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Abstract

The Theory of Poroelasticity is embraced to model the effective mechanical behaviour of
a porous elastic structure with fluid percolating in the pores. Key examples of the linear
theory include hard hierarchical tissues, such as the bones, the interstitial matrix in healthy
and tumorous biological tissues, the human eye, artificial constructs and biomaterials, as
well as rocks and soil. Nonlinear poroelasticity has been applied to modelling tumour
growth and in imaging to locate tumours in an incompressible medium, to the lungs and
to consider the perfused myocardium. Poroelasticity has also been applied to studying the
artery walls.

The current modelling approaches assume simplistic microstructures for the materials
which are in general unrealistic for the desired applications. This thesis will extend the
current literature by proposing exciting, novel computationally feasible macroscale models
that account for realistic microstructures and can help capture the true behaviour of
materials. To fulfil this modelling goal we use the asymptotic homogenization technique.

To provide a complete overview of the area we begin with a re-derivation of stan-
dard Biot’s poroelasticity via the asymptotic homogenization technique. In the following
chapters we build upon this to create appropriate models for complex, realistic biological
scenarios.

We begin our development by deriving the quasi-static governing equations for the
macroscale behaviour of a linear elastic porous composite comprising a matrix interacting
with inclusions and/or fibres, and an incompressible Newtonian fluid flowing in the pores.
This is a novel model that can account for interactions between a variety of phases at the
porescale which is much more realistic of biological tissues than the previously assumed
matrix homogeneity. We then further extend this theory to assume that both the matrix
and fibres/inclusions are hyperelastic, thus providing one of the first few works to use

asymptotic homogenization in the context of nonlinear elasticity and making the theory



more applicable to the heart and arteries.

We continue the development by considering an approach over three microstructural
scales. We derive the balance equations for a double poroelastic material which comprises
a matrix with embedded subphases. Both the matrix and subphases can be described by
Biot’s anisotropic, heterogeneous, compressible poroelasticity. This gives us a macroscale
model that can account for the difference in a full set of poroelastic parameters and encodes
structural details on three scales.

We complete our analysis by investigating our novel poroelastic composite model nu-
merically. We perform a study to investigate the role that the microstructure of a poroe-
lastic material has on the resulting elastic parameters. We are considering how important
an effect that multiple elastic and fluid phases at the same scale have on the estimation
of the material’s elastic parameters when compared with a standard poroelastic approach.
This work justifies the work of this thesis. That is, the introduction of novel models with
detailed microstructures should be used instead of the previously known Biot’s poroelas-
ticity for materials with non-homogeneous microstructures. The final part of this thesis
applies the novel poroelastic composite model to investigate how physiologically observed
microstructural changes induced by myocardial infarction impact the elastic parameters

of the heart.
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Chapter 1

Introduction

The Theory of Poroelasticity [12-15] is a widely known modelling framework which is
usually embraced to model the effective mechanical behaviour of a fluid-filled porous elastic
structure. There exists a large variety of physical systems where porescale interactions
between a deformable solid and a fluid phase take place, thus motivating a poroelastic
modelling approach. Key examples include hard hierarchical tissues, such as the bone [30]
117], the interstitial matrix in healthy and tumorous biological tissues (see, e.g., [16,40]),
the human eye [20},55], artificial constructs and biomaterials ( [21,/57]), as well as rocks
and soil [60,/115].

Due to the desire to apply poroelasticity to biological tissues, the theory was adapted
to nonlinearities in [8,/11},/77,/122]. The poroelastic modelling framework is applicable to
a wide variety of physical scenarios, in particular to biological tissues, where the defor-
mations are in general nonlinear. For example, a poroelastic approach has been taken to
model organs such as lungs (see, e.g., [9]) and to consider the perfused myocardium [22./66].
The theory has also been applied to studying the artery walls (see, e.g., [5,121]). Another
application is to modelling tumour growth [41] and in imaging to locate tumours in an
incompressible medium [6]. It is also of interest in porous thermoelasticity (see |46]). For
a general overview of the micromechanics of porous media, we refer the reader to [37],
where an overview of upscaling techniques, the linear theory of porous media and also the
extension of the analysis to the nonlinear homogenization of a large range of scenarios in-
cluding strength homogenization, non saturated microporomechanics, microporoplasticity
and microporofracture and microporodamage theory were discussed.

The types of materials that can be classified as poroelastic media generally exhibit an

intrinsically multiscale structure. That is, the average pore radius and also the distance

22



CHAPTER 1. INTRODUCTION 23

between the pores (the porescale), is generally much smaller than the average size of the
entire medium (the macroscale) which is effectively behaving as a poroelastic material.
Models of materials at one scale, either the macroscale or microscale, are unsatis-
factory. Generally a macroscale model is too simplistic and even though they are cheap
computationally they cannot describe the material well enough to gain any insight into the
behaviour. A thorough understanding of the effective macroscale properties of the mate-
rial requires relating them to the properties and interactions of the porescale constituents.
However, computationally it would be potentially impossible to resolve all the porescale
details and interactions. For this reason multiscale models are developed to reduce the

computational cost whilst still retaining important microstructural information.

Macroscopic models not detailed
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interest

Figure 1.1: Image taken from [124] showing the different physical phenonmena occurring at
different microstructural levels in the arteries and the modelling approaches to bridge the
scales. The figure has been edited to add additional summary points relating to multiscale
modelling.

For the reasons discussed previously, a variety of homogenization techniques have been
developed. The coupled fluid-structure balance equations that describe the material on
the porescale can be used in an upscaling process to obtain the macroscale governing
equations of a poroelastic material. The upscaling process can be carried out by a variety
of homogenization techniques. These homogenization techniques include effective medium
theory, mixture theory, volume averaging and asymptotic homogenization. These tech-
niques were discussed and described in [33,/51] where they provide a comparison between
the alternative approaches for both fluid and solid mechanics, respectively.

The techniques effective medium theory and mixture theory represent micromechanical

approximations which can provide an estimate of the macroscale coefficients for specific
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geometries of the pores (such as ellipsoidal, penny-shaped or spherical), or for diluted pores
(see, e.g. [25]), as well as closed form analytic formulas relating drained and undrained
poroelastic coefficients, as those reported for example in [10,/65,/115]. Volume averaging
approaches are suitable for deriving the functional form of the macroscale equations, and
are based on relationships between the porescale and macroscale energy of the system,
see also [51]. However, with volume averaging approaches the macroscale coefficients
are usually not related to the underlying microstructure, and physical arguments and/or
experimental data are to be supplemented in order to determine them. This is indeed a
key difference between this technique and the asymptotic homogenization technique that
allows for precise prescription of the macroscale coefficients.

The asymptotic homogenization technique ( [4], [48], [68], [90]) exploits the sharp
length scale separation which exists in the system to decouple spatial variations that
occur on different scales. The relevant fields (e.g. velocities, displacements, and pressures)
are expressed in terms of power series of the ratio between representative microscopic and
macroscopic length scales. The resulting governing equations describe the behaviour of the
system in terms of the leading (zero-th) order fields in a homogenized macroscale domain
where the microstructure is smoothed out. This technique is in general characterized by
a higher algebraic complexity compared to average fields approaches, however, it provides
a precise prescription for computing the coefficients of the model. These are based on
the solution of microstructural differential problems where the constitutive behaviour and
geometrical arrangement of the individual phases is clearly specified.

In the asymptotic homogenization literature, the majority of the applications are fo-
cussed on linearised balance equations. This is due to the fact that in the linearised case,
it is possible to fully decouple the porescale and the macroscale (under some simplifying
assumptions). This decoupling then leads to a large reduction in the computational com-
plexity of the system. In the literature, the homogenization of systems involving nonlinear
mechanics is generally carried out by other homogenization techniques, such as average
field techniques (see, e.g., [95,96] and the references therein). These other techniques do
not provide a precise description of the model coefficients in the way that the asymptotic
homogenization technique can and, instead, provide bounds for the model coefficients.

The asymptotic homogenization technique has been applied to poroelastic materials
by [19], [115] and [62]. The theory has since been extended to model a vast range of scenar-

ios including growth of poroelastic materials [87], vascularised poroelastic materials [91].
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Recently there has also been a development of the theory for nonlinear poroelastic materi-
als. In [17], the effective poroelastic model of Biot was extended to a nonlinear Biot model
that includes porescale deformation. In [28], a system of effective equations that describe
the flow, elastic deformation and transport in an active medium was derived. The au-
thors considered the spatial homogenization of a coupled transport and fluid—structure
interaction model. In [102], the asymptotic homogenization technique was applied to the
equations that describe the dynamics of a heterogeneous material with an evolving mi-
crostructure to obtain a set of effective equations. The heterogeneous body is assumed
to be composed of two hyperelastic materials, and the evolution of the microstructure
is through plastic-like distortions. The theory has also been investigated with various
additional scales such as poroelastic materials with elastic inclusion [105] and [24].

Current poroelastic models focus on a microstructure where the deformable solid is ho-
mogeneous, this however is not in general representative of the biological tissue to which
these theories are applied. In this thesis we aim to tackle this issue by extending the
theory of poroelasticity to incorporate detailed microstructures that are more represen-
tative of the biological scenarios that we wish to study. We begin with a re-derivation
of the model of standard Biot’s poroelasticity in [92]. We then begin to extended the
theory by incorporating a variety of different solid phases with the percolating fluid in a
novel theoretical model for poroelastic composites [69]. This was then extended to the
situation where the solid composite structure exhibits nonlinear elastic behaviour in our
novel theoretical model for poroelastic composites [71]. Then by considering a hierarchical
structure of the material we have proposed the novel model for double poroelastic mate-
rials [70], where the microstructure is composed of a variety of poroelastic materials with
different properties. These models are applicable to a wide variety of biological scenarios,
including bones, tendons, heart and lungs, with the added benefit that they all possess
more microstructural detail than standard poroelasticity. We show the benefit of using a
model with a more detailed microstructure than the standard poroelastic approach in [73].
We then can use the more detailed microstructural models to focus on the application to
modelling the elastic parameters of the heart (both healthy and infarcted).

The models developed through this thesis have a wide range of applications. The linear
elastic models can be straight away applied to hard hierarchical materials such as bones
and tendons as these materials have small deformations. We can also take a piecewise

linear approach to use the linear models for soft biological tissues such as the heart and
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lungs. Or of course the nonlinear models are indeed a good fit for applications such as the

heart, lungs and other soft biological tissues.
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Figure 1.2: Image created from pictures found in , , showing the different potential
biological applications, with their microstructure, for the models developed in this thesis.

The bones can be modelled by a poroelastic approach. In Fig. [1.2| we can see that the
bones have a matrix made of collegen and mineral with water interplaying through the
pores [30L[117].

In particular, the lungs have previously been approached in a biphasic (tissue and air)
manner @ﬂ However, the lung microstructure is more complex, and there exist colla-
gen and elastin fibres embedded in the matrix and in the fluid, so it could therefore be
beneficial to use a more detailed microstructural approach to modelling, such as a non-
linear poroelastic composite. Another key example in the modelling of arteries. the work
considers the interaction between pulsatile blood flow and the arterial wall mechan-
ics. The blood flow was modelled as an incompressible viscous fluid, confined by Biot’s
equations of poroelasticity for the artery wall. Since artery wall microstructure is not
homogeneous, it would be appropriate to consider as a poroelastic composite or a double
poroelastic material.

The heart muscle has three layers, the middle of which is the myocardium that has a
structure where there are cardiac myocytes (muscle cells) embedded in a collagen matrix,
which is produced by the cardiac fibroblasts, with an interconnected fluid (blood) flow

through permeating vasculature. These structures are visible on a microscale length which
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is much smaller than the size of the heart muscle. The myocardial microstructure is
complex geometrically and is strongly impacted by a variety of diseases, in particular
myocardial infarction (heart attack). In the case of myocardial infarction blood flow is
reduced to an area of myocardium tissue, this results in the death of the cardiac myocytes
and in their place, we find collagen rich scar tissue produced by the fibroblasts to retain the
structural integrity of the myocardium [39], [54]. The size and amount of scar tissue affects
the heart’s functionality post recovery [38]. As a result of the loss of cardiac myocytes,
the remaining myocytes in the area surrounding the infarct increase in volume to attempt
to retain homeostasis in the heart [59]. The growth and remodelling of the surviving
myocytes corresponds to the infarct size 79|, |78], [3].

There have been a variety of approaches taken to model the heart summarised in
the review articles [84], [80], [108]. The most prominent of these include constitutive
non-linear elastic approaches using Holzapfel-Ogden Law [50]. The work [50] describes
the myocardium as a non-homogeneous, anisotropic, nonlinear elastic and incompressible
material and then proposes a general theoretical framework that uses invariants associated
with the three orthogonal directions that can be identified within the material. This
method proposes a strain energy function for the materials with parameters that are
informed from biological measurements. This work has paved the way for a variety of
extensions in an attempt to understand the phenomena of the heart behaviour such as
in [45] and |116], and different methods of numerical implementation such as [94]. A
viscoelastic approach to understanding the myocardium has also been taken by [43] and
[76]. Within these works there is the aim to address the viscoelastic phenonmena observed
experimentally by modifying the constitutive laws previously used for the myocardium.
There has also been a poroelastic approach taken by [66], [29] and [23]. This approach aims
to incorporate the porescale fluid flow into the overall behaviour of the myocardium and
to consider the perfused muscle. Our novel model in this thesis aims to investigate how
the microstructural changes induced by myocardial infarction affect the elastic parameters
of the heart.

In Chapter [2] we provide a re-derivation of the governing equations of poroelasticity.
This chapter can be thought of as the starting point from which the following chapters de-
velop theoretically and numerically. In Chapter [3|we extend the theory by deriving a novel
model for poroelastic composites. This model extends standard poroelasticity by describ-

ing the interactions of multiple solid and elastic phases at the porescale and therefore is
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more biologically realistic. We then extend this work in Chapter [4] by extending to nonlin-
ear poroelastic composites which is among the first nonlinear asymptotic homogenization
works and can be useful in modelling the heart and lungs. In Chapter [f| we propose a novel
model for a multiscale structure that upscales the governing equations of poroelasticity
to obtain a theoretical model for double poroelastic materials, where the new model can
account for the difference in a complete set of poroelastic parameters. In Chapter [6] we
investigate numerically the benefit of using a model with a more detailed microstructure
compared with standard poroelasticity when considering the elastic parameters. In Chap-
ter 7| we investigate the elastic parameters of the heart (healthy and infarcted) using our
novel model for poroelastic composites. Finally in Chapter [§] we provide some concluding

remarks.



Chapter 2

Introduction to the theory of

poroelasticity

In this chapter we focus on the derivation of the equations of poroelasticity for a porous,
elastic material characterized by a Newtonian incompressible fluid flowing, at low Reynolds
number, in the pores (which is often the case for biological tissues), and we embrace the
asymptotic homogenization technique to derive the macroscale system of partial differen-
tial equations (PDEs). In Sec. [2.1] we introduce the fluid-structure interaction problem for
our stucture, which we then non-dimensionalise in Sec. We then apply the asymptotic
homogenization technique in Sec. to upscale the fluid-structure interaction problem to
obtain the system of governing macroscale PDEs which we present in Sec. Overall
this chapter aims to provide an introductory example of applying the asymptotic homoge-
nization technique that will be applied to a variety of scenarios in the chapters that follow
and also to introduce the macroscale model of poroelastic materials that the novel models

derived in the following chapters build upon and advance.

2.1 The fluid-structure interaction formulation

We begin by considering a set € R? where © is the union of a porous solid compartment
Q) and a fluid compartment ¢ satisfying Q = Qg U Q¢, where the  ~ denotes that the
boundaries are included in each domain. We assume a structure where the typical length

scale of the pores, denoted by d, is small compared to the size of the domain, which we

29
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denote L. This means that we have the ratio

% ek 1. (2.1)

ses

4 'Y
A | | 4

Figure 2.1: A 2D sketch representing the domain 2, where the domain has length L and
it is shown that the pores have length d.

We make the assumption that the porous solid compartment is an anisotropic linear

elastic solid, the mechanics of which can be described by
V- Tg=0 in Q, (2.2)

where we have that Ty is the solid stress tensor. We then can define the solid Cauchy
stress tensor by

Ty = CVu, (23)

where u is the elastic displacement in the porous solid and C is the fourth rank elastic-
ity tensor with components Cjj;. We note that C is equipped with major and minor
symmetries namely,

Cijkt = Cijik, (2.4)
Cijkt = Chiijs (2.5)

and therefore also left minor symmetries follow by combining (2.442.5)). In particular, by

applying right minor symmetries we can equivalently rewrite the constitutive equation

(2.3)
Ts = C¢(u), (2.6)
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where

§(o) = (2.7)

In the fluid compartment we begin with Navier Stokes equation

D
pﬁz:V-Tf—Fb (2.8)

where % is the material time derivative. Since we are considering a quasi-static regime,

neglecting inertia and with no body forces this reduces to
V- -Tr=0 in Q, (2.9)

where T is the fluid stress tensor which is defined by

Vv + (Vv)T

T¢ = —pI+2p&(v) with £(v) 5

(2.10)

and v, p, p are the fluid velocity, pressure and viscosity, respectively. The incompressibility
constraint reads

V.-v=0 in Q. (2.11)

We note here that computing the divergence of Tt in ([2.10]) using (2.11)) gives

uV3v = Vp, (2.12)

which represents, together with constraint (2.11)), the Stokes’ problem for an incompress-
ible Newtonian fluid. We now need to setup an appropriate fluid-structure interaction
problem between the fluid and solid phases. We therefore require interface conditions

across the interface between {25 and 2¢. We define the boundary between the phases as

I' := 993 N 09 and assume continuity of velocities and tractions across the interface,
namely

a=v on I (2.13)

Tin = T¢n on I, (2.14)

where u is the solid velocity.
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Figure 2.2: A 3D sketch representing a single periodic cell in our structure. We have the
fluid, which is three interconnected cylinders and the solid elastic phase.

We can sketch a 2D schematic of this structure as follows.

I

Figure 2.3: A 2D sketch representing a single periodic cell in our structure. We have the
fluid, which is a cross-section of three interconnected cylinders, shown in white and the
solid elastic phase shown in red and their interface I' is highlighted in blue.

2.2 Non-dimensionalization of the FSI problem

It is important to formulate the model in non-dimensional form in order to understand the
proper asymptotic behaviour of the model with respect to the scale separation parameter

€. We rescale using

1
x=ILx, V==V, C=C,LC, u=Lu, v=—-"—V
L z (2.15)

T, = C,LT,, T;=C,LT; p=C,Lp
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where C), is the characteristic pressure gradient. Then using (2.15) and dropping the
primes for simplicity of notation, equations (2.2)), (2.3)), (2.10)—(2.14) become

V- (C&(u)) =0 in Q (2.16)

V-T;=0 i Q (2.17)

—pL+ (Vv + (Vv)1) = Ty in Qf (2.18)
a=v on T (2.19)

Vv = Vp in QO (2.20)

Tin = T¢n on T (2.21)

Ts = C&(u) in Qg (2.22)

V-v=0 in Q (2.23)

V- T,=0 in Q. (2.24)

2.3 The Asymptotic Homogenization Technique

Within this section we will use a two-scale asymptotic expansion to derive a macroscale
model for the equations (2.16)) — (2.24). Since ¢ < 1, we can enforce a sharp length scale

separation between the microscale d and the macroscale L with

(2.25)

X
y==-
€

We will now be assuming that x and y are independent variables which represent the
macroscale and the microscale respectively. We also have that the elasticity tensor C =

C(x,y) (i.e. is a function of both variables) and the gradient operator becomes
1
V — Vx + Evy. (2.26)

We now can perform the multiple scales expansion in power series of € for every field .

In particular, we assume that the latter, which collectively denotes each field and material

property appearing in (2.16)—(2.24)), is given by

P (x,y,t) =Y oV (x,y,t)e. (2.27)
=0



CHAPTER 2. INTRODUCTION TO THE THEORY OF POROELASTICITY 34

We also assume regularity of the microstructure, so that we have go(l) and C are y-periodic.

Applying the asymptotic homogenization technique the equations (2.16)) — (2.24) then

become

Vy - (€8 (1) + €7y - (Chx(u)) + €V - (Chy () + V- (Coc(u) =0 (228)
Vy T+ eVy - TG =0 (2.29)
T = —pT+ e(Vyve + (Vyv) D) + (Vv + (Viv)T) (2.30)
e = ve (2.31)
EVIVE+ EVx - (Vyv©) + €Vy - (Viev©) + €V2vE = Vyp + eVt (2.32)
Tén = Tn (2.33)
TS = Cey (u) + eCey(u) (2.34)
Vy - vi4+eVy- v =0 (2.35)
Vy T+ eVy - T = 0. (2.36)

Remark 1. We make the assumption of reqularity of the microstructure for the sake of
convenience. In order to solve the problem, we need to restrict our analysis to a finite
subset of the given microstructure. By assuming y-periodicity, we are achieving the de-
sired restriction, although the equations of poroelasticity can be derived by assuming local
boundedness of the fields only, see [19]. In the case of assuming local boundedness of the
fields we can only obtain the functional form of the macroscale model. This is since the
prescriptions of the coefficients obtained this way are related to microscale problems which
are, in principle, to be solved on the whole microstructure. Therefore, they cannot be used
in practice unless further geometrical restrictions, such as periodicity of the microstruc-
ture, are imposed. This is the advantage of the asymptotic homogenization technique versus

RVE tecniques as we obtain a precise prescription of the model coefficients.

2.4 Macroscopic Model

We substitute power series of the type (2.27)) into the relevant fields in ([2.28])—(2.36[). Then

by equating the coefficients of € for | = 0,1, ... this allows us to derive the macroscale
model for the poroelastic material in terms of the relevant leading order fields. Whenever

a component in the asymptotic expansion retains a dependence on the microscale, we can
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take the integral average, which we define as

1 .
) =T /Q o(x,y,0)dy i=1,s, (2.37)

where the integral average can be performed over one representative cell due to the as-
sumption of y-periodicity and |€2| is the volume of the periodic cell, with solid and fluid

portions still denoted by €25 and ¢, respectively.

Equating coefficients of €? in ([2.28)) — (2.36) gives

Vy - (C&(u?)) =0 in (2.38)
vy T =0 in O (2.39)

T = —pO1 in O (2.40)

u® = v(© on T (2.41)

Vyp @ =0 in (2.42)

Tn = TOn on T (2.43)
C&y(u) =0 in (2.44)

vy -vi® =0 in O (2.45)

Vy T =0 in Q. (2.46)

Similarly we now wish to equate the coefficients of €' in equations ([2.28)) — ([2.36] which

gives

Vy - (C& M) + Vy - (Cé&(u)) + Vi - (C& () =0 in Q (2.47)
Vy T 4+v, T =0 i o (2.48)

T = —pWI 4 (Vv @ + (VyvO)T)  in (2.49)

a=v® on T (2.50)

VivO = v p® + V,p@ i O (2.51)

TVn=T"n on T (2.52)

TO = Cey(uV) + C&u?)  in Qg (2.53)

Vy v 4 v v@ =0  in (2.54)

Vy TM +v, - T O =0 in Q (2.55)
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From equations (2.39) and (2.40]) we can see that p(®) does not depend on the microscale
Y, so

P =pO(x,1). (2.56)

We also have from equation 1’ that u® is a rigid body motion and therefore, by
y-periodicity
u® = u®(x,1) (2.57)

does not depend on the microscale y.

2.4.1 Fluid Flow on the Macroscale

We now wish to investigate the leading order of the velocity which we denoted v(©). We
can define

w(x,y,t) = vO(x,y,t) —aO(x,y,1), (2.58)

where w is the relative fluid-solid velocity. Using equations ([2.40)), (2.41)), (2.48)) and ([2.49))

we have a Stokes’-type periodic boundary value problem which is given by

Viw - Vyp) = Vupl® =0 in (2.59)
Vy -w=0 in (2.60)
w=20 on I, (2.61)

equipped with periodicity conditions on 9§ \ I'. Exploiting linearity and using (2.56)), we
state the following ansatz

w = —WVyp?, (2.62)
p(l) = —Hpr(O) + ¢(x), (2.63)

where p(!) is defined up to an arbitrary y-constant function, ¢(x). Equation (2.63) is the
solution of the problem (2.5942.61)) provided that the auxiliary second rank tensor W and

vector IT satisfy the following cell problem

VW' -V, II+1I=0 in &
Vy - Wh=0 in O (2.64)

W=0 on T,
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where once again periodic conditions apply to the boundary 0€Q¢\I" and a further condition
is to be imposed on II for the solution to be unique (e.g. zero average on periodic cell).
Taking the integral average of (2.62)) over the fluid domain and keeping in mind the

definition ([2.58) we have
(W) = —(W)Vxp?, (2.65)

i.e. the average relative leading order fluid velocity is described by Darcy’s law.

2.4.2 Poroelasticity on the Macroscale

We now require the macroscale equations to close the system for the solid elastic displace-
ment u(® and the fluid pressure p(®). Summing up the cell averages of equations ([2.48)

and (2.55)) over €2 and €, respectively we have

vy.Tg1>dy+/ vy.Tg”dy+/ vx-Tg0>dy+/ Vi TVdy =0.  (2.66)
Qs Q¢ Qs Q¢

Applying the divergence theorem with respect to y to the first two integrals and rearrang-

ing the last two terms we obtain

/ TMng dS — / TMnds + / TMng,ds (2.67)
09 /T r Q¢ /T

4 / TVndS + Vy - [ TOdy + V- | TOdy =0,
T Qs Qf

where we recall that n is the unit outward normal to I' with respect to the fluid region
Q¢, which is therefore pointing into the solid region, i.e. the corresponding unit outward
normal to I' with respect to the solid region () is given by —n. The unit vectors ng_ and

nq, are the outward normals corresponding to 0€s/I" and 9 /I, respectively.

Remark 2. In equation we have assumed that the microstructure is macroscopically
uniform, i.e. the periodic cell portions s and Q¢ do not retain any parametric dependence
on the macroscale variable x. This assumption can in principle be relaxed by assuming
that the medium is not macroscopically uniform. This way, only local periodicity is as-
sumed, whereas the periodic representative cell is parametrically varying with respect to the
macroscale coordinate, leading to macroscopically heterogeneous coefficients and additional
terms in due to proper application of the gemeralized Reynolds transport theorem.
This approach [86,/87] requires the solution of a periodic cell problem (of the type solved

in the present manuscript) for each point of the macroscale domain, thus leading to an
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increase in the computational cost, although alternative strategies to reduce it are rapidly

emerging in the literature, see, e.g. [32].

Since the contributions over the external boundaries of €)s and ¢ cancel out due to

y-periodicity (2.67) becomes

- / TMndS + / TMndS + v, - / TOdy + Vv, - [ Tdy =0, (2.68)
r r Qs Q

Since equation (2.52)) holds, the first two terms in ([2.68) disappear and the final two
terms become

Vs - (T — ¢V, p® =0, (2.69)

where ¢ := |Q¢]/|Q] is the porosity of the material.

Exploiting (2.56)) and (2.57)) we can write equations (2.43)), (2.46) and (2.53|) as the

following problem for u®

Uy (C& D) + Vy - (Co®) =0 i o (2.70)

(C&y(uD) + C& (D)) = —p©n on T, (2.71)

with y-periodicity in Q. Due to local periodicity u™ is a bounded vector function of y.

The solution to the problem given by equations ([2.70) and (2.71)), exploiting linearity, is

given as

u® = A¢, (u®) 4 ap®, (2.72)

where A is a tensor of order 3 and a is a vector. This is provided that the auxiliary

quantities A and a solve the following cell problems. We have

Vy (C&(A)+Vy - C=0 in € -
(C&(A)n+Cn=0 on T,

and

Vy - (C&(a)) =0 in
(2.74)

(C¢y(a)+In=0 on T.

To ensure the uniqueness of the solution, we also require a further condition on A and a,
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for example:

(A)s =0 and (a)s=0. (2.75)

Since we have that u(® is related to Tgo) in equation 1} then () shows that
Téo) is a function of the gradient of u(® and p(®). Substituting u into equation (2.53)
gives

T = CMéx(u”) +CQp*) + Céx(u®), (2.76)

where we have fourth rank tensor M and second rank tensor () defined as
M=V,A and Q = Vya. (2.77)
Then taking the integral average of over the solid domain we obtain
(TL)s = (CM + C)bx (0 ) + (CQ)p®. (2.78)

From (2.69)) we have
Vx - Tgg =0, (2.79)

where we can define Tgg as

Tig = (T)s — opO1

= (CM + C)sVxu'® + ((CQ)s — ¢1)p©, (2.80)

as the effective stress. We can describe and as the average force balance
equations for the poroelastic material.

We now return to the incompressibility constraint equation and integrate. Ap-
plying the divergence theorem to the first integral, then using and applying the

divergence theorem again we obtain
0= —/ Tr(VyaM)dy + Vi - (vO)y. (2.81)
Qs

That is,
Vi - (v = (Tr(VyuM)),. (2.82)
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Using and we have that

Vyu(l) = MV,u® + Qp®, (2.83)
and taking the time derivative we obtain

Vyu = Mv,al® + Qp®. (2.84)

Therefore we can rewrite (2.82)) by taking the integral average over the solid domain of
the trace of (2.84]). That is,

Vs - (v = (TrM)s : Viea @ + (Tr@Q)p). (2.85)

Returning to the expression for relative fluid-solid velocity, (2.58)), restated here for con-

venience, we have that
wix,y,t) = vO(x.y, 1) — a® (x,1). (2.86)
Then taking the cell average over the fluid domain we obtain
(w)e = (v) — gu®, (2.87)
where we can define the porosity as ¢ := [Q¢]/|€2|. Rearranging gives
(v = (w)e + . (2.88)
Then using , we can rewrite as
Vs (W) + ¢u ) = (M) : Vit + (T Q)5 (2.89)
where we can expand the left hand side to obtain
Vi - (W) + ¢V - 1® = (TrM), : Vea® + (TrQ)p(©). (2.90)

We should note that we can write ¢Vy - 1(®) as ¢I : V4,1 in equation 1} and we also

note that ¢ = Constant due to the assumed geometric uniformity. We can now rearrange
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l’ to determine an expression for p(®). That is,

= <Tr1Q>S (V- (w)e + (61 — (TrM)y) = Vyea ), (2.91)

where we can define

M = o). and o = ¢I — (TrM)s. (2.92)

It is important to consider that in the case of isotropy that a in (2.92) will reduce to

a = al. Continuing we can re-write (2.91)) using (2.92)) as
PO = —M(Vy - (W) + o : V). (2.93)

Then dividing through by M gives

pO 0
a7 = Ve (W —ac Vyu®, (2.94)

and when M — +o00 and in the case of isotropy we have
Vi - (W)t + - Veu® =0, (2.95)

meaning we can deduce the « is the ratio of fluid to solid volume changes.

We have now derived all the equations required to be able to state our macroscale
model. The equations in the macroscale model describe the effective poroelastic behaviour
of the material relating to the pressure, the average fluid velocity and the elastic displace-

ment. Therefore the macroscale model to be solved is given by

(W) = —(W)iVip?,

Vi - TEff = 07
(2.96)
Ter = (CM + C)Vyul® + (CQ)s — ¢1)p¥,
5(0)
pﬁ = —Vy- (W) —a: Vyu®,

where we have that p(®) is the macroscale pressure, u(® is the macroscale solid displace-
ment, (%) is the solid velocity and w is the average fluid velocity. The first equation of the
macroscale model represents Darcy’s law for w, where w is the relative fluid-solid veloc-

ity. The second of the macroscale PDEs is the stress balance equation for the poroelastic
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material where the material has the constitutive law given by the third equation in our
macroscale model. The final equation describes the conservation of mass for a poroelastic
material. It also relates changes in the fluid pressure to changes in the fluid and solid
volumes. We therefore have that the mechanical behaviour of the poroelastic material can
be fully described by the effective elasticity tensor (CM + C)g, the hydraulic conductivity
(W)¢, Biot’s tensor of coefficients o and Biot’s modulus M. This macroscale model is that
of Biot (up to a choice in notation) and is the starting point for the models developed in

the following chapters of this thesis.

2.5 Scheme for Solving the Macroscale Model

We now aim to provide a clear step-by-step guide to how the macroscale model could be
solved. The steps are generic to allow for this to be seen as a guide to the process with either
numerical or analytical solutions computed within the steps. When we are considering a
case where macroscopic uniformity applies then we can propose the following steps as a

method for solving the macroscale model. The process is:

1. We begin by fixing the original material properties of the poroelastic material in-

cluding fixing the elasticity tensor C and fixing the fluid viscosity pu.

2. Then, we must fix the microscale structure by defining the cell geometry of a unit

cell in the material.

3. Then the cell problems can be solved. In this case we have that we can now solve the

cell problems (2.64)), (2.73|) and (2.74)). This can be done numerically or for specific

geometries analytically.

4. In order to calculate the coefficients in the corresponding macroscale model we use
the cell problem solutions that we obtained in step 3 with (2.77) and the integral
average (2.37). Then we can substitute the obtained model coefficients into the

macroscale equations.

5. The geometry of the macroscale must also be prescribed. The boundary conditions
for the homogenized cell boundary, 0y, must be given, and the system is to be

supplemented by appropriate initial conditions for u® and p©.
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6. Finally the macroscale equations (2.96)) for the material can be solved. This can

again be numerically or analytically for specific geometries.

The latter algorithm has been recently enforced in [35] to investigate variations of the
effective poroelastic parameters against porosity and compressibility of the solid matrix
in the context of tumour modelling. The next natural step is the application of relevant
multiscale models for diffusion of solutes [110], see, e.g. [64] for an example of application
for a rigid, porous tumour mass. Extension of such approaches to deformable structures
via poroelasticity, such as those studied in [91], will pave the way to gain a thorough
understanding of the relative importance of the various factors which affect diffusion in

porous media.

2.6 Concluding Remarks

We have performed a re-derivation of the governing equations of a poroelastic material.
We begin by presenting the fluid-structure interaction problem (FSI) that characterises
an elastic porous matrix with a low Reynolds number Newtonian incompressible fluid
flowing in the pores. This structure is applicable to many real world scenarios including
biological tissues, artificial constructs, soil and rocks. We then embrace the asymptotic
homogenization technique to derive the macroscale system of partial differential equations
(PDEs). The model encodes the properties of the microstructure in the coefficients of the
model, i.e. the effective hydraulic conductivity tensor, elasticity tensor, Biot’s modulus
and Biot’s tensor of coefficients, which are to be computed by solving appropriate periodic
cell problems.

This model is derived by assuming periodicity of the microstructure and aims to pro-
vide an introductory example of applying the asymptotic homogenization technique that
will be applied to a variety of scenarios in the chapters that follow. This chapter also intro-
duces the macroscale model for standard Biot’s poroelastic materials. The novel models
derived in the following chapters aim to build upon and advance this model to increase
the applicability to real world problems.

The model of standard poroelasticity has limitations and is open to a variety of exten-
sions. The present formulation provides the effective governing equations in a quasi-static,
linearised setting, and accounting for incompressibility of the fluid phase. It also makes

the assumption that the elastic matrix is homogeneous. These assumptions make the
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model not particularly accurate when it comes to real world applications of the theory. It
is clear that for many applications, in particular biological ones that these assumptions
cannot be realistic of the materials true properties. For this reason we are able to extend
the theory without these assumptions. We can derive models with a more complicated
microstructure, considering also nonlinear elastic materials. These novel models despite
addressing a more complicated microstructure are computationally no more expensive than
the standard Biot’s poroelasticity.

In the next chapter we make the first steps towards creating more realistic poroelastic
models. We derive the novel macroscale model for poroelastic composites. This work
presents the governing equations for a poroelastic material that has an inhomogeneous
matrix comprising a variety of different elastic subphases and inclusions. This type of

structure is much more representative of biological tissues microstructure.



Chapter 3

Effective balance equations for

poroelastic composites

In this work we aim to determine the effective behaviour of a material where the microstruc-
ture comprises both an elastic fluid-filled porous matrix, and a number of embedded elastic
inclusions/fibres which can interplay with both the matrix and the fluid phase. Our chief
motivation is the study of poroelastic composites, i.e. complex, multiscale physical sys-
tems where multiple adjacent elastic phases interacting with a fluid can be identified on
the porescale. For example, this is the case in the biological tissues interstitial matrix,
which can be considered a composite made of multiple constituents, such as cells and
different type of collagen fibres |61], which are interacting with the fluid flowing in the in-
terstitial space [40] on the porescale |106|. A similar scenario is encountered when dealing
with hard hierarchical materials, such as bone and tendons, where water is interplaying
with both collagen and mineral at the finest hierarchical levels of organization [117], as
well as with the constituents of the osteonal structures |30].

In the present work we embrace the asymptotic homogenization technique to upscale
the interaction between a number of linear elastic inclusions and/or fibres embedded in a
porous matrix saturated with an incompressible Newtonian fluid. Both the elastic matrix
and the various subphases are in general assumed to be interacting with the fluid flowing
in the pores. We assume that the scale at which the various solid subphases are clearly
resolved is comparable with the porescale and collectively denote it as the microscale,
which is in turn assumed to be much smaller than the macroscale. The upscaling is then

carried out by accounting for continuity of tractions and displacements across the interfaces

45
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between solid phases, and continuity of tractions and velocities across at the fluid-solid
interfaces. The resulting governing equations, which are presented in the quasi-static case,
are of Biot’s type and read as a generalization of both the standard formulation for linear
elastic composites [89], and standard poroelasticity [19]. These two models are recovered
when assuming that the matrix is not porous and that no elastic phase other than the
matrix is present, respectively. The coefficients of the model encode the properties of
the microstructure, and are to be computed by solving local differential problems which
combine the properties of those arising in the context of multiscale composites [88,89] and
poroelasticity [35].

The paper is organised as follows. In Sec. [3.I] we introduce the fluid-structure inter-
action problem which describes the interplay between the elastic matrix, subphases, and
fluid percolating in the pores. In Sec we perform a multiscale analysis of the system
of partial differential equations illustrated in Section [3.I] and derive the new macroscale
model which governs the homogenized mechanical behaviour of poroelastic composites. In
section [3.3] we discuss the macroscale results and prove rigorous properties of the arising
effective elasticity tensor, Biot’s modulus, and Biot’s tensor of coefficients. In section

we conclude our work by discussing the limitations of the model and further perspectives.

3.1 A multiphase fluid-structure interaction problem

We begin by considering a set Q € R3, where  represents the union of a solid porous
matrix €, a connected fluid compartment ¢, and a collection €; of N disjoint sub-
phases,which could represent either inclusions (fully embedded in the matrix) or fibres

(running the length of the domain), €2, such that

N
O = Qa, (3.1)
a=1
and Q = Q;UQ;UQ; and Qg = O, UQy;, Where the notation ~ denotes that the domain

is including its own boundary. A sketch of a cross-section of the three dimensional domain
Q is shown in Figure [3.1]
The balance equations in the solid domains 2, and £y, by neglecting volume forces

and inertia then read, Voo = 1...N

V-T,=0 in Q, (3.2)
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and

V . TII - 0 ln QII‘ (33)

The symbols T, and Ty that appear in relationships (3.213.3) denote the solid stress
tensors corresponding to each subphase 2, and the one corresponding to the matrix €y,
respectively. We then assume that both the matrix and each subphase are anisotropic

linear elastic solids, so that the constitutive equations for T, and T,; are given by

To =CoVu,, (34)

Ty =CyVuy, (3-5)

where u, and uy; are the elastic displacement in each subphase and the matrix, respectively.

Figure 3.1: A 2D sketch representing a cross-section of the 3-dimensional domain 2. The
fluid phase flowing in the pores is represented in white, the porous elastic matrix is shown
in red, and the subphases, which can be inclusions or fibres, are shown in blue. The
inclusions and/or fibres can potentially be in contact with both the matrix and the fluid
flowing in the pores or alternatively they can be fully embedded in the matrix or fully
surrounded by the fluid, as illustrated throughout our schematic of the domain €.

In order to emphasise that the domain we are considering is 3D we have produced the

following figure which is just an example of a subset of (2.
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Figure 3.2: A 3D example of a section of the domain shown in Fig. to show that the
fluid flow is interconnected cylinders in 3 directions

The fourth rank tensors C, and C;; are the elasticity tensors in each subphase and the

matrix, respectively, with corresponding components Cijkl and C’%kl, for i,5,k, 1 =1,2,3.

We note that each C, and C;; are equipped with right minor and major symmetries,

namely
Ciim = Cijus - Cijr = Cljugs (3.6)
Ciim = Criigs - Cijr = Chijs (3.7)

and therefore also left minor symmetries follow by combining (3.6{3.7). In particular,
by applying right minor symmetries we can equivalently rewrite constitutive equations

(3.4H3.5)) as

Ta ZCaf(ua)v (3'8)
Ty :C11§(u11), (3-9)

where .
(o) = Vi) +2(V(°)) (3.10)

is the symmetric part of the gradient operator.
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The balance equation in the fluid compartment reads
V-Tg=0 in Qf, (3.11)

where Ty is the fluid stress tensor. We assume that the fluid compartment is an incom-

pressible Newtonian fluid, so that the constitutive equation for Ts is given by
T = —pl +2u&(v), (3.12)

where v denotes fluid velocity, p the pressure and p the viscosity, together with the in-
compressibility constraint

V-v=0 in O (3.13)

Substituting relationship (3.12]) in (3.11]) and using the the divergence-free condition (3.13])
yields the Stokes’ problem

uV3v=Vp in Q. (3.14)

In order to close the fluid structure interaction problem in the whole domain 2 we also
require interface conditions between the fluid and the solid phases. We first define the
interface between the fluid phase and the « inclusion/fibre as 'y, := 99, N 9 and the
interface between the matrix and the fluid phase as I'y; := 909y N 9. We then impose

continuity of velocities and tractions across each I'y, and I';;, namely

U, =v on I,
Tmg =Ten, on Ty,
1.111 =V on FIIy

Ty = Tyng  on Iy,

VYa = 1...N, where u,, and 0y are the solid velocities in each subphase €0, and the matrix
Qy, respectively. The unit outward (i.e. pointing into the fluid domain ) vectors normal
to the interfaces I',, and I';; are denoted by n, and ny, respectively. Finally, we require
continuity of tractions and displacements across the interface between each elastic subphase

and the matrix. We define this boundary as ',y := 9, N 02y, so that

Tonan = Tunan on Lo (3.19)
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Uy = Uy on FaII, (320)

Ya = 1...N, where n,, is the unit vector normal to the interface I'y;; pointing into the
fibre/inclusion Q.

In the next section we perform a multiscale analysis by (a) non-dimensionalizing the
partial differential equations (PDEs) described in this section and introducing two well-
separated length scales, (b) applying the asymptotic homogenization technique to the
resulting non-dimensional systems of PDEs, and (c¢) deriving the effective governing equa-

tions for the material as a whole.

