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Abstract

We study algorithmic aspects of models in which a set of agents is to be organised into
coalitions of a fixed size. Such models can be viewed as a type of hedonic game, coalition
formation game, or multidimensional matching problem. We mostly consider models in
which coalitions have size three and are formalisms of Three-Dimensional Roommates (3DR).
Models of 3DR are characterised by a combination of the system by which agents have
preferences over coalitions, and the solution concept (e.g. stability). Since the computational
problems associated with 3DR are typically hard, we consider approximate solutions and
restricted cases, with the aim of characterising the boundary between tractable and intractable

variants.

Part of our contribution relates to two new models of 3DR, which involve two existing systems
of preferences called %- and 7 -preferences. In each model, we consider the existence of
matchings that are stable. We show that the related decision problems are NP-complete and

devise approximation algorithms for corresponding optimisation problems.

In a model of 3DR with additively separable preferences, we investigate stable matchings
and envy-free matchings, for three successively weaker definitions of envy-freeness. We
consider restrictions on the agents’ preferences including symmetric, binary, and ternary
valuations. We identify dichotomies based on these restrictions and provide a comprehensive
complexity classification. Interestingly, we identify a general trend that, for successively
weaker solution concepts, existence and polynomial-time solvability hold under successively

weaker preference restrictions.

We also consider a variant of 3DR known as Three-Dimensional Stable Matching with Cyclic
preferences (3-DSM-CYC), which has been of independent interest. It was recently shown
that finding a stable matching is NP-hard, so we consider a related optimisation problem
and present an approximation algorithm based on serial dictatorship. We also consider a
situation in which the preferences of some agents are sufficiently similar to some master list,
and show that the approximation ratio of this algorithm can be improved in relation to a

specific similarity measure.

Finally, we consider a problem in graph theory that generalises the notion of assigning agents

to coalitions of a fixed size. Rather than organising a set of agents, the problem is to find a



maximum-cardinality set of r-cliques in an undirected graph subject to that set being either
vertex disjoint or edge disjoint, for a fixed integer » > 3. This general problem is known as the
K,-packing problem. Here we study the restriction of this problem in which the graph has a
fixed maximum degree A. It is known for r = 3 that the vertex-disjoint (edge-disjoint) variant
is solvable in linear time if A = 3 (A = 4) but APX-hard if A > 4 (A > 5). We generalise
these results to an arbitrary but fixed r > 3, and provide a full complexity classification for

both the vertex- and edge-disjoint variants in graphs of maximum degree A, for all » > 3.
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Chapter 1

Introduction

1.1 About

In this thesis we study the algorithmic aspects of models in which agents form coalitions.

Sometimes, these models can be applied in practice. For example, consider a set of coopera-
tive robots that may form work teams in order to maximise their total efficiency (in terms of
some specific criteria). In such an application, research in this area can provide practical tools
and techniques to organise the robots in an optimal way [1]]. Other models are less directly
applicable, but by studying them we can make insights into how autonomous agents, such as
humans, behave in the real world [2, 3]. Even purely abstract research involving agents that

form coalitions has led to interesting and sometimes unexpected theoretical results.

The models that we focus on involve a set of agents which is to be partitioned into disjoint
coalitions of a fixed size. We call such a partition a matching. For example, this might
represent a set of robot workers who will organise themselves into work teams, where each
work team contains three robots. We assume that each agent has preferences between the
possible coalitions that they might belong to. For example, it may be that for practical reasons
each robot can only evaluate its own individual efficiency in a specific work team. Each robot
therefore assigns a numerical score to each of the work teams it may belong to, where a
higher score indicates that a given robot is more effective in that work team. Alternatively,
such a model might represent a set of students in a class who must be assigned to pairs by
their teacher. Each student might list their classmates in order from the most preferred to

least preferred.

In these models, a central idea is the existence of a matching that satisfies some specific
criteria, or is somehow optimal. For example, for a specific set of robots, we might seek a
matching in which the sum of the individual robots’ efficiency scores is maximised. Alter-

natively, for a specific set of students we might ask whether it is possible to pair the students
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such that no two students both prefer each other to their respectively assigned partners. We
refer to these criteria as solution concepts. The solution concept in the latter example, which
involves a set of agents that may deviate away from their assigned coalitions, is a type of
stability. Stability is a central concept in the theory of coalition formation in general and this

thesis in particular.

The specific contribution of this thesis relates to the algorithmic aspects of these models. For
example, one of our new results is an algorithm that could be used to construct a matching of
robots into work teams that satisfies a type of stability. For a slightly different solution concept
we show that, for a given set of robots, a matching that satisfies that solution concept does
not necessarily exist. Furthermore, deciding whether a given set of robots can be matched in
such a way that satisfies that solution concept is NP-complete. In contrast, we show that if
the robots’ scores are all restricted in a certain way then such a matching must always exist,

and can be found by an efficient algorithm.

1.2 Thesis statement

Computational problems involving agents that form coalitions are generally NP-hard, and
in particular when those coalitions must have a fixed size. Nevertheless, there exist natural
models of fixed-size coalition formation in which optimal or near-optimal matchings can be

found using efficient algorithms.

1.3 Contribution

Our main contribution relates to a family of models of fixed-size coalition formation known
as Three-Dimensional Roommates (3DR). The defining characteristic of a model of 3DR
is that there are a set of 3n agents that must be partitioned into n triples, which we call a
matching, and each agent has some kind of preference between the triples to which they may
belong. Working within the framework of 3DR, we systematically study a set of fixed-size

coalition formation problems.

Many real-world scenarios involve coalitions of restricted size, which provides a strong
rationale for our study [4]. We motivate our study of 3DR in particular with the fact that
results relating to coalitions of size three often generalise directly to problems involving other
restrictions on coalition size. Even when this is not the case, it may be that they at least give
an indication of what to expect in more general models. For this reason, much of the existing

research also focused specifically on models in which coalitions must have size three.
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We begin by reviewing the literature in and around coalition formation, including both models
involving restricted coalition sizes and models in which coalitions need not have a fixed size.
We tie related concepts and theory together from across computing science, economics, and

game theory.

In our first technical contribution, we consider a variant of 3DR known as Three-Dimensional
Stable Matching with Cyclic preferences (3-DSM-CYC), which has been of independent
interest. In 3-DSM-CYC, each agent has one of three types, sometimes termed man, woman,
and dog, which have a cyclic order. Any feasible triple must contain exactly one agent of each
type. There are n agents of each type and each agent has a preference list only over the agents
of the next type. A matching is stable if there exists no triple ¢ in which each agent in ¢ prefers
the triple 7 to their assigned triple in the matching. It was recently shown, contrary to previous
conjectures, that a given instance of 3-DSM-CYC need not contain a stable matching and that
the associated decision problem is NP-complete [5]. We thus consider the approximability
of a closely related optimisation problem, in which the objective is to construct a matching
that is, in terms of a specific measure, as stable as possible. To our knowledge, this work
is the first investigation into the approximability of 3-DSM-CYC. We first show that an
existing algorithm for another three-dimensional matching problem, which is closely related
to 3-DSM-CYC, can be used to construct a 9/4-approximation algorithm. Improving this
approximation, we then present a 6/5-approximation algorithm based on serial dictatorship.
We then consider a restriction of 3-DSM-CYC in which the preferences of all agents of at
least one type are in some way similar, using a specific similarity measure. Specifically,
we suppose the preference lists of all agents of at least one type are derived from a master
preference list and consider the maximum Kendall tau distance (6] between the master list
and the list of any agent of that type. We show that if this distance is sufficiently small then

as it is further reduced the approximation ratio decreases from 6/5 to 1.

Next, we define two new models of 3DR that involve so-called 98- and %" -preferences, which
we name 3DR-B and 3DR-W. Using &%- (% -) preferences, each agent has a strict preference
list over the other agents and compares two triples based only on the most-preferred (least-
preferred) member of each triple. We consider in both 3DR-B and 3DR-W the existence of
matchings that are stable. We first show that it is NP-complete to decide if a given instance
(of agents and preferences) of either model contains a stable matching. Interestingly, this
contrasts with the existence of polynomial-time algorithms in two analogous models in which
coalitions may have any size [/, 8]. For both 3DR-B and 3DR-W, we also consider a closely
related optimisation problem in which the objective is to construct a matching that is, in
terms of a specific measure, as stable as possible. We show that an existing result leads
to a 9/4-approximation algorithm in both models and a simple algorithm based on serial
dictatorship gives a 3/2-approximation for 3DR-B.

We then formalise a model of 3DR with additively separable preferences, which we call
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3DR-AS. In this model, each agent provides a numerical valuation of every other agent
and compares triples based on the sum of the valuations of the other two agents in each
triple. We investigate in 3DR-AS the existence of stable matchings as well as matchings
that are envy-free, meaning there exists no pair of agents where the one would prefer to
swap places with the other. In fact, we consider three successively weaker formalisms of this
notion, namely envy-freeness, weakly justified envy-freeness, and justified envy-freeness. We
consider the computational problems of deciding if such a matching exists, and constructing
one if so. In particular, we study these problems in a setting where the agents’ valuations
are restricted. We consider various restrictions involving binary, ternary, and symmetric
valuations. We provide a full complexity classification and identify dichotomies in terms of
these restrictions. Interestingly, we identify a general trend that shows, for successively weaker
solution concepts, existence and polynomial-time solvability hold under three successively

weaker restrictions on the agents’ preferences.

Building on our new result that any instance of 3DR-AS with binary and symmetric pref-
erences must contain a stable matching, we also consider a related optimisation problem in
which the objective is to construct a stable matching in such an instance with maximum utili-
tarian welfare, i.e. the total sum of agents’ valuations of their assigned partners is maximised.

We devise a 2-approximation algorithm for this optimisation problem.

Finally, we consider a problem in graph theory that generalises the notion of assigning agents
to coalitions of a fixed size. Rather than partitioning a set of agents, the problem is to find a
maximum-cardinality set of r-cliques in an undirected graph, subject to that set being either
vertex disjoint or edge disjoint, for a fixed integer r > 3. This general problem is known as
the K,-packing problem. Here we study the restriction of this problem in which the graph
has a fixed maximum degree A. It is known for r = 3 that the vertex-disjoint (edge-disjoint)
variant is solvable in linear time if A = 3 (A = 4) but APX-hard if A > 4 (A > 5) [9]. In
other words, there exists some fixed constants € > 1 and &’ > 1 such that no polynomial-time
g-approximation algorithm exists for the vertex-disjoint variant if A > 4; and no polynomial-
time &’-approximation algorithm exists for the edge-disjoint variant if A > 5. We generalise
these results to an arbitrary but fixed r > 3, and provide a full complexity classification
for both the vertex- and edge-disjoint variants in graphs of maximum degree A, for every
r > 3. Specifically, we show that the vertex-disjoint problem is solvable in linear time if
A < 3r/2 -1, solvable in polynomial time if A < 5r/3 — 1, and APX-hard if A > [5r/3] - 1.
We also show that if » > 6 then these implications also hold for the edge-disjoint problem. If
r < 6, then the edge-disjoint problem is solvable in linear time if A < 3r/2 — 1, solvable in
polynomial time if A < 2r — 2, and APX-hard if A > 2r - 2.
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1.4 Structure

The remainder of this thesis is structured as follows:

In Chapter 2] we give an overview of literature involving coalition formation, hedonic

games, and fixed-size coalitions, setting the scene for our subsequent results.

In Chapter[3] we introduce 3-DSM-CYC and present new results on the approximability
of a related optimisation problem, both in the general case and in a restriction of the

problem involving master lists.

In Chapter 4] we define 3DR-B and present new results concerning the existence
of stable matchings in instances of 3DR-B and on the approximability of a related

optimisation problem.

In Chapter [5] we define 3DR-W and present new results concerning the existence
of stable matchings in instances of 3DR-W and on the approximability of a related

optimisation problem.

In Chapter [6] we define 3DR-AS and present new results concerning the existence of

stable matchings in 3DR-AS, under various restrictions on the agents’ valuations.

In Chapter [/}, we present new results concerning the existence of envy-free, weakly
justified envy-free, and justified envy-free matchings in instances of 3DR-AS, under

various restrictions on the agents’ valuations.

In Chapter [8, we present new results on the complexity of the K,-packing problem in
graphs of fixed maximum degree.

In Chapter[9] we summarise the contribution of this thesis and discuss some directions

for future work.



Chapter 2

Literature review

2.1 Introduction

Models involving agents that form coalitions appear in a variety of settings, and terminology
varies depending on the context and application. In this chapter we give an overview of the
existing models in which a set of agents is to be partitioned into disjoint coalitions based
somehow on the preferences of those agents, with a focus on models related to fixed-size
coalitions and in particular Three-Dimensional Roommates (3DR). We shall present models
that appear across the literature of computing science, economics, and game theory. For many
concepts, the notation and terminology used varies between fields, even when the underlying

concept is the same.

In Section [2.2] we cover models of coalition formation in which coalitions need not have a
fixed size. Models of this type are almost always defined as hedonic games, which are the
subject of a sizeable area of research. Many of the concepts and terminology associated
with hedonic games are also used in other models of coalition formation, some of which we

consider subsequently. For this reason we consider these models first.

In Section [2.3] we cover models of coalition formation in which a restriction exists on the
sizes of possible coalitions. In most of the existing models of this type, for example in the
Stable Roommates problem (SR), the restriction is that any feasible coalition has some fixed
size. The terminology used in the literature to refer to these models can vary. For the sake of
consistency, we standardise terminology. For example, we use the term “matching”, meaning
a set of coalitions, while other authors use the terms assignment [10] or partition [7] for a

similar purpose.
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2.2 Hedonic games and stable partitions

A well-studied model of coalition formation is the hedonic game. The defining characteristic
of a hedonic game is hedonic preferences. Generally speaking, hedonic preferences mean
that “every agent only cares about which agents are in its coalition, but does not care how
agents in other coalitions are grouped together” [11,12]. This contrasts with other so-called
co-operative games that involve divisible goods, which are shared among the agents based on
the coalitions formed. The Handbook of Computational Social Choice [11] defines a hedonic

game as follows:

Definition 2.1 ([11]). Hedonic game

Let N be a finite set of agents. A coalition is a non-empty subset of N. Let N; = {S C
N :i € S} be the set of all coalitions (subsets of N) that include agenti € N. A coalition
partition m is a partition of the agent set N into disjoint coalitions. A hedonic game or
hedonic coalition formation game is a pair (N, z), where x is a preference profile that
specifies for every agent i € N a reflexive, complete, and transitive relation >; on N;. We

call x; a preference relation.

An instance of a hedonic game is a specific set of agents and a preference profile . The exact
representation of > can vary. For example, one possibility is that for each agent i, >; is an
ordered list containing every possible coalition in A;. For some partition 7 and some agent i,
we denote by 7 (i) the coalition containing i. For any two agents i and j, if j € 7(7) then we
say that i is a partner of j. For some agent i and any two coalitions S and 7 in N;, we write
S~ TifSz; TandT z; Sandwrite S >; Tif S x; T and T ¥; S. If S %; T then we say that
i weakly prefers S to T. 1If S ~; T then we say that i is indifferent between Sto 7. If S >; T
then we say that i strictly prefers S to T. For some agent i and any coalition S, if § x; T for
any other coalition 7" then we say that S is one of i’s most-preferred coalitions. Each agent’s
preference between two coalition partitions depends only on their assigned coalition in each,
so for any agent i and coalition partitions 7 and n’, we write 7 x; n” if 7(i) z; 7’ (i), 7 >; n’
if (i) >; 7’(i), and & ~; n’ if 7 (i) ~; 7' (Q).

In a given hedonic game, we may ask if there exists a coalition partition in which each agent
is satisfied. In formal terms, we may consider the existence of a coalition partition that meets
some fixed solution concept. One well-studied solution concept is individual rationality. We
say that coalition partition x is individually rational if there exists no agent i who strictly

prefers the individual coalition {i} to n(i). Some other relevant solution concepts are:

* Perfection. A coalition partition is perfect if each agent belongs to one of its most-

preferred coalitions [[13]. This is a very strong solution concept and in general, a given
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hedonic game need not contain a perfect partition [11].

* Pareto optimality. Given coalition partitions 7 and 7/, we say i’ Pareto dominates m
if n’ %; m for each agent i € N and there exists some agent j € N where 7’ >; 7.
A coalition partition 7 is Pareto optimal if no coalition partition exists that Pareto

dominates 7 [[14].

* Core stability (also known as stability). We say coalition partition r is core stable if
no set of agents § C N exists such that S >; 7 (i) for each agent i € S. In other words,
no set of agents have a common incentive to deviate from the coalition partition and

form a new coalition. If such a set S exists then we call it a blocking coalition.

* Envy-freeness. Suppose we are given some coalition partition . If there exists some
pair of agents i, j € N where (i) # n(j) and i strictly prefers (7(j)\{j}) U{i} to 7 (i)
then we say that i has envy for j. We say that & is envy-free if no such pair exists [15].

* Justified envy-freeness. Suppose we are given some coalition partition r. If there exists
some pair of agents i, j € N where i envies j and (7 (j) \ {j}) Ui >, n(j) for each
agent k € () \ {j}, then we say that i has justified envy for j. In other words, i envies
J and each partner of j in & would be strictly better off if i were to replace j in 7(j).

We say that 7 is justified envy-free if no such pair exists [16].

» Weakly justified envy-freeness. Suppose we are given some coalition partition x. If
there exists some pair of agents i, j € N where i envies j and (7 (j) \ {j}) Ui zx 7(J)
for each agent k € n(j) \ {j}, then we say that i has weakly justified envy for j. In
other words, i envies j and each partner of j in 7 would be weakly better off if i were to

replace j in 7 (j). We say that « is weakly justified envy-free if no such pair exists [16]].

Some solution concepts generalise others. For example, by definition any coalition partition
that is core stable must also be individually rational, and any perfect partition must also satisfy
all of the other concepts that we have described. In fact, a remarkable hierarchy of solution
concepts exists [[11} [15 [16]]. Part of this hierarchy, involving the seven solution concepts

described so far, is illustrated in Figure [2.1]

A wide range of solution concepts have been proposed and studied in the setting of hedonic
games. Many (such as Pareto optimality) have roots in game theory and economics [[11]. In a
well-cited 2013 article, Aziz et al. [15] considered a variety of solution concepts and applied
them to a specific type of hedonic game. One such concept is popularity. They defined a
popular partition 7 as a partition in which for every alternative partition z’, the number of
agents that prefer 7’ to r is at least the number of agents that prefer 7 to 7. We shall discuss
later (in Sections[2.3.2] and [2.3.4)) some other research that involves popular partitions.




2.2. Hedonic games and stable partitions 9

perfect
/ \
Pareto optimal envy-free
l
core stable weakly justified envy-free
\ l
justified envy-free

individually rational

Figure 2.1: Part of the known hierarchy of solution concepts in hedonic games. In the
diagram, an arrow points from one concept to another if any partition that satisfies the former
must also satisfy the latter. Adapted from the Handbook of Computational Social Choice [11]].

In some hedonic games, it is assumed that the agents’ preferences have some additional
structure, which dictates the representation of the preference profile >. For example, it may
be that a hedonic game models agents in the real world whose preference between coalitions
is based on some underlying preference over the agents themselves. The exact representation

of % is also important when considering computational aspects of hedonic games.

The simplest system of preference representation is to suppose that each agent has a preference
list over the 21 possible coalitions in A;, in order from the most-preferred to the least-
preferred. This system is known as lists of coalitions (LCs) [17]. In the literature, unless
otherwise specified, it is usually assumed that agents provide LCs. Alternatively, agents
might list only the coalitions from the most-preferred to the individual coalition, which is
known as Individually Rational Lists of Coalitions (IRLCs) [17]. IRLCs might be used if the
solution concept implies individual rationality, since no agent i need ever consider a coalition

partition less-preferred than the individual coalition {i}.

LCs and IRLCs involve ordinal preferences, meaning that they describe a preference be-
tween alternatives but do not quantify the extent that one alternative may be preferred over
another [18]. If preferences do involve such a quantification then they are cardinal. For
example, we could assume that each agent i assigns a numeric valuation to every possible

coalition in N;.

For some applications LCs or IRLCs may not be practical since they require agents to list
up to 2!V=1 possible coalitions. For example, consider a hedonic game model used by 50
cooperative robots [[1l. Using LCs might involve each robot listing ~5.6 x 10'# coalitions,

which is likely to be challenging in practice. In such an application, it might be better
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to assume that the agents’ preferences have a specific structure. For example, we could
assume that each agent has a preference list over the other (individual) agents. We say
that this representation is more succinct since each preference list has length |N| — 1. This

representation might also reflect a natural structure in the preferences of real people [19].

To formalise such a hedonic game, in which agents have preference lists over the other agents,
we must be able to infer from each agent’s preference list a preference over coalitions. One
way to do this systematically is to use a set extension rule. Set extension rules have been well
studied outside the context of coalition formation, both in general [20] and in other areas of
computational social choice, such as multi-winner voting [[14]. A number of set extension

rules have been considered in the hedonic games literature, which we shall introduce shortly.

We first introduce some new notation. For an agent i let P; be a preference list over other
(individual) agents. Thus, P; describes a strict weak order xz; over N \ {i}. For any two agents
J and k we say that i prefers j to k, denoted by j >; k, if j precedes k in P;. It may be that
the preference list P; contains ties. A tie is a set of agents T C N \ {i} where j ~; k for any
pair of agents j,k € T and, forany [ € T and m € N \ (T U {i}), either [ >; m or m >; [.
If a preference list contains no ties then we say it is strict. Strict preference lists therefore
represent a fotal order. Given a set of agents S and an agent i where i ¢ S, let Z;(S) be the
least-preferred agent in S according to P; (or an arbitrary least-preferred agent if P; contains
ties). We define 93;(S) analogously, as the most-preferred agent in S according to P; (or an

arbitrary most-preferred agent if P; contains ties).

We now introduce two well-known set extension rules, in which an agent compares two
coalitions based on either the most-preferred or least-preferred agent in each coalition. Using
W -preferences (8], each agent i prefers some coalition S to another coalition 7 if 7;(S) >;
W;(T), and is otherwise indifferent. A related set extension rule is 9B-preferences [1], in
which i prefers S to T if 98;(S) >; 96;(T). Usually an additional rule is added, so that i prefers
S to T if either %B;(S) >; B;i(T), or %B;(S) ~; B;(T) and |S| < |T|. Hajdukova [21] noted
the motivation for this additional rule: if there is no condition placed on the cardinalities of
S and T then, given an arbitrary instance of a hedonic game using 93-preferences, the grand

coalition partition {N} is a perfect partition.

Cechlédrova and Hajdukova [[19] reason that a strong motivation for studying 7% - and A-
preferences in hedonic games comes from more general work of Kannai and Peleg [22]
in social choice. Motivated by voting theory, Kannai and Peleg demonstrate that any set
extension rule that satisfies two natural axioms makes any agent i/ indifferent between any
set S and {%B;(S), #;(S)}. Barbera, Bossert, and Pattanaik discuss this result and some
related work in Ranking Sets of Objects, Chapter 17 of the Handbook of Utility Theory [20].
It remains open whether Kannai and Peleg’s axiomatic result can be further applied to the

setting of hedonic games.
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Another popular system is additively separable preferences, which are the defining charac-
teristic of an Additively Separable Hedonic Game (ASHG) [23], 24]. Additively separable
preferences are a form of cardinal preferences and can be defined in terms of valuation
functions. Each agent i has a valuation function v;(j) : N \ {i} — R (where R is the set of
real numbers). Given an agent i and a set of agents S € N, we say that agent i has utility
ui(S) = Xjes\py vi(J) in S. For two coalitions S and T, we define § >; T if u;(S) > u;(T)
and S ~; T if u;(S) = u;(T). Let u;(m) be short for u;(7(i)). We also define the utilitarian
welfare of a partition m as u(m) = ),;cy u; (7). Various other measures related to “welfare”
have been defined in ASHGs [15]. Additively separable preferences generalise separable
preferences [21], which can be defined as a restriction of additively separable preferences
in which v;(j) € {-1,0, 1} for any two agents i and j. We remark that a similar model to
an ASHG has been studied as a Weighted Graph Game [23]]. 1t is also possible to define
other restrictions of additively separable preferences. For example, we say that valuations
are symmetric if v;(j) = v;(i) for any two agents i and j. We say that valuations are binary
(also termed simple [26]) if v;(j) € {0, 1}. Similarly, we say that valuations are ternary if
vi(j) €{0,1,2}.

In a seminal 2002 article, Bogomolnaia and Jackson [27] focused on solution concepts in
AHSGs that involve the movement of individual agents away from their assigned coalitions
(such as individual rationality). They observed that, for some of these solution concepts,
if preferences are symmetric then a satisfactory partition must exist. The proof of this
observation follows from the fact that any agent’s movement (or deviation) produces a partition
with strictly higher utilitarian welfare. This type of proof has since been termed a “potential
function” argument [11]. Since 2002, similar arguments have since been used to show new

results in some other types of hedonic games [28]].

In 2007, Huang [29] proposed a restricted variant of additively separable preferences called
Precedence by Ordinal Number (PON), which is related to Borda scores [[11]]. In PON, each
agent has an ordinal preference list, and v;(j) is defined to be the rank, beginning from one,

of j in the preference list of i.

Another variant of additively separable preferences is fractional preferences, in which the
utility of a coalition is based on the average valuation over all agents in that coalition. Aziz
et al. [26] presented an extensive survey of so-called Fractional Hedonic Games (FHGs) in
2019. We remark that if we require any feasible coalition to have a fixed size k, then the

definitions of an ASHG and an FHG are effectively equivalent.

From an algorithmic perspective, there are three main computational problems associated
with a given model of a hedonic game. The first is a decision problem known as the existence
problem. For some fixed solution concept, it asks if a given instance of a hedonic game

contains a coalition partition meeting that concept. The second is the construction problem,
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which is the search problem of either finding a coalition partition that meets a given solution
concept or reporting that no such partition exists. The third is the verification problem. For
a fixed solution concept and fixed instance of a hedonic game, it asks if a given partition in
that instance meets that concept. These three problems are closely related. For example, if
the existence problem is NP-complete, for some model of a hedonic game, then it follows
immediately that the verification problem is solvable in polynomial time and the construction
problem is NP-hard.

The system of preference representation is particularly meaningful when considering these
computational problems. Consider the core-stablility existence problem for a model of a
hedonic game in which preferences are represented using IRLCs. Encoding the agents’
preferences requires O(2N!) space, but since they form part of the problem input it is
possible to scan every preference list in linear time with respect to the size of the input. This
observation means that the corresponding verification problem belongs to the complexity
class P. Ballester [30] showed that the corresponding existence problem is NP-hard and
thus NP-complete. In some cases, more succinct systems of preference representation lead
to coNP-complete verification problems [31] and 25 -complete (NPNP
problems [32} 33]].

-complete) existence

In research on the algorithmics of hedonic games, the goal is often to show that, for a given
preference representation and solution concept, the verification, existence, or construction
problems are either solvable in polynomial time or are computationally hard. For example,
in 2001 Cechlarova and Romero-Medina [7] considered the core-stability existence problem
in hedonic game models (referred to as the Stable Partition problem) using 98- and %' -
preferences. They showed that for 98-preferences, a core stable partition must exist, and
can be found in polynomial time. Later, in 2004, Cechldrovd and Hajdukova considered
the analogous model using 7 -preferences. They showed that in that model, a core stable
partition may not exist, but that a polynomial-time algorithm exists that can either find a core
stable partition or report that none exist. Interestingly, even though the definitions of %- and

W -preferences are similar, the algorithms used in both settings are significantly different.

In 2004, Ballester [30] showed that the existence problem is NP-complete for a number of
hedonic games involving systems of preferences in which agents have preference lists over
all possible coalitions. In particular, he showed that in a hedonic game using LCs, the

core-stability existence problem is NP-complete.

In 2010, Sung and Dimitrov [34] studied the existence of core stable partitions in ASHGs.
They showed that an ASHG may not contain a core stable partition and that the existence
problem is strongly NP-hard, but left open the question of whether it belongs to NP. They
also presented hardness results relating to other solution concepts in ASHGs. In their

2011 paper, Aziz et al. [15] strengthened Sung and Dimitrov’s result, showing that the
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core stability existence problem is strongly NP-hard even when valuations are symmetric.
In 2013, Woeginger [32] resolved this open question and showed the existence problem is

Z; -complete.

In 2019, Gairing and Savani [35] considered certain solution concepts in ASHGs with
symmetric preferences, where for each solution concept a potential function argument can
be used to show that a satisfactory partition always exists. They observed that all of the
associated construction problems can be modelled as local search problems in the class PLS.
Notably, they showed that many are also PLS-complete. These results are interesting because
it is unlikely that any problem in PLS is NP-hard (which would imply NP = coNP), but it is

also believed that no PLS-complete problem can be solved in polynomial time [36].

In their 2019 article on FHGs, Aziz et al. [26] showed that a core stable partition may not exist
in a given FHG, even when valuations are binary and symmetric, and that the corresponding
existence problem is 22P -complete. They also presented some positive results for FHGs with

binary and symmetric preferences.

In their 2013 paper, Aziz et al. [15] considered the existence of envy-free partitions in ASHGs.
They noted that the singleton coalition partition {{a1},{a2}, ..., {an}} is trivially envy-
free and thus considered the existence of partitions that simultaneously satisfy envy-freeness
as well as other solution concepts. In 2018, Ueda [37] considered envy-freeness and justified
envy-freeness in a hedonic game model using LCs. He observed in this model that both
the singleton partition and the grand partition {N} are also envy-free, although there exist
instances in which no “non-trivial” coalition partition is envy-free, and additional instances
in which no non-trivial partition is justified envy-free. He also observed that core stability
implies justified envy-freeness. In 2019, Barrot and Yokoo [16] noted Ueda’s observation
and continued exploring the existence of coalition partitions that satisfy a combination of
solution concepts, including envy-freeness, weakly justified envy-freeness, and justified envy-
freeness. As well as some non-existence results for ASHGs, they also considered other models
involving more general systems of preference representation. Notably, they presented results
relating to the existence of such coalition partitions in a setting in which preferences either
satisty top responsiveness or bottom responsiveness, two restrictions already well-established

in the hedonic games literature.

2.3 Coalitions of restricted size

2.3.1 Two-dimensional matching and roommates

Historically, most of the research involving fixed-size coalitions relates to models in which

agents are to be paired into coalitions of size two. We call such models two-dimensional. The
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study of such models is closely related to the area of matching under preferences. In his 2013
book, Manlove [[18] presents a broad survey of the literature of matching under preferences.

This area is also related to the concept of matching in graph theory [38]].

A seminal model of two-dimensional matching under preferences was introduced in 1962 by
Gale and Shapley [39]. A set of applicants are applying individually to a set of colleges. Each
applicant produces a strict preference list of colleges from most-preferred to least-preferred.
Similarly, each college produces a strict preference list of students. Each college may offer
multiple places but each student must apply to exactly one college. The authors considered
how best to match applicants to college places. They asked if there exists an assignment of
students to college places such that no two applicants @ and S, assigned to colleges A and B,
constitute a blocking pair, meaning that 8 prefers A to B, and A prefers 8 to . They called
such an assignment a stable matching, and provided an efficient algorithm that can construct
a stable matching. Interestingly, they also showed that this algorithm is, in a sense, optimal
for the applicants: “every applicant is at least as well off under the assignment given . .. as
he would be under any other stable assignment”. Although this problem is stated in terms
of colleges and applicants, it is commonly referred to as the Hospitals-Residents problem
(HR) [18].

In the same paper, Gale and Shapley also considered the restriction of HR when hospitals
admit exactly one student. They proposed a heterosexual marriage metaphor involving a set
of n men and n women, who are to be matched into n pairs. For this reason this problem
is known as the Stable Marriage problem (SM) [18]]. They also described a third problem,
known as the Stable Roommates problem (SR), which can be defined as a generalisation of
SM. In SR, there exists a single set of agents, who have strict preference lists over all other
agents. The goal, as for SM, is to construct a matching in which no two agents prefer each
other to their respective assigned partners [40]. SR can thus be equivalently viewed as a
hedonic game in which agents provide LCs (see Section [2.2)) and any feasible coalition has
size two. Gale and Shapley showed that, in contrast to HR (and SM), there exist instances
of SR that contain no stable matching. In 1976, Knuth [41, Problem 12] asked if a stable
matching can be found in polynomial time in a given instance of SR. This question was finally
resolved by Irving [40] in 1985 who presented a polynomial-time algorithm that can decide

if a given instance of SR contains a stable matching, and constructs one if so.

Since 1962, a multitude of research in economics and computing science has been influenced
by concepts and theory from Gale and Shapley. The 2012 Nobel prize in Economic Sciences
was awarded to Shapley and Roth [42] for their work on the theory and application of
matching under preferences. The citation describes Shapley’s theoretical research, including
the Gale-Shapley algorithm, and the practical work of Roth, who successfully applied this

theory to the assignment of doctors to hospital positions in the USA.
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Much research in the area of matching under preferences involves variants and generalisations
of HR, SM and SR [18]]. For problems that involve preference lists, one natural generalisation
is to allow incomplete lists. In general terms this means that for each agent certain alternatives
in their preference list are unacceptable, meaning that in no feasible matching is any agent
assigned an unacceptable alternative. The variant of SM with incomplete lists is known as
SMI [18]]. In SMI, incomplete preference lists characterise unacceptable pairs of men and
women. Thus, it may be impossible to produce a stable matching involving all men and all
women, so we generalise the definition of a stable marriage and allow agents to be unmatched,
meaning they have no partner in a given matching. A blocking pair now consists of a man m
and a woman w that find each other acceptable, where: (1) either m is unmatched or m prefers
w to his partner, and (2) either w is unmatched or w prefers m to her partner. The definition
of SRI is analogous. The introduction of incomplete preference lists in SMI and SRI, and in

other problems of matching under preferences, has generated significant interest [18]].

2.3.2 Multidimensional matching of a multipartite agent set

In this section we focus on problem models that involve matching a multipartite set of agents.
An early model of this type was proposed in 1976 by Knuth [41), Problem 11], who asked if
SM can be extended to three sets, for example men, women and dogs. It is not immediately
clear how this should be done, and various different models have since been proposed. In all
of them, a feasible coalition must contain exactly one man, one woman, and one dog, and thus
have size three. We classify such models as three-dimensional. A close connection also exists
to the Three-Dimensional Matching and Partition into Triangles problems, which can both
be stated in terms of graph theory and do not involve agents with preferences. For general
information on Three-Dimensional Matching and Partition into Triangles we recommend

Garey and Johnson’s classic textbook [43]].

An early formalism of Knuth’s idea was proposed by Alkan [44] in 1988. He proposed the
following model (we update the terminology and notation). There exists a set N of 3n agents
and a preference list P,, for each agent a; € N. Let P be the collection of preference lists
P,, for each agent ;. Each agent has one of three types, which are called man, woman, and
dog. There are n agents of each type, and the agents of each type are labelled U = {uy, u»,
e tnh, W={w,wy,...,wyt,and D = {dy, d>, . . ., d,} respectively. A family is a 3-tuple
(ui,wj,dy) € UXW x D. A matching is a set of families where each agent in N is contained
in exactly one family. Given an agent a; and a matching M, we denote by M («;) the family
in M that contains «;. Each agent’s preference list P,, describes a strict order over every pair
of agents containing one agent of each of the other two types. In other words, each agent has
a strict preference over all possible coalitions that they may belong to. We say that each agent

u; € U prefers a family (u;, w;, di) to a family (u;, wj, di/) if (w}, di) precedes (w;r, dj’) in
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P,,. Analogous statements are true for each w; € W and each d; € D. Given a matching M,
we say that a family f is blocking if each agent @; in f prefers their pair of partners in f to
their pair of partners in M («;). A matching is stable if it does not contain a blocking family.

Alkan presented an example instance of this model that contains no stable matching.

Seemingly independently of Alkan, Ng and Hirschberg [[10] defined the same model in 1991 as
the Three-Gender Stable Marriage problem (3GSM). They showed that, in contrast with (two-
dimensional) SM, it is NP-complete to decide if a given instance (N, P) of 3GSM contains
a stable matching. Subramanian [45] provided an alternative proof of this result in 1994, in
a paper exploring an interesting relationship between certain stable matching problems and
the so-called Network Stability problem. As defined by Subramanian, a network is similar to
a circuit (defined in the standard way) except its underlying graph need not be acyclic. The
Network Stability problem asks if it possible to assign boolean values to the arcs in a given
network such that all gates are simultaneously satisfied. In his book, Manlove [18] reviews
Subramanian’s results, and also discusses some related subsequent results on the relationship
between stable matching and Network Stability.

In his 2007 paper, Huang [29]] proposed a variant of 3GSM in which each agent u; has a strict
preference list over W and a strict preference list over D, and compares two pairs (w;, di) and
(WJ", dy’) based on the sum of the ranks of wj, wjr, di, and dy in these lists. Huang called
this system Precedence by Ordinal Number (PON, which we also discussed in Section [2.2).
Huang also considered the restriction of 3GSM in which preferences are consistent. In this
system, each man u; has underlying strict preference lists, P,‘Z and PZIZ, over the agents in W
and D respectively. For any man u;, the strict preference list P,,, which is a total order over
pairs, must be a linear extension of the product order over W x D with respect to P,‘Z and
PMDI,. In other words, (wj,dy) >; (wjs,dy) if and only if either (1) w; precedes w;: in PZ‘Z
and dy = dy, (2) dy precedes dy’ in P,Z and w; = wy, or (3) w; precedes w; in PL‘X and d;
precedes dy in P,Z [18]. Similar statements are true for each woman, who has underlying
lists over the agents in U and D, and each dog, who has two underlying lists over the agents
in U and W. Huang showed that, in a given instance of 3GSM in which preferences are either
consistent, or are additively separable and follow the PON restriction, a stable matching may
not exist and the associated decision problem is NP-complete. Noting that in the PON variant
agents may be indifferent between pairs of partners, he also proposed and studied a hierarchy
of solution concepts related to stability. In each of the solution concepts, some number of
agents in any blocking family f need only be indifferent between f and their assigned family.
He showed that the existence problems relating to so-called strongly-stable, super-stable, and

ultra-stable matchings in the PON system are all also NP-complete.

We remark that the idea of consistency is conceptually similar to the principle of monotonic
preferences (or synonymously, independence [20]), one of the axioms studied by Kannai

and Peleg [22] in 1984. It is also unclear whether Kannai and Peleg’s result (discussed in
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Section [2.2)) can be related to the specific setting of 3GSM.

Another special case of 3GSM was proposed by Danilov [46], in 2003. In this model, each
man u; has an underlying preference list over the set of women W and, in the preference list
P, over W x D, the pair (w;, di) precedes (wj, di) only if w; precedes w;- in the underlying
list of u;. Similarly, each woman w; has an underlying preference list over the set of men
U, and in the preference list P,,, over U X D, the pair (ui, dy) precedes (u;r, dy ) only if u;
precedes ;s in the underlying list of w;. No assumption is made about the preferences of the
agents in D. Danilov showed that, in this case, Gale and Shapley’s algorithm for SM can be
used to find a stable matching.

In 2004, Boros et al. [47] considered another model that can also be defined as a special
case of 3GSM. The authors noted that in Danilov’s model the preferences are acyclic, and
proposed a model with lexicographically cyclic preferences, in which the types have a cyclic
order in which U precedes W, W precedes D, and D precedes U. In this model, each man u;
has an underlying preference list over W x D, where (w;, di) precedes (wj, dy/) in P, only
if w; precedes w;- in the underlying list of u;. Similarly, each woman w; has an underlying
preference list over the set of dogs D, and in the preference list P,,; over U X D, the pair
(u;, di) precedes (u;r, dy-) only if dy precedes dj- in the underlying list of w;. Similarly, each
dog dj has an underlying preference list over the set of men U, and in the preference list Py,
over U x W, the pair (u;, w;) precedes (u;/, w;’) only if u; precedes u;s in the underlying list
of dj. Boros et al. showed that in this model a stable matching must exist if n < 2 but need
not exist if n > 3. They also proposed another model of purely cyclic preferences, which is
very closely related but not, strictly speaking, a special case of 3GSM (since agents may be
indifferent between families). This model has since been termed Three-Dimensional Stable
Matching with Cyclic preferences (3-DSM-CYC, sometimes 3DSM [48]] or c3DSM [49]).

3-DSM-CYC can be defined identically to 3GSM except the preference list P, of each agent
u; is over the individual agents in W and is strict, the preference list P,,, of each agent w;
is over the individual agents in D and is strict, and the preference list Py, of each agent dj
is over the individual agents in U and is strict. As in the model of Boros et al. [47], the
types have a cyclic order in which U precedes W, W precedes D, and D precedes U. In
3-DSM-CYC, each man u; € U prefers any pair (w;, di) to any pair (w;:, d-) if w; precedes
wj: in Py, each woman w; € W prefers any pair (u;, dx) to any pair (u;, dy) if dy precedes
dy in Py, and each dog dy € D prefers any pair (u;, w;) to any pair (u;, wj’) if u; precedes
ui in Py, . A family f is blocking if each agent «; in f prefers the agent of the next type in f
to the agent of the next type in M («;) (with respect to the cyclic order).

Since 2004, 3-DSM-CYC has generated a great deal of interest, particularly in the area of
matching under preferences. In their 2004 paper, Boros et al. [47] showed that if n = 3 then

a stable matching must exist, but left open the case for n > 4.
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In 2006, Eriksson et al. [S0] extended this result to n = 4. They conjectured that, based
on evidence from computer search, any instance (N, P) of 3-DSM-CYC contains a stable
matching. Moreover, they conjectured that the minimum number of stable matchings over all
instances of size n increases with n. In 2009, Bir6 and McDermid [48]] studied two variants
of 3-DSM-CYC. One involved incomplete preference lists, which is known as 3-DSMI-CYC,
and the other involved complete preference lists with ties. They showed that for both variants
a stable matching may not exist and the associated decision problem is NP-complete. In 2018,
Escamocher and O’Sullivan [51]] considered a restricted set of instances of 3-DSM-CYC in
which all agents of one type have the same master preference list. They showed that the
number of stable matchings in such an instance is exponential in n. They combined this
result with an empirical study, which indicated that such instances contain the fewest stable
matchings among all instances of the same size. They therefore conjectured that the number
of stable matchings in an arbitrary instance is in fact exponential in n. In 2019, Pashkovich
and Poirrier [49] extended the result of Eriksson et al. and showed that if n» = 5 then a
stable matching must exist. Pashkovich and Poirrier formulated instances of 3-DSM-CYC as

instances of the Satisfiability problem, and solved them using a SAT solver.

Generalisations of 3-DSM-CYC that involve more than three types have also been studied.
In 2016, Hofbauer [52] extended the result of Boros et al. [47] to show, for any & > 3, that
any instance of k-DSM-CYC in which there are at most k& + 1 agents of each type contains a

stable matching, which can be found in polynomial time.

Building on previous results involving incomplete preferences, Lam and Plaxton showed in
2019 that, contrary to all previous conjectures, for any k > 3 there exist a family of instances
of k-DSM-CYC that contain no stable matching, and the associated existence problem is
NP-complete [S]. We remark that for k¥ = 3, Lam and Plaxton identified an instance with

n = 90 that contains no stable matching.

Nevertheless, k-DSM-CYC, and 3-DSM-CYC in particular, have continued to attract atten-
tion. In 2020, Pittel [S3] presented a probabilistic analysis of k-DSM-CYC, and showed
that the expected number of stable matchings in a random instance increases with n as
(nlogn)*=1. In 2022, Lerner [54] made some interesting further discoveries. His main result
was an example instance of 3-DSMI-CYC in which n = 3 that contains no stable matching,
and showed that this instance is minimal since any instance in which n < 3 must contain a
stable matching. He also presented an instance of 3-DSM-CYC in which n = 20 that contains
no stable matching, leaving the existence of a smaller instance with no stable matching as an

intriguing open problem.

Recently in 2022, Cseh and Peters [S5] considered further solution concepts related to
popularity in the models of 3-DSMI-CYC and 3-DSM-CYC. They presented a number of
NP-hardness results related to 3-DSMI-CYC and, notably, a polynomial-time algorithm for
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a special case of 3-DSM-CYC that can find a so-called A U B-popular matching in a given
instance of 3-DSM-CYC. Also in 2022, Cseh et al. [S6] presented a paper in which they
develop, and then analyse, a collection of Constraint Programming models for 3-DSM-
CYC. They also integrated models for problems involving fair matchings, for some common

definitions of fairness.

2.3.3 Multidimensional roommates

Just as 3GSM and 3-DSM-CYC generalise (two-dimensional) SM to three dimensions, other
models have been proposed that generalise SR to three (or more) dimensions. We classify
such models, in which the set of agents is homogenous, as models of Three-Dimensional
Roommates (3DR). Other models involve coalitions of a fixed size k > 3 and have been

referred to as multidimensional roommates.

As defined originally, (two-dimensional) SR could be viewed as a hedonic game in which
any feasible coalition has size two. The solution concept corresponds exactly to core stability
(although research on SR predates much of the research on hedonic games and core stability).
SR has since been generalised to higher dimensions which, in a similar way, correspond to

hedonic games.

The earliest known model of this type is the Three-Person Stable Assignment problem (3PSA),
which was proposed by Ng and Hirschberg [10] in 1991, as a counterpart to 3GSM. An
instance of 3PSA comprises a set NV of 3n agents and a strict preference list P,, of each agent
a; over all pairs of agents in N \ {«@;}. Note that in terms of hedonic games, this system of
preferences is equivalent to LCs (see Section[2.2). Let P be the collection of preference lists
P,, for each agent ;. A triple is an unordered set of three agents and that a matching is a
partition of N into n triples. Given an agent «; and a matching M, we denote by M («;) the
triple in M that contains «;. For any agent a; and two triples r and s, we say that «; prefers r
to s, denoted r >,, s, if r \ {a;} precedes s \ {@;} in P,,. Given a matching M, we say that
a triple ¢ is blocking if each agent «; in t prefers 1 to M (a;). A matching is stable if it does
not admit a blocking triple. Ng and Hirschberg proved that, as in the case of 3GSM, a given
instance (N, P) of 3PSA may not contain a stable matching and the associated existence
problem is NP-complete. We remark that, unlike a general hedonic game, a blocking triple
has size three, so the verification problem for both variants is solvable in O (|N|?) time so this

existence problem belong to NP.

As well as the aforementioned work on 3GSM, in his 2007 paper Huang [29] considered two
variants of 3PSA. In the first variant, he supposed that agents provide preference lists over pairs
of agents (i.e. agents have LCs) that are consistent. The definition of consistent preferences
in 3PSA is analogous to the definition of consistent in 3GSM (discussed in Section[2.3.2)). In
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3PSA, we say that preferences are consistent in an instance of 3PSA if each agent @; has an
underlying strict preference list P, over the agents in N \ {a;}. For any agent «;, the strict
preference list P,,, which is a total order over pairs, must be a linear extension of the product
order over {{aj, ax} : (ej,ar) € (N \ {@;})?} with respect to P,,.. In the second variant,
he considers additively separable preferences under a PON restriction (see Section [2.2)). He
showed that, in a given instance of 3PSA in which the preferences are either consistent, or
are additively separable and follow the PON restriction, a stable matching may not exist
and the associated decision problem is NP-complete. As in the case of 3GSM, Huang also
showed that various existence problems relating to so-called strongly-stable, super-stable,

and ultra-stable matchings are NP-complete.

Later in 2007, Iwama et al. [57] considered another closely-related three-dimensional gen-
eralisation of SR. They also considered stable matchings characterised by the absence of a
blocking triple. They supposed that each agent a; has an strict preference list P, over all
agents in N \ {«;}, and defined implicitly a set extension rule that is similar to consistent
preferences (as defined by Huang). In the model of Iwama et al., any agent a; prefers some
triple » where «; € r to another triple s where a; € s and s # r if r \ {a;} precedes s \ {a;}
in the product order {{a;, ax} : (@j,ar) € (N \ {a;})?} with respect to P,,. We remark
that, like 98 and 7 -preferences, this rule defines a partial order over possible coalitions even
though each agent has a strict preference list over possible partners. Interestingly, this set
extensmion rule is almost identical to the construction of a so-called power-ordered set from
a partially ordered set as defined by Bossong and Schweigert [38]] the previous year, in the
context of formalised decision making. In 2011, Delort, Spanjaard and Weng [59] applied
the aforementioned Bossong-Schweigert extension rule to the problem of committee forming,
which is closely related to hedonic games. In 2015, Lang et al. [60] applied a generalised

version of the Bossong-Schweigert rule to a model of a hedonic game.

In 2008, Iwama et al. [61] considered an optimisation problem using the same model as in
their 2007 paper, and showed that it was APX-hard.

In 2009, Arkin et al. [62] presented another variant of 3PSA called Geometric 3D-SR. In this
model, agents have additively separable preferences. The agents’ valuations are derived from
their relative positions in a metric space. The authors also defined a more general version
of stability, specific to additively separable preferences, called a-stability, in which an agent
prefers one pair to another pair if the sum of relative distances to the agents in the first pair is at
least @ times smaller than that of the second pair. The authors showed that a 2-stable matching
always exists and can be found in polynomial time. They also presented an instance in which
no (1-)stable matching exists but left open the complexity of the corresponding existence
problem. In 2013, Deineko and Woeginger [63] resolved this open question by showing that
this existence problem is NP-complete. In fact, Chen and Roy [64] later strengthened this
result (in 2022) to show that Geometric kD-SR is NP-complete even when the metric space
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is the Euclidean plane.

In 2014, Ostrovsky and Rosenbaum [65] revisited both 3GSM and 3PSA. For each model they
considered two related optimisation problems. The first, called Maximally Stable Matching
(MSM), involves finding a matching with the maximum number of non-blocking triples. The
second, called Maximum Stable Sub-matching (MSS), involves finding a sub-matching that
involves only a subset of the agents. The problem is to find a submatching of maximum size,
1.e. involving as many agents as possible, which is stable when considering only blocking
triples involving agents in the submatching. They showed, in the context of both 3GSM and
3PSA, that MSM and MSS are NP-hard to approximate within some fixed constant factor (i.e.
that they are APX-hard [66]). Positively, they also described a simple greedy algorithm that
returns constant factor approximations for both MSM and MSS for both 3GSM and 3PSA.

In 2020, Boehmer and Elkind [67]] considered a number of different models of multidimen-
sional roommates. In each model they supposed that the agents have types and an agent’s
preference between two coalitions depends only on the proportion of agents of each type in
each coalition. They showed that, for a number of different solution concepts, the related ex-
istence problems are NP-hard, although also that many are solvable in linear time if the room
size is a fixed constant. Notably, they presented an integer programming-based algorithm

that can solve the stability existence problem in polynomial time.

Also in 2020, Bredereck et al. [[68]] considered two variations of multidimensional roommates
that involve either a master list or master poset, from which all the agents’ preference lists are
derived. In the case of a master list, each agent obtains their preference list by deleting from
the master list any pair that contains themselves. Surprisingly, the authors discovered that
a stable matching may not exist in this model even if all agents’ preference lists are derived
from a single master list. They presented two positive results relating to restrictions of the
problem involving a master poset, although they also showed, for either a master list or master
poset, that in general the stability existence problem is either NP-hard or W[ 1]-hard, in terms

of three well-motivated parameters.

2.3.4 Other models

Various other models have been proposed in the literature that involve coalitions of restricted,
but not necessarily fixed, size. For example, some problem models only require the size of
any feasible coalition to be within some lower and upper bound. In this section we review a

selection of such models.

In 2011, Aziz et al. [13]] considered Pareto optimal coalition partitions, in a variety of hedonic
game variants. In one variant, which has since been termed a flatmate game, any coalition

must have size at most three. They showed that the Pareto optimality existence problem is
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NP-hard in this particular model. The authors also presented polynomial-time solvability
results in a model involving 7 -preferences and for a model in which the maximum size
of any coalition is two. In 2020, Brandt and Bullinger [69] presented a paper studying the
existence of popular partitions in a number of hedonic game variants, including flatmate
games. They applied a variety of preference structures and presenting results relating to
partitions that are popular, strongly popular, and mixed popular (a mixed popular partition

is in fact a distribution over coalition partitions).

In 2015, Wright and Vorobeychik [70] studied the Team formation problem, an instance of
which resembles an ASHG. Taking a game-theoretic approach, they assumed that agents act
competitively and strategically. They compared four different algorithms in terms of so-called
strategy-proofness, welfare, and fairness, focussing on experimental performance rather than
algorithmic complexity. Notably, their model includes constraints on the sizes of coalitions
with a lower and upper bound. Other research works, mostly in the fields of economics and

operations research, have since studied the Team formation problem [71].

In 2018, Sless et al. [4] proposed a model that can be viewed as a type of ASHG with
symmetric preferences. They argued that a strong practical motivation exists for considering
coalitions of restricted size, and thus focused on the existence of coalition partitions that
contain exactly k coalitions, for some fixed k > 1. They presented a number of theoretical
and empirical results relating to this model. They showed, using a connection to the so-called
Min-k-Cut problem, that the problem of finding a partition with maximum utilitarian welfare
can be solved in polynomial time in the restricted case in which k is fixed and there are, in
a precise sense, relatively few negative edges. Otherwise, they showed that this construction
problem is NP-hard. They also presented a polynomial-time solvability result for a problem
in which a central organiser can add edges to the instance. Notably, they proposed a heuristic-
based procedure for the problem of finding a core stable partition that maximises utilitarian
welfare. They showed that this procedure performs well on instances derived from real-world

data from social networks.

In 2019, Cseh et al. [31] considered Pareto optimal matchings in a general model that is
comparable to a hedonic game. In this model there is a set of rooms with integer sizes, and
any coalition must be allocated to exactly one room where the size of the room is exactly
the size of the coalition. They studied two specific variants of this model, applying 9%- and
W -preferences. They showed if 9B-preferences are used and the agents’ preference lists are
strict then a polynomial-time algorithm based on serial dictatorship can be used to construct
Pareto optimal matchings in polynomial time. They also showed that, in a number of other
circumstances, a Pareto optimal matching may not exist and that in many cases the associated

existence problems are either NP-hard or NP-complete.

In 2022, Li et al. [[/2], considered a model that can be viewed as a generalisation of multi-



2.3. Coalitions of restricted size 23

dimensional roommates with binary and symmetric additively separable preferences. Rather
than a fixing the size of a coalition, a partition of the set of n agents must be balanced,
meaning the number of coalitions k < n is fixed and |n/k] < |S| < [n/k] for any coalition
S in a feasible partition. They studied an approximation of envy-freeness, termed EF-r, in
which the utility gained by any envious agent may be up to r in a feasible partition, for some
fixed r > O (our definition of envy-freeness is thus EF-0). Interestingly, they applied results
from discrepancy theory to show that an approximate-envy free partition with a particular
fixed asymptotic bound must exist, and can be found in polynomial time. They also consid-
ered restricted sets of instances, such those in which the underlying structure is a tree. They
showed that in such an instance, an EF-1 partition must exist and can be found in polynomial
time. A coalition partition of 3n agents in which every coalition has size three is by definition
balanced, so some of the algorithmic results relating to approximate envy-free partitions [72,
Theorems 9 and 10] also apply in a more restricted model of 3DR with additively separable

preferences (such as the model that we define in Chapter [6).

Also in 2022, Bilo et al. [73] proposed another model, which can be viewed as a type of
ASHG. They analogized their model to a dinner party situation in which n agents are assigned
to exactly k tables. They argued that Nash stability and core stability might not make sense in
such a setting, since there is no free table. Instead, they considered three successively weaker
solution concepts involving two agents that swap places. In a partition that is strictly swap
stable, no two agents «;, a; exist where if a; and a; swap places then the utilities of both agents
strictly increase. In a partition that is swap stable, no two agents «a;, @; exist where if «; and
«; swap places then the utility of «; strictly increases and the utility of @; does not decrease.
In a partition 7 that is swap stable under transferable utilities, no two agents a;, a; exist
where if @; and a; swap places, in a new partition 7', then uy, (') +uq,; (7) > ttg, (1) +uq,; (7).
They remarked that a variation of these solution concepts had been previously studied in the
context of the Stable Marriage problem as exchange stability [[/4]. We remark here that envy-
freeness implies strict swap stability. In their paper, Bilo et al. show that for any of the three
concepts, a feasible partition must exist and can be found by iteratively executing improving
swaps from an arbitrary starting partition. Notably, they showed that the relevant existence
problem is PLS-complete in general but the iterative process converges in polynomial time if
preferences are binary. They also analysed the problem of maximising utilitarian welfare, and
the so-called price of anarchy, and price of stability, which are defined as follows. For any
of the three stability concepts, the price of anarchy (stability) is the worst- (best-)case ratio
between the utilitarian welfare of an arbitrary stable matching and the maximum possible

utilitarian welfare over all possible partitions.
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Chapter 3

Approximability of
Three-Dimensional Stable Matching
with Cyclic Preferences

3.1 Introduction

In this chapter we study the approximability of the Three-Dimensional Stable Matching
problem with Cyclic Preferences (3-DSM-CYC, also known as 3DSM [48]] or c3DSM [49]).

