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Abstract

Coronary artery disease (CAD) is a condition characterised by the narrowing or block-
age of the major blood vessels that supply blood to the heart muscle. This can cause
insufficient myocardial perfusion to the heart and deficient cardiac outputs, leading to
the possibility of heart failure. CAD is one of the leading causes of morbidity and mor-
tality worldwide. Early and accurate diagnosis and treatment of CAD are essential to
minimise the risk of complications, including heart attack or heart failure. In cardiovascu-
lar research, computational modelling of coronary circulation is proving to be a valuable
tool for gaining insights and information. It enables researchers to isolate the effects of
various physiological and pathological conditions on the coronary circulation. Thus, this
thesis aimed to develop computational models of one-dimensional (1D) coronary flow and
three-dimensional (3D) heart. Both models included detailed geometric information to
simulate and predict physiologically realistic results. A one-way coupling of the coro-
nary flow model and the heart model was achieved and produced physiologically accurate
myocardial perfusion.

Specifically, we first investigated the effect of intramyocardial pressure (IMP) on coro-
nary flow and developed a 1D finite difference coronary flow model. A coronary network
based on experimental data was constructed to simulate coronary flow along the complete
path of the coronary vasculature. Utilising an assumed aortic pressure, right atrial pres-
sure, and IMP, our simulated coronary pressure and flow rates were in good agreement
with published experimental data. It was observed that the majority of the coronary arte-
rial flow on the left side occurs during diastole, while the flow slows down or even reverses
during systole. Secondly, we developed a 3D finite element model of the left ventricle (LV)
to obtain a more realistic IMP. The LV model was constructed from a patient-specific
geometry. The simulated pressure and volume of the LV cavity in repeated cardiac cycles,
as well as the ejection fraction, were all within published physiological ranges. We further
analysed the stress distributions within the LV wall. Thirdly, a brief review of experi-
mental IMP, as well as calculations of IMP from lumped parameter models and 3D heart
models, were presented. Through analysis, we determined a formula for calculating IMP
from our 3D LV model. Additionally, we proposed an assignment scheme of the epicar-
dial coronary arteries to the 17 segments of the LV wall recommended by the American
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Heart Association. Based on the assignment, we devised the one-way coupling framework
between the coronary flow model and the LV model to investigate myocardial perfusion.

We further developed a bi-ventricular model to investigate the effect of pulmonary
regurgitation (PR) on cardiac function. The model provided a computational approach
for exploring the influence of PR on right ventricle (RV) dilation and the interaction
between LV and RV. Our simulated RV end-diastolic volumes under varying degrees of
PR were comparable with published magnetic resonance imaging data. Moreover, from
the long-axis and short-axis views of the bi-ventricular geometry, we observed clearly
the motion of the interventricular septum from the baseline case to the severe PR case.
This bi-ventricular model was intended to further couple with the coronary flow model to
investigate the interaction of right coronary arterial flow and left coronary arterial flow.
However, due to time constraints, this has not yet been undertaken.

The computational models of the coronary flow and heart developed in this thesis
exhibit promising capabilities for providing physiologically accurate predictions of coronary
flow and myocardial mechanics. Further application of these models has the potential to
deepen our understanding of the underlying mechanisms in physiological coronary flow
and various CAD.
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Chapter 1

Introduction

1.1 Background

1.1.1 The heart and blood circulatory system

The heart is an essential organ in mammals and birds, including humans. The human heart
beats about 100,000 times a day. It is a muscular organ that is responsible for pumping
blood throughout the body while transporting oxygen, nutrients, and other essential sub-
stances and removing waste products (Sperelakis, 2000; Marieb and Hoehn, 2007; Caro
et al., 2012). The blood travels through blood vessels in the blood circulatory system,
which was first described by William Harvey (Schultz, 2002). Harvey discovered that the
heart pumps out blood to the whole body through its contraction, while the blood circu-
lates around the body before returning to the heart. Nowadays, it is well known that the
blood circulatory system, also known as the cardiovascular system, nourishes all organs,
tissues, and cells in the body.

There are three types of circulatory system: pulmonary circulation, systemic circu-
lation, and coronary circulation (Guyton et al., 1986; Formaggia et al., 2010; Klabunde,
2011; Caro et al., 2012). The pulmonary circulation carries deoxygenated blood from the
heart to the lungs, where it is oxygenated, before returning the oxygen-rich blood back
to the heart. The systemic circulation, on the other hand, passes oxygenated blood from
the heart to the rest of the body and then picks up deoxygenated blood to the heart.
The coronary circulation is part of the systemic circulation and perfuses the myocardial
tissues.

In humans, the heart is located in the chest cavity between the lungs and is enclosed
by a fibro-serous sac called the pericardium. The pericardium consists of two layers, an
outer fibrous layer and an inner serosal layer, which produces a lubricating fluid that
reduces friction as the heart beats. Fig. 1.1 provides a visual representation of the heart’s
structure. It is comprised of four chambers: the left and right atria, or upper chambers,
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and the left and right ventricles, or lower chambers. The right atrium (RA) and ventricle
(RV) are separated from the left atrium (LA) and ventricle (LV) by a muscular wall called
the interventricular septum. The heart’s four-chamber structure is a defining feature that
allows it to efficiently pump and circulate blood throughout the body. Specifically, the
RA receives deoxygenated blood from the systemic circulation through the venae cavae
(including the superior vena cava and inferior vena cava) and from the coronary circulation
through the coronary sinus (CS) and passes it through the tricuspid valve into the RV
which pumps deoxygenated blood to the lungs through the pulmonary valve, where the
blood is oxygenated. The LA receives oxygenated blood from the lungs through the
pulmonary veins. The blood then flows through the mitral valve into the LV, which
pumps the blood through the aortic valve and into the systemic circulation.

Figure 1.1: Diagram of the heart showing four chambers, valves, and main arter-
ies and veins. The white arrows show the normal direction of blood flow. Source:
https://en.wikipedia.org/wiki/Heart, accessed May 10, 2023.

The walls of the two ventricles are much thicker than those of the two atria, as they
are responsible for generating the force required to pump blood through the systemic
and pulmonary circulations. The LV wall is the thickest and most muscular chamber of
the heart because it needs to generate enough force to pump blood throughout the entire
body. The heart wall is composed of three distinct layers: the outer epicardium, the middle
myocardium, and the inner endocardium. Kawel et al. (2012) provided values of the heart
wall thickness for middle-aged and older individuals, reporting that the average maximum
thickness of the LV myocardium at mid-cavity was 7-9 mm (long axis) and 7-8 mm (short
axis) for women and men, respectively. The epicardium and endocardium are two thin
membranes with an approximate thickness of 100µm. The myocardium, the thickest and
functionally the most important tissue of the heart wall, is primarily composed of two
types of cells: cardiomyocytes and fibroblasts. Fibroblasts, which are the predominant

https://en.wikipedia.org/wiki/Heart#/media/File:Diagram_of_the_human_heart_(cropped).svg
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cells in the myocardium, synthesise and regulate the composition of the extracellular
matrix (Fedak et al., 2005). Cardiomyocytes, which occupy over two-thirds of the total
myocardial volume, are the fundamental cells responsible for generating contractile force
and providing effective pump function (Woodcock and Matkovich, 2005).

Figure 1.2: Diagram of an imaginary ellipsoid left ventricle and a cutout from the equator
of the left ventricle (a); five longitudinal-cut sections from 10% to 90% of the wall thick-
ness of the block (b, c), which shows the transmural variation of the myofibre direction
and distribution; microstructure of the myocardium in a sheet (d), where a right-handed
orthonormal coordinate system is defined with the myofibre direction f0, sheet direction
s0, and sheet-normal direction n0; and a cube of layered tissue (e) with local material co-
ordinates which used for derivation of the HO model (Holzapfel and Ogden, 2009). Source:
(Holzapfel and Ogden, 2009), reprint with permission.

The cardiac microstructure in the heart is complex with a three-dimensional (3D)
arrangement of cardiomyocytes. According to experimental findings (LeGrice et al., 1995,
1997; Sands et al., 2005), the myocardium exhibits a hierarchical structure, with myocytes
arranged in discrete layers or sheets that are typically four to five cells thick, with extensive
cleavage planes between muscle layers. The heart wall thus can be considered a composite
of layers of parallel myocytes, which occupy approximately 70% of the volume (Holzapfel
and Ogden, 2009). It is now widely accepted that the myocardium has a helically-oriented
myofibre structure, which is formed by groups of cardiomyocytes along their long axis
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direction. As shown in Fig. 1.2, Holzapfel and Ogden (2009) illustrated the distribution
of the myofibre structure and developed a fibre-reinforced constitutive model describing
the passive response of the myocardium. The arrangement of myofibres within the sheet
plane is parallel, and separated by cleavage planes. This microstructure can be described
by a local right-handed orthonormal coordinate system. These consist of the unit vector f0,
which is aligned with the average myofibre direction; the unit vector s0, located within the
sheet plane and perpendicular to the myofibre direction; and the unit vector n0, oriented
normal to the sheet plane.

Non-invasive techniques such as diffusion tensor cardiovascular magnetic resonance
(DT-CMR) (Basser et al., 1994; Reese et al., 1995; Ferreira et al., 2014; Nielles-Vallespin
et al., 2017) have been used to assess the in vivo myofibre and sheet structure of the
myocardium. DT-CMR measures the diffusion of water molecules in the myocardium
and computes the diffusion tensor, with the maximum eigenvalue of the diffusion tensor
being associated with the orientation of the myofibre. Reported values of the helix angle
(defined as the angle between the myofibre direction and the ventricular radial direction or
the circumferential direction) from DT-CMR measurements differ across several studies:
−30◦ ∼ 55◦ in (Toussaint et al., 2013), −60◦ ∼ 60◦ in (Nielles-Vallespin et al., 2013),
and −90◦ ∼ 90◦ in (Tseng et al., 2000). However, the most commonly used method to
reconstruct the myofibre structure in computational models of the heart is the rule-based
method (Bayer et al., 2012; Wang et al., 2013; Wong and Kuhl, 2014), in which it is
assumed that the orientation of the myofibre structure varies from the left-handed helix
with an angle of approximately −60◦ at the epicardium to the right-handed helix with
an angle of approximately 60◦ at the endocardium (Wang et al., 2013; Sack et al., 2018;
Guan et al., 2021).

Normal cardiovascular function is vital to our health, however, there exist various
cardiac diseases that can impair the heart’s functionality, including but not limited to
ischemic heart disease, heart failure, cardiac arrhythmias, and valvular heart disease (Lilly,
2020). For instance, ischemic heart disease arises from the imbalance between myocardial
blood supply and demand, often due to coronary artery diseases caused by narrowed
or blocked coronary blood vessels. It is the most commonly occurring cardiac disease
(Abubakar et al., 2015; James et al., 2018). Valvular heart disease arises when there are
abnormalities in the mitral valve, aortic valve, tricuspid valve, or pulmonic valve. In severe
cases, valve regurgitation occurs, and valve repair or replacement is imperative (Paul and
Das, 2017).

Vasculature

The vasculature is a complex network of blood vessels comprising arteries, arterioles,
capillaries, venules, and veins (Berne, 1981; Guyton et al., 1986; Kassab, 2019) as shown
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in Fig. 1.3. Arteries are responsible for carrying oxygenated blood away from the heart
and distributing it throughout the body’s tissues. They have thick, muscular walls that
can expand and contract to regulate blood flow and bear the highest blood pressure. The
largest artery in the body is the aorta, which carries blood from the LV to the rest of
the body. Arterioles are smaller branches of arteries that connect to capillaries. They
are responsible for regulating blood flow to specific areas of the body by constricting or
dilating their walls. Capillaries are the smallest and thinnest blood vessels in the body,
measuring only one cell layer thick from 5 to 10 µm in diameter (Potter and Groom, 1983).
They are responsible for facilitating the efficient exchange of oxygen, nutrients, and waste
products between the blood and the body’s tissues. Capillaries are found in almost every
tissue in the body and are essential for maintaining healthy cellular function. Venules are
smaller branches of veins that connect to capillaries. They collect deoxygenated blood
from the capillaries and transport it back to the larger veins. Veins are blood vessels that
collect deoxygenated blood from the body’s tissues and return it to the heart. Unlike
arteries, veins have thinner walls and less muscular tissue. They rely on one-way valves
to prevent blood from flowing backward.

Figure 1.3: Diagram of different types of blood vessels to illustrate arteries, arterioles,
capillaries, venules, and veins. Source: https://www.cvphysiology.com, accessed May 10,
2023.

Coronary vasculature supplies blood to the myocardium. As illustrated in Fig. 1.4,
coronary vasculature is rather complicated consisting of numerous blood vessels. These
vessels in our study are divided into epicardial coronary blood vessels and intramyocardial
coronary blood vessels. The epicardial coronary blood vessels, including epicardial arteries
and veins, span the surface of the heart. On the other hand, the intramyocardial blood
vessels, such as arterioles, capillaries, and venules, are embedded within the myocardium.
The intramyocardial coronary blood vessels are very large in number and organised topo-
logically like trees. In contrast, the epicardial coronary arteries and veins are compara-
tively few in number, which allows for their geometric properties to be studied individually

https://www.cvphysiology.com/Blood%20Pressure/BP019
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(Vlodaver et al., 2012; Kassab, 2019; Faletra et al., 2020). Imaging techniques such as X-
ray angiography, computed tomography (CT), cardiovascular magnetic resonance (CMR)
imaging, and 3D echocardiography have been used to visualise the coronary arteries and
detect blockages or other abnormalities (Sato et al., 2010; Loukas et al., 2013; Hirai et al.,
2020). Among these techniques, X-ray angiography and CT are currently two common
ways of visualising coronary arteries (Moosavi Tayebi et al., 2015). CT involves combining
a CT scan with the injection of contrast material into a vein, typically in the hand or arm.
The contrast material helps enhance the visibility of blood vessels, and the CT scanner
generates cross-sectional images (CT slices) that show cardiac components. CT can create
3D reconstructions of coronary arteries and detect plaque build-up, helping to diagnose
and assess coronary artery diseases. On the other hand, X-ray angiography is a real-time
imaging procedure. It involves the injection of a radio-opaque contrast agent directly into
the coronary arteries. X-ray-based techniques, like fluoroscopy, are then used to capture a
series of images called angiograms (or angiographs). X-ray angiography is considered the
gold standard in clinical decision making and a detailed review of the X-ray angiography
can be found in (Çimen et al., 2016).

American Heart Association (AHA) (Dowe et al., 2013) recommended classification
of the epicardial coronary arteries, as shown in Fig. 1.5. The coronary arteries arise from
the aorta and consist of three main branches: the left anterior descending artery (LAD)
branch, the left circumflex artery (LCX) branch, and the right coronary artery (RCA)
branch. The LAD branch is the largest branch of the coronary arteries (Ilia et al., 2001;
Dowe et al., 2013; Tarantini et al., 2016). As shown in Fig. 1.6, it runs in the anterior
interventricular groove forward toward the apex of the heart and supplies a large part of the
myocardium. The LAD branch is also called the ‘widowmaker’ artery because a blockage
in this artery can lead to a severe heart attack. The LCX branch is the second-largest
branch of the coronary arteries (Huey et al., 1988; Dowe et al., 2013). It travels under
the left atrial appendage and enters the posterior atrioventricular sulcus, corresponding
to the base of the mitral valve. The LCX branch has two or three obtuse marginal (OM)
branches. The RCA branch is the third and smallest branch of the coronary arteries. It
branches into the posterior descending artery (PDA) and the posterolateral ventricular
branch (PLV) at its terminal end. The PDA supplies the posterior wall of the heart, while
the PLV supplies the lateral wall of the heart.

It is important to acknowledge that the morphology of the coronary vasculature is
intricate and varies considerably among individuals. Differences in caliber, alternative
branch morphologies, and the type of dominance are some of the variations observed in
coronary arteries. Cardiac dominance is an essential variation, whereby the origin of the
PDA is from the LCX in left dominance and from the RCA in right dominance (Das et al.,
2010; Sakamoto et al., 2013; Khwansang and Chentanez, 2018). Therefore, it is rare to
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find similar coronary vascular anatomy in two individuals. Consideration of the artery’s
morphology and the extent of its perfusion territory is crucial in therapeutic planning. For
instance, the presence of a critical stenosis in an artery that supplies a larger myocardial
territory warrants consideration of a myocardial revascularization intervention.

Figure 1.4: Diagram of a coronary vascular tree reconstructed from 50 µm-resolution 3D
image stacks of porcine vasculature. Source: (Lee et al., 2016), reprint with permission.

Figure 1.5: A classification of epicardial coronary arteries by the American Heart Asso-
ciation. RCA: right coronary artery; RV: right ventricular branch; AM: acute marginal
branch; PLV posterolateral ventricular branch; PDA: posterior descending artery; LM: left
main artery; LAD: left anterior descending artery; DIAG 1: first diagonal branch; DIAG
2: second diagonal branch; LCX left circumflex artery; OM: obtuse marginal branches.
Source: (Dowe et al., 2013), reprint with permission.

Cardiac cycle

The cardiac cycle is a crucial physiological process that ensures the continuous circulation
of blood throughout the body. It is regulated by a complex interplay of electrical, me-
chanical, and physiological factors, and abnormalities in any of these factors can lead to
various cardiovascular diseases (Fukuta and Little, 2008; Caro et al., 2012).
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(a) (b)

Figure 1.6: Diagram of distribution of coronary arteries and veins around the heart.
Source: https://en.wikipedia.org, accessed May 10, 2023.

In the clinical setting, the heart of a healthy individual typically beats 60-100 times per
minute (Umetani et al., 1998). During each heartbeat, a sequence of both mechanical and
electrical events occurs (Caro et al., 2012). To illustrate these events, the Wiggers diagram,
as shown in Fig. 1.7, is commonly used which shows the contraction and relaxation of the
heart chambers, opening and closing of the heart valves, and the corresponding changes in
pressure and volume. Systole in this thesis is defined as from the mitral valve closure to
the aortic valve closure, with the rest of the cardiac cycle being defined as diastole (Fukuta
and Little, 2008).

The contraction of the heart is initiated by electrical signals (depolarization and
repolarization) generated by the sinoatrial node (the pacemaker), which is located in the
nervous tissues of the right atrial wall. When depolarization occurs in the pacemaker, it
spreads at about 1 ms through the myocardial muscles of the right and left atrial walls,
causing atrial contraction (Caro et al., 2012). The electrical signals then pass through
a discrete nervous pathway that travels through the fibrous tissue around the tricuspid
valve ring and into the interventricular septum between the two ventricles, where the
signals divide and spread into the myocardium of each ventricle, terminating in a network
of fine fibres among the muscle cells. The process of depolarization and repolarization
produces an electrocardiogram (ECG) tracing as shown in Fig. 1.7, which consists of three
prominent signals: the P wave, the QRS complex, and the T wave. The beginning of the
atrial depolarization produces the P wave. After a short time, a larger voltage deflection,
the QRS complex, appears. It represents ventricular depolarization. Finally, ventricular
repolarization generates the T wave.

Mechanical events include isovolumic contraction and ejection during systole and
isovolumic relaxation, rapid inflow, diastasis, and atrial systole during diastole, as shown

https://en.wikipedia.org/wiki/Coronary_circulation
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in Fig. 1.7. At the onset of the isovolumic contraction, the tension in the LV wall increases
rapidly until the pressure within the LV cavity exceeds that in the aorta. Over a short
period of time, as the pressure in the LV cavity rises above the pressure in the LA, backflow
from the LV to the LA can occur, which is prevented by the closure of the mitral valve.
Additionally, during the isovolumic contraction, there is no change in the LV volume
since blood is incompressible. Next, the ejection phase commences when the aortic valve
opens, allowing the rapid forward acceleration of blood due to the high-pressure difference
between the LV and the aorta. Repolarization occurs during about half of this period,
leading to a drop in the LV wall tension. The acceleration of blood decreases until the
aortic valve closes, leading to the isovolumic relaxation during which the myocardium
relaxes and the LV pressure falls further. At the same time, pressure in the LA rises as it
fills with blood from the pulmonary veins. When the LA pressure exceeds the LV pressure,
the mitral valve reopens, and the ventricular diastole occurs, during which the LV refills
with blood following the emptying that occurs during systole. Both the two ventricles
and two atria undergo significant passive filling as blood returns from the systemic and
pulmonary venous system. Additionally, throughout the diastolic period, the pressure
difference between the LA and LV is minimal due to the low resistance offered by an open
mitral valve.

Figure 1.7: A Wiggers diagram to illustrate electrical and mechanical events in one
cardiac cycle. Electrical events are indicated by the phonocardiogram, and mechanical
events are depicted by the pressure and volume changes in one cardiac cycle. Source:
https://en.wikipedia.org, accessed May 10, 2023.

https://en.wikipedia.org/wiki/Cardiac_cycle#/media/File:Wiggers_Diagram_2.svg


CHAPTER 1. INTRODUCTION 10

1.2 Computational models of the heart

The computational models of the heart discussed in this context are rooted in the anatomy
and biomechanics of the heart, encompassing the soft tissue mechanics of the myocardium,
interactions with the circulatory system, and propagation of the electrical signals (Bail-
largeon et al., 2014; Quarteroni et al., 2017; Sack et al., 2018). These models have been
made possible by advancements in continuum mechanics, the finite element (FE) method,
high-performance computing, and clinical imaging techniques (Hunter and Smaill, 1988;
Wang et al., 2013; Baillargeon et al., 2014; Quarteroni et al., 2017; Sack et al., 2018; Gray
and Pathmanathan, 2018; Niederer et al., 2019). For instance, creating a detailed and
personalised computational model of the heart requires the utilisation of diverse clinical
imaging techniques, such as echocardiography, electrocardiography, CMR, genetics, and
blood-pressure measurements.

1.2.1 Geometries of the heart

To perform a quantitative analysis of many aspects of cardiac function, it is necessary
to have a geometrical model that provides accurate descriptions of the geometry of the
heart, as well as the organisation of myofibres within the myocardium. Woods (1892), for
the first time, simplified the LV as a thin-walled spherical shell. Guccione et al. (1991)
later adopted an idealised cylindrical model of the LV as shown in Fig. 1.8. More complex
models of the LV in studies (Dieudonné, 1969; Streeter Jr and Hanna, 1973; Land et al.,
2015) assumed that the epicardial and endocardial surfaces of the LV-free wall can be
regarded as confocal ellipsoids of revolution. Due to its capacity to be both representative
and simplified, it was adopted in some benchmark models (Land et al., 2015). Nielsen
et al. (1991) reconstructed the first mathematical representation of a full 3D left and right
ventricular geometry and myofibre orientation from a canine heart arrested in diastole
and fixed at zero transmural pressure. Their ventricular geometry was represented by a
24-element mesh, with a fitted description of epicardial and endocardial surfaces. The
myofibre orientation was also fitted with a 60-element mesh obtained by subdividing the
ventricular mesh.

MRI imaging is the most commonly used technique to reconstruct personalised 3D
heart geometries for recent computational modelling studies of the heart. For instance, Sun
et al. (2009) reconstructed a 3D LV geometry of a male adult sheep using the endocardial
and epicardial contours obtained from CMR images. Wang et al. (2013) reconstructed
a human LV geometry by using seven short-axis CMR slices of a healthy volunteer. Bi-
ventricular geometries of porcine subjects in healthy and diseased states were reconstructed
by (Sack et al., 2018). Moreover, a human heart with all four chambers was reconstructed
by Zygote Media Group and Inc (2013) and adopted for computational simulations by
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Figure 1.8: Geometries of the heart employed in the computational models of the heart.
Through the use of noninvasive imaging techniques, it is possible to obtain personalised
reconstructions of the left ventricle, bi-ventricle, and whole heart.

Baillargeon et al. (2014). More sophisticated and automatic reconstruction techniques can
be found in (Burton et al., 2006; Lamata et al., 2011; Fonseca et al., 2011; Zhang et al.,
2012). Specifically, (Burton et al., 2006) presented a way for the automated construction
of an individualised heart, combining MRI imaging and serial histology obtained from
representative samples. Lamata et al. (2011) developed a generalist method for cubic
Hermite mesh construction by mapping a predefined high-quality template to MRI imaging
data via a variational warping step. Additionally, Fonseca et al. (2011) and Zhang et al.
(2012) developed the atlas-based geometry pipeline to reconstruct patient-specific hearts.

As for the reconstruction of the myofibre architecture, two methods have been de-
veloped for estimating myofibre orientations on the basis of individual geometries of the
ventricles. The first is an atlas-based approach, which estimates the patient’s myofi-
bre orientation by morphing an atlas of heart anatomy generated by ex vivo or in vivo
CMR and diffusion tensor CMR onto the patient’s heart anatomy (Vadakkumpadan et al.,
2012; Peyrat et al., 2007). The second approach uses a rule-based myofibre orientation
estimation derived from histological data, which assigns myofibre orientation from the
endocardium to the epicardium with prescribed angles in terms of the circumferential di-
rection (Bayer et al., 2012; Wang et al., 2013; Wong and Kuhl, 2014). Specifically, Wang
et al. (2013) generated the myofibre orientation by the rule-based method as follows: At
first, a normalised thickness parameter e of each node in the mesh of the LV is defined by

e= dendo
dendo +depi

, (1.1)

where dendo and depi are two distances from the node to the endocardial and epicardial
surfaces, respectively. Therefore, e= 0 for the nodes at the endocardial surface of the LV
mesh, and e= 1 for the nodes at the epicardial surface. Next, the myofibre angle at each
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node is assigned by
θ = (1− e)θendo + eθepi, (1.2)

where θendo and θepi are prescribed myofibre angles at the endocardial and epicardial
surfaces, respectively.

1.2.2 Constitutive laws of the myocardium

Understanding the mechanical behaviour of the myocardium is crucial for developing ac-
curate computational models of the heart. Such models rely on the use of constitutive
laws, which establish the relationship between the material’s response and external stim-
uli. Hooke’s law represents the simplest and earliest-known constitutive law, describing
the relationship between the deformation of a linear elastic material and the applied force.
In the context of cardiac mechanics, constitutive laws are utilised to characterise the rela-
tionships between strain and stress in the myocardium. In order to establish appropriate
constitutive laws, it is essential to conduct experiments using myocardial tissues and ob-
tain comprehensive data on both force and deformation under various deformation modes.
Specifically, a combination of bi-axial testing with different loading protocols and shear
testing at varying specimen orientations is necessary to effectively capture the direction-
dependent, nonlinear material response of the myocardium (Holzapfel and Ogden, 2009;
Sommer et al., 2015; Ahmad et al., 2018b). However, a major challenge in this process
is the limited availability of experimental data that are suitable for detailed parameter
estimation (Holzapfel and Ogden, 2009).

Reviews of existing constitutive models of the passive response of the myocardium
can be found in (Holzapfel and Ogden, 2009; Avazmohammadi et al., 2019). To de-
scribe different constitutive models, we denote the deformation gradient as F, associ-
ated with the right Cauchy-Green tensor C = FTF. The Green-Lagrange strain tensor
is defined by E = 1/2(C − I), where I is the identity tensor. Assuming that the my-
ocardial tissue is a continuous medium, phenomenological constitutive models (Guccione
et al., 1991; Costa et al., 2001; Holzapfel and Ogden, 2009) are developed based on gen-
eral empirical observations of myocardial material symmetry. However, such models do
not incorporate additional information regarding the specific composition and structural
organisation of the myocardium. These models express the energy density function ψ

in terms of the deformation gradient tensor F through the right Cauchy-Green defor-
mation tensor C or the Green-Lagrange strain tensor E. Furthermore, the strain en-
ergy function can be written in the invariant-based forms which utilise the invariants
I1 = trace(C), I2 = 1/2(trace(C)2 − trace(C2)), I3 = det(C), I4 = f0 · (Cf0), I5 = f0 · (C2f0)
where f0 is the myofibre direction in the reference configuration.

In early studies (Humphrey and Yin, 1987; Humphrey et al., 1990; Guccione et al.,
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1991), the myocardium was assumed to be transversely isotropic. An example of the
transversely isotropic model by Humphrey and Yin (1987) is

ψ = c{eb(I1−3) −1}+A{ea(
√

I4−1)2
−1}, (1.3)

where c,b,A,a are four material parameters that can be determined by experiments. Later
studies assume that the myocardium should be orthotropic (Smaill and Hunter, 1991;
Costa et al., 2001; Schmid et al., 2006; Holzapfel and Ogden, 2009), relating to the local
myofibre, sheet, and sheet-normal directions of the microstructure of the myocardium.
Costa et al. (2001) adopted the exponential strain energy function

ψ = 1
2a(eQ −1), (1.4)

with
Q= bffE

2
ff + bssE

2
ss + bnnE

2
nn +2bfsE2

fs +2bfnE2
fn +2bsnE2

sn, (1.5)

where a,bij , i, j ∈ {f, s, n} are seven material parameters. Holzapfel and Ogden (2009)
later introduced the strain energy function (HO model)

ψ = a

2b exp[b(I1 −3)]+
∑
i=f,s

ai

2bi

{
exp[bi(max(I4i,1)−1)2]−1

}
+ afs

2bfs

{
exp[bfsI2

8fs]−1
}
,

(1.6)
where a,b,af,as, bf, bs,afs, bfs are eight material parameters and the max() function ensures
that the myofibres only bear a stretching load. The HO model and its variations have been
extensively utilised in cardiac modelling. One earliest example is the study conducted by
Wang et al. (2013), which investigated the effect of myofibre orientation on LV diastolic
mechanics using the HO model. Another application of the HO model is demonstrated in
the four-chamber human heart model proposed by Baillargeon et al. (2014), known as the
living heart project. Gao et al. (2017) also incorporated the HO model into an immersed
boundary framework to examine LV biomechanics during both diastole and systole.

The poroelastic model of the myocardium has been developed as a result of recent
progress in poromechanics research (Lee et al., 2016; Bociu et al., 2016; Feng et al., 2018).
This model takes into account the interactions between fluid and solid constituents of the
myocardium by considering the myocardium as a porous medium saturated with fluid.
The pore fluid (blood) and solid (skeleton consisting of myocytes and collagen scaffold)
components are distinct and can be differentiated using the superscripts f and s where
necessary. For the poroelastic model, Darcy’s law is most commonly adopted to describe
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the motion of the pore fluid flow as

w +K∇p= 0,
w = ϕ(vf −vs),

∇·w = s∗,

(1.7)

where w is the Darcy velocity, K is the permeability tensor of the porous medium informing
the perfusion rate, p is the pore pressure, ϕ is the porosity which can be determined by
the fluid volume fraction, vf and vs are the velocity fields associated with their respective
constituents, and s∗ defines a sink/source term related to blood flow.

Chapelle et al. (2010) presented a general poroelastic model applicable to a nearly
incompressible porous medium experiencing finite deformations. They extended the model
to describe cardiac perfusion of the LV, simplifying the LV as one compartment with a
distributed source term. The myocardial volume change caused by the blood perfusion was
presented. Cookson et al. (2012) proposed a multi-compartment poroelastic model using
cryo-microtome imaging data of myocardial vasculature to determine perfusion regions
that were perfused by distinct arterial subnetworks. They derived region-specific porosity
and permeability tensors. Lee et al. (2016) conducted a study on coronary wave intensity
analysis using a poroelastic LV model and a 1D representation of the coronary network
tree. They adopted a distributive Gaussian function as the source term within a volume
surrounding the distal end of its perfusing vessel. Richardson et al. (2021) employed an
immersed FE framework to model the LV by considering the myocardium as a three-phase
poroelastic system. Most recently, Thekkethil et al. (2023) developed a stabilised linear
FE method that is suitable for the implicit time integration of poroelastic formulations
and applied it to investigate LV dynamics.

1.3 Computational models of blood flow in the circu-
latory system

1.3.1 One-dimensional blood flow models

In the previous section, we introduced computational models of the heart. However, in
order to fully understand coronary circulation, it is also necessary to introduce computa-
tional models of blood flow in the coronary circulation. Additionally, given the increasing
prevalence of cardiovascular diseases, there is a growing demand for the development and
utilisation of accurate and efficient computational models of blood flow within the field
of precision medicine. Instead of studying the detailed local blood flow using 3D compu-
tational fluid dynamics (CFD), one-dimensional (1D) wave propagation models are often
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used to simulate the blood flow in the cardiovascular system, considering a simplified ge-
ometry (Reymond et al., 2009; Formaggia et al., 2010; Morris et al., 2016). These 1D
models are based on the principles of fluid dynamics and are capable of simulating the
propagation of pressure and flow waves through the blood vessels. They have been shown
to be effective in simulating blood flow under various physiological and pathological con-
ditions, ranging from regional to systemic and global circulation (Avolio, 1980; Stettler
et al., 1981; Olufsen et al., 2000; Huo and Kassab, 2007; Olufsen et al., 2012; Qureshi
and Hill, 2015; Duanmu et al., 2019). These models have the potential to enhance our
understanding of the mechanisms underlying cardiovascular diseases and enable the de-
velopment of more targeted and effective treatment strategies. Furthermore, they can be
applied to predict blood gases and drug transport in the organism and to study blood flow
remodelling resulting from intravascular surgeries such as stenting and shunting.

In this section, we will use the structured-tree model proposed by Olufsen (1998) to
exemplify some concepts in the 1D computational models of blood flow. Firstly, we provide
a brief overview of the historical development of 1D computational models of blood flow.
To begin, considering a long, uniform, and rigid cylindrical tube, the steady laminar flow
of an incompressible and Newtonian fluid within the tube is governed by the Poiseuille
equation (Stokes, 2007)

∆p= 8µLQ
πr4 , (1.8)

where ∆p is the pressure difference between two ends, µ is the dynamic viscosity, L is the
length of the tube, Q is the volumetric flow rate and r the tube radius. This equation
is often used in the study of fluid mechanics, including the simplification of blood flow
through blood vessels in the human body. It helps to understand how the radius and
length of blood vessels affect blood flow and pressure. Based on the Poiseuille equation,
the resistance of the flow in the tube can be determined by

R = ∆p
Q

= 8µL
πr4 , (1.9)

which suggests that the greatest component of peripheral resistance resides in the smallest
blood vessels Sutera and Skalak (1993).

The elasticity of the large blood vessels, which expand to store more blood when
pressure rises, was considered by (Frank, 1899) to develop the two-element Windkessel
model. This model is a simplified mathematical representation of the systemic circulation,
which is utilised to describe the interplay between the heart, the arterial system, and the
peripheral system. Due to its periodic contraction and relaxation, the heart generates
a pulsatile flow. The arterial system, on the other hand, is capable of stretching and
storing the blood during systole (heart contraction) and releasing it during diastole (heart
relaxation). Consequently, the arterial system can be represented by a compliance element.
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The compliance value can be estimated by adding the compliances of all vessels in the
arterial system and is thus referred to as the total arterial compliance. The formula for
computing the compliance, C, is given by

C = ∆V
∆P , (1.10)

where ∆V is the volume change and ∆P is the corresponding pressure change. Next,
the peripheral system provides resistance to the blood flow and can be modelled by a
resistance element. The value of the resistance, R, can be determined by

R = ∆P
Qco

, (1.11)

where ∆P is the pressure difference between the LV cavity (approximately the same as
the aortic pressure) and the venous pressure, and Qco is the cardiac output in terms
of flow rate. The resistance is called total peripheral resistance. The inclusion of the
compliance element and resistance element in the two-element Windkessel model results
in the conversion of pulsatile flow generated by the heart into a more continuous flow at
the peripheral outlet to perfuse the organs.

Various lumped parameter models of blood flow have been developed in the literature
based on the concepts of the two-element Windkessel model (Stergiopulos et al., 1999;
Wang et al., 2003; Westerhof et al., 2009). These models offer a simplified yet valuable
understanding of the hemodynamics of blood circulation in the body. They help to com-
prehend the function of the arterial system and provide a straightforward and reasonably
precise estimate of ventricular afterload, which measures the resistance the heart needs to
overcome to pump blood out of the ventricle. However, since these models do not account
for phenomena occurring inside the arterial system, they are limited in their ability to
capture blood flow distribution and wave propagation in the arterial network.

A 1D computational model of the arterial blood flow, referred to as the structured-
tree model, was developed by Olufsen (1998) to account for the time-varying nature of
blood flow and pressure in the circulatory systems. This model separates the arterial
tree into two components: large and small arteries. The large arteries are simulated in
detail using a binary tree of compliant, tapering vessels that replicate the actual geometry,
including lengths and diameters of the human arterial tree, with blood assumed to be an
incompressible Newtonian fluid. In contrast, the small arteries are modelled as binary
asymmetric structured trees originating from the terminals of the large arteries. These
vessels are represented as straight segments of compliant vessels and do not mimic the
actual geometries of the vessels in the human arterial system but are based on general
statistical relationships.

The dynamics of the blood flow in the large arteries are governed by the 1D form
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of the Navier-Stokes equations of the conservation of mass and momentum, along with
the tube law, which characterises the relationship between pressure and cross-sectional
area. The fundamental variables are blood pressure, flow rate, and cross-sectional area,
and the governing equations derived from them are hyperbolic in nature. A noteworthy
achievement by Womersley (1957) is the derivation of analytical solutions for traveling
waves in an infinitely long, compliant tube of uniform undisturbed cross-sectional area,
which contains an incompressible fluid. The Womersley number is given as

α = r

√
ω

ν
, (1.12)

where r is the radius of the tube, ω is the angular frequency of the oscillations, and
ν is the kinematic viscosity. The Womersley number is the ratio of transient inertial
forces to viscous forces. When the value of the Womersley number is small (1 or less),
viscous forces dominate and it indicates that the frequency of pulsations is low enough
for a parabolic velocity profile to fully develop during each cycle. In contrast, when the
Womersley number is large (10 or more), inertial forces dominate and it indicates that
the frequency of pulsations is high enough to produce a relatively flat or plug-like velocity
profile. In addition, for the blood flow in the small arteries, a linearised equation system is
solved based on the analytical solution obtained by Womersley (1957). The small arteries
serve as outflow boundary conditions for the network of large arteries.

The structured-tree model has the advantage of being able to imitate the wave prop-
agation effect, which sets it apart from the lumped parameter models. Additionally, the
structured-tree model is computationally efficient, making it valuable in clinical practice.
Olufsen (1998) first utilised this model to examine the blood flow and pressure in the sys-
temic and pulmonary arteries but did not incorporate the venous system. Subsequently,
the structured-tree model was extended by Vaughan (2010) and Qureshi (2013) to enable
an analysis of both arterial and venous pressure and flow in the pulmonary circulation.
They treated the pulmonary venous system as a ‘mirror image’ of the pulmonary arterial
tree, given that the pulmonary veins generally follow the same paths as the pulmonary
arteries. Their studies constructed the venous system using the same topology as the arte-
rial system, while still accounting for differing material properties and geometries. Instead
of computing an impedance as an outflow condition as in (Olufsen, 1998), their models
calculated an impedance matrix that linked pressures and flows at the outlets of the large
arteries to pressures and flows at the inlets of the large veins. This approach enabled the
imposition of realistic outflow conditions on the venous side.

Details of other 1D models are referred to (Reymond et al., 2009) which presented a
summary of the 1D models in the existing literature. Overall, the mentioned models in
their paper are all based on simplified 1D forms of the Navier-Stokes equations. These
models rely on specific assumptions, including a significantly small ratio of a single ves-
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sel’s diameter to its length, the velocity field demonstrating a Poiseuille profile at every
cross-section, and the vessel being represented as a thin elastic tube. Moreover, these
models connect individual vessels to form a network, where each vessel in the network is
characterised by its unique geometry, elasticity, and resistance to flow. The flow within
each individual vessel is connected to other vessels through boundary conditions at junc-
tion points between them. The computational domain for these models is thus the human
vascular network, which can be generated using general anatomical data, such as anatom-
ical charts (Olufsen et al., 2000) or patient-specific data (Duanmu et al., 2019). However,
differences between these various types of 1D models include their structural complexity,
completeness of the systemic arterial tree, modelling of viscoelastic properties of vessel
walls, approximation of wall shear stress, and boundary conditions at terminal sites.

1.3.2 Coronary circulation coupled to myocardial mechanics

The coronary circulation comprises a complex network of blood vessels that supply blood
to the myocardium. The blood vessels are divided into two major categories: epicardial
and intramyocardial. The epicardial vessels are located on the surface of the heart while
the intramyocardial vessels are located within the myocardium and are responsible for
supplying blood to the deeper layers of the myocardium. The cardiac muscles and the
intramyocardial vessels are in close proximity to each other which gives rise to the in-
teraction between the coronary flow and cardiac motion. The interaction was termed as
cross-talk by Westerhof et al. (2006) who also explained the mechanisms of the cross-talk
in detail. Briefly, the cross-sectional areas of the intramyocardial vessels change with the
transmural pressure, which is the difference between the blood pressure within the vessel
and the intramyocardial pressure (IMP) generated by the heart muscles. When the heart
contracts, the IMP increases and the cross-sectional areas of the vessels decrease, leading
to a decrease in the volume of the intramyocardial vascular system. The decreased volume
is squeezed into both arterial and venous coronary blood vessels. Therefore, the blood flow
in coronary circulation is distinguished from that in the other two circulations by its phasic
flow pattern: Most of the coronary flow within the left arterial domain occurs in diastole,
while during systole the left-sided coronary arterial flow may slow down or even reverse
(Gregg and Green, 1940; Westerhof et al., 2006). Conversely, the right-sided coronary flow
exhibits relatively lesser impediments when compared to its left-sided counterpart, due to
the disparity in IMP between the RV and LV walls. As found in some experimental data
(Duanmu et al., 2019), the peak flow rate in the right-sided coronary flow occurs during
systole.

