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Summary

This thesis investigates the phenomena of negative inertia and optical traps, and endeavours to

implement them in an interferometer system that is a prototype of a gravitational wave detector

arm cavity and uses similar control techniques and apparatus.

Chapter 1 discusses gravitational waves and how they are produced. It then moves onto the

basic design of current gravitational wave detectors and the main noise sources that are required

to be taken into account when engineering the detector. Lastly, it concludes by discussing future

gravitational wave detector designs and how this work might inform these.

In Chapter 2 the theoretical underpinnings of optical springs are discussed. The chapter moves

on to discuss the quantum noise of an interferometer and how optical springs change this. An

expression for the optical spring constant is given, and then the thesis discusses how the fre-

quency dependence of this quantity complicates obtaining analytical expressions. A review of

optical spring stability in a Fabry-Perot interferometer is then provided. Systems with multiple

optical springs that would be interesting to investigate in the current work are discussed, then a

justification is given for investigating these effects and optical springs in general, in the light of

the current state of the field.

The layout of the experimental apparatus is laid out in Chapter 3. There are two experimen-

tal cavities which share a common mirror, the central test mass (CTM), and two input lasers.

The setup of the optical systems is discussed first, then the layout of the suspensions, then how

the electronic control of the lasers and experimental cavities is achieved.
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Chapter 4 lays out the procedure for calibrating the experiment and carrying it out. The de-

termination of the cavity circulating power is discussed mathematically. Then the setup of the

cavity simulation, the experimental calibration of the two cavity measurement process, and fi-

nally the calibration of spring detuning in the main experimental cavity is described.

Results of the main thesis experiments are discussed in Chapter 5. Measurements using sim-

ple optomechanical systems are discussed first, then more complex measurements are described.

Finally, evidence for both negative inertia and trapping is discussed.

The conclusion given in Chapter 6 sums up the tasks achieved in the thesis work and the limita-

tions of the results obtained are discussed. Some suggestions for further work are given.
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Chapter 1

Introduction

1.1 Gravitational Waves

In 2015 gravitational wave astronomy took a big leap forward as a fieldwith the first discovery of a

binary black hole system, the first direct gravitational wave detection. This was achieved with the

two detector network of Advanced LIGO detectors in Livingston, Louisiana and Hanford, Wash-

ington. The discovery happened before either detector was at their final design sensitivity [8,9].

Since then, many more detections and science results have been achieved by a network consisting

of the the two LIGO detectors and the Advanced Virgo detector in Pisa, Italy [10–12], notably

including the first gravitational wave with corresponding electromagnetic observations [13] from

a binary neutron star merger.

Gravitational waves can be characterised mathematically using formulas originally derived by

Einstein from his general field equations describing general relativity [14, 15]. The waves that

we measure at the earth have to be produced by very massive objects in order to be observable

and so come from astronomically distant massive objects. This allows us to assume the waves

we detect are very distant from their source and allows us to make an approximation that the

waves are small linear perturbations in the local gravitational field [16]. Einstein’s equation re-

late the stress-energy tensor T�� , which describes the distribution of energy and mass in a region

of space-time with the Einstein tensor G�� which describes the curvature produced in the region

1
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of space-time by the stress-energy [17]. The set of field equations denoting this is given in this

review as

G�� =
8�G
c4

T�� (1.1)

where G is the gravitational constant and c is the speed of light.

This leads us to the wave equation for the changing gravitational field. This appears as a time de-

pendent force which causes a warping of space-time, which can be thought of as a time-dependent

relative length change along the coordinate directions at 90ý to the direction the wave is travel-

ling. The waves can therefore be measured by looking for the relative change in length per unit

length of space-time locally as the waves pass through a region of space-time [16].

1.2 Sources of Gravitational Waves

Events which cause this warping of space-time are caused by large accelerations of masses in a

gravitational field that give rise to non-zero quadrupole moments [17]. This gives the relation

Qjk = ˚ �xjxk d3x (1.2)

where Qjk is the second moment of inertia of the system, d3x is the three-dimensional spatial

integral, � is the density of the mass, and xj;k is the distance in the j or k-th dimension within the

mass distribution [18–20]. Since in the simplest case the amplitude of the gravitational waves

produced depends on Qjk, it means we can express the amplitude of the waves as the following

tensor,

hjk =
2
r
d2Qjk

dt2
(1.3)

where hjk is the strain in along the j and k-th directions, r is the distance to the source, and
d2Qjk
dt2

is the double derivative of the second moment of inertia [16].

As can be seen from equation (1.3), the amplitude of the gravitational wave depends on the

double derivative of the quadrupole moment meaning the mass distribution must not be sym-
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metrical and must be accelerating to produce a wave [16, 21]. Sources of gravitational waves

include non-spherically symmetric orbital systems like two compact objects orbiting in a binary.

The frequency of the gravitational waves is affected by the relative and combined mass of the

two objects [16].

Gravitational waves are weak compared to the strength of a system’s constant gravitational field,

but the tidal force caused by the waves is proportional to d*1�*2, where d is the source distance

and � is the gravitational wave wavelength; as opposed to the tidal force from the constant grav-

itational field which is proportional to d*3. This gives a requirement that gravitational waves be

measured at a greater distance from their source than the magnitude of their wavelength, d >> �.

Also, detectors are not very sensitive to gravitational waves so those that are detectable must in-

volve very large changes in mass distribution. This means good gravitational wave sources are

those of high mass and high acceleration; astrophysical sources of a large mass density like neu-

tron stars, black holes, or events in the early universe [16]. The inspiral of these objects when they

exist in close binaries, gives rise to gravitational wave signals which increase in frequency until

the point of coalescence, these are therefore known as ‘chirps’ of gravitational waves. They are

detectable in the middle of the Advanced LIGO and Advanced Virgo detector frequency bands,

which stretch from 10Hz to 10 kHz [16, 21].

1.2.1 Sensing Gravitational Waves

As gravitational waves can be detected by the strain they produce in space-time, it is possible to

observe the effect on the two coordinate directions in space-time and see the stretching the wave

causes in their comparative lengths over time as it travels through in the orthogonal direction. The

equation which governs the relationship between strain h, length in space-time L, and change in

this length �L,

h = 2�L
L

(1.4)

is provided in [21]. To see a relative change in coordinate distance, a way is needed of mon-

itoring two directions in space-time. Since it is necessary to use distances on the order of the
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gravitational wavelength and assuming the waves travel at the same speed as light, a method is

needed that gives a detector baseline on the order of 7500 km for a lower detection threshold of

10Hz [22].

1.3 Gravitational Wave Detectors

1.3.1 Introduction to Interferometric Measurement

A gravitational wave detector consists of an advanced version of the measurement device first

used byMichelson andMorley in their 1887 experiment [23]. The basic design is shown in Figure

1.1 and consists of two paths (or ‘arms’) at 90 ý. A laser travels down one of these and hits a 50:50

beam-splitter at 45 ý to the incoming beam cross-section. Half the light is transmitted through the

beam-splitter down one arm and half is reflected perpendicular to the axis of the incoming beam

from the laser and so travels down the perpendicular arm. Both beams then hit highly reflective

mirrors normal to the beam cross-section. They reflect off these mirrors then recombine at the

beam-splitter and are directed in the other direction perpendicular to the incoming beam from

the laser in the last port of the beam-splitter. The two beams beat together on a detector placed

in this port and the detector, usually a photo-diode, produces a voltage proportional to the power

on this photo-diode. The relative phase of each field when they recombine is dependent on how

much relative distance each has travelled. If both beams have travelled the same distance or

the difference in travel distance is an integer of the laser wavelength, they will both reach the

beam-splitter with a relative phase of 0. On the other hand if the relative change between the

two fields is 180 ý, the relative length difference between the arms will be an odd number of

half-wavelengths of the laser frequency. With the first case the power output at the detector is

maximised due to constructive interference between the two fields and with the second case the

detector output is minimised due to destructive interference. In a real detector, the detector is

kept near, not on, the destructive interference point allowing only a small amount of light to reach

the detector [21, 22,24]. The light in the main interferometer laser mode that reaches the output

is used as a reference to measure the phase change of the signal caused by the stretching and

squeezing of the interferometer arms by gravitational waves [21, 22, 24]. This system is known
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as DC readout [21, 24] .

Figure 1.1: Simple Michelson Interferometer of the general design used by Michelson and Mor-
ley except with a modern monochromatic laser as a light source.

