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(a) Velocity vx - Bar One (b) Velocity vx - Bar Two

(c) Axial Stress σxx - Bar One (d) Axial Stress σxx - Bar Two

(e) Axial Displacement ux - Bar One (f) Axial Displacement ux - Bar Two

Figure 7.29: Non-Matching Nearly Incompressible Bars - Comparison of local results
for matching Mesh 4 and non-matching Mesh 1 to 4
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(a) (b)

(c) (d)

Figure 7.30: Non-Matching Nearly Incompressible Bars - Comparison of Meshes along
centreline X = [32.8, 1.6, 1.6]TtoX = [65.2, 1.6, 1.6]T of Bar Two
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Figure 7.31: Non-Matching Nearly Incompressible Bars - Time Evolution of non-
matching Mesh 1 at 0µs, 50µs, 75µs, 100µs, 150µs, 200µs, 250µs and 300µs
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Figure 7.32: Non-Matching Nearly Incompressible Bars - Global total energy compari-
son of the proposed method, linear FEM and mean dilatation for non-matching Mesh 4
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7.7 Car Wall Impact

7.7.1 Problem Description

This problem considers a simplified car travelling at an initial velocity of -8.94 m/s (20
MPH) towards a wall with an initial gap δn of 0.0894 m and is subjected to a gravita-
tional body force of 9.81 N, where the car cross-section (XY-Plane) is depicted in Figure
7.33 with total length LT of 2.6 m, total height HT of 1 m, total width WT of 1 m and
the detailed dimensions in Table 7.9. In this problem the car model is simplified to
be considered as a single solid homogeneous material with the material properties in
Table 7.10 for two different material models, nearly incompressible neo-Hookean and
von-Mises plasticity with isotropic hardening. The purpose of this problem was to in-
vestigate the robustness of the proposed method and compare with classical FEM for
more complex geometries in relation to a practical real world application.

Figure 7.33: Car Wall Impact - Problem description

Table 7.9: Car Wall Impact - Dimensions

Length [m] Height m Radius m

L1 0.4 H1 0.5 R1 0.2
L2 0.8 H2 0.4 R2 0.3
L3 0.6
L4 1.35
L5 0.4
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Table 7.10: Car Wall Impact - Material parameters

Elastic car Plastic car

Constitutive Model neo-Hookean von-Mises Plasticity
Young’s Modulus E0 195 · 106 195 · 106 [N/m2]

Material density ρ0 8000 8000 [kg/m3]

Poisson Ratio ν 0.3 0.3
Lamé parameters µ 75.38 75.38 [MN/m2]

λ 113.077 113.077 [MN/m2]

Yield stress σy,0 - 2 · 106 [N/m2]

Hardening parameter H - 20 · 106 [N/m2]

Friction coefficient k 0 0

7.7.2 Numerical Results

This problem was simulated for the proposed method using a CFL of 0.3 and for four
different tetrahedral meshes with the following mesh statistics: Mesh 1 had 2391 nodes
and 9772 elements, Mesh 2 had 8582 nodes and 44911 elements, Mesh 3 had 17496
nodes and 92479 elements, Mesh 4 had 96359 nodes and 554190 elements. The resulting
total system energy history, numerical error history and energy history for each mesh
and material model are shown in Figure 7.34 to demonstrate consistency.

Figure 7.35 and 7.36 show the local time history of axial velocity, axial stress, axial
displacement and pressure at initial position X = [0, 0.5, 0]T, for the elastic car impact
(left) and plastic car impact (right), comparing the proposed method using Mesh 4,
linear FEM using a tetrahedral mesh consisting of 84921 nodes and 458757 elements and
mean dilatation FEM using a hexahedral mesh consisting of 157563 nodes and 148040
elements. Through comparing the local results, each methodology matches closely in
the elastic car impact while for the plastic car impact example the axial velocity and
axial displacement match closely but for the axial stress and pressure the linear FEM
has oscillations in the solution while the proposed method matches closely with the
mean dilatation FEM.

Figure 7.37 shows the pressure contour snapshots for each methodology of the elastic
car impact at various time intervals. Each methodology demonstrates a smooth pres-
sure contour with good agreement across each methodology with slight differences
in resolution. For completeness the entire time evolution for the proposed method is
shown in Figure 7.38.

Figure 7.39 shows the pressure contour snapshots for each methodology of the plastic
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car impact at various time intervals. The pressure contour using the linear FEM with
a tetrahedral mesh results in pressure checker boarding in the vicinity of high stress
concentrations which are plasticly deforming. While the proposed method and mean
dilatation FEM produce a smooth pressure contour which match closely with a slight
difference in resolution. For completeness the entire time evolution for the proposed
method is shown in Figure 7.40.
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(a) Total system energy - Mesh refinement (b) Total system energy - Mesh refinement

(c) Numerical error - Mesh refinement (d) Numerical error - Mesh refinement

(e) Energy history (Mesh 4) (f) Energy history (Mesh 4)

Figure 7.34: Car Wall Impact - Energy time histories for the elastic car impact (left) and
plastic car impact (right)
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(a) Velocity vx (b) Velocity vx

(c) Axial Stress σxx (d) Axial Stress σxx

Figure 7.35: Car Wall Impact - Comparison of local axial velocity and axial stress for
the elastic car (left) and plastic car (right) using linear tetrahedral FEM, mean dilatation
hexahedral FEM and tetrahedral proposed method



