂r

)
r dr.

For simplicity, we deal with this term-by-term. We evaluate the leftmost term using

the product rule and integration by parts, and applying the definition of volumetric
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flow and the no-slip boundary condition:

(2.13)
2π

∫ R

0

∂ux
∂t

r dr = 2π

(
∂

∂t

(∫ R

0

uxr dr

)
−
∫ R

0

ux
∂r

∂t
dr

)
= 2π [uxr]

R
0 − 2π

∫ R

0

ux
∂r

∂t
dr=

∂q

∂t
− 2π

∂R

∂t
[rux]

R
0 =

∂q

∂t
.

The second term of the left hand side is

(2.14)

2π

∫ R

0

(
ur
∂ux
∂r

+ ux
∂ux
∂x

)
r dr

= 2π

(
[uxurr]

R
0 −

∫ R

0

ux
∂

∂r
(rur) dr

)
+ 2π

∫ R

0

ux
∂ux
∂x

r dr

= 4π

∫ R

0

uxr
∂ux
∂x

dr

= 2π

∫ R

0

∂u2
x

∂x
r dr

by integration by parts, application of the no-slip boundary condition (2.2), and

the incompressibility condition (2.3).

The first term on the right hand side of (2.12) is easily integrated, as fluid pressure

p is independent of radius,

2π

∫ R

0

∂p

∂x
r dr = 2π

∂p

∂x

∫ R

0

r dr = πR2 ∂p

∂x
= A

∂p

∂x
. (2.15)

The final terms on the right hand side evaluate as follows

(2.16)

∫ R

0

(
∂2ux
∂r2

r +
∂ux
∂r

)
dr =

∫ R

0

(
∂2(uxr)

∂r2
− ∂ux

∂r

)
dr

= R

[
∂ux
∂r

]
r=R

.

This term encodes the frictional force in the axial direction at the wall.
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Equation (2.12) is simplified to

(2.17)
∂q

∂t
+ 2π

∫ R

0

∂u2
x

∂x
r dr = −A∂p

∂x
+

2π

R

[
R
∂ux
∂r

]
r=R

.

In order to evaluate the u2
x term in (2.14) and the frictional force term ∂ux/∂r in

(2.16), we require a velocity profile. Studies show that the shape of velocity profiles

develop from a flat profile at the aortic inlet to a parabolic profile at the resistance

arteries [71,72].

Maier et al. [72] acquired velocity profiles in the abdominal aorta of healthy

volunteers using MRI and multigated doppler studies. They present fifteen meshes

representing velocity profiles in a single individual over the course of 435 ms, clearly

showing that velocity profiles evolve throughout the cardiac cycle. The change of

velocity profile in time was also noted by Zhong et al. [73] in the retinal vessels of

healthy volunteers; they also found that velocity profiles are typically flatter than

the assumed parabolic shape which was not found even in the largest veins studied

with radii > 80 µm, and that profile flatness increased with decreasing vessel size.

Further, Tangelder et al. [74] determined in vivo velocity profiles in rabbit mesenteric

arterioles of radius 17 — 32 µm; profiles for red blood cells and platelets were found

to be flattened compared to a parabola in both systole and diastole.

The change in profile over the cardiac cycle is captured by the model as fluid

velocity changes, but given the findings of Zhong et al. , I choose to assume a Stokes-

layer velocity profile introduced by Olufsen et al. [30] for the systemic circulation,

and subsequently used by Qureshi [3] for the pulmonary circulation and Chen [40]

for a coupled model of the systemic circulation and the left ventricle. The velocity

profile is

ux(r, x, t) =

ūx(x, t), for r ≤ R− δ,

ūx(x, t)
(R−r)
δ

for R− δ < r ≤ R

, (2.18)
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δ

R(x, t)− 2δ

Figure 2.4: An illustration of an entry type flow profile such as that given in (2.18).

Boundary layers of width δ are shown between the dotted and solid lines.

where ūx(x, t) is the constant axial velocity outside of the boundary layer which we

define as a region of thickness δ � R along the walls. A cartoon of this profile is

shown in Fig. 2.4. In this layer, the viscous effects are strong and the transition to

the no-slip boundary takes place. We can estimate this thickness as per Lighthill [75];

this estimate is from the viscous penetration depth based upon the first harmonic

δ =

√(
νT

2π

)
.

Alastruey et al. [76], Sherwin et al. [77] and Matthys et al. [78] use a constant,

axisymmetric velocity profile. Sherwin et al. extend their analysis to more a generic,

undefined profile that is not flat but is still axisymmetric. Matthys et al. obtain their

velocity profile by assuming axisymmetry and fitting to experimental data measured

at different points in the cardiac cycle. Cousins & Gremaud [79] use a parabolic

profile when modelling flow in the circle of Willis.

We can now evaluate (2.14), (2.16) using (2.18). The former becomes

2π
∂

∂x

∫ R

0

u2
xr dr = 2π

∂

∂x

(∫ R−δ

0

ū2
xr dr +

∫ R

R−δ

(
ūx(R− r)

δ

)2

r dr

)

= 2π
∂

∂x

[(
ū2
x

){(R− δ)2

2
+

δ

12
(4R− 3δ)

}]
=

∂

∂x

[(
ū2
x

){
A− 4

3
δ
A

R
+O(δ2)

}]
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N. B. δ2 � 1, δ/R� 1. Given that

q = 2π

∫ R

0

uxr dr = Aūx − Aūx
δ

R
+O

(
δ2
)
, (2.19)

we have

2π
∂

∂x

∫ R

0

u2
xr dr =

∂

∂x

(
q2

A

)
+O(δ). (2.20)

Revisiting (2.16) now with an explicit expression for the velocity profile, we have∫ R

0

(
∂2ux
∂r2

r +
∂ux
∂r

)
dr = R

[
∂ux
∂r

]
r=R

= R

[
∂

∂r

(
ūx
R− r
δ

)]
R

(2.21)

by the expression for q in (2.19)

q

A− A δ
R

= ūx +O
(
δ2
)

Substituting (2.13), (2.15), (2.20) and (2.21) back into 2.12 yields the dimension-

less 1D x-momentum equation

∂q

∂t
+

∂

∂x

(
q2

A

)
+ A

∂p

∂x
= −2πR

δR
q

A
. (2.22)

2.2.3 Constitutive Tube Law

Between them (2.8), (2.22) have three unknowns, so the system is under-determined.

We require a third equation that relates at least two of A, p, q. The third equation is

a tube law, that allows us to write ϕ as a function of A. The other parameters upon

which ϕ depends can be, for example wall stiffness and reference radius. Empirically

measured tube laws are determined under specific ranges of, for example, pressure,

so are only valid in the pressure range in which they were determined [80]. There are

many choices of tube law that one can make, that are discussed in more detail in,

e.g. [81], which is concerned with the derivation of a tube law for bronchial airways

based on experimental data, and [82] an experimental study of elastic walled tubes,
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and a comparison between these results and existing theoretical descriptions. There

also exist studies, e.g. [83], that derive tube laws from a theoretical, rather than

experimental stand point.

We choose to use the tube law

(2.23)ϕ(x, t) = p(x, t)− þ(t) =
4

3

Eh

r0(x)

(√
A(x, t)

A0(x)
− 1

)
≡ ϕ̂(A(x, t), r0(x, t)),

where E is the Young’s modulus, and h is the wall thickness. Both E and h are

constant in a single section of tube; r0(x) is a decreasing function depending on

the vessel in question. This tube law is also used by Qureshi and colleagues [70,

84], and appears to have been originally proposed by Lighthill [85]. For notational

convenience, let

f(r0(x)) =
4

3

Eh

r0(x)
.

This functional encodes the elastic properties of the vessel wall for a given reference

radius. Coronary arteries and veins, and pulmonary arteries and veins all have very

different characteristic stiffnesses. See Chapter 4 and Chapter 5 for discussions of

pulmonary and coronary vessel stiffness. So

ϕ̂(A(x, t), r0(x, t)) = f(r0(x))

(√
A(x, t)

A0(r0(x))
− 1

)
.

Above and henceforth I use a hat (ˆ) to indicate that the expression is a functional

– it depends on quantities that depend on x and/or t.

We may write A as a function of ϕ and r0 as follows

(2.24)Â(ϕ(t), r0(x, t)) = A0

(
ϕ

f(r0)
+ 1

)2

.

Further, given ϕ̂, we can write

p̂(A(x, t), r0(x, t)) = f(r0)

(√
A

A0

− 1

)
+ þ.
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We should non-dimensionalise the tube law as we did the x-momentum and con-

servation of mass equations (2.11), (2.8). Using the scalings

A = R2
0Ā, ϕ = ρU2

0 ϕ̄, f = ρU2
0 f̄ ,

we see that the dimensionless tube law is

ϕ(A) = f̂

√ Â

A0

− 1

 (2.25)

after dropping over-bars for ease of notation.

We now have three one-dimensional, dimensionless governing equations (2.8),

(2.22) and (2.23). Between them, they have three unknowns A, p and q. Hence, the

system is well determined.

2.3 Fluid Dynamics of Small Vessels

Large vessels are defined as those in which we explicitly model blood flow and pres-

sure. Small blood vessels are modelled using a structured tree approach. We use a

structured tree to provide the arterial/venous boundary matching condition as this

approach captures pulse wave propagation into the venous side [29], and they can

be implemented using only physically meaningful parameters. Lumped parameter

models such as three- or four- element Windkessel models have parameters that have

no direct physical analogue, so must be set using data from the literature [86].

The vessels of a structured tree arise from the terminus of a large artery with

known radius. They bifurcate from the root vessel with prescribed ratios that govern

the length and radius of each daughter vessel.The arterial side of the tree truncates

when some minimum prescribed radius has been reached. The venous branching

structure is taken to be identical to that of the arteries, but the venous length and
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ratio governing parameters need not be the same as those for arteries. There is one

structured tree per large arterial/venous pair to be joined.

In order to build a network, we must start with a single vessel derive its governing

equations. Much of the theory for the fluid dynamics of large vessels applies to small

vessels. Indeed, everything in the section for large vessel fluid dynamics until (2.11)

is also true for small vessels. We use the same constitutive relation for small and

large vessels, but this need not be the case. All of the below theory is applicable

when a generic tube law is used.

From our universal assumptions above, recall the dependencies of blood flow

q(r, x, t), fluid velocity ux(r, x, t), blood pressure p(x, t), transmural pressure ϕ(x, t),

and external pressure þ(t) on the radial, longitudinal, and temporal components,

respectively.

Blood flow is driven by the beating of the heart so we assume blood pressure,

fluid velocity, and flow rate are periodic in time and write them as Fourier series:

p(x, t) =
∞∑

n=−∞

Pn(x)einωt,

ux(x, r,t) =
∞∑

n=−∞

Un(r, x)einωt, (2.26)

q(x, r,t) =
∞∑

n=−∞

Qn(r, x)einωt,

with Fourier coefficients given by

Pn(x) =
1

T

∫ T/2

−T/2
p(x, t)e(inωt) dt,

Un(r, x) =
1

T

∫ T/2

−T/2
ux(r, x, t)e

(inωt) dt,

Qn(r, x) =
1

T

∫ T/2

−T/2
q(r, x, t)e(inωt) dt,
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respectively. These all have the same period, T . The Fourier mode is the integer n.

External pressure is assumed to be periodic with period T ′. External pressure

arises from breathing or the beating of the heart that compress small vessels; we

acknowledge that the period and amplitude of both change overtime, but assume

that such changes do not happens on time scales less than T ′ (about 1 s for the

coronary model and 10 s for the pulmonary model). Note that for the coronary

model T ′ = T . It is written as a complex Fourier series

þ(t) =
∞∑

n=−∞

Þneinωt, (2.27)

with Fourier coefficients

Þn =
1

T ′

∫ T ′/2

−T ′/2

þ(t)einωt dt.

External pressure need not have the same period as blood pressure. However, we

require that there exist integers r, s such that

rT = sT ′, or
T

T ′
∈ R.

By construction, the transmural pressure ϕ, it is periodic with period rT and has

Fourier series

ϕ(x, t) =
∞∑

n=−∞

Φn(x)einωt =
∞∑

n=−∞

(Pn(x)− Þ) einωt (2.28)

and Fourier coefficient

Φn(x) =
1

sT

∫ sT/2

−sT/2
ϕ(x, t)einωt dt.

It is important to note that the above Fourier series and coefficients are dimensional

quantities.
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The pulse wave wavelength is the product of its velocity and period. As typical

pulse wave velocities in healthy humans are on the scale of ms−1 [87] and the period

on the scale of s, the typical wavelength of a pressure pulse is on the order of 5 m.

The wavelength of a pressure pulse is significantly longer than any vessel segment

in the network. It follows that the velocity profile is flat and velocities in the radial

direction can be neglected. With this assumption, it follows that

ur
∂ux
∂r

, ux
∂ux
∂x
� 1.

Hence, at leading order (2.11) becomes

∂ux
∂t

+
∂p

∂x
=

1

rR
∂

∂r

(
r
∂ux
∂r

)
(2.29)

which is the dimensionless, scaled x-momentum equation for small vessels. Into this,

we substitute the Fourier series (2.26) which yields

inωUn +
dPn
dx

=
1

rR
∂

∂r

(
r
∂Un
∂r

)
, (2.30)

upon cancelling einωt throughout.

Henceforth, we consider the non-zero frequencies separately from the steady case.

2.3.1 Non-Zero Frequencies

Non-zero frequency solutions are valid when n 6= 0.

Equation (2.30) has a Womersley’s solution as discussed by Womersley [26] for

each non-zero Fourier mode

Un =
1

inω

dPn
dx

(
1− J0(rwn/r0)

J0(wn)

)
,

where ω = 2π/T is the angular frequency with period T , w2
n = i3αn, and α2

n =

r0ωnR/ρ. Now, α1 ≡ α is Womersley’s parameter. The function J0 is a zeroth order

Bessel’s function of the first kind; see, for example, Dattoli & Torre [88].
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We can find the amplitude Qn of the flow q by integrating over the cross sectional

area,

Qn(x) = 2π

∫ r0

0

Unr dr = − A0

inω

dPn
dx

(1− FJ) (2.31)

where FJ := 2J1(wn)/wnJ0(wn); J1 is the first order Bessel’s function of the first

kind.

Using equation (2.24), we write

(2.32)

∂A

∂t
=
∂A

∂ϕ

∂ϕ

∂t

= C
∂

∂t
(p− þ)

where the compliance C = (dA/dϕ) ≈ 3r0A0/2Eh using the linearising assumption

r0ϕ� Eh [3]. Substituting ∂A/∂t into (2.32) and comparing the coefficients of the

Fourier expansions yields

iCnω(Pn − Þn) +
dQn

dx
= 0. (2.33)

Differentiating (2.33) with respect to x, and rearranging gives

dPn
dx

= − 1

iCnω

d2Qn

dx2
, (2.34)

which we substitute into (2.31) to obtain

d2Qn

dx2
+
(ωn
c

)2

Qn = 0 (2.35)

where c2 = A0(1− FJ)/C, and c is the dimensionless wavespeed. Equation (2.35) is

the equation of simple harmonic motion and has a well known solution,

Qn(r, x) = an cos
(nω
c
x
)

+ bn sin
(nω
c
x
)
, (2.36)
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where an and bn are constant coefficients that depend on the Fourier mode n, and

n ∈ [1,∞). Substituting (2.36) into (2.33) yields the expression for the transmural

pressure

Φn = Pn − Þn =
i

Cc

(
−an sin

(nω
c
x
)

+ bn cos
(nω
c
x
))

. (2.37)

2.3.2 Steady Case

Now consider the steady case, n = 0. From (2.30)

dP0

dx
=

1

rR
∂

∂r

(
r
∂U0

∂r

)
integrating twice with respect to r gives

U0 =
∂P0

∂x

r2R
4

+ ΛR ln r + Ξ

where Λ and Ξ are constants of integration. Determine Λ by assuming that ∂U0/∂r

is finite at r = 0, implying that Λ = 0, and Ξ by applying the no-slip boundary

condition, U0(r0) = 0, which implies that Ξ = −(r2
0R/4) (dP0/dx). We hence have

the velocity profile

(2.38)U0(r, x) =
(r2 − r2

0)R
4

dP0

dx
.

This is a Poiseuille flow profile, which satisfies the incompressibility condition (2.7),

as the fluid pressure gradient is constant in x.

As in the non-zero frequency case, we integrate the fluid velocity over the cross

sectional area to find the flow Q0

Q0(r, x) = 2π

∫ r0

0

Ur dr = −πR
8

dP0

dx
r4

0 (2.39)

which we solve for P0 and find

P0 = − 8Ψ

πr4
0R

x+ Γ (2.40)

where Ψ and Γ are constants of integration.
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Þ

Þ

Q1

P1

Q2

P2

Figure 2.5: A cartoon showing a single vessel segment with inlet flow and pressure

Fourier coefficients Q1, P1, and outflow flow and pressure Fourier coefficients Q2,

P2. Inward orientation by convention. There is an external pressure of Þ applied

uniformly along the length of the tube. The bowing of the walls in the centre of the

tube is intended to imply that the walls are compliant.

2.3.3 Admittance for a Single Vessel

A structured tree is a collection of segments of tube joined together in series or in

parallel with other tube segments. A cartoon of such a tube segment is shown in

Fig. 2.5. An admittance matrix allows us to relate, for example, flow at the inlet

and outlet to pressure at the inlet and outlet. We seek a relationship between flow

and pressure at the inlet and outlet of a structured tree. The admittance matrix

for the whole structured tree is called the grand admittance. As a structured tree is

composed of single tube segments joined together, the grand admittance must be a

function of the admittances for each vessel segment. In this section we discuss the

admittance for a single vessel, before moving onto admittances for vessels in series

and in parallel, and an algorithm that allows us to compute the grand admittance.

With the exception of the first vessel within the tree (which arises from a large

artery) every vessel arises from a bifurcation. Each vessel bifurcates into two ad-

ditional vessels until the segments achieve some prescribed minimum radius. The
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admittance matrices that we seek relate the flows at either end of the tube, to the

pressures. So in order to find the admittance matrices we first need expressions for

the flows and pressures at x = 0 and x = L in a vessel of finite length L.

Equations (2.36, 2.37, 2.39, 2.40) are already non-dimensional, so we simply col-

lect the governing equations for flow and pressure in steady and unsteady cases for

the convenience of the writer. For the unsteady components (n = 1, 2, ...) we have

(2.41)
Φn = Pn − Þn =

i

Cc

(
−an sin

(nω
c
x
)

+ bn cos
(nω
c
x
))

,

Qn = an cos
(nωx

c

)
+ bn sin

(nωx
c

)
,

and

(2.42)P0(x) = − 8Ψ

πr4
0R

x+ Γ,

Q0(r, x) = Ψ

for the steady part of the flow.

Unsteady Component

To find the flows and pressures at the inlet and outlet of a tube of finite length L, we

first define the inlet of the tube to be at x = 0, hence the outlet at x = L. We then

evaluate Eqs. (2.41) at x = 0, L. A notational simplification can be made be defining

Qn(0) ≡ Q1 and Qn(L) ≡ −Q2 (sign by convention), and Φn(0) ≡ Φ1, Φn(L) ≡ Φ2

where we neglect to write the suffixes n, as the following analysis is valid for all

n 6= 0. Let Q = (Q1, Q2)T, Φ = (Φ1,Φ2)T. We seek an admittance matrix Y that



CHAPTER 2. HÆMODYNAMICS 39

satisfies Q = YΦ. For ease of notation, let CL := cos(nωL/c) and SL := sin(nωL/c)

Φ1 =
i

cC
bn, (2.43)

Φ2 =
i

cC
(−anSL + bnCL), (2.44)

Q1 = an = Y11Φ1 + Y12Φ2, (2.45)

Q2 = −(anCL + bnSL) = Y21Φ1 + Y22Φ2 (2.46)

Taking all of this together and comparing the coefficients an, bn we find the admit-

tance matrix

Y =
icC

SL

 −CL 1

1 −CL

 . (2.47)

That is,

(2.48)

 Qn(0)

Qn(L)

 =
icC

SL

 −CL 1

1 −CL

 Φn(0)

Φn(L)


= Y

 Pn(0)

Pn(L)

− Þn

 1

1

 .
Steady Component

We must also find an admittance matrix for a single tube in the zero frequency

domain. This is done in a very similar manner to the non-zero frequency case. That

is, evaluate Eqs. (2.42) at x = 0, L:

P0(0) = Γ ≡ P1

Q0(0) = Ψ ≡ Q1

P0(L) = −8µΨL

πr4
0

+ Γ ≡ P2

Q0(L) = Ψ ≡ −Q2
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Note that the pressures given here are fluid pressures, not transmural pressures, and

that there is no dependence on the external pressure. Again, we seek a matrix Y

such that Q = Y P where Q = [Q1, Q2]T, P = [P1, P2]T, hence Q1 = Y11P1 + Y12P2

and Q2 = Y21P1 + Y22P2. Explicitly, this is

Ψ = Y11Γ + Y12

(
− 8ΨL

πr4
0R

+ Γ

)
(2.49)

−Ψ = Y21Γ + Y22

(
− 8ΨL

πr4
0R

+ Γ

)
(2.50)

which we solve for Yij, i, j = 1, 2. This yields the admittance matrix Y for the steady

case

Y =
πr4

0

8µL

 1 −1

−1 1

 . (2.51)

Which is identical to the admittance matrix found by Qureshi [2, 3].

2.3.4 Admittance for Vessels in Parallel

Consider two vessels, S and T in parallel with each other, as in Fig. 2.6. Denote the

admittance matrix, flow, and fluid pressure of these as in the case for the single pipe,

but with an S or T appended to denote the tube to which the quantity belongs, e.g.

for vessel S, QS
1 denotes the flow at the inlet and, QS

2 the flow at the outlet, etc.

We must also define the matching conditions for the two pipes. These are Qj =

QS
j +QT

j , j = 1, 2, and Pk = P S
k = P T

k , k = 1, 2, as per Qureshi [2].

For each vessel we must have flows and pressures at the inlet and outlet such that

they are related by admittance matrices:

QS = Y SΦS, QT = Y TΦT .

Using the matching conditions from [3] that are illustrated in and noting that ΦS
2 6=

ΦT
1 as Φj

1 = P j
1 − Þj, j = S, T and ÞS 6= ÞT (that is, the imposed external pressure
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QS
1

P S
1

S

ÞS

ÞS

QT
2

P T
2

QT
1

P T
1

T
QS

2

P S
2

ÞT

ÞT QS
2 +QT

2 = Q2

P S
2 = P T

2 = P2

QS
1 +QT

1 = Q1

P T
1 = P S

1 = P1

Figure 2.6: A cartoon of joining two vessels in parallel. As with the single vessel

segment (Fig. 2.5), inlet and outlet flow and pressure Fourier coefficients are shown.

Subscripts indicate an inlet/outlet quantity. Superscripts denote the tube to which

the quantity belongs. Quantities without superscripts exist for ease of notation, and

are given by segment matching conditions. External pressures ÞS, ÞT are applied

uniformly along the length of their respective tubes.



CHAPTER 2. HÆMODYNAMICS 42

Q1 = QS
1

P1 = P S
1

S
QS

2 = −QT
1

P S
2 = P T

1

T

ÞT

ÞT

ÞS

ÞS

QT
2 = Q2

P T
2 = p2

Figure 2.7: Cartoon of joining vessel segments S and T in series with inlet, outlet,

and matching conditions shown. Each vessel is subject to some external pressure

that is exerted uniformly along its length.

need not be the same for each vessel). Using the notation for a single vessel segment,

we can write

QS = Y SP − Y SÞS, QT = Y TP − Y TÞT

Q = QS +QT = Y ||P − Y SÞS − Y TÞT

where ÞT = ÞT

 1

1

, similarly for ÞS, so

(2.52)Y || = Y S + Y T

is the admittance matrix for two vessels joined in parallel.

2.3.5 Admittance for Vessels in Series

We now consider two vessels, S and T , that are in series with each other, as is

pictured above. As before we seek an admittance matrix for this set up. That is

we wish to express QS
1 and QT

2 in terms of P S
1 and P T

2 via a (2 × 2) admittance

matrix Y ⇔. The flows and pressures at the inlets and outlets of both S and T may
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be related to each other as before, i.e.

QS = Y SP̃ S = Y SP S − Y SÞS QS
1

QS
2

 =

 Y S
11 Y S

12

Y S
21 Y S

22

 ΦS
1

ΦS
2

 = Y S

 P S
1

P S
2

− Y S

 ÞS

ÞS


and similarly,

QT = Y TP T − Y TÞT .

Where, as before Q1 = Qn(0), Q2 = −Qn(L) for any Fourier mode n is the fluid flow

(sign choice by convention), and similarly Φ1,Φ2 are transmural pressures at the

proximal and distal ends of the tube, P1, P2 are fluid pressures, and Þ is an external

pressure. The pressures are related to each other:

Φi = Pi − Þ, i = 1, 2.

Transmural and fluid pressure vary in space — hence the distinction between the inlet

and out let of the tube — but we have assumed that external pressure is constant in

space on the length scale of a single vessel. The superscript S or T simply indicates

the vessels to which the given quantity refers. In general, we are interested in the

admittance matrix when external pressure is allowed to vary between tubes, that is

ÞS 6= ÞT . By allowing external pressure to vary between vessels within a structured

tree, we can develop a theory for external pressures that need not be constant on a

whole-organ scale.

We have the matching condition P S
2 = P T

1 , we simplify notation by dropping

their suffixes, i.e. P S
2 = P T

1 = P . Further, we have QS
2 = −QT

1 .

Using the above systems of linear equations, we may write

Qk
i =

(
2∑
j=1

Y k
ijP

k
j

)
− Þk

2∑
j=1

Y k
ij i = 1, 2, k = S, T. (2.53)
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Using the matching condition on the flows, we have

QS
2 +QT

1 = 0

= Y S
21P

S
1 + Y S

22P
S
2 −

(
Y S

21 + Y S
22

)
ÞS

+ Y T
11P

T
1 + Y T

12P
T
2 −

(
Y T

11 + Y T
12

)
ÞT ,

P =
−
(
Y21P

S
1 + Y T

12P
T
2

)
+
(
Y S

21 + Y S
22

)
ÞS +

(
Y T

11 + Y T
12

)
ÞT

Y T
11 + Y S

22

≡ P S
2 = P T

1 .

We then substitute this into the expressions the above expressions for QS
1 and

QT
2 , and simplify the notation by dropping the suffixes S and T . We drop these

suffixes from P S
1 and P T

2 as well.