As we saw in Chapter [2] the question of whether every instance of 3-DSM-CYC contains a
stable matching was open for several decades. It was only in 2019 that Lam and Plaxton [J5]]
showed that a given instance of 3-DSM-CYC need not contain a stable matching and that the
associated decision problem is NP-complete. A natural next step is to consider approximately
stable matchings, as we do here. To our knowledge, we present the first theoretical results on
the approximability of 3-DSM-CYC.

In this chapter we consider the optimisation problem of finding a matching with the maximum
number of non-blocking families, which we call the 3-DSM-CYC Maximally Stable Matching
problem (3-DSM-CYC-MSM).

We begin, in Section [3.2] by showing that an existing approximation algorithm for 3GSM-
MSM, which is a closely related problem, can be used to devise a 9/4-approximation algo-
rithm for 3-DSM-CYC-MSM (Theorem [3.1). We then show that a simple algorithm based
on serial dictatorship gives an improved approximation ratio of 6/5 (Theorem [3.2)).

Next, in Section [3.3] we consider a situation in which there exists a master preference list
over all agents of one type, and quantify the similarity between the preference list of any
agent of the previous type and that master list, in terms of a specific distance metric. We

extend the approximation algorithm for 3-DSM-CYC-MSM and show that if the maximum
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distance is sufficiently small then as it is further reduced, the approximation ratio of the
algorithm decreases from 6/5 to 1 (Theorem[3.3)). As a corollary, we show that if every agent
of one type has the same preference list then the algorithm returns a matching that is stable

(Corollary 3.1 which is also implied by a result of Escamocher and O’Sullivan [51]).
Finally, in Section[3.4] we recap on our results and discuss some directions for future work.

We proceed with some formal definitions and notation. An instance of 3-DSM-CYC com-
prises aset N of 3n agents and a strict preference list for each agent ¢;, labelled P,,. Each agent
in N has one of three types, which we call man, woman, and dog. There are n agents of each
type, and the agents of each type are labelled U = {u,us,...,u,}, W = {wi,wa,...,w,},
and D = {d,,d,,...,d,}. The types have a cyclic order in which W follows U, D follows
W, and U follows D. Each agent’s preference list P,, describes a strict order all agents in the
next type. We say that an agent «; prefers f3; to 5y if §; precedes Sy in the preference list P,
of ;. A family is a 3-tuple (u;, wj, dy) € UX W X D. A matching is a set of families where
each agent in N is contained in exactly one family. Given an agent @; and a matching M, we
denote by M («;) the family in M that contains ;. Given a matching M, we say that a family
f is blocking if each agent «; in f prefers the agent of the next type in f to the agent of the
next type in M («;). A matching is stable if it does not contain a blocking family. Let P be the
collection of preference lists P,, for each agent ;. For any instance (N, P) of 3-DSM-CYC
and any matching M, we denote by bf(M, (N, P)) C U X W x D the set of families that block
M in (N, P). Conversely, we denote by nbf(M, (N, P)) = (U x W x D) \ bf(M, (N, P)) the
set of families that do not block M in (N, P). When the instance in question is clear from
context, we simply write bf(M) or nbf(M). Formally, 3-DSM-CYC-MSM is the optimisation
variant of 3-DSM-CYC in which the objective is to maximise |[nbf(M, (N, P))]|.

3.2 Unrestricted preferences

In this section we consider the approximability of 3-DSM-CYC-MSM in the general case.
We first apply an existing polynomial-time approximation algorithm for a related problem
and construct a polynomial-time 9/4-approximation algorithm. We then improve on this
result and show that a polynomial-time algorithm based on serial dictatorship constitutes a

6/5-approximation algorithm.

There is a close relationship between 3-DSM-CYC and the Three-Gender Stable Marriage
Problem (3GSM, introduced in Chapter [2). Recall that in 3-DSM-CYC, each agent has a
strict preference list over all agents of the next type, and compares two families based on the
relative rank of the two agents of the next type in each family. In 3GSM, each agent has
a strict preference list over all possible families that they belong to, and compares any two

families using on this preference list. Although neither problem is a strict generalisation of
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the other, we show that, given an instance (N, P) of 3-DSM-CYC, it is possible to construct
an instance (N, P’) of 3GSM with the same set of agents such that for any matching M, if a
family blocks M in (N, P) then it also blocks M in (N, P’). From this result it follows that
an existing 9/4-approximation algorithm for 3GSM-MSM, which is defined analogously to
3-DSM-CYC-MSM, can be applied to construct a 9/4-approximation algorithm for 3-DSM-
CYC-MSM. The existing 9/4-approximation algorithm for 3GSM-MSM was presented by
Rosenbaum in 2016 [[75] and is called Algorithm AMSM. It is an iterative greedy algorithm
which involves, in each iteration, selecting a family that once added to the matching, intersects

the maximum number of non-blocking families.

Theorem 3.1. There exists a polynomial-time 9 /4-approximation algorithm for 3-DSM-CYC-
MSM.

Proof. The approximation algorithm for 3-DSM-CYC-MSM involves constructing a corre-
sponding instance of 3GSM-MSM, which has the same set of agents, and running Algo-
rithm AMSM [75]].

We first describe how to construct, in polynomial time, a corresponding instance (N, P’) of
3GSM such that [nbf(M, (N, P))| = |nbf(M, (N, P’))| for any matching M. For each agent
u; in U let P}, be the ordered list of tuples in W X D such that if w; precedes w; in P, then
every family containing w; appears before every family containing w;. The relative order of
the families in P} that contain the same agent in W is arbitrary. Construct the preferences
of each agent in W and D symmetrically. Now, suppose M is an arbitrary matching in
(N, P) and (u;, w;, dy) is a family that blocks M in (N, P). We claim that this family also
blocks M in (N, P’). First, assume without loss of generality that M (u;) = (u;, w;, d;). By
definition, it must be that w; appears before w; in P,,. It follows by the construction of
P’ that (u;, w;,dy) appears before (u;, w;,d;) in P;, and thus that (u;, w;, dy) also blocks
M in (N, P’). It follows immediately that |bf(M, (N, P’))| > |bf(M, (N, P))| and thus that
[nbf(M, (N, P))| > |[nbf(M, (N, P"))|, as required.

Since Rosenbaum’s [[75] analysis of Algorithm AMSM shows that |nbf(M, (N, P’))| > 4n3/9,
we can conclude that [nbf(M, (N, P))| > 4n3/9. O

We now consider an algorithm for 3-DSM-CYC-MSM based on serial dictatorship, which
we call Algorithm cyclicSerialDictatorship, shown in Algorithm [3.1] In the context of
computational social choice, serial dictatorship refers to a type of iterative algorithm used
to assign resources to agents. Typically, in each iteration a dictator is selected who is then
assigned their most-preferred resource that is still available. The classical application of
serial dictatorship is for the problem of House allocation [[11] but it has also been applied to

hedonic games [/6] and problems involving coalitions of fixed size [31].
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The algorithm we present here for 3-DSM-CYC-MSM follows the pattern of serial dictator-
ship. First, an arbitrary yet-unmatched agent agent in U is selected and labelled u;. Next,
u; selects their most-preferred yet-unmatched agent in W which is labelled w;. Finally, w;
selects their most-preferred yet-unmatched agent in D which is labelled d;. The family
(ui, wj, di) is then added to the matching. A similar algorithm was in fact used by Hofbauer
[52]] in order to construct stable matchings in the setting of k-DSM-CYC where n < k + 1.

Algorithm 3.1 Algorithm cyclicSerialDictatorship
Input: an instance (N, P) of 3-DSM-CYC
Output: a matching M in (N, P)

V<N

M— @

while |V| > 0 do
u; <« any agentinU NV
w; « the most-preferred agent in W NV according to P,
dy < the most-preferred agent in D NV according to Py,
M— MU {(I/tl',Wj,dk)}
V=V {u, Wi, di}

end while

return M

It is straightforward to show that Algorithm cyclicSerialDictatorship returns a matching M
in polynomial time. We now analyse its approximation ratio and show that our analysis is
tight. This involves placing an upper bound on the number of blocking families in a matching
M returned by the algorithm. To do this, we consider each family in M in the order that
they were added to M in the algorithm and count only the blocking families that intersect
that family and do not intersect any previous family. To simplify the analysis, without loss
of generality suppose the (u1,wi, d;) was the first family added to M, (u», w,, d>) was the
second family added to M, and so on.

Theorem 3.2. There exists a polynomial-time 6 /5-approximation algorithm for 3-DSM-CYC-
MSM.

Proof. There are exactly n iterations of the while loop so it is straightforward to show that
the algorithm runs in polynomial time. For each i where 1 < i < n, let F; = (u;, w;, d;)
be the family added to M in the i™ jteration. Let U;, W;, and D; be the set of agents in
of UNV, WNYV,and DNV respectively at the start of the i" iteration. It follows that

Ui = {Ll[, Uitrls - - - aun}’ m = {Wi9 Wity . »Wn}’ and Di = {di’ di+l’ cee adn}

For each i where 1 < i < n, let S; be the set of families that block M, have a non-empty
intersection with F;, and have an empty intersection with F; for every 1 < j < i. It follows

that S, = @ since any family that blocks M and intersects the final family F,, must contain
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some agent not in F;,, which must belong to some previous family F; where 1 < j < n. We

can now define bf(M) in terms of S;:

bf(M) = U] S; .
i=1

By definition, the sets S; are pairwise disjoint so it follows that

n—1

(M) = > 1Si] - (3.1)
i=1

We now place an upper bound on |S;| for any i where 1 < i < n — 1. For any such i,
consider the i iteration of the while loop. By the algorithm, w; is the most-preferred agent
in W; according to P,,. It follows that any family that blocks M and contains ux; must also
contain some agent in W that has already been added to a family F; in M where j < i. By
the definition of S;, it follows that no family in S; contains u;. Similarly, since d; is the
most-preferred agent in D; according to P,,,, any family in §; that contains w; must also
contain some agent in D that has already been added to a family F; in M, where j < i. It

follows similarly that no family in S; contains w;.

It remains that every family in S; contains d;. Consider an arbitrary family (u;, wg, d;) in S;.
By the definition of S; it must be that j > i and k > i. Note that for any choice of u;, by
assumption u; prefers wy to w;. It follows by the algorithm that w; ¢ W; and thus k < j.

In conclusion, we have shown that for any family (u;, wi, d;) € S; it must be thati < j < n
andi < k < j. We can now count |S;| by considering each possible value of j, from i + 1 to

n inclusive and each possible value of k, of which there are j —i — 1. It follows that

Sil< > (-i=1)

Jj=i+l
:(n—i)(n—i—l) . (3.2)
2
Now
n—1
Ibf(M)| = Z S| Equation 3]
i=1
n—1 . ,
“n—i—1

< ,ZZI (n l)(’; i1 by Inequality [3.2]
n* n? o n

=——-—+= . 33
6 23 ©3-3)
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Suppose M* is a matching in (N, P) with the maximum number of non-blocking families.

The approximation ratio of the algorithm is thus

[nbf(M™)| - n’
[nbf(M)| ~ |nbf(M)|

3

S L by the definition of nbf

n3 — |bf(M)]

6n> .

< R by Inequality [3.3]
< 0 since n > 1

— n .
<3 >

O

It is desirable to show that the analysis is tight, for example by constructing an instance
(N, P) such that there exists some execution of the algorithm that returns a matching M for
which [nbf(M*)|/|nbf(M)| = 6/5, where M* is some matching in (N, P) with the maximum
number of non-blocking families. We show that this analysis is tight asymptotically, by
constructing an instance 7, for some fixed n > 1, where the approximation ratio obtained by
Algorithm cyclicDicatorship on 7,, in the worst case is 6/5 — o(1).

The structure of the preferences of the agents in 7, corresponds directly to the counting
argument used in the proof of Theorem For any fixed n, construct 7, as follows. Let
U=A{u,up,...,u,}, W=4{wi,wo,...,w,}t,and D = {d;,d>,...,d,}, and for each i where

1 <i<nlet

Py, :wi wa ...wy
P, :d dy ...d,
Pd,- Uy Up— ... U

In the algorithm the selection of each agent in U NV is arbitrary, so suppose the algorithm
selects u; in the first iteration, u, in the second iteration, and so on. It follows that the
first family added to M is (u;,wy,d;) and V = N \ {u;,wi,d1} at the start of the second
iteration. It then follows that the next family added to M is (u2, wy,d>). In general, in the
i iteration w; must be the most-preferred agent in W NV according to P,, and d; must be
the most-preferred agent in D NV according to P,,,. It follows that the algorithm returns
M = {(uy,wy,dy), (uz, wa,da), ..., (uy, wy,dy)}. As in the proof of Theorem for each
i where 1 < i < n, let F; be the family (u;, w;, d;) selected in the i™ iteration and let S; be the
set of families that block M, have a non-empty intersection with F; and an empty intersection
with F; for every 1 < j < i. Note that as before, S, = @. As before, it can be shown that

for any i where 1 < i < n, no family in §; contains u; and no family in §; contains w;. It
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remains that each family in S; contains d;. Note that by the construction of 7,,, d; prefers
to u; each agent u; where j > i. Moreover, any such u; prefers to w; each agent w; where
k < j, and any such w; prefers to dj each agent d; where i < k. It follows that S; contains
the family (u;, wi, d;) for each j where i < j < n and each k where i < k < j. As in the
proof of Theorem [3.2] it is straightforward to show that no other families are contained in S;.

It follows that since
S; = {(uj,wk,d,-) ci<j<nandi<k<j}

it must be that

si= Y G-i-1)

j=i+l

which shows that the upper bound on |S;| shown in Inequality [3.2] in Theorem [3.2] is tight.
The same argument used in the proof of Theorem [3.2{then shows that
51’13 2

n
|Ilbf(M)| = ? + ?

n
3 (3.4)
We now show that a stable matching exists in Z,,. Let M* = {(u;, Wy—i+1, dn-i+1) : 1 < i < n}.
Suppose for a contradiction that M is not stable and thus some family (u;, wi, d;) blocks M*
in (N, P). By the definition of a blocking family, u; prefers wy to w,_;.1. By the preference
list of u; it follows that k < n — j + 1. Similarly, since wy prefers d; to dy by the preference
list of wy it must be thati < k. Since k <n—j+1andi < kit follows that j <n—i+1. By
the construction of P, it follows that u; appears after u, ;41 in Pg,. This is a contradiction
since by the definition of a blocking family d; must prefer u; to its assigned partner of the

next type, u,—;+1. It follows that M™ is stable. Now

Inbf(M*)] n3 ‘ ‘
- M* is stabl
Inbf(M)|  |nbf(M)] since M™ is stable
6n> '
= Saeam 2 by Equation 3
_ 6 18— 12
5 25n2+15n-10
6
= 5 - 0(1)

which shows that the analysis is asymptotically tight.

Since all agents of the same type in 7, had the same preference list, it was straightforward to
construct a stable matching. In the next section, we consider instances in which the preference

lists of all agents of at least one type are derived from a master list, and consider the problem
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of finding a matching with the maximum number of non-blocking families.

3.3 Preferences derived from a master list

In this section, we consider a situation in which the preference lists of all agents in at least one
of the sets U, W, D are in some way similar. Specifically, we consider a situation in which
there exists a master preference list over all agents of one type, and quantify the similarity
between the preference list of any agent of the previous type and that master list, in terms of a
specific distance metric. We extend Algorithm cyclicSerialDictatorship for this problem and
show that if this distance is sufficiently small then as the distance is reduced the approximation

ratio of the algorithm decreases from 6/5 to 1.

The assumption of a master list has been made in a number of problems involving matching
under preferences [18], including the multidimensional roommates problem [68]. In the
setting of 3-DSM-CYC, Escamocher and O’ Sullivan [S1] showed in 2018 that if all agents of
one type have the same preference list then the number of stable matchings in that instance
is exponential in n. In a paper on Constraint Programming models for 3-DSM-CYC, Cseh et
al. [S6] showed that the serial dictatorship-style algorithm that we present here can also be

used to construct strongly stable matchings in 3-DSM-CYC.

Suppose hereafter that all agents of at least one type have preferences derived from a master
list. Without loss of generality, suppose the preference lists of all agents in D are close to,

relative to a measure that will be defined, some master list P over all agents in U.

We quantify the similarity between the preference list of each agent in D to the master list
P. Here we use the Kendall tau distance [6] (also known as bubblesort distance or Kemeny
distance [11]) two linear orders over some set S. For any two elements s;, s; in S, we say
that (s;, s;) is a discordant pair between L and L, if 5; >7, s; and s; >, s;. The Kendall
tau distance 7(L1, L) between L; and L, is the number of discordant pairs between L; and
L,. The Kendall tau distance can be equivalently defined as the number of swaps made by
the bubblesort algorithm when sorting L; according to the order of the elements in L, (or
vice-versa) [6]. By definition, 0 < 7(Lj, L) < (;) for any L and L.

Suppose the maximum Kendall tau distance between P and the preference list Py, of any

agentd; € D is c.

Theorem 3.3. If ¢ < n then there exists a polynomial-time algorithm for 3-DSM-CYC-MSM
with approximation ratio 6/(6 — (3d*> — 2d?)), where d = ¢/n.

Proof. The algorithm is a variation of Algorithm cyclicSerialDictatorship. The only differ-
ence is that in each round, instead of selecting a dictator agent in U arbitrarily, the most-

preferred yet-unmatched agent in U is selected according to the master list P. Intuitively, it
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follows that u; is among the most-preferred agents in the preference list of dy and thus the

number of blocking families that contain dj is minimised.

It is straightforward to show that this algorithm returns a matching M in polynomial time.
Without loss of generality, assume that P:ujup ... u, and that (uy,wy,d;) was the first

family added to M, (uy, w», dy) was the second family added to M, and so on.

For an arbitrary i where 1 <i < n — 1, consider the i iteration of the while loop. As before
in the proof of Theorem [3.2] it must be that each family in S; contains d;. Also as before, for

any family (u;, wg, d;) in S; it must be thati < j <mandi < k < j so

Sil< > G—i=1)

Jj=i+1

_(n=-D(n-i-1)
= 3 .

(3.5)

We now show that because of the master list, if i < n — ¢ then the upper bound on |S;| shown

in Inequality [3.5|can be improved. Consider an arbitrary i where 1 <i <n—c.

Consider some family (u;, wg, d;) in S;. As before in the proof of Theorem it must be
thati < jandi < k < J.

Suppose for a contradiction that j > i + ¢ and thus that j > i + ¢ + 1. We shall identify a
number of discordant pairs between P, and the master list P. By assumption, the position
of u; in the master list P is exactly i. Suppose i is the position of u; in Pg,. It follows that the
number of discordant pairs between Py, and P that contain u; is at least |{ — i|. Similarly, the
number of discordant pairs between P, and P that contain u; is at least | 7 — j| where 7 is the
position of u; in Py,. At most one discordant pair contains both u; and u; so the total number
of discordant pairs containing either u; or u; is at least

li—il+]j—-jl-1=li-il+|j-jl-1

>i—i+j—7-1
>i+c—j since j >i+c+1
>c+1 since | <1

which contradicts the definition of ¢ as the maximum number of discordant pairs between the

preference list of any agent in D and the master list 2. It follows that j < i +c. In conclusion,
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we have shown thati < j <i+candi < k < j. It follows that, for any i where 1 <i <n—c,

i+c

ISi< > (—i=1)

=i+l
c(c—1
= > ) . (3.6)
By Inequality [3.1]
n—1
[bf(M)| = M as before in the proof of Theorem [3.2]
i=1
n—c—1 n—1 . .
~1 —Dn-i-1
< cle=1) + Z (n=)nziz 1) by Inequalities [3.5]and [3.6]
i=1 2 i=n—c 2
1 1 5
zic(n—c—l)(c—1)+g(c -c) . (3.7

Suppose M* is a matching in (N, P) with the maximum number of non-blocking families.
By the definition of nbf,

Inbf(M)| = n® — |bf(M)|
1 1
> nd - Ec(n —c—-1)(c-1)—- g(c3 -c) by Inequality [3.7] (3.8)
so the approximation ratio is

[nbf(M*)] - n’
Inbf(M)| ~ |nbf(M)|

3

= 6n3 - 3nc? +6;c3 +3nc -2c by Inequality 3.§
< 6’ sincen > 1
~ 6n3 —3nc?+2c3 -

6n’
" 6n3 - c2(3n - 2c)

6
= ez Gd® 205 where d = c¢/n.

O

A consequence of Inequality [3.7]in the proof of Theorem [3.3is the following corollary. This
corollary is also implied by Escamocher and O’Sullivan’s [S1] result that the number of stable

matchings in such an instance of 3-DSM-CYC is exponential in n.
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Corollary 3.1. Any instance of 3-DSM-CYC contains a stable matching, which can be found

in polynomial time, if all agents of at least one type have the same preference list.

Proof. Assume without loss of generality that all agents in D have the same preference
list. Suppose M is a matching returned by the variant of Algorithm cyclicSerialDictatorship
described in Theorem [3.3] By Inequality[3.7]in the proof of Theorem[3.3] since ¢ = 0 it must
be that |bf(M)| = 0 and thus that M is stable. O

As before in the case of unrestricted preferences, we show that this analysis is tight asymp-
totically by constructing an instance 7, for some fixed n > 1 where for any fixed ¢ < n the

approximation ratio obtained by the algorithm is 6/(6 — (3d> —2d%)) — o(1), where d = ¢/n.

For any fixed n, construct 7, as follows. Let U = {uj,up,...,u,}, W = {wi,wa,...,w,},
and D = {d,,d>,...,d,}, and for each i where 1 <i < nlet

P:uiu ... u,

and

Py :wirwy...owy
Pwiidl dz dn

To construct Py, for each d; € D, first construct Py, : ujus ... u,. If i < n— c then shift u;
in Py, to the right by ¢ places so that it appears just after u;,.. If i > n — ¢ then shift u; in Py,
to the right by n — i places so that it appears last. Note that now d; prefers to u; any agent u;

where either j <iori+1 < j <i+c.

Notice that for any d; € D each discordant pair between P and P, comprises (u;, u;;;) where

j < c. It follows that there are exactly ¢ discordant pairs between P and P4, for each d;.

It is straightforward to show that the algorithm returns a matching M = {(u;,wy,d), (u2,
wa,d3), ..., (uy, wy,dy)}. Let F; be the family (u;, w;, d;) selected in the i™ jteration and let
Si be the set of families that block M, have a non-empty intersection with F; and an empty

intersection with F; for every 1 < j < i. Note that S, = @.

As before in the proof of Theorem [3.3] we consider two cases. First, suppose i < n —c. As
before, it can be shown that no family in S; contains #; and no family in S; contains w;. It
follows that each family in S; contains d;. As we noted, by the construction of 7, it must be
that d; prefers to u; each agent u; where either j <iori+1 < j < i+ c. By the definition
of §; no family in §; contains any agent u; where j < i so it follows that any family in §;
contains d; as well as some u; where i +1 < j < i+ c. Moreover, any such u; prefers to w;
each agent w; where k < j, and any such wy prefers to d; each agent d; where i < k. It

follows that S; contains the family (u;, w, d;) for each j where i + 1 < j < i+ c and each k
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where i < k < j. By the proof of Theorem [3.3] it is straightforward to show that no other

families are contained in §;. It follows that
Si={(uj,wi,dp) :i+1<j<i+c,i<k<j}

and thus that
i+c
Sil= > (-i=1) .
j=i+1
Second, suppose i > n — c. It follows in this case that
n
Sil= > (=i=1) .

j=i+l

It follows, as in the proof of Theorem 3.3] that

n—c—1 n—1 . )
bEM)| = Y 0(02— D, D (n—l)(r;—l—l)

i=1 i=n—c

1 1
= Ec(n—c— )(c— 1)+8(C3 -c)

which shows that the upper bound on |S;| shown in Inequality [3.2)in Theorem [3.2]is tight. It
then follows that

Inbf(M)] :n3—%c(n—c— D(c - 1)—é(c3—c) . (3.9)

To see that at least one stable matching M™ exists in 7, consider a new instance 7, with sets
U’, W', and D’ constructed as for 7, except permuting the types of the agents so that every
agent in D’ has the same preference list. It follows by Corollary [3.1|that 7, contains a stable
matching, which can be relabelled to reveal a stable matching M* in Z,,.

Now

Inbf(M*)| _ n?

B ince M* is stabl
[nbf(M)] Inbf(M)| since 1s stable

6n>

= by Equation
6n3 —3nc? +2¢3 + 3nc - 2¢ Y Hd B3
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6n° 18cn®* — 12¢n?
6n3 = 3nc? +263 3646 4 (18¢ — 36¢2)n?
+ (2463 - 120)n°
+ (9¢* = 9c3)n?
+ (663 = 126 + 6¢%)n

+4¢5 —4c4
6n’
= -o(l
6n3 — 3nc? +2¢3 o()
6
=6_ Gd® = 2 -o(1) where d = c¢/n

which shows that the analysis is tight asymptotically.

3.4 Summary and open problems

In this chapter we considered the approximability of the 3-DSM-CYC Maximally Stable
Matching problem (3-DSM-CYC-MSM). We first presented a 9/4-approximation algorithm
based on an existing algorithm for 3GSM-MSM, which is a closely related problem [75]. We
then presented a 6/5-approximation algorithm based on serial dictatorship, and showed that
our analysis is tight asymptotically. Finally, we considered a situation in which the preference
lists of all agents of at least one type are derived from some master list, and modified the
aforementioned serial dictatorship algorithm for this setting. We considered the maximum
Kendall tau distance ¢ between any such agent’s list and the master list, and showed that if
¢ < n then the modified algorithm has an approximation ratio of 6/(6 — (3d?> — 2d?)), where
d = c¢/n, which is tight asymptotically.

As we saw in Chapter [2] the history of 3-DSM-CYC spans several decades and it continues
to generate interesting research. Given the recent result of Lam and Plaxton [3] (who showed
that stable matchings need not exist in general, and the associated decision problem is NP-
complete), it seems most natural to consider either the approximability of 3-DSM-CYC, as

we do here, or parameterised complexity.

In the optimisation version of 3-DSM-CYC that we studied here, the objective is to maximise
the number of non-blocking families. Of course, one could also define a complementary
problem in which the objective is to minimise the number of blocking families, which is
arguably more natural. In fact, similar optimisation problems, in which the objective involves
minimising the number of blocking coalitions, have been studied in relation to other problems
of matching under preferences [[77,/78,79]. Another possibility is to construct a sub-matching

of maximum cardinality such that no three agents in families in the sub-matching form a
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blocking family in the sub-matching. Rosenbaum [75] refers to the analogous problem for
3GSM as the 3G Maximum Stable Sub-matching problem (3G-MSS).

Although the definitions of the maximisation and minimisation variants of 3-DSM-CYC
are complementary, it seems as if the difficulty of characterising instances with no stable

matching makes tackling the latter variant more challenging.
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Chapter 4

Three-Dimensional Stable
Roommates with %-preferences

4.1 Introduction

In this chapter we study a new model of fixed-size coalition formation, which we call the
Three-Dimensional Roommates with B-preferences (3DR-B). This model is closely related to
some of the existing models of Three-Dimensional Roommates (3DR) discussed in Chapter[2]
and in particular the Three-Person Stable Assignment problem (3PSA) [10] and the model of
Iwama et al. [S7]. Asin the model of Iwama et al., in 3DR-B each agent has a strict preference
list over all other agents. A specific set extension rule is then used to infer from each agent’s
preference list that agent’s preferences over coalitions. In 3DR-B, that set extension rule
is known as %B-preferences [19]. Using JB-preferences, any agent prefers some triple S to
another triple 7 if the most-preferred agent in S is preferred to the most-preferred agent in 7.
In this chapter we consider in 3DR-B the existence of, and complexity of finding, matchings
that are stable.

We first show, in Section .2] that a given instance of 3DR-B may not contain a stable
matching and that the associated decision problem is NP-complete (Theorem [#.1I)). This
contrasts with an analogous model in which coalitions need not have a fixed size, in which
a stable matching must always exist and can be found in polynomial time [7]. It may seem
intuitive that the additional requirement of fixed-size coalitions makes this particular problem
harder to solve, and this result gives an example of a model in which that intuition holds. It
also leads to interesting directions for subsequent work, for example involving approximately

stable matchings, or alternative constraints on the size of feasible coalitions.

We then consider, in Section[d.3] a closely related optimisation problem in which the objective

is to construct a matching that is, in terms of a specific measure, as stable as possible. We begin
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by showing that an existing approximation algorithm for a different model of 3DR can be used
to devise a 9/4-approximation algorithm for the 3DR-B problem (Theorem {.2)). We then
show that a simple algorithm based on serial dictatorship gives an improved approximation
ratio of 3/2 (Theorem [4.3). Interestingly, this algorithm can be viewed as an adaptation of
the algorithm developed by Cechldrova and Romero-Medina [[7] that can be used to construct

a stable matching in the analogous model in which coalitions need not have a fixed size.

Next, in Section 4.4] we consider the problem of identifying the smallest instance of 3DR-
B that contains no stable matching. We show that such an instance contains at least 9
(Theorem.4) and at most 15 agents (Theorem4.3)) but leave determining the precise number

of agents as an open problem.
Finally, in Section4.5] we recap on our results and discuss some directions for future work.

We proceed with some formal definitions and notation. An instance of 3DR-B comprises a
set N of 3n agents and a preference list of each agent «;, labelled P,,, that describes a strict
order over all agents in N \ {a;}. We say that an agent a; prefers a; to ay, denoted a; >o, k.,
if a; precedes oy in P,,. A triple is an unordered set of three agents. In order to compare
triples, agents in an instance of 3DR-B use 3-preferences, which are defined as follows.
For any agent @; and set of agents S € N we denote by %,, (S) the most-preferred agent in
S\ {a;} according to «;. For any agent ; and any two triples r and s, we say that a; prefers
rto s, denoted r >,, s, if By, (r) >o; Bo,(s). A matching is a partition of N into n triples.
Given an agent «; and a matching M, we denote by M («;) the triple in M that contains
a;. Given a matching M, we say that a triple ¢ is blocking if each agent @; in t prefers ¢ to
M (;). A matching is stable if it does not contain a blocking triple. Let %,, (M) be short for
B, (M(a;)). Let P be the collection of preference lists P,, for each agent o;. For any instance
(N, P) of 3DR-B and any matching M, we denote by bt(M, (N, P)) C (1;]) the set of triples
that block M in (N, P). Conversely, we denote by nbt(M, (N, P)) = (g’) \ bt(M, (N, P)) the
set of triples that do not block M in (N, P). When the instance in question is clear from

context, we simply write bt(M) or nbt(M).

4.2 Deciding existence

In this section we show that deciding if a given instance of 3DR-B contains a stable match-
ing is NP-complete. The reduction presented here is from the Three-Dimensional Stable
Matching problem with Cyclic preferences (3-DSM-CYC, defined in Chapter [3), which is
NP-complete [5].

Our reduction is similar to the reduction from 3GSM to the Three-Person Stable Assignment
problem (3PSA, defined in Chapter [2) used by Ng and Hirschberg [10]. Our reduction, like
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Ng and Hirschberg’s, is from a problem involving a multipartite set of agents (in their case,
3GSM) to a problem involving a homogenous set of agents (in their case, 3PSA). Informally,
the idea is to use the same set of agents in both problem instances but to design the preference
lists of the agents in the constructed instance in such a way that each triple in any stable
matching in the constructed instance must contain exactly one agent of each type. It is then
straightforward to show that a stable matching exists in the instance of the latter problem if
and only if a stable matching exists in the instance of the former problem. In fact, a similar
technique was also used to reduce from (two-dimensional) SM to (two-dimensional) SR by
Gusfield and Irving in 1989 [80, Lemma 4.1.1].

The reduction from 3-DSM-CYC to 3DR-B is as follows. Suppose (N’, P’) is an arbitrary
instance of 3-DSM-CYC, in which the sets of agents of each type are labelled U, W, and D.
We shall construct an instance (N, P) of 3DR-B. First construct three new ‘sentinel’ agents

ugp, wo, do in N where:

Py, : [ Win arbitrary order | wo [ D in arbitrary order | do [ U in arbitrary order |
Py, : [ D in arbitrary order | do [ U in arbitrary order | uo [ W in arbitrary order |
P4, : [ U in arbitrary order | ug [ W in arbitrary order | wo [ D in arbitrary order ]

Next, add each agentin N’ = U U W U D to N and for each i where 1 <i < n let:

Py, : [ P, 1 wo[ Dinarbitrary order | do [ U\ {u;} in arbitrary order | ug
Py, : [ P, ] do [ Uinarbitrary order | up [ W\ {w;} in arbitrary order | wo
Pg, 0 [ P, ] uo [ Winarbitrary order | wo [ D \ {d;} in arbitrary order | dy

This completes the construction of (N, P). Partition N into three sets U’, W, D’ where
U =UUA{up}, W =W U {wp}, and D’ = D U {dy}. Note that in the constructed instance
(N, P) of 3DR-B:

* Any agent in U’ prefers any agent in U’ to any agent in W’ and also prefers any agent

in W’ to any agent in D’ (and similarly for any agent in W’ or D’).

» For any agent in N, u is the least-preferred agent in U’, wy is the least-preferred agent

in W’ and d is the least-preferred agent in D’.

It is straightforward to show that this reduction can be performed in polynomial time. To
prove that the reduction is correct we show that the 3DR-B instance (N, P) contains a stable

matching if and only if the 3-DSM-CYC instance (N’, P’) contains a stable matching.

We first show that if the 3-DSM-CYC instance (N’, P’) then the 3DR-B instance (N, P)

contains a stable matching.
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Lemma 4.1. If (N’, P’) contains a stable matching then (N, P) contains a stable matching.

Proof. Suppose M’ is a stable matching in (N’,P’). Let M = {ug,wo,do} U {{ui, w;,
de} : (ui,wj,dy) € M'}.

Towards a contradiction, suppose M is not stable in (N, P) and that {@;, ;, ax} blocks M
in (N, P). It must be that either a; € U’, @; € W/, or @; € D’. Assume without loss of
generality that a; € U’. It follows that 9,,(M) € W’ and thus either a; € W’ or ay € W'.
Suppose without loss of generality that &;; € W’. A similar argument then shows that o, € D’
so we relabel {«;, ;, ax} as {uy, wj,dy} where uy € U’, wyr € W/, and di € D’. Since
wjr >y, RBu, (M) and, by the construction of M’, %, (M) € W’, it must be that j* # 0. A
similar argument shows that k" # 0 and i # 0. It then follows that the family (u;, w;/, dx’)
blocks M in (N’, P’), which is a contradiction. O

We now show, using a sequence of lemmas, that if the 3DR-B instance (N, P) contains a
stable matching then the 3-DSM-CYC instance (N’, P’) contains a stable matching. The
complication here is that a triple in a stable matching in (N, P) need not contain exactly one
agent in each of U’, W’, and D’. Nevertheless, we show that an arbitrary stable matching in
(N, P) has a relatively constrained structure and can thus be modified such that each triple
contains exactly one agent from each of U, W, D. It is then straightforward to construct a
stable matching in the 3-DSM-CYC instance (N’, P’).

We say that a triple of three agents in N is mixed if it does not contain exactly one agent in
each of U’, W’, and D’. Without loss of generality assume that the number of mixed triples

in M is minimal.

Suppose X is an arbitrary element of {U’, W’, D’}. Note that by definition, the number of
agents in X in non-mixed triples in M is n — | X|. It follows that the number of agents in X in
mixed triples in M is |X| and thus the average number of agents in X in each mixed triple in
M is | X|/|X]| = 1.

Lemma4.2. If (N, P) contains a stable matching M then no triple in M contains three agents
in exactly one of U’, W', and D’.

Proof. Assume without loss of generality that M contains some mixed triple #; = {u;,, u;,,
u;,} where u; ,u;,,u;; € U’. Since t; contains more agents in U’ than the average number
of agents in U’ in each mixed triple in M, it follows that there exists some mixed triple
t; € M that contains fewer than the average number of agents in U’ in each mixed triple in
M. Since the average number of agents in U’ in each mixed triple in M is 1 it must be that
1> contains no agent in U’. Consider the possible contents of #,. If either r, = {w;,, dx,, dx, }
where w;, € W' and di,,dy, € D', to = {wj,,w),,dy, } where w;,,w;, € W and dy, € D’,
or to = {dk,,dk,,dy,} where di,,dk,,dr, € D’, then {u;,, u;,, dx,} blocks M’, which is a
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contradiction. If t, = {w;,, wj,, w;;} where w;,wj,,w;; € W’ then {w;,, w;,,u; } blocks M,

which is a contradiction. O

Lemma 4.3. Arbitrarily label U',W’,D" as X,Y,Z. If (N, P) contains a stable matching M
that contains a mixed triple {x;,, x;,, yj, } where x;,,x;, € X and y;, € Y then M also contains

some mixed triple {yj,, Zx,, 2k, } where y;, € Y and z;,,z;, € Z.

Proof. Without loss of generality assume that X = U’, Y = W', and Z = D’. Suppose
for a contradiction that M contains some mixed triple {u;,,u;,, w; } where u; ,u;, € U’ and
w;, € W’ and does not contain any triple {wj,, d,, dk,} where w;, € W' and dy,,dx, € D’".
Observe that {u;,, u;,, w;, } contains more agents in U’ than the average number of agents in
U’ in each mixed triple in M and fewer agents in D’ than the average number of agents in D’
in each mixed triple in M. It follows that there exists some mixed triple ; € M in which the
number of agents in U’ is 0 and some mixed triple #, € M in which the number of agents in D’
is at least 2. By Lemma4.2] the number of agents in 7, in D’ is exactly 2. By assumption, no
triple {w},, d,, d, } exists in M so the only possibility is that #; # t> and 1 = {wj;, w},, di;}
where w;,, w;, € W and dy, € D" and t, = {d,, dks, ui, y where dy,,di, € D" and u;, € U'.

Now {u;,, wj,, di, } blocks M’, which is a contradiction. m]

Lemma 4.4. If (N, P) contains a stable matching M then no triple in M is mixed.

Proof. Assume for a contradiction that M contains at least one mixed triple. By Lemmal4.2]
no triple contains three agents in any one of U’, W/, and D’. Assume then without loss
of generality that M contains some mixed triple 1 = {u;,, u;,, w;, } where u; ,u;, € U’ and
w;, € W’'. By Lemma {4.3|it follows that there exists some other mixed triple {wj,, dx,, di,}
in M where w;, € W’ and di,, dy, € D’.

We first claim that every mixed triple in M either contains two agents in U’ and one agent
in W’ or contains two agents in D’ and one agent in W’. If not, by Lemma {4.3| there are two
possible cases: either M contains two triples {u;,, wj;, wj, }, {ui,, dis, di, } or M contains two
triples {dk,, wj;, wj, }, {uis, ui,, di, }, where in either case u;,,u;, € U’, wj;,w;, € W’, and
diy, dk, € D’. In the former case, {u;,, wj;, dk, } blocks M. In the latter case, {u;,, w;,, di, }
blocks M.

Now consider wo. If M (wq) is not mixed then M (wo) = {u;,, wo, di, } where u;, € U’ and
di, € D’ and thus {u;;, wj,, di, } blocks M, which is a contradiction. It remains that M (w)
is mixed. Since every mixed triple either contains two agents in U’ and one agent in W’ or
contains two agents in D’ and one agent in W’, without loss of generality assume that either
J1=0or jo = 0. Suppose firstly that j, = 0. It follows that {dy,, d,, w;, } blocks M’, which
is a contradiction. It remains that j; = 0. To show a contradiction, we now construct a new

matching M in which the number of mixed triples in M is strictly fewer than the number



4.2. Deciding existence 43

of mixed triples in M. Consider Psz' It must be that either dy, >wj, dy, or d, >wj, di, .

Suppose without loss of generality that di, >,,, d,. Now consider

M = (M \ {{uil’ulj’ Wj1}9 {dklad/Q’ W]z}}) U {{ui17W0a dk1}9 {uiz’wjzadkg}}

in which:

%uil (M) = ‘%u,'l (M) = WO

Q(?WO(M) = di, and B,,,(M) € U’ and so M >wo M

By, (M) = u;, and RBa,, (M) € W and so M >a, M

%uiz (M) =Wwj, >ui2 wo = B (M)

u,-2

‘%sz (M) = ’%sz (M) = dlq

‘%dkz (M) = %dkz (M) = Wi,

It follows that any triple that blocks M in (N, P) also blocks M in (N, P). Thus, since M
is stable, M is also stable. The number of mixed triples in M is exactly one fewer than in
M, which contradicts our assumption that M is a stable matching in (/V, P) with the minimal

number of mixed triples. O

Lemma 4.5. If (N, P) contains a stable matching then (N, P) contains a stable matching M

such that M contains {ug, wo, do} and no triple in M is mixed.

Proof. Let S be the set of triples in M that each contain at least one agent in {ug, wo, dp}.
By definition, 1 < |S| < 3. If |S| = 1, then {ug,wo,do} € M so M = M. If [S| =3
then by Lemma it must be that § = {{uo, wj,, di, }, {uiy, wo, di, }, {ti5, wj;, do} }, where
Ui, iy € U, wj,wj, € W and dy,di, € D'. Now {u;,, wj;, dx, } blocks M, which is a
contradiction. It remains that |S| = 2. By Lemma[4.4] no triple in M is mixed, so there are
three possible cases: either S = {{uo, wo, di }, {ui, wj, do}}, S = {{uo, wj, do}, {ui, wo, di }},
or S = {{uo, w;, di}, {ui, wo, do}}, where in any case u; € U’, w; € W', and d; € D’. In any

case, let:
M = (M\ S) U {{us, w;, dx}, {uo, wo, do}} -
Now:

« either B, (M) >,, B.,(M) or B,. (M) = B,,(M)

* cither By, (M) >, By, (M) or B,,, (M) = B, (M)
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o either By, (M) >q, Ba, (M) or By, (M) = By, (M).

It follows that any triple that blocks M in (N, P) also blocks M in (N, P). Thus, since M is
stable, M is also stable. O

Lemma 4.6. If (N, P) contains a stable matching then (N’, P’) contains a stable matching.

Proof. By Lemma there exists a stable matching M that contains {ug, wo, do} in which

no triple is mixed. We claim that
M’ = {(us, wy, di) = {us, wy, d} € M}

is a stable matching in (N’, P’). Suppose for a contradiction that the family (u;, w;, dy)
blocks M’ in (N’, P’). It follows that the triple {u;, w;, di} blocks M in (N, P), which is a
contradiction. O

We have now shown that the 3DR-B instance (N, P) contains a stable matching if and only if
the 3-DSM-CYC instance (N’, P’) contains a stable matching. This shows that the reduction

is correct.

Theorem 4.1. Deciding if a given instance of 3DR-B contains a stable matching is NP-

complete.

Proof. This decision problem belongs to NP since the stability of a given matching M can

N
3

r compare By, (r) and B, (M) using P,,. If at least one agent «; in each triple » does not
prefer %, (r) to 9%B,,(M) then M is stable.

be verified in polynomial time, as follows. For each triple r € () consider each agent a; in

We have presented a polynomial-time reduction from 3-DSM-CYC, which is NP-complete
[5]]. Given an arbitrary instance (N’, P’) of 3-DSM-CYC, the reduction constructs an instance
(N, P) of 3DR-B. By use the reduction described to construct (N, P). In Lemmas[4.1]and 4.6
we showed that (N, P) contains a stable matching if and only if (N’, P’) contains a stable

matching and thus that this decision problem is NP-hard. O

4.3 Approximation

The 3DR-B Maximally Stable Matching problem (3DR-B-MSM) is the following optimisation
problem: given an instance of 3DR-B, find a matching with the maximum number of non-
blocking triples. Formally, 3DR-B-MSM is a maximisation problem in which any instance
(N, P) of 3DR-B-MSM is also instance of 3DR-B, a solution is a matching in (N, P), and
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the measure is |[nbt(M, (N, P))|. We showed in Theorem that deciding if an instance
of 3DR-B contains a matching with (33") non-blocking triples is NP-complete, so it follows
that 3DR-B-MSM is NP-hard. In this section we present two approximation algorithms for
3DR-B-MSM. The first is a direct application of an existing result relating to 3PSA. The

second is a novel serial dictatorship-style algorithm.

There is a close relationship between 3DR-B and the Three-Person Stable Assignment prob-
lem (3PSA, introduced in Chapter[2). Recall that in 3DR-B, each agent has a strict preference
list over the other 3n — 1 agents. 93-preferences are then used to infer each agent’s preferences
over triples. In 3PSA, each agent instead has a strict preference list over the (3"2_ 1) triples
that they may belong to. We show that, given an instance (N, P) of 3DR-B, it is possible to
construct an instance (N, P’) of 3PSA with the same set of agents such that for any matching
M, if a triple blocks M in (N, P) then it also blocks M in (N, P’). From this result it
follows that an existing 9/4-approximation algorithm for 3PSA-MSM [[75]], which is defined
analogously to 3DR-B-MSM, can be applied to construct a 9/4-approximation algorithm for
3DR-B-MSM. The existing 9/4-approximation algorithm for 3PSA-MSM was presented by
Rosenbaum in 2016 [75] and is called Algorithm ASA. It is an iterative greedy algorithm
which involves, in each iteration, selecting a triple that once added to the matching, intersects

the maximum number of non-blocking triples.

The design of our 9/4-approximation algorithm for 3DR-B-MSM, which makes use of the
relationship between 3PSA and 3DR-B, is essentially the same as the 9/4-approximation
algorithm that we described in Chapter [3] for 3-DSM-CYC-MSM. As we saw in Chapter [3]
the latter algorithm makes use of the analogous relationship between 3GSM and 3-DSM-CYC
(in fact, Algorithm AMSM is also essentially the same as Algorithm ASA [75]]).

Theorem 4.2. There exists a polynomial-time 9 | 4-approximation algorithm for 3DR-B-MSM.

Proof. The approximation algorithm for 3DR-B-MSM involves constructing a corresponding
instance of 3PSA-MSM, which has the same set of agents, and running Algorithm ASA [735]].

We first describe how to construct, in polynomial time, a corresponding instance (N, P’)
of 3PSA such that |bt(M, (N, P))| > |bt(M, (N, P’))| for any matching M. For each agent
@; € N, let P, be the list of all 2-agent subsets of N \ {a;} in lexicographic order with respect
to P,,. Now, suppose M is an arbitrary matching in (N, P) and r is a triple that blocks M in
(N, P). We will show that r also blocks M in (N, P’). For any oy in r it must be that 9, (r)
precedes By, (M) in Py,. By the construction of P, as the lexicographic order of P, it
must be that r precedes M (ay) in P;, and thus that r also blocks M in (N, P’). It follows
that |bt(M, (N, P’))| > |bt(M, (N, P))| and thus that |nbt(M, (N, P))| > |nbt(M, (N, P"))|,

as required.
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Since Rosenbaum’s [[73]] analysis of Algorithm ASA shows that |nbt(M, (N, P"))| > 4(33") /9,
we can conclude that |nbt(M, (N, P))| > 4(33")/9. O

We now present an algorithm with an improved approximation ratio. This algorithm, called
Algorithm serialDictatorship, is based on serial dictatorship. In is a variation of Algo-
rithm cyclicSerialDictatorship that we presented for 3-DSM-CYC in Chapter 3] The accom-
panying analysis is loosely based on the analysis of Algorithm ASA given by Rosenbaum
[75]).

Algorithm 4.1 Algorithm serialDictatorship
Input: an instance (N, P) of 3DR-B
Output: a matching M in (N, P)

U«N

M — @

while |U| > 0 do
dy < an arbitrary agent in U
d2 — ggdl(U)
d3 — Ba,(U\{d1})
M — MU {{d,,d>,d3}}
U< U\{di d, d3}

end while

return M

It is straightforward to show that Algorithm serialDictatorship returns a matching M in
polynomial time. We now analyse its approximation ratio in the same way we analysed the
approximation ratio of Algorithm cyclicSerialDictatorship for Theorem [3.2]in Chapter 3] and
show that our analysis is tight. We consider each triple in M in the order that they were added
to M in the algorithm and count only the blocking triples that intersect that triple and do not

intersect any previous triple.

Theorem 4.3. There exists a polynomial-time 3 /| 2-approximation algorithm for 3DR-B-MSM.

Proof. Namely Algorithm serialDictatorship. By the pseudocode, there are n iterations of
the while loop so it is straightforward to show that the algorithm runs in polynomial time.

For each i where 1 < i < n, let d}, d’,, d} be the agents labelled d, d3, d3 respectively in that

iteration, D; = {di , dé, dg}, and U; be the set of agents in U at the start of that iteration. Note

that by the algorithm, |U; \ D;| = 3n — 3i.

For each i where 1 < i < n, let S; be the set of triples that block M, have a non-empty

intersection with D;, and have an empty intersection with D; for every j < i. It follows that

S, = @ since any triple that blocks M and intersects the final triple D, must contain some
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agent not in D, which must belong to some previous triple D; where 1 < j < n. We can
now define bt(M) in terms of S;:

bt(M) = O S; .
i=1

By definition, the sets S; are pairwise disjoint so it follows that

n—1

[bt(M)] = > ISl - @.1)

i=1

We now place an upper bound on |S;| for any i where 1 < i < n — 1. For any such 7, consider
the i iteration of the while loop. By the algorithm, (%’dll- ;) = dé. It follows that any triple
that blocks M and contains | contains some agent in N \ (U; U D;) that has already been
added to some triple D; in M where j < i. Thus, no triple in §; contains d’i. Similarly, by the
algorithm it must be that either 93615 (U;) = dé or 95’(1; (Up) = d’i, so any triple that blocks M
and contains d contains some agent in N \ (U; U D;), so likewise no triple in S; contains d.
It follows that any triple in S; contains dé and two other agents in N. By the definition of §;,
any triple in S; has an empty intersection with D; for any j < i so it must be that any triple

in S; contains dé as well as two agents in U; \ D;. Since |U; \ D;| = 3n — 3i it follows that

3n-3i
1Si] < ( " ’) . (4.2)
2
By definition,
3n
nbt(M)] = | 5 | = [bt(M)]
3n n—1 ‘
=|5/- M by Equation[4.1]
i=1
n—1 .
> (3371) - (3n2— 31) by Inequality [4.2]
i=1
3 2
:3n3—%—g . 4.3)

Suppose M* is a matching in (N, P) with the maximum number of non-blocking triples. The
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approximation ratio of the algorithm is thus

[nbt(M)| _ (3n) 1 since [nbt(M*)] < (%)

[nbt(M)| ~— \ 3 | |nbt(M)]
9> —9n +2 ,
< P — by Inequality 4.3]
< 3 since n > 1
= n>l.
<5 >

O

It is desirable to show that this analysis is tight, by constructing an instance (N, P) of 3DR-B
and showing that there exists some execution of Algorithm serialDictatorship that returns
a matching M for which |nbt(M*)|/|nbt(M)| = 3/2, where M* is some matching in (N,
P) with the maximum number of non-blocking triples. We show that the analysis is tight
asymptotically, by constructing an instance 7, of 3DR-B for some fixed n > 1, where the
approximation ratio obtained by Algorithm serialDictatorship on 7, is 3/2 — 0(1) in the worst
case. The proof follows the same pattern as the analysis of Algorithm cyclicSerialDictatorship

in Chapter 3]

The structure of the preferences of the agents in 7, corresponds directly to the counting
argument used in the proof of Theorem For any fixed n, construct J,, as follows. First,
let N = {ai1,a2,...,a3,}. Next, for each agent ¢; € N, construct Py; so that it lists every
agentin N \ {a;} in ascending order of subscript. Finally, for eachi where 1 < i < n, modify
P,,; by shifting a3;_»> and a@3;_1 to the right so that a3, is the second-to-last agent in P,, and

a3;-1 18 the last agent in P,.

As in the proof of Theorem for each i where 1 < i < n, let d’i, dé, dé be the agents

labelled d1, da, d3 respectively in that iteration, D; = {d}, d}, d}}, and U; be the set of agents
in U at the start of that iteration. Since the selection of agents in U is arbitrary, suppose
d’i = a;. It follows that dé = @, and dé = a3 and thus U, = N \ {a}, @2, a3}. Similarly, the
second triple chosen is D, = {a4, as, ag}. In general, it follows that M = {{a, @z, @3}, {4,
as,@gt, ..., {32, @3,-1,@3,}} and U; = U}’zi{a3j_2,a3j_1,a3j}. Note that now, for any

ak € N, ay prefers to By, (M) any agent a3; where 3i < k.

As in the proof of Theorem [4.3] for each i where 1 < i < n, let S; be the set of triples that
block M, have a non-empty intersection with D;, and have an empty intersection with D;
%) and S, = @. As in the proof of
Theorem {.3] it can be shown that for any i where 1 < i < n, no triple in S; contains @3;_»

for every j < i. By definition it follows that S; C (

and no triple in S; contains @3;_1. It remains that each triple in S; contains a3; as well as two
agents in U; \ D;, which we label a; and a;. Since U; \ D; = UJ’.l:i+1{a3j_2, @3j_1,@3;}, it
must be that k > 3i+ 1 and [ > 3i + 1. Since k # [ assume without loss of generality that
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k > 3i + 2. It follows that %,,, ({ak, @;}) = ai precedes both @3;—; and @3;—2 in P,,,. As we
noted, since 3i < k it must be that «3; precedes 9%, (M) in P,,. Similarly, since 3i < [ it
must be that a3; precedes By, (M) in P,,. It follows that the triple {@3;, ax, @;} blocks M and
hence also belongs to S;. Since the selection of @y, a; as two agents in U; \ D; was arbitrary
it follows that

Si={{azi, ar, a1} ax,a; € U \ D;} .

It follows immediately that

which shows that the upper bound on |S;| in Inequality 4.2]in Theorem 4.3]is tight. The same
argument used in the proof of Theorem 4.3 then shows that
3n> n

_n,3_ - _°
[nbt(M)| = 3n "5 4.4)

We now show that a stable matching exists in 7,,. Let

n—1

M* ={a, a2, a3,} U U{{aai, @341, @3i52} ) -
i=1
Note first that by the construction of M*, %B,,(M*) = By, (M*) = a1, By, (M*) = as.
Note also that for any i where 1 < i < n — 1, By, (M*) = @zit1, By, (M) = @342,
and ABy,;,,(M*) = a3;41. It follows in general, by the construction of 7,, that for any two
agents a; and ay if ai precedes @QJ(M *) in P, then k < j. Consider an arbitrary triple
{a;, j, a1} € (g’) where i < j < k. It follows that %,, ({¢;, ax}) succeeds By, (M) in Py,
and thus that this triple does not block M*. It follows that M* is stable. Now

M* 1
[nbt(M™)| _ (Sn) since M* is stable

[nbt(M)| ~ \ 3 J|nbt(M)]
3 n?—-9n+2
C6en2-3n-1

3

= 5—0(1)

by Equation #.4]

which shows that the analysis is tight asymptotically.
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4.4 Towards a minimal “no” instance

As in the case of 3-DSM-CYC, it seems difficult to characterise instances of 3DR-B that do
not contain a stable matching. With respect to the respective existence problems, which are
decision problems, we call such instances “no” instances. A significant open question for
both 3-DSM-CYC and 3DR-B involves the minimal number of agents required to construct
such an instance. The smallest such instance of 3-DSM-CYC uses 60 agents (n = 20) [54].
In this section, we show that the smallest such instance of 3DR-B contains at least 9 and at

most 15 agents, but leave determining the precise number as an open problem.

We first show, in Theorem4.4] that any instance of 3DR-B with at most 6 agents must contain
a stable matching. It follows that at least 9 agents are required to construct an instance of

3DR-B that contains no stable matching.

Theorem 4.4. In any instance (N, P) of 3DR-B, if |N| < 6 then (N, P) contains a stable

matching.

Proof. If |[N| = 3 then any matching is stable so suppose |N| = 6. Consider the directed
graph G = (N, A) where N is the set of agents and (a;, ;) € A if By, (N) = ;. We shall
analyse the structure of G in a case analysis, and in each case identify a stable matching M.
Since the out-degree of each agent in G is 1, and by definition G contains no self-loops, it
must be that each weakly connected component of G contains at least two agents and at least

one directed cycle. If G contains:

* Three components {a|, a2}, {3, a4}, {as, ag}, each of size two, then M = {{ay, a»,
@3}, {aa, as, ap}} is stable since By, (M) = 9B,,(N) for each i where i € {1,2,4,5}.

» Two components {a, a2, @3}, {a4, s, @g} each of size three, then M = {{«a, a2, a3},
{a4, @5, ag}} is stable since By, (M) = B, (N) for each @; € N.

