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Abstract

The orbit space of the reflection representation of a finite irreducible Coxeter groupW gives
a polynomial Frobenius manifold. The intersection form g on these Frobenius manifolds is
given by the W -invariant inner product on the reflection representation, while the metric
η is a Lie derivative of g. Both metrics g and η are flat and flat coordinates of the metric
η expressed via the flat coordinates of g are Saito polynomials, which are a distinguished
set of basic invariants of the Coxeter group.

Algebraic Frobenius manifolds are typically related to quasi-Coxeter conjugacy classes
in finite irreducible Coxeter groups. This class of Frobenius manifolds comes naturally
after the polynomial case but it is understood less well. In this thesis we are interested
in the relations between the flat coordinates of the flat metrics η and g on the algebraic
Frobenius manifolds.

We find explicit relations between flat coordinates of the metric η and flat coordinates
of the intersection form g for most known examples of algebraic Frobenius manifolds up
to dimension 4. In all the cases, flat coordinates of the metric η appear to be algebraic
functions on the orbit space of a Coxeter group.

The dual prepotentials for the polynomial Frobenius manifolds are easy to write down
explicitly in terms of root systems of Coxeter groups. We find dual prepotentials for a
particular family of two-dimensional algebraic Frobenius manifolds. Special functions are
needed to give the answer already in this case.
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Chapter 1

Introduction

1.1 Origins of Frobenius manifolds

Frobenius manifolds as a concept came from a variety of sources within the mathematical
and theoretical physics literature. One of the origins of Frobenius manifolds can be traced
back to the Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations, which were first dis-
cussed in 1990 by Witten [53] and Dijkgraaf, Verlinde and Verlinde [6]. They are a system
of nonlinear third order differential equations that arise from the study of two-dimensional
topological quantum field theory, which is a metric-independent approach to studying a
"toy model" of quantum field theory.

A topological quantum field theory is defined by a set of (physical) operators on a space-
time manifold M and a set of correlation functions which are assumed to be independent of
the metric on M and can be factorised in a precise sense. One can give a category-theoretic
interpretation of these ideas, where a topological quantum field theory is a symmetric
monoidal functor from the category of cobordisms to the category of vector spaces. Here,
physically, the cobordism represents space-time, while its boundary represents space alone,
and the vector spaces are possible configuration spaces for a quantum system. It was shown
(see for example [37]) that the category of two-dimensional cobordisms is categorically
equivalent to the category of commutative Frobenius algebras. Frobenius algebras are
associative, unital algebras equipped with a symmetric, non-degenerate inner product
⟨ ·, · ⟩ that satisfies the following invariance property:

⟨x · y, z⟩ = ⟨x, y · z⟩,

for all elements x, y, z in the Frobenius algebra.
The WDVV equations arise by considering the two-point and three-point correlation

functions in a topological quantum field theory. Let ϕi, i = 1, . . . , n, be the primary fields
of such a theory. Then, the two-point and three-point correlation functions for a genus

1



CHAPTER 1. INTRODUCTION 2

zero surface can be denoted as ηij and cijk, respectively. These can then be used to define
an operator algebra of the primary fields by defining the product

ϕi × ϕj :=
∑
k,l

ηklcijkϕl,

where ηij is the inverse of the matrix ηij. One can then show that this operator algebra is
commutative and associative, which gives the following system of relations∑

λ,µ

cijλη
λµcµkl =

∑
λ,µ

ckjλη
λµcµil, (1.1.1)

together with symmetry of ηλµ, ηij and cijk in their respective indices. In the two-
dimensional case we can investigate perturbations of these topological quantum field theo-
ries by introducing coupling constants t1, . . . , tn for each of the primary fields and defining
new perturbed correlation functions so that, in particular, the three-point correlation func-
tions cijk depend on t1, . . . , tn, where t = 0 is the unperturbed case. Investigating the prop-
erties of these functions, one then finds that there must exist a function F = F (t1, . . . , tn)

such that
cijk(t) =

∂3F

∂ti∂tj∂tk
.

The tensor field ηij can also be expressed via the third order derivatives of F. The set of
equations from formula (1.1.1) then becomes the following system of nonlinear third order
differential equations, which are now known as the WDVV equations

∑
λ,µ

∂3F

∂ti∂tj∂tλ
ηλµ

∂3F

∂tµ∂tk∂tl
=
∑
λ,µ

∂3F

∂tk∂tj∂tλ
ηλµ

∂3F

∂tµ∂ti∂tl
. (1.1.2)

Some key structures of Frobenius manifolds in an important special case appeared
earlier in the work of Saito (see [46]) in relation to singularity theory. Consider the case
of the AN singularity f(x, y, z) = xN+1 + y2 + z2. Here, one deals with its semiuniversal
deformation, which is essentially the function

λ(x, a) = xN+1 +
N∑
i=1

aix
N−i,

where a = (a1, . . . , aN) ∈ CN . The parameters ai may be thought of as elementary sym-
metric polynomials on the orbit space M = CN+1/SN+1, or rather on a hypersurface π in
M given by the vanishing of the first elementary symmetric polynomial. Then the Saito
metric on π is given by the residue formula

η(∂i, ∂j) = res
x=∞

∂iλ ∂jλ

λ′(x)
dx.
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In the case of a more general isolated singularity the superpotential λ may be a multi-
variable function, and the differential dx may be replaced by a suitable "primitive form"
studied by Saito in [44]. Saito showed in [45] that for isolated singularities the residue
pairings were flat and proved the existence of primitive forms. In [46] he proved flatness
of a metric on the Coxeter orbit spaces which coincides with the residue pairing in the
ADE cases. Saito, Yano and Sekiguchi [47] later found flat coordinates of these metrics
to be distinguished sets of basic invariants of the corresponding Coxeter groups for all the
irreducible cases except for E7 and E8. These latter cases were completed by Abriani [1]
and Talamini [51] (see also earlier work by Kato [36]).

Another place from which examples of Frobenius manifolds arise is the area of quantum
cohomology. Quantum cohomology can be interpreted as a deformation of the De Rham
cohomology of a complex manifold M. We start with the cohomology algebra H∗M :=

⊕n
i=0H

2i(M ; C), we then replace the "cup product" • on the cohomology algebra with a
family of "quantum products" •x where x ∈ H∗M that reduces to the cup product • when
x = 0. These quantum cohomologies are directly related to the third-order derivatives of
the generating function F of Gromov-Witten invariants. One can then show that such an
F is a solution of the WDVV equations (see for example [39]).

In an earlier development in 1983, Dubrovin and Novikov [19] constructed local Poisson
brackets of hydrodynamic type and showed that they were equivalent to flat metrics.
They started with an n-dimensional manifold M on which they consider the loop space
L(M) = C∞(S1, M). One can then define the space of local functionals to be the set of
functions I : L(M) → R of the form

I[ϕ] =

∫
S1

P (ϕ(s))ds,

where ϕ ∈ L(M) and P = P (x;xis, x
i
ss, . . . ) is a polynomial of the derivatives of some

coordinates xi, i = 1, . . . , n, on the manifold M with coefficients of the derivatives allowed
to be smooth functions on the manifold. A local Poisson bracket is then a Lie bracket on
the space of local functionals of the form

{I1, I2} =

∫
S1

δI1
δxi(s)

Aij δI2
δxj(s)

ds, (1.1.3)

where Aij = aijk ∂
k
s is a differential operator with coefficients aijk being polynomials of the

derivatives of xi, like P explained above, and δI1
δxi(s)

, δI2
δxj(s)

stand for variational derivatives.
Here and below we assume the Einstein summation convention, meaning that summation
is assumed over any repeated indices. Dubrovin and Novikov were particularly interested
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in the local Poisson brackets of hydrodynamic type, that is,

Aij = gij
∂

∂s
+ bijk x

k
s , (1.1.4)

where gij and bijk are some smooth functions on M. The condition of a Lie bracket for a
local Poisson bracket given by formulas (1.1.3) and (1.1.4) is, by definition, that one has
bilinearity, skew-symmetry and the Jacobi identity (but not the Leibniz rule). This con-
strains how gij and bijk are related to each other, and in fact Dubrovin and Novikov showed
that if det(gij) ̸= 0, then gij defines a flat metric on M with contravariant Christoffel sym-
bols bijk (x) = −gil(x)gΓj

kl(x), where gΓj
kl are the usual Christoffel symbols for the metric g.

They then showed how these local Poisson brackets are related to well-known integrable
systems like the KdV equation and the nonlinear Klein-Gordon equation.

Integrable systems often admit bihamiltonian structure (see [38]). For local Poisson
brackets the concept of a bihamiltonian structure can be explained as follows. Consider a
pair of local Poisson brackets of hydrodynamic type { ·, · }1, { ·, · }2 that are non-degenerate
and compatible, meaning that

{ ·, · }λ = { ·, · }1 − λ{ ·, · }2

is a local Poisson bracket for all λ ∈ C. The flat metrics η and g for the brackets { ·, · }1
and { ·, · }2, respectively, form a flat pencil of metrics. That is,

gαβλ = gαβ − ληαβ

is a flat metric for all λ ∈ C and gλ has the contravariant Christoffel symbols

gλΓij
k = gΓij

k − ληΓij
k ,

where gΓij
k and ηΓij

k are the contravariant Christoffel symbols of the metrics g and η,

respectively. Dubrovin showed in [15] that such pencils are closely related to Frobenius
manifolds which he first introduced in 1992 [13].

The concept of Frobenius manifolds is a geometric, coordinate-free interpretation of the
WDVV equations. Despite this geometric construction, much of the interest in Frobenius
manifolds concerns its local structure.

A Frobenius manifold M is a complex manifold equipped with a flat metric η, which
defines a non-degenerate symmetric bilinear form on the tangent spaces TxM, x ∈ M.

Moreover, the tangent spaces TxM are a family of commutative, associative algebras with
a product which we denote by •, and there exists a special vector field E on M which
is called the Euler vector field. These ingredients of a Frobenius manifold satisfy various
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properties. One of the most important properties is the Frobenius algebra property which
states that for any vector fields X, Y, Z on M we have that

η(X • Y, Z) = η(X, Y • Z).

We can use this property to define a symmetric (0, 3) tensor field

c(X, Y, Z) := η(X • Y, Z).

For a Frobenius manifold we assume that the (0, 4) tensor field

(η∇W c)(X, Y, Z)

is also symmetric, where η∇W is a covariant derivative along the vector field W by the
Levi-Civita connection associated with metric η. This property along with the fact that η
is flat allows us to locally define a function F on M such that in a flat coordinate system
t1, . . . , tn we have

∂3F

∂tα∂tβ∂tγ
= c(∂tα , ∂tβ , ∂tγ ),

for all α, β, γ = 1, . . . , n. This function F is called a prepotential of the Frobenius manifold
and it is a solution of the WDVV equations (1.1.2). Moreover, F is quasihomogeneous,
meaning that

LEF (t) = (3− d)F (t) +Q(t),

where Q(t) is a quadratic function and d ∈ C is a constant. The constant d is called the
charge of the Frobenius manifold. Typically, the Euler vector field E will have the form

E(t) =
n∑

i=1

dit
i∂ti ,

for some constants di ∈ C which we call the degrees of the Frobenius manifold.
There are many structures that one can define on a Frobenius manifold. For instance,

the intersection form g which is

g(X, Y ) = η(X, Y • E−1),

where E−1 is the inverse of the Euler vector field with respect to the multiplication •. The
set of points M∗ where E is invertible is open and dense in M and the intersection form
can be shown to be a flat metric on this subset M∗. One can then show that η and g form
a flat pencil of metrics on M.
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Dubrovin also defined a new multiplication ⋆ on TxM as follows:

X ⋆ Y = X • Y • E−1,

which is considered for x ∈M∗, X, Y ∈ TxM∗. The product ⋆, along with the intersection
form g, gives us a new structure on M∗ known as an almost Frobenius manifold [17]. An
almost Frobenius manifold has many of the properties of a Frobenius manifold including
a flat metric, a commutative, associative multiplication, the Frobenius algebra property,
the Euler vector field E and a special additional vector field e, which we call the Liouville
vector field. The Liouville vector feild e is the identity element for the multiplication
• on the Frobenius manifold M, while the Euler vector field E is the identity element
for the multiplication ⋆ on the almost Frobenius manifold M∗. Frobenius manifolds and
almost Frobenius manifolds are dual to one another, in the sense that for any Frobenius
manifold one can construct an almost Frobenius manifold as explained above, and vice
versa. Moreover, in an analogous way to a prepotential F of a Frobenius manifold M,

one can associate a dual prepotential F∗ to an almost Frobenius manifold M∗. The dual
prepotential is also a solution of the WDVV equations and in some situations it has a
simpler form than the prepotential for the Frobenius manifold M.

1.2 Polynomial Frobenius manifolds

Let us consider a finite, irreducible Coxeter group W and the orbit space of a complexified
reflection representation V of W. It was shown in [46], see also [47], that given the flat
metric gij which is simply the W -invariant inner product inherited from V, the metric η
defined as

ηαβ = (Leg)
αβ

appears to be flat for an appropriate choice of vector field e. Here, the notation Le means
we are taking the Lie derivative along the vector field e. This vector field, which nowadays
is sometimes referred to as the Saito primitive vector field, is a constant vector field on
V/W given by e = ∂

∂t1
, where t1 is a basic invariant of W with highest degree. Moreover,

an explicit choice of a distinguished set of basic invariants t1, . . . , tn, for which ηαβ(t) =

δα+β,n+1, was found in [47] in all the irreducible cases except E7 and E8. The latter cases
were later dealt with by Abriani [1] and Talamini [51].

These distinguished polynomials are known as Saito polynomials and are important for
the representation theory of rational Cherednik algebras. These algebras Hc(W ) are de-
fined by a W -invariant function c : R → C on a root system R of the Coxeter group W [24].
They have a faithful representation ρ : Hc(W ) → End(C[x]), where C[x] = C[x1, . . . , xn].
The representation ρ is irreducible for generic c. Saito polynomials allow us to describe all
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singular vectors in the representation C[x] which belong to reflection representations of
W when the representation C[x] becomes reducible [25]. The corresponding parameters c
can be given explicitly in terms of the degrees of the Coxeter group W.

The flat metrics η and g form a flat pencil of metrics on the Coxeter orbit space.
Moreover, Dubrovin showed that the Coxeter orbit space has the structure of a Frobenius
manifold [14]. Here, the Saito primitive vector field e is the identity element for the
multiplication on M and the Euler vector field has the form

E(t) =
1

h

n∑
i=1

dit
i∂ti ,

where di are the degrees of the basic invariants ti, and h is the Coxeter number of W.
Another interesting feature of this class of Frobenius manifolds is that they have poly-

nomial prepotentials. Dubrovin conjectured that the Coxeter orbit spaces were the only
semisimple Fronbenius manifolds with polynomial prepotentials (with positive degrees).
This was proved by Hertling in 2002 [31]. For example, the Coxeter orbit spaces for rank
3, A3, B3 and H3, have the following prepotentials [13], [14]

FA3(t) =
t21t3 + t1t

2
2

2
+
t22t

2
3

4
+
t53
60
,

FB3(t) =
t21t3 + t1t

2
2

2
+
t32t3
6

+
t22t

3
3

6
+

t73
210

,

FH3(t) =
t21t3 + t1t

2
2

2
+
t32t

2
3

6
+
t22t

5
3

20
+

t113
3960

.

Polynomial prepotentials are not intuitively related to their associated Coxeter group and
their complexity increases as the rank increases. Whereas, the dual prepotentials of the
Coxeter orbit spaces have the following very simple form [17]:

F∗(x) =
∑
α∈R+

(α, x)2

(α, α)
log(α, x), (1.2.1)

where R+ is a positive root system of the Coxeter group W, x = (x1, . . . , xn) and x1, . . . , xn

are flat coordinates of the intersection form g.

Solutions of the WDVV equations of the form (1.2.1), where R+ is a special collection
of vectors which may not be a positive root system, exist [52]. Some of them are related
to Dubrovin’s duality on discriminant strata [28].
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1.3 Algebraic Frobenius manifolds

The next case to be considered that extends the class of Frobenius manifolds with poly-
nomial prepotentials would be the class of Frobenius manifolds whose corresponding pre-
potentials F (t1, . . . , tn) are algebraic functions of the flat coordinates t1, . . . , tn. The first
non-rational algebraic Frobenius manifolds were found by Dubrovin and Mazzocco in 2000,
which they derived from the Coxeter group H3 in relation to Painlevé VI equation [18].
Explicit prepotentials of these Frobenius manifolds, denoted as (H3)

′ and (H3)
′′, were given

more recently by Kato, Mano and Sekiguchi [35] (see also Remark 6.1 in that paper).
The local monodromy group of a semisimple Frobenius manifold is generated by finitely

many reflections [16]. It comes together with a particular set of generating reflections
R1, . . . , Rn, where n is the dimension of the Frobenius manifold. In the case of an algebraic
Frobenius manifold there is a finite orbit of the braid group Bn acting on n-tuples of
reflections in the monodromy group, this action is known as the Hurwitz action [18]. The
local monodromy group is then necessarily a finite group [41], and the product of reflections
Ri gives a quasi-Coxeter element w in this group. An equivalent property of w is that it
does not belong to any proper reflection subgroup of the Coxeter group (see [12]).

It is expected that irreducible semisimple algebraic Frobenius manifolds are closely
related to the quasi-Coxeter conjugacy classes of finite irreducible Coxeter groups, where
polynomial Frobenius manifolds correspond to the conjugacy class of a Coxeter element.
The following conjecture was originally stated by Dinar in [7] and is attributed to Dubrovin
(see also discussion in [16]).

Conjecture 1.3.1. [7] The irreducible, semisimple algebraic Frobenius manifolds with
positive degrees correspond to quasi-Coxeter conjugacy classes of finite, irreducible Coxeter
groups.

We recall some findings of algebraic Frobenius manifolds below together with their
links to quasi-Coxeter elements. It seems not clear though whether these constructions
give the same quasi-Coxeter conjugacy class as described above following [12].

Pavlyk constructed bihamiltonian structures of hydrodynamic type by considering the
dispersionless limit of generalised Drinfeld–Sokolov hierarchies associated to a regular ele-
ment of a Heisenberg subalgebra Hw of an affine Lie algebra ĝ [43]. To make the dispersion-
less limit finite one has to restrict analysis to a suitable submanifold of the phase space.
In this construction the Heisenberg subalgebra Hw is associated with a regular quasi-
Coxeter element w of the Weyl group of the finite-dimensional Lie algebra g (in general,
non-equivalent Heisenberg subalgebras are in one-to-one correspondence with conjugacy
classes of the Weyl group [34]). As we mentioned above, Dubrovin had previously shown
that bihamiltonian structures of hydrodynamic type have a correspondence with Frobe-
nius manifolds [15]. Pavlyk claimed that his construction produces algebraic Frobenius
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manifolds and he gave an explicit expression for the prepotential in the case of the conju-
gacy class D4(a1) [43] (in the notation for conjugacy classes of Weyl groups from Carter
[3]).

Dinar also gave a construction of algebraic Frobenius manifolds [10]. Starting with a
regular quasi-Coxeter element w in a Weyl group there is a distinguished nilpotent element
e in the associated simple Lie algebra g [5], [49]. Dinar constructed a bi-Hamiltonian
structure of hydrodynamic type on a subvariety of the Slodowy slice Se ⊆ g∗ using Dirac
reduction and gave an explicit expression for the prepotential in the case of nilpotent orbit
F4(a2) [7] (in the notation for nilpotent orbits from [4]). He also derived prepotentials for
D4(a1) [9] and E8(a1) [8], the latter of which was simplified in a joint work with Sekiguchi
[11]. The eigenvalues of the quasi-Coxeter element w have the form e

2πi
|w| ηj , where |w|

denotes the order of w and 0 ≤ ηj ≤ |w|−1. The degrees dj of the corresponding Frobenius
manifold are dj =

ηj+1

|w| . In the case of a subregular, nilpotent element e, Dinar elaborated
his construction in [9], where he showed the existence of an algebraic prepotential in the
cases E6(a1) and E7(a1), in addition to D4(a1) and E8(a1).

Two algebraic prepotentials related to Weyl groups E6 and E7, and seven algebraic
prepotentials related to the Coxeter group H4 were found by Sekiguchi [48], who used
degrees of the latter Frobenius manifolds conjectured by Douvropoulos (see further details
in [12]). The former prepotentials related to E6 and E7 are expected to be the prepotentials
for the algebraic Frobenius manifolds found by Dinar in the case of subregular nilpotent
elements [9]. The latter prepotentials related to H4 are denoted by H4(k), where k =

1, 2, 3, 4, 6, 7, 9.

1.4 Main results I: Flat coordinates of algebraic Frobe-

nius manifolds

We are interested in the relations between the flat coordinates of the metric η and those
of the intersection form g. As we mentioned above, for polynomial Frobenius manifolds
expressing flat coordinates of η via that of g gives a distinguished set of basic invariants of
a Coxeter group, known as Saito polynomials [47]. It is a complicated problem in general
to express one flat coordinate system in terms of the other. The main results of this thesis
relate flat coordinates of the metric η with flat coordinates of the intersection form g for
most of the known algebraic Frobenius manifolds in dimensions 3 and 4. These results are
published in [26].



CHAPTER 1. INTRODUCTION 10

1.4.1 Two-dimensional case

Let us review the case of two-dimensional algebraic Frobenius manifolds. Prepotentials
for two-dimensional (semisimple) algebraic Frobenius manifolds have the following form
[13]:

F (t) =
1

2
t21t2 + ctk+1

2 , (1.4.1)

where k ∈ Q\{−1, 0, 1} and c ∈ C is a nonzero constant. The Coxeter orbit spaces for the
dihedral groups I2(k) have polynomial prepotentials of the form (1.4.1). For the algebraic
case we have that k = m

l
where m, l ∈ Z \ {0} with m and l coprime and m > 0. Using a

method analogous to Douvropoulos’ work on H4 (see [12]), one can associate each of these
algebraic prepotentials to quasi-Coxeter element in I2(m) when 1 ≤ l ≤ m

2
, with the l = 1

case giving the Coxeter element of I2(m). We then have the following proposition which
relates the flat coordinates of the two flat metrics η and g via the use of basic invariants
of I2(m).

Proposition 1.4.1. Let x1, x2 be flat coordinates of the intersection form g for the pre-
potential (1.4.1) and define y1, y2 to be the following basic invariants of I2(m) :

y1 = (x1 + ix2)
m + (x1 − ix2)

m, y2 =
x21 + x22
2m

. (1.4.2)

Then we can express the basic invariants (1.4.2) in terms of the flat coordinates of the
metric η in the following form:

y1 =

t1 +
√
t21 −

4c(m2−l2)
ml

t
m
l
2

2a

l

+

t1 −
√
t21 −

4c(m2−l2)
ml

t
m
l
2

2a

l

, y2 =
t2
l
,

where a2 = 2c(k2−1)
(2k)k+1 .

A proof of this proposition is presented in Section 4.1 where we use the well known
relations, in the two-dimensional case, between the flat coordinates t1, t2 of the metric η
and the flat coordinates x1, x2 of the intersection form g.

1.4.2 3-dimensional and 4-dimensional cases

We deal with 9 out of 11 known algebraic Frobenius manifolds in dimensions 3 and 4. We
start with their prepotentials, which can be expressed as polynomials of the t coordinates
and an additional variable Z, which is algebraic in the t coordinates. Each Frobenius
manifold is associated to a conjugacy class of a Coxeter group W. Motivated by this, we
define coordinates y1, . . . , yn to be some basic invariants of the group W which are W -
invariant polynomials of the flat coordinates x1, . . . , xn of the intersection form g. Then,
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it appears to be possible to relate t1, . . . , tn, Z and y1, . . . , yn.
In the polynomial case, the t coordinates are themselves particular basic invariants of

the x coordinates known as Saito polynomials, thus the y coordinates would be polynomials
of the t coordinates. For the algebraic case we assume that the y coordinates may be
expressed as polynomials of the t coordinates and Z, which appears to be true for the
algebraic Frobenius manifolds that we deal with. As a result, the t coordinates turn out
to be algebraic functions on the orbit space Cn/W.

Let us explain our results in an example.

Example 1.4.2. Let us consider the Frobenius manifold (H3)
′′. This has the prepotential

[35]

F (t) =
1

2

(
t22t1 + t3t

2
1

)
+

4063

1701
t73 +

19

135
t53Z

2 − 73

27
t33Z

4 +
11

9
t3Z

6 − 16

35
Z7,

where
Z2 + t2 − t23 = 0.

The Euler vector field has the form

E(t) = t1∂t1 +
2

3
t2∂t2 +

1

3
t3∂t3 ,

and the charge is d = 2
3
. Let us choose the following basic invariants of H3 :

y1 =95ϵ2ϵ3 − 32ϵ21ϵ3 − 5ϵ1ϵ
2
2 + 2ϵ31ϵ2 + 3

√
5δϵ2,

y2 =
√
5δ + ϵ1ϵ2 − 11ϵ3,

y3 = ϵ1,

where

ϵ1 =x21 + x22 + x23,

ϵ2 =x21x
2
2 + x21x

2
3 + x22x

2
3,

ϵ3 =x21x
2
2x

2
3,

δ =(x21 − x22)(x
2
1 − x23)(x

2
2 − x23).

We find that

y1 =
288

25

(
135t1t2 + 405t1t

2
3 − 90t22t3 − 108t22Z + 1070t2t

3
3

+216t2t
2
3Z + 2292t53 − 108t43Z

)
, (1.4.3)

y2 =
8

5

(
27t1 + 90t2t3 + 160t33

)
, (1.4.4)

y3 =12t3. (1.4.5)
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Inverting these relations to find the t coordinates in terms of the y coordinates then gives
us that

t1 =
5

23328

(
108y2 − 25y33 + 1296y3Z

2
)
, (1.4.6)

t2 =
1

144
y23 − Z2, (1.4.7)

t3 =
1

12
y3, (1.4.8)

where Z satisfies the equation

31104Z5 + 12960Z4y3 + (900y2 − 360y33)Z
2 + (25y1 − 25y2y

2
3 + 2y53) = 0.

Let us comment briefly on how we find these relations. The main idea is to calculate
the intersection form gαβ in two ways. On the one hand we can assume that gij(x) = δij,

which can be used to calculate gij(y), which only depends on Coxeter group information.
In the settings of Example 1.4.2 we have

gij(y) =

30y32 + 36y22y
3
3 + 8y1y

4
3 28y22y3 + 8y2y

4
3 20y1

28y22y3 + 8y2y
4
3 8y1 + 8y2y

2
3 12y2

20y1 12y2 4y3

 .

On the other hand, we can calculate the intersection form gαβ(t) in the t coordinates
using only the prepotential and Euler vector field. Precisely, we use the relation

gαβ(t) = Eγ(t)cαβγ (t),

where E is the Euler vector field and cαβγ are the cotangent structure constants of the
Frobenius manifold. If we express the y coordinates as arbitrary polynomials of the t
coordinates and Z of specified degrees, then gαβ(t) can be tensorially transformed into
gαβ(y) expressed in the t coordinates. Comparing the two expressions for gαβ(y(t)) with
one another we can find what values the coefficients in the polynomials must take and
thus find the expressions of the y coordinates in terms of the t coordinates.

To make this calculation tractable and to fix the unknown coefficients, we use the

Frobenius structure to find the result of applying the Laplace operator ∆ =
n∑

i=1

∂2xi to the

coordinates ti.
We find relations of type (1.4.3)–(1.4.5) for the algebraic Frobenius manifolds (H3)

′,

(H3)
′′, D4(a1), F4(a2) and H4(k) for k = 1, 2, 3, 4 and 7. We also find the inverse relations

of type (1.4.6)–(1.4.8) for all these cases except H4(4) and H4(7), where the calculations
become too involved. Calculations are performed by Mathematica, and a notebook of
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these calculations is available online [27]. The only cases of algebraic prepotentials in
dimension 4 that are known that we do not consider are H4(6) and H4(9), for which our
methods appear not to work.

1.5 Main results II: Almost duality

We also investigate the dual prepotentials for some of the algebraic Frobenius manifolds.
It is known in the polynomial case that the dual prepotentials have the form (1.2.1), while
for the algebraic case, no explicit formulas for F∗ are known.

We find the dual prepotentials for the two-dimensional algebraic Frobenius manifolds
(1.4.1) in the cases when k = ±1/l and l ≥ 2 is an integer. Thus, we prove the following
theorems

Theorem 1.5.1. [26] Let M be a two-dimensional Frobenius manifold with prepotential
(1.4.1) with k = l−1, where l ∈ Z≥2. Then the dual prepotential of M has the form

F∗(x) =
x22
l
log x2 +

z2

4l
log z +

z2

4l
log z

+
l−1∑
j=1

z
j
l

4j

(
lx1 + (l − 2j)ix2

(j − l)z
j
l
−1

+ (2ix2)
2− j

l 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

))
, (1.5.1)

where 2F1(a, b; c;w) is the hypergeometric function and z = x1 + ix2, z = x1 − ix2.

Theorem 1.5.2. [26] Let M̃ be a two-dimensional Frobenius manifold with prepotential
(1.4.1) with k = −l−1, where l ∈ Z≥2. Then the dual prepotential of M̃ has the form

F̃∗(x) = F∗(x)−
x21 + x22

2l
log(x21 + x22),

where F∗(x) is the function given by formula (1.5.1).

We also make a few observations concerning the dual prepotentials F∗ in the algebraic
cases (H3)

′′ and D4(a1). Notice that, in the polynomial case the dual prepotential has the
following third order derivatives

∂3F∗

∂xi∂xj∂xk
=
∑
α∈R+

2αiαjαk

(α, α)

1

(α, x)
,

where αi = (α, ei) and ei are orthonormal basis vectors of the complexified reflection
representation V of the Coxeter group W with the root system R. The sets of points
Πα = {x ∈ V | (α, x) = 0} are known as mirrors of the group W. So, the third order
derivatives of F∗ have simple poles on the mirrors and their residues on the mirrors are
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constant, in other words(
(α, x)

∂3F∗

∂xi∂xj∂xk

) ∣∣∣∣
(α, x)=0

=
2αiαjαk

(α, α)
, (1.5.2)

for all i, j, k.
For the algebraic cases of (H3)

′′, D4(a1) and the two-dimensional algebraic cases, we
investigate the residues of the third order derivatives of their dual prepotentials on the
mirrors of the associated Coxeter groups H3, D4 and I2(m), respectively.

For the cases of (H3)
′′ and D4(a1), we find that the algebraic variable Z is algebraic

in the x coordinates, meaning it satisfies a polynomial relation P (x, Z) = 0. We find that
on the mirrors of their respective groups H3 and D4, this polynomial factors into a linear
branch squared and a nonlinear branch. On the linear branch, we find that(

(α, x)
∂3F∗

∂xi∂xj∂xk

) ∣∣∣∣
(α, x)=0

= 0, (1.5.3)

for all α ∈ R and all i, j, k. On the nonlinear branch, we find the same relation as in the
polynomial case, namely, formula (1.5.2) holds. Calculations of these mirror residues are
done by Mathematica and can be found in the notebook [27], see also [26]. In the two-
dimensional cases, we also have relations (1.5.2) and (1.5.3) depending on which branch
we take on the mirrors for an algebraic function.

1.6 Thesis structure

In Chapter 2 we give introductory material on Frobenius manifolds, Coxeter groups and
Lie algebras that is necessary for understanding later chapters.

More specifically, in Section 2.1 we go over some conventional notation, particularly in
relation to tensor fields on complex manifolds.

In Section 2.2 we go over the basic definitions and theorems that relate to Frobenius
manifolds. This section is divided into subsections which roughly correspond to differing
structures that one can relate to Frobenius manifolds.

In Subsection 2.2.1 we go over the definition of a local diffeomorphism and a flat met-
ric on a complex manifold. In Subsection 2.2.2 we give introductory notes on Frobenius
manifolds, prepotentials and their correspondence with one another. In Subsection 2.2.3
we go over the symmetries of Frobenius manifolds which are the Legendre transformations
and the inversion symmetry. In Subsection 2.2.4 we consider the dual structures on a
Frobenius manifold and review a relation between Frobenius manifolds and their almost
duals. In Subsection 2.2.5 we present another approach to Frobenius manifolds, based
on flat pencils of metrics. In Subsection 2.2.6 we present yet another interpretation of a
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Frobenius manifold, this time going over the construction via bihamiltonian structures,
which involves constructing compatible local Poisson brackets of hydrodynamic type. In
Subsection 2.2.7 we present and discuss the concept of a semisimple Frobenius mani-
fold and superpotentials of Frobenius manifolds which is a useful technical tool to define
the structures of a Frobenius manifold. In Subsection 2.2.8 we present reformulations of
semisimple Frobenius manifolds, via Darboux–Egoroff systems and Egoroff potentials. In
Subsection 2.2.9 we go over the concept of a monodromy group of a semisimple Frobenius
manifold and explore some of its properties.

Material in Subsections 2.2.1–2.2.7 is largely well-known and was mostly developed
by Dubrovin in [13]. While Darboux–Egoroff systems have been discussed in detail in
the literature before, Egoroff potentials have not been given the same treatment despite
their simpler features and properties. In particular we find, using Egoroff potentials,
that the inversion of a reducible semisimple Frobenius manifold, when it can be done, is
always irreducible. We also show that any nonzero flat, homogeneous vector field on an
irreducible Frobenius manifold is invertible which allows us to show that any irreducible,
semisimple Frobenius manifold with real degrees and charge can be Legendre transformed
into a Frobenius manifold with strictly positive degrees. These statements presented in
Subsection 2.2.8 are new, as far as we can tell.

In Section 2.3 we go over some introductory notes on finite Coxeter groups, in particular
quasi-Coxeter elements and basic invariants.

In Section 2.4 we present some features of Lie algebras that will become important
later in the thesis, including the construction of local Poisson brackets on Slodowy slices.

In Chapter 3 we go over some particular classes and constructions of Frobenius man-
ifolds. Thus, in Section 3.1 we go over the construction of Coxeter orbit spaces, which
are polynomial Frobenius manifolds. In Section 3.2 we then consider the case of algebraic
Frobenius manifolds, where we discuss constructions given by Dubrovin and Mazzocco
[18], Dinar [7] and Sekiguchi [48].

In Subsection 3.2.1 we present the context for Dubrovin and Mazzocco’s construction
for algebraic Frobenius manifolds in 3 dimensions which they related to the Coxeter group
H3. These were the first known examples of irreducible non-rational algebraic Frobenius
manifolds in dimension greater than two, and is credited as the origin of Dubrovin’s con-
jecture for algebraic Frobenius manifolds. In Subsection 3.2.2 we go over the construction
of algebraic Frobenius manifolds given by Pavlyk and Dinar. We follow only Dinar’s con-
struction in this section as it is simpler and Pavlyk’s construction gives the same Frobenius
manifolds. These Frobenius manifolds are constructed using distinguished nilpotent ele-
ments of semisimple type in simple Lie algebras. In Subsection 3.2.3 we go over the
construction of algebraic Frobenius manifolds found by Sekiguchi using some combina-
torial information, given by Douvropoulos, related to regular quasi-Coxeter elements of
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Coxeter groups. These constructions give explicit formulas for the prepotentials which
are related to E6, E7 and H4. In Subsection 3.2.4 we go over the known information in
the two-dimensional cases and relate that information to quasi-Coxeter elements in the
rank 2 Coxeter groups. This motivates us to modify the Dubrovin conjecture for algebraic
Frobenius manifolds.

In Chapter 4 we present the first part of our main results, which concern the Frobenius
manifolds (H3)

′, (H3)
′′, D4(a1), F4(a2) and H4(k) for k = 1, 2, 3, 4 and 7. In particular,

we present relations between the flat coordinates of the intersection form and the flat
coordinates of the metric for each of these Frobenius manifolds. These results are published
in [26]. Some of the relations are too involved and are not included in the paper [26], we
present these relations in the Appendix rather than in Chapter 4.

In Chapter 5 we present the second part of our results, namely we present some features
of the dual prepotentials of some algebraic Frobenius manifolds. In particular, we find the
dual prepotentials for a family of two-dimensional algebraic Frobenius manifolds and we
find some properties the third order derivatives of the dual prepotentials satisfy for the
(H3)

′′ and D4(a1) cases, as well as the two-dimensional cases. Most of these results are
published in [26].



Chapter 2

Background material

2.1 Notation

Throughout this thesis I use a variety of notations that are used by others but may not be
understood by all readers. For clarity’s sake, I will briefly explain a few of these notations.

2.1.1 Einstein summation convention

When two terms are written next to one another and each has the same index variable,
one in the upper indices of one of the terms and one in the lower indices of the other, and
that index variable is nowhere else defined, we use the Einstein summation convention.
This tells us to identify what is written with the summation of the product of those terms
over the values of the index variable. For example if we see the term aib

i and we know
that i is nowhere defined, but can vary in the range 1, . . . , n, then this product is equal to

aib
i =

n∑
i=1

aib
i = a1b

1 + a2b
2 + · · ·+ anb

n.

2.1.2 Smooth functions, vector fields and tensor fields

Let M be a complex manifold. We denote C∞(M) to be the set of smooth (equivalently,
holomorphic or analytic) functions on M. We denote X(M) to be the vector fields on M

and we denote Ω1(M) to be the one-forms on M.

Let U ⊆M be an open chart of M with coordinate system u = (u1, . . . , un), and let T
be a rank (r, s) tensor field on M. When we write T in the u coordinates we sometimes
wish to take derivatives of their components. We denote this as follows:

T a1...ar
b1...bs;i

(u) :=
∂

∂ui
T a1...ar
b1...bs

(u),

for all i = 1, . . . , n. If we wish to consider the tensor field T only at a point p ∈ M, then

17
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we write Tp to denote this.

2.1.3 Direct sums of tensor fields

Let M and N be complex manifolds and let T and S be tensor fields on M and N,

respectively, both of rank (r, s). Then, for each m ∈ M and n ∈ N, we denote T r
s (TmM)

and T r
s (TnN) to be the spaces of rank (r, s) tensors of the tangent spaces TmM and TnN,

respectively. Then we can define the direct sum T ⊕ S to be a tensor field of rank (r, s)

on M ×N as follows:
(T ⊕ S)(m,n) := ψ(Tm, Sn),

where ψ : T r
s (TmM)× T r

s (TnN) → T r
s (T(m,n)(M ×N)) is the natural isomorphism.

2.1.4 Lie derivatives

Let M be a smooth manifold and let X be a vector field on M defined in some open chart
U ⊆M and let T be a tensor field on M of rank (r, s). If we let u = (u1, . . . , un) be local
coordinates of U with

X = Xc(u)∂uc ,

then the Lie derivative LXT of T along X is a tensor field on M of rank (r, s), defined in
local coordinates u1, . . . , un as

(LXT )
a1...ar
b1...bs

(u) := Xc(u)T a1...ar
b1...bs;c

(u)−
r∑

i=1

Xai
;c (u)T

a1...ai−1 c ai+1...ar
b1...bs

(u)

+
s∑

j=1

Xc
;bj
(u)T a1...ar

b1...bj−1 c bj+1...bs
(u). (2.1.1)

2.1.5 Christoffel symbols and the Levi-Civita connection

Let M be a complex manifold with a metric g, that is a non-degenerate, symmetric rank
(0, 2) or rank (2, 0) tensor field. Let U ⊆ M be an open chart of M with coordinate
system u = (u1, . . . , un), then the Christoffel symbols gΓk

ij(u) for the metric g are defined
in the local coordinates to be

gΓk
ij(u) =

1

2
gkl(u)(gli;j(u) + glj;i(u)− gij;l(u)),

for all i, j, k = 1, . . . , n. These are not tensor fields, and thus they don’t transform as tensor
fields do. Let v = (v1, . . . , vn) be another coordinate system on U. Then the Christoffel
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symbols transform between the u and v coordinates by the following transformation law:

gΓk
ij(v) =

gΓγ
αβ(u)

∂vk

∂uγ
∂uα

∂vi
∂uβ

∂vj
+

∂2uλ

∂vi∂vj
∂vk

∂uλ
, (2.1.2)

for all i, j, k = 1, . . . , n.

Given a metric g on a complex manifold M and local coordinates u = (u1, . . . , un), we
can define the Levi-Civita connection g∇XT of a vector field X with a tensor field T of
rank (r, s) to be a tensor field of rank (r, s) on M, which we define in the local coordinates
u1, . . . , un as

(g∇XT )
a1...ar
b1...bs

(u) := Xc(u)T a1...ar
b1...bs;c

(u) +
r∑

i=1

Xc(u)gΓai
dc(u)T

a1...ai−1 d ai+1...ar
b1...bs

(u)

−
s∑

j=1

Xc(u)gΓd
bjc
(u)T a1...ar

b1...bj−1 d bj+1...bs
(u).

2.1.6 Laplacian and gradient

Let U ⊆ Cn be a non-empty and open set and consider a smooth function f : U → C,
then the Laplacian and gradient of f are respectively notated as

∆(f) :=
n∑

i=1

∂2f

(∂xi)2
, ∇(f) :=

(
∂f

∂xi

)
i=1,...,n

.

If f is a smooth function such that ∆(f) = 0, then f is known as a harmonic function.

2.2 Frobenius manifolds

2.2.1 Local diffeomorphisms and flat metrics

Let us recall the definition of a local diffeomorphism between two complex manifolds.

Definition 2.2.1. Let M and N be two complex manifolds and let ϕ : M → N be a
function. We say that ϕ is a local diffeomorphism if for every x ∈M there exists an open
neighbourhood U of x such that ϕ(U) is open and ϕ|U : U → ϕ(U) is a diffeomorphism.

Note that any local diffeomorphism is a smooth map, since it is locally smooth. A
smooth map ϕ : M → N induces differential maps ϕ∗ : TtM → Tϕ(t)N which are linear
maps between the tangent spaces, and if ϕ is a local diffeomorphism then ϕ∗ is also
invertible for all t ∈M.

Definition 2.2.2. Let M be a complex manifold and let g be a rank (0, 2) tensor field. We
say that g is non-degenerate if for all X ∈ X(M) such that g(X, Y ) = 0 for all Y ∈ X(M)
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we have X = 0. We say that g is a metric if it is symmetric and non-degenerate. A metric
is called flat if in every open chart of M, there exists local coordinates x = (x1, . . . , xn)

such that gαβ(x) is constant for all α, β = 1, . . . , n.

If gαβ is a non-degenerate rank (0, 2) tensor field, then there exists a unique rank (2, 0)

tensor field gβγ such that gαβgβγ = δγα. These tensor fields are known as inverses of one
another, and if gαβ is a rank (2, 0) tensor field whose inverse gβγ is a metric, then we call
gαβ a contravariant metric. Since metrics and contravariant metrics always co-exist and
are unique, when we refer to a contravariant metric we may simply refer to it as a metric.

Definition 2.2.3. Let M be a complex manifold. We say that a function φ : X(M) →
X(M) is a pointwise C∞(M) linear map if it is C∞(M) linear and Xp = Yp implies that
φ(X)p = φ(Y )p for all p ∈M and all X, Y ∈ X(M).

Pointwise C∞(M) multilinear maps are defined to be functions ϕ : X(M)n → X(M)

which are pointwise C∞(M) linear in each of their components. A pointwise C∞(M) mul-
tilinear map is obviously C∞(M) multilinear, however the converse is not true, not every
C∞(M) multilinear map is pointwise C∞(M) multilinear. Pointwise C∞(M) multilinear
maps allow us to define rank (1, n) tensor fields T on M, and vice versa, as

Tp(ωp, X
1
p , . . . , X

n
p ) = ωp(φ(X

1, . . . , Xn)p),

where X i are chosen so that (X i)p = X i
p for all i = 1, . . . , n. Note also that any pointwise

C∞(M) multilinear map can be restricted to any non-empty open subset U ⊆ M to give
a pointwise C∞(U) multilinear map in a unique way.

2.2.2 Frobenius manifolds and prepotentials

In this section the notion of a Frobenius manifold and its prepotential are presented, which
are the central objects that I investigate throughout the rest of this thesis. We begin with
the definition of a Frobenius algebra.

Definition 2.2.4. [13, Lecture 1] A Frobenius algebra is a finite-dimensional associative
algebra A over C with unit e and nondegenerate bilinear form ⟨·, ·⟩ such that

⟨uv, w⟩ = ⟨u, vw⟩, (2.2.1)

for all u, v, w ∈ A.

Frobenius algebras may not necessarily be commutative, but the category of com-
mutative Frobenius algebras is equivalent to the category of two-dimensional topological
quantum field theories [37]. Frobenius manifolds are moduli spaces of commutative Frobe-
nius algebras, and so are of interest to anyone studying 2-dimensional quantum gravity.
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Definition 2.2.5. [13, Lecture 1] A Frobenius manifold M is a complex manifold together
with a flat metric η, a pointwise C∞(M) bilinear, commutative multiplication ◦ on X(M)

and a vector field E ∈ X(M), which we call the Euler vector field, such that
1) There exists an identity element e for the multiplication ◦ that is covariantly con-

stant with respect to the Levi-Civita connection for the metric η, meaning that

η∇Xe = 0, (2.2.2)

for all X ∈ X(M). We will refer to e as the unity vector field.
2) The tangent spaces of M with multiplication and bilinear form defined by the

restriction of ◦ and η, respectively, are Frobenius algebras, meaning that the multiplication
◦ is associative and

η(X ◦ Y, Z) = η(X, Y ◦ Z),

for all X, Y, Z ∈ X(M).

3) We define the following tensor field:

c(X, Y, Z) := η(X ◦ Y, Z) (2.2.3)

for all X, Y, Z ∈ X(M). We require that

(η∇W c) (X, Y, Z) = (η∇Xc) (W,Y, Z) (2.2.4)

for all W,X, Y, Z ∈ X(M).

4) For all X, Y ∈ X(M) with η∇ZY = 0 for all Z ∈ X(M), we have that

η∇X (η∇YE) = 0. (2.2.5)

5) There exists a constant d ∈ C, which we call the charge, such that

LEc = (3− d)c,

and
LEe = −e.

Example 2.2.6. Let A be a Frobenius algebra with commutative multiplication • and a
symmetric bilinear form ⟨·, ·⟩. Let e1, . . . , en be a basis of A with identity element e = e1

and let M = Cn with coordinates t1, . . . , tn. Define η : X(M) × X(M) → C∞(M) and
◦ : X(M)× X(M) → X(M) by C∞(M)-bilinearly extending the following:

η(∂ti , ∂tj) := ⟨ei, ej⟩, ∂ti ◦ ∂tj := ckij∂tk ,
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for all i, j = 1, . . . , n, where ei • ej = ckijek. Then, this gives the structure of a Frobenius
manifold on M with unity vector field e = ∂t1 , Euler vector field E(t) = tα∂tα and charge
d = 0.

Frobenius manifolds have various structures that we can define on them. Below we
give definitions for some commonly used tensor fields on Frobenius manifolds.

Definition 2.2.7. Let M be a Frobenius manifold with metric η. Then, we define the
following tensor fields:

cγαβ := ηγδcαβδ, cαβγ := ηαδcβδγ, (2.2.6)

where cαβγ is the rank (0, 3) tensor field defined in formula (2.2.3) and ηαβ is the inverse
of the metric ηαβ. We call cγαβ the structure constants of M, and cαβγ are the cotangent
structure constants of M.

Note that, by the commutativity of the multiplication and the symmetry of the metric,
the tensor fields cαβγ and cγαβ are symmetric in the lower indices and cαβγ is symmetric in
the upper indices.

Proposition 2.2.8. Let M be a Frobenius manifold with metric η, Euler vector field E,
structure constants cγαβ and cotangent structure constants cαβγ . Then, the following relations
hold:

cαβϵc
ϵ
γδ = cγβϵc

ϵ
αδ, cαβϵc

ϵδ
γ = cγβϵc

ϵδ
α , cβαϵc

ϵ
γδ = cβγϵc

ϵ
αδ, cβαϵc

ϵδ
γ = cβγϵc

ϵδ
α , (2.2.7)

(LEη)αβ =(2− d)ηαβ, (LEη)
αβ =(d− 2)ηαβ, (2.2.8)

(LEc)
γ
αβ = cγαβ, (LEc)

αβ
γ =(d− 1)cαβγ , (2.2.9)

for all α, β, γ, δ = 1, . . . , n, where cαβγ is the rank (0, 3) tensor field defined in (2.2.6).

Relations (2.2.7) can be deduced from the associativity of the multiplication on the vec-
tor fields of a Frobenius manifold. Relations (2.2.8) and (2.2.9) are derived from condition
4) of Definition 2.2.5 of a Frobenius manifold.

Definition 2.2.9. Let M be a Frobenius manifold with metric η and unity vector field e.
If η(e, e) = 0, then we call M a Frobenius manifold of first type, and if η(e, e) ̸= 0, then
we call M a Frobenius manifold of second type.

The majority of the Frobenius manifolds that we will consider, and that are studied in
the wider literature, are of first type. Next, we present the definition of equivalence, and
local equivalence, between two Frobenius manifolds.

Definition 2.2.10. [13, Lecture 1] Let M and N be Frobenius manifolds with flat metrics
η and ζ, and Euler vector fields EM and EN , respectively. Let ϕ : M → N be a smooth
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map such that the differential ϕ∗ : TtM → Tϕ(t)N is an algebra isomorphism for all t ∈M

with ϕ∗(EM) = EN , and

ζϕ(t)(ϕ∗(X), ϕ∗(Y )) = c2ηt(X, Y ),

for all X, Y ∈ X(M) and all t ∈ M, where c ∈ C is some nonzero constant. If ϕ is a
diffeomorphism, we say that M and N are equivalent and if ϕ is a local diffeomorphism,
we say that M is locally equivalent to N.

This definition differs slightly from the one given in Lecture 1 of [13], where the con-
dition ϕ∗(EM) = EN is not stated. We have chosen to include this condition here because
the way in which the Euler vector field is referred to in most of the literature, it is an
intrinsic part of the Frobenius manifold and two Frobenius manifolds which differ only by
their Euler vector fields are not typically treated as being equivalent to one another. If
one removes the condition ϕ∗(EM) = EN from the definition of a (local) equivalence it
is possible to show that ϕ∗(EM) satisfies all of the conditions that the Euler vector field
on N also satisfies. However, even if (local) equivalence maps exist between M and N, it
may be the case that for all (local) equivalence maps ϕ we have ϕ∗(EM) ̸= EN .

Note that, if M is equivalent to N then M is also locally equivalent to N. Also, any
open submanifold of a Frobenius manifold M is locally equivalent to M.

Definition 2.2.11. Let M and N be Frobenius manifolds with metrics η, ζ, multiplica-
tions ◦, •, unity vector fields e, ẽ and Euler vector fields E, Ẽ, respectively. If M and
N have the same charge d, then we define the product of M and N to be the Frobenius
manifold M×N with metric η⊕ζ, multiplication ◦⊕•, unity vector field e⊕ẽ, Euler vector
field E ⊕ Ẽ and charge d. Here the multiplications are interpreted as rank (1, 2) tensor
fields, so that their direct sum can be defined on M × N. Moreover, if M is a Frobenius
manifold that is locally equivalent to a product of Frobenius manifolds, then we say that
M is reducible, and we say that M is irreducible if it is not reducible.

Remark 2.2.12. Note that if M is locally equivalent to M̃ and N is locally equivalent
to Ñ , it is not necessarily the case that M × N is locally equivalent to M̃ × Ñ , one can
see this by scaling one of the metrics by an arbitrary constant. However, reducibility (and
irreducibility) is preserved under local equivalence.

We will now explain what the WDVV equations are, so that we may define a prepo-
tential. Solutions of the WDVV equations are a topic of study in their own right, but in
this thesis we will not be investigating any solutions which are not also prepotentials.

Definition 2.2.13. Let F = F (t1, . . . , tn) be a thrice-differentiable function on a complex
manifold U with a coordinate system t = (t1, . . . , tn) which is defined on all of U. Let Fα
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be the n× n matrices with entries

(Fα)γδ :=
∂3F

∂tα∂tγ∂tδ
. (2.2.10)

Then, the WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equations are the following sys-
tem of equations:

FαA
−1Fβ = FβA

−1Fα, (α, β = 1, . . . , n) (2.2.11)

where A is an invertible n× n matrix of the form

A =
n∑

i=1

aiFi, (2.2.12)

with ai ∈ C∞(U). If F solves the system of equations (2.2.11), for some matrix A of the
form (2.2.12), we say that F is a solution of the WDVV equations.

From the definition of a solution of the WDVV equations, it appears that a solution
would depend on the choice of the matrix A. However, the following proposition shows
that this is not the case.

Proposition 2.2.14. (cf. [29], [40]) Let F : U → C be a solution of the WDVV equations

and B =
n∑

i=1

biFi, with bi ∈ C∞(U). If B is invertible, then

FαB
−1Fβ = FβB

−1Fα,

for all α, β = 1, . . . , n.

Proof. Let A =
∑n

i=1 aiFi, with ai ∈ C∞(U) such that A is invertible and

FαA
−1Fβ = FβA

−1Fα,

for all α, β = 1, . . . , n. Then, by linearity, we see that

FαA
−1B =

n∑
i=1

biFαA
−1Fi =

n∑
i=1

biFiA
−1Fα = BA−1Fα,

for all α = 1, . . . , n, and thus

FαB
−1Fβ =FαB

−1FβA
−1BB−1A = FαB

−1BA−1FβB
−1A = FαA

−1FβB
−1A

=FβA
−1FαB

−1A = FβB
−1AA−1BA−1FαB

−1A

=FβB
−1AA−1FαA

−1BB−1A = FβB
−1Fα,

for all α, β = 1, . . . , n.
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The above proposition is slightly more general than the ones given in [29] and [40],
where it is additionally assumed that each of the matrices Fα are invertible. We now define
another central object of this thesis, the prepotential, which is a solution of the WDVV
equations with some additional properties.

Definition 2.2.15. [13, Lecture 1] A prepotential F : U → C is a solution of the WDVV
equations, together with a vector field E ∈ X(U), which we call the Euler vector field,
such that

1) The matrix F1 is nondegenerate and has constant entries.
2) E(t) has the form

E(t) =
(
qαβ t

β + rα
)
∂tα ,

where qβα, rα ∈ C are constants for all α, β = 1, . . . , n, such that

LEF (t) = (3− d)F (t) +Q(t) (2.2.13)

where Q(t) = Q(t1, . . . , tn) is some quadratic function in the t coordinates and d ∈ C is a
constant, which we call the charge. We call the eigenvalues of the matrix qαβ the degrees
of E and are denoted d1, . . . , dn.

3) We have
LE∂t1 = −∂t1 .

In the literature, prepotentials are often simply refered to as solutions of the WDVV
equations. I have opted to distinguish between solutions of the WDVV equations and
prepotentials, so that the extra properties of prepotentials are never forgotten in the
discussion.

Example 2.2.16. Let n = 1. If F is a one-dimensional prepotential, then it must be of
the form

F (t1) =
C

6
(t1)3 + P (t1),

where C ∈ C is a nonzero constant and P is a quadratic function. The Euler vector field
has the form

E(t) = (t1 + r1)∂t1 ,

where r1 ∈ C is a constant and the charge is d = 0.

Example 2.2.17. (cf. [13, Lecture 1]) Let n = 2. One can check that F is of one of the
following forms:

F (t1, t2) =A((1− d)t2 + a)
3−d
1−d +

t2

b
(bt1 + ct2)2 + P (t1, t2),

F (t1, t2) =A(t1)3 +B(t1)2t2 + Ct1(t2)2 +D(t2)3 + P (t1, t2),
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F (t1, t2) =Aeαt
2

+
t2

b
(bt1 + ct2)2 + P (t1, t2),

F (t1, t2) =A(2t2 + a)2 ln(2t2 + a) +
t2

b
(bt1 + ct2)2 + P (t1, t2),

F (t1, t2) =A ln(−2t2 + a) +
t2

b
(bt1 + ct2)2 + P (t1, t2),

where A,B,C, a, b, c, d, α ∈ C are constants with b ̸= 0, α ̸= 0, 3AC − B2 ̸= 0, d ̸= 1 and
P is a quadratic function. The Euler vector fields have the following respective forms:

E(t) =

(
t1 +

dc

b
t2 + r1

)
∂t1 + ((1− d)t2 + a)∂t2 ,

E(t) = (t1 + r1)∂t1 + (t2 + r2)∂t2 ,

E(t) =
(
t1 +

c

b
t2 + r1

)
∂t1 +

2

α
∂t2 ,

E(t) =
(
t1 − c

b
t2 + r1

)
∂t1 + (2t2 + a)∂t2 ,

E(t) =

(
t1 +

3c

b
t2 + r1

)
∂t1 + (−2t2 + a)∂t2 ,

where r1, r2 ∈ C are constants and the charges are d, 0, 1, −1 and 3, respectively.

Frobenius manifolds and prepotentials are different expressions for the same math-
ematical object. The following theorem specifies exactly how Frobenius manifolds and
prepotentials are related to one another.

Theorem 2.2.18. [13, Lecture 1] Let F : U → C be a prepotential with Euler vector field
E and charge d. Define η : X(U) × X(U) → C∞(U) and ◦ : X(U) × X(U) → X(U) by
C∞(U)-bilinearly extending the following:

η(∂tα , ∂tβ) = (F1)αβ, ∂tα ◦ ∂tβ = cγαβ(t)∂tγ ,

for all α, β = 1, . . . , n. Then, U with metric η and multiplication ◦ is a Frobenius manifold
with unity vector field e = ∂t1 , Euler vector field E and charge d. We refer to this as the
Frobenius manifold of the prepotential F .

Conversely, let M be a Frobenius manifold with metric η, multiplication ◦, unity vector
field e, Euler vector field E and charge d. Let U ⊆M be an open chart with flat coordinate
system t = (t1, . . . , tn), where e|U = ∂t1 . If we define the tensor field

c(X, Y, Z) := η(X ◦ Y, Z),

for all X, Y, Z ∈ X(U), then there exists a function F : U → C such that F is a prepotential
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with Euler vector field E|U , charge d and

∂3F

∂tα∂tβ∂tγ
= c(∂tα , ∂tβ , ∂tγ ), (2.2.14)

for all α, β, γ = 1, . . . , n. We call F a prepotential of the Frobenius manifold M.

Furthermore, the Frobenius manifold U of a prepotential F of the Frobenius manifold
M is locally equivalent to M, and a prepotential F̃ of a Frobenius manifold U of the
prepotential F is equal to a restiction of F + Q to a non-empty, open subset of U, where
Q is a quadratic function.

A proof can be found in [13] within Lecture 1. This correspondence between Frobenius
manifolds and prepotentials allows us to transfer concepts for Frobenius manifolds into
concepts for prepotentials, and vice versa.

Definition 2.2.19. Let F and F̃ be prepotentials and let M and M̃ be the Frobenius
manifolds of F and F̃ , respectively. Then, we say F is (locally) equivalent to F̃ if M
is (locally) equivalent to M̃. Moreover, a prepotential is called reducible (respectively,
irreducible) if their Frobenius manifold is reducible (respectively, irreducible).

Let M and N have prepotentials F and F̃ , respectively. Then the function F̂ (m,n) =
F (m) + F̃ (n) is a prepotential of the product M ×N.

Definition 2.2.20. Let F be a prepotential of the Frobenius manifold M. If F is polyno-
mial, rational, algebraic, trigonometric, etc., then we say that M is a polynomial, rational,
algebraic, trigonometric, etc. Frobenius manifold, respectively.

If M is a Frobenius manifold of first type, then we often consider a prepotential F of
M in so-called normalised coordinates t, where ηij(t) = δi+j,n+1.

2.2.3 Symmetries of prepotentials

To better understand and quantify prepotentials, it is preferable to introduce symmetries
beyond the already discussed notion of equivalence. The symmetries we will discuss are
presented in [13] and, in particular, they preserve the multiplication of the Frobenius
manifold that they transform.

Definition 2.2.21. Let M be a Frobenius manifold with metric η, multiplication ◦ and
Euler vector field E. A vector field L ∈ X(M) is called a Legendre vector field if it is
invertible under the multiplication ◦ and

η∇XL = 0,
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for all X ∈ X(M) and
LEL = µL,

for some constant µ ∈ C. We call µ the degree of L.

Legendre vector fields help us to define new Frobenius manifolds from known Frobenius
manifolds.

Proposition 2.2.22. Let M be a Frobenius manifold with metric η, multiplication ◦, unity
vector field e, Euler vector field E and charge d, and let L be a Legendre vector field of M
of degree µ. We can define a new metric η̃ on M to be

η̃(X, Y ) := η(X ◦ L, Y ◦ L), (2.2.15)

for all X, Y ∈ X(M). Then, M̃ = M together with metric η̃ and multiplication ◦ is a
Frobenius manifold, with unity vector field e, Euler vector field E and charge d̃ = d−2µ−2.

We call the Frobenius manifold M̃ a Legendre transformation of the Frobenius manifold
M.

Proof. By definition of η̃ we have that

η̃(X ◦ Y, Z) = η(X ◦ Y ◦ L, Z ◦ L) = η(X ◦ L, Y ◦ Z ◦ L) = η̃(X, Y ◦ Z),

for all X, Y, Z ∈ X(M). Let t1, . . . , tn be flat coordinates of M. Note that ∂tδcαβγ(t) is
symmetric in the indices β, γ, δ and Lγ(t) is constant, so we can define functions t̃α such
that

∂t̃α

∂tβ
= Lγ(t)cαβγ(t), (2.2.16)

for all α, β = 1, . . . , n. By the invertibility of L these functions define a set of coordinates
on M. Also,

η̃(∂t̃α , ∂t̃β) = η̃

(
∂tγ

∂t̃α
∂tγ ,

∂tδ

∂t̃β
∂tδ

)
=
∂tγ

∂t̃α
∂tδ

∂t̃β
η̃ (∂tγ , ∂tδ)

= (L−1)i(t)cγαi(t)(L
−1)j(t)cδβj(t)η(∂tγ ◦ L, ∂tδ ◦ L)

= (L−1)i(t)cγαi(t)(L
−1)j(t)cδβj(t)L

k(t)cµγk(t)L
l(t)cνδl(t)η(∂tµ , ∂tν )

= η(∂tα , ∂tβ),

since (L−1)icγαiL
kcµγk = (L−1)icγkiL

kcµγα = eγcµγα = δµα. Thus, η̃ is a flat metric on M and
t̃1, . . . , t̃n are flat coordinates for η̃. The unity vector field for M̃ is e, since the multiplication
is unchanged, also

ei(t̃) = eα(t)
∂t̃i

∂tα
= eα(t)Lγ(t)ciγα(t) = Li(t),
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so η̃∇Xe = 0 for all X ∈ X(M). We see that

∂

∂t̃j
(Ei(t̃)) =

∂tα

∂t̃j
∂

∂tα

(
Eβ(t)

∂t̃i

∂tβ

)
= (L−1)γ(t)cαjγ(t)

∂

∂tα
(Eβ(t)Lδ(t)ciβδ(t))

= (L−1)γcαjγ
(
Eβ

;αL
δciβδ + EβLδ

;α + EβLδciβδ;α
)

=(L−1)γcαjγ

(
(LEL)

δciδα + Lδ(LEc)
i
δα + Ei

;βL
δcβδα

)
=(µ+ 1)(L−1)γcαjγL

δciδα + (L−1)γcαjγE
i
;βL

δcβδα

=(µ+ 1)δij + Ei
;j,

where all tensor fields and their derivatives are expressed in the t coordinates, the notation
of which we have opted to remove for clarity of the equations. Thus η̃∇X(

η̃∇YE) = 0,

for all X, Y ∈ X(M) such that η̃∇ZY = 0 for all Z ∈ X(M), as required. Now, define
c̃(X, Y, Z) := η̃(X ◦ Y, Z). Note that this is a symmetric tensor, and so

η̃αδcϵδγ η̃ϵβ = η̃αδ c̃δγβ = η̃αδ c̃βγδ = η̃αδη̃ϵδc
ϵ
βγ = cαβγ. (2.2.17)

We see that

η̃γϵ(t)
(
η̃Γϵ

δσ(t)c
σ
αβ(t)− η̃Γσ

δβ(t)c
ϵ
ασ(t)

)
= η̃γϵ(t)

(
1

2
η̃ϵλ(t) (η̃λσ;δ(t) + η̃δλ;σ(t)− η̃δσ;λ(t)) c

σ
αβ(t)

−1

2
η̃σλ(t) (η̃λβ;δ(t) + η̃δλ;β(t)− η̃δβ;λ(t)) c

ϵ
ασ(t)

)
=

1

2

(
(η̃γσ;δ(t) + η̃δγ;σ(t)− η̃δσ;γ(t)) c

σ
αβ(t)− (η̃λβ;δ(t) + η̃δλ;β(t)− η̃δβ;λ(t)) c

λ
αγ(t)

)
,

by formula (2.2.17). We know that η̃αβ = ηijc
i
αkL

kcjβlL
l by formula (2.2.15), and so the

above expression is equal to

1

2
ηijL

kLl
(
ciγk;δ(t)c

j
σl(t)c

σ
αβ(t) + ciγk(t)c

j
σl;δ(t)c

σ
αβ(t) + ciδk;σ(t)c

j
γl(t)c

σ
αβ(t)

+ ciδk(t)c
j
γl;σ(t)c

σ
αβ(t)− ciδk;γ(t)c

j
σl(t)c

σ
αβ(t)− ciδk(t)c

j
σl;γ(t)c

σ
αβ(t)

− ciσk;δ(t)c
j
βl(t)c

σ
αγ(t)− ciσk(t)c

j
βl;δ(t)c

σ
αγ(t)− ciδk;β(t)c

j
σl(t)c

σ
αγ(t)

−ciδk(t)c
j
σl;β(t)c

σ
αγ(t) + ciδk;σ(t)c

j
βl(t)c

σ
αγ(t) + ciδk(t)c

j
βl;σ(t)c

σ
αγ(t)

)
=LkLl

(
ciγk(t)c

i
σδ;l(t)c

σ
αβ(t)− ciσk(t)c

i
δk;β(t)c

σ
αγ(t)

)
=LkLl

(
(ciγkc

i
σδc

σ
αβ);l(t)− ciγk;l(t)c

i
σδ(t)c

σ
αβ(t)− ciγk(t)c

i
σδ(t)c

σ
αβ;l(t)

−ciσγ(t)ciδk;β(t)cσαl(t)
)

=LkLl
(
(ciγkc

i
σδc

σ
αβ);l(t)− ciγk;l(t)c

i
σδ(t)c

σ
αβ(t)− ciσγ(t)(c

i
δkc

σ
αl);β(t)

)
.
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This final expression is symmetric in α and δ, thus

η̃γϵ(t)
(
η̃Γϵ

δσ(t)c
σ
αβ(t)− η̃Γσ

δβ(t)c
ϵ
ασ(t)

)
= η̃γϵ(t)

(
η̃Γϵ

ασ(t)c
σ
δβ(t)− η̃Γσ

αβ(t)c
ϵ
δσ(t)

)
.

Therefore,

(η̃∇δ c̃)αβγ(t) = (η̃∇δ η̃)γϵ(t)c
ϵ
αβ(t) + η̃γϵ(t)(

η̃∇δ c)
ϵ
αβ(t) = η̃γϵ(t)(

η̃∇δ c)
ϵ
αβ(t)

= η̃γϵ(t)c
ϵ
αβ;δ(t)− η̃γϵ(t)

η̃Γσ
δα(t)c

ϵ
σβ(t) + η̃γϵ(t)

(
η̃Γϵ

δσ(t)c
σ
αβ(t)− η̃Γσ

δβ(t)c
ϵ
ασ(t)

)
= η̃γϵ(t)c

ϵ
δβ;α(t)− η̃γϵ(t)

η̃Γσ
αδ(t)c

ϵ
σβ(t) + η̃γϵ(t)

(
η̃Γϵ

ασ(t)c
σ
δβ(t)− η̃Γσ

αβ(t)c
ϵ
δσ(t)

)
= η̃γϵ(t)(

η̃∇α c)
ϵ
δβ(t) = (η̃∇α η̃)γϵ(t)c

ϵ
δβ(t) + η̃γϵ(t)(

η̃∇α c)
ϵ
δβ(t)

= (η̃∇α c̃)δβγ(t),

for all α, β, γ, δ = 1, . . . , n. Now,

(LE η̃)αβ =(LEη)ijc
i
αkL

kcjβlL
l + ηij(LEc)

i
αkL

kcjαlL
l + ηijc

i
αk(LEL)

kcjβlL
l

+ ηijc
i
αkL

k(LEc)
j
βlL

l + ηijc
i
αkL

kcjβl(LEL)
l

=(2− d+ 1 + µ+ 1 + µ)ηijc
i
αkL

kcjβlL
l = (4 + 2µ− d)η̃αβ.

Thus,

(LE c̃)αβγ = (LE η̃)δγc
δ
αβ + η̃δγ(LEc)

δ
αβ = (4 + 2µ− d+ 1)η̃δγc

δ
αβ = (3− (d− 2µ− 2))c̃αβγ.

The fact that Legendre vector fields are covariantly constant with respect to the metric
is necessary to show that the new metric defines a new Frobenius manifold. This, in turn,
gives us a new prepotential which is a particular solution of the WDVV equations, thus
transforming one solution of the WDVV equations into another. In fact, one can show
that any solution of the WDVV equations can be transformed into another solution of the
WDVV equations using a Legendre vector field [50].

Remark 2.2.23. Slightly relaxing the covariantly constant condition for Legendre vector
fields, one can define a generalised Legendre vector field [50], which also transforms so-
lutions of the WDVV equations into solutions of the WDVV equations, but it does not
necessarily transform prepotentials into prepotentials.

The next proposition is stated in Appendix B of [13], but no proof is given. We provide
a proof here.

Proposition 2.2.24. [13, Appendix B] Let M be a Frobenius manifold with metric η and
let M̃ be a Legendre transformation of M by the Legendre vector field L. Let U ⊆M be an
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open chart of M with flat coordinates t1, . . . , tn such that e = ∂t1 is the identity element
of M and suppose F : U → C is a prepotential of M. Then, there exists flat coordinates
t̃1, . . . , t̃n of M̃ and a prepotential F̃ : U → C of M̃ such that

t̃α = Lγ(t)ηαβ
∂2F

∂tβ∂tγ
,

∂2F̃

∂t̃α∂t̃β
=

∂2F

∂tα∂tβ
, (2.2.18)

for all α, β = 1, . . . , n.

Proof. We showed in the proof of Proposition 2.2.22 that t̃α are indeed flat coordinates
of M̃. To check that F̃ exists and is a prepotential of M̃ we only need to check that the
third order derivatives of F̃ (t̃) are equal to c̃αβγ(t̃). First, note that ∂t̃α = L−1 ◦ ∂tα which
follows from formula (2.2.16). Thus,

c̃(∂t̃α , ∂t̃β , ∂t̃γ ) = η̃(∂t̃α ◦ ∂t̃β , ∂t̃γ ) = η(∂t̃α ◦ ∂t̃β ◦ L, ∂t̃γ ◦ L)

= η(∂tα ◦ L−1 ◦ ∂tβ , ∂tγ ) = c(∂tα ◦ L−1, ∂tβ , ∂tγ ).

Hence, we see that

∂3F̃

∂t̃α∂t̃β∂t̃γ
=
∂tδ

∂t̃γ
∂

∂tδ

(
∂2F

∂tα∂tβ

)
= (L−1)ϵ(t)cδαϵ(t)cδβγ(t) = c̃αβγ(t̃),

for all α, β, γ = 1, . . . , n, which completes the proof.

Notice that for every Frobenius manifold, the unity vector field e is a Legendre vector
field and the Legendre transformation by this vector field just gives us the same Frobenius
manifold. Moreover, a Legendre transformation from M to M̃ using the Legendre vector
field L implies that the vector field L−1 is a Legendre vector field on M̃ and the Legendre
transformation by L−1 gives us M.

Proposition 2.2.25. Legendre transformations form an equivalence relation on Frobenius
manifolds. Moreover, if there exists a Legendre transformation from M to N by the Leg-
endre vector field L and there exists a Legendre transformation from N to O by Legendre
vector field K, then there exists a Legendre transformation from M to O by the Legendre
vector field L ◦K.

Proof. Reflexivity and symmetry have been shown above, all that remains to show is
transitivity, and specifically that L◦K is a Legendre vector field on M. If this is a Legendre
vector field, then the Legendre transformation would give O because of the associativity of
the multiplication. Since multiplication doesn’t change between Legendre transformations
and L−1, K−1 both exist and thus (L◦K)−1 = K−1◦L−1 clearly exists. Moreover, suppose
L has degree µ and K has degree ν, then

(LE(L ◦K))α = (LEL)
γ cαγδK

δ + Lγ (LEc)
α
γδK

δ + Lγcαγδ (LEK)δ = (µ+ 1 + ν)(L ◦K)α,
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so L◦K has degree µ+ν+1. Finally, we know that L is covariantly constant with respect
to the metric η on M and K is covariantly constant with respect to the metric η̃ on N,

where
η̃(X, Y ) = η(X ◦ L, Y ◦ L).

Let t1, . . . , tn be flat coordinates for the metric η, then, recalling that η̃αβ = ηijc
i
αkL

kcjβlL
l

and η̃αβ = ηijcαik(L
−1)kcβjl(L

−1)l we get that

η̃Γδ
αϵ(t)c

β
γδ(t) =

1

2
η̃δσ(t) (η̃σϵ;α(t) + η̃ασ;ϵ(t)− η̃αϵ;σ(t)) c

β
γδ(t)

=
1

2
η̃δσηijL

kLl
(
ciσk;αc

j
ϵl + ciσkc

j
ϵl;α + ciαk;ϵc

j
σl + ciαkc

j
σl;ϵ − ciαk;σc

j
ϵl − ciαkc

j
ϵl;σ

)
cβγδ

= ηabcδac(L
−1)ccσbd(L

−1)dηijL
kLlciϵk;αc

j
σlc

β
γδ = cδic(L

−1)cciϵk;αL
kcβγδ.

Using the fact that K is covariantly constant with respect to the metric η̃, we find that

(η∇α(L ◦K))β (t) =Lγcβγδ;αK
δ + LγcβγδK

δ
;α = Lγ

(
cβγϵ;α(t)− η̃Γδ

αϵ(t)c
β
γδ(t)

)
Kϵ

=Lγ
(
cβγϵ;α − cδic(L

−1)cciϵk;αL
kcβγδ

)
Kϵ = Lγ(cβγϵ;α − cβϵγ;α)K

ϵ = 0.

More recently, some analytic properties of Legendre transformations have been studied
by Yang [54]. The Legendre transformations are not the only symmetry of the prepotentials
which preserve the multiplication of the Frobenius manifold. There is also the inversion
symmetry [13], which is the only non-trivial symmetry which preserves the multiplication
and transforms the metric conformally.

Definition 2.2.26. [13, Appendix B] Let F : U → C be a prepotential of first type
written in normalised coordinates t1, . . . , tn. We define the inversion of F to be the
function F̃ : V → C, where V = U \ {t ∈ U | tn = 0} such that

F̃ (t) := (tn)−2

(
F (t)− 1

2
t1ηνµt

νtµ
)
.

Proposition 2.2.27. [13, Appendix B] Let F be a prepotential of first type in normalised
coordinates t1, . . . , tn with Euler vector field E and charge d, and let F̃ be an inversion of
F. If d ̸= 1 or η(E, ∂t1) = 0, then there exists coordinates t̃1, . . . , t̃n defined as

t̃1 :=
ηνµt

νtµ

2tn
, t̃α :=

tα

tn
, t̃n := − 1

tn
,

for all α ̸= 1, n, such that F̃ (t̃) is a prepotential with Euler vector field E and charge
d̃ = 2− d.
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In appendix B of [13], Dubrovin presents the third order derivatives of an inversion of
a prepotential and leaves the checking of the necessary conditions as an exercise to the
reader. The inversion symmetry, like the Legendre transformations, can also be applied
to solutions of the WDVV equations in general, in order to generate new solutions of the
WDVV equations. In this case, the conditions d ̸= 1 or η(E, ∂t1) = 0 are not necessary to
impose, however the coordinates must still be normalised for the solution of the WDVV
equations that the inversion symmetry is applied to.

2.2.4 Almost duality

To each Frobenius manifold we may associate "dual" structures such as a metric, multi-
plication and a solution of the WDVV equations, which altogether satisfy most, but not
all, of the conditions for a Frobenius manifold [17]. We begin with the concept of the
intersection form, which is another flat metric for a Frobenius manifold, following lecture
3 in [13].

Definition 2.2.28. [13, Lecture 3] Let M be a Frobenius manifold with Euler vector field
E and cotangent structure constants cαβγ . The intersection form g of M is defined as the
rank (2, 0) tensor field

gαβ := Eγcαβγ . (2.2.19)

It is easy to see that g is symmetric, and thus it is metric at the points where it is
non-degenerate.

Definition 2.2.29. Let M be a Frobenius manifold with intersection form gαβ. Then the
discriminant locus Σ of M is the set

Σ := {p ∈M | gαβp is degenerate}.

The points where the intersection form is non-degenerate are also points where the
Euler vector field E is invertible under the multiplication ◦, the converse is not necessarily
true.

Lemma 2.2.30. Let M be a Frobenius manifold with discriminant locus Σ. Then, M \Σ
is an open, dense subset of M.

Proof. Let E be the Euler vector field of M and let cγαβ be the structure constants of M.

Consider the tensor field
(E ◦)αβ := Eγcαβγ.

Note that (E ◦)αβ = gαδηδβ, where η is the metric of M. Thus, gαβ is non-degenerate at the
point p ∈ M if and only if (E ◦) is non-degenerate at p ∈ M. So, to prove the lemma, we
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must show that the points where the determinant of (E ◦)αβ(t) is non-zero form an open,
dense subset in some open charts which cover M, where t are the coordinates of the open
charts.

Let U ⊆ M be an open chart of M with flat coordinates t1, . . . , tn such that e = ∂t1 .

Then,

∂n

∂(t1)n
(det((E ◦)αβ(t)) =

∂n

∂(t1)n

(∑
σ∈Sn

(−1)σ
n∏

j=1

(E ◦)σ(j)j (t)

)

=
∑
σ∈Sn

(−1)σ
∂n

(∂t1)n

(
n∏

j=1

Eγ(t)c
σ(j)
jγ (t)

)

=
∑
σ∈Sn

(−1)σ
n∏

j=1

c
σ(j)
j1 (t) =

∑
σ∈Sn

(−1)σ
n∏

j=1

δ
σ(j)
j = 1,

where we use the fact that cαβγ(t) does not depend on t1, and Eγ
;1(t) = δγ1 . Thus, the

determinant of (E ◦)αβ(t) is a polynomial in t1 of degree n, with coefficents being analytic
functions in t2, . . . , tn. Therefore, the complement of its zero set is open and dense in U.

Gluing these open, dense subsets of open charts together gives us an open dense subset of
M.

Thus we have shown that the points where the intersection form is non-degenerate
form an open, dense subset of M. Lemma 2.2.30 also allows us to unambiguously define
E−1 at these points, since we can define (E−1)α := (E ◦)αβ eβ, where e is the unity vector
field.

Proposition 2.2.31. [13, Lecture 3] Let M be a Frobenius manifold with metric η, mul-
tiplication ◦ and Euler vector field E. The intersection form g can be written in terms of
the metric η in the following way:

gt(X, Y ) = ηt(X, Y ◦ E−1), (2.2.20)

for all X, Y ∈ X(M) and all t ∈M \Σ, where E−1 is the inverse of E under multiplication
◦ and Σ is the discriminant locus of M.

Proof. Let U ⊆ M be an open chart with flat coordinates t1, . . . , tn such that e = ∂t1

is the identity element of the multiplication ◦. To prove the claim we will show that
η(∂tα , ∂tβ ◦ E−1(t)) is the matrix inverse of gαβ(t). Indeed,

η(∂tα , ∂tγ ◦ E−1(t))gγβ(t) = c(∂tα , ∂tγ , E
−1)Eδ(t)cγβδ (t)

= cγαϵ(t)(E
−1)ϵ(t)Eδ(t)cβγδ(t)

= cγδϵ(t)E
δ(t)(E−1)ϵ(t)cβαγ(t) = cβα1(t) = δβα,



CHAPTER 2. BACKGROUND MATERIAL 35

for all α, β = 1, . . . , n.

Definition 2.2.32. (cf. [17]) An almost Frobenius manifold M∗ is a complex manifold
together with a flat metric g, a pointwise C∞(M∗) bilinear, commutative multiplication
⋆ on X(M∗) and an invertible vector field e ∈ X(M∗), which we call the Liouville vector
field, such that

1) There exists an identity element E for the multiplication ⋆ and a constant d ∈ C
such that

g∇XE =
1− d

2
X, (2.2.21)

for all X ∈ X(M∗). We call E the Euler vector field of M∗ and we call d the charge of M∗.

2) The tangent spaces of M∗ with multiplication and bilinear form defined by the
restriction of ⋆ and g, respectively, are Frobenius algebras, that is the multiplication ⋆ is
associative and

g(X ⋆ Y, Z) = g(X, Y ⋆ Z),

for all X, Y, Z ∈ X(M∗).

3) We define the following tensor field

∗
c(X, Y, Z) := g(X ⋆ Y, Z) (2.2.22)

for all X, Y, Z ∈ X(M∗). We require that

( g∇W
∗
c )(X, Y, Z) = ( g∇X

∗
c )(W,Y, Z) (2.2.23)

for all W,X, Y, Z ∈ X(M∗).

4) Define the following tensor field:

∗
cγαβ := gγδ

∗
cαβδ,

for all α, β, γ = 1, . . . , n. Let U ⊆M∗ be an open chart with flat coordinates x1, . . . , xn of
the metric g. Define the following sets of functions:

Pν :=

{
p ∈ C∞(U)

∣∣∣∣ ∂2p

∂xi∂xj
= ν

∗
ckij(x)

∂p

∂xk
, for all i, j = 1, . . . , n

}
,

for any ν ∈ C. Then, e|U(Pν) ⊆ Pν−1, for all ν ∈ C.
5) Define the following tensor field:

cαβγ := gαδ
∗
cβγδ,
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for all α, β, γ = 1, . . . , n. Then, we require that

(Leg)
αβ = eγcαβγ .

Compare this with the definition of an almost Frobenius manifold given in [17]. Con-
dition 5) has been added here as it seems necessary to get a Frobenius manifold from an
almost Frobenius manifold. Conditions 4) and 5) in the above definition of an almost
Frobenius manifold can be replaced with coordinate-free descriptions of e. In particular,
they are equivalent to the conditions given in the next statement.

Proposition 2.2.33. Suppose we have a manifold M∗ with flat metric g, a pointwise
C∞(M∗) bilinear, commutative multiplication ⋆ on X(M∗) and an invertible vector field
e ∈ X(M∗) such that conditions 1)-3) of Definition 2.2.32 hold. Then M∗ is an almost
Frobenius manifold if and only if the following conditions hold:

a) For all X, Y ∈ X(M∗) where g∇ZY = 0 for all Z ∈ X(M∗), we have that

g∇X (g∇Y e) +
g∇X⋆Y e = 0. (2.2.24)

b) Define the tensor field
cαβγ := gαδgβϵ

∗
cγδϵ.

Then
(Lec)

αβ
γ = 0.

c) We have
LEe = −e.

Proof. Suppose condition 4) of Definition 2.2.32 holds, and let U ⊆M∗ be an open chart
with flat coordinates x1, . . . , xn of the metric g. Let e be the Liouville vector field of M∗.

Note that xl ∈ P0 for all l = 1, . . . , n. Thus,

∂2el(x)

∂xi∂xj
= −∗

ckij(x)
∂el(x)

∂xk
,

and thus condition a) is satisfied. Let p ∈ Pν and ν ∈ C be arbitrary, then

∂2

∂xi∂xj

(
el(x)

∂p

∂xl

)
= (ν − 1)

∗
ckij(x)

∂

∂xk

(
el(x)

∂p

∂xl

)
. (2.2.25)

Let us expand both sides of the equality (2.2.25). We have

∂2

∂xi∂xj

(
el(x)

∂p

∂xl

)
=

∂

∂xi

(
∂el(x)

∂xj
∂p

∂xl
+ el(x)

∂2p

∂xj∂xl

)
=

∂

∂xi

(
∂el(x)

∂xj
∂p

∂xl
+ el(x)ν

∗
ckjl(x)

∂p

∂xk

)
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=
∂2el(x)

∂xi∂xj
∂p

∂xl
+
∂el(x)

∂xj
∂2p

∂xi∂xl
+
∂el(x)

∂xi
ν

∗
ckjl(x)

∂p

∂xk
+ el(x)ν

∗
ckjl;i(x)

∂p

∂xk

+ el(x)ν
∗
ckjl(x)

∂2p

∂xi∂xk

= − ∗
ckij(x)

∂el(x)

∂xk
∂p

∂xl
+ ν

∂el(x)

∂xj
∗
ckil(x)

∂p

∂xk
+ ν

∂el(x)

∂xi
∗
ckjl(x)

∂p

∂xk

+ νel(x)
∗
ckij;l(x)

∂p

∂xk
+ ν2el(x)

∗
ckjl(x)

∗
cmik(x)

∂p

∂xm
. (2.2.26)

Also,

(ν − 1)
∗
ckij(x)

∂

∂xk

(
el(x)

∂p

∂xl

)
= (ν − 1)

∗
ckij(x)

∂el(x)

∂xk
∂p

∂xl
+ (ν − 1)

∗
ckij(x)e

l(x)
∂2p

∂xk∂xl

=(ν − 1)
∗
ckij(x)

∂el(x)

∂xk
∂p

∂xl
+ ν(ν − 1)

∗
ckij(x)e

l(x)
∗
cmkl

∂p

∂xm
. (2.2.27)

Substituting (2.2.26) and (2.2.27) into relation (2.2.25) gives

ν(Le
∗
c )kij(x)

∂p

∂xk
= ν

(
−el(x)∗cmij (x)

∗
cklm(x)

) ∂p

∂xk
.

Since this holds for all p ∈ Pν and all ν ∈ C, we see that

(Le
∗
c )kij = −el ∗cmij

∗
cklm. (2.2.28)

Thus by making use of relation (2.2.28), condition 4) gives us that

(LEe)
i = − (LeE)

i = −Le
∗
cijkE

lEk

= − (Le
∗
c )ijkE

jEk − ∗
cijk(LeE)

jEk − ∗
cijkE

j(LeE)
k

= el
∗
cmjk

∗
cilmE

jEk − 2(LeE)
i = el

∗
cmjl

∗
cikmE

jEk + 2(LEe)
i

= ei + 2(LEe)
i,

which implies condition c). Now, conditions 4) and 5) together also give us that

(Lec)
αβ
γ =Leg

αδ ∗
cβγδ = (Leg)

αδ ∗
cβγδ + gαδ(Le

∗
c )βγδ

= elcαδl
∗
cβγδ − gαδel

∗
ckγδ

∗
cβkl = 0,

which is condition b).
Conversely, suppose conditions b) and c) hold. By formula (2.2.22) we get gαβ =

Eγcαβγ . Hence

(Leg)
αβ = (LeE)

γcαβγ + Eγ(Lec)
αβ
γ = −(LEe)

γcαβγ = eγcαβγ , (2.2.29)
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which gives condition 5). Now, observe that

0 = (Leδ)
α
β = (Leg)

αγgγβ + gαγ(Leg)γβ,

and so we can deduce that

(Leg)αβ = −gαγeϵcγδϵ gδβ = −eϵ∗cαβϵ, (2.2.30)

by use of relation (2.2.29). Then by formula (2.2.30) and condition b)

(Le
∗
c )αβγ = (Leg)γδc

δα
β + gγδ(Lec)

δα
β = −eϵ∗cγδϵcδαβ = −eϵ ∗

cδβγ
∗
cαδϵ. (2.2.31)

Now, suppose condition a) holds as well as conditions b) and c) and let p ∈ Pν for some
ν ∈ C. Then by making use of formula (2.2.31) we get

∂2

∂xi∂xj

(
el(x)

∂p

∂xl

)
= − ∗

ckij(x)
∂el(x)

∂xk
∂p

∂xl
+ ν

∂el(x)

∂xj
∗
ckil(x)

∂p

∂xk
+ ν

∂el(x)

∂xi
∗
ckjl(x)

∂p

∂xk

+ νel(x)
∗
ckij;l(x)

∂p

∂xk
+ ν2el(x)

∗
ckjl(x)

∗
cmik(x)

∂p

∂xm

= − ∗
ckij(x)

∂el(x)

∂xk
∂p

∂xl
+ ν

(
(Le

∗
c)kij(x) +

∗
cmij
∂ek(x)

∂xm

)
∂p

∂xk

+ ν2el(x)
∗
ckjl(x)

∗
cmik(x)

∂p

∂xm

=(ν − 1)
∗
ckij(x)

∂el(x)

∂xk
∂p

∂xl
+ ν(ν − 1)

∗
ckij(x)e

l(x)
∗
cmkl

∂p

∂xm

=(ν − 1)
∗
ckij(x)

∂

∂xk

(
el(x)

∂p

∂xl

)
,

for all i, j = 1, . . . , n, and so e(Pν) ⊆ Pν−1, thus condition 4) is satisfied.

Example 2.2.34. Let M∗ = Cn \
{
x ∈ Cn

∣∣∣ n∏
i=1

xi = 0

}
. Define g : X(M∗) × X(M∗) →

C∞(M∗) and ⋆ : X(M∗) × X(M∗) → X(M∗) to be the C∞(M∗)-bilinear extensions of the
following:

g(∂xi , ∂xj) := δij, ∂xi ⋆ ∂xj :=
2δij
xi

∂xi ,

for all i, j = 1, . . . , n. Then, M∗ with metric g and multiplication ⋆ is an almost Frobenius
manifold with Euler vector field E(x) = 1

2
xi∂xi , Liouville vector field e(x) = 1

xi∂xi and
charge d = 0.

Almost Frobenius manifolds have various structures that we can define on them. Below
we give definitions for some commonly used tensor fields on almost Frobenius manifolds.

Definition 2.2.35. Let M∗ be an almost Frobenius manifold with metric g. Then, we
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define the following tensor fields:

∗
cγαβ := gγδ

∗
cαβδ, cαβγ := gαδ

∗
cβδγ, (2.2.32)

where ∗
cαβγ is the rank (0, 3) tensor field defined in formula (2.2.22) and gαβ is the inverse

of the metric gαβ. We call ∗
cγαβ the dual structure constants of M∗, and cαβγ are the cotangent

structure constants of M∗.

Note that, by the commutativity of the multiplication and the symmetry of the metric,
the tensor fields ∗

cαβγ and ∗
cγαβ are symmetric in the lower indices and cαβγ is symmetric in

the upper indices.