Q1 = Y S
11P1 + Y S

12P −
(
Y S

11 + Y S
12

)
ÞS (2.54)

=

(
Y S

11 −
Y S

21Y
S

12

Y T
11 + Y S

22

)
P1 −

Y T
12Y

S
12

Y T
11 + Y S

22

P2 +

((
Y S

21 + Y S
22

)
Y T

11 + Y S
22

−
(
Y S

11 + Y S
12

))
ÞS

+

(
Y T

11 + Y T
12

)
Y S

12

Y T
11 + Y S

22

ÞT

Q2 = Y T
21P + Y T

22P2 −
(
Y T

21 + Y T
22

)
ÞT (2.55)

= − Y21Y
T

21

Y T
11 + Y S

22

P1 +

(
Y T

22 −
Y T

12Y
T

21

Y T
11 + Y S

22

)
P2 +

(
Y S

21 + Y S
22

)
Y T

21

Y T
11 + Y S

22

ÞS

+

((
Y T

11 + Y T
12

)
Y T

21

Y T
11 + Y S

22

−
(
Y T

21 + Y T
22

))
ÞT
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Taking these together gives

Q =
1

Y T
11 + Y S

22

 Y T
11Y

S
11 + det(Y S) −Y T

12Y
S

12

−Y21Y
T

21 Y S
22Y

T
22 + det(Y T )

P
+

 (Y S
21+Y S

22)Y T
21

Y T
11+Y S

22
−
(
Y S

11 + Y S
12

) (Y T
11+Y T

12)Y S
12

Y T
11+Y S

22

(Y S
21+Y S

22)Y T
21

Y T
11+Y S

22

(Y T
11+Y T

12)Y T
21

Y T
11+Y S

22
−
(
Y T

21 + Y T
22

)
 ÞS

ÞT

 ,

⇐⇒ Q = Y ⇔P + Y e

 ÞS

ÞT

 , (2.56)

where

Y ⇔ =
1

Y T
11 + Y S

22

 Y T
11Y

S
11 + det(Y S) −Y T

12Y
S

12

−Y21Y
T

21 Y S
22Y

T
22 + det(Y T )

 , (2.57)

Y e =

 (Y S
21+Y S

22)Y T
21

Y T
11+Y S

22
−
(
Y S

11 + Y S
12

) (Y T
11+Y T

12)Y S
12

Y T
11+Y S

22

(Y S
21+Y S

22)Y T
21

Y T
11+Y S

22

(Y T
11+Y T

12)Y T
21

Y T
11+Y S

22
−
(
Y T

21 + Y T
22

)
 . (2.58)

2.3.6 Recursive Algorithm and the Construction of a Struc-

tured Tree

The grand admittance is the admittance matrix for the whole structured tree —

one matrix encodes the fluid pressure relation, and the second the external pressure

relation. The grand admittance is the matching condition that joins a large artery-

vein pair for a known external pressure. The outlet conditions of the large artery

are the inlet conditions of the structured tree; the outlet conditions of the structured

tree are the inlet conditions for the large vein.

Given that a structured tree model of an arterial or venous tree can be comprised

of many hundreds of vessels segments, we must find a way to efficiently compute the

grand admittance. We use a recursive algorithm that computes the fluid pressure and
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external pressure admittance matrices in Fourier space, and employs a convolution

integral to find the boundary condition in real space that is used to match the large

artery-vein pair.

A structured tree is comprised of vessel segments joined together in series and

parallel. A structured tree begins with a single vessel segment that arises from a

terminal large artery. Suppose that a given parent vessel segment has unstressed

radius rp and length lp, then its daughter vessels have radii rd1 and rd2 . The tree is

self-similar – daughter vessels have lengths and radii that are constant fractions of

those of the parent vessel. This fraction is a product of the dimensionless parameters

α, β. Daughters in the α branch have radius αrp, similarly for the β branch. We can

label each vessel within the structured tree using powers of α, β. This is illustrated in

Fig. 2.8. The vessel that has made i bifurcations in the α-branch and j bifurcations in

the β-branch is (non-uniquely) labelled (i, j); the vessel (i, j) belongs to the (i+ j)-

th generation. The vessel (i, j) has unstressed radius r(i,j) = αiβjrp and length

l(i,j) = αiβjlp. The length of a vessel segment is a function of the length-to-radius

ratio (lrr) and the radius of the vessel; the lrr varies between organ organ systems;

establishing a value for lrr is discussed in Chapter 4 and Chapter 5 for the pulmonary

and coronary systems, respectively. The parameters α, β are determined using the

branching and asymmetry parameters that will be seen in Chapter 4.

Qureshi [2, 3, 59] developed an efficient algorithm to find the grand admittance

matrix in the absence of external pressure. I have modified this algorithm to compute

the admittance including a time dependent external pressure. For simplicity, the

same external pressure is applied to all vessels so is spatially homogenous. Details of

the algorithm can be found in Appendix B. Essentially, it computes the admittance

matrices (one each for the fluid and external pressure parts) for all vessels in the

structured tree in Fourier space. For a tree with n ∈ Z>0 generations, the smallest



CHAPTER 2. HÆMODYNAMICS 47

(0, 0)

(1,
0)

(0, 1)

(2,
0)

(1, 1) (1,
1)

(0,2)
Figure 2.8: Cartoon showing the arterial side of a structured tree that has been

truncated after the 2nd generation. The structured tree arises from a large artery.

Here, bifurcations to the right are α bifurcations; left branches are β branches. In

this example α = 0.9, β = 0.75. The index pair (i, j) are given for each vessel in this

tree.

vessels will have indices (i, j) such that i+ j = n. Starting with the smallest vessels,

pair-wise in series, join an artery with the vein that arises from it. Next, join arterial-

venous pairs in parallel with those of the same generation; this forms a connection

from the (n − 1)-th arterial and venous generation. In series, join the arteries in

generation (n − 1) with the downstream bed formed in the previous step and the

analogous vein. Continue until there are no more vessels.

While an arterial tree is modelled by bifurcating branches of a structured tree,

a venous one is modelled with coalescing branches. These two structured trees are

joined in series with each other. As per the theory described in subsection 2.3.5,

the arterial and venous trees both have associated admittance matrices. The grand

admittance Y of a tree consisting of a arterial and venous tree joined in series is
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given by

Y = Y A(0, 0) ⇐⇒
[{
Y A(1, 0)||Y A(0, 1)

}
⇐⇒

{
Y V (1, 0)||Y V (0, 1)

}]
⇐⇒ Y V (0, 0).

where ⇐⇒ indicates a join in series and || a join in parallel; Y A are admittance

matrices for the arterial side, and Y V are admittances for the venous side. The

algorithm used to compute the grand admittance is given in App. B.

Once a grand admittance matrix has been obtained, we can use it to relate the

fluid pressure and flow at the inlet PA(L), QA(L) to the pressure and flow at the

outlet P V (0), QV (0) together with the external pressure at these points, denoted ÞA,

ÞV for the imposed arterial and venous pressure respectively, i.e. QA(L)

QV (0)

 = Y

 PA(L)

P V (0)

− Y e

 ÞA(L)

ÞV (0)

 . (2.59)

This gives us the flows in terms of the pressures in Fourier space, which we relate

to the real pressures and flows using the convolution product, convolution integral,

and Fourier coefficients given in Sec. 2.3, specifically

(2.60a)
qA(L, t) =

1

T

∫ T/2

−T/2

[(
pA(L, t− τ)y11(τ) + pV (0, t− τ)y12(τ)

)

−
(
þA(t− τ)ye11(τ) + þV (t− τ)ye12(τ)

)]
dτ ,

(2.60b)
qV (0, t) =

1

T

∫ T/2

−T/2

[(
pA(L, t− τ)y21(τ) + pV (0, t− τ)y22(τ)

)

−
(
þA(t− τ)ye21(τ) + þV (t− τ)ye22(τ)

)]
dτ.



CHAPTER 2. HÆMODYNAMICS 49

In Section 3.2.4 we derive explicit boundary matching conditions that can be

implemented numerically.

2.4 Chapter Summary

In this chapter we have specified the function for blood viscosity in small and large

vessels. Viscosity in large vessels is constant, whereas in structured trees viscosity in

any single vessel is constant but it is radius, so changes throughout the tree. There is

a discontinuity between the published values for viscosity in large and small vessels.

To reconcile this discrepancy, we scaled the function that gives small vessel with

respect to the large vessel bulk viscosity value.

Then, beginning from the Navier–Stokes equations in cylindrical polar coordi-

nates, and an incompressibility condition, we make a series of rational approxima-

tions to arrive at 1D equations for x-momentum balance and conservation of volume

in large vessels. These two equations have three unknowns (A, q, φ), so we add a

constitutive relation.

The derivation for flow in small vessels begins identically to that in large vessels.

From a system of governing equations for small vessels, we to derive a boundary

matching condition that allows us to link the flow and pressure at the terminus of an

artery to the initus of a vein. The boundary matching conditions are expressed as a

grand admittance matrix that relate in/out flow to in/out blood pressure and external

pressure. Grand admittance matrices are computed via a recursion algorithm that

takes matrices for single vessels, vessels joined in parallel, and vessels joined in series,

together with constitutive and geometric parameters. The algorithm to find grand

admittances works in Fourier space, so we use a convolution integral to find the

real-space analogue for each structured tree.
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The key contribution of this chapter is the novel and systematic inclusion of

external pressure that is applied to both small and large vessels along their entire

lengths. We are aware that Müller [31] and Mynard & Nithiarasu [34] derive similar

large vessel models to ours and that the external pressure varies longitudinally in

vessels in Müller’s construction. We are, however, unaware of any 1D vascular bed

model that includes external pressure. There are 0D lumped parameter models

that include an ad hoc external pressure such as that of Clipp [33, 46, 47]. A fuller

discussion of mathematical models for blood flow that include external pressure can

be found in Chapter 1.

It is worth noting that, in practice, we use the radius-dependent viscosity in

simulations of pulmonary flows but not for coronary flows. We do not use the radius

dependent viscosity in coronary flows, as doing so leads to a convergence failure in

the Newton-Raphson scheme used to find solutions to the model equations. The

discussion of radius dependent viscosity is included here for completeness.



Chapter 3

Numerical Methods

In this chapter, I discuss the numerical methods, boundary conditions, and junction

matching techniques that we use to simulate blood flow through a two-sided vascular

network. This chapter begins with an overview of the computational scheme, before

discussing specific numerical schemes, algorithms, and derivations. This chapter

largely follows the work of Peskin, Olufsen, and Qureshi [3,44,69], but with key dif-

ferences arising due to the inclusion of external pressure. The generalisation of large

vessel junctions was done in collaboration with Dr. Mitchel Colebank (University of

California, Irvine) and Prof. Mette Olufsen (North Carolina State University).

3.1 An Overview of the Computational Scheme

We have written down equations for blood flow and pressure in terms of vessel area

in a large blood vessel that is subject to some external pressure. Further, we have

developed an average description of fluid dynamic behaviour within a vascular bed

via a structured tree approach. Now, I discuss the development and implementation

51
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of the computational scheme. I begin with the computational scheme for blood

flow in a single vessel of finite length, then moving onto the initial and boundary

conditions that are applied in the model.

When working with the scheme, one specifies a network comprised of large arteries

and veins. Each vessel has a unique index, length and radius, as well as vessels that

are joined to it’s distal end. The vessels are also all sorted into one of the four

following types:

• inlet arteries,

• arteries or veins arising from a bifurcation,

• terminal arteries to be match to veins,

• terminal veins.

We supply initial conditions of either a fluid pressure or fluid flow profile and external

pressure profile(s). The initial conditions are applied at the proximal end (x = 0)

of the inlet arteries. If flow is supplied as the initial condition, we compute vessel

area for all time t ∈ [0, T ] and pressure; if pressure is supplied, we compute flow then

area. Once q, p, A are known for all time t at x = 0, we move onto the next spatial

point in the inlet arteries. Continue like this until the end(s) of the inlet arteries are

reached.

The inlet arteries then branch to form further arteries; the distal flow and pressure

of the inlet artery are used to compute the proximal flow and pressure for the daughter

arteries, and the scheme finds flow, pressure, and area at all grid points in the

daughters. Daughter vessels can then either branch to form more arteries, or they

can be joined to a vein via a structured tree.
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As discussed previously, a structured tree can be thought of as an average descrip-

tion of a vascular bed, and we have written down equations that relate the proximal

flow and pressure to the distal flow and pressure. The distal flow and pressure in

a structured tree are supplied by the terminal artery from whence it arises, and

the grand admittance relates this to flow and pressure at the distal end of a vein.

Computation of flow and pressure in each vein proceeds exactly as it does in arteries.

Veins arising from the structured tree can either coalesce to form larger veins,

or can be treated as an outlet vessel. Coalescing vessels are treated like bifurcating

vessels. In outlet veins, we apply the outlet boundary condition in the end furthest

from the structured tree. The outlet boundary condition is usually a static pressure,

but could easily be modified to be a time dependent pressure or flow profile.

3.2 Methods for Large Vessels

The system (2.8, 2.22, 2.23) cannot be solved analytically in the computational

domain representing a vascular network, so we must solve it numerically. To do

this, we use a two-step Lax–Wendroff method. We use a Lax–Wendroff method as

this is a standard tool for solving hyperbolic systems, is relatively straight forward

to implement, is second-order accurate in time and space, and is computationally

efficient. In order to apply this method, we write the model equations in conservative

form.

We begin by considering A(x, t) ≡ Â(ϕ(x, t), r0(x)), where A, Â are vessel lu-

men area, ϕ is transmural pressure, r0 is the reference lumen radius, x denotes the

longitudinal direction, and t is time. Unless otherwise specified, a hatˆ indicates a

dependence on one or more of ϕ, r0, and its absence indicates dependence on one or
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more of x, t. In order to write (2.22) in conservation form, we define

(3.1)
B̂(ϕ, r0) =

∫ ϕ

p0

Â(p∗, r0)|r0 dp∗ =
f̂

3
√
A0

(
[Â]3/2 − A3/2

0

)
≡ f

3
√
A0

(
[A]3/2 − A3/2

0

)
= B(x, t)

Details of this integration can be found in App. A.

In the following, the notation
∂γ

∂ξ

∣∣∣∣
ζ

means a partial derivative of γ with respect

to ξ that we evaluate at a fixed value of ζ.

Using the definition of B, we can rewrite (2.22) as

(3.2)
∂q

∂t
+

∂

∂x

(
q2

A
+B

)
= −2πR

δR
q

A
− ∂B̂

∂r0

∣∣∣∣∣
ϕ

dr0

dx

where R is the Reynolds’ number as defined in Subsection 2.2.2. Further,

(3.3)

∂B

∂x

∣∣∣∣
t

=
∂B̂

∂r0

∣∣∣∣∣
ϕ

dr0

dx
+
∂B̂

∂ϕ

∣∣∣∣∣
r0

∂ϕ

∂x

∣∣∣∣
t

=
∂B̂

∂r0

∣∣∣∣∣
ϕ

dr0

dx
+
∂B̂

∂ϕ

∣∣∣∣∣
r0

∂p

∂x

∣∣∣∣
t

,

further details of which can be found in Appendix A.

We can express the system (2.8, 3.2) in conservation form

∂

∂t
U +

∂

∂x
W = S, (3.4)
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where

U =

 A

q

 =

 U1

U2

 , (3.5a)

W =

 q

q2

A
+B

 =

 W1

W2

 , (3.5b)

S =

 0

−2πR

δR
q

A
− ∂B̂

∂r0

∣∣∣∣∣
ϕ

dr0

dx

 =

 S1

S2

 . (3.5c)

3.2.1 Richtmeyer’s two-step Lax–Wendroff scheme

We wish to derive a system of difference equations which are satisfied by smooth

solutions of (3.4) up to terms of second order in spatial and temporal steps, ∆x and

∆t. There is no possibility of shock formation as the wavelength of the pressure pulse

from the heart is much greater than the length scale of a vessel. These constitute

Richtmeyer’s two-stop Lax–Wendroff scheme. To do this, we follow Peskin [69].

Let Un
m = U(m∆x, n∆t), similarly for W and S, where m ∈ [0,M ], n ∈ [0, N ].

Here, M is number of distinct spatial points, and N is the number of time points.

We require expressions for derivatives of U, W, S with respect to x, t. These come

from an application of Taylor’s Theorem as follows:

(3.6)Un
m±1 = Un

m ±∆x(Ux)
n
m +

∆x2

2
(Uxx)

n
m ±

∆x3

6
(Uxxx)

n
m +O(∆x4).

Here, the subscript x indicates partial differentiation with respect to x. A similar

result holds for a Taylor’s series in t, and for W and S. Adding and subtracting

these we obtain

(3.7)Un
m+1 +Un

m−1 = 2Un
m + ∆x2(Uxx)

n
m +O(∆x4),

Un
m+1 −Un

m−1 = 2∆x(Ux)
n
m +O(∆x3).
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Consequences of this include

(3.8)

Un
m =

1

2

(
Un
m−1 +Un

m+1

)
+O(∆x2),

Un
m+1 −Un

m−1

2∆x
= (Ux)

n
m +O(∆x2)

Un
m+1 +Un

m−1 − 2Un
m

∆x2
= (Uxx)

n
m +O(∆x2)

which are all second order accurate due to symmetry. It is straightforward to write

down equivalent results for derivates of V and W with respect to x and t.

Consider
Un+1
m −Un

m

∆t
= Sn+1/2

m − (Wx)
n+1/2
m +O(∆t2)

which is the difference equation analogue of (3.4). We must approximate the right

hand side, but for this approximation to be useful, it should be constructed from the

values of U at time level n.

Before we do this, it is useful to note that

U
n+1/2
m+1/2 = Un

m+1/2 +
∆t

2
(Ut)

n
m+1/2 +O(∆t2), (3.9a)

Un
m+1/2 =

1

2

(
Un
m+1/2 +Un

m

)
+O(∆x2), (3.9b)

and by (3.4)
(3.10)(Ut)

n
m+1/2 = (−Wx)

n
m+1/2 + Snm+1/2 +O(∆x2).

Using (3.9b), (3.10), (3.9a) becomes

U
n+1/2
m+1/2 =

1

2

(
Un
m+1 +Un

m

)
+

∆t

2

[
Snm+1 + Snm

2
−
W n

m+1 −W n
m

∆x

]
+O(∆x2 + ∆t2).

(3.11)

Now, define a function Ũ such that

U
n+1/2
m+1/2 = Ũ

n+1/2
m+1/2 +O(∆x2 + ∆t2)
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for theoretical purposes, Ũ is required to hold for all values of m,n, not just integeral

values. This is a smooth function over the whole (x, t)-plane. It is easy to show that

a corresponding relationship holds for Ux & Ũx, W & W̃ , Wx & W̃x, and S & S̃

bearing in mind that S & W are functions of U , so S̃ & W̃ are functions of Ũ .

Richtmeyer’s two-step version of the Lax–Wendroff method comes from dropping

the higher order terms encoded in O(∆x2 + ∆t2). That is, we work with only

S̃, W̃ , and Ũ . For ease of notation, we drop the tildes. Until now, the scheme has

represented an exact solution of (3.4); this is no longer the case.

From (3.11), we can see that

(3.12)2Un+1
m =

(
U
n+1/2
m+1/2 +U

n+1/2
m−1/2

)
+∆t

[
S
n+1/2
m+1/2 + S

n+1/2
m−1/2

2
−
W

n+1/2
m+1/2 −W

n+1/2
m−1/2

∆x

]
.

By construction

Un+1/2
m =

U
n+1/2
m+1/2 +U

n+1/2
m−1/2

2
=
Un+1
m +Un

m

2
,

so we can rewrite (3.12) as

(3.13)Un+1
m = Un

m +
∆t

2

[
S
n+1/2
m+1/2 + S

n+1/2
m−1/2

]
− ∆t

∆x

[
W

n+1/2
m+1/2 −W

n+1/2
m−1/2

]
a four point formula that predicts flow at the next time level n + 1, given flow at

all space levels in time level n. It is suitable for recursively finding the second-order

accurate solution for U given initial data.

Further, we need to be able to determine

W
n+1/2
m±1/2,S

n+1/2
m±1/2

given their original definitions and the following consequence of (3.11)

(3.14)U
n+1/2
j =

1

2

(
Un
j+1/2 +Un

j−1/2

)
+

∆t

2

[
Snj+1/2 + Snj−1/2

2
−
W n

j+1/2 −W n
j−1/2

∆x

]
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in which j = m± 1/2.

As W and S are functions of U , if we can determine U at any point spatial or

temporal point in the computational domain, then we can find W and S at all of

those points.

3.2.2 Pressure as an Inlet Boundary Condition

Using a two-step Lax–Wendroff scheme it is possible to use any of flow, fluid pres-

sure, or vessel area as the inlet condition. Vessel area in the current configuration

can be written as a function of transmural pressure. Fluid pressure p(0, t) and ex-

ternal pressure þ(t) are prescribed for all time t, so it is straightforward to find the

transmural pressure ϕ(0, t) and hence area A(ϕ(0, t)) at the inlet. We determine flow

q(0, t) using (3.13), (3.5c), and (3.5b). For completeness, mathematical details can

be found in App. A.2

3.2.3 Vessel-Junction Matching Conditions

There are a number of variations on typical vascular anatomy that cannot be captured

by a bifurcating tree, such as stenoses due to coronary artery disease [89] or in the

pulmonary circulatory system [90], and tri- [91] and quadfurcations [92]. In all these

cases, it would be useful to be able to capture different branching patterns with

this model. To do this, I examine the existing boundary condition and extend it

to any number of daughter vessels. A vessel stenosis could be modelled using two

subsequent junctions with a one parent and daughter each as pictured in Fig. 3.1a.

To deal with vessel stenoses, tri-, and quadfurcations, we examine the bifurcation

matching condition presented by Olufsen [44] and generalise to give a matching

condition between a single parent and r ∈ Z≥1 daughter vessels. Such a junction is
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(a) Two subsequent junctions of r = 1 can be

used to model vessel stenosis. The red circles

represent the points at which the matching con-

dition is applied.

(b) A cartoon of an even trifurcation with

trifurcation point (on the intersection of the

dashed mid-lines of the vessels) marked with a

filled red circle.

Figure 3.1: Cartoon vessel junctions for r = 1 and r = 3.

called an “r-furcation". This can also be extended to join converging vessels.

As with bifurcations, we need to match fluid pressure and flow at the boundary

between the parent and daughter vessels. This amounts to imposing

pp(L, t) = pdi(0, t), ∀i = 1, 2, ..., r, (3.15)

qp(L, t) =
r∑
i=1

qdi(0, t) (3.16)

at the outlet of a parent vessel of length L (at x = L = M∆x) with fluid pressure

pp and flow qp and inlet (x = 0) of daughter vessels with fluid pressure pdi for the

i-th daughter and flow qdi . In discretised time and space, we write this matching

condition as

(fp)M


√√√√ (Ap)

j
M(

(A0)p

)
M

− 1

+ þp
j = (fdi)0

(√
(Adi)

j
0(

(A0)di
)

0

− 1

)
+ þd1

j, (3.17a)

(qp)
j
M =

r∑
i=1

(qdi)
j
0 . (3.17b)

for some time j∆t s and for all i = 1, 2, ..., r using the constitutive relation (2.23).

The external pressure applied to the parent vessel is þp and þdi is the external pressure
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applied to the i-th daughter vessel.

The flow and pressure boundary conditions at the next time step are given by

evaluating (3.17) at j = n+ 1. This yields a system of r + 1 equations and 2(r + 1)

unknowns (Ap)
n+1
M , (qp)

n+1
M , (Adi)

n+1
M , (qdi)

n+1
M .

Using the four-point formula (3.13) and the definitions (3.5a, 3.5b, 3.5c), we

predict flow and current area at time n+ 1

(3.18a)An+1
M = AnM −

∆x

∆t

((
(W1)di

)n+1/2

M+1/2
−
(
(W1)di

)n+1/2

M−1/2

)

(3.18b)
qn+1
M = qnM −

∆x

∆t

((
(W2)di

)n+1/2

M+1/2
−
(
(W2)di

)n+1/2

M−1/2

)
+

∆t

2

((
(S2)p

)n+1/2

M+1/2
+
(

(S2)p

)n+1/2

M−1/2

)
i = 0, ..., r, in which i = 0 indicates a parent vessel, and i 6= 0 the i-th daughter.

When i = 0, M = M and M = 0 otherwise. Doing so adds 2(r + 1) equations to

the system and 3(r + 1) unknowns ((W1)di)
n+1/2
M+1/2, ((W2)di)

n+1/2
M+1/2, ((S2)di)

n+1/2
M+1/2 for

i = 0, ..., r.

To find these unknowns, we introduce ghost-points a full spatial-step behind the

point at which we wish to evaluate (see Fig. 3.2)

(Adi)
n+1/2
M =

1

2

(
(Adi)

n+1/2
M−1/2 + (Adi)

n+1/2
M+1/2

)
, (3.19a)

(qdi)
n+1/2
M =

1

2

(
(qdi)

n+1/2
M−1/2 + (qdi)

n+1/2
M+1/2

)
, (3.19b)

as W , S are functions of A, q. Introducing the ghost-points has added 2(r + 1)

equations and 2(r + 1) unknowns (Adi)
n+1/2
M , (Adi)

n+1/2
M , i = 0, ..., r. All of the

unknowns W n+1/2
M+1/2, S

n+1/2
M+1/2 are now known.
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M − 1 M − 1
2

M M + 1
2

n

n+ 1
2

n+ 1

x

t

Figure 3.2: The ghost point marked with a circle (◦) is a half step after the outlet of

a vessel. Points marked with a cross (×) are known. The point marked with a box

(�) is found by averaging between adjacent time steps.

There are 6(r + 1) unknowns

x3i+1 = (qdi)
n+1
M , x3i+2 = (qdi)

n+1/2
M , x3i+3 = (qdi)

n+1/2
M−1/2 ,

x3(i+r+1)+1 = (Adi)
n+1
M , x3(i+r+1)+2 = (Adi)

n+1/2
M , x3(i+r+2) = (Adi)

n+1/2
M−1/2 ,

(3.20)

for i = 0, 1, ..., r. However, the system (3.17) at j = n+ 1, (3.18) and (3.19) for i =

0, ..., r is comprised of only 5(r + 1) equations. Evaluating the discretised boundary

condition (3.17) at n + 1/2 adds a further r + 1 equations without introducing any

additional unknowns. The system of equations is now well-determined.

At the grid points (L, n+ 1), (L, n+ 1
2
), (L+ 1

2
, n+ 1

2
), and (0, n+ 1), (0, n+ 1

2
),

(1
2
, n + 1

2
), each of (3.17), (3.18), (3.19) can be expressed as a residual gi(x) = 0,

i = 1, ..., 6(r + 1). These are listed App. A.3.1. The functions gi form the rows of a

vector of residuals g(x).

At each time step, n, the system can be solved to estimate x =
(
x1, x2, ..., x6(r+1)

)
by using Newton’s method which solves g(xi) = 0 by extending the tangent line at

the i-th guess for the root xi until it crosses zero. The next guess xi+1 is set to be
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the abscissa of that zero-crossing, i.e. |xi|. Algebraically, based on the first order

expansion of Taylor’s series in the neighbourhood of a point xi, the method gives

(xi)j = (xi)j−1 −

dg
(

(xi)j−1

)
d (xi)j−1

−1

g
(

(xi)j−1

)
where the index i ∈ [1, 2, ..., 6(r + 1)] tracks the unknown being estimated, and

j = 1, 2, ... represents the number of iterations. Continue iterating until the error

meets a tolerance condition∣∣∣g ((xi)j

)
− g

(
(xi)j−1

)∣∣∣ < ε,

or some maximum number of iterations is surpassed, in which case the computa-

tional scheme returns an error. This method only works for non-zero gradients with

appropriate initial guesses (xi)0 for each xi, i = 1, 2, ..., r. Thus, we have

(3.21)xj = xj−1 (Dg(xj−1))−1 g(xj−1)

from which we define the Jacobian J := Dg(x). We seek analytic expressions for J ,

its determinant det J and its inverse J−1 for a given number of daughter vessels r.

