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Abstract

The orbit space of the reflection representation of a finite irreducible Coxeter group W gives
a polynomial Frobenius manifold. The intersection form g on these Frobenius manifolds is
given by the W-invariant inner product on the reflection representation, while the metric
n is a Lie derivative of g. Both metrics g and 7 are flat and flat coordinates of the metric
n expressed via the flat coordinates of g are Saito polynomials, which are a distinguished
set of basic invariants of the Coxeter group.

Algebraic Frobenius manifolds are typically related to quasi-Coxeter conjugacy classes
in finite irreducible Coxeter groups. This class of Frobenius manifolds comes naturally
after the polynomial case but it is understood less well. In this thesis we are interested
in the relations between the flat coordinates of the flat metrics 7 and g on the algebraic
Frobenius manifolds.

We find explicit relations between flat coordinates of the metric 7 and flat coordinates
of the intersection form g for most known examples of algebraic Frobenius manifolds up
to dimension 4. In all the cases, flat coordinates of the metric 1 appear to be algebraic
functions on the orbit space of a Coxeter group.

The dual prepotentials for the polynomial Frobenius manifolds are easy to write down
explicitly in terms of root systems of Coxeter groups. We find dual prepotentials for a
particular family of two-dimensional algebraic Frobenius manifolds. Special functions are

needed to give the answer already in this case.
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Chapter 1

Introduction

1.1 Origins of Frobenius manifolds

Frobenius manifolds as a concept came from a variety of sources within the mathematical
and theoretical physics literature. One of the origins of Frobenius manifolds can be traced
back to the Witten—Dijkgraaf—Verlinde—Verlinde (WDVV) equations, which were first dis-
cussed in 1990 by Witten [53| and Dijkgraaf, Verlinde and Verlinde [6]. They are a system
of nonlinear third order differential equations that arise from the study of two-dimensional
topological quantum field theory, which is a metric-independent approach to studying a
"toy model" of quantum field theory.

A topological quantum field theory is defined by a set of (physical) operators on a space-
time manifold M and a set of correlation functions which are assumed to be independent of
the metric on M and can be factorised in a precise sense. One can give a category-theoretic
interpretation of these ideas, where a topological quantum field theory is a symmetric
monoidal functor from the category of cobordisms to the category of vector spaces. Here,
physically, the cobordism represents space-time, while its boundary represents space alone,
and the vector spaces are possible configuration spaces for a quantum system. It was shown
(see for example |37]) that the category of two-dimensional cobordisms is categorically
equivalent to the category of commutative Frobenius algebras. Frobenius algebras are
associative, unital algebras equipped with a symmetric, non-degenerate inner product

(-,-) that satisfies the following invariance property:

(-y,2) =(r,y-2),

for all elements x, y, z in the Frobenius algebra.
The WDVYV equations arise by considering the two-point and three-point correlation
functions in a topological quantum field theory. Let ¢;, i = 1,...,n, be the primary fields

of such a theory. Then, the two-point and three-point correlation functions for a genus
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zero surface can be denoted as 1;; and c;;;,, respectively. These can then be used to define

an operator algebra of the primary fields by defining the product

¢i X ¢j = anlcijk¢la
o

where 7% is the inverse of the matrix 7;;. One can then show that this operator algebra is

commutative and associative, which gives the following system of relations
Z Cij/\77/\ucukl = Z ijAU/\qul, (1.1.1)
A,,U, Anu'

together with symmetry of n', ni;; and ¢, in their respective indices. In the two-
dimensional case we can investigate perturbations of these topological quantum field theo-
ries by introducing coupling constants ¢!, ..., " for each of the primary fields and defining

new perturbed correlation functions so that, in particular, the three-point correlation func-

tions ¢;j; depend on ¢!, ... t", where t = 0 is the unperturbed case. Investigating the prop-
erties of these functions, one then finds that there must exist a function F' = F(t!,... ")
such that
PF
) = Frgan:

The tensor field n;; can also be expressed via the third order derivatives of F. The set of
equations from formula (1.1.1]) then becomes the following system of nonlinear third order

differential equations, which are now known as the WDVV equations

PF PF PF,, OF

Ap —
< oo ookt < otFotior " otrotiot

(1.1.2)

Some key structures of Frobenius manifolds in an important special case appeared
earlier in the work of Saito (see [46]) in relation to singularity theory. Consider the case
of the Ay singularity f(z, y, 2) = 21 4 y? + 2%, Here, one deals with its semiuniversal

deformation, which is essentially the function

N
Mz, a) = 2V + Z a; ™,

=1

where a = (ay,...,ay) € CV. The parameters a; may be thought of as elementary sym-
metric polynomials on the orbit space M = C¥*1/Sy,, or rather on a hypersurface 7 in
M given by the vanishing of the first elementary symmetric polynomial. Then the Saito

metric on 7 is given by the residue formula

n(0;, 0;) = res OA O

L VES dz.
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In the case of a more general isolated singularity the superpotential A may be a multi-
variable function, and the differential dz may be replaced by a suitable "primitive form"
studied by Saito in [44]. Saito showed in [45] that for isolated singularities the residue
pairings were flat and proved the existence of primitive forms. In [46] he proved flatness
of a metric on the Coxeter orbit spaces which coincides with the residue pairing in the
ADE cases. Saito, Yano and Sekiguchi [47] later found flat coordinates of these metrics
to be distinguished sets of basic invariants of the corresponding Coxeter groups for all the
irreducible cases except for E7 and Fg. These latter cases were completed by Abriani [1]
and Talamini [51] (see also earlier work by Kato [36]).

Another place from which examples of Frobenius manifolds arise is the area of quantum
cohomology. Quantum cohomology can be interpreted as a deformation of the De Rham
cohomology of a complex manifold M. We start with the cohomology algebra H*M :=

n o H*(M; C), we then replace the "cup product" e on the cohomology algebra with a
family of "quantum products" e, where x € H*M that reduces to the cup product e when
x = 0. These quantum cohomologies are directly related to the third-order derivatives of
the generating function F' of Gromov-Witten invariants. One can then show that such an
F' is a solution of the WDV'V equations (see for example [39]).

In an earlier development in 1983, Dubrovin and Novikov [19] constructed local Poisson
brackets of hydrodynamic type and showed that they were equivalent to flat metrics.
They started with an n-dimensional manifold M on which they consider the loop space
L(M) = C>=(S*, M). One can then define the space of local functionals to be the set of
functions I : L(M) — R of the form

where ¢ € L(M) and P = P(z;2%,z%,,...) is a polynomial of the derivatives of some
coordinates z*, i = 1, ..., n, on the manifold M with coefficients of the derivatives allowed
to be smooth functions on the manifold. A local Poisson bracket is then a Lie bracket on

the space of local functionals of the form

ol .. 0l
L, I} = —— AV ———ds 1.1.3
{f, B} /51 dzri(s)” dai(s) ( )
where AY = a?@f is a differential operator with coefficients afej being polynomials of the
derivatives of %, like P explained above, and #1(15)7 6;—% stand for variational derivatives.

Here and below we assume the Einstein summation convention, meaning that summation

is assumed over any repeated indices. Dubrovin and Novikov were particularly interested
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in the local Poisson brackets of hydrodynamic type, that is,
A = gij2 + bt (1.1.4)
ds kTS

where ¢¥ and b?j are some smooth functions on M. The condition of a Lie bracket for a
local Poisson bracket given by formulas and is, by definition, that one has
bilinearity, skew-symmetry and the Jacobi identity (but not the Leibniz rule). This con-
strains how ¢ and bfj are related to each other, and in fact Dubrovin and Novikov showed
that if det(g¥) # 0, then g defines a flat metric on M with contravariant Christoffel sym-
bols b (z) = —g" (2)9T%,(x), where 9T, are the usual Christoffel symbols for the metric g.
They then showed how these local Poisson brackets are related to well-known integrable
systems like the KdV equation and the nonlinear Klein-Gordon equation.

Integrable systems often admit bihamiltonian structure (see |38]). For local Poisson
brackets the concept of a bihamiltonian structure can be explained as follows. Consider a
pair of local Poisson brackets of hydrodynamic type { -, - }1, { -, }2 that are non-degenerate

and compatible, meaning that
{'7'}/\:{"'}1_)‘{"'}2

is a local Poisson bracket for all A € C. The flat metrics n and ¢ for the brackets { -, - }1

and { -, - }o, respectively, form a flat pencil of metrics. That is,
9" = g7 = x?
is a flat metric for all A € C and ¢, has the contravariant Christoffel symbols
nTY =977 — 1Y,

where gI‘Zj and "ng are the contravariant Christoffel symbols of the metrics g and 7,
respectively. Dubrovin showed in |15] that such pencils are closely related to Frobenius
manifolds which he first introduced in 1992 [13].

The concept of Frobenius manifolds is a geometric, coordinate-free interpretation of the
WDVV equations. Despite this geometric construction, much of the interest in Frobenius
manifolds concerns its local structure.

A Frobenius manifold M is a complex manifold equipped with a flat metric n, which
defines a non-degenerate symmetric bilinear form on the tangent spaces T, M, © € M.
Moreover, the tangent spaces T, M are a family of commutative, associative algebras with
a product which we denote by e, and there exists a special vector field £ on M which

is called the Euler vector field. These ingredients of a Frobenius manifold satisfy various
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properties. One of the most important properties is the Frobenius algebra property which
states that for any vector fields X, Y, Z on M we have that

nXeY, Z)=nX,Y eZ).
We can use this property to define a symmetric (0, 3) tensor field
X, Y, Z)=n(XeY, 7).
For a Frobenius manifold we assume that the (0, 4) tensor field
("Vwe)(X, Y, Z)

is also symmetric, where "V, is a covariant derivative along the vector field W by the
Levi-Civita connection associated with metric . This property along with the fact that n

is flat allows us to locally define a function F' on M such that in a flat coordinate system

t', ..., t" we have
PF
drgrror ~ O - 00)
forall a, 8, v =1,...,n. This function F'is called a prepotential of the Frobenius manifold

and it is a solution of the WDVV equations (1.1.2)). Moreover, F' is quasihomogeneous,
meaning that

LpF(t) = (3 - d)F({t) + Q)

where Q(t) is a quadratic function and d € C is a constant. The constant d is called the

charge of the Frobenius manifold. Typically, the Euler vector field E will have the form
E(t) =) dit'd,,
i=1

for some constants d; € C which we call the degrees of the Frobenius manifold.
There are many structures that one can define on a Frobenius manifold. For instance,

the intersection form g which is
g(X,Y)=n(X,YeE™),

where £~ is the inverse of the Euler vector field with respect to the multiplication . The
set of points M, where F is invertible is open and dense in M and the intersection form
can be shown to be a flat metric on this subset M,. One can then show that n and g form

a flat pencil of metrics on M.
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Dubrovin also defined a new multiplication x on T, M as follows:
XxY=XeYeE

which is considered for x € M,, X, Y € T, M,. The product , along with the intersection
form g, gives us a new structure on M, known as an almost Frobenius manifold [17]. An
almost Frobenius manifold has many of the properties of a Frobenius manifold including
a flat metric, a commutative, associative multiplication, the Frobenius algebra property,
the Euler vector field £ and a special additional vector field e, which we call the Liouville
vector field. The Liouville vector feild e is the identity element for the multiplication
e on the Frobenius manifold M, while the Euler vector field E is the identity element
for the multiplication x on the almost Frobenius manifold M,. Frobenius manifolds and
almost Frobenius manifolds are dual to one another, in the sense that for any Frobenius
manifold one can construct an almost Frobenius manifold as explained above, and vice
versa. Moreover, in an analogous way to a prepotential F' of a Frobenius manifold M,
one can associate a dual prepotential F, to an almost Frobenius manifold M,. The dual
prepotential is also a solution of the WDVV equations and in some situations it has a

simpler form than the prepotential for the Frobenius manifold M.

1.2 Polynomial Frobenius manifolds

Let us consider a finite, irreducible Coxeter group W and the orbit space of a complexified
reflection representation V' of W. It was shown in [46], see also [47], that given the flat
metric g;; which is simply the W-invariant inner product inherited from V, the metric n
defined as

™ = (Leg)™”

appears to be flat for an appropriate choice of vector field e. Here, the notation £, means
we are taking the Lie derivative along the vector field e. This vector field, which nowadays
is sometimes referred to as the Saito primitive vector field, is a constant vector field on
V/W given by e = %, where t! is a basic invariant of W with highest degree. Moreover,
an explicit choice of a distinguished set of basic invariants ¢!, ..., ", for which n*%(t) =
§otAntl was found in [47] in all the irreducible cases except E; and Es. The latter cases
were later dealt with by Abriani |1] and Talamini [51].

These distinguished polynomials are known as Saito polynomials and are important for
the representation theory of rational Cherednik algebras. These algebras H.(W) are de-
fined by a W-invariant function ¢ : R — C on a root system R of the Coxeter group W [24].
They have a faithful representation p : H.(W) — End(C[z]), where Clz] = C[z!,..., z"].

The representation p is irreducible for generic c. Saito polynomials allow us to describe all
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singular vectors in the representation C[z] which belong to reflection representations of
W when the representation C[z]| becomes reducible [25|. The corresponding parameters ¢
can be given explicitly in terms of the degrees of the Coxeter group W.

The flat metrics n and g form a flat pencil of metrics on the Coxeter orbit space.
Moreover, Dubrovin showed that the Coxeter orbit space has the structure of a Frobenius
manifold [14]. Here, the Saito primitive vector field e is the identity element for the

multiplication on M and the Euler vector field has the form
E(t) = ! zn:dtia-
- h p 1 th

where d; are the degrees of the basic invariants ¢!, and h is the Coxeter number of W.

Another interesting feature of this class of Frobenius manifolds is that they have poly-
nomial prepotentials. Dubrovin conjectured that the Coxeter orbit spaces were the only
semisimple Fronbenius manifolds with polynomial prepotentials (with positive degrees).
This was proved by Hertling in 2002 |31]. For example, the Coxeter orbit spaces for rank
3, A3, B3 and Hj, have the following prepotentials [13], [14]

ittty 6B 8

Fast) =3 4607

F (1) = tits +taty | 3ty 1313t |
2 6 6 210

Fo (1) = thts +t1t5 33 35 th! .
2 6 20 3960

Polynomial prepotentials are not intuitively related to their associated Coxeter group and
their complexity increases as the rank increases. Whereas, the dual prepotentials of the

Coxeter orbit spaces have the following very simple form [17]:

F(r)=Y" (@, ) e, 7). (1.2.1)

(@, @)

1

where R, is a positive root system of the Coxeter group W, x = (2',...,2") and 2!, ... 2"

are flat coordinates of the intersection form g.
Solutions of the WDVV equations of the form (1.2.1]), where R, is a special collection
of vectors which may not be a positive root system, exist [52]. Some of them are related

to Dubrovin’s duality on discriminant strata [28].
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1.3 Algebraic Frobenius manifolds

The next case to be considered that extends the class of Frobenius manifolds with poly-
nomial prepotentials would be the class of Frobenius manifolds whose corresponding pre-
potentials F'(t!,...,t") are algebraic functions of the flat coordinates ¢!,... " The first
non-rational algebraic Frobenius manifolds were found by Dubrovin and Mazzocco in 2000,
which they derived from the Coxeter group Hj in relation to Painlevé VI equation [1§].
Explicit prepotentials of these Frobenius manifolds, denoted as (H3)' and (H3)"”, were given
more recently by Kato, Mano and Sekiguchi [35] (see also Remark 6.1 in that paper).

The local monodromy group of a semisimple Frobenius manifold is generated by finitely
many reflections [16]. It comes together with a particular set of generating reflections
Ry, ..., R,, where n is the dimension of the Frobenius manifold. In the case of an algebraic
Frobenius manifold there is a finite orbit of the braid group ‘B, acting on n-tuples of
reflections in the monodromy group, this action is known as the Hurwitz action [18]. The
local monodromy group is then necessarily a finite group [41], and the product of reflections
R; gives a quasi-Coxeter element w in this group. An equivalent property of w is that it
does not belong to any proper reflection subgroup of the Coxeter group (see [12]).

It is expected that irreducible semisimple algebraic Frobenius manifolds are closely
related to the quasi-Coxeter conjugacy classes of finite irreducible Coxeter groups, where
polynomial Frobenius manifolds correspond to the conjugacy class of a Coxeter element.
The following conjecture was originally stated by Dinar in [7] and is attributed to Dubrovin

(see also discussion in [16]).

Conjecture 1.3.1. [7] The irreducible, semisimple algebraic Frobenius manifolds with
positive degrees correspond to quasi-Coxeter conjugacy classes of finite, irreducible Cozeter

groups.

We recall some findings of algebraic Frobenius manifolds below together with their
links to quasi-Coxeter elements. It seems not clear though whether these constructions
give the same quasi-Coxeter conjugacy class as described above following [12].

Pavlyk constructed bihamiltonian structures of hydrodynamic type by considering the
dispersionless limit of generalised Drinfeld-Sokolov hierarchies associated to a regular ele-
ment of a Heisenberg subalgebra H,, of an affine Lie algebra g [43]. To make the dispersion-
less limit finite one has to restrict analysis to a suitable submanifold of the phase space.
In this construction the Heisenberg subalgebra H,, is associated with a regular quasi-
Coxeter element w of the Weyl group of the finite-dimensional Lie algebra g (in general,
non-equivalent Heisenberg subalgebras are in one-to-one correspondence with conjugacy
classes of the Weyl group [34]). As we mentioned above, Dubrovin had previously shown
that bihamiltonian structures of hydrodynamic type have a correspondence with Frobe-

nius manifolds [15]. Pavlyk claimed that his construction produces algebraic Frobenius
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manifolds and he gave an explicit expression for the prepotential in the case of the conju-
gacy class Dy(a1) |43 (in the notation for conjugacy classes of Weyl groups from Carter
13-

Dinar also gave a construction of algebraic Frobenius manifolds [10]|. Starting with a
regular quasi-Coxeter element w in a Weyl group there is a distinguished nilpotent element
e in the associated simple Lie algebra g [5], [49]. Dinar constructed a bi-Hamiltonian
structure of hydrodynamic type on a subvariety of the Slodowy slice S, C g* using Dirac
reduction and gave an explicit expression for the prepotential in the case of nilpotent orbit
Fy(as) 7] (in the notation for nilpotent orbits from [4]). He also derived prepotentials for
Dy(ay) |9] and Eg(aq) [8], the latter of which was simplified in a joint work with Sekiguchi
[11]. The eigenvalues of the quasi-Coxeter element w have the form e%"j, where |w|
denotes the order of w and 0 < n; < |w|—1. The degrees d; of the corresponding Frobenius

manifold are d; = nml' In the case of a subregular, nilpotent element e, Dinar elaborated

his construction in [9], where he showed the existence of an algebraic prepotential in the
cases Eg(ay) and Er(ay), in addition to Dy4(ay) and Eg(ay).

Two algebraic prepotentials related to Weyl groups Eg and E7, and seven algebraic
prepotentials related to the Coxeter group H, were found by Sekiguchi [48|, who used
degrees of the latter Frobenius manifolds conjectured by Douvropoulos (see further details
in [12]). The former prepotentials related to Eg and E7 are expected to be the prepotentials
for the algebraic Frobenius manifolds found by Dinar in the case of subregular nilpotent
elements [9]. The latter prepotentials related to H, are denoted by Hy(k), where k =
1,2,3,4,6,7,9.

1.4 Main results I: Flat coordinates of algebraic Frobe-

nius manifolds

We are interested in the relations between the flat coordinates of the metric n and those
of the intersection form g. As we mentioned above, for polynomial Frobenius manifolds
expressing flat coordinates of n via that of g gives a distinguished set of basic invariants of
a Coxeter group, known as Saito polynomials [47]. It is a complicated problem in general
to express one flat coordinate system in terms of the other. The main results of this thesis
relate flat coordinates of the metric n with flat coordinates of the intersection form ¢ for

most of the known algebraic Frobenius manifolds in dimensions 3 and 4. These results are

published in [26].
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1.4.1 Two-dimensional case

Let us review the case of two-dimensional algebraic Frobenius manifolds. Prepotentials
for two-dimensional (semisimple) algebraic Frobenius manifolds have the following form
[13]:

1
F(t) = EtftQ + cth (1.4.1)

where k € Q\{—1,0,1} and ¢ € C is a nonzero constant. The Coxeter orbit spaces for the
dihedral groups I5(k) have polynomial prepotentials of the form ([1.4.1)). For the algebraic
case we have that k = 5t where m, [ € Z\ {0} with m and [ coprime and m > 0. Using a
method analogous to Douvropoulos’ work on Hy (see [12]), one can associate each of these
algebraic prepotentials to quasi-Coxeter element in I(m) when 1 <[ < %, with the [ = 1
case giving the Coxeter element of I(m). We then have the following proposition which

relates the flat coordinates of the two flat metrics  and g via the use of basic invariants
of Io(m).

Proposition 1.4.1. Let xq, xo be flat coordinates of the intersection form g for the pre-
potential and define yy1, yo to be the following basic invariants of Iy(m) :

m Com T3 + 13
= (x1 +ixe)™ + (11 —ixg)"™, Yo = 12m 2, (1.4.2)

Then we can express the basic invariants in terms of the flat coordinates of the

metric n in the following form:

m
i

N

ml
2a

m
l

l l
4c(m2—12
2a

h =

2 2c¢(k?-1)
where a* = BRT

A proof of this proposition is presented in Section [4.I] where we use the well known
relations, in the two-dimensional case, between the flat coordinates ¢, t5 of the metric n

and the flat coordinates x, x5 of the intersection form g.

1.4.2 3-dimensional and 4-dimensional cases

We deal with 9 out of 11 known algebraic Frobenius manifolds in dimensions 3 and 4. We
start with their prepotentials, which can be expressed as polynomials of the ¢ coordinates
and an additional variable Z, which is algebraic in the ¢ coordinates. Each Frobenius
manifold is associated to a conjugacy class of a Coxeter group W. Motivated by this, we
define coordinates 3*,...,y" to be some basic invariants of the group W which are W-

invariant polynomials of the flat coordinates z!, ..., 2" of the intersection form g. Then,
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it appears to be possible to relate t!,...,t", Z and 3*,...,y".

In the polynomial case, the ¢t coordinates are themselves particular basic invariants of
the x coordinates known as Saito polynomials, thus the y coordinates would be polynomials
of the t coordinates. For the algebraic case we assume that the y coordinates may be
expressed as polynomials of the ¢ coordinates and Z, which appears to be true for the
algebraic Frobenius manifolds that we deal with. As a result, the ¢ coordinates turn out
to be algebraic functions on the orbit space C"/W.

Let us explain our results in an example.

Example 1.4.2. Let us consider the Frobenius manifold (H3)”. This has the prepotential
135]

4063
1701

19 73 11 16
tht 7% — 57+ —32° — — 77,

F(t) =
*) 1353 27 9 35

(3t + tst7) +

N | —

where
22 + t2 - t% = 0

The Euler vector field has the form
1 2. L
E(t) :t 0,51 + gt atQ _|’ gt 8t37
and the charge is d = % Let us choose the following basic invariants of Hj :

Y1 =95€0€3 — 326%63 — 56163 + 26:{’62 + 3\/5562,
Yo = \/55 + €169 — 1163,

Y3 = €1,
where
€1 :x% +x§ +x§,
€y = riTy + 1i7] + 573,
€3 = 11373,
0 = (21 — x3) (2] — 3)(x3 — 7).
We find that
288 2 2 2 3
n=5s (135t1t5 + 405t1t; — 90t5ts — 108t53Z + 1070t51]
+216t5t5Z + 2292t — 108t57) (1.4.3)
8
v=z (27t1 + 90tats + 160£3) (1.4.4)
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Inverting these relations to find the ¢ coordinates in terms of the y coordinates then gives
us that

5

2
h=g3aos (108y2 — 25y5 + 1296y527) (1.4.6)
1 2
1
tg = Eyg, (148)

where Z satisfies the equation
311042° + 129602 %ys + (9003, — 360y3) Z* + (25y1 — 25yy3 + 2y3) = 0.

Let us comment briefly on how we find these relations. The main idea is to calculate
the intersection form ¢®? in two ways. On the one hand we can assume that ¢¥(z) = §%,
which can be used to calculate g% (y), which only depends on Coxeter group information.
In the settings of Example [I.4.2] we have

30y3 + 36y5y3 + 8y1ys  28y3ys + 8yays 20y,
g7 (y) = 28y5ys + 8yays 8y1 + 8y2y3 12y
20y, 12y, 4ys

On the other hand, we can calculate the intersection form ¢g*?(¢) in the t coordinates

using only the prepotential and Euler vector field. Precisely, we use the relation

g°%(t) = E"()c57 (),

where E is the Euler vector field and 035 are the cotangent structure constants of the
Frobenius manifold. If we express the y coordinates as arbitrary polynomials of the ¢
coordinates and Z of specified degrees, then ¢g®?(t) can be tensorially transformed into
g*?(y) expressed in the t coordinates. Comparing the two expressions for g*°(y(t)) with
one another we can find what values the coefficients in the polynomials must take and
thus find the expressions of the y coordinates in terms of the ¢ coordinates.

To make this calculation tractable and to fix the unknown coefficients, we use the

n
Frobenius structure to find the result of applying the Laplace operator A = > 8; to the
i=1

coordinates .

We find relations of type (1.4.3)—(L.4.5)) for the algebraic Frobenius manifolds (Hj)’,
(H3)", Dy(ay), Fy(az) and H4(k:) for k =1, 2, 3, 4 and 7. We also find the inverse relations
of type (1.4.6)—(1.4.8) for all these cases except Hy(4) and H,(7), where the calculations

become too involved. Calculations are performed by Mathematica, and a notebook of
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these calculations is available online [27|. The only cases of algebraic prepotentials in
dimension 4 that are known that we do not consider are H,(6) and H4(9), for which our

methods appear not to work.

1.5 Main results II: Almost duality

We also investigate the dual prepotentials for some of the algebraic Frobenius manifolds.
It is known in the polynomial case that the dual prepotentials have the form ((1.2.1]), while
for the algebraic case, no explicit formulas for F, are known.

We find the dual prepotentials for the two-dimensional algebraic Frobenius manifolds
in the cases when k = £1/] and [ > 2 is an integer. Thus, we prove the following

theorems

Theorem 1.5.1. [26] Let M be a two-dimensional Frobenius manifold with prepotential
with k = 17", where | € Z>y. Then the dual prepotential of M has the form

2 =2 2
F.(z) = %log:p? + Z—llog2+ Z—llogz
-1 _J N - L. .
zt (1 R j
Ly (et ].J)m + (2iz2) > 1B (1, I T w) . (15.1)
= (j =Dzt 1"l 225

where o F(a, b; c;w) is the hypergeometric function and z = x1 + ixe, Z = 11 — iZ3.

Theorem 1.5.2. 26| Let M be a two-dimensional Frobenius manifold with prepotential
with k = —I~', where | € Z>y. Then the dual prepotential of]T/[/ has the form

. _ Mlog

F.(x) = Fy(x) 5

(2] + 3),

where F,(x) is the function given by formula .

We also make a few observations concerning the dual prepotentials F, in the algebraic
cases (H3)"” and Dy4(ay). Notice that, in the polynomial case the dual prepotential has the

following third order derivatives

O3F, B Z 250, 1

Oridxioxk (a, @) (a, x)’

where o; = (a, ¢;) and e; are orthonormal basis vectors of the complexified reflection
representation V' of the Coxeter group W with the root system R. The sets of points
II, = {z € V| (o, ) = 0} are known as mirrors of the group W. So, the third order

derivatives of F, have simple poles on the mirrors and their residues on the mirrors are
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constant, in other words

20,0,
_ 2 (1.5.2)
(a, )

(0, )2
@ Ox;0x;0xy,

For the algebraic cases of (H3)”, D4(a;) and the two-dimensional algebraic cases, we

(e, 2)=0

for all 4, j, k.

investigate the residues of the third order derivatives of their dual prepotentials on the
mirrors of the associated Coxeter groups Hs, Dy and I5(m), respectively.

For the cases of (H3)"” and Dy(a1), we find that the algebraic variable Z is algebraic
in the x coordinates, meaning it satisfies a polynomial relation P(z, Z) = 0. We find that
on the mirrors of their respective groups Hs and Dy, this polynomial factors into a linear

branch squared and a nonlinear branch. On the linear branch, we find that

(o, )2
@ Ox;0x;0xy,

for all & € R and all 4, 7, k. On the nonlinear branch, we find the same relation as in the

— 0, (1.5.3)

(a, z)=0

polynomial case, namely, formula ((1.5.2)) holds. Calculations of these mirror residues are
done by Mathematica and can be found in the notebook [27], see also [26]. In the two-
dimensional cases, we also have relations (1.5.2)) and ([1.5.3) depending on which branch

we take on the mirrors for an algebraic function.

1.6 Thesis structure

In Chapter [2] we give introductory material on Frobenius manifolds, Coxeter groups and
Lie algebras that is necessary for understanding later chapters.

More specifically, in Section [2.1| we go over some conventional notation, particularly in
relation to tensor fields on complex manifolds.

In Section [2.2] we go over the basic definitions and theorems that relate to Frobenius
manifolds. This section is divided into subsections which roughly correspond to differing
structures that one can relate to Frobenius manifolds.

In Subsection [2.2.1] we go over the definition of a local diffeomorphism and a flat met-
ric on a complex manifold. In Subsection we give introductory notes on Frobenius
manifolds, prepotentials and their correspondence with one another. In Subsection [2.2.3
we go over the symmetries of Frobenius manifolds which are the Legendre transformations
and the inversion symmetry. In Subsection [2.2.4] we consider the dual structures on a
Frobenius manifold and review a relation between Frobenius manifolds and their almost
duals. In Subsection [2.2.5| we present another approach to Frobenius manifolds, based

on flat pencils of metrics. In Subsection [2.2.6) we present yet another interpretation of a
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Frobenius manifold, this time going over the construction via bihamiltonian structures,
which involves constructing compatible local Poisson brackets of hydrodynamic type. In
Subsection [2.2.7| we present and discuss the concept of a semisimple Frobenius mani-
fold and superpotentials of Frobenius manifolds which is a useful technical tool to define
the structures of a Frobenius manifold. In Subsection [2.2.8 we present reformulations of
semisimple Frobenius manifolds, via Darboux—Egoroff systems and Egoroff potentials. In
Subsection [2.2.9] we go over the concept of a monodromy group of a semisimple Frobenius
manifold and explore some of its properties.

Material in Subsections [2.2.1 is largely well-known and was mostly developed
by Dubrovin in [13]. While Darboux—Egoroff systems have been discussed in detail in
the literature before, Egoroff potentials have not been given the same treatment despite
their simpler features and properties. In particular we find, using Egoroff potentials,
that the inversion of a reducible semisimple Frobenius manifold, when it can be done, is
always irreducible. We also show that any nonzero flat, homogeneous vector field on an
irreducible Frobenius manifold is invertible which allows us to show that any irreducible,
semisimple Frobenius manifold with real degrees and charge can be Legendre transformed
into a Frobenius manifold with strictly positive degrees. These statements presented in
Subsection are new, as far as we can tell.

In Section [2.3|we go over some introductory notes on finite Coxeter groups, in particular
quasi-Coxeter elements and basic invariants.

In Section [2.4] we present some features of Lie algebras that will become important
later in the thesis, including the construction of local Poisson brackets on Slodowy slices.

In Chapter [3| we go over some particular classes and constructions of Frobenius man-
ifolds. Thus, in Section [3.I] we go over the construction of Coxeter orbit spaces, which
are polynomial Frobenius manifolds. In Section [3.2| we then consider the case of algebraic
Frobenius manifolds, where we discuss constructions given by Dubrovin and Mazzocco
[18], Dinar |7] and Sekiguchi [48].

In Subsection [3.2.1] we present the context for Dubrovin and Mazzocco’s construction
for algebraic Frobenius manifolds in 3 dimensions which they related to the Coxeter group
Hj. These were the first known examples of irreducible non-rational algebraic Frobenius
manifolds in dimension greater than two, and is credited as the origin of Dubrovin’s con-
jecture for algebraic Frobenius manifolds. In Subsection |3.2.2| we go over the construction
of algebraic Frobenius manifolds given by Pavlyk and Dinar. We follow only Dinar’s con-
struction in this section as it is simpler and Pavlyk’s construction gives the same Frobenius
manifolds. These Frobenius manifolds are constructed using distinguished nilpotent ele-
ments of semisimple type in simple Lie algebras. In Subsection [3.2.3] we go over the
construction of algebraic Frobenius manifolds found by Sekiguchi using some combina-

torial information, given by Douvropoulos, related to regular quasi-Coxeter elements of
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Coxeter groups. These constructions give explicit formulas for the prepotentials which
are related to Fg, E; and H,. In Subsection we go over the known information in
the two-dimensional cases and relate that information to quasi-Coxeter elements in the
rank 2 Coxeter groups. This motivates us to modify the Dubrovin conjecture for algebraic
Frobenius manifolds.

In Chapter [4] we present the first part of our main results, which concern the Frobenius
manifolds (H3)', (H3)", Dy(a1), Fi(az) and Hy(k) for k =1, 2, 3, 4 and 7. In particular,
we present relations between the flat coordinates of the intersection form and the flat
coordinates of the metric for each of these Frobenius manifolds. These results are published
in [26]. Some of the relations are too involved and are not included in the paper |26], we
present these relations in the Appendix rather than in Chapter [4

In Chapter [5] we present the second part of our results, namely we present some features
of the dual prepotentials of some algebraic Frobenius manifolds. In particular, we find the
dual prepotentials for a family of two-dimensional algebraic Frobenius manifolds and we
find some properties the third order derivatives of the dual prepotentials satisfy for the
(H3)"” and Dy(aq) cases, as well as the two-dimensional cases. Most of these results are

published in [26].



Chapter 2

Background material

2.1 Notation

Throughout this thesis I use a variety of notations that are used by others but may not be

understood by all readers. For clarity’s sake, I will briefly explain a few of these notations.

2.1.1 Einstein summation convention

When two terms are written next to one another and each has the same index variable,
one in the upper indices of one of the terms and one in the lower indices of the other, and
that index variable is nowhere else defined, we use the Einstein summation convention.
This tells us to identify what is written with the summation of the product of those terms
over the values of the index variable. For example if we see the term a;b' and we know

that ¢ is nowhere defined, but can vary in the range 1,...,n, then this product is equal to

a;bt = Zaibi = a1b' 4 axb® + - - + a,b".

=1
2.1.2 Smooth functions, vector fields and tensor fields

Let M be a complex manifold. We denote C*°(M) to be the set of smooth (equivalently,
holomorphic or analytic) functions on M. We denote X(M) to be the vector fields on M
and we denote Q'(M) to be the one-forms on M.

Let U C M be an open chart of M with coordinate system v = (u',...,u"), and let T
be a rank (r, s) tensor field on M. When we write 7" in the u coordinates we sometimes
wish to take derivatives of their components. We denote this as follows:

0

T wis(u) = 5 5Ty ) (w),
for all i = 1,...,n. If we wish to consider the tensor field T only at a point p € M, then

17
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we write 7}, to denote this.

2.1.3 Direct sums of tensor fields

Let M and N be complex manifolds and let 7" and S be tensor fields on M and N,
respectively, both of rank (7, s). Then, for each m € M and n € N, we denote T (1,,M)
and 7. (T,,N) to be the spaces of rank (r, s) tensors of the tangent spaces T,,M and T, N,
respectively. Then we can define the direct sum 7" @ S to be a tensor field of rank (7, s)

on M x N as follows:
(T @ S)(m,n) = w(va Sn)7

where ¢ : T (T, M) x T](ToN) = T (T(m,n)(M x N)) is the natural isomorphism.

2.1.4 Lie derivatives

Let M be a smooth manifold and let X be a vector field on M defined in some open chart
U C M and let T be a tensor field on M of rank (r, s). If we let u = (u',...,u") be local
coordinates of U with

X = X(u)0ye,

then the Lie derivative LxT of T along X is a tensor field on M of rank (r, s), defined in

local coordinates !, ..., u" as

(LT () = X ()T () = D0 X ()Tt 4 ()

=1

j=1

2.1.5 Christoffel symbols and the Levi-Civita connection

Let M be a complex manifold with a metric g, that is a non-degenerate, symmetric rank
(0, 2) or rank (2, 0) tensor field. Let U € M be an open chart of M with coordinate
system u = (u',...,u"), then the Christoffel symbols 9T;(u) for the metric g are defined

in the local coordinates to be

1
gf‘fj(u) = -

29“(“) (15 (W) + gizi(u) — gija(w)),

foralli, 5,k =1,...,n. These are not tensor fields, and thus they don’t transform as tensor
fields do. Let v = (v',...,v") be another coordinate system on U. Then the Christoffel
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symbols transform between the v and v coordinates by the following transformation law:

vk u® 8u5 *ur Ok

9T (v) =T —— 2.1.2
i) = Tas(u )am ovt Qvd avlazﬂ our’ ( )
foralli,j,k=1,...,n

Given a metric g on a complex manifold M and local coordinates u = (u',... , u"), we

can define the Levi-Civita connection 9V xT' of a vector field X with a tensor field T of

rank (r, s) to be a tensor field of rank (r, s) on M, which we define in the local coordinates

1 n

u, ..., u" as

ai...ar L c aj...ar c a; aj...a;—1da;yq1...ar
(OVXT ) (u) = X () Ty in () + > X (u) T () Tyt e (w)
i=1

_ c g d ai...ar
ZX Fbc Tb1 b, 1dbj+1...bs(u)'

2.1.6 Laplacian and gradient

Let U C C" be a non-empty and open set and consider a smooth function f : U — C,

then the Laplacian and gradient of f are respectively notated as

ACF) ::Z":(g;_;f)z, V(f) = <§3{z)“ -

=1 Ay

If fis a smooth function such that A(f) = 0, then f is known as a harmonic function.

2.2 Frobenius manifolds

2.2.1 Local diffeomorphisms and flat metrics

Let us recall the definition of a local diffeomorphism between two complex manifolds.

Definition 2.2.1. Let M and N be two complex manifolds and let ¢ : M — N be a
function. We say that ¢ is a local diffeomorphism if for every x € M there exists an open
neighbourhood U of z such that ¢(U) is open and ¢|y : U — ¢(U) is a diffeomorphism.

Note that any local diffeomorphism is a smooth map, since it is locally smooth. A
smooth map ¢ : M — N induces differential maps ¢, : T,M — Ty N which are linear
maps between the tangent spaces, and if ¢ is a local diffeomorphism then ¢, is also
invertible for all ¢t € M.

Definition 2.2.2. Let M be a complex manifold and let g be a rank (0, 2) tensor field. We
say that g is non-degenerate if for all X € X(M) such that g(X, Y) =0 for all Y € X(M)
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we have X = 0. We say that g is a metric if it is symmetric and non-degenerate. A metric
is called flat if in every open chart of M, there exists local coordinates z = (z',... 2")

such that g,s(z) is constant for all o, 8 =1,...,n.

If gop is a non-degenerate rank (0, 2) tensor field, then there exists a unique rank (2, 0)
tensor field ¢”7 such that g,s9°" = §7. These tensor fields are known as inverses of one
another, and if g®* is a rank (2, 0) tensor field whose inverse gs+ is a metric, then we call
g*% a contravariant metric. Since metrics and contravariant metrics always co-exist and

are unique, when we refer to a contravariant metric we may simply refer to it as a metric.

Definition 2.2.3. Let M be a complex manifold. We say that a function ¢ : X(M) —
X(M) is a pointwise C*°(M) linear map if it is C*°(M) linear and X, = Y,, implies that
o(X),=¢(Y), foral pe M and all X, Y € X(M).

Pointwise C°°(M) multilinear maps are defined to be functions ¢ : X(M)" — X(M)
which are pointwise C*°(M) linear in each of their components. A pointwise C*°(M) mul-
tilinear map is obviously C*°(M ) multilinear, however the converse is not true, not every
C°° (M) multilinear map is pointwise C*°(M) multilinear. Pointwise C'°°(M ) multilinear

maps allow us to define rank (1, n) tensor fields 7" on M, and vice versa, as
Tp(wp, Xpo oo X0 = wp(p(XT, .0, X)),

where X" are chosen so that (X*), = X} for all i = 1,...,n. Note also that any pointwise
C°° (M) multilinear map can be restricted to any non-empty open subset U C M to give

a pointwise C'°(U) multilinear map in a unique way.

2.2.2 Frobenius manifolds and prepotentials

In this section the notion of a Frobenius manifold and its prepotential are presented, which
are the central objects that I investigate throughout the rest of this thesis. We begin with

the definition of a Frobenius algebra.
Definition 2.2.4. |13, Lecture 1| A Frobenius algebra is a finite-dimensional associative
algebra A over C with unit e and nondegenerate bilinear form (-, -) such that

(uwv, wy = (u, vw), (2.2.1)

for all u,v,w € A.

Frobenius algebras may not necessarily be commutative, but the category of com-
mutative Frobenius algebras is equivalent to the category of two-dimensional topological
quantum field theories [37]. Frobenius manifolds are moduli spaces of commutative Frobe-

nius algebras, and so are of interest to anyone studying 2-dimensional quantum gravity.
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Definition 2.2.5. |13, Lecture 1] A Frobenius manifold M is a complex manifold together
with a flat metric 1, a pointwise C°°(M) bilinear, commutative multiplication o on X (M)
and a vector field £ € X(M), which we call the Euler vector field, such that

1) There exists an identity element e for the multiplication o that is covariantly con-

stant with respect to the Levi-Civita connection for the metric 77, meaning that
"Vxe=0, (2.2.2)

for all X € X(M). We will refer to e as the unity vector field.
2) The tangent spaces of M with multiplication and bilinear form defined by the
restriction of o and 7, respectively, are Frobenius algebras, meaning that the multiplication

o is associative and
n(XoVY, Z)=n(X,YoZ),

for all X,Y,7Z € X(M).
3) We define the following tensor field:

o(X,Y,Z) =n(X oY, Z) (2.2.3)
for all X,Y,Z € X(M). We require that
("Vwe) (XY, Z) = ("Vxc) (WY, Z) (2.2.4)

for all W, XY, Z € X(M).
4) For all X, Y € X(M) with "VzY =0 for all Z € X(M), we have that

"Vx ("VyE) = 0. (2.2.5)
5) There exists a constant d € C, which we call the charge, such that
Lpc=(3—d)c,

and

Lpe = —e.

Example 2.2.6. Let A be a Frobenius algebra with commutative multiplication e and a
symmetric bilinear form (-, -). Let ey, ..., e, be a basis of A with identity element e = ¢,
and let M = C" with coordinates t!,...,t". Define n : X(M) x X(M) — C*(M) and
o:X(M) x X(M) — X(M) by C>(M)-bilinearly extending the following:

n(ﬁti, @j) = <€i7 €j>, 8#- 9} 8tj = ijatk,
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for all i,j = 1,...,n, where ¢; e ¢; = cF “er. Then, this gives the structure of a Frobenius
manifold on M with unity vector field e = 0,1, Euler vector field E(t) = t*0s and charge
d=0.

Frobenius manifolds have various structures that we can define on them. Below we

give definitions for some commonly used tensor fields on Frobenius manifolds.

Definition 2.2.7. Let M be a Frobenius manifold with metric . Then, we define the

following tensor fields:

Cop = 17" Cags) O‘ﬁ = n“éc?,y, (2.2.6)

where c,g, is the rank (0, 3) tensor field defined in formula (2.2.3) and 7 is the inverse
of the metric 7,3. We call czﬁ the structure constants of M, and cgﬁ are the cotangent

structure constants of M.

Note that, by the commutativity of the multiplication and the symmetry of the metric,
the tensor fields c,g, and Czﬂ are symmetric in the lower indices and cﬁﬁ is symmetric in

the upper indices.

Proposition 2.2.8. Let M be a Frobenius manifold with metric n, Euler vector field E,
structure constants Clﬁ and cotangent structure constants cg‘ﬁ. Then, the following relations

hold:

Cocﬁecgé = C’YﬁECixé? C(XBEC < - 07360367 Cgeczcs ge ;57 Cgecif = Cgecij? (227>
(»CEn)aﬂ = (2 - d)naﬁa (EEU)QB = (d - 2)77aﬂ7 (228>
(Lpe)ls =cls (Lpe)s? =(d— 1), (2.2.9)

for all o, B,7,6 =1,...,n, where oy is the rank (0, 3) tensor field defined in (2.2.6).

Relations ([2 can be deduced from the associativity of the multiplication on the vec-
tor fields of a Frobenius manifold. Relations (2.2.8)) and (2.2.9) are derived from condition
4) of Definition of a Frobenius manifold.

Definition 2.2.9. Let M be a Frobenius manifold with metric 7 and unity vector field e.
If n(e,e) = 0, then we call M a Frobenius manifold of first type, and if n(e, e) # 0, then

we call M a Frobenius manifold of second type.

The majority of the Frobenius manifolds that we will consider, and that are studied in
the wider literature, are of first type. Next, we present the definition of equivalence, and

local equivalence, between two Frobenius manifolds.

Definition 2.2.10. |13, Lecture 1] Let M and N be Frobenius manifolds with flat metrics
n and ¢, and Euler vector fields Fj; and Ey, respectively. Let ¢ : M — N be a smooth
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map such that the differential ¢, : T,M — Ty N is an algebra isomorphism for all t € M
with ¢*(EM) = EN7 and

Cotr)(0:(X), 0u(Y)) = (X, Y),

for all X, Y € X(M) and all t € M, where ¢ € C is some nonzero constant. If ¢ is a
diffeomorphism, we say that M and N are equivalent and if ¢ is a local diffeomorphism,

we say that M s locally equivalent to N.

This definition differs slightly from the one given in Lecture 1 of [13|, where the con-
dition ¢.(Ey;) = Ey is not stated. We have chosen to include this condition here because
the way in which the Euler vector field is referred to in most of the literature, it is an
intrinsic part of the Frobenius manifold and two Frobenius manifolds which differ only by
their Euler vector fields are not typically treated as being equivalent to one another. If
one removes the condition ¢.(Fy) = Ey from the definition of a (local) equivalence it
is possible to show that ¢, (FE),) satisfies all of the conditions that the Euler vector field
on N also satisfies. However, even if (local) equivalence maps exist between M and N, it
may be the case that for all (local) equivalence maps ¢ we have ¢.(Ey) # En.

Note that, if M is equivalent to N then M is also locally equivalent to N. Also, any

open submanifold of a Frobenius manifold M is locally equivalent to M.

Definition 2.2.11. Let M and N be Frobenius manifolds with metrics 7, ¢, multiplica-
tions o, e, unity vector fields e, e and Euler vector fields F, E , respectively. If M and
N have the same charge d, then we define the product of M and N to be the Frobenius
manifold M x N with metric n@® (, multiplication o@ e, unity vector field e@e, Euler vector
field E @ E and charge d. Here the multiplications are interpreted as rank (1, 2) tensor
fields, so that their direct sum can be defined on M x N. Moreover, if M is a Frobenius
manifold that is locally equivalent to a product of Frobenius manifolds, then we say that

M is reducible, and we say that M is irreducible if it is not reducible.

Remark 2.2.12. Note that if M is locally equivalent to M and N is locally equivalent
to N , it is not necessarily the case that M x N is locally equivalent to M x N one can
see this by scaling one of the metrics by an arbitrary constant. However, reducibility (and

irreducibility) is preserved under local equivalence.

We will now explain what the WDVV equations are, so that we may define a prepo-
tential. Solutions of the WDVV equations are a topic of study in their own right, but in

this thesis we will not be investigating any solutions which are not also prepotentials.

Definition 2.2.13. Let F' = F(t!,...,t") be a thrice-differentiable function on a complex
manifold U with a coordinate system ¢ = (¢!,...,¢") which is defined on all of U. Let F,
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be the n x n matrices with entries

(Fa)ys - oF (2.2.10)

oo

Then, the WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equations are the following sys-
tem of equations:

F, A ' Fy = F;A7'E,,  (a,8=1,...,n) (2.2.11)

where A is an invertible n X n matrix of the form
A=>"a;F, (2.2.12)
i=1
with a; € C*(U). If F solves the system of equations (2.2.11]), for some matrix A of the

form ([2.2.12)), we say that F'is a solution of the WDV'V equations.

From the definition of a solution of the WDVV equations, it appears that a solution
would depend on the choice of the matrix A. However, the following proposition shows

that this is not the case.

Proposition 2.2.14. (cf. [29], [40]) Let F' : U — C be a solution of the WDV'V equations
and B =Y b, F;, with b; € C(U). If B is invertible, then

i=1

F.B'Fy = F;B7'F,,
foralla,f=1,...,n.
Proof. Let A =3%"", a;F;, with a; € C°°(U) such that A is invertible and
FL A" Fy = Fy AR,

for all a, 8 =1,...,n. Then, by linearity, we see that
F,A'B = i biF,ATVE, = ibiFiA‘lFa = BA'F,,
i=1 i=1
for all « =1,...,n, and thus
F,B'F3=F,B'FsA"'BB 'A=F,B'BA'F;B'A=F,A'F;B'A

=FsA'F,B'A=F3sB'AA'BAT'F,B7'A
=FsB'AA'F,AT'BB'A = F3B'F,,

forall a, 5 =1,...,n. O]
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The above proposition is slightly more general than the ones given in [29] and [40],
where it is additionally assumed that each of the matrices F}, are invertible. We now define
another central object of this thesis, the prepotential, which is a solution of the WDVV

equations with some additional properties.

Definition 2.2.15. |13, Lecture 1] A prepotential F : U — C is a solution of the WDVV
equations, together with a vector field £ € X(U), which we call the Euler vector field,
such that
1) The matrix F} is nondegenerate and has constant entries.
2) E(t) has the form
E(t) = (31" + 1) O,

where ¢7,r* € C are constants for all o, 3 = 1,...,n, such that
LpF(t)=B—-d)F(t)+Q(t) (2.2.13)
where Q(t) = Q(t!,...,t") is some quadratic function in the ¢ coordinates and d € C is a

constant, which we call the charge. We call the eigenvalues of the matrix g5 the degrees
of ¥ and are denoted dy,...,d,.
3) We have
LpOp = —0n.

In the literature, prepotentials are often simply refered to as solutions of the WDVV
equations. I have opted to distinguish between solutions of the WDVV equations and
prepotentials, so that the extra properties of prepotentials are never forgotten in the

discussion.

Example 2.2.16. Let n = 1. If F' is a one-dimensional prepotential, then it must be of
the form -

Py = S + P,
where C' € C is a nonzero constant and P is a quadratic function. The Euler vector field
has the form

Et) = '+ "0y,
where r! € C is a constant and the charge is d = 0.

Example 2.2.17. (cf. |13, Lecture 1]) Let n = 2. One can check that F' is of one of the

following forms:

w

—d 2
—(

F(t' ) =A((1 — d)t* + a)i=d + ; bt' + ct?)? + P(t', %),

F(th¢?) = A(t")? + B(t")*t* + Ct'(1*)* + D(t*)® + P(t, %),
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2
F(t',¢%) = A" + %(btl +ct®)? + Pt 1),
2
F(E£2) = A2 + a)2In(2 + a) + %(btl + )+ P £2),

2
F(t',t*) = Aln(=2t* + a) + %(btl +ct?)? + P(t', %),

where A, B,C,a,b,c,d, o € C are constants with b # 0, o # 0, 3AC — B2 # 0, d # 1 and
P is a quadratic function. The Euler vector fields have the following respective forms:
d
E(t) = (tl + ?CtQ + r1> Op + (1 = d)t? + a)0p,
E@t) =" +1")0u + (t* + 1%)0pe,

2
E(t) = <t1 + &2y r1> Op + =02,
(8%

b
E(t) = <t1 — gﬁ n r1> O + (262 + a)dye,
E(t) = (tl + %tQ + 7’1> On + (=2* + a) O,

where 7!, 72 € C are constants and the charges are d, 0, 1, —1 and 3, respectively.

Frobenius manifolds and prepotentials are different expressions for the same math-
ematical object. The following theorem specifies exactly how Frobenius manifolds and

prepotentials are related to one another.

Theorem 2.2.18. [13| Lecture 1| Let F': U — C be a prepotential with Euler vector field
E and charge d. Define n : X(U) x X(U) — C*°(U) and o : X(U) x X(U) — X(U) by
C®(U)-bilinearly extending the following:

N(Okes Oys) = (F1)ap, O 0 Oy = Co5(1)Opr,

foralla,=1,...,n. Then, U with metric n and multiplication o is a Frobenius manifold
with unity vector field e = Oy, Euler vector field E and charge d. We refer to this as the
Frobenius manifold of the prepotential F'.

Conversely, let M be a Frobenius manifold with metric n, multiplication o, unity vector
field e, Euler vector field E and charge d. Let U C M be an open chart with flat coordinate
system t = (t', ... t"), where e|y = Ou. If we define the tensor field

X\, Z):=n(XoY, Z),

forall X,Y,Z € X(U), then there exists a function F' : U — C such that F is a prepotential
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with Euler vector field E|y, charge d and

PE

ototBor (Oper, Ops, O ), (2.2.14)

forall a,8,v=1,...,n. We call F a prepotential of the Frobenius manifold M.
Furthermore, the Frobenius manifold U of a prepotential F of the Frobenius manifold

M s locally equivalent to M, and a prepotential F of a Frobenius manifold U of the

prepotential F' is equal to a restiction of F'+ @) to a non-empty, open subset of U, where

Q@ 1s a quadratic function.

A proof can be found in 13| within Lecture 1. This correspondence between Frobenius
manifolds and prepotentials allows us to transfer concepts for Frobenius manifolds into

concepts for prepotentials, and vice versa.

Definition 2.2.19. Let F and F be prepotentials and let M and M be the Frobenius
manifolds of F and F , respectively. Then, we say F' is (locally) equivalent to Fif M
is (locally) equivalent to M. Moreover, a prepotential is called reducible (respectively,

irreducible) if their Frobenius manifold is reducible (respectively, irreducible).

Let M and N have prepotentials F' and F , respectively. Then the function F (m,n) =
F(m) + F(n) is a prepotential of the product M x N.

Definition 2.2.20. Let F' be a prepotential of the Frobenius manifold M. If F' is polyno-
mial, rational, algebraic, trigonometric, etc., then we say that M is a polynomial, rational,

algebraic, trigonometric, etc. Frobenius manifold, respectively.

If M is a Frobenius manifold of first type, then we often consider a prepotential F' of

M in so-called normalised coordinates t, where 7;;(t) = 0;i1jn+1-

2.2.3 Symmetries of prepotentials

To better understand and quantify prepotentials, it is preferable to introduce symmetries
beyond the already discussed notion of equivalence. The symmetries we will discuss are
presented in |13| and, in particular, they preserve the multiplication of the Frobenius

manifold that they transform.

Definition 2.2.21. Let M be a Frobenius manifold with metric 7, multiplication o and
Euler vector field E. A vector field L € X(M) is called a Legendre vector field if it is

invertible under the multiplication o and

"VxL =0,



CHAPTER 2. BACKGROUND MATERIAL 28

for all X € X(M) and
ﬁEL = ,uL,

for some constant pu € C. We call p the degree of L.

Legendre vector fields help us to define new Frobenius manifolds from known Frobenius

manifolds.

Proposition 2.2.22. Let M be a Frobenius manifold with metric n, multiplication o, unity
vector field e, FEuler vector field E and charge d, and let L be a Legendre vector field of M

of degree . We can define a new metric 1 on M to be
nX,Y)=nXoL, YolL), (2.2.15)

for all X, Y € X(M). Then, M=M together with metric 1 and multiplication o is a
Frobenius manifold, with unity vector field e, Euler vector field E and charge d= d—2pu—2.

We call the Frobenius manifold M a Legendre transformation of the Frobenius manifold
M.

Proof. By definition of 77 we have that
NXoY, Z)y=n(XoYoL ZoL)=nXoL YoZoL)=n(X,YoZ),

for all X,Y,Z € X(M). Let t',...,t" be flat coordinates of M. Note that Opsc, (t) is
symmetric in the indices 3,7, and L7(t) is constant, so we can define functions t* such
that

o )
5 = L7 (t)e, (1), (2.2.16)
for all a, 8 =1,...,n. By the invertibility of L these functions define a set of coordinates
on M. Also,
A ) N(aﬂa ot ) oty ot° _ 5 (O, O)
oy - —< Oy, —=0ys v, O
L N R e
— (LY (1)L () (LY (1), (D o L, Ds o L)
= (L7 (1)l () (L) (8)cla; (8 LF(t) e () L (8) 5y (8)n Oy, Orv)
= W(ataa 8tﬁ),
since (L™1)'cl,LFch, = (L1)'e) LFct, = ek, = o Thus, 7 is a flat metric on M and
', ... 1" are flat coordinates for 7 7. The unity vector field for M is e, since the multiplication

is unchanged, also

A0 = 02 = L 0k alt) = 1),
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s0 "Vxe =0 for all X € X(M). We see that

(@) = 2 (Eﬁ(t) g;;) = (LY ()65, (1) (B2 (1)L (0l (1)

ot ot ot

= (L"), (BEL chs + EPLY, + E° L., )
(Lye ((cEm o+ L (L) + ES L6, )
= (u+1)(L71) e} L666a+ (L™)¢, B! Lécaa
=(u+1)8 + EY,

where all tensor fields and their derivatives are expressed in the ¢ coordinates, the notation
of which we have opted to remove for clarity of the equations. Thus "Vx("VyE) = 0,
for all X,Y € X(M) such that "V;Y = 0 for all Z € X(M), as required. Now, define
c(X,Y,Z) :=n(X oY, Z). Note that this is a symmetric tensor, and so

1¢S5, Tes = 1™ Coys = 117 Crs = T TesCory = €5, (2.2.17)

We see that

Tye(t) (05, (1) ¢S 5(t) — T5(t) 6y (1))
=Tne(t) (%ﬁ%) (Toss () + Toxso (1) — Tsin () €25 (t)
1.

=570 (alt) + Tonalt) = Tona ) (0

1
2

by formula (2.2.17). We know that 7ag = mi;ct, L¥¢, L' by formula (2.2.15)), and so the
Nap = MijCorls Cpy

above expression is equal to

((7770;5<t) + 7767;0(75) - ﬁéo;'y(t)) CZB (t) — (77)\,8;6(15) + Nox;p (t) — %ﬁ;)\(t)) Cg\w(t)) )

—Cak(t)céz (
= L"L' ik (8) s (1)25(1) — Cion (1) s
= LI ((cinnChscig)a(t) — cinpa(t)cs(t)e
_Ciow(t)cgk;g(t)cgl(t))
= LML ((cippciscag)a(t) — Cinra(t)chs(t)cag(t) = cioy (8)(cuct)5(t) -

- Ciwk(t)cié(t)cgﬁ;z(ﬂ

QQa —~
IS
~—~
~
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This final expression is symmetric in « and J, thus

The(t) ("D (£)aa(t) = TT3a(t)ct (1)) = The(t) (g (E)c5a(t) — TToa(t)cs, (1)) -

Therefore,

("V5Q)asy (t) = ("Vs)ae(t)chp(t) + Te(t) ("V5 )55(t) = T,e(t) ("V5 0); g(t)
= The(t)Caps (t) = The(t) T30 (t)Cop(t) + Te(t) (D5, (£)cap(t) — "Tia(t) o, (1))
= The(t)CSpia(t) = The(t)Tas(t)cop(t) + 1e(t) (T, (8)eF5(t) — TTg5(t)c5, (1))
(

5(t) = ("Va )se(t)chp(t) + () ("Va )55 (t)

Y

=1e(t)("Va ¢)5
= ("Va 056 (t)
for all a, 8,7v,06 =1,...,n. Now,

(LeMag = (Len)ijchu Ly L+ mij (Lpe)oy L el L'+ nijcly (LuL) L'
+ nijCZkLk(EEC)]@LZ + nijC gkLkCél(ﬁEL)l
=2 —d+1+p+ 1+ e Lreh L = (4 420 — d)ijug.

Thus,

(LEC)asy = (LEM)5yCap + 1oy (Lrc)os = (4+ 20— d+ 1)y Cap = (3 — (d — 20 — 2))Capy-

]

The fact that Legendre vector fields are covariantly constant with respect to the metric
is necessary to show that the new metric defines a new Frobenius manifold. This, in turn,
gives us a new prepotential which is a particular solution of the WDVV equations, thus
transforming one solution of the WDVV equations into another. In fact, one can show
that any solution of the WDVV equations can be transformed into another solution of the

WDVYV equations using a Legendre vector field [50].

Remark 2.2.23. Slightly relaxing the covariantly constant condition for Legendre vector
fields, one can define a generalised Legendre vector field [50], which also transforms so-
lutions of the WDVV equations into solutions of the WDVV equations, but it does not

necessarily transform prepotentials into prepotentials.

The next proposition is stated in Appendix B of [13], but no proof is given. We provide

a proof here.

Proposition 2.2.24. |13, Appendix B| Let M be a Frobenius manifold with metric n and
let M be a Legendre transformation of M by the Legendre vector field L. Let U C M be an
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open chart of M with flat coordinates t',...,t" such that e = Op is the identity element
of M and suppose F : U — C 1is a prepotential of M. Then, there exists flat coordinates
ot ofM and a prepotential F:U—=C ofM such that

O*F PF  O°F
otBot’ otedtB  oteots’

o = L7 (t)n™? (2.2.18)

foralla,f=1,...,n.

Proof. We showed in the proof of Proposition [2.2.22| that t* are indeed flat coordinates
of M. To check that I exists and is a prepotential of M we only need to check that the
third order derivatives of F({) are equal to Capr(1). First, note that 9z = L~! 0 9y which

follows from formula (2.2.16)). Thus,

(O O, Oy ) =105 © Ops, Opy) = 1)(0pa © Ops 0 L, O 0 L)
:n(atcx o L_l e} 8t[3, Oﬂ) = C(ata O L_l,atﬁ,aﬂ).

Hence, we see that

OPF o o [ OF s L
Gearon | ob o (—8ta8t5) = (L7 (Dcac(b)sn (1) = T (),

for all a, 8,7 =1,...,n, which completes the proof. m

Notice that for every Frobenius manifold, the unity vector field e is a Legendre vector
field and the Legendre transformation by this vector field just gives us the same Frobenius
manifold. Moreover, a Legendre transformation from M to M using the Legendre vector
field L implies that the vector field L=! is a Legendre vector field on M and the Legendre

transformation by L~! gives us M.

Proposition 2.2.25. Legendre transformations form an equivalence relation on Frobenius
manifolds. Moreover, if there exists a Legendre transformation from M to N by the Leg-
endre vector field L and there exists a Legendre transformation from N to O by Legendre
vector field K, then there exists a Legendre transformation from M to O by the Legendre
vector field L o K.

Proof. Reflexivity and symmetry have been shown above, all that remains to show is
transitivity, and specifically that Lo K is a Legendre vector field on M. If this is a Legendre
vector field, then the Legendre transformation would give O because of the associativity of
the multiplication. Since multiplication doesn’t change between Legendre transformations
and L™!, K~! both exist and thus (Lo K)™! = K~'o L™! clearly exists. Moreover, suppose
L has degree p and K has degree v, then

(Lo(L o K))* = (LeL) SsK® + L7 (Lue)s K+ LS5 (LK)’ = (u+1+v)(Lo K)*,
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so Lo K has degree u+ v+ 1. Finally, we know that L is covariantly constant with respect
to the metric 7 on M and K is covariantly constant with respect to the metric 77 on N,

where

nX,Y)=nXoL,YolL).

Let t!,...,t" be flat coordinates for the metric 7, then, recalling that 7,5 = nijcgkchélLl
and 77*% = Uijcf‘k(L_l)kal(L_l)l we get that

_ 1, N _
0 (8)5(t) = 3 " (1) (Toesa () + Toose (t) = Tlaco (£)) 5(2)
L5, i i g i Y A
= 5776 niijLl (Cak;ach + CakCZl;a + Cak;ecil + Cakccjrl;e - CO&]C;O'CZZ - Cozkczlw) Cg&
= nabcgc(L_l)chd(L_l)dniijLlcik;accjrlcfé = C?C(L_l)ccik;achfcg'

Using the fact that K is covariantly constant with respect to the metric 7, we find that

(ValL oK) (1) = L K+ DK, = L7 (e (8) = T (0)05(1) ) K

e

=L (cﬁ — S (L7He chfa) Ke=1'(cf., —c VK =0,

pLate" ic ek;a Q" e

O

More recently, some analytic properties of Legendre transformations have been studied
by Yang [54]. The Legendre transformations are not the only symmetry of the prepotentials
which preserve the multiplication of the Frobenius manifold. There is also the inversion
symmetry [13], which is the only non-trivial symmetry which preserves the multiplication

and transforms the metric conformally.

Definition 2.2.26. |13, Appendix B| Let F' : U — C be a prepotential of first type
written in normalised coordinates t!,...,t". We define the inversion of F to be the
function F: V — C, where V = U\ {t € U | " = 0} such that

F(t) = (t") 2 (F(t) —~ %tlnwtvw) .

Proposition 2.2.27. |13, Appendix B| Let F' be a prepotential of first type in normalised
coordinates t, ... t" with Euler vector field E and charge d, and let F be an inversion of
F. Ifd#1 orn(E, On) =0, then there exists coordinates t',... 1" defined as

Sttt o

« tn:

otn T

—

for all a # 1,n, such that ﬁ(f) 1s a prepotential with Fuler vector field E and charge

d=2-—d.
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In appendix B of [13], Dubrovin presents the third order derivatives of an inversion of
a prepotential and leaves the checking of the necessary conditions as an exercise to the
reader. The inversion symmetry, like the Legendre transformations, can also be applied
to solutions of the WDVV equations in general, in order to generate new solutions of the
WDVYV equations. In this case, the conditions d # 1 or n(E, 0p1) = 0 are not necessary to
impose, however the coordinates must still be normalised for the solution of the WDVV

equations that the inversion symmetry is applied to.

2.2.4 Almost duality

To each Frobenius manifold we may associate "dual" structures such as a metric, multi-
plication and a solution of the WDVV equations, which altogether satisfy most, but not
all, of the conditions for a Frobenius manifold [17]. We begin with the concept of the
intersection form, which is another flat metric for a Frobenius manifold, following lecture

3 in [13].

Definition 2.2.28. |13| Lecture 3] Let M be a Frobenius manifold with Euler vector field
E and cotangent structure constants c?;/B . The intersection form g of M is defined as the
rank (2, 0) tensor field

9" = E"cP. (2.2.19)

It is easy to see that ¢ is symmetric, and thus it is metric at the points where it is

non-degenerate.

Definition 2.2.29. Let M be a Frobenius manifold with intersection form ¢?. Then the

discriminant locus X of M is the set
Y={pe M| ggﬁ is degenerate}.

The points where the intersection form is non-degenerate are also points where the
Euler vector field E is invertible under the multiplication o, the converse is not necessarily

true.

Lemma 2.2.30. Let M be a Frobenius manifold with discriminant locus ¥. Then, M \ ¥

is an open, dense subset of M.

Proof. Let E be the Euler vector field of M and let clﬂ be the structure constants of M.
Consider the tensor field
(Eo)j:=Ecj,.

Note that (Eo)§ = 9°°nss, where 7 is the metric of M. Thus, g*? is non-degenerate at the
point p € M if and only if (E o) is non-degenerate at p € M. So, to prove the lemma, we
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must show that the points where the determinant of (£ 0)§(¢) is non-zero form an open,
dense subset in some open charts which cover M, where ¢ are the coordinates of the open
charts.

Let U C M be an open chart of M with flat coordinates ¢!, ..., " such that e = ;.
Then,

83?)” (det((Eo)3(t)) = % (Z (—1)7 H(E o);’(j) (t))

oESy j=1
- S e g (e 0s0)
gESy ( t ) j=1
I | CHIOED SIS | it
g€Sy j=1 oESy j=1

where we use the fact that ¢§ (¢) does not depend on t', and E](t) = 0]. Thus, the
determinant of (E 0)3(t) is a polynomial in t* of degree n, with coefficents being analytic
functions in ¢2,...,t". Therefore, the complement of its zero set is open and dense in U.

Gluing these open, dense subsets of open charts together gives us an open dense subset of

M. ]

Thus we have shown that the points where the intersection form is non-degenerate
form an open, dense subset of M. Lemma [2.2.30] also allows us to unambiguously define

E~! at these points, since we can define (F~1)* := (F 0)§ e®, where e is the unity vector

field.

Proposition 2.2.31. |13 Lecture 3| Let M be a Frobenius manifold with metric n, mul-
tiplication o and Euler vector field E. The intersection form g can be written in terms of

the metric n in the following way:
g(X,Y)=m(X, Yo E7), (2.2.20)

for all X, Y € X(M) and allt € M\X, where E~! is the inverse of E under multiplication

o and ¥ is the discriminant locus of M.

Proof. Let U C M be an open chart with flat coordinates t',...,¢" such that e = dn
is the identity element of the multiplication o. To prove the claim we will show that
(O, s 0 E7L(t)) is the matrix inverse of g®%(¢). Indeed,

(0o, s 0 BT (1))g7(8) = (O, B, BT E° (1)} (1)
= O(ET)(OE ()51

= OB (OB (DL, (1) = & (1) = 5

ary al
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forall a, 6 =1,...,n. O]

Definition 2.2.32. (cf. [17]) An almost Frobenius manifold M, is a complex manifold
together with a flat metric g, a pointwise C'*°(M,) bilinear, commutative multiplication
* on X(M,) and an invertible vector field e € X(M,), which we call the Liouville vector
field, such that
1) There exists an identity element £ for the multiplication x and a constant d € C
such that
IVxE = %X, (2.2.21)
for all X € X(M,). We call E the Euler vector field of M, and we call d the charge of M,.
2) The tangent spaces of M, with multiplication and bilinear form defined by the
restriction of x and g, respectively, are Frobenius algebras, that is the multiplication « is
associative and

(X *Y, Z) = g(X, Y « 2),

for all XY, Z € X(M,).
3) We define the following tensor field

(XY, Z):=g(X*Y, Z) (2.2.22)
for all XY, Z € X(M,). We require that
(Vwe)(X,Y, Z) = (*Vxe)(W,Y, Z) (2.2.23)

for all W, XY, Z € X(M,).

4) Define the following tensor field:
21/5 = gwéaﬁa,
for all o, 3,7 =1,...,n. Let U C M, be an open chart with flat coordinates x!,..., 2" of
the metric g. Define the following sets of functions:

dp .
i l/cij(x)%, foralli,j=1,... ,n} ,

P, = {p € COO(U)‘

for any v € C. Then, e|y(P,) C P, 1, for all v € C.
5) Define the following tensor field:

aff . ad *B
7= g™ s,
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for all a, 8,7 =1,...,n. Then, we require that
(Leg)™ = P,

Compare this with the definition of an almost Frobenius manifold given in [17]. Con-
dition 5) has been added here as it seems necessary to get a Frobenius manifold from an
almost Frobenius manifold. Conditions 4) and 5) in the above definition of an almost
Frobenius manifold can be replaced with coordinate-free descriptions of e. In particular,

they are equivalent to the conditions given in the next statement.

Proposition 2.2.33. Suppose we have a manifold M, with flat metric g, a pointwise
C>®(M,) bilinear, commutative multiplication * on X(M,) and an invertible vector field
e € X(M.,) such that conditions 1)-3) of Definition hold. Then M, is an almost
Frobenius manifold if and only if the following conditions hold:

a) For all X,Y € X(M,) where IV ;Y =0 for all Z € X(M.), we have that

gVX (ngE) + gVX*ye =0. (2.2.24)

b) Define the tensor field

cf;'g = ga‘;gﬂeage.
Then
(Eec)f;ﬂ =
c) We have
Lpe = —e.
Proof. Suppose condition 4) of Definition [2.2.32| holds, and let U C M, be an open chart
with flat coordinates x!,..., 2" of the metric g. Let e be the Liouville vector field of M,.

Note that 2! € Py for all [ = 1,...,n. Thus,

5’26l(x) *
Oxidxi —Ci(®) oxk 7

and thus condition a) is satisfied. Let p € P, and v € C be arbitrary, then

i) (e (x)%) =w-1) cl-j(x)@ (e (x)%> : (2.2.25)
Let us expand both sides of the equality (2.2.25). We have

0? ;L Op d (0el(x) dp . 0*p
0z 0x (e CU)%) T ox ( 923 0at € (x)axj&cl)

0 (86%”) P 4 ) i ()22 )

:8:1:" oxi  Oxl TN Dk
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_ %(x) Op | Oel(x) Dp N e (z)
02107 02! Oxd  Jxtox! oxt !
+él(x)v et (a:)ﬁ
I Qi gk
oe'(x) Op o€l (z) «,
= (@) Ok %—{—V 9z al )(%Uk oz’

el (o) ) 20 e ) ) )

(2.2.26)

Also,

= 1))y ( (@ ’a?) ~ -1 L - ) o)

— (1) (x)agqff) % (v = 1) (@)l (@) g (2.2.27)

Substituting (2.2.26) and ([2.2.27) into relation ([2.2.25)) gives

*

k _ LoNEm, ¥k
v(Lel )y (@) 5o = v (=€ @) (), (@) ) 5.
Since this holds for all p € P, and all v € C, we see that

(Lec )t = —€' e et (2.2.28)

ij Clm -
Thus by making use of relation (2.2.28)), condition 4) gives us that
(Lpe)' = — (LE) = —L. ¢ E'E"

= — (Le)!W P EY — & (LEYEY — ¢ BV (L E)
—elem EIER —2(L.E) =€ ¢ cjl ¢V ER 4 2(Lpe)!

which implies condition c¢). Now, conditions 4) and 5) together also give us that

(£e0)? =Leg™ &5 = (Leg)* &+ 9 (Lec )],
=l 265 g% 255 éfl =0,

which is condition b).
Conversely, suppose conditions b) and c¢) hold. By formula (2.2.22) we get ¢*¢ =

E7 cﬁﬂ. Hence

(Leg)? = (L’EE)VC;“B + E’Y(Eec)?y‘ﬂ = —(536)703’3 = e”cf;B, (2.2.29)
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which gives condition 5). Now, observe that

0= (‘Ceé)g = (Le9)*gvs + 977 (Leg)rp:

and so we can deduce that

(Le@)ap = —Gar€ cgss = —€ Cape, (2.2.30)

by use of relation (2.2.29)). Then by formula (2.2.30)) and condition b)

*5 *

(Eeé)g7 = (Eeg)wsc%“ + gyg(ﬁec)ga = —66275€C%a = —eCy, C5.. (2.2.31)

Now, suppose condition a) holds as well as conditions b) and c¢) and let p € P, for some

v € C. Then by making use of formula (2.2.31)) we get

02 dp <., 0el(x) Op e (x) «,, . Op 861( ) % dp
D07 ( (z )axl) = ) Tk gt TV e A gk T i)
(@) it () O 4 () )i () OE
« del(z) Op « . 0ek(x)\ Op
- — cf](x) 8:£k ) o +v ((Eec)f;(x) + ¢l ﬁ) p
Ip
8 m
Oe'(x) dp « op
(l/_l) Z_](x) ork Or l+ ( 1)07’3(x)€l< )Cklaxm

~ - i) (( %),

+ el (a) & (2) (@) 7

for all i,j =1,...,n, and so e(P,) C P,_y, thus condition 4) is satisfied. H

n

Example 2.2.34. Let M, = C"\ {:1: eC H } Define g : X(M,) x X(M,) —

C>°(M,) and * : X(M,) x X(M,) — X(M.) to be the C°°(M,)-bilinear extensions of the

following:

g(ari, 0963) = (Sij, 8zz * arj = 2;5—?812,

for all 2,5 = 1,...,n. Then, M, with metric ¢ and multiplication % is an almost Frobenius
manifold with Euler vector field E(x) = %xi&vi, Liouville vector field e(x) = %aﬂ and
charge d = 0.

Almost Frobenius manifolds have various structures that we can define on them. Below

we give definitions for some commonly used tensor fields on almost Frobenius manifolds.

Definition 2.2.35. Let M, be an almost Frobenius manifold with metric g. Then, we



CHAPTER 2. BACKGROUND MATERIAL 39

define the following tensor fields:

aﬁ = g% Coss, cgﬁ = go‘(séfw (2.2.32)
where Zaﬁ'y is the rank (0, 3) tensor field defined in formula (2.2.22) and g®* is the inverse
of the metric g,3. We call 236 the dual structure constants of M,, and cg‘ﬂ are the cotangent

structure constants of M,.

Note that, by the commutativity of the multiplication and the symmetry of the metric,
the tensor fields Zam and ZZYB are symmetric in the lower indices and cﬁﬁ is symmetric in

the upper indices.

Proposition 2.2.36. Let M, be an almost Frobenius manifold with dual structure con-

stants Zzéﬂ and cotangent structure constants cg‘ﬁ . Then, the following relations hold:

* * * *

e _ ¥ € * e * €d *B *e _ *B *e B € _ *B €
CaBeCys = CyBeCas» CapeCy = CyBeCq CacCys = CyeCaso Cacly = CyeCas (2233)

for all a, B,7,6 = 1,...,n, where éag,y is the rank (0, 3) tensor field defined in :

Relations ([2.2.33)) can be deduced from the associativity of the multiplication on the

vector fields of an almost Frobenius manifold.

Theorem 2.2.37. 17| Let M be a Frobenius manifold with metric n, multiplication o,
unity vector field e, Euler vector field E and charge d. Let M, = M \ X, where 3 is
the discriminant locus of M, and let E=1 € X(M,) be the inverse of E|y, under the
multiplication o restricted to M,. Define the rank (0, 2) tensor field g on M, and the map
*x: X(M,) x X(M,) — X(M.) as

a(X,Y)=n(X,YoE™"), (X+xY),=(XoYoE™), (2.2.34)

for all XY € X(M,) and t € M, where o in the relations is the restriction of the
multiplication to M,. Then, M, with metric g and multiplication x is an almost Frobenius
manifold with Euler vector field E|y;,, Liouville vector field e|y, and charge d. We refer
to this as the almost dual of the Frobenius manifold M.