Proposition 2.2.36. Let M∗ be an almost Frobenius manifold with dual structure con-
stants

∗
cγαβ and cotangent structure constants cαβγ . Then, the following relations hold:

∗
cαβϵ

∗
cϵγδ =

∗
cγβϵ

∗
cϵαδ,

∗
cαβϵc

ϵδ
γ =

∗
cγβϵc

ϵδ
α ,

∗
cβαϵ

∗
cϵγδ =

∗
cβγϵ

∗
cϵαδ,

∗
cβαϵc

ϵδ
γ =

∗
cβγϵc

ϵδ
α , (2.2.33)

for all α, β, γ, δ = 1, . . . , n, where
∗
cαβγ is the rank (0, 3) tensor field defined in (2.2.32).

Relations (2.2.33) can be deduced from the associativity of the multiplication on the
vector fields of an almost Frobenius manifold.

Theorem 2.2.37. [17] Let M be a Frobenius manifold with metric η, multiplication ◦,
unity vector field e, Euler vector field E and charge d. Let M∗ = M \ Σ, where Σ is
the discriminant locus of M, and let E−1 ∈ X(M∗) be the inverse of E|M∗ under the
multiplication ◦ restricted to M∗. Define the rank (0, 2) tensor field g on M∗ and the map
⋆ : X(M∗)× X(M∗) → X(M∗) as

gt(X, Y ) = ηt(X, Y ◦ E−1), (X ⋆ Y )t = (X ◦ Y ◦ E−1)t, (2.2.34)

for all X, Y ∈ X(M∗) and t ∈M∗ where ◦ in the relations (2.2.34) is the restriction of the
multiplication to M∗. Then, M∗ with metric g and multiplication ⋆ is an almost Frobenius
manifold with Euler vector field E|M∗ , Liouville vector field e|M∗ and charge d. We refer
to this as the almost dual of the Frobenius manifold M.

Conversely, let M∗ be an almost Frobenius manifold with metric g, multiplication ⋆,

Euler vector field E, Liouville vector field e and charge d. Define a rank (0, 2) tensor field
η on M∗ and a map ◦ : X(M∗)× X(M∗) → X(M∗) as

ηt(X, Y ) = gt(X, Y ⋆ e−1), X ◦ Y = X ⋆ Y ⋆ e−1,

for all X, Y ∈ X(M∗), where e−1 is the multiplicative inverse of e under the multiplication
⋆. Then, M = M∗ with metric η and multiplication ◦ is a Frobenius manifold with unity



CHAPTER 2. BACKGROUND MATERIAL 40

vector field e, Euler vector field E and charge d. We refer to this as a Frobenius dual of
the almost Frobenius manifold M∗.

Furthermore, the Frobenius dual of the almost dual of a Frobenius manifold M is locally
equivalent to M, and every almost Frobenius manifold is the almost dual of its Frobenius
dual.

A proof is given in [17]. Note that Frobenius manifolds and almost Frobenius are
similarly defined besides a few conditions for each object. Thus, concepts related to
Frobenius manifold have their analogues for almost Frobenius manifolds.

Definition 2.2.38. Let M∗ and N∗ be almost Frobenius manifolds with flat metrics g and
g̃ and Liouville vector fields eM and eN , respectively. Let ϕ : M∗ → N∗ be a smooth map
such that the differential ϕ∗ : TtM∗ → Tϕ(t)N∗ is an algebra isomorphism for all t ∈ M∗

with ϕ∗(eM) = eN , and
g̃ϕ(t)(ϕ∗(X), ϕ∗(Y )) = c2gt(X, Y ),

for all X, Y ∈ X(M∗) and all t ∈ M∗, where c ∈ C is some nonzero constant. If ϕ is a
diffeomorphism, we say that M∗ and N∗ are equivalent and if ϕ is a local diffeomorphism,
we say that M∗ is locally equivalent to N∗.

It would be useful if the concepts of equivalence and local equivalence were compatible
between Frobenius manifolds and almost Frobenius manifolds. The following proposition
makes this relationship precise.

Proposition 2.2.39. Let M and N be Frobenius manifolds. If M is (locally) equivalent
to N, then the almost dual of M is (locally) equivalent to the almost dual of N.

Let M∗ and N∗ be almost Frobenius manifolds. Then, M∗ is (locally) equivalent to N∗

if and only if the Frobenius dual of M∗ is (locally) equivalent to the Frobenius dual of N∗.

Proof. Let M have metric η, Euler vector field EM , structure constants cγαβ, intersection
form gαβ and discriminant locus ΣM . Let N have metric ζ, Euler vector field EN , structure
constants c̃γαβ, intersection form g̃αβ and discriminant locus ΣN .

Let ϕ : M → N be a (local) equivalence map and consider a point p ∈ M. Let
U ⊆ M be an open chart with coordinates t1, . . . , tn such that p ∈ U, ϕ(U) is open and
ϕ|U : U → ϕ(U) is a diffeomorphism. We know that this is possible because ϕ is a local
diffeomorphism. The functions t̃i := ti ◦ ϕ define a set of coordinates for the open chart
ϕ(U) of N. Thus,

g̃αβ(t̃)ϕ(p) = Eγ
N(t̃)ϕ(p)ζ

αδ(t̃)ϕ(p)c̃
β
γδ(t̃)ϕ(p) = c2Eγ

M(t)pη
αδ(t)pc

β
γδ(t)p = c2gαβ(t)p, (2.2.35)

where c ∈ C is a nonzero constant. Therefore, g̃αβϕ(p) is non-degenerate if and only if gαβp is
non-degenerate. Thus ϕ(M \ ΣM) ⊆ N \ ΣN and ϕ(ΣM) ⊆ ΣN , so we can define the map
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ψ = ϕ|M\ΣM
: M \ ΣM → N \ ΣN . If ϕ is a (local) diffeomorphism, then ψ is a (local)

diffeomorphism, thus the differential maps are the same at each point p ∈ M \ ΣM , and
are thus invertible linear maps over C, and ψ∗(eM) = eN , where eM is the identity vector
field for the multiplication on M and eN is the identity vector field for the multiplication
on N. Now, let ◦ be the multiplication on M and let △ be the multiplication on its almost
dual, also let • be the multiplication on N and let ⋆ be the multiplication on its almost
dual. Then,

ψ∗(X△Y ) =ψ∗(X ◦ Y ◦ E−1
M ) = ϕ∗(X ◦ Y ◦ E−1

M ) = ϕ∗(X) • ϕ∗(Y ) • ϕ∗(E
−1
M )

=ϕ∗(X) • ϕ∗(Y ) • E−1
N = ϕ∗(X) ⋆ ϕ∗(Y ) = ψ∗(X) ⋆ ψ∗(Y ),

for allX, Y ∈ X(M\ΣM). Therefore ψ∗ is an algebra isomorphism at all points p ∈M\ΣM ,

and thus because of relation (2.2.35), ψ is a (local) equivalence map fromM\ΣM toN\ΣN .

Now, to show that M∗ is (locally) equivalent to N∗ if and only if the Frobenius dual of
M∗ is (locally) equivalent to the Frobenius dual of N∗, we simply take one of the (local)
equivalence maps and show that it is a (local) equivalence map in the other sense following
the above procedure.

The concept of taking products and the reducibility of a Frobenius manifold also have
their analogous definitions for almost Frobenius manifolds.

Definition 2.2.40. Let M∗ and N∗ be almost Frobenius manifolds with metrics g, g̃,
multiplications ⋆, •, Euler vector fields E, Ẽ and Liouville vector fields e, ẽ, respectively.
If M∗ and N∗ have the same charge d, then we define the product of M∗ and N∗ to be
the almost Frobenius manifold M∗ × N∗ with metric g ⊕ g̃, multiplication ⋆ ⊕ •, Euler
vector field E ⊕ Ẽ, Liouville vector field e⊕ ẽ and charge d. Here the multiplications are
interpreted as rank (1, 2) tensor fields, so that their direct sum can be defined on M∗×N∗.

Moreover, if M∗ is an almost Frobenius manifold that is locally equivalent to a product
of almost Frobenius manifolds, then we say that M∗ is reducible, and we say that M∗ is
irreducible if it is not reducible.

These concepts are not just similar to those for Frobenius manifolds, but are linked in
a way that is made precise in the following proposition.

Proposition 2.2.41. Let M and N be Frobenius manifolds, then the product of the almost
dual of M and the almost dual of N is the almost dual of M ×N. Also, if M is reducible
then its almost dual is reducible.

Let M∗ and N∗ be almost Frobenius manifolds. Then, the Frobenius dual of M∗ ×
N∗ is the product of the Frobenius dual of M∗ and the Frobenius dual of N∗. Moreover,
M∗ is reducible (respectively, irreducible) if and only if its Frobenius dual is reducible
(respectively, irreducible).
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Proof. To show that the almost dual of M × N is the product of the almost dual of M
and the almost dual of N, we must show that the discriminant locus ΣM×N of M × N

is the union of ΣM ×N and M × ΣN , where ΣM is the discriminant locus of M and ΣN

is the discriminant locus of N. Let gαβ be the intersection form of M and let g̃ be the
intersection form of N. Then,

ΣM×N = {(m, n) ∈M ×N | (g ⊕ g̃)αβ(m,n) is degenerate}

= {(m, n) ∈M ×N | ψ(gαβm , g̃αβn ) is degenerate}

= {(m, n) ∈M ×N | gαβm is degenerate} ∪ {(m, n) ∈M ×N | g̃αβn is degenerate}

=(ΣM ×N) ∪ (M × ΣN),

where ψ : T 2
0 (TmM)× T 2

0 (TnN) → T 2
0 (T(m,n)(M ×N)) is the natural isomorphism. The

statement then follows by the definitions of the almost dual of a Frobenius manifold and
the direct sum of tensor fields.

Suppose M is reducible, then there exists Frobenius manifolds M ′ and M ′′ such that
M is locally equivalent to M ′ ×M ′′. The almost dual of M ′ ×M ′′ is M ′

∗ ×M ′′
∗ , where M ′

∗

is the almost dual of M ′ and M ′′
∗ is the almost dual of M ′′. By Proposition 2.2.39, the

almost dual of M is locally equivalent to M ′
∗ ×M ′′

∗ and thus is reducible.
Now, to show that the Frobenius dual of M∗×N∗ is the product of the Frobenius dual

of M∗ and the Frobenius dual of N∗ we simply follow the definition of a Frobenius dual
and the definition for the direct sum of tensor fields for the metrics, multiplications and
Liouville vector fields.

To show that M∗ is reducible if and only if its Frobenius dual is reducible, we do as
above for the almost dual and note that an almost Frobenius manifold is the almost dual
of its Frobenius dual, so we can construct local equivalence maps.

Just as the Frobenius manifold has a local concept of a prepotential, the almost Frobe-
nius manifold has the local concept of a dual prepotential, which like the prepotential is
a solution of the WDVV equations with some additional conditions.

Definition 2.2.42. A dual prepotential F∗ : U → C is a solution of the WDVV equations,
where x1, . . . , xn are the coordinates on U, together with a vector field e ∈ X(U), which
we call the Liouville vector field, such that

1) There exists a vector field E ∈ X(U) of the form

E(x) =

(
1− d

2
xi + ci

)
∂xi ,
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where ci, d ∈ C are constants, such that

gαβ = Eγ(x)
∂3F∗

∂xα∂xβ∂xγ
,

for all α, β = 1, . . . , n, defines a constant, nondegenerate matrix. We refer to E as the
Euler vector field and d as the charge of F∗.

2) The matrix

(e ⋆)αβ(x) := eγ(x)gαδ
∂3F∗

∂xβ∂xγ∂xδ
(2.2.36)

is invertible at all points x ∈ U, and

∂2eα

∂xβ∂xγ
= −gδϵ ∂3F∗

∂xβ∂xγ∂xδ
∂eα

∂xϵ
, (2.2.37)

for all α, β, γ = 1, . . . , n.

3) For each pair of α, β = 1, . . . , n, there exists a constant kαβ ∈ C such that

eγ(x)
∂3F∗

∂xα∂xβ∂xγ
+ gαγ

∂eγ

∂xβ
+ gβγ

∂eγ

∂xα
= kαβ. (2.2.38)

4) We have
LEe = −e. (2.2.39)

Notice that condition 3) is equivalent to the condition (Lec)
αβ
γ = 0, where cαβγ is defined

in the x coordinates as
cαβγ (x) := gαigβj

∂3F∗

∂xi∂xj∂xγ
.

One can see this correspondence by dividing the expression (2.2.38) by xδ, substituting in
the expression for the second order derivative of eα(x) from relation (2.2.37) and raising
indices twice with the metric g.

Example 2.2.43. Let n = 1. If F∗ is a one-dimensional dual prepotential, then it is of
the form

F∗(x
1) = C(x1 + 2c1)2 ln(x1 + 2c1) + P (x1),

where C, c1 ∈ C are constants with C ̸= 0 and P is a quadratic function. The Euler vector
field has the form

E(x) =

(
x1

2
+ c1

)
∂x1 ,

the Liouville vector field has the form

e(x) =
A

x1 + 2c1
∂x1 ,

where A ∈ C is a nonzero constant, and the charge is d = 0.
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Theorem 2.2.44. [17] Let F∗ : U → C be a dual prepotential with Euler vector field
E, charge d and Liouville vector field e. Define g : X(U) × X(U) → C∞(U) and ⋆ :

X(U)× X(U) → X(U) by C∞(U)-bilinearly extending the following:

g(∂xα , ∂xβ) = Eγ(x)
∂3F∗

∂xα∂xβ∂xγ
, ∂xα ⋆ ∂xβ =

∗
cγαβ(x)∂xγ ,

for all α, β = 1, . . . , n. Then, U with metric g and multiplication ⋆ is an almost Frobenius
manifold with Euler vector field E, charge d and Liouville vector field e. We refer to this
as the almost Frobenius manifold of the dual prepotential F∗.

Conversely, let M∗ be an almost Frobenius manifold with metric g, multiplication ⋆,

Euler vector field E, charge d and Liouville vector field e. Let U ⊆ M∗ be an open chart
with flat coordinates x1, . . . , xn. If we define the tensor field

∗
c(X, Y, Z) := g(X ⋆ Y, Z),

for all X, Y, Z ∈ X(U), then there exists a function F∗ : U → C such that F∗ is a dual
prepotential with Euler vector field E|U , charge d, Liouville vector field e|U and

∂3F∗

∂xα∂xβ∂xγ
=

∗
c(∂xα , ∂xβ , ∂xγ ),

for all α, β, γ = 1, . . . , n. We call F∗ a dual prepotential of the almost Frobenius manifold
M∗.

Furthermore, the almost Frobenius manifold U of a dual prepotential F∗ of the almost
Frobenius manifold M∗ is locally equivalent to M∗, and a dual prepotential F̃∗ of an almost
Frobenius manifold U of the dual prepotential F∗ is equal to a restiction of F∗ + Q to a
non-empty, open subset of U, where Q is a quadratic function.

A proof can be derived fairly easily by comparing conditions for the almost Frobe-
nius manifolds and dual prepotentials and following a parallel procedure to the proof of
correspondence between Frobenius manifolds and prepotentials given in [13].

Definition 2.2.45. Let F∗ and F̃∗ be dual prepotentials and let M∗ and N∗ be the almost
Frobenius manifolds of F∗ and F̃∗, respectively. Then, we say F∗ is (locally) equivalent
to F̃∗ if M∗ is (locally) equivalent to N∗. Moreover, a dual prepotential is called reducible
(respectively, irreducible) if their almost Frobenius manifold is reducible (respectively,
irreducible).

Let M∗ and N∗ have dual prepotentials F∗ and F̃∗, respectively. Then the function
F̂∗(m,n) = F∗(m) + F̃∗(n) is a dual prepotential of the product M∗ ×N∗.
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2.2.5 Flat pencil of metrics

We introduce another description of Frobenius manifolds, one which will later be used
in Section 3.1 to construct an important class of polynomial Frobenius manifolds from
Coxeter orbit spaces. Before we do so, we need to introduce a notion related to metrics
on complex manifolds.

Definition 2.2.46. [15] Let g be a metric on a complex manifold M and let x1, . . . , xn be
any local coordinate system on M. We define the contravariant Christoffel symbols gΓij

k (x)

in the x coordinates to be
gΓij

k (x) = −gil(x)gΓj
lk(x),

where gΓj
lk(x) are the Christoffel symbols for g in the x coordinates.

We now present the definition of a flat pencil of metrics on a complex manifold, making
use of the notion of contravariant Christoffel symbols, which was given in [15].

Definition 2.2.47. [15] Let M be a complex manifold with a flat metric ηαβ and a
symmetric (2, 0) tensor field gαβ. We say that ηαβ and gαβ form a flat pencil of metrics
on M if

1) For any λ ∈ C, the tensor field

gαβλ := gαβ − ληαβ

is a flat metric on an open dense subset of M.

2) For any λ ∈ C, let x1, . . . , xn be a set of coordinates on an open chart U ⊆M where
gαβ and gαβλ are always non-degenerate. Then, we have

gλΓij
k (x) =

gΓij
k (x)− ληΓij

k (x), (2.2.40)

where these are the contravariant Christoffel symbols for their respective metrics.

Note that gαβλ may be degenerate on some points in M, and that includes gαβ, however
these points may differ depending on the choice of λ ∈ C. The metric and intersection
form of a Frobenius manifold form a flat pencil of metrics, and a flat pencil of metrics
is close to being enough to define a Frobenius manifold, but we require some additional
properties that the pencil of metrics must satisfy, which we describe below.

Definition 2.2.48. [15] Let ηαβ and gαβ form a flat pencil of metrics on a complex
manifold M with flat coordinates t1, . . . , tn and x1, . . . , xn respectively. We say that the
flat pencil of metrics is quasihomogeneous of degree d ∈ C, if there exists a smooth function
τ ∈ C∞(M), which we call the Egoroff potential, such that the vector fields

E(x) := gis(x)
∂τ

∂xs
∂xi , e(t) := ηis(t)

∂τ

∂ts
∂ti ,
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satisfy the following conditions:

LEe = −e, (LEg)
αβ = (d− 1)gαβ, (Leg)

αβ = ηαβ, Leη = 0.

We call E the Euler vector field and we call e the unity vector field of the quasihomogeneous
flat pencil of metrics.

The following example is a specific case of a flat pencil of metrics which gives a polyno-
mial Frobenius manifold. We consider these types of examples more generally in Section
3.1.

Example 2.2.49. Let k ∈ Z≥2 and define

M :=
{
(r1e

iθ1 , r2e
iθ2) ∈ C2

∣∣∣ r1, r2 > 0 and θ1, θ2 ∈
(
0,
π

k

)}
.

Let ⟨·, ·⟩ be the natural bilinear form on C2 with orthonormal basis e1, e2, and define the
coordinates xi(p) := ⟨p, ei⟩ on M. We define the rank (2, 0) tensor field gαβ(x) := δαβ on
M and let t1, t2 be another set of coordinates on M which we express in the x coordinates
as

t1(x) := (x1 + ix2)k + (x1 − ix2)k, t2(x) :=
(x1)2 + (x2)2

2k
.

We define the rank (2, 0) tensor field ηαβ as

ηαβ := (L∂t1
g)αβ.

This is a flat metric on M, where t1, t2 are flat coordinates for η. Moreover, ηαβ and gαβ

form a quasihomogeneous flat pencil of metrics on M with Egoroff potential τ = t2, Euler
vector field E(t) = t1∂t1 +

2
k
t2∂t2 and unity vector field e(t) = ∂t1 .

From the notation presented, one can take an educated guess that a Frobenius manifold
gives a quasihomogeneous flat pencil of metrics, where E is the Euler vector field, e is the
unity vector field and d is the charge. The function τ, known as the Egoroff potential, has
some interesting properties of its own when the multiplication on the Frobenius manifold
is semisimple, which we will discuss further in Subsection 2.2.8.

Let x1λ, . . . , xnλ be flat coordinates of the metric gαβλ . By the relation (L∂t1
g)αβ = ηαβ,

we see that
gαβλ (t) = gαβ(t)− ληαβ = gαβ(t1 − λ, t2, . . . , tn).

Thus, the flat coordinates x1λ, . . . , xnλ of gαβλ may be written in terms of the flat coordinates
x1, . . . , xn of gαβ as follows:

xiλ(t
1, t2, . . . , tn) = xi(t1 − λ, t2, . . . , tn).
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Now, by the transformation law for Christoffel symbols given by formula (2.1.2) and the
relation (2.2.40) between the contravariant Christoffel symbols for flat pencils of metrics,
we see that

∂2xiλ
∂tj∂tk

=
∂2xmλ
∂tj∂tk

∂tl

∂xmλ

∂xiλ
∂tl

= gλΓl
jk(t)

∂xiλ
∂tl

= −(gλ)jm(t)
gλΓml

k (t)
∂xiλ
∂tl

= − (gλ)jm(t)
gΓml

k (t)
∂xiλ
∂tl

. (2.2.41)

Now, the contravariant Christoffel symbols gΓml
k (t) for the intersection form g of a Frobe-

nius manifold have the following form

gΓml
k (t) =

d− 1

2
cml
k (t) + El

;δ(t)c
δm
k (t). (2.2.42)

A proof of this claim can be found in Lecture 3 of [13], however the claim is restricted to
the cases when the Euler vector field is diagonal in the t coordinates. One can prove the
general statement of (2.2.42) using the same method as in [13].

Substituting the relation (2.2.42) into the expression (2.2.41) and raising the indices
on both sides by gαjλ , we get the relation

gαjλ (t)
∂2xiλ
∂tj∂tk

= −
(
d− 1

2
cαlk (t) + El

;δ(t)c
δα
k (t)

)
∂xiλ
∂tl

. (2.2.43)

Note that since ∂xi
λ

∂λ
= −∂xi

λ

∂t1
and cαβ1 (t) = ηαβ, formula (2.2.43) gives us that

gαjλ (t)
∂2xiλ
∂tj∂λ

= −gαjλ (t)
∂2xiλ
∂tj∂t1

=

(
d− 1

2
ηαl + El

;δ(t)η
δα

)
∂xiλ
∂tl

. (2.2.44)

This equation is known as the generalised hypergeometric equation associated to the Frobe-
nius manifold [13].

Not all quasihomogeneous flat pencils of metrics are derivable from Frobenius man-
ifolds. The following definition gives a sufficient condition for a quasihomogenous flat
pencil of metrics to have a corresponding Frobenius manifold.

Definition 2.2.50. [15] Let ηαβ and gαβ form a quasihomogeneous flat pencil of metrics
of degree d on a complex manifold M with Euler vector field E. We say that the flat pencil
is regular if the tensor field

Rj
i :=

d− 1

2
δji +

η∇iE
j

is non-degenerate everywhere on M, where η∇ is the Levi-Civita connection for η.

We now have everything we need to state the correspondence between Frobenius man-
ifolds and flat pencils of metrics.
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Theorem 2.2.51. [15] Let M be a Frobenius manifold with metric η, Euler vector field
E, unity vector field e, intersection form gαβ and charge d. Then, ηαβ and gαβ form a
quasihomogeneous flat pencil of metrics of degree d, with Euler vector field E, unity vector
field e and Egoroff potential

τ(t) = η1at
a,

where t = (t1, . . . , tn) are flat coordinates for η such that e = ∂t1 . We refer to this as the
flat pencil of metrics of the Frobenius manifold.

Conversely, suppose ηαβ and gαβ form a regular, quasihomogeneous flat pencil of met-
rics of degree d on a manifold M with Euler vector field E and unity vector field e, and
let M0 be the open dense subset of M where gαβ is non-degenerate. We can give M0 a
Frobenius structure with metric η, intersection form g, Euler vector field E, unity vector
field e and charge d. We refer to this as the Frobenius manifold of the flat pencil of metrics.

Futhermore, a regular, quasihomogeneous flat pencil of metrics is the flat pencil of
metrics of its Frobenius manifold.

A proof can be found in [15]. In Section 3.1 we will give polynomial Frobenius manifolds
from flat pencils of metrics on orbit spaces of the finite irreducible Coxeter groups.

2.2.6 Bihamiltonian structures

We present yet another interpretation of Frobenius manifolds, that is bihamiltonian struc-
tures. These are pairs of local Poisson brackets on a manifold with some additional proper-
ties, and they require some added machinery to define. They will be utilised in Subsection
3.2.2 to construct algebraic Frobenius manifolds.

Definition 2.2.52. [15] Let M be a complex manifold. We define L(M) be its loop space,
in other words

L(M) := C∞(S1, M),

where S1 stands for the circle.

Let s be a coordinate on S1 such that s(S1 \ {A}) = (0, 2π), where A ∈ S1 is a fixed
point. For any smooth function f ∈ C∞(M) and any non-negative integer j ∈ Z≥0, we
define the map f (j) : L(M) → L(C) as

f (j)(ϕ) :=
dj

dsj
(f ◦ ϕ),

where ϕ ∈ L(M). Let x1, . . . , xn be a set of coordinates defined on all of M. Then, we
define C(M) to be the following ring of maps from L(M) to L(C) :

C(M) := C∞(M)
[
xi(j)

]j>0

i=1,...,n
,
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where addition and multiplication of elements in the polynomial ring C(M) is defined
pointwise on elements of L(M):

(P +Q)(ϕ)(x) := P (ϕ)(x) +Q(ϕ)(x), (P ·Q)(ϕ)(x) := P (ϕ)(x)Q(ϕ)(x),

for all P, Q ∈ C(M), ϕ ∈ L(M) and x ∈ S1. Notice that for any f ∈ C∞(M) we have
f = f (0) in C(M). Both notations will be useful for the Propositions that follow, and so
we will switch between them where it is appropriate to do so.

Proposition 2.2.53. For any smooth function f ∈ C∞(M) and any j ∈ Z>0, the map
f (j) is an element of C(M).

Proof. Note that

f (1)(ϕ) =
d

ds
(f ◦ ϕ) =

(
∂f

∂xi
◦ ϕ
)
d

ds
(xi ◦ ϕ) =

(
∂f

∂xi
xi(1)

)
(ϕ),

for any ϕ ∈ L(M), so f (1) ∈ C(M). Suppose that f (k) ∈ C(M) for all f ∈ C∞(M) for all
non-negative integers k ≤ j for some j ∈ Z>0, then

f (j+1)(ϕ) =
dj+1

dsj+1
(f ◦ ϕ) = dj

dsj

((
∂f

∂xi
◦ ϕ
)
d

ds
(xi ◦ ϕ)

)
=

j∑
k=0

(
j

k

)
dk

dsk

(
∂f

∂xi
◦ ϕ
)
dj+1−k

dsj+1−k
(xi ◦ ϕ)

=

j∑
k=0

(
j

k

)((
∂f

∂xi

)(k)

xi(j+1−k)

)
(ϕ),

for any ϕ ∈ L(M), and so by induction, the proposition is proved.

By proving Proposition 2.2.53, we have shown, in particular, that the derivatives of
any coordinate system are elements of C(M) and thus the set of elements in C(M) does not
depend on our choice of x coordinates. It also allows us to define d

ds
to be the derivation

(over C) on C(M) given by extending the following, using the product rule for derivations:

d

ds

(
f (j)
)
:= f (j+1),

for any f ∈ C∞(M) and any j ∈ Z≥0.Alternatively, we can write the derivation d
ds
: C(M) →

C(M) in the following form:
d

ds
=

∞∑
k=0

xi(k+1) ∂

∂xi(k)
,

where we define ∂
∂xi(0) :=

∂
∂xi to only act non-trivially on the elements of C∞(M) in C(M).
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This gives us the following commutation relations:[
∂

∂xi(j+1)
,
d

ds

]
=

∂

∂xi(j)
,

[
∂

∂xi(0)
,
d

ds

]
= 0, (2.2.45)

for all j ∈ Z≥0. Since d
ds

and ∂
∂xi commute with each other we have the relation

(
∂f

∂xi

)(k)

=
∂f (k)

∂xi
,

for any k ∈ Z≥0 and any f ∈ C∞(M).

Definition 2.2.54. Let P ∈ C(M). We say that P is homogeneous of degree D if

n∑
i=1

∞∑
k=1

k xi(k) · ∂P

∂xi(k)
= DP. (2.2.46)

Since elements of C(M) are polynomials in the maps xi(k), only a finite number of these
maps occur in the expression of any P ∈ C(M). So, the infinite sum in the left hand side
of equation (2.2.46) actually becomes a finite sum and is thus well-defined.

Proposition 2.2.55. Let f ∈ C∞(M) and j ∈ Z≥0, then f (j) ∈ C(M) is homogeneous of
degree j.

Proof. The claim is obviously true for j = 0, and we see that

f (1) =
∂f

∂xi
xi(1), (2.2.47)

so f (1) is homogeneous of degree 1 (in x coordinates). Now, suppose f (k) is homogeneous
of degree k for all f ∈ C∞(M) for all non-negative k ≤ j for some j ∈ Z≥0. Then since

f (j+1) =

j∑
k=0

(
j

k

)
∂f (k)

∂xi
xi(j+1−k), (2.2.48)

and because the degree of a product of two homogeneous terms is the sum of their degrees,
we see that f (j+1) must be homogeneous of degree j + 1.

A consequence of Proposition 2.2.55 is that an element P ∈ C(M) being homogeneous
of degree D is independent of the choice of coordinates that we define on M. Moreover, for
any function f ∈ C∞(M) and any j, l ∈ Z≥0, formulas (2.2.47) and (2.2.48) tell us that

∂f (j)

∂xi(j+l)
= δ0l

∂f

∂xi
. (2.2.49)
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The following definition of local functionals can be found in [15] and is meant to be an
analogue of smooth functions, but defined on the loop space L(M) rather than M itself.

Definition 2.2.56. The set of local functionals on M is defined to be the set F(M)

containing all maps I : L(M) → C of the form

I[ϕ] =
1

2π

∫ 2π

0

P (ϕ)(s) ds, (2.2.50)

where P ∈ C(M) and ϕ ∈ L(M).

The set of local functionals F(M) that we get does not depend on our choice of
local coordinates, since by Proposition 2.2.53, any choice of coordinates gives the same
polynomial ring C(M). Any local functional I ∈ F(M) can be associated to an element
P ∈ C(M) such that relation (2.2.50) holds, such a P can be chosen up to the addition of
Q ∈ C(M) where ∫ 2π

0

Q(ϕ)(s) ds = 0,

for all ϕ ∈ L(M).

Lemma 2.2.57. Let P ∈ C(M) such that∫ 2π

0

P (ϕ)(s) ds = 0,

for all ϕ ∈ L(M). Then,
∞∑
j=0

(−1)j
dj

dsj
∂P

∂xi(j)
= 0,

for all i = 1, . . . , n.

Proof. Let ϕ ∈ L(M) and γ ∈ L(Cn). Then, for all ϵ ∈ C small enough, x−1(x(ϕ) + ϵγ)

exists in the loop space L(M). Thus, we can expand P (x−1(x(ϕ) + ϵγ)) in powers of ϵ to
get

P (x−1(x(ϕ) + ϵγ)) = P (ϕ) + ϵ

∞∑
j=0

∂P

∂xi(j)
(ϕ)

dj

dsj
γi +O(|ϵ|2). (2.2.51)

Integrating over the range s ∈ (0, 2π) we see that the left hand side and the first term of
the right hand side of relation (2.2.51) equal zero, and so we get that

ϵ

∫ 2π

0

∞∑
j=0

∂P

∂xi(j)
(ϕ)(s)

dj

dsj
γi(s) ds =

∫ 2π

0

O(|ϵ|2) ds (2.2.52)

Dividing both sides by ϵ and then taking the limit ϵ → 0, the right hand side of relation
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(2.2.52) equals zero and so we see that∫ 2π

0

∞∑
j=0

∂P

∂xi(j)
(ϕ)(s)

dj

dsj
γi(s) ds =

∫ 2π

0

∞∑
j=0

(−1)j
dj

dsj
∂P

∂xi(j)
(ϕ)(s)γi(s) ds = 0. (2.2.53)

Since
∞∑
j=0

(−1)j dj

dsj
∂P

∂xk(j) (ϕ) ∈ L(C) it is a periodic function with period 2π, we may write

∞∑
j=0

(−1)j
dj

dsj
∂P

∂xk(j)
(ϕ)(s) =

∑
m∈Z

Cme
ims,

where the constants Cm ∈ C are found by the formula

Cm =
1

2π

∫ 2π

0

∞∑
j=0

(−1)j
dj

dsj
∂P

∂xk(j)
(ϕ)(s)e−ims ds. (2.2.54)

If we set γi(s) = δike−ims and substitute this into the left hand side of formula (2.2.53)
we get that the right hand side of formula (2.2.54) equals zero, and thus Cm = 0 for all
m ∈ Z. Therefore,

∞∑
j=0

(−1)j
dj

dsj
∂P

∂xk(j)
(ϕ) = 0.

Lemma 2.2.57 allows us to make the following definition without having to choose
which P ∈ C(M) we want to represent our local functional I ∈ F(M).

Definition 2.2.58. [15] Let I be a local functional of the form (2.2.50). Then the varia-
tional derivative of I with respect to xi is defined to be

δI

δxi(s)
=

∞∑
j=0

(−1)j
dj

dsj
∂P

∂xi(j)
. (2.2.55)

Since P is polynomial in xi(j), the infinite sum in equation (2.2.55) becomes a finite sum
and so the right hand side is a well-defined element of C(M). By Lemma 2.2.57, our choice
of element P ∈ C(M) makes no difference to what the variational derivative of I is, and
so it is a well-defined concept. Moreover, by formula (2.2.51) we see that the variational
derivative of a local functional appears as a "first order correction" as one changes the
loop being evaluated by the local functional.

Proposition 2.2.59. The variational derivative of a local functional I ∈ F(M) trans-
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forms under a change of coordinates on M by the following transformation law:

δI

δyi(s)
=
∂xk

∂yi
δI

δxk(s)
.

Proof. Note that if P ∈ C(M), then

∂P

∂yi(j)
=

∞∑
l=0

∂xk(l)

∂yi(j)
∂P

∂xk(l)
.

Now, we will prove the following identity:

∞∑
m=0

(−1)m
(
j +m

m

)
dm

dsm

(
∂xk(l)

∂yi(j+m)

)
= δlj

∂xk

∂yi
, (2.2.56)

for any i, k = 1, . . . , n, and any j, l ∈ Z≥0. Indeed, if j ≥ l, then this is true by use of
relation (2.2.49). Now, suppose j = 0 and l > 0, then using the commutation relations
from formula (2.2.45), we see that

∞∑
m=0

(−1)m
(
j +m

m

)
dm

dsm

(
∂xk(l)

∂yi(j+m)

)
=

∞∑
m=0

(−1)m
dm

dsm

(
∂

∂yi(m)

d

ds
xk(l−1)

)
=

∞∑
m=0

(−1)m
dm+1

dsm+1

(
∂xk(l−1)

∂yi(m)

)
+

∞∑
m=1

(−1)m
dm

dsm

(
∂xk(l−1)

∂yi(m−1)

)
=

∞∑
m=0

(−1)m
dm+1

dsm+1

(
∂xk(l−1)

∂yi(m)

)
+

∞∑
m=0

(−1)m+1 d
m+1

dsm+1

(
∂xk(l−1)

∂yi(m)

)
= 0.

Now, suppose for some j ∈ Z≥0 we have

∞∑
m=0

(−1)m
(
j +m

m

)
dm

dsm

(
∂xk(l)

∂yi(j+m)

)
= 0,

for all l > j. Then, for j + 1 and l > j + 1 we have

∞∑
m=0

(−1)m
(
j + 1 +m

m

)
dm

dsm

(
∂xk(l)

∂yi(j+1+m)

)
=

∞∑
m=0

(−1)m
(
j + 1 +m

m

)
dm

dsm

(
∂

∂yi(j+1+m)

d

ds
xk(l−1)

)
=

∞∑
m=0

(−1)m
(
j + 1 +m

m

)
dm+1

dsm+1

(
∂xk(l−1)

∂yi(j+1+m)

)
+

∞∑
m=1

(−1)m
(
j + 1 +m

m

)
dm

dsm

(
∂xk(l−1)

∂yi(j+m)

)
+
∂xk(l−1)

∂yi(j)
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=
∞∑

m=1

(−1)m−1

(
j +m

m− 1

)
dm

dsm

(
∂xk(l−1)

∂yi(j+m)

)
+

∞∑
m=1

(−1)m
(
j + 1 +m

m

)
dm

dsm

(
∂xk(l−1)

∂yi(j+m)

)
+
∂xk(l−1)

∂yi(j)

=
∞∑

m=1

(−1)m
(
j +m

m

)
dm

dsm

(
∂xk(l−1)

∂yi(j+m)

)
+
∂xk(l−1)

∂yi(j)

=
∞∑

m=1

(−1)m
(
j +m

m

)
dm

dsm

(
∂xk(l−1)

∂yi(j+m)

)
= 0,

since l − 1 > j. So, we have proved relation (2.2.56). Now, we see that

δI

δyi(s)
=

∞∑
j=0

(−1)j
dj

dsj
∂P

∂yi(j)
=

∞∑
j=0

(−1)j
dj

dsj

∞∑
l=0

∂xk(l)

∂yi(j)
∂P

∂xk(l)

=
∞∑
l=0

∞∑
j=0

(−1)j
j∑

m=0

(
j

m

)
dm

dsm

(
∂xk(l)

∂yi(j)

)
dj−m

dsj−m

(
∂P

∂xk(l)

)

=
∞∑
l=0

∞∑
j=0

∞∑
m=0

(−1)j+m

(
j +m

m

)
dm

dsm

(
∂xk(l)

∂yi(j+m)

)
dj

dsj

(
∂P

∂xk(l)

)

=
∞∑
l=0

∞∑
j=0

(−1)jδlj
∂xk

∂yi
dj

dsj
∂P

∂xk(l)
=
∂xk

∂yi

∞∑
j=0

(−1)j
dj

dsj
∂P

∂xk(l)
=
∂xk

∂yi
δI

δxk(s)
.

Proposition 2.2.59 is implicitly assumed in [15] when discussing coordinate transforma-
tions of local Poisson brackets, which we will soon define. The definition of a local Poisson
bracket takes inspiration from the general form of a Poisson bracket on a manifold, where

{f, g} =
∂f

∂xi
{xi, xj} ∂g

∂xj
,

for any f, g ∈ C∞(M). Such a form tells us that the product rule for the Poisson bracket
is automatically satisfied and we just need to check that our choices for the functions
{xi, xj} are such that they make the Poisson bracket a Lie bracket on C∞(M).

Definition 2.2.60. [15] A local Poisson bracket on M is a Lie bracket { ·, · } on the space
of local functionals F(M) of the form

{I1, I2}[ϕ] =
1

2π

∫ 2π

0

(
δI1
δxi(s)

Aij

(
δI2

δxj(s)

))
(ϕ)(s) ds,

where Aij =
N∑
k=0

aijk
dk

dsk
with aijk ∈ C(M).
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The local Poisson bracket is thus defined by the choice of coordinates and the choice
of elements aijk ∈ C(M). Although we use the term local Poisson bracket, this is strictly
a conventional term as there is no multiplication defined on the space of local functionals
and thus a local Poisson bracket is not truly a Poisson bracket, but merely a Lie bracket.
There is an alternative notation for local Poisson brackets that are widely used, where
instead of using the operator Aij we write

{I1, I2}[ϕ] =
1

4π2

∫ 2π

0

∫ 2π

0

δI1
δxi(s1)

(ϕ)(s1){xi(s1), xj(s2)}(ϕ)
δI2

δxj(s2)
(ϕ)(s2) ds1 ds2,

where

{xi(s1), xj(s2)}(ϕ) =
N∑
k=0

aijk (ϕ)(s1)δ
(k)(s1 − s2),

where aijk ∈ C(M). The equivalence of these expressions is clear with the understanding
that

1

2π

∫ 2π

0

f(s2)δ
(k)(s1 − s2) ds2 = f (k)(s1).

The expression {xi(s1), xj(s2)} is often simply referred to as the local Poisson bracket, as
it is the essential building block, and when we write it explicitly it is common practice to
drop the ϕ and simply write

{xi(s1), xj(s2)} =
N∑
k=0

aijk (s1)δ
(k)(s1 − s2),

for some aijk ∈ C(M).

Proposition 2.2.61. Let { ·, · } be a local Poisson bracket on M, and impose that for any
two coordinate systems x1, . . . , xn and y1, . . . , yn defined on all of M, we have that

{xi(s1), xj(s2)} =
N∑
k=0

aijk (s1)δ
(k)(s1 − s2), (2.2.57)

{yi(s1), yj(s2)} =
N∑
k=0

bijk (s1)δ
(k)(s1 − s2), (2.2.58)

such that

bijk =
∂yi

∂xα

N−k∑
l=0

aαβk+l

(
k + l

l

)
∂yj(l)

∂xβ
. (2.2.59)

Then, local Poisson bracket { ·, · } is independent of the choice of coordinates.
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Proof. Using the transformation law for variational derivatives, we see that

1

4π2

∫ 2π

0

∫ 2π

0

δI1
δyi(s1)

(ϕ)(s1){yi(s1), yj(s2)}(ϕ)
δI2

δyj(s2)
(ϕ)(s2) ds1 ds2

=
1

4π2

∫ 2π

0

∫ 2π

0

δI1
δyi(s1)

(ϕ)(s1)
N∑
k=0

bijk (ϕ)(s1)δ
(k)(s1 − s2)

δI2
δyj(s2)

(ϕ)(s2) ds1 ds2

=
1

2π

∫ 2π

0

(
δI1
δyi(s)

N∑
k=0

∂yi

∂xα

N−k∑
l=0

aαβk+l

(
k + l

l

)
∂yj(l)

∂xβ
dk

dsk

(
δI2

δyj(s)

))
(ϕ)(s) ds

=
1

2π

∫ 2π

0

(
∂yi

∂xα
δI1
δyi(s)

N∑
k=0

k∑
l=0

aαβk

(
k

l

)
∂yj(l)

∂xβ
dk−l

dsk−l

(
δI2

δyj(s)

))
(ϕ)(s) ds

=
1

2π

∫ 2π

0

(
δI1

δxα(s)

N∑
k=0

aαβk
dk

dsk

(
∂yj

∂xβ
δI2

δyj(s)

))
(ϕ)(s) ds

=
1

2π

∫ 2π

0

(
δI1

δxα(s)

N∑
k=0

aαβk
dk

dsk

(
δI2

δxβ(s)

))
(ϕ)(s) ds

=
1

4π2

∫ 2π

0

∫ 2π

0

δI1
δxα(s1)

(ϕ)(s1)
N∑
k=0

aαβk (ϕ)(s1)δ
(k)(s1 − s2)

δI2
δxβ(s2)

(ϕ)(s2) ds1 ds2

=
1

4π2

∫ 2π

0

∫ 2π

0

δI1
δxα(s1)

(ϕ)(s1){xα(s1), xβ(s2)}(ϕ)
δI2

δxβ(s2)
(ϕ)(s2) ds1 ds2.

When we change the coordinate system on M to describe a local Poisson bracket,
this changes the coefficients aijk by the relation (2.2.59). In [15], Dubrovin describes this
transformation law using the following notation:

{yi(s1), yj(s2)} =
∂yi

∂xα
(s1)

∂yj

∂xβ
(s2){xα(s1), xβ(s2)}, (2.2.60)

where we impose the following definition:

∂yj

∂xβ
(s2)δ

(k)(s1 − s2) :=
k∑

l=0

(
k

l

)
∂yj(l)

∂xβ
(s1)δ

(k−l)(s1 − s2).

Proposition 2.2.61 then results from this.

Definition 2.2.62. Let { ·, · } be a local Poisson bracket on a complex manifold M and
let x1, . . . , xn be coordinates defined on all of M such that

{xi(s1), xj(s2)} =
N∑
k=0

aijk (s1)δ
(k)(s1 − s2).
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We say this bracket is graded homogeneous of degree D if the coefficients aijk ∈ C(M) are
homogeneous of degree D − k, for each k = 0, . . . , N.

Graded homogeneous local Poisson brackets are going to be central to constructing
Frobenius manifolds, and in particular to contructing algebraic Frobenius manifolds, which
we will do in Subsection 3.2.2.

Lemma 2.2.63. Let {xi(s1), xj(s2)} be a graded homogeneous local Poisson bracket of
degree D, then this local Poisson bracket is graded homogeneous of degree D for any choice
of coordinates on M.

Proof. We have that

{xi(s1), xj(s2)} =
N∑
k=0

aijk (s1)δ
(k)(s1 − s2),

for some homogeneous aijk ∈ C(M) of degrees D − k. Also, if y1, . . . , yn is another set of
coordinates defined on all of M, then

{yi(s1), yj(s2)} =
N∑
k=0

bijk (s1)δ
(k)(s1 − s2),

for some bijk ∈ C(M). These coefficients transform as

bijk =
∂yi

∂xα

N−k∑
l=0

aαβk+l

(
k + l

l

)
∂yj(l)

∂xβ
.

By Proposition (2.2.55), aαβk+l is homogeneous of degree D−(k+ l) and f (l) is homogeneous
of degree l for any f ∈ C∞(M) in any coordinate system, so bijk is homogeneous of degree
D−k in any coordinate system, and thus {yi(s1), yj(s2)} is graded homogeneous of degree
D.

Let {xi(s1), xj(s2)} be a local Poisson bracket. Then, we can write

{xi(s1), xj(s2)} =
N∑

k=−1

{xi(s1), xj(s2)}[k], (2.2.61)

where {xi(s1), xj(s2)}[k] is the graded homogeneous component of the local Poisson bracket
of degree k + 1. When we write a local Poisson bracket as a sum of the form (2.2.61), we
will call this the graded decomposition of the local Poisson bracket.

Lemma 2.2.64. [22] Let {xi(s1), xj(s2)} be a nonzero local Poisson bracket on a complex
manifold M, and let l ∈ Z be the smallest integer such that {xi(s1), xj(s2)}[l] ̸= 0. Then
{xi(s1), xj(s2)}[l] is a local Poisson bracket on M.
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The above Lemma allows us to construct new local Poisson brackets by taking the
lowest degree graded homogeneous component of an already existing local Poisson bracket.

Definition 2.2.65. We say that a local Poisson bracket is dispersionless onM if its graded
decomposition gives

{xi(s1), xj(s2)}[−1] = 0, {xi(s1), xj(s2)}[0] ̸= 0.

Moreover, if a local Poisson bracket is dispersionless, then we define its dispersionless limit
to be {xi(s1), xj(s2)}[0].

By Lemma 2.2.64, the dispersionless limit of a dispersionless local Poisson bracket is
itself a local Poisson bracket.

Example 2.2.66. Let {xi(s1), xj(s2)} be a graded homogeneous local Poisson bracket of
degree 0, so it has the form

{xi(s1), xj(s2)} = hij(s1)δ(s1 − s2).

The elements hij ∈ C(M) are homogeneous of degree 0, and are thus elements of the set
C∞(M). These functions then define a Poisson bracket on the complex manifold M where

{xi, xj} = hij.

That this is a Poisson bracket results from the fact that we have a local Poisson bracket
defined using the same functions.

Definition 2.2.67. Let {xi(s1), xj(s2)} be a graded homogeneous local Poisson bracket
of degree 1, we call such a local Poisson bracket, a local Poisson bracket of hydrodynamic
type.

A local Poisson bracket of hydrodynamic type has the form

{xi(s1), xj(s2)} = ηij(s1)δ
(1)(s1 − s2) +

ηΓij
k (s1)x

k(1)(s1)δ(s1 − s2),

where ηij, ηΓij
k ∈ C∞(M). In the literature, local Poisson brackets of hydrodynamic type

are often referred to as Poisson brackets of hydrodynamic type. We have chosen to include
the word "local" when referring to these objects to clarify that this is still a local Poisson
bracket, and thus not a Poisson bracket in the usual sense. If ηij is non-degenerate as
a matrix on an open, dense subset of M, then we say that the local Poisson bracket is
non-degenerate.
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Theorem 2.2.68. [19] Let {xi(s1), xj(s2)} be a non-degenerate local Poisson bracket of
hydrodynamic type on a complex manifold M. Suppose this local Poisson bracket has the
form

{xi(s1), xj(s2)} = ηij(s1)δ
(1)(s1 − s2) +

ηΓij
k (s1)x

k(1)(s1)δ(s1 − s2).

Let M̃ be the set of points in M where ηij is non-degenerate, then ηij is a flat metric
written in x coordinates on M̃ and has contravariant Christoffel symbols ηΓij

k in the x

coordinates.
Conversely, suppose η is a flat metric on a complex manifold M with contravariant

Christoffel symbols ηΓij
k (x) in some coordinate system x defined on all of M. Then, the

local Poisson bracket defined on M by

{xi(s1), xj(s2)} = ηij(x)(s1)δ
(1)(s1 − s2) +

ηΓij
k (x)(s1)x̂

k(1)δ(s1 − s2)

is a non-degenerate local Poisson bracket of hydrodynamic type.

Since there is a correspondence between non-degenerate local Poisson brackets of hy-
drodynamic type and flat metrics on M we can simply refer to the corresponding flat
metric as the flat metric of the local Poisson bracket, and flat coordinates of the flat
metric as flat coordinates of the local Poisson bracket.

Proposition 2.2.69. [15] Let {xi(s1), xj(s2)} be a non-degenerate local Poisson bracket
of hydrodynamic type, and let t1, . . . , tn be flat coordinates of the Poisson bracket. Then
the local functionals C1, . . . , Cn ∈ F(M) defined as

Cα[ϕ] :=
1

2π

∫ 2π

0

tα(ϕ(s)) ds

are Casimirs of the local Poisson bracket (meaning that {I, Cα} = 0 for all I ∈ F(M)).

Proof. In the flat coordinates t1, . . . , tn, the local Poisson bracket has the form

{ti(s1), tj(s2)} = ηij(s1)δ
(1)(s1 − s2),

where ηij is constant for all i, j = 1, . . . , n. The variational derivative of Cα with respect
to tj is then

δCα

δtj(s)
=

∞∑
k=0

(−1)k
dk

dsk
∂tα

∂tj(k)
= δαj .

Let I ∈ F(M) be arbitrary, then

{I, Cα}[ϕ] = 1

2π

∫ 2π

0

(
δI

δti(s)
ηij

d

ds

(
δCα

δtj(s)

))
(ϕ)(s) ds

=
1

2π

∫ 2π

0

(
δI

δti(s)
ηij

d

ds

(
δαj
))

(ϕ)(s) ds = 0,
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since c(1) = 0 for any locally constant function c ∈ C∞(M).

Casimirs are particularly useful for constructing infinite sets of Hamiltonians for com-
patible local Poisson brackets, which we will define shortly. Being able to easily construct
Casimirs gives us a lot of control over computing these Hamiltonians.

Definition 2.2.70. [15] Let { ·, · }1, { ·, · }2 be a pair of linearly independent local Poisson
brackets on a complex manifold M. We say that this pair is compatible if the bilinear
operations

{ ·, · }λ := { ·, · }1 − λ{ ·, · }2

are local Poisson brackets on M for any λ ∈ C.

Let { ·, · }1 and { ·, · }2 be a pair of compatible local Poisson brackets and let C be
a Casimir of the second local Poisson bracket, then under certain non-degeneracy condi-
tions, we can inductively construct an infinite set of commuting Hamiltonians Hn, by the
relations:

H0 := C, {I,Hn+1}2 = {I,Hn}1,

for all I ∈ A and all n ∈ Z≥0. Note that these Hamiltonians commute for both the first
and second local Poisson brackets. This result is known as Magri’s theorem, and a proof
can be found in [22] (see also [38] for the original statement for ordinary Poisson brackets).

Definition 2.2.71. [15] Let { ·, · }1, and { ·, · }2 be a pair of compatible non-degenerate
local Poisson brackets of hydrodynamic type, we call such a pair a bihamiltonian structure.

The name bihamiltonian structure is also used to refer to the infinite set of Hamiltoni-
ans that one can construct from the Casimirs of the second local Poisson bracket that one
gets using Proposition 2.2.69. Another alternative use of the name bihamiltonian structure
is for the integrable hierarchy that one constructs out of this infinite set of commuting
Hamiltonians:

∂X i

∂τα, p
= {X i, Hα, p}2 = {X i, Hα, p−1}1,

where i, α = 1, . . . , n, p = 1, 2, 3, . . . and X i[ϕ] := 1
2π

2π∫
0

xi(ϕ(s)) ds.

Theorem 2.2.72. [15] Let { ·, · }1 and { ·, · }2 form a bihamiltonian structure, then the
corresponding flat metrics form a flat pencil of metrics.

Let η and g form a flat pencil of metrics, then their corresponding non-degenerate local
Poisson brackets of hydrodynamic type form a bihamiltonian structure.

To then make a correspondence with Frobenius manifolds, one then has to interpret
the quasihomogeneity condition and regularity condition from the world of flat pencils of
metrics into the world of bihamiltonian structures. There is no obvious way of doing so,
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and so when using bihamiltonian structures to construct Frobenius manifolds (as will be
done in Subsection 3.2.2), one will need do extra work using the corresponding flat pencil
of metrics to prove the construction valid.

2.2.7 Semisimplicity and superpotentials

In this subsection we introduce an important class of Frobenius manifolds which have
semisimple multiplication on their tangent spaces.

Definition 2.2.73. Let A be finite-dimensional commutative associative algebra over a
field. We call A semisimple if the zero element is the only nilpotent element of A.

Semisimplicity tells us that there exists a basis e1, . . . , en of A such that

ei · ej = δijei,

for all i, j = 1, . . . , n.

Lemma 2.2.74. Let M be a Frobenius manifold with multiplication ◦ on X(M). Let p ∈M

be such that the tangent space TpM (with the restricted multiplication) is a semisimple C-
algebra. Then, there exists an open neighbourhood U of p such that every tangent space
TxU of U is semisimple.

Proof. Let V ⊆M be an open chart containing p with coordinate system v = (v1, . . . , vn).

This allows us to define an open chart TV ⊆ TM with coordinate system ṽ : TV → C2n

defined as ṽ(Xx) := (vi(x), Xj(v)x). Define the following sets

S :=

{
n∑

i=1

ai∂vi ∈ X(V )

∣∣∣∣ ai ∈ C and
n∑

i=1

|ai|2 = 1

}
, Sx := {Xx ∈ TxV | X ∈ S},

where x ∈ V. Clearly Sp is a compact subset of TV. Also, for any Yx ∈ TxV, there exists
λ ∈ C and Xx ∈ Sx such that Yx = λXx.

Now, a nilpotent element x of an n-dimensional associative algebra must satisfy the
condition that xn+1 = 0. Consider the continuous map f : TV → TV defined as f(X) =

Xn+1, where n is the dimension of M. The set of zero vectors of TV forms a closed subset
Z ⊆ TV and thus the pre-image f−1(Z) is a closed set in TV.

Define the continuous function g : Sp → R as

g(Xp) := inf
Y ∈f−1(Z)

{|ṽ(Xp)− ṽ(Y )|} .

By semisimplicity, Sp∩ f−1(Z) = ∅ and so by the continuity of f, for every point Xp ∈ Sp,

there exists an open neighbourhood UXp ⊆ TV of X such that UXp ∩ f−1(Z) = ∅ and so g
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must be nonzero everywhere on Sp. The function g is continuous and Sp is compact, so g
attains a nonzero minimum. Let ϵ := min

Xp∈Sp

{g(Xp)} and define the set U := v−1(Bϵ(v(p))).

This is an open subset of V containing p. Moreover, if x ∈ U, then v(x) ∈ Bϵ(v(p)) and so
|v(x)− v(p)| < ϵ. Therefore, for any X ∈ S, we have

|ṽ(Xx)− ṽ(Xp)| = |(vi(x), Xj(v)x)− (vi(p), Xj(v)p)| = |v(x)− v(p)| < ϵ.

Thus, f(Xx) ̸= 0 for all Xx ∈ Sx for all x ∈ U. Now, if Yx ∈ TxU and Yx ̸= 0, then there
exists λ ∈ C× and Xx ∈ Sx such that Yx = λXx and therefore

f(Yx) = f(λXx) = λn+1f(Xx) ̸= 0.

Thus, by definition, TxU is semisimple for all x ∈ U.

This means that semisimplicity is an open property of a Frobenius manifold. This
property is not usually proven in the literature, but stated as an "obvious" fact. We have
chosen to present a proof for completeness.

Definition 2.2.75. [13, Lecture 3] LetM be a Frobenius manifold. We define the nilpotent
locus Σnil of M to be the set

Σnil := {p ∈M | TpM is not semisimple}.

We say that M is semisimple if Σnil is nowhere dense in M.

In the literature, when talking about Frobenius manifolds, semisimple Frobenius man-
ifolds are sometimes called massive Frobenius manifolds. This is related to the connec-
tion that Frobenius manifolds have with two-dimensional quantum gravity via topological
quantum field theories. As we do not explore this side of Frobenius manifolds, we will use
the adjective semisimple to avoid the use of disparate terminology.

Lemma 2.2.76. [13, Lecture 3] Let M be a semisimple Frobenius manifold with multi-
plication ◦ on X(M). Then, on any open chart U ⊆ M \ Σnil there exists a set of local
coordinates u = (u1, . . . , un) such that

∂ui ◦ ∂uj = δij∂ui ,

for all i, j = 1, . . . , n.

The coordinates u1, . . . , un are called canonical coordinates and are important in the
study of semisimple Frobenius manifolds. The multiplication at semisimple points of a

manifold can easily be seen to have an identity element of the form e =
n∑

i=1

∂ui .
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Proposition 2.2.77. [13, Lecture 3] Let M be a semisimple Frobenius manifold with Euler
vector field E. Then there exists an open chart U ⊆ M \ Σnil and canonical coordinates
u1, . . . , un such that the Euler vector field restricted to U has the form

E =
n∑

i=1

ui∂i. (2.2.62)

From now on, when we refer to the canonical coordinates of a semisimple Frobenius
manifold, we will assume that these coordinates are such that the Euler vector field has the
form expressed in formula (2.2.62). The canonical coordinates are often difficult to find
on an arbitrary semisimple Frobenius manifold, the following theorem is useful for finding
the canonical coordinates in terms of the flat coordinates of the metric of a Frobenius
manifold.

Theorem 2.2.78. [13, Lecture 3] Let M be a semisimple Frobenius manifold with metric
η and intersection form gαβ. Then there exists canonical coordinates u1, . . . , un which are
the simple roots of the characteristic equation

det(gαβ(t)− uηαβ(t)) = 0,

where t = (t1, . . . , tn) are flat coordinates of the metric η.
Conversely, if the roots of this characteristic equation are simple for some point p ∈M

then p is a semisimple point and the roots u1(t), . . . , un(t) are canonical coordinates in a
neighbourhood of p.

Example 2.2.79. Consider a Frobenius manifold in two dimensions with a prepotential
of the form

F (t1, t2) =
1

2
(t1)2t2 + c(t2)k+1,

where k ∈ C \ {−1, 0, 1} and c ∈ C \ {0} are constants. The metric η of this Frobenius
manifold has the form ηαβ(t) = δα+β, 3, while the intersection form gαβ has the form

gαβ(t) =

(
2c(k2 − 1)(t2)k−1 t1

t1 2
k
t2

)
.

The canonical coordinates u = (u1, u2) written in terms of the flat coordinates t1, t2 are
roots of the characteristic equation

det(gαβ(t)− uηαβ) =
4c

k
(k2 − 1)(t2)k − (t1 − u)2 = 0.
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So the canonical coordinates have the forms

u1(t) = t1 +

√
4c

k
(k2 − 1)(t2)k, u2(t) = t1 −

√
4c

k
(k2 − 1)(t2)k.

Let M be a Frobenius manifold with metric η and intersection form g. Let U ⊆M \Σ
be some coordinate neighbourhood of a point p ∈ M with flat coordinates t1, . . . , tn for
the metric η and flat coordinates x1, . . . , xn for the intersection form gαβ such that the
unity vector field e = ∂t1 . Since x1, . . . , xn are local coordinates, they must be invertible,
and so there must exist some a ∈ {1, . . . , n} such that

∂xa

∂t1
(p) ̸= 0. (2.2.63)

Now, consider the flat coordinates x1z, . . . , xnz for the metric gαβz = gαβ − zηαβ, defined
on an open dense subset Uz ⊆ U. Since, U0 = U, there exists an open neighbourhood
V ⊆ C×U of the point (0, p) such that the functions x1z, . . . , xnz are well-defined on all of
V. We can now give the definition of the superpotential of a Frobenius manifold.

Definition 2.2.80. [13, Appendix I] Let M be a Frobenius manifold and let p ∈ M \ Σ.
Let V be an open neighbourhood of the point (0, p) ∈ C ×M such that the functions
x1z, . . . , x

n
z are well-defined on all of V and let a ∈ {1, . . . , n} be such that ∂xa

0

∂t1
(p) ̸= 0. A

superpotential of M is a function λ : W → C such that

λ(xaz(u), u) = xaλ(z, u)(u) = z,

for all (z, u) ∈ V, where W ⊆ C × M is an open subset containing V. We call xaz the
inverse of the superpotential.

Superpotentials are a useful technical tool as they obey certain properties which allow
us to find what the main structures of a Frobenius manifold look like.

Lemma 2.2.81. [13, Appendix I] If M is a semisimple Frobenius manifold, then there
exists a superpotential of M.

A proof of this Lemma can be found in Appendix I of [13], making use of a Lemma in
Appendix G that requires M to be semisimple. Proposition 2.2.82 and Theorem 2.2.83,
presented below, give us the most important properties of a superpotential for a Frobenius
manifold. Proposition 2.2.82 shows us that critical values of a superpotential of a Frobenius
manifold M form canonical coordinates on M and Theorem 2.2.83 shows how one can use
the superpotential of a Frobenius manifold to calculate its metric, intersection form and
structure constants.
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Proposition 2.2.82. [13, Appendix I] Let M be a semisimple Frobenius manifold with
superpotential λ : U →M and inverse xaz . Define qi :M → C as

qi(t) := xaui(t)(t),

where u1, . . . , un are canonical coordinates on M. Then ui(t) = λ(qi(t), t) and

∂λ

∂z

∣∣∣∣
(z, u)=(qi(t), t)

= 0.

Theorem 2.2.83. [13, Appendix I] A superpotential λ of a Frobenius manifold can be used
to find the metric η, intersection form g and multiplications (via the symmetric 3-tensors
c and

∗
c) using the following formulas:

η(∂i, ∂j) =
∑

zs:λ′(zs)=0

res
z=zs

∂i(λ)∂j(λ)

λ′(z)
dz (2.2.64)

g(∂i, ∂j) =
∑

zs:λ′(zs)=0

res
z=zs

∂i(logλ)∂j(logλ)

(logλ)′(z)
dz (2.2.65)

c(∂i, ∂j, ∂k) =
∑

zs:λ′(zs)=0

res
z=zs

∂i(λ)∂j(λ)∂k(λ)

λ′(z)
dz (2.2.66)

∗
c(∂i, ∂j, ∂k) =

∑
zs:λ′(zs)=0

res
z=zs

∂i(logλ)∂j(logλ)∂k(logλ)

(logλ)′(z)
dz (2.2.67)

As an example we will derive the dual prepotential for the extended affine Weyl group
Ĝ2 orbit space Frobenius manifold [21]. The corresponding superpotential was recently
found in [2].

Example 2.2.84. Let w = (w0, w1, w2) and define λ to be the following superpotential

λ(µ; w) =
w0

µ2(µ+ 1)2
(
µ6 + 1 + (1− w1)(µ

5 + µ) + (1 + w2)(µ
4 + µ2) + (1− w2

1 + 2w2)µ
3
)
,

and dz = dµ
µ
. Let us define a new set of functions x0, z1, z2, z3 such that w0 = ex0 and

µ6 +1+ (1−w1)(µ
5 + µ) + (1 +w2)(µ

4 + µ2) + (1−w2
1 +2w2)µ

3 =
3∏

i=1

(µ− ezi)(µ− e−zi).

We then have the following relations

w1 =1 +
3∑

i=1

(ezi + e−zi),
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w2 =2 +
∑

1≤i<j≤3

(ezi+zj + e−zi+zj + ezi−zj + e−zi−zj),

w2
1 − 2w2 =1 + 2

3∑
i=1

(ezi + e−zi) +
1∑

a,b,c=0

e(−1)az1+(−1)bz2+(−1)cz3 .

Combining these relations we see that z3 = ± z1 ± z2. Without loss of generality, let
us suppose that z3 = z1 + z2 and define x1 = z1, x2 = z2. We see that x0, x1, x2 are
coordinates in C3 and we will compute the intersection form g and (0, 3) tensor field ∗

cijk

in these coordinates.
Since µ = Aez for some nonzero constant A ∈ C, we see that ∂λ

∂z
= µ∂λ

∂µ
. Thus, using

the fact that the sum of the residues of a meromorphic one-form, including the residue at
infinity, must equal zero, we get the following calculations for the intersection form:

g(∂i, ∂j) =
∑

zs:λ′(zs)=0

res
z=zs

∂i(logλ)∂j(logλ)

(logλ)′(z)
dz =

∑
µs:λ′(µs)=0

res
µ=µs

∂i(λ)∂j(λ)

λ ∂λ
∂µ
µ2

dµ

= − res
µ=∞

∂i(λ)∂j(λ)

λ ∂λ
∂µ
µ2

dµ− res
µ=0

∂i(λ)∂j(λ)

λ ∂λ
∂µ
µ2

dµ− res
µ=−1

∂i(λ)∂j(λ)

λ ∂λ
∂µ
µ2

dµ

−
∑

µs:λ(µs)=0

res
µ=µs

∂i(λ)∂j(λ)

λ ∂λ
∂µ
µ2

dµ.

Similarly, for the ∗
cijk tensor field, we have

∗
c(∂i, ∂j, ∂k) =

∑
zs:λ′(zs)=0

res
z=zs

∂i(logλ)∂j(logλ)∂k(logλ)

(logλ)′(z)
dz

=
∑

µs:λ′(µs)=0

res
µ=µs

∂i(λ)∂j(λ)∂k(λ)

λ2 ∂λ
∂µ
µ2

dµ

= − res
µ=∞

∂i(λ)∂j(λ)∂k(λ)

λ2 ∂λ
∂µ
µ2

dµ− res
µ=0

∂i(λ)∂j(λ)∂k(λ)

λ2 ∂λ
∂µ
µ2

dµ

− res
µ=−1

∂i(λ)∂j(λ)∂k(λ)

λ2 ∂λ
∂µ
µ2

dµ−
∑

µs:λ(µs)=0

res
µ=µs

∂i(λ)∂j(λ)∂k(λ)

λ2 ∂λ
∂µ
µ2

dµ

Now, the residues at µ = −1 are equal to zero, and the roots of λ are known to be e± zi .

Notice also that λ
(

1
µ
; w
)
= λ(µ; w) and thus

∂λ

∂µ

∣∣∣
µ 7→ 1

µ

= −µ2∂λ

∂µ
.

Thus, computing the residues at infinity, we find that they are equal to the residues at
zero. Computing the residues at zero and the residues at the roots of the superpotential,
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one can directly calculate the intersection form in the x coordinates. Indeed, we see that

gij(x) =

1 0 0

0 −4 −2

0 −2 −4

 .

Thus, the x coordinates are flat coordinates for the intersection form and therefore ∗
cijk(x)

are the third order derivatives of the dual prepotential. We find that the third order
derivatives are

∗
c0ij(x) = gij(x),
∗
c111(x) = − 2(−7ex1 + 4e2x1 + 8ex2 − 5ex1+x2 + 8e2(x1+x2) − 6e3(x1+x2) + 4e4(x1+x2)

− 7e5(x1+x2) + 4e2x1+x2 − 2e3x1+x2 + 4e4x1+x2 − 5ex1+2x2 − 6e3x1+2x2

+ 4e4x1+2x2 − 7e5x1+2x2 − 7ex1+3x2 + 4e2x1+3x2 + 8e4x1+3x2 − 5e5x1+3x2

+ 4e2x1+4x2 − 2e3x1+4x2 − 5e5x1+4x2 + 8e6x1+4x2 + 4e4x1+5x2)

/(ex1 − 1)(ex1 − ex2)(ex1+x2 − 1)(e2x1+x2 − 1)(ex1+2x2 − 1),
∗
c112(x) = − 2(5ex1 − 4ex2 − 3e2(x1+x2) + 3e3(x1+x2) − 2e2x1+x2 − e3x1+x2 + ex1+2x2

− 2e4x1+2x2 + 2ex1+3x2 − e4x1+3x2 + e2x1+4x2 + 2e3x1+4x2 + 4e5x1+4x2

− 5e4x1+5x2)/(ex1 − ex2)(ex1+x2 − 1)(e2x1+x2 − 1)(ex1+2x2 − 1),
∗
c122(x) = − 2(4ex1 − 5ex2 + 3e2(x1+x2) − 3e3(x1+x2) − e2x1+x2 − 2e3x1+x2 + 2ex1+2x2

− e4x1+2x2 + ex1+3x2 − 2e4x1+3x2 + 2e2x1+4x2 + e3x1+4x2 + 5e5x1+4x2

− 4e4x1+5x2)/(ex1 − ex2)(ex1+x2 − 1)(e2x1+x2 − 1)(ex1+2x2 − 1),
∗
c222(x) = − 2(−8ex1 + 7ex2 − 4e2x2 + 5ex1+x2 − 8e2(x1+x2) + 6e3(x1+x2) − 4e4(x1+x2)

+ 7e5(x1+x2) + 5e2x1+x2 + 7e3x1+x2 − 4ex1+2x2 − 4e3x1+2x2 − 4e4x1+2x2

+ 2ex1+3x2 + 6e2x1+3x2 + 2e4x1+3x2 − 4ex1+4x2 − 4e2x1+4x2 − 8e3x1+4x2

− 4e5x1+4x2 + 7e2x1+5x2 + 5e3x1+5x2 + 5e4x1+5x2 − 8e4x1+6x2)

/(ex1 − ex2)(ex2 − 1)(ex1+x2 − 1)(e2x1+x2 − 1)(ex1+2x2 − 1).

Integrating these expressions, we find the dual prepotential to be

F∗(x) = 6Li3(e
x1) + 6Li3(e

x2) + 6Li3(e
x1+x2) + 2Li3(e

x2−x1) + 2Li3(e
2x1+x2)

+ 2Li3(e
x1+2x2) +

x30
6

− 2x0x
2
1 +

7x31
3

− 2x0x1x2 + 5x21x2 − 2x0x
2
2 + 4x1x

2
2 +

8x32
3
,

where Li3(z) =
∞∑
k=1

zk

k3
is the tri-logarithm function.
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2.2.8 Darboux–Egoroff systems and Egoroff potentials

Semisimple Frobenius manifolds can be equivalently formulated as Darboux–Egoroff sys-
tems and as Egoroff potentials. To begin our explanation for these correspondences, let
us first consider the metric η of a semisimple Frobenius manifold in terms of the canonical
coordinates.

Proposition 2.2.85. Let M be a semisimple Frobenius manifold with metric η and unity
vector field e. Let t1, . . . , tn be flat coordinates of the metric such that e = ∂t1 and define
the function τ := η1α(t)t

α. If u1, . . . , un are canonical coordinates on M, then

ηij(u) = δij
∂τ

∂ui
.

Proof. Let ◦ be the multiplication on M and see that

ηij(u) = η(∂ui , ∂uj) = η(e ◦ ∂ui , ∂uj) = η(e, ∂ui ◦ ∂uj) = δijη(e, ∂ui)

= δijη

(
e,
∂tα

∂ui
∂tα

)
= δij

∂tα

∂ui
η1α(t) = δij

∂τ

∂ui
.

Semisimple Frobenius manifolds have an equivalent formulation as systems of equations
in terms of the canonical coordinates, one such system is the Darboux–Egoroff system,
which we will define below.

Definition 2.2.86. [13, Lecture 3] A Darboux–Egoroff system is a system of equations
γij : U → C, (i, j = 1, . . . , n) defined on a complex manifold U with a coordinate system
u = (u1, . . . , un) defined on all of U such that

1) Each γij has zero divergence, meaning that

n∑
k=1

∂γij
∂uk

= 0.

2) Each γij is homogeneous of weight -1, meaning that

n∑
k=1

uk
∂γij
∂uk

= −γij.

3) For all distinct i, j, k, we have

∂γij
∂uk

= γikγjk.

Semisimple Frobenius manifolds can be used to construct Darboux–Egoroff systems, as
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will be shown in Theorem 2.2.88. However, we cannot simply go in the opposite direction,
in order to construct a Frobenius manifold from a Darboux–Egoroff system we need some
genericity conditions.

Definition 2.2.87. Let γij be a Darboux–Egoroff system defined in the coordinates
u1, . . . , un, and let us define the following matrices:

Γ(u) := (γij(u))i,j=1,...,n , U := diag(u1, . . . , un).

We say that the Darboux–Egoroff system γij is generic if the matrix

V (u) := [Γ(u), U ]

is diagonalisable.

We are now ready to present a theorem of correspondence between Frobenius manifolds
and Darboux–Egoroff systems.

Theorem 2.2.88. [13, Lecture 3] Let γij : U → C be a generic Darboux–Egoroff system.
Then, U can be given a semisimple Frobenius manifold structure with metric η flat co-
ordinates t1, . . . , tn, canonical coordinates u1, . . . , un and unity vector field e = ∂t1 such
that

τ(u) = η1αt
α(u), γij(u) =

1

2

∂2τ
∂ui∂uj√
∂τ
∂ui

∂τ
∂uj

,

for all i, j = 1, . . . , n. We refer to this as the Frobenius manifold of the Darboux–Egoroff
system γij.

Conversely, let M be a semisimple Frobenius manifold with metric η, unity vector field
e. Let U ⊆ M be an open chart with canonical coordinate system u = (u1, . . . , un) and
flat coordinate system t = (t1, . . . , tn) such that e = ∂t1 . Consider the function τ : U → C
defined as

τ(u) := η1αt
α(u),

and define the functions γij : U → C as

γij(u) :=
1

2

∂2τ
∂ui∂uj√
∂τ
∂ui

∂τ
∂uj

,

for i, j = 1, . . . , n. Then, γij is a Darboux–Egoroff system. We call γij a Darboux–Egoroff
system of the Frobenius manifold M.

Furthermore, the Frobenius manifold U of a Darboux–Egoroff system γij of the Frobe-
nius manifold M is locally equivalent to M, and a Darboux–Egoroff system γ̃ij of a Frobe-
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nius manifold U of the Darboux–Egoroff system γij is equal to a restiction of γij with
possibly permuted coordinates to a non-empty, open subset of U.

This alternative description for semisimple Frobenius manifolds makes use of the func-
tion τ = η1α(t)t

α. Rather than dressing up this function into a system of equations, one
may wish to study this function directly.

Definition 2.2.89. An Egoroff potential is a function τ : U → C defined on a complex
manifold U with a coordinate system u = (u1, . . . , un) defined on all of U such that

1) For all i = 1, . . . , n and all u ∈ U,

∂τ

∂ui
(u) ̸= 0.

2) There exists a constant C ∈ C such that

n∑
i=1

∂τ

∂ui
= C.

3) There exist constants d, A ∈ C such that

n∑
i=1

ui
∂τ

∂ui
= (1− d)τ + A,

we call d the charge of the Egoroff potential.
4) For all distinct i, j, k, we have

∂3τ

∂ui∂uj∂uk
=

1

2

(
∂2τ

∂ui∂uj
∂2τ

∂ui∂uk

∂τ
∂ui

+
∂2τ

∂ui∂uj
∂2τ

∂uj∂uk

∂τ
∂uj

+
∂2τ

∂ui∂uk
∂2τ

∂uj∂uk

∂τ
∂uk

)

Although the Egoroff potential has been defined for a Frobenius manifold, it has not
been given a definition in the abstract in the literature before, as far as we know.

Example 2.2.90. Let n = 1. Then any Egoroff potential has the form

τ(u) = au+ c,

where a, c ∈ C are constants with a ̸= 0. These Egoroff potentials all have charge d = 0.

Next, consider the case n = 2. One can show that any Egoroff potential has one of the
following forms:

τ(u1, u2) = a(u1 − u2)1−d + c,

τ(u1, u2) = au1 + bu2 + c,

τ(u1, u2) = a ln(u1 − u2) + c,
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where a, b, c, d ∈ C are constants such that a, b ̸= 0 and d ̸= 1. These Egoroff potentials
have charges d, 0 and 1, respectively.

Proposition 2.2.91. Let τ be an Egoroff potential with charge d and C =
n∑

i=1

∂τ
∂ui . Then,

dC = 0.

Proof. By differentiating the formulas given in conditions 2) and 3) from Definition 2.2.89,
we get

dC = d

n∑
i=1

∂τ

∂ui
= −

n∑
i=1

n∑
j=1

uj
∂2τ

∂ui∂uj
= −

n∑
j=1

uj
n∑

i=1

∂2τ

∂ui∂uj
= 0.

Theorem 2.2.92. Let τ : U → C be an Egoroff potential with charge d. Define γij : U → C
as

γij(u) :=
1

2

∂2τ
∂ui∂uj√
∂τ
∂ui

∂τ
∂uj

,

for i, j = 1, . . . , n. Then this is a Darboux–Egoroff system. We refer to this as the Darboux–
Egoroff system of the Egoroff potential τ .

Conversely, let γij : U → C be a generic Darboux–Egoroff system. Let η be the metric of
its Frobenius manifold with unity vector field e, charge d, canonical coordinates u1, . . . , un

and flat coordinates t1, . . . , tn of the metric η with e = ∂t1 and consider the function
τ : U → C defined as

τ(u) = η1α(t)t
α(u).

Then, τ is an Egoroff potential with charge d and

γij(u) :=
1

2

∂2τ
∂ui∂uj√
∂τ
∂ui

∂τ
∂uj

,

for all i, j = 1, . . . , n. We call τ an Egoroff potential of the Darboux–Egoroff system γij.

Furthermore, the Darboux–Egoroff system γ̃ij of an Egoroff potential τ of the Darboux–
Egoroff system γij is the same as γij with possibly permuted canonical coordinates, and an
Egoroff potential τ̃ of a Darboux–Egoroff system γij of the Egoroff potential τ is equal to
τ + c with possibly permuted canonical coordinates, where c ∈ C is a constant.

Proof. Let τ be an Egoroff potential, then

n∑
k=1

∂γij
∂uk

=
1

2

n∑
k=1

∂3τ
∂ui∂uj∂uk√

∂τ
∂ui

∂τ
∂uj

− 1

2

∂2τ
∂ui∂uj

∂2τ
∂ui∂uk

∂τ
∂uj(

∂τ
∂ui

∂τ
∂uj

) 3
2

− 1

2

∂2τ
∂ui∂uj

∂τ
∂ui

∂2τ
∂uj∂uk(

∂τ
∂ui

∂τ
∂uj

) 3
2

= 0.
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Also,

n∑
k=1

uk
∂γij
∂uk

=
1

2

n∑
k=1

uk
∂3τ

∂ui∂uj∂uk√
∂τ
∂ui

∂τ
∂uj

− uk

2

∂2τ
∂ui∂uj

∂2τ
∂ui∂uk

∂τ
∂uj(

∂τ
∂ui

∂τ
∂uj

) 3
2

− uk

2

∂2τ
∂ui∂uj

∂τ
∂ui

∂2τ
∂uj∂uk(

∂τ
∂ui

∂τ
∂uj

) 3
2

=
1

2

(−d− 1)
∂2τ

∂ui∂uj√
∂τ
∂ui

∂τ
∂uj

+
d

2

∂2τ
∂ui∂uj

∂τ
∂ui

∂τ
∂uj(

∂τ
∂ui

∂τ
∂uj

) 3
2

+
d

2

∂2τ
∂ui∂uj

∂τ
∂ui

∂τ
∂uj(

∂τ
∂ui

∂τ
∂uj

) 3
2


= − 1

2

∂2τ
∂ui∂uj√
∂τ
∂ui

∂τ
∂uj

= −γij.

Finally, if i, j, k are distinct, then

∂γij
∂uk

=
1

2

 ∂3τ
∂ui∂uj∂uk√

∂τ
∂ui

∂τ
∂uj

− 1

2

∂2τ
∂ui∂uj

∂2τ
∂ui∂uk

∂τ
∂uj(

∂τ
∂ui

∂τ
∂uj

) 3
2

− 1

2

∂2τ
∂ui∂uj

∂τ
∂ui

∂2τ
∂uj∂uk(

∂τ
∂ui

∂τ
∂uj

) 3
2


=

1

4
√

∂τ
∂ui

∂τ
∂uj

(
∂2τ

∂ui∂uj
∂2τ

∂ui∂uk

∂τ
∂ui

+
∂2τ

∂ui∂uj
∂2τ

∂uj∂uk

∂τ
∂uj

+
∂2τ

∂ui∂uk
∂2τ

∂uj∂uk

∂τ
∂uk

−
∂2τ

∂ui∂uj
∂2τ

∂ui∂uk

∂τ
∂ui

−
∂2τ

∂ui∂uj
∂2τ

∂uj∂uk

∂τ
∂uj

)

=
1

4
√

∂τ
∂ui

∂τ
∂uj

∂2τ
∂ui∂uk

∂2τ
∂uj∂uk

∂τ
∂uk

=

1

2

∂2τ
∂ui∂uk√
∂τ
∂ui

∂τ
∂uk

1

2

∂2τ
∂uj∂uk√
∂τ
∂uj

∂τ
∂uk

 = γikγjk.

Thus, γij is a Darboux–Egoroff system.
Conversely, suppose γij is a Darboux–Egoroff system and let M be its Frobenius man-

ifold. Define τ :M → C to be
τ(u) := η1α(t)t

α(u).

Then,

ηii(u) = η(∂ui , ∂ui) = η(e, ∂ui) = η

(
e,
∂tα

∂ui
∂tα

)
= η(e, ∂tα)

∂tα

∂ui
= η1α(t)

∂tα

∂ui
=

∂τ

∂ui
.

Since LEηαβ = (2− d)ηαβ, we see that

(2− d)
∂τ

∂ui
=(2− d)ηii(u) = LEηii(u)

=Eα(u)ηii;α(u) + Eα
;i (u)ηαi(u) + Eα

;i (u)ηiα(u)

= 2ηii(u) +
n∑

k=1

uk
∂ηii(u)

∂uk
= 2

∂τ

∂ui
+

n∑
k=1

uk
∂2τ

∂ui∂uk
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and so we have
n∑

k=1

uk
∂2τ

∂ui∂uk
= −d ∂τ

∂ui
,

for all i = 1, . . . , n. From this we can conclude that

n∑
i=1

ui
∂τ

∂ui
= (1− d)τ + A,

for some constant A ∈ C. Since η is a metric on M it is non-degenerate and so

∂τ

∂ui
(u) = ηii(u) ̸= 0,

for all u ∈M and all i = 1, . . . , n. Now, since M is a Frobenius manifold, we have that

η∇∂ui
e = 0,

for all i = 1, . . . , n. And, so

0 =
(
η∇∂ui

e
)α

= eαi (u) +
ηΓα

di(u)e
d(u) =

n∑
d=1

ηΓα
di(u).

Now,

ηΓα
di(u) =

1

2
ηαl(u)(ηdl;i(u) + ηli;d(u)− ηdi;l(u)) =

1

2
ηαα(u)(ηdα;i(u) + ηαi;d(u)− ηdi;α(u)),

noting that there is no summation over α. Setting α = i, we see that

0 =
n∑

d=1

ηΓi
di(u) =

ηΓi
ii(u) +

∑
d̸=i

ηΓi
di(u)

=
1

2
ηii(u)

(
ηii;i(u) + ηii;i(u)− ηii;i(u) +

∑
d̸=i

ηdi;i(u) + ηii;d(u)− ηdi;i(u)

)

=
1

2
ηii(u)

(
ηii;i(u) +

∑
d̸=i

ηii;d(u)

)
=

1

2
ηii(u)

n∑
d=1

ηii;d(u) =
1

2
ηii(u)

n∑
d=1

∂2τ

∂ui∂ud
,

and so
n∑

j=1

∂2τ

∂ui∂uj
= 0,

for all i = 1, . . . , n. And thus,
n∑

i=1

∂τ

∂ui
= C,
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for some constant C ∈ C. Now, since η is a flat metric, the Riemann curvature tensor
ηRi

jkl must be zero everywhere on M. In particular, if we let i, j, k be distinct, then

0 = ηRi
jik = ∂ui(ηΓi

jk(u))− ∂uk(ηΓi
ij(u)) +

ηΓi
il(u)

ηΓl
jk(u)− ηΓi

kl(u)
ηΓl

ij(u)

= − ∂uk

(
1

2
ηii(u)ηii;j(u)

)
+ ηΓi

ij(u)
ηΓj

jk(u) +
ηΓi

ik(u)
ηΓk

jk(u)− ηΓi
ik(u)

ηΓi
ij(u)

= − 1

2
ηii(u)ηii;jk(u) +

1

2
ηii(u)2ηii;k(u)ηii;j(u) +

1

4
ηii(u)ηjj(u)ηii;j(u)ηjj;k(u)

+
1

4
ηii(u)ηkk(u)ηii;k(u)η

kk;j(u)− 1

4
ηii(u)2ηii;k(u)ηii;j(u)

=
1

2
ηii(u)

(
1

2

(
ηii;j(u)ηii;k(u)

ηii(u)
+
ηii;j(u)ηjj;k(u)

ηjj(u)
+
ηii;j(u)ηkk;j(u)

ηkk(u)

)
− ηii;jk(u)

)
.

And so,
∂3τ

∂ui∂uj∂uk
=

1

2

(
∂2τ

∂ui∂uj
∂2τ

∂ui∂uk

∂τ
∂ui

+
∂2τ

∂ui∂uj
∂2τ

∂uj∂uk

∂τ
∂uj

+
∂2τ

∂ui∂uk
∂2τ

∂uj∂uk

∂τ
∂uk

)
.

Thus, τ is an Egoroff potential of charge d.
These constructions are clearly mutually inverse to one another, except for the pos-

sibility of adding a constant to the Egoroff potential or permuting the canonical coordi-
nates.

We thus have a correspondence between semisimple Frobenius manifolds and Egoroff
potentials. In fact, this correspondence can be made stronger, as the assumption of gener-
icity for the Darboux–Egoroff systems unnecessarily restricts the correspondence to only
those for which the Darboux–Egoroff system is generic. One can give an unconditional cor-
respondence between semisimple Frobenius manifolds and Egoroff potentials which agrees
with the above correspondence when the Darboux–Egoroff potential is generic. This allows
us to transfer concepts for Frobenius manifolds into concepts for Egoroff potentials.

Definition 2.2.93. Let τ and τ̃ be Egoroff potentials and let M and M̃ be the Frobenius
manifolds of τ and τ̃ , respectively. Then, we say τ is (locally) equivalent to τ̃ if M is
(locally) equivalent to M̃. Moreover, an Egoroff potential is called reducible (respectively,
irreducible) if their Frobenius manifold is reducible (respectively, irreducible).

Proposition 2.2.94. Let τ : M → C and τ̃ : M̃ → C be Egoroff potentials defined in
coordinates u1, . . . , un and v1, . . . , vn, respectively. Then, τ is (locally) equivalent to τ̃ if
and only if there exists constants c, a ∈ C and a permutation σ ∈ Sn such that c ̸= 0 and

τ(u1, . . . , un) = c2τ̃(vσ(1), . . . , vσ(n)) + a.

Proof. Let ϕ : M → M̃ be a (local) equivalence map. Then, the differential map ϕ∗ :
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TpM → Tϕ(p)M̃ is an algebra isomorphism, and thus

ϕ∗(∂ui) ◦ ϕ∗(∂uj) = ϕ∗(∂ui ◦ ∂uj) = ϕ∗(δij∂ui) = δijϕ∗(∂ui),

thus the canonical coordinates of M̃ are permutations of the canonical coordinates of M.

Moreover,
∂τ

∂ui
= ηii(u) = c2η̃σ(i)σ(i)(v) = c2

∂τ̃

∂vσ(i)
,

where c ∈ C is a nonzero constant.
Conversely, suppose τ = cτ̃ + a, then define the map ϕ :M → M̃ as

ϕ(ui) = vσ(i).

This defines a (local) equivalence map from M to M̃.

Let M and N have Egoroff potentials τM and τN , respectively. Then the function
τ̃(u, v) = τM(u) + τN(v) is an Egoroff potential of the product M ×N.

Proposition 2.2.95. Let τ be an n-dimensional Egoroff potential. Then the following are
equivalent:

1) τ is reducible.
2) There exists a permutation σ ∈ Sn and two Egoroff potentials τ1, τ2 of dimensions

1 ≤ k, n− k < n, respectively such that

τ(u1, . . . , un) = τ1(u
σ(1), . . . , uσ(k)) + τ2(u

σ(k+1), . . . , uσ(n)).

3) There exists a non-empty, proper subset I ⊆ {1, . . . , n} such that

∂2τ

∂ui∂uj
= 0

for all i ∈ I and all j ̸∈ I.

4) There exists i, j ∈ {1, . . . , n} such that i ̸= j and

∂2τ

∂ui∂uj
= 0.

Proof. Suppose 1), then its Frobenius manifold M may be written as M =M1×M2, where
M1, M2 are Frobenius manifolds of smaller dimension than M. Since M is semisimple, M1

and M2 are also semisimple, and thus have Egoroff potentials τ1 and τ2, the Egoroff
potential of their product is τ̃(u, v) = τ1(u) + τ2(v), which is an Egoroff potential of M
and thus equivalent to τ. Choosing τ1 and τ2 so that τ̃ and τ only differ by at most a
permutation of the coordinates gives us 2).
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Conversely, suppose 2) holds, then τ is locally equivalent to τ ◦ σ−1 which is equal
to τ1(u1, . . . , uk) + τ2(u

k+1, . . . , un). If τ1 has Frobenius manifold M and τ2 has Frobenius
manifold M̃, then τ ◦ σ−1 is an Egoroff potential of M × M̃, which is reducible, and thus
τ is reducible.

Suppose 2), then let I = {σ(i) | 1 ≤ i ≤ k}. Then,

∂2τ

∂ui∂uj
=

∂

∂uj

(
∂τ1
∂ui

)
= 0,

for all i ∈ I and j ̸∈ I, which gives 3).
Conversely, suppose 3) holds, then integrating ∂τ

∂ui∂uj to find τ we get that τ = τ1+ τ2,

where τ1 only depends on ui, for i ∈ I and τ2 only depends on uj, for j ̸∈ I. We must
show that τ1 and τ2 are Egoroff potentials, but this immediately follows from the Egoroff
potential conditions and since τ is an Egoroff potential.

Suppose 3), then let i ∈ I and j ̸∈ I, then 4) holds.
Conversely, suppose 4) holds, then let

I :=

{
i ∈ {1, . . . , n}

∣∣∣∣ ∂2τ

∂ui∂uj
= 0

}
\ {j}.

Clearly, I is a proper, non-empty subset of {1, . . . , n}. Let k ∈ I and l ̸∈ I, then either
l = j which implies that

∂2τ

∂uk∂ul
=

∂2τ

∂uk∂uj
= 0,

or l ̸= j and so

0 =
∂3τ

∂uj∂uk∂ul
=

1

2

(
∂2τ

∂uj∂uk
∂2τ

∂uj∂ul

∂τ
∂uj

+
∂2τ

∂uj∂uk
∂2τ

∂uk∂ul

∂τ
∂uk

+
∂2τ

∂uj∂ul
∂2τ

∂uk∂ul

∂τ
∂ul

)
=

∂2τ
∂uj∂ul

∂2τ
∂uk∂ul

2 ∂τ
∂ul

,

but since ∂2τ
∂ul∂uj ̸= 0, we must have ∂2τ

∂uk∂ul = 0, so 3) holds.