The Jacobian

The Jacobian J has a predictable structure, regardless of the number of daughter

vessels. I devised Alg. 1 to produce the Jacobian J ∈ R6(r+1)×6(r+1) used to match

the boundary between a single parent vessel and r daughters. The algorithm to

produce J is given in terms of the elements of the vector χ = [χ1, ..., χ4+4r], the rows

of this vector are functions. By definition, the elements of J are derivatives of g with

respect to x, and hence so are the elements of χ. Implementing the algorithm to

produce the Jacobian is straightforward using a modern computer algebra system,
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as is finding the unknowns and residuals for given r, and hence finding the functions

χ.

In order to match vessels together over a junction, we require J−1 once per time

step per junction. Numerically inverting J can be computationally expensive and

give rise to numerical rounding errors. Instead of finding J−1 numerically, we use a

computer algebra package to invert J before including it in the computational scheme,

skipping the matrix inversion step and increasing the robustness of the scheme.

3.2.4 Arterial-Venous Boundary Matching Condition

Matching the boundary between an arterial-venous pair using the structured tree

is very similar the junction matching for a single daughter. However, instead of

requiring continuity of fluid pressure, we use the structured tree boundary condition

seen in Chapter 2.

The boundary matching scheme presented in this section is adapted from that

of Vaughan [29] to include the impact of external pressure. In general, we join an

artery of length LA to a vein of length LV . By convention, the arterial and venous

trees are built from the outside in: from the inlet (arteries) or outlet (veins) towards

the structured tree. Because of this convention, we join the x = LA end of an artery

to the x = LV end of a vein.

To use it in the computational scheme, we must discretise the convolution integral

(2.60) that links flow flow and transmural pressure as

(3.22a)
(
qA
)n
MA =

((
pA
)n
MA (y11)0 +

(
pV
)n
MV (y12)0−

[(
þA
)n

(ye11)0 +
(
þV
)n

(ye12)0
]

+
N−1∑
k=1

[
(pA)

〈n−k〉N
MA (y11)k + (pV )

〈n−k〉N
MV (y12)k −

[
(þA)〈n−k〉N (ye11)k + (þV )〈n−k〉N (ye12)k

]])
∆t,
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Algorithm 1: An algorithm to produce the junction-matching Jacobian for

a given number of daughter vessels r.
Result: The Jacobian, J ∈ R6(r+1)×6(r+1);

Input: Integer r;

Let k = 1;

for (i from 1 to r+ 1 in steps of 1)
J(i, 3i− 2) = −1;

J(i, 3i) = χk; k = k + 1;

J(i, 3(i+ r + 1)) = χk; k = k + 1;
J(r + 2, 3(r + 1) + 1) = −1;

J(r + 2, 3) = −∆t
∆x

;

for (i from 1 to r in steps of 1)
J(r + 2 + i, 3(i+ 1)) = ∆t

∆x
;

J(r + 2 + i, 3(i+ r) + 4) = −1;

J(4(r + 1) + 1, 3i+ 2) = 1;

J(4(r + 1) + 2, 3i+ 1) = 1;

J(4(r + 1) + 2 + i, 3(r + 1) + 2) = χk;

J(5(r + 1) + 1 + i, 3(r + 1) + 1) = χk+r+1;
k = k + 1;

for (i from 1 to 2(r+ 1) in steps of 1)
J(i+ 2(r + 1), 3i− 1) = −1;

J(i+ 2(r + 1), 3i) = 1
2
;

J(4(r + 1) + 1, 2) = −1;

J(4(r + 1) + 2, 1) = −1;

for (i from 1 to r in steps of 1)
J(4(r + 1) + 2 + i, 3(i+ r + 1) + 2) = χk;

J(5(r + 1) + 1 + i, 3(i+ r + 1) + 1) = χk+r+1;

k = k + 1;
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(3.22b)
(
qV
)n
MV =

((
pA
)n
MA (y21)0 +

(
pV
)n
MV (y22)0 −

(
þA
)n

(ye21)0 −
(
þV
)n

(ye22)0

+
N−1∑
k=1

[
(pA)

〈n−k〉N
MA (y11)k + (pV )

〈n−k〉N
MV (y12)k−(þA)〈n−k〉N (ye11)k − (þV )〈n−k〉N (ye12)k

])
∆t.

Here, n ∈ [0, N ] is the current time step, and 〈·〉N is the modulo operator whose

output is integers in the range [0, N − 1].

Full details of the system of equations to solve, the unknowns, the residual equa-

tions, and the Jacobian J can be found in App. A.4. The analysis proceeds similarly

to that for the junction matching.

3.2.5 Outlet Pressure Based Boundary Condition

Similarly to the inlet boundary condition, this does not differ from the version pre-

sented by Qureshi [3]. For completeness, details can be found in A.6.

3.3 Summary

In this chapter, I give an overview of the model code before discussing the derivation

and implementation of the numerical methods required to simulate blood flow and

pressure in a two-sided network that is subject to some external pressure.

Much of the contents of this chapter builds upon the work of others: the Lax–

Wendroff scheme used here was originally presented by Peskin [69], Peskin also orig-

inally suggested the extension of Olufsen’s [44] structured tree matching condition

that allows us to join the arterial and venous sides together, this extension was

derived and implemented by Vaughan [29]. The pressure-based inlet boundary con-

dition was derived and implemented by Qureshi [3].
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I extended the Lax–Wendroff scheme and boundary matching conditions to in-

clude a time-dependent external pressure applied to small and large vessels. I imple-

mented the relevant changes in the model code, then generalising the vessel branching

condition that allows us include vessel stenosis and one-to-many junctions (such as

tri- and quadfurcations). To the best of our knowledge, there is little literature that

deals with such branching in 1D flow models, and none that generalise the junction

matching condition in the same way as is done in this chapter. Finally, I discuss

matching the large arterial and venous sides via a structured tree in which all vessels

are subject to some external pressure.

The generalisation from a bifurcation matching condition to a junction matching

condition represents an important step toward patient specific flow modelling, as

many vessel networks exhibit trifurcations or stenosis. To the best of our knowledge,

there are no other studies that generalise vessel branching to allow an arbitrary num-

ber of daughter vessels. To the best of our knowledge, the only study that includes

1D arterial or venous trifurcations is that of Mynard and Nithiarasu [34], who do not

discuss their boundary matching scheme in detail. In their studies of 1D coronary

flow Zheng and colleagues [49, 93] model trifurcations via two bifurcations in quick

succession. Choi et al. [94] model 1D airflow in the human lung using incompressible

isothermal energy balance equations which they solve using a GMRES; they do in-

clude bifurcations and trifurcations in their networks, but with significantly different

model equations and boundary conditions to those found here.

The key shortcomings of the work presented in this chapter arise from the as-

sumption of spatially homogeneous external pressure. We are able to specify different

external pressures to adjacent vessels which may lead to high-gradient jumps in fluid

or transmural pressure which is non-physical; a potential area of future research is

the “smoothing” of these external pressure discontinuities, where there is a grad-
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ual change along the length of a vessel to eliminate sudden jumps over junctions

or the structured tree. The pressure applied to the structured tree is also spatially

homogenous; it may be straight-forward to introduce radius-dependence to the pres-

sure applied to structured trees, perhaps better capturing the dynamics of an organ

in which greater pressure are applied deep within the tissue, and vessels get smaller

with depth.



Chapter 4

Model Validation and Pulmonary

Simulations

In this chapter, I demonstrate the impact made by applying an external pressure

on vessels in the two-sided network. To do so, I present a number of simulations

within toy networks under a few different scenarios. The simulation results are self

consistent and give intuitively reasonable results. Following this, I simulate blood

flow in a physiologically realistic pulmonary network, and show that the changes in

blood flow predicted by the model are in line with those seen in the literature.

4.1 Parameter choices

Minimum radius The minimum lumen radius permissible in a structured tree.

This should be set between approximately 10 µm and 100 µm. The smallest capil-

laries have radius 4 µm [5], so rmin must be greater than the radius of the smallest

capillaries. Olufsen [44] notes that rmin determines the overall resistance to flow of

68
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the structured tree and should be chosen for each organ or tissue in which we are

modelling. Further, it must be chosen carefully as simulations are highly sensitive

to changes in rmin [44, 79]. Vaughan showed that the choice of rmin is an important

determinant of mean arterial pressure; increasing rmin can be simulate microvascular

rarefaction and is an important predictor of hypertension. In his model for the pul-

monary circulation, Qureshi sets 50µm [3]. In toy simulations, I use rmin = 100 µm

in order to reduce computational time. For physiologically realistic simulations, I

use rmin = 25 µm.

Constitutive parameters Constitutive parameters for the wall k1, k2, k3 which

define the wall stiffness,
Eh

r0

= k1 exp(k2r0) + k3,

where E is Young’s modulus, h the wall thickness, and r0 the unstressed lumen

radius. For the pulmonary veins, we set k1 = 0Pa and k3 = 26000Pa, and k1 = 0Pa

k3 = 5000Pa for arteries1. When k1 = 0, k2 is arbitrary.

Scaling factors The scaling factors α and β control the radius of daughter vessels

within the structured tree. They are not set directly, but are controlled by the

parameters ξ, γ, η in the relationships

rξp = rξd1 + rξd2 , ξ ∈ [2.33, 3], (4.1)

γ =
r2
d2

r2
d1

, (4.2)

η =
r2
d1

+ r2
d2

r2
p

=
1 + γ

(1 + γξ/2)
2/ξ
, η > 1. (4.3)

11 Pa = 75×10−3 mm Hg.
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in which the subscript p denotes the parent vessel, and di, i = 1, 2 indicated the first

or second daughter vessel. Only two of ξ, η, γ are independent. In the structured

tree, all junctions are bifurcations. The scaling factors are given by

α = (1 + γξ/2)−1/ξ,

β = α
√
γ.

The first of these was originally suggested by Murray [95] and is derived from the

principle of minimum work where ξ = 3. Later Uylings [96] derived a more general

power law with ξ ∈ [2.33, 3.0]. Murray’s law is applicable to laminar flows (ξ = 3.0),

and ξ = 2.33 corresponds to a turbulent flow. The equations for γ and η comes from

network analysis by Zamir [97] and are used to quantify the branching asymmetry

and the lumen area change over a vessel bifurcation. These are applicable at all

bifurcations given the self-similarity of the junctions and the fractal nature of a

structured tree.

For the pulmonary circulation, Qureshi sets η = 1.16, ξ = 2.76, γ = 0.41, so

α = 0.91 and β = 0.58. As the scaling factors control the radii of vessels in the

tree, and we set a minimum radius of vessels in the tree, we can alter them to model

capillary rarefaction. Capillary rarefaction is characterised by reduction in density

of microvascular networks, and is a hallmark of primary and secondary hypertension

[98,99] and fibrotic disease [100]. According to Cameron, Lang & Toyuz, in primary

hypertension it is unclear whether vascular rarefaction arises due to increased blood

pressure or causes it [98], while Kerkhove, Paciolla & Arpino note that rarefaction has

been described in some individuals who are genetically predisposed to hypertension

prior to its onset [99].
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Length-to-Radius Ratio The length-to-radius ratio(lrr) ratio governs the length

of vessel segments with in the structured tree. The length l is a function of the

radius r, since l = r · lrr. If the scaling parameters control the density of a vessel

network, then lrr controls how far that network can spread from the root. The lrr

varies throughout the body, and depends on the function of the perfused tissue.

Arteries and veins need not have the same lrr. Based on analyses from Fung [101]

and experiments by Singhal et al. [102] and Huang et al. [103]. For pulmonary veins

Qureshi sets lrr = 15.75 and lrr = 14.54 for veins.

Characteristic Radius Scale The characteristic radius scale is used to compute

the Froude number F = u/
√
gLR

2, where u is local fluid velocity, g is acceleration

due to gravity, and LR the characteristic radius scale. Large pulmonary vessels have

radius of about 10mm, so we set LR = 10mm. The value to which the characteristic

radius is set depends on the tissue in which we are simulating blood flow. Typically,

F < 1 in coronary and pulmonary simulations.

Period The period T is the length of a single computational cycle, and should be

set to the period of the (periodic) data imposed at the inlet. The period of a heart

beat is 0.64 – 0.93 s [104]. We choose the period of a heart beat to be 0.7 s

Number of cycles We are free to choose the number of cycles (nominally heart

beats) for which the simulation runs. During the first cycle, the model equations

are solved at all spatial points in the computational domain and all time points in

the period using an initial condition. In subsequent cycles, the equations are solved

using the pressure, flow, and area values found in the previous cycle at the same

spatial-step, and for the corresponding time-step. After some number of cycles, the
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Figure 4.1: Measured flow and computed pressure at the inlet of the main pulmonary

artery from Qureshi et al. [2]. Reproduced with data provided by the authors.

simulation converges to a periodic solution. We define convergence as a pressure and

flow change less than 1% between a two consecutive periods.

Inlet Pressure Profile For toy simulations, I use a constant inlet pressure of

20mm Hg. This is to reduce computational time, and to help highlight any changes

made by the introduction of external pressures.

For the physiologically realistic simulations, we use the inlet profile Fig. 4.1. This

comes from Qureshi et al. [2] and is the computed pressure at the main pulmonary

artery inlet taken from simulations driven by a measured flow profile.

4.2 Toy Simulations

Here, we show that the computational model behaviour is intuitively sensible. In

particular, it is volume conserving, there is a pressure drop between the arterial inlet

and the venous outlet, and applying external pressures to vessels in the tree alters the

flow and pressure profiles. Volume conservation over a cycle is an important check



CHAPTER 4. MODEL VALIDATION AND PULMONARY SIMULATIONS 73

for solution periodicity, i.e. that transients have decayed, and of adequate spatial

resolution.

4.2.1 A Monofurcation

Due to constraints in the computational scheme, the large vessel tree needs to be

comprised of at least 2 arteries and 1 vein. The constraint is that we are able to

impose only one in/outlet boundary condition on each large vessel, so an artery

may be either an inlet or give rise to a structured tree, but not both. This is

a stenotic artery tree, and drains into a single vein via the structured tree. The

morphometric data specifying an example of such a tree is given in Table 4.1. There

is a monofurcation between the arteries.

The morphometric details of all the trees in which we simulate fluid flow are

given in summary tables, such as in Table 4.1. The summary table for a network of

n vessels contains n rows. Each row gives a unique index to a vessel, together with its

length L, proximal radius in the reference configuration r0(0) and distal radius r0(L),

as well as the index numbers of the vessels to which it is distally joined. Arteries can

give rise to 1, 2, or 3 arteries, or are joined to a vein via a structured tree. The type

column indicated which boundary conditions are applied to each vessel; the available

types are

• Arteries:

– Inlet: the inlet boundary condition is applied at the proximal end, and a

junction matching condition at the other end.

– Terminal: Vessels joined to the structured tree

• Veins:
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Index Daughter(s)
(mm)

Length

(mm)

Radius

Proximal

(mm)

Radius

Distal

Type

0 1 40 11.5 11.5 Inlet artery

1 2 40 11.0 11.0 Outlet artery

2 40 11.0 11.0
Outlet and

Terminal Vein

Table 4.1: Morphometric table for a toy tree of three vessels with a stenotic artery.

1 2 4 5 6

Figure 4.2: A cartoon of the simple, stenotic tree described in Subsection 4.2.1 and

Table 4.1. The red circles indicate the points at which boundary conditions are

imposed, and the points between which I check for conservation of flow. The dashed

line represents the structured tree that joins the arterial and venous sides.

– Outlet: this vein drains the system and the outflow boundary condition

is applied

– Terminal: these veins are joined to the structured tree

– Outlet and terminal: the vein is joined to the structured tree and also

drains the system. There is only one generation of veins.

The model code is capable of returning fluid flow, fluid pressure, transmural

pressure, fluid velocity, and lumen area at regularly spaced intervals (with a default

of 2.5 mm) in each vessel at a given temporal resolution (128 points per period).
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Impact of Number of Cycles

To illustrate the impact of the number of computational cycles on simulated flow

and pressure, consider Fig. 4.3. The simulations shown here use a constant inlet

pressure of 20mmHg and were run for 1, 4, and 16 cycles. The pressure and flow

solution curves shown are from the inlet artery and the vein. As the number of cycles

increases, the noise in the simulation decreases.

To determine if the simulation has converged, we compare the fluid pressure and

flow at each spatial point in the computational domain in one period against the

values for the previous period.

The maximal percentage difference in flow and pressure between cycles 1 & 2 is

956.6%, so the simulation has not converged after 1 cycle. However, the difference

between cycles 5 & 6 is 0.85%, so cycle 5 is considered to be convergent, as all other

subsequent cycles. Figure 4.4 shows plots of the percentage difference between flow

and pressure in subsequent cycles at some of the spatial points with the vein.

Volume Conservation

Ensuring fluid volume is conserved is an important check for periodicity and adequate

spatial resolution. If periodicity is achieved, fluid volume over a single period is

spatially uniform.

From Fig. 4.3c, it is clear that volume is conserved along the length of the first

artery. However, it is important to check that volume is conserved over the mono-

furcation and structured tree. For 16 cycles, there is no volume change over the

monofurcation or the structured tree. There is a change of 0.2ml (0.06%) over the

length of the daughter artery and 0.14ml (0.04%) over the length of the vein. The

total change over the tree is 0.06ml.
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(a) Simulated pressure and flow for 1 cycles.

(b) Simulated pressure and flow for 4 cycles.

(c) Simulated pressure and flow for 16 cycles.

Figure 4.3: Simulated flow and pressure in the inlet artery of the simple stenotic tree

for (a) 1, (b) 4, and (c) 16 cycles. Simulations run for insufficient time have high

pressure and flow changes which decay in subsequent runs. The curves within each

panel show the pressure and flow at different spatial positions within the artery. In

each case, the final cycle starts at t = 0 and runs to t = 0.7.
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(a) Comparison of flow and pressure in 1 & 2 cycles.

(b) Comparison of flow and pressure in 4 & 16 cycles.

Figure 4.4: Convergence tests: Percentage differences between simulated pressures

for 1 & 2 and 4 & 16 computational cycles at the several points with the vein.

Volume conservation is not an artefact of constant inlet pressure. Table 4.2

shows volume differences between points marked in Fig. 4.2 in a simulation using the

physiologically realistic pressure profile and 4 computational cycles.

From table 4.2, we can see that in the 4 cycle simulation, the change in fluid

volume between the ends of all vessels, over each junction, and over the whole tree is

very small. There is a total volume gain of 0.571 ml across the between the arterial

inlet and venous outlet, which is a volume increase of 0.28% from the initial fluid

volume. Since the volume change is so small, we conclude that in the absence of

external pressure, the stenotic vessel junctions and the structured tree are volume

preserving.

Volume conservation failure can occur because of an inappropriately large spatial

step size. Figure 4.5 shows how total volume difference over the tree depends on step-
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Position Volume (ml) Volume change (ml) Cumulative change (ml)

1 203.777

Parent 2 203.788 0.011 0.011

Daughter 2 203.795 0.007 0.018

4 203.890 0.095 0.113

5 204.285 0.395 0.508

6 204.348 0.063 0.571

Table 4.2: For each position shown in Fig. 4.2, we find the fluid volume that passes

that point over the course of one period. Point 2 is the junction point between the

parent and daughter vessel, so appears twice in the computational domain, so is

included twice in the table. This is recorded in the Volume column. The Volume

change gives the difference between the fluid volumes at subsequent points; Cumu-

lative change is the sum of these.
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Figure 4.5: Decreasing spatial step-size increases volume conservation for a fixed

number of cycles and temporal resolution.

size for a fixed number of cycles and temporal resolution in a simulation driven by

constant pressure. In general, volume conservation improves as step-size decreases.

Volume changes across a single period between two points in the computational

domain of less than 3% of the inlet volume are considered negligible, as these have

likely arisen due to insufficient resolution or computational cycles. As such, they can

be straightforwardly resolved but at the cost of increasing over all computation time.

Steady External Pressure

In this sub-section, I aim to show how the application of steady external pressure

impacts the simulated blood flow and pressure. To do this, I consider four cases with

steady external pressure:

(i) an external pressure of 0mmHg is applied to small and large vessels

(ii) 10mmHg on the large vessels only

(iii) 10mmHg on the structured tree only
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(iv) 10mmHg on large vessels, and 10mmHg on small vessels.

A steady inlet pressure of 20mmHg drives the flow and with the exception of

external pressure, all parameters are fixed between simulations. The simulations are

set to run for 12 cycles of 0.7 s each. Figure 4.6 shows the simulated pressure and flow

at the distal ends of all three vessels (positions 2, 4 & 5 in Fig. 4.2). Fluid volume

change between the arterial inlet and venous outlet is < 1% in all simulations.

In arteries, the application of external pressure to large vessels in (ii) & (iv)

causes slight changes in fluid pressure and flow (< 1%) and a decrease in lumen area

by 7.5%. Lumen area decreases when large vessels are compressed, as transmural

pressure decreases, and lumen area depends on transmural pressure. Steady external

pressures applied to small vessels appear to have little effect on fluid pressure, flow,

or lumen area.

We expect a pressure drop along the length of a vessel. In all cases seen in Figures

4.6, we can see that the pressure at distal end of parent artery is higher than that

in its daughter. These are both higher than the pressures seen in the vein. This is

an expected behaviour. The pressure drop over the structured tree is high, as it is

composed of many vessels.

Computationally Viable Domain

We wish to find the computationally viable domain of external pressures. By this, we

mean the combinations of external pressures amplitudes for which simulations run to

completion given a certain set of parameters, data, and initial conditions. Knowledge

of this domain is useful, as it can help to inform later choices of external pressure

values. The size and shape of the region will depend on many factors, including the

all parameter choices made for a particular set of simulations, the inlet and outlet
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(a) Fluid pressure, flow, and lumen area at the distal end of the inlet artery.

(b) Fluid pressure, flow, and lumen area at the structured tree end of the terminal artery.

(c) Fluid pressure, flow, and lumen area at the structured tree end of the vein.

1 2 4 5 6

Figure 4.6: Simulated pressure p, flow q, and lumen area A at the distal ends of

the (a) inlet artery (point 2), (b) terminal artery (point 4), and (c) vein in the

monofurcating tree (point 6). Items in the legends refer to the simulations in which

(i) external pressures of 0mmHg are applied to small and large vessels, (ii) external

pressure is applied to large vessels only, (iii) external pressure is applied to small

vessels only, and (iv) external pressure is applied to small and large vessels. The

final panel is Fig. 4.2 for convenience.
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boundary conditions, and modelling assumptions and choices (such as for the velocity

profile and tube law).

By construction, transmural pressure ϕ = p − þ where p is fluid pressure, and

þ is external pressure. External pressures can be compressive (þ > 0) or expansive

(þ < 0).

To find the computationally viable domain, fix all parameters including spatial

and temporal steps, and data in the model except for the pressure amplitude applied

to small and large vessels. Next, define ranges of small and large vessel pressure to

search and discretise this into a grid covering the space. For each grid point, run one

simulation with the appropriate small and large vessel external pressure and record

the outcome (success or failure) and any error messages that arise. With this data,

we can visualise the computationally viable domain such as in Fig. 4.7

I choose to use−100,−95, ..., 95, 100mmHg as the small and large steady external

pressures. There are 41 values in the list, so 1681 simulations to run. Decreasing

pressure step-size increases the resolution of the viable domain, but also increases

computational time. Fluid flow is driven with a steady inlet pressure of 20mm Hg.

The faults that occur in this test are the violation of the Courant–Friedrichs–Lewy

(CFL) condition, and a convergence failure of solutions when matching the arterial

and venous sides over the structured tree. From Olufsen, [44] the CFL condition

requires
∆t

∆x
<

∣∣∣∣ q(x, t)A(x, t)
± c(x, t)

∣∣∣∣−1

to be satisfied at all (x, t), where q, A, & c are flow, lumen area, and wave speed.

The CFL condition is checked at each temporal and spatial step in the computational

domain.

If the CFL condition is violated for a particular run, it is possible to increase
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Figure 4.7: The computationally viable domain representation. The central region

of black points is the computationally viable domain. It is bounded by infeasible

regions in which the matching condition between the arterial and venous side failed

(+), or the CFL condition is violated (o).

spatial and temporal resolution so that it is not violated. However, this increases

computational cost. Failure to match arterial and venous sides occurs when the New-

ton scheme (see Section 3.2.4) fails to converge in a prescribed number of iterations.

It is possible to increase the number of iterations allowed. Both of these solutions in-

creases computational time. Further, the external pressures for which the simulation

fails are high relative (≥ |20|mm Hg) to the 20mmHg inlet pressure.

Time-Varying External Pressure

We can apply periodic time-varying external pressures with period in the model,

with the constraint that the period of the external pressure and inlet pressure are
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Figure 4.8: Sinusoidal external pressure signal with amplitude 10mmHg and period

T = 0.7 s.

the same. External pressures applied to the tree can be time-dependent, but must

have the same period as the inlet data. To show how time-varying external pressure

changes simulated flow and pressure, we apply a sinusoidal external pressure with

amplitude 10mmHg shown in Fig. 4.8 in the following four cases

(i) No external pressure,

(ii) External pressure applied to large vessels only,

(iii) External pressure applied to small vessels only,

(iv) External pressure applied to both large and small vessels.

Other than the external pressure, these simulations use the same set of parameter

values as those shown in Fig. 4.6.

Figure 4.9 shows fluid pressure p, flow q, and lumen area A at the distal (x = L)

end of the inlet artery, terminal artery, and vein in the monofurcating tree. Inlet

pressure is a steady 20mm Hg. All the simulations are volume conserving and have

reached a periodic state.

Due to the external pressure choice, vessels are compressed from 0 – 0.35 s and

expanded from 0.35 – 0.7 s. During compression, the fluid pressure in all vessels drops
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below the fluid pressure in the reference case. This drop occurs at different times

depending on the combination of external pressures, but this can straightforwardly

be understood as a consequence of the compliant vessel walls and pulse propagation.

Conversely, in the latter half of the period, vessels experience expansion, and fluid

pressure increases. The fluid pressure minima and maxima are achieved earliest in

the simulation where only large vessels are subject to external pressure (ii), and

latest when only small vessels are subject to it (iii). The minima when both small

and large vessels is subject to external pressure (iv) lies between these. The pressure

deviations from the reference case (i) are approximately 10% of inlet pressure in the

inlet artery, which constitutes a significant change.

When small vessels are subject to external pressures in cases (iii) & (iv), flow

changes by up to 500ml s−1 over the course of the period as compared to the undis-

turbed case (i). When the structured trees are compressed, arterial flow is signifi-

cantly reduced compared to the reference state; conversely when they are expanded,

flow increases. Peaks in arterial flow coincide with troughs in venous flow, and vice

versa.

Lumen area is governed by the tube law (2.23)

ϕ(x, t) = p(x, t)− þ(t) =
4

3

Eh

r0(x)

(√
A(x, t)

A0(x)
− 1

)
.

When large vessels are subject to an external pressure, we expect lumen area to

change in line with the transmural pressure. That is, area will decrease during

compression and increase during expansion. In these cases (ii) & (iv), there is a

change of 8% from lumen area in the reference case. Subjecting only the structured

tree to external pressure alters large vessel lumen area by no more than 2%.

When structured trees are compressed, we expect to see a back up of fluid and

decrease in flow due to increased down-stream resistance; the fluid back up also
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causes an increase in lumen area when small vessels are compressed. We can see

the drop in arterial flow in small vessel compression in the top two middle panels of

Fig. 4.9(a)&(b), and the higher lumen area in cases with structured tree compression

in the right hand panels (compare (i) with (iii) and (ii) with (iv)). When large vessels

are compressed, we see a drop of approximately 6% in lumen area at the peak of

compression as compared to the undisturbed case. This is consistent both with the

constant external pressure simulations.