Conversely, let M, be an almost Frobenius manifold with metric g, multiplication x,
Euler vector field E, Liouville vector field e and charge d. Define a rank (0, 2) tensor field
n on M, and a map o : X(M,) x X(M,) — X(M,) as

(X, Y) = g:(X, Y xet), XoY =XxYxe !,

for all X, Y € X(M,), where e~ is the multiplicative inverse of e under the multiplication

*. Then, M = M, with metric n and multiplication o is a Frobenius manifold with unity
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vector field e, Euler vector field E and charge d. We refer to this as a Frobenius dual of
the almost Frobenius manifold M,.

Furthermore, the Frobenius dual of the almost dual of a Frobenius manifold M is locally
equivalent to M, and every almost Frobenius manifold is the almost dual of its Frobenius
dual.

A proof is given in [17]. Note that Frobenius manifolds and almost Frobenius are
similarly defined besides a few conditions for each object. Thus, concepts related to

Frobenius manifold have their analogues for almost Frobenius manifolds.

Definition 2.2.38. Let M, and N, be almost Frobenius manifolds with flat metrics g and
g and Liouville vector fields e); and ey, respectively. Let ¢ : M, — N, be a smooth map
such that the differential ¢, : T, M, — Ty N, is an algebra isomorphism for all ¢ € M,
with ¢.(en) = en, and

o) (0:(X), :(Y)) = *gu(X, Y),

for all X, Y € X(M,) and all t € M,, where ¢ € C is some nonzero constant. If ¢ is a
diffeomorphism, we say that M, and N, are equivalent and if ¢ is a local diffeomorphism,

we say that M, is locally equivalent to N,.

It would be useful if the concepts of equivalence and local equivalence were compatible
between Frobenius manifolds and almost Frobenius manifolds. The following proposition

makes this relationship precise.

Proposition 2.2.39. Let M and N be Frobenius manifolds. If M is (locally) equivalent
to N, then the almost dual of M is (locally) equivalent to the almost dual of N.

Let M, and N, be almost Frobenius manifolds. Then, M, is (locally) equivalent to N,
if and only if the Frobenius dual of M, is (locally) equivalent to the Frobenius dual of N,.

Proof. Let M have metric n, Euler vector field F,;, structure constants clﬁ, intersection
form ¢®? and discriminant locus ;;. Let N have metric ¢, Euler vector field Ey, structure
constants ¢, 5, intersection form g*% and discriminant locus X .

Let ¢ : M — N be a (local) equivalence map and consider a point p € M. Let
U C M be an open chart with coordinates t!,...,t" such that p € U, ¢(U) is open and
¢l : U — ¢(U) is a diffeomorphism. We know that this is possible because ¢ is a local
diffeomorphism. The functions ' := t' o ¢ define a set of coordinates for the open chart

¢(U) of N. Thus,

7 Do) = EX Do Oom s Oow = CEL )™ (£),s(t)p = g™ (t)p,  (2.2.35)

where ¢ € C is a nonzero constant. Therefore, gj;é ) is non-degenerate if and only if ggﬁ is
non-degenerate. Thus ¢(M \ Xp) € N\ Xy and ¢(Xy,) C Xy, so we can define the map
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Y = dlans,y c M\ Xy — N\ Xn. If ¢ is a (local) diffeomorphism, then 1 is a (local)
diffeomorphism, thus the differential maps are the same at each point p € M \ 3, and
are thus invertible linear maps over C, and 1, (ey;) = ey, where e); is the identity vector
field for the multiplication on M and ey is the identity vector field for the multiplication
on N. Now, let o be the multiplication on M and let A be the multiplication on its almost

dual, also let e be the multiplication on N and let x be the multiplication on its almost
dual. Then,

GXAY) = (X oY 0 Byl) = 0.(X oY 0 Byl) = 6.(X) 0 6.(Y) & 6. (E37)
= 0.(X) 0 6.(Y) # By = 6.(X) % 6u(Y) = u(X) 5 v (Y),

for all X, Y € X(M\X);). Therefore v, is an algebra isomorphism at all points p € M\ X,
and thus because of relation (2.2.39)), ¢ is a (local) equivalence map from M\ X, to N\Zy.

Now, to show that M, is (locally) equivalent to N, if and only if the Frobenius dual of
M., is (locally) equivalent to the Frobenius dual of N,, we simply take one of the (local)
equivalence maps and show that it is a (local) equivalence map in the other sense following

the above procedure. O

The concept of taking products and the reducibility of a Frobenius manifold also have

their analogous definitions for almost Frobenius manifolds.

Definition 2.2.40. Let M, and N, be almost Frobenius manifolds with metrics g, g,
multiplications %, e, Euler vector fields F, E and Liouville vector fields e, €, respectively.
If M, and N, have the same charge d, then we define the product of M, and N, to be
the almost Frobenius manifold M, x N, with metric g @& ¢, multiplication * & e, Euler
vector field E & F , Liouville vector field e & € and charge d. Here the multiplications are
interpreted as rank (1, 2) tensor fields, so that their direct sum can be defined on M, x N..
Moreover, if M, is an almost Frobenius manifold that is locally equivalent to a product
of almost Frobenius manifolds, then we say that M, is reducible, and we say that M, is

wrreducible if it is not reducible.

These concepts are not just similar to those for Frobenius manifolds, but are linked in

a way that is made precise in the following proposition.

Proposition 2.2.41. Let M and N be Frobenius manifolds, then the product of the almost
dual of M and the almost dual of N is the almost dual of M x N. Also, if M is reducible
then its almost dual is reducible.

Let M, and N, be almost Frobenius manifolds. Then, the Frobenius dual of M, X
N, s the product of the Frobenius dual of M, and the Frobenius dual of N.. Moreover,
M, is reducible (respectively, irreducible) if and only if its Frobenius dual is reducible

(respectively, irreducible).
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Proof. To show that the almost dual of M x N is the product of the almost dual of M
and the almost dual of N, we must show that the discriminant locus ¥,«ny of M x N
is the union of ¥,; x N and M x Xy, where X, is the discriminant locus of M and Xy
is the discriminant locus of N. Let ¢ be the intersection form of M and let § be the

intersection form of N. Then,

Yuxy ={(m,n)e M x N| (g @’gv)ari n) 18 degenerate}
={(m,n) € M x N | ¥(g*?, 3°°) is degenerate}
={(m, n) € M x N | ¢°° is degenerate} U {(m, n) € M x N | g°? is degenerate}

= (S x N)U (M x ),

where ¢ : TE(Tn M) X TZ(TN) = TE(Tim,ny)(M x N)) is the natural isomorphism. The
statement then follows by the definitions of the almost dual of a Frobenius manifold and
the direct sum of tensor fields.

Suppose M is reducible, then there exists Frobenius manifolds M’ and M” such that
M is locally equivalent to M’ x M". The almost dual of M’ x M" is M, x M, where M
is the almost dual of M’ and M is the almost dual of M”. By Proposition [2.2.39] the
almost dual of M is locally equivalent to M, x M/ and thus is reducible.

Now, to show that the Frobenius dual of M, x N, is the product of the Frobenius dual
of M, and the Frobenius dual of N, we simply follow the definition of a Frobenius dual
and the definition for the direct sum of tensor fields for the metrics, multiplications and
Liouville vector fields.

To show that M, is reducible if and only if its Frobenius dual is reducible, we do as
above for the almost dual and note that an almost Frobenius manifold is the almost dual

of its Frobenius dual, so we can construct local equivalence maps. O

Just as the Frobenius manifold has a local concept of a prepotential, the almost Frobe-
nius manifold has the local concept of a dual prepotential, which like the prepotential is

a solution of the WDVV equations with some additional conditions.

Definition 2.2.42. A dual prepotential F, : U — C is a solution of the WDVV equations,
where z!, ..., 2™ are the coordinates on U, together with a vector field e € X(U), which
we call the Liouville vector field, such that

1) There exists a vector field £ € X(U) of the form

E(x) = (1 ; dxi + ci) Opi,
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where ¢!, d € C are constants, such that

O*F,

= B (0)

Jaf (z) 0z 0xPoxY
for all o, 8 = 1,...,n, defines a constant, nondegenerate matrix. We refer to E as the
Euler vector field and d as the charge of F,.

2) The matrix

« ¥ ad a3F*

is invertible at all points x € U, and
0%e” s.  OPF.  0e”

axﬁazﬂ -9 axﬁax’yaxﬁ axe’ (2237)

forall a, 8, v=1,... n.
3) For each pair of a, 5 =1,...,n, there exists a constant k,3 € C such that

O*F, oe? oe”
g E 4 g —— — =k, 2.2.38
¢ (x)&vaﬁxﬁaaﬂ t9 T OxB + gm@x"‘ p ( )
4) We have
Lre = —e. (2.2.39)

Notice that condition 3) is equivalent to the condition (L.c)5” = 0, where ¢2” is defined

in the x coordinates as
O3F,

OridxidxY’
One can see this correspondence by dividing the expression (2.2.38)) by z°, substituting in
the expression for the second order derivative of e“(z) from relation (2.2.37)) and raising

indices twice with the metric g.

2 (x) == g™'g”

Example 2.2.43. Let n = 1. If F, is a one-dimensional dual prepotential, then it is of

the form
F.(z') = O(a' +2¢")? In(2' + 2¢') + P(2!),

where C, ¢! € C are constants with C' # 0 and P is a quadratic function. The Euler vector
field has the form .
E(z) = (9”— + cl) Dy,
2
the Liouville vector field has the form

A

—895 )
zl 2017

e(zr) =

where A € C is a nonzero constant, and the charge is d = 0.
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Theorem 2.2.44. |17| Let F, : U — C be a dual prepotential with Euler vector field
E, charge d and Liouville vector field e. Define g : X(U) x X(U) — C>®(U) and * :
X(U) x X(U) — X(U) by C*(U)-bilinearly extending the following:

OPF x
Opars Opp) = BV (2) 5——5—, Opa x Ops = € 5(7) Oy,
9(Oaes Ous) <x>3xa8xgax7 * 0 = Ca5(2)
foralla,B=1,...,n. Then, U with metric g and multiplication x is an almost Frobenius

manifold with Euler vector field E, charge d and Liouville vector field e. We refer to this
as the almost Frobenius manifold of the dual prepotential F,.

Conversely, let M, be an almost Frobenius manifold with metric g, multiplication x,
Fuler vector field E, charge d and Liouville vector field e. Let U C M, be an open chart
with flat coordinates x*, ..., ™. If we define the tensor field

(XY, Z):=g(X*Y, Z),

for all X)Y,Z € X(U), then there exists a function F, : U — C such that F, is a dual
prepotential with Euler vector field E|y, charge d, Liouville vector field e|y and

O3F,

Dredaiger ~ WO 0o O

forall a,B,v=1,...,n. We call F, a dual prepotential of the almost Frobenius manifold
M,.

Furthermore, the almost Frobenius manifold U of a dual prepotential F, of the almost
Frobenius manifold M, is locally equivalent to M,, and a dual prepotential E of an almost
Frobenius manifold U of the dual prepotential F, is equal to a restiction of F, + @ to a

non-empty, open subset of U, where Q) is a quadratic function.

A proof can be derived fairly easily by comparing conditions for the almost Frobe-
nius manifolds and dual prepotentials and following a parallel procedure to the proof of

correspondence between Frobenius manifolds and prepotentials given in [13].

Definition 2.2.45. Let F, and E be dual prepotentials and let M, and N, be the almost
Frobenius manifolds of F, and E, respectively. Then, we say F. is (locally) equivalent
to F. if M, is (locally) equivalent to N,. Moreover, a dual prepotential is called reducible
(respectively, irreducible) if their almost Frobenius manifold is reducible (respectively,

irreducible).

Let M, and N, have dual prepotentials F, and ﬁ*, respectively. Then the function
F,(m,n) = F.(m) + F.(n) is a dual prepotential of the product M, x N,.
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2.2.5 Flat pencil of metrics

We introduce another description of Frobenius manifolds, one which will later be used
in Section to construct an important class of polynomial Frobenius manifolds from
Coxeter orbit spaces. Before we do so, we need to introduce a notion related to metrics

on complex manifolds.

Definition 2.2.46. [15] Let g be a metric on a complex manifold M and let z', ..., 2" be
any local coordinate system on M. We define the contravariant Christoffel symbols gFZj(m)

in the o coordinates to be
Ty (2) = —g" (2) T}y (),
where 9T, (z) are the Christoffel symbols for g in the x coordinates.

We now present the definition of a flat pencil of metrics on a complex manifold, making

use of the notion of contravariant Christoffel symbols, which was given in [15].

Definition 2.2.47. [15] Let M be a complex manifold with a flat metric n* and a
symmetric (2, 0) tensor field ¢g*’. We say that n°# and ¢ form a flat pencil of metrics
on M if

1) For any A € C, the tensor field

93" = g% =

is a flat metric on an open dense subset of M.
2) For any A € C, let 2!, ..., 2" be a set of coordinates on an open chart U C M where

g*? and gi‘ﬁ are always non-degenerate. Then, we have
AT (x) = 7T} (x) — AT (@), (2.2.40)

where these are the contravariant Christoffel symbols for their respective metrics.

Note that gi‘ﬁ may be degenerate on some points in M, and that includes ¢*?, however
these points may differ depending on the choice of A € C. The metric and intersection
form of a Frobenius manifold form a flat pencil of metrics, and a flat pencil of metrics
is close to being enough to define a Frobenius manifold, but we require some additional

properties that the pencil of metrics must satisfy, which we describe below.

Definition 2.2.48. [15] Let 1 and ¢*° form a flat pencil of metrics on a complex
manifold M with flat coordinates ti,...,t, and a!,..., 2" respectively. We say that the
flat pencil of metrics is quasihomogeneous of degree d € C, if there exists a smooth function
7 € C*(M), which we call the Egoroff potential, such that the vector fields

or or

E(z) := gis(x)%ﬁmi, e(t) == n“(t)%aﬂ-,
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satisfy the following conditions:
‘CEe = —¢, (*CEg)a/B = (d - 1)go¢ﬁ’ (‘Ceg)aﬁ = naﬁa 'Cen =0.

We call E the Euler vector field and we call e the unity vector field of the quasihomogeneous

flat pencil of metrics.

The following example is a specific case of a flat pencil of metrics which gives a polyno-

mial Frobenius manifold. We consider these types of examples more generally in Section

B.1

Example 2.2.49. Let k € Z>, and define

M = {(rlewl, r9e?) € C? |1y, 19 > 0 and 6,0, € (0, %)}

Let (-, -) be the natural bilinear form on C? with orthonormal basis e, e5, and define the
coordinates x'(p) := (p, ;) on M. We define the rank (2, 0) tensor field g**(x) := 6*% on
M and let !, 2 be another set of coordinates on M which we express in the z coordinates

th(x) = (2! + P + (2! —iz?)F, t*(z) == %

We define the rank (2, 0) tensor field n°? as
n* = (Eatlg)o‘ﬁ.

This is a flat metric on M, where t',¢? are flat coordinates for . Moreover, n*? and ¢’
form a quasihomogeneous flat pencil of metrics on M with Egoroff potential 7 = ¢, Euler
vector field E(t) = t'0p + 220,z and unity vector field e(t) = 9.

From the notation presented, one can take an educated guess that a Frobenius manifold
gives a quasihomogeneous flat pencil of metrics, where E' is the Euler vector field, e is the
unity vector field and d is the charge. The function 7, known as the Egoroff potential, has
some interesting properties of its own when the multiplication on the Frobenius manifold
is semisimple, which we will discuss further in Subsection [2.2.8

Let x%,..., 2% be flat coordinates of the metric gaﬁ. By the relation (L, g)*® = n*8,
A A A 1 n

we see that

g (t) = g (t) — P = gt (= N £,
Thus, the flat coordinates z3, ..., % of gf\“ﬁ may be written in terms of the flat coordinates
xl, ..., 2" of g* as follows:

o (2, ) =2t - N R,
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Now, by the transformation law for Christoffel symbols given by formula (2.1.2) and the
relation (2.2.40)) between the contravariant Christoffel symbols for flat pencils of metrics,

we see that

Dzl Py ot oxy 0Ty N
oo~ awor aag an g = ~a)m O P B
o
= — (92)jm(?) grﬁnl(t)a—t?- (2.2.41)

Now, the contravariant Christoffel symbols 9T"(¢) for the intersection form g of a Frobe-
nius manifold have the following form

Il () = d- 16,;”(15) + EL(H) ™ (t). (2.2.42)

2

A proof of this claim can be found in Lecture 3 of [13], however the claim is restricted to
the cases when the Euler vector field is diagonal in the ¢ coordinates. One can prove the
general statement of using the same method as in [13].

Substituting the relation into the expression ([2.2.41)) and raising the indices

on both sides by gf\‘j , we get the relation

i 02! d—1 o ox!
g)‘](t)atj—ﬁik - ( 5 () + Els(t)c) (t)) atj. (2.2.43)
Note that since % = —% and ¢$°(t) = n°?, formula (2.2.43) gives us that
wis o O wis o Ot d—1 .\ Oz
O =~ O = (5 Eyon™) G 2244

This equation is known as the generalised hypergeometric equation associated to the Frobe-
nius manifold |13].

Not all quasihomogeneous flat pencils of metrics are derivable from Frobenius man-
ifolds. The following definition gives a sufficient condition for a quasihomogenous flat

pencil of metrics to have a corresponding Frobenius manifold.

Definition 2.2.50. |15] Let n*? and g*? form a quasihomogeneous flat pencil of metrics
of degree d on a complex manifold M with Euler vector field E. We say that the flat pencil
is reqular if the tensor field

Rg = %55 + 7V, E’

is non-degenerate everywhere on M, where 7V is the Levi-Civita connection for 7.

We now have everything we need to state the correspondence between Frobenius man-

ifolds and flat pencils of metrics.
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Theorem 2.2.51. [15| Let M be a Frobenius manifold with metric n, Euler vector field
E, unity vector field e, intersection form ¢g*® and charge d. Then, n*® and ¢*® form a
quasthomogeneous flat pencil of metrics of degree d, with Fuler vector field E, unity vector
field e and Egoroff potential

7(t) = Mmal",

where t = (t*,...,t") are flat coordinates for n such that e = 0,.. We refer to this as the
flat pencil of metrics of the Frobenius manifold.

Conwversely, suppose n°® and g*® form a regular, quasihomogeneous flat pencil of met-
rics of degree d on a manifold M with Fuler vector field E and unity vector field e, and
let My be the open dense subset of M where ¢°® is non-degenerate. We can give My a
Frobenius structure with metric n, intersection form g, Euler vector field E, unity vector
field e and charge d. We refer to this as the Frobenius manifold of the flat pencil of metrics.

Futhermore, a regular, quasthomogeneous flat pencil of metrics is the flat pencil of

metrics of its Frobenius manifold.

A proof can be found in [15]. In Sectionwe will give polynomial Frobenius manifolds

from flat pencils of metrics on orbit spaces of the finite irreducible Coxeter groups.

2.2.6 Bihamiltonian structures

We present yet another interpretation of Frobenius manifolds, that is bihamiltonian struc-
tures. These are pairs of local Poisson brackets on a manifold with some additional proper-
ties, and they require some added machinery to define. They will be utilised in Subsection

3.2.2] to construct algebraic Frobenius manifolds.

Definition 2.2.52. [15| Let M be a complex manifold. We define L(M) be its loop space,

in other words
L(M):= C“(Sl, M),

where S stands for the circle.

Let s be a coordinate on S! such that s(S*\ {A}) = (0, 27), where A € S! is a fixed
point. For any smooth function f € C*(M) and any non-negative integer j € Zsq, we
define the map f9) : L(M) — L(C) as

£0(6) &

T dsi

(fod),

where ¢ € L(M). Let z*,..., 2" be a set of coordinates defined on all of M. Then, we
define C(M) to be the following ring of maps from £(M) to L(C) :

§>0

C(M):=C=(M) [2"D]~
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where addition and multiplication of elements in the polynomial ring C(M) is defined

pointwise on elements of L(M):

(P +Q)(¢)(x) := P(d)(x) + Q(¢)(x), (P-Q)(¢)(x) := P(0)(x) Q(9)(x),

for all P, Q € C(M), ¢ € L(M) and z € S'. Notice that for any f € C*(M) we have
f = f© in C(M). Both notations will be useful for the Propositions that follow, and so

we will switch between them where it is appropriate to do so.

Proposition 2.2.53. For any smooth function f € C®°(M) and any j € Z~q, the map
fY9) is an element of C(M).

Proof. Note that

Sroo = (5hoo) Saten = (FLaw) o)

for any ¢ € L(M), so fV) € C(M). Suppose that f*) € C(M) for all f € C>®(M) for all

non-negative integers k < j for some j € Z~q, then
» ! d’ af da
G+1) — -

! & (0f P
-2 (k) dsh ((%Z ¢> g w0 ?)

k=0

() =

£ =)o

for any ¢ € L(M), and so by induction, the proposition is proved. O

By proving Proposition [2.2.53] we have shown, in particular, that the derivatives of
any coordinate system are elements of C(M) and thus the set of elements in C(M) does not
depend on our choice of x coordinates. It also allows us to deﬁne - to be the derivation

(over C) on C(M) given by extending the following, using the product rule for derivations:

d

©)) (+1)
& (o) = g,

for any f € C*°(M) and any j € Zxo. Alternatively, we can write the derivation £ : C(M) —
C(M) in the following form:

o

Z i(k+1) amz

k=

where we define - z(O) := -2 to only act non-trivially on the elements of C>(M) in C(M).
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This gives us the following commutation relations:

0 d 0 o d
i i) = | ] O (2249)

for all j € Zso. Since % and % commute with each other we have the relation

of (k) af(k)
<6$i> - Ot

for any k € Z>o and any f € C*(M).

Definition 2.2.54. Let P € C(M). We say that P is homogeneous of degree D if

n o

i  OP
DD k'™ s = DP. (2.2.46)

i=1 k=1

Since elements of C(M) are polynomials in the maps z'*), only a finite number of these
maps occur in the expression of any P € C(M). So, the infinite sum in the left hand side

of equation ([2.2.46)) actually becomes a finite sum and is thus well-defined.

Proposition 2.2.55. Let f € C®(M) and j € Z>o, then fU) € C(M) is homogeneous of
degree j.

Proof. The claim is obviously true for 7 = 0, and we see that

of i)

:(%ﬂ'x ’

f(l)

(2.2.47)

so f1) is homogeneous of degree 1 (in x coordinates). Now, suppose f*) is homogeneous

of degree k for all f € C°°(M) for all non-negative k < j for some j € Z>(. Then since

i,
FUH = Z <i) 8af("“) i+1=k) (2.2.48)
x'l

k=0
and because the degree of a product of two homogeneous terms is the sum of their degrees,

we see that U1 must be homogeneous of degree j + 1. O

A consequence of Proposition [2.2.55|is that an element P € C(M) being homogeneous

of degree D is independent of the choice of coordinates that we define on M. Moreover, for

any function f € C*°(M) and any j, | € Zs¢, formulas (2.2.47)) and (2.2.48) tell us that

af(j) _ s of

Qi+ L gy

(2.2.49)
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The following definition of local functionals can be found in |15] and is meant to be an

analogue of smooth functions, but defined on the loop space £(M) rather than M itself.

Definition 2.2.56. The set of local functionals on M is defined to be the set F(M)
containing all maps [ : L(M) — C of the form

1

9] = 5 /O " P(6)(s) ds, (2.2.50)

where P € C(M) and ¢ € L(M).

The set of local functionals F(M) that we get does not depend on our choice of
local coordinates, since by Proposition [2.2.53 any choice of coordinates gives the same
polynomial ring C(M). Any local functional I € F(M) can be associated to an element
P € C(M) such that relation holds, such a P can be chosen up to the addition of
Q) € C(M) where

2

Q(¢)(s) ds =0,

0
for all ¢ € L(M).

Lemma 2.2.57. Let P € C(M) such that

/ " P(o)(s)ds =

for all p € L(M). Then,
- dioP
RV A
Z( 1) dsi Oxili) 0,
foralli=1,... n.

Proof. Let ¢ € L(M) and v € L(C™). Then, for all ¢ € C small enough, 7! (x(¢) + €7)
exists in the loop space £(M). Thus, we can expand P(z~!(z(¢) + 7)) in powers of € to

get

. 9P d

Pla~!(@(0) + 7)) = P(8) + €3 5 5(0) 757" + O(lef) (2.2.51)

dsi

Integrating over the range s € (0, 27) we see that the left hand side and the first term of
the right hand side of relation (2.2.51]) equal zero, and so we get that

I X oP dj ; 27
6/0 jgo@xi(j) (@)s) g7 (5)ds = | - Oflel’) ds (2.2.52)

Dividing both sides by € and then taking the limit € — 0, the right hand side of relation
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(12.2.52)) equals zero and so we see that

[ee]

/ﬂ axz (0)(5) 37 ds_/ﬂz O )i as =0, (2253)

Since > (—1) dsjj af,fij) (¢) € L(C) it is a periodic function with period 27, we may write
7=0

s A H .
YL 0 = Y ™

j=0 meZ
where the constants C,, € C are found by the formula

1 m i dj aP —ims
Com = 5= i Z(—l)]@m(@(s)@ ds. (2.2.54)

2T ,
]:
If we set v'(s) = d% e~ and substitute this into the left hand side of formula (2.2.53)
we get that the right hand side of formula (2.2.54)) equals zero, and thus C,, = 0 for all
m € Z. Therefore,
- & opP
YRy —
2 G5 g () =0
J:

O

Lemma allows us to make the following definition without having to choose
which P € C(M) we want to represent our local functional I € F(M).

Definition 2.2.58. [15] Let I be a local functional of the form ([2.2.50). Then the varia-

tional derivative of I with respect to z’ is defined to be

51 = dl oP
: :Z(_l)jgm' (2.2.55)

Since P is polynomial in #*0), the infinite sum in equation (2.2.55)) becomes a finite sum
and so the right hand side is a well-defined element of C(M). By Lemma our choice
of element P € C(M) makes no difference to what the variational derivative of I is, and
so it is a well-defined concept. Moreover, by formula we see that the variational
derivative of a local functional appears as a "first order correction" as one changes the

loop being evaluated by the local functional.

Proposition 2.2.59. The variational derivative of a local functional I € F(M) trans-
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forms under a change of coordinates on M by the following transformation law:

ST ort 61
Syi(s) Oyt 6xk(s)’

Proof. Note that if P € C(M), then

oP > 0zF0 9P
a.i(G) 9,i(5) k)"
8y (7) P ay (4) agp 0]

Now, we will prove the following identity:

- Jhm\ dm [ 0rF0 N\ ouh
Z ( ) ds™ (8yi(j+m) - 6j Oy ) (2.2.56)

m=0

for any ¢, k = 1,...,n, and any j, [ € Z>¢. Indeed, if 7 > [, then this is true by use of
relation (2.2.49)). Now, suppose 7 = 0 and [ > 0, then using the commutation relations

from formula ([2.2.45)), we see that
> ] + m dm 8xk(l) i 5’ ixk(lfl)
dsm \ Qyii+tm) dsm Oyim) ds

m:() m=
e dm+1 al.k(lfl) 0 am 8l,k(lfl)
- Z dsm+1 ( Oyi(m) > + Z(_]-)mdsm (a i(m—l))
m=0 Yy m=1 Yy

_ i dm+1 Hkl=1) N i(_l)m—&—l dm+1 Hrkl=1) 0
~ dSerl ayl(m) dsm+1 ayl(m) ’

m=0

M

Now, suppose for some j € Z>, we have

= j+m ([ our0 N\ o
Z dsm \ Qyiti+m) |

=0

for all [ > 7. Then, for j +1 and [ > j + 1 we have
- [y (J LMY A7 PNl
Z(_ ) m ds™m ayi(j+1+m)

= Z(_l) < m )dsm (ayi(j+1+m) £x

m=0
e [y j+1+m\ d*tt [ 0xFED
- Zo<_ ) m dsmt1 \ 9yilit1tm)

+ Z(_1>m (J m) ds™ <axi(j+m) + ; i(5)
m S Yy Y
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B f’: (-t j4+m\ d™ [ dzri-D
N m — 1) dsm \ Qyiti+m)
> i+ 1+m\ d* [ OxFi=D k=1
T Z(_1> ( m )dsm (ayi(j—i—m) - Dyt
- 0o o J4+m\ dm [ 9+ 9k=1)
- Z(_ ) m ) dsm \ Qyili+tm) + Dyil)
B ) ym ]+ m\ dm 61.]6([—1) 0
- Z(_ ) m dsm \ Qyititm) | —

since [ — 1 > j. So, we have proved relation ([2.2.56)). Now, we see that

51 - & OP = or*V 9P
. == —1 ]—.* =
dy(s) ;( ) dsi Oy JZ_; dSJ Z yid) Hk)
X ) J : m k(1) j—m
SEUEUE G,
== = \m) ds™ Oyi9) ) dsi—m \ Qxk®
- 1=0 j—0 m 0 ds™ \ Oyiitm) | dsi \ Oxk®
> — ,02% &7 OP 8x’“ - -d? 0P oxF oI
;;( 105 Byt dsi z*0 — Py J;O< ) dsi 0xzkD) Oyt dak(s)

]

Proposition [2.2.59|is implicitly assumed in [15] when discussing coordinate transforma-
tions of local Poisson brackets, which we will soon define. The definition of a local Poisson

bracket takes inspiration from the general form of a Poisson bracket on a manifold, where

8fi

0
{9} = galet ) o

for any f, g € C°°(M). Such a form tells us that the product rule for the Poisson bracket
is automatically satisfied and we just need to check that our choices for the functions
{z", 27} are such that they make the Poisson bracket a Lie bracket on C°°(M).

Definition 2.2.60. [15] A local Poisson bracket on M is a Lie bracket { -,- } on the space
of local functionals F(M) of the form

o= [ (s () ) 0 as

N .
where AY = >° azjjs—kk with a) € C(M).
k=0
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The local Poisson bracket is thus defined by the choice of coordinates and the choice
of elements afcj € C(M). Although we use the term local Poisson bracket, this is strictly
a conventional term as there is no multiplication defined on the space of local functionals
and thus a local Poisson bracket is not truly a Poisson bracket, but merely a Lie bracket.
There is an alternative notation for local Poisson brackets that are widely used, where

instead of using the operator AY we write

(10 = g5 [ [ s O 60, 2 (52))0) o (0)s2) o o,

where

{'(s1), 27 (s2)}(0) = > _ 0} (¢)(51)0W (51 — 52),

where afg € C(M). The equivalence of these expressions is clear with the understanding

that
1

21 Jo

f(82) V(s1— s2) dsy = fP(sy).

The expression {z’(s;), 77(s9)} is often simply referred to as the local Poisson bracket, as
it is the essential building block, and when we write it explicitly it is common practice to

drop the ¢ and simply write
{a'(s1), @7 (s2)} = Y ap (s1)8W (51 = 52),

for some a/ € C(M).

Proposition 2.2.61. Let {-,-} be a local Poisson bracket on M, and impose that for any

two coordinate systems x',..., 2" and y',...,y" defined on all of M, we have that

{2'(s1), 2/ (s2)} = > af (s1)8®) (51 — s2), (2.2.57)

k=0
N ..
{y'(s1), ¥ (52)} = Y b (51)6®) (51 — s2), (2.2.58)
k=0
such that N

Y — k+ 1\ 0y'¥

o

b= Zaw( | > S (2.2.59)

Then, local Poisson bracket { -,-} is independent of the choice of coordinates.



CHAPTER 2. BACKGROUND MATERIAL 96

Proof. Using the transformation law for variational derivatives, we see that

21 27 511 ) ; 5[2
6]1 5 N ij s (k) S1 — 8 5_[2 s s s
47r2/ / 1>kZ:0bk (O)50)3® 51— 52) 55 (0)(2) do s

1 - ayi = g (kD OO a6l
T or dyi(s) kz:; Dz z:: Urt\ ) 0aP dsk dy?(s) (9)(s)ds

1 27 8yz 5]1 N k us k ay](l) dk*l 5]2
T o dx 0yi(s) Zzak (l> oxB dsk—1 (5yj<s)) (¢)(s)ds

1 (7 6L =~ a5 d" [0y L
= — «a d
2m Jo  \ 0x(s) ;a’“ ds* (axﬁ Sy (s )) (#)(s) ds
1 o 611 al af d 5]2
= % 0 (51‘5“(8) kzo a/k dSk <6 6(8)) (¢)<S) dS
1 2m 2w 5]1 N 6]2
=5 )y Jy Gy @) L A @001 = ) 55 0)(02) i s

T dn? / / 533(2[1 )(st){z%(s1), m6(32)}(¢)5$(;—€282)(¢)(52) dsy dss.

]

When we change the coordinate system on M to describe a local Poisson bracket,
this changes the coefficients ak by the relation (2.2.59). In [15|, Dubrovin describes this

transformation law using the following notation:

{y'(s1), ¥ (s2)} = gg;( )gy; (so){x™(s51), 77 (59)}, (2.2.60)

where we impose the following definition:

Ayl b Ayl
ayﬁ< )5 81 - 82 = Z ( ) Y 5(k Z)(Sl - 82)
=

Proposition then results from this.

Definition 2.2.62. Let {-,-} be a local Poisson bracket on a complex manifold M and
let ', ..., 2" be coordinates defined on all of M such that

{#'(s1), 27 (s2)} = ) al (s1)6®) (51 — s2).
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We say this bracket is graded homogeneous of degree D if the coefficients azj € C(M) are
homogeneous of degree D — k, for each £k =0,..., N.

Graded homogeneous local Poisson brackets are going to be central to constructing

Frobenius manifolds, and in particular to contructing algebraic Frobenius manifolds, which
we will do in Subsection [3.2.2]

Lemma 2.2.63. Let {z'(s1), 2/(s9)} be a graded homogeneous local Poisson bracket of
degree D, then this local Poisson bracket is graded homogeneous of degree D for any choice

of coordinates on M.

Proof. We have that
N
{x( } Zazj 51 5( 31—82)
k=0

for some homogeneous azj € C(M) of degrees D — k. Also, if y*,... y™ is another set of

coordinates defined on all of M, then

{'(s1), ¥ (s2)} = D> _ b (51)6®) (51 — s2),

k=0

for some b)) € C(M). These coefficients transform as
' k+1\0y®
Dz Z ak”( > dzh

By Proposition (2.2.55)), ag‘ﬁ, is homogeneous of degree D — (k+1) and f() is homogeneous

ij_
b, =

of degree [ for any f € C°°(M) in any coordinate system, so sz is homogeneous of degree
D —k in any coordinate system, and thus {y*(s1), v’ (s2)} is graded homogeneous of degree
D. O

Let {2°(s1), 27(s2)} be a local Poisson bracket. Then, we can write

{#'(s1), 2/ (s2)} = D> _{a'(s1), 27 (s2) 1, (2.2.61)

k=—1

where {2(s;), 27 (s2)}* is the graded homogeneous component of the local Poisson bracket
of degree k + 1. When we write a local Poisson bracket as a sum of the form (2.2.61f), we

will call this the graded decomposition of the local Poisson bracket.

Lemma 2.2.64. 22| Let {z'(s1), 27(s2)} be a nonzero local Poisson bracket on a complex
manifold M, and let | € Z be the smallest integer such that {x(sy), 27 (s2) Y # 0. Then

{2%(s1), 27 (s52)} is a local Poisson bracket on M.
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The above Lemma allows us to construct new local Poisson brackets by taking the

lowest degree graded homogeneous component of an already existing local Poisson bracket.

Definition 2.2.65. We say that a local Poisson bracket is dispersionless on M if its graded

decomposition gives

{2'(s1), 2/ (s2)}70 =0, {2 (s1), 27 (s2)} # 0.

Moreover, if a local Poisson bracket is dispersionless, then we define its dispersionless limit
to be {7(s1), 27 (s9) O

By Lemma [2.2.64] the dispersionless limit of a dispersionless local Poisson bracket is

itself a local Poisson bracket.

Example 2.2.66. Let {z%(s;), 27(s2)} be a graded homogeneous local Poisson bracket of

degree 0, so it has the form
[e'(s1), 9 (52)} = h(s1)3(s1 — 52).

The elements h" € C(M) are homogeneous of degree 0, and are thus elements of the set

C>°(M). These functions then define a Poisson bracket on the complex manifold M where
{2', 27} = h".

That this is a Poisson bracket results from the fact that we have a local Poisson bracket

defined using the same functions.

Definition 2.2.67. Let {'(s1), 2/(s2)} be a graded homogeneous local Poisson bracket

of degree 1, we call such a local Poisson bracket, a local Poisson bracket of hydrodynamic

type.

A local Poisson bracket of hydrodynamic type has the form
{@'(s1), 27 (s2)} = 17 (51)6M (51 = 2) + "T (51) 2"V (51)0 (51 — 52),

where 7%, "I’Zj € C°(M). In the literature, local Poisson brackets of hydrodynamic type
are often referred to as Poisson brackets of hydrodynamic type. We have chosen to include
the word "local" when referring to these objects to clarify that this is still a local Poisson
bracket, and thus not a Poisson bracket in the usual sense. If ¥ is non-degenerate as
a matrix on an open, dense subset of M, then we say that the local Poisson bracket is

non-degenerate.
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Theorem 2.2.68. [19] Let {z'(s1), 27(s9)} be a non-degenerate local Poisson bracket of
hydrodynamic type on a complex manifold M. Suppose this local Poisson bracket has the

form
{@'(s1), 2/ (s2)} = 17 (51)6W (51 = 2) + "T (51) 2"V (51)0 (51 — s2).

Let M be the set of points in M where 0V is non-degenerate, then 0 is a flat metric
written in x coordinates on M and has contravariant Christoffel symbols ”Fg in the x
coordinates.

Conversely, suppose n is a flat metric on a complex manifold M with contravariant
Christoffel symbols ”sz(x) in some coordinate system x defined on all of M. Then, the
local Poisson bracket defined on M by

{@'(s1), @/ (s2)} = 0 (2)(51)0" (51 — 52) + T} () (51)7" V(51 — 52)

is a non-degenerate local Poisson bracket of hydrodynamic type.

Since there is a correspondence between non-degenerate local Poisson brackets of hy-
drodynamic type and flat metrics on M we can simply refer to the corresponding flat
metric as the flat metric of the local Poisson bracket, and flat coordinates of the flat

metric as flat coordinates of the local Poisson bracket.

Proposition 2.2.69. [15] Let {z'(s1), ¥7(s2)} be a non-degenerate local Poisson bracket
of hydrodynamic type, and let t*,... t" be flat coordinates of the Poisson bracket. Then
the local functionals C1,...,C™ € F(M) defined as

(o) = 5- / T ((s)) ds

are Casimirs of the local Poisson bracket (meaning that {I, C*} =0 for all I € F(M)).

Proof. In the flat coordinates t', ..., ¢", the local Poisson bracket has the form

{t'(s1), ¥/ (s2)} = 17 (51)6" (51 — s2),

where 0% is constant for all 4,5 = 1,...,n. The variational derivative of C* with respect

to t/ is then

a e k a
07 _ e o

dsk opik)
Let I € F(M) be arbitrary, then

.o =5 | ("% (e ) ) @ras
5 | G’ @) @oras =o
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since ¢) = 0 for any locally constant function ¢ € C*°(M). O

Casimirs are particularly useful for constructing infinite sets of Hamiltonians for com-
patible local Poisson brackets, which we will define shortly. Being able to easily construct

Casimirs gives us a lot of control over computing these Hamiltonians.

Definition 2.2.70. |15] Let {-,- }1, { -, - }2 be a pair of linearly independent local Poisson
brackets on a complex manifold M. We say that this pair is compatible if the bilinear

operations
{.’.})‘ ::{.’.}1_)\{.’.}2

are local Poisson brackets on M for any A € C.

Let {-,-}; and {-,-}» be a pair of compatible local Poisson brackets and let C' be
a Casimir of the second local Poisson bracket, then under certain non-degeneracy condi-
tions, we can inductively construct an infinite set of commuting Hamiltonians H", by the
relations:

H .= C, {I,H""y = {I,H"},,

for all I € A and all n € Z>o. Note that these Hamiltonians commute for both the first
and second local Poisson brackets. This result is known as Magri’s theorem, and a proof

can be found in [22] (see also [38] for the original statement for ordinary Poisson brackets).

Definition 2.2.71. [15] Let {-,-};, and {-,- }2 be a pair of compatible non-degenerate

local Poisson brackets of hydrodynamic type, we call such a pair a bihamiltonian structure.

The name bihamiltonian structure is also used to refer to the infinite set of Hamiltoni-
ans that one can construct from the Casimirs of the second local Poisson bracket that one
gets using Proposition Another alternative use of the name bihamiltonian structure
is for the integrable hierarchy that one constructs out of this infinite set of commuting

Hamiltonians:

X"

oTep

= {sz Ha,p}2 = {Xla HOL’pil}la

2w
where i,a =1,...,n,p=1,2,3,... and X'[¢] := &= [ z'(d(s))ds.
0

Theorem 2.2.72. [15] Let {-,-}1 and {-,-}2 form a bihamiltonian structure, then the
corresponding flat metrics form a flat pencil of metrics.
Let n and g form a flat pencil of metrics, then their corresponding non-degenerate local

Poisson brackets of hydrodynamic type form a bihamiltonian structure.

To then make a correspondence with Frobenius manifolds, one then has to interpret
the quasihomogeneity condition and regularity condition from the world of flat pencils of

metrics into the world of bihamiltonian structures. There is no obvious way of doing so,
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and so when using bihamiltonian structures to construct Frobenius manifolds (as will be
done in Subsection [3.2.2]), one will need do extra work using the corresponding flat pencil

of metrics to prove the construction valid.

2.2.7 Semisimplicity and superpotentials

In this subsection we introduce an important class of Frobenius manifolds which have

semisimple multiplication on their tangent spaces.

Definition 2.2.73. Let A be finite-dimensional commutative associative algebra over a

field. We call A semisimple if the zero element is the only nilpotent element of A.

Semisimplicity tells us that there exists a basis ey, ..., e, of A such that
€; €j = 5ijei,

foralli, 5 =1,...,n.

Lemma 2.2.74. Let M be a Frobenius manifold with multiplication o on X(M). Let p € M
be such that the tangent space T,M (with the restricted multiplication) is a semisimple C-
algebra. Then, there exists an open neighbourhood U of p such that every tangent space

T,U of U is semisimple.

Proof. Let V. C M be an open chart containing p with coordinate system v = (v!,... v").
This allows us to define an open chart TV C T'M with coordinate system v : TV — C??
defined as v(X,) := (v'(z), X?(v),). Define the following sets

S = {Zn: a"&ﬂv € %(V)

i=1 i=1

a' € C and Z|ai|2:1}, S, ={X, €T,V | X €S},

where x € V. Clearly S, is a compact subset of T'V. Also, for any Y, € T,V, there exists
A€ Cand X, € 5, such that Y, = \X,.

Now, a nilpotent element x of an n-dimensional associative algebra must satisfy the
condition that "' = 0. Consider the continuous map f : TV — TV defined as f(X) =
X" where n is the dimension of M. The set of zero vectors of TV forms a closed subset
Z C TV and thus the pre-image f~!(Z) is a closed set in T'V.

Define the continuous function ¢ : S, = R as

9(Xp) = inf A0(X) =o(V)[}

Yef-1!

By semisimplicity, S, N f~*(Z) = () and so by the continuity of f, for every point X, € S,
there exists an open neighbourhood Ux, € TV of X such that Ux, N fYZ)=0andsog
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must be nonzero everywhere on .S,. The function g is continuous and S, is compact, so g

attains a nonzero minimum. Let € := Xmigl {9(X,)} and define the set U := v (B.(v(p))).
p€Sp

This is an open subset of V' containing p. Moreover, if x € U, then v(x) € B.(v(p)) and so
|v(x) — v(p)| < €. Therefore, for any X € S, we have

[0(Xz) = 0(X)] = |(v'(2), X7 (v),) = (v'(p), X! (v),)] = v(z) —v(p)] <.

Thus, f(X,) # 0 for all X, € S, for all x € U. Now, if Y, € T,,U and Y, # 0, then there
exists A € C* and X, € S, such that Y, = A\X, and therefore

F(Y2) = FAX.) = A F(X,) #0.

Thus, by definition, T,.U is semisimple for all z € U. O

This means that semisimplicity is an open property of a Frobenius manifold. This
property is not usually proven in the literature, but stated as an "obvious" fact. We have

chosen to present a proof for completeness.

Definition 2.2.75. [13| Lecture 3] Let M be a Frobenius manifold. We define the nilpotent
locus >,; of M to be the set

You ={pe€ M| T,M is not semisimple}.

We say that M is semisimple if 3,,;; is nowhere dense in M.

In the literature, when talking about Frobenius manifolds, semisimple Frobenius man-
ifolds are sometimes called massive Frobenius manifolds. This is related to the connec-
tion that Frobenius manifolds have with two-dimensional quantum gravity via topological
quantum field theories. As we do not explore this side of Frobenius manifolds, we will use

the adjective semisimple to avoid the use of disparate terminology.

Lemma 2.2.76. |13, Lecture 3| Let M be a semisimple Frobenius manifold with multi-
plication o on X(M). Then, on any open chart U C M \ 3,; there exists a set of local

coordinates u = (u',... u™) such that

Oyi © Oys = 5ij8ui7

foralli, 7=1,...,n.

The coordinates u', ..., u" are called canonical coordinates and are important in the
study of semisimple Frobenius manifolds. The multiplication at semisimple points of a
n

manifold can easily be seen to have an identity element of the form e = " 0.
i=1
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Proposition 2.2.77. |13, Lecture 3| Let M be a semisimple Frobenius manifold with Fuler
vector field E. Then there exists an open chart U C M \ ¥, and canonical coordinates
ul, ..., u"™ such that the Euler vector field restricted to U has the form

E=) u'd. (2.2.62)
=1

From now on, when we refer to the canonical coordinates of a semisimple Frobenius
manifold, we will assume that these coordinates are such that the Euler vector field has the
form expressed in formula (2.2.62). The canonical coordinates are often difficult to find
on an arbitrary semisimple Frobenius manifold, the following theorem is useful for finding
the canonical coordinates in terms of the flat coordinates of the metric of a Frobenius

manifold.

Theorem 2.2.78. |13, Lecture 3| Let M be a semisimple Frobenius manifold with metric
n and intersection form g*?. Then there exists canonical coordinates u',. .., u"™ which are

the simple roots of the characteristic equation
det(g*”(t) — un™(t)) = 0,

where t = (t',... t") are flat coordinates of the metric 1.
Conversely, if the roots of this characteristic equation are simple for some point p € M
then p is a semisimple point and the roots ul(t),...,u™(t) are canonical coordinates in a

neighbourhood of p.

Example 2.2.79. Consider a Frobenius manifold in two dimensions with a prepotential

of the form

1

where k € C\ {—1,0, 1} and ¢ € C\ {0} are constants. The metric 1 of this Frobenius

manifold has the form n®?(t) = §%*#3 while the intersection form g has the form

() = <20(k2 D) ) |

1 242
t 2

F(t' t*) =

The canonical coordinates u = (u!, u?) written in terms of the flat coordinates ¢!, * are

roots of the characteristic equation

det(g (1) — ) = SR~ ()~ ( ~w)* =0,
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So the canonical coordinates have the forms

ul(t) =t + \/%C(k:? SO, WP =t — \/%C(k? —1)(#2)k.

Let M be a Frobenius manifold with metric n and intersection form g. Let U C M \ X

be some coordinate neighbourhood of a point p € M with flat coordinates ¢!, ..., t" for

1

the metric  and flat coordinates z',..., 2" for the intersection form ¢# such that the

unity vector field e = ;1. Since 2, ..., 2" are local coordinates, they must be invertible,
and so there must exist some a € {1,...,n} such that

Ox*

1 (1) # 0. (2.2.63)
Now, consider the flat coordinates xl,... 2" for the metric ¢*° = ¢g*¥ — 21", defined

on an open dense subset U, C U. Since, Uy = U, there exists an open neighbourhood
V C C x U of the point (0, p) such that the functions z!,... 2" are well-defined on all of

V. We can now give the definition of the superpotential of a Frobenius manifold.

Definition 2.2.80. |13, Appendix I| Let M be a Frobenius manifold and let p € M \ 3.

Let V' be an open neighbourhood of the point (0, p) € C x M such that the functions
n oxd

zl,...,x7 are well-defined on all of V and let @ € {1,...,n} be such that Z¢(p) # 0. A

superpotential of M is a function A : W — C such that

)\(x‘;(u), U) = x()l\(z,u)(u) =z,

for all (z, u) € V, where W C C x M is an open subset containing V. We call 22 the

inverse of the superpotential.

Superpotentials are a useful technical tool as they obey certain properties which allow

us to find what the main structures of a Frobenius manifold look like.

Lemma 2.2.81. |13, Appendix I| If M is a semisimple Frobenius manifold, then there

exists a superpotential of M.

A proof of this Lemma can be found in Appendix I of |13|, making use of a Lemma in
Appendix G that requires M to be semisimple. Proposition [2.2.82] and Theorem [2.2.83]
presented below, give us the most important properties of a superpotential for a Frobenius
manifold. Proposition [2.2.82)shows us that critical values of a superpotential of a Frobenius
manifold M form canonical coordinates on M and Theorem [2.2.83] shows how one can use
the superpotential of a Frobenius manifold to calculate its metric, intersection form and

structure constants.
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Proposition 2.2.82. |13, Appendix I| Let M be a semisimple Frobenius manifold with
superpotential \ : U — M and inverse z%. Define q' : M — C as

q'(t) = i (1),

where u', ... u™ are canonical coordinates on M. Then u'(t) = \(q'(t), t) and
O\
“lEw=( 0.0

Theorem 2.2.83. |13, Appendix I| A superpotential X of a Frobenius manifold can be used
to find the metric n, intersection form g and multiplications (via the symmetric 3-tensors

c and 2) using the following formulas:

_ 9i(A)9;(N)
77(31, 83) = Z ZI'ZGZSS W dz (2264)
zs: A\ (25)=0
9;(logA)0;(logA)
g(0;,0;) = res dz 2.2.65
P R A T 2265
c(0;,0;,0;) = Z res ai(A)aj,()\)ak(A) dz (2.2.66)
zs: N (z5)=0 = A (Z)
x 0;(logA)0; (log\) Ok (logA)
c(0;,0;,0,) = res ; dz 2.2.67
( J k) ZS:)\%):O o (lOg)\) (Z) ( )

As an example we will derive the dual prepotential for the extended affine Weyl group
C/J\Q orbit space Frobenius manifold [21]. The corresponding superpotential was recently
found in [2].
Example 2.2.84. Let w = (wp, wy, wy) and define A to be the following superpotential

Ap; w) = ﬁ (1 4+ 1+ (1= w) (e + p) + (L wa) (1" + %) + (1 — wi + 2ws)pr°)

and dz = %". Let us define a new set of functions xg, 21, 22, 23 such that wy = " and

8+ 1+ (1 —wp) (p® + p) + (T4 wa) (4 p?) + (1 — wi + 2ws) i = H(u —e*)(u—e %),

We then have the following relations

3

wy =1+ Z(ezi +e %),

i=1
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Wo :2 + Z (ezi-f—Zj + e—Zi-f—Zj + ezi—Zj + e—zi—Zj)’

1<i<j<3
3 1
a b c
wi = 2wy =142 (% fe) 4 Y TN A
i=1 a,b,c=0

Combining these relations we see that z3 = 42 + 2z5. Without loss of generality, let
us suppose that z3 = 2z + 29 and define 1 = 21, xo = 29. We see that xq, x1, x5 are
coordinates in C3 and we will compute the intersection form g and (0, 3) tensor field ajk
in these coordinates.

Since u = Ae? for some nonzero constant A € C, we see that % = ug—/’). Thus, using
the fact that the sum of the residues of a meromorphic one-form, including the residue at

infinity, must equal zero, we get the following calculations for the intersection form:

Z 0;(log\)0;(log\) gs — Z ros 9i(N)9;(N) dy

res
— X 2
p=pns A oyt

9(0:, 0)) = 2 T log\)'(2)

zst/\/(zs)zo Ms5)\/(lls):0
= — TrIes Mdu — res Mdﬂ — res 8’(A)aj()\> d,u

= oA 2 =0 OA 2 -1 oA 2
p=00 )‘émﬂ w )\auu w /\au,u

Z res M du.

= oA 2
H=[s /\8MM

ps:A(ps)=0

Similarly, for the ajk tensor field, we have

9;(1og))9; (logA) Iy, (logA)

c(0s, 0; = d
(05, 0;, O ~>\;)0 Ies losh) () 2
i(A)0; (N) Ok (A
- Y e i )3J(§A)3k( )du
p=ts AZ82 2
ps: N (ps)=0 op
B 9;(A)9;(A) O (A) 9:(A)9;(A) O (A)
= It \20A 2 dp — 20 A2 2 dp
H=00 m,u H= @M
s AOO000) g 200000,
a Aot (=0 Aok
Now, the residues at ;. = —1 are equal to zero, and the roots of A are known to be e*%.

Notice also that A (%, w) = A(p; w) and thus

N
Op st a ou

Thus, computing the residues at infinity, we find that they are equal to the residues at

zero. Computing the residues at zero and the residues at the roots of the superpotential,
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one can directly calculate the intersection form in the = coordinates. Indeed, we see that

1 0 0
gij(x) =10 —4 =2
0 -2 —4

Thus, the = coordinates are flat coordinates for the intersection form and therefore ajk(x)
are the third order derivatives of the dual prepotential. We find that the third order

derivatives are

coij(2) = g (@),
2111(1‘) = — 2(—Te 44X 4 82 — et T2 4 ge2lerter) _ gedlritaa) 4 got(@itas)

- 765(x1+x2) 4 4€2x1+1‘2 - 263x1+x2 4 464xl+x2 - 56I1+2x2 o 663:!31-1—2:52
+ 4€4x1+2:1:2 o 7€5x1+2x2 . 7€x1+312 4 46211+312 4 8€4ml+3x2 . 56511+3x2

€ 4€2x1+4x2 o 2€3x1+4x2 o 5€5x1+4x2 4 866w1+41'2 4 464x1+522)

/(6331 _ 1)(61"1 _ ewz)(erﬁ-zz _ 1)(62$1+ﬂf2 _ 1)(er1+2w2 _ 1)7
2112(1,) - _ 2(56$1 . 461132 . 362(I1+$2) + 363(I1+$2) . 2€2I1+1‘2 . 63I1+$2 + 6:E1+2:L‘2

_ 264x1+2x2 + 26x1+3l’2 _ €4x1+31‘2 + 62x1+4x2 + 2€3x1+4l‘2 + 4651’1+4x2

- 5649014-51’2)/(6961 - exz)(exﬁ-m - 1)(€2x1+332 o 1)(6901-‘1-2962 - 1),

2122(1’) _ 2(46961 — Be®2 4 362(11+x2) _ 363(:51+x2) . e2x1+x2 . 263:61+x2 + 2€x1+2$2
- e4x1+212 4 exl+3x2 - 2€4z1+3x2 4 262361+4:):2 + 6311+4z2 4 565361+4:):2
_ 4€4x1+5w2>/<6w1 _ ewz)(6x1+x2 _ 1)(62x1+12 _ 1)(€z1+2w2 _ 1),

Cona () = — 2(—86™ 4 Te™ — 4272 4 5em1He2 _ ge2(Ti+az) 4 ed(mitas) _ yod@iter)

+ 765($1+$2) + 562x1+m2 + 763$1+1‘2 o 4€Z‘1+2x2 . 463Z‘1+2x2 . 464Z‘1+2x2
+ 26:1:1—1—3:(:2 + 662m1+3x2 + 264x1+3x2 _ 4€w1+4x2 _ 462z1+4x2 _ 863z1+4x2

- 465x1+4x2 + 762x1+5x2 + 5e3x1+5x2 + 5645014-5:62 o 8€4x1+6x2)

/(eflil o 6962)(6362 o 1)(ew1+562 o 1)(62x1+12 - 1)(6361+2x2 o 1)
Integrating these expressions, we find the dual prepotential to be
g g p ) prep

F.(w) =6 Lia(e™) + 6 Lia(e™) + 6 Lia(e™+72) + 2 Lig(e"") 4 2Lin(c+72)
3 T3 873
+ 2 Lig(em+2e2) % — 2woa? + % — 2w021 %2 + Saiwy — 2x0x) + 4wyl + %

where Liz(z) = > ;—ﬁ is the tri-logarithm function.
k=1
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2.2.8 Darboux—Egoroff systems and Egoroff potentials

Semisimple Frobenius manifolds can be equivalently formulated as Darboux—Egoroff sys-
tems and as Egoroff potentials. To begin our explanation for these correspondences, let
us first consider the metric 7 of a semisimple Frobenius manifold in terms of the canonical

coordinates.

Proposition 2.2.85. Let M be a semisimple Frobenius manifold with metric n and unity
vector field e. Let t', ... t" be flat coordinates of the metric such that e = Op and define

the function T := ni ()t~ If ut, ... u"™ are canonical coordinates on M, then

or
M3 (1) = dij 55

Proof. Let o be the multiplication on M and see that

nw(u> :n(au% aw) = 77(6 o auia 8u3> = 77(67 aul o uj) - ijn(e7 aul)

ot® ot® or
=0 ( %a) = Ougithalt) =0z 5.
]

Semisimple Frobenius manifolds have an equivalent formulation as systems of equations
in terms of the canonical coordinates, one such system is the Darboux—Egoroff system,

which we will define below.

Definition 2.2.86. |13, Lecture 3| A Darbouz—Egoroff system is a system of equations
v U —=C,(i,j =1,...,n) defined on a complex manifold U with a coordinate system
u = (u',...,u") defined on all of U such that

1) Each ;; has zero divergence, meaning that

~ 0% _
L —
pet ou
2) Each v;; is homogeneous of weight -1, meaning that

n

i
Z KOVij _

Cur T
k=1

3) For all distinct i, j, k, we have

i o
ouk YikVik-

Semisimple Frobenius manifolds can be used to construct Darboux—Egoroff systems, as
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will be shown in Theorem [2.2.88, However, we cannot simply go in the opposite direction,
in order to construct a Frobenius manifold from a Darboux—Egoroff system we need some

genericity conditions.

Definition 2.2.87. Let +;; be a Darboux-Egoroff system defined in the coordinates

ul, ..., u", and let us define the following matrices:

L(u) == (vij(w); joy, s U= diag(u', ..., u").

We say that the Darboux—Egoroft system ~;; is generic if the matrix

is diagonalisable.

We are now ready to present a theorem of correspondence between Frobenius manifolds

and Darboux—Egoroff systems.

Theorem 2.2.88. |13, Lecture 3| Let v;; : U — C be a generic Darbouz—Egoroff system.

Then, U can be given a semisimple Frobenius manifold structure with metric n flat co-

ordinates t',. .. t", canonical coordinates u',...,u" and unity vector field e = Op such
that
1 63.2 T
1Oud
T(U) - nlata<u’)> P)/l](u) = §ﬁ’
Ou’ Oud

foralli,7 = 1,...,n. We refer to this as the Frobenius manifold of the Darboux—FEqgoroff
system 7y;;.

Conversely, let M be a semisimple Frobenius manifold with metric n, unity vector field
e. Let U C M be an open chart with canonical coordinate system u = (u',...,u") and
flat coordinate system t = (t',... t") such that e = 0. Consider the function 7 : U — C
defined as

7(u) := Mmat® (u),

and define the functions v;; : U — C as

Yij(u) =

fori,g=1,...,n. Then, vi; 1s a Darbouz—Egoroff system. We call ~;; a Darbouz—Egoroff
system of the Frobenius manifold M.

Furthermore, the Frobenius manifold U of a Darbouz—Egoroff system ;; of the Frobe-
nius manifold M is locally equivalent to M, and a Darbouz—Egoroff system 7;; of a Frobe-
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nius manifold U of the Darbouz—Eqgoroff system ;; is equal to a restiction of ~;; with

possibly permuted coordinates to a non-empty, open subset of U.

This alternative description for semisimple Frobenius manifolds makes use of the func-
tion 7 = 114 (¢)t*. Rather than dressing up this function into a system of equations, one

may wish to study this function directly.

Definition 2.2.89. An FEgoroff potential is a function 7 : U — C defined on a complex
manifold U with a coordinate system u = (u!, ... u™) defined on all of U such that
1) Foralli=1,...,nand all u € U,

or

2) There exists a constant C' € C such that

" or

i
— ou

3) There exist constants d, A € C such that

u ;0T
izluaui =(1—-d)T+ A,

we call d the charge of the Egoroff potential.
4) For all distinct 7, j, k, we have

83 1 o%r 9% % 9% 9% o%r
T _ | Outow dulduk + Auidud Jud Juk + Auiduk dul duk
1917 A1k or or or
ou'ou Qu 2 == _ _

Although the Egoroff potential has been defined for a Frobenius manifold, it has not

been given a definition in the abstract in the literature before, as far as we know.

Example 2.2.90. Let n = 1. Then any Egoroff potential has the form
7(u) = au + ¢,

where a, ¢ € C are constants with a # 0. These Egoroff potentials all have charge d = 0.
Next, consider the case n = 2. One can show that any Egoroff potential has one of the

following forms:

u?) =a(u' —u?) 4,

A
:,_.

r(u', v?) =au' + bu® + ¢,

r(u', v?) =aln(u' —u?) + ¢,
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where a, b, ¢, d € C are constants such that a, b # 0 and d # 1. These Egoroff potentials

have charges d, 0 and 1, respectively.

Proposition 2.2.91. Let 7 be an Eqgoroff potential with charge d and C' = Z
dc = 0.

. Then,

Proof. By differentiating the formulas given in conditions 2) and 3) from Definition [2.2.89]

we get

de = dzﬁul_ ij: lﬁu’(‘?uf_ Z ;81#81#_

]

Theorem 2.2.92. Let 7 : U — C be an Egoroff potential with charge d. Define v;; : U — C

as

1 :
Yij(u) = 2 o o

fori,j =1,...,n. Then this is a Darboux—FEgoroff system. We refer to this as the Darboux—
Egoroff system of the Egoroff potential T.

Conversely, let v;; : U — C be a generic Darbouz—Egoroff system. Letn be the metric of
its Frobenius manifold with unity vector field e, charge d, canonical coordinates u',. .., u"

and flat coordinates t',... t" of the metric n with e = Op and consider the function
7:U — C defined as

7(u) = ma(t)t*(w).

Then, T is an Egoroff potential with charge d and

1 82’7'

. OutOud

Yy () = 2 [or or
T OT
Aut dul

foralli,j =1,...,n. We call 7 an Egoroff potential of the Darboux—Egoroff system v;;.
Furthermore, the Darbouz—Egoroff system 7;; of an Egoroff potential T of the Darbouz—

Egoroff system ~;; is the same as vy;; with possibly permuted canonical coordinates, and an

Egoroff potential T of a Darbouz—Egoroff system ;; of the Egoroff potential T is equal to

T + ¢ with possibly permuted canonical coordinates, where ¢ € C is a constant.

Proof. Let 7 be an Egoroff potential, then

S n 1 Pr__Pr_or | 0 0r 0%
Vijg _ - E aulauﬂauk . 8u13u3 8u18uk ol L utoud dut 8u38uk =0
or Ot

k=1 \V ou dud (g;%)7 2 ((’?1;%)7

Ouk
—1
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Also,
n n 3T k0% 9%t Ot k0%t Or  0%*r
Z k0 _ 1 2w 0wonE YU BuTow] guionF dui _ Y 9uidw] dul duiduF
ouk 2 or or 2 (aTﬁ)% 2 (aTa_T)%
k=1 Out Oud Out dul Ou® Oul
1 03T d -2 %1 Or 01 d -2 %1 Or 01
_ (-d . 1) Ou*dul 4= duidul dul BuJ duidul dul BuJ
2 or or 2 (ara_f)* 2 (ara_f)*
Out Oud Ou? OuI Ou® Oud
93T
_ 1 ulduwl —ii
2 [or or Y
Out Oud

Finally, if ¢, j, k are distinct, then

O 1 93t 1 92T &*r ot 1 &*r o9t 9%t
Vij — = | ouwtouwiduF Autdus Bul(?uk uwl T Jutdud dut BuJ duk
ouk 2 dr or 2 (87’8_7)’ 2 (afﬁ)*
Out dul Out duI Out Oud
1 92T 92T 92t 92T 0%t 92T
_ utdud Jutduk + OutOu? Jul Quk + utdur Jui Quk
or or or or
4 61; 8771 ou ud ouF
02 92T 9?2 92T
_ OulOul duiduk _ Ouidul duiduk
or Rl
ou’ ouJ
1 92T 92T 1 92T 1 92T
_ OulduF duiduk | = _ OulduF - QuIduk = Vi Vik
g foror 2 2 for or | \2 [or or Y
Out du Out Ouk OuJ Ouk

Thus, 7;; is a Darboux-Egoroff system.

72

Conversely, suppose v;; is a Darboux-Egoroff system and let M be its Frobenius man-

ifold. Define 7 : M — C to be
T(u) = Mo (D)t (u).
Then,

ote ote ot*

0 (1) = 0(Dus, Dui) = e, Dus) =17 (67 @@ra) n(e; Oe) 55 =Malt)5 5 =

Since LgNas = (2 — d)nas, we see that

or

(2— d)% = (2 = d)mii(u) = Lrni(u)

= E‘”(u)miva(u) + Ea (U>naz(u) + E,C; (u>nza(u)

n

Oni(u or - 0*r
= 2 UG UASANE Tah —
mii(w) + Z auk ou’ + ; b ourouk
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and so we have

- 0t or
k_OT 0T
;u Outouk d@ui’

for all2=1,...,n. From this we can conclude that

Z u' 8u’ —d)T+ A,

for some constant A € C. Since 7 is a metric on M it is non-degenerate and so

or
out

(u) = mii(u) # 0,
for all u € M and all i = 1,...,n. Now, since M is a Frobenius manifold, we have that
”Vaul.e = 0,

foralli=1,... n. And, so

n

0= ("Va,e)" = ¢f (u) + "T;(w)e!(u) = Y "G (u).

d=1

Now,

TG ) = 57 0) O )+ ) — i )) = 57 (0) O (08) + () = (),

noting that there is no summation over «. Setting o = i, we see that

n

0= D2 Ti) = ") + 30 )

d=1 d#i

1 i
= 577 (u) (nzz,z (u) + T/u,z( nu i + Z ndz i + Nii; d ) Ndi;i (U))
d#i
1 n
= 577 (nzzz + ;nzzd Znud Z ﬁulaud’

and so

z:: 8u18u3

foralli =1,...,n. And thus,
or
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for some constant C' € C. Now, since 7 is a flat metric, the Riemann curvature tensor

nR;ﬁ must be zero everywhere on M. In particular, if we let i, j, & be distinct, then
0 ="Rjy = 0ui ("I () — e ("I (w)) + "Tiy(u) T () — "Ti ()" ()

= = 00 ("W (0) ) + T (0 T) + )T ~ (T 0
s () + 0 s () 3 ) iy ()

2
+ 20" (W)™ (w)nisw (w)n™ (u) — i”ii(u)%ii;k(“)nm (u)

_ %77“(16) (1 (Uiz‘;j(u)mi;k(u) o Mig ()05 (0) g (1) (U)) B nii;jk(u)) ‘

ol NCY IS

=~

2 M () nj; () e (1)
And so,
83 1 %7 9%r 9%r 9%r 9%r d*r
T _ = | Outdui Juiduk + Audud Jud Juk + Jutduk Juiouk
iuiouk ot ot ot :
ourowI Ou 2 o i e

Thus, 7 is an Egoroff potential of charge d.
These constructions are clearly mutually inverse to one another, except for the pos-
sibility of adding a constant to the Egoroff potential or permuting the canonical coordi-

nates. O

We thus have a correspondence between semisimple Frobenius manifolds and Egoroff
potentials. In fact, this correspondence can be made stronger, as the assumption of gener-
icity for the Darboux—Egoroff systems unnecessarily restricts the correspondence to only
those for which the Darboux—Egoroff system is generic. One can give an unconditional cor-
respondence between semisimple Frobenius manifolds and Egoroff potentials which agrees
with the above correspondence when the Darboux—Egoroff potential is generic. This allows

us to transfer concepts for Frobenius manifolds into concepts for Egoroff potentials.

Definition 2.2.93. Let 7 and 7 be Egoroff potentials and let M and M be the Frobenius
manifolds of 7 and 7, respectively. Then, we say 7 is (locally) equivalent to T if M is
(locally) equivalent to M. Moreover, an Egoroff potential is called reducible (respectively,

irreducible) if their Frobenius manifold is reducible (respectively, irreducible).

Proposition 2.2.94. Let 7 : M — C and 7 : M — C be Egoroff potentials defined in

1 n

coordinates u',... u™ and vt,... o™ respectively. Then, T is (locally) equivalent to T if

and only if there exists constants ¢, a € C and a permutation o € S,, such that ¢ # 0 and
r(ut,. ) = EFW, ™) +oa.

Proof. Let ¢ : M — M be a (local) equivalence map. Then, the differential map ¢, :
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T,M — T¢(p)M is an algebra isomorphism, and thus

thus the canonical coordinates of M are permutations of the canonical coordinates of M.

Moreover,
or 2~ 2 0T
5 = nu(u) = ¢ No(3)o (i) (v) =c ERCIOK

where ¢ € C is a nonzero constant.

Conversely, suppose 7 = ¢T + a, then define the map ¢ : M — M as
o(u') = o™,

This defines a (local) equivalence map from M to M. ]

Let M and N have Egoroff potentials 73, and 7y, respectively. Then the function
T(u, v) = Tar(u) + 75 (v) is an Egoroff potential of the product M x N.

Proposition 2.2.95. Let 7 be an n-dimensional Eqoroff potential. Then the following are
equivalent:

1) 7 is reducible.

2) There exists a permutation o € S, and two Egoroff potentials 11, 7o of dimensions

1 <k, n—k <n, respectively such that
r(ut, . u) = 1w W) oy (D ™)),

3) There exists a non-empty, proper subset I C {1,... ,n} such that

0t B
outou’

foralli el and all j & I.
4) There exists i, j € {1,...,n} such that i # j and

0t B
outdus

Proof. Suppose 1), then its Frobenius manifold M may be written as M = M; x M, where
M, M, are Frobenius manifolds of smaller dimension than M. Since M is semisimple, M;
and M, are also semisimple, and thus have Egoroff potentials 7 and 75, the Egoroff
potential of their product is 7(u, v) = 71 (u) + 72(v), which is an Egoroff potential of M
and thus equivalent to 7. Choosing 7 and 75 so that 7 and 7 only differ by at most a

permutation of the coordinates gives us 2).
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Conversely, suppose 2) holds, then 7 is locally equivalent to 7 o ¢~ which is equal
to my(ul, ... uP) + m(uftt .. u™). If 7 has Frobenius manifold M and 75 has Frobenius
manifold M , then 7 007! is an Egoroff potential of M x M , which is reducible, and thus
T is reducible.

Suppose 2), then let I = {o(i) | 1 <i < k}. Then,

0t 0 [om) 0
ouioud — Oud \oui )

for all i € I and j & I, which gives 3).
Conversely, suppose 3) holds, then integrating 5-77—

,6 - to find 7 we get that 7 = 7 + 7o,
where 71 only depends on u¢, for i € I and 7, only depends on v/, for j ¢ I. We must
show that 7 and 7 are Egoroff potentials, but this immediately follows from the Egoroff
potential conditions and since 7 is an Egoroff potential.

Suppose 3), then let i € I and j ¢ I, then 4) holds.

Conversely, suppose 4) holds, then let

Clearly, I is a proper, non-empty subset of {1,...,n}. Let k € [ and [ & I, then either

[::{16{1,...,71}

[ = j which implies that

0*r 0*r 0
oukou! — Oukous
or [ # j and so
9 1 9%r 9%t 9%r 9% %r 9 9? 92
0= T _ Oud OuF Ol Ou! + OuJ QuF dukdul + Oud dul Quk ol _ Ouwioul duFaul
- Gkl or or or o or )
OuI Ourdu 2 ol uk ol 281#
but since 27— 0, we must have 07— (), so 3) holds. O
uldad BuFom

Corollary 2.2.96. Let 7 be an n-dimensional irreducible Egoroff potential. If n > 2, then

foralli=1,...,n
Proof. We will prove the contrapositive. Let ¢ € {1,...,n} such that

0t

@y
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If n = 2, then
Fr P 0
outdus — (Oui)2

for ¢ # 7, and thus 7 is reducible. If n > 3, then there exists functions f, g such that
7 = fu'+ g with

of dg
out  Out

Now, let j, k € {1,...,n} such that i, j, k are distinct, then

2 3 92T 93T 02T 93T 02T 92T
9 f _ o't _ 1 Outdud Hulduk + OurOuI Oul duk + Outduk dud Ouk
iouF  OuiduiouF or or ot
owour  Ouidul Ou 2 =T o 27
of [ o2f 92 of { 8¢
of o = : = :
8_1,{;8_11]; oud (aujauku + Bufauk Ouk Buﬂauku + 8u38uk
T2 of i i
2 f us U + 8u3 Buku + 8uk

Multiplying both sides by 2f ( auau + 81”) (ﬁui + %) and then differentiating by u’

ouk

twice, we get

2 2
4f 0%f of af_Q(a_f) <8f> iy O%f  Of 8f+2f 0*f of of

oI Our Oud ouk — =\ Qu our OuiOuk Oui Ouk OuiOuk Oud Ouk”

Cancelling alike terms from both sides gives us that 2L2L = 0 and so there exists [ # i

Oud Buk
such that % = 0. Therefore,

0*r _of

ouioul  oul 0,

and so 7 is reducible. O

We have thus shown that Egoroff potentials have some easy to understand properties
when considering equivalences, products and reducibility. The most interesting applica-
tions of Egoroff potentials are when we consider the symmetries of Frobenius manifolds,
which we discussed in Section 2.2.3]

Deﬁnition 2.2.97. Let 7 be an Egoroff potential. We call 7 invertible if it is homogeneous

= 0. If 7: U — C is an invertible Egoroff potential, then the function —% ;

U\ {u | 7'( ) =0} — C is called the inverse of 7.

Notice that every Egoroff potential 7 with charge d # 0, 1 we see that 7 is equivalent
to an invertible Egoroff potential. Also, the inverse of the inverse of an invertible Egoroft

potential 7 is locally equivalent to 7.

Theorem 2.2.98. Let 7 be an invertible Egoroff potential and let M be its Frobenius
manifold. Then, the inverse of T is an Egoroff potential and, moreover, it is the Egoroff

potential of the inversion of M.



CHAPTER 2. BACKGROUND MATERIAL 78

Proof. Checking that the inverse of 7 is an Egoroff potential is an easy calculation exercise.
Let t!, ..., " be normalised flat coordinates of M, then the normalised flat coordinates of

the inversion of M are

T T T

O O L 1

o, tn_

with « # 1, n. Since, these are normalised coordinates, the Egoroff potential is

]

This is a simple way of seeing the symmetry of inversions that we described in Section
[2.2.3] This description also allows us to prove that inversions are equivalence-preserving
transformations for semisimple Frobenius manifolds with charge d # 1, which is difficult
for one to see when considering the description given for inversions using the prepotential,
as shown in Section

Theorem 2.2.99. Let 7 and T be invertible Egoroff potentials with charges d, 57& 1. Then,

7 18 (locally) equivalent to T if and only if the inverse of T is (locally) equivalent to T.

Proof. Suppose 7 is (locally) equivalent to 7, then for some nonzero constants ¢ € C and

a permutation o € S,,, we have that
r(ut, .. ") = AW ™),

Notice that we do not have the addition of a constant, since adding a nonzero constant
to an Egoroff potential with charge d # 1 removes the homogeneous condition that is

necessary for invertibility. Thus, taking the inverse of 7 we see that

1 1 1 1
T AF(ve® L jpe) T 2 T(we@ L pe™) )7

and so the inverse of 7 is (locally) equivalent to the inverse of 7.

Conversely, suppose the inverse of 7 is locally equivalent to the inverse of 7. These
inversions have charges 2 — d, 2 — d # 1 and they are both invertible. Since the inverse of
the inverse of 7 is locally equivalent to 7 for any invertible Egoroff potential 7, the theorem

is proved using the argument in the first part of the proof. n

We now present a general theorem for Egoroff potentials that essentially tells us that
the hope of classifying semisimple Frobenius manifolds by only classifying the irreducibles,

does not reduce the classification.
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Theorem 2.2.100. Let 7 be an invertible Eqoroff potential. If T is reducible, then its

inverse is irreducible.
Proof. Let I C {1,...,n} be a proper, non-empty subset such that

0t B
outou’

for all i € I and all j € I. Let 7 be the inverse of 7 and see that

2= 2 Pr__ 90t o1 Or Ot
o°T _ d ( 1) _ duiow " 261& oul  __ 26uZ ouJ

outows  Outouw’ T T3 T3

Y

this is, by definition, nonzero. Now, suppose there exists a proper, non-empty subset
J C{1,...,n} such that
0°7
oukoul
for all kK € J and all [ ¢ J. Without loss of generality suppose INJ#0,andlet ke INJ
and [ € J, then aa,fgl :Oandsolef Letm&'[,then lam
that m ¢ J. But we also have that - 0T a — # 0 and so m € I. This is a contradiction and

=0,

# 0 and so we must have

so T must be irreducible. O

What Theorem [2.2.100] tells us is that the set of irreducible semisimple Frobenius
manifolds is as complicated as the set of reducible semisimple Frobenius manifolds, and so
is an inadequate property for simplifying the study of semisimple Frobenius manifolds. We
call an invertible Egoroff potential doubly irreducible if itself and its inverse are irreducible.
Similarly, we call a semisimple Frobenius manifold doubly irreducible if it has an Egoroff

potential which is doubly irreducible.