7.7. CAR WALL IMPACT 156

(a) Axial Displacement ux (b) Axial Displacement ux

(c) Pressure (d) Pressure

Figure 7.36: Car Wall Impact - Comparison of local axial displacement and pressure for
the elastic car (left) and plastic car (right) using linear tetrahedral FEM, mean dilatation
hexahedral FEM and tetrahedral proposed method
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Figure 7.37: Elastic Car Impact - Pressure Time Evolution of proposed method using a
tetrahedral mesh (left), linear FEM using a tetrahedral mesh and mean dilatation FEM
using a hexahedral mesh 100ms, 125ms,150ms, 200ms, 250ms, 300ms, 350ms, 400ms,
450ms
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Figure 7.38: Elastic Car Impact - Pressure Time Evolution of proposed method using a
tetrahedral mesh (from left to right and top to bottom) at 0ms, 100ms, 125ms, 150ms,
200ms, 250ms ... 900ms, 950ms, 1000ms
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Figure 7.39: Plastic Car Impact - Pressure Time Evolution of proposed method using a
tetrahedral mesh (left), linear FEM using a tetrahedral mesh and mean dilatation FEM
using a hexahedral mesh 100ms, 125ms,150ms, 200ms, 250ms, 300ms, 350ms, 400ms,
450ms
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Figure 7.40: Plastic Car Impact - Pressure Time Evolution of proposed method using
a tetrahedral mesh (from left to right and top to bottom) at 0ms, 100ms, 125ms,150ms,
200ms, 250ms ... 900ms, 950ms, 1000ms
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

This thesis has presented a novel vertex centred finite volume method for the dynamic
solution of non-smooth contact problems, where a mixed system of first order con-
servation equations, in combination with the associated jump conditions was used. By
utilising the jump condition for the conservation of linear momentum, several dynamic
contact models were derived ensuring the preservation of the hyperbolic characteristic
structure across the contact interface, this included two types of solver based on the
acoustic material wave speed and Hugoniot shock wave speed. This novel approach
was able to enforce both kinematic and kinetic contact constraints at a continuum level
and was demonstrated at a discrete level, first through a one-dimensional implementa-
tion in MATLAB followed by multi-dimensional implementations in two-dimensions
through MATLAB and three-dimensions through open source software "OpenFOAM".
The numerical examples presented in this thesis, prove the proposed algorithm per-
forms extremely well in dynamic contact-impact problems without requiring any ad-
hoc algorithmic regularisation. The proposed method, by construction, also overcomes
several numerical drawbacks commonly found in traditional methodologies. Specif-
ically, no spurious oscillations or hour-glassing was observed and a smooth pressure
solution was obtained unlike the traditional linear tetrahedral finite element method.
The proposed algorithm, crucially ensures long-term stability through monitoring the
global entropy production via the Hamiltonian energy of the system.

This thesis outlined the governing equations for the kinematics of a single contin-
uum body in relation to solid dynamics. Followed by the kinematic description along
with the definitions for the Total Lagrangian description of the first order conserva-
tion framework first developed by Lee et al. [100]. In terms of the conservation linear
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momentum p and triplet of kinematic conservation equations {F ,H , J}. The solid dy-
namic system was closed by defining a polyconvex constitutive model and a classic
elastoplasticity model. To consider discontinuous problems as part of the first order
framework, such as contact-impact scenarios, the associated jump conditions were de-
rived and discussed. To evaluate these conditions, appropriate acoustic material wave
speeds and Hugoniot material wave speeds were derived.

By examining the linear momentum jump condition, expressions for the contact inter-
face conditions were derived for the acoustic material wave speed and Hugoniot shock
wave speeds, in the form of a Riemann solver, which directly enforce the contact con-
ditions. To demonstrate the application of these conditions, the exact solution to a one-
dimensional contact scenario was presented. The second law of thermodynamics was
introduced in the context of the Hamiltonian energy when considering the first order
conservation framework. It was demonstrated that at a continuum level the proposed
formulation satisfies the Coleman-Noll for entropy production.

In terms of numerical scheme, the first order conservation framework was discretised
in space using vertex centred finite volume method. In order to achieve a second order
accurate solution, the fluxes were reconstructed using a linear reconstruction proce-
dure with a Barth-Jespersen limiter. The entropy production was examined using the
Coleman-Noll procedure and demonstrated that the proposed method fulfils the sec-
ond law of thermodynamics at a semi-discrete level. The proposed method was discre-
tised in time using a time-variation diminishing two stage Runge-Kutta time integrator.
With this numerical scheme the proposed method was implemented as a purpose built
explicit multi-body contact solver in open-source software OpenFOAM with a custom
VCFVM library.

One-dimensional numerical examples were presented to demonstrate the accuracy and
consistency of the proposed algorithm, while monitoring the Hamiltonian energy to
ensure fulfilment of the second law of thermodynamics. These examples showed near
perfect agreement with the exact solutions and demonstrated the satisfaction of the
second law of thermodynamics. The influence of the Hugoniot wave speed using a
non-linear Riemann solver was also investigated showing good agreement with tradi-
tional FEMs. A parametric study was conducted that demonstrated the importance of
using the Hugoniot shock model for large velocity impacts, while the importance of
utilising a non-linear Riemann solver requires further investigation.