1.3.2 Sensing in Gravitational Wave Detectors

As was mentioned in Section 1.2.1, long detector arm-lengths are required in order to observe

down to the lower bound of the current detectors’ frequency range. However building interfero-

metric detectors on the order of thousands of km is expensive and involves additional technical

challenges [25]. Thus, other techniques have been used to increase the real length of the detector

as seen by the gravitational wave signal, from the current Advanced LIGO detector length, which

is 4 km [9].

Arm Cavities If the light travel time in the interferometer is increased, a greater phase shift is

imposed on the light by the gravitational wave passing, and this has the same effect as increasing

the arm length. This is achieved by creating a resonant system called a ‘Fabry-Perot’ cavity in
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both arms of the detector, see Figure 1.2 for a simple diagram of a Fabry-Perot cavity [21, 26].

The input field to the arm cavity a0 is partially reflected from the first cavity mirror, and the

majority of the power is transmitted into the cavity and proceeds to bounce between the two

mirrors. The total circulating field is ac, which builds up on each round trip of the cavity as the

circulating field is added to by further transmission through the mirror M1, up to a maximum

which depends on the transmissivity of both mirrors. The degree to which the power falls off as

the incoming light field frequency moves away from the fundamental mode is characterised by

the bandwidth of the cavity 
 . This is the frequency distance between the centre of the cavity

fundamental mode and the frequency of a0 at which the power circulating in the cavity drops

to half of its maximum power. ar is the sum of the field reflected from the cavity and the small

proportion of light which leaks back through M1 on each round trip. at is the sum of all the

fields lost through transmission through the second mirror, M2, in each round trip of the cavity.

To implement this setup in the detector, a highly reflective mirror is placed right after the beam

splitter in each arm of the Michelson interferometer, with the highly reflective side facing the end

mirrors. If the arm lengths are kept to a length that is an integer number of half-wavelengths of

the main laser, then power builds up to a steady state in both ‘arm cavities’. The signal caused by

the gravitational wave is increased in amplitude by the number of round trips it undergoes in the

arm cavity so using arm cavities is equivalent to increasing the detector arm length [26]. This

also allows for a much greater power to be used in the main sensing part of the interferometer

than the laser can provide and this has implications for noise induced by the light field itself,

discussed in a later section [21, 22, 26].

Figure 1.2: Simple resonant cavity of the general design used as an arm cavity in Advanced
LIGO to increase the phase change caused by a gravitational wave, where M1 is the input mirror
and M2 is the end mirror, a0 is the input field, ar is the reflected field from the cavity, ac is the
circulating cavity field and at is the field transmitted through the cavity.
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Signal Enhancement An additional technique which acts solely on the gravitational signal

is also used in conjunction with arm cavities. This is known as signal recycling and involves

placing a mirror between the output detector and the beam splitter which forms a resonant cavity

with the rest of the interferometer. This sets how many times the gravitational wave signal cycles

through the interferometer, by carefully choosing the resonant bandwidth of this ‘signal-recycling

cavity’ [21, 26, 27]. The specific setup of the recycling cavity on the output used in Advanced

LIGO is known as ‘resonant sideband extraction’ [9,26]. It is discussed further in Section 2.7.1.

Power Enhancement To ensure the efficiency of the interferometer, a mirror is also added

between the laser and the beamsplitter to form a cavity with the interferometer to recycle the

input laser mode, a technique known as ‘power recycling’. This works because most of the laser

light is reflected back along the path to the laser as the detector output is kept near a dark fringe

so the interferometer acts like a mirror with respect to the light from the main laser [9, 21].

1.3.3 Noise

Noise in a gravitational wave detector is any signal that contaminates the output strain of the

detector or can be mistaken in frequency behaviour for a signal due to a gravitational wave [22].

Due to the large range of sources that could produce this type of signal, the detector needs to be

sensitive over a wide audio-frequency band range and this means that even though the detector is

aimed at celestial sources it also picks up terrestrial sources in the same frequency range which

will potentially be louder or of a similar amplitude to gravitational sources [21, 22].

Mechanical Noise Coupling Due to the fact that the interferometer mirrors need to interact

as free masses with the gravitational wave, the test masses are suspended as pendulums which

allows them to be treated as free masses above the resonance frequency of the pendulum [22].

However below and at this resonance frequency the masses are not in an inertial frame with

respect to the waves and so will induce noise in the detector, or to think of it another way, the

masses will move with whatever mass the pendulum is attached to, making any motion in the

environment transfer onto the mass and cause the detector strain signal to be affected. For this
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reason detectors use multi-stage suspensions that contain passive isolation stages to reduce the

amplitude of noise from the environment by the time it reaches the mirror [21,22]. To target noise

caused by seismic activity specifically, the suspensions are not attached straight to the ground but

are mounted on at least two stages of isolation instrumentation designed to isolate from seismic

noise and other ground motion [9, 22, 28].

Thermal Noise Coupling Brownian noise of the interferometer mirrors, suspensions and mir-

ror coatings produces noise in the interferometer strain signal. This is due to thermal energy in

these components, which causes several different effects in the detector [9, 29]. One of these is

thermal energy in the mechanical modes of the test mass mirrors, known as substrate Brown-

ian noise, which deforms the mirror surface and is a main noise source at the lower frequency

end of the range in one of the Advanced LIGO detectors from 40Hz to 100Hz [30]. Another

noise source is thermal energy in mechanical modes of the coatings which consist of stacks of

two different materials, which again would change the shape of the mirror surface and is known

as coating Brownian noise. The coatings also provide two noise sources which change the mir-

ror properties in a different way: thermo-refractive noise which means expansion or contraction

of coating layers changes the overall refractive index of the coating and thermo-elastic which

means expansion or contraction of coating layers changes the position of the mirror surface. The

last thermal noise source is suspension thermal noise which is excitation of the modes of the

suspension pendulums themselves [9, 21, 29].

NewtonianNoise Newtonian noise occurs in the surrounds of the detector due to changes in the

mass distribution in the surrounding environments. This produces a changing gravitational pull

on the test masses and is also known as gravity gradient noise [9,21]. It will limit the sensitivity

of the Advanced LIGO detectors in the future between 10 and 20Hz [30].

Quantum Noise Quantum noise is caused by the intrinsic uncertainty in photon number and

momentum in the detector [21, 31]. This can be thought of as the noise induced in the phase of

optical fields in the interferometer and their amplitude [21].
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The quantum noise was found in [27] to come from vacuum fluctuations reaching the beam

splitter via the output port of the interferometer. Some of these photons add in phase in one arm

and out of phase in the other, thereby providing a noise in the differential signal at the detector

output. The arm cavity mirrors move in response to momentum imparted by the photons and

this changing asymmetry between the length of each arm due to the vacuum photons changes

the amplitude measured at the output and is the radiation pressure noise. Vacuum fluctuations

are also what causes the shot noise at the detector as they add in or out of phase with the output

signal from the interferometer [21, 27, 31]. Both of these quantum sources provide a limit to

the sensitivity that can be reached using only classical optical techniques, known as the standard

quantum limit [21], which will be described in more detail in Chapter 2. The Advanced LIGO

detectors’ are currently dominated by this noise above 1 kHz [30].

1.3.4 Fabry-Perot Cavities

The arm cavities described previously in Section 1.3.2 and shown in Figure 1.2, work much like

simpler versions of the Michelson interferometers. There is a specific length, L, corresponding

to a whole number of half-wave lengths, �
2
, of the laser light in the cavity which will allow build

up of light power by constructive interference between light entering the cavity by transmission,

a0, and light which has reflected off the inside surface of the second cavity mirror then the input

mirror, an. The equations which describe a Fabry-Perot cavity are given in [26]. Equation (1.5)

n� = 2L (1.5)

shows the wavelength condition for one photon to travel one trip up and down the cavity. In

Equation (1.6),

nFSR = nc
2L

= f0 (1.6)

f0, the resonant frequency of the laser is equal to an integer number of free spectral ranges, FSR,

of the cavity; where FSR is the inverse of the time taken for one photon to perform a trip up

and down the cavity. The time each photon spends in the cavity is a distribution and is set by a
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frequency 
 , which is the half-width at half-maximum of the circulating power in the cavity as

the resonant frequency of the cavity is altered by slowly changing the cavity length. The build-up

of power in the cavity can be characterised by the finesse, F , shown in Equation (1.7)

F = �

2 arcsin
�

1*r1r2
2
ø

r1r2

� (1.7)

and in Equation (1.8)

2
 = FSR
F

: (1.8)

This is determined by the reflectivity coefficients of the input mirror, r1 and the end mirror, r2 and

is also the ratio of the FSR and the width of the circulating power resonance at half-maximum, 2
 .