Corollary 2.2.101. Let M be a semisimple Frobenius manifold of charge d # 0,1,2. Then,
there exists doubly irreducible semisimple Frobenius manifolds My, ..., My of charges d or
2—d such that M is locally equivalent to a Frobenius manifold constructed from My, . .., M,
by taking products and inversions a finite number of times. The multiset { M, ..., My} is

unique for M and is preserved under local equivalence.
The second type of symmetry of Frobenius manifolds are the Legendre transformations.

Proposition 2.2.102. Let L be a vector field on a semisimple Frobenius manifold M with
canonical coordinates ut, ..., u™ on an open chart U and Eqgoroff potential . Then, L is a
Legendre vector field if and only if the following conditions hold:
1) Li(u) # 0 at all pointsu € U and for alli=1,...,n
2) We have Z%:Oforalli: 1,...,n
j=1
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3) There exists a constant p € C such that

auj = (p+1)L,

foralli=1,... ,n. We see that p is the degree of L.
4) Foralli, j=1,...,n with i # j we have

oL Gl

— = () - [').

oul 2% ( )

Moreover, the Legendre transformation of a semisimple Frobenius manifold M of charge

d by a Legendre vector field L of degree p is a semisimple Frobenius manifold with Egoroff
potential T with charge d=d— 2 — 2 such that

oT i 20T
out = (L{w) out’

Proof. A Legendre vector field must be invertible which is equivalent to condition 1). A

Legendre vector field has degree u, and thus

", oL , .
Zu] 5 = = (LpL)' + L' = (u+ 1)L,

so a Legendre vector field must satisfy condition 3). Now, by Proposition [2.2.85| the

Christoffel symbols of the metric 7 in the canonical coordinates have the form

: 1 01 01 0t
nre — . R
Lon(w) 20z <5w OuI QuF Ok OuI QuF 53k8ui3uﬂ') ’ (2.2.68)

and so the condition of a Legendre vector field L being covariantly constant with respect

to the metric 7 is equivalent to

. oL oLt o
"Wy L) = M (u) LF = —— 4 220w ([P — [7) =0 2.2.69
( 0, ) o -+ ( ) Ou 259;—1 ( ) ) ( )
for ¢ # j, which is equivalent to condition 4), and
4 oL* 4
("Va L) = 5 + 1T (u) LF = 0. (2.2.70)
u u’L

Combining formulas ) and m we see that

n . . A . " L
> (Vo L) = (W.L) = ("Wie) +[e, L' = 355 =0,

J=1 Jj=1




CHAPTER 2. BACKGROUND MATERIAL 81

which is condition 2).
Now, let 77 be the metric of the Frobenius manifold that is Legendre transformed from
M by Legendre vector field L, then

oT
out

, OT
out’

- ﬁ(aula au’) = n(aul oL, au1 © L) = (Lz(u»Zn(au“ aul) = (Lz(u»

]

Remark 2.2.103. We briefly touched on the concept of a generalised Legendre vector
field in Remark [2.2.23] In the context of Egoroff potentials a generalised Legendre vector
field is a vector field that satisfies conditions 1), 3) and 4) from Proposition [2.2.102]

From this framework it is easy to see that Legendre transformations of semisimple, irre-
ducible Frobenius manifolds are irreducible. Indeed, if we let 7 be an Egoroff potential and

71 be a Legendre transformation of 7 by a Legendre vector field L, then by Propositions

2.2.102 and [2.2.95)

O*rh 0 o OT OL' Ot O*r
- - = N Lz 2—. - 2LZ - - 2 - -
outouw  Oul (( ) 8ul) ol Ou’ (L) outou’
0%t 2 2
ok S 0T o 0T L 0°T
=20 90w ([ — L) =+ (L") o = L' ——— #0
207 ( )au’ (LY outdul dutdu 70,

for any i, j =1,...,n with ¢ # j.

Moreover, one can see that any nonzero flat vector field of a semisimple, irredicible
Frobenius manifold M must be invertible on an open, dense subset of M, and thus if it
is homogeneous with respect to the FEuler vector field, then it is a Legendre vector field.

To see this note that if L is a non-invertible flat vector field, then there exist ¢ such that
Li(u) = 0. Then by condition 4) in Proposition [2.2.102]

01 @r  JLi
I’ Bulguf — 6uzé9u7 (L] _ Lz) _ _— 07
25 25 du!

for all j # i, so L7 = 0 for all j and thus L = 0. We also have the following result.

Proposition 2.2.104. Let L be a Legendre vector field with degree p on a semisimple
Frobenius manifold M with charge d. Define the matriz A to have the entries

9%t
i Outoud [, j
Aj = g =),
Ou?
where T is an Egoroff potential of M and u',...,u™ are canonical coordinates. Then, L is

an eigenvector of A with eigenvalue d — 2(u + 1). Moreover, if M is irreducible, then any
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eigenvalue d — 2(pu + 1) of A has a flat eigenvector which is a Legendre vector field of M
with degree .

Proof. If L is a Legendre vector field of degree 1 on a semisimple Frobenius manifold,
then it must satisfy conditions 2), 3) and 4) from Proposition [2.2.102] By also recalling
conditions 2) and 3) in Definition [2.2.89| of an Egoroff potential, we get

" oL}
Z W ouJ

0% n
, . 4 1 ... d_.
§ 'L u’@u [ [5) — E i K
2 99 J ( - ) <_§Aj J) + 5 ’

ou’ j=1

which is equivalent to the first claim we want to prove.

To prove the second claim, we need to show that A maps flat vector fields to flat vector
fields. Suppose L is a flat vector field on M, then it exactly satisfies conditions 2) and 4)
from Proposition These conditions can be expressed as the relation

OL' ;
ol = (B])k:Lk>
for j =1,...,n, where B; has the entries
0 ifi£ 5 #k#1,
(B = B8 HiFi=k
—aipsifi=jori=k.

We can then see that for ¢ # k, we have

92T 92T
j i i i i i OulduF dutouF
(d1d — 2w B))i = — 2u'(B;)i — 2u™(By)i = 2u 82 Ju oy 82 O
Out Ou’
92T
out
and
_O%r_ .
(d1d — 20/ B;): = d + 2uj327“$ =0= Al
ou’

Now, consider the Euler vector field E. Note that the map adg maps flat vector fields to

flat vector fields, and it can be expressed in canonical coordinates as

oL
ouw’

adp(L)' = v/ —— — L' = v/ (B;)iL* — L.
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Thus, A is a linear combination of adg and Id. Hence, A must map flat vector fields to flat
vector fields and any eigenvalue of A must have a flat eigenvector with that eigenvalue.
Moreover, if M is irreducible, then any nonzero flat eigenvector of A is also invertible.
Thus, the only condition left to show that flat eigenvectors of A are Legendre vector fields,
is to show homogeneity. Suppose L is a flat eigenvector of A with eigenvalue d —2(u + 1),
then

"L ) i i
D uwss =D w(B)LF = S(dld = AL = (u+ 1)L,
Jj=1 j=1

as required. O

This result helps us to study how the charge changes under Legendre transformations
for irreducible semisimple Frobenius manifolds. Since the flat eigenvectors for any eigen-
value of A are Legendre vector fields, we can study the eigenvalues of A to find which

charges can be obtained by Legendre transformations. This gives us the following result:

Proposition 2.2.105. Let M be a semusimple, irreducible Frobenius manifold and let
D = {D;} C C be the set of charges such that M can be Legendre transformed into a
Frobenius manifold with charge D;. Then, D is equal to the spectrum of A. Moreover, if
d € D, then —d € D, and if M is odd-dimensional, then O € D. Furthermore, if M has
real degrees and the charge of M is real, then all elements of D are real and M can be

Legendre transformed into a Frobenius manifold with strictly positive degrees.

Proof. Let M have charge d and let D € D. Then there exists a Legendre vector field L on
M with degree p such that D = d — 2(u + 1). By Proposition L is an eigenvector
of A with eigenvalue d — 2(u + 1), thus D belongs to the spectrum of A.

Conversely, if A has an eigenvalue d —2(p+ 1), then by Proposition there exists
a Legendre vector field L of M with degree p. Let M be the Legendre transformation of
M by the Legendre vector field L. Then by Proposition , M must have charge
d—2(p+ 1), so the spectrum of A is contained in D.

For any permutation o € S,, we define the set

M(o):={ie{l,...,n} | o(i) #1}.

Now, consider the characteristic equation of the matrix A :

n & :
pa(A) =det(A\Id — A) = > " XF N (—1)7 J] 240 (w7 — uf)
k=0 oESy i€M(o)  Oul
|M(o)|=k
_ : n—k (_]‘)U 0t o(i) _ i
=2 D = U G —v)
k=0 ou' jeM(o)

oES,
|M(§)|:k; i€M (o)
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Notice that o and ¢! must have the same sign and M (c~!) = M (o). Moreover,

827 o(i % o 827- o1 %
H m(u()—u):(—l)”‘“)' H W(u Q)
)

€M (o) ieM(o—1

Now, if [M ()| is odd, when we decompose o into disjoint cycles at least one of the cycles
must have odd length, and thus ¢ # o~!. But then, in the characteristic equation, the
terms contributed by o will be exactly cancelled by the terms contributed by o~!. So, the

characteristic equation of A will have the form

L5]
pa(N) = anA"*,
k=0

where aq, € C are constants.

The claims of the proposition now follow naturally. Note that pa(\) is either an
odd polynomial, when M is odd-dimensional, or an even polynomial, when M is even-
dimensional. Hence, if d € D then —d € D. Also, if M is odd-dimensional, then pa()\)
is odd and thus 0 € D. Finally, let us consider the case when M has real degrees and
charge. Let M have degrees dy, ..., d;, meaning that there exists nonzero flat vector fields
L1, ..., L such that

adg(L;) = —d; L.

Since these are flat eigenvectors of adg, they must be flat eigenvectors of A by Proposition
and they have eigenvalues d — 2(—d; + 1) = d + 2(d; — 1). Since the eigenvalues of
A comprise the set D, all elements of D must be real. Let us take the smallest element
D,, € D. We can Legendre transform M to a Frobenius manifold M with charge D,,. The
degrees CZ of M are thus found to be

1
d; = §(Dg(i) — Dio + 2) > 0,
where D; € D and o is some permutation. Thus, M has positive degrees. O

2.2.9 The monodromy group

The monodromy group of a Frobenius manifold is an integral part of the motivation for
the study of algebraic Frobenius manifolds. To define the monodromy group and analyse
some of its properties, we first need to examine monodromy representations of systems
of linear differential equations. The following discussion follows Guzzetti’s explanation of

this topic [30], but we provide a little bit more detail.



CHAPTER 2. BACKGROUND MATERIAL 85

Consider the following system of linear differential equations

ay
— = A(2)Y 2.2.71
= AGy, (2271)
where A is an n X n matrix whose entries are meromorphic functions on C with a finite
number of poles. Let aq, ..., a; denote the poles of A(z) and let zy € C\ {ay,...,ax}. Let
Yo(2) be a solution of equation (2.2.71)) in a small neighbourhood of the point z,. We wish
to examine the analytic continuation of Y along paths in C\ {a4,...,a;}. What we mean

by analytic continuation along a path is expressed in the following definition.

Definition 2.2.106. Let o : [0, 1] — C be a continuous path. For each ¢ € [0, 1], let U,
be an open subset of C such that o(t) € U;. Let f; : Uy — C be an analytic function for
each ¢t € [0, 1] and suppose that there exists §; > 0 such that |s — ¢| < ¢; implies that
o(s) € Uy and fi(z) = fs(z) for all z in a small neighbourhood of the point o(s). Then,

we say that fi is an analytic continuation of fy along the path o.

If f; and f] are both analytic continuations of a function fy along the same path o,
then by analyticity we must have that f; = f{. In general, it is not always possible to
analytically continue a function along any chosen path. However, for solutions of the
differential equations and paths that avoid the poles of A(z), it is possible to

define the analytic continuation of the solutions, as the following Lemma makes clear.

Lemma 2.2.107. Let Yy be a solution of the system of differential equations
defined at some point zg € C\{a,...,ar}. Let o : [0, 1] = C\{ay,...,ar} be a continuous
path such that o(0) = zo. Then, there exists an analytic continuation Y, of Yy along the
path o. Moreover, if o’ : [0, 1] — C\{ay,...,ax} is another continuous path with the same
end points as o such that it is homotopic to o in C\ {ay,...,a;} then Y, =Y, in a small

neighbourhood of the point o(1).

The analytic continuation of Y, along a loop 7 is related to Yy by a constant matrix
transformation since both give solutions to the same system of linear differential equations.

The following lemma gives more precision to this statement.

Lemma 2.2.108. Let ® be a fundamental matriz of the system of linear differential equa-
tions defined in a neighbourhood of some point zy € C\{ay,...,ar}, meaning that
® is an n X n matriz whose columns form a basis for the space of solutions defined in a
neighbourhood of the point zq for (2.2.71). Let~ : [0, 1] = C\{au, ..., ax} be a continuous

loop starting and ending at the point zy. Then, there exists a constant matriz M. such that

o, =M

v v

where the columns of ®, are the analytic continuations of the columns of ® along the loop

Y.
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Since the solutions Y, do not change if we replace v with a homotopically equivalent
loop, Lemma allows us to define a linear representation of the fundamental group
of C\ {a1,...,a;} on the vector space of solutions of the system of equations (2.2.71),
namely the map « +— M,. This map is an anti-homomorphism and we refer to it as the
monodromy representation of the system of equations .

Definition 2.2.109. The monodromy group of (2.2.71)) is defined to be the image of the
monodromy representation 7 +— M, of the system of linear differential equations ([2.2.71)
in GL(n, C).

Notice that since any choice of fundamental matrix ® of the system of equations
is related to another by the transformation & — &®C, where C' is a constant
non-degenerate matrix, the monodromy representation of the system is uniquely
defined up to conjugation by the constant matrices C. Also, note that the fundamental
group of C\ {ay,...,a;} is generated by the loops 71,...,v, that go around the points
ai,...,ag. Let us denote Ry, ..., Ry to be the image of these loops in GL(n, C) under the
monodromy representation.

Now, recall from Subsection that the metric  and intersection form g of a Frobe-

nius manifold M form a flat pencil of metrics on M, meaning that the tensor fields

af __ af

927 = g% — 2

are flat metrics on open dense subsets of M for all z € C. Let x, be a flat coordinate of
g% and define £ : M x C — C as follows:

Oz,
&b 2) =" 55 ). (22.72)

Then, recalling the generalised hypergeometric equation associated to a Frobenius mani-
fold (2.2.44])), we have the following system of equations:

o0& d—1
e = (50 B ) € (22.73)

Recall from Subsection [2.2.7], that for a semisimple Frobenius manifold there exists

canonical coordinates u',...,u"”. In the canonical coordinates we have that E°(u) = u’

and ¢§, = 0 if and only if @ = § = 7. Since we know that i E'YC,(;"B, we see that
92 (Wa(0) = 97 (W) (u) — 26 = P (u)ch (u) — 200 = (u = 2)6. (2.2.74)

Let us define the following matrix:

; ou’
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Note that the inverse matrix W~! has entries

1 ot

() =

Using relation (2.2.74)) we thus see that

(62 ) (V)5 = X O a0 G = 1 2 w0
1ii(w) U— N8 = (4 — 2§
njj(u)( )% = ( )03 (2.2.75)

Similarly, conjugating the expression 775‘5E;§(t)7]m by ¥ and noting that the metric 7 is

diagonal in the canonical coordinates, we get

W (™ Ey(t)ha) (071§ = :77”((1;)) g?; (0% (1) ("V5E)Y (£)a(1)) %

N \ Z;;(Z))nus(“) ("V5E)" (u)ny;(u) = ZZZ((Z))?? (w) ("ViE) (u)nj;(u)

(
=W g By (), (2.2.76)
Mii () Z

Let us define ¢/ := \Iﬂé{ﬁ . Thus, multiplying the system of equations ([2.2.73)) on the left
by the matrix ¥ and substituting in the expression £* = (W~')$¢, we find that, using the

relations ([2.2.75)) and (2.2.76|), we have

i a¢] d—1 i ) j
(u' —2) 0l —— = ( 50+ Vj> ¢’ (2.2.77)
where V' = ’/ZZ((U ("Vo, E) (u). Multiplying both sides by the inverse of the matrix
(ut — Z)éj-, we can rearrange the system of equations (2.2.77)) as

A A ()
0z ui(p) — =

¢’ (2.2.78)

Note that this system of equations is in the same form as the system , with poles
w'(p), thus we can define its monodromy representation. Consider the subset M = {p €
M | ui(p) # w(p),i # j}. If p € M, then the points u'(p) € C are distinct poles of
the equation (2.2.78)). Thus, we define the monodromy representation of a semisimple
Frobenius manifold M to be the monodromy representation of the system at a
point p € M with poles u!(p),...,u"(p) in C.
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Theorem 2.2.110. [16] The monodromy group of the system is independent of
the point p € M.

A proof of this theorem can be found in [16] along with an explanation of what we have
covered so far in this Subsection. Furthermore, one can see that the monodromy group of
the product of two Frobenius manifolds is isomorphic to the product of their respective
monodromy groups. We have so far been following Guzzetti’s explanation of this topic

[30], for the rest of this Subsection, we will be following Dubrovin’s explanation [16].

Definition 2.2.111. [16| Let V' be the space of solutions for the equation (2.2.78)). Then,

we define the following symmetric bilinear form on V' :
(f1, d2) = > _ didh(u'(p) — 2). (2.2.79)
i=1

We will refer to this bilinear form as the half-Stokes form.

Although the definition of this bilinear form can be found in [16], it was not given a
name. We have chosen to call it the half-Stokes form as it has a close relationship with
the Stokes matrix of the Frobenius manifold. Stokes matrices are part of a more detailed
description of the monodromy behaviour of a Frobenius manifold and makes up part of

the monodromy data of a Frobenius manifold.

Proposition 2.2.112. [16] Let M be a semisimple Frobenius manifold with monodromy
group W (M). Then, the half-Stokes form is independent of the point p € M and .

A proof of this proposition can be found in |16]. From now on we will also assume
that the half-Stokes form is non-degenerate. The monodromy group, as we have so far
described it, is a finitely generated group. This description is too broad, but the following

theorem is important as it narrows down what the monodromy group could be.

Theorem 2.2.113. [16| Let M be a semisimple Frobenius manifold with non-degenerate
half-Stokes form. Let Ry,..., R, be the image of the loops v1,...,7v, around the points

ul(p),...,u"(p) under the monodromy representation. Then, each R; is a reflection with

respect to the half-Stokes form .

Thus, the monodromy group of a semisimple Frobenius manifold is a finitely generated
reflection group. We will see in Section that such groups are well understood and when
they are finite a full classification is known [32).

Notice that the canonical coordinates are well-defined only up to permutation, so
different points in M can give the same set of poles {u!,... u"}. One may ask what the
relationship is between the reflections Ry, ..., R, defined at a point p and the reflections

ﬁl, ey én defined at the point p, when they have the same set of poles. To analyse this
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question, we introduce the following action of the fundamental group of M /Sy. Let v be
a continuous loop in M /Sy Then, the loop v can be "lifted" to a continuous path 7 in M

as the following lemma makes precise.

Lemma 2.2.114. Let X be a cover of a connected and locally connected topological space
X with coveringw : X — X. Firx € X and T € X such that (%) = z. Then, for
each continuous loop v : [0, 1] — X with (0) = x, there exists a unique continuous path
3100, 1] = X such that 3(0) = ¥ and w07 = . Moreover, if v : [0, 1] = X is homotopic
to vy, then ' : [0, 1] — X is homotopic to 7.

Let 5 in M be the lift of the loop 7 in M/Sn and let p = 5(0). The maps u’ o7
are continuous paths in C. Let 2y € C such that 2o € {u'(5(¢)) | t € [0, 1], 1 =1,...,n}.
Consider a loop o in C\{u!(p),...,u"(p)} starting and ending at the point zy. Then, there
exists a continuous map ¥ : [0, 1]*> — C such that X(¢, 0) = o(t), 3(t, s) # u'(Y(s))
and X(0, s) = X(1,s) = 2o for all ¢, s € [0, 1]. Since v is a loop, the set of points
{u*(F(1)),...,u"(¥(1))} is equal to the set of points {u'(p),...,u™(p)}, thus the map
%(t, 1) is a continuous loop in C\ {u!(p),...,u"(p)} starting and ending at the point
2p. Moreover, the continuous loop (¢, 1) is uniquely defined up to homotopy. Thus
the fundamental group of M /S, can be thought of as acting on the fundamental group of
C\{u'(p),...,u™(p)} by the map o(t) — (¢, 1). Thus, by the monodromy representation,
the fundamental group of M /Sy, acts on the (local) monodromy group at the point p € M.

Now, the fundamental group of M /Sy, is isomorphic to the braid group B,. The braid
group B,, on n strings is defined as the group generated by the elements o;, t = 1,...,n—1
such that 0,0;0; = 0j0,0; when |i — j| = 1 and 0,0; = 0;0; otherwise. The braid group

has a natural action on W (M)™ as the following definition describes.

Definition 2.2.115. Let G be a group and Bj be the braid group on k strings. Then,

there is a natural action of B, on G¥ where the generator o; € By, acts as

Ui(gla e 905 Git 1y - - ,gk) = ai(gl, e agi+17gﬁr11gi9z'+1, cee ,gk),

where : = 1,...,k — 1. This is known as the Hurwitz action.

Note that the product ¢, - -- g, € G is preserved by the Hurwitz action. These two ac-
tions coincide when we consider the Hurwitz action on the subset of generating reflections,

as the following theorem makes clear.

Theorem 2.2.116. 16| Let W (M) be the monodromy group for a semisimple Frobenius
manifold M and let Ry, ..., R, be the image, under the monodromy representation, of the
loops Vi, .., around the points u'(p),...,u"(p), respectively. Then, the action of the
fundamental group of M /S, on the orbit of (Ry, ..., Ry) € W(M)" is the Hurwitz action
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restricted onto this orbit, where the generators o; are given by the loops in M/Sn whose

lifts 5; into M swap only u'(p) and u(p).

Now, let us consider the monodromy groups of semisimple Frobenius manifolds with
algebraic prepotentials. If a Frobenius manifold M has an algebraic prepotential, then its
structure constants clﬂ(t) must also be algebraic. From theorem (2.2.78)), we know that

the canonical coordinates of M are roots of the characteristic equation
det(g*(t) — u'(t)n™7) = 0.

Since ¢*7(t) = E7(t)c2’(t) is algebraic in the ¢ coordinates, the canonical coordinates u’
must also be algebraic in the t coordinates. A choice of flat coordinates z!,..., 27 of g@*
at a particular point p € M gives rise to a fundamental matrix for the system (2.2.73))
with columns &1, ..., " given by the equations . We then have the corresponding
monodromy matrices My, ..., M, from the monodromy representation of the loops around

the points u!(p),...,u"(p). As we consider a loop o € M/Sn, the set of flat coordinates

1
z):

xl ... 2" changes to a new branch 7!, ... 2" Tt has the associated fundamental matrix
with columnns El, e ,E" and monodromy matrices ]\71, e ,Mn. Since in the algebraic
case there are only finitely many possible branches for Z!,... 2" we have finitely many
possibilities for the corresponding n-tuples of monodromy matrices (]Tfl, cee ]T/[/n) Thus,
the Hurwitz action on these monodromy matrices must have a finite orbit. It is a result
of Michel [41] that if the orbit of a set of reflections by the Hurwitz action is finite, then
the group generated by those elements must be finite. The algebraic Frobenius manifolds
then must have finite monodromy groups. In 2000, Dubrovin and Mazzocco [18] found all
3-dimensional semisimple algebraic Frobenius manifolds using the fact that the Hurwitz
action had finite orbits. They found 5 finite orbits of the Hurwitz action and related each
of these to an algebraic Frobenius manifold, 3 of which were polynomial. We will discuss

their discoveries in more detail in Subsection 3.2.11

2.3 Finite Coxeter groups

Definition 2.3.1. Let V be an n-dimensional real vector space with an inner product

(-,-), and let R C V be a finite subset of nonzero elements that spans V. We call R a root

system if for every pair of elements «, f € R, the vector s,(f3) := f — QEZ gga € R, and if
B = Aa for some A € R, then \ = +1.

Root systems originated in the study of Lie algebras, where they were given the addi-
tional constraint that the constants 2% be integers for all o, 5 € R. If a root system
satisfies this condition we call it crystallographic, in general we will not restrict ourselves

to crystallographic root systems.
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Definition 2.3.2. Let R be a root system in the n-dimensional vector space V' and let
S C R be a set of n vectors such that any element of R can be written as a linear
combination of elements in S with only non-positive or only non-negative coefficients. We

call S a set of simple roots.

Definition 2.3.3. Let R be a root system for an n-dimensional real vector space V. For
each element o € R we can define an invertible linear map s, : V' — V., which we call a

reflection, where

So(x) =2 —2

(@, a)

for all x € V. The finite Cozeter group W for the root system R is the subgroup of GL(V)

generated by the reflections {s, | & € R}. We say that n is the rank of the finite Coxeter
group W. If R is crystallographic, then we call W a Weyl group.

Let S be a set of simple roots of a root system R for the vector space V. The group
generated by the reflections {s, | a € S} is finite Coxeter group W for the root system
R.

Definition 2.3.4. Let R be a root system in a real vector space V and let Vo =V @ C
be the complexification of V. For any o € R, the set of points in V¢ that are orthogonal

to a, namely the set of elements
I, ={veVe| (o v) =0}

is called the mirror or hyperplane associated to the root a.

Example 2.3.5. Let VV = R? with the Euclidean inner product (-, ). Let e; = (1, 0), €5 =
(0, 1) be the standard orthonormal basis of V. Let m € Z>, and define

o (e e ()
R:=qsin| — |ej+cos|— ey
m m

Then, R is a root system. We can choose simple roots in R to be the vectors with £ =0

0§k§2m—1} (2.3.1)

and £ = 1. The finite Coxeter group associated to R is the dihedral group of order 2m.

This group acts on a regular m-gon by rotations and reflections.

Finite Coxeter groups have another formulation in the combinatorial setting, where
Coxeter groups are defined as groups generated by involutions with orders defined for
products of these involutions, and finite Coxeter groups are simply Coxeter groups of
finite size. Moreover, finite Coxeter groups are groups generated by reflections in finite-
dimensional real inner product spaces, and all finite groups that are generated by reflections
in finite-dimensional real inner product spaces are finite Coxeter groups. Also, for any finite
Coxeter group W there exists a root system R such that W is the finite Coxeter group for
R.
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Definition 2.3.6. Let GG be a group, we say that G is reducible if there exists groups H
and K such that G is isomorphic to the product H x K. We say that G is irreducible, if

it is not reducible.

If W is a finite Coxeter group, then its root system is reducible if and only if it can
be expressed as the disjoint union of two root subsystems. The finite irreducible Coxeter
groups have been classified [32] and belong to one of the following families: A, (n >
1), B, (n > 2), D, (n > 4), Es, E7, Es, Fy, Hy, Hy, I5(m) (m > 5), where the subscript
denotes the rank of the Coxeter group. This classification is aided by the use of Dynkin
diagrams, which are graphs that encode data specific to Coxeter groups and allow for the

use of graph theory to deduce the classification.

Definition 2.3.7. Let W be a finite Coxeter group for a root system R, and let S be a

set of simple roots in R. An element ¢ = [] s, is called a Cozeter element of W. The
aesS
order h of Coxeter elements is always the same, and is called the Cozeter number of W.

The Coxeter number h can be quickly computed if the size of the root system R is

known. Namely, if n is the rank of the finite Coxeter group, then h = ‘nﬂ.

Definition 2.3.8. Let W be a finite Coxeter group of rank n. We say that w € W is a

quasi-Cozeter element if there exist reflections t¢4,...,t, such that
w=1ty- -ty

and tq,...,t, generate the whole Coxeter group W.

All Coxeter elements are obviously quasi-Coxeter elements. Quasi-Coxeter elements are
also known as primitive elements of the Coxeter group and have an alternative definition
as elements which do not belong to any subgroups of W which are themselves Coxeter

groups.

Definition 2.3.9. [49] Let W be a finite Coxeter group with complexified reflection rep-
resentation V¢ and root system R. We say that w € W is regular if it has an eigenvector
v € V¢ that is not contained within any of the mirrors of R, meaning that v ¢ I, for all
a € R.

Regularity is a preserved property under conjugation, thus one can speak of regular
conjugacy classes in Coxeter groups. Quasi-Coxeter elements of Coxeter groups can be
regular, indeed the Coxeter elements are always regular and all quasi-Coxeter elements of
Hj are regular. However, not all quasi-Coxeter elements are regular, for example H4 has

11 quasi-Coxeter conjugacy classes of which only 10 are regular.
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Definition 2.3.10. Let W be a finite irreducible Coxeter group of rank n acting on its
reflection representation V' with inner product (-, -) and orthonormal basis ey, ..., e,. Let

Ve =V ®gr C be the complexification of V' and define functions zy,...,x, on V¢ as
rj(v®14+w®i):= (v, )+ i(w, e;), (2.3.2)

for all v, w € V and all j =1,...,n. We call the functions xz1, ..., x,, flat coordinates for

w.

The finite Coxeter group W acts on the set of polynomials C[zy, ..., x,] as follows:

(w-p)(v) =plw™"-v)

where w € W, p € Clxy,...,x,] and v € V¢, where the action of W on V¢ is a C-
linear extension of the action of W on V. We denote the algebra of polynomials which are
invariant under this action as C[zy, ..., z,]" and a set of homogeneous generators of the
w
n]

algebra Clxy, ...,z are called basic tnvariants of W.

Theorem 2.3.11. [32] Let W be a finite irreducible Coxeter group of rank n and let
x1,...,%, be flat coordinates for W, as given in relation . Then, a set of n basic

mvariants yi, ..., Y, exists and we have an algebra isomorphism

~

Clyi, ..., yn] 2 Clay, ..., 2,]".
Moreover, the degrees d¥ of the basic invariants y; do not depend on the choice of the

basic invariants.

When we consider the degrees of the basic invariants, we typically assume that y; has
degree d}/V and that d‘fV > dgV >0 > cl,VLV_1 > d,‘f/ = 2. For the next Lemma, recall the

notation and definitions for the Laplacian and gradient of a smooth function from Section

2.1.0l

Lemma 2.3.12. Let W be a finite irreducible Cozeter group of rank n and let x4, ..., x,
be flat coordinates for W. If p, q € Clzy, ..., z,]", then A(p), A(q) € Clzy, ..., 2, and
(V(p), V(@) € Clzy, ..., )"

Proof. The first claim follows from the invariance of A under orthogonal transformations.

For the second claim, we have

1
(V(p), V(@) = 5 (D) = A)a ~ pA(a) ).
which implies the second statement, since C[xy,...,,]" is an algebra over C. O
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We will use the following statement in Chapter [4] to narrow our search for relations between

the two sets of flat coordinates on some Frobenius manifolds.

Proposition 2.3.13. Let W be a finite irreducible Coxeter group of rank n and let
x1,...,T, be flat coordinates for W. Then, there exists a set of basic invariants Yi,...,Y, €

Clat, ..., 2, such that A(Y,) =1 and A(Y;) =0 forj=1,...,n— 1.

Proof. Let y1,...,yn € Clxy,...,2,]" be a set of basic invariants. Define Y,, as

1 n
Y, = %;xf,

so we have A(Y;,) = 1. Now, it is well-known (see e.g. [23]) that
Clx1, ..., 2z, =Y, Clay, ..., 2, ® H, (2.3.3)

where H = Ker(A) is the vector space of harmonic polynomials. Consider the vector

spaces Vi of homogeneous W-invariant polynomials of degree k£ and the linear maps
A : Span{y;, Y, ‘/d;_/V_Q} — Vd;_zv_Q,

for j = 1,...,n — 1. Since the dimension of the domain is larger than the dimension
of the range, there must be a nontrivial kernel that is not contained in Y, V;i;_/v_2 by
the direct sum decomposition . Let Y; be a nonzero element of this kernel. The
polynomials Y;, 1 < j < n, are homogeneous and each basic invariant y; can be expressed
as a polynomial in Y}, thus Y; generate Clay, ..., z,]"" and we have that A(Y;) = 0 for all
7 <n-—1. O

2.4 Lie algebras

In this section we go over some concepts involving Lie algebras that we will use in Sub-
section to construct algebraic Frobenius manifolds. This includes constructing local
Poisson brackets on semisimple Lie algebras and reducing these onto a suitable affine

subspace, which we call a Slodowy slice.

Definition 2.4.1. Let g be a Lie algebra, then we define the Killing form of g to be the

bilinear form (-, -) defined as
(x, y) = Trace(ad, o ad,),

where z, y € g.
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The Killing form is a useful tool for Lie algebras and has some nice properties. For

example, it is always symmetric and has the so-called invariance property:

<[Z‘, y], Z> = <.T7 [yv Z]>7

for all z, y, z € g. Moreover, the Killing form is non-degenerate if and only if g is semisim-
ple, and any symmetric bilinear form with the invariance property on a simple Lie algebra

is some scalar multiple of the Killing form.

Definition 2.4.2. Let g be a semisimple Lie algebra, then there exists a root system R
which we can associate to g. This is always a crystallographic root system, and the Coxeter

group W (R) is called the Weyl group of the Lie algebra g.

The existence of the root system requires the existence of Cartan subalgebras, which
we will not prove here. The decomposition of a semisimple Lie algebra into its simple
components also decomposes its Weyl group into a product of irreducible Weyl groups.
Thus, the simple Lie algebras can be classified much like the irreducible Weyl groups
and belong to one of the following families: A, (n > 1), B,(n > 2), Cp,(n > 3), D,(n >
4), Eg, Er, Eg, Fy and Gy, where the subscripts denote the rank of their Weyl groups and
we note that C), has the same Weyl group as B,, for all n > 3. The rank of a simple Lie
algebra is the same as the rank of its Weyl group.

Definition 2.4.3. Let g be a Lie algebra, and z € g. We say that x is nilpotent if there
exists n € Z~q such that
ad; (y) =0,

for all y € g.
The following theorem is known as the Jacobson-Morozov theorem.

Theorem 2.4.4. Let e € g be a nilpotent element of a semisimple Lie algebra g. Then,
there exists elements f,h € g such that

le, fl=h, [h,e]=2e, [h, f]=-2Ff. (2.4.1)

We call any set of elements {e, f, h} in a Lie algebra that satisfy the relations ([2.4.1)),
an slo-triple. What the Jacobson-Morozov theorem states is that any nilpotent element of

a semisimple Lie algebra can be extended to an sly-triple.
Proposition 2.4.5. Let g be a semisimple Lie algebra, and let {e, f, h} C g be an sl,-
triple, then we can decompose g into integer eigenspaces of ady, :

[e.o]

9= @gk,

k=—o00
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where g, = {x € g | [h, x] = kzx}.

Our choice of the elements f and h in an sly-triple containing e are conjugate to one
another via some element in the centraliser of e. The properties of the eigenspaces of ad,
that we are interested in are unchanged by conjugation, and thus do not depend on our
choice of f and h.

Definition 2.4.6. Let {e, f, h} be an sly-triple inside of a semisimple Lie algebra g, we
say that e is distinguished if dim(go) = dim(gs).

Proposition 2.4.7. Let {e, f, h} be an sly-triple inside of a semisimple Lie algebra g
such that e is distinguished. Then, g, = {0} for all odd k € Z.

Suppose we have an slo-triple {e, f, h} such that e is a distinguished nilpotent element.
Let us denote 7, € Z such that the maximum eigenvalue of ady, is 27, so ga,. # 0, but

gr = 0 for all £ > 2n,.

Definition 2.4.8. Let g be a simple Lie algebra of rank r, and let {e, f, h} be an sl-
triple in g. We say that e is regular if dim(gy) = 7, and we say that e is subreqular if
dim(go) = r + 2.

Distinguished nilpotent elements of simple Lie algebras will be used in Section [3.2.2]
to construct algebraic Frobenius manifolds. The regular nilpotent elements will corre-
spond to polynomial Frobenius manifolds, while the subregular elements will allow for the
construction of non-polynomial algebraic Frobenius manifolds. Every simple Lie algebra

contains not only a regular nilpotent element but also a subregular nilpotent element [4].

Definition 2.4.9. Let g be a semisimple Lie algebra and let z € g. We say that x is
semisimple if the linear map ad, : g — g is diagonalisable. Furthermore, let {e, f, h} C g
be an sly-triple, we say that e is of semisimple type if there exists an element K; € g,

such that e + K is a semisimple element of g.

A nilpotent, regular element of a simple Lie algebra can be shown to also be a distin-
guished element of semisimple type. If g is a Lie algebra, and = € g is arbitrary, then we

can denote the centraliser of z in g as g*. By definition, we have that g* = ker(ad,).

Definition 2.4.10. Let e be a nilpotent element of semisimple type and let K; € g_s,,
such that h’ = e + K is a semisimple element of g. The opposite Cartan subalgebra is the

subalgebra b’ := g"'.

As the name suggests, an opposite Cartan subalgebra is a Cartan subalgebra of the
Lie algebra g, meaning that it is a nilpotent subalgebra such that if [X, Y] € b’ for all
X ebh, thenY €p'.
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Definition 2.4.11. Let {e, f, h} be an sly-triple inside of a semisimple Lie algebra g. The
set
S=etg' ={reg|lr—e f]=0}

is called a Slodowy slice.

2.4.1 Poisson structure on Slodowy slices

Let g be a finite-dimensional semisimple Lie algebra over C with Killing form (-, - ). Then,

g is a complex manifold and we can define Poisson structures on it. Let &!,...,£" be a
basis of g and let x!,..., 2" be coordinates on g defined as:

z'(z) = (&, z), (2.4.2)
for each i = 1,...,n. The non-degeneracy of the Killing form means that these do indeed

define coordinates on g.

Lemma 2.4.12. Let f € C*(g), then the map Vf :g — g defined as

_Of
Vi) = o)
satisfies the relation
d
S| rar )= 5@, ), (243)
t=0
forall z, y € g.
Proof. We have that
d _of d _of d, . _of i
o f@tty) = e (@ +ty)— 2"z + ty) = o (& +ty) (€ w+ty) = D (z +ty)(€', v),
and so relation obviously follows. O

We define the following Poisson brackets on C*°(g) :

{f, g¥i(@) =(Vf(2), [Vg(z), K]), (2.4.4)
{f, g}s(x) =(V[(x), [Vg(=), x]), (2.4.5)

where K € g is a constant element of the Lie algebra. The first Poisson bracket is called
the constant Lie-Poisson bracket and the second Poisson bracket is called the standard

Lie-Poisson bracket.

Lemma 2.4.13. Let I € F(g) be a local functional, then the map 01 : L(g) — L(g)
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defined as

satisfies the following relation

d

Fla@rte) =5 [ 6100). wls) ds (2.4.6)

for all ¢, ¢ € L(g).

Proof. We have that

2w

d d 1
Tl +tp) =2 i P(¢+tp)(s)ds

1 [N 0P

d ;.
“ o )y > o (@ te)(s) a6 + o) (s) ds
7=0

1 [N oP d &

o ), < i (@ +19)(8) 2 T (@ ((s) + tp(s))) ds

1 [T~ 0P & d
=5 | 2 g @+ 1)) g g € 9ls) + 1)) ds
=0

1 [ 9P d

=5 |2 G 0+ o) T € () ds

= 2(—1)]%%@(8) +10(3) (€1, 9(5)) ds,

and so relation (2.4.6) follows. O

We define the following Poisson brackets on F(g) :

" Bh(6) =5 [ (00, 15h(6(5), K1) ds, (2.4.7)
" Thal0) =5 [ Gh60), BL(0), o)) + b)) ds. (248)

where K € g is the same constant element that we choose in the definition of the constant
Lie-Poisson bracket {-,-}{. One can check that these are actually local Poisson brackets

on g, and so we can decompose them into their graded homogeneous parts.

Proposition 2.4.14. We have that

90 (s1), 27 (s2) Y = {af, 27}9(51)6(s1 — s2), (2.4.9)
xi(sy), 2 (s2) )y " = {ah, 27}5(51)0(s1 — s0), (2.4.10)
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where {-,- } is the constant Lie-Poisson bracket and {-,-}5 is the standard Lie-Poisson
bracket.

Proof. We see that

Wal(sy), 22 (s0) 11 = (€, [€7, K])O(s1 — s2),
(1), @/ (s2) 2 = ek (s1)8(s1 = 52) + (€1, €1)00) (51 — s0),

where [¢7, ] = ¢¢*. And thus,

o' (s1), 27 (s2) ) (@) = (€, [0, K])o(s1 — s2) = {a', 27}$((51))0(s1 — s2),

a'(s1), 27 (52) 15 (@) =/ 2¥(6(1))0(s1 — 52) = (6", 6(1))0(s1 — 52)
=([¢", &, p(51))0(s1 — 52) = (€7, [€7, B(s51)])0(51 — 52)

={a', 27}5(¢(51))d(s1 — 59),

for all ¢ € L(M), which completes the proof. O

Let N be a closed submanifold of M. Suppose { -, }* is a Poisson bracket on M and

we want to restrict this to a Poisson bracket {-,-}* on N, meaning that

{f‘Na g‘N}N = {f7 g}M|N7

for all f, g € C*°(M). In general, Poisson brackets cannot be restricted onto submanifolds
since we may have that {f, g}"|v # 0 but f|y = 0. However, it is possible for some
Poisson brackets, and so one way of attacking this problem is to alter the Poisson bracket
into one which can be restricted without issue. One method of doing so is called Dirac
reduction. Let u',... u™ be coordinates on M such that u!,...,u" are coordinates on N

and
N={meM|u(m)=--=u"(m) =0}

Suppose the Poisson bracket on M has the form
o, W}V = o,

for some a/ € C*°(M). Then, if the minor matrix (a*’) i1, s invertible on N, we let
5qp be its inverse on V. We can extend s,z to all of M by ensurmg that s,s is independent

of the coordinates u™*!, ... u™. Then, we define the Dirac reduction of {-,- }* to be

n

{u', W YN (m) = a¥(m) = Y a"(m)sas(m)a” (m),

a,f=r+1
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for all m € M. We can then restrict this onto N to get the Dirac reduction of { -, - }* onto
N which we will denote simply as { -, - }*V. To see that this is indeed able to be restricted
to N, note that fory=r+1,...,n

n

{w, WM N(z) =a¥(x) = Y a(2)sap(x)a” (2)
a,f=r+1

=a"(z) — Z 52&,@3‘ (z) = a¥(x) —a"(z) =0,

B=r+1

for all x € N.
Suppose now we have a local Poisson bracket {- -} on M. We can do a similar
procedure to acquire a local Poisson bracket on a closed submanifold N, which we also

call a Dirac reduction. Suppose the local Poisson bracket on M has the form
M (s1), u!(s2)} = A7 (s51)0(s1 — 52),

where AY = Z ay jkk ,with @/ € C(M). If we assume that the minor matrix (A*P) 7

is invertible on N we let S,s be this inverse matrix on N. We can extend S,s to all of

+1

M by ensuring that S,z is independent of the coordinates ™", u" and their derivatives.

Then we define the Dirac reduction of the local Poisson bracket to be

MN L (s1), u (s9)} := (A” (s1) Z Are( sl)Sag(sl)Aﬂj(sl)> d(s1 — s2).

a, f=r+1

This local Poisson bracket can then be restricted to N without issue, and we denote this

restriction as V{ -, -}, which we refer to as the Dirac reduction of ®{ - -} onto N.

Proposition 2.4.15. Let M{- -} be a local Poisson bracket on a complex manifold M.

Suppose in the graded decomposition of the local Poisson bracket, we have

MIut(sy), v (s) YT = h(51)8(s1 — s2), (2.4.11)
My (s1), u? (52) Y = (51)6D (51 — 89) + T ()3 W (51)0(s1 — 85),  (2.4.12)

where h¥, n", ”Fg € C®(M). Let N be a closed submanifold of M defined by the equations

ut = ... =" = 0. Then the Dirac reduction of the local Poisson bracket onto N has a

graded decomposition where

Niul(s1), u (s2) 7Y =R (51)(s1 — s2),
N{u'(s1), W (s2) 1 =777 (51)0W (51 — 82) + T (51)2" V) (51)0(51 — 82).
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Let 545 be the inverse of the minor matric (haﬁ)aﬁzrﬂ . which we assume to be non-

degenerate on N. We then have that

B = hiT — s, gh,
77‘7 :nij — niasaﬁhﬂj + hiasagnmsmgh‘sj — hw‘sagnﬂj,
TP =T i ahB g BT s shP — Bis 0 T

— N *sap1hP — nmsagh;ﬁ,g + hi%s,5n" 7556 h% 4 hio‘saﬁnmsvghfg,
where summation over the greek letters o, B, v,  happens only over the ranger—+1,...,n.

We notice immediately that ¥ {z(s;), 27(sp)} 71 = {2%, 27}V (51)6(s1—s2) and if h'® =

Oforalli=1,...,randa=r+1,...,n, then
- R, [ =, 771";3' — ?71"?7

foralli, j, k=1,... r.
On the Slodowy slice S we define the Poisson brackets {-,-}{ and {-,-}5 by doing
Dirac reductions on the constant Lie-Poisson bracket and standard Lie-Poisson bracket,

respectively. Also, we do a Dirac reduction on the two local Poisson brackets from g onto
S to get S{ R }1 and S{ ER }2'

Proposition 2.4.16. [7] Let M{- -}, and M{-,-}5 be a pair of compatible local Poisson
brackets on a complex manifold M and let N be a closed submanifold of M. Then, the

Dirac reduction of these local Poisson brackets onto N are compatible.

Since the local Poisson brackets on g are compatible, their Dirac reductions onto S are
also compatible, by the above proposition. Also, by Lemma the Dirac reduction of
the Poisson brackets are equal to the [—1] part of the local Poisson brackets and these are

also compatible.



Chapter 3

Specific classes of Frobenius manifolds

3.1 Polynomial Frobenius manifolds

We will let W be a finite irreducible Coxeter group of rank n and let V' be its reflection
representation, with V¢ being the complexification of V. Let x!,..., 2" be flat coordinates
for W and let 3!, ..., y" be basic invariants for .

Definition 3.1.1. The space of orbits or orbit space of W is defined to be the space Vi /W.

W

The W-invariant polynomials in the algebra C[z', ..., 2"]"" can be considered as functions

on the space of orbits of W.

The orbit space for a finite irreducible Coxeter group W is a complex manifold which

is diffeomorphic to C".

Definition 3.1.2. Let M be a space of orbits for W, and let 7 : Vo — M be the natural
projection map. We define the discriminant locus of M to be the subset > C M where
Si={pe M| |77 ()| < W},
The inner product on V' can be used to define a flat metric on V¢ given by

(axi, 81,J> = 5zg

This metric is W-invariant and can be pushed forward (using the projection map 7) onto
an open dense subset of the space of orbits. The basic invariants of W define a coordinate

system on any open chart of M.
Definition 3.1.3. We define the intersection form to be the rank (2, 0) tensor field g**

on M given in the y coordinates by

"L Oy Oy”
— Ox' Oz’

9*%(y) = (dy*, dy’) = (3.1.1)

102
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for each o, 3 =1,...,n.

Note that the right hand side of formula is a well-defined function on M, since
by Lemmal[2.3.12]it is W-invariant and furthermore, it is polynomial in the flat coordinates
xl, ..., 2" for W. Also, it can be shown that the discriminant locus ¥ can be equivalently
defined as the set of points where the intersection form ¢*° is degenerate. On M \ ¥ the

intersection form ¢ is a flat metric.

Theorem 3.1.4. [47|, |13, Lecture 4| There exists basic invariants t',... t" defined on
M such that the matriz

«a af
N (t) = (Lo, 9)" (1)
18 constant and non-degenerate.

This flat metric 7%° is known as the Saito metric, and the basic invariants ¢!,..., ",

which are flat coordinates for the Saito metric, are called Saito coordinates.

Theorem 3.1.5. |13, Lecture 4| Let h be the Cozeter number of W. Then, the rank (2, 0)
tensor fields n°? and g*® form a reqular, quasihomogeneous flat pencil of metrics of degree

d= % on M with FEuler vector field

1< :
E(t) = - > d oy,
=1

unity vector field e = 0, and Egoroff potential T(t) = mt®, where t = (t',... ") are the

Saito coordinates.

From this theorem, it is clear that M \ X is a Frobenius manifold using Theorem [2.2.51],
we call these Frobenius manifolds Coxeter orbit spaces. It can be shown that Coxeter orbit
spaces are semisimple Frobenius manifolds and that their prepotentials are polynomial in

the ¢ coordinates.

Example 3.1.6. |13, Lecture 4] Let m € Z>, and recall the root system R in Example
given in formula (2.3.1). The finite Coxeter group W associated to R is a dihedral
group of order 2m and has Coxeter number h = m. Let o', 2 be the flat coordinates for

W and consider basic invariants ¢!, t* given by
th= (2" +iz®)" + (2! — iz®)™, t? =

These are coordinates on the space of orbits M = C?/I, and the intersection form in

gaﬂ(t) — ((Qm)m+1(t2)m_1 tl ) .

¢! 242
m

these coordinates is
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Moreover one can check that these are Saito coordinates. The Saito metric n® and
the intersection form ¢g®° are thus both flat metrics on M \ ¥, and can be shown to
form a regular, quasihomogeneous flat pencil of metrics of degree d = mT_Q on M. This

quasihomogeneous flat pencil of metrics has Euler vector field
1 2
E(t) :t atl + —t atQ,
m

unity vector field e = 9,1 and Egoroff potential 7(¢) = ¢2. The Frobenius manifold M \ ¥

has charge d = ™=2. The prepotential F of this Frobenius manifold is polynomial in the

m

Saito coordinates and has the form

nw:%wfﬁ+

(2m)m+t

2=

The next theorem gives a partial result in the converse direction to Theorem [3.1.5]

Theorem 3.1.7. [31] Let M be a semisimple Frobenius manifold with metric n and Euler
vector field E. Suppose there exists flat coordinates t = (t',... t") for the metric n such
that

E(t) =) dit'dy,
=1

with d; € Rso and there ezists p € M such that t(p) = 0. Then, M uniquely decomposes

into a product of Cozeter orbit spaces, each with the same Coxeter number.

What we see from this theorem is that any semisimple polynomial Frobenius manifold
with positive degrees is the product of Coxeter orbit spaces. However, loosening the
retriction on the degrees, we are still unclear on what the situation is with semisimple

polynomial Frobenius manifolds in general.

3.2 Algebraic Frobenius manifolds

The next case to consider beyond polynomial prepotentials could plausibly be the algebraic
prepotentials. Indeed, these were some of the first cases to be studied after the polynomial
case was considered.

In [18], Dubrovin and Mazzocco found algebraic Frobenius manifolds that could be
associated to the Coxeter group Hs and the explicit prepotentials were found for these
in [35] by Kato, Mano and Sekiguchi. An explanation of their existence was given by
Dubrovin in 18|, who explained that their monodromy groups were finite, and one should
expect that algebraic Frobenius manifolds would have finite monodromy groups. Moreover,
one could associate each of these Frobenius manifolds to a quasi-Coxeter conjugacy class
of Hs. Recall by Definition that a quasi-Coxeter element is one that can be written
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as the product of n reflections, where n is the rank of the Coxeter group such that the
reflections also generate the Coxeter group.

It was conjectured by Dinar in [7] that the algebraic Frobenius manifolds (with pos-
itive degrees) should be in correspondence with the quasi-Coxeter conjugacy classes of
Coxeter groups, which would in turn be the monodromy groups of the algebraic Frobenius

manifolds. Dinar attributes this conjecture to Dubrovin, and it is partially discussed in

[1g].

Conjecture 3.2.1. [7| The irreducible, semisimple Frobenius manifolds with algebraic
prepotentials and positive degrees are in one-to-one correspondence with the quasi-Cozeter

congugacy classes of finite irreducible Coxeter groups.

In [43|, Pavlyk presented a general method for constructing algebraic Frobenius man-
ifolds that could be associated to quasi-Coxeter conjugacy classes, and in |7|] Dinar gave
an alternative method for doing so, which was later shown to be equivalent to Pavlyk’s
method by Dinar in [7]. These however, were limited to the Weyl groups and only in
the case of regular quasi-Coxeter conjugacy classes (see Definition . The authors
also gave particular values for the degrees of the corresponding Frobenius manifolds which
depended solely on the properties of the quasi-Coxeter elements considered.

Using this as inspiration, Douvropoulos conjectured [12] what the degrees should be
for a conjecturally existing Frobenius manifold associated with a regular quasi-Coxeter
conjugacy class in a finite irreducible Coxeter group. He also gave a combinatorial inter-
pretation for finding the algebraic degree of the prepotentials [12|. This was then used
in |48] by Sekiguchi to construct explicit algebraic prepotentials for Eg, E; and Hy. In
the case of H, there are 9 regular quasi-Coxeter (non-Coxeter) conjugacy classes. The
corresponding Frobenius manifolds are denoted as Hy(k), where k =1, 2, 3, 4,6, 7, 8,9
and 10 (see [48]). Sekiguchi found prepotentials for 7 out of these 9 cases.

We will present below some of these developments of the algebraic case, as well as some
information concerning the often omitted two-dimensional case. From the two-dimensional
case we will be able to narrow the conjecture, as we believe that the charge of the algebraic

Frobenius manifold would need to also be non-negative for it to hold.

3.2.1 Dubrovin-Mazzocco’s 3-dimensional algebraic Frobenius man-
ifolds

The first non-rational examples of algebraic Frobenius manifolds were found by Dubrovin
and Mazzocco in 2000 [18]. They utilised algebraic solutions of the Painlevé VI equation
to construct Frobenius manifolds. Prepotentials of these Frobenius manifolds were later

found by Kato, Mano and Sekiguchi [35] (see also Remark 6.1 for an earlier work).
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The Painlevé equations are nonlinear second-order differential equations of the form

Py y
@ =R (.CI?, Y, %) )

where R is some rational function and whose solutions have the Painlevé property, meaning
that the movable singularities of y must be poles. Painlevé found that, up to certain
transformations, these could be classified into 50 canonical forms (see [33| for a list of
these forms). Moreover, he found that solutions of 44 of these forms could be expressed
using previously known functions, leaving 6 equations whose solutions required new special
functions. These six equations are known as the Painlevé equations and their solutions

are known as Painlevé transcendents. These equations have the following forms:

oy

Painlevél : 92 =6y° +z,
92
PainlevéIl : G_xz =23 + 2y + o,
Oy 1 [/oy\° 1oy 1 §
Pl /III:—:— —_ - < 2 3 e
amleve 6.’13'2 Y (ax) xax+x(ay +B)+’7y +y>
?y 1 [oy\® 3
Painlevé IV : 8_xz =— (a—i> + §y3 + 4ay® 4+ 2(2* — o)y + g’
Py 1 dy 10y  (y—1)° B
Painlevé V : A =
armieve 022 ( Yy — 1) (83:) x 0x + x? oY+ Y
+1
o +5y(y ).
y—1

<

Oy 1/1 1 1 oy\> (1 1 1\ dy
Painl ,VII—:— — _ _— - — — _J
Ve Ox? 2(y+y—1+y—t) (81’) (w+$—1+y—x)8:p

yly— Dy — =) T z—1 z(z —1)
M CESE (“%2“@—1)2”@—@2)’

where «, 3, v, § € C are constants. Although general solutions of the Painlevé equations

cannot be expressed using classically known functions, for special values of the constants
a, B, 7, 0, there may be solutions which can be expressed using previously known func-
tions. In [18], Dubrovin and Mazzocco were interested in classifying the algebraic solutions

of the Painlevé VI equation with the following constraints:

2% — 1)?2 1
a:%, B=v=0, 5=, (3.2.1)

where p € C with 2u ¢ Z. Let y be a solution of the Painlevé VI equation with con-
straints (3.2.1). Then, following the digression in Lecture 5 of |16, we can construct a

3-dimensional semisimple Frobenius manifold in the following way. Define the following
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functions
ud — ul
Q(ulau27u3) _ul + (U’2 - ul)y (U2 ul) )
1[P(u?) , (u®—u 1
1,2 .3y . — / .
p(u’u7u)‘ 2|:P(q)y 'U/2—u1 q_u3 9
where

ol q—u

Using these functions, we then construct a 3x 3 matrix ¥ whose entries satisfy the following

conditions
. ui —q .
\Ijl \IJ’L — . ¥
ut —q

\Iji 2 _ ' % 2

( 1) 4M4P/(U,l)€lQ (U) )
2 e —q)

g 2 _ RS v

( 3) P,(uz) )
Wy = (V105 — Wuy),
W5 = (W0 — Uy ),
Wy = (W05 — Wi,

where € = 417 and

Q) = Pl + 2 D8 g+ 20 = (),

for i =1, 2, 3. Now, we will construct a Frobenius manifold M such that the coordinates

3

ul,u?, u? are canonical coordinates of M and the matrix ¥ has entries

) ou’
Wy, = v/ nii(u) .

ot
where 7 is the flat metric on M and t!,#%,#3 are flat coordinates of . To do this, note
that ‘gT“f = 1 for any semisimple Frobenius manifold, thus we must have the following
relationship between the flat coordinates of 1 and the canonical coordinates:

out !

[e]

ot Wi




CHAPTER 3. SPECIFIC CLASSES OF FROBENIUS MANIFOLDS 108

ot~
B

coordinates in terms of the u coordinates. We can then define the third order derivatives

Inverting this matrix to get the Jacobian one can then find expressions for the ¢

of the prepotential of M using the formula

s (1)
can(t) =2 Wi (a(?)

It is then a simple matter of checking the necessary conditions to see that this does define
the structure of a Frobenius manifold.

If our solution y of the Painlevé VI equation is algebraic, then all of the functions
that we have constructed are also algebraic. This includes any functions that are defined
as anti-derivatives, where the condition that 2u ¢ Z is necessary to show that the anti-
derivatives of algebraic functions that we construct are also algebraic. Thus, algebraic
solutions of the Painlevé VI equation with constraints give rise to 3-dimensional
algebraic semisimple Frobenius manifolds.

Conversely, if one starts with a 3-dimensional algebraic semisimple Frobenius manifold
with charge d # 0, then it is possible to reverse this construction to get a solution of the
Painlevé VI equation with constraints (3.2.1)).

In [18], Dubrovin and Mazzocco found five algebraic solutions for the Painlevé VI
equation with constraints . Three of the solutions they found correspond to the
Az, B3z and Hj polynomial Frobenius manifolds. That left two extra solutions which had

relations to Hy and so were labelled as (H3)' and (H3)”. Their prepotentials are

1 1 7 17 2 64
Fiagy () =5 (183 + t5ts) — 1875421 721#"”24 105t3Z7 gtgzllo - %213

1 4063 19 73 11 16
Flugy(t) =5 (t5t1 + tst]) + Tmtg + 135t5Z2 27t3Z4 5 —1325 — oh —Z3,

where Z; and Z, satisfy the following algebraic equations

Zt+t3Z) +ty =0,
Z3+ty— 15 = 0.

Recall from Subsection [2.2.9)that for algebraic prepotentials, the Hurwitz action on the
generating reflections of the monodromy group has a finite orbit. Michel [41] proved that if
a tuple of reflections has a finite orbit under the Hurwitz action, then the group generated
by those reflections must itself be finite. Thus, the monodromy group for an algebraic
Frobenius manifold must be finite. Now, the product of the tuple of reflections is preserved
under the Hurwitz action, and these reflections generate the monodromy group, so their
product is a quasi-Coxeter element of the monodromy group. Moreover, this element is

conjugate to the product of any cyclic permutations of the generating reflections, but
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not conjugate generally to the product of any permutation of the reflections. Thus, an
algebraic Frobenius manifold can be associated to, possibly multiple, conjugacy classes of
quasi-Coxeter elements in a finite Coxeter group. This general argument, along with the
particular treatment for the n = 3 case that Dubrovin and Mazzocco investigated gives

rise to the following conjecture (first presented in [7]).

Conjecture 3.2.2. The irreducible, semisimple Frobenius manifolds with algebraic pre-
potentials and positive degrees have a correspondence with the quasi-Coxeter conjugacy

classes of finite, irreducible Cozeter groups.

The correspondence is one-to-one, even though multiple conjugacy classes could be
associated to the same set of generating reflections. As we will see there have not been
any examples of algebraic Frobenius manifolds being associated to more than one quasi-
Coxeter conjugacy class. Much of the research on algebraic prepotentials of semisimple

Frobenius manifolds has been motivated by this conjecture.

3.2.2 Dinar’s construction

In this subsection, we will show how to construct a family of algebraic Frobenius manifolds
using a method explained by Dinar, first in 7] and then in [10]. A similar method was
used earlier by Pavlyk in [43]| to construct algebraic Frobenius manifolds. We choose to
follow Dinar’s construction rather than Pavlyk’s, as we feel it is much simpler and both
constructions give rise to the same Frobenius manifolds.

Let e be a distinguished nilpotent element of semisimple type in a simple Lie algebra g
(see Section [2.4). Let {e, f, h} be an sly-triple in g and let 7, € Z be such that 27, is the
maximum eigenvalue of ady. Let K; € g_o,, such that i’ = e+ K is a semisimple element
of g. Recall from Section that we refer to b’ = g as the opposite Cartan subalgebra.

Definition 3.2.3. Let S = e + g/ be a Slodowy slice. The set of common equilibrium
points N is defined to be the set

N={zeS|gnS=g"" NS}

Note from this definition that N C g, since x € g* for any = € g.
Theorem 3.2.4. [10] N has dimension equal to the rank of g.

In order to prove this, it is necessary to introduce special coordinates on the Slodowy
slice and then restrict onto the set of common equilibrium points. We will not show this
here, but an explanation can be found in [10]. We can define a pair of compatible local
Poisson brackets “{-,-}1, {+, - }» as shown in Subsection 2.4.1 We perform a Dirac re-
duction of these local Poisson brackets onto N and doing so gives us the pair of compatible

local Poisson brackets ¥{ -, - }; and V{-,- },.
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Proposition 3.2.5. |7| The pair V{-,-}1 and V{ -, }o are well-defined and dispersionless.

Furthermore their dispersionless limits are non-degenerate and linearly independent.

The fact that this pair of local Poisson brackets is well-defined and dispersionless comes

from the definition of the special coordinates on S.

Proposition 3.2.6. |7| The local Poisson brackets N{ -, - }[10] and N { - O form a bihamil-

tonian structure on N.

By Proposition the Dirac reduction of compatible local Poisson brackets remain
compatible on the submanifold to which we restrict. So, ¥{-,-}; and ¥{- -}, are com-
patible local Poisson brackets on V. Since, these are compatible on N, and by Proposition
they are dispersionless, any nonzero linear combination is also a disperionless local
Poisson bracket on N. By Lemma the dispersionless limit of any dispersionless
local Poisson bracket is also local Poisson bracket, so any nonzero linear combination of
N O and ¥ {" }[20} is a local Poisson bracket on N. By Proposition m these are
non-degenerate local Poisson brackets of hydrodynamic type and they are also linearly

independent, so they are compatible, thus Proposition [3.2.6] obviously follows.

Theorem 3.2.7. 10| The local Poisson brackets N{ -, [10] and N{ - }[20} form a regular,
quasihomogeneous bihamiltonian structure of degree Z:: on the space of common equilib-

rium points N. Thus, we have a Frobenius structure on N.

Let us define the map

i > %) " ad?
w = 6777'+1adh’ ey Z —h
-+ 1 n!

n=0

Observe that w(h') = e%h’, where h' = e + K. Indeed,

./ 2m \"e ~—/-2m \"K,
w(€+K1) = Z (nr _'_ 1) m —|— Z (m’)’h,) H = enr+1 (€_|_K1)

More generally, w can be shown to act on the opposite Cartan subalgebra, meaning that
w(h’) C . Let r be the rank of g, so i’ is r-dimensional. Let n,...,n,_1 (together with
) be natural numbers such that et are eigenvalues of w acting on §’. Since w is an
action on a Cartan subalgebra of g, it can be interpreted as an element of the Weyl group
W(g), up to conjugation. We can thus associate each Frobenius manifold constructed
in this way with a conjugacy class of the appropriate Weyl group. In particular, these
are conjugacy classes of quasi-Coxeter elements and they are unique for each Frobenius

manifold.

Theorem 3.2.8. 10| The Frobenius structure on N has an algebraic prepotential with

7'_1 z+1
charge ﬂ—m —1 and degrees ﬂ—m T
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The first prepotential to be found explicitly using this method, was done by Pavlyk
in his original paper [43|, where he found the prepotential for Ds(a;). Dinar then used
this construction to find the prepotential for Fy(as) in [7], and later also for Dy(a;) in [9).

Dinar also gave an explicit prepotential for Eg(a,) in [§].

Theorem 3.2.9. [20] Let e be a reqular, nilpotent element of a simple Lie algebra g. Then
the resulting Frobenius manifold that one constructs on the space of common equilibrium
points N wusing this method has a polynomial prepotential and is equivalent to the Coxeter

orbit space of the Weyl group of g.

3.2.3 Sekiguchi’s prepotentials

In this subsection, we will go over how some 4-dimensional algebraic prepotentials were
found by Sekiguchi, using data from quasi-Coxeter elements of H4 provided by Douvropou-
los.

In the earlier version of [48|, Sekiguchi found two algebraic prepotentials related to
Weyl groups Eg and E7, and six algebraic prepotentials related to the Coxeter group Hy,
a seventh algebraic prepotential related to H, was found by Sekiguchi in 2023 and can be
found in the latest version of [48] online. These were all found using a brute force method,
whereby the degrees and algebraic degree of the prepotential were conjectured to have
particular values and then prepotentials were found through a computer search.

The conjectured degrees of these Frobenius manifolds were put forward by Douvropou-
los in [12| and are determined as follows. For a regular quasi-Coxeter element w with
eigenvalues eful , there exists a regular element wy € W such that w is conjugate to w)
for some [ € N, |w| = |wp| and the eigenvalues of wy have the form efut (4 Y where dy’
are the fundamental degrees of W, assuming [ is the smallest such positive integer. Then,

the degrees d; of the corresponding Frobenius manifolds were conjectured to be

ﬁj
J |U)|’ ( )

where 7); is the remainder of 7; +{ modulo |w|, which is assumed to be between 1 and |w].
The algebraic degree of these Frobenius manifolds also have a combinatorial interpretation
given in [12]. For a quasi-Coxeter element w, let Fi¢4(w) be the number of length n

reflection factorisations of w. That is,
Ft(w) = [{(t1, .- ta) ER™ | w=1t1...ta}],

where R is the set of reflections in W. Douvropolous then gives the following Proposition.

Proposition 3.2.10. [12] Let w be a regular quasi-Cozxeter element in a finite Coxeter
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group W of rank n. Then, there exists a positive integer 0., such that

o
Fipt) = 15,

el

=1

where c@ is the remainder of d} modulo |w|, which is assumed to be between 1 and |w).

Moreover, when w is a Cozeter element, o, = 1.

The positive integer ¢, is interpreted to be the algebraic degree of the associated
prepotential for the quasi-Coxeter element w. Although this is only a conjecture, for all
algebraic prepotentials that have been found thus far, this appears to hold true.

If we assume that our metric is anti-diagonal, then we can also fix the charge of
our prepotential, and thus, using the conjectured degrees and algebraic degree, one can
construct a general quasi-homogeneous function. If we impose that the WDVV equations
must hold, then by brute force one can find the prepotentials associated to each regular
quasi-Coxeter conjugacy class of Hy.

In the case of H, there are 11 quasi-Coxeter conjugacy classes which we denote by H,(k)
with k£ =0, ..., 10, where Hy(0) is the conjugacy class for the Coxeter element of Hy. Out
of the remaining 10 quasi-Coxeter conjugacy classes, Sekiguchi found prepotentials for 7 of
them. The corresponding Frobenius manifolds are denoted Hy(k) with k=1, 2,3, 4,6, 7
and 9 [48]. The two regular quasi-Coxeter conjugacy classes for which no prepotential
has yet been found are denoted as H,(8) and H,(10). For the non-regular quasi-Coxeter
conjugacy class Hy(5) there is currently no evidence for the existence of Frobenius manifold

which can be related to this quasi-Coxeter conjugacy class.

3.2.4 Two-dimensional examples

Recall from Example that, up to equivalence, prepotentials for two-dimensional

(semisimple) algebraic Frobenius manifolds have the following form [13]:

1
F = 51&%752 + cth (3.2.3)

where k € Q\ {—1,0,1} and ¢ € C is a nonzero constant. The degrees of the Frobenius
manifold are d; = 1 and dy, = %, and the charge is d = %

Now, let w be a quasi-Coxeter element in the dihedral group I(m). It must be the
product of two reflections that generate I5(m). Hence w = C!, where C is a Coxeter element
of I(m) and (m, I) = 1. The eigenvalues of w are e= ', We can assume 1 < | < 5 as
the elements w = C!, 1 <[ < % give representatives for all the quasi-Coxeter conjugacy

classes. Then the smallest positive integer r such that w is conjugate to C" is r = [. Thus,
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the degrees of the Frobenius manifold, using prescription (3.2.2)) and following [12], are
21
dy = 17 dy = >
m

since 71 = m — I, ny = [ and |w| = m. From the general form of a prepotential of
an algebraic two-dimensional Frobenius manifold, we see that k£ = 7 and thus
F= %t%tz +otg

and this has charge d = %2[ Note that when [ = 1 we get the polynomial two-dimensional
Frobenius manifolds.

Note that in the above analysis we relate an algebraic Frobenius manifold with
a conjugacy class of a quasi-Coxeter element in a dihedral group provided that k£ > 2.
Two-dimensional Frobenius manifolds with 0 < k£ < 2 have positive degrees but a relation
to quasi-Coxeter elements seems unclear in this range. Based on the above considerations
it seems not possible to relate these cases to a quasi-Coxeter conjugacy class of a suitable
dihedral group. Note that the charge d < 0 in this case, whereas d > 0 when k£ > 2. The
general conjecture on the relation of algebraic Frobenius manifolds with quasi-Coxeter ele-
ments in 7] assumes that the degrees are positive. A possible way to exclude the examples
(3.2.3) with 0 < k& < 2 is to impose an additional assumption to the conjecture that the
charge d > 0. For k < 0 the Frobenius manifolds with prepotential have dy < 0, and
so are not considered in the conjecture. Also, the data obtained by Douvropoulos for the
degrees of algebraic Frobenius manifolds |12 associated to quasi-Coxeter conjugacy classes
assumes that the quasi-Coxeter conjugacy class is regular. There are currently no known
examples of algebraic Frobenius manifolds that have been associated with non-regular

quasi-Coxeter conjugacy classes. Thus, we propose to modify the Dubrovin conjecture
for algebraic Frobenius manifolds to read as follows:

Conjecture 3.2.11. Irreducible, semisimple algebraic Frobenius manifolds with positive
degrees and non-negative charge have a one-to-one correspondence with reqular quasi-

Coxeter conjugacy classes in finite irreducible Coxeter groups.



Chapter 4

Flat coordinates of algebraic Frobenius

manifolds

In this chapter, we will be looking specifically at the algebraic Frobenius manifolds of
dimensions 2, 3 and 4. Their prepotentials can be written as polynomials in the flat coor-
dinates of the metric ¢, ..., " and Z, which is some algebraic function in the ¢ coordinates.
We wish to find relations between the flat coordinates ¢!, ..., t" of the metric and the flat
coordinates x!,..., 2" of the intersection form. To do so, we will make use of the basic
invariants of the associated Coxeter groups y',...,y", and to help make the search for

relations easier we will use the following proposition:

Proposition 4.0.1. Let M be a Frobenius manifold with flat coordinates t*, ... t" for the
metric and Fuler vector field E such that

E(t) =Y datad,,. (4.0.1)
a=1
Let g be the intersection form with flat coordinates ', ..., x" such that
g7 (z) = 6. (4.0.2)

For a function f € C*(M), we have

O*f o~ Of
awom T A )5

A(f) = g™ (1) (4.0.3)

where ci}ﬁ are the cotangent structure constants and A(f) :==>"", (gjiJ;Q. Furthermore,

At = (% + di) i (t),

where we sum over the index A and i =1,...,n is fived.

114
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Proof. We know that the intersection form in the ¢ coordinates can be calculated as

ott ot ott ot

gU(t> — g ( )axa 833/3 — %% (404)

So, we have

_ii af ot, _i 0*f ot 8t#+8fc92t,,

n = Or, \Ot,0x, /) = ot,ot, 0z Ox, — Ot, 022 )
which gives the equality (4.0.3] - by formula (4.0.4]). By the transformation law for Christof-
fel symbols given in relation and the fact that gfZ o () =0, we see that

6 t)\ (9 t>\ 6% 61&
Alt) = — Z d0z2 0Oty Ox,,
825 ot,, 0x, Ot; , ot, Ot,
_ _9TV H _gm
Z low 8xa Oz, Ot, c%zu Fou(t) Z 0%y, 0%y

We also have

92(2) g0k (2) = (97 900)(2) — g2 (2)g0j (2) = 0% — 92 (2) 9 (2) = —gik (2)gas(2). (4.0.5)

Using equations (4.0.4) and (4.0.5) we get that

1

AH) = = g (0T 0) = 50705 (1) (9rai0 (1) + Grret) — Gra (1)
= (g2 Oalt) + 9 (D2 0)gr (1) — 95 (1) (g (1)
= 3(0) — 305 (g (g (0). (106)

By relation (2.2.19)) we can rearrange equation (4.0.6)) as

1

At:) = (B () (8)x = 5 (B (e (£)ng " (8) oo (1)

=B (t)c;) (t) + E"()ep(t) — % (B () + B (1) fia (1) 9™ () gow (t)-

From relations we see that ck l(t) = cf.jk(t), since 7 is constant in the ¢ coordinates,

hence

A(t;) = ER(t)c) (t) + B* (), (t) — % (EL()2 () + E* () S (1) 97 () gow ()



CHAPTER 4. FLAT COORDINATES 116
By relation the Lie derivative of the tensor field czj has the form

(Lue)i (1) = BN () = EX(0)e (8) — BAGEN1) + ER(0 (1),
Therefore

A(t:) = (L)1) + B, (A () + ER(D)e (1)

1 W w o %
~ 5 ((Lpe)$2(t) + Eg(H)A7(8) + ES ) (1) 97 (1) gow(t)-
Note that
gi)\gkucg\u _ gikz‘i)\ _ i/\z,;k _ giAgAuCLM _ C]];. (407)

By relations (2.2.9)) and (4.0.7)) we have that

At) = (d = DeE) + ELOG (0 + EAO (1)
— 5 (= D) + EL(OE(0) + B0 (0) 9 (1))
= (d = D) + ELOE ) + ELO
d—1 , 1 . i Lo in
) - SELO () - SEL ()

= 2 C)\)\<t) + E,u(t)cl)fk(t)

The statement follows by formula (4.0.1]). O

Suppose we can write the prepotential F' of a Frobenius manifold M as a polynomial

F(t,Z) in the t coordinates and Z, where Z satisfies an equation of the form

P(t;Z) =Y a(t)Z" =0, (4.0.8)
k=0
where ay € Clty, ..., t,], such Frobenius manifolds are called algebraic. We say that an

algebraic Frobenius manifold M is associated to the Cozeter group W if there exist basic
invariants 1, ..., ¥y, in the flat coordinates z1, ..., x, of the intersection form ¢g which are
simultaneously polynomial in ¢,...,t, and Z. All of the examples of Frobenius manifolds
which we consider below are associated to Coxeter groups.

We will sometimes need to consider the ¢ coordinates and Z as independent variables
(see e.g. Propositionbelow). In such cases, for a rational function f of n+1 variables,
we will write f¥'(¢, Z) instead of f(t, 7).

Now, for each algebraic Frobenius manifold, their charges d are known and d # 1 in
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all cases we consider. It is known [13] that for d # 1 we have

1—d{~ ,
" T x5
i=1
We also know that the Euler vector field F is diagonal in each case, so we have degt;(z) =
%’ for all 7, where d; are the degrees of the Frobenius manifolds. The general method for

finding basic invariants as polynomials y;(t, Z) below will go through the following steps:

1) Set y, = Y i a7 = %dtn. Choose ¥, ..., Yn—1 S0 that yq,...,y, form a set of basic

invariants for a finite irreducible Coxeter group W.

2) Let Yi,...,Y,, be a set of basic invariants such that A(Y,) = 1 and A(Y;) =0
for y = 1,...,n — 1, which exist by Proposition [2.3.13. Each Y; can be expressed as a

polynomial in vy, ..., y,. In particular, Y, = %yn

3) Let V; be the vector space of polynomials in ¢;, ..., ¢, and Z which are homogenous

in the x coordinates of degree d}’v. Find the harmonic elements of V; using Proposition
4.0.1), for j=1,...,n—1.

4) Equate Y; = Y;(y) with a general harmonic element of V;. Rearrange these equations
to find each y; as a polynomial in ¢;,...,?, and Z up to some coefficients to be found.

This can be done successively for j =n —1,n—2,...,1.

5) Find the intersection form ¢ in the y coordinates by the formula ¢“ (y) = (V(v;), V(y;)),
and express the entries as polynomials in the y coordinates, which can be done by Lemma
2.3.12| Substitute the expressions for y;(¢, Z) into these entries, so we have g% (y(t)).