Myocardial perfusion plays a crucial role in the diagnosis and management of various
cardiovascular diseases. Impaired myocardial perfusion, often resulting from pathological
conditions such as coronary artery disease, can lead to ischemia, which may ultimately
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result in myocardial infarction and heart failure. However, the complex spatial and tempo-
ral variations in coronary blood flow significantly impact myocardial perfusion (Gould and
Johnson, 2018; Kassab, 2019), making it challenging to study in clinical practice. Hence,
to accurately predict blood perfusion throughout the heart wall, it is essential to employ
a comprehensive model of coronary circulation that accounts for the intricate interaction
between the cardiac motion and the coronary perfusion, considering the anatomies and
mechanical properties of both the myocardium and the coronary vasculature. Therefore,
there has been a growing focus in recent years on the creation of fully integrated electro-
mechano-fluidic heart models that incorporate highly detailed mechanical models of the
heart, models of blood flow, and the relationship between the ventricles and the coronary
blood flow (Smith et al., 2005; Lee et al., 2016; Papamanolis et al., 2021; Namani et al.,
2020; Fan et al., 2020). These models are increasingly personalised to the individual pa-
tient, providing a more comprehensive understanding of the interactions between various
physical processes within the heart.

An integrated model was proposed by Smith et al. (2005) that combined a hyperelastic
bi-ventricular heart model with a detailed 1D coronary flow model, which encompassed the
six largest generations of the arterial coronary tree. The two models were coupled through
a two-step process. Initially, the ventricular model was utilised to compute the IMP. Sub-
sequently, this IMP was integrated into the blood flow model to examine the response of
the coronary flow. The primary objective of their study was to determine the energy sup-
ply to the heart which can be determined by integrating the product of active tension and
myofibre strain throughout the cardiac cycle. In a subsequent study, Lee et al. (2016) es-
tablished an integrated model that combined a poroelastic LV with a 1D coronary network
containing 3,910 vascular segments. They employed wave intensity analysis to investigate
the wave dependence on parameters associated with cardiac contraction, cardiac perfusion,
and systemic hemodynamic processes. Their findings revealed a significant dependence of
the backward suction wave on QRS duration and vascular resistance, the forward pushing
wave on the rate of myocyte tension development, and the late forward pushing wave on
the dynamics of the aortic valve. Another multiscale patient-specific model was recently
developed by Papamanolis et al. (2021) by integrating a 1D coronary flow model with a
single-compartment poroelastic model for the myocardium. Patient-specific data of the
aorta and epicardial arteries were used to construct the vascular network, and synthetic
trees were generated down to the arteriole level. Vascular segments with larger diameters
were allocated to larger myocardial territories. Their model was applied to five patients
with non-obstructive coronary artery disease, and it was observed that the simulated re-
sults closely matched the experimental data.

A hybrid lumped-FE modelling framework was introduced by Shavik et al. (2020),
which bidirectionally coupled FE models of the patient-specific bi-ventricle, aorta, and
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main pulmonary artery. The results obtained from the FE models were integrated through
a closed-loop lumped parameter circulatory model that characterises both systemic and
pulmonary circulations. The authors calibrated the model using clinically-measured wave-
forms, including volumes and pressures of the LV, aorta, and main pulmonary artery. They
then applied the model to designed simulation cases to test its effectiveness. Namani et al.
(2020) proposed an open-loop framework to model the interaction between hyperelastic
left ventricular mechanics, systemic circulation, and coronary microcirculation. The au-
thors integrated a FE model of the idealised geometry of the LV, a lumped parameter
model of the systemic circulation, and a lumped parameter model of network flow analysis
of the coronary circulation, which consisted of an anatomically realistic left circumflex
subtree of 8,634 vessels. They found that the relaxation rate of the myocardium had a
significant impact, whereas LV contractility had a marginal effect on both the magnitude
and transmural distribution of coronary perfusion. The open-loop simulation framework
was extended to a closed-loop system by Fan et al. (2021). Their model consisted of an ide-
alised LV and four coronary microvascular networks, each comprising 400 vessels, located
at different transmural positions across the left ventricular wall. Non-linear three-element
Windkessel electrical systems of the coronary microvascular networks were resolved, and
the coronary flow system was integrated into a lumped parameter model of the systemic
circulation. The feedback from the coronary flow to the LV dynamics was accomplished
by prescribing an assumed contractility-coronary flow relationship as proposed in (Fan
et al., 2020). Their results suggested that an increase in either contractility, preload, wall
thickness, or cavity volume of the LV can increase the vulnerability of the subendocardial
region to ischemia.

1.4 Objectives and organisation of this thesis

The main objective of this thesis is to enhance our understanding of coronary flow and
myocardial perfusion by examining the coupling between blood flow in the coronary cir-
culation and the deformation of the myocardium. To accomplish this objective, we will
develop a 1D computational model of coronary blood flow in the human coronary circu-
lation, as well as 3D computational models of the LV and the bi-ventricle, and explore
their one-way coupling. We will begin by refining and adapting an existing 1D compu-
tational model of the blood flow in the systemic and pulmonary circulations (Olufsen,
1998; Qureshi, 2013). The adapted coronary flow model will be capable of capturing the
effect of time-varying IMP on coronary blood flow, which is the most important feature of
coronary circulation. The 1D coronary flow model will be used to simulate physiologically
realistic pressure and flow rate waveforms in the three main coronary arteries. We will
then determine accurate IMP from a 3D FE LV model which is based on previous work
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(Guan et al., 2020a). Finally, we will explore myocardial perfusion based on the one-way
coupling of the coronary flow model and the LV model. A bi-ventricle model will also be
developed for further investigation of pathological studies namely pulmonary regurgitation
(PR). Our research goals are explicitly defined, and we will follow the subsequent course
of action to achieve them:

• We aim to derive the mathematical relationship between time-varying IMP and
coronary flow and solve it numerically. To obtain realistic coronary flow results, we
will incorporate a human coronary network into the 1D coronary flow model. This
will enable us to simulate pressure and flow rate waveforms at multiple locations
along the three main branches of the coronary vasculature throughout an entire
cardiac cycle under normal physiological conditions.

• To ensure accuracy, a fine-tuned hyperelastic LV model will be utilised to obtain
physiological boundary conditions, including aortic pressure and time-varying IMP.

• A one-way coupling framework will be established to integrate the coronary flow
model and the LV model, allowing us to analyse myocardial perfusion.

• To validate the accuracy of the computational models, we will conduct a comparative
analysis between the simulated results and relevant published simulated outcomes
or experimental data.

• We will explore potential opportunities to leverage our models and simulations for
clinical purposes.

This thesis consists of six chapters. The initial chapter offers an overview of the
anatomical and physiological aspects of the cardiovascular system, including the human
heart and coronary circulation, as well as a brief introduction to computational modelling
of the heart and coronary flow. Various existing approaches are referenced, and the sig-
nificance and clinical implications of the computational models are shown. The following
sections outline the structure and contents of the remaining chapters.

Chapter 2 focuses on the development of a 1D coronary flow model of the coronary
circulation. Specifically, the structured-tree model developed by Olufsen (1998); Vaughan
(2010); Qureshi (2013) is adapted to incorporate the effect of time-varying IMP on coro-
nary flow. This chapter introduces a simplified computational network of the coronary
vasculature and presents equations governing the hemodynamics of the blood flow in large
and small blood vessels. The structured-tree matching conditions, bifurcation conditions,
and boundary conditions are also outlined. Finally, this chapter discusses the results of
the computed coronary flow and its validation. Overall, this chapter provides important
insights into the phasic patterns of coronary flow and the underlying mechanisms.
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Chapter 3 describes the development of a computational model of the LV. This chapter
presents details of the LV model’s governing equations, boundary conditions, and imple-
mentation and solution using ABAQUS. The simulated results of the LV model, including
pressure and volume in a complete cardiac cycle and stress distribution in the LV wall, are
also summarised. This chapter further presents an investigation of the effects of myofibre
rotation and myofibre dispersion on LV pump functions.

Chapter 4 focuses on the development of a one-way coupling framework between
the coronary flow model presented in Chapter 2 and the LV model described in Chapter
3. The LV model is fine-tuned to provide physiologically accurate aortic pressure and
IMP, which are used as boundary conditions in the coronary flow model. This chapter
involves the calculation of the IMP and investigates the reconstruction of the coronary
network, especially the right coronary arteries and coronary venous system. Additionally,
this chapter covers the assignment of the coronary arteries to different segments of the
LV wall. The resulting simulated coronary flow is compared with published experimental
data. This chapter concludes with a study of myocardial perfusion based on the one-way
coupling framework.

Chapter 5 focuses on a human bi-ventricle model and its application to studying PR.
Assessing the severity of PR is challenging, and finding clinically useful indicators for its
treatment remains unclear. Computational models have shown potential in simulating
and predicting disease cases. Thus, in this chapter, open-loop lumped parameter models
representing systemic and pulmonary circulations are designed to achieve realistic cardiac
function and control the backflow in PR disease cases. This chapter simulates five different
cases of PR, ranging from healthy to severe, and compares the results to normal physio-
logical ranges as well as pathological CMR data reported in the literature. The analysis
includes the RV dilation induced by PR at the end of diastole, the interaction of the LV
and RV, and the cardiac stress distributions. This chapter demonstrates the potential
of the computational bi-ventricle model in simulating PR. Furthermore, the bi-ventricle
model will be utilised in future work to study bi-ventricle myocardial perfusion under PR
disease conditions.

Chapter 6 provides a summary of the main contributions and findings of this thesis
and outlines potential directions for future research based on the models developed in this
thesis.



Chapter 2

Mathematical modelling of blood
flow in coronary circulation

Modelling blood flow in coronary circulation is important for understanding the underlying
physiology and predicting the impact of cardiovascular diseases. A proper understanding
of the factors that influence coronary flow, such as intramyocardial pressure (IMP), is es-
sential for the diagnosis and treatment of coronary artery disease (Westerhof et al., 2006).
By developing more accurate models of coronary circulation, researchers can gain a better
understanding of the normal and abnormal functioning of the heart and the coronary flow,
and this knowledge can be used to improve diagnosis, treatment, and overall outcomes for
patients with cardiovascular disease. To model the blood flow in the coronary circulation,
a number of factors must be considered, including the anatomy of the coronary vascula-
ture, the hemodynamics governing the blood flow, the boundary conditions determining
the hemodynamics, and the interaction between the myocardium and the blood vessels.
Increasing mathematical models have been developed by making assumptions about these
factors to provide important insights into the phasic patterns of coronary blood flow and
the underlying mechanisms.

In this chapter, we will modify the structured-tree model developed by Olufsen (1998);
Vaughan (2010); Qureshi (2013) to model coronary flow, with a specific emphasis on
incorporating time-varying IMP which has not been considered before. The coronary flow
model presented in this chapter is based on the realistic anatomy of the coronary arteries,
rather than on idealised lumped models. Firstly, a simplified computational network of
the coronary vasculature is introduced including both the arteries and veins. Secondly,
equations governing the hemodynamics of blood flow in both large and small blood vessels
in the network are presented. Thirdly, the structured-tree matching conditions, bifurcation
conditions, and boundary conditions are outlined. Additionally, the Lax-Wendorff method
for numerically solving the system is briefly described. Finally, the results of the simulated
coronary blood flow and its validation are discussed.

23
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2.1 A simplified computational network for coronary
circulation

In this section, a simplified computational network for the structured-tree coronary flow
model (Olufsen, 1998) is constructed. In terms of computational modelling of the coronary
blood flow, a detailed three-dimensional (3D) computational network of the coronary vas-
culature plays an important role in determining flow and pressure distributions. Anatomic
studies of coronary vasculature have a long history (Zamir and Chee, 1986; Anderson et al.,
1988; Kassab et al., 1993). Kassab et al. (1993), for the first time, provided a complete
data set of the coronary vasculature of healthy young farm pigs of either sex and estab-
lished a mathematical model (diameter-defined Strahler model) of the treelike arteries for
further hemodynamic analysis of the coronary blood flow. Connectivities, vessel radius,
and length distributions were provided in their data set, based on which Smith et al. (2000)
developed a geometric coronary model with the first six generations of the largest coronary
arterial vessels. In a study by Kaimovitz et al. (2005), a comprehensive reconstruction
of the coronary arterial network of a porcine heart was performed at a highly detailed
level, including down to the capillary level. Subsequently, in later works (Kaimovitz et al.,
2010), they expanded on this reconstruction by incorporating a statistical reconstruction
of the venous side. Recently, Goyal et al. (2012) developed a model-based radii extraction
method to reconstruct 3D coronary vasculature from cryo-microtome images (optical flu-
orescence microtomography) of an in vivo pig heart. A 3D reconstruction of the porcine
coronary vasculature with detected vessels ranging from 0.03-1.9 mm was presented in
their study.

The coronary networks reconstructed in the aforementioned studies are characterised
by a high level of complexity, primarily due to the presence of a large number of in-
tramyocardial vessels. This presents a significant challenge in the reconstruction of the
coronary vasculature, which, in turn, increases the computational cost associated with
modelling coronary blood flow (Kassab et al., 1993; Smith et al., 2000). In contrast, the
structured-tree coronary flow model proposed by Olufsen (1998) represents and generates
the enormous intramyocardial vessels as binary structured trees, where the realistic mor-
phology and topology of these vessels are not necessary. As a result, the reconstruction of
the coronary vasculature can be significantly simplified, and computational costs can be
reduced. Despite this simplification, the structured-tree model retains the effects of wave
propagation in the coronary blood flow of the large arteries. Therefore, to simplify the
reconstruction of the coronary vasculature, this study applies the structured-tree model,
which divides the coronary vasculature into three parts: the epicardial coronary arteries,
the epicardial coronary veins, and all other vessels within the heart wall. In accordance
with the terminology and methods introduced by Olufsen (1998), the epicardial coronary
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arteries and veins are referred to as large vessels, while all other vessels within the heart
wall are classified as small vessels.

Firstly, the geometric information of the epicardial arteries is adopted from Duanmu
et al. (2019). This in vivo data was obtained from a male patient (age 61, 80 kg) using
GE 16-slice computed tomography (CT) angiography. Medical imaging software (GE,
AW) was used for visualization and measuring the geometries of the arteries as shown
in Fig. 2.1 (a). The epicardial coronary arteries consist of left and right branches that
originate from the aortic root. The left branch includes the left main coronary artery
(LMCA), which further bifurcates into the left anterior descending arteries (LAD, LAD1,
LAD2, LAD3, and LAD4), the left circumflex arteries (LCX, LCX1, LCX2, and LCX3),
and the marginal arteries (MARG1, MARG2, and MARG3). The right branch includes the
right coronary artery (RCA), which bifurcates into the posterior descending artery (PDA),
and the posterior lateral artery (PLA). In summary, the epicardial coronary arteries are
divided into 16 segments (RCA, PDA, PLA, LMCA, LCX, LCX1, LCX2, LCX3, MARG1,
MARG2, MARG3, LAD, LAD1, LAD2, LAD3, and LAD4). Table 2.1 summarises the
lengths, top radii (proximal radii), and bottom radii (distal radii) of these segments. Note
that the RCA is the longest segment (10.9 cm), while the LMCA has the largest top radius
of 0.188 cm and the LAD4 has the smallest top radius of 0.088 cm. All the large vessels
are tapered with different top and bottom radii. It should be mentioned that there is a
trifurcation in the CT imaging data from Duanmu et al. (2019). The LMCA trifurcates into
the LAD, LCX, and DIAG branches. The trifurcation can be simplified as two bifurcations
as originally adopted in their study (Duanmu et al., 2019). However, for the purpose of
our current investigation, we have chosen to omit the DIAG vessel. This decision stems
from the considerable morphological variations that exist within the coronary vasculature
among individuals, leading us to focus our study solely on the coronary flow dynamics in
the two major branches, namely the LCX and LAD arteries.

Secondly, to model the small vessels, i.e. the intramyocardial blood vessels, we employ
one-dimensional (1D) asymmetric structured trees as shown in Fig. 2.1 (b). To generate
such structured trees, we require the radii and asymmetry relations over a bifurcation.
Fig. 2.2 illustrates a parent vessel with a radius of rp, and the radii of its two daughter
vessels are scaled by factors α and β (Olufsen, 1999) as

rd1 = αrp, (2.1)

rd2 = βrp, (2.2)

where the subscript p refers to the parent vessel and the subscript d1 and d2 represent
the two daughter vessels, respectively. Note that it is impossible to estimate α and β for
every bifurcation, so α and β are assumed to be the same for all bifurcations. In order to
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(a)

(b)

Figure 2.1: Diagram of epicardial arteries (a) obtained from Duanmu et al. (2019) and a
simplified network (b) for the coronary flow model (Olufsen, 1998) reconstructed from (a).
LMCA is the left main coronary artery. LAD, LAD1, LAD2, LAD3, and LAD4 are the
left anterior descending arteries. LCX, LCX1, LCX2, and LCX3 are the left circumflex
arteries. MARG1, MARG2, and MARG3 are the marginal arteries. RCA is the right
coronary artery. PDA is the posterior descending artery. PLA is the posterior lateral
artery. The structured trees represent intromyocardial blood vessels.

determine realistic α and β, geometric changes over a bifurcation for intramyocardial ves-
sels are necessary. For instance, Murray’s law Murray (1926a,b) can be used to determine
how the radius changes over an arterial bifurcation. Instead, Olufsen (1999) adopted a
more general power law derived by Uylings Uylings (1977), i.e.

rζ
p = rζ

d1 + rζ
d2, (2.3)

where ζ = 3.0 is optimal for laminar flow, and ζ = 2.33 for turbulent flow. In arterial
blood flow, a good choice for the exponent is ζ = 2.76 (Kassab et al., 1993; Uylings, 1977;
Olufsen, 1998). Then according to (Zamir and Chee, 1986), the area ratio (η) relating the
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Table 2.1: Geometric information of the epicardial coronary arteries. Data are provided
by Duanmu et al. (2019).

Branch Length (cm) Top radius (cm) Bottom radius (cm)

RCA 10.9 0.151 0.148

PLA 4.20 0.128 0.125

PDA 3.70 0.108 0.105

LMCA 3.20 0.188 0.179

LAD 2.70 0.151 0.145

LAD1 2.90 0.146 0.145

LAD2 6.90 0.138 0.106

LAD3 4.70 0.103 0.103

LAD4 2.20 0.088 0.077

LCX 2.10 0.148 0.147

LCX1 1.60 0.132 0.129

LCX2 2.00 0.115 0.114

LCX3 3.90 0.102 0.099

MARG1 3.50 0.116 0.108

MARG2 3.00 0.098 0.096

MARG3 3.70 0.102 0.100

cross-sectional areas of the two daughter vessels to their parent vessel is

η = r2
d1 + r2

d2
r2

p
, (2.4)

and the asymmetry ratio (γ) relating the areas of the two daughter vessels is

γ =
(
rd2
rd1

)2
. (2.5)

The parameters ζ, η, and γ are related by

η = 1+γ

(1+γζ/2)2/ζ
. (2.6)
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Using an area ratio η= 1.16 and an exponent ζ = 2.76, the asymmetry ratio will be γ = 0.41
(Olufsen, 1998). The scaling parameters α and β now can be calculated by Eq. (2.4) and
Eq. (2.5) as

α = (1+γζ/2)−1/ζ ≈ 0.9, (2.7)

and
β = α

√
γ ≈ 0.6. (2.8)

The lengths of the small vessels are determined by the relation of the length and
diameter reported by Kassab et al. (1993) as

L/r = 10, (2.9)

where L is the length of a small vessel and r is the radius of the vessel. Details about the
parameter choices have been well documented and explained by Olufsen Olufsen (1998,
1999).

Now, the lengths and radii of all vessels in a structured tree can be determined. For
example, to obtain a structured tree connected to the large artery LAD1, the bottom
radius of LAD1 is the radius of the first parent vessel in the structured tree. According
to Eq. (2.1) and Eq. (2.2), the radii of the first two daughter vessels can be determined.
Then, the generation of the vessels continues until the radius of the last daughter vessel
in the structured tree reaches a cut-off value. The cut-off value (minimum vessel radius)
was set to be rmin = 0.005 cm. The venous side of the structured tree is a ‘mirror image’ of
the arterial side. Next, the lengths of all vessels in the structured tree can be determined
according to Eq. (2.9).

Figure 2.2: A schematic diagram of bifurcation relationship for small blood vessels in a
structured tree. At each bifurcation, the radii of the two daughter vessels are scaled by
factors α and β, respectively.

Thirdly, geometric information on the epicardial veins is needed. Since data of the
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veins are not provided by Duanmu et al. (2019), we here assume that the geometries of
the veins are symmetric to that of the arteries, which is based on the observation that
the epicardial arteries and veins are basically parallel Vlodaver et al. (2012); Goodwill
et al. (2011); Faletra et al. (2020). The same assumption has been used in (Qureshi, 2013;
Qureshi and Hill, 2015) for pulmonary circulation modelling.

Finally, a simplified network of coronary vasculature is constructed and shown in
Fig. 2.1 (b). It is important to note that the coronary flow in this network is driven by
inlet and outlet pressures. The inlet pressure is applied at the proximal point of the LMCA
and RCA, while the outlet pressure is applied at the proximal point of the coronary sinus
(CS) and the vein that collects flow from the right coronary arteries. In the upcoming
sections, the equations and solutions for the coronary flow in this network will be presented.
Specifically, based on some assumptions that account for the movement of the blood flow in
elastic tapered tubes, we obtain nonlinear equations governing the blood flow in the large
vessels, which are reduced from the Navier-Stokes equations, and subsequently solved
through numerical methods. On the other hand, the blood flow in the small vessels is
governed by linearised equations through linearising the nonlinear equations of the large
vessels, which can be solved analytically. This linearity ensures that the effect of the
small vessels on the coronary blood flow can be incorporated as dynamic structured-tree
matching conditions, which link the pressures and flows of the arterial vessels to those of
the venous vessels.

2.2 Hemodynamics of blood flow in large vessels

In this section, we provide the formulation for the hemodynamics of blood flow in the
large vessels. These 1D hemodynamics of blood flow in the structured-tree model was
developed by Barnard et al. (1966) and Olufsen (1998), which have been widely used
and validated in systemic circulation (Olufsen et al., 2000) and pulmonary circulation
(Qureshi and Hill, 2015). In the structured-tree model, the large arteries and veins are
simplified as elastic tapered tubes. A cylindrical polar coordinate system (r,x,θ) is utilised
to determine the position of the points in the vessel as shown in Fig. 2.3, where r represents
the radial position, x represents the axial position along the tube, and θ represents the
circumferential position. Because of the symmetry of the vessel in terms of the θ direction,
the θ variable is omitted in our analysis. Therefore, all variables are dependent on r and x
variables, as well as the time variable t. The position of any point inside the vessel can be
denoted by (r,x), where 0 ≤ r ≤R(x,t) and 0 ≤ x≤ L. Here, R(x,t) denotes the radius of
the vessel at a fixed x-position and a fixed time, and L represents the length of the vessel.
In the initial stress-free state, we have R(x,t) = R(x,0) = r0(x). The initial vessel radius
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r0(x) along the vessel is determined by the top radius and bottom radius, given as:

r0(x) = rTop

(
rBottom
rTop

) x
L

, (2.10)

where rTop and rBottom are the initial radii at the proximal and distal ends of the vessel.
Assuming the blood flowing within the vessels to be homogeneous, viscous, and incom-
pressible, with a constant density of ρ = 1.055 g/cm3 and viscosity of µ = 0.49 g/(cm·s),
we consider laminar flow inside the large vessels. Let p(x,r, t) denote the blood pressure
inside the vessel, p0 denote the environmental pressure or external pressure which is called
in the following context, and u(x,r, t) = (ux(x,r, t),ur(x,r, t)) denote the blood velocity.
The mass continuity equation, based on the law of conservation of mass, is given by

∂ρ

∂t
+∇· (ρu) = 0. (2.11)

Figure 2.3: Diagram of a tapered tube representing a large vessel. The axial and radial
directions of the tube are represented by the coordinate axes x and r, respectively. The
unstressed radius along the tube is denoted by r0(x), while q(x,t) and p(x,t) represent the
flow rate and blood pressure at a given axial position and time. Additionally, the constant
environmental pressure is denoted as p0.

For incompressible flow, the blood density remains constant and Eq. (2.11) reduces to

∇·u = 0. (2.12)

Furthermore,
∇·u = ∂ux

∂x
+ 1
r

∂(rur)
∂r

= 0, (2.13)

where ux(x,r, t) and ur(x,r, t) are the axial and radial blood flow velocities, respectively.
Assuming that the wall of the blood vessel only undergoes transverse motion, the no-slip
boundary condition ensures that

ux(x,r, t)|r=R(x,t) = 0, and ur(x,r, t)|r=R(x,t) = ∂R(x,t)
∂t

. (2.14)
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Integrating Eq. (2.13) over the cross-sectional area and using the no-slip boundary condi-
tion provides

0 = 2π
∫ R

0

(
∂ux

∂x
+ 1
r

∂(rur)
r

)
rdr

= 2π
∫ R

0

∂ux

∂x
rdr+2π

∫ R

0

1
r

∂(rur)
r

rdr

= 2π ∂

∂x

∫ R

0
uxrdr+2π(rur)|R0

= 2π ∂

∂x

∫ R

0
uxrdr+2πR∂R

∂t

= 2π ∂

∂x

∫ R

0
uxrdr+ ∂A

∂t
,

(2.15)

where A(x,t) = 2πR2(x,t) is the cross-sectional area. Here, we introduce the volumetric
flow rate

q(x,t) = 2π
∫ R

0
uxrdr. (2.16)

Substituting it into Eq. (2.15) gives the 1D equation of continuity of the large blood vessel

∂q

∂x
+ ∂A

∂t
= 0. (2.17)

The radial and axial balance of momentum equations reduced from the Navier-Stokes
equations are

ρ

(
∂ur

∂t
+ur

∂ur

∂r
+ux

∂ur

∂x

)
= −∂p

∂r
+µ

(
∂2ur

∂r2 + 1
r

∂ur

∂r
− ur

r2 + ∂2ur

∂x2

)
, (2.18)

and
ρ

(
∂ux

∂t
+ur

∂ux

∂r
+ux

∂ux

∂x

)
= −∂p

∂x
+µ

(
∂2ux

∂r2 + 1
r

∂ux

∂r
+ ∂2ux

∂x2

)
. (2.19)

Since the length of the blood vessel is significantly longer than its radius, it follows that
R(x,t) ≪ L. Moreover, we assume that ur(x,r, t) ≪ ux(x,r, t), allowing us to introduce an
infinitesimal parameter

ϵ= ur

ux
≪ 1. (2.20)

Eliminating ϵ order terms in Eq. (2.18) yields

∂p

∂r
≈ 0, (2.21)

which means that the blood pressure only varies along the axial direction as well as time,
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i.e. p(x,r, t) = p(x,t). Utilising the same approach, we can simplify Eq. (2.19) to

∂ux

∂t
+ur

∂ux

∂r
+ux

∂ux

∂x
= −1

ρ

∂p

∂x
+ν

(
∂2ux

∂r2 + 1
r

∂ux

∂r

)
, (2.22)

where ν = µ/ρ is the kinematic viscosity. The integration of Eq. (2.22) over the cross-
sectional area is given by

2π
∫ R

0

(
∂ux

∂t
+ur

∂ux

∂r
+ux

∂ux

∂x

)
rdr = −2π

ρ

∫ R

0

∂p

∂x
rdr+2πν

∫ R

0

(
∂2ux

∂r2 + 1
r

∂ux

∂r

)
rdr.

(2.23)
The integration on the left-hand side of Eq. (2.23) is

LHS = 2π
∫ R

0

∂ux

∂t
rdr+2π

∫ R

0
ur
∂ux

∂r
rdr+2π

∫ R

0
ux
∂ux

∂x
rdr

= 2π
(
∂

∂t

∫ R

0
uxrdr−

∫ R

0
ux
∂r

∂t
dr

)
+2π

(∫ R

0
uruxrdr−

∫ R

0
ux
∂(urr)
∂r

dr

)

+2π
∫ R

0
ux
∂ux

∂x
rdr

= ∂q

∂t
+2π ∂

∂x

∫ R

0
u2

xrdr,

(2.24)

where we used integration by parts, the continuity equation to replace ∂(rur)
∂r , and the

no-slip boundary conditions. The integration on the right-hand side of Eq. (2.23) is

RHS = −A

ρ

∂p

∂x
+2πν

(
r
∂ux

∂r

)∣∣∣∣∣∣
r=R

. (2.25)

Thus the momentum equation in the axial direction can be reduced to

∂q

∂t
+2π ∂

∂x

∫ R

0
u2

xrdr+ A

ρ

∂p

∂x
= 2πν

(
r
∂ux

∂r

)∣∣∣∣∣∣
r=R

. (2.26)

To determine the integral of u2
x (the second term on the left-hand side) and the derivative

of ux in the radial direction (the term on the right-hand side), assumptions on the velocity
profile are needed. It has been reported in (Vlachopoulos et al., 2011; Caro et al., 2012)
that the velocity profile at the entry region of the aorta was almost flat, and fully developed
to a parabolic profile at the resistance arteries. Based on this, Olufsen (1998) introduced
the following velocity profile for the blood flow in the large vessels

ux(x,r, t) =

ūx(x,t) for r ≤R− δ,

ūx(R− r)/δ for R− δ < r ≤R,
(2.27)
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where ūx(x,t) is a constant velocity outside the boundary layer which is a very thin region
with thickness δ. Within the boundary layer, the viscous effects are dominant. According
to (Lighthill, 1975), the thickness δ can be estimated as

δ =
√
νT

2π , (2.28)

where T is the period of a cardiac cycle. Using this velocity profile, the integral term on
the left-hand side of Eq. (2.26) can be calculated as

2π
∫ R

0
u2

xrdr = 2π
∫ R−δ

0
ū2

xrdr+
∫ R

R−δ

(
ūx(R− r)

δ

)2
= 2πū2

x
r2

2

∣∣∣∣∣
R−δ

0
= ū2

xA

(
1− 4

3
δ

R

)
+O(δ2).

(2.29)

The volumetric flow rate can also be rewritten as

q = 2π
∫ R

0
uxrdr = ūxA

(
1− δ

R

)
+O(δ2). (2.30)

Replacing the ūx term in Eq. (2.29) with Eq. (2.30), we have

2π
∫ R

0
u2

xrdr = q2

A

(
1+ 2

3
δ

R

)
+O(δ2). (2.31)

Using the velocity profile from Eq. (2.27), the derivative term on the right-hand side of
Eq. (2.26) is

2πν
(
r
∂ux

∂r

)∣∣∣∣∣
r=R

= 2πν
(

−Rūx

δ

)
= −2πνR

δ

q

A
+O(δ2). (2.32)

Substituting the integral term and the derivative term into Eq. (2.26) and retaining the
leading order terms, the final 1D momentum equation is

∂q

∂t
+ ∂

∂x

(
q2

A

)
+ A

ρ

∂p

∂x
= −2πνR

δ

q

A
. (2.33)

There are three unknown variables (the pressure p(x,t), the flow rate q(x,t), and
the cross-sectional area A(x,t)) in the 1D equation of continuity (Eq. (2.17)) and the
momentum equation (Eq. (2.33)). To close the governing system of the blood flow in the
large blood vessels, we still need another equation.

We assume that the blood vessel wall is thin, elastic, and homogeneous with uniform
wall thickness h. Considering the limited motion of the blood vessels within the human
body and that their length is much longer than their radii, the transverse motion of the
wall is dominant, which further leads to dominant stress and strain in the circumferential
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direction. Based on these assumptions and balancing the internal and external pressure
and cross-sectional area in an infinitesimal surface element of the vessel wall, Barnard
et al. (1966) derived a tube law

Þ(A) ≡ p(x,t)−pL = 4
3
Eh

r0

(√
A

A0
−1

)
, (2.34)

where Þ(A) is the transmural pressure, pL is the external pressure of the large vessel, E
is Young’s modulus, r0 and A0 are the initial stress-free radius and cross-sectional area,
respectively. Because the large vessels span the surface of the heart, the external pressure
on the large vessels is considered to be the pericardium pressure, which is reported not
to exceed 2 or 3 mmHg (Shabetai, 1988). In our simulation, the external pressure acting
upon the large vessel is negligibly small, effectively setting it to zero. One reason is that
a constant external pressure between 0-3 mmHg has a marginal influence on coronary
flow. Moreover, this assumption aligns with the utilization of free boundary conditions on
the epicardial surface of the LV model as introduced in the subsequent chapter, wherein
the pericardium pressure is likewise presumed to be negligible. The Eh/r0 term is the
compliance, which is related to the elastic properties of the blood vessel wall and reflects
the flexibility of the vessel wall under pressure. Values of the compliance term should
be determined by experimental data. In the pursuit of estimating the compliance of
pulmonary blood vessels, Olufsen (1998) put forth an expression

Eh

r0
= k1exp(k2r0)+k3, (2.35)

where the constants are k1 = 2 × 107g/s2/cm, k2 = −22.53cm−1, k3 = 8.65 × 105g/s2/cm.
Later, Qureshi (2013) adopted a constant compliance approach for pulmonary blood
vessels, i.e. k3 = 2.6 × 105g/s2/cm for all the large pulmonary blood vessels and k3 =
0.5×105g/s2/cm for all the small pulmonary blood vessels. In this study, we employ con-
stant compliance values of k3 = 1.2 × 106g/s2/cm for all the large coronary blood vessels
and k3 = 2.4 × 105g/s2/cm for all the small coronary blood vessels. These chosen values
are based on measurements of coronary blood vessel compliance obtained from porcine
subjects, as documented by Kassab and Molloi (2001).

2.3 Numerical method

The equations (Eq. (2.17), Eq. (2.33), and Eq. (2.34)) governing the coronary flow in the
large vessels are solved by the two-step Lax-Wendroff method. The Lax-Wendroff method
is a second-order method and is often adopted to solve compressible fluid dynamics. This
method requires that Eq. (2.17) and Eq. (2.33) be written in the conservation forms. For
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computational convenience, the following dimensionless variables are introduced to make
Eq. (2.17) and Eq. (2.33) dimensionless:

x= rcx̃, t= r3
c

qc
t̃, r = rcr̃, (2.36)

A= r2
c Ã, q = qcq̃, p= ρglcp̃. (2.37)

where rc, lc, and qc are the characteristic radius, characteristic length, and characteristic
average velocity, respectively. Using these quantities, the continuity equation and the
momentum equation for the large vessels are transformed into dimensionless forms

∂q̃

∂x̃
+ ∂Ã

∂t̃
= 0, (2.38)

and
∂q̃

∂t̃
+ ∂

∂x̃

(
q̃2

Ã

)
+ Ã

∂p̃

∂x̃
= −2πr̃

δℜ
q̃

Ã
, (2.39)

where ℜ = qc/(νrc) is the Reynolds number. In the following context, the tildes are
dropped for simplicity. To write the two equations in the conservation forms, we introduce
an intermediate variable

B(r0(x),p(x,t)) =
∫ p(x,t)

p0
A(p′)dp′. (2.40)

Differentiating B with respect to x and substituting it into Eq. (2.39) yields

∂q

∂t
+ ∂

∂x

(
q2

A
+B

)
− ∂B

∂r0

dr0
dx

= −2πr0
δℜ

q

A
. (2.41)

Using the tube law, i.e. Eq. (2.34), the third term in Eq. (2.41) is

∂B

∂r0

dr0
dx

=
(

2
√
A

(
√
πf +

√
A0

f

dr0

)
− f

dr0

)
dr0
dx

, (2.42)

where f = 4Eh/(3r0). Now, the dimensionless momentum equation Eq. (2.41) and the
dimensionless continuity equation Eq. (2.38) can be combined as

∂

∂t


A

q

+ ∂

∂x


q

q2

A +f
√
A0A

=


0

−2πr
δR

q
A +

(
2
√
A
(√

πf +
√
A0

df
dr0

)
−A df

dr0

)
dr0
dx

 ,
(2.43)



CHAPTER 2. CORONARY FLOW MODEL 36

which is the conservation form of the two equations. The corresponding matrix form is

∂

∂t
U+ ∂

∂x
W = S, (2.44)

where U, W, and S are
U = (U1,U2) = (A,q), (2.45)

W = (W1,W2) = (q, q
2

A
+f

√
A0A), (2.46)

S = (S1,S2) = (0,−2πr
δR

q

A
+
(

2
√
A

(
√
πf +

√
A0

df

dr0

)
−A

df

dr0

)
dr0
dx

). (2.47)

After we obtain the conservation form, the variables in Eq. (2.44) are further discre-
tised in spatial and temporal grids. We denote a discretised variable as

ϕn
m = ϕ(m∆x,n∆t), (2.48)

where ∆x and ∆t are the spatial and temporal step sizes, m∈ [0,M ] and n∈ [0,N ] denote
the current spatial and temporal step position, M is the total spatial grid points, N is
the total temporal grid points, and ϕ = {U,W,S}. For example, one period of 0.8 s can
be discretised into 32768 temporal grid points, and the spatial grid points can be set to
10 points per centimeter. We will denote such girds as (32768, 10). For the temporal and
spatial grids of (32768, 10), the total temporal grid points are N = 32768, and the total
spatial grid points are M = 50 for a vessel with a length of 5 cm.

Given the pressure or flow rate at the inlet and the outlet of the computational
network, all variables in Eq. (2.44) in the spatial and temporal grids can be numerically
solved. In addition, the stability of the Lax-Wendroff numerical scheme requires that the
spatial and temporal grids maintain the Courant–Friedrichs–Lewy (CFL) condition, which
is determined by

∆t⩽ ∆x
| c |

, (2.49)

where c is the wave velocity and | · | is the norm. There is a theorem (Quarteroni and
Quarteroni, 2009) ensuring the stability of the Lax-Wendroff numerical method as

Theorem 1 If the CFL condition, Eq. (2.49), is satisfied, the Lax-Wendroff numerical
scheme is strongly stable in the norm ∥·∥∆,1.

2.4 Hemodynamics of blood flow in small vessels

Considering the large number of small blood vessels, it is computationally challenging to
solve non-linear equations for blood flow in these vessels. To address this issue, Olufsen
(1999) derived a linearised continuity equation and a linearised axial momentum equation
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to analytically solve blood flow in the small vessels based on Womersley’s classical theory
(Womersley, 1957). Detailed derivations can be found in (Olufsen, 1998). In this section,
we briefly present the governing equations obtained by Olufsen (1999) and further consider
the effect of the time-varying external pressure on coronary flow.

The same assumptions for the large vessels are adopted for the small vessels, except
that the tapering of the small vessels is neglected. We have the axial momentum equation
for a large vessel

ρ

(
∂ux

∂t
+ur

∂ux

∂r
+ux

∂ux

∂x

)
= −∂p

∂x
+µ

(
∂2ux

∂r2 + 1
r

∂ux

∂r
+ ∂2ux

∂x2

)
. (2.50)

Because the viscous forces are more dominant than the inertial forces in the small vessels
and the small vessels are short and non-tapering, the nonlinear effects may be neglected.
Therefore, a linearised version of Eq. (2.50) can be used for modelling the blood flow in
the small vessels (Olufsen, 1999), which is

∂ux

∂t
+ 1
ρ

∂p

∂x
= ν

r

∂

∂r

(
r
∂ux

∂r

)
, (2.51)

where ν = µ/ρ is the dynamic viscosity. For the circulatory system, the pressure and flow
rate are periodic due to the contraction and relaxation of the heart. Therefore, we assume
that all solutions of the coronary flow are periodic with a period time T and an angular
frequency ω = 2π/T . The velocity and pressure can then be expressed as

ux(r,x, t) =
k=∞∑

k=−∞
Uk(r,x)eikωt, and p(x,t) =

k=∞∑
k=−∞

Pk(x)eikωt. (2.52)

Substituting them into Eq. (2.51) yields

ikωUk + 1
ρ

dPk

dx
= ν

r

∂

∂r

(
r
∂Uk

∂r

)
, k = {. . . ,−2,−1,0,1,2, . . .}, (2.53)

which can be solved to obtain the kth-component factor in Eq. (2.52). We now transform
Eq. (2.53) into a non-dimensional form by multiplying the two sides by r2

0/ν

ikα2Uk + r2
0
µ

dPk

dx
= 1
y

∂

∂y

(
y
∂Uk

∂y

)
, k = {. . . ,−2,−1,0,1,2, . . .}, (2.54)

where r0 is the radius of the tube, y = r/r0 and α2 = r2
0ω/ν. The quantity α is the

Womersley number, which is a dimensionless expression of the pulsatile flow frequency in
relation to the viscous effect. The ranges of the Reynolds number and Womersley number
in our model are detailed in Table. 2.2. For the small vessels, the Reynolds number is
less than one and the Womersley number is less than 0.01, both of which indicate the
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dominance of the viscous forces. In fact, due to this prevailing dominance of viscous
effects, it is appropriate to neglect the inertial term in Eq. 2.51. However, we are keeping
this term for completeness.