More advanced multi-dimensional problems were also presented and compared with
standard finite element methodologies, linear triangular and mean dilatation quadri-
laterals elements in two dimensions then linear tetrahedral and mean dilatation hexa-
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hedral elements in three dimensions. The proposed method again demonstrated good
agreement with the mean dilatation method across both dimensions, free from spu-
rious oscillations and pressure checker boarding which were observed in traditional
linear methods. The Hamiltonian energy was monitored and examined for each exam-
ple and demonstrated the satisfaction of the second law of thermodynamics for each
case.

The main contributions and novelties of this thesis are as follows:

Continuum Level

• Application of the first order conservation framework to multiple body contact
dynamics.

• Derivation of continuum contact conditions based on the jump conditions for two
types of wave speed in the form of an acoustic and non-linear Riemann solvers.

• This combination of methods directly enforces the contact conditions (impenetra-
bility and traction conservation) at a continuum level.

• The satisfaction of entropy production using a Coleman-Noll procedure at a con-
tinuum level for the proposed formulation.

Discrete Level

• The enforcement of both contact constraints at each node of the contact interface
across multiple bodies.

• The discrete satisfaction of local entropy production using a Coleman-Noll proce-
dure for the proposed method.

Computational Implementation

• Purpose built "OpenFOAM" implementation of the proposed method including
a vertex centred finite volume library and multiple body contact solver for pre-
defined matching and non-matching contact interfaces.

8.2 Future Work

Following this research there are several avenues for future work as follows:

• Non-linear Riemann Solver
The advantage of the non-linear Riemann solver, introduced in this thesis, is
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not yet clear requiring further investigation through multi-dimensional scenar-
ios such as fictional or angled contact.

• Constitutive models
This work was focused on the contact-impact of a small selection of large strain
constitutive models, further more complex constitutive models could be investi-
gated such as viscoelasticity [129, 130, 156] or viscoplasticity [157] as well as the
contact between bodies of different constitutive models.

• Thermo-mechanical contact
In this work only isothermal contact was considered, this can be extended to in-
clude thermal effects in contact scenarios such as friction or heat transfer requir-
ing additional contact constraints [158]. The addition of these contact constraints
can be investigated by the proposed method through an additional conserva-
tion equation for the first law of thermodynamics as demonstrated by Bonet et
al. in [117] with the required theory presented in Appendix A. Modelling Thermo-
mechanical contact would require more complex constitutive models such as thermo-
elasticity [159], thermo-plasticity [160] or thermo-viscoelasticity [161].

• Non-matching/Sliding Contact Interfaces
The investigation of methodologies in order to address non-matching/sliding
contact interfaces was outside the scope of this work as such further improve-
ments can be made to the proposed algorithm to address these scenarios. To fully
consider these types of scenarios an efficient search algorithm, as discussed in
Section 1.2.2, would be required to identify contact regions.

• OpenFOAM Integration and Extension to "preCICE"
The implementation of the proposed method in "OpenFOAM" for this thesis was
entirely purpose-built as such various improvements can be made to the imple-
mentation to improve the integration with OpenFOAM, and ultimately efficiency,
such as creating a complete template library for the vertex centred finite volume
algorithm following the coding guidelines. By doing so the proposed algorithm
could easily be scaled and adapted for different computational algorithms within
OpenFOAM and extended to integration with third party modules such as "pre-
CICE" [162] for the coupling of Fluid-Structure Interaction (FSI) problems.

• Computational Efficiency Comparison
The proposed method has a series of advantages over traditional displacement
based methods as discussed throughout this thesis, however to fully assess this
framework, a computational efficiency study can be undertaken in order to as-
sess whether the additional geometric conservation equations have an impact on
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overall efficiency in comparison to other methodologies.
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Appendix A

Governing Equations for
Thermo-Elasticity

A.1 Preliminaries

This thesis focused on isothermal processes, in this appendix, the relevant governing
equations to extend the proposed method to thermo-elastic scenarios is presented fol-
lowing the work of Ghavamian et al. [116] and Bonet et al. [117]. This appendix begins
with the introduction of the first law of thermodynamics in Section A.2 expressed in
terms of total energy and in terms of entropy. Two appropriate constitutive relations
are introduced in Section A.3 namely, Modified Entropic Elasticity (MEE) and Mie-
Grüneisen (MG) in order to close the system of equations. Lastly, the extension of the
proposed method to thermo-mechanical contact is briefly discussed in Section A.4.

A.2 First Law of Thermodynamics

A.2.1 Expressed in Terms of Total Energy

The first law of thermodynamics is expressed in terms of the total energy in global form
as [21]:

d
dt

∫
Ω0

ETdV =
∫

∂Ω0

t · vdA−
∫

∂Ω0

QBdA +
∫

Ω0

(ρ0b0) · vdV +
∫

Ω0

r0dV, (A.1)

where ET (X , t) is the total energy density per unit undeformed volume, t = PN is the
boundary traction vector, QB = Q ·N is the heat flow normal to boundary ∂Ω0, r0 is
the thermal heat source per unit reference volume. The local form of this conservation

168
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equation is expressed as:

∂ET

∂t
+ DIV

(
Q−P Tv

)
= (ρ0b0) · v + r0, (A.2)

with jump condition defined as [100]:

UJETK = JQK ·N − JP TvK ·N . (A.3)

where J·K = J·KR − J·KL is the jump across a discontinuous surface by unit normal N
propagating with wave speed U.