Corollary 2.2.96. Let τ be an n-dimensional irreducible Egoroff potential. If n ≥ 2, then

∂2τ

(∂ui)2
̸= 0,

for all i = 1, . . . , n.

Proof. We will prove the contrapositive. Let i ∈ {1, . . . , n} such that

∂2τ

(∂ui)2
= 0.



CHAPTER 2. BACKGROUND MATERIAL 77

If n = 2, then
∂2τ

∂ui∂uj
= − ∂2τ

(∂ui)2
= 0,

for i ̸= j, and thus τ is reducible. If n ≥ 3, then there exists functions f, g such that
τ = fui + g with

∂f

∂ui
=

∂g

∂ui
= 0.

Now, let j, k ∈ {1, . . . , n} such that i, j, k are distinct, then

∂2f

∂uj∂uk
=

∂3τ

∂ui∂uj∂uk
=

1

2

(
∂2τ

∂ui∂uj
∂2τ

∂ui∂uk

∂τ
∂ui

+
∂2τ

∂ui∂uj
∂2τ

∂uj∂uk

∂τ
∂uj

+
∂2τ

∂ui∂uk
∂2τ

∂uj∂uk

∂τ
∂uk

)

=
1

2

 ∂f
∂uj

∂f
∂uk

f
+

∂f
∂uj

(
∂2f

∂uj∂uku
i + ∂2g

∂uj∂uk

)
∂f
∂uj ui +

∂g
∂uj

+

∂f
∂uk

(
∂2f

∂uj∂uku
i + ∂2g

∂uj∂uk

)
∂f
∂ukui +

∂g
∂uk

 .

Multiplying both sides by 2f
(

∂f
∂uj u

i + ∂g
∂uj

) (
∂f
∂uku

i + ∂g
∂uk

)
and then differentiating by ui

twice, we get

4f
∂2f

∂uj∂uk
∂f

∂uj
∂f

∂uk
= 2

(
∂f

∂uj

)2(
∂f

∂uk

)2

+ 2f
∂2f

∂uj∂uk
∂f

∂uj
∂f

∂uk
+ 2f

∂2f

∂uj∂uk
∂f

∂uj
∂f

∂uk
.

Cancelling alike terms from both sides gives us that ∂f
∂uj

∂f
∂uk = 0 and so there exists l ̸= i

such that ∂f
∂ul = 0. Therefore,

∂2τ

∂ui∂ul
=
∂f

∂ul
= 0,

and so τ is reducible.

We have thus shown that Egoroff potentials have some easy to understand properties
when considering equivalences, products and reducibility. The most interesting applica-
tions of Egoroff potentials are when we consider the symmetries of Frobenius manifolds,
which we discussed in Section 2.2.3.

Definition 2.2.97. Let τ be an Egoroff potential. We call τ invertible if it is homogeneous

and
n∑

i=1

∂τ
∂ui = 0. If τ : U → C is an invertible Egoroff potential, then the function − 1

τ
:

U \ {u | τ(u) = 0} → C is called the inverse of τ.

Notice that every Egoroff potential τ with charge d ̸= 0, 1 we see that τ is equivalent
to an invertible Egoroff potential. Also, the inverse of the inverse of an invertible Egoroff
potential τ is locally equivalent to τ.

Theorem 2.2.98. Let τ be an invertible Egoroff potential and let M be its Frobenius
manifold. Then, the inverse of τ is an Egoroff potential and, moreover, it is the Egoroff
potential of the inversion of M.
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Proof. Checking that the inverse of τ is an Egoroff potential is an easy calculation exercise.
Let t1, . . . , tn be normalised flat coordinates of M, then the normalised flat coordinates of
the inversion of M are

t̃1 :=
ηνµt

νtµ

2tn
, t̃α :=

tα

tn
, t̃n := − 1

tn
,

with α ̸= 1, n. Since, these are normalised coordinates, the Egoroff potential is

τ̃ = t̃n = − 1

tn
= −1

τ
.

This is a simple way of seeing the symmetry of inversions that we described in Section
2.2.3. This description also allows us to prove that inversions are equivalence-preserving
transformations for semisimple Frobenius manifolds with charge d ̸= 1, which is difficult
for one to see when considering the description given for inversions using the prepotential,
as shown in Section 2.2.3.

Theorem 2.2.99. Let τ and τ̃ be invertible Egoroff potentials with charges d, d̃ ̸= 1. Then,
τ is (locally) equivalent to τ̃ if and only if the inverse of τ is (locally) equivalent to τ̃ .

Proof. Suppose τ is (locally) equivalent to τ̃ , then for some nonzero constants c ∈ C and
a permutation σ ∈ Sn, we have that

τ(u1, . . . , un) = c2τ̃(vσ(1), . . . , vσ(n)).

Notice that we do not have the addition of a constant, since adding a nonzero constant
to an Egoroff potential with charge d ̸= 1 removes the homogeneous condition that is
necessary for invertibility. Thus, taking the inverse of τ we see that

−1

τ
= − 1

c2τ̃(vσ(1), . . . , vσ(n))
=

1

c2

(
− 1

τ̃(vσ(1), . . . , vσ(n))

)
,

and so the inverse of τ is (locally) equivalent to the inverse of τ̃ .
Conversely, suppose the inverse of τ is locally equivalent to the inverse of τ̃ . These

inversions have charges 2− d, 2− d̃ ̸= 1 and they are both invertible. Since the inverse of
the inverse of τ is locally equivalent to τ for any invertible Egoroff potential τ, the theorem
is proved using the argument in the first part of the proof.

We now present a general theorem for Egoroff potentials that essentially tells us that
the hope of classifying semisimple Frobenius manifolds by only classifying the irreducibles,
does not reduce the classification.
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Theorem 2.2.100. Let τ be an invertible Egoroff potential. If τ is reducible, then its
inverse is irreducible.

Proof. Let I ⊆ {1, . . . , n} be a proper, non-empty subset such that

∂2τ

∂ui∂uj
= 0

for all i ∈ I and all j ̸∈ I. Let τ̃ be the inverse of τ and see that

∂2τ̃

∂ui∂uj
=

∂2

∂ui∂uj

(
−1

τ

)
=

∂2τ
∂ui∂uj τ − 2 ∂τ

∂ui
∂τ
∂uj

τ 3
= −2

∂τ
∂ui

∂τ
∂uj

τ 3
,

this is, by definition, nonzero. Now, suppose there exists a proper, non-empty subset
J ⊆ {1, . . . , n} such that

∂2τ̃

∂uk∂ul
= 0,

for all k ∈ J and all l ̸∈ J. Without loss of generality suppose I ∩ J ̸= ∅, and let k ∈ I ∩ J
and l ̸∈ J, then ∂2τ̃

∂uk∂ul = 0 and so l ∈ I. Let m ̸∈ I, then ∂2τ̃
∂ul∂um ̸= 0 and so we must have

that m ̸∈ J. But we also have that ∂2τ̃
∂uk∂um ̸= 0 and so m ∈ I. This is a contradiction and

so τ̃ must be irreducible.

What Theorem 2.2.100 tells us is that the set of irreducible semisimple Frobenius
manifolds is as complicated as the set of reducible semisimple Frobenius manifolds, and so
is an inadequate property for simplifying the study of semisimple Frobenius manifolds. We
call an invertible Egoroff potential doubly irreducible if itself and its inverse are irreducible.
Similarly, we call a semisimple Frobenius manifold doubly irreducible if it has an Egoroff
potential which is doubly irreducible.

Corollary 2.2.101. Let M be a semisimple Frobenius manifold of charge d ̸= 0, 1, 2. Then,
there exists doubly irreducible semisimple Frobenius manifolds M1, . . . ,Mk of charges d or
2−d such that M is locally equivalent to a Frobenius manifold constructed from M1, . . . ,Mk

by taking products and inversions a finite number of times. The multiset {M1, . . . ,Mk} is
unique for M and is preserved under local equivalence.

The second type of symmetry of Frobenius manifolds are the Legendre transformations.

Proposition 2.2.102. Let L be a vector field on a semisimple Frobenius manifold M with
canonical coordinates u1, . . . , un on an open chart U and Egoroff potential τ. Then, L is a
Legendre vector field if and only if the following conditions hold:

1) Li(u) ̸= 0 at all points u ∈ U and for all i = 1, . . . , n.

2) We have
n∑

j=1

∂Li

∂uj = 0 for all i = 1, . . . , n.
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3) There exists a constant µ ∈ C such that

n∑
j=1

uj
∂Li

∂uj
= (µ+ 1)Li,

for all i = 1, . . . , n. We see that µ is the degree of L.
4) For all i, j = 1, . . . , n with i ̸= j we have

∂Li

∂uj
=

∂2τ
∂ui∂uj

2 ∂τ
∂ui

(Lj − Li).

Moreover, the Legendre transformation of a semisimple Frobenius manifold M of charge
d by a Legendre vector field L of degree µ is a semisimple Frobenius manifold with Egoroff
potential τ̃ with charge d̃ = d− 2µ− 2 such that

∂τ̃

∂ui
= (Li(u))2

∂τ

∂ui
.

Proof. A Legendre vector field must be invertible which is equivalent to condition 1). A
Legendre vector field has degree µ, and thus

n∑
j=1

uj
∂Li

∂uj
= (LEL)

i + Li = (µ+ 1)Li,

so a Legendre vector field must satisfy condition 3). Now, by Proposition 2.2.85, the
Christoffel symbols of the metric η in the canonical coordinates have the form

ηΓi
jk(u) =

1

2 ∂τ
∂ui

(
δij

∂2τ

∂uj∂uk
+ δik

∂2τ

∂uj∂uk
− δjk

∂2τ

∂ui∂uj

)
, (2.2.68)

and so the condition of a Legendre vector field L being covariantly constant with respect
to the metric η is equivalent to

(η∇∂
uj
L)i =

∂Li

∂uj
+ ηΓi

jk(u)L
k =

∂Li

∂uj
+

∂2τ
∂ui∂uj

2 ∂τ
∂ui

(
Li − Lj

)
= 0, (2.2.69)

for i ̸= j, which is equivalent to condition 4), and

(η∇∂ui
L)i =

∂Li

∂ui
+ ηΓi

ik(u)L
k = 0. (2.2.70)

Combining formulas (2.2.69) and (2.2.70) we see that

n∑
j=1

(η∇∂
uj
L)i = (η∇eL)

i = (η∇Le)
i + [e, L]i =

n∑
j=1

∂Li

∂uj
= 0,
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which is condition 2).
Now, let η̃ be the metric of the Frobenius manifold that is Legendre transformed from

M by Legendre vector field L, then

∂τ̃

∂ui
= η̃(∂ui , ∂ui) = η(∂ui ◦ L, ∂ui ◦ L) = (Li(u))2η(∂ui , ∂ui) = (Li(u))2

∂τ

∂ui
.

Remark 2.2.103. We briefly touched on the concept of a generalised Legendre vector
field in Remark 2.2.23. In the context of Egoroff potentials a generalised Legendre vector
field is a vector field that satisfies conditions 1), 3) and 4) from Proposition 2.2.102.

From this framework it is easy to see that Legendre transformations of semisimple, irre-
ducible Frobenius manifolds are irreducible. Indeed, if we let τ be an Egoroff potential and
τL be a Legendre transformation of τ by a Legendre vector field L, then by Propositions
2.2.102 and 2.2.95

∂2τL

∂ui∂uj
=

∂

∂uj

(
(Li)2

∂τ

∂ui

)
= 2Li∂L

i

∂uj
∂τ

∂ui
+ (Li)2

∂2τ

∂ui∂uj

=2Li
∂2τ

∂ui∂uj

2 ∂τ
∂ui

(Lj − Li)
∂τ

∂ui
+ (Li)2

∂2τ

∂ui∂uj
= LiLj ∂2τ

∂ui∂uj
̸= 0,

for any i, j = 1, . . . , n with i ̸= j.

Moreover, one can see that any nonzero flat vector field of a semisimple, irredicible
Frobenius manifold M must be invertible on an open, dense subset of M, and thus if it
is homogeneous with respect to the Euler vector field, then it is a Legendre vector field.
To see this note that if L is a non-invertible flat vector field, then there exist i such that
Li(u) = 0. Then by condition 4) in Proposition 2.2.102,

Lj
∂2τ

∂ui∂uj

2 ∂τ
∂ui

=
∂2τ

∂ui∂uj

2 ∂τ
∂ui

(Lj − Li) =
∂Li

∂uj
= 0,

for all j ̸= i, so Lj = 0 for all j and thus L = 0. We also have the following result.

Proposition 2.2.104. Let L be a Legendre vector field with degree µ on a semisimple
Frobenius manifold M with charge d. Define the matrix A to have the entries

Ai
j =

∂2τ
∂ui∂uj

∂τ
∂ui

(ui − uj),

where τ is an Egoroff potential of M and u1, . . . , un are canonical coordinates. Then, L is
an eigenvector of A with eigenvalue d− 2(µ+ 1). Moreover, if M is irreducible, then any
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eigenvalue d− 2(µ + 1) of A has a flat eigenvector which is a Legendre vector field of M
with degree µ.

Proof. If L is a Legendre vector field of degree µ on a semisimple Frobenius manifold,
then it must satisfy conditions 2), 3) and 4) from Proposition 2.2.102. By also recalling
conditions 2) and 3) in Definition 2.2.89 of an Egoroff potential, we get

(µ+ 1)Li =
n∑

j=1

uj
∂Li

∂uj

=
n∑

j=1

(uj − ui)
∂2τ

∂ui∂uj

2 ∂τ
∂ui

(Lj − Li) =
n∑

j=1

(
−1

2
Ai

jL
j

)
+
d

2
Li,

which is equivalent to the first claim we want to prove.
To prove the second claim, we need to show that A maps flat vector fields to flat vector

fields. Suppose L is a flat vector field on M, then it exactly satisfies conditions 2) and 4)
from Proposition 2.2.102. These conditions can be expressed as the relation

∂Li

∂uj
= (Bj)

i
kL

k,

for j = 1, . . . , n, where Bj has the entries

(Bj)
i
k =


0 if i ̸= j ̸= k ̸= i,

∂2τ

∂ui∂uj

2 ∂τ

∂ui

if i ̸= j = k,

−
∂2τ

∂uj∂uk

2 ∂τ

∂ui

if i = j or i = k.

We can then see that for i ̸= k, we have

(d Id− 2ujBj)
i
k = − 2ui(Bi)

i
k − 2uk(Bk)

i
k = 2ui

∂2τ
∂ui∂uk

2 ∂τ
∂ui

− 2uk
∂2τ

∂ui∂uk

2 ∂τ
∂ui

=(ui − uk)
∂2τ

∂ui∂uk

∂τ
∂ui

= Ai
k,

and

(d Id− 2ujBj)
i
i = d+ 2uj

∂2τ
∂ui∂uj

2 ∂τ
∂ui

= 0 = Ai
i.

Now, consider the Euler vector field E. Note that the map adE maps flat vector fields to
flat vector fields, and it can be expressed in canonical coordinates as

adE(L)
i = uj

∂Li

∂uj
− Li = uj(Bj)

i
kL

k − Li.
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Thus, A is a linear combination of adE and Id. Hence, A must map flat vector fields to flat
vector fields and any eigenvalue of A must have a flat eigenvector with that eigenvalue.
Moreover, if M is irreducible, then any nonzero flat eigenvector of A is also invertible.
Thus, the only condition left to show that flat eigenvectors of A are Legendre vector fields,
is to show homogeneity. Suppose L is a flat eigenvector of A with eigenvalue d− 2(µ+1),

then
n∑

j=1

uj
∂Li

∂uj
=

n∑
j=1

uj(Bj)
i
kL

k =
1

2
(d Id− A)ikL

k = (µ+ 1)Li,

as required.

This result helps us to study how the charge changes under Legendre transformations
for irreducible semisimple Frobenius manifolds. Since the flat eigenvectors for any eigen-
value of A are Legendre vector fields, we can study the eigenvalues of A to find which
charges can be obtained by Legendre transformations. This gives us the following result:

Proposition 2.2.105. Let M be a semisimple, irreducible Frobenius manifold and let
D = {Di} ⊆ C be the set of charges such that M can be Legendre transformed into a
Frobenius manifold with charge Di. Then, D is equal to the spectrum of A. Moreover, if
d ∈ D, then −d ∈ D, and if M is odd-dimensional, then 0 ∈ D. Furthermore, if M has
real degrees and the charge of M is real, then all elements of D are real and M can be
Legendre transformed into a Frobenius manifold with strictly positive degrees.

Proof. Let M have charge d and let D ∈ D. Then there exists a Legendre vector field L on
M with degree µ such that D = d− 2(µ+ 1). By Proposition 2.2.104, L is an eigenvector
of A with eigenvalue d− 2(µ+ 1), thus D belongs to the spectrum of A.

Conversely, if A has an eigenvalue d−2(µ+1), then by Proposition 2.2.104 there exists
a Legendre vector field L of M with degree µ. Let M̃ be the Legendre transformation of
M by the Legendre vector field L. Then by Proposition 2.2.102, M̃ must have charge
d− 2(µ+ 1), so the spectrum of A is contained in D.

For any permutation σ ∈ Sn we define the set

M(σ) := {i ∈ {1, . . . , n} | σ(i) ̸= i}.

Now, consider the characteristic equation of the matrix A :

pA(λ) = det(λ Id− A) =
n∑

k=0

λn−k
∑
σ∈Sn

|M(σ)|=k

(−1)σ
∏

i∈M(σ)

∂2τ
∂ui∂uσ(i)

∂τ
∂ui

(uσ(i) − ui)

=
n∑

k=0

λn−k
∑
σ∈Sn

|M(σ)|=k

(−1)σ∏
i∈M(σ)

∂τ
∂ui

∏
i∈M(σ)

∂2τ

∂ui∂uσ(i)
(uσ(i) − ui)
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Notice that σ and σ−1 must have the same sign and M(σ−1) =M(σ). Moreover,

∏
i∈M(σ)

∂2τ

∂ui∂uσ(i)
(uσ(i) − ui) = (−1)|M(σ)|

∏
i∈M(σ−1)

∂2τ

∂ui∂uσ−1(i)
(uσ

−1(i) − ui).

Now, if |M(σ)| is odd, when we decompose σ into disjoint cycles at least one of the cycles
must have odd length, and thus σ ̸= σ−1. But then, in the characteristic equation, the
terms contributed by σ will be exactly cancelled by the terms contributed by σ−1. So, the
characteristic equation of A will have the form

pA(λ) =

⌊n
2
⌋∑

k=0

a2kλ
n−2k,

where a2k ∈ C are constants.
The claims of the proposition now follow naturally. Note that pA(λ) is either an

odd polynomial, when M is odd-dimensional, or an even polynomial, when M is even-
dimensional. Hence, if d ∈ D then −d ∈ D. Also, if M is odd-dimensional, then pA(λ)

is odd and thus 0 ∈ D. Finally, let us consider the case when M has real degrees and
charge. Let M have degrees d1, . . . , dk, meaning that there exists nonzero flat vector fields
L1, . . . , Lk such that

adE(Li) = −diLi.

Since these are flat eigenvectors of adE, they must be flat eigenvectors of A by Proposition
2.2.104 and they have eigenvalues d− 2(−di + 1) = d+ 2(di − 1). Since the eigenvalues of
A comprise the set D, all elements of D must be real. Let us take the smallest element
Di0 ∈ D. We can Legendre transform M to a Frobenius manifold M̃ with charge Di0 . The
degrees d̃i of M̃ are thus found to be

d̃i =
1

2
(Dσ(i) −Di0 + 2) > 0,

where Di ∈ D and σ is some permutation. Thus, M̃ has positive degrees.

2.2.9 The monodromy group

The monodromy group of a Frobenius manifold is an integral part of the motivation for
the study of algebraic Frobenius manifolds. To define the monodromy group and analyse
some of its properties, we first need to examine monodromy representations of systems
of linear differential equations. The following discussion follows Guzzetti’s explanation of
this topic [30], but we provide a little bit more detail.
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Consider the following system of linear differential equations

dY

dz
= A(z)Y, (2.2.71)

where A is an n × n matrix whose entries are meromorphic functions on C with a finite
number of poles. Let a1, . . . , ak denote the poles of A(z) and let z0 ∈ C \ {a1, . . . , ak}. Let
Y0(z) be a solution of equation (2.2.71) in a small neighbourhood of the point z0. We wish
to examine the analytic continuation of Y0 along paths in C \ {a1, . . . , ak}. What we mean
by analytic continuation along a path is expressed in the following definition.

Definition 2.2.106. Let σ : [0, 1] → C be a continuous path. For each t ∈ [0, 1], let Ut

be an open subset of C such that σ(t) ∈ Ut. Let ft : Ut → C be an analytic function for
each t ∈ [0, 1] and suppose that there exists δt > 0 such that |s − t| < δt implies that
σ(s) ∈ Ut and ft(z) = fs(z) for all z in a small neighbourhood of the point σ(s). Then,
we say that f1 is an analytic continuation of f0 along the path σ.

If f1 and f ′
1 are both analytic continuations of a function f0 along the same path σ,

then by analyticity we must have that f1 = f ′
1. In general, it is not always possible to

analytically continue a function along any chosen path. However, for solutions of the
differential equations (2.2.71) and paths that avoid the poles of A(z), it is possible to
define the analytic continuation of the solutions, as the following Lemma makes clear.

Lemma 2.2.107. Let Y0 be a solution of the system of differential equations (2.2.71)
defined at some point z0 ∈ C\{a1, . . . , ak}. Let σ : [0, 1] → C\{a1, . . . , ak} be a continuous
path such that σ(0) = z0. Then, there exists an analytic continuation Yσ of Y0 along the
path σ. Moreover, if σ′ : [0, 1] → C\{a1, . . . , ak} is another continuous path with the same
end points as σ such that it is homotopic to σ in C \ {a1, . . . , ak} then Yσ′ = Yσ in a small
neighbourhood of the point σ(1).

The analytic continuation of Y0 along a loop γ is related to Y0 by a constant matrix
transformation since both give solutions to the same system of linear differential equations.
The following lemma gives more precision to this statement.

Lemma 2.2.108. Let Φ be a fundamental matrix of the system of linear differential equa-
tions (2.2.71) defined in a neighbourhood of some point z0 ∈ C\{a1, . . . , ak}, meaning that
Φ is an n × n matrix whose columns form a basis for the space of solutions defined in a
neighbourhood of the point z0 for (2.2.71). Let γ : [0, 1] → C\{a1, . . . , ak} be a continuous
loop starting and ending at the point z0. Then, there exists a constant matrix Mγ such that

Φγ = ΦMγ,

where the columns of Φγ are the analytic continuations of the columns of Φ along the loop
γ.
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Since the solutions Yγ do not change if we replace γ with a homotopically equivalent
loop, Lemma 2.2.108 allows us to define a linear representation of the fundamental group
of C \ {a1, . . . , ak} on the vector space of solutions of the system of equations (2.2.71),
namely the map γ 7→ Mγ. This map is an anti-homomorphism and we refer to it as the
monodromy representation of the system of equations (2.2.71).

Definition 2.2.109. The monodromy group of (2.2.71) is defined to be the image of the
monodromy representation γ 7→ Mγ of the system of linear differential equations (2.2.71)
in GL(n, C).

Notice that since any choice of fundamental matrix Φ of the system of equations
(2.2.71) is related to another by the transformation Φ 7→ ΦC, where C is a constant
non-degenerate matrix, the monodromy representation of the system (2.2.71) is uniquely
defined up to conjugation by the constant matrices C. Also, note that the fundamental
group of C \ {a1, . . . , ak} is generated by the loops γ1, . . . , γk that go around the points
a1, . . . , ak. Let us denote R1, . . . , Rk to be the image of these loops in GL(n, C) under the
monodromy representation.

Now, recall from Subsection 2.2.5 that the metric η and intersection form g of a Frobe-
nius manifold M form a flat pencil of metrics on M, meaning that the tensor fields

gαβz = gαβ − zηαβ

are flat metrics on open dense subsets of M for all z ∈ C. Let xz be a flat coordinate of
gαβz and define ξα :M × C → C as follows:

ξα(p, z) := ηαβ
∂xz
∂tβ

(p). (2.2.72)

Then, recalling the generalised hypergeometric equation associated to a Frobenius mani-
fold (2.2.44), we have the following system of equations:

gβγz (t)ηγα
∂ξα

∂z
=

(
d− 1

2
δβα + ηβδEγ

;δ(t)ηγα

)
ξα. (2.2.73)

Recall from Subsection 2.2.7, that for a semisimple Frobenius manifold there exists
canonical coordinates u1, . . . , un. In the canonical coordinates we have that Eδ(u) = uδ

and cαβγ = 0 if and only if α = β = γ. Since we know that gαβ = Eγcαβγ , we see that

gβγz (u)ηγα(u) = gβγ(u)ηγα(u)− zδβα = Eδ(u)cβδα(u)− zδβα = (uβ − z)δβα. (2.2.74)

Let us define the following matrix:

Ψi
β =

√
ηii(u)

∂ui

∂tβ
.
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Note that the inverse matrix Ψ−1 has entries

(Ψ−1)αj =
1√
ηjj(u)

∂tα

∂uj
.

Using relation (2.2.74) we thus see that

Ψi
β(g

βγ
z (t)ηγα)(Ψ

−1)αj =

√
ηii(u)

ηjj(u)

∂ui

∂tβ
(gβγz (t)ηγα(t))

∂tα

∂uj
=

√
ηii(u)

ηjj(u)
giγz (u)ηγj(u)

=

√
ηii(u)

ηjj(u)
(ui − z)δij = (ui − z)δij. (2.2.75)

Similarly, conjugating the expression ηβδEγ
;δ(t)ηγα by Ψ and noting that the metric η is

diagonal in the canonical coordinates, we get

Ψi
β(η

βδEγ
;δ(t)ηγα)(Ψ

−1)αj =

√
ηii(u)

ηjj(u)

∂ui

∂tβ
(
ηβδ(t) (η∇δE)

γ (t)ηγα(t)
) ∂tα
∂uj

=

√
ηii(u)

ηjj(u)
ηiδ(u) (η∇δE)

γ (u)ηγj(u) =

√
ηii(u)

ηjj(u)
ηii(u) (η∇iE)

j (u)ηjj(u)

=

√
ηjj(u)

ηii(u)
(η∇iE)

j (u). (2.2.76)

Let us define ϕj := Ψj
βξ

β. Thus, multiplying the system of equations (2.2.73) on the left
by the matrix Ψ and substituting in the expression ξα = (Ψ−1)αj ϕ

j, we find that, using the
relations (2.2.75) and (2.2.76), we have

(
ui − z

)
δij
∂ϕj

∂z
=

(
d− 1

2
δij + V i

j

)
ϕj, (2.2.77)

where V i
j =

√
ηjj(u)

ηii(u)

(
η∇∂ui

E
)j
(u). Multiplying both sides by the inverse of the matrix

(ui − z)δij, we can rearrange the system of equations (2.2.77) as

∂ϕi

∂z
=

d−1
2
δij + V i

j (u)

ui(p)− z
ϕj. (2.2.78)

Note that this system of equations is in the same form as the system (2.2.71), with poles
ui(p), thus we can define its monodromy representation. Consider the subset M̃ = {p ∈
M | ui(p) ̸= uj(p), i ̸= j}. If p ∈ M̃, then the points ui(p) ∈ C are distinct poles of
the equation (2.2.78). Thus, we define the monodromy representation of a semisimple
Frobenius manifold M to be the monodromy representation of the system (2.2.78) at a
point p ∈ M̃ with poles u1(p), . . . , un(p) in C.
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Theorem 2.2.110. [16] The monodromy group of the system (2.2.78) is independent of
the point p ∈ M̃.

A proof of this theorem can be found in [16] along with an explanation of what we have
covered so far in this Subsection. Furthermore, one can see that the monodromy group of
the product of two Frobenius manifolds is isomorphic to the product of their respective
monodromy groups. We have so far been following Guzzetti’s explanation of this topic
[30], for the rest of this Subsection, we will be following Dubrovin’s explanation [16].

Definition 2.2.111. [16] Let V be the space of solutions for the equation (2.2.78). Then,
we define the following symmetric bilinear form on V :

(ϕ1, ϕ2) =
n∑

i=1

ϕi
1ϕ

i
2(u

i(p)− z). (2.2.79)

We will refer to this bilinear form as the half-Stokes form.

Although the definition of this bilinear form can be found in [16], it was not given a
name. We have chosen to call it the half-Stokes form as it has a close relationship with
the Stokes matrix of the Frobenius manifold. Stokes matrices are part of a more detailed
description of the monodromy behaviour of a Frobenius manifold and makes up part of
the monodromy data of a Frobenius manifold.

Proposition 2.2.112. [16] Let M be a semisimple Frobenius manifold with monodromy
group W (M). Then, the half-Stokes form is independent of the point p ∈ M̃ and z.

A proof of this proposition can be found in [16]. From now on we will also assume
that the half-Stokes form is non-degenerate. The monodromy group, as we have so far
described it, is a finitely generated group. This description is too broad, but the following
theorem is important as it narrows down what the monodromy group could be.

Theorem 2.2.113. [16] Let M be a semisimple Frobenius manifold with non-degenerate
half-Stokes form. Let R1, . . . , Rn be the image of the loops γ1, . . . , γn around the points
u1(p), . . . , un(p) under the monodromy representation. Then, each Ri is a reflection with
respect to the half-Stokes form (2.2.79).

Thus, the monodromy group of a semisimple Frobenius manifold is a finitely generated
reflection group. We will see in Section 2.3 that such groups are well understood and when
they are finite a full classification is known [32].

Notice that the canonical coordinates are well-defined only up to permutation, so
different points in M̃ can give the same set of poles {u1, . . . , un}. One may ask what the
relationship is between the reflections R1, . . . , Rn defined at a point p and the reflections
R̃1, . . . , R̃n defined at the point p̃, when they have the same set of poles. To analyse this
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question, we introduce the following action of the fundamental group of M̃/Sn. Let γ be
a continuous loop in M̃/Sn. Then, the loop γ can be "lifted" to a continuous path γ̃ in M̃
as the following lemma makes precise.

Lemma 2.2.114. Let X̃ be a cover of a connected and locally connected topological space
X with covering π : X̃ → X. Fix x ∈ X and x̃ ∈ X̃ such that π(x̃) = x. Then, for
each continuous loop γ : [0, 1] → X with γ(0) = x, there exists a unique continuous path
γ̃ : [0, 1] → X̃ such that γ̃(0) = x̃ and π ◦ γ̃ = γ. Moreover, if γ′ : [0, 1] → X is homotopic
to γ, then γ̃′ : [0, 1] → X̃ is homotopic to γ̃.

Let γ̃ in M̃ be the lift of the loop γ in M̃/Sn and let p = γ̃(0). The maps ui ◦ γ̃
are continuous paths in C. Let z0 ∈ C such that z0 ̸∈ {ui(γ̃(t)) | t ∈ [0, 1], i = 1, . . . , n}.
Consider a loop σ in C\{u1(p), . . . , un(p)} starting and ending at the point z0. Then, there
exists a continuous map Σ : [0, 1]2 → C such that Σ(t, 0) = σ(t), Σ(t, s) ̸= ui(γ̃(s))

and Σ(0, s) = Σ(1, s) = z0 for all t, s ∈ [0, 1]. Since γ is a loop, the set of points
{u1(γ̃(1)), . . . , un(γ̃(1))} is equal to the set of points {u1(p), . . . , un(p)}, thus the map
Σ(t, 1) is a continuous loop in C \ {u1(p), . . . , un(p)} starting and ending at the point
z0. Moreover, the continuous loop Σ(t, 1) is uniquely defined up to homotopy. Thus
the fundamental group of M̃/Sn can be thought of as acting on the fundamental group of
C\{u1(p), . . . , un(p)} by the map σ(t) 7→ Σ(t, 1). Thus, by the monodromy representation,
the fundamental group of M̃/Sn acts on the (local) monodromy group at the point p ∈ M̃.

Now, the fundamental group of M̃/Sn is isomorphic to the braid group Bn. The braid
group Bn on n strings is defined as the group generated by the elements σi, i = 1, . . . , n−1

such that σiσjσi = σjσiσj when |i − j| = 1 and σiσj = σjσi otherwise. The braid group
has a natural action on W (M)n as the following definition describes.

Definition 2.2.115. Let G be a group and Bk be the braid group on k strings. Then,
there is a natural action of Bk on Gk where the generator σi ∈ Bk acts as

σi(g1, . . . , gi, gi+1, . . . , gk) = σi(g1, . . . , gi+1, g
−1
i+1gigi+1, . . . , gk),

where i = 1, . . . , k − 1. This is known as the Hurwitz action.

Note that the product g1 · · · gn ∈ G is preserved by the Hurwitz action. These two ac-
tions coincide when we consider the Hurwitz action on the subset of generating reflections,
as the following theorem makes clear.

Theorem 2.2.116. [16] Let W (M) be the monodromy group for a semisimple Frobenius
manifold M and let R1, . . . , Rn be the image, under the monodromy representation, of the
loops γ1, . . . , γn around the points u1(p), . . . , un(p), respectively. Then, the action of the
fundamental group of M̃/Sn on the orbit of (R1, . . . , Rn) ∈ W (M)n is the Hurwitz action
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restricted onto this orbit, where the generators σi are given by the loops in M̃/Sn whose
lifts σ̃i into M̃ swap only ui(p) and ui+1(p).

Now, let us consider the monodromy groups of semisimple Frobenius manifolds with
algebraic prepotentials. If a Frobenius manifold M has an algebraic prepotential, then its
structure constants cγαβ(t) must also be algebraic. From theorem (2.2.78), we know that
the canonical coordinates of M are roots of the characteristic equation

det(gαβ(t)− ui(t)ηαβ) = 0.

Since gαβ(t) = Eγ(t)cαβγ (t) is algebraic in the t coordinates, the canonical coordinates ui

must also be algebraic in the t coordinates. A choice of flat coordinates x1z, . . . , xnz of gαβz
at a particular point p ∈ M̃ gives rise to a fundamental matrix for the system (2.2.73)
with columns ξ1, . . . , ξn given by the equations (2.2.72). We then have the corresponding
monodromy matrices M1, . . . ,Mn from the monodromy representation of the loops around
the points u1(p), . . . , un(p). As we consider a loop σ ∈ M̃/Sn, the set of flat coordinates
x1z, . . . , x

n
z changes to a new branch x̃1z, . . . , x̃

n
z . It has the associated fundamental matrix

with columnns ξ̃1, . . . , ξ̃n and monodromy matrices M̃1, . . . , M̃n. Since in the algebraic
case there are only finitely many possible branches for x̃1z, . . . , x̃nz we have finitely many
possibilities for the corresponding n-tuples of monodromy matrices (M̃1, . . . , M̃n). Thus,
the Hurwitz action on these monodromy matrices must have a finite orbit. It is a result
of Michel [41] that if the orbit of a set of reflections by the Hurwitz action is finite, then
the group generated by those elements must be finite. The algebraic Frobenius manifolds
then must have finite monodromy groups. In 2000, Dubrovin and Mazzocco [18] found all
3-dimensional semisimple algebraic Frobenius manifolds using the fact that the Hurwitz
action had finite orbits. They found 5 finite orbits of the Hurwitz action and related each
of these to an algebraic Frobenius manifold, 3 of which were polynomial. We will discuss
their discoveries in more detail in Subsection 3.2.1.

2.3 Finite Coxeter groups

Definition 2.3.1. Let V be an n-dimensional real vector space with an inner product
( · , · ), and let R ⊆ V be a finite subset of nonzero elements that spans V. We call R a root
system if for every pair of elements α, β ∈ R, the vector sα(β) := β − 2 (α, β)

(α, α)
α ∈ R, and if

β = λα for some λ ∈ R, then λ = ±1.

Root systems originated in the study of Lie algebras, where they were given the addi-
tional constraint that the constants 2 (α, β)

(α, α)
be integers for all α, β ∈ R. If a root system

satisfies this condition we call it crystallographic, in general we will not restrict ourselves
to crystallographic root systems.
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Definition 2.3.2. Let R be a root system in the n-dimensional vector space V and let
S ⊆ R be a set of n vectors such that any element of R can be written as a linear
combination of elements in S with only non-positive or only non-negative coefficients. We
call S a set of simple roots.

Definition 2.3.3. Let R be a root system for an n-dimensional real vector space V. For
each element α ∈ R we can define an invertible linear map sα : V → V, which we call a
reflection, where

sα(x) := x− 2
(α, x)

(α, α)
α,

for all x ∈ V. The finite Coxeter group W for the root system R is the subgroup of GL(V )

generated by the reflections {sα | α ∈ R}. We say that n is the rank of the finite Coxeter
group W. If R is crystallographic, then we call W a Weyl group.

Let S be a set of simple roots of a root system R for the vector space V. The group
generated by the reflections {sα | α ∈ S} is finite Coxeter group W for the root system
R.

Definition 2.3.4. Let R be a root system in a real vector space V and let VC = V ⊗R C
be the complexification of V. For any α ∈ R, the set of points in VC that are orthogonal
to α, namely the set of elements

Πα = {v ∈ VC | (α, v) = 0}

is called the mirror or hyperplane associated to the root α.

Example 2.3.5. Let V = R2 with the Euclidean inner product ( · , · ). Let e1 = (1, 0), e2 =

(0, 1) be the standard orthonormal basis of V. Let m ∈ Z≥2 and define

R :=

{
sin

(
kπ

m

)
e1 + cos

(
kπ

m

)
e2

∣∣∣∣ 0 ≤ k ≤ 2m− 1

}
. (2.3.1)

Then, R is a root system. We can choose simple roots in R to be the vectors with k = 0

and k = 1. The finite Coxeter group associated to R is the dihedral group of order 2m.

This group acts on a regular m-gon by rotations and reflections.

Finite Coxeter groups have another formulation in the combinatorial setting, where
Coxeter groups are defined as groups generated by involutions with orders defined for
products of these involutions, and finite Coxeter groups are simply Coxeter groups of
finite size. Moreover, finite Coxeter groups are groups generated by reflections in finite-
dimensional real inner product spaces, and all finite groups that are generated by reflections
in finite-dimensional real inner product spaces are finite Coxeter groups. Also, for any finite
Coxeter group W there exists a root system R such that W is the finite Coxeter group for
R.
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Definition 2.3.6. Let G be a group, we say that G is reducible if there exists groups H
and K such that G is isomorphic to the product H ×K. We say that G is irreducible, if
it is not reducible.

If W is a finite Coxeter group, then its root system is reducible if and only if it can
be expressed as the disjoint union of two root subsystems. The finite irreducible Coxeter
groups have been classified [32] and belong to one of the following families: An (n ≥
1), Bn (n ≥ 2), Dn (n ≥ 4), E6, E7, E8, F4, H3, H4, I2(m) (m ≥ 5), where the subscript
denotes the rank of the Coxeter group. This classification is aided by the use of Dynkin
diagrams, which are graphs that encode data specific to Coxeter groups and allow for the
use of graph theory to deduce the classification.

Definition 2.3.7. Let W be a finite Coxeter group for a root system R, and let S be a
set of simple roots in R. An element c =

∏
α∈S

sα is called a Coxeter element of W. The

order h of Coxeter elements is always the same, and is called the Coxeter number of W.

The Coxeter number h can be quickly computed if the size of the root system R is
known. Namely, if n is the rank of the finite Coxeter group, then h = |R|

n
.

Definition 2.3.8. Let W be a finite Coxeter group of rank n. We say that w ∈ W is a
quasi-Coxeter element if there exist reflections t1, . . . , tn such that

w = t1 · · · tn

and t1, . . . , tn generate the whole Coxeter group W.

All Coxeter elements are obviously quasi-Coxeter elements. Quasi-Coxeter elements are
also known as primitive elements of the Coxeter group and have an alternative definition
as elements which do not belong to any subgroups of W which are themselves Coxeter
groups.

Definition 2.3.9. [49] Let W be a finite Coxeter group with complexified reflection rep-
resentation VC and root system R. We say that w ∈ W is regular if it has an eigenvector
v ∈ VC that is not contained within any of the mirrors of R, meaning that v ̸∈ Πα for all
α ∈ R.

Regularity is a preserved property under conjugation, thus one can speak of regular
conjugacy classes in Coxeter groups. Quasi-Coxeter elements of Coxeter groups can be
regular, indeed the Coxeter elements are always regular and all quasi-Coxeter elements of
H3 are regular. However, not all quasi-Coxeter elements are regular, for example H4 has
11 quasi-Coxeter conjugacy classes of which only 10 are regular.
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Definition 2.3.10. Let W be a finite irreducible Coxeter group of rank n acting on its
reflection representation V with inner product ( · , · ) and orthonormal basis e1, . . . , en. Let
VC = V ⊗R C be the complexification of V and define functions x1, . . . , xn on VC as

xj(v ⊗ 1 + w ⊗ i) := (v, ej) + i(w, ej), (2.3.2)

for all v, w ∈ V and all j = 1, . . . , n. We call the functions x1, . . . , xn, flat coordinates for
W.

The finite Coxeter group W acts on the set of polynomials C[x1, . . . , xn] as follows:

(w · p)(v) = p(w−1 · v)

where w ∈ W, p ∈ C[x1, . . . , xn] and v ∈ VC, where the action of W on VC is a C-
linear extension of the action of W on V. We denote the algebra of polynomials which are
invariant under this action as C[x1, . . . , xn]W and a set of homogeneous generators of the
algebra C[x1, . . . , xn]W are called basic invariants of W.

Theorem 2.3.11. [32] Let W be a finite irreducible Coxeter group of rank n and let
x1, . . . , xn be flat coordinates for W, as given in relation (2.3.2). Then, a set of n basic
invariants y1, . . . , yn exists and we have an algebra isomorphism

C[y1, . . . , yn] ∼= C[x1, . . . , xn]W .

Moreover, the degrees dWi of the basic invariants yi do not depend on the choice of the
basic invariants.

When we consider the degrees of the basic invariants, we typically assume that yi has
degree dWi and that dW1 ≥ dW2 ≥ · · · ≥ dWn−1 > dWn = 2. For the next Lemma, recall the
notation and definitions for the Laplacian and gradient of a smooth function from Section
2.1.6.

Lemma 2.3.12. Let W be a finite irreducible Coxeter group of rank n and let x1, . . . , xn
be flat coordinates for W. If p, q ∈ C[x1, . . . , xn]W , then ∆(p), ∆(q) ∈ C[x1, . . . , xn]W and
(∇(p), ∇(q)) ∈ C[x1, . . . , xn]W .

Proof. The first claim follows from the invariance of ∆ under orthogonal transformations.
For the second claim, we have

(∇(p), ∇(q)) =
1

2

(
∆(pq)−∆(p)q − p∆(q)

)
,

which implies the second statement, since C[x1, . . . , xn]W is an algebra over C.
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We will use the following statement in Chapter 4 to narrow our search for relations between
the two sets of flat coordinates on some Frobenius manifolds.

Proposition 2.3.13. Let W be a finite irreducible Coxeter group of rank n and let
x1, . . . , xn be flat coordinates for W. Then, there exists a set of basic invariants Y1, . . . , Yn ∈
C[x1, . . . , xn]W such that ∆(Yn) = 1 and ∆(Yj) = 0 for j = 1, . . . , n− 1.

Proof. Let y1, . . . , yn ∈ C[x1, . . . , xn]W be a set of basic invariants. Define Yn as

Yn :=
1

2n

n∑
i=1

x2i ,

so we have ∆(Yn) = 1. Now, it is well-known (see e.g. [23]) that

C[x1, . . . , xn] = YnC[x1, . . . , xn]⊕H, (2.3.3)

where H = Ker(∆) is the vector space of harmonic polynomials. Consider the vector
spaces Vk of homogeneous W -invariant polynomials of degree k and the linear maps

∆ : Span{yj, Yn VdWj −2} → VdWj −2,

for j = 1, . . . , n − 1. Since the dimension of the domain is larger than the dimension
of the range, there must be a nontrivial kernel that is not contained in Yn VdWj −2 by
the direct sum decomposition (2.3.3). Let Yj be a nonzero element of this kernel. The
polynomials Yj, 1 ≤ j ≤ n, are homogeneous and each basic invariant yi can be expressed
as a polynomial in Yj, thus Yj generate C[x1, . . . , xn]W and we have that ∆(Yj) = 0 for all
j ≤ n− 1.

2.4 Lie algebras

In this section we go over some concepts involving Lie algebras that we will use in Sub-
section 3.2.2 to construct algebraic Frobenius manifolds. This includes constructing local
Poisson brackets on semisimple Lie algebras and reducing these onto a suitable affine
subspace, which we call a Slodowy slice.

Definition 2.4.1. Let g be a Lie algebra, then we define the Killing form of g to be the
bilinear form ⟨ ·, · ⟩ defined as

⟨x, y⟩ := Trace(adx ◦ ady),

where x, y ∈ g.
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The Killing form is a useful tool for Lie algebras and has some nice properties. For
example, it is always symmetric and has the so-called invariance property :

⟨[x, y], z⟩ = ⟨x, [y, z]⟩,

for all x, y, z ∈ g. Moreover, the Killing form is non-degenerate if and only if g is semisim-
ple, and any symmetric bilinear form with the invariance property on a simple Lie algebra
is some scalar multiple of the Killing form.

Definition 2.4.2. Let g be a semisimple Lie algebra, then there exists a root system R

which we can associate to g. This is always a crystallographic root system, and the Coxeter
group W (R) is called the Weyl group of the Lie algebra g.

The existence of the root system requires the existence of Cartan subalgebras, which
we will not prove here. The decomposition of a semisimple Lie algebra into its simple
components also decomposes its Weyl group into a product of irreducible Weyl groups.
Thus, the simple Lie algebras can be classified much like the irreducible Weyl groups
and belong to one of the following families: An(n ≥ 1), Bn(n ≥ 2), Cn(n ≥ 3), Dn(n ≥
4), E6, E7, E8, F4 and G2, where the subscripts denote the rank of their Weyl groups and
we note that Cn has the same Weyl group as Bn for all n ≥ 3. The rank of a simple Lie
algebra is the same as the rank of its Weyl group.

Definition 2.4.3. Let g be a Lie algebra, and x ∈ g. We say that x is nilpotent if there
exists n ∈ Z>0 such that

adn
x(y) = 0,

for all y ∈ g.

The following theorem is known as the Jacobson-Morozov theorem.

Theorem 2.4.4. Let e ∈ g be a nilpotent element of a semisimple Lie algebra g. Then,
there exists elements f, h ∈ g such that

[e, f ] = h, [h, e] = 2e, [h, f ] = −2f. (2.4.1)

We call any set of elements {e, f, h} in a Lie algebra that satisfy the relations (2.4.1),
an sl2-triple. What the Jacobson-Morozov theorem states is that any nilpotent element of
a semisimple Lie algebra can be extended to an sl2-triple.

Proposition 2.4.5. Let g be a semisimple Lie algebra, and let {e, f, h} ⊆ g be an sl2-
triple, then we can decompose g into integer eigenspaces of adh :

g =
∞⊕

k=−∞

gk,
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where gk = {x ∈ g | [h, x] = kx}.

Our choice of the elements f and h in an sl2-triple containing e are conjugate to one
another via some element in the centraliser of e. The properties of the eigenspaces of adh

that we are interested in are unchanged by conjugation, and thus do not depend on our
choice of f and h.

Definition 2.4.6. Let {e, f, h} be an sl2-triple inside of a semisimple Lie algebra g, we
say that e is distinguished if dim(g0) = dim(g2).

Proposition 2.4.7. Let {e, f, h} be an sl2-triple inside of a semisimple Lie algebra g

such that e is distinguished. Then, gk = {0} for all odd k ∈ Z.

Suppose we have an sl2-triple {e, f, h} such that e is a distinguished nilpotent element.
Let us denote ηr ∈ Z such that the maximum eigenvalue of adh is 2ηr, so g2ηr ̸= 0, but
gk = 0 for all k > 2ηr.

Definition 2.4.8. Let g be a simple Lie algebra of rank r, and let {e, f, h} be an sl2-
triple in g. We say that e is regular if dim(g0) = r, and we say that e is subregular if
dim(g0) = r + 2.

Distinguished nilpotent elements of simple Lie algebras will be used in Section 3.2.2
to construct algebraic Frobenius manifolds. The regular nilpotent elements will corre-
spond to polynomial Frobenius manifolds, while the subregular elements will allow for the
construction of non-polynomial algebraic Frobenius manifolds. Every simple Lie algebra
contains not only a regular nilpotent element but also a subregular nilpotent element [4].

Definition 2.4.9. Let g be a semisimple Lie algebra and let x ∈ g. We say that x is
semisimple if the linear map adx : g → g is diagonalisable. Furthermore, let {e, f, h} ⊆ g

be an sl2-triple, we say that e is of semisimple type if there exists an element K1 ∈ g−2ηr

such that e+K1 is a semisimple element of g.

A nilpotent, regular element of a simple Lie algebra can be shown to also be a distin-
guished element of semisimple type. If g is a Lie algebra, and x ∈ g is arbitrary, then we
can denote the centraliser of x in g as gx. By definition, we have that gx = ker(adx).

Definition 2.4.10. Let e be a nilpotent element of semisimple type and let K1 ∈ g−2ηr

such that h′ = e+K1 is a semisimple element of g. The opposite Cartan subalgebra is the
subalgebra h′ := gh

′
.

As the name suggests, an opposite Cartan subalgebra is a Cartan subalgebra of the
Lie algebra g, meaning that it is a nilpotent subalgebra such that if [X, Y ] ∈ h′ for all
X ∈ h′, then Y ∈ h′.
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Definition 2.4.11. Let {e, f, h} be an sl2-triple inside of a semisimple Lie algebra g. The
set

S := e+ gf = {x ∈ g | [x− e, f ] = 0}

is called a Slodowy slice.

2.4.1 Poisson structure on Slodowy slices

Let g be a finite-dimensional semisimple Lie algebra over C with Killing form ⟨ ·, · ⟩. Then,
g is a complex manifold and we can define Poisson structures on it. Let ξ1, . . . , ξn be a
basis of g and let x1, . . . , xn be coordinates on g defined as:

xi(x) = ⟨ξi, x⟩, (2.4.2)

for each i = 1, . . . , n. The non-degeneracy of the Killing form means that these do indeed
define coordinates on g.

Lemma 2.4.12. Let f ∈ C∞(g), then the map ∇f : g → g defined as

∇f(x) := ∂f

∂xi
(x)ξi

satisfies the relation
d

dt

∣∣∣
t=0
f(x+ ty) = ⟨∇f(x), y⟩, (2.4.3)

for all x, y ∈ g.

Proof. We have that

d

dt
f(x+ ty) =

∂f

∂xi
(x+ ty)

d

dt
xi(x+ ty) =

∂f

∂xi
(x+ ty)

d

dt
⟨ξi, x+ ty⟩ = ∂f

∂xi
(x+ ty)⟨ξi, y⟩,

and so relation (2.4.3) obviously follows.

We define the following Poisson brackets on C∞(g) :

{f, g}g1(x) = ⟨∇f(x), [∇g(x), K]⟩, (2.4.4)

{f, g}g2(x) = ⟨∇f(x), [∇g(x), x]⟩, (2.4.5)

where K ∈ g is a constant element of the Lie algebra. The first Poisson bracket is called
the constant Lie-Poisson bracket and the second Poisson bracket is called the standard
Lie-Poisson bracket.

Lemma 2.4.13. Let I ∈ F(g) be a local functional, then the map δI : L(g) → L(g)
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defined as

δI(ϕ) :=
δI

δxi(s)
(ϕ)ξi,

satisfies the following relation

d

dt

∣∣∣
t=0
I(ϕ+ tφ) =

1

2π

∫ 2π

0

⟨δI(ϕ(s)), φ(s)⟩ ds, (2.4.6)

for all ϕ, φ ∈ L(g).

Proof. We have that

d

dt
I(ϕ+ tφ) =

d

dt

1

2π

∫ 2π

0

P (ϕ+ tφ)(s) ds

=
1

2π

∫ 2π

0

∞∑
j=0

∂P

∂xi(j)
(ϕ+ tφ)(s)

d

dt
xi(j)(ϕ+ tφ)(s) ds

=
1

2π

∫ 2π

0

∞∑
j=0

∂P

∂xi(j)
(ϕ+ tφ)(s)

d

dt

dj

dsj
(xi(ϕ(s) + tφ(s))) ds

=
1

2π

∫ 2π

0

∞∑
j=0

∂P

∂xi(j)
(ϕ+ tφ)(s)

dj

dsj
d

dt
⟨ξi, ϕ(s) + tφ(s)⟩ ds

=
1

2π

∫ 2π

0

∞∑
j=0

∂P

∂xi(j)
(ϕ(s) + tφ(s))

dj

dsj
⟨ξi, φ(s)⟩ ds

=
1

2π

∫ 2π

0

∞∑
j=0

(−1)j
dj

dsj
∂P

∂xi(j)
(ϕ(s) + tφ(s))⟨ξi, φ(s)⟩ ds,

and so relation (2.4.6) follows.

We define the following Poisson brackets on F(g) :

g{I1, I2}1(ϕ) =
1

2π

∫ 2π

0

⟨δI1(ϕ(s)), [δI2(ϕ(s)), K]⟩ ds, (2.4.7)

g{I1, I2}2(ϕ) =
1

2π

∫ 2π

0

⟨δI1(ϕ(s)), [δI2(ϕ(s)), ϕ(s)] +
d

ds
δI2(ϕ(s))⟩ ds, (2.4.8)

where K ∈ g is the same constant element that we choose in the definition of the constant
Lie-Poisson bracket { ·, · }g1. One can check that these are actually local Poisson brackets
on g, and so we can decompose them into their graded homogeneous parts.

Proposition 2.4.14. We have that

g{xi(s1), xj(s2)}[−1]
1 = {xi, xj}g1(s1)δ(s1 − s2), (2.4.9)

g{xi(s1), xj(s2)}[−1]
2 = {xi, xj}g2(s1)δ(s1 − s2), (2.4.10)
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where { ·, · }g1 is the constant Lie-Poisson bracket and { ·, · }g2 is the standard Lie-Poisson
bracket.

Proof. We see that

g{xi(s1), xj(s2)}1 = ⟨ξi, [ξj, K]⟩δ(s1 − s2),

g{xi(s1), xj(s2)}2 = cijk x
k(s1)δ(s1 − s2) + ⟨ξi, ξj⟩δ(1)(s1 − s2),

where [ξi, ξj] = cijk ξ
k. And thus,

g{xi(s1), xj(s2)}[−1]
1 (ϕ) = ⟨ξi, [ξj, K]⟩δ(s1 − s2) = {xi, xj}g1(ϕ(s1))δ(s1 − s2),

g{xi(s1), xj(s2)}[−1]
2 (ϕ) = cijk x

k(ϕ(s1))δ(s1 − s2) = ⟨cijk ξ
k, ϕ(s1)⟩δ(s1 − s2)

= ⟨[ξi, ξj], ϕ(s1)⟩δ(s1 − s2) = ⟨ξi, [ξj, ϕ(s1)]⟩δ(s1 − s2)

= {xi, xj}g2(ϕ(s1))δ(s1 − s2),

for all ϕ ∈ L(M), which completes the proof.

Let N be a closed submanifold of M. Suppose { ·, · }M is a Poisson bracket on M and
we want to restrict this to a Poisson bracket { ·, · }N on N, meaning that

{f |N , g|N}N = {f, g}M |N ,

for all f, g ∈ C∞(M). In general, Poisson brackets cannot be restricted onto submanifolds
since we may have that {f, g}M |N ̸= 0 but f |N = 0. However, it is possible for some
Poisson brackets, and so one way of attacking this problem is to alter the Poisson bracket
into one which can be restricted without issue. One method of doing so is called Dirac
reduction. Let u1, . . . , un be coordinates on M such that u1, . . . , ur are coordinates on N

and
N = {m ∈M | ur+1(m) = · · · = un(m) = 0}.

Suppose the Poisson bracket on M has the form

{ui, uj}M = aij,

for some aij ∈ C∞(M). Then, if the minor matrix
(
aαβ
)
α,β=r+1,...,n

is invertible on N, we let
sαβ be its inverse on N. We can extend sαβ to all of M by ensuring that sαβ is independent
of the coordinates ur+1, . . . , un. Then, we define the Dirac reduction of { ·, · }M to be

{ui, uj}M,N(m) := aij(m)−
n∑

α,β=r+1

aiα(m)sαβ(m)aβj(m),
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for all m ∈M. We can then restrict this onto N to get the Dirac reduction of { ·, · }M onto
N which we will denote simply as { ·, · }N . To see that this is indeed able to be restricted
to N, note that for γ = r + 1, . . . , n,

{uγ, uj}M,N(x) = aγj(x)−
n∑

α,β=r+1

aγα(x)sαβ(x)a
βj(x)

= aγj(x)−
n∑

β=r+1

δγβa
βj(x) = aγj(x)− aγj(x) = 0,

for all x ∈ N.

Suppose now we have a local Poisson bracket M{ ·, · } on M. We can do a similar
procedure to acquire a local Poisson bracket on a closed submanifold N, which we also
call a Dirac reduction. Suppose the local Poisson bracket on M has the form

M{ui(s1), uj(s2)} = Aij(s1)δ(s1 − s2),

whereAij =
N∑
k=0

aijk
dk

dsk
, with aijk ∈ C(M). If we assume that the minor matrix

(
Aαβ

)
α, β=r+1,...,n

is invertible on N, we let Sαβ be this inverse matrix on N. We can extend Sαβ to all of
M by ensuring that Sαβ is independent of the coordinates ur+1, un and their derivatives.
Then we define the Dirac reduction of the local Poisson bracket to be

M,N{ui(s1), uj(s2)} :=

(
Aij(s1)−

n∑
α, β=r+1

Aiα(s1)Sαβ(s1)A
βj(s1)

)
δ(s1 − s2).

This local Poisson bracket can then be restricted to N without issue, and we denote this
restriction as N{ ·, · }, which we refer to as the Dirac reduction of M{ ·, · } onto N.

Proposition 2.4.15. Let M{ ·, · } be a local Poisson bracket on a complex manifold M.

Suppose in the graded decomposition of the local Poisson bracket, we have

M{ui(s1), uj(s2)}[−1] =hij(s1)δ(s1 − s2), (2.4.11)
M{ui(s1), uj(s2)}[0] = ηij(s1)δ

(1)(s1 − s2) +
ηΓij

k (s1)x̂
k(1)(s1)δ(s1 − s2), (2.4.12)

where hij, ηij, ηΓij
k ∈ C∞(M). Let N be a closed submanifold of M defined by the equations

ur+1 = · · · = un = 0. Then the Dirac reduction of the local Poisson bracket onto N has a
graded decomposition where

N{ui(s1), uj(s2)}[−1] = h̃ij(s1)δ(s1 − s2),

N{ui(s1), uj(s2)}[0] = η̃ij(s1)δ
(1)(s1 − s2) +

η̃Γij
k (s1)x̂

k(1)(s1)δ(s1 − s2).
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Let sαβ be the inverse of the minor matrix
(
hαβ
)
αβ=r+1,...,n

which we assume to be non-
degenerate on N. We then have that

h̃ij =hij − hiαsαβh
βj,

η̃ij = ηij − ηiαsαβh
βj + hiαsαβη

βγsγδh
δj − hiαsαβη

βj,

η̃Γij
k = ηΓij

k − ηΓiα
k sαβh

βj + hiαsαβ
ηΓβγ

k sγδh
δj − hiαsαβ

ηΓβj
k

− ηiαsαβ;kh
βj − ηiαsαβh

βj
;k + hiαsαβη

βγsγδ;kh
δj + hiαsαβη

βγsγδh
δj
;k ,

where summation over the greek letters α, β, γ, δ happens only over the range r+1, . . . , n.

We notice immediately that N{xi(s1), xj(s2)}[−1] = {xi, xj}N(s1)δ(s1−s2) and if hiα =

0 for all i = 1, . . . , r and α = r + 1, . . . , n, then

h̃ij = hij, η̃ij = ηij, η̃Γij
k = ηΓij

k ,

for all i, j, k = 1, . . . , r.

On the Slodowy slice S we define the Poisson brackets { ·, ·}S1 and { ·, ·}S2 by doing
Dirac reductions on the constant Lie-Poisson bracket and standard Lie-Poisson bracket,
respectively. Also, we do a Dirac reduction on the two local Poisson brackets from g onto
S to get S{ ·, · }1 and S{ ·, · }2.

Proposition 2.4.16. [7] Let M{ ·, · }1 and M{ ·, · }2 be a pair of compatible local Poisson
brackets on a complex manifold M and let N be a closed submanifold of M. Then, the
Dirac reduction of these local Poisson brackets onto N are compatible.

Since the local Poisson brackets on g are compatible, their Dirac reductions onto S are
also compatible, by the above proposition. Also, by Lemma 2.2.64 the Dirac reduction of
the Poisson brackets are equal to the [−1] part of the local Poisson brackets and these are
also compatible.



Chapter 3

Specific classes of Frobenius manifolds

3.1 Polynomial Frobenius manifolds

We will let W be a finite irreducible Coxeter group of rank n and let V be its reflection
representation, with VC being the complexification of V. Let x1, . . . , xn be flat coordinates
for W and let y1, . . . , yn be basic invariants for W.

Definition 3.1.1. The space of orbits or orbit space of W is defined to be the space VC/W.
The W -invariant polynomials in the algebra C[x1, . . . , xn]W can be considered as functions
on the space of orbits of W.

The orbit space for a finite irreducible Coxeter group W is a complex manifold which
is diffeomorphic to Cn.

Definition 3.1.2. Let M be a space of orbits for W, and let π : VC → M be the natural
projection map. We define the discriminant locus of M to be the subset Σ ⊆M where

Σ := {p ∈M | |π−1(p)| < |W | }.

The inner product on V can be used to define a flat metric on VC given by

(∂xi , ∂xj) := δij.

This metric is W -invariant and can be pushed forward (using the projection map π) onto
an open dense subset of the space of orbits. The basic invariants of W define a coordinate
system on any open chart of M.

Definition 3.1.3. We define the intersection form to be the rank (2, 0) tensor field gαβ

on M given in the y coordinates by

gαβ(y) := (dyα, dyβ) =
n∑

i=1

∂yα

∂xi
∂yβ

∂xi
, (3.1.1)

102
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for each α, β = 1, . . . , n.

Note that the right hand side of formula (3.1.1) is a well-defined function on M, since
by Lemma 2.3.12 it is W -invariant and furthermore, it is polynomial in the flat coordinates
x1, . . . , xn for W. Also, it can be shown that the discriminant locus Σ can be equivalently
defined as the set of points where the intersection form gαβ is degenerate. On M \ Σ the
intersection form gαβ is a flat metric.

Theorem 3.1.4. [47], [13, Lecture 4] There exists basic invariants t1, . . . , tn defined on
M such that the matrix

ηαβ(t) :=
(
L∂t1

g
)αβ

(t)

is constant and non-degenerate.

This flat metric ηαβ is known as the Saito metric, and the basic invariants t1, . . . , tn,
which are flat coordinates for the Saito metric, are called Saito coordinates.

Theorem 3.1.5. [13, Lecture 4] Let h be the Coxeter number of W. Then, the rank (2, 0)

tensor fields ηαβ and gαβ form a regular, quasihomogeneous flat pencil of metrics of degree
d = h−2

h
on M with Euler vector field

E(t) =
1

h

n∑
i=1

dWi t
i∂ti ,

unity vector field e = ∂t1 and Egoroff potential τ(t) = η1αt
α, where t = (t1, . . . , tn) are the

Saito coordinates.

From this theorem, it is clear that M \Σ is a Frobenius manifold using Theorem 2.2.51,
we call these Frobenius manifolds Coxeter orbit spaces. It can be shown that Coxeter orbit
spaces are semisimple Frobenius manifolds and that their prepotentials are polynomial in
the t coordinates.

Example 3.1.6. [13, Lecture 4] Let m ∈ Z≥2 and recall the root system R in Example
2.3.5 given in formula (2.3.1). The finite Coxeter group W associated to R is a dihedral
group of order 2m and has Coxeter number h = m. Let x1, x2 be the flat coordinates for
W and consider basic invariants t1, t2 given by

t1 := (x1 + ix2)m + (x1 − ix2)m, t2 :=
(x1)2 + (x2)2

2m
.

These are coordinates on the space of orbits M = C2/W, and the intersection form in
these coordinates is

gαβ(t) =

(
(2m)m+1(t2)m−1 t1

t1 2
m
t2

)
.
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Moreover one can check that these are Saito coordinates. The Saito metric ηαβ and
the intersection form gαβ are thus both flat metrics on M \ Σ, and can be shown to
form a regular, quasihomogeneous flat pencil of metrics of degree d = m−2

m
on M. This

quasihomogeneous flat pencil of metrics has Euler vector field

E(t) = t1∂t1 +
2

m
t2∂t2 ,

unity vector field e = ∂t1 and Egoroff potential τ(t) = t2. The Frobenius manifold M \ Σ
has charge d = m−2

m
. The prepotential F of this Frobenius manifold is polynomial in the

Saito coordinates and has the form

F (t) =
1

2
(t1)2t2 +

(2m)m+1

2(m2 − 1)
(t2)m+1.

The next theorem gives a partial result in the converse direction to Theorem 3.1.5.

Theorem 3.1.7. [31] Let M be a semisimple Frobenius manifold with metric η and Euler
vector field E. Suppose there exists flat coordinates t = (t1, . . . , tn) for the metric η such
that

E(t) =
n∑

i=1

dit
i∂ti ,

with di ∈ R>0 and there exists p ∈ M such that t(p) = 0. Then, M uniquely decomposes
into a product of Coxeter orbit spaces, each with the same Coxeter number.

What we see from this theorem is that any semisimple polynomial Frobenius manifold
with positive degrees is the product of Coxeter orbit spaces. However, loosening the
retriction on the degrees, we are still unclear on what the situation is with semisimple
polynomial Frobenius manifolds in general.

3.2 Algebraic Frobenius manifolds

The next case to consider beyond polynomial prepotentials could plausibly be the algebraic
prepotentials. Indeed, these were some of the first cases to be studied after the polynomial
case was considered.

In [18], Dubrovin and Mazzocco found algebraic Frobenius manifolds that could be
associated to the Coxeter group H3 and the explicit prepotentials were found for these
in [35] by Kato, Mano and Sekiguchi. An explanation of their existence was given by
Dubrovin in [18], who explained that their monodromy groups were finite, and one should
expect that algebraic Frobenius manifolds would have finite monodromy groups. Moreover,
one could associate each of these Frobenius manifolds to a quasi-Coxeter conjugacy class
of H3. Recall by Definition 2.3.8 that a quasi-Coxeter element is one that can be written
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as the product of n reflections, where n is the rank of the Coxeter group such that the
reflections also generate the Coxeter group.

It was conjectured by Dinar in [7] that the algebraic Frobenius manifolds (with pos-
itive degrees) should be in correspondence with the quasi-Coxeter conjugacy classes of
Coxeter groups, which would in turn be the monodromy groups of the algebraic Frobenius
manifolds. Dinar attributes this conjecture to Dubrovin, and it is partially discussed in
[18].

Conjecture 3.2.1. [7] The irreducible, semisimple Frobenius manifolds with algebraic
prepotentials and positive degrees are in one-to-one correspondence with the quasi-Coxeter
conjugacy classes of finite irreducible Coxeter groups.

In [43], Pavlyk presented a general method for constructing algebraic Frobenius man-
ifolds that could be associated to quasi-Coxeter conjugacy classes, and in [7] Dinar gave
an alternative method for doing so, which was later shown to be equivalent to Pavlyk’s
method by Dinar in [7]. These however, were limited to the Weyl groups and only in
the case of regular quasi-Coxeter conjugacy classes (see Definition 2.3.9). The authors
also gave particular values for the degrees of the corresponding Frobenius manifolds which
depended solely on the properties of the quasi-Coxeter elements considered.

Using this as inspiration, Douvropoulos conjectured [12] what the degrees should be
for a conjecturally existing Frobenius manifold associated with a regular quasi-Coxeter
conjugacy class in a finite irreducible Coxeter group. He also gave a combinatorial inter-
pretation for finding the algebraic degree of the prepotentials [12]. This was then used
in [48] by Sekiguchi to construct explicit algebraic prepotentials for E6, E7 and H4. In
the case of H4 there are 9 regular quasi-Coxeter (non-Coxeter) conjugacy classes. The
corresponding Frobenius manifolds are denoted as H4(k), where k = 1, 2, 3, 4, 6, 7, 8, 9

and 10 (see [48]). Sekiguchi found prepotentials for 7 out of these 9 cases.
We will present below some of these developments of the algebraic case, as well as some

information concerning the often omitted two-dimensional case. From the two-dimensional
case we will be able to narrow the conjecture, as we believe that the charge of the algebraic
Frobenius manifold would need to also be non-negative for it to hold.

3.2.1 Dubrovin-Mazzocco’s 3-dimensional algebraic Frobenius man-

ifolds

The first non-rational examples of algebraic Frobenius manifolds were found by Dubrovin
and Mazzocco in 2000 [18]. They utilised algebraic solutions of the Painlevé VI equation
to construct Frobenius manifolds. Prepotentials of these Frobenius manifolds were later
found by Kato, Mano and Sekiguchi [35] (see also Remark 6.1 for an earlier work).
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The Painlevé equations are nonlinear second-order differential equations of the form

∂2y

∂x2
= R

(
x, y,

∂y

∂x

)
,

where R is some rational function and whose solutions have the Painlevé property, meaning
that the movable singularities of y must be poles. Painlevé found that, up to certain
transformations, these could be classified into 50 canonical forms (see [33] for a list of
these forms). Moreover, he found that solutions of 44 of these forms could be expressed
using previously known functions, leaving 6 equations whose solutions required new special
functions. These six equations are known as the Painlevé equations and their solutions
are known as Painlevé transcendents. These equations have the following forms:

Painlevé I :
∂2y

∂x2
=6y2 + x,

Painlevé II :
∂2y

∂x2
=2y3 + xy + α,

Painlevé III :
∂2y

∂x2
=

1

y

(
∂y

∂x

)2

− 1

x

∂y

∂x
+

1

x
(αy2 + β) + γy3 +

δ

y
,

Painlevé IV :
∂2y

∂x2
=

1

2y

(
∂y

∂x

)2

+
3

2
y3 + 4xy2 + 2(x2 − α)y +

β

y
,

Painlevé V :
∂2y

∂x2
=

(
1

2y
+

1

y − 1

)(
∂y

∂x

)2

− 1

x

∂y

∂x
+

(y − 1)2

x2

(
αy +

β

y

)
+ γ

y

x
+ δ

y(y + 1)

y − 1
,

Painlevé VI :
∂2y

∂x2
=

1

2

(
1

y
+

1

y − 1
+

1

y − t

)(
∂y

∂x

)2

−
(
1

x
+

1

x− 1
+

1

y − x

)
∂y

∂x

+
y(y − 1)(y − x)

x2(x− 1)2

(
α + β

x

y2
+ γ

x− 1

(y − 1)2
+ δ

x(x− 1)

(y − x)2

)
,

where α, β, γ, δ ∈ C are constants. Although general solutions of the Painlevé equations
cannot be expressed using classically known functions, for special values of the constants
α, β, γ, δ, there may be solutions which can be expressed using previously known func-
tions. In [18], Dubrovin and Mazzocco were interested in classifying the algebraic solutions
of the Painlevé VI equation with the following constraints:

α =
(2µ− 1)2

2
, β = γ = 0, δ =

1

2
, (3.2.1)

where µ ∈ C with 2µ ̸∈ Z. Let y be a solution of the Painlevé VI equation with con-
straints (3.2.1). Then, following the digression in Lecture 5 of [16], we can construct a
3-dimensional semisimple Frobenius manifold in the following way. Define the following
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functions

q(u1, u2, u3) :=u1 + (u2 − u1)y

(
u3 − u1

u2 − u1

)
,

p(u1, u2, u3) :=
1

2

[
P ′(u3)

P (q)
y′
(
u3 − u1

u2 − u1

)
− 1

q − u3

]
,

where
P (λ) := (λ− u1)(λ− u2)(λ− u3).

One can then show that there exists a function l(u1, u2, u3) with derivatives

∂l

∂ui
= (2µ− 1)

q − ui

P ′(ui)
.

Using these functions, we then construct a 3×3 matrix Ψ whose entries satisfy the following
conditions

Ψi
1Ψ

i
3 =

ui − q

2µ2P ′(ui)
Qi(u),

(Ψi
1)

2 =
ui − q

4µ4P ′(ui)el
Qi(u)2,

(Ψi
3)

2 =
el(ui − q)

P ′(ui)
,

Ψ1
2 = ϵ(Ψ2

1Ψ
3
3 −Ψ2

3Ψ
3
1),

Ψ2
2 = ϵ(Ψ1

3Ψ
3
1 −Ψ1

1Ψ
3
3),

Ψ3
2 = ϵ(Ψ1

1Ψ
2
3 −Ψ1

3Ψ
2
1),

where ϵ = ± i and

Qi(u) = P (q)p2 + 2µ
P (q)p

q − ui
+ µ2(q + 2ui − (u1 + u2 + u3)),

for i = 1, 2, 3. Now, we will construct a Frobenius manifold M such that the coordinates
u1, u2, u3 are canonical coordinates of M and the matrix Ψ has entries

Ψi
α =

√
ηii(u)

∂ui

∂tα
,

where η is the flat metric on M and t1, t2, t3 are flat coordinates of η. To do this, note
that ∂ui

∂t1
= 1 for any semisimple Frobenius manifold, thus we must have the following

relationship between the flat coordinates of η and the canonical coordinates:

∂ui

∂tα
=

Ψi
α

Ψi
1

.
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Inverting this matrix to get the Jacobian ∂tα

∂ui , one can then find expressions for the t

coordinates in terms of the u coordinates. We can then define the third order derivatives
of the prepotential of M using the formula

cαβγ(t) =
3∑

i=1

Ψi
α(u(t))Ψ

i
β(u(t))Ψ

i
γ(u(t))

Ψi
1(u(t))

.

It is then a simple matter of checking the necessary conditions to see that this does define
the structure of a Frobenius manifold.

If our solution y of the Painlevé VI equation is algebraic, then all of the functions
that we have constructed are also algebraic. This includes any functions that are defined
as anti-derivatives, where the condition that 2µ ̸∈ Z is necessary to show that the anti-
derivatives of algebraic functions that we construct are also algebraic. Thus, algebraic
solutions of the Painlevé VI equation with constraints (3.2.1) give rise to 3-dimensional
algebraic semisimple Frobenius manifolds.

Conversely, if one starts with a 3-dimensional algebraic semisimple Frobenius manifold
with charge d ̸= 0, then it is possible to reverse this construction to get a solution of the
Painlevé VI equation with constraints (3.2.1).

In [18], Dubrovin and Mazzocco found five algebraic solutions for the Painlevé VI
equation with constraints (3.2.1). Three of the solutions they found correspond to the
A3, B3 and H3 polynomial Frobenius manifolds. That left two extra solutions which had
relations to H3 and so were labelled as (H3)

′ and (H3)
′′. Their prepotentials are

F(H3)′(t) =
1

2

(
t1t

2
2 + t21t3

)
− 1

18
t43Z1 −

7

72
t33Z

4
1 −

17

105
t23Z

7
1 −

2

9
t3Z

10
1 − 64

585
Z13

1 ,

F(H3)′′(t) =
1

2

(
t22t1 + t3t

2
1

)
+

4063

1701
t73 +

19

135
t53Z

2
2 −

73

27
t33Z

4
2 +

11

9
t3Z

6
2 −

16

35
Z7

2 ,

where Z1 and Z2 satisfy the following algebraic equations

Z4
1 + t3Z1 + t2 = 0,

Z2
2 + t2 − t23 = 0.

Recall from Subsection 2.2.9 that for algebraic prepotentials, the Hurwitz action on the
generating reflections of the monodromy group has a finite orbit. Michel [41] proved that if
a tuple of reflections has a finite orbit under the Hurwitz action, then the group generated
by those reflections must itself be finite. Thus, the monodromy group for an algebraic
Frobenius manifold must be finite. Now, the product of the tuple of reflections is preserved
under the Hurwitz action, and these reflections generate the monodromy group, so their
product is a quasi-Coxeter element of the monodromy group. Moreover, this element is
conjugate to the product of any cyclic permutations of the generating reflections, but
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not conjugate generally to the product of any permutation of the reflections. Thus, an
algebraic Frobenius manifold can be associated to, possibly multiple, conjugacy classes of
quasi-Coxeter elements in a finite Coxeter group. This general argument, along with the
particular treatment for the n = 3 case that Dubrovin and Mazzocco investigated gives
rise to the following conjecture (first presented in [7]).

Conjecture 3.2.2. The irreducible, semisimple Frobenius manifolds with algebraic pre-
potentials and positive degrees have a correspondence with the quasi-Coxeter conjugacy
classes of finite, irreducible Coxeter groups.

The correspondence is one-to-one, even though multiple conjugacy classes could be
associated to the same set of generating reflections. As we will see there have not been
any examples of algebraic Frobenius manifolds being associated to more than one quasi-
Coxeter conjugacy class. Much of the research on algebraic prepotentials of semisimple
Frobenius manifolds has been motivated by this conjecture.

3.2.2 Dinar’s construction

In this subsection, we will show how to construct a family of algebraic Frobenius manifolds
using a method explained by Dinar, first in [7] and then in [10]. A similar method was
used earlier by Pavlyk in [43] to construct algebraic Frobenius manifolds. We choose to
follow Dinar’s construction rather than Pavlyk’s, as we feel it is much simpler and both
constructions give rise to the same Frobenius manifolds.

Let e be a distinguished nilpotent element of semisimple type in a simple Lie algebra g

(see Section 2.4). Let {e, f, h} be an sl2-triple in g and let ηr ∈ Z be such that 2ηr is the
maximum eigenvalue of adh. Let K1 ∈ g−2ηr such that h′ = e+K1 is a semisimple element
of g. Recall from Section 2.4 that we refer to h′ = gh

′ as the opposite Cartan subalgebra.

Definition 3.2.3. Let S = e + gf be a Slodowy slice. The set of common equilibrium
points N is defined to be the set

N = {x ∈ S | gx ∩ S = gK1 ∩ S}.

Note from this definition that N ⊆ gK1 , since x ∈ gx for any x ∈ g.

Theorem 3.2.4. [10] N has dimension equal to the rank of g.

In order to prove this, it is necessary to introduce special coordinates on the Slodowy
slice and then restrict onto the set of common equilibrium points. We will not show this
here, but an explanation can be found in [10]. We can define a pair of compatible local
Poisson brackets S{ ·, · }1, S{ ·, · }2 as shown in Subsection 2.4.1. We perform a Dirac re-
duction of these local Poisson brackets onto N and doing so gives us the pair of compatible
local Poisson brackets N{ ·, · }1 and N{ ·, · }2.
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Proposition 3.2.5. [7] The pair N{ ·, · }1 and N{ ·, · }2 are well-defined and dispersionless.
Furthermore their dispersionless limits are non-degenerate and linearly independent.

The fact that this pair of local Poisson brackets is well-defined and dispersionless comes
from the definition of the special coordinates on S.

Proposition 3.2.6. [7] The local Poisson brackets N{ ·, · }[0]1 and N{ ·, · }[0]2 form a bihamil-
tonian structure on N.

By Proposition 2.4.16, the Dirac reduction of compatible local Poisson brackets remain
compatible on the submanifold to which we restrict. So, N{ ·, · }1 and N{ ·, · }2 are com-
patible local Poisson brackets on N. Since, these are compatible on N, and by Proposition
3.2.5 they are dispersionless, any nonzero linear combination is also a disperionless local
Poisson bracket on N. By Lemma 2.2.64, the dispersionless limit of any dispersionless
local Poisson bracket is also local Poisson bracket, so any nonzero linear combination of
N{ ·, · }[0]1 and N{ ·, · }[0]2 is a local Poisson bracket on N. By Proposition 3.2.5, these are
non-degenerate local Poisson brackets of hydrodynamic type and they are also linearly
independent, so they are compatible, thus Proposition 3.2.6 obviously follows.

Theorem 3.2.7. [10] The local Poisson brackets N{ ·, · }[0]1 and N{ ·, · }[0]2 form a regular,
quasihomogeneous bihamiltonian structure of degree ηr−1

ηr+1
on the space of common equilib-

rium points N. Thus, we have a Frobenius structure on N.

Let us define the map

w := e
πi

ηr+1
adh =

∞∑
n=0

(
πi

ηr + 1

)n
adn

h

n!
.

Observe that w(h′) = e
2πi

ηr+1h′, where h′ = e+K1. Indeed,

w(e+K1) =
∞∑
n=0

(
2πi

ηr + 1

)n
e

n!
+

∞∑
n=0

(
−2πi

ηr + 1
ηr

)n
K1

n!
= e

2πi
ηr+1 (e+K1).

More generally, w can be shown to act on the opposite Cartan subalgebra, meaning that
w(h′) ⊆ h′. Let r be the rank of g, so h′ is r-dimensional. Let η1, . . . , ηr−1 (together with
ηr) be natural numbers such that e

2πi
ηr+1

ηi are eigenvalues of w acting on h′. Since w is an
action on a Cartan subalgebra of g, it can be interpreted as an element of the Weyl group
W (g), up to conjugation. We can thus associate each Frobenius manifold constructed
in this way with a conjugacy class of the appropriate Weyl group. In particular, these
are conjugacy classes of quasi-Coxeter elements and they are unique for each Frobenius
manifold.

Theorem 3.2.8. [10] The Frobenius structure on N has an algebraic prepotential with
charge ηr−1

ηr+1
and degrees ηi+1

ηr+1
.
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The first prepotential to be found explicitly using this method, was done by Pavlyk
in his original paper [43], where he found the prepotential for D4(a1). Dinar then used
this construction to find the prepotential for F4(a2) in [7], and later also for D4(a1) in [9].
Dinar also gave an explicit prepotential for E8(a1) in [8].

Theorem 3.2.9. [20] Let e be a regular, nilpotent element of a simple Lie algebra g. Then
the resulting Frobenius manifold that one constructs on the space of common equilibrium
points N using this method has a polynomial prepotential and is equivalent to the Coxeter
orbit space of the Weyl group of g.

3.2.3 Sekiguchi’s prepotentials

In this subsection, we will go over how some 4-dimensional algebraic prepotentials were
found by Sekiguchi, using data from quasi-Coxeter elements of H4 provided by Douvropou-
los.

In the earlier version of [48], Sekiguchi found two algebraic prepotentials related to
Weyl groups E6 and E7, and six algebraic prepotentials related to the Coxeter group H4,

a seventh algebraic prepotential related to H4 was found by Sekiguchi in 2023 and can be
found in the latest version of [48] online. These were all found using a brute force method,
whereby the degrees and algebraic degree of the prepotential were conjectured to have
particular values and then prepotentials were found through a computer search.

The conjectured degrees of these Frobenius manifolds were put forward by Douvropou-
los in [12] and are determined as follows. For a regular quasi-Coxeter element w with
eigenvalues e

2πi
|w| ηj , there exists a regular element w0 ∈ W such that w is conjugate to wl

0

for some l ∈ N, |w| = |w0| and the eigenvalues of w0 have the form e
2πi
|w| (d

W
j −1), where dWj

are the fundamental degrees of W, assuming l is the smallest such positive integer. Then,
the degrees dj of the corresponding Frobenius manifolds were conjectured to be

dj =
η̃j
|w|

, (3.2.2)

where η̃j is the remainder of ηj + l modulo |w|, which is assumed to be between 1 and |w|.
The algebraic degree of these Frobenius manifolds also have a combinatorial interpretation
given in [12]. For a quasi-Coxeter element w, let F red

W (w) be the number of length n

reflection factorisations of w. That is,

F red
W (w) = |{(t1, . . . , tn) ∈ Rn | w = t1 . . . tn}|,

where R is the set of reflections in W. Douvropolous then gives the following Proposition.

Proposition 3.2.10. [12] Let w be a regular quasi-Coxeter element in a finite Coxeter
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group W of rank n. Then, there exists a positive integer δw such that

F red
W (w) =

|w|nn!
n∏

i=1

d̃j

δw,

where d̃j is the remainder of dWj modulo |w|, which is assumed to be between 1 and |w|.
Moreover, when w is a Coxeter element, δw = 1.

The positive integer δw is interpreted to be the algebraic degree of the associated
prepotential for the quasi-Coxeter element w. Although this is only a conjecture, for all
algebraic prepotentials that have been found thus far, this appears to hold true.

If we assume that our metric is anti-diagonal, then we can also fix the charge of
our prepotential, and thus, using the conjectured degrees and algebraic degree, one can
construct a general quasi-homogeneous function. If we impose that the WDVV equations
must hold, then by brute force one can find the prepotentials associated to each regular
quasi-Coxeter conjugacy class of H4.

In the case ofH4 there are 11 quasi-Coxeter conjugacy classes which we denote byH4(k)

with k = 0, . . . , 10, where H4(0) is the conjugacy class for the Coxeter element of H4. Out
of the remaining 10 quasi-Coxeter conjugacy classes, Sekiguchi found prepotentials for 7 of
them. The corresponding Frobenius manifolds are denoted H4(k) with k = 1, 2, 3, 4, 6, 7

and 9 [48]. The two regular quasi-Coxeter conjugacy classes for which no prepotential
has yet been found are denoted as H4(8) and H4(10). For the non-regular quasi-Coxeter
conjugacy classH4(5) there is currently no evidence for the existence of Frobenius manifold
which can be related to this quasi-Coxeter conjugacy class.

3.2.4 Two-dimensional examples

Recall from Example 2.2.17 that, up to equivalence, prepotentials for two-dimensional
(semisimple) algebraic Frobenius manifolds have the following form [13]:

F =
1

2
t21t2 + ctk+1

2 , (3.2.3)

where k ∈ Q \ {−1, 0, 1} and c ∈ C is a nonzero constant. The degrees of the Frobenius
manifold are d1 = 1 and d2 = 2

k
, and the charge is d = k−2

k
.

Now, let w be a quasi-Coxeter element in the dihedral group I2(m). It must be the
product of two reflections that generate I2(m). Hence w = C l, where C is a Coxeter element
of I2(m) and (m, l) = 1. The eigenvalues of w are e±

2πi
m

l. We can assume 1 ≤ l ≤ m
2

as
the elements w = C l, 1 ≤ l ≤ m

2
give representatives for all the quasi-Coxeter conjugacy

classes. Then the smallest positive integer r such that w is conjugate to Cr is r = l. Thus,
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the degrees of the Frobenius manifold, using prescription (3.2.2) and following [12], are

d1 = 1, d2 =
2l

m
,

since η1 = m − l, η2 = l and |w| = m. From the general form (3.2.3) of a prepotential of
an algebraic two-dimensional Frobenius manifold, we see that k = m

l
and thus

F =
1

2
t21t2 + ct

m
l
+1

2 ,

and this has charge d = m−2l
m

. Note that when l = 1 we get the polynomial two-dimensional
Frobenius manifolds.

Note that in the above analysis we relate an algebraic Frobenius manifold (3.2.3) with
a conjugacy class of a quasi-Coxeter element in a dihedral group provided that k ≥ 2.

Two-dimensional Frobenius manifolds with 0 < k < 2 have positive degrees but a relation
to quasi-Coxeter elements seems unclear in this range. Based on the above considerations
it seems not possible to relate these cases to a quasi-Coxeter conjugacy class of a suitable
dihedral group. Note that the charge d < 0 in this case, whereas d ≥ 0 when k ≥ 2. The
general conjecture on the relation of algebraic Frobenius manifolds with quasi-Coxeter ele-
ments in [7] assumes that the degrees are positive. A possible way to exclude the examples
(3.2.3) with 0 < k < 2 is to impose an additional assumption to the conjecture that the
charge d ≥ 0. For k < 0 the Frobenius manifolds with prepotential (3.2.3) have d2 < 0, and
so are not considered in the conjecture. Also, the data obtained by Douvropoulos for the
degrees of algebraic Frobenius manifolds [12] associated to quasi-Coxeter conjugacy classes
assumes that the quasi-Coxeter conjugacy class is regular. There are currently no known
examples of algebraic Frobenius manifolds that have been associated with non-regular
quasi-Coxeter conjugacy classes. Thus, we propose to modify the Dubrovin conjecture
3.2.2 for algebraic Frobenius manifolds to read as follows:

Conjecture 3.2.11. Irreducible, semisimple algebraic Frobenius manifolds with positive
degrees and non-negative charge have a one-to-one correspondence with regular quasi-
Coxeter conjugacy classes in finite irreducible Coxeter groups.



Chapter 4

Flat coordinates of algebraic Frobenius
manifolds

In this chapter, we will be looking specifically at the algebraic Frobenius manifolds of
dimensions 2, 3 and 4. Their prepotentials can be written as polynomials in the flat coor-
dinates of the metric t1, . . . , tn and Z, which is some algebraic function in the t coordinates.
We wish to find relations between the flat coordinates t1, . . . , tn of the metric and the flat
coordinates x1, . . . , xn of the intersection form. To do so, we will make use of the basic
invariants of the associated Coxeter groups y1, . . . , yn, and to help make the search for
relations easier we will use the following proposition:

Proposition 4.0.1. Let M be a Frobenius manifold with flat coordinates t1, . . . , tn for the
metric and Euler vector field E such that

E(t) =
n∑

α=1

dαtα∂tα . (4.0.1)

Let g be the intersection form with flat coordinates x1, . . . , xn such that

gij(x) = δij. (4.0.2)

For a function f ∈ C∞(M), we have

∆(f) = gνµ(t)
∂2f

∂tν∂tµ
+∆(tν)

∂f

∂tν
, (4.0.3)

where cαβγ are the cotangent structure constants and ∆(f) :=
∑n

i=1
∂2f

(∂xi)2
. Furthermore,

∆(ti) =

(
d− 1

2
+ di

)
ciλλ (t),

where we sum over the index λ and i = 1, . . . , n is fixed.

114
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Proof. We know that the intersection form in the t coordinates can be calculated as

gij(t) = gαβ(x)
∂ti

∂xα
∂tj

∂xβ
=

n∑
α=1

∂ti

∂xα
∂tj

∂xα
. (4.0.4)

So, we have

∆(f) =
n∑

α=1

∂

∂xα

(
∂f

∂tν

∂tν
∂xα

)
=

n∑
α=1

(
∂2f

∂tν∂tµ

∂tν
∂xα

∂tµ
∂xα

+
∂f

∂tν

∂2tν
∂x2α

)
,

which gives the equality (4.0.3) by formula (4.0.4). By the transformation law for Christof-
fel symbols given in relation (2.1.2) and the fact that gΓi

jk(x) = 0, we see that

∆(ti) =
n∑

α=1

∂2tλ
∂x2α

δiλ =
n∑

α=1

∂2tλ
∂x2α

∂xµ
∂tλ

∂ti
∂xµ

=
n∑

α=1

−gΓν
σω(t)

∂tσ
∂xα

∂tω
∂xα

∂xµ
∂tν

∂ti
∂xµ

= −gΓi
σω(t)

n∑
α=1

∂tσ
∂xα

∂tω
∂xα

.