Table 2.2: The ranges of the Reynolds number and Womersley number in our model.

Vessel Reynolds number Womersley number

Large 50 - 300 1 - 3

Small < 1 < 0.01

Firstly, we calculate the solutions of the non-zero frequencies in Eq. (2.54), i.e. k ̸= 0.
Womersley (1957) derived that

Uk = r2
0

ikµα2
dPk

dx

(
1− J0(αyi3/2)

J0(αi3/2)

)
, (2.55)

where J0(x) is the zeroth Bessel function of the first kind. The volumetric flow rate can
be expanded as

q(x,t) =
k=∞∑

k=−∞
Qk(x)eikωt, (2.56)

with the coefficients
Qk = 2π

∫ r0

0
Ukrdr. (2.57)

Substituting Uk with Eq. (2.55) gives

Qk = −A0
ρikω

dPk

dx
(1−FJ), (2.58)

where
FJ = 2J1(kω)

ωkJ0(kω) , (2.59)

and J1(x) is the first order Bessel function of the first kind.
The continuity equation and the tube law are the same as that of the large vessels,

i.e.
∂q

∂x
+ ∂A

∂t
= 0, (2.60)

and
Þ(x,t) = p(x,t)−pext(t) = 4

3
Eh

r0

(√
A

A0
−1

)
, (2.61)

where pext(t) is the time-varying external pressure on the small vessels. It should be
noted that the external pressure on the large vessels is assumed to be zero. Instead, the
small vessels experience external pressure exerted by the myocardium, i.e. the IMP, which
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exhibits considerable temporal variation. Combining Eq. (2.60) and Eq. (2.61), we have

C
∂Þ
∂t

+ ∂q

∂x
= 0, (2.62)

where C is the compliance which can be approximated as

C = ∂A

∂Þ = 3A0r0
2Eh

(
1+ 3r0Þ

4Eh

)
≈ 3A0r0

2Eh , (2.63)

as Eh≫ Þr0. The transmural and external pressure are

Þ(x,t) =
k=∞∑

k=−∞
Þk(x)eikωt and pext(t) =

k=∞∑
k=−∞

P ext
k eikωt, (2.64)

such that Eq. (2.62) can be rewritten as

iCkωÞk + ∂Qk

∂x
= iCkω(Pk −P ext

k )+ ∂Qk

∂x
= 0. (2.65)

Substituting Eq. (2.58) into the above equation leads to

(kω)2

c2
Qk + ∂2Qk

∂x2 = 0, (2.66)

where c =
√
A0(1−FJ)/ρC is the wave propagation velocity. Equation (2.66) is simply

the equation governing a single-degree-of-freedom system, which has the exact solution

Qk(x) = ak cos(kωx/c)+ bk sin(kωx/c), (2.67)

where ak and bk are constants of integration. Substituting Eq. (2.67) into Eq. (2.58) yields

Þk(x) = 1
iCc

(ak sin(kωx/c)− bk cos(kωx/c)). (2.68)

Next, we calculate the zero frequency component in Eq. (2.54). When k = 0, the
linearised axial momentum equation in components form i.e. Eq. (2.53), becomes

1
ρ

dP0
dx

= ν

r

∂

∂r

(
r
∂U0
∂r

)
. (2.69)

Integrating Eq. (2.69) with respect to r provides

∂U0
∂r

= r

2µ
dP0
dx

+ C1
r
, (2.70)

where C1 is the constant of integration which can be eliminated by assuming that ∂U/∂r
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is finite at r = 0. Integrating Eq. (2.70) again with respect to r yields

U0 = r2

2µ
dP0
dx

+ C2
r
, (2.71)

where C2 is the constant of integration which is evaluated using the non-slip condition at
the wall r = r0. Thus, we obtain

U0 = r2 − r2
0

4µ
dP0
dx

, (2.72)

which is a normal Poiseuille flow profile. The volumetric flow rate is

Q0(x) = 2π
∫ r0

0
U0rdr = − π

8µ
dP0
dx

r4
0, (2.73)

and integration of it gives
Þ0(x) = −8µC3

πr4
0
x+C4, (2.74)

where C3 and C4 are constants of integration.

2.5 Structured-tree matching conditions

The structured-tree matching condition serves as a boundary condition, linking the pres-
sure and flow rate at the terminals of the arteries and veins. Such boundary condition
was originally suggested by C. S. Peskin. Olufsen (1998), at the first time, developed the
structured-tree outflow condition, which only considers the arterial side. Later, Vaughan
(2010) extended the structured-tree outflow condition into the structured-tree matching
condition, which included the venous side. The structured-tree matching condition was
further used in modelling pulmonary circulation by Qureshi (2013).

The admittance concept needs to be introduced in the structured-tree matching con-
dition, based on the analytical solutions of pressure and flow for the small vessels (Olufsen,
1998). In this section, we first calculate the admittance of a single vessel and then as-
semble them to derive the great admittance of one structured tree. A novel aspect of the
method presented here is that we consider the effect of the time-varying external pressure
on the great admittance. This concept draws inspiration from Jay Mackenzie, who initially
proposed the exploration of both time-varying and spatially varying external pressure.

2.5.1 Admittance matrix for a single vessel in a structured tree

As discussed in section 2.4, the equations governing blood flow in the small vessels are
linear. Expanding the flow rate and pressure into the Fourier series, we obtain the following



CHAPTER 2. CORONARY FLOW MODEL 41

equations for their Fourier coefficients:

Qk(x) = 1
qc

(ak cos(kωx/c)+ bk sin(kωx/c)) , (2.75)

Þk(x) = i

ρglCc
(−ak sin(kωx/c)+ bk cos(kωx/c)), (2.76)

Q0(x) = Υ
qc
, (2.77)

Þ0(x) = − 1
ρgl

(
8µΥ
πr4

0
x−Γ

)
, (2.78)

where qc is the characteristic flow rate and l is the characteristic length to nondimen-
sionalise the flow rate and pressure, g is the acceleration of gravity, and the constants
ak, bk,Υ,Γ are dependent on the specific flow rate and pressure at the inlet and outlet of
a vessel.

For the Fourier coefficients of the non-zero frequencies at the inlet, we have

Qk(0) = ak

qc
, (2.79)

Þk(0) = ibk
ρglCc

. (2.80)

In the meantime, we have the Fourier coefficients of the zero frequency at the outlet

Qk(L) = 1
qc

(ak cos(kωL/c)+ bk sin(kωL/c)) , (2.81)

Þk(L) = i

ρglCc
(−ak sin(kωL/c)+ bk cos(kωL/c)). (2.82)

Figure 2.4: Sketch of a single small blood vessel in one structured tree. The Fourier
coefficients of the flow rate (Qin, Qout) and pressure (Pin, Pout) at the inlet point (x= 0)
and outlet point (x=L) of the vessel are depicted. The Fourier coefficients of the external
pressure p0 remain constant along the entirety of the vessel. The symbol Y denotes the
admittance of the single small vessel.

A sketch of a single small blood vessel in one structured tree is shown in Fig. 2.4.
We denote that Pin = Þin − p0 = Þk(0) − p0, Pout = Þout − p0 = Þk(L) − p0, Qin = Qk(0),
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and Qout =Qk(L). The admittance Y is a 2×2 matrix giving the relation of the Fourier
coefficients of flow rate and the transmural pressure at the inlet (x= 0) and outlet (x=L),
specifically 

Qin

Qout

=


Y11 Y12

Y21 Y22




Þin

Þout

 , (2.83)

or in matrix form
Q = YÞ, (2.84)

where Q = (Qin,Qout) are the flow rate at the inlet and outlet of the vessel, respectively,
and Y is the admittance, Þ = (Þin,Þout) is the transmural pressure, i.e. Þin = Pin −p0 and
Þout = Pout −p0. The admittance Y can be determined by Eqs. (2.79) -(2.82) as

Qout = −QinCL + iρglCc

qc
ÞinSL, (2.85)

Þout = ÞinCL − iqc

ρglCc
QinSL, (2.86)

where CL ≡ cos(ωL/c) and SL ≡ sin(ωL/c). This can be rearranged in a matrix form

Qin

Qout

= iCc

SL

ρgl

qc


−CL 1

1 −CL




Þin

Þout

 . (2.87)

Repeating the same procedure for the zero-frequency component yields

Qin

Qout

= πr4
0

8µL
ρgl

qc


1 −1

−1 1




Þin

Þout

 . (2.88)

Thus, the admittance for a single vessel is

Y = iCc

SL

ρgl

qc


−CL 1

1 −CL

 while k ̸= 0, (2.89)

and

Y = πr4
0

8µL
ρgl

qc


1 −1

−1 1

 while k = 0. (2.90)
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2.5.2 Great admittance of a structured tree

Based on the admittance for a single vessel, in this section, we calculate the great admit-
tance for a whole structured tree. The admittances of two vessels connected in parallel
and in series are required.

Figure 2.5: Sketch of two parallel small vessels in one structured tree. The Fourier coef-
ficients of the flow rate and pressure at the inlet and outlet of the vessels, along with the
flow conservation constraints, are displayed.

At first, we determine the admittance for two vessels connected in parallel. As shown
in Fig. 2.5, we have

QS = YSÞS , (2.91)

and
QT = YT ÞT , (2.92)

where S and T denote the two different vessels, QS = (QS
in,Q

S
out), QT = (QT

in,Q
T
out), ÞS =

(PS
in −p0,PS

out −p0), ÞT = (P T
in −p0,P T

out −p0). Analogous to the same potential difference
across the resistors in parallel combinationton, pressures of the two vessels at the inlet and
outlet are 

Pin

Pout

=


PS

in

PS
out

=


P T

in

P T
out

 . (2.93)

The flow conservation gives us that

Qin

Qout

=


QS

in

QS
out

+


QT

in

QT
out

 . (2.94)

As we have only taken into account the time-varying external pressure, the external
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pressure remains constant along the vessel at a fixed time. Therefore, we can write


Þin

Þout

=


ÞS

in

ÞS
out

=


ÞT

in

ÞT
out

 . (2.95)

Substituting Eqs. (2.93)-(2.95) into Eq. (2.91) and Eq. (2.92), and then adding them to-
gether yields

Q = Y||Þ, (2.96)

where
Y|| = (YS +YT ) (2.97)

is the admittance matrix for two vessels connected in parallel.

Figure 2.6: Sketch of series small vessels in one structured tree. The Fourier coefficients
of the flow rate and pressure at the inlet and outlet of the vessels, along with the flow
conservation constraints, are depicted.

Secondly, we determine the admittance for two vessels connected in series. Again for
each vessel, as shown in Fig. 2.6, we have

QS = YSÞS , (2.98)

and
QT = YT ÞT . (2.99)

The expansions of the two equations are

QS
in = ÞS

inY
S

11 +ÞS
outY

S
12, (2.100)

QS
out = ÞS

inY
S

21 +ÞS
outY

S
22, (2.101)

QT
in = ÞT

inY
T

11 +ÞT
outY

T
12, (2.102)

QT
out = ÞT

inY
T

21 +ÞT
outY

T
22. (2.103)
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The flow constraints of two vessels connected in series require that

ÞS
out = ÞT

in, (2.104)

and
QS

out = −QT
in. (2.105)

Introducing Þ̃ = ÞS
out = ÞT

in and solving for Þ̃ using Eq. (2.101) and Eq. (2.102) gives

Þ̃ = −Y S
21ÞS

in +Y T
12ÞT

out
Y S

22 +Y T
11

. (2.106)

Substituting it into Eq. (2.100) and Eq. (2.103) yields

QS
in =

(
Y S

11 − Y S
21Y

S
12

Y S
22 +Y T

11

)
ÞS

in − Y S
12Y

T
12

Y S
22 +Y T

11
ÞT

out, (2.107)

and
QT

out = − Y T
21Y

S
21

Y S
22 +Y T

11
ÞS

in +
(
Y T

22 − Y T
21Y

T
12

Y S
22 +Y S

11

)
ÞS

out, (2.108)

which can be rewritten in a compact form

Q = Y⇔Þ, (2.109)

where

Y⇔ =


Y S

11 − Y S
12Y S

21
Y S

22+Y T
11

− Y S
12Y T

12
Y S

22+Y T
11

− Y S
21Y T

21
Y S

22+Y T
11

Y T
22 − Y T

21Y T
12

Y S
22+Y T

11

 (2.110)

is the admittance of two vessels connected in series.
Finally, we can determine the great admittance for a whole structured tree. Based

on the admittance of a single vessel, the admittance of two vessels connected in parallel,
and the admittance of two vessels connected in series, we now assemble them together to
obtain a great admittance of a whole structured tree. To achieve this, the small veins are
assumed to be mirror images of the small arteries in the structured tree. Specifically, the
admittance of all single vessels are calculated at first, and then the great admittance is
computed according to the combination of the vessels. For instance, given the simplest
structured tree as shown in Fig. 2.7, the great admittance is calculated as

Y = YA(0,0) ⇔ ((YA(1,0) ⇔ YV (1,0))||(YA(0,1) ⇔ YV (0,1))) ⇔ YV (0,0), (2.111)

where YA(0,0), YA(0,1), and YA(1,0) are the admittances of the three single arteries,
YV (0,0), YV (0,1), and YV (1,0) are the admittances of the three single veins calculated
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Figure 2.7: A schematic representation depicting the simplest structured tree that connects
a large artery to a large vein. This structured tree consists of only a single bifurcation
on the arterial side. Each vessel within the structured tree is assigned an index denoted
as (i, j), which is utilised to determine its radius based on the expression rαiβj

0 . Here, r0
represents the bottom radius of the large artery, while α and β are scaling factors employed
to adjust the radii of the two daughter vessels.

by Eq. (2.89) and Eq. (2.90), the symbols ⇔ and || represent how two vessels connect and
calculated by Eq. (2.110) and Eq. (2.97), respectively. In this way, the recursive algorithm
works for more complicated structured trees.

After the great admittance is computed, it serves as a linking condition to relate the
frequency-domain transmural pressure ÞT A

k (L,t) and flow rate QT A
k (L,t) at the outlet of a

large terminal artery with frequency-domain transmural pressure ÞT V
k (0, t) and flow rate

QT V
k (0, t) at the inlet of a large terminal vein, i.e.


QT A

k (L)

QT V
k (0)

= Yk


ÞT A

k (L)

ÞT V
k (0)

 . (2.112)

Using the convolution integral, the above equation in frequency domain can be transformed
into two equations in real domain as

qT A(L,t) = 1
T

∫ T/2

−T/2
(ÞT A(L,t− τ)y11(τ)+ÞT V (0, t− τ)y12(τ))dτ, (2.113)

and
qT V (0, t) = 1

T

∫ T/2

−T/2
(ÞT A(L,t− τ)y21(τ)+ÞT V (0, t− τ)y22(τ))dτ, (2.114)

where y11(t),y12(t),y21(t),y22(t) are the inverse Fourier transforms of the four components
of the great admittance Yk, and T is the time of one cardiac cycle. These two equations
give a matching boundary condition connecting the flow from the large arteries to the
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large veins. One advantage of this matching condition is that it allows us to investigate
the flow effects of the large veins (Qureshi, 2013), which is rarely a concern.

2.6 Boundary conditions and bifurcation conditions

The structured-tree matching condition enables us to avoid making assumptions about
the flow at the outlet of the arteries, which is not the case for the original one-side blood
flow model (Olufsen, 1998). However, boundary conditions are still required at the inlet
of the large arteries and the outlet of the large veins. To simulate the coronary flow in
the coronary circulation, we assume that the blood pressure at the inlet of the LMCA and
RCA is the same as the aortic pressure, while the blood pressure at the outlet of the veins
is the same as the pressure in the right atrium cavity. Hence, for the coronary flow model
developed in this chapter, the aortic pressure, IMP, and pressure in the right atrium serve
as boundary conditions.

The pressure gradient resulting from the aortic pressure and the pressure in the right
atrium provides the driving force for the coronary circulation. In general, patient-specific
aortic pressure varies with heart rate, health conditions, and age (Murgo et al., 1980;
Denardo et al., 2010). In healthy subjects, normal aortic pressure ranges from 70.0 mmHg
to 120.0 mmHg (Erbel et al., 2001; Reymond et al., 2012). The pressure in the right atrium
normally ranges from 3.0 mmHg to 8.0 mmHg (Beigel et al., 2013; Lampert, 2018). IMP
also significantly affects coronary blood flow. Specifically, during systole, an increase in
IMP counteracts the driving force, that is, the pressure gradient within the vessels (Porter,
1898; Krams et al., 1989; Goodwill et al., 2011). Although the aortic pressure remains
high during systole, the coronary flow in the coronary arteries can be impeded or even
reversed due to high IMP (Gregg and Green, 1940), while the corresponding venous outflow
increases. Chapter 4 provides further details about the IMP.

In this section, in the absence of sufficient experimental data, we adopt a lumped
parameter heart model following Duanmu et al. (2019) to predict the aortic pressure and
IMP of healthy subjects. These two parameters are closely related to the LV pressure
which can be determined by (Avanzolini et al., 1988)

pL
v (t) =


pL

0 σ(t)+EL
v (V L −V L

0 )+RL
v V̇

L 0< t < ts (systole);

EL
d (V L −V L

0 ) ts ≤ t < tc (diastole),
(2.115)

where pL
0 is the peak isovolumetric pressure at the volume V L

0 , σ(t) = 1 − cos(2πt/ts)
is the activation function, EL

v = EL
d +EL

s σ(t) is the time-varying elastance, EL
d is the

diastolic passive elastance and EL
s is the systolic passive elastance, ts is the time at the
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end of systole, tc is the time at the end of diastole, V is the left ventricular volume, V̇ L is
the rate of change in the left ventricular volume, and RL

v is the resistance of ventricular
myocardium. The lumped parameter heart model allows us to compute the LV pressure
and aortic pressure for one cardiac cycle, which is 0.7 s. The computed LV pressure
ranges from 5.1 mmHg to 125.2 mmHg, while the computed aortic pressure ranges from
71.6 mmHg to 120.6 mmHg, as shown in Fig. 2.8.

Figure 2.8: Assumed aortic pressure and left ventricular pressure calculated by a lumped
parameter model (Avanzolini et al., 1988; Duanmu et al., 2019)

As the distribution of the IMP is related to the heart’s contractile function and is
not well known, computational heart models (Lee and Smith, 2012; Quarteroni et al.,
2017; Kassab, 2019) have been used to determine the spatial and temporal distributions
of the IMP. In Chapter 4, a computational LV model will be developed to obtain the
IMP. However, in this chapter, to validate the coronary flow model, a homogeneous IMP
assumption is made. The heart wall is divided into three regions: LV-free wall, RV-free
wall, and septum. It is assumed that the IMP in each of the three regions is homogeneous
and proportional to the LV pressure computed from the lumped heart model as

IMP = f IMP
i LVP, i= 1,2,3, (2.116)

where i = 1 represents the LV-free wall, i = 2 represents the septum and i = 3 represents
the RV-free wall, f IMP

i is a ratio to be determined for each region, and LVP is the LV
cavity pressure.

We assume that the IMP is the highest in the LV-free wall, which should be between
the LV pressure (inner wall pressure) and the environment pressure (outer wall pressure)
(Nematzadeh et al., 1984; Westerhof et al., 2006). Since the RV-free wall is much thinner
than the LV-free wall and the RV pressure is much less than the LV pressure, usually within
a range of 1/3 of the LV pressure, the IMP in the RV-free wall is much less than that of the
LV-free wall. To reflect these observations, we assign the values f IMP

1 = 1, f IMP
2 = 2/3, and
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f IMP
3 = 1/3 to the three regions, respectively. For the computational network shown in

Fig. 2.1, the blood vessels LAD4, LCX3, MARG1, MARG2, and MARG3 perfuse the LV-
free wall, the blood vessels LAD1 and LCX3 perfuse the septum, and the blood vessels PLA
and PDA perfuse the RV-free wall. Accordingly, different structured trees are imposed
with different IMPs based on the regions perfused by the large arteries. For example, all
the small vessels in the structured tree connected to the LAD4 have an imposed IMP of
IMP = f IMP

1 LVP. The values of f IMP
i and the regions perfused by the large arteries are

summarised in Table 2.3.

Table 2.3: Large arteries responsible for perfusing the LV-free wall, septum, and RV-free
wall. Additionally, the ratio f IMP

i is introduced to determine the homogeneous intramy-
ocardial pressure (IMP) within these three regions based on the left ventricular pressure.

Location Perfusing large arteries f IMP
i

LV-free wall LAD3, LAD4, MARG1, MARG2, MARG3 f IMP
1 = 1

Septum LAD1, LCX3 f IMP
2 = 2/3

RV-free wall PLA, PDA f IMP
3 = 1/3

Assuming that there is no energy dissipation at each bifurcation of the large vessels
in a network, the flow rate and pressure of a parent vessel and its’ two daughter vessels
satisfy the two bifurcation conditions

qp(L,t) = qd1(0, t)+ qd2(0, t), (2.117)

and
pp(L,t) = pd1(0, t) = pd2(0, t). (2.118)

Finally, the blood flow at any given point in the computational network shown in
Fig. 2.1 can be determined by solving Eq. (2.17), Eq. (2.33), and Eq. (2.34), given the inlet
and outlet pressure boundary conditions, the IMP, the bifurcation conditions, and the
structured-tree matching conditions.

The formulation and method presented in the previous sections have been imple-
mented in C++ and Fortran codes. The code was initially developed by Olufsen et al.
(2000) for systemic circulation and later extended by Qureshi and Hill (2015) to include
the structured-tree matching conditions for modelling pulmonary circulation. While Du-
anmu et al. (2019) used the structured-tree model for modelling coronary circulation, they
did not include the venous side as Qureshi and Hill (2015) did. Additionally, the IMP in
their study was added as a boundary condition for the terminal arteries, which is distinct
from our approach. It should be noted that modelling the coronary circulation is different
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from modelling the other two circulations because the time-varying IMP has a substantial
impact on coronary flow patterns.

2.7 Validation and results of the coronary flow model

In this section, the simulated results of the coronary flow model are presented. As men-
tioned in Section 2.6, the assumed boundary conditions, including aortic pressure, right
atrium pressure, and IMP, are adopted for the simulation.

2.7.1 Validation

To validate the simulated results from the coronary blood flow model, we first take the
blood vessel LAD2 for example to show the convergence and periodicity of its pressure
and flow rate, and then, we compare the simulated pressures and flow rates in three main
branches, i.e. LCX, LAD, and RCA, with published data.

Since the periodic pressure boundary conditions are used and the structured tree
model has the ability to preserve wave propagation, stable and periodic numerical solutions
are expected. The simulated flow rate and pressure at the midpoint of the LAD2 during
the first five periods are shown in Fig. 2.9. At the beginning of the first cycle, the flow
rate and pressure are set to be initial values, then they fluctuate during the time 0.0 s to
0.1 s. Quickly, they begin to be stable after the time 0.1 s. After the first cycle, the flow
rate profiles and the pressure profiles are overlapping. It can be clearly observed that the
flow rate and pressure are stable and periodic after the second cycle. To further quantify
the convergence of the solution, the mean squared error of the solutions is defined as

ϵ2 = 1
n

n∑
i=1

(Sj(i)−S5(i))2, j = 1,2,3,4,5, (2.119)

where Sj is the solutions in one cycle, S5 is the reference solutions in the 5th period which
is sufficiently stable, and n is the total number of the temporal discretization points in one
cycle. As shown in Fig. 2.9 (b), the mean squared error ϵ2 of the flow rate at the second
cycle is less than 1 × 10−3 which can be chosen as a cut-off value. The mean squared
error declines steadily in the following cycles. Similarly, the mean squared error of the
pressure in Fig. 2.9 (d) is less than the cut-off value after the second cycle. Therefore,
solutions in the third cycle are considered sufficiently stable. To reduce computational
time, subsequent analyses will focus on the simulated solutions from the third cycle.

We now compare the simulated pressures and flow rates in the three main branches
(LAD, LCX, RCA) with experimental data provided by Duanmu et al. (2019). As shown
in Fig. 2.10, the simulated results and the experimental data are overall comparable. A
perfect match between the simulated results and the experimental data is not our aim
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(a) (b)

(c) (d)

Figure 2.9: Flow rate profiles (a) and pressure profiles (c) at the midpoint of the blood
vessel LAD2 in the first five cardiac cycles. Mean squared error calculated by Eq. (2.119)
of the flow rates (b) and the pressures (d). The solution in the 5th period is used as a
reference.

here. Although we employ the accurate geometries of the epicardial arteries, the geome-
tries of the epicardial veins are assumed and simplified structured trees are utilised to
imitate realistic vessel networks within the heart wall. Therefore, our emphasis lies on
the magnitude of the values and the flow characteristics of the simulated coronary flow.
In Fig. 2.10 (a-f), two y-axes are used to display the IMP profiles, with its axis located on
the left side. This is done to enable the direct observation of the effect of the IMP. The
maximum IMP values for the LCX, LAD, and RCA are 125.2 mmHg, 82.6 mmHg, and
41.3 mmHg, respectively, due to the utilisation of distinct IMP factors for each vessel, as
listed in Table 2.3.

As shown in Fig. 2.10 (a), the simulated pressure at the midpoint of the LCX is
from 51.1 mmHg to 113.2 mmHg. The experimental LCX pressure is from 59.6 mmHg
to 105.3 mmHg. The minimum values of both the simulated and the experimental pres-
sures are attained near the beginning of the systole which is about 0.12 s, while their
maximum values are reached in the middle of the systole which is about 0.26 s. As shown
in Fig. 2.10 (b), our simulated LCX flow is from 0.1 cm3/s to 2.07 cm3/s. The experimental
LCX flow is from 0.82 cm3/s to 1.81 cm3/s. During systole (0.12 s - 0.49 s), the IMP is
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(a) (b)

(c) (d)

(e) (f)

Figure 2.10: In one cardiac cycle, our simulated pressures and flow rates (red solid profiles)
are compared with experimental data (blue dashed profiles) from Duanmu et al. (2019).
The top two figures show the pressure (a) and flow rate (b) at the midpoint of the LCX,
the middle two figures show the pressure (c) and flow rate (d) at the midpoint of the
LAD, and the bottom figures show the pressure (e) and flow rate (f) at the midpoint of
the RCA. All figures have two y-axes, with the left y-axis indicating the intramyocardial
pressure (IMP), which serves as a phase indicator in one cardiac cycle. Note that the
IMPs for different branches - LCX, LAD, and RCA are different. The right y-axis is for
the simulated and experimental pressures and flow rates.
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dominant and the flow in the LCX is reduced significantly both from the experimental
measurements and our simulated results. However, the occurrence of the minimum flow
in the LCX at 0.21 s is not concurrent with the peak value of the IMP at 0.28 s.

Pressures and flow rates in the LAD are similar to that in the LCX as shown in
Fig. 2.10 (c, d). The simulated pressure at the midpoint of the LAD is from 46.4 mmHg
to 108.2 mmHg, which is comparable to the experimental LAD pressure from 67.3 mmHg
to 118.2 mmHg. As shown in Fig. 2.10 (d), our simulated LAD flow is from 0.73 cm3/s to
2.77 cm3/s, also comparable to the experimental LAD flow from 0.56 cm3/s to 1.96 cm3/s.
Although the simulated LAD pressure is lower than the simulated LCX pressure, the flow
in the LAD exceeds that in the LCX. This difference is a result of the impact of the
IMP because the peak IMP on the LCX is 51.6% higher than that on the LAD. Another
noticeable difference between the flow in the LCX and the LAD is that the peak in the
flow of the LCX is more flattened compared to that in the LAD.

For the RCA, as shown in Fig. 2.10 (e), our simulated pressure at the midpoint of
the RCA is from 53.1 mmHg to 96.8 mmHg, while the experimental RCA pressure is from
80.3 mmHg to 119.3 mmHg. The peak pressure from the simulation is found to be 18.9%
less than the corresponding peak pressure obtained from the experimental data. Similarly,
the minimum pressure from the simulation is 33.9% lower than the minimum pressure
recorded in the experimental data. This deviation can be attributed to the location from
which the data is obtained because the midpoint of the RCA is located at a considerable
distance from the aorta and the RCA is the longest blood vessel in our simulation with a
length of 10.9 cm. However, the exact location of the experimental RCA pressure is not
provided by Duanmu et al. (2019). Additionally, the location has an impact on the flow
rate. As shown in Fig. 2.10 (f), our simulated RCA flow is from 0.40 cm3/s to 0.82 cm3/s,
while the experimental LAD flow is from 0.64 cm3/s to 0.96 cm3/s. The peak flow rate
from the experimental data occurs during systole. However, in the simulated RCA flow
rate profile, the peak flow rate occurs during diastole. This can also be caused by the
inaccuracy of the IMP. If we reduce the IMP on the RCA, the peak flow rate occurs
during diastole in our further simulations.

2.7.2 Further analysis of the simulations

The pressures and flow rates in the coronary vessels exhibit a pulsatile pattern as a result
of the cyclical contraction and relaxation of the heart. In general, the flow rates in the
left-side coronary arteries display maximum values during diastole and minimum values
during systole (Goodwill et al., 2011; Kassab, 2019). Furthermore, the pressures and flow
rates in the coronary arteries vary depending on several factors such as vessel geometry,
cardiac function, and the presence of stenosis or occlusion.

In this section, we first present the variations of the pressures and flow rates along
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a single vessel, using the RCA as an illustration. Subsequently, we plot the pressures
and flow rates at the midpoints of various blood vessels. As shown in Fig. 2.11, we show
the pressures and flow rates at five equidistant points (positions 1-5) along the RCA.
Position 1 is the proximal point and position 5 is the distal point. The pressures along the
RCA decrease from the proximal point to the distal point. At position 5, the maximum
pressure is 74.1 mmHg, which is 38.6% lower than the maximum pressure at position 1
(120.6 mmHg). Additionally, the minimum pressure at position 5 is 33.1 mmHg, indicating
a drop of 53.8% compared to the minimum pressure at position 1 (71.6 mmHg). The
blood flow in RCA is driven by such pressure gradient and thus, despite the significant
decline in pressures along the RCA, the flow rates display relatively minimal variations,
especially during diastole. However, the difference in the flow rates at different positions
is noticeable during systole. At position 1, the maximum flow rate occurs during systole
which agrees with the experimental observations (Goodwill et al., 2011). A noteworthy
finding is that during the first half of systole, the flow rate at position 1 surpasses that at
the other positions, but during the second half of systole, it falls below the flow rate at the
other positions. This phenomenon might be explained by the forward and backward wave
propagations. Specifically, in the first half of systole, the forward wave dominates the flow
at position 1, which is located at the proximal portion of the RCA, making it the highest
compared to other positions. Conversely, flow at position 5, situated at the distal portion
of the RCA, is the lowest. However, during the second half of systole, the backward wave
resulting from the IMP becomes dominant, resulting in the flow at position 5 reaching its
peak and flow at position 1 reaching its lowest.

(a) (b)

Figure 2.11: Pressures (a) and flow rates (b) at five equidistant points (positions 1-5)
along the RCA. Position 1 is the proximal point and position 5 is the distal point. The
intramyocardial pressure (IMP) is plotted as a phase indicator of the cardiac cycle.

Let us now examine the variations of the pressures and flow rates at the midpoints of
all the epicardial arteries. Recalling that the entire LCX branch includes the blood vessels
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LCX, MARG1, LCX1, MARG2, LCX2, MARG3, and LCX3; the entire LAD branch
encompasses the blood vessels LAD, LAD1, LAD2, LAD3, and LAD4; And the entire
RCA branch consists of the blood vessels RCA, PLA, and PDA.

Firstly, the pressures and flow rates of the blood vessels in the entire LCX branch are
shown in Fig. 2.12 (a, b). Within one cardiac cycle, the pressure within the LCX exhibits
the highest values, while the pressure in the LCX3 exhibits the lowest values. This result
is rational given that the LCX, as the first branch of the entire LCX branch and its
proximity to the aorta, would display higher pressure values. Conversely, the LCX3,
being the last branch in the entire LCX branch and situated at a distance from the aorta,
would exhibit lower pressure values. The simulated pressures in the other blood vessels
fall within the range of pressures observed in both the LCX and LCX3. The minimum
pressure in the LCX (51.2 mmHg) shows a decrease of 28.5% compared to the minimum
pressure in the aorta, which is 71.6 mmHg as shown in Fig. 2.8. Moreover, the minimum
pressure in the LCX3 is 15.4 mmHg, representing a decline of 78.5% in comparison to
the minimum pressure in the aorta. Furthermore, the maximum pressure in the LCX
(113.2 mmHg) shows a decrease of 6.1% compared to the maximum pressure in the aorta,
which is 120.6 mmHg. The maximum pressure in the LCX3 (95.1 mmHg) represents a
decline of 21.1% in comparison to the maximum pressure in the aorta. Thus, the presence
of the IMP influences the pressure distribution in the entire LCX branch, resulting in a
smaller pressure drop during systole as compared to diastole.

With respect to the flow rates of all the vessels in the entire LCX branch, it is observed
that during systole (from 0.15 s to 0.45 s), the LCX3 displays the highest values, while the
MARG3 displays the lowest flow rates. Note that all vessels exhibit lower flow rates in
systole except the LCX3. This phenomenon of the LCX3 having higher flow rates in
systole than in diastole is in contrast to the typical flow pattern observed in the coronary
circulation (Goodwill et al., 2011). This deviation is attributed to the IMP applied to
the LCX3 and its neighboring vessel, i.e. the MARG3, with the magnitude of the IMP
on the structured tree connected to the LCX3 being comparatively lower. Consequently,
the regional IMP imposed on a single structured tree has not just a localised effect on the
vessel it is linked to but also influences blood flow in adjacent vessels.

Secondly, the pressures and flow rates of the blood vessels in the entire LAD branch
are shown in Fig. 2.12 (c, d). During diastole, according to the distance to the aorta,
the pressure within the LAD exhibits the highest values, while the pressure in the LAD3
exhibits the lowest values. The simulated pressures in the remaining blood vessels fall
within the range of pressures in both the LAD and LAD3. The minimum pressure in
the LAD is 51.2 mmHg, representing a decrease of 28.5% in comparison to the minimum
pressure in the aorta. The minimum pressure in the LAD3 is 11.5 mmHg, a decline of
83.9% in comparison to the minimum pressure in the aorta. The maximum pressure in
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the LAD is 108.2 mmHg, representing a decrease of 10.3% in comparison to the maximum
pressure in the aorta. The maximum pressure in the LAD3 is 110.6 mmHg, a decline of
8.3% in comparison to the maximum pressure in the aorta. The pressure drop along the
entire LAD branch is similar to that along the entire LCX branch. It should be noted that
during systole, the LAD3 pressure experiences the greatest increase and reach the highest
values since both the LAD3 and the LAD4 are connected to structured trees imposed with
the highest IMPs.

In terms of flow rates of all the vessels in the entire LAD branch, as shown in
Fig. 2.12 (d), the LAD and LAD1 exhibit higher values, while the LAD2, LAD3, and
LAD4 display lower flow rates. The flow rates in all blood vessels are impeded during
systole. Furthermore, the flow rates in the LAD and LAD1 are significantly greater than
those in the other vessels because the LAD and LAD1 are the trunk vessels of the entire
LAD branch, whereas the remaining vessels are terminal vessels.

Thirdly, the pressures and flow rates of the blood vessels in the entire RCA branch
are shown in Fig. 2.12 (e, f). The entire RCA branch is comparatively less complex than
the LCX and LAD branches, as it consists of only three vessels. The minimum pressure in
the RCA is 53.1 mmHg, representing a decrease of 25.8% in comparison to the minimum
pressure in the aorta. The minimum pressure in the PLA is 16.2 mmHg, reflecting a
decline of 77.4% in comparison to the minimum pressure in the aorta. In the meanwhile,
the maximum pressure in the RCA is 96.4 mmHg, representing a decrease of 20.1% in
comparison to the maximum pressure in the aorta. The maximum pressure in the PLA is
56.0 mmHg, reflecting a decline of 53.6% in comparison to the maximum pressure in the
aorta. The lowest IMP values applied to the structured trees connected to the PLA and
PDA result in the largest drop in the maximum pressure from the aorta to the terminal
vessels in the entire RCA branch during systole, compared to the drop observed in the
LCX and LAD branches. It can also be found that the pressure waveforms in the PLA
and PDA during a single cardiac cycle are almost overlapping. However, it must be noted
that the flow rates in the two vessels differ significantly. During one cardiac cycle, the
flow rate in the PLA is higher than that in the PDA. This can be attributed to the larger
radius of the PLA compared to that of the PDA.

In summary, the pressures in the entire LCX, LAD, and RCA branches remain high
during systole and low during diastole. Furthermore, the pressure drop during systole is
markedly lower than that during diastole due to the influence of the IMP on coronary
flow. In contrast, flow rates in these branches exhibit an inverse trend, with low flow
rates during systole and high flow rates during diastole, which is consistent with the flow
patterns frequently seen in experiments and clinics (Goodwill et al., 2011; Kassab, 2019).
This inverse pattern is also caused by the presence of the IMP.
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(a) (b)

(c) (d)

(e) (f)

Figure 2.12: The top two figures show the pressures (a) and flow rates (b) at the midpoints
of different blood vessels in the entire LCX branch; The middle two figures show the
pressures (c) and flow rates (d) at the midpoints of different blood vessels in the entire
LAD branch; And the bottom two figures show the pressures (e) and flow rates (f) at the
midpoints of different blood vessels in the entire RCA branch.
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2.8 Summary

In this chapter, the formulation and simulated results of a coronary flow model have
been presented. A simplified network was constructed using patient-specific geometries
of human coronary arteries (Duanmu et al., 2019), binary structured trees representing
intramyocardial blood vessels, and a symmetrical venous side. The structured-tree model
developed by Olufsen (1998); Vaughan (2010); Qureshi (2013) was modified to incorporate
the effects of time-varying IMP on coronary flow. Assumed aortic pressure and IMP were
adopted for preliminary validation of the model. The solution to this model was achieved
using proprietary programs written in C++ and Fortran. Simulations of pressures and flow
rates at any position within the simplified computational network are available. Section
2.7 presents detailed results including pressure and flow rate profiles in different coronary
arteries.

The aim of this chapter was to develop a reliable coronary flow model for simulating
pressures and flows within the coronary arteries. The governing equations for blood flow in
both large and small vessels have been employed in systemic and pulmonary circulations.
However, the key distinction of coronary circulation from the other two circulations lies
in the important role played by the IMP, leading to a reversed flow pattern compared to
that in the systemic and pulmonary circulations. Therefore, the effect of the time-varying
IMP on the coronary flow was introduced in this chapter in the structured-tree matching
conditions. The simulated pressures and flows in the computational network can reach
periodic and convergent states. Furthermore, the pressures and flow rates simulated by
the coronary flow model in the three main coronary blood vessels (LCX, LAD, and RCA)
were comparable with experimental data.

In addition, we have presented the variations in pressure and flow rate along the
longest vessel, the RCA, as well as in various vessels. In the RCA, the pressure profile
in one cardiac cycle at the proximal end exhibited the largest values while the pressure
profile at the distal end displayed the lowest values. There was a noticeable pressure drop
along the RCA. However, the variation in flow rates along the RCA was relatively minor,
particularly during diastole. Furthermore, the pressures and flow rates of all vessels in the
three branches (LCX, LAD, and RCA) were analysed. The magnitude of the IMP had a
significant effect on the pressure and flow rate distribution in the three branches. As for
the pressure distribution, due to the presence of the IMP, the pressure drop along the three
branches was much smaller during systole than diastole. For instance, during systole, the
pressure in the distal vessel LAD4 was even higher than the pressure in the corresponding
proximal vessel. As for the flow rate distribution, flow rates in all vessels in the three
branches were impeded during systole due to the IMP, except for flow rates in the LCX3.
Typically, the larger the IMP on the structured tree, the greater the impediment to flow
in the vessel connecting the structured tree.
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In conclusion, the results of the coronary flow model developed in this chapter are
in agreement with experimental data, which provides confidence in further predictions.
This coronary flow model offers valuable insights into the mechanisms of coronary circu-
lation, however, it is crucial to acknowledge its limitations. Firstly, the assumption of
a proportional relationship between the IMP and LV pressure in the three regions lacks
sufficient evidence in the literature. To address this issue, a computational LV model will
be introduced in the next chapter to calculate the time-varying IMP. Secondly, the simpli-
fication of the intramyocardial blood vessels as binary structured trees and the assumption
of symmetrical epicardial veins can not take into account anatomical details and may lead
to inaccuracies in simulations. Therefore, in Chapter 4, we will further incorporate details
about the structure of the coronary venous system.