* Two components {a], a2, @3, @4}, {@s, @} then there are two possible cases. In the
first, the longest directed cycle among {a, @z, @3, @4} contains two agents. In this
case, assume without loss of generality that this cycle is {a, @, } and that (a3, @) € A.
Now M = {{a1, a2, a3}, {as, a5, as}} is stable since %B,,(M) = 9B,,(N) for each i
where i € {1, 2,5, 6}. In the second, the longest directed cycle among {a1, @3, @3, @4}
contains three or more agents. In this case, we may assume without loss of generality
that (a1, a2) € A and (ap,a3) € A. Now M = {{ay,a, a3}, {as, as, ag}} is stable
since By, (M) = By, (N) for each i wherei € {1,2,5,6}.

* One component {a1, a3, @3, a4, as, ag}. If the longest directed cycle contains:
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— Six agents then M = {{a, a2, a3}, {a4,@s5,a6}} is stable since B, (M) =
By, (N) for each i where i € {1,2,4,5}.

— Five agents then assume without loss of generality that this cycle is {a1, a, .. .,
as}. Now M = {{a1, a2, a3}, {@4, a5, ag}} is stable since B, (M) = By, (N) for
each i wherei € {1,2,4,5}.

— Four agents then assume without loss of generality that this cycle is {a, a», a3,
@4} and that (as, ;) € A. Consider By, (N). If (as, @1) € Athen M = {{ay, as,
@6}, {a2, @3, @4}} is stable since 9B, (M) = %B,,(N) for each i where i € {2, 3,5,
6}. If either (ag, @) € A or (ag,a3) € A then M = {{a, a4, as}, {az, a3, a¢}}
is stable since By, (M) = By, (N) for eachi wherei € {2,4,5,6}. If (ag, aa) € A
then M = {{a1, @2, as}, {a3, s, ac}} is stable since By, (M) = B, (N) for each
i wherei € {1,3,5,6}.

— Three agents then assume without loss of generality that this cycle is {1, a2, @3}.
Now M = {{a1, a2, a3}, {@4, @5, a6} } is stable since B, (M) = 9B,,(N) for each
i wherei € {1,2,3} and {a;,ap, a3} € M.

— Two agents then assume without loss of generality that this cycle is {a;, @>} and
also that (a3, a1) € A. Now M = {{a1,a, a3}, {a4,as,as}} is stable since
Bo; (M) = By, (N) for each i where i € {1,2,3} and {a;, a2, 3} € M.

O

We now show, in Theorem that there exists an instance of 3DR-B with 15 agents that

contains no stable matching. That instance, which we denote by (N’, P’), is illustrated in

Figure and can be constructed as follows. First, for each r where 1 < r < 3 construct a

set of five agents in N’ labelled Q, = {q}, q%, e, qf }, which we refer to as a pentagadget. To

simplify the description of the valuations in each pentagadget, in what follows we write i & y

to denote ((i+y—1) mod 5) + 1. For each r where 1 < r < 3 and eachi where 1 <i < 5let
P qi® ¢'®* ¢i®* gi® [ N’\ Q, in arbitrary order ]

Suppose M is an arbitrary matching in (N’, P’). We shall eventually show that M is not
stable. For any agent g'. € N’, we say that ¢’ is external if By (M) ¢ Q.

Lemma 4.7. At least one pentagadget contains at least two external agents.

Proof. Since each pentagadget contains five agents it must be that O contains at least
one external agent. Without loss of generality assume that q% is external. If Q; contains

two external agents, including qi, then the lemma statement holds, so suppose qi is the
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q: a3 a3

q% q1 ‘12 q2 CI3 C]3

q; q; 7 q5 a a3

Figure 4.1: A representation of the instance (N’, P’) of 3DR-B that contains no stable
matching. An arrow exists from ¢ to g7 if B, (N') = ql.

only external agent in Q. It follows that {qil1 , qif, qf‘ } {qif, q’f‘, qls“} € M where {i1, i2,13,
is} ={2,3,4,5}, r,s € {2,3},and 1 < ji,k; < 5. If r = s then Q, contains two external
agents, namely q{‘ and qlr‘ !, and thus the lemma statement holds, so suppose r # s. Assume

without loss of generality that q{' = qé and qf b= qé.

By definition, qé is external. If O, contains two external agents, including qé, then the lemma
statement holds, so suppose q; is the only external agent in Q5. It follows that {qlzz, ql;, q{ 1,
(g%, 45,4} € M, where {I2, 13, 14,15} = {2,3,4,5}, t,u € {1,3}, and 1 < jo, k» < 5. If
t = u then Q; contains two external agents, namely q{z and qf ?, and thus the lemma statement
holds, so it must be that ¢ # u. Assume without loss of generality that = 1 and u = 3. Now

Q3 contains two external agents, namely q% and qg‘z, and thus the lemma statement holds. O

Theorem 4.5. There exists an instance of 3DR-B with 15 agents that contains no stable

matching.

Proof. Namely the instance (N’, P’). Recall that M is an arbitrary matching in (N’, P’).
By Lemma 4.7} assume without loss of generality that O contains at least two external
agents, which we label q’f and qif. By the symmetry of each pentagadget, without loss of
generality assume that iy = 1 and either i; = 2 or i, = 3. In the former case, {q{, q%, q? }
blocks M, since q% 4! %q:(M), %’q%({q{,q?}) > %q%(M), and qi >4 %q?(M). In the
latter case, {q},q7,q;} blocks M, since g7 =gt By (M), a; > B (M), and %’q?({q},
a3} > B (M). O

4.5 Summary and open problems

In this chapter we studied a new formalism of 3DR, involving 98-preferences, which we called
3DR-B. We considered in 3DR-B the existence of, and complexity of finding, matchings that

are stable.
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Our first result was that a given instance of 3DR-B may not contain a stable matching and
that the associated decision problem is NP-complete. We then considered a closely related
optimisation problem, which we called 3DR-B-MSM, in which the objective is to construct, in
a given instance of 3DR-B, a matching with the maximum number of non-blocking triples. We
first devised a 9/4-approximation algorithm for 3DR-B-MSM based on an existing algorithm
for 3PSA-MSM, which is a closely related problem [/5]]. Improving upon this approximation,
we then presented a 3/2-approximation algorithm based on serial dictatorship, and showed
that our analysis is tight asymptotically. Finally, we considered the problem of identifying
the smallest instance of 3DR-B that contains no stable matching. We showed that such an

instance must have between 9 and 15 agents, inclusive.

We now present some open problems specifically involving stability in 3DR-B. More general
problems, involving solution concepts other than stability and other models of fixed-size

coalition formation, are discussed in Chapter 9

An immediate open problem is to improve the bounds on the the smallest instance of 3DR-
B that contains no stable matching. We have shown in Section [4.4] that such an instance
contains at least 9 and at most 15 agents, but the precise number of agents remains open. To
fully resolve this open question, it will be necessary to either prove that every some fixed size
strictly greater than 6 contains a stable matching (as in the proof of Theorem[4.4)), demonstrate
that some instance with between 9 and 12 agents contains no stable matching (in a similar
way to the proof of Theorem[4.5), or both.

In Chapter[3] we presented an approximation algorithm for a restriction of 3-DSM-CYC-MSM
in which the preferences of some agents were derived from a master list. We conjecture that
a similar algorithm also exists for a restriction of 3DR-B-MSM in which the preferences of
all agents are derived from a master list. In 2020, Bredereck et al. [68]] considered a similar
situation for a multidimensional generalisation of 3GSM [10], and it may be that some of

their results or techniques can also be applied to 3DR-B.

A closely related objective is to estimate the probability that a random instance of 3DR-B
contains a stable matching. Pittel’s [S3]] probabilistic analysis of k-DSM-CYC and Pittel and
Irving’s [81] analysis of two-dimensional Stable Roommates (SR) are two possible starting
points. A hybrid of theoretical and empirical techniques might also be informative, as it
was in Escamocher and O’Sullivan’s [S1] paper, which considered the same question in the
setting to 3-DSM-CYC.

As well as investigating the existence of an improved approximation algorithm for 3DR-
B-MSM, it might be possible to prove an inapproximability result for this problem. For
example, it would be very informative to prove that the approximation ratio of Algorithm se-
rialDictatorship is tight, by showing that no (3/2 — ¢)-approximation algorithm exists for
3DR-B-MSM unless P = NP. Alternatively, it might be easier to prove the weaker result
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that 3DR-B-MSM is APX-hard, meaning that there exists some constant factor £ such that
no (1 + &)-approximation algorithm exists for 3DR-B-MSM, unless P = NP [66]. A starting
point towards the latter result could be to modify the reduction of Iwama et al. [61] from
a variant of Maximum 3D Matching (Max 3DM) to an optimisation problem defined in a
related model of 3DR (which is described in Chapter [2). Another possibility is to adapt the
reduction of Rosenbaum [75]] from Max 3DM to 3PSA-MSM.

Various alternative optimisation problems and measures can also be defined that relate to
stable matchings and 3DR-B. One possibility is to construct a sub-matching of maximum
cardinality such that no three agents in triples in the sub-matching form a blocking triple in
the sub-matching. Rosenbaum [75]] refers to the analogous problem for 3PSA as the 3PSA
Maximum Stable Sub-matching problem (3PSA-MSS). A second possibility is to consider
a-stability [62] (discussed in Chapter [2) in the setting of 3DR-B. For example, for some
fixed @ > 1, we could say that a matching M is a-stable if for any agent @; and any triple ¢
where @; € t the increase in rank in P,, from B(M) to 9B(t) is at most . We could also
then define an optimisation problem in which the objective is to find an @-stable matching
for a minimum such @. A third possibility is to define a complementary problem in which
the objective is to minimise the number of blocking triples, which is arguably more natural.
Similar optimisation problems, in which the objective is to minimise the number of blocking

pairs, have been studied in the context of (two-dimensional) Stable Roommates [78]].
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Chapter 5

Three-Dimensional Stable
Roommates with 77 -preferences

5.1 Introduction

In this chapter we study another new model of fixed-size coalition formation, which we call the
Three-Dimensional Roommates with W -preferences (3DR-W). This model is in a sense dual
to the Three-Dimensional Roommates with %B-preferences (3DR-B), which we considered in
Chapter @ As in 3DR-B, in 3DR-W each agent supplies a strict preference list over all other
agents and uses a set extension rule to compare coalitions. In 3DR-W, the set extension rule
used is known as % -preferences [8|] and means that any agent prefers some triple S to another
triple 7 if the least-preferred agent in S is more preferred than the least-preferred agent in 7.
In this chapter we consider in 3DR-W the existence of, and complexity of finding, matchings

that are stable.

We first show, in Section [5.2] that a given instance of 3DR-W may not contain a stable
matching and that the associated decision problem is NP-complete (Theorem [5.1). As in
the case of 3DR-B, this also contrasts with an analogous model involving 7 -preferences
in which coalitions need not have a fixed size, in which a stable matching must exist and
can be found in polynomial time [8]. It may seem intuitive that the additional requirement
of fixed-size coalitions makes this particular problem harder to solve, and this result gives

another example of a model in which that intuition holds.

We then consider, in Section[5.3] a closely related optimisation problem in which the objective
is to construct a matching that is, in terms of a specific measure, as stable as possible. We
show that an existing approximation algorithm for a different model of 3DR can be used to

devise a 9/4-approximation algorithm for this problem (Theorem 5.2).

Finally, in Section [5.4] we recap on our results and discuss some directions for future work.
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An instance of 3DR-W comprises a set N of 3n agents and a preference list of each agent «;,
labelled P,,, that describes a strict order over all agents in N \ {a;}. We say that an agent @;
prefers a; to ay, denoted a; >, ay, if a; precedes @y in P,,. A triple is an unordered set of
three agents. In order to compare triples, agents in an instance of 3DR-W use % -preferences,
which are defined as follows. For any agent o; and set of agents S € N we denote by %, (S)
the least-preferred agent in S \ {«;} according to «;. For any agent ; and any two triples r
and s, we say that a; prefers r to s, denoted r >, s, if Wo,(r) >o, Wa,(s). A matching is
a partition of N into n triples. Given an agent a; and a matching M, we denote by M («;)
the triple in M that contains @;. Given a matching M, we say that a triple ¢ is blocking if
each agent «; in ¢ prefers r to M («;). A matching is stable if it does not contain a blocking
triple. Let %, (M) be short for 7%, (M (;)). Let P be the collection of preference lists P,,
for each agent ;. For any instance (N, P) of 3DR-W and any matching M, we denote by
bt(M, (N, P)) C (g’ ) the set of triples that block M in (N, P). Conversely, we denote by
nbt(M, (N, P)) = (];’) \ bt(M, (N, P)) the set of triples that do not block M in (N, P). When

the instance in question is clear from context, we simply write bt(M) or nbt(M).

5.2 Deciding existence

In this section we show that deciding if a given instance of 3DR-W contains a stable matching
is NP-complete. The reduction is from a restricted case of Partition Into Triangles (PIT,
Problem [5.1) [43].

Problem 5.1. Partition Into Triangles (PIT)
Input: a simple undirected graph G = (W, E)) where |W| = 3¢ for some integer ¢
Question: Can the vertices of G be partitioned into ¢ disjoint sets X = {X1, X»,..., X, },
each set containing exactly three vertices, such that each X, = {w;, w;, wi} € W where

1 < p < g1isatriangle?

Given a graph simple undirected graph G = (W, E), we say that a set of three vertices {w;, w;,
wi}is a triangle if {w;, w;} € E, {w;,wi} € E,and {w;,wi} € E. Let T ={T1,T», ..., Ty}
be the set of triangles in G. We reduce from the special case of PIT in which 7 has a system
of distinct representatives (SDR), that is, a set Z = {z1,22,...,2n of m distinct vertices
where z; € T; for each i where 1 < i < m. We refer to this restricted problem as PIT-SDR.
It can be verified that in the reduction shown by Garey and Johnson [43, Theorem 3.7] from
Exact Cover by Three-sets to PIT that the constructed graph admits an SDR]T] It follows that

In the reduction of Garey and Johnson, every triangle in G is contained in exactly one subset gadget. For
each subset gadget ¢; € C, the SDR contains the vertices labelled “a;[1]7, “a;[2]”, “a;[4]*, “a;[5]”, “a;[7]”,
“Cl[ [8]”, and “a[ [6]”.
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PIT-SDR is NP-complete.

The reduction from PIT-SDR is as follows. Suppose G = (W, E) is an arbitrary graph. We
shall construct an instance (N, P) of 3DR-W. For each vertex i where 1 < i < 3¢ construct a
set of seven agents H; = { hl.l, hl2 e hl7} which we refer to as the i heptagadget. Let H' be
the set U <;<34 hl.7. We shall now construct the preferences of the agents in each heptagadget.

First, for each heptagadget H; construct the agents’ preferences as follows. Note that in the

following construction “...” denotes all remaining agents in an arbitrary order.
n W} bl kiR R
h? : h! h! B} hS K oh}
h? h} h! h] B® hi B
UK N =
h? : h! h® n} h} h} n}
hS hl ol nt oh?on

M;[@emNmmqumE] RS nt hl B R R

proper part

We now reorder the proper part of the preference list of each agent in H’. Our aim is to
ensure that for any three agents /], h, hj € H” if the three corresponding vertices w;, wj, wi
form a triangle in G then one of the three agents is the least-preferred agent in the proper part
of the preference list of at least one of the other two agents. To do this, first identify the set of
triangles 7~ = {T, 1>, . . ., T, } and then construct an SDR of 7" labelled Z = {z1, 22, ..., Zm}-
Note that Z can be constructed in polynomial time as a maximum matching in a bipartite
graph. Next, for each i where 1 < a < m consider the triangle T, = {w;, wj,wk} in G,
labelling the representative vertex z, in Z as w; and the other two vertices as w; and wy
arbitrarily. Since {w;, w;} € E it must be that hj7 appears in the proper part of th. Reorder
the proper part of th such that h] is now the least-preferred agent in the proper part. Note
that by the definition of an SDR, no preference list is modified more than once and thus we

have achieved our aim. This completes the construction of (N, P).

It is straightforward to show that this reduction can be performed in polynomial time. To
prove that the reduction is correct we show that a stable matching exists in the 3DR-W instance

(N, P) if and only if a partition into triangles exists in the PIT-SDR instance G.

We first show that if the PIT-SDR instance G contains a partition into triangles then the
3DR-W instance (N, P) contains a stable matching.

Lemma 5.1. If G contains a partition into triangles then (N, P) contains a stable matching.
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Proof. Suppose X = {Xi, X»,...,X,} is a partition into triangles in G. For each triangle

X, = {w;,wj,wi} € X construct in M the triples {h7 h7 h7} {h1 h3 h4} {h2 h5 h?},
1 73 14 2 15 16 1 13 14 2 15 16

{hj’h]’h] }3 {h]’ h]’ h] }9 {h ” hk’hk} and {h 9hk’ hk}

To show that M is stable, we consider each agent in an arbitrary heptagadget H;.

First, consider hl7 Suppose for a contradiction that hl7 belongs to a triple that blocks M.
By the construction of M, %7(M ) belongs to the proper part of Ph7 so it must be that this
blocking triple comprises three agents {/, h7 h7} where {w;, w;} € E and {w;,wi} € E. A
symmetric argument shows that hl7 must appear in the proper part of Ph] and thus that {w;,
w;j, wi} is a triangle in G. Suppose the triangle {w;, w;, wy} is labelled 7, where 1 < a < m
and assume without loss of generality that w; is the representative vertex z, in the SDR Z
of 7. It follows that {hl.7, h], hZ} contains the least-preferred agent in the proper part of th.
Assume without loss of generality that h7 is the least-preferred agent in the proper part of
Py. This contradicts the fact that h7 must appear before %7 (M), which also belongs to the
proper part of Ph7 It remains that h7 does not belong to a triple that blocks M.

Next, consider h?. No triple is preferred by hf’ to M (h?) SO hf does not belong to a blocking
triple. Similarly, the only triple that hl1 prefers to M (ht.l) contains hz, which we have shown
does not belong to a blocking triple. It follows that hl1 also does not belong to a blocking
triple. Any triple h4 prefers to M (h4) and contains h1 or h3 is not blocking, and the only
triple that h4 prefers to M (h4) that contains neither hl nor h3 is {h4 h6 h7} Since hl7 does
not belong to a blocking triple it follows thus that h;‘ does not belong to a blocking triple.
Similarly, the only triples that h?, i, and h® prefer to M(h?), M(h?), and M (h®) contain
at least one of h!, i, h?, and h] so are not blocking. It follows that neither 47, h>, nor h®

belong to blocking triples. O

We now show, using a sequence of lemmas, that if the 3DR-W instance (N, P) contains a

stable matching then the PIT-SDR instance G contains a partition into triangles.

In the reduction, for some matching M we say that some agent h; is internal in M if
M (h) C H;, some agent h17 € H' is proper in M if %Z(M) belongs to the proper part of
P,7 and some agent h; € N is external in M if h} is neither proper nor internal. It follows
that every agent in H; is either proper, internal, or external in M. We will eventually show
that in M no agent is external and every agent in H' is proper, from which the existence of a

partition into triangles is straightforward to show.

Lemma 5.2. If (N, P) contains a stable matching M then each heptagadget H; contains

exactly six agents that are internal in M.

Proof. By definition, the number of internal agents in M in H; is divisible by three. It follows

that if H; does not contain six agents that are internal in M it contains at most three agents
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that are internal in M. Suppose for a contradiction that H; contains at most three agents that
are internal in M. Since by definition H; contains at most one proper agent in M, namely
hz, it follows that H; contains at least three agents that are external in M, which we label hf ,
h}, and h}. By the definition of an external agent it must be that 7% ({h, h!}) >p Wi (M),
W ({h], hi}) >ns Wis (M), and W' ({h7, hi}) >nt Wy (M). It follows that {h], h;, h} blocks

M, which is a contradiction. O

Lemma 5.3. If (N, P) contains a stable matching M then no agent in N is external in M.

Proof. Consider an arbitrary heptagadget H;, which by Lemma|5.2|contains exactly six agents
that are internal in M. The remaining agent is either external or proper in M. Suppose for a
contradiction that the remaining agent /; is external in M. If r # 5 then it must be that hf is
internal in M and thus M(h?) = {hl.5, h!, hf.} where 5,1 € {1,2,3,4,6,7}. Notice that by the
design of the constructed instance (N, P), it must be that h; > h hf and h; > 0t hl.5. Moreover,
since A is external in M it follows that Wiy ({h}, hi}) > Wiy (M) and thus {h7, k3, hi}
blocks M, which is a contradiction. It remains that » = 5. In this case we consider the two
triples in M that contain the six agents in H; that are internal in M. We enumerate the (g) /2
possible such pairs of triples and show that in any case M is not stable. Since all agents in

both triples belong to H;, in the following table we shorten {4, h, hf} to {r,s,t}.

triples in M M is blocked by
{1,2,3}, {4,6,7} {1,3,6}
{1,2,4}, {3,6,7} {1,3,4}
{1,2,6}, {3,4,7} {1,4,6}
{1,2,7}, {3,4,6} {1,3,7}
{1,3,4},{2,6,7} {4,6,7}
{1,3,6}, {2,4,7} {1,3,4}
{1,3,7},{2,4,6} {4,6,7}
{1,4,6},{2,3,7} {1,3,7}
{1,4,7},{2,3,6} {4,6,7}
{1,6,7},{2,3,4} {1,3,4}

O

We remark that from the proof of Lemma [5.3] it is straightforward to identify a (minimal)
instance of 3DR-W that contains no stable matching, by using six agents hl1 hl2 h?, hf, h?,
and h] from a single gadget H;.

Lemma 5.4. If (N, P) contains a stable matching then G contains a partition into triangles.



5.3. Approximation 60

Proof. Suppose M is a stable matching in (N, P). Recall that [N| = 21g. By Lemma/[5.2]
there are 18¢ internal agents that by definition belong to 64 triples in M. By Lemma[5.3] none
of the remaining 3¢ agents are external and thus there are exactly 3g proper agents. It follows
that there are ¢ triples in M that each contain three proper agents. By the construction of
the proper part of the preference list of each agent in H’, each of these ¢ triples corresponds
to a triangle in G. It follows that this set of ¢ triples corresponds directly to a partition into

triangles in G. O

We have now shown that the 3DR-W instance (N, P) contains a stable matching if and only

if a partition into triangles exists in G. This shows that the reduction is correct.

Theorem 5.1. Deciding if a given instance of 3DR-W contains a stable matching is NP-

complete.

Proof. 1t is straightforward to show that this decision problem belongs to NP. We have
presented a polynomial-time reduction from a restricted version of Partition Into Triangles,
known as PIT-SDR, which we showed was NP-complete. Given an arbitrary instance G of
PIT-SDR, the reduction constructs an instance (N, P) of 3DR-W. Lemmas [5.1and [5.4|shows
that (N, P) contains a stable matching if and only if G contains a partition into triangles and
thus that this decision problem is NP-hard. O

5.3 Approximation

The 3DR-W Maximally Stable Matching problem (3DR-W-MSM) is the following optimisa-
tion problem: given an instance of 3DR-W, find a matching with the largest possible number
of non-blocking triples. Formally, 3DR-W-MSM is a maximisation problem in which any
instance (N, P) of 3DR-W-MSM is also instance of 3DR-W, a solution is a matching in
(N, P), and the measure is |nbt(M, (N, P))|. We showed in Theorem that deciding if
an instance of 3DR-W contains a matching with (33") non-blocking triples is NP-complete,
so it follows that 3DR-W-MSM is NP-hard. In this section we present a polynomial-time
algorithm that can approximate 3DR-W-MSM with an approximation ratio of 9/4.

The approximation algorithm is analogous to the corresponding algorithm we presented
before for 3DR-B-MSM in Theorem 4.2]in Chapter 4] As before, we show that it is possible
to construct an instance (N, P’) of 3PSA with the same set of agents such that for any matching
M, if a triple blocks M in (N, P) then it also blocks M in (N, P’). We can then show, as
before, that the approximation ratio of the algorithm for 3DR-W-MSM is 9/4.

Theorem 5.2. There exists a polynomial-time 9/4-approximation algorithm for 3DR-W-
MSM.
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Proof. The proof is analogous to Theorem in Chapter 4} except (N, P’) is constructed
such that for any agent a;, P;,. is the list of all 2-agent subsets of N \ {a;} in colexicographic
order [38]] with respect to P,,. Suppose M is an arbitrary matching in (N, P) and r is a triple
that blocks M in (N, P). We will show that r also blocks M in (N, P’). For any ay in r it
must be that %, (r) >p, %o, (M). By the construction of P, as the colexicographic order
of P,,, it must be that r >Pl, M (ay) and thus that r also blocks M in (N, P’). It follows
that |bt(M, (N, P’))| > |bt(M, (N, P))| and thus that [nbt(M, (N, P))| > |nbt(M, (N, P"))|,

as required. O

5.4 Summary and open problems

In this chapter we formalised a new model of 3DR, involving 7 -preferences, which we called
3DR-W. We considered in 3DR-W the existence of, and complexity of finding, matchings that
are stable.

We first showed that, as in the case of 3DR-B (see Chapter E]), a given instance of 3DR-W may
not contain a stable matching and the associated decision problem is NP-complete. Next, we
considered a closely related optimisation problem, which we called 3DR-W-MSM, in which
the objective is to construct, in a given instance of 3DR-B, a matching with the maximum
number of non-blocking triples. Finally, we presented a 9/4-approximation algorithm for
3DR-W-MSM built on an existing algorithm for 3PSA-MSM, which is a closely related
problem [735]].

We now present some open problems specifically involving stability in 3DR-W. More general
problems, involving solution concepts other than stability and other models of fixed-size

coalition formation, are discussed in Chapter 9

Although the definitions of 3DR-B and 3DR-W are similar, and the stability existence problem
is NP-complete in both models, it is unclear whether the two models are further related. For
example, in Chapter 4] we presented a 3 /2-approximation algorithm for 3DR-B-MSM, but it
seems difficult to design such an algorithm for 3DR-W-MSM. One possible starting point is
Rosenbaum’s 9/4-approximation algorithm for 3PSA-MSM, Algorithm ASA. Another idea
is to adapt Irving’s [40] algorithm for (two-dimensional) Stable Roommates. In fact, Irving’s
algorithm is the basis of another polynomial-time algorithm for an analogous model involving

W -preferences [8], in which coalitions need not have a fixed size.

Alternatively, it might be possible to prove an inapproximability result for 3DR-W-MSM. For
example, if one could show that no 3/2-approximation algorithm exists for 3DR-W-MSM,
unless P = NP, then a striking difference would be revealed between 3DR-B and 3DR-W. To
this end, it might be useful to consider the reductions of Iwama et al. [61] and Rosenbaum



5.4. Summary and open problems 62

[75]], which show that two optimisation problems that are defined in related models of 3DR
are both APX-hard (both results are discussed in Chapter [2)).

It would be very informative to estimate the probability that a random instance of 3DR-W
contains a stable matching. In particular, if this probability could be compared between the
models of 3DR-B and 3DR-W. As we noted in Chapter {] both 3-DSM-CYC [53]] and two-
dimensional Stable Roommates (SR) [[81]] have been studied from a probabilistic perspective,
which are possible starting points. Alternatively, an empirical approach might be informative,
as it has been for 3-DSM-CYC [51]. In this direction, it might be useful to formulate the
problem of finding a stable matching in a given instance of 3DR-W as an integer programming

model.

Various other optimisation problems and measures can be defined in relation to stability and
3DR-W. In Chapter 4| we proposed some alternatives in the setting of 3DR-B, all of which
can be defined analogously for 3DR-W.
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Chapter 6

Three-Dimensional Stable
Roommates with Additively
Separable Preferences

6.1 Introduction

In this chapter we formalise a model of Three-Dimensional Roommates (3DR) involving ad-
ditively separable preferences, which we call 3DR-AS. We consider in 3DR-AS the existence
of, and complexity of finding, matchings that are stable, under three possible restrictions of

the agents’ preferences.

A strong motivation exists for a model of 3DR with additively separable preferences. The
first such model, of which 3DR-AS is a generalisation, was first proposed by Huang [29]
in 2007, who noted the natural definition and relative practicality of additively separable
preferences compared to other possible systems of preference representation. For example,
such a model could be applied to a social network graph involving a symmetric “friendship”
relation between users [4]. Another special case of 3DR-AS is Geometric 3D-SR [62] (see
Chapter[2). In asense, all of these models can also be considered as a special type of additively
separable hedonic game [15, [34]], which have received much attention in the literature (and

are also discussed in Chapter [2)).
We begin in Section [6.2] with some preliminary definitions and results.

We then show, in Section [6.3] that any instance of 3DR-AS with binary and symmetric
preferences must contain a stable matching, and present a polynomial-time algorithm that
can construct a stable matching in a given such instance (Theorem [6.1)). We then consider
the problem of finding a stable matching with maximum utilitarian welfare, given an instance

in which preferences are binary and symmetric. We show that this optimisation problem is
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NP-hard (Theorem [6.2)) but also that the algorithm for constructing a stable matching in this
setting can be modified to yield a 2-approximation algorithm (Theorem [6.3)).

Next, we complement the previous tractability results with two hardness results. The first,
shown in Section is that a stable matching need not exist in general, and the associated
decision problem is NP-complete even when preferences are binary and not necessarily
symmetric (Theorem [6.4). The second, shown in Section [6.5] is that the same decision

problem is NP-complete even when preferences are ternary and symmetric (Theorem [6.5)).

Finally, in Section [6.6] we recap on our contribution and discuss some directions for future

work.

6.2 Preliminaries

An instance of 3DR-AS comprises a set N of 3n agents with additively separable preferences
over triples, which we define as follows. Each agent «; supplies a valuation function v,, :
N\ {a;} — Z. Given agent «;, let the utility of any set S € N be u,, (S) = Daes\far) Ve (a)).
A triple 1s an unordered set of three agents. We say that @; € N prefers some triple r to
another triple s if uy, (r) > u,,(s). A matching is a partition of N into n triples (note that
we shall slightly modify this definition in Section [6.3.1). Given an agent ¢; and a matching
M, we denote by M (a;) the triple in M that contains @;. Given a matching M, we say that a
triple ¢ is blocking if each agent ; in t prefers 7 to M («;). A matching is stable if it does not
contain a blocking triple. An agent’s preference between two matchings depends only on the
partners of that agent in each matching, so given a matching M we let u,, (M) be short for
Uy, (M(a;)). Formally, we represent an instance of 3DR-AS as a pair (N, V), where V is the
collection of all agents’ valuation functions.

For any instance (N, V) of 3DR-AS and any matching M in (N, V), for aset S C N of agents
we define the utilitarian welfare of S as ug(M) = ¥,,.csta;(M). Let u(M) be short for
MN(M).

We also define three possible restrictions of agents’ preferences. We say that valuations are
binary, if vo, () € {0, 1} for any a;, @j € N, ternary if vy, (a;) € {0, 1,2} for any e;, a; € N,

and symmetric if vy, (@;) = va,(@;) for any @;,; € N.

It is possible to consider an instance of 3DR-AS as a weighted directed graph, in which the
set of vertices is the set of agents and the weight of any arc from one agent to another is the
corresponding valuation. In particular, an instance of 3DR-AS with binary and symmetric
preferences corresponds directly to an undirected graph, which we shall refer to as the

underlying graph.
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By the definition of stability, if M and M’ are matchings in some instance of 3DR-AS, M is
stable, and u,, (M") > u,, (M) for any agent a; then it must follow that M’ is also stable. We
prove a related statement in Proposition

Proposition 6.1. Given an instance (N, V) of 3DR-AS, suppose that M and M’ are matchings
in (N,V). Any triple that blocks M’ but does not block M contains at least one agent a; € N
where uy, (M') < uq,(M).

Proof. Suppose some triple {a;, a;,ay} blocks M’. By the definition of a blocking triple,
it must be that uy, ({@;, ax}) > e, (M'), ue;({@i, ax}) > ug,(M’), and uy, ({ai, @;}) >
Ua, (M’). Suppose for a contradiction that there exists no @, € {a;,;, ax} exists where
Ua,(M') < ug,(M) and hence ug, (M) > uq, (M) for 1 < r < 3. It follows that uy, ({a;,
ar}) > uq; (M), ug,({ai, ar}) > uq; (M), and g, ({ai, @;}) > uq, (M) and thus that {a;, o,
ay } also blocks M, which is a contradiction. ]

We also introduce some other notation. We denote by L = ([, [, ...,/ | L|> an ordered list. If
L and L’ are lists then we denote by L - L’ the concatenation of L’ to the end of L. We also

use standard set notation with lists, such as e € L.

6.3 Symmetric binary preferences

6.3.1 Finding a stable matching

6.3.1.1 Preliminaries

In this section we show that every such instance of 3DR-AS contains a stable matching,

which can be found in O(|N|*) time. We give a step-by-step constructive proof of this result
between Sections [6.3.1.2H6.3.1.51

For technical purposes, in this section (Section [6.3.1)) only, we make two relaxations to the
model described in Section[6.2] In fact, we prove a slightly more general result than required.
Firstly, we suppose an instance (N, V) of 3DR-AS may contain a number of agents that is
not necessarily divisible by three. Secondly, we define a matching only as a set of triples,
which does not necessarily partition N. For any matching M and any agent «;, if no triple
in M contains @; then we say that @; is unmatched in M and write M (a;) = @. All other
definitions and notation remain the same. Thus, in this section we show that any (relaxed)
instance of 3DR-AS contains a (relaxed) stable matching. Now, for any (relaxed) instance of
3DR-AS and (relaxed) stable matching M, if the number of agents is divisible by three (and

thus the instance meets the original definition) then any unmatched agents may be arbitrarily
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matched into triples. It follows by Proposition [6.1] that the resulting (non-relaxed) matching

M’ is stable in the (non-relaxed) instance, as required.

We also introduce a restricted type of (relaxed) matching called a P-matching. Recall that
by definition, M (a;,) = @ implies that u,, (M) = 0 for any @, € N in an arbitrary (relaxed)
matching M. We say that a matching M in (N, V) is a P-matching if M(«,) # @ implies
Uq, (M) > 0. A P-matching thus corresponds to a {K3, P3}-packing in the underlying graph
[82]]. Note that any triple in a P-matching M must contain at least one agent with utility two.
A stable P-matching is a P-matching that is also stable. Our main result is that any instance

of 3DR-AS with binary and symmetric preferences contains a stable P-matching.

6.3.1.2 Removing triangles

In aninstance (N, V) of 3DR-AS with binary and symmetric preferences, a triangle comprises
three agents @, @pm,, @, such that Va, (am,) = v(,mz(amS) = Vam3(0‘m1) = 1. If (N,V)
contains no triangle then we say it is triangle-free. If (N, V) is not triangle-free then it can
be reduced, by successively removing triangles, until it is triangle-free. This operation is
our first step towards constructing a stable P-matching in (N, V). We formalise this result in
Lemmal6.1]

Lemma 6.1. Given an instance (N,V) of 3DR-AS with binary and symmetric preferences,
we can, in O(|N|?) time, identify an instance (N’, V') of 3DR-AS with binary and symmetric
preferences and a P-matching M, such that (N’,V’) is triangle-free, |N’| < |N|, and if M is
a stable P-matching in (N',V’) then M’ = M U M, is a stable P-matching in (N, V).

Proof. Construct M, as a maximal triangle packing [83]] in the underlying graph, in O (|N|?)
time. Let NV = N \ | M,. Construct V" accordingly. By definition, M, is a P-matching,
(N’,V’) is triangle-free, and |N’| < |N]|.

Suppose M is a stable P-matching in (N’,V’). Consider M’ = M U M. By definition, M’ is
a P-matching. Since each triple in M, corresponds to a triangle, any agent in any triple in
M, must have utility two in M, and thus does not belong to a triple that blocks M in (N, V).

If some triple blocks M’ in (N, V) then it must contain three agents in N’, and thus it must
also block M in (N’,V’), which is impossible. It follows that M’ is stable in (N, V). O

6.3.1.3 Repairing a P-matching in a triangle-free instance

In this section (Section[6.3.1.3), we consider instances of 3DR-AS that are triangle-free, and

in them define a special type of P-matching that is repairable.

We present Subroutine repair, shown in Algorithms [6.1]and [6.2] which, given a triangle-free

instance (N, V) and a repairable P-matching M, constructs a new P-matching M’ that is
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S30-2834-153¢  S3¢-2 S3¢-1 3¢ @,

Figure 6.1: Agents and triples in M before a new iteration of the while loop. Each vertex
represents an agent. An edge is present from agent a; to agent a; if vy, (@) = 1.

stable in (N, V). We shall see in the next section (Section [6.3.1.4) how this subroutine is
used in a more general subroutine that, given a triangle-free instance of 3DR-AS, returns a
P-matching that is stable.

Given a triangle-free instance (N, V) and a P-matching M, we say that M is repairable if it
is not stable and there exists some @; € N such that u,, (M) = 0 and any triple that blocks
M comprises {a;, @, a;,} for some «a;,,a;, € N where Ua, (M) =1, Uay, (M) = 0, and
Vo, (@))) = va,, (@) = 1.

We now provide some intuition behind Subroutine repair and refer the reader to Figure [6.1]
Recall that the overall goal of the subroutine is to construct a P-matching M’ that is stable.
Since M is repairable, our goal will be to modify M in such a way that u,,(M’) > 1 and no
triple blocks M’ that did not also block M. By the definition of repairable, and Proposition[6. T}
it follows that the resulting P-matching M’ is stable. For example, one way to accomplish
this goal would be to construct M” in such a way that u,,(M’) > 1 and uy,(M’) > uq, (M)
for any a, € N \ {e;}, from which it would follow by Proposition |6.1|that M" is stable.

The subroutine begins by selecting some triple {a;, @;,, a;,} that blocks M. The two agents
in M(«;,) \ {a;,} are labelled «;, and a;,. In order to introduce the mechanism of Sub-
routine repair we consider two example cases in which it is possible to construct a stable

P-matching.

First, suppose there exists some agent @, where vy, (@) = 1 and uo, (M) = 0. Construct
M’ from M by removing {e;,, @;,, @;;} and adding {a;, @j,,@;,} and {«a;;, @j,,@; }. Now
Uo,(M’) = 1 and uy, (M) > ua, (M) for any a;, € N\ {a;}. It follows by Propositionthat
M’ is stable. Second, suppose there exists no such a;, but there exists some agent a;, where
Va;, (az,) =1 and U, (M) = 0. In this case construct M’ from M by removing {«a;,, @j,, @}, }
and adding {a;, @j,, @}, } and {a;;, @j,, @z, }. Now uy, (M’) = 1 and u,,(M’) > u,,(M) for
any a, € N\ {@;, @, }. It can be shown that a;, does not belong to a triple that blocks M’
since no a;, exists as described. It follows again by Proposition [6. 1| that M’ is stable.

Generalising these example cases, Subroutine repair repair has two phases. In Phase 1, shown
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in Algorithm[6.1] it identifies some set of agents in the instance with a specific structure. In
Phase 2, shown in Algorithm[6.1] it modifies the triples of these agents in order to construct a
stable P-matching M’. Phase 1 involves the construction of a list of agents S, which initially
comprises {«;,, j;, @j,). At any point in time, the list S has length 3¢ for some ¢ > 1 where
{S3c-2, S3¢-1,83c} € M and vs,(Sp41) = 1 for any p where 1 < p < 3c. It follows that §
corresponds to a path in the underlying graph. In each iteration of the main loop, three agents
belonging to some triple in M are appended to the end of S. The loop continues until §
satisfies at least one of six specific stopping conditions (shown in the first if/else statement).
We will show that eventually at least one of these stopping conditions must hold. After the
loop terminates, the subroutine enters Phase 2 and constructs M’. The exact construction of
M’ depends on which stopping condition(s) caused the main loop to terminate. Two of these
conditions, and the corresponding constructions of M’, generalise the two example cases
(involving a;, and a,,). The other four conditions, and the corresponding constructions of

M'’, relate to alternative cases in which it is possible to construct a stable P-matching M’.

The six stopping conditions correspond to seven possible constructions of M’, which are
labelled Construction 1-7. Each of the six stopping conditions corresponds to a single con-
struction except the first condition, which corresponds to two constructions (Construction 1
and Construction 3). Constructions 1 and 3 generalise the first example case (involving a, ).
Construction 2 generalises the second example case (involving a,). Constructions 4-7 cor-
respond to alternative cases. Like in the two example cases, in each of Constructions 1-6 no
agent identified by the subroutine, including «;, becomes unmatched in M’. This simplifies
the proof that M is stable in Constructions 1-6. The proof that M’ is stable in Construction 7
is more complicated. In Construction 7, the final agent in the list S, labelled S3., becomes
unmatched in M’. To prove that S3. does not then become part of a triple that blocks M’ we
must invoke on the fact that no stopping condition relating to previous constructions held in
any previous iteration of the main loop. In this way, the six stopping conditions and seven
corresponding constructions of M’ are somewhat hierarchical. For another example, the
proof that M’ is stable in Construction 4 relies on the fact that in no previous iteration did the
stopping condition relating to Constructions 1 and 3 hold. A similar reliance exists among
the proofs for the other constructions. This hierarchy helps demonstrate why the six stopping

conditions and seven constructions of M’ are both necessary and sufficient.

In order to prove the correctness and time complexity of Subroutine repair we use a number
of lemmas. The following lemma, Lemma[6.2] shows that the while loop in Subroutine repair

must terminate in O (|N|) time.

Lemma 6.2. The while loop in Subroutine repair terminates after at most | (|N| —2) / 3]

iterations.

Proof. By the pseudocode, any three agents {a,,,, @y,, @y, } added to S in a single iteration
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form a triple in M. Just before the addition of {(a,,,, @y,, @) to S, it must be that a,,, ¢ S.
It follows that ay,,, @\, € S, so in general S contains any agent in N at most once. Since
a;,a;, ¢ S it follows that |[S| < |[N| — 2 and thus the while loop terminates after at most
L(|N]| = 2) / 3] iterations. O

In Construction 3, the subroutine identifies some agent ., in N\ {«;} suchthatvg, (@) =1
and ug,, (M) = 0. Proposition shows that such an agent must exist.

Proposition 6.2. In Construction 3 of Subroutine repair, some agent a, in N\ {«;, a;,} exists

where vs, ,(az,) =1and uq, (M) = 0.

Proof. Refer to Figure We first claim that ¢ > 1. Suppose for a contradiction that ¢ = 1.
By the pseudocode, in Construction 3 it must be that &, = a;, and v, (S3¢-1) = 1. Since
¢ = 1 it must be that S3._1 = a;, so the triple {«;,, @j,, @}, } forms a triangle in (N, V), which

contradicts the assumption that (N, V) is triangle-free.

Algorithm 6.1 Subroutine repair (Phase 1)

Input: a triangle-free instance (N, V) of 3DR-AS with binary and symmetric preferences
and a repairable P-matching M in (N, V) (see Section with some such «;
Output: a stable P-matching M’ in (N,V)
{aj,, @),} < some @, j, € N where {«;, @;,, @, } blocks M and uo, (M) =1
{5, @} — M(ej)) \ {a;,} where uy, (M) =2
S — (o, @53, @)
c—1
b0
Azyy Azyy Ay, Ay, Ay — L
while true
@, < some a; € N\ {a;} where Va,, (S30-1) = 1 and Ua,, (M) = 0, otherwise L
@, < some a;, € N \ {«;, @j,} where Va,, (S3.) =1 and Ua,, (M) = 0, otherwise L
@y, < some ay, € N where vy, (@;) = Vay, (a;) =1 and Ua,, (M) = 0, otherwise L
@y, < some @y, € N where vg, (a),) = va,, (@),) = 1 and u,,, (M) = 0, otherwise L
b «some 1 < b < ¢ where vg,, (@),) = Vs, (S35) = 1 else 0
@y, < some ay, € N where v, (ay,) = 1, ug,, (M) =1 and @), ¢ S and there
exists some @, € N\{a;} where Va,, (az;) =1land Uar,, (M) = 0, otherwise L
ifa, # Lora,, # Lora,, # Loray, # Lorb > 0ora,, = L then
break
else
{awz7 Q'W3} — M(a'w1) \ {a'wl} where uawyz (M) =2
S — S (aw,, aw,, ays;)
c—c+1
end if
end while

(continued in Phase 2)
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Algorithm 6.2 Subroutine repair (Phase 2)

(continued from Phase 1)

if o; # L and a;, # «;, then
> Construction 1

Ms — {{@;, @, j,}} U 1 U {{S3a-1, 534> S3a+1}} U {{ez,, S3c-1, S3¢}}
<

d<c
elseif a;, # L then

> Construction 2
MS — {{a/l', a’jl’a/jz}} U 1 U {{S3d—17S3d$ S3d+1}} U {{S3C—17S3C’a,2,2}}

<d<c
elseif o;, # L and o;, = «;, then
> Construction 3 (note that a;, must exist by Proposition
@z, < some az, € N\ {a;, @), } where v, ,(az,) =1andu,, (M) =0

Ms — {{ai, a5, 0, 10 U {{S3d, S3d+15 S3a+2} YU{{S3¢-3, S3¢-2, @z, }JU{{S3¢-1,

1<d<c-1
S3c. )y }}
else if «,, # L then
> Construction 4

MS — {{a]é’ajl, aj3}} U ! U {{S3d7 S3d+]’S3d+2}} U {{S3C’ al" ay1}}
<

d<c
else if «,, # L then

> Construction 5
Ms — {{a;, @, @j;} } U 1 U {{S34> S3a+1, S3a+2} } U {{S3¢, @)y, @y, }}

<d<c
else if » > 0 then
> Construction 6 (note that a;; must exist by Proposition
@z, «—some az; € N\ {a;, )} where v, (az;) = 1 and uy, (M) =0
Ms — {{ai, @, 3} v U b{{S3d, S3a+1:S3a2tt U {{az, S3p41, S3p42}} U

1<d<

U {{S34, S3a+1, S3a42}1} U {{S3¢, S3p> @), }}

b+l<d<c
else

> Construction 7 (note that a,,, = L)
My — {{ai, o, a3}V U {{S345 S3a+1, S3a+2}}

1<d<c
end if
M —MsU{reM :rnS =0}
return M’

Since ¢ > 1 it follows that ¢’ = ¢ — 1 is the value of ¢ in the second last iteration of the
while loop. Consider the second-to-last iteration of the while loop. In this iteration, the
subroutine identified some a,,, = S3.—» where vy, (ay,) = 1, @y, € S and there existed
some @z € N\ {a;} where Vay,, (z;) =1 and Ua,, (M) = 0. We shall identify the agent

labelled a;, in this iteration as @, It follows that @;, # @i, vs,. ,(az,) = 1, and ue, (M) = 0.

We claim thatin a, # a;, since otherwise the triple {a@,, S3.-1, S3.-2} forms a triangle in (N,
V'), which contradicts the fact that (N, V) is triangle-free. It follows that @, € N \ {@;, @}, },

which completes the proof. O
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Figure 6.3: The structure of M’ in Construction 6

Likewise in Construction 6, the subroutine identifies some agent @, in N \ {a;, a;,} exists

where vg,, . (a;) = 1 and Uq,, (M) = 0. Proposition |6.3[shows that such an agent must exist.

Proposition 6.3. In Construction 6 of Subroutine repair, some agent a; in N\ {«a;, a;,} exists

where vg,,. (@) = 1 and Ua,, (M) =0.

Proof. Refer to Figure[6.3] Consider the final value of b in the subroutine. By the definition

of b and the pseudocode relating to Construction 6 it must be that b < c.

Consider the b iteration of the while loop. Since b < c, it must be that this iteration was not
the final iteration. It follows that at the end of this iteration the subroutine identified some
agent a,,, = S3p+1 and then appended (S3p+1, S3p+2, S3p4+3) to the end of S. It also follows
that, in this iteration, it also identified some agent a,,, where there exists some a,, € N \ {a;}
such that ve,, (az;) =1 and Ua,, (M) = 0. We shall identify the agent labelled a, in this

iteration as a.;. It follows that a5 # a;, vs,,,, (@) = 1, and Uar, (M) =0.

We claim that in a,; # aj,. By the definition of b, it must be that vg,, («;,) = 1. Thus, if

a5 = aj, then the triple {a,, S3p+1, S35} forms a triangle in (N, V), which contradicts the

5

fact that (N, V) is triangle-free. It follows that a3 € N \ {a;, @j,}, which completes the
proof. O

Lemma 6.3. Subroutine repair returns a P-matching.
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S3d-2 83d-1534

Figure 6.4: The structure of M’ in Construction 1

Proof. By the construction of M’ in Constructions 1-7 of M’, shown in Figures[6.4H6.8] O

In Lemmas and|[6.6] we show that in no construction of M’ does there exist any agent
@y where where u,,(M’) < uy,(M) and @, belongs to a triple that blocks M’. This fact will
help us show that M" must be stable.

Lemma 6.4. In Constructions 1 and 3 of Subroutine repair, there exists no agent a, where
Ua,(M') < uq, (M) and ag belongs to a triple that blocks M'.

Proof. Refer to Figures and Suppose for a contradiction that there exists some such
@y € N. By the construction of M’ in Constructions 1 and 3, u,,(M’) > u,,(M) for any
a, € N\ S. It follows that @, € S and thus by the construction of M’ in Constructions 1 and
3 that u,, (M’) > 1. Since uq,(M’) < uq, (M) by assumption it must be that u,, (M) = 2.
The only such agents in S are labelled S3,-; for some d where 1 < d < ¢, so it must be that
g = S34-1 for some such d.

First consider S3.-1. Since ug,. ,(M’) = 2 it follows that S3._; does not belong to a triple
that blocks M’ and hence @, # S3.-1. It remains that @, = S34-1 where 1 < d < c¢. By
assumption, it must be that some triple {S34-1, @k,, @k,} blocks M’, where ay,,ar, € N.
Since us,, ,(M’) = 1 it follows that ug,, ,({@x,,ar,}) = 2 and thus that vg,, (ax,) =
Vs, (@k,) = 1. Consider ay, and ay,. Since (N,V) is triangle-free, it must be that
Vay, (ak,) = 0 and thus that Uay, ({S3d-1, K, }) = uakz({Sgd_l,akl}) = 1. Since the triple
{S34-1, @k, ax, } blocks M it follows that uq, (M’) = uq,, (M’) = 0. By the construction
of M’, there exists no @, € N where u,,(M’) = 0 and uy,(M’) < uq,(M). It follows
that ug,, (M) = Uay, (M) = 0. Recall the d" iteration of the while loop. We have shown
that two agents ay,, @, exist in that iteration such that vg,,  (ak,) = vs,, ,(ax,) = 1 and
Uay, (M) = ua,, (M) = 0. It follows that, in that iteration, there existed some @, € N \ {a;}
where vq, (S34-1) = 1 and uy, (M) = 0, since either a;, = e, or @; = i, and @z, = @y,. In
that iteration, since a;, # L the break condition held and the while loop terminated. This is

a contradiction since d < c. m]
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Figure 6.6: The structure of M’ in Construction 4

Lemma 6.5. In Constructions 2, 4, 5, and 6 of Subroutine repair, there exists no agent ag
where uq,(M") < uq, (M) and ag belongs to a triple that blocks M'.

Proof. Refer to Figures [6.3] [6.5] [6.6] and Suppose for a contradiction that there exists
some such @, € N. By the construction of M’ in Constructions 2, 4, 5, and 6, Ug, (M) >
Uq, (M) for any a;, € N\ S. It follows that @, € S and hence u,,(M’) > 1. Since
Ug, (M’) < uq, (M) it must be that u,, (M) = 2. The only such agents in S are labelled S34-1

for some d where 1 < d < ¢, so it must be that a, = S34-1 for some such d.

Consider S3;-1 for 1 < d < ¢. Note that in Constructions 2, 4, 5, and 6 it must be that

us,, (M) = 2 and ug,, ,(M’) = 1. By assumption, it must be that some triple {S3,-1,

Se S34-2 8341534

Figure 6.7: The structure of M’ in Construction 5
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S34-2834-1834 S3c-1 S3¢

Figure 6.8: The structure of M’ in Construction 7

@k, , @, } blocks M’, where ay,, @, € N. Since ug,, ,(M’) = 1 it follows that us,,  ({a,,
@, }) = 2. Consider oy, and ay,. Since (N, V) is triangle-free, it must be that Vay, (k) =0
and thus that Uay, ({S34-1, @k, }) = Uay, ({S34-1,@k,}) = 1. It follows that Uay, (M") =
Uay, (M’) = 0. By the construction of M’, there exists no «, € N where u,,(M’) = 0 and
Ua,(M') < ug,(M). It follows that Uay, (M) = Uay, (M) = 0. Recall the 4" iteration of the
while loop. We have shown that two agents ay,, @k, exist where vg,, | (ak,) = vs,, , (ak,) =1
and uq, (M) = uq,, (M) = 0. Itfollows that, in that iteration, there existed some «;, € N\{«;}
where Va,, (S34-1) = 1 and Ua,, (M) = 0, since either @;, = ay, or a; = ak, and @;, = a;,. In
that iteration, since @, # L the break condition must have held, the while loop terminated,
and the condition for either Construction 1 or Construction 3 was true. This is a contradiction
since by assumption the subroutine constructed M’ according to one of Constructions 2, 4,

5, or 6. m]

Lemma 6.6. In Construction 7 of Subroutine repair, there exists no agent ag where uq, (M) <
U, (M) and ag belongs to a triple that blocks M'.

Proof. Refer to Figure Suppose for a contradiction that there exists some such a.

First, consider any «;, € N where @), ¢ S U {csz, a;}. By the construction of M’, it can be
seen that M (a,) = M'(p) SO g, (M) = ua,(M’) and thus ag € S U {@;,, a;}.

Next, consider @; and a;,. Since uy, (M) =0 < 1 = uy, (M) it follows that &g # a;. Similarly,
since uq;, (M) = uq,, (M’) = 0 it follows that @, # a;,.

It remains that a, € S.

Consider any S35, where 1 < d < c. By construction of M’ it follows that ug,, ,(M’) =2
so ap # S34—» forany d where 1 < d < c.

Next, consider any S34-1 where 1 < d < c. Suppose for a contradiction that &, = S34-1 where
1 < d < c and thus that some triple {S34-1, @x,, @, } blocks M’ where ay,, @y, € N. Since
us,, ,(M’) =1 it follows that us,, , ({a@x,,ak,}) = 2. Consider ay, and ay,. Since (N,V)
is triangle-free, it must be that Vay, (a,) = 0 and thus that Uay, ({S3d-1, @k, }) = Uay, ({S34-1,
ai,}) = 1. It follows that Uay, (M) = u%(M’) = 0. By construction of M’ it can be seen
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that S3. is the only agent ), in N where u,,(M’) = 0 and uy,(M’) < uq,(M). Since the
triple {S34-1, @x,, @k, } blocks M’ and Uay, ({S3d-1, @K, }) = Uay, ({S34-1, @k, }) = 1 it follows
that either uq, (M) =0, uak2(M) = 0, or both. Assume without loss of generality that
Uay, (M) = 0. Since uq, (M’) = 0 it follows that @y, # ;. Recall the d" iteration of the
while loop. Since vy, , (ak,) =1, uq, (M) =0, and a, # a;, it follows that, in that iteration,
there existed some @, € N \ {a;}, namely ay,, where Va,, (S34-1) =1 and Uar,, (M) =0. In
that iteration, since a;, # L the break condition must have held, the while loop terminated,
and either the condition for Construction 1 was true or the condition for Construction 3 was
true. This is a contradiction since by assumption the subroutine constructed M’ according to

Construction 7. It follows that oy # S34-1 for any d where 1 < d < c.

Next, consider any S34; where 1 < d < c¢. By construction of M’ it follows that us,,(M’) =
us,, (M) =1s0 a, # S34 for any such 4.

The only possibility is thus that @, = S3.. By the definition of a,, there exists some triple
{S3c, ak,, ak,} that blocks M’, where ay,, ar, € N. Since ug, (M’) = 0 it must be that either

VS3(,'(G’,](1) = 1’ vS3c (akz) = 1, or bOth

Firstly, suppose that both vg, (ak,) = 1 and vg,, (a,) = 1 so us, ({ak,, @, }) = 2. Since (N,
V) is triangle-free, it must be that Vay, (ak,) = 0 and thus that Uay, ({S3c, ar, }) = Uay, ({S3e,
ak,}) = 1. Since {S3., ak,, @k, } blocks M’ it must be that Uay, (M) = Uay, (M’) = 0. By the
construction of M’ it can be seen that S5 is the only agent a;, in N where Ug,, (M’) =0 and
Ua,(M') < uq,(M). It follows that Uay, (M) = Uay, (M) = 0. Note that since u,, (M’) =1 it
follows that @y, # a; and @y, # a;. It follows that either o, € N \ {a;, @j,}, ax, € N \ {«;,
@, }, or both. Without loss of generality assume that o, € N \ {a;, @}, }. In summary, after
the termination of the while loop there existed some a;, € N \ {a;, @j,}, namely ay,, where
Va,, (S3.) =1 and U, (M) = 0. Since @, # L the condition of Construction 2 holds, which

is a contradiction since, by assumption, the subroutine entered Construction 7.