A.2.2 Expressed in Terms of Internal Energy and the Entropy

The total energy density in Equation (A.2) includes kinetic and internal energy con-
tributions. Therefore to obtain an expression in terms of the internal energy only, the
linear momentum balance principle in Equation (2.7) is multiplied by velocity v and
subtracted from Equation (A.2), after some algebra yields:

∂E

∂t
+ DIVQ = P : ∇0v + r0, (A.4)

where E (X , t) = ET − 1
2ρ0

(p · p) represents the internal energy per unit undeformed
volume. In strict thermo-elasticity, the internal energy E (X , t) will depend on the
triplet of deformation measures X = {F ,H , J} and entropy density (per unit of unde-
formed volume) η, defined as:

E (X , t) = E
(
X η

)
; X η = {X , η} = {F ,H , J, η}, (A.5)

where E denotes the same internal energy per unit undeformed volume as E but with
different functional dependency. The entropy density field η (X , t) is defined as the
energy dual conjugate variable to the temperature θ (X , t) as:

θ (X , t) =
∂E
(
X η

)
∂η

= Θ
(
X η

)
. (A.6)

Similarly, the notation θ and Θ are used to denote the same temperature with different
functional dependency. Similarly, energy conjugate fields can be defined to the three
deformation measures of the triplet X as:

ΣF =
∂E
(
X η

)
∂F

; ΣH =
∂E
(
X η

)
∂H

; ΣJ =
∂E
(
X η

)
∂J

. (A.7)
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By comparing the time rate of the internal strain energy E (X , t) to that of its equivalent
re-expression E

(
X η

)
and, using the properties of the tensor cross product [106], it

is possible to relate the conjugate stresses defined previously (Equation(A.7)) to the
standard first Piola-Kirchhoff stress tensor (refer to Section 2.5) as:

∂E (X , t)
∂t

=
∂E
(
X η

)
∂F

:
∂F

∂t
+

∂E
(
X η

)
∂H

:
∂H

∂t
+

∂E
(
X η

)
∂J

∂J
∂t

+
∂E
(
X η

)
∂η

∂η

∂t
; (A.8)

= ΣF : ∇0v + ΣH : (F ∇0v) + ΣJ (H : ∇0v) + θ
∂η

∂t
; (A.9)

= [ΣF + ΣH F + ΣJH ] : ∇0v + θ
∂η

∂t
, (A.10)

leading to:
P
(
X η

)
= ΣF + ΣH F + ΣJH . (A.11)

Now it is possible to re-write the first law of thermodynamics in terms of the entropy
η by combining Equations (A.4) and (A.8) to give a thermal expression in which the
mechanical terms have been eliminated to give [163]:

θ
∂η

∂t
+ DIVQ = r0. (A.12)

Alternatively, noting 1
θ DIVQ = DIV

(
Q
θ

)
+ 1

θ2Q ·∇0θ, a conservation type of law for
the entropy emerges as:

∂η

∂t
+ DIV

(
Q

θ

)
=

r0

θ
− 1

θ2Q ·∇0θ, (A.13)

where Q
θ represents the flux of entropy and the right hand side term is the entropy

source per unit of undeformed volume. The expression above for entropy, however, as-
sumes a smooth solution but is still an expression for the first law. The global form can
be obtained by integration over an arbitrary volume Ω0 with the use of the divergence
theorem to give:

∂

∂t

∫
Ω0

ηdV +
∫

∂Ω

(
QB

θ

)
dA =

∫
Ω0

(r0

θ

)
dV −

∫
Ω0

1
θ2Q ·∇0θdV. (A.14)

In relation to heat flux vector Q, the typical Fourier law is considered to hold and which
can be defined in Total Lagrangian fashion as:

Q = −K∇0θ; K = J−1HTkH . (A.15)

where k represents the positive semi-discrete second-order thermal conductivity tensor
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in the deformed configuration.

A.3 Thermal Constitutive Relations

In general, the Calorimetry relationships between internal energy E , temperature θ and
entropy η can be derived from the definition of the specific heat at constant volume
cv [117]. This requires the re-definition of the entropy η (X , t) and the internal energy
density E (X , t) in terms of the triplet of deformation measures X and the temperature
θ namely, X θ = {X , θ} = {F ,H , J, θ}. Defined as:

cv
def
= dE

dθ

∣∣∣
X=const

; Ẽ (X θ) = E (X , η̃ (X θ)) ; η (X , t) = η̃ (X θ) , (A.16)

with cv = ρ0Cv > 0, where ρ0 is the density at reference temperature θ0 and Cv the
specific heat per unit mass. As the internal energy E (X , t) can be expressed as a func-
tion of the set of arguments X η, Equation (A.5) and observing that from Equation (A.6)
that, ∂E

(
X η

)
/∂η = θ, a constitutive relationship between the temperature θ and the

entropy η at constant deformation can be established [117] by re-expressing Equation
(A.16) using the chain rule as:

∂η̃ (X θ)

∂θ
=

cv

θ
. (A.17)

Restricting the derivation to the simple constant heat coefficient case, allows Equation
(A.17) to be integrated analytically with respect to the entropy or temperature changes
as: ∫ η̃(X θ)

η̃0(X )
dη = cv

∫ θ

θ0

1
θ

dθ, (A.18)

which lead to a relationship between entropy and temperature as:

η̃ (X θ) = η̃0 (X ) + cv ln
θ

θ0
; η̃0 (X ) = η̃ (X , θ = θ0) , (A.19)

where η̃0 (X ) is the entropy at constant temperature θ0 and expressed as a function of
the deformation X (In other words, after deformation, the temperature is allowed to
return to the reference value θ0).