3.2 Multiscale analysis

We now perform a multiscale analysis of the fluid-structure interaction problem introduced

in the previous section, which is summarized below

V- -Ta=0 in Qa, (3.21)
V.-Tu=0 in Q (3.22)
V.-Tr=0 in Qf (3.23)
V.v=0 in O (3.24)

u, =v on [, (3.25)

ua;=v on Iy, (3.26)

Ting =Ton, on Ty, (3.27)
Teng = Tyn  on Iy, (3.28)
Tanon = Tungn on Dy, (3.29)
U, =u; on Iy, (3.30)

where, by means of the constitutive relationships (3.8)), (3.9), and (3.12)), together with
the incompressibility constraint (3.24]), the balance equations (3.21), (3.22)), and (3.23)) can

also be rewritten as

V- (Cal(un)) =0 in Qg (3.31)
Vo (Cuéluy)) =0 in (3.32)
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pViv=Vp in O, (3.33)

VYa = 1...N. The problem is then to be closed by prescribing suitable external
boundary conditions on 0{2. We assume that there exist two typical length scales in
the system. In particular, we denote the average size of the whole domain €2 by L (the
macroscale), while d refers to the porescale (the microscale), which in this work is assumed
to be comparable with the distance between adjacent subphases interacting with the matrix

and the fluid domain. In order to emphasize the difference between such scales, it is helpful

to perform a non-dimensional analysis of the system of PDEs (3.2143.30)).

3.2.1 Non-dimensional form of the equations

We carry out the non-dimensional analysis by assuming that the system is characterized
by a reference pressure gradient Cp, and that the characteristic (reference) fluid velocity
is given by the typical parabolic profile proportional to that of a Newtonian fluid slowly
flowing in a cylinder of radius d. This is the appropriate scaling that captures the scale
separation between the microscale d and the macroscale L in a porous domain, as also
discussed in [87]. Although different scaling choices for the fluid velocity are formally
possible, these would not account for the appropriate effective behaviour of a fluid flowing
through a porous solid matrix. An example of alternative choices which lead to an effec-
tive viscoelastic-type behavior are illustrated in [19]. The scalings that we use here are
consistent throughout this work and are the same as those used in the previous chapter.

Therefore, in our case we have

X = LX/, (Ca — CpLCg‘, CH - CpL(C;I,

O d? (3.34)
u, = Lu), v=-"2"+" p=0C,Ly.

u, = Lul,

From (3.34)) we can deduce that time is scaled by

L
V= de27 (3.35)
where
d2
V = CII; (3.36)

is the reference parabolic fluid profile which is embraced to upscale a fluid-structure in-
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teraction problem to a poroelastic problem, as also explained in [87]. Equation (3.35]
therefore represents the (macro) reference time scale for a fluid slowly flowing in the pores
and is assumed to be analogous to the time scale for deformation of the elastic material,
for the sake of consistency with continuity of velocities at the interface. We then exploit
(3.34]) and observe that
1
V= Zv’ (3.37)

to obtain the non-dimensional form of the system of PDEs (3.2113.30)), namely

V:Ta=0 in Q, (3.38)
V-Ty=0 in Qy (3.39)
V-Tr=0 in O (3.40)
V.v=0 in (3.41)

u, =v on I, (3.42)

uy=v on Iy (3.43)

Tm, =Tyen, on Ty (3.44)
Ty =Tyn,; on Iy (3.45)
Tanan = Tungn on Doy (3.46)
uy, =uy on Iy (3.47)

Va = 1...N, where we have dropped the primes for the sake of simplicity of notation. The
non-dimensionalized counterparts of constitutive relationships (3.8)), , and (3.12) are

given by
T = —pl+ (Vv + (Vv)1) (3.48)
Ta = (Cag(uoc) (349)
Ty = Cué(un), (3.50)

so that the balance equations ((3.3843.40) rewrite

Vv =Vp in O (3.51)
V- (Caé(uy)) =0 in Q, (3.52)
V- (Cué(un) =0 in Q, (3.53)
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where

€= —. (3.54)

In the next section we introduce the asymptotic homogenization technique which is used
to upscale the non-dimensional system of PDEs (3.3843.47) by formally assuming that the

microscale and the macroscale are well separated.

3.2.2 The asymptotic homogenization technique

In this section we introduce the two-scale asymptotic homogenization technique which is
used to derive a macroscale model for the equations (3.383.47)). We first assume that the
microscale (where the pores and individual inclusions/fibres are clearly resolved), denoted

by d, is small compared to average size of the domain L, i.e.
e 1. (3.55)

We then introduce a local spatial variable to capture microscale variations of the field via
setting

(3.56)

X
y=-
€

The spatial variables x and y are to be considered formally independent and represent the

macroscale and the microscale, respectively. The gradient operator then transforms as
1
V = Vx+ =-Vy. (3.57)
€

We further assume that all the fields uy, us, v, p, T, To, Ti, as well as the elasticity tensors
Cy and C,, Vo = 1...N, are functions of both x and y. We also assume that the fields

Uy, U, V, P, Tf, To, T can be represented in terms of a series expansion in powers of ¢, i.e.
[o.¢]

P (xy,t) =Y oV (xy, ), (3.58)
1=0

where ¢ collectively denotes each field involved in the present analysis.

Remark 3 (Microscale periodicity). We are now interested in obtaining a closed system
of PDEs in terms of the leading (zero-th) order pressure, velocity, and displacement fields.
This is done by applying relationships and to the system and
constitutive equations , and in turn to relationships . This way, by
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equating coefficients of the same power of €, we can obtain various sets of differential con-
ditions which can be combined to obtain a system of PDEs which holds on the macroscale
x € Q. The domain Qg represents the homogenized domain where microscale hetero-
geneities are smoothed out. The coefficients of the model are then typically expressed
averaging the solution of appropriate microscale local problems. As each coefficient o
that appears in 1s required to be well-defined for arbitrary small values of €, it is
in principle necessary to assume that all the fields are locally bounded, i.e. finite with
respect to the microscale variable y when € — 0, see also [48,90]. This is the least restric-
tive assumption that is to be embraced to successfully perform upscaling of a given system
of PDEs when dealing with formal asymptotic homogenization. In [19] the authors derive
Biot’s equations of poroelasticity by assuming local boundedness of the fields. However,
this approach is appropriate when the main goal is the functional form of the macroscale
model only. This is since the prescriptions of the coefficients obtained this way are related
to microscale problems which are, in principle, to be solved on the whole microstructure.
Therefore, they cannot be used in practice unless further geometrical restrictions, such as
periodicity of the microstructure, are imposed, as indeed suggested in [19]. We therefore
assume that every go(l), Cq, and Cy are y-periodic. This latter technical assumption allows
us to restrict the analysis of the microstructure to a single periodic cell, which could in any
case contain several different subphases characterized by different geometry, arrangement

and elastic properties, as shown in Figure[3.5.

Remark 4 (Macroscopic uniformity). The microscale geometry can in principle vary with
respect to the macroscale, however, this potential dependence is often (most of the time
implicitly) neglected. Here, we assume that the medium is macroscopically uniform, i.e.
the microscale geometry does not depend on the macroscale variable x. In particular, this

assumptions leads to the straightforward differentiation under the integral sign

/Q Vs - (o) dy = Vi - /Q (o) dy. (3.59)

Whenever Q = Q(x), equation (3.59) is not satisfied, and application of the generalized
Reynolds’ transport theorem may lead to additional macroscale contributions, see, e.g.

[78,[87,[88].

Finally, for the sake of clarity of presentation and without loss of generality with respect

to the properties of the model, we can restrict our analysis by assuming that only one



CHAPTER 3. BALANCE EQNS FOR LINEAR POROELASTIC COMPOSITES 55

Case 2: The inclusion 1s
in contact with both the
matrix and the fluid

Case 3: The inclusion J
1s fully surrounded by
the fluid

Case 1: The inclusion
1s fully embedded in ,

the matrix

Figure 3.3: A 2D sketch representing a single periodic cell in our structure. This is a
section of the domain €2 in Fig. that has been zoomed in around one pore. We have
the fluid represented in white, the porous matrix in red and the subphases in blue. The
inclusions €2, for a = 1...N, can be in contact with both the matrix and the fluid or be
fully embedded in either the matrix or the fluid. Each of these cases is highlighted in the
figure.

subphase is contained in each periodic cell, as shown in Figure[3.4] The model can be easily
extended to a number of subphases within the periodic cell if necessary for a particular
application, as done in the context of simple elastic composites in . Therefore, the
index « is no longer needed and we adjust the notation accordingly. We identify the
domain  with its corresponding periodic cell, with fibre/inclusion, matrix, and fluid cell
portions denoted by €, €, and ¢, respectively. The interfaces between the different
phases are then denoted by I'; := 9Q, N0 , 'y := 00y N OQy, and 'y := 092 N Oy,
with corresponding unit normal vectors n;, n;;, and ny;, where I'; is the interface between
the fluid and the inclusion, I';; is the interface between the fluid and the matrix and I'yy;

is the interface between the matrix and the inclusion.
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r —
Il ()
KN

Figure 3.4: This is a 2D sketch representing the periodic cell that we focus on. In our case
we focus on geometry case 2 from Fig. We have one subphase fibre shown in blue that
is in contact with the porous, solid, elastic matrix shown in red and the fluid flowing in
the pores is shown in white. We also highlight the interfaces I'y which is shown in green
between the inclusion and the fluid, I';; shown in black between the matrix and the fluid
and I';;; shown in grey between the inclusion and the matrix.

3.2.3 Derivation of the Macroscale Model

We apply the asymptotic homogenization assumptions (3.57)) and (3.58) to equations (3.38
3.53)) to obtain, accounting for periodicity, the following multiscale system of PDEs

Vy - Ti+eVe-Ti =0 in (3.60)
Vy Th+eVe-Tp =0 in Qy (3.61)
Vy T +eVy - TE=0 in O (3.62)
Vy - vi+eVx-vo =0 in O (3.63)
uf =v° on I (3.64)

u, =v" on Iy (3.65)

T¢n, =Tin;, on I (3.66)

T¢ng =T;ng, on I'y (3.67)

Ting = Ting on Iy (3.68)

uf =u;, on Iy, (3.69)
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equipped with multiscale constitutive equations for the fluid and solid stress tensors T¢¢,

Ts, T, given by

T = —pT+ e(Vyve + (Vyv)T) + (Vv + (Viv9)T) (3.70)
ET; = Cnfy(ui) + ECnﬁx(qu), (3'72)

while the balance equations in terms of the elastic displacement, fluid velocity and pressure

uy, ug, v, p° read

Vy - (Ci&y(uf)) + eVy - (Ciéx(uy)) +

(3.73)
eVx - (Créy(uh)) + €Vy - (Créx(uf)) =0 in
Vy ’ (Cngy(ufl)) + evy : ((Cngx(u;)) + (3.74)
€V (Cuy (u5) + Vs - (Cu(uf)) =0 in
EVIVE 4+ 2Vy - (Vyve) + €€Vy - (Viv©) + eV?,v6 (375)

= Vyp“ 4+ €eVxp® in O

We can now substitute power series of the type into the relevant fields in
(3.60[-3.75). Then by equating the coefficients of €' for I = 0,1, ... we derive the macroscale
model for the material in terms of the relevant leading (zero-th) order fields. Whenever a
component in the asymptotic expansion retains a dependence on the microscale, we can

take the integral average, which we define as

1 .
(p)i = |Q|/Q e(x,y, t)dy i=f1LII (3.76)

where ¢ is a field, and also where the integral average can be performed over one repre-
sentative cell due to y-periodicity and || is the volume of the domain and the integration
is performed over the microscale. We note that |Q = [Q¢| + || + |Qu]. Due to the
assumption of y-periodicity, the integral average can be performed over one representative
cell. Therefore (3.76)) represents a cell average. For the sake of brevity, we also introduce

the notation

(o1 + ou)s = ‘(12| </QI or(x,y, t)dy +/ ¢11(X,y,t)dy> ) (3.77)

Q1
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for fields ¢ with components ¢; and ¢y; defined in the solid cell portions ) or €y, respec-

tively.

Equating coefficients of €? in ([3.60H3.69) we obtain

vy - TV =0
vy T =0
Vy - T =0
vV, -v® =0
1.11(0) —v(©
i) = v

Tf(o)nl = TI(O)nI
Tf(o)nu = TI(?)nH
T§O)n111 = TI(?)nIH

(0) (0)

u; ° = up

and the constitutive equations (3.701-3.72) for T¢¢, T¢, T¢, have coefficients of €

T,0 — _ 01
Ciéy(u”) = 0
Cuéy(u?) =0

in

in

in

in

on

on

on

on

on

on

in Qf
in

in Qp

and the balance equations (3.73-3.75)) have coefficients of €”

Uy (Ciy(u”)) =

Vy - (Cu&y () =0

Vyp» =0

0

in
in Qp

in Qf

(3.88)
(3.89)

(3.90)

(3.91)
(3.92)
(3.93)

Similarly we now wish to equate the coefficients of €' in equations (3.60}-3.69)) which

gives

Vy TV 47, 7O =0

Vy TH 47, TV =0

in

in Qp

(3.94)

(3.95)
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Vy T 4V T =0 in (3.96)
Vy v+ v v@ =0 in o (3.97)
1'11(1) =v( on T, (3.98)
alV =v®  on Ty (3.99)
TeWn, =TWn,  on T, (3.100)
Tf(l)nH == TI(II)IIH on FH (3.101)
TI(I)IIHI = T(I)I’IIH on FHI (3.102)
u =u’  on Ty (3.103)

and the constitutive equations (3.701-3.72) for T¢¢, T¢, T¢, have coefficients of €
TeW = —pW1 + (Vv @ (Vv Ty in 0 (3.104)
TV =) + C&@”) i (3.105)
( (Cllgy(ull )+ (Cngx(un ) in Qy (3.106)

and the balance equations (3.73/-3.75)) have coefficients of €'

y - (€& (i) + Vy - (C&u®)) + Ve (€ () =0 in @ (3.107)
Vy - (Cuty(u) + Vy - (Cutx(u?)) + Vi - (Cu&y (uV)) =0 in 0y (3.108)
v§v<o> =VypY + V,p®@ in (3.109)

We can now see from (3.80) and (3.88)) that the leading order pressure p(®) does not

depend on the microscale y. That is

0 = p©) (x,1). (3.110)

We also have from (3.89)) and (3.90) that ul(o) and uI(? ), which are the leading order solid

displacements, are rigid body motions and therefore, by y-periodicity, do not depend on

the microscale y. That is

»—qﬁ

uw?” =u¥(x, ) (3.111)

ul? =u¥(x,1). (3.112)
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Since we have the boundary condition uI(O) = ul(? ) on I'y; given by |D we can define
u® = u® = uY, (3.113)
which we will use throughout the following sections.

3.2.4 Fluid Flow on the Macroscale

We now wish to investigate the leading order of the velocity which we denoted v(?). We

can define the relative fluid-solid displacement, w, by

w(x,y,t) = v (x,y,t) - aV(x,y,1), (3.114)

Using equations (3.88)), (3.82]), (3.83]), (3.96|) and (3.104)), exploiting notation (3.113)), we

have a Stokes’-type boundary value problem which is given by

Viw — Vyp) = Vupl® =0 in O (3.115)
Vy - w=0 in O (3.116)
W — 0 on FI U FH' (3.117)

Now exploiting linearity and using (3.110) we can propose the following ansatz for the
stokes-type boundary value problem (3.1153.117)),

w = —WVyp®, (3.118)

where p) is defined up to an arbitrary y-constant function. Equation (3.119)) is the
solution to the problem (3.115(3.117]) provided that second rank tensor W and vector II

satisfy the following cell problem

VWt —VyII+I=0 in
Vy - WE=0 in (3.120)

W=0 on IiUTYy,
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where periodic conditions apply on the boundary 9Q¢\I'; U '}, and a further condition is
to be placed on IT for the solution to be unique (for example zero average on the fluid cell

portion). Taking the integral average of (3.118]) over the fluid domain leads to
(W)t = —(W)Vpl?, (3.121)

meaning that the fluid flow is described by Darcy’s law in the macroscale. As expected,

this is the same result as standard poroelasticity with only one solid phase.

3.2.5 Poroelasticity on the Macroscale

We now require the macroscale equations to close the system for the elastic displacement

u©® and p(©. Summing up the integral averages of equations (3.94), (3.95) and ([3.96) we
p g up g g q )

have

v, THdy + Vy-TI(Il)dy+/ Vy - TiWdy +
Qr Qnp Qs

Vi Ty + [ Vi - TVdy + [ Vi T{Ody = 0. (3.122)
Qr Q1 Qf

Applying the divergence theorem to the first three integrals and rearranging the last three
integrals by means of macroscopic uniformity (3.59)) we obtain

/ TM 0o o dS + / TOnds — [ TWnpgds +
8Q1\FIUFIH I'r T

/ Tﬁll)nQH\FHUFIHdS +/ TI(Il)anS +/ TI(Il)nIIIdS +
O \I'rUl' 1 ' T'm

/ TeWngarurgdS — [ TengdS — [ T¢ePndS +
8Qf\FIUFH FII FI

Ve | TOdy + Vo [ TPy + V- | TQdy =0, (3.123)
Qr Q11 Qf

where ny, ny, N, NON\PUT B \MpUl @Rd Do ryury; are the unit normals correspond-
ing to 'y, Ty, Ty, O \ T U, 004 \ T UL and 0Q¢ \ Ty UL, Since the contributions
over the external boundaries of €;, ; and Q¢ cancel out due to y-periodicity (3.123)

becomes

/ TWn,ds + / TVnds — [ T¢Wn,ds —
Ty ' I'y
T F'm I
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Ve [ TOdy+v,- [ TQdy+ vy [ TOdy =o. (3.124)
Qr Q11 Qf

The first six integrals in (3.124) cancel out due to (3.100]), (3.101) and (3.102) and the

final three terms can be written as
Vi (T + T)s — 6Vap® =0, (3.125)

where ¢ := |Q¢]/|Q] is the porosity of the material.

Exploiting (3.110)) and (3.113]) we can write the following problem for uI(l) and u1(11 )
using (3.78)), (3.79), (3.84)), (3.85)), (3.86]), (3.88)), (3.103)), (3.105) and (3.106])

Vy - (Céy () + Vy - (Cé@) =0 in Q (3.126)

Vy - (Cuéy(u)) + Vy - (Cu&x(u@)) =0 in Qy (3.127)

Cay (WM — Cuy (D) = (Cor — Céxc(®)ngy on Tm (3.128)
u =V on T (3.129)

(Ciéy(uf”) + Ciéx(@@))n, = —p©n, on T, (3.130)

(Cuty(u) + Cutx(@)ny = —p®ny  on Ty (3.131)

The solution to the problem given by (3.126/-3.131), exploiting linearity is given as

! = 4,6(u@) + a;p® (3.132)

ul) = A& () + ap© (3.133)

where A; and A;; are third rank tensors and a; and a;; are vectors. The auxiliary fields

Ay, Ay, a; and ay; solve the following cell problems.

Vy - (Ci&y(A)) = —Vy - C in Q (3.134)

Vy - (Cué&y(An)) = =Vy - Cyy in Q (3.135)

Ciy (An)nmy — Créy (An)nm = (Cy — Cr)nyy on Ty (3.136)
Ay = Ay on Iy (3.137)

(Ci&y(Ar))n = —Ciny on T (3.138)

(Cuéy(An))ny = —Cyny on Ty (3.139)
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and

Vy - (Ciéy(ar) =0 in o (3.140)

Vy - (Cuéy(an)) =0 in Qu (3.141)
(C&y(a))nm = (Cuéylan))nm on T (3.142)
a, = ay on Ty (3.143)

(Ciby(a))n; + 1, =0 on T, (3.144)
(Cudy(an))ny + ny = 0 on T (3.145)

To ensure the uniqueness of the solution, we also require a further condition on A;, Ay, a;

and ayq, for example:

(A1 + (An)u =0 and  (ar); + (ay)n = 0. (3.146)

We can also write the cell problems for A;, Ay, a; and a;; with corresponding components

I II I II
Aikl, Aikl’ a; and a; as

) ( aCk 1,
Cij kl(A‘)) M _g i Q (3.147)
Dy, \1apacra By, I
Cij £kl(AII)) +—2% =0 in Q (3.148)
6% JPq ayj 11
Czlqu SCZI(AI) 111 ClI]Ipq ;Ell](AH) I _ (CII Cl)l]klnln on FIII (3.149)
A = Al on Iy (3.150)
C;]Pq I]jé(AI)n + Czlqun] =0 on I (3 151)
CZIJIpq gé(AH) CzIJIpq ;=0 on Iy (3.152)
and
8 .
8y- zypquQ( ) =0 in (4 (3.153)
J
8 .
87‘7;' zgpquq( ) =0 n (3.154)
J
Clipg€pa(@)nj" = Cijpg&pg(@)ny’ on Ty (3.155)
a; = a;' on I'iy (3.156)

Cijpgbpa(@)n +nj =0 on I (3.157)
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Clipgépe@ N} + 0l =0 on Iy (3.158)
where we have used the notation

. kl _
’ pq(AH) _ 5

dyq Yy

oy L (04 OAuy
pa(A) = 3 o oy (3.159)

1 <8A]I;kl aA;Ikl)

We should note that the problems in terms of a; and A;, where ¢ = I, II, are to be solved

on the solid cell portion €, where Qg := Q; U Q4.

Remark 5 (Compatibility Condition for the Cell Problems). We have the Compatibility

Condition (also known as the solvability condition) for the cell problems, see, e.g. [27].

We first take the integral average of the sum of the left hand sides of (3.134) and
and apply the divergence theorem. That is,

Vy - (Ci&y (A1) dy + Vy - (Cuéy(An))dy (3.160)
i Q1
_ / (Caty (Ar)medS + / (Caty (Ar))numdS + / (Caby (AN rpory, dS
FI FHI oQ\I'ul' g
+/ (Cnfy(AH))anS_ ((Cllfy(AII))nIIIdS+/ (Cllgy(AII))nQH\FHUFHI as
I'n T aQ\I' 11Ul

(3.161)

where 1y, Ny, Ny, Do\ @nd Do TLUNy are the unit normals corresponding to Ty,
Lo, Do, O\ Ty U Ty and 0Q \ Ty U . Terms on the external boundaries of Q; and
Qu cancel due to y-periodicity. So (3.161]) becomes

_ / (City (Ar))nydS + / (Cuy (An))ndS + / (Cy — C)nundS (3.162)
Iy I N33

where we have used the interface condition (3.136) and we can now also use (3.138]) and
(3.139) to write as

- / ((CII - CI)nHIdS_ / (CI . nIdS_ CII - Iy dS (3163)
I It '

On the other hand we are able to re-write (3.160) using (3.134) and (3.135)) as

0 Vy - (Cléy(AI))dy + o Vy - ((Cuﬁy(An))dy (3.164)

Qr Qn
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We can then apply the divergence theorem to obtain

= — C; - n;dS— Ci - nydS — G- No\ruryy ds
It T OQ\I'UT

- Cu - npdS+ Cu -0y dS — Cu- N \ruryg ds
I'n IS Ou\I'nUl'

where the unit normals are as above. The contributions over the periodic boundaries cancel

to give

- — ((:I - 1 dS* CII . anS+ / (CII - Cl)nm dS (3166)
It ' Cmr

We can see that (3.163)) and (3.166)) are equal, and therefore this proves the compatibility

condition which is necessary for the problem to admit a solution, which can be made unique
by imposing an additional condition, such as zero average of the auxiliary variables on the

periodic cell.

We now consider the leading order solid stress tensors. Since from (3.105)) and (3.106)

we have that ul(l) and 111(11 ) are related to T§°) and TI(I0 ) respectively we can exploit (3.132))

and (3.133)) to write
TV = CMi&x (1) + CQp® + City(u®) (3.167)

and

TI(?) = CIIMIIEX(U(O)) + CIIQIIp(O) + (Cnfx(u(o)) (3.168)

where we define

MI = gy(AI)v MII = fy(AH),
Qr = fy(al)a Qu = €y(an)- (3.169)

Adding (3.167) and (3.168) and taking the integral average over the solid domain gives

<TI(O) + T§IO)>S = <CIMI + (CI + CIIMII + CII>S£x<u(0)) + <(CIQI + CIIQH>SP(O)' (3'170)

From (3.125) we have that
V- Trg =0 (3.171)
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where

A~

Tor = (T + ) — op1
= <(CIMI + C; + CyMy; + CII>S£X(U(O))

+ (<CIQI + CIIQII>S - ¢I)p(0). (3.172)

Equations (3.171))-(3.172)) represent the average force balance equations for our poroelastic

composite material.

We now return to (3.97)), the incompressibility condition and integrate to obtain

0= [ Vy-oWdy+ [ Vi-0Ody. (3.173)
Qf Q

Applying the divergence theorem twice to the first integral and using (3.98)) and (3.99))

and also rearranging the second integral we obtain

0=— [ Vy-aPdy— [ v, ady + V- @) (3.174)
Qr Qrp
=- /Q Tr(gy (")) dy — /Q Tr(&y () dy + Vs - (o). (3.175)
I 11

Therefore we have

(Tr(&y (alV) + & (a3)))s = Vi - (0O, (3.176)
Using and with we have that
gy (") + & () = (M + M) (@) + (Qi + Qu)p . (3.177)
So using then equation becomes
Vi (0@)¢ = (Te(M + M) 1 & (@) + (Tr(Q; + Qu))sp - (3.178)

Now returning to (3.114)), the expression for relative fluid-solid displacement, and taking

the integral average over the fluid domain we obtain

(w)e = (v — g, (3.179)
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where ¢ is the porosity of the material. Then rearranging we obtain
(v = (w)s + ¢ul?. (3.180)
We then use this relation to rewrite as
Vse - (W) + 0 ®) = (Tr(My + M) : &(0) +(Tr(Q + Qu))sp™. (3.181)

We can expand the left hand side of (3.181)) and then rearrange to obtain the following

expression for p(?). We note that we are able to express ¢V, - u(®) as @I : £ (1(?)). Then

-(0) _ 1 . - | 0
P = (Tr(Qr + Qu))s <Vx (W)t + (¢ — (Tr(M; + My))s) : &x(a )). (3.182)
We can then define

M= -1 and & = @I — (Tr(M; + My,))s (3.183)

(Tr(Q: + Qu))s
and then we can use (3.183)) to write (3.182)) as

PO = — NI (Vi - (wh + @ s &(a®)). (3.184)

Finally dividing through by M we obtain

— = —Vy - (W) — & & (ul®). (3.185)

We have now derived all the equations required to be able to state our macroscale model
for a poroelastic composite. Within the next section we will state our novel macroscale
model for poroelastic composites and will then prove properties of the effective coefficients

of this model.

3.3 The macroscale result and properties of the effective

coefficients

The equations in the macroscale model describe the effective poroelastic behaviour of the

material in terms of the pore pressure, the average fluid velocity and the elastic displace-
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ment. The macroscale model is then given by

(W) = —(W)Vap”,

Vi Ter =0,

~ 0 0 (3.186)
Tee = <(CIMI + G + CMy, + CII)sfx(u( )) + ((CIQI + (CHQII>S - ¢I)p( )a

pO) R - 0)

M :_VX'<W>f_a:§x(u )7

where we have that p(©) is the macroscale pressure, u(® is the solid displacement, u(® is
the solid velocity and w is the leading order relative fluid-solid velocity. The first equation
of the macroscale model represents Darcy’s law for w, where w is the relative fluid-solid
velocity. This is the same equation that we would obtain for standard poroelasticity. The
second of the macroscale system of PDEs is the stress balance equation for the poroelastic
composite material. The constitutive equation is of poroelastic type, with drained effective

elasticity tensor given by

~

C = (C:M; + C; + CyMy; + Cyy)s. (3.187)

The final equation in our macroscale model describes the conservation of mass for a poroe-
lastic material and relates changes in the fluid pressure to changes in the fluid and solid
volumes. We therefore have that the mechanical behaviour of the poroelastic composite
material can be fully described by the effective elasticity tensor @, the hydraulic conduc-

tivity tensor (W)¢, the tensor & and the scalar coefficient M.

Our new model has a key difference from the model of classical poroelasticity. That is,
our model is able to account for multiple elastic phases interacting at the porescale, whereas
the model for classical poroelasticity is applicable when the matrix can be approximated
as homogeneous at the porescale. The addition to the model of the extra interactions
between multiple phases particularly beneficial to physical applications. For example,
in bones water is interplaying with both collagen and mineral at the finest hierarchical
levels. It is useful to be able to account for the mineral and collagen fibres separately in
the model, especially for numerical simulations, as both constituents have very different
elastic and mechanical properties. The differences in elastic and mechanical properties

are accounted for by the multiple elasticity tensors C;, C;; and by M, My, @, and Qy
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in the coefficients of the model. A similar argument is applicable to biological tissues
such as the interstitial matrix, which is a composite consisting of different types of cells
and collagen fibres with fluid flowing in the interstitial space, we again believe that we
would obtain a much more representative description of the behaviour of the material
by accounting for the multiple constituents and their varying properties in the model.
Another key difference between the model in our work and classical poroelasticity is the
model coefficients. Here we propose novel cell problems from which the model coefficients
are calculated. The cell problems given in our work are different from the cell problems in
classical poroelasticity and also the cell problems for elastic composites. Overall our new
model reads as a comprehensive frame work to describe materials where their constituents

cannot be assumed to be homogeneous at the porescale.

Remark 6 (Limit cases for the macroscale model). It is important to note that our
macroscale model reduces to previously obtained results when we consider the fol-
lowing limit cases. In the limit of only one elastic phase then this macroscale model reduces
to the macroscale model for a standard poroelastic material (See the no growth limit in [87),
as well as [19,68]). In this case our model would retain all four equations presented in
however, the coefficient of p© in the third equation, the effective elasticity tensor
@, the tensor & and the scalar coefficient M would reduce to only one elastic phase. This
is because the contributions on the interface between the different elastic phases are no
longer present in this case. We also note that in the limit of zero fluid (no pores) then
this macroscale model reduces to the macroscale model for a standard elastic composite
(See [89]). In this case, the mechanical behaviour of the system is entirely described by the
equations for the balance in the solid phase, the pressures and fluid velocity reduces to zero,
and the cell problem do not comprise any contribution related to the fluid phase, i.e. the
only relevant cell problem (i.e. which results in non-trivial solutions) is the one involving
the discontinuity in the elastic constants . That is, the model would coincide

with the standard one described in the literature for elastic composites, see, e.g. |89].

Next we rigorously prove the following properties of the effective coefficients. We prove
a) the symmetries of the effective elasticity tensor, b) an analytical identity that allows us
to identify the tensor & with Biot’s coefficient tensor, and c) the positive definiteness of
the M , which can therefore be identified with the Biot’s modulus for the whole material.

These proofs generalize those proposed in [68] for standard poroelastic materials.
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Theorem 1 (Symmetries of @) The fourth rank effective elasticity tensor C defined by
@ = <(CIMI + (CI + (CIIMH + Cn)g, (3188)

is major and minor symmetric.

Proof. We wish to show that the effective elasticity tensor Cis major and minor symmetric.
That is,
Cijkr = Cjirt = Cijik = Chuiy- (3.189)

We know that the elasticity tensor C,, for v = I, IT is major and minor symmetric. We have
that the first two equalities in follow by definition. That is, C,M,, for v = I 1I1, is
both left and right minor symmetric since we have the left minor symmetry of C,, and the
right minor symmetry of M,,. In order to prove major symmetry we have to show that

<Cllclpq TS(AI) + Ck‘lpq pq(AH)> <C7I“qu Sé(AI) C7I“Iqu Sé(AH» (3190)

To show this we begin with the cell problems (3.147)) and (3.148) and multiplying by A; .,

Al respectively and then integrating these terms over €, and €y respectively. We have

0 0
CZI " Al A}LTSd + a. Cz Azrsd
o 8y ( IPq pq( )) y o ayj( ]k’l) y
0 0
- Ol (AN AY dy + [ ——(CV, )AL dy = 0. 3.191
o ay ( Ipq pq( )) o 8y]( ]kl) ( )

Then integrating by parts we obtain

0A!
kl kl irs
dy; ( iipaSpa(A) Airs)dy — / iipaSpa(A) dy; —.—dy
a zrs
8 ( jklAzrs dy / ngkl dy

Qr
“f,
]
0 kl kl aAz;s
/QH 67 Czljlpq pq(‘411)‘4'1;‘5)(1}’_k/Q Czljlpq pq(AII) ay] d
CH Al d 04 gﬂsd = 192
ki Airs)dy — ikl y =0. (3.192)

Applying the divergence theorem we obtain

kl
/ 1jpq pq AI A;”S n dS / CZI]PQ pq Airs ;Hds
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Q rur rs
+ /ag \ryur Czlqu Ilj(lI(AI)Airs YAV g / szq Szlz(AI) " (Al)dy
\[1Ul'
/ CljmAirs - ;S — / Lkt A - mjdS
+/ UklA%rs QI\FIUFHIdS / ZJkl ;S(Al)dy
OQ\I'Ul'
kl Kl
# [ O AL nas [ O gL, nitas
11
Q Ipul’ rs
+/(‘)Q o Clljlpq %(AH)A;;s' \['u ngg / CZI;pq SCZI(AH) ij (An)dy
m\'Ul'
+ Gl wjas+ [ Cliaals, nas
I I

+/ e / Cijiéiy (A")dy =0 (3.193)
O\ 11Ul

where ny, ny, Ny, Do\rury, and N \rury; are the unit normals corresponding to Iy,
Ty, Tigy, 0 \ Ty ULy and 09y \ I'yy U Ty The terms on the boundaries 0 \ I'y U 'y
and 0€Qy; \ I'y UTyy; cancel due to periodicity and we can rewrite (3.193)) as

| Climsians (ay + [ et anay
{/ Ciiva ]l;(l] AN Ajys - njdS — / ijpq 1];}1 A Ajpg - jdS
[ Clat s = [ Clput s
~ [, A A s — [ Cleli(an AR, s
- [y, mpas— [ cpaay, s

+ [ Chusianay + | chugianay =o (3.191)

The terms in the bracket cancel due to the cell problems (3.149) and (3.15143.152) and

we obtain

[, Chmstsargiianay + [ clngiyiasgiianay

/ Ciyais (A)dy + /Q &y (AN dy =0, (3.195)
11
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which we can rearrange to obtain

s kl TS kl
| € ANCh gAY + € (el (A
</ grs AI Cjk;l +§TS(AH)CHkldy)

(/ Caii; (A) +Ckzz]§m(AH)dY). (3.196)

Rewriting the second equality in (3.196]) interchanging r and s and k and ! and using the

symmetry Cijpg = Cpgi; We obtain

/ fkl AI CI TZ(AI) +£kl(AII)CII r

1
DPqijSp pqij pZ(A )d

</ 7"SZJ Zk]l AI C?ES’L] 4] (AH)dY> (3197)

Since the left hand sides of (3.196) and (3.197)) are the same then so to are the right hand
sides. Taking ij as pq in (3.196)) and (3.197)) we have that

<Cllclpq§rs(AI) + Cklpqérs(AH» <C7I"qu gé(AI) C;{qu ;f(l;(AH» (3198)

as required. Therefore C posessess major and minor symmetries. O

The following two Theorems relate to the resulting Biot’s tensor of coefficients and
Biot’s modulus of the macroscale model. The coefficients of the macroscale model can be

defined as

= ¢l — <Tr(M1 + Mn»s, (3.199)
Y= <(CIQI + CIIQII>S — @1, (3.200)
B = Tr(Qr + Qu)s, (3.201)

where & is from and S is the denominator of the Biot’s Modulus M also in .
We obtain v from , where «y is the coefficient of the leading order pressure in the
effective stress, -T_Eff. We are able to give a physical interpretation of these coefficients
following the descriptions given in [91]. The coefficient 3 (denominator of M) can be
thought of as a variation in the fluid volume in response to a variation in pore pressure.

M is a poroelastic coefficient that depends on the pore scale geometry and porosity and
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on the properties of the elastic matrix [19]. We can describe & as the ratio of change in
interstitial fluid volume to changes in solid volume.
We can now state the following theorem that will provide an analytical identity allowing

us to define an effective Biot’s coeflicient.

Theorem 2 (Biot’s Coefficient). We have the following analytical identity
Vij = —Cj (3.202)

which allows us to define an effective poroelastic Biot’s coefficient tensor.

Proof. In index notation we can write v and & as

Vij = (Cijmbr(a’) + Cijér(a™))s — ¢di; (3.203)
Gij = @iy — (E5(AY) + & (A™)) s (3.204)

We use (3.147)) and (3.148) from the cell problems and multiply by a}, a}' respectively. We

then integrate these expressions over €); and €, respectively, to obtain

0 0
Clo R (ANaldy + | ——(ClLy)aldy
o a ( JPq Pq( )) o ayj( ]kl)
+ 0 — (O M (AT))aldy + i( L)alldy = 0. (3.205)
o a 1jpqSpq [ ur 8yj ij
Then integrating by parts we obtain
0 Oa! 0
Cl 8 (AYak)d / 1A gy 4 Cl.a
Qlay(ﬂoqm y Jpqpq a.y 918 (Jkl)y
z 0 11 kil AII H 11 kl AII da I
mkl a dy + o 3 (Cmpq pq dy prq pq ) (9yj —dy
0
+ 8 (CIIleLH dy / ij‘l 8 Z dy = 0 (3206)
Qi

Applying the divergence theorem we have

1 kl 1 111
/ iipg pq )a; M LdS — / prq pq (AYa} N ds
I kl/ A1 QI\FIUFIII kL AT\ e, (41
/ CZ]PQ Pq(A) dS / szq pq A &] (CL )dy
AQ\I'Ul' 11

I Q1\1"1U1“111
/ C]kla TL dS / C’Z]kla n dS + / C]kla J dS
OQ\I'UT' 11
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- [ ety + [ et daanaraas s [ e giana s
et - [ o, e @y
OQ\I' Ul 1

+ / Cllyalt - nlds + / B alt - nitds + / ClLyal - nm g
T " T " OQ\I'1VT' 111 ’

- / Cijri&ij(a’)dy =0 (3.207)

O
where ny, ny, Ny, Do\rury; and N \rury; are the unit normals corresponding to Iy,
Ly, Ty, O\ T U and 0y \ T'y Uy, and cancelling terms on the periodic boundaries

due to y-periodicity and accounting for the interface conditions (|3.149)) and (3.15153.152))

we obtain

0 51]( )Czlqu pq(f4I dy+/ Cklzgfl]( )dY+ 0 61]( H)Czljlpq S(ZI(AH)d
I 11

+ / Chiij&ij(a)dy = 0. (3.208)

Q1

Hence we have
(5 (@) Clipgme(A) + &5 (@) Ot (A™))s = —(Chyij&is(a') + Chiij&is(a™))s.  (3.209)

We now wish to multiply (3.140)) and (3.141)) from the cell problems by A}, A}, respec-

tively and then integrate over §2; and €2 respectively. Integrating by parts we obtain

0 aA;,d
QI 8y ( gpquq zkl dy / ququ ayj d
0 11 11 / 11 11 aAI‘}cl
d —®dy = 0. 21
+ U a (ngqupq(a ) Zkl) y — U Cz]qupq(a ) ay] y 0 (3 0)

Applying the divergence theorem and using (3.144)) and (3.145)) we obtain

A 0ALL
/ AjpnidS — < ikl 4 aJ. )ngqupq(al)dy
Iy O Yi

0y
oAl 0A%,
— [ Al nldS — < ikl ) )C“ Epg(aM)dy =0 3.211
/FH ikl QH ay] 83/1 Jpq PQ( ) ( )

where terms on the boundaries have cancelled due to periodicity. Then reversing the
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divergence theorem we have

8A}ikl zkl kl I
o o Oy dy — o d f A C]pqépq( )dy
1 ? 11
- /Q ) s’“(ﬂ)ogququ(a“)dy=o. (3.212)
Hence
0AL,  0A}
< oy ay”“l> (€37 (0) Clipg&a(A) + €3 (@) il A)s (3:213)

Using (3.209) and (3.213)) we have that Tr((M; + My))s = (C;Q; + C;Qu)s. Therefore

using this in the definitions of &;; and 7;; we have that ~;; = —d;; as required. O

We should note here that the coefficients & and « are defined by different cell problems
for A;, Ay and for a;, a;; respectively. By having an analytical identity as in Theorem.
we can reduce computations as the numerics then do not have to be carried out for the
cell problems involving a;, ay;.