6) Calculate the components ¢”/(y(t)) of the intersection form ¢ in the y coordinates
by performing a change of coordinates y = y(t) on the intersection form g*(t) given by

formula (2.2.19)):
0y 0y;
oty 0t

97 (y(t)) = g™(t)

Here, the derivatives gi’;’ are found via their expressions in the ¢ coordinates and Z which

still contain some coefficients to be found.

7) We equate the two expressions for g (y(¢)) from steps 5) and 6), and find the values
for the remaining coefficients, which is possible in all the examples we consider. Thus we
get basic invariants y; expressed as polynomials in ¢; and Z. Note that the polynomials

we find may not be unique if the Coxeter graph of W has non-trivial symmetries.

One may alternatively try to skip steps 2) and 4), but this increases the difficulty of

the calculations needed to equate the two expressions for g (y(t)).

Proposition 4.0.2. Let e = €'(y)9,, be the unity vector field of an algebraic Frobenius
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manifold associated to W with prepotential F(t,Z). Then e'(y) € C[t,Z] for each i =

1,...,n.
Proof. We know that e = 0;,. Hence

iy e Oui Oy OyF oyf oz
¢'(y)=e (t)ata =5 = o T oz on e C[t, Z]

since g—i = 0 by relation (4.0.8]). n

Proposition 4.0.3. Let g be the intersection form of an algebraic Frobenius manifold

associated to W with root system Ry,. Then

c Il (e, 2)

det(9(t)) =~ qar 777

where J = <gi/’:) s the Jacobi matriz and ¢ € C.
i/ ij=1

Proof. 1t follows from [32] that

det(g™(y) =c [] (o 2)

aERwy

for some ¢ € C. From relation (4.0.4)), we see that

c I (e, 2)

> = det (g™ (y))det (J71)* = Cfivt—JP

on o1,
Oy ayu

det(g"(t)) = det (9/\“(3/)

]

Just as in Section [3.2] we will look at the two-dimensional case first, then we will look
at the two Hj cases, then Dy(a1) and Fj(as) and finally we will consider most of the Hy
cases, Hy(k), for k =1,2,3,4 and 7.

The only known examples of algebraic Frobenius manifolds in dimensions 3 and 4
which we do not deal with are H4(6) and Hy(9). Our method does not work for these
examples, as we cannot find expressions for the basic invariants of H4 as polynomials of
the ¢ coordinates and Z. The prepotential for H4(9) is expressed as a rational function
in the ¢ coordinates and the variable Z, rather than as a polynomial. As a result, the
entries of the intersection form ¢g*?(t) for H4(9) cannot be expressed as polynomials in the
t coordinates and Z. For H,(6), although the prepotential is expressable as a polynomial
in the ¢ coordinates and the variable Z, the entries of the intersection form ¢®’(t) are
not polynomial in the ¢ coordinates and Z. In all of the other cases that we consider,

the entries of the intersection form are polynomials of the ¢ coordinates and the variable
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Z. This suggests that the main reason why our method does not work for the H4(6) and
H4(9) cases is because of these entries in their intersection forms which are not polynomial

in the ¢ coordinates and the variable Z.

4.1 Two-dimensional algebraic Frobenius manifolds

Let us explain the relation between the two sets of flat coordinates for two-dimensional
algebraic Frobenius manifolds. Prepotentials for two-dimensional (semisimple) algebraic

Frobenius manifolds have the following form [13]:

1
F = 51&{752 + cth (4.1.1)
where k € Q\ {—1,0,1} and ¢ € C is a nonzero constant. The degrees of the Frobenius
manifold are d; = 1 and dy = %, and the charge is d = % Let x1, x5 be flat coordinates
of the intersection form. Then we have the relations
x% + x%

4.1.2
s (112)

t1=a [(z1 4 iz2)" + (21 — iza)*], to =
where a? = %2,;11) One can check that these relations are correct similarly to the poly-
nomial case k € N considered in [13].

Let k = 5 where m, I € Z\ {0} with m and [ coprime and m > 0. We showed in
Subsection how one can associate such a two-dimensional algebraic prepotential to
a quasi-Coxeter element of Iy(m) when 1 < [ < 2. The Coxeter group I5(m) has basic
invariants

2 2
_ A

y1 = (x1 +ix9)™ + (27 — ix2)™, Yo (4.1.3)

2m
The following proposition shows how we can express these basic invariants in terms of the

flat coordinates of the metric 7.

Proposition 4.1.1. Let t1, ty be given by the formulas and yy, yo be basic invari-
ants of Is(m) given by the formulas . Then we can express the basic invariants

Y1, Yo in terms of ty, ty in the following form:

! 1
4c(m2—12) T de(m2—12) , ™
_ Rt + - - 2 41
A1 2% 2, ) Y2 I ) sbe
2_
where a® = 2(02(:)k+11).

Proof. Using the substitutions k = 7, 2 = 1 +ixy and Z = x; — ixo, formulas (4.1.2) and
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(4.1.3) can be expressed as

_m ZZ m o —m ZZ
+zZ1), t2:l—m, y=z2"+z", ygz%.

It is obvious that y, = tTQ Proving the expression for y; in terms of ¢; and ¢5 can also be
seen fairly easily. Indeed,

m
l

(2 B e c(F-1)  mr-p)
l 2k k+1

k o ml
and so
t] — dm >t2l =a’ (zQT + 221771 +22T> —4a? (22 — ) 2TzT
ml [ 2m
:a2(227m —22%2% —|-227m> :a2<zT —_%)2 :az(zk zk’)2
Therefore,

]

Formulas may be thought of as inverse relations to formulas , where
we replace flat coordinates zy, x5 with basic invariants given by . Note also that
Proposition holds for any choice of m including the case when m = 1. This is a
kind of degenerate case where the Coxeter group I5(1) is isomorphic to the Coxeter group
Aj, which is of lower rank. The functions y; and gy, are still invariant under the A;

transformations xy — —xo, but the x; coordinate is "free" in this case.

4.2 Algebraic Frobenius manifolds related to Hj

There are two non-polynomial algebraic Frobenius manifolds which we can be associated to
Hj, both found by Dubrovin and Mazzocco [18]. Prepotentials of these three dimensional

Frobenius manifolds were given explicitly by Kato, Mano and Sekiguchi [35] (see also
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Remark 6.1 in [35]). Let Ry, be the following root system for Hj:

‘ 1 _
Ry, = {:I:ei | 1< < 3} U {5 (:l:eg(l) + Pes(2) + (peg(g)) ‘J € 913} ,

where

1+5 _ 1-+5
=—5 =g
and 23 is the alternating group on 3 elements. Let us introduce the following basic
invariants for Hy (cf. [47]):

¥

Y1 = 95ez€3 — 326%€5 — Herea + 265¢, + 3\/5562, (4.2.1)
y2 = V50 + €165 — 1les, (4.2.2)
ys =ei, (4.2.3)

where

€ =7 + x5 + 23, (4.2.4)
€y = 1375 + 2373 + 1573, (4.2.5)
€3 = 137573, (4.2.6)
6 = (2% — a2)(a? — ad)(d — 23). (4.2.7)
The basic invariants v, y2, y3 have degrees 10, 6, 2, respectively.
Lemma 4.2.1. (c¢f. [47]) The intersection form g% (y) takes the form
30y5 + 3633 + 8y1ys 2845ys + Byays 20u
97 (y) = 28y3ys + 8Y2y3 8yi + 8yays 12y,
20y1 12y2 4y3
Consider another set of basic invariants for Hs given by
9 10
Yi=y1 — =Yy — —=V5 4.2.8
1=U 17y293 1873/35 ( )
2
Yo =yo — ﬁygu (4.2.9)
1
Yy = cus. (4.2.10)

The following statement can be checked directly.

Lemma 4.2.2. We have A(Y3) =1 and A(Y1) = A(Ys) = 0.



CHAPTER 4. FLAT COORDINATES 122

4.2.1 (H;3) example

The prepotential for (Hs)' is

1 1 7 17 2 64
Ft) = = (t112 + t2t3) — —t27 — —t374 — — 27" — Z4, 710 — — 713
(*) 2(12+13> 1837 72" 105 3 97 5857
where
Pty ts3, Z) = Z* + 132 + 1ty = 0. (4.2.11)

The Euler vector field is A 5
E(t) = tl(‘?tl + gt28t2 + 5t38t3,

the unity vector field is e(t) = 9,,, and the charge is d = 2. The intersection form ([2.2.19)
is then given by

& (16t Z2° +19tats — M3Z) 220227 + 1323 +13) 1

O = L2622+ +12%) i+ EZ(Bt+3t2) i |- (4.2.12)

(SN

t %tQ %ts

We have that degty(z) = %, degta(x) = §, degts(z) = 2 and deg Z(z) = 2.

Proposition 4.2.3. Let Vi = {p € Clty,ta,t3, 7] | degp(x) = 10} and let Vo = {p €
Clt1,ta, t3, Z] | degp(x) = 6}. The harmonic elements of Vi are proportional to

2244000t — 628320t ,t37% — 1168530t 1tot5 — 583440t otz 2> + 151470t1t3 7
176894485t 5 + 4069125 73 — 31187212157 + 4308Ttots Z% 4 3200015 + 371035327,

and the harmonic elements of Vo are proportional to
1260ty — 224t27 — 154tqt3 2% — 80t5 — 35t22°.

Proof. Using Proposition we can directly calculate

Alty) = %22, (4.2.13)
Alty) = — %Z, (4.2.14)
Alts) = % (4.2.15)

A general element of V; is of the form

alt:f—kagt%th + CL3t§t3Z2 + a4t1t322 -+ a5t1t2t§ + a6t1t2t323 —+ CL7t1t§Z
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+a8t§’t3 + a,gthS + alot%th + a11t2t§Z2 + algtg -+ a13t§Z3, (4216)

where a; € C. By calculating the Laplacian of this general element (4.2.16) using Propo-
sition and formulas (4.2.13)—(4.2.15) we find that the only harmonic elements of V}

are as claimed. A general element of V5 has the form

bitity + bot1tsZ + bsts Z + bytots Z2 + bsts + bt3 Z°, (4.2.17)

where b; € C. By calculating the Laplacian of this general element (4.2.17]) using Propos-
tion and formulas (4.2.13)—(4.2.15)) we find that the only harmonic elements of V;

are as claimed. ]

Theorem 4.2.4. We have the following relations

128000
19683
+411263t5 4 217613 Z° — 217615652 — 119t2t52% + 20085 4+ 119652%) ,  (4.2.18)
3200

729
20
Ys = Ets- (4.2.20)

= (1200087 — 3360¢1t52° — 3390t 1tat5 — 3120t tot3 Z° + 8101152

ys = (180t1ts — 3257 — 22tat32° — 5t — 5t32°) (4.2.19)

Proof. Note that Y3 = ys = t3. We now equate Y; and Y5 given by relations (4.2.8)-
(4.2.10) with general harmonic elements of V; and V5, respectively, given by Proposition
{.2.3] We then rearrange these equations to find y; in terms of ¢; and Z. We find

25600000 5 a

= 2244000t] — 628320t 1t52% — 1168530ttt
Y= g1 5t 583400 ! 12 14283
— 583440t tyt3 2% + 151470t 157 + 768944t5ts + 406912t5 7>
— 31187265157 + 43087tyt3 Z* + 32000t5 + 37103t32°)
80b
—jjgﬂ%”hh 224157 — 154t9t37* — 80t5 — 35t22°), (4.2.21)
16000 , b
yy_5m,@ BJH&MQ—QMQZ—1M@QT—8%§—%@Z% (4.2.22)
20
Y3 = gt?n (4.2.23)

where a,b € C. In order to find a and b we perform steps 5-7 from the introduction of
Chapter . That is, we transform the intersection form (4.2.12)) into y coordinates by
applying formulas (4.2.21)-(4.2.23) and compare it with the expression given by Lemma

4.2.1] We find that o = 1332000 and p = — 1880 which implies the statement. O

Proposition 4.2.5. The derivatives ggj € Clty, ta, t3, Z].
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Proof. We have P(t,Z) = 0 by relation (4.2.11)). Hence

_op _opt oPfoz
o, oty 9Z Oty

Therefore

oprr
8Z o 6tj
t.  OPF”
0t; oz

We thus have that
F r 0P

ot, o, 0z &

(4.2.24)

The first term is polynomial in ¢,%s,t3 and Z. The polynomial P is irreducible over
Clt1, 2, t3] and thus % is invertible in the field C(ty, 1o, t3)[Z]/(PT), where C(t,ts,t3) is
the field of rational functions in t;,; and t3. Hence the second term in equality
can be represented as an element of the ring C(ty, t2,t3)[Z], when we reduce it modulo P*

as a polynomial in Z. It can be checked that it is a polynomial in ¢y, ¢, and . O]

Proposition 4.2.6. We have that

c I (o, )

det(9”(1) = g gy

where ¢ = —3%6.5 and

Q(t, Z) = 2°-57 (24000¢7 — 10208t5t5 + 540t1tot; + (2484¢515 + 540t,t5 — 9600t;t2) Z
+ (3360t1t5 — 3600t5t; — 189tat5) 2% + (720t tats — 454485 — 81t3) Z°) .

By Proposition 4.0.3 we need only find det (g%) . It can be calculated by Theorem [4.2.4]
which leads to Proposition [4.2.6]

In the next statement we express flat coordinates ¢; via basic invariants y; and Z, which

is an inversion of the formulas from Theorem [4.2.4]

Theorem 4.2.7. We have the following relations:

1 9 6 273 3
=~ 355007 2075 1 33) (102400Z” + 20160y32° + 1080y5 Z° + 729y2 + 54y3) , (4.2.25)
Z
h=-o; (2023 + 3ys) , (4.2.26)
3
t3 = %yg, (4227)

where Z satisfies the equation

2295llz27 + 227335103/3Z24 + 2223458151 y3221 + 2183457 (227219 yg) _ 33y2) Z18
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+ 2133555 (60089 y5 — 2%3°11 yoys3) Z'° + 2193757 (522.11-19-41 9 — 33263 yoy3 + 2237y ) 2"
+ 293757 (2%3%3 + 392193 + 3%19-41 yoy3 + 5°2-4987y3) Z? + 29375 (37 y3y3 + 22359113
+2°3%23 yoys + 225°53 y5) Z° + 22310 (305 43y3 + 2°3Ty1y3 + 2233131 yoyl — 22577 45) Z°

+ 3% (3% + 372 y5y5 + 223" yay§ + 2%y3) =0, (4.2.28)

and y; are given by relations ~[4-2.7).

Proof. Formula (4.2.27)) follows immediately from Theorem [4.2.4] and formula (4.2.26]

follows from relation (4.2.11f). Substituting the relations (4.2.26f) and (4.2.27)) into formula
(4.2.19) we get the expression (4.2.25)). Finally, substituting relations (4.2.25)—(4.2.27))

into formula (4.2.18)) we get the formula (4.2.28]). O

Proposition 4.2.8. The unity vector field e = 0y, in the y coordinates has the form

~ 64000 1280000

Ttgaw + oot (1200¢7 — 112652% — 113tot; — 104tat3Z° + 27t3) 9,

e(y)

Proof. We have that

Yo
=0, = =90
€ t1 8t1 You?
which gives the statement by applying the relations from Theorem O
4.2.2 (H3)" example
The prepotential for (Hj)” is
1 4063 19 73 11 16
F(t) == (Bt +tst]) + ——th + ——t37° — —t37  + —t;32° — —77
(1) = 5 (6t +tat) & G a b 5627 = 7+ ghaZ = 3577,
where
Pl(to,t3,7) = 2% +ty — 15 = 0. (4.2.29)

The Euler vector field is 5 .
E(t) == tlﬁtl + gtgatQ + §t3(9t3,

the unity vector field is e(t) = 9,,, and the charge is d = %. The intersection form ([2.2.19)
is then given by

515 (5851313 + 3240tat3 + 445615 — 3242 (t3 — Ttot? + 6t1)) —5-(33t3 + 4tat3 (182 — 13t3) — 72t3(Z + t3))

g7 (t) = — o5 (3313 + 4tat3(18Z — 13ts) — T23(Z + t3) t1— Ztots + 5243 + 4Z(t2 — 13) 2ty
t1 %tg %tg
(4.2.30)

We have that degt,(z) = 6, degta(z) =4, degts(z) = 2 and deg Z(x) = 2.
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Proposition 4.2.9. Let Vi = {p € Clt1,ta,t3,Z] | degp(z) = 10} and let Vo = {p €
Clty,ta,t3, Z] | degp(x) = 6}. The harmonic elements of Vi are proportional to

25245t 1ty + 22275t 2 — 16830t3t3 — 20196137 + 21890tot3 + 40392t9t2Z — 104196t5 — 201963 Z,
and the harmonic elements of Vo are proportional to
1891 + 630tyts + 400t3.

Proof. Using Proposition we can directly calculate

Alty) = — 237(3:%2 — 26t2 + 54t3.7), (4.2.31)
1

A(ty) = 5(9Z — 11t3), (4.2.32)

Alts) = % (4.2.33)

A general element of V; is of the form
a1t1t2 + agtltg -+ agtlth -+ a4t§t3 + CL51€Z + GGtth + (J/ﬂfgth -+ Clgtg + agth, (4234)

where a; € C. By calculating the Laplacian of this general element (4.2.34]) using Propo-
sition and formulas (4.2.31)—(4.2.33)) we find that the only harmonic elements of V}

are as claimed. A general element of V5, has the form

bity + botots + bty Z + byts + bstiZ, (4.2.35)

where b; € C. By calculating the Laplacian of this general element (4.2.35|) using Propos-
tion and formulas (4.2.31))(4.2.33) we find that the only harmonic elements of V5

are as claimed. O

Theorem 4.2.10. We have the following relations

Y = % (135t1t5 + 405t t5 — 90t5ts — 10852 + 1070t,13

+216t5152 + 2292t5 — 108t57) (4.2.36)
Yy = g (27t1 + 90tat5 + 160t3) (4.2.37)
ys = 12t3. (4.2.38)

Proof. Note that Y3 = gy3 = 2t3. We now equate Y; and Y3 given by relations (4.2.8)-
(4.2.10) with general harmonic elements of V} and V5, respectively, given by Proposition



CHAPTER 4. FLAT COORDINATES 127

{.2.9 We then rearrange these equations to find y; in terms of ¢; and Z. We find

1990656 a
t5 25245t 1ty + 22275t 1t — 16830t5t3 — 20196157

v =75+ o300 th 13 2'3 2

+ 21890t ,t5 4 40392t5t2 7 — 10419615 — 20196t57)

81b

+ 4—25t2(189t1 + 630tyt3 + 40083), (4.2.39)

1152 b
Yo = Tt?’ 00 —— (189t + 630tat3 + 400t3), (4.2.40)
ys = 12ts, (4.2.41)

where a,b € C. In order to find a and b we perform steps 5-7 from the introduction of
Chapter . That is, we transform the intersection form (4.2.30]) into y coordinates by
applying formulas (4.2.39)-(4.2.41)) and compare it with the expression given by Lemma

4.2.1] We find that a = 2% and b = %2, which implies the statement. O

Proposition 4.2.11. The derivatives ayl € Clty, ta, t3, Z].

Proof is similar to the one for Proposition
Proposition 4.2.12. We have that

c GI;[ (o, )
den(g (1) = 5

where ¢ = —2.5° and

Q(t, Z) = 3% (565 + 126tats — 27t1 + 54(to — 13)Z) .

By Proposition 4.0.3| we need only find det <8yl> . It can be calculated Theorem |4.2.10
which leads to Proposition [4.2.12]

In the next statement we express flat coordinates ¢; via basic invariants y; and Z, which

U

is an inversion of the formulas from Theorem [4.2.10]

Theorem 4.2.13. We have the following relations:

t 108 2513 + 129615 2> 4.2.42
1= 53353 (108y, — 25y5 + 1296y327) , ( )
_ 1 2 2
1
tg = Eyg, (4244)

where Z satisfies the equation

311042° + 12960 7%y + (900y, — 360y5) Z + (25y1 — 25y9y3 + 2y3) =0,  (4.2.45)
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and y; are given by relations ~[4-2.7).

Proof. Formula (4.2.44]) follows immediately from Theorem [4.2.10, and formula (|4.2.43))

follows from relation (4.2.29). Substituting the relations (4.2.43]) and (4.2.44]) into formula
(4.2.37) we get the expression (4.2.42)). Finally, substituting relations (4.2.42))—(4.2.44])

into formula (4.2.36]) we get the formula (4.2.45)). O]

Proposition 4.2.14. The unity vector field e = 0y, in the y coordinates has the form

216 7776
e(y) = ?83/2 + T (tz + 3?5%) ayl.
Proof. We have that
o, = g
e = = —
t1 atl Yar
which gives the statement by applying the relations from Theorem [4.2.10] O]

4.3 Algebraic Frobenius manifold related to D,

The D4(a;) Frobenius manifold has been described by Pavlyk [43| and Dinar |7], with a
prepotential given explicitly by Pavlyk. It is a four dimensional Frobenius manifold which
can be associated to the Coxeter group Dy, it is denoted with the conjugacy class a; in

the Coxeter group Dy |3|. The prepotential for Dy(ay) is

192 TE3t2 3ty tatd  tatity  tat?  tat? A
F(t) = 4 4“3 Y4 3 3 2 Ly totaty — —
(*) 96345 | 2533 2.35 263 ¢ ¢ | 2 12BN 535
where
Pt t3,t4, Z) = Z% — (13 4 3t3 + 24t5) = 0. (4.3.1)

The Euler vector field is
1 1
E(t) - tlatl + t2at2 —+ §t38t3 + §t48t4,

the unity vector field is e(t) = 0y,, and the charge is d = % We note that slightly different

prepotentials and coordinates are used in Pavlyk [43] and Dinar [7]. The intersection form

is then given by
g't(t) = %4 (ta(19¢F + 6315 — 144t5) — 2Z (4t + 3t5 + 241)) (4.3.2)
g2 (t) = 9—16753 (ta(Tty — 22) + 3t5 + 48t,) , (4.3.3)
g2 (t) = ﬁis (ta(Tt] + 2785 + 144t) — 2Z(15 + 1265 + 24t,)) (4.3.4)
gv(t) = L (6t + 3t5 — ta(ta + Z)) (4.3.5)

18
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1 1
g3t =t + g2t = 2), go(t) = gta—22),

1 1
g"(t) =t g () = ta, (1) = Gts, gM(1) = St

2

Let Rp, be the following root system for Djy:

RD4:{i€ii€j|1§’i<j§4}.

Let us introduce the following basic invariants for Dy (cf. [47]):

6 6 6 6
Y1 =) + Ty + Ty + Ty,
Yo = T1T2X3%4,

4 4 4 4

2 2 2 2

The basic invariants vy, ¥, ys, y4 have degrees 6, 4,4, 2, respectively.

Lemma 4.3.1. (cf. [47]) The intersection form g (y) takes the form

129

(4.3.6)

(4.3.7)

(4.3.8
(4.3.9
(4.3.10
(4.3.11

~— ~— ~— ~~—

30y1ys — 180y2ys + 30y1y7 — 30ysy; + 63 6y2y3 32y1ya — 9693 + 1292 — 24yzy? + 4yt 12y

) = 6y2y3 & (2y1 — 3ysya +u}) 4y2ya 8y2
32y1y4 — 96y3 + 1243 — 24y3y] + 4u; 4y2y4 16y1 8ys

12y 8y2 8ys dys

Consider another set of basic invariants for D, given by

5 5
Yi=y1 — ~ysys + —V5,

4 16
Y'Z = Y2,
1
Yé =Y3 — 51/27
1
Y, =g

The following statement can be checked directly.

Lemma 4.3.2. We have A(Yy) =1 and A(Y7) = A(Ys2) = A(Y;) = 0.

(4.3.12)
(4.3.13)

(4.3.14)

(4.3.15)

We have that degt;(x) = 4, degty(x) = 4, degts(z) = 2, degty(r) = 2 and deg Z(z) = 2.

Proposition 4.3.3. Let Vi = {p € Clt1,to,t3,Z] | degp(x) = 6} and let Vo = {p €

Clt1,ta,t3, Z] | degp(x) = 4}. The harmonic elements of Vi are proportional to

216t t3 + T2toty + 24857 — Ot5ty + 337 + 5 + 132,
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and the harmonic elements of Vo are of the form
a(4t; — tsty) + b(t3 + 315 — 8ty),

where a, b € C are constants.

Proof. Using Proposition [4.0.1| we can directly calculate

Alty) = %3(22 ), (4.3.16)
At) _i (2t4 _z- 3—f) , (4.3.17)
A(ts) = — %3 (4.3.18)
Alts) =1. (4.3.19)

A general element of V; is of the form

a1t4t2—|—a2t4t1 + CL3t4Z + a4t3t2 + a5t3t1 + a6t3Z + U,7t%
+a8t%t1 + agth + alotgt% + CI,HtQtlz + algt? + algt%Z, (4320)

where a; € C. By calculating the Laplacian of this general element (4.3.20) using Propo-
sition and formulas (4.3.16)—(4.3.19)) we find that the only harmonic elements of V}

are as claimed. A general element of V5 has the form

bity + bots + bsts + bytoty + bstoZ + bt> + bit, Z, (4.3.21)

where b; € C. By calculating the Laplacian of this general element (4.3.21]) using Propos-
tion and formulas (4.3.16)(4.3.19) we find that the only harmonic elements of V5

are as claimed. ]

Theorem 4.3.4. Define

16

n=-3 (216t 185 — 288taty + 24t Z + 12615ty + 337 — 4485 + 132) | (4.3.22)
Yo =4 (41 — t3ty), (4.3.23)
ys =8 (3] — 3t3 + 8ty) , (4.3.24)
Ys =8ty (4.3.25)

Under the corresponding tensorial transformation the intersection form given by formulas
(4-3.9)-[4.5.7) takes the form given in Lemmal{.3.1

Proof. Note that Y, = %y4 = t4. We now equate Y; with a general harmonic element of

Vi, and we equate Y5 and Y3 with general harmonic elements of V5, where Yi,Y5 and Y;
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are given by formulas (4.3.12])—(4.3.14) and the harmonic elements of V; and V, are given
by Proposition 4.3.3] We then rearrange these equations to find y; in terms of ¢; and Z.
We find

1 = 160£3 + %(216t1t3 T2ty + 24827 — O3ty + 332 + 13 + £22)

+ 10t (%(413 —taty) + (£ + 382 — 8t2)) , (4.3.26)
Yo = %(4151 — taty) + bo(£2 + 3t2 — 8t2), (4.3.27)
Yy = 3262 + %(zu1 —taty) + (£ + 3t2 — 8ty), (4.3.28)
Ya = 8L, (4.3.29)

where a;,b; € C. In order to find a; and b; we perform steps 5-7 from the introduction of
Chapter . That is, we transform the intersection form f into y coordinates
by applying formulas (4.3.26)—(4.3.29)) and compare it with the expression given by Lemma
[4.31] A particular solution is given by

128
g =-—, 6= 16, a3=0, by=0, b3=-8,
which implies the statement. O

Remark 4.3.5. There are in fact five other ways to choose y; in Theorem as poly-

nomials of ¢; and Z. This non-uniqueness is due to the S3 symmetry of the Coxeter graph
of D4.

Proposition 4.3.6. The derivatives ?)Z € Clty, ta, t3, tyg, Z].

Proof is similar to the one for Proposition

Proposition 4.3.7. We have that

c I (o, )

det(9”(1) = 57—

where ¢ =9 and
Q(t, Z) = 21 (12t; + btsty + 2t37) .

By Proposition [4.0.3], we need only find det (gi’?) . It can be calculated by Theorem 4.3.4
which leads to Proposition [4.3.7]

In the next statement we express flat coordinates ¢; via basic invariants y; and Z, which

is an inversion of formulas from Theorem (4.3.4]
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Theorem 4.3.8. We have the following relations:

1
Yo
2 2

fo =515 (1677 + 205 — vi). (4.3.31)

ts = ~ gag,- (3227 +244u 2" + 1841 — 2Tyaya + Tys) (4.3.32)

432y2
1
fa =gy (4.3.33)

where Z satisfies the equation

2197° + 293y, Z2° + 2932y 2% + 2° (T} — 3%ysys + 3%2u1) Z° +2*3 (T
— 3Pysy; + 32y1ya — 2°3%3) 27 + TPy — 3°2-Tysyy + 2°32 Ty
+ 3%3y; — 2°3%ysy; — 223%yiysya + 22303y + 223%y; = 0, (4.3.34)

and y; are given by relations (4.5.8)—(4.3.11]).

Proof. Formula ([4.3.33) follows immediately from Theorem [4.3.4 Using relations (4.3.1))

and (4.3.23]) we see that

tl (2y2 + t3y4) (4335)

1
7 —3t3 — 2 4.3
( 3 sl ) (4.3.36)

Substituting the relations (4.3.33)) and (4.3.36)) into formula (4.3.24]) and rearranging, we

get

lo =

KIHSIH

1 71
2 = 724+ —y? -3 4.3.37
= (2 g m). (4337

We can then substitute relations ([4.3.33)), (4.3.35)) and into formula and
reduce modulo ¢ using relation to find a linear equation in ¢3 which we can rear-
range to find relation . Substituting relations and into formulas
and gives us relation and the following:

1
ty = ———————(10242° + 1152y, Z° + 32493 — 62208y52° + 1536y4Z° + 864y1ys 2>
14929922

— 1728y3ys Z% — 972y1y3y4 + 576y5 Z* + 972y3y7 — 1296y3y3 2>
+ T29y3y3 + 448y3 73 4 252y1y3 + 336y5 Z° — 378ysy; + 49y8).  (4.3.38)

We then substitute relations (4.3.30)), (4.3.32)), (4.3.33)) and (4.3.38)) into formula (4.3.22))

and we get the formula (4.3.34)). Finally, reducing relation (4.3.38]) modulo the polynomial
(4.3.34) in Z gives us relation (4.3.31)). [
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Proposition 4.3.9. The unity vector field e = 0y, in the y coordinates has the form

e(y) = 16 (0, — 24t30,,) .

Proof. We have that
W
oty

which gives the statement by applying the relations from Theorem [4.3.4]

€ = (9t1 = aya,

4.4 Algebraic Frobenius manifold related to

Fy

The Fjy(as) Frobenius manifold was described by Dinar with a prepotential given explicitly

[7] (there seem to be some typos for the prepotential in [7], we include a corrected version

below which was communicated to us by Dinar). It is a four dimensional Frobenius

manifold which can be associated to the Coxeter group Fj, and is denoted by the conjugacy

class ay in the Coxeter group Fy [3]. The prepotential for Fy(as) is

26587

253767-521749 . 2431013.693097 22381322327-97 - , 3713318224639 , 4

4%3

381347243667 , , 3513°8754721 , .  3713619-435503 , 3813741.7129 .

B R T R T

243471'425915475 233423'4775375 . 3513-103-293t2t2t 3413279467
5713 47 CER A 93557 4787 20557
319133 ,

_3113%157.383 , 2! 31139 5 391319,

222597

_F

tqt tst t 4
yigey fat2 T gt - 1332+(552.74Jr sig7 Al

312133101H +31313431 3121354175 3 2 310
20517 473 T Tol65iy 220557 3 225.7.13 4 255.

tats +

- 2105.7

3913 o (223989-11701 , 3'113.68473 . 3191331949 , ,
Si05 713tz | Z 7 4t 7 als + 55—

577 577 23567
39133131357 4 5 3121312729 , , 31013515937 .  3913629.43

t4tst
o557 Atst2

4“3

21154

3352

3

t4t3t2

tits

t2

ospoy AT Tompey T Tomprr T T omgy
2236139 3823 , 371373 3013241

_Z 2 0y gty — 22 0y 2, 2 2 20
527.13 4727 p29.7 47372 T Tosmay M2 T Toomay

where

233413 (233 , 13 223.13
73 2
P(to,ts,ty, Z) :=2° — i < 13 2+ tyts + —— 55513 ) Z + 6 (

B 27139
13

13241
t3 — 213223 3t5 — 3-13- 73 t4t5 — 32 t3>
The Euler vector field is

1
=40y,

1
—t30;, + 3

E(t) — tlﬁtl + tzatQ ‘|’ 3

31 32772

3 tat?
t3to | Z + t3tat) + —,

2654

331322

=0.

(4.4.1)
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the unity vector field is e(t) = &,,, and the charge is d = 2. The intersection form (2.2.19)

is then given by

GRS

g% (t) =

g2 (t) =

9" (t) =

gP(t) =

gP(t) =

4
2135813
— 947874613725002%t5 — 229118338413900Zt5 — 184708373655429t3
+ 1067520000000 Ztot4 4 6818938880000t ot3ts — 593226777780000Z>t3t,

— 1466753056797600Zt5t, — 1556308486273320t5t4 — 1870069760000t 2t
— 99680450688000022t3t3 — 4153975366694400Zt5t% — 6641896760778240t3t2
— 546311900160000Z2t3 — 6910723746201600Zt3t5 — 16691391832227840t3t3

— 53899228790784002t; — 17222218351902720t3t; — 6432998677807104752) , (4.4.2)
4

© 9lTR8
— 44608926082500t5 Z2 — 143790305946300t3Z — 157672431777393t3

+ 1059840000000t5t4 Z + 4513832960000t 2t3t4 — 330765116760000t3t4 2>

— 1081698384499200t53t4Z — 1043122465279440t4t, + 4196270080000t 12

— 700228488960000t3t3 Z2 — 2682937817164800t3t3 7 — 3140123415886080t3t2
— 382258206720000t3 Z2 — 3411310364467200t3t3Z — 59192430527692803t3

—2126376537292800t1 Z — 71978155927142405t; — 3176813316538368t}) ,  (4.4.3)

3413
22158 (

— 19207343902500t3 2% — 78756703307100t3 Z — 114276677239881¢3

+ 1121280000000t5t4Z + 3545784320000t 2t3t4 — 1583034289200003t4 2>

— 707890736966400t3t4Z — 936110404686480t5t, + 2777743360000t

— 383440936320000t3t2 Z2 — 2025454752921600t3t3 Z — 2337422808015360t5t2

— 244681482240000t3 Z2 — 2221827115622400t3t5Z — 3112967576309760t3t3
—1046938278297600¢; Z — 2618007725998080¢3t1 — 141760266869145613) ,  (4.4.4)

(259200000000Z2t2 + 861120000000 Z5t3 + 1833744640000t 15

(86400000000th2 + 911040000000¢2t3 2 + 1440474880000t2t3

288000000005 Z2 4 511680000000t2t37Z + 1958344960000t2t3

(1280000, — 92400750032 — 389725830032 — 2181574863¢3

2654132

— 3411720000t4 2% — 9067593600t3t4Z — 4518684144t5t, — 5620492800152

+9861336576t5t7 + 50200031232t3) , (4.4.5)

2 2

SRS (8320000t — 8960000t> — 308002500327 — 218887110037

— 38888943213 — 1137240000t4Z2 — 9593251200¢3t47 — 805504564813,

—5580057600t3Z — 5561457408t5t3 + 4045676544t} , (4.4.6)
1502 — 91t3 + 1 4.4.

1323( 91tz + 16t4), (4.4.7)

1
g(t) =t1, g*(t) = ta, g* () = <ts, gt = St (4.4.8)
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Let Rp, be the following root system for Fj:
1
:{:]26Z | 1 §Z§4}U{:|:612|:€j | 1 §i<j§4}u{§(i€1i62i63i64)}.
Let us introduce the following basic invariants for Fy (cf. [47]):

Yy = 288¢€sey — 108€5e, — 8es + 3ees,
Yo = 1264 — 36163 + 6%,
Y3 =bez — €16,

Ys = €1,
where

€ =25 + a5 + 13 + 73,

€2 = T2x5 + 1375 + 2375 + 1573 + 1375 + 13T,
€3 = x2x2x3 + x%x%xi + x%x%xi + x%x%xi,

€4 = T2a5TET].

The basic invariants vy, ¥2, Y3, ¥4 have degrees 12, 8,6, 2, respectively.

Lemma 4.4.1. (c¢f. [47]) The entries of the intersection form g% (y) are

9" (y) =1152y5y3 — 144192y + 1152y5y5ys — 14491 y3y5 + 288y3;,
92 (y) = — 96y5ys — Byoyzyi, 972 (y) = —8Y2ys — Y1y + 3Y3ya,
9" (y) =192y5 + 120y2y3y4 — 12u193 + 129393,
g (y) =2y, — 6y35 — 8y213, g (y) = 20y2ys — 4y3y3,
g (y) =24y,  ¢*(y) = 16y, g% (y) = 12y3, g™ (y) = dyu.
Consider another set of basic invariants for F); given by
1
Vi =y1 + goosus (2520yays + 1708ysy? + 61y3) , (4.4.9)
1
Yo=y2 + T60%4 (40ys + 3y3) , (4.4.10)
1
Yz =ys — gyi’, (4.4.11)
1
Y, = S (4.4.12)

The following statement can be checked directly.
Lemma 4.4.2. We have A(Y;) =1 and A(Y1) = A(Y2) = A(Y;) = 0.



CHAPTER 4. FLAT COORDINATES 136

We have that degt;(x) = 6, degta(x) = 6, degts(z) = 2, degty(z) = 2 and deg Z(z) = 2.
Theorem 4.4.3. Define

B 1
n= 2153956132 (

— 212365013341 15137 4 2"3335%1357-29 1113 — 212335513491 1513 — 2237513941 577

+22395211%13%3 7 + 3513812028375 4 2'8375813 t1¢3 — 217305613223 tot5t, 7

+ 217315413159 11131, + 21635513367 tot3ty — 283195413741 ¢3t, 72 + 2037531304323, 7

4 2°3713%111347 13t + 22035551331 1912 Z — 219351133367 ¢, 1313 + 22934551311 tot3t3

— 2M 31051131969 1242 72 + 2113953135757 1313 Z + 281125-23633-6892993 t3t3

+ 2233511324361 15 — 2%°335511-13-701 tot — 21°39511331039 t3t3 22

— 2133953139431 123 Z + 213351355.1939033 t3t5 — 2183105132557 ] 72

— 2223953133587 t3t1 7 — 219371315.23.206351 t3¢§ — 221395213%17-257 157

—2%23713%19.71-2383 t5t] + 2°3-43-103-149-2791-12855175) , (4.4.13)

b (

212355413

+ 2234521341437 + 3313°11- 1171 5 + 2175713 11ty — 2175520ty + 27305413%¢5¢4 22

+ 26355213373 t3t4 7 + 26331311779 3t, + 2'0375413 42 22 + 219365213223 13122

212553 1,7 + 2'33%5%13-139 3 7 — 2193%13223-1303 t5t5 — 2'93%13-62539¢7) ,  (4.4.14)

1

Ys = 5131513

—293%13-7943) (4.4.15)

Yy =121y, (4.4.16)

2175813%7 — 2225813 t1t9 + 222581743 + 214365813%tyt3 22

Yo = 21354132 t3 — 21354713 tot5 4 22355113312 22 — 29313347593 1313

(—25-1311 + 293-5¢5 + 331343 + 2371335t + 203413211 515

Under the corresponding tensorial transformation the intersection form given by formulas
4-4-2)—-(4.4-8) takes the form given in Lemmal{.4.1

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems [4.2.4]
4.2.10/and 4.3.4] No proof was presented in [26], where these results were first published.

Remark 4.4.4. There is in fact one other way to choose y; in Theorem 4.4.3|as polynomials
of t; and Z. This non-uniqueness is due to the Z, symmetry of the Coxeter graph of Fj.

9yi
ot € Clt, 12, 13,1, Z].

Proposition 4.4.5. The derivatives
Proof is similar to the one for Proposition 4.2.5

Proposition 4.4.6. We have that

c EI;[ (o, )
det(g"(t)) = W,
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where ¢ = 2363425813 and

Q(t, Z) = — 2195013242 + 21750713 t1t9 + 2215042 — 283650133 224,13 + 2123750132 Z%9t3
— 28355113%41 Z1,13 — 21355113 Ztot3 + 20335213517-797 143 — 2103352135919 ¢,13
— 22395113547 7215 + 22385213717-41 Zt5 — 351385-89.975 — 2123750132 7%, 14
+ 214365011.13 Z%tot, — 213355413373 Zt 5ty + 2133551132229 Ztotst,

+ 2103152135919 ¢, t3t4 — 212315213372889 tot3t, — 23395113519-149 7213,

+ 2338521304117 Zt5t, 4+ 371372-17-23-37-59 t3t, — 29305413223 7,13

+ 217365%13.227 Zt,t2 + 214345213319-1039 t1 5t — 2173%5213%64871 tot 5t

— 273105613183 724242 + 29395213°7-11-41 Zt3t3 4 2°371355-41-37649 512

+ 220335213317-47 15 — 220335213.188701 tot5 — 2113951333571 Z°t5t3

+ 213385213411.97 Zt2¢3 + 2173613552057 t5t5 — 217395113211 7%t}

— 2M385213%11.37-139 Ztst] + 2'33713%5.17-499-659 t3t] — 2183153132197 713
4 2173713%5.11-247439 t3t] + 2%23°7213%19-41-61 ¢§

By Proposition [4.0.3, we need only find det (gf?) . It can be calculated by Theorem (4.4.3|
which leads to Proposition [4.4.6]
The relations for ¢;, Z in terms of the y coordinates can be found in Appendix [A.T],

along with the expression for e in terms of the y coordinates. We do not present these

here as they are too long and for this reason we chose not to include these in our paper
[26].

4.5 Algebraic Frobenius manifolds related to H,

There are 6 known non-polynomial algebraic Frobenius manifolds which can be associated
to Hy, they are each four-dimensional and their prepotentials have been listed by Sekiguchi
[48]. Let Ry, be the following root system for Hy:

1 1
Ry, ={te; |1 <i<4}U {2 (e; £extes :t64)} U {2 (ieU(Q) j:gpea(g) j:@ea(4)) ’O’ € 9[4},

where
1+ 1-+5
2 2
and 2, is the alternating group on 4 elements. Let us introduce the following basic
invariants for Hy (cf. [47]):

=

(P: @:

32
?/1—3

1344
23*h3 — 40232 (2h3 + 3hohg) + 23° <360h10 + h3 + 672h§h6>

5
1328
+ 18 (1080h§ — 1608h3he — Thg — 2880h10h2> + 1% (10024h1oh3 + 272h]
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+1248h3he — 5628hahg) + x1* (18588h3hE + 272h5 — 7620h10he — 16856h10h3)
1328
3

+ z}? (14216h10h§ + 23508h1phghs — h — 1248hghS — 27396h2R5 — 5796hg>

1344

- hi® + 1608h3he + 19968hah2

+ 210 (324011%0 — 7160h19h3 — 25332h10heh3 +
+7350h2h2> + 2 (2144h1oh§ — 3232h3 hs + 10908Nh10h3he — 906h10hg — 80h"
—672h3he — 6924h5h¢ — 1956h3h¢) + 2§ (1168h%0h§ — 344hyoh} — 2172h10h3he

2
—1908h10hahi + %h? + 120h3he + 1332hSh2 + 288h3h3 + 2394hg>
+ a7 (348h3ghe — 152h3gh3 + 16hioh§ + 60hioheh + 408h1ohdh3 — 84hIh3
+84h3hd — 909hahg) + 3 (8h3ghs — 42hiohdh3 — 8Thighy — 6h3hy + 135h3h)
4 9
+ gh?;o — 3hiohahd + 5h5, (4.5.1)
yo =413 — 1021* (203 + 3he) + 212 (44h3 + 138hahg) + x1° (180h19 — 44h3 — 402h3he)
+ ¥ (44h§ — 464h1ohs + 402h3he + 294h¢) + 2§ (296h10h3 — 20h] — 138h3he — 306hahg)

+ a7 (4h§ — T6h1oh3 — 114hiohe + 30h3he + 168h3h3) + 23 <4h10h3 — 21h3h2 + 57h§>

2
o 3, .3
+ th - §h2h6, (452>
ys = — 221°ha + 625h3 + 2§ (33he — 14h3) — o7 (33hahe — 6h3) + 27 (11h1g — 2h3)
— higho + gh%, (453)
ys =7 + ha, (4.5.4)
where
hg = €1, (455)
h6 = \/5(5 + €1€2 — 1163, (456)
hip = 95€565 — 326%63 - 56165 + 26?62 + 3\/5562, (4.5.7)
and
€ =3 + 23 + 27, (4.5.8)
€y = 2573 + 2523 + 13073, (4.5.9)
€3 = 157577, (4.5.10)
0 = (23 — a3) (w3 — ) (x5 — @)). (4.5.11)

The basic invariants vy, ¥, ys, y4 have degrees 30, 20, 12, 2, respectively.
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Lemma 4.5.1. (c¢f. [47]) The entries of the intersection form g% (y) are

928
g (y) = Tmysyz; + 240y, Y3y + 96y5y3y; + 160y1y2y;,

y) = — 32y; — 112y03y; — 120y1y5y; + 48y5y3,

152
9 (y) = ——y3ys — 56y2ysy; + 20y1ys,

3
16
g% (y) = — 80y5 — gyi’yi — 16y2ysy3 — 40y193,

B(y) = — 30y + 8ysys — 2405, g*%(

y) = 44yys — 8ysy;,

g
g (y) =60y,  ¢*(y) =40y,  ¢**(y) =24ys, g (y) = Sy

Consider another set of basic invariants for H, given by

Y=y — 30%330 (4y,® + 320ysy§ + 7051y0yF — 715y3)
Yo =yo + @ (34 + 110ys) ,

Y3 =y3 + ?ﬁ

Y, = éy4

The following statement can be checked directly.

Lemma 4.5.2. We have A(Yy) =1 and A(Y7) = A(Y2) = A(Y;) = 0.

4.5.1 Hy(1) example
The prepotential for Hy(1) is

3356 ,, 64 472 16

1
F(t) =titots + —t3ty +

2 665 5 11 3

8 19 1 1
+ Stotsti? + 32tytat] — gtgtg + Et%t4 tatsts + —tots + — 77

6 105

where
P(tg,tg,t4, Z) = 22 - 4t4(ti - 3t3) — tQ =0.

The Euler vector field is

3 1 1
E(t) - tlatl + thatQ + §t38t3 + 1—0t48t47

3 — sty At - — 5t + 285ty —

139

(4.5.12)
(4.5.13)

(4.5.14)

(4.5.15)

1
1524

(4.5.16)
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the unity vector field is e(t) = 8y, and the charge is d = . The intersection form ([2.2.19)
is then given by

1
gt(t) = o (2281237 + 19t3ts — 2736t5t4Z — 228t5t5t] + 12160tt5¢ ]

+ 76317 4 3040t5t] — 2736totst5 Z + 22800t3t5 7 + 1444t5t]
+ 13680tat 3t} + 8968015t 4 1520t9t1° Z — 21888t3t;' Z

—4256tty> + 58368tst;t + 4864t°Z + 40272t}°) (4.5.17)
g3 (t) = — % (t3Z — 280t3 — 5dtatsta Z + 504t5t5Z + 10t5t5 — 800tatsty

—240t3t5 + 682157 — 936t3t5 Z — 200tat] — 23603t

+256t,2Z — 512t°) (4.5.18)
g2 (t) = — % (44tots — 92485ty — 33totiZ + 396t5tiZ — 176tat; — 88t5tS

—132t§7 — 236t}") , (4.5.19)
g3t = % (—2tat3Z + 24t5t4Z + 3t5t] — 16tatst] + 3205t4 + 4tatiZ

—5615t5Z + 38tat} + 160tst] + 16t1'Z — 32t1*) (4.5.20)
g3 (t) =t1 — 8t2 — toty Z + 123137 — 2ot} + 64t3th — 4157 + 8t1°, (4.5.21)
g3t = 4—10 (3t2Z — 36t5taZ + 36tat] — T2tsts + 12t57 + 76t)) , (4.5.22)
=t g =t g0 =gt g0 = ot (4.5.23)

We have that degt;(z) = 20, degts(z) = 12, degts(x) = 10, degts(x) = 2 and deg Z(z) =
6.

Proposition 4.5.3. Let V; = {p € Clty,to,t3,t4,Z] | degp(z) = 30}, let Vo = {p €
C[tl,tg,tg,t4,Z] | degp(x) = 20} and let ‘/3 = {p S C[tl,tg,t37t4,Z] | degp(x) = ]_2}

The harmonic elements of Vi are proportional to

27027t37 — 1801800t 1t3 — 6806800t5 — 648648ttt Z + 38918885t 7 + 32175655
+ 13556400tat3t] — 2335080t1t5 + 9025632035 + 216216t9t5 7 — 255945923t Z
— 4591440t5t] + 35834480t5t1° + 432432t}> 7 — 864864t}",

the harmonic elements of Vo are proportional to
561t + 71065 — 627tyty — 37620tst; — 12350t
and the harmonic elements of V3 are proportional to

21ty + 308t5ty — 220t5.
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Proof. Using Proposition [4.0.1 we can directly calculate

Alty) = — % (t2Z — 30t5taZ + 8tot] — 320t5t + 40t52 — 80t) (4.5.24)
Alty) = — 1—51 (8t3 — 932 — 32t3) (4.5.25)
Alts) = — 2%154 (3Z +4t3), (4.5.26)
Alty) = % (4.5.27)

A general element of V; is of the form

artits + agtit + astit3 7 + aglats + ast3Z + agtotsty + aqtatstyZ + agtat] + agtatSZ
-+ alot‘; + aut%ti + algtgtiZ + algtgtio + CL14t3tZZ + a15t}15 + awth, (4528)

where a; € C. By calculating the Laplacian of this general element (4.5.28)) using Propo-
sition and formulas (4.5.24)—(4.5.27) we find that the only harmonic elements of V}

are as claimed. A general element of V5 has the form

ity + botot] + bstotsZ + byts + bstst + btsts Z + byti0 + bst! Z, (4.5.29)

where b; € C. By calculating the Laplacian of this general element (4.5.29)) using Propos-
tion and formulas (4.5.24)—(4.5.27) we find that the only harmonic elements of V5

are as claimed. A general element of V3 has the form

Cltg + 02t3t4 + Cgtg + C4tiZ, (4530)

where ¢; € C. By calculating the Laplacian of this general element (4.5.30]) using Propos-
tion and formulas (4.5.24)—(4.5.27) we find that the only harmonic elements of V3

are as claimed. O

Theorem 4.5.4. We have the following relations

23059
=

(27t3Z — 1800t1t3 — 6800t3 — 648tatstsZ + 3888t5t5 2 + 12600tat5t;

+ 6120t 5 4 1903206385 + 2169157 — 2592t 51 Z — 42840t9t] — 953520t 3t5°

+432t2Z + 1309136t,°) (4.5.31)
yo = 22057 (311 + 3813 — 21tat] — 460t5t5 + 950¢1°) , (4.5.32)
ys = 25" (3ty + 4dtsty — 260t5) , (4.5.33)
ys = 40ty. (4.5.34)

Proof. Note that Y, = %y4 = Ht4. We now equate Y7, Y5 and Y3 given by relations (4.5.12)—
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(4.5.14]) with general harmonic elements of V;, V5 and V3, respectively, given by Proposition
[.5.3] We then rearrange these equations to find y; in terms of ¢; and Z. We find

2423251413

= t 27027t37 — 1801800t t3 — 6806800t5 — 648648totst,Z
u B 1t ot | 2 1 3 288t
+ 3891888t3t37 4 3217565t + 13556400t9t3t] — 2335080t t] + 90256320t3t5
+216216t51$Z — 2594592t3t1 Z — 4591440tt] + 35834480t5t.° + 432432t1%Z
1312768005
—864864;°) — Wti (561t1 + 71065 — 627Ttats — 37620t5t; — 12350t,°)
223582251¢ 4 80c? 2
S Y (21ty + 308t3ty — 220t5) — —t3 (21ty + 308t3ty — 22018 4.5.35
302379 11 (212 + 30813ty 1) = gagyta (21t2 + 308tsts ), )
Yo = 27570 o + (=561t; — 7106t3 + 62Ttat] + 37620t5t; + 12350t)°)
77 4 T 12350 3 4 3 4
320000
Tfti (21t5 + 308t5ty — 22045) , (4.5.36)
21756 p c p
Y3 = — t + == (—21ty — 308t3ts + 220ty) , (4.5.37)
7 220
ya =40t4, (4.5.38)

where a, b, c € C. In order to find a, b and ¢ we perform steps 57 from the introduction of
Chapter 4l That is, we transform the intersection form (4.5.17))—(4.5.23)) into y coordinates
by applying formulas (4.5.35)—(4.5.38|) and compare it with the expression given by Lemma
[4.5.11 We find that

2215913-19 2135511
- cC= —

=237 b=
@ ’ 11-17 7

which implies the statement. O
Proposition 4.5.5. The derivatives g—f; € Clty, ta, t3, ty, Z].
Proof is similar to the one for Proposition

Proposition 4.5.6. We have that

c I (o, x)

det(9”(1) = "5z

where ¢ = 5 and

Q(t, Z) = 5% (5t; — T0t; + StotsZ — 60tst; Z — 35taty + 140t5t] + 201 Z + 42t°) .

By Proposition [4.0.3, we need only find det (gi’?) . It can be calculated by Theorem (4.5.4
which leads to Proposition [4.5.6]

In the next statement we express flat coordinates ¢; via basic invariants y; and Z, which

is an inversion of the formulas from Theorem [4.5.4]
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Theorem 4.5.7. We have the following relations:

t = m (—2°03°5'219 Z* + 2'9583-19 y3 2% — 2519 43

+275%yoy + 2195°3-7-19 y§ 2% + 223527 3y + 3°7-47y,%) (4.5.39)
ty = 2%57 (2%5°11 2% + 2°5%3 y5 + 23y5) . (4.5.40)
ty = 215;%4 (—2"5°3 2% + 2°5%y; + 174) (4.5.41)
by = %yzx, (4.5.42)

where Z satisfies the equation

2343351226 . 2303359yiz5 . 2233358y324 + 2123254y522
— 212325803 2% — 2u5 + Gy + 3yys = 0, (4.5.43)

and y; are giwen by relations (4.5.1)—(4.5.11)).

Proof. Formula (4.5.42)) follows immediately from Theorem Using relations (|4.5.16|)
and (4.5.33]) we see that

3 ys
to =72 4 oy, — —24
1

= (—2155%3¢, + 160 1349) .
2155411y4( 2+ Y3 + y4)

t3

We can solve this system of equations to find ¢, and t3 which gives us formulas (4.5.40))

and (4.5.41]). Substituting formulas (4.5.40)—(4.5.42) into relation (4.5.32)) and solving for
t1 we get formula (4.5.39)). Finally, substituting relations (4.5.39)—(4.5.42) into formula

(4.5.31]) we get the formula (4.5.43]). [

Proposition 4.5.8. The unity vector field e = 0y, in the y coordinates has the form
e(y) = 2°5739,, — 2%°5193 (5t5 — 17t3) Oy,.

Proof. We have that
Yo
ot

which gives the statement by applying the relations from Theorem O

€= atl = ayom
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4.5.2 Hy(2) example
The prepotential for Hy(2) is

66084040 |, 143564400 , ,, 40727610 , ; 392931

F() = = “aga0 14+ “309p 1814~ “y3ggp (814~ Tgpq fala + hitals + t it

- th (2288t4° — 1620t3t5 — 27t5) Z — 7602 Z? + <1z§4t 4igot3t4 — i;t;{) 73

+ 14068 2% + 244575 — %uzﬁ 1—70t4Z7 Z;,
where

Pty ts, 4, Z) = Z° — 12657 — 1115 + %tﬁa —ty = 0. (4.5.44)
The Euler vector field is
E(t) =0, + é?526152 + 175381:3 + 31548::47
5 3 15

the unity vector field is e(t) = Jy,, and the charge is d = }—g The intersection form ([2.2.19))
is then given by
1
g'tt) = S (—322t3 + 5672t + 1440 Ztot5t, — 112t5t5 — 105302t5t5 — 20160t,t5¢]
— 27847%tot] + 20979t5t5 + 278647221315 + 2208 Ztot§ — 23976 Zt3t]
+40416tot] + 64800043t) — TT76 2%t — 186624 Zt> + 1827361;") (4.5.45)

3
g2 (t) = Tt (—202%t; + 81t5 + 360Z°t5ts + 300Ztat] — 2925Zt5t5 — 1840tt)

+1170¢5t5 + 198022t — 19802t} + 18720t,°) , (4.5.46)
3
g2 t) = — o (99tot3 + 44279ty — 8915ty — 128721585 — 220 Ztt] + 5445215t
+528t5t] + 58415t5 — 396 Z°t] + 3962t] — 3744t}") (4.5.47)
gB3(t) = — 9722 — 8Ztaty + 90Zt313 — Stot — 468135t5 — T272°t5 + 7271 + 792t],  (4.5.48)
1
9B () = 1 (4t1 — 2783 — 602°t5ty + 240 Zt5t; — 240t5t5) , (4.5.49)
8
g3 (t) = 5 (22% - 837 — 19t3) , (4.5.50)
4 1 2
gty =t1, g*(t) = st 9> (t) = 3ts: g*(t) = sl (4.5.51)

We have that degty(z) = 15, degts(x) = 12, degts(z) = 5, degty(x) = 2 and deg Z(z) =
4.

Proposition 4.5.9. Let V; = {p € Clty,ts,t3,t4,Z] | degp(x) = 30}, let Vo = {p €
Clt1, ta, t3,t4, Z] | degp(z) = 20} and let V3 = {p € Clty,ts,t3,t4, Z] | degp(x) = 12}.

The harmonic elements of Vi are proportional to

576576013 — 518918407%tyt3 + 188107920t + 302837535t5 + 30750720 Zt5t
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+ 350269920 Zt5t, — 155675520 Ztytat; + 274743040t5t5 — 35026992023t

+ 3090653280ttt + 337438464 7t,t + 558122400t t3t; + 33046299000t 5t7

— 18106830722212t5 + 96349440 Ztot] — 1117385280255 + 1662275328t

+ 185379977376t5t," + 139115750427t + 11062884096 2t}* — 21529753344t}

the harmonic elements of Vo are proportional to

AT8T27°ty — 269280115 — 984555t5 — 323136 Z°t5t, — 23936021512 + 1615680 Ztt:
— 3512256t,t; — 25208172t5t5 — 430848 Z2t5 + 430848 Zt% — 35274672t

and the harmonic elements of V3 are proportional to

112ty + 2079¢5t4 + 5940t5.

Proof. Using Proposition [4.0.1] we can directly calculate

28t
Alty) = e 2”2;’; o (—4Z%ts + A5Z%3ts + 48 Ztot] — 360Z15t5 — 208tat]
3 4
+1260¢3t; + 100Z°t§ — 4002t + 400t;°) , (4.5.52)
11
A(ty) = — 10 (4 — 2738, — 2085 (108tot3 + 80Z%tots — T29t5ts — 12602%t5t5
3 4

—320Ztot3 + 3600213t + 320tot5 + 3060t3t5 — 4002t} 4 16002t

—1600t}") (4.5.53)
Alt) = 64tsty (265 + Z) (465 — 2) (4554)

VT3 (4t — 27e3ty — 2025) s

4

Aty) = —. (4.5.55)

15

A general element of V; is of the form

a1t3 4 agt1t3 + astitst + astitstiZ + astitsts Z? + agtats + artstsZ + agtotits + agtatitaiZ
+ a10t2t§Z2 + antgtg + althtZZ + a13t2t222 + a14tg + a15t§ti + alﬁtétiZ + a17t§t422
+ algtgt}lo + algtgtiZ + a20t§t222 + aglt}P + aggt}f’Z + a23t}l122, (4556)

where a; € C. By calculating the Laplacian of this general element (4.5.56|) using Propo-
sition and formulas (4.5.52))—(4.5.55)) we find that the only harmonic elements of V;

are as claimed. A general element of V5 has the form

bityts + bototy + bstot3Z + byty 2% + bsts + bgtat]
+ betsts Z + bststs Z* + boty” + bigty Z + b5 27, (4.5.57)
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where b; € C. By calculating the Laplacian of this general element (4.5.57)) using Propos-
tion and formulas (4.5.52)—(4.5.55)) we find that the only harmonic elements of V5

are as claimed. A general element of V3 has the form

City + cotaty + et + eat i Z + cstiZ?, (4.5.58)

where ¢; € C. By calculating the Laplacian of this general element (4.5.58]) using Propos-
tion and formulas (4.5.52))(4.5.55)) we find that the only harmonic elements of V3

are as claimed. ]

Theorem 4.5.10. We have the following relations

y1 = 23257 (576085 — 518402 %tot3 + 187920t 13 + 3025355 + 30720 Zt5t4

+ 349920Z%t3t, — 155520 Ztot3t3 + 266240t5t5 — 349920 Zt4t5 + 2782080t,t3t]

— 393216 Z2tat] + 4665600t 15t + 45198000¢4t5 + 3120768 Z%5tS

+ 3747840 Ztot] — 2576448021315 + 75859968tot] + 952477056t5t5°

+79626242Z°t;" + 4478976 Zt;° + 41052303361;°) , (4.5.59)
yo = — 243750 (256 2ty — 144015 — 5265t5 — 1728 Z°t5ts — 1280 Ztt]

+8640Z15t5 — 31488tat] — 37065615t — 2304225 + 23042t§ — 2566656t,°),  (4.5.60)
y3 = — 2353 (16t + 297t5ts + 4320t)) (4.5.61)
Yy = 30t,. (4.5.62)

Proof. Note that Yy = %y4 = %t4. We now equate Y7, Y5 and Y3 given by relations

(4.5.12)—(4.5.14) with general harmonic elements of V;, V4 and V3, respectively, given by

Proposition £.5.9, We then rearrange these equations to find y; in terms of ¢; and Z. We
find
21231751413 a
=T 283.11-59-677
+ 188107920t 15 + 302837535¢t5 + 30750720 Zt5t4 4 350269920Z°t5t,

— 155675520 Ztot3t3 + 27474304033 — 350269920 Zt4t3 4 3090653280ttt}

+ 337438464 Z°tot] + 558122400t t3t5 + 33046299000t4t5 — 18106830722%t2t§
+ 96349440 Ztot] — 1117385280213t + 166227532815t + 1853799773765t 1°
+1391157504Z%¢;" + 11062884096 Zt}* — 21529753344¢;° )

o+ (5765760t — 5189184027513

__Feedlb (478722%t, — 269280t t3 — 984555t5 — 323136215t
7-13-29-8447 4 2 e 3 s
— 239360 Ztot3 + 1615680 Zt3t5 — 3512256tt; — 25208172t3t5 — 4308482215
2535582251
+4308482t} — 35274672t}°) — Wnct?* (112t + 2079¢5ts + 5940t5)

5 2
_ Wclmti (11265 + 2079t3t4 + 594015)° (4.5.63)
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Y2 = 293712510610 + Sigzog gags (—AT8T2Z s + 26928011t + 984555t; + 323136273t
+ 2393602513 — 1615680213t + 3512256t0t; + 25208172t5t5 4 4308482215
—430848Zt} + 35274672t") — 3723%3 (112t5 + 2079¢5ts + 5940t (4.5.64)
253055 o ¢ 5 6
Y=~ ——li+ oo (112t5 + 2079¢t5t, + 5940t3) (4.5.65)
Y4 = 30ty, (4.5.66)

where a, b, c € C. In order to find a, b and ¢ we perform steps 57 from the introduction of
Chapter 4l That is, we transform the intersection form (4.5.45)—(4.5.51)) into y coordinates
by applying formulas (4.5.63)—(4.5.66|) and compare it with the expression given by Lemma
451l We find that

B 216335959.677 b — 28345629.8447 B 2°345°11
“= oo '~ 117 T 7
which implies the statement. O

Proposition 4.5.11. The derivatives ?)Z € Clty, ta, t3, tg, Z].

Proof is similar to the one for Proposition

Proposition 4.5.12. We have that

c I (o, )

det(9”(1) = gt g7

where ¢ = 2™5 and
Q(t, Z) =375 (4t] + 36 Z%tat; — T241t5 + 324t + 602t t5ts — T832°t5ts

+ 1080 Ztyt5t; — 2407t tsts — 5130 Zt5t5 + 4932tot5ty — 1380ttt
—20871t5t7 4+ 11016 Z°¢5t5 — 11016 Zt5t; — 194076t5t5°) .

By Proposition |4.0.3, we need only find det (ggj) . It can be calculated by Theorem [4.5.10},
which leads to Proposition [4.5.12]

In the next statement we express flat coordinates ¢; via basic invariants y; and Z, which
is an inversion of the formulas from Theorem A5.101

Theorem 4.5.13. We have the following relations:
1
3 :
2831159\/3y2 \/—273056 73 — 3552y, + 253352437 — 5188
(_21431251213 75 — 283115813 73y, — 31054132 4 212314511 75,2 | 312552

t1 =
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— 2193958571 Z4y1 + 26385413 Zysy] — 28305611-2269 7348 + 233°5%17-19-23 y3y/§

+27305%199 7%y} + 203°5222259 Zy;° + 277-180569 y;%) , (4.5.67)
ty = 2631757 (20395911 Z3 — 39522 y5 — 21335211 ¢4 Z — 12014) (4.5.68)
o 345312\/5 \/ 27365673 — 3552y3y—: 235217 — 518y (45,69
ty = %114, (4.5.70)

where Z satisfies the equation

228324524212 4 22332352029y3 4 215323516Z6y§ 4 2932151223y§ 4 32058y§

4 227325522Z11yi _ 21532351626y2yi + 221324518282/32/2 _ 29322512232/22/31/2

+ 2188551 20yt — 875" 2 sy — 2°87512 2%y — 37152 y1ysu)

4 224321520353 Zloyi _ 213323514Z5y2y§ _ 32158y%y§ + 22032151613 Z7y3yf1‘

— 21132051223 Z%y3y; — 273'85° Zydys + 277319519223 2%y + 2132051%23 Z%yay§

+ 283185153 Z0y3y§ + 273'95° Zyaysyf — 273175101741 Z3y3y§ + 2231550737 43y
+203595% Zy 1y + 22°3195177.19 2%y + 2931751017-41 Z%ypy) — 2731951259 Z0ysy}
— 2331955737 yaysy + 210317557 Z%y5yf — 22310597-37 1y — 2193195192029 Z7y,°
— 219317557 Z%ypy10 — 2193195197191 Z*ysy,® + 273M597°13 Zy3ys°

— 2103135192213 70y, — 2731507213 Zypyy® + 219312557711 Z°y3y,°

_ 283115473y§yi2 + 2163135117. 11-43 Z5yi4 + 283115473y2yi4 + 2123125673Z2y3yi4
+ 2131059721171 Z%y10 — 211395474 Zyay 0 — 219355772163 Z°y,® + 2937570y,
— 21237547447 72930 4 21233527541 7432 — 2197611424 = 0, (4.5.71)

and y; are given by relations (4.5.1)—(4.5.11)).

Proof. Formula (4.5.70)) follows immediately from Theorem 4.5.10, Using relations (4.5.44])
and (4.5.60]) we see that

1
t = — S93TIEIT; (*21239510Z5 + 2431351113t§ o 3754y2 + 2103759%%24 + 283857y2Z3
3
+2431057y543 — 2933555 2% — 20533 . 7 119} Z + 227%59y;°) . (4.5.72)
1
t2 = 63655 (20395523 + 233%5%3y, — 298%5%y1 Z — 11y5) . (4.5.73)

We also have relation (4.5.61]), which together with relations (4.5.72) and (4.5.73) gives
formulas (4.5.67)—(4.5.69)). Finally, by substituting relations (4.5.67)—(4.5.70)) into formula

(4.5.59)) we get the formula (4.5.71]). O

Proposition 4.5.14. The unity vector field e = 0y, in the y coordinates has the form

e(y) = 2°3'57t30,, — 2'23*5'0 (16¢; + 261t3 + 6480t5t5) 9,
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Proof. We have that

0Ya
=0, = —0
CT I T gy M
which gives the statement by applying the relations from Theorem [4.5.10| m

4.5.3 Hy(3) example
The prepotential for Hy(3) is

2016569088 ;5 7929073152 11291664384 -, 5, 6228045824 , 3

F® = 3703750 "+ “az7o3750 4 T “a3703750 45 T 43703750

- %mté + titats + %t?u 9235765 th (t5 — t3) (779§ + 20532tts — 1848013)
332122556753 (178} — 10t3) (£} — t3)° — 7112—658154 (& —13)° 22 + %M (8~ t5)% 28
~ 565 (1573t] — 27588t5t3 + 25536t5t5 — 2352t3) Z* + ?71;1 (88 —t5)° 27
fiig (1785 — 10t3) (5 — t3) Z° + %ti (175 — 10t3) Z° + %213

— ?m (th —t3) 2% — % (t3 —t3) 2" + 1152658 z',

where
Pty ts, 1y, Z) := Z* — % (5 —t3) Z + ;li + %t@g —ty = 0. (4.5.74)

The Euler vector field is
2 1 1
E(t) = tlatl + gtgatz + §t38t3 + 6154@4,

the unity vector field is e(t) = 9,,, and the charge is d = 2. The intersection form ([2.2.19)
is then given by

gt(t) = — T (4812500¢5t5 — 10780000 Zt5t3 + 36220800275 — 1203125Z%t5t4

4 10010000Z3t5t3t4 + 36005200t2t3t, + 305220608 Zt3t, + 137500025t

4 40040000 Z%totst5 — 193177600235t — 1491331072t5t% — 24234375t5t 5

— 43120000 Ztot3ts — 236297600Z%t3t3 — 33110000Z3t9t] — 607006400t5t3t4
— 1372388864 Zt3t] + 361900002 2tot] + 2601984002 3t3t5 + 1541281280t3t]
— 13200000 Zt5t§ — 3952256002%t3t5 + 119891200tot] + 2865967104 Zt 3t
4 18430720023t — 55168368645t — 9166080022t — 12315156487t ,°

—5094508544¢}") , (4.5.75)
8

21875

— 119000 Ztotsty + 61936023t + 45000239t + 119700t ot 3t3

g2 (t) = (312523 — 455002%tts + 156800Z°t5 + 592704¢3 + 28125t5ty
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g'?(t) =

g (t) =

9> (t) =

4 2847488 Zt5t% + T5500Ztots — 851200233t — 7902720t5t5
— 66000 Ztot] — 619360Z%t3tF — 673200t5t5 — 3351936 Zt3t

150

+2048002°¢5 + 4163712t5t5 — 32640027t} + 2147328 Zt§ — 4627456t7) ,  (4.5.76)

32 (
9375
+ 917283ty — 5250 Ztot3 + 568407233t + 3325t9t5 + 159936 Zt 3t

125023ty + 6300tats — 56448713 — 43757 tot, + 3080023t 3t

—1720023; — 369600t5t; — 9240Z°t] — 46368215 + 80672t}) (4.5.77)

9800 (312575% — 22400Ztt3 + 752642713 — 179200t5t3t4 + 20070423t

+ 28000Z°%tot2 — 125440Z3t3t3 — 551936t5t5 — 19200Ztots — 2616322%t3t5
+ 225600tot] 4+ 215040 Zt3t] + 125440235 + 28672003t — 1182722%5

+368642t] — 604160t}) (4.5.78)

1

1775 (175t — 1252%t5 + 560Z°t3 — 300Z ot + 2128Z%t5ty — 1200tt]

+2688Zt5t5 — 560Z°t] — 4928t5t] — T68Z%t] + 5T6Zt] + 6400t5) , (4.5.79)

1568 (25()th - 84OZ2t3 + 625t9t4 — 2240 7t3t4 — 896(]7f3t?1 + 840Z2ti

—480Zt; + 4512t3) (4.5.80)

2 1 1

g =t1,  g*) =Sty M) = =ts, 944(t):6t4. (4.5.81)

3 2

We have that degti(z) = 12, degts(x) = 8, degts(z) = 6, degty(x) = 2 and deg Z(z) = 2.

Theorem 4.5.15. We have the following relations

A

32768
= (2734375002t 1t5 + 1660156252°¢5 — 771750000075 — 16843750002t tot;

+ 2810937500¢5t3 + 3430000000Z°¢; 5 + 10143000000 Zt3t3 + 44562560000t 3
+ 130888800002 tots — 98467891200Z3t5 — 1066905133056t5 — 3691406250t t5t,
— 615234375 Z%t3t, — 49000000002t totsts + 656250000235t 3ty

+ 1509200000022t t3t4 4+ 17272500000t3t3t4 — 75075840000 Zt5t5t,

— 1172763648002 t3t4 + 1289062500 Zt3t5 — 85995000000¢; tot 3t

— 463312500023t 5t + 219520000002ttt + 74499600000Z3t5t3t3

+ 1219784832000t 5t5t3 + 2152574484480 Zt53t5 + 77175000005t

+ 1684375000221 tot3 — 7557031250t5t3 — 686000000023ttt

— 17206000000 Zt3t3t5 — 1196603520000t t3t3 — 4048184000022 tot3t}

+ 2753658880023 t3t3 — 2854462464000t5t3 — 105000000021 tot]

— 6075000000232t — 118580000002t 3t — 237331500000t3t 5t

— 361141760000 Ztot2t] + 1152093644800 Z°t5t; 4+ 166320000000¢ tot]

+ 24714375000 Z°t2t5 + 9408000000213t — 1632792000002t 5t 3t5

— 4338329856000tt3t5 — 5691700510720 213t + 343000000023, 1S
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— 59062000000Zt3t$ + 4552719360000t t3t$ 4 2906618400002 >¢5t5tS

— 60404126720023t2t5 — 1144791531520t3t5 — 323400000022t}

+ 699646500000t3t] + 1311466240000 Ztot3t] — 4066807449600Z>t3t]

+ 1008000000211 t5 4 147735600000Z3t5t5 4+ 15995339136000¢ot 5t

+ 7407908372480 Zt5t5 — 3837646400000t t3 — 4817528800002 tot

+ 1597027532800Z3t3t] + 130060834283520t5t] + 105855360000 Z,t5°

+ 2986145792000Z2t3t1° — 21627170112000tt ;" — 10675438878720Zt3t "
— 113586872320023t% — 398693684838400t 35> + 8382130176002%t13

+2299551252480 74" + 3182447760834561;°) (4.5.82)

256
Yo =5 (656250t 112 + 109375275 — 910000Z%tst3 — 16503200¢t5 — 18966528 213

— 50000023t + 22344000t t3t4 + 11200002 tat3ts + 18816002Z3t3t4
+ 663828483t + 309375035 + 8960000 Ztot3t5 — 1881600025t
+ 91000023513 + 56022400t5t3t5 + 16758784723 — 29484000t ¢}
— 35000002%tt] + 6137600Z3t5t] + 29892352035 + 1920000 Z5t5
+ 25446400223t — 164559200t — 74102784 Zt5t§ — 801920023t}

—3012660224t3t] + 63168002%t] + 17123328 Zt] + 364156825611°) , (4.5.83)
y3 = 64 (875t1 + 8624t3 + 4125t.t7 + 66528¢5t; — 196992t5) (4.5.84)
Yy = 24ty. (4.5.85)

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems [4.2.4]
14.2.10] [4.3.4} 4.5.4] 4.5.10, No proof was presented in [26|, where these results were first
published.

Proposition 4.5.16. The derivatives ggj € Clty, ta, t3, ty, Z].

Proof is similar to the one for Proposition 4.2.5

The expression for the discriminant of H4(3) as well as the relations for ¢;, Z in terms
of the y coordinates can be found in Appendix [A.2] along with the expression for e in
terms of the y coordinates. We do not present these here as they are too long and for this

reason we chose not to include these in our paper [26].

4.5.4 Hy(4) example
The prepotential for Hy(4) is

25 1 125
F(t) = — §le + §Z10(—4t3 — Bty) — TZ9(t3 +t4)(t3 + 3t4) — 5Z8(813 + 5Tty
35

+ 124¢3t2 + 95t3) — ?ZG(tg + t4)(t3 4 3t4) (1263 + 123t2t4 + 336313 + 305t3)
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— 10Z7(5t3 + 643ty + 236132 4 34dtsts + 175t7) + Z°(135t5 — 8405ty

— 17130t3t3 — 80920t3t3 — 174765t3t5 — 181952t3t5 — 74420t5)

+ 5Zt4(t3 + t4)?(ts + 3t4)* (18083 + 2115¢4t, 4+ 11760t3t3 + 30270t3t5

+ 32316t3t] + 9035t5) + 223(153 +t4)(t3 + 3tg)(—45t5 + 1260t5t4 + 131855t
+ 4236013t + 58125t5t] 4 37788t3t; + 15815t5) — 1002%(—6t% — 8715ty

— 4501513 — 1015t5t5 — 65051 + 1283t3t5 + 2450t3t5 + 1195¢])

5
— S Z2(540t5 4 93155t + 7344052 4 3569401515 + 125244015t

6

+ 3321450315 + 623942413tS 4 735663631, + 456356413t + 994315t))
1

+ @(19&1@53 + 99t3t, — 4455304 — 178200513 — 2569050t5t5

— 21740400t5t5 — 120561210t5t5 — 458678880t5t5 — 1191552120¢4t;
— 20042272803t — 19550705353t — 858257224t3t10 — 45669270t11),

where

Pl(ty, t3,ty, Z) = Z° — ty + 15t5t, + 120t5t3 + 530t5t5 + 1160t3t; + 843t)
+ 1023 (t3 + t4)(ts + 3ty) — 157 (t3 + t4)*(t3 + 3ty)?
+ 20Z%t4(3t2 + 12tsty + 13t3) = 0.