Chapter 3

Mathematical modelling of the
cardiac dynamics of the left ventricle
in a complete cardiac cycle

The use of computational heart models has been a long-term endeavour within the biomed-
ical engineering community. They are important tools for understanding the healthy and
diseased functions of the heart. This chapter will introduce the formulation, implementa-
tion, and simulated results of an ABAQUS human left ventricle (LV) model. Our focus is
to set up an advanced LV model that provides realistic boundary conditions for the coro-
nary flow model as described in the last chapter to establish more accurate predictions of
coronary flow. This LV model is built on previous studies by Guan et al. (2020b). In this
chapter, we first describe the framework of the LV model, followed by the details of the
governing equations of the deformation of the LV. The Holzapfel and Ogden (HO) model
(Holzapfel and Ogden, 2009) is employed for describing the passive material property of
the myocardium, and a well-established time-varying elastance model is adopted for de-
scribing the active force generated by the myofibres during systole. Boundary conditions
and implementation of the LV model are presented in section 3.3. In section 3.4, we sum-
marise the results of the LV model with a focus on the pressure and volume of the LV in
one cardiac cycle as well as stress distribution in the LV wall. In the last two sections,
we investigate the effects of myofibre rotation and myofibre dispersion on the LV cardiac
pump functions, which are extended contents.

60
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3.1 A finite element model of the human left ventricle
(LV)

There have been a number of ABAQUS models for simulating and predicting the mechan-
ical behaviour of the heart (Wang et al., 2013; Baillargeon et al., 2014; Sack et al., 2018;
Guan et al., 2020b). Wang et al. (2013) developed a finite element (FE) human LV model
that implemented the passive material model proposed by Holzapfel and Ogden (2009)
along with a rule-based myofibre structure. The diastolic functions of the LV were inves-
tigated. Their model was compared to similar models with different constitutive models
and demonstrated differences in stress and strain distributions. Baillargeon et al. (2014)
developed a computational model (the living heart project) to simulate the behaviour of
a human heart with all four chambers in a whole cardiac cycle. During systole, an active
stress component is added to the total Cauchy stress by a phenomenological representa-
tion of active contraction (Guccione and McCulloch, 1993; Guccione et al., 1993; Walker
et al., 2005; Göktepe and Kuhl, 2010). In addition, they adopted a lumped parameter
system to provide a natural coupling of pressures between the four chambers. Their simu-
lated long-axis shortening and pressure-volume loops agreed well with clinical observations.
Moreover, Sack et al. (2018) constructed and validated subject-specific biventricular swine
heart models in healthy and diseased states. Their simulated stroke volume, ejection frac-
tion, and strains agreed well with experimental data. Furthermore, reference stress and
strain values at multiple time points in one cardiac cycle were reported in their study. Us-
ing a bi-ventricular porcine heart model, Guan et al. (2020b) found that the sheet-normal
active contraction enhanced the ventricular contraction. Reviews on cardiac modelling
can be found in (Quarteroni et al., 2017; Mangion et al., 2018; Peirlinck et al., 2021).

To simulate realistic deformation of the LV, we have developed the following ABAQUS
LV model. A schematic diagram of the LV model adopted in this chapter is shown in
Fig. 3.1 (c), which consisted of a patient-specific LV geometry, a commonly used myofibre
architecture, and a lumped parameter model to represent the systemic circulation. The
three-dimensional (3D) human LV geometry was adopted from previous studies in our
group (Gao et al., 2017; Guan et al., 2021), as shown in Fig. 3.1 (a). This geometry was
reconstructed from short-axis slices from the LV base to the LV apex and three long-
axis slices obtained from cardiovascular magnetic resonance (CMR) scans of a healthy
volunteer. Details of the reconstruction are referred to Gao et al. (2017).

The FE method has proven to be a valuable tool in the solution of computational
models due to its ability to solve partial differential equations over complex geometric
domains, making it well-suited for investigating the mechanical performance of the heart.
In order to apply the FE method for computation of the deformation of the LV geometry
during multiple cardiac cycles, the LV geometry is further discretised into a tetrahedral
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mesh consisting of 133,042 elements and 26,010 nodes. Based on the tetrahedral mesh, a
rule-based myofibre structure (Bayer et al., 2012; Wong and Kuhl, 2014) is generated. As
shown in Fig. 3.1 (b), the myofibre angle varies from −60◦ at the epicardium to 60◦ at the
endocardium. This myofibre rotation angle is widely used in the literature (Wang et al.,
2013; Gao et al., 2014; Guan et al., 2022c).

(a) (b) (c)

Figure 3.1: Components of the left ventricle (LV) model. Figure (a) shows the tetrahedral
mesh employed to represent the LV wall. The mesh consists of 133,042 linear elements
and 26,010 nodes. Figure (b) illustrates a rule-based myofibre structure attached to the
LV wall, with the myofibre angle ranging from −60◦ at the epicardium to 60◦ at the
endocardium. In Figure (c), a lumped parameter model is interconnected with the LV
cavity, which includes the aorta (Ao), systemic arteries (SA), systemic veins (SV), and
aortic valve (Av). The aortic valve is symbolised by the Diode symbol, representing uni-
directional flow. The resistances RAo, RSA, and RSV are associated with the aortic valve,
systemic arteries, and trivial resistance allowing drainage of the flow in the systemic cir-
culation, respectively. The compliances CAo and CSA represent the aortic and systemic
arterial compliances, respectively.

The LV cavity pressure is important for determining the deformation of the LV. In
this LV model, as shown in Fig. 3.1 (c), a simplified open-loop lumped parameter system
representing the systemic circulation is coupled to the LV cavity to provide a physiologi-
cally accurate LV cavity pressure. The open-loop lumped parameter system is simpler in
that it only focuses on the pressure within the LV cavity and the pressure in the aorta.
This simplicity makes the open-loop system easier to calibrate and validate. However,
the limitations of this approach include the lack of consideration for the flow conservation
between the heart and the circulatory system. On the other hand, closed-loop lumped
parameter systems (Baillargeon et al., 2014; Guan et al., 2020b) consider the dynamic
exchanges between the heart and the circulatory system, providing a more comprehen-
sive representation of the cardiovascular system. However, closed-loop systems need more
heart chamber representations and more compliances and resistances to calibrate. Ul-
timately, the choice between open-loop and closed-loop lumped parameter systems will
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depend on the specific research question and the level of detail required in the compu-
tational model. Nevertheless, this type of lumped parameter system corresponds to a
two-element Windkessel model (Westerhof et al., 2009).

Figure 3.2: Schematic diagram of the lumped parameter system to represent the systemic
circulation. LV is the left ventricle. Ao is the aorta. SA is the systemic arteries. SV is
the systemic veins. The aortic valve is represented by the Diode symbol to ensure the
unidirectional flow. RAo is the aortic valve resistance and RSA is the resistance of the
systemic arteries. RSV is a trivial resistance allowing drainage of the flow in the systemic
circulation. CAo is the aortic compliance and CSA is the compliance of the systemic
arteries.

The electrical analog of the lumped parameter system is shown in Fig. 3.2. We con-
sider three cavities: the LV cavity, the aorta (Ao) cavity, and a third cavity representing
the systemic arteries (SA). The systemic veins (SV) serve as a boundary condition, which
is given a constant pressure of 8 mmHg (Guyton et al., 1954). The compliances of the
three cavities are represented by capacitors, and the resistances between the cavities are
represented by resistors.

The lumped parameter system is implemented in ABAQUS using the surface-based
fluid cavity modulus and the fluid exchanges modulus (Documentation and Manual, 2014).
Briefly, each cavity is simplified as a cubic fluid cavity with one face fixed and the opposite
face attached to a linear-elastic spring, as shown in Fig. 3.1 (c). If we assume that the spring
is along the x-axis, the face attached to the spring is restricted to move only in the x-axis
direction. Let the stiffness of the linear spring be k, and the area of one face of the cube
be Ã. By ignoring the inertia effect and applying the force balance condition to the face
attached to the spring at the current time tc, we have

Ptc Ã= k∆xtc and Vtc = V0 +∆xtcÃ, (3.1)

where Ptc is the fluid cavity pressure at the current time tc, ∆xtc is the displacement that
the spring has been compressed, Vtc is the fluid cavity volume at the current time tc, and
V0 is the initial fluid cavity volume. Considering a small time interval ∆t, the pressure
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and volume of the cube at the next time step (tn = tc +∆t) are

Ptn Ã= k∆xtn, Vtn = V0 +∆xtnÃ. (3.2)

Thus, the volume change of the cube during ∆t is

dV = (Vtn −Vtc)/(tn − tc), (3.3)

which can be rewritten as
dV = ∆xtn −∆xtc

tn − tc
Ã. (3.4)

By substituting ∆xtn −∆xtc = (Ptn −Ptc) Ã/k into the above equation, we have

dV = Ptn −Ptc
tn − tc

Ã2

k
. (3.5)

When ∆t= tn − tc → 0, Eq. (3.5) is

dV = C̃
dP
dt , (3.6)

where C̃ = Ã2/k is the compliance of the fluid cavity.
According to (Documentation and Manual, 2014), the flow between any two connected

cavities is driven by
∆pA= Cvṁ+CHṁ|ṁ|, (3.7)

where ∆p is the pressure difference between the two connected cavities, A is the effective
area of the fluid exchange, Cv is the viscous resistance coefficient, ṁ is the mass flow
rate, and CH is the hydrodynamic resistance coefficient. The hydrodynamic resistance
coefficient (CH) was set to 0. Let ξ be the blood density, we have

ṁ= ξQc→c+1, (3.8)

where Qc→c+1 is the flow rate from the first cavity (c) to the next cavity (c+1). Eq. (3.7)
can now be rewritten as

∆pA= Cv ξQc→c+1, (3.9)

that is
Qc→c+1 = ∆p

ξCv/A
, (3.10)

which means that the fluid exchange between any two connected cavities corresponds to
a resistor in the Windkessel model, and the resistance can be calculated as R = ξCv/A.

Thus, by using the surface-based fluid cavity modulus in ABAQUS, the pressures
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(PLV, PAo, PSA) and volumes (QLV, QAo, QSA) of the three cavities, as shown in Fig. 3.2,
can be determined by following relationship. Derivative of the flow rate in each cavity is

dQe

dt = Ce
dPe

dt , (3.11)

where e= {LV, Ao, SA}, Ce is the compliance of each cavity. The flow rate between any
two neighboring cavities is driven by

Qe→e+1 = ∆Pe→e+1
Re→e+1

, (3.12)

where ∆Pe→e+1 is the pressure difference between the two connected cavities, Re→e+1 is
the resistance.

Parameter values of the open-loop systemic circulation are adopted from (Guan et al.,
2022c) and listed in Table 3.1. More details about the compliance and resistance in the
lumped parameter system can be found in (Hill et al., 2013; Sack et al., 2018).

3.2 Governing equations of the deformation of the LV

To describe the deformation of the LV, we here introduce some necessary notations widely
used in continuum mechanics and nonlinear elasticity (Spencer, 1984; Ogden, 2003). Con-
sidering a body B, it occupies positions X at a fixed time such as the initial time. The
body at this fixed time can be regarded as a reference configuration and denoted by Br.
At the current time t, the body occupies positions x and this current configuration is
denoted by Bt. The deformation of the body from Br to Bt is

x = χt(X), X = χ−1
t (x), (3.13)

or
x = χ(X, t) for all X ∈Br. (3.14)

The velocity of the body is defined as

v(x, t) := ẋ(t) = ∂

∂t
χ(X, t). (3.15)

The acceleration is
a(x, t) := v̇(x, t) = ẍ(t) = ∂2

∂t2
χ(X, t). (3.16)

Next, the deformation gradient tensor F is defined as

F(X, t) := Grad x = Grad χ(X, t). (3.17)
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With respect to two chosen bases for the reference configuration and the current configu-
ration, i.e. { ei and Ei, i= 3 for 3D space}, we have

F = ∂

∂Xj
(xiei)⊗Ej = ∂xi

∂Xj
ei ⊗Ej , (3.18)

or, in component form
Fij = ∂xi

∂Xj
, (3.19)

with xi = χi(X, t). Associated with F are the right and left Cauchy-Green tensors, defined
by

C = FTF and B = FFT. (3.20)

The principal invariants of C are defined by

I1 = trace(C), (3.21)

I2 = 1
2(trace(C)2 − trace(C2)), (3.22)

I3 = det(C). (3.23)

During the movement of the body, the law of the conservation of mass requires

ρ̇+ρdivv = 0, (3.24)

where ρ is the density of the material. This is a local form of the continuity equation in
the current configuration. Meanwhile, Newton’s Second Law of motion requires

divσ +ρb = ρa, (3.25)

and
σT = σ, (3.26)

where σ is the Cauchy stress and b is the body force. Combined with the continuity equa-
tion and the momentum and angular momentum equations, we still need the constitutive
equations to solve the motion of a continuous body.

3.2.1 Passive constitutive law of the myocardium

For an elastic incompressible material, the constitutive equation is

σ = F
∂ψ

∂F
−pI, (3.27)
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where ψ is the strain energy function, p is the Lagrange multiplier and I is the second-order
identity tensor. The strain energy function proposed by Holzapfel and Ogden (Holzapfel
and Ogden, 2009) has been widely used in the computational cardiology community (Wang
et al., 2013; Gao et al., 2014; Sack et al., 2018; Wisneski et al., 2020). The HO model
treats the myocardium as hyperelastic material and accounts for the layered myofibre
architecture with three mutually orthogonal principal directions. The 8-parameter HO
model is

ψ = a

2b exp[b(I1 −3)]+
∑
i=f,s

ai

2bi

{
exp[bi(max(I4i,1)−1)2]−1

}
+ afs

2bfs

{
exp[bfsI2

8fs]−1
}
,

(3.28)
where a,b,af,as, bf, bs,afs, bfs are eight material constants, I4f, I4s and I8fs are invariants
related to the myofibre and sheet directions, i.e.

I4f = f0 · (Cf0), I4s = s0 · (Cs0), I8fs = f0 · (Cs0), (3.29)

where the fibre-coordinate triads (f0,s0,n0) in the reference configuration are used, i.e.
unit vector of the myofibre direction f0, unit vector of the sheet direction s0 and unit
vector of the sheet-normal direction n0 = f0 × s0. The invariants I4f and I4s represent
squared stretches along the myofibre direction and the sheet direction, respectively. The
max() function ensures that the myofibres only bear a stretching load. Experimental data
are needed to calibrate the 8 material parameters. For instance, Guan et al. (2019) have
determined the material constants by fitting the HO model to ex vivo myocardial tissue
tests of uniaxial tension, biaxial tension, and simple shear (Dokos et al., 2002; Sommer
et al., 2015; Ahmad et al., 2018b). Note that the strain energy function depends on the
invariants I1, I4f, I4s and I8fs, so the constitutive equation for incompressible materials can
be written as

σ = F
∂ψ

∂F
−pI = F

∑
i=1,f,s,fs

ψi
∂Ii

∂F
−pI, (3.30)

where
ψi = ∂ψ

∂Ii
. (3.31)

This formula can be used to obtain an explicit form of Cauchy stress. The Cauchy stress
can also be derived from the Green-Lagrange strain tensor, which is defined as

E = 1
2(C− I). (3.32)

Substituting
∂Ii

∂F
= ∂Ii

∂E
FT, (3.33)
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into Eq. (3.30) gives
σ = F

∑
i=1,f,s,fs

ψi
∂Ii

∂E
FT −pI = 1

J
FSFT, (3.34)

where
S = ∂ψ

∂E
−p(I+2E)−1 = 2 ∂ψ

∂C
, (3.35)

is the second Piola-Kirchhoff stress tensor.
For incompressible and nearly incompressible materials, the strain energy function is

usually written as
ψ = ψdev +ψvol. (3.36)

Such separation ensures that the deviatoric part does not produce any change in volume.
By using

F̄ = J−1/3F, (3.37)

where J = det(F), the deviatoric part of the right Cauchy-Green tensor is

C̄ = F̄TF̄ = J−2/3C. (3.38)

The deviatoric part of the left Cauchy-Green tensor is

B̄ = F̄F̄T = J−2/3B. (3.39)

Therefore, the deviatoric parts of the invariants I1, I4f, I4s, I8fs can be determined. Now,
the deviatoric part of the strain energy function in Eq. (3.28) is

ψdev = a

2b exp[b(Ī1 −3)]+
∑
i=f,s

ai

2bi

{
exp[bi(max(Ī4i,1)−1)2]−1

}
+ afs

2bfs

{
exp[bfsĪ2

8fs]−1
}
,

(3.40)
and the volumetric part is

ψvol = 1
D

(
J2 −1

2 − ln(J)
)
, (3.41)

where D is the bulk modulus. The second Piola-Kirchhoff stress is

S = 2 ∂ψ
∂C

= 2
(
∂ψdev
∂C

+ ∂ψvol
∂C

)
. (3.42)

The second part of the Piola-Kirchhoff stress can be calculated as

∂ψvol
∂C

= 1
D

(J −J−1) ∂J
∂C

= 1
2D (J2 −1)C−1, (3.43)
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where ∂J
∂C = JC−1/2 is used. The first part is

∂ψdev
∂C

= ϕ1
∂Ī1
∂C

+ϕ4f
∂Ī4f
∂C

+ϕ4s
∂Ī4s
∂C

+ϕ8fs
∂Ī8fs
∂C

, (3.44)

where

ϕ1 = ∂ψdev
Ī1

= a

2 exp[b(Ī1 −3)],

ϕ4f = ∂ψdev
Ī4f

= a4f exp[b4f(Ī4f −1)2](Ī4f −1),

ϕ4s = ∂ψdev
Ī4s

= a4s exp[b4s(Ī4s −1)2](Ī4s −1),

ϕ8fs = ∂ψdev
Ī8fs

= a8fs exp[b8fsĪ
2
8fs]Ī8fs,

and

∂Ī1
∂C

= ∂J−2/3I1
∂C

= ∂J−2/3

∂C
I1 +J−2/3∂I1

∂C
= −1

3J
−2/3I1C−1 +J−2/3I

= J−2/3I− 1
3 Ī1C−1,

∂Ī4f
∂C

= ∂J−2/3I4f
∂C

= ∂J−2/3

∂C
I4f +J−2/3∂I4f

∂C
= −1

3J
−2/3I4fC−1 +J−2/3f0 ⊗ f0

= J−2/3f0 ⊗ f0 − 1
3 Ī4fC−1,

∂Ī4s
∂C

= J−2/3s0 ⊗ s0 − 1
3 Ī4sC−1,

∂Ī8fs
∂C

= J−2/3(f0 ⊗ s0 + s0 ⊗ f0)− 1
3 Ī8fsC−1.

Finally, a passive Cauchy stress tensor derived from the HO strain energy function is

σp = 1
J

FSFT =pvolI+2J−1[ϕ1(B̄− 1
3 Ī1I)+ϕ4f(f̄0 ⊗ f̄0 − 1

3 Ī4fI)

+ϕ4s(s̄0 ⊗ s̄0 − 1
3 Ī4sI)+ 1

2ϕ8fs(f̄0 ⊗ s̄0 + s̄0 ⊗ f̄0 − 2
3 Ī8fsI)], (3.45)

where pvol = 1
D (J−J−1) is a Lagrange multiplier to ensure the incompressible constraint,

ϕi = ∂ψdev/∂Īi, i ∈ [1,4f,4s,8fs], and f̄0 = F̄f0/|F̄f0| and s̄0 = F̄s0/|F̄s0| are the unit vector
in the current configuration of the myofibre direction and the sheet direction, respectively.

3.2.2 Active stress model

The passive response of the myocardium has been described in the previous section, here,
we present a method of modelling the active contraction force of the myocardium. During
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systole, contraction of the heart provides sufficient ejection of blood to the whole body.
This contraction is controlled by an electrical wave signal, which initiates at the sinoatrial
node and propagates throughout the myocardium. There are two common approaches to
introduce the active force into the constitutive law of the myocardium: the active stress
approach (Gao et al., 2017; Sack et al., 2018; Genet et al., 2014) and the active strain
approach (Quarteroni et al., 2017; Rossi et al., 2014; Pandolfi et al., 2016). In the active
stress approach, the total stress tensor is decomposed into a passive part and an active
part. On the other hand, in the active strain approach, the total deformation gradient
tensor is decomposed into a passive part and an active part. Because of the convenience in
parameter calibration with experimental stress data, the active stress approach is widely
adopted in heart modelling, such as the living heart project (Baillargeon et al., 2014) and
some recent studies (Sack et al., 2018; Guan et al., 2020b). Following the active stress
approach, the total Cauchy stress is

σ = σp +σa, (3.46)

where σa is the active stress generated by the contraction forces which is

σa = Taf̄0 ⊗ f̄0, (3.47)

where Ta is the active tension which can be determined by a well-established time-varying
elastance model (Guccione and McCulloch, 1993; Sack et al., 2018),

Ta(t, l) = Tmax
2

Ca2
0

Ca2
0 +ECa2

50 (l)
(1− cos(ω(t, l))) , (3.48)

in which Tmax is the maximum isometric active tension which determines the maximum
value of active contraction, Ca0 is the peak intracellular calcium, and the length-dependent
calcium sensitivity (ECa50) is given by

ECa50(l) = Ca0max√
eB(l−l0) −1

, (3.49)

where B and Ca0max are constants, l0 is the minimum sarcomere length to produce active
stress, and l is the deformed sarcomere length

l = lr
√

2Eff +1, (3.50)
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where lr is the stress-free sarcomere length, and Eff is the Lagrange strain in the myofibre
direction. The time function after onset of contraction in Eq. (3.48) is

ω(t, l) =



π t
t0

for 0 ⩽ t ⩽ t0,

π t−t0+tr(l)
tr

for t0 < t ⩽ t0 + tr,

0 for t > t0 + tr,

(3.51)

where t0 is the time to peak tension, and tr is the duration of relaxation

tr(l) =ml+ b, (3.52)

where m and b are constants to determine the shape of the linear relaxation duration and
sarcomere length relaxation.

3.2.3 Dispersed myofibre modelling and its effect on the strain
energy function

In the previous section, the orientations of the myofibres are assumed to vary from −60◦ at
the epicardium to 60◦ at the endocardium, which is commonly used in the computational
studies of the heart (Wang et al., 2013; Sack et al., 2018). Instead of aligning perfectly
along their orientations, measurements of the micro-structure of soft tissues by the diffu-
sion tensor magnetic resonance imaging (DT-MRI) technique have shown that myofibres
are spatially dispersed around their predominant mean myofibre direction (Helm et al.,
2005; Sommer et al., 2015; Ahmad et al., 2018a). Lin and Yin (1998) first reported 40%
cross-myofibre active stress in their biaxial contraction tests in rabbit myocardium. Wenk
et al. (2012); Genet et al. (2014) also included cross-myofibre active stress in the total
stress to better match in vivo cardiac pump function. Later, Sack et al. (2018) added
cross-myofibre active tension with cross-myofibre contraction ratios that were inversely
determined using a healthy porcine heart and a failing heart. Guan et al. (2021, 2022b,c)
recently studied the effects of the myofibre dispersion on the cardiac pump function. They
investigated the effects of cross-myofibre active stress on cardiac pump function where a
generalised structural tensor (GST) based dispersed active tension model was developed.
Their results suggested that cardiac functions during diastolic filling and systolic contrac-
tion vary largely while considering different degrees of in-plane and out-of-plane myofibre
dispersion. In this section, we summarise the methods for modelling the myofibre disper-
sion around the mean myofibre direction, based on studies of Guan et al. (2021, 2022b,c).
It should be noted that myofibre dispersion in the sheet direction is not considered here,
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although it can be added analogously.
The myofibre and sheet directions, f0 and s0, can be used to form a local material

coordinate system (f0, s0, n0) at each material point, with the normal-sheet direction n0 =
s0 ×f0. To describe the dispersion of fibres around the mean myofibre direction f0, as shown
in Fig. 3.3 (b), the polar angle Θ (angle with respect to the polar axis) and the azimuthal
angle Φ (angle of rotation from the initial meridian plane) are introduced, corresponding
to the local material coordinate system. Thus, the polar angle Θ is the angle between the
mean myofibre direction f0 and a single dispersed myofibre direction fn, and the azimuthal
angle Φ is the angle between the sheet-normal direction n0 and the projected vector of
fn in the s0 − n0 plane. Finally, the direction fn of a single dispersed myofibre can be
described by

fn(Θ,Φ) = cosΘ f0 +sinΘ cosΦ n0 +sinΘ sinΦ s0, (3.53)

where Θ ∈ [0,π/2] and Φ ∈ [0,2π]. Considering that myofibres have the unit length,
all the dispersed myofibres at one original point are located within a unit hemisphere
Sf = {(r,Θ,Φ) : r = 1,Θ ∈ [0,π/2] ,Φ ∈ [0,2π]}, as shown in Fig. 3.3 (c).

Here, the distribution of the dispersed fibres needs to be determined. Following
Guan et al. (2020b, 2022b,c), a probability density function is adopted to describe the
distribution of the dispersed fibres. Specifically, for the dispersed myofibres around f0,
their probability density function is

ϱ(f0) = ϱ
(
Θ, b1,Φ, b2

)
=Gρin(Θ, b1)ρop(Φ, b2), (3.54)

where ρin(Θ, b1) denotes the in-plane myofibre dispersion and ρop(Φ, b2) describes the
out-of-plane myofibre dispersion, b1 and b2 are the concentration parameters, and G is a
constant to ensure ∫

S
ρin(Θ, b1)ρop(Φ, b2)dS = 1. (3.55)

The concentration parameters b1 and b2 can be estimated from measured in-plane and
out-of-plane myofibre distributions (Sommer et al., 2015; Ahmad et al., 2018b). The π-
periodic von Mises distribution (Holzapfel et al., 2015) is then used to describe ρin and
ρop, i.e.

ρin(Θ, b1) = exp(b1 cos(2Θ))∫ π
0 exp(b1 cos(x))dx, (3.56)

and
ρop(Φ, b2) = exp(b2 cos(2Φ))∫ π

0 exp(b2 cos(x))dx. (3.57)

Note that the distribution of the in-plane dispersion and the distribution of the out-of-
plane dispersion are independent.

By taking into account the dispersion of the myofibres, the fibre-related strain energy
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(a)

(b) (c)

Figure 3.3: Schematic diagram of the heart (a) showing the microstructural arrangement
of the myofibres and sheet fibres in the myocardium. The blue network describes the sheet
fibres that connect myofibres (red rods). A local myofibre coordinate system (f0, s0, n0)
in (b) showing the unit vector fn (red) representing the myofibre direction defined by Θ
and Φ with respect to the mean myofibre direction f0. Figure (c) is an illustration of the
unit hemisphere domain centralised with the mean myofibre direction f0 (the black arrow).
In the discrete myofibre dispersion method proposed by Li et al. (2018), the hemisphere
is divided into N discrete triangular elements with representative myofibre directions fn

(green arrows) at the centroid of each triangular surface. Figures are adapted from (Guan
et al., 2022b).

term in Eq. (3.28) is

ψI4f∗
Dpf =

∫
Sf
ϱ
(
Θ, b1,Φ, b2

)
ψI4f

Dpf(II4f
Dpf(Θ,Φ))dSf, (3.58)

where I4f
Dpf(Θ,Φ) = fn ·(Cfn) and ψI4f

Dpf(I4f(Θ,Φ)) = af
2bf

{
exp[bf(max(I4f

Dpf,1)−1)2]−1
}
. In-

tegration of Eq. (3.58) is achieved by the discrete myofibre dispersion (DFD) method pro-
posed by Li et al. (2018). Details can be found in (Li et al., 2018). In brief, the DFD
method divides the surface of the hemisphere space domain Sf into N spherical trian-
gle elements with representative myofibre bundles at each triangle element, as shown in
Fig. 3.3(c). For the nth spherical triangle element with the triangular area ∆Sn, the direc-
tion of the myofibre at the centroid of this element is defined by a representative myofibre
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direction fn(Θn, Φn). The myofibre density in this element is approximated as

ρn =
∫

∆Sn

ϱ(Θ, b1, Φ, b2) sin Θ dΘ dΦ, n= 1, · · · ,N, subject to
N∑

n=1
ρn = 1, (3.59)

where N is the total number of the discrete spherical triangle elements of the unit hemi-
sphere. Then, ψI4f∗

Dpf can be calculated by

ψI4f∗
Dpf ≈

N∑
n=1

ρnψ
I4f
Dpf(I4f(Θn,Φn)). (3.60)

The same procedures can be used to introduce dispersion in the sheet and the sheet-
normal direction. Details are referred to (Guan et al., 2022b). Finally, the total strain
energy function with dispersed fibres only in the myofibre direction is

ψDpf = a

2b{exp[b(I1 −3)]−1}+ψI4f∗
Dpf + as

2bs

{
exp[bs(max(I4s,1)−1)2]−1

}
+ afs

2bfs
[exp(bfsI2

8fs)−1]. (3.61)

3.2.4 Effect of myofibre dispersion on the active stress response

If there is no myofibre dispersion, the generated active stress is only along the myofibre
direction f0, that is

σa = Taf̄0 ⊗ f̄0. (3.62)

After introducing the myofibre dispersion, the dispersed active stress approach (Eriksson
et al., 2013; Guan et al., 2021) is employed to give

σa
Dpf = nfTaf0 ⊗ f0 +nsTas0 ⊗ s0 +nnTan0 ⊗n0, (3.63)

where nf, ns and nn are proportions of the active tension in the myofibre, sheet, and
sheet-normal directions, respectively. These parameters can be derived from a generalised
structure tensor H (Holzapfel et al., 2015; Eriksson et al., 2013; Gasser et al., 2006),
which is defined over the unit hemisphere using the predefined probability density function
Eq. (3.54) as

H =
∫
S
ϱ(Θ, b1, Φ, b2) fn ⊗ fn dS =H11f0 ⊗ f0 +H22s0 ⊗ s0 +H33n0 ⊗n0, (3.64)

where H11,H22,H33 are diagonal components with respect to the orthogonal material axes
(f0, s0 and n0). The tensor H is diagonal because of the π−period von Mises probability
density functions for the myofibre dispersion and the independence assumption between
the in-plane and out-of-plane dispersion. In other words, the myofibre dispersion distri-
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bution is symmetrical with respect to (f0, s0) plane, (f0, n0) plane and (s0, n0) plane.
We would like to mention that the tensor H may not be diagonal for general myofibre
dispersion.

Using the generalised structure tensor, we have

nf =H11, nn =H22, and ns =H33, (3.65)

and nf +ns +nn = 1. Finally, the total Cauchy stress considering the myofibre dispersion
is

σDpf = σp
Dpf +σa

Dpf, (3.66)

where σa
Dpf is given in Eq. (3.63), and σp

Dpf can be derived from the strain energy function
in Eq. (3.61) using the procedures described in section 3.2.1.

Parameters values of the constitutive model and active stress model of a control case
have been summarised in Table 3.1.

3.3 Boundary conditions and implementation

In this section, boundary conditions are established to produce a realistic deformation
of the LV. The LV surface is divided into three regions, as shown in Fig. 3.4: the basal
surface, endocardial surface, and epicardial surface. The nodes on the LV basal surface are
only permitted to move radially, while the LV epicardial surface is free to move without
any constraints. On the other hand, the LV endocardial surface is subjected to a uni-
formly time-dependent LV pressure, which is imposed through the fluid cavity modules in
ABAQUS. Note that the prescribed LV cavity pressure varies over the course of a single
cardiac cycle.

A single cardiac cycle is composed of various phases, including the isovolumetric
contraction and ejection phase during systole, and the isovolumetric relaxation, rapid
inflow, diastasis, and atrial systole during diastole. This chapter considers a cardiac cycle
period time of 0.8 s, equivalent to a heart rate of 75 beats per minute. The systolic phase
lasts approximately 0.3 s, while the diastolic phase lasts about 0.5 seconds. To simulate
these phases in ABAQUS, the following three steps are introduced in one cardiac cycle:

• A Filling Step: During this step, the LV cavity pressure is gradually increased from
0 mmHg to 8 mmHg over a period of 0.3 s, resulting in the LV geometry reaching its
end-diastolic state by the end of this step. The increase in pressure is accomplished
through the ramp amplitude of the pressure in ABAQUS.

• A Contraction Step: This step simulates the isovolumetric contraction, systolic ejec-
tion phases, and part of the relaxation phase, which is controlled by the active
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Figure 3.4: Diagram of the boundary conditions of the left ventricle. The surface of the
left ventricle is divided into three regions for the imposition of the boundary conditions,
namely the basal surface (Base), endocardial surface (Endo), and epicardial surface (Epi).
A cylindrical coordinate system is established, denoted as (r,θ,z), wherein (r,θ) designates
the polar coordinates of a point in the xy-plane and z refers to the point’s projection onto
the z-axis. The z-axis direction is the long-axis direction of the left ventricle.

contraction model. The LV cavity pressure during this step is implicitly determined
through the fluid cavity modules in ABAQUS, as previously discussed. The dura-
tion of this step is set to 0.4 s, with the contraction phase ending around 0.2 s. It is
important to note that this step does not capture the rapid isovolumetric relaxation.

• A Recovery Step: In this step, the recovery of the LV is modelled. This step, lasting
for 0.1 seconds, enables the LV geometry to be fully unloaded and to reach the
end-systolic state.

In ABAQUS, the simulations of multiple cardiac cycles can be performed by repeating
the three steps discussed above. Beginning with the second cardiac cycle, only the pressure
of the LV cavity needs to be increased linearly from 0 to 8 mmHg in the filling step since
the left atrium is not included in the LV model. The rest of the variables will be calculated
based on the outcomes of the previous time step. To guarantee that the periodic steady
states are reached, the computation is performed in double precision. Using the ‘single’
precision can result in non-convergence during periodic simulations, such as a persistent
decrease in the end-diastolic volume of the LV cavity.

In summary, the deformation of the LV is governed by


∇·σ = 0, in the LV wall domain,

σ ·n = −Pn, on the LV endocardial surface,

σ ·n = 0, on the LV epicardial surface,

uθ = 0 and uz = 0, on the LV basal surface,

(3.67)
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where P is the LV cavity pressure, n is the unit vector normal to the LV endocardial
surface or to the LV epicardial surface, uθ and uz are the displacement along the θ-axis
direction and the z-axis direction (the long-axis direction of the heart, as shown in Fig. 3.4)
in the global cylindrical coordinate system, respectively. Based on the geometry of the LV,
lumped-parameter circulatory system, passive and active material properties, and bound-
ary conditions described previously, an advanced LV model is developed. This LV model is
implemented in ABAQUS 2018 (Dassault Systemes, Johnston RI, USA) (Dassault, 2014),
with the constitutive law being implemented via the VUMAT user subroutine, which is
designed for incorporating user-defined material models. The fluid cavity and fluid ex-
change modulus in ABAQUS are utilised to simulate the lumped-parameter system. The
parameter values for the LV model are obtained from previous studies (Guan et al., 2020b,
2021) conducted by our group and are summarised in Table 3.1. For further information on
the ABAQUS software, readers are referred to the official ABAQUS documents (Dassault,
2014; Documentation and Manual, 2014).

Finally, the dynamics of the LV model are solved by the nonlinear FE method via the
ABAQUS EXPLICIT solver. In brief, we solve the following dynamic system

Mẍ +Cẋ +Kx = Fext, (3.68)

where M is the mass matrix, C is the damping matrix, K(x) is the nonlinear stiffness
matrix depending on the current configuration, Fext is the external force, and x is the
displacement field. To eliminate unrealistic transient behaviour, the damping matrix is
introduced via Rayleigh damping (Documentation and Manual, 2014), i.e.

C = αM, (3.69)

where α is the damping factor. We find that α = 160s−1 can simulate LV dynamics
without noticeable oscillation, which is also the value used in the LivingHeart Project
(Baillargeon et al., 2015). As previously discussed in section 3.2, the derivation of the
deformation tensor, stress, and strain becomes possible once the displacement field is ob-
tained. Additionally, ABAQUS, through its post-processing module, provides convenient
access to several relevant variables, including principal stress, principal strain, and loga-
rithmic strain.

3.4 Results of the LV model

In this section, we show the results of the LV model using parameter values in Table 3.1.
The objective of reconstructing the LV geometry from the healthy volunteer is not to create
a subject-specific model, but rather to develop a healthy LV model that operates within
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normal physiological parameters. Hence, the simulated results obtained from our LV model
will primarily be compared with physiological ranges reported in clinical observations and
studies of healthy subjects, rather than to a specific individual.

3.4.1 LV pressure-volume relationships during multiple cycles

In prior studies of the computational LV models by our research group (Wang et al.,
2013; Guan et al., 2020a,b), the implementation of multiple-cycle simulations was not
present. Although convergence analysis was performed in terms of mesh size and the
results of the first cycle were stable, the outcomes of subsequent cycles may not have been
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convergent. As demonstrated in some studies (Baillargeon et al., 2014; Sack et al., 2018),
the simulation results from ABAQUS heart models typically converge after three or four
cycles. Thus, we extend our previous LV model to incorporate multiple-cycle simulations.
The pressure-volume (PV) loops generated from the LV model in these simulations are
depicted in Fig. 3.5. Fig. 3.5 (a) shows the PV loops in the first five cardiac cycles. The
PV loops of the first and second cycles differ from those of the remaining cycles. The
PV loop begins to exhibit stability after the third cycle, highlighting the significance of
multiple-cycle simulations for the LV model.

A simulation of five cardiac cycles needs approximately 10 hours on a Linux work-
station with 8 cores of 2.3 GHz CPU (Intel(R) Xeon(R) CPU E5-2699 v3) and 128 GB
memory. Since the results are stable after the third cycle, we will run the LV model only
with three cardiac cycles in the following simulations to reduce the computational time.

Simulated results in the third cardiac cycle are shown in Fig. 3.5 (b). As introduced
in section 3.3, we use three steps in one cardiac cycle: the filling step, the contraction step,
and the recovery step. The filling step commences at point P1 as the mitral valve opens
and the filling of the LV occurs. The mitral valve closes at point P2 marking the beginning
of the contraction phase. Note that the LV volume at the point P2 is the end-diastolic
volume (EDV). Right after the point P2, the isovolumetric contraction begins, where the
LV cavity volume remains unchanged, but the LV cavity pressure increases rapidly. As we
can see from Fig. 3.5 (b), the PV loop curve from the point P2 to point P3 is vertical until
the LV cavity pressure exceeds the aortic pressure at the point P3, leading to the opening
of the aortic valve. After the opening of the aortic valve, blood is expelled from the LV into
the aorta. The LV volume decreases quickly in this period, but the LV pressure remains
high due to the continuous contraction generated by the myocardium. The ejection of
blood causes an increase in aortic pressure. When the aortic pressure surpasses the LV
pressure at the point P4, the aortic valve closes and the systolic phase ends. The LV
volume at the point P4 is the end-systolic volume (ESV). Finally, there is a relaxation
phase where the LV cavity pressure falls until it is below the atrial pressure at the point
P1, marking the commencement of the subsequent filling phase and the initiation of a new
cardiac cycle.

The LV pressure, aortic pressure, and LV cavity volume simulated from the LV model
are plotted in Fig. 3.6. As illustrated in Fig. 3.6 (a), the LV pressure is linearly increased
from 0 to 8 mmHg, from 0 s to 0.3 s which is the filling step. The systolic phase of the
LV occurs from 0.3 s to 0.5 s as indicated by the two vertical lines. During this phase,
the LV pressure increases rapidly to a peak value of 119.6 mmHg. After the closure of
the aortic valve, the LV pressure decreases to 0 corresponding to the recovery phase. It
should be noted that the simulation of the relaxation phase in the active contraction
model (Guccione and McCulloch, 1993; Sack et al., 2018) is not accurate, causing the
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(a) (b)

Figure 3.5: Pressure-volume (PV) loops (a) of the left ventricle (LV) model in the first
five consecutive cardiac cycles. Figure (b) is the PV loop in the third cardiac cycle. The
three ABAQUS steps (filling step, contraction step, and recovery step) are shown, as well
as four critical points (P1,P2,P3,P4) in a complete cardiac cycle. P1 marks the opening
of the mitral valve. P2 marks the closing of the mitral valve. P3 marks the opening of the
aortic valve. P4 marks the closing of the aortic valve.

simulated LV pressure to decrease slowly over a period of 0.16 s. The normal range for
the isovolumetric relaxation time is 0.05 s to 0.14 s, with an average of 0.103 ± 0.022 s
(Benchimol and Ellis, 1967; Thomas et al., 1992). Thus, future research requires more
realistic modelling of the relaxation phase.