Using Equation (A.19), and noting the alternative functional representation from Equa-
tion (A.16), the reverse relationship yielding the temperature as a function of the defor-
mation and entropy is given as:

Θ
(
X η

)
= θ0e(η−η̃0(X ))/cv . (A.20)

Again, with the assumption of a constant specific heat coefficient cv, it is possible to
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write an explicit relationship for the internal energy E (X , t) as functions of deforma-
tions X and temperature θ, that is Ẽ (X θ), instead of E

(
X η

)
. This is achieved by

directly integrating Equation (A.16) with respect to temperature between the limits θ0

and a given value θ to give: ∫ Ẽ(X θ)

Ẽ0(X )
dE = cv

∫ θ

θ0

dθ, (A.21)

which then yields:

Ẽ (X θ) = Ẽ0 (X ) + cvϑ; Ẽ0 (X ) = Ẽ0 (X , θ = θ0) ; ϑ = θ − θ0; (A.22)

Here, ϑ represents the temperature change (with respect the reference temperature θ0)
and the term Ẽ0 (X ) represents the internal energy per unit reference volume caused by
the deformation after the temperature has been allowed to return back to the reference
value θ0. Since the terms E (X , t) and Ẽ (X θ) are used to denote the same energy (with
different functional dependency), and recalling E (X , t) = ET − 1

2ρ0
(p · p) rearrange-

ment of Equation (A.22) gives the temperature update as:

θ̂ (p,X E) = θ0 +
1
cv

(
Ẽ (X θ)− Ẽ0 (X )

)
; (A.23)

= θ0 +
1
cv

(
ET −

1
2ρ0

p · p− Ẽ0 (X )

)
, (A.24)

where X E = {X , ET}. Equation (A.23) provides an expression of the temperature
in terms of the linear momentum, the triplet of deformation measures and the total
energy density, namely, θ (X , t) = θ̂ (p,X E). Moreover, noticing Equation (A.19), it is
also possible to obtain a similar relationship between the entropy density η and the set
X E, namely, η (X , t) = η̂ (p,X E), that is:

η̂ (p,X E) = η̃0 (X ) + cv ln

(
θ̂ (p,X E)

θ0

)
. (A.25)

A final useful relationship necessary to compute the conjugate stresses {ΣF , ΣH , ΣJ} in
Equation (A.7) is that of the internal energy density, namely:

Ê (p,X E) = ET −
1

2ρ0
p · p, (A.26)

where Ê (p,X E) represents an alternative functional representation of the internal en-
ergy E

(
X η

)
. Finally, in order to complete the definition of the thermo-elastic consti-

tutive model (refer to Equations (A.23), (A.25) and (A.26)), it is necessary to provide
suitable functional expressions for Ẽ0 (X ) and η̃0 (X ), which will depend on the spe-
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cific material under consideration. Following [117], in order to guarantee the existence
of real wave speeds (hyperbolicity) in the material for the entire thermo-elastic defor-
mation process, that is regardless of the amount of deformation X and thermal state η

(or θ), a sufficient condition is that of selecting Ẽ0 (X ) and η̃0 (X ) to be convex in X ,
that is both functions shall be polyconvex. For further details, refer to [117]. Two well-
established thermo-elastic models derived from universally polyconvex strain energy
functions will be introduced, namely modified entropic elasticity and Mie-Grüneisen.
1

A.3.1 Modified Entropic Elasticity (MEE) Model

The internal energy density at reference temperature θ0 for this material is typically
given by a purely volumetric function as [117] :

ẼMEE
0 (J) = cvΓ0θ0 (J − 1) , (A.27)

here Γ0 is a positive material constant. In addition, the entropy function at reference
temperature θ0 is given by:

η̃MEE
0 (X ) =

1
θ0

(
ẼMEE

0 (J)− ψMEE
0 (X )

)
, (A.28)

where ψMEE
0 (X ) is the Helmholtz’s free energy function at reference temperature θ0,

where a possible deviatoric-volumetric expression of the Mooney-Rivlin type is:

ψMEE
0 (X ) = ζ0

(
J−2/3 (F : F )− 3

)
+ ξ0

(
J−2 (H : H)3/2 − 3

√
3
)
+

κ0

2
(J − 1)2 ,

(A.29)
where {ζ0, ξ0, κ0} are material parameters. Notice that if ξ0 = 0, the material degen-
erates to a neo-Hookean type of model (refer to Section 2.5). Typically, these material
parameters and Γ0 introduced above, are calibrated against those of linear elasticity,
namely, shear modulus µ, bulk modulus κ and thermal expansion coefficient α as [108]:

µ = 2ζ0 + 3
√

3ξ0; κ = κ0; α =
cvΓ0

3κ
. (A.30)

1Refer to Bonet et al.[117] where hyperbolicity is demonstrated for the two thermo-elastic constitutive
models presented here where the closed-form computation of bounds for the propagating wave speeds
is also shown.
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A.3.2 Mie-Grüneisen (MG) Model

A plausible deviatoric-volumetric expression for the internal energy density of the
Mooney-Rivlin type at reference temperature θ0 for this material can be given as:

ẼMG
0 = ζ0

(
J−2/3 (F : F )− 3

)
+γ0

(
J−2 (H : H)3/2 − 3

√
3
)
+

χ0

2
(J − 1)2 + cvθ0Γ0 (J − 1) ,

(A.31)
where {ζ0, γ0, χ0} are material parameters (if γ0 = 0, the material degenerates to a neo-
Hookean type of model) and the entropy function at reference temperature θ0 is given
by:

η̃MG
0 (X ) = cvΓ0

(
Jq − 1

q

)
, (A.32)

where q is a dimensionless coefficient that varies from zero (for a perfect gas) to one
(for solid materials). The material parameters can be calibrated against those of linear
elasticity, namely, shear modulus µ, bulk modulus κ and thermal expansion coefficient
α as:

µ = 2ζ0 + 3
√

3γ0; κ = χ0 + cvθ0Γ0 (1− q) ; α =
cvΓ0

3κ
. (A.33)

A.4 Extension to Thermo-Mechanical Contact

With the theory presented in this Appendix, the proposed method can be extended
to thermo-elasticity by introducing the conservation of energy from Equation (A.2)
into the first order framework from Section 2.4 as an additional conservation equation
and the system is then closed by using an appropriate thermo-mechanical constitutive
model such as those presented in Section A.3 as presented by Ghavamian et al. [116]
and Bonet et al. [117]. To extend this to thermo-mechanical contact, a new set of derived
contact conditions are required to determine the temperature interaction between mul-
tiple bodies and would be expanded expressions of those from Section 3.3 to include
temperature effects for the contact fluxes. Furthermore, the second law of thermody-
namics presented in Section 3.5, used to assess the entropy production of the numerical
scheme, would now be expressed in terms of the so called ballistic free energy. This bal-
listic energy is simply the total energy presented in Equation (3.46) plus an additional
thermal conduction term [21]. This addition would therefore require a reassessment
of the entropy production of the semi-discrete system of equations to ensure discrete
satisfaction of the second law of thermodynamics.



Appendix B

Mesh Generation Example

B.1 Preliminaries

In Chapter 5, the computational implementation of the proposed method in open-
source software OpenFOAM was discussed. This included an example problem setup
for the purpose built OpenFOAM solver for explicit multi-body contact dynamics. This
appendix contains the source code required to generate the mesh for this example prob-
lem setup, for full details refer to Chapter 5. Listing B.1 defines the geometry and mesh
for body 1 while Listing B.2 defines the geometry and mesh for body 2 which can be
opened in open-source mesh generator gmsh [145] in order to create the relevant mesh
(*.msh) files. Once created, the mesh files can be converted to the OpenFOAM format
by using the executable utility in Listing B.3, which requires the two createPatchDict

files in Listings B.4 and B.5 to be saved in the relevant system sub-directories.

B.2 Source Code
// Define geometry

2 SetFac tory ( "OpenCASCADE" ) ;
Box ( 1 ) = { 0 , −0.5 , −0 .5 , 10 , 1 , 1 } ;

4

// Define s t r u c t u r e d l i n e s
6 T r a n s f i n i t e Line { 3 , 4 , 1 , 2 } = 9 Using Progress ion 1 ;

T r a n s f i n i t e Line { 6 , 8 , 5 , 7 } = 9 Using Progress ion 1 ;
8 T r a n s f i n i t e Line { 1 1 , 12 , 10 , 9 } = 81 Using Progress ion 1 ;

10 // Define s t r u c t u r e d s u r f a c e s
T r a n s f i n i t e Surface { 1 } = { 4 , 3 , 2 , 1 } ;

12 T r a n s f i n i t e Surface { 2 } = { 7 , 5 , 6 , 8 } ;
T r a n s f i n i t e Surface { 6 } = { 3 , 1 , 5 , 7 } ;

14 T r a n s f i n i t e Surface { 4 } = { 8 , 4 , 3 , 7 } ;
T r a n s f i n i t e Surface { 3 } = { 5 , 6 , 2 , 1 } ;

16 T r a n s f i n i t e Surface { 5 } = { 4 , 8 , 6 , 2 } ;

175



B.2. SOURCE CODE 176

18 // Define s t r u c t u r e d volume
T r a n s f i n i t e Volume { 1 } = { 2 , 4 , 3 , 1 , 6 , 8 , 7 , 5 } ;

20

// Assign volume name
22 Phys ica l Volume ( " body1 " ) = { 1 } ;

Listing B.1: gmsh script - Body 1

// Define geometry
2 SetFac tory ( "OpenCASCADE" ) ;

Box ( 1 ) = { 1 0 . 0 1 , −0.5 , −0 .5 , 10 , 1 , 1 } ;
4

// Define s t r u c t u r e d l i n e s
6 T r a n s f i n i t e Line { 3 , 4 , 1 , 2 } = 9 Using Progress ion 1 ;

T r a n s f i n i t e Line { 6 , 8 , 5 , 7 } = 9 Using Progress ion 1 ;
8 T r a n s f i n i t e Line { 1 1 , 12 , 10 , 9 } = 81 Using Progress ion 1 ;

10 // Define s t r u c t u r e d s u r f a c e s
T r a n s f i n i t e Surface { 1 } = { 4 , 3 , 2 , 1 } ;