We also have

giλ(z)gλj;k(z) = (giλgλj);k(z)− giλ;k (z)gλj(z) = δij;k − giλ;k (z)gλj(z) = −giλ;k (z)gλj(z). (4.0.5)

Using equations (4.0.4) and (4.0.5) we get that

∆(ti) = − gσω(t)gΓi
σω(t) = −1

2
gσω(t)giλ(t) (gλω;σ(t) + gσλ;ω(t)− gσω;λ(t))

=
1

2

(
gσω(t)giλ;σ (t)gλω(t) + gσω(t)giλ;ω(t)gσλ(t)− gσω;λ (t)giλ(t)gσω(t)

)
= giλ;λ (t)−

1

2
gσω;λ (t)giλ(t)gσω(t). (4.0.6)

By relation (2.2.19) we can rearrange equation (4.0.6) as

∆(ti) = (Eµ(t)ciλµ (t));λ −
1

2
(Eµ(t)cσωµ (t));λg

iλ(t)gσω(t)

=Eµ
;λ(t)c

iλ
µ (t) + Eµ(t)ciλµ;λ(t)−

1

2

(
Eµ

;λ(t)c
σω
µ (t) + Eµ(t)cσωµ;λ(t)

)
giλ(t)gσω(t).

From relations (2.2.6) we see that cijk;l(t) = cijl;k(t), since η is constant in the t coordinates,
hence

∆(ti) = Eµ
;λ(t)c

iλ
µ (t) + Eµ(t)ciλλ;µ(t)−

1

2

(
Eµ

;λ(t)c
σω
µ (t) + Eµ(t)cσωλ;µ(t)

)
giλ(t)gσω(t).
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By relation (2.1.1) the Lie derivative of the tensor field cijk has the form

(LEc)
ij
k (t) = Eλ(t)cijk;λ(t)− Ei

;λ(t)c
λj
k (t)− Ej

;λ(t)c
iλ
k (t) + Eλ

;k(t)c
ij
λ (t).

Therefore

∆(ti) = (LEc)
iλ
λ (t) + Ei

;µ(t)c
µλ
λ (t) + Eλ

;µ(t)c
iµ
λ (t)

− 1

2

(
(LEc)

σω
λ (t) + Eσ

;µ(t)c
µω
λ (t) + Eω

;µ(t)c
σµ
λ (t)

)
giλ(t)gσω(t).

Note that
giλgkµc

jµ
λ = giλ

∗
cjkλ = giλ

∗
cjλk = giλgλµc

jµ
k = cjik . (4.0.7)

By relations (2.2.9) and (4.0.7) we have that

∆(ti) = (d− 1)ciλλ (t) + Ei
;µ(t)c

µλ
λ (t) + Eλ

;µ(t)c
iµ
λ (t)

− 1

2

(
(d− 1)cσωλ (t) + Eσ

;µ(t)c
µω
λ (t) + Eω

;µ(t)c
σµ
λ (t)

)
giλ(t)gσω(t)

= (d− 1)ciλλ (t) + Ei
;µ(t)c

µλ
λ (t) + Eλ

;µ(t)c
iµ
λ (t)

− d− 1

2
ciλλ (t)−

1

2
Eσ

;µ(t)c
µi
σ (t)− 1

2
Eω

;µ(t)c
iµ
ω (t)

=
d− 1

2
ciλλ (t) + Ei

;µ(t)c
µλ
λ (t).

The statement follows by formula (4.0.1).

Suppose we can write the prepotential F of a Frobenius manifold M as a polynomial
F (t, Z) in the t coordinates and Z, where Z satisfies an equation of the form

P (t;Z) =
N∑
k=0

ak(t)Z
k = 0, (4.0.8)

where ak ∈ C[t2, . . . , tn], such Frobenius manifolds are called algebraic. We say that an
algebraic Frobenius manifold M is associated to the Coxeter group W if there exist basic
invariants y1, . . . , yn in the flat coordinates x1, . . . , xn of the intersection form g which are
simultaneously polynomial in t1, . . . , tn and Z. All of the examples of Frobenius manifolds
which we consider below are associated to Coxeter groups.

We will sometimes need to consider the t coordinates and Z as independent variables
(see e.g. Proposition 4.0.2 below). In such cases, for a rational function f of n+1 variables,
we will write fF (t, Z) instead of f(t, Z).

Now, for each algebraic Frobenius manifold, their charges d are known and d ̸= 1 in
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all cases we consider. It is known [13] that for d ̸= 1 we have

tn =
1− d

4

n∑
i=1

x2i .

We also know that the Euler vector field E is diagonal in each case, so we have deg ti(x) =
2di
dn

for all i, where di are the degrees of the Frobenius manifolds. The general method for
finding basic invariants as polynomials yi(t, Z) below will go through the following steps:

1) Set yn =
∑n

i=1 x
2
i =

4
1−d

tn. Choose y1, . . . , yn−1 so that y1, . . . , yn form a set of basic
invariants for a finite irreducible Coxeter group W.

2) Let Y1, . . . , Yn be a set of basic invariants such that ∆(Yn) = 1 and ∆(Yj) = 0

for j = 1, . . . , n − 1, which exist by Proposition 2.3.13. Each Yi can be expressed as a
polynomial in y1, . . . , yn. In particular, Yn = 1

2n
yn.

3) Let Vj be the vector space of polynomials in t1, . . . , tn and Z which are homogenous
in the x coordinates of degree dWj . Find the harmonic elements of Vj using Proposition
4.0.1, for j = 1, . . . , n− 1.

4) Equate Yj = Yj(y) with a general harmonic element of Vj. Rearrange these equations
to find each yj as a polynomial in t1, . . . , tn and Z up to some coefficients to be found.
This can be done successively for j = n− 1, n− 2, . . . , 1.

5) Find the intersection form gij in the y coordinates by the formula gij(y) = (∇(yi), ∇(yj)) ,

and express the entries as polynomials in the y coordinates, which can be done by Lemma
2.3.12. Substitute the expressions for yi(t, Z) into these entries, so we have gij(y(t)).

6) Calculate the components gij(y(t)) of the intersection form g in the y coordinates
by performing a change of coordinates y = y(t) on the intersection form gλµ(t) given by
formula (2.2.19):

gij(y(t)) = gλµ(t)
∂yi
∂tλ

∂yj
∂tµ

.

Here, the derivatives ∂yi
∂tλ

are found via their expressions in the t coordinates and Z which
still contain some coefficients to be found.

7) We equate the two expressions for gij(y(t)) from steps 5) and 6), and find the values
for the remaining coefficients, which is possible in all the examples we consider. Thus we
get basic invariants yj expressed as polynomials in ti and Z. Note that the polynomials
we find may not be unique if the Coxeter graph of W has non-trivial symmetries.

One may alternatively try to skip steps 2) and 4), but this increases the difficulty of
the calculations needed to equate the two expressions for gij(y(t)).

Proposition 4.0.2. Let e = ei(y)∂yi be the unity vector field of an algebraic Frobenius
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manifold associated to W with prepotential F (t, Z). Then ei(y) ∈ C[t, Z] for each i =

1, . . . , n.

Proof. We know that e = ∂t1 . Hence

ei(y) = eα(t)
∂yi
∂tα

=
∂yi
∂t1

=
∂yFi
∂t1

+
∂yFi
∂Z

∂Z

∂t1
∈ C[t, Z]

since ∂Z
∂t1

= 0 by relation (4.0.8).

Proposition 4.0.3. Let g be the intersection form of an algebraic Frobenius manifold
associated to W with root system RW . Then

det(gij(t)) =

c
∏

α∈RW

(α, x)

(det J)2
,

where J =
(

∂yi
∂tj

)n
i,j=1

is the Jacobi matrix and c ∈ C.

Proof. It follows from [32] that

det(gλµ(y)) = c
∏

α∈RW

(α, x)

for some c ∈ C. From relation (4.0.4), we see that

det(gij(t)) = det

(
gλµ(y)

∂ti
∂yλ

∂tj
∂yµ

)
= det(gλµ(y))det

(
J−1
)2

=

c
∏

α∈RW

(α, x)

(det J)2
.

Just as in Section 3.2, we will look at the two-dimensional case first, then we will look
at the two H3 cases, then D4(a1) and F4(a2) and finally we will consider most of the H4

cases, H4(k), for k = 1, 2, 3, 4 and 7.

The only known examples of algebraic Frobenius manifolds in dimensions 3 and 4
which we do not deal with are H4(6) and H4(9). Our method does not work for these
examples, as we cannot find expressions for the basic invariants of H4 as polynomials of
the t coordinates and Z. The prepotential for H4(9) is expressed as a rational function
in the t coordinates and the variable Z, rather than as a polynomial. As a result, the
entries of the intersection form gαβ(t) for H4(9) cannot be expressed as polynomials in the
t coordinates and Z. For H4(6), although the prepotential is expressable as a polynomial
in the t coordinates and the variable Z, the entries of the intersection form gαβ(t) are
not polynomial in the t coordinates and Z. In all of the other cases that we consider,
the entries of the intersection form are polynomials of the t coordinates and the variable
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Z. This suggests that the main reason why our method does not work for the H4(6) and
H4(9) cases is because of these entries in their intersection forms which are not polynomial
in the t coordinates and the variable Z.

4.1 Two-dimensional algebraic Frobenius manifolds

Let us explain the relation between the two sets of flat coordinates for two-dimensional
algebraic Frobenius manifolds. Prepotentials for two-dimensional (semisimple) algebraic
Frobenius manifolds have the following form [13]:

F =
1

2
t21t2 + ctk+1

2 , (4.1.1)

where k ∈ Q \ {−1, 0, 1} and c ∈ C is a nonzero constant. The degrees of the Frobenius
manifold are d1 = 1 and d2 = 2

k
, and the charge is d = k−2

k
. Let x1, x2 be flat coordinates

of the intersection form. Then we have the relations

t1 = a
[
(x1 + ix2)

k + (x1 − ix2)
k
]
, t2 =

x21 + x22
2k

, (4.1.2)

where a2 = 2c(k2−1)
(2k)k+1 . One can check that these relations are correct similarly to the poly-

nomial case k ∈ N considered in [13].
Let k = m

l
where m, l ∈ Z \ {0} with m and l coprime and m > 0. We showed in

Subsection 3.2.4 how one can associate such a two-dimensional algebraic prepotential to
a quasi-Coxeter element of I2(m) when 1 ≤ l ≤ m

2
. The Coxeter group I2(m) has basic

invariants
y1 = (x1 + ix2)

m + (x1 − ix2)
m, y2 =

x21 + x22
2m

. (4.1.3)

The following proposition shows how we can express these basic invariants in terms of the
flat coordinates of the metric η.

Proposition 4.1.1. Let t1, t2 be given by the formulas (4.1.2) and y1, y2 be basic invari-
ants of I2(m) given by the formulas (4.1.3). Then we can express the basic invariants
y1, y2 in terms of t1, t2 in the following form:

y1 =

t1 +
√
t21 −

4c(m2−l2)
ml

t
m
l
2

2a

l

+

t1 −
√
t21 −

4c(m2−l2)
ml

t
m
l
2

2a

l

, y2 =
t2
l
, (4.1.4)

where a2 = 2c(k2−1)
(2k)k+1 .

Proof. Using the substitutions k = m
l
, z = x1+ ix2 and z = x1− ix2, formulas (4.1.2) and



CHAPTER 4. FLAT COORDINATES 120

(4.1.3) can be expressed as

t1 = a(z
m
l + z

m
l ), t2 = l

zz

2m
, y1 = zm + zm, y2 =

zz

2m
.

It is obvious that y2 = t2
l
. Proving the expression for y1 in terms of t1 and t2 can also be

seen fairly easily. Indeed,

a2
(
2m

l

)m
l

=
2c(k2 − 1)

(2k)k+1
(2k)k =

c(k2 − 1)

k
=
c
(

m2

l2
− 1
)

m
l

=
c(m2 − l2)

ml
,

and so

t21 −
4c(m2 − l2)

ml
t
m
l
2 = a2

(
z

2m
l + 2z

m
l z

m
l + z

2m
l

)
− 4a2

(
2m

l

)m
l
(

l

2m

)m
l

z
m
l z

m
l

= a2(z
2m
l − 2z

m
l z

m
l + z

2m
l ) = a2(z

m
l − z

m
l )2 = a2(zk − zk)2.

Therefore,

t1 +
√
t21 −

4c(m2−l2)
ml

t
m
l
2

2a

l

+

t1 −
√
t21 −

4c(m2−l2)
ml

t
m
l
2

2a

l

=

(
a(zk + zk) + a(zk − zk)

2a

)l

+

(
a(zk + zk)− a(zk − zk)

2a

)l

=
(
zk
)l
+
(
zk
)l
=
(
z

m
l

)l
+
(
z

m
l

)l
= zm + zm = y1.

Formulas (4.1.4) may be thought of as inverse relations to formulas (4.1.2), where
we replace flat coordinates x1, x2 with basic invariants given by (4.1.3). Note also that
Proposition 4.1.1 holds for any choice of m including the case when m = 1. This is a
kind of degenerate case where the Coxeter group I2(1) is isomorphic to the Coxeter group
A1, which is of lower rank. The functions y1 and y2 are still invariant under the A1

transformations x2 7→ −x2, but the x1 coordinate is "free" in this case.

4.2 Algebraic Frobenius manifolds related to H3

There are two non-polynomial algebraic Frobenius manifolds which we can be associated to
H3, both found by Dubrovin and Mazzocco [18]. Prepotentials of these three dimensional
Frobenius manifolds were given explicitly by Kato, Mano and Sekiguchi [35] (see also
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Remark 6.1 in [35]). Let RH3 be the following root system for H3:

RH3 = {±ei | 1 ≤ i ≤ 3} ∪
{
1

2

(
±eσ(1) ± φeσ(2) ± φeσ(3)

) ∣∣∣σ ∈ A3

}
,

where

φ =
1 +

√
5

2
, φ =

1−
√
5

2
,

and A3 is the alternating group on 3 elements. Let us introduce the following basic
invariants for H3 (cf. [47]):

y1 =95ϵ2ϵ3 − 32ϵ21ϵ3 − 5ϵ1ϵ
2
2 + 2ϵ31ϵ2 + 3

√
5δϵ2, (4.2.1)

y2 =
√
5δ + ϵ1ϵ2 − 11ϵ3, (4.2.2)

y3 = ϵ1, (4.2.3)

where

ϵ1 =x21 + x22 + x23, (4.2.4)

ϵ2 =x21x
2
2 + x21x

2
3 + x22x

2
3, (4.2.5)

ϵ3 =x21x
2
2x

2
3, (4.2.6)

δ =(x21 − x22)(x
2
1 − x23)(x

2
2 − x23). (4.2.7)

The basic invariants y1, y2, y3 have degrees 10, 6, 2, respectively.

Lemma 4.2.1. (cf. [47]) The intersection form gij(y) takes the form

gij(y) =


30y32 + 36y22y

3
3 + 8y1y

4
3 28y22y3 + 8y2y

4
3 20y1

28y22y3 + 8y2y
4
3 8y1 + 8y2y

2
3 12y2

20y1 12y2 4y3

 .

Consider another set of basic invariants for H3 given by

Y1 = y1 −
9

17
y2y

2
3 −

10

187
y53, (4.2.8)

Y2 = y2 −
2

21
y33, (4.2.9)

Y3 =
1

6
y3. (4.2.10)

The following statement can be checked directly.

Lemma 4.2.2. We have ∆(Y3) = 1 and ∆(Y1) = ∆(Y2) = 0.



CHAPTER 4. FLAT COORDINATES 122

4.2.1 (H3)
′ example

The prepotential for (H3)
′ is

F (t) =
1

2

(
t1t

2
2 + t21t3

)
− 1

18
t43Z − 7

72
t33Z

4 − 17

105
t23Z

7 − 2

9
t3Z

10 − 64

585
Z13,

where
P (t2, t3, Z) := Z4 + t3Z + t2 = 0. (4.2.11)

The Euler vector field is
E(t) = t1∂t1 +

4

5
t2∂t2 +

3

5
t3∂t3 ,

the unity vector field is e(t) = ∂t1 , and the charge is d = 2
5
. The intersection form (2.2.19)

is then given by

gij(t) =


1
60
(16t2Z

3 + 19t2t3 − 9t23Z)
1
5
(2t2Z

2 + t3Z
3 + t23) t1

1
5
(2t2Z

2 + t23 + t3Z
3) t1 +

Z
10
(8t2 + 3t3Z)

4
5
t2

t1
4
5
t2

3
5
t3

 . (4.2.12)

We have that deg t1(x) =
10
3
, deg t2(x) =

8
3
, deg t3(x) = 2 and degZ(x) = 2

3
.

Proposition 4.2.3. Let V1 = {p ∈ C[t1, t2, t3, Z] | deg p(x) = 10} and let V2 = {p ∈
C[t1, t2, t3, Z] | deg p(x) = 6}. The harmonic elements of V1 are proportional to

2244000t31 − 628320t1t
2
2Z

2 − 1168530t1t2t
2
3 − 583440t1t2t3Z

3 + 151470t1t
3
3Z

+768944t32t3 + 406912t32Z
3 − 311872t22t

2
3Z + 43087t2t

3
3Z

2 + 32000t53 + 37103t43Z
3,

and the harmonic elements of V2 are proportional to

1260t1t2 − 224t22Z − 154t2t3Z
2 − 80t33 − 35t23Z

3.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) =
7

20
Z2, (4.2.13)

∆(t2) = − 1

2
Z, (4.2.14)

∆(t3) =
9

10
. (4.2.15)

A general element of V1 is of the form

a1t
3
1+a2t

2
1t2Z + a3t

2
1t3Z

2 + a4t1t
2
2Z

2 + a5t1t2t
2
3 + a6t1t2t3Z

3 + a7t1t
3
3Z
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+a8t
3
2t3 + a9t

3
2Z

3 + a10t
2
2t

2
3Z + a11t2t

3
3Z

2 + a12t
5
3 + a13t

4
3Z

3, (4.2.16)

where ai ∈ C. By calculating the Laplacian of this general element (4.2.16) using Propo-
sition 4.0.1 and formulas (4.2.13)–(4.2.15) we find that the only harmonic elements of V1
are as claimed. A general element of V2 has the form

b1t1t2 + b2t1t3Z + b3t
2
2Z + b4t2t3Z

2 + b5t
3
3 + b6t

2
3Z

3, (4.2.17)

where bi ∈ C. By calculating the Laplacian of this general element (4.2.17) using Propos-
tion 4.0.1 and formulas (4.2.13)–(4.2.15) we find that the only harmonic elements of V2
are as claimed.

Theorem 4.2.4. We have the following relations

y1 =
128000

19683

(
12000t31 − 3360t1t

2
2Z

2 − 3390t1t2t
2
3 − 3120t1t2t3Z

3 + 810t1t
3
3Z

+4112t32t3 + 2176t32Z
3 − 2176t22t

2
3Z − 119t2t

3
3Z

2 + 200t53 + 119t43Z
3
)
, (4.2.18)

y2 =
3200

729

(
180t1t2 − 32t22Z − 22t2t3Z

2 − 5t33 − 5t23Z
3
)
, (4.2.19)

y3 =
20

3
t3. (4.2.20)

Proof. Note that Y3 = 1
6
y3 = 10

9
t3. We now equate Y1 and Y2 given by relations (4.2.8)–

(4.2.10) with general harmonic elements of V1 and V2, respectively, given by Proposition
4.2.3. We then rearrange these equations to find yi in terms of tj and Z. We find

y1 =
25600000

18711
t53 +

a

583440
(2244000t31 − 628320t1t

2
2Z

2 − 1168530t1t2t
2
3

− 583440t1t2t3Z
3 + 151470t1t

3
3Z + 768944t32t3 + 406912t32Z

3

− 311872t22t
2
3Z + 43087t2t

3
3Z

2 + 32000t53 + 37103t43Z
3)

− 80b

119
(1260t1t2 − 224t22Z − 154t2t3Z

2 − 80t33 − 35t23Z
3), (4.2.21)

y2 =
16000

567
t33 −

b

35
(1260t1t2 − 224t22Z − 154t2t3Z

2 − 80t33 − 35t23Z
3), (4.2.22)

y3 =
20

3
t3, (4.2.23)

where a, b ∈ C. In order to find a and b we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.2.12) into y coordinates by
applying formulas (4.2.21)–(4.2.23) and compare it with the expression given by Lemma
4.2.1. We find that a = 133120000

6561
and b = −16000

729
, which implies the statement.

Proposition 4.2.5. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, Z].



CHAPTER 4. FLAT COORDINATES 124

Proof. We have P (t, Z) = 0 by relation (4.2.11). Hence

0 =
∂P

∂tj
=
∂P F

∂tj
+
∂P F

∂Z

∂Z

∂tj
.

Therefore
∂Z

∂tj
= −

∂PF

∂tj

∂PF

∂Z

.

We thus have that
∂yi
∂tj

=
∂yFi
∂tj

− ∂yFi
∂Z

∂PF

∂tj

∂PF

∂Z

. (4.2.24)

The first term is polynomial in t1, t2, t3 and Z. The polynomial P F is irreducible over
C[t1, t2, t3] and thus ∂PF

∂Z
is invertible in the field C(t1, t2, t3)[Z]/(P F ), where C(t1, t2, t3) is

the field of rational functions in t1, t2 and t3. Hence the second term in equality (4.2.24)
can be represented as an element of the ring C(t1, t2, t3)[Z], when we reduce it modulo P F

as a polynomial in Z. It can be checked that it is a polynomial in t1, t2 and t3.

Proposition 4.2.6. We have that

det(gij(t)) =

c
∏

α∈RH3

(α, x)

Q(t, Z)2
,

where c = −326 ·5 and

Q(t, Z) = 23 ·57
(
24000t31 − 10208t32t3 + 540t1t2t

2
3 + (2484t22t

2
3 + 540t1t

3
3 − 9600t21t2)Z

+ (3360t1t
2
2 − 3600t21t3 − 189t2t

3
3)Z

2 + (720t1t2t3 − 4544t32 − 81t43)Z
3
)
.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.2.4,

which leads to Proposition 4.2.6.
In the next statement we express flat coordinates ti via basic invariants yj and Z, which

is an inversion of the formulas from Theorem 4.2.4.

Theorem 4.2.7. We have the following relations:

t1 = − 1

28800Z(20Z3 + 3y3)

(
102400Z9 + 20160y3Z

6 + 1080y23Z
3 + 729y2 + 54y33

)
, (4.2.25)

t2 = − Z

20

(
20Z3 + 3y3

)
, (4.2.26)

t3 =
3

20
y3, (4.2.27)

where Z satisfies the equation

229511Z27 + 22733510y3Z
24 + 2223458151 y23Z

21 + 2183457
(
227219 y33 − 33y2

)
Z18
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+ 2133655
(
60089 y43 − 223311 y2y3

)
Z15 + 2103753

(
522·11·19·41 y53 − 33263 y2y

2
3 + 2237y1

)
Z12

+ 293752
(
2336y22 + 392 y1y3 + 3319·41 y2y33 + 522·4987 y63

)
Z9 + 26395

(
367 y22y3 + 2238y1y

2
3

+253323 y2y
4
3 + 225353 y73

)
Z6 + 23310

(
365 y22y

2
3 + 2337y1y

3
3 + 2233131 y2y

5
3 − 22527 y83

)
Z3

+ 39
(
39y32 + 372 y22y

3
3 + 2234y2y

6
3 + 23y93

)
= 0, (4.2.28)

and yi are given by relations (4.2.1)–(4.2.7).

Proof. Formula (4.2.27) follows immediately from Theorem 4.2.4, and formula (4.2.26)
follows from relation (4.2.11). Substituting the relations (4.2.26) and (4.2.27) into formula
(4.2.19) we get the expression (4.2.25). Finally, substituting relations (4.2.25)–(4.2.27)
into formula (4.2.18) we get the formula (4.2.28).

Proposition 4.2.8. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) =
64000

81
t2∂y2 +

1280000

6561

(
1200t21 − 112t22Z

2 − 113t2t
2
3 − 104t2t3Z

3 + 27t33
)
∂y1 .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.2.4.

4.2.2 (H3)
′′ example

The prepotential for (H3)
′′ is

F (t) =
1

2

(
t22t1 + t3t

2
1

)
+

4063

1701
t73 +

19

135
t53Z

2 − 73

27
t33Z

4 +
11

9
t3Z

6 − 16

35
Z7,

where
P (t2, t3, Z) := Z2 + t2 − t23 = 0. (4.2.29)

The Euler vector field is
E(t) = t1∂t1 +

2

3
t2∂t2 +

1

3
t3∂t3 ,

the unity vector field is e(t) = ∂t1 , and the charge is d = 2
3
. The intersection form (2.2.19)

is then given by

gij(t) =


4

243
(585t22t3 + 3240t2t33 + 4456t53 − 324Z(t22 − 7t2t23 + 6t43)) − 4

27
(33t22 + 4t2t3(18Z − 13t3)− 72t33(Z + t3)) t1

− 4
27

(33t22 + 4t2t3(18Z − 13t3)− 72t33(Z + t3) t1 − 22
3
t2t3 + 52

27
t33 + 4Z(t2 − t23)

2
3
t2

t1
2
3
t2

1
3
t3

 .

(4.2.30)

We have that deg t1(x) = 6, deg t2(x) = 4, deg t3(x) = 2 and degZ(x) = 2.
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Proposition 4.2.9. Let V1 = {p ∈ C[t1, t2, t3, Z] | deg p(x) = 10} and let V2 = {p ∈
C[t1, t2, t3, Z] | deg p(x) = 6}. The harmonic elements of V1 are proportional to

25245t1t2 + 22275t1t
2
3 − 16830t22t3 − 20196t22Z + 21890t2t

3
3 + 40392t2t

2
3Z − 104196t53 − 20196t43Z,

and the harmonic elements of V2 are proportional to

189t1 + 630t2t3 + 400t33.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) = − 5

27
(33t2 − 26t23 + 54t3Z), (4.2.31)

∆(t2) =
1

3
(9Z − 11t3), (4.2.32)

∆(t3) =
1

2
. (4.2.33)

A general element of V1 is of the form

a1t1t2 + a2t1t
2
3 + a3t1t3Z + a4t

2
2t3 + a5t

2
2Z + a6t2t

3
3 + a7t2t

2
3Z + a8t

5
3 + a9t

4
3Z, (4.2.34)

where ai ∈ C. By calculating the Laplacian of this general element (4.2.34) using Propo-
sition 4.0.1 and formulas (4.2.31)–(4.2.33) we find that the only harmonic elements of V1
are as claimed. A general element of V2 has the form

b1t1 + b2t2t3 + b3t2Z + b4t
3
3 + b5t

2
2Z, (4.2.35)

where bi ∈ C. By calculating the Laplacian of this general element (4.2.35) using Propos-
tion 4.0.1 and formulas (4.2.31)–(4.2.33) we find that the only harmonic elements of V2
are as claimed.

Theorem 4.2.10. We have the following relations

y1 =
288

25

(
135t1t2 + 405t1t

2
3 − 90t22t3 − 108t22Z + 1070t2t

3
3

+216t2t
2
3Z + 2292t53 − 108t43Z

)
, (4.2.36)

y2 =
8

5

(
27t1 + 90t2t3 + 160t33

)
, (4.2.37)

y3 =12t3. (4.2.38)

Proof. Note that Y3 = 1
6
y3 = 2t3. We now equate Y1 and Y2 given by relations (4.2.8)–

(4.2.10) with general harmonic elements of V1 and V2, respectively, given by Proposition
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4.2.9. We then rearrange these equations to find yi in terms of tj and Z. We find

y1 =
1990656

77
t53 +

a

40392
(25245t1t2 + 22275t1t

2
3 − 16830t22t3 − 20196t22Z

+ 21890t2t
3
3 + 40392t2t

2
3Z − 104196t53 − 20196t43Z)

+
81b

425
t23(189t1 + 630t2t3 + 400t33), (4.2.39)

y2 =
1152

7
t33 +

b

400
(189t1 + 630t2t3 + 400t33), (4.2.40)

y3 =12t3, (4.2.41)

where a, b ∈ C. In order to find a and b we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.2.30) into y coordinates by
applying formulas (4.2.39)–(4.2.41) and compare it with the expression given by Lemma
4.2.1. We find that a = 62208

25
and b = 640

7
, which implies the statement.

Proposition 4.2.11. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, Z].

Proof is similar to the one for Proposition 4.2.5.

Proposition 4.2.12. We have that

det(gij(t)) =

c
∏

α∈RH3

(α, x)

Q(t, Z)2
,

where c = −214 ·55 and

Q(t, Z) = 36
(
56t33 + 126t2t3 − 27t1 + 54(t2 − t23)Z

)
.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated Theorem 4.2.10,

which leads to Proposition 4.2.12.
In the next statement we express flat coordinates ti via basic invariants yj and Z, which

is an inversion of the formulas from Theorem 4.2.10.

Theorem 4.2.13. We have the following relations:

t1 =
5

23328

(
108y2 − 25y33 + 1296y3Z

2
)
, (4.2.42)

t2 =
1

144
y23 − Z2, (4.2.43)

t3 =
1

12
y3, (4.2.44)

where Z satisfies the equation

31104Z5 + 12960Z4y3 + (900y2 − 360y33)Z
2 + (25y1 − 25y2y

2
3 + 2y53) = 0, (4.2.45)
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and yi are given by relations (4.2.1)–(4.2.7).

Proof. Formula (4.2.44) follows immediately from Theorem 4.2.10, and formula (4.2.43)
follows from relation (4.2.29). Substituting the relations (4.2.43) and (4.2.44) into formula
(4.2.37) we get the expression (4.2.42). Finally, substituting relations (4.2.42)–(4.2.44)
into formula (4.2.36) we get the formula (4.2.45).

Proposition 4.2.14. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) =
216

5
∂y2 +

7776

5

(
t2 + 3t23

)
∂y1 .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.2.10.

4.3 Algebraic Frobenius manifold related to D4

The D4(a1) Frobenius manifold has been described by Pavlyk [43] and Dinar [7], with a
prepotential given explicitly by Pavlyk. It is a four dimensional Frobenius manifold which
can be associated to the Coxeter group D4, it is denoted with the conjugacy class a1 in
the Coxeter group D4 [3]. The prepotential for D4(a1) is

F (t) =
19 t54
26345

+
7 t34t

2
3

2533
− t34t2

2·33
+
t4t

4
3

263
+
t4t

2
3t2
6

+
t4t

2
2

6
+
t4t

2
1

2
+ t2t3t1 −

Z5

23345
,

where
P (t2, t3, t4, Z) := Z2 − (t24 + 3t23 + 24t2) = 0. (4.3.1)

The Euler vector field is

E(t) = t1∂t1 + t2∂t2 +
1

2
t3∂t3 +

1

2
t4∂t4 ,

the unity vector field is e(t) = ∂t1 , and the charge is d = 1
2
. We note that slightly different

prepotentials and coordinates are used in Pavlyk [43] and Dinar [7]. The intersection form
(2.2.19) is then given by

g11(t) =
1

864

(
t4(19t

2
4 + 63t23 − 144t2)− 2Z(4t24 + 3t23 + 24t2)

)
, (4.3.2)

g12(t) =
1

96
t3
(
t4(7t4 − 2Z) + 3t23 + 48t2

)
, (4.3.3)

g22(t) =
1

288

(
t4(7t

2
4 + 27t23 + 144t2)− 2Z(t24 + 12t23 + 24t2)

)
, (4.3.4)

g13(t) =
1

18

(
6t2 + 3t23 − t4(t4 + Z)

)
, (4.3.5)
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g23(t) = t1 +
1

6
t3(2t4 − Z), g33(t) =

1

6
(t4 − 2Z), (4.3.6)

g14(t) = t1, g
24(t) = t2, g

34(t) =
1

2
t3, g

44(t) =
1

2
t4. (4.3.7)

Let RD4 be the following root system for D4:

RD4 = {±ei ± ej | 1 ≤ i < j ≤ 4} .

Let us introduce the following basic invariants for D4 (cf. [47]):

y1 =x61 + x62 + x63 + x64, (4.3.8)

y2 =x1x2x3x4, (4.3.9)

y3 =x41 + x42 + x43 + x44, (4.3.10)

y4 =x21 + x22 + x23 + x24. (4.3.11)

The basic invariants y1, y2, y3, y4 have degrees 6, 4, 4, 2, respectively.

Lemma 4.3.1. (cf. [47]) The intersection form gij(y) takes the form

gij(y) =



30y1y3 − 180y22y4 + 30y1y24 − 30y3y34 + 6y54 6y2y3 32y1y4 − 96y22 + 12y23 − 24y3y24 + 4y44 12y1

6y2y3
1
6

(
2y1 − 3y3y4 + y34

)
4y2y4 8y2

32y1y4 − 96y22 + 12y23 − 24y3y24 + 4y44 4y2y4 16y1 8y3

12y1 8y2 8y3 4y4


.

Consider another set of basic invariants for D4 given by

Y1 = y1 −
5

4
y3y4 +

5

16
y34, (4.3.12)

Y2 = y2, (4.3.13)

Y3 = y3 −
1

2
y24, (4.3.14)

Y4 =
1

8
y4. (4.3.15)

The following statement can be checked directly.

Lemma 4.3.2. We have ∆(Y4) = 1 and ∆(Y1) = ∆(Y2) = ∆(Y3) = 0.

We have that deg t1(x) = 4, deg t2(x) = 4, deg t3(x) = 2, deg t4(x) = 2 and degZ(x) = 2.

Proposition 4.3.3. Let V1 = {p ∈ C[t1, t2, t3, Z] | deg p(x) = 6} and let V2 = {p ∈
C[t1, t2, t3, Z] | deg p(x) = 4}. The harmonic elements of V1 are proportional to

216t1t3 + 72t2t4 + 24t2Z − 9t23t4 + 3t23Z + t34 + t24Z,
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and the harmonic elements of V2 are of the form

a(4t1 − t3t4) + b(t24 + 3t23 − 8t2),

where a, b ∈ C are constants.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) =
t3
Z
(2Z − t4), (4.3.16)

∆(t2) =
1

4

(
2t4 − Z − 3t23

Z

)
, (4.3.17)

∆(t3) = − t3
Z
, (4.3.18)

∆(t4) = 1. (4.3.19)

A general element of V1 is of the form

a1t4t2+a2t4t1 + a3t4Z + a4t3t2 + a5t3t1 + a6t3Z + a7t
3
2

+a8t
2
2t1 + a9t

2
2Z + a10t2t

2
1 + a11t2t1Z + a12t

3
1 + a13t

2
1Z, (4.3.20)

where ai ∈ C. By calculating the Laplacian of this general element (4.3.20) using Propo-
sition 4.0.1 and formulas (4.3.16)–(4.3.19) we find that the only harmonic elements of V1
are as claimed. A general element of V2 has the form

b1t4 + b2t3 + b3t
2
2 + b4t2t1 + b5t2Z + b6t

2
1 + b7t1Z, (4.3.21)

where bi ∈ C. By calculating the Laplacian of this general element (4.3.21) using Propos-
tion 4.0.1 and formulas (4.3.16)–(4.3.19) we find that the only harmonic elements of V2
are as claimed.

Theorem 4.3.4. Define

y1 = − 16

9

(
216t1t3 − 288t2t4 + 24t2Z + 126t23t4 + 3t23Z − 44t34 + t24Z

)
, (4.3.22)

y2 =4 (4t1 − t3t4) , (4.3.23)

y3 =8
(
3t24 − 3t23 + 8t2

)
, (4.3.24)

y4 =8t4. (4.3.25)

Under the corresponding tensorial transformation the intersection form given by formulas
(4.3.2)–(4.3.7) takes the form given in Lemma 4.3.1.

Proof. Note that Y4 = 1
8
y4 = t4. We now equate Y1 with a general harmonic element of

V1, and we equate Y2 and Y3 with general harmonic elements of V2, where Y1, Y2 and Y3
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are given by formulas (4.3.12)–(4.3.14) and the harmonic elements of V1 and V2 are given
by Proposition 4.3.3. We then rearrange these equations to find yi in terms of tj and Z.

We find

y1 =160t34 +
a1
24

(216t1t3 + 72t2t4 + 24t2Z − 9t23t4 + 3t23Z + t34 + t24Z)

+ 10t4

(a3
4
(4t1 − t3t4) + b3(t

2
4 + 3t23 − 8t2)

)
, (4.3.26)

y2 =
a2
4
(4t1 − t3t4) + b2(t

2
4 + 3t23 − 8t22), (4.3.27)

y3 =32t24 +
a3
4
(4t1 − t3t4) + b3(t

2
4 + 3t23 − 8t2), (4.3.28)

y4 =8t4, (4.3.29)

where ai, bj ∈ C. In order to find ai and bj we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.3.2)–(4.3.7) into y coordinates
by applying formulas (4.3.26)–(4.3.29) and compare it with the expression given by Lemma
4.3.1. A particular solution is given by

a1 = −128

3
, a2 = 16, a3 = 0, b2 = 0, b3 = −8,

which implies the statement.

Remark 4.3.5. There are in fact five other ways to choose yi in Theorem 4.3.4 as poly-
nomials of tj and Z. This non-uniqueness is due to the S3 symmetry of the Coxeter graph
of D4.

Proposition 4.3.6. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5.

Proposition 4.3.7. We have that

det(gij(t)) =

c
∏

α∈RD4

(α, x)

Q(t, Z)2
,

where c = 9 and
Q(t, Z) = 214 (12t1 + 5t3t4 + 2t3Z) .

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.3.4,

which leads to Proposition 4.3.7.
In the next statement we express flat coordinates ti via basic invariants yj and Z, which

is an inversion of formulas from Theorem 4.3.4.
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Theorem 4.3.8. We have the following relations:

t1 = − 1

13824y2

(
32y4Z

3 + 24y24Z
2 + 18y1y4 − 864y22 − 27y3y

2
4 + 7y44

)
, (4.3.30)

t2 =
1

512

(
16Z2 + 2y3 − y24

)
, (4.3.31)

t3 = − 1

432y2

(
32Z3 + 24y4Z

2 + 18y1 − 27y3y4 + 7y34
)
, (4.3.32)

t4 =
1

8
y4, (4.3.33)

where Z satisfies the equation

210Z6 + 293 y4Z
5 + 2632y24Z

4 + 26
(
7 y34 − 33y3y4 + 322 y1

)
Z3 + 243

(
7 y44

− 33y3y
2
4 + 322 y1y4 − 2234y22

)
Z2 + 72y64 − 332·7 y3y44 + 22327 y1y

3
4

+ 36y23y
2
4 − 2335y22y

2
4 − 2235y1y3y4 + 2336y22y3 + 2234y21 = 0, (4.3.34)

and yi are given by relations (4.3.8)–(4.3.11).

Proof. Formula (4.3.33) follows immediately from Theorem 4.3.4. Using relations (4.3.1)
and (4.3.23) we see that

t1 =
1

32
(2y2 + t3y4) , (4.3.35)

t2 =
1

24

(
Z2 − 3t23 −

1

64
y24

)
. (4.3.36)

Substituting the relations (4.3.33) and (4.3.36) into formula (4.3.24) and rearranging, we
get

t23 =
1

75

(
Z2 +

71

64
y24 − 3y3

)
. (4.3.37)

We can then substitute relations (4.3.33), (4.3.35) and (4.3.36) into formula (4.3.22) and
reduce modulo t23 using relation (4.3.37) to find a linear equation in t3 which we can rear-
range to find relation (4.3.32). Substituting relations (4.3.32) and (4.3.33) into formulas
(4.3.35) and (4.3.36) gives us relation (4.3.30) and the following:

t2 = − 1

1492992y22
(1024Z6 + 1152y1Z

3 + 324y21 − 62208y22Z
2 + 1536y4Z

5 + 864y1y4Z
2

− 1728y3y4Z
3 − 972y1y3y4 + 576y24Z

4 + 972y22y
2
4 − 1296y3y

2
4Z

2

+ 729y23y
2
4 + 448y34Z

3 + 252y1y
3
4 + 336y44Z

2 − 378y3y
4
4 + 49y64). (4.3.38)

We then substitute relations (4.3.30), (4.3.32), (4.3.33) and (4.3.38) into formula (4.3.22)
and we get the formula (4.3.34). Finally, reducing relation (4.3.38) modulo the polynomial
(4.3.34) in Z gives us relation (4.3.31).
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Proposition 4.3.9. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) = 16 (∂y2 − 24t3∂y1) .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.3.4.

4.4 Algebraic Frobenius manifold related to F4

The F4(a2) Frobenius manifold was described by Dinar with a prepotential given explicitly
[7] (there seem to be some typos for the prepotential in [7], we include a corrected version
below which was communicated to us by Dinar). It is a four dimensional Frobenius
manifold which can be associated to the Coxeter group F4, and is denoted by the conjugacy
class a2 in the Coxeter group F4 [3]. The prepotential for F4(a2) is

F (t) =
253767·521749

597
t74 +

2431013·693097
597

t64t3 +
22381322327·97

59
t54t

2
3 +

3713318224639

26587
t44t

3
3

+
381347243667

211587
t34t

4
3 +

381358754721

214597
t24t

5
3 +

3713619·435503
218597

t4t
6
3 +

3813741·7129
222597

t73

+
243471·4259

557·13
t44t2 −

233423·47
557

t34t3t2 −
3513·103·293

23557
t24t

2
3t2 −

3413279·467
26557

t4t
3
3t2

− 34133157·383
212557

t43t2 +
24

132
t4t

2
2 −

7

13
t3t

2
2 +

(
314139

552·7
t54 +

31313·19
542·7

t44t3 +
315133

21154
t24t

3
3

+
312133101

29547
t34t

2
3 +

31313431

216547
t4t

4
3 +

31213541

220557
t53 −

311

225·7·13
t24t2 −

310

255·7
t4t3t2

− 3913

2105·7
t23t2

)
Z2 +

(
223989·11701

577
t64 +

31113·68473
577

t54t3 +
3101331949

23567
t44t

2
3

+
39133131357

28567
t34t

3
3 +

3121342729

212567
t24t

4
3 +

31013515937

215577
t4t

5
3 +

3913629·43
22057

t63 +
3352

1327
t22

−2236139

527·13
t34t2 −

3823

522·7
t24t3t2 −

3713·73
25527

t4t
2
3t2 −

3613241

29527
t33t2

)
Z + t3t2t1 +

t4t
2
1

2
,

where

P (t2, t3, t4, Z) :=Z3 − 233413

54

(
233

13
t24 + t4t3 +

13

253
t23

)
Z +

223·13
56

(
2654

33132
t2

− 27139

13
t34 − 243223 t24t3 − 3·13·73 t4t23 −

13241

24
t33

)
= 0. (4.4.1)

The Euler vector field is

E(t) = t1∂t1 + t2∂t2 +
1

3
t3∂t3 +

1

3
t4∂t4 ,
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the unity vector field is e(t) = ∂t1 , and the charge is d = 2
3
. The intersection form (2.2.19)

is then given by

g11(t) = − 34

2135813

(
259200000000Z2t2 + 861120000000Zt2t3 + 1833744640000t2t

2
3

− 94787461372500Z2t33 − 229118338413900Zt43 − 184708373655429t53

+ 1067520000000Zt2t4 + 6818938880000t2t3t4 − 593226777780000Z2t23t4

− 1466753056797600Zt33t4 − 1556308486273320t43t4 − 1870069760000t2t
2
4

− 996804506880000Z2t3t
2
4 − 4153975366694400Zt23t

2
4 − 6641896760778240t33t

2
4

− 546311900160000Z2t34 − 6910723746201600Zt3t
3
4 − 16691391832227840t23t

3
4

− 5389922879078400Zt44 − 17222218351902720t3t
4
4 − 6432998677807104t54

)
, (4.4.2)

g12(t) = − 34

21758
(
86400000000t2Z

2 + 911040000000t2t3Z + 1440474880000t2t
2
3

− 44608926082500t33Z
2 − 143790305946300t43Z − 157672431777393t53

+ 1059840000000t2t4Z + 4513832960000t2t3t4 − 330765116760000t23t4Z
2

− 1081698384499200t33t4Z − 1043122465279440t43t4 + 4196270080000t2t
2
4

− 700228488960000t3t
2
4Z

2 − 2682937817164800t23t
2
4Z − 3140123415886080t33t

2
4

− 382258206720000t34Z
2 − 3411310364467200t3t

3
4Z − 5919243052769280t23t

3
4

−2126376537292800t44Z − 7197815592714240t3t
4
4 − 3176813316538368t54

)
, (4.4.3)

g22(t) = − 3413

22158
(
28800000000t2Z

2 + 511680000000t2t3Z + 1958344960000t2t
2
3

− 19207343902500t33Z
2 − 78756703307100t43Z − 114276677239881t53

+ 1121280000000t2t4Z + 3545784320000t2t3t4 − 158303428920000t23t4Z
2

− 707890736966400t33t4Z − 936110404686480t43t4 + 2777743360000t2t
2
4

− 383440936320000t3t
2
4Z

2 − 2025454752921600t23t
2
4Z − 2337422808015360t33t

2
4

− 244681482240000t34Z
2 − 2221827115622400t3t

3
4Z − 3112967576309760t23t

3
4

−1046938278297600t44Z − 2618007725998080t3t
4
4 − 1417602668691456t54

)
, (4.4.4)

g13(t) =
1

2654132
(
1280000t2 − 924007500t3Z

2 − 3897258300t23Z − 2181574863t33

− 3411720000t4Z
2 − 9067593600t3t4Z − 4518684144t23t4 − 5620492800t24Z

+9861336576t3t
2
4 + 50200031232t34

)
, (4.4.5)

g23(t) =
1

2105413

(
8320000t1 − 8960000t2 − 308002500t3Z

2 − 2188871100t23Z

− 3888894321t33 − 1137240000t4Z
2 − 9593251200t3t4Z − 8055045648t23t4

−5580057600t24Z − 5561457408t3t
2
4 + 4045676544t34

)
, (4.4.6)

g33(t) =
2

1323
(150Z − 91t3 + 16t4) , (4.4.7)

g14(t) = t1, g24(t) = t2, g34(t) =
1

3
t3, g44(t) =

1

3
t4. (4.4.8)
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Let RF4 be the following root system for F4:

RF4 = {±ei | 1 ≤ i ≤ 4} ∪ {±ei ± ej | 1 ≤ i < j ≤ 4} ∪
{
1

2
(±e1 ± e2 ± e3 ± e4)

}
.

Let us introduce the following basic invariants for F4 (cf. [47]):

y1 =288ϵ2ϵ4 − 108ϵ21ϵ4 − 8ϵ32 + 3ϵ21ϵ
2
2,

y2 =12ϵ4 − 3ϵ1ϵ3 + ϵ22,

y3 =6ϵ3 − ϵ1ϵ2,

y4 = ϵ1,

where

ϵ1 =x21 + x22 + x23 + x24,

ϵ2 =x21x
2
2 + x21x

2
3 + x21x

2
4 + x22x

2
3 + x22x

2
4 + x23x

2
4,

ϵ3 =x21x
2
2x

2
3 + x21x

2
2x

2
4 + x21x

2
3x

2
4 + x22x

2
3x

2
4,

ϵ4 =x21x
2
2x

2
3x

2
4.

The basic invariants y1, y2, y3, y4 have degrees 12, 8, 6, 2, respectively.

Lemma 4.4.1. (cf. [47]) The entries of the intersection form gij(y) are

g11(y) = 1152y22y3 − 144y1y2y4 + 1152y2y
2
3y4 − 144y1y3y

2
4 + 288y33y

2
4,

g12(y) = − 96y22y4 − 48y2y3y
2
4, g22(y) = −8y2y3 − y1y4 + 3y23y4,

g13(y) = 192y22 + 120y2y3y4 − 12y1y
2
4 + 12y23y

2
4,

g23(y) = 2y1 − 6y23 − 8y2y
2
4, g33(y) = 20y2y4 − 4y3y

2
4,

g14(y) = 24y1, g24(y) = 16y2, g34(y) = 12y3, g44(y) = 4y4.

Consider another set of basic invariants for F4 given by

Y1 = y1 +
1

3080
y4
(
2520y2y4 + 1708y3y

2
4 + 61y54

)
, (4.4.9)

Y2 = y2 +
1

160
y4
(
40y3 + 3y34

)
, (4.4.10)

Y3 = y3 −
1

8
y34, (4.4.11)

Y4 =
1

8
y4, (4.4.12)

The following statement can be checked directly.

Lemma 4.4.2. We have ∆(Y4) = 1 and ∆(Y1) = ∆(Y2) = ∆(Y3) = 0.
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We have that deg t1(x) = 6, deg t2(x) = 6, deg t3(x) = 2, deg t4(x) = 2 and degZ(x) = 2.

Theorem 4.4.3. Define

y1 =
1

2153956132
(
21758132t21 − 2225813 t1t2 + 2225817 t22 + 2143658132t2t3Z

2

− 212365613341 t2t
2
3Z + 21333541357·29 t1t33 − 2123355134491 t2t

3
3 − 22395413641 t43Z

2

+ 223952112138t53Z + 361381202837 t63 + 218375813 t1t
3
3 − 217365613223 t2t3t4Z

+ 217345413459 t1t
2
3t4 + 216345513367 t2t

2
3t4 − 283105413541 t33t4Z

2 + 263953136432t43t4Z

+ 2537138111347 t53t4 + 220365613·31 t2t24Z − 2193454133367 t1t3t
2
4 + 220345513411 t2t3t

2
4

− 21131054134269 t23t
2
4Z

2 + 2113953135757 t33t
2
4Z + 281125·23633·6892993 t43t24

+ 222335413243·61 t1t34 − 225335511·13·701 t2t34 − 21539541331039 t3t
3
4Z

2

− 21339531349431 t23t
3
4Z + 213361355·1939033 t33t34 − 21831054132557 t44Z

2

− 2223953133587 t3t
4
4Z − 216371345·23·206351 t23t44 − 221395213317·257 t54Z

−2223713319·71·2383 t3t54 + 253·43·103·149·2791·1285517 t64
)
, (4.4.13)

y2 =
1

212355413

(
21354132t1t3 − 213547·13 t2t3 + 223554133t23Z

2 − 293413347·593 t23t24

+ 22345213441 t33Z + 3313511·1171 t43 + 2175413 t1t4 − 21756t2t4 + 273654132t3t4Z
2

+ 26355213373 t23t4Z + 263313417·79 t33t4 + 210375413 t24Z
2 + 210365213223 t3t

2
4Z

−212563 t2Z + 213345213·139 t34Z − 2153313223·1303 t3t34 − 2163313·62539 t44
)
, (4.4.14)

y3 =
1

24345·13
(
−255·13 t1 + 293·5 t2 + 33134t33 + 2435133t23t4 + 263413211 t3t

2
4

−293313·79 t34
)
, (4.4.15)

y4 =12t4. (4.4.16)

Under the corresponding tensorial transformation the intersection form given by formulas
(4.4.2)–(4.4.8) takes the form given in Lemma 4.4.1.

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems 4.2.4,
4.2.10 and 4.3.4. No proof was presented in [26], where these results were first published.

Remark 4.4.4. There is in fact one other way to choose yi in Theorem 4.4.3 as polynomials
of tj and Z. This non-uniqueness is due to the Z2 symmetry of the Coxeter graph of F4.

Proposition 4.4.5. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5.

Proposition 4.4.6. We have that

det(gij(t)) =

c
∏

α∈RF4

(α, x)

Q(t, Z)2
,
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where c = 23634258134 and

Q(t, Z) = − 21656132t21 + 217567·13 t1t2 + 22156t22 − 283656133Z2t1t3 + 2123756132Z2t2t3

− 28355413441Zt1t
2
3 − 2143554134Zt2t

2
3 + 26335213517·797 t1t33 − 2103352135919 t2t

3
3

− 22395413647Z2t43 + 22385213717·41Zt53 − 361385·89·97 t63 − 2123756132Z2t1t4

+ 214365611·13Z2t2t4 − 213355413373Zt1t3t4 + 2133554132229Zt2t3t4

+ 2103452135919 t1t
2
3t4 − 212345213372889 t2t

2
3t4 − 23395413519·149Z2t33t4

+ 23385213641217Zt43t4 + 371372·17·23·37·59 t53t4 − 216365413223Zt1t
2
4

+ 217365413·227Zt2t
2
4 + 214345213319·1039 t1t3t24 − 217345213264871 t2t3t

2
4

− 273105613483Z2t23t
2
4 + 2939521357·11·41Zt33t

2
4 + 25371365·41·37649 t43t24

+ 220335213317·47 t1t34 − 220335213·188701 t2t34 − 21139541333571Z2t3t
3
4

+ 213385213411·97Zt23t
3
4 + 217361355·52057 t33t34 − 217395413211Z2t44

− 214385213311·37·139Zt3t
4
4 + 213371345·17·499·659 t23t44 − 21831153132197Zt54

+ 217371335·11·247439 t3t54 + 222367213219·41·61 t64.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.4.3,

which leads to Proposition 4.4.6.
The relations for ti, Z in terms of the y coordinates can be found in Appendix A.1,

along with the expression for e in terms of the y coordinates. We do not present these
here as they are too long and for this reason we chose not to include these in our paper
[26].

4.5 Algebraic Frobenius manifolds related to H4

There are 6 known non-polynomial algebraic Frobenius manifolds which can be associated
to H4, they are each four-dimensional and their prepotentials have been listed by Sekiguchi
[48]. Let RH4 be the following root system for H4:

RH4 = {±ei | 1 ≤ i ≤ 4} ∪
{
1

2
(±e1 ± e2 ± e3 ± e4)

}
∪
{
1

2

(
±eσ(2) ± φeσ(3) ± φeσ(4)

) ∣∣∣σ ∈ A4

}
,

where

φ =
1 +

√
5

2
, φ =

1−
√
5

2
,

and A4 is the alternating group on 4 elements. Let us introduce the following basic
invariants for H4 (cf. [47]):

y1 =
32

3
x241 h32 − 40x221

(
2h42 + 3h2h6

)
+ x201

(
360h10 +

1344

5
h52 + 672h22h6

)
+ x181

(
1080h26 − 1608h32h6 −

1328

3
h62 − 2880h10h2

)
+ x161

(
10024h10h

2
2 + 272h72
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+1248h42h6 − 5628h2h
2
6

)
+ x141

(
18588h22h

2
6 + 272h82 − 7620h10h6 − 16856h10h

3
2

)
+ x121

(
14216h10h

4
2 + 23508h10h6h2 −

1328

3
h92 − 1248h6h

6
2 − 27396h26h

3
2 − 5796h36

)
+ x101

(
3240h210 − 7160h10h

5
2 − 25332h10h6h

2
2 +

1344

5
h102 + 1608h72h6 + 19968h42h

2
6

+7350h2h
3
6

)
+ x81

(
2144h10h

6
2 − 3232h210h2 + 10908h10h

3
2h6 − 906h10h

2
6 − 80h112

−672h82h6 − 6924h52h
2
6 − 1956h22h

3
6

)
+ x61

(
1168h210h

2
2 − 344h10h

7
2 − 2172h10h

4
2h6

−1908h10h2h
2
6 +

32

3
h122 + 120h92h6 + 1332h62h

2
6 + 288h32h

3
6 + 2394h46

)
+ x41

(
348h210h6 − 152h210h

3
2 + 16h10h

8
2 + 60h10h6h

5
2 + 408h10h

2
6h

2
2 − 84h72h

2
6

+84h42h
3
6 − 909h2h

4
6

)
+ x21

(
8h210h

4
2 − 42h10h

2
6h

3
2 − 87h10h

3
6 − 6h52h

3
6 + 135h22h

4
6

)
+

4

3
h310 − 3h10h2h

3
6 +

9

5
h56, (4.5.1)

y2 =4x161 h22 − 10x141
(
2h32 + 3h6

)
+ x121

(
44h42 + 138h2h6

)
+ x101

(
180h10 − 44h52 − 402h22h6

)
+ x81

(
44h62 − 464h10h2 + 402h32h6 + 294h26

)
+ x61

(
296h10h

2
2 − 20h72 − 138h42h6 − 306h2h

2
6

)
+ x41

(
4h82 − 76h10h

3
2 − 114h10h6 + 30h52h6 + 168h22h

2
6

)
+ x21

(
4h10h

4
2 − 21h32h

2
6 +

57

2
h36

)
+ h210 −

3

2
h2h

3
6, (4.5.2)

y3 = − 2x101 h2 + 6x81h
2
2 + x61

(
33h6 − 14h32

)
− x41

(
33h2h6 − 6h42

)
+ x21

(
11h10 − 2h52

)
− h10h2 +

3

2
h26, (4.5.3)

y4 =x21 + h2, (4.5.4)

where

h2 = ϵ1, (4.5.5)

h6 =
√
5δ + ϵ1ϵ2 − 11ϵ3, (4.5.6)

h10 =95ϵ2ϵ3 − 32ϵ21ϵ3 − 5ϵ1ϵ
2
2 + 2ϵ31ϵ2 + 3

√
5δϵ2, (4.5.7)

and

ϵ1 =x22 + x23 + x24, (4.5.8)

ϵ2 =x22x
2
3 + x22x

2
4 + x23x

2
4, (4.5.9)

ϵ3 =x22x
2
3x

2
4, (4.5.10)

δ =(x22 − x23)(x
2
2 − x24)(x

2
3 − x24). (4.5.11)

The basic invariants y1, y2, y3, y4 have degrees 30, 20, 12, 2, respectively.
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Lemma 4.5.1. (cf. [47]) The entries of the intersection form gij(y) are

g11(y) =
928

3
y2y

3
3y4 + 240y1y

2
3y

2
4 + 96y22y3y

3
4 + 160y1y2y

4
4,

g12(y) = − 32y43 − 112y2y
2
3y

2
4 − 120y1y3y

3
4 + 48y22y

4
4,

g22(y) =
152

3
y33y4 − 56y2y3y

3
4 + 20y1y

4
4,

g13(y) = − 80y22 −
16

3
y33y

2
4 − 16y2y3y

4
4 − 40y1y

5
4,

g23(y) = − 30y1 + 8y23y
3
4 − 24y2y

5
4, g33(y) = 44y2y4 − 8y3y

5
4,

g14(y) = 60y1, g24(y) = 40y2, g34(y) = 24y3, g44(y) = 5y4.

Consider another set of basic invariants for H4 given by

Y1 = y1 −
y34

30030

(
4y124 + 320y3y

6
4 + 7051y2y

2
4 − 715y23

)
, (4.5.12)

Y2 = y2 +
y44
748

(
3y64 + 110y3

)
, (4.5.13)

Y3 = y3 +
y64
14
, (4.5.14)

Y4 =
1

8
y4. (4.5.15)

The following statement can be checked directly.

Lemma 4.5.2. We have ∆(Y4) = 1 and ∆(Y1) = ∆(Y2) = ∆(Y3) = 0.

4.5.1 H4(1) example

The prepotential for H4(1) is

F (t) = t1t2t3 +
1

2
t21t4 +

3356

665
t214 +

64

5
t3t

16
4 +

472

11
t23t

11
4 +

16

3
t33t

6
4 + 28t43t4 −

16

15
t2t

15
4

+ 8t2t3t
10
4 + 32t2t

2
3t

5
4 −

8

3
t2t

3
3 +

19

18
t22t

9
4 − t22t3t

4
4 +

1

6
t32t

3
4 +

1

105
Z7,

where
P (t2, t3, t4, Z) := Z2 − 4t4(t

5
4 − 3t3)− t2 = 0. (4.5.16)

The Euler vector field is

E(t) = t1∂t1 +
3

5
t2∂t2 +

1

2
t3∂t3 +

1

10
t4∂t4 ,
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the unity vector field is e(t) = ∂t1 , and the charge is d = 9
10
. The intersection form (2.2.19)

is then given by

g11(t) =
1

10

(
228t2t

2
3Z + 19t32t4 − 2736t33t4Z − 228t22t3t

2
4 + 12160t2t

2
3t

3
4

+ 76t22t
4
4Z + 3040t33t

4
4 − 2736t2t3t

5
4Z + 22800t23t

6
4Z + 1444t22t

7
4

+ 13680t2t3t
8
4 + 89680t23t

9
4 + 1520t2t

10
4 Z − 21888t3t

11
4 Z

−4256t2t
13
4 + 58368t3t

14
4 + 4864t164 Z + 40272t194

)
, (4.5.17)

g12(t) = − 3

5

(
t22Z − 280t33 − 54t2t3t4Z + 504t23t

2
4Z + 10t22t

3
4 − 800t2t3t

4
4

−240t23t
5
4 + 68t2t

6
4Z − 936t3t

7
4Z − 200t2t

9
4 − 2360t3t

10
4

+256t124 Z − 512t154
)
, (4.5.18)

g22(t) = − 2

5

(
44t2t3 − 924t23t4 − 33t2t

2
4Z + 396t3t

3
4Z − 176t2t

5
4 − 88t3t

6
4

−132t84Z − 236t114
)
, (4.5.19)

g13(t) =
7

10

(
−2t2t3Z + 24t23t4Z + 3t22t

2
4 − 16t2t3t

3
4 + 320t23t

4
4 + 4t2t

5
4Z

−56t3t
6
4Z + 38t2t

8
4 + 160t3t

9
4 + 16t114 Z − 32t144

)
, (4.5.20)

g23(t) = t1 − 8t23 − t2t4Z + 12t3t
2
4Z − 2t2t

4
4 + 64t3t

5
4 − 4t74Z + 8t104 , (4.5.21)

g33(t) =
1

40

(
3t2Z − 36t3t4Z + 36t2t

3
4 − 72t3t

4
4 + 12t64Z + 76t94

)
, (4.5.22)

g14(t) = t1, g24(t) =
3

5
t2, g34(t) =

1

2
t3, g44(t) =

1

10
t4. (4.5.23)

We have that deg t1(x) = 20, deg t2(x) = 12, deg t3(x) = 10, deg t4(x) = 2 and degZ(x) =

6.

Proposition 4.5.3. Let V1 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 30}, let V2 = {p ∈
C[t1, t2, t3, t4, Z] | deg p(x) = 20} and let V3 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 12}.
The harmonic elements of V1 are proportional to

27027t22Z − 1801800t1t3 − 6806800t33 − 648648t2t3t4Z + 3891888t23t
2
4Z + 32175t22t

3
4

+ 13556400t2t3t
4
4 − 2335080t1t

5
4 + 90256320t23t

5
4 + 216216t2t

6
4Z − 25594592t3t

7
4Z

− 4591440t2t
9
4 + 35834480t3t

10
4 + 432432t124 Z − 864864t154 ,

the harmonic elements of V2 are proportional to

561t1 + 7106t23 − 627t2t
4
4 − 37620t3t

5
4 − 12350t104 ,

and the harmonic elements of V3 are proportional to

21t2 + 308t3t4 − 220t64.
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Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) = − 19

10

(
t2Z − 30t3t4Z + 8t2t

3
4 − 320t3t

4
4 + 40t64Z − 80t94

)
, (4.5.24)

∆(t2) = − 11

5

(
8t3 − 9t24Z − 32t54

)
, (4.5.25)

∆(t3) = − 9

20
t4
(
3Z + 4t34

)
, (4.5.26)

∆(t4) =
1

5
. (4.5.27)

A general element of V1 is of the form

a1t1t3 + a2t1t
5
4 + a3t1t

2
4Z + a4t

2
2t

3
4 + a5t

2
2Z + a6t2t3t

4
4 + a7t2t3t4Z + a8t2t

9
4 + a9t2t

6
4Z

+ a10t
3
3 + a11t

2
3t

5
4 + a12t

2
3t

2
4Z + a13t3t

10
4 + a14t3t

7
4Z + a15t

15
4 + a16t

12
4 Z, (4.5.28)

where ai ∈ C. By calculating the Laplacian of this general element (4.5.28) using Propo-
sition 4.0.1 and formulas (4.5.24)–(4.5.27) we find that the only harmonic elements of V1
are as claimed. A general element of V2 has the form

b1t1 + b2t2t
4
4 + b3t2t4Z + b4t

2
3 + b5t3t

5
4 + b6t3t

2
4Z + b7t

10
4 + b8t

7
4Z, (4.5.29)

where bi ∈ C. By calculating the Laplacian of this general element (4.5.29) using Propos-
tion 4.0.1 and formulas (4.5.24)–(4.5.27) we find that the only harmonic elements of V2
are as claimed. A general element of V3 has the form

c1t2 + c2t3t4 + c3t
6
4 + c4t

3
4Z, (4.5.30)

where ci ∈ C. By calculating the Laplacian of this general element (4.5.30) using Propos-
tion 4.0.1 and formulas (4.5.24)–(4.5.27) we find that the only harmonic elements of V3
are as claimed.

Theorem 4.5.4. We have the following relations

y1 =
23059

3

(
27t22Z − 1800t1t3 − 6800t33 − 648t2t3t4Z + 3888t23t

2
4Z + 12600t2t3t

4
4

+ 6120t1t
5
4 + 190320t23t

5
4 + 216t2t

6
4Z − 2592t3t

7
4Z − 42840t2t

9
4 − 953520t3t

10
4

+432t124 Z + 1309136t154
)
, (4.5.31)

y2 =22057
(
3t1 + 38t23 − 21t2t

4
4 − 460t3t

5
4 + 950t104

)
, (4.5.32)

y3 =21154
(
3t2 + 44t3t4 − 260t64

)
, (4.5.33)

y4 =40t4. (4.5.34)

Proof. Note that Y4 = 1
8
y4 = 5t4. We now equate Y1, Y2 and Y3 given by relations (4.5.12)–
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(4.5.14) with general harmonic elements of V1, V2 and V3, respectively, given by Proposition
4.5.3. We then rearrange these equations to find yi in terms of tj and Z. We find

y1 =
2423251413

7311
t154 +

a

23337·11·13
(
27027t22Z − 1801800t1t3 − 6806800t33 − 648648t2t3t4Z

+ 3891888t23t
2
4Z + 32175t22t

3
4 + 13556400t2t3t

4
4 − 2335080t1t

5
4 + 90256320t23t

5
4

+216216t2t
6
4Z − 2594592t3t

7
4Z − 4591440t2t

9
4 + 35834480t3t

10
4 + 432432t124 Z

−864864t154
)
− 131276800b

67431
t54
(
561t1 + 7106t23 − 627t2t

4
4 − 37620t3t

5
4 − 12350t104

)
+

223582251c

302379
t94
(
21t2 + 308t3t4 − 220t64

)
− 80c2

2541
t34
(
21t2 + 308t3t4 − 220t64

)2
, (4.5.35)

y2 =
229510

77
t104 +

b

12350

(
−561t1 − 7106t23 + 627t2t

4
4 + 37620t3t

5
4 + 12350t104

)
+

320000c

187
t44
(
21t2 + 308t3t4 − 220t64

)
, (4.5.36)

y3 = − 21756

7
t64 +

c

220

(
−21t2 − 308t3t4 + 220t64

)
, (4.5.37)

y4 =40t4, (4.5.38)

where a, b, c ∈ C. In order to find a, b and c we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.5.17)–(4.5.23) into y coordinates
by applying formulas (4.5.35)–(4.5.38) and compare it with the expression given by Lemma
4.5.1. We find that

a = 2333259, b = −2215913·19
11·17

, c = −2135511

7
,

which implies the statement.

Proposition 4.5.5. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5.

Proposition 4.5.6. We have that

det(gij(t)) =

c
∏

α∈RH4

(α, x)

Q(t, Z)2
,

where c = 5 and

Q(t, Z) = 520
(
5t1 − 70t23 + 5t2t4Z − 60t3t

2
4Z − 35t2t

4
4 + 140t3t

5
4 + 20t74Z + 42t104

)
.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.5.4,

which leads to Proposition 4.5.6.
In the next statement we express flat coordinates ti via basic invariants yj and Z, which

is an inversion of the formulas from Theorem 4.5.4.
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Theorem 4.5.7. We have the following relations:

t1 =
1

2275123y24

(
−2263251219Z4 + 216583·19 y3Z2 − 245419 y23

+2755y2y
2
4 + 213563·7·19 y64Z2 + 2234527 y3y

6
4 + 327·47 y124

)
, (4.5.39)

t2 =
1

21557
(
2135611Z2 + 22523 y3 + 23y64

)
, (4.5.40)

t3 =
1

21556y4

(
−214563Z2 + 2352y3 + 17y64

)
, (4.5.41)

t4 =
1

40
y4, (4.5.42)

where Z satisfies the equation

23433512Z6 − 2303359y34Z
5 − 2233358y3Z

4 + 2123254y23Z
2

− 2123254y2y
2
4Z

2 − 2y33 + 6y2y3y
2
4 + 3y1y

3
4 = 0, (4.5.43)

and yi are given by relations (4.5.1)–(4.5.11).

Proof. Formula (4.5.42) follows immediately from Theorem 4.5.4. Using relations (4.5.16)
and (4.5.33) we see that

t2 =Z2 +
3

10
t3y4 −

y64
21656

,

t3 =
1

2155411 y4

(
−216553 t2 + 160y3 + 13y64

)
.

We can solve this system of equations to find t2 and t3 which gives us formulas (4.5.40)
and (4.5.41). Substituting formulas (4.5.40)–(4.5.42) into relation (4.5.32) and solving for
t1 we get formula (4.5.39). Finally, substituting relations (4.5.39)–(4.5.42) into formula
(4.5.31) we get the formula (4.5.43).

Proposition 4.5.8. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) = 220573 ∂y2 − 2335103
(
5t3 − 17t54

)
∂y1 .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.5.4.
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4.5.2 H4(2) example

The prepotential for H4(2) is

F (t) = − 66084040

73920
t164 +

143564400

73920
t23t

11
4 − 40727610

73920
t43t

6
4 −

392931

73920
t63t4 + t1t2t3 +

1

2
t21t4

− 3

4
t44
(
2288t104 − 1620t23t

5
4 − 27t43

)
Z − 760t124 Z2 +

(
1744

48
t104 − 4860

48
t23t

5
4 −

81

48
t43

)
Z3

+ 140t84Z
4 + 24t64Z

5 − 53

6
t44Z

6 − 10

7
t24Z

7 +
Z8

4
,

where
P (t2, t3, t4, Z) := Z3 − 12t44Z − 11t64 +

27

4
t23t4 − t2 = 0. (4.5.44)

The Euler vector field is

E(t) = t1∂t1 +
4

5
t2∂t2 +

1

3
t3∂t3 +

2

15
t4∂t4 ,

the unity vector field is e(t) = ∂t1 , and the charge is d = 13
15
. The intersection form (2.2.19)

is then given by

g11(t) =
1

6

(
−32Zt22 + 567Z2t43 + 1440Zt2t

2
3t4 − 112t22t

2
4 − 10530Zt43t

2
4 − 20160t2t

2
3t

3
4

− 2784Z2t2t
4
4 + 20979t43t

4
4 + 27864Z2t23t

5
4 + 2208Zt2t

6
4 − 23976Zt23t

7
4

+40416t2t
8
4 + 648000t23t

9
4 − 7776Z2t104 − 186624Zt124 + 182736t144

)
, (4.5.45)

g12(t) =
3

4
t3
(
−20Z2t2 + 81t43 + 360Z2t23t4 + 300Zt2t

2
4 − 2925Zt23t

3
4 − 1840t2t

4
4

+1170t23t
5
4 + 1980Z2t64 − 1980Zt84 + 18720t104

)
, (4.5.46)

g22(t) = − 3

10

(
99t2t

2
3 + 44Z2t2t4 − 891t43t4 − 1287Z2t23t

2
4 − 220Zt2t

3
4 + 5445Zt23t

4
4

+528t2t
5
4 + 5841t23t

6
4 − 396Z2t74 + 396Zt94 − 3744t114

)
, (4.5.47)

g13(t) = − 9Z2t23 − 8Zt2t4 + 90Zt23t
2
4 − 8t2t

3
4 − 468t23t

4
4 − 72Z2t54 + 72Zt74 + 792t94, (4.5.48)

g23(t) =
1

4

(
4t1 − 27t33 − 60Z2t3t4 + 240Zt3t

3
4 − 240t3t

5
4

)
, (4.5.49)

g33(t) =
8

27

(
2Z2 − 8t24Z − 19t44

)
, (4.5.50)

g14(t) = t1, g24(t) =
4

5
t2, g34(t) =

1

3
t3, g44(t) =

2

15
t4. (4.5.51)

We have that deg t1(x) = 15, deg t2(x) = 12, deg t3(x) = 5, deg t4(x) = 2 and degZ(x) =

4.

Proposition 4.5.9. Let V1 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 30}, let V2 = {p ∈
C[t1, t2, t3, t4, Z] | deg p(x) = 20} and let V3 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 12}.
The harmonic elements of V1 are proportional to

5765760t21 − 51891840Z2t2t
2
3 + 188107920t1t

3
3 + 302837535t63 + 30750720Zt22t4
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+ 350269920Z2t43t4 − 155675520Zt2t
2
3t

2
4 + 274743040t22t

3
4 − 350269920Zt43t

3
4

+ 3090653280t2t
2
3t

4
4 + 337438464Z2t2t

5
4 + 558122400t1t3t

5
4 + 33046299000t43t

5
4

− 1810683072Z2t23t
6
4 + 96349440Zt2t

7
4 − 1117385280Zt23t

8
4 + 1662275328t2t

9
4

+ 185379977376t23t
10
4 + 1391157504Z2t114 + 11062884096Zt134 − 21529753344t154 ,

the harmonic elements of V2 are proportional to

47872Z2t2 − 269280t1t3 − 984555t43 − 323136Z2t23t4 − 239360Zt2t
2
4 + 1615680Zt23t

3
4

− 3512256t2t
4
4 − 25208172t23t

5
4 − 430848Z2t64 + 430848Zt84 − 35274672t104 ,

and the harmonic elements of V3 are proportional to

112t2 + 2079t23t4 + 5940t64.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) =
28t3

4t2 − 27t23t4 − 20t64

(
−4Z2t2 + 45Z2t23t4 + 48Zt2t

2
4 − 360Zt23t

3
4 − 208t2t

4
4

+1260t23t
5
4 + 100Z2t64 − 400Zt84 + 400t104

)
, (4.5.52)

∆(t2) = − 11

10
(
4t2 − 27t23t4 − 20t64

) (108t2t23 + 80Z2t2t4 − 729t43t4 − 1260Z2t23t
2
4

−320Zt2t
3
4 + 3600Zt23t

4
4 + 320t2t

5
4 + 3060t23t

6
4 − 400Z2t74 + 1600Zt94

−1600t114
)
, (4.5.53)

∆(t3) =
64t3t4

(
2t24 + Z

) (
4t24 − Z

)
3
(
4t2 − 27t23t4 − 20t64

) , (4.5.54)

∆(t4) =
4

15
. (4.5.55)

A general element of V1 is of the form

a1t
2
1 + a2t1t

3
3 + a3t1t3t

5
4 + a4t1t3t

3
4Z + a5t1t3t4Z

2 + a6t
2
2t

3
4 + a7t

2
2t4Z + a8t2t

2
3t

4
4 + a9t2t

2
3t

2
4Z

+ a10t2t
2
3Z

2 + a11t2t
9
4 + a12t2t

7
4Z + a13t2t

5
4Z

2 + a14t
6
3 + a15t

4
3t

5
4 + a16t

4
3t

3
4Z + a17t

4
3t4Z

2

+ a18t
2
3t

10
4 + a19t

2
3t

8
4Z + a20t

2
3t

6
4Z

2 + a21t
15
4 + a22t

13
4 Z + a23t

11
4 Z2, (4.5.56)

where ai ∈ C. By calculating the Laplacian of this general element (4.5.56) using Propo-
sition 4.0.1 and formulas (4.5.52)–(4.5.55) we find that the only harmonic elements of V1
are as claimed. A general element of V2 has the form

b1t1t3 + b2t2t
4
4 + b3t2t

2
4Z + b4t2Z

2 + b5t
4
3 + b6t

2
3t

5
4

+ b7t
2
3t

3
4Z + b8t

2
3t4Z

2 + b9t
10
4 + b10t

8
4Z + b11t

6
4Z

2, (4.5.57)
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where bi ∈ C. By calculating the Laplacian of this general element (4.5.57) using Propos-
tion 4.0.1 and formulas (4.5.52)–(4.5.55) we find that the only harmonic elements of V2
are as claimed. A general element of V3 has the form

c1t2 + c2t
2
3t4 + c3t

6
4 + c4t

4
4Z + c5t

2
4Z

2, (4.5.58)

where ci ∈ C. By calculating the Laplacian of this general element (4.5.58) using Propos-
tion 4.0.1 and formulas (4.5.52)–(4.5.55) we find that the only harmonic elements of V3
are as claimed.

Theorem 4.5.10. We have the following relations

y1 =283259
(
5760t21 − 51840Z2t2t

2
3 + 187920t1t

3
3 + 302535t63 + 30720Zt22t4

+ 349920Z2t43t4 − 155520Zt2t
2
3t

2
4 + 266240t22t

3
4 − 349920Zt43t

3
4 + 2782080t2t

2
3t

4
4

− 393216Z2t2t
5
4 + 4665600t1t3t

5
4 + 45198000t43t

5
4 + 3120768Z2t23t

6
4

+ 3747840Zt2t
7
4 − 25764480Zt23t

8
4 + 75859968t2t

9
4 + 952477056t23t

10
4

+7962624Z2t114 + 4478976Zt134 + 4105230336t154
)
, (4.5.59)

y2 = − 243256
(
256Z2t2 − 1440t1t3 − 5265t43 − 1728Z2t23t4 − 1280Zt2t

2
4

+8640Zt23t
3
4 − 31488t2t

4
4 − 370656t23t

5
4 − 2304Z2t64 + 2304Zt84 − 2566656t104

)
, (4.5.60)

y3 = − 23543
(
16t2 + 297t23t4 + 4320t64

)
, (4.5.61)

y4 =30t4. (4.5.62)

Proof. Note that Y4 = 1
8
y4 = 15

4
t4. We now equate Y1, Y2 and Y3 given by relations

(4.5.12)–(4.5.14) with general harmonic elements of V1, V2 and V3, respectively, given by
Proposition 4.5.9. We then rearrange these equations to find yi in terms of tj and Z. We
find

y1 =
21231751413

7311
t154 +

a

283·11·59·677
(
5765760t21 − 51891840Z2t2t

2
3

+ 188107920t1t
3
3 + 302837535t63 + 30750720Zt22t4 + 350269920Z2t43t4

− 155675520Zt2t
2
3t

2
4 + 274743040t22t

3
4 − 350269920Zt43t

3
4 + 3090653280t2t

2
3t

4
4

+ 337438464Z2t2t
5
4 + 558122400t1t3t

5
4 + 33046299000t43t

5
4 − 1810683072Z2t23t

6
4

+ 96349440Zt2t
7
4 − 1117385280Zt23t

8
4 + 1662275328t2t

9
4 + 185379977376t23t

10
4

+1391157504Z2t114 + 11062884096Zt134 − 21529753344t154
)

− 3254641b

7·13·29·8447
t54
(
47872Z2t2 − 269280t1t3 − 984555t43 − 323136Z2t23t4

− 239360Zt2t
2
4 + 1615680Zt23t

3
4 − 3512256t2t

4
4 − 25208172t23t

5
4 − 430848Z2t64

+430848Zt84 − 35274672t104
)
− 2535582251c

7211217
t94
(
112t2 + 2079t23t4 + 5940t64

)
− 5c2

22341127
t34
(
112t2 + 2079t23t4 + 5940t64

)2
, (4.5.63)
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y2 =
29310510

77
t104 +

b

243229·8447
(
−47872Z2t2 + 269280t1t3 + 984555t43 + 323136Z2t23t4

+ 239360Zt2t
2
4 − 1615680Zt23t

3
4 + 3512256t2t

4
4 + 25208172t23t

5
4 + 430848Z2t64

−430848Zt84 + 35274672t104
)
− 3750c

187
t44
(
112t2 + 2079t23t4 + 5940t64

)
, (4.5.64)

y3 = − 253656

7
t64 +

c

5940

(
112t2 + 2079t23t4 + 5940t64

)
, (4.5.65)

y4 =30t4, (4.5.66)

where a, b, c ∈ C. In order to find a, b and c we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.5.45)–(4.5.51) into y coordinates
by applying formulas (4.5.63)–(4.5.66) and compare it with the expression given by Lemma
4.5.1. We find that

a =
216335959·677

91
, b =

28345629·8447
11·17

, c = −25345511

7
,

which implies the statement.

Proposition 4.5.11. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5.

Proposition 4.5.12. We have that

det(gij(t)) =

c
∏

α∈RH4

(α, x)

Q(t, Z)2
,

where c = 2725 and

Q(t, Z) = 37520
(
4t21 + 36Z2t2t

2
3 − 72t1t

3
3 + 324t63 + 60Z2t1t3t4 − 783Z2t43t4

+ 1080Zt2t
2
3t

2
4 − 240Zt1t3t

3
4 − 5130Zt43t

3
4 + 4932t2t

2
3t

4
4 − 1380t1t3t

5
4

−20871t43t
5
4 + 11016Z2t23t

6
4 − 11016Zt23t

8
4 − 194076t23t

10
4

)
.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.5.10,

which leads to Proposition 4.5.12.
In the next statement we express flat coordinates ti via basic invariants yj and Z, which

is an inversion of the formulas from Theorem 4.5.10.

Theorem 4.5.13. We have the following relations:

t1 =
1

2831159
√
3y

3
2
4

√
−273656Z3 − 3552y3 + 253352y44Z − 518y64(

−21431251213Z6 − 283115813Z3y3 − 3105413 y23 + 212314511Z5y24 + 31255 y2y
2
4
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− 2103958571Z4y44 + 26385413Zy3y
4
4 − 28365611·2269Z3y64 + 23355217·19·23 y3y64

+293654199Z2y84 + 26335222259Zy104 + 247·180569 y124
)
, (4.5.67)

t2 =
1

263757
(
26365611Z3 − 35522 y3 − 24335211 y44Z − 1201y64

)
, (4.5.68)

t3 =
1

34532
√
3

√
−273656Z3 − 3552y3 + 253352y44Z − 518y64

y4
, (4.5.69)

t4 =
1

30
y4, (4.5.70)

where Z satisfies the equation

228324524Z12 + 223323520Z9y3 + 215323516Z6y23 + 29321512Z3y33 + 32058y43

+ 227325522Z11y24 − 215323516Z6y2y
2
4 + 221324518Z8y3y

2
4 − 29322512Z3y2y3y

2
4

+ 213323514Z5y23y
2
4 − 321582 y2y

2
3y

2
4 − 28322512Z3y1y

3
4 − 321582 y1y3y

3
4

+ 224321520353Z10y44 − 213323514Z5y2y
4
4 − 32158y22y

4
4 + 22032151613Z7y3y

4
4

− 21132051223Z4y23y
4
4 − 2731858Zy33y

4
4 + 225318519223Z9y64 + 21132051223Z4y2y

6
4

+ 21831851453Z6y3y
6
4 + 2731958Zy2y3y

6
4 − 2931751017·41Z3y23y

6
4 + 23315567·37 y33y64

+ 2631958Zy1y
7
4 + 2203195177·19Z8y84 + 2931751017·41Z3y2y

8
4 − 21531951259Z5y3y

8
4

− 23316567·37 y2y3y84 + 210317587Z2y23y
8
4 − 22316567·37 y1y94 − 2193165152029Z7y104

− 210317587Z2y2y
10
4 − 2133155107·191Z4y3y

10
4 + 27314567213Zy23y

10
4

− 2163135152213Z6y124 − 27314567213Zy2y
12
4 + 216312587211Z3y3y

12
4

− 283115473y23y
12
4 + 2163135117·11·43Z5y144 + 283115473y2y

14
4 + 2123125673Z2y3y

14
4

+ 21431059721171Z4y164 − 211395474Zy3y
16
4 − 216365773163Z3y184 + 29355275y3y

18
4

− 21237547447Z2y204 + 21233527541Zy224 − 2107611 y244 = 0, (4.5.71)

and yi are given by relations (4.5.1)–(4.5.11).

Proof. Formula (4.5.70) follows immediately from Theorem 4.5.10. Using relations (4.5.44)
and (4.5.60) we see that

t1 = − 1

29311511t3

(
−21239510Z5 + 2431351113t43 − 3754y2 + 2103759y24Z

4 + 283857y44Z
3

+2431057y54t
2
3 − 293355y64Z

2 − 26533 · 7 · 11y84Z + 227259y104
)
, (4.5.72)

t2 =
1

263656
(
263656Z3 + 233855t23y4 − 243352y44Z − 11y64

)
. (4.5.73)

We also have relation (4.5.61), which together with relations (4.5.72) and (4.5.73) gives
formulas (4.5.67)–(4.5.69). Finally, by substituting relations (4.5.67)–(4.5.70) into formula
(4.5.59) we get the formula (4.5.71).

Proposition 4.5.14. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) = 293457t3∂y2 − 21234510
(
16t1 + 261t33 + 6480t3t

5
4

)
∂y1 .
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Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.5.10.

4.5.3 H4(3) example

The prepotential for H4(3) is

F (t) =
2016569088

43793750
t134 +

7929073152

43793750
t104 t3 +

11291664384

43793750
t74t

2
3 −

6228045824

43793750
t44t

3
3

− 1582124544

43793750
t4t

4
3 + t1t2t3 +

1

2
t21t4 −

256

9375
t34
(
t34 − t3

) (
779t64 + 20532t34t3 − 18480t23

)
+

32256

3125
t24
(
17t34 − 10t3

) (
t34 − t3

)2 − 7168

125
t4
(
t34 − t3

)3
Z3 +

96

5
t4
(
t34 − t3

)2
Z6

− 8

2625

(
1573t94 − 27588t64t3 + 25536t34t

2
3 − 2352t33

)
Z4 +

544

175

(
t34 − t3

)2
Z7

− 288

125
t24
(
17t34 − 10t3

) (
t34 − t3

)
Z5 +

9

70
t24
(
17t34 − 10t3

)
Z8 +

50

1911
Z13

− 15

7
t4
(
t34 − t3

)
Z9 − 10

21

(
t34 − t3

)
Z10 +

125

1568
t4Z

12,

where

P (t2, t3, t4, Z) := Z4 − 224

25

(
t34 − t3

)
Z +

48

25
t44 +

224

25
t4t3 − t2 = 0. (4.5.74)

The Euler vector field is

E(t) = t1∂t1 +
2

3
t2∂t2 +

1

2
t3∂t3 +

1

6
t4∂t4 ,

the unity vector field is e(t) = ∂t1 , and the charge is d = 5
6
. The intersection form (2.2.19)

is then given by

g11(t) = − 2

765625

(
4812500t22t3 − 10780000Zt2t

2
3 + 36220800Z2t33 − 1203125Z2t22t4

+ 10010000Z3t2t3t4 + 36005200t2t
2
3t4 + 305220608Zt33t4 + 1375000Zt22t

2
4

+ 40040000Z2t2t3t
2
4 − 193177600Z3t23t

2
4 − 1491331072t33t

2
4 − 24234375t22t

3
4

− 43120000Zt2t3t
3
4 − 236297600Z2t23t

3
4 − 33110000Z3t2t

4
4 − 607006400t2t3t

4
4

− 1372388864Zt23t
4
4 + 36190000Z2t2t

5
4 + 260198400Z3t3t

5
4 + 1541281280t23t

5
4

− 13200000Zt2t
6
4 − 395225600Z2t3t

6
4 + 119891200t2t

7
4 + 2865967104Zt3t

7
4

+ 184307200Z3t84 − 5516836864t3t
8
4 − 91660800Z2t94 − 1231515648Zt104

−5094508544t114
)
, (4.5.75)

g12(t) = − 8

21875

(
3125Zt22 − 45500Z2t2t3 + 156800Z3t23 + 592704t33 + 28125t22t4

− 119000Zt2t3t4 + 619360Z2t23t4 + 45000Z3t2t
2
4 + 119700t2t3t

2
4
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+ 2847488Zt23t
2
4 + 75500Z2t2t

3
4 − 851200Z3t3t

3
4 − 7902720t23t

3
4

− 66000Zt2t
4
4 − 619360Z2t3t

4
4 − 673200t2t

5
4 − 3351936Zt3t

5
4

+204800Z3t64 + 4163712t3t
6
4 − 326400Z2t74 + 2147328Zt84 − 4627456t94

)
, (4.5.76)

g22(t) = − 32

9375

(
−1250Z3t2 + 6300t2t3 − 56448Zt23 − 4375Z2t2t4 + 30800Z3t3t4

+ 91728t23t4 − 5250Zt2t
2
4 + 56840Z2t3t

2
4 + 3325t2t

3
4 + 159936Zt3t

3
4

−17200Z3t44 − 369600t3t
4
4 − 9240Z2t54 − 46368Zt64 + 80672t74

)
, (4.5.77)

g13(t) =
1

9800

(
3125t22 − 22400Zt2t3 + 75264Z2t23 − 179200t2t3t4 + 200704Zt23t4

+ 28000Z2t2t
2
4 − 125440Z3t3t

2
4 − 551936t23t

2
4 − 19200Zt2t

3
4 − 261632Z2t3t

3
4

+ 225600t2t
4
4 + 215040Zt3t

4
4 + 125440Z3t54 + 2867200t3t

5
4 − 118272Z2t64

+36864Zt74 − 604160t84
)
, (4.5.78)

g23(t) =
1

175

(
175t1 − 125Z2t2 + 560Z3t3 − 300Zt2t4 + 2128Z2t3t4 − 1200t2t

2
4

+2688Zt3t
2
4 − 560Z3t34 − 4928t3t

3
4 − 768Z2t44 + 576Zt54 + 6400t64

)
, (4.5.79)

g33(t) =
1

1568

(
250Zt2 − 840Z2t3 + 625t2t4 − 2240Zt3t4 − 8960t3t

2
4 + 840Z2t34

−480Zt44 + 4512t54
)
, (4.5.80)

g14(t) = t1, g24(t) =
2

3
t2, g34(t) =

1

2
t3, g44(t) =

1

6
t4. (4.5.81)

We have that deg t1(x) = 12, deg t2(x) = 8, deg t3(x) = 6, deg t4(x) = 2 and degZ(x) = 2.