The simulated aortic pressure, as plotted in Fig. 3.6 (a), ranges from 79.8 mmHg to
118.7 mmHg. This result aligns with the reported normal range of aortic pressure in
healthy individuals, which is between 80 mmHg and 120 mmHg (Erbel et al., 2001; Rey-
mond et al., 2012). The pressure difference between the LV pressure and the aortic pressure
during the ejection phase is within 10 mmHg and is attributed to the resistance posed by
the aortic valve. However, if the aortic valve is narrowed or does not open fully, as in the
case of aortic stenosis, the pressure difference would be larger. For instance, a mean pres-
sure gradient of 20 mmHg is considered moderate aortic stenosis, while a mean gradient
of 40 mmHg is considered severe aortic stenosis (Nishimura et al., 2017; Wisneski et al.,
2020). In addition, during diastole, the aortic pressure decreases linearly as the blood
stored in the aortic chamber is gradually pushed towards the peripheral vessels, driven by
the aortic compliance, which is determined by the lumped parameter system.

The changes in the LV volume during a single cardiac cycle are depicted in Fig. 3.6 (b).
As can be seen, the LV volume is increased from 49.2 ml to 109.5 ml during the filling step,
occurring between 0 to 0.3 s. During the following isovolumetric contraction phase, from
0.3 s to 0.33 s, the LV volume remains unchanged. In the ejection phase, from 0.33 s to 0.5 s,
the LV volume decreases as a result of the ejection of blood. After the closure of the aortic
valve, the LV volume remains steady. In the third ABAQUS step (the recovery step),
from 0.7 s to 0.8 s, there is a 7% increase in the LV volume due to the manual unloading
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of the LV pressure. The end-diastolic volume is 109.5 ml, and the end-systolic volume is
45.9 ml, resulting in an ejection fraction (EF) of the LV of 58.1%, which falls within the
normal range of healthy individuals (50% - 65%) (Kumar et al., 2014; Mahadevan et al.,
2008; Dokainish et al., 2011; Feher, 2017; Lang et al., 2015).

(a) (b)

Figure 3.6: Simulated pressure and volume from the left ventricle (LV) model. Figure (a)
presents simulated pressure profiles in the LV and aorta during the third cardiac cycle.
The systole period is indicated by the presence of the two vertical dashed lines. Figure
(b) displays the corresponding LV cavity volume throughout the third cardiac cycle.

3.4.2 Evaluation of stress distribution in the LV wall

In this section, we analyse the stress distribution in the LV wall. The stresses along the
myofibre direction, the sheet direction, and the sheet-normal direction are calculated from
the Cauchy stress by

σff = f̄0 · (σf̄0), σss = s̄0 · (σs̄0), and σnn = n̄0 · (σn̄0). (3.70)

These three stresses are calculated in the deformed configuration. The volumetric-averaged
myofibre stress is calculated by

σ̄ff =
∑n

i=1(σi
ff)V i∑n

i=1V
i

, (3.71)

where σi
ff = f̄ i

0 · (σif̄ i
0) is the myofibre stress at the centroid of ith element, σi is the Cauchy

stress at the centroid of ith element, f̄ i
0 is the unit vector of the myofibre direction at the

centroid of ith element, V i is the volume of ith element, n is the total number of elements
occupied by the LV wall. The volumetric-averaged stresses along the sheet direction (σ̄ss)
and the sheet-normal direction (σ̄nn) can be calculated using similar methods.
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Volumetric-averaged stresses in one cardiac cycle

In this section, firstly, we illustrate the volumetric-averaged stress curves throughout one
cardiac cycle. Secondly, we present the volumetric-averaged stresses at three different
time points, namely, ED, peak systole, and ES. These results are in good agreement with
previously published data. Lastly, we demonstrate the stress distributions across the entire
LV wall at two specific time points, ED and ES.

Volumetric-averaged stresses in one cardiac cycle along the myofibre direction (σ̄ff),
the sheet direction (σ̄ss), and the sheet-normal direction (σ̄nn) are shown in Fig. 3.7 (a, b,
c). The systolic period is from 0.3 s to 0.5 s, which is between the two vertical dashed lines
in those figures. Note that the systolic period is a part of the ABAQUS contraction step.

For σ̄ff, as shown in Fig. 3.7 (a), it increases from zero to 3.6 kPa during the filling
phase (0 - 0.3 s), followed by a rapid increase to a peak value of 35.4 kPa during the
contraction phase (0.3 s - 0.7 s), and then decreases to zero. During the recovery phase
(0.7 s - 0.8 s), it remains zero. For σ̄ss, as shown in Fig. 3.7 (b), it slightly decreases during
the filling phase, then rapidly drops to a minimum value of -3.4 kPa during the contraction
phase, and finally increases to zero. It remains zero during the recovery phase. For σ̄nn,
as shown in Fig. 3.7 (c), it increases from zero to 1.6 kPa during the filling phase. During
the contraction phase, it first increases to 3.4 kPa, and then decreases to -0.6 kPa. After
the closing of the aortic valve, it starts to increase until it reaches zero during the recovery
phase.

The absolute maximum values of σ̄ss is 3.4 kPa, which happens to be the same as the
absolute maximum values of σ̄nn. However, their maximum values do not occur at the
same time. Moreover, they are 90.4% lower than the maximum value of σ̄ff. The peak
value of σ̄ff occurs during systole due to the dominance of active tension along the myofibre
direction as shown in Fig. 3.8. The active tension is governed by the active contraction
model. It first reaches its maximum peak of 49.9 kPa and then decreases to zero. Thus, the
average stress along the myofibre direction is dominant by the active tension in systole. In
general, the volumetric-averaged myofibre stress has the same trend as the active tension.
In addition, the maximum values of the myofibre stress and the active tension occurs at
the same time during systole.

The volumetric-averaged stresses in one cardiac cycle have rarely been reported in
the literature, thus, it is difficult to validate them. However, model-predicted volumetric-
averaged myofibre stress at ED and at ES can be found in studies (Genet et al., 2014;
Sack et al., 2016, 2018; Fan et al., 2019), which are summarised in Table 3.2. The average
myofibre stress at ED is from 1.47 kPa to 2.53 kPa, and the average myofibre stress at ES
is from 14.45 kPa to 36.08 kPa. Our average myofibre stresses at ED and at ES are both
comparable to simulated results from Fan et al. (2019). Specifically, our average myofibre
stress at ED is 3.26 kPa, which is 28.9% higher than theirs, and our average myofibre
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(a) (b)

(c)

Figure 3.7: Average stresses over the whole LV wall in a cardiac cycle, namely along the
myofibre direction σ̄ff in (a), along the sheet direction σ̄ss in (b), and along the sheet-
normal direction σ̄nn in (c).

Figure 3.8: Average active tension (Ta) over the whole LV wall in a cardiac cycle.

stress at ES is 27.32 kPa, which is 24.3% lower than theirs. Because of different material
models, parameters, and boundary conditions, such differences are expected. Moreover,
the stress deviation values exhibit considerable magnitude, indicating a high degree of
heterogeneity in the stress distribution. It also happens in other studies (Genet et al.,
2014; Sack et al., 2016, 2018; Fan et al., 2019). At ED, this is mainly caused by the high-
pressure difference between the LV cavity pressure for the LV endocardial surface and the
environment pressure for the LV epicardial surface. At ES, this is caused by the helical
orientation of the myofibre structure, especially for a patient-specific geometry.

Table 3.3 provides a summary of the average stresses observed at three specific time
points: at ED, at peak systole, and at ES. It can be found that the absolute values of σ̄ff
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Table 3.2: Comparison of the simulated average myofibre stress (kPa) from the left ven-
tricle model with published data.

(Genet et al., 2014) (Sack et al., 2016) (Sack et al., 2018)

ED 2.21±0.58 1.47±20.72 2.1±4.2

ES 16.54±4.73 14.45±106.72 18.6±14.9

(Fan et al., 2019) Ours

ED 2.53 3.26±16.42

ES 36.08 27.32±26.33

are much higher than that of σ̄ss and σ̄nn. At the peak systole, σ̄ff reaches its maximum
value of 35.40 kPa, which is about 9 times higher than σ̄ss, while σ̄nn is neglectable. In
fact, due to the high active contraction force in systole, σ̄ss and σ̄nn are both neglectable
compared with σ̄ff. At ED, the absolute value of σ̄ff is 145.1% higher than that of σ̄nn,
and the absolute value of σ̄ss is neglectable.

Table 3.3: Simulated average stresses (kPa) from the left ventricle model at three particular
time points.

End-diastole Peak systole End-systole

σ̄ff 3.26±16.42 35.40±30.71 27.32±26.37

σ̄ss -0.14±16.37 -3.51±27.19 -3.34±23.71

σ̄nn 1.33±16.49 -0.42±26.85 -0.77±23.43

In summary, the volumetric-averaged stress along the myofibre direction is dominant.
In systole, it is much higher than stresses along the sheet and sheet-normal directions due
to the active contraction force.

Stress distribution in the LV wall

From the curves and values of the volumetric-averaged stresses in the last section, we have
seen that the average stress along the myofibre direction is the highest. In this section,
the stress distributions in the LV wall at ED and at ES in the myofibre direction, in the
sheet direction, and in the sheet-normal direction are shown, respectively.

Firstly, distributions of the stresses (σff, σss, σnn) at ED are shown in Fig. 3.9. It
should be noted that the LV volume is at its maximum at ED in one cardiac cycle.
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The stress distributions are heterogeneous, with some regions at the endocardial surface
of the LV exhibiting the highest stresses. This distribution is related to the geometric
irregularities of the inner surface of the LV and the corresponding variations in the myofibre
orientation. The average stresses at ED, as listed in Table 3.3, are 3.26±16.42 kPa for σff,
-0.14±16.37 kPa for σss, and 1.33±16.49 kPa for σnn. Interestingly, even without active
contraction force at ED, σff is the highest. Moreover, all three stresses are higher at the
endocardial surface than at the epicardial surface, which can be attributed to the pressure
difference between the LV and the surrounding environment.

Secondly, distributions of the stresses (σff, σss, σnn) at ES are shown in Fig. 3.10.
At ES, the LV volume is at its minimum while the LV pressure remains significantly
elevated. The LV geometries at ED are depicted as solid black outlines in Fig. 3.10 for
comparison purposes, enabling the observation of contraction and long-axis shortening of
the LV. The stresses observed at ES are significantly higher than those at ED, primarily
due to the high LV cavity pressure and active contraction force. As previously noted, the
stress along the myofibre direction (σff) is higher than the other two stresses (σss and σnn),
given the high active tension along this direction. The stresses σss and σnn exhibit similar
distributions, with positive stresses in the epicardial layers that become negative stresses
in the endocardial layers. However, the transmural distribution of the myofibre stress is
not monotonic. Near the basal and middle regions, σff exhibits high positive values in
the middle layers of the LV wall and low positive values at the epicardial and endocardial
surfaces. In contrast, in the apical regions, highly negative σff values exist in the middle
layers as well as in both the epicardial and endocardial surfaces.

Figure 3.9: Distributions of stresses at the end of diastole along the myofibre direction σff,
the sheet direction σss, and the sheet-normal direction σnn, respectively.

Stress distribution of the human heart can provide valuable information for clinical
diagnoses, such as quantifying myocardial contractility and predicting cardiac growth and
remodelling. Despite the limitations of current imaging techniques in capturing this distri-
bution, some computational heart models (Genet et al., 2014; Sack et al., 2018; Wisneski
et al., 2020) have been employed to predict the stress distribution in the heart. Genet
et al. (2014) utilised MRI data to construct five computational LV models of normal sub-
jects and reported the reference myofibre stresses of the LV wall at both ED and ES.
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Figure 3.10: Distributions of stresses at the end of systole along the myofibre direction σff,
the sheet direction σss, and the sheet-normal direction σnn, respectively. The solid black
outlines are used for comparison, which are outlines of the LV geometry at the end of the
diastole.

They found that their simulated myofibre stress at ED was higher near the subendocar-
dial wall than near the subepicardial wall. Moreover, their myofibre stress at ES was
higher in the middle layer of the myocardium and the basal regions. These findings are
generally consistent with our results, as shown in Fig. 3.9 (a) and Fig. 3.10 (a). However, it
is important to note that they used the transversely isotropic Fung model for the passive
material properties, which may impact the stress distribution. Another study by Sack
et al. (2018) also demonstrated heterogeneous myofibre stress distribution in a long-axis
cut plane of both the LV and RV. At ED, their maximum myofibre stress appeared in the
subendocardial and basal regions. At ES, high myofibre stress appeared in the middle and
endocardial layers of the LV wall near the basal and middle regions, while myofibre stress
was negative near the apical regions. Similarly, Wisneski et al. (2020) showed myofibre
stress distribution in a long-axis cut plane of both the LV and RV at ED and peak systole,
with predominantly negative myofibre stress appearing in the subendocardial regions at
peak systole.

In conclusion, variations in myocardial geometry and material properties lead to vari-
ations in myofibre stress distribution across different studies, while the general patterns
remain consistent. In specific, most studies have observed higher myofibre stress at ED
in the subendocardial layers compared to the subepicardial layers of the LV wall. At ES,
the distribution of myofibre stress across the LV wall is non-monotonic, with high positive
myofibre stress in the middle layers around the basal and middle regions, and negative
myofibre stress in the subendocardial layers near the apical regions.

Volumetric-averaged myofibre stress in the AHA regions

We further computed the volumetric-averaged myofibre stress in the 17 American Heart
Association (AHA) regions, which will be described in detail in Section 4.4.1. In brief, the
LV wall is partitioned into 17 regions, comprising 6 basal regions, 6 middle regions, and
5 apical regions. As shown in Fig. 3.11, the myofibre stresses in all AHA regions exhibit
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similar trends, with differences in peak values and the time taken to reach those peaks.
During the filling phase, myofibre stresses increase gradually. In the contraction phase,
they first rise rapidly to reach their maximum values before returning to zero. Throughout
the recovery phase, myofibre stresses remain at zero. In the basal regions, the peak values
of σff range from 47.2 kPa (in region 5) to 55.7 kPa (in region 3). In the middle regions, the
maximum values of σff are between 25.8 kPa (in region 7) and 38.4 kPa (in region 10). For
the apical regions, the peak values of σff range from 13.9 kPa (in region 17) to 27.3 kPa (in
region 15). Therefore, σff varies across regions and decreases from the basal to the apical
regions. Notably, region 3 has the highest myofibre stress, whereas the apex (region 17)
has the lowest myofibre stress.

(a) (b)

(c)

Figure 3.11: Average myofibre stresses in six basal regions (a), six middle regions (b), and
five apical regions (c).

Fig. 3.12 shows the average myofibre stresses in the 17 AHA regions at peak systole.
In a previous study, Wisneski et al. (2020) reported that the average myofibre stresses
in the 17 AHA regions range from 3.89 kPa to 30.03 kPa. However, our average myofibre
stresses are higher, ranging from 13.84 kPa to 55.70 kPa. This discrepancy could be due
to the differences in geometries, boundary conditions, and material properties used in the
two studies. For instance, they used a whole four-chamber human heart model, which may
have constrained the deformation of their basal regions more than in our single ventricle
model. Furthermore, the interventricular septum regions (regions 2, 3, 8, 9, 14) are under
different boundary conditions given that the right ventricle pressure affects the motion of
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the septum, whereas we assumed that it moves freely.

Figure 3.12: Average myofibre stresses in the 17 AHA regions at peak systole. Simulated
results from (Wisneski et al., 2020) are adopted for comparison.

3.5 Effects of myofibre rotation on cardiac functions

The LV model described above has been modified to study the impact of myofibre rotations
and myofibre dispersion on cardiac dynamics, as published in (Guan et al., 2022c). The
subsequent sections present the outcomes of the investigation.

In order to assess the deformation of the LV wall, we now introduce long-axis short-
ening, radial-axis shortening, and apex twist angle during systole. These parameters have
been commonly employed in the literature (Rogers Jr et al., 1991; Alam et al., 1992; Sen-
gupta et al., 2008; Omar et al., 2015) to evaluate the contractile function of the LV. The
long-axis shortening (%) is defined by

LAS = (Lt −L0)/L0 ×100, (3.72)

where L0 and Lt are the long-axis lengths of the LV at ED and at the current time t,
respectively, and the long-axis length of the LV is the distance between the centre point
at the basal plane and the apical point at the endocardial surface as shown in Fig. 3.13.
The radial-axis shortening is calculated as the mean radius change of the selected points
at the middle region of the LV, i.e.

RAS = (Rt −R0)/R0, (3.73)

where R0 is the mean radius of the selected points at the endocardial surface of the middle
plane of the LV at ED, and Rt is the mean radius at the current time t.

In this section, we first investigate the LV cardiac functions using different myofibre
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Figure 3.13: Positions of selected nodes (red points) to calculate long axis shortening and
apex twist angle. L is the length of the left ventricle from the centre point of the base
plane to the endocardial apex point, and R is the mean radius of the selected points at the
endocardial surface of the middle plane of the left ventricle. θ is the mean rotation angle
of the selected points at the epicardial surface near the apical region with a reference state
of their positions at the end of diastole.

rotation angles. Seven cases are considered here with different myofibre rotation angles
from the epicardium to the endocardium:

• rot-80: −40◦ ∼ 40◦, and the rotation angle: 80◦;

• rot-100: −50◦ ∼ 50◦, and the rotation angle: 100◦;

• rot-120: −60◦ ∼ 60◦, and the rotation angle: 120◦;

• rot-140: −70◦ ∼ 70◦, and the rotation angle: 140◦;

• rot-160: −80◦ ∼ 80◦, and the rotation angle: 160◦;

• rot-unsym1: −30◦ ∼ 90◦, and the rotation angle: 120◦;

• rot-unsym2: −90◦ ∼ 30◦, and the rotation angle: 120◦.

The diagrams of the corresponding myofibre structures of the seven cases are shown in
Fig. 3.14. Cases rot-80 to rot-160 have the same angle to the circumferential direction with
opposite signs at the epicardium and the endocardium, denoted as symmetrical rotation
cases, and cases rot-unsym1/2 have different angles to the circumferential direction at the
epicardium and the endocardium, denoted as unsymmetrical rotation cases. All seven
cases consider the same myofibre dispersion distribution. The values of the corresponding
scaling factors nf, ns and nn in Eq. (3.63) are 0.879, 0.009, and 0.112, respectively, which
were obtained from (Guan et al., 2021).

Fig. 3.15 (a) shows the pressure-volume (PV) loops of the seven cases. The values of
the end-diastolic volume (EDV), end-systolic volume (ESV), and ejection fraction (EF) are
summarised in Table 3.4. For the symmetrical rotation cases (case rot-80 to case rot-160),
EF can be improved when increasing the myofibre rotation angle from 80◦ (case rot-80) to
140◦ (case rot-140). The smallest ESV (46.1 ml) appears when the rotation angle is 140◦.
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Figure 3.14: Myofibre structures with different transmural rotation angles.

Interestingly, EDV increases approximately by 1.0 ml per 20◦ increment of the myofibre
rotation angle. The EF of the case rot-80 is 46.0% (< 50%), which is abnormal for healthy
subjects (Kumar et al., 2014; Mahadevan et al., 2008; Dokainish et al., 2011; Feher, 2017;
Lang et al., 2015). In addition, the EF of the unsymmetrical rotation case rot-unsym2 is
also lower than normal values.

(a) (b)

(c) (d)

Figure 3.15: Using different myofibre rotation structures in the left ventricle model,
pressure-volume loops (a), long-axis shortening (b), radial axis shortening (c), and apex
twist angle (d). Results from the end of diastole to the end of systole in one cardiac cycle
are shown because active tension plays the primary role in cardiac dynamics during this
period (about 0.2 s).

Long-axis shortenings of the seven cases are shown in Fig. 3.15 (b). The greater
negative value of the long-axis shortening indicates a larger longitudinal contraction. For
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Table 3.4: Cardiac pump functions with different myofibre rotation angles. EDV: end-
diastolic volume, ESV: end-systolic volume, EF: ejection fraction, LES

r : Long-axis short-
ening at the end of systole (ES), RES

r : Radial axis shortening at ES, and θES
r : Apex twist

angle at ES. σ̄ff ±ϑ is mean and standard deviation of myofibre stress σff.

Rotation
case

EDV
(ml)

ESV
(ml)

EF
(%)

LES
r

(%)
RES

r

(%)
θES

r

(◦)
σ̄ff ±ϑ
(kPa)

rot-80 103.3 55.8 46.0 5.0 -32.4 34.2 33.8±31.1

rot-100 104.1 49.9 52.0 -3.6 -33.8 30.4 34.6±31.1

rot-120 105.0 46.7 55.6 -9.5 -33.8 25.8 34.9±30.7

rot-140 106.0 46.1 56.5 -13.5 -32.4 22.3 35.8±31.2

rot-160 106.9 47.6 55.5 -16.0 -30.0 19.7 37.0±32.4

rot-unsym1 108.1 54.0 50.0 -10.7 -24.3 3.0 34.7±37.4

rot-unsym2 104.4 55.6 46.7 -17.4 -28.9 16.3 43.7±33.8

the symmetrical rotation cases, the long-axis shortening ratio at ES (t = 0.2s) increases
with increasing myofibre rotation angle from case rot-80 (5.0%) to case rot-160 (-17.4%).
Interestingly, for cases rot-80 and rot-100, due to the small rotation angle, the long-
axis shortening ratio is positively increasing in the early systole rather than shortening
compared with other cases. This long axial elongation during systole suggests that the LV
does not contract longitudinally, which is not physiologically accurate. In addition, the
long-axis shortening of the case rot-80 remains positive during systole. The radial-axis
shortenings of the seven cases all have the same trends as shown in Fig. 3.15 (c). The
differences in the radial-axis shortenings are moderate. The radial-axis shortenings at ES
are from -24.3% to -33.8%. Fig. 3.15 (d) plots apex twist angles of the LV. The apex twist
angles at ES are from 34.2◦ in case rot-80 to 19.7◦ in case rot-160. In general, the larger
the rotation angle of the myofibre, the smaller the apex twist angle.

The two unsymmetrical rotation cases, case rot-unsym1 and case rot-unsym2, have
the same total rotation angle as case rot-120. As shown in Fig. 3.14, the myofibre rotation
angle is large at the endocardial layers in the case rot-unsym1 but large at the epicardial
layers in the case rot-unsym2. Compared with case rot-120 with an EF of 55.6%, both
unsymmetrical cases have reduced cardiac outputs as shown in Table 3.4. EF of the case
rot-unsym1 is 50.0% and EF of the case rot-unsym2 is 46.7%. This is mainly caused by the
enlarged ESV of the two unsymmetrical rotation cases. Compared with case rot-120, the
EDVs of the two unsymmetric cases change slightly but the ESVs of the two unsymmetric
cases are significantly larger. Small myofibre angle at the endocardium in case rot-unsym2
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achieves both higher radial (Fig. 3.15 (c)) and long-axis shortening (Fig. 3.15 (b)) com-
pared to case rot-unsym1, whilst they both experience less circumferential contraction
and larger longitudinal contraction compared to case rot-120, which may be explained by
more longitudinally aligned myofibres in those two unsymmetric cases. Furthermore, the
unsymmetrical myofibre rotation significantly reduces the apex twist as shown in Fig. 3.15
(d), in which the apex twist angle at ES is 3.0◦ for case rot-unsym1 and 16.3◦ for case
rot-unsym2, much less than that of case rot-120 (25.8◦).

LV shapes and distributions of the myofibre stresses (σff) at ES of the seven cases
are shown in Fig. 3.16, and corresponding volumetric-averaged myofibre stress are listed
in Table 3.4. For the symmetrical rotation cases, it can be found that the long-axis
shortenings increase from case rot-80 to case rot-160. The average myofibre stress σ̄ff also
increases from case rot-80 (33.8±31.1 kPa) to case rot-160 (37.0±32.4 kPa). Compared
with cases rot-120/140/160, higher myofibre stress can be found at the basal regions of the
LV in cases rot-80, rot-100, and rot-unsym2 with more heterogeneous stress distributions.
Corresponding statistic density distributions of σff are shown in Fig. 3.17. It can be
found that case rot-unsym1 and case rot-unsym2 both have more heterogeneous stress
distributions compared with other cases. Case rot-120 has the least standard deviation
suggesting the least heterogeneous distribution.

Figure 3.16: Distributions of myofibre stress σff in seven fibre rotation cases at the end of
systole. The solid curves outline the corresponding end-diastolic boundary of the cutting
plane of the left ventricle.

In summary, changes in myofibre rotation angles can significantly alter LV cardiac
functions. In general, a myofibre structure with a larger total rotation angle, i.e. case
rot-140, yields greater EF and longitudinal contraction, but less apex twist angle. For the
human LV model, it shows that the myofibre rotation angle in a range of 120◦ ∼ 140◦ can



CHAPTER 3. LEFT VENTRICLE MODEL 93

Figure 3.17: Violion plot of the stress along myofibre direction (σff) over the whole left
ventricle wall when using different myofibre rotation structures.

achieve a more physiologically accurate pump function, i.e. EF>50%. In fact, the myofibre
rotation angle from 60◦ to -60◦ is the most widely used range in the literature (Wang et al.,
2013; Gao et al., 2014, 2017), and also within the range reported by experimental studies
(Sommer et al., 2015).

3.6 Effects of fibre dispersion on cardiac functions

As described in Section 3.2.4, the active stress considering fibre dispersion is

σa
Dpf = nfTaf0 ⊗ f0 +nsTas0 ⊗ s0 +nnTan0 ⊗n0, (3.74)

where nf, ns, and nn are proportions of the active tension in the fibre, sheet, and sheet-
normal directions, respectively. Guan et al. (2020a) has shown that ns = 0.008 based
on Sommer et al.’s measurements from human myocardium (Sommer et al., 2015) and
ns = 0.0009 based on Ahmad et al.’s measurements from neonatal porcine myocardium
(Ahmad et al., 2018a). Both values are very close to zero, thus we assumed that the
active tension along sheet direction is negligible so that ns = 0. According to Eq. (3.64),
value of ns drops to less than 0.01 for any b1 when b2 ≥ 16, thus we set b2 = 16, whilst
values of nf and nn are determined by b1. Finally, five cases of myofibre dispersion are
designed as follows:

• case f10n0: nf = 1.0, and nn = 0.0, corresponding to no-dispersion;

• case f8n2: nf = 0.8, and nn = 0.2, (b1 = 2.9, and b2 = 16);

• case f6n4: nf = 0.6, and nn = 0.4, (b1 = 1.35, and b2 = 16);

• case f5n5: nf = 0.5, and nn = 0.5, (b1 = 0.85, and b2 = 16);

• case f4n6: nf = 0.4, and nn = 0.6, (b1 = 0.35, and b2 = 16).
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The corresponding myofibre dispersion distributions (b1 and b2 in Eq. (3.54)) are deter-
mined according to the values of nf, ns and nn. Myofibre structures of the above five cases
are the same as that of case rot-120 (−60◦ ∼ 60◦) in Section 3.5 but with different in-plane
and out-of-plane dispersion.

Fig. 3.18 (a) shows the PV loops of the LV model with different dispersed active
tension, and the related EDV, ESV, and EF are summarised in Table 3.5. Overall, the
more the active contraction along the sheet-normal direction, the smaller the ESV and
the larger the EDV. For instance, the ESV of case f4n6 is 31.6 ml, which is much smaller
than that of case f10n0 which has an ESV of 45.9 ml. Similarly, the long-axis shortening
is greater with increasing nn as shown in Fig. 3.18 (b). Long-axis shortening ratios at ES
are negative for all cases, from -8.1% in case f10n0 to -39.2% in case f4n6. Conversely, the
radial-axis shortening is smaller when there is more active tension along the sheet-normal
direction, from -34.3% in case f10n0 to -27.0% in case f4n6 as shown in Fig. 3.18 (c). It also
can be found that the sheet-normal contraction can prevent long-axis elongation during
systole in case f10n0.

Apex twist angle is significantly influenced by the sheet-normal active tension as
shown in Fig. 3.18 (d). When nf is greater than nn, the apex twist angle increases to the
peak value quickly at early systole and then decreases slightly at late systole, while the
larger nn in cases f5n5 and f4n6 lead to continuously increased apex twist in systole.

Table 3.5: Cardiac pump functions with different myofibre dispersion distributions.

Dispersion
case

EDV
(ml)

ESV
(ml)

EF
(%)

LES
r

(%)
RES

r

(%)
θES

r

(◦)
σ̄ff ±ϑ
(kPa)

f10n0 104.0 45.9 55.9 -8.1 -34.3 27.8 38.5±33.4

f8n2 105.2 45.3 57.0 -12.2 -33.8 23.3 30.7±28.8

f6n4 107.0 41.2 61.3 -25.0 -31.6 7.5 23.1±31.7

f5n5 107.4 32.9 69.4 -35.3 -28.1 10.6 17.9±40.2

f4n6 108.1 31.6 70.8 -39.2 -27.0 37.4 4.5±41.8

Although a very strong pump function is achieved in case f5n5/f4n6 according to
the PV loops in Fig. 3.18 (a), excessive longitudinal contraction with compressed myofi-
bres around the endocardium can be found in Fig. 3.19. Case f8n2 and f6n4 have more
homogeneous stress distributions at the base with better EF and greater long-axis short-
ening. Fig.3.20 shows the statistics of the myofibre stress in all elements for the five cases,
in which case f8n2 has the most homogeneous myofibre stress distribution. Case f6n4
achieves a better pump function with smaller myofibre stress than case f10n0 and case
f8n2 while high positive σff locates at the middle layer of the LV wall and prevents the
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(a) (b)

(c) (d)

Figure 3.18: Using different sheet-normal active tension in the left ventricle model,
pressure-volume loops (a), long-axis shortening (b), radial axis shortening (c), and apex
twist angle (d).

myofibre compression in case f4n6 and case f5n5. Mean values of σff of the whole heart at
ES are summarised in Table 3.5. The myofibre stress σff reduces dramatically from 38.5
kPa in case f10n0 to 4.5 kPa in case f4n6 (Fig. 3.20), which is presumably because the
active tension aligns more along the sheet-normal direction and less along the myofibre
direction.

Figure 3.19: Distributions of myofibre stress σff in five fibre dispersion cases at the end of
systole. The solid curves outline the corresponding end-diastolic boundary of the cutting
plane of the left ventricle.
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Figure 3.20: Violin plot of myofibre stress (σff) in all elements of the left ventricle when
using different dispersed active tension.

In summary, we find that increasing nn > 0 can lead to better cardiac output, greater
long-axis contraction, and much-reduced myofibre stress during systole. However, with
larger nn, i.e. nn ≥ 0.4, excessive long-axis contraction occurs and the stress distribution
may be not physiologically correct.

3.7 Summary

This chapter outlined the formulation, implementation, and result of a FE model of the
LV. Patient-specific geometry was utilised, and a rule-based myofibre architecture was em-
ployed in constructing the LV model. The passive response of the myocardium was mod-
elled using the HO model, while the active response was modelled using the time-varying
elastance model. To simulate boundary conditions within a cardiac cycle, a lumped param-
eter system was utilised. The LV model was implemented in ABAQUS, and the explicit
solver was utilised to solve the system. Results, including pressure and volume curves, as
well as stress analysis of a baseline case, were presented in Section 3.4. Additionally, the
impact of different myofibre rotations and myofibre dispersions on cardiac functions was
explored.

This chapter aimed to develop a realistic model of the LV that can be used to simulate
pressures in the LV and aorta as well as the stress distribution in the LV wall. These pieces
of information can next be utilised to interact with the coronary model developed in
Chapter 2. The results obtained from our LV model, as presented in Section 3.4, showed
that the computed LV pressure and aortic pressure fall within the reported ranges for
healthy subjects. Additionally, the ejection fraction of the LV agreed with published data.
Furthermore, in the stress analysis sections, we compared the myofibre stress distribution
with that reported in other studies. It was observed that stress along the myofibre direction
is dominant.
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Effects of the myofibre rotation and myofibre dispersion on cardiac functions of the
LV were further investigated. Both myofibre rotation and myofibre dispersion can affect
significantly cardiac pump functions by redistributing the active tension circumferentially
and longitudinally. For example, a myofibre structure with a larger total rotation angle,
i.e. case rot-140, yielded greater EF and longitudinal contraction, but less apex twist
angle. For the myofibre rotation, we found that a myofibre rotation angle within a range
of 120◦ ∼ 140◦ achieved a more physiologically accurate pump function. For the myofibre
dispersion, we found that increasing nn > 0 can yield better cardiac output, greater long-
axis contraction, and much-reduced myofibre stress during systole. However, when larger
nn was utilised, i.e. nn ≥ 0.4, the excessive long-axis contraction was observed and the
resulting stress distribution may not be physiologically accurate.

There are several limitations of the LV model developed in this chapter. Firstly, a
lumped parameter model was used to represent the systemic circulation, which provides
physiologically accurate LV pressure boundary conditions. However, the lumped parame-
ter model can further be replaced by a more sophisticated lumped parameter model or 1D
model to account for fluid-structure interactions. Secondly, we assumed that all myocytes
contract simultaneously. Although this assumption may be valid for healthy hearts, it is
not able to investigate the interactions between electrical and mechanical activities of the
heart and fails to account for the variations in conduction velocities that are often present
in diseased hearts (Göktepe and Kuhl, 2010; Verzicco, 2022). To address this issue, an
electromechanical model can be employed, but such a model would significantly increase
the complexity of the modelling process, including the incorporation of the Purkinje fibre
network and the challenge of parameter calibration. Thirdly, the development of more ad-
vanced constitutive law for the myocardium is a key area of focus. For instance, anisotropic
poroelastic response in the large strain regime remains a relatively under-explored area in
the field of biomedical engineering applications (Lee et al., 2016). Lastly, we assumed that
the LV epicardial surface is free to move. However, this simplified boundary condition
does not represent the complex physiological conditions of the heart, particularly in the
context of the pericardium’s presence. Recently, Pfaller et al. (2019) have demonstrated
that using a parallel spring and dashpot acting in the normal direction to the epicardium
as pericardium boundary conditions can result in more realistic simulations of cardiac
mechanics.



Chapter 4

One-way coupling of the coronary
flow model and left ventricle model

There has been a growing focus in recent years on incorporating multiphysical modelling
into the study of the complete cardiac processes and functions, including blood flow, my-
ocardial contraction, and electrophysiology. This has resulted in the creation of fully
integrated electro-mechano-fluidic heart models that incorporate highly detailed mechan-
ical models of the heart, models of blood flow, and the relationship between the ventricles
and the coronary flow (Hunter and Smaill, 1988; Wang et al., 2013; Baillargeon et al., 2014;
Quarteroni et al., 2017; Sack et al., 2018; Gray and Pathmanathan, 2018; Niederer et al.,
2019). These models are being increasingly personalised to the individual patient, pro-
viding a more comprehensive understanding of the interactions between various physical
processes within the heart.

In this chapter, a one-way coupling framework between the coronary flow model
and the left ventricle (LV) model is developed. The coronary flow model, introduced
in Chapter 2, depends on the time-varying elastance model for generating its boundary
conditions, namely the aortic pressure and the intramyocardial pressure (IMP), which was
assumed to be homogeneous in three regions. With the implementation of the LV model
developed in Chapter 3, more physiologically accurate aortic pressure and IMP can be
substituted, allowing for the one-way coupling between the two models to be established.
The possibility of a two-way coupling, allowing for feedback from the coronary flow model
to the LV model, will be briefly explored in Chapter 6.

To achieve the one-way coupling, the LV model needs to be fine-tuned to provide
physiologically accurate aortic pressure and IMP. Although obtaining the aortic pressure
is straightforward as the LV model includes a lumped parameter system representing
the systemic circulation, determining the IMP calculation requires further examination.
Additionally, the general locations of the coronary arteries within the myocardium are in-
vestigated. The goal of the one-way coupling is to examine the feasibility of the interaction

98



CHAPTER 4. ONE-WAY COUPLING 99

between the LV model and the coronary flow model in order to study the resulting flow in
the human coronary circulation. The results of this chapter show that the one-way cou-
pling model produces physiologically correct coronary flow, as evidenced by comparison
with experimental data. This chapter also presents the effects of different IMP on coro-
nary flow. Lastly, this chapter reports myocardial perfusion calculated from the one-way
coupling framework, which is found to be in good agreement with published data.

This chapter is organised into five sections. First, the network of the coronary blood
vessels is reconstructed based on existing literature. Secondly, the effect of IMP and its
calculations in the literature is discussed. Thirdly, simulated coronary flow using two
different globally averaged IMPs is presented, followed by a recommendation regarding
the preferable IMP formula to utilise. Fourthly, 17 segments of the LV wall suggested
by the American Heart Association (AHA) (Cerqueira et al., 2002) and the assignment
of the coronary arteries to the AHA segments are investigated. Simulated coronary flow
results using regionally averaged IMP based on AHA segments are also presented. Finally,
in Section 4.5, myocardial perfusion calculated from the one-way coupling framework is
studied.

4.1 Reconstructed network of coronary vasculature
for the coronary flow model

In Chapter 2, we have described the mathematical basis of the coronary flow model, along
with a comparison of coronary flow outcomes with experimental data using assumed IMP.
Before replacing the assumed IMP with the IMP generated by the LV model, in this
section, we reconstruct the simplified computational network introduced in Chapter 2
(as shown in Fig. 2.1), with a particular focus on incorporating additional blood vessels
into the right coronary artery branch based on data from Duanmu et al. (2019) and the
reconstruction of the venous system based on existing literature. As per the methodology
described in Chapter 2, the coronary vasculature is categorised into three segments: the
epicardial coronary arteries, the epicardial coronary veins, and all other vessels within the
heart wall.

4.1.1 Reconstructed right coronary arteries

As shown in Fig. 2.10, the coronary flow in the right coronary arteries is found to be im-
peded more when compared with published experimental data. To achieve a more realistic
flow in the right coronary branch, we reconstruct elaborate right coronary arteries based
on geometrical data from literature and data from Duanmu et al. (2019). As previously
mentioned in Chapter 2, the network derived from Duanmu et al. (2019) consisted of only
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three blood vessels in the right coronary artery branch: right coronary artery (RCA),
posterolateral ventricular branch (PLA), and posterior descending artery (PDA). How-
ever, the literature typically divides the RCA into proximal, middle, and distal segments
(Douglas et al., 1988; Skowronski et al., 2018; Hirai et al., 2020). For instance,

• In a study conducted by Douglas et al. (1988), a total of 35 participants, including
23 men and 12 women with an average age of 47±18 years, were subjected to ul-
trasonographic examination. Their findings revealed that the proximal RCA had an
average length of approximately 2.7 cm, with an average diameter of 3.1 mm. The
middle RCA had an average length of around 3.6 cm, with an average diameter of
3.1 mm. Lastly, the distal RCA had an average length of approximately 2.9 cm,
with an average diameter of 2.7 mm.

• Skowronski et al. (2018) conducted a study using CT angiography to measure the
diameter of the RCA in 201 subjects (124 women and 77 men) with an average age
of 50 ± 13 years. They found that the diameters of the proximal, middle, and distal
RCA for women were 3.9 mm, 3.4 mm, and 3.2 mm, respectively, while for men, the
diameters were 4.1 mm, 3.5 mm, and 3.3 mm, respectively.

• Hirai et al. (2020) conducted a study on 50 individuals, including 21 women and
29 men with an average age of 60.5±16.0 years, using contrast-enhanced coronary
artery magnetic resonance angiography. Their result showed that the proximal RCA,
middle RCA, and distal RCA had lengths of 3.6 cm, 3.5 cm, and 3.5 cm, respectively,
with an average diameter of 4.0 mm.

A summary of the length and radius of the segments of the RCA reported in the above
three studies (Douglas et al., 1988; Skowronski et al., 2018; Hirai et al., 2020) is provided
in Table 4.1. Specifically, the length of the whole RCA was measured to be 9.2 cm by
Douglas et al. (1988) and 10.6 cm by Hirai et al. (2020). The average radius of the RCA
was reported as 0.148 cm and 0.200 cm by Douglas et al. (1988) and Hirai et al. (2020),
respectively. In accordance with Duanmu et al. (2019), the RCA’s length, top radius, and
bottom radius were measured to be 10.9 cm, 0.151 cm, and 0.148 cm, respectively. Thus,
the dimensions reported by Duanmu et al. (2019) align with the reported values in the
literature.

Due to the intricate and variable nature of coronary vasculature, and the limited
availability of data, it is challenging to establish a definitive pattern for the length and
radius ratio of the proximal, middle, and distal RCA segments. As a result, one possible
approach is to divide the RCA into three segments of equal length. Alternatively, given
that our study relies on the total RCA length reported by Duanmu et al. (2019), which
is 10.9 cm, closely resembling the value (10.6 cm) from (Hirai et al., 2020), we opted to
maintain the identical proportionality of 36:35:35. Consequently, the RCA is subdivided
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into three segments measuring 3.7 cm, 3.6 cm, and 3.6 cm, respectively. For the radius of
the RCA segments, we assume that the radius decreases by 0.001 cm along each segment
from a top radius of 0.151 cm to a bottom radius of 0.148 cm.

Based on the RCA branches described in (Angelini, 2007; Dowe et al., 2013), we
incorporate additional vessels into our model, including the conus vessel originating from
the middle of the proximal RCA, the RV branch vessel originating from the end of the
proximal RCA, and the acute marginal vessel originating from the end of the middle
RCA. The length of these vessels is assumed to be 3.3 cm, with a top radius of 0.112 cm
and a bottom radius of 0.108 cm, which are the averages of the length and radius of the
corresponding left anterior descending artery (LAD) branches.