Now that we have proved this analytical identity we can use it to restate the macroscale

model for a poroelastic composite material. We have

(W)g = — (W) Vip©,

Vs Trg =0,
. ~ 3.214
Ter = C&(u®) — apl®), (3214
5(0)
pﬁ = V- (W) — & : & (u?),

We will now state our final theorem relating to the Biot’s Modulus of our system.
Theorem 3 (Biot’s Modulus). We have that the Biot’s Modulus defined by

- -1
" {(TH{(Qr + Qu))s

s positive definite. That is

~

M > 0. (3.215)

Proof. In order to prove this we only need to prove that the denominator of M which we

defined as (3 is less than zero. We can begin by recalling 8 from (3.201f) and then in index
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notation
da}  dal’
B =Tr(Qr+ Qu)s = <8Zz + a‘; > : (3.216)

We can then multiply equations (3.140|) and (3.141) from the cell problems by a}, a;' and

integrate over €1, Q; respectively. That is,

0 0
| i CotataNay + [ al D (Chugu@nay =0, (3217)
1 11

j
Integrating by parts we obtain
0 da}
K(C;jszkl(al)ai)dy—/ ngszkl(al)@dy
0 0
[ g Cututaanay - [ Cuutan)
11

Qr

alt
Ly = 0. (3.218)
Yj

Then applying the divergence theorem we obtain

/(‘)Q \Tyur zgklgkl( ) ; QI\FIUFHIdS / ]klgkl( )f@'j(al)dy
\[1Ul'n
+/ Cijrém(a)a; - njdS + / Ciimér(aM)a;' - ni'dS

T T

+ Cliguta™al - nf™ M mas - [ Cfugu(a(atdy =0 (3.219)
O \I'rUl' 1 Qn

where ny, ny, Ny, Do\rury; and N \ryury; are the unit normals corresponding to Iy,

Ty, Do, O \T1 Uy and 99y \ T';y U T The terms on the boundaries cancel due to
periodicity and then using equations (3.142)), (3.144) and (3.145)) from the cell problems

we obtain
- / a;n;dS — §ij(aI)C§jszkl(aI)dy
Iy Q1
- / aini'dS — [ &j(a")Ciyér(a)dy = 0. (3.220)
I'n Q1

Accounting for y-periodicity and relationship (3.143f), the sum of the first and third in-
tegrals above are equal to the sum of the corresponding integrals (with corresponding

normals) on the boundaries 9€2; and 9y, so that we can apply the divergence theorem in
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reverse to obtain

Oa} Oall
_ 1 =+ ? d — i aI C,LI a,I d
/Qs <8yi 8yi> Y Qlfa( )Ciimri(a’)dy

&) Cign(a”)dy = 0. (3.221)
11

We can write this as

8@1 8@1.1
— 1 + 2 d = i aI C; QI d
/ﬂs (8% Oy; ) Y o, §ij(a")Cjpiéri(a’)dy

+ o §ij(a")Ciipiéri(a™)dy. (3.222)
11

Since the two terms on the right hand side are positive, we therefore have that

Oal 8@“)
i1t )dy <0 3.223
/Qs <3y¢ yi ( )

and so using the integral average notation we have

I 11
8= <gZ? + E;Z? > <0. (3.224)

Since 8 < 0 we therefore have that M > 0. That is, the Biot’s modulus is positive
definite. ]

3.4 Concluding Remarks

We have presented a poroelastic system of PDEs with novel model coefficients which de-
scribe the effective behaviour of poroelastic composites. In section we have begun by
considering the quasi-static multiphase fluid-structure interaction problem which describes
the mechanics of a number of linear elastic inclusions/fibres embedded in a porous, linear
elastic matrix, filled by a slowly-flowing incompressible Newtonian fluid. In Section we
have then enforced the length scale separation between the microscale and the macroscale
to upscale the non-dimensionalized system of PDEs via asymptotic homogenization. In
particular, we have assumed that both the pores and the elastic subphases (i.e. inclusions
or fibres) are clearly resolved on the microscale, while the macroscale represents the av-
erage size of the macroscale domain. In Section [3.3] we show that the new model is both

formally and substantially of poroelastic-type, by proving minor and major symmetries
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of the effective elasticity tensor, positive definiteness of the macroscale Biot’s modulus,
and existence of a global macroscale Biot’s coefficient tensor. The new model encodes
the properties of the microstructure in the coefficients of the model, i.e. the effective
hydraulic conductivity tensor, elasticity tensor, Biot’s modulus and Biot’s tensor of coefhi-
cients, which are to be computed by solving appropriate periodic cell problems. The latter
comprise both a stress jump condition on the solid-solid interface (as in the cell problems
for elastic composites), and inhomogeneous Neumann-type conditions on the fluid-solid
interface (typical of the cell problems arising in poroelasticity).

The results are derived by assuming periodicity of the microstructure, and are presented
by assuming that only one elastic subphase is contained in the representative periodic cell
for the sake of simplicity. The new model is a natural generalization of the standard
formulations for poroelastic media and composite materials derived via asymptotic ho-
mogenization, which are both recovered as particular cases.

Our model is relevant to the description of physical scenarios where the interactions
between multiple elastic constituents take place at the porescale. The standard formulation
of poroelasticity is appropriate when the interactions between the individual constituents of
the solid phase and the fluid can be ignored, i.e. when the solid phase can be geometrically
approximated as a homogeneous matrix at the porescale.

Our model also has some limitations and is open to a number of improvements that
could enhance its range of applicability. The present formulation provides the effective gov-
erning equations in a quasi-static, linearized setting, and accounting for incompressibility
of the fluid phase.

Generalization of our model to linearized inertia and compressibility of fluid is in
principle straightforward, as it could be carried out as in [19], thus resulting in the corre-
sponding changes on the macroscale. Leading order linearized inertia would appear in the
effective balance equations for the poroelastic stress. Furthermore, the definition of the
effective Biot’s modulus would comprise the fluid bulk modulus, while the former depends
only on the properties of the microstructure when the fluid phase is incompressible, see
also [87]. However, the functional form of the elastic cell problems would not be affected by
such changes, while the fluid cell problem is actually not affected by considering multiple
elastic phases, and is simply the same as in standard poroelasticity in both cases. A rele-
vant system where such an extension could provide a more accurate poroelastic modelling

framework is the lung, where the investigation of the acoustic properties can be used in
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the context of non-invasive diagnosis for pulmonary diseases, see, e.g., [107].

Mathematical modelling of nonlinear constitutive behaviour of the individual con-
stituents is challenging in the context of asymptotic homogenization. However, there
have been recent theoretical developments concerning both multiphase elastoplastic com-
posites [99], and hyperelastic growing porous media, see [28]. Combining these approaches
to extend our formulation would provide a comprehensive multiscale modelling framework
for nonlinear poroelastic composites. The latter could then be used to formulate realistic
predictions when large strains are relevant, as in the case of soft tissues such as arteries,
see, e.g. [18,49.

The results that we have illustrated here can also serve as a basis towards a more
realistic modelling of hierarchical materials characterized by multiple separated scales (see,
e.g. [100,101] in the context of elastic composites). In this case, as the coefficients are to
be computed at the porescale, our results could be exploited as a starting point to model
the interaction between a poroelastic matrix and another fluid or elastic compartment, as
done in the recent works [91,/123], [24}|105] for vascularized and fibre/inclusion reinforced
poroelastic materials, respectively.

The next natural step is to obtain solutions of the model on the basis of a given
microstructure, ideally parameterized by real-world images, for example related to bi-
ological tissues or artificial constructs, as described in the Introduction. For instance,
three-dimensional numerical simulations of the asymptotic homogenization cell problems
for elastic composites and poroelastic materials have been recently performed in 35,88,
respectively. As such, strategies developed therein could be adapted to compute the poroe-
lastic coeflicients presented here, which are obtained by solving cell problems which gener-
alize those solved in [35[88]. This way, predictions of the model could be validated against
experimental data and/or used to optimize the design of poroelastic artificial constructs.

In the next chapter we continue with our aim to strengthen the applicability of poroe-
lastic models to real world applications by deriving the model for poroelastic composites
assuming that the elastic behaviour of the constituents is nonlinear. By incorporating the
nonlinear behaviour in the model it will make it much more applicable to biological soft
tissues such as the heart, arteries and the lungs. This generalisation is in general difficult
in the context of asymptotic homogenization however, the following chapter is among the
first few works that have been able to present a novel model that includes the nonlinear

deformations and proposes a scheme that could be used to solve the model numerically.



Chapter 4

Homogenized balance equations
for nonlinear poroelastic

composites

We investigate materials that are subject to large deformations that have the underlying
microstructure comprised of both a hyperelastic-fluid-filled porous matrix and a number
of embedded hyperelastic subphases (fibres or inclusions). We then assume that both the
matrix and the subphases interact with each other and the fluid at the porescale. This
type of structure can be described as a poroelastic composite material that undergoes large
deformations. For example, this is applicable to artery walls, which can be considered as a
composite nonlinear elastic material consisting of a matrix with two families of symmetri-
cally arranged embedded collagen and elastin fibres as well as fibroblast cells that interact
with the fluid that is flowing in the pores [18,49,56./58.|121]. If we wish to consider the
artery walls in our framework, then the matrix can be identified with our matrix in the
model, and the fibres and fibroblast cells could all be considered as the elastic subphases
that are embedded in the matrix. The fluid in this setting would be the water that flows in
the pores of the matrix. This modelling approach is applicable to the myocardium in the
heart, which is a nonlinear elastic porous structure that consists of a matrix with muscle
cells, fibroblasts, collagen fibres and embedded blood vessels [22,29.66]. Again, here, the
various muscle cells, fibroblasts and fibres would all be the elastic subphases embedded
in the matrix. By considering these systems as poroelastic composites, we are able to

account for the mechanical contribution of each of the various phases individually.

80
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Here, we generalise [69], Chapter |3, to account for nonlinear deformations by using
the asymptotic homogenization technique to upscale the interaction between a hyperelas-
tic porous matrix where there is an incompressible Newtonian fluid flowing in the pores
and a number of embedded hyperelastic subphases. We make the assumption that both
the hyperelastic matrix and subphases interact with the fluid that is flowing in the pores.
We assume that the length scale where the individual hyperelastic subphases are clearly
visible from the surrounding matrix is comparable to the pore size. We therefore deter-
mine that this scale will be the porescale of the material, that is the distance between
adjacent subphases is comparable with the size of the pores. This length is assumed to
be much smaller than the size of the whole domain, which is denoted the macroscale.
The upscaling process is then used taking into account the continuity of the tractions and
elastic displacements across the interfaces between the matrix and the subphases, as well
as the continuity of the tractions and velocities across the interfaces between the fluid and
solid domains. Furthermore, an appropriate coordinate transformation is carried out on
some quantities to formulate the full problem in the undeformed /reference configuration,
i.e., by solely using Lagrangian coordinates. The resulting system of governing equations
is of poroelastic type and is a generalization of the formulations for (a) multiphase elasto-
plastic composites [102] in the limit of no plastic distortions and (b) the formulations for
hyperelastic porous media [17] in the limit of only one elastic phase. It is also a natu-
ral extension to the formulation for linear poroelastic composites |[69]. All three of these
formulations are recovered as particular cases by assuming that: (a) our matrix is not
porous; (b) that no elastic phase other than the matrix is present; and (c) by performing
a linearisation. The coefficients of the model encode the properties of the microstructure
and are computed by solving local differential problems.

The paper is organised as follows. In Section we formulate the fluid—structure
interaction problem that characterises the behaviour of the hyperelastic porous matrix,
the hyperelastic subphases and the fluid flowing in the pores. We also perform a change
of coordinates, which allows the fluid—structure interaction problem to be formulated in
the reference configuration. In Section [£.2] we apply the asymptotic homogenization tech-
nique to the system of PDEs that were described in Section [£.1] and determine the new
model that describes the effective macroscale mechanical behaviour of nonlinear poroelas-
tic composites. In Section we discuss the general nonlinear macroscale model before

prescribing a specific strain energy function, namely the de Saint-Venant, for the material
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and then give a physical interpretation of the novel terms. We also consider particular
cases for our new model and are able to obtain previously known models from the litera-
ture. Section concludes our work by highlighting and discussing the limitations of the
current model and by providing further directions in which the model could be extended

for particular biological applications.

4.1 Formulation of the Fluid—Structure Interaction Problem

We assume that we have a continuum body that is not subject to any surface or body

forces to have a reference configuration, which we denote by %, € R3. The body %, has

0

a periodic microstructure that consists of the union of a porous hyperelastic matrix ),

an interconnected fluid compartment Q(f) and a set QY of N disjoint hyperelastic subphases

09, where:

N
o=, (4.1)
a=1
and Q0 = QOU Q% UQY, where ~ denotes that the domain includes the interface. We

note that when any domain, interface or normal vector has the superscript 0 then it is in
the reference configuration. We provide a sketch of this structure as shown in Figure [4.1
The body undergoes a deformation described by the deformation function y, and the
deformed body is denoted by %;. Each point x € %; is such that x = x(X,t) with
X € Ay being the point in the reference configuration. We assume that the periodicity
of the body’s microstructure is preserved during the deformation, and we now denote
the deformed solid porous matrix as €2, the deformed connected fluid compartment as
Qf and the set of N disjoint deformed subphases 2, as Qf in %;. The assumption that
the microstructure retains its periodicity is of course just one possible assumption. This
option has been embraced for comparison with previous works e.g. |102] and also for the
application to biological tissues where cells remain intact and with the same structures
even when undergoing deformation. When any domain, interface or normal vector has the
superscript ¢, this denotes the current configuration. The deformation from % to %; is
described by the deformation gradient F = Grady. Figure highlights the description
of this structure pictorially.

We now wish to describe the equations for the fluid and the solid compartments and
the interface conditions in our structure. These equations however are not all in the same

coordinate systems. We wish to work in the reference configuration so we have to perform
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a pull back to some of the equations that are described in the current configuration. We
begin by describing all equations in their natural coordinate systems before discussing the
coordinate transformations.
The balance equations for the various hyperelastic domains §2, and €2;; can be written
as, Va=1,..., N,
Vx -Py=0 in Q°, (4.2)

and:

Vx -Py=0 in QY (4.3)

where we neglect any volume forces and inertia. The tensors P, and Py; are the first Piola
stresses. Each subphase 2, has the Piola stress tensor P, and the porous matrix €);; has
Piola stress tensor Py;. The matrix and the subphases are anisotropic, hyperelastic solids,
and therefore, the constitutive laws for P, and P, are given in terms of strain energy

functions,

_ Oa

: 0
P, = OF,. in Qg, (4.4)
M
P, = aFE in Q% (4.5)

where F, and F;; are the deformation gradients in the subphases and the matrix, re-
spectively, and v, and v are the strain energy functions in the subphases and matrix,

respectively. We do not define a specific strain energy function at this stage and wait until

Section to specify it.

We also require equations for the fluid phase. The balance equation is given as:
Vi -Te=0 in Qf (4.6)

where we denoted the fluid stress tensor by T¢. The fluid is assumed to be an incompressible

Newtonian fluid and, so, has the constitutive law:
Tr = —pI + u(Vxv) + (Vev)T) in QfF (4.7)

where v is the fluid velocity, p is the fluid pressure and p is the fluid viscosity. As we
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consider an incompressible fluid, the incompressibility condition reads:
Vix-v=0 in QL (4.8)

We can substitute the constitutive law (4.7)) into the balance Equation (4.6|), and then,
by using (4.8)), we obtain the Stokes problem:

0= —Vup+ uVx - (V) + (Viv)T) in QF (4.9)

In order to set up an appropriate fluid—structure interaction problem, we require inter-
face conditions between the fluid and the various solid phases and also interface conditions
between the various solid subphases and the matrix. The conditions we impose are the
continuity of velocities, the continuity of tractions and the continuity of displacements.
This presents an issue since the fluid and solid equations are described in different coordi-
nate systems. The fluid equations are currently presented in Eulerian coordinates and the
solid equations in Lagrangian coordinates. It is not possible to properly express continuity
on the interface between the fluid and solid whilst the governing equations are in different
coordinate systems. For this reason, we only describe the interface conditions between
the elastic subphases and the matrix here and wait until Section to describe the
interface conditions between the fluid and solids once we have formulated all equations
in Lagrangian coordinates. We define the interface between each elastic subphase and

the matrix as %, := 9QY N 9QY and impose continuity of tractions and displacements,

namely:
Pangn = Pllngn on ana (4'10)
u,=u; on I, (4.11)
Va =1,..., N, where we define the unit vector normal to the interface I'? . as n® . and it

all oIl

is pointing into the subphase Qg and where u, and uy; are the elastic displacements in
each subphase and the matrix, respectively.

We describe the deformation from %y to %, by the deformation gradient F = Grady.
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For convenience, we use the notation:

: 0
F. in Qg

F=(F, in QY

11

(4.12)

F; in QY

where we have the deformation gradient in the a-th subphase, the matrix and the fluid

respectively.

Figure 4.1: A 2D sketch that shows the poroelastic composite microstructure of the body
in the reference configuration %y. It also shows the deformation F and gives the resulting
microstructure of the deformed/current configuration %;. In both configurations, the
porous matrix is shown in red, the subphases in green and the fluid in blue.

We note that our deformation gradient is in general discontinuous. It is however
useful here to consider the definition of the deformation gradient in terms of the elastic
deformations:

F =1+ Gradu, (4.13)

where I is the identity tensor and Gradu is the gradient operator of the elastic displace-
ment. We use the notation Grad with a capital G to denote the gradient in Lagrangian
coordinates and grad for Eulerian coordinates. We can specialise relationship (4.13]) in

each of the reference elastic subphases as follows:

F, =1+ Gradu, in Qg,
F= (4.14)
F;; =1+ Graduy in Q?I.

We should note that the sketch here highlights a number of possible arrangements for
the subphases. We can have subphases fully embedded in the matrix, fully embedded in
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the fluid or in contact with both the matrix and the fluid. We set up our fluid—structure
interaction with the assumption that all elastic phases are in contact with each other and

the fluid.

4.1.1 Fluid—Structure Interaction in Lagrangian Coordinates

Within this section, we apply a coordinate transformation to the equations in the fluid—
structure interaction (FSI) in order to obtain a full system of PDEs that describe the
structure in the reference configuration. We do this in order to preserve the local period-
icity of the microstructure, as was done in [28]. We define the Piola transformation, G,

and the Jacobian, J, by:
J=detF and G=JF} (4.15)

where we have that:

Gy = J,F' in Q°
G=(Gy=JyF;! in QY (4.16)
Gr=JF;' in Qf.

Here, we wish to make a remark regarding the continuity of the Piola transformation.

Remark 7 (Continuity of GT). Here, we wish to explain the continuity of GT across the

various interfaces appearing in our structure. We begin with Nanson’s formula:
nda = JF~TINdA, (4.17)

where n is a general unit normal and da is a general area element in the current configu-
ration and N is a general unit normal and dA is a general area element in the reference

configuration. Using our notation for the Piola transform, we can rewrite this as:
nda = GTNdA. (4.18)

By using this relationship, we are able to deduce the continuities on our various inter-

faces Ty, Ty and oy, that s,

T.0 T.0 T.0 T..0
Gon, =Gin, on T, Gyn; =Gin;; on Iy,
(4.19)
T.0 _ ~T.0
and Gon,, =G;n,, on T
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These formulas are used in later sections of this work.

We use the following formulas to make the change of the coordinate systems. For a

scalar (, a vector z and a tensor Z, we have:
Vil =F'Ux¢( and Vyz=(Vxz)F L (4.20)
By again using Nanson’s formula:
nda = JF~TINdA, (4.21)
the transformation rule for a general volume element:
dv = JdV, (4.22)
and by applying the divergence theorem, we obtain the coordinate changes:

1 1
Vi z=-Vx:(Gz) and  Vx-Z=-Vx: (ZG"). (4.23)

We are now able to use and to write our F'SI problem in the reference con-
figuration. The equations governing the fluid in the reference configuration are therefore
given by:

Vx - (T¢GH) =0 in QF, (4.24)

with the fluid stress tensor T¢ transformed as:
TiGF = —pGf + u((VxV)F G +F, 5 (VxV)TGE) in QF, (4.25)

to correspond to the fluid balance equation, where V is the fluid velocity in the reference

configuration. The incompressibility condition also transforms as follows:
Vx - (GV)=0 in QY. (4.26)

The Stokes’ problem in the reference configuration is obtained by substituting (4.25)
into (4.24) and using (4.26]), that is,

0=—G{ Vxp+uVx - (VxV)GF; T+ GH(VxV)TF; 1) in Q. (4.27)
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Now that all our governing equations are described in the Lagrangian framework, we
are able to describe the interface conditions between the fluid and solid phases that we
require to set up an appropriate FSI problem. We note that these interface conditions
take place on the interfaces between the fluid and the elastic subphases in the reference
configuration. Defining the interfaces between the fluid phase and each of the o subphases
in the reference configuration as T'Y := 909 N 9QY and defining the interface between the
matrix and the fluid phase, again in the reference configuration, as T'Y; ;== 9909 N 9QY, we
can impose the continuity of the velocities and tractions on the various interfaces. We

therefore have:

% =V on I? (4.28)
T:G{n? =P,n’ on Y, (4.29)
a;t“ -V on I? (4.30)
T:Gin2 =P;n?  on 1Y, (4.31)

Vo =1,...,N. We have that du, /0t and Ouy; /0t are the solid velocities in each of the
subphases and the matrix, respectively. We have that n% and nY are the unit outward
normals to the interfaces I'Y and T'Y}, respectively.

Our complete FSI problem in the reference configuration is therefore given by (4.2)—

[5), EI0)-([E1T), (E14) and ([@24)-(E31).

Within the next section, we carry out our analysis by first nondimensionalising the

system of partial differential equations (PDEs) that we formulate in the reference config-
uration within this section. We introduce two well-separated length scales that allow us
to apply the two-scale asymptotic homogenization technique to the nondimensionalised

PDEs. This allows the derivation of the macroscale governing equations.

4.2 The Asymptotic Homogenization Method

Here, we summarise the fluid—structure interaction problem in the reference configuration
that we introduced in the previous section. We will then be ready to perform a multiscale
analysis.

Vx-P,=0 in Y

)

(4.32)
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Vx-Py=0 in QY (4.33)

Vx - (TeGH) =0 in Q) (4.34)
Vx-(GV)=0 in  Qf, (4.35)
a;t“ -V on IY (4.36)

a;: -V on I? (4.37)
T¢Gin® =P,n’ on o, (4.38)
T:GinY = P;n? on ro, (4.39)
P,nd, =Pm’, on .. (4.40)
U, = Uy on ., (4.41)

We have that the constitutive relationships for the fluid and the multiple solid phases

are given as:

TiGf = —pGf + u(VxV)F;IGf +F; H(VxV)TGH)  in 0 (4.42)
L 0
P, = OF. in Qg (4.43)
o :
P, = aTE in QY (4.44)

We then use the constitutive relationship (4.42)) with the incompressibility constraint (4.35))
in the balance Equation (4.34]) to obtain:

0=-G{Vxp+uVx - (VxV)GF; " + G (VxV)'F;*) in  Qf. (4.45)

We also have the deformation gradients for each of the solid phases:

F,=1+Vxu, in QY (4.46)
FH = I + vXuH in Q?I’ (4.47)
Ya =1,..., N. We assume that the system possesses two distinct length scales. The whole

domain has a length scale, which we denote by L, and this is referred to as the macroscale.
There also exists a second length scale, which we denote by d, and this describes the
porescale. The length d is comparable to the intersubphase distance and the size of the

pores. Therefore, to capture the true difference between the two scales, it is useful to
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perform a nondimensional analysis of the system of PDEs f. This nondimen-
sionalisation is carried out in the next section.

We should note that this fluid—structure interaction is the nonlinear counterpart to
the one found in [69] for linear poroelastic composites. We also highlight that this FSI
problem is formulated with the intention that all elastic phases are in contact with each

other and the fluid.

4.2.1 Non-dimensionalisation

We carry out the non-dimensionalisation process by relying on the standard parabolic fluid
velocity in the pores, which is quadratic in the pore-scale d and proportional to a given
pressure gradient C,. This scaling is the classical one, which ensures that a Newtonian
fluid flowing in the pores is macroscopically governed by porous media flow equations (e.g.,
of Darcy’s type) (see [87], where this is discussed). There are of course alternative scalings
available for the fluid velocity; however, these scalings do not account for the appropriate
effective behaviour of a fluid flow in porous media.

Therefore, we choose the scalings:

C,d?

x=ILx, u,= Lu'a, uy = Luil, V="V p= Cpr', P, = CpLPix,
7

PH - CpLP;I'
(4.48)
We then use (4.48)), and the gradient operator becomes:

V:%V, (4.49)

and the nondimensionalised form of the system of the PDEs (4.32)—(4.41)) is given by,

Vx - Po=0 in QY (4.50)
Vx-Py=0 in QY (4.51)
Vx - (T:Gf)=0 in Q) (4.52)
Vx-(GV)=0 in QY (4.53)
8;“ -V on IV (4.54)

Mu _ v oy O (4.55)

ot 1o
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T¢Gin® =P,n’ on o, (4.56)
T:G{n? = P;n? on ro, (4.57)
P.n’ =P;n’, on ., (4.58)

u,=u; on TIY. (4.59)

We also non-dimensionalise the constitutive relationships for the fluid and the solid,

and these are given by:

TiGf = —pGf + E(VxV)F;'Gf +F; H(vxV)T6E) in 0 (4.60)
o 8'¢a . 0
P, = OF,. in Q,, (4.61)
o .
P, = 8FE in QY. (4.62)

We also have the non-dimensionalised fluid balance equation and solid deformation

gradients given by:

0=—-G{Vxp+eVx - (VxV)GF; T+ GF(VxV)TF;T)  in  Qf, (4.63)
F,=I1+Vxu, in QY (4.64)
FH — I + vXuH in Q?I’ (4.65)

where in (4.50)—(4.65), we drop the primes for the sake of a simpler notation, and we have
the parameter:

€= —. (4.66)

Within the next section, we introduce the two-scale asymptotic homogenization tech-
nique, which we then use to upscale our system (4.50)—(4.65) in order to obtain our

macroscale model.

4.2.2 The Two-Scale Asymptotic Homogenization Method

Here, we now introduce the asymptotic homogenization technique, which we will use to
derive the effective macroscale governing equations for our structure. As described above,

we have the porescale, denoted by d, and the macroscale, which is the average size of the
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whole material, denoted by L. We assume that these scales are well separated, i.e.,

d
< (4.67)

We can describe € as the scale separation parameter. We require a local scale spa-
tial variable, which will capture the porescale variations of each of the fields appearing

in - - that is,

o_X
Y = (4.68)
€

We also have the macroscale variable:

]

=X. (4.69)

The newly introduced spatial variables X and Y represent the macroscale and the
porescale respectively and are to be considered formally independent. The gradient oper-
ator also transforms, by the application of the chain rule, to become an operator of both
scales, which we can write as:

1
Vx =+ Vg +-Vy. (4.70)
€
We also make the assumption that all the fields in (4.50)—(4.65), Voo = 1,..., N, are
functions of the two spatial variables X and Y and that every field can be written as a
power series expansion in e:

(XY, t) =D (X, Yt (4.71)
=0

where ¢ is used to denote a general field in (4.50)—(4.65)).

Remark 8 (Porescale periodicity). We assume that every field ©® in our analysis is
Y -periodic, and this allows us to focus our attention on a single periodic cell in our struc-
ture. This is a technical assumption that is related solely to the microscale. The fields
can still vary with respect to the macroscale. Making this assumption means that we for-
mulate the porescale differential problems on this periodic cell, and it is these problems
that are to be solved to determine the macroscale model coefficients. In [35], the authors
assumed that all the fields are periodic in the porescale variable and are able to compute
the coefficients of the model of standard poroelasticity obtained via asymptotic homogeniza-

tion. In comparison, in [34], the macroscale model of poroelasticity was solved. As such,
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although the effective coefficients used are those computed by following the methodology
described in [35], the illustrated solution solely depends on the macroscale and is in gen-
eral not periodic. It is possible to relaz this assumption that all fields are Y -periodic and
assume instead that all the fields are locally bounded. This assumption is less strict than
local periodicity and means that all the fields are finite with respect to the porescale variable
Y when € — 0, but not necessarily periodic. This assumption however only permits the
functional form of the macroscale model to be derived and does not in general allow for
the model coefficients to be computed without further assumptions (see [48,/90] for further
details) in multidimensional problems [90)].

We have that our periodic cell could potentially contain a variety of subphases and
these subphases could possess various geometries and elastic properties. This assumption
s particularly useful as it allows us to solve the differential problems obtained from the
asymptotic homogenization technique on a single periodic cell instead of the whole material
domain, therefore reducing the computational complexity. This periodic cell where we solve

the differential problems is shown in Figure[].3

Remark 9 (Macroscopic uniformity). We know that the porescale structure of a material
can vary with respect to the macroscale position (see [19,32,48,(80,/87/). In general, this
dependence is neglected in the literature due to wanting to simplify the analysis. Here, we
assume that the porescale geometry does not depend on the macroscale variable X, i.e.,
the material is macroscopically uniform. This assumption allows for simple differentiation

under the integral sign to take place, that is:

/va : (.)d\?:vx-/g(.)d?. (4.72)

If we do not assume macroscopic uniformity, then is not satisfied, and in this
case, the application of the Reynolds’ transport theorem is required. This may lead to

additional terms appearing in the macroscale governing equations.

Remark 10 (Porescale geometry). In our description so far, we assume that there are
various different subphases included within our periodic cell; however, without loss of gen-
erality, we can focus our attention on the case where each periodic cell contains only one
hyperelastic subphase. This structure is shown in Figure[f.5. Therefore, we do not require
the inder «, and the notation can be adjusted as follows. We have the continuum body

PBo, which has a periodic microstructure. Within %y, we have many periodic cells; how-
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ever, due to periodicity, we can identify the domain Q° with the periodic cell, which has
a hyperelastic subphase, hyperelastic matriz and fluid portions denoted by Q¥, QY and Q?,
respectively. We are also able to simplify the notation we use for the different interfaces.
The interface between the subphase and the fluid is T? := 900 ﬂ(‘?Q?; the interface between
the matriz and the fluid is T = 009 N INY; the interface between our two hyperelastic
solid phases is T, := 000NN, with corresponding unit normal vectors n?, n% and n?,.

If a specific application required multiple subphases to be contained in the periodic cell,

then it would be simple to extend the formulation, as has been done in the case of elastic

composites .

73 — -rox
7 — (I)I
.‘ — Q(z

Figure 4.2: A 2D cross-section of a single periodic cell in our structure. We have the fluid
represented in blue, the hyperelastic porous matrix in red and the hyperelastic subphases
in green. We highlight that the subphases 2, for a« = 1,..., N can interact with both the
matrix and the fluid or be fully embedded in the either the matrix or the fluid.

We should note that our periodic structure is 3D, that is, the fluid flow is in three
interconnected cylinders. For an example of the geometry of our 3D structure see Fig. (3.2
in Chapter [3, where we are considering the same microstructure but for small (linear)

deformations.

Figure 4.3: This is a sketch of a 2D cross-section of the periodic cell on which we focus.
We have one hyperelastic subphase shown in green that is in contact with the hyperelastic
matrix shown in red and the fluid shown in blue. We also highlight the interfaces I';, I';
and I';;; between the phases.
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4.2.3 The Macroscale Results

95

The assumptions (4.70) and (4.71)) of the asymptotic homogenization technique can be
applied to Equations (4.50)—(4.65)). We then obtain the following multiscale system of

PDEs:

Ve Pi+eVg-Pi=0 in Q)

Ve PS+eVg-PS=0 in QY

Ve - (TH(GHT) + eV - (TE(GHT) =0 in QP
Vi - (GEVE) + eV - (GEVE) =0 in QY

ou;
3tI =V*© on Y,

8;51 =V on IY,
T:4(G§)Tn? = Pn! on Y,
Tf€(GE)Tn?I = PIEIn?I on FIOIv
an?n = PIEInIOII on F?ID

U-I6 = uIGI on F?IU

as well as the multiscale constitutive equations for T¢*(G¢)T, P and P§, which are given

by:

Te(GH)T == p*(GD) T + e((V V) (FH) TH(GH T + (FH) T (Ve V) T(GH)T)

+E(VVYFDTHGHT + (F) T (VxVIT(GHT) i Qf,

e _

P; = 8FIIE in Qv
oYt )

P = 8FI§II in Qb

and the fluid balance equation and the solid deformation gradients are given by:

0= —(G})" (eVxp + Vyp) +eVy - (Ve V)GE(Ff) T
+(GHN (Ve VY FDT) +0(*) i QF
€F; = el + eVxu; + Vyus in Qv

€F¢, = el + eVgu§, + Veu§ in QY

(4.83)

(4.84)

(4.85)

(4.86)
(4.87)

(4.88)
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where the power series representation (4.71)) is implied in Equations (4.73)—(4.88|) through
the use of the superscript €. We then proceed with the technique by equating the coeffi-

cients of € for I = 0,1, ..., and this way, we derive the effective macroscale model in terms
of the relevant zeroth-order fields. Following the asymptotic expansion, if any term still
retains a dependence on the porescale, then we can apply the integral average formula.

The integral average can be defined as:

1 _ _
129] Jao
and again, ¢ is a general field. The integral average is performed over one representative

cell due to the assumption of Y-periodicity, as discussed in Remark [8] so it is therefore a

cell average. We have that the volume of the domain is given by Q%] = |Q2| + Q2] 4 |QY].
We can equate the coefficients of € in (4.73))(4.82) to obtain:

Ve - PP=0 in QO (4.90)
Ve PO =0 in QO (4.91)
VY . (Tf(o)(Gf(‘O))T) — 0 in QO’ (492)
Ve - GOVO)y=0 in 0 (4.93)
811(0)
5 =V? on TV, (4.94)
oul®
8ItI =v© on F?I, (4.95)
Tf(o)(Ggo))Tn? =p n? on TY (4.96)
TG ™, =PPnd  on IV, (4.97)
POn, =Pl on TV, (4.98)
ul? = 4wl on Y. (4.99)
The constitutive Equations (4.83)—(4.85) have coefficients of €* given by:
Tf(o)(GEO))T — _p(o)(GEO))T in QO’ (4100)
(0)
P = 81,&1(0) in Q0 (4.101)
OF
(0)
pl0 _ % in QY (4.102)

oF
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and the fluid balance equation and the deformation gradients (4.86[)—(4.88)) have coefficients

of €0:

GV =0 i
veu? =0 in QO

Veul? = in Q.
Now, equating the coefficients of €' in Equations (4.73))—(4.82)) gives:

Ve PY v - PO=0 i QO

Ve PU4ve PP =0 in 0,

Ve (TEGCNT) + vy - (TEOGM)T) + ¥y - (TG =0 i Q0
Ve GOV 1 v - (GIvO) 1 5 - (GOVO) =0 in QO

8u1(1)

N =v® on Y,
(1)
v o T

(MG + TG n) = P{Vn! on 1Y
(Tf(l)(GEO))T + Tf(o)(Glgl))T)n?I =Pi'n) on I
Pl(l)n?n = PI(II)n?II on Iy

(D) _ g o

u  =u;’ on
and the coefficients of €! in the constitutive Equations (4.83))—(4.85)) are:

Tf(l)(GISO))T + Tf(o)(Ggl))T _ _p(1)(G§0))T —p(o)(Gﬁl))T
(Ve VOYED) LGN + BT (Ve VTG in 0f,

(1)

PI(I) = 8¢11 in Q?,
oFY
(1)

Pl(Il) = awl(ll) iIl Q?I?
OF;

(4.116)

(4.117)

(4.118)

while the fluid balance equation and the deformation gradients (4.86)—(4.88]) have coeffi-

cients of e

0= (G T (Vxp® + Vep) + Vs - (Vs VOGO (V)T
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HENT (Ve VOYTED)T) i 0 (4.119)
F¥ =1+ Vxu® + veul” in 0f, (4120

FO=1+Vgul” +veul” in Q% (4121

We can show that the Piola transformation (G¢)T, where we exploit the notation (4.16)),

is divergence free and derive some useful identities. We have:

Vx - Grdvx = GT . NdA = JFTNdA = I-nda
By 0RBo 0RBo 0RBy

= Vx - IdVx =0, (4.122)
By

where we have used Nanson’s formula (4.21) and N is normal to the boundary of the
reference body and n is normal to the boundary of the current body and so, (G¢)T is

divergence free. We can also consider the expansion of (G)T, which is:
(G)T = (GONT 4 ¢(GINT + o(e?), (4.123)
and the expansion of Vx - (G)T is:
(eVx + Vi) - (GO 4 (6T 4 o(e?)) = 0. (4.124)
Then, equating the coefficient of € gives:
Vy - (GOHT =0, (4.125)
and equating the coefficient of €' gives:
Vx - (GNT 4 vy (G =0 = Vi (GONHT = —vy - (GHT, (4.126)

We can use the notation (4.16]) to write (4.125)) and (4.126|) as their counterparts in

each of the solid domains and the fluid domain as:

Ve (6T =0, V¢ (G =0, Vy-(G")T =0, (4.127)
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and:
Vi (67)" = Vs (G, V- (G)" = Yy - (G, (4.128)
VX . (Gﬁ-O))T — —V? . (GEI))T
Here, we also wish to perform the multiscale expansion of (4.19)). We have:
(G) ™) = (Gf)™ny on Ty, (G)'nj = (G) nj on Iy,
(4.129)
(Gf)Tn?H = (GfI)Tn?II on Iy,
and equating the coefficients of ¥ gives:
(6") ™ = (6")™nf on Ti, (G)n) = (6")™nf} on Ty, .
4.130
(GI(O))TH?H = (GI(IO))TH?H on DIy
Similarly, equating the coefficients of €' gives:
(6(") ™) = (6{")™nf on Tu, (G1)™nf = (G{")™n) on T, .
4.131

(Gl(l))Tn?IIZ(GI(Il)>Tn?II on I

Equating higher powers of epsilon leads to the continuity at higher orders also. We
use these expressions in later sections.

We can see using d4.92|), (]4.100') and (]4.125[) that (Ggo))TV?p(o) = 0. This implies that

(9 does not depend on the pore-scale Y, that is:
p® = pO(X, 1) (4.132)

We can deduce from (4.104) and (4.105) that uI(O) and uI(?) do not depend on the

pore-scale Y, that is,

ul” = ul(X, 1), (4.133)

u = u (X, 1), (4.134)
and since we have the boundary condition (4.99)), we can write:

ul® = ul(o) = uI(IO). (4.135)

We use (4.132)) and (4.135)) throughout the remainder of this work.
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4.2.4 The Macroscale Fluid Flow

We can investigate the leading order velocity, which we denote by v(®). We begin by

defining the relative fluid—solid velocity, w, as:

(0)
wi=Vv0O _ agt . (4.136)
We can rearrange (4.136]) to obtain:
VO = w+a® (4.137)

We are then able to use (4.137) and Equations (4.93)), (4.94)), (4.95)), (4.100]), (4.108)
and (4.116]) to form a Stokes’-type boundary value problem given by:

_(Gg()))T(v)_(p(O) + Vyp(l)) =+ VY . ((VYW)Ggo) (FEO))_T
LT E T S0 e ()
Ve (GPw)=0 in QY (4.139)

w=0 on TYUTY. (4.140)

The boundary value problem (4.138)—(4.140) admits a solution. Exploiting linearity,

the solution is given by:

w=-—WVgp®, (4.141)

P = —TIVgp©® + ¢(X), (4.142)

where p1) is defined up to an arbitrary Y-constant function given by ¢(X). The second

rank tensor W and the vector II are the solution to the cell problem given by:

Ve - (VW) EN T 4 (6T (v )T (FD)-T)
HGENTMI-VeI) =0 in QY (4.143)
Ve -Gy =0 i 0 (4.144)

A

w

0 on TIPurY = (4.145)

This cell problem is to be supplemented by periodic conditions on the boundary

ONN\(TY UTY), and for the uniqueness of the solution, a further condition on the aux-
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iliary variable IT is required, i.e., <f[)f = 0. Since the quantity W retains a dependence on
the porescale, we take the integral average of (4.141)) over the fluid domain, which leads
to:

(w)r = —(W)Vxp” (4.146)

Therefore, the macroscale fluid flow is described by Darcy’s law.
We also consider the incompressibility constraint (4.109)), and we integrate over the

fluid domain to obtain:

Vx - (GOVO)aY + [ vy (VO 4 6cOvay —o. (4.147)
o o

Applying the divergence theorem to the second integral and using (4.94)), (4.95), (4.110)

and (4.111f) give:

Vs - (GVO)aY + / (G a® + 6%alM)ndds

0 0
Qf 1_‘I

+ / G6Ma® 1 cPu)nfds = o. (4.148)
r

0
11

We are able to rewrite this as:

Va6V + [ @6+ al (6 mdas + [ @)

0 0
o)t It r

+al (G7)nbds = o, (4.149)

0
11

and accounting for the continuity of the transpose of the Piola transformations applied to

the normal (4.130]) and (4.131)) gives:

Vs - (GOVOHaY + / @ (GM"T + a6 Tnlds

0 0
Qf I_‘I

+ / @@ (GT + af (G Tnfds = o. (4.150)
r

0
11

This can be rewritten as:

Vs - (GOVO)aY + / (G0 + 6V uM)nlds

0 0
Qf 1—‘I

+ / GHa@ + ¢ValPnlas = o, (4.151)
I

0
11
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where we use the notation that () = 9()/0t. We wish to apply the divergence theorem

again; however, to do this, we must include the terms on the interface 'y, that is:

Vs - (GOVOaY + / (G0 + 6V aM)nlds

Q0 r9

+ [ @00+ P alntas+ [ @6 +u (60 nfas

0
11 IIT

- [, GO 4 a6 a8 = (4.152)

0
111
where we can add these terms on I';; because they are effectively zero because of the

continuity of the transpose of the Piola transform (4.130) and (4.131). Applying the

divergence theorem again gives:
Vs (6VO) — | Ve (6700 + 6" a)ay
QI

— [ Vv GPa® 1+ ¢WaMay =o. (4.153)
QII

Therefore, we can write this as:
Vx - (GOVOY = (v - (6Ma® + 6Py, + (Ve - (610 + 6Val)),.  (4.154)

Since we have that w = V(@ — a© from , then this can be rearranged, and
multiplying by GEO) gives Gﬁo)V(O) = Ggo)w + GEO)iJ_(O). We then take the integral average
over the fluid domain, which gives <GEO)V(0)>f = <G§O)W>f + <G§O)>f1‘1(0), and this can be
used to replace the LHS of . Therefore, we have:

Vx - (60w + (670 ) = (7 (6"al® + 6L,

+ (Vg - (60 + cPayy,. (4.155)
Then, we wish to expand the two terms on the RHS of (4.155)), which gives:

Vs - (6Va@ 1 6% + vy - (6@ + 6Pul))

= TV (M@ + 6%aW) + v (6Pu® + ¢Pal)

— (Vs - (Gl(l))T) a4 (Vg - (Gl(Il))T) a©® 4+ G( ). Vs 1( )
1(

+ 60 vyl + (Ve - (6)T) 0 4+ (Vg - (6P)T) - )
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+ 61 veu® 4 G ven©, (4.156)

We can cancel the terms in (4.156)) due to u(® = u(© (X,t) and using (4.127)) and then
rewrite (4.155)) using (4.156]) as:

Vx - <<G§°>w>f + <G§°>>fu<°>> = —((Vx - (G D) + (Vs - (G D) -0 ©

+ (G veuy, + (G s vyal), (4.157)

where we also use (4.128)) to replace the first two terms in (4.156). We return to this

expression in Section [£.3]

4.2.5 The Macroscale Poroelastic Relationships

We require the macroscale constitutive relationship. To begin, we sum up the integral

averages of Equations (4.106|), (4.107) and (4.108]), that is,

Vy PPaY + [ vy -PPavy+ [ vy (TG T)ay

ap o o
+ [ Ve (THOGCMTAY + [ Ve -POdY + [ vk -PYay
ap o o
+ [ Ve (T:OGP)Tay =o. (4.158)
ap

We apply the divergence theorem to the first four integrals and then rearrange the last

three integrals due to the assumption of macroscopic uniformity (4.72)) to obtain:

(1) 0 n? n°
/QO\(FOUFHI PI nQ(I)\(F?UF?II)dS+/ ds /HI IHdS +
1) P10 (1)
/ 0\ (0.0, ) PH nQO A\ (Y UF?H)dS—i_/FH 11 anS"‘/F?H Py nmdS +
0 1) ~(0 1) ~(0
Lo, T 0 g8 = [ 1O s = [ i)l +
(DT 0 0) (D\T,,0 7O (GMWYTLHO
/ S OG0, rourodS — / (o afas — [ TGl alas +
Vx - P§°>dY+vX./ PE?’dYJrvx-/ TG Tay =0, (4.159)
Q0 QY Q0
I 11 f
where n¥, n?, n? ngo\(FOUFOI)’ 0.\(r9,ur?,, and nQ o\(roure,) are the unit normals

corresponding to the interfaces T'?, TV, F?H, o0\ (TOUTY)), 999 \ (I UTY,) and 902\
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(TYUTY). The contributions over the external boundaries of Q2, QY and QY cancel due to

Y -periodicity, so (#.159)) becomes:

/ PUnlas — [ TG Tnlas — [ T(GY)Tndds + / P{/n)dS —
Ty Ty i

0
FII

FO
|, TGy tabas - [ 7O abas - [ POntas+ [ PRnfas +

0 0 0
11 1—‘II r

II1
v,-(-/ PI(O)dYJer-/
Qo Q9

11

111

POAY + vy - /

. TGN Tay = 0. (4.160)

f

The first eight integrals cancel using the continuity of tractions (4.112)), (4.113)) and
(4.114)), so we obtain:

Vs (PI) + V- (PP — Vi - (0(G) D)) = 0, (4.161)
where we use (4.100). Then, we have that:
Vx - Teg =0, (4.162)

where:

Teg = (P + (P, — pO(GI) Ty, (4.163)

We can describe (4.162]) and (4.163)) as the average stress balance and constitutive law

for our nonlinear poroelastic composite material.