Theorem 4.5.15. We have the following relations

y1 =
32768

45

(
273437500Zt1t

2
2 + 166015625Z3t32 − 7717500000t21t3 − 1684375000Z2t1t2t3

+ 2810937500t32t3 + 3430000000Z3t1t
2
3 + 10143000000Zt22t

2
3 + 44562560000t1t

3
3

+ 13088880000Z2t2t
3
3 − 98467891200Z3t43 − 1066905133056t53 − 3691406250t1t

2
2t4

− 615234375Z2t32t4 − 4900000000Zt1t2t3t4 + 656250000Z3t22t3t4

+ 15092000000Z2t1t
2
3t4 + 17272500000t22t

2
3t4 − 75075840000Zt2t

3
3t4

− 117276364800Z2t43t4 + 1289062500Zt32t
2
4 − 85995000000t1t2t3t

2
4

− 4633125000Z2t22t3t
2
4 + 21952000000Zt1t

2
3t

2
4 + 74499600000Z3t2t

2
3t

2
4

+ 1219784832000t2t
3
3t

2
4 + 2152574484480Zt43t

2
4 + 7717500000t21t

3
4

+ 1684375000Z2t1t2t
3
4 − 7557031250t32t

3
4 − 6860000000Z3t1t3t

3
4

− 17206000000Zt22t3t
3
4 − 1196603520000t1t

2
3t

3
4 − 40481840000Z2t2t

2
3t

3
4

+ 27536588800Z3t33t
3
4 − 2854462464000t43t

3
4 − 1050000000Zt1t2t

4
4

− 6075000000Z3t22t
4
4 − 11858000000Z2t1t3t

4
4 − 237331500000t22t3t

4
4

− 361141760000Zt2t
2
3t

4
4 + 1152093644800Z2t33t

4
4 + 166320000000t1t2t

5
4

+ 24714375000Z2t22t
5
4 + 9408000000Zt1t3t

5
4 − 163279200000Z3t2t3t

5
4

− 4338329856000t2t
2
3t

5
4 − 5691700510720Zt33t

5
4 + 3430000000Z3t1t

6
4
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− 59062000000Zt22t
6
4 + 4552719360000t1t3t

6
4 + 290661840000Z2t2t3t

6
4

− 604041267200Z3t23t
6
4 − 1144791531520t33t

6
4 − 3234000000Z2t1t

7
4

+ 699646500000t22t
7
4 + 1311466240000Zt2t3t

7
4 − 4066807449600Z2t23t

7
4

+ 1008000000Zt1t
8
4 + 147735600000Z3t2t

8
4 + 15995339136000t2t3t

8
4

+ 7407908372480Zt23t
8
4 − 3837646400000t1t

9
4 − 481752880000Z2t2t

9
4

+ 1597027532800Z3t3t
9
4 + 130060834283520t23t

9
4 + 105855360000Zt2t

10
4

+ 2986145792000Z2t3t
10
4 − 21627170112000t2t

11
4 − 10675438878720Zt3t

11
4

− 1135868723200Z3t124 − 398693684838400t3t
12
4 + 838213017600Z2t134

+2299551252480Zt144 + 318244776083456t154
)
, (4.5.82)

y2 =
256

3

(
656250t1t2 + 109375Z2t22 − 910000Z3t2t3 − 16503200t2t

2
3 − 18966528Zt33

− 500000Zt22t4 + 22344000t1t3t4 + 1120000Z2t2t3t4 + 1881600Z3t23t4

+ 66382848t33t4 + 3093750t22t
2
4 + 8960000Zt2t3t

2
4 − 18816000Z2t23t

2
4

+ 910000Z3t2t
3
4 + 56022400t2t3t

3
4 + 16758784Zt23t

3
4 − 29484000t1t

4
4

− 3500000Z2t2t
4
4 + 6137600Z3t3t

4
4 + 298923520t23t

4
4 + 1920000Zt2t

5
4

+ 25446400Z2t3t
5
4 − 164559200t2t

6
4 − 74102784Zt3t

6
4 − 8019200Z3t74

−3012660224t3t
7
4 + 6316800Z2t84 + 17123328Zt94 + 3641568256t104

)
, (4.5.83)

y3 =64
(
875t1 + 8624t23 + 4125t2t

2
4 + 66528t3t

3
4 − 196992t64

)
, (4.5.84)

y4 =24t4. (4.5.85)

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems 4.2.4,
4.2.10, 4.3.4, 4.5.4, 4.5.10. No proof was presented in [26], where these results were first
published.

Proposition 4.5.16. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5.
The expression for the discriminant of H4(3) as well as the relations for ti, Z in terms

of the y coordinates can be found in Appendix A.2, along with the expression for e in
terms of the y coordinates. We do not present these here as they are too long and for this
reason we chose not to include these in our paper [26].

4.5.4 H4(4) example

The prepotential for H4(4) is

F (t) = − 25

33
Z11 +

1

2
Z10(−4t3 − 5t4)−

125

9
Z9(t3 + t4)(t3 + 3t4)− 5Z8(8t33 + 57t23t4

+ 124t3t
2
4 + 95t34)−

35

3
Z6(t3 + t4)(t3 + 3t4)(12t

3
3 + 123t23t4 + 336t3t

2
4 + 305t34)
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− 10Z7(5t43 + 64t33t4 + 236t23t
2
4 + 344t3t

3
4 + 175t44) + Z5(135t63 − 840t53t4

− 17130t43t
2
4 − 80920t33t

3
4 − 174765t23t

4
4 − 181952t3t

5
4 − 74420t64)

+ 5Zt4(t3 + t4)
2(t3 + 3t4)

2(180t53 + 2115t43t4 + 11760t33t
2
4 + 30270t23t

3
4

+ 32316t3t
4
4 + 9035t54) +

5

3
Z3(t3 + t4)(t3 + 3t4)(−45t63 + 1260t53t4 + 13185t43t

2
4

+ 42360t33t
3
4 + 58125t23t

4
4 + 37788t3t

5
4 + 15815t64)− 100Z4(−6t73 − 87t63t4

− 450t53t
2
4 − 1015t43t

3
4 − 650t33t

4
4 + 1283t23t

5
4 + 2450t3t

6
4 + 1195t74)

− 5

6
Z2(540t93 + 9315t83t4 + 73440t73t

2
4 + 356940t63t

3
4 + 1252440t53t

4
4

+ 3321450t43t
5
4 + 6239424t33t

6
4 + 7356636t23t

7
4 + 4563564t3t

8
4 + 994315t94)

+
1

198
(198t1t2t3 + 99t21t4 − 4455t103 t4 − 178200t93t

2
4 − 2569050t83t

3
4

− 21740400t73t
4
4 − 120561210t63t

5
4 − 458678880t53t

6
4 − 1191552120t43t

7
4

− 2004227280t33t
8
4 − 1955070535t23t

9
4 − 858257224t3t

10
4 − 45669270t114 ),

where

P (t2, t3, t4, Z) :=Z5 − t2 + 15t43t4 + 120t33t
2
4 + 530t23t

3
4 + 1160t3t

4
4 + 843t54

+ 10Z3(t3 + t4)(t3 + 3t4)− 15Z(t3 + t4)
2(t3 + 3t4)

2

+ 20Z2t4(3t
2
3 + 12t3t4 + 13t24) = 0.

The Euler vector field is

E(t) = t1∂t1 + t2∂t2 +
1

5
t3∂t3 +

1

5
t4∂t4 ,

the unity vector field is e(t) = ∂t1 , and the charge is d = 4
5
. The intersection form (2.2.19)

is then given by

g11(t) = − 15
(
−2Z4t2 − 24Z3t2t3 + 116Z2t2t

2
3 + 192Zt2t

3
3 − 956t2t

4
3 − 3360Z4t53

+ 12560Z3t63 + 2880Z2t73 − 14826Zt83 + 108t93 − 78Z3t2t4 + 368Z2t2t3t4

+ 1584Zt2t
2
3t4 − 4096t2t

3
3t4 − 48360Z4t43t4 + 106920Z3t53t4 + 104472Z2t63t4

− 194592Zt73t4 + 17013t83t4 + 276Z2t2t
2
4 + 2976Zt2t3t

2
4 + 2824t2t

2
3t

2
4

− 238560Z4t33t
2
4 + 221106Z3t43t

2
4 + 806976Z2t53t

2
4 − 962208Zt63t

2
4 + 199488t73t

2
4

+ 1048Zt2t
3
4 + 27264t2t3t

3
4 − 526312Z4t23t

3
4 − 417856Z3t33t

3
4 + 2293152Z2t43t

3
4

− 1907424Zt53t
3
4 + 1003828t63t

3
4 + 24108t2t

4
4 − 527680Z4t3t

4
4 − 2204820Z3t23t

4
4

+ 1151040Z2t33t
4
4 + 655860Zt43t

4
4 + 2033688t53t

4
4 − 193800Z4t54 − 2871240Z3t3t

5
4

− 6809880Z2t23t
5
4 + 10362720Zt33t

5
4 − 3485610t43t

5
4 − 1183430Z3t64 − 13507200Z2t3t

6
4

+ 20695840Zt23t
6
4 − 29726240t33t

6
4 − 7758720Z2t74 + 19063840Zt3t

7
4

−68995740t23t
7
4 + 7219830Zt84 − 73570020t3t

8
4 − 30991507t94

)
, (4.5.86)
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g12(t) = − 5
(
−4Z4t2 − 18Z3t2t3 + 184Z2t2t

2
3 + 144Zt2t

3
3 − 1792t2t

4
3 − 2520Z4t53

+ 21760Z3t63 + 2160Z2t73 − 26880Zt83 + 81t93 − 72Z3t2t4 + 664Z2t2t3t4

+ 1968Zt2t
2
3t4 − 11672t2t

3
3t4 − 49920Z4t43t4 + 228270Z3t53t4 + 148320Z2t63t4

− 398112Zt73t4 + 29796t83t4 + 552Z2t2t
2
4 + 5352Zt2t3t

2
4 − 18832t2t

2
3t

2
4

− 288120Z4t33t
2
4 + 813000Z3t43t

2
4 + 1444824Z2t53t

2
4 − 2417184Zt63t

2
4

+ 422196t73t
2
4 + 3536Zt2t

3
4 + 5448t2t3t

3
4 − 708320Z4t23t

3
4 + 915172Z3t33t

3
4

+ 5680992Z2t43t
3
4 − 7655496Zt53t

3
4 + 2785376t63t

3
4 + 20448t2t

4
4

− 776504Z4t3t
4
4 − 881952Z3t23t

4
4 + 10163184Z2t33t

4
4 − 13244448Zt43t

4
4

+ 10650846t53t
4
4 − 307680Z4t54 − 2577210Z3t3t

5
4 + 6008160Z2t23t

5
4

− 11434800Zt33t
5
4 + 23025000t43t

5
4 − 1401160Z3t64 − 4244760Z2t3t

6
4

− 1991200Zt23t
6
4 + 20880740t33t

6
4 − 5101920Z2t74 + 4450040Zt3t

7
4

− 12170880t23t
7
4 + 2911200Zt84 − 39000375t3t

8
4 − 21754220t94

)
, (4.5.87)

g22(t) = 5
(
2Z4t2 − 92Z2t2t

2
3 + 896t2t

4
3 − 10880Z3t63 + 13440Zt83 + 18Z3t2t4

− 368Z2t2t3t4 − 552Zt2t
2
3t4 + 7168t2t

3
3t4 + 12360Z4t43t4 − 130560Z3t53t4

− 59040Z2t63t4 + 215040Zt73t4 − 14169t83t4 − 348Z2t2t
2
4 − 2208Zt2t3t

2
4

+ 17408t2t
2
3t

2
4 + 98880Z4t33t

2
4 − 570750Z3t43t

2
4 − 708480Z2t53t

2
4

+ 1432368Zt63t
2
4 − 226704t73t

2
4 − 1984Zt2t

3
4 + 12288t2t3t

3
4 + 284680Z4t23t

3
4

− 1084400Z3t33t
3
4 − 3305976Z2t43t

3
4 + 5146176Zt53t

3
4 − 1665604t63t

3
4

− 1512t2t
4
4 + 347680Z4t3t

4
4 − 691908Z3t23t

4
4 − 7555008Z2t33t

4
4

+ 10855464Zt43t
4
4 − 7291824t53t

4
4 + 150456Z4t54 + 337008Z3t3t

5
4

− 8461536Z2t23t
5
4 + 13837632Zt33t

5
4 − 19824414t43t

5
4 + 416810Z3t64

− 3634560Z2t3t
6
4 + 10628480Zt23t

6
4 − 31855600t33t

6
4 + 143640Z2t74

+ 4582400Zt3t
7
4 − 26339220t23t

7
4 + 771720Zt84 − 6866640t3t

8
4 + 1889215t94

)
, (4.5.88)

g13(t) = − 5
(
t2 − 4Z4t3 − 8Z3t23 + 24Z2t33 − 6Zt43 − 6Z4t4 − 64Z3t3t4 + 132Z2t23t4

− 96Zt33t4 + 60t43t4 − 104Z3t24 + 216Z2t3t
2
4 − 636Zt23t

2
4 + 720t33t

2
4 + 108Z2t34

− 1856Zt3t
3
4 + 2240t23t

3
4 − 1686Zt44 + 1600t3t

4
4 − 1444t54

)
, (4.5.89)

g23(t) = t1 − 4t2 + 10Z4t3 − 60Z2t33 + 20Z4t4 + 80Z3t3t4 − 360Z2t23t4 + 120Zt33t4

+ 160Z3t24 − 660Z2t3t
2
4 + 720Zt23t

2
4 − 600t33t

2
4 − 360Z2t34 + 2120Zt3t

3
4

− 3600t23t
3
4 + 2320Zt44 − 5600t3t

4
4 − 1600t54, (4.5.90)

g33(t) = − 1

5
(2Z + 4t3 + 5t4) , (4.5.91)

g14(t) = t1, g24(t) = t2, g34(t) =
1

5
t3, g44(t) =

1

5
t4. (4.5.92)

We have that deg t1(x) = 10, deg t2(x) = 10, deg t3(x) = 2, deg t4(x) = 2 and degZ(x) =

2.
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Theorem 4.5.17. We have the following relations

y1 = − 21959

3137

(
42t21t2 − 168t1t

2
2 + 168t32 − 210Z4t1t2t3 + 420Z4t22t3 + 1050Z3t22t

2
3

+ 2100Z2t1t2t
3
3 − 4200Z2t22t

3
3 + 27300Zt22t

4
3 + 89250t1t2t

5
3 − 178500t22t

5
3

+ 228620Z4t2t
6
3 + 114240Z3t1t

7
3 − 228480Z3t2t

7
3 + 2465680Z2t2t

8
3

− 141120Zt1t
9
3 + 282240Zt2t

9
3 − 5667634t2t

10
3 − 13482560Z3t123

+ 42611520Zt143 − 420Z4t1t2t4 + 1050Z4t22t4 − 1890Z3t1t2t3t4 + 7980Z3t22t3t4

+ 12600Z2t1t2t
2
3t4 − 20790Z2t22t

2
3t4 − 104580Zt1t2t

3
3t4 + 427560Zt22t

3
3t4

− 164430t21t
4
3t4 + 1550220t1t2t

4
3t4 − 2334570t22t

4
3t4 − 46620Z4t1t

5
3t4

+ 2836680Z4t2t
5
3t4 + 1599360Z3t1t

6
3t4 − 2240700Z3t2t

6
3t4 − 15120Z2t1t

7
3t4

+ 39481120Z2t2t
7
3t4 − 2540160Zt1t

8
3t4 + 38725680Zt2t

8
3t4 + 28513800t1t

9
3t4

− 170380280t2t
9
3t4 + 16561860Z4t103 t4 − 323581440Z3t113 t4 − 64723680Z2t123 t4

+ 1193122560Zt133 t4 − 29292690t143 t4 − 3780Z3t1t2t
2
4 + 8820Z3t22t

2
4

+ 23100Z2t1t2t3t
2
4 − 28560Z2t22t3t

2
4 − 627480Zt1t2t

2
3t

2
4 + 1892100Zt22t

2
3t

2
4

− 1315440t21t
3
3t

2
4 + 8585220t1t2t

3
3t

2
4 − 11043480t22t

3
3t

2
4 − 466200Z4t1t

4
3t

2
4

+ 15817200Z4t2t
4
3t

2
4 + 9705150Z3t1t

5
3t

2
4 − 7914060Z3t2t

5
3t

2
4 − 211680Z2t1t

6
3t

2
4

+ 289891980Z2t2t
6
3t

2
4 − 17575740Zt1t

7
3t

2
4 + 573477240Zt2t

7
3t

2
4 + 513248400t1t

8
3t

2
4

− 1955803360t2t
8
3t

2
4 + 331237200Z4t93t

2
4 − 3429078870Z3t103 t24 − 1553368320Z2t113 t24

+ 14721448140Zt123 t24 − 820195320t133 t24 + 12600Z2t1t2t
3
4 − 3290Z2t22t

3
4

− 1244460Zt1t2t3t
3
4 + 3290280Zt22t3t

3
4 − 3844260t21t

2
3t

3
4 − 450Z5t2t

2
3t

3
4

+ 21037800t1t2t
2
3t

3
4 − 24410930t22t

2
3t

3
4 − 1773240Z4t1t

3
3t

3
4 + 49466480Z4t2t

3
3t

3
4

+ 225Z8t43t
3
4 + 33077100Z3t1t

4
3t

3
4 − 11938395Z3t2t

4
3t

3
4 − 3845520Z2t1t

5
3t

3
4

+ 1272065200Z2t2t
5
3t

3
4 − 2700Z6t63t

3
4 − 56395080Zt1t

6
3t

3
4 + 3895595560Zt2t

6
3t

3
4

+ 4000050600t1t
7
3t

3
4 − 11987148880t2t

7
3t

3
4 + 2939165645Z4t83t

3
4

− 21122966200Z3t93t
3
4 − 17379662880Z2t103 t34 + 105145262880Zt113 t34

− 6999178480t123 t34 − 815640Zt1t2t
4
4 + 2080680Zt22t

4
4 − 4853520t21t3t

4
4

− 1800Z5t2t3t
4
4 + 23828490t1t2t3t

4
4 − 26013980t22t3t

4
4 − 3180240Z4t1t

2
3t

4
4

+ 91783860Z4t2t
2
3t

4
4 + 1800Z8t33t

4
4 + 69522180Z3t1t

3
3t

4
4 − 11884320Z3t2t

3
3t

4
4

+ 5400Z7t43t
4
4 − 29988000Z2t1t

4
3t

4
4 + 3617141020Z2t2t

4
3t

4
4 − 32400Z6t53t

4
4

− 38118780Zt1t
5
3t

4
4 + 15323659800Zt2t

5
3t

4
4 − 25650Z5t63t

4
4 + 17678161200t1t

6
3t

4
4

− 44692143980t2t
6
3t

4
4 + 15227879120Z4t73t

4
4 − 83502915015Z3t83t

4
4

− 119765904000Z2t93t
4
4 + 469572887280Zt103 t44 + 2620343040t113 t44 − 2164806t21t

5
4

− 1350Z5t2t
5
4 + 10008684t1t2t

5
4 − 11210172t22t

5
4 − 2653140Z4t1t3t

5
4

+ 96693240Z4t2t3t
5
4 + 4950Z8t23t

5
4 + 92617560Z3t1t

2
3t

5
4 − 43361430Z3t2t

2
3t

5
4

+ 43200Z7t33t
5
4 − 113047200Z2t1t

3
3t

5
4 + 6749433120Z2t2t

3
3t

5
4 − 121500Z6t43t

5
4
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+ 357293160Zt1t
4
3t

5
4 + 38092662600Zt2t

4
3t

5
4 − 307800Z5t53t

5
4 + 49036806000t1t

5
3t

5
4

− 108705602416t2t
5
3t

5
4 + 50844400500Z4t63t

5
4 − 219447220080Z3t73t

5
4

− 570111869640Z2t83t
5
4 + 1249790969280Zt93t

5
4 + 479633884512t103 t54 − 803880Z4t1t

6
4

+ 45585960Z4t2t
6
4 + 5400Z8t3t

6
4 + 74024790Z3t1t3t

6
4 − 107328900Z3t2t3t

6
4

+ 126000Z7t23t
6
4 − 225570240Z2t1t

2
3t

6
4 + 7964410020Z2t2t

2
3t

6
4 − 108000Z6t33t

6
4

+ 1399923420Zt1t
3
3t

6
4 + 61840178440Zt2t

3
3t

6
4 − 1415250Z5t43t

6
4 + 89821989600t1t

4
3t

6
4

− 183359111760t2t
4
3t

6
4 + 113517812720Z4t53t

6
4 − 379424004920Z3t63t

6
4

− 1998548319360Z2t73t
6
4 + 1114813850860Zt83t

6
4 + 4204075665280t93t

6
4 + 2025Z8t74

+ 27351660Z3t1t
7
4 − 87125115Z3t2t

7
4 + 158400Z7t3t

7
4 − 231759360Z2t1t3t

7
4

+ 5344717200Z2t2t3t
7
4 + 337500Z6t23t

7
4 + 2400609960Zt1t

2
3t

7
4 + 65461451880Zt2t

2
3t

7
4

− 3114000Z5t33t
7
4 + 113150026920t1t

3
3t

7
4 − 234714455760t2t

3
3t

7
4 + 169129871150Z4t43t

7
4

− 396171632160Z3t53t
7
4 − 5361270379440Z2t63t

7
4 − 5723934259520Zt73t

7
4

+ 20067909135750t83t
7
4 + 70200Z7t84 − 97251840Z2t1t

8
4 + 1534267620Z2t2t

8
4

+ 831600Z6t3t
8
4 + 2057206620Zt1t3t

8
4 + 42875701800Zt2t3t

8
4 − 3307950Z5t23t

8
4

+ 103042663920t1t
2
3t

8
4 − 249632019090t2t

2
3t

8
4 + 160462051440Z4t33t

8
4

− 159576392790Z3t43t
8
4 − 11200275624000Z2t53t

8
4 − 29740325063280Zt63t

8
4

+ 62134558132320t73t
8
4 + 535500Z6t94 + 712487160Zt1t

9
4 + 13938177080Zt2t

9
4

− 1452600Z5t3t
9
4 + 68111856120t1t3t

9
4 − 203506674360t2t3t

9
4 + 84058972000Z4t23t

9
4

+ 151452210000Z3t33t
9
4 − 18131069931360Z2t43t

9
4 − 75535900424000Zt53t

9
4

+ 130861824336350t63t
9
4 − 125550Z5t104 + 25090865520t1t

10
4 − 86556812352t2t

10
4

+ 12789015040Z4t3t
10
4 + 241285828350Z3t23t

10
4 − 22060526165760Z2t33t

10
4

− 125256834868940Zt43t
10
4 + 186992066838888t53t

10
4 − 5145601875Z4t114

+ 114867728760Z3t3t
11
4 − 18961639423440Z2t23t

11
4 − 142926704208480Zt33t

11
4

+ 171096028587180t43t
11
4 + 11533193965Z3t124 − 10237991411520Z2t3t

12
4

− 110581088197120Zt23t
12
4 + 78681803681760t33t

12
4 − 2609003447640Z2t134

− 53312566785280Zt3t
13
4 − 16250437730220t23t

13
4 − 12255008872620Zt144

−46426601177520t3t
14
4 − 22667569904962t154

)
,

y2 = − 21256

38
(
t21 − 4t1t2 + 3t22 − 45Z3t2t

2
3 − 810Zt2t

4
3 − 1026t1t

5
3 + 2052t2t

5
3

− 405Z4t63 − 4050Z2t83 + 10044t103 + 10Z4t2t4 − 180Z3t2t3t4 − 100Z2t2t
2
3t4

− 6480Zt2t
3
3t4 − 10260t1t

4
3t4 + 12220t2t

4
3t4 − 4860Z4t53t4 − 9085Z3t63t4

− 64800Z2t73t4 + 33450Zt83t4 + 200880t93t4 − 225Z3t2t
2
4 − 400Z2t2t3t

2
4

− 16080Zt2t
2
3t

2
4 − 30780t1t

3
3t

2
4 − 4840t2t

3
3t

2
4 − 22485Z4t43t

2
4 − 109020Z3t53t

2
4

− 511200Z2t63t
2
4 + 535200Zt73t

2
4 + 1253640t83t

2
4 − 300Z2t2t

3
4 − 12480Zt2t3t

3
4

− 20520t1t
2
3t

3
4 − 163520t2t

2
3t

3
4 − 50280Z4t33t

3
4 − 550695Z3t43t

3
4 − 2505600Z2t53t

3
4
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+ 3797100Zt63t
3
4 + 773760t73t

3
4 + 2410Zt2t

4
4 + 46710t1t3t

4
4 − 380460t2t3t

4
4

− 55975Z4t23t
4
4 − 1498360Z3t33t

4
4 − 8058900Z2t43t

4
4 + 15594000Zt53t

4
4

− 27933080t63t
4
4 + 60588t1t

5
4 − 287748t2t

5
4 − 29020Z4t3t

5
4 − 2341695Z3t23t

5
4

− 17008800Z2t33t
5
4 + 39864360Zt43t

5
4 − 162541344t53t

5
4 − 6375Z4t64

− 2031420Z3t3t
6
4 − 22768320Z2t23t

6
4 + 62921280Zt33t

6
4 − 465541320t43t

6
4

− 778805Z3t74 − 17671680Z2t3t
7
4 + 56624500Zt23t

7
4 − 804407360t33t

7
4

− 6115770Z2t84 + 23108560Zt3t
8
4 − 886614660t23t

8
4 + 1355790Zt94

−625055760t3t
9
4 − 240893344t104

)
,

y3 = − 2754

35
(
−Zt2 − 6t1t3 + 12t2t3 + Z4t23 − 6Z2t43 − 297t63 − 12t1t4 + 30t2t4

+ 4Z4t3t4 + 12Z3t23t4 − 48Z2t33t4 + 15Zt43t4 − 3564t53t4 + 3Z4t24 + 48Z3t3t
2
4

− 132Z2t23t
2
4 + 120Zt33t

2
4 − 22365t43t

2
4 + 52Z3t34 − 144Z2t3t

3
4 + 530Zt23t

3
4

− 83880t33t
3
4 − 54Z2t44 + 1160Zt3t

4
4 − 166515t23t

4
4 + 843Zt54 − 147084t3t

5
4

−20311t64
)
,

y4 =20t4.

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems 4.2.4,
4.2.10, 4.3.4, 4.5.4, 4.5.10. No proof was presented in [26], where these results were first
published.

Proposition 4.5.18. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5.
The expression for the discriminant of H4(4) as well as the expression for e in terms

of the y coordinates can be found in Appendix A.3. We do not present these here as they
are too long and for this reason we chose not to include these in our paper [26]. We do
not give expressions for the t coordinates and Z in terms of the y coordinates, as this was
too complicated even for computation.

4.5.5 H4(7) example

The prepotential for H4(7) is

F (t) = t1t2t3 +
1

2
t21t4 −

4096

135
t3t4

(
315t33 + 32t54

)
+

32768

1125
t24
(
75t33 + 2t54

)
Z2

− 32768

225
t3
(
75t33 + 2t54

)
Z3 − 16384

5625
t4
(
375t33 + 14t54

)
Z5 +

34816

225
t3t

4
4Z

6

− 116736

175
t23t

2
4Z

7 +
256

75

(
220t33 + 3t54

)
Z8 − 118784

945
t3t

3
4Z

9 +
44544

175
t23t4Z

10

− 5632

1575
t44Z

11 +
832

225
t3t

2
4Z

12 +
17664

455
t23Z

13 − 352

315
t34Z

14 +
1568

225
t3t4Z

15
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+
496

2975
t24Z

17 +
496

945
t3Z

18 +
71

1575
t4Z

20 +
16

7245
Z23,

where

P (t2, t3, t4, Z) := Z8 +
32

5
t4Z

5 + 64t3Z
3 − 64

5
t24Z

2 + 128t3t4 − t2 = 0.

The Euler vector field is

E(t) = t1∂t1 +
4

5
t2∂t2 +

1

2
t3∂t3 +

3

10
t4∂t4 ,

the unity vector field is e(t) = ∂t1 , and the charge is d = 7
10
. The intersection form (2.2.19)

is then given by

g11(t) =
128

703125

(
−1250Zt22 + 11250Z4t2t3 + 1850000Z7t23 + 153000000Z2t33

+ 5375Z6t2t4 + 758000Zt2t3t4 + 13878000Z4t23t4 − 32200Z3t2t
2
4

+ 745600Z6t3t
2
4 − 117344000Zt23t

2
4 − 754420t2t

3
4 − 1829120Z3t3t

3
4

− 819072Z5t44 − 121034240t3t
4
4 + 1223424Z2t54

)
, (4.5.93)

g12(t) =
128

9375

(
−125Z7t2 − 11500Z2t2t3 + 16000Z5t23 + 5400000t33

− 450Z4t2t4 + 28400Z7t3t4 + 3272000Z2t23t4 + 5280Zt2t
2
4

+ 202480Z4t3t
2
4 + 4448Z6t34 − 1155840Zt3t

3
4 + 3584Z3t44 − 256000t54

)
, (4.5.94)

g22(t) =
512

1875

(
−25Z5t2 − 4250t2t3 − 40000Z3t23 − 295Z2t2t4 + 2480Z5t3t4

+ 622000t23t4 + 788Z7t24 + 123760Z2t3t
2
4 + 5324Z4t34 − 20800Zt44

)
, (4.5.95)

g13(t) =
1

1875

(
25Z4t2 − 4000Z7t3 − 288000Z2t23 − 560Zt2t4 − 20160Z4t3t4

+ 544Z6t24 + 148480Zt3t
2
4 − 2048Z3t34 − 51200t44

)
, (4.5.96)

g23(t) =
1

75

(
75t1 + 20Z2t2 − 320Z5t3 − 38400t23 − 128Z7t4 − 12160Z2t3t4

− 704Z4t24 + 2560Zt34
)
, (4.5.97)

g33(t) =
Z

600

(
5Z6 + 420Zt3 + 35Z3t4 − 112t24

)
, (4.5.98)

g14(t) = t1, g24(t) =
4

5
t2, g34(t) =

1

2
t3, g44(t) =

3

10
t4. (4.5.99)

We have that deg t1(x) = 20
3
, deg t2(x) =

16
3
, deg t3(x) =

10
3
, deg t4(x) = 2 and degZ(x) =

2
3
.

Theorem 4.5.19. We have the following relations

y1 = − 54

3287

(
23345187Z7t31t2 − 23375157Zt21t

3
2 + 335147·11·31Z3t1t

4
2

− 5137·1831Z5t52 − 24365207 t41t3 + 243451873Z2t31t2t3 + 355152·7·967Z4t21t
2
2t3
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− 345142·7·2383Z6t1t
3
2t3 + 225137·19121 t52t3 − 283451872Z5t31t

2
3

− 26365157·283Z7t21t2t
2
3 + 25345167·11·17Zt1t

3
2t

2
3 − 265133·7·31547Z3t42t

2
3

− 212355187·61 t31t33 − 212355157·257Z2t21t2t
3
3 − 28335147·47·421Z4t1t

2
2t

3
3

− 275137·131·2647Z6t32t
3
3 − 214355157·1153Z5t21t

4
3 − 221335147·239Z7t1t2t

4
3

+ 2115133·7·181·6269Zt32t
4
3 − 217365157·13·1291 t21t53 + 216355147·16447Z2t1t2t

5
3

− 2135143·7·3183137Z4t22t
5
3 − 220355157·17·643Z5t1t

6
3 + 2185147·1747·1789Z7t2t

6
3

− 224355157·34649 t1t73 + 2235147·2511151Z2t2t
7
3 − 22651572112687Z5t83

− 228335157·530807 t93 + 35517732Z4t31t2t4 + 22375147·67Z6t21t
2
2t4

− 345137·41 t1t42t4 − 5132·7·4871Z2t52t4 − 26345177213Z7t31t3t4

+ 25355147·23·199Zt21t
2
2t3t4 − 24335147·1091Z3t1t

3
2t3t4 − 255137·11·3119Z5t42t3t4

− 2113451873Z2t31t
2
3t4 + 27365147·10169Z4t21t2t

2
3t4 − 27345137·53·401Z6t1t

2
2t

2
3t4

+ 265127·4272533 t42t23t4 − 212355147·37·367Z7t21t
3
3t4 − 212335137·127·251Zt1t

2
2t

3
3t4

− 210512723·19·48157Z3t32t
3
3t4 + 219355157·257Z2t21t

4
3t4 − 213335137·1883993Z4t1t2t

4
3t4

+ 213513723·397·557Z6t22t
4
3t4 − 218335147·67·293Z7t1t

5
3t4 − 2175131323·7·22063Zt22t

5
3t4

− 223355147·16447Z2t1t
6
3t4 + 2195137327·12347Z4t2t

6
3t4 − 224514723·31·6673Z7t73t4

− 2305147·2511151Z2t83t4 − 253751672Zt31t2t
2
4 + 25375137·367Z3t21t

2
2t

2
4

+ 25345137·2099Z5t1t
3
2t

2
4 − 245127·11·3517Z7t42t

2
4 − 273451672173Z4t31t3t

2
4

− 26355137·19·29·59Z6t21t2t3t
2
4 + 25345127·407717 t1t32t3t24 − 25335137·149·271Z2t42t3t

2
4

− 211355137·19·3119Zt21t2t
2
3t

2
4 + 29345127·61·48311Z3t1t

2
2t

2
3t

2
4 + 295137·11·19·479Z5t32t

2
3t

2
4

− 213355137·311·439Z4t21t
3
3t

2
4 − 214345137·61·4663Z6t1t2t

3
3t

2
4 + 2115127·13·3501503 t32t33t24

+ 217345137·14029Zt1t2t
4
3t

2
4 − 2155123·7·11·13·104297Z3t22t

4
3t

2
4 − 219335137·4814471Z4t1t

5
3t

2
4

− 218325137·3231829Z6t2t
5
3t

2
4 + 2235133·7·47·263303Zt2t

6
3t

2
4 − 225325137·1951·29207Z4t73t

2
4

+ 26345157217Z6t31t
3
4 − 24375127·11·79 t21t22t34 + 24335127·89·6449Z2t1t

3
2t

3
4

+ 245113·7·211·6449Z4t42t
3
4 + 2123751672Zt31t3t

3
4 − 210355127·208253Z3t21t2t3t

3
4

− 215335127·1429Z5t1t
2
2t3t

3
4 − 285117·31·181·3659Z7t32t3t

3
4 + 212355147·13·37·59Z6t21t

2
3t

3
4

+ 21632513232Z10t22t
2
3t

3
4 + 21233512721178167 t1t

2
2t

2
3t

3
4 − 2105112107634939Z2t32t

2
3t

3
4

+ 218385137·1033Zt21t
3
3t

3
4 − 217335127·13·23·4099Z3t1t2t

3
3t

3
4 + 218511107·330509Z5t22t

3
3t

3
4

− 218345137·377563Z6t1t
4
3t

3
4 + 2243251623Z8t2t

4
3t

3
4 + 216513491035057 t22t

4
3t

3
4

− 224335137·373·523Zt1t
5
3t

3
4 − 2225123·658847099Z3t2t

5
3t

3
4 + 2245127·25229·55439Z6t63t

3
4

− 2305133·7·23·71·5791Zt73t
3
4 − 2123451572Z3t31t

4
4 + 293125127Z5t21t2t

4
4

+ 27335117·13·17·5981Z7t1t
2
2t

4
4 + 2123251213Z9t32t

4
4 + 285101553·74317Zt42t

4
4

− 210355127·23·97849 t21t2t3t44 − 2163251223Z12t22t3t
4
4 + 293451172644789Z2t1t

2
2t3t

4
4

− 210510684923563Z4t32t3t
4
4 + 216355137·11·23·157Z3t21t

2
3t

4
4 + 214355117·239·1361Z5t1t2t

2
3t

4
4

− 2155103·7·105745993Z7t22t
2
3t

4
4 + 22434514Z10t2t

3
3t

4
4 + 2173551372144073 t1t2t

3
3t

4
4

− 21551031·2275515659Z2t22t
3
3t

4
4 − 225335127219·1987Z3t1t

4
3t

4
4
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− 2205107·17·683·247601Z5t2t
4
3t

4
4 + 23032517Z8t53t

4
4 − 22251156634970591 t2t

5
3t

4
4

+ 2283251159·56802241Z3t63t
4
4 − 216345157·97 t31t54 + 2103125107·103Z2t21t2t

5
4

+ 21432511Z14t22t
5
4 + 2833597·17·6436589Z4t1t

2
2t

5
4 + 28583·83·113·283487Z6t32t

5
4

− 21531051072367Z5t21t3t
5
4 + 212335107·47·409·1801Z7t1t2t3t

5
4 − 2153351189·241Z9t22t3t

5
4

+ 21558192379·72043Zt32t3t
5
4 − 217355127·67·151·443 t21t23t54 + 2203251229·173Z12t2t

2
3t

5
4

+ 21733597·242346031Z2t1t2t
2
3t

5
4 − 214583·17·29·307·2364179Z4t22t

2
3t

5
4

+ 22133597·151247651Z5t1t
3
3t

5
4 + 2185921157·4697569Z7t2t

3
3t

5
4 + 2273251513·17Z10t43t

5
4

+ 224335137·2004073 t1t43t54 − 222583·883·159406111Z2t2t
4
3t

5
4 − 229583343·11789651Z5t53t

5
4

− 22951185909378939 t63t
5
4 + 214314597Z7t21t

6
4 + 214325101523Z11t22t

6
4

− 21133587·13·73·627131Zt1t
2
2t

6
4 + 211576691·10945717Z3t32t

6
4 − 2163105107·739Z2t21t3t

6
4

− 2193351173Z14t2t3t
6
4 + 21333587·6560672719Z4t1t2t3t

6
4 − 213583·19·107·271·4603Z6t22t3t

6
4

− 22134587·195868609Z7t1t
2
3t

6
4 + 22132510173·2039Z9t2t

2
3t

6
4 − 217573·175949·534167Zt22t

2
3t

6
4

+ 2263351373Z12t33t
6
4 − 22533597·307854203Z2t1t

3
3t

6
4 + 2195717·1171·755025827Z4t2t

3
3t

6
4

+ 226573·11·29·1522702439Z7t43t
6
4 + 2285817·23·99971·187073Z2t53t

6
4 + 217314597Z4t21t

7
4

+ 21233577·17·61·545533Z6t1t2t
7
4 + 21232591747·2179Z8t22t

7
4 + 212563·7·25411781761 t32t74

− 21832597·31·101·109Z11t2t3t
7
4 + 21834577·3491·87421Zt1t2t3t

7
4

+ 216563·11·41·625672687Z3t22t3t
7
4 + 22234511732Z14t23t

7
4

− 220335772132607·45503Z4t1t
2
3t

7
4 − 2183356128237·6437531Z6t2t

2
3t

7
4

− 228335116197Z9t33t
7
4 − 224563·443·8098119613Zt2t

3
3t

7
4

+ 226563·7·715783571707Z4t43t
7
4 + 21932587541Z13t2t

8
4

− 21933567217219·31·199Z3t1t2t
8
4 + 215563·23·29·219793529Z5t22t

8
4

+ 22033567·23·67·1297·3301Z6t1t3t
8
4 − 220345928807Z8t2t3t

8
4

+ 217553·7·2544911109121 t22t3t84 + 225325919·43·829Z11t23t
8
4

+ 22633577·53·167·116381Zt1t
2
3t

8
4 − 2263255167·5651·157637Z3t2t

2
3t

8
4

+ 226325519·47·359·6805069Z6t33t
8
4 + 232563·31·1249·8516173Zt43t

8
4

+ 218335711·151·2281Z10t2t
9
4 − 2183355721453·9140533 t1t2t94

+ 216558861954242873Z2t22t
9
4 − 223335873·7541Z13t3t

9
4

− 22533557·4139·129119Z3t1t3t
9
4 − 22355151·5680110559Z5t2t3t

9
4

− 226325740185941Z8t23t
9
4 + 2245417·23621998776373 t2t23t94

+ 2305411·764381·5742169Z3t33t
9
4 − 224314547·11·863Z5t1t

10
4

+ 2205317·233941·6976421Z7t2t
10
4 − 22532567·1381231Z10t3t

10
4

− 22533557·7457·33020201 t1t3t104 − 2255358812201936403Z2t2t3t
10
4

+ 2295339878573708081Z5t23t
10
4 + 232543909211·4328957 t33t104

+ 222325575412Z12t114 + 22431354725399Z2t1t
11
4 − 22832557·53·7541Z9t124

+ 22252225349·1564621501Z4t2t
11
4 − 227523·107·127·4920163967Z7t3t

11
4
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− 2315313·1583·4421·158759Z2t23t
11
4 − 2265·296367312358063Zt2t

12
4

− 2325·1383659·123837583Z4t3t
12
4 + 2307·249677·73045429Z6t134

+ 2335·296367312358063Zt3t
13
4 − 23211·43·104455205831Z3t144

−2505107·349 t154
)
,

y2 =
53

23318
(
2233513t31 − 3251017Z4t1t

2
2 − 582·3·7Z6t32 − 253351011Z7t1t2t3

+ 25335831Zt32t3 + 283451219 t21t
2
3 − 2932510353Z2t1t2t

2
3 − 263258367Z4t22t

2
3

+ 2153251029Z5t1t
3
3 − 211583·4327Z7t2t

3
3 + 214335101319 t1t

4
3

− 215583·109·137Z2t2t
4
3 − 2215113·11Z5t53 + 2203251097 t63 − 24575023Z3t32t4

+ 24325911·13Zt1t
2
2t4 − 273351072Z4t1t2t3t4 + 27573·4817Z6t22t3t4

+ 215325953Z7t1t
2
3t4 − 210573·13·397Zt22t

2
3t4 + 21632510353Z2t1t

3
3t4

− 2135719·41·317Z4t2t
3
3t4 + 2195811·1723Z7t43t4 + 222583·109·137Z2t53t4

− 253258547Z6t1t2t
2
4 − 2432567·13·167 t32t24 − 210325811·103Zt1t2t3t

2
4

− 29563·7·3907Z3t22t3t
2
4 + 2153258881Z4t1t

2
3t

2
4 + 211325731883Z6t2t

2
3t

2
4

− 2165843·461Zt2t
3
3t

2
4 + 22257127·1301Z4t43t

2
4 + 293257823Z3t1t2t

3
4

− 28563·7·37·53Z5t22t
3
4 − 21332587·53Z6t1t3t

3
4 − 212563·73·1877 t22t3t34

− 217355811Zt1t
2
3t

3
4 + 217325613·137Z3t2t

2
3t

3
4 − 2193457641Z6t33t

3
4

+ 2235796601Zt43t
3
4 + 2832567·13·67·79 t1t2t44 − 210557210343Z2t22t

4
4

+ 214325619·443Z3t1t3t
4
4 + 213557229·409Z5t2t3t

4
4 − 2145517·379·17209 t2t23t44

− 2205517·19·13931Z3t33t
4
4 + 213375579Z5t1t

5
4 − 2125313·59·5623Z7t2t

5
4

+ 215325613·103·883 t1t3t54 + 2155311·5478043Z2t2t3t
5
4

− 2195311·83·32839Z5t23t
5
4 + 221555189507 t33t

5
4 − 214375559Z2t1t

6
4

− 21252327966773Z4t2t
6
4 + 218523·83·593·613Z7t3t

6
4

+ 220531249·3677Z2t23t
6
4 + 2175·139571863Zt2t

7
4 + 2195·1099915517Z4t3t

7
4

−21813·49685821Z6t84 − 2245·139571863Zt3t
8
4 + 22319·1661677Z3t94 + 2355717 t104

)
,

y3 = − 53

22311
(
3356t1t2 − 225413Z2t22 + 265423Z5t2t3 + 2654587 t2t

2
3

+ 21357Z3t33 − 2553Z7t2t4 + 27335511 t1t3t4 + 295353Z2t2t3t4

+ 21255Z5t23t4 + 2135423·131 t33t4 − 24521523Z4t2t
2
4 + 29533·73Z7t3t

2
4

− 2135329Z2t23t
2
4 + 285·31·41Zt2t

3
4 + 2115·7·491Z4t3t

3
4 − 297541Z6t44

− 2155·31·41Zt3t
4
4 + 2147·53Z3t54 + 2215311 t64

)
,

y4 =
40

3
t4.

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems 4.2.4,
4.2.10, 4.3.4, 4.5.4, 4.5.10. No proof was presented in [26], where these results were first
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published.

Proposition 4.5.20. The derivatives ∂yi
∂tj

∈ C[t1, t2, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5.
The expression for the discriminant of H4(7) as well as the expression for e in terms

of the y coordinates can be found in Appendix A.4. We do not present these here as they
are too long and for this reason we chose not to include these in our paper [26]. We do
not give expressions for the t coordinates and Z in terms of the y coordinates, as this was
too complicated even for computation.



Chapter 5

Almost duality results

Let us define on a Frobenius manifold M the following tensor fields:

∗
cijk := giλ

∗
cλjk,

∗
cijk := giλcjkλ , (5.0.1)

where ∗
cλjk and cjkλ are given by formulas (2.2.32) and (2.2.6), respectively. It can be shown

that ∗
cijk(x) =

∂3F∗
∂xi∂xj∂xk

for a function F∗(x), which is the dual prepotential of M [17].
For irreducible polynomial Frobenius manifolds, it was shown in [17] that their dual

prepotentials (up to rescaling) have the following simple form:

F∗(x) =
∑
α∈R+

(α, x)2

(α, α)
log(α, x), (5.0.2)

where R+ is a positive root system for the associated Coxeter group W. Below we give
some partial results about dual prepotentials for some algebraic Frobenius manifolds.

5.1 Two-dimensional algebraic examples

A two-dimensional (semisimple) algebraic Frobenius manifold has a prepotential of the
form

F (t) =
1

2
t21t2 +

k(2k)k

k2 − 1
tk+1
2 , (5.1.1)

with k ∈ Q\{−1, 0, 1} (see [13]). This has degrees d1 = 1 and d2 = 2
k
, and charge d = k−2

k
.

The choice of the coefficient of tk+1
2 in formula (5.1.1) is convenient for having a simple

relation between coordinates t1, t2 and the flat coordinates of the intersection form x1, x2.

Using formulas (2.2.14), (4.0.1) and (2.2.19), we find the intersection form:

gij(t) =

(
(2k)k+1tk−1

2 t1

t1
2
k
t2

)
.

162
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Using formulas (2.2.6), (2.2.32) and (5.0.1), we get

∗
c111(t) = − 4k−1t1t2D,

∗
c112(t) =

(
4(2k)ktk2 + t21

)
D, (5.1.2)

∗
c122(t) = − 2(2k)k+1t1t

k−1
2 D,

∗
c222(t) = (2k)kk2tk−2

2

(
4(2k)ktk2 + t21

)
D, (5.1.3)

where D = det (gij(t))
−2

=
(
4(2k)ktk2 − t21

)−2
. Similar to the polynomial case k ∈ Z≥2

considered in [13], the flat coordinates of the metric t1, t2 are related to the flat coordinates
of the intersection form x1, x2 by the following formulas:

t1 = zk + zk, t2 =
zz

2k
, (5.1.4)

where z := x1 + ix2 and z := x1 − ix2.

Performing a tensorial transformation of (5.1.2) and (5.1.3) with the relations (5.1.4),
we get the following third order derivatives of the dual prepotential:

∗
c111(x) =

k x1(x
2
1 + 3x22)

(zz)2
+

2ki x32
(zz)2

zk + zk

zk − zk
,

∗
c112(x) =

k x2(x
2
2 − x21)

(zz)2
− 2ki x1x

2
2

(zz)2
zk + zk

zk − zk
,

(5.1.5)

∗
c122(x) =

k x1(x
2
1 − x22)

(zz)2
+

2ki x21x2
(zz)2

zk + zk

zk − zk
,

∗
c222(x) =

k x2(x
2
2 + 3x21)

(zz)2
− 2ki x31

(zz)2
zk + zk

zk − zk
.

(5.1.6)

Since k is a nonzero rational number there exists m, l ∈ Z \ {0} such that k = m
l

and
(m, l) = 1. Here, and in the theorems that follow, we are assuming that when taking
powers of 1

l
we are working in an open set U ⊆ C which contains the points z, z, 2k

and zz
2k
. In the open set U we choose a single branch of the function f(w) = w

1
l so that

we have the relation f(z)f(z) = f(2k)f( zz
2k
). For example, we could assume that U does

not contain the non-positive imaginary axis which can be achieved for k > 0 by taking
|Re(x1)|, |Im(x1)| < 1 and Re(x2), Im(x2) > 1. Similarly, for k < 0 we could assume that
U does not contain the non-negative imaginary axis and take the same conditions for x1
and x2.

Recall that for a polynomial Frobenius manifold associated to a Coxeter group W with
root system R = RW , the dual prepotential has the form (5.0.2). Let α ∈ R and define
αi = (α, ei), then we have the following relations (for generic points on (α, x) = 0):(

(α, x)
∂3F∗

∂xi∂xj∂xk

) ∣∣∣∣
(α, x)=0

=
2αiαjαk

(α, α)
,

for all i, j, k = 1, . . . , n. Let us now investigate the case of two-dimensional algebraic
Frobenius manifolds. The positive half of the root system RW for W = I2(m) may be
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taken as
α = α(a) = sin

(πa
m

)
e1 + cos

(πa
m

)
e2, (5.1.7)

for a = 0, . . . ,m − 1 (see Example 2.3.5). The mirrors for I2(m) are the hyperplanes
(α, x) = 0 which can be equivalently formulated as the subsets where z = e

2πia
m z. If

e
2πia
m z ∈ U for all a then we have

f(e
2πia
m z) = ξaf(z),

where ξa is an (ml)’th root of unity and f is the particular branch of the function f(w) =
w

1
l that we have chosen for taking powers of 1

l
. If ξma = 1, then we will say that α(a) is

consistent with f at z. For example, when a = 0, α(a) is consistent with any branch of f
for all z. The property of consistency is not affected by changing z to a point in a small
neighbourhood of z. The notion of consistency is useful for analysing singularities in the
formulas (5.1.5)–(5.1.6). Thus, on the complex line z = e

2πia
m z, we have

zk − zk = f(e
2πia
m z)m − f(z)m = (ξma − 1)f(z)m,

which is equal to 0 precisely when α(a) is consistent with f at z. For the theorem that
follows we first need the following technical result.

Lemma 5.1.1. Let α ∈ RW be a root of the Coxeter group W = I2(m) as given by equation
(5.1.7) and let b = 0, 1, 2 or 3. Then,(

2mi(−x1)bx3−b
2 (α, x)

(zz)2(zm − zm)

) ∣∣∣
(α, x)=0

=
α3−b
1 αb

2

zm

∣∣∣
(α, x)=0

.

Proof. The root system RW has mirrors given by the equations z = e
2πia
m z, where a =

0, . . . ,m− 1. We can factor zm − zm into these mirrors:

zm − zm =
m−1∏
a=0

(
z − e

2πia
m z
)
. (5.1.8)

Consider the following identity

m−1∏
b=0
b ̸=a

(
z − e

2πib
m z
)
= e−

2πia
m

m−1∑
c=0

zczm−1−ce−
2πiac
m , (5.1.9)

which can be checked by evaluating the right hand side at z = e
2πib
m z for b ̸= a, and by

comparing the coefficients of zm−1. Evaluating (5.1.9) at z = e
2πia
m z and factoring out zm−1



CHAPTER 5. ALMOST DUALITY RESULTS 165

we get
m−1∏
b=0
b ̸=a

(
e

2πia
m − e

2πib
m

)
= me−

2πia
m . (5.1.10)

To complete the proof we will need the following trigonometric relations:

1− e
2πia
m = −2i sin

(πa
m

)
e

πia
m , 1 + e

2πia
m = 2 cos

(πa
m

)
e

πia
m .

The mirrors of I2(m) are also given by the equations (α(a), x) = 0 and we can relate this
to the expression z = e

2πia
m z by the ratio

(α(a), x)

z − e
2πia
m z

=
sin
(
πa
m

)
x1 + cos

(
πa
m

)
x2(

1− e
2πia
m

)
x1 − i

(
1 + e

2πia
m

)
x2

=
sin
(
πa
m

)
x1 + cos

(
πa
m

)
x2

−2ie
πia
m

(
sin
(
πa
m

)
x1 + cos

(
πa
m

)
x2
) =

i

2
e−

πia
m . (5.1.11)

By formulas (5.1.8), (5.1.10) and (5.1.11) we get

(α(a), x)

zm − zm

∣∣∣
(α, x)=0

=
(α(a), x)

z − e
2πia
m z

m−1∏
b=0
b ̸=a

1

z − e
2πib
m z

∣∣∣
(α, x)=0

=
i

2
e−

πia
m

1

me−
2πia
m zm−1

∣∣∣
(α, x)=0

=
ie

πia
m

2mzm−1

∣∣∣
(α, x)=0

. (5.1.12)

Now, for a = 0, the equation (α(a), x) = 0 is equivalent to the condition that x2 = 0 and
so we have the following relations for b = 0, 1, 2 and 3:

(−x1)bx3−b
2

(zz)2

∣∣∣
(α, x)=0

=
(−x1)bδ3b

x41
= −δ3b

x1
= −α

3−b
1 αb

2

e
πia
m z

∣∣∣
(α, x)=0

. (5.1.13)

Similarly, for a ̸= 0 the equation (α(a), x) = 0 is equivalent to the condition

x1 = −
cos
(
πa
m

)
sin
(
πa
m

)x2 = −α2

α1

x2,

and thus we get

z|(α, x)=0 =(x1 + ix2)|(α, x)=0 =

(
−
cos
(
πa
m

)
sin
(
πa
m

) + i

)
x2

= −

(
cos
(
πa
m

)
− i sin

(
πa
m

)
sin
(
πa
m

) )
x2 = −e

−πia
m

α1

x2.
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Thus, for a ̸= 0, we have the following relations:

(−x1)bx3−b
2

(zz)2

∣∣∣
(α, x)=0

=
αb
2x

3
2

αb
1e

4πia
m z4

∣∣∣
(α, x)=0

=
α3−b
1 αb

2x
3
2

e
4πia
m (−x32)e−

3πia
m z

∣∣∣
(α, x)=0

= − α3−b
1 αb

2

e
πia
m z

∣∣∣
(α, x)=0

, (5.1.14)

for b = 0, 1, 2 or 3. Formulas (5.1.12), (5.1.13) and (5.1.14) thus imply the statement.

This allows us to present the following result for two-dimensional algebraic Frobenius
manifolds, which closely resembles the polynomial case.

Theorem 5.1.2. Let F be a two-dimensional prepotential of the form (5.1.1) with k = m
l
,

where m, l ∈ Z>0 and (m, l) = 1. Let W = I2(m) and α ∈ RW . Let z be a generic point in
the hyperplane (α, x) = 0. Then, if α is consistent with f at z, the third order derivatives
∗
cijk(x) of the dual prepotential F∗ satisfy the following:(

(α, x)
∗
cijk(x)

) ∣∣∣
z
= 2αiαjαk.

If α is not consistent with f at z, then the third order derivatives satisfy the following:(
(α, x)

∗
cijk(x)

) ∣∣∣
z
= 0.

Proof. Consider the identity

z
m
l + z

m
l

z
m
l − z

m
l

=
zm + zm

zm − zm
+

2

zm − zm

l−1∑
j=1

z
mj
l z

m(l−j)
l ,

which can be checked by multiplying the left hand side by
l−1∑
j=0

z
mj
l z

m(l−j−1)
l and dividing

by the same expression. Hence, by the formula (5.1.5)

∗
c111(x) =

1

l

(
mx1(x

2
1 + 3x22)

(zz)2
+

2mix32
(zz)2

zm + zm

zm − zm

)
+

2mix32
l(zz)2

2

zm − zm

l−1∑
j=1

z
mj
l z

m(l−j)
l .

(5.1.15)
The first term in formula (5.1.15) is equal to 1

l

∗
c111(x) in formula (5.1.5) when k = m.

Thus, this term is equal to 1
l

∑
α∈R+

2α3
1

(α, x)
by formula (5.0.2) for the dihedral Coxeter case

W = I2(m). So, we see that

∗
c111(x) =

1

l

∑
α∈R+

2α3
1

(α, x)
+

4mix32
l(zz)2

1

zm − zm

l−1∑
j=1

z
mj
l z

m(l−j)
l ,
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Similarly, for the other third order derivatives of the dual prepotential given by formulas
(5.1.5)–(5.1.6), we have

∗
c112(x) =

1

l

∑
α∈R+

2α2
1α2

(α, x)
− 4mix1x

2
2

l(zz)2
1

zm − zm

l−1∑
j=1

z
mj
l z

m(l−j)
l ,

∗
c122(x) =

1

l

∑
α∈R+

2α1α
2
2

(α, x)
+

4mix21x2
l(zz)2

1

zm − zm

l−1∑
j=1

z
mj
l z

m(l−j)
l ,

∗
c222(x) =

1

l

∑
α∈R+

2α3
2

(α, x)
− 4mix31
l(zz)2

1

zm − zm

l−1∑
j=1

z
mj
l z

m(l−j)
l ,

where R+ is a positive root system of I2(m). If α is consistent with f, then

z
mj
l z

m(l−j)
l = f(e

2πia
m z)mjf(z)m(l−j) = ξmj

a f(z)mjf(z)m(l−j) = f(z)ml = zm,

and so, using Lemma 5.1.1,

(
(α, x)

∗
cijk(x)

) ∣∣∣
(α, x)=0

=
2αiαjαk

l
+

2αiαjαk

l

1

zm

l−1∑
j=1

zm
∣∣∣
(α, x)=0

=
2αiαjαk

l
(1 + (l − 1)) = 2αiαjαk.

If α is not consistent with f, then

z
mj
l z

m(l−j)
l = f(e

2πia
m z)mjf(z)m(l−j) = ξmj

a f(z)mjf(z)m(l−j) = ξmj
a f(z)ml = ξmj

a zm,

where ξa is an (ml)’th root of unity with ξma ̸= 1. Thus, by use of Lemma 5.1.1,

(
(α, x)

∗
cijk(x)

) ∣∣∣
(α, x)=0

=
2αiαjαk

l
+

2αiαjαk

l

1

zm

l−1∑
j=1

ξmj
a zm

∣∣∣
(α, x)=0

=
2αiαjαk

l

(
1 +

l−1∑
j=1

ξmj
a

)
= 0.

For the next two theorems we consider only the case when k = ±l−1 with l ∈ Z≥2. We
will also need to assume that 2ix2 ∈ U, as we will make use of the hypergeometric function

2F1(a, b; c;w) which is single-valued for the argument |w| < 1. This condition holds for
w = ix1+x2

2x2
when we use the constraints for U specified above.

Theorem 5.1.3. Let M be a two-dimensional Frobenius manifold with prepotential (5.1.1)
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with k = l−1, where l ∈ Z≥2. Then the dual prepotential of M has the form

F∗(x) =
x22
l
log x2 +

z2

4l
log z +

z2

4l
log z

+
l−1∑
j=1

z
j
l

4j

(
lx1 + (l − 2j)ix2

(j − l)z
j
l
−1

+ (2ix2)
2− j

l 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

))
, (5.1.16)

where 2F1(a, b; c;w) is the hypergeometric function.

Proof. For k = l−1, the third order derivatives of the dual prepotential given by formulas
(5.1.5)–(5.1.6) may be simplified as

∗
c111(x) =

x1
lzz

− 2x22
l(zz)2

l−1∑
j=1

z
j
l z

l−j
l , (5.1.17)

∗
c112(x) =

x2
lzz

+
2x1x2
l(zz)2

l−1∑
j=1

z
j
l z

l−j
l , (5.1.18)

∗
c122(x) = − x1

lzz
− 2x21
l(zz)2

l−1∑
j=1

z
j
l z

l−j
l , (5.1.19)

∗
c222(x) =

1

l

(
2

x2
− x2
zz

)
+

2x31
lx2(zz)2

l−1∑
j=1

z
j
l z

l−j
l , (5.1.20)

where we use the identity

z
1
l + z

1
l

z
1
l − z

1
l

=
z + z

z − z
+

2

z − z

l−1∑
j=1

z
j
l z

l−j
l .

Let us define the following functions:

A(x) :=
x22
l
log x2 +

z2

4l
log z +

z2

4l
log z,

Bj(x) :=
z

j
l (lx1 + (l − 2j)ix2)

4j(j − l)z
j
l
−1

,

Cj(x) :=
z

j
l

4j
(2ix2)

2− j
l 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
,

for j = 1, . . . , l − 1. Then, we want to show that

∂3

∂xa∂xb∂xc

(
A(x) +

l−1∑
j=1

(Bj(x) + Cj(x))

)
=

∗
cabc(x), (5.1.21)

where ∗
cabc(x) are given by formulas (5.1.17)–(5.1.20). The third order derivatives of A(x)
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are

∂3A

∂x31
=

x1
lzz

,
∂3A

∂x21∂x2
=

x2
lzz

,
∂3A

∂x1∂x22
= − x1

lzz
,

∂3A

∂x32
=

1

l

(
2

x2
− x2
zz

)
.

(5.1.22)
Next, we calculate the third order derivatives of Bj(x) for j = 1, . . . , l − 1 to be

∂3Bj

∂x31
=

4ix32 z
j
l
−3bj

l3z
j
l
+2

,
∂3Bj

∂x21∂x2
= − 4ix1x

2
2 z

j
l
−3bj

l3z
j
l
+2

, (5.1.23)

∂3Bj

∂x1∂x22
=

4ix21x2 z
j
l
−3bj

l3z
j
l
+2

,
∂3Bj

∂x32
= − 4ix31 z

j
l
−3bj

l3z
j
l
+2

, (5.1.24)

where bj = l(l − 2j)x1 + i(j2 − jl + l2)x2. Now, let us consider the first order derivatives
of Cj(x) for j = 1, . . . , l − 1. We get

∂Cj

∂x1
=
z

j
l
−1

4l
(2ix2)

2− j
l 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
− z

j
l

4j
(2ix2)

1− j
l 2F

′
1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
,

∂Cj

∂x2
=

(
ix1 + x2

j
− ix1

2l

)
z

j
l
−1(2ix2)

1− j
l 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
+
ix1
2j
z

j
l (2ix2)

− j
l 2F

′
1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
.

The hypergeometric function has the properties

2F
′
1(a, b; c;w) =

c− 1

w
(2F1(a, b; c− 1;w)− 2F1(a, b; c;w)),

2F1(a, b; b;w) = (1− w)−a,

for all a, b, c ∈ C. Here the branch of (1−w)−a is the one which equals 1 at w = 0. When
a = j

l
and w = ix1+x2

2x2
we have the relation

2F1

(
j

l
, b; b;

ix1 + x2
2x2

)
=

(
1− ix1 + x2

2x2

)− j
l

=
(2ix2)

j
l

z
j
l

, (5.1.25)

for any b ∈ C, where the functions f(t) = t
1
l on the right-hand side of (5.1.25) are taken on

the same branch, which is possible since the open set U contains both z and 2ix2. Hence
we have

2F
′
1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
=

2jx2
l(ix1 + x2)

(
(2ix2)

j
l

z
j
l

− 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

))
.

(5.1.26)
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Substitution of relation (5.1.26) into the above formulas for the derivatives ∂Cj

∂xi
gives

∂Cj

∂x1
= − x22 z

j
l
−1

lz
j
l

,

∂Cj

∂x2
=
i

j
z

j
l (2ix2)

1− j
l 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
+
x1x2 z

j
l
−1

lz
j
l

.

Since ∂Cj

∂x1
contains no hypergeometric functions, its derivatives are more easily attainable,

and we see that

∂3Cj

∂x31
= −2x22 z

j
l
−3cj

l3z
j
l
+2

,
∂3Cj

∂x21∂x2
=

2x1x2 z
j
l
−3cj

l3z
j
l
+2

,
∂3Cj

∂x1∂x22
= −2x21 z

j
l
−3cj

l3z
j
l
+2

,

(5.1.27)
where cj = l2x21+2il(l− 2j)x1x2− (l2− 2jl+2j2)x22. On the other hand, ∂Cj

∂x2
still contains

hypergeometric functions. Looking at the second order derivative, and using relation
(5.1.26), we see that

∂2Cj

∂x22
= −2

j
z

j
l (2ix2)

− j
l 2F1

(
j

l
,
j

l
;
j

l
+ 1;

ix1 + x2
2x2

)
+
x1 z

j
l
−2

l2z
j
l
+1

(3lx21 + i(l− 2j)x1x2 + 2lx22).

Differentiating Cj(x) with respect to x2 for the third time and substituting relation (5.1.26)
into this expression, we get

∂3Cj

∂x32
=

2x31 z
j
l
−3

l3x2z
j
l
+2

(l2x21 + 2il(2j − l)x1x2 − (l2 − 2jl + 2j2)x22). (5.1.28)

From relations (5.1.22)–(5.1.24) and (5.1.27)–(5.1.28), one can check directly that formula
(5.1.21) holds.

Theorem 5.1.4. Let M̃ be a two-dimensional Frobenius manifold with prepotential (5.1.1)
with k = −l−1, where l ∈ Z≥2. Then the dual prepotential of M̃ has the form

F̃∗(x) = F∗(x)−
x21 + x22

2l
log(x21 + x22),

where F∗(x) is the function given by formula (5.1.16).

Proof. Given a two-dimensional Frobenius manifold M, with charge d ̸= 1 and η11 = 0

one can construct a two-dimensional Frobenius manifold M̃ with charge d̃ = 2 − d using
a symmetry of the WDVV equations known as an inversion [13]. The flat coordinates x
of the intersection form of M may be expressed in terms of the flat coordinates x̃ of the
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intersection form of M̃ via the following relation:

xi =
2 x̃i(

1− d̃
)
(x̃21 + x̃22)

,

for i = 1, 2. Moreover, the dual prepotential F̃∗ of M̃ may be expressed as

F̃∗(x̃) =
4F∗(x(x̃))

(1− d)2 (x1(x̃)2 + x2(x̃)2)
2 , (5.1.29)

where F∗ is the dual prepotential of M [42]. In two dimensions, semisimple Frobenius
manifolds with d ̸= 1 and η11 = 0 are uniquely parametrized, up to isomorphism, by
their charge [13]. A Frobenius manifold with prepotential (5.1.1) has charge d = k−2

k
.

Let M be the Frobenius manifold with prepotential (5.1.1) with k = l−1, thus M has
charge d = 1 − 2l. We know from Theorem 5.1.3 that this Frobenius manifold has a
dual prepotential of the form (5.1.16). The inversion M̃ must have charge d̃ = 2l + 1 and
therefore its prepotential must be of the form (5.1.1) with k = −l−1. The dual prepotential
of M̃ is given by equation (5.1.29) from which the statement follows.

5.2 (H3)
′′ and D4(a1)

Below we give related results for the algebraic Frobenius manifolds (H3)
′′ and D4(a1).

Proposition 5.2.1. Let PM(x, Z) be the polynomial from relation (4.2.45) for M = (H3)
′′

and let it be the polynomial from relation (4.3.34) for M = D4(a1) expressed in the x

coordinates. Then for each α ∈ R, where R = RH3 for M = (H3)
′′ and R = RD4 for

M = D4(a1), we have that

PM(x, Z)|(α, x)=0 = KM
α (LM

α )2,

where KM
α , L

M
α ∈ C[x;Z] and LM

α is linear in Z. KM
α is cubic in Z for M = (H3)

′′ and
quartic in Z for M = D4(a1).

To check that the polynomial PM(x, Z) factorises on the hyperplanes (α, x) = 0 we first
substitute the expressions for yi(x) from relations (4.2.1)–(4.2.7), or (4.3.8)–(4.3.11), into
the left-hand side of equation (4.2.45), or equation (4.3.34), respectively. We then restrict
to the hyperplane (α, x) = 0 and see that the polynomial factorises as claimed.

Proposition 5.2.2. Let α ∈ R, where R = RH3 for M = (H3)
′′ and R = RD4 for

M = D4(a1). The third order derivatives
∗
cijk(x) of the dual prepotential F∗ of M = (H3)

′′

or M = D4(a1) satisfy (
(α, x)

∗
cijk(x)

) ∣∣∣
(α, x)=0

= 0
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if LM
α (x, Z) = 0. If KM

α (x, Z) = 0 then we have(
(α, x)

∗
cijk(x)

) ∣∣∣
(α, x)=0

=
2αiαjαk

(α, α)
.

Proof. By formulas (4.0.2) and (5.0.1) we have

∂3F∗

∂xi∂xj∂xk
=

∗
cijk(x) = giλ(x)gjµ(x)gkν(x)

∗
cλµν(x) =

∗
cijk(x).

Then

∂3F∗

∂xi∂xj∂xk
=

∗
cαβγ(t)

∂xi
∂tα

∂xj
∂tβ

∂xk
∂tγ

= gαδ(t)cβγδ (t)
∂xi
∂yr

∂yr
∂tα

∂xj
∂ys

∂ys
∂tβ

∂xk
∂yt

∂yt
∂tγ

. (5.2.1)

Now we express the right-hand side of (5.2.1) in x coordinates and Z. For the terms gαδ(t)
and cβγδ (t) we apply Theorem 4.2.13. The derivatives ∂xi

∂yr
,

∂xj

∂ys
and ∂xk

∂yt
can be found by

inverting the Jacobi matrix J =
(

∂yi
∂xj

)
. The derivatives ∂yr

∂tα
, ∂ys

∂tβ
and ∂yt

∂tγ
can be found

by Theorem 4.2.10. We then reduce the resulting expression for ∗
cijk(x) as a polynomial

in Z modulo the relation (4.2.45) for M = (H3)
′′, or modulo the relation (4.3.34) for

M = D4(a1).
Then, for any α ∈ R we get (α, x) ∗

cijk(x) which can be restricted to (α, x) = 0. Using
Proposition 5.2.1 we can then reduce the restricted expression as a polynomial in Z modulo
KM

α or modulo LM
α depending on which branch of Z we consider on the hyperplane. This

leads to the claim.



Chapter 6

Concluding remarks

In this thesis we studied the relations between flat coordinates of the metric η and flat
coordinates of the intersection form g for algebraic Frobenius manifolds in dimensions 3
and 4 and we obtained explicit formulas for the relations. The complexity of these formulas
changes as the underlying Frobenius manifolds changes and it generally increases with the
increase of the algebraic degree of the prepotential. In all cases the flat coordinates of η
appear to be algebraic functions on the Coxeter orbit space for a suitable Coxeter group
W.

In the polynomial case, Saito polynomials appear as the flat coordinates of the metric η
expressed in terms of the flat coordinates of the intersection form g. They have applications
in relation to the representation theory of rational Cherednik algebras [25]. It would be
interesting to understand a representation theoretic meaning of the flat coordinates of
algebraic Frobenius manifolds.

The class of algebraic Frobenius manifolds is considerably more complicated than the
polynomial one. The classification of algebraic Frobenius manifolds remains a key chal-
lenge in the area. Our brief exploration of two-dimensional algebraic Frobenius manifolds
in Subsection 3.2.4 suggested that the Dubrovin conjecture on algebraic Frobenius man-
ifolds [7], [10] should be modified to include the assumption that the charge d must be
non-negative. Also, the data suggested by Douvropoulos for the degrees of algebraic
Frobenius manifolds [12] assumes that the quasi-Coxeter conjugacy class is regular. There
seems to be no known examples of algebraic Frobenius manifolds associated with non-
regular quasi-Coxeter conjugacy classes. We propose to modify the conjecture so that it
reads as follows:

Conjecture 6.0.1. Irreducible, semisimple algebraic Frobenius manifolds with positive
degrees and non-negative charge correspond to regular quasi-Coxeter conjugacy classes in
finite irreducible Coxeter groups.

The dual prepotentials for the two-dimensional algebraic Frobenius manifolds that we
found are rather involved and require the use of special functions to express them. We were
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able to deal with a particular class of two-dimensional examples which may be associated
to the Coxeter group W = A1. It may be instructive to try to obtain the dual prepotentials
when W has rank 2. Further investigation of the two-dimensional cases may also shed
some light on the dual prepotentials in higher dimensions.

We observed a certain structure in the residues on the Coxeter mirrors of the third
order derivatives of the dual prepotentials for (H3)

′′ and D4(a1) which also agrees with
the two-dimensional examples and may be expected to hold in general. Furthermore, we
also found the Liouville vector field e in all the cases of algebraic Frobenius manifolds we
considered, which is an important ingredient of the almost dual structure.



Appendix A

Appendix

A.1 Extra formulas for F4(a2)

Recall from Section 4.4 that the degrees of the t coordinates and Z are deg t1(x) =

6, deg t2(x) = 6, deg t3(x) = 2, deg t4(x) = 2 and degZ(x) = 2. This allows us to de-
duce which harmonic polynomials of the t coordinates and Z have the same degrees as the
basic invariants of F4, which the following Proposition makes precise.

Proposition A.1.1. Let V1 = {p ∈ C[t1, t2, t3, Z] | deg p(x) = 12}, let V2 = {p ∈
C[t1, t2, t3, Z] | deg p(x) = 8} and let V3 = {p ∈ C[t1, t2, t3, Z] | deg p(x) = 6}. The
harmonic elements of V1 are of the form

a(39994271651463168000t21 − 80904225849081856000t1t2 + 91628316367781888000t22

+ 39691987478208× 108t2t3Z
2 − 21155829325884864× 106t2t

2
3Z

+ 55093432679861885337600t1t
3
3 − 34153101962367741849600t2t

3
3

− 49021196866490790922500t43Z
2 + 977984833875970910804100t53Z

+ 3110921862196961552295231t63 + 146555030688768× 108t2t4Z
2

− 29213302783961088× 106t2t3t4Z + 85555282259884002508800t1t
2
3t4

− 95774895963911695564800t2t
2
3t4 − 724005369105094758240000t33t4Z

2

+ 7074356527308602725128000t43t4Z + 21147741270229995149410656t53t4

− 8834398276534272× 106t2t
2
4Z + 74301901339389906124800t1t3t

2
4

− 621927482894271302860800t2t3t
2
4 − 2693340299619017568× 106t23t

2
4Z

2

+ 8762848369368650105702400t33t
2
4Z + 76905929434144514727538944t43t

2
4

+ 123849542221749131673600t1t
3
4 − 978296108365586733465600t2t

3
4

− 2934732272971723960320000t3t
3
4Z

2 − 16590944187768816265420800t23t
3
4Z

+ 64660702039504411220729856t33t
3
4 − 1450851560860623667200000t44Z

2

− 54501888609333397212364800t3t
4
4Z − 109651175670248494923776t23t

4
4

− 44701167188380467068928000t54Z − 90121677978606548432191488t3t
5
4)
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+b(1665664000t21 − 12300288000t1t2 + 22708224000t22 − 1235069035200t1t
3
3

+ 4560254899200t2t
3
3 + 288947062809465t63 − 13680764697600t1t

2
3t4

+ 50513592729600t2t
2
3t4 + 5072058006855840t53t4 + 4245696× 106t2t

2
4Z

− 34568645529600t1t3t
2
4 + 67292583321600t2t3t

2
4 − 29513723557500t23t

2
4Z

2

− 209744195415300t33t
2
4Z + 30958248927422817t43t

2
4 − 16707033907200t1t

3
4

+ 20023079731200t2t
3
4 − 217947497040000t3t

3
4Z

2 − 1378881164606400t23t
3
4Z

+ 59383246493608128t33t
3
4 − 402364609920000t44Z

2 − 1604093578214400t3t
4
4Z

+ 63810842541368832t23t
4
4 − 662858438860800t54Z + 67385500072869888t3t

5
4

+ 40644595177684992t64),

where a, b ∈ C are constants, the harmonic elements of V2 are proportional to

865280000t1t3 − 192× 106t2Z − 465920000t2t3 + 1334677500t23Z
2

+ 9485108100t33Z + 129130878591t43 + 465920000t1t4 + 163840000t2t4

+ 9856080000t3t4Z
2 + 62356132800t23t4Z + 288371962944t33t4

+ 18195840000t24Z
2 + 72540748800t3t

2
4Z − 79360280064t23t

2
4

+ 29975961600t34Z − 1705504260096t3t
3
4 − 2383159394304t44,

and the harmonic elements of V3 are proportional to

2080t1 − 7680t2 − 771147t33 − 8541946t23t4 − 9637056t3t
2
4 − 3998592t34.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) = − 81

8000Q1(t)Q2(t)

(
576× 1010t22Z

2 + 485888× 108t22t3Z + 54815488× 106t22t
2
3

− 1475975358× 106t2t
3
3Z

2 − 6098353859520000t2t
4
3Z − 4312468094407200t2t

5
3

+ 40140069453607500t63Z
2 + 169301892939882300t73Z + 94770406646119503t83

+ 565248× 108t22t4Z + 159850496× 106t22t3t4 − 10369910304× 106t2t
2
3t4Z

2

− 46636996423680000t2t
3
3t4Z − 35184390037056000t2t

4
3t4

+ 526623988130662500t53t4Z
2 + 2284832220068899800t63t4Z

+ 1312847276928293691t73t4 + 129630208× 106t22t
2
4

− 18401520384× 106t2t3t
2
4Z

2 − 98430133201920000t2t
2
3t

2
4Z

− 66357828605952000t2t
3
3t

2
4 + 2305480912207200000t43t

2
4Z

2

+ 10670351180656752000t53t
2
4Z + 5900835212770893408t63t

2
4

− 8953970688× 106t2t
3
4Z

2 − 92208473210880000t2t3t
3
4Z

+ 22800849297408000t2t
2
3t

3
4 + 3539747954527200000t33t

3
4Z

2

+ 19290935595705696000t43t
3
4Z + 6816070148589823680t53t

3
4
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− 40173136773120000t2t
4
4Z + 149486891433984000t2t3t

4
4

− 390967827494400000t23t
4
4Z

2 + 3842667402043392000t33t
4
4Z

− 17867174176142853120t43t
4
4 + 78222734445772800t2t

5
4

− 6031027762606080000t3t
5
4Z − 37639199254793011200t23t

5
4Z

− 56147707929909952512t33t
5
4 − 4727890612224× 106t64Z

2

− 54400845921465139200t3t
6
4Z − 46832205441313603584t23t

6
4

− 23198183270645760000t74Z + 2162153488801333248t3t
7
4

+16819243213809254400t84
)
, (A.1.1)

∆(t2) = − 1053

128000Q1(t)Q2(t)

(
192× 1010t22Z

2 + 272896× 108t22t3Z + 77399296× 106t22t
2
3

− 569106486× 106t2t
3
3Z

2 − 3402855789840000t2t
4
3Z − 7185639666722400t2t

5
3

+ 13380023151202500t63Z
2 + 95087364527879100t73Z + 168938550977865201t83

+ 598016× 108t22t4Z + 134930432× 106t22t3t4 − 4310830368× 106t2t
2
3t4Z

2

− 30022665154560000t2t
3
3t4Z − 56468639477952000t2t

4
3t4

+ 169823370765262500t53t4Z
2 + 1415249648779859100t63t4Z

+ 2377501071078737097t73t4 + 98369536× 106t22t
2
4 − 8557705728× 106t2t3t

2
4Z

2

− 78506238320640000t2t
2
3t

2
4Z − 113377017821184000t2t

3
3t

2
4

+ 662931324572400000t43t
2
4Z

2 + 7581006758299104000t53t
2
4Z

+ 11703954629799315936t63t
2
4 − 4170756096× 106t2t

3
4Z

2

− 75311922216960000t2t3t
3
4Z − 70992614744064000t2t

2
3t

3
4

+ 508647944282400000t33t
3
4Z

2 + 17080376315195232000t43t
3
4Z

+ 23876892382455927360t53t
3
4 − 29090685911040000t2t

4
4Z

+ 33521273929728000t2t3t
4
4 − 1809325549324800000t3t

5
4Z

2

+ 10778537934987264000t33t
4
4Z + 17101711725365928960t43t

4
4

+ 28526685821337600t2t
5
4 − 3408486672015360000t3t

5
4Z

2

− 19873390910187110400t23t
5
4Z − 11424221360726114304t33t

5
4

− 1942325858304× 106t64Z
2 − 39315036239128166400t3t

6
4Z

− 25446262590965219328t23t
6
4 − 20349963495014400000t74Z

−15334581962784374784t3t
7
4 − 3407968112895590400t84

)
, (A.1.2)

∆(t3) = − 2

39Q1(t)Q2(t)

(
1792× 106t22 + 41067× 106t2t3Z

2 + 145924740000t2t
2
3Z

− 227025676800t2t
3
3 − 6861550333950t53Z + 4162673869263t63

+ 151632× 106t2t4Z
2 + 639550080000t2t3t4Z − 1717498598400t2t

2
3t4

+ 3045066716250t33t4Z
2 − 72574090070625t43t4Z + 49128700391082t53t4

+ 372003840000t2t
2
4Z − 3397850726400t2t3t

2
4 + 33729969780000t23t

2
4Z

2

− 233861123808000t33t
2
4Z + 144409243951440t43t

2
4 − 3074944204800t2t

3
4
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+ 95712392880000t3t
3
4Z

2 − 210375070776000t23t
3
4Z − 214805772979200t33t

3
4

+ 46836092160000t44Z
2 + 82412598528000t3t

4
4Z − 1626554086410240t23t

4
4

+180304762060800t54Z − 2664913466621952t3t
5
4 − 1267254332817408t64

)
, (A.1.3)

∆(t4) =
2

3
, (A.1.4)

where

Q1(t) = 12800t2 − 771147t33 − 5694624t23t4 − 10513152t3t
2
4 − 8985600t34,

Q2(t) = 20000t2 − 771147t33 − 4093011t23t4 + 1314144t3t
2
4 + 7795008t34.

A general element of V1 is of the form

2∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=12

a(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.1.5)

where a(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.1.5) using
Proposition 4.0.1 and formulas (A.1.1)–(A.1.4) we find that the only harmonic elements
of V1 are as claimed. A general element of V2 has the form

2∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=8

b(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.1.6)

where b(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.1.6) using
Propostion 4.0.1 and formulas (A.1.1)–(A.1.4) we find that the only harmonic elements of
V2 are as claimed. A general element of V3 has the form

2∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=6

c(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.1.7)

where c(i1, i2, i3, i4, k) ∈ C are constants. By calculating the Laplacian of this general element
(A.1.7) using Propostion 4.0.1 and formulas (A.1.1)-(A.1.4) we find that the only harmonic
elements of V3 are as claimed.

Proposition A.1.1 thus allows us to give a proof of Theorem 4.4.3, in which the basic
invariants yi are expressed as polynomials in terms of the t coordinates and the variable
Z. We now present this proof.
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Proof. Note that Y4 = 1
8
y4 =

3
2
t4. We now equate Y1, Y2 and Y3 given by relations (4.4.9)–

(4.4.11) with general harmonic elements of V1, V2 and V3, respectively, given by Proposition
A.1.1. We then rearrange these equations to find yi in terms of tj and Z. We find

y1 =
4105728

35
t64 +

a1
39691987478208× 108

(39994271651463168000t21

− 80904225849081856000t1t2 + 91628316367781888000t22

+ 39691987478208× 108t2t3Z
2 − 21155829325884864× 106t2t

2
3Z

+ 55093432679861885337600t1t
3
3 − 34153101962367741849600t2t

3
3

− 49021196866490790922500t43Z
2 + 977984833875970910804100t53Z

+ 3110921862196961552295231t63 + 146555030688768× 108t2t4Z
2

− 29213302783961088× 106t2t3t4Z + 85555282259884002508800t1t
2
3t4

− 95774895963911695564800t2t
2
3t4 − 724005369105094758240000t33t4Z

2

+ 7074356527308602725128000t43t4Z + 21147741270229995149410656t53t4

− 8834398276534272× 106t2t
2
4Z + 74301901339389906124800t1t3t

2
4

− 621927482894271302860800t2t3t
2
4 − 2693340299619017568× 106t23t

2
4Z

2

+ 8762848369368650105702400t33t
2
4Z + 76905929434144514727538944t43t

2
4

+ 123849542221749131673600t1t
3
4 − 978296108365586733465600t2t

3
4

− 2934732272971723960320000t3t
3
4Z

2 − 16590944187768816265420800t23t
3
4

+ 64660702039504411220729856t33t
3
4 − 1450851560860623667200000t44Z

2

− 54501888609333397212364800t3t
4
4Z − 109651175670248494923776t23t

4
4

− 44701167188380467068928000t54Z − 90121677978606548432191488t3t
5
4)

+
b

40644595177684992
(1665664000t21 − 12300288000t1t2 + 22708224000t22

− 1235069035200t1t
3
3 + 4560254899200t2t

3
3 + 288947062809465t63

− 13680764697600t1t
2
3t4 + 50513592729600t2t

2
3t4 + 5072058006855840t53t4

+ 4245696× 106t2t
2
4Z − 34568645529600t1t3t

2
4 + 67292583321600t2t3t

2
4

− 29513723557500t23t
2
4Z

2 − 209744195415300t33t
2
4Z + 30958248927422817t43t

2
4

− 16707033907200t1t
3
4 + 20023079731200t2t

3
4 − 217947497040000t3t

3
4Z

2

− 1378881164606400t23t
3
4Z + 59383246493608128t33t

3
4 − 402364609920000t44Z

2

− 1604093578214400t3t
4
4Z + 63810842541368832t23t

4
4 − 662858438860800t54Z

+ 67385500072869888t3t
5
4 + 40644595177684992t64)

− 4a2
45313125

t24(865280000t1t3 − 192× 106t2Z − 465920000t2t3 + 1334677500t23Z
2

+ 9485108100t33Z + 129130878591t43 + 465920000t1t4 + 163840000t2t4

+ 9856080000t3t4Z
2 + 62356132800t23t4Z + 288371962944t33t4 + 18195840000t24Z

2

+ 72540748800t3t
2
4Z − 79360280064t23t

2
4 + 29975961600t34Z − 1705504260096t3t

3
4
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− 2383159394304t44) +
7a3

46280
t34(2080t1 − 7680t2 − 771147t33 − 8541946t23t4

− 9637056t3t
2
4 − 3998592t34), (A.1.8)

y2 =
1296

5
t44 +

a2
1334677500

(865280000t1t3 − 192× 106t2Z − 465920000t2t3

+ 1334677500t23Z
2 + 9485108100t33Z + 129130878591t43 + 465920000t1t4

+ 163840000t2t4 + 9856080000t3t4Z
2 + 62356132800t23t4Z + 288371962944t33t4

+ 18195840000t24Z
2 + 72540748800t3t

2
4Z − 79360280064t23t

2
4 + 29975961600t34Z

− 1705504260096t3t
3
4 − 2383159394304t44) +

a3
1332864

t4(2080t1 − 7680t2

− 771147t33 − 8541946t23t4 − 9637056t3t
2
4 − 3998592t34), (A.1.9)

y3 = − 216t34 −
a3

3998592
(2080t1 − 7680t2 − 771147t33 − 8541946t23t4 − 9637056t3t

2
4

− 3998592t34), (A.1.10)

y4 =12t4, (A.1.11)

where ai, b ∈ C. In order to find ai and b we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.4.2)–(4.4.8) into y coordinates
by applying formulas (A.1.8)–(A.1.11) and compare it with the expression given by Lemma
4.4.1. We find that

a1 =
25

24
, a2 =

169

1024
, a3 =

712

15
, b =

329462365952

32484375
,

which implies the statement.

In the next statement we express flat coordinates ti via basic invariants yj and Z, which
is an inversion of formulas from Theorem 4.4.3.