Table 4.1: The dimensions (length l and radius r) of the proximal, middle, and distal seg-
ments of the right coronary artery (RCA), as well as those of the left main coronary artery
(LMCA), proximal and middle segments of the left anterior descending artery (LAD), and
proximal and middle segments of the left circumflex artery (LCX), reported in the litera-
ture. NA indicates that data are not available.

Branch l (cm) r (cm) l (cm) r (cm)
Women

r (cm)
Men l (cm) r(cm)

(Douglas et al., 1988) (Skowronski et al., 2018) (Hirai et al., 2020)

Proximal RCA 2.7 0.155 NA 0.195 0.205 3.6 0.200

Middle RCA 3.6 0.155 NA 0.170 0.175 3.5 0.200

Distal RCA 2.9 0.135 NA 0.160 0.165 3.5 0.200

LMCA NA NA NA 0.25 0.27 NA NA

Proximal LAD 4.2 0.245 NA 0.190 0.205 3.7 0.180

Middle LAD 1.9 0.23 NA 0.135 0.145 3.6 0.180

Proximal LCX 1.1 0.19 NA 0.175 0.195 3.5 0.160

Middle LCX NA NA NA 0.165 0.180 3.2 0.160

4.1.2 Reconstructed venous system

The coronary veins play a crucial role in coronary circulation by collecting the blood that
has circulated through the myocardium and returning it to the right atrium. Given the
higher degree of morphological variability displayed by coronary veins compared to arteries
(Ldinghausen, 2012; Saremi and Muresian, 2012; Chen et al., 2014), there is currently a
scarcity of literature and geometric data available on the former. As a result, rather than
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focusing on the dimensions of the coronary veins, we aim to gather more general informa-
tion about their branching patterns and locations. As shown in Fig. 4.1, the coronary veins
are normally divided into two main systems (Ldinghausen, 2012; Saremi and Muresian,
2012) including the greater cardiac venous system (GCVS), which collects approximately
70% of the deoxygenated blood, and the smaller cardiac venous system (SCVS), which is
responsible for the remaining 30%. A detailed volume drainage distribution of the canine
heart was reported by Hammond and Austen (1967), indicating that the coronary sinus
(CS) drained 49%, the right atrium drained 24%, the right ventricle (RV) drained 22%,
and the LV drained 5% of a total coronary flow of 171 ml/min.

The GCVS comprises both CS tributaries and non-CS tributaries. Almost all vessels
of the GCVS empty into the right atrium. The CS tributaries consist mainly of the
CS, great cardiac vein (GCV), left posterior and left marginal veins (PMVs), and small
cardiac vein (SCV), which drain most of the LV wall and part of the RV wall, as illustrated
in Fig. 4.1. The non-CS tributaries are primarily composed of the anterior cardiac veins
(ACVs) and drain most of the RV wall. On the other hand, the SCVS consists of Thebesian
vessels, which are embedded in the subendocardial part of the myocardium of all four
chambers of the heart. The Thebesian vessels provide direct vascular communications
between the coronary arteries and the chambers of the heart, mainly the right atrium and
RV.

Therefore, we consider four veins (GCV, PMVs, SCV, and ACVs) in this study. The
GCV, with a radius of 0.2-0.7 cm, crosses the branches of the LAD and thus collects blood
from the LAD. The PMVs, with radii ranging from 0.05-0.28 cm, drain the posterior
and lateral walls of the LV and usually course superficial to the marginal branch of the
left circumflex artery (LCX). The SCV, with a radius of less than 0.5 cm, drains the
posterolateral wall of the RV into the CS. The ACVs, with radii ranging from 0.025-0.15
cm, drain two-thirds of the RV wall, including the anterior and anterolateral walls.

The CS tributaries are drained by the CS, which is the largest venous vessel in the
posterior of the heart that receives most of the deoxygenated blood from the coronary
veins and empties it into the right atrium. The GCV marks the origin of the CS, and
downstream the PMVs and the SCV drain into the CS. Table 4.2 shows that the average
length of the CS is between 3.5 and 6.3 cm, with an average radius of 0.353 to 0.590 cm
according to the three literature sources (Shah et al., 2012; Mlynarski et al., 2015; Mehra
et al., 2016). From these sources, we obtain an average length of 4.0 cm and an average
radius of 0.478 cm for the CS. Given the parallel course of coronary veins with arteries,
the dimensions of the other coronary veins are equivalent to those of their corresponding
arterial counterparts.
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Figure 4.1: Classification of the venous systems, adapted from Saremi and Muresian
(2012).

Table 4.2: Length (l) and radius (r) of the human coronary sinus (CS) reported in the
literature.

Branch l (cm) r (cm) l (cm) r (cm) l (cm) r (cm)

(Shah et al., 2012) (Mlynarski et al., 2015) (Mehra et al., 2016)

CS 4.5-6.3 0.353 4.0 0.491 3.5 0.590

4.1.3 Reconstructed coronary network

Based on the dimensions of the coronary arteries obtained from (Duanmu et al., 2019), as
well as the branching patterns of the RCA and the coronary venous system presented in
the previous two sections, we reconstruct a more detailed coronary network, as shown in
Fig. 4.2. The LAD and LCX branches in this network are consistent with those in Chapter
2, but additional blood vessels are present in the RCA branch. The newly reconstructed
network also includes four outlets, with the ACVs directly draining into the right atrium.

Dimensions of the blood vessels in this network are summarised in Table 4.3. It should
be noted that the dimensions of the LAD and LCX branches are directly obtained from
Duanmu et al. (2019). Additionally, we compare these dimensions with the dimensions
reported in the literature. For instance, the length of the LAD in our study is 9.6 cm,
within 8.34±1.78 cm reported by Kumar et al. (2018). The radius of the LAD is 0.145 cm,
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Figure 4.2: Diagram of a simplified network of the human coronary vasculature. The
dimensions employed in this representation are derived from CT angiography by Duanmu
et al. (2019), with additional reference to general information provided by Hirai et al.
(2020); Dowe et al. (2013); Saremi and Muresian (2012). The key elements illustrated in
the diagram include LMCA: Left main coronary artery; LAD, LAD1, LAD2, LAD3, and
LAD4: Left anterior descending arteries; LCX, LCX1, LCX2, and LCX3: Left circumflex
arteries; MARG1, MARG2, and MARG3: Marginal arteries; RCA: Right coronary artery;
RCA1, RCA2, and RCA3: Proximal, middle, and distal segments of the right coronary
artery, respectively; RV branch: Right ventricular branch; AM: Acute marginal branch;
PLA: Posterolateral ventricular branch; PDA: Posterior descending artery; CS: Coronary
sinus; GCV: Great cardiac vein; PMVs: Left posterior and left marginal veins; SCV:
Small cardiac vein; ACVs: Anterior cardiac veins. The epicardial coronary arteries are
highlighted in red, while the epicardial coronary veins are depicted in blue. Additionally,
the diagram shows the structured trees representing the intramyocardial blood vessels.

which is 19% smaller than 0.180±0.050 cm reported by Dodge Jr et al. (1992). The length
of the LCX is 5.7 cm, which agrees with 4.46±1.79 cm reported by Kumar et al. (2018).
The radius of LCX is 0.132 cm, which is 22% smaller than 0.170±0.050 cm reported by
Dodge Jr et al. (1992).

Furthermore, we compare our reconstructed human coronary network with a porcine
network created by Jay Mackenzie in our group, which is based on data from Kassab’s
study (Kassab et al., 1993). Table 4.4 summarises the dimensions of the blood vessels
from both sources. Our reconstructed human network looks more realistic compared to
Mackenzie’s network. This is because, in Kassab’s study, all porcine coronary vessels were
classified into 1-11 orders, and therefore, vessels of the same order have the same length
and radius. For instance, the large coronary vessels are categorised into orders 10 and
11. As a result, the proximal, middle, and distal RCA all have the same length. The
same holds for the blood vessels in the LCX branches. Additionally, it can be found that
Mackenzie’s network has incomplete LAD branches, which can be completed in a similar
way to the LCX branches.

Moreover, Kassab et al. (1993) measured coronary dimensions from 3-4 month-old
porcine hearts rather than adult porcine hearts, which may be the reason why the length
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of the porcine vessels is smaller than that of the human vessels, as shown in Table 4.4.
However, the radius of the porcine vessels is comparable to that of the human vessels.
For example, our reconstructed network shows that the middle RCA has a top radius of
0.150 cm and a bottom radius of 0.149 cm, whereas Mackenzie’s network shows that the
middle RCA has a top radius of 0.160 cm and a bottom radius of 0.150 cm. Similarly, our
network indicates that the LMCA has a top radius of 0.188 cm and a bottom radius of
0.179 cm, while Mackenzie’s network shows that the LMCA has a top radius of 0.190 cm
and a bottom radius of 0.180 cm.

4.2 Intramyocardial pressure (IMP)

In this section, we will first discuss the impact of IMP on coronary blood flow. Subse-
quently, we will provide an overview of the existing literature on the experiments and
calculation of IMP.

As outlined in Chapter 2, the structured-tree coronary flow model involves the division
of the coronary blood vessels into two main components: the epicardial blood vessels,
consisting of both the epicardial arteries and veins, which are situated on the surface of
the heart; and the intramyocardial blood vessels, which are located within the heart wall
and include arterioles, capillaries, and venules. The primary mechanism of interaction
between the myocardium and the coronary flow occurs through the intramyocardial blood
vessels.

Specifically, according to the tube law given by Eq. (2.34), the cross-sectional areas of
the intramyocardial blood vessels are influenced by the transmural pressure (the difference
between blood pressure and the IMP). The blood pressure refers to the pressure inside the
blood vessels, while the IMP is the pressure exerted by the surrounding myocardial tissue
on the outer surfaces of the intramyocardial blood vessels. During each heartbeat, the IMP
fluctuates, resulting in corresponding changes in the cross-sectional areas of the coronary
blood vessels. In particular, during systole, the IMP increases, causing the intramyocardial
blood vessels to constrict, reducing the volume of the vascular bed. The reduction in
volume forces the blood into both the arterial and venous coronary blood vessels. As a
result, despite the high aortic pressure during systole, the flows in the left coronary arteries
are impeded or even reversed in healthy individuals (Gregg and Green, 1940; Goodwill
et al., 2011), while the corresponding venous outflows increase. Consequently, the blood
pressure gradient from upstream to downstream (the driving force of the coronary flow)
is not the sole determinant of coronary blood flow; the IMP also plays a crucial role in
determining the dynamics of coronary blood flow. An increase in IMP counteracts the
driving force and inhibits the coronary flow (Porter, 1898; Krams et al., 1989; Goodwill
et al., 2011).



CHAPTER 4. ONE-WAY COUPLING 106

The impact of the IMP on coronary blood flow was first described through the ‘vas-
cular waterfall’ phenomenon by Downey and Kirk (1974). This phenomenon is illustrated
by an abrupt pressure drop at the outflow regions of a tube with a collapsed segment at
its end. Downey and Kirk (1974) proposed that the coronary flow is dependent on the
difference between arterial pressure and tissue pressure (IMP), which was supported by
their experimental study of the transmural distribution of left coronary blood flow across
the canine heart wall during systole. They found a gradient of systolic blood flow from
the epicardium to the endocardium. In further support of their hypothesis, Downey and
Kirk (1975) tested the pressure-flow characteristics in coronary circulation by designing
a lumped parameter model consisting of numerous parallel channels, with an IMP that
varies from zero at the epicardium to peak left ventricular pressure at the endocardium.
They also conducted experiments on mongrel dogs to measure the pressure and flow of a
branch of the left coronary artery. Their model produced results similar to the experimen-
tal results, supporting the assumption that the formation of vascular waterfalls impedes
systolic coronary flow. Additionally, they concluded that the IMP does not significantly
exceed peak ventricular pressure.

Experiments have been conducted to measure the IMP in various animal hearts such
as dogs and cats (Brandi and McGregor, 1969; Hamlin et al., 1982; Heineman and Grayson,
1985). Kirk and Honig (1964) measured the IMP in open-chest anesthetised dogs using
No. 26 curved needles and found a transmural gradient of the IMP from the epicardium
to the endocardium, with the peak IMP being twice the peak LV pressure recorded in
the inner half of the wall. Nematzadeh et al. (1984) employed four different methods
to measure the IMP in anesthetised dogs. In their experiments, collapsible tubes passing
through the LV wall by utilising a surgical suture or needle placed at a specific depth within
the LV wall were used to detect IMP. A linear gradient of the IMP from the epicardium
to the endocardium was demonstrated, although the estimated magnitude of the gradient
varied based on the technique used. A normalised factor (the slope of the regression line
relating the IMP to LVP) was used to show the transmural gradient of the IMP. The
magnitude of the gradient was 1.13, 1.21, 0.99, and 0.85 for the four different techniques.
It should be noted that these gradients were much higher than the values estimated in
other studies (Salisbury et al., 1962; Pifarre, 1968), while the peak systolic IMP did not
exceed the LV ventricular pressure measured by Heineman and Grayson (Heineman and
Grayson, 1985). The discrepancy can be explained by the differences in the size and
material properties of their equipment, physical manipulation of the LV wall during the
experiment, and techniques of data analysis. They concluded that IMP measured by
needles was less invasive and more reliable, in which IMP exceeded the LV ventricular
pressure (LVP) by about 8 % in the subendocardial layer. Mihailescu and Abel (1994)
measured IMP in working and non-working isolated cat hearts. Glass micropipettes with



a diameter of 20-24 µm were placed inside the LV wall to measure the IMP. The systolic
transmural IMP gradient was also reported in their research. In the working cat hearts,
IMP exceeded LVP by 11-18 % in the endocardial layer. The mean systolic IMP to LVP
radio in the epicardial layer was about 0.36-0.39.
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Table 4.3: Dimensions of the reconstructed network of the human coronary vasculature
using experimental data from Duanmu et al. (2019) and information from relevant litera-
ture.

Branch Length
(cm)

Top
radius
(cm)

Bottom
radius
(cm)

Justification and comparison
with existing research

Proximal RCA 3.7 0.151 0.150
The ratio between these three

branches follows that from
(Hirai et al., 2020);

Middle RCA 3.6 0.150 0.149
Length of RCA is 10.9 cm

which is within 10.6±0.7 cm
(Hirai et al., 2020);

Distal RCA 3.6 0.149 0.148
Radius of RCA is 0.150 cm

which is within 0.17±0.035 cm
(Skowronski et al., 2018).

Conus 3.3 0.112 0.108 Given the lack of data, it is
assumed that these three blood

vessels have an average length and
radius comparable to that of the

LAD branches.

RV branch 3.3 0.112 0.108

AM 3.3 0.112 0.108

PLA 4.2 0.128 0.125 The lengths and radii of these
blood vessels were directly

obtained from data provided by
Duanmu et al. (2019);

PDA 3.7 0.108 0.105

LMCA 3.2 0.188 0.179

LAD 2.7 0.151 0.145 The length of the LAD
(LAD+LAD2) is 9.6 cm which is

within 8.34±1.78 cm
(Kumar et al., 2018);

The radius of the LAD
is 0.145 cm which is

smaller than 0.180±0.050 cm
(Dodge Jr et al., 1992);

LAD1 2.9 0.146 0.145

LAD2 6.9 0.138 0.106

LAD3 4.7 0.103 0.103

LAD4 2.2 0.088 0.077

LCX 2.1 0.148 0.147

The length of the LCX
(LCX+LCX1+LCX2) is 5.7 cm
which is within 4.46±1.79 cm

(Kumar et al., 2018);
The radius of the LCX

is 0.132 cm which is
smaller than 0.170±0.050 cm

(Dodge Jr et al., 1992).

LCX1 1.6 0.132 0.129

LCX2 2.0 0.115 0.114

MARG1 3.5 0.116 0.108

MARG2 3.0 0.098 0.096

MARG3 3.7 0.102 0.100

LCX3 3.9 0.102 0.099
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Table 4.4: Comparison of dimensions of human coronary arteries and porcine coronary
arteries. The left ones are human coronary arteries, based on data from Duanmu et al.
(2019), whereas the right ones are porcine coronary arteries, constructed from data by
Kassab et al. (1993).

Branch Length
(cm)

Top
radius
(cm)

Bottom
radius
(cm)

Length
(cm)

Top
radius
(cm)

Bottom
radius
(cm)

Proximal RCA 3.7 0.151 0.150 2.1 0.170 0.160

Middle RCA 3.6 0.150 0.149 2.1 0.160 0.150

Distal RCA 3.6 0.149 0.148 2.1 0.150 0.140

Conus 3.3 0.112 0.108 1.6 0.070 0.070

RV branch 3.3 0.112 0.108 1.6 0.070 0.070

Acute marginal 3.3 0.112 0.108 1.6 0.070 0.070

PLA 4.2 0.128 0.125 1.6 0.070 0.070

PDA 3.7 0.108 0.105 1.6 0.070 0.070

LMCA 3.2 0.188 0.179 1.2 0.190 0.180

LAD 2.7 0.151 0.145 5.0 0.140 0.110

LAD1 2.9 0.146 0.145 NA NA NA

LAD2 6.9 0.138 0.106 NA NA NA

LAD3 4.7 0.103 0.103 NA NA NA

LAD4 2.2 0.088 0.077 NA NA NA

LCX 2.1 0.148 0.147 1.2 0.180 0.160

LCX1 1.6 0.132 0.129 1.2 0.160 0.140

LCX2 2.0 0.115 0.114 1.2 0.140 0.130

LCX3 3.9 0.102 0.099 1.6 0.070 0.070

MARG1 3.5 0.116 0.108 1.6 0.070 0.070

MARG2 3.0 0.098 0.096 1.6 0.070 0.070

MARG3 3.7 0.102 0.100 1.6 0.070 0.070
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Arts and Reneman (1977) analysed the role of the IMP through the use of computa-
tional models consisting of two different materials. In their models, the LV was represented
as a thick-walled cylinder composed of eight concentric cylinders of muscle material, along
with a force-length-time relation and a depolarization pattern. One of the models was
based on isotropic muscle material, while the other model was based on anisotropic mus-
cle material. The cylindrical geometry used to represent the LV resulted in the calculation
of the IMP using the radial component of Cauchy stress. The IMP at the endo-layer was
found to be equal to the LV pressure and zero at the epi-layer, leading to a negative IMP
gradient from the subendocardial layers to the subendocardial layers. Furthermore, the
systolic IMP in the subendocardial layer was found to be equal to the LV pressure, indi-
cating that the systolic IMP never exceeded the LV pressure. The authors also evaluated
the reliability of the existing methods for measuring the IMP. They concluded that the
measurements of the IMP at that time were not reliable, as the IMP measured directly
or indirectly from a fluid-filled cavity surrounding the tissue was dependent on the shape
and position of the fluid-filled cavity, leading to errors. The details of this study can be
found in (Arts, 1978).

Spaan et al. (1981) utilised the lumped parameter model introduced by Arts (1978)
to analyse their experimental data on coronary flow obtained from 5 mongrel dogs. They
found that the normal forward systolic coronary flow included a significant reverse flow
caused by the contraction of the heart. In other words, they proposed that the myocardium
should be considered as a pump during systole that actively pumps coronary blood in
both a backward direction towards the arterial side and a forward direction towards the
venous side. This conclusion explained the low coronary flow rates and even negative flow
during systole observed in their experimental results, which could not be explained by the
‘vascular waterfall’ model (Downey and Kirk, 1974, 1975).

A summary of experimental IMP in literature can be found in Table 4.5. Despite ad-
vancements in the measurement technique, the accurate spatial and temporal distribution
of the IMP from cardiac tissue remains elusive due to the complexities of cardiac motion,
the potential for uncontrolled distortion of the tissue microstructure by the pipette tip,
and the heterogeneous nature of the pressure in various microcompartments (Westerhof
et al., 2006; Algranati et al., 2010; Fan et al., 2021). As a result, while various methods
have been developed for calculating the IMP in recent modelling studies (Smith et al.,
2005; Fan et al., 2021; Algranati et al., 2010; Munneke et al.), most of these models only
validate their flow rate results against experimental data, not the IMP itself.

4.2.1 IMP determined through lumped-parameter models

Due to the challenges associated with obtaining accurate experimental measurements of
the IMP (Algranati et al., 2010), lumped-parameter models were initially utilised to esti-
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mate the IMP based on cardiac outputs. The most basic method of estimating the IMP
is using the LV cavity pressure, under the assumption that the IMP equates to the LV
pressure at the endocardium and decreases linearly to the environmental pressure at the
epicardium (Downey and Kirk, 1975; Arts and Reneman, 1977, 1985). This results in the
average IMP across the entire LV wall being equal to half of the LV ventricular pressure.
However, it has been acknowledged that relying solely on the LV pressure is insufficient for
predicting the IMP, leading to the development of models that take microstructural prop-
erties into account for a more accurate calculation of the IMP. For instance, the varying
elastance model (Suga et al., 1973; Vis et al., 1997a, 1995, 1997b) considers the cardiac
muscle’s stiffness as the primary factor affecting coronary flow, while the muscle shorten-
ing and thickening model (Willemsen et al., 2001) takes into account the effect of diameter
changes in the muscle on the vasculature volume. Algranati et al. (2010) conducted an
investigation of combinations of the aforementioned IMP models. They considered seven
experimental observations, including transmural perfusion, total flow impediment, and
velocity waveforms, among others, to evaluate the results of five combinations of the Ven-
tricular Cavity-Induced Extracellular Pressure (CEP), Time-Varying Elasticity-Induced
Pressure (VE), and Muscle Shortening-Induced Intracellular Pressure (SIP). They showed
that none of CEP, VE, and SIP alone could produce results that were consistent with
the majority of the measurements. The comparison was made using experimental data
of blood flow velocities in subendocardial and subepicardial coronary arterioles of in vivo
beating canine hearts (Toyota et al., 2005). Recently, Fan et al. (2020) adopted a combi-
nation of the three models to compute the IMP, which is further imposed on branches of
the LAD and LCX, i.e.

IMP = IMPCEP + IMPVE + IMPSIP, (4.1)

in which
IMPCEP = αPLV, IMPVE = βEese, IMPSIP = γ(1−λf), (4.2)

where α = 0.8, β = 5 and γ = 20 are prescribed parameters to produce physiological flow
results that agree with published data, PLV is the LV cavity pressure, Ees is the maximal
chamber elastance, e is a time-varying elastance function, and λf is the myocardial stretch.
The baseline value of γ is 14 mmHg per shortening, implying a systolic extravascular
pressure of 14 mmHg in the intact tissue (Algranati et al., 2010). In their simulation,
the peak IMP is about 90 mmHg while the peak pressure of the LV cavity is 120 mmHg.
Instead of considering three terms in Eq. (4.1), Munneke et al. (2022) used only the first
two terms to calculate the IMP, i.e.

IMP = IMPCEP + IMPVE, (4.3)
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in which
IMPCEP = (rP1 +(1− r)P2), and IMPVE = γσf, (4.4)

where P1 is the LV pressure, P2 is the pressure on the epicardium, r = 1/6,3/6,5/6 is
the radial positions of three layers (subepi-layer, mid-layer, and subendo-layer) of the
myocardial wall, and γ = 0.06 is a prescribed scaling parameter. For the mid-layer, the
peak IMP imposed on the RCA branch is 58 mmHg, on the LAD branch is 81 mmHg, and
on the LCX branch is 79 mmHg.

4.2.2 IMP determined by the Cauchy stress

As an alternative to utilising lumped-parameter models to estimate the IMP, Smith et al.
(2005) calculated the IMP by

IMP = 1
2(σss +σnn), (4.5)

where σss and σnn are the force per unit area acting on a surface with the unit vectors
of the sheet direction and sheet-normal direction, respectively. This formula requires the
assumption that the coronary capillaries are aligned parallel to the myofibres, which was
suggested by May-Newman et al. (1994). In their study, Smith et al. (2005) coupled a
coronary flow model that consisted of the first six generations of a coronary arterial tree
with a biventricular heart model, with the aim of analysing the distribution of metabolic
work of the myofibres and the resultant coronary blood flow. However, the values for the
IMP were not included in their results.

As shown in the last section, some lumped-parameter models (Willemsen et al., 2001;
Algranati et al., 2010) suggested that the shortening of the myocyte affects the IMP. In
conjunction with Eq. (4.5), Namani et al. (2020) recently calculated the IMP by

IMP = 1
2(σss +σnn)+α(1−λf), (4.6)

where α is set to be 0.14 mmHg per percent shortening, and λf is the myofibre stretch.
In their study, anatomically realistic subtrees of the LCX, each made up of 8,634 vessels,
were utilised to model the regional coronary flow. These subtrees were then integrated
into a coupled model that consisted of lumped models of the systemic circulation and an
LV model. Detailed IMP curves in the basal, middle, and apical regions can be found in
their work.

In fact, the hydrostatic pressure that enforces the incompressibility of the myocardium,
i.e. the Lagrange multiplier in Eq. (3.45) (Griffith and Patankar, 2020), can also be em-
ployed to calculate the IMP, which is

IMP = 1
3trace(σ) = 1

3(σff +σss +σnn), (4.7)
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where σ is the Cauchy stress, σff, σss and σnn are the Cauchy stress components in the my-
ofibre, sheet, and sheet-normal direction, respectively. The three IMP formulas mentioned
above have been tabulated for easy reference in Table 4.6.

Table 4.6: Intramyocardial pressure (IMP) determined by the Cauchy stress in the literature.

Method and reference IMP formula Assumption

Method 1
(Smith et al., 2005) IMP = 1

2(σss +σnn)

Intramyocardial blood
vessels are oriented
parallel to the
myofibres;

Method 2
(Namani et al., 2020) IMP = 1

2(σss +σnn)+α(1−λf)

Based on the method 1
and considering the
effect of the shortening
of the myocyte;

Method 3
(Griffith and Patankar, 2020) IMP = 1

3(σff +σss +σnn) Hydro-static pressure.

σ is the Cauchy stress tensor, and σff,σss,σnn are the stresses in the myofibre, sheet, and
sheet-normal direction, respectively. α is a scaling factor and λf is the myofibre stretch.

4.2.3 Comparison between two IMP formulas

In this section, a comparison is made between two formulas for calculating the IMP in a
single cardiac cycle, utilising the LV model established in Chapter 3. The IMP calculated
by Eq. (4.5) is denoted as IMP1, while the IMP calculated by Eq. (4.6) is denoted as
IMP2, and the IMP calculated by Eq. (4.7) is denoted as IMP3. Since the value of the
IMP2 is within that of IMP1 and IMP3, we omit results of IMP2. Following the method
to calculate the volumetric-averaged myofibre stress in the entire LV wall, we calculate
the volumetric-averaged IMP by

IMPk =
∑n

i=1(IMPk
i )V i∑n

i=1V
i

, k = 1,2,3, (4.8)

where IMPk
i is the IMP at the centroid of ith element which can be calculated by IMP1,

IMP2, or IMP3, respectively, V i is the volume of ith element, n is the total number of
elements occupied by the LV wall.

Fig. 4.3 (a) shows the average IMP1 over the entire LV wall during one cardiac cycle.
At 0.48 s, the maximum IMP1 of 15.0 mmHg is attained, while the minimum IMP1 of
-8.0 mmHg occurs at 0.36 s. It is worth noting that negative IMP1 values are observed
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from late diastole to early systole, as also reported by (Namani et al., 2020). An average
IMP3 over the entire LV wall during one cardiac cycle is shown in Fig. 4.3 (b). The peak
IMP3 is observed at 0.42 s and has a value of 87.8 mmHg, which is in good agreement with
the maximum value of 90.2 mmHg reported by Fan et al. (2020). Due to the predominance
of stress in the myofibre direction (σff) during systole, as opposed to the stresses in the
other two directions, σss and σnn, as shown before in Fig. 3.7, the IMP calculated using
Eq. (4.7) during systole is much larger than that obtained using Eq. (4.5). The maximum
IMP3 is 485.3% higher than that of IMP1.

(a) (b)

Figure 4.3: The average IMP1 (a) and average IMP3 (b) over the entire left ventricle wall
during one cardiac cycle, with the systolic phase occurring between the two vertical dashed
lines at 0.30 s and 0.52 s.

4.3 Coronary flow simulations using different IMP

In this section, the coronary flow model developed in Chapter 2 is employed to simulate
coronary flow with different IMP calculated from the LV model as shown in Fig. 4.3. The
coronary network is shown in Fig. 4.2. The simulated inlet pressure is obtained from the
LV model, as described in Chapter 3 and displayed in Fig. 3.6 (a). The outlet pressure is
set at 3 mmHg, which is typically the mean right atrial pressure ranging between 0 and
5 mmHg.

4.3.1 Simulated coronary flow without imposing IMP

When no IMP is imposed, the resulting simulated pressures and flow rates at the terminal
arteries (LAD1, LAD3, LAD4, MARG1, MARG2, MARG3, LCX3, Conus, RV branch,
AM, PLA, and PDA) are illustrated in Fig. 4.4. In the absence of any imposed IMP, the
pressure difference between the inlet pressure from the aortic root and the outlet pressure
at the venous side drives the coronary flow. As shown in Fig. 4.4 (a, c, e), all pressures
have the same trend as the aortic pressure. However, pressure drops occur along the LAD,
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LCX, and RCA branches. In contrast to clinical observations and published results which
suggest reduced or even reversed flow in the coronary arteries during systole (Mynard
et al., 2014; Goodwill et al., 2011; Duanmu et al., 2019), as shown in Fig. 4.4 (b, d, f), the
simulated peak flow rates of the terminal arteries are observed in systole. These results
highlight the importance of imposing IMP.

4.3.2 Simulated coronary flow using globally averaged IMP1

In the subsequent two sections, we will identify the suitable formula for further analyses
based on the simulated coronary flow outcomes when provided with two different IMPs
(IMP1 and IMP3). In our past simulations, we also used IMP2 to simulate coronary flow.
However, it is important to note that the results of using IMP2 were not representative,
as the IMP values obtained using IMP2 fell within the range of IMP1 and IMP3.

At first, the calculated IMP1 from the LV model for blood vessels perfusing the LV
wall is shown in Fig. 4.3 (a). IMP1 in the RV wall is assumed to be one-third of that in the
LV wall, as the IMP in the RV wall is not available. Applying this IMP to the coronary
model, we obtain the flow rates and pressures of all blood vessels. Here, we present a
comparison of the pressures and flow rates in the LCX, LAD, and RCA with previously
published results (Duanmu et al., 2019; Mynard et al., 2014; Fan et al., 2020), as shown
in Fig. 4.5.

As shown in Fig. 4.5 (a,c,e), simulated pressures of LCX, LAD, and RCA using glob-
ally averaged IMP1 exhibit a trend similar to experimental human data from Duanmu
et al. (2019), with both the simulated and experimental pressures reaching their maxi-
mum values during systole. The simulated LCX pressure ranges from 75.8 mmHg to 114.8
mmHg, whereas the experimental LCX pressure ranges from 59.6 mmHg to 105.3 mmHg.
Similarly, the simulated LAD pressure is from 75.7 mmHg to 114.8 mmHg, while the ex-
perimental LAD pressure is from 67.3 mmHg to 118.2 mmHg. It is noteworthy that the
simulated LAD pressure and LCX pressure are very close to each other. The simulated
RCA pressure is from 64.6 mmHg to 99.0 mmHg, while the experimental RCA pressure is
from 80.3 mmHg to 119.3 mmHg.

However, the flow rates of LCX and LAD using globally averaged IMP1, as shown
in Fig. 4.5 (b,d), are distinct from the flow rates of LCX and LAD reported in (Duanmu
et al., 2019; Mynard et al., 2014; Fan et al., 2020). The simulated LCX and LAD flow
rates are dominant during systole which contradicts clinical observations and experimental
data where these flow rates are impeded or even reversed during systole. Additionally, a
discrepancy can be observed in the time course of the flow rates: while the simulated LCX
and LAD flow rates increase from 0.0 to 0.37 s, the experimental data shows a decrease
during this period, albeit with some fluctuations. Due to these differences, the IMP1 is
not appropriate to calculate the IMP in terms of our simulated coronary flow result.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.4: Simulated pressures and flow rates of the terminal arteries (LAD1, LAD3,
LAD4, MARG1, MARG2, MARG3, LCX3, Conus, RV branch, Acute Marginal, PLA,
and PDA) without imposing IMP.

As shown in Fig. 4.5 (f), the simulated RCA flow rate exhibits a good agreement with
the experimental RCA flow rate reported in Duanmu et al. (2019), both in terms of their
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values and trend. The peak value appears in systole. This is because the IMP1 yields an
even lower value in the RV wall than in the LV wall, resulting in even less impedance to
flow during systole.

(a) (b)

(c) (d)

(e) (f)

Figure 4.5: Using globally averaged IMP1, simulated pressures and flow rates of LCX,
LAD, and RCA, with a comparison with experimental data from Duanmu et al. (2019);
Mynard et al. (2014); Fan et al. (2020).
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4.3.3 Simulated coronary flow using globally averaged IMP3

The globally averaged IMP3 over the entire LV wall is shown in Fig. 4.3 (b). IMP3 in the
RV wall is assumed to be one-third of that in the LV wall. Applying IMP3 to the coronary
flow model, we obtain the flow rates and pressures of all blood vessels in the coronary
network. Same to the previous section, we present a comparison of the pressures and flow
rates in the LCX, LAD, and RCA with previously published results (Duanmu et al., 2019;
Mynard et al., 2014; Fan et al., 2020), as shown in Fig. 4.6. The simulated pressures of
LCX, LAD, and RCA are comparable with experimental human data from Duanmu et al.
(2019), as shown in Fig. 4.6 (a, c, e). These pressures are also comparable to the simulated
pressures of LCX, LAD, and RCA using globally averaged IMP1. However, the flow rates
of LCX and LAD simulated using the globally averaged IMP3 exhibit a similar trend to
the experimental data obtained by Duanmu et al. (2019); Mynard et al. (2014); Fan et al.
(2020) as shown in Fig. 4.6 (b,d,f). It should be noted that using the globally averaged
IMP1 is not an appropriate method for achieving these results.

Specifically, regarding the LCX pressure shown in Fig. 4.6 (a), our simulated LCX
pressure ranges from 78.9 mmHg to 118.4 mmHg, while the experimental LCX pressure
from Duanmu et al. (2019) ranges from 59.6 mmHg to 105.3 mmHg. As shown in Fig. 4.6 (b),
our simulated LCX flow ranges from -0.49 cm3/s to 0.98 cm3/s. In comparison, the ex-
perimental LCX flow obtained by Duanmu et al. (2019) from a male patient ranges from
0.82 cm3/s to 1.81 cm3/s, while the experimental LCX flow obtained by Mynard et al.
(2014) from 9 newborn lambs ranges from -0.71 cm3/s to 1.90 cm3/s. The experimental
LCX flow obtained by Fan et al. (2020) from 3 domestic swine ranges from -0.39 cm3/s
to 1.35 cm3/s. Notably, the experimental LCX flow reported by Duanmu et al. (2019) is
larger than the other two results.

During the period of 0 - 0.32 s, the simulated LCX flow decreases, which is consistent
with the experimental data from Mynard et al. (2014) and Fan et al. (2020). However, the
experimental data from Duanmu et al. (2019) show a peak during this period, which may
be attributed to the measurement error. The decrease in LCX flow during this period is
attributed to the decrease in aortic pressure. The mean simulated LCX flow during this
period is 1.1 cm3/s, which falls within the range of the mean experimental values of 0.5-
1.6 cm3/s reported by Duanmu et al. (2019); Mynard et al. (2014); Fan et al. (2020). After
0.3 s, the systolic phase begins and the IMP compresses the blood vessels within the heart
wall, leading to the initial minimum value (P1) for all four curves shown in Fig. 4.6 (b).
This happens when the IMP reaches its maximum value. This is consistent with previous
discussions on the impeding effect of IMP, and our simulation results demonstrate this
effect. As the IMP starts to decrease during late systole, the LCX flow rate increases
during 0.41 s - 0.46 s as shown in Fig. 4.6 (b). At around 0.46 s, corresponding to the
occurrence of the maximum aortic pressure, all four curves attain their respective local
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peaks (P2). After the peak P2, the LCX flow gradually decreases along with the decrease
of the aortic pressure. At around 0.5 s, there is a local minimum point (P3) observed
in all four flow rate curves. However, given that the coronary network reconstructed in
our study is less complex than an in vivo network, the experimental data exhibits more
variability than our simulation results, with more fluctuations in flow.

The trend of pressure and flow rate in the LAD is similar to that of the LCX, pri-
marily due to their shared origin from the LMCA and similar morphology. As shown in
Fig. 4.6 (c), our simulated LAD pressure ranges from 78.8 mmHg to 118.4 mmHg, while
the experimental LAD pressure from Duanmu et al. (2019) ranges from 67.3 mmHg to
118.2 mmHg. As shown in Fig. 4.6 (d), our simulated LAD flow ranges from -0.36 cm3/s to
0.75 cm3/s. In comparison, the experimental LAD flow obtained by Duanmu et al. (2019)
from a male patient ranges from 0.56 cm3/s to 1.96 cm3/s, while the experimental LAD
flow obtained by Fan et al. (2020) from swine ranges from -0.47 cm3/s to 1.63 cm3/s. Both
the simulated LAD flow and experimental LAD flow from Fan et al. (2020) exhibit the
three local extremes (P1, P2, and P3), however, these local extremes are not apparent in
the experimental LAD flow from Duanmu et al. (2019).

The pressure and flow rate trends in the RCA are similar to those of the LCX and
LAD. However, it is important to note that the flow rate in the RCA is not impeded to the
same extent as in the LCX and LAD. As shown in Fig. 4.6 (f), the RCA flow rate reaches
its maximum value during systole. This can be attributed to the fact that the magnitude
of the IMP in the RV wall is one-third that of the LV wall.

In summary, the flow simulation results obtained using IMP3 are in good agreement
with the experimental data. Henceforth, the hydro-static pressure, i.e. Eq. (4.7), will be
used to compute the IMP in the LV model for subsequent investigations.

4.4 Coronary flow simulation using AHA regionally
averaged IMP

4.4.1 AHA segments of the left ventricle and assignment of coro-
nary arteries to the AHA segments

Although there is substantial variation in the coronary blood vasculature, it is considered
appropriate to allocate LV regions to specific coronary artery territories. This is mainly
because the majority of myocardial segments receive blood supply from a particular coro-
nary artery (Cerqueira et al., 2002). Recognizing the correlation between coronary artery
territories and myocardial segments is crucial for diagnosing and treating cardiovascular
disease since the segments can be evaluated for wall motion abnormalities, perfusion de-
fects, and viability during imaging studies such as echocardiography, CMR, and nuclear
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6: Using globally averaged IMP3, simulated pressures and flow rates of LCX,
LAD, and RCA, with a comparison with experimental data from Duanmu et al. (2019);
Mynard et al. (2014); Fan et al. (2020). During systole, indicated by the two vertical
dashed lines, three local extremes (P1, P2, and P3) are labeled.

medicine scans.
The AHA (Cerqueira et al., 2002) recommends a 17-segment model for the assessment

of myocardial perfusion and functions. As shown in Fig. 4.7, the 17-segment model divides
the LV wall into three regions: the basal, mid-cavity, and apical regions which occupy 35%,



CHAPTER 4. ONE-WAY COUPLING 122

35%, and 30% of the total LV mass, respectively. The segments are numbered sequentially
from 1 to 17. The basal region includes 1-6 segments, the mid-cavity region includes 7-
12 segments, and the apical region includes 13-17 segments. Each segment is named
according to its anatomical location within the LV wall. For example, the basal segment
of the anterior region is designated the basal anterior segment, which is segment 1. A full
list of the names of all 17 segments can be found in Table 4.7.

Figure 4.7: Anterior, posterior, and polar view of 17 segments of the left ventricle wall
recommended by the American Heart Association (Cerqueira et al., 2002). The segments
are numbered sequentially from 1 to 17.

Table 4.7: Names of the 17 segments of the left ventricle wall as recommended by the
American Heart Association (Cerqueira et al., 2002).

Name Segment number Name Segment number

Basal anterior 1 Mid inferoseptal 9

Basal anteroseptal 2 Mid inferior 10

Basal inferoseptal 3 Mid inferolateral 11

Basal inferior 4 Mid anterolateral 12

Basal inferolateral 5 Apical anterior 13

Basal anterolateral 6 Apical septal 14

Mid anterior 7 Apical inferior 15

Mid anteroseptal 8 Apical lateral 16

Apex 17

Due to morphological variability, the assignment of the coronary arteries to the 17
LV segments should be patient-specific. However, the current standardised assignment of
coronary arteries to specific myocardial segments is based on empirical assumptions. For
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example, according to the guidelines established by Cerqueira et al. (2002), the assignment
of the 17 LV segments to one of the three major coronary arteries, i.e. LAD, LCX, and
RCA, is illustrated in Fig. 4.8. Segments 1, 2, 7, 8, 13, 14, and 17 are typically ascribed to
the LAD branch. In general, 35% of the LV blood supply is provided by the LAD branch,
and this is depended on the length of the LAD (Cerci et al., 2012; Separham et al., 2019).
Segments 5, 6, 11, 12, and 16 are generally attributed to the LCX branch, while segments
3, 4, 9, 10, and 15 are associated with the RCA branch in instances where it is right
dominant.