12 T r a n s f i n i t e Surface { 2 } = { 7 , 5 , 6 , 8 } ;
T r a n s f i n i t e Surface { 6 } = { 3 , 1 , 5 , 7 } ;

14 T r a n s f i n i t e Surface { 4 } = { 8 , 4 , 3 , 7 } ;
T r a n s f i n i t e Surface { 3 } = { 5 , 6 , 2 , 1 } ;

16 T r a n s f i n i t e Surface { 5 } = { 4 , 8 , 6 , 2 } ;

18 // Define s t r u c t u r e d volume
T r a n s f i n i t e Volume { 1 } = { 2 , 4 , 3 , 1 , 6 , 8 , 7 , 5 } ;

20

// Assign volume name
22 Phys ica l Volume ( " body2 " ) = { 1 } ;

Listing B.2: gmsh script - Body 2

# !/ bin/bash
2 cd $ {0%/*} || e x i t 1 # Run from t h i s d i r e c t o r y

4 # Remove old Meshes
echo −e "\n

6 Remove old meshes
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

8 "
rm −r constant/polyMesh

10 rm −r 0/polyMesh
rm −r constant/body1/polyMesh

12 rm −r constant/body2/polyMesh

14 # Generate mesh
# Body1

16 echo −e "\n
Generate body1 mesh

18 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
"

20

gmshToFoam body1 . msh > log . mesh
22 autoPatch 90 −overwrite >> log . mesh

mv constant/polyMesh constant/body1/polyMesh
24 c r e a t e P a t c h −overwrite −region body1 >> log . mesh
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26 # Body2
echo −e "\n

28 Generate body2 mesh
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

30 "

32 gmshToFoam body2 . msh >> log . mesh
autoPatch 90 −overwrite >> log . mesh

34 mv constant/polyMesh constant/body2/polyMesh
c r e a t e P a t c h −overwrite −region body2 >> log . mesh

36

echo −e "\n
38 Meshing complete

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Listing B.3: createRegionMeshes

*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
2 ========= |

\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
4 \\ / O perat ion | Website : h t tps : //openfoam . org

\\ / A nd | Version : 6
6 \\/ M anipula t ion |

\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
8 FoamFile

{
10 vers ion 2 . 0 ;

format a s c i i ;
12 c l a s s d i c t i o n a r y ;

o b j e c t c r e a t e P a t c h D i c t ;
14 }

16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18

// Patches to c r e a t e .
20 patches

(
22 {

name f r e e ;
24 patchInfo

{
26 type patch ;

}
28 constructFrom patches ;

patches ( auto0 auto1 auto2 auto4 auto5 ) ;
30 }

{
32 name c o n t a c t ;

patchInfo
34 {

type patch ;
36 }

constructFrom patches ;
38 patches ( auto3 ) ;

}
40 ) ;
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42 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing B.4: createPatchDict - Body 1

*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
2 ========= |

\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
4 \\ / O perat ion | Website : h t tps : //openfoam . org

\\ / A nd | Version : 6
6 \\/ M anipula t ion |

\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
8 FoamFile

{
10 vers ion 2 . 0 ;

format a s c i i ;
12 c l a s s d i c t i o n a r y ;

o b j e c t c r e a t e P a t c h D i c t ;
14 }

16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18 // Patches to c r e a t e .
patches

20 (
{

22 name f r e e ;
patchInfo

24 {
type patch ;

26 }
constructFrom patches ;

28 patches ( auto0 auto1 auto3 auto4 auto5 ) ;
}

30 {
name c o n t a c t ;

32 patchInfo
{

34 type patch ;
}

36 constructFrom patches ;
patches ( auto2 ) ;

38 }
) ;

40

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing B.5: createPatchDict - Body 2
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OpenFOAM Input Files Example

C.1 Preliminaries

In Chapter 5, the computational implementation of the proposed method in open-
source software OpenFOAM was discussed. This included an example problem setup
for the purpose built OpenFOAM solver for explicit multi-body contact dynamics. This
appendix contains the relevant files in order to define the problem. Listing C.1 defines
the initial linear momentum for body 1, while Listing C.2 defines the initial linear mo-
mentum for body 2. The required regionProperties file, which defines the region
names, is provided in Listing C.3. The materialProperties file for both bodies is pro-
vided in Listing C.4 and must be stored in both region sub-directories. The source
files for the system directory are provided in Listing C.5 for the control dictionary, List-
ing C.6 for the finite volume solution dictionary and Listing C.7 for the finite volume
schemes. Lastly, the run executable file is provided in Listing C.8 which runs the pur-
pose built OpenFOAM solver.

C.2 Source Code
/*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\

2 ========= |
\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox

4 \\ / O perat ion | Website : h t tps ://openfoam . org
\\ / A nd | Version : 6

6 \\/ M anipula t ion |
\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/

8 FoamFile
{

10 vers ion 2 . 0 ;
format a s c i i ;

12 c l a s s po in tVec torF ie ld ;
l o c a t i o n " 0 " ;
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14 o b j e c t lm ;
}

16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18 dimensions [1 −2 −1 0 0 0 0 ] ;

20 i n t e r n a l F i e l d uniform ( 0 . 0 0 1 0 0) ;

22 boundaryField
{

24 f r e e
{

26 type zeroGradient ;
}

28

c o n t a c t
30 {

type c a l c u l a t e d ;
32 }

}
34

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing C.1: lm.orig - Body 1

/*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
2 ========= |

\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
4 \\ / O perat ion | Website : h t tps ://openfoam . org