Secondly, suppose either vs, (ax,) = 1 or vg, (ar,) = 1 but not both. Assume without
loss of generality that vg, (ak,) = 1 and v, (@k,) = 0. It follows that us, ({S3c, @k, }) =1
and hence Uay, (M’) = 0. Since S5 is the only agent a;, in N where u,,(M’) = 0 and
Ug,(M’) < uq,(M), it follows that uakz(M) = 0. It must be that v, (ak,) = 1 since
uakz({S3c,akl}) =1 and vg,_ (ak,) = 0. In summary, since vg, (ak,) = 1 and Vay, (k) =1
it follows that Uy, ({S3c, @r,}) = 2. It follows that either Uay, (M) =1 or Ugy, (M") = 0.
Suppose firstly that uq, (M’) = 0. Since S3. is the only agent a;, in N where uq,(M’) = 0
and uq,(M’) < uq,(M) it follows that u,, (M) = 0. There are now two possibilities.
Firstly, that @y, = «;,. Secondly, that ay, # a;,. In the first possibility, since ay, = @},
then after the termination of the while loop there exists some ay, € N, namely ay,, where
Vas,. (aj,) = Vay, (aj,) =1 and Uay, (M) = 0. In the algorithm, since @, # L the condition of

Construction 5 holds, which is a contradiction. In the second possibility, recall that a, # a;,.



6.3. Symmetric binary preferences 76

Since u,,(M’) = 1 it follows that a; # ay, and hence there exists some a;, € N \ {@;, @}, },
namely a@i,, where Va, (S3¢) =1 and Ua,, (M) = 0. It follows that after the termination of the
while loop «, # L and thus the condition of Construction 2 holds, which is a contradiction.
It remains that ug,, (M") = 1. To recap, we have shown that vg, (a,) = Vay, (k) =1,
Uay, (M) = Uay, (M) =0, and Uay, (M’) = 1. This situation is illustrated in Figure

————————————
’
\
____________

S3c—2 S3e-1 S3¢ .

Figure 6.9: A hypothetical blocking triple in M’ in Construction 7. In Lemmawe suppose
for a contradiction that some triple {S3., ak,, @k, } blocks M’ where ay,, @, € N. We then
show that vg, (ak,) = Vay, (a,) =1, Uay, (M) = uakz(M) =0, and ug,, (M’) = 1. We then
show that this is a contradiction, and conclude that no such @y, ai, exist. This shows that
S3. does not belong to a triple that blocks M’.

By the condition of Construction 7, after the termination of the while loop it must have been
that @,,, = L. By the pseudocode, it follows that in the last iteration there existed no @,,, € N
where vg, (ay,) = 1, Ua,, (M) =1, a, ¢ S, and that there existed some a,, € N \ {a;}
where vq_, (ay,) =1 and Ua,, (M) =0.1If Uy, (M) =1 and ay, ¢ S then in the last iteration
there existed some such a,,, and a,, namely ay, and ay,, which is a contradiction. It follows
that either Uy, (M) # 1, ay, € S, or both.

Firstly suppose that u,, (M) # 1. Recall that uy, (M’) = 1. By the construction of M” in
Construction 7, uq,, (M’) = ua, (M) forany @, € N\ (SU{a;}). Itfollows that ay, € SU{e;}.
By assumption, @i, € S so it must be that a;, = ;. In this case, in the last iteration of the
while loop there existed some a@,, € N, namely ay,, where vg, (@;) = vy, (@,,) = 1 and
Ua,, (M) = 0. It follows that, in the last iteration, the subroutine enters Construction 4, which

is a contradiction.

It remains that @, € S. Recall that Uay, (M’) = 1. Since us,, ,(M’) = 2 for any d where
1 < d < c it follows that ax, # S34—2 for any such d. It follows that either @y, = S34-1 or

ak, = S34 for some d where 1 < d < c.

Suppose that @i, = S34-1 for some d where 1 < d < c. Recall the d™ ijteration of the
while loop. We have shown that in that iteration, there existed some @;, € N \ {a;}, namely
af,, where Va,, (S34-1) = 1 and Ua,, (M) = 0. It follows that after the d™ iteration of the

while loop, a;, # L and thus that d = ¢ and the subroutine entered either Construction 1 or
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Construction 3, which is a contradiction.

It now remains that ax, = S34 for some d where 1 < d < c. Recall that S3. # a, sod < c.
Recall the d' iteration of the while loop. Since v, (a,) = 1, Uay, (M) =0, and ay, # a;,
and u,,(M’) = 1, it follows that in that iteration there existed some @, € N \ {«;}, namely
ax,, where Vazz(S3d) =1 and u%(M ) = 0. There are two possibilities. The first is that
@k, # @;,. The second is that ay, = «@;,. Suppose first that a, # a;,. In this case there existed
some a;, € N \ {a;,@j,}, namely ay,, where Va,, (S3¢) = 1 and U, (M) = 0. It follows
that, in that iteration, @;, # L so the break condition held and the while loop terminated
after that iteration. This is a contradiction since d < c. It remains that that ay, = «;,. It
follows that, in that iteration, there existed some index b, namely d, where 1 < b < ¢ and
sy, (@,) = vs, (S35) = 1. It follows that, after the final iteration of the while loop, the

condition for Construction 6 was true, which is a contradiction. m]

It is now relatively straightforward to show that M’ must be stable.

Lemma 6.7. Subroutine repair returns a stable P-matching M’.

Proof. By Lemma [6.2]the subroutine must eventually terminate. By Lemma|6.3|the subrou-

tine returns a P-matching.

Suppose M’ is a P-matching returned by the algorithm. By Lemmas and in
Constructions 1-7, there exists no @, € N where u,,(M’) < ua,(M) and o, belongs to a
triple that blocks M’.

Suppose for a contradiction that M’ is not stable and some triple {ax,, @,, @, } blocks M’.
It follows that ug, (M’) > uq, (M) for 1 < r < 3, otherwise some such a; exists. By
Proposition it follows that {ay,, @x,, @i, } also blocks M. By the definition of repairable,

any triple that blocks M must contain «; so assume without loss of generality that o, = «;.

In Construction 4, u,,(M’") = 2 and thus a; does not belong to a triple that blocks M’, which

is a contradiction. It follows that M’ is stable in Construction 4.

In Constructions 1, 2, 3, 5, 6, and 7, it must be that u,, (M’) = 1. It follows that u,, ({a,,
Qky}) = 2 50 vy, (@k,) = vo,(ar;) = 1. Since (N,V) is triangle-free, it must be that
Vay, (a,) = 0 and thus that Uay, ({ai, ax,}) = Uay, ({ai, ax,}) = 1. Since {a;, ak,, @k, } blocks
M, Tt follows that uy,, (M) = Uay, (M) = 0 and thus that {ai, ak,, ar,} also blocks M. It
follows that M is not repairable, since there exists some triple {a;, a,, @k} that blocks M
where ay,, @, € N and Uay, (M) =0, Uay, (M) = 0. This is a contradiction, so it follows that
M’ is stable in Constructions 1, 2, 3, 5, 6, and 7. |

Lemma 6.8. Subroutine repair has running time O(|N|?).
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Proof. The pseudocode of Subroutine repair, shown in Algorithms|6.1]and[6.2] describes the
subroutine at a high level. To analyse the worst-case time complexity we describe a suitable

system of data structures, which we set up in a preprocessing step.

Suppose that (N, V) is stored such that, for a given @, € N, the subroutine can iterate through
the set {a; € N : vq,(ay) = 1} in O(|N|) time. Suppose that M is stored such that the
subroutine can iterate through each triple in O (| N|) time. For example, (N, V) could be stored
as a graph using adjacency lists and M could be stored as a linked list. It follows that, given
three agents @y, @n,, @, € N the subroutine can compute g, ({@n,, ¥py}), e, {n,, @n;}),
and ug,,, ({an,, @n,}) in O(|N]) time.

The preprocessing step involves constructing two lookup tables. Each lookup table contains
exactly |N| entries and is indexed by some @, € N. Each entry in each table contains some
integer less than or equal to |N|. It follows that finding an entry given its index requires
constant time. Each entry in L will contain either zero, one, or two. For each agent @, € N,
the subroutine constructs L; so that the p™ entry contains Uq,(M). By assumption, the
subroutine can compute u,, (M) for any @, € N in O(|N|) time. It follows that L; can be
constructed in O (|N|?) time by iterating through M and computing Uay,, (M), Ua,, (M), and
Ua,, (M) for each triple {ap,, an,, @n,} € M. Since |[M| = O(|N|) this step takes O(|N)]?)
time. It follows that we can use L; to look up u,,(M) for any @, € N in constant time.
Each entry in L, contains either the label of some agent or L. Construct L, such that for any
@, € N, the p™ entry either contains some @, € N\ {a;} where vy (@;) = 1 and u,, (M) =0
if it exists and otherwise L. The subroutine will use L, primarily in the body of the loop
to identify a,,,, if it exists, using S3.. The lookup table L, can be constructed in O(|N|?)
time, as follows. For each @), € N, look up uy, (M)in L;. If U, (M) = 0 then consider each
@y € N where v, (@) = 1 and ay # ;. If the g™ entry of L, is currently L then set that

entry to @,.

The list S can be stored using a linked list or any data structure in which a new element can
be appended to the end of S in constant time and iterating through S takes O (|N|) time. The
list § will be supplemented with a lookup table Lg. For any «,, € N, the table Lg can be used
to test membership in S and look up the position of any agent in S in constant time. This is
possible because the only modification that the subroutine makes to S is appending a single
agent to the end of S in each iteration. As noted in Lemma [6.2] any agent is added to S at
most than once. Like the tables L; and L,, the table Lg contains exactly |N| entries and is
indexed by each a;, € N. Each entry in Lg contains some integer position less than or equal
to |S|. Before the subroutine appends an element a;, € N to the end of S, it can maintain Lg

in constant time by setting the p™ entry to |S].

The first step in the subroutine involves identifying agents «;, , a;, where {a;, @j,, @;, } blocks
M in (N,V) and Uay, (M) = 1 as follows. Given any «;,a;, € N where U, (M) =1,
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u%(M) = 0 and vy, (@),) = vo,(@j,) = 1, the triple {a;, @j,, @;,} blocks M in (N,V). It
follows that some a;,, @j, € N can be found in O(|N|) time, as follows. Consider each agent
a@p for which vy, (@) = 1, and look up u,, (M) in Ly. If u,,(M) = 1 then look up the pth
entry of L. By the construction of L,, if this entry is not equal to L then it contains some
@, € N\ {a;} where vy, (a;) = 1 and u,, (M) = 0. In this case let ¢, = @, and @;, = .

Since M is not stable in (N, V), by the condition of M there must exist some such aj,, @j,.

The second step in the subroutine involves identifying agents «;,, a;, where a;,, a;, € M(a;,)\
{e;, } and Uaj, (M) = 2. This can be done in O(|N|) time, as follows. Consider each triple in
M until M (e;,) is found. This takes O(|N|) time. Use L; to identify «;, and a;,.

The initialisation of S, ¢, a;,, a,,, @y,, @y, and a,,, in the subroutine takes constant time.

Consider the while loop. By Lemmal6.2] there are at most | (|N|-2) /3] = O(|N]) iterations.
Setting up the lookup tables allows us to ensure that each iteration takes O(|N|) time. It

follows that the loop terminates in O (|N|?) time.

To identify a,, as described, first identify S3._1, in constant time. Consider each a;, € N for
which vs, _, (a@,) = 1. This takes O(|N|) time. For each such a,, if @, = @; then continue. If
@p # a; then look up u,, (M) in L. If u,,(M) = 0 then set a;, = @p. If no such @, is found

then no such a;, exists so set a;, = L.

Similarly, to identify some «,, as described, first identify S3.. Consider each a;, € N for
which vg, (a;,) = 1. This takes O(|N|) time. For each such «;,, if @;, = a; or @;; = @, then
continue. If not, look up ua, (M) in Ly. If us, (M) = 0 then set a;, = a;,. If no such ), is

found then no such a, exists so set a;, = L.

To identify «,, as described, test if vg, (@;) = 1. This takes O(|N]) time. If v, (a;) = 0
then no such «,, exists. If vg, (@;) = 1 then consider each @, € N for which v, () = 1.
Note that @), # a;, since otherwise Vaj, (a;) = 1, from which it follows that {a;, a;,, ), } is a
triangle in (N, V). Look up ug, (M) in Ly. If us,(M) = O then set ay, = a,. If no such @,
where uq, (M) = 0 is found then no such ay, exists so set @y, = L. The identification of ay,,

if it exists, can be performed similarly in O (|N|) time.

To compute 1 < b < c as described, if there exists some such S3; where vg,, (a;,) =
vss. (835) = 1, consider each @, € N for which vg, (@,) = 1. This takes O(|N|) time. For
each such a),, determine its position 5" in § if it belongs to S. If ), belongs to S and b’ is
divisible by three and less than ¢ then set b = b’. Otherwise, it must be that no such Ss;

exists so set b = 0.

To identify some a,,, as described, first identify S3. in constant time. Consider each o), € N
for which vg, (a,) = 1. This takes O(|N|) time. For each such «,,, test if @, belongs to S
using Lg. If so, then continue. If not, then look up the p™ entry in L,. If this entry is L

then continue. If not, then suppose this entry is a,. By the construction of L, it follows that
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@y € N\{ai}, va,(ay) = 1 and u,, (M) = 0. Accordingly, set @, to @, since the subroutine
has identified o, = @, € N \ {a;} for which Va,, (az;) =1and Uar,, (M) =0.

Evaluating the break condition in the loop can be performed in constant time. If the break
condition is true then a,,, exists. The identification of «,,, and «,,, can be accomplished in
O(|N]) time, using the same process as for @;, and @;,. Adding three elements to S requires

constant time.

Now consider the final if/else statement and the seven possible constructions of M’. In each
of the seven cases, M’ contains each triple in {r € M : SNr = @}. This set can be constructed
in O(|N|) time by considering each triple in M and the three corresponding entries in Lg. In
Constructions 3 and 6, the agents a,, and @, can each be identified in O(|N|) time, using a
similar procedure as described for @, in the loop body. The remaining triples in M’ can be

constructed after one scan of S in O(|N|) time. O

Lemma 6.9. Subroutine repair returns a stable P-matching in O(|N|?) time.

Proof. By Lemmas|[6.7|and [6.8] O

6.3.1.4 Finding a stable P-matching in a triangle-free instance

In the previous section, we presented Subroutine repair, which given a triangle-free instance
and a repairable P-matching in that instance, can construct a P-matching in that instance
that is stable. In this section we present Subroutine findStableInTriangleFree, which calls
Subroutine repair. Given a triangle-free instance, Subroutine findStableInTriangleFree can

find a P-matching in that instance that is stable.

Subroutine findStablelnTriangleFree, shown in Algorithm [6.3] is recursive. The subroutine
first constructs a smaller instance (N’, V’) from (N, V) by removing an arbitrary agent ;. It
then uses a recursive call to construct a P-matching M that is stable in the smaller instance
(N’,V’). By Proposition[6.1], any triple that blocks M in the larger instance (N, V) must either
contain a; or also block M in the smaller instance (N’,V’). There are three possible cases
involving types of triple that block M in (N’,V’). In two out of three cases, the subroutine
constructs M’ in a straightforward way by adding to M a new triple that contains «; and
two agents that are unmatched in M. In the third case, M must be repairable. It follows by
Lemma [6.9] that Subroutine repair can be used to construct a P-matching that is stable in
(N, V).

In the following lemma we verify the correctness of Subroutine findStableInTriangleFree.

Lemma 6.10. Given a triangle-free instance (N,V), Subroutine findStablelnTriangleFree
returns a stable P-matching in (N, V).
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Algorithm 6.3 Subroutine findStablelnTriangleFree

Input: an instance (N, V) of 3DR-AS with binary and symmetric preferences that is triangle-
free

Output: a stable P-matching M’ in (N,V)

if |[N| = 2 then
return @
end if

a; < an arbitrary agent in N
(N, V') « remove «; from (N, V)
M « findStableInTriangleFree((N’, V"))
if some «;,, @, € N exist where ug, (M) = u%(M) =0and vy, (a;,) = ve,(a1,) = 1 then
return M U {{a;, a;,, a1, }}
else if some ay;, @;, € N exist where uq, (M) = uq, (M) =0 and
v, (@) = vo, (ay,) = 1 then
return M U {{;, a5, @, }}
else if some a;;, j, € N exist where uq, (M) =1, ua,ﬁ(M) =0,
and v, () = Vay, (a;;) = 1 then
> M is repairable in (N, V) (see Section . Note that @, = a;; and aj, = ay,.
return repair((N,V), M, «;)
else
return M
end if

Proof. By strong induction on |N|. In the base case, suppose |N| < 2. It follows by the

pseudocode that the subroutine returns @, which is a stable P-matching in (N, V).

We now show the inductive step. Consider the execution of the subroutine given some an
arbitrary instance (N, V). By the inductive hypothesis it follows that the subroutine returns
a stable P-matching M in the smaller instance (N’, V'), since |N’| < |N|.

Consider the first branch of the if/else statement in Subroutine findStableInTriangleFree. By
construction, u,, (M’) = 2 and Uy, (M) = Uay, (M’) = 1. Since M is a P-matching, it follows
that the subroutine returns some P-matching M’. Since u,,(M’) = 2, no triple that contains
@; blocks M” in (N, V). By construction, uy,(M’) > u,,(M) for any @, € N, so it follows
that any triple that blocks M’ in (N, V) also blocks M in (N’, V’). It follows that M’ is stable
in (N,V).

Consider the second branch of the if/else statement. By construction, uq,, (M’) = 2 and
Uy, (M) = Uay, (M’) = 1. Since M is a P-matching, it follows that the subroutine returns
some P-matching M’. Suppose for a contradiction that some triple blocks M’ in (N, V). By
construction, iy, (M’) > u,,(M) for any @, € N so any triple that blocks M” in (N, V) must
contain «;, for otherwise that triple blocks M in (N’, V'), which is a contradiction. Suppose
then that some triple {«;, ax,, @k, } blocks M"in (N, V), where ay,, @, € N’. By construction,
Uy, (M’) = 1 so it must be that u,, ({ak,, @k, }) = 2 and thus that vy, (k,) = v, (k,) = 1.
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Since (N, V) is triangle-free, it follows that Vay, (@k,) = 0 and thus that Uay, {ai, ar,}) =
uakz({a/i, @, }) = 1. It then follows that Uay, (M) = uakz(M’) = 0. By the construction of
M’ it must be that u,,(M’) > u,,(M) for any a;, € N so Uay, (M) = ”akz(M) = 0. This

contradicts the condition of the first branch of the if/else statement, since there exist two agents

a;, and aj,, namely @y, , and ay,, where uq, (M) = uq, (M) = 0 and vy, (1)) = ve,(a1,) = 1.

Consider the third branch of the if/else statement. It must be that the conditional expressions
in the first and second branches of the if/else statement do not hold. It follows from this that
any triple that blocks M in (N’, V’) comprises {a;, ai,, @, } where @, @, € N, Uay (M) =1,
u%(M ) =0, and vy, (ay) = Vay, (@) = 1. Note that u,, (M) = 0 and thus M is repairable
(defined in Section[6.3.1.3). By Lemma[6.9] Subroutine repair returns some P-matching M’
that is stable in (N, V).

Consider the fourth branch of the if/else statement. It must be that the conditional expressions
in the first, second, and third branches of the if/else statement do not hold. By construction,
U, (M’) = uq,(M) for any a, € N. It follows that any triple that blocks M’ in (N, V)
must contain «;, for otherwise that triple also blocks M in (N’,V’), which is a contradiction.

Suppose for a contradiction that some triple {a;, ax,, @, } blocks M" in (N, V).

Suppose firstly that u,, ({@x,, @k, }) = 2. Since (N, V) is triangle-free, it follows that Uay, ({a;,
@k, }) = oy, ({@i, ar, }) = 1. It follows that ue, (M’) = ue, (M’) = 0. Since uq,(M’) >
Uq,(M) for any a;, € N, it must be that Uy, (M) = Uay, (M) = 0. This contradicts the

condition of the first branch of the if/else statement.

Suppose secondly that u,, ({ak,, @k, }) = 1. It must be that either Uqy, ({ai, @k, }) = 2 or
Uay, ({ai, @k, }) = 2. Suppose without loss of generality that Uay, ({ai, ax,}) = 2. It follows
thatve,, (@i) = va,, (ak,) = 1. Thereare two possibilities: either uq, (M) = 1 orug, (M) = 0.
The first possibility implies that the conditional expression of the second if/else branch holds,
which is a contradiction. The second possibility implies that the conditional expression of

the third if/else branch holds, also a contradiction. m]

We now consider the worst-case time complexity of Subroutine findStableInTriangleFree.

Lemma 6.11. Subroutine findStableinTriangleFree has running time O(|N|?).

Proof. Since Subroutine findStableInTriangleFree is recursive, and the recursive call involves
an instance (N’,V’) where |N’| = |[N| — 1, it suffices to show that worst-case time complexity

of the subroutine excluding the recursive call is O (|N|?).

Suppose that the input (N, V) is given such that, for a given @, € N, the subroutine can iterate
through the set {a; € N : vy, (@) = 1} in O(|N|) time. For example, (N, V) could be stored
as a graph using adjacency lists. It follows that, given three agents ay,, ap,, @y, € N the

subroutine can compute i, {an,, ans}), uahz({ahl,ah3}) and uah3({ahl,ah2}) in O(|NJ)
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time. The subroutine will return a P-matching M’ stored as a linked list or similar data

structure that allows a triple to be appended to the end of list in constant time.

The constructed instance (N’, V') can be stored using adjacency lists or an equivalent data
structure. A straightforward procedure to identify @; and construct (N’,V’) takes O(|N|)

time.

After this call, the subroutine can construct a supplementary lookup table L, with exactly
|N|— 1 entries indexed by each ), € N’. Each entry will contain either zero, one, or two. For
each agent @), € N, the subroutine constructs L; so that the p™ entry contains u, ,(M). By
assumption, the subroutine can compute u,, (M) for any @, € N in O(|N|) time. It follows
that L1 can be constructed in O(|N|?) time by iterating through M and computing Uay, (M),
Uay,, (M), and Uay,, (M) for each triple {ap,, @n,, @n,} € M. Since |[M| = O(|N|) this step
takes O(|N|?) time. It follows that we can use L; to look up Ug, (M) for any @, € N in

constant time.

The construction of L; allows the subroutine to identify some «;, and «;, € N where
Uay, (M) = Uay, (M) = 0and vy, (@) = v, (a1,) = 1, if two such agents exist, in O (|N|?) time.
One way to do this is to consider each pair {a;,, @}, } € (g’) and look up uy, (M) and ua, (M)
in L. Since M is stored using a linked list or similar data structure, if such @;,, @;, € N exist
then M’ can be constructed by adding the triple {«;, @;,, @;,} to M, in constant time. Similarly,
the identification of a;;, i, € N where ug, (M) = uq, (M) = 0 and vy, (@1;) = va,, (a1,) =1
can be performed in O(|N|?) time and the corresponding construction of M’ in constant
time. In the third branch of the if/else statement, the identification of ay, @), € N where
Uay, (M) =1, Uay, (M) =0and vy, (a,) = Vay, (@,) = 1 can be similarly performed in O (|N|?)
time. By Lemma the call to Subroutine repair also takes O (|N|?) time. O

6.3.1.5 Finding a stable P-matching in an arbitrary instance

In the previous section, we presented Subroutine findStableInTriangleFree, which given a
triangle-free instance can construct a P-matching in that instance that is stable. In this
section we present Algorithm findStable, which given an arbitrary instance of 3DR-AS can

construct a P-matching that is stable in that instance.

Algorithm findStable involves two steps, as follows. In the first step, it constructs a P-matching
M, in (N,V) and a triangle-free instance (N’,V’) where |[N’| < |N| and if M is a stable
P-matching in (N’, V') then M, UM is a stable P-matching in (N, V). By Lemmal6.1] this can
be done in O(|N|?) time. In the second step, it calls Subroutine findStableInTriangleFree on
(N’,V’) to construct a P-matching M’ that is stable in (N’, V’). It then returns M’ = M U M,.

Theorem 6.1. Given an instance (N,V) of 3DR-AS with binary and symmetric preferences,

a stable P-matching, and hence a stable matching, must exist and can be found in O(|N|?)
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time.

Proof. By Lemma the first step of the algorithm takes O(|N|?) time and (N’,V’) is a
triangle-free instance where |[N’| < |N| and if M is a stable P-matching in (N’,V’) then
M, U M is a stable P-matching in (N, V).

By Lemma [6.10} the P-matching M returned by the call to Subroutine findStableInTriangle-
Free is stable in (N’,V’). By Lemma this call, which constitutes the second step of
Algorithm findStable, takes O (|N|?) time. It follows that M’ = M, UM is a stable P-matching
in (N, V) and the worst-case time complexity of Algorithm findStable is O (|N|?). O

6.3.2 Maximising utilitarian welfare

We have shown that in an instance of 3DR-AS with binary and symmetric preferences, a
stable matching must exist and can be found in polynomial time. In this section we consider
a related optimisation problem, in which the goal is to find a stable matching with maximum
utilitarian welfare given an instance of 3DR-AS with binary and symmetric preferences. We
first show that this problem is NP-hard and then extend Algorithm findStable to devise a

2-approximation algorithm.

We formalise this optimisation problem as the 3DR-AS Stable Maximum Utilitarian Welfare
problem (3DR-AS-SMUW). It is straightforward to show that 3DR-AS-SMUW is NP-hard,

as follows.

Theorem 6.2. 3DR-AS-SMUW is NP-hard.

Proof. A direct reduction exists from PIT to the problem of deciding if a given instance of
3DR-AS-SMUW contains a stable matching M with utilitarian welfare greater than or equal
to a given bound, as follows. Suppose G = (W, E) is an arbitrary undirected graph. First,
for each vertex w; in W construct one agent a; in N. Next, for any two agents a;,@; € N,
let vy, (@) = 1 if {w;,w;} € E and O otherwise. It is straightforward to show that (N, V)
contains a stable matching with utilitarian welfare 2|W| if and only if G contains a partition

into triangles. O

Note that the reduction from PIT to 3DR-AS-SMUW also shows that the problem of finding
a (not-necessarily stable) matching with maximum utilitarian welfare in a given instance of

3DR-AS is also NP-hard, even when preferences are binary and symmetric.

We now present an approximation algorithm for 3DR-AS-SMUW, which we call Algo-
rithm findStableUW, shown in Algorithm [6.4f We first provide some intuition regarding its
design and then prove that it is correct and analyse its approximation ratio.
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Algorithm 6.4 Algorithm findStableUW
Input: an instance (N, V) of 3DR-AS with binary and symmetric preferences
Output: a stable matching M in (N, V)

M, < findStable((N,V))

U < agents in N unmatched in M

Q « maximal2DMatching((N, V), U)

if |Q| > |U|/3 then
X « any |U|/3 elements of Q

else
> note that |U \ U Q| > 2(|U|/3 —|Q]) since |U \ U Q| = |U| - 2|Q)|
W « |U|/3 — |Q] pairs of agents chosen from the set of agents U \ | Q
X—QUW

end if

Y —~U\UX

> Suppose X = {X1,X2,..., Xjyy3} and Y = {y1,y2,...,yu|;3}. Note that X is a set
of pairs of agents and Y is a set of individual agents.

M2 — {X,'U{yi} 1<i < |U|/3}

return M; U M»

At a high level, Algorithm findStableUW involves two phases. In the first phase, it calls
Algorithm findStable to construct a stable P-matching M;. In the second phase, it orders
the unmatched agents U in M into triples such that utilitarian welfare of the agents in U is
maximised. In order to do this, it constructs a maximal matching in the subgraph induced by
U and then orders the agents in U to triples such that the number of triples that contain an

edge in the maximal matching is maximised.

Itis straightforward to show that Algorithm findStableUW returns a matching M in polynomial

time. We now analyse its approximation ratio.

Suppose (N, V) is an arbitrary instance of 3DR-AS with binary and symmetric preferences, M
is a matching returned by Algorithm findStableUW given (N, V) and M* is a stable matching

with maximum utilitarian welfare in (N, V).

At a high level, the analysis involves placing a lower bound on the welfare in M of the agents
in each triple apportioned by the triples in M*. To do this, let 7(y) be the triples in M with
utilitarian welfare y and 7% (y) be the triples in M* with utilitarian welfare y, for some y > 0.
In fact, since preferences are binary and symmetric it must be that the utilitarian welfare of
any triple in (N, V) must be either 0, 2, 4, or 6. Thus, by definition

M =T(6) UT(4) UT(2) UT(0) 6.1)
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and
M*=T*(6) UT*(4) UT*(2) UT*(0) . (6.2)
It follows that
w(M) = 6|T(6)| +4|T(4)| +2|T(2)] by Equation 6.1] (6.3)
and
w(M*) = 6|T*(6)] +4|T*(4)| +2|T*(2)] by Equation 6.2} (6.4)

We first place a lower bound on |7'(6)| in terms of [T7(6)|.

Lemma 6.12. |T(6)| > |T*(6)|/3.

Proof. By the pseudocode of Algorithm findStable and the definition of Subroutine elim-
inateTriangles, 7'(6) contains a maximal triangle packing in the underlying graph (N, E).
Since by definition 7%(6) is also a maximal triangle packing in the same graph, it must be
that |7(6)| > [T*(6)|/3. O

We now show that if no triple in M has utilitarian welfare 0 then 2u(M) > u(M™).

Lemma 6.13. If T(0) = @ then 2u(M) > u(M™).

Proof. First consider M*. Now

2u(M) = 12|T(6)| + 8|T(4)| + 4|T(2)| by Equation|[6.3|
> 12[T(6)[ +4(|IT(H] +T(2)])
= 12|T(6)| +4(|M| - |T(6)]) by Equation[6.1] since 7(0) = @
= 12|T(6)| +4(n —|T(6)]|) by definition, |M| =n
= 8|T(6)| + 4n
> 8|T*3(6)| +4n by Lemma[6.12]

> 2|T*(6)| + 4n

= 6|T*(6)| — 4|T*(6)| + 4n

=6[T"(6)| +4(n — |T"(6)])

=6|T"(6)| +4(IM*| - [T*(6)])

=6|T*(6)| +4(|T"(4)| +|T*(2)| +|T*(0)]) by Equation [6.2]
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=0|T*(6)| +4|T*(4)| +4|T*(2)| since u(7T*(0)) =0
> 6|T*(6)| +4|T"(4)] +2|T*(2)|
=u(M") by Equation[6.4]

O

We now consider the case when there exists at least one triple in 7(0). The existence of such
a triple allows us to deduce that |Q| < |U|/3 and thus that any two agents that form an edge

in the maximal matching Q must be assigned to the same triple in M.

Lemma 6.14. If |T(0)| > 0 then |Q| < |U|/3.

Proof. We prove the contrapositive. Suppose |Q| > |U|/3. By the pseudocode of Algo-
rithm findStableUW, X C Q is a set of pairs where v, (x;) = 1 for each pair {x;,x;} € X. It
follows that each triple in M; contains two agents x;, x; for which v,, (x;) = 1. It follows that
u; (M) > 2 for any triple t € M;. Since M, is a P-matching, by definition u,(M) > 2 for any
t € M, so it must be that |7'(0)| = @. O

Lemma 6.15. If |T(0)| > 0 then u,,(M) > 1 for any a), € U Q.

Proof. Suppose |T*(0)| > 0. Consider an arbitrary o, € |J Q. It follows that some o, € N

exists where {@,, @;} € Q and hence vy, (@,) = 1, by the definition of Q.

By Lemma|6.14] |Q| < |U|/3. It follows that {a),, @;} € X. It follows that there exists some
i where 1 < i < |U|/3 such that X; = {a,, a4} and hence, by construction of M>, the triple
X; U {yi} belongs to M. It follows that a; € M>(a,) and hence u,,(M) > 1. O

Lemma 6.16. If |T(0)| > O then for any a,,as € N where v,, (a5) = 1 it must be that
u{ar,as}(M) > 1.

Proof. Suppose for a contradiction that |[7(0)| > 0 and that there exists some a,, a5 € N
where vy, (ay) = 1 and uyq, o} (M) = 0. It follows that u,, (M) = u,, (M) = 0. It follows by
Lemmal6.15|that e, ¢ U Q and o, ¢ U Q. It follows that @ = Q U {a,, @} is a disjoint set
of pairs of agents in U where v, (a,) = 1 for each pair {@),, a,} € Q'. Since |Q’| > |Q), this

contradicts the maximality of Q (which is computed in Subroutine maximal2DMatching). O

Lemma 6.17. If |T(0)| > O then u,(M) > 3 for any t € T*(6).

Proof. Suppose |T(0)| > 0. Consider an arbitrary {a,, @n,, @} € T*(6). By definition,
Vay, (an,) = vahz(a//”) = Vay,, (ap,) = 1. Since M is a stable matching, the triple {ay,, a@s,,
@, } does not block M. It follows that at least one of the following holds: u, (M) = 2,
Uy, (M) = 2, or ug, (M) = 2. Suppose without loss of generality that u,, (M) = 2. By
Lemma it must be that ”{ahz,ah3}(M) > 1. In total, “{ahl,whz,ahg,}(M) > 3. m|
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Lemma 6.18. If|T(0)| > O then u,(M) > 2 for any t € T*(4).

Proof. Suppose |[T'(0)| > 0. Consider an arbitrary {a@y,, @p,, @p, } € T*(4) where Vay, (ap,) =

Vay, (@n;) = 1 and v, (@) = 0. Suppose for a contradiction that u(a,, a),,.a,,} (M) < 2.

Ifu{% ,ahz,ah3}(M) = 0, then {@y,, @p,, @y, } blocks M in (N, V). It must be that ”{ahl,whz,ah3}(M) =
1. By Lemma [6.16} it must be that uq, a,,}(M) > 1 and also that u, a,,} (M) > 1. It
follows that uq, (M) = ug,, (M) = 0 and ua,, (M) = 1. In this case, {an,, @n,, @p,} blocks

M in (N, V), which is a contradiction. It follows that W{ay, an, y (M) > 2. O

»Xhy

Lemma 6.19. If|T(0)| > O then u;(M) > 1 foranyt € T*(2).

Proof. Suppose |[T'(0)| > 0. Consider an arbitrary {a@y,, @p,, @p, } € T*(2) where Vay, (ap,) =
1 and vy, (@p;) = Va,, (@n,) = 0. By Lemma , it must be that ”{ahl,ahz}(M) > 1 and

hence ujq,, y (M) > 1. O

Uy Xy

We can now combine Lemmas [6.17] [6.18] and [6.19] to prove the approximation ratio of
Algorithm findStableUW.

Lemma 6.20. The approximation ratio of Algorithm findStableUW is 2.

Proof. 1f |T(0)| = 0 then by Lemma it must be that 2u(M) > u(M*). It remains to

consider the case in which |7 (0)| > 0. In this case,

2u(M) =2 Z u, (M)

teM*

=2 Z u (M) + Z u (M) + Z u, (M) + Z u;(M)| by the definition of T*

1€T*(6) t€T*(4) 1€T*(2) 1€T*(0)
> 2 Z u (M) + 22 u (M) + 22 u (M)
teT*(6) teT*(4) teT*(2)
> 6|T*(6)| +4|T*(4)| +2|T*(2)| by Lemmas [6.17H6.19]
=u(M") .

O

Theorem 6.3. There exists a polynomial-time 2-approximation algorithm for 3DR-AS-
SMUW.

Proof. 1t is straightforward to show that Algorithm findStableUW returns a matching in
polynomial time. In Lemma [6.20] we show that the approximation ratio of this algorithm

is 2. m]
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Figure 6.10: An instance of 3DR-AS-SMUW in which u(M*) = 2u(M). The dashed
enclosure depicts M™.

Recall that in Section [6.3.1.5] we showed that a stable matching exists in an instance of
3DR-AS even if the number of agents is not divisible by three and the definition of a matching
allows for at most two agents to be unmatched. We remark that it is straightforward to adapt
the proof in this section to show that Algorithm findStableUW has the same approximation
ratio even if the number of agents is not divisible by three and the definition of a matching

allows for agents to be unmatched.

It is straightforward to show that the analysis of Algorithm findStableUW is tight, which we
do as follows. Consider the instance of 3DR-AS shown in Figure [6.10, which has binary
and symmetric preferences. Algorithm findStableUW is bound to return M = {{a3, s, ag}}
while M* = {{a1, @z, a3}, {a4, as, ag}, {ag, @7, @9}}. Since u(M) = 6 and u(M*) = 12 it
follows that u(M™) = 2u(M) and thus that our analysis of Algorithm findStableUW is tight.
Interestingly, this particular instance also shows that any approximation algorithm with a
better performance ratio than 2 must not always begin, like Algorithm findStableUW does,
by selecting a maximal set of triangles.

6.4 Binary preferences

In this section we show that deciding if a given instance of 3DR-AS contains a stable matching
is NP-complete, even when preferences are binary (and not necessarily symmetric). The
reduction is from Partition Into Triangles (PIT, Problem[5.1).

The reduction, illustrated in Figure [6.11] is as follows. Unless otherwise specified assume
that vy, (a;) = 0 for any @;,@; € N. For each i where 1 < i < 3¢ construct three agents
labelled ay;, asi—1, and b;. Let vy, (azi-1) = vay, (bi) = 1, vay, (a2i) = Vg, (b;) =1, and
vy, (az) = vp,(azi-1) = 1. For each w;,w; € W let vy, (b;) = 1 if {w;,w;} € E and 0
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azi-1

aj;
5 4
Py Py

Figure 6.11: The reduction from PIT to the problem of deciding if an instance of 3DR-AS
with binary preferences contains a stable matching. Each vertex represents an agent. An arc
is present from agent a; to agent «; if vy, (@;) = 1. Depicted is some pentagadget P, and
some agents b;, ay;, and as;—y where 1 <i < 3q and N(w;) = {w;, wy, ... }.

otherwise. Next, for each r where 1 < r < 64 construct a set of five agents P, = { P}» P%, e

th

p>}, which we refer to as the ™ pentagadget. To simplify the description of the valuations

in each pentagadget, in this section we write i ® y to denote ((i + y — 1) mod 5) + 1. For
each i where 1 <i <5letv, (piehy = Vp;'_eal(pi,) =landv, (pi®2) = 1. This completes the

construction of (N, V). Note that |[N| = 39¢.

It is straightforward to show that this reduction can be performed in polynomial time. To
prove that the reduction is correct we show that the 3DR-AS instance (N, V) contains a stable

matching if and only if the PIT instance G contains a partition into triangles.

We first show that if the PIT instance G contains a partition into triangles then the 3DR-AS

instance (NN, V) contains a stable matching.

Lemma 6.21. If G contains a partition into triangles then (N, V) contains a stable matching.

Proof. Suppose G contains a partition into triangles X = {Xi, X5, ..., X,}. We shall con-
struct a matching M that is stable in (N, V). For each triangle X, = {w;, w;,w;} € W, add
{bi, bj, by} to M. For each r where 1 < r < 64, add {pl. p2, p3} to M. This leaves agents
ay and ay;_; for each 1 < i < 3g and agents p? and p? for each 0 < r < 64. For each
1 <i < 3gq, add to M the triples {azi,p‘z‘i,pgi}, {02i—1,p§[_1,19§i_1}-

Since up, (M) = 2 for each 1 < i < 3¢ it follows that b; does not belong to a triple that blocks
M.

Suppose for a contradiction that some agent ay; where 1 < i < 3g belongs to a triple ¢ that
blocks M. We have shown that b; does not belong to a triple that blocks M, so it must be that
asi—1 € t, otherwise ug,, () = 0, which is impossible. Suppose then that t = {a;, asi—1, @;}

where @; € N and a; # b;. Considering the design of the instance, for any such «; it must be
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that uwj({azi, ax-1}) = uaj(t) = (, which is a contradiction. A symmetric argument shows
that no ay;—; where 1 <7 < 3¢q belongs to a triple that blocks M.

The remaining possibility is that some triple {p;', p;, p;° } blocks M where 1 < r < 6q. By
the construction of M, u,1 (M) = u,>(M) = 2, so neither p! nor p? blocks M. It follows that
{s1, 52,53} = {3,4,5}, which is a contradiction since u,s (M) = 1 = ”pi({PE,Pf})- o

We now show, using a sequence of lemmas, that if the 3DR-AS instance (N, V) contains a

stable matching then G contains a partition into triangles.

We also introduce some new notation. For any set S € N let o(S, N) be the number of triples

in N that each contain at least one agent in S.

Lemma 6.22. If (N, V) contains a stable matching M then o (P,, M) = 2 for any r where
1 <r <é6g.

Proof. By definition, 2 < o(P,, M) < 5. Suppose for a contradiction that o(P,) > 4. It
must be that at least three triples in M contain exactly one agent in P,. Label these three
triples as M (p;'), M(p;?), and M (p;?). It follows that u Lt (M) = un (M) =us (M) =
By the design of the reduction it must be that u s ({p;2, p,3}) > 1, u,m ({p;! ,pr3}) > 1, and
53 {p;t, p2}) = 1. Now {p;', p;2, p>*} blocks M, which is a contradlctlon.

Suppose then, for a contradiction, that o(P,, M) = 3. There are two possibilities. In the first,
two triples in M each contain exactly two agents in P, and one triple in M contains exactly
one agent in P,. In the second, two triples in M each contain exactly one agent in P, and one

triple in M contains exactly three agents in P,.

Suppose firstly that two triples in M each contain exactly two agents in P, and one triple in
M contains exactly one agent in P,. Assume without loss of generality that p! is the agent
in the latter triple. It follows that u 1(M ) = 0. By assumption, M(p#) and M(p?) each
contain exactly two agents in P, so it follows that u,4 (M) < 1 and u,,; (M) < 1. Now {p!,
P}, p7} blocks M since u,a ({p7, p}}) = u,s({p}, p}}) = 2 and u,i ({py, p}}) = 1, which is
a contradiction.

It remains that two triples in M each contain exactly one agent in P, and one triple in M
contains exactly three agents in P,. Suppose p;' and p;? are the two agents in the former
two triples. Excluding symmetries, there are two possible cases. In the first case, s; = 1
and s, = 2. It follows that {p3, p%, p>} € M. Now {p>, p!, p?} blocks M since up;({p},
piY) = u, ({p?. p}}) = 2 and u,2({p;, p;}) = 1, which is a contradiction. In the second
case, s; = 1 and s, = 3. It follows that {p2, p%, p>} € M. Now {p!, p2, p3} blocks M since
up;({p%,pf}) = upg({p},pf}) =2 and upg({p},p%}) = 1, which is also a contradiction. 0O

Lemma 6.23. If (N, V) contains a stable matching M then u,, (M) = 0 for each 1 < k < 6gq.
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Proof. Suppose M is a stable matching in (N, V). Consider an arbitrary pentagadget index
r; where 1 < r; < 6q. By Lemma it must be that o (P, M) = 2. It follows that one
triple in M contains exactly three agents in P,, and another triple in M contains exactly two
agents in P, as well as some third agent ;. It follows that u,, (M) = 0. We now show that

ap = ay where 1 < k < 6q.

By the design of the reduction, it must be that either @, € P,, where 1 < ry < 6q, a, = b;

where 1 < j < 3q, or a, = ay where 1 < k < 6q.

Suppose firstly that @, € P, where 1 < r; < 6q. Label @, = p;, where 1 < s < 5. By the
definition of @, = p;,, it must be that r; # r,. Since M (py,) contains p;, and two agents in
P,,, by Lemma the four agents in P,, \ {p;,} must belong to exactly one triple in M,
which is clearly a contradiction.

Suppose then that a, = b; where 1 < j < 3q. Consider az; and as;_. Since az; € M(b;)
and az;—1 ¢ M(D;) it must be that u,, (M) < 1 and u,,; (M) < 1. Since uy, (M) =
up; (M) = 0 it follows that {b;,az;,az;j-1} blocks M, since up, ({azj,azj-1}) = uq,;({b;,

azj-1}) = Uay,_, ({bj, az;}) = 2, which is a contradiction.

It remains that @, = a; where 1 < k < 6g. Since the choice of r| where 1 < r; < 6g
was arbitrary, there are exactly 6g choices of ;. It follows that u,, (M) = O for every
1 <k <6g. O

Lemma 6.24. If (N,V) contains a stable matching M then u, (M) = 2 for any i where
1 <i<3g.

Proof. Suppose for a contradiction that there exists some 1 < i < 3g where u, (M) < 2.
Lemmashows that u; (M) = ug,, (M) = 0. Considering the valuation functions of ay;,
azi-1, and b;, we can see that up, ({azi, azi-1}) = uay, ({bis azi-1}) = uay_,({bi, azi}) = 2.
Now {b;, ay;, a—1} blocks M, which is a contradiction. |

Lemma 6.25. If (N, V) contains a stable matching M then for any b; where 1 < i < 3q, the
triple M (b;) comprises {b;, bj, by} where 1 < j, k < 3q and {w;,w;},{w;,wi} € E.

Proof. Lemma [6.24] shows that u;, (M) = 2. Suppose M (b;) = {b;, ay, a;} for some ay,
a; € N. Since up, (M) = 2, it must be that v, (@x) = 1 and hence either @y = ay;, ax = azi-1,
or ax = b; where 1 < j < 3¢g where {w;,w;} € E. Suppose first that oy = ay;. Since
b; € M(ay;) it follows that u,,, (M) > 1 which contradicts Lemma A similar argument
shows that ay # ay;—1. Itremains that oy = b; where 1 < j < 3g such that {w;, w;} € E. The
same argument shows that @; = by where 1 < k < 3qg where {w;, w;} € E. We have shown
that M (b;) = {b;, bj, by} for some j, k where 1 < j,k <3g and {w;, w;},{w;,wi} € E. O

Lemma 6.26. If (N, V) contains a stable matching then G contains a partition into triangles.
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Proof. Lemma shows that for an arbitrary b; where 1 < i < 3g, M(b;) comprises {b;, b;,
by} where 1 < j,k <3q,{w;,w;} € E,and {w;,wi} € E. It follows that there are exactly ¢
triples in M each containing three agents {b;, b;, b }, where the three corresponding vertices
w;, w;, wi are pairwise adjacent in G. From these triples of pairwise adjacent vertices, a

partition into triangles X can be easily constructed. O

We have now shown that the 3DR-AS instance (N, V) contains a stable matching if and only
if the PIT instance G contains a partition into triangles. This shows that the reduction is

correct.

Theorem 6.4. Deciding if a given instance of 3DR-AS contains a stable matching is NP-

complete, even when preferences are binary.

Proof. 1t is straightforward to show that this decision problem belongs to NP. We have
presented a polynomial-time reduction from Partition Into Triangles (PIT, Problem [5.1)),
which is NP-complete [43]]. Given an arbitrary instance G of PIT, the reduction constructs
an instance (N, V) of 3DR-AS with binary preferences. Lemmas and show that
(N, V) contains a stable matching if and only if G contains a partition into triangles and thus
that this decision problem is NP-hard. O

6.5 Symmetric ternary preferences

We saw in Section that an instance (N, V) of 3DR-AS may not contain a stable matching,
and the associated decision problem is NP-complete, even when valuations are binary. It
follows that the decision problem for ternary valuations, i.e. vy, (@;) € {0, 1,2} for each «;,
@; € N isalso NP-complete. In contrast we saw in Section[6.3|that when valuations are binary
and symmetric a stable matching always exists and can be found in polynomial time. It is
natural to ask if this polynomial-time solvability also holds in the more general case of ternary
and symmetric valuations. We answer this question in the negative (assuming P = NP), and
show that deciding if a given instance of 3DR-AS contains a stable matching is NP-complete,
even when valuations are ternary and symmetric. We remark that a result of Deineko and
Woeginger [63] for Geometric 3D-SR (see Chapter [2)) implies a weaker version of our result,
namely that if valuations are symmetric (but not necessarily ternary) then deciding if a given
instance of 3DR-AS contains a stable matching is NP-complete, even when valuations are

ternary and symmetric.

We present a polynomial-time reduction from Partition into Triangles (PIT, Problem [5.1)),
which is similar to the reduction that we presented in Section |6.4 for the analogous decision

problem involving preferences that are binary but not necessarily symmetric. The main
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Figure 6.12: The reduction from PIT to the problem of deciding if an instance of 3DR-AS
with ternary preferences contains a stable matching. Each vertex represents an agent. A
single edge is present from agent ; to agent a; if v,,(@;) = 1. A double edge is present from
@; to a; if vy, (a@;) = 2. Depicted is some octogadget H, and some agents b;, as;, and as;_
where 1 <i < 6g and N(w;) = {wj,wg,...}.

difference is in the design of the gadgets. Instead of “pentagadgets” we introduce a number of
“octogadgets”. Nevertheless, the purpose of the octogadgets is the same as the pentagadgets

in the previous reduction and the proof follows the same structure as before.

The reduction, illustrated in Figure @, is as follows. Since valuations are symmetric in
(N, V), we shall usually specify valuations in one direction only. For example, instead of
writing “let vo, (@) = va,(@;) = 17 we write “let vq,(@;) = 17. Unless otherwise specified
assume that v, (@;) = 0 for any a;,@; € N. To simplify the description of the valuations in

the reduction, in this section we write i @ y to denote ((i + y — 1) mod 8) + 1.

For each i where 1 < i < 3¢ construct three agents labelled ay;, asi—1, and b;. Let
Vay (a2i-1) = vp,(az) = vp,(az-1) = 1. For each w;,w; € W let vy, (b;) = 1 if {w;,
w;} € E and 0 otherwise. Next, for each r where 1 < r < 6¢ construct a set of eight agents
H, = {h!,h2,... K3}, which we refer to as the i octogadget. For each i and j where
1 <i,j<8let vh;‘_(h{) =2 if both i is odd and j =i & 1 otherwise 1. This completes the

construction of (N, V). Note that |N| = 57¢.

It is straightforward to show that the reduction runs in polynomial time. To prove that the
reduction is correct we show that the 3DR-AS instance (N, V) contains a stable matching if

and only if the PIT instance G contains a partition into triangles.

We first show that if the PIT instance G contains a partition into triangles then the 3DR-AS

instance (NN, V) contains a stable matching.

Lemma 6.27. If G contains a partition into triangles then (N, V') contains a stable matching.
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Proof. Suppose G contains a partition into triangles X = {Xi, X5, ..., X,}. We shall con-
struct a matching M that is stable in (N, V). For each triangle X, = {w;,w;,wi} € W,
add {b;,b;,bi} to M. For each index r where 1 < r < 6g add the triples {h},h%,hf},

{h}, ny, p}, {h], h¥ a,} to M. Note that u,» (M) > 2 for each 1 < p < 8 by the design of
the octogadget H,.

Since up, (M) = 2 foreach 1 <i < 3¢ it follows that b; does not belong to a triple that blocks
M.

Suppose for a contradiction that some agent ap; where 1 < i < 3g belongs to a triple ¢ that
blocks M. We have shown that b; does not belong to a triple that blocks M, so it must be that
asi—1 € t, otherwise ug,, (1) = 0, which is impossible. Suppose then that ¢ = {ay;, a1, @;}
where a; € N and «; # b;. Considering the design of the instance, for any such «; it must be
that u; ({a2i, azi-1}) = ue,(¢) = 0, which is a contradiction. A symmetric argument shows

that no ay;—; where 1 < i < 3¢q belongs to a triple that blocks M.

The only remaining possibility is that some triple {h;', h,2, h;*} blocks M where 1 < r < 6gq
and 1 < sy, 52,53 < 8. Suppose for a contradiction that some such triple exists. We noted
earlier in this proof that u,» (M) > 2 for each 1 < p < 11 so it must be that u i ({h?,
h*}) > 3, thZ({hil, hy*}) > 3, and s ({h}*, h}*}) > 3. Considering the valuations of the
agents in H, we can see that no such h}', h)2, h)* exist, which is a contradiction. O

We now show, using a sequence of lemmas, that if the 3DR-AS instance (N, V) contains a

stable matching then G contains a partition into triangles.

Lemma 6.28. If (N, V) contains a stable matching M then uys (M) > 1 for any r and s where
l1<r<6gandl <s<11.

Proof. Suppose for a contradiction that u,s (M) = 0 for some 1 <r < 6g and 1 < 51 < 8.

Note that it must be that M (h;') contains exactly one agent, namely 4!, in H,.

We claim that no triple in M contains exactly two agents in H,. Suppose for a contradiction
that some such triple {h;?, h;?, a;} exists where 1 < 55,53 < 8 and a; ¢ H,. By the
construction of H,, it must be that u s ({h)?, h}*}) > 2. Since a; ¢ H, it must also be that
Vhﬁz(hil) > v, (@;) and vhi3(hi‘) > v (@) s0 UhjZ({hil, h}) > uys2 (M) and ”h?({hil’

hy*}) > u, s (M). It follows that the triple {A;', h,?, h;*} blocks M, which is a contradiction.
We now claim that at most two triples in M contain exactly one agent in H,. Suppose three

or more triples in M each contain exactly one agent in H,. It follows that these three agents

in H, each have utility zero in M. By the construction of H,, these three agents block M.

We have now established that no triple in M contains exactly two agents in H, and at most

two triples in M contain exactly one agent in H,. Since |H,| = 8 the only possibility is that
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two triples in M each contain exactly three agents in H, and two triples in M each contain

exactly one agent in H,.

By the design of the octogadget H, there are four disjoint pairs of agents {#”', hZ*} for which
Vi (h?*) = 2. Since there are exactly two triples that contain three agents in H, there exists at
least two disjoint pairs of agents {i”', hZ?} and {h??, h*} where vy (hf?) = VP (hP* =2
and M(hl') # M(hP*) and M(hP*) # M(hP*). For example, if {h,h* i’} € M and
{h8, n!, h8} € M then {{n', h?*}, {hD*, hP*}} = {{h}, h2}, {1, h®}}. Suppose without loss
of generality that {h”', h??} does not contain 4;'. Since hZ? ¢ M (h’'), by the design of
H, it must be that u,» < 2. Similarly, since h?' ¢ M(hP?) it must be that u 2 < 2. Tt
follows that the triple {h.', hZ', h2?} blocks M, since ups (M) =0 < uys ({hP', hP?}) = 2,
wm (M) <2 < uhfl({hﬁ',hfz}) =3, and u;m (M) < 2 < uhfz({hﬁ',hf3}) = 3. This

contradicts the supposition that M is stable. O

Lemma 6.29. If (N, V) contains a stable matching M then u,, (M) = 0 for each 1 < k < 6q.

Proof. Consider some arbitrary octogadget H,, where 1 < r| < 6q. Since |H,,| = 8 there
exists at least one triple in M that contains some agent /,! where 1 < s; < 8 and some
agent ; ¢ H,,. By Lemma [6.28] o (M) > 1, and it follows that M (h,!) = {h;!, b, a;}
where 1 < s, < 8 and @; € N. It must be that @; ¢ H,, for any r, where 1 < r, < 6q, for

otherwise u,, (M) = 0, which contradicts Lemma|[6.28] It remains that either a; = b; where

1 <j <3qora; =a; where 1 < k < 6g. Note that by the design of the instance it follows
that u,, (M) = 0.

Suppose for a contradiction that a; = b; where 1 < j < 3q. It must also be that u,,, (M) <1
and uq,, (M) < 1, since ay; ¢ M(b;) and az;—1 ¢ M(b;). We can now see that {b;, ayj,
azj-1} blocks M since up, (M) = 0 < up,({azj, azj-1}) = 2, ua,,(M) < 1 <2 = ug,,({b;,
azj-1}) and ug,, (M) <1 <2 =ug,, ({b;,az;}). This contradicts the supposition that M
is stable. It remains that @; = a; where 1 < k < 6q. Recall that u,, (M) = 0. Since there are
64 octogadgets and the choice of | was arbitrary the only possibility is that u,, (M) = 0 for
every 1 < k < 6q. O

Lemma 6.30. If (N,V) contains a stable matching M then up, (M) = 2 for any i where
1 <i<3g.

Proof. Suppose for a contradiction that there exists some 1 < i < 3¢ where u, (M) < 2.
Lemmal6.29|shows that us; (M) = ug,,_, (M) = 0. Considering the valuation functions of ay;,
azi-1, and b;, we can see that up, ({az;, azi-1}) = ta,,({bi, a2i-1}) = ay,_,({bi, azi}) = 2.
The triple {b;, as;, asi—1} therefore blocks M, which is a contradiction. |

Lemma 6.31. [f (N, V) contains a stable matching M then for any b; where 1 < i < 3¢, the
triple M (b;) comprises {b;, b;, by} for some 1 < j, k < 3q where {w;, w;},{w;, wi} € E.
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Proof. Lemma shows that u, (M) = 2. Suppose M(b;) = {b;, ax,a;} for some ay,
a; € N. Since up, (M) = 2, it must be that v, (@) = 1 and hence either ay = ay;, @y = azi-1,
or ax = b; where 1 < j < 3g where {w;,w;} € E. Suppose first that oy = ay;. Since
b; € M(ay) it follows that u,,, (M) > 1 which contradicts Lemma[6.29] A similar argument
shows that @y # as;—1. It remains that @y = b; where 1 < j < 3¢ such that {w;,w;} € E.
The same argument shows that @; = by where 1 < k < 3¢ and {w;,w;} € E. We have
shown that M (b;) = {b;, bj, by} where 1 < j, k < 3q and {w;, w;}, {w;,wi} € E. O

Lemma 6.32. [f (N, V) contains a stable matching then G contains a partition into triangles.