The Euler vector field is
1 1
E(t) — tlﬁtl + t20t2 + gt38t3 + 5254@4,

the unity vector field is e(t) = 9,,, and the charge is d = . The intersection form (2.2.19)
is then given by

g (t) = — 15 (—22%, — 2423t + 116 Z*tot5 + 192Ztat3 — 956tt5 — 3360243
+ 12560235 + 28802%t% — 14826 25 + 10815 — 78Z3tat4 + 368 2°tatst,
+ 1584 Ztot3t, — 4096totsty — 4836024 5t, + 1069202315t + 1044722%5t,
— 19459275ty + 170135ty + 276 Z%tat] + 2976 Ztotst] + 2824tt5t5
— 2385602313 + 221106 Z3t5t3 4 806976 Z2t5t7 — 96220821515 + 199488t5t3
+ 1048 Ztot] + 27264t9t3t5 — 5263122455 — 417856 Z313t5 + 22931522253
— 1907424 Zt3t3 4 1003828155 + 24108tot] — 52768024 t3t] — 22048202313t}
+ 1151040 Z>%5t; 4 655860 Ztt] + 2033688t5t5 — 19380024t — 2871240235t
— 6809880221315 + 1036272023t — 3485610t5t5 — 118343023tS — 135072002%t3t5
+ 20695840 213t — 29726240t3t5 — 77587202%t] + 190638402t 3t
—68995740t5t] + 7219830Zt§ — 73570020t5t} — 30991507t}) , (4.5.86)
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g'2(t) = — 5 (—4Z%y — 18Z%at5 + 18427515 + 144 Ztot} — 1792t9t5 — 25202445

+ 21760235 + 21602%] — 26880215 + 81t — T2Z3toty + 66472 tat3ty

+ 1968 Ztot3t, — 11672t ot5ts — 49920243t + 2282702315t + 148320225t

— 398112Zt%ty + 2979615ty + 5527°tot2 4 5352 Ztotsts — 18832t9t3ts

— 2881202317 + 813000231413 + 1444824721313 — 2417184 Zt5t2

+ 422196t 12 4 3536 Ztots + 5448tatsts — 70832024 43t3 + 915172235t

+ 5680992Z2tat3 — 7655496 Zt5t5 + 278537615t + 20448tyt]

— 77650425t — 881952Z3t3t1 + 10163184 2%3t7 — 13244448 Ztit]

+ 10650846t3t; — 307680245 — 25772107335 + 600816023t

— 11434800Zt5t5 + 23025000¢4t5 — 1401160235 — 42447607t 5t5

— 1991200Zt3t$ + 20880740t3tS — 51019202t + 4450040 Zt5t]

— 12170880¢5t] + 29112002t} — 39000375t 5t — 21754220t , (4.5.87)
9% (t) =5 (2Z2%2 — 9227513 + 896tat5 — 108802°%t5 + 134402t + 18Z3tot4

— 368Z%totsty — 5527 tat 3ty + T168tatsty + 1236024 5t, — 13056023t5t,

— 590402°%t5t, + 215040 Zt5t, — 14169t5ty — 348 Z°%tot3 — 2208 Ztotst2

+ 17408t2t3t3 + 9888024313 — 570750Z3t53t3 — 708480Z°t3t2

+ 1432368 75t7 — 2267041517 — 1984 Ztot5 + 12288tyt3ts + 28468021t3t3

— 1084400Z3t3t3 — 3305976 Z2tats + 5146176 Zt5t5 — 1665604t5t5

— 1512tot] 4 3476802 3t} — 6919082313t — 7555008 225t}

+ 10855464 Zt4ts — 7291824t5t; + 150456 245 + 337008 23t 5t

— 8461536 Z2t3t; + 138376327515 — 19824414t5t5 + 41681023t$

— 36345602 2t3t5 + 10628480235 — 31855600t5t5 + 14364022t

+ 4582400 Zt5t] — 26339220t3t] + T71720Zt§ — 6866640t5t5 + 1889215t3),  (4.5.88)
g3 (t) = — 5 (ta — 4Z%;5 — 8235 + 242°t3 — 62t5 — 62"y — 6423 t5ts + 1322°t5ts

— 96713ty + 60t5ty — 10423t + 216 Z2t3t3 — 636 Zt5t3 + 720t5t3 + 1082°t3

— 1856 Zt3t] + 2240t5t; — 16862t; + 1600t5t1 — 1444¢3) (4.5.89)
g2 (t) =ty — dtg + 10243 — 6025 + 2024 + 80Z°t3t, — 36023 t5ts + 120Zt3t,

+ 16023t — 660Z°t3t] + 720737 — 600t5t5 — 36022t + 2120 Zt3t5

— 3600t3t5 + 23207t — 5600t3t5 — 160013, (4.5.90)
1
g3t = — : (27 + 4t3 + 5t4), (4.5.91)
1 1
g () =t1, g =t ¢g(t) = 13 g*(t) = sla- (4.5.92)

We have that degti(z) = 10, degta(x) = 10, degts(z) = 2, degty(x) = 2 and deg Z(x) =
2.
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Theorem 4.5.17. We have the following relations

Y1 =

21959
3137 (

+ 210022t tot3 — 42002333 + 27300 Zt3t4 + 89250t 1 tot5 — 178500t5t5
+ 2286202 oS + 11424073t ] — 228480231515 + 24656802 2tot5
— 1411207t 13 + 282240 Ztot5 — 5667634t5t10 — 134825602552

423ty — 168t1t3 4 168t5 — 21024 tat3 + 42024 3t5 + 1050231313

+ 42611520Z2t3 — 42024 1 toty + 1050243ty — 189023t tatsty + 7980723133ty
+ 1260022t totity — 2079022515ty — 104580 Zt 1 tatst, 4 427560 Zt5t5t,

— 164430t3t5t4 + 15502201ttty — 233457055t — 466202415t

+ 28366802 ot 3ty + 159936023t t5t, — 2240700 Z3t9t5t, — 151202315ty

+ 39481120 2% tot5ty — 25401602t 1t5t, + 38725680 Ztat5ty + 28513800t 115ty

— 170380280t9t5t4 + 165618602 1¢10t, — 32358144023t11t, — 647236802%t%t,
+ 1193122560233, — 29292690t11ty — 378023t 1tot2 + 8820Z3t5t2

+ 231002t tot 3t — 28560225t 3t5 — 6274802t 1 tat3ts + 1892100251415

— 131544035t + 8585220t totsts — 11043480t5t5t2 — 46620024t t5t2

+ 158172002 tot3t5 + 97051502341 t5t3 — 791406023 t5t5t7 — 2116802t ,t5t2

+ 2898919802 tt5t2 — 17575740 Zt1t5t5 + 5T34TT240Ztot5t% 4 513248400t 11515
— 1955803360¢2t5t3 + 3312372002513 — 342907887023t1%t2 — 15533683202%t11¢3
+ 14721448140 Zt1%t7 — 820195320t13t% + 126002%t1tot3 — 32902%t3t3

— 1244460 Zt 1 totsts + 3290280 Zt5t3t5 — 3844260t313t5 — 4502 tot2t]

+ 21037800t tot3ts — 24410930t5t5t5 — 177324024t t5t5 + 494664802 tot3t3

+ 225 78¢3t3 + 3307710023t tats — 11938395 Z3tot4t3 — 38455202t t5t5

+ 127206520022 t5t5t3 — 27002°%5t3 — 563950802t t5t5 4 3895595560 ZtotSts
+ 4000050600t t5t5 — 11987148880t ot5t3 + 2939165645245t

— 21122966200Z3t5t5 — 1737966288022t1%3 4+ 105145262880 211 't3

— 6999178480t3%t3 — 8156402ttt} + 2080680Zt3t] — 4853520133t}

— 1800Z°tot3t] + 23828490t totst] — 26013980t3t3ts — 318024024, 13¢5

+ 917838602 tot3t] + 18002555 + 69522180723t 13t — 118843207353t}

+ 5400Z7t5t5 — 299880002°t tat] + 36171410202 >totats — 32400Z5t5t]

— 381187802t 15t + 15323659800 Zt5t5t] — 25650Z°t5t] + 17678161200t 5t}
— 44692143980t,t5t] + 1522787912021t — 83502915015 23t5t]

— 119765904000 Z°t5t; + 469572887280 Zt10t] 4 2620343040t11t1 — 2164806t3t;
— 1350Z°t9t5 + 10008684t 1 tot — 11210172t3t5 — 2653140241 t3t5

+ 966932402 tot3t] + 49502525 + 9261756023t 13t — 4336143072353t

+ 4320027 t5t5 — 11304720022t t5t5 + 67494331202 2t,t5t5 — 12150025413
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Yo =

+ 3572931602t t5t5 + 38092662600 Ztytat; — 3078002Z°t5t5 4+ 49036806000t 55

— 108705602416t5t5t5 + 5084440050025t — 219447220080 Z3t5t3

— 5701118696402°t5t5 + 1249790969280 255 + 479633884512t145 — 8038802¢,1§
+ 4558596021515 + 540028t 5t§ 4 74024790231 t3t§ — 10732890023t 5t5t$

+ 1260002 713t5 — 22557024022t 1315 + 79644100202 2t,t3tS — 1080002555

+ 139992342071 t3t5 + 61840178440 Ztot5t5 — 14152502°5t5 4 89821989600t 3¢5
— 183359111760t5t4tS + 1135178127202%5t5 — 379424004920235t5

— 1998548319360.22t5t5 + 11148138508602t5t5 + 4204075665280t5t5 + 202525t]
+ 273516602311t — 8712511523t} + 1584002 "t3t] — 2317593602ttt

+ 5344717200723 tot3t] + 3375002°%2tT 4+ 2400609960215t + 65461451880 Ztt5t]
— 3114000Z°t3t7 + 113150026920t t5t] — 234714455760t ot5t7 + 1691298711502 ¢4t7
— 39617163216023t3t] — 53612703794402°t5tT — 5723934259520 Ztt1

+ 20067909135750t5t] + 7020027t — 972518402%t 5 + 15342676202 t5t5

+ 83160025315 + 20572066202t t5t5 + 42875701800 Ztot3t} — 33079502513t}

+ 103042663920t 3¢5 — 249632019090tt3t5 + 160462051440 24315

— 159576392790Z34t% — 11200275624000Z2t5t — 29740325063280 25t}

+ 62134558132320t5t5 + 5355002%] + 7124871602t1t] + 13938177080 Ztot)

— 1452600Z5t3t] + 68111856120t 3t — 203506674360tt3t] + 8405897200022t
+ 151452210000235t5 — 181310699313602°t4t — 75535900424000Zt5t]

+ 130861824336350t5t] — 12555025¢1° 4 25090865520t 110 — 86556812352t t1°

+ 12789015040 Z 3110 + 241285828350Z3t3t0 — 220605261657602%5t

— 125256834868940Zt5t1° + 1869920668388885t10 — 514560187524¢4!

4 114867728760Z33t5' — 189616394234402%2t11 — 142926704208480 23t}

+ 171096028587180¢ 45" + 1153319396523t,% — 102379914115202%t3t4>

— 110581088197120Zt3t 1> + 78681803681760t5t 1> — 26090034476402°t}>

— 53312566785280Zt3t53 — 16250437730220t3t5% — 122550088726202t 5

—46426601177520t5t;" — 22667569904962¢°) ,

21256
- (1] — 4t1ts + 3t5 — 4525915 — 810Ztats — 1026¢115 + 2052¢9t5

— 405215 — 40502%5 + 10044110 + 10249ty — 180 Z3tot sty — 10023 tot3ty

— 6480 Ztat3ty — 10260t taty + 12220tot5t, — 4860245ty — 90852315ty

— 64800Z2t5t, + 33450Zt5t4 4 200880t5t, — 225739t — 400Z%tot3t5

— 16080 Ztot3t2 — 3078011313 — 4840tot5t3 — 224852452 — 109020231512

— 5112002%5t% + 535200 Zt5t2 4 1253640t5t3 — 3002 %tot — 12480 Ztotst5

— 20520t t3t3 — 163520t9t3t3 — 5028024313 — 550695 Z3t5t3 — 2505600Z°t5t3

155
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+ 3797100 Zt5t3 + 7T73760t5t3 + 2410 Ztot] + 46710t t3t4 — 380460tot3t]
— 55975 Z43t] — 1498360Z3t3t] — 80589002 °tat] 4+ 15594000275t}

— 27933080t5t5 + 60588t t5 — 287748tyth — 290202 t3t5 — 2341695231315
— 170088002255 + 39864360Zt4t5 — 162541344t5t5 — 63752415
—203142023t3t§ — 227683202235 + 62921280 Zt3t5 — 465541320t 3¢5

— 77880573t — 17671680Z°t3t] + 5662450025t — 804407360t5t;

— 61157702215 + 231085602t 3t5 — 886614660t3t5 + 13557902t
—625055760¢ 3t — 240893344t,°)

ys = — ——— (=Zty — Gt1ts + 12tats + 23 — 62°t5 — 207t§ — 12t1¢4 + 30taty
+ 4Z% 3ty + 1272313ty — A8Z%t3ty + 1574ty — 356415ty + 3245 + 48 73t 5t7
— 132224347 + 12021313 — 22365t5t3 + 52Z3t3 — 1442%t3t5 + 530Zt3t5
— 83880t5t3 — 54Z°t] 4 1160 Ztsts — 166515t5t5 + 8437t — 147084t5t]
—20311¢})

Y4 = 2014.

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems [4.2.4]
14.2.10} 4.3.41 4.5.4} 4.5.10, No proof was presented in 26|, where these results were first
published.

Proposition 4.5.18. The derivatives ayl € Clty, ta, t3, t4, Z].

Proof is similar to the one for Proposition 4.2.5

The expression for the discriminant of Hy(4) as well as the expression for e in terms
of the y coordinates can be found in Appendix[A.3] We do not present these here as they
are too long and for this reason we chose not to include these in our paper [26]. We do
not give expressions for the ¢ coordinates and Z in terms of the y coordinates, as this was

too complicated even for computation.

4.5.5 Hy(7) example

The prepotential for Hy(7) is

F(t) =titaty + %t?u - %tm (31583 + 3263) + 31172658t 2 (7563 1 243) 27
— 33;?753 (75t5 + 2t3) Z° — 156632854t4 (375¢3 +14£5) Z° + 3‘212;6%& pr
- 111677536 2277 ¢ 2556 (2208 + 363) 75 119847584t3ti 2 411§§4t3t 10
- %t?ﬂ“ + %itgtiz” + %t%Z 3 gf? Bz 4 1252658t3t4215
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496
2975

496 71 16
37V 4 ity 71—y 7% 4 773,

* 945 1575 7245

where
8 32 5 3 64 2r72
P(tg, t3, t4, Z) = Z + €t4Z + 64t32 - Et4Z + 128t3t4 - t2 - O

The Euler vector field is

4 1 3
E(t) — tlatl + gt2at2 —+ §t38t3 + 1—0t48t4,

the unity vector field is e(t) = &, , and the charge is d = 5. The intersection form (2.2.19)
is then given by

128
11 _
9" = 703125
+ 5375255t + 758000 Ztotsts + 13878000243ty — 3220023tt2

+ 745600Z5¢3t5 — 1173440002315 — 754420tot5 — 1829120Z3t3t3

(—1250213 + 11250Z 5t + 1850000273 + 1530000002%t3

— 819072Z°t; — 121034240t5t1 + 12234242°t}) (4.5.93)
g (t) = % (—125Z7t5 — 115002%t5t3 4+ 16000Z°¢5 + 5400000£3

— 450729ty 4 284002t 5ty + 327200023t + 5280 Ztot3

+ 2024802 5t + 444875t} — 1155840 Zt5t] + 3584Z°t1 — 256000¢) (4.5.94)
g2(t) = % (—252°ty — 4250tats — 40000235 — 295Z°taty + 24802°t5ty

+ 622000¢5t4 + 788Z7t3 + 123760 Z°t5t] + 53242t — 208002t}) (4.5.95)
g (t) = 5 (25Z%5 — 40002 "t5 — 2880002%3 — 560 Ztats — 201602 t5t4

+ 5447°t] + 148480 Zt5t] — 2048233 — 51200t3) , (4.5.96)
gB(t) = = (75t1 + 202ty — 320Z°t5 — 38400t5 — 12827ty — 12160Z%t5t4

— 70423 + 25602t3) (4.5.97)
g3 () = 650 (52° + 420Zt3 + 352°t, — 112t3) (4.5.98)
G =, g = %tg, Pt = %tg, GMt) = %u (4.5.99)

We have that degt;(z) = 2, degto(x) = 2, degts(x) = %, degty(z) =2 and deg Z(z) =
2

2,

Theorem 4.5.19. We have the following relations
54
- 3W7

— 51371831 Z5¢5 — 21305207 t1t3 4+ 23451873 2213 1ot + 3951°2.7.967 Z3t3t5

(22315187 Z7tit, — 22875197 Z47t5 + 3%517-11.31 243
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— 31512.7.2383 Z5t,t3t5 + 22513719121 t5t3 — 283151872 25342

— 20355157.983 Z713t0t2 4 253151071117 Zt t5t3 — 265133.7.31547 Z3t5t2

— 21235518761 ¢33 — 212355157.257 Z213tt3 — 28335147.47.421 24414343

— 275137.131.2647 Z5¢3t3 — 213°5157.1153 25315 — 221335'17.239 Z7t, tot5

+ 2M15133.7.181-6269 Zt3ts — 217305157.13.1291 245 + 216355147.16447 Z2%t ot}
—2135143.7.3183137 Z*t3t5 — 2203°5157.17-643 Z5t1t5 + 2'85M7.1747-1789 Z 1,15

— 224355157.34649 t11% + 2235172511151 Z%t,t] — 2251572112687 2543

— 228335157.530807 t5 + 35517732 Z43 1oty + 22375117.67 2833ty

— 31513741 tytdty — 5132.7-4871 225ty — 2035177213 2735t

+ 253°5147.23.199 Zt3t3tst, — 243351471091 Z3t, t3t 5ty — 2°5137.11-3119 Z°5tst,

— 213451873 7243421, 4+ 27305147.10169 Z4t 3 tot3ty — 27345137-53.401 25,133t

+ 265127.4272533 t5t2t, — 2123°5117.37.367 27135ty — 212335137.127.251 Zt, t3t5t,

— 210512723.19.48157 Z3t3 15t + 2193°5157.257 Z243t5t, — 2'3335137.1883993 Z 4t tat5ty

4 213513723.397.557 Z5t3t4t, — 2'833517.67-293 Z7t,t5t, — 2'751313%3.7.22063 Zt3t3t,

— 22335517.16447 Z2t115t4 + 21951373%7.12347 Z* 915ty — 224514723.31-6673 Z7t1t,

— 2305179511151 Z2t5t, — 253751572 Zt3t0t2 4 2°375137.367 233547

+ 2°345137.2009 75,313 — 2'5127.11-3517 Z7t4t5 — 273451972173 243313

— 26355137.19.29.59 Z512ttat2 + 2°345127.407717 t1t3t5t3 — 2°335137.149.271 Z2t5t 5t

— 211355137.19.3119 Zt3tot3t3 + 29315127.61-48311 Z3t1t3t3¢3 + 295137-11-19-479 Z5t3t3¢3
— 213355137.311.439 Z 3317 — 214315137.61-4663 Z5t totat? 4+ 2115127.13.3501503 t3tst
+ 217315137.14029 Zt  totat — 2195123.7.11-13-104297 Z3t3t5t7 — 219335137.4814471 7%, t3t3
— 218325137.3231829 Z0tyt5t3 + 2235133.7.47.263303 Ztot5t3 — 225325137.1951-29207 Z4t5t3
+ 20345157217 7264343 — 21375127.11-79 134313 + 21335127.89.-6449 2%t 13t

+ 245113.7.211-6449 Z4t5t3 4 2123751072 7315363 — 210355127.208253 Z33 ot 3ts

— 215335127.1429 75t t3t5t3 — 285117.31-181-3659 Z t3tsts + 2'23°5117.13.37-59 Z0123t3
+ 21632513932 710424243 1 91233512721178167 t1 1312t — 2105112107634939 Z2t312t3

+ 218385137.1033 Z3t3t3 — 217335127.13.23.4099 Z3t1 tot3t5 + 2185M107-330509 Z5t3t3¢3
— 218345137.377563 Z5t 1 tat3 4 2213251623 Z8t,t4t3 + 216513491035057 t3tat3

— 224335137.373.523 Zt115t1 — 2225123.658847099 Z3t,t5t3 + 2%45127.25229.55439 751513
— 2305133.7.23.71.5791 Ztt3 — 2123451572 734314 + 293125127 25421014

4 2733517.13.17-5981 Z7t,t3t4 + 2123251213 7943t + 285101553 74317 Zt5t]

— 210355127.93.97849 t3tyt5t — 2163251223 712421 5t1 + 293151 72644789 22t t3t 5t}

— 210519684923563 Z4t3tst; 4+ 2193°5137.11.23.157 Z34242¢] + 21395117.239.1361 Z5t, to13t]
— 2155193.7.105745993 Z7t3t2t5 4 2243514 210,311 + 2173551372144073 1 tot 314

— 21551931.2275515659 Z2t3t3t] — 229335127219-1987 Z3t, tit]
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— 22051097.17.683-247601 Z5totat] + 23032517 Z845t1 — 22251156634970591 tott]

+ 2%83251159.56802241 Z315t4 — 216315157.97 315 4- 2103125107.103 Z%t3tt]

+ 2132511 7144245 4 9833597.17.6436589 Z* 11315 + 28583.83-113-283487 264313

— 21531051072367 75421515 + 212335197.47.409-1801 Z "t  totst] — 2193351189.241 Z°t3t 5t
+ 21558192379.72043 Zt3tst] — 2173°5127.67-151-443 1325 + 2203251229.173 Z24,12t5

4 21733597.242346031 Z2t  tot2t] — 211583.17-29-307-2364179 Z443t3¢t5

+ 22133597.151247651 Z°tt5t5 4+ 2'85921157-4697569 Z tot3t] + 227325151317 7194443

4 221335137.2004073 t, tat5 — 222583.883-159406111 Z2totat] — 229583343-11789651 Z°t5t
— 22951185909378939 t5t5 + 214311597 271318 4 211325101523 7114248

— 21133587.13.73.627131 Zt1t3t5 + 2M1576691-10945717 Z3t3t§ — 2163105107.739 Z2¢2¢51$
— 2193351073 7101518 4 21333587.6560672719 2t totst§ — 213583-19-107-271-4603 Z63t 3¢5
— 22131587.195868609 Z ¢, 12tS + 22132510173-2039 Z%t,t2t5 — 217573.175949-534167 Zt3t3t$
4 2763351373 7124348 — 22533597.307854203 Z2t1t3t5 + 2195717-1171- 755025827 Z tot3tS
+ 2%6573.11-29-1522702439 Z7t3t$ + 2285817.23.99971-187073 221515 + 21731597 744347
+ 21233577.17-61-545533 Z5t1 1ot} + 2123%5%91747-2179 Z813t] + 212553.7.25411781761 t3t]
— 21832597.31.101-109 Z ' tot5t] 4 21831577.3491.87421 Zt totst)]

+ 216503.11-41-625672687 Z3t3t3t] + 2223511732 7144247

— 220335772132607-45503 Z 1t 131 — 2183355128237-6437531 Z0tyt3t]

— 228335116197 7943t — 221503.443-8098119613 Ztot3t]

4 2%6563.7.715783571707 Zt5t1 4 21932587541 Z13t,t]

— 21933567217219.31-199 Z3t 1 tot5 4+ 219503.23.29.219793529 Z°13t%

+ 22033567.23.67-1297-3301 Z5t,t5t§ — 229345928807 Z8¢ot 5t}

+ 2175°3.7.2544911109121 t3t3t5 4 22°3%25919-43-829 714244

4 2%033577.53.167-116381 Zt 3§ — 2263255167-5651- 157637 Z3tot2t}

4 2%0325519.47-359-6805069 Z5t3t5 + 232503.31.1249-8516173 Zt;3t8

4 218335711.151-2281 Z'9%,t] — 2183355721453-9140533 t1 ot

4 2105°8861954242873 Z2t3t) — 2233358737541 Z13t5t]

— 2%533557.4139-129119 Z3t1t3t] — 2235°151-5680110559 Z5tot5t]

— 226325740185941 ZB13t) + 22*5*17-23621998776373 tot3t)

+ 2305411764381 -5742169 Z3t3t] — 224314547.11.863 Z°,t1°

4 2205317.233941-6976421 Z tot0 — 2%93%557.1381231 Z'0¢3t,°

— 22533557.7457-33020201 t, t3t1° — 22°5358812201936403 Z2tat3t4°

4 2%95339878573708081 Z°t2t1° + 232513909211-4328957 t3t,°

+ 222325575412 21241 4 2431354725399 7%ttt — 22832557.53. 7541 2%t 12

4 2%252225349-1564621501 Z4toty! — 2275%3.107-127-4920163967 Z " tstl!
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— 2315313.1583-4421-158759 Z%t3t)' — 2265.296367312358063 Ztot )
— 2%25.1383659-123837583 Zt3t1? + 2307.249677- 73045429 Z5¢3

+ 2335.296367312358063 ZtstL3 — 23211-43-104455205831 Z3t 14
—2°95107.349 1)°) ,

53
93318
4 25335831 Zt3ts3 + 283151219 242 — 2932510353 72t 112 — 203258367 244312
+ 2193251009 754,43 — 211583.4327 Z7tat3 + 214335101319 1,13
— 215583.109-137 Z%tots — 2215113.11 Z°3 + 220325199745 — 21575023 Z3t3¢,

+ 2432591113 Zt1 13ty — 273351072 2% tot sty 4+ 275734817 Z5t3tsty

+ 219325953 77t 13ty — 2'0573.13-397 Zt3t2t, + 21032519353 721, 5ty

—2135719.41-317 Zat3t4 + 2958111723 Zt5t4 + 2%2583-109-137 Z%t5t,

— 253258547 Z5¢1 1012 — 2432557.13.167 1312 — 219325%11.103 Zt totst2

—29593.7.3907 Z3t3tt3 + 2193258881 Zt, 1343 + 211325731883 Z%t,t3t3

— 2165843.461 Ztot3t3 + 22257127-1301 Z443t3 + 293257823 Z3t 1ot}

— 28593.7.37.53 Z°t3t3 — 2'33%587.53 Z%t,t3t3 — 212503731877 t3t5t3

— 217355811 Zt113t3 + 217325613-137 Z3tyt2t3 — 2193957641 264343

+ 2835796601 Ztats + 283%5°7-13-67-79 t1totF — 210577210343 223t}

4 211325519.443 Z3t,t3t] + 2'3557%29-409 Ztytsts — 2145517.379-17209 tot3t]

—2205517.19-13931 Z363t5 + 2'3375°79 Z°4145 — 2125°13.59-5623 Ztot},

4 215325513.103-883 t1 ¢35t 4 2195311-5478043 Z>tot st}

—2195311.83.32839 Z°t3t5 + 221555189507 t3t5 — 214375759 72t t§

— 2252327966773 Z1tt$ + 2'8523-83-593-613 Z 5t

+ 2205312493677 2225 4 2'75-139571863 Ztot] 4+ 2'95-1099915517 Z*t5t]

—2'813.49685821 Z°%] — 22*5-139571863 Zt3t} + 22°19-1661677 Z°t] + 2*°5717¢)°) ,
53

Y3 = 7 5a311
+ 213572313 — 2553 Z7toty + 27335511 tytsty 4+ 25353 Z2totst,y
+ 2125° 752t 4 2135123131 13ty — 21521523 Z%tot3 + 29533.73 Z7t 5t
— 2135329 724242 4 285.31-41 Ztots + 2115.7-491 Z5t5 — 297541 Z5¢}
— 2195.31-41 Ztsty + 2M7-53 Z3¢5 + 2215%111¢F) ,
40

Y4 :§t4-

Yo = (223%51%¢] — 3251017 Z4¢1#5 — 5%2.3.7 Z5¢5 — 2°3°51011 Z7t 914

(33501t — 22513 Z%13 + 205923 ZPtty + 2051587 1ot}

A proof of this theorem is given in Appendix A as the formulas involved are too long
to present here. The method of the proof is similar to those given for Theorems [4.2.4]
14.2.10} [4.3.4} 4.5.4] 4.5.10, No proof was presented in [26|, where these results were first
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published.

Proposition 4.5.20. The derivatives gi € Clty, ta, t3, tyg, Z].

Proof is similar to the one for Proposition

The expression for the discriminant of H,(7) as well as the expression for e in terms
of the y coordinates can be found in Appendix[A.4] We do not present these here as they
are too long and for this reason we chose not to include these in our paper [26]. We do
not give expressions for the ¢ coordinates and Z in terms of the y coordinates, as this was

too complicated even for computation.



Chapter 5
Almost duality results

Let us define on a Frobenius manifold M the following tensor fields:

Cijk = ginCy TR i= g, (5.0.1)

where ij and c;k are given by formulas (2.2.32)) and ([2.2.6|), respectively. It can be shown
that c;j(z) OF._ for a function F,(z), which is the dual prepotential of M [17].

= Ox;0x;0x),

For irreducible polynomial Frobenius manifolds, it was shown in [17] that their dual

prepotentials (up to rescaling) have the following simple form:

F()=Y" (@, )" log(a, ), (5.0.2)

acER

where R, is a positive root system for the associated Coxeter group W. Below we give

some partial results about dual prepotentials for some algebraic Frobenius manifolds.

5.1 Two-dimensional algebraic examples

A two-dimensional (semisimple) algebraic Frobenius manifold has a prepotential of the

form (28)"
1 k(2k

F(t) = Et% + 1t’;+1,

with & € Q\{—1,0,1} (see [13]). This has degrees d; = 1 and d» = 2, and charge d = 2.

The choice of the coefficient of t5™ in formula (5.1.1)) is convenient for having a simple

relation between coordinates t1, t and the flat coordinates of the intersection form x, 5.

Using formulas ([2.2.14]), (4.0.1) and (2.2.19), we find the intersection form:

4 (t) = <(2k)k+1t2 ty ) '

t 2t

(5.1.1)

162
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Using formulas (2.2.6)), (2.2.32)) and (5.0.1)), we get

C(t) = — 4kt D, cia(t) = (4(2k)Fth +13) D, (5.1.2)
Cioa(t) = — 202K) 5D, Com(t) = (2k)FKMET2 (4(2k)5tE +2) D, (5.1.3)

where D = det (¢ (t)) 2 = (4(2k)"th — t%)_Q. Similar to the polynomial case k € Zs
considered in [13], the flat coordinates of the metric 1, ¢, are related to the flat coordinates
of the intersection form x;, x5 by the following formulas:

t = 2" 4+ 7°, ty = —— (5.1.4)

where z := x; + 129 and Z := x; — 125.

Performing a tensorial transformation of (5.1.2)) and (5.1.3]) with the relations ({5.1.4)),

we get the following third order derivatives of the dual prepotential:

x kay(x? +323)  2kixzd zF+ 28 . kay(z2 —22)  2kizxd 28+ 2F
ci () = =\2 e e (@) = =2 T T2 Sk
(22) (22)% zF — 2 (22) (22)2 ZF—2
(5.1.5)
x kay(x? —a2)  2kiadxy 28+ 2F . kao(x3 +322)  2kixd zF 4 2F
C122() = =\2 e o Cn() = )2 T (22 Sk Lk
(22) (22)2 ZF -2z (22) (22)% zF — 2
(5.1.6)
Since k is a nonzero rational number there exists m, [ € Z\ {0} such that k = 7 and
(m, 1) = 1. Here, and in the theorems that follow, we are assuming that when taking

powers of % we are working in an open set U C C which contains the points z, z, 2k
and Z£. In the open set U we choose a single branch of the function f(w) = wt so that
we have the relation f(z)f(Z) = f(2k)f(%). For example, we could assume that U does
not contain the non-positive imaginary axis which can be achieved for £ > 0 by taking
|IRe(z1)], [Im(z1)| < 1 and Re(zs), Im(zg) > 1. Similarly, for £ < 0 we could assume that
U does not contain the non-negative imaginary axis and take the same conditions for x;
and 5.

Recall that for a polynomial Frobenius manifold associated to a Coxeter group W with
root system R = Ry, the dual prepotential has the form . Let a € R and define

a; = (a, ¢€;), then we have the following relations (for generic points on (a, z) = 0):

O*F, 20,50
(, 2) 5——— =,
0030y ) | (4 110 (o, @)
for all 7, 5, k = 1,...,n. Let us now investigate the case of two-dimensional algebraic

Frobenius manifolds. The positive half of the root system Ry, for W = I3(m) may be
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taken as
o =al® =sin <7r_a> e1 + cos <7T—a> es, (5.1.7)
m m

for a = 0,...,m — 1 (see Example [2.3.5). The mirrors for I5(m) are the hyperplanes
(o, ) = 0 which can be equivalently formulated as the subsets where Z = e nt 2 If

27mia

e m z € U for all a then we have

27ia

flemmz) = &af(2),

where &, is an (ml)’th root of unity and f is the particular branch of the function f(w) =
w7 that we have chosen for taking powers of % If ¢™ = 1, then we will say that o(® is
consistent with f at z. For example, when a = 0, o'® is consistent with any branch of f
for all z. The property of consistency is not affected by changing z to a point in a small

neighbourhood of z. The notion of consistency is useful for analysing singularities in the

formulas 1)1} Thus, on the complex line z = ez, we have

27ia

Z8 =2k = fleTm ) — f(2)" = (& = D ()™,

which is equal to 0 precisely when a(® is consistent with f at z. For the theorem that

follows we first need the following technical result.

Lemma 5.1.1. Let a € Ry be a root of the Coxeter group W = Iy(m) as given by equation

and let b= 10, 1, 2 or 3. Then,
<2mi(—x1)bx§_b(a, :13))

(z2)2(Zz™ — =2™)

3—b b
0y 0y

(a, 2)=0 n zm (a,r):()'

27ia

Proof. The root system Ry, has mirrors given by the equations Z = e™m 2z, where a =

0,...,m — 1. We can factor z" — 2™ into these mirrors:
m—1
2mia
Em—zm:H<E—em z). (5.1.8)
a=0
Consider the following identity
m—1 m—1
27mib 27mia 2miac
(E— e m z) =e m 7T T (5.1.9)
b=0 c=0
b#a

which can be checked by evaluating the right hand side at z = e’z for b # a, and by
comparing the coefficients of 2"~!. Evaluating (5.1.9) at Z = e“m" 2 and factoring out 2™
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we get
m—1

2mia 27ib 27ia
H (e m o—em ) =me m . (5.1.10)
b=0
b#a

To complete the proof we will need the following trigonometric relations:

27ia mia Tia

l—em :—2isin<7r—a>em, 1+62:Za:2cos(7r—&>em.
m m

The mirrors of I,(m) are also given by the equations (a(¥, z) = 0 and we can relate this

27rza

m 2z by the ratio

to the expression zZ =

—
2
Q
N
8
~—
921
=
=
—~
|=1

)xl—i-cos( ):v2
2mia
T <1+€m)l’2
sin (Z2) z; + cos (22) 2, i xia

= _ = —e m, 5.1.11
—2ie’m (sin (22) 21 + cos (%) x») 2° ( )

By formulas (5.1.8)), (5.1.10) and (5.1.11]) we get

(a(a)7 x) a Tnnl
Zm — m (a, )= 0 2ma 0 Z—GQZbZ (e, 2)=0
b
1 mia 1 7:67:;&
= —e m 5 = — . (5112)
me—mtzm=1l(a,2)=0  2mz™"1l(a,z)=0

Now, for @ = 0, the equation (a(¥, ) = 0 is equivalent to the condition that x5 = 0 and

so we have the following relations for b =0, 1, 2 and 3:

(—x1)’a3 _ (=)' dm _of"af
[Ty S VR U . (5.1.13)
(22) (a,2)=0 x] T ez l(a,z)=0

Similarly, for @ # 0 the equation (a!®, z) = 0 is equivalent to the condition

cos >m2 )

r1 = — ) o

IRIZR

sin (

and thus we get

2|, 2)=0 = (T1 + iT2)|(a, 2)=0 = (—% + z) Ts
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Thus, for a # 0, we have the following relations:

b,.3 3-b

b..3—b
(—21)"7) QT _ Q 042%
—\2 - 4mia T 4mia _ 3mia
(2%) (@2)=0  abe m zil@w)=0  e"m (—z3)e” m zl(az)=0
3—b
o 042
= — —= , (5.1.14)

em z H(a,2)=0

for b=0, 1, 2 or 3. Formulas (5.1.12)), (5.1.13)) and ((5.1.14]) thus imply the statement. [

This allows us to present the following result for two-dimensional algebraic Frobenius

manifolds, which closely resembles the polynomial case.

Theorem 5.1.2. Let I be a two-dimensional prepotential of the form (5.1.1) with k = 7,
where m, | € Z~g and (m, 1) = 1. Let W = I1(m) and o € Ry . Let z be a generic point in
the hyperplane (o, x) = 0. Then, if « is consistent with f at z, the third order derivatives
Z”k(w) of the dual prepotential F, satisfy the following:

((a, z) z’ijk(@)

= 20,050,
z

If « is not consistent with f at z, then the third order derivatives satisfy the following:

<(a, x) ajk(x)> =0.
Proof. Consider the identity
m m 1
ZTU +z7T A A m
= l
E% — z% Zm — zm ;
“MMwmmmmwmmmmmMMM®bi%”T%mmmg
by the same expression. Hence, by the formula ([5.1.5))
. 1 (mux(2? 4+ 323) 2mixd z™ + 2™ 2mi £C2 — _mi
— — l
)= 7 (M e )+ Z

(5.1.15)
The first term in formula ([5.1.15) is equal to 12111(33) in formula (5.1.5) when & = m.

Thus, this term is equal to % > (2% by formula (5.0.2)) for the dihedral Coxeter case

a€ERL
W = I (m). So, we see that
x 1 208 dmizd 1 A\ i mag)
— — l 1
cm(@) [ Z (o, ) U(2Z)2 2™ — 2™ 4 = ’
CXER+ 7j=1
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Similarly, for the other third order derivatives of the dual prepotential given by formulas

*, we have

« 1 202y 4mzx1;1:2 i m=i)
0112($) :7 E - m Z

el (o, x) [(22)?
: -1
* 1 20103 Amiriz, 1 _mi m(=j)
122(2) T Z (o, x) * [(22)2 Z™ — zm et
a€R ’ j=1
* 1 205 dmizy 1 A i mag)
C222(2) T Z (a, )  1(z2)2 7™ — 2™ chE
a€Ry v j=1

where R, is a positive root system of I(m). If «v is consistent with f, then

FE = JER D = UMD = fm =2

and so, using Lemma [5.1.1],

_Qaiajak Zazajak 1 i
(e, 2)=0 N ) zm sy (a, z)=0

@ree)

2001
:%(1 +(1—1)) = 20050

If « is not consistent with f, then

mj m(l—j) 27ia

S = (SRS = € ) = € () = €,

where &, is an (ml)’th root of unity with £* # 1. Thus, by use of Lemma m,
1-1

. 2(1/7;04j04k 2&zajak 1 m] m
(o, 2)=0 N l Z§

-1
2azozjak Z i

(00 ) &ul)

(a, )=

]

For the next two theorems we consider only the case when k = +17! with [ € Zs,. We
will also need to assume that 2izs € U, as we will make use of the hypergeometric function

2 F1(a, b; ¢;w) which is single-valued for the argument |w| < 1. This condition holds for

1T1+x2

S when we use the constraints for U specified above.

w =

Theorem 5.1.3. Let M be a two-dimensional Frobenius manifold with prepotential
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with k = 17", where | € Zsy. Then the dual prepotential of M has the form

2 2

F*(m):Tlogx2+4—llogz+4—llogz
-1 _j S .
zt [l 4+ (I — 2j)ixg , (] j i Z$1+x2)
+ — : + (22x Py F T , (05.1.16
;47( (j— Dzt (ia* T2y 1 22, ( )

where o F (a, b; c;w) is the hypergeometric function.

Proof. For k = 17!, the third order derivatives of the dual prepotential given by formulas

(5.1.5)—(5.1.6) may be simplified as

* T 2:16‘% =
- 121 5.1.17
c(@) 12z 1(2%)? 4 o ( )
7j=1
Frra(r) = L 4 20Tz St (5.1.18)
12(%) = 7= 1(22)? 2- ; 1.
-1
x T 212 i 1
Bt 1771 5.1.19
C122(2) 12z 1(22)? ;Z o ( )
* 1 2 i) 233% =1 i 1=3j
S ) Ziz T, 5.1.20
C2z2(2) [ (xg zE) * lxo(2Z)? = o ( )
where we use the identity
T4zl T4z 2 ai b
T T == + = ANAL
21 — 21 z—Z Z_ijl
Let us define the following functions:
22 52 2
Ax) == 72 log x5 + 1 logz + — T log z,
zt (lzg + (I — 2j)izs)
Bj(m) = _1 )
45(j — 1)1~
i S .
Z1 77 1T1 + X9
Ci(x) = (2 (2,224
o) = i o (4,957 1050,

for j=1,...,1 — 1. Then, we want to show that

axaéfxbaxc (A(x) + i (Bj(x) + C; (fﬂ))) = Cape(), (5.1.21)

j=1

where ¢qp(2) are given by formulas d5.1.17|)—d5.1.20|). The third order derivatives of A(x)
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are
FA_m A _m PA _ m 0A_1(2 n»
0x3 127 0x20xy 127 Ox 023 127 ox3 1 \xy 22)°
(5.1.22)

Next, we calculate the third order derivatives of B;(z) for j =1,...,1 — 1 to be

83Bj _ 4ZI§E%_3bJ 63Bj _ 4@%137% Z%_?’bj (5 1 23)
oi ~ paie D30, B .
83Bj _ 4@13%.772 5%_3bj (93Bj _ 42%? E%_gbj (5 1 24)

103 Bzt 0x3 Byt -

where b; = (I — 2j)z1 +i(j* — jl + [*)z2. Now, let us consider the first order derivatives
of Cj(z) for j =1,...,1—1. We get

S ey, (L0 100)
_ i_j(zi%)l—{QFlf (%’ %; ]j Ll ix;;m) |
+ %25(21'@)—?25’1/ (%’ %; % ey zx;;xz)

The hypergeometric function has the properties

c—1

o F(a,b;c;w) = (2F1(a, b — Lw) — o Fy(a, b; c;w)),

2F1(a, b;0;w) = (1 —w)™,

for all a,b, c € C. Here the branch of (1 —w)~* is the one which equals 1 at w = 0. When

a= % and w = % we have the relation

. . . -1 Y
(e taa\ _ () imhae (Zzwz)? | (5.1.25)
) 21‘2 21’2

for any b € C, where the functions f(t) = ¢ on the right-hand side of ([5.1.25)) are taken on
the same branch, which is possible since the open set U contains both z and 2:x5. Hence

we have

s 70

JJ.J ., it 2jmy  ( (2imy)! JJ.g . it
{2204, _ ' g (120 g T
2 1(1 TS ) l(ix1+x2)< a2\ TrT T,
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Substitution of relation (5.1.26)) into the above formulas for the derivatives =-< a glves

8Cj o ZL‘%Z%_l

Ox1 12t

0C; _ i JJ.d gy imta | mzpE!
— = -Z7(2 F — = =41

Dy jZ (21152) 2 1(l’l’l+ ' om, + lz%

Since gc contains no hypergeometric functions, its derivatives are more easily attainable,
and we see that
83C’j . 2(13% Z%_3cj 83C’j . 21]1$2 5%_36]- 83Cj . 21]% E%
ox3 i 0220wy i+ Or 013 3442
(5.1.27)
where ¢; = 1223 + 2il(l — 2j)x 29 — (1> — 251+ 2j?)x3. On the other hand, ZTC; still contains
hypergeometric functions. Looking at the second order derivative, and using relation

(5.1.26)), we see that

0*C; 2 .. \_i 1T +x z, 712
8:10%] = —551(22@) 151 (%,%;‘%—i— 1;12722) + - (3lm1 +z(l—2j)x1x2+21x2)

1221

Differentiating C;(x) with respect to x for the third time and substituting relation ({5.1.26)

into this expression, we get

830]‘ 2$:1)' 2 -

3
O l3x22

~fs.| =~

= (z%f‘{ + 2il(2) — Dyze — (12 — 251 + 252)22). (5.1.28)

From relations (5.1.22)—(5.1.24)) and (5.1.27))—(5.1.28)), one can check directly that formula

(5.1.21]) holds. O

Theorem 5.1.4. Let M be a two-dimensional Frobenius manifold with prepotential
with k = —1~', where | € Zsy. Then the dual prepotential ofM has the form

—~ xt + a3
F.(z) = F.(x) — 12[ 2

where F,(x) is the function given by formula :

10g($1 + 13),

Proof. Given a two-dimensional Frobenius manifold M, with charge d # 1 and 7;; = 0
one can construct a two-dimensional Frobenius manifold M with charge d=2—d using
a symmetry of the WDVV equations known as an inversion [13]. The flat coordinates x

of the intersection form of M may be expressed in terms of the flat coordinates = of the
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intersection form of M via the following relation:
27,

(1—@ 32+ 53)

for i = 1, 2. Moreover, the dual prepotential F, of M may be expressed as

A= —— )
(1 4 (0 (@ + (@)

(5.1.29)

where F, is the dual prepotential of M [42]. In two dimensions, semisimple Frobenius
manifolds with d # 1 and 7n;; = 0 are uniquely parametrized, up to isomorphism, by
their charge [13|. A Frobenius manifold with prepotential has charge d = &2
Let M be the Frobenius manifold with prepotential with & = [7!, thus M has
charge d = 1 — 2I. We know from Theorem that this Frobenius manifold has a
dual prepotential of the form . The inversion M must have charge d=2l+1 and
therefore its prepotential must be of the form with & = —{~'. The dual prepotential
of M is given by equation from which the statement follows. O

5.2 (Hg)” and D4(CL1)

Below we give related results for the algebraic Frobenius manifolds (Hs)” and Dy(ay).

Proposition 5.2.1. Let PM(z, Z) be the polynomial from relation for M = (Hj)"
and let it be the polynomial from relation for M = Dgy(ay) expressed in the x
coordinates. Then for each o € R, where R = Ry, for M = (H3)" and R = Rp, for
M = Dy(a1), we have that

PY (2, 2)|(0,)=0 = Ko' (Lo,

where KM LM € Clz; Z] and LM is linear in Z. KM is cubic in Z for M = (Hs3)" and
quartic in Z for M = Dy(ay).

To check that the polynomial P (z, Z) factorises on the hyperplanes (a, x) = 0 we first
substitute the expressions for y;(x) from relations (4.2.1)-(4.2.7), or (4.3.8)—(4.3.11)), into

the left-hand side of equation (4.2.45|), or equation (4.3.34)), respectively. We then restrict
to the hyperplane (o, ) = 0 and see that the polynomial factorises as claimed.

Proposition 5.2.2. Let o € R, where R = Ry, for M = (Hj3)" and R = Rp, for
M = Dy(ay). The third order derivatives ajk(m) of the dual prepotential F, of M = (H3)"
or M = Dy(ay) satisfy

(e, 2) E()) =0

(o, 2)=0
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if LM(2,7) = 0. If KM(x,Z) =0 then we have

20050

(00 @) ()

(o, )=0 (o, @)

Proof. By formulas (4.0.2]) and (5.0.1)) we have

01,020y, = Cijie(7) = gix (1) gju () gro () () = 77 ().
Then
OPF. * Ox; Ox; Ox Ox: O O Oue Oxr O
_ Y xRy D TR TR b gy By i OYr 0T 0Ys OTf OYy 51
0z; 0101 Doty o, ~ 9 Wa O 5 oy ot og o, Y

Now we express the right-hand side of (5.2.1]) in # coordinates and Z. For the terms g®(t)

and cf”(t) we apply Theorem 4.2.13] The derivatives g;"i, g—;z and ‘3—2’: can be found by
inverting the Jacobi matrix J = (g—y) . The derivatives gf*, gi’s and g% can be found
Tj @ B ¥

by Theorem . We then reduce the resulting expression for ajk(a:) as a polynomial
in Z modulo the relation for M = (Hs)"”, or modulo the relation for
M = Dy(ay).

Then, for any o € R we get (a, x) ¢ij () which can be restricted to (a, ) = 0. Using
Proposition we can then reduce the restricted expression as a polynomial in Z modulo
KM or modulo LM depending on which branch of Z we consider on the hyperplane. This
leads to the claim. O



Chapter 6
Concluding remarks

In this thesis we studied the relations between flat coordinates of the metric n and flat
coordinates of the intersection form ¢ for algebraic Frobenius manifolds in dimensions 3
and 4 and we obtained explicit formulas for the relations. The complexity of these formulas
changes as the underlying Frobenius manifolds changes and it generally increases with the
increase of the algebraic degree of the prepotential. In all cases the flat coordinates of n
appear to be algebraic functions on the Coxeter orbit space for a suitable Coxeter group
W.

In the polynomial case, Saito polynomials appear as the flat coordinates of the metric n
expressed in terms of the flat coordinates of the intersection form g. They have applications
in relation to the representation theory of rational Cherednik algebras [25]. It would be
interesting to understand a representation theoretic meaning of the flat coordinates of
algebraic Frobenius manifolds.

The class of algebraic Frobenius manifolds is considerably more complicated than the
polynomial one. The classification of algebraic Frobenius manifolds remains a key chal-
lenge in the area. Our brief exploration of two-dimensional algebraic Frobenius manifolds
in Subsection [3.2.4] suggested that the Dubrovin conjecture on algebraic Frobenius man-
ifolds [7], [10] should be modified to include the assumption that the charge d must be
non-negative. Also, the data suggested by Douvropoulos for the degrees of algebraic
Frobenius manifolds [12] assumes that the quasi-Coxeter conjugacy class is regular. There
seems to be no known examples of algebraic Frobenius manifolds associated with non-
regular quasi-Coxeter conjugacy classes. We propose to modify the conjecture so that it

reads as follows:

Conjecture 6.0.1. Irreducible, semisimple algebraic Frobenius manifolds with positive
degrees and non-negative charge correspond to reqular quasi-Coxeter conjugacy classes in

finite irreducible Cozxeter groups.

The dual prepotentials for the two-dimensional algebraic Frobenius manifolds that we

found are rather involved and require the use of special functions to express them. We were

173
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able to deal with a particular class of two-dimensional examples which may be associated
to the Coxeter group W = A;. It may be instructive to try to obtain the dual prepotentials
when W has rank 2. Further investigation of the two-dimensional cases may also shed
some light on the dual prepotentials in higher dimensions.

We observed a certain structure in the residues on the Coxeter mirrors of the third
order derivatives of the dual prepotentials for (H3)"” and D4(a;) which also agrees with
the two-dimensional examples and may be expected to hold in general. Furthermore, we
also found the Liouville vector field e in all the cases of algebraic Frobenius manifolds we

considered, which is an important ingredient of the almost dual structure.



Appendix A

Appendix

A.1 Extra formulas for Fj(ay)

Recall from Section that the degrees of the ¢ coordinates and Z are degti(x) =
6, degto(z) = 6, degts(z) = 2, degty(x) = 2 and deg Z(x) = 2. This allows us to de-
duce which harmonic polynomials of the t coordinates and Z have the same degrees as the

basic invariants of F}, which the following Proposition makes precise.

Proposition A.1.1. Let Vi = {p € Clty,to,t3, 7] | degp(z) = 12}, let Vo = {p €
Clt1,ta, t3, Z] | degp(x) = 8} and let V3 = {p € Clt1,ta,t3,7Z] | degp(x) = 6}. The

harmonic elements of Vi are of the form

(39994271651463168000t3 — 80904225849081856000¢1t5 + 91628316367781888000t3
+ 39691987478208 x 10%t9t32% — 21155829325884864 x 10°t9t3Z
+ 55093432679861885337600t 1 t5 — 34153101962367741849600t 13
— 49021196866490790922500t4 Z% + 977984833875970910804100t3 Z
+ 3110921862196961552295231t5 + 146555030688768 x 103tot4 2>
— 29213302783961088 x 105t5t3t4Z + 85555282259884002508800¢ 3t
— 95774895963911695564800tt3t, — 724005369105094758240000t5t4 7>
+ 7074356527308602725128000t5t 4 Z + 21147741270229995149410656154
— 8834398276534272 x 10%5t2Z + 74301901339389906124800¢ ¢ 5t>
— 621927482894271302860800tt 5t — 2693340299619017568 x 10%t3t2 22
+ 8762848369368650105702400¢3t5 Z + 7690592943414451472753894415t5
+ 123849542221749131673600¢1 £ — 978296108365586733465600¢ 21
— 2934732272971723960320000t3t5 Z* — 16590944187768816265420800t3t3 Z
+ 64660702039504411220729856t5t5 — 1450851560860623667200000t; Z2
— 54501888609333397212364800t3t1Z — 109651175670248494923776t3t]
— 44701167188380467068928000t; Z — 90121677978606548432191488¢3t7)

175
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+b(1665664000t3 — 12300288000t t5 + 22708224000t3 — 1235069035200¢, t3
+ 4560254899200t5t5 + 288947062809465t5 — 13680764697600¢ 3t
+ 50513592729600t9t3t4 + 5072058006855840t5t4 + 4245696 x 10%t9t2 2
— 34568645529600t1 3t + 67292583321600t2t3t5 — 29513723557500t5t3 7>
— 209744195415300t53t3 7 + 30958248927422817t4t3 — 16707033907200¢,t5
4 20023079731200tot5 — 217947497040000t3t5 Z2 — 1378881164606400t3t3 2
+ 59383246493608128t3t3 — 4023646099200003 22 — 1604093578214400t3t1 2
+ 63810842541368832t2t] — 662858438860800t5Z + 67385500072869888¢ 3t
+ 40644595177684992t5),

where a, b € C are constants, the harmonic elements of V5 are proportional to

865280000t 3 — 192 x 10557 — 465920000t t3 + 13346775003 2>

4 9485108100t Z + 1291308785913 + 465920000t 4 + 163840000¢5t4
+ 9856080000t 5t, 22 + 62356132800t5t,Z + 2883719629445t

+ 181958400003 2% + 72540748800¢3t5 Z — 79360280064¢5t;
+29975961600t3 Z — 1705504260096¢5t5 — 2383159394304t

and the harmonic elements of V3 are proportional to
2080t; — 7680ty — T7T1147t5 — 8541946t5t, — 9637056515 — 39985923,

Proof. Using Proposition we can directly calculate

B 81 (
8000Q1 (1)Q2(1)
— 1475975358 x 10053 2% — 6098353859520000t2t3 Z — 4312468094407200t 9t

+ 40140069453607500t5 22 + 169301892939882300t% Z + 94770406646119503t5
+ 565248 x 10%t3t4Z + 159850496 x 10%3t5t, — 10369910304 x 10¢5t3t4 2>
— 46636996423680000t2t5t4Z — 35184390037056000¢2t4t4

+ 526623988130662500t5t4 2% + 22848322200688998005t4 7

+ 1312847276928293691t5t, 4+ 129630208 x 10%3¢2

— 18401520384 x 10%tat3t2 Z? — 98430133201920000¢5t3t2 Z

— 66357828605952000t35t2 4 2305480912207200000t3t2 Z>

4 10670351180656752000t5t3 Z + 5900835212770893408t5t

— 8953970688 x 105¢,t3 Z? — 92208473210880000t5t3t5 Z

4 22800849297408000t 533 + 3539747954527200000t5t3 7>

+ 19290935595705696000t4t3 Z + 6816070148589823680t5t5

A(ty) = 576 x 101°t327 + 485888 x 10%3t3Z + 54815488 x 10°43t3
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A(t2)

A(ts)

— 40173136773120000t2t5 Z + 149486891433984000t 3t}

— 390967827494400000t3t3 7% 4 3842667402043392000t5t; Z
— 17867174176142853120t4t} + 78222734445772800tt]

— 6031027762606080000t3t5Z — 37639199254793011200£3t; 2
— 56147707929909952512t5t5 — 4727890612224 x 10°¢§ 22

— 54400845921465139200¢3t5 7 — 46832205441313603584t5t5
— 23198183270645760000t] Z + 2162153488801333248t 3t

+16819243213809254400¢3)
B 1053 (
12800001 (£)Q2(t)

— 569106486 x 10%t,t3 22 — 3402855789840000t5t3Z — 7185639666722400t2t3

177

(A.1.1)

192 x 1094322 4- 272896 x 10%t3t3Z + 77399296 x 10%t2t3

+ 13380023151202500t§Z2 + 95087364527879100t§Z + 168938550977865201t§

+ 598016 x 10%3t47Z + 134930432 x 10%3t5t, — 4310830368 x 10%tt35t, 2>

— 30022665154560000t9t3t47Z — 56468639477952000t2t§t4
+ 169823370765262500753754Z2 + 141524964877985910015%1&42

+ 2377501071078737097t5t, 4+ 98369536 x 105¢3t2 — 8557705728 x 108tyt3t3 2>

— 78506238320640000t9t5t2 Z — 113377017821184000t5t5t3
+ 662931324572400000t5t3 Z2 + 7581006758299104000t5t3 Z
+ 1170395462979931593615t3 — 4170756096 x 10%tyt3 2>

— 75311922216960000t9t3t5 Z — 70992614744064000tot5t

+ 508647944282400000¢3t3 22 + 17080376315195232000t5t4 Z
+ 23876892382455927360t5t5 — 29090685911040000t9t; Z

+ 33521273929728000tt 3t — 1809325549324800000t 35 Z>
+ 10778537934987264000t3t5 Z + 17101711725365928960¢ 5t
+ 28526685821337600t,t; — 3408486672015360000¢3t5 Z2

— 19873390910187110400¢3t5 7 — 11424221360726114304¢3t)
— 1942325858304 x 105¢§2% — 39315036239128166400t3t$ Z
— 25446262590965219328t3t5 — 20349963495014400000t, Z

—153345819627843747845t] — 3407968112895590400¢3)
2
39Q1(6)Q2(1) (
— 227025676800t5t5 — 6861550333950t Z + 4162673869263t5

4 151632 x 10%¢5t4 2% + 639550080000t 9t3t4 Z — 1717498598400t 9314

+ 3045066716250t5t4 2% — 72574090070625t4t4 Z + 49128700391082t3t,
+ 372003840000t213 Z — 3397850726400t5t3t3 + 33729969780000t3t5 7>
— 233861123808000t3t2 Z + 144409243951440t5t% — 3074944204800t

1792 x 10%3 + 41067 x 10%4t32% 4 145924740000t213 2

(A.1.2)
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+ 95712392880000¢3t3 Z* — 210375070776000t3t3 Z — 214805772979200t5t
+ 46836092160000t; 2% + 82412598528000t3t1Z — 16265540864102403t4
+1803047620608005Z — 2664913466621952t5t; — 1267254332817408¢5),  (A.1.3)

Alta) —%, (A.1.4)
where
Q1(t) = 12800ty — 7T71147t3 — 5694624t35t, — 10513152t5t2 — 8985600t
Q2(t) =20000t, — 7T71147t3 — 4093011¢3t, + 1314144t 5t% + 7795008t
A general element of V; is of the form
ST i n R 2 (A.1.5)

k=0 0<i1,12,13,1%4

4
2k+ 3 djij=12
j=1

where a;, iy 15,10, k) € C. By calculating the Laplacian of this general element ((A.1.5)) using
Proposition and formulas (A.1.1)—(A.1.4) we find that the only harmonic elements

of V1 are as claimed. A general element of V5 has the form

2
Yo D bt 2, (A.1.6)
k=0 0<ir, i, ia, i

4
2k+ 3 dji;=8
j=1

where b(;, iy, 15,10, k) € C. By calculating the Laplacian of this general element (A.1.6)) using
Propostion and formulas (A.1.1))—(A.1.4) we find that the only harmonic elements of

V5 are as claimed. A general element of V5 has the form

2
11492 413 414 r7k
Z Z C(i17i27i3,i4,/€)t1 lytsty Z", (A.1.7)
k=0 0<iy,i2,13,%4

4
2k+ > d;ij=6
j=1

where ¢(;, iy, i5,is, k) € C are constants. By calculating the Laplacian of this general element

(A.1.7)) using Propostion and formulas (A.1.1)-(A.1.4)) we find that the only harmonic

elements of V3 are as claimed. O

Proposition [A.T.1] thus allows us to give a proof of Theorem [.4.3] in which the basic
invariants y; are expressed as polynomials in terms of the ¢ coordinates and the variable

Z. We now present this proof.
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Proof. Note that Y, = %y4 = %t4. We now equate Y7, Y and Y3 given by relations 1'
(4.4.11]) with general harmonic elements of V;, V5 and V3, respectively, given by Proposition
[A.1.T. We then rearrange these equations to find y; in terms of ¢; and Z. We find

Y1

4105728 ¢ a
35 4 39691987478208 x 108

— 80904225849081856000¢ ¢ + 91628316367781888000t3

4 39691987478208 x 10%t9t32% — 21155829325884864 x 10%t9t2Z

+ 55093432679861885337600¢ 3 — 34153101962367741849600¢o13

— 49021196866490790922500t4 2% 4 9779848338759709108041005 7

+ 3110921862196961552295231t5 + 146555030688768 x 103tot, 2>

— 29213302783961088 x 10%tat3t4Z + 85555282259884002508800t 3t

— 95774895963911695564800¢2t3t, — 724005369105094758240000t5t4 7>
+ 7074356527308602725128000t4t4 Z + 21147741270229995149410656t5t4
— 8834398276534272 x 10%9t2 Z + 74301901339389906124800¢ t3t2

— 621927482894271302860800t ot 3t — 2693340299619017568 x 10%t5t3 72
+ 8762848369368650105702400t3t3 Z + 76905929434144514727538944t4t2
+ 123849542221749131673600t 15 — 978296108365586733465600¢ 215

— 2934732272971723960320000¢3t5 Z% — 16590944187768816265420800t3t3
+ 64660702039504411220729856t5t5 — 1450851560860623667200000t; Z>
— 54501888609333397212364800t3t1Z — 109651175670248494923776t5t]

— 44701167188380467068928000t5Z — 90121677978606548432191488t3t3)
b

* 40644595177684992

— 1235069035200t t5 + 4560254899200¢ot3 4 288947062809465t5

(3999427165146316800%%

(1665664000t7 — 12300288000t t5 + 2270822400013

— 13680764697600t; t3t4 4+ 50513592729600¢2t3t4 + 5072058006855840t54

4 4245696 x 10%9t3 7 — 34568645529600t1t3t3 + 67292583321600tot 5t

— 29513723557500t3t3 2% — 209744195415300t5t3 7 4 30958248927422817t 5t
— 16707033907200t, 5 4 20023079731200tot5 — 217947497040000t3t3 Z2

— 13788811646064003t3 7 4 59383246493608128t5t5 — 402364609920000t; Z>
— 1604093578214400t3t1 7 + 63810842541368832t%t; — 662858438860800¢3 7

+ 67385500072869888t3t5 4 40644595177684992t5)
4aq

45313125

+ 9485108100t3 Z 4 1291308785914 + 465920000t t4 + 163840000t 2t 4

+ 9856080000t3t4 2% + 62356132800t3t4 Z + 288371962944t5t4 + 181958400003 Z>
+ 72540748800t 3% Z — 79360280064t3t% + 29975961600t Z — 1705504260096t 3t

12(865280000t1t3 — 192 x 10557 — 465920000¢2t3 + 1334677500t3 2>
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7
— 2383159394304t]) + ﬁti(mson — 7680ty — TT1147t5 — 8541946134
— 9637056t3t% — 3998592t1), (A.1.8)
= 86528000013 — 192 x 10%5Z — 465920000t 5t
Y2 =51 ¥ 1331677500 13 R 23
+ 1334677500t3 2% + 9485108100t5 Z + 1291308785913 + 465920000t 4
+ 163840000t 9t4 + 9856080000t3t4 Z2 + 62356132800t5t4Z + 288371962944t 3t4
+ 18195840000t2 Z2 + 72540748800t 3t2 Z — 79360280064t3t% + 299759616003 2
— 1705504260096t5t3 — 2383159394304¢3) + —2_4,(2080¢; — 7680t
705504260096¢3¢ — 23831593943048)) + T=oo o 4(2080t1 — 76801
— TT1147t3 — 8541946t5t, — 9637056315 — 3998592t3), (A.1.9)
as 3 2 2
= — 216t5 — 2080t — 7680ty — 7711475 — 8541946t3t4 — 9637056t 3t
b3 1~ 3998502 20800 2 3 3t 3t
— 3998592t3), (A.1.10)
yq = 1214, (A.1.11)

where a;,b € C. In order to find a; and b we perform steps 5-7 from the introduction of
Chapter 4] That is, we transform the intersection form f into y coordinates
by applying formulas (A.1.8)—(A.1.11]) and compare it with the expression given by Lemma
[4.4.7] We find that

2% 169 712 329462365952
MTor T 900 BT 50 YT T 32484375
which implies the statement. O

In the next statement we express flat coordinates ¢; via basic invariants y; and Z, which

is an inversion of formulas from Theorem [4.4.3]

Proposition A.1.2. We have the following relations:

b= 15600 (—1687500Z° + 3080025 R*Z + 22125987 R* — 1620000y3
+1895400Ry4Z + 17686188 R%y, + 291600y; Z + 1674504 Ry; — 144656y3),  (A.1.12)
13
= — 250022 — 102 27 — 2432 3 631 Z
to 510000 (562500 026675R 32079R3 — 631800Ry.
—1332396 %y, — 97200y; Z — 129168 Ry; — 4448y3) , (A.1.13)
t3 =R, (A.1.14)
1
= All
t4 122/47 ( 5)
where

2
R=R(y,Z) = o (4318804017333984375 x 10" Z'° + 41695196778676615429687500000Z 'y,

— 13376868139989070724092218750Z4y% + 30351743909545447265625 x 107 Z2y,
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+ 223453003503291231550331250000Z 132 — 792090821832795226315575984 78171/

— 207998100058843000575 x 1010282 + 5920106418750297172364640000Z 2y, y3

+ 33605839581798102762735 x 107 Z*y3 + 5064103098221412236701068600192y/5

+ 144318722022657421875 x 101023y 4 257827039411642588200937500000Z 4143

— 7019291273968325706343233750 Zy}ys + 134737367555138322065625 x 107 Z%y2y3

+ 181400608480305352383205785000Z3y1 12y3 — 32332592190982519070199 x 108 Z°%5ys3

+ 32423634049422305428286083200Z y5y3 + 20896501340052049412109375000002 33

+ 261692786520586823772408187500Z 1y 2 + 1624269341537000712035268750000.2 5191/
+ 189886397544434000145841924500y, 215 — 733232429136900442915099920000Z%y5132

+ 1500236770844170315324687500000Z 33 + 51466022282163640057848562500 2195

+ 1176084417668917916138203125000Z 3915 + 496311036946002160428691406250.2*y/3

+ 269531295967432334004700781250%2y3 + 58567263896436729125097656250 713

+ 13357921006982421875 x 10M 715y, — 36868835450738520140625 x 10° 2%, 14

— 55170939614090150722767924375 232y, — 7718873980700475 x 1022 1 914

— 232908050043718804151874 x 10°Z5y,yoys — 211882944575305916220375 x 107 Z y3y,

— 84487382612986982332071016800 Zy1 y3y4 + 6572069507270922461053027920000Z°y5y4
+ 453921706314204890625 x 10'°Z12y3y, + 478112102015711370664275 x 10°Z%y1y3y4

— 69401633326811140866095860848y 71314 — 76633393139397513144 x 10*°Z8 5314

+ 78922659546867736308823585200Z 2192134 — 4126468394457539748196173 x 10°Z492y3y4
+ 7625670223478939605880115761664y5y3y4 + 6347496047970926391046875 x 10°Z%y3y,

+ 6823752691839763998238351762502Z >y yays — 926856258539793292751094 x 10°Z°yay2y4
— 1212834306248952195442941151200 Zy3y3y4 + 4810169337647061800898675 x 10°Z%y3y,
+ 335133553414760578475953956000y1 y5 14 — 361595813607889255590688170000Z %2314
+ 2224675539656535838816775390625.2% 34 + 405128140349484375179606250000y514

+ 1843907075350927734375 x 109 ZMy2 — 6162529137558399855 x 101 Z8y, 42

+ 3313578022570594684421428950Z2y3y3 — 7705270074371540203125 x 10° 210912

— 120344562665381362098195 x 10°Z4y 1 yoy? + 4722590272244541201585 x 10 Z0y3y3

— 12151952888838113753711962905631 153 + 3856028450676937245818305056002%y5y3

+ 7277397242643146559375 x 109 ZM 392 — 784021766003815426802487 x 10°Z5y,y3y3

— 78402728487485564040375 x 107 Z yay3ys — 167506915965450574268563171200Zy12y3y4
— 2452791728722125308379764400000 234333 + 952206092401690340562375 x 107 Z8y3y3
— 101584192429408594465691064900Z %y y3y3 — 379766236476658288971519 x 10°Z4yay2y?
— 3262956604837309632934973313792y5y3y3 + 5087936985485340802799853 x 10°Z°y3y3
+ 51992198902302305826247286400 Zy2y5y3 + 6380466470906762444469738637502 153

— 4089472671861328125 x 101 21343 — 385954076105372423908125 x 10627y 43



APPENDIX A. APPENDIX 182

+ 16289349261397491418580476800Zy3y; — 29937945385114200815625 x 10%Z%y91;

+ 802410068581633158587715960000Z3y1 123 + 2485124426702571292561995 x 10°Z5y3y3
— 2055150207998010601522211980800 Zy5y; + 1440710299200946725 x 10'2Z0y3y3

— 852931789405160573147841 x 10°Z%y y3y3 — 77171180672542625067933 x 108 Z°%5y3y3
4 764447698873512916507529303040y1 Y2315 + 19238658196952911283342303040002y5y3y;
+ 4637135970689625451029375 x 105Z7y3y3 — 9518884709056516976477168520000Z 3213y
+ 3993435219507959038354515 x 105 Z%3y3 — 46284920003839081371037356349441515 13
4 1074402738414905625716316566400 Zy3y3 — 209755642121173453125 x 1007124

+ 208932419357350224360187500000Z 14 + 4649563361024047527840199209612 1/

+ 158139161974405077161625 x 107 Z8y5y] + 31266414756995074095355200002 2y 23

+ 1463279825842746445499382 x 105 Z%92y] — 5055077233493501220043821992448y5y;

— 6391427891517072493875 x 10°Z°%ysy; + 189389875420811818890372960000Z 3y 33

+ 1513014642656581942831248 x 105 Z%y9y3y; — 36275273852664849207564556800 Z15y3y 4
— 60710138238887935474523625000002°%3y; — 134187517094058353776054689216y1 574
— 91210458887131569603144595200Z 2yay3y4 — 2159462910617721911275045920000Z3y3y;
+ 148778428047853150880957568672y4y; — 17067173223455319375 x 101073

+ 348874651682777832961761 x 10°Z°%y 17 + 83432279342288941821 x 10127913

+ 1240290363969315017617017600Zy1y2y; + 2306790998477868377873217600002 31313

— 167071970160906821361 x 101°Z%y315 4 95566954392238158986437267200Z 2y 93y

+ 1078129051546622430145536 x 105 Z40y3y3 4+ 1431051233164557688519984115712y5y3y5
— 2674874126500204942856115 x 10°Z°y3y3 4+ 939435953977276500372119596800 Zy2y3 15
— 801424290380444402926834310400Z2y573 + 1081439343114457359375 x 1072048

+ 116751237125755239283086 x 106244195 — 7056423415968638531202 x 10828518

— 124236759329479860277349256192y1 1215 — 6099532605705386932465000320002 21315

+ 194090599220237918766 x 101027318 + 16226987135066749343416550400 2y, y3y$

— 23361679471992942893904 x 107 Z3y5y3y$ 4+ 1204961396563127225728278 x 10524348
4 998273425241004233828024706048y2y315 + 305614904826049002010765440000 29313

+ 73596270992589105075 x 100 2% — 2513326124678381604691099200002 3y, 1%

— 48882559279336189181928 x 107 Z°yoyt + 784374148708089670699714252800Z 3y

+ 10923121121349193445808 x 108 Z%y3y] — 8421372207949165518323876659211 3

— 8653945965455198441903616000.2 223y, + 1002041279103850893944886240000Z 33y
+ 69909599895549171600572375040y5y — 61763528052642461544 x 1019788

— 23026007039638373493928934400Z %y, — 577481245926419433888 x 107 Z 9518

— 33409520007138422432500506624y315 — 309707549577793852204032 x 105 Z°%y3y/5

— 6137253202340425375637913600 Zy2y3y5 + 5165187056162438242988160000.2 2y}
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— 5454074083854102804 x 1011 27y 4 39447212783710902645356236800 Zy1 Y]

+ 309951736236980159710302720000Z3y,y] — 524513087880074638889472 x 10° Z4ysy]
+ 239516260708147914030536982528y2y3y] — 282152758694237921398611456000 23y
+ 3881468268623087677152 x 1082°%1% — 10737300936260983715754983424y, 1/1°

— 31073936005694734340150476800Z > yo11° + 2109154144340808798710169600002Z3y31/;°
4 9109410906222673258651729920y3y1° + 1056369626416398414528 x 10°%Z5y}!

— 19282084327294681157030707200 Zy2y4" + 66346002965378675008143360000Z%y3y4"
— 11591177097147626294784 x 107 Z4y}? + 14960422004241499110751076352y214>

— 58419452703828623507796787200 Zysy1> + 12846660144230799581184 x 10°Z3y;>

+ 2253249457043061282648883200y3y4> + 99711784660499505532108800002%4*

— 4127863309261741157253120000Zy,° — 341730799961790275458968326400 Zy1 Y2y
+257704505778374571353702400y,°) / (689504741064453125 x 10'! Z1?