These Fabry-Perot interferometers are useful in the arm cavities of detectors as their finesses can

be chosen to enhance signals from gravitational waves at a range of frequencies where these are

expected and thus make the best use of the light entering the interferometer from the beamsplitter.

The power build-up in these cavities means that each photon is in the detector longer, increasing

the time it could interact with a passing gravitational wave, this increases the signal measured

over a detector with no arm cavities. The high power caused by the build-up in the arms also

reduces the effect of shot noise on the output detector of the interferometer, although a limit is

placed on the power circulating in the arm cavities by radiation pressure noise which increases

as the arm power in the cavities increases [21].

1.3.5 Controlling Length

A technique is needed to hold the Fabry-Perot cavities on resonance, despite vibrations of the

mirror surfaces due to noise. This technique is known as Pound-Drever-Hall locking and was

first proposed for this purpose in [32]. Firstly, a frequency reference is created by adding radio

frequency sidebands through modulation of the light phase. These sidebands are chosen to have

a frequency far away from the carrier (main laser) frequency and therefore are not resonant in

the cavity when it is tuned near the carrier frequency. This means, on and near resonance, the

sidebands are completely reflected by the input mirror but the carrier enters the cavity and res-
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onates with the intra-cavity field already there. If we look at the beat detected on the reflected

photodiode, this is the sum of the field coupling back through the input mirror and that reflected

directly off the front of the input mirror [33]. Part of this beat is the term which varies with the

modulation frequency,
1, which can be selected using a process called demodulation [26]. This

output now varies in proportion to the distance from resonance, further it is asymmetric around

the centre of resonance, as shown in Figure 1.3 [31, 33]. This signal is the amplitude of the

Figure 1.3: Calculation of Error Signal with parameters similar to that used for the experiments
presented in this thesis. The experimental error signal is proportional to the amplitude shown,
which is the rate of the change of the cavity circulating power with the distance the cavity length
is from the resonance point.

imaginary part of the beat between the sidebands and the light from within the cavity. When the

cavity is on resonance the carrier field-sideband beats are 180ý out of phase and so cancel out.

When the carrier frequency is slightly above the cavity resonance frequency, the lower sideband

beat is closer to the cavity resonance than the upper sideband beat and vice versa when the car-

rier frequency is slightly lower than the cavity resonance. The total reflected field is 180ý out

of phase from one side of the resonance to the other, which is why the signal goes up below the

resonance and up above the resonance in frequency [34].
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1.3.6 Increasing Sensitivity

The design sensitivity of the current gravitational wave detector network is constrained by several

noise sources. Over a large majority of the frequency range where measurements of sources are

expected, the sensitivity is or will be soon limited by the quantum noise. How this limit, called

the ‘Standard Quantum Limit’ arises is discussed in more detail in Chapter 2. This work looks at

one of these noise sources, radiation pressure noise, specifically one technique used to improve

detector sensitivity below this limit.

1.4 GW Detector Development

As they stand just now the LIGO detectors fundamental noise limits in its operating band from

100Hz to 10 kHz are quantum noise and coating thermal noise. Efforts have been under way for

a number of years at various laboratories in order to improve beyond this limit. There are several

ways of measuring below the standard quantum noise limit in a gravitational wave detector. In

Advanced LIGO the method is to use optical squeezing, which is used to reduce the quantum

noise due to shot noise and quantum radiation pressure noise [35]. A different technique that

could be used, is to change the shape of the quantum noise by altering the interaction of the

optical fields with the detector in some way, using a technique called optical springs, which will

be expanded upon in Chapter 2 [31].

1.4.1 Future Planned Detectors

The Advanced LIGO and Advanced Virgo detectors respectively will undergo upgrades known

as ‘A+’ and ‘Advanced Virgo+’ in the near future. Both of these require hardly any new tech-

nologies to be researched or major building changes [35–37]. Both detectors will use frequency-

dependent forms of squeezing to improve their quantum noise performance.The next generation

of gravitational wave detectors (or third generation detectors) is in the starting stages of design.

The two main proposed third generation detectors are Cosmic Explorer in the US, and Einstein

Telescope in Europe.
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The Einstein Telescope is designed to be a xylophone configuration; two triangular interfer-

ometer arrangements will sit in the same facility but will be optimised for different frequencies.

Each corner of the triangle consists of twoMichelson interferometers, six in all.The arms of each

interferometer are at 60ý angle, instead of the 90ý angle in the usual Michelson configuration.

The low frequency one in each corner will use cryogenics to achieve its high sensitivity through

low thermal noise mirrors; the high frequency one will use high laser power to increase its sen-

sitivity in a way that would not be possible with a cryogenic system [38,39].

Cosmic Explorer will use higher powers and longer arm lengths to achieve sensitivity improve-

ment [25,40]. Due to the long time-scales involved and open nature of the designs, there is still a

lot of development needed in terms of detector technologies for both these detectors and so it is

useful to keep this in mind when developing engineering ideas for future detectors and research

a broad range of techniques and possible problems.

Both telescopes involve higher power resonant cavities than the current generation of detectors

and so effort needs to be invested in investigating problems that will arise on controlling high

radiation pressure effects in detectors.

1.4.2 Prototypes

Before a technology can be implemented in a final detector design, all aspects of the science and

technology involved in the detector have to be looked at. This process usually starts with a theo-

retical treatment of the science, and then this is put in context of the typical values that might be

involved if the technology was scaled up to detector scale. After these initial theoretical calcula-

tions a small-scale experiment will be designed to prove the general principles of the technology.

This experiment will usually test the technology in isolation from the other subsystems it will

need to be integrated with in the final detector. After being experimentally proven to work, the

technology will then be tested in a more complex experimental setting that acts like a simplified

version of the detector or detector subsystems that the new technology needs to interact with.
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This intermediate experiment is known as a prototype, and does not necessarily have to be a full

Michelson interferometer. It usually consists of a system of suspended mirrors in vacuum to

investigate the new technique’s interaction with typical detector control systems and a range of

noise sources. There are many prototypes around the world looking at different aspects of future

detectors. At Glasgow there is a 10m Fabry-Perot interferometer of the type used in detector

arm cavities, which is used to verify control techniques in interferometers that can then be scaled

up to the full detector [3].

1.5 Thesis Motivation

Themotivation for using this system to investigate optical springs was to look at implementations

that could be used in a future gravitational wave detector such as the use of optical traps to

make an optical bar detector [41], or the use of a spring and anti-spring in the signal recycling

cavity as in [42]. There was also a need to experimentally investigate the use of negative inertia

to make interferometer mirrors more responsive [4, 5, 43], which has not been experimentally

tested so far. It should be noted that the current upgrades being implemented for ground-based

gravitational wave detectors do not include any of these techniques, as squeezed light injection

is being pursued instead [35, 44]. However, it is still useful to learn more about optical spring

control in gravitational wave detectors both to inform future detector designs and to improve

control of the optical spring effects that already exist in the current generation of detectors and

could cause control problems in the future [45].



Chapter 2

Optomechanics

2.1 Quantum Noise Considerations

Asmentioned in Chapter 1, quantum noise is now a limiting factor in gravitational wave detectors

at higher frequencies [35,37], and so it is useful to investigate a variety of methods for reducing

the effect of this in these detectors.

2.1.1 Standard Quantum Limit

Due to the fact that shot noise and radiation pressure noise scale differently with frequency, it is

possible at any frequency to minimise the combination of these two noise sources. The shot noise

is not frequency dependent but decreases with higher laser power; the radiation pressure noise

decreases with frequency but also increases at higher power [2,21,46]. This combination of the

two noise sources results in a fundamental limit to the sensitivity of a conventional Fabry-Perot

interferometer or a Michelson interferometer such as that discussed in Section 1.3 [2, 21]. As

this limit is due entirely to the quantum nature of the light in the interferometer, it is known as

the ‘Standard Quantum Limit’ [21].

2.1.2 Calculation of the Standard Quantum Limit

The standard quantum limit, for the case of a Fabry-Perot interferometer, can be calculated by

looking at the spectral density of the two noise sources integrated over the experiment band-

15
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width under consideration, and using them to construct a version of the Heisenberg uncertainty,

�x�p g ‘
2
[31]. From the radiation pressure noise the back-action noise spectral density,

Sba = N
4‘2G2

�

H

1 + 4
!2opt
�2

I*1

(2.1)

is obtained. Where Sba is the noise spectral density in the force back on the mirrors due to back-

action, � is the full-width at half-maximumof the cavity resonance frequency,G is the differential

of the resonance frequency of the cavity with respect to cavity detuning,N is the average number

of photons in the cavity,!opt is the photon frequency, and ‘ is Planck’s constant divided by 2� [2].