We can write the following problem for ul(l) and u1(11 ) using (I4.90I), (I4.91I), (I4.96I), (I4.97|),
([@.98), ([@.100) and (.115):

Ve PO=0 in QO (4.164)

ve PP =0 in Q9 (4.165)

u=u  on TO, (4.166)

POn =PPn%  on 1O, (4.167)

POn? = (G "n?  on T, (4.168)
PUn% = —(p(G")")my  on T (4.169)

Since our solid stress tensors P; and Py; are described by a constitutive law, our problem

here is the general case. It is possible to state a generalised ansatz to this problem and
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state the cell problems. However, we wait to do this until the constitutive law has been
specified. Within the next section, we state the macroscale model for this general case

and then specify this problem for a specific choice of the constitutive law.

4.3 The Macroscale Model and Particular Cases

We begin by stating the general nonlinear macroscale model for poroelastic composite
materials undergoing large deformations where the specific constitutive law for the material

has not yet been specified, that is,

(W) = —(W)Vsp®,

Vi Teg =0,
Eff — - fs
oF 0 /. \or® /, f

Vs - (60wW)s = —((Vx - (GO ) + (Vx - (G )i + (Vx - (G)T)) - 0l

+ (G veu), + (G veuly, — (G0 vxu®),

where v; and ;; are the strain energy functions for the material in the subphase and
matrix, respectively. This model comprises Darcy’s law for the relative fluid—solid velocity.
The second and third equations are the stress balance and the constitutive law for the
nonlinear poroelastic composite material. The constitutive law is to be specified further
by choosing a specific strain energy function for the matrix and the subphase, relevant to
the intended application. The final equation is the conservation of mass equation. This
equation is also be influenced by the choice of strain energy function for the matrix and
the subphase. Within the next subsection, we prescribe a particular constitutive law for
the elastic materials, and this leads to a specified model that reduces to three previously

known models under appropriate simplifying assumptions.

4.3.1 Constitutive Law

Within this section we specialise the model for a choosen constitutive law. We choose the

very simple de Saint-Venant strain energy function given by:

where v =1L1I, (4.170)

v

1
wvziEvzcszv in Q0
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where 1, is described by different parameters depending on the solid domain that it is

describing and E, is the Green-Lagrangian strain tensor for each solid domain, that is,

1 :
wl — §EI . (CI : EI 1m Q?,

Uy = (4.171)

1 .
wn = iEII : (CH . EH m Q?I

We make this choice since it will allow us to recover the linear elastic case and the other
few works in the literature that have used asymptotic homogenization in the nonlinear
setting.
We adopt the notation that:
C, in QY
C= (4.172)
Cy in QY
and the subscript v = I,II, where I is the subphase and II is the matrix throughout this

section. We have that the expansion of ¢, is given by:
€ 1 € €
Vi = iE” :CE;, (4.173)

and we note that C is the fourth rank elasticity tensor with major and minor symme-
tries, namely:

Cijkt = Cjikt = Cijik = Chij- (4.174)

We can now determine E,. We have:

E, = %((FU)TFU ~-1) = %((quv +DH(Vxu, +1) - 1)
= L (Txu) TV, + (Vx) 4 V) (4.175)

where the subscript v = I,II denotes the subphase and the matrix. We now apply the
asymptotic homogenization technique to (4.175)). Using the transformation of the gradient

operator (4.70)):
1
Vx - Vg + EVY, (4.176)
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we can write Ef as:

1 1 1 1 1
E; =3 [(quf; + ;VYUZ)T(VXUZ + EVYUE) + (Vxu, + ngug)T + (Vxu, + EVY“Z)
1 1

1
(Veu§) T Viul + ?(V?ug)T(V?u;)

€

1
== [(vxu;)Tvxu; + ;(qu;)Tv?ug +

1 1
+ qu; + EV?U; + (quZ)T + E(V{(UZ)T . (4.177)

Then, using (4.177|), we are able to write the expansion of the strain energy function
)5, as:
€ 1 e\T € 1 e\T € 1 e\T € 1 e\T
P :g (quv) quv + E(quv) VYUU + E(quv) quv + 7(V?uv) (VYUU)
1 1
+ Vxud + gvyug + (Vxu$)T + 6(v,-(u;)T> :C: <(qu;)TquZ
1 e\T € 1 e\T € 1 e\T €
+ g(vxuv) qu’u + g(quv) vf(u’u + ?(VYuv) (v?uv)

1 1
+ V)’(U.f, + gv?u; + (qu;)T + E(VYuS))T>:| . (4.178)

Multiplying (4.178)) by €2, we obtain:

1
62¢; =3 [<e2(VXuZ)TVXu§ + e(VXuZ)TVyuf, + e(VYuj)Tvxuf} + (VyuZ)TVyuZ

€

+ E€Vxu’ + eVyul + (Vxu) ' + e(VYuf))T> L E2C (ez(vxufj)Tquv
+ E(qui)TV{(uf} + €(V?UZ)TV5(112 + (VQHZ)TV?UZ + 62V5(11;

+ eVyul + (Vgus)T + e(VYufj)Tﬂ . (4.179)

We can then equate the coefficients of €, €' and €2 in (4.179)). For €°, we have:

1
0= K(vyu(‘)))Tqu(O)) : <(qu(0>)Tqu(O>>} =0. (4.180)
Equating the coefficients of €' gives:

0= é K(qu(o))TVYu(o) + (VYU(O))TV)’(U(O) + (Vyugl))TV?u(O) + (V?u(o))TVyuq(})

+ VYU(O) + (qu(O))T> : <(qu(0))TVYu(O) + (Vyu(o))Tvxu(O) + (qugl))Tqu(O)

+ (VeuNTveulM + veu® + (Vyu® )T>] =0, (4.181)
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and finally, equating the coefficients of €? gives:

¢§0> :é [((qu(o))TVXu(o) + (qu(o))TVyug) + (Vyugl))Tqu(O) + (v,—(uS}))Tv,—(ug})
-+vxum%+vyu§>+(vxu@DT+(qu§UT>:c:(kvxu@thxu@
+ (Vxu)Tveul + (Veul)Tvgu® + (Veul))Tveull) + v5u® + veulV
+(vxumUT+«qu§UT>]

——E" . C:ED, (4.182)
where we have that:

E = (Vxu®)TV5u® + (Vxu®)Tveul) + (Veu)'vgu®
+ (Veul)Tveul) + Viu® + voul) + (Vgu)T + (Vgul)T. (4.183)

Therefore, we have that the leading order term of the constitutive law in the subphase

and the matrix respectively are:
1 1
I(O) = §E§O) :Cr EI(O) and d)l(lo) = EEI(IO) O EI(IO). (4.184)

Now that we have an expression for wf,o), we can use this to find the leading order term
of the second Piola—Kirchoff stress, that is we take the derivatives of (4.184]) with respect

to EI(O) and EI(IO ), respectively. Therefore, we have:

0
g0 _ oy
OE(

=C:ED, (4.185)

where we have a different second Piola—Kirchoff stress for both the subphase and the

matrix, respectively, that is,

0 _ s=c,:E” in Q° (L156)
g0 Oy O '
II - II - II II°

We now wish to linearise the second Piola—Kirchoff stress SS}’). To do this, we can use
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the expression Fq(jo) = I+ H where:

H, = Vxu® + Vyul(l) in Q?,
H-= (4.187)
H, = Vzu® + Veul? in QO

Therefore, carrying out the linearisation, we have that:

SO —c:EY
—C: (5(FP)TRY 1)
1 T
=C : (2((1 +H)T(I+H) - 1)) (4.188)
=C: <;(H +H" + HTH)). (4.189)

We will now ignore the nonlinear terms to obtain:
1
(S )in = C - (2(H + HT)> = C: SymH. (4.190)

We are now able to use the second Piola—Kirchoff stress SS,O) to find the first Piola—

Kirchoff stress:

PQ()O) — Fg}O) S,S)O)

= (I+H)C:EY, (4.191)

where we can define the first Piola stress P(9) in both of the solid constituents, the subphase

and matrix, as:

. PO =a+H)C:EY i QO
P = (4.192)
PI(?) — (I + HH)CH . EI(?) in QIOI.

We can also linearise the first Piola—Kirchoff stress P$,°’. Therefore, we have:
(P)y, = C : SymH, (4.193)
and since we have that C is major and minor symmetric, then we can write this as:

POy, =C: H. (4.194)
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We perform these linearisations of the stresses as this will allow us to reach a differential
problem that can be solved by a linear ansatz. This allows us to obtain a final model with
cell problems that are solvable yet we will still retain the non-linearity in the coefficients
and in the arising additional terms in the model.

We therefore can define the solid stresses in the subphase and matrix as:

P =Cr: (Vxu® +Veul) i 0 (4.195)

PN =Cpr s (Vxu® + Veul) i Q0 (4.196)

respectively, for our chosen constitutive law. These stresses are reminiscent of the stresses
found in Chapter [3] for the linear poroelastic composites, however the following problem
still contains the non-linear transformations (Gﬁo))T which mean that when this problem
is solved to find the model coefficients then the non-linearity is still encoded.

We can then use these expressions (4.195)) in the problem for ul(l) and uI(I1 ) given by
Equations (4.164)—(4.169)), that is,

Ve (C V) + Vg - (C,Vx(u©®)) =0 in Q0 (4.197)

Vs (CuVy(ul)) + Vg - (CuVx(u®)) =0 in QY (4.198)

ul = oV on T%., (4.199)

C,Vy(un®, — Ve (uin’, = (Cy — C)Vgu®)n®, on IY%, (4.200)
(CVe () + CVx)n? = @G ")n?  on T (4.201)
(CuVe(ui)) + CiVx@)nd = -G 0% on  TY.  (4.202)

This differential problem again reminds of the differential problem presented in Chapter

however, here we see that in (4.201]) and (4.202]) we have the tensor (GEO))T appearing. This

is a nonlinear transformation that is based on the deformation gradient of the materials
and it is through this quantity that the model coefficients will still retain the non-linear

character post linearisation.

The problem given by (4.197)(4.202) admits a unique solution up to a Y-constant

function. Exploiting the imposed linearity, the solution is given as:

ulV = AVx() +a,p® + ¢(X), (4.203)

ull) = AV () + a,p@ + (X)), (4.204)
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where ¢;(X) and c3(X) are Y-constant functions. The third rank tensors A, and A, are

the solutions of the porescale problems given by:

Vy (CVy(A)+Vy-Ci=0 in QY

Vi - (CuVe(An) + Vg -Ch=0 in QY

/11 = AH on Y

CVy(A)nd, — CyVe(Ap)nd, = (Cy —C)nY,  on TV
(CVyA)n? +Cm®=0 on TV

((CHVY(AH))HIOI +Cynf, =0 on Iy,

and the vectors a; and a;; are the solution to this porescale problem:

Vy - (CiVg(a)=0 in QO (4.211)

Vy (CyVy(an))=0 in QY (4.212)

a=a; on I, (4.213)

(C,Vy(a))n, = (CyuVy(ay))n?, on I, (4.214)
(C:Ve(a) + (G0 =0  on  TY, (4.215)
(CuVy(an) + (6 Tm% =0  on IO (4.216)

Both (4.205)—(4.210) and (4.211))—(4.216)) are to be solved on the periodic cell. To ensure

the uniqueness of the solution, we also require a further condition on A;, Ay, a; and a,
for example:

<AI>I + <AII>II =0 and (a;);+ (ay)n =0. (4.217)

Here, we wish to discuss in detail the cell problems (4.143))—(4.145]), (4.205])—(4.210])
and (4.211))—(4.216)) and how they can potentially be solved. These porescale periodic cell

problems are to be solved to determine the model coefficients of the final macroscale model.

It is through these model coefficients that the complexity of the materials microstructure
is encoded in the final model.

In general, with the asymptotic homogenization technique, these cell problems would
only depend on the pore-scale and therefore can be solved in a straight-forward way.
For example, solving the porescale asymptotic homogenization cell problems for linear

elastic composites was carried out in 88|, and for linear poroelasticity, the problems were
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solved in [35]. Similarly, it would be possible to solve the cell problems arising from
linear poroelastic composites by combining the techniques used in both of these previ-
ous works. In the linear case, we have the problems (|4.143)—(4.145)), (4.205)—(4.210)) and
f with the simplification that (GEO))T approaches the identity. This simpli-

fication means that the two scales are fully decoupled, and we can solve the fluid and the

elastic-type cell problems.

However, due to the nonlinearity of the system we consider here, the two scales are
coupled, meaning that the porescale periodic cell problems have a dependence on the
macroscale and therefore cannot be easily solved. This dependence is through the quan-
tity (GEO))T appearing in f and 7. This quantity is the Piola
transform, which involves the leading order deformation gradient F(®). This depends on
both the porescale and the macroscale, as can be seen in Equations and .
This means that the two scales are not fully decoupled, and therefore, this dramatically
increases the computational complexity.

It is however crucial for a realistic analysis of the scenarios of interest (such as biological
tissues) to be able to solve problems of this type. Despite the complexity, there are
some potential emerging techniques that may mean it would be possible to solve this
model numerically in the future. A recent example of a proposed method that could
be potentially used to solve the types of problems arising in this work is found in [36].
This work investigated the potential of using Artificial Neural Networks (ANNSs) for quick,
accurate upscaling and localisation of problems. The method involves an incremental
numerical approach where there is a rearrangement of the cell properties relating to the
current deformation, and this means that there is a remodelling of the macroscopic model
after each incremental time step. This method is applicable to finite strain and large
deformation problems, whilst there will only be infinitesimal deformation within each
incremental time step. Reference [36] investigated the full effects of the coupling between
the macroscale and microscale for the first time in the analysis of fluid-saturated porous
media. We believe that by following an approach similar to the one set out in [36], we

could obtain a solution to our model numerically.

We can use our expressions d4.203|) and (I4.204|) for ul(l) and 111(11 ) to rewrite (PI(O))hn

and (PI(?))hn. We have:

(PI(O))lin =C,Vy (Alviu(o) + élp(O)) + Clvxu(O)
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=C,Vy A Vxu? + C,Vyap!” + C,Vxu”
=(C;M; + C)Vxu® + C,Qp, (4.218)

and:

(PI(IO))lin :(CIIVY(AIIVXU(O) + EAlnp(o)) + (CIIVXU(O)
:CHVYAHVXU(O) + CHv\?élnp(o) + CHVXU(O)
:(CIIMIIVXU(O) + (CHVXU(O) + (CIIQIIp(O)

:<(CIIMH + CII)vXu(O) + (CHQHP(O): (4-219)
where we define the porescale gradients of the auxiliary variables as:
MI - V?Ala MII - V?AID QI = vYéh QII = VYéH- (4-220)

Then, we can return to (4.163)) and use our linearised solid stresses to find the effective

stress:

Tes =(P )i + (P ) — p O ((G)T);
:(<CIMI + (CI>I + <(CIIMII + (CII>II)VXU(O) + ((CIQI>I + <CIIQH>II
—{(G{)T)e)p®. (4.221)

Again this effective stress will remind of the effective stress in the linear case Chapter
Here however we see that it contains the tensor (GEO))T which is the nonlinear transfor-

mation and also the quantities MI, MH, QI and QH. These are to be found by solving cell

problems (4.205)—(4.210) and (4.211)—(4.216)) which again contain nonlinear transforma-

tions.

As mentioned in Section we return to the expression (4.157)), restated here for

convenience,

Vx - (<G§O)W>f 4 <G§0)>f1'1(0)> — —(<Vx . (GI(O))T>1 + (Vg - (GI(?)>T>H) a©

+ <GI(O) : v?ul(l)>l + <G1(?) : v?ill(ll)>n (4.222)
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We obtain expressions for u( )

and u( )

11

by taking the time derivative of ( } and
(4.204]), and we then substitute these expressions into to obtain

Vx -

(W) + (G 1) VA Vga® 4+ (G0 vea)p©

V@ + (G s V) p®

) >1+<vx-(G§?))T>H).ﬁ(0>‘

(4.223)
Expanding the LHS in (4.223]) and using (4.220]), we obtain
Vs (6w + Vi - (G @) = (61 : NIy, : Ve ® + <G<°> - Qo
+ <G(0) MII)II qu(o) + < QII)IIp
— ((Vx - (&) ") +(Vx <G$?>>T>u> a®. (4.224)

Expanding the second term on the LHS further and rearranging, we obtain
Vs - (GOw)s + (G : vxa® =(GO : ML), : V@ + (G(O) L Q)i

G M)y Vxa® + (671 Quyup©@ — (V- (67T
+(V - (GIP) T +

(Vx - <G§°>>T>f) .

(4.225)
Rearranging and collecting p(© terms gives
1
5(0) — (0) (0) (0)
O — | T (6w (617 (6l <1y
<G1(0) : QI>I + <G1(?) : QII)II
~ (G sl )+ T o+ ((Vx- (61°) )+ (T (6
+ (Vg - (G§°>)T>f> : u<0>] . (4.226)
We define:
_ -1
M := - - ) (4.227)
<GI(O) : Q1>1 + <G1(10) : QII>II
and:

- <G1(10) : MII)H, (4.228)
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and we can then use (4.227) and (4.228)) to rewrite (4.226) as:

pO =~ M|[Vx - <G§0)W>f +a:vVgul® 4 ((Vx - (GI(O))T>I +(Vx - (GI(IO))T>II
+ (V- (G T)p) - @], (4.229)

Finally, we can divide by M to obtain:

5(0)
pﬁ — —Vx- (6wW) —a: Vxa® — ((Vx - (G, + (Vx - (G Ty

+{(Vx - (G D)) -a©. (4.230)

We therefore have now derived the effective macroscale governing equations for a non-
linear poroelastic composite that has the constitutive law given by the de Saint-Venant
strain energy function. We state our novel macroscale model and then consider limit cases
for the model where we obtain previously known results from the literature. The equa-
tions in the macroscale model represent a poroelastic-type system of PDEs. Therefore,

the macroscale model is given by:

(w)p = —(W)Vxp, (4.231)
Vx - Ter =0, (4.232)

TEH = (<(CIMI + (C1>1 + <CIIMH + CII>H) : v)’(u(o) + (<CIQI>I + <CIIQII>II

— (G ) p ), (4.233)
1 N
5(0) — _ (0) ) /0,
pv = - y Vx - (Gy 'w)s + <<Gf e —(Gp s M),
<G1(0) : QI>I + <G1(10) : QII)II

_ (GO MH>H> Va4 (<vx (GO, + (Vs - (6T,

+(Vx - (G§O))T>f> : 1'1(0)] ; (4.234)

where the macroscale pressure is denoted by p(®, u(® is the leading order elastic displace-
ment, the solid velocity is represented by u(® and, finally, w is the leading order relative
fluid—solid velocity. Equation in the macroscale model is Darcy’s law for w. Equa-
tion of the macroscale model is the stress balance equation with the effective stress
tensor Trg. The constitutive equation given by is of poroelastic type; however,

it contains a nonlinear coordinate transformation. The effective elasticity tensor for the
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material is given by:

C= <CIMI +Cy)1 + <(CIIMII + Ci)n (4.235)

Finally, (4.234) is the conservation of mass for a nonlinear poroelastic composite ma-
terial. The three terms in our expression for p(®) that are the divergence of the Piola
transforms in the subphase, matrix and fluid, respectively, describe the volume changes
related to the deformation and can be viewed as a correction term that maintains the
conservation of mass despite the nonlinear coordinate transformations.

We can say that the effective mechanical behaviour of our nonlinear poroelastic com-
posite material can be fully described by the model coefficients, that is the effective elas-
ticity tensor (E, the hydraulic conductivity tensor (W>f, the transformed Biot’s tensor of
coefficients, & and the transformed Biot’s modulus, M. We note that although, struc-
turally, this model is similar to that of linear poroelasticity, the key novelty resides in the
model coefficients that capture the nonlinear deformations and the additional terms. These
model coefficients are to be obtained by solving the novel cell problems 7,
(4.205)—(4.210) and (4.211)—(4.216))

It would indeed be possible to make the choice of other strain energy functions and
follow a similar process as we have just carried out to obtain a model with different
coefficients and additional terms that would also describe nonlinear poroelastic composites.
We emphasise here that the choice of strain energy function influences the cinstitutive law
and the conservation of mass equations in the final macroscale model.

Next, we consider particular cases for our model and are able to derive previously

known models that were developed using the asymptotic homogenization technique.

4.3.2 Comparison with Linear Poroelastic Composites

We begin with the case where the poroelastic composite solids that we are considering
are linearly elastic. This setting is applicable to many situations including the interstitial
matrix of biological tissues and when describing hard hierarchical materials such as bones
and tendons where deformations are very small. We note that to reduce to the linear

elastic case, we have that G(®©) — I. We also introduce the notation:

(o)1 + (o) = (@1 + eu)s, (4.236)
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for fields ¢ with components ; and ¢y; defined in the solid cell portions QY or QY respec-

tively. This means that the model (4.231))-(4.234]) reduces to:

(W) = —(W)Vxp®,

Vs Teg =0,
_ . . " ) ) " (4.237)
TEfE - <CIMI + CI + CIIMII + C11>svxu + (<(CIQI + (CIIQII>S - gbI)p )
1 . .
0) _ (v- _  T0©
) L () + (61 = (To(l, + ). s Vi ).
(Tr(Qi + Qu))s \ B *

This is identically the model for linear poroelastic composites presented in [69] and
Chapter (up to the difference in notation). We note that the integral average
over the fluid domain of the identity tensor, (I)f, is ¢I. We also have that (GQ(,O) :Qu)us
where v = I, II becomes (TrQ,), in the limit GO — I. Similarly, (Gq(jo) : M)y - Vzu®
becomes (TrM.,),, : Vxu®. As a result of taking the limit G(®) — I, we also have that
F( — I, and using this in the cell problems (4. 143)—(.145), (#.205)-(#.210) and (&.211)-

, we recover the same cell problems as in [69] and therefore obtain exactly the same
model coefficients under this limit and therefore we can equate the notation used in both
models.

We also note, as remarked in [69], that if we consider only one elastic phase, then the
model reduces to the macroscale model for a standard poroelastic material (see the no
growth limit in [87], as well as [19,68]). Furthermore, in the limit of zero fluid (no pores),

then this macroscale model reduces to the model for an elastic composite [89)].

4.3.3 Comparison with Nonlinear Poroelasticity

We now wish to recover previous work on nonlinear poroelasticity. For this, we assume that
our material has only one hyperelastic phase, the matrix that we denote by €2, with fluid
flowing in the pores. We wish to compare our equation under the assumption of
only one elastic phase (the matrix) with the generalised Biot fluid equation found in [17].

We can rewrite our equation with only one elastic phase as:

~Vi (G Vsp® = (G M) = Vsed® (G Quip® — (Vi - (G) - 0
— V- ((6{7)ra®). (4.238)

We note that we do not consider any body forces, so the f appearing in [17] equals zero
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here. A general ansatz for u") was also used in [17], but we are still able to make some
identifications between the terms in our equation and the terms in their generalised
Biot fluid equation. We note that the model coefficients of [17] all involve (G)T, so we
should point out that due to a different choice in the definition of the Piola transformation
between this work and [17], we have that (G(®)T in [17] equals G(© in this work. We also
use a modified where we only have G(0) = GI(I0 ) in QY and GO = G§0) in QY. This
means that we can identify the coefficients:
K" = _<G(0)W>f7 A = <V?(G1(?)AH)>H = <G1(10) : MH>117

B* = <VY(GI(I)5H)>II = <G1(1) s Quu, D* = <G(O)>Q_

The difference in sign between K* and W is due to the difference in the choice of ansatz
for the fluid problem. We therefore can recover the generalised Biot fluid equation from

our equation (|4.238).

We now wish to compare the macroscale elasticity equation in [17] with our macroscale
balance equation and constitutive law (4.232]) and (4.233). We first should note that in

our work, we are not considering any body forces, and therefore, we can assume that the

f and b appearing in [17] are both zero. Using (4.233) in (4.232)) and reducing to only one

elastic phase (the matrix), we obtain:
Vx - <<(CHMII + Cipir : vxu(o) + (<C11Q11>H - <(G§O))T>f)p(0)> =0 (4.240)

We are able to make the identifications between the macroscale elasticity equation
of [17] using a generalised ansatz and our equation , where a specific ansatz is
used. The term Ce,(up) can be identified with our term Cy : Vzu®. Similarly, the term
Cey(N(po, Vzup)) can lead to our terms C My, : Vxu® +C;;Qp® when using our ansatz.
Finally, we need to compare the term ¢1(po, V,uo)Vepo appearing in [17] with the final
term in (4.240). The final term in can be expanded as:

~Vx - (G @) = —((6") ") Vxp® — (Vx - (G{”)1)p ) (4.241)

The term ¢1(po, Vzuo)Vzpo can be identified with the first term in (4.241), and when
we assume that Gﬁo) is a constant, then we recover exactly the macroscale elasticity equa-

tion of |17].
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We also wish to make a comparison between the cell problems found in [17] and our
cell problems. The fluid cell problem (4.143[)—(4.145)) matches exactly the first cell problem
found in |17]. We however do not require the second cell problem found in [17] as we do not

include any forces in our formulation, so f = 0. We also have the two elastic cell problems

(4.205)—(4.210) and (4.211)—(4.216)), and these cannot be directly compared with the cell

problems found in [17] as these arise after the application of a specific ansatz. We can

however compare the elastic problem of [17] with (4.165)) and (4.169), and it is clear that

if (4.165) and (4.169)) are identical, up to a choice of sign, to the balance equation of [17]’

and continuity of tractions, then the same ansatz would produce the same cell problems.

4.3.4 Comparison with Nonlinear Elastic Composites

We now consider the case that our structure has no pores and therefore can be described as
a composite comprised of two hyperelastic materials. We can instantly reduce our model
— by removing the equations that govern the fluid. We are able to obtain the
model derived in [102], where we make the assumption that plastic distortions are absent,
that is assuming F), = I in [102].

When we assume that F), = I in [102], then we have that the plastic Green-Lagrange
strain tensor EI(,O) = %((Fﬁ,o))TFI(,O) —1I) = 3(I—1I) = 0. This means the first Piola stress
obtained in [102] becomes:

70 = % : H, (4.242)

lin
and we can make the identifications in the notation that ¥g = C and Tlgg) = (Pq()o))hn in
our case. Therefore, the first Piola stress tensor , that we obtained here matches
the first Piola stress obtained by |102].
We should note that within this work, we use notation to specifically identify the
two constituents of the composite, whereas [102] kept the different constituents implicit.

We can modify our problem (4.197)—(4.202) to remove the involvement of the fluid. We

therefore end up with the problem for elastic composites, which is given by:

Ve (CVe(@V) + Ve (CVgu®@) =0 in QO
Ve (CuVe D) + Vy - (CuVg©@) =0 in QO
w = uy on F?H,

CVy(und, - CuVy(u)nd, = (€, - C)Vx(®)n%,  on TY,.
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When using the notation of [102], we can write (4.243)—(4.246|) as:

Divy T =0, (4.247)
[uM]] = o, (4.248)
[T N)] = 0. (4.249)

This matches identically the problem given by [102]. The reduced problem (|4.243))—

(4.246]) has the ansatz:

uﬁl) = Alvxu(o) and ul(ll) AIIVXU(O)7 (4.250)

where fll and fln are third rank tensors. This is the ansatz (4.203)) and (4.204]) where we
take p(®) = 0. This leads to the cell problem for A, and Ay

VY (CIIVY( )) + VY : CII = 0,

o (4.251)
AI = AII;

CIVY(AI)H?H - CHV\?(IZ1 )nm =(Cy - (Cl)n?llv

\

which is again cell problem (4.205)—(4.210) reduced under the assumption that our
material has no pores. In [102], they remarked about the case of no plastic distortions
occurring and stated the cell problem they obtained under those circumstances, and this

is identical to the cell problem (4.251f) where we make the identification that T'Grads& =

~

V¢ A =M in our work and where we use the implicit notation that:

R MI in Q?,
M= (4.252)
M, in QY.
Therefore, the cell problem from [102] that matches (4.251)) is given by:
Divy (¢ + € : TGrady&) =0,
[€]] = o, (4.253)

[[(€ + % : TGrady€) - NJ| = 0.

Finally, under the assumption of no fluid-filled pores, our macroscale model (4.231
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(4.234))) can be reduced to:

Vx - Ter =0,
_ (4.254)
TEff - <(CIMI + CI + (CHMH + (CH>SV5<11(O).

We can make the identification that Tgg = € Gradxu®, then we can see that (4.254)

matches the model obtained in [102] in the absence of plastic distortions. This is given by:

Divg (% : Gradzu®), =0,
) (4.255)
(€ : Gradgu ), = (¢ : TGrady¢ + €)sGradxul®.

Therefore, we can conclude that our model for nonlinear poroelastic composites can

reduce to the model of [102] under the assumption of no plastic distortions.

4.4 Concluding Remarks

We derived a novel framework consisting of partial differential equations that describe
the effective mechanical behaviour of nonlinear poroelastic composites. These structures
are comprised of a porous hyperelastic matrix with embedded hyperelastic subphases,
both of which interact with the fluid flowing in the pores. This type of structure is
applicable to many real-world situations, including modelling of soft biological tissues. We
began by considering the multiphase fluid-structure interaction (FSI) problem among all
the constituents. The problem is closed by appropriate interface conditions arising from
the continuity of tractions, displacements and velocities. We also performed a coordinate
transformation on certain quantities in the FSI problem in order to obtain a formulation in
the reference configuration. We exploited the length scale separation between the porescale
(where the pores and elastic subphases are clearly visible) and the macroscale (average
size of the material domain) to apply the asymptotic homogenization technique to the
non-dimensionalised system of PDEs in order to obtain a macroscale system of governing
equations. We were able to recover previously known results in the literature by considering
particular limit cases of our model. The new model encodes the detailed properties of the
microstructure in its coeflicients, that is the microstructural details are encoded in the
effective hydraulic conductivity tensor, the Biot modulus and Biot’s tensor of coefficients.

These are computed by solving the arising differential problems on the periodic cell.



CHAPTER 4. BALANCE EQNS NONLINEAR POROELASTIC COMPOSITES 122

The model obtained here is a generalisation of the formulations for multiphase elasto-
plastic composites [102] in the limit of no plastic distortions and the formulations of hy-
perelastic porous media [17]. The model is also a natural extension to the formulation for
linear poroelastic composites [69]. All three of these models are recovered as particular
cases of our new macroscale model.

The key novelty of this work is the ability to describe a scenario where the hypere-
lastic matrix is inhomogeneous at the porescale, that is we are able to account for the
interactions between various hyperelastic phases and the fluid flowing in the pores. This is
generally the case in biological tissues. This means that this model is applicable to a wide
range of biological scenarios including modelling lungs. The lungs have previously been
approached in a biphasic (tissue and air) manner [9]. However, the lung microstructure
is more complex, and there exist collagen and elastin fibres embedded in the matrix and
in the fluid, so it could therefore be beneficial to use a nonlinear poroelastic composite
approach to modelling. Another example is |121], where the interaction between pulsatile
blood flow and the arterial wall mechanics was modelled. The blood flow was modelled as
an incompressible viscous fluid, confined by Biot’s equations of poroelasticity for the artery
wall. This model could be generalised by considering the wall as a nonlinear poroelastic
composite of the type we modelled in this work.

The formulation of standard nonlinear poroelasticity is applicable when the solid phase
can be approximated as a homogeneous matrix. The linear formulation of poroelastic
composites is applicable to situations where the deformations are small such as in hard
hierarchical material such as bones (see, e.g., [83,/117]). Our novel model provides a
formulation that bridges a gap that has not previously been considered and can be grouped
with those found in [37] for strength homogenization, nonsaturated microporomechanics,
microporoplasticity and microporofracture and microporodamage theory as an extension
to the nonlinear homogenization of porous media.

There are some limitations of the current model, and there are a number possible
theoretical extensions that could potentially improve its applicability to certain biological
systems. At present, the macroscale model is derived by accounting for a quasi-static
regime and only considering the incompressibility of the fluid. Within this work, we used
the de Saint-Venant strain energy function for the sake of simplicity. To study a wider
range of scenarios, we would need to select a variety of more detailed constitutive laws

and then use those to formulate the problem before finding the corresponding cell prob-
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lems and the homogenized macroscale model. Strain energy functions specific to certain
applications could be used in our formulation, for example the Holzapfel-Ogden Law for
the myocardium. Another possible extension, which would be of particular interest, is
to incorporate growth and remodelling in our framework. Growth and remodelling are
of particular importance to settings such as arteries or heart subject to disease or age-
ing. Finally, a third theoretical extension we could consider would be the assumption
that the solid matrix and the subphases are both incompressible, in addition to the fluid
incompressibility, which was already assumed in this work. This would require the in-
compressibility constraint to be imposed when defining the strain energy function and
when determining the Piola stresses in the material. This would lead to alternative cell
problems and macroscale model. Moreover, it would be possible to assume that the fluid
was in fact compressible, and this would lead to the appearance of the fluid bulk modulus
in the resulting Biot’s modulus of our system. This modification could be particularly
useful to modelling applications in lungs where acoustic properties can be used to aid the
diagnosis of respiratory diseases [9,107]. It would also be possible to consider a three-scale
approach where there would exist an intermediate local scale between the porescale and
macroscale that is still well separated. To do this, we could follow the approach taken
in |103] and [101] for fibre-reinforced composites.

There are a number of potential next steps for this work; however, potentially the
most important of these is to investigate the model by numerical simulations. Recently,
the numerical simulations of the cell problems arising from the asymptotic homogenization
technique when studying linear elastic composites and linear poroelasticity were carried
out by [35,88]. The simulations for a linear poroelastic composite could be obtained
by using the techniques in [35,88] to compute the poroelastic coefficients in the linear
problem. Obtaining numerical results for the nonlinear macroscale model is significantly
more complex due to the coupling between the macroscale variables and the cell problems.
Developing suitable computational schemes is a current active area of research. A recent
example of a proposed method that could be potentially used to solve the types of problems
arising in this work is found in [36]. It is important to note that the potential results of
any simulations should be validated by experimental data, which could be related to
biological tissues.

In the next chapter we propose a novel theoretical model for hierarchical multiscale

porous materials. This is another development in the aim to create accurate real world
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poroelastic models. We derive the effective governing equations for double poroelastic
materials i.e. a poroelastic matrix with embedded poroelastic subphases. By addressing
this type of microstructure we can incorporate structural details from three scales into our

model meaning that we can produce more detailed results for applications.



Chapter 5

Double poroelasticity derived from

the microstructure

Within this work we will focus specifically on multiscale deformable porous media, in
particular we consider materials which have three different length scales. These materials
have a porous structure and the interactions that occur between the fluid and the solid
take place on a scale (the porescale), which is much smaller than the size of the whole
material (the global scale). However, a hierarchical porous medium is in general also
characterised by intermediate length scale(s). For example, it is possible to identify a
local scale related to poroelastic heterogeneities (see Fig. and it is this scale and the
global scale that are focused on here. In this work, we are not addressing a full three-scale
modelling approach, see, e.g. [100] for an example related to elastic composites. We refer
to the underlying porescale microstructure as the equations used here are those that would
arise from upscaling of the porescale fluid-structure interaction between the fluid and solid
phases, see [19], [92]. These equations are Biot’s anisotropic, heterogeneous, compressible
equations for poroelasticity. This is the most general formulation and is not usually taken
into account, as most of the works in the literature typically refer to isotropic, and also
incompressible poroelasticity. It would be possible to indeed incorporate a third scale
(porescale) into this work where we would see the fluid flowing in the pores, however it
would not change the theoretical model derivation.

In this work we aim to determine the effective behaviour of a material which has the un-
derlying microstructure comprising both a poroelastic matrix and a number of embedded

poroelastic subphases (i.e. fibres, inclusions and strata) which are interacting with each

125
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other. We assume that the various phases are, in general, anisotropic and heterogeneous.
The main motivation behind this work is to study the behaviour of materials which com-
prise multiple poroelastic phases which are interacting on the local scale. This structure
has been considered by [85] where the authors study a poroelastic extracellular matrix in
which poroelastic cells are embedded. They develop a set of equations describing such a
material and use these equations to study the consolidation of a one-dimensional sample
of tissue. The interstitial matrix of biological tissues, which comprises many poroelastic
subphases such as cells and different types of collagen fibres embedded in the matrix [61],
is an example of this type of structure. In [105] and [24], the authors use the asymptotic
homogenization technique to provide an analysis of a system comprising a poroelastic ma-
trix with an embedded subphase. In these cases the simplification that the subphase is
purely elastic is made, which provides a model with different applications to which we
wish to consider here.

In the present work we generalise [105] and [24] by using the asymptotic homogeniza-
tion technique to upscale the interaction between the matrix and the subphases, where
each phase is described by Biot’s anisotropic, heterogeneous, compressible poroelasticity.
We assume the scale at which the various subphases are clearly resolved, denoted by the
local scale, is much smaller than the size of the whole domain, denoted global scale. The
upscaling can then be carried out, accounting for continuity of tractions, displacements,
pressures and fluxes across the interface between the phases. The resulting global scale
model is of Biot-type. The coefficients of the model encode the properties of the mi-
crostructure and are to be computed by solving differential problems on a finite subset
of the domain. The model recovers the works [105] and [24] under a set of consistent
simplifying assumptions.

The chapter is organised as follows. In Sec. we consider the quasi-static, multi-
phase problem consisting of the governing equations for both the poroelastic matrix and the
poroelastic subphases and the appropriate interface conditions. The governing equations
for the matrix and the subphases are the equations of Biot’s anisotropic, heterogeneous,
compressible poroelasticity. In Sec. we introduce the two-scale asymptotic homoge-
nization method. In Sec. we enforce the length scale separation that occurs between,
the inter-subphase distance (the local scale) and the overall size of the domain (the global
scale) to apply the asymptotic homogenization technique to upscale the problem to a sys-

tem of global scale PDEs. In Sec. we provide a detailed description of the effective
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coeflicients of our novel global scale model. We then prove that our novel global scale
model is both formally and substantially of poroelastic type by proving a) the existence
of a global scale Biot’s tensor of coefficients and b) that the effective Biot’s Modulus of
the system is positive. Sec. concludes our work by discussing limitations of the model
and by providing further perspectives. We also provide an appendix in which we recover
previously known models by taking appropriate limiting cases of our global scale model

and provide an explicit computational scheme for solving the global scale model.

5.1 Formulation of the problem

We have a set Q € R3, where Q is the union of a poroelastic matrix Qy and a collection

of K disjoint embedded poroelastic subphases (g,1,, where we can write

N
QSub = U Qn' (51)

n=1

We have that Q = Qn U Qs and Qv NQgup = 0. A sketch of a cross section of the domain
Q is shown in Fig. B.I} where we highlight the hierarchical structure of the material we
are considering. At the local scale, Fig. b), we have the various subdomains 0y and
Q, for n = 1,...,N. When zooming in on each of these subdomains separately, Fig. [5.1
c), we find that {2y and €, have a standard poroelastic structure (see [19], [92]).

To set up an appropriate problem we require the governing equations for each of the
subdomains and interface conditions. The balance equations in the matrix and each of the

subphases are given by

Veoou=0 in Q, (5.2)

Voo,=0 in Q (5.3)

respectively. We have oy and o, appearing in (5.215.3), these are the effective stress

tensors in the matrix and subphases respectively. These are given by

oN = (CM . §uM — aMﬁM in QM, (5.4)

o, =C,:&u, —ayd, in Q, (5.5)
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Asymptotic Homogenization

a) Global scale Q b) Local scale

Porescale: Porous
matrix with fluid
flowing in the pores

I Foroelastic matrix ()
B roroelastic subphases Qn

Porescale: Porous
matrix with fluid
flowing in the pores

¢) Porescale @

Figure 5.1: A schematic representing a cross section of the domain ) showing the poroelas-
tic matrix {2y in red and the various subphases €2, in blue at the local scale. We highlight
the local scale periodic cell with embedded subphases and highlight the hierarchical struc-
ture of the materials we are considering here by also showing their porescale structures.

where

(o) = , (5.6)

is the symmetric part of the gradient operator. We have that uy and u,, are the elastic
displacements in the matrix and each of the subphases respectively and v\ and ¥, are
the pressures in the matrix and the subphases respectively. The Cy and C,, are the
effective elasticity tensors which would be obtained from the homogenization at the finer
hierarchical level. Cy and C,, are the effective elasticity tensors obtained in ( , )
for a standard poroelastic material. These effective elasticity tensors also possess major

and minor symmetries as proved in . We can therefore write the fourth rank effective

elasticity tensors in components as C%\J/-[kl and C?jkl, for 4,4, k,l = 1,2,3. Therefore we have
M M M M

Ciikt = Cjitr = Cijie = Chiijo (5.7)
no_on  _on _en

Ciitt = Ciirt = Cijie = Craij- (5.8)

The o and «, appearing in ((5.4H5.5)) are the effective Biot’s tensors of coefficients in the
matrix and the subphases respectively, which have been obtained from the homogenization
at finer hierarchical scales. The second rank tensors axy and o, are related to the ratio of

fluid to solid volume changes at constant pressure in their respective poroelastic phases.
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We also have Darcy’s law for both the matrix and the subphases. That is,

wy = —KuVium in Qum, (5.9)

w, = —K, V1, in Q, (5.10)

where Ky and K, are the hydraulic conductivities in the matrix and the subphases re-
spectively and the wy; and w, are the relative fluid-solid velocities in the matrix and
subphases respectivelyﬂ

The last governing equation of each compartment is the conservation of mass equations

given by
J
M = -\ - fflM -V WM in QM, (5.11)
My
J . :
Wnn =—ay:&u, —V-wy, in Q, (5.12)

for the matrix and subphases respectively. The coefficients My; and M,, are the Biot’s
moduli in each compartment, which can as well be obtained from the homogenization
process at finer hierarchical scales. My and M;, can be described physically as poroelastic
coeflicients that depend on the porescale geometry, porosity and the fluid bulk modulus.
They also depend on the elastic properties of the matrix and subphases respectively. We
can interpret My and M,, as the inverse of the variation of fluid volume in response to
a variation in pore pressure. My and M,, are positive definite (see [68], for proof of this
property).