Proof. Lemma shows that for an arbitrary b; where 1 < i < 3g, M(b;) comprises {b;, b;,
bi}y where 1 < j,k <3q,{w;,w;} € E,and {w;,wi} € E. It follows that there are exactly ¢
triples in M each containing three agents {b;, b;, by }, where the three corresponding vertices
w;, w;, wy are pairwise adjacent in G. From these triples of pairwise adjacent vertices, a

partition into triangles X can be easily constructed. O

We have now shown that the 3DR-AS instance (N, V) contains a stable matching if and only
if the PIT instance G contains a partition into triangles. This shows that the reduction is

correct.

Theorem 6.5. Deciding if a given instance of 3DR-AS contains a stable matching is NP-

complete, even when preferences are ternary and symmetric.

Proof. 1t is straightforward to show that this decision problem belongs to NP. We have
presented a polynomial-time reduction from Partition Into Triangles (PIT), which is NP-
complete [43]. Given an arbitrary instance G of PIT, the reduction constructs an instance
(N,V) of 3DR-AS with ternary and symmetric preferences. Lemmas and show
that (N, V) contains a stable matching if and only if G contains a partition into triangles and

thus that this decision problem is NP-hard. O

6.6 Summary and open problems

In this chapter we formalised a model of 3DR involving additively separable preferences,
which we called 3DR-AS. We considered in instances of 3DR-AS the existence of, and
complexity of finding, matchings that are stable, under three possible restrictions of the

agents’ valuations.

We first showed that any instance of 3DR-AS with binary and symmetric preferences contains
a stable matching, and presented a polynomial-time algorithm that can construct a stable

matching in such an instance. We then considered the problem of finding a stable matching
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with maximum utilitarian welfare, given an instance with binary and symmetric preferences.
We called this problem the 3DR-AS Stable Maximum Utilitarian Welfare problem (3DR-AS-
SMUW). We proved that 3DR-AS-SMUW is NP-hard, but showed that the algorithm for
constructing a stable matching in this setting can be modified to yield a 2-approximation
algorithm. We then complemented the previous tractability results with two hardness results.
The first is that a stable matching need not exist in general, and the associated decision
problem is NP-complete even when preferences are binary and not necessarily symmetric.
The second is that the same decision problem is NP-complete even when preferences are

ternary and symmetric.

Later, in Chapter[7, we shall combine some of the results from this chapter with other results
for 3DR-AS and present a comprehensive analysis of the existence and complexity of feasible
matchings in 3DR-AS under restricted preferences, for four related solution concepts. This
classification is shown in Table [7.1]in Chapter [7|

We now present some open problems specifically involving stability in 3DR-AS. More general
problems, involving solution concepts other than stability and other models of fixed-size

coalitions, are discussed in Chapter@

An immediate open problem is whether our results for binary preferences hold in a more
general setting in which vy, (@;) € {a, b} for any non-negative integers a and b where a < b,
and whether our results for ternary preferences hold when v,,(a;) € {a, b, ¢} for any non-
negative integers a, b, and ¢ where a < b < c. We conjecture that both statements are true,
and that both the polynomial-time algorithm and NP-hardness reductions can be modified

accordingly.

As we noted in Section [6.3.2] any approximation algorithm for 3DR-AS-SMUW with ap-
proximation ratio strictly less than 2 must not always begin, like Algorithm findStableUW
does, by selecting a maximal set of triangles. While it would be very interesting to derive
such an algorithm, it would also be informative to derive an inapproximability result for
3DR-AS-SMUW. We conjecture that 3DR-AS-SMUW is APX-hard.

An open direction of work involves the price of anarchy and price of stability of 3DR-AS
[73]]. In the setting of 3DR-AS, we could define the price of anarchy (stability) as the
worst- (best-)case ratio between the utilitarian welfare of an arbitrary stable matching and
the maximum possible utilitarian welfare over all matchings. Our example instance, shown
in Figure [06.10] thus shows that the price of anarchy is at least 2, even when preferences are

binary and symmetric.

It would be very interesting to identify other restrictions of 3DR-AS in which a stable
matching can be found in polynomial time. For example, a crucial part of the reduction
shown in Section [6.4] was the pentagadget, which corresponds to a unique type of regular

tournament graph [84]. It would be quite remarkable if, for example, every instance of 3DR-
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AS that does not contain a pentagadget contains a stable matching. As a starting point, we
conjecture that any instance corresponding to a directed acyclic graph must contain a stable

matching.

Continuing the connection to graph theory (discussed in Section[6.1)), it might also be possible
to consider the problem of finding a stable matching in a given instance of 3DR-AS from the
perspective of the parameterised complexity with respect to a graph parameter. For example,
in the case of binary and symmetric preferences, one could consider the tree-width [85] of

the underlying graph.
As we noted for 3DR-B and 3DR-W (in Chapters 4] and [5)), it would be very interesting to

estimate the probability that a random instance of 3DR-AS contains a stable matching, or
to estimate the same probability in a random instance of 3DR-AS with binary or ternary
preferences. It might be possible to use probabilistic techniques from graph theory, such as
the Erdds-Rényi model of a random graph. Alternatively an empirical approach might be

informative, for example by formulating the problem as an integer program [86].
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Chapter 7

Three-Dimensional Envy-Free
Roommates with Additively
Separable Preferences

7.1 Introduction

In the previous chapter we considered the existence of stable matchings in a model of Three-
Dimensional Roommates with additively separable preferences, called 3DR-AS. We showed
that in general, a stable matching may not exist in a given instance of 3DR-AS, and the
associated decision problem is NP-complete. We also showed that if the agents’ preferences
are sufficiently restricted then a stable matching must always exist, which can be found in
polynomial time. In this chapter we consider three alternative solution concepts, one of
which is a strictly weaker concept than stability. For each concept, we study the existence of
such matchings under different restrictions on the agents’ preferences, and the computational
complexity of the associated existence and construction problems (see Chapter [2). This
culminates in a full complexity classification, which includes for each of the three solution

concepts a dichotomy between polynomial-time solvability and NP-hardness.

The three solution concepts that we study all relate to matchings in which there exist no two
agents ; and «; where a; would prefer to swap with ;. In such a case we say that «; has
envy for ;. If a matching M contains no agent with envy for another agent then we say
that it is envy-free. The other two solution concepts involve the other agents in the triple of
@;, M(a;). Informally, we say that a; has justified envy (abbreviated j-envy) for a; if a; has
envy for @; and each of the other agents in M («;) prefer a; to ;. We say that «; has weakly
Justified envy (wj-envy) for «; if @; has envy for @; and each of the other agents in M («;)

either prefers a; to a; or is indifferent. Formally, an agent «; has envy for another agent ¢; in
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a matching M if u,, (M (a;) \ {e;}) > uo,(M). If @; has envy for @; and vy, (@;) > ve, (@;)
for each ax € M(e;) \ {a;} then we say that a; has j-envy for a;. If vy, (@) > ve, (a;) for
each ay € M(a;) \ {c;} then we say that @; has wj-envy for a;. The definitions of j-envy-free

and wj-envy-free matchings are analogous.

These three solution concepts are hierarchical: by definition, any matching that is envy-free
is also wj-envy-free, and any matching that is wj-envy-free must also be j-envy-free. In
fact, they are also related to other solution concepts proposed in the literature. It is relatively
straightforward to show that any envy-free matching is also strictly swap stable [13]]. It is also
straightforward to show that any stable matching is also j-envy-free. In fact, j-envy-freeness is
a strictly weaker concept than stability. With the results of Chapter|[6]in mind, this observation
partly motivates our study of j-envy-freeness, since for example it would be interesting if a
strictly weaker restriction on the agents’ preferences than binary and symmetric valuations
(which guarantees the existence of a stable matching) is sufficient to guarantee the existence

of a j-envy-free matching.

A strong motivation also exists for combining these three solution concepts with a setting of
fixed-size coalitions (and of size three). As we discussed in Chapter 2] in a model in which
coalitions have arbitrary size, such as a hedonic game, it can be trivial to construct partitions

that are envy-free by, for example, placing all agents into the grand coalition [16, 37/].

We begin in Section by showing that an arbitrary instance of 3DR-AS may not contain
an envy-free matching, even when preferences are binary and symmetric and the maximum
degree of the underlying graph is 2. We describe a polynomial-time algorithm for this
case that can either construct an envy-free matching or report that no such matching exists
(Theorem [7.I)). We then contrast this result by showing that the corresponding existence

problem is NP-complete even when the maximum degree of the underlying graph is 3
(Theorem|7.2)).

In Section [/.3] we identify a similar dichotomy for wj-envy-freeness. We first show that a
wj-envy-free matching may not exist, even when preferences are binary and symmetric and
the maximum degree of the underlying graph is 2. Notably, the set of instances of 3DR-AS
with maximum degree 2 that do not contain a wj-envy-free matching is a strict subset of
the set of instances with maximum degree 2 that do not contain an envy-free matching. We
describe a slightly more complex polynomial-time algorithm for this case, compared to the
corresponding algorithm in Section that can either construct a wj-envy-free matching or
report that no such matching exists (Theorem [7.3). As for envy-freeness, we show that the
corresponding existence problem is also NP-complete even when the maximum degree of
the underlying graph is 3 (Theorem [7.4).

Next, in Section|/.4|we consider j-envy-freeness. We first remark that any stable matching is

also j-envy-free. We then show that if preferences are binary but not necessarily symmetric,
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a j-envy-free matching must exist and can be found in polynomial time (Theorem [7.5).
Significantly, this tractability result holds in a larger set of instances of 3DR-AS than the
corresponding result for stability, which we saw in Chapter[6] Nevertheless, we complement
this result with two hardness results. The first is that a given instance of 3DR-AS may not
contain a j-envy-free matching even when preferences are ternary but not symmetric, and
the associated existence problem is NP-complete (Theorem[7.6). The second is that a given
instance of 3DR-AS may not contain a j-envy-free matching even when preferences are non-

binary and symmetric, and the associated existence problem is NP-complete (Theorem [7.7)).

Finally, in Section we recap on our contribution and discuss some directions for future

work.

7.2 Envy-freeness

7.2.1 Symmetric binary preferences with maximum degree two

Our first result is a necessary and sufficient condition for the existence of an envy-free
matching in an instance (N,V) of 3DR-AS with binary and symmetric preferences and
maximum degree 2. Since preferences are binary and symmetric, in the following proof we
refer to the underlying graph (N, E) of the instance (N, V). The underlying graph (N, E) is

constructed such that {a;, @;} € E if and only if v, (a;) = 1, for any two agents a;,a; € N.

Lemma 7.1. Consider an instance of 3DR-AS with binary and symmetric preferences and
maximum degree 2. Let P be the set of isolated agents, Q be the set of connected components
of size 3k — 2 for any ki > 1, and R be the set of connected components of size 3k, — 1 for
any ky > 1. An envy-free matching exists if and only if 2|Q| + |R| < |P|.

Proof. Consider an arbitrary instance of 3DR-AS with binary and symmetric preferences,
represented by its underlying graph (N, E). Let S be the set of connected components of

size 3k3 for any k3 > 1.

To show the first direction, suppose 2|Q| + |R| < |P|. We shall construct a matching M and
demonstrate that it is envy-free. First, observe that if any agent has utility 1 or more then that

agent is not envious, since the maximum degree of the underlying graph is 2.

Construct M as follows. First, consider each S = (s1,52,...,53k,) in S. For each i where
1 <1i < k3, add {s3;-2, s3;-1, 53;} to M. It follows that each agent in S has utility at least 1
and thus is not envious. Now consider each R = (7,72, ...,73k,—1) in R. For each i where
1 <i < ky—1,add {rsj_»,r3-1r3} to M. Next, add {r3k2_2,r3k2_1,p2|Q|+i} to M (recall
that |P| > 2|Q| + |R]). It follows that each agent in R is not envious. Now consider each
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0-=(q1,92,..., C]3k1_2) in Q. Foreachi where 1 <i < ky —2, add {¢3;-2, g3i-1,¢3i} to M.
Next, add to M the triples {q3k,—5, 3k,-4, pi} and {q3k,-3, g3k,-2, p2i}. It follows that each

agent in Q has utility at least 1 and thus is not envious.

Finally, arbitrarily add the remaining agents in P to triples in M. Since these agents are

isolated they are not envious.

To show the second direction, suppose for a contradiction that (N, E) has an envy-free
matching M and 2|Q| + |R| > |P|. Since the degree of any agent in | J Q is at least 1, it must
be that the utility of each agentin |J Q is at least 1. Similarly, the utility of each agent in [ J R
must also be at least 1. It follows that any agent in M that has utility 0 belongs to P.

Now consider some Q € Q. By definition, |Q| = 3k; — 2 for some k; > 1. It follows that
there exists two triples in M that each contain exactly two agents in Q and some agent with
utility O in M. Similarly, for each R € R there must exist at least one triple in M that contains
exactly two agents in R and some agent with utility 0 in M. It follows that there are at least
2|Q| +|R| agents with utility O in M. The only possibility is that there exists 2|@Q| + |R| agents

in P, which is a contradiction. m]

Theorem 7.1. Consider an instance of 3DR-AS with binary and symmetric preferences and
maximum degree 2. There exists an O (|N|)-time algorithm that can either find an envy-free

matching or report that no such matching exists.

Proof. Lemmal7.1|gives a necessary and sufficient condition for the existence of an envy-free
matching in (N, E), based on the number of connected components of different sizes. Define
P, Q, and R as before in Lemma We outline a linear-time algorithm based on the
constructive proof in Lemma The algorithm outputs either L, if no envy-free matching
exists, or a labelling 7 of each agent @; with some index 1 < 7(a;) < n that represents the

index of M («;) in some arbitrary ordering of the triples in an envy-free matching M.

The algorithm has three phases. In the first phase, the algorithm constructs a stack P that
contains all isolated agents in (N, E). It also constructs a stack 7', which contains exactly one
agent per connected component of size two or more, such that if a connected component is
a path then 7" contains one of its endpoints. The construction of 7" can thus be performed in

linear time.

The algorithm now enters the second phase, which is as follows. The algorithm maintains a
counter r to track the label of the agent last labelled. Initially, r = 1. The algorithm pops an
unmarked agent m; from the stack 7 and marks 7(m;) = 1. It sets a counter ¢ to 1, which
will track the size of the connected component that contains m;. It then identifies successive
adjacent agents and labels each one with r, incrementing r by one every third agent, following
the path or cycle in the underlying graph. The successive agents are therefore marked 1, 1,

1,2,2,2,3,3,3.... The counter c is updated to ensure that c is the size of this connected
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component. Eventually, either some agent with degree 1 or some previously labelled agent

is discovered. In this case, there are three possibilities.

The first possibility is that ¢ = 3k3 for some k3 > 1. In this case the algorithm pops some

yet unlabelled m; from the stack 7" and repeats the above process.

The second possibility is that ¢ = 3k, — 1 for some k> > 1. In this case the algorithm pops
some isolated agent p; from the stack P and labels 7(p;) = r. If the stack P is empty then
it must be that 2|@Q| + |R| > |P| and thus the algorithm returns L. The algorithm then pops

some yet unlabelled m; from the stack 7" and repeats the above process.

The third possibility is that ¢ = 3k; — 2 for some k; > 1. In this case it must be that exactly
one agent «; has been marked with r. The algorithm identifies the last agent «; that was
labelled with r — 1, which must be adjacent to «;. It relabels 7(a;) = r. It follows that exactly
two adjacent agents are labelled with r — 1 and exactly two adjacent agents are labelled with
r. The algorithm then pops two isolated agents pg, pj from the stack P and labels 7(pg) = r
and 7(pp) = r — 1. If |P| < 2 then it must be that 2|@Q| + |R| > |P| and thus the algorithm
returns L. The algorithm then pops some yet-unlabelled m; from the stack 7" and repeats the

above process.

In the third phase, since the algorithm has not yet returned L, it must be that each agent with
degree 1 or more has been labelled and therefore assigned to some triple in M. The algorithm
arbitrarily assigns the remaining agents in P to triples in M by popping successive agents p;

from the stack P and labelling 7(p;) = r, incrementing r every third agent. O

7.2.2 Symmetric binary preferences with maximum degree three

We now consider instances of 3DR-AS with binary and symmetric preferences in which the
maximum degree of the underlying graph is 3. In contrast with Theorem[7.1] we show that
deciding if a given instance of 3DR-AS contains an envy-free matching is NP-complete, even

when preferences are binary and symmetric and the maximum degree is 3.

We present a polynomial-time reduction from a variant of Exact Satisfiability (XSAT) [43]].
An instance of XSAT is a boolean formula in conjunctive normal form (CNF). We write
C ={cy,c2,...,cy} torepresent such a formula as the set of its clauses. We represent each
clause ¢, € C as a set of literals. Each literal is either an occurrence of a single variable
or its negation. Given a formula, we write X to mean the set of variables contained in the
formula. A truth assignment f : X +— {true, false} is an assignment of values to the set
of variables. We say that an exact model is a truth assignment to the variables such that
each clause contains exactly one true literal (and therefore exactly two false literals). Given
an instance C, if an exact model exists then we say that C is exactly satisfiable. Deciding

if an instance C of XSAT is exactly satisfiable is NP-complete [87] even when each clause
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Figure 7.1: The reduction from X3SAT+:3 to the problem of deciding if a given instance of
3DR-AS contains an envy-free matching. A variable gadget W; and clause gadget D, are
represented as undirected graphs.

contains exactly three literals. Porschen et al. [88, Lemma 5] show that this problem remains
NP-complete even for the restricted case every literal is positive and each variable occurs in
exactly three clauses, which they denote by 3-CNF3-XSAT. We shall refer to this variant as
X3SAT? (Problem . Note that in this problem |X| = m.

Problem 7.1. X3SAT?

Input: a boolean formula in conjunctive normal form, represented as a set of clauses
C ={cy,c2,...,cn}, in which every literal is positive and each variable occurs in exactly
three clauses

Question: Is C exactly satisfiable?

The reduction, illustrated in Figure|/.1} is as follows. Suppose C is an arbitrary instance of
X3SAT+:3. We shall construct an instance (N, E) of 3DR-AS.

For each variable x; € X, there are three corresponding literals in three different clauses. For
each such x;, arbitrarily label each of these literals as the first, second, and third occurrences
of x;. For each variable x; € X construct a set of three agents W; = {wl.l, wl.z, w?}, which we
refer to as the i variable gadget. Add the edges {w;, wl.z}, {w?, wf’}, and {w?, w}} to E.
Next, for each clause ¢, € C construct a set of eight agents D, = {d,l, d,z, R df}, which
we refer to as the r clause gadget. Add the edges {d!, d*}, {d?, &>}, {d>,d®}, {d*,d%},

rodr r Ay o dr rodr
{df, dZ}, {df, df}, {df, a’Z}, {df, a’f}, and {df, a’Z}. Next, we shall connect the variable and
clause gadgets. Consider each clause ¢, = {x;,x;,x}. If ¢, contains the first occurrence of
x; then add the edge {drl, wl.1 }. Alternatively, if ¢, contains the second occurrence of x; then
add the edge {d,l, wiz}. Alternatively, if ¢, contains the third occurrence of x; then add the

edge {d}, w’}. Similarly, add an edge between d; and an agent in W; depending on the index
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of the occurrence of x; in the clause c,. Finally, add an edge between d* and an agent in
Wi depending on the index of the occurrence of x; in the clause ¢,. We say that the clause

gadget D, is adjacent to the variable gadgets W;, W;, and Wy, and vice-versa.

This completes the construction of (N, E). Note that each agent in a variable gadget has
degree 3, the agents d*, d?, d®, d’ and d® for each 1 < r < m have degree 3, and the agents

d!,d?,d? for each 1 < r < m have degree 2. It follows that the maximum degree of (N, E)

is 3.

It is straightforward to show that this reduction can be performed in polynomial time. To
prove that the reduction is correct we show that the 3DR-AS instance (N, E) contains an

envy-free matching if and only if the X3SAT > instance C is exactly satisfiable.

We first prove some preliminary results. Recall that for any set of agents S C N, o (S, N)

denotes the number of triples in N that each contain at least one agent in S.

Lemma 7.2. Suppose M is a matching in (N, E). Ifu,, (M) = 1 and o(N(a;), M) = deg(«;)

then «; is not envious in M.

Proof. Suppose, to the contrary, that @; envies some a; € N. Then u,, (M (a;) \ {a;}) = 2. It
follows that two agents in N (a;) belong to the same triple, M (a;),so o (N(«a;), M) < deg(a;),

which is a contradiction. O

Lemma 7.3. Suppose M is a matching in (N, E). If uy,(M) = 0 then «; is envious in M.

Proof. Note that by construction of (N, E), each agent has degree at least one. Suppose
then, for a contradiction, that there exists some @; € N where u,, (M) = 0. There must exist
some «@; where {a;,@;} € E, so it follows that a; envies both agents in M(qa;), which is a

contradiction. O

We now show that if the X3SAT instance C is exactly satisfiable then the 3DR-AS instance

(N, E) contains an envy-free matching.

Lemma 7.4. If C is exactly satisfiable then (N, E) contains an envy-free matching.

Proof. Suppose f is an exact model of C. We shall construct a matching M that is envy-
free. For each x; in X where f(x;) is false, add {w},wiz,w?} to M. Next, consider each
clause ¢, = {x;,x;, x; } and the corresponding clause gadget D,, labelling i, j, k such that W;
contains an agent adjacent to d, W; contains an agent adjacent to d?, and W, contains an
agent adjacent to d>. There are three cases: f(x;) is true while both f (x;) and f(xx) are
false, f(x;) is true while both f(x;) and f(x;) are false, and f(x;) is true while both f(x;)
and f(x;) are false. In the first case, suppose c, contains the u™ occurrence of x;. Add the
triples {w¥, d}, d?}, {d?,d,d]}, and {d}, d?, d®}. The constructions in the second and third

> s Ur r>%r>“r r>%r>“r
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cases are symmetric: in the second case, suppose ¢, contains the u™ occurrence of x;. Add
the triples {w;.’, d, d>}, {drl, df, dr6}, and {df, dz, df}. In the third case, suppose ¢, contains

r>%r

the u™ occurrence of x;. Add the triples {w", d>, d®}, {d}, d#, d®}, and {d?, d>, d]}.

k> 'r>r r>>r>>r r>>r> r
Now for any variable gadget W; either oo (W;, M) = 1 or o(W;, M) = 3. For each clause
gadget D,, there exist two triples in M that each contain three agents in D, and one triple in
M that contains two agents in D, and one agent in some variable gadget. There are therefore
three kinds of triple in M: those triples that contain three agents belonging to the same
variable gadget; those triples that contain one agent in some variable gadget and two agents
in a clause gadget; and those triples that contain three agents in the same clause gadget. We

shall show that no triple of each kind contains an envious agent.

First, consider some triple r € M where t = W; for some variable gadget W;. Since each agent

in ¢ has utility 2, no agent in ¢ is envious.

Second, consider some triple # € M that contains one agent w; in some variable gadget W;
and two agents in some clause gadget D,. By the construction of M, either the triple contains
{wh, d}, d}}y, {wd, d?, d2}, or {w?, d?, d®}. Suppose the triple contains {w9, d}, d}}. Since
Ugl (M) = 2 clearly d! is not envious. By construction, o-(W;, M) = 3 so since Uypa (M) > 1
it follows by Lemma that w} = a is also not envious. Similarly, since M (df) =M (dZ) it
follows that o (N (d#), M) = 3 so, by Lemma d? is also not envious. The proof in the two

remaining cases, in which the triple comprises {wf’, drz, df} or {w?, dr3 , df}, is symmetric.

Third, consider some triple t € M where t C D, for some clause gadget D,. There are four
cases: either r = {d!,d*, d%},t = {d?,d>,d"}, t = {d>,d®, d®}, ort = {d?,d’, d®}. Suppose

ro@rs Uy ro&rs Uy rors Uy rors Uy
t ={d!,d?*, d°. Since o(N(d!), M) = 2 and ug (M) =1by Lemma d! is not envious.

Since M (d?) # M (d®), it must be that o (N (d®), M) = 3 so since udg(M) =1, by Lemma
d® is not envious. Since u (M) =2, d? is also not envious. The proof in the three remaining
cases, in which 7 = {df, df, dZ}, t = {d;, df, df}, ort = {df, dz, df}, is symmetric. It follows

that no agent in 7 is envious. O

We now show that if the 3DR-AS instance (N, E) contains an envy-free matching then the
X3SAT? instance C is exactly satisfiable.

Lemma 7.5. If (N, E) contains an envy-free matching M then for any variable gadget W;,
either c(W;, M) =1 or o(W;, M) = 3.

Proof. Since |W;| = 3, clearly 1 < o(W;, M) < 3. Suppose for a contradiction that o (W;,
M) = 2. It must be that some triple in M contains exactly two agents in W; and some third
agent, which we label ;. Label the remaining agent in the variable gadget w. Since the
maximum degree of the instance is three, it must be that u,,a (M) < 1. It follows that w{

envies ; since u,a (M (o)) \ {}) = 2. =
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Lemma 7.6. If (N, E) contains an envy-free matching then C is exactly satisfiable.

Proof. Suppose M is an envy-free matching in (N, E). By Lemma for any variable
gadget W; either o(W;, M) = 1 or o(W;, M) = 3. Construct a truth assignment f in C by
setting f(x;) to be true if o(W;, M) = 3 and false otherwise. Each variable x; corresponds
to exactly one variable gadget W; so it follows that f is a valid truth assignment. By the
construction of (N, E), each clause ¢, corresponds to exactly one clause gadget D,. Each
clause gadget is adjacent to three variable gadgets that correspond to the three variables in
that clause. To show that f is an exact model of C, it is sufficient to show that for each
clause gadget D, there exists exactly one variable gadget W; such that D, is adjacent to W;
and o (W;, M) = 3.

Consider an arbitrary clause gadget D, and the corresponding clause ¢, = {x;,x;,x},
labelling i, j, k such that d! is adjacent to some agent in W;, d? is adjacent to some agent in
W; and d? is adjacent to some agent in W;. We shall show that a contradiction exists if either
D, is adjacent to two variable gadgets W;, W; where o-(W;, M) = o(W;,M) = 3 or D, is
adjacent to three variable gadgets W;, W;, Wi where o-(W;, M) = oo(W;, M) = oo(Wi, M) = 1.
The remaining possibility is that D, is adjacent to exactly one variable gadget W; where o~ (W;,
M) = 3 and exactly two variable gadgets W;, Wy where o(W;, M) = o(W, M) = 1.

First, suppose that D, is adjacent to two variable gadgets W; and W; where o-(W;, M) = 3
and o-(W;, M) = 3. Suppose ¢, contains the a™ occurrence of x; and the b™ occurrence of X;.
Consider M (w{). By Lemma , no agent has utility 0 in M, so either {d!,d*} € M (wi),
{d2, &>} € M(w?), or {d},d®} € M(w?). Similarly, either {d},d}} € M(w;’), {d?, d>} €

M (wjl.’), or {d,d%} e M (wJ’?). By the symmetry of the clause gadget, assume without loss

of generality that {d}, d}} € M(w?) and {d?, d°} € M(wj’?). Consider d°, d’ and d®. Since
no agent has utility 0, the only possibility is that {d®, d’,d%} € M. It then follows that d*

ro%rs>%r
envies d°, since U g4 (M) =1and udﬁ({df, d’}) = 2, which is a contradiction.
Second, suppose that D, is adjacent to three variable gadgets W;, W;, W, where o (W;,
M) = o(W;,M) = o(Wy,M) = 1. Since |D,| = 8, there exists triple in M that contains
some agent d; € D, as well as some agent @, ¢ D,. It follows that either usa(M) = 0 or

Uq, (M) = 0, which contradicts Lemma O

We have now shown that the 3DR-AS instance (N, E) contains an envy-free matching if and

only if the X3SAT = instance C is exactly satisfiable. This shows that the reduction is correct.

Theorem 7.2. Deciding if a given instance of 3DR-AS contains an envy-free matching is
NP-complete, even when preferences are binary and symmetric and the underlying graph has

maximum degree 3.
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Proof. 1t is straightforward to show that this decision problem belongs to NP, since for any

two agents a;,@; € N we can test if @; envies a; in constant time.

We have presented a polynomial-time reduction from X3SAT >, which is NP-complete [88]).
Given an arbitrary instance C of XB)SATf3 , the reduction constructs an instance (N, E) of
3DR-AS with binary and symmetric preferences and maximum degree 3. Lemmas(7.4Jand[7.6]
show that (N, E) contains an envy-free matching if and only if C is exactly satisfiable and
thus that this decision problem is NP-hard. O

7.3 Weakly justified envy-freeness

7.3.1 Symmetric binary preferences with maximum degree two

We begin by defining a class of instances of 3DR-AS, 7*, such that membership in the class is
a necessary and sufficient condition for the non-existence of a wj-envy-free matching, among

instances of 3DR-AS with binary and symmetric preferences and maximum degree 2.

Definition7.1. IT*

An instance of 3DR-AS belongs to 7* if and only if the underlying graph comprises a set
of disjoint 4-cycles and a single isolated agent.

We now show, using a sequence of lemmas, that any instance of 3DR-AS that belongs to 7*
does not contain a wj-envy-free matching. Consider an instance of 3DR-AS with binary and
symmetric preferences that belongs to 7* and label the underlying graph (N, E). Suppose
M is an arbitrary matching in (N, E).

Lemma 7.7. For any 4-cycle R in (N, E), if some triple in M contains three agents in R then

M is not wj-envy-free.

Proof. Suppose R = (ry,ra,r3,r4). By definition, {ry,r}, {r2,r3},{r3,ra},{rs,r1} € E.
Without loss of generality we need only consider the case when {ri,r»,r3} € M. In
this case it must be that r4 has wj-envy for r, since u,, (M) = 0 < 2 = u,,({r1,73}),

v (r) =1 <1 =v,(ra),and v,,(r2) =1 < 1 = v,,(r4). O

Lemma 7.8. For any three distinct connected components Cy, C», Cz in (N, E), if some triple

in M contains one agent in each of C1, C, and C3 then M is not wj-envy-free.

Proof. Suppose some such triple in M exists. By the construction of (N, E), it must be that at

least two of Cy, C;, and C3 are 4-cycles. Assume without loss of generality that Cy and C; are

3

4-cycles, so label Cy as Ry = (r{,r{,r},r{) and C; as Ry = (r,,73,13,r3). We may further
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assume that this triple is {r{,r),c}} where r; ) € C3, and ¢; € C3. Note that {r|,

1 2 3
cé} ¢ E and {ré, cé} ¢ E. Now consider R;. If ur%(M) = 0 then rf has wj-envy for cé since

urlz(M) =0<1= ur%({rll,ré}), vrll(cé) =0<1= vrll(r%), and vré(cé) =0<0= vré(rlz).

It follows that urf(M) > 1 so it must be that M (rf) contains rf. A symmetric argument
shows that U4 (M) > 1 and thus that M(rf) must also contain r%. Now M(rf) = {rf, rf, r‘l‘

so by Lemma|7.7|it follows that M is not wj-envy-free. O

€C1,r

Lemma 7.9. For any triple t € M, if M is wj-envy-free then the agents in t belong to exactly

two connected components in (N, E).

Proof. Since t is a triple, the agents in ¢ belong to either 1, 2, or 3 connected components. If
M is wj-envy-free, then by Lemmas andthe agents in ¢ do not belong to either 1 or 3

connected components in (N, E). O

Recall that for any set of agents S C N, o (S, N) denotes the number of triples in N that each

contain at least one agent in S.

Lemma 7.10. For any 4-cycle R in (N, E), if M is wj-envy-free then o (R, M) € {2,4}.

Proof. By definition, 2 < o(R, M) < 4 for any 4-cycle R in (N, E). It suffices to show that
if M is wij-envy-free then o-(R, M) # 3 for any such R. Suppose then, for a contradiction,
that M is wj-envy-free and there exists some 4-cycle R in (N, E) where o-(R, M) = 3. Label
R = (r1,rp,7r3,1r4). Since o (R, M ) = 3 there must exist one triple in M that contains exactly
two agents in R and two triples in M that each contain exactly one agent in R. Label the
former triple {r;,r;,,; } and the latter two triples {r;,,@;,,;,} and {r;,, ;,, @5}, where
@, @, ..., € N\R. Since R is a 4-cycle it must be that {r; ,;, } ¢ E and {r;,,;,} ¢ E.
Similarly, {r;,,;,} ¢ E and {r;;,@j,} ¢ E. It must also be that either {r;,,r; } € E or {r;,
ri,} € E. We can now see that r;, has wj-envy for a;, since Ur,, (M)=0<1< Ur,, {ri;»rir})s

Vi, (@) =0 < vy, (133), and vy, (@) = 0 < vy, (735). O

Lemma 7.11. If an instance of 3DR-AS belongs to 1* then it does not contain a wj-envy-free

matching.

Proof. We considered an arbitrary instance of 3DR-AS that belongs to 7* in which the
preferences are binary and symmetric and its underlying graph (N, E). We also supposed M

is an arbitrary matching of (N, E).

Suppose for a contradiction that M is wij-envy-free. Construct a graph (C,T’) where C is
the set of connected components in (N, £) and I is constructed as follows. For any triple
t € M, it must be that the agents in ¢ belong to exactly two connected components in (N, E)
(Lemma . For each triple r € M identify the two such connected components C;, C; in
(N, E) and add the edge {C;, C;} to I'. By the design of (N, E), there exists exactly one
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connected component in (1\7 JE ) that is not a 4-cycle, which contains exactly one agent. Label
this component C;. Label the remaining connected components in (N, £), which are all
4-cycles, as (2, C3, ..., Cic|. Since |C1| = 1 it must be that exactly one triple in M contains
the agent in C; so the degree of vertex C; in the graph (C,T") is 1. Consider the 4-cycles
C2,C3,...,Cic|- By Lemma , it must be that o(C;, M) € {2,4} for each such 4-cycle
C; (where 2 < i < |C]). It follows that the degree of each vertex C; in C where 2 < i < |C]|
is either 2 or 4. It follows that the sum of the degrees of all vertices in C is odd, which is

impossible. o

Building on Lemma [7.11} we present Algorithm wjPathsCycles, shown in Algorithm
Given an instance of 3DR-AS with binary and symmetric preferences and maximum degree
2, this algorithm either returns a wj-envy-free matching M or reports that (N, E) belongs to
I*. With Lemma this establishes the fact that 7 * is a necessary and sufficient condition
for the non-existence of a wj-envy-free matching in instances of 3DR-AS with with binary

and symmetric preferences and maximum degree 2.

In some respects the approach taken by Algorithm wjPathsCycles is straightforward. For ex-
ample, paths or cycles that contain a number of agents divisible by 3 are broken up into triples
of three successively adjacent agents. Other paths and cycles, except 4-cycles, are broken up
in a similar fashion leaving one or two surplus agents per connected component. More care is
required in the assignment of the agents in 4-cycles to triples. The 12 agents in three 4-cycles
can be assigned to four triples in a relatively straightforward way that ensures no agent is
wj-envied in some resulting matching. The main complexity of Algorithm wjPathsCycles

stems from the case when the number of 4-cycles is not divisible by 3.

Algorithm wjPathsCycles contains calls to five subroutines, which are presented separately in
order to simplify the overall presentation. Four of the subroutines take as input some agents
in (N, E) and constructs a set of triples containing some or all of the agents in that set. The

final subroutine is a helper function used to shorten the pseudocode of the main algorithm.

The first subroutine is Subroutine nonC4Components, shown in Algorithm This subrou-
tine takes as input a set of connected components C in (N, E), none of which are 4-cycles.
It returns a pair (7, S) where T is a set of triples of agents and S is a set of agents. For
each component in C, the corresponding set of triples in 7 is constructed in a straightforward
way by breaking up the component into triples of three successively adjacent agents. This
procedure leaves remaining at most two agents from each component, which are then added

to S. It follows that the maximum degree of the subgraph induced by S in (N, E) is 1.

Lemma 7.12. Suppose C is some set of connected components in (N, E) that are not 4-cycles.
Suppose (T, S) is returned by a call nonC4Components(C) and M is a matching in (N, E).
For any agent c; € \JT, if M(c;) € T then c; is not wj-envious in M.
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Algorithm 7.1 Subroutine nonC4Components
Input: a set of connected components C that are not 4-cycles
Output: a pair (7, S) where T is a set of triples of agents in C and S is a set of agents

T — 2
for each connected component C in C, labelling C = (c1, ¢, ..., ¢|c|) do
fori=1to ||C|/3] do
T « T U {{c3i-2,c3i-1,¢3i}}
end for
end for
S—yUc\ur
return (7, S)

Proof. Suppose ¢; € |J T belongs to some connected component C € C, which must not be a
4-cycle. By the construction of T in Subroutine nonC4Components, it must be that the triple
in T that contains c; either contains c¢;_; or ¢;;1. Since M (c¢;) € T by assumption, it follows
that u.,(M) > 1. If ¢; has wj-envy in M then it must be that two agents not in M (c;) are
adjacent to c; in (N, E). Since u.,(M) > 1 it follows that ¢; has degree 3 in (N, E), which is
a contradiction. O

Lemma 7.13. Suppose C is a set of connected components in (N, E) that are not 4-cycles.
Suppose (T, S) is returned by a call nonC4Components(C) and M is a matching in (N, E).
For any agent c; € \UT, if M(c;j) € T then c; is not wj-envied in M.

Proof. Suppose for a contradiction that some ¢; € (JT where M(c;) € T is wj-envied in M.
Consider the pseudocode of Subroutine nonC4Components. Let i = [j/3]. It must be that
the triple = {c3;-2, ¢3i-1, ¢3;}, which contains ¢;, was added to T in the ™ iteration of the
inner for loop, in the particular iteration of the outer for loop in which component C was
identified. Note that {c3;_»,c3,-1} € E and {c3;-1,c3;} € E, by definition. There are now
three possibilities: j =3i -2, j =3i -1, and j = 3i.

Suppose either j = 3i — 2 or j = 3i. Since @ has wj-envy for ¢; it must be that v, , (ax) >
Vesioy (€7) = 1. Tt follows that vy, | (ax) = vy, (€3i22) = Vey,, (€3;) = 1 and thus that ¢3;_;
has degree 3 in (N, E), which is a contradiction.

Suppose then that j = 3i — 1. Since oy has wj-envy for ¢; it must be that v, , (@) >
Vegio(€3i21) = 1and vy (ag) = vy (c3i-1) = 1. It follows that v, ,(ax) = ve, (ax) = 1.
The only possibility is that C is a 4-cycle comprising (c3;—2, ¢3i-1, €3i, @k ), Which contradicts
the statement of the lemma. O

Lemma 7.14. Subroutine nonC4Components terminates in O(||J C|) time and returns a
pair (T, S) where | JC =SUUT.
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Proof. There are |C| iterations of the outer for loop. In each iteration of the outer loop,
some connected component C is identified, and the number of iterations of the inner for loop
is O(|C]). It follows that the total number of iterations of the inner for loop is O(| J C]).
In each iteration of the inner loop, a set of three agents is added to a set 7', which can be
performed in constant time, using an appropriate data structure for 7. In each iteration of the
outer loop, at most two agents are added to S, which can also be performed in constant time.

It follows that the running time of Subroutine nonC4Components is O (| J C]).

By the pseudocode, it is straightforward to show that JC =SU |UT. O

The second subroutine is Subroutine oneC4TwoSingles, shown in Algorithm This
subroutine takes as input three connected components in (N, E). The first, R, is a 4-cycle in
(N, E). The second and third, w; and w,, are other agents in (N, E). It returns two triples
in C, each of which contains two agents in R and either w or wj.

Algorithm 7.2 Subroutine oneC4TwoSingles
Input: a 4-cycle R = (ry,r,r3,r4) and two other agents wi, wy
Output: a set of two triples

return {{wy,ry, 2}, {wa,r3,ra}}

Lemma 7.15. Consider an arbitrary 4-cycle R and two other arbitrary agents wi, wy in
(N, E). Suppose T is returned by a call oneC4TwoSingles(R, w1, w). If M is a matching in
(N,E) where T C M then no agent in R U {w,w,} is wj-envied in M.

Proof. By the design of Subroutine oneC4TwoSingles, it must be that 7 = {{w, r1, 2}, {w2,
r3,r4}}, for some labelling of R where R = (ry, r2,73,r4). Suppose for a contradiction that
some agent @y € N has wj-envy for some agentin R U {w, w,}. By symmetry, we need only

consider two cases: either ay has wj-envy for | or a; has wj-envy for w.

If ax has wj-envy for r; then consider r,. Since r, € M(r;) it must be that v,,(ax) >
vy, (r1) = 1 and thus that v, (@) = 1. The only possibility is that @y = r3. This is a

contradiction since u,, (M) = 1 = u,,({r1, w2}), so r3 does not have wj-envy for ry.

If ax has wj-envy for w; then it must be that u,, ({r1,72}) > 1. The only possibility is that
either @y = r3 or ax = r4. Since u,,(M) =1 =u,,({r1,r2}) and u,,(M) =1 = u,,({r1,r2})
it follows that neither r3 nor r4 have wj-envy for wy, which is a contradiction. O

Lemma 7.16. Subroutine oneC4TwoSingles terminates in constant time.

Proof. A suitable choice of data structure for M allows the asymptotic running time of this

subroutine to be O(1). O
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The third subroutine is Subroutine multipleOfThreeC4s, shown in Algorithm It takes
as input a set R of 4-cycles in (N, E), where the number of 4-cycles is 3¢ for some integer
q > 1. It returns 4q triples, each of which contains two agents in one 4-cycle and one agent

in a different 4-cycle. The agents in each 4-cycle are assigned to either two or four triples.

Algorithm 7.3 Subroutine multipleOfThreeC4s

Input: a set R of 4- cycles in (N,E), where |R| = 3¢, labelled Ry, Ro, ..., R3, where

4
(rt’rl’rl’rl

Output a set T of 44 triples

T —
for d =1to g do
T‘_TU{{rw 21342 "3a-1 1 {3 §d 2301}
{r3d—1’r3d’ 3d}’{r3d—1’r§d’ 3d}}
end for
return 7

Lemma 7.17. Consider an arbitrary set R of 4-cycles in (N, E) where |R| = 3q for some
q > 1. Suppose T is returned by a call multipleOfThreeC4s(R). If M is a matching in (N, E)
where T C M then no agent in | J R is wj-envied in M.

Proof. Suppose to the contrary that some agent in | R is wj-envied in M. By the design of
Subroutine multipleOfThreeC4s it must be that some such agent was labelled r; for some i
where 1 <i < 4 and j where 1 < j < 3g. By the pseudocode of this subroutine, it must
be that some triple containing rl.j was added to T in the d’" iteration of the for loop, where
d’ =[j/3]. We show that no agent in any of the four triples added to 7 in this iteration is
wj-envied.

In fact, by the symmetric construction of the four triples in 7 in this 4’ iteration of the loop,

. . . 1 2 ]
it suffices to consider only the triple {r;,,_,,75, 73,1}

Suppose first that some agent a; € N has wj-envy for r31 Jr—p- Since V2, (1*31 2—p) = litmust

bethatv,. (ax) = 1. The only possibility is that @y = r3 ., . This is a contradiction since,
3d’-2

3d’'-2
by construction, M(rgd, ) = {rgd, 2 gd/ 2 ;‘d, |} so Mr3d,_2(M) =1= ”rgd,_z({rid/_z’
) and thus r3

, does not have wj-envy for rl ., . A symmetric argument shows

1
P3ar-1) d’-
that if some @ has wj- envy for r3

3d’—

, then it must be that ay = ri

A which leads to a

d’
contradiction since Uy, (M ) =1.

Suppose finally that that some agent @y € N has wj-envy for r3 g—1- Ltfollows that u,, ({r}

3d'-
3 e 2}) > 1 so either a; = r3 o OF @ = r‘3l o Hag = r3 P2 then by Constructlon

M(r3d, ) = {r3d/ 5 ;‘d, T d' ,} and thus urgd/,z(M) = 1. Since ”rgd/,z(M) =
u SN G it follows that r3 , does not in fact wj-envy rl , |
Faw ({r3g -2 T3ar-2}) 3d/- J-enVY T34y

_ 4
contradlctlon A similar argument applies 1f Ak =713, -

which is a
O
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Lemma 7.18. Subroutine multipleOfThreeC4s terminates in O (|R|) time.

Proof. Consider the for loop in the subroutine. In each iteration, four triples are added to 7,
which can be performed in constant time. Since there are exactly ¢ iterations it follows that

the running time of this subroutine is O (|R]). O

The fourth subroutine is Subroutine configureSurplusAgents, shown in Algorithm It
takes as input a set of agents § C N of agents where |S| is divisible by three and the subgraph
induced by S in (N, E) has maximum degree 1. It returns a set 7 of |S|/3 triples. In
the context of Algorithm wjPathsCycles, this subroutine will be called with a subset of the
surplus agents in the second element of the tuple returned by Subroutine nonC4Components.
We remark that Subroutine configureSurplusAgents is essentially the same procedure as one
used in Algorithm findStableUW, shown in Algorithm [6.4]in Chapter|[6]

Algorithm 7.4 Subroutine configureSurplusAgents

Input: a set S C N of agents where || is divisible by three and the maximum degree of the
subgraph induced by S in (N, E) is 1
Output: a set of |S|/3 triples

P « the set of agents with degree O in the subgraph induced by S in (N, E), labelling
P=A{p1,p2,....pp} A
Q < a set containing each pair of agents {g;,q;} C S where {g;,q;} € E, labelling
Q={01,02,...,0Qjq}
X 0o
if |Q| > |S|/3 then
X — {CII, (I29 o .. J]|§|/3}
else
> note that |P| > 2(|S|/3 — |Q]) since by definition |P| = |S| — 2|Q|
W — {{pip2} : 1 <i <|S]/3 -0}
X—QUW
end if
Y < S\UX
> Suppose X = {Xl,Xz,...,X|§|/3} and Y = {yl,yz,...,y|§|/3}. Note that X is a set
of pairs of agents and Y is a set of individual agents.
return {X; U {y;} : 1 <i < |S]/3}

Lemma 7.19. Consider an arbitrary set § C N where 3 divides S and the maximum
degree of the subgraph induced by S in (N,E) is 1. Suppose T is returned by a call
configureSurplusAgents(S). If M is a matching in (N, E) where T C M then no agent in S

has wj-envy in M for any other agent in S.

Proof. From the pseudocode, it is straightforward to show that Subroutine configureSur-
plusAgents is bound to terminate and must return a set T of disjoint triples where | JT = S.
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Suppose for a contradiction that some agent a;, € S has wj-envy for an agent g, € S where
M () = {ej,, ), @} and M (k) = {@x,, @k,, @k, }. It follows that uy, ({@x,, ax,}) > 1.
Without loss of generality assume that vo; (@k,) = 1, or equivalently that {;,, ax,} € E. By
the definition of @, it must be that {e;,, o, } € Q.

Note that if |Q| < |S|/3 then, by the pseudocode, for every {g., g5} € Q it must be that
ga € M(qyp). Since {a;,, ai,} € Q and @, ¢ M (ay,) it follows that |@Q| > 13]/3.

By the pseudocode, for each triple r € T there exists some pair {q,, g} € Q where {q,,
gp} C r. Since Q is agent-disjoint (and we established that {e;,, ax,} € Q) the only possibility
is that {ay,, @x,} € Q. By the definition of Q it must be that Vy, (@k;) = 1. Since @;, has
wj-envy for ay, it must be that vo, (@) > va,, (@x,) so it follows that vo,_ (@) = 1. Now
{ak;, ak, } € E and {ay;,a;,} € E so ay, has degree 2 in the subgraph induced by § in
(N, E), which is a contradiction. O

Lemma 7.20. Subroutine configureSurplusAgents terminates in O(|S)) time.

Proof. The sets of pairs X and W, the set of agents Y, and the returned set of triples 7' can
all be constructed in O(|S]) time. O

The fifth subroutine is Subroutine pickLowDegree. This subroutine takes as input a set S and
integer k > 1, such that the maximum degree of the subgraph induced by S in (N, E) is 1. It
returns a set of k agents in S such that the sum of the degrees of the agents returned in the
subgraph induced by S in (N, E) is minimised. Since the maximum degree of the subgraph

induced by S in (N, E) is 1, this subroutine can be implemented to run in O (|N]) time.

We now present Algorithm wjPathsCycles, shown in Algorithm The overall strategy of
this algorithm is as follows. First Subroutine nonC4Componentsis used to break up connected
components that are not 4-cycles into a set of triples 7', in which each triple contains three
successively adjacent agents, and a set S of surplus agents. The algorithm then constructs a
set R of all 4-cycles in (N, E). If |R| is divisible by three, Subroutine multipleOfThreeC4s
is called and all agents in [ J R, i.e. all agents belonging to 4-cycles, are assigned to triples
in M. If |R| is not divisible by three then there are two cases. In the first, the instance is
identified as belonging to 7*. In the second, a set of surplus agents in S are used to assign
the agents belonging to either one or two 4-cycles to triples in M. This set is chosen using
Subroutine pickLowDegree, which (as we shall see later) ensures that no agent in this set will
be wj-envious in M. Next, the remaining 4-cycles (the number of which is divisible by three)
are then added to triples in M using Subroutine multipleOfThreeC4s. The final step (in the case
in which the instance does not belong to 7*) is a call to Subroutine configureSurplusAgents

and the assignment of all remaining agents in S to triples in M.

Proposition 7.1. In Algorithm wjPathsCycles, S U \JT is the set of agents that do not belong
to 4-cycles in (N, E).



7.3. Weakly justified envy-freeness 117

Algorithm 7.5 Algorithm wjPathsCycles

Input: an instance (N, E) of 3DR-AS with binary and symmetric preferences and maximum
degree 2
Output: either a wj-envy-free matching M or “belongs to 7*”

M — @; T D; S—o
C « the set of all connected components in (N, E) that are not 4-cycles
(T,S) « nonC4Components(C)
R « the set of 4-cycles in (N, E), labelling R = {R{, R>, ..., Rjg|}
[0
if |R| mod 3 = 2 then
if |S| > 4 then
{wi,wa, w3, wa} < pickLowDegree(S, 4)
S S\ {wi,wa, w3, wg}
T—T
else if |7| > 1 then
> note that |S| = 1 by Proposition
w1 <« the agentin §
f « some triple in T
{wa, w3, wa} 17
S—o
T T\
else
return “(N, E) belongs to 7*”
end if
M «— M U oneC4TwoSingles(Ri, wi, wp) U oneC4TwoSingles(Ry, wi, wy)
[ 2
else if |{R| mod 3 = 1 then
> note that |S| > 2 by Proposition
{w1,w;} « pickLowDegree(S,2)
S — S\ {wi,wp}
T T
M «— M U oneC4TwoSingles(R, wi, wy)
[ 1
else
> it must be that |R| mod 3 =0
S5
T T
end if
> it must be that 3 divides (|R| — /)
R’ — {Ri11, Ri2, .. ., Rir|}
M — M U multipleOfThreeC4s(R’) U T' U configureSurplusAgents(S)
return M
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Proof. This follows immediately by Lemma/[7.14] |

We first prove two propositions that show that, in two specific cases, S is large enough to

extract the number of agents required.

Proposition 7.2. In Algorithm wjPathsCycles, after initialising R, if |R| mod 3 = 2 and
|S| < 4 then |S| = 1.

Proof. Suppose |R| mod 3 = 2 and |S| < 4 after initialising R. Then there exists some
constant k1 > 0 such that |R| = 3k + 2, so the number of agents in N that belong to 4-cycles
is 4|R| = 12k + 8. It follows that the number of agents in N that do not belong to 4-cycles
is 3n — 12k — 8. Since (3n — 12k; — 8) mod 3 = 1 there exists some constant k, > 0 such
that the number of agents in N that do not belong to 4-cycles is 3k, + 1. By Proposition (7.1}
S U T is the set of agents that do not belong to 4-cycles. Since [SUJT| =3k, +1,Tisa
set of disjoint triples, and |S| < 4, it must be that k, = 0 and |S| = 1. O

Proposition 7.3. In Algorithm wjPathsCycles, after initialising R, if |{R| mod 3 = 1 then
|S| > 2.

Proof. Suppose |R| mod 3 = 1 after initialising R. Then there exists some constant k1 > 0
such that |R| = 3k +1, so the number of agents in N that belong to 4-cycles is 4|R| = 12k +4.
It follows that the number of agents in N that do not belong to 4-cycles is 3n — 12k — 4.
Since (3n — 12k; — 4) mod 3 = 2 there exists some constant k» > 0 where the number of
agents in N that do not belong to 4-cycles is 3k, + 2. By Proposition S U YT is the set
of agents that do not belong to 4-cycles. Since |S U |JT| = 3k, +2 and 7 is a set of disjoint
triples it must be that |S| > 2. O

We now show that Algorithm wjPathsCycles is bound to terminate and has a linear running

time with respect to the number of agents.

Lemma 7.21. Algorithm wjPathsCycles terminates in O (|N|) time.

Proof. The pseudocode describes the algorithm at a high level. To analyse the worst-case
asymptotic time complexity we describe one possible system of data structures and analyse
the algorithm with respect to the number of basic operations on these data structures. We

begin the analysis at the start of the pseudocode.

The initialisation of M, T and S can be performed in constant time. The set of connected
components C that are not 4-cycles can be identified in O (| N|) time using breadth-first search,

since the maximum degree of (N, E) is two.

By Lemma(7.14] the call to Subroutine nonC4Components takes O (| J C|) = O(|N|) time.



7.3. Weakly justified envy-freeness 119

Like C, the set of connected components R that are 4-cycles can be constructed in O (|N|)
time. Each nested branch of the if/else statement involves removing a constant number of
elements from S, at most two calls to Subroutine oneC4TwoSingles (which has constant
running time by Lemma , and an assignment to 7' and § (which can be performed in
O(|N]) time). It follows that the total running time of the if/else statement is O (|N|).

By Lemma [7.18] Subroutine multipleOfThreeC4s has O(|R|) = O(|N|) running time. By
Lemma [7.20, Subroutine configureSurplusAgents has O(|S|) = O(|N|) running time. It
follows that the asymptotic worst-case running time of Algorithm wjPathsCycles is O (|N]).

|

Having established that Algorithm wjPathsCycles is bound to terminate, we prove its cor-
rectness using a sequence of lemmas. First we show that if (N, E) belongs to 7* then the

algorithm correctly identifies it as such.

Lemma 7.22. If (N, E) belongs to I * then Algorithm wjPathsCycles returns “(N, E) belongs
to I*”.

Proof. Suppose (N, E) belongs to 7*. In the algorithm, the set of connected components
C that are not 4-cycles contains exactly one element C; where C; contains a single agent ¢
in (N, E). By Lemma(7.14] Subroutine nonC4Components must return (&, {c1}) soT = &
and S = {c;}. Consider the outermost if/else statement in the algorithm. By Definition
it must be that 3n = 4|R| + 1 so 4|R| + 1 mod 3 = 0. This implies that 4|R| + 4 mod 3 = 0
s0 4(|R| + 1) mod 3 = 0. It follows that that |R| + 1 mod 3 = 0 and thus that |R| mod 3 = 2.
It follows that the algorithm enters the first branch of the outermost if/else statement. Since
|S| =1 < 4 and T = @ the algorithm must then return “(N, E) belongs to 7*”. O

We now consider the case in which (N, E) does not belong to 7 *. We first show that in this
case Algorithm wjPathsCycles returns a matching.

Lemma 7.23. If (N, E) does not belong to 1* then Algorithm wjPathsCycles returns a
matching M.

Proof. Consider an arbitrary connected component C in (N, E'). We show that each agent in

C is added to exactly one triple in M.

Suppose C is not a 4-cycle. By the design of Algorithm wjPathsCycles, exactly one call is
made to Subroutine nonC4 with argument C. Consider an arbitrary agent ¢; € C. There
are two cases: either i < [|C|/3] ori > [|C|/3]. In the former case, exactly one triple
containing ¢; is added to 7" in Subroutine nonC4, which is then added to M in the main

algorithm. In the latter case, c; is eventually added to S. We can see from the pseudocode of
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Subroutine configureSurplusAgents that c; is therefore eventually added to exactly one triple
in M.

Suppose C is a 4-cycle, so by definition C € R. If C € R’ then each agent in C is added to
exactly one triple in M in some call to Subroutine multipleOfThreeC4s. If C ¢ R’ then some
call to Subroutine oneC4TwoSingles was made with the first argument equal to C and the
returned set of two triples was then added to M. It follows that each agent in each 4-cycle is

added to exactly one triple in M. O

We now show that if (N, E) does not belong to 7* then the algorithm returns a matching
M that is wj-envy-free. In the next four lemmas we consider subsets of N and show that
in each subset no agent is wj-envied in M. The results of these lemmas are then combined
in Lemma in which we show that if the algorithm returns a matching M then M is

wj-envy-free.