This noise is caused by the cavity photons giving the mirror random momentum jitter by hitting

it. From the shot noise comes the shot noise spectral density,

Ssn = �
16G2N

H

1 + 4
!2opt
�2

I

: (2.2)

which is due to the uncertainty in the number of photons. These are given in the general case for

a gravitational wave detector and can be expressed as an uncertainty relation [2, 31],

Sba � S
sn g ‘2

4
: (2.3)

This makes the lowest total fundamental noise,

SSQL
x = 2 ð�ð‘ (2.4)

which depends just on the susceptibility, � = x
F
, of the system and is taken from [7], where SSQL

x

is the standard quantum limited sensitivity of the mirror motion in the x direction, and F is the

external applied force [2]. This is a combination of the motion of the oscillator due to both types

of quantum noise, shot and back-action noise [2, 7].
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2.2 Optical Springs

In resonant cavities the light field exerts radiation pressure on the mirrors as a classical force and

also as the quantum noise effect mentioned in Section 1.3. Radiation pressure can be utilised to

increase the signal produced by a gravitational wave in a gravitational wave detector by creating

an effect called an optical spring in the cavity. It can also affect the quantum radiation pressure

part of the minimum quantum noise of an interferometric system, reducing it within a specific

frequency band.

2.2.1 Coupling of the Mirror Motion and Cavity Mode

The last chapter dealt with normal operation of resonant cavities; to achieve improvement in

quantum noise of gravitational wave detectors it is necessary to operate away from the centre of

resonance where the cavity is sensitive to small changes in the resonant condition. The equation

for circulating power Pc in an optical cavity of the type shown in Figure 1.2 is:

Pc =
T1Pin

1 + R1R2 * 2r1r2 cos .2kL/
: (2.5)

This equation is taken from [26], where power transmission coefficient, T1, is the fraction of the

power hitting the back of the input mirror (M1) of the cavity that passes through it into the cavity,

the power reflectivity coefficient, R2, is the fraction of the power that reflects off the intra-cavity

surface of the second mirror (M2) which travels back towards the input mirror, R1 is the frac-

tion of power T1 reflected from the intra-cavity surface of M1 towards the second mirror, L is

the length of the cavity as measured between the two internally facing mirror surfaces and k is

the wavenumber of the light circulating in the cavity. The constants r1 and r2 are the amplitude

reflectivity coefficients for M1 and M2 such that R1 = r21 and R2 = r
2
2. The circulating power in

a cavity of this type, with respect to the frequency with which the laser is offset from the cavity

resonance, is plotted in Figure 2.1.

The derivative of the circulating power is constant with respect to frequency around the cen-
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tre of the curve, that is, the normal operating point of a resonant arm cavity with respect to cavity

length. This means that any noise in the circulating field giving deviations in cavity length or

laser frequency will be suppressed by the cavity gain and so will not be transferred from the

mirrors to the light field or vice versa.

If the control point is moved to the side of the circulating power curve, a point is reached

Figure 2.1: Image of variation in circulating power in resonant cavity with frequency offset from
cavity resonance, using similar parameters to those of the Glasgow 10m Fabry-Perot cavity used
for the spring experiments in this thesis. Calculated using Equation (2.5).

where the derivative of the circulating power with respect to frequency or length approaches a

linear slope and is at a maximum. This can be done by adding an offset to the cavity length or

laser frequency to change the resonance condition of the cavity, a technique called ‘detuning’.

In this region any small deviations in frequency of the laser or cavity length will couple directly

to small deviations in the circulating power in the cavity. This has several implications for the
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dynamics of the cavity mirrors.

2.3 Creating Optical Springs

The coupling between small changes in the cavity resonance condition leads to direct changes

in the circulating power, thus the converse is also true. Therefore the field circulating in the

‘detuned’ cavity will cause the mirrors of the cavity to move. This field exerts a force due to

radiation pressure on the mirrors and so changes in the length of the cavity or frequency of the

laser will directly modulate the dynamical behaviour of the cavity mirrors in a way that would

not occur in a cavity on resonance.

The coupling between cavity light field fluctuations and cavity length is known as an optical

spring because it couples a length change to a force. Following this analogy the coupling factor

that determines the strength of the spring is called the optical spring constant and it scales with

the detuning from the length at which the light builds up maximally in the cavity.

The spring constant is

KOS .
 << �/ =
8kPcr32r1 sin

�

4��L
c

�

c
�

1 + R1R2 * 2r1r2 cos
�

4��L
c

�� ; (2.6)

where k is the wavenumber of the laser, L is the cavity length and c is the speed of light. It has

a constant part dependent on the maximum circulating power in the cavity, Pc, the reflectivity

r1, of the input cavity mirror and the reflectivity of the output mirror r2. There is also a part

� that varies with the frequency offset between the laser and the cavity resonance frequency in

Hz [1, 2, 26] This equation assumes that the frequency at which the system is being driven, 
,

is much lower than the detuning applied so the spring constant does not change appreciably as

the mirror swings back and forth [1]. The driving or ‘probe’ frequency would alter the spring

constant if the mirror motion was fast enough that the field inside did not have time to respond

and this would mean the cavity field response is appreciably delayed in phase from the mirror
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motion [2].

In order to operate the optical system off the centre of the resonance of the resonant cavity where

the derivative of power with respect to cavity length is non-zero, the control system must have

a static offset applied. The size of this offset in relation to the half-width at half-maximum, 
 ,

of the cavity determines how strong the opto-mechanical coupling is. The coupling is strongest

when the power has the steepest slope on the side of the resonance curve where the linear term

in the derivative is at its maximum [3].

2.3.1 Quantum Noise Reduction with Springs

As has been already discussed, the optical spring allows small variations in position or light

level to couple to each other. This also holds true for the noise sources that make up the quantum

limited noise of the experimental system. In the analysis above, the shot and back-action noise

are independent. However, where the derivative of radiation pressure with position is non-zero,

any fluctuations in cavity power will be transferred directly to the mirrors. This includes the

small photon fluctuations that give rise to the quantum noise in the mirrors and means that the

spring correlates the noise in the laser field to the ‘back-action’ or radiation pressure noise of the

mirrors. Any correlated noise sources result in a reduction on the contribution of those noises

to the overall noise of the system. This means that Sba or Ssn can be reduced by the spring, but

in order to conserve the energy in the system the overall integrated spectral noise density will

increase at frequencies away from the spring resonance where the reduction is strongest. The

new expression for the SQL in the presence of correlations between the back-action noise and

the shot noise shows this reduction,

Sba � S
sn * ó

ó

Scorróó
2 g ‘2 + 2‘ ó

ó

IScorróó (2.7)

and is given in [7]. The term Scorr is the correlated noise spectral density between the radiation

pressure noise and the shot noise. For a cavity with one spring this gives Scorr � 0, because of
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the presence of the spring. This results in a modified SQL of

sSQLF;spring = 2‘
ó

ó

ó


2 * !2opt
ó

ó

ó

(2.8)

given in [3, 7], where !2opt is the new shifted resonance of the cavity while detuned and 
 is the

measurement frequency. This comes from the original SQL for the case with no detuning,

sSQLF;resonant = 2‘
ó

ó

ó


2 * !2m
ó

ó

ó

: (2.9)

If it is assumed that the mechanical resonances of the mirror pendulums are much lower than our

measurement frequencies and the frequencies at which the optical spring is resonant, this can be

simplified to 2‘
2. Thus, when the mirrors move close to the optical spring resonance frequency

in the detuned cavity, the SQL will be reduced from the on-resonance value by 2‘!2opt [4, 5, 7].

The modification of quantum noise near the optical spring resonance frequency can be used in

gravitational wave detectors to increase their sensitivity to a particular frequency of source by tun-

ing the resonance frequency of the signal recycling cavity mirrors using an optical spring [21,26].

For the measurement sensitivity to reach the SQL, the classical noise sources must be lower

than the level of the quantum noise at this frequency for quantum effects to be observable. This

also holds for the optical spring modification of the quantum noise, but the classical spring effect

will still be observable above the other noise sources even if the quantum noise reduction is not,

as is the case in the interferometer that is the subject of this thesis.