Figure 4.8: Assignment of the 17 left ventricle segments to the left anterior descending
artery (LAD), left circumflex coronary artery (LCX), and right coronary artery (RCA)
according to (Cerqueira et al., 2002).

The coronary anatomy presents normal variations, one of which is known as cardiac
dominance. Cardiac dominance can be categorised into left dominance, right dominance,
or codominance and is determined by which of the three major arteries gives rise to the
PDA and perfuses the inferior wall, as illustrated in Fig. 4.9. The PDA traverses along
the posterior interventricular sulcus to the apex of the heart. When the PDA arises from
the LCX, it is termed left dominance, while if it originates from the RCA, it is referred
to as right dominance. Codominance is used to describe instances where the PDA arises
from both the LCX and RCA (Das et al., 2010; Sakamoto et al., 2013; Khwansang and
Chentanez, 2018). Approximately 60% of the general population have right dominance
hearts, 25% have codominance hearts, and 15% have left dominant hearts (Vasko et al.,
1961; O’Rouke and Fuster, 2001; Kaimkhani et al., 2005).

Several studies have proposed different correspondences between the 17 LV segments
and the three major coronary arteries, reflecting the normal variability of coronary anatomy
(Cerqueira et al., 2002; Pereztol-Valdés et al., 2005; Ortiz-Pérez et al., 2008; Cerci et al.,
2012; Donato et al., 2012). According to the AHA guidelines (Cerqueira et al., 2002), the
segment with the greatest variability in myocardial blood supply is the apical cap, segment
17, which can be supplied by any of the three major arteries. However, Pereztol-Valdés
et al. (2005) reported that the LAD is the primary vessel perfusing the apex in most of
their patients, which may be related to the three anatomical types of the LAD: type A
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(a) (b)

Figure 4.9: The left (a) and right (b) dominance of the human heart from a posterior
view. Three major coronary arteries are the left anterior descending (LAD), left circumflex
artery (LCX), and right coronary artery (RCA). In the left dominant heart, the posterior
descending artery (PDA) originate from the LCX. In the right dominant heart, the PDA is
a continuation of the RCA. The left ventricle (LV), left atrium (LA), right ventricle (RV),
and right atrium (RA) are labeled, along with the superior vena cava (SVC). The point
at which the plane of the interventricular septum intersects that of the atrioventricular
groove is referred to as curx. The figure is adapted from (Katz, 2010).

(LAD terminating before the apex), type B (LAD reached the apex), and type C (LAD
wrapping around the apex). Type C of the LAD is often found in left-dominant hearts
(Hadi et al., 2018; Separham et al., 2019). The LAD termination point is distal to the
apex in 60-82% of cases (Pereztol-Valdés et al., 2005).

Using single-photon emission computed tomography (SPECT) images, Pereztol-Valdés
et al. (2005) found that segments 1, 2, 7, 8, 13, 14, 16, and 17 corresponded to the LAD,
while segment 6 corresponded to the LCX. Segments 3, 9, and 15 could correspond to
either the LAD or RCA, segments 4, 5, 10, and 11 could correspond to either the RCA or
LCX, and segment 12 could correspond to either the LAD or LCX. Using CMR imaging
in 93 subjects following acute myocardial infarction treated with primary percutaneous
coronary intervention, Ortiz-Pérez et al. (2008) found that the LAD territory was larger
than the 17-segment model proposed by the AHA and thus was most often responsible
for myocardial infarctions involving the mid-anterolateral and all apical segments. They
recommended that the LAD perfuses segments 1, 2, 7, 8, 12, 13, 14, 15, 16, and 17, while
the LCX perfuses segments 5, 6, and 11, and the RCA perfuses segments 3, 4, 9, and 10.
In contrast to the AHA guidelines, their data suggest that the greatest variability occurs
at the apical lateral wall, specifically at segment 16 instead of segment 17, which can be
supplied by any of the three major coronary arteries. A study conducted by Donato et al.
(2012) using multi-detector computed tomography also suggested that the LAD territory
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was larger than the AHA-proposed 17-segment model, with the most specific segments
located at the anterior wall and supplied exclusively by LAD. In addition, they proposed
that no specific segment could be exclusively attributed to RCA or LCX. In some cases,
the LCX can be the most important artery for the blood supply of the inferior wall, even
if the origin of the PDA is from the RCA.

In order to determine the assignment of the terminal branches (LAD1, LAD3, LAD4,
LCX3, MARG1, MARG2, MARG3, PDA) of the three major coronary arteries in the
reconstructed network of coronary blood vessels shown in Fig. 4.2 to the 17 LV segments
shown in Fig. 4.7, spatial information is needed in this study. However, since such informa-
tion is not provided in the data from Duanmu et al. (2019), we first map the branches in
Fig. 4.2 to a coronary artery segmentation model with 19 segments Scanlon et al. (1999);
Wang et al. (2004); Miller et al. (2009); Cerci et al. (2012), as shown in Fig. 4.10 (a). Ac-
cording to the general positions provided by this coronary artery segmentation model, we
assign the terminal branches of our network to the 17 LV segments as follows:

• The LAD1 and LAD4 refer to diagonal branches of the LAD that supply blood
to the anterior and anterolateral walls. Given that the LAD1 is the first diagonal
branch along the LAD, it is assigned to perfuse the basal segments 1 and 2 as well as
the mid-cavity segment 8, whereas the LAD4 is assigned to perfuse the mid-cavity
segment 7;

• The LAD3 is a distal branch that is assigned to perfuse the apical segments 13, 14,
and 17;

• The MARG1, MARG2, and MARG3 are the first, second, and third obtuse marginal
branches of the LCX. They curve toward the posterior surface of the heart, so they
are assigned to perfuse the LV segments 4, 5, 6, 10, 11, 12, 15, and 16 accordingly;

• The LCX3 is the left posterior descending branch and it is the distal branch of the
LCX, so it is responsible for perfusing the apical segment 16;

• The PDA originates from the RCA in the dataset provided by Duanmu et al. (2019)
and it is responsible for blood supply to the posterior one-third of the interventricular
septum. Thus, the PDA perfuses the LV segments 3 and 9.

A diagram showing the assignment of the terminal branches to the 17 LV segments
is depicted in Fig. 4.10 (d). A summary of the assignments is also included in Table 4.8.
This assignment allows us to investigate myocardial perfusion.
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(a) (b)

Figure 4.10: A 19-segment model of coronary arteries (a) proposed by Cerci et al. (2012),
and a diagram (b) of a mapping of coronary arteries to the 17 segments of the left ventricle.

Table 4.8: Assignment of coronary arteries to the left ventricle segments.

Coronary arteries
(Duanmu et al., 2019)

19-segment model of
coronary arteries

(Cerci et al., 2012)

AHA 17-segment
model of the LV

(Cerqueira et al., 2002)

LAD1 First diagonal branch 1, 2, 8

LAD4 Second diagonal branch 7

LAD3 Distal LAD 13, 14, 17

MARG1 First obtuse marginal branch 6, 12

MARG2 Second obtuse marginal branch 5, 11

MARG3 Third obtuse marginal branch 15, 16

LCX3 Left posterior descending branch 4, 10

PDA Posterior descending artery 3, 9

4.4.2 Regionally averaged IMP3 in the 17 AHA segments

In the previous sections, our analysis of simulated coronary flow considered the globally
averaged IMP. In this section, we aim to explore the effects of regionally averaged IMP by
dividing the LV geometry into 17 AHA segments (Cerqueira et al., 2002), as illustrated in
Fig. 4.7. The regionally averaged IMP can be calculated in each segment by substituting
the volume of the corresponding segment into Eq. (4.8). This approach allows us to ex-
amine the impact of IMP at a more localised level and may provide insight into regional
variations in coronary flow.

Regionally averaged IMP3 in 17 AHA segments of the LV are shown in Fig. 4.11. The
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(a) (b)

(c)

Figure 4.11: Intramyocardial pressure (IMP) in the 17 AHA segments of the left ventricle
(Cerqueira et al., 2002), including six basal segments (a), six mid-cavity segments (b), and
five apical segments (c). The IMP3 indicates that the IMP is calculated by Eq. (4.7).

IMP values in all segments exhibit a slow increase from 0 to 0.3 s, followed by a rapid rise
to their maximums during systole, and then gradually decrease to zero at approximately
0.7 s. And then, all the IMP values remain zero until 0.8 s. The maximum IMP3 values
in the 6 basal segments range from 120.1 mmHg in segment 5 to 148.2 mmHg in segment
3, with their peaks occurring approximately at 0.42 s. In the 6 mid-cavity segments,
the maximum IMP3 ranges from 52.8 mmHg in segment 7 to 91.5 mmHg in segment 11,
with their peaks occurring at approximately 0.42 s. Lastly, in the 5 apical segments, the
maximum IMP3 ranges from 25.9 mmHg in segment 17 to 56.8 mmHg in segment 15, with
their peaks occurring at approximately 0.46 s. Therefore, there is a decreasing trend in
regionally averaged IMP3 from basal regions to apical regions. However, there is no specific
pattern observed within each region. The maximum values are observed in segments 3,
11, and 15, while the minimum value appears in segments 5, 7, and 17. It is noteworthy
that the maximum IMP3 values in the apical segments are reached at 0.46 s, whereas in
the other segments, they are reached at 0.42 s.

4.4.3 Simulated coronary flow using regionally averaged IMP3

Based on the assignment of coronary arteries to the 17 AHA segments of the LV presented
in Table 4.8, we can determine the regionally averaged IMPs for the intramyocardial blood
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vessels in regions supplied by the LAD1, LAD4, LAD3, MARG1, MARG2, MARG3,
LCX3, and PDA. These regionally averaged IMPs are illustrated in Fig. 4.12. The peak
values of regionally averaged IMPs in the LV wall vary from 36.4 mmHg in the region
perfused by the LAD3 to 114.9 mmHg in the region perfused by the LCX3. It should be
noted that the globally averaged IMP3 in the LV wall has a peak value of 88.5 mmHg.
Therefore, regionally averaged IMPs in regions perfused by the LCX3, PDA, MARG2,
LAD1, and MARG1 are higher than the globally averaged IMP, while those in regions
perfused by the LAD4, MARG3, and LAD3 are lower. Again, the regionally averaged
IMP for the regions perfused by the PLA (one RCA branch to perfuse the RV wall) is
assumed to be one-third of the globally averaged IMP in the LV wall.

Figure 4.12: Regionally averaged IMPs in regions perfused by the terminal arteries LAD1,
LAD4, LAD3, MARG1, MARG2, MARG3, LCX3, and PDA. It should be noted that
PLA is included here to demonstrate the assumed IMP of the RV wall.

Applying the regionally averaged IMPs to the coronary flow model, we can obtain
the flow rates and pressures of all blood vessels in the reconstructed network. Fig. 4.13
shows a comparison between our simulated pressures and flow rates of LCX, LAD, and
RCA to the experimental results. The results are similar to those obtained by using
globally averaged IMP as discussed in Section 4.3.3. It is noteworthy that the flow in
the left coronary arteries is impeded during systole, whereas this is not the case for the
right coronary arteries. For completeness, the figures are presented here, but since similar
figures have already been explained in Section 4.3.3, they are not elaborated on again.

In order to compare the differences in simulated coronary flow when using globally
averaged IMP and regionally averaged IMP, Fig. 4.14 plots the pressures and flow rates
of LCX, LAD, and RCA for both cases. It is observed that, with the exception of the
flow rate in the LCX and LAD, there are no significant differences between the results
of the two cases. For the flow rates in LCX, during diastole, the LCX flow rate using
regionally averaged IMP is higher than that using globally averaged IMP, but during
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Figure 4.13: Using regionally averaged IMP3, simulated pressures and flow rates of LCX,
LAD, and RCA, with a comparison with experimental data from Duanmu et al. (2019);
Mynard et al. (2014); Fan et al. (2020).

systole, it is lower. However, during both systole and diastole, the flow rate in the LAD
is higher when using regionally averaged IMP compared to globally averaged IMP. The
flow rates in the LAD exhibit the most variation between the two cases. These findings
suggest that the use of globally averaged IMP can produce a satisfactory coronary flow in
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the proximal coronary arteries such as LCX, LAD, and RCA. Additionally, it is observed
that the pressures of the LCX, LAD, and RCA are similar regardless of whether globally
averaged IMP, regionally averaged IMP, or no IMP is applied. However, the flow rates of
these arteries exhibit considerable differences depending on the imposition of IMP.

(a) (b)

(c) (d)

(e) (f)

Figure 4.14: Comparison between the simulated pressures and flow rates of LCX, LAD,
and RCA when using globally averaged IMP and AHA regionally averaged IMP.

While there are minimal differences in the simulated pressures and flow rates of the
LCX, LAD, and RCA between the use of globally averaged IMP and regionally averaged
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IMP, the results of the simulations for the distal coronary arteries, namely the termi-
nal vessels (MARG2, MARG3, LCX3, LAD1, LAD4, LAD3, AM, PLA, and PDA), show
substantial differences, as shown in Fig. 4.15 (a-f). These figures present a relative compar-
ison of the simulated pressures and flow rates of the terminal arteries of the LCX branches
(MARG2, MARG3, and LCX3), the LAD branches (LAD1, LAD4, and LAD3), and the
RCA branches (AM, PLA, and PDA) using both the globally averaged IMP and the AHA
regionally averaged IMP.

The pressures of the three terminal vessels in the LCX branch, namely the MARG2,
MARG3, and LCX3, exhibit little difference during diastole when using either globally or
regionally averaged IMP, as illustrated in Fig. 4.15 (a). However, during systole, the differ-
ence in the IMP affects the pressures of these vessels. For instance, the maximum pressure
of the MARG3 decreases from 117.5 mmHg with globally averaged IMP to 115.2 mmHg
with regionally averaged IMP. Similarly, the difference in the IMP has a major influence
on the flow rates of these vessels in systole other than diastole. As shown in Fig. 4.15 (b),
when globally averaged IMP is used, the flow rates of these three vessels overlap with each
other. However, when regionally averaged IMP is used, their flow rates become distinct.
Specifically, the regionally averaged IMP applied to the structured tree connected to the
MARG3 is the smallest, leading to the least impedance to the flow rate of the MARG3
during systole. In contrast, the regionally averaged IMP applied to the structured tree
connected to the LCX3 is the highest, resulting in the greatest impedance to the flow rate
of the LCX3 during systole.

The impact of the globally averaged and regionally averaged IMP on the pressures
and flow rates of the three terminal vessels in the LAD branches, including the LAD1,
LAD4, and LAD3, is comparable to that observed in the LCX branches. The pressures
and flow rates of these vessels exhibit greater variation during systole than during diastole,
as depicted in Fig. 4.15 (c, d). The reason for the minimal difference in the pressure and
flow rates during diastole between the two cases is that the only variable being changed
is the IMP. During diastole, when the IMPs gradually rise from zero to a relatively low
value, the pressures and flow rates of all vessels are primarily determined by the inlet and
outlet pressures, which are identical in both cases.

The figures shown in Fig. 4.15 (e, f) indicate that the variations in the pressures and
flow rates of the three vessels (AM, PLA, and PDA) in the RCA branches between using
globally and regionally averaged IMP are not as significant as those observed in the LCX
and LAD branches. The flow rates in the AM and PLA demonstrate no significant dif-
ferences, which can be explained by the identical IMPs in the RV wall in the two cases.
On the other hand, the regionally averaged IMP of the region perfused by the PDA is
substantially higher than the globally averaged IMP, and thus, the flow rate in the PDA
is more significantly impeded using the regionally averaged IMP.
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Figure 4.15: Comparison between the simulated pressures and flow rates of the terminal
arteries of the LCX branches (MARG2, MARG3, and LCX3) in (a), the LAD branches
(LAD1, LAD4, and LAD3) in (b), and the RCA branches (AM, PLA, and PDA) in
(c) using both the globally averaged IMP and the AHA regionally averaged IMP. The
abbreviations ‘GA IMP’ and ‘RA IMP’ represent globally and AHA regionally averaged
IMP, respectively.

To summarise, the results of simulating coronary flow using regionally averaged IMP
are comparable to experimental data, with slight differences in pressures and flow rates of



CHAPTER 4. ONE-WAY COUPLING 133

the LCX, LAD, and RCA compared to globally averaged IMP. However, the variation in
IMP from globally to regionally averaged significantly affects the pressures and flow rates
of terminal vessels, especially during systole. During diastole, the differences between the
two IMPs are minor, resulting in overlapping pressures and flow rates of the terminal
vessels in the two cases. Nonetheless, during systole, when IMP increases, the flow is
impeded more, whereas a decrease in IMP results in less impeded flow.

4.5 Myocardial perfusion

As presented in the previous sections, even though the coronary flows in the proximal
arteries such as LCX, LAD, and RCA are identical, the coronary flows in the distal arteries
namely the terminal vessels can be different. To further evaluate the coronary flow, in this
section, we introduce myocardial perfusion. Myocardial perfusion refers to the blood flow
that supplies oxygen and nutrients to the heart. Myocardial perfusion can provide more
accurate and key information for the diagnosis and management of various cardiovascular
diseases. For instance, impaired myocardial perfusion, resulting from various pathological
conditions such as coronary artery disease, can lead to ischemia, which may ultimately
lead to myocardial infarction and heart failure.

Positron emission tomography (PET), computerised tomography (CT), and CMR
are currently being used to assess myocardial perfusion in terms of myocardial blood flow
(MBF, ml/min/g) (Larghat et al., 2013; Brown et al., 2018; Fair et al., 2015; Knott et al.,
2020). PET represents the gold standard for the non-invasive quantification of MBF
and the detection of ischemia. PET has the advantage of being able to provide absolute
quantification of MBF and the ratio of stress to rest MBF, known as the myocardial
perfusion reserve or coronary flow reserve, which is valuable for the prognostic evaluation
of chronic coronary syndromes and cardiomyopathy. PET has been validated against
invasive techniques such as fractional flow reserve (FFR) and the index of microcirculatory
resistance. CMR also offers an alternative to PET for the quantification of MBF. CMR
has several advantages over PET, including a lack of ionizing radiation, higher spatial
resolution, and the added value of providing comprehensive data on left ventricular size,
function, and scar within a single study. The assessment of myocardial perfusion using
CMR has been validated against microspheres, PET, and invasive FFR measurements in
several small-scale studies. However, the wider adoption of quantitative perfusion CMR
has been limited by the need for time-consuming, off-line processing, and poor repeatability
(Larghat et al., 2013; Brown et al., 2018). There is a growing body of research (Fair
et al., 2015; Brown et al., 2018; Knott et al., 2020) aimed at enhancing the efficiency and
reproducibility of CMR, with the ultimate goal of facilitating the integration of CMR-
based perfusion mapping into routine clinical practice.
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Table 4.9 summarises the reported values of MBF in human subjects in the literature.
The reported values of MBF provide valuable information on the normal range of MBF in
healthy subjects at rest and at stress. Specifically, Brown et al. (2018) recruited 42 healthy
subjects (23 female, median age 23 years), and found that the mean global MBF at rest
was 0.64±0.15 ml/g/min and the mean global MBF at stress was 2.55±0.57 ml/g/min.
Kotecha et al. (2019) recruited 54 patients and 15 control subjects, and reported that the
global stress MBF of control subjects was 3.17±0.65 ml/g/min, and the global rest MBF
was 0.78±0.18 ml/g/min. Myocardial regions with obstructive coronary artery disease
had a mean stress MBF of 1.47 ml/g/min and a myocardial perfusion reserve of 1.75.
Knott et al. (2019) recruited 50 patients (7 female, mean age 58.2 years) and 24 healthy
volunteers (12 female, mean age 37.3 years), and found that mean stress MBF in healthy
volunteers was 3.07 ml/g/min and 2.00 ml/g/min in the myocardium of patients with
diameter stenosis (DS) DS<50%. The mean rest MBF was 0.86 ml/g/min for healthy
volunteers and 0.77 ml/g/min for patients with ischemic myocardium.

Table 4.9: Reported myocardial blood flow (MBF) values in the literature for healthy
subjects.

Reference Number of
healthy subjects

MBF (ml/g/min)
at rest

MBF (ml/g/min)
at stress

(Brown et al., 2018) 42 0.64±0.15 2.55±0.57

(Kotecha et al., 2019) 15 0.78±0.18 3.17±0.65

(Knott et al., 2019) 24 0.86 3.07

Figure 4.16: Flow rate at the distal point of the LAD1 during one cardiac cycle.

The coronary flow model proposed in this thesis can be readily applied to assess
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myocardial perfusion. The MBF can be calculated by

MBF =
∫ T
0 qdt
T mmyo

, (4.9)

where q is the coronary flow rate measured at the end (truncation point where it enters
the myocardium) of one terminal artery, T represents the temporal duration of a single
cardiac cycle, and mmyo is the myocardial mass of the regions perfused by the terminal
artery. For instance, the flow rate at the end of the LAD1 during one cardiac cycle is
shown in Fig. 4.16. The integration of the flow rate q over one period is computed to be
0.211 ml. The duration of one cardiac cycle, T , is 0.8 s, which is equivalent to 0.013 min.
The regions perfused by LAD1 comprise AHA segments 1, 2, and 8, as listed in Table 4.8.
The total volume of these three segments is 12.015 ml, with a density of 1.055 g/ml. Thus,
MBF in the regions perfused by LAD1 is

MBFLAD1 = 0.211ml
0.013min×12.015ml×1.055g/ml ≈ 1.281ml/g/min, (4.10)

The simulated myocardial perfusion of the regions perfused by the terminal vessels
(LAD1, LAD4, LAD3, MARG1, MARG2, MARG3, LCX3, PDA, and PLA) using globally
averaged and AHA regionally averaged IMP are shown in Fig. 4.17 (a, b). Moreover,
Fig. 4.18 displays the perfusion maps of the two simulation cases and a healthy volunteer
as reported by Knott et al. (2019), presented in bull’s eye plots. Our coronary flow
model yields perfusion values ranging from 0.676 ml/g/min to 1.377 ml/g/min when using
globally averaged IMP, and from 0.659 ml/g/min to 1.281 ml/g/min when using regionally
averaged IMP. These values are comparable to the reported resting MBF values of a
healthy subject by Knott et al. (2019) of 0.56 ml/g/min to 1.17 ml/g/min. Furthermore,
the mean MBF calculated using globally averaged IMP is 0.981 ml/g/min, and the mean
MBF calculated using regionally averaged IMP is 1.043 ml/g/min, both of them are slightly
higher than the value of 0.78±0.18 ml/g/min reported by Kotecha et al. (2019).

It can be further observed that the perfusion distribution obtained by utilising region-
ally averaged IMP is comparatively more uniform than that achieved by utilising globally
averaged IMP. Finally, it is expected that the myocardial perfusion obtained from our
coronary flow model can be used to inform clinical decisions on the management of car-
diovascular diseases, such as the selection of appropriate revascularization strategies.

4.6 Summary

In this chapter, we have investigated the one-way coupling between the coronary flow
model and the LV model with a focus on obtaining more accurate coronary flow. We
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(a) (b)

Figure 4.17: Simulated myocardial perfusion in the regions perfused by the terminal vessels
LAD1, LAD4, LAD3, MARG1, MARG2, MARG3, LCX3, PDA, and PLA, while using
globally averaged IMP (a) and AHA regionally averaged IMP (b).

(a) (b) (c)

Figure 4.18: Perfusion maps of the left ventricle using two different IMP averaging methods
and measured from a healthy volunteer: Globally averaged IMP (a), regionally averaged
IMP (b), and reported by Knott et al. (2019) (c), all presented in bull’s eye plots.

have improved several aspects of the coronary flow model compared with that in Chapter
2, including the coronary network reconstruction, IMP calculation, and assignment of
the coronary arteries to the segments of the LV wall. Specifically, firstly, the coronary
vasculature network was reconstructed by including additional blood vessels in the RCA
branch, and a detailed description of the venous system was provided. The morphology
and dimensions of the coronary blood vessels were summarised and compared with other
published data. Next, a review of the literature was conducted to gather experimental
data for the IMP, as well as IMP calculation from lumped parameter models and 3D heart
models. We analysed two IMP formulas based on the Cauchy stress calculated from the
LV model and applied them to the coronary flow model. Our simulated results showed
that employing globally averaged hydro-static pressure as the IMP yielded reasonable
coronary flow results. We also compared the simulated flow rates with experimentally
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measured flow rates from humans, lambs, and swines. As a consequence of the heart’s
cyclic contractions, the flow rates in the LAD and LCX were impeded during systole,
leading to the identification of three local extremes in the flow rate profiles of the LAD
and LCX. In general, there is a direct correlation between the IMP and impediment of
coronary flow, with higher IMP leading to greater impeding effects. Thirdly, the influence
of the regionally averaged IMP was examined. The LV wall was partitioned into 17 AHA
segments, and the assignment of the coronary arteries to these segments was presented.
Surprisingly, the simulated pressures and flow rates in the LCX, LAD, and RCA were
found to be nearly identical between the globally averaged IMP and the application of the
regionally averaged IMP. However, notable discrepancies in the pressures and flow rates of
the terminal blood vessels were observed when comparing the results obtained using the
two types of average IMP. Finally, we calculated myocardial perfusion in the AHA regions
in the last section. Both globally and regionally averaged IMP was used, and the results
agreed well with published data. It was found that regionally averaged IMP produced
more uniform myocardial perfusion.

Overall, this chapter provides a thorough investigation of the coronary flow model and
its one-way coupling with the LV model, as well as a detailed examination of the effects of
IMP on coronary blood flow. The coupling of the LV model allows for obtaining a more
precise distribution of the IMP, enabling analysis using globally or regionally averaged
IMP. Compared with the simulated coronary flow using the assumed IMP in Chapter 2, a
more accurate coronary flow is achieved as shown in Fig. 4.6. The calculation of myocardial
perfusion can also aid in evaluating interventions and guiding treatment decisions.

It is necessary to acknowledge the limitations of this chapter. Firstly, the lack of
experimental data for IMP comparison is a common challenge in modelling IMP. To ad-
dress this issue, more precise non-invasive imaging techniques and more efforts to translate
medical information into computational models are required (Niederer et al., 2019). Sec-
ondly, the LV geometry and coronary vasculature used in this chapter were not from the
same individual, although the methodology presented in this chapter can be adjusted to
incorporate diverse heart geometries and coronary vasculature. Thirdly, we did not con-
sider the autoregulation of coronary flow, which ensures that the heart receives adequate
oxygen and nutrients to meet its metabolic demands. Lastly, LV remodelling in diseased
conditions, and variations in preload and afterload under different physiological conditions
can impact coronary flow results and need further investigation.



Chapter 5

A human bi-ventricle model for
modelling pulmonary regurgitation

In the previous chapters, our focus has been on exploring physiological simulations of
coronary flow and myocardial mechanics. In this chapter, our objective is to construct a
bi-ventricle model and demonstrate its capabilities in simulating disease scenarios. This
chapter follows the format of a journal article and has been published. The bi-ventricle
model can be further coupled to the coronary flow model developed in Chapter 2 to
investigate myocardial perfusion under disease cases.

5.1 Introduction

Pulmonary regurgitation (PR) occurs when the pulmonary valve does not function prop-
erly and the blood will flow back to the right ventricle (RV) during diastole. A slight
amount of PR was reported in 40-78% of patients with normal pulmonary valves (Lan-
cellotti et al., 2010). Mild-to-moderate PR is often seen in patients with pulmonary
hypertension (Berger et al., 1985; Mutlak et al., 2009; Topilsky et al., 2012). Severe PR is
a common complication in patients with repaired pulmonary valve (Rebergen et al., 1993;
Bouzas et al., 2005), especially after treatments of tetralogy of Fallot which occurs in some
infants born with congenital heart disease (Shinebourne et al., 2006; Chaturvedi and Red-
ington, 2007; Frigiola et al., 2008). Severe PR leads to RV overload, bi-ventricle dysfunc-
tion, arrhythmias, and associated morbidity and mortality (Gatzoulis et al., 2000; Geva
et al., 2004; Puchalski et al., 2008; Mongeon et al., 2019). Thus, assessment of the sever-
ity of PR is important to clinical decisions and treatments. Cardiac magnetic resonance
(CMR) imaging and Doppler echocardiography are currently the two main techniques to
evaluate PR, given their ability to quantify volumes and flow (Li et al., 2004; Puchalski
et al., 2008; Lancellotti et al., 2010; Mercer-Rosa et al., 2012). However, standards for the
quantification of PR are not well-established and it remains difficult to measure and assess

138
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the impact of PR on cardiac functions due to limitations and challenges in the imaging
techniques (Silversides et al., 2003; Geva et al., 2004; Davlouros et al., 2004; Wald et al.,
2009; Lancellotti et al., 2010; Mercer-Rosa et al., 2012).

There have been a number of computational models for simulating and predicting the
mechanical behaviours of the heart, by virtue of developments in the continuum mechanics
and the finite element method (Walker et al., 2005; Szilágyi et al., 2011; Wang et al., 2013;
Baillargeon et al., 2014; Sack et al., 2018; Guan et al., 2020b). Wang et al. (2013) de-
veloped a finite element human LV model which incorporated the passive material model
proposed by Holzapfel and Ogden (2009) and a rule-based myofibre structure. Baillargeon
et al. (2014) developed a computational model (the living heart project) to simulate the
behaviour of a human heart with all four chambers in a whole cardiac cycle. During sys-
tole, an active stress component is added to the total Cauchy stress by a phenomenological
representation of active contraction (Guccione and McCulloch, 1993; Guccione et al., 1993;
Walker et al., 2005; Göktepe and Kuhl, 2010). In addition, they adopted lumped param-
eter systems to provide a natural coupling of pressures between the four chambers. Their
simulated long-axis shortening and pressure-volume loops agreed well with clinical observa-
tions. Moreover, Sack et al. (2018) constructed and validated subject-specific biventricular
finite element swine heart models in healthy and diseased states. Their simulated stroke
volume, ejection fraction, and strains agreed well with experimental data. Furthermore,
reference stress and strain values at multiple time points in one cardiac cycle were reported
in their study. Using a finite element computational model of the bi-ventricular porcine
heart, Guan et al. (2020b) found that sheet-normal active contraction enhanced the ven-
tricular contraction. They further investigated the effects of myofibre structure, including
myofibre rotation angle and myofibre dispersion, on cardiac passive and active responses
(Guan et al., 2022b,c). Reviews on cardiac modelling can be found in (Quarteroni et al.,
2017; Mangion et al., 2018; Peirlinck et al., 2021).

Recently, Wisneski et al. (2020) employed the four-chamber human heart model de-
veloped by Baillargeon et al. (2014) to investigate the impact of aortic stenosis on myofibre
stress. They adopted closed-loop lumped parameter models coupled to the heart geometry
to simulate the pulmonary and systemic circulatory systems. The degree of aortic stenosis
was achieved by tuning the resistance of the aortic valve. Furthermore, they developed
patient-specific LV models to study the effect of low-flow and low-gradient aortic stenosis
on LV biomechanics (Wisneski et al., 2022), where globally reduced LV stress was observed
compared with stress in the idealised LV geometry. However, to the best knowledge of
the authors, there yet is no application of the finite element computational heart model
to simulations of PR.

To address the need for assessment of the influence of PR on cardiac functions, we
have developed the following finite element model of the human bi-ventricle heart and
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simulated five cases of different degrees of PR severity to analyse the effect of PR on the
bi-ventricle pump functions. This work is built on the previous research on computational
LV heart modelling (Guan et al., 2022c). By incorporating a patient-specific bi-ventricle
geometry and tuning backflow from the main pulmonary artery to the RV, this bi-ventricle
model is constructed to achieve realistic cardiac performance under different degrees of
PR. We validate the model with regard to the ejection fractions of the LV and RV of
the baseline case, and the pressure ranges of the main pulmonary artery and the aorta.
RV dilation in the PR disease cases is compared with reported MRI data. Furthermore,
the long-axis and short-axis views of the LV and RV and the motion of the septum are
compared with the literature. This is the first 3D computational bi-ventricle model to
investigate the effect of PR on cardiac functions and interactions of the RV and LV. Our
model offers promise for predicting and assessing PR pathophysiology.

5.2 Methods

Our three-dimensional bi-ventricle human heart model is shown in Fig. 5.1 (c). This model
includes a patient-specific bi-ventricle geometry, a commonly used myofibre structure, an
up-to-date passive myocardium constitutive law, a modified active tension model for active
contraction, an open-loop lumped parameter model for systemic circulation, and an open-
loop lumped parameter model for the pulmonary circulation.

The subject-specific human bi-ventricle mesh is obtained from the previous studies
(Gao et al., 2017; Guan et al., 2022c) by including both the LV and RV, as shown in
Fig. 5.1 (a). The bi-ventricle mesh consists of 173,974 tetrahedral elements and 35,841
nodes. The layered myofibre architecture (Fig. 5.1 (b)) is generated using a rule-based
method (RBM) (Guan et al., 2020b), and the myofibre rotation angles vary linearly from
−60◦ at the epicardium to 60◦ at the endocardium (Wang et al., 2013).

The LV cavity and the RV cavity are connected to simplified open-loop lumped param-
eter systems representing the systemic circulation and the pulmonary circulation, respec-
tively, as shown in Fig. 5.1 (c). These lumped parameter systems provide physiologically
accurate LV and RV cavity pressures. Such lumped parameter systems correspond to
the two-element Windkessel model (Westerhof et al., 2009). Details of the two lumped
parameter systems can be found in the previous chapters. As shown in Fig. 5.1 (c), there
is an additional valve controlling the one-way leakage from the main pulmonary artery to
the RV. Different PR severity was achieved by tuning the resistance RL

MP. In this study,
five cases are considered:

• RL
MP = 1000MPa · s/m3 for the baseline case;

• RL
MP = 60MPa · s/m3 for the mild case;
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(a) (b)

(c)

Figure 5.1: The human bi-ventricle mesh (a) with 173,974 linear tetrahedral elements and
35,841 nodes, and the rule-based myofibre structure (b) where the myofibre angle varies
from −60◦ at the epicardium to 60◦ at the endocardium. Schematic illustration (c) of
the bi-ventricle model coupled with systemic and pulmonary circulations represented by
lumped parameter models. LV is the left ventricle. Ao is the aorta. SA is the systemic
arteries. SV is the systemic veins. RV is the right ventricle. MP is the main pulmonary
artery. PA is the pulmonary arteries. PV is the pulmonary veins. Pv is the pulmonary
valve and Av is the aortic valve, they are represented by the Diode symbols to indicate the
unidirectional flow. Note that the severity of the pulmonary regurgitation is controlled
by the resistance RL

MP. RMP is the pulmonary valve resistance in healthy condition. RPA
is the resistance of the pulmonary arteries. RPV is a trivial resistance allowing drainage
of the flow in the pulmonary circulation. RAo is the aortic valve resistance. RSA is the
resistance of the systemic arteries. RSV is a trivial resistance allowing drainage of the
flow in the systemic circulation. CAo is the aortic compliance. CSA is the compliance of
the systemic arteries. CMP is the compliance of the main pulmonary artery. CPA is the
compliance of the pulmonary arteries.

• RL
MP = 35MPa · s/m3 for the moderate 1 case;

• RL
MP = 25MPa · s/m3 for the moderate 2 case;

• RL
MP = 15MPa · s/m3 for the severe case.
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5.2.1 Passive constitutive law

The anisotropic hyperelastic material property proposed by Holzapfel and Ogden (so-called
the HO model) (Holzapfel and Ogden, 2009) has been widely used in the computational
cardiology community (?Sack et al., 2018; Guan et al., 2020a; Wisneski et al., 2022). The
invariant-based strain energy function of the HO model can be written as

Ψ = Ψg +Ψaniso, (5.1)

where Ψg is the strain energy of the ground matrix, and Ψaniso accounts for the strain
energy associated with the myofibre direction and the sheet direction as well as their
interactions, specifically,

Ψg = ag
2bg

{exp[bg(I1 −3)]},

Ψaniso = ΨI4f
aniso +ΨI4s

aniso +ΨI8fs
aniso,

(5.2)

where

ΨI4f
aniso = af

2bf
{exp[bf(I4f −1)2]−1}H(I4f −1),

ΨI4s
aniso = as

2bs
{exp[bs(I4s −1)2]−1}H(I4s −1),

ΨI8fs
aniso = afs

2bfs
[exp(bfsI2

8fs)−1],

(5.3)

in which a(g, f, s, fs), b(g, f, s, fs) are constant material parameters, H(·) is the Heaviside step
function to ensure that only stretched fibres can bear the load, e.g., H(I4f − 1) = 1 when
I4f − 1 > 0, otherwise H(I4f − 1) = 0. The invariants I(1, 4f, 4s, 8fs) are calculated by the
right Cauchy-Green tensor C = FTF from the deformation gradient tensor F, i.e.

I1 = trace(C), I4f = f0 · (Cf0), I4s = s0 · (Cs0), I8fs = f0 · (Cs0), (5.4)

where f0, s0, n0 are the unit myofibre direction, the unit sheet direction, and the unit
sheet-normal direction in the reference configuration, respectively.

5.2.2 Active stress model

During myocardial contraction, the active tension (Ta) generated by myocytes is deter-
mined by a well-established time-varying elastance model (Guccione and McCulloch, 1993;
Sack et al., 2018; Wisneski et al., 2020)

Ta(t, l) = Tmax
2

Ca2
0

Ca2
0 +ECa2

50 (l)
(1− cos(ω(t, l))) , (5.5)
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where Tmax is the maximum isometric active tension, Ca0 is the peak intracellular calcium,
t is the time, and the length-dependent calcium sensitivity (ECa50) is given by

ECa50(l) = Ca0max√
eB(l−l0) −1

, (5.6)

in which B and Ca0max are constants, l0 is the minimum sarcomere length to produce
active stress, and l is the deformed sarcomere length

l = lr
√

2Eff +1, (5.7)

where lr is the stress-free sarcomere length, and Eff = 1
2(f0 · (Cf0) − 1) is the Lagrange

strain in the myofibre direction. The time function after onset of contraction in Eq. (5.5)
is

ω(t, l) =



2π t
t0

for 0 ⩽ t ⩽ tIso,

π+ (t−t0)(π−2πtIso/t0)
t0−tIso

for tIso < t ⩽ t0,

π t−t0+tr
tr

for t0 < t ⩽ t0 + tr,

0 for t > t0 + tr,

(5.8)

where tIso = 0.05 s, t0 is the time to peak tension, and tr is the duration of relaxation, i.e.

tr(l) =ml+ b, (5.9)

where m and b are constants. Note that the piecewise time function, ω(t, l), consists of four
pieces of linear functions, instead of three pieces (Walker et al., 2005; Sack et al., 2018;
Guan et al., 2020b). The original three-piece function ω(t, l) is introduced by Tözeren
(Tözeren, 1985) to incorporate the influence of the activating calcium ions on myofibre
contraction. Both the active tensions generated by the two ω(t, l) are comparable with
experimental data from Janssen and de Tombe (1997). However, our modification increases
the ascent rate of the active tension during the isovolumetric contraction phase so that the
isovolumetric contraction time is decreased. Moreover, it can help to prolong the ejection
time if needed.

Finally, the total Cauchy stress is

σ = F
∂Ψ
∂F

+Taf̂ ⊗ f̂ −pI, (5.10)

where f̂ is the unit vector of the myofibre direction in the current configuration, and p is
the Lagrange multiplier to enforce incompressibility. Given this total Cauchy stress, the
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dynamics of the bi-ventricle mesh are governed by

∇·σ = 0, within the bi-ventricle wall domain,

σ ·n = −Pn, on the endocardial surface,

σ ·n = 0, on the epicardial surface,

uθ = 0 and uz = 0, on the LV basal surface,

uz = 0, on the RV basal surface,

(5.11)

where P is the LV or the RV cavity pressure, n is the unit vector normal to the endocardial
or the epicardial surface, uθ and uz are displacement along the θ-axis and the z-axis (the
long axis direction of the heart) of the global cylinder coordinate system, respectively.
The RV wall is thinner and more deformable than the LV wall, thus, different boundary
conditions are imposed on the LV and RV basal planes. Note that the RV wall in this
study refers to the RV-free wall, and the LV wall includes the septum wall and the LV-free
wall.

5.2.3 Implementation

The above bi-ventricle model is solved by the finite element method via ABAQUS 2018
(Dassault Systemes, Johnston RI, USA). The constitutive models are implemented in
ABAQUS through the VUMAT user subroutine. The fluid cavity and fluid exchange
modulus provided by ABAQUS are used to implement the lumped parameter circulatory
systems.

The period of one cardiac cycle is considered to be 0.9 s (67 beats per minute). The
run-time for 5 repeated cardiac cycles is approximately 80 hours on a Linux workstation
with 8 cores of 2.3 GHz CPU (Intel(R) Xeon(R) CPU E5-2699 v3) and 128 GB memory. In
Section 5.3, we will show the convergent results of the third cycle. The parameter values
of the passive and active models are summarised in Table 5.1, which are adopted from the
previous study (Guan et al., 2022c).