Lemma 7.24. If Algorithm wjPathsCycles returns a matching M then no agent in \JT is

wj-envied in M.

Proof. Suppose Algorithm wjPathsCycles has returned some matching M. Consider an arbi-
trary triple t € T. By the pseudocode of Algorithm wjPathsCycles there are two possibilities:
either € T or t was labelled 7. If € T' then by Lemma no agent in ¢ is wj-envied in M.
Suppose then that r was labelled 7. By the pseudocode of Algorithm wjPathsCycles, for any
agent ¢; in 7 it must be that some call was made to Subroutine oneC4TwoSingles in which the
second or third argument was equal to ¢; and then the two triples returned by the subroutine
were added to M. By Lemma it follows that no agent in 7 is wj-envied in M. O

Lemma 7.25. If Algorithm wjPathsCycles returns a matching M then no agent in S is

wj-envied in M.

Proof. Suppose Algorithm wjPathsCycles has returned some matching M in which some
agent a; € N has wj-envy for some §; € S. By the pseudocode, it must be that M ($;,)
contains three agents in S so we label M(5;,) = {5}, 8),, $j;}. Note that since IS| > 0 it must
bethatT =T.

Since a@; has wj-envy for §;, it must be that u,, ({5},,$;;}) > 1 so without loss of generality

assume that {a;, §;,} € E. We now consider two possibilities: @; € S and a; ¢ S.

First, suppose ¢; € S. If ; € S then Lemma is contradicted, so it must be that a; € S\ S.
By the pseudocode, a; was labelled either wq, wa, w3 or wy during algorithm execution and
must belong to some set of agents returned by a call to Subroutine pickLowDegree. Since
{@;, $j,} € S the degree of «; in the subgraph induced by S in (N, E) is 1. By the definition
of Subroutine pickLowDegree it must be that the degree of each agent in § is also 1. With this
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in mind, consider the call configureSurplusAgents(S). It must be that |Q| = |S]/2. It follows
that X C Q. By the pseudocode of Subroutine configureSurplusAgents, We shall consider
the values of the variables in Subroutine configureRemainingAgents inside this call. It must
be that for each triple in the set of triples returned by this subroutine contains two agents that
are adjacentin (N, E). If {§;,, 3;,} € E or {$},,5;,} € E then the degree of §, in the subgraph
induced by S in (N, E) is 2, which is a contradiction. It remains that {3;,,§;,} € E. Since wy
has wj-envy for §;, it must be that vy, (Sk,) > vs;, (8;,) = 1. It follows that §;; has degree 2 in

the subgraph induced by S in (N, E), which is a contradiction.
Second, suppose «; ¢ S. Since {a;, §;,} € E, by the pseudocode of Algorithm wjPathsCycles

it must be that a; belongs to the same connected component in (N, E) as §;,. Since §j, € S
it must be that the connected component that contains a; and §;, is not a 4-cycle and belongs
to C. Since @; ¢ S it must also be that M(a;) € T. Since T = T it follows that M (e;) € T.
Lemma [7.12|now implies that ¢; is not wj-envious in M, which is a contradiction. O

Lemma 7.26. If Algorithm wjPathsCycles returns a matching M then no agent in S is

wj-envied in M.

Proof. Suppose Algorithm wjPathsCycles has returned some matching M. Consider an
arbitrary agent s; € S. If s; € § then by Lemma it must be that s; is not wj-envied in M.

Suppose then that s; ¢ S. There are three cases: either |R| mod 3 = 2, |S| > 4, and s; was
labelled wi, wo, ws, or wy; |[R| mod 3 =2, |T| > 1, and s; was labelled wy; or |[R| mod 3 =1
and s; was labelled either w; or wy. In each of the three cases, some call was then made to
Subroutine oneC4TwoSingles in which the second or third argument was equal to s; and then
two triples returned by the subroutine were added to M. By Lemma it follows that s; is

not wj-envied in M. O

Lemma 7.27. If Algorithm wjPathsCycles returns a matching M then no agent in | J R, i.e.

in some 4-cycle in (N, E), is wj-envied in M.

Proof. Consider an arbitrary R; € R where 1 < j < |R|. We show that no agent in R; is
wj-envied in M. In this case, let I’ be the final value assigned to the variable [ before the

algorithm terminated. There are two possibilities: either j > I’ or j < ['.

Suppose j > I’. Itmustbe that R; € R’, by the construction of R” in Algorithm wjPathsCycles.
By Lemma 7.17]it follows that no agent in R; is wj-envied in M.

Suppose j < I’. By the design of Algorithm wjPathsCycles there are two possibilities: either
|Rlmod3 =2and !’ =2, or |[R| mod 3 =1 and I’ = 1. In either case, by the pseudocode
of Algorithm wjPathsCycles it must be that some call to Subroutine oneC4TwoSingles was
made with the first argument equal to R; and the returned set of two triples was then added
to M. It follows by Lemma 7.15|that no agent in R; is wj-envied in M. O



7.3. Weakly justified envy-freeness 122

Lemma 7.28. If (N, E) does not belong to I* then Algorithm wjPathsCycles returns a
matching M that is wj-envy-free.

Proof. By definition, CUR is the set of all connected components in (N, E). By Lemma[7.23]
Algorithm wjPathsCycles returns a matching M in N. By Proposition the set of agents
UC =SuUUT. By Lemma([7.24] no agent in |J T is wj-envied in M. By Lemma[7.26 no
agent in S is wj-envied in M. By Lemma[7.27] no agent in | J R is wj-envied in M. O

We now prove our main theorem on wj-envy-free matchings and instances with binary and

symmetric preferences and maximum degree 2.

Theorem 7.3. Consider an instance of 3DR-AS with binary and symmetric preferences and
maximum degree 2. There exists an O(|N|)-time algorithm that can either find a wj-envy-
free matching in the instance or report that the instance belongs to I*, and thus contains no

wj-envy-free matching.

Proof. Lemma [7.21|shows that Algorithm wjPathsCycles terminates in O(|N|) time. Lem-
mas and establish the correctness of this algorithm and show that the algorithm
either returns a wj-envy-free matching or reports that “(N, E) belongs to 7*”. In the latter

case, Lemma [7.11] shows that the supplied instance contains no wj-envy-free matching. O

7.3.2 Symmetric binary preferences with maximum degree three

As before in Theorem in this section we consider instances of 3DR-AS with binary
and symmetric preferences and maximum degree 3. Here we show that, in contrast with
Theorem deciding if a given instance of 3DR-AS contains a wj-envy-free matching is
NP-complete, even when preferences are binary and symmetric and the maximum degree is
3.

As before in Section we reduce from X3SAT;> (Problem [7.1). Here we assume that
the number of clauses m satisfies m = 4/ for some / > 1. We can show that the wj-envy-free
existence problem remains NP-complete under this restriction as follows. Construct four
distinct copies of the set of variables X (C) and formula C. Let the constructed formula C’ be
the union of the four copies of C. It is straightforward to show that C” is exactly satisfiable
if and only if each of the four copies is exactly satisfiable, which is true if and only if the

original formula C is exactly satisfiable.

The main difference between this reduction and the reduction for the 3DR-AS envy-free
decision problem is in the second direction, in which we show that C is exactly satisfiable if
a wj-envy-free matching M exists in the constructed instance (N, E'). Here we associate true

literals with variable gadgets that belong to one triple (rather than three) and false literals
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84i-1
d* 84

43 84i-2 84i-3

Figure 7.2: The reduction from X?JSATI3 to the problem of deciding if a given instance of
3DR-AS contains an wj-envy-free matching. A variable gadget W;, clause gadget D,, and
garbage collector gadget G, are represented as undirected graphs.

with variable gadgets that belong to three triples (rather than one). Another difference is
that we construct a number of garbage collector gadgets. We will show that there is only
one possible configuration of the triples of agents in the garbage collector gadgets in a

wj-envy-free matching.

The reduction, illustrated in Figure[7.2} is as follows. Suppose C is an arbitrary instance of
X3SAT+:3. We shall construct an instance (N, E) of 3DR-AS.

For each variable x; € X (C) construct a set of three agents W; = { wl.l, wl.z, w?}, which we refer
to as the i variable gadget. Add the edges {w!, w?}, {w?, w3}, and {w?, w!} to E. Next, for
each clause ¢, in C construct a set of four agents D, = {d,l, df, df, df'}, which we refer to as
the 7™ clause gadget. Add the edges {d!, d*}, {d?,d*}, and {d?, d*}. Recall that 3 divides
m and m = 4l for some integer / > 1. Construct a set of 12/ agents labelled g1, g2, ..., g12:-
For any i where 1 < i < 3/, we shall refer to G; = {g4;-3, g4i-2, 84i—1, g4i } as the i garbage
collector gadget. Foreach 1 < i < 31, add the edges {g4;, g4i-1}, {g4i> gai—2}, and {g4;, gai-3}
to E. Note that each garbage collector gadget G; is an isolated claw K 3. We shall connect
the variable and clause gadgets are connected in the way as the reduction in Section
Consider each clause ¢, = {x;,x;,x¢}. If ¢, contains the jth occurrence of x; then add the
edge {d!, w{ }. Similarly, add an edge between d? and an agent in W; depending on the index
of the occurrence of x; in the clause ¢, and an edge between d? and an agent in Wy, depending

on the index of the occurrence of x; in the clause c,.

This completes the construction of (N, E). Note that each agent in a variable gadget has
degree 3, d}, d?, d> for each 1 < r < m have degree 2, d? for each 1 < r < m has degree 3,

gi where 1 < i < 12/ and i is not divisible by four has degree 1, and g; where 1 < j < 12/
and j is divisible by four has degree 3. It follows that the maximum degree of (N, E) is 3.

It is straightforward to show that this reduction can be performed in polynomial time. To
prove that the reduction is correct we show that the 3DR-AS instance (N, E) contains a

wj-envy-free matching if and only if the X?aSATf3 instance C is exactly satisfiable.



7.3. Weakly justified envy-freeness 124

We first show that if the X3SAT > instance C is exactly satisfiable then the 3DR-AS instance

(N, E) contains a wj-envy-free matching.

Lemma 7.29. If C is exactly satisfiable then (N, E) contains a wj-envy-free matching.

Proof. Suppose f is an exact model in C. We shall construct a matching M in (N, E) that
is wj-envy-free. For each variable x; in X(C) where f(x;) is true, add {wl.l, wl.z, wf} to M.
Next, consider each clause ¢, = {x;, xj, x¢} and the corresponding clause gadget D, labelling
i, j, k such that W; contains an agent adjacent to d,l, W; contains an agent adjacent to df,
and W, contains an agent adjacent to d>. There are three cases: f(x;) is true while both
f(x;) and f(xy) are false, f(x;) is true while both f(x;) and f(x;) are false, and f(x)
is true while both f(x;) and f(x;) are false. In the first case, suppose ¢, contains the a®
occurrence of x; and the b™ occurrence of x;. Add the triples {d}, d}, g3}, {d2, wi, g3r-1},
and {d?, w’,: ,83r—2}. The constructions in the second and third cases are symmetric: in the
second case, suppose ¢, contains the a™ occurrence of x; and the b™ occurrence of x;. Add
the triples {d,z, df, g3}, {d,l, w{, g3-1}, and {df, wi, g3r—2}. In the third case, suppose ¢,
contains the a™ occurrence of x; and the b occurrence of x;. Add the triples {df, df, g3r}s

{d;'l" Wl'aa g3r—l }’ and {dyz-, le')7 g3r—2}-

{d},d?, g3}
where ] <r<mandl <a <3;ort= {df,wf,gj} where 1 <i,r <m,1 <a,b <3 and

Note that for any triple ¢t € M, either t = W; for some variable gadget W;; ¢

1 < j < 12 where j is not divisible by three. We shall show that in each case ¢ does not

contain an agent with wj-envy.

First, consider some triple t € M where t = W; for some variable gadget W;. Since each agent

in ¢ has utility 2, no agent in ¢ is envious.

Second, consider some triple t € M where ¢ = {df,df,gg,}, l<r<m,and1 <a < 3.
Since M(d!) # M(d?), M(d!) # M(d>), and M(d?) # M(d?), it must be that o-(N(d?%),
M) = 3. Since uy,(M) = 1, it follows by Lemma that d? is not envious. Similarly,
since M(d%) = {d?},d?, gs,} it follows that o-(N(d%), M) = 2 so since uga(M) = 1 by
Lemma it must be that d¢ is also not envious. Suppose for a contradiction that g3,
wj-envies some agent ;. It must be that u,, (M(a;) \ {a;}) > 1 so M(«a;) contains some
gq Where {g3,,8,} € E. Let M(a;) = {aj, g4, ar}. By construction of M, it must be that
@j,ax C Dy where 1 <'s < m and ug, (M) = ug, (M) = 1. It follows that {ay, g;} € E so

Ug, (M) < uq, ({84, 83r}), which contradicts the supposition that g3, wj-envies q;.

Third, consider some triple t € M where t = {df,wf,gj}, 1 <i,r<m,ac{l,2,3},be{l,
2,3} and 1 < j < 12/ where j is not divisible by three. By construction, O'(N(wf?), M)=3
so by Lemma wl’.’ is not envious. Similarly, since M (d%) = {d¢, wf.’ , g} it follows that
o (N(df), M) =2 so since uga(M) = 1 by Lemma(7.2]it must be that d{ is also not envious.

As before, suppose for a contradiction that g; wj-envies some agent ay. It must be that
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ug,(M(ax) \ {ar}) > 1 so M(ay) contains some g, where {g;, g,} € E. Let M (ax) = {ax,
84 @p}. By construction of M, it must be that ay, @, C Dy for some s where 1 < s < m
and uq, (M) = uy, (M) = 1. It follows that {ay, g4} ¢ E 50 ug, (M) < u,, ({84, &}), which
contradicts the supposition that g; wj-envies ay. O

We now show, using a sequence of lemmas, that if the 3DR-AS instance (N, E) contains an

wj-envy-free matching then the X3SAT+:3 instance C is exactly satisfiable.

Lemma 7.30. If (N, E) contains an envy-free matching M then for any variable gadget W;,
either c(W;, M) =1 or co(W;, M) = 3.

Proof. The proof is similar to Lemma If some triple in M contains exactly two agents

in W; then the third agent in W; is wj-envious. O

Lemma 7.31. If (N, E) contains an envy-free matching M then uq, (M) = 0 for any i where
1 <i< 12

Proof. Suppose M is a wj-envy-free matching. By construction, the structure of G; for each
1 <7 < 3/ 1s identical, so to simplify the proof we assume, without loss of generality, that
i =1and G; = {g1, 2,83, g4}. We shall prove that (G|, M) = 4, from which it follows
directly that uy (M) = ug,(M) = ug,(M) = ug,(M) = 0. Since |G| = 4 clearly o(G,
M) < 4. Suppose for a contradiction that o(G1, M) < 3. Then there exists two agents
8a»8b € G1 where g, € M(gy). Label the third agent in M (g;) as a;. By symmetry, we need
only consider two cases. In the first case, @ = 1 and b = 4. In the second case, a = 1 and
b = 2. We will show that in both cases it is relatively straightforward to identify an envious

agent, which is a contradiction.

First, suppose @ = 1 and b = 4. Since {g1,g4} C M(g4), by construction it must be that
either ug, (M) = 0 or ug, (M) = 0. Assume without loss of generality that ug, (M) = 0. It
follows that g, wj-envies g1, since ug, ({g1,@;}) = u,, ({82, @;}) and, by construction of G,
Ua, ({84, 81}) = Ua, ({84, 82})-

Second, suppose @ = 1 and b = 2. There are two cases: g4 = a; or g4 # «;. If g4 = a; then
g3 Wj-envies go, since ug, ({82, 84}) = ug, ({83, 84}) and ug,({g1,82}) = ug,({g2.83}). If
g4 # a@;j then ug, (M) < 150 g4 wj-envies «;, since ug, ({g1,82}) =2, ug, (M) = u,y,(M) =0,
and ug, ({82, 84}) = ug,({81,84}) = 1. O

Lemma 7.32. If (N, E) contains an envy-free matching M then M(g;) = {gi, aq, ap} where
{ag,ap} € E forany 1 <i < 121.

Proof. Suppose M is a wj-envy-free matching. Consider an arbitrary g; where 1 < i < 12/.
Let g; be some agent for which {g;,g;} € E. By Lemma [7.31] u,, (M) = ug,(M) = 0. It
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remains to show {a,,ap} € E. Suppose for a contradiction that {«,, @} ¢ E. It follows
that ua,(M) = ue,(M) = ug, (M) = 0. Now g; wj-envies ay, since ug ({gi, ap}) = 1,
Ua,, (18), &i}) = Uq,, (M), and ug, ({gj, @p}) = 1, which is a contradiction. O

Lemma 7.33. Suppose (N, E) contains a wj-envy-free matching M. For each 1 < r < m,
there exist exactly three triples t1, t2, t3 that each contains one agent in G and at least one
agent d} € D, where ugy(M) = 1.

Proof. By Lemmal(7.32] M(g;) = {gi, @a, @} Where {4, @)} € E for any i where 1 < i <
121. It follows that there exists 12/ triples in M of the form {g;, @4, @)} where {a,, ap} € E.
Let T be this set of triples. Since {@,,ap} € E, it must be that u,, (M) = u,, (M) = 1. It
follows that o, ¢ G and ap ¢ G. It must be that for any {g;, @, ap} € T there exists some
1 < r < m where either o, € D, or a, € D,, for otherwise the only possibility is that
{aq,ap} C W; for some variable gadget W;, which would contradict Lemma We have
now shown that each t € T comprises {g;, d,’, &} where ugv(M) = uy, (M) = 1 for some
1 <r<m,1 <w<4anda, € N. It remains to show that for a given r, there exist exactly

three triples in 7 where each triple contains at least one agent in D,..

Suppose for a contradiction that there exists some 1 < r < m where the number of triples
in T that contain an agent in D, is not three. Recall that |T| = 12/, m = 41, and eacht € T
contains at least one agent d where 1 <r <mand 1 <w < 4. A counting argument shows
that there must exist some 1 < s < m where there are at least four triples #1,#5,13,t4 € T
that each contain at least one agent in Dy. Without loss of generality, it must be that d! € #,
d? € t, d? € t3,and d* € t4. Since we have previously established that u 4¢(M) = 1 this leads
to a contradiction since N(d?¥) = {d!,d?,d3} butd! ¢ t4, d? ¢ t4, and d? ¢ t4. It follows that
for each 1 < r < m, there exists exactly three triples in 7 where each triple contains at least

one agent in D,. O

Lemma 7.34. If (N, E) contains an envy-free matching then C is exactly satisfiable.

Proof. Suppose M is a wj-envy-free matching in (N, E). By Lemma[7.30} for any variable
gadget W; either o(W;, M) = 1 or o(W;, M) = 3. Construct a truth assignment f in C by
setting f(x;) to be true if o(W;, M) = 1 and false otherwise. Each variable x; corresponds
to exactly one variable gadget W; so it follows that f is a valid truth assignment. By the
construction of (N, E), each clause ¢, corresponds to exactly one clause gadget D,. Each
clause gadget is adjacent to three variable gadgets that correspond to the three variables in
that clause. To show that f is an exact model of C, it is sufficient to show that for each
clause gadget D, there exists exactly one variable gadget W; such that D, is adjacent to W;
and oo(W;, M) = 1.

Consider an arbitrary clause gadget D, and the corresponding clause ¢, = {x;,x;,xx},

labelling i, j, k such that d} is adjacent to some agent wi' € W;, d? is adjacent to some
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agent wj“2 € W, and d? is adjacent to some agent WZ3 € Wi. By Lemma _ there
exists exactly three triples 1, 2, 3 such that #; contains one agent g;, € G and at least one
agent d’ e D, where u o (M) = 1; t, contains one agent g5, € G and at least one agent
dfz € D, where u 2 (M)r: 1; and 3 contains one agent in g5, € G and at least one agent
df3 € D, where udrbg(M) = 1. Consider d%. If udﬁ(M) = 0 then {b1, by, b3} = {1,2,3}
so without loss of grenerality we may assume that 7; = {d},wf",gh,}, tr = {d?, w/‘.”,ghz},
r
ug({dy, gn}) = uy (M), and ug, ({d},d;}) = ug, (M) = 0. It follows that u (M) > 0.
Recalling our earlier observation (in this proof) on the contents of ¢, #, and #3 it must be
that u,4(M) < 2 and so u,s(M) = 1. There are three possible cases: either d' e M(d%,
d? € M(d?}), or d> € M(d%). By the symmetry of the clause gadget, we describe only the

and 13 = {d3,wZ3,gh3}. In this configuration d* wj-envies wi{! since udﬁ({d},ghl}) =1,

case in which d} € M(d}). Without loss of generality we may assume that 1, = {d}, d;', g, }.
Furthermore, we may assume that t, = {d?, wfz, gn,} and t3 = {d?, w, &ny}. Consider wi'.
If u o (M) = 0then wi' wj-envies d?, since u,a ({d!,gn}) =1, ud}({w?‘, gm}) =ug (M),
and Ll‘é’hl ({wl.“l,drl}) = ug, (M) = 0. It must lbe that i, (M) > 0. If Uy (M) =1 then
Lemma is contradicted. It follows that Uy (M) = 2 and thus oo(W;, M) = 1. Now
consider w]‘.l2 and wz3. Since I/let_lz(M ) = 1 it must be that o-(W;, M) = 3. Similarly, since
U3 (M) = 1 it must be that o (W, M) = 3. To recap, after we supposed that d! € M(d?),
we showed that o(W;, M) = 1 and o(W;, M) = o (W}, M) = 3, as required. The cases in

which d? € M(d?}) or d> € M(d?) are symmetric. m|

We have now shown that the 3DR-AS instance (N, E) contains a wj-envy-free matching if
and only if the X3SAT+=3 instance C is exactly satisfiable. This shows that the reduction is

correct.

Theorem 7.4. Deciding if a given instance of 3DR-AS contains a wj-envy-free matching is

NP-complete, even when preferences are binary and symmetric and maximum degree is 3.

Proof. 1t is straightforward to show that this decision problem belongs to NP, since for any

two agents a;, @; € N we can test if @; wj-envies a; in constant time.

We have presented a polynomial-time reduction from X3SATf3 , which is NP-complete [88]].
Given an arbitrary instance C of X?)SAT:3 , the reduction constructs an instance (N, E) of
3DR-AS with binary and symmetric preferences and maximum degree 3. Lemmas
and show that (N, E) contains a wj-envy-free matching if and only if C is exactly
satisfiable and thus that this decision problem is NP-hard. O
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7.4 Justified envy-freeness

7.4.1 Binary preferences

It is straightforward to show that if a matching is stable then it is j-envy-free. A corollary is
that if we are given an instance of 3DR-AS in which preferences are binary and symmetric
then we can find a j-envy-free matching by finding a stable matching, which, as we showed in
Chapter|[6] is bound to exist and can be found in polynomial time (Theorem [6.1]in Chapter [6).
We state this corollary as Observation

Observation 7.1. Given an instance of 3DR-AS with binary and symmetric preferences, a

j-envy-free matching always exists and can be found in O(|N|?) time.

We showed in Chapter [] that when preferences are binary but not necessarily symmetric,
a stable matching need not exist and the associated decision problem is NP-complete. In
contrast, we show that a j-envy-free matching is bound to exist and can be found in polynomial

time.

Theorem 7.5. Given an instance of 3DR-AS with binary preferences, a j-envy-free matching

must exist and can be found in O(|N|?) time.

Proof. Suppose (N, V) is an instance of 3DR-AS with binary preferences. We describe an

O(|N|?)-time algorithm that can construct a j-envy-free matching M in (N, V), as follows.

First, the algorithm constructs from (N, V) another instance (N, V’) of 3DR-AS, which has
binary and symmetric preferences, by deleting asymmetric arcs. Next, the algorithm calls
Algorithm findStableUW, shown in Algorithm in Chapter [6] on the instance (N, V’) to
construct a matching M, which is returned.

Since (N, V’) can be constructed in O(|N|?) time, and the worst-case time complexity of
Algorithm findStableUW is O(|N|?) (by Theorem in Chapter @), the worst-case time
complexity of this algorithm is also O (|N|?).

It remains to show that M is j-envy-free in (N, V). In the proof, which follows, we refer
to the variables and subroutines in Algorithm findStableUW. We shall also write v in the
context of the instance (N, V’), which has binary preferences, and write V' in the context of
the instance (N, V), which has binary and symmetric preferences. Similarly, we shall use
u,,, (M) to denote u,, (S) = ijes\{ai} Vg, (@;) for some set of agents S C N.

Note that by the design of Algorithm findStableUW, M meets the following condition: if
there exists a pair of agents @;, @; € N where Vo, (a;) = 1 and u,, (M) = uc’yj(M ) = 0 then no

triple contains three agents each with utility 0 in M.
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For a contradiction, suppose there exists some «;, € N where «;, has j-envy in M for some
@, eN \ {Cll'l}.

Let M(a;,) = {a;,, @;,, @iy} and M (a;,) = {a;,, @j,, @}, }. Since a;, has j-envy for «;, it must
be that uq, ({aj,» @, }) > 0 so either Vay, (aj,) =1, Vay, (aj;) = 1, or both. Assume without
loss of generality that v,, (aj,) = 1. Note that it must also be that Uqj, Haiy» a}) > Uqj, (M)
and Uay, Haip, @) }) > Uay, (M). It follows that Va,, (a;)) > v%(ajl) and vo,, (a;)) > Va,, (a@j,).
Since preferences are binary, it must be that v%(ail) = Vay, (@;;) = 1 and v%(a/jl) =
Vaj, (aj,) = 0. It follows by the construction of (N, V’) that v’aj2 (aj,) = v’p,j3 (aj,) = 0. Since

Va,, (aj,) = 1 and Vaj, (a;,) = 1 it also follows that V/ail (aj,) = 1.

We first claim that {e;,,@j,,@;,} ¢ M;. Since Vaj, (aj,) = Vo, (@) = 0, it follows that
v’aj2 (aj,) = v’% (a@j,) = 0 and thus that u;jl (M) = 0. Since M, is a P-matching, no triple in

M contains an agent with utility 0, which shows that {¢;,, a;,, @j,} ¢ M as required.
Note that it follows that {«a;,, @},, @j;} € U and thus that u;jz (M) = u(’ng (M) =0.

Next, we claim that u(’,i1 (M) = 0. Since a;, envies a;, in (N, V) it must be that u,, (M) <2
and thus that u(’yil (M) < 2. It remains that u(’yil (M) € {0, 1}. Suppose for a contradiction that
u&il (M) = 1 and without loss of generality that v’aiI (@;,) = 1. It follows that Va;, () =1
and thus that uo, (M) > 1. In fact, since @;, has j-envy for a;, it must be that u,, (M) = 1.
Moreover, since uq, ({@,, @j3}) > ug, (M) = 1, it must be that vy, (a;,) = vo, (@) = 1.
Recall that since «;, has justified envy for e, it must be that vo, (@j,) = ve,, (@;,) = 0 and
Vaj, (i) = Va,, (a;;) = 1. We have now shown that v’% (i) = v’aj3 (a;;) = 1. Recall
our earlier note that u;%(M 1) = ugj3 (M7) = 0. Now, the triple {«;,, j,, @, } blocks M in
(N. V). since u,, (M) = 1 < 2 = u, ({a,.a)). g, (M1) = 0 < 1 < u, ({as,. }).
and u(’ljs(Ml) =0<1c< u(’%({a,-l,ajz}). Since M, is a stable matching in (N, V’), by
the correctness of Algorithm findStableUW (shown in Theorem [6.3] in Chapter [6)) this is a

contradiction. It remains that u(’ri1 (M) =0, as required.

Note that since M, is a P-matching and u&il (M) = 0 it must be that @;, is unmatched in M,

soq;, €U.

We finally claim that v/¢, (a;;) = 0. Suppose for a contradiction that Vo, (¢;;) = 1. We
established earlier that a;,, @j,, @, are unmatched in M; so uzyjz(M 1) = u(’% (M) =0. We
also established that ”r,zil (M) = 0 and thus that u;il (M) = 0. Recall also that, by assumption,
v’a,.l (aj,) = 1, so since v’% (aj;) = 1 it now follows that {a;,, @,, @}, } blocks Mj in (N,V’),
which is a contradiction since M; is stable in (N, V’). It remains that v’% (aj;) = 0, as
required.

Since v’%.1 () =0, v’ajz(a/jl) = 0, and v’%(ah) = 0 it follows that ”&,—1 (M) = ”Zr,—z(M) =
u(’% (M) = 0. This violates our stated condition on M, since there exists a pair of agents «;,,
a@j, € N where v, (a;,) and g, (M) = g, (M) = 0, but each agent in the triple {¢;,, @}, @}, }

has utility O in M, which is a contradiction. m]
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7.4.2 Ternary preferences

A natural next step would be to ask if the polynomial-time algorithm described in Theorem(7.5|
can be extended to the setting in which preferences are ternary, i.e. vy, (o;) € {0,1,2}. We
show that, assuming P # NP, this is not the case, and the problem of deciding if a given
instance of 3DR-AS contains a j-envy-free matching is NP-complete, even when preferences

are ternary.

We present a polynomial-time reduction from a special case of Directed Triangle Packing
(DTP, Problem [7.2)).

Problem 7.2. Directed Triangle Packing (DTP)
Input: a simple directed graph G = (W, A) where W = {w,ws,...,w3,} for some
integer ¢
Question: Can the vertices of G be partitioned into g disjoint sets X = {X1, Xo, ..., X, },
each set containing exactly three vertices, such that each X, = {w;,w;,w¢} in X is a

directed 3-cycle, i.e. the arcs (w;, w;), (wj, wi), and (wg, w;) belong to A?

We claim that DTP is NP-complete, even when G is antisymmetric (i.e. it contains no
bidirectional arcs). As noted by Cechldrovd, Fleiner, and Manlove [89], the proof of this
claim can be obtained using a simple modification to the reduction presented by Garey and
Johnson for Partition Into Triangles [43, Theorem 3.7]. It is this restricted variant of DTP,
in which G is antisymmetric, that we reduce from to show that deciding if a given instance
of 3DR-AS with ternary (but not necessarily symmetric) preferences contains a j-envy-free

matching.

We shall first describe the reduction from DTP in detail and then provide some intuition with

respect to its design.

The reduction, shown in Figure[7.3] is as follows. Suppose G = (W, A) is an arbitrary instance
of DTP. We shall construct an instance (N, V) of 3DR-AS. Unless otherwise specified, assume
that vy, (a;) = 0 for any a;,a; € N. To simplify the description of the valuations in the

reduction, in this section we write i & y to denote ((i + y — 1) mod 5) + 1.

First construct a set of five agents H = {hy, hy, h3, hy, hs}. For each i where 1 < i < 5 let
Vi (hig1) = Vi, (i) = 1, vi, (hig3) = 1, and vy, (hig2) = 2. Next, construct a set L = {1,
Iy, 13,14} of four agents. Let v, (I2) = v, (l1) = vi;(la) = v, (I3) =2 and v;, ([3) = v, (la) =
vi,(13) = vi,(la) = v, (1) = vi,(I2) = vy, (I1) = v, (l2) = 1. Next, construct a set C = {cy, ¢2,
..., €3¢} of 3q agents. For each i where 1 <i < 3qlet v, (l3) =v;(c;) =v,(c;) =1 and
Ve;(I4) = 2. Foreachi and j where 1 <i,j <3qletv,,(c;) =2if (w;, w;) € A otherwise 1.
This completes the construction of (N, V). Note that the structure of the valuations among

the agents in C reflects the directed graph G.
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C1,€25...,C3yg

) ly

Figure 7.3: The reduction from DTP to the problem of deciding if a given instance of 3DR-AS
with ternary preferences contains a j-envy-free matching

We make some remarks on the design of the constructed instance. The design of H is derived
from a particular instance that contains no j-envy-free matching. This instance comprises H
as well as a single isolated agent a;, where v, (h;) = v, (a;) = 0 for eachi where 1 <7 < 5.
In fact, the proof that this instance contains no j-envy-free matching can be directly derived

from the proof of a lemma that appears later in this section (Lemma|7.37)).

It is straightforward to show that the reduction runs in polynomial time. To prove that the
reduction is correct we show that the 3DR-AS instance (NN, V') contains a j-envy-free matching

if and only if the DTP instance G contains a directed triangle packing.

We first show that if the DTP instance G contains a directed triangle packing then the 3DR-AS

instance (N, V) contains a j-envy-free matching.

Lemma 7.35. If G contains a directed triangle packing then (N,V) contains a j-envy-free

matching.

Proof. Suppose G contains a directed triangle packing X = {Xi, X»,...,X,}. We shall
construct a matching M that is j-envy-free. First, add {hy, hy, h3}, {h4, 11,12}, and {hs, I3, 4}
to M. Next, for each directed 3-cycle X, = {w;, w;, wi} in X, add {c;, ¢j, cx} to M.

Suppose for a contradiction that some agent «; exists where @; has j-envy for some other
agent ak, where M (ay,) = {ak,, ®,, @k, }. Since N = H U L U C it must be that either
ak, € H, ay, € L, or i, € C. We show that each case leads to a contradiction. It follows

that no such a; exists and thus that M is j-envy-free.

* Suppose @i, € H. By the construction of M there are two possibilities: either
@k, € {h1, ha, h3} or ay, € {ha, hs}.
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— Suppose firstly that @k, € {ha4, hs} then by the construction of M either {ay,,
@} = {11, o} or {ag,, ax,} = {l3,14}. Note that u;, (M) = u;,(M) = u;,(M) =
ur, (M) = 2. Since u;, ({l3,14}) = 2 and uy,({l3,14}) = 2, neither /; nor [ has
j-envy for ay,, so a; ¢ {l1,l}. Similarly, since u;,({/1,l2}) = 2 and wu;, ({{1,
l>}) = 2 neither [3 nor /4 has j-envy for ay,, so @; ¢ {l3,14}. Since u.,(M) =3,
ue,({l1,2}) = 0, and u,,({/1,/2}) = 2 for any i where 1 < i < 3¢, it must be
no agent in C has j-envy for ay,, so ¢; ¢ C. It remains that o; € H. Since this
implies v;, (aj) = v, (@) = vy (@;) = v, (@;) = 0 it follows that ; does not have

j-envy for ay, and thus that ay, & {h4, hs}.

— Suppose then that a, € {h1, hp, h3}. Since @; has j-envy for @y, it must be that
Va; (@k,) > 1 so it follows that @; € {hs, hs}. If ax, = hy and @; = hy then
we reach a contradiction since hy4 has j-envy for Ay but vj,(h1) = 1 = vy, (ha).
Similarly, if @x, = h1 and a; = hs then we reach a contradiction since vy, (h1) =
1 = vy, (hs). If @, = hy or ay, = h3 then we also reach a contradiction since
Vi (hg) = vp, (hs) = 1 =vp, (hy) <2 =vy, (h3).

* Suppose ay, € C. By the construction of M it must be that ay, € C and ay, € C
so we label a, = ¢;,, @k, = ¢y, and @, = c;,. By the construction of (N, V) in the
reduction it follows that vciz(c,-l) > 1 and Ve, (ci;) > 1. Since a; has j-envy for ¢;,
it follows then that v, (¢;) = 2 and v, (a;) = 2. By the construction of the instance
there are two possibilities: either @; = 4 or a; € C. If ; = I4 then u;, ({ci, ciy}) = 2
which is a contradiction since by assumption /4 has j-envy for ¢; but u;, (M) = 2. If
@; € C then label a; = ¢;,. Since v, (¢;,) = 2 and v, (c;,) = 2, by the construction
of C it must be that (w;,,w;,) € A and (w;,, w;,) € A, where the vertices w;,, wi,, w;,
are the vertices in W that correspond respectively to the agents c;,, ¢, ¢;, in C. Since
G is antisymmetric, it follows that (w;,, w;,) ¢ A and (w;,, w;;) ¢ A so it must be that
Ve, (¢iy) = v, (c;3) = 1. This is also a contradiction since by assumption c;, has j-envy
for ¢;, butuc,, ({ci,» ¢iy}) = 2 and by the construction of M it must be that U, (M) =3.

* Suppose ai, € L. It must be that ay, = [;, ax, = l;,, and ay, = h;,, for some iy, i»
where 1 < ij,i < 4 and i3 € {4,5}. If a; € H then it must be that Vliz(a/j) =0
which contradicts the supposition that a; has j-envy for /;,. Otherwise, if a; ¢ H then

Vi, (aj) = 0, which also contradicts the supposition that ¢; has j-envy for /;,.
O

We now show that if the 3DR-AS instance (N, V) contains a j-envy-free matching then the

DTP instance G contains a directed triangle packing.

Lemma 7.36. If (N, V) contains a j-envy-free matching M then o(H, M) > 3.
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Proof. Since |H| = 5 it must be that o(H, M) > 2. Suppose for a contradiction that o (H,
M) = 2. It must be that one triple in M contains three agents in H and one triple in M
contains two agents in H. Suppose the former triple is {/;,, h;,, h;;} and the latter triple is
{hi,, his, a;}, where 1 < iy,i,...,i5 < 5and ¢; € N \ H. There are five symmetries in H
and (;) = 10 possible assignments of {£;,, h;; } to two agents in H, so we need only consider
the two assignments iy = 1, is = 2 and i4 = 1, i5 = 3, which are not symmetric. If iy =1
and i5s = 2 then it remains that {i1,i»,i3} = {3,4,5}. In this case, hs has j-envy for a; since
ups(M) = 2 < 3 < up,({h1, ha}), v () = 0 < 1 = vy, (hs), and v, () = 0 < 1 =
Vi, (hs). If iy = 1 and is = 3 then it remains that {i1,i2,i3} = {2,4,5}. In this case, hy
has j-envy for «; since up, (M) =2 < 3 < up,({h1,h3}), v, () = 0 < 1 = vy, (hs), and
Vi (@) =0 < 1 =vy,(hy). O

Lemma 7.37. If (N, V) contains a j-envy-free matching M then at least two triples in M

each contain exactly one agent in H.

Proof. By Lemma o(H,M) > 3. If, contrary to the lemma statement, at most one
triple in M contains exactly one agent in H then it must be that two triples in M each
contain two agents in H and one triple in M contains exactly one agent in H. Suppose
one of the two former triples is {h;,, h;,,@;,} and the latter triple is {h;;, a;,, @;;}, where
1 <iy,i2,i3 < 5 and ¢;,qj,,a;; € N\ H. By the construction of the instance it must
be that v, (aj,) = Vhiz(“jl) =0, vy, (hi;) = 1 and vhiz(h,-3) > 1. It follows that h;, has
j-envy for a;, since up, (M) =0 < 2 < up, ({hi), hir}), v, (@) =0 < 1 < vy, (hiy), and
Vi, (@) =0 <1 < vy, (h;;). This contradicts the supposition that M is j-envy-free. O

We have shown in Lemma that if (N, V) contains a j-envy-free matching M then at least
two triples in M each contain exactly one agent in H. Suppose g, t, € M are two such triples

and Ip = {ha,,abl,abz} and Iy, = {haz,ab3,ab4}.

Lemma 7.38. If (N, V) contains a j-envy-free matching then {a,, ap,, @p,, ap,} = L.

Proof. Suppose for a contradiction that {a@p,, @p,, @p,, ap,} # L.

By definition, {@3,, @s,, @p,, @p,} N H = @ and {a@p,, p,, @p,, ap,} # L it must be that at
least one agent in {ap,, @p,, @p;, @p, } belongs to C. Assume without loss of generality that

ap, € C.

Note that by construction of the instance, the valuation of any agent not in H for any other

agent not in H is at least 1.
Since @p, ¢ H, it must be that ug,, (M) = va,, (@5,). By the design of the instance, since
ap, ¢ H and a;, ¢ H it must be that Vabz(“bl) € {1,2}. We consider each possibility of

Mabz (M) = vabz (le).
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Firstly, suppose uabz(M ) = 1. As noted earlier in this proof, since @,, @p,, @p, € N \ H it
must be that vy, (@5,) > 1 and v, (ap,) > 1. It follows that @y, has j-envy for h,,, since
Uay,, (M) =1 <2 < g, ({@s> @by })s Vay, (hay) =0 < 1 < vy, (a5,), and vy, (ha,) = 0 <

1 < va,, (@s,). This contradicts the supposition that M is j-envy-free.

Suppose then that Uay, (M) =2,s0 Vay, (ap,) = 2. Since ap, € C by assumption, by the design
of the instance it must be @, € C. For the remainder of this lemma only, label a}, = ¢;, and
@p, = Ciy. Since v, (c;,) = 2 it follows that (w;,, w;,) € A. Since G is antisymmetric it must
be that (w;,, w;,) ¢ A and thus that v, (c;,) = 1. Since M(c;,) = {c;), ¢iy, ha, } it follows that
e, (M) = v, (¢;,) = 1. Now ap, has j-envy for hy,, since uq, (M) =1 < 2 < uq, ({as,,
@p,}), Va,,3(ha2) =0<1< Va,,3(ab1), and Va,,4(ha2) =0 <1< v, (ap,). This contradicts

the supposition that M is j-envy-free. O

Lemma 7.39. If (N, V) contains a j-envy-free matching then {{ap,, @p, }, {@p,;, ap,}} = {{{1,
L}, {13, 14}}.

Proof. By Lemmal[7.38] {a},, ap,, @p,, @p,} = L. There are now three possibilities: first that
{{ap,, ap, } {avs, an, b} = {{l1, 13}, {l2,14}}, second that {{ap,, ap,}, {as;, an,}} = {{11,
la}, {2, 3}}, and third that {{as,, @p, }, {@ps, @p,}} = {11, 2}, {13, 14} }.

First suppose {{@s,, @, }, {@p;. @, } } = {{{1, 13}, {2, 4} }. Withoutloss of generality assume
that @, = [;. Now [ has j-envy for h,, since u;, ({h,,,l3}) = 1 < 3 = u;,({l2,14}),
vi,(hey) =0 <2 =v;,(l1),and v, (hy,) =0 < 1 =v,(11).

Second suppose {{ap,, @p,}, {@p;, ap,}} = {{l1,1la},{l2,13}}. Without loss of generality

assume that @, = [;. As before, /; has j-envy for h,, since u;, ({hy,,la}) =1 <3 = uy;, ({l2,
I3}), vlz(haz) =0<2= vlz(ll), and vl3(ha2) =0<1= vl3(ll).

It remains that {{@p,, @p, }, {@p,, @b, }} = {{l1, 12}, {I3, 14} }. =

By Lemma [7.39} either {ap,,ap,} = {l1,l2} or {ap,,ap,} = {l3,14}. Without loss of
generality assume that {ap,, @p,} = {3, [4}.

Lemma 7.40. [f (N, V) contains a j-envy-free matching M then u.,(M) > 3 for each i where
1 <i<3g.

Proof. Suppose to the contrary that some 1 < i < 3¢ exists where u., (M) < 3. Then ¢;
has j-envy for h,, since u., (M) < 2 < 3 = u.,({l3,14}), vi;(he,) =0 < 1 = v;(¢;), and
vi,(hg,) =0 < 1 =vy,(c;). This contradicts our supposition that M is j-envy-free. O

Lemma 7.41. If (N, V) contains a j-envy-free matching M then G contains a directed triangle
packing.
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Proof. Suppose (N, V) contains a j-envy-free matching M. Lemmal7.40[shows that u., (M) >
3 for each i where 1 < i < 3q. By construction, it follows that M (c;) contains two agents
cj,ci suchthatve,(c;) > 1 and v, (cx) = 2. Hence ci corresponds to a vertex wi € W where
(wi,wr) € A and, since G is antisymmetric, (wy, w;) ¢ A. Since ¢; was chosen arbitrarily
it follows that {w;, w;, w} is a directed 3-cycle in G. It follows thus that there are exactly g
triples in M each containing three agents {c;, ¢;, cx} where the three corresponding vertices
{wi,w;j, wi} form a directed 3-cycle in G. From these triples a directed triangle packing X

can be easily constructed. O

We have now shown that the 3DR-AS instance (N, V) contains a j-envy-free matching if and
only if the DTP instance G contains a directed triangle packing. This shows that the reduction

is correct.

Theorem 7.6. Deciding if a given instance of 3DR-AS contains a j-envy-free matching is

NP-complete, even when preferences are ternary.

Proof. 1t is straightforward to show that this decision problem belongs to NP, since for any

two agents a;,@; € N we can test if @; j-envies a; in constant time.

We have presented a polynomial-time reduction from a restricted version of Directed Triangle
Packing (DTP), which is NP-complete [89]. Given a directed antisymmetric graph G, the
reduction constructs an instance (N, V) of 3DR-AS with ternary preferences. Lemmas [7.33
and[7.41]show that (N, V) contains a j-envy-free matching if and only if G contains a directed
triangle packing and thus that this decision problem is NP-hard. O

7.4.3 Symmetric non-binary preferences

From Theorems|[7.5|and[7.6] a natural question arises: is it the symmetry of agents’ preferences
that guarantees the existence of a j-envy-free matching? In this section we show that this
is not the case, and a j-envy-free matching may not exist even when agents’ preferences are
symmetric, and the associated existence problem is NP-complete. We remark, however, that
the instances shown that do not contain j-envy-free matchings are relatively contrived and
involve non-negative integer valuations up to 6. We leave open the case in which preferences

are symmetric and the maximum valuation is strictly less than 6.

To show that this existence problem is NP-complete, we present a polynomial-time reduction
from Partition into Triangles (PIT, Problem , which is NP-complete [43]. This reduction
is similar to the reduction we presented in Section for the analogous problem involving
ternary preferences that are not (necessarily) symmetric. Note that section we reduced from
Directed Triangle Packing (DTP, Problem but here we reduce from PIT.
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We describe the reduction in detail and then provide some intuition with respect to its design.
The reduction, illustrated in Figure [7.4] is as follows. Suppose G is an arbitrary instance
of PIT. We shall construct an instance (N, V) of 3DR-AS with symmetric preferences and
maximum valuation 6. Since valuations are symmetric in (N, V), we shall usually specify
valuations in one direction only. For example, instead of writing “let vy, (@) = vq; (@) = 17
we write “let vy, (a;) = 17. Unless otherwise specified assume that v, (a;) = 0 for any
a;,a; € N. To simplify the description of the valuations in the reduction, in this section we
write i @ y to denote ((i + y —2) mod 10) + 2.

First, construct a set of eleven agents H = {hy, hy, ..., hy;}. Foreachi where 2 <i < 11 let
vp, (hi) = 2. For each i where 2 <i < 11, let:

* vy, (hig1) = 4if i is even otherwise 5

* vp, (hig2) = 6 if i is even otherwise 3

° Vhi(h[@:i) = 1
° Vhi(hi®4) =1
* Vi, (higs) = 3.

Next, construct a set of four agents L = {l1,l5,13,14}. Let v;(l2) = v;,(l4) = 2 and
vi,(13) = v, (l4) = vi,(I3) = vi,(14) = 1.

Next, construct a set of 3g agents C = {cy,¢2,...,¢3¢4}. Let v (l,) = 3 for each i and r
where 1 <i < 3gand1 <r < 4. Foreachiand j where 1 <i,j < 3qletv.(c;) =3 if
{wi,w;} € E otherwise 2. This completes the construction of (N, V). Note that the structure

of the valuations among the agents in C reflects the graph G.

We make some remarks on the design of the constructed instance. Like before, in the
reduction presented in Section the design of H is derived from a particular instance
that contains no j-envy-free matching. This instance comprises H as well as a single isolated
agent «, where v,_(h;) = 0 for each i where 1 < i < 11. In fact, the proof that this instance
contains no j-envy-free matching can be directly derived from the proofs of lemmas appearing
later in this section (Lemmas [7.44H7.48). These proofs involve lengthy case analyses, and
we leave open the problem of finding a more intuitive or succinct argument (see Section

for more discussion on this).

It is straightforward to show that the reduction runs in polynomial time. To prove that the
reduction is correct we show that the 3DR-AS instance (N, V) contains a j-envy-free matching

if and only if the PIT instance G contains a partition into triangles.

We first show that if the PIT instance G contains a partition into triangles then the 3DR-AS

instance (N, V) contains a j-envy-free matching.
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hy hs
hi1 hy [ I
I3 Iy
O—— hio hs
hy
C1,C2,...,C3y
ho he
hg hy

Figure 7.4: The reduction from PIT to the problem of deciding if an instance of 3DR-AS
with symmetric preferences contains a j-envy-free matching. Valuation colour key: red - 6,
- 5, blue - 4, black - 3, purple - 2, grey - 1.

Lemma 7.42. If G contains a partition into triangles then (N,V) contains a j-envy-free

matching.

Proof. Suppose G contains a partition into triangles X = {Xj, X»,..., X,}. We shall con-
struct a matching M in (N, V) that is j-envy-free. First, add {hs, hio, h11}, {hs, he, hs},
{h1, ho, ha}, {h3, 11,1} and {h7, 13,14} to M. Next, for each triangle X, = {w;, w;, wr} in X,
add {c;,cj,cr} to M.

Suppose for a contradiction that some agent «; exists where @; has j-envy for some other
agent ok, where M (ay,) = {ax,, ®,, @k, }. Since N = H U L U C it must be that either
ak, € H, ax, € L, or i, € C. We show that each case leads to a contradiction. It follows

that no such a; exists and thus that M is j-envy-free.

 Suppose @i, € H. Either ay, € {hs, h7} or ay, € H\ {h3, h7}.

— Suppose @i, € {h3, h7}. Then it must be that either {ax,, @k, } = {l1, 2} or {ay,,
@k, } = {l3,14}. Suppose firstly that {ax,, @k, } = {1, [2}. We can see immediately
that @; ¢ H since otherwise uo, ({1, /2}) = 0. It must also be that @; ¢ C, since
uc, {l1,012}) =6 =u., (M) for any ¢, € C. Similarly, u;,({l1,2}) =2 = u;,(M)
and u;, ({l1,1b}) = 2 = uy,(M) so a; # I3 and a; # l4. This shows a; ¢ L. We
have shown that a; ¢ H, a; ¢ C, and a; ¢ L, which is a contradiction. The
proof for the case in which {ay,, ax,} = {/3, 14} is symmetric and also leads to a

contradiction.
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— Suppose ax, € H \ {h3, h7}. If ax, = h; then {ag,, ar,} = {hs, ho} so it must
be that vy, (a;) > 2 = vy, (h1) and vy (a;) > 2 = vy, (h1), which is impossible
by the design of H. The proof for every other assignment of «y, is similar: if
@, = ho then vy, (@;) > 5, which is impossible. If ay, = hy4 then vy, () > 2,
which is impossible. If i, = hs then vy, (e;) > 5 and vp,(a;) > 1, which is
impossible. If i, = he then v, (a;) > 6, which is impossible. If ay, = hg
then vy (a;) > 6, which is impossible. If ax, = hg then v, (a;) > 2, which is
impossible. If ak, = hio then v, (a;) > 6, which is impossible. If @, = h1; then

v, (@) > 5 and vy, (@;) > 4, which is impossible.

* Suppose a, € C. By construction, it must be that a, = ¢;,, ax, = ¢;,, and ay; = ¢,
where {c;,, cj,,ci,} € C, where the corresponding vertices {w; ,w;,,w;, } in G are a
triangle. It follows that v, (ciy) = 3. By assumption, a; has j-envy for ¢;, so it must

be that v, (@) > v, (c;,) = 3, which is impossible by the design of C.

* Suppose @y, € L. It must be that ax, = [;, for some iy where 1 <i; < 4, ay, = [;, for
some ip where 1 <i> < 4 and ay, = h;, where i3 € {3,7}. If ; € H then Vi, (aj) =0
which contradicts the supposition that a; has j-envy for /;,. Otherwise, if @; ¢ H then

Vi, (aj) = 0, which also contradicts the supposition that @; has j-envy for /;,.
O

We now show that if the 3DR-AS instance (N, V) contains a j-envy-free matching then the
PIT instance G contains a partition into triangles.

In the first part of this proof (up to and including Lemma [7.48) we focus on H. To begin,
we define two possible configurations of H in an arbitrary j-envy-free matching M. If some
triple t € M contains exactly one agent in H then we say that H has an open configuration
in M. Otherwise, we say that H has a closed configuration in M. We shall eventually show,
in Lemma that the only possible configuration of H in M is an open configuration. In
Lemmas we prove a sequence of intermediary results.

Lemma 7.43. If (N, V) contains a j-envy-free matching M then no triples t,t in M exist

such that t| contains exactly two agents in H and t, contains exactly one agent in H.

Proof. Suppose for a contradiction that some such #;,#, € M exist. Suppose t| = {h;,, hi,,
@;, } and t = {h;;, @j,, @), } where 1 <iy,iz,i3 < 11 and @;,, @j,,@;; € N\ H. Now h;, has
j-envy for a;, since uhi3(M) =0<2< uhi3({hil’hi2})’ Vi, (¢j) =0< 1< Vi, (h;y) and
Vi, (@) =0 <1 < vy, (h;). This contradicts our supposition that M is j-envy-free. O

Lemma 7.44. If (N, V) contains a j-envy-free matching M, o (H, M) =4, and up, (M) < 4

then H has an open configuration in M.
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Proof. Suppose to the contrary that o (H, M) = 4, up, (M) < 4, and H has a closed con-
figuration in M. Since o (H, M) = 4 it must be that three triples in M each contain exactly
three agents in H and one triple in M contains exactly two agents in H. Suppose then that
t1,12, 13 € M each contain exactly three agents in H and 74 € M contains exactly two agents
in H. Since up, (M) < 4 by assumption, by the design of H it follows that M (h) contains
at most one agent in H \ {A} and therefore h; € t4. It follows that t4 = {h1, h; , ;} where
2<i; <1landa; € N\ H. We use a case analysis to prove a contradiction occurs for each

possible assignment of 7.

* Suppose first iy = 2. If up, (M) < 7 then h4 has j-envy for a;, since up, (M) <7 <8 =
up,({h1, ha}), v (@) =0 <2 = vy, (hg), and vy, () = 0 < 6 = vy, (hg). It follows
that u,, (M) > 8. By the assumptions regarding the structure of M, it must be that
M (h4) contains three agents in H. Since t4 = {hy, h2, @;} it must be that M (h4) = {ha,
hi,, hi;} where {is, i3} C {3,5,6,7,8,9,10, 11}. Recall that vj, (h3) =5, vy, (hs) = 4,
Vi, (he) = 6, v, (h7) = 1, vp,(hg) = 1, v, (ho) = 3, vy, (h1o) = 1, and vy, (h11) = 1.
Since we established up, (M) > 8 it follows that there are 5 possibilities: {i2,i3} = {3,
9}, {izx, i3} = {3,5}, {i2, i3} = {3,6}, {i2,i3} = {5, 6}, and {i»,i3} = {6,9}, which we
shall now consider.

— Suppose {iz, i3} = {3, 9}. It follows that s has j-envy for hg, since uj,(M) =2 <
10 = up, ({h3, ha}), vy (ho) = 1 < 4 = vp;(ha), and v, (ho) =3 < 6 = vy, (h2).

This contradicts the supposition that M is j-envy-free.

— Suppose {iz, i3} = {3, 5}. It follows that 4, has j-envy for ks, since uj, (M) =2 <
10 = uhz({h3, h4}), Vh3(h5) =3<4= vh3(h2), and Vh4(h5) =4 <6= Vh4(h2).

— Suppose {i2,i3} = {3,6}. Consider hy;. If up, (M) < 6 then hy; has j-envy
for a;, since up,, (M) < 6 <7 = up,({h1, h2}), vi, (@) = 0 < 2 = vy (h11),
and vp,(aj) = 0 < 5 = vp,(hyy). It follows that uy, (M) > 7. We have
established that i, ¢ M (hy1), hs € M(hy1), and hg ¢ M (h11) so, by the design
of H, it must be that M(hy;) = {hg, hio,h11}. Now hy has j-envy for hg,
since up, (M) =2 < 11 = up,({h10, h11}), vh,(he) =5 < 6 = vp,,(h2), and
Vi (ho) =3 <5 =vp, (ha).

— Suppose {i2,i3} = {5,6}. Consider h3. If uy,(M) < 5 then h3 has j-envy for
@j, since up, (M) <5 < 6 = up,({h1,h2}), v, (@j) = 0 < 2 = vy, (h3), and
v, (@) =0 < 4 =vy,(h3). It follows that u;, (M) > 6. We have established that
hy ¢ M(h3), hy ¢ M(hs), and hs ¢ M (h3) so, by the design of H, it must be
that M (h3) = {h3, hg, h11}. Now hy; has j-envy for «;, since uy,, (M) =4 <7 =
upy ({h1, h2}), v (@) =0 <2 = vy, (h11), and vy, (@) =0 < 5 = vy, (h11).