2.4 Optical Spring Constant

To determine the dynamics of an optical spring, its effect on the suspended masses of the cavity

can be looked at. As mentioned, the spring modification of the force depends on the detuning of

the cavity; but also for a mirror probed by a force at frequencies 
, on the order of the detuning

and the cavity linewidth, the dynamics of the spring depend on the frequency of the probing force.
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In fact, in the specific case considered in this thesis, because the cavity resonance is composed

of a build-up of light waves, the cavity resonant field takes time to change in response to the

mirror motion. This results in a part of the spring constant that is out of phase with the real

rigidity and is proportional to the speed of the mirrors in the time domain and thus the frequency

of the mirrors in the frequency domain. This is represented by making the equation for the full

frequency-dependent optical spring a complex rigidity. As this term is proportional to velocity it

acts to damp or anti-damp the motion of the mirror, depending on the phase difference between

the real and imaginary parts of the spring constant [2, 3].

2.4.1 Equation of Motion

For a pendulum of mass, m and extension from its origin directly below the point of suspension,

x, the sum of the forces on it can be analysed to give an equation equal to the driving force Fd .
/,

Fd .
/ = *m
2x .
/ +K .
/ x .
/ (2.10)

representing its motion in the x direction. The last term represents the optical spring effect in the

cavity of length, L [2,4,5]. The first part of this equation is caused by the mechanical parameters

of the suspended mass and the second by the optical field (of frequency !0) interacting with this

mass.

2.4.2 Susceptibility

The simplest way of describing an optical spring mathematically is in a similar form to a con-

ventional mechanical spring where the spring constant is radiation pressure force on the mirrors

F divided by extension of the spring from equilibrium x. This is complicated by the photons

having a distribution of different frequencies affected by the storage time of a photon in the cav-

ity and the cavity length, due to the Doppler shift of the cavity mirrors altering the frequency

of the photons as they resonate in the cavity. This frequency spreading of the photons is what

gives rise to the frequency dependent nature of the optical spring effect. It also means that the

spring constant will be complex due to the fact that the cavity length or laser frequency changes
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will lead the cavity field radiation pressure changes by an amount which depends on the extent

to which the fundamental resonance frequency is Doppler-shifted by the cavity, that is the fre-

quency ‘width’ of the circulating photon distribution 
 as referred to previously in Section 2.3.

From 2.10 the susceptibility of the mass can be obtained by dividing the equation of motion by

the force on the mass. The susceptibility is defined as

� .
/ =
x .
/
Fd .
/

(2.11)

in [2,4,5] and defines how a mass affected by a spring moves when excited by an external force,

which makes the expression for the susceptibility,

� .
/ = 1
*m
2 +K .
/

(2.12)

in the case that the damping and rigidity terms of the pendulum can be neglected [5].

2.4.3 Frequency Dependent Springs

The optical spring coupling varies with two things; the detuning of the system from its resonance

position, which sets the derivative of circulating power with cavity length/laser frequency, and

the power built up when it is on resonance, which sets the overall height of this resonance and

thus the relative strength of the radiation pressure effects. For a system which is tuned up in fre-

quency from the original cavity resonance frequency, that is the cavity is made shorter, there will

be a positive derivative of circulating power with cavity length on this side of the resonance, and

thus radiation pressure pushing the mirrors outwards will increase if the cavity length increases

at this point, causing the mirrors to swing away from equilibrium under influence of the radiation

pressure force. This means the system has negative rigidity or an anti-restoring force [2, 6].

For a systemwhich is tuned down in frequency from the original cavity resonance frequency, that

is the cavity is made longer, there will be a negative derivative of circulating power with cavity

length on this side of the resonance, and thus radiation pressure pushing the mirrors outwards
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will decrease if the cavity length increases, causing the mirrors to swing back towards equilib-

rium under influence of the gravitational force until the radiation pressure force is high enough

to balance this force. This means the system has positive rigidity or a restoring force [2, 6, 7].

2.4.4 Damping

Another effect that happens in tandem is that this restoring/anti-restoring force reduces at higher

frequencies. This is due to the rate of decay of power from the cavity, characterised by the

linewidth, 
 . Due to the fact that light is stored in the cavity for a certain time, this means that

the cavity field response happens some time after any small variations in mirror position, and

this gives a force which acts with a phase delay back on the mirrors, which is dependent on the

velocity of the original change in position. Some of this force is in phase with the original mo-

tion and gives rise to the rigidity part of the spring and some is out of phase and thus acts as a

damping term. This damping term is a velocity dependent force as its magnitude depends on the

original time delay between the mirror motion and the cavity response. It will be out of step with

the original motion and so will act in the opposite direction to the static force from the spring

rigidity and thus act as an imaginary term in the spring constant [2, 6, 7].

Another way to think of the damping effect in the frequency dependent spring constant is in terms

of the work done by the radiation pressure over one mirror oscillation. As F � x = �E = W , if

the system is locked on the spring side of the circulating power curve as the mirror moves into the

cavity the force on the mirror increases and the cavity length decreases. However, due to the time

delay between the motion and the radiation pressure force the force-displacement will sketch out

a curve in force-displacement over time that forms an ellipse tilted towards the centre of reso-

nance and directed round the ellipse in the clockwise direction. The work done is the area of this

ellipse enclosed by the path of the oscillator in force-displacement as it oscillates once along the

radiation pressure vs. distance curve by a small amount [2, 7, 47–50]. This can be thought of

as the radiation pressure force giving energy to the mirror and so this leads to anti-damping [2,7].

Conversely, when locked on the anti-spring side of the circulating power curve as the mirror
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moves into the cavity the force on the mirror decreases and the cavity length decreases. There is

still a time delay between the motion and the radiation pressure force so the force-displacement

will sketch out a curve in force-displacement over time that forms an ellipse tilted towards the

centre of resonance and directed round the ellipse in the anti-clockwise direction. When the

work done in both areas is integrated a positive work for the spring and negative work (similar

to conventional mechanical friction) for the anti-spring is obtained, leading to damping of the

mirror motion [48, 49].

The damping terms gets weaker when the probe frequency reaches the same order as the cavity

linewidth because the work done by the damping or anti-damping term decreases as the area en-

closed in one oscillation decreases. The damping strength can be described as the imaginary part

of the optical spring constant (with units of N/m). As can be seen from Figure 2.2 the damping

strength changes as the mirror motion increases in frequency, eventually reducing to a very small

value that tends to a constant in frequency space. This also holds for the rigidity term, except

the spring rigidity also changes sign, as well as slope, at frequencies above the cavity linewidth

750Hz, as seen in Figure 2.3 where the rigidity is the real part of the optical spring constant in

N/m. This would imply that neither the damping nor the rigidity are linear in frequency and so

a more general expression,

K .
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8kPcr32r1e

*2i
L
c sin

�

4��L
c

�
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�

1 * 2r1r2e
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�
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2
2e

*4i
L
c

� (2.13)

is used to describe the spring, taken from [1, 2, 26]. The variables correspond to those used in

Equation (2.6). In this equation there are terms which vary with frequency, which give rise to the

frequency dependent rigidity and damping, and a term which is independent of frequency which

gives us the rigidity of the spring at 0Hz. There is also a term varying with frequency squared

which gives rise to a term analogous to the restoring force of a mechanical spring which depends

on its mass, and is plotted in Figure 2.4. It can be seen from Figure 2.4 that the inertia-like term

also changes sign and slope with frequency.
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Figure 2.2: Damping strength of frequency-dependent spring varying with the mechanical fre-
quency of either cavity mirror. Different plots correspond to different static detunings added
or subtracted from the resonant cavity length. This quantity is the imaginary part of K .
/ ex-
pressed in Equation (2.13) using the basic parameters from the experimental setup. Equations
were obtained from work in [1–6].
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Figure 2.3: Rigidity of frequency-dependent spring varying with the mechanical frequency of
either cavity mirror. Different plots correspond to different static detunings added or subtracted
from the resonant cavity length. This quantity is the real part of K .
/ expressed in Equation
(2.13) using the basic parameters from the experimental setup. Equations were obtained from
work in [1–6].
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Figure 2.4: Inertia of frequency-dependent spring varying with the mechanical frequency of
either cavity mirror. Different plots correspond to different static detunings added or subtracted
from the resonant cavity length. The inertia is found by taking the derivative of the optical spring
constant, K .
/, with respect to frequency squared, 
2 expressed in Equation (2.13) using the
basic parameters from the experimental setup. Equations were obtained from work in [1–6].
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To obtain Figures 2.3, 2.2 and 2.4, the field equations for the light in a detuned cavity were

solved numerically to calculate *dFrad
dx

for each detuning; then the frequency dependent equation

was used to determine how each part of the spring constant varies with the frequency of the

mirrors, at various cavity detuning values.