The end-diastolic pressure (EDP), end-systolic pressure (ESP), end-diastolic volume
(EDV), and end-systolic volume (ESV) are determined by the pressure and volume of
the fluid cavities representing the LV and the RV, respectively. Some cardiac function
indicators are calculated following studies in (Wald et al., 2009; Harrild et al., 2010; Lee
et al., 2012). Specifically, the ejection fraction (EF) is calculated by

EF = (EDV - ESV)/EDV. (5.12)

The PR volume (PRV) is calculated as the increase of the volume in the RV during diastole
when the pressure of the RV drops (Bove et al., 2014). The PR fraction (PRF) is calculated
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Table 5.1: Parameter values of the passive and active models adopted by the bi-ventricle
model.

Passive constitutive law (Guan et al., 2022c)

ag bg af bf as bs afs bfs

(kPa) - (kPa) - (kPa) - (kPa) -

LV 0.1731 5.1207 1.9344 0.2199 0.2143 0.0005 0.2665 2.5505

RV 0.3917 5.1207 4.400 0.2199 0.4850 0.0005 0.6031 2.5505

Active tension model (Guan et al., 2022c)

m b l0 B Ca0 Ca0max Tmax lr

(sµm−1) (s) (µm) (µm−1) (µM) (µM) (kPa) (µm)

LV 1.0489 -1.429 1.58 4.750 4.35 4.35 130 1.85

RV 1.0489 -1.429 1.58 4.750 4.35 4.35 90 1.85

as the retrograde flow divided by the net antegrade flow (Rebergen et al., 1993; Harrild
et al., 2010), i.e.

PRF = PRV/(RVEDV - RVESV - PRV). (5.13)

The RV end-diastolic volume indexed by the body surface area (RVEDVi) is calculated as

RVEDVi = RVEDV/BSA, (5.14)

where the body surface area (BSA) is 1.55 m2 for this bi-ventricle geometry (obtained
through email communication with the data holder).

5.3 Results

Simulated pressures of the aorta, the main pulmonary artery, the LV cavity, and the
RV cavity of the baseline case are shown in Fig. 5.2. As shown in Fig. 5.2 (a), the aortic
pressure of the baseline case is from 69.2 mmHg to 109.6 mmHg, which agrees well with the
normal range of the aortic pressure from 70.0 mmHg to 120.0 mmHg (Erbel et al., 2001;
Reymond et al., 2012). As shown in Fig. 5.2 (b), our simulated pulmonary pressure is from
6.1 mmHg to 27.8 mmHg, which is comparable with the normal range of the pulmonary
pressure from 5 mmHg to 25 mmHg (McQuillan et al., 2001; McLaughlin et al., 2009;
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Noordegraaf et al., 2019). In Fig. 5.2 (c, d), the peak pressures in the LV and RV are
110.5 mmHg and 29.0 mmHg, respectively. The ejection phases of the LV and RV at
baseline are marked by the vertical lines in Fig. 5.2. The ejection phase of the LV at
baseline is from the time 0.43 s to 0.59 s, and the ejection phase of the RV is from the time
0.41 s to 0.60 s. The ejection time of the RV is longer than that of the LV, which has been
reported by Hirschfeld et al. (1975).

(a) (b)

(c) (d)

Figure 5.2: Simulated pressures of five cases of different degrees of pulmonary regurgitation
in the aorta (a), the main pulmonary artery (Pulmo) (b), the left ventricle cavity (LV)
(c), and right ventricle cavity (RV) (d). The two vertical dashed lines in (a, c) mark the
ejection phase of the LV of the baseline case, and the two vertical lines in (b, d) mark the
ejection phase of the RV of the baseline case.

Fig. 5.2 also shows pressure profiles of the four PR disease cases in the aorta, the main
pulmonary artery, the LV cavity, and the RV cavity. Overall, the pressures change greatly
from the baseline case to the disease cases. The RV pressure and pulmonary pressure
increase due to PR, but LV pressure and aortic pressure are decreased. Specifically, in
Fig. 5.2 (a), the aortic pressure continues to decrease from the baseline case to the severe
case. The maximum aortic pressure of the severe case is 92.2 mmHg, which is 15.9% less
than the maximum aortic pressure of the baseline case (109.6 mmHg). The minimum
aortic pressure of the severe case is 61.5 mmHg, which is 11.1% less than that of the
baseline case (69.2 mmHg). The decrease in the aortic pressure is caused by the drop in
the peak pressure of the LV cavity as shown in Fig. 5.2 (c). The maximum LV pressure of
the severe case is 92.5 mmHg, which is 16.3% less than the maximum LV pressure of the
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baseline case. Contrary to changes in the LV pressure, as shown in Fig. 5.2 (d), the RV
pressure is increased greatly from the baseline case to the severe case. The maximum RV
pressure of the severe PR case is 42.5 mmHg, 46.6% higher than that of the baseline case
(29.0 mmHg). The increase in the RV pressure leads to an increase in the peak pressure of
the main pulmonary artery. As shown in Fig. 5.2 (b), the maximum pulmonary pressure
of the severe case is 41.8 mmHg, which is 50.4% higher than that of the baseline case.
Due to the largest backflow in the severe case, the pressure of the main pulmonary artery
drops quickly to the least at 0.24 s, although its peak pressure is the highest. Note that
the pulmonary valve in the severe case opens the earliest, because of its lowest pulmonary
pressure and highest RV pressure. In addition, the earliest opening of the pulmonary valve
in the severe case yields the longest ejection phase from the time 0.25 s to 0.60 s, which is
84.2% longer than that of the baseline case.

PV loops of the LV and RV of the five cases are shown in Fig. 5.3. For the baseline
case, the simulated LV EDV is 115.6 mL and the LV ESV is 45.6 mL, with an EF of 60.5%
which is within the reported physiological range for healthy subjects from 50% to 65%
(Kumar et al., 2014; Mahadevan et al., 2008; Dokainish et al., 2011; Feher, 2017; Lang
et al., 2015). The simulated RV EDV is 132.5 mL and the RV ESV is 63.8 mL, with an
EF of 51.8% which is within 52.3±6.2% (N=365) reported by (Pfisterer et al., 1985).

Both PV loops of the LV and of the RV change greatly with different degrees of PR
severity as shown in Fig. 5.3. Specifically, the PV loop of the LV shifts leftwards from
the baseline case to the severe case, while the PV loop of the RV shifts rightwards. Such
behaviour is a result of the increasing dilation of the RV caused by PR. RV dilation for
patients with PR has been reported in many studies (Davlouros et al., 2004; Frigiola et al.,
2008; Wald et al., 2009). In our simulations, the RV EDV is the largest in the severe case,
in the meantime, the LV EDV is the least and is squeezed the most. The RV EDV in the
severe case is increased by 50.3% compared with that of the baseline case, while the LV
EDV in the severe case is decreased by 18.1% compared with that of the baseline case.
Despite different values, all the PV loops of the LV have similar shapes. The isovolumetric
contraction and the isovolumetric relaxation periods are clearly indicated by the vertical
lines at ED and at ES, respectively. However, for the RV, the shapes of the PV loops in
the disease cases are different from that of the baseline case. The isovolumetric relaxation
period disappears, thus the RV volume increases as its pressure falls at the beginning
of diastole. In addition, the isovolumetric contraction period is shortened and further
vanishes. These characteristics of the PV loop have been reported in patients with PR
(Redington et al., 1988; Chaturvedi et al., 1997; Yerebakan et al., 2009).

Cardiac pump functions of the LV and RV in the five cases are summarised in Ta-
ble 5.2, including EDP, ESP, EDV, ESV, EF, PRV, and PRF of the LV and RV, respec-
tively. The LV EDP changes little, but the RV EDP is increased largely. RV EDP of the
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(a) (b)

Figure 5.3: Simulated pressure-volume loops of five cases of different degrees of pulmonary
regurgitation of the left ventricle (LV) (a) and of the right ventricle (RV) (b).

severe case is 232.6% higher than that of the baseline case. The LV ESP of the severe
case decreases by 20.0% from the baseline case, while the RV ESP increases by 50.9%.
Both the LV EF and the RV EF drop in the disease cases, which agree well with (Abd
El Rahman et al., 2000; Davlouros et al., 2002). The LV EF decreases by 6.9% from 60.5%
of the baseline case to 56.3% of the severe case, and the RV EF decreases by 9.7% from
51.8% of the severe case to 46.8% of the severe case. Comparing the moderate PR-2 case
and the severe case, their RV EFs are the same although the RV EDV of the severe case
is 12.1% larger than that of the moderate PR-2 case. The PRVs of the four disease cases
are 9.3 mL, 15.3 mL, 22.2 mL, and 30.8 mL, respectively, and the PRFs of the four disease
cases are 14.3%, 24.4%, 37.2%, and 50.6%.

The simulated RVEDVi with respect to PRF is plotted in Fig. 5.4 with a comparison
to magnetic resonance imaging (MRI) data from Harrild et al. (2010) and Lee et al. (2012).
RVEDVis of the five cases are within the range of the reported MRI data. For instance, the
RVEDVi of the severe case is 126.5 mL/m2, which is within 110.0 mL/m2 to 215.3 mL/m2

reported by Lee et al. (2012). Note that the MRI data are from 41 patients in (Harrild
et al., 2010) and 66 patients in (Lee et al., 2012).

The long-axis and short-axis views of the bi-ventricle geometry can be found in
Fig. 5.5, showing LV and RV shapes and myofibre stress distributions in the five cases
at ED and at ES, respectively. From the long-axis views at ED as shown in Fig. 5.5 (a),
the increase of the RV cavity can be clearly observed when PR becomes severe. The in-
crease in the RV cavity is associated with increased backflow (PRV) and pressure in the
RV cavity. In addition, the motion of the interventricular septum can be observed. The
septum has a right convexity at the baseline case (Méndez et al., 2011). With the increase
of PRV, the septum is forced to bulge toward the LV, hence causing the squeeze of the LV.
For the short-axis views at ED as shown in Fig. 5.5 (b), the shape of the LV cross-sectional
cut plane is nearly circular in the baseline case, but it changes into a flattening D-shape
in the severe PR case. At ED, the distance between the septum and the LV-free wall is
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Table 5.2: Simulated cardiac pump functions of the left ventricle (LV) and the right
ventricle (RV) in five cases of different degrees of pulmonary regurgitation.

Ventricles Cases EDP
(mmHg)

ESP
(mmHg)

EDV
(mL)

ESV
(mL) EF PRV

(mL) PRF

LV

Baseline 9.2 106.5 115.6 45.7 60.5% - -

Mild 9.2 102.8 112.6 45.1 59.9% - -

Moderate 1 9.1 104.3 110.0 44.6 59.5% - -

Moderate 2 9.1 101.8 102.7 44.1 58.6% - -

Severe 9.1 91.6 94.7 41.4 56.3% - -

RV

Baseline 4.6 27.7 132.5 63.8 51.8% - -

Mild 6.2 31.4 145.5 71.1 51.1% 9.3 14.3%

Moderate 1 7.5 33.8 156.4 78.5 49.8% 15.3 24.4%

Moderate 2 10.0 37.0 175.0 93.1 46.8% 22.2 37.2%

Severe 15.3 41.8 196.1 104.4 46.8% 30.8 50.6%

EDP = end-diastolic pressure; ESP = end-systolic pressure; EDV = end-diastolic vol-
ume; ESV = end-systolic volume; EF = ejection fraction; PRV = pulmonary regurgi-
tation volume; PRF = pulmonary regurgitation fraction.

reduced by 28.0% from the baseline case to the severe case, while the distance between
the septum and the RV-free wall is increased by 29.4%. Although the shapes of the LV,
the septum, and the RV change greatly at ED from the baseline case to the severe PR
case, changes in the shapes of the bi-ventricle are modest at ES. The septum is not clearly
bulging toward the LV, from the long-axis views at ES as shown in Fig. 5.5 (c). However,
from the short-axis views at ES as shown in Fig. 5.5 (d), RV dilation and the flattening
of the LV cross-sectional cut plane can again be observed when PR becomes severe. At
ES, the distance between the septum and the LV-free wall is reduced by 5.7% from the
baseline case to the severe case, while the distance between the septum and the RV-free
wall is increased by 49.6%. The motion of the septum and the flattening of the LV cross-
sectional cut plane from the short-axis views have been reported in patients with PR or
RV overload (Louie et al., 1992; Sheehan et al., 2008; Méndez et al., 2011; Naeije and
Badagliacca, 2017; Mauger et al., 2021).

We used the Menger curvature (Léger, 1999) to quantitatively measure the motion
of the septum. As shown in Fig. 5.6 (a), three points are selected (C1,C2,C3) from the
long-axis cut plane (in the middle of the bi-ventricle geometry), and the other two points
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Figure 5.4: Simulated end-diastolic volume of the right ventricle indexed by the body
surface area (RVEDVi) versus pulmonary regurgitation (PR) fraction, compared with
magnetic resonance imaging (MRI) data from (Harrild et al., 2010; Lee et al., 2012). The
blue dashed line (RVEDVi = 1.77× PRF + 78.0, R = 0.79, p<0.001) is the linear regression
of data from (Harrild et al., 2010). The orange dashed line (RVEDVi = 1.68× PRF +
84.2, R = 0.47, p<0.001) is the linear regression of data from (Lee et al., 2012). Linear
regression of our result is RVEDVi = 0.84× PRF + 82.5 with R = 0.99 and p<0.001.

(C4,C5) from the short-axis cut plane (at the equator plane of the bi-ventricle geometry).
Specifically, C1 was picked at the middle part of the septum in the base, C2 at the in-
tersection of the long-axis cut plane and the short-axis cut plane, C3 near the apex, C4

and C5 near the junctions of the septum and the LV-free wall. These points provide us
with a measurement of the curvature of the septum from the long-axis view and from the
short-axis view, respectively. The Menger curvature of the septum of the long-axis view
is calculated by

4A
|C1 −C2||C2 −C3||C3 −C1|

, (5.15)

where A is the area of the triangle spanned by the three points and | · | is the Euclidean
distance. The Menger curvature of the septum of the short-axis view is calculated as

4A
|C4 −C2||C2 −C5||C5 −C4|

. (5.16)

The calculated long-axis and short-axis Menger curvature of the septum are shown in
Fig. 5.6 (b). At ED, the long-axis Menger curvature increases by 61.5% from 0.013 at the
baseline case to 0.021 at the severe case. The short-axis Menger curvature decreases by
55.2% from 0.029 at the baseline case to 0.013 at the severe case. At ES, the long-axis
Menger curvature decreases by 28.6% from 0.007 at the baseline case to 0.005 at the severe
case. The short-axis Menger curvature decreases by 29.5% from 0.061 at the baseline case
to 0.043 at the severe case.
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(a)

(b)

(c)

(d)

Figure 5.5: Long-axis views (half cuts along the long-axis of the bi-ventricle geometry)
showing LV and RV shape and myofibre stress (σff) distribution of five cases of different
degrees of pulmonary regurgitation at the end of diastole (ED) (a) and at the end of
systole (ES) (c). The dashed lines in (a, c) indicate the position of the short-axis cut
planes. Short-axis views (cross-sectional cuts at the equator plane of the bi-ventricle
geometry) at ED (b) and at ES (d).

Myofibre stress distributions in the five cases at ED and at ES are shown in Fig. 5.5.
Myofibre stress on the endocardial surface of the RV increases significantly from the base-
line case to the severe case, at both ED and ES, as shown in Fig. 5.5 (a, c). Furthermore,
in Fig. 5.5 (d), the increase of the myofibre stress is greater at the thinner part of the RV
wall. Finally, the globally averaged myofibre stress (σ̄ff) and globally averaged myofibre
stretch λf at ED and at ES are calculated by averaging over all elements of the LV or RV
wall and weighted by the volume of the elements. For instance, the averaged myofibre
stretch is calculated as

λf =
∑n

i=1(λi
f)V i∑n

i=1V
i
, (5.17)
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(a) (b)

Figure 5.6: Five selected points (a) of the septum from the long-axis cut plane and the
short-axis cut plane to determine the Menger curvature. All points are selected from the
midline of the septum. The long-axis and short-axis Menger curvature (b) of the septum
at the end of diastole (ED) and at the end of systole (ES) of five cases of different degrees
of pulmonary regurgitation.

where λi
f =

√
2Ei

ff +1 is the myofibre stretch at the centroid of ith element, Ei
ff is the

Lagrange strain in the myofibre direction at the centroid of ith element, V i is the volume
of ith element, n is the total number of elements occupied by the LV wall or RV wall.
Analogously, the averaged myofibre stress is calculated by the Cauchy stress.

The globally averaged myofibre stress (σ̄ff) and myofibre stretch (λf) at ED and at
ES are summarised in Table 5.3. At ED, the averaged LV myofibre stress increases by
16.2% from 3.7 kPa to 4.3 kPa, while the averaged RV myofibre stress increases by 303.7%
from 2.7 kPa to 10.9 kPa. Back to Fig. 5.5 (a), the RV myofibre stress in the severe case is
significantly higher than that of the LV. At ES, the averaged LV myofibre stress decreases
by 16.2% from 37.7 kPa to 31.6 kPa, while the averaged RV myofibre stress increases by
105.3% from 24.6 kPa to 50.5 kPa. As shown in Fig. 5.5 (c), the decrease of the LV myofibre
stress and the increase of the RV myofibre stress can be clearly observed as PR becomes
severe. The averaged LV myofibre stretches change slightly both at ED and at ES. The
averaged RV myofibre stretches increase by 8% at ED from 1.12 to 1.21 and 10% at ES
from 0.94 to 1.03.

5.4 Discussion

Our study has shown the advantages of modelling PR by the computational model. Real-
istic cardiac functions were achieved by employing the up-to-date myocardial constitutive
law and the open-loop lumped parameter models representing the systemic circulation
and the pulmonary circulation. For the baseline case, pressures in the aorta and in the
main pulmonary artery and EF of the LV and RV were all within the reported normal
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Table 5.3: Averaged myofibre stress (σ̄ff) and myofibre stretch (λf) in the left
ventricular wall (LV wall) and the right ventricular wall (RV wall) in five cases of
different degrees of pulmonary regurgitation.

Positions Cases
σ̄ff (kPa) λ̄f

ED ES ED ES

LV wall

Baseline 3.7±18.1 37.7±31.4 1.18±0.07 0.92±0.03

Mild 3.8±18.5 36.9±31.4 1.18±0.07 0.92±0.03

Moderate 1 3.8±18.7 36.1±31.4 1.18±0.07 0.92±0.02

Moderate 2 3.8±19.2 35.4±31.7 1.17±0.08 0.92±0.03

Severe 4.3±20.3 31.6±32.0 1.17±0.09 0.92±0.03

RV wall

Baseline 2.7±12.1 24.6±28.4 1.12±0.07 0.94±0.06

Mild 3.7±14.5 30.2±30.1 1.15±0.08 0.96±0.07

Moderate 1 5.0±17.3 34.8±32.1 1.16±0.09 0.98±0.08

Moderate 2 7.3±21.4 42.6±36.3 1.18±0.10 1.01±0.11

Severe 10.9±26.5 50.5±41.7 1.21±0.11 1.03±0.12

Results are presented with standard deviations. ED = at the end of diastole; ES
= at the end of systole. The RV wall is the RV-free wall, and the LV wall includes
both the septum wall and the LV-free wall. The stress and stretch are volumetric-
averaged over the LV wall or RV wall, respectively.

ranges of healthy subjects (Pfisterer et al., 1985; Erbel et al., 2001; McQuillan et al., 2001;
McLaughlin et al., 2009; Reymond et al., 2012; Mahadevan et al., 2008). Four disease
cases were designed to simulate different degrees of PR severity. Our simulated RVEDVi
under different PR cases agreed well with published MRI data (Harrild et al., 2010; Lee
et al., 2012), see Fig. 5.4. In addition, the motion of the septum and shapes of the LV and
RV cut planes were comparable with the literature (Sheehan et al., 2008; Méndez et al.,
2011; Naeije and Badagliacca, 2017; Mauger et al., 2021). The validation of this model
allowed us to analyse the effect of PR on cardiac functions from a mathematical aspect.

Determining an optimal and easy-obtained indicator for assessing the severity of PR
is important for patients after right ventricular outflow tract surgeries, especially after
tetralogy of Fallot repair (Li et al., 2004; Redington, 2006; Wald et al., 2009). Previous
studies (Abd El Rahman et al., 2000; Vliegen et al., 2002; Geva et al., 2004; Davlouros
et al., 2004; Frigiola et al., 2008; Wald et al., 2009; Harrild et al., 2010) have demonstrated



CHAPTER 5. BI-VENTRICLE MODEL 154

the correlation between PR and RV dilation, especially the close relationship between PRF
and RVEDVi. This relationship has supported the quantitative assessment of RV volume
obtained by MRI scans as a standard for determining the pulmonary valve replacement
of patients with severe PR (Wald et al., 2009; El-Harasis et al., 2018). A nearly linear
relationship between the RVEDVi and the PRF was obtained from our model. However,
the PRV for different degrees of PR in our simulations were not as large as reported values
by Wald et al. (2009) who suggested that PRV provides a more accurate reflection of
PR severity than PRF. They reported that the median PRV of 64 patients was 19mL/m2

(range 0 - 63mL/m2) and the PRF was 29% (range 0-58)%, considering a body surface area
of 2.05 m2. Nevertheless, because of the large variation of normal RV EDV for different
subjects (113 to 225 mL) (Kovalova et al., 2006; Eastman et al., 2008), the PRV might not
be solely used as an indicator.

The RV dilation led to a large deformation of the septum and a further squeeze of the
LV. The motion of the septum at ED can be clearly observed in both the long-axis views
and short-axis views as shown in Fig. 5.5 (a, b). For the long-axis views, severe PR forced
the septum to bulge toward the LV. For the short-axis views, the LV cross-sectional cut
plane had a circular profile for the baseline case. However, it was forced to a flattened D-
shaped profile in the PR disease cases. These characteristics agreed with previous findings
in (Louie et al., 1992; Sheehan et al., 2008; Méndez et al., 2011; Naeije and Badagliacca,
2017; Mauger et al., 2021). Given the easy access to the short-axis scans by MRI, it might
be an easy-obtained indicator for assessing PR severity (Zoghbi et al., 2003; Méndez et al.,
2011). The Menger curvature further showed that a 50.6% PRF caused a 43.9% decrease
in the short-axis curvature of the septum and a 61.5% increase in the long-axis curvature.
Note that we used the Menger curvature, which can be easily calculated from three points
and might be useful in clinical practice. Moreover, it can measure two curvatures from
the long-axis cut planes and the short-axis cut planes, respectively, since the long-axis
curvature and short-axis curvature may have different clinical implications.

The existence of PR can be easily identified by the PV loop of the RV. A normal PV
loop of the RV or the LV should contain two vertical lines representing the isovolumetric
contraction and isovolumetric relaxation because of that the pulmonary valve and the
aortic valve close fully without leaking. However, the isovolumetric relaxation period
disappeared in the PR disease cases due to the dysfunction of the pulmonary valve. The
vertical line representing the isovolumetric relaxation changed to an oblique slanting line,
which indicated a backflow from the pulmonary arteries to the RV during diastole. In the
meantime, the isovolumetric contraction period was shortened and further vanished when
PR became severe. These characteristics of the PV loop of the RV have been reported
in patients with PR (Redington et al., 1988; Chaturvedi et al., 1997; Yerebakan et al.,
2009), which also appeared in the PV loop of the LV for patients with aortic regurgitation
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(Gaemperli et al., 2013; Paul and Das, 2017; Bastos et al., 2020). As shown in Fig. 5.3,
the PV loop of the LV shifts leftwards from the baseline case to the severe case, while the
PV loop of the RV shifts rightwards. This is mostly because of the change in the volume
of the LV and RV during the dilation of the RV and the squeeze of the LV. The notable
change in the LV and RV PV loops may provide useful information for the assessment of
PR because PR becomes severe as patients age and arrhythmia and RV failure occur over
time. In addition, cardiac outputs (EF) of the LV and RV were both reduced in the PR
disease cases, which agreed with previous studies (Niezen et al., 1996; Abd El Rahman
et al., 2000; Davlouros et al., 2002). The LV EF decreased by 6.9% from the baseline case
to the severe case, and the RV EF decreased by 9.7%.

There have been studies (Geva et al., 2004; Frigiola et al., 2004; El-Harasis et al.,
2018) which suggested that the RV wall stress with PR is increased significantly. Our
results agreed with this finding. The RV EDP of the severe PR case in our simulation
was 223.4% higher than that of the baseline case. This greatly increased RV pressure is
related to RV dilation and overload. Moreover, the averaged RV myofibre stress of the
severe case at ED was 303.7% higher than that of the baseline case. This significantly high
myofibre stress would contribute to high intramyocardial pressure, and then the increased
intramyocardial suppresses coronary flow and may lead to a shortage of the perfusion of
the RV wall, which is supported by studies of the coronary flow circulation (Hoffman,
1978; Westerhof et al., 2006; Goodwill et al., 2011; Kassab, 2019; Fan et al., 2022).

5.5 Summary

In this chapter, the effects of different degrees of PR severity on cardiac functions and
mechanical behaviours have been investigated using a computational human bi-ventricle
model. The model consisted of a patient-specific biventricular geometry and commonly
used myofibre structure, as well as passive and active models for mechanical properties of
the myocardium. This bi-ventricle model further incorporated open-loop systemic circula-
tion and pulmonary circulation. Flow leakage from the pulmonary arteries back to the RV
was introduced to simulate disease cases of PR. The validation of our model was extensive.
The baseline case of the model was validated by comparison of the ejection fractions of the
LV and RV with normal ranges of healthy subjects in the literature. Pressures of the main
pulmonary artery and the aorta were also within reported normal ranges. Furthermore,
our simulated RV end-diastolic volumes in the disease cases were comparable to reported
CMR data. The motion of the interventricular septum agreed with the literature, which
was also reflected by the Menger curvature of the septum. RV dilation secondary to PR
at the end of diastole was observed in the long-axis and short-axis views. The RV end-
diastolic volume was increased by 50.3% from the baseline case to the severe PR case.
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Severe PR also led to reduced ejection fractions of both the LV and RV. Moreover, severe
PR caused significantly high myofibre stress in the RV wall. Agreement of our simulated
results with reported data illustrated the success of the development of the model and
its application to diseased hearts with but not limited to PR. In conclusion, this chap-
ter provided a computational way to investigate and better understand the influence of
PR on biventricular functions. Further simulations and adaptations of our model can be
applied to the clinical assessment of PR and medical decisions for treatments of patients
with severe PR. Moreover, the significantly high myofibre stress in the RV wall under the
severe PR case may lead to a shortage of myocardial perfusion, which will be investigated
in our future studies with the coupling of the coronary flow model developed in Chapter
2.

There are a number of limitations that should be addressed in the future. Firstly,
although this model employed patient-specific geometry, the myofibre structure is not
unique for the geometry. The myofibre arrangement, dispersion, and remodelling may
alter the results (Mojica et al., 2020; Guan et al., 2022c), especially as the RV wall deforms
largely. The next update of this work is replacing the open-loop lumped parameter systems
with closed-loop systems. In addition, lumped parameter models to synthesise clinical
inputs have been developed in (Liu et al., 2021; Gusseva et al., 2021; Zuo et al., 2022),
providing more sophisticated ways to represent circulatory systems. Another important
concern is to include a realistic 3D pulmonary valve. The pulmonary valve is comprised
of three equally sized semilunar cusps. A review of the clinical impact of computational
heart valve models is referred to (Toma et al., 2022), and related computational models
can be found in (Caiazzo et al., 2016; Shen et al., 2018; Feng et al., 2021; Loke et al.,
2022). However, simulations involving the pulmonary valve can be very challenging since
fluid-structure interaction analysis would be needed for such a model.



Chapter 6

Conclusion

The primary objective of this thesis is to study physiologically accurate pressure and flow
waveforms in human coronary arteries as well as the corresponding myocardial perfusion,
by coupling a one-dimensional (1D) coronary flow model with a realistic three-dimensional
(3D) left ventricle (LV) model. We have improved and extended a 1D structured-tree
coronary flow model by (Olufsen, 1998; Qureshi, 2013) and a 3D finite element (FE)
hyperelastic LV model by (Guan et al., 2020a). In Section 1.4, we described some specific
aims, which have been successfully achieved. In the following sections, we provide a
summary of our findings and observations throughout this thesis. Additionally, we discuss
some limitations of this study, which will guide future work in this area.

6.1 Summary of achievements

To simulate pressure and flow waveforms in epicardial human coronary arteries, we have
established a network consisting of epicardial arteries, epicardial veins, and intramyocar-
dial blood vessels based on experimental data from (Duanmu et al., 2019). This network
enabled us to simulate physiological pressure and flow along the complete path of coro-
nary vasculature from the aortic root to the right atrium, as well as the corresponding
blood perfusion to the myocardium. The waveforms in the epicardial coronary vessels
were obtained by numerical solutions to the non-linear, cross-sectionally averaged, 1D
Navier-Stokes equations combined with a tube law, given inlet and outlet pressure condi-
tions. On the other hand, the linearised Navier-Stokes equations with the same tube law
were analytically solved for the intramyocardial vessels based on the representation of the
structured trees.

An important observation regarding the coronary arterial flow is that the majority
of the flow occurs during diastole, while during systole, the flow may slow down or even
reverse (Gregg and Green, 1940; Westerhof et al., 2006; Goodwill et al., 2011). This
is related to the periodic contraction of the heart and distinct to the blood flow in the
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systemic and pulmonary circulation. Hence, to account for the time-varying nature of
intramyocardial pressure (IMP) and its impact on coronary flow, an analysis was performed
in the coronary flow model. In Chapter 2, a lumped parameter heart model was used to
generate the IMP, which was validated for the accuracy of our method. In Chapter 4,
a 3D FE LV model was employed to incorporate a more precise IMP into the coronary
flow model. The simulated results of the pressure and flow waveforms accurately reflected
normal physiological patterns and values, agreeing with experimental data reported in
(Mynard et al., 2014; Duanmu et al., 2019; Fan et al., 2020). Our simulations demonstrated
that the flow waveforms were significantly altered when different IMPs were imposed.
Generally, in order to impede the coronary flow during systole, the IMP must be sufficiently
high.

Specifically, in Chapter 4, a physiologically accurate simulation of coronary blood
flow was accomplished through a one-way coupling of the 1D coronary flow model with
the 3D LV model, which allowed for a detailed investigation of the interaction between the
motion of the LV and the coronary blood flow. Chapter 4 described the reconstruction
of the coronary network, the calculation of the IMP, and the assignment of the coronary
arteries to the 17 segments of the LV which is recommended by the American Heart
Association (AHA). Detailed morphology and dimensions of the coronary vasculature and
a summary of existing literature on IMP calculations were presented. Coronary flow
simulations using various IMPs were further conducted, and it was found that regionally
averaged IMPs produced more uniform myocardial perfusion. It is important to note that
the calculated myocardial perfusion values were consistent with reported values and can
assist in the evaluation of interventions. Overall, the coronary flow model developed in
this thesis is a promising tool for further studies of coronary circulation.

The computational LV model developed in Chapter 3 has provided physiologically
realistic boundary conditions to simulate the coronary flow, including IMP and aortic
pressure. This LV model was developed based on a patient-specific LV geometry and
implemented in ABAQUS. The Holzapfel-Ogden model (Holzapfel and Ogden, 2009) was
utilised to describe the passive constitutive law of the anisotropic hyperelastic myocardium,
and a time-varying elastance model (Guccione and McCulloch, 1993) was employed to
model the active force generated by the myocardium during systole. The simulated pres-
sure and volume of the LV cavity in repeated cardiac cycles, as well as the ejection fraction,
were all within physiological ranges. Moreover, the stress distributions within the LV wall
were also consistent with existing literature (Genet et al., 2014; Sack et al., 2016, 2018).

Although the LV model was initially developed to provide realistic boundary condi-
tions for coronary flow simulations, it is ready to be adapted for studying the dynamics
of the heart in various settings. For instance, in Chapter 3, we adopted the LV model to
investigate the effects of myofibre rotation and dispersion on LV pump functions. It was
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found that the LV pump functions can be significantly affected by both the myofibre rota-
tion and myofibre dispersion, which was attributed to the redistribution of active tension
in both the circumferential and longitudinal directions. Further research is necessary to
explore how the changes in the LV pump functions caused by the myofibre arrangement
may affect coronary blood flow.

Moreover, the same modelling approach was utilised to develop a bi-ventricular model
to study the effect of pulmonary regurgitation (PR) on cardiac functions in Chapter 5.
The validation of the outcomes from the bi-ventricular model was extensive and provided
a computational way to investigate and better understand the influence of PR on biven-
tricular functions. We found that the predicted end-diastolic volume (EDV) of the right
ventricle (RV) under different degrees of PR was comparable with the reported magnetic
resonance imaging data (Harrild et al., 2010; Lee et al., 2012). Additionally, RV dilation
and the motion of the interventricular septum from the baseline case to the severe case were
clearly observed via long-axis and short-axis views of the biventricular geometry. Further
simulations and adaptations of the bi-ventricular model can be applied to help the clinical
assessment of PR and the medical decision-making process for patients with severe PR.
Additionally, in future work, this biventricular model can be utilised for coupling with the
coronary flow model, which allows for the investigation of how the interaction between the
LV and RV affects coronary flow.

6.2 Future work

The present study involved the development of a 1D flow model to simulate the dynam-
ics of coronary blood flow in physiological conditions. The simulations were successful
in predicting pressure and flow in the human coronary network and showed qualitative
agreement with observed features of coronary flow. Furthermore, we developed 3D models
of the LV and bi-ventricle to simulate cardiac dynamics and functions under physiolog-
ical conditions. The simulations predicted cardiac outputs and mechanical behaviours
and showed qualitative agreement with published results in both normal and diseased
physiological conditions. Nonetheless, there are limitations to the models, and further
improvement is required from both modelling and application perspectives.

To begin with, it is important to note that the models developed in this thesis are not
fully patient-specific, mainly because the validation was based on physiological ranges in
the literature rather than patient-specific experimental data. In the case of the coronary
flow model, only the geometries of the left and right coronary arteries were adopted from
in vivo data through computed tomography (CT) angiography (Duanmu et al., 2019).
Given that vessel dimensions have an impact on local hemodynamics, improving the coro-
nary flow model should involve incorporating geometries of both coronary arteries and
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veins. Additionally, while we compared the coronary flow results with published pressure
and flow waveforms, further model tuning would be valuable by measuring waveforms
throughout the cardiac cycle for the same individual with the corresponding coronary ves-
sel geometries. Regarding the LV and bi-ventricle models, the geometries of the LV wall
and bi-ventricle wall were obtained from in vivo CMR scans (Gao et al., 2017). However,
model validation was sought from the literature rather than the measured data at the
individual level. For the LV model, we compared normal physiological ranges of the LV
pressure, LV volume, ejection fraction, aortic pressure, and volumetric-averaged myofi-
bre stress in one cardiac cycle with published data. For the bi-ventricle model, we also
compared normal ranges of RV pressure, RV volume, and pulmonary pressure, as well as
end-diastolic volumes of the RV in different PR cases. Therefore, to improve these two
ventricular models, the first step would be to make them completely patient-specific by
obtaining comprehensive data at the individual level.

The lack of experimental data highlights the need for computational modelling studies
to improve the translation of clinical imaging measurements into patient-specific computa-
tional models (Niederer et al., 2019). Developing improved techniques for converting pre-
clinical measurements into patient-specific models would significantly improve our ability
to construct models of various physiological conditions. As a result, we would be able to
use this information with greater confidence and reliability to guide clinical decisions. Nev-
ertheless, as discussed by Niederer et al. (2019), it should be further noted that while this
approach is crucial to ensure that models accurately reflect available clinical information,
it may not be feasible for certain clinical scenarios where relevant data is unattainable
or lacks adequate precision. For example, vascular network parameterization presents
additional difficulties in this regard due to its limited accessibility.

Secondly, we would like to mention some limitations in terms of the methods of our
models. Regarding the coronary flow model, our focus was on the pressure and flow wave-
forms in the epicardial vessels, while the rest of the intramyocardial vessels were modelled
by structured trees. The structured trees aimed to include the intramyocardial arteries, ar-
terioles, capillaries, venules, and intramyocardial veins. Nonetheless, it is essential to note
that the fluid dynamics of the flow in the structured trees are not suitable for simulating
blood flow at the capillary level. This is due to the interweaving structure of the capillary
bed, and the blood at the capillary level behaves as a non-Newtonian fluid (Pedley, 2003).
Therefore, the constant viscosity assumption of the blood becomes invalid and does not
provide accurate predictions. There are several possible ways to improve this, including
modelling the capillaries with different structured tree parameters and fluid dynamics as
well as utilising the existing theory of sheet flow in lung alveoli presented by Fung (1998).

In relation to the ventricular models, the selection of an appropriate constitutive law
is of perhaps the most importance. In this study, we utilised the Holzapfel-Ogden model
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(Holzapfel and Ogden, 2009), which treats the myocardium as a solid continuum, to de-
scribe the mechanical behaviour of the myocardium. It can further be incorporated into
the poroelasticity framework (Lee et al., 2016; Richardson et al., 2021), which considers
the myocardium as a fluid-solid mixture. However, such models demand intensive com-
putational resources and their response in the large strain regime is currently a sparsely
explored area in the field of biomedical engineering applications (Lee et al., 2016). The
constitutive law of active stress is another important aspect. We utilised the active stress
approach, as described in previous studies by Baillargeon et al. (2014) and Sack et al.
(2018), and determined the active stress using a well-established time-varying elastance
model by Guccione et al. (1993). However, more precise active stress models can also
be employed, such as the new hybrid active contraction model proposed by Guan et al.
(2022a), which abstracts the myocardial dynamics from sarcomeres by combining the phe-
nomenologically active-stress-based Hill model and the micro-structurally motivated active
strain approach.

Furthermore, we acknowledge the limitations of the boundary conditions employed in
our model. The boundary conditions only restricted the long-axis displacement of the RV
basal plane. Additionally, we have imposed a θ-axis constraint on the LV basal surface to
prevent unrealistic deformation of the septum. However, these simplified boundary condi-
tions do not fully represent the complex physiological conditions of the heart, particularly
in light of the presence of the pericardium and upper chambers. Asner et al. (2017) have
discussed such simplified boundary conditions and proposed novel boundary conditions
that introduce data-driven boundary energy terms. Moreover, Pfaller et al. (2019) have
demonstrated that using a parallel spring and dashpot acting in the normal direction to
the epicardium as pericardium boundary conditions can result in more realistic cardiac
mechanics simulations.

Lastly, the current thesis has only achieved a one-way coupling between the coronary
flow model and the LV model, which primarily focuses on the investigation of IMP’s effect
on coronary flow. To establish a complete coupling, the next step involves exploring how
coronary flow affects cardiac pump functions such as myocardial work or contractility. To
achieve this, an initial idea is to relate cardiac pump functions to myocardial blood flow
by balancing myocardial oxygen supply and demand. Smith et al. (2005) proposed a one-
way coupling model that combined a hyperelastic bi-ventricle heart model with a detailed
1D coronary flow model that covers the six largest generations of the arterial coronary
tree. They calculated the myocardial work of the heart by integrating the product of
active tension and myofibre strain during one cardiac cycle. The relationship between the
regional work of the myocardium and coronary perfusion can be used as a second step
toward complete coupling. However, they found the correlation between the regional work
and the coronary perfusion was weak which can be attributed to the lack of an autoregu-
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lation model where the coronary network adjusts resistance to meet metabolic demands.
Recently, Fan et al. (2020) proposed a relationship between myocardial contractility and
coronary flow that considers two regimes: an ischemic and a non-ischemic regime. In the
ischemic regime, the myocardial contractility varies linearly with the corresponding to-
tal coronary flow, while in the non-ischemic regime, the myocardial contractility remains
constant, and the coronary flow has no effect on the contractility. The contractility in
their model was determined by the maximal chamber elastance, which in our model can
be determined by the scaling factor, Tmax, in the active contraction model. Also, the my-
ocardial blood flow (MBF) can be quantitatively calculated by the coronary flow model.
Therefore, incorporating the aforementioned relationships into our model will enable a
complete coupling between the coronary flow model and the LV model. Nonetheless, the
development of such a model requires additional effort and investigation to elucidate the
interaction between myocardial mechanics and coronary blood flow.

In summary, this thesis is a step forward in our comprehension of coronary circulation
from a computational modelling perspective. The presented models of the human heart
and the coronary blood flow, as well as their coupling, demonstrate promising capabilities
to provide accurate predictions of normal cardiac motion and coronary flow. Moreover,
the bi-ventricle heart model demonstrates to have valuable clinical applications in PR
disease conditions. By further integrating the heart models and the coronary flow model
developed in this study, a deeper understanding of the underlying mechanisms of various
heart and coronary artery diseases could be achieved.
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