Proposition A.1.2. We have the following relations:

t1 =
1

40000

(
−1687500Z3 + 3080025R2Z + 22125987R3 − 1620000y3

+1895400Ry4Z + 17686188R2y4 + 291600y24Z + 1674504Ry24 − 144656y34
)
, (A.1.12)

t2 = − 13

640000

(
562500Z3 − 1026675R2Z − 2432079R3 − 631800Ry4Z

−1332396R2y4 − 97200y24Z − 129168Ry24 − 4448y34
)
, (A.1.13)

t3 =R, (A.1.14)

t4 =
1

12
y4, (A.1.15)

where

R =R(y, Z) =
2

39

(
4318804017333984375× 1011Z16 + 41695196778676615429687500000Z10y1

− 13376868139989070724092218750Z4y21 + 30351743909545447265625× 107Z12y2
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+ 223453003503291231550331250000Z6y1y2 − 79209082183279522631557598478y21y2

− 207998100058843000575× 1010Z8y22 + 5920106418750297172364640000Z2y1y
2
2

+ 33605839581798102762735× 107Z4y32 + 5064103098221412236701068600192y42

+ 144318722022657421875× 1010Z13y3 + 257827039411642588200937500000Z7y1y3

− 7019291273968325706343233750Zy21y3 + 134737367555138322065625× 107Z9y2y3

+ 181400608480305352383205785000Z3y1y2y3 − 32332592190982519070199× 108Z5y22y3

+ 32423634049422305428286083200Zy32y3 + 2089650134005204941210937500000Z10y23

+ 261692786520586823772408187500Z4y1y
2
3 + 1624269341537000712035268750000Z6y2y

2
3

+ 189886397544434000145841924500y1y2y
2
3 − 733232429136900442915099920000Z2y22y

2
3

+ 1500236770844170315324687500000Z7y33 + 51466022282163640057848562500Zy1y
3
3

+ 1176084417668917916138203125000Z3y2y
3
3 + 496311036946002160428691406250Z4y43

+ 269531295967432334004700781250y2y
4
3 + 58567263896436729125097656250Zy53

+ 13357921006982421875× 1011Z15y4 − 36868835450738520140625× 106Z9y1y4

− 55170939614090150722767924375Z3y21y4 − 7718873980700475× 1012Z11y2y4

− 232908050043718804151874× 106Z5y1y2y4 − 211882944575305916220375× 107Z7y22y4

− 84487382612986982332071016800Zy1y
2
2y4 + 6572069507270922461053027920000Z3y32y4

+ 453921706314204890625× 1010Z12y3y4 + 478112102015711370664275× 106Z6y1y3y4

− 69401633326811140866095860848y21y3y4 − 76633393139397513144× 1010Z8y2y3y4

+ 78922659546867736308823585200Z2y1y2y3y4 − 4126468394457539748196173× 106Z4y22y3y4

+ 7625670223478939605880115761664y32y3y4 + 6347496047970926391046875× 106Z9y23y4

+ 682375269183976399823835176250Z3y1y
2
3y4 − 926856258539793292751094× 106Z5y2y

2
3y4

− 1212834306248952195442941151200Zy22y
2
3y4 + 4810169337647061800898675× 106Z6y33y4

+ 335133553414760578475953956000y1y
3
3y4 − 361595813607889255590688170000Z2y2y

3
3y4

+ 2224675539656535838816775390625Z3y43y4 + 405128140349484375179606250000y53y4

+ 1843907075350927734375× 109Z14y24 − 6162529137558399855× 1011Z8y1y
2
4

+ 3313578022570594684421428950Z2y21y
2
4 − 7705270074371540203125× 108Z10y2y

2
4

− 120344562665381362098195× 106Z4y1y2y
2
4 + 4722590272244541201585× 108Z6y22y

2
4

− 121519528888381137537119629056y1y
2
2y

2
4 + 385602845067693724581830505600Z2y32y

2
4

+ 7277397242643146559375× 109Z11y3y
2
4 − 784021766003815426802487× 106Z5y1y3y

2
4

− 78402728487485564040375× 107Z7y2y3y
2
4 − 167506915965450574268563171200Zy1y2y3y

2
4

− 2452791728722125308379764400000Z3y22y3y
2
4 + 952206092401690340562375× 107Z8y23y

2
4

− 101584192429408594465691064900Z2y1y
2
3y

2
4 − 379766236476658288971519× 106Z4y2y

2
3y

2
4

− 3262956604837309632934973313792y22y
2
3y

2
4 + 5087936985485340802799853× 106Z5y33y

2
4

+ 51992198902302305826247286400Zy2y
3
3y

2
4 + 638046647090676244446973863750Z2y43y

2
4

− 4089472671861328125× 1011Z13y34 − 385954076105372423908125× 106Z7y1y
3
4
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+ 16289349261397491418580476800Zy21y
3
4 − 29937945385114200815625× 108Z9y2y

3
4

+ 802410068581633158587715960000Z3y1y2y
3
4 + 2485124426702571292561995× 106Z5y22y

3
4

− 2055150207998010601522211980800Zy32y
3
4 + 1440710299200946725× 1012Z10y3y

3
4

− 852931789405160573147841× 106Z4y1y3y
3
4 − 77171180672542625067933× 108Z6y2y3y

3
4

+ 764447698873512916507529303040y1y2y3y
3
4 + 1923865819695291128334230304000Z2y22y3y

3
4

+ 4637135970689625451029375× 106Z7y23y
3
4 − 9518884709056516976477168520000Z3y2y

2
3y

3
4

+ 3993435219507959038354515× 106Z4y33y
3
4 − 4628492000383908137103735634944y2y

3
3y

3
4

+ 1074402738414905625716316566400Zy43y
3
4 − 209755642121173453125× 1010Z12y44

+ 208932419357350224360187500000Z6y1y
4
4 + 46495633610240475278401992096y21y

4
4

+ 158139161974405077161625× 107Z8y2y
4
4 + 3126641475699507409535520000Z2y1y2y

4
4

+ 1463279825842746445499382× 106Z4y22y
4
4 − 5055077233493501220043821992448y32y

4
4

− 6391427891517072493875× 109Z9y3y
4
4 + 189389875420811818890372960000Z3y1y3y

4
4

+ 1513014642656581942831248× 106Z5y2y3y
4
4 − 36275273852664849207564556800Zy22y3y

4
4

− 6071013823888793547452362500000Z6y23y
4
4 − 134187517094058353776054689216y1y

2
3y

4
4

− 91210458887131569603144595200Z2y2y
2
3y

4
4 − 2159462910617721911275045920000Z3y33y

4
4

+ 148778428047853150880957568672y43y
4
4 − 17067173223455319375× 1010Z11y54

+ 348874651682777832961761× 106Z5y1y
5
4 + 83432279342288941821× 1010Z7y2y

5
4

+ 1240290363969315017617017600Zy1y2y
5
4 + 230679099847786837787321760000Z3y22y

5
4

− 167071970160906821361× 1010Z8y3y
5
4 + 95566954392238158986437267200Z2y1y3y

5
4

+ 1078129051546622430145536× 106Z4y2y3y
5
4 + 1431051233164557688519984115712y22y3y

5
4

− 2674874126500204942856115× 106Z5y23y
5
4 + 939435953977276500372119596800Zy2y

2
3y

5
4

− 801424290380444402926834310400Z2y33y
5
4 + 1081439343114457359375× 109Z10y64

+ 116751237125755239283086× 106Z4y1y
6
4 − 7056423415968638531202× 108Z6y2y

6
4

− 124236759329479860277349256192y1y2y
6
4 − 609953260570538693246500032000Z2y22y

6
4

+ 194090599220237918766× 1010Z7y3y
6
4 + 16226987135066749343416550400Zy1y3y

6
4

− 23361679471992942893904× 107Z3y2y3y
6
4 + 1204961396563127225728278× 106Z4y23y

6
4

+ 998273425241004233828024706048y2y
2
3y

6
4 + 305614904826049002010765440000Zy33y

6
4

+ 73596270992589105075× 1010Z9y74 − 251332612467838160469109920000Z3y1y
7
4

− 48882559279336189181928× 107Z5y2y
7
4 + 784374148708089670699714252800Zy22y

7
4

+ 10923121121349193445808× 108Z6y3y
7
4 − 84213722079491655183238766592y1y3y

7
4

− 8653945965455198441903616000Z2y2y3y
7
4 + 1002041279103850893944886240000Z3y23y

7
4

+ 69909599895549171600572375040y33y
7
4 − 61763528052642461544× 1010Z8y84

− 23026007039638373493928934400Z2y1y
8
4 − 577481245926419433888× 107Z4y2y

8
4

− 33409520007138422432500506624y22y
8
4 − 309707549577793852204032× 106Z5y3y

8
4

− 6137253202340425375637913600Zy2y3y
8
4 + 5165187056162438242988160000Z2y23y

8
4
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− 5454074083854102804× 1011Z7y94 + 39447212783710902645356236800Zy1y
9
4

+ 309951736236980159710302720000Z3y2y
9
4 − 524513087880074638889472× 106Z4y3y

9
4

+ 239516260708147914030536982528y2y3y
9
4 − 282152758694237921398611456000Zy23y

9
4

+ 3881468268623087677152× 108Z6y104 − 10737300936260983715754983424y1y
10
4

− 31073936005694734340150476800Z2y2y
10
4 + 210915414434080879871016960000Z3y3y

10
4

+ 9109410906222673258651729920y23y
10
4 + 1056369626416398414528× 108Z5y114

− 19282084327294681157030707200Zy2y
11
4 + 66346002965378675008143360000Z2y3y

11
4

− 11591177097147626294784× 107Z4y124 + 14960422004241499110751076352y2y
12
4

− 58419452703828623507796787200Zy3y
12
4 + 12846660144230799581184× 106Z3y134

+ 2253249457043061282648883200y3y
13
4 + 9971178466049950553210880000Z2y144

− 4127863309261741157253120000Zy154 − 341730799961790275458968326400Zy1y
2
3y

3
4

+257704505778374571353702400y164
)
/
(
689504741064453125× 1011Z15

+ 7984191855731548148437500000Z9y1 + 6091669190302436994050441250Z3y21

+ 3048703464697120546875× 107Z11y2 + 60606064161856709856447750000Z5y1y2

− 429260244036284126565× 109Z7y22 + 4399146699645165785540294400Zy1y
2
2

− 605719664906364326628784080000Z3y32 + 18834917989394390625× 1010Z12y3

+ 36998786907460978102687500000Z6y1y3 + 9305446245780529744207586064y21y3

+ 30990436292908902333375× 107Z8y2y3 + 9841633431583012368027535800Z2y1y2y3

− 590278112644707839964996× 106Z4y22y3 − 530427760285790573315912436480y32y3

+ 231659821368293707054687500000Z9y23 + 63972263997064644352072447500Z3y1y
2
3

+ 240068344337595256473380250000Z5y2y
2
3 − 120521924169073341982017984000Zy22y

2
3

+ 167475603869487047676037500000Z6y33 + 18634172756622174816164100000y1y
3
3

+ 39330442201006072324506375000Z2y2y
3
3 + 64378047497286250540441406250Z3y43

+ 9328741071420659795156250000y53 + 2762301120380859375× 1011Z14y4

+ 3854453809356481415625× 107Z8y1y4 − 691392434612196524325227325Z2y21y4

− 2913977860021116421875× 108Z10y2y4 + 119423387935624157330872500000Z4y1y2y4

− 114146632453210543909125× 107Z6y22y4 − 7622743642329595602833432352y1y
2
2y4

− 76417539281710023311817897600Z2y32y4 + 79744247998765295625× 1010Z11y3y4

+ 26912042854032422599002× 106Z5y1y3y4 − 3812783848601766629175× 108Z7y2y3y4

+ 65855599769369739763624816800Zy1y2y3y4 − 2443220753276027353478987160000Z3y22y3y4

+ 94824717388716920252625× 107Z8y23y4 − 8652920626484567468409740850Z2y1y
2
3y4

− 143035461790424020580584500000Z4y2y
2
3y4 − 1243106962787601535209985602720y22y

2
3y4

+ 425985293579782674682062× 106Z5y33y4 + 21609589836844965141042516000Zy2y
3
3y4

+ 54851142275403185205946546875Z2y43y4 + 441747426093298828125× 109Z13y24

+ 2646504414130152612375× 107Z7y1y
2
4 − 1119553956884600848640850300Zy21y

2
4
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− 6289929404981097935625× 108Z9y2y
2
4 + 84362388347450899038337200000Z3y1y2y

2
4

+ 9152965033876812998178× 107Z5y22y
2
4 − 4972901259776901143246841600Zy32y

2
4

+ 1145848974421217428125× 109Z10y3y
2
4 + 23194018713148567099074× 106Z4y1y3y

2
4

− 130874734517149730908305× 107Z6y2y3y
2
4 + 131171618559033122710765612032y1y2y3y

2
4

− 2422697325966871488203184000Z2y22y3y
2
4 + 139682572112772094275× 1010Z7y23y

2
4

+ 2111781931236558007611229800Zy1y
2
3y

2
4 − 932830961596492127102500320000Z3y2y

2
3y

2
4

+ 859476546430975676916738× 106Z4y33y
2
4 − 285135549585187434759240975360y2y

3
3y

2
4

+ 174138796276580145477533566500Zy43y
2
4 + 30138045629786390625× 1010Z12y34

− 69295783122426377883825× 106Z6y1y
3
4 − 4134728924696760451871189184y21y

3
4

− 6879093454387072557225× 108Z8y2y
3
4 − 11491694798860251146136960000Z2y1y2y

3
4

+ 563777414029791487678149× 106Z4y22y
3
4 − 99581542844736148707757118976y32y

3
4

+ 77786267993066533275× 1010Z9y3y
3
4 − 185212445396789140545332520000Z3y1y3y

3
4

− 834016314568353845312808× 106Z5y2y3y
3
4 + 438228174910640901137589772800Zy22y3y

3
4

+ 812238946090695819599175× 106Z6y23y
3
4 − 109911361505920313662324480896y1y

2
3y

3
4

− 215185879021206512732930380800Z2y2y
2
3y

3
4 + 682977111704352867954336120000Z3y33y

3
4

+ 278561778441297095885433733440y43y
3
4 − 25073769213912605625× 1010Z11y44

− 24451040400906931622068500000Z5y1y
4
4 − 35809258658266758560625× 107Z7y2y

4
4

− 15384753791836597416501734400Zy1y2y
4
4 + 1251065562556236322844453760000Z3y22y

4
4

− 417231020141682779565× 109Z8y3y
4
4 + 6709285525252860367639228800Z2y1y3y

4
4

− 594559175685781036908744× 106Z4y2y3y
4
4 + 1267848939924964025228901814272y22y3y

4
4

− 172879098020294498279122500000Z5y23y
4
4 − 206716622123038055319782784000Zy2y

2
3y

4
4

− 18229859568776525222155881600Z2y33y
4
4 − 33696420485940781875× 1010Z10y54

− 16669680726808939289004× 106Z4y1y
5
4 + 4414336489183298623677× 108Z6y2y

5
4

− 55270310295040790015319579648y1y2y
5
4 + 43385182664367219895765152000Z2y22y

5
4

− 6446940655039246611× 1011Z7y3y
5
4 + 1483885371397890110748019200Zy1y3y

5
4

+ 402692343589433103507515520000Z3y2y3y
5
4 − 422971937292832178432364× 106Z4y23y

5
4

+ 54896454267829404881750037504y2y
2
3y

5
4 − 100771550507692271947729190400Zy33y

5
4

− 8431981925159523375× 109Z9y64 + 37732962465344113965365040000Z3y1y
6
4

+ 15003660051067782462768× 107Z5y2y
6
4 − 61125458421775728558507033600Zy22y

6
4

+ 1165569640250198869656× 108Z6y3y
6
4 + 36638554420195492320784392192y1y3y

6
4

+ 89241884557739434771773696000Z2y2y3y
6
4 − 35631163395455789015202960000Z3y23y

6
4

− 85381258744456512565621874688y33y
6
4 + 15586497062722578024× 1010Z8y74

− 699019748829109867042137600Z2y1y
7
4 − 1861424704535040581256× 107Z4y2y

7
4

− 109231601272495116481973256192y22y
7
4 + 163856546692292702748672× 106Z5y3y

7
4

− 99690973088451039881225625600Zy2y3y
7
4 + 49537286549828054064463680000Z2y23y

7
4
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+ 8250270962982736464× 1010Z7y84 − 1095632620800053192109619200Zy1y
8
4

− 100855078257246728731695360000Z3y2y
8
4 + 17211844506558451106304× 106Z4y3y

8
4

− 51856266624688784793565200384y2y3y
8
4 + 4477709965980625718573721600Zy23y

8
4

− 801014458799349621792× 108Z6y94 + 3487775092163885509460877312y1y
9
4

− 7926679211156381952130867200Z2y2y
9
4 − 51106749526969842998108160000Z3y3y

9
4

− 1470462811728253726672134144y23y
9
4 − 228032070586158220704× 108Z5y104

+ 20189226962022202912414924800Zy2y
10
4 − 10872908819413453281853440000Z2y3y

10
4

+ 2786488622313686118144× 107Z4y114 − 5985157367371783773934190592y2y
11
4

+ 13970628693595185350521651200Zy3y
11
4 − 3953810027606047911936× 106Z3y124

− 409818887516973973163212800y3y
12
4 − 2872002307068663950868480000Z2y134

+1294511155628802272133120000Zy144 − 82099788640679022192230400y154
)

and Z satisfies the equation

152587890625× 1024Z24 + 7602885459228515625× 1017Z18y1

− 1928343597009055801688671875× 108Z12y21 + 37800684849409942033099435612500000Z6y31

− 6976554436301374593428643888964587y41 − 1795625244140625× 1021Z20y2

+ 296440028792528828203125× 1013Z14y1y2 − 391574108172964418398731375× 109Z8y21y2

+ 1470711663636972214414533356160000Z2y31y2 − 1376505373892818359375× 1016Z16y22

+ 29271054326721094395× 1017Z10y1y
2
2 − 10778745585664783934005337316× 107Z4y21y

2
2

− 164633068668895850306925× 1014Z12y32 − 19080119194559581876222576392× 108Z6y1y
3
2

+ 892069191107027891378436546943767936y21y
3
2 + 126734077865861046526842× 1014Z8y42

− 86333172330591090702203697930240000Z2y1y
4
2 + 613226394064397122777944946944× 107Z4y52

− 28516492237973360556006177518025879552y62 + 18792333984375× 1023Z21y3

+ 30020385852427584375× 1017Z15y1y3 − 460754856638791337232241875× 108Z9y21y3

+ 23103195967363522589277788952810000Z3y31y3 − 8580184512103125× 1021Z17y2y3

+ 9504583742484144862644375× 1012Z11y1y2y3 − 3846392015574233638044041778× 108Z5y21y2y3

− 54226556951270246886375× 1015Z13y22y3 + 265631440111894535182698132× 1010Z7y1y
2
2y3

− 49027534993350481911646710386188800Zy21y
2
2y3 − 54801561439166803316091252× 1012Z9y32y3

− 1607508484791503526299623721523840000Z3y1y
3
2y3 + 228630846876082162600039046784× 108Z5y42y3

+ 3360126536903550881714717900899123200Zy52y3 + 66119154455126953125× 1017Z18y23

+ 5459474888824890915158203125× 109Z12y1y
2
3 + 479552866587861378497450644612500000Z6y21y

2
3

+ 37182109523967775028701018701260100y31y
2
3 − 1397178250325730294609375× 1013Z14y2y

2
3

+ 1146017856663319810455046575× 1010Z8y1y2y
2
3 − 102011813902628256727366282746× 106Z2y21y2y

2
3

− 946937290944988583523108× 1014Z10y22y
2
3 + 651386955317112727550564642064× 106Z4y1y

2
2y

2
3

− 681548931275960242836185687352× 108Z6y32y
2
3 − 2351304878504599940476874861905056000y1y

3
2y

2
3

+ 6138884595257063262987557721154560000Z2y42y
2
3 + 116364474343727746875× 1017Z15y33

+ 5785939373569731992547253125× 109Z9y1y
3
3 + 592726229443074452034415695639750000Z3y21y

3
3
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− 10108239003868506378733125× 1012Z11y2y
3
3 + 53754453985847270674774271616× 108Z5y1y2y

3
3

− 7967703903884351923295097108× 1010Z7y22y
3
3 + 140746604913634720033855853539200000Zy1y

2
2y

3
3

− 45348445674656449831825041551184× 106Z3y32y
3
3 + 120169519389316914213251953125× 108Z12y43

+ 3688677567260663636153885937187500000Z6y1y
4
3 + 153649976601366611814352638952968750y21y

4
3

− 3087172921103959425142174875× 109Z8y2y
4
3 + 7440777771164302229074246419× 108Z2y1y2y

4
3

− 31019970056856309743948780013× 109Z4y22y
4
3 − 1094680582162253252931166499889× 107y32y

4
3

+ 76538107963247572305333703125× 108Z9y53 + 1260641253957117784553500642968750000Z3y1y
5
3

− 174125610121417376166025875× 109Z5y2y
5
3 − 4151986297832500533562136805× 109Zy22y

5
3

+ 2965936577383044475828760742187500000Z6y63 + 167847712533271490799643040039062500y1y
6
3

+ 3239931377420334664496859375× 107Z2y2y
6
3 + 640037202014182753762668457031250000Z3y73

+ 58356400019624053607544708251953125y83 − 494384765625× 1024Z23y4

+ 296164765638369140625× 1016Z17y1y4 − 78022414059048532890984375× 1010Z11y21y4

+ 3236477112395302046348102625× 106Z5y31y4 − 682977413671875× 1022Z19y2y4

+ 7432282606303915860796875× 1012Z13y1y2y4 − 7386995471520995316432551025× 108Z7y21y2y4

− 13039901553230143364415969498686400Zy31y2y4 − 3971560600500461296875× 1016Z15y22y4

+ 68426954446098218118264× 1014Z9y1y
2
2y4 + 385990077977534387542370025593520000Z3y21y

2
2y4

− 22995161299790823185235× 1015Z11y32y4 + 245962792641836743172130096× 108Z5y1y
3
2y4

+ 2666389934328195164609142× 1013Z7y42y4 + 807019501083025290004031959601049600Zy1y
4
2y4

− 23716599806946390657552345857633280000Z3y52y4 − 24143853515625× 1023Z20y3y4

+ 14697779297106914409375× 1015Z14y1y3y4 − 185361004856333450331462825× 1010Z8y21y3y4

+ 18294647618169733528426012005060000Z2y31y3y4 − 64546514465911875× 1021Z16y2y3y4

+ 29112799843506921522025725× 1012Z10y1y2y3y4 − 809410999391697357036564339258× 106Z4y21y2y3y4

− 169058296143885796542945× 1015Z12y22y3y4 + 60418194203354320750160015712× 108Z6y1y
2
2y3y4

+ 568319981336087001024421280691016704y21y
2
2y3y4 − 5212478277415466661964248× 1013Z8y32y3y4

− 1245105953455827865326014736195840000Z2y1y
3
2y3y4 + 51720114631568294131769279288448× 106Z4y42y3y4

− 36725577222051176038344519967114592256y52y3y4 − 413564010040107421875× 1016Z17y23y4

+ 259861161753621765514490625× 1011Z11y1y
2
3y4 − 1189554582109416191544245878125× 106Z5y21y

2
3y4

− 180069744492491984102390625× 1012Z13y2y
2
3y4 + 40067508085150103304421763205× 109Z7y1y2y

2
3y4

− 134631081779862815466707990372788800Zy21y2y
2
3y4 − 322230194193902746035033828× 1012Z9y22y

2
3y4

− 892258203972546479716155384521760000Z3y1y
2
2y

2
3y4 − 268751106618291757642976225712× 108Z5y32y

2
3y4

+ 13677293178748991525956666971176448000Zy42y
2
3y4 − 2149642939612100428125× 1015Z14y33y4

+ 217490983809601001410494315× 1011Z8y1y
3
3y4 − 269401038362200597884806384014500000Z2y21y

3
3y4

− 242985767684384739965405175× 1012Z10y2y
3
3y4 + 22818067875044783009196629421564× 106Z4y1y2y

3
3y4

− 3204282882362238028843302140928× 108Z6y22y
3
3y4 − 2478939326379413370028605477821184000y1y

2
2y

3
3y4

− 1566919544170839113591115512474880000Z2y32y
3
3y4 + 176901919559807869080140625× 1010Z11y43y4

+ 8056716966339780906991739142675× 106Z5y1y
4
3y4 − 1712194426979098001844992768925× 108Z7y2y

4
3y4

+ 4278364589047458199963961135014200000Zy1y2y
4
3y4 − 166619686942453002322328861617026× 106Z3y22y

4
3y4

+ 267197130755465668453167975× 1010Z8y53y4 + 958089765263519239835961694387500000Z2y1y
5
3y4

− 5948282160363815040638625829425× 107Z4y2y
5
3y4 − 3447039718501132612379244619896× 107y22y

5
3y4
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+ 1125423146845717983972848390625× 106Z5y63y4 − 7408462053859503035304382351875× 106Zy2y
6
3y4

+ 137143730034526136639413007812500000Z2y73y4 − 13824462890625× 1022Z22y24

+ 3127486417543177734375× 1015Z16y1y
2
4 − 1316132719474674660200296875× 109Z10y21y

2
4

+ 65230151952231862055399518897500000Z4y31y
2
4 + 58454060726953125× 1020Z18y2y

2
4

+ 602793804778093527102× 1016Z12y1y2y
2
4 − 8981972445397260862820775447× 108Z6y21y2y

2
4

− 25884483706044214708252849571703744y31y2y
2
4 − 415949390405458172859375× 1014Z14y22y

2
4

+ 87094789022855832200355195× 1011Z8y1y
2
2y

2
4 + 28134253825652680817241192718320000Z2y21y

2
2y

2
4

+ 2904309303715705322304× 1015Z10y32y
2
4 − 4176519694608985235631415532736× 106Z4y1y

3
2y

2
4

+ 36135989836829760761942111136× 109Z6y42y
2
4 + 1677984620619219758658521662726434816y1y

4
2y

2
4

− 1499317350651567888767150853012480000Z2y52y
2
4 − 82222671796875× 1023Z19y3y

2
4

+ 224068565446549040548125× 1014Z13y1y3y
2
4 − 34256086785340114084475302575× 108Z7y21y3y

2
4

+ 26498014997564578675144263360076800Zy31y3y
2
4 − 414340975035589725× 1020Z15y2y3y

2
4

+ 30691332872410102086020508× 1012Z9y1y2y3y
2
4 − 1956151944559120368060759898333440000Z3y21y2y3y

2
4

− 1389707533031357069613675× 1014Z11y22y3y
2
4 + 130016157220906246123677092268× 108Z5y1y

2
2y3y

2
4

− 318221291730851137913114664× 1011Z7y32y3y
2
4 − 1231483651917923953528153830416793600Zy1y

3
2y3y

2
4

+ 101547691344566860097942480527073280000Z3y42y3y
2
4 − 48367212228140783203125× 1015Z16y23y

2
4

+ 5069303465203876773594583125× 1010Z10y1y
2
3y

2
4 − 3065020281572611276077514093201500000Z4y21y

2
3y

2
4

− 21527974038457069029666× 1016Z12y2y
2
3y

2
4 + 530275348729846555765660896714× 108Z6y1y2y

2
3y

2
4

− 939967116079466994158213184823990848y21y2y
2
3y

2
4 − 1836196916339137164366800295× 1011Z8y22y

2
3y

2
4

+ 2834101898827619673586818424341600000Z2y1y
2
2y

2
3y

2
4 − 38687370878720628125684045934912× 106Z4y32y

2
3y

2
4

+ 64314656070537248365207589107789639680y42y
2
3y

2
4 − 1098136348572747545364375× 1014Z13y33y

2
4

+ 51685630181582474154360051585× 109Z7y1y
3
3y

2
4 − 743149060364068744588483451015347200Zy21y

3
3y

2
4

− 390648589698608968700748564× 1012Z9y2y
3
3y

2
4 + 39695938899407065778765231622597120000Z3y1y2y

3
3y

2
4

− 1039110234494921925886687275396× 108Z5y22y
3
3y

2
4 − 13818113142013549004860525461645312000Zy32y

3
3y

2
4

− 128728838358085702002847621875× 109Z10y43y
2
4 + 24781888058727169419459391089328500000Z4y1y

4
3y

2
4

− 3513146540554098031672189271439× 108Z6y2y
4
3y

2
4 + 11327622887750437457996341094167608000y1y2y

4
3y

2
4

− 16741639616841798614670880065494160000Z2y22y
4
3y

2
4 − 820078476926669663363194339575× 108Z7y53y

2
4

+ 4123754433433840180258429030684800000Zy1y
5
3y

2
4 − 159868278629419360279401310809888× 106Z3y2y

5
3y

2
4

− 26531332434841361794841769104812500000Z4y63y
2
4 − 30484413541922892981566458676355× 106y2y

6
3y

2
4

− 313552658844615700478685717× 1010Zy73y
2
4 + 16649560546875× 1023Z21y34

− 1402572611178903515625× 1014Z15y1y
3
4 − 1270115739470006763557646375× 109Z9y21y

3
4

+ 190492479296646128461703840444640000Z3y31y
3
4 + 189427145116078125× 1020Z17y2y

3
4

− 310024684603064201196375× 1013Z11y1y2y
3
4 + 306877905973291733285352111× 108Z5y21y2y

3
4

− 3169848111098010561225× 1016Z13y22y
3
4 + 474067053222072486891132816× 1010Z7y1y

2
2y

3
4

− 294667230955487702568339391081804800Zy21y
2
2y

3
4 + 82673621117625303865906668× 1012Z9y32y

3
4

− 10790739445620428437387987644963840000Z3y1y
3
2y

3
4 − 290389494587392298119171544928× 108Z5y42y

3
4

+ 16395660786729057542866131135396249600Zy52y
3
4 + 9981940078125× 1024Z18y3y

3
4

+ 88761292040730872110725× 1014Z12y1y3y
3
4 − 44836046585587879950049548552× 108Z6y21y3y

3
4

+ 196053415141534759090260767830076928y31y3y
3
4 + 5956050763929668355× 1019Z14y2y3y

3
4
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− 9182046263631398672204403× 1012Z8y1y2y3y
3
4 + 21558491561501814053684918456640000Z2y21y2y3y

3
4

− 833545161518778598230792× 1014Z10y22y3y
3
4 + 1377870062022608237947769627664× 107Z4y1y

2
2y3y

3
4

+ 1821360541886862307510600918944× 108Z6y32y3y
3
4 − 12495791810367595330066142017314029568y1y

3
2y3y

3
4

− 18969269952344544647564586988032× 106Z2y42y3y
3
4 − 40746131382797539453125× 1014Z15y23y

3
4

+ 3248694898912177432479168525× 1010Z9y1y
2
3y

3
4 − 5499581495633536378966180586805600000Z3y21y

2
3y

3
4

+ 7402506703719001576849125× 1013Z11y2y
2
3y

3
4 − 44415637134988127071412526858× 108Z5y1y2y

2
3y

3
4

− 10970138609792165378685053088× 1010Z7y22y
2
3y

3
4 + 6028180454710625912594925711722035200Zy1y

2
2y

2
3y

3
4

+ 177098911180079832768199392271733760000Z3y32y
2
3y

3
4 − 731371250991188529312975× 1014Z12y33y

3
4

+ 46131841796091059371629764808× 109Z6y1y
3
3y

3
4 − 2478118946400477355068001264305028608y21y

3
3y

3
4

+ 40898841091277822746948089× 1012Z8y2y
3
3y

3
4 + 274364073938322177642143250399360000Z2y1y2y

3
3y

3
4

− 7546926577387139148390247551024× 107Z4y22y
3
3y

3
4 + 75011796882851700869428619560848261120y32y

3
3y

3
4

− 133367647686539440949419278375× 109Z9y43y
3
4 + 30505060215137645013573145182863520000Z3y1y

4
3y

3
4

+ 5864216499263111673062340855× 108Z5y2y
4
3y

3
4 − 16553552729801924516239227690308736000Zy22y

4
3y

3
4

− 1103244975469754282577967522344× 108Z6y53y
3
4 + 8589400664267579094192201655675968000y1y

5
3y

3
4

− 4807033297918668246606238364310720000Z2y2y
5
3y

3
4 − 45007399964280553298838586796148× 106Z3y63y

3
4

− 810136152974521835058172483908× 107y73y
3
4 − 625361572265625× 1020Z20y44

− 38259096602407396875× 1017Z14y1y
4
4 + 10405295347673606244705815625× 108Z8y21y

4
4

− 3400899888725991363988341087120000Z2y31y
4
4 + 7100741408750859375× 1017Z16y2y

4
4

− 55431111048206868295794× 1014Z10y1y2y
4
4 + 543728149583154660713291631408× 106Z4y21y2y

4
4

+ 11413731934145238720615× 1015Z12y22y
4
4 − 50010668074604241078890520024× 108Z6y1y

2
2y

4
4

− 573957777449529720609466772636674560y21y
2
2y

4
4 + 40805645097622599503395344× 1012Z8y32y

4
4

+ 732371805528014774446659502963200000Z2y1y
3
2y

4
4 − 46932941985339318283718029515456× 106Z4y42y

4
4

+ 37423702753268481908814109527831969792y52y
4
4 + 1459005196932421875× 1019Z17y3y

4
4

− 1584500712275824734825× 1016Z11y1y3y
4
4 + 11947581345342178629533948292× 108Z5y21y3y

4
4

+ 186474225534377043375× 1017Z13y2y3y
4
4 − 2023382014795920714325643772× 1010Z7y1y2y3y

4
4

+ 344961650533215477566755405141401600Zy21y2y3y
4
4 + 98546835922655379475418748× 1012Z9y22y3y

4
4

− 3453467738578669517399176600143360000Z3y1y
2
2y3y

4
4 + 507116540446252819366905085824× 108Z5y32y3y

4
4

− 20287895871682906399850923572491059200Zy42y3y
4
4 + 646499241484106585625× 1017Z14y23y

4
4

− 23689149903458552319019833375× 109Z8y1y
2
3y

4
4 + 107352316937156049052115345652240000Z2y21y

2
3y

4
4

+ 718479571555012142527452× 1014Z10y2y
2
3y

4
4 − 220586498626432878821443984776× 108Z4y1y2y

2
3y

4
4

+ 1628439430114156486495035816072× 108Z6y22y
2
3y

4
4 + 2393107893528519374338064670104730624y1y

2
2y

2
3y

4
4

+ 17749091963390016878260641774051840000Z2y32y
2
3y

4
4 + 11009985928612605273465× 1016Z11y33y

4
4

− 132789713574626264984670715608× 108Z5y1y
3
3y

4
4 + 11008370636975207112337878516× 1010Z7y2y

3
3y

4
4

− 6994815358550451399568604192650444800Zy1y2y
3
3y

4
4 + 95302031324976421513387201452741120000Z3y22y

3
3y

4
4

+ 909406579650257434628760260625× 108Z8y43y
4
4 − 1093817457326206458215121235264560000Z2y1y

4
3y

4
4

+ 75046336887930200297578977889968× 106Z4y2y
4
3y

4
4 + 13888157906568898379094146743463953920y22y

4
3y

4
4

+ 338179644565877496363870479076× 108Z5y53y
4
4 + 18293378124710543801887204437482496000Zy2y

5
3y

4
4

+ 2566030306896830187891595717274160000Z2y63y
4
4 − 33862497978515625× 1020Z19y54

+ 1178274777148114630875× 1015Z13y1y
5
4 + 56937262510376613889475661× 1010Z7y21y

5
4
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− 19610295460709702690314060715750400Zy31y
5
4 − 1585286604909261× 1022Z15y2y

5
4

− 3112538478561369801672597× 1012Z9y1y2y
5
4 + 1038575402697584627432733304483200000Z3y21y2y

5
4

+ 17176383355075314026895× 1015Z11y22y
5
4 − 61551106601211844689178336608× 108Z5y1y

2
2y

5
4

+ 26477486220263229441754668× 1012Z7y32y
5
4 + 400346230480615529947344409255526400Zy1y

3
2y

5
4

− 42534428605043310268517181911961600000Z3y42y
5
4 − 1675311814140721875× 1019Z16y3y

5
4

− 56622567980861152661961× 1014Z10y1y3y
5
4 + 1393947686084434874349809933376× 106Z4y21y3y

5
4

− 3008432870764122778776× 1016Z12y2y3y
5
4 − 10407840879767162145941956752× 109Z6y1y2y3y

5
4

+ 811376369306102654690436518378250240y21y2y3y
5
4 + 53000585411921311819163976× 1012Z8y22y3y

5
4

− 3524777549360860281581831574021120000Z2y1y
2
2y3y

5
4 + 40082007506817025385532731326464× 106Z4y32y3y

5
4

− 50707422313966906434841493265292984320y42y3y
5
4 − 11450288343974538551625× 1015Z13y23y

5
4

− 1819263756202799453467198254× 1010Z7y1y
2
3y

5
4 + 736084930917743914367701063527552000Zy21y

2
3y

5
4

− 1064522497448265749951553× 1012Z9y2y
2
3y

5
4 − 11969999703957779282474579904180480000Z3y1y2y

2
3y

5
4

+ 6672011080280992867887122376× 1010Z5y22y
2
3y

5
4 + 4189986235159590035148517499384217600Zy32y

2
3y

5
4

+ 402027544290750948467379× 1014Z10y33y
5
4 − 17306107142167087715240550087552× 106Z4y1y

3
3y

5
4

+ 295871752925012862149590789344× 108Z6y2y
3
3y

5
4 − 4189054976127490109060163064077729792y1y2y

3
3y

5
4

+ 23475363930901911904604608441052160000Z2y22y
3
3y

5
4 + 7539553513728776058060237525× 1010Z7y43y

5
4

− 5357972444317489388761740922432896000Zy1y
4
3y

5
4 + 17052299201481895851090873219987840000Z3y2y

4
3y

5
4

+ 48269001418519894255286496171072× 106Z4y53y
5
4 + 1235907352062967765348675099316035584y2y

5
3y

5
4

+ 11006678956035976790757273582317337600Zy63y
5
4 + 733506113056640625× 1018Z18y64

+ 3427589979589348733355× 1015Z12y1y
6
4 − 2115025070047774840618127568× 108Z6y21y

6
4

− 53246773860388988989849831132563456y31y
6
4 − 15784324882070809275× 1018Z14y2y

6
4

+ 3316666282671759624431892× 1012Z8y1y2y
6
4 + 42180291712290372202785481827840000Z2y21y2y

6
4

+ 122466740221075068555021× 1014Z10y22y
6
4 − 1639213596007943555005891670016× 106Z4y1y

2
2y

6
4

− 27408613168837486569249358848× 109Z6y32y
6
4 + 3594288308755075418320069460684783616y1y

3
2y

6
4

+ 5630564705304470551752881809797120000Z2y42y
6
4 − 11882648427680041875× 1018Z15y3y

6
4

+ 8941266712655367171847056× 1012Z9y1y3y
6
4 + 96736634969556511856379217858560000Z3y21y3y

6
4

− 3762951875835927433074× 1016Z11y2y3y
6
4 + 25402111549650421702995646656× 108Z5y1y2y3y

6
4

+ 1223070685382945496447307008× 1010Z7y22y3y
6
4 + 298639283854403447560293052435660800Zy1y

2
2y3y

6
4

− 42159547542070766265039543618846720000Z3y32y3y
6
4 − 40948550857783284961815× 1015Z12y23y

6
4

+ 76029250203597807519122808288× 108Z6y1y
2
3y

6
4 + 538282153289116801595113573572495360y21y

2
3y

6
4

− 39836832196658892606078588× 1012Z8y2y
2
3y

6
4 − 109625881375330252118976525419520000Z2y1y2y

2
3y

6
4

+ 791401834265938726673253952512× 106Z4y22y
2
3y

6
4 − 28104255471639359482356527562821713920y32y

2
3y

6
4

− 5163151871970214169109048× 1013Z9y33y
6
4 + 1129951351338984365780579561349120000Z3y1y

3
3y

6
4

− 171386184224123903070720793152× 108Z5y2y
3
3y

6
4 − 4861019789776315742652680567508172800Zy22y

3
3y

6
4

− 286439040675706710876387102288× 108Z6y43y
6
4 − 1619588619600706118960045332009703424y1y

4
3y

6
4

− 1855887561740076279241203058936320000Z2y2y
4
3y

6
4 − 4958951392177842484888496297717760000Z3y53y

6
4

+ 1541484291314561295737986623783032832y63y
6
4 + 39237072344296875× 1020Z17y74

− 8111580077163473010225× 1014Z11y1y
7
4 − 282746919688145887484001816× 109Z5y21y

7
4

+ 6696290155610656584× 1018Z13y2y
7
4 + 192652184278971974362294656× 1010Z7y1y2y

7
4
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− 55309317587720537151876396211814400Zy21y2y
7
4 − 7651242691642368759950064× 1012Z9y22y

7
4

+ 2931141679829165147568431089029120000Z3y1y
2
2y

7
4 − 4245159618096768200134257408× 109Z5y32y

7
4

− 6426728751707054901096022810342195200Zy42y
7
4 + 130180994585158356× 1020Z14y3y

7
4

+ 1084336646000224869866592× 1012Z8y1y3y
7
4 − 92745809674742297283126703718400000Z2y21y3y

7
4

+ 48889594087086722317416× 1014Z10y2y3y
7
4 + 4815392585549728147015107921408× 106Z4y1y2y3y

7
4

− 142424406325984342964558211072× 108Z6y22y3y
7
4 + 193369397368685263274497246470733824y1y

2
2y3y

7
4

− 7716269762543936741664647719895040000Z2y32y3y
7
4 + 136944608656834568866275× 1014Z11y23y

7
4

+ 38812895429427401916553223328× 108Z5y1y
2
3y

7
4 − 1885729676802554761251375744× 1010Z7y2y

2
3y

7
4

+ 2110643634149656005464610282786816000Zy1y2y
2
3y

7
4 − 4285284184699814120024804622151680000Z3y22y

2
3y

7
4

− 2012121854162308028888352× 1012Z8y33y
7
4 + 1229186702279038263078297131089920000Z2y1y

3
3y

7
4

− 27537721722408739000233498776064× 106Z4y2y
3
3y

7
4 + 7611193218091877174661608232956067840y22y

3
3y

7
4

− 10597031347957888825176824664× 109Z5y43y
7
4 − 8754507923542837861040644522103193600Zy2y

4
3y

7
4

− 3152938943922382001679370932879360000Z2y53y
7
4 − 108974105914528125× 1019Z16y84

− 13900293626705950235814× 1014Z10y1y
8
4 − 38592916262417122340231668032× 106Z4y21y

8
4

+ 137828770025542016085× 1017Z12y2y
8
4 − 2547967120041291340341424896× 109Z6y1y2y

8
4

− 52011530281801690019376789005991936y21y2y
8
4 − 1840957374969450539383104× 1012Z8y22y

8
4

+ 791241153256445593595123874263040000Z2y1y
2
2y

8
4 + 3594822206484961216633640288256× 106Z4y32y

8
4

+ 5151707378792907630895346132818132992y42y
8
4 + 4767187214296752075× 1018Z13y3y

8
4

− 204435344129810629051729152× 1010Z7y1y3y
8
4 − 35357711142666821622037444657152000Zy21y3y

8
4

+ 28776740143455761218177536× 1012Z9y2y3y
8
4 − 2472740105794133628575643046871040000Z3y1y2y3y

8
4

− 101579955477158375519267552256× 108Z5y22y3y
8
4 + 7805013372352485806907334838294937600Zy32y3y

8
4

+ 144969270482036870192466× 1014Z10y23y
8
4 − 721151524552676015580724971648× 106Z4y1y

2
3y

8
4

+ 238154461916796997331213541888× 108Z6y2y
2
3y

8
4 − 570519507207812327363270212108812288y1y2y

2
3y

8
4

− 5585956700094060739607588447047680000Z2y22y
2
3y

8
4 + 1234867262331097720595697408× 1010Z7y33y

8
4

+ 17204920162835793158596384692633600Zy1y
3
3y

8
4 + 9039144249115707730835178898882560000Z3y2y

3
3y

8
4

+ 4145606180812342068340411548864× 106Z4y43y
8
4 + 1523239262785461861793197677778370560y2y

4
3y

8
4

+ 506987024040627856928934009510297600Zy53y
8
4 − 272864715624383625× 1019Z15y94

− 160621606919715696642528× 1012Z9y1y
9
4 + 163338897098054156731215987548160000Z3y21y

9
4

− 390372530419113601788× 1016Z11y2y
9
4 − 2090927205449767841989218048× 108Z5y1y2y

9
4

+ 52300551885213392772265728× 1011Z7y22y
9
4 − 966555824633979312691665955867852800Zy1y

2
2y

9
4

− 1293842064304298541546566064046080000Z3y32y
9
4 − 5452215210061695846× 1018Z12y3y

9
4

− 7027320576546413192387625984× 108Z6y1y3y
9
4 + 29183806809909886525038013298245632y21y3y

9
4

− 41255378216291258983872× 1014Z8y2y3y
9
4 − 331018719986080149220353357250560000Z2y1y2y3y

9
4

+ 1033982344316083931889479479296× 107Z4y22y3y
9
4 − 2327968384442960120445438164169916416y32y3y

9
4

− 3446882435412872745438816× 1012Z9y23y
9
4 − 1198951963083549862975926731980800000Z3y1y

2
3y

9
4

+ 11171576412207440381606153472× 108Z5y2y
2
3y

9
4 + 6843931863236311920914467592581939200Zy22y

2
3y

9
4

+ 8627892060434534479821745152× 108Z6y33y
9
4 − 77534186516160784036581648680091648y1y

3
3y

9
4

+ 1816846309564551080767811669852160000Z2y2y
3
3y

9
4 + 1951120468845962342162122158120960000Z3y43y

9
4

− 27945407368465344818579322876985344y53y
9
4 + 732398532993703125× 1018Z14y104
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+ 478169916779158167515328× 1012Z8y1y
10
4 + 16820348680811554267761507778560000Z2y21y

10
4

− 53792416759621445826624× 1014Z10y2y
10
4 + 2632015453026468086824799232× 108Z4y1y2y

10
4

− 192821728781906481914005248× 1010Z6y22y
10
4 + 165159626510561421727812571004141568y1y

2
2y

10
4

+ 1214565394046324510007785249832960000Z2y32y
10
4 − 71732524431863781216× 1016Z11y3y

10
4

+ 1341856767328490376341839872× 108Z5y1y3y
10
4 − 922315519575125257291610112× 1010Z7y2y3y

10
4

+ 273522746353262208575431618068480000Zy1y2y3y
10
4 + 644354947482964111117152729169920000Z3y22y3y

10
4

− 2967031359771306624846144× 1012Z8y23y
10
4 − 113390331015661599448003105751040000Z2y1y

2
3y

10
4

− 5600385027088426382007318810624× 106Z4y2y
2
3y

10
4 − 85229575848799197169632117652979712y22y

2
3y

10
4

− 9286608012515337534346764288× 108Z5y33y
10
4 − 1831480904101549419232588324247961600Zy2y

3
3y

10
4

+ 123743479851833904214280541388800000Z2y43y
10
4 + 11812521661372809× 1020Z13y114

+ 2246708582485773957516672× 1011Z7y1y
11
4 − 25764105255690737037868264429977600Zy21y

11
4

+ 19532884500789659641728× 1014Z9y2y
11
4 + 12983451886384863565944713379840000Z3y1y2y

11
4

− 5433258320029937361364881408× 108Z5y22y
11
4 − 1019756811323877547635467156245708800Zy32y

11
4

+ 144357019248996922176× 1016Z10y3y
11
4 + 32163350419670994115921281024× 107Z4y1y3y

11
4

+ 239607868862449043331508224× 1010Z6y2y3y
11
4 − 132871731847771991287091122176786432y1y2y3y

11
4

− 985664674856765649605868713410560000Z2y22y3y
11
4 + 241385660780279051620224× 1011Z7y23y

11
4

+ 253903021705926884302031304209203200Zy1y
2
3y

11
4 + 644353869552964439618867441172480000Z3y2y

2
3y

11
4

− 75576765894477359136331825152× 107Z4y33y
11
4 + 382069601514117973396057411704324096y2y

3
3y

11
4

− 497508162420339183339129912636211200Zy43y
11
4 − 276864400278689652× 1018Z12y124

− 20127658072262479166191104× 1010Z6y1y
12
4 + 3520640787319994362435399521927168y21y

12
4

+ 1072845430409023430810112× 1012Z8y2y
12
4 + 64448819375585373949627166883840000Z2y1y2y

12
4

+ 377829339814473438526468227072× 106Z4y22y
12
4 + 214011264492210416085317888822476800y32y

12
4

− 24664094896388231808× 1015Z9y3y
12
4 − 64410749110839314053969477632× 106Z3y1y3y

12
4

+ 9575927766877553262751776768× 108Z5y2y3y
12
4 + 294408291836560147678014148391731200Zy22y3y

12
4

+ 67020706645715381680415232× 1010Z6y23y
12
4 − 18332798027471156733829150993809408y1y

2
3y

12
4

+ 64908269003721065792325062492160000Z2y2y
2
3y

12
4 + 181697595958380821951045173248× 106Z3y33y

12
4

+ 22534291447828721583999964243034112y43y
12
4 − 3177105734593008× 1020Z11y134

− 409360768507702792773107712× 108Z5y1y
13
4 − 508151245902365342592× 1015Z7y2y

13
4

− 40465561630120407684323787512217600Zy1y2y
13
4 + 19938465796307527630042693632× 106Z3y22y

13
4

− 229459151342259327744× 1015Z8y3y
13
4 − 30833990705753252513202862817280000Z2y1y3y

13
4

− 568033165786445068288720896× 109Z4y2y3y
13
4 − 6196708067298649231943358480384000y22y3y

13
4

+ 676915350755395575362420736× 108Z5y23y
13
4 − 17362068614513138707597295301427200Zy2y

2
3y

13
4

+ 82589217358586593220110413987840000Z2y33y
13
4 + 6862670350712779968× 1016Z10y144

+ 463887542112820643256827904× 108Z4y1y
14
4 − 10236491815064200036319232× 1010Z6y2y

14
4

− 231389533207821217658170245120000y1y2y
14
4 + 58124669250908900621100609699840000Z2y22y

14
4

+ 2214676062308437622784× 1013Z7y3y
14
4 + 18004003469134222574543469281280000Zy1y3y

14
4

+ 35116493520374127577075286016× 106Z3y2y3y
14
4 − 1332185126584585922392522752× 108Z4y23y

14
4

+ 5280643753377251375022467973120000y2y
2
3y

14
4 − 50922698870651472843539176488960000Zy33y

14
4

+ 529481592304488576× 1017Z9y154 − 2772493080435146723920183296× 106Z3y1y
15
4
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+ 5403710022708432652664832× 1010Z5y2y
15
4 − 36175586169420114112284469493760000Zy22y

15
4

+ 191958077027753607168× 1014Z6y3y
15
4 − 837795657785477699476227568435200y1y3y

15
4

+ 36308713108885590544673144832× 106Z2y2y3y
15
4 + 8454041660731540969790373888× 106Z3y23y

15
4

+ 2387200189003078677203512826265600y33y
15
4 − 11765844577464933888× 1015Z8y164

− 321465166425329912704401408× 107Z2y1y
16
4 + 8138442181249946187988992× 108Z4y2y

16
4

+ 2947509998735522986918549861171200y22y
16
4 − 27074851515333750030336× 1011Z5y3y

16
4

− 11018629641819244848677388288× 106Zy2y3y
16
4 + 916929339064957277159030784× 107Z2y23y

16
4

− 524959301900427264× 1016Z7y174 + 965927196449337650161794416640000Zy1y
17
4

− 921079487030989179322368× 109Z3y2y
17
4 − 58755220112930330640384× 1010Z4y3y

17
4

+ 559667792997568271192508334080000y2y3y
17
4 − 2753818934404002857608984657920000Zy23y

17
4

+ 134108303463556448256× 1013Z6y184 − 55724864991766875984919265280000y1y
18
4

+ 307619183185023945720987648× 106Z2y2y
18
4 + 91977168646929553293312× 109Z3y3y

18
4

+ 159889618195145815831640801280000y23y
18
4 + 263365821285638602752× 1012Z5y194

− 139070792169272085118451712× 106Zy2y
19
4 − 59734960077634352971776× 108Z2y3y

19
4

− 897193656883240501248× 1011Z4y204 + 9163431868560496929936506880000y2y
20
4

+ 2495373413209102859894784× 106Zy3y
20
4 − 210750722241070104576× 1010Z3y214

− 170632270913853638836224× 106y3y
21
4 + 25690684636889232703488× 108Z2y224

− 247097812013216169984× 109Zy234 + 7008592486193040457728× 106y244 = 0. (A.1.16)

Proof. Formula (A.1.15) follows immediately from Theorem 4.4.3. Using relations (4.4.1)
and (4.4.15) we see that

t2 = − 117

640000

(
62500Z3 − 114075t23Z − 270231t33 − 842400t3t4Z

−1776528t23t4 − 1555200t24Z − 2066688t3t
2
4 − 854016t34

)
, (A.1.17)

t1 =
3

2080

(
2560t2 + 257049t33 + 2847312t23t4 + 3212352t3t

2
4

−4732416t34 − 28080y3
)
. (A.1.18)

Substituting these relations and (A.1.15) into formulas (4.4.13) and (4.4.14), and rear-
ranging we get expressions for zero P1, P2, respectively, in terms of yi, Z and t3. P1 has
algebraic degree 6 in terms of t3, and P2 has algebraic degree 4 in terms of t3. We can then
successively reduce these expressions modulo one another, until we get an expression equal
to zero that is linear in t3. Solving this expression gives us formula (A.1.14). Substituting
relations (A.1.14) and (A.1.15) into formula (A.1.17) gives us formula (A.1.13), and substi-
tuting relations (A.1.13)–(A.1.15) into formula (A.1.18) gives us formula (A.1.12). Finally,
calculating the resultant of P1 and P2 with respect to t3 gives us formula (A.1.16).

Proposition A.1.3. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) =
1

25587900

(
260000t1 − 320000t2 + 156542841t33 + 167991408t23t4
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−321527232t3t
2
4 + 471384576t34

)
∂y1 +

2

243
(13t3 + 16t4) ∂y2 −

2

81
∂y3 .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.4.3.

A.2 Extra formulas for H4(3)

Recall from Section 4.5.3 that the degrees of the t coordinates and Z are deg t1(x) =

12, deg t2(x) = 8, deg t3(x) = 6, deg t4(x) = 2 and degZ(x) = 2. This allows us to deduce
which harmonic polynomials of the t coordinates and Z have the same degrees as the basic
invariants of H4, which the following Proposition makes precise.

Proposition A.2.1. Let V1 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 30}, let V2 = {p ∈
C[t1, t2, t3, t4, Z] | deg p(x) = 20} and let V3 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 12}.
The harmonic elements of V1 are proportional to

273710937500Zt1t
2
2 + 166181640625Z3t32 − 7725217500000t21t3 − 1686059375000Z2t1t2t3

+ 2813748437500t32t3 + 343343× 107Z3t1t
2
3 + 10153143× 106Zt22t

2
3

+ 44607122560000t1t
3
3 + 13101968880000Z2t2t

3
3 − 98566359091200Z3t43

− 1067972038189056t53 − 3695097656250t1t
2
2t4 − 615849609375Z2t32t4

− 49049× 108Zt1t2t3t4 + 656906250000Z3t22t3t4 + 15107092× 106Z2t1t
2
3t4

+ 17289772500000t22t
2
3t4 − 75150915840000Zt2t

3
3t4 − 117393641164800Z2t43t4

+ 1290351562500Zt32t
2
4 − 86080995× 106t1t2t3t

2
4 − 4637758125000Z2t22t3t

2
4

+ 21973952× 106Zt1t
2
3t

2
4 + 74574099600000Z3t2t

2
3t

2
4 + 1221004616832000t2t

3
3t

2
4

+ 2154727058964480Zt43t
2
4 + 9144135× 106t21t

3
4 + 1686059375000Z2t1t2t

3
4

− 7564588281250t32t
3
4 − 686686× 107Z3t1t3t

3
4 − 17223206× 106Zt22t3t

3
4

− 1169830421760000t1t
2
3t

3
4 − 40522321840000Z2t2t

2
3t

3
4 + 27564125388800Z3t33t

3
4

− 2719482236190720t43t
3
4 − 105105× 107Zt1t2t

4
4 − 6081075× 106Z3t22t

4
4

− 11869858× 106Z2t1t3t
4
4 − 237568831500000t22t3t

4
4 − 361502901760000Zt2t

2
3t

4
4

+ 1153245738444800Z2t33t
4
4 + 35939673× 106t1t2t

5
4 + 751587375000Z2t22t

5
4

+ 9417408× 106Zt1t3t
5
4 + 36133537440000Z3t2t3t

5
4 − 591423198643200t2t

2
3t

5
4

− 1537761323614208Zt33t
5
4 + 343343× 107Z3t1t

6
4 + 5053609× 107Zt22t

6
4

− 127320458496000t1t3t
6
4 + 45320481360000Z2t2t3t

6
4 − 1017307102873600Z3t23t

6
4

− 13578052065492992t33t
6
4 − 3237234× 106Z2t1t

7
4 + 53377236× 106t22t

7
4

− 652278457600000Zt2t3t
7
4 + 55743687014400Z2t23t

7
4 + 1009008× 106Zt1t

8
4

− 51692681040000Z3t2t
8
4 + 4742004658406400t2t3t

8
4 + 3739875232006144Zt23t

8
4
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− 181221189184000t1t
9
4 + 285365431120000Z2t2t

9
4 + 252561088102400Z3t3t

9
4

+ 45179325120061440t23t
9
4 − 315122248320000Zt2t

10
4 − 2591627567513600Z2t3t

10
4

+ 1213103032204800t2t
11
4 + 5565686179823616Zt3t

11
4 + 621720674713600Z3t124

+ 48281303463264256t3t
12
4 − 546313364889600Z2t134 − 1453539958751232Zt144

− 12719997492494336t154 ,

the harmonic elements of V2 are proportional to

122718750t1t2 + 20453125Z2t22 − 170170000Z3t2t3 − 3086098400t2t
2
3 − 3546740736Zt33

− 93500000Zt22t4 + 4178328000t1t3t4 + 209440000Z2t2t3t4 + 351859200Z3t23t4

+ 12413592576t33t4 + 578531250t22t
2
4 + 1675520000Zt2t3t

2
4 − 3518592000Z2t23t

2
4

+ 170170000Z3t2t
3
4 + 10476188800t2t3t

3
4 + 3133892608Zt23t

3
4 + 474012000t1t

4
4

− 654500000Z2t2t
4
4 + 1147731200Z3t3t

4
4 + 114911695360t23t

4
4 + 359040000Zt2t

5
4

+ 4758476800Z2t3t
5
4 − 2545690400t2t

6
4 − 13857220608Zt3t

6
4 − 1499590400Z3t74

− 108124341248t3t
7
4 + 1181241600Z2t84 + 3202062336Zt94 − 109763075072t104 ,

and the harmonic elements of V3 are proportional to

6125t1 + 60368t23 + 28875t2t
2
4 + 465696t3t

3
4 + 114048t64.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) = − 22

175

(
25Zt2 − 224Z2t3 + 200t2t4 − 504Zt3t4

+280Z3t24 + 1232t3t
2
4 + 384Z2t34 − 288Zt44 − 3200t54

)
, (A.2.1)

∆(t2) =
112

75

(
5Z3 + 15Z2t4 + 15Zt24 − 22t34

)
, (A.2.2)

∆(t3) = − 5

28

(
5Z2 + 10Zt4 + 32t24

)
, (A.2.3)

∆(t4) =
1

3
. (A.2.4)

A general element of V1 is of the form

3∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=30

a(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.2.5)

where a(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.2.5) using
Proposition 4.0.1 and formulas (A.2.1)–(A.2.4) we find that the only harmonic elements
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of V1 are as claimed. A general element of V2 has the form

3∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=20

b(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.2.6)

where b(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.2.6) using
Propostion 4.0.1 and formulas (A.2.1)–(A.2.4) we find that the only harmonic elements of
V2 are as claimed. A general element of V3 has the form

3∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=12

c(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.2.7)

where c(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.2.7) using
Propostion 4.0.1 and formulas (A.2.1)–(A.2.4) we find that the only harmonic elements of
V3 are as claimed.

Proposition A.2.1 thus allows us to give a proof of Theorem 4.5.15, in which the basic
invariants yi are expressed as polynomials in terms of the t coordinates and the variable
Z. We now present this proof.

Proof. Note that Y4 = 1
8
y4 = 3t4. We now equate Y1, Y2 and Y3 given by relations (4.5.12)–

(4.5.14) with general harmonic elements of V1, V2 and V3, respectively, given by Proposition
A.2.1. We then rearrange these equations to find yi in terms of tj and Z. We find

y1 =
7383537763232174309376

18865
t154 +

a

12719997492494336

(
−273710937500Zt1t

2
2

− 166181640625Z3t32 + 7725217500000t21t3 + 1686059375000Z2t1t2t3

− 2813748437500t32t3 − 343343× 107Z3t1t
2
3 − 10153143× 106Zt22t

2
3

− 44607122560000t1t
3
3 − 13101968880000Z2t2t

3
3 + 98566359091200Z3t43

+ 1067972038189056t53 + 3695097656250t1t
2
2t4 + 615849609375Z2t32t4

+ 49049× 108Zt1t2t3t4 − 656906250000Z3t22t3t4 − 15107092× 106Z2t1t
2
3t4

− 17289772500000t22t
2
3t4 + 75150915840000Zt2t

3
3t4 + 117393641164800Z2t43t4

− 1290351562500Zt32t
2
4 + 86080995× 106t1t2t3t

2
4 + 4637758125000Z2t22t3t

2
4

− 21973952× 106Zt1t
2
3t

2
4 − 74574099600000Z3t2t

2
3t

2
4 − 1221004616832000t2t

3
3t

2
4

− 2154727058964480Zt43t
2
4 − 9144135× 106t21t

3
4 − 1686059375000Z2t1t2t

3
4

+ 7564588281250t32t
3
4 + 686686× 107Z3t1t3t

3
4 + 17223206× 106Zt22t3t

3
4

+ 1169830421760000t1t
2
3t

3
4 + 40522321840000Z2t2t

2
3t

3
4 − 27564125388800Z3t33t

3
4

+ 2719482236190720t43t
3
4 + 105105× 107Zt1t2t

4
4 + 6081075× 106Z3t22t

4
4
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+ 11869858× 106Z2t1t3t
4
4 + 237568831500000t22t3t

4
4 + 361502901760000Zt2t

2
3t

4
4

− 1153245738444800Z2t33t
4
4 − 35939673× 106t1t2t

5
4 − 751587375000Z2t22t

5
4

− 9417408× 106Zt1t3t
5
4 − 36133537440000Z3t2t3t

5
4 + 591423198643200t2t

2
3t

5
4

+ 1537761323614208Zt33t
5
4 − 343343× 107Z3t1t

6
4 − 5053609× 107Zt22t

6
4

+ 127320458496000t1t3t
6
4 − 45320481360000Z2t2t3t

6
4 + 1017307102873600Z3t23t

6
4

+ 13578052065492992t33t
6
4 + 3237234× 106Z2t1t

7
4 − 53377236× 106t22t

7
4

+ 652278457600000Zt2t3t
7
4 − 55743687014400Z2t23t

7
4 − 1009008× 106Zt1t

8
4

+ 51692681040000Z3t2t
8
4 − 4742004658406400t2t3t

8
4 − 3739875232006144Zt23t

8
4

+ 181221189184000t1t
9
4 − 285365431120000Z2t2t

9
4 − 252561088102400Z3t3t

9
4

− 45179325120061440t23t
9
4 + 315122248320000Zt2t

10
4 + 2591627567513600Z2t3t

10
4

− 1213103032204800t2t
11
4 − 5565686179823616Zt3t

11
4 − 621720674713600Z3t124

− 48281303463264256t3t
12
4 + 546313364889600Z2t134 + 1453539958751232Zt144

+12719997492494336t154
)
− 830736b

48771678865
t54
(
122718750t1t2 + 20453125Z2t22

− 170170000Z3t2t3 − 3086098400t2t
2
3 − 3546740736Zt33 − 93500000Zt22t4

+ 4178328000t1t3t4 + 209440000Z2t2t3t4 + 351859200Z3t23t4 + 12413592576t33t4

+ 578531250t22t
2
4 + 1675520000Zt2t3t

2
4 − 3518592000Z2t23t

2
4 + 170170000Z3t2t

3
4

+ 10476188800t2t3t
3
4 + 3133892608Zt23t

3
4 + 474012000t1t

4
4 − 654500000Z2t2t

4
4

+ 1147731200Z3t3t
4
4 + 114911695360t23t

4
4 + 359040000Zt2t

5
4 + 4758476800Z2t3t

5
4

− 2545690400t2t
6
4 − 13857220608Zt3t

6
4 − 1499590400Z3t74 − 108124341248t3t

7
4

+1181241600Z2t84 + 3202062336Zt94 − 109763075072t104
)

− 495559064420352c

56123375
t94
(
6125t1 + 60368t23 + 28875t2t

2
4 + 465696t3t

3
4 + 114048t64

)
− 2304c2

262609375
t34
(
6125t1 + 60368t23 + 28875t2t

2
4 + 465696t3t

3
4 + 114048t64

)2
, (A.2.8)

y2 =
31701690482688

77
t104 +

b

109763075072

(
−122718750t1t2 − 20453125Z2t22

+ 170170000Z3t2t3 + 3086098400t2t
2
3 + 3546740736Zt33 + 93500000Zt22t4

− 4178328000t1t3t4 − 209440000Z2t2t3t4 − 351859200Z3t23t4 − 12413592576t33t4

− 578531250t22t
2
4 − 1675520000Zt2t3t

2
4 + 3518592000Z2t23t

2
4 − 170170000Z3t2t

3
4

− 10476188800t2t3t
3
4 − 3133892608Zt23t

3
4 − 474012000t1t

4
4 + 654500000Z2t2t

4
4

− 1147731200Z3t3t
4
4 − 114911695360t23t

4
4 − 359040000Zt2t

5
4 − 4758476800Z2t3t

5
4

+ 2545690400t2t
6
4 + 13857220608Zt3t

6
4 + 1499590400Z3t74 + 108124341248t3t

7
4

−1181241600Z2t84 − 3202062336Zt94 + 109763075072t104
)
− 165888c

20825
t44 (6125t1

+60368t23 + 28875t2t
2
4 + 465696t3t

3
4 + 114048t64

)
, (A.2.9)

y3 = − 95551488

7
t64 +

c

6125

(
6125t1 + 60368t23 + 28875t2t

2
4 + 465696t3t

3
4 + 114048t64

)
, (A.2.10)

y4 =24t4, (A.2.11)
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where a, b, c ∈ C. In order to find a, b and c we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.5.75)–(4.5.81) into y coordinates
by applying formulas (A.2.8)–(A.2.11) and compare it with the expression given by Lemma
4.5.1. We find that

a = −37891716166732218368

4095
, b = −28099347218432

561
, c = 56000,

which implies the statement.

Proposition A.2.2. We have that

det(gij(t)) =

c
∏

α∈RH4

(α, x)

Q(t, Z)2
,

where c = 2683105 and

Q(t, Z) = 5472
(
578812500000t31 + 413437500000Z2t21t2 − 153808593750t1t

3
2

− 152587890625Z2t42 − 18522× 108Z3t21t3 − 441× 1010Zt1t
2
2t3

− 3964843750000Z3t32t3 − 4926852× 107t21t
2
3 − 135828× 108Z2t1t2t

2
3

− 49566562500000t32t
2
3 + 127233792× 106Z3t1t

3
3 − 430808× 108Zt22t

3
3

+ 1397912140800000t1t
4
3 − 218387276800000Z2t2t

4
3 − 1532961898496000Z3t53

− 13221142380544000t63 + 99225× 107Zt21t2t4 + 259875× 107Z3t1t
2
2t4

+ 615234375000Zt42t4 − 703836× 107Z2t21t3t4 + 52225425× 106t1t
2
2t3t4

+ 8736875× 106Z2t32t3t4 + 173267136× 106Zt1t2t
2
3t4 + 244608× 108Z3t22t

2
3t4

+ 199369820160000Z2t1t
3
3t4 − 1617588× 108t22t

3
3t4 − 1263290183680000Zt2t

4
3t4

− 37284541235200Z2t53t4 − 9674437500000t21t2t
2
4 − 31185× 108Z2t1t

2
2t

2
4

− 332753906250t42t
2
4 − 889056× 107Zt21t3t

2
4 − 2878848× 107Z3t1t2t3t

2
4

− 134694× 108Zt32t3t
2
4 − 369047145600000t1t2t

2
3t

2
4 − 108723552× 106Z2t22t

2
3t

2
4

− 1026367340544000Zt1t
3
3t

2
4 + 25341388800000Z3t2t

3
3t

2
4 + 7684836951859200t2t

4
3t

2
4

+ 9073398532538368Zt53t
2
4 + 18522× 108Z3t21t

3
4 − 66465× 108Zt1t

2
2t

3
4

− 1887406250000Z3t32t
3
4 + 407484× 108t21t3t

3
4 + 5140296× 107Z2t1t2t3t

3
4

+ 2955813× 107t32t3t
3
4 − 24182323200000Z3t1t

2
3t

3
4 + 415394246400000Zt22t

2
3t

3
4

+ 1831192989696000t1t
3
3t

3
4 + 2112148383744000Z2t2t

3
3t

3
4 − 3250939776860160Z3t43t

3
4

− 57194944463634432t53t
3
4 + 254016× 107Z2t21t

4
4 + 6695325× 106t1t

2
2t

4
4

+ 2444812500000Z2t32t
4
4 − 217550592× 106Zt1t2t3t

4
4 − 1998906× 107Z3t22t3t

4
4

+ 137633771520000Z2t1t
2
3t

4
4 − 1289929939200000t22t

2
3t

4
4 − 6462823342080000Zt2t

3
3t

4
4

− 11570031207383040Z2t43t
4
4 − 190512× 107Zt21t

5
4 − 2776032× 107Z3t1t2t

5
4

+ 1749465× 107Zt32t
5
4 + 245599603200000t1t2t3t

5
4 − 33817896× 106Z2t22t3t

5
4
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+ 1785711255552000Zt1t
2
3t

5
4 + 1122404505600000Z3t2t

2
3t

5
4 + 7219945222963200t2t

3
3t

5
4

+ 48395369140715520Zt43t
5
4 − 3894912× 107t21t

6
4 − 426888× 108Z2t1t2t

6
4

− 52082805× 106t32t
6
4 + 305699788800000Z3t1t3t

6
4 + 217963603200000Zt22t3t

6
4

+ 724142039040000t1t
2
3t

6
4 − 3395882176512000Z2t2t

2
3t

6
4 + 814851046768640Z3t33t

6
4

− 47305520679223296t43t
6
4 + 110327616× 106Zt1t2t

7
4 − 420255× 108Z3t22t

7
4

+ 101028372480000Z2t1t3t
7
4 − 1051192396800000t22t3t

7
4 + 3304010121216000Zt2t

2
3t

7
4

+ 3869587121111040Z2t33t
7
4 + 597769502400000t1t2t

8
4 + 160231608× 106Z2t22t

8
4

+ 190293884928000Zt1t3t
8
4 + 989672947200000Z3t2t3t

8
4 + 10206142416691200t2t

2
3t

8
4

− 73495299371827200Zt33t
8
4 − 101125785600000Z3t1t

9
4 − 186162649600000Zt22t

9
4

− 3191805646848000t1t3t
9
4 + 1561948014592000Z2t2t3t

9
4 − 14989064887336960Z3t23t

9
4

− 42460123619393536t33t
9
4 − 15910594560000Z2t1t

10
4 + 351501912× 106t22t

10
4

− 296057495552000Zt2t3t
10
4 + 1603542687416320Z2t23t

10
4 − 359391707136000Zt1t

11
4

+ 758020723200000Z3t2t
11
4 − 15168913927372800t2t3t

11
4 + 10925704187740160Zt23t

11
4

+ 734324032512000t1t
12
4 − 431227009024000Z2t2t

12
4 − 463196185231360Z3t3t

12
4

+ 56795180303253504t23t
12
4 − 998299951104000Zt2t

13
4 − 6842647714201600Z2t3t

13
4

− 10653521299660800t2t
14
4 − 3339162644643840Zt3t

14
4 − 98475339612160Z3t154

+ 70986790354550784t3t
15
4 + 2660695903764480Z2t164 + 8993140078804992Zt174

−1510901919514624t184
)
.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.5.15,

which leads to Proposition A.2.2.
In the next statement we express flat coordinates ti via basic invariants yj and Z, which

is an inversion of the formulas from Theorem 4.5.15.

Theorem A.2.3. We have the following relations:

t1 =
1

1161216000

(
−11444944896R2 + 20736y3 − 9504000Z4y24

−85155840ZRy24 − 9934848Ry34 + 6160Zy54 + 1313y64
)
, (A.2.12)

t2 =
1

172800

(
172800Z4 + 1548288ZR + 64512Ry4 − 112Zy34 + y44

)
, (A.2.13)

t3 =R, (A.2.14)

t4 =
1

24
y4, (A.2.15)

where

R =R(y, Z) = − 1

96768

(
986673892041× 1019Z31 + 403215375687011718750Z16y1

− 7588796457909375× 108Z21y2 − 14241744× 106Z6y1y2 − 44789760Zy32
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− 406639265445× 106Z11y22 − 10450944000Z3y2y
3
3 + 10450944× 106Z7y43

− 258864844669875× 1013Z25y3 + 34862693625× 106Z10y1y3

+ 823747560297890625000Z15y2y3 − 2208228480000Z5y22y3

− 415448230632890625× 106Z19y23 − 111974400000Z4y1y
2
3

− 2032302555× 106Z9y2y
2
3 + 4780994139× 109Z13y33 − 2985984y32y4

− 7247810493424125× 1015Z30y4 + 48649525393359375000Z15y1y4

+ 645358861779679687500000Z20y2y4 − 4884883200000Z5y1y2y4

− 138011277978× 106Z10y22y4 − 796262400Z2y2y
3
3y4 + 796262400000Z6y43y4

− 14057685635765625× 1010Z24y3y4 + 105583986× 108Z9y1y3y4

+ 235899481755937500000Z14y2y3y4 − 572780160000Z4y22y3y4

− 574609620279375× 108Z18y23y4 − 22394880000Z3y1y
2
3y4

− 2107347273× 106Z8y2y
2
3y4 + 25276431834× 108Z12y33y4

+ 14216009216979375× 1014Z29y24 − 9134105281875× 106Z14y1y
2
4

− 3047517967359375× 106Z19y2y
2
4 − 811347840000Z4y1y2y

2
4

− 23401335213× 106Z9y22y
2
4 + 182885430719953125× 109Z23y3y

2
4

+ 1284086115× 106Z8y1y3y
2
4 + 33648353605406250000Z13y2y3y

2
4

− 71891712000Z3y22y3y
2
4 + 56452283319375× 107Z17y23y

2
4

− 616024245600000Z7y2y
2
3y

2
4 + 65038545648× 107Z11y33y

2
4

+ 76308480000Z5y43y
2
4 + 1430042961628125× 1013Z28y34

− 3554334611718750000Z13y1y
3
4 − 13790325901311035156250Z18y2y

3
4

− 81596160000Z3y1y2y
3
4 − 2017629243× 106Z8y22y

3
4 − 2239488000Z2y1y

2
3y

2
4

+ 26211925395636328125× 106Z22y3y
3
4 − 8627472× 106Z7y1y3y

3
4

+ 385216956646875000Z12y2y3y
3
4 − 5647104000Z2y22y3y

3
4

+ 2610302421395478515625Z16y23y
3
4 − 132710400Zy1y

2
3y

3
4

− 109360536480000Z6y2y
2
3y

3
4 + 103524702912× 106Z10y33y

3
4

+ 8404992000Z4y43y
3
4 + 738945999701015625× 1010Z27y44

− 418799496656250000Z12y1y
4
4 − 4642581830481738281250Z17y2y

4
4

− 5235840000Z2y1y2y
4
4 − 11725916400000Z7y22y

4
4 − 76308480Zy2y

3
3y

2
4

− 13184511219196875× 108Z21y3y
4
4 − 30220095600000Z6y1y3y

4
4

− 738366917810625000Z11y2y3y
4
4 − 265098240Zy22y3y

4
4 − 663552y2y

3
3y

3
4

+ 538650103268671875000Z15y23y
4
4 − 13702484880000Z5y2y

2
3y

4
4

+ 10242993672× 106Z9y33y
4
4 + 1032192000Z3y43y

4
4 − 3317760y1y

2
3y

4
4

− 930704737836568359375× 107Z26y54 + 14356007915625000Z11y1y
5
4

− 94216043486162109375Z16y2y
5
4 + 23015676960000Z6y22y

5
4

− 1208431825587316406250000Z20y3y
5
4 − 5904057600000Z5y1y3y

5
4
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− 173184804627750000Z10y2y3y
5
4 − 7062528y22y3y

5
4 − 201830400Zy1y2y

5
4

+ 66318052355859375000Z14y23y
5
4 − 1268224560000Z4y2y

2
3y

5
4

+ 358580196× 106Z8y33y
5
4 − 66814128× 106Z7y33y

6
4 + 6881280Zy43y

6
4

− 15370446742224609375× 107Z25y64 + 12729317771250000Z10y1y
6
4

+ 130805664862324218750Z15y2y
6
4 + 137625600Z2y43y

5
4 − 3517440y1y2y

6
4

+ 3641109840000Z5y22y
6
4 − 18784112593865625× 107Z19y3y

6
4

− 686647440000Z4y1y3y
6
4 − 22266008716500000Z9y2y3y

6
4

+ 4385122364390625000Z13y23y
6
4 − 89328096000Z3y2y

2
3y

6
4

+ 1094987299592109375× 108Z24y74 + 2226816765× 106Z9y1y
7
4

+ 36710583274019531250Z14y2y
7
4 + 331951248000Z4y22y

7
4

− 6076501220777343750000Z18y3y
7
4 − 55390080000Z3y1y3y

7
4

− 1902754708875000Z8y2y3y
7
4 + 83238029873437500Z12y23y

7
4

− 4569888000Z2y2y
2
3y

7
4 − 15124053120000Z6y33y

7
4 + 344064y43y

7
4

+ 4169983460762109375× 107Z23y84 + 174577452187500Z8y1y
8
4

+ 4180427021074218750Z13y2y
8
4 + 20667384000Z3y22y

8
4

+ 3091274797007812500000Z17y3y
8
4 − 3102648000Z2y1y3y

8
4

− 96336212625000Z7y2y3y
8
4 − 17457591268125000Z11y23y

8
4

− 163296960Zy2y
2
3y

8
4 − 1701207360000Z5y33y

8
4 + 862358400Z2y22y

9
4

+ 114440645557265625× 107Z22y94 − 5626875375000Z7y1y
9
4

+ 42448474089843750Z12y2y
9
4 − 3183168y2y

2
3y

9
4 − 2195520y1y3y

10
4

+ 749902182726093750000Z16y3y
9
4 − 115161600Zy1y3y

9
4

− 769723080000Z6y2y3y
9
4 − 2208915336375000Z10y23y

9
4

− 131454720000Z4y33y
9
4 − 6105604432246875× 108Z21y104

− 3710669100000Z6y1y
10
4 − 78625072857656250Z11y2y

10
4

+ 22438080Zy22y
10
4 + 92629516156875× 106Z15y3y

10
4

+ 341276010000Z5y2y3y
10
4 − 278541966375000Z9y23y

10
4

− 7297920000Z3y33y
10
4 − 151806054114984375× 106Z20y114

− 584186550000Z5y1y
11
4 − 15875888351906250Z10y2y

11
4

+ 6732539855156250000Z14y3y
11
4 + 31459125000Z4y2y3y

11
4

− 58152611906250Z8y23y
11
4 − 282240000Z2y33y

11
4 + 189504y22y

11
4

− 984577216528125× 107Z19y124 − 58522260000Z4y1y
12
4

− 1803047510968750Z9y2y
12
4 + 27182532187500000Z13y3y

12
4

+ 1346865000Z3y2y3y
12
4 − 10318713375000Z7y23y

12
4

+ 9617195694375× 108Z18y134 − 4178985000Z3y1y
13
4

− 120524781375000Z8y2y
13
4 − 65887451468750000Z12y3y

13
4



APPENDIX A. APPENDIX 201

+ 12978000Z2y2y3y
13
4 − 1359785175000Z6y23y

13
4 − 80640y33y

13
4

+ 349150732875× 109Z17y144 − 212814000Z2y1y
14
4 − 7257600Zy33y

12
4

− 1824399843750Z7y2y
14
4 − 113141698× 108Z11y3y

14
4 − 1555200Zy2y3y

14
4

− 129817125000Z5y23y
14
4 + 41542453921875× 106Z16y154 − 7264800Zy1y

15
4

+ 666628143750Z6y2y
15
4 − 1196394841250000Z10y3y

15
4 − 88200y2y3y

15
4

− 9344002500Z4y23y
15
4 + 241953303125× 107Z15y164 − 135450y1y

16
4

+ 96705506250Z5y2y
16
4 − 96101132500000Z9y3y

16
4 − 498015000Z3y23y

16
4

− 8154812875× 107Z14y174 + 7982336250Z4y2y
17
4 − 5857818750000Z8y3y

17
4

− 19089000Z2y23y
17
4 − 320012825× 108Z13y184 + 456041250Z3y2y

18
4

− 268065× 106Z7y3y
18
4 − 491400Zy23y

18
4 − 3700482625× 106Z12y194

+ 18427500Z2y2y
19
4 − 8350650000Z6y3y

19
4 − 6615y23y

19
4 + 6615y2y

21
4

− 26605215× 107Z11y204 + 491400Zy2y
20
4 − 132300000Z5y3y

20
4

−1302357× 107Z10y214 − 41349× 107Z9y224 − 6615× 106Z8y234
)

/
(
13655251938515625× 1011Z28 + 269859244794433593750Z18y2

− 62499163359375000Z13y1 − 103680000Z3y1y2 − 19166139× 106Z8y22

+ 73984856793750000Z12y2y3 − 5529600Z2y22y3 − 10692× 108Z7y1y3

− 468836581285546875× 106Z22y3 − 31881332616943359375Z16y23

− 276048× 106Z6y2y
2
3 + 13310568× 108Z10y33 − 1105920000Z4y43

− 98175213390234375× 1010Z27y4 − 13856456109375000Z12y1y4

− 2212828598144531250Z17y2y4 − 20736000Z2y1y2y4 + 368640Zy22y3y4

− 7804188× 106Z7y22y4 + 365484462103125× 108Z21y3y4

− 471744× 106Z6y1y3y4 + 27652969282500000Z11y2y3y4

− 7753347445078125000Z15y23y4 − 64229760000Z5y2y
2
3y4

+ 55954476× 107Z9y33y4 − 147456000Z3y43y4 − 1382400Zy1y2y
2
4

+ 19136149325384765625× 107Z26y24 − 584653443750000Z11y1y
2
4

− 7091660792021484375Z16y2y
2
4 + 15470434267839843750000Z20y3y

2
4

− 90979200000Z5y1y3y
2
4 + 5006118816× 106Z10y2y3y

2
4 + 49152y22y3y

2
4

− 775870064015625000Z14y23y
2
4 − 8214912000Z4y2y

2
3y

2
4

+ 138175956× 106Z8y33y
2
4 − 19660800Z2y43y

2
4 − 1674483840000Z6y22y

2
4

− 255831983771484375× 107Z25y34 + 252618851250000Z10y1y
3
4

− 2214749740957031250Z15y2y
3
4 − 30720y1y2y

3
4 − 232299360000Z5y22y

3
4

+ 380490084196875× 107Z19y3y
3
4 − 10909440000Z4y1y3y

3
4

+ 405683923500000Z9y2y3y
3
4 + 118895628515625000Z13y23y

3
4

− 663552000Z3y2y
2
3y

3
4 + 22969584× 106Z7y33y

3
4 − 983040Zy43y

3
4

+ 26002745366484375× 108Z24y44 + 53936229375000Z9y1y
4
4
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− 126088326949218750Z14y2y
4
4 − 22513968000Z4y22y

4
4 − 885120000Z3y1y3y

4
4

− 192747938871093750000Z18y3y
4
4 + 57389849535937500Z12y23y

4
4

− 27328934250000Z8y2y3y
4
4 − 30336000Z2y2y

2
3y

4
4 + 2843756160000Z6y33y

4
4

− 49152y43y
4
4 − 129376874141015625× 107Z23y54 + 4397844375000Z8y1y

5
4

+ 39725982667968750Z13y2y
5
4 − 1534752000Z3y22y

5
4 − 49152000Z2y1y3y

5
4

− 112659016429687500000Z17y3y
5
4 − 13616559× 106Z7y2y3y

5
4

+ 11619749041875000Z11y23y
5
4 − 721920Zy2y

2
3y

5
4 + 267079680000Z5y33y

5
4

+ 16641302871093750Z12y2y
6
4 − 3079189554609375× 107Z22y64

− 139612500000Z7y1y
6
4 − 71539200Z2y22y

6
4 − 23974930812656250000Z16y3y

6
4

− 2289210960000Z6y2y3y
6
4 + 1704364196625000Z10y23y

6
4 + 21504y2y

2
3y

6
4

+ 19212480000Z4y33y
6
4 + 79938205678125× 108Z21y74 − 1766400Zy1y3y

6
4

− 90848100000Z6y1y
7
4 + 3251393076093750Z11y2y

7
4 − 2039040Zy22y

7
4

− 1570385323125× 106Z15y3y
7
4 − 30720y1y3y

7
4 − 252021480000Z5y2y3y

7
4

+ 5579308017140625× 106Z20y84 + 205911176625000Z9y23y
7
4 − 945y2y

18
4

+ 1042560000Z3y33y
7
4 − 13973025000Z5y1y

8
4 + 384779988843750Z10y2y

8
4

− 27072y22y
8
4 + 136898416406250000Z14y3y

8
4 − 20174430000Z4y2y3y

8
4

+ 23299053843750Z8y23y
8
4 + 40320000Z2y33y

8
4 + 29154807646875× 107Z19y94

− 1360545000Z4y1y
9
4 + 16382317281250Z9y2y

9
4 + 70614949687500000Z13y3y

9
4

− 1191660000Z3y2y3y
9
4 + 2473352625000Z7y23y

9
4 − 517821170625× 108Z18y104

+ 1036800Zy33y
9
4 + 12582665281250000Z12y3y

10
4 − 93990000Z3y1y

10
4

− 4035040875000Z8y2y
10
4 − 49968000Z2y2y3y

10
4 + 242369025000Z6y23y

10
4

+ 11520y33y
10
4 − 18666838125× 109Z17y114 − 4590000Z2y1y

11
4 − 2520y1y

13
4

− 1101247593750Z7y2y
11
4 + 16498648× 108Z11y3y

11
4 − 1360800Zy2y3y

11
4

+ 20128275000Z5y23y
11
4 − 1804807303125× 106Z16y124 − 149400Zy1y

12
4

− 157378106250Z6y2y
12
4 + 164754308750000Z10y3y

12
4 − 16560y2y3y

12
4

+ 1364017500Z4y23y
12
4 + 250832125× 107Z15y134 − 15689643750Z5y2y

13
4

+ 13254767500000Z9y3y
13
4 + 71145000Z3y23y

13
4 + 3150908125× 107Z14y144

− 1169493750Z4y2y
14
4 + 822251250000Z8y3y

14
4 + 2727000Z2y23y

14
4

+ 53112575× 108Z13y154 − 65148750Z3y2y
15
4 + 38295× 106Z7y3y

15
4

+ 70200Zy23y
15
4 + 543220375× 106Z12y164 − 2632500Z2y2y

16
4

+ 1192950000Z6y3y
16
4 + 945y23y

16
4 + 3800745× 107Z11y174 + 5907× 107Z9y194

−70200Zy2y
17
4 + 18900000Z5y3y

17
4 + 186051× 107Z10y184 + 945× 106Z8y204

)
where Z satisfies the equation

376572715308× 1030Z50 + 659855787553828125× 1017Z35y1 + 209952× 108Z5y31
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− 25130252334793853759765625Z20y21 − 182271654562275× 1023Z40y2

+ 13653572839258447265625× 107Z25y1y2 + 12909587625× 108Z10y21y2

− 181252526805625078125× 1012Z30y22 + 559089218025× 1010Z15y1y
2
2

− 34373970605429121093750000Z20y32 − 3728747520000Z4y42y3

− 258770668896× 107Z10y42 − 35831808y52 − 1725958278495× 1027Z44y3

− 47075877270474609375× 1012Z29y1y3 − 2404957359726562500000Z14y21y3

+ 7230650271837890625× 106Z19y1y2y3 + 419904× 107Z4y21y2y3

+ 2784603065148966796875× 107Z24y22y3 + 298245977944425× 1020Z34y2y3

− 1953636165× 108Z9y1y
2
2y3 − 8957952× 106Z5y1y

5
3 − 33382368× 106Z5y1y

3
2

+ 172450545166125× 1022Z38y23 + 1703699162841796875× 108Z23y1y
2
3

− 164620750179234375× 1013Z28y2y
2
3 + 312754412460937500000Z13y1y2y

2
3

− 12622756032623671875× 106Z18y22y
2
3 − 7665268788× 107Z8y32y

2
3

− 5735760339645× 1020Z32y33 + 358989238851196289062500Z17y1y
3
3

+ 481754249835394921875× 107Z22y2y
3
3 − 839808× 1010Z7y1y2y

3
3

+ 29541548922525× 107Z12y22y
3
3 − 15925248000Z2y32y

3
3 − 2519424× 1010Z8y21y

2
3

+ 16809282× 1012Z11y1y
4
3 − 308040384264073242187500Z16y2y

4
3

− 819652608× 106Z6y22y
4
3 + 47960289030823242187500000Z20y53

+ 852284154843× 1010Z14y32y3 + 342904104× 1010Z10y2y
5
3

− 25448911776× 1011Z14y63 − 1791590400000Z4y2y
6
3

+ 17915904× 108Z8y73 − 156905298045× 1031Z49y4

− 80310602672286328125× 1015Z34y1y4 − 454394610293625× 1015Z26y43

− 2706990453860778808593750Z19y21y4 + 69984× 108Z4y31y4

− 32475392523518334960937500000Z24y1y2y4 + 478592145× 109Z9y21y2y4

+ 1151673739222166015625× 1011Z29y22y4 + 363933121854375× 1023Z39y2y4

+ 415544014569375× 107Z14y1y
2
2y4 + 2444047647797460937500000Z19y32y4

− 9363859200000Z4y1y
3
2y4 − 11497785084× 108Z9y42y4 + 5073271303455× 1027Z43y3y4

+ 2509049177389775390625× 1010Z28y1y3y4 − 776786827078125× 106Z13y21y3y4

− 3486798206010351562500000Z18y1y2y3y4 + 559872× 106Z3y21y2y3y4

− 8737932453217734375× 109Z23y22y3y4 − 2095275033× 108Z8y1y
2
2y3y4

+ 24563269450125× 108Z13y32y3y4 − 604661760000Z3y42y3y4

− 33219369829305× 1023Z37y23y4 − 313516802219175× 1020Z33y2y3y4

+ 1749439238766459960937500000Z22y1y
2
3y4 − 12807072× 109Z7y21y

2
3y4

+ 367234274652187500000Z12y1y2y
2
3y4 − 2120082257012027343750000Z17y22y

2
3y4

− 59719680000Z2y1y
2
2y

2
3y4 − 34866938592× 106Z7y32y

2
3y4

+ 40202543430928125× 1016Z31y33y4 + 30644838489988828125× 1011Z27y2y
2
3y4
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+ 20205728485356445312500Z16y1y
3
3y4 − 27006510283294921875× 106Z21y2y

3
3y4

− 329484672× 107Z6y1y2y
3
3y4 + 1129793472765× 108Z11y22y

3
3y4

− 1327104000Zy32y
3
3y4 + 10843777546311796875× 1010Z25y43y4

+ 907871814× 1010Z10y1y
4
3y4 − 86857891184376562500000Z15y2y

4
3y4

− 198045388800000Z5y22y
4
3y4 + 18982549382765625× 108Z19y53y4

− 2985984× 106Z4y1y
5
3y4 + 11728216152× 108Z9y2y

5
3y4

− 98170370928× 1010Z13y63y4 − 238878720000Z3y2y
6
3y4

+ 23887872× 107Z7y73y4 + 296812522135125× 1028Z48y24

+ 576916961684326171875000Z18y21y
2
4 + 93312× 107Z3y31y

2
4

− 297985679803378125× 1020Z38y2y
2
4 + 3649128971730732421875× 1013Z33y1y

2
4

− 532385693465888671875× 107Z23y1y2y
2
4 + 680933385× 108Z8y21y2y

2
4

− 189678164499598095703125× 108Z28y22y
2
4 + 782565971160937500000Z13y1y

2
2y

2
4

+ 1579338481260234375× 106Z18y32y
2
4 − 1315699200000Z3y1y

3
2y

2
4

− 28795362948× 107Z8y42y
2
4 − 6571281051734625× 1024Z42y3y

2
4

− 1556955058235625× 1015Z27y1y3y
2
4 − 73449113554687500000Z12y21y3y

2
4

− 956840715065786132812500Z17y1y2y3y
2
4 − 3872118693443203125× 108Z22y22y3y

2
4

− 6722610552× 107Z7y1y
2
2y3y

2
4 + 34762445973675× 107Z12y32y3y

2
4

− 58226688000Z2y42y3y
2
4 + 2654587837418596875× 1018Z36y23y

2
4

+ 6759561040400390625× 106Z21y1y
2
3y

2
4 − 31457808× 108Z6y21y

2
3y

2
4

− 695036488181804296875× 109Z26y2y
2
3y

2
4 + 97583602381875× 106Z11y1y2y

2
3y

2
4

+ 70284574101343359375000Z16y22y
2
3y

2
4 − 4976640000Zy1y

2
2y

2
3y

2
4

− 7320900268800000Z6y32y
2
3y

2
4 − 7305373600073015625× 1013Z30y33y

2
4

− 8024785856578125× 106Z15y1y
3
3y

2
4 − 14547474208355484375× 107Z20y2y

3
3y

2
4

− 611240256× 106Z5y1y2y
3
3y

2
4 + 2331226793214× 107Z10y22y

3
3y

2
4

+ 61931520y32y
3
3y

2
4 + 6119410586900625× 1012Z24y43y

2
4

+ 2473501374× 109Z9y1y
4
3y

2
4 − 11112040374865312500000Z14y2y

4
3y

2
4

− 27712419840000Z4y22y
4
3y

2
4 − 5216853486346875× 108Z18y53y

2
4

− 398131200000Z3y1y
5
3y

2
4 + 26002957608× 107Z8y2y

5
3y

2
4

− 237062880144× 109Z12y63y
2
4 − 31850496000Z2y2y

6
3y

2
4

+ 31850496× 106Z6y73y
2
4 − 336910542746625× 1028Z47y34

− 72327972908829638671875× 1011Z32y1y
3
4 + 207033162871179199218750Z17y21y

3
4

+ 62208× 106Z2y31y
3
4 + 1264265649686615625× 1019Z37y2y

3
4

+ 9282537745013671875× 107Z22y1y2y
3
4 + 24826824× 108Z7y21y2y

3
4

+ 73911920587224609375× 109Z27y22y
3
4 + 47542508879062500000Z12y1y

2
2y

3
4

+ 238740014756144531250000Z17y32y
3
4 − 106375680000Z2y1y

3
2y

3
4
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− 48151021536× 106Z7y42y
3
4 + 49239933462871875× 1023Z41y3y