2.5 Stability of Optical Springs

2.5.1 Optical Springs as Feedback Loops

If the response function in Figure 2.5, of a single spring and anti-spring at the same detuning

magnitude but with opposite signs is plotted, the magnitude and phase can be seen to vary with

frequency. In both cases the spring resonance corresponds to a phase lag of motion relative to the

force applied. This means that the rigidity at resonance in springs and anti-springs is 90ý ahead

of that at DC, and occurs around 800Hz. This is dynamically unlike a mechanical spring where

the motion and force are in phase below the resonance leading to positive rigidity of the system,

and the motion of the spring mass lags the applied force by 90ý phase above the spring resonance,

leading to damping. Knowing this helps to decide what is needed to control the system. This

graph is a good way of getting a sense of how the spring and anti-spring behave in the system

and checking that the magnitude and phase of the rigidity scales identically with frequency but

with opposite sign for springs and anti-springs.

2.5.2 The Effect of Detuning on Stability

Similar to a simple negative feedback loop in electronics, the stability of an optical spring system

can be evaluated by looking at its open loop gain transfer function in the complex plane and

applying the Nyquist criterion. This states that a Nyquist plot of a transfer function GH can

reveal poles of the corresponding closed loop transfer function G
1+GH

. This is because the system

will be unstable if the poles have a positive real part, as this results in an output signal which

does not converge to the control point in the time domain. The Nyquist criterion is applied to the

full open loop transfer function of a system: if the plot circles the (-1,0) point on the real axis
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Figure 2.5: Image ofK for spring and anti-spring both detuned to a magnitude of 0.57 linewidths.
The rigidity characterises the response of the system to an external force. As can be seen from
the green trace, mirror motion lags the spring force meaning the system has a positive rigidity
and as can be seen the phase lead increases with frequency, coming closer to instability leading
to an anti-damping effect. The converse happens for the anti-spring (orange-dashed line) which
is 180ý out of phase with the spring across the whole frequency range. It starts off with a negative
rigidity due to the spring force lagging the motion, but the phase decreases with frequency and
the system becomes closer to stability at higher frequency.
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of the Nyquist plot in the clockwise direction, there is one more zero than pole in the open loop

transfer function which has a positive real part and so makes the resulting G
1+GH

unstable [51].

For example in an optical spring there are two poles at *i
 = *
 , i�, which contribute two

poles to the overall closed loop transfer function with a negative real part, resulting in an unstable

system unless something is added to stabilise the poles [31]. This can be done with the precise

design of a control system [51].

2.5.3 Modification of Mirror Pendulums

It makes more intuitive sense to think of the optical spring connected to a mechanical pendulum

and acting to modify its dynamics. This can be characterised in the susceptibility of a cavity with

a spring mentioned in (2.12). For a simple Fabry-Perot cavity the m will be the reduced mass of

the cavity mirrors [3]. It is possible to then re-analyse the stability of a system by looking at the

susceptibility of the combined system, �spring, measured in m/N and plotted in Figure 2.6. The

combined susceptibility is expressed simply for this analysis using (2.12) where the first term is

the susceptibility of a free-mass with the reduced mass of the actual experimental cavity is used

for illustrative purposes, and the second term is the full frequency-dependent optical spring.

2.5.4 Control of Instabilities

Since the anti-spring is unstable at DC, a control law is needed with a lot of gain at low frequency

and DC to balance the anti-restoring force on it. This can be acheived using a filter with flat gain

at low frequency that then decreases in gain with a slope of 1
f
after some cut-off frequency, after

which the anti-spring damping provides most of the restoring force at high frequency. This type

of filter is known as an integrator. Conversely, since the spring is stable at DC, a filter is needed

with a lot of gain at high frequency to balance the anti-damping force on it. Thus a filter can be

used with low gain at low frequency that increases in gain with a slope of f before some cut-off

frequency, after which the gain can be flat in frequency and high to counter the anti-restoring

force at high frequency. This type of filter is known as differentiator. However, the servo system

needs to be more complicated than the one described, shown in Figure 2.7. In a real experiment
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Figure 2.6: Susceptibility of an optical spring (green solid line) coupled to a mirror pendulum
varying with frequency of force applied to mirror. A resonance is visible in the magnitude, this
has been shifted downwith respect to the spring resonance and up in frequencywith respect to the
natural fundamental resonance of the pendulum (at 0.69Hz [3]). The orange dashed line shows
the same plot of suceptibility but with an anti-spring coupled to the mirror pendulum instead.
The resonance can be seen in the spring because the spring anti-damping makes the damped
pendulum resonance narrower, and not in the anti-spring case as the anti-spring damping works
to damp out the pendulum resonance [7].

Figure 2.7: Feedback system of spring and its control by an external electronic servo.
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there are other components that have a frequency dependent effect on the gain and phase of the

system, and so need to be accounted for in control system design. More details of the control

system used in the real experiment are given in the next chapter.

2.5.5 Combining Different Springs

In the case of two coupled springs, the susceptibility of the system can be described as,

� = 1
*m
2 +K1 +K2

(2.14)

whereK1 is the frequency dependent spring constant of the first spring,K2 is the spring constant

for the second, and m is the mass of a cavity mirror coupled to the springs. Unfortunately, unlike

the approach in [5], this cannot be described as a linear sum for springs where the detuning

is in the same region as the linewidth and the frequency of the external force, so a numerical

approach is relied upon to calculate the spring constants for the frequencies of interest. The

spring constants can be added together as they contribute independently to the force acting on

the mirror [1, 5]. Since there is a common cavity for the two springs, they have the same 
 .

2.6 Experimenting with Multiple Optical Springs

Two separate experiments were carried out involving creating multiple springs in this same ap-

paratus to find possible examples of negative inertia and optical trapping.

2.6.1 Optical Traps

Since the total variation in restoring force acting on a mirror is the linear combination of the opti-

cal spring constants of the optomechanical systems affecting it; it is possible to combine springs

in an experiment to create a system with different dynamics from any one spring or anti-spring.

If two springs/anti-springs are combined the resultant system will behave with susceptibility,

�T =
1

*m
2 *R
�

KT
�

*I
�

KT
� (2.15)
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[1,3,4] where the two springs constants and thus the dynamics of the spring and the anti-spring

sum together. If the powers and detunings are chosen correctly the total damping term I
�

KT
�

will have a negative sign, acting to reduce the displacement of the mirror on timescales of the

order of the inverse damping constant and a restoring force R
�

KT
�

which acts in opposition to

the direction of motion of the cavity mirrors. Thus the motion of the system will tend to stability

over time and behave like a conventional damped mechanical spring. For a system that was only

limited by the standard quantum limit over most of its range this would result in an optomechan-

ical system acting as a quantum mechanical oscillator in the degree of freedom affected by the

spring combination. This can be called an optical ‘trap’ as the motion of the mass will be reduced

below its normal kT
2
energy per longitudinal degree of freedom due to Brownian motion [52].

However if the noise of the system is above the quantum noise limit the system will not be-

have as a ‘cooled’ quantum mechanical oscillator but will have increased gain below the unity

gain of the combined spring system and this systemwill be stable without the need for an external

control system if carefully tuned, it can hold the mirror stable and keep the cavity locked. Since

electronic servos impose sensing and actuation noise on a negative feedback system such as this,

the classical optical ‘trap’ still allows the noise of the system to be decreased, just not below the

standard quantum limit.

2.6.2 Negative inertia

Since it is possible to combine two springs to stabilise a suspended mirror optomechanically, it

follows that it should be possible to modify the spring/anti-spring combination to achieve other

effects. Specifically, if instead of a highly detuned spring and amuch smaller detuned anti-spring,

a highly detuned anti-spring and a less detuned spring are created, a system can be produced with

increasedmotion that has the same form as a freemass spring. The desired behaviour comes from

the behaviour of the total optical spring constant which acts to cancel some or all of the inertia
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of the system, increasing the susceptibility, (2.12), giving the new increased susceptibility,

� .*i
/ = 1
*m
2 * mopt
2

(2.16)

to incoming signals that would be picked up by the apparatus. That is, if this was incorporated

into a gravitational wave detector it would increase its response to gravitational waves in the

bandwidth where the inertia has been decreased [4, 5]. Looking back at the equation for the

inverse susceptibility, (2.14), it is necessary to search for the part of the measured susceptibility

that is proportional to 
2 and thus represents the total inertia �*1inertia, and ideally engineer this

to cancel out the inertia of the free mass completely. If the coefficient of the term that varies as

*
2 is tuned to be very small, this results in some or total cancellation of the inertia provided by

the free mass, m, as in

*1 <
mopt
m

< 0 (2.17)

where mopt is the coefficient of the optical inertia. There are two more conditions that must be

met, because there are two other terms in Equation (2.15) than the one representing the inertia:

the rigidity (real part) of the double spring that is frequency independent in the numerator and

the damping (imaginary) term that varies as *i
. It is possible to tune the strength of both the

spring and anti-spring to cancel out the rigidity parts of the spring constant. However, unlike the

analysis presented in [4, 5] it is impossible in our system to cancel out the damping parts of the

expression [4, 5].