In order to close the problem in the whole domain 2 we require interface conditions
between the matrix and each of the embedded subphases. We define the interfaces as
T, = 0\ NOQ, for n =1,.., N. Then we impose continuity of tractions, displacements,

pressures and fluxes. That is,

oMy, = oyny, on T, (5.13)

uy = uy on T,. (5.14)

I =Yy on T, (5.15)

WM -y, = Wy - 1y on T, (5.16)

!They should be in principle multiplied by the porosities, however, the latter can be incorporated in
the definition of each hydraulic conductivity tensor
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where the unit outward vectors (i.e pointing into the subphase 2,,) normal to the interfaces
T, are denoted by n, forn=1,...,N.

The problem is also to be closed by appropriate boundary conditions on the external
boundary 0€2. The latter could be, for example, of Dirichlet-Neumann type, as noted
in [99]. The conditions on the external boundary typically do not play a role in the
derivation of results carried out by formal asymptotic homogenization.

Within the next section we decouple spatial variations by introducing two distinct
variables, we then introduce the two-scale asymptotic homogenization method and discuss

the assumptions made to carry out the required analysis in the sections that follow.

5.2 The two-scale asymptotic homogenization method

Here we summarise the problem that we introduced in the previous section and now wish

to perform a multiscale analysis of this system,

Voon=0 in Q, (5.17)

Veo,=0 in Q (5.18)

or = Cyr : Euy — ayPu in  Qu, (5.19)
o,=C,:&u, —a,v, in €, (5.20)

wy = —Kum Vi in O, (5.21)

w, = —K, Vi, in €, (5.22)

./7\’;;\1[\/1 =—ay:&ay — V-wym in O, (5.23)
/1\9/;77] =—oay:&u, —V-wy, in Q,, (5.24)
oMDy, = oy, on T,, (5.25)

uy = uy, on T, (5.26)

v = Oy on T, (5.27)

WM -y, = Wy -1y on T, (5.28)

up to conditions on the external boundary 02. We assume that the system can be charac-
terised by two different length scales. The whole domain §2 has the average size denoted by

D. This is the global scale. We assume the second length scale, L, to be the inter-subphase
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distance. This is the local scale.

We will now introduce the asymptotic homogenization technique which we will use to
upscale to a system of global scale PDEs. We make the assumption that the
local length scale (this is where the individual subphases are distinctly visible from the
surrounding matrix) denoted by L, is small compared to the average size of the global

scale domain denoted by D. That is,

L
= — 1. 2
=5 < (5.29)

We also must introduce a spatial variable y. This variable captures local scale variations
of the fields, that is

X
€

y = (5.30)

The global scale and local scale have corresponding spatial variables x and y respectively.
These variables are formally independent. The gradient operator with the corresponding
two-scales becomes

1

We assume that all fields in the system of equations (5.17H5.28) as well as Cy, C,), Ku,
Ky, Mwm, M,, ay and oy for p = 1,..., N are functions of both the spatial variables x
and y. We also assume that each of the fields can be written as a power series in e. That
is,

@E(Xa Yy, t) = @(0) (X, Yy, t) + 690(1) (X7 Yy, t) + 6290(2) (Xa Y, t) + e (532)

where formally the series comprises an infinite number of terms and ¢ represents a typical

field in the current work.

Remark 11. (Local scale Periodicity) We assume that every field o® in ,
Cum, G, Ky, Ky, My, M, an and o, are y-periodic. This allows the analysis of
the microstructure to be carried out on a single periodic cell. We make this assumption
as it allows us to solve the local scale problems that we will obtain from the asymptotic
homogenization technique on a finite subset of the domain. However, the analysis that
follows could be carried out by assuming local boundedness of fields only (see, for example,

/19] and [90]).

Remark 12. (Uniformity on the global scale) It is clear that in principle the local scale
geometry can vary with respect to the global scale (See [(87], [19], (48], [88], [32]). This
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dependence is however, in general neglected for the sake of simplicity. This means that the
material can be described as macroscopically uniform, i.e the local scale geometry does not
depend on the global scale variable x. We make this assumption here. This means that we

have the simple differentiation under the integral sign given by

/Q Vi (8)dy = Vy - /Q (o) dy, (5.33)

where (o) denotes a tensor or a vector quantity.

Remark 13. (Local scale Geometry) Up to this point we have assumed that there are many
different subphases in each periodic cell, this is highlighted in Fig. (b). In general the
microstructure of biological tissues is very heterogemeous and will have many local scale
subphases. Therefore, by beginning the formulation with many subphases we are relating
our problem to this type of microstructure. However, for the sake of simplicity and without
loss of generality it is possible to restrict our analysis to the situation where there is only
one subphase embedded within each periodic cell. This is shown in Fig. below. It
would be simple to extend the model to account for a number of subphases contained in the
periodic cell if this was appropriate for a specific application (See where this has been
done for simple elastic composites). Therefore the subscript n is no longer needed. Due
to periodicity, we can identify the domain Q with the periodic cell, which has matrixz and
subphase sections denoted by Qn and Qs respectively. The interface and corresponding

normal can be defined by Y := 0Oy N ONsyp and ny.

Local Scale

| QM
— QSub

Figure 5.2: A 2D sketch of the simplified microstructure where we assume that there is
only one subphase included in each periodic cell. The poroelastic matrix is shown in red
and the poroelastic subphase is shown in blue. The interface T between the phases is
shown in black.

Remark 14. (Strain gradient effects) In this work we embrace the traditional, zeroth-order
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asymptotic homogenization method (also used for example in the derivation of the standard
Biot’s equations in [19]), which means that we focus on obtaining a closed system of PDEs
for the zero-th order fields. We therefore formally derive the global scale model in the limit
e — 0. The homogenised, zero-th order solution, (provided that the condition 18
met) is supposed to be accurate assuming that strain gradient effects, which would be taken
into account by fully considering further terms in the power series erpansion , are
negligible. In this work, this condition is deemed acceptable as we are assuming that there
exists a sharp length scale separation in the system and we are considering a quasi-static
scenario (i.e. inertia is neglected), so that rates are supposed to be small. However, it is
possible not to enforce the strict limit as € — 0 (motivated by either the presence of non-
negligible strain gradients triggered by fast rates and/or by € not being sufficiently small
for higher order terms to be ignored) and to extend the macroscopic stress-strain relation
to include strain gradients in the formulation. For a clear derivation of this extended
macroscopic stress-strain relation for periodic elastic media see [42]. Additionally, for
further details see [109], [111|] and [2], and the large number of references therein, where

strain gradient effects are discussed in detail for a variety of physical scenarios of interest.

Next, we exploit the two-scale asymptotic homogenization method to obtain the global

scale equations describing the behaviour of the double poroelastic material.

5.3 The global double poroelastic results

The assumptions ((5.31]) and ([5.32)) of the two-scale asymptotic homogenization technique
can now be applied to the system of equations (5.1745.28]). This gives the following mul-
tiscale PDEs

eVx-oy+Vy - oy =0 in Qu, (5.34)

eVx-05+Vy-05=0 in Qgub, (5.35)

eoy = Gy = Euyy + €Cyr : Exuyy — eanVy in O, (5.36)

eos = Cg: &yug + €Cg @ &xu§ — eag?y in Qgup, (5.37)

ewy = —KmVy 5y — eKmVxdiy in  Qy, (5.38)

ew§ = —Kg V0§ — eKg V1§ in Qgup, (5.39)

€ s = —on s Eyuy —eony : ExUy — Vy - Wiy — €V - Wiy in O, (5.40)

M
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e

Vg

GMS = —ag: U —eag 0§ — Vy - w§ — €Vy - W in  Qgsub, (5.41)
oynY = o{ny on T, (5.42)

uy; = ug on T, (5.43)

M =75 on T, (5.44)

Wi - Dy = W§ - ny on T, (5.45)

where representation ([5.32)) is implied in relationships (5.3445.45) and indicated by the
superscript €. We also have periodic conditions on the cell boundary 9\ T. We then

proceed by equating the same terms multiplying the various powers of €/, { = 0,1, .... This
way, we derive the global double poroelastic model in terms of the zero-th order variables.

We can equate the coefficients of € in equations (5.34[|5.45)), which gives,

Vy ol =0 in (5.46)

Vy-old =0 in Qg (5.47)

Cu:&ull =0  in Oy, (5.48)
Cs:&ul =0  in Qg (5.49)

Vol =0  in Qu, (5.50)

Vol =0 in Qg (5.51)

ant &Y+ v, wl =0 inQ, (5.52)
as: &ul) 1V, wP =0 i Qg (5.53)
a'l(\?[)ny = O'(SO)IIT on T, (5.54)

ul(\g) = uéo) on T, (5.55)

90 —9®  on T, (5.56)

Wl(\g) ‘ny = Wéo) ‘ny on T (5.57)

From l) and 1j we can see that ul(\g)[) and uéo) are rigid body motions in y for each

x and so by y-periodicity we deduce that
(0) (0) (0) (0)

u =uy/(x,t) and ug’ =ug’(x,t), (5.58)

respectively. Since we also have the continuity of leading order displacements (5.55)) then
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we can define

u®(x,1) == ul(\(/)[) = u(SO). (5.59)
From (5.50) and (5.51)) we have that

90 =90 (x,t) and 9 =0 (x,1), (5.60)

respectively. Again since we also have the continuity of leading order pressures ((5.56]) then

we can define

9O (x,t) := 09 = 9. (5.61)

We will use the new notations (5.59) and (5.61]) in the remainder of this work.
Now equating the coefficients of €' in the system of PDEs (5.34}//5.45)) we obtain,

Ve oW +V, 0l =0 in (5.62)
Ve oQ 4V 0 =0 in Qg (5.63)
0'1(\2) =Cu : fyu1(v1[) +Cu : &0 — @ in Qy, (5.64)
O'(SO) =Cg: fyuél) +Cs : &u? — agy® in Qgub, (5.65)
W1(\9[) = —Knyﬁl(\/l[) - Kvaﬁ(O) in - Oy, (5.66)
wy) = —KsVyd{) —KsVyd® in Qg (5.67)
9(0)
M = G e G - Yy owl - View] i o (5.68)
9(0)
P i) s 6? Ty Tl e, (50)
Ul(\/l[)ny = a(sl)nT on T, (5.70)
ul(&) = uél) on T, (5.71)
9\ =v  on T, (5.72)
wl(vl[) ‘ny = wél) ‘ny on 7. (5.73)
We also define the specific cell average operator as
1
<90>v =157 SDU(X’ Yy, t) dy v=M,S. (574)
€ Ja,

Here, ¢, is any of the components of the fields involved in our analysis in their respective
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subdomains, and || represents the volume of the periodic cell. As such we have
1€ = || + [Qsubl- (5.75)
The cell average over the whole periodic cell is defined as

{ou + ps)a = !f12|</9M ou(X,y, t) dy +/ ps(x,y,t) dY>- (5.76)

Qsub

5.3.1 The global scale poroelastic constitutive relationship

Using equations (5.46)), (5.47), (5.64), (5.65), (5.54) and (5.71]) we can write the problem

for ul(\}[) and u(sl). That is,

Vy - (Cagyull)) = —Vy - (Cu&eu@) + vy - 0 Qay) in Qy,  (5.77)

Uy - (Cs&yul)) =~y - (Cs&u®) + ¥y - (90ag) in Q. (5.78)

(Cugyuf) — Csgyul)ny = ((Cs — Cy)é&u® — (as — a9 @)ny on T, (5.79)
u! =u” on 1. (5.80)

The problem ([5.7745.80) admits a unique solution up to a y constant function. The

solution, exploiting linearity, is given as,

ul = Bugu® + by + e (%), (5.81)
uél) - Bsﬁxu(o) + b @ + ca(x), (5.82)

where ¢;(x) and c3(x) are y constant functions. The third order tensors By and Bg are

the solutions of the local scale problems given below

Vy - (CuéyBy) = —Vy - Cy in Oy, 5.83)
Vy - (Cs&yBs) = —Vy - Cg in Qgup,

(Cmé&yBm — Cg&yBs)ny = (Cs — Cyv)ny on T,

P e
o ovoo
o 0o
S Ot
= Z

By=Bs on T.
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The vectors by; and bg satisfy the elastic-type problem given by

Vy - (Cméybm) = Vy - ooy in O, (5.87)

Vy - (Cséybg) = Vy-as  in Qs (5.88)

(Cmé&ybm — Cs&ybs)ny = —(ag — an)ny on T, (5.89)
by=bs on T. (5.90)

Both the problems (5.8315.86]) and (5.87{5.90)) are to be solved on the cell and be equipped

with periodic conditions on 902\ Y. We also require one further condition on the auxiliary

variables By, Bs, by and bg to ensure uniqueness, for example
<BM + Bs>g =0 and (bM + bS>Q = 0. (5.91)

For the cell problems ((5.8345.86]) and ([5.8745.90) in components see Appendix
We can use (5.8145.82) to write the leading order effective stress tensors in both the

matrix and the subphase respectively as

it = Crity (Bui&xu® + by @) + Cri&eu® — ayd®

= (CyLnt + Cu)&u® + (Cury — an)9©, (5.92)
where we have the auxiliary tensors
Ly = &Bum and ™ = &b, (5.93)
and

oy = Csty(Bs&xu® + bgd®) + Cs&u® — agy®

= (CsLs + Cs)éxu' + (Cs7s — as)9?, (5.94)
where we have the auxiliary tensors

Ls = & Bsg and Ts = &ybs. (5.95)
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Summing up the integral averages of (5.62)) and (5.63)) gives

Vy - al(\/l[)dy + Vy - O'él)dy + / Vi al(\z)dy + Vi O'(SO)dy =0. (5.96)
QM

Qm Qsub Qsub

Application of the divergence theorem to the first two integrals and applying the assump-

tion of macroscopic uniformity to the last two integrals gives

/ Ul(\/l[)n%‘“\TdSJr/ Uﬁ)anSJr/ a'él)nﬁsub\TdS/ a(Sl)anS
A\ T T AQgup\T T

+ V- U&?I)dy + Vx - Uéo)dy =0, (5.97)

Om Qsub

O\ Y

Q T
where ny, ny™ sub)\

and ny are the unit normals corresponding to YT, 0y \ T and
00sup \ T. The terms on the boundaries 90y \ T and 9Qgyp, \ T cancel due to periodicity
and the terms on Y cancel due to (5.70). So we have

Vs (6D + Vy - (0P)s = 0, (5.98)

which can be written as

Vi (00 + 0, =0, (5.99)

by exploiting notation (5.76[). We therefore have
Vi - Ot = 0, (5.100)
where

oot = (o\) + o )e (5.101)

= (CyLat + Cy 4 CsLg + Cg)g : &u® + (Cyry + CsTg — g — ag )o@,

Relationship (|5.101]) represents the global scale constitutive equation for the double poroe-

lastic material, where the effective drained elasticity tensor is defined as

C = (CyLy + Cy + CgLg + Cg)g. (5.102)

Next, we derive the effective Darcy’s law and close the global scale system of PDEs.
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5.3.2 The effective Darcy’s law

We can use (I5.52I), (]5.53'), (I5.72I) and to write the following problem for 191(\/11) and
9y

Vy-wl =0 in Qy, (5.103)

Vy w =0 in Qguw, (5.104)

o =v  on T, (5.105)

wl(\g) ‘ny = Wéo) ‘ny on 7. (5.106)

Using the expressions 1D and 1) for wl(\g) and wéo) we can rewrite the problem
(15.103H5.106]) as

Vy - (KuVydl)) = —Vy - (KuVed @) in Qy, (5.107)

Vy - (KsVydd)) = =V, - (KsVoed @) in Qg (5.108)

o =9  on T, (5.109)

(KnVy?l) — KsVyol)) - ny = (Ks — Kn) V@) -ny  on Y. (5.110)

The problem given by ([5.10755.110)) admits a unique solution up to a y constant function
(see |27], |7]). Exploiting linearity we have,

O\ = Dy - Vid© 4 e5(x), (5.111)
90 = By - V) + ¢4 (%), (5.112)

where ¢3(x) and ¢4(x) are y constant functions and Jy; and Jg are vectors which satisfy

the following cell problem

Vy - (VyOuKy) = —Vy - KY  in Qy, (5.113)

Vy - (VydsKd) = -V, -KE  in Qgup, (5.114)

Ivu=9s on T, (5.115)

(VyOuKY — VydsKd)ny = (Ks = Ky)Tny  on T, (5.116)

The anisotropic Poisson’s-type cell problem ([5.113H5.116]) is to be supplemented by periodic

conditions on the boundary 92\ T and a further condition has to be placed on Jy and
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Jg to ensure the solution is unique, for example
(On1 + Bg)a = 0. (5.117)

For cell problem (5.11315.116f) in components see Appendix
Using the expressions (5.111) and (5.112) for 9} and 9{" in (5.66) and (5.67) and

taking the integral average ([5.74)) gives

(WD = = (Knt (VyDre) )i V@ — (Kpp) o Ve ©)

= —(KnRut 4 Knp)u Vi, (5.118)
where we have used the notation
Ry = (Vydu) T, (5.119)
and

(W) = —(Ks(VyDds))s Vi@ — (Ks)s Vx0©
= —(KgRg + Kg)s V9, (5.120)

where we have used the notation
Rs = (Vyds)T. (5.121)
Then we have the effective Darcy’s law
Wetr = (WD + wi)y = —(KyRuy + Ky + KgRs + Kg)o Vi@, (5.122)
We can define the hydraulic conductivity tensor for this structure as
W = (KmRum + Ky + KsRs + Ks, Yo (5.123)

and rewrite Darcy’s Law as

We = —WV,90). (5.124)

We now wish to obtain the conservation of mass equation. We integrate the expressions
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(5.68) and (5.69)) in Oy and gy, respectively. That is

H(0) 9(©) (0)
——dy + ——dy = / oy fxl'l(o)dy —Vx- wy, dy
QM M Qsub Ms QM QM M
- / as : &uOdy — Vy - wldy — / o s &yul)dy
Qsub Qsub OQm
— / asg fyilél)dy — / Vy - wl(vl[)dy — Vy - Wél)dy. (5.125)
qub QM QSub

Applying the divergence theorem and using ([5.73)) cancels the final two integrals and we

can rewrite the remaining terms as

<<MM + Ms)o

<MM>WS>>§(O) =l aS)Qfxﬁ(O) — Vx - <W1(\2) + Wé0)>g
M S

)

— (o s &l + ag s &ul)g. (5.126)

We can use the expressions for ul(\? and uél) from (I5.81I) and (I5.82I) to obtain 1'11(\/1[) and ﬁél)

and using these in ((5.126]) we obtain

<MM + MS)Q) (0) ( . (0)

— | = — + 1 €x + Vx - We 5.127
((MM>M<MS>S <OLM aS>Q 5 u Weff ( )
+ (LY s an + L ag)g - &0 + (o s v+ ag TS>919(0)>. (5.128)

Rearranging (5.127) to obtain an expression for (9 we obtain
90 = — M <vx Wegr + (g + ag + LY ooy + LT - ag)g gxu@)) , (5.129)

where we define

= (Mar)u(Ms)s
M= <MM>M + <MS>S + <MM>M<MS>5(<C¥M : TM>M + <as . TS>S)7 (5130)

which reminds of the Biot’s modulus for the system. We can also define the tensor
a = (ay +as + LY ay+ L ag), (5.131)

which has the form of an effective Biot’s tensor of coefficients.

Equations (5.100)), (5.101)), (5.122)), (5.129)), collectively represent, from a formal stand-

point, a poroelastic-type system of PDEs in terms of the zero-th order displacement, ve-
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locity, and pressure fields, i.e.

Vi 0eg =0, (5.132a)

Oeit = (Cpilyg + Cyp 4 CsLLs + Cs)g : &u® + (Cyry + CsTs

— oy — as>919(0)’ (5.132b)
wer = —(KmRm + Knv + KsRg + KS)QVXUQ(O)a (5.132c)
GO = NA(Vic - e + & - 600, (5.1324)

(0)

where we have that 99 is the global scale pressure, weg comprises the average of wy,
and wéo) which are the leading order relative fluid velocities in the matrix and subphase
respectively, u(®) is the solid displacement and 1(? is the solid velocity. Our model 1}
is formally of poroelastic-type. We can conclude from our global scale model that the me-
chanical behaviour of a double poroelastic material can be fully described by the material’s
effective elasticity tensor C, the hydraulic conductivity tensor W, the tensor & which is
reminiscent of the classical Biot’s tensor of coefficients and the scalar quantity M which
can be identified with the Biot’s modulus. For a step-by-step guide to solving the global
scale model see Appendix

It is important to note that our global scale model reduces to previously ob-
tained results when we consider the following limit cases. The first case is in the limit of
no fluid present in either our matrix or subphases. In this case the model reduces to that
of elastic composites (see [89]). When we assume that the subphase is purely elastic and
the matrix remains poroelastic we recover the works of [105] and [24]. We provide a more
detailed description and recover these limits in the appendix

Within the next section we will discuss each of the global scale coefficients in detail as
well as discussing the key novelties of the new model. We will then prove that our model
is both formally and substantially of poroelastic type by defining a global Biot’s tensor of

coefficients and proving the resulting Biot’s modulus is positive.

5.4 Properties of the coefficients on the global scale

The coefficients of the global scale model (5.132)) that fully characterize the mechanical
behaviour of the double poroelastic material are the effective elasticity tensor C, the hy-

draulic conductivity tensor W, the Biot’s tensor of coefficients & and the scalar Biot’s
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modulus M. These can be interpreted physically as follows. The constitutive law, which

is of poroelastic-type, has the drained effective elasticity tensor given by

C = (CyLym + Cy + CgLg + Cg)g. (5.133)

We should note here that the Cy; and Cg are actually the effective elasticity tensors from
carrying out the homogenization process at the finer scale. These effective elasticity tensors
are positive semi-definite and possess both major and minor symmetries. The hydraulic

conductivity tensor is given by
W = (KmRum 4+ K + KsRg + Kg)g. (5.134)

This hydraulic conductivity tensor comprises the hydraulic conductivities Ky and Kg from
the matrix and subphase respectively, as well as two additional terms KyRy and KgRg
which account for the differences in the hydraulic conductivities of the subphase and the
matrix at different points on the local scale. This hydraulic conductivity tensor can be

found by solving the cell problem ([5.11315.116]).

We can consider the effective Biot’s tensor of coefficients c.

Remark 15. (Effective Biot’s tensor of coefficients a) We have the effective Biot’s tensor

of coefficients given by
&= (ay +as + Ly oy + L3 ag)o. (5.135)

The first two terms are the Biot’s tensors from the matriz and subphase respectively and
we should view the third and fourth terms of this expression as the contributions arising
from considering the changing compressibility at different points on the microstructure.
These final two terms can be thought of as a correction term to the typical cell average
(see ) We should note however, that when ay = ag = o, where o is a constant
then we can write & as

a=(a+a+ ol +Ls))e. (5.136)

We have that (Lyi+Lg)q = 0, as proved in [89], where the notation M has been used by [89]
instead of L to denote the same auxiliary tensor. This holds here since the cell problem
- for Lyt and Lg is the cell problem for composites found in [89]. Therefore in

this specific case & is the proper cell average of the Biot’s tensor of coefficients from the
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individual phases given by
a=(a+a)g = {(a)y+ (@)s. (5.137)

Finally, the resulting Biot’s modulus M comprises the coefficients My and Mg as well
as other terms involving o, ag, 7y and 7g. We can consider the physical interpretations
of M for two possible scenarios. When o and ag are not equal or constants then M
comprises the average of My and Mg and two other terms that account for local changes
in the compressibility occurring on the microstructure. When ay = aeg = «, where a is a
constant then the effective Biot’s modulus M is given by the harmonic mean. The effective
Biot’s modulus M is the inverse of a storage coefficient. Under constant volumetric strain,
it can be defined as the increase in the amount of fluid as a result of a unit increase in
pore pressure.

Our new model has key features that make it differ substantially from other models of
poroelasticity, poroelastic composites or composite materials. That is, this model is able to
account for the behaviour of two different poroelastic compartments and the interactions
between them. We are therefore able to address the scenario where there exists a difference
in the poroelastic properties of the material which could potentially be dictated by a
difference in the elastic, fluid and geometrical properties at the local scale. This model
is of particular benefit to physiological applications. For example, in the cardiac muscle
the interstitial matrix with embedded fibroblast cells can be considered using this model
(see [74]). The interstitial matrix is clearly poroelastic and so too are the fibroblast
cells, so using our novel model in this situation would allow the poroelastic behaviour
of each of these phases to be considered individually leading to a much more realistic
description of the material. The key distinction between the current model and previous
models in the literature is the fact that our model coefficients can encode the difference
in a full set of poroelastic parameters. These coeflicients are to be calculated by solving
differential problems on a finite subset of the given microstructure. The cell problem
, is novel and is the key feature that encodes the changes in compressibility, stiffness
and geometry of the two phases in the model coefficients. This means that these local
scale variations in compressibility, stiffness and geometry are encoded in the global scale
coeflicients such as the average Biot’s modulus and the Biot’s tensor of coefficients, which

provides a precise description of the effective material behaviour. Overall our novel model
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reads as a comprehensive framework to describe materials that are composites comprising
of two different poroelastic structures.
Within the next subsection we will prove properties of the effective coefficients of the

model which allow us to conclude that our novel global scale model is truly of poroelastic

type.

5.4.1 Biot’s tensor of coefficients and Biot’s modulus

In this Section we demonstrate a) the existence of a tensor which plays the role of the
classical Biot’s tensor of coefficients via a suitable analytical identity and b) the global
scale coefficient M is positive, which then qualifies as the global Biot’s modulus for the
double poroelastic material. Throughout the proofs of these properties we will use the cell
problems in components which can be found in Appendix We will also make use of
Gauss’ (divergence) theorem. The following two theorems involve the global scale model

coefficients which we summarise here, for convenience, as

o= (ay +as + Ly oy + L :ag)g, (5.138)
v := (Curm + CsTs — oo — ag)g, (5.139)
M= (Mot (Ms)s (5.140)

(Ma)w + (Ms)s + (Ma)u(Ms)s((ant = Tam)u + (as = Ts)s)

where & and M are from ([5.130) and (5.131)) respectively. The coefficient 4 multiplies the
global scale pressure 9 in the constitutive equation (5.101). We now state and prove

the first theorem. We start by focusing on the Biot’s tensor of coefficients.

Theorem 4 (Biot’s tensor of coefficients). The global scale coefficients 4 and & are related
by the following relationship
y=-a. (5.141)

The existence of this equality guarantees that the tensor & can be regarded as the Biot’s

tensor of coefficients for the double poroelastic material on the global scale.

Proof. We begin by writing 4 and a in components as

Vi = (Chilr (™) + Cisjszkl(bs) —ay — Oéisﬂna (5.142)

ai; = (@ + o + &5(BMaM + (B o). (5.143)
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We use (5.83) and (5.84) from the cell problems, in components, and multiply by bM,

bz-S (which are the cell problem solutions) respectively. Integrating over Qy and Qgyp,

respectively, yields

b 0
CM ekl (pMy Mgy 4 Ciy)bi dy
Qum ay ( P pq( )) Om a ( ﬂd)
b 0
+/ CS ekl BS))Sdy +/ (€S p)bSdy = 0. 5.144
Qsub ayj( i pq( ) Qgup 8yj( ]kl) ( )

We perform integration by parts to obtain

0 M ¢kl M M kl M z
g By (prq pq B b dy / prq pq B d + / 3 Cljkl )dy
by O .8kl pS\S K, s 007
/ CZJkl 3 dy + /Q 8y] (Cszq pq B b dy / Clqu pq B ) 3
Sub
+/ 0 —(C3b%)d —/ cS asd =0. (5.145)
Qs 83/] ijkl y Qsur, z]kla y .

Enforcing Gauss’ theorem and using minor symmetries of Cy; and Cg we have

[ s+ [ e e Tas
M

Qu\T
/ e (BM)E; (M) dy + / Copby - mjdS + / cwkle-an\ ds
O\ YT

/ Chizy&ii (0)dy — /Cupq pa(BO} - njds (5.146)
cS. ¢M(pS bS qub\TdS C KBSV - (b5)d
+ 1jpq pq( ) 15pq pq( )fzg( ) y
aQSub\’r

—/ Cisjklbz's'njds+/ by - QSHb\TdS Cii&ii (0°)dy =0,
T 8ngub\’r

Qsub

M\ Qgup\T

where nr, n¥ and n are the unit normals corresponding to T, 0y \ T and

0Qsup \ T, and cancelling terms on the periodic boundaries due to y-periodicity and

accounting for the interface conditions ([5.85)) we obtain

&J(bM) 1JPq 5(11<BM dy+/() C%ﬁj&](bM)dy—i— &](bS) 19Pq ;Eé(BS)d
M

Qm QSub

[ chygaty =0 (5.147)
QSub
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Therefore we have
(&35 (B)CNg €M (BM) 4 €55 (09)Cpgéhe (B = — (Chiii&is (B™) + Cruij&is (0°))a.  (5.148)

We now wish to multiply (5.87)) and (5.88]), in components, by the cell problem solutions

B}\,gl, Biskl respectively and then integrate over €2y and (g1, respectively to obtain

0 (ou e ) BYdy - [ U pay
g (:)y 17pqSP4 ikl . 8 ikl
+/ 0 —(CP, Epq(b°)) B, dy—/ 0o ’SJB dy =0 (5.149)
Qs ay] 1JpqSPq ikl Qs ay] ikl . .
We perform integration by parts
0 oBM 0
»HBM)Hd C pMy kL gy ¥ Bin)dy
s ay ( szquq( ) zkl y — / szquq( ) ay] g a ( zkl)
0B:; 0 oBS
+ [ Z’ddy+/ Y )dy—/ €S ua(05) Dkt gy
o 9y Qsun 5%( spaboa () Bila Sub o Ay,
0 OB5
- (af szz)d)”r/ af;—dy = 0. (5.150)
/qub ay] Qsub ! ayj

We apply Gauss’ theorem and using both minor and major symmetries of Cy; and Cg we

have

Q T
[l it [ (€65 s
M

- [ @By — [ @NBY) s - [ (@EY) fas
Oum T A\ Y

M OB Q \T
+/ ajy Zkld /CE. &pq(0°)B; n~dS+/ 5 paCpa (V%) B ST dS
g j 8y] T( Jpq pq( ) kl) J D\ T ( Jiprq pq( ) k:l)

Q w\T
_/ gz](bs) ijpq gé(BS)dY+/(a szl) n]ds - (a sz:l) : s ds
Qsub 0Qsup\T

0B
+ / af—*dy = 0, (5.151)
Qsub dy;

M\T Qsub\T

Q
where ny, ny and ny

are the unit normals corresponding to Y, 0y \ T and

00sup\ Y. Cancelling terms on the periodic boundaries due to y-periodicity and accounting

for the interface conditions ([5.89) and ([5.86)) the terms of T cancel. So we can write ([5.151))



CHAPTER 5. DOUBLE POROELASTICITY FROM THE MICROSTRUCTURE 148

as

dBj, aBS
M Y2kl S ikl My M okl oM
/QM Q5 83/]' y+ /qub Q5 3yj y . 5@]( ) ijpq pq( )dy

+/ €j (0°)C5 pgpa(B)dy. (5.152)
Sub
Hence we have

(€5 (M) Cilpgbpq(B™) + & (6°)Chlpgng (B))o = (i €5 (BM) + aji€lf (B™))a.  (5.153)

From (5.153|) and (5.148|) we have that (Cyymv + Cs7g)a = —(JL%;[ Do —{—Lg D as)o.

Therefore using this in the definitions of 4 and &, we have that ¥ = —& as required. [

The model (5.132)) can be recast to show its genuine poroelastic character by means of

the identity we proved, namely:

Vx'o-ef‘f :07

oo = C : &u® — av©),
(5.154)

Weff = _va§(0)7

DO = —M(Vyx - Wegr + & : &0(?),

where we have

C= <(CM]LM + Cym + Csllg + (Cs>n and W = <KMRM + Ky + KgRg + Ks>g. (5.155)

We can now state and prove our second theorem relating to our global scale coefficients

Theorem 5 (The Biot’s Modulus is positive). The Biot’s modulus that arises from our

system, defined by

1 = <MM>M<MS>S
M = (Mt + (M3)s + (M) (Ms)s({ant : Taidu + (as : T5)s) (5.156)

18 positive i.e.

M > 0. (5.157)

Proof. To show that M > 0, we need to show that the denominator of (5.156) is positive.
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So we rearrange the denominator and we then need to show that

(am s Tv)m + (s Tg)s > <<ML>M + <Ajs>s>’ (5.158)

where My and Mg are positive definite from the homogenization process at the finer

scale. We are able to show that
{an : Tv)uw + (st Ts)s = (o : T + s TS)g > 0, (5.159)

which means that ([5.158]) will be satisfied. To do this we begin by multiplying ([5.87)) and
(5.88)) by b%v[ and biS respectively and integrate over {2y and Qgup. That is

o 8(1%\4
M &g (0M))bMdy — —LpMdy
s 8y ( 7Pq Pq( )) s ay]
o 8@8
+/ —(C3., Epg(D° b?dy—/ Y pSdy = 0. 5.160
Qsun ay]( Jpq pQ( )) Qs ayj ( )

Performing integration by parts

) 8bM )
M6 (MM dy — / M (M) oMBM)dy
s (9 ( ]pquQ( IPq p(I( )a Ons 82./]( 7 )
8b 0 b3
+/ o) de/ T bsb;sdy_/ O o (0) 2 dy
7 8 Qsun 8yj( JPq PQ( ) ) Qs JPq PQ( (9yj
0 oS
- ob9)dy +/ af—tdy = 0. 5.161
/qub 8y] ( ’ ) Qsub ’ 82/]' ( )

By enforcing Gauss’ theorem and using minor symmetries of Cy; and Cg we have

Q T
/ (€M Epg (MBI - msdS + /6 ) \T( Npapa OB RARNIS
M

[ e MEN 6™y — / (aM5) -0\ g5 — / (aMBM) - njdS
193 oM\ T T

M ObM Q ab\T
+/ zy a dy /( z]pquq(bs)bs) njds+/g)g \T( z]pquqa)s)bs) s b\ dS
Sub

Qgub\T
— / & (b%)CpgCpq (V) dy + / (af;bf) - m;dS — (abP) - n \T s
Qsub T 8Q5ub\T

ob>
+ / aj——dy =0, (5.162)
Qsub Ay,

M\T

Sub\

where nr, n¥ and n. are the unit normals corresponding to T, 0y \ T and

0Qsup \ T. Cancelling terms on the periodic boundaries due to y-periodicity and using
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(5.89) and ([5.90]) the terms on Y cancel and so we can write ([5.162]) as

1 /oM c%M) 13 O}
M ) J S ) J
oG = + d +/ ai»( + )d
/QM 2 < ay; Oy )T Jag, U2\ 0y 0y )

— /Q ) &ij (BM)Cy&pg (M) dy + / & (b%)CpgCpq (b°)dy. (5.163)

Qsub

The two terms on the RHS of (5.163)) are positive, so we therefore have that
/Q (ot &i; (M) + af&; (6%))dy > 0. (5.164)

Equivalently,
(anvt: ™M+ a@g : Ts)g > 0. (5.165)

In the case where oy = avg = constant then
(o T+ ag :Tg)o =0. (5.166)

Therefore we have that M > 0 and the proof is complete. O

We have now proved both these properties for our model coefficients. This means that

our novel global scale model is both formally and substantially of poroelastic type.

5.5 Conclusion

We have presented the poroelastic system of PDEs with novel coefficients that describe
the effective behaviour of double poroelastic materials, i.e. a poroelastic matrix with em-
bedded poroelastic subphases. This type of structure represents many real-world scenarios
including biological soft tissues (e.g. cardiac muscle, artery walls and tumours), soil and
porous rocks. We have considered a quasi-static, multiphase problem, in the absence of
body forces, consisting of the governing equations for both the poroelastic matrix and
the poroelastic subphases . The governing equations for the matrix and the
subphases are the equations of Biot’s poroelasticity assuming anisotropy. The problem
is closed by the application of the appropriate interface conditions that arise
from the continuity of tractions, displacements, pressures and fluxes across the boundary
between each of the subphases and the matrix. We have then enforced the length scale

separation that occurs between, the inter-subphase distance (the local scale) and the over-
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all size of the domain (the global scale) to apply the asymptotic homogenization technique
to upscale the structure-structure interaction problem to the system of global scale PDEs
(5.132). We prove that our novel global scale model is both formally and sub-
stantially of poroelastic type by proving a) the existence of a global scale Biot’s tensor of
coefficients and b) the effective Biot’s Modulus is positive.

The model obtained in this work generalises [105] and [24] and is also a next natural step
in the modelling of hierarchical multiscale materials. The key novelty of this work resides
in taking into account the difference in a full set of poroelastic parameters characterising
the matrix and the subphases. This is reflected in the new cell problem . This
cell problem is driven by the changes in compressibility of the matrix and the subphase at
different points in the microstructure. Solving this cell problem encodes this detail of the
varying compressibility, stiffness and geometry of the microstructure in the quantities 7y
and 7g, which appear in the coefficients of the global scale model. This means that the
local scale complexity is accounted for even at the global scale within the average Biot’s
modulus and the Biot’s tensor of coefficients. We have therefore addressed the scenario
where there exists a difference in the poroelastic properties of the material which could
potentially be dictated by a difference in the elastic, fluid and geometrical properties of
the material at the local scale. For these reasons our new formulation provides a robust
framework for fully describing double poroelastic materials effectively.

The current model assumes two standard poroelastic phases at the local scale, however,
it is possible to assume that one or both phases are a poroelastic composite [69]. This
situation would not change the overall global scale model however, different properties
would be encoded in the model coefficients due to the different porescale microstructure.
The problem detailed in Sec. would instead use the global scale model derived in [69]
as the governing equations for the matrix compartment and continue with the upscaling
as carried out here. The effective elasticity tensor would encode the properties of the
inhomogeneous porescale material in the contributions Cy; and Cg. A situation like this
could provide a more realistic setup for biological applications.

Our current model has some limitations and there are possible extensions to this current
work that would extend the applicability to a wider range of scenarios. At present the
model has been formulated to provide the global scale model in a quasi-static, linearized
setting.

It would be straight-forward to generalise our model to include linearized inertia and
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would result in additional terms in our global scale model. These changes would include
the appearance of leading order linearized inertia in the effective balance equation for the
effective stress . The addition of these terms could help provide a more realistic
poroelastic modelling framework for biological tissues such as organs. For example, in the
lungs, this model with the addition of the inertia could lead to advances in the under-
standing of the acoustic properties of the lungs and be of use in non-invasive diagnosis of
pulmonary diseases [107]. The extension of this work to a nonlinear elasticity setting is
more challenging whilst using the two-scale asymptotic homogenization technique. There
have however, been recent advances in the literature (see, for example [99] and [28]).

The natural next step would be to obtain solutions to the model on the basis of a spe-
cific microstructure with parameters specified by real-world data. This data could relate to
a wide variety of biological examples. In the literature there have been three-dimensional
numerical simulations carried out on the cell problems obtained from asymptotic homog-
enization for elastic composites and poroelastic/porous materials ( [88], [35], [L01]). The
numerical simulations for the cell problems associated with this model would combine the
strategies used within the literature. It would be possible to indeed incorporate a third
scale (porescale) into this work through the computational results. With experimental
data that characterised our material on the porescale and the local scale then we would
be able to produce numerical simulations for our model on three scales. The porescale
problems, where the fluid is flowing in the pores, would first be solved and this information
would then be used as the input data in the local scale cell problems. The local scale cell
problems would then be solved to provide the global scale model coefficients.

In the next chapter we carry out numerical simulations to highlight the advantages of
using our novel model for poroelastic composites, detailed in Chapter [3| [69], compared
with a standard Biot’s poroelastic approach when investigating the elastic parameters of
poroelastic materials. The results of this emphasise the necessity for the development of

poroelastic models with detailed microstructures such as that of poroelastic composites.



Chapter 6

Micromechanical analysis of the
effective stiffness of poroelastic

composites

Within this chapter we will compare the resulting elastic parameters arising from solving
the LMRP model [L. Miller and R. Penta, Effective Balance Equations for Poroelastic
Composites, Continuum Mechanics and Thermodynamics, 32, 1533-1557 (2020) ] [69],
which is derived in Chapter [3| for poroelastic composites compared to the parameters
that arise from solving a model for an elastic composite where the matrix is poroelastic.
In other words we determine the effect of considering the interactions of three different
phases (two elastic and one fluid) at the porescale compared to considering the interactions
of two elastic phases one of which results from a further homogenization problem at a
finer scale [19], [35]. When a material’s microstructure comprises a matrix, embedded
elastic subphases and fluid filled pores then using the models that are currently available
in the literature (excluding the LMRP model) gives two choices. These are making the
assumption that the matrix is homogeneous (ignore the subphases) or carry out a two-step
process. The two-step process involves first solving the Biot’s porous matrix problem and
then solving the elastic composite problem that comprises the subphases and the results of
the porous matrix simulations (the so-called standard poroelastic approach in this work).
This second approach means that even when considering the three phases, these are not
all at the same scale, which is what the intended application actually possesses as a

microstructure. This means that estimations of the parameters cannot be fully reliable.

153
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We therefore developed the LMRP model to remove this issue. This analysis will highlight
under which circumstances the LMRP model provides a more accurate description of the
effective elastic parameters of a poroelastic material. We can describe our computational
platform for the LMRP model as robust, in the sense that it is very applicable to a variety
of situations. That is, the platform can be altered for a variety of geometries including
short fibres, various directions of fluid flow, a variety of different shaped inclusions and a
wide range of constitutive properties of the constituents.