3
4

− 453096902991603515625× 109Z26y1y3y
3
4 + 849437087625× 107Z11y21y3y

3
4

− 153019945847874375× 1016Z31y2y3y
3
4 + 1152372155455265625× 1016Z32y2y3y

2
4

− 81599723084874023437500Z16y1y2y3y
3
4 − 2488320000Zy21y2y3y

3
4

+ 37883829188576953125× 106Z21y22y3y
3
4 − 12411277488× 106Z6y1y

2
2y3y

3
4

+ 24071935023× 108Z11y32y3y
3
4 − 2687385600Zy42y3y

3
4

− 40186970185585253906250000Z20y1y
2
3y

3
4 − 48615552× 107Z5y21y

2
3y

3
4

− 8599334965472109375× 1010Z25y2y
2
3y

3
4 + 12561928600275× 106Z10y1y2y

2
3y

3
4

+ 111789716782528125× 106Z15y22y
2
3y

3
4 − 66355200y1y

2
2y

2
3y

3
4

− 998909625600000Z5y32y
2
3y

3
4 + 14600186628795703125× 1012Z29y33y

3
4

− 219307653849375× 107Z14y1y
3
3y

3
4 − 39946720396770703125× 106Z19y2y

3
3y

3
4

− 73246809600000Z4y1y2y
3
3y

3
4 + 31250312001× 108Z9y22y

3
3y

3
4

+ 2106545142055078125× 109Z23y43y
3
4 + 4657962996× 108Z8y1y

4
3y

3
4

+ 633400090225312500000Z13y2y
4
3y

3
4 − 2456801280000Z3y22y

4
3y

3
4

− 3997747687573125× 108Z17y53y
3
4 − 39813120000Z2y1y

5
3y

3
4

+ 40210644672× 106Z7y2y
5
3y

3
4 − 384503075712× 108Z11y63y

3
4

− 1592524800Zy2y
6
3y

3
4 + 1592524800000Z5y73y

3
4 − 11496585305197265625× 1017Z35y23y

3
4

+ 2555969144817628125× 1024Z46y44 + 65493209463778125× 1016Z31y1y
4
4

+ 16381465339493408203125Z16y21y
4
4 + 2073600000Zy31y

4
4

+ 298142042720211914062500000Z21y1y2y
4
4 − 75521484× 107Z6y21y2y

4
4

− 35232722889240234375× 1010Z26y22y
4
4 − 12308805876375× 106Z11y1y

2
2y

4
4

− 21293055871781835937500Z16y32y
4
4 − 5038848000Zy1y

3
2y

4
4 − 5917861036800000Z6y42y

4
4

− 236440393860320859375× 1019Z40y3y
4
4 − 2876638344697332421875× 1015Z36y2y

4
4

− 111951333903216796875× 109Z25y1y3y
4
4 + 3696516197437500000Z10y21y3y

4
4

− 1354124887594875× 1016Z30y2y3y
4
4 + 2662102930021875× 107Z15y1y2y3y

4
4

− 82944000y21y2y3y
4
4 + 38941857201621445312500000Z20y22y3y

4
4

− 15569982× 108Z5y1y
2
2y3y

4
4 − 981655730874× 107Z10y32y3y

4
4

− 89579520y42y3y
4
4 + 308956915751037890625× 1015Z34y23y

4
4

− 11796270974525390625× 106Z19y1y
2
3y

4
4 − 52363584× 106Z4y21y

2
3y

4
4

+ 173919245270649609375× 108Z24y2y
2
3y

4
4 + 90287424562500000Z9y1y2y

2
3y

4
4

+ 239958879646275× 108Z14y22y
2
3y

4
4 − 95657397120000Z4y32y

2
3y

4
4

− 9548061279693046875× 1012Z28y33y
4
4 + 162739397678906250000Z13y1y

3
3y

4
4

− 445978940355140625× 107Z18y2y
3
3y

4
4 − 5899392× 106Z3y1y2y

3
3y

4
4

+ 25374935043× 107Z8y22y
3
3y

4
4 − 23195369656096875× 1010Z22y43y

4
4

+ 6495790464× 107Z7y1y
4
3y

4
4 + 522642779167218750000Z12y2y

4
3y

4
4
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− 134369280000Z2y22y
4
3y

4
4 − 8338799409001875× 107Z16y53y

4
4

− 1990656000Zy1y
5
3y

4
4 + 4764636172800000Z6y2y

5
3y

4
4 − 470490322176× 107Z10y63y

4
4

− 79626240y2y
6
3y

4
4 + 79626240000Z4y73y

4
4 − 13679169747959953125× 1023Z45y54

− 1474894714718830078125× 1011Z30y1y
5
4 − 2287749592599609375000Z15y21y

5
4 + 27648000y31y

5
4

+ 41059486801676074218750000Z20y1y2y
5
4 − 16801992× 107Z5y21y2y

5
4

+ 988556812415296875× 1011Z25y22y
5
4 − 3766984207875× 106Z10y1y

2
2y

5
4

− 10801397068720312500000Z15y32y
5
4 − 111974400y1y

3
2y

5
4

− 543691699200000Z5y42y
5
4 + 770326318614121875× 1021Z39y3y

5
4

+ 17835843567505078125× 109Z24y1y3y
5
4 + 534729974625× 106Z9y21y3y

5
4

+ 11245454023174453125× 1012Z29y2y3y
5
4 + 34453146024591328125× 1016Z35y2y

5
4

+ 9137406828332812500000Z14y1y2y3y
5
4 + 1609037231168671875× 106Z19y22y3y

5
4

− 141665112× 106Z4y1y
2
2y3y

5
4 − 261934435584× 107Z9y32y3y

5
4

− 1180075558461328125× 106Z18y1y
2
3y

5
4 − 4002048× 106Z3y21y

2
3y

5
4

+ 281347813236796875× 1010Z23y2y
2
3y

5
4 − 303060818587500000Z8y1y2y

2
3y

5
4

+ 240446304646875× 107Z13y22y
2
3y

5
4 − 6604934400000Z3y32y

2
3y

5
4

+ 1783964308002328125× 1012Z27y33y
5
4 + 147803379593906250000Z12y1y

3
3y

5
4

+ 57274806057328125× 106Z17y2y
3
3y

5
4 − 317260800000Z2y1y2y

3
3y

5
4

+ 4885829928× 106Z7y22y
3
3y

5
4 − 69853708702715625× 109Z21y43y

5
4

+ 7049353536× 106Z6y1y
4
3y

5
4 + 113673204255037500000Z11y2y

4
3y

5
4

− 4777574400Zy22y
4
3y

5
4 − 135404117497575× 108Z15y53y

5
4 − 79626240y1y

5
3y

5
4

+ 437869670400000Z5y2y
5
3y

5
4 − 43693185024× 107Z9y63y

5
4

+ 5332371316372416796875× 1020Z44y64 − 63151976031834375× 1018Z33y23y
5
4

+ 442437751411716796875× 1011Z29y1y
6
4 − 875396734910156250000Z14y21y

6
4

− 1455027089447460937500000Z19y1y2y
6
4 − 19426392× 106Z4y21y2y

6
4

+ 9501158788162734375× 109Z24y22y
6
4 − 573293099587500000Z9y1y

2
2y

6
4

− 1251610680180937500000Z14y32y
6
4 − 37770364800000Z4y42y

6
4

− 1817583627706509375× 1020Z38y3y
6
4 − 36470290708467421875× 1015Z34y2y

6
4

+ 3259434148794140625× 109Z23y1y3y
6
4 + 29159498812500000Z8y21y3y

6
4

+ 1355797778364843750000Z13y1y2y3y
6
4 − 12040319730346875× 108Z18y22y3y

6
4

− 9453283200000Z3y1y
2
2y3y

6
4 − 43058197647× 107Z8y32y3y

6
4

+ 124436872907611171875× 1014Z32y23y
6
4 − 447452271954140625× 1012Z28y2y3y

6
4

+ 50793182470546875× 106Z17y1y
2
3y

6
4 − 214617600000Z2y21y

2
3y

6
4

+ 905979904440609375× 109Z22y2y
2
3y

6
4 − 7164953415× 107Z7y1y2y

2
3y

6
4

− 1947441533062500000Z12y22y
2
3y

6
4 − 318567168000Z2y32y

2
3y

6
4

− 155268680645165625× 1012Z26y33y
6
4 + 369943869465× 108Z11y1y

3
3y

6
4
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+ 834623336235375× 108Z16y2y
3
3y

6
4 − 10824192000Zy1y2y

3
3y

6
4

− 2097343627200000Z6y22y
3
3y

6
4 − 65073391064325× 1011Z20y43y

6
4

+ 598915296× 106Z5y1y
4
3y

6
4 + 16133594911492500000Z10y2y

4
3y

6
4

− 19906560y22y
4
3y

6
4 − 18480601342125× 108Z14y53y

6
4 − 3125858688× 107Z8y63y

6
4

+ 31119240960000Z4y2y
5
3y

6
4 − 155592739624233515625× 1021Z43y74

− 24577895495302734375× 1011Z28y1y
7
4 − 122156555150390625000Z13y21y

7
4

− 1701591793989257812500000Z18y1y2y
7
4 − 1500768× 106Z3y21y2y

7
4

+ 2093736375984375× 1011Z23y22y
7
4 − 59405417212500000Z8y1y

2
2y

7
4

+ 63853995507187500000Z13y32y
7
4 − 1923160320000Z3y42y

7
4

+ 35079015080705625× 1021Z37y3y
7
4 + 781320107381625× 1019Z33y2y

7
4

+ 5663874460714453125× 108Z22y1y3y
7
4 − 41598441× 108Z7y21y3y

7
4

+ 96050726222343750000Z12y1y2y3y
7
4 − 229687209875109375× 106Z17y22y3y

7
4

− 449297280000Z2y1y
2
2y3y

7
4 − 53287526376× 106Z7y32y3y

7
4

− 21544531581547125× 1017Z31y23y
7
4 + 590042952015328125× 1012Z27y2y3y

7
4

+ 32233844446875× 109Z16y1y
2
3y

7
4 − 7464960000Zy21y

2
3y

7
4

− 102982159605740625× 109Z21y2y
2
3y

7
4 − 10269936054× 106Z6y1y2y

2
3y

7
4

− 41524495814475× 106Z11y22y
2
3y

7
4 − 9816422400Zy32y

2
3y

7
4

+ 5570068661116875× 1013Z25y33y
7
4 + 6063368665275× 106Z10y1y

3
3y

7
4

+ 18203572282021875× 106Z15y2y
3
3y

7
4 − 124416000y1y2y

3
3y

7
4

− 371949796800000Z5y22y
3
3y

7
4 − 1488869207476875× 109Z19y43y

7
4

+ 39768019200000Z4y1y
4
3y

7
4 + 1697215058932500000Z9y2y

4
3y

7
4

− 2394057523725× 108Z13y53y
7
4 + 1688947200000Z3y2y

5
3y

7
4

− 16889472× 108Z7y63y
7
4 + 35417033403912984375× 1021Z42y84

+ 199524887180859375× 1011Z27y1y
8
4 − 4461015903222656250Z12y21y

8
4

− 268703038079648437500000Z17y1y2y
8
4 − 78732× 106Z2y21y2y

8
4

− 422479128632765625× 109Z22y22y
8
4 − 478807929× 107Z7y1y

2
2y

8
4

+ 40876881773906250000Z12y32y
8
4 − 68864256000Z2y42y

8
4

− 633688941387290625× 1019Z36y3y
8
4 − 6058501511108203125× 1014Z32y2y

8
4

− 540036038657109375× 108Z21y1y3y
8
4 − 1259283307500000Z6y21y3y

8
4

− 172207090383271875× 1012Z26y2y3y
8
4 − 4796134102125× 106Z11y1y2y3y

8
4

+ 80372324631375× 108Z16y22y3y
8
4 − 13833504000Zy1y

2
2y3y

8
4

− 5212932033600000Z6y32y3y
8
4 + 289316644260975× 1018Z30y23y

8
4

+ 6569224247671875× 106Z15y1y
2
3y

8
4 − 124416000y21y

2
3y

8
4

− 318574950446334375× 108Z20y2y
2
3y

8
4 − 1062967657500000Z5y1y2y

2
3y

8
4

− 764623257948× 107Z10y22y
2
3y

8
4 − 153653760y32y

2
3y

8
4
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− 53210815220953125× 1011Z24y33y
8
4 + 768486778846875000Z9y1y

3
3y

8
4

+ 273941355999375× 107Z14y2y
3
3y

8
4 − 37118638800000Z4y22y

3
3y

8
4

− 22489328602125× 1010Z18y43y
8
4 + 2015539200000Z3y1y

4
3y

8
4

+ 143060501986875000Z8y2y
4
3y

8
4 − 31221346066875× 106Z12y53y

8
4

+ 65318400000Z2y2y
5
3y

8
4 − 653184× 108Z6y63y

8
4 − 6767097596208× 1027Z41y94

− 175997708092265625× 1012Z26y1y
9
4 + 1675469973867187500Z11y21y

9
4

− 5535194174094375× 1016Z31y2y
9
4 − 6075862351945312500000Z16y1y2y

9
4

− 2566080000Zy21y2y
9
4 − 588278804398875× 1011Z21y22y

9
4

− 340580052× 106Z6y1y
2
2y

9
4 + 5701220580262500000Z11y32y

9
4 − 1511654400Zy42y

9
4

− 1573645143268125× 1010Z20y1y3y
9
4 − 174460635× 106Z5y21y3y

9
4

+ 1338299662100625× 1013Z25y2y3y
9
4 − 2561757575737500000Z10y1y2y3y

9
4

+ 9642596903971875× 106Z15y22y3y
9
4 − 216172800y1y

2
2y3y

9
4

− 409457138400000Z5y32y3y
9
4 − 4119072700660875× 1016Z29y23y

9
4

+ 95507456248125× 107Z14y1y
2
3y

9
4 − 657542824315875× 1010Z19y2y

2
3y

9
4

− 83271264300000Z4y1y2y
2
3y

9
4 − 856765207507500000Z9y22y

2
3y

9
4

+ 355506903365625× 1012Z23y33y
9
4 + 82231455909375000Z8y1y

3
3y

9
4

+ 463787269509375× 106Z13y2y
3
3y

9
4 − 2542946400000Z3y22y

3
3y

9
4

− 68469201028125× 109Z17y43y
9
4 + 73716480000Z2y1y

4
3y

9
4

+ 10118359012500000Z7y2y
4
3y

9
4 − 37059920685× 108Z11y53y

9
4

+ 1679616000Zy2y
5
3y

9
4 − 1679616× 106Z5y63y

9
4 + 10408370301585× 1023Z35y3y

9
4

+ 7894007391375× 1015Z25y1y
10
4 + 404742222562500000Z10y21y

10
4

− 14996171137275× 1018Z30y2y
10
4 + 11782250261129278125× 1020Z40y104

+ 5565220450945312500000Z15y1y2y
10
4 − 38880000y21y2y

10
4

− 115614506496375× 1010Z20y22y
10
4 − 25020373500000Z5y1y

2
2y

10
4

+ 143871341197500000Z10y32y
10
4 − 16796160y42y

10
4 − 140891691970575× 1021Z34y3y

10
4

− 291192432958125× 1010Z19y1y3y
10
4 − 16334338500000Z4y21y3y

10
4

+ 17298250674046875× 1011Z24y2y3y
10
4 − 475524522534375000Z9y1y2y3y

10
4

+ 1855889992125× 109Z14y22y3y
10
4 − 25545034800000Z4y32y3y

10
4

+ 53969586259640625× 1014Z28y23y
10
4 + 162071830040625× 106Z13y1y

2
3y

10
4

− 3883755099825× 1011Z18y2y
2
3y

10
4 − 4922742600000Z3y1y2y

2
3y

10
4

− 72028537908750000Z8y22y
2
3y

10
4 − 1326464762175× 1014Z22y33y

10
4

+ 7694396955× 106Z7y1y
3
3y

10
4 + 766965591675× 108Z12y2y

3
3y

10
4

− 120022560000Z2y22y
3
3y

10
4 − 11124214218× 1012Z16y43y

10
4

+ 1772928000Zy1y
4
3y

10
4 + 650210044500000Z6y2y

4
3y

10
4

− 3862464669× 108Z10y53y
10
4 + 18662400y2y

5
3y

10
4 − 18662400000Z4y63y

10
4
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+ 218182093283671875× 1010Z24y1y
11
4 + 45496430789062500Z9y21y

11
4

+ 248077271433375× 1016Z29y2y
11
4 + 1222518361148437500000Z14y1y2y

11
4

+ 122485193897625× 1010Z19y22y
11
4 − 1874477700000Z4y1y

2
2y

11
4

− 9556456626× 107Z9y32y
11
4 + 1780827790275× 1022Z33y3y

11
4

− 1450084256015625× 108Z18y1y3y
11
4 − 110079× 107Z3y21y3y

11
4

+ 335614607465625× 1012Z23y2y3y
11
4 − 67229703590625000Z8y1y2y3y

11
4

+ 148438959496875× 106Z13y22y3y
11
4 − 1227636× 106Z3y32y3y

11
4

− 44374058047125× 1016Z27y23y
11
4 + 26958424868437500000Z12y1y

2
3y

11
4

+ 55508120791875× 109Z17y2y
2
3y

11
4 − 211264200000Z2y1y2y

2
3y

11
4

− 5154164865× 106Z7y22y
2
3y

11
4 − 3787241022× 1015Z21y33y

11
4

+ 64209348× 107Z6y1y
3
3y

11
4 + 11107464359625× 106Z11y2y

3
3y

11
4

− 3709152000Zy22y
3
3y

11
4 − 1600788643425× 109Z15y43y

11
4

+ 18662400y1y
4
3y

11
4 + 39874477500000Z5y2y

4
3y

11
4 − 326526471× 108Z9y53y

11
4

+ 2647023675465375× 1022Z38y124 − 188821155036065625× 1021Z39y114

+ 5342479222359375× 1011Z23y1y
12
4 + 1759968316406250Z8y21y

12
4

+ 2838694254328125× 1014Z28y2y
12
4 + 122115569498437500000Z13y1y2y

12
4

+ 220294058281875× 109Z18y22y
12
4 − 121743× 106Z3y1y

2
2y

12
4

− 22899873335625000Z8y32y
12
4 − 233651910740625× 1019Z32y3y

12
4

+ 190711312396875× 108Z17y1y3y
12
4 − 52706700000Z2y21y3y

12
4

− 5627670321375× 1013Z22y2y3y
12
4 − 80857764× 108Z7y1y2y3y

12
4

− 7912472799375× 106Z12y22y3y
12
4 − 43040160000Z2y32y3y

12
4

+ 63587785255875× 1015Z26y23y
12
4 + 4014596044125× 106Z11y1y

2
3y

12
4

+ 214048085810625× 108Z16y2y
2
3y

12
4 − 6044868000Zy1y2y

2
3y

12
4

− 377968032× 106Z6y22y
2
3y

12
4 − 20230630540875× 1011Z20y33y

12
4

+ 46522775250000Z5y1y
3
3y

12
4 + 128834526105× 107Z10y2y

3
3y

12
4

− 53654400y22y
3
3y

12
4 − 16124378805× 1010Z14y43y

12
4 + 2308852350000Z4y2y

4
3y

12
4

− 221787315× 107Z8y53y
12
4 − 33307463851425× 1023Z37y134

− 98339742140625× 1011Z22y1y
13
4 − 346710121875000Z7y21y

13
4

+ 549121418775× 1017Z27y2y
13
4 + 152991666× 1010Z12y1y2y

13
4

+ 163466664975× 1011Z17y22y
13
4 − 6036120000Z2y1y

2
2y

13
4

− 3180712657500000Z7y32y
13
4 + 236129569875× 1021Z31y3y

13
4

+ 7797516688125× 109Z16y1y3y
13
4 − 1662120000Zy21y3y

13
4

− 174095638065× 1014Z21y2y3y
13
4 − 838511716500000Z6y1y2y3y

13
4

− 4202606541375× 106Z11y22y3y
13
4 − 979776000Zy32y3y

13
4

− 55567655397× 1017Z25y23y
13
4 + 472527247725× 106Z10y1y

2
3y

13
4
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+ 356434859025× 1010Z15y2y
2
3y

13
4 − 84564000y1y2y

2
3y

13
4

− 30154356× 106Z5y22y
2
3y

13
4 − 169272165825× 1012Z19y33y

13
4

+ 2834388450000Z4y1y
3
3y

13
4 + 117346350375× 106Z9y2y

3
3y

13
4

− 13377366675× 109Z13y43y
13
4 + 115254900000Z3y2y

4
3y

13
4

− 1152549× 108Z7y53y
13
4 + 4118195050453125× 1020Z36y144

− 9022981746375× 1012Z21y1y
14
4 − 83604453750000Z6y21y

14
4

− 8851371562125× 1015Z26y2y
14
4 − 1615446731812500000Z11y1y2y

14
4

− 696872028375× 109Z16y22y
14
4 − 201204000Zy1y

2
2y

14
4

− 320184454500000Z6y32y
14
4 − 207618744375× 1020Z30y3y

14
4

+ 1263714719625× 109Z15y1y3y
14
4 − 26244000y21y3y

14
4

− 17496461122875× 1011Z20y2y3y
14
4 − 72734699250000Z5y1y2y3y

14
4

− 6796946439× 108Z10y22y3y
14
4 − 11664000y32y3y

14
4

+ 991738009125× 1014Z24y23y
14
4 + 43799196825× 106Z9y1y

2
3y

14
4

+ 405803031975× 109Z14y2y
2
3y

14
4 − 2312752500000Z4y22y

2
3y

14
4

− 29615926725× 1012Z18y33y
14
4 + 137343600000Z3y1y

3
3y

14
4

+ 83032371× 108Z8y2y
3
3y

14
4 − 81628074× 1010Z12y43y

14
4

+ 4417740000Z2y2y
4
3y

14
4 − 441774× 107Z6y53y

14
4

− 156105504196875× 1010Z20y1y
15
4 − 10277533125000Z5y21y

15
4

− 8578694853× 1017Z25y2y
15
4 − 305724135037500000Z10y1y2y

15
4

− 3372893217× 1011Z15y22y
15
4 − 4082400y1y

2
2y

15
4 − 24718567500000Z5y32y

15
4

+ 2571419925× 1021Z29y3y
15
4 − 46287047176875× 1021Z35y154

+ 1488937696875× 108Z14y1y3y
15
4 + 18558302175× 1012Z19y2y3y

15
4

− 5129717850000Z4y1y2y3y
15
4 − 71750231325× 106Z9y22y3y

15
4

− 810266814× 1017Z23y23y
15
4 + 311964615× 107Z8y1y

2
3y

15
4

+ 34712009325× 109Z13y2y
2
3y

15
4 − 144196200000Z3y22y

2
3y

15
4

− 279718191× 1013Z17y33y
15
4 + 4986360000Z2y1y

3
3y

15
4

+ 445845465× 106Z7y2y
3
3y

15
4 − 37899009× 109Z11y43y

15
4 + 113724000Zy2y

4
3y

15
4

− 113724× 106Z5y53y
15
4 + 4300140909375× 1021Z34y164

− 705547789875× 1011Z19y1y
16
4 − 876952828125Z4y21y

16
4

− 1536460477875× 1014Z24y2y
16
4 − 34091592862500000Z9y1y2y

16
4

− 46034217675× 109Z14y22y
16
4 − 1478849400000Z4y32y

16
4

− 16354659375× 1019Z28y3y
16
4 + 129930915375× 108Z13y1y3y

16
4

+ 39427496325× 1012Z18y2y3y
16
4 − 282560400000Z3y1y2y3y

16
4

− 550128915× 107Z8y22y3y
16
4 − 339313725× 1016Z22y23y

16
4

+ 168519285× 106Z7y1y
2
3y

16
4 + 22125407175× 108Z12y2y

2
3y

16
4
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− 6561× 106Z2y22y
2
3y

16
4 − 2655105075× 1011Z16y33y

16
4

+ 121378500Zy1y
3
3y

16
4 + 17446428× 106Z6y2y

3
3y

16
4 − 11563884× 108Z10y43y

16
4

+ 1530900y2y
4
3y

16
4 − 1530900000Z4y53y

16
4 − 42071319× 1025Z33y174

+ 1101385845× 1013Z18y1y
17
4 − 54743343750Z3y21y

17
4

+ 787001265× 1016Z23y2y
17
4 − 268159005× 107Z8y1y2y

17
4

− 40105206× 1011Z13y22y
17
4 − 67359600000Z3y32y

17
4

+ 856575× 1022Z27y3y
17
4 + 86932035× 1010Z12y1y3y

17
4

+ 663954003× 1013Z17y2y3y
17
4 − 11547360000Z2y1y2y3y

17
4

− 311877135× 106Z7y22y3y
17
4 − 49379175× 1016Z21y23y

17
4

+ 6573028500000Z6y1y
2
3y

17
4 + 103927698× 109Z11y2y

2
3y

17
4

− 196830000Zy22y
2
3y

17
4 − 174520818× 1011Z15y33y

17
4 + 1530900y1y

3
3y

17
4

+ 454896× 106Z5y2y
3
3y

17
4 − 180306× 108Z9y43y

17
4

+ 403450621875× 1020Z32y184 + 288176859× 1013Z17y1y
18
4

− 2460375000Z2y21y
18
4 + 141707475× 1016Z22y2y

18
4

− 154484212500000Z7y1y2y
18
4 − 2371661775× 108Z12y22y

18
4 − 2230740000Z2y32y

18
4

− 172125× 1022Z26y3y
18
4 + 4219452× 1010Z11y1y3y

18
4

+ 7119553725× 1011Z16y2y3y
18
4 − 318208500Zy1y2y3y

18
4

− 12722508× 106Z6y22y3y
18
4 − 144311625× 1014Z20y23y

18
4

+ 170586× 106Z5y1y
2
3y

18
4 + 32339898× 108Z10y2y

2
3y

18
4 − 3061800y22y

2
3y

18
4

− 891324× 1012Z14y33y
18
4 + 6123600000Z4y2y

3
3y

18
4

− 2358871875× 1021Z31y194 + 33483364875× 1010Z16y1y
19
4

− 73811250Zy21y
19
4 + 25596675× 1016Z21y2y

19
4 − 6343393500000Z6y1y2y

19
4

− 9769329× 109Z11y22y
19
4 − 48114000Zy32y

19
4 − 27× 1024Z25y3y

19
4

+ 13818195× 108Z10y1y3y
19
4 + 517325454× 1011Z15y2y3y

19
4 − 4592700y1y2y3y

19
4

− 341172× 106Z5y22y3y
19
4 − 80595× 1016Z19y23y

19
4 + 2296350000Z4y1y

2
3y

19
4

+ 513702× 108Z9y2y
2
3y

19
4 − 300834× 1011Z13y33y

19
4

+ 1985175× 1023Z30y204 + 257103477× 1011Z15y1y
20
4

− 1148175y21y
20
4 + 144311625× 1014Z20y2y

20
4 − 170586× 106Z5y1y2y

20
4

− 2351754× 108Z10y22y
20
4 − 510300y32y

20
4 − 63× 1023Z24y3y

20
4

+ 229635× 108Z9y1y3y
20
4 + 2673972× 1012Z14y2y3y

20
4 − 4592700000Z4y22y3y

20
4

− 945× 1016Z18y23y
20
4 − 5103× 1011Z12y33y

20
4

− 17775× 1024Z29y214 + 1336986× 1012Z14y1y
21
4

+ 80595× 1016Z19y2y
21
4 − 2296350000Z4y1y2y

21
4 − 27216× 108Z9y22y

21
4

+ 902502× 1011Z13y2y3y
21
4 + 15× 1024Z28y224

+ 451251× 1011Z13y1y
22
4 + 945× 1016Z18y2y

22
4
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+ 15309× 1011Z12y2y3y
22
4 − 7× 1025Z27y234 + 76545× 1010Z12y1y

23
4 = 0. (A.2.16)

Proof. Formula (A.2.15) follows immediately from Theorem 4.5.15. Using relations (4.5.74)
and (4.5.84) we get formulas (A.2.12) and (A.2.13). Substituting relations (A.2.12),
(A.2.13) and (A.2.15) into relations (4.5.82) and (4.5.83), we get expressions P1 and P2,

both equal to zero and polynomial in t3, of degrees 5 and 3, respectively. We can reduce
these expressions modulo one another repeatedly, to get a linear expression in t3 which is
equal to zero, which we then rearrange to get relation (A.2.14). To find formula (A.2.16)
we then compute the resultant of P1 and P2 with respect to t3.

Proposition A.2.4. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) = 56000∂y3 + 448000
(
125t2 + 4256t3t4 − 5616t44

)
∂y2

+
57344000

9

(
31250Zt22 − 1764000t1t3 − 192500Z2t2t3

+ 392000Z3t23 + 5092864t33 − 421875t22t4 − 560000Zt2t3t4

+ 1724800Z2t23t4 − 9828000t2t3t
2
4 + 2508800Zt23t

2
4 + 1764000t1t

3
4

+ 192500Z2t2t
3
4 − 784000Z3t3t

3
4 − 136754688t23t

3
4 − 120000Zt2t

4
4

− 1355200Z2t3t
4
4 + 19008000t2t

5
4 + 1075200Zt3t

5
4 + 392000Z3t64

+520310784t3t
6
4 − 369600Z2t74 + 115200Zt84 − 438588160t94

)
∂y1 .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.5.15.

A.3 Extra formulas for H4(4)

Recall from Section 4.5.4 that the degrees of the t coordinates and Z are deg t1(x) =

10, deg t2(x) = 10, deg t3(x) = 2, deg t4(x) = 2 and degZ(x) = 2. This allows us to
deduce which harmonic polynomials of the t coordinates and Z have the same degrees as
the basic invariants of H4, which the following Proposition makes precise.

Proposition A.3.1. Let V1 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 30}, let V2 = {p ∈
C[t1, t2, t3, t4, Z] | deg p(x) = 20} and let V3 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 12}.
The harmonic elements of V1 are proportional to

6006t21t2 − 24024t1t
2
2 + 24024t32 − 30030Z4t1t2t3 + 60060Z4t22t3 + 150150Z3t22t

2
3

+ 300300Z2t1t2t
3
3 − 600600Z2t22t

3
3 + 3903900Zt22t

4
3 + 12762750t1t2t

5
3 − 25525500t22t

5
3

+ 32692660Z4t2t
6
3 + 16336320Z3t1t

7
3 − 32672640Z3t2t

7
3 + 352592240Z2t2t

8
3
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− 20180160Zt1t
9
3 + 40360320Zt2t

9
3 − 810471662t2t

10
3 − 1928006080Z3t123

+ 6093447360Zt143 − 60060Z4t1t2t4 + 150150Z4t22t4 − 270270Z3t1t2t3t4

+ 1141140Z3t22t3t4 + 1801800Z2t1t2t
2
3t4 − 2972970Z2t22t

2
3t4 − 14954940Zt1t2t

3
3t4

+ 61141080Zt22t
3
3t4 − 23513490t21t

4
3t4 + 221681460t1t2t

4
3t4 − 333843510t22t

4
3t4

− 6666660Z4t1t
5
3t4 + 405645240Z4t2t

5
3t4 + 228708480Z3t1t

6
3t4 − 320420100Z3t2t

6
3t4

− 2162160Z2t1t
7
3t4 + 5645800160Z2t2t

7
3t4 − 363242880Zt1t

8
3t4 + 5537772240Zt2t

8
3t4

+ 4077473400t1t
9
3t4 − 24364380040t2t

9
3t4 + 2368345980Z4t103 t4 − 46272145920Z3t113 t4

− 9255486240Z2t123 t4 + 170616526080Zt133 t4 − 4188854670t143 t4 − 540540Z3t1t2t
2
4

+ 1261260Z3t22t
2
4 + 3303300Z2t1t2t3t

2
4 − 4084080Z2t22t3t

2
4 − 89729640Zt1t2t

2
3t

2
4

+ 270570300Zt22t
2
3t

2
4 − 188107920t21t

3
3t

2
4 + 1227686460t1t2t

3
3t

2
4 − 1579217640t22t

3
3t

2
4

− 66666600Z4t1t
4
3t

2
4 + 2261859600Z4t2t

4
3t

2
4 + 1387836450Z3t1t

5
3t

2
4 − 1131710580Z3t2t

5
3t

2
4

− 30270240Z2t1t
6
3t

2
4 + 41454553140Z2t2t

6
3t

2
4 − 2513330820Zt1t

7
3t

2
4 + 82007245320Zt2t

7
3t

2
4

+ 73394521200t1t
8
3t

2
4 − 279679880480t2t

8
3t

2
4 + 47366919600Z4t93t

2
4 − 490358278410Z3t103 t24

− 222131669760Z2t113 t24 + 2105167084020Zt123 t24 − 117287930760t133 t24 + 1801800Z2t1t2t
3
4

− 502645Z2t22t
3
4 − 178343880Zt1t2t3t

3
4 + 471282240Zt22t3t

3
4 − 550887480t21t

2
3t

3
4

+ 3013038600t1t2t
2
3t

3
4 − 3495396190t22t

2
3t

3
4 − 253187220Z4t1t

3
3t

3
4 + 7072934440Z4t2t

3
3t

3
4

+ 4730025300Z3t1t
4
3t

3
4 − 1707576585Z3t2t

4
3t

3
4 − 552225960Z2t1t

5
3t

3
4 + 181909956800Z2t2t

5
3t

3
4

− 8064496440Zt1t
6
3t

3
4 + 557051053130Zt2t

6
3t

3
4 + 571892564100t1t

7
3t

3
4 − 1713932946440t2t

7
3t

3
4

+ 420318640885Z4t83t
3
4 − 3020584166600Z3t93t

3
4 − 2485406463540Z2t103 t34

+ 15035772591840Zt113 t34 − 1003720647215t123 t34 − 117408720Zt1t2t
4
4 + 299467740Zt22t

4
4

− 698686560t21t3t
4
4 + 3428323470t1t2t3t

4
4 − 3743165140t22t3t

4
4 − 452457720Z4t1t

2
3t

4
4

+ 13120844880Z4t2t
2
3t

4
4 + 9946304940Z3t1t

3
3t

4
4 − 1711812960Z3t2t

3
3t

4
4 − 4311450000Z2t1t

4
3t

4
4

+ 517300779710Z2t2t
4
3t

4
4 − 5445194040Zt1t

5
3t

4
4 + 2191042425000Zt2t

5
3t

4
4

+ 2526371647800t1t
6
3t

4
4 − 6387651109840t2t

6
3t

4
4 + 2177873972560Z4t73t

4
4

− 11940681712245Z3t83t
4
4 − 17128817706000Z2t93t

4
4 + 67149209560290Zt103 t44

+ 306594064920t113 t44 − 325623078t21t
5
4 + 1500098292t1t2t

5
4 − 1666279956t22t

5
4

− 375151920Z4t1t3t
5
4 + 13820183520Z4t2t3t

5
4 + 13272110280Z3t1t

2
3t

5
4

− 5755392390Z3t2t
2
3t

5
4 − 16253780400Z2t1t

3
3t

5
4 + 965371252560Z2t2t

3
3t

5
4

+ 51150836880Zt1t
4
3t

5
4 + 5454942264750Zt2t

4
3t

5
4 + 7012595618820t1t

5
3t

5
4

− 15544189806728t2t
5
3t

5
4 + 7277652650400Z4t63t

5
4 − 31377190313040Z3t73t

5
4

− 81501909373995Z2t83t
5
4 + 178725842192040Zt93t

5
4 + 67636787989386t103 t54

− 112638240Z4t1t
6
4 + 6402120780Z4t2t

6
4 + 10642687770Z3t1t3t

6
4 − 13434045900Z3t2t3t

6
4

− 32414073120Z2t1t
2
3t

6
4 + 1140453023160Z2t2t

2
3t

6
4 + 200486346060Zt1t

3
3t

6
4

+ 8911125490520Zt2t
3
3t

6
4 + 12912084273000t1t

4
3t

6
4 − 26251989629580t2t

4
3t

6
4

+ 16299801295360Z4t53t
6
4 − 54123882941260Z3t63t

6
4 − 285186832252080Z2t73t

6
4
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+ 159095532391730Zt83t
6
4 + 592155868722440t93t

6
4 + 3951441780Z3t1t

7
4 − 9992662845Z3t2t

7
4

− 33273634680Z2t1t3t
7
4 + 769257944400Z2t2t3t

7
4 + 344144366280Zt1t

2
3t

7
4

+ 9532029191190Zt2t
2
3t

7
4 + 16402978515660t1t

3
3t

7
4 − 33218368469880t2t

3
3t

7
4

+ 24477176331850Z4t43t
7
4 − 55258227121680Z3t53t

7
4 − 761370806081820Z2t63t

7
4

− 824238595771360Zt73t
7
4 + 2816877685314825t83t

7
4 − 13948711920Z2t1t

8
4

+ 222985549710Z2t2t
8
4 + 295401780960Zt1t3t

8
4 + 6261424455000Zt2t3t

8
4

+ 14784121087560t1t
2
3t

8
4 − 33394516435170t2t

2
3t

8
4 + 23584597219920Z4t33t

8
4

− 16056960750270Z3t43t
8
4 − 1574527351650000Z2t53t

8
4 − 4294385945261940Zt63t

8
4

+ 8714684199695760t73t
8
4 + 102536628480Zt1t

9
4 + 1965495743890Zt2t

9
4

+ 9101820663060t1t3t
9
4 − 24489566932080t2t3t

9
4 + 12721193619500Z4t23t

9
4

+ 39699237296400Z3t33t
9
4 − 2503422809509530Z2t43t

9
4 − 10973606731634800Zt53t

9
4

+ 18532995357314350t63t
9
4 + 2913828234600t1t

10
4 − 9135558521076t2t

10
4

+ 2175752924720Z4t3t
10
4 + 62265514312950Z3t23t

10
4 − 2963428452131280Z2t33t

10
4

− 18352815805555120Zt43t
10
4 + 27491356446813864t53t

10
4 − 670393575975Z4t114

+ 40062606209880Z3t3t
11
4 − 2453257188097320Z2t23t

11
4 − 21135427360218240Zt33t

11
4

+ 28131773838568515t43t
11
4 + 10470567594995Z3t124 − 1262535017225760Z2t3t

12
4

− 16440674522572910Zt23t
12
4 + 18989075206985880t33t

12
4 − 303171654680595Z2t134

− 7881409599514040Zt3t
13
4 + 7356083542043190t23t

13
4 − 1769210991401910Zt144

+ 720270845116440t3t
14
4 − 439442490606461t154 ,

the harmonic elements of V2 are proportional to

187t21 − 748t1t2 + 561t22 − 8415Z3t2t
2
3 − 151470Zt2t

4
3 − 191862t1t

5
3 + 383724t2t

5
3

− 75735Z4t63 − 757350Z2t83 + 1878228t103 + 1870Z4t2t4 − 33660Z3t2t3t4 − 18700Z2t2t
2
3t4

− 1211760Zt2t
3
3t4 − 1918620t1t

4
3t4 + 2285140t2t

4
3t4 − 908820Z4t53t4 − 1698895Z3t63t4

− 12117600Z2t73t4 + 6255150Zt83t4 + 37564560t93t4 − 42075Z3t2t
2
4 − 74800Z2t2t3t

2
4

− 3006960Zt2t
2
3t

2
4 − 5755860t1t

3
3t

2
4 − 905080t2t

3
3t

2
4 − 4204695Z4t43t

2
4 − 20386740Z3t53t

2
4

− 95594400Z2t63t
2
4 + 100082400Zt73t

2
4 + 234430680t83t

2
4 − 56100Z2t2t

3
4 − 2333760Zt2t3t

3
4

− 3837240t1t
2
3t

3
4 − 30578240t2t

2
3t

3
4 − 9402360Z4t33t

3
4 − 102979965Z3t43t

3
4 − 468547200Z2t53t

3
4

+ 710057700Zt63t
3
4 + 144693120t73t

3
4 + 302170Zt2t

4
4 + 7843770t1t3t

4
4 − 69364020t2t3t

4
4

− 10318825Z4t23t
4
4 − 280193320Z3t33t

4
4 − 1507905300Z2t43t

4
4 + 2916078000Zt53t

4
4

− 5267590460t63t
4
4 + 9547956t1t

5
4 − 49353876t2t

5
4 − 4832740Z4t3t

5
4 − 436114965Z3t23t

5
4

− 3187773600Z2t33t
5
4 + 7456862820Zt43t

5
4 − 30924485328t53t

5
4 − 746625Z4t64

− 372747540Z3t3t
6
4 − 4277277840Z2t23t

6
4 + 11784099360Zt33t

6
4 − 90377429340t43t

6
4

− 137914535Z3t74 − 3325988160Z2t3t
7
4 + 10667486500Zt23t

7
4 − 162880356320t33t

7
4

− 1151667990Z2t84 + 4493560720Zt3t
8
4 − 190524418920t23t

8
4 + 378718230Zt94
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− 138727401120t3t
9
4 − 48850558828t104 ,

and the harmonic elements of V3 are proportional to

− 7Zt2 − 42t1t3 + 84t2t3 + 7Z4t23 − 42Z2t43 − 2079t63 − 84t1t4 + 210t2t4 + 28Z4t3t4

+ 84Z3t23t4 − 336Z2t33t4 + 105Zt43t4 − 24948t53t4 + 21Z4t24 + 336Z3t3t
2
4 − 924Z2t23t

2
4

+ 840Zt33t
2
4 − 156555t43t

2
4 + 364Z3t34 − 1008Z2t3t

3
4 + 3710Zt23t

3
4 − 587160t33t

3
4

− 378Z2t44 + 8120Zt3t
4
4 − 1165605t23t

4
4 + 5901Zt54 − 1029588t3t

5
4 − 239377t64.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) = − 36
(
−Z4t42 − 4Z3t42t3 + 34Z2t42t

2
3 + 18Zt42t

3
3 − 192t42t

4
3 − 210Z4t32t

5
3

+ 1344Z3t32t
6
3 − 786Z2t32t

7
3 + 4800Zt32t

8
3 + 7776t32t

9
3 − 59904Z4t22t

10
3

− 86688Z3t22t
11
3 + 133632Z2t22t

12
3 − 10080Zt22t

13
3 + 147456t22t

14
3

− 48384Z4t2t
15
3 − 573696Z2t2t

17
3 + 442368Zt2t

18
3 + 221184t2t

19
3

+ 2211840Z4t203 + 4423680Z3t213 − 13271040Z2t223 + 3317760Zt233

− 16Z3t42t4 + 122Z2t42t3t4 + 264Zt42t
2
3t4 − 1236t42t

3
3t4 − 4776Z4t32t

4
3t4

+ 11484Z3t32t
5
3t4 + 8268Z2t32t

6
3t4 + 73842Zt32t

7
3t4 + 153792t32t

8
3t4

− 1197270Z4t22t
9
3t4 − 2149632Z3t22t

10
3 t4 + 2875626Z2t22t

11
3 t4

− 1291392Zt22t
12
3 t4 + 4247712t22t

13
3 t4 + 2889216Z4t2t

14
3 t4

+ 8078400Z3t2t
15
3 t4 − 42094080Z2t2t

16
3 t4 + 17509824Zt2t

17
3 t4

+ 7520256t2t
18
3 t4 + 88812288Z4t193 t4 + 194641920Z3t203 t4

− 570841344Z2t213 t4 + 172523520Zt223 t4 − 27205632t233 t4 + 102Z2t42t
2
4

+ 714Zt42t3t
2
4 − 1860t42t

2
3t

2
4 − 29004Z4t32t

3
3t

2
4 + 18744Z3t32t

4
3t

2
4

+ 153558Z2t32t
5
3t

2
4 + 484092Zt32t

6
3t

2
4 + 1396512t32t

7
3t

2
4 − 10822914Z4t22t

8
3t

2
4

− 23792076Z3t22t
9
3t

2
4 + 26602920Z2t22t

10
3 t24 − 28953126Zt22t

11
3 t24

+ 60384960t22t
12
3 t24 + 100169514Z4t2t

13
3 t24 + 259668288Z3t2t

14
3 t24

− 1025223318Z2t2t
15
3 t24 + 371155392Zt2t

16
3 t24 + 86181408t2t

17
3 t24

+ 1652410368Z4t183 t24 + 3990066912Z3t193 t24 − 11481108480Z2t203 t24

+ 4270685472Zt213 t24 − 1329758208t223 t24 + 448Zt42t
3
4 + 976t42t3t

3
4

− 72896Z4t32t
2
3t

3
4 − 86296Z3t32t

3
3t

3
4 + 773268Z2t32t

4
3t

3
4 + 1700322Zt32t

5
3t

3
4

+ 7730640t32t
6
3t

3
4 − 58317912Z4t22t

7
3t

3
4 − 155545992Z3t22t

8
3t

3
4

+ 133880850Z2t22t
9
3t

3
4 − 325362348Zt22t

10
3 t34 + 544989240t22t

11
3 t34

+ 1418183856Z4t2t
12
3 t34 + 3952185156Z3t2t

13
3 t34 − 13873560012Z2t2t

14
3 t34

+ 5330895174Zt2t
15
3 t34 − 164915136t2t

16
3 t34 + 18922259502Z4t173 t34

+ 50595829632Z3t183 t34 − 143299154322Z2t193 t34 + 66549669120Zt203 t34
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− 30436289568t213 t34 + 2416t42t
4
4 − 80010Z4t32t3t

4
4 − 355664Z3t32t

2
3t

4
4

+ 1816674Z2t32t
3
3t

4
4 + 3147876Zt32t

4
3t

4
4 + 28356624t32t

5
3t

4
4

− 206603928Z4t22t
6
3t

4
4 − 666405072Z3t22t

7
3t

4
4 + 350015040Z2t22t

8
3t

4
4

− 2295376290Zt22t
9
3t

4
4 + 3407613768t22t

10
3 t44 + 12248285940Z4t2t

11
3 t44

+ 37797166728Z3t2t
12
3 t44 − 124444340118Z2t2t

13
3 t44 + 55895208084Zt2t

14
3 t44

− 16751845440t2t
15
3 t44 + 148043564811Z4t163 t44 + 441724543344Z3t173 t44

− 1234193348682Z2t183 t44 + 728117290188Zt193 t44 − 433358173440t203 t44

− 30840Z4t32t
5
4 − 448372Z3t32t3t

5
4 + 2110500Z2t32t

2
3t

5
4 + 2005230Zt32t

3
3t

5
4

+ 69040320t32t
4
3t

5
4 − 499176612Z4t22t

5
3t

5
4 − 1947842208Z3t22t

6
3t

5
4

+ 66947364Z2t22t
7
3t

5
4 − 11157619356Zt22t

8
3t

5
4 + 15364875312t22t

9
3t

5
4

+ 73406293200Z4t2t
10
3 t54 + 253909851336Z3t2t

11
3 t54 − 805582960164Z2t2t

12
3 t54

+ 444122884062Zt2t
13
3 t54 − 242312938992t2t

14
3 t54 + 820303848000Z4t153 t54

+ 2772771903576Z3t163 t54 − 7645233170700Z2t173 t54 + 5899857314868Zt183 t54

− 4288857872004t193 t54 − 183432Z3t32t
6
4 + 1040922Z2t32t3t

6
4 − 2557708Zt32t

2
3t

6
4

+ 107016832t32t
3
3t

6
4 − 827006076Z4t22t

4
3t

6
4 − 3890997288Z3t22t

5
3t

6
4

− 3050723088Z2t22t
6
3t

6
4 − 39071190924Zt22t

7
3t

6
4 + 50907528288t22t

8
3t

6
4

+ 324165507678Z4t2t
9
3t

6
4 + 1267793785584Z3t2t

10
3 t64 − 3945198687894Z2t2t

11
3 t64

+ 2741055117084Zt2t
12
3 t64 − 2089080278928t2t

13
3 t64 + 3136791653928Z4t143 t64

+ 12463828235136Z3t153 t64 − 33754252023990Z2t163 t64 + 36252281863512Zt173 t64

− 31084897849380t183 t64 + 84636Z2t32t
7
4 − 4823490Zt32t3t

7
4 + 97269200t32t

2
3t

7
4

− 925645464Z4t22t
3
3t

7
4 − 5130026928Z3t22t

4
3t

7
4 − 12286343196Z2t22t

5
3t

7
4

− 100490508216Zt22t
6
3t

7
4 + 124534746576t22t

7
3t

7
4 + 1087804797984Z4t2t

8
3t

7
4

+ 4853503086444Z3t2t
9
3t

7
4 − 15025018608252Z2t2t

10
3 t74 + 13372130414934Zt2t

11
3 t74

− 12734996879808t2t
12
3 t74 + 6758811379800Z4t133 t74 + 36462537218880Z3t143 t74

− 94458578130360Z2t153 t74 + 168423705577692Zt163 t74 − 167945426241408t173 t74

− 2093556Zt32t
8
4 + 43848880t32t3t

8
4 − 676846008Z4t22t

2
3t

8
4 − 4056772464Z3t22t

3
3t

8
4

− 26294031648Z2t22t
4
3t

8
4 − 190330344468Zt22t

5
3t

8
4 + 223551438192t22t

6
3t

8
4

+ 2814565578552Z4t2t
7
3t

8
4 + 14481856433592Z3t2t

8
3t

8
4 − 45204348324294Z2t2t

9
3t

8
4

+ 52172622104292Zt2t
10
3 t84 − 58554722936160t2t

11
3 t84 − 6030614169180Z4t123 t84

+ 31780501730496Z3t133 t84 − 46054025164872Z2t143 t84 + 562679797881456Zt153 t84

− 662201660188368t163 t84 + 6114720t32t
9
4 − 302139126Z4t22t3t

9
4 − 1413945504Z3t22t

2
3t

9
4

− 34813542510Z2t22t
3
3t

9
4 − 262436016312Zt22t

4
3t

9
4 + 290536662816t22t

5
3t

9
4

+ 5634132784416Z4t2t
6
3t

9
4 + 33894149886576Z3t2t

7
3t

9
4 − 108262063044468Z2t2t

8
3t

9
4

+ 163887061538430Zt2t
9
3t

9
4 − 209609881026192t2t

10
3 t94 − 126459466609824Z4t113 t94

− 341633310630624Z3t123 t94 + 1175029899078816Z2t133 t94 + 1065315775197456Zt143 t94
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− 1685181960939312t153 t94 − 66625362Z4t22t
10
4 + 216602388Z3t22t3t

10
4

− 28393260120Z2t22t
2
3t

10
4 − 256483120014Zt22t

3
3t

10
4 + 270490458528t22t

4
3t

10
4

+ 8672982663942Z4t2t
5
3t

10
4 + 62115902197344Z3t2t

6
3t

10
4 − 206673052407282Z2t2t

7
3t

10
4

+ 415311387036876Zt2t
8
3t

10
4 − 593811454155120t2t

9
3t

10
4 − 635145364945800Z4t103 t104

− 2415496670521920Z3t113 t104 + 7766438641901352Z2t123 t104 − 1264623321174912Zt133 t104

− 802208042241840t143 t104 + 227476728Z3t22t
11
4 − 12989014614Z2t22t3t

11
4

− 169099219548Zt22t
2
3t

11
4 + 184241102904t22t

3
3t

11
4 + 10102220234352Z4t2t

4
3t

11
4

+ 88290087998940Z3t2t
5
3t

11
4 − 313153231112676Z2t2t

6
3t

11
4 + 846802263705570Zt2t

7
3t

11
4

− 1340858076916320t2t
8
3t

11
4 − 2103892611566364Z4t93t

11
4 − 9655910137578816Z3t103 t114

+ 31053184648866324Z2t113 t114 − 20414903118300432Zt123 t114 + 17376993106483104t133 t114

− 2512447200Z2t22t
12
4 − 68189569578Zt22t3t

12
4 + 100378152072t22t

2
3t

12
4

+ 8640668849940Z4t2t
3
3t

12
4 + 95533597925496Z3t2t

4
3t

12
4 − 372823053217938Z2t2t

5
3t

12
4

+ 1378618176182076Zt2t
6
3t

12
4 − 2414536296753024t2t

7
3t

12
4 − 5228842101892686Z4t83t

12
4

− 28124473615972704Z3t93t
12
4 + 92357585288556660Z2t103 t124

− 98733562102330200Zt113 t124 + 107161261746496416t123 t124 − 12960439020Zt22t
13
4

+ 45310744656t22t3t
13
4 + 5141575064592Z4t2t

2
3t

13
4 + 76240096519176Z3t2t

3
3t

13
4

− 342652355682156Z2t2t
4
3t

13
4 + 1767751364936394Zt2t

5
3t

13
4 − 3449165671334160t2t

6
3t

13
4

− 10137828083457024Z4t73t
13
4 − 63668976430996080Z3t83t

13
4

+ 216579276727651656Z2t93t
13
4 − 325404069685097256Zt103 t134

+ 399521317960772136t113 t134 + 11797674624t22t
14
4 + 1911846773682Z4t2t3t

14
4

+ 42480919012464Z3t2t
2
3t

14
4 − 236013724178658Z2t2t

3
3t

14
4 + 1746727825731156Zt2t

4
3t

14
4

− 3864462628081392t2t
5
3t

14
4 − 15496951324333608Z4t63t

14
4 − 114463129473201024Z3t73t

14
4

+ 409112679136988268Z2t83t
14
4 − 823358866020487632Zt93t

14
4

+ 1109010438480097512t103 t144 + 336506588352Z4t2t
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− 3544040633270462640Zt63t
17
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17
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+ 33296347201284Zt2t
18
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18
4
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19
4 − 262246379628645Z4t204
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4
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4
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+ 198342119050401888t3t
23
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)
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(
t42 + 9216t22t

10
3 − 442368t203 + 660t32t

4
3t4 + 184320t22t

9
3t4 − 829440t2t

14
3 t4

− 17694720t193 t4 + 5280t32t
3
3t

2
4 + 1637910t22t

8
3t

2
4 − 23224320t2t

13
3 t24

− 328043520t183 t24 + 14680t32t
2
3t

3
4 + 8511840t22t

7
3t

3
4 − 309383820t2t

12
3 t34

− 3740774400t173 t34 + 16480t32t3t
4
4 + 28319400t22t

6
3t

4
4 − 2594553120t2t

11
3 t44

− 29095415055t163 t44 + 5988t32t
5
4 + 61350624t22t

5
3t

5
4 − 15266853432t2t

10
3 t54

− 159655502304t153 t54 + 82990260t22t
4
3t

6
4 − 66501928800t2t

9
3t

6
4

− 598208862600t143 t64 + 60158880t22t
3
3t

7
4 − 220545317700t2t

8
3t

7
4

− 1198429486560t133 t74 + 8506440t22t
2
3t

8
4 − 564191645760t2t

7
3t

8
4

+ 1858690772460t123 t84 − 16489440t22t3t
9
4 − 1116076067280t2t

6
3t

9
4

+ 27559776437280t113 t94 − 7677018t22t
10
4 − 1695914739648t2t

5
3t

10
4

+ 133485102850536t103 t104 − 1947316154580t2t
4
3t

11
4 + 435800812788000t93t

11
4

− 1640324334240t2t
3
3t

12
4 + 1074133719732150t83t

12
4 − 961586960760t2t

2
3t

13
4

+ 2070469417430880t73t
13
4 − 353240805600t2t3t

14
4 + 3150340236284040t63t

14
4

− 61807949532t2t
15
4 + 3765152371411296t53t

15
4 + 3474755640515340t43t

16
4

+ 2397542098128480t33t
17
4 + 1167641302221720t23t

18
4 + 358861336161120t3t

19
4

+ 52449275925729t204
)
, (A.3.1)

∆(t2) = − 18
(
−Z4t42 + 34Z2t42t

2
3 − 192t42t

4
3 + 1344Z3t32t

6
3 + 4800Zt32t

8
3 − 59904Z4t22t

10
3

+ 133632Z2t22t
12
3 + 147456t22t

14
3 + 442368Zt2t

18
3 + 2211840Z4t203

− 13271040Z2t223 − 8Z3t42t4 + 136Z2t42t3t4 + 156Zt42t
2
3t4 − 1536t42t

3
3t4

− 2676Z4t32t
4
3t4 + 16128Z3t32t

5
3t4 + 19272Z2t32t

6
3t4 + 76800Zt32t

7
3t4
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+ 13824t32t
8
3t4 − 1198080Z4t22t

9
3t4 − 242496Z3t22t

10
3 t4 + 3207168Z2t22t

11
3 t4

− 1029312Zt22t
12
3 t4 + 4128768t22t

13
3 t4 + 4340736Z4t2t

14
3 t4 − 22588416Z2t2t

16
3 t4

+ 15925248Zt2t
17
3 t4 − 884736t2t

18
3 t4 + 88473600Z4t193 t4 + 8847360Z3t203 t4

− 583925760Z2t213 t4 + 19906560Zt223 t4 + 130Z2t42t
2
4 + 624Zt42t3t

2
4 − 3660t42t

2
3t

2
4

− 21408Z4t32t
3
3t

2
4 + 65184Z3t32t

4
3t

2
4 + 231264Z2t32t

5
3t

2
4 + 525504Zt32t

6
3t

2
4

+ 221184t32t
7
3t

2
4 − 10837494Z4t22t

8
3t

2
4 − 4849920Z3t22t

9
3t

2
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3 t24

− 24703488Zt22t
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+ 17316288Z3t2t
14
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15
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16
3 t24

− 31850496t2t
17
3 t24 + 1639540224Z4t183 t24 + 353894400Z3t193 t24

− 12030653952Z2t203 t24 + 875888640Zt213 t24 − 78299136t223 t24 + 556Zt42t
3
4

− 2352t42t3t
3
4 − 60920Z4t32t

2
3t

3
4 + 91392Z3t32t

3
3t

3
4 + 1110168Z2t32t

4
3t

3
4

+ 2005248Zt32t
5
3t

3
4 + 1726992t32t

6
3t

3
4 − 58384224Z4t22t

7
3t

3
4 − 43443504Z3t22t

8
3t

3
4

+ 207552240Z2t22t
9
3t

3
4 − 277996392Zt22t
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3 t34 + 516234240t22t
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3 t34

+ 1621596780Z4t2t
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3 t34 + 484856064Z3t2t

13
3 t34 − 11043552312Z2t2t

14
3 t34

+ 4377397248Zt2t
15
3 t34 − 748763136t2t

16
3 t34 + 18679486464Z4t173 t34

+ 6557184576Z3t183 t34 − 154227732480Z2t193 t34 + 17980249536Zt203 t34

− 3445161984t213 t34 + 560t42t
4
4 − 72416Z4t32t3t

4
4 − 32576Z3t32t

2
3t

4
4

+ 2714304Z2t32t
3
3t

4
4 + 4540656Zt32t

4
3t

4
4 + 8337600t32t

5
3t

4
4 − 206443656Z4t22t

6
3t

4
4

− 229503744Z3t22t
7
3t

4
4 + 800829180Z2t22t

8
3t

4
4 − 1936749600Zt22t

9
3t

4
4

+ 3319291512t22t
10
3 t44 + 13637876256Z4t2t

11
3 t44 + 6457362336Z3t2t

12
3 t44

− 106827257376Z2t2t
13
3 t44 + 44530457184Zt2t

14
3 t44 − 12409307136t2t

15
3 t44

+ 145040300271Z4t163 t44 + 74682798336Z3t173 t44 − 1371042946206Z2t183 t44

+ 228712343040Zt193 t44 − 70629603264t203 t44 − 29668Z4t32t
5
4 − 173312Z3t32t3t

5
4

+ 3514392Z2t32t
2
3t

5
4 + 5789568Zt32t

3
3t

5
4 + 25388448t32t

4
3t

5
4 − 495982944Z4t22t

5
3t

5
4

− 783955008Z3t22t
6
3t

5
4 + 1919636928Z2t22t

7
3t

5
4 − 9279227736Zt22t

8
3t

5
4

+ 15862464864t22t
9
3t

5
4 + 80575295832Z4t2t

10
3 t54 + 54126634752Z3t2t

11
3 t54

− 731351378376Z2t2t
12
3 t54 + 344612741760Zt2t

13
3 t54 − 144676580976t2t

14
3 t54

+ 793144532448Z4t153 t54 + 579629467512Z3t163 t54 − 8851956467256Z2t173 t54

+ 2004421113324Zt183 t54 − 895893419520t193 t54 − 98592Z3t32t
6
4

+ 2210400Z2t32t3t
6
4 + 3164576Zt32t

2
3t

6
4 + 46831872t32t

3
3t

6
4 − 810189396Z4t22t

4
3t

6
4

− 1769884416Z3t22t
5
3t

6
4 + 2296853496Z2t22t

6
3t

6
4 − 32104704384Zt22t

7
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6
4

+ 57399905088t22t
8
3t

6
4 + 352843828704Z4t2t

9
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6
4 + 318230123328Z3t2t
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3 t64

− 3751879372992Z2t2t
11
3 t64 + 2074913899056Zt2t

12
3 t64 − 1223200609344t2t

13
3 t64

+ 2946991640040Z4t143 t64 + 3168309489408Z3t153 t64 − 41668616311470Z2t163 t64

+ 12599716275504Zt173 t64 − 7816980324492t183 t64 + 481608Z2t32t
7
4
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− 529792Zt32t3t
7
4 + 48328400t32t

2
3t

7
4 − 878053536Z4t22t

3
3t

7
4 − 2569978656Z3t22t

4
3t
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4

− 1279418976Z2t22t
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4 − 81949697424Zt22t
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4 + 158364610560t22t
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4

+ 1177852498308Z4t2t
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7
4 + 1384297834752Z3t2t
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7
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− 14896555053912Z2t2t
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3 t74 + 9885354044544Zt2t
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3 t74 − 7766097211296t2t
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+ 5700652750944Z4t133 t74 + 11773138218048Z3t143 t74 − 134045466287040Z2t153 t74

+ 56044387120716Zt163 t74 − 48835205227440t173 t74 − 919184Zt32t
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4 + 23401280t32t3t
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4

− 600033384Z4t22t
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8
4 − 10221103368Z2t22t
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9
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9
4 + 6063292911888Z4t2t
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9
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10
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− 42943014Z4t22t
10
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10
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3t

10
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− 210809616768Zt22t
3
3t
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4 + 629231915232t22t
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3t

10
4 + 9309632184000Z4t2t

5
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10
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+ 22977644113728Z3t2t
6
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10
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10
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− 450575517478464t2t
9
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4 − 690104345405832Z4t103 t104 − 567819698026752Z3t113 t104

+ 7012903693399848Z2t123 t104 − 2489089278347712Zt133 t104 − 31911139314576t143 t104

+ 171669456Z3t22t
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3t

11
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+ 549643776768t22t
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4
3t

11
4 + 34644142851840Z3t2t
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− 2243564362553760Z4t93t
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12
4

− 56265055776Zt22t3t
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4 + 340562860344t22t

2
3t

12
4 + 9201150573984Z4t2t

3
3t

12
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+ 39341671395552Z3t2t
4
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12
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5
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12
4 + 919227930922080Zt2t

6
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4

− 2178902298433536t2t
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4 − 8799020464405248Z3t93t
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− 10484886456Zt22t
13
4 + 137037343968t22t3t
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4
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+ 18767073525696Z3t2t
2
3t

14
4 − 313211596471488Z2t2t

3
3t

14
4 + 1120757485426128Zt2t

4
3t

14
4

− 4213756834197696t2t
5
3t
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4 − 16180739188814952Z4t63t

14
4 − 41411521413815040Z3t73t

14
4

+ 466944422584225788Z2t83t
14
4 − 476899745641134048Zt93t

14
4

+ 703445052147825528t103 t144 + 348554325852Z4t2t
15
4 + 6735201027840Z3t2t3t

15
4

− 160042614969672Z2t2t
2
3t

15
4 + 806456128321152Zt2t

3
3t

15
4 − 4013868622687776t2t

4
3t

15
4

− 19335261571229664Z4t53t
15
4 − 62724903899429952Z3t63t

15
4

+ 738389432703466944Z2t73t
15
4 − 931782358161342936Zt83t

15
4

+ 1663591001873767776t93t
15
4 + 1149245014752Z3t2t

16
4 − 52050647564064Z2t2t3t

16
4

+ 405977153459328Zt2t
2
3t

16
4 − 2855412992335104t2t

3
3t

16
4 − 17834819067545580Z4t43t

16
4

− 74608113446873856Z3t53t
16
4 + 941723568956228904Z2t63t

16
4

− 1479251209563384192Zt73t
16
4 + 3173236238341980864t83t

16
4 − 8139150813240Z2t2t

17
4

+ 127759978225152Zt2t3t
17
4 − 1432111817847600t2t

2
3t

17
4 − 12291586125618528Z4t33t

17
4

− 68504391666907488Z3t43t
17
4 + 958340754564279264Z2t53t

17
4

− 1900418688517021776Zt63t
17
4 + 4905951379405940736t73t

17
4 + 18965208401136Zt2t

18
4

− 452707536012480t2t3t
18
4 − 5973960373569144Z4t23t

18
4

− 47016896590215936Z3t33t
18
4 + 762270303367156680Z2t43t

18
4

− 1952139477717766080Zt53t
18
4 + 6122092717759533552t63t

18
4

− 67913263059264t2t
19
4 − 1830406053002976Z4t3t

19
4

− 22775949563831424Z3t23t
19
4 + 457679035096460352Z2t33t

19
4

− 1569422467018854288Zt43t
19
4 + 6091607522018555712t53t

19
4

− 266446445187681Z4t204 − 6964386523200000Z3t3t
20
4

+ 195413411081236338Z2t23t
20
4 − 953436905745455232Zt33t

20
4

+ 4729217586797049696t43t
20
4 − 1013307943974408Z3t214

+ 52946169515125704Z2t3t
21
4 − 412427152757268468Zt23t

21
4

+ 2764149391618428672t33t
21
4 + 6848395586330562Z2t224

− 113446118759881680Zt3t
22
4 + 1144938892758036660t23t

22
4

− 14947859005462548Zt234 + 299685884752964304t3t
23
4

+ 37262803420133424t244
)
/
(
t42 + 9216t22t

10
3 − 442368t203 + 660t32t

4
3t4

+ 184320t22t
9
3t4 − 829440t2t

14
3 t4 − 17694720t193 t4 + 5280t32t

3
3t

2
4

+ 1637910t22t
8
3t

2
4 − 23224320t2t

13
3 t24 − 328043520t183 t24 + 14680t32t

2
3t

3
4

+ 8511840t22t
7
3t

3
4 − 309383820t2t

12
3 t34 − 3740774400t173 t34 + 16480t32t3t

4
4

+ 28319400t22t
6
3t

4
4 − 2594553120t2t

11
3 t44 − 29095415055t163 t44 + 5988t32t

5
4

+ 61350624t22t
5
3t

5
4 − 15266853432t2t

10
3 t54 − 159655502304t153 t54

+ 82990260t22t
4
3t

6
4 − 66501928800t2t

9
3t

6
4 − 598208862600t143 t64

+ 60158880t22t
3
3t

7
4 − 220545317700t2t

8
3t

7
4 − 1198429486560t133 t74
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+ 8506440t22t
2
3t

8
4 − 564191645760t2t

7
3t

8
4 + 1858690772460t123 t84

− 16489440t22t3t
9
4 − 1116076067280t2t

6
3t

9
4 + 27559776437280t113 t94

− 7677018t22t
10
4 − 1695914739648t2t

5
3t

10
4 + 133485102850536t103 t104

− 1947316154580t2t
4
3t

11
4 + 435800812788000t93t

11
4 − 1640324334240t2t

3
3t

12
4

+ 1074133719732150t83t
12
4 − 961586960760t2t

2
3t

13
4 + 2070469417430880t73t

13
4

− 353240805600t2t3t
14
4 + 3150340236284040t63t

14
4 − 61807949532t2t

15
4

+ 3765152371411296t53t
15
4 + 3474755640515340t43t

16
4 + 2397542098128480t33t

17
4

+ 1167641302221720t23t
18
4 + 358861336161120t3t

19
4 + 52449275925729t204

)
, (A.3.2)

∆(t3) = − 4

5

(
t42 − 2Z4t32t3 − 2Z2t32t

3
3 + 96t32t

5
3 − 672Z3t22t

7
3 − 2400Zt22t

9
3 + 9216t22t

10
3

+ 6912Z4t2t
11
3 + 71424Z2t2t

13
3 − 73728t2t

15
3 − 221184Zt193 − 442368t203

− 4Z4t32t4 − 12Z3t32t3t4 − 12Z2t32t
2
3t4 − 126Zt32t

3
3t4 + 1620t32t

4
3t4

− 102Z4t22t
5
3t4 − 9408Z3t22t

6
3t4 + 1050Z2t22t

7
3t4 − 43200Zt22t

8
3t4 + 169632t22t

9
3t4

+ 152064Z4t2t
10
3 t4 + 23616Z3t2t

11
3 t4 + 1857024Z2t2t

12
3 t4 + 248256Zt2t

13
3 t4

− 3041280t2t
14
3 t4 − 48384Z4t153 t4 − 573696Z2t173 t4 − 8404992Zt183 t4

− 17473536t193 t4 − 24Z3t32t
2
4 − 22Z2t32t3t

2
4 − 756Zt32t

2
3t

2
4 + 8496t32t

3
3t

2
4

− 1020Z4t22t
4
3t

2
4 − 57276Z3t22t

5
3t

2
4 + 14700Z2t22t

6
3t

2
4 − 356394Zt22t

7
3t

2
4

+ 1373526t22t
8
3t

2
4 + 1599642Z4t2t

9
3t

2
4 + 519552Z3t2t

10
3 t24 + 22854042Z2t2t

11
3 t24

+ 6454656Zt2t
12
3 t24 − 54735840t2t

13
3 t24 − 1451520Z4t143 t24 − 147744Z3t153 t24

− 19505664Z2t163 t24 − 151266528Zt173 t24 − 319638528t183 t24 − 12Z2t32t
3
4

− 1522Zt32t3t
3
4 + 18616t32t

2
3t

3
4 − 3636Z4t22t

3
3t

3
4 − 196440Z3t22t

4
3t

3
4

+ 95658Z2t22t
5
3t

3
4 − 1763916Zt22t

6
3t

3
4 + 6350832t22t

7
3t

3
4 + 10545876Z4t2t

8
3t

3
4

+ 5382828Z3t2t
9
3t

3
4 + 175952700Z2t2t

10
3 t34 + 80751942Zt2t

11
3 t34

− 591943500t2t
12
3 t34 − 21386754Z4t133 t34 − 4432320Z3t143 t34 − 320804226Z2t153 t34

− 1713825216Zt163 t34 − 3576990240t173 t34 − 1028Zt32t
4
4 + 16624t32t3t

4
4

− 5496Z4t22t
2
3t

4
4 − 402216Z3t22t

3
3t

4
4 + 368580Z2t22t

4
3t

4
4 − 5711250Zt22t

5
3t

4
4

+ 17805960t22t
6
3t

4
4 + 48182040Z4t2t

7
3t

4
4 + 34544664Z3t2t

8
3t

4
4

+ 943405110Z2t2t
9
3t

4
4 + 640523268Zt2t

10
3 t44 − 4374711216t2t

11
3 t44

− 203820084Z4t123 t44 − 64217124Z3t133 t44 − 3382314300Z2t143 t44

− 13694628366Zt153 t44 − 26955990351t163 t44 + 3972t32t
5
4 − 2526Z4t22t3t

5
4

− 474480Z3t22t
2
3t

5
4 + 896550Z2t22t

3
3t

5
4 − 12360660Zt22t

4
3t

5
4 + 28177776t22t

5
3t

5
4

+ 159621840Z4t2t
6
3t

5
4 + 151520976Z3t2t

7
3t

5
4 + 3711037356Z2t2t

8
3t

5
4

+ 3578279058Zt2t
9
3t

5
4 − 23593070232t2t

10
3 t54 − 1396034676Z4t113 t54

− 594068904Z3t123 t54 − 25531072074Z2t133 t54 − 81885932964Zt143 t54

− 139036043376t153 t54 + 900Z4t22t
6
4 − 281292Z3t22t3t

6
4 + 1363620Z2t22t

2
3t

6
4
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− 17576358Zt22t
3
3t

6
4 + 13874004t22t

4
3t

6
4 + 390042540Z4t2t

5
3t

6
4

+ 472995936Z3t2t
6
3t

6
4 + 10989802548Z2t2t

7
3t

6
4 + 14810697828Zt2t

8
3t

6
4

− 96291388656t2t
9
3t

6
4 − 7239118392Z4t103 t64 − 3905719560Z3t113 t64

− 145968902820Z2t123 t64 − 379111138830Zt133 t64 − 444769848936t143 t64

− 56088Z3t22t
7
4 + 1189494Z2t22t3t

7
4 − 15504036Zt22t

2
3t

7
4 − 32627952t22t

3
3t

7
4

+ 700684344Z4t2t
4
3t

7
4 + 1062156456Z3t2t

5
3t

7
4 + 24733538136Z2t2t

6
3t

7
4

+ 46567070316Zt2t
7
3t

7
4 − 303373357668t2t

8
3t

7
4 − 29218818582Z4t93t

7
4

− 19229989680Z3t103 t74 − 652417739730Z2t113 t74 − 1386084888396Zt123 t74

− 293853500784t133 t74 + 454284Z2t22t
8
4 − 7448958Zt22t3t

8
4 − 66130200t22t

2
3t

8
4

+ 903601656Z4t2t
3
3t

8
4 + 1695981456Z3t2t

4
3t

8
4 + 42153739740Z2t2t

5
3t

8
4

+ 112249281384Zt2t
6
3t

8
4 − 744414016608t2t

7
3t

8
4 − 93082608972Z4t83t

8
4

− 72841455468Z3t93t
8
4 − 2320589735244Z2t103 t84 − 4040880668622Zt113 t84

+ 6153157879884t123 t84 − 1379484Zt22t
9
4 − 46846224t22t3t

9
4 + 793483344Z4t2t

2
3t

9
4

+ 1858719312Z3t2t
3
3t

9
4 + 53492650200Z2t2t

4
3t

9
4 + 206804653524Zt2t

5
3t

9
4

− 1423268368272t2t
6
3t

9
4 − 235063637496Z4t73t

9
4 − 214827522840Z3t83t

9
4

− 6625980740970Z2t93t
9
4 − 9399924077940Zt103 t94 + 44156468592144t113 t94

− 11396538t22t
10
4 + 425250378Z4t2t3t

10
4 + 1304169696Z3t2t

2
3t

10
4

+ 48837598578Z2t2t
3
3t

10
4 + 286785791496Zt2t

4
3t

10
4 − 2104921788480t2t

5
3t

10
4

− 468781690896Z4t63t
10
4 − 493784767440Z3t73t

10
4 − 15212086507476Z2t83t

10
4

− 17266542374718Zt93t
10
4 + 186053768129160t103 t104 + 105010452Z4t2t

11
4

+ 510680844Z3t2t3t
11
4 + 30130294572Z2t2t

2
3t

11
4 + 290191717710Zt2t

3
3t

11
4

− 2370027585492t2t
4
3t

11
4 − 729338140494Z4t53t

11
4 − 876636139104Z3t63t

11
4

− 27945877328118Z2t73t
11
4 − 24287909071356Zt83t

11
4 + 572730539601744t93t

11
4

+ 79603992Z3t2t
12
4 + 11125124910Z2t2t3t

12
4 + 202419278676Zt2t

2
3t

12
4

− 1974866348016t2t
3
3t

12
4 − 865403912844Z4t43t

12
4 − 1178011019196Z3t53t

12
4

− 40597701245172Z2t63t
12
4 − 23980621193370Zt73t

12
4 + 1367500843222038t83t

12
4

+ 1821515580Z2t2t
13
4 + 87064707546Zt2t3t

13
4 − 1157075741016t2t

2
3t

13
4

− 753941514708Z4t33t
13
4 − 1156112680536Z3t43t

13
4 − 45682207204590Z2t53t

13
4

− 11118073481964Zt63t
13
4 + 2585777568129072t73t

13
4 + 17413109460Zt2t

14
4

− 429536091888t2t3t
14
4 − 452151646776Z4t23t

14
4 − 778920697224Z3t33t

14
4

− 38495253696300Z2t43t
14
4 + 11683992259782Zt53t

14
4 + 3887040073039848t63t

14
4

− 76676431356t2t
15
4 − 165400034778Z4t3t

15
4 − 320224983984Z3t23t

15
4

− 22974798690486Z2t33t
15
4 + 32542254016668Zt43t

15
4 + 4611410853635376t53t

15
4

− 27466840692Z4t164 − 59750783028Z3t3t
16
4 − 8783439059844Z2t23t

16
4

+ 38715002353782Zt33t
16
4 + 4239460018547244t43t

16
4 + 379564056Z3t174
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− 1726964402526Z2t3t
17
4 + 28407465464580Zt23t

17
4

+ 2922400306199088t33t
17
4 − 75251495772Z2t184 + 12501480733542Zt3t

18
4

+ 1425210330974328t23t
18
4 + 2552263527276Zt194 + 439353107929872t3t

19
4

+ 64459951413057t204
)
/
(
t42 + 9216t22t

10
3 − 442368t203 + 660t32t

4
3t4

+ 184320t22t
9
3t4 − 829440t2t

14
3 t4 − 17694720t193 t4 + 5280t32t

3
3t

2
4

+ 1637910t22t
8
3t

2
4 − 23224320t2t

13
3 t24 − 328043520t183 t24 + 14680t32t

2
3t

3
4

+ 8511840t22t
7
3t

3
4 − 309383820t2t

12
3 t34 − 3740774400t173 t34 + 16480t32t3t

4
4

+ 28319400t22t
6
3t

4
4 − 2594553120t2t

11
3 t44 − 29095415055t163 t44 + 5988t32t

5
4

+ 61350624t22t
5
3t

5
4 − 15266853432t2t

10
3 t54 − 159655502304t153 t54

+ 82990260t22t
4
3t

6
4 − 66501928800t2t

9
3t

6
4 − 598208862600t143 t64

+ 60158880t22t
3
3t

7
4 − 220545317700t2t

8
3t

7
4 − 1198429486560t133 t74

+ 8506440t22t
2
3t

8
4 − 564191645760t2t

7
3t

8
4 + 1858690772460t123 t84

− 16489440t22t3t
9
4 − 1116076067280t2t

6
3t

9
4 + 27559776437280t113 t94

− 7677018t22t
10
4 − 1695914739648t2t

5
3t

10
4 + 133485102850536t103 t104

− 1947316154580t2t
4
3t

11
4 + 435800812788000t93t

11
4 − 1640324334240t2t

3
3t

12
4

+ 1074133719732150t83t
12
4 − 961586960760t2t

2
3t

13
4 + 2070469417430880t73t

13
4

− 353240805600t2t3t
14
4 + 3150340236284040t63t

14
4 − 61807949532t2t

15
4

+ 3765152371411296t53t
15
4 + 3474755640515340t43t

16
4

+ 2397542098128480t33t
17
4 + 1167641302221720t23t

18
4

+ 358861336161120t3t
19
4 + 52449275925729t204

)
, (A.3.3)

∆(t4) =
2

5
. (A.3.4)

A general element of V1 is of the form

4∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=30

a(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.3.5)

where a(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.3.5) using
Proposition 4.0.1 and formulas (A.3.1)–(A.3.4) we find that the only harmonic elements
of V1 are as claimed. A general element of V2 has the form

4∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=20

b(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.3.6)

where b(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.3.6) using
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Propostion 4.0.1 and formulas (A.3.1)–(A.3.4) we find that the only harmonic elements of
V2 are as claimed. A general element of V3 has the form

4∑
k=0

∑
0≤i1, i2, i3, i4

2k+
4∑

j=1
djij=12

c(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.3.7)

where c(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.3.7) using
Propostion 4.0.1 and formulas (A.3.1)–(A.3.4) we find that the only harmonic elements of
V3 are as claimed.

Proposition A.3.1 thus allows us to give a proof of Theorem 4.5.17, in which the basic
invariants yi are expressed as polynomials in terms of the t coordinates and the variable
Z. We now present this proof.

Proof. Note that Y4 = 1
8
y4 =

5
2
t4. We now equate Y1, Y2 and Y3 given by relations (4.5.12)–

(4.5.14) with general harmonic elements of V1, V2 and V3, respectively, given by Proposition
A.3.1. We then rearrange these equations to find yi in terms of tj and Z. We find

y1 =
958464× 1014

3773
t154 +

a

6666660

(
−6006t21t2 + 24024t1t

2
2 − 24024t32

+ 30030Z4t1t2t3 − 60060Z4t22t3 − 150150Z3t22t
2
3 − 300300Z2t1t2t

3
3 + 600600Z2t22t

3
3

− 3903900Zt22t
4
3 − 12762750t1t2t

5
3 + 25525500t22t

5
3 − 32692660Z4t2t

6
3 − 16336320Z3t1t

7
3

+ 32672640Z3t2t
7
3 − 352592240Z2t2t

8
3 + 20180160Zt1t

9
3 − 40360320Zt2t

9
3

+ 810471662t2t
10
3 + 1928006080Z3t123 − 6093447360Zt143 + 60060Z4t1t2t4

− 150150Z4t22t4 + 270270Z3t1t2t3t4 − 1141140Z3t22t3t4 − 1801800Z2t1t2t
2
3t4

+ 2972970Z2t22t
2
3t4 + 14954940Zt1t2t

3
3t4 − 61141080Zt22t

3
3t4 + 23513490t21t

4
3t4

− 221681460t1t2t
4
3t4 + 333843510t22t

4
3t4 + 6666660Z4t1t

5
3t4 − 405645240Z4t2t

5
3t4

− 228708480Z3t1t
6
3t4 + 320420100Z3t2t

6
3t4 + 2162160Z2t1t

7
3t4 − 5645800160Z2t2t

7
3t4

+ 363242880Zt1t
8
3t4 − 5537772240Zt2t

8
3t4 − 4077473400t1t

9
3t4 + 24364380040t2t

9
3t4

− 2368345980Z4t103 t4 + 46272145920Z3t113 t4 + 9255486240Z2t123 t4

− 170616526080Zt133 t4 + 4188854670t143 t4 + 540540Z3t1t2t
2
4 − 1261260Z3t22t

2
4

− 3303300Z2t1t2t3t
2
4 + 4084080Z2t22t3t

2
4 + 89729640Zt1t2t

2
3t

2
4 − 270570300Zt22t

2
3t

2
4

+ 188107920t21t
3
3t

2
4 − 1227686460t1t2t

3
3t

2
4 + 1579217640t22t

3
3t

2
4 + 66666600Z4t1t

4
3t

2
4

− 2261859600Z4t2t
4
3t

2
4 − 1387836450Z3t1t

5
3t

2
4 + 1131710580Z3t2t

5
3t

2
4 + 30270240Z2t1t

6
3t

2
4

− 41454553140Z2t2t
6
3t

2
4 + 2513330820Zt1t

7
3t

2
4 − 82007245320Zt2t

7
3t

2
4 − 73394521200t1t

8
3t

2
4

+ 279679880480t2t
8
3t

2
4 − 47366919600Z4t93t

2
4 + 490358278410Z3t103 t24

+ 222131669760Z2t113 t24 − 2105167084020Zt123 t24 + 117287930760t133 t24 − 1801800Z2t1t2t
3
4

+ 502645Z2t22t
3
4 + 178343880Zt1t2t3t

3
4 − 471282240Zt22t3t

3
4 + 550887480t21t

2
3t

3
4
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− 3013038600t1t2t
2
3t

3
4 + 3495396190t22t

2
3t

3
4 + 253187220Z4t1t

3
3t

3
4 − 7072934440Z4t2t

3
3t

3
4

− 4730025300Z3t1t
4
3t

3
4 + 1707576585Z3t2t

4
3t

3
4 + 552225960Z2t1t

5
3t

3
4

− 181909956800Z2t2t
5
3t

3
4 + 8064496440Zt1t

6
3t

3
4 − 557051053130Zt2t

6
3t

3
4

− 571892564100t1t
7
3t

3
4 + 1713932946440t2t

7
3t

3
4 − 420318640885Z4t83t

3
4

+ 3020584166600Z3t93t
3
4 + 2485406463540Z2t103 t34 − 15035772591840Zt113 t34

+ 1003720647215t123 t34 + 117408720Zt1t2t
4
4 − 299467740Zt22t

4
4 + 698686560t21t3t

4
4

− 3428323470t1t2t3t
4
4 + 3743165140t22t3t

4
4 + 452457720Z4t1t

2
3t

4
4 − 13120844880Z4t2t

2
3t

4
4

− 9946304940Z3t1t
3
3t

4
4 + 1711812960Z3t2t

3
3t

4
4 + 4311450000Z2t1t

4
3t

4
4

− 517300779710Z2t2t
4
3t

4
4 + 5445194040Zt1t

5
3t

4
4 − 2191042425000Zt2t

5
3t

4
4

− 2526371647800t1t
6
3t

4
4 + 6387651109840t2t

6
3t

4
4 − 2177873972560Z4t73t

4
4

+ 11940681712245Z3t83t
4
4 + 17128817706000Z2t93t

4
4 − 67149209560290Zt103 t44

− 306594064920t113 t44 + 325623078t21t
5
4 − 1500098292t1t2t

5
4 + 1666279956t22t

5
4

+ 375151920Z4t1t3t
5
4 − 13820183520Z4t2t3t

5
4 − 13272110280Z3t1t

2
3t

5
4

+ 5755392390Z3t2t
2
3t

5
4 + 16253780400Z2t1t

3
3t

5
4 − 965371252560Z2t2t

3
3t

5
4

− 51150836880Zt1t
4
3t

5
4 − 5454942264750Zt2t

4
3t

5
4 − 7012595618820t1t

5
3t

5
4

+ 15544189806728t2t
5
3t

5
4 − 7277652650400Z4t63t

5
4 + 31377190313040Z3t73t

5
4

+ 81501909373995Z2t83t
5
4 − 178725842192040Zt93t

5
4 − 67636787989386t103 t54

+ 112638240Z4t1t
6
4 − 6402120780Z4t2t

6
4 − 10642687770Z3t1t3t

6
4

+ 13434045900Z3t2t3t
6
4 + 32414073120Z2t1t

2
3t

6
4 − 1140453023160Z2t2t

2
3t

6
4

− 200486346060Zt1t
3
3t

6
4 − 8911125490520Zt2t

3
3t

6
4 − 12912084273000t1t

4
3t

6
4

+ 26251989629580t2t
4
3t

6
4 − 16299801295360Z4t53t

6
4 + 54123882941260Z3t63t

6
4

+ 285186832252080Z2t73t
6
4 − 159095532391730Zt83t

6
4 − 592155868722440t93t

6
4

− 3951441780Z3t1t
7
4 + 9992662845Z3t2t

7
4 + 33273634680Z2t1t3t

7
4

− 769257944400Z2t2t3t
7
4 − 344144366280Zt1t

2
3t

7
4 − 9532029191190Zt2t

2
3t

7
4

− 16402978515660t1t
3
3t

7
4 + 33218368469880t2t

3
3t

7
4 − 24477176331850Z4t43t

7
4

+ 55258227121680Z3t53t
7
4 + 761370806081820Z2t63t

7
4 + 824238595771360Zt73t

7
4

− 2816877685314825t83t
7
4 + 13948711920Z2t1t

8
4 − 222985549710Z2t2t

8
4

− 295401780960Zt1t3t
8
4 − 6261424455000Zt2t3t

8
4 − 14784121087560t1t

2
3t

8
4

+ 33394516435170t2t
2
3t

8
4 − 23584597219920Z4t33t

8
4 + 16056960750270Z3t43t

8
4

+ 1574527351650000Z2t53t
8
4 + 4294385945261940Zt63t

8
4 − 8714684199695760t73t

8
4

− 102536628480Zt1t
9
4 − 1965495743890Zt2t

9
4 − 9101820663060t1t3t

9
4

+ 24489566932080t2t3t
9
4 − 12721193619500Z4t23t

9
4 − 39699237296400Z3t33t

9
4

+ 2503422809509530Z2t43t
9
4 + 10973606731634800Zt53t

9
4 − 18532995357314350t63t

9
4

− 2913828234600t1t
10
4 + 9135558521076t2t

10
4 − 2175752924720Z4t3t

10
4

− 62265514312950Z3t23t
10
4 + 2963428452131280Z2t33t

10
4 + 18352815805555120Zt43t

10
4
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− 27491356446813864t53t
10
4 + 670393575975Z4t114 − 40062606209880Z3t3t

11
4

+ 2453257188097320Z2t23t
11
4 + 21135427360218240Zt33t

11
4 − 28131773838568515t43t

11
4

− 10470567594995Z3t124 + 1262535017225760Z2t3t
12
4 + 16440674522572910Zt23t

12
4

− 18989075206985880t33t
12
4 + 303171654680595Z2t134 + 7881409599514040Zt3t

13
4

− 7356083542043190t23t
13
4 + 1769210991401910Zt144 − 720270845116440t3t

14
4

+ 439442490606461t154
)
− 51280000b

3334050640011
t54
(
187t21 − 748t1t2 + 561t22 − 8415Z3t2t

2
3

− 151470Zt2t
4
3 − 191862t1t

5
3 + 383724t2t

5
3 − 75735Z4t63 − 757350Z2t83 + 1878228t103

+ 1870Z4t2t4 − 33660Z3t2t3t4 − 18700Z2t2t
2
3t4 − 1211760Zt2t

3
3t4 − 1918620t1t

4
3t4

+ 2285140t2t
4
3t4 − 908820Z4t53t4 − 1698895Z3t63t4 − 12117600Z2t73t4 + 6255150Zt83t4

+ 37564560t93t4 − 42075Z3t2t
2
4 − 74800Z2t2t3t

2
4 − 3006960Zt2t

2
3t

2
4 − 5755860t1t

3
3t

2
4

− 905080t2t
3
3t

2
4 − 4204695Z4t43t

2
4 − 20386740Z3t53t

2
4 − 95594400Z2t63t

2
4

+ 100082400Zt73t
2
4 + 234430680t83t

2
4 − 56100Z2t2t

3
4 − 2333760Zt2t3t

3
4 − 3837240t1t

2
3t

3
4

− 30578240t2t
2
3t

3
4 − 9402360Z4t33t

3
4 − 102979965Z3t43t

3
4 − 468547200Z2t53t

3
4

+ 710057700Zt63t
3
4 + 144693120t73t

3
4 + 302170Zt2t

4
4 + 7843770t1t3t

4
4 − 69364020t2t3t

4
4

− 10318825Z4t23t
4
4 − 280193320Z3t33t

4
4 − 1507905300Z2t43t

4
4 + 2916078000Zt53t

4
4

− 5267590460t63t
4
4 + 9547956t1t

5
4 − 49353876t2t

5
4 − 4832740Z4t3t

5
4 − 436114965Z3t23t

5
4

− 3187773600Z2t33t
5
4 + 7456862820Zt43t

5
4 − 30924485328t53t

5
4 − 746625Z4t64

− 372747540Z3t3t
6
4 − 4277277840Z2t23t

6
4 + 11784099360Zt33t

6
4 − 90377429340t43t

6
4

− 137914535Z3t74 − 3325988160Z2t3t
7
4 + 10667486500Zt23t

7
4 − 162880356320t33t

7
4

− 1151667990Z2t84 + 4493560720Zt3t
8
4 − 190524418920t23t

8
4 + 378718230Zt94

− 138727401120t3t
9
4 − 48850558828t104

)
+

288128× 109c

6580234353
t94 (−7Zt2 − 42t1t3

+ 84t2t3 + 7Z4t23 − 42Z2t43 − 2079t63 − 84t1t4 + 210t2t4 + 28Z4t3t4 + 84Z3t23t4

− 336Z2t33t4 + 105Zt43t4 − 24948t53t4 + 21Z4t24 + 336Z3t3t
2
4 − 924Z2t23t

2
4 + 840Zt33t

2
4

− 156555t43t
2
4 + 364Z3t34 − 1008Z2t3t

3
4 + 3710Zt23t

3
4 − 587160t33t

3
4 − 378Z2t44

+ 8120Zt3t
4
4 − 1165605t23t

4
4 + 5901Zt54 − 1029588t3t

5
4 − 239377t64

)
− 4000c2

1203328310709
t34
(
−7Zt2 − 42t1t3 + 84t2t3 + 7Z4t23 − 42Z2t43 − 2079t63 − 84t1t4

+ 210t2t4 + 28Z4t3t4 + 84Z3t23t4 − 336Z2t33t4 + 105Zt43t4 − 24948t53t4 + 21Z4t24

+ 336Z3t3t
2
4 − 924Z2t23t

2
4 + 840Zt33t

2
4 − 156555t43t

2
4 + 364Z3t34 − 1008Z2t3t

3
4

+ 3710Zt23t
3
4 − 587160t33t

3
4 − 378Z2t44 + 8120Zt3t

4
4 − 1165605t23t

4
4 + 5901Zt54

− 1029588t3t
5
4 − 239377t64

)2
, (A.3.8)

y2 =
512× 1010

77
t104 +

b

48850558828

(
−187t21 + 748t1t2 − 561t22 + 8415Z3t2t

2
3

+ 151470Zt2t
4
3 + 191862t1t

5
3 − 383724t2t

5
3 + 75735Z4t63 + 757350Z2t83

− 1878228t103 − 1870Z4t2t4 + 33660Z3t2t3t4 + 18700Z2t2t
2
3t4 + 1211760Zt2t

3
3t4
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+ 1918620t1t
4
3t4 − 2285140t2t

4
3t4 + 908820Z4t53t4 + 1698895Z3t63t4

+ 12117600Z2t73t4 − 6255150Zt83t4 − 37564560t93t4 + 42075Z3t2t
2
4

+ 74800Z2t2t3t
2
4 + 3006960Zt2t

2
3t

2
4 + 5755860t1t

3
3t

2
4 + 905080t2t

3
3t

2
4

+ 4204695Z4t43t
2
4 + 20386740Z3t53t

2
4 + 95594400Z2t63t

2
4 − 100082400Zt73t

2
4

− 234430680t83t
2
4 + 56100Z2t2t

3
4 + 2333760Zt2t3t

3
4 + 3837240t1t

2
3t

3
4

+ 30578240t2t
2
3t

3
4 + 9402360Z4t33t

3
4 + 102979965Z3t43t

3
4 + 468547200Z2t53t

3
4

− 710057700Zt63t
3
4 − 144693120t73t

3
4 − 302170Zt2t

4
4 − 7843770t1t3t

4
4

+ 69364020t2t3t
4
4 + 10318825Z4t23t

4
4 + 280193320Z3t33t

4
4 + 1507905300Z2t43t

4
4

− 2916078000Zt53t
4
4 + 5267590460t63t

4
4 − 9547956t1t

5
4 + 49353876t2t

5
4

+ 4832740Z4t3t
5
4 + 436114965Z3t23t

5
4 + 3187773600Z2t33t

5
4 − 7456862820Zt43t

5
4

+ 30924485328t53t
5
4 + 746625Z4t64 + 372747540Z3t3t

6
4 + 4277277840Z2t23t

6
4

− 11784099360Zt33t
6
4 + 90377429340t43t

6
4 + 137914535Z3t74 + 3325988160Z2t3t

7
4

− 10667486500Zt23t
7
4 + 162880356320t33t

7
4 + 1151667990Z2t84 − 4493560720Zt3t

8
4

+ 190524418920t23t
8
4 − 378718230Zt94 + 138727401120t3t

9
4 + 48850558828t104

− 187t21 + 748t1t2 − 561t22 + 8415Z3t2t
2
3 + 151470Zt2t

4
3 + 191862t1t

5
3

− 383724t2t
5
3 + 75735Z4t63 + 757350Z2t83 − 1878228t103 − 1870Z4t2t4

+ 33660Z3t2t3t4 + 18700Z2t2t
2
3t4 + 1211760Zt2t

3
3t4 + 1918620t1t

4
3t4

− 2285140t2t
4
3t4 + 908820Z4t53t4 + 1698895Z3t63t4 + 12117600Z2t73t4

− 6255150Zt83t4 − 37564560t93t4 + 42075Z3t2t
2
4 + 74800Z2t2t3t

2
4

+ 3006960Zt2t
2
3t

2
4 + 5755860t1t

3
3t

2
4 + 905080t2t

3
3t

2
4 + 4204695Z4t43t

2
4

+ 20386740Z3t53t
2
4 + 95594400Z2t63t

2
4 − 100082400Zt73t

2
4 − 234430680t83t

2
4

+ 56100Z2t2t
3
4 + 2333760Zt2t3t

3
4 + 3837240t1t

2
3t

3
4 + 30578240t2t

2
3t

3
4

+ 9402360Z4t33t
3
4 + 102979965Z3t43t

3
4 + 468547200Z2t53t

3
4 − 710057700Zt63t

3
4

− 144693120t73t
3
4 − 302170Zt2t

4
4 − 7843770t1t3t

4
4 + 69364020t2t3t

4
4

+ 10318825Z4t23t
4
4 + 280193320Z3t33t

4
4 + 1507905300Z2t43t

4
4 − 2916078000Zt53t

4
4

+ 5267590460t63t
4
4 − 9547956t1t

5
4 + 49353876t2t

5
4 + 4832740Z4t3t

5
4

+ 436114965Z3t23t
5
4 + 3187773600Z2t33t

5
4 − 7456862820Zt43t

5
4

+ 30924485328t53t
5
4 + 746625Z4t64 + 372747540Z3t3t

6
4 + 4277277840Z2t23t

6
4

− 11784099360Zt33t
6
4 + 90377429340t43t

6
4 + 137914535Z3t74 + 3325988160Z2t3t

7
4

− 10667486500Zt23t
7
4 + 162880356320t33t

7
4 + 1151667990Z2t84 − 4493560720Zt3t

8
4

+ 190524418920t23t
8
4 − 378718230Zt94 + 138727401120t3t

9
4 + 48850558828t104

)
+

400000c

4069409
t44
(
−7Zt2 − 42t1t3 + 84t2t3 + 7Z4t23 − 42Z2t43 − 2079t63 − 84t1t4

+ 210t2t4 + 28Z4t3t4 + 84Z3t23t4 − 336Z2t33t4 + 105Zt43t4 − 24948t53t4 + 21Z4t24

+ 336Z3t3t
2
4 − 924Z2t23t

2
4 + 840Zt33t

2
4 − 156555t43t

2
4 + 364Z3t34 − 1008Z2t3t

3
4
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+ 3710Zt23t
3
4 − 587160t33t

3
4 − 378Z2t44 + 8120Zt3t

4
4 − 1165605t23t

4
4 + 5901Zt54

− 1029588t3t
5
4 − 239377t64

)
, (A.3.9)

y3 = − 32× 106

7
t64 +

c

239377

(
7Zt2 + 42t1t3 − 84t2t3 − 7Z4t23 + 42Z2t43

+ 2079t63 + 84t1t4 − 210t2t4 − 28Z4t3t4 − 84Z3t23t4 + 336Z2t33t4

− 105Zt43t4 + 24948t53t4 − 21Z4t24 − 336Z3t3t
2
4 + 924Z2t23t

2
4

− 840Zt33t
2
4 + 156555t43t

2
4 − 364Z3t34 + 1008Z2t3t

3
4 − 3710Zt23t

3
4

+ 587160t33t
3
4 + 378Z2t44 − 8120Zt3t

4
4 + 1165605t23t

4
4 − 5901Zt54

+ 1029588t3t
5
4 + 239377t64

)
, (A.3.10)

y4 =20t4, (A.3.11)

where a, b, c ∈ C. In order to find a, b and c we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.5.86)–(4.5.92) into y coordinates
by applying formulas (A.3.8)–(A.3.11) and compare it with the expression given by Lemma
4.5.1. We find that

a =
75776× 1010

177147
, b =

183907986176× 106

72171
, c =

19150160000

1701
,

which implies the statement.