With respect to the friction, it is possible to cancel some of it, but it will be impossible to do this

completely unless it is ensured the spring and the anti-spring have different linewidths, which

is not the case for a conventional Fabry-Perot cavity where the mirrors are of equal reflectivity

for both frequencies being used to create the springs. So for the purposes of the experiments in

this thesis it is assumed that the system will still have some anti-damping over some or a large

part of the experimental frequency range. In that case the idea is to compensate for any left-over

anti-damping the system creates with a servo that works to damp the system and make the whole

thing stable [4, 5].
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Another caveat to this is that (2.17) is only valid when the frequency of the measurement of

the spring, 
 is small in relation to 
 and �1, �2. This allows the sum of K1 and K2 to be lin-

earised so that Kt = R
�

K1
�

+R
�

K2
�

+I
�

K1
�

+I
�

K2
�

. When this is not the case, that is at

higher measurement frequencies close to or above the detuning or cavity linewidth, it is not valid

to ignore the terms that vary with higher powers of frequency, as has been done in [4,5] as these

will contribute more strongly to the size of the total susceptibility of the mass. So in practice, if

this is the case, the simplest way to find negative inertia in this complicated system is to derive a

measurement of the total susceptibility of the system and look for a region which behaves like an

inertia, that is, it varies with *
2. The susceptibility of the free mass at this point 1
*m
2

must be

less than that of the total inertia, � , for the system to have negative inertia. However, a reduction

in inertia of the suspended mirror in the negative inertia can be obtained [4, 5].

2.7 Optical Springs in Real Cavities

2.7.1 Optical springs in detectors

The signal recycling cavity used in most modern large-scale gravitational wave detectors is used

in the resonant side-band extraction configuration. This involves tuning the length of the signal

recycling cavity tomake it resonant or near resonance for a broad range of signal sidebands so that

these frequencies are extracted from the arm cavities before leaking out of the signal recycling

mirror to the detector [9,53]. This cavity mirror can also be detuned from resonance, with the ef-

fect of enhancing the response of the detector at the corresponding detuning frequency, and creat-

ing an optical spring like that in a detuned Fabry-Perot cavity as described earlier. This increases

the detector sensitivity to a specific source or range of sources at these frequencies [9,22,26,53].

Since control of the broadband detector is already made complicated by the various degrees of

freedom that need to be controlled, introduction of an optical spring means that it is important

to investigate aspects of optical spring dynamics and their control in prototype detectors, as this

resonant mode of signal extraction is already used in Advanced LIGO [30].
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2.7.2 Increasing Sensitivity Below SQL

Optical springs can be used to increase the sensitivity of gravitational wave detectors through

shaping the noise limited sensitivity of the detector in a band where the quantum radiation pres-

sure noise is the dominant detector noise. They provide a dip in the standard quantum limit near

the spring resonance but a rise in the SQL away from this frequency as denoted by equation (2.8).

As mentioned in [6] introduction of an optical spring into the detector causes instability due to

the anti-damping it gives, and suppresses the gravitational wave response in the low frequency

region where the optical spring has rigidly coupled the mirrors of the arm cavities to the signal

recycling mirror. These two effects need to be controlled and controlling them electronically can

add in noise from the extra electronic servo, due to the detection of photons that needs to take

place to produce a control signal, resulting in shot noise in that signal. The authors thus propose

using an anti-spring in tandem to either cancel the anti-damping of the spring and partially cancel

the rigidity or to stabilise the system by providing lots of damping, in effect creating an optical

trap. In addition the optical spring resonances can be chosen such that the range over which

the SQL is decreased can be widened, meaning that this could be used in future tuned advanced

detectors to make them sensitive to a wider range of sources [6].

2.7.3 Increasing Detector Response Broadband

Negative inertia configurations can also be used in future large scale detectors in order to increase

the susceptibility of the cavity mirrors over a wide frequency band. This improves their quantum

noise limited sensitivity to gravitational waves and analysis has been carried out of the initial

gains in sensitivity possible using this in Advanced LIGO [4,5].

2.7.4 Previous Optical Springs in Glasgow 10m

Some work has already been done on control of optical springs in high power, detector-like

cavities by John MacArthur [54] and investigating coupling of dynamic effects between springs

and anti-springs by Neil Gordon, [3]. Some of this most recent work resulted in investigation of

the trapping effect on one of the mirrors of the 10m system, but did not go all the way towards
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completely classically trapping the mirror, without the aid of a control servo at all frequencies

[55]. This means there is still room to investigate a full ‘all-optical’ trap for one of the mirrors

in the Glasgow prototype in the manner of that done by Corbitt and colleagues in [56] and by

Kelley and colleagues in [57]; where the spring is held over some broad frequency range by

optomechanical feedback forces alone. No experiments have yet been carried on negative inertia

in the field of gravitational research, so this is worth investigating as a technique which could be

used to improve the detector response to a signal in future detectors.
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Experimental Layout

The spring measurements described in this thesis use two 10m Fabry-Perot cavities. One cavity

is used to create the springs and anti-springs, and is of a very high finesse, to allow strong op-

tomechanical systems to be investigated. This is known as the left-hand cavity. The suspension

supporting the end mirror of this cavity, also supports the end mirror of another cavity. This cav-

ity, the right-hand cavity, is much lower in finesse and therefore it has a much lower circulating

power. As this cavity is mechanically connected to the left-hand cavity, via the central mirror

suspension, it can be used as a meter for the dynamics of the left-hand cavity. This is possible

as both cavities’ lengths are controlled by separate length control servos which feed back to the

input mirrors of the cavities, so motion of the shared mirror will result in both input mirrors be-

ing pushed by the control feedback to compensate this length change. The opto-mechanics will

cause the central mirror (CTM) to appear heavier or lighter depending on the detunings used in

the spring and anti-spring, the effect of which can then be seen in the right-hand cavity.

A simple layout of the experiment is shown in Figure 3.1. 10MHz sidebands are added to the

main laser in order to control the left-hand and right-hand cavities so they follow its central fre-

quency when both of these cavities are on resonance. The frequency reference cavity shown in

the diagram is used as a frequency reference for the main laser above the cross-over at 19Hz, and

below this frequency the main laser sidebands are used as a reference to control the length of the

cavity. Plainly, below 19Hz the frequency reference cavity follows the laser in frequency and

39
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above 19Hz the laser follows the frequency reference cavity. The secondary laser is phase-locked

to a tunable frequency distance (set by the local oscillator) from the main laser and so uses it as

a frequency reference. Both lasers, at their different frequencies, are used to create separate de-

tuned fields in the high finesse cavity. This chapter details the optical setup of the experiment and

the measurement of the fundamental cavity parameters such as input power, mode-matching, and

frequency noise. The basic layout of the mirror suspensions is then discussed, before an explana-

tion of the control of the lasers and the cavities used for the main experiments. The experimental

cavities used in this experimental work are high power Fabry-Perot cavities, which are part of a

10m prototype interferometer used for testing gravitational wave detector technologies.

3.1 Optical Setup

Light is prepared for input to the experiment on a table shown in Figure 3.2.