The chapter is organised as follows. In Sec. we introduce the LMRP model for
poroelastic composites, derived in |69, and also introduce a comparative setup that fo-
cusses on a standard poroelastic (Biot’s poroelasticity) approach. In Sec. we have
a variety of subsections each individually aimed at introducing the computational setup
that would be required to solve the 3D and also the reduced 2D cell problems that arise
from both models introduced in Sec. In Sec. we provide the results of our 2D
simulations and give an example of the applicability of the model to investigating the
elastic parameters of the human heart. In Sec. we carry out 3D simulations for a
different geometrical setup, namely the case of short fibre elastic inclusions, and obtain
the elastic parameters. In Sec. [6.5] we conclude this chapter by discussing the limitations
of the current simulations and provide further perspectives of the types of problems that
the model could investigate and the biological scenarios where it would be best applied.
We also have an appendix which contains a detailed 2D reduction of the cell problems for
the LMRP model for poroelastic composites for orthotropic constituents. This cases is the
most general and under simplifying assumptions it can also be used as a framework for the
2D cell problems for standard poroelasticity and elastic composites with elastic properties

with any possible symmetries.

6.1 Governing Equations

In this section we describe the governing equations for a poroelastic composite, the LMRP
model [69] which is derved in Chapter 3| and the governing equations for standard Biot’s
poroelastic materials with elastic inclusions. In Fig. we can see a comparison of the
microstructure of each model setup. We note that in order to exemplify the difference
that being able to account for multiple elastic and fluid phases all at the same scale

has in comparison to the existing computational frameworks we have chosen the simplest
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geometry that considers uniaxial flow and uniaxial fibre/subphase elongation. Also for the
sake of symmetry we arrange the fluid flow as four cylinders in the corners of the cell. This
means that we will use a modified version of the LMRP model presented in Chapter
where only one solid phase is in contact with the fluid. We also chose this microstructure
as it allows for the reduction of the microstructural cell problems to 2D, which we present
clearly in the appendix in a way that can be used as guidance to the reader who would
also like to reduce to 2D their own different cell problems.

On the right-hand side of Fig. we have the porescale microstructure (periodic cell)
of the LMRP model for poroelastic composites. We can see that this structure comprises a
porous matrix 2y, and elastic inclusion 2; and fluid filled pores €2;. The interface between
the matrix and the inclusion is denoted I';;; and the interface between the matrix and the

fluid is denoted T'y;.

Comparison of the two model microstructures

3D Representation

LMRP Model Standard Poroelasticity & Inclusion

2D Cross section

B Matrix with underlying pores Q py,
I Elastic Inclusion QI

T

PM

Elastic matrix QII
I Elastic Inclusion QI
1 Fluid filled pores Qf

Matrix has fluid filled
pores at finer scale

Matrix with pores QM

Figure 6.1: Comparison of the two models microstructures 2D sketch of the 3D domains

In Fig. [6.1] we have presented the different choices for the microstructures showing both
the 3D and a 2D cross section of the domain.
Here we will introduce the effective balance equations for a poroelastic composite de-

rived by the asymptotic homogenization technique in . The model is derived by con-



CHAPTER 6. ANALYSIS OF STIFFNESS OF POROELASTIC COMPOSITES 156

sidering the fluid-structure interaction between a linear elastic porous matrix, €y, with
embedded linear elastic subphases, §2;, with a Newtonian fluid, 2, flowing in the pores.
The fluid structure interaction problem consists of balance equations for each elastic do-
main and the fluid domain, as well as constitutive laws. We also have the incompressibility
contraint for the fluid and interface conditions such as continuity of tractions, elastic dis-
placements and velocities. We make the assumption that the size of the materials pores
(the porescale) is comparable with the distance between the adjacent subphases. This
length is then taken to be much smaller than the size of the whole domain (the macroscale).
This allows us to decouple the spatial scales, embracing the asymptotic homogenization
technique, and we derive the new macroscale model. The asymptotic homogenization tech-
nique applies the assumption that all fields in the fluid structure interaction problem can
be written as a power series of the scale sepatation parameter and then performing a mul-
tiple scale expansion we can derive the cell problems that determine the model coefficients.
The system of partial differential equations that arises from applying the technique is of
poroelastic-type. The coefficients of the model encode the properties of the microstructure,
and can be computed by solving appropriate cell problems which reflect the complexity of
the underlying material microstructure. The macroscale model comprises the balance of
linear momentum

V. THIRP — (6.1)
and the conservation of mass equation

p(O)
MLMRP

= —Vx - (W) — o™ £,00) (6.2)

where we have that V, is the macroscale gradient operator, (we note that with the sub-
script y this would be the microscale gradient operator), Ti"" is the stress tensor (the
superscript LMRP is used to show that this is the stress that arises specifically from this
model), p(©) is the macroscale pressure, &« is the symmetric part of the macroscale gradient
operator, u? is the leading order solid velocity, w is the average fluid velocity, M*M®P and

aLMRP

are the resulting Biot’s modulus and tensor associated with the system respectively.
The conservation of mass equation relates changes in the fluid pressure to changes in the

fluid and solid volumes. The macroscale model also comprises Darcy’s law

(W) = —(W)Vxp?, (6.3)
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where (W)¢ is the hydraulic conductivity tensor, and the constitutive law
TIE%RP = (C:M; + C; + CyMy; + C11>s€xu(0) + 7LMRPP(0)7 (6.4)

where C, where v = I, II is the elasticity tensor for the inclusion and matrix respectively.

We can define the effective elasticity tensor CLMRP a5
@LMRP — <(CIMI + CI + CIIMH + CII)S' (65)

We should note that our effective elasticity tensor possesses tetragonal symmetry, that is,
possessing six distinct elastic entries. The reason for this is that, while if we began with the
orthotropic elasticity tensor, we would have 9 different elastic entries, as the geometry we
selected is a cube with embedded cylinders with circular bases, then the x and y directions
are equivalent, and hence the reduction to 6 independent elastic parameters.

We therefore have that the behaviour of the poroelastic composite material can be
fully described by the effective elasticity tensor @LMRP, the hydraulic conductivity (W),
the Biot’s tensor of coefficients a**" and the Biot’s coefficient M™E*  We have that

these macroscale coefficients read

-1
LMRP — I _ MII . LMRP — , LMRP — CII m)s — I’ .
QM = L (Tx(M))s, MU = pem s T = (Cu@u) — 0L (66)

where the fourth rank tensors M, M;; and the second rank tensor J;; are to be computed
by solving the microscale cell problems that will be discussed in the next section.

We note that the notation (p) is a cell average defined as

1
€2 Jq,

where ¢ is a general field in our system and [Q| is the volume of the domain and the
integration is taken over the porescale.

Now we wish to consider the governing equations for our alternative comparison setup.
That is, the governing equations for a poroelastic material containing an elastic inclusion
derived via the asymptotic homogenization technique. This standard poroelastic setup is
merely created to act as a comparison highlighting how to approach a material that pos-
sesses a microstructure comprising a matrix, embedded elastic subphases and fluid filled

pores using the computational models already available in the literature (assuming we had
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not yet created the LMRP model). This approach uses Biot’s poroelasticity plus elastic
composites however doesn’t allow for the multiple elastic and fluid phase all to be consid-
ered at the same scale, hence firstly justifying the introduction of the LMRP model as well
as showing that calculating the elastic parameters via this standard poroelastic approach
cannot be entirely appropriate. We emphasise that this work focuses on the compari-
son between the drained elasticity tensors computed via the LMRP and SP approaches,
respectively, see also Remark [T6]

We can determine that this microstructure is a limit case of the double poroelasticity
model [70] when there is no fluid in the inclusion. This is also the geometry considered
in [24] and [105]. This means that we are considering a linear elastic problem where the
interactions take place between a matrix (that is porous at a finer scale), Qpy, and an
embedded linear elastic inclusion €;. We should note that the elastic inclusion €2; is the
same in both model setups, that is, it possesses exactly the same elastic properties and
volume fraction, and it is only the scale at which the matrix is porous that varies between
this setup and the LMRP model. This structure is shown in Fig. [6.1l The interface
between the inclusion and the porous matrix is denoted I'py;. We assume that the distance
between the embedded subphases (the microscale) is small compared with the size of the
whole domain (the macroscale). By enforcing this scale separation we can decouple the
spatial scales and and derive the effective governing equations for the poroelastic material
with an elastic inclusion. The governing equations are those presented in the appendix

of [70] in the limit of only fluid in one phase. The stress balance is given by
Vx - Thg =0, (6.8)
with the constitutive law
THr = (CMF” + CF + CoaMT + Cpu) &0 + 479 (6.9)
where p(© is the macroscale pressure, 1(?) is the leading order elastic displacement and
Y = (CF QL + ConQi)s — - (6.10)

We have used the superscript SP to denote that this approach compares with Standard

Poroelasticity. The second rank tensors Q5°, QFF are to be computed by solving microscale



CHAPTER 6. ANALYSIS OF STIFFNESS OF POROELASTIC COMPOSITES 159

cell problems that encode details of the materials microstructure and the second rank
tensor ayy is the Biot’s tensor of coefficients that arises from the homogenization of the

porous matrix at the finer scale. We can define the effective elasticity tensor CSP as
C* = (CFPMFT + CF + Cpy M + Cppy) s (6.11)

Where we have that Cpy; is the effective elasticity tensor that arises from carrying out the
asymptotic homogenization technique on the porous matrix, C;* is the elasticity tensor for
the inclusion in this model setup, and is equal to C; from the LMRP model. The fourth
rank tensors M;¥ M?F are to be computed by solving the microscale cell problems that
will be discussed in the next section. We should note that our effective elasticity tensor
possesses tetragonal symmetry for the same geometrical reasons as described for CLMRP
previously.
The macroscale model also comprises the conservation of mass equation given by
@
MSP

= —Vy- (W) —a : &0, (6.12)

where a(® is the leading order solid velocity, M5 and a®" are the resulting Biot’s modulus

and tensor associated with the system respectively and are given by

<MPM>S
L+ (Mpu (o = QFF))s

™ = (an + (M) " s oar)s, M = (6.13)

where My, is the Biot’s modulus of the porous matrix and the wgﬁ is given as the final

macroscale equation (Darcy’s law)
(Weg)r = —(W)iVxp©, (6.14)

where the second rank tensor W’ is a modified hydraulic conductivity tensor that accounts

for the differences in hydraulic conductivities at different points in the microstructure.

Remark 16 (Undrained Effective Elasticity tensors). We have presented a brief summary
of the LMRP model [69] and the comparative setup SP that combines standard poroelas-
ticity with elastic composites. We have presented the whole model for each of these setups
for the sake of completeness however, the simulations focus on only computing the effec-

tive drained elasticity tensor. However, it would be possible to also compute the equivalent



CHAPTER 6. ANALYSIS OF STIFFNESS OF POROELASTIC COMPOSITES 160

tensors for the undrained case. To do this first for the LMRP model we would assume
that we had a static fluid filling phase and the undrained elasticity tensor could be obtained
using a static (6.2)) in (6.4]). This gives the undrained effective elasticity tensor

CLMRe = CYMEP L M. (6.15)

undrained

In exactly the same way we would assume a static (6.12)) and use in to obtain the
undrained elasticity tensor for the standard poroelastic with elastic inclusion approach.
@SP

undrained

= CF + aaM. (6.16)

By carrying out further simulations (which are beyond the scope of this particular work),
we could also compute this undrained effective elasticity tensor for each of these setups.
We also note that despite it not being a focus of this particular work that all the
poroelastic coefficients of both model setups are able to be obtained. The additional problems
which are not presented here and that would need to be solved to compute the Biot’s modulus

and tensor of coefficients and hydraulic conductivity can be found in [69].

6.2 Computational setup

Within this section we consider the numerical setups and describe the 3D cell problems
required to compute the effective elasticity tensor for both the LMRP model and the
standard poroelasticity with an elastic inclusion. We then also provide the 2D reduction for
each of the cell problems by simplifying the framework for a 2D reduction of a poroelastic
composite with orthotropic elastic phases that is provided in detail in the appendix.

Here we summarise the specific equations for each of the 9 particular cell problems that
we present in detail in the following 4 subsections. For the 3D LMRP model cell problem
see (6.19)-(6.23)) and for the 2D equivalent of the LMRP model see (B.23)-(B.27) (in-plane)
and — (anti-plane). For the standard poroelastic with inclusion setup we have
two steps, first the standard cell problem for poroelasticity in 3D is given by —
and the 2D equivalent of this is given by (B.24]) and (B.27) (in-plane) and and

(6.96) (anti-plane). We then have the second step where the 3D elastic composite problem
is given by (6.77))-(6.80) and the 2D equivalent of this is given by (B.23])-(B.26) (in-plane)
and (6.105))-(6.108)) (anti-plane).
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6.2.1 3D Cell Problems for LMRP model

We are able to compute the fourth rank effective elasticity tensor CIMRP for the LMRP
model and by using its components calculate the two Young’s moduli and two shear moduli

corresponding to our model. The effective elasticity tensor is given by
@LMRP - <CIMI + (CI + CIIMH + CII)S' (617)

We can see that this comprises the fourth rank tensor M, where ¢ = I,II, which can be

defined as

| (OAL, DAL | (DAL, AT
My = kl AN = = )4 q Y kl AT — = P q ) 6.18
' pq( ) 2( dyq N Oyp >’ " pq( )= 2\ 9yq " OYp ( )

We can then write the cell problems for third rank tensors A; and Ay, found in [69] and

Chapter [3| with corresponding components A}, and A}, as

9 8011 ikl .
dy; < ””qgkl(AI)> 8ng' - mo (6.19)

0 oC; .
ay (Cﬁljlpq 1"2(‘411)) ayjkl =0 in  Q (6.20)

J J

ijqfkl(AI) 111 C;]Ipqgkl (AH) o1 _ (CII Cl)z]klnm on FIII (6.21)
it = Al on Iy (6.22)
Clipg€pg (A1 + Cligmyl = 0 on Iy (6.23)

The solutions to the problem (6.19 -, kl (A") and §kl (A™), are found by solving six
elastic-type cell problems by fixing the couple of indices (k,!). By doing this the {kl (A"
and §kl(AH) that appear in — represent a strain. Then for every fixed couple
(k, 1) we have a linear elastic problem which has the following forces driving each of the
six cell problems - which depend on the jump in the elastic constants between
the matrix and the subphase and on the geometry of the subphase, that is encoded in the

normal n'™ to the interface between the matrix and inclusion I'yy;

kl =11 C«lepq ;(} (AI) 11 Czljlpq ;(} (AH) o1 _ (CII Cl)l]llnina
where fI™ = (C" — Cijung' (6.24)

k‘l — 929 CI 522(141) 11 CII 22(AH> o1 _ (CII _ Cl)z’j22n;‘n,

pq prq
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where fIM = (C" — C")ijoany (6.25)
H=33 Ol ANt~ Ol €83 = (€ — €)™
where fi 1 = (C" — CY)ijazn;’ (6.26)
kl=23 Gl & (AYnf! — ChL &3 (ANt = (C" — C")ijosn,
where f 11 = (C" — C");j23n" (6.27)
kl=13  Clpépe(ANny — ChL &3 (A" = (C" — C")ijasnf,
where fI = (C" — Chijizng (6.28)
H=12 Ol (AN — Ol (AT = (O )y
where fI1 = (C" — Cijrany’ (6.29)

where n™ is the unit outward normal corresponding to the interface I';j;. In order to solve
— we also have interface conditions between the matrix and the fluid, I';;. We
are still fixing every couple (k, 1) to find the following forces that account for the difference
between the elastic matrix and the void where the fluid has been removed since we are
computing the drained coefficients. The normal n' encodes the geometry of the voids as

it is the normal to the interface I';;. The forces therefore are

kl =11 C;]Iqu (AH)n;I = —Cjjuny, where fin = Cinng (6.30)
kl=22  CJ&2(A")n) = —Cjipnj, where fhn = Clioany (6.31)
kl = 33 Ciipg pq(AH)n;-I = —Cjissnj, where fim= Cijasny (6.32)
kl =23 Cll;pq o (AH)nI = —Cjjosny, where fin = Cliosny (6.33)
kl=13 Ol &s(AMnl = —Cllgn!f,  where f/' = Cllan!! (6.34)

) (6.35)

Pq(
kl=12 O E2(AMnl = —Cl,n!, where fI = Cljnlt

where n' is the unit outward normal corresponding to the interface I';;. We assume that

the fourth rank elasticity tensors Cj;,, and Cjj, are isotropic at the porescale. That is

Cijpg = N'0ijOpg + 1 (0ipdjq + digdjp) (6.36)
Czljlpq = )‘H‘Sij(qu + NH((Sip‘qu + 8iq0;p) (6.37)

We can then use (6.36]) and (6.37) in the interface loads to determine the forces fiFI” on

I'i; and the forces fiF T on I';;. We note that for the forces f; the superscript given refers
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to the interface on which the force is applied, we will use this convention throughout this

chapter. Firstly the forces on the matrix inclusion interface I'jy;

kl=11 flmr — (AT — \Dn™ + 2(p — p)nile;

kl=22 £ = (\" - \Dn™ 4 2(p" — p')nyles

kl=23  flm=

11 I ( 111 111 )

n ng €2 + Ny ey

A
)

kl=33  fl'i = (A" — \)n'™ 4 2(p" — pHniles
)
N(n5'e; + nli'es)
)

(
(
= (
(1" —p
kl=13  flu = (u" —
(0" —p

kl =12 flur — (1 — N (ney + niley)

111 111

where we have used n", ny' and n§" to mean the components of the unit vector normal to

the interface I'j;; and we have used the standard unit vectors in the Cartesian coordinate

system e, e and eg. Similarly for the fluid-matrix interface, I';; we have the forces

kl=11 i = \'n" 4 24" nle
kl = 22 fFH — \Ipt + 2NH S9N
kl = 33 £l = X" 4 2" les

(6.44)
(6.45)
(6.46)
"(nfes + nyes) (6.47)
(6.48)
(6.49)

kl=23  fln=y
kl =13 I — " (nle; + nlles) 6.48
kl =12 I = " (nlle; + nlles) 6.49

where we have used n!', nj and n¥ to mean the components of the unit vector normal to
the interface I';; and we have used the standard unit vectors in the Cartesian coordinate
system eq, e2 and es. We note that because of the geometry that we have chosen for the
periodic cell (see Fig. that we only have two interfaces so this is a limit case of the
cell problems shown in Chapter [3] where we have all inclusions interacting with the fluid.

The cell problem - is a three dimensional problem. Our interface condi-

tions (6.38])-(6.43]) and (6.44)-(6.49) are also 3D. For each pair of boundary loads given

in (6.38)-(6.43]) and (6.44)-(6.49) we compute a corresponding numerical solution of the

elastic-type problem (6.19)-(6.23). This can be done using the finite element software
Comsol Multiphysics employing its Structural Mechanics Module. We wish to perform 2D

simulations so we must reduce our cell problems.
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The cell problem ([6.19))-(6.23)) is a three dimensional problem. Our interface conditions
(6.38)-(6.43]) and ((6.44))-(6.49)) are also 3D. We wish to perform 2D simulations so we must

reduce our cell problems.

6.2.2 2D Cell Problems for LMRP model

We now wish to consider the 2D reduction of the cell problems. The geometry of our
periodic cell is such that we have a cube with a cylindrical elastic inclusion extending in
the es direction from the top to the bottom of the cell as well as 4 cylindrical voids placed
in each of the corners of the cube also extending from the top to the bottom of the cell in
the es direction. This means that at every cross-section in the es direction gives a square

with a circular inclusion and 4 circular voids. This geometry is shown in the 2D sketch
Fig.

Elastic matrix [)

aDIﬂ aDn M Elastic Inclusion D,
] Fluid filled pores

Figure 6.2: Schematic of the 2D domain for LMRP model microstructure

We can consider the 2D reduction presented in the appendix and assume that both the
inclusion and the matrix are isotropic materials. This means that we have that C%;;; =
Clags = Clggg = X'+ 2', Clgpg = Clgyg = Claip = 4’ and Clyyy = Chyyy = Clygy =
Cis1y = Clygy = Clapy = A" where ¢ = I,II. Using this in the anti-plane problem (B.18)-
we obtain

0A! 0A!
I 3kl 1 3kl :
=0 D 6.50
Al Al
" T LG 1Y S Dy (6.51)
891 8y2

AI 8AI 8AH AH
1 3kl 111 1 3kl 111 11 3kl 111 11 3kl 111
W—ny Ny — —n; + U ——n

83/1 ! 61/2 2 ( 83/1 ! 83/2 2 )

= (Cyipny" + Ciopny’) — (Cypny” + Caopna’') on dDiNAJDy (6.52)

0AY L 0AY
/J/H a;kl nlll + ,U 8 —_ 3kl II + CSlklnlll + C3len2 = 0 on 8Df (654)
1 Y2
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where the notation D;, D;; are the corresponding 2D slices of €; and €);;. The interfaces
in 2D are represented as dD; N dD;; for the matrix inclusion interface and 9D; for the
fluid-matrix interface. We also note that our normals to the interfaces 0D; N 0D;; and
0Dy are the same normals (but with only two components) as in the 3D case as these
were normals to cylindrical surfaces so are still the normals to the curved surfaces of the
circular voids and inclusion.

The solutions to the problem — are found by solving the two anti-plane
problems by fixing the couple (k,1)=(1,3)=(3,1), (2,3)=(3,2). Then for every fixed couple
we have the Poisson problem with the following interface conditions. The first force we
require to solve — is on the matrix inclusion interface, 0D, N 0Dy, and it is, for
each fixed couple,

b= im0 (O 0O
= (C3193n1" + C3pgny') — (Chpa3my” + Cag3my ),

where  fOPINOPI (C3123n7" + C3ho3ny') — (C313n" + Cio93n3 ") (6.55)

anti

0A; 0A; 0AY AY
kl =13 I 313, III I 313 11 11 313, 111 11 313 III
oy ™M NG Dys 2 ( oy 1 i Oy2 na)

II1 111 III 111
(C 11311 Jr03213”2) (03113” +C3213” )

where faD-maDH = (C3113n1" + C313my") — (C311317" + Cigq3ny") (6.56)

anti

where the forces can be written using the assumption of isotropy of both phases as

kl — 23 faDlﬁaDH = Ol g’ — Clogan = pnl" — plnlt (6.57)

anti

kl =13 faDmBDH _ C3113 I 03113711111 — NHnlln :U’InIlH‘ (6.58)

anti

The second force we require to solve (6.50))-(6.54) is on the matrix fluid interface, 0Dy,

and we have

8AH A
kl =23 p"—38n] 4 " =38 nll = —(Clygn] + Cihygni),

oy1 Y2
where f§£1f = Cyjg3n) + Cipogny (6.59)
O0AY Al
Lkl = 13 11 313n11 4 Y4313 II _ C n 4 C n
2 78y1 1 H By ( 3113 1 3213 2)
oD
where  fi o = C3113n) + C313ny (6.60)
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where the forces can be written using the assumption of isotropy of both phases as

anti

kil =13 fan— Ciugnt = p'nf. (6.62)

anti

We now need to consider the in-plane problems. Using (B.23] - ) from the appendix
we can consider the interface loads on both the matrix inclusion interface 9D; N 9Dy and
on the matrix fluid interface and dD;. In the LMRP model we assume that both elastic
phases are isotropic. Each interface load is a vector with two components, due to ¢ = 1, 2.

We fix the couple (k,1) and obtain on the matrix inclusion interface D; N 9Dy,

11 III 11 III 11T

o ODNODp 1 111 1
kl =11 1 = ( i1117M1 21172 ) —( 11111 + Clia11na )

1 111 1 I1I
011”1 — Cyyny

IH 111
C — Ciynk

_ (/\11 -+ 2(,&11 ,UI)) m (6.63)

(A — A)ny!
kl =22 f%)maDH = (Ciigany" + Cizoony') — (Ciigany" 4 Clggany')
012”1111 Cigni"

III 111
022n2 — Chony

. (u = Ay (6.64)

_()\H — A+ 2(par — pr))ny”!

_ III 1 III 1 IIT
= (Ciigzni" + Ciagzny') — (Cirzzng” + Ciazany')

kl =33 fo7n0Pn
013”1111 Cizny"
C23n1211 C2BnIII
(>\H — Ani!

= (6.65)
_(/\11 /\1) 11

o o0D1NODr 11 111 JSG 1 1 111
kl =12 fj) = (Cii1ani" + Ciz1any") — (Cippang” + Clagany')
IH 111
C — Cggn]

111 III
066n2 — Cggny

11T
_ (MH )y ’ (6.66)

_(MII MI) 5
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where we have used voigt notation for the entries as in [88]. We will use interchangeably
the standard index notation for a fourth rank tensor and the Voigt notation representation
throughout the remainder of this work and the associated appendix. We also need the

interface loads on the fluid matrix interface 0D;. We have that

[ A+ 2 nH_
ki =11 fan = Ciinmt + Cigning = D Halry (6.67)
)\ 7,LII
L o2 -
[ Annit ]
kl =22 fan = 01122?11 01222n2 = R (668)
_(/\H + 2#11)”121_
A nII_
kl=33 £ = Cliggnl + Cliggnt = | ! (6.69)
)\ 7,LII
'ty |
nII
kl =12 f182Df = 01112711 —+ 01212722 = Hu ! (670)
HiTlg

6.2.3 3D Cell problems for standard poroelasticity with elastic inclusion

Here we wish to compute the fourth rank effective elasticity tensor CS* for the poroelastic
material with elastic inclusion and by using its components calculate the two Young’s
moduli and two shear moduli corresponding to this setup.

This model requires two steps. We begin by finding the effective elasticity tensor for
a poroelastic material and we use components of that tensor as the parameters for the
matrix Qpy at the next scale. The problem we consider is for a porous matrix 2, with
fluid flowing in the pores, shown in the zoomed in area of Fig. and we wish to find

the effective elasticity tensor Cpy (porous matrix). That is
CPM = <(CMMMMat + (CMat>8) (6'71)

where C,y,, is the elasticity tensor for the elastic matrix and the fourth rank tensor M,

is defined as

1/0B Ll 0B ki
My = VyB = = [ =25 4+ —2% ). 6.72
o = Ty B = 3 (T 4 (6.72)
We have that the third rank tensor B solves the following cell problem. We have
Vy  (CsatVyB) + Vy - Crae =0 in - € (6.73)

((CMatVyB)n + (CMatn = 0 on FIVI) (674)
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where n is the unit normal pointing into the fluid. This problem can be solved as done
in [35]. The solution of the problem, which is the fourth rank tensor M,,,, can be obtained
by solving six elastic-type cell problems by fixing the couple of indices in the component
wise representation of problem —. This allows each component of My, to be
interpreted as a strain and this means that for each couple of indices that are fixed we
have a linear elastic problem with inhomogeneous Neumann interface conditions. The
component wise cell problem and the corresponding interface conditions can be found
in 35).

The second problem within this setup that we consider is for a composite comprising
a matrix that is poroelastic at a finer scale, with parameters supplied from the effective
elasticity tensor Cpy, and an isotropic elastic inclusion. We begin by formulating the 3D
problems.

Here we will be obtaining the effective elasticity tensor, @SP, for our standard poroe-

lastic material with inclusion. That is
(ACSP == (CISPMISP + (CISP "‘ CPMMISIP + (CPM>S- (675)

We can see that this comprises the fourth rank tensor M$", where i = I, II, which can be

defined as

OFp  OF 1(9F  O0Fg
4 + q >; MSP — }’;é(FH):< p + q

1
NP — ekl (e :( ) 6.76
I pa(F") 2\ Oy Iy 0Yq Oyp ( )

We can then write the cell problems for third rank tensors F; and Fy; with corresponding

components F};, and F}}, as

1SP

9 ICijn .
ai (Czlqu ﬁé(Fl)> T;j =0 in € (6.77)
0 Kl 80;?;;[ .
o (Cj;;fq pq(F° II)) Oy 0 in Qpy (6.78)
SP SP
Clivg }’,fé(F) i = Cing %(FII) = (O™ = O )gani™ on TI'py (6.79)
ikt = Fii on  D'py (6.80)

where n™ is the unit normal to the interface I'py;. We also have introduced the notation
C;js.,l;l, this is the component representation of C{¥ and the notation CPMZ which is the

component wise representation of C*™. The solutions to the problem (6.77] -, kl (FM)
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and fkl(FH), are found by solving six elastic-type cell problems by fixing the couple of
indices (k,l). By doing this the & (F") and ¢FL(F™) that appear in and (6.23)
represent a strain, Then for every fixed couple (k, 1) we have a linear elastic problem

which has the following interface conditions

SP

Sp
BL=11 Ciipgpq(FIn™ — Ciippq (F)n7™ = (C™ = €™ )ijumi™,
where fl-FPM = (C™ — CISP)iﬂln;M (6.81)
Sp Sp
H=22 O P — OB E2(P s = (O = O™ )™,
where fl-FPM = (CPM — CISP)ijQQTL?M (6.82)
SP SP
=83 CLER P — OGP = (7 = ™) jgn
where fz PM — (CPM - CIS )ij33n§-)M (683)
SP SP
kl=23 Cin(Fni™ — Cin E3(FMni™ = (C™ = O™ )ijasn™,
where fIPM — (C™M — CISP)ing)n;M (6.84)
kKl=13 CL €3 (Fn™ — CEM eB3(Fhnt™ = (O™ — O); 51505,
where fIPM = (C™M — C’ISP)ijlgn?M (6.85)
Kl =12 Cl G (Fni™ — Ol (F ™ = (C7 = O™ ) juanl™,
where fZ-FPM = (CPM — CI )Z'jlgn;?M. (6.86)

In this case we assume that the fourth rank elasticity tensor Czlqu is isotropic at the

microscale and C’Zl]fq has components calculated by solving the poroelastic problem ([6.73))-

(6.74) above. That is

O = A 61360 + 1 (ip0iq + SigOip) (6.87)

1Jpq

and

C’PM Ccit Crt 0
oy oon oo
oy oop o o
0 0 0o o
0 0 0 o o
0 0 0 0 0  Cg']

(CPM =

0
0
0

(6.88)
0

o o o O

where we have used Voigt notation to represent the components of the tenor Cpy. We
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should note that this effective elasticity tensor possesses tetragonal symmetry, that is,
possessing six distinct elastic entries. The reason for the six entries is due to our choice
of geometry (see Fig. cube with cylindrical voids ) which means that our x and y
directions are equivalent hence the reduction from the nine entries in the orthotropic case
to the six entries we have here.

We can then use and in the interface loads to determine the fiF PM_ That

is

'
Kl=11 £ =diag |Cf) | n™ — X7 0™ — 2,57 pp 6.89
= =diag [C])' | n n pnyMer (6.89)
Cr3'
-
12
kl=22 f'"M =diag |CPM| n™ — AT PN 9 pEMg, (6.90)
Cr3'
Cr3'
kl = 33 fFPM —_ dlag Ci)?l)\/l nPM o )\ISPHPM _ Q[LISPTLSPMQ:)) (691)
C33'
]
kl =23 f'™ =diag [CTM — 4°" | (n5Men + nbMes) (6.92)
SP
|Gt —
Cu' -
kl=13 f'™ =diag | —u°" | (njVer +njMes) (6.93)
SP
O — !
gt =™
kl=12 f'" =diag |CRM — u*" | (n5Mer 4 niMey) (6.94)
—IU/ISP

where we have used n™, n5™ and n5™ to mean the components of the unit vector normal
to the interface I'py; and we have used the standard unit vectors in the Cartesian coordinate
system e, ex and es.

This current setup is for solving the 3D problem. We are again able to perform a

reduction so that we instead study the 2D problem.
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6.2.4 2D Cell problems for standard poroelasticity with elastic inclusion

We now wish to consider the 2D reduction of the cell problems that have been presented
in the previous subsection. Within this model set up we have two different cell problems
to solve. The first is the cell problem for a porous matrix. The geometry of our periodic
cell in this case is such that we have a cube with 4 cylindrical voids placed in each of the
corners of the cube extending from the top to the bottom of the cell in the es direction.
This means that at every cross-section in the es direction gives a square with 4 circular

voids.

Elastic matrix D,
Dt L] Fluid filled pores

—

Figure 6.3: 2D domain for Porous matrix microstructure

We can consider the 2D reduction presented in the appendix where we assume that
there is only the matrix Dy, and the voids and assuming the matrix is isotropic. This
means that we have that Ci111 = Caze2 = Cs333 = A +2u, Casez = Ciziz = Ci212 =

and 01122 = 02211 = 01133 = 03311 = 02233 = 03322 = )\M Using these assumptions in

the anti-plane problem (B.18))-(B.22)), where we only require (B.19) and (B.22))

0Bsy 0Bsj )
M M =0 D 6.95
ay% /‘1’ 8y% m M ( )

e JBsp Y 0Bs3yy

1 1% no + C:)l:/[lklnl + Cé\%lelQ =0 on an N 8.DM (696)
oy Y2

where the notation D), is the corresponding 2D slice of Q,, and the interface dD; N I Dy,
is the 2D projection of I'y;. We also note that the normal to the interface n is the same
normal in 3D as in 2D since it is the outward normal to a cylinder in 3D and is the same

to the circle in the 2D slices but with only components ny and ne.

The solutions to the problem (6.95)) and (6.96]) are found by solving the two anti-plane

problems by fixing the couple (k,1) = (1,3) = (3,1),(2,3) = (3,2). Then for every fixed
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couple we have the Poisson problem with the following interface conditions.

v 0B323 ,
0y

0B
kl=23 220 4+ 4
oy

dD¢NAD
where ffntfma M = C3193n1 + C3po3m02
0B 0B
kl =13 MMﬁnl + MMﬁnz = —(C3113m + Ci13m2),
where fgﬁmaDM = C3113n1 + C3p13m2

_ M M
ng = —(C3123m1 + Cig93n2),

(6.97)

(6.98)

where the forces can be written using the assumption of isotropy of both phases as

dDsNOD
kl =23 famii M = Cgagna = p''ny
8DsNOD
kil =13 fantif M= zlﬁlsnl = pMny.

(6.99)

(6.100)

We now need to consider the in-plane problems. We have the problem (B.23))-(B.27))

from the appendix, however for the case of a porous matrix we only require (B.23]) and
(B.27). We can consider the interface loads on the matrix fluid interface (B.29). We

assume that the matrix material is isotropic. Each interface load is a vector with two

components, due to i = 1,2. We fix the couple (k,[) and obtain

fanﬂaDM ()\M + 2:U’M)n1
11

Amn2

A
dDsNAD y M1

_(>\M + 2#1\4)”2_

AuT
0DsNOD ' M1
kl =33 f33 f M — C%g3n1 + 0?2133722 =
Ann2
dD¢NOD KT
kl =12 f12 f M — C,%Ilznl + C;\/QI].an =
_,LLan_

(6.101)

(6.102)

(6.103)

(6.104)

The second cell problem is for an elastic composite that comprises the porous matrix

and the elastic inclusion. The geometry of our periodic cell in this case is a cube with an

embedded cylinder placed in the centre extending from the top to the bottom of the cell in

the es direction. This means that at every cross-section in the eg direction gives a square

with an embedded circle in the centre.

We can consider the 2D reduction presented in the appendix in the case where there
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I Elastic matrix Dpy
aDIn aDPM M Elastic Inclusion [,

Figure 6.4: 2D domain for Standard Poroelastic setup microstructure

is no void. We assume that the inclusion is isotropic Cf1}; = C359 = C5595 = A{* + 215"
_ _ SP
C3593 = CTi13 = Ci312 = py° and Cffyy = C351) = Ol = C3311 = O35 = Cfo0 = >‘1 )

and the matrix has its input from Cpy. Using this in the anti-plane problem, where we

require only (B.18)-(B.21]) we obtain

1 1
0 OFy)y, e OFyy,

o TH o = 0 in D, (6.105)
2
oF OF .
C3151 83§l + C5232 832“ =0 in  Dpy (6.106)
sp OF} sp OF} OFFM OFPM
1 agjlkl §>M 1 8;;1 PM (C3131 8 3kl PM + 03232 8 3kl n2M)

= (C31pm1™ + Ciogny ™) — (Cypynt™ + Cagpna™) on  OD; N ODpy (6.107)

where D;, Dpy are the 2D slices of €; and Qpy; and the interface 0D; N 0Dpy, is the 2D
projection of I'py; and ni™ and n5™ are the two components of the normal n"™ that are
used in the 2D cell problem.

The solutions to the problem - are found by solving the two anti-plane
problems by fixing the couple (k,1)=(1,3)=(3,1), (2,3)=(3,2). Then for every fixed couple
we have the Poisson problem with the following interface conditions. On the matrix

inclusion interface we have

OF} sp OF} OF: OF.
kl — 23 1P U323 pm I 323, PM _ (1PM 323 pu PM 393 pu
oy ny D ngy (C3131 oy ny + C3a39 Dya ns™)

(C 123”1 0223n2) (03123” +C3223n )»

where,
8D1NOD
fam;iIm PM = (C3hagny™ + Ci293n5™) — (Caa3nt™ + Cigozns™)  (6.109)
sp OF} sp OF} FEM FEM
kl =13 I 313 ntM 4 I 313 nPM _ PM ~- 313 PM C 313 Z- 313 PM
—ayl 1 o —33/2 2 ( 3131 5, B 32327 o B 2 )
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PM 1 PM 1 PM
= (C3113n7 ™" + Cia13nn™) — (Cap93n7™ + Ciopann™),
where,

faD'ImBDPM = (03113”1 Cg%z,ngM) (C§113"1 + 03213nPM) (6.110)

anti

BDI NODpm

where the forces f; on the interface dD; N dDpy; can be written using the assump-

tion of isotropy of the inclusion and using the entries of C*™ for the matrix

Bl=23  fOR0OPRN = CRSnEM — Claggnb™ = Cl'n5™ — p n5 (6.111)
Kl=13  fORnOPP = CEM ™ — O™ = CRn™ — i ™, (6.112)

We now need to consider the in-plane problems. Using (B.23))-(B.26|) from the appendix
where we assume that the inclusion is isotropic and we use the values of Cpy. Each
interface load is a vector with two components, due to i = 1,2. We fix the couple (k,])

and obtain on the matrix inclusion interface

_ ODNODpn PM 1 1 PM
kl =11 £ = (Catm™ + Cigting™) — (Cipymy™ + Clgpmy™)
PM,,PM 1
™ = Cpyni™
Cryng - Clymg
( PM )\SP_QM ) PM

_ (6.113)
(CPM /\ISP)ngM

PM PM PM

dD1NAD
kl =22 fon 1 OTPM = (Cgamy™ + Ciagany ™) — (Clygant™ 4 Clagany™)

C{él\/[nll)M CI Pl\/I
PM,,PM 1 PM
Cz2 ny" — Chony
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(CT3" = AP¥)ny

_ (6.114)
(OB — X" — 237 g

= (Ciyzzny™ + Cigzany™) — (Ciizzny™ + Clgzany™)

kl =33  fo1n0Pru
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B (CPM )\ISP)nIIDM (6 115)
(G5 = AT )ny™

o OD1NODpn PM PM 1 1 PM
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PM,,PM 1 PM
66 1 — Cggny

PM,,PM I PM
| 66 T2 — Ceenay

[ CEM _ | SP)PM
_ ( 66 by ) 1 (6.116)
(CE' = iF g™

6.3 Applications & Results

Within this section we present the results of solving the 2D cell problems that were pre-
sented for each of the two different setups described in Sec. using COMSOL Multi-
physics 4.3. The solution is computed by following the procedures detailed in Sec. We
present the difference in the elastic parameters, Young’s and Shear moduli, for the two
different model setups. We interpret under which scenarios each model should be used.

We also highlight how this framework could be applied to modelling of the heart.

6.3.1 2D Simulation Results

Within this section we solve the 2D cell problems setup in the previous sections Sec. [6.2.2]
and Sec. We set up our problems on a unit square cell with the circular elastic
subphase accounting for 20% volume fraction and the porosity varying from 2% - 30%
divided among the four cylinders.

We solve the cell problems using the following parameters. For the LMRP model
we have the matrix D;; with Poisson ratio 0.4 and Young’s modulus 80 kPa, we have
the elastic inclusion D; with volume fraction 20% with Poisson ratio 0.49 and Young’s
modulus 35 kPa. These values have been selected at random to have a difference in
stiffness and compressibility between the two elstic phases yet keeping them on the same
order of magnitude.

For the standard poroelastic material with elastic inclusion we have two steps, the
first is the porous matrix problem where we have the matrix Dy, with Poisson ratio 0.4
and Young’s modulus 80 kPa, and for the second step we have the problem between the
inclusion and the porous matrix, where we have the matrix informed by the results from
the porous matrix simulations and the elastic inclusion D; with volume fraction 20% with
Poisson ratio 0.49 and Young’s modulus 35 kPa. This keeps the parameters consistent
between the two model setups.

We begin by considering the comparison of the two Young’s moduli E; transverse and
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FE5 axial for the LMRP model and the standard poroelasticity with inclusion setup. Using
the components of the effective elasticity tensors that we compute for each of the models

at varying porosities we have the formulas for the Young’s moduli given by

7}
EY = (Cfa — 0191)(26;1223 _ 6;1026;??3 — ChC) (6.117)
(=CY3 + C1,053)
0
Bl (2015 — O}, 08 — C1,.C%) (6.118)

(=Cly = C1h)

where the superscript § = LMRP, SP determines which model we are using. We have

plotted the results of these Young’s moduli with a range of porosities from 2% — 30% in

the figures Fig. and Fig.
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Youngs modulus E1 vs Porosity
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Figure 6.5: Results of Young’s Modulus FE; simulations

By considering Fig. We can see that the Young’s modulus F; (transverse) decreases
with increasing porosity. We can also see that the transverse Young’s modulus is lower for
the LMRP model. For this reason we have plotted the difference between the LMRP model
and the standard poroelastic with inclusion setup in Fig. [6.5bl From this plot we can see
that at approx 5% porosity there is already a difference of 5 % between the two different
model setups. This difference between the models increases to approx 22% at 30% porosity.
This means that the influence that the porosity has on the overall material stiffness, when

directly being considered with the other phases, is considerably more prominant than when
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considering the porosity at the finer scale.
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Figure 6.6: Results of Young’s Modulus F3 simulations
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We can now consider Fig. and we can see that the Young’s modulus F3 (axial)

also decreases with increasing porosity. Similarly to the transverse Young’s modulus, we

can see that the axial Young’s modulus is also lower for the LMRP model. We have again

plotted the absolute difference between the LMRP model and the standard poroelastic

setup in Fig.|6.6bl From this plot we can see that at approx 10% porosity there is already

a difference of 2.5 % between the two different model setups, rising to almost 10% at

30% porosity. This again means that the influence that the porosity has on the overall
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material stiffness when directly being considered with the other phases is considerably
more prominent than when considering the porosity at the finer scale. However, the effect
is slightly less prominent on the axial Young’s modulus than the transverse one.

The other two elastic parameters that we compare for the two different model setups
are the shear moduli 024 and Cgﬁ, where § = LMRP,SP. These parameters are taken
directly from the computed effective elasticity tensor for each of the models. We have

plotted the comparison of the shear moduli over a range of porosities from 2% — 30%.