As already observed, fluid pressure drops significantly (by 90% from from 19.9mmHg to

2mm Hg) over the structured tree, but flow volume is conserved. There are peaks

in venous flow that correspond to the arterial flow troughs in the cases of vascular

bed compression (iii) & (iv). This can be understood as fluid begin squeezed out

of the vascular bed. As structured trees are subject to expansive pressures, arterial

flow increases and we see corresponding drops in venous flow. There is a finite fluid

volume present in the system, so peaks of flow in one vessel at a certain time neces-

sitate that there will be low flow in downstream vessels at that time. We can also

see this behaviour in measured arterial and venous flow [105].

Negative Fluid Pressure In this thesis, fluid pressure p(x, t) is pressure along

the centreline of each vessel. In the vein we see p(x, t) < 0mmHg during the appli-

cation of pressure to the small vessels. This can be straightforwardly explained by

Bernoulli’s principle: flow velocity is rapidly decreasing, hence the fluid velocity is

high, and fluid pressure drops.

There is venous backflow (reversal of flow direction) shortly after fluid pressure

drops below 0mm Hg.
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(a) Fluid pressure, flow and lumen area at the distal end of the inlet artery.

(b) Fluid pressure, flow and lumen area at the structured tree end of the terminal artery.

(c) Fluid pressure, flow and lumen area at the structured tree end of the vein.

Figure 4.9: Simulated fluid pressure, flow, and area at the distal end of both arteries

and the vein with a periodic external pressure profile as shown in Fig. 4.8. The

legends refer to cases: (i) no external pressure; (ii) pressure applied to large vessels

only; (iii) pressure applied to small vessels only; (iv) pressure applied to large and

small vessels.
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Summary Time-varying external pressure applied to large vessels impacts fluid

pressure p (by up to 75%), and lumen area A (up to 10%) flow q (up to 10%) in all

vessels. External pressures applied to the structured tree do not significantly impact

lumen area A (by up to 5%), but significantly change fluid pressure and flow (by up

to 25 and 100%, respectively). The changes in p, q, A seen when external pressures

are applied to the whole tree are between those for the application to large vessels

alone and small vessels alone. All percentages are relative to the undisturbed case

(i).

Computationally Viable Domain

As with the steady external pressure simulations, we wish to find the computationally

viable domain for time-dependent external pressures. To find the domain, we repeat

the analysis above described, but with a sinusoidal external pressure instead of a

steady one. This procedure results in Fig. 4.10. The size and shape of this region

will additionally depend on the external pressure profile used in simulations.

There were 37 combinations of external pressure amplitudes that result in faults

other than the CFL condition violation and a boundary matching failure; 10 of these

were caused by a division by 0 in a residual equation, and the other 27 were caused

by a convergence failure in the Newton scheme that matches the monofurcation.

The sinusoidal external pressure (Fig. 4.8) is compressive and expansive, so the

computationally viable domain has rotational symmetry about the origin.

4.2.2 A Bifurcation

In addition to monofucations (one-to-one branching), we are able to simulate flow

through networks containing bifurcations (one-to-two branching). In this subsection,
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Figure 4.10: The central black region represents combinations of pressure amplitudes

for which simulations converge within 6 computational cycles of length 0.7 s, with

fixed spatial and temporal step size. Outwith this region, simulations failure is

caused arterial-venous boundary matching failure (+, 543 instances), CFL condition

violation (◦, 91 instances), and other faults (�, 37 instances).

we consider a symmetric bifurcating tree. The summary table for this tree is given in

Table 4.3; a cartoon depicting this tree can be seen in Fig. 4.11. Constant pressures of

20mmHg and 2mmHg are prescribed at the inlet boundary and outlet boundaries,

respectively.

Volume Conservation

The fluid volume that passes through the arterial inlet over one period is 470.83ml,

and 235.45ml is drained by each veins over the same period. There is an insignificant

volume loss of 0.07ml (0.01% of inlet volume) over the course of a period. We have

seen that volume is conserved over the structured trees and along each vessel. Hence,

the bifurcation matching condition must also be volume conserving. All values are

given to 2 decimal places.
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Index Daughter(s)
(mm)

Length

(mm)

Radius

Proximal

(mm)

Radius

Distal

Type Marked nodes

0 1, 2 40 11.5 11.5 Inlet artery 1, 2

1 3 40 11.0 11.0 Outlet artery 2, 3

2 4 40 11.0 11.0 Outlet artery 2, 4

3 40 11.0 11.0
Outlet and

Terminal Vein
5, 7

4 40 11.0 11.0
Outlet and

Terminal Vein
6, 8

Table 4.3: Morphometric table for a toy tree of five vessels with a symmetric arterial

bifurcation.

1 2

3

4

5

6

7

8

Figure 4.11: A cartoon of a bifurcating tree described in Subsection 4.2.2 and Table

4.3. The red circles indicate the points at which boundary conditions are imposed,

and the points between which I check for conservation of flow. The node labelled 2

is the bifurcation point between the three vessels in the junction; this is the point at

which the fluid volume is split between the two daughter vessels. The dashed line

represents the structured tree that joins the arterial and venous sides.
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Spatial Variation in External Pressure in the Bifurcating Tree

For model simplicity, we assumed that external pressure is spatially uniform on the

length scale of a single vessel segment. However, we are able to apply different

external pressures to each large vessel and to each structured tree, thus allowing

spatial variation on a whole-network scale.

To illustrate the impact of spatial variation in external pressure, I apply a sinu-

soidal external pressure with amplitude 10mmHg to the top daughter (between (2)

and (3)) artery, structured tree, and vein (Vessels 1 & 3 in Table 4.3). All other

vessels are not subject to external pressure. This is the disturbed case. We define

a reference case against which to compare this by setting all external pressures to

0. Figure 4.12 shows the difference in pressure and flow between the cases at the

mid-point of each large vessel. A negative difference means that the quantity in the

vessel is higher in the reference case.

As has already been observed, compressive external pressures in the first half of

the period decrease arterial and venous fluid pressure, and arterial flow below the

values observed in the reference case. Arterial flow increases by up to 100% compared

to the reference case, and fluid pressure by 25% which are in line with the changes

seen in the stenotic tree.

Vessels 1 and 3 are subject to the sinusoidal external pressure, as is the structured

tree that joins them. Flow from Vessel 1 into 3 is restricted during the first half of

the period, so arterial flow drops during this time and venous flow increases above

flow in the reference case. In the latter half of the period, external pressures are

expansive, so arterial flow increases above the reference level. This effect is seen in

the upstream Vessel 0, and propagates through into the sibling Vessel 2. As the

structured tree between Vessels 2 and 4 is not subject to an external pressure, the



CHAPTER 4. MODEL VALIDATION AND PULMONARY SIMULATIONS 92

Figure 4.12: A sinusoidal external pressure with amplitude 10 mmHg is applied to

the structured tree that joins vessels 1 and 3. This is compressive in the first half of

all periods and expansive in the latter half. In each panel, wer present the difference

between pressure (solid blue, left axes) and flow (dotted orange, right axes) against

a simulation in which 0 mmHg of external pressure are applied to all vessels.
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1 2

3

4

5

6

7

8

9

10

11

Figure 4.13: A cartoon of the simple trifurcating tree described in Subsection 4.2.3

and Table 4.4. The red circles indicate the points at which boundary conditions are

imposed, and the points between which I check for conservation of flow. The nodes

labelled 2 is the trifurcation point between the four vessels in the junction; this is

the point at which the fluid volume is split between the two daughter vessels. The

dashed lines represents the structured tree that joins the arterial and venous sides.

flow in these is more similar to reference flow than in the other branches. Flow range

in Vessel 1 is -300 – 1000ml s−1, where as it is 200 – 600ml s−1 in Vessel 2. Similarly

for venous flow, the left flow range is -400 – 900ml s−1, and the right flow range is

180 – 500ml s−1.

Spatially inhomogeneous, time-dependent external pressures can be modelled

with the framework described in this thesis. Further, such external pressures in-

fluence fluid pressure, hence flow, throughout the network regardless of the site(s)

of pressure application. The effect of external pressure decreases with increasing

distance from the site of pressure application.

4.2.3 Trifurcations

Similarly to the mono- and bifurcating trees, we can model flow through trifurcations

(one-to-three branching). As with the previous two sections, we set up a tree with a

single large vessel junction as described in Table 4.4 and illustrated in Fig. 4.13.
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Index Daughter(s)
(mm)

Length

Radius (mm)

Proximal

Radius (mm)

Distal
Type

0 1, 2, 3 40 11.5 11.5 Inlet artery

1 4 40 11.0 11.0 Outlet artery

2 5 40 11.0 11.0 Outlet artery

3 6 40 11.0 11.0 Outlet artery

4 N/A 40 11.0 11.0
Outlet and

Terminal Vein

5 N/A 40 11.0 11.0
Outlet and

Terminal Vein

6 N/A 40 11.0 11.0
Outlet and

Terminal Vein

Table 4.4: Morphometric table for a toy tree of seven vessels with a symmetric

arterial trifurcation.

As has been shown in mono- and bifurcating trees, fluid volume is conserved

within vessels and over the structured tree. So, to check that volume is conserved

over the trifurcation, it is sufficient to check the volume change between the arterial

inlet and venous outlets over a period. For this purpose, we set the inlet fluid pressure

boundary condition to be a steady 20 mm Hg. The fluid volume that passes the inlet

is 701.31ml. The fluid volume that passes each venous outlet is 233.88ml, and total

outlet volume is 701.44ml. The volume change between the ends is -0.13ml or -0.02%

of inlet volume, hence fluid mass is considered to be conserved.
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Note that flow volumes increase with increasing network volume. This is reason-

able as the volume of the network has increased, but the pressure prescribed at the

inlet is the same for all networks, so fluid volume must increase.

Pressure Drop In simulations driven with a steady inlet pressure of 20mmHg and

outlet condition of 2mm Hg, there is a pressure drop of 90% (to 2 mm Hg) from

the arterial inlet to the venous outlet. In the monofurcating tree, there was a

0.2mmHg pressure drop in the arterial side, and a 18mmHg pressure drop over

the structured tree (see Fig. 4.9). This is also the case for the bifurcating and trifur-

cating networks. In the trifurcating network, peak fluid pressure in the parent artery

is 20mm Hg, which drops to 19.7mmHg in each of the daughters, and further to

2.1mmHg in each vein.

4.3 Pulmonary Flow During Respiration

We have explored some modelling scenarios in toy trees, but we can also simulate

blood flow under more realistic scenarios.

I set up a physiologically realistic tree of large pulmonary arteries and veins as

described by Qureshi [3, pp. 23]. This large vessel tree contains 7 arteries in three

generations and 4 veins of a single generation. The main pulmonary artery (MPA)

is the inlet vessel, and all four veins drain into the low-pressure left atrium. Table

4.5 contains the full morphometric details. A schematic of the network can be seen

in 4.14.
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Vessel Name Index Daughter(s)
(mm)

Length

Radius (mm)

Proximal

Radius (mm)

Distal
Type

MPA 0 1, 2 45.0 13.6 13.0 Inlet artery

LPA 1 3, 4 57.5 9.3 6.0 Artery

RPA 2 5, 6 25.0 11.0 10.8 Artery

LIA 3 7 12.5 5.7 5.5 Outlet artery

LTA 4 8 10.0 4.6 4.6 Outlet artery

RTA 5 9 22.5 10.4 9.0 Outlet artery

RIA 6 10 10.0 5.8 5.8 Outlet artery

LIV 7 12.4 5.9 5.5
Outlet and

Terminal Vein

LSV 8 15.0 5.1 4.6
Outlet and

Terminal Vein

RSV 9 21.8 9.7 9.0
Outlet and

Terminal Vein

RIV 10 20.0 6.4 5.8
Outlet and

Terminal Vein

Table 4.5: Morphometric table for a toy tree of seven vessels with a symmetric

arterial trifurcation.



CHAPTER 4. MODEL VALIDATION AND PULMONARY SIMULATIONS 97

Figure 4.14: A reproduction of the pulmonary vascular network schematic from

Qureshi [3]. This schematic shows the spatial relationship of named arteries and

veins which are related to indices in Table 4.5.

4.3.1 Time-Dependent Pressure Profiles

Under normal circumstances, the human lung is surrounded by the pleural cavity, a

fluid filled sack that is attached to the inner surface of the ribs and upper surface of

the diaphragm. During quiet respiration, the ribs move upwards and outwards and

the diaphragm moves down, increasing the volume of the chest cavity and subjecting

the lungs to a negative pressure which forces them open [106]. Several studies, for

example [9,10,106,107], report measurements of pleural cavity pressure during quiet

respiration, coughing, and spontaneous pneumothorax.

Pneumothorax is defined as the presence of air within the pleural cavity; a sponta-

neous pneumothorax is a pneumothorax with sudden onset without apparent cause

such as underlying disease or trauma [108]. During a pneumothorax, the pleural

pressure of the affected lung increases, and may rise above 0mm Hg, relative to

atmospheric pressure [10].
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Initially, we wish to investigate the changes in pulmonary flow predicted by the

model during normal respiration, as compared to the model without external pres-

sure. In order to do this, we must make a external pressure profile that is represen-

tative of a breath.

Kaneda, Nakano & Murakawa present measurements of pleural cavity pressure in

patients with spontaneous pneumothorax [10, Fig. 1]. The waveform of the breaths

presented here are qualitatively similar to those for quiet respiration shown by Hu et

al. [107, Fig. 3], but with less noise. The pressures measured by Kaneda, Nakano &

Murakawa have a range of -1 to 1mm Hg. Pleural cavity pressure is negative relative

to atmospheric pressure during quiet respiration [109]. We can shift and stretch

any profile to fit in the required pressure range for use in later simulations, which

is addressed shortly. We choose to use pleural pressure measurements from patients

with pneumothoraces as such data are difficult to find for quiet respiration. The

wave forms in both cases should be similar as the pressure change is being driven by

the motion of the ribcage and the diaphragm.

We digitize the profile shown in Fig. 4.15a2 and separate the signal into individual

breaths at the lowest 6 local minima values3 (highlighted in Fig. 4.15b). The indi-

vidual breaths range from 4.5 – 6 s in length, and can be seen together in Fig. 4.15c.

One of the breaths features a substantial drop of 1mmHg during the expiratory

phase and is discarded. The mean breath pressure profile is found by normalising

the lengths of the remaining 5 breaths then finding the arithmetic mean at each time

point in the period. The mean profile seen in Fig. 4.15d is not periodic. To achieve

periodicity, we find the first time at which the final pressure value is achieved and

discard the portion of the profile before that time. The discarded portion accounts
2using WebPlotDigitizer
3Using scipy.signal in Python3.
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for 3.5% of the period length. Finally, we choose the length of a breath to be 5.6 s,

giving Fig. 4.15e.

The length of each breath represented by the data is between 4.5 and 6 s. I

assume that one heartbeat is 0.7 s, and that there are exactly 8 heart beats in one

breath, so each breath has a period of 5.6 s. This is slightly outwith the range of

3.75 - 5 s per breath reported by Barrett et al. [110].

However, this profile was measured in a patient with a spontaneous pneumoth-

orax. Pneumothoraces change pleural cavity pressure. To obtain a profile for quiet

respiration, we vertically shift and rescale the profile g(t) in Fig. 4.15e to give pleural

pressure

h(t) =
ĝ(t)(a− b)
max(ĝ(t))

+ b,

in the desired range a – b mm Hg.

As reported by Zielinska-Krawczyk et al. [106], pleural pressure during quiet res-

piration varies between approximately -7.4mmHg (inspiration) and -3.7mmHg (ex-

piration), and intrapulmonary pressure between -3.7mmHg and 3.7mmHg for in-

spiration and expiration, respectively. The intrapulmonary pressure is the pressure

within the lung tissue itself, and hence is the pressure that should be applied to

the structured trees. Mentzer, Tsuda & Loring [11] give pressure profiles in normal

respiration with pressures between about -10mmHg (inspiration) and -3mmHg (ex-

piration).

In general, pleural pressure drops during inspiration, and increases during ex-

piration, followed by a period of constancy. It is the pattern of changes I wish to

investigate here, rather than establishing a patient specific simulation.

The respiratory pressure curves I use begin at peak inspiration, followed by ex-

piration from approximately 0 to 1.5 s; inspiration begins again at about 4 s.
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(a) Reproduction of Figure 1 A from Kaneda, Nakano & Murakawa [10]. Cropped and

resized. The vertical axis is pressure in centimetres of water column; the horizontal axis is

time.

(b) Reproduction of the data from panel

(a) with all local minima marked in red or

blue points. The six red points indicate the

start/end of the breaths.

(c) The five breaths are isolated and

minimum time is set to 0s.

(d) The cleaned and normalised breath pres-

sure profiles (dotted lines) and the resulting

mean profile (solid black).

(e) Final periodic spontaneous pneumotho-

rax external pressure profile g(t).

Figure 4.15: Flow and pressure plots illustrating the impact of external pressures

applied to the structured tree with and without compression of the large arteries.
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Inlet Pressure

As I have chosen to simulate flow over the course of eight heartbeats, I must use an

inlet pressure profile covering eight heartbeats. To make this, I simply take eight

copies of the original inlet pressure profile shown in Fig. 4.1 in sequence.

4.3.2 Quiet Respiration

We have created pressure profiles within the pleural space and lung during quiet

respiration. Using these, we can carry out preliminary investigations on the impact

of quiet respiration on pulmonary flow. Quiet respiration, also called normal, good

or unlaboured breathing, is the natural breathing pattern of mammals at rest. In

quiet respiration, expiration relies only on the elastic recoil of the lungs [111].

Firstly, does the model predict flow changes throughout the respiratory cycle and

are the predicted changes in line with observed changes reported in the literature?

In order to evaluate the effect of a respiratory cycle, we simulate two scenarios

using the morphometry, parameter values, and pressure profiles established in this

chapter. The first scenario is a reference case with no external pressure, the second

is with the profiles for quiet respiration. We compute the difference between flows

and pressures in the cases with and without respiration at the proximal (x = 0)

and distal (x = L) ends of the MPA (Vessel 0 in Table 4.5) and the left interlobar

pulmonary vein (Vessel 9). This can be seen in Fig. 4.16a. Figure 4.16b shows the

pressure p (left) and flow q (right) at the distal end of the MPA with (solid blue)

and without (orange dashed) respiration pressure. The pressure and flow waveforms

are very similar to those computed by Qureshi [3] shown in Fig. 4.1 without external

pressure. This is unsurprising as respiratory pressures are low relative to pulmonary

arterial pressure, so we would not expect large differences in the waveforms.
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(a) Plots of the difference between reference and disturbed pressure (left) and flow (right)

in the main pulmonary artery (top) and the left interlobar pulmonary vein (bottom). The

MPA is Vessel 0 and left interlobar pulmonary vein is Vessel 9 in Table 4.5). Each panel

shows the proximal (x = 0, solid blue) and distal (x = L, dotted orange) difference over one

breathing cycle of 8 heart beats of 5.6 s. The intrapulmonary pressure is shown in dashed

black, with a scale on the right hand axis for each plot.

(b) Flow and pressure curves with (blue) and without respiration (orange dashed) at the

distal end of the MPA. The difference between these curves is shown in the panel above.

Figure 4.16: Pressure and flow changes during quiet respiration in the MPA and left

interlobar pulmonary vein.
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A positive difference implies that the pressure or flow in the disturbed case is

higher than in the reference case; a negative difference means that the reference

quantity is higher. In general, we see that the sign of the difference is opposite to

that of the gradient.

Neither mean flow nor total fluid volume vary between the reference case sim-

ulations and those with quiet respiratory external pressures. The blood volume at

the inlet monotonically increases from 230ml during the first heart beat to 247ml

during the final heartbeat. The inlet volume in the reference simulation is 238ml

per heart beat. According to Klabunde [112], the expansion of the lung during inspi-

ration causes pulmonary blood flow to increase. Conversely, during expiration lung

volume decreases and so does pulmonary flow. This is what the model predicts: flow

decreases during inspiration, and increases during expiration, as compared to the

reference case.

We impose pressure based boundary conditions at x = 0 in both vessels rep-

resented in Fig. 4.16a, so it is reasonable that the pressure difference between the

disturbed and reference case is low at this end.

There are drawbacks to modelling pulmonary flow during respiration in the man-

ner described above. Most notably, that there is a complex feedback loop between

respiration, cardiovascular output, and venous return described by Klabunde [112].

Essentially, venous return, heart rate, and stroke volume all vary throughout the

respiratory cycle. Further, we do not account for variation in heart rate or stroke

volume [113,114] throughout the respiratory cycle. Addressing any of these issues is

beyond the scope of this thesis.

For the quiet respiration simulations, we assumed that pleural space and intrapul-

monary pressures are spatially constant. However, they are not spatially constant:

there is a hydrostatic gradient in pleural that varies with posture and is a result of
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gravity [11]. Intrapulmonary pressure will vary with position in the lung. However,

we cannot find measurements of intrapulmonary pressure that record the spatial

variation during respiration.

4.3.3 Spontaneous Pneumothorax

As we have seen, we can model flow with spatially inhomogenous external pressure.

This enables us to simulate a pneumothorax to the left, right or both lungs.

The inlet pressure profile and all parameters with the exception of external pres-

sure are the same as those used in the quiet respiration simulation. To simulate

pneumothorax, we apply the quiet respiration external pressure profile to the lung

without the pneumothorax to the large vessels of the lung with the pneumothroax,

we apply the profile found in Fig. 4.15e 1mmHg and trough of -3 mm Hg.

From the literature, I cannot ascertain how intrapulmonary pressure changes

during pneumothorax. However, I assume that as pleural pressure increases, so

does intrapulmonary pressure, and that intrapulmonary pressure is always greater

than pleural pressure. For the sake of these simulations, I assume that intrapleural

pressure is uniformly 5mmHg higher than the the pleural pressure.

Left Pneumothorax

Vessels 2, 5, 6, 9 and 10 (Table 4.5) are the vessels of the left lung. To simulate

a left pneumothorax, the pneumothorax pressures are applied to these 5 vessels

and to the left structured trees. Similarly to the comparison between the normal

respiration case and simulation without respiration, we can quantify the difference

made by the pneumothorax. The pattern of change from the reference case without

external pressure is the same as is shown in Fig. 4.16a, but the change is lower than
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in quiet respiration. There is a maximum difference of -19.8 ml s−1 as opposed to

-32.4ml s−1 seen during quiet respiration. The right pulmonary arterial flow change

(Vessel 1) from quiet respiration is at most 0.5ml s−1, where as the change in the left

pulmonary artery (Vessel 2) is quiet high with a maximum increase of 12.9ml s−1

over quiet respiration simulation.

For completeness, I also simulate a left pneumothorax, but using the quiet res-

piratory intrapulmonary pressure. In this case, we still see a difference in flow in

the left lung, but it is reduced: flow differs from normal respiration by up to only

3ml s−1; blood pressure varies little between the cases, by up to only 0.23mmHg.

As we have already seen, small vessel external pressure significantly effects simulated

blood flow. From this, it is evident that pressures applied to vascular beds are a

strong determinant of the large vessel flow.

Right Pneumothorax

Similarly, I am able to simulate a right pneumothorax. Vessels 1, 3, 4, 7, and 8

(see Table 4.5) supply the right lung with blood. The procedure and analysis are

identical to that for the left pneumothorax. The right pneumothorax makes a less

striking change to pulmonary flow, with a maximum increase of 4ml s−1 from quiet

respiration. This is due to the higher radii and lengths of the right lung vessels giving

rise to higher flows.

Simultaneous Right and Left Pneumothoraces

Further, we can simulate simultaneous right and left pneumothoraces by applying

the pneumothorax pressures to all vessels in the tree. Here, we see changes of up to

17 ml s−1 over quiet respiration.
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Limitations

This subsection highlights a key limitation of this model: simulated flow and pressure

are highly sensitive to the pressure applied to structured trees, so without reliably

measured pressures, the model cannot accurately capture the haemodynamic changes

that occur as external pressure varies. Beards & Lipman [115] report that cardiac

output drops during pneumothorax, but Hurewitz et al. [116] report that cardiac

output remains constant, but stroke volume can drop significantly which is compen-

sated for by an increase in heart rate. In the simulation, I vary none of cardiac

output, heart rate, or stroke volume.

Kaneda, Nakano & Murakawa [10] give a few examples of change in pleural space

pressure during pneumothorax. I presented simulations using only one of these.

The pressure profiles I did not use vary in inspiration and expiration gradient and

pressure, as well as respiratory rate. We have already seen that flow change depends

on inspiration and expiration gradient, so using a different profile would result in a

different simulated volume change due to the pneumothorax. However, there are no

intrapulmonary pressures given. Intrapulmonary pressure is a more significant driver

of change in these simulations than pleural space pressure.

4.3.4 Mechanical Ventilation in Adults

Mechanical ventilation is a clinical intervention in which gas is moved to and from

the lungs of a patient using an external device. The objectives of mechanical inter-

vention are diverse; for example, to substitute respiratory effort. Mentzer, Tsuda &

Loring [11] measure and report airway and pleural pressures during pressure-cycled

mechanical ventilation. During pressure-cycled ventilation, a positive airway pressure

is applied and maintained throughout inspiration for a set time period after which
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a valve opens and expiration ensues [117]. The positive airway pressure induces a

positive pressure in the pleural space.

We can simulate the effect of positive pressure ventilation on large vessel flow

and pressure by using the pleural pressure curve given by Mentzer, Tsuda & Lor-

ing [11]4. The original data are not quite periodic, with the final pressure value

0.27mmHg above the initial value; to ensure periodicity, I choose to enforce a pe-

riod of 2.42 s, as the value at this time is 0.03mmHg above the initial value, and I

reset this final value to be the same as the final value. The original pressure is shown

together with the one used in simulations in Fig. 4.17.

I assume that there are exactly four heart-beats (period 0.61 s) per breath (T =

2.44 s), so the inlet fluid pressure is four consecutive copies of the inlet profile Fig. 4.1.

Finally, we set the intrapulmonary pressure to be uniformly 5mmHg greater than

the pleural pressure.

In the pressure profile shown in Fig. 4.17, expiration runs from approximately 1

– 2 s, with inspiration occurring before and after this.

As with the previous simulations, I can compare flow and pressure during me-

chanical ventilation to the reference case with no respiration shown in Fig. 4.18. In

inspiration, flow in the MPA is lower than in the reference case. The positive pres-

sures in mechanical ventilation compresses the microvascular vessels, causing flow

arterial drops during the inspiratory phase. During expiration, flow is higher than

reference flow which may be unrealistic.
4Data extracted from the [11, Fig. 3. A2] using WebPlotDigitizer and linearly interpolated to

the correct resolution using interp1q in MatLab 2018b.
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(a) Measured pleural pressure from [11].

Cropped and scaled for use here.

(b) Reproduction of the pleural pressure

profile seen in (a) and the inlet pressure

profile. The solid black section is periodic

and is used in simulations. The dashed

red part is discarded to achieve periodic-

ity.