4 7984191855731548148437500000Z%y; 4 6091669190302436994050441250 233

+ 3048703464697120546875 x 107 Z o + 60606064161856709856447750000Z°y1 2

— 429260244036284126565 x 109 Z7y2 + 4399146699645165785540294400Z 1, 3

— 605719664906364326628784080000Z°%y3 + 18834917989394390625 x 100 Z12y;

+ 36998786907460978102687500000.Z %1 y3 + 93054462457805297442075860643/7 /3

+ 30990436292908902333375 x 107 Z3yay3 + 98416334315830123680275358002%y1y2y3
— 590278112644707839964996 x 10°Z*y3ys — 530427760285790573315912436480y5ys3

+ 231659821368293707054687500000Z 3 + 639722639970646443520724475002 3y, y3

+ 240068344337595256473380250000Z o2 — 120521924169073341982017984000 Zy3y3
+ 167475603869487047676037500000Z5y3 + 18634172756622174816164100000y:y3

+ 39330442201006072324506375000Z%y2y5 + 6437804749728625054044140625073y3

+ 9328741071420659795156250000y3 + 2762301120380859375 x 1011 Z144,

+ 3854453809356481415625 x 107 Z8y 4 — 691392434612196524325227325 7 %1214

— 2913977860021116421875 x 10°ZVyay, 4+ 119423387935624157330872500000Z*y1 924
— 114146632453210543909125 x 107 Z%y3y, — 7622743642329595602833432352y1y34

— 7641753928171002331181789760022y5y4 + 79744247998765295625 x 10'°Z  y3y,

+ 26912042854032422599002 x 10°Z5y1ysys — 3812783848601766629175 x 10°Z yay3y4
+ 65855599769369739763624816800 Zy1 yoy3ys — 2443220753276027353478987160000Z 33314
+ 94824717388716920252625 x 107 Z®y3y4 — 86529206264845674684097408502 Y1 y3y4
— 143035461790424020580584500000Z o314 — 12431069627876015352099856027203 154
+ 425985293579782674682062 x 10°Z°y3y, + 21609589836844965141042516000Z 134
+ 54851142275403185205946546875 2% y5y + 441747426093298828125 x 107233

+ 2646504414130152612375 x 107 Z 3192 — 1119553956884600848640850300 Zy3y/7
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— 6289929404981097935625 x 10%Z%ysy7 4 843623883474508990383372000002 >y 92y

+ 9152965033876812998178 x 107 Z%y3y3 — 4972901259776901143246841600Z 1512

+ 1145848974421217428125 x 10°Z1%3y2 4 23194018713148567099074 x 105 2%y, y3y3

— 130874734517149730908305 x 107 Z%yoysy? + 131171618559033122710765612032y1 423y
— 242269732596687148820318400022y3y3y3 + 139682572112772094275 x 1010274242

4 2111781931236558007611229800Zy1 335 — 932830961596492127102500320000Z3y9y3y3
+ 859476546430975676916738 x 10°Z4y3y3 — 28513554958518743475924097536012y5y3

+ 174138796276580145477533566500 Zy3y3 4 30138045629786390625 x 10071243

— 69295783122426377883825 x 10°2%y, 93 — 413472892469676045187118918432y3

— 6879093454387072557225 x 108 Z%y5y3 — 11491694798860251146136960000Z 2y, 1213

+ 563777414029791487678149 x 10°Z4y2y3 — 99581542844736148707757118976y513

+ 77786267993066533275 x 100 Z%)5y3 — 185212445396789140545332520000Z 3y 9315

— 834016314568353845312808 x 10°Z°yay3y3 + 438228174910640901137589772800Zy2y31:
+ 812238946090695819599175 x 10°Z%y2y3 — 10991136150592031366232448089611 93y

— 2151858790212065127329303808002 5y + 68297711170435286795433612000023y51:
+ 278561778441297095885433733440y3y3 — 25073769213912605625 x 1010 Z11y1

— 24451040400906931622068500000Z°%y1 57 — 35809258658266758560625 x 107 Z 3oy}

— 15384753791836597416501734400 Zy1 2y + 1251065562556236322844453760000Z 331/
— 417231020141682779565 x 10° Z8ysy + 67092855252528603676392288002 2y y31/4

— 594559175685781036908744 x 10°Z4ysysyi + 1267848939924964025228901814272y3131/;
— 172879098020294498279122500000 23y} — 206716622123038055319782784000 Zy2y3y
— 182298595687765252221558816002%y3y; — 33696420485940781875 x 101021043

— 16669680726808939289004 x 105 Z%y, 13 + 4414336489183298623677 x 10° Z5y913

— 55270310295040790015319579648y1 215 + 43385182664367219895765152000Zy3y;

— 6446940655039246611 x 10M Z7y3y3 + 1483885371397890110748019200 21315

+ 402692343589433103507515520000Z 3033 — 422971937292832178432364 x 10° 249243
+ 54896454267829404881750037504y9y5y5 — 100771550507692271947729190400 Zy3y;

— 8431981925159523375 x 109 2%8 + 377329624653441139653650400002 3,15

+ 15003660051067782462768 x 107 Z5y9S — 61125458421775728558507033600 2155

+ 1165569640250198869656 x 10%Z%y318 + 36638554420195492320784392192y1 315

+ 89241884557739434771773696000Z%y2y3y8 — 356311633954557890152029600002 31375
— 85381258744456512565621874688y575 + 15586497062722578024 x 101°028y1

— 699019748829109867042137600.Z %y, — 1861424704535040581256 x 107 Z4y9y]

— 109231601272495116481973256192y3y 4 163856546692292702748672 x 10°Z5ysyL

— 99690973088451039881225625600 Zy2y3y1 + 495372865498280540644636800002%y311
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+ 8250270962982736464 x 101°Z7y§ — 1095632620800053192109619200 Zy1 95

— 100855078257246728731695360000 23518 + 17211844506558451106304 x 10°Z4y31/5
— 51856266624688784793565200384y2y3y5 + 4477709965980625718573721600Zy3y3

— 801014458799349621792 x 108257 4 3487775092163885509460877312y1 1/

— 79266792111563819521308672002Z 212y — 511067495269698429981081600002 >3]
— 1470462811728253726672134144y3y] — 228032070586158220704 x 10°Z°%1°

+ 20189226962022202912414924800 Z12y4° — 108729088194134532818534400002%y3y,°
+ 2786488622313686118144 x 107 Z4yit — 5985157367371783773934190592y514

+ 13970628693595185350521651200Zy3y4 " — 3953810027606047911936 x 10°Z3y12

— 409818887516973973163212800y3y4% — 287200230706866395086848000022y13
+1294511155628802272133120000Zy;* — 82099788640679022192230400y, )

and Z satisfies the equation

152587890625 x 10**Z2* + 7602885459228515625 x 1017 78y,

— 1928343597009055801688671875 x 10°Z'2y? 4 37800684849409942033099435612500000Z°%y3

— 6976554436301374593428643888964587y] — 1795625244140625 x 102! 220y,

+ 296440028792528828203125 x 10" 2y yo — 391574108172964418398731375 x 10°Z%y7y-

+ 1470711663636972214414533356160000Z 213y — 1376505373892818359375 x 1016 71642

+ 29271054326721094395 x 1017 210,92 — 10778745585664783934005337316 x 107 Z4y2y2

— 164633068668895850306925 x 1014223 — 19080119194559581876222576392 x 10828y, 3

+ 892069191107027891378436546943767936y5 5 + 126734077865861046526842 x 104 Z8y3

— 86333172330591090702203697930240000Z %y, 35 + 613226394064397122777944946944 x 107 Z1y5
— 28516492237973360556006177518025879552y5 + 18792333984375 x 1023 Z21y3

+ 30020385852427584375 x 1017 Z 0y, y5 — 460754856638791337232241875 x 108 Z2%%y3

+ 231031959673635225892777889528100002° 1} y5 — 8580184512103125 x 10%' Z'Tynys;

+ 9504583742484144862644375 x 10'2 2 y1y0y5 — 3846392015574233638044041778 x 108 Z°y2y2ys
— 54226556951270246886375 x 10'° Z13y2ys + 265631440111894535182698132 x 10'°Z 7y y2y3

— 49027534993350481911646710386188800Zy3y5ys — 54801561439166803316091252 x 102 Z%3ys

185

— 1607508484791503526299623721523840000Z3y, 5y + 228630846876082162600039046784 x 10%Z%y5ys

+ 3360126536903550881714717900899123200Zy5y3 + 66119154455126953125 x 1017 2182
+ 5459474888824890915158203125 x 109 7'y, y2 + 479552866587861378497450644612500000Z  yiya
+ 37182109523967775028701018701260100y5y5 — 1397178250325730294609375 x 1013 7452

+ 1146017856663319810455046575 x 10'° Z8y 902 — 102011813902628256727366282746 x 10°Z2y2ysy2

— 946937290944988583523108 x 10 Z1%42y2 + 651386955317112727550564642064 x 10624y, y3y32

— 681548931275960242836185687352 x 10°Z%y5y3 — 2351304878504599940476874861905056000y, y3v3

+ 6138884595257063262987557721154560000Z 5y + 116364474343727746875 x 1017 2153
+ 5785939373569731992547253125 x 10°Z%y1 95 + 592726229443074452034415695639750000Z3y23
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— 10108239003868506378733125 x 1012 Z  yy3 + 53754453985847270674774271616 x 10%Z°y1 015

— 7967703903884351923295097108 x 10'° Z7y3y3 + 140746604913634720033855853539200000 2y, y3ys

— 45348445674656449831825041551184 x 10°Z3y5y3 + 120169519389316914213251953125 x 1082123

+ 3688677567260663636153885937187500000Z%y, 33 + 153649976601366611814352638952968750y7y3

— 3087172921103959425142174875 x 10° Z3yoy3 + 7440777771164302229074246419 x 108 Z%y1y0y3

— 31019970056856309743948780013 x 109 Z*y3y3 — 1094680582162253252931166499889 x 107y5y3

+ 76538107963247572305333703125 x 108 Z%5 4 126064125395711778455350064296875000023y, /3

— 174125610121417376166025875 x 109 Z°yoy5 — 4151986297832500533562136805 x 10 Zysy3

+ 29659365773830444758287607421875000002°%y5 + 167847712533271490799643040039062500y, 5

+ 3239931377420334664496859375 x 107 Z%y5y$ 4 6400372020141827537626684570312500002 3%

+ 58356400019624053607544708251953125y5 — 494384765625 x 104233y,

+ 296164765638369140625 x 10*° Z17y, 44 — 78022414059048532890984375 x 10102 y3y,

+ 3236477112395302046348102625 x 10°Z°y}ys — 682977413671875 x 10*2Z 9 yay,

+ 7432282606303915860796875 x 101223y yoys — 7386995471520995316432551025 x 108 Z 7y yoys

— 13039901553230143364415969498686400 2y y2y4 — 3971560600500461296875 x 10'° 2" y5y,

+ 68426954446098218118264 x 10 Z%1y2y, + 3859900779775343875423700255935200002 >y 2y,

— 22995161299790823185235 x 10'° Z M y3y, + 245962792641836743172130096 x 108 Z°y1y5y4

+ 2666389934328195164609142 x 10 Z7y3y4 4+ 807019501083025290004031959601049600 215 y4

— 237165998069463906575523458576332800002Z > y5y4 — 24143853515625 x 1023 Z%0y3y,

+ 14697779297106914409375 x 10 Z 4y 931, — 185361004856333450331462825 x 1010 Z842y3y,

+ 182946476181697335284260120050600002 %y y3ys — 64546514465911875 x 10*' Z 0 yay3y4

+ 29112799843506921522025725 x 102 Z1%, yoysys — 809410999391697357036564339258 x 106 2492951314
— 169058296143885796542945 x 10'° 22323y, + 60418194203354320750160015712 x 108 Z%y; y2ysy4

+ 568319981336087001024421280691016704yy2y3ys — 5212478277415466661964248 x 10'3 Z3y3ysy4

— 1245105953455827865326014736195840000Zy1 Y3 y3ya + 51720114631568294131769279288448 x 10°Z*y3y3y4
— 36725577222051176038344519967114592256y5y3y4 — 413564010040107421875 x 10621 7y2y,

+ 259861161753621765514490625 x 10M Z 1 1294 — 1189554582109416191544245878125 x 106 Z%y242y,

— 180069744492491984102390625 x 102 Z'3y,y2y, + 40067508085150103304421763205 x 10°Z 7y, y2y3y4

— 134631081779862815466707990372788800Zy1y2y3ya — 322230194193902746035033828 x 10'2Z%3y3y4

— 892258203972546479716155384521760000Z3y1y2y3ys — 268751106618291757642976225712 x 10% Z5y5y2y,
+ 13677293178748991525956666971176448000 Zyayays — 2149642939612100428125 x 105 714431,

+ 217490983809601001410494315 x 10 Z8y, y3y4 — 2694010383622005978848063840145000002% 9% y3y,

— 242985767684384739965405175 x 1012 Z10y,y3y, + 22818067875044783009196629421564 x 10° 2%y yoy3 4
— 3204282882362238028843302140928 x 108 Z6y2y3y, — 2478939326379413370028605477821184000y1 y3y5y4
— 1566919544170839113591115512474880000.2 %554 + 176901919559807869080140625 x 10'°Z' y/5y,

+ 8056716966339780906991739142675 x 105 Z%y yay, — 1712194426979098001844992768925 x 1082 yoy3y4
+ 4278364589047458199963961135014200000 2y yoyays — 166619686942453002322328861617026 x 106 Z3y3 4y,
+ 267197130755465668453167975 x 10 Z8y5y, + 958089765263519239835961694387500000Z %y, 54

— 5948282160363815040638625829425 x 107 Z*yay5ys — 3447039718501132612379244619896 x 107 y3y5y4
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+ 1125423146845717983972848390625 x 10°Z°y§y, — 7408462053859503035304382351875 x 10°Zysy5ya

+ 137143730034526136639413007812500000Z 2 y4y4 — 13824462890625 x 1022 Z22y?

+ 3127486417543177734375 x 105 2104,y — 1316132719474674660200296875 x 10° 2109242

+ 65230151952231862055399518897500000Z 4y y2 + 58454060726953125 x 1020 Z8yyy2

+ 602793804778093527102 x 106 Z12y 3092 — 8981972445397260862820775447 x 108 2%y 4013

— 25884483706044214708252849571703744y3y22 — 415949390405458172859375 x 1014 Z14y2y2

+ 87094789022855832200355195 x 10 Z8y y3y7 + 28134253825652680817241192718320000Z%y3y5y3
+2904309303715705322304 x 10'° 2109342 — 4176519694608985235631415532736 x 10° Z4y y5y2

+ 36135989836829760761942111136 x 10? Z6y5y3 + 1677984620619219758658521662726434816y1y5y3

— 1499317350651567888767150853012480000Z%y5y3 — 82222671796875 x 1022 Z19y592

+ 224068565446549040548125 x 104 Z13y, ysy2 — 34256086785340114084475302575 x 108 Z7y2ysy32

+ 26498014997564578675144263360076800 2y y3y3 — 414340975035589725 x 1020 Z 5 y9y3y2

+ 30691332872410102086020508 x 10'2Z%yy0y3y3 — 1956151944559120368060759898333440000Z >y y2y3y3
— 1389707533031357069613675 x 10* Z 1 y2y3y2 + 130016157220906246123677092268 x 10° Z5y,y2y3y?

— 318221291730851137913114664 x 10* Z7y5ysy7 — 1231483651917923953528153830416793600Zy1y5y3y3

+ 1015476913445668600979424805270732800002Z 3 y5y3y3 — 48367212228140783203125 x 105 Z16y2¢2

+ 5069303465203876773594583125 x 100210, y242 — 3065020281572611276077514093201500000Z *y3y3y3
— 21527974038457069029666 x 10*° Z'2yoy3y3 + 530275348729846555765660896714 x 10° Z5y1y2y5y3

— 939967116079466994158213184823990848y% 122y — 1836196916339137164366800295 x 10 Z8y3y2y3

+ 2834101898827619673586818424341600000Z 2y, y5y2y3 — 38687370878720628125684045934912 x 10°Z4y3y2y?
+ 64314656070537248365207589107789639680y5y5y7 — 1098136348572747545364375 x 1014 Z13y3y3

+ 51685630181582474154360051585 x 10727y y5y2 — 743149060364068744588483451015347200 Zy 3y y3

— 390648589698608968700748564 x 102 Z%y»y3y3 4 396959388994070657787652316225971200002Zy1 yoy313
— 1039110234494921925886687275396 x 108 Z°y3ysys — 13818113142013549004860525461645312000Zy5y5y3
— 128728838358085702002847621875 x 10°Z1%93y? + 24781888058727169419459391089328500000Z 4y, 343
— 3513146540554098031672189271439 x 108 Z%ysy3y? + 11327622887750437457996341094167608000y: y2y3%2
— 16741639616841798614670880065494160000Zy2y3y3 — 820078476926669663363194339575 x 108 Z7y2y3
+ 4123754433433840180258429030684800000 Zy1 y5y3 — 159868278629419360279401310809888 x 106 Z3ypy5y2
— 26531332434841361794841769104812500000Z4ySy2 — 30484413541922892981566458676355 x 10%y5ySy?

— 313552658844615700478685717 x 10*° ZyLy3 + 16649560546875 x 1073 221y}

— 1402572611178903515625 x 10* Z %y, y3 — 1270115739470006763557646375 x 10°Z°%y3y3

+ 190492479296646128461703840444640000 239313 + 189427145116078125 x 102°Z 7013

— 310024684603064201196375 x 10" Z My, yo1 + 306877905973291733285352111 x 108 Z°y3 0y

— 3169848111098010561225 x 1016234243 + 474067053222072486891132816 x 10'°Z7y 9313

— 294667230955487702568339391081804800 2y 93y + 82673621117625303865906668 x 10'2Z%y3y3

— 10790739445620428437387987644963840000Z 3y, y5y3 — 290389494587392298119171544928 x 108 Z°y5y3
+ 16395660786729057542866131135396249600Zy5y5 + 9981940078125 x 1024 Z18y3y3

+ 88761292040730872110725 x 10M Z'2y1y3y3 — 44836046585587879950049548552 x 10° Z%2y3y3

+ 196053415141534759090260767830076928y3 3315 + 5956050763929668355 x 101 Z ynysy3
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— 9182046263631398672204403 x 102 Z3y1yoy3y5 + 215584915615018140536849184566400002 2y yay3ys

— 833545161518778598230792 x 101 21024513 4+ 1377870062022608237947769627664 x 107 Z y1y5ysy3

+ 1821360541886862307510600918944 x 10° Z%y3ysy3 — 12495791810367595330066142017314029568y1 y3 3y
— 18969269952344544647564586988032 x 10° Z2y5ysys — 40746131382797539453125 x 1014 2154243

+ 3248694898912177432479168525 x 10'° Z%192y3 — 5499581495633536378966180586805600000Z3y2 213
+ 7402506703719001576849125 x 10'3 2 yoy2y3 — 44415637134988127071412526858 x 10° Z5y1y202y;

— 10970138609792165378685053088 x 10'°Z7y2y2y3 + 6028180454710625912594925711722035200 Zy1 y3y2ys
+ 1770989111800798327681993922717337600002>y5y3ys — 731371250991188529312975 x 104 Z12y343

+ 46131841796091059371629764808 x 109 Z5y,y3y3 — 2478118946400477355068001264305028608y2 351

+ 40898841091277822746948089 x 102 Z8yy3y3 + 274364073938322177642143250399360000Z %y, y2y5ys

— 7546926577387139148390247551024 x 107 Z4y2y3y3 4 75011796882851700869428619560848261120%5 5y
— 133367647686539440949419278375 x 10° Z%y3y3 + 30505060215137645013573145182863520000Z 3y 9313
+ 5864216499263111673062340855 x 108 Z%ypyays — 16553552729801924516239227690308736000Zy3y3y:

— 1103244975469754282577967522344 x 108 Z%y5y3 + 8589400664267579094192201655675968000y: y5 3

— 48070332979186682466062383643107200002%y-y5y5 — 45007399964280553298838586796148 x 10°Z3y5y3
— 810136152974521835058172483908 x 107y4y3 — 625361572265625 x 102 72043

— 38259096602407396875 x 1017 ZMy 97 + 10405295347673606244705815625 x 108 Z8y2y;

— 3400899888725991363988341087120000Z2y3y4 + 7100741408750859375 x 1017 Z 6 y5y1

— 55431111048206868295794 x 10* Z1%, 30y + 543728149583154660713291631408 x 10°Z*yiyays

+ 11413731934145238720615 x 10 Z'2y2y1 — 50010668074604241078890520024 x 10% Z%y,y2y;

— 57395777744952972060946677263667456012y2y4 + 40805645097622599503395344 x 1012 Z8y3y1

+ 732371805528014774446659502963200000Z 2y y5y4 — 46932941985339318283718029515456 x 10 Z4y3y4
+ 37423702753268481908814109527831969792y5y3 + 1459005196932421875 x 109 Z Ty3y4

— 1584500712275824734825 x 106 Z M gy ysy4 + 11947581345342178629533948292 x 108 2%y y3y;

+ 186474225534377043375 x 1017 Z 39317 — 2023382014795920714325643772 x 10*° Z7y1y2y3y]

+ 344961650533215477566755405141401600 Zy 3 yoysy3 + 98546835922655379475418748 x 102 Z%2y3y]

— 3453467738578669517399176600143360000Z3y, y2ysy; + 507116540446252819366905085824 x 10° Z°y3ysy;
— 20287895871682906399850923572491059200 Zy5y3y; + 646499241484106585625 x 1017 Z1y2y]

— 23689149903458552319019833375 x 10 Z8y1y2y] + 1073523169371560490521153456522400002 2y 3y2y1

+ 718479571555012142527452 x 10 Z10%9,y3y; — 220586498626432878821443984776 x 108 2%y yoyay)

+ 1628439430114156486495035816072 x 10° Z%y3y2y; + 2393107893528519374338064670104730624y1 Y33y
+ 17749091963390016878260641774051840000Z 2 y5y3y4 + 11009985928612605273465 x 1016 Z 1 y3y1

— 132789713574626264984670715608 x 10%Z5y1y5yi + 11008370636975207112337878516 x 10'° Z7yay3y}

— 6994815358550451399568604192650444800 Zy1 y2y5yt + 95302031324976421513387201452741120000Z3y3y3y4
4 909406579650257434628760260625 x 108 Z3y5yF — 1093817457326206458215121235264560000Z 21 y5y3

+ 75046336887930200297578977889968 x 10°Z4yoy3yi + 13888157906568898379094146743463953920y3 Y311
+ 338179644565877496363870479076 x 10%Z°y5y; + 18293378124710543801887204437482496000Z12y5 14

+ 2566030306896830187891595717274160000Z2ySy; — 33862497978515625 x 10202193

+ 1178274777148114630875 x 10" Z13y1 95 + 56937262510376613889475661 x 101027243



APPENDIX A. APPENDIX 189

— 19610295460709702690314060715750400 25 y5 — 1585286604909261 x 10*2Z 455

— 3112538478561369801672597 x 102 7% yoy; + 1038575402697584627432733304483200000Z° y1y2y/5

+ 17176383355075314026895 x 101° Z1y2y> — 61551106601211844689178336608 x 10%Z5y 2y

+ 26477486220263229441754668 x 102 Z y5y; + 400346230480615529947344409255526400 2 y1 Y5 5

— 42534428605043310268517181911961600000Z3y5y3 — 1675311814140721875 x 1072 0y393

— 56622567980861152661961 x 10 Z19%, 3312 + 1393947686084434874349809933376 x 10°Z4y2ysy3

— 3008432870764122778776 x 1016 Z2ypysy; — 10407840879767162145941956752 x 10° Zy1yoy3y]

+ 811376369306102654690436518378250240y3y2y3y; + 53000585411921311819163976 x 102 Z8y2ysy;

— 3524777549360860281581831574021120000Z%y, y2ysy5 + 40082007506817025385532731326464 x 10°Z1y3y3y5
— 50707422313966906434841493265292984320y5y3y; — 11450288343974538551625 x 101° Z13y242

— 1819263756202799453467198254 x 10*°Z7y,y3y5 + 736084930917743914367701063527552000 Zy% y3y5

— 1064522497448265749951553 x 102 Z%yoy2y; — 119699997039577792824745799041804800002Z 31 yoy2y5
+ 6672011080280992867887122376 x 100 Z5y2y2y5 + 4189986235159590035148517499384217600Zy5y3y5
+ 402027544290750948467379 x 101 210345 — 17306107142167087715240550087552 x 105 Z4y, y3y;

+ 295871752925012862149590789344 x 108 Z%yoy3y; — 4189054976127490109060163064077729792y1 y2y5y;
+ 23475363930901911904604608441052160000Z 2 y3y5ys + 7539553513728776058060237525 x 10 Z7y3y5
— 5357972444317489388761740922432896000Zy1 y3v; + 170522992014818958510908732199878400002 3 y2y5y;
+ 48269001418519894255286496171072 x 10°Z*y5y5 + 1235907352062967765348675099316035584y2y5y5
+ 11006678956035976790757273582317337600ZySy; + 733506113056640625 x 108 2188

+ 3427589979589348733355 x 10'° Z12y,y§ — 2115025070047774840618127568 x 10 Z0y74S

— 53246773860388988989849831132563456y5yS — 15784324882070809275 x 1018 Z 4 y,y8

+ 3316666282671759624431892 x 102 Z8y,yoy§ + 421802917122903722027854818278400002 >y y2yS

+ 122466740221075068555021 x 104710248 — 1639213596007943555005891670016 x 106 Z%y; y3yS

— 27408613168837486569249358848 x 107 Z%y5yS + 3594288308755075418320069460684783616y1y5yS

+ 5630564705304470551752881809797120000Z%y5y$ — 11882648427680041875 x 108 Z15y448

+ 8941266712655367171847056 x 102 Z%y1y3yS + 96736634969556511856379217858560000.2 319315

— 3762951875835927433074 x 106 Z M ypy3y8 + 25402111549650421702995646656 x 10% Z5y1y0y31S

+ 1223070685382945496447307008 x 10'°Z7y3y3yS + 298639283854403447560293052435660800 Zy1 Y y3ys
— 42159547542070766265039543618846720000Z > y5 y3y$ — 40948550857783284961815 x 101° Z12y3yS

+ 76029250203597807519122808288 x 10° Z°y;y3y; + 538282153289116801595113573572495360y; 33y

— 39836832196658892606078588 x 102 Z8y,y2y§ — 109625881375330252118976525419520000Z %y y2y29S
+ 791401834265938726673253952512 x 10°Z4y2y2yS — 28104255471639359482356527562821713920y5y3yS
— 5163151871970214169109048 x 10" Z%y3y§ + 11299513513389843657805795613491200007 %y y3y/$

— 171386184224123903070720793152 x 108 Z°y.y5yS — 4861019789776315742652680567508172800Zy5y5yS
— 286439040675706710876387102288 x 10%Z5y5y5 — 1619588619600706118960045332009703424y; 35

— 1855887561740076279241203058936320000Z % yoy3y5 — 4958951392177842484888496297717760000Z°y5y$
+ 1541484291314561295737986623783032832y5yS + 39237072344296875 x 10%°Z17y7

— 8111580077163473010225 x 10M Z My 4] — 282746919688145887484001816 x 10 Z5y3y]

+ 6696290155610656584 x 108 Z13y597 4 192652184278971974362294656 x 10'°Z 7y 4011
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— 55309317587720537151876396211814400 Zy?y2y — 7651242691642368759950064 x 1012 Z%2y]

+ 2931141679829165147568431089029120000Z3y, y3y; — 4245159618096768200134257408 x 10°Z5y3y]

— 6426728751707054901096022810342195200 Zy3y 4+ 130180994585158356 x 1020 Zy5y7

+ 1084336646000224869866592 x 1012 Z8y,ysyi — 92745809674742297283126703718400000Z%y3y3y5

+ 48889594087086722317416 x 10M Z'0yoy3yl + 4815392585549728147015107921408 x 10°Z4y1yoy3y]

— 142424406325984342964558211072 x 10%Z5y2ysyl + 193369397368685263274497246470733824y1 y3ysys
— 7T716269762543936741664647719895040000 Zy3y3y4 + 136944608656834568866275 x 101421 y2y7

+ 38812895429427401916553223328 x 10°Z5y1 92y — 1885729676802554761251375744 x 1010 Z yoy2yt

4 2110643634149656005464610282786816000 2y, y2y5ys — 4285284184699814120024804622151680000Z3y3 2y,
— 2012121854162308028888352 x 102 Z8y3yT + 12291867022790382630782971310899200002 %y, y5y]

— 27537721722408739000233498776064 x 10°Z4yoysy] 4 7611193218091877174661608232956067840y3y511
— 10597031347957888825176824664 x 10° Z°y3y; — 8754507923542837861040644522103193600 Zy2y3y4

— 3152938943922382001679370932879360000Z%y5y; — 108974105914528125 x 109 7104}

— 13900293626705950235814 x 10* 2%, 4% — 38592916262417122340231668032 x 106244245

+ 137828770025542016085 x 1017 Z12y5y5 — 2547967120041291340341424896 x 10°Z%y, 1218

— 52011530281801690019376789005991936y 31215 — 1840957374969450539383104 x 10'2 Z8y2y3

+ 791241153256445593595123874263040000Z 2y, y3y§ + 3594822206484961216633640288256 x 10°Z4y3yS
+ 5151707378792907630895346132818132992y5 15 + 4767187214296752075 x 1018 Z13y59/5

— 204435344129810629051729152 x 10*°Z 7y, y3y5 — 35357711142666821622037444657152000 Zy3y3y3

+ 28776740143455761218177536 x 102 Z%0y3y§ — 24727401057941336285756430468710400002 311 yo 313
— 101579955477158375519267552256 x 10%Z5y2ysy§ + 7805013372352485806907334838294937600 Zy5y3y3
+ 144969270482036870192466 x 1014 219248 — 721151524552676015580724971648 x 10° 24y, y2y8

+ 238154461916796997331213541888 x 10%Z%y,y3y§ — 570519507207812327363270212108812288y1 12y
— 5585956700094060739607588447047680000Z%y2y3y;s + 1234867262331097720595697408 x 10'° Z7y3y}

+ 17204920162835793158596384692633600 Zy1 y5y5 + 9039144249115707730835178898882560000Z3y2y5/5
4 4145606180812342068340411548864 x 105 Z*y3y§ 4 1523239262785461861793197677778370560y2y5y;

+ 506987024040627856928934009510297600Zy5y5 — 272864715624383625 x 109 215y

— 160621606919715696642528 x 1012 2%, 3] + 1633388970980541567312159875481600002 32y

— 390372530419113601788 x 101 Z 557 — 2090927205449767841989218048 x 10 Z°y1 yoy]

+ 52300551885213392772265728 x 101 Z7y2y] — 966555824633979312691665955867852800 21 y3y]

— 1293842064304298541546566064046080000Z°y5y] — 5452215210061695846 x 108 Z12y3y]

— 7027320576546413192387625984 x 10°Z%y1y3y] + 29183806809909886525038013298245632y7y3y]

— 41255378216291258983872 x 10 Z8y5y3y) — 3310187199860801492203533572505600002 21192135

+ 1033982344316083931889479479296 x 107 Z*y2ysy] — 2327968384442960120445438164169916416y5y31;
— 3446882435412872745438816 x 10'2Z%2y] — 1198951963083549862975926731980800000Z %y, y3y/]

+ 11171576412207440381606153472 x 10° Z°yoy2y] 4 6843931863236311920914467592581939200Zy3y2y]
+ 8627892060434534479821745152 x 108 Z%y3y] — 77534186516160784036581648680091648y: 5y

+ 1816846309564551080767811669852160000Z%y2y5y5 + 1951120468845962342162122158120960000Z3 4y
— 27945407368465344818579322876985344y5y] + 732398532993703125 x 108 714410
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+478169916779158167515328 x 10'*Z%y,y;° + 16820348680811554267761507778560000Zy; "

— 53792416759621445826624 x 10 Z'0y,110 4 2632015453026468086824799232 x 108 Z4y, y2y1°

— 192821728781906481914005248 x 10'°Z%y2y1" + 165159626510561421727812571004141568y1 y3y;°

+ 1214565394046324510007785249832960000 2% y5 31" — 71732524431863781216 x 106 Z 1 y571°

+ 1341856767328490376341839872 x 10° Zy1y3y4° — 922315519575125257291610112 x 10'° Z7yoy3y1°
+ 273522746353262208575431618068480000Zy1 y2y3y.° + 6443549474829641111171527291699200002%y5y3y4"
— 2967031359771306624846144 x 10" Z%y3y;° — 1133903310156615994480031057510400002 2y, y3 "

— 5600385027088426382007318810624 x 10°Z*yay3y1° — 85229575848799197169632117652979712y5y3y1"
— 9286608012515337534346764288 x 10°Z5y5y,° — 1831480904101549419232588324247961600Z y2y/5 1"
+ 123743479851833904214280541388800000Z % y5y,° + 11812521661372809 x 1070 Z'3y;!

+ 2246708582485773957516672 x 10M Z 7y yi' — 25764105255690737037868264429977600Zy1ys"

+ 19532884500789659641728 x 10' Z%y,y;" + 12983451886384863565944713379840000Z°y1 y2ys "

— 5433258320029937361364881408 x 108Z°y3y4* — 1019756811323877547635467156245708800 Zy5y;"

+ 144357019248996922176 x 106 Z10y3y1 + 32163350419670994115921281024 x 107 Z*y 93y,

+ 239607868862449043331508224 x 1010 Z%ysysyst — 132871731847771991287091122176786432y1y2y3y4"
— 9856646748567656496058687134105600002 > ysysys" + 241385660780279051620224 x 10M Z7y3y;*

+ 253903021705926884302031304209203200Zy1y5y; " + 6443538695529644396188674411724800002 3293y,
— T5576765894477359136331825152 x 107 Z*y5yi' + 382069601514117973396057411704324096y2y5y,*

— 497508162420339183339129912636211200Zy5y4" — 276864400278689652 x 10'% Z12y;2

— 20127658072262479166191104 x 10'°Z%;y4® + 3520640787319994362435399521927168y7 v,

+ 1072845430409023430810112 x 102 Z8y,y;? + 64448819375585373949627166883840000Z %y, y2y 4>

+ 377829339814473438526468227072 x 10°Z%y3y,;* + 214011264492210416085317888822476800y3y,>

— 24664094896388231808 x 10*°Z%y3y1% — 64410749110839314053969477632 x 10°Z3y, yzy4>

+ 9575927766877553262751776768 x 10°Z°yaysys> + 294408291836560147678014148391731200Zy3y3y4>
+ 67020706645715381680415232 x 1010 Z5y2y1? — 18332798027471156733829150993809408y, 24>

+ 64908269003721065792325062492160000Z *y2y3y1°> + 181697595958380821951045173248 x 10°Z3y3y;*
+ 22534291447828721583999964243034112y5y,> — 3177105734593008 x 1020211413

— 409360768507702792773107712 x 108 Z%y,y4> — 508151245902365342592 x 10'° Z7yoy,3

— 40465561630120407684323787512217600 Zy1 y2y;° + 19938465796307527630042693632 x 106 Z3y3y43

— 229459151342259327744 x 10" Z%y3y;® — 30833990705753252513202862817280000Z %y y3y4>

— 568033165786445068288720896 x 10° Z*yoysy4> — 6196708067298649231943358480384000y2y3y4>

+ 676915350755395575362420736 x 10%Z5y2y13 — 17362068614513138707597295301427200Z y2y2y2>

+ 82589217358586593220110413987840000Z%y5 1> + 6862670350712779968 x 1016210y *

+ 463887542112820643256827904 x 10° Z4yy;* — 10236491815064200036319232 x 100 Z6y,y;*

— 231389533207821217658170245120000y: y2y4* + 581246692509089006211006096998400002 > y5y;*

+ 2214676062308437622784 x 103 Z7yzyi* + 18004003469134222574543469281280000Zy1y3y,"

+ 35116493520374127577075286016 x 10°Z3yaysyi? — 1332185126584585922392522752 x 108 Z4y2y

+ 5280643753377251375022467973120000y2y5y4* — 50922698870651472843539176488960000 Zy5y4*

+ 529481592304488576 x 1017 Z%15 — 2772493080435146723920183296 x 10°Z3y,y1°
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+ 5403710022708432652664832 x 10'Y Z%y5y;° — 36175586169420114112284469493760000Zy3y,°
+191958077027753607168 x 10 Z0y3y15 — 837795657785477699476227568435200y1 y3y4°

+ 36308713108885590544673144832 x 10°Z%yoy3y4° + 8454041660731540969790373888 x 10°Z23y2y1°
+ 2387200189003078677203512826265600y5y4° — 11765844577464933888 x 10 Z8y;°

— 321465166425329912704401408 x 107 Z%y, 1% + 8138442181249946187988992 x 10° Z4yoy16

+ 2947509998735522986918549861171200y54° — 27074851515333750030336 x 10 Z°y3y1°

— 11018629641819244848677388288 x 105 Zyay3y1® 4+ 916929339064957277159030784 x 107 Z2y341°
— 524959301900427264 x 10 Z7y1" + 965927196449337650161794416640000Zy1y;"

— 921079487030989179322368 x 10? Z3yoyi” — 58755220112930330640384 x 100 Z4ysy17

+ 559667792997568271192508334080000y2y3y4 " — 2753818934404002857608984657920000 Zy3y4"

+ 134108303463556448256 x 1013 Z5y;® — 55724864991766875984919265280000y /4°

+ 307619183185023945720987648 x 10°Z2y,y;® 4+ 91977168646929553293312 x 10° Z3y3y;®

+ 159889618195145815831640801280000y5y,° + 263365821285638602752 x 10'2Z°y,°

— 139070792169272085118451712 x 106 Zy,yi® — 59734960077634352971776 x 108 Z%y3y1°

— 897193656883240501248 x 10™ Z*y3% 4+ 9163431868560496929936506880000yy7"

+ 2495373413209102859894784 x 10° Zy3y2° — 210750722241070104576 x 101073431

— 170632270913853638836224 x 100313 + 25690684636889232703488 x 10°% 22132

— 247097812013216169984 x 10°Z%323 + 7008592486193040457728 x 10%42* = 0. (A.1.16)

Proof. Formula (A.1.15)) follows immediately from Theorem m Using relations (4.4.1))
and (4.4.15|) we see that

117
. 250023 — 11407527 — 27023115 — 8424 Z
t 10000 (62500 075t3 702313 — 842400¢3t4
—1776528t5t, — 1555200t 7 — 2066688¢5t; — 854016t3) (A.1.17)

3
h =505 (2560t + 2570495 + 284731215, + 32123521 5t]

—4732416t5 — 28080y3) - (A.1.18)

Substituting these relations and (A.1.15) into formulas (4.4.13) and (4.4.14)), and rear-

ranging we get expressions for zero P;, P, respectively, in terms of y;, Z and t3. P, has
algebraic degree 6 in terms of t3, and P, has algebraic degree 4 in terms of t3. We can then
successively reduce these expressions modulo one another, until we get an expression equal
to zero that is linear in ¢5. Solving this expression gives us formula (A.1.14). Substituting
relations and into formula gives us formula , and substi-
tuting relations (A.1.13)—(A.1.17) into formula (A.1.18) gives us formula (A.1.12). Finally,
calculating the resultant of P, and P, with respect to t3 gives us formula . O

Proposition A.1.3. The unity vector field e = 9y, in the y coordinates has the form

— _~ (260000¢, — 320000f, + 15654284 1¢3 + 167991408¢2t
(%) = 55zg7900 ! 2+ st 3t
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2 2
—321527232t5t; + 471384576t3) 0,, + 513 (13t3 + 16t4) Oy, — 8—18y3.
Proof. We have that
o
e=0, = a—tlaya,
which gives the statement by applying the relations from Theorem [4.4.3 O

A.2 Extra formulas for H,(3)

Recall from Section that the degrees of the ¢ coordinates and Z are degti(x) =
12, degty(x) = 8, degts(z) = 6, degty(z) = 2 and deg Z(x) = 2. This allows us to deduce
which harmonic polynomials of the ¢ coordinates and Z have the same degrees as the basic

invariants of Hy, which the following Proposition makes precise.

Proposition A.2.1. Let Vi = {p € Clty,to,t3,ts,Z] | degp(x) = 30}, let Vo = {p €
Clt1, ta, t3,ts, Z] | degp(z) = 20} and let V3 = {p € Clty,ta,t3,t4, Z] | degp(x) = 12}.

The harmonic elements of Vi are proportional to

273710937500 2113 + 166181640625 Z°t5 — 7725217500000¢5t3 — 16860593750002%t ot
+ 2813748437500t5t3 + 343343 x 107 Z3t112 + 10153143 x 10°Zt5t2

4 44607122560000¢1 3 + 13101968880000Ztot5 — 985663590912007°%t3

— 10679720381890563 — 3695097656250t t5t, — 615849609375 Z>t5t,

— 49049 x 108 Zt1tatsty + 6569062500002 t5t3ts + 15107092 x 10° 2215t

+ 17289772500000t3t3t, — 75150915840000 Ztot5ty — 1173936411648002%t4t4

+ 1290351562500 Zt5t3 — 86080995 x 100t tot5t2 — 46377581250002%t5t3t2

+ 21973952 x 10 Zt1t3t3 + 74574099600000Z3tot5t% 4 1221004616832000¢,t5t2
4 2154727058964480 253t + 9144135 x 10542t + 16860593750002% 1 tot

— 7564588281250t5t5 — 686686 x 107 Z3t,t3t3 — 17223206 x 10°Zt3tsts

— 1169830421760000t1 3¢5 — 40522321840000Z % totats 4+ 2756412538880023t3t3
— 2719482236190720t4t3 — 105105 x 107 Zt tot; — 6081075 x 10°Z3t5t5

— 11869858 x 10022t t5t] — 237568831500000¢3t3t5 — 361502901760000 Ztot3t]
+ 1153245738444800 223t + 35939673 x 10%t,tot3 4+ 751587375000Z%t5t5

+ 9417408 x 10°Zt t5t5 4 36133537440000Z3t5t3t5 — 591423198643200¢t,13t]

— 1537761323614208Zt3t5 4 343343 x 107 231§ + 5053609 x 107 Zt3t5

— 127320458496000¢ 1 t3t5 + 453204813600002%t5t3t5 — 10173071028736002Z3t3t$
— 13578052065492992t3t$ — 3237234 x 109221t} + 53377236 x 10%3t]

— 652278457600000 Ztot3t ] + 557436870144002%2t] + 1009008 x 10° 7,18

— 51692681040000Z3tot5 + 4742004658406400tot5t5 + 3739875232006144 Zt2t%
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— 181221189184000t1 1] + 28536543112000022tt] + 252561088102400233t

+ 45179325120061440t3t] — 315122248320000Ztt1° — 25916275675136002*¢5t1°
4 1213103032204800tt ' 4 5565686179823616 Zt3t}" + 62172067471360023t1>
+ 4828130346326425613t12 — 54631336488960022t1 — 14535399587512327t 5%

— 12719997492494336t°,

the harmonic elements of Va are proportional to

122718750t 1 t5 + 20453125 Z%t2 — 1701700002 3t5t3 — 3086098400t5t3 — 3546740736 Zt3
— 93500000 Zt5t4 + 4178328000t t3t4 + 2094400007 %tot3ts + 351859200233ty

+ 12413592576t 5t + 578531250t3t3 + 1675520000 Ztot3t: — 35185920002 2t3t2

+ 170170000 Z3tot3 4+ 10476188800tot3t5 + 3133892608 Zt3t3 4+ 474012000t}

— 6545000002 2tot] + 114773120023t 55 + 114911695360t5t; 4 359040000 Ztot]

+ 47584768002t 5t5 — 2545690400t4tS — 13857220608 Zt3t5 — 149959040023t

— 108124341248t3t] + 1181241600Z°t5 + 32020623362t — 109763075072t

and the harmonic elements of V3 are proportional to
6125t; 4 603682 + 28875t5t2 + 465696t5t5 + 11404815,

Proof. Using Proposition [4.0.1] we can directly calculate

Alty) = — % (25Zty — 2242Z°t5 4 200tots — 504 Zt 5t

+2802°t5 4 1232t517 + 3842717 — 2887ty — 3200t)) , (A.2.1)
Aty) = % (52° + 152°ty + 152t — 22t3) (A.2.2)
Ats) = — 25—8 (527 + 102ty + 32t3) (A.2.3)
A(ty) = % (A.2.4)

A general element of V; is of the form

3

11 492 413 414 7k
Z Z iy, iz, i3, i, ) 01 L L3S 27, (A.2.5)
k=0 0<iy,i2,13,1%4

4
2k+ Y dji;=30
j=1

where a;, iy, i5,is, k) € C. By calculating the Laplacian of this general element ((A.2.5)) using
Proposition and formulas (A.2.1)—(A.2.4) we find that the only harmonic elements
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of V} are as claimed. A general element of V5 has the form

3
Do D Bk w2 (A.2.6)
k=0 0<i1,12,13,14

4
2k+ 3 djij=20
j=1

where b(;, iy, 15,14, k) € C. By calculating the Laplacian of this general element (A.2.6)) using
Propostion and formulas (A.2.1)—(A.2.4) we find that the only harmonic elements of

V5 are as claimed. A general element of V3 has the form

3

11 492 413 414 r7k
YooY Chumwiant Y (A.2.7)
k=0 0<i1,1i92,13,14

4
2k+ Y djij=12
j=1

where ¢(;, iy, 15,14,k € C. By calculating the Laplacian of this general element ((A.2.7)) using
Propostion and formulas (A.2.1)—(A.2.4) we find that the only harmonic elements of

V5 are as claimed. O

Proposition thus allows us to give a proof of Theorem [£.5.15] in which the basic
invariants y; are expressed as polynomials in terms of the ¢ coordinates and the variable

Z. We now present this proof.

Proof. Note that Y, = %y4 = 3t4. We now equate Y7, Y5 and Y3 given by relations (4.5.12)—
(4.5.14)) with general harmonic elements of V;, V5 and V3, respectively, given by Proposition
[A.2.1} We then rearrange these equations to find y; in terms of ¢; and Z. We find

_ 7383537763232174309376 ;5 a
= 18865 47 12719997492494336
— 166181640625Z3t3 + 7725217500000t3t3 + 16860593750002%1tot5

— 2813748437500t3t3 — 343343 x 107 Z3,t3 — 10153143 x 10°Zt3t2
— 44607122560000t; 5 — 13101968880000Z2t5t3 + 985663590912002°t5
+ 1067972038189056t3 + 3695097656250t 3t + 6158496093752Z%t5t,

(—273710937500Zt1 3

+ 49049 x 108 Zt tatsty — 656906250000 Z3t5t5t, — 15107092 x 10°Z2¢1t3ty

— 17289772500000t3t3t4 + 75150915840000Ztotat, + 117393641164800Z°t5t,
— 1290351562500 Zt5t5 + 86080995 x 10%t;tytst? + 4637758125000Z 3t 55

— 21973952 x 10°Ztt3t3 — 74574099600000Z3t5t3t5 — 1221004616832000t2t5t5
— 2154727058964480Zt4t — 9144135 x 10¢2t3 — 16860593750002%t 1 tot}

+ 7564588281250t5t5 + 686686 x 107 Z3t tsts + 17223206 x 106 Zt3tst3

+ 1169830421760000t1 13¢5 + 405223218400007Z%tot2t3 — 275641253888002Z3t3t3
+ 2719482236190720¢4t3 4 105105 x 107 Zt1tot] + 6081075 x 106 Z3t3t}
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Yo =

Yys =

Ya =

+ 11869858 x 10022t t3t} + 237568831500000t3t3t5 + 361502901760000Z,t3t]
— 1153245738444800Z°t5t; — 35939673 x 105ttt — 7515873750002%3t5

— 9417408 x 10°Zt,t5t5 — 361335374400002Z>tot3t5 + 591423198643200t9t5t5

+ 1537761323614208 Zt5t5 — 343343 x 107 Z3t1t§ — 5053609 x 107 Zt3t$

4 127320458496000t1 t3tS — 453204813600002%t5t5tS + 10173071028736002°t5t5
+ 13578052065492992t5t5 + 3237234 x 10622t1t] — 53377236 x 10¢3t]

+ 652278457600000 Ztot 3t} — 557436870144002%3t] — 1009008 x 10°Zt,t}

+ 51692681040000Z35t§ — 4742004658406400tt 5t — 3739875232006144 Zt3t5
4 181221189184000¢; ] — 285365431120000Ztt] — 252561088102400Z 313t

— 45179325120061440t3t5 4 315122248320000Ztt1° + 2591627567513600.2*¢5t5°
— 1213103032204800t2t5" — 5565686179823616 Zt3t5' — 6217206747136002°t,>

— 48281303463264256t3t5% + 5463133648896002%t13 + 14535399587512322t 4

830736b
48771678865
— 1701700002 3tot3 — 3086098400t2t3 — 3546740736 Zt5 — 9350000023,

+ 4178328000t 3t 4+ 2094400002 totst, + 351859200233t + 124135925765t

+12719997492494336t,°) t5 (122718750t t5 + 20453125 2°%t5

+ 578531250t3t% + 1675520000 Ztot3t3 — 3518592000Z%t3t3 + 1701700002353
+ 10476188800t5t3t5 + 3133892608 Zt3t5 4 474012000114 — 654500000225t}

+ 1147731200Z3t3t4 + 114911695360t3t5 + 359040000 Ztot; + 47584768002 °t5t;,
— 254569040015t — 13857220608 Zt3t§ — 1499590400237 — 108124341248t 3t]

+1181241600Z%t% + 32020623362t} — 109763075072¢,°)
_ 495559064420352¢

56123375

2304c* g 2 2 3 6\2
R 3 (6125t + 6036812 + 28875tot2 + A65696tst3 + 114048t
562600375 4 (6125t + 3t 2ty + 3ty + 1)

3170169048268 1
77 4109763075072
+ 170170000 Z3tot3 4 3086098400tst3 + 354674073623 + 93500000 Zt5t,

— 4178328000ttty — 2094400002 tot3ts — 35185920023t3t, — 124135925765t

t1 (6125t1 + 60368t3 + 288750t + 465696t5t; + 114048¢5)

(—122718750¢1t5 — 20453125 2°t3

— 578531250t5t% — 1675520000 Ztot3t2 + 35185920002%t2t2 — 17017000023t 9t
— 10476188800t 5t 5t5 — 3133892608 Z13t5 — 474012000, t; + 6545000002t}
— 114773120023t 3t — 114911695360t5t; — 359040000 Ztot; — 47584768002 %t3t;

+ 2545690400515 + 13857220608 Zt3t5 + 1499590400Z3t] + 108124341248t 3t
165888¢

—11812416002%t] — 32020623362t + 109763075072¢;°) — 0825

t4 (6125t

+6036813 + 28875¢tat] + 465696t 5t; + 114048t5) ,
_ 95551488 5 c
7 46125

(6125t + 603683 + 28875tt] + 46569655 + 114048t5)

24ty,

196

(A.2.8)

(A.2.9)
(A.2.10)
(A.2.11)
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where a, b, c € C. In order to find a, b and ¢ we perform steps 5-7 from the introduction of
Chapter 4l That is, we transform the intersection form (4.5.75)—(4.5.81)) into y coordinates
by applying formulas (A.2.8)—(A.2.11]) and compare it with the expression given by Lemma
[4.5.11 We find that

17161 221 2 47218432
- 378917 6432;3 83687 o 809935671 843 e = 56000,
which implies the statement. O
Proposition A.2.2. We have that
¢ [ (o, x)
det(9”(1) = 55—

where ¢ = 283195 and

Q(t, Z) =5*7* (578812500000£; + 413437500000Z%{t, — 1538085937503
— 152587890625 7%t5 — 18522 x 108Z3t3t3 — 441 x 10'° Zt,t3t3
— 3964843750000Z35t3 — 4926852 x 10732 — 135828 x 10° 2%t tot2
— 49566562500000t5t3 + 127233792 x 10°23t,t5 — 430808 x 10® Zt3t3
+ 1397912140800000t; 5 — 2183872768000002t5t3 — 15329618984960002°t5
— 13221142380544000t5 + 99225 x 107 Zt3tot, 4+ 259875 x 107 Z3t,t3ty
+ 615234375000 Zt4ts — 703836 x 107 Z%t3tst, + 52225425 x 1051 t3t3t4
+ 8736875 x 10°Z2t3tst, + 173267136 x 10°Zt 1ttty + 244608 x 108 Z3t3t2t,
+ 199369820160000Z2t1t3t, — 1617588 x 10%t3t5t, — 1263290183680000Z5t5t4
— 372845412352002Z°t5t, — 9674437500000t 3tot3 — 31185 x 108 Z%t,t3t3
— 332753906250t5t2 — 889056 x 107 Zt3t5t2 — 2878848 x 107 Z3t totst>
— 134694 x 108 Zt3t3t3 — 369047145600000t t2t5t5 — 108723552 x 100 Z%t3t3t2
— 1026367340544000Zt 1 t5t% + 25341388800000Z 351313 + 7684836951859200t2t5t3
+ 9073398532538368 271513 + 18522 x 1082333 — 66465 x 1082t t3t5
— 1887406250000Z35t3 4 407484 x 10%t2t3t3 + 5140296 x 107 Z%t totsts
+ 2955813 x 107t5t5t5 — 2418232320000023t1 3¢5 + 415394246400000Zt3t5t3
+ 1831192989696000t1 3¢5 + 2112148383744000Ztotats — 32509397768601602°%5t
— 57194944463634432t3t3 4 254016 x 107 Z%t3t] + 6695325 x 100, t3t4
+ 2444812500000Z2t3t; — 217550592 x 10° Zt1tatst] — 1998906 x 107 Z3t3tst]
+ 137633771520000Z2t, 135 — 1289929939200000t3t3t5 — 6462823342080000Ztot 5t}
— 1157003120738304022t4t5 — 190512 x 107 Zt3t — 2776032 x 107 Z3t ot}
+ 1749465 x 107 Zt3t3 + 245599603200000¢ 1 tot st — 33817896 x 100 Z%t3t3t5
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By Proposition |4.0.3, we need only find det (%) . It can be calculated by Theorem [4.5.15|,

+ 1785711255552000 2t t5t5 + 1122404505600000 2 tot3t5 + 7219945222963200t o5t
+ 48395369140715520 215t — 3894912 x 10755 — 426888 x 10 Z%t 515

— 52082805 x 10043t + 30569978880000023t;t3t5 + 217963603200000 215t 5t

+ 724142039040000¢ 2t — 3395882176512000Z>t5t3t5 + 81485104676864023t53t5

— 47305520679223296t5tS + 110327616 x 10°Zt1tot] — 420255 x 108 23t3t7

+ 1010283724800002 2t 3t — 10511923968000003t3t] + 3304010121216000Ztt5t]
+ 3869587121111040Z2¢3t] + 597769502400000t tot§ 4+ 160231608 x 10°Z%t3¢8

+ 190293884928000Z 1 3t 4 989672947200000Z 3ttt 4 10206142416691200¢t 512t
— 73495299371827200 23t — 1011257856000002%t1 1] — 186162649600000Z3t)

— 3191805646848000t 1 t3t] + 15619480145920007 *totst] — 14989064887336960 2343t
— 42460123619393536t5t — 159105945600002%t11° + 351501912 x 10%¢3¢1°

— 296057495552000 Zt5t3t10 + 16035426874163202%t3t1° — 359391707136000Z,t 5!
+ 758020723200000Z 3¢5t} — 15168913927372800t5t3ty" 4 10925704187740160Z 15t}
+ 734324032512000t1 5% — 431227009024000Z% 5t} — 463196185231360Z3¢5t 1>

+ 56795180303253504¢5t 12 — 998299951104000 295> — 68426477142016002%t 5t

— 10653521299660800t5t5* — 3339162644643840Zt5t5* — 9847533961216023t 1

+ 70986790354550784t3t1° + 26606959037644802°%t10 + 899314007880499221;"
—1510901919514624¢,°) .

which leads to Proposition [A.2.2]

In the next statement we express flat coordinates ¢; via basic invariants y; and Z, which

is an inversion of the formulas from Theorem [4.5.15]

Theorem A.2.3. We have the following relations:

where

to

ty

1

= (11444944896 R* + 20736y — 9504000Z*y;
167216000 + 2030 L
—85155840Z Ry; — 9934848 Ry + 6160Zy; + 1313y)) , (A.2.12)
= 772300 (172800Z" + 1548288 Z R + 64512Ryy — 112Zy3 + ), (A.2.13)
ts =R, (A.2.14)
1
_ A2.15
249t ( )
R=R(y,Z) = 1 (986673892041 x 10" 2% + 403215375687011718750Z"%y,

96768
— 7588796457909375 x 108221y, — 14241744 x 10°Z%y,y, — 44789760 Zy3
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— 406639265445 x 1021192 — 10450944000Z3y2y35 + 10450944 x 10°Z7y3
— 258864844669875 x 103 Z?Py3 + 34862693625 x 10° 2104, y5

+ 823747560297890625000Z 193 — 2208228480000Z°y3y3

— 415448230632890625 x 10°Z1%y2 — 1119744000002 4y, 13

— 2032302555 x 10°Z%9y3 + 4780994139 x 10°Z13y3 — 2985984y5y4
— 7247810493424125 x 10*° 23y, + 486495253933593750002Z 5y 44

+ 645358861779679687500000Z % yo14 — 4884883200000Z°y1y2y4

— 138011277978 x 102092y, — 7962624002 2y2y3ys 4+ 7962624000002y,
— 14057685635765625 x 10" Z*y3y, + 105583986 x 1052y y3y4

+ 235899481755937500000Z 4121314 — 5727801600002 *y2y31/4

— 574609620279375 x 10°Z'Sy3y, — 22394880000Z°y1y3y4

— 2107347273 x 10° Z8yoy3y, + 25276431834 x 10°Z2y3y,

+ 14216009216979375 x 1012293 — 9134105281875 x 10° 214y, 43

— 3047517967359375 x 105219512 — 8113478400002 4y, 1212

— 23401335213 x 10°Z%2y2 + 182885430719953125 x 10 Z2%3y3y32

+ 1284086115 x 10°Z8y 9312 + 336483536054062500002Z 3101312

— 71891712000Z3y3ysy3 + 56452283319375 x 107 Z17y2y3

— 616024245600000Z " yo13y3 + 65038545648 x 107 ZMy3y2

+ 7630848000025 y5y3 + 1430042961628125 x 1032283

— 3554334611718750000Z 3y 3 — 13790325901311035156250.Z P11
— 8159616000023y, yoy3 — 2017629243 x 10°Z8y3y3 — 22394880002y y3y3
+ 26211925395636328125 x 10°Z2%2y3y3 — 8627472 x 10°Z 7y y3y3

+ 385216956646875000Z 2y0y3y3 — 5647104000 Z%y3y3y;

+ 26103024213954785156252 64293 — 132710400 Zy1y3y5

— 109360536480000Z%y213y3 + 103524702912 x 10° 210433

+ 840499200024 y3y3 + 738945999701015625 x 1010227y}

— 418799496656250000Z 2y, ] — 46425818304817382812502Z g0y

— 523584000021 y2y; — 11725916400000Z 3y — 76308480 Zy2y5y3
— 13184511219196875 x 1082 y3y4 — 30220095600000Z%y, y3y/3

— 738366917810625000Z 1 y2y314 — 265098240 Zy5y3ys — 663552421515
+ 538650103268671875000Z 53y — 13702484880000Z°y2y5%4

+ 10242993672 x 10°Z%3y4 + 1032192000235y — 3317760y1y3y4
—930704737836568359375 x 107 Z%0y3 + 14356007915625000Z 11 1/3
— 94216043486162109375Z 0 yay5 + 2301567696000025y3y3

— 1208431825587316406250000Z%y33 — 5904057600000Z 5y, 9315
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— 173184804627750000Zyay3y; — 7062528y2y3y; — 201830400 Zy1 1215
+ 66318052355859375000Z y243 — 1268224560000Z 21313

+ 358580196 x 10°Z8y3y3 — 66814128 x 10°Z7y3yS + 6881280 Zy5y$
— 15370446742224609375 x 107 Z?%y$ 4 127293177712500002Z 0y, 5/$
+ 130805664862324218750Z 5918 + 1376256002 2y315 — 351744011 92yS
+ 36411098400002Z°3y5 — 18784112593865625 x 107 Z %9318

— 686647440000Z%y1y3yS — 222660087165000002 0135

+ 43851223643906250002 343215 — 8932809600023 y2y3y8

+ 1094987299592109375 x 10° 2%yl + 2226816765 x 10°Z%,y]

+ 36710583274019531250Z 4y0yt + 3319512480002Z%42y4

— 6076501220777343750000Z 8397 — 5539008000023 y1y3y;

— 1902754708875000Z % yoy3y4 + 832380298734375002 212y

— 45698880002 yoy3y] — 15124053120000Z 53y + 34406413y,

+ 4169983460762109375 x 107 Z%4§ + 174577452187500Z %115

+ 4180427021074218750Z 391/ 4 2066738400023 3y

+ 3091274797007812500000Z 7 y51§ — 310264800022y 1313

— 96336212625000Z  yay3y§ — 174575912681250002 434/

— 163296960 Zy2y2y5 — 1701207360000Z5y3y5 + 8623584002 2y343
+ 114440645557265625 x 107 222y — 5626875375000Z 41y

+ 42448474089843750Z 20y — 3183168y2y5%] — 2195520y1y3y4°
+ 749902182726093750000Z %3y — 115161600 Zy1y3y]

— 7697230800002 y2y3y] — 22089153363750002Z 09243

— 131454720000 Z%y3y] — 6105604432246875 x 1082%1y}°

— 3710669100000Z5y,y1° — 786250728576562502 1/93/1°

+ 22438080 Zy3y1° + 92629516156875 x 10525 y5y1°

+ 3412760100002 y2y3y1° — 2785419663750002%y211°

— 7297920000 Z3y3y1° — 151806054114984375 x 10°220y;!

— 584186550000Z° 194 — 158758883519062502 0y5y4t

+ 6732539855156250000Z y3y4t + 314591250002 Y y0yzy4t

— 58152611906250Z5y2ys! — 2822400002 2y3y1! + 18950433y4t

— 984577216528125 x 107 29912 — 5852226000021y, 14>

— 1803047510968750Z o142 4 27182532187500000Z 34342

+ 1346865000Z3y2y3y1> — 10318713375000Z  y32y12

+ 9617195694375 x 10%Z%y13 — 417898500023y, y13

— 120524781375000Z%y2y43 — 65887451468750000Z  2y3y13
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+ 12978000 Z%y2y3y1> — 1359785175000Z2%311% — 80640y5y;>

+ 349150732875 x 109217y}t — 21281400022y, y1? — 7257600 Zy5y4>

— 1824399843750Z T yoytt — 113141698 x 108 Z M ysyit — 1555200 Zy2y3y4?
— 129817125000 Z°y2y4* + 41542453921875 x 10° 210415 — 72648002y, y4°
+ 666628143750Z5yy1° — 11963948412500002 1 %y3y1° — 88200y9y3y4°
— 9344002500 Z4932y15 + 241953303125 x 107 Z'y1% — 135450y, y4°

+ 967055062502 y2y4% — 961011325000002%y3y1¢ — 49801500023 y3y1°
— 8154812875 x 107 ZMyi™ 4 7982336250 Z4y0yi" — 5857818750000Z5y3y4"
— 190890002%2yL" — 320012825 x 108213y + 4560412502 3yy18

— 268065 x 1062 7y3y1® — 491400Zy3y1® — 3700482625 x 10°Z12y1°

+ 1842750021214 — 83506500002 y3y1° — 6615y3y4° + 6615y2y3"

— 26605215 x 107 ZM 20 4 491400 Zy,y3° — 13230000025 y313°
—1302357 x 107 Z'"0%y21 — 41349 x 107 Z%3% — 6615 x 10°Z8y33)

/ (13655251938515625 x 10" Z?® + 269859244794433593750Z'®y,

— 62499163359375000Z 3y, — 10368000023y, — 19166139 x 10°Z%y3
+ 73984856793750000Z 2y5y3 — 5529600Z%y3y3 — 10692 x 108 Z7y1y3
— 468836581285546875 x 10°Z%2y3 — 318813326169433593757 162

— 276048 x 106 Z%y912 + 13310568 x 10821%3 — 1105920000243

— 98175213390234375 x 100227y, — 138564561093750002 24114

— 2212828598144531250Z T yo14 — 2073600022 y1y2y4 + 368640 Zy3y3y4
— 7804188 x 10°Z7y2y, + 365484462103125 x 10%Z% y3y,

— 471744 x 10° 2%y, y34 + 27652969282500000Z  21/31/4

— 7753347445078125000Z ' °y3ys — 642297600002 °y2y3y4

+ 55954476 x 107 Z%3ys — 147456000 Z3ydys — 13824002y, 0>

+ 19136149325384765625 x 107 22542 — 584653443750000Z 1192

— 70916607920214843757 0912 + 154704342678398437500002 % y3y/3
— 9097920000025y, 33y + 5006118816 x 10°Z10%5y3y3 + 49152y3y3y3
— 775870064015625000Z 932 — 82149120002 yoy3y3

+ 138175956 x 10°Z8y3y2 — 196608002%y3y3 — 1674483840000Z%y3y3
— 255831983771484375 x 107 Z?%y3 + 252618851250000Z 0y, 53

— 2214749740957031250Z By — 3072001215 — 232299360000Z5y3y;
+ 380490084196875 x 107 Z¥ysy3 — 109094400002y, y3y3

+ 405683923500000 2 yoy3y; + 1188956285156250007 133243

— 66355200027 y203y3 4 22969584 x 10°Z7y3y3 — 983040 Zy3 v

+ 26002745366484375 x 108 2%y + 539362293750002%1 v/}
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— 126088326949218750Z 17 — 2251396800024 y3y; — 88512000023 y1y3y3
— 1927479388710937500007Z B y3y4 + 573898495359375007 2 y21

— 27328934250000Z%y2y3y7 — 3033600022 y213y 3 + 2843756160000Z5y314

— 491523y — 129376874141015625 x 107 Z%3y3 4 4397844375000Z% 173

+ 39725982667968750Z B y91; — 15347520002%y5y5 — 4915200022y, y3y5

— 112659016429687500000Z "33 — 13616559 x 106 Z7y5y313

+ 11619749041875000Z M y2y5 — 721920 Zyy3y5 + 267079680000Z°y5y3

+ 16641302871093750Z 2153 — 3079189554609375 x 107 Z?%4$

— 1396125000002 7135 — 7153920022315 — 239749308126562500002 01315
— 2289210960000Z5y2y35 + 1704364196625000Z %9318 + 21504122y$

+ 192124800002 y34S + 79938205678125 x 108221y} — 17664002y, y3yS

— 9084810000025y, + 3251393076093750Z 537 — 2039040 Zy3y]

— 1570385323125 x 10525 ysyt — 3072013y — 2520214800002 y2y3y]

+ 5579308017140625 x 1062295 4 2059111766250002 %2y, — 945y5y4°

+ 1042560000Z3y3y5 — 139730250002°y15 + 384779988843750Z 091/%

— 27072y3y5 + 136898416406250000Z 4y3y§ — 2017443000024 y0y31/5

+ 23299053843750 28245 + 403200002%y3y8 4 29154807646875 x 107 219y
— 1360545000241 9] + 163823172812502 %513 + 70614949687500000Z 3y513
— 1191660000 Z°y2y3y] + 2473352625000Z y3y] — 517821170625 x 10821810
+ 1036800 Zy35y] + 125826652812500002 2y3y1° — 9399000023y, y/4°

— 4035040875000Z3y2y1° — 499680002 y2y3y4° + 2423690250002 y3y,°

+ 11520y31° — 18666838125 x 10° 217yt — 459000022194t — 2520y, y4

— 1101247593750 Z oyt + 16498648 x 10821yt — 1360800 Zy2y3y4’

+ 2012827500025 y3y4t — 1804807303125 x 106Z16y1% — 1494002y, 14>

— 157378106250 Z%y5y1? + 164754308750000Z Vys3y1% — 16560y2y311>

+ 1364017500242 y12 + 250832125 x 107 Z'%y13 — 1568964375025 yoy5>

+ 132547675000002°%y3y1> + 71145000Z3y3y13 + 3150908125 x 107 Z 4y 14

— 1169493750 Z4yoy4* + 8222512500002 y31* + 2727000222y 1*

+ 53112575 x 102 Z131° — 65148750 Z3y9y1° + 38295 x 106 Z7y3yt°

+ 70200 Zy2y L5 + 543220375 x 106212410 — 26325002%45y1°

+ 11929500002 5y3y1¢ + 945¢2y16 + 3800745 x 107 Z 27 + 5907 x 107 Z%y1°
—70200Zy2y;" + 18900000Z°y3y;” + 186051 x 107210y ® + 945 x 106 Z%y7")

where Z satisfies the equation

376572715308 x 10%°Z°° 4 659855787553828125 x 1017 Z3%y; + 209952 x 108 Z5y3
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— 251302523347938537597656252 20y — 182271654562275 x 1023 240y,

+ 13653572839258447265625 x 107 Z%y135 + 12909587625 x 1082102y,

— 181252526805625078125 x 10122392 4+ 559089218025 x 10'° Z15y,y5

— 3437397060542912109375000022 3 — 3728747520000Zy5ys3

— 258770668896 x 107 Z1%3 — 35831808y5 — 1725958278495 x 10%7 Z4y,

— 47075877270474609375 x 102 2%y, y3 — 2404957359726562500000Z 14423

+ 7230650271837890625 x 10° 29y y0y3 + 419904 x 107 Z*y?yay3

+ 2784603065148966796875 x 107 Z*y3ys + 298245977944425 x 1020 2% yoy;

— 1953636165 x 108 2% y3ys — 8957952 x 10°Z5y193 — 33382368 x 1062y, y5
4 172450545166125 x 1022238y2 4 1703699162841796875 x 108223y, y3

— 164620750179234375 x 10'3 Z%yy2 + 312754412460937500000Z 3y yoy3

— 12622756032623671875 x 10° 2184212 — 7665268788 x 107 Z8y3y3

— 5735760339645 x 10%°Z32y3 + 358989238851196289062500Z 71 9/3

+ 481754249835394921875 x 107 Z*y9y3 — 839808 x 10 Z7y 013

+ 29541548922525 x 107 Z2y2y3 — 159252480002%y3y5 — 2519424 x 1010 Z8y33
4 16809282 x 1012211y, y4 — 308040384264073242187500Z 613

— 819652608 x 10°Z5y3y3 + 479602890308232421875000002*%y3

+ 852284154843 x 10102143y + 342904104 x 1010210543

— 25448911776 x 101 ZMyS — 17915904000002*y29/$

+ 17915904 x 1082895 — 156905298045 x 1031 249y,

— 80310602672286328125 x 10 734y, y4 — 454394610293625 x 101°Z20y3

— 2706990453860778808593750Z 32y + 69984 x 10° Z4ydy,

— 32475392523518334960937500000Z 24 y1 yoya + 478592145 x 10° 2%y yay,

+ 1151673739222166015625 x 10" Z*y3y, + 363933121854375 x 10%° Z* 5y,

+ 415544014569375 x 107 Z 4y 92y, + 2444047647797460937500000Z 2314

— 9363859200000Z Yy y5ys — 11497785084 x 108 2%y, 4+ 5073271303455 x 10%7 Z43y3y,
+ 2509049177389775390625 x 10*° 228y ysyy — 776786827078125 x 10°Z1392y3y,
— 3486798206010351562500000Z 1 y2y3ya + 559872 x 10° 2%y yoysy4

— 8737932453217734375 x 109 Z%y2ysy4 — 2095275033 x 108 Z8y1y5y314

+ 24563269450125 x 10°Z"%y3ysys — 6046617600002 y3y3ya

— 33219369829305 x 1023 Z37y2y, — 313516802219175 x 10%° Z33y9y3y4

+ 1749439238766459960937500000Z 22y y3y4 — 12807072 x 10° Z 74293y,

+ 367234274652187500000Z 231 y213y4 — 2120082257012027343750000Z 43214
— 5971968000022y, y3y3ys — 34866938592 x 10°Z7y53y,

+ 40202543430928125 x 10623143y, 4 30644838489988828125 x 101! Z%Tyyy2y,

203
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+ 202057284853564453125002 %41 y3y4 — 27006510283294921875 x 10°Z2 134
— 320484672 x 107 Z5y 1 yoySys + 1129793472765 x 1082 1 y243y,

— 1327104000 Zy3y3y, + 10843777546311796875 x 101022539,

+ 907871814 x 10920y y3ys — 868578911843765625000007Z P yay5y4

— 198045388800000Z5y3y3y, + 18982549382765625 x 108 Zy5y,

— 2985984 x 10°Z4y y5ys + 11728216152 x 108 2%y,

— 98170370928 x 10'°Z'3y§y, — 2388787200002 y2y5ya

4 23887872 x 10" Z Ty y, + 296812522135125 x 10287182

+ 5769169616843261718750007'8y2y2 4 93312 x 107 Z3ydy3

— 297985679803378125 x 1020 Z38 912 + 3649128971730732421875 x 103 Z33y,42
— 532385693465888671875 x 107 Z%y 103 + 680933385 x 10 Z8y2ymy2

— 189678164499598095703125 x 108 228y3y2 4 782565971160937500000Z 3y, 1312
+ 1579338481260234375 x 10021832 — 1315699200000Z3y,y5y3

— 28795362948 x 107 Z8y3y2 — 6571281051734625 x 1024242312

— 1556955058235625 x 105 227y y3y2 — 734491135546875000002 122y

— 956840715065786132812500Z 7y 235 — 3872118693443203125 x 10° 2222 y312
— 6722610552 x 107 Z7y193ysy2 + 34762445973675 x 107 Z12y3ysy?

— 582266880002 2y5y3y3 4 2654587837418596875 x 101823622

+ 6759561040400390625 x 10° 7221y y3y2 — 31457808 x 10°Z%¢2y2y3

— 695036488181804296875 x 109 Z%y9y2y2 4 97583602381875 x 1062y yoy2y2
4 7028457410134335937500021%y2y293 — 4976640000 Zy1 y5yays

— 7320900268800000Z°312y3 — 7305373600073015625 x 1013 230432

— 8024785856578125 x 1021y y5y? — 14547474208355484375 x 107 Z%0y9y3y3
— 611240256 x 10°Z5yyoysy? 4 2331226793214 x 107 Z1%3y342

+ 61931520y3y5y3 + 6119410586900625 x 1012 2%4y3y2

+ 2473501374 x 109 Z%1y5y3 — 11112040374865312500000Z 2052

— 27712419840000Z%y2y5y3 — 5216853486346875 x 108218343

— 3981312000002y, 53 + 26002957608 x 107 Z8y9y3y3

— 237062880144 x 109 2'2ySy? — 318504960002 %y2y5y3

+ 31850496 x 105 Z°%y%y2 — 336910542746625 x 10%8 2473

— 72327972908829638671875 x 1011 232y, 43 + 20703316287117919921875021 /213
+ 62208 x 10°Z2y3y3 + 1264265649686615625 x 101023793

+ 9282537745013671875 x 107 Z%241 1013 + 24826824 x 1082792 y0y3

+ 73911920587224609375 x 10°Z27y3y3 + 47542508879062500000Z 2y y3y3

+ 238740014756144531250000Z 3y — 1063756800002y, y5y3
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— 48151021536 x 105 Z7y3y3 + 49239933462871875 x 10?3 ZH y5y/3

— 453096902991603515625 x 109 20y, 9313 + 849437087625 x 107 Z M1 y243y3

— 153019945847874375 x 109 Z3 yoy3y3 + 1152372155455265625 x 1010 Z32y9y3y3
— 81599723084874023437500Z 01 121313 — 2488320000212 1y2y3y5

4 37883829188576953125 x 10° 2% y2ysy3 — 12411277488 x 10° 25y y3ysys

+ 24071935023 x 108 Z M y3ysy3 — 2687385600 Zy5y3y;

— 40186970185585253906250000Z 2011 y3y3 — 48615552 x 107 Z5y3y2y3

— 8599334965472109375 x 101022 y9y2y3 + 12561928600275 x 10° 2101900343

+ 111789716782528125 x 10621542243 — 663552000112y

— 998909625600000Z°y5y3y3 4+ 14600186628795703125 x 10'22%y3y3

— 219307653849375 x 107 Z 1y 5393 — 39946720396770703125 x 10°Z10y9y3y3

— 73246809600000Z%y1 y215y3 + 31250312001 x 108 Z%3y5y3

+ 2106545142055078125 x 10° Z%y5y3 + 4657962996 x 10° Z8y,y5y3

+ 633400090225312500000Z 3 10y3y3 — 2456801280000Z3y3y5y3

— 3997747687573125 x 10821 y3y3 — 398131200002%y1 3y

+ 40210644672 x 10°Z yoy5ys — 384503075712 x 10824843

— 1592524800 Zy2ySy3 + 1592524800000Z5y1y3 — 11496585305197265625 x 1017 2354243
+ 2555969144817628125 x 10%* 246y} + 65493209463778125 x 106 Z31y14/3

+ 16381465339493408203125 20 2y1 4+ 2073600000 Z 314

+ 298142042720211914062500000Z 2 1405 — 75521484 x 107 Z%2 a3

— 35232722889240234375 x 1002264241 — 12308805876375 x 10211y 9244

— 21293055871781835937500Z 03y — 5038848000 Zy1y5y4 — 5917861036800000Z%514
— 236440393860320859375 x 101924051 — 2876638344697332421875 x 10'° 7304991
— 111951333903216796875 x 109 Z%y1y3y4 + 3696516197437500000Z 092313

— 1354124887594875 x 10162305317 + 2662102930021875 x 107 Z 5y 109371

— 82944000y 3y2y3y4 + 389418572016214453125000002%°y2y3y4

— 15569982 x 108 Z°yy3ysy; — 981655730874 x 107 Z 03 ysy4

— 89579520y5y3y; + 308956915751037890625 x 1015 2344241

— 11796270974525390625 x 10° 2191 93y1 — 52363584 x 10° 2433y}

+ 173919245270649609375 x 10° Z*y912y] + 902874245625000002°y1 92154

+ 239958879646275 x 10% Z1y2y2y4 — 95657397120000Zy5y3y1

— 9548061279693046875 x 1012 Z%8y3y1 4+ 162739397678906250000Z 31314

— 445978940355140625 x 107 Z 8 yay3yt — 5899392 x 10°Z3y1y0y5y]

+ 25374935043 x 107 Z8y3y3y4 — 23195369656096875 x 100 Z*2ydy1

+ 6495790464 x 10" Z y1y5y4 + 522642779167218750000Z 2 y0y5y}
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— 1343692800002 y3y3y4 — 8338799409001875 x 107 Z1%y5y;
— 1990656000 Zy1y5y4 + 4764636172800000Z % yoy3y] — 470490322176 x 107205y}
— 79626240y2y5y3 + 796262400002 ylyt — 13679169747959953125 x 10232453

206

— 1474894714718830078125 x 10 2305 — 2287749592599609375000Z 51243 + 276480004313

+ 41059486801676074218750000Z 2%y 1013 — 16801992 x 107 Z542 013

+ 988556812415296875 x 10M 2254243 — 3766984207875 x 10° 210343

— 10801397068720312500000Z P y3y2 — 111974400y, y5y;

— 543691699200000Z°y5y5 + 770326318614121875 x 1021 Z3%312

+ 17835843567505078125 x 10°Z%4y 315 + 534729974625 x 10° 2% y313

+ 11245454023174453125 x 10*2Z2%%5y3y3 + 34453146024591328125 x 1016235513
+ 9137406828332812500000Z *y1 y2y3y5 + 1609037231168671875 x 10°Z'y3y3y3
— 141665112 x 100 Z%y1y3ysy; — 261934435584 x 107 Z%3ysy]

— 1180075558461328125 x 10928y y2y; — 4002048 x 10°Z3y3y3y3

4 281347813236796875 x 1010 Z% 91212 — 303060818587500000Z%y1 y215y3

+ 240446304646875 x 107 Z'3y2y3y5 — 6604934400000 23 y5y3y3

4 1783964308002328125 x 10122274345 + 1478033795939062500002 2y 543

+ 57274806057328125 x 10°Z1Tyoy3y5 — 3172608000002 y1y2y5y5

4 4885829928 x 1002724343 — 69853708702715625 x 109 2% y343

+ 7049353536 x 10625y, y5y5 + 113673204255037500000Z M yoy/5y/3

— ATTT574400Zy3y5y; — 135404117497575 x 1082%5y3y3 — 79626240y1 355

+ 437869670400000Z° yoy3y5 — 43693185024 x 107 Z%5y3

+ 5332371316372416796875 x 10%°Z4y§ — 63151976031834375 x 1082334243
+ 442437751411716796875 x 101 229,48 — 8753967349101562500002Z 14y3/$

— 1455027089447460937500000Z 1215 — 19426392 x 1062431018

+ 9501158788162734375 x 109 Z2*142y§ — 5732930995875000002 %1 y3y$

— 1251610680180937500000Z 4438 — 377703648000002 4155

— 1817583627706509375 x 1020238318 — 36470290708467421875 x 101° 23518
+ 3259434148794140625 x 107 2%y 9315 + 29159498812500000Z8y2 345

+ 1355797778364843750000Z 3y y2y3y§ — 12040319730346875 x 105 Z8y3y3y§
— 9453283200000Z3y1y3y3yS — 43058197647 x 107 Z8y5y3yS

+ 124436872907611171875 x 104 232y2y8 — 447452271954140625 x 101222815751/
+ 50793182470546875 x 10°Z17y192y8 — 2146176000002 242318

+ 905979904440609375 x 10°Z%2y5y29S — 7164953415 x 107 Z y1y2v3y8

— 1947441533062500000.22y2y2yS — 3185671680002 2y312yS

— 155268680645165625 x 10'22%06y348 + 369943869465 x 1052 1y, y595
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+ 834623336235375 x 1082091545 — 10824192000 Zy1y215yS

— 2097343627200000Z°%y3y34S — 65073391064325 x 10 2299348

+ 598915296 x 10°Z5y,y3y$ 4+ 161335949114925000002Z Cyy/39/$

— 19906560y5y3yS — 18480601342125 x 108 ZMy5yS — 3125858688 x 107 Z8y5y$
+ 31119240960000Z 92155 — 155592739624233515625 x 1021 Z43yT

— 24577895495302734375 x 101 Z%y 97 — 122156555150390625000Z 33y
— 1701591793989257812500000Z 1215 — 1500768 x 10°Z3y2 49y}

+ 2093736375984375 x 101 Z%y2y! — 59405417212500000Z 8y y2y.