Cc 44 VS Porosity
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Figure 6.7: Results of Shear Modulus Cy4 simulations

In Fig. we see that the shear Cyy decreases with increasing porosity and that the
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LMRP model decreases more than the standard poroelastic type setup. For Cyy the force
is being applied in the axial direction which is the direction in which the inclusion and
the voids elongate. This means that when the force is applied the material deforms and
the voids flatten out, the voids just make it softer allowing for the decrease in shear with
increasing porosity. The standard poroelastic type model has less of a decrease in shear
due to the fact that is does not have the voids present at this scale but accounts for the
increasing porosity of the matrix at a finer scale (where the voids are present). We also see
that the difference between the two models is increasing with increasing porosity. For these
reasons we wish to consider the absolute difference between the two model setups, and this
has been done in Fig. We can see that for 5% porosity we have approximately a 2%
difference between the two model setups. This increases to a 16% discrepancy for a 30%
porosity. This means that when the porosity exceeds 5% it is more useful and accurate
to use the LMRP model to describe the behaviour of the material parameter Cyy. For
porosities below 5% then the standard poroelastic setup can be realistically used.

In Fig. we can see that there is very little difference between the in-plane shear
for both models when the porosity is less than 20%, however after this point the difference
becomes more pronounced. This is confirmed by the absolute difference plot, see Fig.
where we can see that up to 20% porosity the discrepancy between the models does not
exceed 2%, however after this point it reaches 13% when porosity is 30%. For Cgg the
force is being applied in the z-direction (transverse). Therefore for the LMRP model the
force is being applied taking a cross section of structure which contains the voids and
inclusions. At higher porosities this makes the material weaker as the larger voids deform
and hence the larger decrease in shear compared with Cyy. Up until approx 20% porosity
the difference in the two models is negligible (< 2%), this is explained by a critical level
of porosity where the scale at which the porosity is being considered becomes important
with this direction of shear. When the porosity is low, the pores in the LMRP structure
are small and do not influence the shear. When the porosity is higher the pores are much
larger so the distance between the voids and the inclusion becomes less and then the
difference this make to the shear value become apparent. This critical level of porosity
where we begin to see the difference between the models is also influenced by the length of
the embedded fibre. The shorter the fibre the more pronounced the difference between the
models is at a lower porosity. We can see this is the case in the following section Sec.

where we consider a variety of fibre lengths.
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CBB vs Porosity
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Figure 6.8: Results of Shear Modulus Cgg simulations

We can now summarise the findings and explain exactly how they should be inter-
preted. When a material possesses a microstructure comprising a matrix, embedded elas-
tic subphases and fluid filled pores then using the models that are currently available in
the literature (excluding the LMRP model) offers two approaches. These are either make
the assumption that the matrix is homogeneous (ignore the subphases) which is not true,
or carry out a two-step process first solving the Biot’s porous matrix problem and then
solving a composite that comprises the subphases and the results of the porous matrix

simulations. This second approach means that even though we are considering the three
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phases, we are not considering them all at the same scale which is what the intended
application actually possesses as a microstructure. This means that the estimations of the
parameters cannot be fully reliable. We therefore developed the LMRP model to remove
this issue. With this novel model it is possible to account for multiple elastic phases all
with different properties as well as the fluid all at the same scale. It is for this reason that
the LMRP model results can be thought to be more accurate for these types of applica-
tions as we are truly capturing the correct microstructure by using our model. These are
the results that we have shown in the previous plots, where we assume 2% discrepancy
as a threshold for determining when the LMRP model should be used. We indeed see
that when using the two-step approach, the stresses are much higher (especially for large
porosities) than the LMRP model.

After considering all four of our elastic parameters we can now summarise our findings
in Table where we have set the critical model discrepancy percentage to be 2%. We
find that at porosities exceeding 20% then the LMRP model is the more effective at
determining the true elastic parameters. However, even at lower porosities (< 20%) the
LMRP model is more effective at determining F7, F3 and Cyy4 and is equally effective at

determining Cgg as the standard poroelastic type model.

Table 6.1: Threshold porosities for when model discrepancy exceeds 2% (long fibres)

model E Es Cuyy Cee
LMRP >2% >8% >5% >20%
SP <2% <®% <5% <20%

6.3.2 Applicability of these results to heart modelling

We now wish to give a brief insight into a potential application where the LMRP model
can be more efficient at determining the elastic parameters than a standard poroelastic
approach.

The human heart has four chambers each of which has a muscular wall with three
distinct layers, the endocardium, the myocardium, and the epicardium. The endocardium
and epicardium are the thin inner and outer layers, whereas the myocardium is the middle
contractile layer. It is supplied by the coronary arteries and is the layer most affected by

a variety of diseases, e.g., myocardial infarction, angina and the effects of ageing. For this
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reason the modelling approach can be focussed on the myocardium [120], [118], [98].

The myocardium has a structure where there are cardiac myocytes (muscle cells) em-
bedded in a collagen matrix, which is produced by the cardiac fibroblasts, with an inter-
connected fluid (blood) flow through permeating vasculature. These structures are visible
on a microscale length which is much smaller than the size of the heart muscle. The my-
ocardium microstructure is complex geometrically and is strongly impacted by a variety
of diseases, in particular myocardial infarction (heart attack). In the case of myocardial
infarction blood flow is reduced to an area of myocardium tissue, this results in the death
of the cardiac myocytes and in their place, we find collagen rich scar tissue produced by
the fibroblasts to retain the structural integrity of the myocardium. The size and amount
of scar tissue affects the heart’s functionality post recovery [39], [54].

We wish to model the bundles of myocytes found in the myocardium, both healthy and
diseased, and can identify the structural components with the different phases considered
in the LMRP model. Firstly in the healthy case, the collagen matrix corresponds to
the matrix domain, the single myocyte and fibroblast cells can be treated as individual
elastic inclusions and the permeating vasculature is the fluid flow through the matrix. The
volume fraction of the cardiac myocyte and the fluid volume fraction (porosity) in each
cell should be equivalent to be realistic to the structure found in the myocardium. This
volume fraction is approximately 20% using the parameters found in [63]. This means that
we want to consider all the plots in the previous section (Sec. for porosities above
20% to determine if the LMRP model will provide a more realistic result for the elastic
parameters than standard poroelasticity. We can see from Fig. [6.5b] — Fig. above
that when the porosity is 20% or above then the two Young’s moduli and the two shear
moduli are likely better to be calculated by the LMRP model as it will better encode the
complicated structural geometry and this can be validated using experimental data.

In the case of diseases such as myocardial infarction, the LMRP model can also be
used. In this case we could perform a parametric analysis where the inclusion volume
fraction and geometry are changed to simulate the loss of myocytes and the replacement
with fibrous collagen matrix scar tissue. This would simulate the behaviour of the heart
during the myocardial infarction.

We note that of course our model here uses linear elasticity and the heart is of course
nonlinear. However, we can obtain results by using a piecewise linear approach as done

in [52], [53]. By doing this we can approximate the nonlinear behaviour using simple,
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computationally cheap simulations. We should also remark that of course the hearts overall
behaviour is nonlinear but by considering the microstructure as individual cells (where the
LMRP model could be applied to the different cellular components) the deformations will

be much smaller and even linear.

6.4 3D Application - short fibres

Within this section we discuss the comparison of elastic parameters for short fibre models.
This can be an interesting application since the difference in the elastic parameters varies
depending on whether or not the subphases are connected between the cells. It can also
be useful for biological applications where specific cells are inclusions and not subphases.
Here we must use a 3D framework since our embedded inclusion does not run from the top
of our periodic cell to the bottom but is in fact fully embedded (i.e. a short fibre), therefore
the fibres do not connect between cells. In this case we cannot use the 2D simulations
since some of the slices in the e3 direction would not include the fibre. We therefore
perform 3D simulations to solve the 3D cell problems — for LMRP, and for
the comparative standard poroelastic model — and —, presented in
the previous sections Sec. and Sec. We can justify that our 3D simulations
are accurate by considering the absolute error plots between the 2D and 3D long fibres
simulations presented in the appendix where we see that there is less than 1% error

for all parameters considered.

LMRP Model Standard Poroelasticity & Inclusion

— 71,,'11 0.5

Figure 6.9: Short fibres periodic cell

For the short fibre case we will again be considering the Young’s moduli E; transverse
and F3 axial as well as the two shears Cyq and Cgg. We begin by considering the differ-

ence in the Young’s Moduli between the two model setups. In this case we choose that
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the cylindrical fibres are length 0.8 out of a length one cube and are placed in the centre.
For further details about how the model is setup in COMSOL Multiphysics see the Ap-
pendix [B.2] for the short fibres. In Fig. we have carried out the 3D simulations to give

Short Fibres Youngs modulus E1 & E3 vs Porosity
70 T T T T

N
651 N\
\\
X
60 N
\\

i ¥
40 F|—%— LMRP model E i
—— LMRP model E,, 5
35 1 +— Standard poroelastic material with inclusion E1 . =
Standard poroelastic material with inclusion E3 %
30 : 3 . :
0 5 10 15 20 25 30 35
Porosity (%)

Figure 6.10: short fibres £/; and FEs3 versus porosity

a comparison between our two different computational setups for both the Young’s moduli
F1 and Ej3 for short fibres. We see that both Eq and E3 are lower for the LMRP model.
This can be explained by the fact that using the LMRP model explicitly considers the
fluid contribution at the porescale along with the matrix and the inclusion. In particular,
the LMRP model fully considers the influence of the porosity (which appears as a void in
the microscale geometry) thus leading to a lower value of the stiffness moduli.

To confirm our deductions we have plotted the absolute difference between the model

setups for both of the Young’s moduli.
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Figure 6.11: Absolute difference between the two models
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In Fig. we can see that the discrepancy between the two models for E; increases
from 1.5% to 19% with increasing porosity. This means that for very low porosities then
both LMRP and Standard poroelastic type model both produce similar results, but for
materials with higher porosities the LMRP model will provide the most accurate repre-
sentation of the parameters. Similarly for F3 the absolute difference increases from 0.5%
to 9% with increasing porosity. This means that for low porosities (less than 10%) then
both LMRP and Standard poroelastic type model both produce similar results. When the
materials however, have higher porosities then again the LMRP model will provide the
most accurate representation of the parameters.

We also wish to consider the difference in the shear moduli. In Fig.[6.12a]and Fig.
we have carried out the 3D simulations to give a comparison between our two different
computational setups for both the Shear moduli Cy4 and Cgg for short fibres. Here we are
again using the 3D framework since our embedded inclusion does not run from the top of

our periodic cell to the bottom but is in fact fully embedded (i.e. a short fibre).

short fibres C,, vs Porosity
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Figure 6.12: Results of short fibre Shear Modulus Cy4 simulations

In Fig. we see that for shear Cyy that the LMRP model decreases more than
the standard poroelastic type model and that the difference between the two models is
increasing with increasing porosity. The LMRP model considers the voids and the two
elastic phases at the same scale and this contributes to the greater decrease in shear. The
standard poroelastic material with inclusion has less of a decrease in shear due to the
fact that is does not have the voids present at this scale but accounts for the increasing
porosity of the matrix at a finer scale. We also plot the absolute difference between the

two models. In Fig. we see that for very low porosities that the difference between
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the two models is less than 2%, however, for increasing porosities the discrepancy reaches
18%. This means that if we have a material with a porosity greater than 5% then the
standard poroelastic approach will not capture the true elastic parameter and it would
be much more appropriate to use the LMRP model. Yet still for materials with very low

porosities both models will produce similar results.
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Figure 6.13: Results of short fibre Shear Modulus Cgg simulations

For short fibre Cgg the physical description of the deformation is the same as the long
fibre case. In Fig. we can see that up until approx 15% porosity the difference in
the two models is negligible, this could be explained by a critical level of porosity where
the scale at which the porosity is being considered becomes important with this direction
of shear. This is because at low porosities the size of the voids is very small in the LMRP
model and so therefore do not influence the shear more than the pores at a finer scale.
However, once the porosity exceeds 15% then the pores are large enough to influence
the shear. This is confirmed by Fig. where we can see that for porosities up to
15% that the difference between the models is less than 2%. This means that up to this
level of porosity the standard poroelastic approach or the LMRP model are capturing the
behaviour similarly. However for porosities greater than 15% then the discrepancy between
the models approaches 16% this highlights than in this case it would be more realistic to
use the LMRP model. This critical level of porosity where we begin to see the difference
between the models is influenced by the length of the embedded fibre. The shorter the fibre
the difference between the models becomes more pronounced at a lower porosity. This is
due to us keeping the volume of the fibre consistent even though the length is decreasing,

so the fibre becomes shorter but thicker meaning the distance between the voids and the
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fibres is smaller in the shorter fibre models and this means that the voids can have an
influence on the shear at a lower porosity. Note that this idea can be further enforced by
the plot of Cg¢ Fig. where we see that up until approx 20% porosity the difference in
the two models is negligible. We further confirm this idea by performing the simulations

for a range of fibre lengths from 0.6-1 , results shown in Table and Fig.
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Figure 6.14: Absolute difference between the two models for a variety of fibre lengths with
line at error threshold 2%

Table 6.2: Threshold porosities for when model discrepancy exceeds 2% for Cgg for a
variety of fibre lengths

Fibre length 1 0.9 0.8 0.7 0.6
Porosity 19.6% 18.9% 16.5% 13% 9.3%

From considering all four elastic parameters we can now summarise or findings for the
short fibre simulations in Table. We find that at porosities exceeding 15% then the
LMRP model is the more effective at encoding the complex microstructural detail in the
elastic parameters and may indeed be more effective at determining the elastic parameters
where this second point can be reinforced using experimental data. However, even at low
porosities (< 15%) the LMRP model is more effective at determining E7, E3 and Cyy
and is equally effective at determining Cgg as the standard poroelastic type model. We
also note that the range of the discrepancy between the models with increasing porosity

is higher for the short fibre than the long fibre setting.
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Table 6.3: Threshold porosities for when model discrepancy exceeds 2% (short fibres 0.8
length)

model Ej E; Cyq Ce6
LMRP >5% >10% >5% >15%
SP <5%  <10% <5% <15%

6.5 Conclusions and Future Perspectives

Within this chapter we have created a robust computational platform that has allowed
for a valid comparison between the LMRP model for poroelastic composites and an ap-
proach that uses standard poroelasticity with elastic inclusions. We describe our platform
as robust due to the wide range of situations where it can be used for computations. That
is, the platform can be altered for a variety of geometries including short fibres, various
directions of fluid flow, a variety of differently shaped inclusions and a wide range of con-
stitutive properties of the constituents. We investigated a variety of elastic parameters
obtained by solving the 2D cell problems, which were derived in the appendix accompa-
nying this chapter, to determine under which circumstances the approach by the LMRP
model is most appropriate to be used.

We begin our analysis by providing a summary of the macroscale LMRP model for
poroelastic composites that has been derived via asymptotic homogenization in [69]. We
then present the 3D cell problem — that is to be solved to obtain the model
coefficients such as the effective elasticity tensor. From this problem we write down ex-
plicitly the boundary loads that are required to solve the problem numerically. In order
to be computationally less expensive we carry out, and present, the reduction of the cell
problems to 2D, where we again present the appropriate boundary loads. Since the aim
of this chapter is to have a valid comparison that uses a standard poroelastic approach we
then derive the comparison model setup using asymptotic homogenization. The compari-
son standard poroelastic with inclusion model has two steps, firstly the porous matrix and
then a composite between the porous matrix and an elastic inclusion. This means that we

have two 3D cell problems ([6.73))-(6.74])) and (6.77))-(6.80) that are to be solved to provide

the model coefficients. We again write down explicitly the boundary loads that are re-

quired to solve these two problems numerically. Again in keeping with the comparison, we
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carry out and present the reduction of both of these cell problems to 2D, again presenting
the appropriate boundary loads. We are then able to solve numerically the cell problems
for a simplified geometry where we have unidirectional flow and only one fibre direction.
We then plot and compare the elastic parameters Young’s moduli and shear moduli.

We also present a discussion on how our current modelling approach can be applicable
to modelling of the heart, in particular the myocardium. We then present an example
of our computational platform solving the 3D cell problems, justified by the error plots
between the 3D and 2D simulations showing less than 1% error.

The results of our numerical simulations show that whenever investigating a poroelastic
composite material with porosity exceeding 5% then the LMRP model should be used to
compute the Youngs moduli £; and F3 and the shear Cy4 and when the porosity exceeds
20% it should also be used to investigate the shear Cgg. We find that for material with
less than 5% porosity a standard poroelastic approach or the LMRP model produce the
same results.

The model simulations have the current limitations and are subject to the following
extensions. Within this chapter we have only focussed on the parameters of the elastic
matrix. It is also of interest to investigate the fluid flow and solve the cell problem in order
to obtain the hydraulic conductivity tensor for the material.

The simulations in this chapter have also only been carried out for a simplified geometry
(unidirectional flow and fibre direction) so as to show the difference in the two models in
the simplest possible case. It would however be possible, due to the robustness of the
3D computational platform highlighted by the 3D example, to consider a much more
complex geometry consisting of additional fibres and also fibre angles and fluid flow in
many directions.

We should also note that in this work we are focussing solely on solving the microscale
cell problems that determine the model coefficients. It would however, be posible to solve
the complete macroscale model that is presented in Sec.

The derivation and numerical simulations have focussed on a general set of parameters
since we we aiming just to capture the effects of the LMRP model and the settings where
it is most applicable. The next step would be to apply the LMRP model to a realistic set
of parameters and geometry and this will allow for model validation by comparing with
experimental data, as done for example by [24]. Another important aspect which is to be

considered is the model validation in terms of how well it converges to the actual behaviour
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of the physical system whenever scales become more and more separated. This is indeed
a problematic issue primarily due to the required computational cost, although one next
natural step is indeed the development of direct numerical simulations (for example per-
formed on reference heterogeneous geometries in two-dimensions). This approach (which
is carried out for example in [31] in the context of three-scale asymptotic homogenisation
for a one-dimensional example) would increase the reliability of these results, and in gen-
eral, of any model derived via homogenisation techniques, and will become more and more
realistic following advances in computational resources available. This specific validation
will also better elucidate the role of the heterogeneities as a discriminant in determining
which homogenised model better represents the actual physical system at hand.

Finally, the simulations could be extended to investigate changing the volume fraction
and/or geometry of the inclusion. This could have many relevant biological applications.
Such as to myocardial infarction where the cardiac myocytes die and become replaced by
fibrous collagen matrix.

In the next chapter we use the model for poroelastic composites, derived in Chapter
to describe the microstructure of the myocardium. Using the model we investigate how
physiologically observed microstructural changes induced by myocardial infarction impact
the elastic parameters of the heart. This is a first study to show how useful detailed
microstructural poroelastic models can be at modelling the response of biological tissues

7).



Chapter 7

Investigating the effects of
microstructural changes induced
by myocardial infarction on the

elastic parameters of the heart

The human heart has four chambers each of which have a muscular wall with three distinct
layers, the endocardium, the myocardium, and the epicardium. The endocardium and
epicardium are the thin inner and outer layers, whereas the myocardium is the middle
and most dominant layer. It is supplied by the coronary arteries and is the layer most
affected by a variety of diseases, e.g., myocardial infarction, angina and the effects of
ageing [120], [118].

The myocardium has a structure where there are cardiac myocytes (muscle cells) em-
bedded in a collagen matrix, which is produced by the cardiac fibroblasts, with an inter-
connected fluid (blood) flow through permeating vasculature. These structures are visible
on a microscale length which is much smaller than the size of the heart muscle. The my-
ocardium microstructure is complex geometrically and is strongly impacted by a variety
of diseases, in particular myocardial infarction (heart attack). In the case of myocardial
infarction blood flow is reduced to an area of myocardium tissue, this results in the death
of the cardiac myocytes and in their place, we find collagen rich scar tissue produced by
the fibroblasts to retain the structural integrity of the myocardium [39], [54]. The size and

amount of scar tissue affects the heart’s functionality post recovery [38]. As a result of

192
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the loss of cardiac myocytes, the remaining myocytes in the area surrounding the infarct
increase in volume to attempt to retain homeostasis in the heart . The growth and
remodelling of the surviving myocytes corresponds to the infarct size , , .
Within this work we aim to investigate the effects of microstructural changes induced
by myocardial infarction (MI) on the elastic parameters of the heart. In Sec. we sum-
marise the LMRP (see Chapter [3) model for poroelastic composites which we will use
to model the microstructure of the myocardium. Within the sections that follow we will
investigate a variety of changes to the parameters and geometry of the microstructure in
order to simulate a variety of phenomena observed post myocardial infarction. We account
for the anisotropy of the heart microstructure through the inclusion of the myocytes in
one direction. In Sec. we will investigate the comparison between healthy elastic pa-
rameters and the parameters obtained in the post myocardial infarction setting of loss of
myocyte and increased fibrosis. Then in Sec. we consider the effect that the increase in
myocyte volume fraction has on the elastic parameters of the myocardium post myocar-
dial infarction. Finally in Sec. [7.4 we propose a 3D frame work to model the myocytes
connected via intercalated discs. We conclude this work by providing the future prospects

of developing this model and its potential as a diagnostic tool to aid clinicians.

7.1 The Mathematical Model

We use the LMRP model for poroelastic composites (see Chapter [3) to describe the
microstructure of the myocardium tissue. The myocardium is predominantly comprised
of an extracellular matrix with embedded blood vessels and cardiac myocyte cells. We

therefore have two elastic phases and a fluid interacting on the microscale.

Myocytes

Extracellular
matrix

Blood vessels
Extracellular matrix Blood vessels

Figure 7.1: Image of heart microstructure and the assumed microstructural geometry of
our model. LHS of diagram redrawn taking inspiration from



CHAPTER 7. EFFECTS OF MI ON ELASTIC PARAMETERS OF THE HEART 194

Here we summarise the mathematical model for a poroelastic composite derived by the
asymptotic homogenization technique in [69] and Chapter 3| that we will use to describe
the myocardium microstructure. The model derivation is carried out by setting up an
appropriate fluid-structure interaction problem between a linear elastic porous matrix,
Qy, with embedded linear elastic subphases, €2, with a Newtonian fluid, €2, flowing in the
pores. When applying this to the myocardium we make the identifications that €2;; is the
extracellular matrix, €2; is the myocyte and €); is the permeating vasculature of the heart.
We make the assumption that the radius of the blood vessels (the porescale) is comparable
with the distance between the adjacent myocytes [97], [112]. Overall this length is much
smaller than the size of the entire myocardium (the macroscale). Having this difference in
lengths allows us to decouple the spatial scales and apply the asymptotic homogenization
technique to derive the macroscale model. The new system of partial differential equations
is of poroelastic-type. The model equations contain coefficients that encode the properties
of the underlying material microstructure, and can be computed by solving appropriate
cell problems. Here we summarise the four governing equations. We are using the LMRP
model of Chapter [3] summarised in Chapter [6] with some small differences in subscripts to
clearly show the application to the myocardium modelling. The first macroscale equation

is the balance of linear momentum
Vx - Tpg =0, (7.1)

where we have the constitutive law
TEI = (CuyoMtyo + Catgo + CrnaMiy + Cry)sxu @ + 4217 p(0) (7.2)

where C,, with v = Myo, IM is the elasticity tensor for the myocyte and interstitial matrix

respectively. We can define the effective elasticity tensor CLMRP a5
CLMRP — <(CMyoMMyo + CMyo + CIMMIM + CIM)Sv (7-3)

The system also comprises the conservation of mass equation

p(O)

M LMRP =—Vx- <W>f — "M fxli(o)a (7.4)

where we have that p(©) is the macroscale pressure, 1(?) is the leading order solid velocity,
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w is the average fluid-solid velocity, M™ %" and o'M~RF

are the resulting Biot’s modulus
and tensor of coefficients associated with the system respectively. The final macroscale
equation is Darcy’s law

(W) = —(W)iVp”, (7.5)

where (W)¢ is the hydraulic conductivity tensor.

From our governing equations we have that the behaviour of the poroelastic composite
material (myocardium) can be fully characterised by the model coefficients, that is, by
the effective elasticity tensor ((N:LMRP, the hydraulic conductivity (W )¢, the Biot’s tensor of

coefficients a™®? and the Biot’s coefficient M*™EP  These coefficients can be written as

—1
LMRP _ 47 _ (T M ))s, MEMRP —_ LMRE Cim@Qm)s — @1, 7.6

where the fourth rank tensors My, My and the second rank tensor Qny are to be com-
puted by solving the microscale cell problems arising from the application of asymptotic
homogenization. The asymptotic homogenization technique provides six elastic type cell
problems that are to be solved to compute the strains M, M. These can then be used,
along with the original input elasticity tensors for the material Cy,,, Ciy to compute the
effective elasticity tensor. To see these elastic type problems explicitly see Appendix
and for even further details consider the references therein. The asymptotic homogeniza-
tion technique also gives rise to a further vector problem that can be solved to obtain the
tensor (Qpy. By solving the seven problems we obtain the three tensors required that we
can compute all the coefficients of our novel macroscale model.

Within this work since our analysis will focus predominantly on the elastic parame-
ters of the myocardium in both healthy and diseased scenarios we will only compute the
necessary components of the effective elasticity tensor CLMRP

Lastly we note the notation (), which is a cell average defined as

1
€2 Ja,

where (p)s = (©)1m + (P)Myo, and where ¢ is a general field in our system and || is the

volume of the domain and the integration is taken over the porescale.
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7.2 Loss of myocytes and increased fibrosis

Within this section we wish to compare the elastic parameters (Young’s and shear moduli)

for the healthy myocardium versus the infarcted myocardium. The healthy myocardium is

proposed to consist of a number of cardiac myocytes embedded in an extracellular matrix
surrounded by a network of blood vessels supplying the myocytes. This structure is shown
in Fig. In the infarct region we have a loss of myocytes due to the interruption in
the blood flow supplying them which causes them to die or become damaged. In order to
retain the structural integrity of the heart the extracellular matrix forms a collagen rich
scar to replace the damaged and lost myocytes. In order to provide a first approximation
to this myocyte damage we have created the below geometry, Fig. where the myocyte

is missing a section and in its place we increase the stiffness of the extracellular matrix.

Figure 7.2: 3D geometry healthy intact myocyte Figure 7.3: 3D geometry myocyte that has been
injured as a result of infarction embedded in the

embedded in soft extracellular matrix with four
stiffer collagen rich extracellular matrix with four

blood vessels
blood vessels

Within this section we make the assumption that both the healthy and the damaged
myocytes run from the top of the cell to the bottom as a single fibre. This means that
we can cut the plane and perform 2D simulations to solve the cell problems of LMRP.
The details of the 3D cell problems can be found in the Appendix and the reduction
of these problems to 2D can be found in [73] and Appendix We show the assumed

equivalent 2D geometry in Fig. and Fig.
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Figure 7.5: 2D cross-section showing a myocyte
that has been injured as a result of infarction em-
bedded in the stiffer collagen rich extracellular ma-
trix with four blood vessels

Figure 7.4: 2D geometry for healthy myocyte em-
bedded in the healthy extracellular matrix with four
blood vessels

We use the following input parameters to carry out our simulations. These parameters
come from a variety of sources [1], |26], [63]. We require a Young’s modulus E and a
Poisson ratio v for both the interstitial matrix and the myocyte in both the healthy and

the infarcted state.

Table 7.1: Input parameters for the following simu-
lations obtained from [1], [26], [63]

Model Ernyo (kPa) Ernatrix (kPa) Vmyo  Vmatrix

Healthy 35 40 0.49 0.4
Infarcted 35 80 0.49 0.4

Due to the geometry we are assuming for the microstructure we are including the
effects of anisotropy of the myocardium tissue in our results. This means that we have
more than one independent shear and more than one independent Young’s modulus. Our
healthy material is not fully orthotropic with three Young’s moduli and three shears since
there is a symmetry in x and y. Therefore due to the symmetries imposed by our choice
of healthy geometry we should note that the shear Cy4 is the same as the shear Css, so
we consider shears Cyy and Cgg. We also only have the two Young’s moduli £ and FEs,
since F is the same as Ey. Even though we do not possess the symmetry in x and y for

the infarcted case, since we wish to make a comparison with the healthy case we chose to
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present only the parameters Young’s moduli £; and E3 and shears Cyy and Cgg. However,
it is clear from the geometry that the infarcted case will also have a different Es and Css.

Here we compare the shear modulus Cy4 for a healthy myocyte embedded in the ex-
tracellular matrix with a setup where there has been loss of myocyte volume fraction and
increased fibrosis of the matrix designed to represent the case of myocardial infarction.
The parameter Cyy is taken directly from the computed effective elasticity tensor for the
model. We have plotted the comparison of the shear moduli for the healthy and infarcted

cases over a range of porosities from 2% — 30%. This is shown in the figures below.
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Figure 7.6: Shear Cy4 versus porosity for both the healthy heart and the infarcted case.

We see in Fig. [7.6] that the healthy setup has much lower values for shear and produces
an overall smaller decrease in shear with increasing porosity than the diseased case. The
shear is being applied in the axial direction (where the myocytes and voids elongate) so
the material deforms into the voids and they flatten out allowing for the decrease in shear
as the voids increase in size (larger porosity). The diseased case has a higher initial value
for shear due to the increased stiffness of the matrix and the unusual geometry of the
damaged myocyte, compared to the healthy case which has the normal soft extracellular
matrix and regular myocyte. The higher the shear the stiffer the overall material, this

means in the case of infarction even with reperfusion (increase in porosity) the stiffness of
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the myocardium still does not return to the normal healthy value. However, the increased
porosity does improve the overall compliance of the diseased material.

We also carry out the same comparison for the shear modulus Cgg.

Csa vs Porosity

25 : . : ; .
—*F— Diseased - infarcted
—%— Healthy
20 1
15 + \ il
8 ﬁ“‘"‘.h \"\
O TH
- e \4\ ]
.--‘\"-'ﬁk\‘\
~
K"“ﬁk_ s
5~ x f?-‘xxh_ﬂ B
ke
0 1 1 1 1 1 L
0 5 10 15 20 25 30 35
Porosity

Figure 7.7: Shear Cgg versus porosity for both the healthy heart and the infarcted case.

In Fig. we see that the healthy setup begins with a much lower shear value even at
small porosities compared with the infarcted case. The healthy case produces an overall
much smaller decrease in shear with increasing porosity than the diseased case. The shear
is being applied in the z-direction (transverse). Therefore for both the diseased and healthy
cases the force is being applied taking a cross section of structure which contains the voids
and the myocyte. At higher porosities this makes the material weaker as the larger voids
deform more easily hence why the decrease in shear is observed in both cases. The diseased
case has a higher initial value for shear Cgg due to the increased stiffness of the matrix and
the unusual geometry of the damaged myocyte, compared to the healthy case which has
the normal soft extracellular matrix and regular myocyte. Again the increase in porosity
(to mimic reperfusion) in the diseased case does reduced to overall stiffness of the material
to attempt to return to a similar stiffness as the healthy. Comparing the shear Cgg with
shear Cyq we can see that Cgg has higher initial values but with increasing porosity actually

becomes lower than Cyy. This can be explained by the geometry and the direction in which
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the myocytes elongate and the presence of the voids. The voids have the larger influence
on shear when applying in the Cgg direction as they deform easily with less influence from
the myocyte.

We also wish to consider the comparison between the two Young’s moduli E; (trans-
verse) and F3 (axial) for the healthy and the infarcted heart using the LMRP model.
We compute the components of the effective elasticity tensor for both the healthy and
infarcted cases and use in the formulas for the Young’s moduli. These formulas, which can
be derived via inverting the elasticity tensor and comparing with the material compliance

tensor, such as in [114], are given by

(Ch2 — C11)(2C%; — C12C33 — C11C33)
(=C% + C11Cs3)
(2C%; — C12C33 — C11C33)
(—=C12 — Cn1)

B, = (7.8)

B3 =

. (7.9)

We plot the comparison of Young’s moduli between the healthy and infarcted cases.
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Figure 7.8: E; versus porosity for both the healthy heart and the infarcted case.

Fig. |[7.8| shows that the infarcted myocardium has a much higher transverse Young’s

modulus than the healthy case (almost double the stiffness). This is explained by the fact
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that the matrix in the infarcted case is much stiffer than in the healthy case and therefore
influences the overall stiffness of the material to a large extent. The infarcted case also
has the damaged myocyte which has lost volume and been replaced by the stiffer matrix
which also influences the overall stiffness of the myocardium. We see that the stiffness
of the infarcted case reduces dramatically with increasing porosity of the material. This
means that with reperfusion of the infarcted tissue then the stiffness of the myocardium
can be reduced with the benefit that the overall compliance of the tissue will then improve,
thus improving heart function. We do see however that even at the highest porosities the
diseased case never reaches the standard healthy E; value that would be approximately
30kPA. The difference between these two cases is two-fold and is due to both the additional
complexity in the geometry and the increased stiffness in the matrix. By changing just
one of these factors in the healthy case would not be enough to remove the discrepancy
between the two cases and illustrates the necessity of model coefficients that incorporate

geometry and material properties.
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Figure 7.9: FEs5 versus porosity for both the healthy heart and the infarcted case.

In Fig. [7.9] we consider the Young’s modulus F3. We can again see that the healthy
myocardium has a much lower axial Young’s modulus than the infarcted case. In fact the

infarcted Young’s modulus is approximately double that of the healthy case. Overall again
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the increasing porosity does have an effect in reducing the overall stiffness in both cases
with the effects of the increasing porosity being shown more clearly in the diseased case.
The increasing porosity has a much greater effect on the infarcted case in an attempt to
improve the compliance of the overall heart muscle.

We can compare E3 with F/1. We find that both the healthy and infarcted axial Young’s
moduli (E3) are initially higher than both the healthy and infarcted transverse Young’s
moduli (E7). We can see that the infarcted F3 is always higher than the infarcted E;. We
can also observe that the healthy Fs is also always higher than the healthy E;. This is
due to the fact that the myocytes and voids elongate in the axial direction which is also

considered a contributory factor to the stiffness in that direction.

7.3 Changing myocyte volume fraction

Following myocardial infarction we see a decrease in the volume fraction of myocytes in the
infarct zone due to the death and damage of myocytes, however, in the regions surrounding
the infarct zone the intact myocytes increase in volume to attempt to compensate for the
section of damaged heart [79], [3]. We therefore wish to investigate the influence that
this change in volume has on the overall elastic parameters of the heart. We assume our
increase in myocyte volume fraction corresponds to different infarct sizes and not a time
dependant increase following the infarction [78], [3].

Within this section we make the assumption that the myocytes run from the top of
the cell to the bottom as a single cylindrical fibre. The myocytes here are intact cylinders
since they have not been damaged by the infarction. This means that we can cut the plane
and perform 2D simulations to solve the cell problems of LMRP. For a description of the
cell problems see Appendix and for the complete 2D reduction of the model see 73]
and Appendix

We solve the cell problems using the following parameters, found in [1], [26], [63],
summarised in the table below.

Table 7.2: Input parameters for the following simu-
lations obtained from [1], [26], [63]

Parameter FEnyo (kPa)  Epatrix (kP2)  Vmyo  Vmatrix
Value 35 80 0.49 0.4

We carry out the simulations for four fixed fluid volume fractions ¢ =
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5%,10%, 15%,20% and for each of these varying the myocyte volume fraction from
5% —30%. The fluid volume fractions have been chosen to represent the following settings;
5% reduced flow leading to infarction, 10%-15% normal range of healthy perfusion, 20%
over perfused leading to myocardial injury.

We begin by considering the two Young’s moduli /1 and F3 for the infarcted heart.

E‘| vs myocyte volume fraction
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Figure 7.10: Ej versus myocyte volume fraction for four different fixed fluid volume frac-
tions.

In Fig. [7.10] we see that the transverse Young’s modulus E; decreases with increasing
myocyte volume fraction and this behaviour is consistent across the four fixed fluid volume
fractions that we have considered. The Young’s modulus can be thought of as a measure
of material stiffness so in the case of low myocyte volume fraction the extracellular matrix
is the dominating parameter in influencing the stiffness of the overall material. A stiffer
material leads to less elastic compliance which can be detrimental for overall function of
the heart. This is why in the regions surrounding a myocardial infarction the myocyte
volume fractions increase as their increase in volume actually reduces the overall stiffness
and hence improves the overall compliance of the material. This biological mechanism is
highlighted in the results of our simulations. We also note that the fluid volume fractions

contribute to the overall stiffness, with the stiffest setting being the one with only a 5%
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fluid volume fraction with the material getting progressively more compliant with the
increase in the fluid contribution.
We also wish to consider the axial Young’s modulus E3. This Young’s modulus is in

the same direction that the myocytes and voids elongate.

E3 vs myocyte volume fraction
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Figure 7.11: E3 versus myocyte volume fraction for four different fixed fluid volume frac-
tions.

In Fig. we see that the axial Young’s modulus Fs3 also decreases with increasing
myocyte volume fraction and this behaviour is consistent across the four fixed fluid volume
fractions that we have considered. In the case of E3 the values are higher for each of the
fixed fluid volume fractions when compared to the transverse Young’s modulus F;. This
is due to the fact that the myocytes elongate in this direction which adds to the increased
stiffness. Again since the matrix is stiffer as a result of the myocardial infarction then
the increase in myocyte volume fraction helps to reduce the stiffness and improve the
compliance of the material, which again emphasises the observed physiological response.

The other two elastic parameters that we consider for varying myocyte volume fraction
are the shear moduli Cy4 and Cgg. These parameters are taken directly from the computed
effective elasticity tensor for the model. In the same way as with the Young’s moduli we

have plotted the comparison of the shear moduli over a range of myocyte volume fractions
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from 5% — 35% at the four fixed fluid volume fractions. This is shown in the figures below.

C,, vs myocyte volume fraction
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Figure 7.12: Shear Cyy versus myocyte volume fraction for four different fixed fluid volume
fractions.

From Fig. [7.12] we can see that the shear Cyy decreases with increasing myocyte volume
fraction. In the case of Cy4 the force is being applied in the axial direction, this is the
direction in which the myocytes and blood vessels elongate. The blood vessels can be
thought of as empty channels since we are considering the drained parameters. This means
that when the force is applied to the material it deforms and the channels flatten out. This
means that the empty channels just make it softer allowing for the decrease in shear with
the increasing fluid volume fraction. When the myocytes have a low volume fraction,
such as in the case where myocyte damage and death has occurred due to myocardial
infarction, then we see that, for all four fixed fluid volumes, the shear values are higher
than for a larger myocyte volume fraction. The stiffest scenario is for fixed 5% fluid
volume and low myocyte volume fraction and this can be representative of the situation
directly following myocardial infarction where fluid flow to the tissue has been dramatically
reduced resulting in the loss of myocyte volume. We see that by increasing the myocyte
volume fraction the shear decreases at all four fluid volumes, meaning that we have a softer

more compliant material once the myocytes increase in size. Physiologically this occurs to
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help the myocardium return to homeostasis after infarction and this mechanism is clearly

observed from our simulations.
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Figure 7.13: Shear Cgg versus myocyte volume fraction for four different fixed fluid volume
fractions.

In Fig. [7.13] the shear Cgs decreases with increasing myocyte volume fraction for all
four fixed fluid volumes. For Cgg the force is being applied in the transverse direction, that
is, the force is being applied taking a cross section of structure where we have the myocyte
and the channels. At the lowest fluid volume fraction and smallest myocyte volume (the
scenario representing immediately post myocardial infarction) we see that the shear is
the largest, this means that under this setting the myocardium is very stiff. The typical
healthy shear for the myocardium would be approx. 10kPa which is much lower that the
24.2kPa value we see for the infarcted setup. This motivates the myocardium’s biological
response to increase the myocyte volume fraction in order to try to return the tissue to
the correct shear values so that the stiffness and compliance of the material is closer to
the healthy case and leads to greater efficiency of the recovered muscle. If we compare
Cge with Cyy we see that Cyy has the higher values across the increasing myocyte volume
fraction. This is due to the fact that the shear Cyy is being applied in the direction the

myocyte elongates so the increase in its volume influences the material in that direction
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making it stiffer. The behaviour we see here has a more 'nonlinear’ appearance than the
behaviour in the previos plots. This can be caused by the geometry and the direction we
are taking the shear in. The distance between the myocyte and the voids gets closer as
the myocyte volume increases and this smaller distance causes the slightly more non-linear

drop in shear.

7.4 3D Simulations Results - Intercalated discs

Within this section we extend the current computational platform to 3D to allow us
incorporate more structural details that will give us an even more detailed picture of the
true elastic response of the heart. We now consider a setup where we have the myocyte
with intercalated discs at either end embedded in the extracellular matrix with the four
blood vessels in each corner. The intercalated disks are thin connecting plates found at
either end of the myocytes that allow for connection to the next myocyte cell [75]. The

more detailed 3D geometry we consider is shown in Fig.
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Figure 7.14: 3D geometry myocyte with intercalated disks at both ends embedded in the
extracellular matrix with four blood vessels.

Here we make the assumption that the myocytes have a height of 0.8 in the unit cell
of length 1. This is centred so there is a gap of 0.1 height between the myocyte ends and
the top and bottom of the cell. In this gap we place the intercalated discs that connect
the myocytes between cells. This means that we must perform 3D simulations to solve the

cell problems of LMRP since for every slice in the z direction we do not have the same
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microstructure so we cannot reduce to 2D.

We solve the cell problems using the following parameters, found in [1], [26] and [63].
As far as can be determined from the literature there is no clear Young’s modulus for
the intercalated disc, this can be attributed to the fact they are composed of a variety
of different proteins all with different elastic parameters. However, we do know that the
intercalated discs between myocytes are exposed to substantially higher forces than the
equivalent cell-cell junctions in other organs [67]. This leads to the assumption that discs
should be stiffer than the myocyte but on the same order of magnitude. We should note
that given some experimental data on the effective elastic parameters of the material
overall, it may be possible to perform an inverse analysis to obtain a value of say the
Youngs moduli for the intercalated discs. We have the following parameters and the
values we have selected for the intercalated discs.

Table 7.3: Input parameters 3D simulations found in [1], [26] and [63]

Parameter FEuyo (kPa)  Ematix (kPa)  Egise (kPa)  Vimyo  Vmatrix  Vdise
Value 35 80 60 0.49 0.4 0.49

We carry out the simulations for four fixed fluid volume fractions ¢ =
5%,10%, 15%, 20% and for each of these varying the myocyte volume fraction from
5% —25%. The fluid volume fractions have been chosen to represent the following settings;
5% reduced flow leading to infarction, 10%-15% normal range of healthy perfusion, 20%
over perfused leading to myocardial injury. We should note that the intercalated disc is the
connection between the myocytes, therefore we are assuming that the intercalated discs
are growing with the myocytes so that the radii of both are consistently the same. This
means that we are losing a larger percentage of the matrix with the increase in myocyte
volume fraction at the expense of the larger discs.