Figure 4.17: Pressure profiles used in mechanical ventilation simulations.
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Figure 4.18: Plots of the difference between pressure (left) and flow (right) with

and without mechanical respiration in the main pulmonary artery (top) and the left

interlobar pulmonary vein. The MPA is Vessel 0 and left interlobar pulmonary vein

is Vessel 9 in Table 4.5). Each panel shows the proximal (x = 0, solid blue) and

distal (x = L, dotted orange) difference over one breathing cycle of 8 heart beats

of 5.6 s. The intrapulmonary pressure is shown in dashed black, with a scale on the

right hand axis for each plot.
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4.3.5 Comparison Against Other Models

Quantitative validation is an important step in assessing simulation results. It can

be an involved process, as model agreement is best assessed when this model has

the same set-up as the model or data against which we are validating, that is, in so

far as possible, they use the parameter values, vessel morphometry, and equivalent

pressure or flow profiles.

I can preliminarily validate my model against published results from, for example

Qureshi [2, 3]. Using a copy of the computational scheme published along with his

thesis [3], I am able to simulate the same flow through the same vessel network in

both my model and Qureshi’s. As my model is an evolution of his, our simulation

results in the absence of external pressure are very similar. I find the coefficient

of determination R2 = 1 −
∑

i(yi−fi)2∑
i(yi−ȳi)

between the simulated pressure and flow at

all points in all vessels. The flow and pressure from Qureshi’s original scheme are

the data y, and the predicted values f come from the model presented here. The

minimum value that it takes in flow is 0.92 and 0.99 in pressure. This indicates

very good agreement between the models. The differences are possibly due to the

different inlet boundary conditions we use (Qureshi’s model is flow driven, while mine

is pressure driven), and that we use different constitutive tube laws, and vascular

tree viscosity values (mine is radius-dependent; Qureshi’s is constant).

Clipp & Steele [47] investigated the effects of positive and negative ventilation

on vascular function using ex vivo lamb lungs with steady blood flow. They found

significant changes in blood pressure between positive and negative ventilation that

this model fails to capture: simulated fluid pressure did not vary by more than

1mmHg in any of the pulmonary tree simulations. This discrepancy is possibly due

to my use of a pressure, rather than a flow boundary condition to drive simulations.
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Further research is needed to investigate such boundary conditions when simulating

external pressure effects. Using the model presented in this thesis, it is possible to

simulate steady flow throughout a network that is subject to some external pressure.

Recreating the pressure changes during ventilation seen by Clipp & Steele may be

an interesting area of future research. Careful thought will have to be given to the

vessel morphometry and parameter values used in these simulations.

Burton & Patel [118] measured the change in the MPA of excised rabbit lungs

with the application of positive and negative pressures. They found that pulmonary

resistance (the ratio of flow to pressure) varies throughout the respiratory cycle.

They report a drop in MPA flow as the lungs are forced open during positive pressure

ventilation, and that flow increases with increasingly large negative inflation pressure.

These changes are the same as we observe here, as are the flow changes reported by

Klabunde [112] discussed above.

4.4 Summary, Limitations, and Future Directions

4.4.1 Summary

In this chapter, I discussed the parameters that must be set in the model. All of

these are measurable, but likely vary between organ, individual, and species. For

instance, the constitutive parameters used to define wall stiffness, scaling factors and

length-to-radius ratio used to define the structured trees, and characteristic radius

vary between organs.

I presented some simulation results in toy trees, showing that the simulated be-

haviour is well aligned with our intuition and is also self consistent. For example,

when vessels in the structured tree are compressed, upstream flow is reduced, and
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downstream flow increases as fluid is squeezed from the small vessels. We saw that the

stenotic, bifurcating, and trifurcating junctions in large vessels are volume preserving

and that one-to-many junctions split flow evenly between daughter branches. Spa-

tially inhomogeneous external pressures can impact the simulation results throughout

the tree.

External pressure gradient seems to play an important role in simulation outcome,

and pressures applied to structured trees have a large impact simulation results.

Finally, I set a series of pressure driven pulmonary simulations to investigate

quiet respiration, pneumothorax, and positive pressure ventilation. The simulated

change induced by respiration qualitatively agrees with reports from the literature.

Finally, I showed that without respiration, this model performs very similarly to

Qureshi’s [2, 3].

4.4.2 Limitations

A key limitation and frustration of this work is the need for pressure or flow profiles

to use in simulations. Ideally, the required morphometry, parameter values, pressure,

and flow measurements would all come from a single individual. However, such a

dataset appears not to exist in the literature. Instead, we make do with a amalgam

of data from various sources. The work presented here is intended as a proof of

concept: respiration induces measurable changes in pulmonary haemodynamics that

can be captured by this model.

Throughout the chapter, I have highlighted other limitations. These include:

the lack of cardiopulmonary feedback; the model is pressure driven where as the

pulmonary system may be better served with a flow-driven model; the use of constant

left atrial pressure.
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The inclusion of true cardiopulmonary feedback is far beyond the scope of this

thesis but would be a fruitful area for research. Such a model may involve coupled

models for pulmonary perfusion, ventilation, and cardiac output. A possible step

forward could be to develop a flow-driven model that simulates over much longer

time scales; the inlet data in such a model could encode a variable heart rate and

stroke volume.

We use a pressure based outlet boundary condition of a constant 2mmHg in the

left atrium. Model realism could be improved in the future by using a time-dependent

outlet condition. I have not used such a profile here as this may have confounded

the interpretation of simulation results.



Chapter 5

Coronary Modelling

In this chapter, I begin by discussing the morphometry of coronary vasculature and

establishing procedures with which we build coronary trees. I then discuss the pa-

rameter values and boundary conditions we use in the model of the healthy coronary

vasculature. Finally, we investigate the impact of network morphometry, junction

choices, parameter values, and external pressure on simulated flow and pressure.

This includes preliminary model validation against data from the literature as well

as other modelling studies. I conclude by suggesting directions for future research.

5.1 Coronary Vasculature

5.1.1 Left Coronary Arterial Anatomy

The coronary vasculature supplies the myocardium – the heart muscle – with blood.

As can be seen in the illustration Fig. 5.1, the left and right-coronary arteries arise

from the aorta just above the aortic valve [119]. The left coronary artery (LCA)

bifurcates into the left anterior descending (LAD) and left circumflex (LCx) arteries.

114
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(a) Anterior

(b) Posterior

Figure 5.1: Illustration of the coronary blood vessels, OpenStax College, CC BY 3.0.

The LAD courses the interventricular groove, while the LCx lies along the seam

between the left atrium and ventricle. Occasionally, the LAD exhibits a trifurcation,

in which case the central daughter is the left intermediate artery [12]. The main

branches lie on the epicaridal surface, as do some daughters. Many daughter branches

penetrate the epicardial surface to perfuse the left ventricular wall.

Left Coronary Arterial Vascular Data

From Dr. Jack Lee (King’s College London) we have data that represent a left coro-

nary arterial tree and left ventricle from a single porcine heart [120,121] reconstructed

from ex vivo cryomicrotome imaging studies [122]. There is a high degree of similarity

between porcine and human coronary anatomy and heamodynamics [123,124].

The data for the vasculature consist of spatial nodes that lie approximately on

the centrelines of vessels. Each node has an associated radius between 0.1035 and

1.7059 mm. There is a list of edges consisting of pairs of nodes that are joined by

https://upload.wikimedia.org/wikipedia/commons/7/7c/2014ab_Coronary_Blood_Vessels.jpg
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straight lines. The edges have lengths between 1.02mm and 0.1mm. The point

cloud is visualised with a lateral view in Fig. 5.2a, whereas Fig. 5.2b shows only the

nodes with radius > 0.22mm (the mean) which have been scaled to reflect their radii

relative to each other. In general vessel radius decreases with increasing distance from

the inlet.

There is also a ventricular mesh (seen in Fig. 5.2c and Fig. 5.2d) which is used

here to aid in the visualisation of small portions of the tree.

Paths, Segmentation, and Sorting

From the vascular data, our collaborator Megan Chambers (North Carolina State

University), created a list for each node that detail the nodes between the inlet

node (given) and the target node. These are called paths, an example of a path

is shown together with the ventricle in Fig. 5.2c. She also found that 41 nodes of

17945 (0.23%) are unreachable from the inlet node; we discard these disconnected

nodes without effecting the overall morphometry. Disconnected nodes arise from

limitations in imaging techniques.

In the computational scheme, we build large vessel networks using sections of

vessels that are joined together by junctions. So, in order to use these data to build

a large vessel network, we need to separate the paths into segments that lie between

junctions, or between a junction and a terminal node. Terminal nodes appear in

the list of edges exactly once, nodes within a vessel (between junctions or a junction

and a terminus) must appear exactly twice. All other nodes are junction nodes. By

comparing the list of junction nodes and each path to a terminal node, we can create

segments. Segments are lists of nodes that begin at one junction and end at the

following one. Suppose {a, b, c, d, e, f, g} is a path from node a to g, if node e were a
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(a) A lateral view of all nodes in the the

left coronary arterial tree point cloud.
(b) The vascular nodes with radius above

0.22 mm which have been scaled and

coloured to indicate vessel radius.

(c) An example of a path running from

the inlet to its target node.

(d) Segmented path from to the inlet (red

plus) a terminal node (red circle) with

junctions highlighted by black circles.

Figure 5.2: Plots of the porcine vascular and ventricular data.
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junction, the path would be divided into two segments {a, b, d, e}, {e, f, g}. We now

have segments that take us from a to e and from e to g. The algorithm I developed

for this procedure is given in Algorithm 2.

For later use, it is convenient to sort the segments into generations. To do so,

we choose the inlet node (marked in red in Fig. 5.2d), the segment that starts with

this node is generation 0. To find all subsequent generations, list the final nodes of

the previous generation, and search the unsorted node collection for segments that

begin with these. Stop once the desired number of generations has been reached.

Pseudo-Trifurcations

There are many vessel segments in that contain only two nodes. These are the final

node of the parent vessel and the first node of the vessel they branch into. In effect,

a trifurcation is represented as two subsequent bifurcations. The length of the short

segments joining two bifurcations varies between 1 and 0.1 mm. I call these junctions

pseudo-trifurcations, and we wish to model them with a trifurcation, as including

very short vessels in the computational model can increase computational costs due

to the small spatial and time steps needed to resolve pressure and flow adequately.

We want all segments that arise from a pseudo-trifurcation to arise from the same

node. To achieve this, replace the first node in the daughters of the short segment

with the first node of the long daughter. The difference between a pseudo-trifurcation

and a true trifurcation can be seen in Fig. 5.3.

Mercator Projections

The vascular tree and ventricle data are in 3D. All representations of this data in this

thesis are necessarily 2D projections. While I can endeavour to consistently present
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Algorithm 2: Create and sort segments
Result: Vessel segments

Input: Terminal node paths, list of junction nodes

Set k = 1

for ( each path )
Find the position of the junction nodes in the path

Append the terminal node to the list of junction nodes in the path

for ( a subsequent pair of indices in list i, j )
Create a list of the nodes from and including i to j. These are the

segments.

A path containing n junction nodes will be split into n+ 1 segments.
Remove duplicate segments from the collection.

Find the path containing a single node. Store it in the 0-th generation. It is

the inlet path.

Define the desired number of generations, n

for ( Each generation, n )

for ( Each path )
If the path begins with the final node of any path generation n− 1,

store it in generation n
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(a) Pseudo-trifurcation: a trifurcation is

formed of two subsequent bifurcations in

quick succession.

(b) True trifurcation: all daughters arise

from the same node and are in the same

generation.

Figure 5.3: A visual comparison between a pseudo- and a true trifurcation. Different

generations are represented by different colours.

this data from a fixed view, it is not always easy to see the branching structure of the

networks with such a view. I seek to display the networks in a way that is consistent

and easy to interpret.

A Mercator projection [125] is a specific kind of 2D projection of a 3D objects,

most often seen in world maps. In a Mercator projection, the spatial points on the

3D object we wish to visualise are mapped to the surface of a cylinder in such a way

that their latitude and longitude are preserved, and the cylinder is “unwrapped” to

form the flat plane, where the angle between each point and the positive direction of

the x-axis becomes its horizontal coordinate. Explicitly,

(x, y, z) 7→

(
x√

x2 + y2
,

y√
x2 + y2

, z

)
7→ (θ, z) ,

where

θ =


arctan y

x
, x, y ≥ 0

arctan y
x

+ π, x < 0

arctan y
x

+ 2π, x ≥ 0, y < 0
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Figure 5.4: The first five generations of vessels within the vascular tree shown with

a top-down view (left) and Mercator projection (right). Each generation of vessels

is shown in a different colour.

The Mercator projection preserves the branching relationship between vessels,

but not the length of vessels.

Radius Truncation Condition

There are many more vessel segments represented by the data than we wish to include

in the large vessel tree. Here, I develop a radius based truncation condition for the

data to produce trees in which we will simulate blood flow. There are many possible

truncation condition choices, such as by vessel length, distance from the ventricle

wall, generation number of Strahler order (discussed more later), and total terminal

vessel outlet area. We use a radius based truncation condition, as it is straight

forward to implement.

There are several ways to implement a radius based truncation condition. The

most straight forward is to check the radius at the final point in all segments, and

only include the segment if the condition is met. However, this makes the generated
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(a) Mean Radius Condition. (b) Final Node Radius Condition.

Figure 5.5: A comparison of radius truncation conditions.

trees sensitive to errors in radius measurement. Instead, we opt for a mean radius

condition. If the mean radius in a segment exceeds a prescribed threshold, then it

is eligible for inclusion. The trees created using these truncation conditions differ

greatly from each other. A pair of sample trees can be seen in Fig. 5.5. For a

minimum radius of 700 µm, the trifurcating tree with the mean radius condition has

21 segments, while the tree with the end point radius condition has only 11.

Regardless of the radius truncation condition we use, we must ensure that all

segments in the tree are reachable from the inlet segment. After finding the seg-

ments that are eligible for inclusion in the tree, we need to know if any of these are

disconnected from the inlet. Disconnected segments will have an initial node that

is not found else where in the tree, so are easy to search for and can be discarded.

Figure 5.6 shows all nodes with radius > 0.7 mm; in these figures, I have highlight

the segments in which all nodes exceed the radius bound (a), the segments in which

the mean radius truncation condition is met (b), and the segments that meet the

truncation condition but are not connected to the inlet (c). We discard the segments

that are not connected to the inlet which results in the trees show in Fig. 5.5.
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(a) All nodes in the high-

lighted segments have radius

> 0.7 mm.

(b) Mean radius in high-

lighted segments is > 0.7

mm.

(c) Highlights show the eligi-

ble segments that are discon-

nected from the inlet.

Figure 5.6: Nodes with radius > 0.7 mm are shown in black points. The panels

highlight segments of in the tree (a) in which all nodes > 0.7 mm, (b) mean radius

> 0.7 mm, (c) disconnected segments to discard.

In addition to the mean radius truncation condition, we are able to specify the

maximum number of generations permissible in a tree. However, the tree is made of

several vessel segments joined in series with each other (see Fig. 5.7a). While we can

include these monofurcatinging junctions in the computational scheme (and indeed

do), it is convenient to join series segments to form vessel elements that are then

included in the computational scheme, as longer vessels are easier to simulate fluid

flow in due to spatial resolution constraints. A vessel element is defined as two or

more vessel segments joined together in series. A tree composed of joined segments

can contain as much morphometric information as one that includes elements, but

the greater number of junctions will lead to increased computational times. Figure

5.7a shows a tree of segments and Fig. 5.7b the equivalent tree with segments joined

to form elements.

In Fig. 5.7b, we can see an apparent monofurcation between two vessels, however,

this is actually a bifurcation in which the other daughter contains 3 nodes (1.46 mm)

and is too short to see clearly. As mentioned above, and as we will discuss later, very
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(a) Unjoined segments. (b) Joined segments. (c) Short segment is removed.

Figure 5.7: Trees of 5 generations with monofurcations, without monofurcations, and

with outliers removed. Segments of the same colour belong to the same generation.

short vessels require high spatial and temporal resolutions in order to simulate fluid

flow through them. For this reason, we may wish to remove terminal vessels that are

significantly shorter than the other terminal vessels. A terminal vessels is deemed to

be significantly smaller than the others if it has arclength in the 10th percentile.

There is a short vessel in Fig. 5.7b that is too small to be seen clearly. It is in

the 7th percentile for both arc-length and node count. We remove it and join the up

and downstream vessel elements to form one larger element that can be see in the

extreme left of Fig. 5.7c.

Interpretations of the Tree

By comparing the generated left coronary tree and ventricle against images and

descriptions from the literature, we can name the major vessels, as is done in Fig. 5.8.

The left arterial network features three branches of the LCA. These are the LAD,

intermediate artery, and left circumflex.
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Figure 5.8: Generated left coronary arterial tree with minimum radius 0.5 mm and

8 generations relative to the left ventricle

Summary

From the point cloud seen in Fig. 5.2a, lists of edges, and paths to each node, I have

developed a number of algorithms implemented in MATLAB that segment and sort

the data. These functions allow us to generate left coronary trees with a prescribed

maximal number of generations and minimum radius value. The trees generated can

either contain only bifurcations or any kind of large vessel junction.

5.1.2 Right-Coronary Tree

We have access to the 3D discussed above. However, we have no such data for the

right-coronary tree or for the venous network. If such data were available, they could

also be used to construct right arterial and venous trees, as was done for the left. In

order to simulate blood flow in the whole coronary tree, we need large vessel networks

for the right-coronary arterial system, and for the venous network.

The right coronary artery (RCA) typically arises from the aorta at the other side
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from, but at the same level as the LCA. It commonly gives rise to the posterior inter-

ventricular artery (PIVA) and marginal branches (see Fig. 5.1). The RCA descends

towards the apex along the right atrioventricular groove, curving posteriorly giving

off two or three branches as it goes [126].

For simplicity, we assume that the left and right trees are morphometrically

similar, but all trifurcations are replaced by two subsequent bifurcations. That is,

use the same branching pattern in the right and left trees. I assume that the marginal

branches of the RCA are analogous to the diagonal branches of the LAD, and that

the LCx is analogous to the PIVA. This assumption should be revisited in patient

specific models, or if more network data becomes available. Although we assume the

branching structures are identical, we do not assume that the lengths and radii are

the same. These are set with reference to the literature.

This method of constructing a right-coronary artery tree is not ideal. Weaver et

al. [124] report that porcine and human left coronary arteries are larger in length and

diameter than the right-coronary artery. Further, this procedure leads to a balanced

vasculature, in which the left and right trees carry approximately the same blood

volume, which occurs in only 17% of porcine hearts [124].

Kaimovitz, Lanir & Kassab [127, 128] performed a large scale stochastic recon-

struction of the coronary arterial trees. The reconstruction is initally performed on

a rectangular slab by means of a global geometric optimization of the vessels. Once

complete, the slab and the vessels it contains were mapped onto a prolate spheroid

geometry of the heart in order to reconstruct the trees. Such a reconstruction is

outwith the scope of this thesis.
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5.1.3 Venous Tree

Capillary flows either return via the cardiac veins or the Thebesian vessles. The

largest cardiac vein is the coronary sinus (CS), an epicardial vessel that drains into

the right atrium. According to Issa, Miller & Zipes [129], there are commonly five

first-order tribrutaries of the CS. These are the small cardiac vein, middle cardiac

vein, inferior vein of the left ventricle, great cardiac vein, and the oblique vein of

the left atrium (OVLA). The small and middle cardiac veins drain the right arterial

tree [130, 131]. The middle cardiac vein drains the PIVA and the interventricular

septum. These join the CS near its outlet into the right atrium. The CS arises

at the confluence of the OVLA and the great cardiac vein. The OVLA itself has

two main tributaries: the large left marginal vein, and the posterior cardiac vein

of the left ventricle [132]. These latter three vessels (and tributaries) drain the left

arterial tree. The anterior interventricular vein drains the anterior wall of the left

ventricle and the interventricular septum. Its course is similar to the adjacent LAD.

It turns left ward and posteriorly, tracing the course of the LCx and becomes the

GCV [129, 131]. It is the largest and most consistent of the cardiac veins [131],

and was found in 100 % of patients by Schaffler et al. [132]. An illustration of the

epicardial vessels can be seen in Fig. 5.1.

The Thebesian venous network is comprised of small venous branches that drain

the sub-endocardium (the myocardium not including the epicardium) directly into

any of the four chambers, but are more prevalent in the right heart than left and in

the atria than the ventricles [129]. Their distal radii are commonly < 0.25mm [133],

and have a maxium radius of 0.7mm [5] and carry approximately 10% of the venous

blood volume.

Kassab and colleagues [4, 5, 7, 12] give details of the length and radius of coro-
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nary arterial and venous segments in terms of a Diameter Defined Strahler Order.

This is an ordering system that assigns integer order numbers (O.) to vessels with

a modification to ensure that successive orders do not overlap. In an unmodified

Strahler scheme, when two vessels of different orders converge, the resulting segment

has the large of the two orders, but when segments of the same order converge, the

resultant’s order is one more than that of the daughters. Kassab et al. [4] introduced

the rule that when two segments of different order meet, the order of the resultant

vessel increases if and only if its diameter is greater than those of the converging

vessels by a specified amount. Arterial order numbers range from O.0a (arterial side

capillaries) to O.11a in the RCA, and from O.0v to O.12v in the venous side. Strahler

ordering is important as it provides us with a useful guide to aid in the construction

of trees and to evaluate their similarity against organic arterial and venous trees.

All arteries and veins that are matched over the structured tree must have the

same distal radius. Because of this constraint, and the radius ranges of each vessel

order, we must ensure that an artery of given order is matched to a vein of the same

order.

Hence, we must start building a venous tree by determining the Strahler order

of the terminal arteries. We find these by comparing the distal radius against the

range given by Kassab et al. [4], and pictured in Fig. 5.9.

The right-coronary tree drains into the CS closer to its ostium than the left

branches. So, we aim to build a venous tree that drains the left coronary branches

more distally than the right branches. The CS has five main tributaries, so begin

by creating a CS trunk of 4 segments with 3 branches arising along its length and

a further 2 at the distal end, as is pictured in Fig. 5.10. To the five branches,

add pairs of daughters from the distal to proximal end until the desired number of

terminal segments is reached. The first row of additional daughters will result in 10
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Figure 5.9: Radius and length ranges for each vessel order from Kassab et al. [4].

Flow −→

Figure 5.10: Schematic of the cardiac veins and coronary sinus. The solid black trunk

is the CS, with five tributaries shown in blue. Following generations are shown in

green and red. Pairs of vessels are added from left to right. Red segments can only

be added after all 10 green segments. Further generations can be added if needed,

but are not pictured here.

terminal segments. If more than 10 terminal segments are needed, an additional row

of daughters is started from the distal end.

A terminal vein of length L must have same distal radius r0(L) as the artery to

which it is matched. Further, the length L ≥ 4r0(L) to ensure sufficient spatial points

within each vessel. Each terminal vein is given the Strahler order of the artery from

which it arises. If the distal radius r0(L) lies outwith the range given by Kassab et

al. [4], the closer order is assigned. Once all the terminal veins have an order number,
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Order 9 10 11 12

Radius range (mm) 0.36 – 0.42 0.54 – 0.63 0.67 – 1.13 2.96 – 2.96

Length range (mm) 0.96 – 11.18 1.88 – 18.52 1.60 – 50.00 71.90 – 71.90

Table 5.1: Radius and length ranges for the largest 4 orders of porcine coronary

venous elements from Kassab et al. [7]. Kassab et al. define an element as two or

more segments of the same order that lie end to end.

all other segments in the tree are given an order using an unmodified Strahler scheme.

The total length of segments of O.12 is 71.9mm. For simplicity, we divide this length

evenly between the O.12 segments. Another possible approach would be to divide

vein so that each of the segments has the same length-to-radius ratio. Further, the

distal radius of a O.12 segment is the proximal radius of the following segment. The

range of O.12 radii is 1.783 – 4.14mm. All other segments are assigned a length

and radius based on the order number. The order based ranges for venous segment

radius and length come from Kassab et al. ’s values for elements [7] and are given in

Table 5.1. The distal radius of a bifurcating vessel must be at least as large as the

proximal radius of the larger daughter. We use the ranges for elements, as these are

equivalent to the segments discussed here.

A Specific Example

Generate a trifurcating left tree in which all vessels have mean radius > 800 µm. This

tree contains 8 vessels, including 5 terminal segments, and is shown in Fig. 5.11. The

right tree has the same truncation condition, but all trifurcations are modelled by

two successive bifurcations. This tree also has 6 terminal segments. The summary

tables for the right and left trees are given in Table 5.2.
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Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 D3 V O.

0 8.3 1.8 1.4 1 2 3 11

1 7.5 1.4 1.1 4 5 11

2 44.7 1.4 0.9 33 10

3 87.2 1.4 0.7 32 10

4 35.7 1.1 0.8 30 10

5 31.7 1.5 1.5 6 7 11

6 18.2 1.5 0.7 34 10

7 7.9 1.5 0.9 35 10

8 8.3 1.8 1.4 9 10 11

9 7.5 1.4 0.8 11 12 11

10 87.2 1.4 0.7 31 10

11 7.8 1.1 1.1 13 14 11

12 44.5 0.9 0.9 26 10

13 35.7 1.1 0.8 15 16 11

14 31.7 1.5 1.5 23 10

15 18.2 1.5 0.7 27 10

16 7.9 1.5 0.9 22 10

Table 5.2: Summary tables listing the length, proximal and distal radii, row number

of the daughters (D1, D2, D3), and order of all arteries in the left (segments 0 –

9) and right (10 – 20) arterial trees. Trifurcations have tree values (D1, D2, D3),

whereas bifurcations only have two (D1, D2). Column V indicates the vein to which

the terminal arteries are joined, see Table 5.3
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Figure 5.11: Arterial side of the tree with mean truncation radius 800 µm.

Using the method described above, of creating a CS trunk with five tributaries

and adding further tributaries until the desired number of terminal vessels is reached,

we create the venous side shown in Fig. 5.12 along with the arterial trees.

There are 10 terminal arteries in total. Each of the 10 terminal veins inherits

their distal radii from the arteries to which they are joined. In this example, all

terminal radii correspond to venous O.11. Figure 5.12 shows the full two-sided tree

constructed using the method described above. The venous summary table is given

in Table 5.3. The length and radii of the terminal veins is determined first using the

distal radius of terminal arteries.

The segments of O.12 have total length of 79.1mm which is divided equally

between them. In this case there are 4 vessels. The proximal radius of the CS must

be 4.1mm and the distal radius of the final O.12 segment is 1.8mm. The distal

radius of an O.12 segment gives the proximal radius of the following segment. To

find the proximal and distal radius, linearly space the range 1.8 – 4.1 to n+1 values,

where n ∈ Z is the number of O.12 segments.
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The remaining segments are within the body of the tree. Each has a known order,

and their lengths and radii are assigned based on the ranges given in Table 5.1.

5.1.4 Variations

I have described the coronary vasculature in general, but network structure varies

between individuals and between species. Below, I discuss some common variations

in coronary vascular morphometry. Kastellanos et al. [134] give a good overview of

typical coronary vascular anatomy, and of the common variations.

Dominance

The PIVA typically supplies blood to the basal and posterior third of the interven-

tricular septum, the atrioventricular nodal artery (AVNA) and the posterolateral left

ventricular artery (PLVA). These arteries supply blood to the atrioventricular node

and inferior portion of the myocardium. If the PDA, atrioventricular nodal artery,

and posterolateral left ventricular artery all arise from the RCA, the system is said

to be right-dominant [119]. This is the case for 70 – 85 % of people [119, 134, 135].

If these vessels arise from the LCA, the system is left dominant, and is the case for

approximately 5 – 10% of people. In the remaining 10 – 25 % the arteries arises from

both trees — they are co-dominant. This is illustrated in Figure 5.13.