\\ / A nd | Version : 6
6 \\/ M anipula t ion |

\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
8 FoamFile

{
10 vers ion 2 . 0 ;

format a s c i i ;
12 c l a s s po in tVec torF ie ld ;

l o c a t i o n " 0 " ;
14 o b j e c t lm ;

}
16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18 dimensions [1 −2 −1 0 0 0 0 ] ;

20 i n t e r n a l F i e l d uniform (0 0 0) ;

22 boundaryField
{

24 f r e e
{

26 type zeroGradient ;
}

28

c o n t a c t
30 {

type c a l c u l a t e d ;
32 }

}



C.2. SOURCE CODE 181

34

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing C.2: lm.orig - Body 2

/*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
2 ========= |

\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
4 \\ / O perat ion | Website : h t tps ://openfoam . org

\\ / A nd | Version : 6
6 \\/ M anipula t ion |

\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
8 FoamFile

{
10 vers ion 2 . 0 ;

format a s c i i ;
12 c l a s s d i c t i o n a r y ;

l o c a t i o n " constant " ;
14 o b j e c t r e g i o n P r o p e r t i e s ;

}
16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18 regions
(

20 bodies ( body1 body2 )
) ;

22

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing C.3: regionProperties

/*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
2 ========= |

\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
4 \\ / O perat ion | Website : h t tps ://openfoam . org

\\ / A nd | Version : 6
6 \\/ M anipula t ion |

\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
8 FoamFile

{
10 vers ion 2 . 0 ;

format a s c i i ;
12 c l a s s d i c t i o n a r y ;

l o c a t i o n " constant " ;
14 o b j e c t mechanica lPropert ies ;

}
16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

materialModel neoHookean ;
18

rho rho [1 −3 0 0 0 0 0] 0 . 0 1 ;
20 E E [1 −1 −2 0 0 0 0] 1 0 0 ;

nu nu [0 0 0 0 0 0 0] 0 . 0 ;
22 s s [0 0 0 0 0 0 0] 0 . 0 ;

f r i c t i o n C o e f f r i c t i o n C o e f [0 0 0 0 0 0 0] 0 . 0 ;
24

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing C.4: materialProperties
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/*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
2 ========= |

\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
4 \\ / O perat ion | Website : h t tps ://openfoam . org

\\ / A nd | Version : 6
6 \\/ M anipula t ion |

\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
8 FoamFile

{
10 vers ion 2 . 0 ;

format a s c i i ;
12 c l a s s d i c t i o n a r y ;

l o c a t i o n " system " ;
14 o b j e c t c o n t r o l D i c t ;

}
16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18 a p p l i c a t i o n solidVertexMBFoam ;

20 startFrom l a t e s t T i m e ;

22 s tar tTime 0 ;

24 stopAt endTime ;

26 endTime 0 . 7 ;

28 t imeStepping v a r i a b l e ;

30 RKstages 2 ;

32 c f l 0 . 3 ;

34 deltaT 0 ;

36 writeControl runTime ;

38 w r i t e I n t e r v a l 1e −3;

40 purgeWrite 0 ;

42 writeFormat a s c i i ;

44 w r i t e P r e c i s i o n 8 ;

46 writeCompression o f f ;

48 timeFormat general ;

50 t i m e P r e c i s i o n 6 ;

52 graphFormat raw ;

54 runTimeModifiable f a l s e ;

56 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing C.5: controlDict
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/*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
2 ========= |

\\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
4 \\ / O perat ion | Website : h t tps ://openfoam . org

\\ / A nd | Version : 6
6 \\/ M anipula t ion |

\*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
8 FoamFile

{
10 vers ion 2 . 0 ;

format a s c i i ;
12 c l a s s d i c t i o n a r y ;

l o c a t i o n " system " ;
14 o b j e c t f v S o l u t i o n ;

}
16 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18 JconservationLaw on ;
HconservationLaw o f f ;

20 angularMomentumConservation o f f ;
l i m i t e r on ;

22 reconstructContactBoundary on ;
q u a s i s t a t i c o f f ;

24

26

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing C.6: fvSolution

2 /*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*− C++ −*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*\
========= |

4 \\ / F i e l d | OpenFOAM: The Open Source CFD Toolbox
\\ / O perat ion | Website : h t tps ://openfoam . org

6 \\ / A nd | Version : 6
\\/ M anipula t ion |

8 \*−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−*/
FoamFile

10 {
vers ion 2 . 0 ;

12 format a s c i i ;
c l a s s d i c t i o n a r y ;

14 l o c a t i o n " system " ;
o b j e c t fvSchemes ;

16 }
// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18

gradSchemes
20 {

d e f a u l t l e a s t S q u a r e s ;
22 }

24 divSchemes
{

26 d e f a u l t none ;
}

28
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laplacianSchemes
30 {

d e f a u l t none ;
32 }

34 in terpolat ionSchemes
{

36 d e f a u l t l i n e a r ;
}

38

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

Listing C.7: fvSchemes

# !/ bin/bash
2 cd $ {0%/*} || e x i t 1 # Run from t h i s d i r e c t o r y

4 # OpenFOAM f u n c t i o n s
. $WM_PROJECT_DIR/bin/ t o o l s /RunFunctions

6 s o l v e r = ‘ getAppl icat ion ‘

8 # Run s o l v e r
$so lver > log . $so lver &

10 t a i l − f log . $so lver

Listing C.8: run
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