We begin our analysis by considering the Young’s moduli.
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Youngs Modulus E1 vs myocyte volume fraction
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Figure 7.15: Young’s Modulus E; versus myocyte volume fraction for four different fixed
fluid volume fractions.

From Fig. we can see that for each fixed fluid volume fraction that the Young’s
modulus F decreases with increasing myocyte volume fraction. As before the Young’s
modulus is a measure of the material stiffness and therefore gives information about the
overall elastic compliance of the heart. The heart should be soft and elastic when healthy
with an overall Young’s modulus of 35kPA [63]. This means we can determine a range of
conclusions from the simulations that agree with physiological findings. Post myocardial
infarction intact, surviving myocytes enlarge in an attempt to regulate the stiffness of the
heart caused by the increasing stiffness of the extracellular matrix. Here we see exactly
this phenomena, with the larger the myocyte volume and the greater the fluid volume

fraction the closer the E| parameter gets to that of the healthy heart.
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Youngs Modulus E3 vs myocyte volume fraction
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Figure 7.16: Young’s Modulus E3 versus myocyte volume fraction for four different fixed
fluid volume fractions.

Here, in Fig. |7.16, we consider the axial Young’s modulus F3. We again can see that
with increasing myocyte volume fraction the value of F3 (the stiffness) decreases for all
four fixed fluid volumes. We again see that this behaviour is again representative of what
happens physiologically in the heart to try to maintain homeostasis post infarction. We
also can compare FE3 with F;. We see that E3 changes more than F; when we compare
line-by-line (for each fluid volume fraction) and that the starting values of E3 are higher
than that of F1. This can be explained by the fact that since the myocytes elongate in Fs
this creates the stiffer Young’s modulus in this direction compared with the E; Young’s
modulus.

We also wish to consider the two shear moduli Cyy and Cgg for the four fixed fluid

volumes with increasing myocyte volume.
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C,, vs myocyte volume fraction
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Figure 7.17: Shear Cy4 versus myocyte volume fraction for four different fixed fluid volume
fractions.

In Fig. [7.17] we see that the shear Cy4 decreases with increasing myocyte volume fraction
at all four fluid volumes. This shear is applied in the direction that the myocyte and
channels elongate. This means that for small myocyte volume fractions the matrix and
the specified fluid volume fraction have most influence on the stiffness of the material.
When the myocytes and discs increase in volume they play a role in reducing the overall
stiffness since they are softer than the matrix. The higher the value of the shear then
the stiffer the overall material is. The results of our simulations again agree with the
physiologically observed behaviour that the increased myocyte volume aims to reduce the
overall stiffness of the myocardium caused by the infarct scar in an attempt to return to

homeostasis.
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CGB vs myocyte volume fraction
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Figure 7.18: Shear Cgg versus myocyte volume fraction for 4 different fixed fluid volume
fractions.

The final parameter we have considered is the shear Cgg as shown in Fig. This
shear is applied taking a cross-section of the material where we will see matrix, channels
and intercalated disc. This shear again decreases with increasing myocyte volume. We
can compare the behaviour with Cyy. We see that for the 5% fluid volume fraction that
Cee decreases more than Cyy, however for 10%, 15% and 20% fluid volume fractions Cyy
shows the greater decrease with increasing myocyte volume fraction. We note that Cyy
has higher values across all myocyte volume fractions for all four fluid volume fractions
than Cgg. This can be explained by the different directions the shear is applied in. The
increase in the myocyte volume does indeed decrease the overall stiffness since the myocyte
and the discs are taking up a larger volume of the whole structure and are softer than the
matrix. However Cyy is being applied against the base of the disc/myocyte fibre and as
the volume of this increases it has an influence when the force is applied. The voids with
the Cy4 shear only flatten out rather than deforming with the shear. Both of these reasons

are what keeps the value of the shear Cyy higher that that of Cgg.
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7.5 Conclusions and future directions

Within this work we have created a robust computational platform that has allowed for a
first study of how different microstructural features, that can be observed clinically follow-
ing myocardial infarction, affect the elastic parameters of the heart. We have investigated
a variety of elastic parameters obtained by solving the asymptotic homogenization cell
problems of [69] and Chapter [3| for poroelastic composites.

We begin this work by firstly summarising the LMRP model for poroelastic compos-
ites. We provide an Appendix with the specific cell problems that we have solved to
produce the results of this work, as well as references to inform the reader of the numerical
procedures that are carried out. We then consider the first microstructural change that
occurs as the result of myocardial infarction. That is, the loss of myocyte volume and
increasing matrix fibrosis and we consider this versus porosity. For this microstructural
change we make the comparison with the healthy heart for the four elastic parameters
(Young’s moduli F; and E3 and shear moduli Cy4 and Cgg). We find that in all cases the
diseased /infarcted heart is much stiffer across the range of porosities considered. This is
in line with the expected physiological response post infarction.

We continue our analysis by considering the effect of increasing the volume fraction
of the myocyte with the extracellular matrix still being stiffer than in the healthy case.
Physiologically this happens in the areas surrounding the infarct region in an attempt
to counter balance the increased stiffness of the matrix with scar tissue. The results we
obtain for all four elastic parameters, for all four different fixed fluid volume fractions,
confirms this physiological phenomenon. For both of these cases it was possible to carry
out the simulations in 2D since our geometry is identical for each z.

The final part of our analysis extends the previous section by the addition of the
intercalated disks that are stiffer than the myocytes and connect myocytes cell-to-cell.
The analysis carried out in this section requires 3D simulations since the microstructure
varies with the z coordinate. In this setting it is again the increase in the myocyte volume
fraction that is considered. We again see that with increasing myocyte volume all of
the elastic parameters that we have considered here decrease, meaning the stiffness of
the overall myocardium is decreasing. Once again our numerical results were replicating
the physiological response (i.e. increasing myocyte volume in order to try to reduce the
stiffness of the complete organ caused by the scar tissue).

The numerical simulations carried out in this work can be thought of as a first at-
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tempt to model some basic microstructural changes that can be observed post myocardial
infarction. The simulations here are computationally cheap (approximately 15 seconds
computing time to obtain each data point) and can provide realistically observed phsio-
logical responses.

Our current model does have some limitations and possible extensions. The model
currently assumes a simplified microstructure. By increasing the complexity (i.e. the
number of phases and shape of the interfaces) we would obtain differences in the overall
elastic parameters but the generic behaviour would be similiar. We could for example
extend the 3D simulations in Sec. [.4] to include also the influence of the fibroblast cells
on the parameters. It would also be possible to split the heart into regions such as infarct
zone, the infarct border and the remaining unaffected tissue. By doing this we would
obtain different macroscale coefficients for each of the regions that can be used to solve
the overall macroscale model.

It is important to note that micromechanical modelling approaches other than asymp-
totic homogenization could also be of use to obtain reasonable approximations of these
elastic parameters. Other methods such as effective medium theory and mixture theory
are able to accommodate multiple phases and various shaped inclusions and various spe-
cific shaped pores (ellipsoidal, penny-shaped or shperical) however they cannot account
for the unusual or complex geometries with the same precise prescription as asymptotic
homogenization.

Currently this work has used linear elasticity however, we are able to make use of this
computational platform to represent a more accurate nonlinear behaviour of the heart
by using a piecewise approach to modelling as done in [52], [53]. By doing this we can
approximate the nonlinear behaviour using simple, computationally cheap simulations.

Future extensions to this model that could allow it to be used as a predictive tool
for clinicians would be adding additional microstructural features that have an influence
on the overall behaviour of the heart. As well as obtaining additional data from medical
imaging that would allow us to create a patient specific profile of the elastic parameters
post infarction and in the recovery period. By solving the macroscale model, which is
not done in this work, we would obtain values for pressure that could be compared with
pressure-volume loop data obtained from patients.

Another useful source of data for model comparison and validation would come from

elastography of the heart. The elastography technique uses vibrations applied to the
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skin and measures the responses from the underlying tissues since stiffer tissue responds
differently to softer tissue [119]. This can be used to assess changes in myocardial elasticity
during the cardiac cycle [113]. These measurements along with our model predictions can
provide valuable insight to clinicians on the stiffness of the heart and inform treatment

choices.



Chapter 8

Summary and Conclusions

We have derived a variety of novel theoretical models that consist of partial differential
equations that describe the effective mechanical behaviour of poroelastic materials with
various different microstructures. This has been used to enhance the literature surrounding
poroelasticity and has allowed for a range of choices of models when faced with real world
applications that feature a detailed microstructure.

Our analysis begins firstly in Chapter [2] where we present a re-derivation of the quasi
static governing equations of a porous elastic matrix with an incompressible Newtonian
fluid flowing in the pores. We assume that the size of the pores is much smaller than the
size of the whole domain and therefore embrace the asymptotic homogenization technique
to derive the model. The governing equations are that of Biot’s poroelasticity [12H15]
which have previously been derived via homogenization by [19]. This chapter serves as
a first example of the application of the asymptotic homogenization technique and as
a standard for comparison with our novel models derived in later chapters that aim to
improve upon the applicability of poroelastic models to real-world scenarios.

In Chapter [3| we derive the novel quasi-static governing equations for the macroscale
behaviour of a linear elastic porous composite comprising a matrix interacting with in-
clusions and/or fibres, and an incompressible Newtonian fluid flowing in the pores. We
assume that the size of the pores (the microscale) is comparable with the distance be-
tween adjacent subphases and is much smaller than the size of the whole domain (the
macroscale). We then decouple spatial scales embracing the asymptotic (periodic) homog-
enization technique to derive the new macroscale model by upscaling the fluid—structure
interaction problem between the elastic constituents and the fluid phase. The resulting

system of partial differential equations is of poroelastic type and encodes the properties of
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the microstructure in the coefficients of the model, which are to be computed by solving
appropriate cell problems which reflect the complexity of the given microstructure. The
model reduces to the limit case of simple composites when there are no pores [89], and
standard Biot’s poroelasticity whenever only the matrix—fluid interaction is considered [19]
and [92]. We further prove rigorous properties of the coefficients, namely (a) major and
minor symmetries of the effective elasticity tensor, (b) positive definiteness of the resulting
Biot’s modulus, and (c) analytical identities which allow us to define an effective Biot’s
coefficient.

In Chapter [4] we extend this work to a nonlinear framework. Within this work, we up-
scale the equations that describe the porescale behaviour of nonlinear porous elastic com-
posites, using the asymptotic homogenization technique in order to derive the macroscale
effective governing equations. A porous hyperelastic composite can be thought of as being
comprised of a matrix interacting with a number of subphases and percolated by a fluid
flowing in the pores (which is chosen to be Newtonian and incompressible here). A gen-
eral nonlinear macroscale model is derived and is then specified for a particular choice of
strain energy function, namely the de Saint-Venant function. This leads to a macroscale
system of PDEs, which is of poroelastic type with additional terms and transformations
to account for the nonlinear behaviour of the material. Our new porohyperelastic-type
model describes the effective behaviour of nonlinear porous composites by prescribing the
stress balance equations, the conservation of mass and Darcy’s law. The coefficients of
these macroscale equations encode the detailed microstructure of the material and are to
be found by solving porescale differential problems. The model reduces to the following
limit cases of (a) linear poroelastic composites when the deformation gradient approaches
the identity [69], (b) nonlinear composites when there are no pores [102] and (c) nonlinear
poroelasticity when only the matrix—fluid interaction is considered [17].

We further develop the poroelastic modelling literature with our novel model for double
poroelastic materials, that is, materials with a poroelastic matrix with embedded poroe-
lastic subphases. This is derived in Chapter [5, We assume that the distance between the
subphases (the local scale) is much smaller than the size of the domain (the global scale).
We assume that at the local scale both the matrix and subphases can be described by
Biot’s anisotropic, heterogeneous, compressible poroelasticity (i.e. the porescale is already
smoothed out). We then decompose the spatial variations by means of the two-scale ho-

mogenization method to upscale the interaction between the poroelastic phases at the local
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scale. This way, we derive the novel global scale model which is formally of poroelastic-
type. The global scale coefficients account for the complexity of the given microstructure
and heterogeneities. These effective poroelastic moduli are to be computed by solving
appropriate differential periodic cell problems. The model coefficients possess properties
that, once proved, allow us to determine that the model is both formally and substantially
of poroelastic-type. The properties we prove are a) the existence of a tensor which plays
the role of the classical Biot’s tensor of coefficients via a suitable analytical identity and
b) the global scale scalar coefficient M is positive which then qualifies as the global Biot’s
modulus for the double poroelastic material.

We then begin our numerical analysis of our novel models. In Chapter [6] we investigate
the role that the microstructure of a poroelastic material has on the resulting elastic
parameters. We are considering the effect that multiple elastic and fluid phases at the
same scale (LMRP model from Chapter |3) have on the estimation of the materials elastic
parameters when compared with a standard poroelastic approach. We present a summary
of both the LMRP model and the comparable standard poroelastic approach both derived
via the asymptotic homogenization approach. We provide the 3D periodic cell problems
with associated boundary loads that are required to be solved to obtain the effective
elasticity tensor for both model setups. We then perform a 2D reduction of the cell
problems, again presenting the 2D boundary loads that are required to solve the problems
numerically. The results of our numerical simulations show that whenever investigating a
poroelastic composite material with porosity exceeding 5% then the LMRP model should
be used to compute the Young’s moduli £; and F3 and the shear C4y and when the
porosity exceeds 20% it should also be used to investigate the shear Cg. We find that for
materials with less than 5% porosity a standard poroelastic approach or the LMRP model
produce the same results.

Finally in Chapter [7] we apply our novel model for poroelastic composites to investi-
gating the elastic parameters of the heart post myocardial infarction. Within this work
we investigate how physiologically observed microstructural changes induced by myocar-
dial infarction impact the elastic parameters of the heart. We use the LMRP model for
poroelastic composites [69] to describe the microstructure of the myocardium and investi-
gate microstructural changes such as loss of myocyte volume and increased matrix fibrosis
as well as increased myocyte volume fraction in the areas surrounding the infarct. We

also consider a 3D framework to model the myocardial microstructure with the addition
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of the intercalated disks, which provide the connections between adjacent myocytes. The
results of our simulations agree with the physiological observations that can be made post-
infarction. That is, the infarcted heart is much stiffer than the healthy heart but with
reperfusion of the tissue it begins to soften. We also observe that with the increase in my-
ocyte volume of the non-damaged myocytes the myocardium also begins to soften. With
a measurable stiffness parameter the results of our model simulations could predict the
range of porosity (reperfusion) that could help return the heart to the healthy stiffness. It
would also be possible to predict the volume of the myocytes in the area surrounding the
infarct from the overall stiffness measurements.

The current work has extended the literature surrounding poroelastic materials and
has produced computationally feasible models. There are of course many extensions to
the research lines that have been developed in this thesis and there have been specific
comments made on these in the concluding remarks of the individual chapters. Overall
there are a variety of novel models that could still be developed in order to extend and

develop the understanding of perfusion and mechanics in real world poroelastic materials.



Appendix A

Appendix: Double poroelastic

material model

A.1 Limit cases for the global scale model

It is important to note that our global scale model reduces to previously obtained
results when we consider the following limit cases. The first case is in the limit of no fluid
present. This means that we are able to set 9(©) to zero and therefore 9 is also zero and
the relative fluid velocities wy; and wg are both zero. In this case the mechanical behaviour
of the material is described by only the balance equation with no pressure contribution in

the effective stress, Therefore the model reduces to only two equations and has the form

vx FOeff = 07
(A.1)

Ocff = <CMLM + Cy + Csllg + Cs>9 : 5xu(0).

This is the model for a simple elastic composite material. We also note that the only cell
problem that is relevant in this case is . This model coincides with the models
for elastic composites found in the literature [89).

The second limit case we consider is where our subphase has no fluid (i.e the subphase is
purely elastic) and our matrix remains poroelastic. This is the setting considered by [105]
and, assuming also incompressibility of the phases, [24]. To reduce our model to this case

we assume that ag = 0, wg = 0 and that g = 0. Under this assumption our model looks
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like '
vx ’ Uleff = 07
oug = C': &u® + 590,
) (A.2)
Wgﬂ' — _W/VX§(0)7
19(0) — M/(Vx W — & gxu(o))7
where
v (M) - )
M/ = 1 + <MM(aMM TM>>M7 ")’/ = <CMTM + CSTS — aM>Q, w:eff — <W](\/[)>527
W' = (KnRog + Kaha, &' = (e +Li; : ani)o, (A.3)

and C’ is the same as in (5.133). The effective behaviour of our material under these
assumptions is characterised by the coefficients C’, &', W/, 4" and M’. We can make the
following identifications in our notation with the notation used in [105], where a weak

formulation has also been used, which are

C=c*f &=c" -7 =4°" jél, =B, W = K°f (A.4)
We have that our 4’ is identifiable with [105]’s A°T up to a change in sign due to the
difference in sign used within the ansatz between their work and ours. As noted by [105]
the effective elasticity tensor found here is that of elastic composites [89]. It is also possible
to show that A°f = G°f and that BT is positive as in [105]. We can also identify
our coefficients with those used in [24]. We enforce the assumption that our material

is incompressible in both phases to our coefficients in (A.3|) and then we can make the

following identifications

~ - 1
C=ct a'=s ¥ =G, =T W =K (A.5)
We can also find a correspondence the cell problems found in [105] and [24] and those
found here. The cell problem (5.83(5.86)) which is the cell problem for elastic composites
is the cell problem found in [24] when the assumptions of isotropy and incompressibility
are applied and the cell problem found in [105] where a weak formulation has been used.

The second cell problem ((5.8745.90|) reduces in this limit case. We have that ag = 0 due
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to there being no fluid in the subphase. The reduced cell problem is

Vy  (Cuéybm) =Vy o in Oy, (A.6)
Vy - (Cséybs) =0  in Qg, (A7)

(Cuéyby — Cséybs)n=aym o T, (A8)
by=bs on Y. (A.9)

When the assumptions of isotropy and incompressibility are made we also have that ay =
1. This means that the right hand side of and are both zero. This again
coincides with the cell problems found in [24] and [105]. The anisotropic Poisson problem
(5.11345.116)) reduces in this limit also. Since there is no fluid in the subphase from
the commencement then there is no requirement for the continuity of pressure interface
condition or for a Darcy’s law equation in the subphase, that is wg = 0. This means that

the problem retains only two equations. The reduced cell problem is therefore

Vy - (VyOuKy) = —=Vy - KY  in Qy, (A.10)

(VyOuKi)n = —Kfm  on Y. (A.11)

This corresponds to the cell problem in [105] and the cell problem in [24] when again
in this latter case the assumptions of isotropy and incompressibility are made as well as

assuming the hydraulic conductivity tensor Ky = 1.

A.2 Computational scheme

We aim to provide a clear step-by-step guide to finding our effective coefficients and solving
our global scale model encoding structural details from three scales. We also
provide, where available, particular references that would assist the reader with the type
of numerical simulations that would need to be carried out. Since we have made the
assumption of global scale uniformity of the material then we can propose the following

steps to solve the model. The process is as follows:

1. We begin by fixing the original material properties of the poroelastic matrix and the
poroelastic subphases at the local scale. We require the effective elasticity tensors Cyy

and Cg, the Biot’s tensors an and ag, the Biot’s moduli My; and Mg and finally
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the hydraulic conductivities Ky and Kg from both the matrix and the subphases.
Under the assumption of isotropy we are required to fix 5 parameters for the matrix
and 5 parameters for the subphase. These parameters are two independent elastic
constants e.g the Poisson ratio and Young’s modulus (or alternatively the Lamé

constants), hydraulic conductivity, Biot’s coefficient and Biot’s modulus.

2. The local scale geometry then must be defined and we fix a single periodic cell at

this stage.

3. We would then be able to solve the elastic-type cell problems (5.83|-15.86) and ([5.87|

-15.90)) to obtain the auxiliary tensors Ly, Lg, 7y and 7s which appear in the global

scale model coefficients. The cell problems to be solved are, in components,

i(CM K (BMY) + i o i O (A.12)
83/ 1)Pq>pq 3yj ’
0 AC2 )
By, (CHpgCit(BS)) + 8; =0 in  Qgw,  (A.13)
J
Cobalm (BMn; — €y CR(BS)ny = (CM = C)ijrun;  on T, (A.14)

as well as another elastic-type cell problem driven by variations in the constituents’

compressibility
0 oaM ]
8y~( z]quPq( )) 8%] n Qm, (A.IG)
9 S S da ZS .
f(ciqugpq(b ) = 3ij in  Qgup, (A.17)
zypquq(bM) zyquP‘I( inj = —(a® = aM)yn; on T, (A.18)
b = b} on T, (A.19)

where we have used the notation

0Bp, 0B oy oY
K(gv) — 1( pkl gkl q) (A.20)

oy = L (%% %
Prq 8yq + 8yp ) and CP(I(b )_ 9 (ayq + 8yp

and the superscript v = M, S refers to either the matrix or the subphase. The
solution of the problem (A.127A.15)) can be obtained by solving six elastic-type cell

problems by fixing the couple of indices k,I = 1,2,3. By doing this we can see
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that C}I,fé(B“) represents a strain and that for each fixed couple of indices k,l we
have a linear elastic problem. For an example of where this cell problem has been
solved computationally, see the recent works [88] and [89]. The solution of problem

(A.16HA.19) is obtained by solving 3 cell problems for each i = 1,2, 3.

The auxiliary second rank tensors Ry and Rg can be computed by solving the
vector cell problem given by . The latter corresponds to three scalar
anisotropic Poisson’s problems (for each j = 1,2,3) equipped with continuity and
transmission interface conditions, component-wise. The cell problem in components

is

0 ([ OO oY
Ky—)=-—" Q A.21
83/2‘ < il ayl > 8:1/1 mn M ( )

o [ 4008 OK?
— (K=t ) =—+" i Q A.22
83/1( al 83/[ 83/1 m Sub; ( )
19?4 = 19? on T, (A.23)
oM 993

<Kzl>/lay]l - Kzslayj)nz = (KM — Ks)ijni on T. (A.24)

This problem is the same as the classical problem that arises from applying the
asymptotic homogenization technique to the diffusion problem and porous media

problems; see [27], |7], and [93]

4. We also require one more condition to ensure uniqueness of solution. We can enforce
that the cell averages of the cell problem solutions are zero. That is, (By+Bg)a = 0,

(by + bg)q = 0 and <1§M + ’l§s>g =0

5. The auxiliary tensors arising form the cell problems (i.e. the quantities Ly, Lg, 7w,

T3, Ry and Rg) can then be used to determine the global scale model coefficients.

6. The geometry at the global scale then must be prescribed. The boundary condi-
tions for the homogenized cell boundary must also be given, and the system is to
be supplemented with initial conditions for the global scale solid displacement and

pressure.

7. Finally, the global scale model (5.132f) for a double poroelastic material can then be

solved.

Remark 17. (Computational scheme on three scales) If porescale data was available for
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our material then we would be able to obtain a solution encoding structural detail on three
scales. We would begin by fixing the original material properties on the porescale. This
includes fixing the stiffness of the solid phase in both the matriz and subphase, defining
the pore structures, and determining the fluid properties, which are, the viscosity and
potentially the bulk moduli for compressible fluids. At this scale we are considering both
these poroelastic materials separately. We then must define the porescale geometry for both
the matrix and the subphases. This includes fixing a periodic cell in both the matrix and
the subphases. We would then be able to solve the separate cell problems for the matriz and
the subphase. These cell problems are the standard cell problems of poroelasticity found
in [19] and with a step-by step computational scheme found in [92]. These cell problem
solutions would then be used to determine the local scale coefficients such as the elasticity
tensors Cyt and Cg, the Biot’s tensors of coefficients in the matrix and the subphases an
and as, the Biot’s moduli My and Mg, and the hydraulic conductivities Ky and Kg,
which would then be used in Step 1 above. For an example of where these elastic and fluid

cell problems have been solved numerically see the recent work [35].



Appendix B

Appendix: Analysis of stiffness of

poroelastic composites

This appendix contains firstly the 2D reduction of the cell problems for poroelastic com-
posites shown in Sec. with orthotropic elastic constituents. This reduction is the
most general and can have different assumptions applied so it can be reduced to the 2D
problems for the model in Sec. The second function of this appendix is to pro-
vide details of the numerical setup and justification of our computational setup for 3D

simulations.

B.1 2D reduction

Our 2D reduction of the problem will be carried out for the most general case, which in
this work is the poroelastic composite where both elastic phases are orthotropic. From
this problem which comprises five equations we can make some simplifying assumptions
which allow the reduction to also be applicable to the porous matrix problem and to the
composite comprising the porous matrix and the elastic inclusion. In order to carry out
our 2D reduction we consider and build upon [82], [81], [88]

Since we are beginning with the case of poroelastic composites we will use the notation
of the LMRP model in Sec. We begin our reduction by making the assumption
that the elasticity tensors C,; and Cy; are constant with respect to both the porescale and
macroscale. This will also be the case for Cy;, C;¥ and Cpy for the other problems. This

means that we can re-write the 3D cell problem (6.19)-(6.23) for third rank tensors A},

226
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and A}, as follows

0A!
pkl .

iiva D00 in (B.1)

DA
cn Pk g in Q B.2
P 5y 0y m S (B.2)

0A! 0Al
Czlqu ayquln;n ngl'pq ayqul ;11 o (CII CI)UklnHI on FIII (B.3)
oA,

Cilpg 8” ni + Ciiyny =0 on Iy (B.5)

In the above cell problem the summation over repeated indices j,p,q = 1,2, 3 is under-
stood. We note that our unknown third rank tensors A" and A" do not depend on ys
due to symmetry, neither do the third rank tensors B, F' or F that we use in the other
cell problems presented in Sec. We also have that our normals to the interfaces are
also only functions of y; and y5. This, along with the elasticity tensors being y-constant,
means that A" and A only depend on y; and yo. The cell problem — can now

be solved in two dimensions, so we can rewrite as

ls azfg’;lﬁ =0 in D (B.6)

s aay‘jg’;lq = in Dy (B.7)

! sp aaA skttt — CH g 851 SELpI— (O™ — CY) ™ on dD,NdOD;  (B.)
Al = Al on 0D;NODy (B.9)

,I(IXS/B (;45kl na 4+ Cilyns =0 on OD:; (B.10)

In the problem (B.1] - B.5)) the summation over repeated indices s = 1,2,3 and o, 5 = 1,2
is understood. We also have the domains D; and D;; which represent the two-dimensional
cross section of the periodic cell where the subscripts I and II represent the inclusion and
matrix respectively. We also have the interfaces dD; N @Dy which corresponds to a 2D
cross section of I'y; and 0Dy is the 2D cross section of I';.

We assume that our C}, 5 and Ccl s are orthotropic, that is, the following represen-



APPENDIX B. ANALYSIS OF STIFFNESS OF POROELASTIC COMPOSITES 228

tations for C' and C holds

Ci; C, Ci3 0 0 0
Cly C Ci3 0 0 0
ct, Ci, Ci 0 0 0
Cl — 13 13 33 (B.11)
0 0 0 Ciy O 0
0 0 0 0 Ci O
| 0 0 0 0 0 C’éG_
Cn Cip Gy 0 0 0
Cly, C3% Ci5 0 0 0
o |CB a0 0 0 B
0 0 0 Cf 0 0
0 0 0 0 Cz O
i 0 0 0 0 0 C’élﬁ_
where we have used voigt notation for the entries as in [8§].
We expand problem (B.1)-(B.5)) using s =1,2,3 and «, 5 = 1,2. That is
I 8A11kl 4+ CF aAIZlcl 4+ ! 6Aékl 4+ " 8A11kl 4+ CF 6AIZlcl
i111 8y% i121 8y% i131 ay% “128y18y2 “2283/181/2
O0A! 0A! OA! OA!
+ C; 3kl C1 1kl C} 2kl C; 3kl
120y10ys P a0y P ayedyr P yady
0A! 0AL 0AL .
+ 0521276;%“ + ;2227(9;? + Ciaso 8;;1 =0 in D (B.13)
11 8A?kl +Cu aAIQIkl +on aAgk:l + aAiIk:l 4+ CcH aAIQIkl
7111 8y% 1121 (91/% 3131 ay% le?aylayz 1122 aylayQ
0AY 0A% 0AY 0AY
+Cn 3kl + s 1kl +ou 2kl + L 3kl
132 By10ys i211 By20u1 221 D201 231 E
HAN HAL HAL )
+ z%lzﬁléd + 11%22?251 + Cilaso 8;;[ =0 in Dy (B.14)
0AL I ! 0A! 0AL
1 1kl 111 1 2kl 111 1 3kl 111 1 1kl 111 1 2kl , 111
: ny + C; ny + C; ny + C; ny + C; n
i111 Ay 1 121 Dy 1 i131 E 1 i112 E 1 1122 E 1
OA! 0A! OA! OA! 0A!
C; 3kl , 111 I 1kl , 111 1 2kl , 111 I 3kl , 111 I 1kl 111
+ Ci132 E n i211 A L 221 A o 231 Ay L) 212 By n

I I II II 1I
+ " 8A2kl 1 I aASkl nil _ II 8Alkl i 11 aAle i 11 aA?)k:l i
1222 ayz 2 1232 ayz 2 1111 8y1 1 1121 8y1 1 1131 3y1 1
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11 I I 11

11 aAlk:l nIII 11 aAle nHI 11 8ASkl nIII 11 aAlk;l nIII 11 aAle nIH

112 8y2 1 1122 63/2 1 1132 82./2 1 211 3y1 2 1221 a 2
I

11 11 11

4 11 8A3kln111+ 11 8A1k1n111+ 11 8A2kln111+ 11 8A3lclnm>
i231 2 i212 2 222 2 1232 2
oy 0y2 0y 0y

= (Ciini" + Cigny ') — (Ciygni” + Ciggna') on 0D;NADy (B.15)
i = Ak on 0D;NODy (B.16)

I
11 Alkl nn 11 A2kl TLH 11 A3kl 11 + 1lcl nn + A2k:l nn
7111 8y1 1 7121 (9 1 131 (9 ny 1112 8 1 1122 8 1

n DA DAL DAL DA
+ Ciizo a3kl”111+ 211 alkl”121+ 1291 82kl”121+ 1231 83kl”121+ 212 81kl”121

aAII 8AH
+ Cizao a%l ny + Ciaza aw ny + Ciigny + Cigpny =0 on 9D (B.17)

Now we have our problem we can set ¢ = 1,2 to get the in-plane problems and ¢ = 3 for the

anti-plane problems and use the entries from the matrices (B.11]) and (B.12)) to simplify.

We have four in-plane problems and two anti-plane problems in total.
We first consider the anti-plane problem, so we put ¢ = 3 in (B.13])-(B.17) and use the
entries from the matrices (B.11)) and (B.12)), not in Voigt notation, to simplify. That is,

03131 + 0:11’2327 = 0 in DI (B18)
Ayt 0y3
BAII HAL '
C3131 0y 32“ C3h32 13 32“ =0 in Dy (B.19)
0A} 5A 0AY 0AY
03131 a 3kl HI 03232 a 3kl III (03131 8 3kl III 03232 a 3kl nIQII)
= (Cyiny" + Caopny’) — (Cypgny” + Caopny ) on dD;NdDy (B.20)
8AII 8AII
3131 a;kl ni' + C3hso 8y3kl ny + C31ny + Cihyny =0 on 9D (B.22)

Now similarly for the in-plane problem, so we put i = 1,2 simultaneously in (B.13])-
(B.17) and use the entries from the matrices (B.11) and (B.12) to simplify to obtain a

vector problem of the form

V- (C'VAY)

in D, (B.23)

V- (C"VA}Y) in Dy (B.24)
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(C'VA}, — C'VA)n™ =1y on OD;NADy (B.25)
C'"VA;n" +C"'n" =0 on 0D (B.27)
where A, and A}, are vectors with two components i = 1,2 for each fixed couple

(k,1)=(1,1), (2,2), (3,3), (1,2). The force on the interface dD; N dD;; between the two

elastic phases fZDImaDH can be written as
oODNODr 11 111 11 111 I 11 I 111
£ = (Ciiwm kN2 ) — (Cigni’ + Cigny') (B.28)

We also have a second interface between the fluid and the matrix dD; and this has the
interface load

oD
£, " = Ciini + Clgny (B.29)

again for each fixed couple (k,1)=(1,1), (2,2), (3,3), (1,2).

We therefore have that the 2D problems to be solved are the two anti—plane —
for (k,1)=(1,3), (2,3) and the four in-plane - ) for (k,1)=(1,1), (2,2),
(3,3), (1,2). For the LMRP model we see these specified for isotropic elasticity tensors
in Sec. [6.2.2l We can simplify these problems for the porous matrix problem by using
only and for (k,1)=(1,3), (2,3) and and for (k,1)=(1,1), (2,2),
(3,3), (1,2). We also assume that the matrix has an isotropic elasticity tensor which we
illustrate in Sec. [6.2.4] Also for the problem between the inclusion and the porous matrix
we require only (B.18)-(B.21) for (k,1)=(1,3), (2,3) and the four in-plane (B.23)-(B.26) for
(k,)=(1,1), (2,2), (3,3), (1,2). We also make the assumption that the inclusion is isotropic
and use the results from the 2D porous matrix simulations to inform the elasticity tensor

for the matrix. This can be seen in Sec. [6.2.4]

B.2 Numerical Simulations and Meshing

Within this section we aim to give an overview of the steps carried out in COMSOL
Multiphysics to compute the results presented in this work. To do this in the most clear
and useful way we will begin with the set up for the 3D simulations platform, and then
explain the simplified 2D simulations which have results presented in Fig. -

We can now discuss the 3D simulations that are applicable to long fibres embedded
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in the matrix with the fluid cylinders. We can then mention the small modification for
the case of short fibres, with results shown in Fig. - For the LMRP model the
cell problem (/6.19)-(6.23)) is a three dimensional problem. Our interface conditions (6.38))-

(6.43) and (6.44)-(6.49) are also 3D. For each pair of boundary loads given in (6.38])-
(6.43)) and (6.44)-(6.49) we compute a corresponding numerical solution of the elastic-
type problem (/6.19))-(6.23)). This can be done using the finite element software COMSOL

Multiphysics employing its Structural Mechanics Module.

We use this software to compute the 36 entries of the tensors M; and M;. Then once
we have these results they can be used in to obtain the entries of CEMRP. Once we
have the complete tensor CI'MRP then we can use the components in the formulas for our
elastic moduli F; and E3 and take the shears directly from the tensor.

We will now give some details of how this process in COMSOL is carried out. The
finite element software creates a mesh for the periodic cell 2. It does so in such a way
that it creates a surface mesh for the interfaces between the phases and around the voids.
It then extends the surface mesh into a three-dimensional one for the entire periodic cell
Q). By using this method it allows for both interface conditions described by boundary
pairs and interfaces on the drained fluid voids. This is beneficial since it allows for a
particularly refined mesh on the interfaces (where the important physics takes place) and
the surrounding area which gets gradually coarser the further away from the subphase and
void interfaces that we are.

We know from the cell problem — that the stress-jump condition on the
matrix-subphase interface as well as the condition on the interface between the matrix
and fluid are the driving forces for the solution of the cell problems. This means that
we require a sufficiently fine mesh on these interfaces to ensure we obtain an accurate
numerical solution. Therefore, to capture these areas where the important physics is
taking place, our mesh in €2 is set to be much more refined around the boundary pairs and
voids representing the interfaces than in the remainder of the domain further away from
these interfaces. It is important we mention that we can use a sequence of increasingly
refined meshes of 2. These meshes are predefined by COMSOL Multiphysics and range
in refinement from extremely coarse to extremely fine.

In cell problem - the stress balance equations - are simple since
we have zero volume forces and a constant, isotropic elasticity tensor for both the matrix

Qu and the subphase €2;. The stress jump and the continuity of the auxiliary tensors A;
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and Ay — across the interface between the two elastic phases are encoded by
conditions on each boundary pair. The condition between the matrix and the void
is encoded on the interface. We then impose periodic boundary conditions on the outer
boundary 9€). By using this framework the solution of the elastic-type problem will be
unique up to a constant. The constant here is unimportant since it will disappear when
the partial derivatives of the solution are taken to allow us to determine M; and My;. That
being said, computationally we do require a unique solution of the elastic-type problems
in our periodic cell. To obtain this we can add an additional constraint in COMSOL that
fixes the auxiliary displacement to zero in one corner point of €. This fixes the constant
that is obtained. COMSOL Multiphysics uses the principle of virtual work to implement
the elastic-type problem described above in weak form.

As we do not have continuity of stresses the problem for the auxiliary variables A; and
Ay is solved in the geometrical setting in the Comsol feature assembly. If we were to use
the union setting then the subdomains Q;; and €2; would be merged to form a simple union
with continuity which is not the case in our materials. By using the assembly feature
we are able to retain the boundaries for each phase of the domain, which allows for the
necessary flexibility in the application of the interface conditions.

The entries of the third rank tensors A; and A;; are numerically approximated once
the six elastic-type problems - corresponding to the six pairs of interface loads
— and — have been solved. The derivatives of the entries of A; and
Ay are linear functions that can be evaluated without additional error and therefore so
can all entries of the auxiliary fourth rank tensors M; and M;;. The entries of the effective
elasticity tensor @LMRP are then computed using by calculating the averages without
additional errors. All the steps carried out such as the finite element approximations for A,
and Aj;; to the computation of the effective elasticity tensor @LMRP is obtained in COMSOL
Multiphysics by using its integral post-processing tools.

For the short fibre simulations the same setup is used however, in this case the boundary
pairs are on the full cylindrical surface (curved walls and circular ends) of the embedded
subphase rather than just on the curved surface of the cylinder since it is fully embedded
in the matrix. The rest of the setup and post-processing remains the same procedure.

A very similar setup can be employed for the standard poroelastic setting. Here we
have created a platform comprising 3 phases (and many more could be added) but by

assuming limit cases of the details just provided we can split this platform into the two



APPENDIX B. ANALYSIS OF STIFFNESS OF POROELASTIC COMPOSITES 233

steps required by the standard poroelastic approach. We first have this setup assuming the
subphase does not exist which would mean it would be a porous matrix set up with only
the interface between matrix and void. Secondly the setup can be modified assuming the
voids do not exist, for further details on this second step see the [88] where the numerical
simulations for a composite have been carried out.

In terms of the 2D problems, the setup is almost identical although this time we
are using a 2D domain and the interfaces are lines not surfaces. We again do not have
continuity of stresses so the problem for the auxiliary variables A; and Ay is still solved in
the geometrical setting using the COMSOL feature assembly where the interface is just a
circle. We have our voids on which the forces are placed on the interfaces. We have the
corresponding periodic conditions which are applied on the external edges (lines) making
the boundary. For uniqueness of solution a constraint in COMSOL is placed that fixes
the auxiliary displacement to zero in one corner of the square domain. In the same way
all the steps carried out such as the finite element approximations for A; and Ay to the
computation of the effective elasticity tensor Cpume are obtained in COMSOL Multiphysics
by using its integral post-processing tools. This time using surface integration rather than

volume integration.

B.3 Error Plots

Within this section of the appendix we show the plots of the error we obtained between
carrying out the 3D and 2D simulations for both the LMRP model and the standard
poroelasticity type model. All the plots have at most a 1% error between the 3D and 2D
simulations which justifies the accuracy of the 3D simulations that we have carried out

and justifies the results obtained for the short fibres in Sec. [6.4
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Figure B.2: Error between 2D and 3D simulations
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Appendix: Effects of MI on elastic

parameters of the heart

C.1 Cell problems

Within this appendix we present the cell problems for poroelastic composites arising from
the asymptotic homogenization technique as found in [69] and Chapter These cell
problems allow us to compute all of the macroscale model coefficients.

We are able to compute the fourth rank effective elasticity tensor C for the LMRP
model and by using its components calculate the two Young’s moduli and two shear moduli.

The effective elasticity tensor is given by
CLMRP — <CMYOM1\/I}IO + C1\/Iyo + CIMMII\I + CHVI)S' (C]-)

We see this comprises the fourth rank tensor M,,, where v = Myo, IM, which are defined

as

1 8Alv2/lo 8A1V§leo aAIM aAIM
M kl AMyo _ D q Vi kl AIM _ pkl qkl ) 9
Myo — 5 ( ) 2 < ayq + ayp > ) IM é‘ ( ) 8yq + 8yp (C )

We can then write the cell problems for third rank tensors Ay, and Ay, found in [69],

. . Myo IM
with corresponding components A7 and A}y as

0 CMyo kl (AMyO) 8 INJII):; =0 in Q (C 3)
Dy, \ra 0y, I .
0 M ¢kl M acg;\}cl ]
A ik _ Q 4
8y] <Czj10qg ( ) + 8yj 0 o " (C )
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Ol (At — O3t €M (At = (™~ O on T (C5)
AZ?ZO = Aip on I'iy (C.6)
Clljl\;q gé(AIM)nH + Cjklnn =0 on Iy (07)

The solutions to the problem (C.3] - ., kL o (AM°) and fkl (A™) are found by solving six
elastic-type cell problems by fixing the couple of indices (k,). By doing this the fkl (AM)
and fkl (A™) that appear in - represent a strain, Then for every fixed couple (k,
1) we have a linear elastic problem which has interface conditions between the matrix and
inclusion determined by using the elasticity tensor in and between the matrix and
the fluid that can be determined using .

We also wish to be able to determine the other macroscale coefficients such as the Biot’s
modulus and the Biot’s tensor of coefficients (see ) We see that these coefficients

contain the tensors Qy;,, and Q. These can be defined as

1 /9aMve  9gMve 1/0a™ 9™
_ Myo\ __ — /4 q . _ M - i4 q
Quiyo = qu(a ) =9 ( ayq 8yp )7 Qi = gpq(a ) =3 ( 8yq + 8yp ) (0-8)

We then have the cell problems for the vectors a*¥° and a™, which is given by

823- <0};;;5pq(aMy0)> —0 n oo (C.9)

aayj (c;;;,quq(aml)> 0 i O (C.10)
Czl\;;zgpq(aMyo) U C;%quq( IM) i on D'y (C.11)
a;” = a™ on Iy (C.12)

ClipgEpe(@™)ny + 0l =0 on Iy (C.13)

The solutions to the problem (C.9)-(C.13)), &q(a°) and &yq(a™), are found by solving
the linear elastic problem with inhomogeneous Neumann conditions between the matrix
and the fluid and continuity of auxiliary stresses between the two elastic phases.

These are the 3D cell problems and the ones used to compute the elastic parameters
in Sec. We must use the 3D problems when we have a variation in the z direction (i.e.
in Sec. [7.4] we have cross-sections in the z direction that are disk and matrix or myocyte
and matrix since this is different we must use the 3D problems). If the z cross-sections

are all the same then it is possible to reduce these cell problems to 2D, which reduces the
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computational complexity. It is the reduced cell problems that are used in Sec. [7.2] and

Sec. For the complete detailed reduction of these cell problems to 2D please see [73].
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