Trifurcations

Trifurcations (one parent vessel branching into three daughters) account for up to

14.5% of left coronary arterial tree junctions [91]. Further, the left coronary arterial

tree exhibits a trifurcation as the first junction in 31% of networks — such a trifur-

cation gives rise to the ramus intermedius or intermediate branches in addition to
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Figure 5.12: Schematic showing the branching pattern of the full coronary tree with

minimum mean radius 800 µm. Green dot-dash segments are O.10, blue dashed

segments are O.11, and solid black segments are O.12. Arterial and venous terminal

segments are joined via structured trees indicated by magenta arrows. Each segment

is labelled, and these correspond to the vessel number in the summary Tables 5.2

and 5.3.
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Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 O.

17 19.775 4.1 3.7 18 19 12

18 19.775 3.7 3.2 22 23 11

19 25.8 0.9 0.9 20 21 12

20 19.775 3.2 2.7 24 25 12

21 25.8 1.0 1.0 26 27 11

22 3.2 0.8 0.8 10

23 3.2 0.8 0.8 10

24 19.775 2.7 2.5 28 29 12

25 25.8 0.9 0.9 30 31 11

26 2.8 0.7 0.7 10

27 4.0 1.0 1.0 10

28 25.8 0.9 0.9 32 33 11

29 25.8 0.9 0.9 34 35 11

30 2.8 0.7 0.7 10

31 2.8 0.7 0.7 10

32 2.8 0.7 0.7 10

33 2.8 0.7 0.7 10

34 2.8 0.7 0.7 10

35 2.8 0.7 0.7 10

Table 5.3: Summary tables listing the length, proximal and distal radii, daughters,

and order of venous tree shown in Fig. 5.12. D1 and D2 indicate the vessel to which

a segment branches. The Strahler order of each element is given the final column.
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Figure 5.13: Axial illustrations of the human heart showing the distribution of coro-

nary arteries supplying different areas of the heart wall. The left most figure shows

a left dominant heart, the central figure a co-dominant heart, and the right most a

right dominant heart. From amboss.com/us/knowledge/Heart/. Accessed online 24

Aug. 2021.
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the left anterior descending and circumflex arteries that are usually present.

Other Anatomical Variations

Not all blood vessels run in the typical locations or drain into the expected vessel.

Habib et al. [131] report that in approximately 25% of patients, the posterior ventric-

ular vein and the middle cardiac vein share an ostium into the CS. This constitutes

a venous trifurcation. The small cardiac vein typically drains into the CS, but has

also been found to drain into the right atrium and the middle cardiac vein, or be

absent altogether [136]. The oblique vein of the left atrium is present in up to 95% of

individuals, it can also be completely fibrotic forming the ligament of Marshall [137].

Myocardial Bridging

The myocardial bridge is an anomaly in which an epicardial vessel is routed beneath

a bridge of myocardial tissue. In such anomalies, the buried vessel portion will be

subject to unusually high external pressures.

5.1.5 A Note on Nomenclature

There is no central authority that regulates the naming of arteries, so vessel names

vary between publications. For instance, the left coronary artery is also called the

left common coronary artery [12], left main coronary artery [119] and sometimes as

the left main stem coronary artery [134]. We have tried to eliminate errors arising

from this source of confusion. Here, we aim for internal consistency. The left anterior

descending is also called the anterior interventricular artery.
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5.2 Parameter choices

Constitutive parameters We must establish values for k1, k2, k3 that govern

vessel wall stiffness in
(5.1)

Eh

r0

= k1 exp(k2r0) + k3,

where E is Young’s modulus, h is wall thickness, and r0(x) the reference configuration

radius. Compliance

C =
∂A

∂ϕ
=

∂

∂ϕ

(
A0

(
ϕ

f
+ 1

)2
)

= 2
A0

f

(
ϕ

f
+ 1

)
, where f =

4

3

Eh

r0

is an elastic body’s ability to distend under pressure. Kassab &Molloi [8] investigated

the relationship between porcine coronary arterial cross-sectional area and pressure

over a range of vessel radii. The data are measured in situ, hence are influenced by

vessel tethering to adjacent tissues. The resulting data can be seen in Fig. 5.14b. We

find the compliance of each vessel by least squares fitting a straight line A = Cp+ b

to the data in each curve in the physiological pressure range 60 – 160mmHg with

constants C, b ∈ R. The compliance for a particular vessel is the gradient of the

fitted line. The compliance values are given in Table 5.4 and are used to find the

parameters in the stiffness relation. The stiffness

Eh

r0

= A0
3

4

1 +
√

1 + 2Cϕ
A0

C
, Eh/r0 > 0

is found by rearranging the expression for C and setting ϕ ∈ [60, 160]mmHg in the

physiological range. The values for C and Eh/r0 for vessels of diameter between

2.8mm and 1.0mm are given in Table 5.4. From this table, we can see that the

goodness of fit decreases with vessel size, this is due to the relative experimental

error increasing with decreasing vessel size. Vessels with diameter 2.4 – 1.2mm
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Diameter (mm) C (mm2/mmHg) Eh/r0(Pa) R2

2.8 5.6×10−3 3.06×105 0.90

2.4 7.1×10−3 1.83×105 0.87

2.0 4.3×10−3 2.06×105 0.82

1.6 2.7×10−3 2.08×105 0.75

1.3 1.2×10−3 3.12×105 0.74

1.2 1.1×10−3 3.00×105 0.62

1.0 1.45×10−3 1.57×105 0.72

8.9 1.75×10−3 1.07×105 0.85

7.4 1.37×10−3 0.96×105 0.55

Table 5.4: Compliance C, stiffness and value for vessels of given diameter from

Kassab & Molloi [8]. The goodness of fit of lines to the data seen in Fig. 5.14b with

R2 = 1− (
∑

i(yi− gi)2)/(
∑

i(yi− ȳ)2) values given in the fourth column, for a model

g and data y. Stiffness is evaluated at 100mm Hg.

show decreasing vessel compliance with diameter. Vessels of diameter 1mm and less,

indicating a structure change in the wall [138]. Further, in general we see that, except

for the largest vessels, compliance decreases with vessel size and stiffness increases.

Hence, set k1 = 0 Pa and k3 = 2.53 × 105 Pa for ϕ = 100mm Hg, the mean

stiffness. When k1 = 0, the choice of k2 is arbitrary. The value of k3 depends on the

choice of ϕ. In the physiological range 60 – 100mmHg k3 ∈ [2.48×105, 2.60×105] Pa.

This is about 3 times larger than the systemic arterial stiffness 8.65×104Pa [29], and

about ten times larger than the pulmonary arterial stiffness value used in the previous

chapter and by Qureshi [3]. Vessel compliance varies between organs, individuals,

and species, as well as with vessel size and age [139]. Further, large arterial stiffening
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has been correlated to an increase in adverse cardiovascular events [140]. Further

research is needed to refine the coronary arterial stiffness parameters in health and

disease. Van Andel, Pistecky & Borst [141] measured the compliance of ex vivo

porcine and human inframamary arteries and coronary arteries. They found that

finding that systemic arteries are more compliant (in both swine and humans) than

coronary arteries, and that porcine arteries can be up to three times more compliant

than human arteries with similar diameters, wall thicknesses and functions. Relative

to radius, coronary fluid pressure is higher than systemic fluid pressure, so it is

reasonable that coronary vessels would be stiffer than their systemic counterparts.

The smallest two vessel diameters investigate by Kassab & Molloi [8] have stiff-

nesses of 1.1×105 Pa and 0.96×105 Pa, respectively. Again, there is not enought data

to establish a clear trend, so set k3 = 1.03× 105 Pa, the mean value. Given the lack

of coronary venous stiffness measurements, we assume that veins have the same ma-

terial properties as vessels within the structured tree. There is a trend of decreasing

vessel stiffness with diameter, so this value is likely to be an over estimation of the

true value. Later, we will explore the impact of the stiffness of vessels within the

vascular bed.

Length-to-Radius Ratio and Minimum Radius The length l of vessel seg-

ments within the structured tree are governed by their proximal radius r0 and the

length-to-radius ratio (lrr). This is calculated for the coronary tree using the length

and diameter of porcine coronary arterial and venous segments [4, 5]. The data are

presented in Fig. 5.15 as a log-log plot. There is a gradient separation between the

smallest four vessel orders and larger vessels, so two lines of the form

log(l) = a log(r0) + b,
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(a) Compliance curves for several gener-

ations of porcine coronary arteries from

[8]. Legend values are vessel diameter at

80mm Hg.
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(b) Reproduction of the data shown in

Figure 5.14a. Straight lines best fit of the

form A = Cp+ b are added to determine

compliance. Values for C are given in

Table 5.4.

Figure 5.14: Pressure-area curves measured in in situ porcine coronary arteries.

are least squares fitted to the data with parameters a, b ∈ R chosen to maximise R2.

The lrr is given by eb and is set as exp(3.58) ≈ 36 for both arteries and veins.

Set rmin = 10 µm to be the smallest radius of a vessel in the structured tree. This

value is chosen as this is the radius of capillaries. The value of rmin controls controls

the number of vessels within a structured tree; lower values allow for larger trees.

We investigate the impact of the choice of rmin in Section 5.3.9.

Vessels of O.4 have radii less than 35.4 µm. The lrr change at this level can

be understood as arising from the differences in structure and function venules and

arterioles (radius < 100 µm) and arteries and veins (radius > 100 µm) [138]. Given

this, the minimum radius of structured tree vessels is set at 35 µm.

Boundary Pressures For the inlet fluid pressure profile, we use a signal adapted

from data measured in vivo by Mynard, Penny & Smolich [6]. The original data and

adapted signal are shown in Fig. 5.16. The measured diastolic pressure is 83mmHg ,

and systolic 102mmHg , which is considered to be optimal [142]. The original
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Figure 5.15: Log-log plots of the element length and radius for coronary arteries and

veins from Kassab et al. [4, 5] with lines of best fit for small (blue) and large vessels

(red). R = 1 − RSS
TSS

is a goodness of fit measure, where RSS is the residual sum of

squares and TSS is the total sum of squares.

pressure profile is not periodic. In order to make it so, I find the value final value

taken by the profile p(T ), and the time at which that value was first achieved τ . The

signal p(t), t ∈ [τ, T ] for period T is periodic. The 0.08 s of the signal (highlighted in

red dots in Fig. 5.16) is discarded in order to achieve periodicity. The period is reset

T = 0.7 s. Systole runs from 0 – 0.3 s, ending at the diacrotic notch – the small dip

in fluid pressure. This marks the beginning of diastole which runs until the end of

the period at 0.7 s.

The CS drains into the right atrium. Mean right atrial pressure is generally varies

about 5mmHg [143,144]. Given this, we set the venous outlet pressure at 5mm Hg.

External Pressure Bovendeerd et al. [145] studied the dependence of coronary

blood flow and pressure on ventricular loading and contractility using lumped param-

eter models for the coronary and systemic circulation. They report that the peak

intramyocardial pressure coincides with peak left ventricle pressure. Intramyocar-

dial pressure is the pressure applied to the structured trees. Bovendeerd et al. give

an example of an external pressure profile with a peak of 67mm Hg. Heineman &
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Figure 5.16: The measured fluid pressure profile used as the inlet boundary condition

adapted from Mynard, Penny & Smolich [6]

Grayson [146] measured intramyocardial pressure, reporting that is is closely corre-

lated to left ventricle pressure and varies between 2mmHg and 107mmHg (with

associated left ventricle pressure of 146mm Hg). Here, we choose the intramyocar-

dial pressure to peak at approximately 0.21 s, to coincide with peak fluid pressure.

The profile is shown in Fig. 5.17a with a peak of 1mm Hg. In practice, we set peak

pressure during simulations, the values of which are discussed later.

The heart sits within the pericardium, a fluid-filled sac that transfers pressures

from the pleural cavity to the epicardial surface under normal conditions [148]. Peri-

cardial pressure increases during cardiac tampanode, a condition in which the peri-

cardium is overfilled with blood or another fluid (pericardial effusion), preventing

the heart from beating normally. In the absence of a pericardial effusion, pressure

within the sac is typically around -2mm Hg. Borlaug & Reddy [147] report that

mean pericardial pressure varies directly with right atrial pressure. This relationship

is shown in Fig. 5.17b.
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(a) Normalised external pressure profile ap-

plied to structured trees.
(b) The relationship between mean pericar-

dial and right atrial pressure from Borlaug &

Reddy [147].

Figure 5.17: Fluid pressure and external pressure profiles used in coronary simu-

lations, and experimental data showing the relationship between right atrial and

pericardial pressure.

5.3 Simulations

In this section, I present simulation results from various coronary trees. I compare

simulations from several left coronary trees generated using the method described

at the beginning of the chapter. We attempt to quantify the difference to wave

intensity made by, for example, modelling arterial trifurcations directly, as opposed

to successive bifurcations.

The period T = 0.7s unless noted otherwise. Again, unless noted all simulations

use the same parameter values for vessel stiffness k1, k2, k3, minimum structured tree

radius rmin, characteristic length, and temporal resolution. The time-step is set to

be at most ≈ 1.5× 10−5 s.
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5.3.1 Computational Time

The networks used in coronary simulations have between ten and fourty-four vessels.

In addition to this, the radii of coronary vessels are small compared to the pulmonary

system with maximum radii of 1.8 and 13.6mm, respectively. Due to the small size

of coronary vessels, a the characteristic radius Lr = 2.5mm is chosen for these

simulations. The characteristic radius governs the spatial step. In order to satisfy

the CFL condition, we need a smaller time-step than in the pulmonary simulations.

The combination of small time-step and large network size extends computational

time for the coronary simulations. A typical pulmonary simulation takes fewer than

10 s, where as a coronary simulations can take hours to complete.

5.3.2 Network Optimisation

The coronary networks produced using the methods discussed above often require

some refinement for use in simulations to avoid excessive computational times caused

by small spatial steps or many computational cycles needed to reach a periodic

solution. These adjustments are limited to increasing segment length and distal

radii.

Spatial resolution can be set in each vessel individually. Insufficient resolution

within a vessel leads to numerical instability and a failure to converge to a peri-

odic solution. However, high spatial resolutions require high temporal resolutions to

satisfy the CFL condition.

We require that each vessel contain at least 4 spatial nodes, i.e., for a vessel of

length L step size is ∆x < L/4. If a choice for ∆x causes the CFL condition to be

violated, then the L and ∆x are increased by some constant factor.

Vessels taper longitudinally. However, due to errors in radius measurement, the
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data from which we construct trees does not reflect this assumption. For each vessel

to be included in a tree generated from data, the proximal and distal radii are r̄0±σ,

respectively, where r̄0 is the mean radius at the nodes in the vessel, and σ is their

standard deviation.

We have observed that if a network contains large vessel in which the taper, i.e.

ratio of proximal to distal radii r0(0)/r0(L) > 4/3 for a vessel of length L, simulations

produce high frequency oscillations that do not necessarily reach a periodic steady

state within 100 computational cycles. An example of this behaviour can be seen in

the blue curves of Fig. 5.18. To rectify this, a lower limit

r0(L) =
3

4
r0(0)

of the distal radius is set. If the distal radius of a terminal artery is adjusted, then

the distal radius of any veins is also altered. The proximal radii of veins is altered

only if r0(0) < r0(L) is violated. The simulated flow and pressure in an artery and

adjoining vein with adjusted radii are shown in orange in Fig. 5.18. The summary

table of the trees used for these figures is given in Table C.1. The original vessel

had radii r0(0) = 1.5mm, r(L) = 0.9mm and length L = 7.7mm; the adjusted

radius is r(L) = 1.15mm. Further research is needed to determine the acceptable

limit of the ratio r0(0)/r0(L), and whether this ratio varies between networks. Such

instances of high-frequency oscillation may arise due to our choice of PDE solver

(Richtmyer’s two-step Lax–Wendroff method), and could potentially be avoided by

using, for example a flux-splitting scheme. This is outwith the scope of this thesis,

but is a potentially fruitful area of research.
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(a) Simulated flow and pressure at the outlet of Artery[3].

(b) Simulated flow and pressure at the outlet of the adjoining vein.

Figure 5.18: Pressure and flow simulations at the mid-point of an artery (a) and

adjoining vein (b) with (orange) and without (blue) adjusted radii. Flow is higher

in the case with reduced taper, as this depends on vessel area which was increased.

Both simulations are run for 10 cycles. Venous flow is negative due to the convention

of veins running from the outlet in the RA to the vascular beds.
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5.3.3 Convergence to a Periodic Solution

For pulmonary simulations, we defined a periodic solution as one in which no quan-

tity (pressure, flow, wavespeed, etc.) varies by more then 1% from the previous

period and where the venous outlet volume is within 3% of the arterial inlet vol-

ume. To assess periodicity, all quantities of interest are compared at each spatial

point in the computational domain against the value from the previous period. Flow

conservation within coronary vessels is relatively poor, with some Vessel 4 from the

850 µmtrifurcating tree in Table C.1 showing volume losses of 23% from 0.30ml at

the inlet to 0.37ml at the outlet. In general, volume conservation is worse in shorter

vessels that contain fewer spatial points than longer vessels. The absolute volume

change is small, but the low flow in narrow coronary vessels means that they are

relatively large. We saw absolute changes in fluid volume within vessels in the pul-

monary circulatory model. Volume change within vessels is indicative of insufficient

spatial resolution, doubling the spatial step-size increases the volume gain to 51% in

a Vessel 5. This also holds true in the pulmonary circulation, where we showed that

increasing the spatial resolution decreases volume loss, see Fig. 4.5. Volume is con-

served at all junctions, so any change that occurs has arisen with the vessel. Given

this, we accept satisfactory volume conservation as a volume loss or gain between

the arterial inlet and venous outlet of less than 10% relative to the inlet volume.

No coronary simulations converged when using the radius dependent viscos-

ity. Therefore, for the following simulations, we use a constant viscosity of µ =

4.503mPa s in all vessels. Introducing the radius dependent viscosity has the effect

of increasing vascular bed resistance. As we will see shortly, downstream resistance

strongly impacts peak flow and pressure. Further work needs to be done to establish

structured tree parameters that allow successfully use a radius dependent viscosity
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description.

5.3.4 Impact of Junction Type on Wave Intensity

When generating large arterial trees, the user must make several decisions about the

network morphometry. To quantify the impact of network morphometry on simu-

lations, I generate three trees using the same truncation (mean radius > 850 µm).

The first tree includes a trifurcation and segments in series with each other are con-

solidated into longer vessels; the second replaces the trifurcation with two sucessive

bifurcations; and the third has a trifurcation but does not join series segments into

vessel elements which we call a segmented tree. The arterial sides of the trees is shown

in Fig. 5.19a, Fig. 5.19b and Fig. 5.19c and their summary tables can be found in

Tables C.1, C.2 and C.3. The venous side is comprised of a single generation of veins

that all have a static outlet pressure or 5mm Hg. The simulations are all driven with

the same fluid pressure and use the same set of parameter values described above.

These simulations have no external pressure applied to either small or large vessels.

The difference between simulations in these trees is quantified using the net wave

intensity at the distal end of the initial artery of the trees. Net wave intensity

I = dp · du is the flux of energy per unit area that is carried by the wavefronts

that are propagating backwards and forwards [149], where dp fluid pressure change

(mm Hg) and du fluid velocity change (m s−1). This definition of wave intensity is

sensitive to the sampling rate, so we adopt the definition

I ′ =
∂p

∂t

∂u

∂t
,

given by, for example, Broyd et al. [13].

The inlet artery in all three trees is the same, so any differences in pressure,

flow, and wave intensity must arise from the tree morphometry. Figure 5.19d shows
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the fluid pressure, flow, and wave intensity at the distal end of the left coronary

artery. The pressure in all of the trees is very similar, but there are some differences

in the flow and wave intensity. The flow in the trifurcating tree is higher than in

the other two trees, but the network volume in the reference configuration is also

higher (1.19ml, versus 1.11ml for the bifurcating tree and 1.02ml for the segmented

network). The network comprised of unjoined segments is the smallest in volume

and also has the lowest flow. We saw the same behaviour in the mono-, bi-, and

trifurcting trees in Chapter 4; the trifurcating tree had the largest volume, and the

largest flow. Wave intensity is lower in the trees with smaller volume as the fluid

velocity is lower. There are no discernable changes in pressure or flow waveforms

that arise in the different networks. From this, we can conclude that network volume

is an important determinant of predicted flow and wave intensity.

Broyd et al. [13] report peak net coronary arterial wave intensity of approximately

1.8×105 kg s−4 which occurs in early systole. The peak wave intensities in the sim-

ulations presented here are between 1.5 and 1.8×105 kg s−4, also occurring in early

systole. Further, there is a second peak in wave intensity that coincides with end

systole. Such peaks have also been reported by Mynard et al. [150], Broyd et al. [13],

and Sen et al. [14].

All three simulations are volume conserving and have achieved periodicity.

5.3.5 Radius Truncation Condition and Predicted Flow

Using the method described at the beginning of this chapter, we are able to generate

trees using different truncation radii. The value of the truncation radius affects the

fluid pressure, flow and wave intensity. The truncation condition therefore is an

important consideration building patient specific coronary flow models. Similarly to
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(a) Trifurcating tree. (b) Bifurcating tree. (c) Segmented tree.

(d) Pressure, flow and wave intensity at the distal end of the inlet artery in the tri-

furcating (blue), bifurcating (orange) and monofurcating (yellow) trees using rmin =

0.35mm.

Figure 5.19: Comparisons in flow and pressure between trees using different junction

types. The networks arterial side of the networks are shown in (a) – (c) in which a

change in edge colour indicates the generation of the vessels.
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Figure 5.20: Pressure, flow and wave intensity at the distal end of the inlet artery in

trifurcating trees with different mean truncation radii without external pressure.

the above comparison between junction types, we plot the pressure, flow, and wave

intensity at the distal end of the inlet artery in five trees that were built using different

mean truncation radii. The fluid pressure curves are all within 2% of each other, the

flows, however, drop with increasing truncation radius. Trees that are truncated at

higher radii contain fewer vessels than trees truncated at lower radii, so contain fewer

vessels and have lower volumes. The volume of the networks with truncation radii

650 µm and 700 µm have a volume difference of 0.9 nl in the reference configuration

and the maximal flow difference between the two networks is 2nl s−1. The 850 µm tree

has the smallest volume at 1.19ml and the lowest flow. This further suggests that

the reference configuration network volume is an important determinant of simulated

flow.

5.3.6 Large Vessel External Pressure

According to Ramchandaran et al. [148], pericardial pressure is approximately equal

to pleural cavity pressure. As we saw in the previous Chapter, pleural cavity pressure

is typically low, with a mean of around -2mm Hg. Coronary blood pressure and

vessel stiffness are very high relative to the physiologically realistic external pressure

expected within the pericardium.
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To quantify the impact of pericardial pressure on coronary blood flow, we simulate

blood flow and pressure when a sinusoidal pressure (Fig. 4.8) of amplitude 2mmHg is

applied to the large vessels in the network with truncation radius 650 µm. We

then compare the simulated flow and pressure against a simulation using the same

parameter set and network. Figure 5.21a shows the percentage difference between

the flow and pressure at several points along in the LCA. The simulations we compare

have both reached a periodic state and are volume conserving, but there is a low-

amplitude high-frequency oscillation that can be seen in the difference that arises

because of slight differences in the periodic solutions. The flow difference caused

by the imposition of the external pressure never exceeds 1.1% (0.0074ml s−1) of the

undisturbed flow. Venous pressure is the most impacted with changes of up to 7%

of the undisturbed pressure which is a uniform 5mm Hg for an absolute change of

0.35mm Hg.

For completeness, we run several more simulations with pericardial pressures

outwith the physiological range. Figure 5.21b shows the percentage difference from

the undisturbed simulation at the distal end of the inlet artery that each of the

pressure amplitudes induces in the pressure and flow. From the figure we can see that

applying larger pressures causes larger changes in flow and pressure. The pressure

profile applied in these simulations is sinusoidal (shown in Fig. 4.8), and the change

from the simulated flow and pressure without external pressure is approximately

cosinusoidal; this aligns with our earlier observation from Section 4.3 that the change

induced by external pressure resembles the time-derivative of the external pressure

profile.

Pericardial pressure change is driven by respiration, so the period of physio-

logically realistic pericardial pressure profiles will be the same as a breath. As is

discussed in Chapter 4, breaths are typically a few heart beats long. Increasing the
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period of coronary simulations to include pericardial pressure will lead to a increase

in computational time. The magnitude of changes induced by pericardial pressures

is very low, so we choose to neglect it from now on. Pericardial pressure elevated

above 10mmHg effect coronary flow by preventing the heart from beating normally,

so cannot be captured using this model, as it lacks a ventricle. Elevated pericardial

pressure can arise due to excess fluid in the pericardium, known as cardiac tampon-

ade [148].

The largest difference between the simulations presented in Fig. 5.21a occurs

2.5 mm from the inlet of the artery. This difference seen in the plot is caused by

a difference in solution to which each simulation converged. This accounts for the

slight oscillations seen in the differences for each time step. It is likely that such

slight differences also occur in the spatial dimension. This discrepancy is likely to be

resolvable by imposing a stricter convergence condition on simulations, at the cost

of increasing computational time.

5.3.7 Small Vessel Compression

Coronary arterial flow paradoxically drops during systole [14], to coincide with peak

pressure, due to the compression of the majority of the vasculature. Flow then

increases during diastole as the microvasculature decompresses. This flow drop can

be seen in numerous measurement [14, 151, 152] and simulation studies [6, 48, 153].

Vascular beds are buried within the myocardium so are subject to intramyocardial

pressure, as is discussed above. Diastolic intramyocardial pressure is approximately

2mm Hg, but peak systolic pressure has a range of at least 33mmHg (for peak left

ventricle pressure 80mm Hg) to 107mm Hg (left ventricle pressure is 146mm Hg)

[146]. Figure 5.22a shows the simulated fluid pressure, flow, and wave intensity
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(a) Percentage difference between pressure and flow at several points along a terminal

vessel from simulations without external pressure and with a physiologically realistic

pressure amplitude. The legend lists distances from the proximal end of the vessel.

(b) Percentage pressure and flow difference between simulations with external pressure

applied and no external pressure. The legend lists the pressure amplitudes for each

simulation.

Figure 5.21: Quantification of the impact that large vessel external pressures have on

flow and fluid pressure. The low amplitude oscillations arise from slight differences

in the periodic solution of the simulations with and without external pressure.
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at the distal end of the LCA in the tree with truncation radius 650 µmfor several

external pressure amplitudes within the physiological range [30, 110]mm Hg. We

compare these against a simulation without an imposed external pressure.

In order to quantify the impact on flow of imposing a compressive external pres-

sure to the structured tree, we run a simulation with no external pressure, and one

with the external pressure profile shown in Fig. 5.17a with amplitude 60mm Hg. The

external pressure during diastole is set at 0mm Hg. Pressure and flow at the inlet

of the left coronary artery are shown in Fig. 5.22a.

From the figure, we can see that during systole when the vascular beds are com-

pressed, arterial flow is lower than in the undisturbed case, and diastolic flow is

higher. Systolic flow drops by upto 0.4ml s−1 (20%) compared to the undisturbed

case. Diastolic flow is similarly higher when an external pressure is applied, versus in

the reference case. During systole, when vascular beds are compressed, downstream

flow is restricted so upstream flow is reduced; as the compression decreases after

peak systole the expanding vascular bed in sucks arterial blood [154], increasing flow

in diastole.