+ 63853995507187500000Z 3451 — 1923160320000Z3y5y

+ 35079015080705625 x 1021 Z37ysyt + 781320107381625 x 10 Z33yyy1

+ 5663874460714453125 x 108 2%y y3y; — 41598441 x 1082 y2ysy!

+ 96050726222343750000Z 241 y2y3y5 — 229687209875109375 x 10027 y2yy1
— 449297280000 2%y, y3ysys — 53287526376 x 10°Z7y3ysy]

— 21544531581547125 x 1017 Z3%2yT + 590042952015328125 x 1012 Z27yoy3y!
+ 32233844446875 x 10° 210y, y2y] — 7464960000 Zy2y3y

— 102982159605740625 x 10°Z2 4012yt — 10269936054 x 10° 2%y, y20/3y1

— 41524495814475 x 1052 M y3y2yT — 9816422400 Zy3y3y]

+ 5570068661116875 x 1013 Z%y3y! 4 6063368665275 x 10° 210,931

+ 18203572282021875 x 10°Z1y9y3yl — 124416000y, y205y1

— 371949796800000Z5y3y3yt — 1488869207476875 x 109 Z9y5y]

+ 39768019200000Z%y1y3y; + 1697215058932500000Z 2121534

— 2394057523725 x 10° 2135yl 4 1688947200000Z3yoy5y]

— 16889472 x 108275yl + 35417033403912984375 x 1021 24248

+ 199524887180859375 x 101 227y, 9§ — 44610159032226562502 121218

— 268703038079648437500000Z Ty 015 — 78732 x 10°Z2y3y01/8

— 422479128632765625 x 10222938 — 478807929 x 10" Z Ty 9543

+ 40876881773906250000Z 2y515 — 6886425600022 y5y3

— 633688941387290625 x 1019 Z36y5y§ — 6058501511108203125 x 104232418
— 540036038657109375 x 10%Z2 yy335 — 1259283307500000Z5y 39318

— 172207090383271875 x 102225 y,y5y§ — 4796134102125 x 1062y o135
+ 80372324631375 x 10% 2159231 — 13833504000 Zy1y5y3y3

— 5212932033600000Zy5y318 + 289316644260975 x 1018239243

+ 6569224247671875 x 10625y 9295 — 1244160003y}

— 318574950446334375 x 10°Z2%ypy3y§ — 10629676575000002 5y 121218

— 764623257948 x 107 21924248 — 153653760y5y5y5
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— 53210815220953125 x 1011 2244348 + 7684867788468750002%y1 5%

4 273941355999375 x 107 Z 1 y9y3y§ — 371186388000002 4313y

— 22489328602125 x 1019 Z8y348 + 2015539200000Z3y1 55

+ 143060501986875000Z%y2y3 5 — 31221346066875 x 10°Z12y5¢5

+ 6531840000022 y2y5y8 — 653184 x 10°Z5ySy§ — 6767097596208 x 107 Z41y3
— 175997708092265625 x 10'2Z%0y,43 4+ 1675469973867187500Z 3y

— 5535194174094375 x 10231997 — 6075862351945312500000Z 6y, y01/3

— 2566080000 Zy212y] — 588278804398875 x 1011 2214347

— 340580052 x 10°Z%y193y] 4+ 5701220580262500000Z 143y — 15116544002y
— 1573645143268125 x 1019 220y193y] — 174460635 x 106 2% y3y/]

+ 1338299662100625 x 10'3 Z®ypysy] — 25617575757375000002 %91 yoy3y]

+ 9642596903971875 x 10°Z'%y2y3y] — 2161728001 y5y3y.]

— 409457138400000Z°y3y3y; — 4119072700660875 x 100 Z%y2y]

+ 95507456248125 x 107 Z My y2y) — 657542824315875 x 101021959243

— 83271264300000Z%y1y213y3 — 856765207507500000Zy3y3y]

+ 355506903365625 x 10122234347 + 82231455909375000Z%y1 y513

+ 463787269509375 x 10°Z13y9y3y] — 2542946400000 Z°y3y51]

— 68469201028125 x 10°Z'7y3y] + 7371648000022y 133

+ 10118359012500000Z  yoy3y] — 37059920685 x 10°Z 4543

+ 1679616000 Zy2y5y5 — 1679616 x 10°Z5ySy3 + 10408370301585 x 10?3 Z35y3y]
+ 7894007391375 x 101 Z2%y,y10 4 404742222562500000210%71°

— 14996171137275 x 1018230510 + 11782250261129278125 x 1020240410

+ 5565220450945312500000Z 5y o110 — 38880000y71/0%1°

— 115614506496375 x 10102292410 — 250203735000002°y, y3y°

+ 143871341197500000Z ' 0951° — 16796160y5y1° — 140891691970575 x 102! Z3443y10

—291192432958125 x 10 29 310 — 163343385000002 432 y51°

+ 17298250674046875 x 101 Z24yoy3y10 — 475524522534375000Z %1 yoy314°
+ 1855889992125 x 10% Z 442510 — 255450348000002 443 y311°

+ 53969586259640625 x 10 22842410 4 162071830040625 x 10923y, y2y1°
— 3883755099825 x 101 Z18499210 — 4922742600000Z 3y, yo1y2y1°

— 72028537908750000 2% y2y3y10 — 1326464762175 x 1014 Z223y10

+ 7694396955 x 105 Z7y115y10 4 766965591675 x 1082 2y,ysy 10

— 1200225600002 y3y3yL0 — 11124214218 x 102263410

+ 1772928000 Zy1y5y4° + 650210044500000Zyy03y1°

— 3862464669 x 108 21%5y1° 4 18662400y215y1° — 186624000002 ySyL°

208
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+ 218182093283671875 x 10102y yi! + 454964307890625002 3y, "

+ 248077271433375 x 1016 Z22%,y1! 4 1222518361148437500000Z 4y yoy 4t

+ 122485193897625 x 101021992yt — 1874477700000Z 4y 3y 4t

— 9556456626 x 107 Z%5ytt + 1780827790275 x 1022 Z33y5y1*

— 1450084256015625 x 10828y syt — 110079 x 107 Z32y3yi!

+ 335614607465625 x 1012223 y5y3ytt — 67229703590625000Z 8 y1 92134
+ 148438959496875 x 109213 y2ysyit — 1227636 x 106 Z3y3y3y4!

— 44374058047125 x 100 Z27y2y1" 4 269584248684375000002 2y y3ys
+ 55508120791875 x 10 Z 7 yp2ytt — 2112642000002 2y, yoy2y4t

— 5154164865 x 106 Z27y2y2y1" — 3787241022 x 1015 72143y 1

+ 64209348 x 107 2%y y5ytt 4+ 11107464359625 x 10°Z  yoysylt

— 3709152000 Zy5y5y4" — 1600788643425 x 10°Z2'5y3y1!

+ 18662400y yays' + 39874477500000Z°y2y5yst — 326526471 x 108 2%5y4t

+ 2647023675465375 x 107223812 — 188821155036065625 x 1021 2391t
+ 5342479222359375 x 101 Z%y 912 + 17599683164062502%% 14>

+ 2838694254328125 x 1014 2% ypyt? + 122115569498437500000Z 3y, o114

+ 220294058281875 x 109 Z8y2yt2 — 121743 x 10° 23y, y3y1>

— 22899873335625000Z%y3 4% — 233651910740625 x 10102325112

4 190711312396875 x 108 Z 7y y3y4? — 5270670000022y} ysy:>

— 5627670321375 x 10" Z%2y5y3y4% — 80857764 x 10°Z y1y2y314>

— 7912472799375 x 10°Z'2y2y3y1? — 4304016000022 y5y3y1>

+ 63587785255875 x 1015 2%642y12 + 4014596044125 x 1062y 121
4 214048085810625 x 10%Z1%y992y1% — 6044868000 Zy1 425y,

— 377968032 x 10°Z5y212y12 — 20230630540875 x 101 2293112

+ 46522775250000Z°y1 y5y4% 4 128834526105 x 107210y2y3y4

— 53654400y5y5y4? — 16124378805 x 1010 21y3y12 1 23088523500002 4y y5y4>

— 221787315 x 107 Z8y3y1% — 33307463851425 x 1023 237y;3

— 98339742140625 x 10M Z%2y,y1® — 346710121875000Z 43y}

+ 549121418775 x 1017 Z% oy 13 + 152991666 x 1010Z12y1y2y4

+ 163466664975 x 101 Z17y2y13 — 603612000022y y3y43

— 3180712657500000Z “y5y4> + 236129569875 x 10%1 Z3y3y13

+ 7797516688125 x 109 216y, y3y43 — 1662120000 Zy3y3y4°

— 174095638065 x 101 Z% o3yt — 838511716500000Z 5y, y2y3y5°
— 4202606541375 x 1052 y2y3y13 — 979776000 Zy5y3y4>

— 55567655397 x 1017 2259213 4 472527247725 x 106210y, 2413
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+ 356434859025 x 100 Zy992y1% — 84564000y y2y5y4°

— 30154356 x 106 Z°5y3y2y13 — 169272165825 x 1012 Z1943y13

+ 2834388450000 y1y3yL3 + 117346350375 x 10°Z%y9y3yL3

— 13377366675 x 10°Z13y3y43 + 1152549000002 yoy3y4>

— 1152549 x 10 Z7y5y1% 4+ 4118195050453125 x 1020 736,14

— 9022981746375 x 10*2 221yt — 8360445375000025294*

— 8851371562125 x 10'° Z%5y,y* — 1615446731812500000Z 3y o4
— 696872028375 x 109 210424 — 2012040002y, y3y1*

— 320184454500000Z5y5y4* — 207618744375 x 1020230y3y14

+ 1263714719625 x 10925y y3y4* — 2624400012 y3y4*

— 17496461122875 x 101 Z%0yoysytt — 72734699250000Z %y yoyzyAt
— 6796946439 x 108 Z1%2y3y1* — 11664000y5y3y4*

+ 991738009125 x 1012242y} + 43799196825 x 10° 2% y3y4*

+ 405803031975 x 109 ZMyy2yit — 23127525000002%y2y3y A

— 29615926725 x 10122183414 4 13734360000023y,y3y4"

+ 83032371 x 108 Z8y0y5yi* — 81628074 x 1010 212y3y14

+ 4417740000 2% yoyayst — 441774 x 107 25514

— 156105504196875 x 100220415 — 102775331250002°y24/1°

— 8578694853 x 1027 Z%ypy1® — 305724135037500000Z 0y 014>

— 3372893217 x 1011 Z1524/15 — 4082400y, y3yL5 — 24718567500000Z°y314°
+ 2571419925 x 1021 Z%y3y1° — 46287047176875 x 1071 Z3%91°

+ 1488937696875 x 1082y y3yL% + 18558302175 x 1012 Z1%49y3ys°
— 5129717850000Z y1y2y3y4° — 71750231325 x 109 Z2%2y3yL5

— 810266814 x 10172239215 4 311964615 x 107 Z8y y3ys°

+ 34712009325 x 10° Z 3 y9y3y1° — 144196200000Z3y3y3y4°

— 279718191 x 1013 217y3y15 4 498636000022y, 54>

4 445845465 x 10°Z yoy3yi® — 37899009 x 10° Z y3yt5 + 113724000 Zyay5y4°

— 113724 x 105Z°y5y1° 4 4300140909375 x 102! Z34y16

— 705547789875 x 1011 219, y1® — 8769528281252 4y3y 16

— 1536460477875 x 101 Z%445y15 — 340915928625000002°y1 3214
— 46034217675 x 10°Z4y3915 — 1478849400000Zy371°

— 16354659375 x 10122283115 + 129930915375 x 10823y, y3y4°
+ 39427496325 x 102 Z1845y5y1% — 2825604000002 3y y2y3y1°

— 550128915 x 107 Z8y3y3yi® — 339313725 x 10622232416

4 168519285 x 10°Z 7y y2y10 + 22125407175 x 108Zl2y2y3yi6
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— 6561 x 10°Z2%y3y2y1% — 2655105075 x 10M Z10434:°

+ 121378500 Zy1y5ys° + 17446428 x 10°Z%y9y3y1¢ — 11563884 x 10821993y°
+ 1530900y213y4° — 15309000002 4y5y1¢ — 42071319 x 1025233417

+ 1101385845 x 101328y 917 — 5474334375023y 4"

+ 787001265 x 106 Z%3yoyt7 — 268159005 x 107 Z8y 10147

— 40105206 x 10M Z1342417 — 67359600000Z3y3y4"

+ 856575 x 1022Z27y3y4" + 86932035 x 1010212y ysyi”

+ 663954003 x 10" Z T yysyi” — 1154736000021 y2y3y4"

— 311877135 x 10°Z7y2ysyt” — 49379175 x 101622142417

+ 6573028500000Z°y15/2y4" + 103927698 x 109 Z 1 yoy2ys”

— 196830000Zy3y3ys" — 174520818 x 101 Z¥5y341™ + 1530900y, 451"

+ 454896 x 105 Z%yaysyi” — 180306 x 108 Z%3ys”

+ 403450621875 x 1029 Z32y1® 4- 288176859 x 1013217y y1®

— 2460375000 Z%y218 + 141707475 x 1016 222y,y18

— 154484212500000Z 31 y2ys® — 2371661775 x 1082'293y18 — 22307400002 y5y58
— 172125 x 1022 225y3y18 4 4219452 x 100 21y 3948

+ 7119553725 x 101 210953918 — 318208500 Zy1y2y3y1°

— 12722508 x 106 Z%2y3ys® — 144311625 x 10122992418

4 170586 x 109 Z%y1y3y1® 4 32339898 x 10°Z0yoy2yi® — 3061800y3y35y1°

— 891324 x 1012 ZMy341® 4 61236000002 y2y3y1®

— 2358871875 x 1021 231y 19 + 33483364875 x 1010 Z210y,41°

— 73811250 Zy2y1° + 25596675 x 101622 511 — 634339350000025; 1y274°

— 9769329 x 10°Z 1212 — 48114000 Zy5y1® — 27 x 10?1 Z%5y3y1°

+ 13818195 x 108219 y3y4” + 517325454 x 101 Z¥yay3yL? — 45927001 y2y3y4°
— 341172 x 105 Z%y2y3y1° — 80595 x 101921992419 4 22963500002y, y3y,°

+ 513702 x 108 Z%0y251° — 300834 x 1011 Z1343y19

+ 1985175 x 1023230420 + 257103477 x 1011215y y2

— 11481755230 + 144311625 x 101 Z22%,92° — 170586 x 10°Z5y1093°

— 2351754 x 10%21%2420 — 510300y5y3° — 63 x 10?3 Z%4y393°

+ 229635 x 108 Z%1y3y3° + 2673972 x 101229330 — 4592700000243 y3y3°
— 945 x 101671892920 _ 5103 x 10" 2123420

— 17775 x 1024 Z%%31 + 1336986 x 1012214y,

+ 80595 x 100 Z¥ypy21 — 229635000021y, 1213t — 27216 x 10°Z%y3y3!
4902502 x 1011 ZB3y0y33t + 15 x 102422822

+ 451251 x 1011 213y, 422 4+ 945 x 1016218 y9932
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+ 15309 x 101 Z2y5y3y32 — 7 x 10% 227y33 4 76545 x 10102'2y,y23 = 0. (A.2.16)

Proof. Formula (|A.2.15]) follows immediately from Theorem|4.5.15, Using relations (4.5.74])
and (4.5.84) we get formulas (A.2.12) and (A.2.13|). Substituting relations (A.2.12)),
(A.2.13) and (A.2.15)) into relations (4.5.82]) and (4.5.83]), we get expressions P; and P,

both equal to zero and polynomial in ¢3, of degrees 5 and 3, respectively. We can reduce

these expressions modulo one another repeatedly, to get a linear expression in t3 which is

equal to zero, which we then rearrange to get relation (A.2.14]). To find formula (|A.2.16))
we then compute the resultant of P, and P, with respect to t3. O

Proposition A.2.4. The unity vector field e = 0y, in the y coordinates has the form

e(y) = 560000y, + 448000 (125t + 4256t5ts — 5616t3) O,

57344000
————— (3125025 — 1764000t, t5 — 192500Z°tot;

+ 39200023 + 5092864t3 — 421875t5t, — 560000 Zt,t5t,

+ 17248002215t , — 9828000t 5t 5t5 + 25088002515 + 1764000t t5
+1925002%t5t3 — 7840002Z°t5ts — 136754688t5t3 — 1200002 t,t;
— 13552002 °t3t; + 19008000¢,t; + 1075200Zt5t5 + 39200028
+520310784t53t§ — 3696002%t] + 11520025 — 4385881601) 0, -

Proof. We have that

Yo
e = atl == a—tlaya,
which gives the statement by applying the relations from Theorem [4.5.15] ]

A.3 Extra formulas for H,(4)

Recall from Section that the degrees of the ¢ coordinates and Z are degti(x) =
10, degty(x) = 10, degts(x) = 2, degty(x) = 2 and deg Z(x) = 2. This allows us to
deduce which harmonic polynomials of the ¢ coordinates and Z have the same degrees as

the basic invariants of Hy, which the following Proposition makes precise.

Proposition A.3.1. Let Vi = {p € Clty,ta,13,t4, 7] | degp(z) = 30}, let Vo = {p €
Clt1,ta, t3,ts, Z] | degp(z) = 20} and let V3 = {p € Clty,ta,t3,t4, Z] | degp(z) = 12}.

The harmonic elements of V; are proportional to

6006t5ty — 24024113 + 24024t5 — 3003024t 1tat3 + 600602413t + 15015023t3t2
+ 30030022t tot3 — 6006002233 + 3903900Zt3t5 + 12762750t 1 tot3 — 255255005t
+ 326926602 t2t5 + 1633632023115 — 32672640Z3t5t5 + 352592240 Z%t5t5
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— 20180160Zt1t3 + 40360320 Ztot5 — 810471662t2t1" — 1928006080231

+ 6093447360 Zt5* — 6006021t 1taty + 150150245ty — 270270231 totsty

+ 1141140 Z3t5t 3t + 18018002t 1 totaty — 2972970 Zt5t2t, — 14954940 2t 1 totsty

+ 61141080 Z13t3t, — 23513490t3t5t + 221681460t 1 tot5t, — 3338435105t 5t

— 6666660211115t + 4056452402 tot5t4 + 2287084802315ty — 32042010023t,t5t,

— 2162160221115t + 564580016029t 1ty — 3632428802t 1t5t, + 5537772240 Ztot5t,

+ 4077473400t 15t4 — 24364380040t5t5t4 + 2368345980240, — 4627214592023t11 14

— 92554862402°%t1%t4 + 170616526080 Zt33t, — 4188854670t31t, — 540540723t tot3

+ 1261260 Z°t5t3 4 33033002t  tot st — 40840802%t5t 3t — 897296402t  tot ot

+ 270570300 Zt3t3t3 — 188107920t3¢3t3 + 1227686460t tot3t3 — 1579217640t3t5t3

— 666666002t t4t3 4 22618596002 totat + 138783645023t t5t5 — 11317105802 3t4t5t5
— 302702402%t 15t + 41454553140 2% 9513 — 25133308202t t5t2 4 82007245320 Zt ot Lt
+ 73394521200t t5t2 — 279679880480t2t5t3 + 4736691960024t5t7 — 49035827841023t1°t3
— 2221316697602%t1143 + 2105167084020 Zt3%t% — 117287930760t13t7 + 18018002%tot3
— 5026452%2t5 — 1783438802t 1tot3t] + 471282240 Zt5t st — 550887480t5t5t 5

+ 3013038600t tot3ts — 3495396190t3t5t5 — 25318722024t t3t3 4 707293444072 tot3t3

+ 473002530023t tat3 — 1707576585 Z3tot 3t — 5522259602%t1t5t5 + 1819099568002 %tot5t5
— 8064496440Zt1t5t3 + 557051053130 Ztt5t3 4 571892564100t 55 — 1713932946440t 5t %t
+ 4203186408852 53 — 30205841666002°t5t5 — 24854064635402°%3°t3

+ 15035772591840 2313 — 1003720647215t5%t3 — 117408720 Zt1tot] + 299467740 Zt5t]

— 698686560t 7t5t] 4 3428323470t totst] — 3743165140t3t3t4 — 4524577202113t}

+ 131208448802 tot2t] 4+ 994630494023, t3t5 — 171181296023 tot5t; — 4311450000221 t5t4
+ 517300779710 Z%tot5t] — 54451940402t t5t5 + 2191042425000 Ztot 5t}

+ 2526371647800t t5t7 — 6387651109840t2t5t4 + 2177873972560Z4¢5t4

— 11940681712245Z3t5t] — 17128817706000Z%t3t] + 67149209560290 21t}

+ 306594064920t3 '] — 325623078135 + 1500098292t tot5 — 1666279956t5t5

— 3751519202 t3t] + 138201835202 totst] + 1327211028023t 3¢t

— 5755392390Z3t5t2t5 — 162537804002t 1t5t5 + 9653712525602 *tot5t5

+ 511508368802t t3t5 + 5454942264750 Ztotats + 7012595618820t 15t

— 15544189806728t9t5t5 + 727765265040024t5t3 — 31377190313040Z3t5t]

— 81501909373995 215t 4 178725842192040Zt5t; 4+ 67636787989386t1°t]

— 1126382402115 + 640212078024 t5t5 + 1064268777023t 1t5t5 — 1343404590023t ot 5t5
— 3241407312022, 1315 + 1140453023160 2t,t3tS + 2004863460602t 1t5t5

+ 8911125490520 Ztot5tS 4 12912084273000¢, t5t5 — 26251989629580¢ 4415

+ 162998012953602415t — 5412388294126023t5t§ — 2851868322520802%¢5t5
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+ 159095532391730Z15tS + 592155868722440t5t5 + 3951441780231t — 999266284523t t ]
— 3327363468022ttt} + 769257944400 2% ot 3t} + 3441443662807t t5t]

+ 9532029191190 Zt,t3t7 4 16402978515660¢, t5t7 — 33218368469880¢4t5t]

+ 24477176331850Zt3t] — 55258227121680Z313t1 — 761370806081820.22t5t]

— 824238595771360Zt%t] 4 2816877685314825t5t] — 139487119207t ,t5

+ 222985549710Z%t5t% + 2954017809602t t5t5 4+ 6261424455000 Ztot 5t

+ 14784121087560t 113t — 33394516435170t2t3t% + 235845972199202 1518

— 16056960750270Z3t4t5 — 15745273516500002%5t — 4294385945261940 Zt5t5

+ 8714684199695760t5t5 + 102536628480 Zt1t] + 1965495743890 Zt ot

+ 9101820663060t t3t] — 24489566932080tt5t] + 127211936195002¢3t)

+ 39699237296400 2313t — 25034228095095302%t4t] — 109736067316348002t5t)

+ 18532995357314350t5t] 4+ 2913828234600t 1150 — 9135558521076t 1"

+ 2175752924720 23t 10 4 62265514312950 2313t 10 — 2963428452131280Z°t3t1°

— 18352815805555120Zt4t 50 4 27491356446813864t5t1° — 6703935759752t 11

+ 40062606209880Z°t3t5" — 2453257188097320Z°15t5 — 21135427360218240Z3t4"
+ 28131773838568515t5t41 + 10470567594995Z3t1% — 12625350172257602%t3t}>

— 16440674522572910Zt3t5% 4+ 18989075206985880t5t1% — 303171654680595 22t}
— 7881409599514040Zt5t53 + 73560835420431903t1% — 1769210991401910Zt5*

+ 720270845116440t 3t 1 — 439442490606461t)°,

the harmonic elements of Vo are proportional to

18712 — T48t 1ty + 5613 — 8415Z3t9t2 — 151470 Ztots — 191862115 + 383724t515

— 75735245 — 757350225 + 1878228t10 4- 18702 oty — 3366023 tatsts — 18700213ty
— 1211760 Ztotaty — 1918620t taty + 2285140totaty — 9088202 t5t, — 16988952315t

— 12117600225t + 6255150 Zt5t4 + 37564560t5t4 — 42075Z3tt3 — 748002 °tot3t2

— 3006960 Ztot3t2 — 5755860t t5t5 — 905080t2t5t3 — 42046952452 — 2038674023513

— 95594400225t 4+ 100082400 Zt%t% 4 234430680t5t7 — 561002 °tot] — 2333760 Ztot3t5
— 3837240t t3t3 — 30578240t5t3t3 — 94023602%t3t3 — 102979965Z3t4t3 — 4685472002353
+ 710057700 Zt5t5 4 1446931201515 + 302170 Ztot] + 7843770t 3t} — 69364020tot3t]
—103188252%2t1 — 280193320Z3t3t1 — 15079053002 °t4t] + 2916078000254

— 526759046015t + 9547956t — 493538761t — 4832740745t — 436114965232t

— 3187773600Z%3t5 + 7456862820Zt5t5 — 30924485328t5t5 — 7466252 11§

— 372747540233t — 42772778402%3t5 + 1178409936025t — 90377429340t4t$

— 137914535 Z3t] — 33259881602°%t5t] + 1066748650023t} — 162880356320t5t1

— 11516679902%§ + 4493560720 Zt3t5 — 1905244189203t% + 37871823071
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— 138727401120t3t] — 48850558828t
and the harmonic elements of V3 are proportional to

— Tty — 42t t5 + 84tots + TZHE — 42775 — 20791 — 84t 1ty + 210yt + 2875ty
+ 847312ty — 336 Z%t3ty + 105215ty — 24948t5t, + 21245 + 336 Z3t5t5 — 924721315
+ 840 Zt5t5 — 156555t5t5 + 3642°t5 — 1008Z°tsts + 3710Zt5t; — 58T160t5t;
— 37877t + 8120Zt5t; — 1165605t5t5 + 59012t5 — 1029588¢3t; — 2393775,

Proof. Using Proposition we can directly calculate

A(t1) = — 36 (=23 — 42345t + 34Z°%1363 + 182415 — 1925t — 2102*43t3
+ 1344 Z°33t5 — 786 Z2t3t% + 48002515 + 77761315 — 5990474 3t1°
— 8668823211 + 13363222212 — 10080Z13t5% + 14745631
— 4838474 9t3° — 573696 2% toty" + 442368 Ztots® + 221184t5t3°
+ 221184024420 + 44236802313" — 132710402%t3 + 33177602133
— 167235ty + 12272753ty + 264 Zt5t5t, — 1236t5t5ts — ATT6Z 314ty
+ 11484 Z3t3t5t 4 + 8268221315ty + 73842Zt5t %ty + 1537925t 5t
— 119727024319t — 2149632 Z3t5t39t + 2875626 Z2t3t1 'ty
— 1291392Z13t12%t4 + 42477126513t + 2889216 215111ty
+ 80784007239t 35t4 — 42094080 Z°%t9t35t4 + 17509824 Zt 13"t
+ 752025615135t + 8881228824119t + 19464192023t3°t,
— 570841344 Z%t3 4 + 172523520222ty — 27205632t33t, 4 10225t
+ T14Zt5tst3 — 1860tat3t2 — 290042 t5t5t% 4 187442351517
+ 153558 Z2t3t5t2 + 484092751513 + 1396512t5tLt3 — 108229147 t3t5t2
— 23792076 233515 + 266029202 2t3t113 — 28953126 Zt5t31 15
+ 60384960t3t32t2 + 100169514 Z4t2t3312 + 259668288 Z3t,t34t2
— 1025223318 Z%t9t1%t% + 371155392 Ztt15t% + 86181408tot3 "t
+ 1652410368 2441812 + 39900669122%t1713 — 114811084802%2°42
+ 4270685472Zt3113 — 1329758208t3%% + 448 Ztat3 + 976t5t3t]
— 72896 Z 31213 — 86296 Z3t5t5t5 + TT3268Z2t3tats 4 17003222 t5t5t 5
+ 7730640t3t5t5 — 5831791224313 — 155545992 7°3t3t5t3
+ 1338808502°t2t5t3 — 325362348 Zt3t10t3 + 544989240t2t11t3
+ 1418183856 Z1tot1%t] + 3952185156 Z3t9t13t3 — 138735600122°tt1443
+ 5330895174 Ztt3>t3 — 164915136t2t3%3 + 189222595022417¢3
+ 5059582963223t18t1 — 143299154322 221113 + 6654966912022°t3
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— 30436289568t2143 + 2416t5t1 — 8001024 t3tst] — 3556642351314

+ 1816674 Z°t5t5t1 + 3147876 Zt5tat] + 28356624t5t5t4

— 206603928 Z413t5t] — 666405072Z3t3t5t5 + 3500150402 2t3t5t]

— 2295376290235t + 3407613768t2t10t] + 122482859407 tt11 1]

+ 37797166728 Z3tot12tF — 124444340118 Z2t,t13t4 + 55895208084 Ztyt4t]

— 16751845440t 9t3°t7 + 148043564811 24t301] + 441724543344 73117t}

— 12341933486822% 13t + 728117290188 Zt1%] — 433358173440t3°t]

— 308407315 — 448372Z3t3t3t5 + 2110500Z%t53t3t5 + 2005230 Zt53t3t5

+ 69040320t5t4t5 — 4991766122315t — 1947842208 Z3t3t5t5

+ 66947364 Z2t3t5t5 — 11157619356 Ztat5ts 4 15364875312t3t5t5

+ 734062932002 t5t1015 + 253909851336 Z3tot3 15 — 8055829601647 tot 3t

+ 444122884062 Zt5t33t5 — 242312938992t,t11t5 + 82030384800024¢1545

+ 2772771903576 2311015 — 76452331707002%17t5 + 5899857314868 Z7t15t5

— 4288857872004t1915 — 18343223t3t5 4 10409227 t5t 55 — 2557708 Zt5t3t5

+ 107016832t53t3t5 — 827006076 213t — 3890997288 Z3t3t5t5

— 3050723088225t — 39071190924 Z3tt5 + 50907528288t3t5tS

+ 324165507678 Z o515 4 1267793785584 7Z3t5t10tS — 3945198687894 2% 5t 111§

+ 2741055117084 Ztot1%tS — 2089080278928t,t1315 + 3136791653928 Z*¢141$

+ 124638282351362315t5 — 337542520239902%15¢5 + 362522818635122t17t$

— 31084897849380t15tS 4 84636 2°t5t] — 4823490 Zt5t3t] + 97269200t5t3t]

— 92564546472 t3t3t7 — 5130026928 Z3t5tat] — 12286343196 Z2t3t5t]

— 100490508216 Zt3t5t% + 1245347465765t %tT + 1087804797984 2 tot5t ]

+ 4853503086444 Z3tot5t 1 — 150250186082522% 51101 4 13372130414934 Ztot3't]
— 12734996879808t5t3%t1 4 6758811379800Z4t13t] + 3646253721888023t14¢]

— 9445857813036022t3%t7 + 1684237055776922t35t] — 167945426241408t37¢]

— 2093556 Zt3t5 + 43848880t5t3t5 — 6768460082 t5t2t5 — 4056772464 Z3t3t3t%

— 26294031648 Z2t3t4t5 — 190330344468 72515 + 223551438192t2t5t8

+ 2814565578552Z 1ot 5t5 + 1448185643359223t55t5 — 45204348324294 Z°t,t5t5
+ 52172622104292 71513015 — 58554722936160t9t3' 15 — 603061416918024¢1%t5

+ 31780501730496 231315 — 460540251648722%t145 + 562679797881456 2117t}

— 662201660188368t1513 + 6114720t3t — 302139126 Z t3t5t] — 1413945504 7Z3t3t3)
— 34813542510Z2t3t3t] — 262436016312 Zt3t5t] + 290536662816t5t5t]

+ 5634132784416 Zt9t5t] 4 33894149886576 Z3tot5t] — 108262063044468 Z%tot5t)
+ 163887061538430Ztot5t5 — 209609881026192t5301] — 126459466609824 24t 1t3
— 341633310630624 Z3t1%] 4 1175029899078816 2%t 13t + 1065315775197456 Zt11t]
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— 1685181960939312t15t] — 6662536224t3t5° 4 2166023882313t 5t 1°

— 283932601202%t3t3t5° — 256483120014 Zt3t5t1° + 270490458528t5t5t1°

+ 8672982663942Z 4 1,t5t10 + 62115902197344Z3t,t5t10 — 206673052407282 2%yt %t 5°

+ 415311387036876 Ztot5t1° — 593811454155120t-t5t1°0 — 6351453649458002410¢1°

— 2415496670521920Z°t3141° 4 77664386419013522% 3%t} — 12646233211749127t3%t°
— 802208042241840t14¢10 + 227476728 Z3t3tLT — 12989014614 2%3t 55!

— 169099219548 Zt3t5t41 + 184241102904¢3t3t1 4+ 101022202343522 tot 4t 4!

+ 88290087998940 7355t — 313153231112676 Z°tot5t11 + 846802263705570 Ztot5t5!
— 1340858076916320tt5t1" — 210389261156636421t5t1" — 965591013757881623t1%11
+ 31053184648866324 Z2t1 1! — 204149031183004322t3%t1' + 17376993106483104t135!
— 2512447200 Z°t3t1% — 68189569578 Ztatsti? + 100378152072t5t5t 12

+ 8640668849940 72 tot5t L2 + 95533597925496 Z3totats? — 372823053217938 2% tot5t}>

+ 1378618176182076 Ztt5t1% — 2414536296753024t5t 5112 — 5228842101892686 Z15t12
— 28124473615972704Z3t3t5% 4 92357585288556660.22¢1012

— 98733562102330200Z3' 1 + 107161261746496416t3%t}% — 12960439020 Zt5t 1>

+ 45310744656t3t3t5> 4 5141575064592Z 1t9t2t13 + 76240096519176 Z3tot5t L3

— 342652355682156 Z2tot5t;> 4+ 1767751364936394 Zt5t5t;> — 3449165671334160t,15t 13
— 10137828083457024 Z¢5t1% — 63668976430996080Z3t5t13

+ 216579276727651656 225> — 325404069685097256 Zt3t,°

+ 399521317960772136t3 13 + 11797674624t5t5* + 19118467736822 tot 3t

4 42480919012464 Z3t5t3t5* — 236013724178658Ztot5t1* + 1746727825731156 Zt ottt
— 3864462628081392t5t5t5 — 1549695132433360824¢5t1 — 114463129473201024 2354
+ 409112679136988268 725t — 823358866020487632Zt5t 5"

+ 1109010438480097512t1941% + 3365065883522 5115 + 14850919490292Z3tt 5t 15

— 115581512008404 Z%tot3t)> 4 1284763207472514 Zt5t3t)° — 3330792797156352tot4t 1
— 18595241424572040Z445t5> — 164012600156150592235t15

+ 626271650112278088Z2t5t5> — 1660736557574787384 Zt5t 15

+ 24274629246996175685t 5 + 2471938417224 73t t

— 36193444367634 2 tot5t 10 + 663776040547404 Ztot3t 10

— 2138341695376608t5t5t5° — 172218403850886362Z ¢4t 1

— 185849011833304896 Z313t15 + 774301524384595608 25t 4°

— 2702313339151434192Zt5t5° 4 4275414050960452032t5t 16

— 5487463962108 Z%t5t}" + 215653795565850 Ztot st

— 966014327469168tt3t17 — 11919833559412128 24317

— 163432619288075232Z3t5t1" + 76435665079335840022¢5t}"



APPENDIX A. APPENDIX

A(t2)

— 3544040633270462640Zt5t17 4 6087468219237708624¢ 1t 17

+ 33296347201284 Zt5t® — 274362591823920t 9t 3t

— 582015682500991224#2t18 — 107866535187657888 233118

+ 589953573531721224 22318 — 3707284448112032736 Zt5t4°

+ 697245704466323054415t1° — 36733855300128tt5°

— 1792206648026082Z*t3t17 — 50400685550491200Z>¢3t,°

+ 343817157550915566 Z%t5t17 — 3030278405119007184 Zt4t}°

+ 6339044135536359552t5t17 — 262246379628645212°

— 14896784992972176 Z33t30 + 142547187742292358 Z 53"

— 1869379249500169236 Zt53t2° 4 4469092870200509664t 5t
—2097971037029160Z313 + 37527452989080804Ztt3"

— 820146273740681580Zt3t21 + 2352087809916649020¢5¢3

+ 47204348333156102%t32 — 228463761711354696 Zt3t32

+ 866823797470929948t3t2% — 30420580036922820Zt33

+ 198342119050401888¢5t3> + 20979710370291600¢3")

/ (t3 + 92165t5° — 442368t3° + 660t5t5ts + 184320t5t5ts — 829440tst5 ¢y
— 17694720t3%t, + 5280t5t5t2 + 1637910t3t513 — 23224320¢5t33t3

— 328043520t15t7 + 14680t3t5t3 4+ 8511840t3t5t3 — 309383820t t1%t3

— 3740774400637t3 + 16480t3t3t] + 28319400t3t5tF — 2594553120t5t31t]
— 29095415055t35¢4 + 5988515 + 61350624153t5t5 — 15266853432t9t30t5
— 159655502304t37t5 4 82990260t3t5tS — 66501928800t t5t5

— 59820886260031tS 4 60158880t3t5t7 — 220545317700t2t5t]

— 1198429486560t137 4 85064401313t — 5641916457602t 5t

+ 1858690772460t 1%t — 16489440t3t3t] — 1116076067280tt5t]

+ 27559776437280t3 1] — 7677018t3t1°0 — 1695914739648¢5t5t5°

+ 133485102850536t10¢10 — 1947316154580txt4t5" + 435800812788000t5¢ 4!
— 1640324334240t ot5t12 + 1074133719732150t5t1% — 961586960760t5t5t 5
+ 2070469417430880t5t5% — 353240805600tot5t4* + 3150340236284040t5t 41

— 61807949532t5t1° + 376515237141129615t5° + 3474755640515340¢5t 1

+ 2397542098128480t53t57 4 1167641302221720t3¢18 + 358861336161120t3t5°

+ 52449275925729¢3")

— 18 (=25 + 3422433 — 192515 + 13442313t + 4800Z 1315 — 59904241530

+ 1336322213157 4 1474565t 3% + 442368 Zt2t3° + 22118402443°
— 132710402%22 — 8Z3t5t4 + 136 Z°t5t 5t + 156 Zt5t5t, — 1536tat5t,
— 26762 3t4ts + 16128234315ty + 1927222315t + 768002ttty

218
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+ 13824t3t5t4 — 119808024t3t9t, — 242496 Z3t3t10t, + 3207168Z°t3t11 14

— 1029312Zt3t3%t4 + 4128768t5t53, 4 4340736 Z tot 31ty — 22588416 7°%tt351,
+ 15925248 Ztoti Tty — 884736ttt + 88473600241%t, + 884736023t3%t,

— 58392576022t t, + 199065602t3%t, + 130Z2%t5t5 + 624 Ztatsts — 3660tatat
— 21408 Z 3312 + 6518423547 4 2312642131515 + 525504 Zt53t5t3

+ 221184851t — 10837494 Z 31512 — 4849920Z3t3t5t% 4 33896844 Z2t3t10+2
— 24703488 Zt3t1115 + 57292416t3t5%% 4 121540608 2 tt 1342

+ 17316288 Z3tt31% — 72282931225t 1513 + 317279808 Zt,t15¢3

— 3185049651372 + 1639540224 244182 4 35389440023t1942

— 1203065395222t20t% 4 8758886402312 — 78299136t3%t% + 556 Zt4ts

— 2352t5t3t — 6092024313t + 91392Z33t3t5 + 1110168 Z°t3t4t5

+ 2005248 Zt5t5t5 + 1726992t3t5t3 — 583842247 t3t5t3 — 43443504 Z3t5t5t3
+ 207552240 Z°t3t5¢5 — 27799639275t 105 + 516234240231 ¢5

+ 162159678024 tt1%3 4 484856064 Z3t5t 313 — 110435523122 tot3 3

+ 4377397248 Ztt353 — 7487631361915t + 18679486464 2t17¢3

+ 6557184576 234183 — 154227732480 Z%t1°3 4 17980249536 Zt2°t3

— 3445161984133 + 560t5t; — 724162 t5t5t; — 32576 Z3t3t3¢ ]

+ 2714304 Z°t5t5t5 + 4540656 Zt5tats + 8337600t5t5t; — 206443656 Z1t5t5t]
— 229503744 Z3t3t5t4 + 8008291802235t — 1936749600Zt3t5¢t}

+ 3319291512t5t39¢1 + 13637876256 Z 1ot} 4+ 6457362336 Z3t,t1%t]

— 106827257376 2°tt13t1 4+ 44530457184 Ztot 141 — 12409307136t2t3%t]

+ 145040300271 24410t] 4 74682798336 Z3t17t1 — 1371042946206 2%t}

+ 228712343040 21t} — 70629603264t2°t — 29668243t — 173312235t 5t]
+ 3514392 Z°3t3t5 + 5789568 Zt5tat] + 25388448t3t5t5 — 495982944 Z 4 1315t5
— 783955008 Z3t3t5t5 + 1919636928 7221t — 9279227736 Zt5t5t:

+ 15862464864t3t5t5 + 805752958322 t5t10t] + 54126634752Z3tot1145

— 731351378376 Z%tot 1215 + 344612741760 Ztot 3t — 144676580976t5t5 ]

+ 793144532448 215t + 5796294675123t 1615 — 8851956467256 Z2t17t5

+ 2004421113324 233t — 8958934195201t — 985927Z3t3t$

+ 2210400 Z°t3t3tS + 3164576 7555 + 46831872t3t5t5 — 8101893962 t3t4t5
— 1769884416 23255 + 2296853496 Zt3t5tS — 32104704384 Zt3t5tS

+ 57399905088t3t5t5 + 352843828704 Z4t,t9tS + 318230123328 Z3tt101$

— 37518793729927%t5t315 4 2074913899056 Ztot 121§ — 1223200609344t9t33t5
+ 2946991640040 4345 + 3168309489408 23151§ — 416686163114702°t15¢5
+ 12599716275504 21375 — 7816980324492t 131S + 481608 223t
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— 529792 Zt3t3t] + 48328400t5t3tT — 878053536 Z413t53t] — 2569978656233t 5t "

— 1279418976 Z%2t5t] — 81949697424 Zt3t5t] + 1583646105603t 51,

+ 1177852498308 Z 4,15t + 1384297834752Z3t,t5t]

— 148965550539122°t5t10t] + 9885354044544 Ztth ] — 7766097211296t5t3%t]

+ 5700652750944 Z 41317 + 11773138218048 231347 — 1340454662870402°t15t]

+ 56044387120716 Zt3%7 — 48835205227440t37t] — 919184 Zt3t5 4 234012803t 5t5

— 6000333842 13t3t% — 2177485056 23131315 — 10221103368 2%t3t418

— 154885738176 Zt3t5t5 + 332807241744t3t5t% + 3036967027776 2 ot 1t}

+ 4580643750048 Z3tot5t5 — 46626359993568 2295t} + 37703460194496 Ztot3 1}

— 38062111064832t5t3'5 — 108267817563002 1%t 4 22868814032640231315

— 1971863432190002%t143 + 153399062480256 Zt3°t§ — 215411492118384¢15¢8

+ 29662085t — 2358918722 t3t3t] — 756861696 Z3t3t3t] — 18570083904 Z2t3t3t

— 214252600752 Zt5tat + 529149124800t3t5t] + 6063292911888 741,15t

+ 11677233424896 Z3tot5t] — 116126422149672Z%t5t5t] + 115904011574016 Ztott)

— 146773837693008t2130t] — 14432456157264024 314 — 42034275434592731t])

+ 750306356658144 Z2t13t] + 13855350079728 Zt1 '] — 582213216766464t17t]

— 4294301424210 + 198614016 Z3t3t3t}° — 17610798276 Zt5t5t1°

— 210809616768 Zt3t5t1° + 629231915232t3t4t1° + 93096321840002t,t3t1°

+ 22977644113728 231,151 — 2307042354827527t5t5t40 + 287752792352976 Ztot5t1°
— 450575517478464tt5t1°0 — 6901043454058322410¢10 — 56781969802675223t1111°

+ 7012903693399848 7212110 — 24890892783477122t131° — 31911139314576¢31¢1°

+ 171669456 Z3t5t11 — 8766288144 Z°t5tsth1 — 1398215031127 35t 41

+ 549643776768t5t5t5" 4 10808439122484 74 totatLt + 34644142851840 7235t 5t 41

— 364305876742440Z%t5t5t5" 4+ 575371025706240Ztot Lt — 1107332760469248t9t5t5"
— 2243564362553760Zt5t51 — 2713192887960000Z3t1¢1! + 30997756176278976 2>t 't !
— 15981413060501136 Zt3%t11 + 9383822753647680t13t5 — 1773735732223t 4>

— 56265055776 Ztatsti? + 340562860344t5t2t12% + 9201150573984 2 tot3t)>

+ 39341671395552 23 tot53t5% — 452770329330144 Z%t5t5t5% + 919227930922080 Ztt5t 12
— 2178902298433536t5t 514> — 552089150340802224 512 — 8799020464405248 Z3 15t}
+ 9757263229545913222t10t12 — 64742323876442496 711112 + 59144732802938592t1%t12
— 10484886456 Zt3t}® + 137037343968t5t 5t 1> + 5437723475736 Z tot3t)>

+ 32643295246080 2355113 — 434974452288984 22t tatL3 + 1156770932374656 Ztot5tL3
— 3414751390622736t5t5t5> — 10636000080690528 Z4t5t1% — 215804665803805922Z3t5t13
+ 2385845682307365602%5t13 — 197332741271761560Zt10t

+ 235345232116723968t5' 13 + 27281880864t5t4* + 2003226799968 Z*tot 3ty
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+ 18767073525696 Z3tot3t1 — 313211596471488Z2t,t5t14 + 1120757485426128 Zt ottt
— 4213756834197696tt5t1* — 161807391888149522415¢1* — 41411521413815040Z3¢5t5*
+ 466944422584225788 72511 — 476899745641134048Zt5t 54

+ 703445052147825528t30t 11 + 3485543258522 t5t15 + 6735201027840 2353t}

— 160042614969672Z%tot3t1° + 806456128321152Ztt3tL° — 4013868622687776tot4tL"
— 19335261571229664 Z15t1> — 62724903899429952 735t 1°

+ 738389432703466944 225115 — 931782358161342936 7550

+ 1663591001873767776t5tL°5 + 1149245014752Z3t5t1° — 52050647564064Z%tot3t4°

+ 405977153459328 Ztot3t10 — 2855412992335104t,t3t16 — 178348190675455802¢4t16
— 74608113446873856 Z3t5t1° + 941723568956228904.2°t5t 15

— 1479251209563384192Zt5t1° 4 317323623834198086415¢1° — 8139150813240 t5t5"
+ 127759978225152 Ztotsts" — 1432111817847600t5t3t57 — 12291586125618528 Z4¢3t,"
— 68504391666907488 Z3t4t17 4 958340754564279264Zt5t5"

— 1900418688517021776 Zt5t5" 4 4905951379405940736t%t17 + 18965208401136 ZtotL®
— 452707536012480t5t3t 1> — 5973960373569144 2413118

— 47016896590215936 Z3t53t% + 7622703033671566802t5t 18

— 1952139477717766080Zt5t,° 4 6122092717759533552t5t1°

— 679132630592641,t17 — 1830406053002976Z4t5t5°

— 22775949563831424 731311 + 457679035096460352 75t °

— 1569422467018854288 Zt53t4° 4 6091607522018555712t5t5°

— 2664464451876812t3° — 69643865232000002°t3t3°

+ 195413411081236338 22230 — 953436905745455232Zt5t2°

+ 4729217586797049696t 520 — 1013307943974408 2313

+ 52946169515125704Z%t3t3" — 412427152757268468 Zt3t3"

+ 2764149391618428672t5t21 + 68483955863305622 213

— 113446118759881680Zt3t22 + 1144938892758036660t3¢3>

— 14947859005462548 Z13% + 299685884752964304t 37>

+ 37262803420133424¢3*) / (t5 + 9216t5t5° — 442368t3° + 660¢5t5t4

+ 1843203514 — 829440tot3*t, — 1769472037, + 5280t3t3t5

+ 163791031517 — 23224320t5t33t2 — 328043520t3%t2 + 14680t5t3t3

+ 8511840t3t5t3 — 309383820t ot3%t7 — 3740774400t37t3 4 1648053t}

+ 2831940063t5t] — 2594553120tt1 ] — 29095415055t1%t; 4+ 5988t5t5

+ 61350624t35t5t5 — 15266853432t5t10t5 — 159655502304¢5°t]

+ 82990260t3t5tS — 66501928800tt5t5 — 598208862600t1115

+ 60158880t3t5t T — 220545317700t 9t5t7 — 1198429486560t13t]
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A(ts)

+ 850644033t — 564191645760t 55 + 1858690772460t3%t5

— 16489440t3t3t] — 1116076067280tt5t] 4+ 27559776437280t1 ]

— 7677018t5t1° — 1695914739648t5t5t1° + 1334851028505365°¢,°

— 1947316154580t ot5t 5" + 435800812788000t5¢1 — 1640324334240t5t5t 4>

+ 1074133719732150t5t1% — 961586960760t9t5t1 + 2070469417430880t5¢4>

— 353240805600t2t3t5* 4 3150340236284040t5¢5* — 61807949532t5t4°

+ 3765152371411296t5t1° + 3474755640515340t5t1° + 2397542098128480t5t 57
+ 1167641302221720t5t,° + 358861336161120¢5t}° + 52449275925729t3°) , (A.3.2)
- g (t3 — 2Z%3ts — 2Z°%13¢5 + 9615t5 — 672231315 — 24002155 + 9216t515°
+ 69122 9t3! 4 71424 2% 49113 — 7372815117 — 2211847110 — 442368t2°

— 4743ty — 12Z3t3t5ty — 122%43t3t, — 126 Zt3t5t, + 1620t5t5t,

— 10224315ty — 9408231515ty + 10502255ty — 4320021515t + 169632t5t59t4
+ 15206424 5t30t4 + 23616 Z3tot1t, 4 1857024 Z%tot3%ty + 248256 Ztot13ty

— 3041280tyt31t, — 483842415ty — 573696 2%t17t4 — 8404992718,

— 1747353613%t, — 24735t% — 227223t 5% — TH6 ZL3t3t3 + 8496t5t5t2

— 1020Z%3t3t3 — 57276 23131513 + 14700 2°t5t5t2 — 356394 Zt3t5t3

+ 1373526t3t5t2 + 15996427 1t19t2 + 519552723t5t10t% 4 2285404272ttt
+ 6454656 Ztot32t3 — 54735840tt535 — 145152024142 — 14774423142

— 1950566422152 — 151266528 Zt37t2 — 3196385281152 — 12722t3t3

— 1522Zt3tst5 + 1861651315 — 3636 2 t3t5t5 — 196440Z3t3t4t5

+ 95658 Z%2t5t5 — 1763916 Zt3t5t5 + 6350832t3t%t3 + 10545876 Z tot5ts

+ 5382828 Z3tot5ts + 1759527002 %9t 1015 + 80751942 Ztot3 15

— 591943500tt3%t5 — 213867542413t3 — 4432320Z3t143 — 320804226 2% 1513
— 1713825216 Zt15¢3 — 3576990240t17t3 — 1028 Zt3t4 + 16624t 5t 3t}

— 5496 Z*t2t3t1 — 402216 Z3t3t5t; + 368580Z2t3tat] — 5711250Zt5t5t;

+ 17805960t5t5t1 + 4818204024 totlt] + 3454466473515t}

+ 9434051102 2tt5t] 4 640523268 Ztot10tF — 4374711216513 't]

— 203820084 Z*t3%t] — 64217124Z343°] — 33823143002%3*t}

— 13694628366 2137t} — 26955990351¢15¢1 + 39721315 — 252624335

— 4744807321315 + 896550 Z°tatats — 12360660 Zt5tats + 28177T76t5t5t,

+ 15962184024 t,t5t3 4 151520976 Z3totLt5 + 3711037356 Z2tot5t]

+ 3578279058 Ztott; — 23593070232t9t10t; — 1396034676 241145

— 594068904 Z3t3%5 — 25531072074 213t — 81885932964 Zt34t]

— 1390360433767t 4 90024t3t5 — 28129273t3t5t$ + 13636202Z2t3t5tS
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— 17576358 Zt3t3t5 + 138740043415 + 39004254024 t5t5t5

+ 472995936 Z3t9t5t5 + 10989802548 Z%tot 11§ + 14810697828 Ztot5t5

— 96291388656t,t5tS — 723911839224410tS — 390571956023t114$

— 1459689028202°%1%tS — 3791111388302t13t§ — 444769848936t11tS

— 56088Z315t7 + 11894942213t 5tT — 15504036 Zt3t5tT — 32627952t3t5t"

+ 700684344 Z totatT + 1062156456 Z3tot5t; + 24733538136 Z2t4t5t]

+ 46567070316 Ztot5t; — 303373357668tot5t] — 292188185822415t]

— 1922998968023t10t7 — 652417739730Z%t117 — 1386084888396 Zt1%t]

— 293853500784t 1317 + 454284 7%t3t% — 7448958 Zt3t3t§ — 661302001335

+ 903601656 2 tot5t5 + 1695981456 Z3totats + 4215373974072t t5t5

+ 112249281384 Zt9t5t§ — 744414016608t2t5t; — 9308260897224151%

— 72841455468 2313t — 2320589735244 72105 — 4040880668622 71111}

+ 6153157879884t1%t% — 1379484 213t — 46846224t3t3t) + 793483344 2 tot3t]
+ 1858719312Z3t5t3t] + 534926502002 *totat] + 206804653524 Ztot5t)

— 1423268368272t2t5t] — 235063637496 Z*t1t] — 214827522840 7315t

— 6625980740970Z%t3t] — 9399924077940 710t 4 44156468592144t3't]

— 11396538t3t1° 4 425250378 Z ot 510 + 1304169696 Z3tot3t°

+ 48837598578 Ztot5t 0 + 286785791496 Ztotat 0 — 2104921788480t t5t1°

— 468781690896 Z2415t10 — 49378476744023%t1° — 15212086507476 225t 1°

— 17266542374718Zt5t1° + 186053768129160t3°¢1° + 1050104522 4,1

+ 510680844 7ttt + 30130294572 2% tot5 5 + 290191717710 Ztot3t5"

— 2370027585492t ot5t 1 — 729338140494 Z4t3t11 — 87663613910423¢5t11

— 27945877328118Z2t5t5! — 24287909071356 21541 + 572730539601744t5t 4!
+ 7960399273552 4 111251249102 %tot5tL? + 202419278676 Ztot3t 1>

— 19748663480161515t;% — 8654039128442 t5t1% — 1178011019196 Z°3t

— 40597701245172Z°t5t1? — 23980621193370Zt5t12 + 1367500843222038t5t12
+ 1821515580225t > 4 87064707546 Ztotst > — 1157075741016t9t5t 5>

— 753941514708 24513 — 1156112680536 2353153 — 456822072045902°%t5t13
— 11118073481964Zt5t13 + 2585777568129072t 13 + 17413109460 Ztot 1

— 429536091888tyt3t5* — 452151646776 Z443t5 — 778920697224 733t

— 384952536963002Z°t5t1* + 11683992259782Zt5t1* + 3887040073039848t5t1*
— T6676431356t9t15 — 165400034778 Z4t5tL5 — 320224983984 2313115

— 22974798690486 Z°t5t1° + 32542254016668Zt5t1° + 4611410853635376t5t5°
— 274668406922 4t1° — 59750783028 Z3t5t15 — 8783439059844 7223116

+ 3871500235378273t4° 4 4239460018547244t5t1° 4 379564056 2°t"
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— 1726964402526 Z2t3t7 4 28407465464580 Zt3t5"

+ 2922400306199088t3t17 — 752514957722%1° + 12501480733542Zt5t1°
+ 1425210330974328t3t° 4 2552263527276 Zt1° + 439353107929872¢ 3t}
+ 64459951413057¢3°) / (t3 + 9216t5t5° — 442368t3° + 660t5t5t4

+ 1843206319t — 829440tot14ty — 1769472019t + 5280t5t3t2

+ 1637910t315¢3 — 2322432091332 — 328043520t1%t2 + 14680t5t3t3

+ 8511840t3t5t3 — 3093838200113 — 37407744007t + 16480t5t 5t

+ 28319400t3t5t] — 2594553120t0t3 ¢4 — 29095415055t10t] + 5988t5t5

+ 6135062413t5t5 — 15266853432t9t30t] — 159655502304¢5°t]

+ 82990260t3t3tS — 66501928800t2t5t5 — 598208862600%312S

+ 60158880t5t3tT — 220545317700t5t5t] — 1198429486560t33t]

+ 85064401313t — 564191645760t5t5t5 + 1858690772460t3%8

— 16489440t3t3t] — 1116076067280tt5t] 4+ 27559776437280t4 ']

— 7677018310 — 1695914739648t,t5t1° + 133485102850536¢1%¢1°

— 1947316154580tot4t5" 4 435800812788000t5¢5 — 1640324334240t ot 5t 12
+ 1074133719732150t5t% — 961586960760t2t3t> + 2070469417430880¢5t 13
— 353240805600t5t3t5* + 3150340236284040t5t1* — 61807949532t5t 15

+ 3765152371411296t5t1° + 3474755640515340t5t°

+ 2397542098128480t5t17 + 1167641302221720t3t 5

+ 358861336161120¢5t}° + 52449275925729t3°) , (A.3.3)
2
Ata) = - (A.3.4)

A general element of V; is of the form

4

11 412 413 414 7k
E E a(i17i27i37i47k)t1 tyts'ty Z%, (A.3.5>
k=0 0<iy,i2,13,14

4
2k+ Z djij:30
j=1

where a;, iy, i5,is, k) € C. By calculating the Laplacian of this general element ((A.3.5)) using
Proposition and formulas (A.3.1)—(A.3.4) we find that the only harmonic elements

of V; are as claimed. A general element of V5 has the form

4
Z Z b(ilai%ia,m,k)tillt?t?t?zky (A.3.6)
k=0 0<4i1,12,13,1%4

4
2k+ Y dji; =20
j=1

where b, iy, 15,10, k) € C. By calculating the Laplacian of this general element (A.3.6) using
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Propostion and formulas (A.3.1)—(A.3.4) we find that the only harmonic elements of

V5 are as claimed. A general element of V3 has the form

4

11492413 414 r7k
Z Z Clir, iz, is,ia, )1 L L5E4 27, (A.3.7)
k=0 0<i1,12,13,1%4

4
2k+ 3 djij=12
j=1

where ¢(;, iy, 15,14, k) € C. By calculating the Laplacian of this general element (A.3.7)) using
Propostion and formulas (A.3.1)—(A.3.4) we find that the only harmonic elements of

Vs are as claimed. O

Proposition thus allows us to give a proof of Theorem in which the basic
invariants y; are expressed as polynomials in terms of the ¢ coordinates and the variable

Z. We now present this proof.

Proof. Note that Y, = %y4 = %t4. We now equate Y7, Y5 and Y3 given by relations (4.5.12)—
(4.5.14]) with general harmonic elements of V;, V5 and V3, respectively, given by Proposition

[A.3.1] We then rearrange these equations to find y; in terms of ¢; and Z. We find

958464 x 10 N
3773 * 7 6666660
+ 300302 1 tot3 — 6006024 t3t3 — 15015023152 — 3003002211213 + 600600223t

— 3903900233 — 12762750t tot] + 2552550055 — 326926602 1ot — 1633632023t t5
+ 32672640 Z3t5t] — 3525922402255 + 201801602t ,t5 — 4036032021415

+ 810471662t5t1° 4 192800608023t1? — 6093447360Zt1* + 600602t 1tot,

— 150150243t + 27027023t 1 tot sty — 1141140233t 5t — 18018002t tot3ty

+ 2972970232t + 14954940 Zt  totat, — 61141080 Zt3t5t, + 23513490t3t4t,

— 221681460t totats + 333843510t5t5t4 + 66666602 t1t5ts — 40564524072 tot5t,

— 2287084802311 15t + 32042010023 t9t5t4 + 2162160221 t5t4 — 56458001602 tot5ty

+ 3632428802t 5, — 5537772240 Ztot5ty — 407TAT3400t 154 + 24364380040t9t5t 4

— 2368345980241t + 4627214592023t 4 4+ 92554862402%t1%t,

— 170616526080 Zt33t, + 4188854670t34t, 4+ 5405402311212 — 1261260Z3t5t2

— 330330022t tatsts 4 4084080 Z°t5t5t2 4 89729640 2t tatats — 270570300 Zt5t5t2

+ 1881079203513 — 1227686460t tot5t + 1579217640t3t5t2 + 6666660024t 5t

— 22618596002 tot3t3 — 138783645023t 15t2 4+ 1131710580Z3t5t5t3 + 3027024022t 5t2
— 41454553140 Z%t5t5t3 + 25133308202t 1t5t3 — 82007245320 Ztot5t2 — 73394521200t t5t2
+ 279679880480t t5t2 — 47366919600Z1t5t% 4 49035827841023t10t2
+2221316697602%t 3113 — 2105167084020 Zt5%t% + 117287930760t33t5 — 1801800221 tot
+ 502645 Z2t3t3 + 1783438802t 1 totsts — 471282240 Zt3t5t5 + 550887480t3t5t3

Y1 (—6006t3ts + 24024¢1t5 — 24024¢;
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— 3013038600t 21313 + 3495396190t3t3t3 + 25318722024, 13t3 — 707293444024 tot3t3
— 473002530023t t53t53 + 1707576585 Z3totats 4 55222596022t t5t5

— 181909956800 Z%t5t5t; + 8064496440 Zt1t5t; — 557051053130 Zt,t5t5

— 571892564100t t5t3 + 1713932946440t,t5t3 — 4203186408852 5t

+ 30205841666002Z°t5t5 + 24854064635402%t10t3 — 15035772591840Zt3'¢5

+ 1003720647215t32t3 + 117408720 Zt 1 tot] — 299467740Zt5t] + 69868656053t}
— 3428323470t tat3t] + 37431651403t 3t; 4 452457720241 t3t] — 131208448807 tot3t}
— 994630494023t t5t5 + 17118129602 3tot3t] 4 4311450000221 t5t}

— 5173007797102ttt} + 54451940402t t5t; — 2191042425000 Z 1,15t}

— 2526371647800t t5t] + 6387651109840t5t5t4 — 2177873972560Z4¢5t4

+ 11940681712245 Z315t5 + 17128817706000Z2t5t4 — 67149209560290 2110t}

— 306594064920t31t] 4 32562307835 — 1500098292t 9t + 1666279956t5t]

+ 37515192024, t3t5 — 138201835202 tot3t5 — 1327211028023t 3t5

+ 5755392390 Z3t5t3t5 + 1625378040022, 15t — 9653712525602 totit]

— 511508368802t t4t — 5454942264750 Ztotats — 7012595618820t t5t5

+ 15544189806728tot5t5 — 7277652650400Z 45t + 313771903130402°t%t5

+ 81501909373995 22515 — 178725842192040Zt5t5 — 67636787989386t3°t)

+ 112638240245 — 640212078024 t5t$ — 1064268777023t t3t5

+ 13434045900 Z3t ot 3t§ + 324140731202t t3t5 — 11404530231602tot2t5

— 2004863460602t 1t5t5 — 8911125490520 Ztot5t5 — 12912084273000tt5t5

+ 26251989629580t215t5 — 162998012953602*t5t5 4 541238829412602°t5t$

+ 28518683225208022t5tS — 1590955323917302t5t5 — 592155868722440t5tS

— 395144178023t 1t} + 9992662845 Z3tot] + 3327363468022t t3t]

— 769257944400 Z%tot5t] — 3441443662802t ,t5t7 — 9532029191190 Zt,t3t]

— 16402978515660t1 53t + 33218368469880tat5t] — 24477176331850Z 4 t4t]

+ 55258227121680235t] + 7613708060818202°t5tT 4 824238595771360Zt5t1

— 2816877685314825t5t] + 139487119202%t 5 — 2229855497102 t5t}

— 2954017809602t 13t — 6261424455000 Ztot3t — 14784121087560tt3t%

+ 333945164351 70to13t5 — 23584597219920 2455 + 16056960750270Z315t%

+ 1574527351650000 2235 + 4294385945261940 215t — 8714684199695760t%t5

— 102536628480 Zt1t] — 1965495743890 Ztot] — 9101820663060t t3t]

+ 24489566932080t 513t — 12721193619500243t5 — 39699237296400Z3t3t)

+ 2503422809509530Z215t] + 10973606731634800Zt5t5 — 18532995357314350t5t)
— 2913828234600t 1° + 9135558521076t4t10 — 217575292472024t5t1°

— 6226551431295023t5t1° + 2963428452131280Z2t3t10 + 18352815805555120Zt5t1°
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Y2 =

— 274913564468138645t° + 6703935759752t} — 4006260620988023t5t 1!

+ 2453257188097320Z%t3t5! + 21135427360218240Zt3t1 — 28131773838568515t 55"
— 10470567594995Z3t4% 4+ 1262535017225760Z2t5t1? + 16440674522572910Z 35>

— 18989075206985880t3t12 + 3031716546805952%t13 + 7881409599514040Zt 3t 13

— 73560835420431903t13 + 1769210991401910Zt1* — 720270845116440¢5t 14

512800000
3334050640011
— 151470 Ztots — 191862t1t5 + 383724tyt5 — 7573525 — 7573502215 + 1878228t 10

+ 1870249ty — 33660 Z3tatsty — 1870023 tatity — 1211760 Ztat 3ty — 1918620t t5t4

+ 2285140totaty — 908820245ty — 16988952315ty — 12117600Z%t5t, + 625515025t
+ 37564560t5t, — 42075 Z3tot2 — 748007 %tot3t: — 3006960 Ztatats — 5755860t tat>

— 905080t,t3t3 — 4204695 Z4t5t2 — 20386740Z35t7 — 955944002 2t5t2

+ 100082400 Zt%t% + 234430680t5t3 — 561002 2tot] — 2333760 Ztotst; — 3837240t t3t5
— 30578240t5t3t3 — 94023602433 — 102979965 Z3t5t3 — 468547200Z°t5t3

+ t t t7 — t1tg + t5 — tot
439442490606461t5° 5 (18712 — 748 561t5 — 8415Z°3tyt3

+ 710057700 Zt5t3 + 144693120t5t3 + 302170 Ztot] + 7843770t t3t] — 69364020t0t5t]
— 10318825242t — 280193320235t — 15079053002 2t5tF + 2916078000 Zt5t ]

— 526759046015t + 9547956t t; — 49353876t — 48327402t 5t5 — 4361149652315t
— 3187773600Z°%t5t5 + 7456862820215t — 30924485328t5t5 — 746625245

— 372747540233t — 4277277840225 + 11784099360 Zt5t5 — 9037742934055

— 13791453523t — 33259881602 °t5t] 4+ 10667486500Zt5t% — 162880356320t5t]

— 11516679902t 4 4493560720 Zt3t5 — 190524418920t3t% + 3787182302t

288128 x 10%
6580234353
+ Sdtots + TZM3 — 427213 — 207915 — 84t 1ty + 210taty + 2875ty + 8423131,

— 336225ty + 105Zt4t, — 2494815ty + 21247 + 336 Z3t3t3 — 9242%t34% + 840Zt3t2
— 156555t4t3 + 364Z3t5 — 1008 Z%t3t5 + 3710Zt3t5 — 587160t5t; — 3782°t]
+ 8120Zt5t; — 1165605¢5t5 + 5901Zt5 — 1029588¢5t5 — 239377t5)

~4000¢ ;
1203328310709
+ 210taty + 2825ty + 847313, — 336 Z%t3t, + 105Zt4ty — 2494815ty + 21243

+ 33623t5t2 — 9247%2% + 8407313 — 156555t5t5 + 364Z3t5 — 1008 2%t 5t
+ 3710Zt3t3 — 58716055 — 37872t} + 8120 Zt3t} — 1165605t5t; + 5901 7t]

— 138727401120t5t] — 48850558828t,°) + 9 (=7Zty — 4213

8 (=TZty — A2t1t5 + 8dtots + TZM5 — 4227t — 2079t5 — 84t1ty

227

— 10295883t} — 23937715)° (A.3.8)

512 x 1010 |,

— )+
77 48850558828

+ 151470 Ztots + 191862t1t5 — 383724tot5 + 75735245 + 757350225

— 187822830 — 187022ty + 33660Z3tatsty + 18700213ty + 1211760 Ztotity

— 187t + 748t 1ty — 5613 + 841523 tt3
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+ 1918620ttty — 2285140ttt + 90882024514 + 169889523154

+ 12117600Z%t5t, — 6255150Zt5t, — 37564560t5t4 + 420757 3tot3

+ 748002 tot3t3 4+ 3006960 Ztat5t5 + 5755860t tats + 905080ttt

+ 4204695 Z* £33 4 20386740Z3t5t5 + 95594400253 — 1000824002t t3

— 234430680t5t3 4 56100Z%tots + 2333760 Ztat3t] + 3837240t 5t

+ 30578240t ot2t3 4 940236024 t5t3 + 102979965 Z3t4t3 + 46854720025t

— 710057700 Zt5t5 — 144693120t5t5 — 302170Ztot] — 7843770t 3t}

+ 69364020tot5t] 4+ 1031882524 43t1 + 280193320Z3t3¢4 + 15079053002 °tat]

— 2916078000Zt5t; + 5267590460t5t; — 95479561115 + 49353876tot5

+ 4832740 2%t 5t 4 436114965 Z3t3t5 + 318777360025t — 7456862820714t
+ 3092448532815t + 7466252415 + 3727475402335 4 4277277840 Z2t315

— 1178409936023t + 90377429340t5t5 + 13791453523t1 4 3325988160223t}
— 10667486500Zt3t] + 162880356320t5t5 + 1151667990225 — 449356072023t}
+ 190524418920t3t5 — 378718230Zt] + 138727401120¢3t] + 48850558828t 1°

— 18712 4 T48t 1ty — 561t3 + 841573t9t3 + 151470 Ztt] + 191862t t3

— 3837241515 + 75735245 + 7573502%5 — 1878228110 — 1870245ty

+ 3366023 tat3ts + 1870022 tat5ts + 1211760 Ztat5t, + 1918620t 15t

— 2285140totat, + 9088202 t5t, + 16988952315t + 121176002%t%t,

— 6255150215ty — 3756456015t + 4207523 tot3 4 748007 %t ot 3t

+ 3006960 Zt2t3t5 + 5755860t 515 + 905080tatit] + 4204695741515

+ 20386740Z3t5t3 + 95594400252 — 100082400 Zt5t3 — 23443068015t

+ 56100Z°tot3 4 2333760 Ztotsts + 3837240t 15t3 + 30578240tot5t5

+ 9402360253 4 102979965 Z3t4t3 + 468547200Z2t5t3 — 71005770025t}

— 144693120t%t3 — 302170 Ztot] — 7843770t t3t5 + 69364020t ot 5t}

+ 10318825243t + 2801933202343t + 15079053002 °t5t; — 291607800025t}
+ 5267590460t5t] — 9547956t 15 + 49353876t + 48327402t 5t]

+ 436114965232t + 318777360022t3t; — 74568628207t 5t

+ 30924485328t5t5 + 7466252415 + 3727475402335 + 4277277840Z2t3t5

— 1178409936023t + 90377429340t5t5 + 1379145352°t1 4 3325988160223t
— 10667486500Zt3t] + 162880356320t5t5 + 11516679902%§ — 449356072023t}

+ 190524418920t5t% — 3787182302t + 138727401120¢5t] + 48850558828¢," )

400000¢ » . 6
106010914 (ZTZt2 — 420ty + Bdbats + TZ745 — 422785 — 207915 — 84h1ty

+ 210tgty + 28245ty + 842313ty — 336 2% 5ty + 10524ty — 24948t5t, + 212443
+ 33623t3t3 — 924724313 + 840 Zt3t5 — 156555t5t5 + 364Z°t5 — 1008 Z%t3t3
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+ 3710Zt3t3 — 587160t5t5 — 37822t + 8120 Zt3t; — 1165605t5t5 + 59012t

— 1029588t3t; — 239377t5) , (A.3.9)
Yy = — 22 X7106 # 4 2390377 (7Zty + 42t1t5 — 8dtots — TZH2 + 422°t)

+ 207915 + 84t 1ty — 210toty — 28245ty — 842312t + 336 Z%t3t,

— 105 Zt5t4 + 24948t5t, — 21243 — 33623313 + 924221313

— 840Zt3t% 4 156555t5t% — 364235 4+ 1008 Z2tsts — 3710233

+ 587160t5t5 4 37872t} — 812073t + 1165605t5t; — 5901 Zt]

+ 1029588t5t] + 23937745 , (A.3.10)
ya =201y, (A.3.11)

where a, b, c € C. In order to find a,b and ¢ we perform steps 57 from the introduction of
Chapter 4] That is, we transform the intersection form (4.5.86))—(4.5.92)) into y coordinates
by applying formulas (|A.3.8)—(A.3.11]) and compare it with the expression given by Lemma

1511 We find that

75776 x 101° 183907986176 x 10° 19150160000
= — - C f—

177147 N 72171 ’ a 1701 ’

which implies the statement.