Proposition A.3.2. We have that

det(gij(t)) =

c
∏

α∈RH4

(α, x)

Q(t, Z)2
,

where c = 2483545 and

Q(t, Z) = 518
(
t41 − 8t31t2 + 27t21t

2
2 − 44t1t

3
2 + 28t42 − 10Z4t31t3 + 60Z4t21t2t3 − 150Z4t1t

2
2t3

+ 140Z4t32t3 + 135Z3t21t2t
2
3 − 540Z3t1t

2
2t

2
3 + 540Z3t32t

2
3 + 60Z2t31t

3
3 − 360Z2t21t2t

3
3

− 990Z2t1t
2
2t

3
3 + 2940Z2t32t

3
3 + 810Zt21t2t

4
3 − 3240Zt1t

2
2t

4
3 + 2565Zt32t

4
3 + 4698t31t

5
3

− 28188t21t2t
5
3 + 31752t1t

2
2t

5
3 + 11664t32t

5
3 − 14175Z4t21t

6
3 + 56700Z4t1t2t

6
3

− 90720Z4t22t
6
3 + 30240Z3t1t2t

7
3 − 60480Z3t22t

7
3 + 260010Z2t21t

8
3

− 1040040Z2t1t2t
8
3 + 372195Z2t22t

8
3 + 2264760Zt1t2t

9
3 − 4529520Zt22t

9
3

+ 5112639t21t
10
3 − 20450556t1t2t

10
3 + 21171537t22t

10
3 + 28331370Z4t1t

11
3

− 56662740Z4t2t
11
3 + 59435370Z3t2t

12
3 + 261113220Z2t1t

13
3 − 522226440Z2t2t

13
3

+ 577980360Zt2t
14
3 − 951725538t1t

15
3 + 1903451076t2t

15
3 − 2250685440Z4t163

− 24907655520Z2t183 + 41039061561t203 − 20Z4t31t4 + 120Z4t21t2t4 − 300Z4t1t
2
2t4

+ 280Z4t32t4 − 80Z3t31t3t4 + 1020Z3t21t2t3t4 − 3090Z3t1t
2
2t3t4 + 2740Z3t32t3t4

+ 360Z2t31t
2
3t4 − 14580Z2t1t

2
2t

2
3t4 + 27630Z2t32t

2
3t4 − 120Zt31t

3
3t4 + 7200Zt21t2t

3
3t4
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− 30420Zt1t
2
2t

3
3t4 + 27600Zt32t

3
3t4 + 46980t31t

4
3t4 − 228150t21t2t

4
3t4 + 102600t1t

2
2t

4
3t4

+ 409860t32t
4
3t4 − 170100Z4t21t

5
3t4 + 679050Z4t1t2t

5
3t4 − 1085940Z4t22t

5
3t4

+ 175095Z3t21t
6
3t4 − 277020Z3t1t2t

6
3t4 + 878040Z3t22t

6
3t4 + 4160160Z2t21t

7
3t4

− 15176160Z2t1t2t
7
3t4 + 3026160Z2t22t

7
3t4 − 1180170Zt21t

8
3t4 + 45486360Zt1t2t

8
3t4

− 83506545Zt22t
8
3t4 + 102252780t21t

9
3t4 − 404041770t1t2t

9
3t4 + 413492040t22t

9
3t4

+ 623290140Z4t1t
10
3 t4 − 1409886000Z4t2t

10
3 t4 − 212848560Z3t1t

11
3 t4

+ 1852146000Z3t2t
11
3 t4 + 6788943720Z2t1t

12
3 t4 − 15367035690Z2t2t

12
3 t4

− 696749040Zt1t
13
3 t4 + 17576948160Zt2t

13
3 t4 − 28551766140t1t

14
3 t4

+ 63192905730t2t
14
3 t4 − 72021934080Z4t153 t4 + 1767161610Z3t163 t4

− 896675598720Z2t173 t4 − 161702143560Zt183 t4 + 1641562462440t193 t4

− 160Z3t31t
2
4 + 1365Z3t21t2t

2
4 − 3480Z3t1t

2
2t

2
4 + 2780Z3t32t

2
4 + 660Z2t31t3t

2
4

+ 4680Z2t21t2t3t
2
4 − 45180Z2t1t

2
2t3t

2
4 + 71760Z2t32t3t

2
4 − 720Zt31t

2
3t

2
4

+ 18360Zt21t2t
2
3t

2
4 − 83160Zt1t

2
2t

2
3t

2
4 + 72990Zt32t

2
3t

2
4 + 157740t31t

3
3t

2
4

− 516600t21t2t
3
3t

2
4 − 826380t1t

2
2t

3
3t

2
4 + 3083640t32t

3
3t

2
4 − 808245Z4t21t

4
3t

2
4

+ 3219480Z4t1t2t
4
3t

2
4 − 5432130Z4t22t

4
3t

2
4 + 2101140Z3t21t

5
3t

2
4 − 7904790Z3t1t2t

5
3t

2
4

+ 19697580Z3t22t
5
3t

2
4 + 29586060Z2t21t

6
3t

2
4 − 97841520Z2t1t2t

6
3t

2
4 + 3676590Z2t22t

6
3t

2
4

− 18882720Zt21t
7
3t

2
4 + 370281780Zt1t2t

7
3t

2
4 − 621104760Zt22t

7
3t

2
4 + 922901040t21t

8
3t

2
4

− 3602155860t1t2t
8
3t

2
4 + 3755785320t22t

8
3t

2
4 + 6355298070Z4t1t

9
3t

2
4

− 15976710540Z4t2t
9
3t

2
4 − 4682668320Z3t1t

10
3 t24 + 24567864975Z3t2t

10
3 t24

+ 81725441670Z2t1t
11
3 t24 − 206390441340Z2t2t

11
3 t24 − 18115475040Zt1t

12
3 t24

+ 230079285405Zt2t
12
3 t24 − 424595173320t1t

13
3 t24 + 1019692803240t2t

13
3 t24

− 1069824008205Z4t143 t24 + 56549171520Z3t153 t24 − 15055905236895Z2t163 t24

− 5821277168160Zt173 t24 + 31230655376220t183 t24 + 360Z2t31t
3
4 + 6480Z2t21t2t

3
4

− 39960Z2t1t
2
2t

3
4 + 56520Z2t32t

3
4 − 2120Zt31t3t

3
4 + 17040Zt21t2t3t

3
4 − 85260Zt1t

2
2t3t

3
4

+ 59920Zt32t3t
3
4 + 194760t31t

2
3t

3
4 + 70740t21t2t

2
3t

3
4 − 4679640t1t

2
2t

2
3t

3
4 + 9329940t32t

2
3t

3
4

− 1929960Z4t21t
3
3t

3
4 + 7822980Z4t1t2t

3
3t

3
4 − 14848920Z4t22t

3
3t

3
4 + 11327175Z3t21t

4
3t

3
4

− 57245400Z3t1t2t
4
3t

3
4 + 127791000Z3t22t

4
3t

3
4 + 122063760Z2t21t

5
3t

3
4

− 367832340Z2t1t2t
5
3t

3
4 − 38147760Z2t22t

5
3t

3
4 − 129925620Zt21t

6
3t

3
4

+ 1602377640Zt1t2t
6
3t

3
4 − 2447251380Zt22t

6
3t

3
4 + 4950149760t21t

7
3t

3
4

− 19302997680t1t2t
7
3t

3
4 + 21310356960t22t

7
3t

3
4 + 39600548460Z4t1t

8
3t

3
4

− 108433972620Z4t2t
8
3t

3
4 − 48264927300Z3t1t

9
3t

3
4 + 191367918900Z3t2t

9
3t

3
4

+ 603105622020Z2t1t
10
3 t34 − 1672532110170Z2t2t

10
3 t34 − 219064276440Zt1t

11
3 t34

+ 1724330984040Zt2t
11
3 t34 − 4110912589680t1t

12
3 t34 + 10433350736820t2t

12
3 t34

− 9788930687340Z4t133 t34 + 991283684175Z3t143 t34 − 156594617111520Z2t153 t34

− 96402712770585Zt163 t34 + 375751110671280t173 t34 − 2320Zt31t
4
4 + 7710Zt21t2t

4
4
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− 39120Zt1t
2
2t

4
4 + 17360Zt32t

4
4 + 19370t31t3t

4
4 + 1402260t21t2t3t

4
4 − 8028420t1t

2
2t3t

4
4

+ 12528440t32t3t
4
4 − 2232225Z4t21t

2
3t

4
4 + 9763740Z4t1t2t

2
3t

4
4 − 22496130Z4t22t

2
3t

4
4

+ 34587000Z3t21t
3
3t

4
4 − 201876300Z3t1t2t

3
3t

4
4 + 406474200Z3t22t

3
3t

4
4

+ 318524400Z2t21t
4
3t

4
4 − 889979400Z2t1t2t

4
3t

4
4 − 155756925Z2t22t

4
3t

4
4

− 501675120Zt21t
5
3t

4
4 + 3978937620Zt1t2t

5
3t

4
4 − 5557521240Zt22t

5
3t

4
4

+ 17586874170t21t
6
3t

4
4 − 70059884040t1t2t

6
3t

4
4 + 84824190630t22t

6
3t

4
4

+ 166936990500Z4t1t
7
3t

4
4 − 488053009800Z4t2t

7
3t

4
4 − 306848493000Z3t1t

8
3t

4
4

+ 996284423700Z3t2t
8
3t

4
4 + 3040272265500Z2t1t

9
3t

4
4 − 9109160013600Z2t2t

9
3t

4
4

− 1631090474640Zt1t
10
3 t44 + 8182348108920Zt2t

10
3 t44 − 28618601994810t1t

11
3 t44

+ 74849306395860t2t
11
3 t44 − 61371221262300Z4t123 t44 + 11922175131300Z3t133 t44

− 1125923468008500Z2t143 t44 − 973703622339360Zt153 t44 + 3213742938357960t163 t44

− 79724t31t
5
4 + 1135578t21t2t

5
4 − 4568592t1t

2
2t

5
4 + 6215464t32t

5
4 − 746820Z4t21t3t

5
4

+ 4965570Z4t1t2t3t
5
4 − 16569900Z4t22t3t

5
4 + 61896825Z3t21t

2
3t

5
4

− 383579820Z3t1t2t
2
3t

5
4 + 696924540Z3t22t

2
3t

5
4 + 535662720Z2t21t

3
3t

5
4

− 1433327400Z2t1t2t
3
3t

5
4 − 145485720Z2t22t

3
3t

5
4 − 1168171200Zt21t

4
3t

5
4

+ 5438749320Zt1t2t
4
3t

5
4 − 7202077065Zt22t

4
3t

5
4 + 43776292536t21t

5
3t

5
4

− 183313806372t1t2t
5
3t

5
4 + 247371652944t22t

5
3t

5
4 + 497212846200Z4t1t

6
3t

5
4

− 1523271884940Z4t2t
6
3t

5
4 − 1332748420200Z3t1t

7
3t

5
4 + 3699321716880Z3t2t

7
3t

5
4

+ 11028724409880Z2t1t
8
3t

5
4 − 35113428144900Z2t2t

8
3t

5
4 − 8356962971160Zt1t

9
3t

5
4

+ 25214869319760Zt2t
9
3t

5
4 − 149974007567868t1t

10
3 t54 + 396226024262118t2t

10
3 t54

− 275723215492320Z4t113 t54 + 104262336075060Z3t123 t54

− 5890247939283120Z2t133 t54 − 6662287485691110Zt143 t54

+ 20862377981699328t153 t54 + 390285Z4t21t
6
4 + 54000Z4t1t2t

6
4 − 3981420Z4t22t

6
4

+ 60539940Z3t21t3t
6
4 − 377909550Z3t1t2t3t

6
4 + 618993900Z3t22t3t

6
4

+ 562951620Z2t21t
2
3t

6
4 − 1517408640Z2t1t2t

2
3t

6
4 + 274416660Z2t22t

2
3t

6
4

− 1607005440Zt21t
3
3t

6
4 + 2709098460Zt1t2t

3
3t

6
4 − 4345902720Zt22t

3
3t

6
4

+ 78521584140t21t
4
3t

6
4 − 354246753240t1t2t

4
3t

6
4 + 527101019460t22t

4
3t

6
4

+ 1059949743300Z4t1t
5
3t

6
4 − 3343754387160Z4t2t

5
3t

6
4 − 4138465368240Z3t1t

6
3t

6
4

+ 10124434831410Z3t2t
6
3t

6
4 + 29508760554660Z2t1t

7
3t

6
4

− 98083899309960Z2t2t
7
3t

6
4 − 31214243093040Zt1t

8
3t

6
4 + 47845380249990Zt2t

8
3t

6
4

− 605682309980880t1t
9
3t

6
4 + 1594108771443000t2t

9
3t

6
4 − 892824183131805Z4t103 t64

+ 681168388356000Z3t113 t64 − 22841532966872925Z2t123 t64 − 32133293778214440Zt133 t64

+ 107334366449160420t143 t64 + 24978105Z3t21t
7
4 − 151912800Z3t1t2t

7
4 + 223789500Z3t22t

7
4

+ 334555920Z2t21t3t
7
4 − 977146740Z2t1t2t3t

7
4 + 648476280Z2t22t3t

7
4 − 1134888300Zt21t

2
3t

7
4

− 2766081960Zt1t2t
2
3t

7
4 + 939876210Zt22t

2
3t

7
4 + 101594826720t21t

3
3t

7
4 − 498246279840t1t2t

3
3t

7
4
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+ 792374490720t22t
3
3t

7
4 + 1600729131240Z4t1t

4
3t

7
4 − 5113751063580Z4t2t

4
3t

7
4

− 9343072192680Z3t1t
5
3t

7
4 + 20661806439720Z3t2t

5
3t

7
4 + 58644536657400Z2t1t

6
3t

7
4

− 199376069372820Z2t2t
6
3t

7
4 − 87890851336320Zt1t

7
3t

7
4 + 39993247190880Zt2t

7
3t

7
4

− 1908111011495040t1t
8
3t

7
4 + 4959742322181600t2t

8
3t

7
4 − 1988221653444420Z4t93t

7
4

+ 3389816075638725Z3t103 t74 − 64792521587814840Z2t113 t74 − 107938134187599195Zt123 t74

+ 451550442078290160t133 t74 + 84679830Z2t21t
8
4 − 296654400Z2t1t2t

8
4 + 363518280Z2t22t

8
4

− 197711280Zt21t3t
8
4 − 4715582940Zt1t2t3t

8
4 + 3348224640Zt22t3t

8
4 + 91241494335t21t

2
3t

8
4

− 481040221500t1t2t
2
3t

8
4 + 787491606465t22t

2
3t

8
4 + 1652169478050Z4t1t

3
3t

8
4

− 5258678120100Z4t2t
3
3t

8
4 − 15281893155600Z3t1t

4
3t

8
4 + 31231958611950Z3t2t

4
3t

8
4

+ 85875404004900Z2t1t
5
3t

8
4 − 290760223113720Z2t2t

5
3t

8
4 − 190300878178560Zt1t

6
3t

8
4

− 44139772494900Zt2t
6
3t

8
4 − 4711370651790390t1t

7
3t

8
4 + 12037575667445100t2t

7
3t

8
4

− 2416263783387660Z4t83t
8
4 + 13030761474944100Z3t93t

8
4 − 124274418518095110Z2t103 t84

− 222472263571812360Zt113 t84 + 1589231062583667810t123 t84 + 125799210Zt21t
9
4

− 2029894560Zt1t2t
9
4 + 1744323120Zt22t

9
4 + 51065065980t21t3t

9
4 − 282159168930t1t2t3t

9
4

+ 459824509800t22t3t
9
4 + 1080611343180Z4t1t

2
3t

9
4 − 3370338514260Z4t2t

2
3t

9
4

− 17683516733400Z3t1t
3
3t

9
4 + 34044343351200Z3t2t

3
3t

9
4 + 90377706911400Z2t1t

4
3t

9
4

− 292586368091850Z2t2t
4
3t

9
4 − 319880244841200Zt1t

5
3t

9
4 − 164227495885200Zt2t

5
3t

9
4

− 9101737976823540t1t
6
3t

9
4 + 22812488913077550t2t

6
3t

9
4 + 1512102693009600Z4t73t

9
4

+ 39010320692781750Z3t83t
9
4 − 104933849342326200Z2t93t

9
4 − 57647913044871600Zt103 t94

+ 4750149485088794160t113 t94 + 13333272732t21t
10
4 − 74948092884t1t2t

10
4

+ 118479230604t22t
10
4 + 381343372470Z4t1t3t

10
4 − 1143784169820Z4t2t3t

10
4

− 13738452022800Z3t1t
2
3t

10
4 + 25325013726855Z3t2t

2
3t

10
4 + 65057899482630Z2t1t

3
3t

10
4

− 186063754795740Z2t2t
3
3t

10
4 − 416402516538720Zt1t

4
3t

10
4 − 164901377328795Zt2t

4
3t

10
4

− 13634662952546136t1t
5
3t

10
4 + 33509084616078840t2t

5
3t

10
4 + 14774294669675625Z4t63t

10
4

+ 91134379135657440Z3t73t
10
4 + 245429506237473135Z2t83t

10
4

+ 1546823706363365760Zt93t
10
4 + 12139695071909773884t103 t104 + 46581258060Z4t1t

11
4

− 130448066760Z4t2t
11
4 − 6428631402180Z3t1t3t

11
4 + 11510518356900Z3t2t3t

11
4

+ 29112472888740Z2t1t
2
3t

11
4 − 58230892791810Z2t2t

2
3t

11
4 − 410911248018600Zt1t

3
3t

11
4

+ 19555275943800Zt2t
3
3t

11
4 − 15547240859288400t1t

4
3t

11
4 + 37476852009476580t2t

4
3t

11
4

+ 37246528816981740Z4t53t
11
4 + 165385801859444505Z3t63t

11
4

+ 1234278774817248240Z2t73t
11
4 + 6876401514451407585Zt83t

11
4

+ 26487620179073694000t93t
11
4 − 1368912535560Z3t1t

12
4 + 2415363453900Z3t2t

12
4

+ 6548631363180Z2t1t3t
12
4 + 2196763934400Z2t2t3t

12
4 − 291302732248560Zt1t

2
3t

12
4

+ 196139559167100Zt2t
2
3t

12
4 − 13055209242804270t1t

3
3t

12
4 + 30876359195017980t2t

3
3t

12
4

+ 57575289947662980Z4t43t
12
4 + 230321163043311660Z3t53t

12
4
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+ 2840269371197001480Z2t63t
12
4 + 18070887886075610640Zt73t

12
4

+ 48911702641818454800t83t
12
4 + 342214149240Z2t1t

13
4 + 4989372957000Z2t2t

13
4

− 132094704189960Zt1t3t
13
4 + 173586060037440Zt2t3t

13
4 − 7613871428584980t1t

2
3t

13
4

+ 17666917064237610t2t
2
3t

13
4 + 59702848965923040Z4t33t

13
4

+ 240750778794019200Z3t43t
13
4 + 4362778849373560800Z2t53t

13
4

+ 33833237099751795330Zt63t
13
4 + 75333095064339828480t73t

13
4 − 28601385359760Zt1t

14
4

+ 52696455586560Zt2t
14
4 − 2753498167526160t1t3t

14
4 + 6265112215573800t2t3t

14
4

+ 40849057642622625Z4t23t
14
4 + 182004077683166400Z3t33t

14
4

+ 4763567155988589525Z2t43t
14
4 + 47161494206638893720Zt53t

14
4

+ 94896799829443418220t63t
14
4 − 464574810325824t1t

15
4 + 1035825991392456t2t

15
4

+ 16792617868854660Z4t3t
15
4 + 93394202064082515Z3t23t

15
4

+ 3683303041183491240Z2t33t
15
4 + 49078149204484853235Zt43t

15
4

+ 95330482737696148752t53t
15
4 + 3156310738979460Z4t164 + 28839900599723340Z3t3t

16
4

+ 1927299710744410770Z2t23t
16
4 + 37269058468813061400Zt33t

16
4

+ 73834767529239730365t43t
16
4 + 3982485947837580Z3t174 + 613367713823364360Z2t3t

17
4

+ 19593274872184389180Zt23t
17
4 + 42001392050838322920t33t

17
4

+ 89638642917188280Z2t184 + 6393261915974095920Zt3t
18
4

+ 16246061129946251160t23t
18
4 + 977495449215058560Zt194 + 3707034900420091680t3t

19
4

+ 353368519727182416t204
)
.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.5.17,

which leads to Proposition A.3.2.

Proposition A.3.3. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) =
160000

81
(t3 + 2t4) ∂y3 −

128× 106

6561

(
t1 − 2t2 − 513t53 − 5130t43t4 − 15390t33t

2
4

− 10260t23t
3
4 + 23355t3t

4
4 + 30294t54

)
∂y2 −

2048× 109

531441

(
2t1t2 − 4t22

− 5Z4t2t3 + 50Z2t2t
3
3 + 2125t2t

5
3 + 2720Z3t73 − 3360Zt93 − 10Z4t2t4

− 45Z3t2t3t4 + 300Z2t2t
2
3t4 − 2490Zt2t

3
3t4 − 7830t1t

4
3t4 + 36910t2t

4
3t4

− 1110Z4t53t4 + 38080Z3t63t4 − 360Z2t73t4 − 60480Zt83t4 + 678900t93t4

− 90Z3t2t
2
4 + 550Z2t2t3t

2
4 − 14940Zt2t

2
3t

2
4 − 62640t1t

3
3t

2
4 + 204410t2t

3
3t

2
4

− 11100Z4t43t
2
4 + 231075Z3t53t

2
4 − 5040Z2t63t

2
4 − 418470Zt73t

2
4 + 12220200t83t

2
4

+ 300Z2t2t
3
4 − 29630Zt2t3t

3
4 − 183060t1t

2
3t

3
4 + 500900t2t

2
3t

3
4 − 42220Z4t33t

3
4

+ 787550Z3t43t
3
4 − 91560Z2t53t

3
4 − 1342740Zt63t

3
4 + 95239300t73t

3
4 − 19420Zt2t

4
4

− 231120t1t3t
4
4 + 567345t2t3t

4
4 − 75720Z4t23t

4
4 + 1655290Z3t33t

4
4 − 714000Z2t43t

4
4
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− 907590Zt53t
4
4 + 420908600t63t

4
4 − 103086t1t

5
4 + 238302t2t

5
4 − 63170Z4t3t

5
4

+ 2205180Z3t23t
5
4 − 2691600Z2t33t

5
4 + 8506980Zt43t

5
4 + 1167543000t53t

5
4

− 19140Z4t64 + 1762495Z3t3t
6
4 − 5370720Z2t23t

6
4 + 33331510Zt33t

6
4

+ 2138618800t43t
6
4 + 651230Z3t74 − 5518080Z2t3t

7
4 + 57157380Zt23t

7
4

+ 2694048260t33t
7
4 − 2315520Z2t84 + 48981110Zt3t

8
4 + 2453396760t23t

8
4

+ 16963980Zt94 + 1621710860t3t
9
4 + 597401560t104

)
∂y1 .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.5.17.

A.4 Extra formulas for H4(7)

Recall from Section 4.5.5 that the degrees of the t coordinates and Z are deg t1(x) =
20
3
, deg t2(x) = 16

3
, deg t3(x) = 10

3
, deg t4(x) = 2 and degZ(x) = 2

3
. This allows us to

deduce which harmonic polynomials of the t coordinates and Z have the same degrees as
the basic invariants of H4, which the following Proposition makes precise.

Proposition A.4.1. Let V1 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 30}, let V2 = {p ∈
C[t1, t2, t3, t4, Z] | deg p(x) = 20} and let V3 = {p ∈ C[t1, t2, t3, t4, Z] | deg p(x) = 12}.
The harmonic elements of V1 are proportional to

2474395751953125000Z7t31t2 − 534469482421875000Zt21t
3
2 + 56251263427734375Z3t1t

4
2

− 2237342529296875Z5t52 − 1113478088378906250000t41t3 + 242490783691406250000Z2t31t2t3

+ 14356444152832031250Z4t21t
2
2t3 − 2358594030761718750Z6t1t

3
2t3 + 93457622070312500t52t3

− 5542646484375× 108Z5t31t
2
3 − 403346302734375× 106Z7t21t2t

2
3

+ 74033920898437500000Zt1t
3
2t

2
3 − 7401221953125× 106Z3t42t

2
3

− 231840984375× 1012t31t
3
3 − 7814181375× 1012Z2t21t2t

3
3

− 8355988265625× 108Z4t1t
2
2t

3
3 − 5423496203125× 107Z6t32t

3
3

− 1402295895× 1014Z5t21t
4
3 − 826809984× 1014Z7t1t2t

4
3

+ 85186776675× 1011Zt32t
4
3 − 48988167228× 1015t21t

5
3

+ 16002470484× 1014Z2t1t2t
5
3 − 47794802055× 1013Z4t22t

5
3

− 85084455456× 1015Z5t1t
6
3 + 50056134128× 1014Z7t2t

6
3

− 4315200873984× 1015t1t
7
3 + 1286995021312× 1014Z2t2t

7
3

− 1617096312832× 1015Z5t83 − 117523421503488× 1015t93

+ 18186808776855468750Z4t31t2t4 + 3580945532226562500Z6t21t
2
2t4

− 4058009033203125t1t
4
2t4 − 11903981933593750Z2t52t4 − 360272021484375× 106Z7t31t3t4
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+ 217445939648437500000Zt21t
2
2t3t4 − 2879536816406250000Z3t1t

3
2t3t4

− 1341535507812500000Z5t42t3t4 − 310388203125× 1011Z2t31t
2
3t4

+ 579735484453125× 107Z4t21t2t
2
3t4 − 26925226453125× 107Z6t1t

2
2t

2
3t4

+ 66825086453125× 106t42t
2
3t4 − 82574917425× 1012Z7t21t

3
3t4

− 4307698395× 1012Zt1t
2
2t

3
3t4 − 480846441075× 1010Z3t32t

3
3t4

+ 1000215216× 1015Z2t21t
4
3t4 − 50918678811× 1013Z4t1t2t

4
3t4

+ 4648352709× 1013Z6t22t
4
3t4 − 8489072592× 1014Z7t1t

5
3t4

− 179154031056× 1013Zt22t
5
3t4 − 2048316221952× 1014Z2t1t

6
3t4

+ 4215229450432× 1013Z4t2t
6
3t4 − 4452830333952× 1014Z7t73t4

− 164735362727936× 1014Z2t83t4 − 74825727539062500000Zt31t2t
2
4

+ 31384048007812500000Z3t21t
2
2t

2
4 + 6648008554687500000Z5t1t

3
2t

2
4

− 151272214843750000Z7t42t
2
4 − 191775568359375× 107Z4t31t3t

2
4

− 617780209921875× 106Z6t21t2t3t
2
4 + 258266422476562500000t1t

3
2t3t

2
4

− 42629813789062500000Z2t42t3t
2
4 − 360370585575× 1011Zt21t2t

2
3t

2
4

+ 29867919456375× 109Z3t1t
2
2t

2
3t

2
4 + 62631944375× 109Z5t32t

2
3t

2
4

− 33209723547× 1013Z4t21t
3
3t

2
4 − 46125845766× 1013Z6t1t2t

3
3t

2
4

+ 227825292695× 1011t32t
3
3t

2
4 + 18199765584× 1013Zt1t2t

4
3t

2
4

− 358305251304× 1012Z3t22t
4
3t

2
4 − 8327725293888× 1013Z4t1t

5
3t

2
4

− 931697518752× 1013Z6t2t
5
3t

2
4 + 38054757092352× 1013Zt2t

6
3t

2
4

− 2102716656488448× 1013Z4t73t
2
4 + 18844998046875× 106Z6t31t

3
4

− 18884181164062500000t21t
2
2t

3
4 + 62360081824218750000Z2t1t

3
2t

3
4

+ 3124451575781250000Z4t42t
3
4 + 9577693125× 1012Zt31t3t

3
4

− 1266402111975× 1010Z3t21t2t3t
3
4 − 3589243515× 1011Z5t1t

2
2t3t

3
4

− 2530416156125× 108Z7t32t3t
3
4 + 172574827425× 1012Z6t21t

2
3t

3
4

+ 2216213826255× 1011t1t
2
2t

2
3t

3
4 − 1497137884385× 1010Z2t32t

2
3t

3
4

+ 217097296416× 1013Zt21t
3
3t

3
4 − 1094727183264× 1012Z3t1t2t

3
3t

3
4

+ 646279471552× 1011Z5t22t
3
3t

3
4 − 979621939296× 1013Z6t1t

4
3t

3
4

+ 558196422784× 1013t22t
4
3t

3
4 − 10797875472384× 1013Zt1t

5
3t

3
4

− 291362895842304× 1012Z3t2t
5
3t

3
4 + 5708325689470976× 1012Z6t63t

3
4

− 3722245453774848× 1013Zt73t
3
4 − 70945875× 1012Z3t31t

4
4

+ 66496555125× 109Z5t21t2t
4
4 + 22349415391875× 107Z7t1t

2
2t

4
4

+ 412606126075× 108Zt42t
4
4 − 14330651789025× 1010t21t2t3t

4
4

+ 9461764959075× 109Z2t1t
2
2t3t

4
4 − 96525280709× 1010Z4t32t3t

4
4

+ 77294841624× 1013Z3t21t
2
3t

4
4 + 485360966376× 1011Z5t1t2t

2
3t

4
4

− 10195366909728× 1010Z7t22t
2
3t

4
4 + 3805352982288× 1013t1t2t

3
3t

4
4
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− 317368025278304× 1010Z2t22t
3
3t

4
4 − 68296287780864× 1012Z3t1t

4
3t

4
4

− 3161300456664064× 1010Z5t2t
4
3t

4
4 − 17052515541428224× 1011t2t

5
3t

4
4

+ 552628557034684416× 1011Z3t63t
4
4 + 354595725× 1013t31t

5
4

+ 54793161423× 1010Z2t21t2t
5
4 + 12932934695505× 108Z4t1t

2
2t

5
4

+ 1091166926817× 108Z6t32t
5
4 − 4859154492192× 1010Z5t21t3t

5
4

+ 2315774569284× 1010Z7t1t2t3t
5
4 + 195716977379968× 108Zt32t3t

5
4

− 21730238693856× 1012t21t
2
3t

5
4 − 696017451241728× 109Z2t1t2t

2
3t

5
4

− 9935298677625024× 108Z4t22t
2
3t

5
4 + 28759221078331392× 109Z5t1t

3
3t

5
4

+ 5772016647536128× 109Z7t2t
3
3t

5
4 + 170652869646336× 1013t1t

4
3t

5
4

− 1894186506405101568× 108Z2t2t
4
3t

5
4 − 16989997031015579648× 108Z5t53t

5
4

− 3360518734381580288× 1011t63t
5
4 + 153208063008× 109Z7t21t

6
4

− 70760044544904× 108Zt1t
2
2t

6
4 + 76447239934736× 107Z3t32t

6
4

− 2795574285504× 1010Z2t21t3t
6
4 + 3330184278285216× 108Z4t1t2t3t

6
4

+ 178678609003488× 108Z6t22t3t
6
4 − 87607113825927168× 108Z7t1t

2
3t

6
4

− 59889460453075968× 107Zt22t
2
3t

6
4 − 247545167551266816× 109Z2t1t

3
3t

6
4

+ 6591131182148513792× 107Z4t2t
3
3t

6
4 + 162937474372515397632× 107Z7t43t

6
4

+ 1204378237145373999104× 108Z2t53t
6
4 + 1225664504064× 109Z4t21t

7
4

− 389504664385056× 107Z6t1t2t
7
4 − 115438056621888× 106t32t

7
4

− 10315284491077632× 107Zt1t2t3t
7
4 + 26410170374218752× 106Z3t22t3t

7
4

− 5804292202406387712× 107Z4t1t
2
3t

7
4 − 6326814318017605632× 106Z6t2t

2
3t

7
4

− 480243239071727222784× 106Zt2t
3
3t

7
4 + 10117147629150400413696× 106Z4t43t

7
4

− 9510192649469952× 106Z3t1t2t
8
4 + 8269657493374464× 106Z5t22t

8
4

+ 1418313416502951936× 106Z6t1t3t
8
4 − 716171194134379315200000t22t3t

8
4

+ 12913682113095008256× 107Zt1t
2
3t

8
4 − 35273677473167022489600000Z3t2t

2
3t

8
4

+ 285526878359621153587200000Z6t33t
8
4 + 19162787387043974479872× 106Zt43t

8
4

− 66662276723188531200000t1t2t
9
4 + 64117742148820787200000Z2t22t

9
4

+ 1227921547908140236800000Z3t1t3t
9
4 − 2251531199576460492800000Z5t2t3t

9
4

− 258127966510865312645120000t2t
2
3t

9
4 + 1640085863520276662190080000Z3t33t

9
4

+ 170103990886418350080000Z5t1t
10
4 + 203619049381414961152000Z7t2t

10
4

− 54300301641319868006400000t1t3t
10
4 − 3514146554715324809216000Z2t2t3t

10
4

+ 79884996846105722355712000Z5t23t
10
4 − 8407144392489103618211840000t33t

10
4

− 333488371957613199360000Z2t1t
11
4 + 1160253521214272385843200Z4t2t

11
4

− 27703358182969454257766400Z7t3t
11
4 − 430963596901043402702848000Z2t23t

11
4

− 2942876266346822112378880Zt2t
12
4 − 149803364286801119365038080Z4t3t

12
4

− 182224039730083379806208Z6t134 + 376688162092393230384496640Zt3t
13
4
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+ 546153523127012961550336Z3t144 + 1603156672774144× 1010t154 ,

the harmonic elements of V2 are proportional to

24653320312500t31 − 279404296875Z4t1t
2
2 − 3067968750Z6t32 − 17355937500000Z7t1t2t3

+ 1956487500000Zt32t3 + 179870625× 108t21t
2
3 − 2970495× 109Z2t1t2t

2
3

− 15441525× 106Z4t22t
2
3 + 1561824× 1010Z5t1t

3
3 − 19419576× 108Z7t2t

3
3

+ 106554096× 1010t1t
4
3 − 1072308864× 108Z2t2t

4
3 − 6319104× 1011Z5t53

+ 167169024× 1010t63 + 7520906250000Zt1t
2
2t4 − 1174126250000Z3t32t4

− 30925125× 107Z4t1t2t3t4 + 2702337× 107Z6t22t3t4 + 5708736× 109Z7t1t
2
3t4

− 23162568× 107Zt22t
2
3t4 + 38022336× 1010Z2t1t

3
3t4 − 2955413824× 107Z4t2t

3
3t4

+ 7258544128× 108Z7t43t4 + 137255534592× 108Z2t53t4 − 11507512500000Z6t1t2t
2
4

− 6394137750000t32t
2
4 − 7627356× 108Zt1t2t3t

2
4 − 122742312× 106Z3t22t3t

2
4

+ 189788544× 108Z4t1t
2
3t

2
4 + 858545424× 107Z6t2t

2
3t

2
4 − 948966656× 108Zt2t

3
3t

2
4

+ 1012447608832× 107Z4t43t
2
4 + 5540436× 107Z3t1t2t

3
4 − 30803388× 106Z5t22t

3
4

− 19980576× 108Z6t1t3t
3
4 − 4919601984× 106t22t3t

3
4 − 255923712× 108Zt1t

2
3t

3
4

+ 6138722304× 106Z3t2t
2
3t

3
4 − 39768993792× 107Z6t33t

3
4 + 1183867666432× 107Zt43t

3
4

+ 1638755316× 106t1t2t
4
4 − 179721308800000Z2t22t

4
4 + 3626447616× 106Z3t1t3t

4
4

− 715204019200000Z5t2t3t
4
4 − 1150847936972800000t2t

2
3t

4
4 − 5190275337420800000Z3t33t

4
4

+ 827098905600000Z5t1t
5
4 − 397722248704000Z7t2t

5
4 + 567184983552× 106t1t3t

5
4

+ 33260070711296000Z2t2t3t
5
4 − 416096931610624000Z5t23t

5
4 − 52285749270937600000t33t

5
4

− 1235413555200000Z2t1t
6
4 − 3964235422822400Z4t2t

6
4 + 57643463914291200Z7t3t

6
4

+ 225458408783872000Z2t23t
6
4 + 10920108609372160Zt2t

7
4 + 405391937841397760Z4t3t

7
4

− 16985438513004544Z6t84 − 1397773901999636480Zt3t
8
4 + 26417935991963648Z3t94

+ 87358963712× 107t104 ,

and the harmonic elements of V3 are proportional to

2953125t1t2 − 227500Z2t22 + 6440000Z5t2t3 + 164360000t2t
2
3 + 448× 107Z3t33

− 28000Z7t2t4 + 831600000t1t3t4 + 23744000Z2t2t3t4 + 89600000Z5t23t4

+ 107985920000t33t4 − 4264400Z4t2t
2
4 + 98112000Z7t3t

2
4 − 207872000Z2t23t

2
4

+ 11388160Zt2t
3
4 + 246364160Z4t3t

3
4 − 27026944Z6t44 − 1457684480Zt3t

4
4

+ 42549248Z3t54 + 4259840000t64.

Proof. Using Proposition 4.0.1 we can directly calculate

∆(t1) = − 272Z

75 (t2 − 128t3t4)

(
Z6t2 + 80Zt2t3 + 4Z3t2t4 − 208Z6t3t4 − 15360Zt23t4
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− 32t2t
2
4 − 1024Z3t3t

2
4 + 5120t3t

3
4

)
, (A.4.1)

∆(t2) = − 832

75 (t2 − 128t3t4)

(
Z5t2 + 120t2t3 + 10Z2t2t4 − 128Z5t3t4 − 15360t23t4

− 20Z7t24 − 2560Z2t3t
2
4 − 128Z4t34 + 256Zt44

)
, (A.4.2)

∆(t3) = − 7Z

150 (t2 − 128t3t4)

(
−5Zt2 + 20Z6t4 + 1920Zt3t4 + 128Z3t24 − 256t34

)
, (A.4.3)

∆(t4) =
3

5
. (A.4.4)

A general element of V1 is of the form

7∑
k=0

∑
0≤i1, i2, i3, i4

2
3
k+

4∑
j=1

djij=30

a(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.4.5)

where a(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.4.5) using
Proposition 4.0.1 and formulas (A.4.1)–(A.4.4) we find that the only harmonic elements
of V1 are as claimed. A general element of V2 has the form

7∑
k=0

∑
0≤i1, i2, i3, i4

2
3
k+

4∑
j=1

djij=20

b(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.4.6)

where b(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.4.6) using
Propostion 4.0.1 and formulas (A.4.1)–(A.4.4) we find that the only harmonic elements of
V2 are as claimed. A general element of V3 has the form

7∑
k=0

∑
0≤i1, i2, i3, i4

2
3
k+

4∑
j=1

djij=12

c(i1, i2, i3, i4, k)t
i1
1 t

i2
2 t

i3
3 t

i4
4 Z

k, (A.4.7)

where c(i1, i2, i3, i4, k) ∈ C. By calculating the Laplacian of this general element (A.4.7) using
Propostion 4.0.1 and formulas (A.4.1)–(A.4.4) we find that the only harmonic elements of
V3 are as claimed.

Proposition A.4.1 thus allows us to give a proof of Theorem 4.5.19, in which the basic
invariants yi are expressed as polynomials in terms of the t coordinates and the variable
Z. We now present this proof.

Proof. Note that Y4 = 1
8
y4 =

5
3
t4. We now equate Y1, Y2 and Y3 given by relations (4.5.12)–

(4.5.14) with general harmonic elements of V1, V2 and V3, respectively, given by Proposition
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A.4.1. We then rearrange these equations to find yi in terms of tj and Z. We find

y1 =
3489660928× 1014

6015380679
t154 +

a

2474395751953125000

(
2474395751953125000Z7t31t2

− 534469482421875000Zt21t
3
2 + 56251263427734375Z3t1t

4
2

− 2237342529296875Z5t52 − 1113478088378906250000t41t3

+ 242490783691406250000Z2t31t2t3 + 14356444152832031250Z4t21t
2
2t3

− 2358594030761718750Z6t1t
3
2t3 + 93457622070312500t52t3

− 5542646484375× 108Z5t31t
2
3 − 403346302734375× 106Z7t21t2t

2
3

+ 74033920898437500000Zt1t
3
2t

2
3 − 7401221953125× 106Z3t42t

2
3

− 231840984375× 1012t31t
3
3 − 7814181375× 1012Z2t21t2t

3
3

− 8355988265625× 108Z4t1t
2
2t

3
3 − 5423496203125× 107Z6t32t

3
3

− 1402295895× 1014Z5t21t
4
3 − 826809984× 1014Z7t1t2t

4
3

+ 85186776675× 1011Zt32t
4
3 − 48988167228× 1015t21t

5
3

+ 16002470484× 1014Z2t1t2t
5
3 − 47794802055× 1013Z4t22t

5
3

− 85084455456× 1015Z5t1t
6
3 + 50056134128× 1014Z7t2t

6
3

− 4315200873984× 1015t1t
7
3 + 1286995021312× 1014Z2t2t

7
3

− 1617096312832× 1015Z5t83 − 117523421503488× 1015t93

+ 18186808776855468750Z4t31t2t4 + 3580945532226562500Z6t21t
2
2t4

− 4058009033203125t1t
4
2t4 − 11903981933593750Z2t52t4

− 360272021484375× 106Z7t31t3t4 + 217445939648437500000Zt21t
2
2t3t4

− 2879536816406250000Z3t1t
3
2t3t4 − 1341535507812500000Z5t42t3t4

− 310388203125× 1011Z2t31t
2
3t4 + 579735484453125× 107Z4t21t2t

2
3t4

− 26925226453125× 107Z6t1t
2
2t

2
3t4 + 66825086453125× 106t42t

2
3t4

− 82574917425× 1012Z7t21t
3
3t4 − 4307698395× 1012Zt1t

2
2t

3
3t4

− 480846441075× 1010Z3t32t
3
3t4 + 1000215216× 1015Z2t21t

4
3t4

− 50918678811× 1013Z4t1t2t
4
3t4 + 4648352709× 1013Z6t22t

4
3t4

− 8489072592× 1014Z7t1t
5
3t4 − 179154031056× 1013Zt22t

5
3t4

− 2048316221952× 1014Z2t1t
6
3t4 + 4215229450432× 1013Z4t2t

6
3t4

− 4452830333952× 1014Z7t73t4 − 164735362727936× 1014Z2t83t4

− 74825727539062500000Zt31t2t
2
4 + 31384048007812500000Z3t21t

2
2t

2
4

+ 6648008554687500000Z5t1t
3
2t

2
4 − 151272214843750000Z7t42t

2
4

− 191775568359375× 107Z4t31t3t
2
4 − 617780209921875× 106Z6t21t2t3t

2
4

+ 258266422476562500000t1t
3
2t3t

2
4 − 42629813789062500000Z2t42t3t

2
4

− 360370585575× 1011Zt21t2t
2
3t

2
4 + 29867919456375× 109Z3t1t

2
2t

2
3t

2
4

+ 62631944375× 109Z5t32t
2
3t

2
4 − 33209723547× 1013Z4t21t

3
3t

2
4
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− 46125845766× 1013Z6t1t2t
3
3t

2
4 + 227825292695× 1011t32t

3
3t

2
4

+ 18199765584× 1013Zt1t2t
4
3t

2
4 − 358305251304× 1012Z3t22t

4
3t

2
4

− 8327725293888× 1013Z4t1t
5
3t

2
4 − 931697518752× 1013Z6t2t

5
3t

2
4

+ 38054757092352× 1013Zt2t
6
3t

2
4 − 2102716656488448× 1013Z4t73t

2
4

+ 18844998046875× 106Z6t31t
3
4 − 18884181164062500000t21t

2
2t

3
4

+ 62360081824218750000Z2t1t
3
2t

3
4 + 3124451575781250000Z4t42t

3
4

+ 9577693125× 1012Zt31t3t
3
4 − 1266402111975× 1010Z3t21t2t3t

3
4

− 3589243515× 1011Z5t1t
2
2t3t

3
4 − 2530416156125× 108Z7t32t3t

3
4

+ 172574827425× 1012Z6t21t
2
3t

3
4 + 2216213826255× 1011t1t

2
2t

2
3t

3
4

− 1497137884385× 1010Z2t32t
2
3t

3
4 + 217097296416× 1013Zt21t

3
3t

3
4

− 1094727183264× 1012Z3t1t2t
3
3t

3
4 + 646279471552× 1011Z5t22t

3
3t

3
4

− 979621939296× 1013Z6t1t
4
3t

3
4 + 558196422784× 1013t22t

4
3t

3
4

− 10797875472384× 1013Zt1t
5
3t

3
4 − 291362895842304× 1012Z3t2t

5
3t

3
4

+ 5708325689470976× 1012Z6t63t
3
4 − 3722245453774848× 1013Zt73t

3
4

− 70945875× 1012Z3t31t
4
4 + 66496555125× 109Z5t21t2t

4
4

+ 22349415391875× 107Z7t1t
2
2t

4
4 + 412606126075× 108Zt42t

4
4

− 14330651789025× 1010t21t2t3t
4
4 + 9461764959075× 109Z2t1t

2
2t3t

4
4

− 96525280709× 1010Z4t32t3t
4
4 + 77294841624× 1013Z3t21t

2
3t

4
4

+ 485360966376× 1011Z5t1t2t
2
3t

4
4 − 10195366909728× 1010Z7t22t

2
3t

4
4

+ 3805352982288× 1013t1t2t
3
3t

4
4 − 317368025278304× 1010Z2t22t

3
3t

4
4

− 68296287780864× 1012Z3t1t
4
3t

4
4 − 3161300456664064× 1010Z5t2t

4
3t

4
4

− 17052515541428224× 1011t2t
5
3t

4
4 + 552628557034684416× 1011Z3t63t

4
4

+ 354595725× 1013t31t
5
4 + 54793161423× 1010Z2t21t2t

5
4

+ 12932934695505× 108Z4t1t
2
2t

5
4 + 1091166926817× 108Z6t32t

5
4

− 4859154492192× 1010Z5t21t3t
5
4 + 2315774569284× 1010Z7t1t2t3t

5
4

+ 195716977379968× 108Zt32t3t
5
4 − 21730238693856× 1012t21t

2
3t

5
4

− 696017451241728× 109Z2t1t2t
2
3t

5
4 − 9935298677625024× 108Z4t22t

2
3t

5
4

+ 28759221078331392× 109Z5t1t
3
3t

5
4 + 5772016647536128× 109Z7t2t

3
3t

5
4

+ 170652869646336× 1013t1t
4
3t

5
4 − 1894186506405101568× 108Z2t2t

4
3t

5
4

− 16989997031015579648× 108Z5t53t
5
4 − 3360518734381580288× 1011t63t

5
4

+ 153208063008× 109Z7t21t
6
4 − 70760044544904× 108Zt1t

2
2t

6
4

+ 76447239934736× 107Z3t32t
6
4 − 2795574285504× 1010Z2t21t3t

6
4

+ 3330184278285216× 108Z4t1t2t3t
6
4 + 178678609003488× 108Z6t22t3t

6
4

− 87607113825927168× 108Z7t1t
2
3t

6
4 − 59889460453075968× 107Zt22t

2
3t

6
4

− 247545167551266816× 109Z2t1t
3
3t

6
4 + 6591131182148513792× 107Z4t2t

3
3t

6
4
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+ 162937474372515397632× 107Z7t43t
6
4 + 1204378237145373999104× 108Z2t53t

6
4

+ 1225664504064× 109Z4t21t
7
4 − 389504664385056× 107Z6t1t2t

7
4

− 115438056621888× 106t32t
7
4 − 10315284491077632× 107Zt1t2t3t

7
4

+ 26410170374218752× 106Z3t22t3t
7
4 − 5804292202406387712× 107Z4t1t

2
3t

7
4

− 6326814318017605632× 106Z6t2t
2
3t

7
4 − 480243239071727222784× 106Zt2t

3
3t

7
4

+ 10117147629150400413696× 106Z4t43t
7
4 − 9510192649469952× 106Z3t1t2t

8
4

+ 8269657493374464× 106Z5t22t
8
4 + 1418313416502951936× 106Z6t1t3t

8
4

− 716171194134379315200000t22t3t
8
4 + 12913682113095008256× 107Zt1t

2
3t

8
4

− 35273677473167022489600000Z3t2t
2
3t

8
4 + 285526878359621153587200000Z6t33t

8
4

+ 19162787387043974479872× 106Zt43t
8
4 − 66662276723188531200000t1t2t

9
4

+ 64117742148820787200000Z2t22t
9
4 + 1227921547908140236800000Z3t1t3t

9
4

− 2251531199576460492800000Z5t2t3t
9
4 − 258127966510865312645120000t2t

2
3t

9
4

+ 1640085863520276662190080000Z3t33t
9
4 + 170103990886418350080000Z5t1t

10
4

+ 203619049381414961152000Z7t2t
10
4 − 54300301641319868006400000t1t3t

10
4

− 3514146554715324809216000Z2t2t3t
10
4 + 79884996846105722355712000Z5t23t

10
4

− 8407144392489103618211840000t33t
10
4 − 333488371957613199360000Z2t1t

11
4

+ 1160253521214272385843200Z4t2t
11
4 − 27703358182969454257766400Z7t3t

11
4

− 430963596901043402702848000Z2t23t
11
4 − 2942876266346822112378880Zt2t

12
4

− 149803364286801119365038080Z4t3t
12
4 − 182224039730083379806208Z6t134

+ 376688162092393230384496640Zt3t
13
4 + 546153523127012961550336Z3t144

+ 1603156672774144× 1010t154
)
− 641b

338728937586399360
t54
(
24653320312500t31

− 279404296875Z4t1t
2
2 − 3067968750Z6t32 − 17355937500000Z7t1t2t3

+ 1956487500000Zt32t3 + 179870625× 108t21t
2
3 − 2970495× 109Z2t1t2t

2
3

− 15441525× 106Z4t22t
2
3 + 1561824× 1010Z5t1t

3
3 − 19419576× 108Z7t2t

3
3

+ 106554096× 1010t1t
4
3 − 1072308864× 108Z2t2t

4
3

− 6319104× 1011Z5t53 + 167169024× 1010t63 + 7520906250000Zt1t
2
2t4

− 1174126250000Z3t32t4 − 30925125× 107Z4t1t2t3t4 + 2702337× 107Z6t22t3t4

+ 5708736× 109Z7t1t
2
3t4 − 23162568× 107Zt22t

2
3t4

+ 38022336× 1010Z2t1t
3
3t4 − 2955413824× 107Z4t2t

3
3t4

+ 7258544128× 108Z7t43t4 + 137255534592× 108Z2t53t4

− 11507512500000Z6t1t2t
2
4 − 6394137750000t32t

2
4 − 7627356× 108Zt1t2t3t

2
4

− 122742312× 106Z3t22t3t
2
4 + 189788544× 108Z4t1t

2
3t

2
4

+ 858545424× 107Z6t2t
2
3t

2
4 − 948966656× 108Zt2t

3
3t

2
4

+ 1012447608832× 107Z4t43t
2
4 + 5540436× 107Z3t1t2t

3
4
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− 30803388× 106Z5t22t
3
4 − 19980576× 108Z6t1t3t

3
4

− 4919601984× 106t22t3t
3
4 − 255923712× 108Zt1t

2
3t

3
4

+ 6138722304× 106Z3t2t
2
3t

3
4 − 39768993792× 107Z6t33t

3
4

+ 1183867666432× 107Zt43t
3
4 + 1638755316× 106t1t2t

4
4

− 179721308800000Z2t22t
4
4 + 3626447616× 106Z3t1t3t

4
4

− 715204019200000Z5t2t3t
4
4 − 1150847936972800000t2t

2
3t

4
4

− 5190275337420800000Z3t33t
4
4 + 827098905600000Z5t1t

5
4

− 397722248704000Z7t2t
5
4 + 567184983552× 106t1t3t

5
4

+ 33260070711296000Z2t2t3t
5
4 − 416096931610624000Z5t23t

5
4

− 52285749270937600000t33t
5
4 − 1235413555200000Z2t1t

6
4

− 3964235422822400Z4t2t
6
4 + 57643463914291200Z7t3t

6
4

+ 225458408783872000Z2t23t
6
4 + 10920108609372160Zt2t

7
4

+ 405391937841397760Z4t3t
7
4 − 16985438513004544Z6t84

− 1397773901999636480Zt3t
8
4 + 26417935991963648Z3t94

+ 87358963712× 107t104
)
+

36880384× 106c

3787461909
t94 (2953125t1t2

− 227500Z2t22 + 6440000Z5t2t3 + 164360000t2t
2
3 + 448× 107Z3t33

− 28000Z7t2t4 + 831600000t1t3t4 + 23744000Z2t2t3t4 + 89600000Z5t23t4

+ 107985920000t33t4 − 4264400Z4t2t
2
4 + 98112000Z7t3t

2
4

− 207872000Z2t23t
2
4 + 11388160Zt2t

3
4 + 246364160Z4t3t

3
4

− 27026944Z6t44 − 1457684480Zt3t
4
4 + 42549248Z3t54 + 4259840000t64

)
− c2

13891500
t34
(
2953125t1t2 − 227500Z2t22 + 6440000Z5t2t3

+ 164360000t2t
2
3 + 448× 107Z3t33 − 28000Z7t2t4 + 831600000t1t3t4

+ 23744000Z2t2t3t4 + 89600000Z5t23t4 + 107985920000t33t4

− 4264400Z4t2t
2
4 + 98112000Z7t3t

2
4 − 207872000Z2t23t

2
4

+ 11388160Zt2t
3
4 + 246364160Z4t3t

3
4 − 27026944Z6t44

− 1457684480Zt3t
4
4 + 42549248Z3t54 + 4259840000t64

)2
, (A.4.8)

y2 =
524288× 1010

4546773
t104 +

b

52285749270937600000

(
−24653320312500t31

+ 279404296875Z4t1t
2
2 + 3067968750Z6t32 + 17355937500000Z7t1t2t3

− 1956487500000Zt32t3 − 179870625× 108t21t
2
3

+ 2970495× 109Z2t1t2t
2
3 + 15441525× 106Z4t22t

2
3

− 1561824× 1010Z5t1t
3
3 + 19419576× 108Z7t2t

3
3

− 106554096× 1010t1t
4
3 + 1072308864× 108Z2t2t

4
3

+ 6319104× 1011Z5t53 − 167169024× 1010t63
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− 7520906250000Zt1t
2
2t4 + 1174126250000Z3t32t4

+ 30925125× 107Z4t1t2t3t4 − 2702337× 107Z6t22t3t4

− 5708736× 109Z7t1t
2
3t4 + 23162568× 107Zt22t

2
3t4

− 38022336× 1010Z2t1t
3
3t4 + 2955413824× 107Z4t2t

3
3t4

− 7258544128× 108Z7t43t4 − 137255534592× 108Z2t53t4

+ 11507512500000Z6t1t2t
2
4 + 6394137750000t32t

2
4

+ 7627356× 108Zt1t2t3t
2
4 + 122742312× 106Z3t22t3t

2
4

− 189788544× 108Z4t1t
2
3t

2
4 − 858545424× 107Z6t2t

2
3t

2
4

+ 948966656× 108Zt2t
3
3t

2
4 − 1012447608832× 107Z4t43t

2
4

− 5540436× 107Z3t1t2t
3
4 + 30803388× 106Z5t22t

3
4

+ 19980576× 108Z6t1t3t
3
4 + 4919601984× 106t22t3t

3
4

+ 255923712× 108Zt1t
2
3t

3
4 − 6138722304× 106Z3t2t

2
3t

3
4

+ 39768993792× 107Z6t33t
3
4 − 1183867666432× 107Zt43t

3
4

− 1638755316× 106t1t2t
4
4 + 179721308800000Z2t22t

4
4

− 3626447616× 106Z3t1t3t
4
4 + 715204019200000Z5t2t3t

4
4

+ 1150847936972800000t2t
2
3t

4
4 + 5190275337420800000Z3t33t

4
4

− 827098905600000Z5t1t
5
4 + 397722248704000Z7t2t

5
4

− 567184983552× 106t1t3t
5
4 − 33260070711296000Z2t2t3t

5
4

+ 416096931610624000Z5t23t
5
4 + 52285749270937600000t33t

5
4

+ 1235413555200000Z2t1t
6
4 + 3964235422822400Z4t2t

6
4

− 57643463914291200Z7t3t
6
4 − 225458408783872000Z2t23t

6
4

− 10920108609372160Zt2t
7
4 − 405391937841397760Z4t3t

7
4

+ 16985438513004544Z6t84 + 1397773901999636480Zt3t
8
4

− 26417935991963648Z3t94 − 87358963712× 107t104
)

+
1600c

9639
t44
(
2953125t1t2 − 227500Z2t22 + 6440000Z5t2t3

+ 164360000t2t
2
3 + 448× 107Z3t33 − 28000Z7t2t4

+ 831600000t1t3t4 + 23744000Z2t2t3t4 + 89600000Z5t23t4

+ 107985920000t33t4 − 4264400Z4t2t
2
4 + 98112000Z7t3t

2
4

− 207872000Z2t23t
2
4 + 11388160Zt2t

3
4 + 246364160Z4t3t

3
4

− 27026944Z6t44 − 1457684480Zt3t
4
4 + 42549248Z3t54 + 4259840000t64

)
, (A.4.9)

y3 = − 2048× 106

5103
t64 +

c

28000

(
−2953125t1t2 + 227500Z2t22 − 6440000Z5t2t3

− 164360000t2t
2
3 − 448× 107Z3t33 + 28000Z7t2t4 − 831600000t1t3t4

− 23744000Z2t2t3t4 − 89600000Z5t23t4 − 107985920000t33t4

+ 4264400Z4t2t
2
4 − 98112000Z7t3t

2
4 + 207872000Z2t23t

2
4
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− 11388160Zt2t
3
4 − 246364160Z4t3t

3
4 + 27026944Z6t44

+ 1457684480Zt3t
4
4 − 42549248Z3t54 − 4259840000t64

)
, (A.4.10)

y4 =
40

3
t4, (A.4.11)

where a, b, c ∈ C. In order to find a, b and c we perform steps 5–7 from the introduction of
Chapter 4. That is, we transform the intersection form (4.5.93)–(4.5.99) into y coordinates
by applying formulas (A.4.8)–(A.4.11) and compare it with the expression given by Lemma
4.5.1. We find that

a = −19073486328125000

282429536481
, b = −742695302144× 108

6586148313
, c =

125000

177147
,

which implies the statement.

Proposition A.4.2. We have that

det(gij(t)) =

c
∏

α∈RH4

(α, x)

Q(t, Z)2
,

where c = 213831085 and

Q(t, Z) = 515
(
5431473255157470703125× 106t71 − 14483928680419921875× 108Z2t61t2

+ 105008482933044433593750000Z4t51t
2
2 + 6018877029418945312500000Z6t41t

3
2

+ 785739719867706298828125t31t
5
2 − 162368488311767578125000Z2t21t

6
2

− 2006585597991943359375Z4t1t
7
2 + 607430458068847656250Z6t82

+ 23174285888671875× 1012Z5t61t3 + 16337871551513671875× 109Z7t51t2t3

− 6916751861572265625× 109Zt41t
3
2t3 + 637371826171875× 1012Z3t31t

4
2t3

+ 5317822265625× 1012Z5t21t
5
2t3 − 2040189743041992187500000Z7t1t

6
2t3

+ 25745285034179687500000Zt82t3 − 4101848602294921875× 1012t61t
2
3

+ 311647796630859375× 1013Z2t51t2t
2
3 − 19632946014404296875× 1010Z4t41t

2
2t

2
3

+ 124543212890625× 1014Z6t31t
3
2t

2
3 − 625325901031494140625× 106t21t

5
2t

2
3

+ 650950927734375× 109Z2t1t
6
2t

2
3 + 261167083740234375× 106Z4t72t

2
3

− 246796875× 1023Z5t51t
3
3 + 15082459716796875× 1015Z7t41t2t

3
3

− 2783021484375× 1018Zt31t
3
2t

3
3 + 19154161669921875× 1013Z3t21t

4
2t

3
3

+ 2682505546875× 1015Z5t1t
5
2t

3
3 − 4846960498046875× 1011Z7t62t

3
3

− 338693115234375× 1018t51t
4
3 + 57663193359375× 1019Z2t41t2t

4
3

+ 583245615234375× 1017Z4t31t
2
2t

4
3 + 3034130203125× 1018Z6t21t

3
2t

4
3

− 896061412353515625× 1012t1t
5
2t

4
3 + 4133317434375× 1016Z2t62t

4
3

+ 2622391875× 1024Z5t41t
5
3 + 142607469375× 1022Z7t31t2t

5
3

− 50716822905× 1022Zt21t
3
2t

5
3 + 1048898512575× 1020Z3t1t

4
2t

5
3

− 4199407065× 1021Z5t52t
5
3 + 348123470625× 1024t41t

6
3
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− 186144057× 1026Z2t31t2t
6
3 + 317676118761× 1023Z4t21t

2
2t

6
3

− 295039790256× 1022Z6t1t
3
2t

6
3 + 97994102241125× 1018t52t

6
3

+ 20364160896× 1026Z5t31t
7
3 − 3758190357024× 1023Z7t21t2t

7
3

+ 184087037952× 1023Zt1t
3
2t

7
3 − 6512748914128× 1021Z3t42t

7
3

+ 832959727344× 1026t31t
8
3 − 81812500144128× 1023Z2t21t2t

8
3

− 87451533751104× 1022Z4t1t
2
2t

8
3 + 8785218353408× 1021Z6t32t

8
3

+ 1460644653146112× 1023Z5t21t
9
3 − 2248483147524096× 1022Z7t1t2t

9
3

+ 957200788467712× 1021Zt32t
9
3 + 77829079650951168× 1023t21t

10
3

− 56060138840162304× 1022Z2t1t2t
10
3 − 552059861342208× 1023Z4t22t

10
3

+ 30372186581630976× 1023Z5t1t
11
3 − 18461907124224× 1024Z7t2t

11
3

+ 3376913958412222464× 1023t1t
12
3 − 142174508261834752× 1023Z2t2t

12
3

+ 1034390633722150912× 1023Z5t133 + 56724530236508602368× 1023t143

+ 926971435546875× 1013Z7t61t4 − 33718585968017578125× 108Zt51t
2
2t4

+ 7689228057861328125× 108Z3t41t
3
2t4 − 7305908203125× 1012Z5t31t

4
2t4

− 2044879074096679687500000Z7t21t
5
2t4 − 160906242370605468750000Zt1t

7
2t4

+ 22809968566894531250000Z3t82t4 + 88062286376953125× 1013Z2t61t3t4

+ 93624114990234375× 1012Z4t51t2t3t4 − 86678009033203125× 1011Z6t41t
2
2t3t4

− 749266307830810546875× 107t31t
4
2t3t4 + 136463042449951171875× 107Z2t21t

5
2t3t4

− 8182413153076171875× 107Z4t1t
6
2t3t4 − 9604083251953125× 107Z6t72t3t4

− 347947998046875× 1016Z7t51t
2
3t4 + 30459144287109375× 1014Zt41t

2
2t

2
3t4

+ 730480078125× 1017Z3t31t
3
2t

2
3t4 + 106572603515625× 1014Z5t21t

4
2t

2
3t4

− 2923664044921875× 1012Z7t1t
5
2t

2
3t4 + 18390234111328125× 1010Zt72t

2
3t4

− 523494140625× 1021Z2t51t
3
3t4 + 103649994140625× 1018Z4t41t2t

3
3t4

− 505056515625× 1019Z6t31t
2
2t

3
3t4 − 252471276298828125× 1013t21t

4
2t

3
3t4

+ 3577314146484375× 1014Z2t1t
5
2t

3
3t4 − 2874886225703125× 1013Z4t62t

3
3t4

− 328566121875× 1022Z7t41t
4
3t4 + 1308419409375× 1021Zt31t

2
2t

4
3t4

+ 166187875275× 1021Z3t21t
3
2t

4
3t4 − 2381730669× 1022Z5t1t

4
2t

4
3t4

+ 11573238760125× 1017Z7t52t
4
3t4 − 18892254375× 1025Z2t41t

5
3t4

+ 188951751× 1025Z4t31t2t
5
3t4 − 357425755164× 1022Z6t21t

2
2t

5
3t4

+ 42089870435175× 1019t1t
4
2t

5
3t4 − 2358024415725× 1019Z2t52t

5
3t4

− 57359300976× 1025Z7t31t
6
3t4 + 20531142806112× 1022Zt21t

2
2t

6
3t4

− 23294113824× 1024Z3t1t
3
2t

6
3t4 + 391956045664× 1021Z5t42t

6
3t4

− 193630178304× 1026Z2t31t
7
3t4 − 418733354368512× 1022Z4t21t2t

7
3t4

− 490484693910528× 1021Z6t1t
2
2t

7
3t4 + 126362427684768× 1020t42t

7
3t4

− 4209978473275392× 1022Z7t21t
8
3t4 + 11097323707226112× 1021Zt1t

2
2t

8
3t4

− 21221067387875328× 1020Z3t32t
8
3t4 − 8164166619119616× 1023Z2t21t

9
3t4

− 736568851756253184× 1021Z4t1t2t
9
3t4 + 31450885434032128× 1021Z6t22t

9
3t4

+ 80574635760156672× 1022Z7t1t
10
3 t4 − 184960240258777088× 1021Zt22t

10
3 t4

− 547400107633410048× 1022Z2t1t
11
3 t4 + 607061380420337664× 1022Z4t2t

11
3 t4
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− 398024503902339072× 1022Z7t123 t4 + 5592885893846269952× 1023Z2t133 t4

+ 50983428955078125× 1012Z4t61t
2
4 + 20574131011962890625× 109Z6t51t2t

2
4

− 6109668731689453125× 108t41t
3
2t

2
4 + 12561712646484375× 1011Z2t31t

4
2t

2
4

− 62577067222595214843750000Z4t21t
5
2t

2
4 − 52222879028320312500000Z6t1t

6
2t

2
4

+ 357140063781738281250000t82t
2
4 + 18852374267578125× 1014Zt51t2t3t

2
4

− 48541168212890625× 1013Z3t41t
2
2t3t

2
4 − 33512431640625× 1015Z5t31t

3
2t3t

2
4

− 816352218017578125× 109Z7t21t
4
2t3t

2
4 − 22586107939453125× 1010Zt1t

6
2t3t

2
4

− 29666047236328125× 109Z3t72t3t
2
4 − 8255830078125× 1018Z4t51t

2
3t

2
4

+ 5090529638671875× 1015Z6t41t2t
2
3t

2
4 + 1939176755859375× 1015t31t

3
2t

2
3t

2
4

+ 95024757638671875× 1013Z2t21t
4
2t

2
3t

2
4 − 704855374294921875× 1011Z4t1t

5
2t

2
3t

2
4

+ 29629401739453125× 1011Z6t62t
2
3t

2
4 + 3199858171875× 1020Zt41t2t

3
3t

2
4

− 39199016475× 1022Z3t31t
2
2t

3
3t

2
4 − 33723505575× 1020Z5t21t

3
2t

3
3t

2
4

− 35129316853125× 1016Z7t1t
4
2t

3
3t

2
4 − 14272245088375× 1016Zt62t

3
3t

2
4

− 2737857105× 1025Z4t41t
4
3t

2
4 + 730292907825× 1022Z6t31t2t

4
3t

2
4

+ 69880786884× 1022t21t
3
2t

4
3t

2
4 − 110473683705× 1020Z2t1t

4
2t

4
3t

2
4

+ 1376929718921625× 1016Z4t52t
4
3t

2
4 − 90694034424× 1024Zt31t2t

5
3t

2
4

+ 1422434450016× 1021Z3t21t
2
2t

5
3t

2
4 − 9952671439872× 1021Z5t1t

3
2t

5
3t

2
4

− 954672182322× 1020Z7t42t
5
3t

2
4 − 1977266392704× 1024Z4t31t

6
3t

2
4
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3
3t

10
4 − 9431922972679370440704× 1016t21t

4
3t

10
4

+ 792691861424652971327619072× 1012Z2t1t2t
4
3t

10
4 − 2562359415392924410904051712× 1011Z4t22t

4
3t

10
4

− 2573008884074948132138385408× 1012Z5t1t
5
3t

10
4 − 47987923956267594094064173056× 1011Z7t2t

5
3t

10
4

− 157862234175379577921077248× 1015t1t
6
3t

10
4 − 2843902853417474551549859463168× 1011Z2t2t

6
3t

10
4

+ 523887459799193668783808970752× 1011Z5t73t
10
4 + 493489649286938100324167057408× 1014t83t

10
4

+ 607307379035111424× 1015Z7t31t
11
4 − 21851476179569639424× 1012Zt21t

2
2t

11
4

− 91560924114995920896× 1011Z3t1t
3
2t

11
4 + 80869030215849074688× 1011Z5t42t

11
4

− 51634095229698048× 1016Z2t31t3t
11
4 − 10913041844677457215488× 1012Z4t21t2t3t

11
4

− 29717727543634902515712× 1011Z6t1t
2
2t3t

11
4 + 50762910265555780763648× 1010t42t3t

11
4

+ 337833011193596916793344× 1012Z7t21t
2
3t

11
4 − 141620492707507907592192× 1013Zt1t

2
2t

2
3t

11
4

+ 42635273712468053695922176× 1010Z3t32t
2
3t

11
4 + 49815568180116996489216× 1013Z2t21t

3
3t

11
4

+ 511178373500093097264021504× 1011Z4t1t2t
3
3t

11
4 + 527695629661743007605456896× 1010Z6t22t

3
3t

11
4

+ 6670972166564935273593962496× 1011Z7t1t
4
3t

11
4 + 56432201117331779441924243456× 1010Zt22t

4
3t

11
4

+ 17073072017928944663641718784× 1012Z2t1t
5
3t

11
4

− 294087451041083102728802009088× 1011Z4t2t
5
3t

11
4

− 27188447023372755153169504272384× 1010Z7t63t
11
4

− 223540520884854587760109835780096× 1011Z2t73t
11
4

+ 4127371884760891392× 1015Z4t31t
12
4 − 337896219056530784256× 1011Z6t21t2t

12
4

+ 9424784364464314073088× 1010t1t
3
2t

12
4 + 8941964974545615323136× 1010Z2t42t

12
4

+ 97155141057137652793344× 1011Zt21t2t3t
12
4 − 794702821938348162023424× 1010Z3t1t

2
2t3t

12
4

+ 618430719962074383384576× 1010Z5t32t3t
12
4 + 23936484458242285108199424× 1011Z4t21t

2
3t

12
4

− 22303209942591138454044672× 1010Z6t1t2t
2
3t

12
4 + 397351567459146497762787328× 109t32t

2
3t

12
4

− 9982133999468185887908560896× 1010Zt1t2t
3
3t

12
4 + 19387615323031461196866781184× 109Z3t22t

3
3t

12
4

+ 516338223741156378549612969984× 1010Z4t1t
4
3t

12
4

− 79356716677259018773238644736× 1010Z6t2t
4
3t

12
4

+ 1322056120551162824963613786112× 109Zt2t
5
3t

12
4

− 1615380195032965853696400553934848× 109Z4t63t
12
4

− 927712935936× 1022Zt31t
13
4 + 12504045842782872403968× 1010Z3t21t2t

13
4

− 11195625252956401041408× 1010Z5t1t
2
2t

13
4 + 193610298034189452705792× 109Z7t32t

13
4

+ 1017512345844807968489472× 1010Z6t21t3t
13
4 + 49536765706483908797792256× 109t1t

2
2t3t

13
4

+ 69937326019930557228515328× 109Z2t32t3t
13
4 − 42995548240497729834319872× 1011Zt21t

2
3t

13
4

− 2343134098870860980995227648× 109Z3t1t2t
2
3t

13
4 + 1526574244775143773006987264× 109Z5t22t

2
3t

13
4

− 5750784337529797520249585664× 1010Z6t1t
3
3t

13
4 + 253179028159776671802589184× 1011t22t

3
3t

13
4

− 215286110606730023164981542912× 1010Zt1t
4
3t

13
4

− 6716417403491460749311933939712× 109Z3t2t
4
3t

13
4
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− 607377370370862097868099072032768× 108Z6t53t
13
4

− 5102846943423971951041819575320576× 109Zt63t
13
4

− 201141005634687826132992× 109t21t2t
14
4 + 288731544758208235044864× 109Z2t1t

2
2t

14
4

+ 12063128261807273828941824× 108Z4t32t
14
4 − 14203140902616454693650432× 109Z3t21t3t

14
4

+ 56926480773281846396977152× 109Z5t1t2t3t
14
4 + 1280228101029937272871452672× 108Z7t22t3t

14
4

+ 16274290514916973044968718336× 109t1t2t
2
3t

14
4 + 16519826951015685713886707712× 109Z2t22t

2
3t

14
4

− 184644996554724796320586924032× 109Z3t1t
3
3t

14
4

− 915100746058983370992880975872× 108Z5t2t
3
3t

14
4

− 171061205549780844406726335660032× 108t2t
4
3t

14
4

− 2355548143085418003240181118795776× 108Z3t53t
14
4

+ 15288224902756354781872128× 108Z5t21t
15
4 − 111717203678142866330222592× 107Z7t1t2t

15
4

− 2714290740488321687636410368× 106Zt32t
15
4 + 25746048721240041745022976× 109t21t3t

15
4

− 13704184450571948789153660928× 107Z2t1t2t3t
15
4

+ 892015412190888101392278355968× 106Z4t22t3t
15
4

− 931050336162228145925639897088× 107Z5t1t
2
3t

15
4

+ 34880583794165800130197856452608× 106Z7t2t
2
3t

15
4

+ 960868055593990836630929276928× 109t1t
3
3t

15
4

+ 1534228637653667100016243126566912× 106Z2t2t
3
3t

15
4

− 22966434122055035963685261633650688× 106Z5t43t
15
4

− 14809352272090510218743981239435264× 108t53t
15
4

− 25746048721240041745022976× 108Z2t21t
16
4

+ 1576867045349750986053255168× 106Z4t1t2t
16
4

− 917003281830285278928332390400000Z6t22t
16
4

+ 13051633649740258514099503104× 107Z7t1t3t
16
4

− 2076367675443771752050042758758400000Zt22t3t
16
4

+ 1714922227736066161236082950144× 107Z2t1t
2
3t

16
4

+ 207773139854625168785606363735654400000Z4t2t
2
3t

16
4

+ 2454607467347407241149029782913024× 106Z7t33t
16
4

− 20058810309215963334701919970000896× 106Z2t43t
16
4

+ 2030879592689935607722200268800000Zt1t2t
17
4

+ 1848171433285662882966703964160000Z3t22t
17
4

− 289844899220364359057372558131200000Z4t1t3t
17
4

+ 359504465055204841033803654758400000Z6t2t3t
17
4

− 465938357168762673484515615430410240000Zt2t
2
3t

17
4

+ 16742853032212084296488061597237903360000Z4t33t
17
4

− 16250104332031975027644479569920000Z6t1t
18
4

− 2959961733728970613296539369472000t22t
18
4

− 259952587864311757788441634406400000Zt1t3t
18
4

− 430761165657537443110502900170752000Z3t2t3t
18
4
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− 60512602447200792688264173525663744000Z6t23t
18
4

− 38998982585752693724524027389337927680000Zt33t
18
4

+ 25995258786431175778844163440640000Z3t1t
19
4

+ 22610176739669118588586416930816000Z5t2t
19
4

+ 425377388687454764291259920233267200t2t3t
19
4

+ 97403159503619800376825787377201971200Z3t23t
19
4

− 27654163263819089324811256678318080Z2t2t
20
4

− 782202166233963534943142124516802560Z5t3t
20
4

− 5952292706578755301030768760428953600t23t
20
4

− 81866744721807774765144884398522368Z7t214

− 714639136114826489146132372075315200Z2t3t
21
4

+ 130986840677270201924920924811821056Z4t224
)
.

By Proposition 4.0.3, we need only find det
(

∂yi
∂tj

)
. It can be calculated by Theorem 4.5.19,

which leads to Proposition A.4.2.

Proposition A.4.3. The unity vector field e = ∂t1 in the y coordinates has the form

e(y) = − 390625

26244
(5t2 + 1408t3t4) ∂y3 +

390625

344373768

(
14062500t21 − 53125Z4t22

− 3300000Z7t2t3 + 684× 107t1t
2
3 − 564800000Z2t2t

2
3 + 2969600000Z5t33

+ 202598400000t43 + 1430000Zt22t4 − 58800000Z4t2t3t4 + 1085440000Z7t23t4

+ 72294400000Z2t33t4 − 2188000Z6t2t
2
4 − 145024000Zt2t3t

2
4 + 3608576000Z4t23t

2
4

+ 10534400Z3t2t
3
4 − 379904000Z6t3t

3
4 − 4866048000Zt23t

3
4 + 616528640t2t

4
4

+ 689520640Z3t3t
4
4 + 157261824Z5t54 + 193714094080t3t

5
4 − 234897408Z2t64

)
∂y2

− 390625

847288609443

(
439453125000Z7t21t2 − 63281250000Zt1t

3
2 + 3330078125Z3t42

− 263671875× 106t31t3 + 43066406250000Z2t21t2t3 + 1699804687500Z4t1t
2
2t3

− 139628906250Z6t32t3 − 984375× 108Z5t21t
2
3 − 4775625× 107Z7t1t2t

2
3

+ 4382812500000Zt32t
2
3 − 41175× 1012t21t

3
3 − 9252× 1011Z2t1t2t

3
3

− 494675× 108Z4t22t
3
3 − 166032× 1011Z5t1t

4
3

− 489472× 1010Z7t2t
4
3 − 58002048× 1011t1t

5
3

+ 9473472× 1010Z2t2t
5
3 − 50370048× 1011Z5t63

− 2554601472× 1011t73 + 3229980468750Z4t21t2t4 + 423984375000Z6t1t
2
2t4

− 240234375t42t4 − 63984375× 106Z7t21t3t4 + 25745625× 106Zt1t
2
2t3t4

− 170468750000Z3t32t3t4 − 55125× 1011Z2t21t
2
3t4 + 6864075× 108Z4t1t2t

2
3t4

− 1593975× 107Z6t22t
2
3t4 − 977688× 1010Z7t1t

3
3t4 − 255016× 109Zt22t

3
3t4

+ 1184256× 1011Z2t1t
4
3t4 − 30143888× 109Z4t2t

4
3t4

− 5025536× 1010Z7t53t4 − 1212604416× 1010Z2t63t4
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− 13289062500000Zt21t2t
2
4 + 3715875× 106Z3t1t

2
2t

2
4 + 393562500000Z5t32t

2
4

− 34059375× 107Z4t21t3t
2
4 − 7314525× 107Z6t1t2t3t

2
4 + 15289387500000t32t3t

2
4

− 4266792× 109Zt1t2t
2
3t

2
4 + 17681826× 108Z3t22t

2
3t

2
4

− 39320352× 109Z4t1t
3
3t

2
4 − 27306528× 109Z6t2t

3
3t

2
4

+ 10774272× 109Zt2t
4
3t

2
4 − 4930018304× 109Z4t53t

2
4

+ 3346875× 106Z6t21t
3
4 − 879862500000t1t

2
2t

3
4 + 3587256250000Z2t32t

3
4

+ 1701× 1012Zt21t3t
3
4 − 14994216× 108Z3t1t2t3t

3
4

− 182912× 108Z5t22t3t
3
4 + 2043288× 1010Z6t1t

2
3t

3
4

+ 131954704× 108t22t
2
3t

3
4 + 257043456× 109Zt1t

3
3t

3
4

− 627507712× 108Z3t2t
3
3t

3
4 − 579936768× 109Z6t43t

3
4

− 6392348672× 109Zt53t
3
4 − 126× 1011Z3t21t

4
4 + 78732× 108Z5t1t2t

4
4

+ 1321801× 107Z7t22t
4
4 − 162037944× 108t1t2t3t

4
4 + 54162276× 107Z2t22t3t

4
4

+ 91517184× 109Z3t1t
2
3t

4
4 + 374721408× 107Z5t2t

2
3t

4
4

+ 2323609344× 109t2t
3
3t

4
4 − 34638528512× 108Z3t43t

4
4

− 27936× 1011t21t
5
4 + 64875168× 106Z2t1t2t

5
4 + 87537610400000Z4t22t

5
4

− 5753244672× 106Z5t1t3t
5
4 + 2215719872× 106Z7t2t3t

5
4

− 41304554496× 108t1t
2
3t

5
4 + 99264934297600000Z2t2t

2
3t

5
4

+ 991216605593600000Z5t33t
5
4 + 65669464064× 109t43t

5
4

+ 18139852800000Z7t1t
6
4 − 761788568320000Zt22t

6
4 − 3309963264× 106Z2t1t3t

6
4

+ 33590644321280000Z4t2t3t
6
4 − 770186709565440000Z7t23t

6
4

− 32280852876492800000Z2t33t
6
4 + 145118822400000Z4t1t

7
4

+ 289647473152000Z6t2t
7
4 + 30001074438144000Zt2t3t

7
4

− 4282756594794496000Z4t23t
7
4 − 3107951122841600Z3t2t

8
4

+ 172952984669388800Z6t3t
8
4 + 8641006375272448000Zt23t

8
4

− 121855490317352960t2t
9
4 − 89661391828418560Z3t3t

9
4 − 28213513851764736Z5t104

− 41310813911378821120t3t
10
4 + 37440687137882112Z2t114

)
∂y1 .

Proof. We have that

e = ∂t1 =
∂yα
∂t1

∂yα ,

which gives the statement by applying the relations from Theorem 4.5.19.
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