Thollon & Vilaine [155] report that systolic flow drops to near 0 during systole.

This is a well-known phenomenon, and one that several other modelling studies, e.g.

[34,48,156] attempt to capture. For any pressure amplitude within the physiological

range, we cannot replicate such a flow drop.

Mantero, Pietrabissa & Fumero [156] do so with a 0D lumped parameter model

of the cardiovascular system that includes components for the coronary vascular bed

and left ventricle with a parameter that controls coronary vascular bed resistance

that is analogous to external pressure in this model. They found that increasing

vascular bed resistance decreases systolic flow, which agrees well with the model

presented here. However, they also found that diastolic flow decreases as vascular
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bed resistances increases, contrary to my findings. Vascular bed compression in the

model presented here is time dependent, whereas Mantero, Pietrabissa & Fumero’s

resistance increase was constant throughout the cycle, so would be more akin to

a applying a constant external pressure to the vascular bed. In Fig. 5.22b, I have

reproduced their graph showing flow change with increasing resistance. The coronary

arterial flows predicted by Mantero, Pietrabissa & Fumero are much higher than

those found using the model presented here, and other than the pattern of change

with increasing resistance, the simulated flow profiles bear little resemblance to each

other.

Mynard & Nithiarasu [34] and Duanmu et al. [48] present coronary flow profiles

that include the effects of vascular bed compression. Duanmu et al. also present an

example of measured coronary arterial flow. These models use different periods T ,

and different systolic and diastolic times, as well as external pressure magnitudes.

Given these differences, it is difficult to compare our model results quantitatively

against theirs. To qualitatively compare our coronary flow against these, the flows

are normalised to the lie in the interval [0, 1], and we shift and scale the period so that

the flow peaks in systole and diastole coincide for the purposes of comparison. The

result of this can be seen in Fig. 5.22c. From the figure, we see reasonable qualitative

agreement with the other simulations and with measured data: there is a sharp

decline in coronary flow during systole, a flow increase during systole, and a sharp

increase during diastole. The systolic flow increase predicted by the model presented

here is both higher and later than in the other models – this is possibly due to our

choice of external pressure (amplitude 60mm Hg) relative to peak systolic pressure

(102mm Hg), as we have seen that increasing intramyocardial pressure causes the

systolic peak to occur later and for its peak to be higher. The simulation and

measurement from Duanmu et al. show very good agreement with each other. This
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is because the simulation is patient specific and the model parameters were tuned to

data from which the measurement was taken. Another possible source of error is the

external pressure profile we chose: Mynard & Nithiarasu use a scaled left-ventricle

pressure which has plateau like interval during peak systole; this extended period of

compression may suppress the rise in systolic flow in their model.

Peak net wave intensity varies between 2.22×105 kg s−4 without the external pres-

sure, and 1.99×105 kg s−4 with external pressure. These values are inline with those

reported in the literature [13, 14].

5.3.8 Increasing Small Vessel Stiffness

We have seen that applying a time-varying external pressure to the vessels in a

vascular bed can qualitatively capture the early and late systolic flow minima, and

sharp systolic rise seen in measured data and reported in the mathematical literature

[34,48,157]. The systolic flow drop depends on many factors, including microvascular

stiffness. From Fig. 5.23, it can be seen that as microvascular stiffness increases the

fall to the systolic flow minima decrease, and that the diastolic flow peak is smaller.

The effect of external pressure applied to the vascular bed is more apparent in more

compliant vessels, as compared to stiffer ones, which is to be expected. The same

time-varying external pressure (shown in Fig. 5.17a) with amplitude 60mmHg is

applied in all cases.

5.3.9 Microvascular Rarefaction

Vascular rarefaction is the decrease in density of vessels per unit volume within a

vascular bed. Microvascular rarefaction has been linked to hypertension [158]. This
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(a) Pressure, flow, and wave intensity at the inlet of the LCA in the 650 µm trifurcating

tree with increasing vascular bed compression. The legend gives the peak pressure

applied with the time-varying profile given in 5.17a.

(b) Reproduction of the plot showing flow decrease with increasing vascular bed pres-

sure from Mantero, Pietrabissa & Fumero [156] in a 0D model of the cardiovascular

system. The arrows show the direction of change as vascular bed resistance increases.

(c) Comparision of normalised LCx flow from this model (blue), Mynard & Nithiarasu,

a simulation and measured data from Duanmu et al. [48]. We have shifted and scaled

the data so peak systolic flow occurs at t = 0 and peak diastolic flow at t = 0.5.

Figure 5.22: Comparisons of coronary arterial flow showing the drop in systole, late

systolic minima, and sharp diastolic rise.
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(a) Distal LCA pressure and flow in the 650 µm trifurcating tree for several values of

constant microvascular vessel stiffness.

(b) Distal venous pressure and flow (Vessel 10) 650 µm trifurcating tree for several

values of constant microvascular vessel stiffness with time-varying external pressure of

amplitude 60mm Hg. Venous flow is negative by convention.

Figure 5.23: Flow and pressure curves at a fixed point in an artery and vein for one

period with time-varying external pressure of amplitude 60mm Hg with increasing

vascular bed and venous stiffness. The impact of external pressure is more evident

in more compliant vessels.



CHAPTER 5. CORONARY MODELLING 161

model uses the parameters ξ, γ, η, rmin to control microvascular density

rξp = rξd1 + rξd2 , ξ ∈ [2.33, 3], (5.2)

γ =
r2
d2

r2
d1

, (5.3)

η =
r2
d1

+ r2
d2

r2
p

=
1 + γ

(1 + γξ/2)
2/ξ
, η > 1. (5.4)

As with the pulmonary model, we have set ξ = 2.76, γ = 0.41, and rmin = 10 µm.

Only two of the three η, γ, ξ are independent (see Section 4.1 Scaling Factors).

By altering these, we are able to simulate coronary microvascular rarefaction with a

time-varying external pressure with amplitude 60mmHg applied to the vascular beds.

Increasing the minimum radius of vessels in the structured tree decreases overall

vascular resistance, to arterial flow increases and pressure drops, as can be seen in

Fig. 5.24a. However, setting rmin constant and increasing ξ, the radius exponent

increases the number of vessels and terminal branches, so has the effect of decreasing

vascular resistance. Decreased vascular resistance leads to higher arterial and venous

peak flow, and flow over all and lower peak blood pressures. These effects are the

same as those found by Vaughan in the systemic circulation [29].

The main features of arterial flow and pressure waves are not altered by changing

the structured tree parameters. Arterial pressure maintains the systolic peak followed

by the dicrotic notch that marks the beginning of systole. Flows show a early and late

systolic minima before a sharp increase in early diastole. Increasing rmin decreases

the number of vessels in the strucutred tree, so decreases the number of vessels that

are subject to the intramyocardial pressure. With increasing rmin we see that the

systolic flow drop decreases, as does the gradient of the diastolic flow increase.
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(a) Distal LCA pressure and flow in the 650 µm trifurcating tree for several values rmin.

(b) Distal venous pressure and flow (Vessel 10) 650 µm trifurcating tree for several

values of constant microvascular vessel stiffness with time-varying external pressure of

amplitude 60mm Hg.

Figure 5.24: Flow and pressure curves at a fixed point in an artery and vein for one

period with time-varying external pressure of amplitude 60mm Hg with increasing

vascular bed and venous stiffness. The impact of external pressure is more evident

in more compliant vessels.
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5.3.10 Branching Venous Network Simulations

All of the simulations shown up to this point have been composed of a left coronary

tree and a single generation of veins that are not joined to each other. However, we

are able to include separate left and right-coronary arterial trees and a branching

venous side with a coronary sinus trunk that drains into the left atrium. The arterial

trees were generated with a mean truncation radius of 800 µm. The venous tree was

constructed using the method described above. The full summary table is given in

Table C.8. Adjustments were made to the tree as described in Section 5.3.2. This tree

would have a schematic similar to the one shown in Fig. 5.12, with a two bifurcations

in the left tree, and an extra segment. Its summary table is given in Table C.8. Using

this tree, can investigate the impact of including a full venous tree on left coronary

arterial flow by simulating flow in a network with a single generation of veins, and

the full network.

To the best of our knowledge, there is no other coronary flow model that includes

a detailed, branching venous network. Studies such as those of Duanmu [49], Huo

& Kassab [159], Mynard & Nithiarasu [34], and Mynard, Penny & Smolich [6] use

1D arterial flow models in explicitly defined networks, but use lumped downstream

boundary conditions to represent the vascular beds and venous side.

For these simulations, a large arterial stiffness k3 = 2.53 × 105 Pa, small vessel

and venous stiffness k3 = 1.03× 105 Pa, and characteristic radius Lr = 1.25 mm are

used. An external pressure of amplitude 60mmHg is applied to all structured trees.

The same pressure based boundary condition is prescribed at the inlet of the left

and right arterial trees, but flow at the left arterial inlet is higher (71ml min−1, versus

66ml min−1). The right and left arterial trees are identical by construction, as are

the data for each tree. As such, any flow and pressure differences in the arterial side
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must arise from interactions with the venous tree. The left and right-coronary arterial

flows are also different from the flow in the inlet artery of the 800 µm trifurcating tree

with 5 veins (see Table C.4). The venous outlet boundary condition for each of these

veins is the right atrial pressure of 5mm Hg and there are no vein-vein connections.

In general, the RCA gives rise to branches that supply the right atrium, ventricle,

and intervernticular septum with blood, whereas the LCA and its branches supply

the left ventricle. The left ventricle has a higher metabolic demand than the right,

due to the thicker wall and greater forces it generates. The left ventricle, therefore

requires a greater blood volume to meet its energy needs [160].

The ratio of heart mass to total mass of young pigs of mass 20 – 30 kg is 5 g/kg

[123], giving a heart mass of 100 – 150 g. This ratio is identical to that of adult

humans. Goodwill et al. [161] give approximate flow ranges based on heart mass as

≈ 0.5 − 1.0 ml min−1 g−1 for the left coronary arteries and ≈ 0.3 − 0.6 ml min−1 g−1

for the right. Therefore, we might expect porcine left coronary flows of between 50 –

150ml min−1 and right-coronary flows of 30 – 90ml min−1. Our simulated coronary

flow does indeed lie within these ranges.

In comparison, total human coronary arterial flow is around 250mlmin−1 at

rest [15], which is significantly more than in the young porcine heart, since adult

humans are significantly bigger. Human hearts range in mass from 188 – 575 g with

mean 331 g [162].

It is worth noting that the application of external pressure does not impact the

net inflow volume.
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5.3.11 Increased Large Artery Stiffness

Coronary artery disease is caused by the formation of atherosclerotic plaques and

is characterised by the chronic inflammation of artery walls [163]. Coronary artery

disease can lead to local vessel stiffening, lumen narrowing, or both [89]. We can

use this model to investigate the impact of large artery stiffness in the coronary

circulation. Figure 5.25 shows blood pressure, flow and net wave intensity at the

distal end of the LCx in the trifurcating tree with truncation radius 650 µm (vessels

3 and 11 from Table C.7).

As large arterial stiffness increases, and structured tree and venous stiffness are

held constant, we see that flow and pressure are both relatively insensitive to this

change, but the flow peak and trough seen in early diastole (around 0.3 s) decrease in

amplitude. As vessels become increasingly stiff, their ability to distend and increase

their fluid capacity is reduced, and the variation between the peak and trough flows

decreases.

There is no external pressure in these simulations. The same changes in pressure

and flow are seen when a time-dependent external pressure is applied to the vascular

beds.

The flow in the venous side is negative by convention, as veins are oriented from

the outlet in the right atrium to the vascular bed. From Fig. 5.25b we can also see

the pulse propagation into the venous side. A key advantage of the grand admittance

based boundary condition is that it allows us to capture this wave propagation.
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(a) Pressure, flow, and net wave intensity in an artery with increasing large arterial

stiffness.

(b) Pressure, flow, and net wave intensity in a vein with increasing large arterial stiff-

ness.

Figure 5.25: Fluid pressure, flow and net wave intensity in a large artery (Vessel

2 in Table C.7) and adjoining vein. Large arterial stiffness is increased between

simulations we see that flow and pressure peaks and troughs have smaller amplitude.
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5.4 Summary and Future Directions

The simulated coronary flow profiles seen above have relatively large diastolic peaks.

These are likely due to the choice of large vessel stiffnesses and structured tree

parameters. A larger statistical parameter study, such as those conducted by Paun

and others [164–166], is needed to choose values that result in simulated flows and

pressures that more closely align with results from the literature. Similarly, the

simulated coronary flows in all trees are lower than the physiological range, and

more research is needed to develop trees.

The right and left coronary trees were assumed to have the same reference config-

uration morphometry, which is not physiologically realistic, as the RCA has shorter

length and smaller radius than the LCA trunk and does not give rise to large branches

as proximally as the LCA. It would be advantageous to implement this model using

a right and left coronary arterial trees, and a venous tree with data from a single

heart.

In this model we only include venous drainage via the coronary sinus, however, as

much as 10% of the coronary blood volume drains into all chambers of the heart via

the Thebesian vessels. These are entirely neglected in this model. It may be possible

to include these by developing a one-sided structured tree and pressure profile at the

outlet of each of the terminal vessels in the structured tree. Similarly, there are many

possible variations of venous anatomy, including the absences of the oblique vein of

the left atrium, and the small cardiac vein draining directly into the right atrium.

No such venous variations have been modelled here.

There are pathologies, such as high take-off [167] that the model is not equipped

to deal with. High take-off is a coronary artery anomaly in which either the LCA or

RCA arises more than 1 cm above the typical position at the sinotubular junction.
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Modelling such a condition would require that we simulate flow and pressure in the

aortic root. Our model assumptions are not applicable in the aorta owing to its

large size and complexity of flow, but, for example, Chen et al. [168] have success-

fully simulated 3D flow in the left ventricle coupled to a 1D model for the systemic

circulation.

As the fluid model is 1D, we are unable to accurately model anomalies of tortu-

osity as in a “shepherd’s crook” RCA [134] in which the vessel follows a switchback

course across the epicardium.

Intramyocardial pressure varies throughout the heart wall, both with depth (en-

docardial pressures are higher than epicardial pressures), and with the region of the

heart wall that is being perfused. As part of an ongoing cardiovascular modelling

project, we are working to integrate this coronary flow model with a poroelastic wall

model of the beating heart. The 1D coronary flow model is coupled to the poroelastic

wall model, and supplies net inflow into regions of the myocardium that are perfused

and drained by different large vessels. Such a model may be capable of modelling

coronary flow during cardiac tampanode, as it could include the restriction of the

left ventricle by the fluid filled pericardium.



Chapter 6

Summary, Conclusions, and Future

Directions

We began by deriving a system of 1D equations for pulsatile flow in finitely long,

elastic walled vessels, filled with homogenous, viscous blood, that explicitly include

a time-varying external pressure applied uniformly along the length of the vessel.

We extended the analysis to flow in the vessels of the structured-tree, finding an

admittance matrix boundary condition that relates fluid and external pressure to

arterial and venous flow. The theory we developed allows different external pressure

to be applied to each vessel. In principle, this includes those in the structured-tree.

In Chapter 3, we develop the numerical schemes used in the model. This began

with the two-step Lax–Wendroff scheme used to solve the system of model equations

within a section of vessel. After this we moved on to discussing the boundary con-

ditions at the vessel inlet, at junctions, over the structured-tree, and at the outlet.

Here, we extended the structured-tree boundary-matching condition developed by

Qureshi [3] and Vaughan [29] to include the external pressure profile that is applied

169
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to the structured-tree. As it stands, the numerical scheme described assumes that

the pressure applied to the structured-tree is spatially uniform. Further, we gen-

eralised the bifurcation matching condition to join one parent vessel to arbitrarily

many daughters – an r-furcation. The new junction-matching condition can be used

to directly model vessel stenoses or local changes in vessel stiffness. It is also more

robust than previous boundary matching scheme, and is less prone to rounding er-

rors. The r-furcations presented here are superficially similar to those presented by

Mynard & Nithiarasu [34], but are developed and implemented independently.

Chapter 4 is concerned with model testing and simulation of pulmonary flow

during different respiratory states. We saw that the model behaves in an intuitively

sensible and self-consistent manner — fluid volume is preserved across all boundaries,

including during the application of external pressure. Further, when a vascular bed

is compressed, arterial flow drops (due to increased microvascular resistance) and

venous flow increases (as fluid is squeezed out of the vascular bed); we see the opposite

behaviour when a negative pressure is applied such as during quiet respiration.

In Chapter 5 we developed a framework with which to build full coronary trees

from limited data that approximate the morphometry of physiologically realistic

trees. Using data from the literature, we set parameter values for use in the coro-

nary simulations, all of which are directly measurable or inferable from measure-

ments. We then simulated flow in several of these trees, showing that large vessel

network morphometry is an important determinant of flow. We further showed that

physiologically realistic compressive pressures applied to large vessels alone do not

have a significant impact on coronary flow; this is due to the high fluid pressure in

large arteries relative to external pressure, and the stiff large vessel walls. Pressures

applied to the structured-trees do, however, significantly impact the simulated flow

profiles; we see a large flow drop during systole as the vascular beds are compressed
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by the squeezing of the myocardium, and a peak in early diastole as the compression

decreases. The pattern of changes we see aligns well with reports from the literature,

and agrees qualitatively with other coronary modelling studies.

In practice, it is straight forward to apply a different external pressure to each

large vessel, and to the structured-trees, but varying pressures within a structured-

tree proved more complicated. A possible way forward is to introduce a radius-based

scaling factor into the calculation of admittance matrices, so that pressures may be

allowed to vary throughout the structured-tree. This is motivated by the assumption

that smaller vessels are typically buried deeper within a tissue than larger vessels, so

will be subject to greater external pressures as the organ moves.

As was noted in the discussion of pulmonary circulation models in Chapter 4,

Clipp & Steele [46] found that flow is insensitive to changes in external pressure

when using a flow as the inlet boundary condition. In our model, we use a pressure

based boundary condition, and see that flow changes during respiration, but pressure

largely remains the same. To better compare these models, we could implement a

flow inlet condition, and simulate pulmonary flow using the same inlet data as Clipp

& Steele.

This model could be coupled to a left ventricle model, such as was done by Chen

[40], and a right atrium to include feedback throughout the respiratory cycle [169].

Such a model could be used to simulate pulmonary flows over longer time scales, and

adapting the inlet boundary condition so that flow is driven by a beating heart model.

Further, the pulmonary circulation model could be coupled with those for ventilation

and flow around the alveoli to assesses pulmonary perfusion during respiration, with

extensions to the quantification of alveolar injury resulting from mechanical over

inflation.

Much validation needs to be carried out before this model is used in a patient-
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specific setting, or to inform clinical decision making. Such validation could involve

practical microfluidic experiments, as in, for example Sirs [170]. Other model vali-

dation should come in the form of quantitative comparisons against measured data

in the pulmonary system.

The large coronary trees are built using measured data from a left porcine coro-

nary arterial, and from averaged vessel lengths for several porcine hearts. We believe

that this is a reasonable facsimile of the porcine coronary vasculature, but further

study is needed to determine the accuracy of our idealised trees. Further, the model

can be made patient-specific, and a patient specific coronary modelling study with a

model implemented using only parameters with physical significance would likely be

of mathematical and medical interest. If such data were available, detailed patient

specific model calibration and validation could be carried out.

While simulated coronary flow did lie within the physiological bounds, a a larger

statistical study on flow variation with network geometry and structured tree param-

eters would better inform our parameter choices in later modelling studies [164,165].

No coronary simulations converged to a periodic solution when using the radius

dependent viscosity description. More research is needed to establish where the issue

lies, and to resolve it.

As mentioned previously, we are currently working to couple the 1D coronary

flow model to a poroelastic model of a beating heart. This work is not presented

here, but will lead to detailed mathematical studies of, for example, perfusion during

myocardial infarction, vessel stenosis, microvascular rarefaction, or cardiac tampan-

ode.

In addition to the above research directions, the model developed here has the

potential to be used to answer clinically or biomedically relevant questions. For

instance, a properly calibrated model could be used to help predict blood pressure
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changes given appropriate flow measurements. This may obviate some of the clinical

need for regular invasive blood pressure measurements as are made [171].



Appendix A

Further Mathematical and Numerical

Details

A.1 Calculation of B and its Derivatives

In this section we find B(x, t) and its derivatives that are necessary for the compu-

tational scheme. To do this, we define

(A.1)B̂(r0(x), ϕ(x, t)) =

∫ ϕ(x,t)

p0

A(p∗) dp∗

where

A(p∗) = A0(x)

(
p∗

f(r0(x))
+ 1

)2

, f(r0(x)) =
4

3

Eh

r0(x)
.

so

(A.2)

B̂(r0(x), ϕ(x, t)) ≡ f

2
√
A0

∫ A(ϕ)

A0

√
A(p∗) dA(p∗)

=
f

3
√
A0

(
[A(ϕ)]3/2 − A3/2

0

)
= A0f

[
1

3

(
ϕ

f

)3

+

(
ϕ

f

)2

+
ϕ

f

]
.
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as
(A.3)

dA(p∗)

dp∗
= 2

√
A0A

f
.

To write (2.8, 3.2) in conservation form we require

∂B

∂x

∣∣∣∣
t

=
∂B̃

∂r0

∣∣∣∣∣
ϕ

dr0

dx
+
∂B̃

∂ϕ

∣∣∣∣∣
r0

∂ϕ

∂x

∣∣∣∣
t

=
∂B̃

∂r0

∣∣∣∣∣
ϕ

dr0

dx
+
∂B̃

∂ϕ

∣∣∣∣∣
r0

∂p

∂x

∣∣∣∣
t

, (A.4)

by the multivariate chain rule.

By definition of B̂ and the first fundamental theorem of integral calculus

∂B̂

∂ϕ
= A(ϕ).

The fluid pressure p and external pressure þ come from data, so we find ∂p/∂x

numerically. As there is no obvious or general functional form for p or þ, I do not

evaluate any pressure derivatives. For convenience, I aim to express all the following

derivatives as functions of p or ϕ.

Large vessels taper axially according to

r0(x) = r0(0) exp (kx)

so dr0/dx = r0(0)kekx where k = 1
L

ln
(
r0(L)
r0(0)

)
determines degree of taper. For a

vessel of length L, r0(0) and r0(L) are given.

Lastly, we find

∂B̃

∂r0

∣∣∣∣∣
ϕ

=
∂

∂r0

(
f

3
√
A0

(
[A(ϕ(x, t)]3/2 − A3/2

0

))
=

d

dr0

(
f

3
√
A0

)
︸ ︷︷ ︸

(1)

(
A(ϕ)3/2 − A3/2

0

)
+

f

3
√
A0

(
∂

∂r0

(
A(ϕ)3/2

)
︸ ︷︷ ︸

(2)

− ∂

∂r0

(
A

3/2
0

)
︸ ︷︷ ︸

(3)

)
.

Let us evaluate the three derivatives separately. The first is

d

dr0

(
f

3
√
A0

)
=

1

3
√
A0

df

dr0

−
√
π

3

f

A0

,
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the second

(A.5)
∂

∂r0

(
A(ϕ)3/2

)
= 3

(√
π
A3

A0

− 1

f

(
A3/2 −

√
A0A

) df

dr0

)
,

and the third
(A.6)

d

dr0

(
A

3/2
0

)
= 3
√
πA0.

Taking these together gives, collecting like terms, and writing all areas A(ϕ) as

explicit functions of ϕ gives

∂B̃

∂r0

∣∣∣∣∣
ϕ

=

(
1

3
√
A0

df

dr0

−
√
π

3

f

A0

)(
A(ϕ)3/2 − A3/2

0

)

+
f√
A0

(√
π
A3

A0

− 1

f

(
A3/2 −

√
A0A

) df

dr0

−
√
πA0

)
.

= −2

3

(
A3/2

√
A0

df

dr0

+

√
π

A0

A3/2f +
√
πA0f

)
+

(
A− A0

3

)
df

dr0

= −2

3

((
ϕ

f
+ 1

)3

A0
df

dr0

+
√
πA0f

((
ϕ

f
+ 1

)3

+ 1

))
+A0

((
ϕ

f
+ 1

)2

− 1

3

)
df

dr0

.

(A.7)

Vessel wall stiffness is assumed to be f(r0(x)) = 4
3
(k1 exp(k2r0) + k3) for known

constants k1, k2, k3.

The computational scheme also requires (dp̂/dA), (∂B/∂A), (∂2B/∂A∂x). Firstly,

dϕ

dA
= f

d

dA

(√
A

A0

− 1

)
+

dpe(t)

dA
= f

d

dA

(√
A

A0

)
=

1

2

f√
A A0

. (A.8)

Also,

(A.9)
∂B

∂A
=

f

3
√
A0

∂

∂A
A3/2 =

√
A

A0

f

2
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from the definition of B. Finally,

∂2B

∂A∂x
=

1

2

∂f

∂r0

∂r0

∂x

√
A

A0

+
f

2

∂

∂x

(√
A

A0

)
(A.10)

=
1

2

(
∂f

∂r0

∂r0

∂x
+
∂ϕ

∂x

∣∣∣∣
t

)
(A.11)

in which

(A.12)

d

dx
(f(r0(x))−1) = − 1

f(r0(x))2

df

dr0

dr0

dx
df

dr0

=
4

3
Eh

d

dr0

(r−1
0 ) = −4

3

Eh

r2
0

and an expression (dr0/dx) is given above.

A.2 Time-Dependent Pressure Inlet Boundary Con-

dition

As discussed in Ch. 3, the time-dependent pressure based inlet condition presented

here does not differ from the one derived and presented by Qureshi [3] when we

include external pressure.

A fluid pressure profile p(0, t) is prescribed at the inlet over the period of length

T s, t ∈ [0, T ]. Similarly, we prescribe an external pressure profile þ(t). Hence, we

can find ϕ(0, t) = p(0, t)− þ(t) for the whole period.

Given the constitutive tube law (2.25), A(x, t) = A0(x)
(

ϕ(x,t)
f(r0(x))

+ 1
)2

, A(0, t) is

known. The flow q(0, t) is yet to be determined using ϕ(0, t) and A(0, t) with the

equation (3.13)

Un+1
m = Un

m +
∆t

2

[
S
n+1/2
m+1/2 + S

n+1/2
m−1/2

]
− ∆t

∆x

[
W

n+1/2
m+1/2 −W

n+1/2
m−1/2

]
so at m = 0

(A.13)qn+1
0 = qn0 +

∆t

2

[
(S2)

n+1/2
1/2 + (S2)

n+1/2
−1/2

]
− ∆t

∆x

[
(W2)

n+1/2
1/2 − (W2)

n+1/2
−1/2

]
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t

x

Figure A.1: Inlet: Ghost point marked ◦ is a half step before the inlet of a vessel. Points marked

× are known. The point marked � is found by averaging between adjacent time steps.

in which (S2)
n+1/2
±1/2 , (W2)

n+1/2
±1/2 are given by (3.5c), and (3.5b) and depend on An+1/2

±1/2 .

Hence, we need to be able to evaluate An+1/2
−1/2 which we achieve by using a ghost-point

A
n+1/2
0 =

1

2

(
A
n+1/2
−1/2 + A

n+1/2
1/2

)
⇐⇒ A

n+1/2
−1/2 = 2A

n+1/2
0 − An+1/2

1/2 (A.14)

as illustrated in Fig. A.1.