3.1.1 Lasers and Input Optics

The first component after the lasers are quarter-wave plates, which when optimised for maximum

throughput, ensure circularly polarised light into the half-wave plates which when optimised in

turn rotates the polarisation vectors till the maximum power in each beam is in the s-polarisation,

rather than p-polarisation, component [58]. After the waveplates are the Faraday isolators. These

work to stop back reflections from optics further down the beam towards the experimental cavi-

ties, as if these get back to the laser they can interact with the mode circulating in the laser cavity

and add noise to the beam it outputs. On entering the isolator the beam polarisation should

be lined up with the primary axis of a polarising beamsplitter on the input, after this it travels

through a component called a Faraday rotator [59]. There is a constant magnetic field in this

material that rotates the polarisation of the input field a constant amount. The amount of rotation

is dependent on the material used, and the relative direction of the magnetic field with respect

to the direction of beam propagation [60]. The rotator material and field is optimised to ensure

that the beam is rotated by 45ý [60], then at the output of the Faraday it goes through another

polarising beamsplitter aligned with the outgoing polarisation. The component of any back re-
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Figure 3.1: Simple layout of the experiment, showing the main laser and the secondary laser
which was added to the setup. The frequency stabilisation cavity is also shown, as are the beam-
splitters (BS) and the steering mirrors (SM). Finally the two experimental cavities are shown:
the high finesse cavity or left-hand cavity consisting of the left-hand test mass (LTM) and central
test mass (CTM) and the low finesse cavity or right-hand cavity consisting of the right-hand test
mass (RTM) and CTM. The black triangles represent beam dumps.
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Figure 3.2: Simplified layout of optical table used to prepare the two laser frequencies used in the
experiment. B1 is a 50:50 beamsplitter. Point 1 denotes the region in which measurements were
carried out of the beam profile of the main and secondary laser frequency at different distances
between the lens, MM1, and the laser amplifier.

flections aligned to this second beamsplitter will then be transferred back into the rotator and

the orthogonal components will be rejected out to the side of the beamsplitter. The component

travelling back through the rotator picks up a further 45ý rotation and so will be rejected out to

the side of the initial polarising beamsplitter on the laser side of the rotator. A further polarising

beamsplitter is set up after the Faraday isolator to get rid of the p-polarisation part of the beam

gained by travelling through the rotator. The beam hitting the crystals in the phase modulators

will therefore be s-polarised [59].

Each crystal’s fast axis is then along the same axis as the polarisation of the corresponding beam.

The indexes of refraction are dependent on the voltage applied across the modulator crystals. A

modulated field can then be used to create phase modulation of the input beams, and since the

voltage is supplied through a resonant circuit, the modulation supplied to each modulator is at

this frequency [61]. After modulation the secondary laser beam is passed through a lens MM1

and then combined with the main laser beam. Some light is lost at B1 where the beams are com-

bined but this happens before the light is amplified up at the laser amplifier which compensates
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Figure 3.3: Simplified layout of cavities in vacuum system and how they connect to the input
optics used to prepare the two laser frequencies used in the experiment. The half-wave plates are
used to orient the beam polarisation vectors with the Faraday isolators. The Faraday isolators
are used to reflect the beam coming back from the LTM or RTM to their respective photodiodes
which is then used to produce an error signal for the cavity lengths. MM3L and MM3R are
mode-matching lenses in vacuum before the two experimental cavities, but are not suspended
unlike the other optics in vacuum. B2 is a 50:50 beamsplitter and B3 is a 90:10 beamsplitter.
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for the loss. The combined beam is passed through the lens MM2, then passed through the laser

amplifier. After the amplifier the frequency reference beam is split off at the 50:50 beamsplitter,

B2, and the remaining light is split into two beams after this point at B3. This beamsplitter is

90:10 to ensure more power goes into the left-hand cavity which will be used to create the springs

used in the experiment. All three beams hit two sets of mirrors on a periscope situated on the

edge of the optical bench which directs each beam into the vacuum system, represented as the

grey rectangle in Figure 3.3. The frequency reference beam light is reflected into the frequency

reference cavity as shown by the arrow, and the rest transmits further down the beam tube hitting

lenses MM3L and MM3R, which are isolated from ground motion by passive seismic isolation

but not suspended. These lenses were chosen to give the correct beam waist in the experimental

Fabry-Perot cavities [3].

3.1.2 Mode-matching

For the experiments it is necessary to use two different carrier frequencies, in respect of which, a

second source laser was used. In adding an additional carrier to the system, measurements were

carried out of the beam profile of the main and secondary laser frequency at different distances

between the lens MM2, and the laser amplifier. This happened at point 1 in Figure 3.2, with

each laser on in turn in order to determine the beam waist, w0, of each laser beam separately.

Additional lenses were then added, denoted by MM1 in order to mode-match the secondary laser

beam to the main beam, as the main laser was mode-matched during the set-up of the previous

optical spring experiments in the lab, when MM2, MM3L and MM3R were installed [3]. These

last two lenses are shown in relation to the vacuum system in Figure 3.3. An upper limit could

be put on the mode-matching of the primary laser by examination of a time domain sweep of the

cavity error signal. Comparison of the relative sizes of the fundamental mode fringe with that due

to the second order mode fringe suggests that only 0.91% of the fundamental mode power is lost

due tomode-mismatch. Further, the ratio between the first ordermode fringe and the fundamental

suggests only 0.4% of the fundamental mode power is lost to cavity mis-alignment. This second

ratio is not expected to change much between measurement days as the cavity visibility was

checked before measurements and re-aligned if necessary.
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3.1.3 Frequency Reference Cavity

In preparing the experiment, it was recognised that a limiting factor in previous optical spring

measurements had been the large level of frequency noise, and the large size of noise injections

needed to get a good gain measurement of the system, meant that some noise was added to the

system, masking the spring effects being measured [3]. The current experiment combined previ-

ous techniques used in previous optical spring work in the same lab, for frequency stabilisation

of the main laser [3, 54]. For this, an external reference for frequency was necessary. In the

same vacuum tank in which light is injected from the optical table into the vacuum system, there

is a 10 cm Fabry-Perot cavity that is utilised for this purpose, for further details of the setup of

this see [62]. The basic optical layout of the system is shown in Figure 3.4. The error signal

Figure 3.4: Image of the basic optical setup of the frequency reference cavity used for the ex-
periment. Light supplied to this cavity is split off on the optical bench at B2 and is injected into
the system from the same periscope as the two main experimental beams. There are several sus-
pended optics used to steer it into the 10 cm cavity. A simplified layout, neglecting beam steering
is shown here. One of these optics is a lens, denoted MM4 in the diagram, and used to mode-
match the beam into the cavity. There is then a polarising beamsplitter and quarter waveplate,
which ensure that light travelling towards the cavity passes straight through the beamsplitter, and
light reflected from the cavity is reflected by the beamsplitter out through another viewport and
onto a photodiode.

used to keep the laser following the cavity frequency is obtained from the reflected power from

the cavity as read out on the photodiode shown. The use of this signal for control of the laser

frequency is discussed more fully in Section 3.3.2. Although the optics used for this laser sta-

bilisation cavity are multi-stage suspension systems, their structure is not relevant to the results

of this experiment and so will not be discussed in this work, but is detailed in [62]. What is of
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relevance is the structure of the multi-stage suspension systems used for the main cavities and so

a brief description of the different types used will be given in the following section.

3.2 Suspensions

A similar suspension design was used for all the mirrors needed to direct the left-hand cavity and

right-hand cavity beams and to create the 10m Fabry-Perot cavities. The only difference was the

weight of the folding mirrors was required to be three times larger to ensure the reduced mass

is mainly dependent on the input and end mirrors, and thus the radiation pressure dynamics of

the system is not altered by these folding mirrors. As the suspensions have slight differences

in alignment or manufacture of components, each has slightly different resonant modes that can

be driven by electronic noise from experimental measurements. More details are given on the

suspensions and their actuators in the following sections.

3.2.1 Cavity Mirrors

The three main experiment mirror suspensions were all designed and built as part of previous

optical spring work experiments [3] and a simplified design is shown in Figure 3.5. The two input

mirrors for the main cavities in the system, the LTM and RTM are both 2.54 cm in diameter and

weigh 100 g including the optic holder they sit in. The mirrors both have a radius of curvature of

15m. The CTM has the same radius and mass but a flat front surface. It consists of two mirrors

back to back on the same suspension so each cavity has the highly reflective side of each mirror

as its end mirror, with an intentional wedge between the front and back surfaces to avoid light

coupling between the two cavities [3]. The suspension design consists of two main stages; the

first is the passive isolation stacks under the breadboard and the second is the mirror suspension

which sits on the breadboard. The first stage consists of three stages of ‘passive’ isolationmade of

two layers of rubber between metal plates under the breadboard, and one layer of rubber between

the top and sides of the suspension support structure which sits on the breadboard. The mirror

then hangs from this support structure in a double pendulum configuration, which reduces the

amplitude of noise transmitted between the breadboard and the mirror by a factor of 1
f 4

above
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Figure 3.5: Simplified front view of a generic mirror suspension structure made for the two
main experimental cavities. There are two stages of rubber passive isolation which a breadboard
rests on, then another layer of rubber between the suspension support structure that attaches to
the breadboard and the top part of it that the suspension wires attach to. Hanging off the top
four suspension wires is the top metal mass which is where the eddy current damper magnets
are attached. There are copper cups on the suspension support structure behind this metal mass,
which the magnets move in, to provide the damping force. The mirror then hangs off this metal
mass from a second set of metal wires. Each breadboard can fit three of these suspensions, further
details of the actuation of the specific suspensions are detailed in Section 3.2.2.




























































































































































































