— Suppose {i2,i3} = {6,9}. Consider hyy. If up, (M) < 6 then hy; has j-envy
for a;, since up,, (M) < 6 <7 = up,, ({h1, h2}), vi, (@) =0 < 2 = vy, (h11),
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and vp,(aj) = 0 < 5 = vp,(hyy). It follows that uy, (M) > 7. We have
established that i, ¢ M (hy1), he¢ € M(h11), and hg ¢ M (h1) so, by the design
of H, it must be that M (hy;) = {h3, hio, h11}. Now h; has j-envy for hjg,
since up,(M) =2 <9 = up,({h3, h11}), viy(hio) = 1 < 4 = vy, (hy), and
Vi, (h10) =4 <5 = vy, (ha).

* Suppose next iy = 3. If up,(M) < 6 then h4 has j-envy for ;, since uy, (M) <6 <7 =
up,({h1, h3}), v, (@) =0 <2 = vy, (hg), and vy, (@) = 0 < 5 = vy, (hg). It follows
that uy, (M) > 7. Since M(hs) # ts it must be that M (hy) = {ha, h;,, hi;} where
{ir,i3} € {2,5,6,7,8,9,10,11}. Recall that vy, (hy) = 6, vy, (hs) =4, vy, (he) = 6,
v, (h7) = 1, vy, (hg) = 1, vp, (ho) = 3, vp,(h10) = 1, and vy, (h11) = 1. Since we
established uj, (M) > 7 it follows that there are 14 possibilities: {i2,i3} = {2,5},
{in, i3} ={2,6}, {in, i3} = {2,7}, {in, i3} = {2, 8}, {ia, i3} = {2,9}, {in, i3} = {2, 10},
{i2,i3} = {2, 11}, {ia, i3} = {5, 6}, {in, i3} = {5,9}, {in, i3} = {6,7}, {i2, i3} = {6, 8},
{in, i3} = {6,9}, {iz, i3} = {6, 10}, and {i», i3} = {6, 11}, which we shall now consider.

— Suppose {iz, i3} = {2,5}. It follows that h3 has j-envy for ks, since uj, (M) =2 <
9 = un,({ha, ha}), v, (hs) = 1 <4 =vy,(h3), and vy, (hs) =4 <5 =vp,(h3).

— Suppose {i2,iz} = {2,6}. If up (M) < 4 then hs has j-envy for a;, since
ups(M) <4 <5=up({h1,h3}), v, (@) =0 <2 = vy, (hs), and v, (aj) =0 <
3 = vp,(hs). It follows that u,, (M) > 5. We have established that h3 ¢ M (hs),
hy ¢ M(hs),and hg ¢ M (hs) so, by the design of H, it must be that M (hs) = {hs,
h7,hio}. It remains that M (h11) = {hg, ho, hi1}. Now hy; has j-envy for a;,
since up, (M) =4 <5 = up, ({h1,h3}), v, (@) = 0 < 2 = vy, (A1), and
vig (@) =0 <3 =vp, (hnr).

— Suppose {iz, i3} = {2, 7}. It follows that i3 has j-envy for h7, since u;, (M) =2 <
9 = uny({h2, ha}), v, (h7) =3 <4 =vy,(h3), and vy, (h7) = 1 <5 =vp,(h3).

— Suppose {iz, i3} = {2, 8}. It follows that s3 has j-envy for hg, since uj, (M) =2 <
9 = un,({ha, ha}), v, (hg) = 1 <4 =vy,(h3), and vy, (hg) =1 <5 =vp,(h3).

— Suppose {iz, i3} = {2,9}. It follows that h3 has j-envy for hg, since uj, (M) =2 <
9 = up,({ha, ha}), viy(ho) = 1 <4 =vp,(h3), and vy, (h9) =3 < 5 = vy, (h3).

— Suppose {iz,i3} = {2,10}. If up,, (M) < 4 then hy; has j-envy for a;, since
up, (M) <4 <5 =up;({h1, h3}), v (@) =0 <2 = vy, (hi1), and v (a;) =
0 < 3 = vp(h11). It follows that up,, (M) > 5. We have established that
hy ¢ M(hy1), hs ¢ M(hy1), and hyg ¢ M(h;;) so, by the design of H, it must
be that M (hy1) = {he, ho, h11}. Since hs ¢ t4, it must be that M (hs) contains
three agents in H and thus M (hs) = {hs, h7, hg}. Now h¢ has j-envy for hs,
since up, (M) = 4 < 10 = up,({h7, hs}), vp,(hs) = 3 < 4 = vy, (he), and
Vg (hs) =1 <6 = v, (he).
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— Suppose {iz,i3} = {2,11}. If up (M) < 4 then hs has j-envy for «;, since
ups(M) <4 <5=up({h1,h3}), v, (@) =0 <2 =vp,(hs), and v, (aj) =0 <
3 = vp,(hs). It follows that uy, (M) > 5. We have established that i3 ¢ M (hs)
and hy ¢ M (hs) so, by the design of H, there are three possibilities: either
M (hs) = {hs, he, h7}, M (hs) = {hs, he, h1o}, or M (hs) = {hs, h7, hio}.

x If M (hs) = {hs, he, h7} then hy has j-envy for h7, since up, (M) =7 < 10 =
uny,({hs, he}), vis(h7) =3 <4 =vy;(ha), and v (h7) =4 < 6 = vj (ha).

* If M (hs) = {hs, he, h1o} then hy has j-envy for hjg, since up, (M) =7 < 10 =
un,({hs, he}), vis(hio) =3 <4 =vps(ha), and vy (h1o) =1 < 6 = v (ha).

s If M (hs) = {hs, h7, h1o} then it remains that M (he) = {he, hg, ho}. Now hg
has j-envy for hjg, since u; (M) =7 <9 = up,({hs, h7}), vis(h1o) =3 <
5 =vps(he), and vy, (h1o) =1 <4 = vy, (he).

— Suppose {i2,iz} = {5,6}. If uy,(M) < 5 then h; has j-envy for a;, since
up,(M) <5 <6=up,({h1,h3}), v, (aj) =0 <2 =vp,(hy), and v, (aj) =0 <
4 = vp,(h). It follows that up, (M) > 6. Since hy ¢ t4 it must be that M (hy)
contains three agents in H. Since t4 = {hi, h3,e;} and M (hs) = {ha, hs, he}
it follows that M (hy) = {ha, h;,, hi;} where {i4,is} C {7,8,9,10,11}. Recall
that vy, (h7) = 3, vy, (hg) = 1, vy, (ho) = 1, vy, (h19) = 6, and vy, (h11) = 5.
Since we established uj,(M) > 6 it follows that there are 7 possibilities: {#;,,
his} = {7,10}, {hy, his} = {7, 11}, {hy, his} = {8, 10}, {hy, his} = {8, 11},
{hi,, his} = {9,10}, {h;,, hi,} = {9,11}, and {h;,, h;;} = {10,11}, which we
shall now consider.

x If {hi,, his} = {7, 10} then it remains that M (h11) = {hs, ho, h11}. Now hy;
has j-envy for h7, since up,, (M) =4 <9 = up,, ({h2, h10}), vi,(h7) =3 <
5=vp,(h11),and vy (h7) =1 <4 =vp,,(h11).

w If {h;,, hi;} = {7,11} then h3 has j-envy for h7, since up, (M) =2 <7 =
uny({ha, hi1}), v, (h7) =3 <4 =vp,(h3), and vy, (h7) =1 < 3 = vy, (h3).

x If {h;,, hi;} = {8, 10} then it remains that M (h7) = {h7, ho, h11}. Now hg
has j-envy for hjy, since up (M) =7 <9 = up,({h7, ho}), v, (h11) =1 <
5=vp,(hg),and vy, (h11) =3 <4 =vp,(hg).

* If {h;,, hi;} = {8, 11} then h3 has j-envy for hg, since up, (M) =2 <7 =
uny ({h2, hii}), viy (hg) = 1 <4 = vy, (h3), and vy, (hg) = 1 <3 = vy, (h3).

# If {h;,, hi;} = {9, 10} then it remains that M (h7) = {h7, hs, hi1}. Now hgy
has j-envy for hyy, since upy(M) = 6 < 7 = upy({h7, hg}), vp,(h11) =1 <
3 =vp,(ho),and vp(h11) =1 <4 =vpg(ho).

w If {h;,, his} = {9, 11} then it remains that M (h9) = {h7, hg, hio}. Now hj
has j-envy for ho, since up,,(M) =7 < 10 = up,,({h2, h11}), va,(he) =1 <
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6 = vy, (hio), and vy, (ho) =3 < 4 = vy, (hio).

x If {h;,, his} = {10, 11} then it remains that M (h7) = {h7, hg, ho}. Now hjg
has j-envy for h7, since up, (M) = 10 < 11 = up,,({hs, ho}), vy (h7) =5 <
6 = vy (h10), and vy, (h7) =3 < 5 = vy, (h19).

— Suppose {iz, i3} = {5, 9}. It follows that i3 has j-envy for hg, since u, (M) =2 <
8 = upy({ha, hs}), vi,(ho) =3 <5 =vp,(h3), and v (h9) = 1 < 3 = v, (h3).

— Suppose {ip,i3} = {6,7}. Consider hs. Since hy ¢ M(hs), hy ¢ M(hs),
he ¢ M(hs), and h; ¢ M(hs) by the design of H it must be that u, (M) < 4.
It follows that hs has j-envy for h7, since up (M) < 4 < 9 = up,({ha, he}),
Vi, (h7) =1 <4 =vp,(hs),and vy, (h7) =4 <5 =vp (hs).

— Suppose {i2,i3} = {6,8}. Consider hs. If up (M) < 4 then hs has j-envy for
@;, since up, (M) < 4 <5 = up,({h1,h3}), vp,(@;) = 0 < 2 = vy, (hs), and
Vi (@) = 0 < 3 = vy, (hs). It follows that u, (M) > 5. Since h3 ¢ M (hs),
hy ¢ M(hs), and hg ¢ M (hs), the only possibility is that M (hs) = {hs, hy,
hio}. It remains that M (hy) = {hy, ho, h11}. Now hjo has j-envy for hg, since
up (M) =4 <10 = up, ({h2, h11}), v, (ho) =1 < 6 = vy, (h1o), and v, (hg) =
3<4= th(hlo)'

— Suppose {iz, i3} = {6,9}. Consider hs. Since h3 ¢ M(hs), hy ¢ M(hs), and
he ¢ M (hs) by the design of H it must be that u;, (M) < 6. It follows that /5 has
j-envy for ho, since up (M) < 6 <9 = up,({ha, he}), vu,(ho) =3 <4 =vy,(hs),
and vy (ho) =1 <5 = vy (hs).

— Suppose {is,i3} = {6,10}. Consider hs. Since hy ¢ M(hs), hs ¢ M(hs),
he ¢ M(hs), and hig ¢ M (hs) by the design of H it must be that u,, (M) < 4.
It follows that hs has j-envy for hyg, since up (M) < 4 < 9 = up,({hs, he}),
Vi, (hio) =1 <4 =vp,(hs), and v, (h1o) = 1 <5 = vy (hs).

— Suppose {is,i3} = {6,11}. Consider hs. Since h3 ¢ M (hs), hy ¢ M(hs), and
he ¢ M (hs) by the design of H it must be that u;, (M) < 6. It follows that A5 has j-
envy for iy, since up, (M) < 6 <9 =up ({ha, he}), vu, (h11) =1 <4 =vy,(hs),
and vy (h11) =3 <5 = vy (hs).

O

Lemma 7.45. If (N, V) contains a j-envy-free matching M, o (H, M) = 4, and uy, (M) = 4

then H has an open configuration in M.

Proof. Suppose to the contrary that o (H, M) =4, uy, (M) =4, and H has an open configu-
ration in M. Since o(H, M) = 4 it must be that three triples in M each contain exactly three

agents in H and one triple in M contains exactly two agents in H. Suppose t1,t2,13 € M
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each contain exactly three agents in H and #4 € M contains exactly two agents in H. Since
up, (M) = 4, by the design of H it follows that M (h;) contains two agents in H \ {h;} and
therefore i ¢ t4. Itfollows thatt4 = {h;,, h;,, &} where2 < ij,ip < 1landa; € (N\H). We
use a case analysis to prove a contradiction occurs for each possible assignment of {#;, h;, }
where 2 < iy,ip < 11.

As before, in the proof of Lemma the symmetries of H allow us to shorten the
case analysis. Recall that the structure of the valuations between agents H \ {4} has five
symmetries. It follows that for any possible assignment of {i,i,} there exist in total five
symmetric assignments, where the case analysis for one assignment is symmetric to the case
analysis for the other four assignments. Since there are (120) = 45 possible assignments

of {i1,i,} where 2 < ij,ip < 11 and five symmetries we need only consider the nine

aSSignmentS {2’3}a {2’4}’ {2’5}9 {29 6}5 {257}’ {3’4}’ {3’5}9 {396}a {3a7}a Of Wthh no

two are symmetric.

* Suppose {i1,i2} = {2,3}. Since hy ¢ M (ha) and h3 ¢ M (hy4) it must be that up, (M) <
10. It follows that h4 has j-envy for «; since up, (M) < 10 < 12 = uy, ({h2, h3}),
Vi, (@) = 0 < 6 = vy,(hs), and vy, (;) = 0 < 5 = vy, (hg). This contradicts the
supposition that M is j-envy-free. The following proofs concerning other possible
assignments of {iy,i,} are similar in technique although in some cases we must make

further deductions about the utilities of agents in H.

* Suppose {i1,i2} = {2,4}. Since hy ¢ M (h3) and hy ¢ M (h3) it follows that uy, (M) <
6. It then follows that A3 has j-envy for ; since up, (M) < 6 < 9 = up,({h2, hs}),
vhz(aj) =0<4= vhz(l’l3), and vh4(a/j) =0<5= Vh4(h3).

* Suppose {i1,i2} = {2,5}. If up, (M) < 9 then hy4 has j-envy for a;, since up, (M) <
9 <10 = up,({h2, hs}), v, () =0 <6 =vy,(hs), and vy () =0 <4 = v (hg). It
follows that up, (M) > 10. The only possibility is that M (h4) = {h3, ha, he}. Now h3
has j-envy for a; since up, (M) = 6 <7 = up,({h2, hs}), vi,(a;) = 0 < 4 = vy, (h3),
and vy, (@) = 0 < 3 = vy, (h3).

* Suppose {i1,i2} = {2,6}. Since hy ¢ M (hs) and he ¢ M (hy) it follows that up, (M) <
9. Now hy has j-envy for a; since up, (M) <9 < 12 = up,({h2, he}), vi,(a;) =0 <
6= vhz(h4), and vhé(aj) =0<6= va(/’l4).

* Suppose {i1,i2} = {2,7}. If up, (M) < 6 then hy has j-envy for a;, since up, (M) <
6 <7 =up,({h2,h7}), vi, (@) =0 < 6 =vp,(hs), and vy, (;) =0 < 1 = vy, (hy). It
follows thatuj, (M) > 7. By the design of H, it follows that M (h4) contains three agents
in H. Since t4 = {hy, h7, a;} it follows that M (hs) = {ha, hi;, h;,} where {i3,is} C {1,
3,5,6,8,9,10,11}. Recall that vp,(h1) = 2, vp,(h3) =5, vp,(hs) = 4, vi, (he) = 6,
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v, (hg) = 1, vp,(ho) = 3, vp,(h10) = 1, and vy, (h11) = 1. Since we established
up, (M) > 7 it follows that there are 11 possibilities: {i3,is} = {1,3}, {i3,is} = {1, 6},
{i3,ia} = {3,5}, {iz.ia} = {3, 6}, {i5,ia} = {3,9}, {iz,ia} = {5,6}, {i3,ia} = {5,9},
{is,is} = {6,8}, {i3,is} = {6,9}, {i3,is} = {6, 10}, and {i3,is} = {6, 11}, which we

shall now consider.

— Suppose {i3,is} = {1, 3}. It follows that &, has j-envy for A since u,,(M) =3 <
10 = up,({h3, ha}), vy (h1) =2 <4 =vp,(h2), and vy, (A1) =2 < 6 = v, (h2).

— Suppose {i3,is} = {1,6}. Consider hs. It must be that u,, (M) < 6. Now hs has
j-envy for Ay since uy, (M) <6<9= I/lhs({h4, he}), vi,(h1) =2 < 4 = vy, (hs),
and vhé(hl) =2<5= Vhﬁ(h5).

— Suppose {i3,is} = {3,5}. It follows that &, has j-envy for A5 since up, (M) =3 <
10 = up, ({h3, ha}), viy (hs) = 3 <4 = vy (ha), and vy, (hs) =4 < 6 = v, (h2).

— Suppose {i3,is} = {3,6}. In this case, consider M(h;). Since h; ¢ t4 it
follows that M (h;) contains three agents in H. Suppose M (hy) = {hy, h;s, hi,}
where 2 < is,is < 11. Since we have established M (hy) = {h2, h7,a;} and
M (h4) = {h3, ha, he} it follows that {h;, h; .} € {5,8,9,10,11}. Thus there are

(;) = 10 possible assignments of {A;,, h;, }, which we shall now consider.

w If {hi, hi;} = {5,8} then h7 has j-envy for h; since up,(M) =3 < 8 =
un,({hs, hg}), vis(h1) =2 <3 =vy,(hy), and vpg(h1) =2 <5 = vpg(h7).

w If {hi, hi;} = {5,9} then h7 has j-envy for h; since up,(M) =3 < 6 =
un,({hs, ho}), vis(h1) =2 <3 =vy,(hy), and vpe(h1) =2 < 3 = vp,(h7).

x If {hyg, hig} = {5, 10} then uy,, (M) = 5. It follows that & has j-envy for a;
since up,, (M) =5 <7 = up,y({h2, h7}), vi,(@;) = 0 < 6 = vy, (h10), and
vy (@) =0 < 1 =vp,(ho).

* If {hys, hi} = {5, 11} then uy,, (M) = 3. It follows that 411 has j-envy for o;
since up,, (M) =3 < 6 = up,,({h2, h7}), vi,(@j) =0 <5 = vp,(h11), and
Vi (@) =0 < 1 =vp,(h1y).

* If {hi, hii} = {8,9} then h7 has j-envy for h; since up,(M) =3 < 8 =
un,({hs, ho}), ving(h1) =2 <5 =vpg(h7), and v, (hy) =2 < 3 = vpy(h7).

x If {h;,, by} = {8, 10} then it remains that M (h9) = {hs, ho, hy1} and thus
Upg(M) = gps p,,y = 4. It follows that hg has j-envy for A since ujy, (M) =
4 <9 =up,({hs, h10}), vig(h1) =2 <4 =vp(hy), and vy, (h1) =2 < 5=
Vi (h9).

* If {hs, hi} = {8, 11} then uy,, (M) = 3. It follows that &1 has j-envy for ;
since up, (M) =3 < 6 = up,, ({h2, h7}), vi,(@;) = 0 <5 = vy, (h11), and
Vi (@) =0 < 1 =vy,(h11).

iss
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x If {h, hig} = {9, 10} then it remains that M (hg) = {hs, hg, hi1} and thus
up,, (M) = ugpg pgy = 2. It follows that /11 has j-envy for a; since up,, (M) =
2 <6 =up,({h2, h7}), vi, (@) =0 <5 =vp,(h11), and vp, (@) =0 < 1 =
Vi, (h11).

x If {h;g, i} = {9, 11} then uy,, (M) = 5. It follows that A1 has j-envy for a;
since up,, (M) =5 < 6 = up,,({h2, h7}), vi,(@j) =0 <5 = vy, (h11), and
Vi (@) =0 < 1=vp,(h11).

w If {h, hi,} = {10, 11} then h; has j-envy for h; since up,(M) =3 < 11
un,({h10, h11}), vi(h1) =2 < 6 = vy (h2), and vy, (h1) = 2 <5
Vi, (h2).

— Suppose {i3,is} = {3,9}. It follows that s, has j-envy for hg since uj,(M) =3 <
10 = up,({h3, ha}), vy (ho) =1 <4 = vy, (h2), and vp, (ho) =3 < 6 = v, (h2).

— Suppose {i3,is} = {5,6}. Consider h3. If up,(M) < 4 then h3 has j-envy for
a@;, since up, (M) < 4 <5 = up,({h2, h7}), vi,(a;) = 0 < 4 = vy,(h3), and
Vi (@) = 0 < 1 = vy, (h3). It follows that u;, (M) > 5. We have established
that hy ¢ M (h3), hs ¢ M(h3) and hy ¢ M(h3) so, by the design of H, there
are three possibilities: either M (h3) = {hy, h3, hg}, M(h3) = {hy, h3, hi1}, or
M (h3) = {h3, hg, h11}.

# If M(h3) = {h1, h3, hg} then up, (M) = 5. It follows that hg has j-envy for
@;, since up (M) =5 < 6 = up({h2, h7}), vi,(@j) =0 < 1 = vy, (hg), and
Vi (@) =0 <5 =vy,(hg).

# If M(h3) = {h1, h3, h11} then up,, (M) = 5. It follows that /1 has j-envy for
@;, since up, (M) =5 < 6 = up,,({ha, h7}), v, (@) = 0 < 5 = vy, (h11),
and vy, () =0 < 1 = vy, (h11).

# If M (h3) = {h3, hg, h11} then up, (M) = 4. It follows that hg has j-envy for
@;, since up (M) =4 < 6 = up({h2, h7}), vi, () =0 < 1 = vy, (hg), and
Vi (@) =0 <5 =vy,(hg).

— Suppose {i3,is} = {5,9}. Consider h¢. It must be that uy, (M) < 9. Now hg has j-
envy for hg since uh6(M) <9<«11= uh6({h4, hs}), Vh4(/’l9) =3<6= Vh4(/’l6),
and vhs(hg) =1<5= Vh5(h6)-

— Suppose {i3, i} = {6,8}. Consider hyg. If up,,(M) < 6 then hjo has j-envy for
@;, since up, (M) < 6 <7 = up,({h2, h7}), vi, (@) = 0 < 6 = vy, (A1), and
Vi, (@) =0 < 1 =vp,(hio). Itfollows thatuy (M) > 7. We have established that
hy ¢ M(hjo) and hg ¢ M (hjg) so, by the design of H, there are four possibilities:
either M (hyo) = {h1, ho, h1o}, M(h1o) = {hs, ho, hio}, M(h1o) = {hs, hio, h11},
or M (h3) = {hy, hio, h11}.
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* If M (h1o) = {hi1, ho, h1o} then hg has j-envy for hy, since up, (M) =7 < 10 =
ung({ho, h10}), vy (h1) =2 <4 = vy (hg), and vy, (h1) =2 < 6 = vy, (hs).

x If M (hio) = {hs, ho, h1o} then hg has j-envy for hs, since up, (M) =7 < 10 =
ung({ho, h10}), vy (hs) = 1 < 4 =vy,(hg), and vy, (hs) =3 < 6 = vy, (hs).

% If M (hio) = {hs, hio, h11} then up, (M) = 5. It follows that A has j-envy
for a;, since up, (M) =5 < 6 = up,, ({h2, h7}), v, (@) =0 <5 = vy, (h11),
and vy, (@) =0 < 1 = vy, (h11).

% If M(h3) = {ho, hio, h11} then hg has j-envy for hjq, since up, (M) =7 <
10 = upg ({ho, h10}), Vig(h11) =3 < 4 = vy, (hs), and vy, (h11) =4 < 6 =
Vi (h8)-

— Suppose {i3,is} = {6,9}. It must be that u,,(M) < 6. Now hs has j-envy for
hg since ”hs(M) <6<9= Lths({h4, he}), Vh4(h9) =3<4= Vh4(h5), and
Vh6(h9) =1<5= vh6(h5).

— Suppose {i3,is} = {6, 10}. It must be that u,, (M) < 5. Now hs has j-envy for
h1o since Mhs(M) <5<9= uhs({h4, he}), Vh4(h10) =1<4-= Vh4(h5), and
Vi (h10) = 1 <5 =vpe(hs).

— Suppose {i3,i4} = {6, 11}. It must be that u; (M) < 6. Now hs has j-envy for
hyp since Mhs(M) <6<9-= uhs({/’l4,h6}), vh4(h11) =1<4-= vh4(h5), and
Vig(h11) =3 <5 = vy, (hs).

* Suppose {i1,i2} = {3,4}. If up,(M) < 9 then h; has j-envy for «;, since uy,(M) <
9 <10 = up,({h3, ha}), vy (j) =0 <4 = vy, (hy), and vy, (@;) =0 < 6 = vy, (h2). It
follows that u,(M) > 10. The only possibility is that M (hy) = {ha, hio, h11}. Now
consider hs. If uj (M) < 6 then hs has j-envy for a;, since up, (M) < 6 <7 = uy,({h3,
h4}), viy () = 0 < 3 = vy, (hs), and vy, (@) = 0 < 4 = vy, (hs). It follows that
ups(M) > 7. Since we have established M (hy) = {ha, hio, h11} and t4 = {h3, hs, o},
there are just two possibilities: either M (hs) = {hy, hs, h¢} or M (hs) = {hs, he, h7}.

- If M(hs) = {hi, hs, he} then hy4 has j-envy for h; since u;, (M) =5 < 10 =
un,({hs, he}), vis(h1) =2 <4 = vj;(hs), and vy, (h1) =2 < 6 = vj (ha).

— If M(hs) = {hs, he, h7} then hy4 has j-envy for h7 since up, (M) =5 < 10 =
un,({hs, he}), vis(h7) =3 < 4 = vj;(ha), and vy, (h7) =4 < 6 = vjp (ha).

* Suppose {i1,i2} = {3,5}. If up, (M) < 8 then h4 has j-envy for a;, since up, (M) <
8 <9 =up,({h3,hs}), vy (@) =0 <5 =vp,(hg), and v, (@) =0 < 4 = vy (hy). It
follows that up, (M) > 9. There are three possibilities: either M (hy) = {ha, ha, he},
M (hy) = {h2, hy, ho}, or M (hg) = {h4, he, ho}.
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— Suppose M (hy) = {ho, hg, he}. In this case, consider M (h;). Since h; ¢ t4 it
follows that M (h1) contains three agents in H. Suppose M (hy) = {hi, his, hi,}
where 1 < is,is < 11. Since we have established M (h3) = {h3, hs,a;} and

M (hy) = {h2, ha, he} it follows that {h;, h; .} < {7,8,9,10,11}. Thus there are
(;) = 10 possible assignments of {4;, h;, }, which we shall now consider.

*

If {h;, hi,} = {7,8} then hg has j-envy for hy, since up, (M) =7 < 10 =
ung({h7, h}), vi; (h1) =2 <4 = vy, (he), and vy (h1) =2 < 6 = vy (he).
If {hi, hig} = {7,9} then it remains that M (hg) = {hg, hio, h11}. It follows
that hg has j-envy for hy, since up, (M) =7 < 9 = up,({h7, ho}), vu,(hy) =
2 <5=vp,(hg),and vy, (h1) =2 < 4 = vp(hg).

If {hi, his} = {7, 10} then h; has j-envy for ¢;, since u,,(M) =3 < 4 =
up,({h3, hs}), viy(@j) =0 < 1 =vp,(h7), and vjs(@;) =0 < 3 = vy (h7).
If {his, his} = {7, 11} then h; has j-envy for ¢;, since up,(M) =3 < 4 =
un,({h3, hs}), vy (@) =0 < 1 =vp,(h7), and vy () =0 < 3 = vy (h7).
If {hi,, hi} = {8,9} then it remains that M (h7) = {h7, hio, h11}. It follows
that h7 has j-envy for hy, since up, (M) =2 < 8 = up,({hs, ho}), vis(h1) =
2 <5 =vp(h7),and vpy(h1) =2 < 3 = vy, (h7).

If {his, hig} = {8, 10} then it remains that M (hg) = {h7, ho, h11}. It follows
that hg has j-envy for Ay, since up, (M) = 6 < 9 = up,({hs, hio}), vas(h1) =
2 <4 =vp(hg),and vy, (h1) =2 <5 =vp,,(ho).

If {his, his} = {8, 11} then hy; has j-envy for a;, since uy,, (M) =3 < 4 =
uny, ({h3, hs}), vy (@) =0 <3 = vp, (A1), and vps (@) =0 < 1 = vps (h11).
If {his, hi,} = {9, 10} then it remains that M (hy1) = {h7, hg, h11}. It fol-
lows that & has j-envy for hy, since up, (M) =2 <7 = uy,, ({ho, h10}),
Vio(h1) =2 <3 =vpo(h11), and vy, (1) =2 <4 =vp,,(h11).

If {his, hiy} = {9, 11} then it remains that M (hi9) = {h7, hg, hio}. It fol-
lows that iy has j-envy for hy, since up,,(M) =7 <9 = up,({ho, h11}),
Vio(h1) =2 <5 =vyy(hio), and vy, (A1) =2 < 4 = vy, (hio).

If {hs, hi.} = {10, 11} then hy has j-envy for hy, since up, (M) =7 < 11
un, ({h10, h11}), vi(h1) = 2 < 6 = vy (h2), and vy, (h1) =2 < 5
Vi, (h2).

— Suppose M(hy) = {ha, hg, ho}. 1Tt follows that h3 has j-envy for hg, since
up,(M) =3 <9 =up,({h2, ha}), vi,(ho) =1 < 4 =vp,(h3), and vp,(hg) =3 <
5=vp,(h3).

— Suppose M (hy) = {ha4, he, ho}. Tt follows that hs has j-envy for hg, since
ups(M) =3 <9 =up;({h4, he}), v, (ho) =3 <4 =vp,(hs), and vy, (hg) =1 <
5 =vpg(hs).
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* Suppose {i1,i2} = {3,6}. It must be that uy, (M) < 10. It follows that a4 has j-envy
for @; since up, (M) < 10 < 11 = up,({h3, he}), va;(@j) = 0 < 5 = vp,(hs), and
vh6(aj) =0<6= Vhs(h4)-

* Suppose {i1,i2} = {3,7}. If up, (M) < 7 then hg has j-envy for a;, since up (M) <
7 < 8 = upg({h3, h7}), vis (@) = 0 < 3 = vy, (hg), and vy, (;) = 0 < 5 = vy, (hg).
It follows that up (M) > 8. By the design of H, it follows that M (hg) contains three
agents in H. Since t4 = {h3, h7,a;} it must be that M(hg) = {hg, h;;, h;,} where
{iz,ia} € {1,2,4,5,6,9,10, 11}. Recall that v, (h1) = 2, vipg(h2) = 1, vpg(ha) = 1,
Vig(hs) = 1, vpg(he) = 6, v (ho) = 4, vy (h19) = 6, and vy (hy1) = 1. Since we
established up, (M) > 8 it follows that there are five possibilities: {i3,ia} = {1, 6},
{i3,i4} = {1,10}, {is,is} = {6,9}, {i3,is} = {6, 10}, and {i3,is} = {9, 10}, which we

shall now consider.

— Suppose {i3,is} = {1, 6}. It follows that i has j-envy for iy, since u, (M) =1 <
9 = up,({he, hs}), vig(h1) =2 <4 =vpe(h7), and vy (hy) =2 < 5 = vy (h7).

— Suppose {i3,is} = {1,10}. Consider hg. It follows that u, (M) < 6. Now hg
has j-envy for h, since uhg(M) <6<9= uhg({hg,/’llo}), th(/’ll) =2<4=
vhg(/’lg), and Vhlo(hl) =2<5= Vhlo(h9)~

— Suppose {i3, iz} = {6,9}. It follows that h7 has j-envy for hg, since uj, (M) =1 <
9 = up,({he, hs}), vis(ho) = 1 <4 =vpe(h7), and vy (ho) =4 < 5 = vy (h7).

— Suppose {i3,i4} = {6,10}. In this case, consider M (h;). Since h; ¢ 14 it
follows that M (h;) contains three agents in H. Suppose M (hy) = {hy, h;s, hi,}
where 2 < i5,ig < 11. Since we have established M (h3) = {h3, h7,a;} and

M(he) = {he, hg, hio} it follows that {h;, h;} € {2,4,5,9,11}. Thus there are
(;) = 10 possible assignments of {A;,, h;, }, which we shall now consider.

w If {h;, hi;} = {2,4} then h3 has j-envy for Ay, since up,(M) =1 <9 =
uny ({ha, ha}t), vy (1) =2 <4 = vy, (h3), and vy, (h1) =2 <5 = vp,(h3).

x If {h;, hi;} = {2,5} then h3 has j-envy for Ay, since up,(M) =1 <7 =
upy({h2, hs}), v, (h1) =2 <4 = vy, (h3), and vps(h1) =2 <3 = v, (h3).

# If {hs, hig} = {2,9} then it remains that M (h11) = {ha, hs, h11}. Now h3
has j-envy for hyy, since up, (M) =1 < 8 = up,({h4, hs}), vp,(h11) =1 <
5=vp,(h3),and vy, (hi1) =1 <3 =vp(h3).

w If {h;,, hi} = {2, 11} then h3 has j-envy for hy, since up, (M) =1 <7 =
upy({h2, h11}), v, (h1) =2 <4 = vy, (h3), and vy, (h1) =2 < 3 = vy, (h3).

w If {h;, hi;} = {4,5} then h3 has j-envy for Ay, since up,(M) =1 < 8 =
uny({hs, hs}), vi,(h1) =2 <5 = vy, (h3), and vps(h1) =2 <3 = v, (h3).
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x If {h;s, his} = {4,9} then hy has j-envy for a;, since up, (M) =5 < 6 =
un,({h3, h7}), vy (@) = 0 <5 =vp,(ha), and vy, () = 0 < 1 = vy, (ha).

# If {h, hig} = {4, 11} then h3 has j-envy for hj, since up, (M) =1 < 8 =
uny({has hi1}), v, (h1) =2 <5 = vy, (h3), and vy, (h1) =2 < 3 = vy, (h3).

* If {his, hig} = {5,9} then hs has j-envy for a;, since up, (M) =3 < 6 =
ups({h3, h7}), viy(@j) =0 < 3 = vy, (hs), and vy, (a;) =0 < 3 = vy, (hs).

w If {hi, hig} = {5, 11} then h3 has j-envy for hj, since up, (M) =1 < 6 =
uny({hs, h11}), vis (h1) =2 <3 = vys(h3), and vy, (h1) =2 < 3 = vy, (h3).

# If {hi, hi,} = {9,11} then hjo has j-envy for hj, since uy,(M) = 7 <
9 = up,y({ho, h1}), vig(h1) =2 <5 = vpe(hio), and vy (h1) =2 < 4 =
Vi, (h10).

— Suppose {i3,is} = {9, 10}. Consider hy. If up,(M) < 6 then hy has j-envy for
@;, since up, (M) < 6 < 7 = up,({h3, h7}), vp(@;) = 0 < 4 = vp,(h2), and
Vi (@) = 0 < 3 = vy, (hy). It follows that u;,(M) > 7. We have established
that hz ¢ M (hy), h; ¢ M(h2), and hig ¢ M (hy) so, by the design of H, there
are three possibilities: either M (hy) = {hy, ha, ha}, M(hy) = {hy, ho, hi1}, or
M (h2) = {h2, ha, h1i}.

# If M (hy) = {h1, ha, ha} then h3 has j-envy for Ay, since up, (M) =1 <9 =
uny({ha, ha}), v, (h1) =2 <4 = vy, (h3), and vy, (h1) =2 <5 = vp, (h3).

# If M (ha) = {h1, ha, h11} then h3 has j-envy for hy, since up, (M) =1 <7 =
uny({h2, h11}), v, (h1) =2 <4 = vy, (h3), and vy, (h1) =2 < 3 = vy, (h3).

s If M(hy) = {hy, ha, h11} then it remains that M (h;) = {hy, hs, he¢}. Now hy
has j-envy for Ay, since up, (M) =1 <7 =up,({hs, he}), vps(h1) =2 <3 =
Vis(h7), and vy, (hy) =2 < 4 = vy, (h7).

O

Lemma 7.46. If (N, V) contains a j-envy-free matching M and o(H, M) = 4 then H has an

open configuration in M.

Proof. Suppose o (H,M) = 4. Consider u,, (M). By the design of H, it must be that
2 <up (M) <4 Ifup (M) <4 then Lemma shows that H has an open configuration
in M. If up, (M) =4 then Lemma shows that H has an open configuration in M. O

Lemma 7.47. If (N, V) contains a j-envy-free matching M and o(H, M) =5 then H has an

open configuration in M.

Proof. Suppose, to the contrary, that o-(H, M) = 5 and H has a closed configuration in M.

Then it must be that four triples in M each contain exactly two agents in H and one triple
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in M contains exactly three agents in H. Suppose ?1, t2, 13,14 € M each contain exactly two
agents in H and t5 € M contains exactly three agents in H, where t1 = {h;,, h;,, @;, } where
1 <ij,ip < 1land aj, € N\ H. We use a case analysis on Vi, (hj,) to prove a contradiction.
Note that by the design of H it must be that 1 < vy, (h;,) < 6.

* Suppose vy, (hi,) = 6. By the symmetry of H, assume without loss of generality that
{i1,i2} = {2,4}. It follows that u;, (M) < 6. Now h3 has j-envy for a;, since u;, (M) <
6<9= uh3({h2,h4}), th(a’jl) =0<4-= vhz(h3), and vh4(aj1) =0<5= Vh4(h3).
This contradicts the supposition that M is j-envy-free. We shall use a similar technique

to prove a contradiction when considering the other cases of vy, (hi,).

* Suppose vy, (hi,) = 5. Assume without loss of generality that {i1,iz} = {3,4}. If
up,(M) < 9 then hy has j-envy for a;, since uy,(M) < 9 < 10 = up,({h3, ha}),
vis(@j,) = 0 < 4 = vy, (h2), and vy, (a;,) = 0 < 6 = vy, (hy). It follows that
up,(M) > 10. The only possibility is that M (hy) = {ha, hio, h11}. It must be that
M(hy) = ts. We now consider hg. Since hg ¢ ts it must be that either hg € 15,
he € t3, or hg € t4. Assume without loss of generality that g € f, and that 1, = {hg,
hiy,a;,} where 1 < i3 < 11 and a;, € N \ H. If u; (M) < 6 then hg has j-envy
for aj, since up (M) < 6 < 7 = up,({h3, ha}), viy(@;) = 0 < 1 = vy, (he), and
Vi, (@) =0 < 6 = vy, (he). It follows that u, (M) > 7. Since v (a;,) = 0 it follows
that vp, (hi,) = up, (M) > 7, which is a contradiction.

* Suppose Vhil(hiz) = 4. Assume without loss of generality that {ij,io} = {2,3}.
If up,(M) < 10 then hy4 has j-envy for a;, since up, (M) < 10 < 11 = uy, ({h2,
h3}), viy(@j,) = 0 < 6 = vp,(ha), and vj,(@j) = 0 < 5 = vp,(hg). It follows that
up, (M) > 11 which, since hy ¢ M (h4), is impossible. This contradicts our supposition
that vy, (h;,) = 4.

* Suppose v, (hi,) = 3. We assume without loss of generality that either {i1,i2} = {3,
11} or {iy,ir} = {2,7}.

— Suppose {i1,i2} = {3,11}. If uy,(M) < 8 then hy has j-envy for a;, since
up,(M) <8 <9 =up,({h3, hi1}), vy (@) =0 < 4 = vy, (h2), and vy, (a;)) =
0 <5 =vp,(h). It follows that u;,(M) > 9. By the design of H, it follows
that M (hy) = ts. Now consider a;. Since h; ¢ ts it must be that either i € 1»,
hy € t3, or h; € t4. Assume without loss of generality that h; € #, and that
t» = {h1, hjy,@j,} where 1 < i3 < 11 and @j, € N\ H. Since vj, (a@j,) = 0 it
follows that up, (M) = vp, (hi;). By the design of H, it must be that vy, (h;,) =2
so up, (M) = 2. Now h; has j-envy for a;, since uy, (M) =2 < 4 = up, ({h3,
hi1}), vy (@) =0 <2 = vy, (hy), and vy, (@) =0 < 2 = vy, (hy). Thisis a
contradiction.
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— Suppose {i1,i»} = {2,7}. Consider h;. As before, if u,, (M) < 3 then h; has j-
envy for @;,, since up, (M) <3 <4 =up, ({h2, h7}), vi,(@j) =0 < 2 =vp, (hy),
and vp,(a;,) = 0 < 2 = vy, (hy). It follows that u, (M) > 4. By the design
of H, it must be that M (h) = {hy, hi, hi,} where 2 < i3,iy < 11. It follows
that M (h;) = ts. Now consider hy. If up,(M) < 6 then hy has j-envy for
@j,, since up, (M) < 6 <7 = up,({ha, h7}), vi,(@j,) = 0 < 6 = vy, (hs), and
Vi (@) =0 < 1 =vy,(hy). It follows that up, (M) > 7 so, similarly, M (h4) must
contain three agents in H and thus h4 € ts. Assume without loss of generality
that hy = h;, so ts = {hy, ha, h;,}. Since up,(M) > 7 and vp,(hy) = 2 it must
be that vp,(h;,) > 5 and thus that either iy = 3 or is = 6. Consider hjo. If
up,, (M) < 6then hjg has j-envy for ¢, since up,, (M) < 6 <7 =up,,({h2, h7}),
Vi, (@) = 0 < 6 = vp,(hio), and vy, () = 0 < 1 = vy, (h1o). It follows
that uj, (M) > 7. Since hio ¢ t5 it must be that either hyo € t2, hjo € t3, or
hio € t4. Assume without loss of generality that k1o € f; and that , = {hy9, hi,
@j,} where 1 < is < 11 and @j, € N\ H. Since v, (@;,) = 0 it follows that

Vi (his) = up, (M) > 7, which is a contradiction.

* Suppose Vi, (hi,) = 2. It follows that either iy = 1 or i = 1. Assume without loss
of generality that iy = 1. Note that 2 < i < 11. Consider h;,. Note that since
Vi, (aj,) = 0 it must be that Uhy, (M) = Vi, (h1) = 2. By the design of H, for each

hic, h

hi, such that vy, (h;) > 2 for 3 < k < 7. A counting argument shows that at least

possible assignment of i, namely 2 < i, < 11, there exist five agents h;,, h;,, hig, hj,,
one of these five agents does not belong to 75 and hence must belong to either #,, 3,
or t4. Assume without loss of generality that h;; € t, and t, = {h;,, hj;, @), } Where
2 <ig<1landaj € N\ H. Recall that Vh,-z(hi3) > 2. By the design of H it follows
that up,, ({hi;, hig}) > 3. Now h;, has j-envy for a;, since up, (M) =2 <3 < up, ({h,

hig}), vi, (@) =0 <1 < vy, (hiy), and vy, (a),) =0 < 1 < vy (hiy).

* Suppose vy, (hi,) = 1. Withoutloss of generality we assume that either {i1,i2} = {2, 5}
or {i,i2} = {2,6}.

— Suppose {i1,i2} = {2,5}. If up, (M) < 9 then hy has j-envy for ;, since
up, (M) <9 <10 = up,({ha, hs}), vi,(@j,) =0 < 6 = vp,(ha), and vy (@) =
0 < 4 = vp(hyg). It follows that up, (M) > 10. The only possibility is that
M (hy) = {h3, ha, he} and hence M (hs) = t5. Consider hy. If up, (M) < 3 then
hy has j-envy for a;,, since up, (M) < 3 < 4 = uy, ({ha, hs}), vp,(a;) =0 <
2 =vp,(h1), and vps(aj) = 0 < 2 = vy (hy). It follows that up, (M) > 4. By
the design of H, it follows that M (/1) must contain three agents in H, which is a

contradiction since h; € 5.

— Suppose {i1,i2} = {2,6}. It follows that up, (M) < 9 so hy4 has j-envy for a;,
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since uh4(M) <9 <12 = u/14({h2,h6}), vhz(ajl) =0< 6= vhz(h4), and
Vie(@j) =0 < 6 =vp,(hs).

O

Lemma 7.48. If (N, V) contains a j-envy-free matching M then H has an open configuration
inM.

Proof. By definition, 4 < o (H,M) < 11. If c(H, M) < 5 then H has an open configuration
in M, by Lemmas and If 6 < o(H,M) < 11 then, by a counting argument, at
least one triple in M must contain exactly one agent in H. In other words, H has an open

configuration in M. O

We have shown, in Lemma[7.48] that if (N, V) contains a j-envy-free matching M then H has
an open configuration in M. By definition, some triple 7g in M contains exactly one agent in
H. Since |H| = 11, if t3 is the only triple in M to contain exactly one agent in H then there
must exist some triple in M that contains exactly two agents in H. By Lemma([7.43] this is a
contradiction. It follows that at least two triples in M exist that each contain exactly one agent

in H. Suppose 3,1, € M are two such triples and g = {hy,, @p,, ap, } and t, = {hg,, @p,, ap, }.

Lemma 7.49. If (N, V) contains a j-envy-free matching then {a,, ap,, @p,, ap,} = L.

Proof. Suppose for a contradiction that {a@,, ap,, @p,, ap,} # L.

By definition, {@p,, @p,, @p;, @p,} N H = @ and {@p,, @p,, @p,, ap,} # L it must be that at
least one agent in {aj,, @p,, @p;, @p, } belongs to C. Assume without loss of generality that

ap, € C.

We have already shown that 7g contains exactly one agent in H. Since Vay, (hg,) = 0, by
the design of the instance it must be that u, (M) = Vay, (@p,) < 3. By the design of the
instance vq, (@p;) > 2 and ve, (@p,) > 2 s0 ug, ({@p,;, @p,}) > 4. Now ap, has j-envy
for ha, since uq, (M) < 3 <4 < ug, ({@py, @by })s Vay, (hay) = 0 < 2 < vy, (@5,), and

Vay, (hay) =0 <2 < vy, (@p)). i

Lemma 7.50. If (N, V) contains a j-envy-free matching then {{ap,, @p, }, {@p;, ap, }} = {{l1,

12}’ {137 14}}

Proof. By Lemma {ap,, ap,, ap,, @p, } = L. There are now three possibilities: first that
{{av,, ap, b {avs an,}} = {{h, 13}, {l2, ls}}, second that {{ap,,as,}, {as,, ap,}} = {{l1,
l4},{l2,[3}}, and third that {{ap,, @, }, {@ps, ap,}} = {{l1, 2}, {l3, l4}}.

First suppose {{ap,, ap, }, {ap, @p, }} = {{l1,13},{l2,l4}}. Now [; has j-envy for h,, since
u,({ha, 3}) =1 <3 <u({la, la}), vi,(ha,) =0 <2 =v, (1), and v, (hg,) =0 < 1 <
vi, (11).
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Second suppose {{ap,, @p,}, {ap;, ap,}} = {{l1,la}, {l2.13}}. As before, /1 has j-envy for
haz since ul1({halal4}) =1<3< ull({12,13}), Vlz(haz) =0<2= vlz(ll)’ and Vl3(ha2) =
0<1< Vl3(ll).

It remains that {{a/bl, a/bz}, {Clb3, a/;,4}} = {{ll, lz}, {13, 14}}. O

By Lemma [7.50] either {a@p,,ap,} = {l1,l2} or {ap,,ap,} = {l3,14}. Without loss of
generality assume that {ap,, @p,} = {/1, [2}.

Lemma 7.51. If (N, V) contains a j-envy-free matching then u.,(M) = 6 for each i where
1 <i<3g.

Proof. Suppose to the contrary that some 1 < i < 3¢ exists where u., (M) < 6. Then c;
has j-envy for h,, since u.,(M) <5 <6 < u.,({l1,02}), vi,(hg,) =0 < 3 =v;,(¢;), and

vi,(hg,) =0 <3 =v;,(c;). This contradicts our supposition that M is j-envy-free. ]

Lemma 7.52. If (N, V) contains a j-envy-free matching then G contains a partition into

triangles.

Proof. Suppose (N, V) contains a j-envy-free partition into triangles M. Lemma(7.51{shows
that u., (M) = 6 for each i where 1 <i < 3q. By construction, it follows that M (c;) contains
two agents c;, cx such that v, (c;) = v (cx) = 3. By construction, ¢; and ¢, therefore
correspond to vertices w;, wy € W where {w;,w;} € E and {w;,w;} € E. It follows thus
that there are exactly ¢ triples in M each containing three agents {c;, ¢;, cx}, where the three
corresponding vertices w;, w;, wy are pairwise adjacent in G. From these triples a partition

into triangles X can be easily constructed. O

We have now shown that the 3DR-AS instance (N, V) contains a j-envy-free matching if and
only if the PIT instance G contains a partition into triangles. This shows that the reduction

is correct.

Theorem 7.7. Deciding if a given instance of 3DR-AS contains a j-envy-free matching is

NP-complete, even when preferences are symmetric and the maximum possible valuation is 6.

Proof. 1t is straightforward to show that this decision problem belongs to NP, since for any

two agents a;,@; € N we can test if @; j-envies a; in constant time.

We have presented a polynomial-time reduction from Partition Into Triangles (PIT, Prob-
lem [5.1]), which is NP-complete [43]. Given a graph G, the reduction constructs an instance
(N, V) of 3DR-AS with symmetric preferences in which the maximum valuation is 6. Lem-
mas and show that (N, V) contains a j-envy-free matching if and only if G contains
a partition into triangles and thus that this decision problem is NP-hard. O
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7.5 Summary and open problems

In this chapter we considered the existence of envy-free, wj-envy-free, and j-envy-free match-
ings in 3DR-AS and the complexity of the associated decision and construction problems.
For each of the three solution concepts, we considered various restrictions on the agents’

valuations.

We first showed that an arbitrary instance of 3DR-AS may not contain an envy-free matching,
even when preferences are binary and symmetric and the maximum degree of the underlying
graph is 2. We described a polynomial-time algorithm for this case that can, in a given
instance of 3DR-AS, either construct an envy-free matching or report that no such matching
exists. We then contrasted this result by showing that the corresponding existence problem

i1s NP-complete even when the maximum degree of the underlying graph is 3.

Next, we considered wj-envy-freeness. Our results for wj-envy-freeness were similar to those
for envy-freeness. We first showed that, as in the case of envy-freeness, a wj-envy-free
matching may not exist even when preferences are binary and symmetric and the maximum
degree of the underlying graph is 2. We described a slightly more complex polynomial-time
algorithm for this case, compared to the corresponding algorithm for envy-freeness, which
either constructs a wj-envy-free matching or reports that no such matching exists. We also
showed that the corresponding existence problem is NP-complete even when the maximum

degree of the underlying graph is 3.

We then considered j-envy-freeness. We showed that if preferences are binary but not
necessarily symmetric, a j-envy-free matching must exist and can be found in polynomial
time. We then considered two restrictions of 3DR-AS, in which valuations are ternary but
not symmetric, and non-binary and symmetric. In both restrictions, we showed that a given
instance of 3DR-AS may not contain a j-envy-free matching and the associated existence

problem is NP-complete.

We summarise our new existence and complexity results in Table 7.1, which also includes
the corresponding results for stability from Chapter [f] In the table, for a given solution
concept and preference restriction, “must exist?” refers to whether an arbitrary such instance
of 3DR-AS must contain a matching that satisfies that solution concept, and “search” refers
to the complexity class of the associated construction problem. From this table (and the
associated theorems) we can identify a general trend in our results that for successively
weaker solution concepts, existence and polynomial-time solvability hold under successively

weaker restrictions on the agents’ preferences.

We now present some open problems specifically involving envy-freeness, wj-envy-freeness,
and j-envy-freeness in 3DR-AS. More general problems, involving solution concepts that do

not involve envy and other models of fixed-size coalitions, are discussed in Chapter 9]
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input settings results
solution concept preference restriction must exist? search Theorem
stability binary and symmetric v P 6.1
” binary X NP-h. 6.4
” ternary and symmetric X NP-h. 6.5
envy binary and symmetric, A = 2 X P E
” binary and symmetric, A = 3 X NP-h. 7.2
weakly justified envy binary and symmetric, A =2 X P Z
” binary and symmetric, A = 3 X NP-h. 7.
justified envy binary and symmetric v P
” binary v P
7 ternary X NP-h
” symmetric and 0 < v;(j) < 6 X NP-h

Table 7.1: Our complexity results for 3DR-AS (from Chapters |§] and . In restrictions
involving binary and symmetric preferences, A refers to the maximum degree of the underlying
graph.

The immediate open problem relates to j-envy-freeness and preferences that are ternary and
symmetric. Specifically, it would be interesting to resolve the computational complexity
of the problem of deciding if a given instance 3DR-AS with ternary preferences contains
j-envy-free matching. The first step in this direction would be to determine whether every

instance of 3DR-AS with ternary preferences contains a j-envy-free matching.

In Theorem|[7.7]we showed that there exist instances of 3DR-AS with symmetric preferences
that do not contain a j-envy-free matching. The proof involved a gadget H from which
such an instance can be directly derived, by adding a single “isolated” agent. This specific
instance was discovered by sequential search, using an integer programming [[86/] model to test
candidate solutions (similar techniques have been used in the context of hedonic games [90]).
In order to reduce the search space, certain assumptions were made about the design of the
instance, such as the existence of an isolated agent (an “undesired guest” [27,139]). Although
this technique was effective, it is hard to provide any intuition as to why this specific instance
contains no j-envy-free matching. It is also open whether this instance is minimal, or if a
smaller instance of 3DR-AS exists, with fewer than 12 agents, that contains no j-envy-free

matching.

As we noted in Chapter [6] another open problem is whether our results apply to a setting
involving more general definitions of binary and ternary. For example, whether our results
for binary preferences hold in a more general setting in which vy, (e;) € {a,b} for any

non-negative integers a and b where a < b.

As we also noted in Chapter ] it might be interesting to identify other restrictions of 3DR-AS
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in which an envy-free, wj-envy-free or j-envy-free matching can be found in polynomial
time. The gadgets used in our reductions are highly regular and it might be that there exist
interesting classes of instances that must contain a stable matching. Alternatively, we could
study these problems from the perspective of parameterised complexity. For example, in
the case of binary and symmetric preferences, one could consider the tree-width [[85]] of the

instance.

It might be also interesting to estimate the probability that a random instance of 3DR-AS
contains an envy-free, wj-envy-free, or j-envy-free matching, or to estimate the same proba-
bility in a random instance of 3DR-AS with binary or ternary preferences. Our complexity
results indicate that, among instances with binary and symmetric preferences and maximum
degree 2, the set of instances that contain a j-envy-free matching (i.e. all instances) is larger
than the set of instances that contain a wj-envy-free matching, which is in turn larger than the
set of instances that contain an envy-free matching. We conjecture that, in a general instance
of 3DR-AS, the probability that a given instance contains an envy-free matching is smaller
than the probability that it contains a wj-envy-free matching, which is in turn smaller than the
probability that it contains a j-envy-free matching. In this direction, it might be possible to
apply probabilistic techniques from graph theory, such as the Erd6s-Rényi model of a random
graph. Of course, the probabilistic events in which agents have envy for other agents are not
independent, which complicates the analysis. Alternatively an empirical approach might be

informative, for example by formulating the problem as an integer program [86].
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Chapter 8

The K,-packing Problem in bounded
degree graphs

8.1 Introduction

8.1.1 Background

In this chapter we consider two problems related to clique packings in undirected graphs. In
particular, finding a maximume-cardinality set of r-cliques, for some fixed r > 3, subject to
the cliques in that set being either vertex disjoint or edge disjoint. We refer to such a set as a
K,-packing, and to the two problems as the Vertex-Disjoint K,-Packing Problem (VDK,) and
the Edge-Disjoint K,-Packing Problem (EDK,). Note that r is a fixed constant and does not
form part of the problem input. If 7 is not fixed then both problems generalise the well-studied

problem of finding a clique of a given size [43]].

Most existing research relating to either vertex- or edge-disjoint K,-packings covers either
more restricted or more general cases. Two well-known special cases of K,-packing are
VDK, also known as two-dimensional matching; and VDK3, for which an associated decision

problem is known as Partition Into Triangles (PIT, Problem [5.1).

VDK is a central problem of graph theory and algorithmics. A classical result is that a
maximum-cardinality two-dimensional matching can be found in polynomial time [91, [92].
VDK3 and its associated decision problem have also been the subject of much research.
In 1975, Karp [93] noted that PIT, i.e. deciding if a give graph contains a K3-packing
of cardinality |V|/3, was NP-complete. In this chapter we call such a K,-packing, with

cardinality |V|/r, perfect, although it is sometimes known as a K,-factor [94].

In 2002, Caprara and Rizzi [9] considered VDK3 and EDK3 in the setting of a fixed maximum
degree A. They showed that VDK3 is solvable in polynomial time if A = 3 and APX-hard
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even when A = 4, and EDK3 is solvable in polynomial time if A = 4 and APX-hard even
when A = 5. They also showed that VDK3 is NP-hard for planar graphs even when A = 4 and
EDK3 is NP-hard for planar graphs with A = 5. In 2013, van Rooij et al. [95]] established an
equivalence between VDK3 when A = 4 and Exact 3-Satisfiability (X3SAT). They then used
this equivalence to devise an O(1.02220")-time algorithm for PIT (i.e. the perfect VDK3

decision problem) when A = 4.