Also from (3.13), we have

(A.15)
An+1

0 = An0 −
∆t

∆x

[
q
n+1/2
1/2 − qn+1/2

−1/2

]
⇒

q
n+1/2
1/2 =

∆x

∆t

(
An0 − An+1

0

)
+ q

n+1/2
−1/2 .

Between them, (A.13), (A.14), (A.15) have three unknowns An+1/2
1/2 , qn+1/2

1/2 and qn+1
0 .

Specific choices of inlet boundary condition are discussed in Ch. 4 & 5 as required.

A.3 One-to-many Branching

The unknown when matching a single parent vessel to r daughters are

(A.16)
x3i+1 = (qdi)

n+1
M , x3i+2 = (qdi)

n+1/2
M , x3i+3 = (qdi)

n+1/2
M−1/2 ,

x3(i+r)+4 = (Adi)
n+1
M , x3(i+r)+5 = (Adi)

n+1/2
M , x3(i+r)+6 = (Adi)

n+1/2
M−1/2 ,
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for i = 0, ..., r. The parent vessel is denoted d0.

A.3.1 Residual Equations for Junction Matching

Residual 1 from (3.18a):

(A.17)
g1 = − (qp)

n+1
L + (qp)

n
L −

∆x

∆t

((
(W2)p

)n+1/2

L+1/2

−
(

(W2)p

)n+1/2

L−1/2

)
+

∆t

2

((
(S2)p

)n+1/2

L+1/2
+
(

(S2)p

)n+1/2

L−1/2

)
.

Residuals 2,..., r+ 1 from (3.18a):

(A.18)
gi+1 = −qn+1

0 + qn0 −
∆x

∆t

((
(W2)di

)n+1/2

1/2
−
(
(W2)di

)n+1/2

−1/2

)
+

∆t

2

((
(S2)di

)n+1/2

1/2
+
(
(S2)di

)n+1/2

−1/2

)
,

i = 1, 2, ..., r.

Residual r+ 2 from (3.18b):

gr+2 = −An+1
L + AnL −

∆x

∆t

(
(qp)

n+1/2
L+1/2 − (qp)

n+1/2
L−1/2

)
.

Residuals r+ 3, ..., 2(r+ 1) from (3.18b):

gr+2+i = −An+1
0 + An0 −

∆x

∆t

(
(qdi)

n+1/2
1/2 − (qdi)

n+1/2
−1/2

)
.

Residual 2r+ 2 from 3.19b:

g2(r+1)+1 = − (qp)
n+1/2
L +

1

2

(
(qp)

n+1/2
L−1/2 + (qp)

n+1/2
L+1/2

)
.

Residuals 2(r+ 1) + 2, ..., 3(r+ 1) from 3.19b:

g2(r+1)+1+i = − (qdi)
n+1/2
0 +

1

2

(
(qdi)

n+1/2
−1/2 + (qdi)

n+1/2
1/2

)
, i = 1, 2, ..., r.
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Residual 3(r+ 1) + 1 from 3.19a:

g3(r+1)+1 = − (Ap)
n+1/2
L +

1

2

(
(Ap)

n+1/2
L−1/2 + (Ap)

n+1/2
L+1/2

)
.

Residuals 3(r+ 1) + 2, ..., 4(r+ 1) from 3.19a:

g3(r+1)+1+i = − (Adi)
n+1/2
0 +

1

2

(
(Adi)

n+1/2
−1/2 + (Adi)

n+1/2
1/2

)
, i = 1, 2, ..., r.

Residuals 4(r+ 1) + 1 from (3.17b):

g4(r+1)+1 = − (qp)
n+1
L +

r∑
i=1

(qdi)
n+1
0

a flow conservation condition at time level n+ 1.

Residuals 4(r+ 1) + 2 from (3.17b):

g4(r+1)+2 = − (qp)
n+1/2
L +

r∑
i=1

(qdi)
n+1/2
0

a flow conservation condition at time level n+ 1/2.

Residuals 4(r + 1) + 3, ..., 5(r + 1) + 1 from (3.17a):

g4(r+1)+2+i = − (fp)L


√√√√√ (Ap)

n+1/2
L(

(A0)p

)
L

− 1

−þn+1/2
p +(fdi)0


√√√√(Adi)

n+1/2
0(

(A0)di
)

0

− 1

+þn+1/2
di

a fluid pressure matching condition at time step n+ 1/2.

Residuals 5(r + 1) + 2, ..., 6(r + 1) from (3.17a):

g5(r+1)+1+i = − (fp)L


√√√√ (Ap)

n+1
L(

(A0)p

)
L

− 1

−(þp)
n+1+(fdi)0

(√
(Adi)

n+1
0(

(A0)di
)

0

− 1

)
+(þdi)

n+1

a fluid pressure matching condition at time step n+ 1.
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A.3.2 Example: Jacobian for Matching a Monofurcation

Because we dictate the order in which we list unknowns x and residuals g(x), the

Jacobian J has a predictable structure. Jacobians can be generated using Alg. 1.

Each element of the matrix is the derivative of a residual with respect to one of the

unknowns: J(i, j) =
∂gi(x)

∂xj
. Explicitly, for r = 1 we have

J =



−1 · χ1 · · · · · χ2 · · ·

· · · −1 · χ3 · · · · · χ4

· · −θ · · · −1 · · · · ·

· · · · · θ · · · −1 · ·

· −1 1
2

· · · · · · · · ·

· · · · −1 1
2

· · · · · ·

· · · · · · · −1 1
2

· · ·

· · · · · · · · · · −1 1
2

· −1 · · 1 · · · · · · ·

−1 · · 1 · · · · · · · ·

· · · · · · · χ5 · · χ6 ·

· · · · · · χ7 · · χ8 · ·


where, for example, χ1 =

∂g1

∂x3

with x3 = (qp)
n+1/2
L+1/2 and χ3 =

∂g2(x)

∂x6

, x6 = (qd1)
n+1/2
−1/2 .

These are straightforwardto find using a computer algebra package.

A.3.3 List of Functions χ

The functions χi, i = 1, ..., 4(r + 1) are derivatives of the elements of g with respect

to the elements of x, hence, the number of functions increases with increasing r. A

consequence of this is that we can only usefully write them down in general. However,
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they can be found for i = 0, ..., r as follows:

χ1+2i =
dgi+1(x)

dx3(i+1)

(A.19)

χ2+2i =
dgi+1(x)

dx3(2+i+r)

(A.20)

χ3+2r =
dg(x)

dx3(1+r)+2

(A.21)

χ3+2r+i =
dg(x)

dx3(1+r+i)

i = 1, ..., r (A.22)

χ4+3r =
dg(x)

dx3r+2

(A.23)

χ4+3r+i =
dg(x)

dx3r+2+3i

i = 1, ..., r (A.24)

A.4 Structured Tree Boundary Matching Condition

To find the area and flow at the terminii of the artery and vein to be matched,

consider the four-point formula (3.13) at the current spatial-step (MA for arteries,

MV for veins) and the next time-step. Explicitly, this is

(A.25a)An+1
MA = AnMA −

∆x

∆t

(
(W1)

n+1/2

MA+1/2 − (W1)
n+1/2

MA−1/2

)

qn+1
MA = qnMA −

∆x

∆t

(
(W2)

n+1/2

MA+1/2
− (W2)

n+1/2

MA−1/2

)
+

∆t

2

(
(S2)

n+1/2
M+1/2 + (S2)

n+1/2
M−1/2

)
(A.25b)

(A.25c)An+1
MV

= AnMV
− ∆x

∆t

(
(W1)

n+1/2
MV +1/2 − (W1)

n+1/2
MV −1/2

)

(A.25d)
qn+1
MV

= qnMV
− ∆x

∆t

(
(W2)

n+1/2
MV +1/2 − (W2)

n+1/2
MV −1/2

)
+

∆t

2

(
(S2)

n+1/2
MV +1/2 + (S2)

n+1/2
MV −1/2

)
.
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Between them, these equations have 10 unknowns:

(A.26)An+1
MA , q

n+1
MA , (W1)

n+1/2

MA+1/2 , (W2)
n+1/2

MA+1/2 , (S2)
n+1/2

MA+1/2 ,

An+1
MV , q

n+1
MV , (W1)

n+1/2

MV +1/2 , (WV )
n+1/2

MV +1/2 , (S2)
n+1/2

MV +1/2 .

In order to determine the S and W terms we need A
n+1/2

MA+1/2
, qn+1/2

MA+1/2
, An+1/2

MV +1/2
,

q
n+1/2

MV +1/2
, which we find by considering the ghost-point a half spatial step behind

these
(A.27a)A

n+1/2

MA =
1

2

(
A
n+1/2

MA+1/2
+ A

n+1/2

MA−1/2

)
,

(A.27b)q
n+1/2

MA =
1

2

(
q
n+1/2

MA+1/2
+ q

n+1/2

MA−1/2

)
,

(A.27c)A
n+1/2

MV =
1

2

(
A
n+1/2

MV +1/2
+ A

n+1/2

MV −1/2

)
,

(A.27d)q
n+1/2

MV =
1

2

(
q
n+1/2

MV +1/2
+ q

n+1/2

MV −1/2

)
.

Introducing the ghost points has added four unknowns to the system: An+1/2

MA , qn+1/2

MA ,

A
n+1/2

MV , qn+1/2

MV . To find the unknown flows, use the discretised boundary matching

conditions (3.22a), (3.22b) at the appropriate point

(A.28a)

(
qA
)n+1/2

MA =
((
pA
)n+1/2

MA (y11)0 +
(
pV
)n+1/2

MV (y12)0

−
[(
þA
)n+1/2

(ye11)0 +
(
þV
)n+1/2

(ye12)0
]

+
N−1∑
k=1

[
(pA)

〈n+1/2−k〉N
MA (y11)k + (pV )

〈n+1/2−k〉N
MV (y12)k

−
{

(þA)〈n+1/2−k〉N (ye11)k + (þV )〈n+1/2−k〉N (ye12)k
}])

∆t,
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(A.28b)

(
qV
)n+1/2

MV =
((
pA
)n+1/2

MA (y21)0 +
(
pV
)n+1/2

MV (y22)0

−
(
þA
)n+1/2

(ye21)0 −
(
þV
)n+1/2

(ye22)0

+
N−1∑
k=1

[
(pA)

〈n+1/2−k〉N
MA (y11)k + (pV )

〈n+1/2−k〉N
MV (y12)k

−(þA)〈n+1/2−k〉N (ye11)k − (þV )〈n+1/2−k〉N (ye12)k
])

∆t.

The quantities

(W1)
n+1/2

MA+1/2 , (W2)
n+1/2

MA+1/2 , (S2)
n+1/2

MA+1/2 , (W1)
n+1/2

MV +1/2 , (WV )
n+1/2

MV +1/2 , (S2)
n+1/2

MV +1/2 .

are now known and there are now twelve unknowns

(A.29)
An+1
MA , q

n+1
MA , A

n+1/2

MA+1/2
, q
n+1/2

MA+1/2
, A

n+1/2

MA , q
n+1/2

MA

An+1
MV , q

n+1
MV , A

n+1/2

MV +1/2
, q
n+1/2

MV +1/2
, A

n+1/2

MV , q
n+1/2

MV

and ten equations. Evaluate the discretised boundary condition at time level n + 1

to add two more equations without adding more unknowns

(A.30a)

(
qA
)n+1

MA =
((
pA
)n+1

MA (y11)0 +
(
pV
)n+1

MV (y12)0

−
(
þA
)n+1

(ye11)0 −
(
þV
)n+1

(ye12)0

+
N−1∑
k=1

[
(pA)

〈n+1−k〉N
MA (y11)k + (pV )

〈n+1−k〉N
MV (y12)k

−(þA)〈n+1−k〉N (ye11)k − (þV )〈n+1−k〉N (ye12)k
])

∆t,

(A.30b)

(
qV
)n+1

MV =
((
pA
)n+1

MA (y21)0 +
(
pV
)n+1

MV (y22)0

−
(
þA
)n+1

(ye21)0 −
(
þV
)n+1

(ye22)0

+
N−1∑
k=1

[
(pA)

〈n+1−k〉N
MA (y11)k + (pV )

〈n+1−k〉N
MV (y12)k

−(þA)〈n+1−k〉N (ye11)k − (þV )〈n+1−k〉N (ye12)k
])

∆t.
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Following Qureshi [3], we can reduce the number of equations by substituting

(A.27a, A.27b, A.27c) into (A.28), and (A.27a, A.27c, A.27d) into (A.28) so (A.28)

is written as

(A.31)

q
n+1/2
M−1/2 + q

n+1/2
M+1/2

2
= PA

(
M,

1

2
(A

n+1/2
M−1/2 + A

n+1/2
M+1/2)

)
(y0

11)∆t

+ PV

(
0,

1

2
(A

n+1/2
−1/2 + A

n+1/2
1/2 )

)
(y0

12)∆t

−
[(
þA
)n+1/2

(ye11)0 +
(
þV
)n+1/2

(ye12)0
]

∆t

+
N−1∑
k=1

[
(pA)

〈n+1/2−k〉N
M (y11)k + (pV )

〈n+1/2−k〉N
0 (y12)k

]
∆t

−
N−1∑
k=1

[
(þA)〈n+1/2−k〉N (ye11)k + (þV )〈n+1/2−k〉N (ye12)k

]
∆t

and (A.28) as

(A.32)

q
n+1/2
−1/2 + q

n+1/2
1/2

2
= PA

(
M,

1

2
(A

n+1/2
M−1/2 + A

n+1/2
M+1/2)

)
(y0

21)∆t

+ PV

(
0,

1

2
(A

n+1/2
−1/2 + A

n+1/2
1/2 )

)
(y0

22)∆t

−
[(
þA
)n+1/2

(ye21)0 +
(
þV
)n+1/2

(ye22)0
]

∆t

+
N−1∑
k=1

[
(pA)

〈n+1/2−k〉N
M (y11)k + (pV )

〈n+1/2−k〉N
0 (y12)k

]
∆t

−
N−1∑
k=1

[
(þA)〈n+1/2−k〉N (ye11)k + (þV )〈n+1/2−k〉N (ye12)k

]
∆t.

These substitutions have reduced the number of unknowns from twelve to eight

and a system of 8 equations (A.25a, A.25b, A.25c, A.25d, A.28a, A.28b, A31, A32).
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A.5 Matching Over the Structured Tree

From the eight equations, we can write down eight residual equations, each of which

is stored in a row of a vector f(x) where x is a vector of the unknowns. Explicitly,

x1 = An+1
M , x2 = qn+1

M , x3 = A
n+1/2
M+1/2, x4 = q

n+1/2
M+1/2,

x5 = An+1
0 , x6 = qn+1

0 , x7 = A
n+1/2
0+1/2 , x8 = q

n+1/2
0+1/2

and x = (x1, ..., x8).

A.5.1 The Jacobian

The Jacobian for matching the boundary is

−1 · · −θ · · · ·

· −1 χ1 χ2 · · · ·

χ3 −1 · · χ4 · · ·

· · · · −1 · · −θ

· · · · · −1 χ5 χ6

χ7 · · · χ8 −1 · ·

· · χ9 −1
2
· · χ10 ·

· · χ11 · · · χ12 −1
2


where θ = ∆x/∆t and γ = ∆t/2. As with J for junctions, the element in the i-th

row and j-th column, J(i, j) = ∂fi/∂xj, and hence the functions χ are placeholders

for these derivatives.
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A.6 Pressure-Based Venous-Outlet Boundary Con-

dition

At the outlet of the system A, p, ϕ, and þ are known, but flow q is unknown and will

be determined from the boundary condition for A. Similarly to the determination

of q at the inlet, we must evaluate An+1/2
M+1/2 by using a ghost point a half spatial step

after the outlet boundary (see Fig. 3.2). Then,

A
n+1/2
M =

1

2

(
A
n+1/2
M−1/2 + A

n+1/2
M+1/2

)
⇐⇒ A

n+1/2
M±1/2 = 2A

n+1/2
M − An+1/2

M∓1/2. (A.33)

And, from (3.13)

qn+1
M = qnM −

∆x

∆t

(
(W2)

n+1/2
M + (W2)

n−1/2
M

)
+

∆t

2

(
(S2)

n+1/2
M + (S2)

n−1/2
M

)
(A.34)

where W2, S2 are given by (3.5b, 3.5c), respectively. Also using (3.13), (3.5a) we can

write

An+1
M = AnM −

∆x

∆t

(
(W1)

n+1/2
M + (W1)

n−1/2
M

)
+

∆t

2

(
(S1)

n+1/2
M + (S1)

n−1/2
M

)
(A.35)

= AnM −
∆x

∆t

(
q
n+1/2
M + q

n−1/2
M

)
(A.36)

⇒ q
n+1/2
M =

∆x

∆t
(AnM − An+1

M )− qn−1/2
M , (A.37)

since (W1)nm = qnm, (S1)nm = 0 from (3.5b, 3.5c). Equations (A.33, A.34, A.37) give a

system of three equations with three unknowns An+1/2
M+1/2, q

n+1/2
M+1/2, and q

n+1
M .



Appendix B

Grand Admittance Algorithms

Algorithm 3: Function Series
Result: Admittance of vessels in series Y (i, j)

Input: Admittances of vessels to join in series Y S(i, j), Y T (i, j)

Dk = Y k
11Y

k
22 − Y k

12Y
k

21, k = S, T

Y11 = (DS + Y S
11Y

T
11)/(Y S

22 + Y T
11)

Y12 = (−Y S
12Y

T
12)/(Y S

22 + Y T
11)

Y21 = (−Y S
21Y

T
21)/(Y S

22 + Y T
11)

Y22 = (DT + Y S
22Y

T
22)/(Y S

22 + Y T
11)

If a spatially homogenous external pressure is applied to a structured tree, create

two separate instances of admit with the fluid pressure series function and the

external pressure series function ExtSeries. This allows us to compute Y , Y e in

(2.59) separately. If the structured tree external pressure is homogenous, then Y e =

Y , and we need only a single instance of admit.
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Algorithm 4: Function ExtSeries
Result: Admittance of vessels in series Y (i, j) in the case of inhomogeneous

external pressure

Input: Admittances of vessels to join in series Y S(i, j), Y T (i, j)

Dk = Y k
11Y

k
22 − Y k

12Y
k

21, k = S, T

Y11 = (DS + Y S
11Y

T
11)/(Y S

22 + Y T
11); Y12 = (−Y S

12Y
T

12)/(Y S
22 + Y T

11)

Y21 = (−Y S
21Y

T
21)/(Y S

22 + Y T
11); Y22 = (DT + Y S

22Y
T

22)/(Y S
22 + Y T

11)

Algorithm 5: Recursive Function admit(i, j)
Result: Grand Admittance Y (i, j).

Input: Integers indices i, j

if ( r(i+ 1, j) < rmin )

for ( k = A, V )
Y k(i+ 1, j) = (2.47) ω 6= 0; Y k(i+ 1, j) = (2.51) ω = 0

Y (i+ 1, j) = series(Y A(i+ 1, j), Y V (i+ 1, j))

else
Y (i+ 1, j) = admit(i+ 1, j)

if ( r(i, j + 1) < rmin )

for ( k = A, V )
Y k(i, j + 1) = (2.47) ω 6= 0; Y k(i, j + 1) = (2.51) ω = 0

Y (i, j + 1) = series(Y A(i, j + 1), Y V (i, j + 1))

else
Y (i, j + 1) = admit(i, j + 1)

Ymid(i, j) = Y (i+ 1, j) + Y (i, j + 1)

for ( k = A, V )
Y k(i, j) =(2.47) ω 6= 0; Y k(i, j) =(2.51) ω = 0

Y (i, j) = series(series(Y V (i, j), Ymid(i, j)), Y
A(i, j))



Appendix C

Summary Tables for Large Coronary

Vessel Networks

This appendix contains the summary tables for the coronary trees used in Chapter

5. In each table, every vessel has an unique ID number. These are used to indicate

vessel branching. Vessels also all have a length, and proximal and distal radii in mm.

Some vessels have entries have in the D1, D2, D3, and V columns. These are the

first, second, and third daughter vessels of a parent, and the index of the vein. Values

for all of D1 – D3 indicates a trifurcation, values for D1 & D2 indicate a bifurcation

and a value for D1 alone is a monofurcation. The V column indicates the vein to

which an artery is joined. Rows with no D or V values has no daughters and is not

joined to a vein – these are all terminal veins joined to arteries.
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C.1 Left Sided Trifurcating Tree 850µm Mean Trun-

cation Radius

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 D3 V

0 0.83143 0.18476 0.13857 1 2 3

1 3.6422 0.15321 0.15321 4 5

2 4.4741 0.13684 0.10263 6

3 8.0876 0.13684 0.10263 7

4 0.76607 0.15321 0.11491 8

5 0.78886 0.15321 0.11491 9

6 1.4113 0.10263 0.10263

7 1.403 0.10263 0.10263

8 0.96955 0.11491 0.11491

9 1.3814 0.11491 0.11491
A taper adjustment was made to vessel 5 by changing the distal radius from 0.9

to 0.115mm.
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C.2 Left Sided Bifurcating Tree 850µm Mean Trun-

cation Radius

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 D3 V

0 0.83143 0.18476 0.13857 1 2

1 0.75264 0.13684 0.10263 3 4

2 8.0876 0.13684 0.10263 7

3 3.6181 0.15321 0.15321 5 6

4 4.4549 0.088206 0.088206 8

5 0.76607 0.15321 0.11491 9

6 0.78886 0.15321 0.11491 10

7 1.403 0.10263 0.10263

8 1.4113 0.088206 0.088206

9 0.96955 0.11491 0.11491

10 1.3814 0.11491 0.11491
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C.3 Left Sided Segmented With Tree 850µm Mean

Truncation Radius

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 D3 V

0 0.83143 0.18476 0.13857 1 2 3

1 0.75264 0.13684 0.10889 4

2 1.9612 0.13684 0.10263 5

3 3.4366 0.13684 0.10263 6

4 3.1737 0.15321 0.15321 7 8

5 2.5129 0.088206 0.088206 12

6 1.9243 0.081408 0.07897 9

7 0.76607 0.15321 0.11491 13

8 0.78886 0.15321 0.11491 14

9 1.2401 0.095432 0.095432 10

10 1.0579 0.095432 0.090549 11

11 0.75027 0.090549 0.087688 15

12 1.4113 0.088206 0.088206

13 0.96955 0.11491 0.11491

14 1.3814 0.11491 0.11491

15 1.403 0.087688 0.087688
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C.4 Left Sided Trifurcating Tree 800µm Mean Trun-

cation Radius

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 D3 V

0 0.8314 0.1848 0.1386 1 2 3

1 0.7526 0.1368 0.1089 4 5

2 4.4741 0.1368 0.1026 8

3 8.7244 0.1368 0.1026 9

4 3.5721 0.1089 0.0817 10

5 3.1737 0.1532 0.1532 6 7

6 0.7661 0.1532 0.1149 11

7 2.1356 0.1532 0.1149 12

8 1.4113 0.1026 0.1026

9 1.1312 0.1026 0.1026

10 1.2455 0.0817 0.0817

11 0.9696 0.1149 0.1149

12 1.2106 0.1149 0.1149
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C.5 Left Sided Trifurcating Tree 750µm Mean Trun-

cation Radius

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 D3 V

0 0.83143 0.18476 0.13857 1 2 3

1 0.75264 0.13684 0.10889 4 0 5

2 4.4741 0.13684 0.10263 10

3 8.7244 0.13684 0.10263 11

4 3.5721 0.10889 0.081664 12

5 3.1737 0.15321 0.15321 6 7

6 0.76607 0.15321 0.11491 13

7 0.78886 0.15321 0.11491 8 9

8 0.79474 0.10316 0.10316 14

9 1.5045 0.086339 0.075661 15

10 1.4113 0.10263 0.10263

11 1.1312 0.10263 0.10263

12 1.2455 0.081664 0.081664

13 0.96955 0.11491 0.11491

14 1.6505 0.10316 0.10316

15 1.2106 0.075661 0.075661
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C.6 Left Sided Trifurcating Tree 700µm Mean Trun-

cation Radius

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 D3 V

0 0.83143 0.18476 0.13857 1 2 3

1 0.75264 0.13684 0.10889 4 5

2 4.4741 0.13684 0.10263 10

3 8.7244 0.13684 0.10263 11

4 3.5721 0.10889 0.081664 12

5 3.1737 0.15321 0.15321 6 7

6 1.8187 0.15321 0.11491 13

7 0.78886 0.15321 0.11491 8 9

8 0.79474 0.10316 0.10316 14

9 1.5045 0.086339 0.075661 15

10 1.4113 0.10263 0.10263

11 1.1312 0.10263 0.10263

12 1.2455 0.081664 0.081664

13 1.1253 0.11491 0.11491

14 1.6505 0.10316 0.10316

15 1.2106 0.075661 0.075661
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C.7 Left Sided Trifurcating Tree 650µm Mean Trun-

cation Radius

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 V

0 0.83143 0.18476 0.13857 1 2 3

1 0.75264 0.13684 0.10889 4 5

2 5.4794 0.13684 0.10263 10

3 8.7244 0.13684 0.10263 11

4 3.5721 0.10889 0.081664 12

5 3.1737 0.15321 0.15321 6 7

6 1.341 0.15321 0.11491 13

7 0.78886 0.15321 0.11491 8 9

8 0.79474 0.10316 0.10316 14

9 1.5045 0.086339 0.075661 15

10 0.87373 0.10263 0.10263

11 1.1312 0.10263 0.10263

12 1.2455 0.081664 0.081664

13 1.1321 0.11491 0.11491

14 1.6505 0.10316 0.10316

15 1.2106 0.075661 0.075661
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C.8 Full Summary Table

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 V

0 0.8314 0.1848 0.1386 1 2

1 0.7526 0.1386 0.1026 3 4

2 8.7244 0.1386 0.1026 31

3 0.7778 0.1089 0.1089 5 6

4 4.4549 0.0882 0.0882 36

5 3.5721 0.1089 0.0817 35

6 3.1737 0.1532 0.1532 7 8

7 0.7661 0.1532 0.1149 33

8 2.1356 0.1532 0.1149 34

Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 V

9 0.8314 0.1848 0.1386 10 11

10 0.7526 0.1386 0.1026 12 13

11 8.7244 0.1386 0.1026 24

12 0.7778 0.1089 0.1089 14 15

13 4.4549 0.0882 0.0882 23

14 3.5721 0.1089 0.0817 28

15 3.1737 0.1532 0.1532 16 17

16 0.7661 0.1532 0.1149 32

17 2.1356 0.1532 0.1149 27
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Vessel Length (mm)
Proximal

radius (mm)

Distal

radius (mm)
D1 D2 V

18 1.44 0.41 0.37 19 20

19 1.44 0.37 0.32 21 22

20 2.58 0.09 0.09 23 24

21 1.44 0.32 0.27 25 26

22 2.58 0.09 0.09 27 28

23 1.02 0.0882 0.0882

24 1.02 0.1026 0.1026

25 1.44 0.27 0.23 29 30

26 2.58 0.09 0.09 31 32

27 1.02 0.1149 0.1149

28 1.02 0.0817 0.0817

29 1.44 0.23 0.18 33 34

30 2.58 0.09 0.09 35 36

31 1.02 0.1026 0.1026

32 1.02 0.1149 0.1149

33 1.02 0.1149 0.1149

34 1.02 0.1149 0.1149

35 1.02 0.0817 0.0817

36 1.02 0.0882 0.0882
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