Proposition A.3.2. We have that

c I (o, x)

det(9”(1) = 57—

where ¢ = 2*83%45 and

Q(t, Z) =5 (t] — 8tity + 2Ttit5 — 44t t5 + 28t5 — 102}ty + 602 titats — 1502115t
+ 14024 3t3 + 13523139t — 54023111313 + 540231513 4+ 60224313 — 360Z°t3tot5
— 990221135 + 2940221313 + 810Zt3tots — 32407t 1t5t5 + 2565 Zt5ts 4 4698t5t5
— 28188t3tat5 + 31752t 1315 + 11664t5t5 — 141752315 + 5670024 tot§

— 9072024 t2t5 4 30240231 tot} — 60480231315 + 2600102%3t5

— 10400402211 tot5 + 3721952255 + 226476021 tot3 — 45295202153

+ 5112639t3t50 — 20450556t 1 tots” + 21171537t5t30 + 28331370241

— 566627402 toti! + 59435370 23t5t5% + 26111322027t 5% — 5222264407°t,t13
+ 577980360 Ztot3* — 951725538t t5° 4 1903451076t9t5° — 22506854402 4¢4°

— 24907655520 22438 4 4103906156120 — 2023ty + 12023 oty — 300241134
+ 280243ty — 80Z3t3 3ty + 1020Z3t3tytsty — 309023t t3tsty + 274023 t5t 3ty

+ 36022331, — 14580221ttt + 27630 Z°t5t5t, — 120Zt5t5t4 + 72002t 5ot 5ty
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— 30420 Zt t3t5t, + 2760025t 5t + 46980t3t5t, — 228150t 3ot 5t4 + 102600t t3t4t,
+ 409860t5t53t4 — 1701002435t 4 + 6790502 1 tat5ts — 108594024 3¢5ty

+ 175095231215ty — 277020231 tot5ty + 8780402335ty + 41601602235ty

— 1517616022t tat ity + 3026160 Z%t5t 5ty — 11801702135t + 454863602t 1tot5t,
— 83506545 Zt3t5ty + 102252780135, — 404041770t tot5t, + 413492040t5t5t,

+ 6232901402413, — 14098860002 415130, — 2128485602311 t4 ¢4

+ 1852146000Z3t5ti ¢y + 67889437202t ,t3%t, — 1536703569025ty

— 696749040 Zt1t13t4 + 17576948160 Ztot13t4 — 28551766140t t3" ¢,

+ 63192905730t5t31t, — 720219340802t15t, + 176716161023t15¢,

— 8966755987202ty — 1617021435602t1%t, + 1641562462440t19t,

— 160238313 + 13652313 tot3 — 348025t t3t% + 2780Z3t5t5 + 6602t 5t 5t

+ 46807223 totst2 — 4518022t t3t5t2 + T1760Z2%t5t3t7 — 720 Zt315t2

+ 18360 Zt3tot3t: — 831602t t5t5t5 4 72990 Zt5t3t5 + 157740t5t53t5

— 516600t3tt3t2 — 826380t t5t5t2 4 3083640t5t5t5 — 80824523t 4t2

+ 32194802 totats — 543213024342 4 2101140231353 — 790479023t 1 tot5t2
+ 19697580Z3t3t5t2 + 295860602%3t5t2 — 9784152022t 1tot5t? + 36765902235t
— 18882720 Zt3t5t% + 370281780 Zt 1 tatst7 — 621104760235t 4 922901040t3¢5t3
— 3602155860t 121513 + 3755785320t3t5t3 + 635529807024t t5t

— 1597671054072 to15t3 — 4682668320731 t103 4 24567864975 Z3t9t30t3

+ 817254416702t t3143 — 2063904413402t 3143 — 181154750402, t3%3

+ 230079285405 Ztot3%t% — 424595173320t 3343 + 1019692803240t 513347

— 1069824008205 2441442 4 5654917152023t15t3 — 15055905236895 221543

— 58212771681602t37t2 + 31230655376220t3%t3 + 360Z2%t5t3 4 64802°%t3tot3

— 3996072t t5t3 + 56520Z°t5t5 — 2120Zt3t3ts + 17040 Zt3tot3t5 — 852602t t3tsts
+ 59920 Zt5t3t3 + 1947601313t + 7074013023 — 4679640t t3tt5 + 9329940t5t3t3
— 192996024 2t3t3 + 78229807 t 1 totats — 1484892024 43t3t3 + 1132717523135t
— 5724540073t tot5t + 127791000Z3t3t4t5 + 122063760Zt3t5t5

— 36783234022t tot5t3 — 381477602%t3t5t3 — 129925620 Zt3t5t3

+ 1602377640 Zt1tot5t5 — 2447251380 Zt3t5¢3 + 4950149760353

— 19302997680t 1 totLt3 + 21310356960t3t5t5 + 3960054846024t t5t3

— 1084339726202 tot5t3 — 4826492730023t 1t5t3 + 1913679189002 3t,t5t5

+ 6031056220202%t1 1303 — 16725321101702°t21%¢3 — 2190642764402t 13113

+ 1724330984040 Ztot 3143 — 4110912589680t t3%t3 + 10433350736820t 9t %15

— 9788930687340Z4413t3 4 991283684175 231143 — 15659461711152022t%t3

— 96402712770585 23013 + 375751110671280t37t3 — 2320Zt3t5 + T710Zt5tt]
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— 391207t t3t5 4+ 17360Zt5t5 + 19370t3t5t] + 1402260t 3 totsts — 8028420t t3t 5t}

+ 12528440t5t 5t — 2232225 743211 + 976374021 tot3ts — 224961302432t}

+ 34587000 Z342t3tF — 2018763002311 tot3t] + 406474200Z3t5t3t5

+ 318524400 Z°t3t4t] — 8899794002t totats — 155756925 2% t3t5t4

— 501675120 Z13t5tF + 39789376202t tot3t] — 5557521240 Zt5t5t ]

+ 17586874170t2t5¢4 — 70059884040t 1 tot5t] + 84824190630t5t5¢4

+ 1669369905002 44155 — 4880530098002 t5t %t — 30684849300023t,t5t]

+ 996284423700Z3t5t5t4 + 30402722655002%1t5t5 — 91091600136002%tot3t4

— 1631090474640 7110t} + 8182348108920 Z5t10t] — 28618601994810¢ ;3 ¢}

+ 74849306395860tt1 1] — 613712212623002 321 + 1192217513130023t13t]

— 11259234680085002%t11t} — 9737036223393602t15t] + 3213742938357960t1%t]

— 797241315 4 1135578t3t9t5 — 4568592115t + 6215464t5t5 — 7468202413t 5t]

+ 49655702 1 tot st — 165699002 t3t3t] + 61896825 233t3t5

— 38357982073t tot5t] + 696924540 Z3t5t5t5 4+ 535662720235t

— 14333274002t o135t — 145485720 Z2t3t3t5 — 11681712002ttt

+ 5438749320 Zt 1 totats — 7202077065 Zt5t4t5 + 43776292536t5t5t5

— 183313806372t tat5t; + 2473716529443t5t5 + 4972128462002, 5t

— 1523271884940 2 t5t5t5 — 1332748420200Z3t1t5t5 + 3699321716880Z3t,t5t5

+ 11028724409880 2%t t5t5 — 35113428144900Z 15151, — 8356962971160 215t}

+ 25214869319760 Zt2t5t5 — 149974007567868t1 11915 + 396226024262118¢,t1%t]

— 275723215492320 24315 + 104262336075060 23t

— 5890247939283120Z°t13t3 — 66622874856911102t3*t]

+ 20862377981699328t3°t5 4 390285241215 + 5400024t t9tS — 39814202443t$

+ 60539940 Z3t2t3t§ — 377909550231 tot5tS + 6189939002315t 5tS

+ 562951620 Z2t3t5t5 — 1517408640221 tot3t5 + 2744166602 2t3t3tS

— 1607005440 Zt33t5 + 2709098460 Zt 1 totsts — 4345902720 Zt3t3tS

+ 78521584140t3t53t5 — 354246753240t tot5t5 + 527101019460t5t5t5

+ 10599497433002 1t t5t5 — 33437543871602Z 9155 — 413846536824023t,5tS

+ 10124434831410Z°tt5t5 + 29508760554660.2 ¢, t5t5

— 980838993099602Ztt5tS — 31214243093040 21115t + 47845380249990 Ztt5t5

— 605682309980880¢1t5t5 + 1594108771443000t,t5t5 — 89282418313180524¢1%45

+ 68116838835600023t115 — 22841532966872925 21215 — 321332937782144402t33t$
+ 107334366449160420t35 4 249781052343t — 151912800231 tot] + 223789500Z3t3t]
+ 334555920213t 31T — 9771467402t  tatsty + 6484762802 t5t3t] — 1134888300Zt3t3t]
— 27660819602t totat]; + 939876210 Zt3t5t5 + 101594826720t3¢5t] — 498246279840t tot5t]
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+ 792374490720t3t3t7 4+ 16007291312402 4,57 — 5113751063580Z *tot4t"

— 9343072192680Z3t1 15t + 20661806439720Z3t5t5t] + 586445366574002%t1t5t]

— 199376069372820Z%t5t5t] — 87890851336320Zt 15T 4+ 39993247190880 Zt5t5t]

— 1908111011495040t1 15t} + 4959742322181600t5t5t5 — 19882216534444202 43t

+ 3389816075638725 231101 — 64792521587814840 2%t 4] — 107938134187599195 212t}
+ 451550442078290160t33t7 4 846798302213t — 296654400221 tot] + 36351828022t3t5
— 197711280 2131315 — 471558294071 totst] + 3348224640 Zt5t3t5 + 91241494335t313t5
— 481040221500t tot3t5 + 787491606465t5t3t5 + 165216947805024t1t3t%

— 52586781201002 tot5t5 — 152818931556002°t, tat5 + 3123195861195023totat}

+ 858754040049002%1t5tF — 290760223113720Z%5t5t3 — 1903008781785602t1t5t%

— 44139772494900 Zt,t5t5 — 4711370651790390t t5t5 + 12037575667445100t 95t

— 24162637833876602Z1t5t5 4 130307614749441002Z3t5t5 — 12427441851809511022t14%
— 222472263571812360 2315 + 1589231062583667810t5%F 4+ 12579921027t}

— 20298945607t tot] + 1744323120 Zt3t5 4 51065065980t t3t] — 282159168930t tot3t)
+ 459824509800¢3¢3t] 4+ 1080611343180Z 41137 — 33703385142602*tot3t]

— 1768351673340023t 1 t5t] + 34044343351200Z3t5t3t] + 903777069114002°t, t5t]

— 2925863680918502%t5t5t] — 31988024484120071t3t] — 164227495885200 2513t

— 9101737976823540t, t5t] + 22812488913077550t2t5t] + 151210269300960024¢1t]

4 39010320692781750Z3t5t] — 104933849342326200Z°t5t] — 57647913044871600Zt3°t)
+ 4750149485088794160t51¢] + 13333272732t3t10 — 74948092884t t,t5°

4 11847923060415t1° + 3813433724702 t3t1° — 11437841698202 tot3t,°

— 1373845202280023t, 310 + 25325013726855 Z3tt5t1° + 650578994826302 2t 3t 10

— 186063754795740 2% tot5t10 — 416402516538720Zt a1 — 164901377328795 Ztot4t 10
— 13634662952546136t,5t1° + 33509084616078840t5t5t10 4 14774294669675625 2 15t
+ 9113437913565744023t5t1° + 2454295062374731352°t5t1°

+ 15468237063633657602t5t1° + 12139695071909773884t19410 + 465812580602 4¢, ¢

— 1304480667602 ot — 64286314021802Z3t1t3t}" + 115105183569002 3153t}

4 291124728887402%t,t3t5" — 582308927918102% 53t — 410911248018600Z¢, tati!

+ 19555275943800 Ztot5ty" — 15547240859288400¢ 1 t3t5" + 37476852009476580tot5t 1"

+ 372465288169817402* 51 + 165385801859444505 235t 1!

4 1234278774817248240Z°t5t1! + 6876401514451407585 Zt5t 1!

+ 26487620179073694000t5¢5 — 136891253556023t 112 + 2415363453900Z3 55>

+ 65486313631802Z°t 1 t3t1? + 2196763934400 % tot3ty% — 2913027322485602Zt 5t 52

+ 196139559167100Ztot3t12 — 13055209242804270¢t, t3t12 + 3087635919501 798051552
+ 57575289947662980Zt4t1? + 2303211630433116602315t)>
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+ 28402693711970014802%3t 12 4 18070887886075610640 75t}

+ 48911702641818454800t5t5% 4 342214149240 2%, 1> 4 4989372957000Z *tot 3

— 132094704189960Z1 t3t}> + 173586060037440 Ztotst > — 7613871428584980t1t5t5°

+ 17666917064237610t5t2t3 + 59702848965923040 24313

+ 240750778794019200 235t 1% + 43627788493735608002%5t 13

+ 33833237099751795330Zt5t5> + 75333095064339828480tt;> — 28601385359760Zt,t}*
+ 52696455586560 Ztot ! — 2753498167526160¢ 3ty + 6265112215573800t 9t 5t 5"

4 40849057642622625 2 t3t* + 182004077683166400Z3t3t*

+ 4763567155988589525 741 4 47161494206638893720 215t

+ 94896799829443418220t5t 5" — 464574810325824t 115> + 1035825991392456t 515

+ 167926178688546607 t3t4° + 93394202064082515 2313t 15

+ 3683303041183491240Z°t3t1° 4 49078149204484853235 Zt4t}°

+ 95330482737696148752t5t1° 4 315631073897946021¢15 4 28839900599723340731 5116
+ 1927299710744410770Z°3t1° 4 37269058468813061400Z3¢1°

+ 73834767529239730365t4t1° 4 3982485947837580Z3t17 4 6133677138233643602 ¢35’
4 19593274872184389180 21315 + 42001392050838322920¢3t4"

+ 8963864291718828022t® 4 6393261915974095920 75t 1

+ 16246061129946251160t3t5° 4 9774954492150585602t1° + 3707034900420091680¢5t1°
+ 353368519727182416t3°) .

By Proposition |4.0.3, we need only find det (gi’?) . It can be calculated by Theorem [4.5.17,
which leads to Proposition [A.3.2]

Proposition A.3.3. The unity vector field e = 0y, in the y coordinates has the form

~ 160000 128 x 10°

= t 2t4) Oy, —

— 10260t5t5 + 23355t5ty + 30294t3) 0, —

(t1 — 2ty — 513t5 — 5130t5ts — 15390¢513

2048 x 10°
531441
— 5Z%ats + 5027yt + 2125t9t5 + 272023t — 33602t — 102t

— 4573 ot sty + 30022 tytoty — 2490 Ztotaty, — 7830t t5t, + 36910t t5t,

— 1110Z*3t, + 380802315ty — 3602%t5ts — 60480215t + 67890015t 4

— 902312 + 55022t ytst? — 149402151212 — 62640t tat? 4 204410t,t512

— 11100Z*513 + 2310752332 — 5040221515 — 4184707543 + 1222020015t

+ 30029t — 29630 Ztotst; — 183060t,t5t; + 500900tat5t; — 422202 5t

+ 787550235t — 915602253 — 1342740215t + 9523930015t — 194207yt
— 231120t t3t] + 567345tytst; — 7572025, + 16552902°%5t; — 7140002 2t5t;

(2t1ts — 413
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— 907590Zt5t5 + 420908600t5t; — 103086t,t; + 2383024t — 63170245t}
+ 22051802°%5t5 — 26916002%t5t5 + 8506980 Zt5t5 + 1167543000t5t5

— 19140245 + 176249523515 — 537072022t2t5 + 33331510 Zt3t5

+ 2138618800¢3t8 4 65123023t% — 55180802 2t3t} + 57157380213t}

+ 2694048260t5t; — 2315520275 + 4898111025t + 2453396760t5t]

+ 169639802t} + 16217108605t} + 597401560t,°) 9, .

Proof. We have that

Yo
e=0;, = a—tl@ya,
which gives the statement by applying the relations from Theorem [4.5.17| O]

A.4 Extra formulas for Hy(7)

Recall from Section that the degrees of the ¢ coordinates and Z are degti(x) =

2, degty(x) = 3, degts(x) = 3, degty(xr) = 2 and deg Z(x) = 3. This allows us to

deduce which harmonic polynomials of the ¢ coordinates and Z have the same degrees as

the basic invariants of Hy, which the following Proposition makes precise.

Proposition A.4.1. Let Vi = {p € Clty,ta,1t3,t4, 7] | degp(z) = 30}, let Vo = {p €
Clt1,ta, t3,t4, Z] | degp(z) = 20} and let V3 = {p € C[t1,ts,t3,t4, Z] | degp(x) = 12}.
The harmonic elements of Vi are proportional to

2474395751953125000Z 13ty — 534469482421875000Zt3t5 4 56251263427734375Z3t1t5

— 2237342529296875Z°t5 — 1113478088378906250000¢ t3 + 242490783691406250000Z 13 tot3
+ 143564441528320312502433t3 — 23585940307617187502%t 1 t5t3 + 93457622070312500t5t 3
— 5542646484375 x 108Z5t3t2 — 403346302734375 x 10027 t3tt2

+ 74033920898437500000Zt 1 t5t3 — 7401221953125 x 10°Z3t5t3

— 231840984375 x 10'2¢3t3 — 7814181375 x 10" Z%t{tot}

— 8355988265625 x 10° Z4t113t3 — 5423496203125 x 107 Z%t3t3

— 1402295895 x 10 Z°3t5 — 826809984 x 10 Z7t1t5t5

+ 85186776675 x 101 Zt3t3 — 48988167228 x 1054215

+ 16002470484 x 10" Z2t1tot5 — 47794802055 x 103 24313

— 85084455456 x 101225115 4+ 50056134128 x 104 Z7t,t§

— 4315200873984 x 10™t,t% + 1286995021312 x 10 Z%t5t%

— 1617096312832 x 10 Z5¢§ — 117523421503488 x 10°t3

+ 18186808776855468750Z 5ot + 35809455322265625002°t3t3t,

— 4058009033203125t1 t5t4 — 119039819335937502%t5t4 — 360272021484375 x 106273t 5ty
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+ 217445939648437500000 Zt3t5t3t4 — 28795368164062500002 3t tatzty
— 1341535507812500000Z°t5t3t, — 310388203125 x 101 72343,

+ 579735484453125 x 107 Z4t2t,13t, — 26925226453125 x 107 Z5t,t3t2t,
+ 66825086453125 x 100t3t3t, — 82574917425 x 101227313,

— 4307698395 x 10" Zt1t3t3t, — 480846441075 x 10'° 73313,

+ 1000215216 x 10" Z%t3t5t, — 50918678811 x 1013 Z4tot3t,

+ 4648352709 x 1013 Z5¢3t4t, — 8489072592 x 10* Z7t1t5t,

— 179154031056 x 103 Zt3t5t, — 2048316221952 x 1011 Z2¢,15t,

+ 4215229450432 x 1013 2455ty — 4452830333952 x 10 Z7t5t,

— 164735362727936 x 1014 Z215t, — 74825727539062500000 2t tot

+ 31384048007812500000Z3t5t3t% + 66480085546875000002°t, tt

— 151272214843750000Z “t5t2 — 191775568359375 x 107 Z*t3t312

— 617780209921875 x 1007282 t5t3t5 + 258266422476562500000¢ ttsts
— 42629813789062500000Zt3t 5t — 360370585575 x 101! Zt3tot2t3

4 29867919456375 x 1023t t2t3t% + 62631944375 x 10° Z°t3t2t2

— 33209723547 x 1013 Z43t5t2 — 46125845766 x 1013 2%, tot3t3

+ 227825292695 x 10M43t3t3 + 18199765584 x 10'3 Zt totat?

— 358305251304 x 10'2Z3t3t3t2 — 8327725293888 x 1013 Z4t,t3t2

— 931697518752 x 10" Z%5t5t2 + 38054757092352 x 103 Ztt5t?

— 2102716656488448 x 103 241t + 18844998046875 x 100 25¢3¢3

— 18884181164062500000¢55t3 + 623600818242187500002%1t3t3

+ 3124451575781250000Z4t5t3 + 9577693125 x 1012 Zt3t3t3

— 1266402111975 x 101 Z3t3tot5t3 — 3589243515 x 10! Z5t, t3t 5t

— 2530416156125 x 10%Z7t3tst + 172574827425 x 1012283243

4 2216213826255 x 10", 13t3¢5 — 1497137884385 x 1010 Z2¢312t3

+ 217097296416 x 1013 Zt2t3t3 — 1094727183264 x 101223t totits

+ 646279471552 x 101 Z543t3t3 — 979621939296 x 10'3 Z6¢,¢5¢3

+ 558196422784 x 1013t2t5t3 — 10797875472384 x 103 Zt,t3t3

— 291362895842304 x 1012 Z3t,t5t5 4 5708325689470976 x 102 Z5¢5¢3
— 3722245453774848 x 1013 Zt5t3 — 70945875 x 1012233t}

+ 66496555125 x 10° Z5t3tt] + 22349415391875 x 107 Z7t 3t

+ 412606126075 x 108 Zt5t — 14330651789025 x 10103 tyt3t4

+ 9461764959075 x 10° Z2t1t3tst] — 96525280709 x 1010 Z4¢5t5t]

+ 77294841624 x 1013 23132t + 485360966376 x 1011 Z5t tot2t]

— 10195366909728 x 10" Z7t2t3t] + 3805352982288 x 103t totit]
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— 317368025278304 x 1010224313t5 — 68296287780864 x 102723t t5t}

— 3161300456664064 x 1010253t — 17052515541428224 x 10M ¢5t5¢]

+ 552628557034684416 x 101 Z3t5t1 + 354595725 x 1013¢3t]

+ 54793161423 x 10'0 Z%t3t5t5 + 12932934695505 x 10° Z4t,t3t5

4 1091166926817 x 10%Z5¢3t] — 4859154492192 x 101025315t

+ 2315774569284 x 101027t totst] + 195716977379968 x 10%Zt3tsth

— 21730238693856 x 10'2t2¢3t2 — 696017451241728 x 109 2%t t,13t5

— 9935298677625024 x 10%Z4t3t2t3 + 28759221078331392 x 109 Z°t,t3t5

+ 5772016647536128 x 107 Z tot5t] 4+ 170652869646336 x 103t t4t5

— 1894186506405101568 x 108 Z%tot5t; — 16989997031015579648 x 108 Z°t3t5

— 3360518734381580288 x 10M1#5t5 4 153208063008 x 10°Z7t3t§

— 70760044544904 x 108 Zt,t3t5 + 76447239934736 x 107 Z3t3t§

— 2795574285504 x 1010 2213t5t$ 4 3330184278285216 x 10824ttt

+ 178678609003488 x 10°Z5t3t3t§ — 87607113825927168 x 10827t 25

— 59889460453075968 x 107 Zt3t3t5 — 247545167551266816 x 107 Z%t1t3t5

+ 6591131182148513792 x 107 Z45t3t5 + 162937474372515397632 x 107 Z75t$
+ 1204378237145373999104 x 108 22t5t5 + 1225664504064 x 10° Z*t3t]

— 389504664385056 x 107 Z%1t5t] — 115438056621888 x 10°¢3¢]

— 10315284491077632 x 107 Zt1tat3t] + 26410170374218752 x 10 Z3t5t5t7

— 5804292202406387712 x 107 Z*1t3t] — 6326814318017605632 x 10°Z%t,t2t]

— 480243239071727222784 x 105 Ztot5t] 4 10117147629150400413696 x 106 24t5t7
— 9510192649469952 x 10°Z3t,t5t§ + 8269657493374464 x 1062°t2t%

+ 1418313416502951936 x 10925t ¢5t§ — 7161711941343793152000005¢3t5

+ 12913682113095008256 x 107 Ztt2t§ — 35273677473167022489600000Z35t3t%
4 285526878359621153587200000Z°¢31% + 19162787387043974479872 x 10° Zt4t5
— 66662276723188531200000¢ tot] + 641177421488207872000002%t33

+ 12279215479081402368000002% 1 t3t] — 22515311995764604928000002 °t2 3t}
— 258127966510865312645120000t2t3t] + 1640085863520276662190080000Z 3¢5t
4 1701039908864183500800002°t;1° + 2036190493814149611520002 "¢, }°

— 54300301641319868006400000¢ 1 3¢50 — 35141465547153248092160002%tot5t1°
+ 79884996846105722355712000Z°t5t1° — 8407144392489103618211840000¢3¢1°
— 33348837195761319936000022¢, 1 + 11602535212142723858432002 *¢,t1

— 27703358182969454257766400Z "t3t5' — 430963596901043402702848000Z¢3t}*
— 2042876266346822112378880 Zt5t52 — 149803364286801119365038080.2 ¢t 1>
— 182224039730083379806208 Z%¢}® 4 376688162092393230384496640 Zt 3t 1
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+ 546153523127012961550336 23t 1" 4 1603156672774144 x 101015,
the harmonic elements of Vy are proportional to

24653320312500t3 — 279404296875 Z%t112 — 3067968750253 — 17355937500000Z "t tot3
+ 1956487500000 Zt3t5 + 179870625 x 10%t3t2 — 2970495 x 10°Z2t,tot3

— 15441525 x 10624343 + 1561824 x 101°2°¢1t3 — 19419576 x 10°Z tot}

+ 106554096 x 109, ¢3 — 1072308864 x 10%Z2t,t5 — 6319104 x 101 Z°t3

+ 167169024 x 105 + 7520906250000Z1 t3t, — 1174126250000Z3t5t4

— 30925125 x 107 Z4 totsty + 2702337 x 107 Z%3t5t, + 5708736 x 10927t t3t,

— 23162568 x 107 Zt313t, + 38022336 x 100 2%t 3, — 2955413824 x 107 Z4at3ty

+ 7258544128 x 108274ty + 137255534592 x 108 Z%t5t4 — 1150751250000025¢, tot2

— 6394137750000t3t% — 7627356 x 10%Zt totsts — 122742312 x 10°Z3t5t5t2

+ 189788544 x 10% 2411313 + 858545424 x 107 Z5t9t3t2 — 948966656 x 108 Ztyt3ts

+ 1012447608832 x 107 Z4t3t3 + 5540436 x 107 Z3t,tot7 — 30803388 x 10°Z5t3t3

— 19980576 x 10825t t5t5 — 4919601984 x 109t3t3t; — 255923712 x 10° Zt1t3t;

+ 6138722304 x 10°Z3t5t2t3 — 39768993792 x 107 Zt3t3 + 1183867666432 x 107 Zt4t]
+ 1638755316 x 105¢1t5tF — 1797213088000002%43t1 + 3626447616 x 10°Z3t,tst]

— 715204019200000Z°t5t3t} — 1150847936972800000¢,t3t5 — 5190275337420800000Z3t3t4
+ 827098905600000Z°t1 5 — 397722248704000Z "tot] + 567184983552 x 10%t;t3t]

+ 332600707112960002t5t3t5 — 416096931610624000Z°t5t5 — 522857492709376000005t5
— 123541355520000022t,t$ — 3964235422822400Zt5t§ + 576434639142912002 7t 5t5

+ 2254584087838720002%2t5 + 10920108609372160Ztot] 4 4053919378413977602 3t
— 16985438513004544 2515 — 1397773901999636480Zt3t5 + 26417935991963648Z3t)

+ 87358963712 x 107t1°,

and the harmonic elements of V3 are proportional to

2053125t 1ty — 22750022t3 + 64400007 °tyt3 + 16436000013 + 448 x 107 Z3t3
— 280002 "tat, + 831600000t 5t + 237440007 *t5t3t4 + 89600000Z°t5t,

4 107985920000t 5t — 42644002 t5t% 4 981120002 "t5t2 — 2078720002 21312
+ 11388160 Ztot3 + 2463641602 st — 27026944 7°; — 14576844802t 5t

+ 42549248 73] + 42598400005,

Proof. Using Proposition we can directly calculate

2727 (
75 (ty — 128t3ty)

Alty) = — 75ty + 80Ztots + 4723 tyty — 208 2% 5ty — 15360215t
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— 32tyt; — 10242°%5t3 4 5120t5t3) (A.4.1)
832
A(ty) = — 75ty + 120tots + 102%tot, — 128 Z5t5t, — 15360t2t
(t2) 75(t2—128t3t4)( 2+ otz + 2lg 304 304
— 20Z7t; — 2560Z°t5t5 — 12825 + 2562)) (A.4.2)
77
Ats) = — —57ts + 2075, + 1920 Zt5t, + 1287312 — 256t3) . (A.4.3
(t3) 150 (f2 — 128%5t4) ( 2+ 4+ 3ty + 4 4), ( )
3
Alty) = 5 (A.4.4)

A general element of V; is of the form

7
11492 413 414 r7k
Z Z Q(iy g, ig,ia, k)11 Lo L3 by Z", (A.4.5)
k=0 0<i1,19,13,%4

4
Zk+ 3 dyiy=30
i=

where a;, iy, i5,is, k) € C. By calculating the Laplacian of this general element ((A.4.5)) using
Proposition and formulas (A.4.1)—(A.4.4) we find that the only harmonic elements

of V; are as claimed. A general element of V5 has the form

7

i1 4i0 405 44 7k
E , iy iz, iz ia, )0 TS TS 27, (A.4.6)
k=0 0<iy,i2,i3,14

4
2k+ Zl djij=20
=

where b(;, iy, 15,10,k € C. By calculating the Laplacian of this general element (A.4.6) using
Propostion and formulas (A.4.1)—(A.4.4) we find that the only harmonic elements of

V4 are as claimed. A general element of V5 has the form

7
11 492 413 414 77k
Z Z Clir, iz, is,ia, k)01 L2 T3 L4 27, (A.4.7)
k=0 0<iy,i2,13,1%4

4
2k+ _21 djij=12
=

where ¢(;, iy, 15,14, k) € C. By calculating the Laplacian of this general element (A.4.7) using
Propostion and formulas (A.4.1)—(A.4.4) we find that the only harmonic elements of

V5 are as claimed. O

Proposition thus allows us to give a proof of Theorem [£.5.19] in which the basic
invariants y; are expressed as polynomials in terms of the ¢ coordinates and the variable

Z. We now present this proof.

Proof. Note that Y, = %y4 = §t4. We now equate Y;, Y5 and Y3 given by relations (4.5.12)—
(4.5.14)) with general harmonic elements of V;, V5 and V3, respectively, given by Proposition
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[A.4.1] We then rearrange these equations to find y; in terms of ¢; and Z. We find

3489660928 x 10147515 N a (
LT 6015380679 4 T 2474395751053125000
— 534469482421875000Zt3t3 4 56251263427734375Z3t1t5

— 223734252929687525t5 — 1113478088378906250000¢ 13

+ 242490783691406250000Z 231t 5 + 14356444152832031250 24133t 3
— 2358594030761718750Z5t, t3t5 + 93457622070312500t5¢3

— 5542646484375 x 108251313 — 403346302734375 x 10°Z7t3tyt3

+ 74033920898437500000Zt1t5t3 — 7401221953125 x 10°Z3t5t3

— 231840984375 x 10'2¢3t3 — 7814181375 x 102 Z%t{tt}

— 8355988265625 x 10° Z4t113t3 — 5423496203125 x 107 Z%t3t3

— 1402295895 x 10 Z°3t5 — 826809984 x 10 Z7t1t9t5

+ 85186776675 x 101 Zt3t3 — 48988167228 x 10Y5¢3t5

+ 16002470484 x 101 Z2t1tot3 — 47794802055 x 10" Z*313

— 85084455456 x 10'°Z5tt§ 4 50056134128 x 104 Z7t,t§

— 4315200873984 x 10™°t;t% + 1286995021312 x 10* 725t}

— 1617096312832 x 10'° 251§ — 117523421503488 x 1015t3

+ 18186808776855468750 245 tat4 + 35809455322265625002°t3t3t,
— 4058009033203125¢t t5t4 — 119039819335937502°t5t,

— 360272021484375 x 100 Z7t3t3t4 + 217445939648437500000 253t 3t4
— 287953681640625000023t1 t53t3t4 — 13415355078125000002°t5t 3t 4
— 310388203125 x 10" Z2£313t, + 579735484453125 x 107 Z*t3tat3t,
— 26925226453125 x 107 Z%,3t3t, + 66825086453125 x 109t5t3t,

— 82574917425 x 10227135ty — 4307698395 x 1012 Zt t3t5t,

— 480846441075 x 10*°Z343t3t4 + 1000215216 x 105 Z%t3t3t,

— 50918678811 x 10'3 24t totaty + 4648352709 x 1013 Z5¢3tit,

— 8489072592 x 10* Z7t1t5t4 — 179154031056 x 103 Zt3t5t,

— 2048316221952 x 10™ 2%, 5t + 4215229450432 x 1013 Z*5t5t,
— 4452830333952 x 1014 Z7t5t, — 164735362727936 x 10142215t

— 74825727539062500000Z 3ot + 3138404800781250000023t2t3t2
+ 66480085546875000002°t, t3t3 — 151272214843750000Z t4t7

— 191775568359375 x 107 Z4t3t3t2 — 617780209921875 x 10°Z%t3tytst2
+ 258266422476562500000t; t5tst5 — 426298137890625000002 5t 3t
— 360370585575 x 10M Zt2t,t212 + 29867919456375 x 10° 23t t3t5t2
+ 62631944375 x 109 Z°t5t3t3 — 33209723547 x 1013 2443343

2474395751953125000Z "3t
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— 46125845766 x 10'3 201 t,13t2 4+ 227825292695 x 10 ¢3¢5t2

+ 18199765584 x 10'3 Zttot3t2 — 358305251304 x 10127342342

— 8327725293888 x 1013 24t,t5t2 — 931697518752 x 1013 Z5¢,13t2

+ 38054757092352 x 1013 Zt,t5t2 — 2102716656488448 x 103 Z4¢%t2

4 18844998046875 x 10°Z0t3t3 — 18884181164062500000¢3t5t5

+ 623600818242187500002°%t 1 t5t5 + 3124451575781250000Z  t5t3

+ 9577693125 x 1012 Zt3t3t5 — 1266402111975 x 10'° 2313ttt

— 3589243515 x 10M Z51t3t3t3 — 2530416156125 x 10°Z7t3t3t}

+ 172574827425 x 1012 Z5624315 + 2216213826255 x 10'¢,t53t3¢3

— 1497137884385 x 1010221323 4- 217097296416 x 1013 Z3t3t3

— 1094727183264 x 10'2Z3t totats + 646279471552 x 101 Z°3t3t5

— 979621939296 x 10375, t3t3 + 558196422784 x 10'343¢3t3

— 10797875472384 x 103 Zt115t5 — 291362895842304 x 102 Z3t,13t5

+ 5708325689470976 x 102 Z5¢5¢3 — 3722245453774848 x 10'3 7113

— 70945875 x 10*2 233t} + 66496555125 x 10 Z%t3tot]

4 22349415391875 x 107 Z7t1t2t] + 412606126075 x 108 Zt5t4

— 14330651789025 x 1003 ttt] 4 9461764959075 x 10° 22t tatst]

— 96525280709 x 1010 Z4t3t5t] + 77294841624 x 1013 231343t}

+ 485360966376 x 10M Z5t tot3t5 — 10195366909728 x 1010273121

+ 3805352982288 x 1031 t5t3tF — 317368025278304 x 1010 Z242¢3t5

— 68296287780864 x 1012 Z3t1t3t4 — 3161300456664064 x 10'° Z5totit]
— 17052515541428224 x 10" tot3t] 4 552628557034684416 x 10! 7315t
+ 354595725 x 10'3¢3t] + 54793161423 x 10122431,

4 12932934695505 x 10824125 + 1091166926817 x 108 Z5t3t3

— 4859154492192 x 101°253t5t3 4+ 2315774569284 x 100 Z7t tot3t]

+ 195716977379968 x 10° Zt3tst] — 21730238693856 x 10'2¢2¢3t5

— 696017451241728 x 109 Z%t1tot3t] — 9935298677625024 x 10°Z4t3t3t]
+ 28759221078331392 x 107 Z5t1t3t5 + 5772016647536128 x 10°Z t,t3t5
+ 170652869646336 x 10'3t1£5t5 — 1894186506405101568 x 108 Z°tot5t]
— 16989997031015579648 x 10%Z5¢3t5 — 3360518734381580288 x 1011¢5t3
+ 153208063008 x 10°Z7#3t§ — 70760044544904 x 10%Ztt3t5

+ 76447239934736 x 107 Z33t5 — 2795574285504 x 100 22358

+ 3330184278285216 x 10824t tot5tS + 178678609003488 x 10%Z5t3t5tS
— 87607113825927168 x 108Z7¢,t2t5 — 59889460453075968 x 107 Zt3t3t§
— 247545167551266816 x 10°Z2t113t5 + 6591131182148513792 x 107 Z 131§
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+ 162937474372515397632 x 107 Z74t5 4 1204378237145373999104 x 108 Z2¢5t5
+ 1225664504064 x 109 Z*t2t] — 389504664385056 x 107 Z%t tyt]

— 115438056621888 x 105¢3t7 — 10315284491077632 x 107 Zt1totst]

4 26410170374218752 x 10°Z3t3t3t] — 5804292202406387712 x 107 Z4t,t2t]

— 6326814318017605632 x 10°Z°%t5t2t7 — 480243239071727222784 x 10° Zt,t3t7
4 10117147629150400413696 x 105 Z%t3t] — 9510192649469952 x 10073t tot}

+ 8269657493374464 x 10°Z°t5t§ + 1418313416502951936 x 10°Z5¢,t5t3

— 716171194134379315200000%5t3t5 + 12913682113095008256 x 107 Zt1t3t}

— 35273677473167022489600000Z 3151315 + 28552687835962115358720000025¢3t%
+ 19162787387043974479872 x 109 Zt3t% — 66662276723188531200000t 1 tot]

+ 64117742148820787200000Z2t3t] 4 12279215479081402368000002Z3t t5t]

— 2251531199576460492800000Z°tot3t] — 258127966510865312645120000t5t3t)
+ 1640085863520276662190080000Z3¢3t] + 1701039908864183500800002°t,11°
+ 203619049381414961152000Z " t5t1° — 54300301641319868006400000t 1 ¢3¢

— 3514146554715324809216000 2%t ot 3t 0 + 79884996846105722355712000Z°t3t 1
— 8407144392489103618211840000t5t1° — 3334883719576131993600002 ¢, ¢!

+ 1160253521214272385843200Z tot i1 — 27703358182969454257766400Z  t 5t 5!
— 430963596901043402702848000Z2%2t 5! — 2942876266346822112378880 Ztyt4>
— 14980336428680111936503808024t5t1% — 1822240397300833798062082°¢13

+ 376688162092393230384496640Zt5t 5> + 546153523127012961550336Z3t14

641b
338728937586399360
— 279404296875 24113 — 30679687502°%5 — 17355937500000Z "t tot3

+ 1956487500000 Zt5t3 + 179870625 x 10352 — 2970495 x 10°Z%t,tot3

— 15441525 x 10624313 + 1561824 x 10'°Z5¢1¢3 — 19419576 x 1032 tot}
+ 106554096 x 10'%,¢3 — 1072308864 x 108 Z°tot]

— 6319104 x 10 253 4 167169024 x 105 + 7520906250000Zt1t3t4

— 1174126250000Z3t5t4 — 30925125 x 107 Z4 totst, + 2702337 x 107 Z53t3t4
+ 5708736 x 10°Z7t1t3t, — 23162568 x 107 Zt3t3ty

+ 38022336 x 10102t t3t, — 2955413824 x 107 Z a3ty

+ 7258544128 x 108274ty + 137255534592 x 108 Z%t5t,

— 11507512500000Z5¢1 o5 — 6394137750000t5t3 — 7627356 x 10° Zt totsts
— 122742312 x 109 Z3t3t5t3 4 189788544 x 10%Z*t,t3t3

+ 858545424 x 107 Z5t9t3t7 — 948966656 x 10° Ztot3t]

4 1012447608832 x 107 Z4t4t3 + 5540436 x 107 Z3t1tot3

+ 1603156672774144 x 10'%¢}%) — t5 (24653320312500¢;

241
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Y2 =

— 30803388 x 106Z°t2t3 — 19980576 x 10%Z%t,t3t}

— 4919601984 x 106t3t3t3 — 255923712 x 108 Zt,t3t3

+ 6138722304 x 105 Z3t5t2t3 — 39768993792 x 107 Z%t3t3
4 1183867666432 x 107 Ztats + 1638755316 x 10%ttot]

— 179721308800000Z%3t] + 3626447616 x 10°Z3t,t3t}

— 715204019200000Z°tt5t; — 1150847936972800000t2t3t ]
— 5190275337420800000Z3t3t] + 8270989056000002°t,t5
— 397722248704000Z t5t3 + 567184983552 x 100¢1t5t]

+ 33260070711296000Z *tot3t; — 4160969316106240002° 3t}
— 52285749270937600000¢5t5 — 12354135552000002 %15
— 3964235422822400Z 1515 + 57643463914291200Z "t3t5
+ 2254584087838720002%2t5 + 10920108609372160Ztot ]
+ 4053919378413977602 3t} — 16985438513004544 72543

— 1397773901999636480 Zt 3t} + 26417935991963648 23t

36880384 x 10%¢
3787461909
— 2275002213 + 64400002 5t5t3 + 164360000tot3 + 448 x 107 Z3t3

— 280002 toty 4 831600000t t3t4 + 237440002°totst, + 8960000023t
+ 107985920000t3t, — 42644002 t9t2 4 981120002 t3t3

— 207872000Z213t2 + 11388160 Ztot5 + 2463641602 ¢3¢}

— 2702694475t — 1457684480 Zt5t] + 42549248 2%t} + 4259840000¢5)

C2

13891500
+ 1643600001213 + 448 x 107 Z3t3 — 280002 "tot4 + 831600000t t3ty

+ 2374400022 t5t3t4 + 89600000Z°t3t4 + 107985920000t 31 4
— 42644002515 + 981120002 t5t5 — 2078720002135

+ 87358963712 x 107¢1°) + t9 (2953125t 1t

t5 (2953125t 1ty — 2275002°t5 + 64400002 °t5t3

+ 11388160 Ztot5 + 2463641602 t3t5 — 27026944 2°t]
— 1457684480 Zt5t} + 42549248 7315 + 4259840000¢5) %

524288 x 1010 |, N b
4546773 1 " 52285749270937600000
+ 2794042968752t 1t3 + 3067968750513 + 173559375000002 7ttt

— 1956487500000 Zt3t5 — 179870625 x 10%t3t2

+ 2970495 x 107 Z2t tot5 4 15441525 x 10924 3t3
— 1561824 x 10'92°5t,3 4+ 19419576 x 10%Z tot3
— 106554096 x 10103 4+ 1072308864 x 108 Z2t,t4
+ 6319104 x 101 Z%3 — 167169024 x 10945

(—24653320312500¢3

242

(A.4.8)
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Ys = —

— 7520906250000 2t t3t4 + 1174126250000Z3¢5t,

+ 30925125 x 107 Z* totsty — 2702337 x 107 Z%3t3t4

— 5708736 x 10°Z7t1t3t, + 23162568 x 107 Zt3t2t,

— 38022336 x 10™0 7%, t5t, + 2955413824 x 107 Z*tat3t,

— 7258544128 x 10827 t5t, — 137255534592 x 108 Z%t5t,

+ 11507512500000Z5¢, 53 + 6394137750000t5t2

+ 7627356 x 108 Zt totsts + 122742312 x 10 Z3t3t5t2

— 189788544 x 10% 211313 — 858545424 x 107 Z0tyt3t3

+ 948966656 x 10° Ztot3t7 — 1012447608832 x 107 Z*t4t3
— 5540436 x 107 Z3t1tot3 + 30803388 x 10 Z5t3t3

+ 19980576 x 10® Z5¢1t5t3 + 4919601984 x 10%t3t3t3

4 255923712 x 108 Zt1t3t5 — 6138722304 x 105 Z3tyt3t3

+ 39768993792 x 107 Z%5t5 — 1183867666432 x 107 Ztats
— 1638755316 x 1061 t5t + 179721308800000Z% ¢34

— 3626447616 x 10°Z3t;t5t] + 715204019200000 2 tot 3t}
+ 1150847936972800000t,t2t; + 5190275337420800000Z3t3t]
— 8270989056000002°t ;5 4 397722248704000Z ot}

— 567184983552 x 105¢,t5t5 — 332600707112960002Z *tot 5t 5
+ 416096931610624000Z2° 2t + 52285749270937600000¢5t;
+ 12354135552000002%t 1§ + 3964235422822400Z 4515

— 576434639142912007 7 t53t§ — 2254584087838720002*¢51§
— 10920108609372160Ztyt; — 405391937841397760Z 4¢3t
+ 16985438513004544Z5t% + 1397773901999636480Z 3t}

— 26417935991963648 23] — 87358963712 x 107¢,°)
1600¢
9639

+ 164360000213 + 448 x 107 Z3t3 — 280002 tat4

+ 831600000t t3t4 + 237440002 °totst, 4+ 89600000253t
4 107985920000t3t, — 42644007 *tt3 + 981120007 "t 3t
— 207872000Z2t3t2 + 11388160 Ztot5 + 2463641602 t3t3

— 2702694425t} — 1457684480 Zt5t] + 42549248 Z°t; + 4259840000t ,

2048 x 10% c
5+
5103 28000
— 164360000t9t2 — 448 x 107 Z3t3 4 280002 oty — 831600000t t3t4

— 23744000Z%tt 3ty — 89600000Z5t3t, — 1079859200005,
+ 4264400 Zt5t2 — 981120002 "t3t3 + 207872000Z%t3t2

+ t1 (295312515 — 227500223 + 6440000Z°tot

(—2953125¢ 115 + 227500275 — 6440000Z°tot5

243

(A.4.9)
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— 11388160 Ztot3 — 24636416024 t3t3 + 2702694425t}

+ 1457684480 Zt5t; — 42549248 Z°t] — 42598400004} , (A.4.10)
40
Ya = §t47 (A.4.11)

where a, b, c € C. In order to find a, b and ¢ we perform steps 57 from the introduction of
Chapter 4] That is, we transform the intersection form (4.5.93)—(4.5.99)) into y coordinates
by applying formulas (A.4.8)—(A.4.11]) and compare it with the expression given by Lemma
4511 We find that

19073486328125000 742695302144 x 108 125000
T 282420536481 6586148313 177147
which implies the statement. [
Proposition A.4.2. We have that
c I (o, x)
det(9”1)) =~

where ¢ = 213831985 gnd

Q(t,Z) =5'" (5431473255157470703125 x 10%] — 14483928680419921875 x 10°2%t0t,
+ 105008482933044433593750000Z 4313 + 60188770294189453125000002°¢1t3
+ 785739719867706298828125t5t5 — 1623684883117675781250002Z°35
— 20065855979919433593752*t1 5 4 6074304580688476562502°t5
+ 23174285888671875 x 102 Z5tSt3 + 16337871551513671875 x 10°Z t5tot5
— 6916751861572265625 x 10° Ztit3ts + 637371826171875 x 1012 Z3t3t5t3
+ 5317822265625 x 1012 Z513t5t5 — 20401897430419921875000002 7t t5t3
+ 25745285034179687500000 Zt5t3 — 4101848602294921875 x 10'2¢5t2
+ 311647796630859375 x 103 Z2t7tot2 — 19632946014404296875 x 10'° Z*¢113t2
4 124543212890625 x 10M Z5t3t3t2 — 625325901031494140625 x 106t2¢5¢2
+ 650950927734375 x 10° Z%,t5t2 + 261167083740234375 x 10624112
— 246796875 x 102 Z5t3t5 + 15082459716796875 x 10*° Z t t ot}

— 2783021484375 x 10" Zt3t3t5 + 19154161669921875 x 1013 2335t
+ 2682505546875 x 10 Z5t,t5t3 — 4846960498046875 x 10* Z715t3
— 338693115234375 x 10"¥¢3t3 4+ 57663193359375 x 10" Z%t1to15

+ 583245615234375 x 1017 Z*313t5 + 3034130203125 x 10825431315
— 896061412353515625 x 10'%¢,t5t3 4+ 4133317434375 x 106 Z%¢5t}
+ 2622391875 x 10%* Z5t1t5 + 142607469375 x 1022 Z7 #3415

— 50716822905 x 10*2 Z13t5t3 + 1048898512575 x 10223t t3t5

— 4199407065 x 1071 Z°t5t5 + 348123470625 x 102415
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— 186144057 x 102 Z23t9t5 + 317676118761 x 10%* Z*3t5t5

— 295039790256 x 10%2Z°t,t3t5 + 97994102241125 x 10'8¢5t5

+ 20364160896 x 1026 Z5¢3t% — 3758190357024 x 1023 Z73t5t}

+ 184087037952 x 10?3 Zt1t3t5 — 6512748914128 x 102! Z3t5t]

+ 832059727344 x 10264345 — 81812500144128 x 1023 Z%t2 .15

— 87451533751104 x 102224215 + 8785218353408 x 10%' 20315

+ 1460644653146112 x 10?3 Z°t2t3 — 2248483147524096 x 10%2Z 7ttt}

+ 957200788467712 x 10*! Zt3t5 + 77829079650951168 x 10%3¢3¢3°

— 56060138840162304 x 1072 Z%t1t,t1" — 552059861342208 x 102324330

+ 30372186581630976 x 1023 Z5¢, 11 — 18461907124224 x 10** Z 1t

+ 3376913958412222464 x 10%3t,13% — 142174508261834752 x 10?3 Z%t,t3?

+ 1034390633722150912 x 103 Z5¢3% + 56724530236508602368 x 10%3¢3*

+ 926971435546875 x 1032715, — 33718585968017578125 x 10° Zt5tat,

+ 7689228057861328125 x 108 Z3t{t5t, — 7305908203125 x 1022535,

— 2044879074096679687500000Z 7 t3t5t4 — 160906242370605468750000 2, t5t,
+ 22809968566894531250000Z°5t4 + 88062286376953125 x 103 2215t 3t4

+ 93624114990234375 x 10'2 Z*t3tt 5t — 86678009033203125 x 101 Z6t1t3t5t4
— 749266307830810546875 x 107t3tatsty + 136463042449951171875 x 107 Z2t3t5tst,
— 8182413153076171875 x 107 Z4t,tStsty — 9604083251953125 x 107 Zt 3t sty
— 347947998046875 x 10627712t + 30459144287109375 x 10 Zt t3t3t,

+ 730480078125 x 1017 Z343t312t, 4+ 106572603515625 x 101 Z53t5t3t,

— 2923664044921875 x 101227t t5t3t, + 18390234111328125 x 10'°Zt1t3t,

— 523494140625 x 10%1 Z23t3t, + 103649994140625 x 10'8 Z4 tot3t,

— 505056515625 x 109 Z%33t3t, — 252471276298828125 x 10*33t5t5t,

+ 3577314146484375 x 10 Z%,t5t3t, — 2874886225703125 x 103 2453,

— 328566121875 x 10?2 Z7t{t5t, + 1308419409375 x 10*! Zt3t3tat,

+ 166187875275 x 102! Z3t2t3t5t4 — 2381730669 x 10%2Z5,t5t4t,

+ 11573238760125 x 10'7 Z7t5t5t, — 18892254375 x 10%° Z2t1t5t,

+ 188951751 x 10%° Z4t3tyt5t, — 357425755164 x 1022203215,

+ 42089870435175 x 10M 9, t5t5t4 — 2358024415725 x 1012 22515,

— 57359300976 x 10%° Z"#3t5t, + 20531142806112 x 10*2Zt3t3t5t,

— 23294113824 x 10?4 Z3t, t5t5t4 + 391956045664 x 102! Z5¢5t5t,

— 193630178304 x 10?5 Z2%t3t%t, — 418733354368512 x 10*2Z*t2t,t5t,

— 490484693910528 x 10%* Z6¢,3t%t, + 126362427684768 x 10%°t5tLty

— 4209978473275392 x 10%2Z75t5t, + 11097323707226112 x 102! Zt,t3t5t,

— 21221067387875328 x 10%° Z3t3t5t, — 8164166619119616 x 1023 Z%t7t5t4

— 736568851756253184 x 102! Z4t tot5ts + 31450885434032128 x 102! Z0t2t5t,
+ 80574635760156672 x 1022 Z7t,t30t, — 184960240258777088 x 10%' Zt3t1°t,
— 547400107633410048 x 10%2Z2t,t3 4 + 607061380420337664 x 10%2Z*tot3't,
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— 398024503902339072 x 10*2Z7t3t, + 5592885893846269952 x 10?3 Z%t3%t,
+ 50983428955078125 x 102244842 + 20574131011962890625 x 10°Z%t7t5t3
— 6109668731689453125 x 1031512 + 12561712646484375 x 101 2251312

— 62577067222595214843750000 242155 — 5222287902832031250000025¢, 55
+ 357140063781738281250000t5t3 + 18852374267578125 x 10M Zt3tt5t;

— 48541168212890625 x 10'3 Z3t1t2t5t3 — 33512431640625 x 10'° Z°t3t3t,12

— 816352218017578125 x 109 Z7t2t4tst2 — 22586107939453125 x 100 Zt,t5t3t2
— 29666047236328125 x 10°Z3t1t3t3 — 8255830078125 x 10'8 Z4¢3t5t3

+ 5090529638671875 x 10'° Z0t tot2t2 + 1939176755859375 x 105t5t5t2t2

+ 95024757638671875 x 103 Z22t5t2t% — 704855374294921875 x 101 Z*¢,t5¢2¢2
+ 29629401739453125 x 10™ Z5¢5122 4- 3199858171875 x 1020 Zt tyt5t2

— 39199016475 x 10?2 234312312 — 33723505575 x 1020 Z°t2t5t5ts

— 35129316853125 x 101627t t5t3t3 — 14272245088375 x 106 Zt5t3t3

— 2737857105 x 10%° Z*1t3t3 + 730292907825 x 10?2 Z%3t,t513

+ 69880786884 x 10%2t3t3t5t5 — 110473683705 x 102022t t5t5t2

+ 1376929718921625 x 1016 Z45t4t2 — 90694034424 x 10%* Zt3tot5t2

+ 1422434450016 x 102! Z3132t5t7 — 9952671439872 x 10%' Z°t, 31543

— 954672182322 x 1020 Z75t5t2 — 1977266392704 x 104 Z*43¢5t2

+ 118604931364224 x 10! Z5t3t5t5t2 4- 2319000845076096 x 1020, t5t5t3

— 23472393008672 x 1020 Z2t5t5t7 — 17134185862729728 x 10%* Zt1tot5t3

— 141704475250655232 x 1020231, t3t1t3 — 234898433601536 x 1020 Z5t5t%t2
— 42768022852435968 x 10%1 Z412t512 4 48315506863067136 x 10%! Z6¢,tot5t>
— 7219966326124544 x 102°t3t5t2 — 1540138656127647744 x 102! Zt,tot5t>

+ 278042326821896192 x 102° 7321512 — 2457926286276820992 x 10%* Z4¢, 1302
+ 346237316825088 x 1023 Z5t,t1°¢2 + 13003065004985942016 x 102! Zt,t3't2
— 135046735822363557888 x 10! Z4t1%t5 — 185394287109375 x 10'° Zt8t3

+ 18760418701171875 x 10" Z313t5t3 + 34904718017578125 x 102 Z5t1t5t3

+ 46673701171875 x 10M Z7#3¢3t3 + 10628650074462890625 x 10% Zt3t5t3

+ 4919396455078125 x 10° Z3t,15t3 4+ 52035744775390625 x 108 Z2°t5t3

— 395408935546875 x 100 264 t5t5 + 798601728515625 x 10*°t{tat st}

— 39300525 x 102 Z%t3t3t5t5 — 125573664990234375 x 102 Z*t7t5t3t5

— 7654266191953125 x 101225t t5t3t3 + 15598880734375 x 1021t 3t3

— 152843203125 x 10?1 Zt5t2t3 + 8849096859375 x 10 Z3t tt2t3

+ 23086009125 x 1021 Z5t3t5t5 + 6524691042375 x 10" Z7 51515t

+ 403118568365625 x 10 Zt,t5t3t5 + 19688741888375 x 100 Z315t3t3

+ 4965384375 x 10%2Z5¢14313 — 228539226285 x 10%2t3t2t5t3

+ 229499895708 x 10%1 Z2t2¢3t3t3 — 5439081019545 x 1010 24t tat5t3

— 2027902787493 x 10'8 Z645t3t3 — 456599916 x 1026 Ztjt3t]

+ 932964178968 x 1073 Z3t3t,t5t5 4 2813129296848 x 102! Z513t3t5t3
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+ 16083834488352 x 102027t t3t5t3 + 1622731889337 x 1020 Zt5t5t5

— 46416819888 x 10%° Z513t5t3 + 1878198602300928 x 10%°¢3¢3t5t3

— 6849694628352 x 1022 Z2t,t3t5t5 — 1131975640532448 x 100 Z*t5¢5t3

+ 1806955011072 x 10** Zt3t5t3 + 138201969168838656 x 1020 Z3t7t5t5t3

+ 3261226796138496 x 1020 Z°t, 1315t + 2085877638413312 x 1020 Z75t5t3

— 13868230277799936 x 10%2Z0t2¢5t3 + 343528947079790592 x 1020t t3t5t5

— 403062224228122624 x 1010 22313 + 389926662633160704 x 10! Zt2t5t3

— 17720220757662498816 x 102023t tot5t3 + 1355650761464807424 x 1020 Z°t5t5¢t3
+ 918733541121196032 x 1022Z%¢,5t3 + 8261448724811087872 x 102°t243t5

— 2691725938567151616 x 10%' Zt1t1%t3 — 32852298085060050944 x 10%' Z3t,t10t3
+ 95574453458802049024 x 102t Z643M7 — 30525392781054050304 x 10*2Zt3%t3

+ 600038250732421875 x 10'2¢7tot] + 2552843408203125 x 10 Z%t1t5t]

+ 661412414794921875 x 10M Z43t3¢] + 12832379721826171875 x 10°Z%t3t5t4

+ 1336795920919921875 x 10%,t5t] + 881530794140625 x 10 Z%t1t]

— 28450838671875 x 10182373t} — 69850044140625 x 1017 Z5t1tytst]

+ 180666789609375 x 106 Z73t2t5t] — 837972479053125 x 10'°5 Zt3t5t3t]

— 2675209396235625 x 101 Z3t,t5t5t5 + 114872307615625 x 1013 Z%5t5t]

+ 97475971640625 x 10'8t1tot2t] + 2860466248125 x 1020 Z2 3212t}

+ 768977526391875 x 1017 Z 21312t + 725066574546375 x 1016 Z5¢, 51315

+ 5627701200733 x 101 7¢5t3¢] — 311641425 x 10** Z3t1t5t]

— 38193328044 x 10% Z5t3t,t5t5 + 61061675508 x 10%° Z7t2¢2t5t]

— 8149680001656 x 109 Zt t5tats — 786937204533432 x 1017 Z3t5t5t4

— 989637588468 x 10%3t3t,15t] + 238044643268544 x 1020 Z 131215t ]

+ 2274814361965968 x 101 Z4¢, 3¢5t + 286577277964524 x 10 Z5¢5t5t;

— 806555742912 x 10%° Z33t5t] — 767939187022848 x 10%° Z°t2t,t5t]

— 142730464853376 x 10%1 Z7t,t3t5t; — 5042158261618944 x 10'° Zt53t5t]

+ 1165017845341292544 x 10%0t3t,t5t; — 1756588864246358016 x 1019 Z%t,12t5t4
+ 332601981466846208 x 10 245511 — 78526582831742976 x 10?2 Z3t3t%t]

+ 5414830600493334528 x 10%° Z°,tot5t] 4+ 394466988093308928 x 1010 Z7t2t%t]
4 22741807909911330816 x 102t t5t5t; — 65669546186240950272 x 102 Z%t215t;
+ 114288309951126306816 x 101 Z3#, 15t + 28205590967418355712 x 102! Z5t,t5t4
+ 322788766300791373824 x 10%°t,¢3°t] — 2593814846574107295744 x 1020 Z3t11 ¢}
+ 4851551953125 x 1017 Z5¢3t5 4 59155791328125 x 106 27t tot]

+ 158703119859375 x 10* Zt3t5t; + 1499374897408125 x 104 73345t

+ 1726813992125625 x 10'3 2%, t5t5 + 974784459268125 x 102271515

+ 2525510390625 x 10Y9¢3t3t5 — 738152746875 x 10*° Z2t]totst]

+ 15646126606875 x 1018 Z24t312t5t5 — 138598565238 x 108 Z513t3¢t5t]

— 14072751115986 x 1017, t5t5t5 + 2559318032198 x 1016 Z%5¢5t3

+ 792314325 x 1023 Z5 1315 + 25321424904 x 10%2 Z7 31,13t
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+ 244567076423688 x 10" Z13t3t2t5 4 32013861725232 x 108 73,525

+ 799190880072264 x 100 Z5¢5t2t5 — 1669469589 x 10%5t]t5t5

+ 586317603744 x 10%2 Z%t3t,13t5 4+ 565927801165152 x 1010 2432345

— 742926575637504 x 10" Z5¢, 5315 — 3219680377344384 x 1017 ¢5¢5t5

+ 2443780727424 x 10%3 Z53t5t5 — 51708049909632 x 10%2 Z t3tot5t5

+ 157602368069466624 x 108 Ztt3t5t5 + 32271555448818432 x 10'8 Z345¢5t5

— 47765117581056 x 102*¢345¢5 — 2315374251350925312 x 10 Z%t2t,t5t5

— 19692419764091904 x 10%° Z4¢, #2515 4 241598255470977024 x 10*8 283453

— 203712682667507712 x 102! Z53t5t5 — 8579106622951391232 x 101027t tot5t5

— 4665867550987681792 x 10'8 Zt3t5t5 + 101651072541376905216 x 1020t2¢5t5

— 40562976075002413056 x 10 Z2t,tot%t5 + 810064733377054113792 x 108 Z442¢1t5
+ 23557433425570824192 x 1021 Z°t1 15t — 45474925683284115456 x 10%° Z7tot5¢5

+ 9720353178250905649152 x 1020t 515 + 2801504347367174832128 x 10" Z%t5t5t5
+ 16267791752669519937536 x 10%° Z°t10t 4 3210559597619846316032 x 1021113
+ 997989609375 x 108224515 + 262194861515625 x 106 24ttt

+ 45006813298125 x 1067034315 + 375727778261325 x 10"5¢3¢5t5

+ 1824853412590125 x 10 2%, 15t + 1465493900776525 x 1013 Z4¢5t§

+ 13215985623 x 1022 Z7t{t5tS + 27155757159 x 10%* Zt3t2t5t$

+ 50824157937408 x 10'7 Z3t7t3t5tS + 13812697468992 x 1017 Z°t,t5t3t§

+ 203462956436892 x 10 Z715t5t5 + 9410324337 x 10** Z2¢115t5

— 789840495576 x 102 Z4t3 51215 + 275412538879632 x 10" Z6¢212¢2t5

— 2799233533366944 x 1017, 15t2tS 4 6398274405500112 x 106 Z%5t2t5

4 32218832369664 x 102* Z7t3¢3t5 + 116284503201228288 x 10'® Zt2t2t3t§

— 208575692695489536 x 1017 Z3t, 55315 + 4916148267574272 x 100 Z5¢5t5t5

+ 397022975940096 x 1022 Z2t3t5t5 — 457899703632 x 1075 Z*t2t,t5tS

+ 29913242409027072 x 109 Z5¢, 1345 + 635186496452957184 x 10 7¢5tatS

— 3277400514086633472 x 10" Z7¢3t5t5 + 9903680881358045184 x 10'® Zt,t5t5t$

+ 73446206929128062976 x 1017 Z3t5t5t5 — 586038612791925669888 x 1012 22355
— 1026117281502689230848 x 108 Z4¢, 1,15t — 981306998486668017664 x 107 Z5¢2¢5t$
— 509960344369014767616 x 101 27,5t + 459422133190922338304 x 108 72115
+ 921770170069089779712 x 10" Z%, 4515 + 44561541992496765075456 x 108 Z4t4t5t5
— 242551957623464339177472 x 108 Z743t5 + 1312868703673558780346368 x 101 Z2¢1°1§
— 26787726972 x 1021 Zttot] + 487227313422 x 101 Z343¢2t7

+ 5138002291752 x 1017 Z55t5t] + 29525531608824 x 10*°Z7¢,t5t]

+ 703282402281004 x 10* Zt5t7 4 967786684668 x 10%* Z*t1t3t]

+ 14716118944512 x 10" Z%3t5t5t7 + 703166957985024 x 10 3t5t 3]

+ 4827712014245664 x 106 2%t t53t3t7 + 69384024108574944 x 10* Z4t5t5t]

— 82843008592896 x 1020 Zt3tot3t] + 32392003709495808 x 1017 Z34313t5t]

— 10432861998468096 x 106 Z°¢,¢312t7 4 62030381760797184 x 10*° Z t5tt]



APPENDIX A. APPENDIX 249

+ 2891283315554304 x 102 Z*33¢] + 76283928853364736 x 10" Z0t3t515t1

— 1225857696127131648 x 10'7¢,t3t5t] — 6861500442758393856 x 10*° Z2t5t5t]

+ 3252562962636865536 x 10'® Zt2t,t5th + 10872645903813869568 x 1017 Z3t,t3t4t]

— 51445644065662304256 x 105 Z5t3tatT — 16367794813221470208 x 101824357

+ 620871039145564176384 x 1017 Z0t,t,15t7 4 492199709804405981184 x 107 ¢5t5t]

— 3112476099737265635328 x 108 Zt,tot5t] — 11876990735856051421184 x 106 Z34215t7

— 60027798326235283587072 x 1018 Z4¢,t1tT — 2315929925784424975171584 x 106 Z5¢,t5t7
+ 540855932736493288685568 x 1017 Ztot5t] 4+ 1896590220191587954065408 x 1017 Z4t5t]

— 86582819052 x 1020 Z5¢1t5 — 201986756469 x 10'8¢315t5

+ 56056162173552 x 1017 2226318 + 1420259889220062 x 10'° Z4¢,t5t5

+ 7634732170153504 x 1013254515 — 54818947584 x 10% Ztitt§

+ 54960629235264 x 101 Z3t3t,t 5t — 5164317883574784 x 100 Z533t5t5

+ 16342571529271392 x 10*0Z7¢, 3t 55 + 679259413994126464 x 10 Zt5t3t5

— 26629554065780736 x 108 Z6t34215 + 417623077645252992 x 101 7¢3t2¢245

+ 10953828991071611904 x 1015 Z2¢,t5t215 + 22186694081228414208 x 104 Z*4¢3¢2t5

— 19828443715633152 x 10%° Zt31315 + 5245133155204939776 x 107 Z343t,t5t5

— 220713204349807558656 x 10'° Zt,t3t315 — 72261316961982861312 x 10 Z7t3t5t5

— 330801727814182895616 x 1017 Z0t2t3t5 — 2190429175409157193728 x 10'6¢, 2314

— 66115987243256701648896 x 10 Z2t5t3t] — 681163422305328562176 x 10" Zt3t5t%

+ 4171177691662198505472 x 1017 Z3t o515 + 514776851109737517809664 x 104 Z°t3¢5t5
+ 593870732612785498226688 x 100 Z5¢, 15§ + 9924234758718594459107328 x 10'5¢3¢5t5

+ 5931187240820312899584 x 1010 Ztt%t§ — 19497764296979195306704896 x 1016 Z3t,t%t%

— 1149123126890652460004671488 x 10'° Z64515 4- 53645129828797212342091776 x 10'7 Zt5t5
— 440080252416 x 1020 Z3t]t] + 47536282237248 x 10 Z5¢3t,t]

4 2246426387852544 x 10'° 27242t — 81220080453294144 x 10 Zt,t5t

+ 2979280891864 x 1017 Z3t5t5 4 18975480880992768 x 107 t3tyt 3t

— 1612266108589642752 x 105 Z2t3t2t3t] 4 8554123745651429376 x 10* Z4t t3t5t]

+ 1434185788453952 x 1017 Z%t5t5t] — 1305514732390612992 x 1017 Z332t)

+ 50610268799232933888 x 10'° Z5t3t,t2t] + 555540699217702404096 x 10" 27t t2¢2t

+ 2854758668626254651392 x 10 Zt5t5t] + 501651292554077995008 x 100t5tot5t)

+ 16406395156945066524672 x 10 22t t2t3t] — 38336382685278479843328 x 103 74 ¢3t3t]
— 23867257668946322522112 x 1016 Z33t3t] — 78065177451668321599488 x 10 Z5¢,tot 5t
— 3357820116874590582472704 x 1013 2724t — 6022362993784961466630144 x 105t tot5t)
— 151998661765072452707155968 x 10" Z215t5t) + 48831688427024771539009536 x 10*° Z3t,t5t]
+ 729251608263710322271977472 x 103 Zt5t5t] + 9653091533927461316433281024 x 10 45t5t]
— 114897612177989845172413792256 x 104 Z35t] + 2717908992 x 1023¢1¢}°

4 32281461801414144 x 100 Z%t3t5¢1° 4 3600173188424475648 x 10'3 Z*¢3t2¢1°

— 5796032773675064832 x 102 Z5¢,t3t,° — 14123562831052364288 x 10 ¢5t1°

— 559925260477267968 x 10'° Z5¢3t5t10 — 125671784435007750144 x 10'3 Z7t3t5t5t1°
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— 5809048538260830339072 x 10" Zt1t3t5t1° 4+ 10802413857935056781312 x 10! Z3t5t5t}°
—2961093112923193344 x 10'7¢313¢1° + 36140127808720938467328 x 1013 Z2t3t5t2t,°

+ 333640284199212515328 x 10" Z*¢,1212t1° + 572144431988763145732096 x 101 Z0+3¢2¢1°

— 100316861191335331233792 x 1013 Z5¢2¢3t1° + 9114333617173936088285184 x 102 Z ¢, tt5t1°

+ 56665769776540710690881536 x 10 Zt3t3t10 — 9431922972679370440704 x 10'642¢5¢1°

+ 792691861424652971327619072 x 10'2Z%t,tot5t1° — 2562359415392924410904051712 x 10! Z43t5¢1°
— 2573008884074948132138385408 x 10'2Z°t,t5t10 — 47987923956267594094064173056 x 10M Z7t,t5¢1°
— 157862234175379577921077248 x 10*t,t5¢1° — 2843902853417474551549859463168 x 10 Z2t,t5t,°
+ 523887459799193668783808970752 x 10M Z°¢%¢1° + 493489649286938100324167057408 x 10*4¢5¢1°
+ 607307379035111424 x 10° Z7#3t1! — 21851476179569639424 x 102 Z13t3t1!

— 91560924114995920896 x 10! Z3¢, 311 + 80869030215849074688 x 10! Z5¢¢1!

— 51634095229698048 x 10'6 Z2¢3t5t5" — 10913041844677457215488 x 10*2 Z4 3,15t !

— 29717727543634902515712 x 10M Z5¢,t2t5t}! + 50762910265555780763648 x 10'0t5t5t5

+ 337833011193596916793344 x 102 272211 — 141620492707507907592192 x 10'3 Zt,t2t5t 1!

+ 42635273712468053695922176 x 10™° Z3¢315¢1 + 49815568180116996489216 x 102 Z2t3t5t;"

+ 511178373500093097264021504 x 10M! Z4t tot5ts! 4 527695629661743007605456896 x 1010 Z02¢3¢1!
+ 6670972166564935273593962496 x 10' Z7¢, 151" + 56432201117331779441924243456 x 100 Zt3t5t 1!
+ 17073072017928944663641718784 x 10'2Z2%tt5ty"

— 294087451041083102728802009088 x 10" Z*¢,t5t 1!

— 27188447023372755153169504272384 x 10'°Z75t}!

— 223540520884854587760109835780096 x 10 Z%¢1t}!

+ 4127371884760891392 x 10%° Z4t3t1% — 337896219056530784256 x 101 Z62¢,¢12

4 9424784364464314073088 x 10194, t5t1% 4 8941964974545615323136 x 1010 Z2¢5t12

+ 97155141057137652793344 x 10M Zt3totst)? — 794702821938348162023424 x 1010723t t3t5t 1>

+ 618430719962074383384576 x 100 Z5¢3t5t1? + 23936484458242285108199424 x 101 Z*¢242¢}>

— 22303209942591138454044672 x 1010 20, tot2t5% + 397351567459146497762787328 x 10%t5t5t,>

— 9982133999468185887908560896 x 1010 Zt tot5t% + 19387615323031461196866781184 x 109 Z313t5t,>
+ 516338223741156378549612969984 x 100 Z*¢,t5t1?

— 79356716677259018773238644736 x 10'° Z5t,t5t4>

+ 1322056120551162824963613786112 x 109 Ztot5t 1>

— 1615380195032965853696400553934848 x 107 Z*4¢5¢}>

— 927712935936 x 10?2 Zt3t.% 4 12504045842782872403968 x 10'° 733,113

— 11195625252956401041408 x 100 Z5¢,t2¢13 + 193610298034189452705792 x 109 Z7¢3t13

4 1017512345844807968489472 x 10102033113 + 49536765706483908797792256 x 109t t3t3ts?

+ 69937326019930557228515328 x 10°Z2t5t3t5° — 42995548240497729834319872 x 10* Z13135t 13

— 2343134098870860980995227648 x 10° Z3t tot2t> 4 1526574244775143773006987264 x 10°Z5t3t2t,3
— 5750784337529797520249585664 x 1010 20,131 4- 253179028159776671802589184 x 10*'3¢3¢13

— 215286110606730023164981542912 x 10'° Zt,t5t13

— 6716417403491460749311933939712 x 10° Z3t,t5t53
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— 607377370370862097868099072032768 x 108 26t5¢13

— 5102846943423971951041819575320576 x 10° Zt§t}?

— 201141005634687826132992 x 10%t3t,t}* + 288731544758208235044864 x 109 Z%t,t3t4*

+ 12063128261807273828941824 x 10° Z*t3t1* — 14203140902616454693650432 x 109 Z3t3t5t4*
+ 56926480773281846396977152 x 10° Z5t totst)* + 1280228101029937272871452672 x 10° Z 13t 5ty
+ 16274290514916973044968718336 x 107, tot2t5* 4 16519826951015685713886707712 x 107 Z2t3t2t4*
— 184644996554724796320586924032 x 107 Z3t,t3t}*

— 915100746058983370992880975872 x 10 Z5t,t5ty*

— 171061205549780844406726335660032 x 108t5t5t4*

— 2355548143085418003240181118795776 x 108Z3¢5t1*

+ 15288224902756354781872128 x 10%Z53t,° — 111717203678142866330222592 x 107 Z ttot}°
— 2714290740488321687636410368 x 10°Zt5t1° + 25746048721240041745022976 x 107t5t5t5°
— 13704184450571948789153660928 x 107 Z%t,tatst}>

+ 892015412190888101392278355968 x 10°Z4t3t5t1°

— 931050336162228145925639897088 x 107 Z5¢,12t1°

+ 34880583794165800130197856452608 x 10°Z tyt2t15

+ 960868055593990836630929276928 x 10%¢,t5t5°

+ 1534228637653667100016243126566912 x 10°Z%tot5t5°

— 22966434122055035963685261633650688 x 10°Z°t5t1°

— 14809352272090510218743981239435264 x 10%t5t5°

— 25746048721240041745022976 x 108 Z2t3t16

+ 1576867045349750986053255168 x 10°Z4t,t,t16

— 9170032818302852789283323904000002°¢2¢15

+ 13051633649740258514099503104 x 107 Z7t1t3t}°

— 2076367675443771752050042758758400000Z 3t 5t 1°

4 1714922227736066161236082950144 x 107 Z2t,t3t4°

+ 2077731398546251687856063637356544000002 1t 2 4°

+ 2454607467347407241149029782913024 x 10°Z7¢5t1°

— 20058810309215963334701919970000896 x 10°Z2¢3¢4°

+ 2030879592689935607722200268800000Zt 1 ot ;"

+ 1848171433285662882966703964160000Z°t5t "

— 289844899220364359057372558131200000Z ¢, t3t4"

+ 359504465055204841033803654758400000Z 5ttt}

— 465938357168762673484515615430410240000 Zt 513t 57

+ 167428530322120842964880615972379033600002Z *¢5¢4

— 162501043320319750276444795699200002°%¢ ¢ 1

— 2959961733728970613296539369472000¢51 4

— 259952587864311757788441634406400000Zt 1 t3t5°

— 430761165657537443110502900170752000Z 3t ot 5t 5°
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— 60512602447200792688264173525663744000Z°t2t4®
— 38998982585752693724524027389337927680000Z 5t 1®
+ 259952587864311757788441634406400002°t 5°

4 226101767396691185885864169308160002°¢,t}"

+ 425377388687454764291259920233267200t 53t 5°

+ 974031595036198003768257873772019712002313t}°
— 27654163263819089324811256678318080Z %t 5t3°

— 782202166233963534943142124516802560.2°t 5t3°

— 595229270657875530103076876042895360013¢3°

— 81866744721807774765144884398522368 273!

— 7146391361148264891461323720753152002%t5t2"
+ 130986840677270201924920924811821056 Z*13°) .

By Proposition |4.0.3, we need only find det (gf?) . It can be calculated by Theorem [4.5.19]
which leads to Proposition [A.4.2]

Proposition A.4.3. The unity vector field e = 0y, in the y coordinates has the form

390625 390625
— 2D 14 _ 9T
ev) agoas Otz + 1408t5ta) Oy + oo

— 33000002 tats + 684 x 107t1t3 — 564800000Z%tat3 4 29696000002°t}

+ 2025984000005 + 1430000Zt3t, — 588000002 totst, + 108544000027 t3t,

+ 72294400000 Z°t3t, — 21880002552 — 145024000 Ztot3t3 + 36085760002 t3t2
+ 10534400235t — 3799040002533 — 4866048000Zt3t5 + 616528640tot]

+ 6895206402°%t 5t} + 157261824255 + 193714094080t 5t; — 2348974082°t5) 0,
390625
847288609443 (
— 263671875 x 10%3t5 4 43066406250000Z%t3tot3 + 1699804687500t t3t3

— 1396289062502°%5t3 — 984375 x 10%Z5t3t2 — 4775625 x 107 Z t1tot3

+ 4382812500000 Zt5t2 — 41175 x 10"24313 — 9252 x 101 Z2t1tot3

— 494675 x 108Z23t3 — 166032 x 1011 Z5¢,t4

— 489472 x 1010 Z7t5t3 — 58002048 x 10¢,¢3

4 9473472 x 10" Z%t5t5 — 50370048 x 10 254§

— 2554601472 x 10145 + 322998046875024t3tot, + 4239843750002%,t3t,
— 240234375t5t, — 63984375 x 10°Z 35t + 25745625 x 10°Zt t3tsty

— 1704687500002 t3t5t, — 55125 x 101 Z21313t, + 6864075 x 10° Z*t1tot5t,
— 1593975 x 107 Z5¢3t3t, — 977688 x 10*°Z7t1t3t, — 255016 x 10° Zt3t5t,
+ 1184256 x 101 Z2t1 ¢34ty — 30143888 x 109 Z*tat3ty

— 5025536 x 109273ty — 1212604416 x 10'°22t5t,

(14062500t; — 5312523

4394531250002 3ty — 6328125000021 t5 + 33300781252°t5
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— 13289062500000Zt3tt2 4+ 3715875 x 10°Z3t,t3t3 + 3935625000002°t5t3
— 34059375 x 107 Z43t 5t — 7314525 x 107 Z0% totst7 + 15289387500000t5t 5t
— 4266792 x 10° Zt1tot5t5 + 17681826 x 10°Z3t3t3t5

— 39320352 x 10924, t5t2 — 27306528 x 107 Z55t3t3

+ 10774272 x 109 Ztotats — 4930018304 x 10224543

+ 3346875 x 10233 — 879862500000t t3t5 + 3587256250000Zt3t ]

+ 1701 x 10" Zt3t5t5 — 14994216 x 10°Z3ttot3t]

— 182912 x 108 Z°t3t5t5 + 2043288 x 10'°Z5¢,¢3¢3

4 131954704 x 103323 + 257043456 x 10°Zt 5t}

— 627507712 x 10® Z3t5t3t3 — 579936768 x 107 Z5¢3t3

— 6392348672 x 10°Zt53t3 — 126 x 101 2313t + 78732 x 10% Z°t ot}

+ 1321801 x 107 Z7t2t7 — 162037944 x 108t totst] + 54162276 x 107 Zt3t 3t}
+ 91517184 x 109Z3t1t3t1 + 374721408 x 107 Zt,t3t}

+ 2323609344 x 10%,t3t] — 34638528512 x 10°Z3t4t4

— 27936 x 1014245 + 64875168 x 10072t tot] 4 8753761040000024t5t5

— 5753244672 x 10025115t 4+ 2215719872 x 10°Z Lot st}

— 41304554496 x 103t t5t5 4 99264934297600000Z*t, 13t

+ 991216605593600000Z°t3t5 + 65669464064 x 10°t5t5

+ 18139852800000Z “¢1t§ — 761788568320000Z5t5 — 3309963264 x 10°Z%¢t,t5t$
+ 335906443212800002 Ytot5tS — 77018670956544000027t5t5

— 322808528764928000002%5t§ + 1451188224000002*¢ ;1]

+ 289647473152000Z°t5t] + 30001074438144000Zt ot 3t}

— 4282756594794496000Z 413t — 31079511228416002 3515

+ 172952984669388800253% + 8641006375272448000 21313

253

— 121855490317352960t5t] — 896613918284185602°t5t] — 282135138517647362Z°t}°

— 41310813911378821120¢5t,° + 374406871378821122%t11) 0,

Proof. We have that

ez@tlz

a—tlaya ,

which gives the statement by applying the relations from Theorem [4.5.19]
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