The approximability of VDK3 and EDK3 has also been of interest. In 1989, Hurkens and
Schrijver [96] presented a new result relating to Systems of Distinct Representatives, which
they used to construct an algorithm, based on “local improvement”, for a class of packing
problems that includes VDK, and EDK,. Specifically, for either VDK, or EDK, and for
any fixed constant & > 0, Hurkens and Schrijver identify a polynomial-time (r/2 + &)-
approximation algorithm. In 1995, Halldérsson [97] presented an alternative proof of this
result and considered algorithms based on local improvement for other types of packing
problems. In 2005, Mani¢ and Wakabayashi [98] described approximation algorithms that
improve on this approximation ratio for the restricted cases of VDK3 in which A = 4, and
EDK3 in which A = 5. They also presented a linear-time algorithm for VDK3 on so-called

indifference graphs.

A generalisation of VDK, is Vertex-Disjoint H-Packing (also called Vertex-Disjoint G-
Packing), where H is an arbitrary but fixed undirected graph. In 1982, Takamizawa et al.
[99] showed that an optimisation problem related to Vertex-Disjoint H-Packing is solvable
in polynomial time on a subclass of planar graphs known as series-parallel graphs. In
1983, Kirkpatrick and Hell [[82] reviewed the literature of Vertex-Disjoint H-Packing and
classify the complexity of an array of packing problems, some of which generalise VDK, . In
particular, they showed that if H contain any connected component with three vertices then
the perfect vertex-disjoint H-packing decision problem is NP-complete. Pantel’s 1999 thesis
provides a comprehensive survey of H-packing [100].

The restriction of H-packing to K,-packing has received comparatively less attention in
the literature. In 1998, Dahlhaus and Karpinski [101] proved that a perfect vertex-disjoint
K,-packing can be found in polynomial time, if it exists, in chordal and strongly chordal
graphs. In 2001, Guruswami et al. [94] showed that, for any » > 3, the VDK, decision
problem is NP-complete for chordal graphs, planar graphs (assuming r < 5), line graphs,
and total graphs. Their NP-completeness result involving K,-packing on chordal graphs, for
any r > 3, resolved an open question of Dahlhaus and Karpinski. Guruswami et al. also
described polynomial-time algorithms for VDK3 and the perfect VDK, decision problem on
split graphs, and VDK, on cographs. Their result for cographs was later extended by Pedrotti

and de Mello [102] for so-called Ps-sparse graphs.

From the converse perspective of graphs with a fixed minimum degree, Hajnal and Szemeredi
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[103] proved in 1970 that if the minimum degree of a graph is greater than or equal to
(1 = 1/r)|V| then a perfect vertex-disjoint K,-packing must exist. Kierstead and Kostochka
[[104]] 1ater generalised this result to show that, in this case, such a packing can be constructed
in polynomial time. A growing area of research work studies the existence of perfect K- and

H-packings with respect to conditions involving vertex degree [1035, 106].

8.1.2 Our contribution

In 2002, Caprara and Rizzi [9]] showed that VDK3 is solvable in polynomial time if A = 3
and APX-hard if A = 4; and EDK3 is solvable in polynomial time if A = 4 and APX-hard if
A = 5. In this chapter we extend some of their techniques in order to generalise their results
and fully classify the complexity of both VDK, and EDK, for any A > 1 and any fixed r > 3.
We summarise this classification in Table [8.1]

is solvable in
linear time if polynomial time if is APX-hard if
VDK, A<3r/2-1 A<5r/3-1 A>[5r/3]-1

A<2r-2ifr<5 A>2r-2ifr<5
A < 5r/3 — 1 otherwise A > [5r/3] — 1 otherwise

EDK, A<3r/2-1 {

Table 8.1: Our complexity results for VDK, and EDK,

In the next section, Section[8.1.3] we define some additional notation and make an observation

on the coincidence of vertex- and edge-disjoint K,-packings.

In Section we consider the case when A < 3r/2 — 1. We show that in this case, any
maximal vertex- or edge-disjoint K,-packing is also maximum (Theorem [8.1)), and devise a
linear-time algorithm for VDK, and EDK, in this setting (Theorem 8.2]and Corollary [8.1).

In Section [8.3] we present our solvability results, showing that VDK, can be solved in
polynomial time if A < 5r/3 — 1 (Theorem 8.3); and EDK, can be solved in polynomial time
if either r < 5 and A < 2r — 2 (Theorem [8.5)), or » > 6 and A < 5r/3 — 1 (Theorem [8.4).
Our proof uses a similar technique to that of Caprara and Rizzi’s [9], which involves finding

a maximum independent set in a graph that represents the intersection of K,s.

In Section[8.4] we show that our solvability results are in a sense best possible, unless P # NP.
Specifically, we show that VDK, is APX-hard if A > [5r/3] — 1 (Theorem ; and EDK,
is APX-hard if either » < 5 and A > 2r — 2 (Theorem 8.8), or r > 6 and A > [5r/3] -1
(Theorem . In other words, we prove that there exists some fixed constants € > 1
and & > 1 such that no polynomial-time e-approximation algorithm exists for VDK, if
A > [5r/3] — 1; and no polynomial-time &’-approximation algorithm exists for EDK, if
eitherr <S5and A >2r—-2,orr >6and A > [5r/3] - 1.
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In Section [8.5| we recap on our results and consider directions for future work.

8.1.3 Preliminaries

In this section we first clarify our terminology and notation and then make a preliminary

observation on the coincidence of vertex- and edge-disjoint K,-packings.

Let G = (V, E) be a simple undirected graph. We denote the closed neighbourhood of some
vertex v € V as Ng[v] = Ng(v) U {v}. We denote by deg;(v) = |Ng[v]| — 1 the degree of
v in G and by A(G) = max,cy degg;(v) the maximum degree of G. If the graph in question
is clear from context then we just write A. If deg,;(v) = ¢ for all v € V then we say that G is
o-regular. For any subset of vertices U C V, we denote by G [U] the subgraph of G induced
by U. Let K, denote a clique of size r, for some integer r > 1, and K be the set of K,s in
G. We say that T is a K,-packing in G if T € K. The cardinality of a K,-packing is the
number of K,s that it contains. We say that a K,-packing T is vertex disjoint if any two K, s
in 7 have no vertex in common and edge disjoint if any two K,s in T intersect by at most
one vertex. The Vertex-Disjoint K,-Packing Problem (VDK,) is the following optimisation
problem: given a simple undirected graph G, find a vertex-disjoint K,-packing of maximum

cardinality. The Edge-Disjoint K,-Packing Problem (EDK,) is defined analogously.
If G contains four vertices v;,v;,,V),,vj; Where {v;,v;,} € E for each a € {1,2,3}, {v;,,
vi,} € E, {vj,,vj,} ¢ E, and {v;,,v;;} ¢ E, then we say that these four vertices form a claw.

Otherwise, we say that G is claw-free. For example, line graphs are claw-free [[107].

For any maximisation problem P, instance / of P, and feasible solution S of 7, let mp(Z, S)
denote the measure of S. Let optp(/) = maxges () mp(1, S), where F (1) is the set of feasible

solutions of /.

For technical purposes we define the K,-vertex intersection graph K¢ = (K€, E%_G) of G, in
which {U, W} € Egyc if [UNW| > 1 forany U,W € KS. Similarly, we define the K,-edge
intersection graph 7(’,G = (KS, E4.c) of G in which {U, W} € Eg.c if [U N W| > 2 for any
U,W € KS. We now make a prelimrinary observation. r

Observation 8.1. If A < 2r — 2 then any edge-disjoint K,-packing is also vertex disjoint.

Proof. Any two K,s in G that share at least one vertex must in fact share at least two vertices,

otherwise that vertex has degree at least 2r — 2 in G. O

8.2 Linear-time solvability

In this section we present Algorithm greedyCliques, which can solve VDK, and EDK, in

linear time if A < 3r/2 — 1. This algorithm generalises an algorithm of van Rooij et al. [935]
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that can solve VDK3 in linear time.

The key insight is that if A < 3r/2 — 1 then any maximal vertex-disjoint K,-packing is also a
maximum vertex-disjoint K,-packing. The proof of this is stated in Theorem [8.1 which we
prove using a sequence of lemmas. In what follows, suppose G is a simple undirected graph
in which A(G) < 3r/2 - 1.

Lemma 8.1. For any Uy, U, € K©, if {U,U,} € Eyqc then U NUz| >r/2.

Proof. Consider any Uy, U, € K¢ where {U;,U,} € Eyc. By definition of KO, there exists
at least one u € V where u € Uy NUj. Since 3r/2 -1 > A > degs(u) > (U VU2 -1 =
|Up|+|Uz| = |UNUz| =1 =2r—|UyNU,|—1itfollows that (U NU| > 2r-3r/2=r/2. 0O

Lemma 8.2. KC is a disjoint union of cliques (i.e. a cluster graph [[108]).

Proof. It suffices to show that for any three vertices U;, U;, Uy € KrG ,if {U;, U;} € EWrG and
{U;, Ui} € Eyqc then {U;, Ui} € Eyc. Consider some such U;, Uy, Ug. If {Ui,U;} € Eyc
and {U;, Uy} € Eyeq then by Lemmait must be that [U; N U;| > r/2 and |U; N Ui | > r/2.
Since |U;| = r it follows that |U; N Uy | > 0 and thus that {U;, Uy} € Exq. O

Theorem 8.1. If T is a maximal vertex-disjoint K,-packing then T is a maximum vertex-

disjoint K,.-packing.

Proof. Suppose T is a maximal vertex-disjoint K,-packing in G, which by definition corre-
sponds to a maximal independent set in KC. Since K is the disjoint union of cliques (by
Lemma|8.2), any two maximal independent sets in K¢ have the same cardinality so T is also

maximum. O

We have shown in Theorem [8.1] that any maximal vertex-disjoint K,-packing is also a maxi-
mum vertex-disjoint K,-packing. It follows immediately that VDK, can be solved in O(|V|")
time by constructing the K,-vertex intersection graph K¢ and greedily selecting an indepen-
dent set. In fact, the explicit construction of K¢ can be avoided by exploring G and greedily
selecting K,.s. We present Algorithm greedyCliques, shown in Algorithm 8.1} and show that
it requires O(|V]) time.

Lemma 8.3. Algorithm greedyCliques requires O (|V|) time.

Proof. In any iteration of the outermost while loop, either v and its incident edges are removed
from G or a set of vertices K where v € K and incident edges are removed. It follows that
the algorithm terminates after at most |V/| iterations of this loop. It remains to show that one

iteration of the loop can be performed in constant time.
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Algorithm 8.1 Algorithm greedyCliques
Input: a fixed r > 3, a simple undirected graph G = (V, E) where A(G) < 3r/2 -1
Output: a maximum K,-packing T

T — @
while |V| > 0 do
v < any element of V
if deg;(v) > r — 1 then
K«—o
for each subset W of Ng(v) of size r — 1 do
if G[W] has (rgl) edges then
> so Wisaclique of sizer —1in G

K —WuU{v}
end if
end for
if K # @ then
G «— G[V\K]
T —TU{{K}}
else
G < G[V\{v}]
end if
else
G — G[V\ {v}]
end if
end while
return 7

In each iteration, either deg;(v) > r — 1 or deg;(v) < r — 1. Computing deg; (v) requires

O(r) time, since A < 3r/2 — 1. Consider the first branch of the outermost if statement. There

rél) < (3’;’/—21_1

if G[W] contains (" 51) edges. This can be performed in O(7?) time. Removing K from G
and adding K to T, if K # @, can be done in O(rz) time. In both the else branch in which
K = @ and the second branch of the outermost if statement, v can be removed from G in

are ( ) = O(2") iterations of the for loop. In each iteration, the algorithm tests

O(r) time. O

Theorem 8.2. If A < 3r/2 — 1 then VDK, can be solved in linear time.

Proof. By Lemma Algorithm greedyCliques terminates in O(2"|V|) time. By Theo-
rem [3.1] it suffices to show that it returns a maximal vertex-disjoint K,-packing 7 in G.
Suppose K’ is an arbitrary K, in G. We show that either K’ is added to T or at least one
vertex in K’ belongs to some other K, in 7. By the pseudocode, the algorithm removes at
least one vertex in each iteration of the while loop, which ends once there are no remaining
vertices. Consider the first iteration of the while loop in which a vertex v in K’ is removed.

Let G’ be the subgraph of G at the beginning of this iteration. It must be that every vertex of
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K’ is present in G’, including v. Moreover, it must be that deg;, (v) > r — 1. It follows that
v was not deleted from G’ by the second branch of the outermost if statement. Similarly, v
cannot have been deleted from G’ by the second branch of the innermost if statement, since v
belongs to K’, which is a clique of size r in G’. The only possibility is thus that v was deleted
from G’ as a result of v being part of a clique K” of size r in G’, where K” was then added
toT. |

Corollary 8.1. If A < 3r/2 — 1 then Algorithm greedyCliques can solve EDK, in linear time.

Proof. Since A < 3r/2—1 < 2r —2, by Observation[3.1]any edge-disjoint K,-packing is also
vertex-disjoint. It follows that any vertex-disjoint K,-packing by Algorithm greedyCliquesis

also a maximum edge-disjoint K,-packing. O

8.3 Polynomial-time solvability

8.3.1 Vertex-disjoint packing

In this section we show that VDK, is solvable in polynomial time if A < 5r/3 — 1. The proof
involves finding an independent set in the K,-vertex intersection graph K. We build on the
technique of Caprara and Rizzi [9] and show that if A(G) < 5r/3 — 1 then K is claw-free.
It follows that a a maximum independent set in K can be found in polynomial time (a result
of Minty [107]] and Sbihi [[109]), which corresponds directly to a maximum vertex-disjoint
K,-packing.

In his paper on claw-free graphs, Minty [107] remarked that an algorithm to find a maxi-
mum cardinality matching, or vertex-disjoint K,-packing, can be used to find a maximum
independent set in a line graph (the K, vertex-intersection graph). Here, like Caprara and
Rizzi [9], we make use of the converse relationship, that if the corresponding intersection
graph is claw-free then VDK, and EDK, can be solved in polynomial time. A general rela-
tionship between packing problems and independent sets in intersection graphs is also noted
by Kann [[110].

In what follows, suppose A(G) < 5r/3 — 1. In Lemma we place a lower bound on the

size of the intersection of two non-vertex intersecting K,s in G.

Lemma 8.4. |U; N U;| > r/3 for any {U;,U;} € Eyq.

Proof. Consider an arbitrary vertex u; € |U; N U;j|. By definition, u; is adjacent to each
vertex in U; U U;. By the principle of inclusion-exclusion, |U; U U;| = 2r — |U; N Uj| so
degg(u;) > 2r — |U; nUj| — 1. Since degg;(u;) < A(G) < 5r/3 — 1, it must be that
2r —|U;nUj| =1 < 5r/3 — 1. Rearranging gives |U; N U;| > r/3. O
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Lemma 8.5. KC is claw-free.

Proof. Consider some U;, U;,, Uy, Uy, € KE exist where {U;, U}, } € Eyq foreacha € {1,2,
3}. By Lemma 8.4} it must be that |U; N U;,| > r/3, |U; N Uj,| > r/3, and |U; N U > r/3.
Since |U;| = r it follows by the pigeonhole principle that either U; N U;, # @, U;, NU;, # @,
or Uj, N U;, # @ and thus {U;, Uy, Uy, Uy, } is not a claw in K. O

Theorem 8.3. If A(G) < 5r/3 — 1 then VDK, can be solved in polynomial time.

Proof. First, construct the K,-vertex intersection graph K7 = (K, Ex). The set K can
be constructed in 0((":')) = O(|V|") by considering every possible set of r vertices in V.
The set Egc can then be constructed in O(|V|*") time. Next, find a maximum independent
set in K¢, which can be accomplished using Minty’s algorithm (other algorithms have since

been developed with improved worst-case time complexity [[111]). O

We remark that Minty’s algorithm also extends to the problem in which the vertices are
weighted and the goal is to find an independent set of maximum total weight [112]. It might
be interesting to study a weighted generalisation of VDK, in which a weight function exists
on either the vertices or edges of the graph, and see if this approach can be used to derive

other polynomial-time solvability results.

8.3.2 Edge-disjoint packing

In this section we consider EDK,.. Using Theorem[8.3]and Observation[8.T]it is straightforward
to show by that if » > 4 then EDK, can be solved in polynomial time. We state this result as
Theorem

Theorem 8.4. Ifr > 4 and A(G) < 5r/3 — 1 then EDK, can be solved in polynomial time.

Proof. If r > 3and A(G) < 5r/3—1 then we can find a maximum vertex-disjoint K,-packing
in polynomial time by Theorem|8.3] Such a packing is also a is also a maximum edge-disjoint

K,-packing, by Observation 8.1 O

We now show that this upper bound on A(G) can be improved if r € {4,5}. The key insight
in this case is that if » € {4,5} and A < 2r — 2 then the K,-edge intersection graph (K’f is

claw-free.

Lemma 8.6. If r € {4,5} and A(G) < 2r — 2 then the K,-edge intersection graph K'C is

claw-free.
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Proof. Suppose U;, U;,, U, Uj, € KC exist where {U;, U;,} € Eg.c for each a € {1,2,3}.
Suppose for a contradiction that U;, U;,, Uj,, U}, is a claw in K, i.et |U;, nU;, | < 2 for each
a,b € {1,2,3}. By the definition of Egec, it follows that |U; N Uj,| > 2 for each a € {I,
2,3}. Since |U;| = r < 5, we assume witrhout loss of generality that |U; N U;, N U;,| > 1.
Furthermore, it must be that |U; N U;; N U;,| = 1, otherwise |U; N U;,| > 1 which is a
contradiction. Let v, be the single vertex in U; N U;, N Uj;,. Since U;, and Uj, are K,s in G
and deg; (v,) < 2r — 2 it must be that Ng[v,] = U;, U U},. Since U; is also a K, it follows
that U; c Uj, U Uj,.

Now consider U; N U;, and U; N U;,. If |U; N U | + |U; N Uj,| > r + 2 then since |U;| = r it
follows that |U;, NU;,| > 2 which is a contradiction. It follows that |U;NU;, |+|U;NU;,| < r+1
and either |[U; NU; | < (r+1)/20r |U;NU};,| < (r+1)/2. Assume without loss of generality
that |[U; NU;, | < (r+1)/2.

Now consider Uj,. Since U;, Uj,, Uj,, Uy, is a claw in K'Y, it must be that |U;, N U;| > 2,
U, NU;| <1, and Uy, NnU;,| < 1. Since U; € Uj, U Uj,, the only possibility is that
U, NUi| =2,|U;; nUNU,| =1and Uy nU;NU;, | = 1.

Let v be the single vertex in U; N U, N Uj,. Since U;, Uj,, and Uy, are K;s in G it follows

that v, is adjacent to every other vertex in U, U U; U Uj; so

degs(vy) > |U; UU;, VU, - 1
=3r=|U;nU;,| = U NU,| = U, NU,|+|UNnU, NU;| -1 .

Recall that since U;, U;,, U},, U, 1s a claw in K, |Uj, N Uj,| < 1. We deduced earlier in this
proof that [U;NU;, | < (r+1)/2,|U;NU,| = 2,and |U;; NU;NU;,| = 1. Since r > 4 it follows
that deg; (vs) = (5r —7)/2 > 2r — 2, which contradicts the fact that A(G) < 2r — 2. O

Theorem 8.5. If r < 5 and A < 2r — 2 then EDK, can be solved in polynomial time.

Proof. Caprara and Rizzi [9] prove the case when r = 3 and A < 4. If r € {4,5} and
A(G) < 2r — 2 then Lemma shows that the K,-edge intersection graph K ’rG is claw-free.
It follows that a maximum edge-disjoint K,-packing can be found in polynomial time by
V]
2r

constructing K ’rG, in O((',)) time, and finding in it a maximum independent set, which can

also be accomplished in time polynomial in the size of K ’f; [(L11]. i
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8.4 APX-hardness

8.4.1 \Vertex-disjoint packing

We show that if A > [5r/3] — 1 then VDK, is APX-hard. In other words, there exists
some fixed constant & > 0 such that no polynomial-time g-approximation algorithm exists
for VDK,, unless P = NP. To do this, we use an L-reduction [113]], which is a type of
approximability-preserving reduction. An L-reduction from an optimisation problem A to
another optimisation problem B implies that if B admits a polynomial-time approximation

scheme, then so does A.

We reduce from the problem of finding a Maximum Independent Set (MIS) in graphs that
are 3-regular and are triangle-free, which we refer to as MIS-3-TF (Problem [8.T]).

Problem 8.1. Maximum Independent Set in 3-regular Triangle-Free graphs (MIS-3-TF)

Instance: an undirected graph G = (V, E) that is 3-regular and triangle-free
Solution: a set S C V such that {v;,v;} ¢ E for any v;,v; € S

Measure: |S)|

Berman and Karpinski [114] show that MIS-3-TF is APX-hard, providing an explicit lower
bound on the approximation ratio (specifically, they showed that it is NP-hard to approximate
MIS-3-TF within 140/139 — g, for any £ > 0).

The reduction from MIS-3-TF is as follows. Our goal is to construct a new graph G’ = (V’, E’)
where each K, in G’ corresponds to exactly one vertex in V and each vertex in V corresponds
to exactly one K, in G’. For any two adjacent vertices in G, the intersection of the two
corresponding K,s in G” will contain exactly | r/3] vertices.

To do this, first construct a set of |V| disjoint K,s in G’, labelled U = {Uy,U>, ..., Uy}

— 1.2 : ’ a a
where U; = {u;,u;,...,u;}. Next, consider each edge {v;,v;} € E. let U] = {u;",u.?, ...,

u?”m} be any set of |r/3] vertices in U; with degree r — 1 and Uj’ = {uj", ufz, cees ujl.?w”}
be any set of | /3] vertices in U; with degree r — 1. For each ¢ from 1 to [r/3] inclusive,

I b .
identify u;¢ and u;* to create a single vertex labelled u?/f]. Label U; = U] as W;.

Finally, for each vertex v; € V let X; be the set of (at least » mod 3) vertices in U; with degree
r — 1. Note that any vertex in G’ either belongs to some set W;; where {v;,v;} € E or some

set X; where v; € V.

We first show that the set of K,sin G’ is U.

Lemma 8.7. U = K9
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Proof. By definition, U < K¢ " 50 it remains to show that each K, in G’ belongs to U.
Suppose K is an arbitrary K, in G’. By definition, any vertex in any set X; has degree r — 1
in G’ and thus belongs to exactly one K, in G’, namely U;, which belongs to K¢ ". The only
other possibility is that each vertex in K belongs to some set W;j where 1 < i,j < |V|.
Since |W;j| = [r/3] it must be that either there exist three sets W;, ;,, W, j,, Wi, j, where
1 <iyio,...,j3<|Vland K C W, ;, UW,, ;, UW,, ., or there exist four sets W;, ;,, W;, j,,

"Vi3,j3,VVi4’j4 where 1 < iy,i2,...,j4 < |V]and K C VV,'IJI U Wiz,jz U W,'3,j3 uWw; In the

4,]4°
latter case, we may assume without loss of generality that {i|, j1} N {i2, jo} = @. By the
construction of G’ it follows that no edge exists between any vertex in W;, ;, and any vertex
in W;, ;, which contradicts the supposition that K is a K, in G’. It remains that there exist
three sets W;, j,, Wi, j», Wi, j, where K C W;, j, UW,;, ,, UW,, ioand 1 < iy, ia, ..., j3 < |V].
By construction, the closed neighbourhood of any vertex in W, ;, is U;; U U;; so since K is
a K, without loss of generality assume that i; € {ip, j»} and j; € {i3, j3}. A symmetric
argument shows that i € {i, j1} and jo» € {i3, j3}, and i3 € {i1,j1} and j3 € {i2, j2}.
By symmetry, we need only consider the two cases, in which i; = i, = i3 and in which
K=W;,i, UW, i, UW,;

KC. In the latter case, by the construction of G’ the three vertices {v;,,v;,, v;,} in G form a

i 2.3 .- In the former case, K must be labelled U;, and thus belongs to

triangle, which is a contradiction. m]

Lemma 8.8. A(G’) = [5r/3] - 1.

Proof. By definition, any vertex in X; has degree r — 1. Any vertex in W;; has degree
|Ui| +|U;| = |Wij| =1=2r - [r/3] = 1,forany 1 <i,j < |V]. O

Theorem 8.6. For any simple undirected graph G’, if A(G’) > [5r/3] — 1 then VDK, is
APX-hard.

Proof. We first show that a vertex-disjoint K,-packing of size B exists in G’ if and only if an
independent set of size B exists in G. By Lemma any U;,U; € K that are not vertex
disjoint in G’ correspond to two vertices v;,v; € V, which by the design of the reduction
must be adjacent. Conversely, for any two v;,v; € V where {v;,v;} € E, by the design of
the reduction it must be that the two corresponding K,s, U;, U; € KU are not vertex disjoint
in G'. It follows that, for any graph G, opty;s 31r(G) = optypk, (G’). Moreover, for any
vertex-disjoint K,-packing 7" in G’, there exists a corresponding independent set S in G where
|S| = |T|, and thus that myps-3-Tr(G, S) = mypk, (G', T).

It follows that reduction from MIS-3-TF to VDK, is an L-reduction with = 8 = 1 (also
called a strict reduction [113]) and thus that VDK, is APX-hard even when A(G) = [5r/3] -1

(shown in Lemma(8.8)). To show that VDK, is APX-hard even when A(G) > [5r/3] -1, one
can add to G’ a disconnected star. |
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8.4.2 Edge-disjoint packing
8.4.2.1 Edge-disjoint K,-packing when r > 6

If > 6 and A = [5r/3] — 1 then it must be that A < 2r — 2, so by Observation any

edge-disjoint K,-packing is also vertex disjoint. It follows by Theorem [8.6] that EDK, is
APX-hard for any r > 6 even when A = [5r /37 — 1. We generalise this result in Theorem|8.7]

Theorem 8.7. If r > 6 and A > [5r/3] — 1 then EDK, is APX-hard.

Proof. Suppose A = [5r/3] — 1. By definition, any vertex-disjoint K,-packing is also edge
disjoint. Since r > 6 it follows that A = [5r/3] — 1 < 2r — 2 so by Observation
any edge-disjoint K,-packing is also vertex disjoint. We have shown that an edge-disjoint
K,-packing of size B exists in G if and only if a vertex-disjoint K,-packing of size B exists in
G. This fact constitutes an L-reduction with @ = 8 = 1 from the restricted case of VDK, in
which A = [5r/3] — 1. The lemma follows by Theorem As in the proof of Theorem 3.6]
to show that EDK, is APX-hard if » > 6 even when A(G) > [5r/3] — 1, one can add to G” a

disconnected star. O

8.4.2.2 Edge-disjoint K,-packing

We present an L-reduction from a variant of the Maximum Satisfiability problem to EDK4
when A =7, by extending the L-reduction of Caprara and Rizzi [9] for EDK3 when A = 5.

An instance of Maximum Satisfiability is a boolean formula ¢ in conjunctive normal form
with clauses C and variable set X. Each clause contains a set of literals. Each literal is formed
by either a variable or its negation. A truth assignment f is a function { : X +— {true, false}.
A clause is satisfied by f if any of its literals are true. The goal is to find a truth assignment
that satisfies the maximum number of clauses. We reduce from the special case of Maximum
Satisfiability in which each clause contains at most two literals and each variable occurs in at
most three clauses. We shall refer to this special case as Max 2SAT=? (Problem .

Problem 8.2. Max 2SAT=S3

Instance: aboolean formula ¢ in conjunctive normal form, represented as a set of clauses
C ={c1,c2,...,c|c|} and a set of variables X = {x1,x2,...,xx|}, in which each clause
contains at most two literals and each variable occurs in at most three clauses

Solution: a truth assignment f : X +— {true, false}

Measure: the number of clauses in ¢ satisfied by {
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~

ty

Figure 8.1: The reduction from Max 2SAT=? to EDK4

Let m; be the number of occurrences of variable x; in ¢ for each variable x; € X. We assume
that 2 < m; < 3 for each x; € X, since if some variable x; occurs in exactly one clause it can
be set to the value satisfying that clause. Max 2SAT=? is APX-hard [66].

Given an instance ¢ of Max 2SAT=?, we construct a graph G such that a truth assignment for

¢ exists that satisfies at least k clauses if and only if there exists an edge-disjoint K4-packing of
X
i=1
Rizzi, the reduction here is one of local replacement [43]]. As they remark, the construction

size at least )" 3m; + k. As in the case of the reduction presented for EDK3 by Caprara and

and connection of variable and clause gadgets is a standard technique when reducing from
variants of Maximum Satisfiability. The reduction, shown in Figure @ is as follows.

For each variable x;, construct a variable gadget of 10m; vertices, labelled R; = {a{ , blf , c{ ,

d{,e{,h{,u{,v{,w{,y{} for each j where 1 < j < m;. For each j where 1 < j < m;, add

an edge (if it does not exist already) between each pair of vertices in {a{ , b{, ul] , v{ b {a{ ,

A
bl].,cl].,v{};{c{,v{,d{,w{};{d{,w{,e{,y{};{d{,e{,h{,y{};andﬁnally{h{,a{ ,y{,u{ }
if j < m; and otherwise {h/,a,y/, u}}.
We shall refer to {a],b!,ul, v}, {c],v!,d],wl}, and {d], e/, h!, y]} as the even Kys in R;,

and {a{,b{,cj,v{}, {a’{,w{,e{,y{}, and {h{,afJ'l,y{,u{J'l} (and {hj,al.l,y{,uil}) as the odd

4 1 4

Kys in R;. Note that at this point in construction, degG(alj ) = degg(v]) = degG(d{) =
degG(y{_) = 6, degG(“{) = degG(C{) = degG(W{) = degc(h,{) = 5, and degG(b{) =
degg(e]) = 4 for each j where 1 < j < m;.

We shall now construct the clause gadgets. For each clause c,, construct a clause gadget of
5 vertices labelled S, = {s!, ¢!, 52,2, w,}. Add an edge (if it does not exist already) between
each pair of vertices in {s}, ¢}, s2,w,} and {s!, s2,12,w,}. We shall refer to {s!,z!,s2,w,}

and {s}, s?,72,w,} as P/ and P7 supposing the variables of the first and second literals in ¢,
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are x; and x;. Note that at this point in construction, degg; (s} = degG(s%) =deg;(w,) =4
and deg (t!) = deg; (12) = 3.

We shall now connect the variable and clause gadgets. For each clause c,, suppose x; is
the variable of some literal in ¢, where ¢, contains the j™ occurrence of x; in ¢. If x; is
the first literal in ¢, and occurs positively in ¢, then identify b/ and s}, and ¢/ and 1,. We
shall hereafter refer to the first identified vertex as either b{ or s! and the second identified
vertex as either c{ or t!. Note that now degG(b{) = degg (c{ ) = 7. Similarly, if x; is the
first literal in ¢, and occurs negatively in ¢, then identify e{ and s!, and h{ and t!. In this
case degG(e{ ) = degG(h{ ) = 7. If x; is the second literal in ¢, and occurs positively in c,
then identify b{ and 52, and cl{ and 2. Similarly, if x; is the second literal in ¢, and occurs
negatively in ¢, then identify e{ and 52, and hl] and 2. This completes the construction of G.
Observe that A = 7.

It is straightforward that the reduction can be performed in polynomial time. We now prove
that the reduction is correct in the first direction. By construction, no K4 exists in G that
contains at least one vertex in a variable gadget and at least one vertex in a clause gadget.
Thus, we shall say that some K} is in a variable or clause gadget if it is a strict subset of that

gadget.

Lemma 8.9. If a truth assignment § for ¢ satisfies at least k clauses then an edge-disjoint
K4-packing T exists in G where |T| > Zl'f]l 3m; + k.

Proof. Suppose f is a truth assignment for ¢ that satisfies at least k£ clauses. We shall construct

an edge-disjoint K4-packing T where |T| > Zl'f{ 3m; + k.

For each variable x;, if f(x;) is true then add the set of even Ky4s in R; to T. Similarly, if f(x;)
is false then add the set of odd K4sin R; to T. Now |T| = Zli(ll 3m;. For each clause gadget c,
that is satisfied by f, it must be that there exists some variable x; where either f(x;) is true and
x; occurs positively in ¢, or f(x;) is false and x; occurs negatively in c,. In either case, add P!
to T. Now, T contains exactly Zl'i(l' 3m; K4s in variable gadgets and at least k K4s in clause
gadgets. It remains to show that 7" is edge disjoint. By the construction of G, any two Kys
in T in the same variable gadget are edge disjoint. Consider an arbitrary P! in some clause
gadget ¢, that belongs to 7. It must be that either f(x;) is true and x; occurs positively in c,
or f(x;) is false and x; occurs negatively in ¢,. In the former case, T contains the set of even
K4sin R; so since P, N R; = {bl] c{} where 1 < j < 3 it follows that 7" is edge disjoint. In the
latter case, T' contains the set of odd K4s in R; so since P; N R; = {elf , h{ } where 1 < j <3

it also follows that T is edge disjoint. O

We now prove that the reduction is correct in the second direction. We say that some edge-

disjoint K4-packing 7" in G is canonical if for any variable gadget R;, T contains either the
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set of even Kys in R; or the set of odd Kys in R;. By the construction of G, no edge-disjoint

K4-packing can contain all even K4s and all odd Kjs.

We first show that for any variable gadget R; and edge-disjoint K,-packing 7, if T neither
contains all even K4s in R; nor all odd K4s in R; then the number of K4s in T is at most

3ml-— 1.

Proposition 8.1. Suppose T is an arbitrary edge-disjoint K4-packing in G. For any variable
gadget R;, if T neither contains all even Kys in R; nor all odd Kys in R; then the number of

Kus inT is at most 3m; — 1.

Proof. By the construction of G, each even Ky in R; intersects exactly two odd Kys in R; by
at least two vertices and each odd K4 in R; intersects exactly two even K4s in R; by at least

two vertices.

It follows that the K4-edge intersection graph V(’rG contains a cycle of 6m; vertices corre-
sponding to the 6m; K4s in R;. It then follows that any edge-disjoint K4-packing that contains
3m; K4s in R; corresponds to an independent set of size 3m; in K’ ’f;, and thus is either the set
of even K4s in R; or the set of odd K4s in R;. Since T neither contains all even K4s in R; nor
all odd K4s in R; it follows that |T'| < 3m,;. O

We can now prove that for any edge-disjoint K4-packing in G that is not canonical, there

exists a canonical edge-disjoint K4-packing in G of at least the same cardinality.

Lemma 8.10. If T is an edge-disjoint K4-packing then there exists a canonical edge-disjoint
Ky-packing T" where |T’| > |T)|.

Proof. If T is already canonical then let 77 = 7. Otherwise, by the definition of canonical,
there must exist at least one variable gadget i such that 7" neither contains all even K4s in R;
nor all odd Kys in R;. For any such i where 1 <i < |X|, we show how to modify 7 to ensure
that it either contains the set of even Kys in R; or the set of odd Kys in R; and the cardinality
of T does not decrease. It follows that there exists a canonical edge-disjoint K4-packing 7’
where |T’| > |T|.

By Proposition [8.1] the number of Kys in R; in T is at most 3m; — 1.

Suppose the variable x; corresponding to R; occurs in clauses ¢, ¢, . . ., Crom s corresponding
T'm: . . Fm;

to the sets P;', P;*,...,P,”. It must be that either at most one Ky in {P;',P;*,...,P,"}

exists in T where the corresponding occurrence of x; is positive; or at most one K4 in {P;‘,

P?

i’

s P:m"} exists in 7 where the corresponding occurrence of x; is negative. Suppose
the former case is true. Remove the K4 in {P;l , Pl.r ., P:mi} in T where the corresponding
occurrence of x; is positive. Next, remove any even Ks in R; in T and add the set of odd

K4s in R; not already in 7. The number of K4s in R; in T is now 3m; so since at most one
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K4 was removed, which was not in R;, it follows that the cardinality of 7" has not decreased.
To see that T is still edge-disjoint, observe that any K4 in {Pl.r' , Pl.r L P:"”} in T intersects
any odd K4 in R; by at most one vertex. The construction and proof in the latter case are

symmetric. O

Lemma 8.11. If T is an edge-disjoint K4-packing where |T| = Zlﬂ 3m; + k for some integer

k > 1 then exists a truth assignment § that satisfies at least k clauses.

Proof. Assume by Lemmal8.10|that 7" is canonical. It follows that T’ contains exactly Z!ﬂ 3m;

K4s in variable gadgets and at least £ K4s in clause gadgets. For each variable x;, set f(x;) to
be true if T contains all even K4s in R; and false otherwise. Now consider each clause gadget
cr where S, contains some K4 in T', denoted P;. Suppose x; occurs positively in ¢,. It follows
that P! contains b{, cl’.' for some j where 1 < j < 3. Since T is canonical and edge-disjoint it
follows that T contains the set of even Kys in R;. By the construction of f it follows that f(x;)
is true and thus ¢, is satisfied. The proof for when x; occurs negatively in ¢, is symmetric. It

follows that at least k clauses are satisfied by f. O

Lemma 8.12. If r = 4 and A =7 then EDK, is APX-hard.

Proof. We shall describe an L-reduction from Max 2SAT=? (which is APX-hard [66]) to
EDK,4 when A = 7, using the definition of Crescenzi [113]. An L-reduction from optimisation
problem Q to an optimisation problem P shows that if there exists a (1 + ¢)-approximation
algorithm for P then there exists a (1+a@39)-approximation algorithm for Q. For compactness

we abbreviate Max 2SAT=? when appearing in a subscript to M2S3.

An L-reduction is characterised by a pair (f, g) of functions that can be computed in poly-
nomial time. Here, f is the reduction described at the start of the start of this section
(Section [8.4.2.2) in which an instance G of EDKj is constructed from an arbitrary instance
¢ of Max 2SAT=3. It is straightforward to show that f can be computed in polynomial time.

The function g is described by Lemmam For any instance ¢ of Max 2SAT=? and edge-
disjoint K4-packing in f(¢), g computes a truth assignment f for ¢. It is also straightforward

to show that g can be computed in polynomial time.

To show that f, g constitute a valid L-reduction, we must show that there exists fixed constants
a, 8 such that for any instance ¢ of Max 2SAT=3,

optgpk, (f () < aoptyps3 (@)

and that for any instance ¢ and any edge-disjoint K4-packing 7 in f(¢),

Optyiass (@) — mmas3 (¢, 8(¢,T)) < B(optepk, (f (#)) — mepk, (f (). T)) .
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We shall now demonstrate the existence of some such @ and S. Recall that in the instance
of Max 2SAT=3, X is the set of variables, C is the set of clauses, and m; 1s the number of
occurrences of each variable x;. Note that by the definition of Max 2SATS3, Zlﬂ m; 1s the
total number of literals, which must be at most 2|C|. Note also that for any instance ¢ of Max
2SAT=3, it must be that optys3 (@) = |C|/2. This is because a truth assignment satisfying
|C|/2 clauses can be found using a greedy algorithm that in each step assigns a truth value to

a variable occurring in the maximum number of clauses [115]. We can now show that

X1

optepk, (f(#)) < Z 3m; + oplypps3 () by Lemma[8.11
i=1

X1

=3 Z m; + Optypps3 (4)
i—1

< 6|C| + optyps3 (@) since 2|C| > le):f{ mi

< 130ptypps3(¢) since optyppg3(¢) > |C|/2

so @ = 13. We can also show that for any instance ¢ and any edge-disjoint K4-packing T in

f(9).

X1

optys3 (@) — mvos3 (@, (b, T)) < optyprgs(h) — (|T| - Z 3mi) by Lemma 8.11]
i=1

X1

= Z 3m; + oplyppg3(¢) — [T
i=1

< optep, (f(¢)) — [T by Lemma[8.9)
= optepi, (£(9)) — mep, (£(9).T)

since mgpk, (f(#),T) = |T|, which shows that 8 = 1. O

8.4.2.3 Edge-disjoint Ks-packing

In this section we show that EDK5 is APX-hard even when A = 9. The proof uses an
L-reduction that follows the same pattern as the one shown in Section @] for EDK4y,
extending the L-reduction of Caprara and Rizzi [9]. The reduction, shown in Figure [8.2]
is as follows. As before, we reduce from Max 2SAT=? (Problem and construct a set
of variable and clause gadgets. For each variable x;, construct a variable gadget of 8m;
vertices, labelled R; = {a{,b{,c{,d{,e{,h{,u{,v{} for each j where 1 < j < m;. For

each j where 1 < j < m;, add an edge (if it does not exist already) between each pair
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Figure 8.2: The reduction from Max 2SAT=? to EDKj3
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Kss in R;, and {b;,c;,e;, h;,vi} and {d;,a;" ,hi,e;” ,u; } (and {d;,a;, hi,e;, u;}) as

even Kss in R;. At this point degG(alJ..) = degG(b{) = degG(c{) = degG(d{) = 6 and
degG(e{) = degG(h{) = degG(u{) = degG(v{) = 8 for any j where 1 < j < m;.

We shall now construct the clause gadgets. For each clause c¢,, construct a clause gadget
of 7 vertices labelled S, = {s!, ¢}, 52,12, wl, w2, w2, w*}. Add an edge (if it does not exist
already) between each pair of vertices in {s, !, wl, w2, w3} and {s2, 12, w2, w3, w#}. Label

{s;. 17, wy, wi,w)} and {s7, 17, w7, w2, wi} as P} and P}, where the variables of the literals

in ¢, are x; and x;.

The connection of variable and clause gadgets follows the same pattern as for EDKy4. For each
clause c,, suppose x; is the variable of some literal in ¢, where ¢, contains the j th occurrence
of x; in ¢. If x; is the first literal in ¢, and occurs positively in ¢, then identify a{ and s!, and

le_' and t!. Now degG(a{ ) = degG(b{ ) = 9. Similarly, if x; is the first literal in ¢, and occurs
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negatively in ¢, then identify b{ and s!, and c{ and t!. If x; is the second literal in ¢, and
occurs positively in ¢, then identify al]. and 52, and b{ and 2. If x; is the second literal in ¢,

and occurs negatively in ¢, then identify b{ and 52, and c{ and r2. Now A = 9.

As before, the reduction can be performed in polynomial time. We now prove correctness in

the first direction.

Lemma 8.13. If a truth assignment | for ¢ satisfies at least k clauses then an edge-disjoint
Ks-packing T exists in G where |T| > Zl'f{ 2m; + k.

Proof. Suppose f is a truth assignment for ¢ that satisfies at least k clauses. We shall construct

an edge-disjoint K5-packing T where |T'| > Zlﬁ 2m;+ k. For each variable x;, add to T the set
X
i=1
For each clause ¢, satisfied by f, it must be that there exists some variable x; where f(x;) is

of even Kss in R; if f(x;) is true and otherwise the set of odd Kss in R;. Now |T| = 3m;.
true and x; occurs positively in ¢, or there exists some variable x; where f(x;) is false and x;
occurs negatively in c¢,. As before, in either case add P! to T. Now |T| = Z,'ﬁ 2m; + k. The

proof that T is edge disjoint is analogous to the proof in Lemma 8.9 O

We now prove the second direction. Like before, we say that some edge-disjoint Ks-packing
T in G is canonical if for any R;, T contains either the set of even Kss in R; or the set of odd
Kssin R;.

Lemma 8.14. If T is an edge-disjoint Ks-packing then there exists a canonical edge-disjoint
Ks-packing T” where |T’| > |T)|.

Proof. The proof is analogous to the proof of Lemma[8.10] Here we describe the modification
of a single variable gadget R; where T neither contains all even Kss nor all odd Kss in R;. It

must be that the number of K5s in R; in T is at most 2m; — 1.

Suppose x; occurs in clauses ¢, , Cy,, . . ., Crp,» corresponding to the sets P;l , Pl.rz, e, Pl.rmi It
must be that either at most one K5 in {P;', P*, .. ., Pl.rm" } exists in T where the corresponding
occurrence of x; is positive, or at most one K5 in {P{l, P;Z, e P;’""} exists in T where the
corresponding occurrence of x; is negative. In the former case, remove the Ks in {P}', Pl.rz,
cee, Pl.rmi} where the corresponding occurrence of x; is positive as well as any even Kss in R;
in T, then add the set of odd Kss not already in 7. The number of Kss in R; is now 2m; so
since at most one K5 was removed, which was not in R;, it follows that the cardinality of 7" has
not decreased. To see that T is still edge-disjoint, observe that any K5 in {P:1 , Pl.rz, el Pl.rmi}
in T intersects any odd Ks by at most one vertex. The construction and proof in the latter

case is symmetric. O

Lemma 8.15. If T is an edge-disjoint Ks-packing where |T| = le:(]l 2m; + k for some integer

k > 1 then exists a truth assignment | that satisfies at least k clauses.
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Proof. Assume by Lemma(8.14{that T is canonical. It follows that T contains exactly Z!ﬂ 2m;

Kss in variable gadgets and at least k K5s in clause gadgets. For each variable x;, set f(x;) to
be true if T contains all even Kss in R; and false otherwise. Now consider each clause gadget
¢, where S, contains some Ks in T, which we label P;. Suppose x; occurs positively in c;.
It follows that P} contains alf , b{ for some j where 1 < j < 3. Since T is edge disjoint it
follows that 7' contains the even Kss in R;. By the construction of { it follows that f(x;) is true
and thus ¢, is satisfied. The proof when x; occurs negatively in ¢, is symmetric. It follows

thus that at least k clauses are satisfied by f. O

Lemma 8.16. Ifr =5 and A =9 then EDK, is APX-hard.

Proof. The reduction described runs in polynomial time, and Lemma [8.15] shows how to

construct a truth assignment f that satisfies k clauses given an edge-disjoint K5-packing of

cardinality Zlﬂ 3m; + k where k > 1. By Lemmas [8.13|and [8.15] in the reduction a truth

assignment f for ¢ exists that satisfies at least k clauses if and only if there exists an edge-
disjoint K5-packing of size at least Zlﬂ 3m; + k. This reduction is thus an L-reduction with
a=9and B =1. O

We now combine Lemmas [8.12]and [8.12] with the existing result of Caprara and Rizzi [9] in
Theorem [8.8]

Theorem 8.8. Ifr < 5 and A > 2r — 2 then EDK, is APX-hard.

Proof. Caprara and Rizzi [9] prove the case when r = 3 and A = 5. In Lemma8.12] we prove
the case when r = 4 and A = 7. In Lemma(8.16] we prove the case whenr =5and A=9. O

8.5 Summary and future work

To recap, we considered the problem of finding a maximum-cardinality K,-packing in an
undirected graph of fixed maximum degree A, subject to the set of selected K, s being either
vertex disjoint (VDK,) or edge disjoint (EDK,). It is known that VDKj3 is solvable in
linear time if A = 3 but APX-hard if A > 4, and EDK3 is solvable in linear time if A = 4
but APX-hard if A > 5 [9]. We generalised these results and presented a full complexity
classification for both VDK, and EDK,.. We first showed that VDK, is solvable in linear time
if A < 3r/2 —1 (Theorem 8.2)), solvable in polynomial time if A < 5r/3 — 1 (Theorem [8.3),
and APX-hard if A > [5r/3] — 1 (Theorem [8.6).

We also showed that if » > 6 then EDK, is also solvable in linear time if A < 3r/2 — 1,
solvable in polynomial time if A < 5r/3 — 1, and APX-hard if A > [5r/3] - 1. If r < 5, then



8.5. Summary and future work 177

EDK, is solvable in linear time if A < 3r/2 — 1, solvable in polynomial time if A < 2r — 2,
and APX-hard if A > 2r — 2.

Some of our polynomial-time algorithms involved finding a maximum independent set in
a corresponding intersection graph. In each case, we showed that this intersection graph
was claw-free, from which it follows that a maximum independent set in the intersection
graph can be found in polynomial time [107,[109]. As we noted in Section[8.3.1] in a more
general setting in which graph vertices have weights, it is possible to find an independent
set of maximum weight [107, [112]. It might be interesting to use this result to derive

polynomial-time algorithms for weighted versions of VDK, and EDK,.

Another direction for future work is to generalise other known results for VDK3 and EDK3
to VDK, and EDK, where r > 3. For example, Mani¢ and Wakabayashi [98] showed that
the known approximation ratio of (3/2 + &) for VDK3 and EDK3 with can be improved upon
in the restricted settings where A = 4 and A = 5, respectively. It might be possible to show
a similar improvement of the corresponding approximation ratio for VDK, and EDK, (of

r/2 + €, as discussed in Section (8.1)) in the setting of an arbitrary fixed maximum degree.
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Chapter 9
Conclusion

In this chapter we recap on the contribution of this thesis and discuss some future work

relating to 3DR as well as more general problems of coalition formation.

Our main contribution related to Three-Dimensional Roommates (3DR). For two models
involving 9%- and % -preferences (3DR-B and 3DR-W), we considered the existence of
matchings that are stable. We first showed that both associated existence problems are NP-
complete. Next, in each model we considered the optimisation problem in which the objective
is to construct a matching with the maximum number of non-blocking triples. We showed
that an existing result led to a 9/4-approximation algorithm in both models and a simple

algorithm based on serial dictatorship led to a 3/2-approximation in 3DR-B.

In a model of 3DR with additively separable preferences (3DR-AS), we studied stable and
envy-free matchings, for three successively weaker definitions of envy-freeness. We con-
sidered various restrictions on the agents’ valuations and gave a comprehensive complexity
classification based on these restrictions. Interestingly, we identified a general trend that
shows, for successively weaker solution concepts, either existence or polynomial-time solv-
ability holds under successively weaker preference restrictions. Building on our new result
that any instance of 3DR-AS with binary and symmetric preferences must contain a stable
matching, we also developed a 2-approximation algorithm for the problem of finding a stable

matching with maximum utilitarian welfare in such an instance.

We also presented new results relating to Three-Dimensional Stable Matching with Cyclic
Preferences (3-DSM-CYC). In particular, we considered the optimisation problem of finding
a matching with the maximum number of non-blocking families. We first presented two
different approximation algorithms for this problem in the general case. We then considered
a situation in which the preferences of some agents are sufficiently similar to some master
list, and showed that the approximation ratio of one algorithm can be improved in relation to

a particular similarity measure (specifically the Kendall tau distance [6]).
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Finally, we considered a general problem in graph theory that generalises the notion of
assigning agents to coalitions of a fixed size, known as the K,-packing problem. In particular,
we studied the restricted case of this problem in which the graph has a fixed maximum degree
A. Tt is known for r = 3 that the vertex-disjoint (edge-disjoint) variant is solvable in linear
time if A = 3 (A = 4) but APX-hard if A > 4 (A > 5). We generalised these results to an
arbitrary but fixed r > 3, and provided a full complexity classification for both the vertex-

and edge-disjoint variants in graphs of maximum degree A, for all » > 3.

At the end of each chapter of this thesis we summarised our new results in detail and discussed
some closely related angles of possible future work. We shall now discuss some more general

directions for future work related to both 3DR and the wider topic of coalition formation.

An immediate open question is to what extent our results relating to 3DR generalise to
problems of multidimensional roommates and more general models of coalition formation.
We conjecture that our NP-completeness reductions relating to 3DR-B, 3DR-W, and 3DR-AS
can all be generalised to a model of k-dimensional roommates (kDR) where k > 3. We
also conjecture that our approximation algorithms for 3-DSM-CYC and 3DR-B can also be
generalised, without too much extra work, to k-DSM-CYC and kDR-B, where k > 3, with
the same approximation ratios. In our opinion the most interesting question here concerns
our polynomial-time algorithm for the restriction of 3DR-AS in which preferences are binary
and symmetric. It is unclear if either a similar algorithm exists for the same restriction in
4DR-AS or if instances of 4DR-AS exist that do not contain a stable matching.

In Chapter [3| we devised a 9/4-approximation algorithm for 3-DSM-CYC-MSM, which in-
volved first constructing a corresponding instance of 3GSM and then using Rosenbaum’s [75]]
9/4-approximation algorithm for 3GSM-MSM to find a matching with at least 913 /4 non-
blocking families. We also proved similar results in Chapters [] and [5] for 3DR-B-MSM
and 3DR-W-MSM respectively, making use of Rosenbaum’s algorithm for 3PSA-MSM. We
believe that this approach can be easily generalised to other optimisation problems in variants
of either 3GSM or 3PSA. Specifically, we believe that this approach can be generalised for
any such variant in which each agent’s preference over triples can be expressed as a poset. It
follows that a linear extension of each agent’s preferences exists, which was the central com-
ponent of our proofs for 3-DSM-CYC-MSM, 3DR-B-MSM, and 3DR-W-MSM. For example,
we believe that it will be straightforward to identify, along these lines, a 9/4-approximation
algorithm for the corresponding problem in the model of 3DR proposed by Iwama et al. [S7]
in 2007.

We saw in Chapters ] and [5] that deciding if a given instance of 3DR-B or 3DR-W contains
a stable matching is NP-complete, which contrasts with the analogous models in which
coalitions need not have a fixed size, wherein a stable matching is bound to exist and can be

found in polynomial time [7,8]]. It seems intuitive that the added restriction of fixed coalition
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size makes both problems somehow harder to solve. It would be interesting to identify other
problem models that exhibit a similar behaviour, or identify models that counter this intuition.
In this direction, one could also explore other restrictions of coalition size, such as flatmate

games [69]] or lower and upper bounds.

Many existing works relating to fixed-size coalition formation, and in particular those in-
volving multidimensional roommates, propose new models and study related problems in a
relatively ad-hoc way. In this thesis we used the common framework of 3DR to formalise
three related models of fixed-size coalition formation, and in each one studied the existence
of, and complexity of finding, feasible matchings. This approach allowed us to compare anal-
ogous results between problems that relate to different systems of preference representation
and different solution concepts. For example, we noted in Chapter [5] that it seems difficult
to construct an approximation algorithm for 3DR-W-MSM with the same performance guar-
antee as the algorithm for 3DR-B-MSM. We believe that such a systematic approach helps
us explore the interplay between the system of preference representation, solution concept,
and coalition size, both in the setting of 3DR as well as in more general models of coalition

formation.

As we saw in Chapter [2] (and in Figure [2.1)) a multitude of solution concepts and systems
of preference representation have been explored in the setting of hedonic games (in which
coalitions generally need not have a fixed size) [11]]. It remains open to what extent many
of these systems and concepts can be transposed either to 3DR or other models involving
coalitions of a restricted size. For example, as noted by Bilo et al. [73], it seems unclear
whether Nash stability, which involves the individual deviation of agents, can be meaningfully
defined in some models of fixed-size coalitions. More generally, it would be interesting to
see to what extent the hierarchy of solution concepts defined in the setting of hedonic
games [[11, (15 [16] (which we discussed in Chapter [2)) can be redefined in a model involving

fixed-size coalitions.
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Glossary of abbreviations

3DR Three-Dimensional Roommates . . . . . . . . . . . . ... ... .. .....

3DR-AS Three-Dimensional Roommates with Additively Separable preferences . . . |63
3DR-AS-SMUW 3DR-AS Stable Maximum Utilitarian Welfare problem . . . . . . . %
3DR-B Three-Dimensional Roommates with &%-preferences . . . . ... ... ... g
3DR-B-MSM 3DR-B Maximally Stable Matching problem . . . . . ... ... ... ﬂ
3DR-W Three-Dimensional Roommates with 7% -preferences . . . . . .. ... ... ;
3DR-W-MSM 3DR-W Maximally Stable Matching problem . . . . . ... ... .. 5
3-DSM-CYC Three-Dimensional Stable Matching with Cyclic preferences . . . . . . Z
3-DSM-CYC-MSM 3-DSM-CYC Maximally Stable Matching problem . . . . . . . Z
3GSM Three-Gender Stable Marriage problem . . . . . . .. ... .. ... .... 1_6
3PSA Three-Person Stable Assignment problem . . . . . ... ... ... ...... 1_9
ASHG Additively Separable Hedonic Game . . . . . . ... ... ... ....... H
DTP Directed Triangle Packing . . . . . . . . ... ... ... ... ... ... H
EDK, Edge-Disjoint K,-packing problem . . . . . . . ... ... ... .. ..... 160
IRLC Individually Rational Lists of Coalitions . . . . . . ... ... ... ...... 0
LC Listsof Coalitions . . . . . . . . . . . e ;
Max 2SAT=?  a restriction of Maximum Satisfiability . . . . ... ... ... ... 168
MIS-3-TF Maximum Independent Set in 3-regular Triangle-Free graphs . . . . . . 166
PIT  Partition into Triangles . . . . . . . . . . . . . . . . . i 56
SDR System of Distinct Representatives . . . . . . . ... .. ... ......... %
SM Stable Marriage problem . . . . . . .. ... e E
SR Stable Roommates problem . . . . . .. ... ... ... ... .. .. ... E
VDK, Vertex-Disjoint K,-packing problem . . . . . . . ... ... ... ...... 160
X3SAT;> arestriction of Exact 3-Satisfiability . . . . .. .............. 105
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